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Chapter [1] describes several models for the realization space of a polytope. These models
include the classical model, a model representing realizations in the Grassmannian, a new
model which represents realizations by slack matrices, and a model which represents poly-
topes by their Gale transforms. We explore the connections between these models, and show
how they can be exploited to obtain useful parametrizations of the slack realization space.

Chapter [2] introduces a natural model for the realization space of a polytope up to projec-
tive equivalence which we call the slack realization space of the polytope. The model arises
from the positive part of an algebraic variety determined by the slack ideal of the polytope.
This is a saturated determinantal ideal that encodes the combinatorics of the polytope.
The slack ideal offers an effective computational framework for several classical questions
about polytopes such as rational realizability, non-prescribability of faces, and realizability
of combinatorial polytopes.

Chapter [3| studies the simplest possible slack ideals, which are toric, and explores their
connections to projectively unique polytopes. We prove that if a projectively unique polytope
has a toric slack ideal, then it is the toric ideal of the bipartite graph of vertex-facet non-
incidences of the polytope. The slack ideal of a polytope is contained in this toric ideal if and
only if the polytope is morally 2-level, a generalization of the 2-level property in polytopes.

We show that polytopes that do not admit rational realizations cannot have toric slack ideals.



A classical example of a projectively unique polytope with no rational realizations is due to
Perles. We prove that the slack ideal of the Perles polytope is reducible, providing the first
example of a slack ideal that is not prime.

Chapter [4] studies a certain collection of polytopal operations which preserve projective
uniqueness of polytopes. We look at their effect on slack matrices and use this to classify
all “McMullen-type” projectively unique polytopes in dimension 5. From this we identify
one of the smallest known projectively unique polytopes not obtainable from McMullen’s
constructions.

Chapter [5| extends the slack realization space model to the setting of matroids. We
show how to use this model to certify non-realizability of matroids, and describe an explicit
relationship to the standard Grassmann-Pliicker realization space model. We also exhibit a
way of detecting projectively unique matroids via their slack ideals by introducing a toric
ideal that can be associated to any matroid.

Chapter [0] addresses some of the computational aspects of working with slack ideals.
We develop a Macaulay2 [27] package for computing and manipulating slack ideals. In
particular, we explore the dehomogenizing and rehomogenizing of slack ideals, both from a

computational and theoretical perspective.
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Chapter 1

INTRODUCTION

1.1 Realization space models

Let P be an abstract labeled d-polytope with v vertices and f facets. A realization of P
is an assignment of coordinates to each vertex label, i — g, € R* so that the polytope
@ = conv{qy,...,q,} is combinatorially equivalent to P; that is, it has the same face lattice

as P. We think of realizations as geometric instances of a particular combinatorial structure.

Example 1.1.1. If P is a pentagon with 5 vertices orga- ~

nized into facets {1,2}, {2,3}, {3,4}, {4,5}, and {5, 1}, 4

then
q, = (0,0), q, = (1,0), Z 3
qs = (2,1), q, = (1,2), ¢ >
g5 = (0,1) € R? o2

gives a realization Q@ = conv{qy,...,qs} of P. v

The realization space of P is, essentially, the set of all polytopes () which are realizations
of P, or equivalently, the set of all “geometrically distinct” polytopes which are combina-
torially equivalent to P. In this chapter, we will see four models for this realization space,
relaxations of these models and the relationships between them, as depicted in Figure [I.1]
Each portion of the diagram will be explained in the upcoming sections. We begin by in-
troducing three of the models before we compare the information which is encoded by each

model.



[ va(d+1)/GLd+1(R) ] GT(K)

ith prescribed “combinatorics’

i
CR(K) /GLd+1(RD Gr, (K)

relax relax

GrR
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A € G?"+(K)
with 1 € A

R(P) modulo W RGr

affine transformation

space of
affine i GrV|VGr
. 28, §5]
dependencies

Gale transformsw
in Gr*(K)

Gale Model Slack Model

relax

Gr*(K)

Figure 1.1: Realization space models for polytope P with K = P" and the relationships

between them.



1.1.1 The classical model

The construction of the classical model for the realization space of P is perhaps the most
intuitive (see [37] for more details). In this model, we identify each realization of P with the

set of its vertices in d-dimensional space, i.e.,
R(P)={Q=|":| €R™:Q=conv{qy,...,q,} is a realization of P}.

One often wishes to consider realizations equivalent if they are related via some simple

transformation.

Definition 1.1.2. Let Q, Q" be two realizations of polytope P. They are called affinely
equivalent if they are related via an affine transformation; that is, Q' = AQ + b, for some
invertible matriz A € R™? and b € RY. They are called projectively equivalent if they are
related via a projective transformation; that is, for all q;,q.

_ Adtd
"oelg

A b
for some invertible matrizr A € R, b,c € R? and v € R with det # 0.
c' 7
Definition 1.1.3. A polytope P is called projectively unique if all of its realizations are

projectively equivalent.

Remark 1.1.4. It is important to notice that not all projective transformations are “admis-
sible” for a realization Q. In particular, if ¢"q; +~ = 0 for some g;, the result of applying

such a projective transformation will not be another polytope @'.

0 1
Example 1.1.5. Consider the projective transformation given by A = [ . 0], b=c=

0
1] , and v = —2. Applying this transformation to QQ of Example|1.1.1|, we get
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q, = (172> =

= 5
(O,l).@_g 0 |

q5:<071> = (_17_1)

Usually (see [37]) one would also fix an affine basis, that is, d + 1 necessarily affinely
independent vertices of P, whose coordinates would remain fixed in all realizations in R(P),
thus modding out affine transformations. This gives an explicit way to model the set of
affine equivalence classes of realizations of P. However, no explicit version of this model

exists for projective equivalence classes of realizations, due to the difficulty pointed out in

Remark [[L1.4]

Example 1.1.6. Fizing an affine basis for the pentagon, say q, = (0,0), g, = (1,0), and

qs = (0,1), the classical realization space becomes

([0 0] )
Lo b>0, at+b>1, a(t—1)+s(1—b)>0
R(P)=<{ |a b| € R™*: ’ ’ Y
s ¢ s>0, s+t>1, tla—1)+b(1—-3s)>0
\ _O 1_ J
where the conditions on a,b,s and t come from the N
(labeled) converity constraints on P. For example, 4
[ ]
vertices 2 and 3 define the facet hyperplane (—b,a — 5¢ i( )
a,b
1)-(z,y)" = —b. The remainder of the vertices need to ) L .
lie on the same side of this hyperplane, so that since L 2
(=b,a — 1) - (0,0)" = 0 > —b, we must also have 4

(=b,a—1)-(0,1)T =a—1> —b.



This realization space model naturally generalizes to polyhedral cones. Let K be an
abstract labeled (d + 1)-polyhedral cone with v extreme rays and f facets. A realization
of K is an assignment of coordinates to each extreme ray, i — r; € R¥!. Recording a cone

by the generators of its extreme rays, we get the following realization space model
R(K)={R=|: | e R K" = cone{ry,...,r,} is a realization of K}.

Remark 1.1.7. Unlike for polytopes, it is possible for different elements of R(K) to represent

the same realization. In particular
cone{\i7rq,..., A7y} = cone{ry,...,r,}

for any choice of A\y,..., A\, € Ryg.

If K has the same combinatorial type as polytope P, write X = P". One way to obtain

a realization of K = P" is to take K’ = Q", the homogenization cone of a realization @ of P,
R = []1 Q} , for some Q € R(P).

Definition 1.1.8. Let Ky, Ky be two realizations of a cone K. They are called linearly
equivalent if they are related via a linear transformation; that is, Ko = AK,, for some

invertible matriz A € R@+x(d+1)

Realization spaces are important in the study of polytopes. A well-known result in poly-
tope theory, Steinitz’s theorem, characterizes which face lattices correspond to (realizable)
3-dimensional polytopes, and its proof can also be used to show that the realization space of
a 3-polytope is contractible (a trivial set topologically) [37]. Steinitz’s theorem was proved
in 1922, and it was not until 1986 that Mnév proved that realization spaces can be more
complicated, in fact, arbitrarily so. Mnév’s Universality theorem, and the subsequent result

for 4-polytopes by Richter-Gebert in 1996 are the following.



Theorem 1.1.9 ([33], [37]). For every primary basic semi-algebraic set V' defined over Z
there is a rank 3 oriented matroid (4-polytope) whose realization space is stably equivalent

to V.

Theorem has many powerful implications: for example, that determining realizabil-
ity for rank 3 oriented matroids/4-polytopes is polynomially equivalent to the “Existential
Theory of the Reals,” so in particular, it is NP-hard; and that all algebraic numbers are
needed to coordinatize rank 3 oriented matroids/4-polytopes. [37, Section 1.3]

Many foundational questions in the study of polytopes, including the following, can be
phrased in terms of realization spaces: Is a combinatorial sphere (or arbitrary abstract
polytope) realizable as a convex polytope? Realizable with rational coordinates? Can its

faces be freely prescribed? Is it projectively unique?

1.1.2 The Grassmannian model

The next realization space model lives in the Grassmannian, Gr(d + 1, v), which is the set of
all (d + 1)-dimensional linear subspaces of a fixed v-dimensional vector space. In particular,
if we consider subspaces of R", then a point of the Grassmannian can be described as the

column space of a v X (d 4 1) matrix X; that is, there is a surjective map

p: REHD 5 Gr(d + 1,v)

X — column space(X).

However, two matrices X, Y can have the same column space, which happens exactly if they

differ by an element of GLg.1(R),
p(X)=pY) < Y =XA, forsome A € GL411(R). (1.1)

Instead of recording points of the Grassmannian by some (non-unique choice of) matrix
of basis elements, we will record each subspace by its Pliicker vector which is defined as

follows.



For a matrix X € Rv*(@1) denote by X ; the submatrix of X formed by taking the
rows indexed by J C [v] = {1,2,...v}.

Definition 1.1.10. For a (d + 1)-subset J = {jo,...,ja} C [v], the Pliicker coordinate of
X indexed by J is det(X ;). Notice if J contains repeated elements, the Pliicker coordinate
1s necessarily zero, and Plicker coordinates given by rearranging elements of J are related
by the sign of the appropriate permutation. Hence we record only the Plicker coordinates

indezed by sets J = {jo < j1 < ... < ja} € (d[j’r]l) in the Pliicker vector of X,

pl(X) = (det[XJ])JC( )

d+1

Now if X € R"¥(@*D is any matrix with p(X) = A, then the following map is a well-

known embedding of the Grassmannian into projective space

pl:Gr(d+1,v) — RP(ati) 1
A= pl(X).

We call pl(X) the Plicker vector of A. Notice that this is a well-defined by (L.1]), since
pl(XA) = pl(X) - det(A) so that matrices related by elements of GL41(R) map to the
same point in projective space under pl.

The Grassmannian Gr(d + 1,v) is cut out as a subvariety of projective space by the
Pliicker ideal, 1411, (See, for instance [31], Section 2.2]). This ideal lives in the polynomial
ring in Plicker variables, 511, C R[p] := R[piy..i, : 1 <ig < -+ < ig < v], where we assume
the variables are listed in colexicographid'] order unless otherwise stated. This ideal consists
of all polynomials which vanish on every vector of (d + 1)-minors coming from an arbitrary

v X (d+ 1) matrix.

Example 1.1.11. The column space of the following matrix X is a point in Gr(3,5). One

I This order is defined by g - - - iq <colex jo - - - ja if i < ji for the largest index k with iy # j.



can check that its Plicker vector satisfies the generators of the Plicker ideal I3 5.

-1 0 0- ioiiz 123 124 134 234 125 135 235 145 245 345
110 p(X) = [1: 2: 3: 2: 1: 2: 2: 1: 2: 2

X=112 1|, D235P145 — P135P245 + P125P345, P234P145 — P134P245 1 P124P345,
112 I35 = < D234P135 — P134P235 + D123DP345, D234P125 — P124P235 + D123D245, >
101 D134P125 — P124P135 + D123P14s5

Notice that the rows of the matrix in the above example generate a cone over a pentagon.
In general, a matrix whose v rows generate the cone over a d-polytope will have rank d + 1
and hence define a point in Gr(d+ 1,v). Thus if K is a (d 4 1)-dimensional polyhedral cone
with v (labeled) extreme rays, we can identify each matrix of generators R € R(K) with the
corresponding point in the Grassmannian. We now consider the structure of this resulting
realization space of (linear equivalence classes of) a polyhedral cone inside Gr(d 4+ 1,v) by
looking at how the combinatorics of K impose conditions on the rays of possible realizations.

As always, it suffices to consider the extreme ray-facet incidences of K. Furthermore, we
can determine these incidences by considering only sets of extreme rays of size d + 1. To see
this, notice that we need d linearly independent extreme rays to determine a d-dimensional
subspace (and thus a potential facet of K). Then, by convexity, these d rays determine a
facet of K if and only if every other extreme ray is contained in the same (closed) half-space
defined by the hyperplane containing the original d rays. That is, if the d independent
rays are indexed by J, the set J defines a facet if and only if for some normal a; to the
hyperplane containing rays J, we have (a;, ;) > 0 for all extreme rays j € [v]. Furthermore,
the extreme rays contained in that facet are exactly those j for which (a;,7;) = 0.

To determine a; from the original d rays, we use the following basic linear algebra fact.

Fact 1.1.12. Given d linearly independent vectors yy, .. .,y, in R¥1 the linear functional
defined by
(a,z) = det[y, | -~ |yg|z], = eR™M



vanishes exactly on the d-dimensional subspace spanned by y,,...,y,. In other words, we can

calculate o, a normal to the hyperplane spanned by y,, ...,y , via the above determinant.

This fact tells us that the above conditions defining facets of K depend only on deter-
minants of sets of d + 1 extreme rays. Thus we can encode the combinatorial information

about K as conditions on the Pliicker vector of a point in the Grassmannian.

Definition 1.1.13. Call a set J C [v] a facet extension if it contains d elements which span
a facet of K and a single element not on that facet. Denote the set of facet extensions of K
by F(K) < (;h)-
Then the elements of the Grassmannian which correspond to realizations of K are
A e Gr(d+1,v): pl(A); =0 if rays J lie in a facet,
Aypl(A); > 0if J € F(K)

where A; = +1 is a sign which depends on the orientation of simplex .J.

Gri(K) =

Example 1.1.14. Consider again the example of the cone K over the pentagon with facets
{1,2}, {2,3}, {3,4}, {4,5}, and {5,1}. Since every set of 3 indices necessarily contains 2

consecutive indices, every J C (E]) s a facet extension. Thus

Gry(K) = { AeGr(d+1,v): Aypl(N); >0 forall J }
Notice that the choice of labeling for our polytope will affect the sign factors Ay. To see
this consider the following two pentagons, @Q,Q’, whose homogenization cones have real-

izations R, R', respectively. For @), we see that simplices 123 and 134 are both positively

oriented. However, in @', 123 is negatively oriented, while 134 is positively oriented.

PN
~
PN
~
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_ g _ .
pl(R)lgg =det |1 1 O =1 pl(R,)lgg =det (1 1 2 =-2
2 1 0
0 0] [ 0]
Pl(R)izs =det [1 2 1| =3  pl(R)34 =det|1 1 0| =1.
1 2 1

Notice that the realization space Gr (K) defines a semialgebraic subset of the Grass-

mannian, but can be relaxed to a subvariety, namely the Zariski closure of the following set.

Definition 1.1.15. Let the Grassmannian of K be given by relaxing the inequalities in the

above realization space to get

AeGr(d+1,v): pl(A);=0if J e F(K)

Gr(K) =
(%) pl(A); #0 if J € F(K)

Y

where we denote by F(K) the sets of d+1 extreme rays of K that are contained in individual
facets of K.

Example 1.1.16. Notice that the Grassmannian of the cone over the pentagon only requires
all coordinates are nonzero; it contains no equations and so is full-dimensional in Gr(3,5).

Thus its Zariski closure is simply the whole Grassmannian Gr(3,5).

It is not hard to obtain the ideal of this subvariety from the ideal of the whole Grass-

mannian, the Pliicker ideal /411 ,. From the definition of Gr(K), we have

Gr(K) = (Gr(d+1,0)n {p e PN p, =0 ¥J € F(K)}) \{p e PUI i p, —0,

VJ e F(K)}
= (VW) 0V (o 7 € FEN) )y T € F)).
Hence its ideal (see [12] for necessary correspondences) is given by
Z(Gr(K)) = (Ips1o + (s T € FE)) : | [ ps| <Ripl (1.2)

JEF(K)
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1.1.3 The slack matriz model

Our final model represents a polytope or cone by its slack matrix, and it will be further
developed in Chapter 2l The following basic facts about slack matrices of polytopes and
cones are from [19, 20]. If @ = conv{qy,...,q,} is a realization of a d-polytope with v
vertices and f facets whose H-representation is given by Q = {x € R? : Wz < w}, then a
slack matrix of () is
So= 1! | € R/
1 q]

Notice that the choice of H-representation is not unique, and thus a realization does not
have a unique slack matrix.

Similarly, if K is a realization of a (d+ 1)-dimensional cone with v extreme ray generators
T1,...,Ty, and f facets with K = {x € R*!: 2" B > 0}, then a slack matrix of K is

a
Sg= |1 |BeR".

T

Ty

Notice that if K = Q", the homogenization cone of Q, that is, K = cone{(1,q,),...,(1,q,)} =
{(zg,z) ER x RY: W < zqw}, then Sk = Sg.

Example 1.1.17. Recall our first realization of a pentagon from Example which was
given by Q = conv{(0,0),(1,0),(2,1),(1,2),(0,1)}. Its H-representation is {x € R? : y >
O,z —y<lz+y<3,—x+y<122>0}, so that

-1 0 O- -O 1 31 0-
1 10 0o 1 3 1 0 00 2 21
So=11 2 1 0O -1 -1 1 1|=(1 00 2 2
11 2 1 1 -1 -1 0 22001
1 01 12200

It is not hard to check that this is also a slack matriz of the cone over this pentagon.
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Like polytopes, cones do not have unique slack matrices. In particular, recall that the
vectors v17y, ..., 7,T, also generate the cone K for any v1,...,7, € Ryy.
We know from [23] that we can identify equivalent realizations via their slack matrices

as follows.

Lemma 1.1.18 (and [23 Corollary 1.5]). Let Q and Q" be two realizations of an abstract
polytope P. Then they are affinely equivalent if and only if they have the same set of slack
matrices up to column scaling; that is, Sg = SqDy, for some positive diagonal matriz Dy.
They are projectively equivalent if and only if they have the same set of slack matrices up to

row and column scaling; that is Sqgr = D,SqDy for some positive diagonal matrices D, Dy.
A similar result holds for cones and follows from the proof of [23, Corollary 1.5].

Lemma 1.1.19. Let K; and K5 be two realizations of an abstract polyhedral cone K. They
are linearly equivalent if and only if they have the same set of slack matrices up to row and

column scaling; that is Sk, = D,Sk, Dy for some positive diagonal matrices D, Dy.

Example 1.1.20. Consider what happens when we apply the linear transformation given by

A= (1) g g to the cone K owver the pentagon of Example|1.1.17. We get
0 2 -3
(10 0] 0 6 18 6 0
12 2 0 6 18 6 0 0 0 12 12 2
Sak= 14 4 1|1 -7 =23 =5 1| =3 0 0 12 4| = Sk-diag(3,6,6,6,2).
7T 2 -4 |-1 4 20 8 0 6 12 0 0 2
4 0 -3 3 12 12 0 0

Since the affine hull of a realization of P is d-dimensional and the linear hull of a realization

of K is (d + 1)-dimensional, we have

=
=

1 ¢q
rank o = rank : =d+1,

S
SR
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which implies their slack matrices also have rank d + 1. The zeros in each slack matrix also
record the extreme point (or ray)-facet incidences of P (or K). Furthermore, we will always
have 1 in the column space of the slack matrix of a polytope, whereas 1 is in the column
space of S if and only if K’ is the homogenization cone of a realization of some polytope [19,
Theorem 6]. Interestingly, it follows from [19, Theorems 22, 24] that the above properties

are sufficient to characterize slack matrices of polytopes and cones.

Theorem 1.1.21. (i) A nonnegative matriz S € RV is the slack matriz of a cone with

the same combinatorial types as the labeled (d + 1)-dimensional cone K if and only if

the following hold:

(a) support(S) = support(Sk),

(b) rank(S) = rank(Sg) =d+ 1, and

(ii) A nonnegative matriz S € RV*/ is the slack matriz of a polytope with the same combi-

natorial type as the labeled d-polytope P if and only if the following hold:
(a) support(S) = support(Sp),

(b) rank(S) = rank(Sp) =d + 1, and

(¢) 1 lies in the column span of S.

To encode these conditions algebraically, we make the following definitions.

Definition 1.1.22. The symbolic slack matrix, Sp(x), of an abstract polytope P has entries

x;; if vertex i is not in facet j
(Sp(m))i,j =
0 else.

We can think of it as being obtained from a slack matriz of a realization of P by replacing

each nonzero entry with a distinct variable. Suppose there are t variables in Sp(x). The slack
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ideal of P is the saturation of the ideal generated by the (d + 2)-minors of Sp(x), namely
t oo
Ip := ((d + 2)-minors of Sp(x)) : sz C Clz] :=Clz, ..., 2. (1.3)
i=1

The slack variety of P is the complex variety V(Ip) C C'. If s € C' is a zero of Ip, then we
identify it with the matriz Sp(s).

The definitions for an abstract polyhedral cone K are the same. In fact, if K = P", then
Sp(x) = Sk(x) so that their varieties are also the same, V(Ip) = V(Ik).

Example 1.1.23. Continuing to take P to be the pentagon, we have

0 = 2o 23 O
0 0 x4 =5 zg
Sp(x)=|z; 0 0 x5 xg
Ty r11 0 0z

T13 T4 w15 0 0

which gives

Ip = < T4T8X12%14 + TeT8X11T15 — T5T9X11T15, T2T6X11T13 + T1T4T12213 — T2T6X10T14 + T1T6T10T15
T2T8X12T14 — T3T9X11T15 — T1T8T12T15 T3T4X12T14 — T2T5X12T14 + T3T6L11T15 + T1T5L12T15
T2X8T12X13 — T3TI9T10T15 + TIT7L12X15 T2XeT8T13 + TIT4T9T13 — T2L5L9T13 + TILEL7T15
T3X4X12213 — T2T5X12213 + T3T6X10T15 T4T8X12213 + TeT8X10T15 — L5T9X10T15 + L5T7T12T15
T4XTZT11X13 — T4T8L10T14 + T5T7L11X15 T2T6X8T11 + T3T4T9T11 — T2T5X9T11 + T1T4TIT12
T3TE6X11T13 + T1T5X12T13 — T3T6XL10T14 T2T8X11T13 — T2T8T10T14 + T1T8L10T15 + T3T7T11T15
T1T4X9T10 — T2L6T7L11 — T1T4X7L12 T1TET8L10 — T1L5LT9T10 + T3LeL7T11 + T1T5L7T12
T1T4TY9T13 — T2L6XL7T14 + T1T6XL7T15 T3T9X11213 + T1T8X12T13 — L3T9X10T14 + T3T7T12T14
T1XTeT8T13 — T1T5L9T13 + T3TLEXL7T14 T1T4X8T13 + T3T4T7T14 — T2T5X7T14 + T1X5L7T15

T1X4T8T10 + TIT4T7T11 — T2X5L7T11

T2XLET8L10 + TIL4LIT10 — T2L5L9T10 — LILAL7T12 + T2T5L7T12
T2T6X8T14 + T3L4T9X14 — T2X5X9T14 — L1LET8T15 + T1T5X9T15
T2TEL8T10 + T3L4L9L10 — L2X5L9X10 — L3L4X7T12 + T2T5T7T12
TELYT11L13 — T5L9T11T13 — TEL8L10L14 + T5X9T10T14 — T5T7L12T14
T2X9T11L13 — T2LI9T10T14 + T2LT7X12X14 + T1X9T10L15 — L1L7L12L15

T3T4X11T13 — T2T5X11T13 — T3T4X10T14 + T2T5L10T14 — $1$5$10$15>.



15

Now Theorem [1.1.21] together with Lemmas [1.1.18| and [1.1.19| shows us how the slack

variety leads to a realization space of a polytope or a cone.

Theorem 1.1.24 (See Corollary [2.3.4). (1) Given a polytope P, there is a bijection be-
tween the elements of V. (Ip)/(RY, x R];O) and the classes of projectively equivalent

polytopes in the combinatorial class of P.

(ii) Given a cone K, there is a bijection between elements of Vi (Ix)/(R%g x RL,) and the

classes of linearly equivalent cones in the combinatorial class of K.

The space Vi (Ip)/(R%, x RL,) is called the slack realization space of P. The space
V. (Ig)/ (R, x RL,) is called the slack realization space of K. Notice that when K = P",

then these spaces coincide.

Example 1.1.25. We construct slack realization space of the pentagon by first modding out
row and column scalings (the action of RY, x R];O) by setting a collection of variables in the
slack matriz to 1. (See Lemma m Chapter@ for more details on how the entries can

be chosen.)

—O 1 z 1 0 ]
0 0 1 1 x4
Sp(®)=11 0 0 1 1
1 21 0 0 249
_1 14 x15 0 0 |

Now taking the slack ideal of the above matrixz, we find that the slack realization space is the

positive part of the variety of

(T11215 + 11 — D14, DTy — Ty — T15 — 1, T1oT1g + 211+ 1o — T,
Ter1s + 6 — 1, TaT12 + T12%15 — T15,  TeT1s T T12Z15 + T12 — T1s,
Tox11 — T11 — 1, TeT11 + Tg + T12 — 1, ToTg — T12X15 — Lo — T12 + T15 + 1>
For the remainder of this chapter, we will focus on the realization space of a cone, since
we have just seen that we can obtain the slack realization space of a polytope by considering

its homogenization cone.
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1.2 R(K) and Gry(K)

Next we will see how each of these realization spaces contains the same information about

realizations of K in a very precise sense. (See Figure )

Theorem 1.2.1. There is a one-to-one correspondence between points in Gr(K) and linear

equivalence classes of sets of extreme rays that generate K.

