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Methods and Theory for Nonparametric Inference In High-dimensional Settings
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Dr. Noah Simon
Department of Biostatistics

This dissertation addresses nonparametric estimation and inference problems of graphical
modeling, linear association assessment, and matrix completion. First, we introduce a
flexible framework for nonparametric graphical modeling. We propose three nonparametric
measures of conditional dependence, which have theoretically optimal estimators that allow
incorporation of flexible machine learning techniques and yield wald-type confidence intervals.
In the second project, we propose a nonparametric parameter to measure the linear association
between the outcome and explanatory variables. This parameter is always explicitly defined
even when the true relationship is nonlinear and is equivalent with the regression coefficient
under a linear model space. Thus, its estimator can be a more robust alternative to the
standard model-based techniques to estimate the coefficients of a linear model. In the
final project, we theoretically show that nuclear-norm penalization used for recovering low-
rank matrices, remains effective even when the underlying matrices are generated by a
low-dimensional non-linear manifold. The convergence rate can be expressed as a function of
the size of the matrix, as well as the smoothness and dimension of the manifold, which is

minimax optimal (up to a log term).
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Chapter 1

INTRODUCTION

In this chapter, we introduce the background and motivation of the three problems studied
in this dissertation: graphical modeling, linear association assessment, and matrix completion.
Many popular methods in these fields depend on some parametric specification of the data
generating mechanism. This greatly impacts their usage in practice, e.g., resulting in bias of
our estimators, and incorrect confidence interval coverage, as those parametric assumptions
can be easily violated. The main contribution of this dissertation is the development of
nonparametric methods for each of these problems, which allow us to leverage flexible machine

learning techniques and accommodate for high-dimensional data.

1.1 Undirected Graphical Modeling

With the development of high-throughput measurement technologies in biotechnology, engi-
neering, and elsewhere, it is increasingly common to measure a number of features without
a strong apriori understanding on the interplay between them. It is fundamental to the
development of science to learn these relationships. For example, it is important for biology
to understand co-expression of genes [101]. Graphical modeling has been broadly useful to
encode such a relationship, where two nodes/features are connected by an edge if they are
dependent (according to some specified notion of dependence) while the weights of edges
indicate the degree of dependence. Covariance and correlation are common dependence
measures used in the network analysis[103, 130].

However, features can easily be connected due to indirect effects [9] using these measures.
Instead, one is often interested in a more causally-motivated parameter: conditional depen-

dence. That is, for two features Y and Z, we aim to assess if there an association between



them, while fixing all other features X. Gaussian Graphical Models (GGM) [129, 42, 109]
have been developed to address this issue: features with non-zero entries in the precision
matrix are connected. This precisely encodes conditional dependence when all of the features
considered have a joint Gaussian distribution. But this is rarely the case in practice, and
thus the detected edges may correspond to scientific quantities of little interest. This idea
was extended by [71] and [7] to transelliptical graphical models, however the scientific rele-
vance of the quantities estimated by these methods require similar (though slightly relaxed)
assumptions.

There are other frameworks proposed to evaluate the degree of conditional dependence. [35]
measured the local dependence of pairs via a conditional covariance function by monotonically
transforming the conditioning function to a total score. [9] weakened the concept of conditional
independence and applied the conditional correlation coefficient to account for the dependence
structure. [43, 102] and [44] considered a more general nonparametric characterization of
conditional independence using covariance operators on reproducing kernel Hilbert spaces
(RKHS) to capture nonlinear dependence. However, in these cases, a local parameter was used:
the conditional dependence measures depend on the value taken by conditioning variables.
This parameter thus cannot be used as a summary measure.

In Chapter 2, we consider a more general form of conditional dependence: The dependence
measures proposed in that chapter are nonparametric and summarize the average degree
of association between a pair of features. Therefore, they can be useful for summarizing
dependence without relying on strong parametric assumptions, and provide a single summary
of dependence between features, (as compared to local quantities such as Cov(Y, Z|X)). In
addition, they admit simple and natural estimators, that facilitate the use of general machine

learning methods, and allow us to construct asymptotically valid confidence intervals.
1.2 Conditionally Linear Association Measure

One of the most canonical problems in biostatistics is to understand the relationship between

a response variable Y € R and one or more explanatory variables X € RP. The most popular



tool is linear regression, which assumes the following linear relationship:

E(Y|X) :X,6+€:X]ﬁ]+X_],3_] (11)

Under this model, it is clear that ; plays the key role in assessing the degree of linear
association between Y and X;: The primary goal is to estimate those unknown coefficients
B = (i, ..., Bp). Ordinary least squares (OLS) estimation is standard technique when the
dimension p is fixed and p < n. When the parametric (linear) model is correctly specified,
the OLS estimator has favorable theoretical guarantees [76, 94, 120]. To address estimation
of 8 when p > n, penalization techniques have been developed, such as the LASSO [104],
which adds an [; penalty to the loss function and subsequently produces sparse estimators.
While this penalty facilitates estimation of regression coefficients, it also biases the estimates
resulting in problems when trying to characterize their limiting distributions. To combat this,
[131] and [111] propose a debiased version of the lasso, that yields a non-sparse estimator.
Under certain regularity conditions and sparsity assumptions, this debiased lasso estimator is
asymptotically consistent and normal, and thus can be used to construct confidence intervals

for .

The validity of OLS and debiased lasso estimation is based on correct specification of
a parametric (linear) model, i.e. X and Y must truly have a linear relationship. However,
once this assumption is violated, those asymptotic properties do not hold anymore and the
estimated (3 coefficients lose interpretability. In Chapter 3, we instead consider a nonparametric
measure for quantifying the linear association between X and Y. This measure (i) does not
require any parametric assumptions and can be more meaningful in assessing the degree
of linear association between two variables (accounting for potential confounding by other
features) when the linear model is misspecified; (ii) faciliates estimation with both low- and
high-dimensional data; (iii) has a simple estimator that accommodates machine learning
based models and a well characterized limiting distribution. More importantly, we show that

this nonparametric parameter reduces to S under the presence of linearity, and, in that case,



the proposed estimator has the same limiting distribution as OLS estimator when p < n and

as the debiased lasso estimator when p > n.
1.3 Nuclear-norm-based Matrix Completion

Matrix completion is a framework that has gained popularity in a wide range of machine
learning applications, including recommendation systems [63], system identification [72],
and natural language processing [122]. Tt is a useful framework for complex prediction
problems, where each observation comes with a heterogeneous collection of observed features.
In particular, matrix completion is applied to problems where the object of inference or
prediction is a matrix whose rows correspond to observations and columns to variables/features.
In many cases, only a subset of entries in this matrix are observed (often with noise), and the
goal is to “complete” the matrix, filling in estimates of the unobserved entries. The most
famous example is the Netflix Challenge [63], where a small sample of observed ratings for
each customer was used to successfully predict movie ratings for Netflix customers.

Assume we have an underlying unobserved matrix M € R" P and we only observe a
subset of observations from the contaminated matrix Y = M + E, where F is a matrix of
mean zero and finite variance noise variables. It is of interest to recover M from these noisy
observations. However, without any structure in the partially observed matrix, filling in the
unobserved entries in a meaningful way is impossible [66]. Matrix completion becomes possible
if one imposes some constraints on the structure of the underlying matrix, and in particular, a
constraint on the rank of the underlying matrix. Over the last decade, computationally efficient
methods using convex optimization have been developed for recovering a low-rank matrix from
a small number of observations with near-optimal statistical properties [99, 84, 21, 85, 61].
In particular, these methods rely on using the nuclear norm of the matrix [40]. The low-rank
structure leveraged in matrix completion can be thought of as a linear embedding of the data
in a low-dimensional space.

In practice, there is no reason to assume low-dimensional linear structure in the underlying

matrix (as would be imposed by rank constraints). However the matrix may still have useful



low-dimensional structure. For example, low-dimensional nonlinear embeddings of data have
been used fruitfully in motion recovery [124], epigenomics [93], and health data analytics [118].
To recover these embeddings, both Reproducing Kernel Hilbert Space (RKHS) methods [38],
and deep neural networks [37] have been utilized.

Though initially designed for low-rank matrices, matrix completion methods have nev-
ertheless been seen to perform well in cases where it seems unlikely that the underlying
matrix has low rank [87, 36]. Despite many insights and algorithms, the success of matrix
completion in these settings is not fully explained by existing theoretical results. In Chapter 4,
we examine why matrix completion performs well in these scenarios. In particular, we show
that if (i) the underlying true matrix to be recovered can be embedded in a low-dimensional
manifold, and (ii) the curvature of that manifold is not too extreme, then nuclear-norm based
matrix completion will consistently estimate the true underlying matrix. We additionally
bound our reconstruction error as a function of the size of the matrix, the number of observed
entries, the dimension of our embedding, and the curvature of our manifold. We also provide
a lower bound, which shows that the nuclear-norm based estimator is minimax rate optimal

(up to a log term).



Chapter 2

A FLEXIBLE FRAMEWORK FOR NONPARAMETRIC
GRAPHICAL MODELING THAT ACCOMMODATES
MACHINE LEARNING

2.1 Introduction

With the development of new high-throughput measurement technologies in biotechnology,
engineering, and elsewhere, it is increasingly common to measure a number of features
on each of a collection of people/objects without a strong apriori understanding on the
interplay between these features. It is fundamental to developing science that we learn
these relationships. For example, understanding co-expression of genes [101, 10, 73, 28] is
foundational to biology; identifying regulatory networks [48] can help us understand cell
differentiation [53, 15], and identify targets for treatment of disease [30, 12]; and among many

other applications.

The relationships between features can be evaluated and expressed using Graphical
Modeling: Here we use a graph G = (V, E,W), where V = {1,...,p} (p > 2) indexes a set
of nodes {V;};ey representing the features, £ = {e;;} is a set of edges corresponding to
dependence between adjacent nodes, and W = {w; ;} is a collection of weights expressing the
strength of each edge. In defining these edges and weights, one must decide on a measure of
association/dependence. Covariance and correlation are two commonly-used measures for the
dependence between two variables in multivariate analysis [2, 103, 89, 65, 27, 130].

However, one is often interested in a more causally-motivated parameter: In particular,
when using correlation, features can easily be connected due to indirect effects [9]. For
example, two “connected” features may be mechanistically tied to a third feature, and

otherwise completely unrelated. These are often not the edges we wish to discover. One



is often more interested in a conditional measure: For two features Y and Z, conditional
on fixing all other features X = {V,},_, — {Y, Z}, we aim to assess if there an association
between Y and Z. Previous work has attempted to address this using partial correlation
[32, 4]. Rather than connecting features with non-zero correlation, instead features with
non-zero entries in the precision matrix are connected. This corresponds to assessing the
conditional dependence when all of the features considered have a joint Gaussian distribution
(129, 42]. In practice, that is rarely, if ever, the case, and edges may correspond to scientific

quantities of little interest.

In this chapter, we address this issue: We consider a more general form of conditional
dependence that reduces to the partial correlation when all features are Gaussian. This
dependence measure admits a straightforward, natural, and efficient estimator, that facilitates
the use of general machine learning methods in estimating dependence. In addition, these
estimators allow us to construct asymptotically-valid confidence intervals and run hypothesis

tests (while accounting for multiple testing, when evaluating all edges in a graph).