Proof. We have already seen that if R € R(K), then the Pliicker vector of its column space
satisfies the Pliicker conditions defining Gr, (K'). Furthermore, if R, Q € R(K) are linearly
equivalent with Q@ = RA for some A € GL41(R), then pl(Q) = det(A) - pl(R); in other
words, they are the same when considered as points in the Grassmannian via the map p.
Conversely, given a point A € Gr(K), there exists a matrix X, € R4+ with that

column space. We claim that the map

GrR:Gr (K) — R(K)/GL41(R)

AP—>XA

is inverse to p, giving the desired one-to-one correspondence. In fact, it is clear that this is
the desired inverse, as long as we show that it is well-defined. For this, we need to show
that the rows of X, form a generating set for a cone in the combinatorial class of K. To
see this, notice that each facet F' of K is generated by some set of d rays ji,...,jq. Every
other ray jo € [v] is either in that facet of K, or forms a facet extension with ji,...,jg. If
jo € F, then by definition of Gr, (K), rows jo, j1,-..,ja of X are linearly dependent. If
Jo ¢ F, then again by definition of Gry (K), row jo of X is in the positive half-space of
the hyperplane defined by the rows ji,...,j;. Thus rows of X, generate a cone having the
desired combinatorics. Finally, any other choice of matrix with p(Y) = A must be of the
foom Y = X A for some A € GLq;1(R) by (L.1)), giving the correspondence up to linear

equivalence, as desired. O

Remark 1.2.2. Notice that even though rays {ry,...,r,} and {\iry,..., \,r,} generate the

same cone, they are not necessarily linearly equivalent for Ay,..., A, not all equal. This is
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reflected in their Pliicker coordinates, as

d
pl(diag(Ar, .- M) R)jogy = PUR)jpogy - [ M

=0

Thus if there is some i # k with \; # A;, we see that pl(R)j;,..;, and pl(R)yj,...;, for
ik & {j1,...,7a} will be scaled differently, resulting in a different point in Gr, (K) under
the map p.

Example 1.2.3. Let K be a cone over a square, with facets {12,23,34,14}. Then since

every set of 3 rays forms a facet extension, similarly to the pentagon we get
Gri(K)={A € Gr(3,4) : pl(A) >0} ={[w:x:y:z] €P’:w,z,y,2 >0},

where the last equality comes from the fact that there are no Pliicker relations for d + 1 =
3,v = 4. From the proof of Theorem [1.2.1], we know that to obtain a realization of K from
a point [w:x:y:z] € Gry(K) we want a matriz X such that pl(X) =[w:z:y: z].

To mod out by linear transformations, we will fix a choice of d+1 = 3 extreme rays in X 5
for every A in advance. Notice that we can fix d arbitrary linearly independent vectors to be a
spanning set for some facet, then the remaining vectors are determined by the Plicker coordi-
nates we wish to impose. So we can choose for example 1 — (0,0,1)7, and 2 — (1,0,1)7. In
addition, we can choose a final linear subspace, independent from the first d, for an extreme
ray which forms a facet extension with those d indices. In this case, we choose ray 4 to be the
span of vector (0,1,1)" and the actual generator, (0,z,2)" is determined by the scaling of
our Pliicker vector. Then a representative of the linear equivalence class of generating rays
corresponding to each element [w : x : vy : z] of Gry(K) is, for ezample,

B

0 0 1 4
L /3
1 0 1
X\ = . e
y/r w (w+y/z)—z/x 2
0 =z T
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Remark 1.2.4. Notice that if P is such that K = P" Theorem does not give us a
one-to-one correspondence between points of Gr(K) and equivalence classes of realizations
of P. This is because a linear equivalence class of cone generators need not live in a single

affine hyperplane and hence won’t correspond to an actual realization of the polytope P.

Example 1.2.5. Continuing Example we see that the rows of X will give us a

realization of a square if and only if they live in some hyperplane {x € R® : '@ = ~} for
some a € R and v € R. Solving the equation X ya = 7, tells us that this only occurs for

(w:x:y: 2| satisfying w4y — z = x.

It is easy to see in the above example that we may assume v = 1, so that we only get a

square when the all ones vector is in the column space of X 5. In fact, this is true in general.

Corollary 1.2.6. For K = P", there is a one-to-one correspondence between points of

Gry (K) which contain 1 and affine equivalence classes of realizations in R(P).

Proof. A realization R of K, gives a realization of P if and only if the rows of R live in a
single affine hyperplane of R%*!; that is, there exists a € R%*! so that R = 1. Since the
subspace of Gry (K) is the column space of the corresponding matrix in R(K), the result
follows from Theorem by restricting maps p and GrR to matrices with 1 in the column

space and subspaces A containing 1, respectively. O

It is not hard to see from the proof of Theorem that as well as specializing to
equivalence classes of actual polytope realizations, we can also generalize the map GrR to a
map on all of Gr(K), and then p generalizes to a map RGr on v x (d + 1) matrices having

“prescribed combinatorics” up to G'Lgi1(R)-action.

Corollary 1.2.7. There is a one-to-one correspondence between elements of Gr(K) and
full rank elements of R" @V /G Ly, 1 (R) whose rows satisfy the dependence/independence

relations tmposed by the combinatorics of K.
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]va(d—i-l)/GLd_H (R)
[With prescribed “combinatorics”]
3
(R(9)/GLin(®))

relax

Classical Model

GrR

Grassmannian Model

R(P) modulo W RGr
affine transformationj

/ A

Figure 1.2: The relationships between realization space models: classical and Grassmannian.

A e Gri(K)
with 1 € A

1.3 Slack matrices from the Grassmannian

Recall from Section that the slack matrix of a cone is the product of the matrix whose
rows are its extreme rays with the matrix whose columns are its facet normals. Using
Fact [1.1.12] this means given a realization R € R"*/ and the combinatorics of K, we can

calculate the entry of its slack matrix corresponding to vertex ¢ and facet F' by
(SK)i,F = det [R;F”I"Z] (14)

where Jp indexes a set of d rays which span facet F' of K. From this formulation of the slack
matrix we can see that the slack matrix of this realization of K can be obtained by filling a

v X f matrix with Pliicker coordinates of R. (See also Chapter [3)

Example 1.3.1. Let K be a cone over a pentagon with extreme rays generated by the rows

of matriz X of Fxample|1.1.11. The Plicker vector of X is

10%1%2 123 124 134 234 125 135 235 145 245 345

pl(X) = [1: 2: 3: 2: 1: 2: 2: 1: 2: 2
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and a slack matriz of K s given in Example|1.1.17. The facets of K are spanned by extreme
rays {1,2}, {2,3}, {3,4}, {4,5} and {5,1}, and we can calculate a slack matriz of K from X
using (L.4) as follows.

12 23 34 45 51

[0 1 1 0] (X X

=
>

1 3 (X121 pl(X)231 pl(X)3a1 pl(X) (X )11
210 0 2 2 1 Pl X )122 pl(X)2z2 pl(X )34z pl(X)as2 pl(X)s512
=310 02 2| T | p(K ) pl (XK pHK sy p(XDass p(K )|
412 2 0 0 1 Pl X )124 pl(X)23s Pl(X)344 PUX )asa PU(X)514
501 2 2 0 0] | pl(X )125 PU(X )azs pl(X)345 PU(X )as5 pl(X)s515]

Unlike for the pentagon, most cones will have facets for which there are multiple choices
for a spanning set J (e.g., cones over non-simplicial polytopes). Denote by By = {Jr: F €
facets(P)} C ([Z]) one such set of choices; that is, Jp spans facet F' of K. What tells us
is that given a choice of By, we get a map GrV from Gr(K) to the slack realization space
of K given by

GrV(A) := [Ai,Jpl(A)i,J] ;
i€v],JEB(K)

where A, ; is a sign that depends on the orientation of simplex J as well as the sign of the

permutation that orders the elements of {i} U J.

Example 1.3.2. Let K be a cone over a triangular prism with extreme rays given by the

rows of the following matrix:

1 0 0 0

1 1 00

1 010
X —

1 0 0 1

1101

1 01 2
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Then, abbrieviating for example {1,2,3} by 123, the facets of K are defined by extreme rays
123, 456, 1245, 1346, and 2356, and a possible choice of By is {123,456, 124,136,236}. With
this choice we find GrV (p(X)) gives

123 456 124 136 236

(001 0 0 2 _pl pl(X pl(X)1136 Pl

1 (X) (X)ass pU(X)12a  pU(X) (X)1236
2(0 1.0 2 0 pl(X)1203 PU(X)ause PLU(X)1204  PU(X)1236  PLUX )2236
Se= 310210 0|2 |plX)i2s3 pl(X )36 Pl X)1231  pUX 1336 PU(X)2336
4110 0 0 2 Pl X )123a pl(X)aas6  Pl(X)12aa  —pl(X)1316 PUX)2346
5(1 .0 0 2 0 pl(X )1235 PUX )asse —pl(X )1245 —pl(X )1356 PLX )2356
6L2 0 1 0 0] [pl(X)i2s6 Pl(X)ase6 —PUX)12a6 PU(X)1366 PI(X)2366]

Notice, we could just have easily chosen, say B = {123,456,125,134,356}.
Relaxing this map from the realization space of K to Gr(K), we get

GrV:Gr(K) —V(g)" :=V(g)NR*)!
(1.5)
A — |:AZ7Jpl(A)l7J:|
1€v],JEB(K)

Notice that this relaxation is well-defined, since GrV(A) has the correct zero pattern by

definition of Gr(K): any nonzero entry of a slack matrix is indexed by a facet extension and

each zero entry is indexed by vertices contained in a facet of K. Furthermore, GrV(A) has

rank d+ 1 since it is obtained by applying linear functionals to some rank d+ 1 matrix whose
column span is A.

Since we are thinking about this map as filling a slack matrix with Pliicker coordinates,

we will use the additional notation Sk (Ag) for denoting the image of A under GrV in order

to emphasize that the choice of B determines which Pliicker coordinates are used as slack

entries. We will use the map GrV to prove the following theorem.

Theorem 1.3.3. The nonzero real part of the slack variety of K, V(Ik)*, up to column

scaling, is birationally equivalent to the Grassmannian of the cone K, Gr(K). When K = Ph
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for polytope P, Gr(K) is also equivalent to the nonzero real part of the slack variety of P,

V(Ip)*, up to column scaling.

To prove this theorem, we define the following reverse map.

VGr: V() — Gr(K) o)

s — p(s).

That is, we map a matrix in the slack variety to its column space. This is a (d+1)-dimensional
subspace of R” by Theorem [2.3.2] and it will have the correct Pliicker coordinates because

the rows of Sk (s) form a realization of K by the reasoning of [19, Theorem 14].

Remark 1.3.4. These are the maps implicitly defined in the proof of Theorem [5.3.8

Proposition 1.3.5. Two elements of V(Ik)* are the same up to column scaling if and only

if they have the same column space.

Proof. Let s,t € V(Ig)*. Clearly if Sk(s) = Sk(t) - Dy for some invertible diagonal ma-
trix Dy, then

Sk(s) -Rf = Sk (t)- Dy - RS = Sg(t) - R,

so their column spaces are the same.

Conversely, suppose they have the same column space. For each facet F}, corresponding
to column j of each slack matrix, there exists a flag (maximal chain) through F} in the
face lattice of K from which we obtain a (d + 1) x (d + 1) lower triangular submatrix of
Sk (8), Sk(t) with nonzero diagonal, (see Lemma[2.3.1]). The columns corresponding to each

submatrix will span their respective column spaces, and since these spaces are the same there
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must be a change of basis matrix A € GL41(R) taking one to the other:

F; F;
A 0 - 0] vy 0 o 0]
* Adt1 A= Vd+1 |-
* * * *
L * * | | * * |
Sk (s) Sk (t)

However, from the zero pattern, it is clear that the column corresponding to F} in the Sk (s)
can only be a scaling of the same column in Sk (t). Since this is true for each facet of K, the

result follows. O

Since it is clear that GrV, VGr are rational when we record elements of Gr(K) by their

Pliicker coordinates, Theorem becomes a corollary of the following result.

Lemma 1.3.6. The maps GrV,VGr defined in (1.5),(1.6), respectively, are inverses; that
is VGr o GrV = idg, (k) and GrV o VGr = idy )« /rs-

Proof. First consider

VGr o GrV(A) = p(Sk(Ag)).

Let X € RV*(¢*+D he a matrix whose columns form a basis for the subspace A, so that

| |
SK(AB):X «; - Of
| |

where o is the normal to facet j calculated from X as in Fact|1.1.12] Since rank(Sx(Ag)) =
rank(X) = d + 1, we must also have rank([a; - - - af]) = d + 1, so that in particular, the
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column spaces of Sk (Ag) and X are the same. Since the column space of X is A by definition,
this gives

VGro GrV(A) = A,
as desired.
Next consider

GrV o VGr(s) = Sk (p(s)s).

By Proposition it suffices to show that the column space of Sk (p(s)g) is the same
as the column space of the slack matrix Sk(s), but this follows from what we just showed,

namely that p(Sk(Ag)) = A. O

Example 1.3.7. Recall that the cone K over the pentagon with generators given by the rows

of X had a slack matriz given by GrV(p(X)), as in Example[1.5.1]

_1 0 0_ _O 1 31 O_
1 10 00 2 21
X=1121|, Sk=1{1 00 2 2
11 2 22001
10 1_ 12200

Notice that the column space of Sk is spanned, for example, by the first three columns, and
has Plicker vector [2:4:6:4:2:4:4:2:4:4]. The column space of X is represented by
Pliicker vector [1:2:3:2:1:2:2:1:2:2], which is the same as the previous vector in

projective space, so that these column spaces are indeed the same.

Remark 1.3.8. Notice that as in Theorem there may be choices of points in Gr(K)
whose image under GrV is not an affine equivalence class of realizations of P, but is simply
the orbit of a generalized slack matriz (see Section of Chapter [2)) of P under column

scaling; that is, Sk (Ag) might not have 1 in its column space. In fact, we see from the above

proof that, as in Corollary 1 € p(Sk(Ag)) if and only if 1 € A. (See Figure[L.3])



Example 1.3.9. Recall the cone K over the square of

Ezample [1.2.5. Letting A = [w : z : y : z] € Gr(K),
we had

0 0 1
1 1
X\ = 0 )
y/x w (w+y/z)—z/x
0 =« T

For a square, as with a pentagon, there is only once
choice for facet bases By, so that there is a single

possible GrV, which gives

GrV(A) = Sk(Ag) =

8 &8 o o
n o o &
o o n
ow 8 O

FEven if we restrict to apoint of Gry(K), sayw = x =
y=1, 2z =2, it is not hard to check that neither X,
nor the resulting slack matriz, has 1 in its column
space. In fact, we can see that the condition of Ezx-
ample[1.2.5 which guarantees the rows of X s give the
realization of a square, namely that w +y — 2z = x,
also guarantee condition (ii)(c) of Theorem[1.1.21] on

the resulting slack matrix.

Example [1.3.9] also illustrates another important use
of the maps which give us the equivalence of The-
orem [[.3.3] namely, they allow us to obtain useful
parametrizations of the slack variety. By filling a slack
matrix with Pliicker coordinates, we are essentially

imposing a collection of linear equalities on the slack

25

Grassmannian Model

A € GT+(K)

with 1 € A

Slack Model

Figure 1.3: The relationships
between realization space mod-

els: Grassmannian and slack.
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variety determined by which entries are filled with the same Pliicker coordinates. In some
cases, we will see that restricting to such a parametrization allows us to greatly simplify the
slack ideal.

If we fix a choice of Bk for the cone K, then we can consider the “symbolic image” of the
map GrV as being a matrix in the Pliicker variables p. Namely, from , GrV evaluates
the following symbolic matrix on the Pliicker vector of A

GrV(p) := |:Ai’JpZ'”]:| :
i€v],JEB(K)
Recall that the Pliicker coordinates of A, and hence the entries of GrV(A), satisfy the

equations of the ideal of the Grassmannian of K given in (1.2), namely,

o

L(Gr(K)) = (Iag10 + (py : J € F(K))) : H Py C R[p].
JEF(K)

Notice that the entries of GrV(p) need not use all the Pliicker coordinates. In particular,

entries are indexed by facets and facet extensions, so that we only require Pliicker variables

indexed by F(K), F(K) C (d[i]l), and it is often the case that

F(K)UF(K) # (d[f 1).

Furthermore, by definition of Gr(K), only the variables p; for J € F(K) will be nonzero.

In light of this, we define the following ideal, which gives the conditions on only the nonzero

Pliicker coordinates that will be used in GrV(A).

Definition 1.3.10. The Grassmannian section ideal of K, denoted I41,(K) is given by
eliminating the variables that are not necessary for GrV from Z(Gr(K); that is,

o

Lij1o(K) = | (lay1 + (py: J € F(K))) : H Dy m Rlp, : J € F(K)].
JEF(K)

Remark 1.3.11. Since GrV implicitly depends on the choice of By, so does 111 ,(K). Hence

we could have several different section ideals for the same cone.
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Example 1.3.12. Recall that for a cone over a pentagon F(K) = 0, and all the Plicker

variables are used to fill a slack matriz

0
0
GrV(p) = D123

D124

D123

0
0

D234

P134  P14s

D234 P245

0
0

D345

D345

P125 D235

0
0

D125
P135

D145

0

So in this case, the Grassmannian section ideal is just the Plicker ideal.

Example 1.3.13. Let K be a 4-dimensional cone over a triangular prism as in Example[1.3.9

with By = {123,456, 124,136,236}. Then
123 345 124 136 236
1] 0 puss O 0 piase]
21 0 pase 0 P1236 0
GrV(p)= 3| 0 DPsisc Pizsa 0 0
4 |piaza 0 0 —P1346 DP2346
5 |pi2ss 0 —piaas —Pisse P23se
6 [pr2ss 0 —pioss 0 0 ]
and
I4,6(K ) = (P2316P1as6 + P1246P3a56, P2346D1356 + P1236D3456, P1246P1356 — P1236P1456,

D1234P1356P2456 — P1235P1246P34565 P1235P1246P2346 + D1234P1236P2456 >

The following lemma is an immediate consequence of Definitions|[1.1.15] and [1.3.10]

Lemma 1.3.14. The closure of the projection of the Grassmannian of K onto its nonzero

coordinates is the variety of the Grassmannian section ideal of K ; that is,

7710y (GT(K)) = V(1g41,,(K)).
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Lemma together with Theorem gives us a geometric relationship between
the slack variety and the Grassmannian section variety, namely that points in V(1441,(K))*
are in one-to-one correspondence with representatives of column scaling equivalence classes
of V(Ip)*. However, we also find the following algebraic relationship that allows us to consider

the Grassmannian section ideal as a potentially simplifying algebraic relaxation of the slack

ideal.

Lemma 1.3.15. When appropriate Plicker variables are substituted for slack variables in

the slack ideal I, it is contained in the Grassmannian section ideal 1411 ,(K).

Proof. Fix a choice of GrV for K. We have already seen that for each A € Gr(d + 1,v),
the matrix GrV(A) = Sk(Ap) has rank d + 1. This means the polynomials given by the
(d+2)-minors of the symbolic matrix GrV(p) vanish on every point of A € Gr(d+1,v), and
hence, these minors must be in the Pliicker ideal /444 ,. Setting appropriate Pliicker variables
to zero in the minors and in I441, preserves this containment, and gives the desired result

after saturation. ]

Example 1.3.16. Recall from Example that the slack ideal of the pentagon had 10
three-term generators, 9 four-term generators and 6 five-term generators, all of degree 4. In
contrast, the Grassmannian section ideal, which was simply the Plicker ideal Is5, is much

simpler having only the following 5 trinomial generators of degree 2:

D235D145 — P135P245 + P125D345
D234P145 — P134P245 + P124P345
D234P135 — P134P235 + P123P345
D234P125 — P124P235 + P123D245
D134P125 — P124P135 + P123P145-

Remark 1.3.17. It might seem that the effect of substituting Pliicker variables into the slack
matrix is simply to force certain entries to be equal. While certain equalities are forced by

the choice of GrV, the insistence that the entries come from a Pliicker vector is in fact more
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restrictive than the slack matrix rank condition together with these inequalities. That is,

the containment of Lemma [1.3.15]is strict in general.

Example 1.3.18. Recall the section ideal of the cone over a triangular prism of Eram-

ple

14,6(K ) = <p2346p1456 + P1246D34565 P2346P1356 T P1236P3456, P1246P1356 — P123611456,

D1234P1356P2456 — P1235P1246P34565 P1235P1246P2346 + D1234P1236P2456 >

Simply setting the appropriate slack entries equal, we get

0 =1 O 0 =z
0O 2z3 0 29 O
0 x5 2¢ 0 O
ze 0 O 0 z3
9 0 0 x0 O
o 0 219 0 O

SK(QZ) =

and the resulting ideal is

<5U1$8 — X512, T3TeL10 — $59€9£U12> = <P2346p1456 + D1246P3456, P1234P1356P2456 — p1235p1246p3456>

C LK)

In fact, one can see that the matrix

01 00 =z
01 0 x O
01 100
100 01
200 20
x 01 0 0

has the appropriate slack variables set equal and that the rank of this matrix is 4 for any

choice of x # 0, hence it corresponds to a point in the slack variety V(Ix)*. However, now
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we check the following element of the Grassmannian section ideal:

P2346P1356 + P12sePaase = (—1)(2) + (—2)(—1) = 2+

which is only satisfied when x = 2. That s, if we choose, say x = 1, the entries of Sk(x)
do not come from the Pliicker vector of any point in Gr(K). However, we know it is in the

(column scaling) equivalence class of something that does, namely,

1 001 0 2001
1 010 02010
1100/ |[av]|o2100 _
p(Sk(1)) = col sp — = Sk(1) - diag(1,2,1,1,1).
0001 1 0001
00 20 20020
0100 1 0100

This example illustrates the reason for including the word “section” in the Grassmannian
section] ideal. We have seen that the Grassmannian section ideal is in a sense a super ideal of
the slack ideal (and a potentially simpler ideal) which cuts out a variety which corresponds
to the “section” of the slack variety that contains an equivalence class representative whose
entries come exactly from the Pliicker coordinates of an element of G'r(K). This is a direct

consequence of Lemma [1.3.14] and Theorem [1.3.3]

Corollary 1.3.19. The nonzero part of the Grassmannian section variety of K, V(Ig41.,(K))*,
is in one-to-one correspondence with equivalence class representatives of V(Ix)* /RS of the

form GrV(A) for A € Gr(K).
relax

V(Lat10(K))* V(Ik)" /RS

Figure 1.4: Relationships between realization space models: Grassmannian section and slack.
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1.4 Gale Diagrams and Slack Varieties

Here we introduce one final realization space, the space of Gale diagrams of a polytope. Gale
diagrams were developed by Perles in the 1960s (recorded by Griinbaum [28| Section 5.4]),
and have long found use in the study of polytopes. They are particularly useful in the study
of polytopes with relatively few vertices compared to their dimension. This is because they
are in some sense a “dual” representation of the polytope. (The particular type of duality
we speak of here is that of oriented matroids. For more details see [7], [45), Section 6].)
Given a realization Q = conv{qy,...,q,} of d-polytope P, let B be a matrix whose

columns form a basis for the space of affine dependencies among the vertices of @); that is,

1 .- 1
-B=0, BeR”O Y rank(B)=v—d—1.

a - 4,

Let b;r be the ith row of B. The Gale transform of () is the vector configuration G =
{by,...,b,} C R"4"1 Recall that by definition of a slack matrix of @, this implies

b, - b| Se=0.

Notice that for any A € GL, 4 1(R), the configuration {Aby,..., Ab,} is also a Gale

transform of Q, since B and BA" have the same column space.

Example 1.4.1. Let Q) be the realization of a (3-dimensional) triangular prism given by the
rows of the matrix X . Its Gale transform should be 6 — 3 — 1 = 2 dimensional and it is not

hard to check that the rows of By and By are Gale transforms of Q, related by A € GLy(R).

0 00 0 1 2 -1

1 00 1 0 0 1

010 -1 -1 -2 0 0 2
X = 3 Bl - ) B2 - 3 A =

0 01 0 -1 -2 1 1 -1

1 0 1 -1 0 0 -1

01 1 1 1 2 0




G :

Gs :

A~ bQ
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v
[«

Definition 1.4.2. By slight abuse of terminology, for each s € V(Ip) call a vector configura-
tion Gs = {by,...,b,} a Gale transform of Sp(s) if [b1

B, = [bl

.
bv} is full rank.

bv} Sp(s) =0 and the matriz

Example 1.4.3. Let P be the (abstract) triangular prism with facets 123, 456, 1245, 1346,
and 2356. Consider the element of V(Ip)* given by

SP(S)

_ NN = O O O

o O O = ==
_ o O = O O

o N OO O = O

o = O O =

0

It is not hard to check that 1 ¢ p(Sp(s)), so that by Theorem Sp(s) is not a slack

matriz of an actual realization of P, but it has a Gale transform given by the rows of

s

by

rb2
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Remark 1.4.4. One can easily check from the Gale transform G5 = {by,...,b,} whether it
comes from an actual realization of P, since 1 € p(Sp(s)) if and only if by +---+ b, = 0, by
definition of G,.

Denote by G(P) the set of all possible Gale transforms of a given abstract polytope P;
that is,
G(P) = {G, : s € V(Ip)*).

Of course, for K = P" we already have V(Ix)* = V(Ip)*, so that
G(K):={Gs:s€V(Ik)} =G(P). (1.7)

From Proposition [I.3.5 and the definition of Gale transform, it is clear that there is a
one-to-one correspondence between GL,_q—1(R) equivalence classes of G(K) and elements
of V(Ik)* up to column scaling. For this reason, and since for fixed s, each Gy just comes
from a different choice of basis for the column space p(Bj), it makes sense to consider G(K)
in the Grassmannian Gr(v —d — 1,v). Once again we consider how the combinatorics of K

is encoded in the Pliicker coordinates of each G; € G(K).

Lemma 1.4.5. Let s € V(Ik). A set of rows J C [v] of Sk(s) are dependent if and only if
[v]\J indezxes a set of rows of its Gale transform Bg which live in a hyperplane through the
origin.

Remark 1.4.6. This lemma is weaker than the usual characterization of the combinatorics of
a polytope from its Gale transform, namely that J indexes a face of P if and only if J = [v]
or if 0 is in the relative interior of Gale vectors {b; : j € [v]\J}. This lemma is also a
consequence of the fact that matrices whose columns form bases for orthogonal vector spaces

define dual matroids. However, we include an independent proof here.

Proof. Suppose that a set of vectors J in the Gale transform are coplanar; that is, there
exists ¢ € R*79! such that

0 ifjeJ
c'b; = (1.8)
Bi#0 ifjé¢J
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Then
0=c'B/!Sk(s) by definiton of B,
:[/@1 ﬁn]SK(s) where 3; = 0 for j € J by (L.8)
= Zﬂjyj where y; is the jth row of Sk (s)
2

so that the complement of J indexes a dependent set of rows of Sk (s).
Similarly, if there exists a linear dependence among the rows of Sk(s), say
Zajyj =0, o; #0 VjeJ,
jeJ
then the vector @ € R” with support indexed by J and corresponding entries o; is an element
of the left kernel of Sk (s). Thus, there exists ¢ € R*"9"! so that ¢' B] = a', since B/ is a

basis for the kernel. But now this means {b;},¢; are coplanar in the Gale transform, since

chj:aj:Oforj¢J. OJ

Example 1.4.7. Continuing Example we note that trivially all sets of at least 5 rows
of Sp are dependent, since Sp has rank d+1 = 4. This means each single vector of G4 lives in
a hyperplane through the origin, which is again trivially true. The only sets of non-trivially
dependent rows of Sp are {1,2,4,5}, {1,3,4,6}, and {2,3,5,6}, which correspond to facets
of P. Looking at the drawing of the Gale transform, we can see that the only pairs of vectors

living in single hyperplanes (lines) through the origin are {3,6}, {2,5} and {1,4}, as expected.

Gs Notice that for this example, we still have 0
b, bs b, in the relative interior of {b; : j € [6]\J} for

A

faces J of P. However if we consider the slack

matrixz corresponding to ' € V(Ip)*, as given
bs by below, then its Gale transform does not have

Yb, 0 € rel int{by, b5} even though {1,3,4,6} rep-

resents a facet.
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~ _ gs’
0O 1 0 0 1
b, b;
0O 1 0 1 0
, 0 11 0 0
Sp(s') =
1 00 0 1 bs ¥ bsY b,
-2 00 -2 0 b
2
1 01 0 0

Using this lemma, we characterize the Gale transforms of combinatorial type K in the

Grassmannian as follows.

Definition 1.4.8. Define the dual Grassmannian of cone K to be

Gri(K) ={AecGr(v—d—1,v): pl(A)pps =0 VJ e F(K),

PNy #0 VT € F(K)}.

Notice that Gr*(K) and Gr(K) are isomorphic under the standard isomorphism of Grass-
mannians, Gr(d+1,v) = Gr(v —d — 1,v), which sends a subspace A to its orthogonal com-
plement A+. We will use this isomorphism in the proof of the following proposition which

shows that Gr*(K) actually captures exactly the desired Gale transforms.

Proposition 1.4.9. There is a one-to-one correspondence between elements of Gr*(K) and

elements of G(K) modulo the action of GL,_q-1(R).

Proof. Given an element G5 € G(K), we map it to the column space of Bs. This space is an
element of Gr(v —d — 1,v) since By is full rank and satisfies the conditions of Gr*(K) by
Lemma [[L4.5]

To see that each element of Gr*(K) represents the Gale transform of something in V(I )*,

we use the well-known isomorphism of Grassmannians, namely,

Gr(d+1,v) = Gr(v—d—1,v)
A < AR
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As a map on Pliicker coordinates this translates to

(pl(A)J)Je(

where sgn(J) the sign of the permutation (J, [v] — J). The result now follows from the fact

) < (Sgn(J)'PZ(A>[v]\J)J€([le), (1.9)

[v]
d+1 d+

that elements of Gr(K) are in one-to-one correspondence with elements of V(Ix)*, up to

column scaling, that have the same column space, by Theorem |1.3.3 O

Example 1.4.10. Recall that for a cone K over a pentagon, all sets J € (d[i]l) are facet

extensions and hence

Gr(K) = {A € Gr(3,5) : pl(A), £0 VJ € C?)}.

From this we also get

2

So for example, the matriz B below represents an element of Gr*(K) and hence a Gale

Gro(K) = {A € Gr(2,5) : pl(A), £0 ¥J € ([5])}.

transform of some pentagon.

1 1 bs
1 -1 G Abs by
B=10 1 b,
2 0 ’
-1 2 b,

To see to which element of the slack variety this Gale transform corresponds we recall that
given A € Gr(K), we get a slack matriz via the map GrV, which gives us a matriz of the
form

0 pias p1za puas O
0 0 posa DPass Drzs
GrV(p) = |pis 0 0 P35 Pi13s
pi2a pasa 0 0 puss

| D125 D235 D34s 0 0
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Using (1.9)), we easily obtain a slack matriz without constructing A.

0 D45 P25 P23 0 0o 4 1 1 0

0 0  —pi5 —P13 DP3a 0O 0 -3 -1 -2

Sk = | pas 0 0 p2 —-pul=|4 0 0 -2 =2
—p3s —pis5 0 0 pos -1 -3 0 0 1

| P34 P4 P12 0 0 | _—2 -2 =2 0 0 |

As a simple corollary, we a bijection from the Gale (dual Grassmannian) space to the

slack variety (see Figure .

Corollary 1.4.11. There is a one-to-one correspondence between elements of Gr*(K) and

elements of V(Ix)* up to column scaling.

| ¥

Gale transforms

in Gr*(K)

GV =GrVo L

Slack Model

Gale Model

relax

Gr*(K)

Figure 1.5: Relationships between realization space models: Gale and slack.

Remark 1.4.12. For polytopes, it is well-known that two realizations @, )" are projectively
equivalent if and only if their Gale transforms G, G’ are related by a linear transformation
and positive scaling of the vectors; that is, b, = \;Ab; for A € GL, 4 1(R), \; € Ryy.

An analogous result holds for our generalized Gale transforms. Two elements of V(If)*,
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differ by row and column scaling if and only if their Gale transforms are related by a linear

transformation and nonzero scaling of the vectors. This can be seen from the definition,

since

B! Sk(s) =0« (Dy_q1AB]D;")(D,Sk(s)Ds) =0

for invertible diagonal matrices D, 4, € Rv=d=Dx(=d=1 1) e Roxv D, e R/

Remark 1.4.13. It is also known that one can obtain the slack matrix of a realization () by

calculating the minimal positive circuits of its Gale transform G = {by,..

the columns of S are vectors y such that y' [b1

support. (For more details, see Section 6 of [45].)

., b,}. That is,

bv] =0, y > 0, and y has minimal

Cone Realization

Space

Restriction to
Polytopes (K = P")

Algebraic Relaxation

Relevant Results

Between Spaces

R(K)/GLa11(R)

R(P) modulo affine

transformations

R+ /G L, (R) with
full rank and prescribed

“combinatorics”

Theorem 1.2.1L
Corollaries

Gri(K)

1eA

Gr(K)

Theorems 1.2.1L 1.3.3|,
Corollaries 1.2.6|, 1.2.7

Vi (Ix) /R

s €V, (Ip)/R/ with
1€ p(Sp(s))

V(Ix)* /R

Theorem (1 .3.3L

Definition (11.7)),
Corollaries [1.3.19} [1.4.11

VId+1,u(K)

Corollary [1.3.19

Gr(K)

Proposition 1.4.9|7 (11.7),
Corollary [1.4.11

GEG(K)/GLy—4-1(R)
s.t. every open half
space H with
0 € bd(H) has
|HNG| > 2

GEG(K)/GLy 4 1(R)
s.t. every open half
space H with
0 € bd(H) has
|[HNG|>2and

Zbegb =0

G(K)/GLy—q-1(R)

Proposition 1.4.9L

Definition

Figure 1.6: Summary of results: relationships between realization spaces.
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1.5 Organization

The remainder of this thesis is organized as follows.

The contents of Chapter |2 are from [20] written with Antonio Macchia, Joao Gouveia, and
Rekha Thomas. This chapter gives more extensive background on slack matrices of polytopes
and develops the slack realization space model in greater detail. It includes various classical
realizability questions and how the slack ideal can be used as a new computational framework

to answer these questions.

The contents of Chapter (3| are from [21] written with Antonio Macchia, Joao Gouveia,
and Rekha Thomas. In this chapter we introduce a toric ideal T that can be associated
to polytope P, namely the toric ideal of its vertex-facet non-incidence graph. We study the
relationship of Tp to the slack ideal and show that among polytopes with toric slack ideals,
we can identify the projectively unique ones as those whose slack ideal is equal to Tr. We
also show that containment of the slack ideal in T is equivalent to a generalization of the
2-level property for polytopes. Finally, we look at a well-known example of a non-rational

polytope due to Perles and show that it provides the first example of a non-prime slack ideal.

Chapter |4] considers the operations on polytopes introduced in [32] that preserve projec-
tive uniqueness. We classify all polytopes in dimension 5 that can be obtained from these
operations. We also show that unlike what is known currently in dimensions 2, 3 and 4, there

exists a projectively unique polytope that cannot be obtained from these constructions.

The contents of Chapter |5 are from [10] written with Madeline Brandt. This chapter
generalizes slack matrices and slack ideals to the setting of matroids. We develop a realization
space model for matroids analogous to that of Chapter [2| for polytopes. We relate this model
to the classical Grassmannian realization space model and show how the slack ideal of a
matroid can also be used to answer various questions about realizability. Furthermore, we
generalize the notion of of the toric ideal of the non-incidence graph to the cycle ideal of a

matroid and study its relationship to projective uniqueness.

Chapter [0] is based on work with Antonio Macchia. This chapter describes a Macaulay?2



package we have developed for creating and manipulating slack ideals.

40
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Chapter 2
THE SLACK REALIZATION SPACE OF A POLYTOPE

2.1 Introduction

An important focus in the study of polytopes is the investigation of their realization spaces.
Given a d-polytope P C R?, its face lattice determines its combinatorial type. A realization
space of P is, roughly speaking, the set of all geometric realizations of the combinatorial
type of P. This set, usually defined by fixing an affinely independent set of vertices in every
realization of P, is a primary basic semialgebraic set, meaning that it is defined by a finite
set of polynomial equations and strict inequalities.

Foundational questions about polytopes such as whether there is a polytope with rational
vertices in the combinatorial class of P, whether a combinatorial type has any realization
at all as a convex polytope, or whether faces of a polytope can be freely prescribed, are all
questions about realization spaces. In general, many of these questions are hard to settle and
there is no straightforward way to answer them by working directly with realization spaces.
Each instance of such a question often requires a clever new strategy; indeed, the polytope
literature contains many ingenious methods to find the desired answers.

In this paper, we introduce a model for the realization space of a polytope in a given
combinatorial class modulo projective transformations. This space arises from the positive
part of an algebraic variety called the slack variety of the polytope. An explicit model for
the realization space of the projective equivalence classes of a polytope does not exist in the
literature, although several authors have implicitly worked modulo projective transforma-
tions [3, 4, 38]. Using a related idea, we also construct a model for the realization space
for a polytope that is rationally equivalent to the classical model for the realization space

of the polytope. The ideal giving rise to the slack variety is called the slack ideal of the
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polytope and was introduced in [23]. The slack ideal in turn was inspired by the slack matriz
of a polytope. This is a nonnegative real matrix with rows (and columns) indexed by the
vertices (and facets) of the polytope and with (i, j)-entry equal to the slack of the ith vertex
in the jth facet inequality. Each vertex/facet representation of a d-polytope P gives rise to
a slack matrix Sp of rank d + 1. Slack matrices have found remarkable use in the theory of
extended formulations of polytopes (see for example, [44], [17], [39], [22], [30]). Their utility

in creating a realization space model for polytopes was also observed in [14].

2.1.1 Owur contribution

By passing to a symbolic version of the slack matrix Sp, wherein we replace every positive
entry by a distinct variable in the vector of variables @, one gets a symbolic matrix Sp(x).
The slack ideal Ip is the ideal obtained by saturating the ideal of (d + 2)-minors of Sp(x)
with respect to all variables. The complex variety of Ip, V(Ip), is the slack variety of P. We
prove that modulo a group action, the positive part of V(Ip) is a realization space for the
projective equivalence classes of polytopes that are combinatorially equivalent to P. This is
the slack realization space of P and it provides a new model for the realizations of a polytope
modulo projective transformations. Working with a slightly modified ideal called the affine
slack ideal of P, we also obtain a realization space for P that is rationally equivalent to the
classical realization space of P. We call this the affine slack realization space of P. By the
positive part of a complex variety we mean the intersection of the variety with the positive
real orthant of the ambient space.

The slack realization space has several nice features. The inequalities in its description are
simply nonnegativities of variables in place of the determinantal inequalities in the classical
model. By forgetting these inequalities one can study the entire slack variety, which is a
natural algebraic relaxation of the realization space. The slack realization space naturally
mods out affine equivalence among polytopes and, unlike in the classical construction, does
not depend on a choice of affine basis. The construction leads to a natural way to study

polytopes up to projective equivalence. Further, it serves as a realization space for both the
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polytope it was constructed from as well as the polar of the polytope.

Additionally, the slack ideal provides a computational engine for establishing several
types of results one can ask about the combinatorial class of a polytope. We exhibit three
concrete applications of this machinery to determine non-rationality, non-prescribability of
faces, and non-realizability of polytopes. We expect that further applications and questions
on the important and difficult topic of realization spaces will be amenable to our algebraic

geometry based approach.

2.1.2  Organization of the paper

In Section [2.2] we summarize the results on slack matrices needed in this paper. We also
define the slack ideal and affine slack ideal of a polytope. In Section [2.3] we construct
the slack and affine slack realization spaces of a polytope. We show that the affine slack
realization space is rationally equivalent to the classical realization space of the polytope. In
Section [2.4] we illustrate how the slack ideal provides a computational framework for many
classical questions about polytopes such as convex realizability of combinatorial polytopes,

rationality, and prescribability of faces.

2.1.8  Acknowledgements

We thank Arnau Padrol and Gilinter Ziegler for helpful pointers to the literature and valuable
comments on the first draft of this paper. The SageMath and Macaulay2 software systems
were invaluable in the development of the results below. All computations described in this

paper were done with one of these two systems [13], [27].

2.2 Background: Slack Matrices and Ideals of Polytopes

In this section we first present several known results about slack matrices of polytopes needed
in this paper. Many of these results come from [19]. We then recall the slack ideal of a

polytope from [23] which will be our main computational engine. While much of this section
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is background, we also present new objects and results that play an important role in later
sections.

Suppose we are given a polytope P C R? with v labelled vertices and f labelled facet
inequalities. Assume that P is a d-polytope, meaning that dim(P) = d. Recall that P has
two usual representations: a V-representation P = conv{p,,...,p,} as the convex hull of
vertices, and an H-representation P = {x € R?: Wa < w} as the common intersection of
the half spaces defined by the facet inequalities Wiz < wj;, 7 = 1,..., f, where W; denotes
the jth row of W € R/*4, Let V € R"*? be the matrix with rows p,',...,p, "', and let 1
denote a vector (of appropriate size) with all entries equal to 1. Then the combined data of

the two representations yields a slack matriz of P, defined as

Sp = [ 1 V} w € RV, (2.1)

-wT

The name comes from the fact that the (¢, j)-entry of Sp is w; — W,;p, which is the slack
of the ith vertex p; of P with respect to the jth facet inequality W;ax < w; of P. Since P is
a d-polytope, rank([ 1V }) = d+1, and hence, rank(Sp) = d+1. Also, 1 is in the column
span of Sp. While the V-representation of P is unique, the H-representation is not, as each
facet inequality Wz < wj; is equivalent to the scaled inequality AW,z < Aw; for A > 0,
and hence P has infinitely many slack matrices obtained by positive scalings of the columns
of Sp. Let D, denote a diagonal matrix of size t x ¢t with all positive diagonal entries. Then
all slack matrices of P are of the form SpD; for some Dy.

A polytope @ is affinely equivalent to P if there exists an invertible affine transformation v
such that @ = ¢(P). If @ is affinely equivalent to P, then Sp is a slack matrix of () and
thus P and @ have the same slack matrices (see Example . In fact, a slack matrix of P

offers a representation of the affine equivalence class of P by the following result.

Lemma 2.2.1 ([19, Theorem 14]). If S is any slack matriz of P, then the polytope QQ =

conv(rows(S)), is affinely equivalent to P.
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By the above discussion, we may translate P so that 0 € int(P) without changing its
slack matrices. Subsequently, we may scale facet inequalities to set w = 1. Then the affine

equivalence class of P can be associated to the slack matrix

. 1
Sp=1[1V] (2.2)
—-wT

which has the special feature that the all-ones vector of the appropriate size is present in
both its row space and column space. Again this matrix is not unique as it depends on the

position of 0 € int(P).
Recall that the polar of P is P° = {y € (RY)* : (z,y) < 1 Vx € P}. Under the
assumption that 0 € int(P) and that w = 1, P° is again a polytope with 0 in its interior

and representations [45, Theorem 2.11]:
p° :conv{WlT,...,WfT} ={yec R : Vy <1}

This implies that (SL)T is a slack matrix of P° and all slack matrices of P° are of the
form (D,S5)".

We now pass from the fixed polytope P to its combinatorial class. Note that the zero-
pattern in a slack matrix of P, or equivalently, the support of Sp, encodes the vertex-facet
incidence structure of P, and hence the entire combinatorics (face lattice) of P [29]. A
labelled polytope @) is combinatorially equivalent to P if P and () have the same face lattice
under the identification of vertex p, in P with vertex g; in @) and the identification of facet
inequality f; in P with facet inequality g; in Q). The combinatorial class of P is the set
of all labelled polytopes that are combinatorially equivalent to P. A realization of P is a
polytope @, embedded in some R¥, that is combinatorially equivalent to P. By our labelling
assumptions, all realizations of P have slack matrices with the same support as Sp. Further,
since each realization ) of P is again a d-polytope, all its slack matrices have rank d+ 1 and

contain 1 in their column span. Interestingly, the converse is also true and is a consequence

of [19, Theorem 22].
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Theorem 2.2.2. A nonnegative matrixz S is a slack matriz of some realization of the labelled
d-polytope P if and only if all of the following hold:
1. supp(S) = supp(Sp)
2. rank(S) = rank(Sp) =d+1

3. 1 lies in the column span of S.

This theorem will play a central role in this paper. It allows us to identify the combina-
torial class of P with the set of nonnegative matrices having the three listed properties.
A polytope @ is projectively equivalent to P if there exists a projective transformation ¢

such that @ = ¢(P). Recall that a projective transformation is a map

B b
6:RISRY, gy oD
cx+y
for some B € R4 b,c € R?, v € R such that
B b
det . # 0. (2.3)

c 7
The polytopes P and Q = ¢(P) are combinatorially equivalent. Projective equivalence

within a combinatorial class can be characterized in terms of slack matrices.

Lemma 2.2.3 ([23, Corollary 1.5]). Two polytopes P and Q) are projectively equivalent if

and only iof D,SpDy is a slack matriz of Q) for some positive diagonal matrices D, Dy.

Notice that Lemma does not say that every positive scaling of rows and columns
of Sp is a slack matrix of a polytope projectively equivalent to P, but rather that there is
some scaling of rows and columns of Sp that produces a slack matrix of @). In particular,
condition of Theorem requires 1 to be in the column span of the scaled matrix. Not
all row scalings will preserve 1 in the column span. Regardless, we will be interested in all

row and column scalings of slack matrices.
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Definition 2.2.4. A generalized slack matrix of P is any matriz of the form D,SqDy,
where Q) is a polytope that is combinatorially equivalent to P and D,,, Dy are diagonal matrices

with positive entries on the diagonal. Let &p denote the set of all generalized slack matrices

of P.

Theorem 2.2.5. The set Sp of generalized slack matrices of P consists precisely of the

nonnegative matrices that satisfy conditions and of Theorem .

Proof. By construction, every matrix in & p satisfies conditions and of Theorem .
To see the converse, we need to argue that if S is a nonnegative matrix that satisfies condi-
tions and of Theorem , then there exists some D,,, Dy such that S = D,SqD;
for some polytope () that is combinatorially equivalent to P, or equivalently, that there is
some row scaling of S that turns it into a slack matrix of a polytope combinatorially equiv-
alent to P. By Theorem [2.2.2] this is equivalent to showing that 1 lies in the column span
of D;1S. Choose the diagonal matrix D, ! so that D, 'S divides each row of S by the sum of
the entries in that row. Note that this operation is well-defined, as a row of all zeros would
correspond to a vertex which is part of every facet. Then the sum of the columns of DS
is 1 making D, 1S satisfy all three conditions of Theorem . Therefore, by the theorem,
D, 1S = S for some polytope @ in the combinatorial class of P. O

We illustrate the above results on a simple example.

Example 2.2.6. Consider two realizations of a quadrilateral in R?,

P, = conv{(0,0),(1,0),(1,1),(0,1)}, and
Py = conv{(1,-2),(1,2),(-1,2),(—1,-2)},

where Py = 1(Py) for the affine transformation ¥ (x) = {2 _02

} -+ [_12} . The most obvious



48

choice of facet representation for Py yields the slack matriz

100 0110
0 1 1 0
110 001 1
Sp, = 0 -1 0 1|= ,
111 100 1
1 0 -1 0
101 1100

which, by calculating the effect of 1 on the facets of Py, one finds is the same as the slack

matriz for P,

1 1 -2
101 11

5 1 1 2 21232
P, = -5 0 5 0
ol -1 2 2121
0 -1 o1

1 -1 —2 4 4

Since Py also contains the origin in its interior, we can scale each column of its H-
representation from above by 2 to obtain a slack matriz of the form 5}32. Finally, consider

the following nonnegative matrix

_— = O O

O O =
o O = =
o N = O

Since S satisfies all three conditions of Theorem it must be the slack matrix of some
realization of a quadrilateral. In fact, it is easy to check that S is the slack matriz of the
quadrilateral with vertices {(0,0), (1,0),(2,1),(0,1)}. Since all quadrilaterals are projectively
equivalent, by Lemma [2.2.5 we must be able to obtain Sp, by scaling the columns and rows

of S and, in fact, multiplying its first column by 2 and its last two rows by 1/2 we recover Sp, .

We now recall the symbolic slack matriz and slack ideal of P which were defined in [23].
Given a d-polytope P, its symbolic slack matriz Sp(x) is the sparse generic matrix obtained

by replacing each nonzero entry of Sp by a distinct variable. Suppose there are ¢ variables
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in Sp(x). The slack ideal of P is the saturation of the ideal generated by the (d 4 2)-minors

of Sp(x), namely

Ip := ((d + 2)-minors of Sp(x)) : (H xl) C Clz] :==Clzy,..., 2. (2.4)

i=1
The slack variety of P is the complex variety V(Ip) € C'. The saturation of Ip by the
product of all variables guarantees that there are no components in V(Ip) that live entirely

in coordinate hyperplanes. If s € C' is a zero of Ip, then we identify it with the matrix Sp(s).

Lemma 2.2.7. The set Gp of generalized slack matrices is contained in the real part of the

slack variety V(Ip).

Proof. By Theorem [2.2.5, all matrices in &p have real entries, support equal to supp(Sp),
and rank d 4+ 1. Therefore, Gp is contained in the real part of V(Ip). O

To focus on “true slack matrices” of polytopes in the combinatorial class of P, meaning

matrices that satisfy all conditions of Theorem we define the affine slack ideal

Ip = {(d + 2)-minors of [Sp(z) 1]) : (H xl> C Clz], (2.5)

where [Sp(a) 1] is the symbolic slack matrix with a column of ones appended. By construc-

tion, V(Ip) is a subvariety of V(Ip).

Definition 2.2.8. Let ép denote the set of true slack matrices of polytopes in the combi-

natorial class of P, or equivalently, the set of all nonnegative matrices that satisfy the three

conditions of Theorem[2.2.3.

Lemma 2.2.9. The set Sp of true slack matrices is contained in the real part of V(.Tp).

Proof. By definition, all elements S € Sp have real entries and supp(S) = supp(Sp). It
remains to show that rank([S 1]) < d + 1. This follows immediately from the fact that S

satisfies properties and (3) of Theorem [2.2.2] O
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Example 2.2.10. For our quadrilateral P, from Ezample and in fact any quadrilat-

eral P labeled in the same way as Py, we have

0 Tr1 X2 0
0 0 T3 T4

T5 0 0 Tg

T7 I8 0 0

Its slack ideal is
8 o
Ip = (4-minors of Sp(x)) : (H :EZ> = (voxyx5rs — T1237627) C Clay, ..., xs).
i=1

The affine slack ideal of P is

8 o0
Ip = (4-minors of [Sp(x) 1]) : (H :1:2> = (17376 — ToT4Ts + ToXeTy — T3Tels,

i=1
ToXyTs — TaX4X7 + ToTel7 — T3TeT7,

T1T4T5 — T1T4T7 + T1X6T7 — T4T528,

T1T3T5 — T1X3T7 + ToXsTg — ZE3$5{L‘8>.

Notice, for example, that the generalized slack matriz which corresponds to s = (2,2,2,1,8,2,2,1)

1s a zero of Ip but not of Ip and indeed 1 is not in the column span of Sp(s). O
2.3 Realization spaces from Slack Varieties

Recall that a realization of a d-polytope P C R? is a polytope @ that is combinatorially
equivalent to P. A realization space of P is, essentially, the set of all polytopes ) which are
realizations of P, or equivalently, the set of all “geometrically distinct” polytopes which are
combinatorially equivalent to P. We say “essentially” since it is typical to mod out by affine
equivalence within the combinatorial class.

The standard construction of a realization space of P = conv{p,,...,p,} is as follows

(see [37]). Fix an affine basis of P, that is, d + 1 vertex labels B = {by, ...,bs} such that
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the vertices {p, }sep are necessarily affinely independent in every realization of P. Then the

realization space of P with respect to B is
R(P, B) = {realizations ) = conv{qy,...,q,} of P with g, = p, for all i € B}.

Fixing an affine basis ensures that just one ) from each affine equivalence class in the
combinatorial class of P occurs in R(P, B).

Realization spaces of polytopes are primary basic semialgebraic sets, that is, they are
defined by finitely many polynomial equations and strict inequalities. Recording each re-
alization @ by its vertices, we can think of R(P, B) as lying in R%¥. Two primary basic
semialgebraic sets X C R™ and Y C R™™™ are rationally equivalent if there exists a homeo-
morphism f : X — Y such that both f and f~! are rational functions. The important result
for us is that if By, By are two affine bases of a polytope P, then R(P, By) and R(P, By) are
rationally equivalent [37, Lemma 2.5.4]. Thus one can call R(P, B) C R%", the realization
space of P.

The main goal of this section is to construct models of realization spaces for P from the
slack variety V(Ip) C C' and affine slack variety V(Ip) defined in Section . Recall that
we identify an element s in either variety with the matrix Sp(s). Then by Lemma ,
Gp, the set of all generalized slack matrices of all polytopes in the combinatorial class of P,
is contained in V(Ip). Similarly, by Lemma , S p, the set of all true slack matrices of
polytopes in the combinatorial class of P, is contained in V(f p). In fact, &p is contained in

the positive part of V(Ip), defined as

V+(Ip) = V(Ip) N Rt>0 (26)
and &p is contained in the positive part of V(Ip) defined as

Vi(Ip) = V(Ip) NRL,,. (2.7)

These positive spaces are going to lead to realization spaces of P. In order to get there,
we first describe these sets more explicitly. We start with a well-known lemma, whose proof

we include for later reference.
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Lemma 2.3.1. Let S be a matriz with the same support as Sp. Then rank(S) > d + 1.

Proof. Consider a flag of P, i.e., a maximal chain of faces in the face lattice of P. Choose a

sequence of facets Fy, FY, ..., F; so that the flag is
0 = Fpbn---NF;, ¢ ibNn---NF; C --- C F4,1NF; C Fy; C P,

Next choose a sequence of vertices so that vg = FyN---N Fy is the O-face in the flag, making
vg € Fy. Then choose vy € FoN---NFybut vy & Fy, vy € F3N---NFy but vy & Fy and so on,
until vy € Fy but not in F;_;. Finally, choose vy so that vy € F,;. Then the (d+1) x (d+1)
submatrix of Sp indexed by the chosen vertices and facets is lower triangular with a nonzero
diagonal, hence has rank d + 1.

Now if S is a matrix with supp(S) = supp(Sp), S will also have this lower triangular

submatrix in it, thus rank(S) > d + 1. O

We remark that the vertices chosen from the flag in the above proof form a suitable affine

basis to fix in the construction of R(P, B).

Theorem 2.3.2. The positive part of the slack variety, V. (Ip), coincides with Sp, the set
of generalized slack matrices of P. Similarly, V+(7p) coincides with ép, the set of true slack

matrices of P.