The dependence measure that we primarily consider, which we term the scaled expected

conditional covariance is

E [Cov (Y, Z| X)]
VE[Var (Y|X)]\/E[Var (Z|X)]

Uy ;= (2.1)

Here, Cov(Y, Z|X) is the conditional covariance of Y and Z given X, and Var(Y|X) is the
conditional variance of Y given X. This parameter is just a functional that maps the joint
distribution of X, Y, and Z to a real number. In contrast to parameters from classical
statistics, e.g. coefficients in a linear model, ¥y » is model agnostic, and does not implicitly
assume any functional form on the relationships between our variables. This parameter
summarizes the average degree of association between our features: This summarization using
the average has two advantageous attributes: 1) It provides a single summary of dependence
between features; and 2) Averages can be estimated at better rates than local quantities [14].

These issues dissuade us from directly using a local quantity such as Cov(Y, Z|X).



Later, we will further show that estimating these average dependence measures, such as
(2.1), primarily (and in some cases only) relies on the estimation of a conditional mean. This
reduces the problem of testing/evaluating conditional dependence to a canonical prediction
problem, which allows us to naturally incorporate flexible machine learning techniques, such
as generalized additive models [49], local polynomial regression [95], random forests [69] etc.,

and make inference even when X is high-dimensional [104, 75].
2.2 Related Work

Related work falls in two categories: The first does not directly estimate a parameter encoding
dependence, but rather just tests a null hypothesis of conditional independence. This is the
strategy generally taken with Gaussian graphical models [121, 105, 109], where the graph
structure is encoded by the precision matrix. This idea was extended by [71] and [7] to
transelliptical graphical model where nonparametric rank-based regularization estimators
were used for estimating the latent inverse covariance matrix. Although, these approaches
generalize the estimation to non-Gaussian setting and accommodate for high-dimensional
data. They still assume specific underlying model structures.

The other approach evaluates the degree of dependence through estimation of a target
parameter: [35] measured the local dependence of pairs via a conditional covariance function
by monotonically transforming the conditioning function to a total score. [9] weakened
the concept of conditional independence and applied the conditional correlation coefficient
to account for the dependence structure. Others [43, 46, 102, 44] consider a more general
nonparametric characterization of conditional independence using covariance operators on
reproducing kernel Hilbert spaces (RKHS) to capture nonlinear dependence. However, in
these cases, a local parameter was used: These conditional dependence measures depend on
the value taken by conditioning variables. This parameter thus cannot be used as a summary
measure.

Summary measures of conditional dependence which i) do not make parametric as-

sumptions on the model; and ii) adjust for other covariates have been proposed in re-



gression setting. The most canonical of such measures is the average treatment effect
JEY|X =2,Z=1] - E[Y|X = z,Z = 0]dP(x) [8], which has been extensively discussed in
the semiparametric context [114, 58]. But this measure is limited to evaluating association
with a binary treatment. Approaches that attempt to use this with a continuous treatment

are often either adhoc, or result in a local measure [51, 50, 59].

There exist methodologies which give omnibus measures of departure from conditional
independence. For example, [132] and [117] used kernels and characteristic functions respec-
tively to average over some functions of the conditioning variables. These methods have the
potential advantage that they use an omnibus test and thus do not have to prespecify a
particular direction to consider for departures from conditional independence. This advantage
however is tied to their restriction: they need to specify very specific methods of “regressing
out the conditioning variables”, such as using RKHS regression or local averaging. This may
be inappropriate when confounders are high-dimensional or with heterogeneous types. In
addition, tuning of hyperparameters in these methods can be difficult. The theoretically
optimal bandwidth pointed out in the paper can be hardly achievable by any sort of split

sample validation criterion, such as minimizing MSE.

There are other methods which use resampling strategies to modify the original data,
in an attempt to construct a pseudo-dataset where the indicated features are conditionally
independent, [34] cleverly uses a restricted set of permutations that fix something akin to
a sufficient dimension reduction of the conditioning variables. This approach works well in
some scenarios, however with high-dimensional features, for example, it may be infeasible
to effectively select such a dimension reduction, which would result in a procedure more
akin to a marginal, rather than conditional independence testing. [96] uses a bootstrap to
construct pseudo-conditionally-independent data. It then attempts to differentiate between
the original data, and this new pseudo-data. Failure to differentiate suggests that the original
data was conditionally independent. This methodology does allow ML-based tools to be used
in constructing the classifier, however it still hinges on our ability to construct conditionally

independent pseudo-data.
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[79] recently discussed expected conditional covariance (one of the 3 measures in this
chapter) as a summary of dependence in low-dimensional partially-linear additive regression.
Their estimator is similarly a plug-in, however they discuss only a very particular strategy
(which does not leverage Machine Learning techniques) of estimating the requisite conditional
mean functions. In contrast, we decouple estimation of the conditional mean from evaluation
of the expected conditional covariance. As such, in Section 2.4, we show that a wide array of
ML-based predictive modeling techniques might be used in building those predictive functions
for the conditional mean, and then leveraged in estimation of the expected conditional

covariance.

2.3 Average Conditional Dependence Measures

Let O = (Y, Z, X) € R? denote a random vector drawn from some joint distribution P € M,
where M is an unrestricted model space. Here, we have Y € R, Z € R, and X € RP~2. For
ease of notation, we have identified Y and Z as a pair of features of interest, and are aiming
to evaluate the dependence between Y and Z conditional on X. However, we eventually plan

to evaluate this dependence between all pairs of variables.

For simplicity, we denote the conditional means and the conditional variances with respect
to distribution P as ppy(z) = Ep(Y|X = z) and 03y (z) = Varp(Y[X = z). Our first

measure of dependence, previously mentioned in Section 2.1, is the expected conditional

covariance
U, (P) = Ep[Covp(Y, Z|X)]
(2.2)
~ [ ey @) = nrzle))dPlo)
We define our second measure similarly, as the expected conditional correlation
\IJQ(P) = EP[COI'I']D(Y Z‘X)]
(2.3)

/COVP (Y, Z|X _x)dP(x)

\/UPY )0} 7(x)
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U, and ¥, are the averaged conditional analogs to covariance and correlation. By averaging
these conditional associations, these measures provide a global, instead of local, assessment

of dependence.

In graphical modeling, as we are evaluating dependence between multiple pairs of features,
it is important to use a standardized measure of association. Non-zero values of ¥y will vary
according to the scale of our variables. In contrast, U, is standardized. Unfortunately, while
W, appears to be a very natural quantity, it ends up being somewhat difficult to estimate
(this is further discussed in Section 2.4). In light of this, we propose a third, alternative

standardized measure of dependence which we term the scaled expected conditional covariance

Uy (P)
VW (P)Vz(P)

where Vy(P) = Ep[opy(X)] and Vz(P) = Ep[o} 4(X)]. W3 is constructed by scaling the

Us(P) = (2.4)

expected conditional covariance with the square root of the products of the two expected
conditional variances. This is analogous to how correlation is formed from covariance (only,
in this case we average before taking our quotient). Indeed, it is simple to show that Wy is

scale invariant, and furthermore takes on values in [—1, 1].

Though V3 is perhaps less natural than Wy, it turns out to be much easier to estimate from
data. This makes intuitive sense as Wy contains positive local quantities in the denominator
(the conditional standard deviations), where W3 contains only global quantities in the denomi-
nator. Estimating local quantities is more difficult, and instability of those estimates in the
denominator (in particular if they are near 0) will result in instability of the estimator of Ws.
More specifically, our theory takes advantage of the fact that Vy (P) = Ep[Covp(Y,Y|X)],
and that the standard delta-method can be applied to a ratio of efficient estimators in the

case of W; [82].
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2.3.1 Higher Order Dependence

In this Section we discuss the relationship of our parameters to the conditional depen-
dence/independence of features. In particular, we know that, without modification, covariance
only encodes linear dependence. Unless variables are jointly Gaussian, linear independence
does not imply independence [54]. However, general dependence can be evaluated using
higher-order moments (or equivalently covariance of derived features) [44, 46]. Using similar
ideas, we relate our dependence measures to non-linear association.

Consider two pre-specified functions ¢; : R — RP! and ¢ : R — RP? and assume that
both functions are conditionally integrable: E[¢;(Y)|X] < oo, E[p2(Z2)|X] < co. Further
consider a non-negative weight function w(z). Then, the (¢1, ¢2, w)-expected conditional

covariance is defined as
U9 (P) = Ep[w(z) Covp(61(Y), ¢2(Z)| X)) (2.5)

One can similarly extend Wo(P) and W3(P) by replacing Y and Z with ¢1(Y) and ¢2(2).
Theoretically, estimating \If(fl"z’Q’w(P) is essentially the same as estimating W, (P) since ¢1(Y)
is nothing more than a random variable. But conceptually, this simple transformation in
(2.5) allows us assess higher order conditional dependence structure between Y and Z. In
many cases, w(x) will be taken to be 1, however it is required to characterize necessary and

sufficient conditions for conditional independence.

2.3.2  Conditional Independence Testing

Using this idea of higher order dependence, we can develop necessary and sufficient conditions
for conditional independence between Y and Z conditional on X. In particular, We consider
(¢1, P2, w)-expected conditional covariance, for w(X) = ¥ {X € S}, #1(Y) =¥ {Y € S, },
and ¢o(Z) =W {Z € S,} for arbitrary sets S,, S,, and S,. In this case, we see that (¢1, g2, w)-

expected conditional covariance equal to 0 is equivalent to P(Y € S, Z € S,|X € S;) =
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P(Y € S,|X € S,)P(Z € S,|X € S;). This gives us a simple necessary and sufficient

condition for conditional independence

Proposition 2.1. Random variables Y and Z are independent conditional on X iff for every

G1, o and w in ly(P)*, for which U (P) is defined and finite, we have W 9> (P) = 0.

Comprehensively testing for conditional independence via Proposition 2.1 is generally
intractable as one would have to consider all possible w, ¢1, and ¢5. This is unsurprising:
General conditional dependence is extremely difficult to evaluate — in practice impossible
with any reasonable quantity of data in moderate to high-dimensions. In practice, we instead
choose a few test functions (¢; and ¢,) to use, and just evaluate conditional dependence
in those directions (finding conditional associations in any of those directions does imply
that our features are not conditionally independent). This same idea is employed with
Gaussian graphical modeling; only there, conditional dependence is completely characterized
by linear conditional dependence. Additionally, in the joint Gaussian setting local and global
dependence are equivalent (the conditional covariance between two features in a joint Gaussian
model cannot vary with the values of the other features).