Proof. We saw that &p C V. (Ip) and by Theorem [2.2.5| &p is precisely the set of nonnega-
tive matrices with the same support as Sp and rank d+ 1. On the other hand, if s € V, (Ip),
then Sp(s) is nonnegative and supp(Sp(s)) = supp(Sp). Therefore, by Lemma [2.3.1]
rank(Sp(s)) =d+ 1. Thus, V. (Ip) = Sp.

We saw that &p C V. (Ip). Also recall that V, (Ip) is contained in V, (Ip). Therefore, by
the first statement of the theorem, if s € V; (Ip), then Sp(s) is nonnegative, supp(Sp(s)) =
supp(Sp) and rank(Sp(s)) = d + 1. From the definition of Ip, we have rank([Sp(s) 1]) <
d + 1, so it follows that rank([Sp(s) 1]) = d + 1, or equivalently, 1 lies in the column span
of Sp(s). Therefore, the matrices in V, (Ip) satisfy all three conditions of Theorem m,
hence V+(fp) = &p. O
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Since positive row and column scalings of a generalized slack matrix of P give another
generalized slack matrix of P, we immediately get that V,(Ip) is closed under row and

column scalings. Similarly, V+(f p) is closed under column scalings.

Corollary 2.3.3.

1. If s € Vi (Ip), then D,sD; € Vi (Ip), for all positive diagonal matrices D,, Dy.

2. Similarly, if s € V+(fp), then sDy € V+(fp), for all positive diagonal matrices Dy.

Corollary tells us that the groups R%, x R, and R, act on V. (Ip) and V. (Ip),
respectively, via multiplication by positive diagonal matrices. Modding out these actions is
the same as setting some choice of variables in the symbolic slack matrix to 1, which means
that we may choose a representative of each equivalence class (affine or projective) with ones

in some prescribed positions.

Corollary 2.3.4.

1. Given a polytope P, there is a bijection between the elements of
Vi(Ip)/(RY, X R’;O) and the classes of projectively equivalent polytopes of the same

combinatorial type as P. In particular, each class contains a true slack matriz.

2. Given a polytope P, there is a bijection between the elements of V+(fp)/R£0 and the

classes of affinely equivalent polytopes of the same combinatorial type as P.

The last statement in Corollary (1) follows from the fact that every generalized
slack matrix admits a row scaling that makes it satisfy all three conditions of Theorem [2.2.2],
thereby making it a true slack matrix. An explicit example of such a scaling can be seen in
the proof of Theorem [2.2.5

By the above results we have that V(Ip)/(R%, x RL;) and V+(7p)/RJ;O are param-
eter spaces for the projective (respectively, affine) equivalence classes of polytopes in the

combinatorial class of P. Thus they can be thought of as realization spaces of P.
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Definition 2.3.5. Call V,(Ip)/(RY%, x R.,) the slack realization space of the polytope P,

and V+(T r)/ R’;O the affine slack realization space of the polytope P.

We will see below that the affine slack realization space V. (Ip)/ R, is rationally equiv-
alent to the classical model of realization space R(P, B) of the polytope P. On the other
hand, our main object, the slack realization space V., (Ip)/(R%, x RL,), does not have an
analog in the polytope literature. This is partly because in every realization of P, fixing a
projective basis does not guarantee that the remaining vertices in the realization are not at
infinity. The slack realization space is a natural model for the realization space of projective
equivalence classes of polytopes. We note that in [25] the authors investigate the projective
realization space of combinatorial hypersimplices and find an upper bound for its dimension.

However they do not present an explicit model for it.

Theorem 2.3.6. The affine slack realization space V+(fp)/R’;0 is rationally equivalent to

the classical realization space R(P, B) of the polytope P.

Proof. We will show that V. (Ip) JRL, is rationally equivalent to R(P, B) for a particular
choice of B. By [37, Lemma 2.5.4], this is sufficient to show rational equivalence for any
choice of basis.

We have already shown that realizations of P modulo affine transformations are in bijec-
tive correspondence with the elements of both V. (Ip) /RL, and R(P, B). So we just have to
prove that this bijection induces a rational equivalence between these spaces, i.e., both the
map and its inverse are rational.

We will start by showing the map sending a polytope in R(P, B) to its slack matrix is
rational. Fix a flag in P, as in the proof of Lemma Suppose the sequence of vertices
and facets chosen from the flag in the proof are indexed by the sets I and J respectively. The
vertices {p,}ics are affinely independent, so that B = I is an affine basis of P. Moreover,
by applying an affine transformation to P, we may assume that 0 is in the convex hull of

{p, }ier, hence is in the interior of every element of R(P, B). Consider the map

g:R(P,B) - Vi(Ip), Qr Sh.
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The polytope @ is recorded in R(P, B) by its list of vertices, which in turn are the rows of

1
the matrix V. Also, recall that Sb =[1V] -l To prove that g is a rational map, we
-W

need to show that the matrix of facet normals W is a rational function of V. Since we know
the combinatorial type of P, we know the set of vertices that lie on each facet. For facet j,
let V(j) be the submatrix of V' whose rows are the vertices on this facet. Then the normal of
facet j, or equivalently W;, is obtained by solving the linear system V'(j)-a@ = 1 which proves
that W, is a rational function of V. Then g = mo g is the desired rational map from R(P, B)
to V+(fp)/R};0, where 7 is the standard quotient map 7 : Vy (Ip) — Vo (Ip)/R%,. Tt sends
the representative in R(P, B) of an affine equivalence class of polytopes in the combinatorial
class of P to the representative of that class in V. (Ip)/ R,

For the reverse map, we have to send a slack matrix Sg of a realization ) of P to the
representative of its affine equivalence class in R(P, B). We saw in Lemma that the
rows of S are the vertices of a realization )’ of P that is affinely equivalent to (). So we
just have to show that @' can be rationally mapped to the representative of @) in R(P, B).
To do that, denote by §Q the (d + 1) x (d + 1) lower triangular submatrix of Sg from our

I consists of rational

flag, with rows indexed by I and columns indexed by J. Then (:S’\Q)*
functions in the entries of §Q. Let B be the (d+ 1) x d matrix whose rows are the vertices of
P indexed by B. Recall that these vertices are common to all elements of R(P, B), and in
particular, they form an affine basis for the representative of @ in R(P, B). Then the linear

map

Vse BRI = RY a e 2] S5'B,

where ¢ is the restriction of € R/ to the coordinates indexed by J, is defined rationally
in terms of the entries of Sp, and maps row ¢ of Sg to the affine basis vertex p;, for all 7 € I.
Now since vs, is a linear map, ¥s5,(Q") is affinely equivalent to Q" which is itself affinely
equivalent to Q. Furthermore, ¥5, sends an affine basis of Q' to the corresponding affine basis
in @, so in fact it must be a bijection between the two polytopes. Hence, g, (rows of Sg)

equals the representative of @) in R(P, B), completing our proof. O
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The slack realization space is especially elegant in the context of polarity. Let P° be the
polar polytope of P. It is not immediately obvious from the standard model of a realization
space, how R(P, By) and R(P°, By) are related. In [37], it is shown that the realization spaces
of P and P° are stably equivalent, a coarser notion of equivalence than rational equivalence
(see [37), Definition 2.5.1]); however, the proof of this fact in [37, Theorem 2.6.3] is non-trivial.
Now consider the slack model. Recall we know that one slack matrix of P°is (S})', so that
Spo(x) = Sp(x)". In particular, this means that Ipo = Ip, so that the slack varieties and
realization spaces of P and P° are actually the same when considered as subsets of Rf. We
simply need to interpret s € V. (Ip) = V,(Ipo) as a realization of P or P° by assigning its

coordinates to Sp(x) along rows or columns.

Example 2.3.7. Let us return to the realization space of the unit square Py from FExam-
ple[2.2.6, Suppose we fix the affine basis B = {1,2,4}, where we had p, = (0,0), p, = (1,0)
and p, = (0,1). Then the classical realization space R(Py, B) consists of all quadrilaterals
Q = conv{py, p,, (a,b), ps}, where a,b € R must satisfy a,b > 0 and a+b > 1 in order for Q
to be convew.

In the slack realization spaces, modding out by row and column scalings is equivalent to
fixing some variables in Sp(x) to 1. So for example, we could start with the following scaled

symbolic slack and affine slack matrices

0 1 10 0O 1 1 0 1

0 0 11 0 0 3 x4 1
Se(x) = [Sp() 1]

1 0 01 1 0 0 1 1

1 T 0 0 7 T8 0 0 1

I53ed = (3¢ — 1), and

ables produces the scaled slack ideals

Computing the 4-minors of these scaled symbolic slack matrices and saturating with all vari-

Tscaled
]P = <[L’31178 + Tplg — T3 — Ty, a7 + Tylg — Ty — X7, T3T7 — [L’4ZE8>.
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Therefore the slack realization space, V4 (Ip)/(RLy x RL,), has the unique element (1,1,1,1,1,1,1,1),

and indeed, all convexr quadrilaterals are projectively equivalent to P;.

Tscaled
I P

From the generators of one sees that the affine slack realization space, V(Ip)/R%,,

15 two-dimensional and parametrized by xs3, x4 with

T4
Ty = ————————— and rg = ——.
$3+ZL‘4—1 ZL‘3—|—$4—1

€3

Since all the four variables have to take on positive values in a (scaled) slack matriz of
a quadrilateral, we get that the realization space V+(f p)/RY, is cut out by the inequalities
x3 >0, x4 >0, 3+ x4 > 1. This description coincides exactly with that of R(Py, B) that

we saw earlier.
Example 2.3.8. Consider the 5-polytope P with vertices py,...,Ppg given by
€1, €2, €3, €4, —€1 — 263 — €3, —2€1 — €3 — €4, —2€1 — 2e3 + €5, —2e1 — 2e5 — €5

where e, ..., es are the standard basis vectors in R®. It can be obtained by splitting the
distinguished vertex v of the vertex sum of two squares, (O, v) ® (O, v) in the notation of [32].

This polytope has 8 vertices and 12 facets and its symbolic slack matrixz has the zero-pattern

below ) )
0O« 000O0=x0O0O0O0DO0
0000000000

00000 *x % % 00 % %

*x 00 = 0 « 00 «x 0 % 0

x x « 00 000 *« %x 00

00« 000 0% 0 *

*x 0« 00 « 0« 0000
_0 000O0O0O0O0 *x x % *]

By [32, Theorem 5.3] P is not projectively unique, meaning its slack realization space V4 (Ip)/(RY ;%
RJ;O) will consist of more than a single point. Indeed, by fixing ones in the mazimum number

of positions, marked in bold face below, we find that V4 (Ip)/(R%, % R’;O) is a one-dimensional
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space of projectively inequivalent realizations parametrized by slack matrices of the following

form
01000010000 0
000110000000
000001110011
Sp@ |1 0010100 a0 e
111000001100
001010010ad0a
101001010000
000000001111

If we wish to look at a representative of each equivalence class which is a true slack matriz,

then we can scale the above to guarantee that 1 is in the column space.

Remark 2.3.9. We have shown that V, (Ip) is a natural model for the realization space of P,
but it could be that Ip is not the biggest ideal that vanishes on its Zariski closure. In
other words, we have not proved that V,(Ip) is Zariski dense in the slack variety V(Ip).
Determining the vanishing ideal of V, (/p) would allow one to transfer invariants from the
variety of this ideal to the realization space. For instance, whether one can compute the
dimension of a realization space is an important and largely open question, and having the

correct ideal would provide an algebraic tool for answering this question.

2.4 Applications

In this section we illustrate the computational power of the slack ideal in answering three
types of questions that one can ask about realizations of polytopes. We anticipate further

applications.

2.4.1 Abstract polytope with no realizations

Checking if an abstract polytopal complex is the boundary of an actual polytope is the

classical Steinitz problem, and an important ingredient in cataloging polytopes with few
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vertices. In [B], Altshuler and Steinberg enumerated all 4-polytopes and 3-spheres with
8 vertices. The first non-polytopal 3-sphere in [5, Table 2] has simplices and square pyramids

as facets, and these facets have the following vertex sets
12345,12346, 12578, 12678, 14568, 34578, 2357, 2367, 3467, 4678.

If there was a polytope P with these facets, its symbolic slack matrix would be

0 0 0 =z ®m x3 x4 T
0 0 Tg it 0 0 s T9

10 T11 X112 0 0 0 0 T13

o o o O

T14 T15 0 0 T X17 0 0

SP<CC) =

o o o o o

Tig 0 29 0 0 0 @y @ T2
23 0 T4 0 0 Lo To6 0 0 0

To7 X928 0 0 29 0 0 0 0 0

30 x33 0 0 0 0 x30 w33 x34 O
One can compute that the would-be slack ideal Ip in this case is trivial, meaning that there
is no rank five matrix with the support of Sp(x). In particular, there is no polytope with
the given facial structure. In fact, there is not even a hyperplane-point arrangement in R*
or C* with the given incidence structure.

In some other cases, one can obtain non-empty slack varieties that have no positive part.
A simple example of that behaviour can be seen in the tetrahemihexahedron, a polyhedral-

ization of the real projective plane with 6 vertices, and facets with vertex sets 235, 346, 145,

126, 2456, 1356, 1234. Its slack matrix is therefore

il ) 0 0 T3 0
0 Ty Ts 0 0 Tg

0 0 T rs T9 0

o o o O

10 0 0 T11 0 T12

0 T13 0 T14 0 0 15

e 0 x7 0 0 0 x5
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Computing the slack ideal from the 5-minors of Sp(x) we find that [p is generated by the

binomials

TYT15T17 + L7T14T18  T4X15T17 + T5T13T18  T11T15%16 + L10L14T18

ToT15T16 + T1T13T18 T5X12T16 + T6L10T17  T7T11T16 — TEL10X17

T3x7T16 + T1T9X17 ToX5T16 — T1T4X17 TeT11T13 + T4X12T14
T1X11T13 — T2X10T14  T5L8T13 — T4T7X14 T3xr8213 + T2T9T14
TeT7T11 + TELLT12 T3T8T10 + T1X9T11 T2X6T10 + T1X4T12

TeT11215T17 — T5L12214T18  T2X9T15X17 — TL3X7X13T18
T4T12715L16 — L6L10L13L18 T3T8T15L16 — L1TL9T14T18
T2X7X14%16 — T1X8X13%17  T5X11X13%16 — LT4T10L14L17
T2TETYXT11 — T3T4LEL12 T2X5X8L10 — T1X4L7T11

T3TeL7L10 — L1T5T9L12 T3T4T7 + T2T5T9

Since the slack ideal contains binomials whose coefficients are both positive, it has no
positive zeros. In fact, by fixing some coordinates to one, it has a unique zero up to row and

column scalings, where all entries are either 1 or —1.

2.4.2  Non-prescribable faces of polytopes

Another classical question about polytopes is whether a face can be freely prescribed in a
realization of a polytope with given combinatorics.

We begin by observing that there is a natural relationship between the slack matrix/ideal
of a polytope and those of each of its faces. For instance, if F' is a facet of a d-polytope P, a
symbolic slack matrix Sp(x) of F is the submatrix of Sp(x) indexed by the vertices of F' and
the facets of P that intersect F' in its (d — 2)-dimensional faces. Let ¢y denote the vector of
variables in that submatrix. All (d+ 1)-minors of Sr(x) belong to the slack ideal Ip. To see
this, consider a (d+2)-submatrix of Sp(x) obtained by enlarging the given (d+ 1)-submatrix
of Sp(x) by a row indexed by a vertex p ¢ F' and the column indexed by F. The column
of F'in this bigger submatrix has all zero entries except in position (p, F'). The minor of

this (d + 2)-submatrix in Sp(x) after saturating out the variable in position (p, F), is the
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(d + 1)-minor of Sp(x) that we started with. Therefore,
IF g IP ﬂC[iBF]

By induction on the dimension, this containment is true for all faces F' of P.
A face F' of a polytope P is prescribable if, given any realization of F', we can complete

it to a realization of P. In our language, a face F' is prescribable in P if and only if

Consider the four-dimensional prism over a square pyramid, for which it was shown in [0]
that its only cube facet F'is non-prescribable. This polytope P has 10 vertices and 7 facets

and its symbolic slack matrix is

-Xl 0 0 0 x2 x3 O |
x4 0 0 0 0 x5 Xxg
xz 0 0 xg 0 0 x9
xo 0 0 x11 X2 0 O

Sp(x) = i3 0 x4 O 0O 0 O
0 xy5 0 0 x16 x17 O

0 x5 0 0 0 X319 Xo20

0 X33 0 X952 0 0 xo3
0 X204 0 X5 x26 0 O

i 0 x97 x98 O 0 0 0 |

In bold we mark Sp(x) sitting inside Sp(x). Computing Ip and intersecting with Clz ], we
obtain an ideal of dimension 15. On the other hand, the slack ideal of a cube has dimension
16, suggesting an extra degree of freedom for the realizations of a cube, and the possibility
that the cubical facet F' cannot be arbitrarily prescribed in a realization of P. However, we
need more of an argument to conclude this, since Ir # Ip N Clxr] does not immediately

mean that V, (Ir) # Vi (Ip N Clxzr]). We need to compute further to get Barnette’s result.
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We first note that one can scale the rows and columns of Sp(x) to set 13 of its 24
variables to one, say x1, Ts, T3, T4, T, T7, T3, T10, T15, L16, L18, T21, L24. Guided by the resulting

slack ideal we further set x99 = 1,297 = 5,217 = 2 and xo5 = 1. Now solving for the

1
29
remaining variables from the equations of the slack ideal, we get the following true slack

matrix of a cube:

10 0 110
10 0 021
10 1 001
101/2100
01 0 120
01 0 031
0132001
01 1 100

However, making the above-mentioned substitutions for

L1, T2, X3, T4, L6, L7, L8, 105 L11, L15, L165 L17, L18, L20, L21, L24, L25
in Sp(x) and eliminating x13, 14, To7 and xeg from the slack ideal results in the trivial ideal
showing that the cube on its own admits further realizations than are possible as a face of P.

2.4.3 Non-rational polytopes

A combinatorial polytope is said to be rational if it has a realization in which all vertices

have rational entries. This has a very simple interpretation in terms of slack varieties.
Lemma 2.4.1. A polytope P is rational if and only if V. (Ip) has a rational point.

The proof is trivial since any rational realization gives rise to a rational slack matrix and
any rational slack matrix is itself a rational realization of the polytope P. Recall that any
point in V, (Ip) can be row scaled to be a true slack matrix by dividing each row by the sum

of its entries, so a rational point in V; (Ip) will provide a true rational slack matrix of P.
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Figure 2.1: Non-rational line-point configuration

Unfortunately, the usual examples of non-rational polytopes tend to be too large for
direct computations, so we illustrate our point on the non-rational point-line arrangement
in the plane shown in Figure from [28, Figure 5.5.1]. A true non-rational polytope can
be obtained from this point-line arrangement by Lawrence lifting. We will show the non-
rationality of this configuration by computing its slack ideal as if it were a 2-polytope. Its

symbolic slack matrix is the 9 x 9 matrix

T 0 T2 0 I3 Ty Ty Te 0
T s its) 0 10 0 0 11 T12
r13 x4 0 215 216 217 18 0 O

Tig To0 0 x99 O 0 a2 23 To4

S(@)= |zo5 0 g Ty 0 a5 0 0 o
0 0 30 w31 232 0 X33 w34 35
0 3¢ 0 @37 33 w39 0 @40 T4
0 4o w43 0 Ty w45 746 0  Ty47
0 48 Tg9 w50 0 w51 x5 w53 0

One can simplify the computations by scaling rows and columns to fix x; = 1 for i =

1,2,8, 14, 20, 26, 30, 36,42, 44,47, 48, 50,51, 52,53, as this does not affect rationality. Then

one sees that the polynomial 2% + z46 — 1 is in the slack ideal, so x4 = 7112[\/57 and there

are no rational realizations of this configuration.

Remark 2.4.2. We note that as illustrated by the above example, the slack matrix and slack
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ideal constructions are not limited to the setting of polytopes, but in fact, are applicable to

the more general setting of any point/hyperplane configuration.
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Chapter 3

PROJECTIVELY UNIQUE POLYTOPES AND TORIC SLACK
IDEALS

3.1 Introduction

An important focus in the study of polytopes is the investigation of their realization spaces.
Given a d-polytope P C RY, its face lattice determines its combinatorial type. The realization
space of P is the set of all geometric realizations of polytopes in the combinatorial class of P.
A new model for the realization space of a polytope modulo projective transformations, called
the slack realization space, was introduced in Chapter [ This model arises as the positive
part of the real variety of Ip, the slack ideal of P, which is a saturated determinantal ideal
of a symbolic matrix whose zero pattern encodes the combinatorics of P. The slack ideal

and slack realization space will be extended to matroids in Chapter [5

The overarching goal of this paper is to initiate a study of the algebraic and geometric
properties of slack ideals as they provide the main computational engine in our model of
realization spaces. As shown in Chapter [2] slack ideals can be used to answer many different
questions about the realizability of polytopes. These ideals were introduced in [23] where
they were used to study the notion of psd-minimality of polytopes, a property of interest in
optimization. Thus, developing the properties and understanding the implications of slack
ideals can directly impact both polytope and matroid theory. Even as a purely theoretical
object, slack ideals present a new avenue for research in commutative algebra.

In this paper, we focus on the simplest possible slack ideals, namely, toric slack ideals.
Since slack ideals do not contain monomials, the simplest ones are generated by binomials.
Toric ideals are precisely those binomial ideals that are prime. Toric slack ideals already form

a rich class with important connections to projective uniqueness. In general, slack ideals offer



66

a new classification scheme for polytopes via the algebraic properties and invariants of the
ideal, and the toric case offers a nice example of this. The vertex-facet (non)-incidence
structure of a polytope P can be encoded in a bipartite graph whose toric ideal, Tp, plays a
special role in this context. We call T the toric ideal of the non-incidence graph of P, and
say that Ip is graphic if it coincides with Tp. In Theorem |3.4.4] we prove that Ip is graphic
if and only if Ip is toric and P is projectively unique. On the other hand, there are infinitely
many combinatorial types in high enough dimension that are projectively unique but do not
have toric slack ideals, as well as non-projectively unique polytopes with toric slack ideals.
We give several concrete examples.

The toric ideal Tp has other interesting geometric connections. We prove that Ip is
contained in Tp if and only if P is morally 2-level, which is a polarity-invariant property of a
polytope that generalizes the notion of 2-level polytopes [§], [16], [26], [40]. Theorem
characterizes morally 2-level polytopes in terms of the slack variety. As a consequence we
get that a polytope with no rational realizations cannot have a toric slack ideal.

An important feature of a toric ideal is that the positive part of its real variety is Zariski
dense in its complex variety. This implies that the toric ideal is the vanishing ideal of the
positive part of its variety. In general, it is not easy to determine whether Ip is the vanishing
ideal of the positive part V,(Ip), of its variety V(Ip). We show that the slack ideal of a
classical polytope due to Perles is reducible and that in this case, V, (Ip) is not Zariski dense
in V(Ip). This eight-dimensional polytope is projectively unique and does not have rational
realizations. It provides the first concrete instance of a slack ideal that is not prime.

Organization of the paper. In Section [3.2] we summarize the needed background on
slack ideals of polytopes. In Section |3.3| we introduce Tp, the toric ideal of the non-incidence
graph of a polytope P, and show its relationship to pure difference binomial slack ideals and
morally 2-level polytopes. We prove in Section that slack ideals are graphic if and only
if they are toric and the underlying polytope is projectively unique. In particular, we show
that all d-polytopes with d + 2 vertices or facets have graphic slack ideals, but this property

holds beyond this class. In this section we also illustrate toric slack ideals that do not come
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from projectively unique polytopes and the existence of projectively unique polytopes that
do not have toric slack ideals. We conclude in Section with the Perles polytope [28]
Section 5.5]. We show that the Perles polytope has a reducible slack ideal despite being
projectively unique, providing the first concrete example of a non-prime slack ideal. In this
case, V4 (Ip) is not Zariski dense in V(Ip).

Acknowledgements. We thank Arnau Padrol, David Speyer and Giinter Ziegler for
helpful conversations. We also thank Marco Macchia
for providing us with a list of known 2-level polytopes, available at http://homepages.
ulb.ac.be/~mmacchia/data.html, that helped us find interesting examples and counterex-
amples. We are indebted to the SageMath [I3], Macaulay2 [27] and Maple [I] software

systems for the computations in this paper.
3.2 Background: Slack Matrices and Ideals of Polytopes

We now give a brief introduction to slack matrices and slack ideals of polytopes. For more
details see [19], [23] and Chapter [2|

A d-dimensional polytope P C R? with v labelled vertices and f labelled facet inequalities
has two usual representations: a V-representation P = conv{p,...,p,} as the convex hull
of vertices, and an H-representation P = {x € R?: Wx < w} as the intersection of the half
spaces defined by the facet inequalities W,z < w;, j = 1,..., f, where W; denotes the jth
row of W € R/, Let V € R"*? be the matrix with rows p,",...,p, ", and let 1 € R" be
the vector of all ones. The combined data of the two representations yields a slack matriz

of P, defined as

Sp = [ 1V } o c R/, (3.1)

Since scaling the facet inequalities by positive real numbers does not change the polytope, P
in fact has infinitely many slack matrices of the form SpD; where D¢ denotes a f x f diagonal

matrix with positive entries on the diagonal. Also, affinely equivalent polytopes have the
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same set of slack matrices.

Slack matrices were introduced in [44]. The (7, j)-entry of Sp is w; — W;p; which is the
slack of the ith vertex p, of P with respect to the jth facet inequality VVjT:c < wj of P.
Since P is a d-polytope, rank([ 1V ]) = d + 1, and hence, rank(Sp) = d+ 1. Also, 1 is
in the column span of Sp. Further, the zeros in Sp record the vertex-facet incidences of P,
and hence the entire combinatorics (face lattice) of P [29]. Interestingly, it follows from
[T9, Theorem 22| that any matrix with the above properties is in fact the slack matrix of a

polytope that is combinatorially equivalent to P.

Theorem 3.2.1. A nonnegative matriz S € R/ is the slack matriz of a polytope in the

combinatorial class of the labelled polytope P if and only if the following hold:
1. support(S) = support(Sp),
2. rank(S) = rank(Sp) =d+ 1, and

3. 1 lies in the column span of S.

This theorem gives rise to a new model for the realization space of P, as observed in [23]
and [14]. We briefly explain the construction of the slack model for the realization space
of P from [23], developed further in Chapter [2|

The symbolic slack matriz, Sp(x), of P is obtained by replacing each nonzero entry of Sp
by a distinct variable. Suppose there are ¢ variables in Sp(x). The slack ideal of P is the
saturation of the ideal generated by the (d 4 2)-minors of Sp(x), namely

Ip := ((d 4 2)-minors of Sp(x)) : (H xl> C Clz] :==Clzy, ..., 24 (3.2)

Note that since [p is saturated, it does not contain any monomials. The slack variety of P
is the complex variety V(Ip) C C'. If s € C' is a zero of Ip, then we identify it with the

matrix Sp(s).
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By [23] Corollary 1.5], two polytopes P and () in the same combinatorial class are pro-
jectively equivalent if and only if D,SpD; is a slack matrix of () for some positive diagonal
matrices D,, Dy. Using this fact and Theorem [3.2.1] we see that the positive part of V(Ip),
namely V(Ip) NRYL, =: V,(Ip), leads to a realization space for P, modulo projective trans-

formations.

Theorem 3.2.2. Given a polytope P, there is a bijection between the elements of Vi (Ip) /(R

R];O) and the classes of projectively equivalent polytopes in the combinatorial class of P.

The space Vi (Ip)/(RY, x R];O) is called the slack realization space of P.

3.3 The toric ideal of the non-incidence graph of a polytope

We begin by defining the toric ideal Tp of the non-incidence graph of a polytope P. In the
next section we characterize when Tp equals Ip which relies on the projective uniqueness
of P. In this section we examine the relationship between Ip and Tp and the implications
of Ip being contained in Tp.

First we recall the definition of a toric ideal. Let A = {a,...,a,} be a point configu-
ration in Z?. Sometimes we will identify A with the d x n matrix whose columns are the

vectors a;. Consider the C-algebra homomorphism
7:Clry,..., 1, = C[t5, ... 5], such that z; > t%.

The kernel of 7, denoted by I 4, is called the toric ideal of A. The ideal I4 is binomial and
prime (see [41, Chapter 4]). More precisely, I 4 is generated by homogeneous binomials:

ut

Ip=(x" —x" €Clry,...,1,]: u € kery(A)), (3.3)

where kerz(A) = {u € Z" : Au = 0}, u = u* — u~, with u™,u™ € Z%; the positive and
the negative parts of w.
Let 4 be a toric ideal and V4 = V(I 4) be its complex affine toric variety which is the

Zariski closure of the set of points {(t!,..., %) : t € (C*)?}. Define

b4 (CHY— C", t (1%, t),
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so that V4 = ¢4((C*)?). We are interested in the positive part of V4, namely, V4 NRZ,.
Note that this set contains ¢4(R%).
The following result follows from the Zariski density of the positive part of a toric variety

in its complex variety. However, we write an independent proof.

Lemma 3.3.1. Let 14 be a toric ideal in Clxy,...,z,]. If u,v € N* and % — x¥ vanishes

on the set of points p4(RL,), then T* — x¥ € I4.

Proof. Notice that z%—x? evaluated at any point (%1, ..., %) € ¢ 4((C*)?) is just t4* A2,
Then, since &% — ¥ vanishes on ¢4(R<), we have that t4* = ¢4 for all t € R%,. Thus,
if we fix i € {1,...,d} and specialize to t; = 1 for all j # i, we get tl(-Au)i = tz(Av)i for all
t; € Rop, which means we must have (Au); = (Av);. Since this holds for all 4, it follows

that Au = Av, hence &* — x¥ € 14 by (3.3). ]

Definition 3.3.2. Let P be a d-polytope in R?.

1. Define the non-incidence graph of P, denoted as Gp, to be the undirected bipartite
graph on the vertices and facets of P with an edge connecting vertex i to facet j if and

only if © does not lie on j.

2. Let Tp be the toric ideal of Ap, the vertex-edge incidence matriz of Gp. We call Tp

the toric ideal of the non-incidence graph of P.

Note that G p records the support of a slack matrix of P, and so we can think of its edges
as being labelled by the corresponding entry of Sp(x). Toric ideals of bipartite graphs have

been studied in the literature.

Lemma 3.3.3 ([34, Lemma 1.1], [43, Theorem 10.1.5]). The ideal Tp is generated
by all binomials of the form &€ — x| where C is an (even) chordless cycle in Gp, and
C*,0~ € Z\¥! are the incidence vectors of the two sets of edges that partition C into alternate

edges (that is, if we orient edges from vertices to facets in Gp, then C™ consists of the forward
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edges in a traversal of C, and C~ the backward edges). Thus, for every even closed walk W

. . . + _
in Gp, and indeed any union of such, £V —x"~ € Tp.

Example 3.3.4. Consider the 4-polytope P = conv(0, 2eq, 2e5, 2e3, €1 + €3 — €3, €4, €3 + €4)
[23, Table 1. #3] where e; is the standard unit vector in R*. This polytope is projectively
unique with f-vector (7,17,17,7). It has symbolic slack matriz

(002, 0 0 0 a 0]
rz3 0 0 0 0 x4 O
x5 0 ¢ O 0 0 7
Sp(x) =10 x5 x9 O 0 0 210
0 0 0 0 z1n 0 2
0 0 0 =3 4 x5 O
i 0 0 216 217 O 0 0 |

Its non-incidence graph Gp is given in Figure[3.1. Notice that each edge of Gp can be natu-
rally labelled with the corresponding x; from Sp(x). Under this labelling, the chordless cycle
marked with dashed lines in Figure|3. 1| corresponds to the binomial xor3r¢xs—T12405T9 € Tp.
One can check that the remaining generators of Tp, corresponding to chordless cycles of Gp,

are

T7T9 — TeL10, X10211213T16 — L9L12L14L17,
X7X11X13T16 — LeL12X14L17, T2X8X13T16 — L1XL9X15L17,
L4T5T13T16 — L3XeT15T17, LoXgL12X14 — L1X10L11T15,

T4T5T12T14 — T3X7T11T15, XoX3X7Xg — T1X4T5T10-

The toric ideal Tp can coincide with Ip as we will see in the next section. For the
remainder of this section we focus on the connections between Ip and Tp.

An ideal is said to be a pure difference binomial ideal if it is generated by binomials of
the form x® — ab. It follows from that toric ideals are pure difference binomial ideals.
We now prove that if Ip is toric, or more generally, a pure difference binomial ideal, then Ip

is always contained in T'p.
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D1 P> P3 Py Ps DPs Dy

Figure 3.1: Non-incidence graph Gp

Lemma 3.3.5. If a binomial €@ — x® belongs to Ip, then it also belongs to Tp.

Proof. Let p = * — x®. Each component a; of @ and b; of b appears as the exponent of a
variable in the symbolic slack matrix Sp(x) and is hence indexed by an edge of Gp. Recall
that all matrices obtained by scaling rows and columns of Sp by positive scalars also lie
in the real variety of Ip, and hence must vanish on p. This implies that the sum of the
components of @ appearing as exponents of variables in a row (column) of Sp(x) equals the
sum of the components of b appearing as exponents of variables in the same row (column).

Now think of the edges of Gp in the support of a as oriented from vertices of P to
facets of P and edges in the support of b as oriented in the opposite way. Then the previous
statement is equivalent to saying that p is supported on an oriented subgraph of Gp (possibly
with repeated edges) with the property that the in-degree and out-degree of every node in
the subgraph are equal. Therefore, this subgraph is the vertex-disjoint union of closed walks

in Gp, which by Lemma implies that p is in Tp. O
Corollary 3.3.6. If Ip is a pure difference binomial ideal, then Ip C Tp.
This containment can be strict as we see in the following example.

Example 3.3.7. Consider the 5-polytope P with vertices py,...,Pg given by

€1, €2, 63,64, —€1 — 2€3 — €3, —2€1 — €y — €4, —2€1 — 2e3 + €5, —2¢e1 — 2e3 — €5
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where e, ..., es are the standard basis vectors in R®. It can be obtained by splitting the
distinguished vertex v of the vertex sum of two squares, (O, v) ® (O, v) in the notation of [32].
This polytope has 8 vertices and 12 facets and its symbolic slack matrixz has the zero-pattern

below

o o o O
*
*
[an}
(e}
(e}
[an}
o o o O
o
jan}

(a]
o] (@] (@)
@] (@] (@) ] @]
*
(@)
*
(aw] [a) ]
*

[a)
(@)
*
] [a) ]
*
[a) ]

x 0 x *x 0 0
00 0O0O0O0
One can check using Macaulay?2[27] that Ip is toric and Ip C Tp. In fact, dim Clx]/Ip =

20, while dim Clx]/Tp = 19.

0 * * * *

At first glance it might seem that if Ip is contained in T then Ip is a pure difference

binomial ideal, but this is not true in general.

Example 3.3.8. For the 3-cube, Ip C Tp. The toric ideal Tp is minimally generated by 80
binomials, each corresponding to a chordless cycle in Gp, while Ip is minimally generated

by 222 polynomials many of which are not binomials.

In fact, one can attach a geometric meaning to polytopes for which Ip C Tp. A poly-
tope P is said to be 2-level if it has a slack matrix in which every positive entry is one, i.e.,
Sp(1) is a slack matrix of P. This class of polytopes have received a great deal of attention

in the literature [8], [16], [26],]40] and are also known as compressed polytopes.

Definition 3.3.9. We call a polytope P morally 2-level if Sp(1) lies in the slack variety
of P.

Note that if P is morally 2-level, it might not be that Sp(1) is a slack matrix of P, but

merely that 1 € V,(Ip). Hence, morally 2-level polytopes contain 2-level polytopes. For
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example, all regular d-cubes are 2-level and hence any polytope that is combinatorially a
d-cube is morally 2-level but not necessarily 2-level. Being morally 2-level does not require
that there is a polytope in the combinatorial class of P that is a 2-level polytope. For
example, a bisimplex in R? is morally 2-level, but no polytope in its combinatorial class is
2-level. This is since Sp(1) can lie in the slack variety of P even though it may not have the
all-ones vector in its column space. A very attractive feature of the set of morally 2-level
polytopes is that it is closed under polarity unlike the set of 2-level polytopes, but preserves
many of the properties of 2-level polytopes such as psd-minimality [24], [23].

Theorem 3.3.10. A polytope P is morally 2-level if and only if Ip C Tp.

Proof. Notice that the ideal Jp = ((d+2)-minors of Sp(x)) is contained in the slack ideal Ip.
Suppose that Sp(1) € V(Ip). Then any (d+2)-minor p of Sp(x) must have the same number
of monomials with coefficient +1 as those with coefficient —1 since p must vanish on Sp(1),
which sets each monomial to one. This implies that we can write p as a sum of pure difference
binomials. Since p is a minor, each of these pure difference binomials corresponds to a pair
of permutations that induce two perfect matchings on the same set of vertices. The union of
these two matchings is a subgraph of Gp, which we can view as a directed graph by orienting
the two matchings in opposite directions. Then each vertex will have equal in-degree and
out-degree, which shows that these edges form a union of closed walks in GGp, and thus the
corresponding binomial is in T by Lemma [3.3.3] Therefore p € Tp, so that Jp C Tp. Since
toric ideals are saturated with respect to all variables, the result follows.

Conversely, suppose Ip C Tp. Since Tp is generated by pure difference binomials, which
vanish when evaluated at Sp(1), we have Sp(1) € V(Tp). But Ip C Tp implies that
V(Ip) 2 V(Tp) > Sp(1), which is the desired result. O

We have talked about pure difference binomial slack ideals as a superset of toric slack
ideals. A slack ideal is binomial if it is generated by binomials of the form % —yx®, where v

is a non-zero scalar. Therefore, one might extend the study of toric slack ideals to the
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following hierarchy of binomial slack ideals:
toric C pure difference binomial C binomial.

So far, we have not encountered a pure difference binomial slack ideal that is not toric,
nor a binomial slack ideal which is not pure difference, but it might be possible that all
containments are strict. It follows from Corollaries 2.2 and 2.5 in [I5] that, if the slack
ideal Ip is binomial, then it is a radical lattice ideal. This implies that the slack variety is a

union of scaled toric varieties.

3.4 Projective uniqueness and toric slack ideals

Recall that a polytope P is said to be projectively unique if any polytope @) that is com-
binatorially equivalent to P is also projectively equivalent to P, i.e., there is a projective
transformation that sends () to P. This corresponds to saying that the slack realization
space of P is a single positive point.

Every d-polytope with d + 2 vertices or facets is projectively unique [28, Exercise 4.8.30
(1)]. In particular, all products of simplices are projectively unique. We first prove that the

slack ideal of a d-polytope with d + 2 vertices or facets coincides with Tp, and is thus toric.

Proposition 3.4.1. Let P be a polytope in R? with d + 2 vertices or facets. Then its slack

tdeal Ip equals the toric ideal Tp.

Proof. Up to polarity we may consider P to be a polytope with d + 2 vertices. In this
case P is combinatorially equivalent to a repeated pyramid over a free sum of two simplices,
pyr (A & Ay), with k,¢ > 1, r > 0 and r + k + ¢ = d [28, Section 6.1]. Since taking
pyramids preserves the slack ideal, it is enough to study the slack ideals of free sums of
simplices (respectively, product of simplices). By [23, Lemma 5.7], if P = Ay & Ay, then

Sp(x) has the zero pattern of the vertex-edge incidence matrix of the complete bipartite

graph Kk+l,£+1-
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From [23, Proposition 5.9], it follows that Ip is generated by the binomials

zz 0 0 --- 0 Ty

r3 x4 0 --- 0 0
det(Mg)=1| + + + - : Do

0 0 0 -+ 29,2 0

0 0 0 -+ X1 o

where M¢ is a ¢ X ¢ symbolic matrix whose support is the vertex-edge incidence matrix of
the simple cycle C' (of size ¢) in Kj41041-

D™ corresponding to chordless

On the other hand, T is generated by the binomials &?" —x
cycles D of the non-incidence graph Gp by Lemma|3.3.3l Thus, it suffices to show that there
exists a bijection between simple cycles C in Kji;;41 and chordless cycles D in Gp such
that det(M¢) = P —xP".

Let vy,. .., Upseqo be the vertices of P and Fi, ..., Fgi1yeq) be its facets. Since Sp(x)
has the support of the vertex-edge incidence matrix of Ky ¢y1, we can consider K11
to be a bipartite graph on the vertices vy, ..., vgs42 Where each edge {v;,,v;,} corresponds
exactly to the facet F; of P containing neither v;, nor v;,. Notice that the non-incidence
graph Gp can be obtained by subdividing each edge {v;,,v;,} of Kpi141 into two edges
{vi,, F;} and {F}, v, }.

Now, let C' be a simple cycle of size ¢ in Kj; o041 with vertices v;,, v;,, ..., v;, and assume
that I}, F;,, ..., Fj, are the facets corresponding to the edges of C'. Then in Gp there is
F

a cycle D of size 2c on vertices v;,, Fj,, vi,, Fj o1

| O v;,, Fj.. In fact, one can see that

the subgraph induced by these vertices is exactly a chordless cycle in Gp. This is because
from the support of Sp we know each facet in P corresponds to a vertex of degree 2 in Gp;
furthermore, every edge in Gp must be between a vertex and a facet, but since every facet
already has degree 2 in the cycle D, this subgraph must consist only of this cycle. Hence
from a simple cycle C' in Ky 1441, we get a chordless cycle D in Gp, as desired. The reverse

correspondence is analogous. O]
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The class of polytopes for which Ip = Tp is larger than those with d+ 2 vertices or facets.

Example 3.4.2. For the polytope given in Example|3.5.4|, which was 4-dimensional but with

7 vertices and 7 facets, one can check that Ip is the toric ideal Tp.

In R? the only projectively unique polytopes are triangles and squares. In R3 there
are four combinatorial classes of projectively unique polytopes — tetrahedra, square pyra-
mids, triangular prisms and bisimplices. The number of projectively unique 4-polytopes is
currently unknown. There are 11 known combinatorial classes, attributed to Shephard by
McMullen [32], and listed in full in [2]. Beyond the 4-polytopes with 4 4+ 2 = 6 vertices or
facets, this list has three additional combinatorial classes. One of them is the polytope seen
in Example It was shown in [23] that all of the 11 known projectively unique poly-
topes in R* have toric slack ideals. This discussion suggests that there might be a connection
between projective uniqueness of a polytope and its slack ideal being toric. In this section
we establish the precise result. The toric ideal T of the non-incidence graph Gp will again

play an important role.

Definition 3.4.3. We say that the slack ideal Ip of a polytope P is graphic if it is equal to
the toric ideal Tp.

Theorem 3.4.4. The slack ideal Ip of a polytope P is graphic if and only if P is projectively

unique and Ip s toric.

Proof. Suppose that Ip is graphic. Then, Ip is toric, so we only need to show that P
is projectively unique. Pick a maximal spanning forest F' of the bipartite graph Gp. By
Lemma [3.5.2] we may scale the rows and columns of Sp so that it has ones in the entries
indexed by F. Take an edge of Gp outside of F' and consider the binomial corresponding
to the unique cycle this edge forms together with F. Since Ip = T'p, this binomial is in Ip,
therefore it must vanish on the above scaled slack matrix of P. This implies that the entry
in the slack matrix indexed by the chosen edge must also be 1. Repeating this argument we

see that the entire slack matrix has 1 in every non-zero entry which implies that there is only
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one possible slack matrix for P up to scalings, hence only one polytope in the combinatorial
class of P up to projective equivalence.

Conversely, suppose that P is projectively unique and Ip is toric, say Ip = I4 for some
point configuration A. Let &“ — x¥ be a generator of Tp. Notice this generator vanishes
when each z; = 1, and by Lemma , x¥ — ¥ = ¢ — 2 for some chordless cycle C
of Gp. Now, since Ip is toric, by Corollary we have that Ip C Tp, and then by
Theorem [3.3.10 Sp(1) € V(Ip). Since P is projectively unique, every element of V, (Ip)
is obtained by positive row and column scalings of Sp(1). Therefore, ¢p4(R%,) C V,(Ip)
consists of row and column scalings of Sp(1). Since a binomial of the form ¢ — ¢,
where C' is a chordless cycle, contains in each of its monomials exactly one variable from
each row and column of Sp(x) on which it is supported, it must also vanish on all row and
column scalings of Sp(1). It follows that the generator * — x¥ vanishes on ¢4(R%,). By

Lemma this means that &* — ¥ € Ip, thus all generators of Tp are contained in Ip,

which completes the proof. O]

Theorem naturally leads to the question whether P can have a toric slack ideal even
if it is not projectively unique and whether all projectively unique polytopes have toric slack
ideals. In the rest of this section, we discuss these two questions.

All d-polytopes with toric slack ideals for d < 4 were found in [23]. These polytopes all
happen to be projectively unique, and hence have graphic slack ideals. Therefore the first
possible non-graphic toric slack ideal has to come from a polytope of dimension at least five.
Indeed, we saw that the polytope in Example has a toric slack ideal but is not graphic.
Hence, this polytope is not projectively unique by Theorem [3.4.4] recovering a result implied
by a theorem of McMullen [32], Theorem 5.3].

In the next section we will see a concrete 8-polytope that is projectively unique but does
not have a toric slack ideal. However, this is not an isolated instance as there are infinitely

many such examples in high enough dimension.

Proposition 3.4.5. For d > 69 there exist infinitely many projectively unique d-polytopes



79

that do not have a toric (even pure difference binomial) slack ideal.

Proof. In [2], Adiprasito and Ziegler have shown that for d > 69 there are infinitely many
projectively unique d-polytopes. On the other hand, it follows from results in [23] concern-
ing semidefinite lifts of polytopes that in any dimension, there can only be finitely many

combinatorial classes of polytopes whose slack ideal is a pure difference binomial ideal. [
3.5 The Perles polytope has a reducible slack ideal

We now consider a classical example of a projectively unique polytope with no rational
realization due to Perles [28, p.94]. This is an 8-polytope with 12 vertices and 34 facets with
the additional feature that it has a non-projectively unique face. It is minimal in the sense
that every d-polytope with at most d + 3 vertices is rationally realizable. We will show that
the Perles polytope does not have a toric slack ideal and that in fact, its slack ideal is not
prime, providing the first such example.

The non-existence of rational realizations of a polytope immediately implies that its slack

ideal is not toric. This is a corollary of Theorem [3.3.10

Corollary 3.5.1. Let P be a polytope in R with no rational realization. Then Ip cannot be

a pure difference binomial ideal and, in particular, cannot be toric.

Proof. 1f P has no rational realization, then Sp(1) does not lie in the slack variety of P, since
a rational point in V (Ip) yields a rational realization of P by [20, Lemma 4.1]. Therefore,
by Theorem [3.3.10}, Ip is not contained in 7. Now applying Corollary we can conclude

that Ip is not a pure difference binomial ideal and, in particular, is not toric. O

The Perles polytope P is constructed in [28, p.95] from its affine Gale diagram shown
in Figure . This planar configuration stands in for the vector configuration in R? (Gale
diagram) consisting of 12 vectors — the eight vectors A, B,C, D, E, F, G, H indicated with
black dots that have x5 = 1 and the four vectors —F, —G, —H, —I indicated with open circles

that have 3 = —1. This means that P has 12 vertices and is of dimension 12 -3 —1 = 8.
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The facets of P are in bijection with the 34 minimal positive circuits of the Gale diagram.

Computing these, we get the support of the slack matrix Sp shown below.

It is straightforward to obtain Sp(x) from the above matrix, but a direct calculation of
the slack ideal of this example is challenging. Therefore, we resort to a scaling technique
that makes slack ideal computations easier. The idea is to work with a subvariety of the
slack variety that contains a representative for every orbit under row and column scalings.

We do this by fixing as many entries as possible in Sp(x) to one. Having less variables, the
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slack ideal becomes easier to compute. The non-incidence graph G'p from Section 3 provides

a systematic way to scale a maximal number of entries in Sp(x) to one.

Lemma 3.5.2. Given a polytope P, we may scale the rows and columns of its slack matrix
so that it has ones in the entries indexed by the edges in a maximal spanning forest F' of the

graph Gp.

Proof. For every tree T' in the forest, pick a vertex to be its root, and orient the edges away
from it. Now for each tree, pick the edges leaving the root and set to one the corresponding
entry of Sp by scaling the row or column corresponding to the destination vertex of the edge.
Continue the process with the edges leaving the vertices just used and so on, until the trees
are exhausted. Notice that once we fix an entry, the only way for us to change it again is by
scaling either its row or column, which would mean in the graph that we would revisit one
of the nodes of its corresponding edge. But this would imply the existence of a cycle in F,

so by the time this process ends we have precisely the intended variables set to one. O

Even after the above scaling trick, the symbolic slack matrix of the Perles polytope has
75 variables which is challenging to work with. Therefore, we will work with a subideal of Ip.

Consider the following submatrix of Sp(x) coming from its first 13 columns.

o 0 0 =z 2 23 0O O O O O 0 O
0 0 0 x4 O 0 x5 xg xy O 0 0 0
o 0 o0 0 0 0 28 0 0 g xpw 0 O
o 0 0 0 23 0 0 0 0 0 0 =z 23
o 0 0 0 0 0 0 2z 0 x5 0 =z O
rxn7 0O 0 O 0 O O 0 0 0 mzmg 0 x99
0 20 0 O O O O O 290 O O 0 O
0 0 x 0 0 23 0 0O O O O 0 O
Tog 0 0 x5 0 0O 0O x4 0O 0 O 0 O
0 297 0 0 296 0 0 0 0 @99 0 0 O
0O 0 2% 0 O O 233 0 O 0 0 0 x5
i 0 0 0 0 0 x33 O 0 x3¢ 0 x35 236 O ]
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The ideal of 10 x 10 minors of this submatrix, saturated by all its variables is clearly a
subideal of Ip. Using the scaling lemma we first set z; = 1 fori =1,4,5,6,7,8,9, 10,13, 15, 16,
17,18,21,22,26,27, 28,29, 30, 31, 32, 33, 35. The resulting scaled slack subideal is:

2
(36 + T36 — 1,034 — 36 — 1, Tos5 — T36, Toa — T35, Loz — 1, Tag — T36,

T19 — T36,T14 — T36 — 1, T12 — T36,T11 — 1,23 — 1, 09 — X3 — 1>-

This means that after scaling, the first 13 columns of every matrix Sp(s) obtained from

s € V(Ip) with full support must have the form

(0 001 a+1 10 0 0 000 O
0001 0 01 1 1 0000
0000 0 01 0 0 1100
0000 1 00 0 0 00al
0000 0 00at+l 0 1010
1000 0 00 0O 0 010 a .
0a00 0 00 O 1 0000
0010 0 10 0 0 0000
@« 00a 0 00 1 0 0000
0100 1 00 0O 0 1000
0010 0 01 0 0 0001
0000 0 10 0 a+101 a 0

—1+V5

5 is a oot of 2?2+ 2 — 1. One can check that there is a unique way to extend

where a =

the above 12 x 13 matrix to a 12 x 34 matrix with rank nine and the support of the Perles
slack matrix, provided we scale one variable to one in each of the new columns, as allowed
by Lemma The resulting parametrized matrix is shown in Figure Up to scaling,
the two matrices corresponding to the two values of a are therefore the only elements in the

slack variety.
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Theorem 3.5.3. The slack ideal of the Perles polytope is not prime.

Proof. Let us consider the polynomial

f(w) = (901096‘151‘36)2 + ($10$15$36)($9I16$35) - ($996‘169535)2

= (901096153336 - 0413?93716$35)($105U155€36 - 042$9x169535),

—1v5 %5 are the roots of 2 +x — 1. We see that the linear factor

where o =
of f(x) containing «; will not vanish on the submatrix (3.4) when we set a = a9, and
vice versa. Therefore neither of the linear factors will vanish on the slack variety. On the
other hand, one can check that evaluating f(x) on the matrix in Figure reduces it to
a? 4+ a — 1 which is zero. Since f(x) is homogeneous with respect to each row and column
of the matrix, it will also vanish on the whole slack variety. Therefore, the vanishing ideal

of the slack variety is not prime which implies that Ip is not prime. O
3.6 Conclusion

We have shown that the slack ideal of a polytope P may not be prime. However, the following

question remains.
Problem 3.6.1. Is Ip a radical ideal? If not, what are the simplest counterexamples?

We have seen in Section that V,(Ip) need not be Zariski dense in the slack vari-
ety V(Ip), and hence Ip is not always the vanishing ideal of V, (Ip). In the case that Ip
is toric, we know that Ip is indeed the vanishing ideal of V., (Ip), providing a perfect cor-
respondence between algebra and geometry. Many further questions remain. In particular,

what sort of polytope combinatorics lead to simple algebraic structure in slack ideals?

Problem 3.6.2. What conditions on P make its slack ideal toric, or pure difference binomial,

or binomial?

In fact, so far, we have not been able to find any slack ideal that is in one of these classes

but not in the others.
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Problem 3.6.3. Is any of the inclusions

toric C pure difference binomial C binomial

of classes of slack ideals strict?

We also characterized the toric slack ideals that come from projectively unique polytopes
as being T'p, the toric ideal of Gp, the graph of vertex-facet non-incidences of P. Such slack
ideals were called graphic. The fact that testing and certifying projective uniqueness is easy
for toric slack ideals is very interesting, as that is in general a hard problem. This raises the
question of finding other classes of polytopes for which one can certify projective uniqueness

easily.

Problem 3.6.4. Is there another class of polytopes, beyond those with graphic slack ideals,

for which one can characterize projective uniqueness?