In the rest of this chapter, we just consider ¢1(y) =y, ¢2(z) = 2z, and w(x) = 1, returning
to our original measures. While these measures cannot conclusively show that a pair of
features are conditionally independent, if any of W, ¥y or W3 are non-zero, that does allow

us to conclude that those features are conditionally dependent.
2.4 Estimating the Parameters

Suppose that we observe n i.i.d samples {0;}1; = {y;, z;, x; }I~; from an unknown distribution
P € M where M is a nonparametric model space. Our goal is to estimate the three well-defined
global measures ¥,;, 7 = 1, 2, 3 for conditional dependence. Before we discuss specific estimation

of these 3 measures, we note that all 3 will require estimation of the intermediate quantities

L45(P) represents a function class, where any function f in this class is square-integrable and measurable
with respect to P.
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ppy(z) = Ep[Y|X] and ppz(x) = Ep[Z]X]. Estimating these conditional means is precisely
the goal of most predictive modeling techniques. In the case that Y or Z is continuous,
regression techniques can be used; If they are binary, then probabilistic classification methods
might be used (eg. penalized regression, neural network, tree-based methods like random
forests or boosted trees, etc...). In the following discussion we will often leverage predictive
models j1y (z) and jiz(x), and care must be taken in estimating these models (using various
statistical/machine learning tools, with proper selection of tuning parameters via split-sample
validation, etc...). There is an enormous literature on building such models that we cannot
hope to engage with here. However, we note that our ability to leverage these ideas in
evaluating dependence is a strong asset for our method. Our asymptotic results will tend to

rely on the following assumption:

Assumption 2.1. Suppose we have n observations o; = (x4, v, %), 1 = 1,...,n drawn
iid from some distribution P. Let iy and jiz be estimators of ppy, ppz based on those
observations. We assume that those estimators each fall in a P-Donsker Class [115], and

further that

[1v(@) = nr(2)PdP(@) = 0, (0717).
[12(0) = ra@)PaP(a) = 0, (n7)

This is just saying that our predictive models converge to the truth sufficiently fast. For
correctly specified low/moderate dimensional parametric models (eg. linear/logistic regression)
this will be satisfied (in fact the rate is actually O, (n™!)). This will also be the case for various
nonparametric and high-dimensional methods under fairly general assumptions including the

Lasso [104], additive models [88], and neural network models [5].

From here we can consider estimating our dependence measures. We begin with the
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expected conditional covariance W (P). In this case we propose a natural plug-in estimator:

=— Z — iy (@)][2i — Bz (%)), (2.6)

=1

in which we use our predictive models iy and fiz. As discussed in the next theorem this

estimator is quite well-behaved.

Theorem 2.1. Suppose Assumption 2.1 holds for iy and fiz. Then the plug-in estimator
\/I\fl is \/n-consistent, asymptotically linear, and nonparametrically efficient with influence
function Dg)(oi) = (i — ppy () (2 — ppz(x;)) — Vi (P). This additionally implies that T,

15 asymptotically normal:

o~

Vn[¥, — U (P)] =4 N[0, 0%(P)], (2.7)

where o2(P) = [[DW (0)]2dP (o).

It is straightforward to obtain a consistent estimator of the asymptotic variance o3 (P), which is
52=1ym ([ — iy (z)][zi — piz(x;)] — @1>2. This can be used with asymptotic-normality
to form confidence intervals for ¥, with asymptotically correct coverage. In addition, we
should note that, so long as Assumption 2.1 holds, the plug-in estimator (I\/l has the same
first-order behaviour (rate and variance), as the plug-in estimator with ppy and ppz known
(which is first-order optimal in that case). This means that, under Assumption 2.1, there
is no asymptotic cost to estimating the predictive models. These results can be shown by
simple calculation (see supplementary materials).

We will postpone a discussion of estimating Wy, and first discuss estimation of Wj.

We use a similar plug-in for Uy: Uy = —Y_ where Vp = L3 (v — Ay (x))? and

WwWVz

172 = % S (2 — fiz(z;))?. Using a similar direct calculation, we can show that ‘7}/ and XA/Z

are asymptotically linear and efficient estimates of Vy-(P) and Vz(P). Thus, by applying the
delta-method we get the following result
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Theorem 2.2. Suppose Assumption 2.1 holds for iy and jiz. Then the plug-in estimator @3
is \/n-consistent, asymptotically linear, and nonparametrically efficient with influence function

Dg)(Oi) _ (yi*li}z}"(/ii()])a()z‘;;gf),z(m)) — Uy(P) (yi;;@;(/gi)f 4 (Zi*;/};(ZIS)Ci))Q . This additionally

implies that (1\13 15 asymptotically normal:

V[ — Wy(P)] —a N[0, 03(P)], (2.8)

where o3(P) = f[Dg)(o)PdP(o).

We can similarly use a consistent estimate of o3(P), and combine that with asymptotic
normality to build a confidence interval for W3. This again has the same efficiency as the

optimal estimator with pupy and ppz known.

Building an estimator for Wo(P) is a bit more complicated. Here, we must analyze
the canonical gradient of Wy(P) under a nonparametric model. This informs us about the
low-order terms in a von-mises expansion, and allows us to calculate the so-called “one-step”
correction needed to update our plug-in estimator to construct an efficient estimator [14]. In
order to follow this path, we also need estimators of Cov(Y, Z|X = x), 0% (), and o%(z).
We will denote such estimators by @(Y, Z|X =), 0% (z), and 0%(z). Coming up with
strong estimators for these intermediate quantities is a significant hurdle in estimating W,
well, and a major reason why we instead propose V3 as a standardized measure of conditional

dependence.

Based on all of this, the estimator we propose for Wy(P) is Uy = U, + ED D D®(o,),

where W, is a naive estimator of form

312/(%‘)5%(%)

holy { (y: = P (2:)) (2 — iz () } 29)
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and
B0y — | C¥ 21X = xi)]
oy (z:)og(x;) (2.10)
[(yi — fy ( z))2 (2 — ﬁz(ﬂﬁz‘))z _ 1}

Here D® is the canonical gradient (or equivalently the efficient influence function) of Wy(P)
in the nonparametric model-class.

Standard theory for such one-step estimators gives us the following result:

Theorem 2.3. Suppose fiy(x), fiz(x) satisfy Assumption 2.1, and similarly estimators
Cov(Y, Z|X = z), o (z), and c%(x) are also from P-Donsker classes, and converge to the

~12 rate in squared error loss. Then the estimator CI\IQ is \/n-consistent,

truth at that same n
asymptotically linear, and nonparametrically efficient with influence function Dg) (o) defined

in (2.10), This additionally implies that {1}2 1s asymptotically normal:
V[l — Wy(P)] =4 N[0,03(P)] (211)

where o3(P) = f[Dg)(o)]QdP(o).

Theorem 2.3 has requirements on convergence of additional intermediate quantities
(conditional covariances and conditional variances). In practice, even in simple scenarios
\T!g performs much more poorly than \Tll and \T/g. The theoretical route we took to derive
this “efficient” estimator, could also have been applied for ¥; and W5 to construct efficient
estimators. It turns out, that in those cases, we would have ended up with precisely the
plugins U, and U, from such constructions (however, one can more easily show efficiency of

those estimators from direct calculation).

2.4.1 Double Robustness of \T/l

In Assumption 2.1, we give separate convergence rates bounds for each predictive model. In

fact, for the result of Theorem 2.1 we only require that Ry (P,, P) = [Ty (x)—ppy (@)][fz(x)—
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ppz(x)]dP(z) = Op(n~'/?). In particular, this is precisely the second-order term from an
asymptotic expansion of our estimator. Using this, we can directly show that our estimator

\/I\fl is doubly robust in that

e U, is consistent if either one of fiy(z) and fiz(z) is consistent, and in a P-Glivenko-

Cantelli Class. (and thus Ry(P,, P) = op(1))
o U, is efficient if iy (z) and iz (z) converge sufficiently fast that Rl(ﬁn, P) = op(n~1/?).

This indicates additional robustness of ¥; to model misspecification [91, 113]. Even if
one of iz and iy is inconsistent, U, will still remain consistent as long as the other one
is consistent. Unfortunately, neither the expected conditional correlation, nor the scaled
expected conditional covariance estimators are double-robust. In particular, the scaled
expected conditional covariance has second-order remainder terms associated with estimating
each expected conditional variance which separately involve convergence of fiy (z) and jiz(x).

See supplementary materials for details about remainder terms.

2.4.2  Suboptimal Estimators

To some degree, it is a happy coincidence that the estimators for W; and W, proposed in
Section 2.4 are simple and turn out to be first-order optimal. Generally simple plug-in
estimators will not even be rate optimal (and converge at a slower rate than n~'/2). For
example, one might consider an alternative representation of W;(P) = Ep[Ep(Y Z|X) —
Ep(Y|X)Ep(Z|X)], and thus consider estimating ¥;(P) by

n

{I\jl,naive = % Z [ﬁYZ('r’L> - ﬁY(xz)ﬁZ(‘rz)] ) (212)

=1

where [iy z(z;) is an estimator of Ep(Y Z|X). If iy and jiz do not converge at a parametric

rate (of n~! in MSE)- when using ML-based estimates they generally will not— {I\[l,naive will

—-1/2

converge at slower than an n rate. One could similarly define a simple estimator of WUy(P),
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- Cov(Y,Z|x; . = . . .
WUy paive = % Z?:l % Unfortunately, as in the case of Wy 4., this estimator will

not be efficient or even converge at a n~/? rate.

2.4.8 Constructing Confidence Intervals

Constructing a confidence interval based on the so-called naive estimators, {I\[l,naive and
@Q,nme, is difficult. Due to the excess bias, they are, in general, not asymptotically linear,
so confidence intervals based on Gaussian approximations are not possible. In addition,
resampling methods including bootstrapping, are generally invalid in this context. Fortunately,
\Tfl, (I\JQ and \ng do not suffer from these issues. As shown in Theorems 2.1-2.3, these centered
estimators converge in distribution to mean-zero normal variables with asymptotic variance
o3 (P) = (DY (0))2dP(0) for j = 1,2,3. Thus, if we estimate our variances by

1 <&~
52 _ o () (0:)2
52 = H;DJ (0:)?, (2.13)

where DO is any consistent estimator of the influence function, we can form valid confidence
intervals. Then, by leveraging asymptotic normality, we can construct a (1 — a)% Wald-type

confidence interval for ¥, as
KI\’J' - n71/2q1—a/28j, (I}j + nil/qu_a/g(/)'\j], (214)

which has asymptotically correct coverage. ¢, stands for the a-th quantile of a standard

normal distribution.

Asymptotic linearity can be leveraged more broadly to give intervals for multiple pairs of
features with correct simultaneous coverage. In particular, suppose we are in an asymptotic
regime with p fixed and n growing. Consider 2 pairs of features (ji, jo2), and (j3, j4) with
J1 # jo and j3 # j4, (this can be extended to any number of pairs). In this case, we consider

estimation of [U{"72 W{*7*] " the expected conditional covariance of both pairs of features.
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Figure 2.1: Empirical \/ﬁ scaled bias, Emplrlcal n—scaled variance and empirical coverage of
95% confidence interval of \Ill (blue) and \Il1 naive (red) for the low-dimensional case (top) and the
high-dimensional case(bottom). We only provide a bootstrap-based confidence interval for naive
estimators in the low-dimensional case to show its failure.