Apart from these concrete questions, many others could be formulated. There are, in
particular, two general directions of study that can potentially be very fruitful: strengthening
the correspondence between algebraic invariants and combinatorial properties, and revisiting
the literature on realization spaces in our new language to see if further insights can be gained

or open questions can be answered.
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Chapter 4
MCMULLEN-TYPE PROJECTIVELY UNIQUE 5-POLYTOPES

4.1 Introduction

In this chapter, we classify all McMullen-type projectively unique polytopes in dimension 5.
It is known that not all projectively unique polytopes are McMullen-type, but current exam-
ples are somewhat unwieldy (e.g., dimension at least 8 with at least 12 vertices and at least
34 facets). We give a simple example of a non-McMullen type projectively unique polytope
in dimension 5. It has 9 vertices, 10 facets and can be realized with rational coordinates.

Recall that we call a polytope P projectively unique if any two realizations of P are related
by a projective transformation. The only projectively unique 2-polytopes are the triangle
and square; the only projectively unique 3-polytopes are those having at most 9 edges [28]
Exercise 4.8.30]; the only known projectively unique 4-polytopes are 11 combinatorial types
listed in [2] and attributed to Shephard by McMullen [32] Section 7].

Two main questions regarding projectively unique polytopes are as follows.

Question 4.1.1 (Perles & Shephard [36]). Is it true that, for each fixed d > 2, the number of

distinct combinatorial types of projectively unique d-polytopes is finite?

Question 4.1.2 (McMullen & Shephard [32]). Is Shephard’s list of 11 projectively unique

combinatorial types in dimension 4 complete?

The first question was recently settled by Adiprasito & Ziegler [2] who showed that for
each d > 69, there exists an infinite family of distinct projectively unique d-polytopes. The
second question remains unsettled.

Further complicating matters is the limited number of constructions known to produce

projectively unique polytopes. This chapter focuses on one such set of constructions described

by McMullen in [32].
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4.2 McMullen constructions

First we review four basic constructions from [32] and the conditions under which they
produce projectively unique polytopes. Throughout this chapter we denote by Ay the k-

dimensional simplex.

(M1) Join: If P and @ are two polytopes such that dim(P U @) = dim P + dim @ + 1 (that
is, subspaces aff(P) and aff(@)) do not intersect nor are parallel; they are skew), the
polytope P % @) := conv(P U Q) is called the join of P and ) and it has dimension
dim P + dim ) + 1. Its faces are the joins of the faces of P with those of ().

Example 4.2.1. If P C R* is any polytope and

Q is a single verter in a new

dimension, then P x () C RFt!

18 Just a pyramid over P.

Theorem 4.2.2 ([32, Theorem 3.1]). The join of P and Q is projectively unique if and only
if both P and Q) are.

The next three constructions are all instances of McMullen’s subdirect sum. Given poly-
topes P and () with faces F' and G, respectively, such that aff(P) and aff(@Q)) intersect in a

single point which is in the relative interior of both ' and G, the subdirect sum is
(P,F)® (Q,G) := conv(PUQ).

It has dimension dim P+ dim (). Its faces are joins of faces of P, ) which don’t contain F, G,

respectively, and subdirect sums of faces which do contain them.

(M2) Direct sum of simplices: A direct sum of simplices is a subdirect sum of the form
(Ag, Ax) ® (Ag, Ay). Its dimension is k + ¢, and its proper faces are all of the joins of

the proper faces of Ay and A,.
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Remark 4.2.3. If we assume that the origin is in the relative interior of both P = A, C
R and @ = A, C RY, then their direct sum is

P& Q :=conv ((P x {0})U ({0} x Q)) C R*,
and the proper faces are
Fx G = conv ((F x {0}) U ({0} x G)),
where F' C P and G C @ are proper faces, and dim(F * G) = dim(F') + dim(G) + 1.

Example 4.2.4. Let P = Ay and Q = A; be as
pictured, intersecting at a point
along the y-axis. Then their di-

rect sum is simply a bisimplex.

Theorem 4.2.5 ([32, Theorem 5.1|). The direct sum of two simplices is projectively

unique.

Vertex sum: Let P and ) be two polytopes that intersect in a single vertex v. The
vertex sum of P and @ is P ®, @ := (P,v) @ (Q,v) = conv(PUQ), and v is called the

distinguished vertex.

Example 4.2.6. The vertex sum of a polytope P
and a line segment Q = Ay, is

simply a pyramid over P.

Theorem 4.2.7 ([32, Theorem 5.2]). A vertex sum of two projectively unique polytopes

18 projectively unique.
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(M4) Vertex split: Let P be a polytope and Q = A; a line segment. Then the vertex split
of Patvis P, :== (P,v) ® (Q,Q) = conv(P UQ), where v is a vertex of P. It has
dimension dim P + 1. (More generally, this construction is called “adding a simplex

at v”.)

Example 4.2.8. Let P be a square, as pictured.
Then the vertex split of P at v is

a bisimplex for all choices of v.

Theorem 4.2.9 ([32, Theorem 5.3]). Let P be projectively unique and v a vertex
of P. Then P, s projectively unique except when P s a vertex sum with distinguished

vertexr v.

The operations (M2), (M3), and (M4) also have dual operations (specific instances of
subdirect product operation, which is the dual of subdirect sum), but since the dual of a
projectively unique polytope is projectively unique [32, Theorem 3.3|, we restrict to the

above operations.

Example 4.2.10. Consider the direct sum of FExam-

ple [.2.4 Its dual polytope is the the | (P, 1)
direct product of the duals of P and Q): //7(
(POQ)" =P xQ".

Since simplices are self-dual, we get a - <7(P)*7 —1)

direct product of simplices, such as the

one pictured at the right.

Definition 4.2.11. Call a projectively unique polytope McMullen-type if it (or its dual) can

be constructed via the above constructions (M1) — (M}4) starting from simplices.
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All known projectively unique polytopes in dimension at most 4 are McMullen-type.
However, McMullen notes that his constructions will never produce non-rational polytopes
starting from rational input. In particular, the well-studied Perles polytope (see Section
of Chapter [3) which is a non-rational, projectively unique 8-polytope is not McMullen-
type. McMullen also posits that a rational projectively unique (d; + - - - + di)-polytope with
dy---dp+dy+---+di+1 vertices is not obtainable from his constructions for d; = 3 for all
i and k > 3. (See [32, Section 7] for details.)

Recall from Chapter [3] that another way to identify certain projectively unique polytopes
(whether or not they are produced by the above constructions) is via their slack ideals.
Namely, a polytope P is projectively unique and its slack ideal Ip is toric if and only if Ip is
graphic (equals the toric ideal of its vertex-facet non-incidence graph). All known projectively

unique polytopes in dimension at most 4 also have graphic slack ideals.

4.3 McMullen-type projectively unique polytopes in dimension 5

We wish to enumerate all projectively unique polytopes in dimension 5 which can be con-
structed using the basic McMullen constructions above starting from simplices.

We start with the list of known projectively unique polytopes given in Figure We
note that any polytope of dimension at most 4 obtained from constructions (M1) — (M4)
already exists in this list. Thus to enumerate all 5-dimensional McMullen-type polytopes, we
need only consider the McMullen operations starting with polytopes in the list of Figure 4.1

which result in an exact dimension of 5 as follows.

(M1). Joins (dim P+ dim @ + 1 = 5):

e dim P =4, dim@ = 0 (i.e., pyramids over projectively unique 4-polytopes).

e dim P =3, dim @ = 1. Since the only 1-dimensional projectively unique polytope

is a line segment, this is will give bipyramids over projectively unique 3-polytopes.

e dim P =dimQ@ = 2.



Polytope Dimension Construction Dual f-vector

AV 2 self (3,3)
O 2 Ay B A self (4,4)
As 3 self (4,6,4)
Square pyramid 3 Ox* Ay self (5,8,5)
Bisimplex 3 Ay ® Ay Triangular prism (5,9,6)
Triangular prism 3 Ay X Ay Bisimplex (6,9,5)

C1 4 Ay self (5,10,10,5)

C2 4 O Ay self (6,13,13,6)

C3 4 (A x Aq)o self (7,17,17,7)

C4 4 Ag X A, C5 (8,16,14,6)

5 4 Ay @ A C4 (6,14,16,3)

C6 4 Ay X Ay o7 (9,18,15,6)

c7 4 Ay @® Ay C6 (6,15,18,9)

o8 4 (Dg x A1) % Ay 9 (7,15,14,6)

09 4 NIV Cs (6,14,15,7)

C'10 4 subdirect product C11 (8,18,17,7)

C11 4 (O,0) @ (O, v) C10 (7,17,18.8)

Figure 4.1: Projectively unique d-polytopes for d < 4.

91
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(M2). Direct sum of simplices (dim P + dim Q) = 5):
L IVAVEG AN
° Ag D AQ

(M3). Vertex sum (dim P + dim @ = 5):

e dim P =4, dim @ = 1. This is a pyramid over P, which is also constructed as a
join.

e dim P =3, dimQ = 2.

(M4). Vertex split (dim P = 4): we split each (combinatorially) distinct vertex of P, except
distinguished vertex v of the vertex sum P = (; since the result of this operation is

not projectively unique by Theorem 4.2.9.

To properly classify the results of vertex splitting, we need the following result which we

will prove by looking at how vertex splitting affects a slack matrix of P.

Theorem 4.3.1. The vertex split of a sum of two simplices is again a sum of simplices; in
particular, for P = A, & Ay, where Ay, = conv{vy, ..., vk1} and Ay = conv{u, ... w1},

we have for each 1 <1<k, 1 <5</,

P, =Ap1 ®Ap and Py, = Ap ® Apyy.

Now consider a symbolic slack matrix Sp(x) of polytope P. We can obtain the symbolic

slack matrix Sp, (), of its vertex split at some vertex v, as follows.

Lemma 4.3.2. Let P be a polytope with v vertices and f facets. Assume (by relabeling if

necessary) that vertex 1 is in facets k+1,..., f for some k, so that

TR | NP |
Sp(x) = C R[],

Cl o .. Ck Ck+1 o .. Cf
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for some column vectors ¢; € (R[z])*~!. Then the polytope P, obtained from P by splitting
vertex 1 has vertices {0,1,...,v} and f + k facets which give the following symbolic slack

matriz
R A | R | 0O --- 0
Sp(x)=10 -+ 0 z -+ 2 0 - 0] CR[z,,
cll PRI C?{: cl .. ck Ck—‘rl DRI Cf

where ¢, is a copy of column vector ¢; with each variable x replaced by x'.

Proof. Let P = conv{p,,...,p,}. Recall that P; is the subdirect sum of P and a line

segment [qo, ¢1] with p, in its relative interior. So

P, = conv(P U [qo, ¢1]) = conv({py, ..., P} U{qo, ¢1}),

and from [32], we know that faces of P, have one of the following the forms

(a) F %G, where F is a face of P not containing p, and G € {{q},{q1}},

(b) Fj, the vertex split of a face F' of P which contains p;.

Furthermore, to obtain a facet, we must take F' to be a facet of P. Thus from @ for each of
the first k facets F' of P, we get that F'x{q} = conv({go}UF) and Fx{q} = conv({q: }UF)
are facets of P;. Furthermore, we know that ¢; ¢ F * {qo} and qo ¢ F * {¢:}. Replacing
the row corresponding to p, (which is now in the relative interior of P;) by rows for vertices
qo, q1, we get that the first 2k columns of the slack matrix have the claimed form. From @,
for each of the last f — k facets F' of P, we get that F} = conv(F U{qo, ¢ }) is a facet of Py,

which gives us the remaining columns of the slack matrix. O
Theorem {4.3.1]is now a corollary of Lemma 4.3.2]

Proof of Theorem[{.3.1] From [23, Lemma 5.7], we know that Sp(x) has the zero pattern of
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the vertex-edge incidence matrix of the complete bipartite graph Kj ¢, namely,

_le @y e 0 e 0 |
Ay,
S(a) 0 o 0 o Ty e T
yii o 0 o gy e 0
: Ay.
0 e 0 e

We could also see this from facial structure noted in (M2). Then without lost of generality,

applying Lemma to vertex 1 of Ay, we get slack matrix

Z1q - w1y 0 - 0 - 0 - 0

0 - 0 @y - @, - 0 - 0
Sp,@)=10 - 0 0 - 0 - Ty - Tpel>

yia o 0 iy o 0 e gy e 0
|0y 0 e i e 0 e gy

which clearly gives us the slack matrix of Az, & Ay, as claimed. Similarly, applying

Lemma [4.3.2] to vertex 1 of A,, we get the slack matrix of Ay & Apyy. O

Using Macaulay2 and SageMath we generate all the polytopes that result from the above
constructions, removing duplicates of the same polytope that can arise from different con-
structions. We also list each of their duals, even those arising from the dual operations of

(M1)—(M4), since they too will be projectively unique.

Theorem 4.3.3. There are 32 McMullen-type projectively unique polytopes in dimension 5.
They are all listed in Figure [{.2

We note that we can also independently verify the projective uniqueness of all of the
above polytopes by checking that each of their slack ideals is graphic. In particular, this

means their slack ideals are also all toric.



Construction dual f-vector

As self (6,15,20,15,6)
A4 D Al M19 = A4 X Al (7,20,30725,10)
Ag D AQ M20 = Ag X AQ (7,21,34,30,12)

2% Ay self (7,19,26,19.7)
C8 x Ay My :=C9x Ay | (8,22,29,20,7)

O % O self (8,24,34,24,8)
3% Ay self (8,24,34,24,8)
Cax Ay | My :=C5%0y | (9,24,30,20,7)

C6 % AQ M23 =C7x AO (10,27,33,21,7)
Cl0+Ag | My :=C11xAg | (9,26,35,24,8)

(C3)q My (8,25,38,28,9)
(C3)2 Mo (8,26,41,31,10)
(C3), My (8,24,36,27,9)
(C3)s Mg (8,26,41,31,10)
(C10), Mag (9,29,43,31,10)
(C10), My (9,28,40,28,9)
(C11), Mz (8,25,38,29,10)
(C11)s M, (8,25,39,31,11)

Figure 4.2: McMullen-type 5-polytopes.
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4.4 Non-McMullen-type projectively unique polytopes

Finally, from Theorem [3.4.4, we know that any polytope with a graphic slack ideal is projec-
tively unique. Using this characterization and a list of known 2-level polytopes, provided to us
by Marco Macchia and available at http://homepages.ulb.ac.be/~mmacchia/data.html,

we identify a projectively unique 5-polytope which is not in the list of Figure 4.2|

Theorem 4.4.1. The 5-dimensional polytope, which is affinely equivalent to the rows of the

following slack matrix, is projectively unique and not McMullen-type.

0010001100
1110000000
0001101000
0101000001
01110000T10
1000110000
0010010110
0000010101

000111001 0

Proof. 1t is not hard to check that the slack ideal of the above polytope is graphic so that it
is projectively unique. It also has f-vector (9, 30,46, 33, 10), so that it (or its dual) is clearly
not one of the McMullen-type polytopes of Figure 4.2, O]

This is the first, though possibly not only, example of a non-McMullen type projectively
unique polytope in dimension 5. A systematic classification of graphic slack ideals in dimen-
sion 5 has not been done. We also know that not all projectively unique polytopes need to
have toric slack ideals, so it is possible that there exists a projectively unique 5-polytope

which is not McMullen-type and whose slack ideal is not graphic. Furthermore, it is not


http://homepages.ulb.ac.be/~mmacchia/data.html
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known whether any polytope of McMullen-type must have a graphic slack ideal. We sum-
marize with the following diagram, in which X means that no such polytope can exist and ?

indicates such a polytope could exist but we do not have an example.

McMullen Projectively
type ) unique
? Perles,
X
| \ etc.
All dim< 4
Figure
Thi
4.4.1] |

Graphic
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Chapter 5
THE SLACK REALIZATION SPACE OF A MATROID

5.1 Introduction

Realization spaces of matroids are well studied objects [7), Ol B3] which encode not only
whether or not the matroid is realizable, but also carry additional information about the
structure of the matroid. A realization (or representation) of a rank d + 1 matroid M is
a set of vectors in k%! which captures its independence structure. Roughly speaking, a
realization space is the set of all such choices of vectors. Fundamental questions in the
study of realization spaces of matroids include discovering whether or not a given matroid
is realizable, determining over which field it is realizable, finding the structure of the set
of realizations, and characterizing when realizations exist. A celebrated theorem of Mnév
[33] states that every semialgebraic set defined over the integers is stably equivalent to the
realization space of some oriented matroid. That is, realization spaces of matroids can
become arbitrarily complicated. In light of this, we aim to connect the combinatorics of the
matroid to properties of its realization space.

Our realization space model will be based off the slack matriz of a matroid. This is a
generalization of the slack matrix of a polytope [44], which has been used extensively in the
study of extended formulations of polytopes; see for example [22, [39], [44]. In [23] the slack
matrix of a polytope was used to construct a realization space for the polytope via its slack
ideal. This realization space model and its properties were explored in detail in Chapter [2]
We extend the results in Chapters [2 and |3| to matroids both defining the slack realization
space of a matroid and examining its properties.

In Section we introduce the main objects of study, as well as preliminary results

and notation. In Section we discuss two models for the realization space of a matroid.



99

One of our main theorems, Theorem [5.3.8] shows how the two realization space models
can be described via a single overarching variety. In Section we show how the slack
realization model can be used to determine whether a matroid has a realization over a
certain field. We also reframe the tools of final polynomials [9] in terms of slack ideals, and
show how they can be used to improve computational efficiency of realizability checking.
In Section we introduce a toric ideal associated to a matroid and study its relationship
to the projective uniqueness of the matroid. The computations in this paper are done in
Macaulay?2 [27] with the help of the Matroids package [I1]; the code we used can be found

at http://sites.math.washington.edu/~awiebe.
5.2 The slack matrix of a matroid

Much of this section is analogous to Section of Chapter [2 to which we refer the reader
for further details and excluded proofs. We assume the reader has familiarity with the
basic definitions from matroid theory, see [35] or [I8]. Throughout the paper, we assume all
matroids are simple (having no loops or parallel elements).

Let k be a field. Let M = (E,B) be a matroid of rank d + 1 with ground set F =
{vy,...,v,}, where each v; € k%! and B is its set of bases. If V is the matrix with columns
v1,...,0,, then the independent sets of M are the linearly independent subsets of columns,
and we write M = MIV].

Let H(M) denote the set of hyperplanes of M, which are the closed subsets (flats) of
rank d. In M|[V], each hyperplane H € H(M) corresponds to a linear subspace of k4!, so
is determined by some linear equation; that is, H = {x € F : ajz = 0}. For H(M) =
{Hy,...,Hy}, let W be the matrix whose columns are the hyperplane defining normals

aq, ..., ap, or some multiple, A\jo; for \; € k*, thereof.

Definition 5.2.1. The slack matrix of the matroid M = M[V] over k is the n X h matrix
Sy = VW,

We wish to parametrize the set of realizations of a matroid by its slack matrices. So,


http://sites.math.washington.edu/~awiebe
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we must determine the characteristics which define the set of all possible slack matrices of a

given matroid. We begin by considering the rank of a slack matrix.

Lemma 5.2.2. If S is a matrixz having the same support as the slack matrix of some rank

d + 1 matroid M = M[V], then rank(S) > d + 1. (See Lemma|2.3.1].)
Corollary 5.2.3. If M = M[V] is a rank d + 1 matroid then rank(Sy) = d + 1.

Proof. The factored form of Sy, € k™*(@1) x k(D> implies that rank(Sy,) < d+ 1. The
result then follows from Lemma [(5.2.2] O

Now, let M = (E,B) be an abstract matroid of rank d + 1. Unless otherwise stated,
we take E = [n] = {1,...,n}. A realization of M over k is a collection of vectors V =
{vy,...,v,} C k' such that the independent subsets of V are indexed by the independent
sets of the matroid, so M = M[V]. A matroid with a realization is called realizable (also

representable, linear or coordinatizable).
Lemma 5.2.4. The rows of a slack matriz Sy form a realization of the matroid M.

Proof. It suffices to show that if we label the rows of Sy, with [n], the subsets indexing
linearly independent rows of Sy, are the independent sets of M. Since Sy, = VIW, if a
subset J of E is dependent, then there exists a vector § € k™ with support indexed by J
such that V8 = 0. But now, 3" Sy = (VB)"W = 0, so J also indexes a dependent subset
of the rows of S),.

Conversely, suppose J indexes a dependent subset of the rows of S);. Then for some
B € k™ with support indexed by J, we have 0 = 7Sy, = (V3)'W. Since W has full rank
by Corollary [5.2.3], it must be the case that V3 = 0, so that J also indexes a dependent set
of M. ]

From now on we assume that realizations come with a fixed labelling of ground set
elements and hyperplanes, so that two slack matrices of the same matroid cannot differ by

permutations of rows and columns. This also allows us to identify hyperplanes of a realization
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by vectors or the indices of those vectors. Now, we characterize the set of matrices which

correspond to slack matrices of a matroid M.

Theorem 5.2.5. Let M be a rank d + 1 matroid with n elements and hyperplanes H(M) =
{Hy,...,Hy,}. A matriz S € k™" is the slack matriz of some realization of M if and only
if both of the following hold:

(i) supp(S) = supp(Sar) (11) rank(S) =d+ 1.

Proof. Suppose S is the slack matrix of some realization of M. Then (i) holds trivially, and
(ii) holds by Corollary [5.2.3|

Conversely, suppose S is a matrix satisfying (i) and (ii). By (ii), S has some rank
factorization S = AB, where A € k"D and B € kl#txh Tet ay,..., a, € k%! be the
rows of A and by,...,b, € k™! be the columns of B. Then we claim that the rows of A
give a realization of M; that is M = M[AT]. To see this, we show that the hyperplanes of M
are also hyperplanes of M[A'], and that M[AT] can not contain more hyperplanes.

By (i), for each hyperplane H; of M, there is a column of S with zeros in positions

indexed by elements of H,. Since S = AB, we have bjTai = 0 if and only if : € H;. Thus
{x € k" bjTaz = 0} N {rows(A)} = {ai}ien,

so that H; is also a hyperplane of the matroid M[AT].

Now suppose M[A'] has an extra hyperplane H ¢ H(M). Let {iy,...,iq} C H be any
d distinct independent elements of H. Since i1, ...,14 are also elements of matroid M, the
flat {21,—,Zd} is a hyperplane H' of M, and thus also a hyperplane of M[AT], but H' # H.
However, this means that {i;,...,i;} are contained in two distinct hyperplanes of M[A'],

which is not possible, so we arrive at a contradiction. O

We now recall two equivalence relations on the set of realizations of a matroid M, and
illustrate how these equivalences are reflected in slack matrices. For A € GL(k), it is

easy to check that V' and AV define the same matroid. We call these realizations linearly
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equivalent. If P € k™" is a permutation matrix which sends i + o(i), then V and VP
define the same matroid up to relabelling the ground set £ = [n] with ¢(1),...,0(n). Thus if
A € GL(k™') and B is a permutation matrix with any element of k* in the 1’s positions, then
V, AV B define the same matroid. We call the realizations V, AV B projectively equivalent.

Call a matroid M projectively unique (over k) if all realizations are projectively equivalent.

Lemma 5.2.6. Two realizations of a matroid M are projectively equivalent if and only if

their slack matrices are the same up to row and column scaling.

Proof. Suppose we have projectively equivalent representations U,V of M. Then U = AV B,
where A € GL(k*?) and without loss of generality B is an invertible n x n diagonal matrix
(since we have assumed a fixed labelling of our matroid).

If H={v;,...,v; } be ahyperplane of M[V], then H = {u;,,...,u; } is a hyperplane
of M[U]. Furthermore, if ay € k%! is normal to H, then since u; = Av; - b;, A~ ay is

normal to H', so that a slack matrix of M[U] is
SM[U] = UT [A_TOéH] = BTVTAT [A_TOzH:| = BTVTW = BTSM[V]
HeM HeH

Since we can always scale columns of a slack matrix, this completes the proof.
Conversely, suppose we have realizations U and V' of the matroid M such that Syv) = Dp Sy Dh
for invertible diagonal matrices D,, € k™", D), € k"*". By definition, Sy = U'W and
Supy = VW', Multiplying both sides of the above equation on the right by W (WW )™,
we find
U' =D, V'WD,W (WW"H™
We see that W D,WT(WWT)"lis a (d+ 1) x (d + 1) invertible matrix, which makes U

and V projectively equivalent, as desired. O

By taking B, D,, each to be the n X n identity matrix in the above proof, we recover the

following lemma.

Lemma 5.2.7. Two realizations of a matroid M are linearly equivalent if and only if their

slack matrices are the same up to column scaling.
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We now define an analog of the slack matrix which can be constructed for any abstract

matroid, even ones which are not realizable, as follows.

Definition 5.2.8. Define the symbolic slack matrix of matroid M to be the matriz Sy (x)
with rows indexed by elements i € E, columns indexed by hyperplanes H; € H(M) and
(i, 7)-entry

zij  ifi ¢ H;

0 if i € Hj.

Su(x)i; =

The slack ideal of M is the saturation of the ideal generated by the (d+ 2)-minors of Sy(x),

namely

o0

Iy : = <(d+2) — minors ofSM(a:)>: ﬁ H Tij C klz].

i=1 juigH;

Suppose there are t variables in Sy(x). The slack variety is the variety V(Ip) C k'. The
saturation of In; by the product of all the variables guarantees that there are no components
of V(1) that live entirely in coordinate hyperplanes. If s € k' is a zero of Iy, then we

identify it with the matriz Sy (s).