Here, it is straightforward to show that under Assumption 2.1, we have

JrJ1J J1.J
\Pll 2 \Pll 2

\/ﬁ J;72+33 B J2,73 - N (0’ Z) ’
\Ijl \Ijl

where ¥ is defined based on expectations of products of influence functions for each estimator.
This idea generalizes to arbitrary (but fixed) numbers of covariates, and can also be applied
to estimation of Wy, and W3. This joint normality can be combined with standard methods

in multiple testing to construct confidence intervals with simultaneous coverage [112].
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2.4.4 Relationship to De-biased Lasso

In addition to graphical modeling, other meaningful measures can be obtained by slightly
modifying ¥;. One measure of particular interest is

_ E[Cov(Y, Z]X)]

*= E[Var(Z|X)] (2.15)

® is a nonparametric functional, that combines expected conditional variance and covariance
(similar to ¥y). In fact, as with ¥, we can use a simple plug-in estimator (with estimated
conditional means constructed using any suitable machine learning technique) to estimate
and make inference for ®. If we further assume that we are working in a parametric space and
the data (Y, Z, X) are generated from a linear model E[Y |Z, X] = ~Z + X, ® is precisely
the coefficient v [79]. In low dimensional problems 7 is estimated efficiently by standard
linear regression — in high-dimensional problems it is common to use the Lasso [104, 81]
with de-biasing to conduct inference [90, 31]. The work in this chapter gives an alternative
approach to estimation and inference. In particular, in the challenging case that the features
are high-dimensional, the (theoretically optimal) plug-in estimator  is consistent and efficient
(if the conditional mean estimates are sufficiently good). Under suitable conditions, the
de-biased lasso will give an estimator with the same first order behavior when the design
matrix is random [45]. However, the de-biased lasso requires estimation of 3! (usually
by node-wise regression) which our nonparametric approach does not. Thus, the results in
this paper provide an alternative for obtaining the estimators and confidence intervals of

regression coefficients for linear models with either low- or high-dimensional features.
2.5 Experiments

In this section, we assess the performance of the proposed (theoretically optimal) plug-in
estimators of global dependence measures, in terms of the asymptotic performance, as well as
their effectiveness in conditional independence testing and graph recovery. Here, we present

the main results and provide additional results in supplementary materials.
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Figure 2.2: Left and middle: Type I error and power of three conditional independent testing
methods for a low- and a moderate-dimensional case. Right: average CPU time taken by four tests.
SEcov, KCI-test and CDI-test are all implemented in R. CCIT-test is implemented in Python.

2.5.1 Asymptotic Performance

We present the asymptotic properties of W; by computing the empirical bias, variance,
and coverage of 95% Wald-type confidence interval in the setting of low-, moderate, and
high-dimensional features.

We start with a simple scenario, where the conditioning variable X is univariate:
Y =sin(3X) +e,, Z=cos(2X) +e,, (2.16)

0 1 =05
where X ~ Uniform(0,2) independent of €= (e,,e.)T ~ N ,
0 —-05 1

Then, we consider a setting of high-dimensional features, where we generate ¥ and Z

from a linear model:

Y=XB,+e, Z=XpB.+e., (2.17)
where X ~ N(0, I5000), 8y = (1,...,1,0,...,0) and 5, = (—1,...,—1,0,...,0). The error term
10 4990 10 4990

€= (ey,e,)" is the same as in the low-dimensional case.

In both cases, the true values of ¥, are -0.5. We generate random datasets of size
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n € {500, 1000, 2000, ...,6000} and estimate W; (we run 400 simulates for each sample size).
The conditional means are estimated by local polynomial regression in the low-dimensional
case and by lasso algorithm in the high-dimensional case. We compare our (theoretically
optimal) plug-in estimator \Tll to the naive estimators: \T/mee in (2.12).

Figure 2.1 shows that, the empirical \/n-scaled bias of our theoretically optimal plug-
in estimator \Tfl goes toward zero with increasing sample size, which corresponds to our
asymptotic result. This is not the case for the naive estimator. The confidence interval of (1}1
converges to the nominal 95% as sample size increases. As expected, due to excess bias, the
bootstrap interval based on the “naive” estimators performs poorly (with coverage actually
converging to 0). See supplementary materials for experiments of a moderate-dimensional

case and the evaluation of V5.

2.5.2  Conditional Independence Testing.

We examine the probabilities of Type I error under Y _Il Z|X and the power under Y . Z|X.
Here, we consider the scenarios where X € R! and X € R respectively. We compare the test
based on the scaled expected conditional covariance (SEcov), i.e. W3, with KCI-test [132],
CDI-test [117] and CCIT-test [96]. The conditional means for W3 are estimated by local
polynomial regression when X € R! and by random forest when X € R®.

In the low-dimensional setting, we still use model (2.16) to generate the data (Y, Z, X).

10
For type I error, we let Cov(e,,e,)’ = such that Y I Z|X. For power, we let
01
1 =05 .
Cov(ey, e,)! = , such that Y )X Z|X. In the moderate-dimensional setting,
—05 1

we use the same pattern as the Casel in [132] for comparison. Y and Z are generated by
G(F(X)+E), X € R® where G and F are mixtures of linear, cubic, and tanh functions and
are different for Y and Z. FE is independent with both Y and Z. Under this mechanism,
Y1 Z|X holds. For Y ) Z|X, we add errors cosh(e,) to Y and cosh(e?) to Z where
ey, €x ~iia N(0,1).
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Figure 2.2 shows that W3 is always capable of controlling type I errors and achieving a
high power, regardless of the dimension of the conditioning set. However, this is not the
case for other tests. When X € R!, the power of KCI- and CDI-test gradually increases
with increasing sample size. They can control type I errors at a relatively low level but not
comparable to the performance of 3. When X € R?, both kernel-based tests collapse. That
is, they almost always reject the null hypothesis when Y_I Z| X, and often fail to reject the
null when Y . Z|X. The CCIT-test achieves a relatively high power but struggles to control
type type-I errors in both low- and moderate-dimensional settings. In addition, the CDI test
is much less efficient compared to the other three. With regard to computation, estimating
U3 is the most efficient method for each fixed sample size, since it only requires the estimation

of mean models.

2.5.83  Graph Recovery.

We now attempt to reconstruct the graph using SEcov, i.e. U3, with moderate dimensional
features (the conditional means are estimated by random forest). We make comparison with
Gaussian graphical model (GGM), and transelliptical graphical model (TGM) [71] where the
CLIME estimator [19] using Kendall’s taus is employed. The graphs are generated from the

following cases:
e Casel (Gaussian): X ~ Ng(0,3).

e Case2 (Copulas): Z ~ Ng(0,%), U = ®(Z), X; = f;*(U;) where f; ' are quantile
functions of Gamma(2, 1), Gamma(2,1), Beta(2,2), Beta(2,2), t(5), t(5), Unif(0,1),
and Unif(0, 1) for i =1,...,8.

o Case3 (Transelliptical): X ~ TEg(X,&; f). € ~ xp and f = {f1,.... fs} = {h1, he, hs, h,

hi,ho, b, by}, where hi'(z) = /exp(x), hy'(z) = sign(z)|z|"/?, h3'(z) = 23, and
hi'(x) = @(x).
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Figure 2.3: ROC curves of graph recovery for different methods in Casel-Case4. n = 400, p = 8.

e Case4 (non-Gaussian, non-copulas, non-transelliptical): X; = Xo+ X3+ X, /2+sin(X5)+
X2 + exp(X7) + X5 and X, = sin(X7) + | Xs|, where X3, ..., Xg~iiq exp(2).

Figure 2.3 shows that, all three methods work extremely well only when the data is

Gaussian distributed (Casel). When the data follows a copulas (Case2) or transelliptical

distribution (Case3), both TGM method and W3 have a comparably great performance while

GGM become much less effective due to the model misspecification. We note that, if the

data has a highly skewed transelliptical distribution, U3 may work poorly and TGM remains

valid. For Case 4 where the data is non-Gaussian, non-copulas, and non-transelliptical, GGM
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method totally collapses, which is almost equivalent to a coin flip. The effectiveness of TGM
method is also compromised since it uses a misspecified model. On the contrary, ¥3 which

does not depend on any model assumptions still presents a strong performance.
2.6 Discussion

In this paper, we introduce three global measures for evaluating conditional dependence and
reconstructing a conditional dependence graph. These measures are model-agnostic and we
show that there exist natural and simple plug-in estimators that are asymptotically normal
and efficient under mild conditions. Thus, we can construct Wald-type confidence intervals
with asymptotically correct coverage. These tasks have proven difficult for existing graphical
modeling methods.

One major strength of this work is in that the estimation of the proposed global measures
only requires estimating two conditional mean models. Our framework allows us to use
flexible machine learning tools for these estimates. Thus, the efficacy of our methodology is
intimately connected to our ability to build a good predictive model: If we can build effective
predictive models, our methodology can leverage that, and should do a good job evaluating
conditional independence. This means, as the field’s ability to engage in predictive modeling
grows, so will the scope of this methodology. For example, in the high-dimensional setting,
one might use Lasso, or tree-based ensembles to regress out the conditioning variables. If the
conditioning variables take form of images, or text documents, one could use deep-learning
(with enough data) for that adjustment. The predictive methodology can and should be
selected to fit the context.

People may concerned about the effectiveness of the proposed methodology in very high-
dimensional settings, as it requires fitting ~ p* models. However, since each conditional
mean is estimated independently, the dependence between every pair of features can be
evaluated entirely in parallel. Additionally, one might also consider adopting some form of
"pre-screening”. For example, one may apply a simpler method (with potential false positives)

first to create a network with a super-set of edges and then deploy the methodology proposed



in this chapter to refine this to a more accurate graph.
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Chapter 3

NONPARAMETRIC INFERENCE UNDER THE PRESENCE
OF LINEARITY

3.1 Introduction

In science, it is often of interest to understand the relationship between a single outcome and
a number of explanatory variables. For example, researchers try to identify common genetic
variants that are associated with disease phenotype [74, 17, 92|, to establish association
between voxels of brain images and clinical variables such as age and gender [16, 133], and to

understand how the housing prices change with factors in real estate [70, 83].

Regression analysis is the most prominent family of techniques for addressing these
problems, where parametric linear regression plays a primary role and provides arguably

the simplest and the most interpretable tool to estimate the relationship between the target

n

outcome and other features. Suppose that we have n pairs of observations {(y(i), X("))}i:1

that are independently drawn from a linear model:
Y =X"8+¢ (3.1)

where Y € R represents the outcome and X = (X7,..., X,)T € R? are random covariates
representing features. We assume the error term e is independent of X, with E(¢) = 0 and
Var(e) = 0. Let B8 = (54, ..., 8,)" € RP denote the vector of unknown regression coefficients.
From (3.1), one can see that ; encodes the “relationship between the outcome Y and the
covariate X,;”: Y is linearly associated with X, and a one unit increase in X; (with all other

X fixed) would lead to a (; increase in Y.

To estimate and make inference on these unknown (3, it is standard to ordinary least
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squares (OLS) regression, by minimizing the Euclidean distance between Y and the space
spanned by the columns in X. It is well known that that the OLS estimator has favorable
theoretical guarantees if the linear model (3.1) truly holds: It is the best linear unbiased
and y/n-consistent estimator [76, 94, 120]. In particular, when the design matrix is fixed,
[64] pointed out that OLS method may still work under model misspecification. However,
in that case, OLS may lose the interpretability. When the design matrix is random, then
OLS method requires the true parametric model to be correctly specified and the covariance

matrix E(X?X) to be non-singular [39, 1, 62].

To deal with the case when p > n, penalized techniques have been proposed, e.g., lasso
regression [104], ridge regression [52], and the elastic net [135]. However, none of these
produces an asymptotically unbiased estimator of 3. This makes inference quite challenging:
For example the bootstrap fails due to lack of continuity of the estimator’s limiting distribution.
To remedy this, [131] and [111] proposed a de-biased lasso algorithm, which yields a non-
sparse estimator. Under certain regularity conditions and sparsity assumptions, it has been
shown that the estimator is asymptotically linear and normal. Using this, one can construct

asymptotically valid confidence intervals and performance valid statistical tests.

These existing methods, however, are all based on the strong parametric specification
of the data generating mechanism: They assume that Y is truly linearly associated with
the components of X. In many real-world applications, people are primarily interested in a
few of the explanatory features, e.g., interventions or exposures, while controlling for other
potential confounders (which correspond to nuisance parameters here). In this case, using the
model given in (3.1) which imposes a linear relationship between the outcome and potential
confounders, might be unnecessarily restrictive. Therefore, in this work, we try to relax
that assumption and consider the following parameter for measuring the “adjusted linear
association” between any two variables Y and X, under a fully unrestricted non-parametric

model space,
o BlCov(Y, X, )X )
E[Var(X;|X_;)]

(3.2)
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for random vector O = (Y, X) with Y € R and X = (X4,...,X,) € R? from an unknown
distribution P. X_; = X \Xj. In (3.2), Cov(Y, X,;|X_;) is the conditional covariance of Y’

and X; given X_;, and Var(X;|X_;) is the conditional covariance of X; given X_;.

Above parameter is reminiscent of the OLS estimator for simple linear regression i.e., p = 1
in model (3.1), which is calculated by the ratio of the sample covariance between Y and X;
and the sample variance of X;. In this sense, ® might be a reasonable parameter to quantify
linear association. In addition, ® has several favorable properties: (i) it allows one to adjust
for any linear or nonlinear confounding effects of any other variables, and thus measures the
conditionally linear association; (ii) it does not implicitly assume any parametric form for
the data generating mechanism: It is just a functional (averaging all the local quantities)
that maps the joint distribution P to a real number; (iii) it does not have constraints on the

dimension of the conditioning set and might accommodate low- or high-dimensional data.

Estimation of ® is simple and straightforward. We will show that estimation of ® primarily

depends on the estimation of the following conditional means,

ppy(x—;) =E(Y[X_; =x_;) and pp;(z_;) = EX;X_; =) (3.3)

Thus, the problem of evaluating the linear association reduces to a canonical prediction

problem, which enables us to naturally leverage flexible machine learning techniques.

Although we propose ¢ (and its corresponding estimator) for use in a nonparametric
model space, it is of interest to compare it to the parameter (and estimator) indicated by OLS
(and its de-biased lasso extension in high-dimensional linear regression problems). Specifically,
we shall consider the parameter ® in the context of a correctly specified linear model and
address the following questions: (i) how can we interpret the parameter there; (i) How does
the natural estimator of ® compare to the OLS estimator in this problem (iii) What intuition

do we have for ® when the linear regression model is misspecified.

In the rest of this chapter, we shall first formally introduce the target parameter in the

form of functional in a nonparametric space and connect it to the regression coefficients under
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the presence of linearity. Then, in Section 3.2, we will provide a simple and natural estimator
that enjoys favorable asymptotic properties in general. Following that, in Section 3.3, we
assume the linear model is correctly specified and compare the proposed estimator with
OLS estimation and de-biased lasso estimation in low- and high-dimensional settings (with
regard to consistency, efficiency and robustness). Then, we conduct experimental studies to
empirically explore finite sample behavior and verify these theoretical results in Section 3.4.

Finally, we end this chapter with a discussion.

3.2 A Nonparametric Parameter for Conditionally Linear Association

Let O = (Y, X) denote a random vector drawn from an unknown distribution P € P, where
Y eRand X = (X,4,...,X,)T € RP. Here, P is an unrestricted, or nonparametric model
space. The primary goal is to quantify the linear association between any one of those features,

X, and the outcome Y. We define our target parameter as follows:

~ Ep[Covp(Y, X;|X_;)]

i) = T Nare (51X

Jly — pey(x_j)][x; — ppj(x_;)]dP (o)
[lzj — ppj(x_;)?dP(o) 7

(3.4)

for all j = 1,...,p where X_; represents all covariates except for X;, pupy(x_;) and pp (x_;)
are as defined in (3.3). As mentioned in Section 3.1, the parameter ®;(P) is perhaps a
reasonably intuitive measure to assess the conditional linear association since it is analogous
to the simple OLS estimator while adjusting for the confounding effects of other covariates
X_;: The numerator is the expected conditional covariance which is a measure of the average
conditional dependence between Y and Xj;; The denominator is the expected conditional
variance, which serves as a scaling factor. Hence, the sign of ®; would tell whether, on
average, there is a positive or negative association between Y and X;: A positive ®; indicates
that as the value of the explanatory variable increases, the outcome also tends to increase

after controlling for the effects of other covariates. The magnitude of ®; signifies the strength
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of such a trend: A greater magnitude of ®; implies that ¥ and X; are more dependent.

The parameter ®; := ®;(P) takes into account potential confounding effects by the
remaining features X_;. Unlike linear regression modeling, there is no assumption that these
confounding features are linearly associated with the outcome; and more generally there is no
parametric specification of the conditional means y1py and pp;. This permits more flexibility
of our method over classical linear regression.

We note that X; here does not necessarily have to be continuous. In fact, when X; is
binary, it turns out that the proposed parameter ®; corresponds to a measure which can play

a more causal role, as stated in the following proposition.

Proposition 3.2. If X, is a binary variable and has X; ~ Bernoulli(p;), where p; =
E(X;|X_,) =p(X,; = 1|X_,), the parameter ®; in (3.4) reduces to

0,(P) = B{ g2 BIYIX LX) BYIG =0 X D) 69

which is the variance weighted average effect of X; =1, compared to X; = 0.
The derivation is given in Appendix B.1. The result in Proposition 3.2 has also been noted

in [86]. There, they briefly consider our parameter ®;, but only in the context of binary

exposure (binary Xj;), and relate it to the causal literature.

3.2.1 @;(P) under the Presence of Linearity

Unlike coefficients in parametric models, ®; is defined nonparametrically, as a functional that
only depends on the data generating mechanism. However, the construction of ®;(P) implies
that it intuitively connects with the regression coefficients in a linear model. To see this, here

we rewrite model (3.1) by

Y = X8+ X846 er~iia (0,07, (3.6)
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and further suppose that X ~ (0,3,), where the inverse of ¥, is assumed to exist, i.e.,
O, = X, ! Under linearity, we say that data O has a joint distribution P, € Py, =
(Px, Py, P.). P, represents a model space where the linear relationship Ep_(Y]X) = XT3
always holds. For the remainder of this section, we will assume that linearity holds (that our
joint distribution lies in Py, ).

To remove the impact of nuisance piece, i.e., ijﬁ,j when the linear model holds, we
take conditional expectations with respect to X_; on both sides of (3.6), and subtract the

resulting expression from (3.6). This gives us:
Y —E(Y[X_) = [X; - E(X;1X)]; + e (3.7)

This “nonparametric projection” strategy has been widely used in the semiparametric inference
literature [33, 68, 134]. When our joint distribution, B, lies in Py, it follows directly from
(3.7) that

B; = ®;(Pm) forj=1,....,p. (3.8)

The equivalence in (3.8) further illustrates that the proposed nonparametric parameter
®;(P) is a reasonable measure of conditional linear association. In particular, under a linear
model space Py, ®;(FPm) has the same interpretation as the regression coefficient 3;: One
unit increase in X; would result in 3; average increase in the outcome Y if the values of all
other X_; are fixed.

To estimate 3, it is standard to use OLS estimation [94] when p < n and lasso-based
methods [104] when p > n. To give meaningful results, both of these methods require the data
generating mechanism to lie in Py,,: The outcome of interest should be linearly associated
with every covariate we measure X. This parametric specification is unnecessarily restrictive
when only the impact of a few features is of interests. Here, the relationship in (3.8) gives us
an alternative: As long as we can find an efficient estimator for ®;(P), we are able to build
an estimator and make inference for a parameter that reduces to the regression coefficient 3;,

but permits more flexibility and robustness. In the next section, we will give more details
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about estimation of this parameter.

3.2.2  FEstimation procedure

To simplify exposition, we begin by introducing some notation: Let ¥;(P) := Ep[Covp(Y, X;|X_;)]
and V;(P) := Ep[Varp(X;|X_,)]. V;(P) is very similar to ¥;(P) just replacing ¥ by X;. In

Chapter 2 and [125], we gave a simple and natural plug-in estimator for ¥;:

= =30 [y =i )| [2f = )] (3.9)
i—1
given observations {o®}™, = {(y® x®)}"_| where x® = (27 .. 2{")T represents the ith

realization of the covariates X and y® is the ith realization of Y. Here fiy (x(_%) is an
estimator of the true conditional mean of ¥ given X_; = xg, le., upy (x%)

The form of (3.9) implies that, the performance of T ; depends on how well those conditional
means can be estimated. In Chapter 2 and [125], we prove that (I\jj is asymptotically linear
and efficient when Jiy and [i; converge to their truths at a sufficiently fast rate. Thus, the
problem of estimating V,(P) can be reduced to the canonical “predictive modeling” problem.
This allows us to leverage many flexible machine learning techniques, including generalized
additive models [49], local polynomial regression [95], random forests [69] etc., and even
potentially make inference even when X is high-dimensional [104, 75]. Full discussion of this
can be see in Chapter 2.

Here, we take the advantage of the fact that ®;(P) is a ratio of ¥;(P) and V;(P), and
propose the following estimator for ®;(P):

B > A i | ]

J } NEP )
Ly (o) = )]

(3.10)

by plugging in \T/j and XA/j for ¥; and V}, respectively. Later, we shall show that this estimator

also has favorable theoretic guarantees: It is asymptotically linear and efficient under mild
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conditions.

We note that </13j in (3.10) is obtained without assuming any parametric models, and is
simply an estimator of ®;(P) regardless of the relationship between Y and X. However, when
data {(y®@,x®)}7 | are truly generated from a linear model (3.6), this estimator </15j can be
an alternative to the OLS and de-biased lasso estimators of the regression coefficient ;, due
to the equivalence 3; = ®;(F,). However, by allowing more general non-parametric and/or
machine learning techniques to regress out potential confounders, ®;(P) and its estimator ZI\Dj

can give more meaningful summaries of relationships of interest when linearity does not hold.

3.2.8  Misspecification of the Linear Model

In many cases, we are primarily interested in the conditional association of only a few of our
measured features with the outcome. In those cases, we still need to adjust for other variables
to remove any potential confounding effect. In such a setting, the linear model in (3.6) is an
unnecessarily restrictive assumption. Even in a classical statistical setting (wherein we think
of parameters as indexing rather than summarizing a model), one need not assume a linear
relationship between confounders and outcome. The partially linear model is a generalization

of a linear model that codifies this:
Y :Xjﬁj+g(X_j)+e. (311)

(3.11) is a semiparametric model where Y is only assumed to be linearly associated
with X; and g¢(-) is a nonparametric component which could be either linear or nonlinear.
When the data generating mechanism (P,;) is given by such a partially linear model (in
(3.11)), then we still have the identification ®;(P,) = ;, precisely as we did in the linear
model. This equivalence is straightforward to show using the same "nonparametric projection”
strategy. Since (i) Our estimator CTDJ- in (3.10) is completely agnostic to whether linearity (or

partial linearity) holds; and (ii) its asymptotic guarantees are derived without any parametric

requirements (we will show this later), it follows that <T>j remains effective for estimating 3;
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under model (3.11): Its theoretical properties, i.e., consistency and asymptotic normality,

will be maintained.