Example 5.2.9. Consider the rank 3 matroid My = M[V] for V whose columns are v =
(_27_271)T; V2 = <_17171>T7 V3 = (07471)T7 Vy = (27_271)T7 V5 = (17171)T7 Vg =
(0,0,1)". Projecting onto the plane z = 1, this can be visualized as the points of intersection

of four lines in the plane, as in Figure[5.1. A slack matrixz for this realization is then

H, H, Hy H, H; H; H;

-2 =21 123 246 345 156 25 14 36
H, H, H; Hy H; Hgs H;, _ .
-1 1 1 110 —-12-24 0 -6 0 -8
123 246 345 156 25 14 36
0 4 1 21 0 0 —-12 6 0 12 —4
S, = -33 6 =30 0 4 _
My — [2 =21 — 310 12 0 12 6 24 0 |
1 3 2 3 2 4 0
1 1 1 41-12 0 0 —-12-6 0 8
-4 0 -8 0 —2 8 0
L0 0 1] 5[ -6 6 0 0 0 12 4
6L—-4 0 -8 0 —2 8 0]
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123 246 345 156 25 14 36
3 1[0 =z 23 0 a5 0 a7
210 0 x5 2 0 w6 o7

27 | A5 310 x32 0 w3y w35 236 O
3 ‘ 4 | xq 0 0 Taa  T45 0 Ta7

1 :\‘\‘-\24 O |xs1 w52 O 0 0 56 57
6 Lleger 0 xg3 0 we5 w6 0]

Figure 5.1: The point-line configuration of Example |5.2.9, and its symbolic slack matrix.

where using {vj,,...,v;,} C H independent, we calculate each ay as
& | |
det v, vy, (51)
€ar1 | |

The symbolic slack matriz of My is in Figure [5.1 We take the ideal of 4-minors of
this matriz, and saturate with respect to the product of all of the variables to get the slack
wdeal Ing,. This has codimension 12, degree 293 and is generated by the 72 binomial generators
in Table [5.1. In Section we will see these correspond to the 72 cycles in the bipartite
non-incidence graph of this configuration (Figure @)

Remark 5.2.10. In Chapter , given a set of n vertices V C k? defining a d-polytope P =
conv(V'), they include only the facet defining hyperplanes in the slack matrix. We can
also form a matroid associated to this polytope by considering all the hyperplanes; that is,
we define the matroid M = M[V'] where V' C k{@TD*" is the matrix obtained from V by
appending a 1 to each vector. Then the symbolic slack matrix of P defined in Chapter|2|is the

restriction of the symbolic slack matrix of matroid M to the subset of columns corresponding
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deg 2

T36T65 + T35T66, T26T63 — T23T66, T15T63 — T13T65, T56L61 — T51L66, L4561 — T41T65,

To7T56 + T26T57, T36T52 — T32T56, L17T52 — T12T57, L4751 — T41X57, L17T45 + T15%47,

T35L44 — X34X45, T27X44 — L24T47, L26L34 — L2436, L15L32 — L12X35, L17L23 — T13T27

deg 3

Ta7T56265 — Ta5T57T66,
T26244T65 + T24T45T66,
T27245T63 + T23T47T65,
T23T57%61 T T27T51T63,
T15252%61 + T12T51T65,
T13%47T61 + T17T41T63,
T35247T56 + T36T45T57,
T34%47T52 + T32T44T57,
T32T45%51 + T35241T52,
T26244T51 + T24T41T 56,
T17226T35 + T15T27T 36,

T17T26T32 + T12T27T36,

T17T56%65 T T15T57T66,
L17L26L65 — L15L27L66,
T24%45%63 + T23T44T65,
T15257%61 + T17T51T65,
T13%52%61 + T12X51763,
T36X44%61 T T34T41T66,
T34%47%56 + T36T44T57,
T27234%52 + T24T32T57,
X12245T51 + T15L41%52,
T27T36%45 — T26L35TA7,
T13%26%35 + T15T23T36,

T13T26T32 + T12223236,

T12T56%65 + T15T52T66,
T17T56263 + T13T57T665
T12%36T63 T T13T32T66,
T13%57T61 + T17T51263,
T26247T61 + T27T41T66,
T26244T61 + T24T41 %66,
T17T35%56 — T15236T57,
T13%26T52 + T12T23T 56,
T36244T51 + £34T41T56,
T17232T44 + £12T34% 47,
T15%27T34 + T17T24T35,

T17T24T32 + T12T27T34,

T26T47%65 T T27T45T66,
T12T56%63 T T13T52T66,
T24%35T63 + T23T34T65,
T35T52%61 T T32T51T65,
T23%47T61 + T27T41T63,
T23T44T61 + T24T 4163,
T35T47T52 + T32T45T57,
T36T45251 + T35T41T56,
T32244%51 + T34T41T52,
T15223%44 + T13T24T45,
T15223T34 + T13T24T 35,

T13T24T32 + T12T23T34

deg4

T27X35L52L63 — L23L32L57LE65,
L23T34TL52T61 — L24XL32L51L63,

T15026L44T52 — L12X24T45T56,

T17T36L44T63 — L13L34L47T66, L24T35T57T61 — L27X34T51T65,
L12T36L47T61 — L17L32L41L66, L13T32L44L61 — L12X34T41T63,

T13026L45T51 — L15L23L41L56, L12223L44T51 — T13T24T41T52

Table

5.1: The 72 generators of Iy,.




S Ot = W N

Figure 5.2: The triangular prism and its slack matrix as a polytope.

0 0 13 0 x5
0 0 T23 L24
0 T39 0 0 35
0 T 4o 0 T44
Ts1 0 0 0 55
| 761 0 0 T4 J
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H,  Hy Hy Hy H;
1234 1256 3456 135 246

to facet-defining hyperplanes. Thus the slack ideal of the polytope is always contained in

the slack ideal of the matroid, Ip C I;. We illustrate with the following example.

Example 5.2.11. We consider the triangular prism P labelled as in Figure [5.9 As a 3-

polytope, its facets are given by the hyperplanes 1234,1256, 3456, 135,246 and the symbolic

slack matriz is in Figure[5.3 Its slack ideal Ip is generated by 3 binomials.
Considering P as a rank 4 matroid which has the 3 facets 1234, 1256, 3456 of P as its

non-bases, we obtain following symbolic slack matriz.

Hl H2 H3 H4 H5
1234 1256 3456 135 246

[ 0 0 T13 0 @5
21 0 0 To3  Toy 0
Su(x) = 31 0 T3 0 0 T35
41 0 T4 0 rye 0O
5 x5 0 0 0 Tss
6| 61 0 0 res 0O

H¢ H; Hs Hy Hyp
136 146 145 245 235
0 0 0 Ti9  T1,10
Tog Ty wog 0 0

0  x37 x38 x39 O

T46 0 0 0 T4,10
Ts6 Iy7 0 0 0
0 0 xes Te9 Zg0

Hyy
236
T1,11
0
0
X411

X511

0

Not only is Ip C Iy but wn this case Ip s the elimination tdeal given by eliminating the
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variables in the columns indexed by the additional hyperplanes Hg, ..., Hq1.

5.3 Realization space models

A realization space for a rank d + 1 matroid M with n elements is, roughly speaking, a
space whose points are in correspondence with (equivalence classes of) collections of vectors
V = {vy,...,v,} C k! whose matroid M[V] is M. In this section we show that the
slack variety defined in the §2 provides such a realization space, and we relate it to another
realization space called the Grassmannian of the matroid.

Theorem [5.2.5 characterizes the slack matrices of realizations of a matroid. The next

theorem shows that the slack variety captures exactly these matrices.

Theorem 5.3.1. Let M be a rank d + 1 matroid. Then V is a realization of M if and only
if Svpy = Su(s) where s € V(1) N (k)"

Proof. Let V be arealization of M. Then Sy = Sy (s) for some s € (k*)* by Theoremm
(i). Furthermore, rank(Syv]) = d + 1 by Corollary [5.2.3} so that its (d + 2)-minors vanish
and thus s € V(I)), as desired.

Let V € k@Dx® be such that Syp, = Su(s) for some s € V(i) N (k*)!. Then
supp(Sarpv)) = supp(Sar) and rank(Sysvy) < d+1. But now by Lemma[5.2.2] rank(Sasvy) >
d + 1, making V a realization of M by Theorem [5.2.5 O]

Since we know that the set of realizations of a matroid is closed under row and column
scalings, Theorem [5.3.1] implies the following corollary. We denote the torus of row and
column scalings, (k*)" x (k*)", by T, 1.

Corollary 5.3.2. The slack variety is closed under the action of the group T, where (k*)"

acts by row scaling (left multiplication by diagonal matrices) and (k*)* acts by column scaling

(right multiplication by diagonal matrices).

Theorem and Corollary tell us that the slack variety is a realization space for
matroid M and the slack variety modulo the action of 7, is a realization space for the

projective equivalence classes of realizations of M.
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Definition 5.3.3. The slack realization space of a rank d + 1 matroid M on n elements
with h hyperplanes is the image of the slack variety inside a product of projective spaces

V(1) N (k*) < (P1)" where s is sent to the columns of Sy (8).

Proposition 5.3.4. Let M be a rank d + 1 matroid on n elements with h hyperplanes.
Then the points of its slack realization space are in one-to-one correspondence with linear

equivalence classes of realizations of M.

Proof. Under this embedding, two slack matrices which differ by column scaling are the same

point in (P"~1)". So, the result follows by Lemma m O

Next we describe a known model for the realization space of a matroid arising from a
subvariety of a Grassmannian. The Grassmannian Gr(d + 1,n) is a variety whose points
correspond to (d + 1)-dimensional linear subspaces of a fixed n-dimensional vector space A.
It embeds into P(af1)1 as follows. Any (d + 1)-dimensional linear subspace of A can be
described as the row space of a (d + 1) x n matrix of rank d + 1. However, two matrices A
and B have the same row space when then there is a matrix G € GL(d + 1, A) such that
A = GB. Thus, to ensure that we have a one-to-one correspondence between subspaces and
points in the Grassmannian, we record a (d+1) x n matrix by its vector of (d+1)-minors. We
call this the Plicker vector, and it has coordinates indexed by subsets o of [n] of size d + 1.
The Plicker ideal Pyiq, C kip] = k[p, | 0 C [n], |o] = d+ 1] is the set of all polynomials
which vanish on every vector of (d + 1)-minors coming from some (d + 1) x n matrix. It is
generated by the homogeneous quadratic Pliicker relations and cuts out the Grassmannian
as a variety inside Plaia)-1,

If we have a rank d + 1 matroid M = (E, B) with realization V € k@+)*"the Pliicker
coordinate p, of V' is zero if and only if ¢ is a dependent set of M. Thus, realizations of M
correspond to the subvariety of Gr(d + 1,n) defined by setting the Pliicker coordinates of
non-bases to 0. This variety is also cut out by an ideal, namely, the Grassmannian ideal
Py C k[pg] of M,

Py = (Papin + (po : 0 & B)) Nk[pgl,
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where k|pg| := k[p, | o is a basis of M] is the ring with one variable for each basis o € B.
This is the ideal obtained from Py;i1, C k[p] by setting the variables indexed by non-bases
of M to 0.

Definition 5.3.5. The Grassmannian of M, denoted Gr(M), is V(Py) N (k*)Bl. The points
in Gr(M) correspond to GL(k™) equivalence classes of (d + 1) x n matrices which realize

the matroid M.

5.3.1 Universal realization ideal

Given a matroid M, we now define an ideal whose variety contains pairs (s, g), where q is
a Pliicker vector and s the nonzero entries of a slack matrix, and both come from the same
realization of M.

If V is a realization of a rank d 4+ 1 matroid M = (E,B), then a slack matrix Sy
can be filled with the Pliicker coordinates of V', which can be seen from . Given a
hyperplane H; € H(M), we record all possible substitutions of Pliicker variables for slack
variables using a matrix My, whose rows are indexed by i € E'\ H;, and whose columns are

indexed by subsets J = {ji,...,74} C E with J = H; that is,

Liyj sgn(iv, J1) - piyus, -+ sgu(iy, Ji) * Diyud,
My, = ,
Tivj S8 (im, J1)  Piyusr =+ 580 (tm, Ji) * Piauiy
where sgn(i, J) is the sign of the permutation putting (7, ji, ..., jq) in increasing order.

Example 5.3.6. Recall the matroid My of Example pictured in Figure[5.1. Consider
the hyperplane Hy = 246. It corresponds to slack variables x;o for i = 1,3,5 and its inde-
pendent subsets are 24, 26, and 46. So the matrix Mg has the form

T12 D124 P126 D146
Moss = | 230 —posa —DPoss Pass

T52 D245 —P2s6  —P456
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Definition 5.3.7. Let M = (E,B) be a matroid, Py be the Grassmannian ideal of M and

I,(Mp;) be the ideal of 2-minors of the matriz My,;. The universal realization ideal of M is
Uy =Pu+ Y DL(My)Ckxpl.
HjGH(M)

Intuitively, insisting that the matrices My, have rank 1 corresponds to ensuring the
columns of the slack matrix are simply scaled versions of the appropriate Pliicker coordinates.

We now state the main result of this section.

Theorem 5.3.8. Let M = ([n],B) be a rank d + 1 matroid with universal realization ideal
Un C K[z, p]. Then V(Uy) € kb x kBl with

(i) the projection of V(Uy) onto the Pliicker coordinates, mp, : V(Uy) — kBl is the

Grassmannian of the matroid,

mp(V(Un)) = Gr(M);

(i) the projection of V(Unr)N((k*)* x (k*)IB) onto the slack coordinates, 7y : V(Unr) — K,

is the set of slack matrices of realizations of M,

T (V(Un) 0 (K9 x (KB = V(1) N ()"

The proof of this theorem requires several preliminary lemmas. We first have the following

result on Grébner bases. (For notation and further details see [12].)

Lemma 5.3.9. Fiz an elimination order on k[x, p|]. Given two x-homogeneous polynomials
f,g and an x-homogeneous set G C klx,p|, if h == S(f, g)g with h # 0, then deg,(h) >
max{deg, (f), deg,(9)}-

Lemma 5.3.10. The Grassmannian ideal of a matroid can be obtained by eliminating the

slack variables from its universal realization ideal. That is, Py = Uy NK[p].
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Proof. We obtain one containment by the definition of U,;, since

Py =Pynklp|C [Py+ Y L(My)|Nklp]=UyNk[p].
HeH(M)

It remains to show the reverse containment. Fix an elimination order on k[x, p] eliminating
the x variables. Let G be a Grobner basis for Uy, with respect to this ordering. Then, it
suffices to show that

GNk[p] C Py. (5.2)

If we start with a generating set satisfying , then by by Lemma [5.3.9 any terms which
are added to G after applying each step of Buchberger’s algorithm with x-degree 0 must be
the reduction of an S-pair of elements which also have x-degree 0, and are therefore also
contained in Pj;.

It remains to show that an initial generating set of U,; satisfies . Taking the gener-
ating set of the definition, it is enough to show that any minor in I;(Mpyg) not containing a
slack variable is already in Pp;. It is not hard to check that any such minor already arises
in Py, as some 3-term Pliicker relation having a term p,p, for some o ¢ B which gets set to

7ero. OJ

Proof of Theorem[5.3.8

(i) This follows from the definition of Gr(M) and Lemma [5.3.10]

(ii, ) Let (s,q) € V(Uy) N ((k*)" x (k*)F). From g we can obtain a (d 4+ 1) x n matrix V
with Pliicker vector whose nonzero coordinates come from q. We claim that V' is a
realization of M, so that Sypq € V(1) N (k*)" by Theorem m Furthermore, we

claim that Sysy) and Sy (s) are the same up to column scaling, so that s € V()N (k*)*

by Corollary [5.3.2]

A subset of d + 1 columns of V' is independent if and only if the the corresponding
Pliicker coordinate is nonzero. Since g € (k*)!Bl; the nonzero Pliicker coordinates

correspond to bases B € B of M. Hence V is a realization of M.
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Fix a hyperplane H and an independent subset J = {j1,...,j4} C H. Then the first
column of My is (siH);ZH, column J is (sgn(i, J) - quL]);-;H, and by definition of Uy,
there exists Ay € k* such that s;y = Ay sgn(i, J) - gius for all i. Since q is the Pliicker

vector of V| this gives
Sig = Agsgn(i, J) - qus = g det(v;, vy, ...,v;,), Vi

so that using subset J to calculate oy, and hence the entries of Sy, as in Exam-

ple|5.2.9, we see that Sy Dy, = Su(s), for Dy, the diagonal matrix with entries Ag.

Let s € V(Iy)N(k*)". By Theorem [5.3.1] Sis(s) is the slack matrix of some realization
V of M. Let g be the vector of Pliicker coordinates of V. We claim (s, q) € V(Uy) N
((k*)* x (k*)IBl). To see this it suffices to show that the columns of My, with entries
defined using (s, q), are scalar multiples of each other for each H € H(M); that is,
the Ir)(Mpy) ideals are satisfied, since the Pliicker coordinates necessarily satisfy the

Pliicker ideal equations, and hence the equations of P,,.

The (i, H) slack entry s,z is of the form det(v;, wy, . .., wy) for some choice of wy, ..., w
which span the hyperplane H. Each subsequent column of My has entries det(v;, v;,, ..
obtained from g as above, for j; < --- < j; spanning H. Since each v;, lies on hy-
perplane the H, there is a sequence of elementary column operations that takes the
matrix with columns v;, wy, ..., wy to the one with columns v;,v;,, ..., v;, for each i.
These column operations change the determinant by some scale factor A € k* for all 7,
so that each column of My is a scalar multiple of the first column of slack entries as

required.

Corollary 5.3.11. Let M = (E,B) be a rank d + 1 matroid. Then

S UM:< T mmﬂpg)wﬂw-

i€cEHeEH ceB

d

'7vjd>7
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By universality [33], we do not expect that [, is radical for every matroid. Thus, Corol-

lary [5.3.11| may be the strongest relationship between I, and Uy,.

Example 5.3.12. We now continue Example for which we can verify Theorem
at the level of ideals. Let Py, be the Grassmannian ideal of this matroid, which is generated
by the Plicker relations with variables pio3, Poss, D345, D156 Set to 0. Let I be the ideal which
gquarantees each of the 7 matrices Myos, Mosg, Msss Misg, Maos, Mis, Msg have rank 1; that
is, I = ZHGH(M) I (My). Then, the universal realization ideal is Upy = I + Py, In this
case, we can compute that Py = Uy NK[p] and Iy = Unr - ([1 2w [ 0s)™ N k[x].

5.4 Non-realizability

In this section we illustrate how the slack ideal can be used to determine matroid realizability
over a given field. This is a well-studied problem [7, 9] 33] for which a complete character-
ization is only known in a very limited number of cases. Observe that Theorem |5.3.1| gives

us the following criterion for realizability.
Corollary 5.4.1. A matroid M is realizable over k if and only if V(Ipr) N (k*)" # 0.
We now recast this into a test for realizability in terms of the slack ideal.

Proposition 5.4.2. Let M be an abstract matroid and k be a field. If the slack ideal Iy = (1)
over Kk, then M 1is not realizable over k. If k is algebraically closed and M is not realizable

over k, then Iy = (1).

Proof. If M is realizable over k, then there exists a slack matrix Sy, which is an element of
the variety V(Ips) by Theorem Then we cannot have I, = (1). On the other hand,
if Iy # (1), then V(1)) is not empty by the Nullstellensatz, and since I, is saturated with
respect to the product of the variables, V(I),) is not contained entirely in the coordinate
hyperplanes. Therefore, by Theorem there is a slack matrix Sy, and the rows of Sy,
give a realization of M by Lemma [5.2.4] O]
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126 014 456 025 036 234 135

0 _ .
O lzor O w3 O 0 @ Tor
1 0 0 T13 T4 Ti5  Tie 0
1 3 210 T x3 0wz 0 x9r
3 | w31 w32 x33 w34 0 0 0
4 {zy1 O 0 2 w45 0 @4y
4 ‘ 6
5 5 |51 x5 0 0 @55 56 O
6 L0 x2 0 wes 0 e o7

Figure 5.3: The Fano plane with its non-bases drawn as lines and a circle, and its symbolic

slack matrix.

Example 5.4.3. Consider the Fano plane Mp. It is a rank 3 matroid on 7 elements E =
{0,1,2,3,4,5,6}, depicted in Figure with its symbolic slack matrix. It is known that Mg
is only realizable in characteristic 2. Using Macaulay2 [27], we find Iy, = (1) over Q. So,
the Fano plane is not realizable over Q by Proposition |5.4.2.

Over Fy, the slack ideal is generated by 126 binomials of degrees 2,3, and 4. So, setting

all variables to 1 in the slack matriz gives the realization of My in F3.

Example 5.4.4. Consider the complex matroid Mg from [9, p. 33]. It is a rank 3 matroid
on 8 elements with non-bases 124, 235, 346, 457, 568, 167, 278, and 138. It is depicted with
its symbolic slack matriz in Figure[5.4.

To simplify the computation, we use Corollary and note that we can select a rep-
resentative of each projective equivalence class by fixing certain variables in the slack matriz
to be 1 (see for more details). Fizing the variables x14, To7, Tos, T312, Ta1, Tag, Taz,

Ta10, Ts7, Ter, T72, T3, T4, Trs, Ty7, T79, T7a1, T2, Tsa to 1 and computing the slack
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Hy Hy Hs Hy Hs Hg Hr Hg Hy9 Hio Hii Hiz
167 235 568 346 124 278 138 457 48 37 26 15

2 11 0 zx12 13 x4 0 w16 0 218 19 1,00 1,11 0 ]

21 0 23 x24 O 0  ®a7 w28 ®29 72,10 0 w212
31 0 x33 0 x35 x3¢ O x38 T390 0  z3,11 73,12
T41 X42 xa4 O 0 x46 a7 O 0  T4,10 T4,11 T4,12°
z51 O 0 x54 55 56 w57 0 ®s9 w510 2511 O

0 =zs2 O 0 x65 xe6 Te7T Tes Teg Te,10 O T6,12

0 x72 73 x4 z75 0 x77 0 x79 0  z711 27,12

O N O Ot ke W N

L g1 82 0 x84 g5 O 0 xgg 0 ®g10 78,11 78,124

Figure 5.4: The complex matroid Mg and its symbolic slack matrix Sy (x).

ideal I, in Macaulay2 [27], we find that it is not the unit ideal. However, it contains

the polynomial x3 1, + 512 + 1. Since this polynomial has only the complex roots —_H;“/g,

we get by Corollary that Mg is not realizable over R, but it is realizable over C by

Proposition [5.4.2.

5.4.1 Final Polynomaials

The method of final polynomials introduced in [0, §4.2] certifies when a matroid has no
realization. We define an analogous polynomial for the slack ideal, and show how it can be

used to improve computational efficiency of checking non-realizability.

Definition 5.4.5. Let M be any matroid of rank d + 1. Let S be the multiplicatively closed
set generated by taking finite products of the variables x in the symbolic slack matriz. A

polynomial f € k[x] is a slack final polynomial if
[ € Lapa(Su()) N (S + L)

where I 9(Sy(x)) is the ideal of (d + 2)-minors of the symbolic slack matriz of M.
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We now have the following result, which demonstrates that the existence of slack final

polynomials gives a certificate for non-realizability.

Proposition 5.4.6. Let M be a matroid of rank d 4+ 1. The following are equivalent.
(i) 1 € Iy C kx|,
(ii) There is a monomial m € k[x] such that m € 14 2(Sy(x)),

(i1i) A slack final polynomial f € L4 o(Sy(x)) N (S + Inr) exists for M.

Remark 5.4.7. Over an algebraically closed field, these conditions are equivalent to the ma-
troid being non-realizable by Proposition [5.4.2, When k is not algebraically closed, these
conditions imply non-realizability, but if a matroid is not realizable there may not be a slack

final polynomial.

Example 5.4.8. Recall that the complex matroid Mg has a complex realization, as 1 ¢ I, C
Q[x]. However, by the above proposition, this means that even though Mg is not realizable

over Q, it does not have a slack final polynomial.

Proof.

(i) = (iii) Suppose 1 € Iy;. Since Iy, is the saturation of I;9(Sy(x)), this implies that there
exists a monomial m € k[x] such that m -1 € I;15(Sy(x)). Then, we observe the m

is already a slack final polynomial for M.

(ii) = (i) If there is a monomial m € k[zx| such that m € I 2(Sy(x)), then after saturation we

find 1 € I).

(iii) = (ii) Suppose f is a slack final polynomial for M. Since f € (S + Ip), there exists a
monomial m and a g € Iy with f = m + g. Since g € I), there exists a monomial
n such that ng € I 2(Sy(x)), so nm = nf —ng € I;2(Sy(x)) is a monomial in

Tiro(Su(x)).
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Remark 5.4.9. In practice saturation of the ideal I;,2(Sy(2)) can be quite slow, which often
makes testing realizability via checking 1 € I, infeasible. Thus the real power of Proposi-
tion [5.4.6] is that one often finds relatively small monomials which are already contained in
Iy12(Sn(x)). So, if one simply wants to certify non-realizability, a faster method is to com-
pute lz12(Sn(x)) and check, for example, if [[x € I442(Sy(x)). In the following example

we exhibit how this method can be useful for certifying non-realizability.

Example 5.4.10. Consider the Fano matroid Mg of Example . If we compute I4(Sy.(x)),
then we can verify that the product of all of the variables is contained in this ideal. In fact,
even the monomial To7T16T25T33T41T50T6s 15 contained in Iy(Syr.(x)). Verifying this con-
tainment (using the laptop of one of the authors) in Macaulay?2 took 0.000067 seconds, while
testing 1 € Iy took 3.40765 seconds, indicating a speed up by a factor of 50,000.

Example 5.4.11. Consider the Vimos matroid pictured in Figure [5.5. It is a rank 4 ma-
troid M, on 8 elements whose non-bases are given by the sets 1234, 1256, 3456, 3478, and
5678. It is one of the smallest matroids known to be non-realizable over every field. How-
ever, the Vamos matroid has 41 hyperplanes, so that its slack matriz is an 8 X 41 matrix
containing 200 distinct variables. Even computing the full set of minors of this matriz is

computationally impractical.

We note though, that it always suffices to show that Proposition (i) holds for some
subideal of the ideal of (d+2)-minors. In particular, we can look at the minors of a submatriz
of Sn, (x). Consider the submatriz of the Vamos symbolic slack matriz in Figure . One
can easily check with Macaulay2 that the monomial given by the product of all the variables

in this submatriz is already in the minor ideal of this submatriz (over Q and various finite

fields), making M, non-realizable over these fields by Propositions|5.4.6 and|5.4.2,
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H, H, H; Hy Hy H¢ H; Hg
3456 5678 1234 3478 1256 467 267 127

T |z T12 0 T14 0 Tis  Tar 0

2 | 9 Lo9 0 Loy 0 Tog 0 0
310 T32 0 0 T35 Tze  Tar T
4 0 T4o 0 0 L5 0 Ta7  Tag
510 0 Ts3  Tsa 0 xs6 T57  Tss
6 0 0 Te3  Tea 0 0 0 s
7| xn 0 73 0 75 0 0 0

8 | w81 0 T3 0 Tgs  Tsg Ty Tss

Figure 5.5: The Vamos matroid M, with non-bases pictured as planes, and a submatrix its

slack matrix.

5.5 Projective uniqueness of matroids

The simplest slack realization spaces are those belonging to projectively unique matroids. In
this case, we know that there is a single realization up to projective transformations; in other
words, V(1)) is the toric variety which is the closure of the orbit of some realization under the
action of T}, ;. This implies v/Iny = Z(V(I))) is a toric ideal; however, universality suggests
that I, need not be radical. A natural question which arises is whether projectively unique
matroids correspond exactly to matroids with toric slack ideals. To study this question we

introduce an intermediate toric ideal associated to a matroid.

Definition 5.5.1. Define the non-incidence graph of matroid M as the bipartite graph Gy,
with one node for each element of the ground set of M, one node for each hyperplane, and
an edge between element i and hyperplane H; if and only if i ¢ H;. Notice that Gy records
the support of the slack matrix Sy, and so we can think of its edges as being labelled by
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the corresponding entry of Sy(x). (See Figure for an example of the graph Gy, for the
matroid My of Example and Figure [5.7 for the non-incidence graph of the non-Fano

matroid. )

Let Ag be the set of vectors forming the columns of the vertex-edge incidence matrix of
the graph G, and let T be the toric ideal of the vector configuration Ag. The toric ideal of a
bipartite graph is a well-studied object [34], [42]. If a matroid M has a slack matrix Sy, which
is a 0-1 matrix, then the toric ideal T, associated to the graph G is the ideal of the orbit
of Sy under the action of the torus 7, . So, T¢,, describes one projective equivalence class
of slack matrices of M. We now define an analogous toric ideal for any projective equivalence

class.