True model: Y = 3log(X:) + ¢

s

0.2
<] Method
Y— 0.14 °
g E3 OLs1: Y~ Xi+X,
.% E3 OLS-2: ¥ ~ X; +log(X;)
£ ES %(P)
D
wl 0.01

-0.1 1

oLs-1 oLS-2 3,(P)

Figure 3.1: A simple illustration of the performance of OLS estimator and EI\>]~. Data are
generated as (X7, X3) ~ N(0,X) with 317 = Y9y = 1 and 15 = Y9 = —0.6. Then the
observed covariates are X = (X1, Xy) = (X7,exp(X3)). The true model is Y = 51 X; +
B2 log(Xs) + € with 51 = 0, s = 3, and € ~ N(0,1). We apply OLS estimation and the
proposed &\Dj(P) to estimate 5 (in this case, §; = ®;(P)). For OLS, we consider two models:
A incorrectly specified model OLS-1: Y ~ X; 4+ X5 and a correctly specified model OLS-2:
Y ~ Xj+log(Xs). For ®;, the conditional means are estimated by local polynomial regression
[55]. We generate 500 random data sets of size n = 1000.

However, this is not the case for other model-based approaches for estimating f;, like
OLS and de-biased lasso estimation. When the linear model is misspecified, OLS estimation
could completely collapse. To illustrate this, we consider a simple case where Y is nonlinearly

associated with Xy and has no association with X; at all. Figure 3.1 shows that, when there
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exists model misspecification, OLS-1 detects a spurious association between Y and X; as
the estimated f; deviates from 0. In contrast, when the model is correctly specified as in
OLS-2, the OLS estimator of 5 is close to 0. The non-parametric form of ®;(P) allows us
to accommodate this non-linear confounding, and apply the estimator @7 in (3.10). We see
that <T>j has comparable performance to OLS-2 in terms of the empirical bias and variance of
the estimator. In practice, the performance of OLS-2 can cannot easily achieved by using
OLS estimation as we can only observe X, and cannot easily get at the form of g(X3). It
is more often that biased/spurious results from misspecification (as in OLS-1) are obtained.
Therefore, to reduce the impact of model misspecification, ®;(P) could be a simple and more

robust solution to find the conditional linear association.

3.3 Asymptotic Performance

In this section, we study the asymptotic performance of the proposed estimator ij in (3.10).
Specifically, we first show the theoretical guarantees of </13j in general. Then, we consider
the problem of estimating the regression coefficients in a linear model, and compare the
performance of &\Dj with the OLS estimator when p is fixed, and with the de-biased lasso

estimator when p is increasing with n, in terms of the limiting distribution.

3.3.1 Evaluating &\)j — O(P)

)

Recall that the proposed estimator for the target nonparametric parameter ®;(P) is ;I\)j = 77]
where U, and V; are the estimators of W(P) and V;(P) defined in (3.9). By functional delta
method, we know that the asymptotic properties of {I\/j are highly related to the properties of
(I\/j and Y//\; Chapter 2 have shown that,

(3.12)
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where Dy (o) = [y(’) - MP,Y(X(_Z;] [l’y) — [Py (X(_Zz and D[ (o)) = fvﬁ-” — Hpj (X(—Zg are
the non-parametric efficient influence functions of ¥;(P) and V;(P) respectively. A¥7 and
AVi are the remainders. Hence, if we calculate the difference between a)j and @;(P), we end

up getting a very similar decomposition:

~ " DY) — &, % DY (0
i (B = () = 230 PRI I

T (3.13)
_ ﬁ Z D}{;j (o(i)) 1+ A%,
i=1

The following lemma states that the linear term \/Lﬁ Yoy D}{;j (o) is actually the canonical
gradient (or equivalently the efficient influence function) of ®;(P). This analysis of the
efficient influence function plays a critical role in establishing efficiency for asymptotically

linear estimators in the context of nonparametric inference [14].

Lemma 3.1. Given any j € {1,...,p}, the parameter ®;(P) is pathwise differentiable at
P € P and has efficient influence function Dij (o) of the form,

o . 1y~ key (X)) Hz — ppj(x-)} {z; — ppy(x )}
DY (o) := 5 — (P (3.14)

Under a linear model space Py, where the realization o = (y,X) satisfies model (3.6), then

this function (3.14) reduces to

D% (0) = {z; — :usz,j(X*j)}é

3.15
Py, ‘/} (le) ( )

The proof is given in Appendix B.2. pp,_ ;(x—;) in (3.15) only refers to the linear relationship
E(Y|X) = XT3, which does not imply linearity between X; and X_;.

Lemma 3.1 gives the explicit form of the efficient influence function in linear first term of
(3.13). However, to prove C/I;j is a consistent and efficient estimator, ones must show that the

impact of A% in (3.13) is asymptotically negligible as n increases. The following theorem
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formally gives such a statement, and additionally provides the limiting distribution of (%j.

Theorem 3.4. Suppose that n observations {0V}, = {(yW, xD)}n | are i.i.d. generated

from distribution P. Let ji; and [iy be the estimators of up; and ppy, having

/ v (x_5) — iy (k) PAP(x_;) = op (n12)

(3.16)
/[ﬁ](x_]) - /’LP,](X—]HQdP(X_]) = O0p (n_1/2) .
Further assume that D (o) and DV (0) both fall in a P-Donsker class. Then, A% = op(1)

and the plug-in estimator </13j 15 asymptotically normal:

Vil o) = 30 (00) +ort) (3.17)

— N (0,03(P)),

where o2(P) = [ {Dij (o)}2 dP(o).

J

The proof is given in Appendix B.3. The limiting distribution ZI\DJ» is derived for a
nonparametric space P. That is, we do not assume any form of the relationship between the
outcome Y and features X. So, it is a very general result: As the sample size n increases, the
centered estimator, i.e., C/I;j — ®;(P), converges in distribution to a mean-zero normal variable

with limiting variance ¢3(P), under mild conditions.

As mentioned, ®;(P) reduces to the regression coefficient 3; when the linear relationship
in (3.6) holds. It is then natural to ask, how does the estimator </ISJ- compare to the classical
OLS-based linear regression estimator? In next section, we shall focus on the scenario when
linearity is present and compare c/ISj to the OLS estimator BJOLS when p is fixed and to the

de-biased lasso estimator B\JDL when p is increasing with n.
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3.3.2 </I;j Versus EJ-OLS when p is fized

Suppose that n observations {o®}7_, = {(y®,x®)}"_ | are generated from the linear model
(3.6) with fixed dimension p. In this setting, the standard tool to estimate ;, for j =1, ..., p,
is the following OLS estimator:

O = (x"x)"'x"y, (3.18)

where x € R"*? is the random design matrix where the ¢th row is the ¢th observation, i.e.,

1)

x = [xW, . xMT and y = [yY, ..., y™]T. Tt is well-known that B]QLS is asymptotically

normal [77].

vn [@QLS - ﬁj] —4 N[0,0°0, ], (3.19)

if x) ~; ;4 (0,%,), where ¥, is invertible with O, := Z;l. ©,,; is the (j, j)-th entry of ©,,
for j = 1,...,p. It has been shown that B\]QLS is the best linear unbiased estimator, which

attains the Cramér-Rao bound [94].

Previously, we showed the equivalence of the parameters ®;(P) and f§; when linearity
holds. Thus, </15j in (3.10) also estimates the regression coeflicient ;. The following theorem
provides the asymptotic properties of 63- when linearity holds, arguing that its limiting

distribution is the same as that of BJQLS.

Theorem 3.5. Suppose that {09}, = {(y@,xD)}r_, are generated from linear model
(3.6) with assumptions in Lemma 3.4 satisfied. Then, the estimator </15j defined in (3.10) is

V/n-consistent, and asymptotically normal, i.e.,
vn [‘T%‘ - @} —a N (0,07 (Pn)) , (3.20)

where J?(le) = 7 If we further suppose that x ~;; 4 N(0, Y,) where ¥, is invertible

9~
V?(le
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with ©,, = Zgl, then
V|8 = B] 4 N (0,0%6,,5) (3.21)

The proof is given in Appendix B.4. Theorem 3.5 implies that, using our proposed
nonparametric parameter and implementing flexible techniques for estimating 3 does incur
any additional first order costs (with a Gaussian design): The theoretical guarantees of
model-based OLS estimators are maintained by using a more flexible and robust alternative
EI\DJ- for estimating and making inference on the unknown regression coefficient j3;.

Another advantage of using </13j is that ones can avoid estimating two unknown quantities,
o? and ©, ;, appearing in the limiting distribution of BJQLS. Instead, to form a consistent
estimator for the asymptotic variance o;(P) of </§j, two conditional means fiy and fi;, which

have been obtained for </I;j, are sufficient. The estimator is of the following form:

IR PN NE
~2 <I>j 2
52 = > [D% (o)) (3.22)
i=1
which converges to its truth o} (P) = 0”0, ;; under the conditions in Theorem 3.5.

3.3.83 EI\Dj Versus BJDL when p >n and p,n — 00

Previous results are discussed under the setting when p is fixed. However, in the high-
dimensional setting, i.e., p > n, things get more complicated as: (i) the estimated covariance
matrix x”x is singular, so the OLS method collapses; (ii) some regularity conditions under
fixed p may fail to hold as p is increasing as well. Extensive work has been done developing
methods and theory for the estimation of regression coefficients in the high-dimensional regime.
Most of the theory is non-asymptotic and gives finite sample concentration inequalities. There
has also been substantial work on inference in high-dimensional problems, however some of
the asymptotic arguments have been a bit informal. In particular, almost none of the work
we have seen formally defines an asymptotic regime where n and p both grow.

We formalize these ideas by using a triangular array of random variables to specify an



42

asymptotic regime where p can change with n. Here, we formally compare the asymptotic

properties of de-biased lasso estimator @3 and our proposed estimator &\)j with respect to

such a triangular array of observations, in the high-dimensional setting.

Setup for triangular array. Suppose that the random variables of covariates X,, =

(Xn1s ey Xnp, )T have the following triangular array structure:

X171, ey Xl,pl
X271, ..... ,X27p2 (3 23)
D ST X

In this setup, the generated data {oq(f)}?zl = {(yS),xS))};;l with x\) = (:vfi)l, ...,xﬁf,)pn)T
have joint distribution which we denote P,: Observations xﬁ}), e ,X%n) in the same row are
independently and identically distributed, while those in different rows are allowed to have
different distributions. To make our limiting statement consistent with this triangular array

setup, we say a random variable X,, = op,_(a,) if lim, . P,(|X,/a,| > 7) =0, ¥7 > 0.

For a fixed sample size n, we assume that the data satisfy the following linear relationship

Pn
Yo=X!Bu+e =Y BuiXoj+en, (3.24)

j=1
forj=1,...p,and n=1,2,..... The error term has €, ~ N(0,0?) 1L X,, ;, The dimension
P = pPn, the joint distribution of the features x,,, and the distribution of the outcome Y,, are
now allowed to be dependent on the sample size n.

To estimate 3, ; when p, > n, [111] proposed the de-biased lasso, to overcome the issue
of bias with the standard lasso estimator and account for the uncertainty of the estimator. In
that work, a number of assumptions are required for asymptotically correct inference. Here

we transport and formalize those assumptions for our triangular array setup.

Assumption 3.2. Suppose that n observations {(yr(f),ng))} are generated from model
=1

1=
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(3.24), with the following assumptions satisfied:
1. x¥ e R~y N(0,%,,) fori=1,2,... n.

2. %, =E [(XS))TXS)} € RP»*Pr s invertible with ©,, = ¥ 1.

3. |Ep, [l = O(1).

2

4. The minimum eigenvalue A;; (X,,) is uniformly bounded away from 0.

With these assumptions, we are able to characterize the asymptotic behaviour of the

de-biased lasso estimator, which is calculated by

EEL — Bﬁ‘“’so + @pnxg (yn — annL“SS°> /n, (3.25)
where
Bresse = %rg%linﬂlyn — XnBal3/1 + 2X]|Ball1 }- (3.26)
n ERPn

~

©,, is an estimator of O, by node-wide lasso regression [75]. That is, for each j =1, ..., pp,
we estimate

Yo = argmin (|[Xn,; — X ¥allz/n + 225 [¥all1) , (3.27)
77L€an71

where x,, ; is the jth column of the design matrix x,, and 7, ; = {Jnjx : k=1, ...,pn. k # j}.

Then the node-wise lasso estimator of ©,, is given by
0,, ==I%¢,, (3.28)

where T, := diag (77 1, -y T, ) With 72 = [[Xp; = Xn—in,5113/7 + Xjl[Fnjll1- € is defined
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as
1 _:y\n,Ql e _/’?n,pnl
R _An 1 . _An .
ez | T . (3.29)
_;}\/n,]-pn _;}771721771 U 1

PnXPn

So, the jth column of @pn is C:)pn’j = @w/ﬁ% where én,j is the jth columns of @n

7]’
The form of (3.25) implies that the asymptotic performance of B°F will depend on how
well ©,, is estimated. Therefore, to ensure that node-wise lasso algorithm can work well,

ones need to specify additional sparsity assumptions with respect to the columns of ©,, i.e.,
Sug = [k # Oy, # O}, (3.30)

The authors in [111] obtain the asymptotic behavior of heuristically @?? by showing
N (@?? — ﬁw) = 0, X, €,/\/n+ op(1), and conditioning on x,. Thus, with Gaussian
errors one has that ©) X} e€n/v/nlx, ~ N(0,0°0,, ). However, they did not explicitly
engage with the asymptotic behavior when the dimension grows. Here we formally provide

AaDL

such asymptotic results for the de-biased lasso estimator 8,7, using a triangular array

argument.
Theorem 3.6. Suppose n observations {(yg), x,(f)) ", are generated from linear model (3.24),
with Assumption 3.2 satisfied. Assume that the model is sparse s, := |1 < j <py,: By, #
0| = o(v/n/logpy), and the columns sparsity of ©,, satisfies maxi<j<p, Snj = o(n/logp,).
If the regularization parameters X in (3.26) and X\; in (3.28) are suitably selected with
A < \/logp,/n and \j < \/logp,/n, ¥j = 1,....,p,. The de-biased lasso estimator Afgf
defined in (3.25) has

Vi (B2 = Bas)

o/Op.ji

_ WO (n) i (D O O —
where R, = (rn’ + 1 + ... +13")/v/n with ry’ = S Moreover, m,’ = r, with




45

E(r,) =0 and Var(r,) = 1. If E|r3| = O(1), then
P(R,>2)—P(Z>2z)=O[(E|r,*/vn)"*] = o(1), (3.32)

where Z 1s a standard normal variable.

The details of the proof are provided in Appendix B.7. Theorem 3.6 roughly says that, as
long as the number of features does not grow too quickly then the remainder term ADL does
not contribute to the first order behaviour of the debiased lasso estimate. Thus, the limiting
distribution of A,]?’? is dominated by the linear term ©) xJe. After scaling by its limiting
variance, the de-biased lasso estimator would converge in distribution to a standard normal
variable.

In this setting, we can also use &\Dj when p = p, > n to estimate (3, ;. Here, we reiterate

our results of EI\>j in Section 3.3.1 using the triangular array of random variables.

Proposition 3.3. Suppose that n observations {On)}n 1= {(yn ,X'n,)) 1 have joint distri-
bution P,. Then, the estimator for the target parameter ®;(P,) is given by

G, A = A )] [ = s
D, = ‘7’ = : (3.33)

L 18— )]

where [,y and [i, ; are the estimated conditional means of up, y and pp, ;. The difference

between EI\DW- and ®;(P,) satisfies

~

Jn (@w —3,(P,) ) Vi Z DEi (o)) + AD, (3.34)

where D;{;:’j (0n) = {yn_NPn,Y(Xn,*]"/)j}({Pi:L),j_Man]'(Xn,fj)} —®,(P,) {:cjn,j—l;/j&i()xn,—j)}g is the efficient

influence function of ®;(P,). In particular, when {og)} are generated from linear model
i=1

(3.24), then

®;(Poim) = Pn.j, (3.35)
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n, — [mn,'_:u'Pn,'(xn,— )]fn
with efficient influence function D ]] (0,) = =24 V}(Pjn,zm) e

Similar to the low-dimensional case, the asymptotic performance of &)n,j will be dominated

by the linear first term in (3.34) if Ap’ converges to zero sufficiently fast, i.e., if An’ = op, (1).

Lemma 3.2. Suppose that n observations {oﬁf)} {(yn x4 ) » . are generated from linear
model (3.24). Let [i,; and [,y be the estimator the conditional means pp, ; and pp,y,

having

[ 5) = b s PP (6, 5) = o, (7).

(3.36)
[ i) = 5,502 APu ) = 0, (n717).
Further assume that
ViP, = Pu) [ DY (o) = D (00)| = o, (1),
" (3.37)
VP, = Pu) [ DY (0,) = DY (0)] = o, (1)
Then, the remainder AS]' can be bounded
A% =op (1). (3.38)

Remark. An illustrative example of the conditional mean estimator in the high-
dimensional case is the lasso estimator. Let ji,, ; and [i,, y be the lasso estimates of pp, ; and
pp,y- If the linear model (3.24) is sparse with so = o (W), then (3.36) will hold
when choosing the regularization parameter properly, i.e., A < \/m. This assumption
on the sparsity of the model is less restrictive compared to de-biased lasso as in Theorem 3.6,
which requires sy = o (v/n/logp,).

Lemma 3.2 shows that if (i) the conditional means converge sufficiently quickly and (ii)
the empirical process term in (3.37) can be bounded in triangular array setup, then Api will
not have a first order contribution to the asymptotic behavior of our estimator. Thus, we

give the following main result for the asymptotic performance of CTDW- in the high-dimensional
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setting.

Theorem 3.7. Suppose that {0,@} = {(yg),xg)) » . are generated from distribution P, with
assumptions in Lemma 3.2 satisfied. Then, the estimator ZI\DW in (3.33), (j =1,....,pn), have

\/ﬁ(&;n,j - Bn,j)

— W, +op. (1), (3.39)
o;i(Fn)
. Pn.5 (o) ,
where W, = (wl) + w4+ -+ wl")/v/n with w}) = DI;”_(—IE)"). wy) = w, with E(w,) =0
jUn

and Var(w,) = 1. If E|w,|*> = O(1), then we have
B(W, < 2) = P(Z < 2) = O | (Blwa Vi) "] = o(1), (3.40)

where Z is a standard normal variable. If we further suppose that data satisfy the linear

model (3.24) with X ~iia N(0,%,,), then

VIU®ni = Bui) _ gy | op, (1), (3.41)

00y, jj

with w) = Era=teng Con—gllen g g (3.40) still holds.

The details of the proof are provided in Appendix B.6. Therefore, in the high-dimensional
setting, the proposed estimator is still asymptotically consistent and normal. In particular,
under the presence of linearity and normality of the covariates, C/I\)w» has the same limiting

2DL DL

distribution as the de-biased lasso estimator However, unlike [

i which demands

additional assumptions of the data and model, e.g., Assumption 3.2 and some sparsity
conditions, the asymptotic guarantees of (T)n,j only depend on the convergence of the estimated

conditional means: The above results remain valid even, eg., under a partially linear model.

3.4 Simulation study

-~

We assess the performance of the proposed (theoretically optimal) estimators ®; in (3.10)

for the conditionally linear association measure ®;(P). Specifically, we compare 63- with the
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de-biased lasso estimator for estimating the regression coefficients in high-dimensional linear
models. The performance will be empirically evaluated by (i) bias, (ii) variance, and (iii) the

coverage of nominal 95% Wald-type confidence intervals.

3.4.1  When features are uncorrelated

We consider generating data from the following linear model:

Y =X161+Xafo+ ...+ XossBoss +¢, e~N(0,1) 1L X

X ~ N(O,]255)7 ﬁ - (61, cee ,5255)T = (1, RN 1,0, - ,O)T_ (3'42)

We generate random datasets of size n € {100, 500, 1000, 2000, 3000} and estimate 3, and
Be in each case, where the true values are respectively 1 and 0. For each size, we run 100
simulations. We estimate (3;,j = 1,6 by lasso @-Lasso in (3.26), de-biased lasso BJDL in (3.25),

B\]Lasso and Z?\]I-)L, the regularization

and the proposed estimator ij in (3.10) respectively. For
parameters are separately tuned by cross validation. As for &Sj, the conditional means are

estimated by the lasso.

The results for estimating 5, = 1 and g = 0 are provided in Figure 3.2, in the bottom
and top panel respectively. It shows that the empirical y/n-scaled bias of our theoretically
ADL

optimal plug-in estimator </ISJ- and de-biased lasso estimator

- vanish to 0 as n goes to

infinity for both 3; and (¢. However, this is not the case for lasso estimator: Its y/n-scaled
bias appears to be roughly constant when the true coefficient is non-zero. This is generally
well known and is the rationale for using the debiased lasso. The empirical variances of (/I\Jj
and @DL stabilize when scaled by n. In particular, they are very close to each other, which
agrees with the results in Theorem 3.7. As expected, the confidence intervals of @Dj and @DL
also converge to the nominal 95% as n increases. We do not provide the bootstrapped-based

interval for lasso estimators, as in Chapter 2 we have shown its failure.
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3.4.2  When features are correlated
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Figure 3.2: When features are uncorrelated: Empirical \/n—scaled bias, Empirical n-scaled
variance and empirical coverage of 95% confidence interval of ®; (red), @L (blue), and (325
(green). The results for estimating #; = 1 and 55 = 0 are respectively provided in the top

Now, we still specify the same relationship between Y and X as in (3.42) but add correlation
to features. That is, X ~ N(0,Y), where

(3.43)
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Figure 3.3: When features are correlated: Empirical y/n—scaled bias, Empirical n-scaled
variance and empirical coverage of 95% confidence interval of ;Isj (red), @DL (blue), and B\]-Lasso
(green). The results for estimating ; = 1 and 55 = 0 are respectively provided in the top
and bottom panel.