Definition 5.5.2. Let M be an abstract matroid with realization V. Let s € (k*)! be such
that Sypy = Sum(s), where t is the number of variables in Sy (), the symbolic slack matriz
of M. We define the cycle ideal Cy of M[V] to be the ideal

st

Cy = <a:c+ — a.x 1 cis a cycle in Gy and o, = > C k[x] (5.3)

8¢~

where ¢+ and c— are alternating edges from the cycle c.

Theorem 5.5.3. Let M be a matroid of rank d+1 on n elements with h hyperplanes. Let V
Then the ideal Cy is the (scaled)

n,h

be a realization of M with slack matriz Sy = [si )i j—1-

toric ideal which is the kernel of the k-algebra homomorphism ¢ : kl[xz] — k[r,t, 771 t71],

which sends x;j = s; 7t ;.

We note that the cycle ideal of a realization provides a way to distinguish projective

equivalence classes of realizations of M, as well as detect projective uniqueness.

Lemma 5.5.4. Let M be a matroid with realizations U and V. Then U,V are projectively
equivalent if and only if Cy = Cy.

Proof. First suppose that U and V' are projectively equivalent. Let Sy have entries s; ;

for elements 7 of the ground set of M and hyperplanes H; of M. By Lemma we know
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that Sy is obtained from Sy by scaling the rows by 7q,...,7, € k* and scaling the
columns by ?1,...,%, € k*. Then the entries of Sy are rit;s; ;. Since Sy and Sy have
the same support, they have the same cycles. One may then show via elementary calculation
that the coefficients o, are the same when calculated from Sy ) and from Sy for every
cycle ¢ € Gyy.

Conversely, suppose Cy = Cy. Then V(Cy) = V(Cy), and in particular, Sy = Sa(s)
and Sy = Su(u) for s,u € V(Cy) N (k*)". We now argue that Sy can be row and
column scaled to be equal to Sy}, which proves the results by Lemma [5.2.6] Fix a spanning
forest T of GGj;. By Lemma we may scale the entries in Sy (u) corresponding to edges
in T to be equal to the corresponding entries of Syy. Any remaining entry a of Sy (u) will
correspond to an edge e in G such that TU{e} contains a unique cycle ¢, where e € ¢. The

+

equation T — a.x“” € Cy corresponding to this cycle must be satisfied by the scaling of

Sy (u), since Cy = Cy. Since all variables in the cycle except the one labelled by edge e have
been fixed, we find that there is only one possible value for a. Furthermore, this value equals

the corresponding entry in Sysy), since Sy satisfies the equations of Cy by definition. [

Corollary 5.5.5. Let M be a matroid with realization V.. Then, V(Cy) N (k*)' consists of

exactly the slack matrices of realizations projectively equivalent to V.

Lemma 5.5.6. Let k be algebraically closed and M be a matroid with realization V. Then

the slack ideal Ip; is contained in the cycle ideal C'y, .

Proof. By Corollary we know that V(Cy) C V(Ip). Then, Z(V(Cv)) D Z(V(Iu)).
Since Cy is radical, and since Iy; C /I, this gives Cy D I,,. O

Proposition 5.5.7. Let M be a matroid with projectively unique realization V. Then

V(Iy) =V(Cy).

Proof. By Corollary and Theorem we get V(1) N (k*)" = V(Cy) N (k*)". Then

since both varieties are irreducible, the result follows. O

In fact, we can have I; = Cy for a realization V' of M. In this case, call I, cyclic.
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Figure 5.6: The graph G, for matroid M, with the highlighted cycle corresponding to
binomial xs265 + T3576¢ of Table

Theorem 5.5.8. If the slack ideal of a matroid is cyclic then M 1is projectively unique and I,

1s radical. The converse also holds when k is algebraically closed.

Proof. Suppose that I is cyclic. Then M is projectively unique by Corollary and [y,
is radical, since it is prime by Theorem Conversely, suppose that M is projectively
unique and I is radical. By Proposition [5.5.7, Z(V(Iy)) = Z(V(Cv)), so that Iy, = Cy, as
both ideals are radical. O

Example 5.5.9. Recall the matroid My from Ezample[5.2.9, whose non-incidence graph Gy,
is displayed in Figure|5.6. The matroid My has a cyclic slack ideal. Hence Iy, is a radical

slack ideal, and My 1s projectively unique.

Example 5.5.10. Recall the Fano plane discussed in Ezample [5.4.3.  Over Fy, the 126
binomial generators of Iy, found in Example[5.4.3 correspond to each of the cycles in the
graph Gyr,,. Over Fy this is the projectively unique representation of My, and this ideal s

equal to the cycle ideal of the representation.

5.5.1 Scaled Slack Matrices

From Corollary we know that quotienting by the action of T,,, on V(Ipr) N (k*)! gives

us a realization space for projective equivalence classes of representations of M. We now give
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an explicit way of computing the variety of these equivalence classes. As in Lemma [3.5.2] we
scale rows and columns of a slack matrix via the following lemma, to fix one representative

of each projective equivalence class.

Lemma 5.5.11. Given a realization of a matroid M, we may scale the rows and columns
of its slack matriz Sy so that it has ones in the entries indexed by the edges in a mazximal
spanning forest F' of the graph Gy, the resulting realization of M is projectively equivalent

to the original realization of M.

Definition 5.5.12. Given a matroid M we can take a symbolic slack matriz and set variables
corresponding to edges in a maximal spanning forest F' to 1 as in Lemma|5.5.11 to obtain a
scaled symbolic slack matrix. Then, the scaled slack ideal is obtained by taking the (d + 2)-

minors of this matriz and saturating with respect to the product of all the variables.

Using the scaled symbolic slack matrix not only allows us to study the projective real-
ization space of M, but also proves to be a useful tool for computations because this matrix

will have considerably fewer variables.

Example 5.5.13. Let Myp be the non-Fano matroid. It is a rank 3 matroid on 7 elements
depicted in Figure with its symbolic slack matrix. It differs from the Fano plane by the

inclusion of 135 as a basis.

We now show that the non-Fano matroid is projectively unique, and write down a real-
ization from the slack matriz. Let F be the spanning tree of Gy, depicted in Figure [5.7
We set the corresponding variables x41, T51, Tog, T32, T2, T13, Tea, T55, 06, L165 L565 L66, T6T
Tog, Teo to 1 in the symbolic slack matriz in Figure |5.7. Taking the ideal of 4-minors and
saturating, we find that the ideal consists of equations of the form x;; — ayj, for au; € Q, so
the configuration is projectively unique over Q. The slack matrixz corresponding to the single

point in V(Iy) N (k*)* /Ty is
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1 0 1 0 0o 1 1 1 1
0o 0 1 1 -1 1 2 0 0
o 1 -1 0 1 0 -1 -1 1
-1 1 -1 1 o o0 0 -2 0
1 0 0 -1 1 0 -1 1 1
1 1 0 0 1 1 0 0 2
o 1 0 1 0 1 1 -1 1

Example 5.5.14. Consider the Perles configuration M, of Figure[5.8 It is a matroid on 9
elements with hyperplanes given by 0678, 347, 156, 128, 045, 358, 013, 246, 257, 48, 17, 36,
14, 23, 02. Its symbolic slack matriz is shown in Figure[5.8 and has the matriz S(z) studied
in Section[3.9 of Chapter[d as a submatriz.

Since the ideal of S(x) will be contained in the ideal of the whole matriz Sy, (x), it follows
from computation in Chapter [3 that M, is not realizable over Q. However, it is realizable
over R, and computing its scaled slack ideal we find that the slack variety consists of the

following matrices, where o is a root of the polynomial o* — 3o + 1:

0 1 a—3 3 -« 0 33—« 0 -1 1 3 -« 1 a—2 2 -« 2 -« 0
200 — 5 1 0 0 33—« 3 -« 0 2 -« 3—«a oa—2 0 a—2 0 2 -« 5— 2«
1 [eY 1 0 e a—1 1 0 0 o 11—« 1 a 0 0
1 0 a—1 11—« a—1 0 0 a—1 —a 1 1 -2« 0 a 0 -1
2 -« 0 2 -« a—1 0 a—2 1 0 a—1 0 o 2 -« 0 a—1 a—1
2 -« 11—« 0 1 0 0 1 a—1 0 2 -« 1 11—« 1 e a—1
0 1 0 1 1 1 1 0 1 1 1 0 1 1 1
0 0 3—a a—2 1 a—2 1 1 0 a—2 0 2 -« a—1 a—1 1
0 a+1 1 0 1 0 1 feY 11—« 0 11—« 11—« « « 1

Over any field where 5 has a square root, the variety has degree 2 and dimension 0, so it

3+v5

consists of two points obtained by setling o = ==
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Figure 5.7: The non-Fano matroid, with its non-bases depicted as lines, together with its

symbolic slack matrix and the spanning tree F' selected of Example [5.5.13]
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symbolic slack matrix.
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with non-bases shown as lines, and its
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Chapter 6
COMPUTATIONAL ASPECTS

6.1 Introduction

In this chapter, we describe the Macaulay2[27] package SlackIdeals.m2, that is available at
https://sites.math.washington.edu/~awiebe/research.html. It provides methods to
define and manipulate slack matrices of polytopes, matroids, polyhedra, and cones; obtain
a slack matrix directly from the Gale transform of a polytope; compute the symbolic slack
matrix and the slack ideal from a slack matrix; compute the graphic ideal of a polytope and
the cycle ideal and the universal ideal of a matroid. Moreover, it allows the user to speed up
computation of the slack ideal by suitably setting to 1 as many entries of the slack matrix
as possible. One can compute the slack ideal of this dehomogenized slack matrix and then
homogenize the resulting ideal. The new ideal coincides with the original slack ideal if the

latter is radical. Each of these functions will be illustrated with examples.
6.2 Slack matrices

Given the coordinates of the vertices of a polytope or the vectors of the ground set of a
matroid, one can compute an associated slack matrix. When coordinates are given for the
vectors of a matroid, they are always assumed to be an affine configuration which gets
homogenized to form the matroid; in particular, this means that if V' = vert(P), then the

associated matroid is the matroid of the polytope P [7, Section 1.2].

il : needsPackage "SlackIdeals";

i2 : v = {{0,0},{0,1},{1,1},{1,0}};

-- Compute the slack matrix of P=conv(V)
i3 : slackMatrix (V)

o3=]10101 |


https://sites.math.washington.edu/~awiebe/research.html
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| 1001 |

| 0110 |

| 1010 |
—-— Compute the slack matrix of matroid of V
i4 : slackMatrix(V, Object=>"matroid")
o4=1-1-10-10 0 |

| -10 10 1 0 |

lo 1 10 0 -1

|l 0 0 0-1-1-1]

The slackMatrix command also takes a pre-computed matroid, polyhedron or cone
object as input.

Another way to compute the slack matrix of a polytope is from its Gale transform.
Let GG be a matrix with real entries whose columns are the vectors of a Gale transform of a
polytope P. A slack matrix of P is computed by finding the minimal positive circuits of G,
see 28, Section 5.4].

—-— Calculate slack matrix of triangular prism from its Gale transform,
the column vectors of G

i5 : G = matrix(RR,{{0,1,-1,0,-1,1},{1,0,-1,-1,0,1}})
o6=]101-10 -11|

l10-1-10 1 |
i6 : slackFromGale(G)
-- warning: experimental computation over inexact field begun,

results not reliable

06=110010 |
| 01010 |
| 00110 |
| 10001 |
| 01001 |
| 00101 |

To approximate the real entries in the vectors of the Gale transform, the matrix G is
transformed into the form matrix(RR,...). Optionally one can choose a positive integer

Tolerance=>tol to set entries less than 107 to zero (the default value is Tolerance=>14).
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Alternatively, the command slackFromGalePlucker applies the maps of Chapter [I] to fill a

slack matrix with Plicker coordinates of the Gale transform.

-- Calculate a slack matrix from Plucker coordinates of Gale vectors G
using spanning sets for each facet given in B

i7 . B = {{1,2,4},{0,2,3},{0,1,4},{38,4,5},{0,1,2}}

o7 = {{1, 2, 4}, {0, 2, 3}, {0, 1, 4}, {3, 4, 5}, {0, 1, 2}}

o7 : List

i8 : slackFromGalePlucker(G,B)

08=110 010 |
| 0-1010 |
|l o0 110 |
| 10 00 -1 |
| 0-100 -1 |
| 00 10 -1 |

Remark 6.2.1. The slackFromGalePlucker, as well as slackFromPlucker commands don’t
check the orientation of the facet bases given in the argument B (see Example [1.1.14), so

that slack matrices may differ by signs of each column.

The slack matrices of a few specific polytopes and matroids of theoretical importance are
built-in. These are the slack matrices of Perles non-rational polytope (see Chapter , one
of Barnette’s spheres with a non-prescribable facet (see Chapter [2]), a polytope with toric
but not graphic slack ideal (see Chapter [3), a projectively unique polytope that is not of
McMullen-type (see Chapter |4, the Fano and nonFano matroids, a matroid realizable over
the complex numbers but not the reals , and the matroid of the Perles configuration (see

Chapter [5)).

i9 : specificSlackMatrix("barnette")
(dimension, 4)
09=11000110 |

| 1000011 |

| 1001001 |

| 1001100 |

| 1010000 |
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100110 |
100011 |
101001 |
101100 |
110000 |

SO O O O O

6.3 Slack ideals

Given a (symbolic) slack matrix of a d-polytope, (d 4+ 1)-dimensional cone, or rank d + 1

matroid, we can compute the associated slack ideal, specifying d as an input:

-- Compute slack ideal of d-polytope P=conv(V)
i10 : d = 2;
i11 : vV = {{0,0},{0,1},{1,1},{1,03};
i1l : slackIdeal(slackMatrix(V),d)
oll = ideal(x x X X - X X X X )
1467 2358

We get the same result if we compute slackIdeal (V,2), giving the only the list of vertices
of a d-polytope or ground set vectors of a matroid instead of a slack matrix. As optional
arguments, one can choose the object to be set as "polytope", "cone", or "matroid" (default
is Object=>"polytope"), the field over which the polynomial ring is defined (default is
Field=>QQ) and the name of the variables (which is useful for substituting the ideal into a pre-
defined ring and where the default is Vars=>{} which creates new variables z1, ..., x;). One
may also use the optional argument Saturate where value "all" means that the saturation
is computed with respect the product of all variables, and "each" means that it is computed
with respect to each variable one at a time; various factors can affect which saturation
method will be more computationally efficient.

Since slack ideals do not contain monomials, the simplest slack ideals are toric. In Chap-
ter [3] we studied the relationship between projectively unique polytopes and toric slack ideals.
For this, we introduced the vertex-facet non-incidence graph Gp of P and the corresponding

toric ideal Tp of that graph. The command graphFromSlack takes a slack matrix of P
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and returns the associated node-edge incidence matrix of Gp. The command graphicIdeal

returns Tp given the vertices, or a slack matrix of P.

i12 : v = {{0,0},{1,0},{1,1},{0,13};
i13 : graphFromSlack(symbolicSlack(V))

Graph computed from symbolic adjacency matrix: | 0 y_1 0 y_2 |
| y 30 0 y_4 |
| 0 y.5y.60 |
| y_70 y_.80 |

013=111000000 |

| 00110000 |
| 00001100 |
| 00000011 |
| 00100010 |
| 10001000 |
| 00000101 |
I

01010000 |

i14 : graphicIdeal(symbolicSlack(V))

Graph computed from symbolic adjacency matrix: 0 y.10 y_.2
y 30 0 y_4
0 y.5y.60

y_7 0 y_8 0

014 = ideal(x x X X - XX X X )
1467 2358

Remark 6.3.1. The edges of the non-incidence graph (and hence the variables in Tp corre-

sponding to them) are always assumed to be labeled in order by rows of the slack matrix.

More generally, for matroids, we define the cycle ideal (see Chapter of the matroid,
which is analogous to the graphic ideal, but allows for coefficients other than 1 in the binomial
generators. Of course, if we start with a 0/1 slack matrix, the graphic and cycle ideals
will coincide. The command cycleIdeal computes the cycle ideal given a slack matrix or

realization of a matroid.

—-— Compute cycle ideal of slack matrix S
015 : S = matrix{{1,1,0},{0,1,2},{1,0,3}};
i16 : cycleldeal(S)



132

| y_1y.20 |
| 0 y_3y.4 |
| y50 y_6 |

Graph computed from symbolic adjacency matrix:

016 = ideal(3y yy -2y y y )
245 136

As we have seen in Section of Chapter [1} a slack matrix can be filled with Pliicker
coordinates of a matrix formed from the vertex coordinates (or extreme ray generators or
ground set vectors). We also saw that the Grassmannian section ideal cuts out exactly a
set of representatives of the slack variety that are constructed in this way. The command
grassmannSectionIdeal computes this section ideal given a set of vertices of a polytope
and the indices of vertices that span each facet. A list of these “facet bases” can be obtained
from the vertices or a slack matrix using the getFacetBases command.

-- Get spanning sets for facets of P=conv(V) and compute corresponding
section ideal

i17 : vV = {{0,0},{1,0},{2,1},{1,2},{0,1}};

i18 : (VV,B) = getFacetBases V

Vertices have been reordered to

{{0, 0o}, {1, o}, {o, 1}, {2, 1}, {1, 2}}

o18 = ({{0, 0}, {1, 0}, {0, 1}, {2, 1}, {1, 2}},
{{0, 2}, {0, 1}, {1, 3}, {2, 4}, {3, 4}H

018 : Sequence

i19 : grassmannSectionIdeal(VV,B)

Order of vertices is

{{0, 0o}, {1, o}, {0, 1}, {2, 1}, {1, 2}}

019 = ideal (p p -p p +p p , P p -
1,2,4 0,3,4 0,2,41,3,4 0,1,42,3,4 1,2,30,3,4

0,2,3 1,3,4 0,1,32,3,4 1,2,30,2,4 0,2,3 1,2,4

0,1,2 2,3,4 1,2,30,1,4 0,1,31,2,4 0,1,21,3,4

0,2,3 0,1,4 0,1,3 0,2,4 0,1,2 0,3,4
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On the dehomogenization of the slack ideal

Let P be a polytope and Sp its slack matrix. In Definition we define the non-incidence

graph Gp as the bipartite graph whose vertices are the vertices and facets of P, and whose

edges are the vertex-facet pairs of P such that the vertex is not on the facet. This graphic

structure provides a systematic way to scale a maximal number of entries in Sp to 1, as

spelled out in Lemma In particular, we may scale the rows and columns of Sp(x)

so that it has ones in the entries indexed by the edges in a maximal spanning forest of the

graph G p. This can be done using setOnesForest, which outputs the scaled symbolic slack

matrix and the spanning forest used to scale it.

-- compute scaled slack matrix of P=conv(V) and forest used for scaling

i20

i21
i22

022

i23 :

023

023 :

: v={{0,0,0},{1,0,0},{0,1,0},{0,0,1},{1,0,1},{1,1,03}};

(T,F)=setOnesForest (symbolicSlack(V));
T
=010 O 1|
| 100 0 1|
| 011 0 0 |
| 10x.80 0 |
|l 010 1 0 |
| 100 x_12 0 |
F
= Graph{edges => {{y , vy}, &y ., vy, &y, vy, iy, vy}, {y ., v },
2 7 4 7 6 7 1 8 3 8
vy,.vrh v,y &y,y w{y,y } {y .,y 1}
5 8 3 9 5 10 1 11 2 11

ring=>Qly ,y,y,Yy,Y,Y:Yy,Y:¥,5 >y 1
1 2 3 4 5 6 7 8 9 10 11

vertices =>{y , vy, vy, y,9,9,Y,Y,95,5Y ,¥ 1}
1 2 3 4 5 6 7 8 9 10 11

Graph

This leads to a dehomogenized version of the slack ideal. Given Sp and a maximal

spanning forest F' of Gp, define a dehomogenized slack ideal % as follows. Let Sp(x!") be

the symbolic slack matrix of P with all the variables corresponding to edges in F' set to 1.
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Then 1% is slack ideal of this scaled slack matrix; that is,
It := ((d + 2) — minors of Sp(x")) : (HmF>OO

After calculating this scaled version of the slack ideal, it is natural to ask what is its
relation to the original slack ideal. In particular, we might wish to know if we can recover the
full slack ideal from I5. From Lemma mwe know that any slack matrix in V(Ip) (or in fact
any point in the slack variety with all coordinates that correspond to F' being nonzero) can
be scaled to a matrix in V(I£), conversely it is clear that any point in V(I5) can be thought
of as a point in V(Ip). Thus in terms of the varieties we have V(Ip)*/(R” x RY) = V(I5)*,
where V(I)* denotes the part of the variety where all coordinates are nonzero.

To see the algebraic implications of this, let us introduce the following rehomogenization
process. Recall in the proof of [20, Lemma 5.2], we dehomogenize by following the edges of
forest F starting from some chosen root(s) and moving toward the leaves. The destination
vertex of each edge tells us which row or column to scale, and the edge label is the variable
by which we scale. Now given a polynomial in 1%, using the same forest and orientation we
proceed in the reverse order: starting at the leaves, for each edge of the forest, we reintroduce
the variable corresponding to it in order to rehomogenize the polynomial with respect to the

row or column corresponding to the destination vertex of that edge.

Example 6.4.1. Consider the slack matriz Sp(x!)

of the triangular prism P scaled O1 0 0 1
according to forest F', pictured below. 100 0 1
Then IE 1 By s Seen=1[0 0L 0

en Ip = (s — 1,212 — 1). 0 P 10 2 0 0
we can rehomogenize, for example, 01 0 1 0
the element xgs — w19 with respect to 1 0 0 zp O]

forest F' as follows.

First, consider the leaf corresponding to column 3. Its edge is labeled with xg, so we reintro-

duce that variable to the monomial x15 since its degree in column 3 1s currently 0, while the
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degree of xg in that column is 1. We continue this process until all the edges of F' have been

used.
C3 e ° Cy ~——  T10Tg — T12Tg, both terms now have degree 1 in columns 3 and 4
T T10
T3 Ts ~——  I5T10T8 — T12T6Ty, both terms now have degree 1 in rows 8 and 5
Iy T9
Ca <~——  T5T10T8 — T12T6Ty9, both terms already have degree 1 in column 2
T
Tl e ~——  T5T10T8§ — T12T6T9, both terms already have degree 0 in row 1
)
Cs ~——  XI5T10T8 — T12T6Ty9, both terms already have degree O in column 5
Ty
T4
79 Te <—— T11T5L10Tg — T12TgT9l7, both terms already have degree 0 in row 2
X7 both terms now have degree O in rows 4 and 6
T3 T11
C1

Call the resulting ideal H(IF). By the tree structure, the rehomogenization process does
indeed end with a polynomial that is homogeneous, as once we make it homogeneous for a
row or column we never add variables in that row or column again. We now consider the

effect of this rehomogenization on minors.

Lemma 6.4.2. Let p be a minor of Sp(x) and p* its dehomogenization by F. Then its
rehomogenization H(p'") equals p divided by the product of all variables in F that divide p.

Proof. Note that all monomials in a minor have degree precisely one on every relevant row
and column. In fact they can be interpreted as perfect matchings on the subgraph of Gp
corresponding to the (d + 2) x (d + 2) submatrix being considered. Let &® and x® be two
distinct monomials in the minor, then their dehomogenizations are also distinct. To see this,
note that if we interpret a and b as matchings, a common dehomogenization would be a

common submatching ¢ of both, with all the remaining edges being in F'. But @\ c and b\ ¢
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would then be distinct matchings on the same set of variables, hence their union contains a
cycle, so they would not be both contained in the forest F'.

Now note that when rehomogenizing a minor, we start with all degrees being zero or
one for every row and column, and since we visit each node (corresponding to each of the
rows/columns) exactly once by the tree structure, the degree of every row and column is
at most one after homogenizing. In the first step of rehomogenizing, we start with a leaf
of F', which means the variable x; labeling its edge is the only variable in the row or column
corresponding to that leaf which was set to 1. Thus if any monomial of the minor has
degree zero on that row or column, it must be because x; occurred in that monomial in the
original minor. Hence rehomogenizing will just add that variable to the monomials where it
originally was present, with the exception of the case where it was present on all monomials,
in which case there will be no need to add it, as the dehomogenized polynomial would be
homogeneous (of degree 0) for that particular row/column.

All degrees remain 0 or 1 after this process, and now the node incident to the leaf
we just rehomogenized corresponds to a row/column with exactly one variable that is still
dehomogenized. Thus we can repeat the argument on the entire forest to find that each
monomial rehomogenizes to itself divided by the variables that were originally present in all

monomials of the minor. O

Remark 6.4.3. Tt is important to note that H(I%) is the ideal of all elements of I rehomog-
enized. In general, this is different from the ideal generated by the rehomogenized generators

of 1.

For example, let V' be the set of vertices of the triangular prism and let us compute the

rehomogenized ideal H(IL).

i24 : v = {{0,0,0},{1,0,0%},{0,1,0},{0,0,1},{1,0,1},{1,1,0}};

i25 : rehomIdeal(symbolicSlack(V),3)

025 = ideal (x x x X - XXXX , XXX X - XXXX ,XXXX -
58 10 11 679 12 14 10 11 239 12 1467
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XX XX )
2358

Example 6.4.4. Recall that the generators of I for the triangular prism were s — 1 and
T12 — 1, which rehomogenize to xox3x5x8 — T1X4T6T7 ANA ToT3T9T19 — T1T4T10T11, Tespectively.

However,

<$2$3I5$8 — T1X4TeX7, T2X3TYL12 — $1I43€10$11> 7é H(Iﬁ).

The relation between this rehomogenized ideal and the original slack ideal is given in the
following lemma. The proof relies on the key fact about the rehomogenized ideal, which is

that its variety is still the same as the slack variety that we started with.

Lemma 6.4.5. Given a spanning forest F' for the non-incidence graph of polytope P, the
rehomogenization of its scaled slack ideal is an intermediate ideal between the slack ideal and

its radical: Ip C H(IE) C /Ip.

Proof. To prove the inclusion Ip C H(I%) note that p € Ip happens if and only if % € J
for some exponent vector a, where J is the ideal generated by all (d + 2)-minors of the
symbolic slack matrix of P. Dehomogenizing we get 2’p’ € J¥. Which means p’ is in the
saturation of J by the product of all variables, which is precisely the definition of /5. That
p € H(IE) now follows from Lemma m

To prove that H(I5) C v/Tp it is enough to show that any polynomial in H (I/5) vanishes in
the slack variety. By construction, any such polynomial must vanish on the points of the slack
variety where the variables corresponding to the forest F' are nonzero, V(Ip)\V(z!). But

then they vanish on the Zariski closure of that set. Considering the following containments,
V(Ip)\V(x) C V(Ip)\V(z") c V(Ip),

we get that this closure is exactly the slack variety since V(Ip)\V(x) = V(Ip : (x)™) =
V(Ip). O
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One would like to say that Ip = H(IE), and so far we have no counterexample for this
equality, since it always holds if Ip is radical, and we also have no examples of non-radical

slack ideals.
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