The results are shown in Figure 3.3. When features are correlated, we see that the

de-biased lasso estimator BJDL becomes less unbiased regardless of whether the true coefficient

to be estimated is zero or non-zero. However, our proposed ®; remains effective. Other

patterns are similar to what we observed in Figure 3.2.
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3.5 Discussion

In this chapter, we introduce a nonparametric measure to assess the conditional linear
association between the outcome and any explanatory variables of interests. Traditionally, a
parametric (linear) model is used to address this type of problem. Here, we propose parameter
that is model-agnostic which can reduce to (i) the regression coefficients when linearity (or
partial linearity) holds and (ii) the variance weighted treatment effect when the covariate of
interest is binary. We additionally propose a simple and natural plug-in estimator of this
parameter, which is asymptotically normal and non-parametrically efficient: These theoretical
guarantees always holds even without linearity. Additionally, if the outcome and covariates
truly have a linear relationship, and the covariates have a joint Gaussian distribution then our
estimator has the same limiting distribution as OLS estimator when data is low-dimensional

and with de-biased lasso estimator when data is high-dimensional.

One major strength of this work is in that the proposed estimator can be generally
effective in estimating the target parameter ®;(P). The efficacy of the estimator relies almost
entirely on our ability to build good predictive models for estimating two conditional means.
In estimating those conditional means we can leverage machine learning techniques most
appropriate for our specific problem. This is very different from model-based techniques
for linear association analysis, like OLS method and the de-biased lasso. Their efficacy and
asymptotic properties highly depend on the correctness of those parametric specification. This
also increases the flexibility of our method: With no modification, it allows for inference of a
regression coefficient under, eg., partial linearity. In addition, in high-dimensional scenarios,
it can be difficult to make inference even in the presence of a linear model: Methods like the
debiased lasso require estimation of quantities like the precision matrix and variance of the
error to form confidence intervals [134, 126]. In contrast, for our proposal, estimating two

conditional means well is sufficient for estimating our parameter and subsequent inference.

One potential concern with our method is substantial computational cost in high through-

put screening problems. We require a pair of estimated regressions for every feature that
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we would like to consider as a primary exposure. Something like the graphical lasso [75],
might be more computationally efficient in such scenarios (though in cases where the features
are not jointly Gaussian, the scientific relevance of such estimates is unclear). In addition,
one would need to address multiple comparisons in such scenarios: Strategies like Bonferroni

correction [80] and Benjamini-Hochberg Procedure [11] can be used.
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Chapter 4

ON THE OPTIMALITY OF NUCLEAR-NORM-BASED
MATRIX COMPLETION FOR PROBLEMS WITH SMOOTH
NON-LINEAR STRUCTURE

4.1 Introduction

Matrix completion is a framework that has gained popularity in a wide range of machine
learning applications, including recommender systems [63], system identification [72], global
positioning [97] and natural language processing [122]. It is a useful framework for complex
prediction problems, where each observation comes with a heterogeneous collection of observed
features. In particular, matrix completion is applied to problems where the object of
inference or prediction is a matrix whose rows correspond to observation and columns to
variables/features. In many applications, only a subset of entries in this matrix are observed
(often with noise), and the goal is to “complete” the matrix, filling in estimates of the
unobserved entries. This “completion” is done by leveraging the known structure in the
matrix. The most famous example, which brought matrix completion to prominence, is the
Netflix Challenge [63], where a small sample of observed ratings for each customer was used

to successfully predict future/unobserved movie ratings for Netflix customers.

More formally, suppose we have an underlying unobserved matrix M € R"*P: We then
observe a subset of the entries from the noise-contaminated matrix Y = M + E., where FE is
a matrix of i.i.d. mean zero, finite variance noise variables. Our goal is to recover matrix
M from this partially observed, noisy Y. This is known as matrix completion. Without
any structure on the matrix M, recovering the values of M corresponding to unobserved
entries is impossible [66]. Matrix completion becomes possible if one imposes some constraints

on the structure of the underlying matrix: It is most common to assume that M is low
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rank. Directly employing this assumption by e.g., finding the minimum rank completion
of Y (or corresponding rank-constrained regression) is unfortunately NP-hard and becomes
computationally infeasible for problems involving large matrices [21, 26]. Over the last
decades, computationally efficient methods using convex optimization have been developed
for recovering a low rank matrix from a small number of observations with near-optimal
statistical guarantees in primarily noiseless problems [99, 84, 21, 85], and when the observed
entries are contaminated with noise [20, 61]. These methods rely on using the nuclear norm
of the matrix [40, 56], i.e., sum of its singular values, as a convex surrogate for the matrix
rank. The low-rank structure leveraged in matrix completion can be thought of as learning a
linear embedding of the data in a low-dimensional space.

In practice, the underlying matrix M may not be low rank. However, we often believe it
may still have useful low-dimensional structure. It has thus become popular to learn a low-
dimensional non-linear embedding of the data. This idea is used both in matrix completion
and more generally for low-dimensional summaries of data. It has been applied in motion
recovery [124], epigenomics [93], and health data analytics [118] among other areas. To
recover these embeddings, Reproducing Kernel Hilbert Space (RKHS) methods [38], nearest
neighbor methods [67], and deep learning methods like autoencoders and neural-network-based
variational frameworks [37, 128, 57] have been used.

Additionally, there has been strong empirical evidence that matrix completion methods
based on nuclear norm penalization perform well even in scenarios where any low dimensional
structure is likely non-linear. As these methods were developed for linear low rank structure,
this is, at first glance, a bit surprising. There has been some work giving theoretical
justification for these empirical results [24, 108]. In particular, they note that in the presence
of some types of non-linear low-dimensional structure in M, nuclear norm-based matrix
completion methods can still consistently estimate M. These work additionally gives some
non-stochastic approximation error results. However, optimality of the statistical perform of
nuclear-norm-based matrix completion is not considered to the best of our knowledge.

In this manuscript, we delve further into the performance of matrix completion for M
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with low-dimensional, non-linear structure. In particular, we consider M with rows that
can be embedded in a low-dimensional smooth manifold. We then (i) show that nuclear
norm-based matrix completion can consistently estimate M; (ii) characterize the rate at
which the reconstruction error converges to 0 as a function of the size of the matrix, number
of observed entries, and smoothness and dimension of the underlying manifold; and (iii)
prove that, up to a log term, this rate cannot by improved upon by any method; that is, our
upper bound is actually the minimax rate optimal for reconstruction error in this problem.
Furthermore, our error bounds (and our techniques) also relate the matrix completion problem
clearly to more classical non-parametric estimation: Our reconstruction error bounds parallel
the minimax rate of mean squared error (MSE) in the nonparametric regression setting.
Results (ii) and (iii), we believe, are novel.

Our experiments on synthetic data corroborate our theoretical findings. In particular, they
suggest that the finite sample empirical performance of matrix completion in non-linear low
rank embeddings is consistent with the asymptotic theoretical error bounds. These empirical
results also corroborate the claim that better performance is achieved when the embedding

of the underlying matrix M lies in a smoother manifold.

4.2 Methods

4.2.1 Problem setup

We start by giving some notation. We use upper case letters to represent matrices and
lower case letters to represent scalars. The trace inner product of any two matrices, M, B €
R™P n,p € Z*, is (M, B) = tr(MTB). The element-wise infinity norm of M € R™? is

defined by || M ||c = maxi<i<n,1<j<p |Mmij| where m;; denotes the (4, j)-th entry of M. We also

denote the Frobenius norm of matrix M as |M||r = \/Z?ZI b mi.
In the general matrix completion problem, we randomly observe some of the entries from a
matrix M € R™*P; the observed entries may also be contaminated with error. To support our

later theoretical derivations, we will describe this process in terms of a set of mask matrices
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X; € R™P and observed values y; € R. Each X; is a matrix with a single 1 whose position is

indexed by ¢t and all other entries are equal to 0 as follows:

00 --- 0 0
Xi=10 0 1 0 (4.1)
00 --- 0 0
nxp

The collection of matrices X; fall in the set XX = {e,(i)e,(j)7, for alli =1,...,n and j =
1,...,p}, where e, (i) € R™ is the basis vector consisting of all zeros except for a single 1 at
1th entry. In this formulation, X; indicates the location in M where y; is drawn from. That
is, for X; = e, (1)e,(5)T € X, (X4, M) = my;.

Now, we can frame the matrix completion problem as follows: Suppose we have N pairs

of observations (X;,y;), t = 1,..., N, that satisfy
Yy = <Xt7M> +§ta (42)

where &; are i.i.d random errors distributed N(0,0?), M € R™? is the underlying true matrix
to be recovered, and y; € R are observed values. The observed matrix can be written as
Y = Zivz 1 Ye Xy where N is the number of observed entries. We assume that X, is uniformly
sampled at random (USR) from X [61], i.e. X; ~ II, and the probability that the (i, j)th
entry of X; equals to 1 is m;; = P(X, = e;(n)ej(p)’) = nip for 1 <i<n,1<j<p. Thisis
essentially a missing completely at random (MCAR) assumption.

The goal is to recover M given pairs (X, 1), t = 1,2, ..., N, and we are generally interested
in the setting where N < np. To solve this problem, existing methods often assume that M
has low rank (or approximately low rank), i.e. M ~ UV7T with U € R™" and V € RP*" for
some integer r < min(n,p). In contrast to this low rank assumption, this paper studies the

problem where M is not necessarily low-rank but generated from a low-dimensional non-linear
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manifold. This notion is formalized in the next section.

4.2.2  Non-linearly Embeddable Matrices

We begin by formalizing what we mean by “low-dimensional non-linear structure”. Consider
a matrix M, a positive integer K, and a function class & C £2? (R¥). We say M is -
embeddable if there exist functions f; € F: R¥ - R, j=1,...,p, and a matrix @ € R™*¥
such that

mlJ:f](01,>7221a,n7]:1,7p, (43)

where m;; is the (i, ) entry of M and ©® € R™¥ is a matrix (with 0;. indicating the ith
row vector). Here, © gives an embedding of our observations from its original p-dimensional
space into a K-dimensional space (K < p). The set of functions {f;}_; C J identifies how

to map our embedding in R¥ back to RP.

In classical matrix completion setting, where we assume M is low-rank, nuclear norm
penalized empirical risk minimization is often used to estimate M [3, 22, 78]; more specifically,

the estimator is obtained by,

argmﬂ}n{N‘lz(yt — (X, M))? +>\HMH*}, (4.4)

t=1

where \ is a regularization parameter which is used to balance the trade-off between fitting the
unknown matrix using least squares and minimizing the nuclear norm ||M||,. This “matrix
lasso” is known to have strong theoretical properties when M is low rank [3, 22, 78, 18].
However, in our scenario, M likely does not have low rank and previous work does not fully

explain the effectiveness of the estimate from (4.4) in this setting.

While the estimator in (4.4) is simple and quite well known, it fails to exploit knowledge
of the sampling scheme (which is often known or at least assumed to be known). To use the

assumption that the mask matrices {X;}, are i.i.d. uniformly sampled from X, we study a
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slight modification to (4.4) described in [61]:

N
— . 1 2
3 « argmin {n—pHMH% - <N R > " A!IMH*} (45)
After some simple manipulation, (4.5) can be further reduced to minimizing
L\~ RI + XM
np F *

where R = ¢ Zi\il v Xy = #Y. Thus, M , the solution to (4.5), is merely a singular-value

soft-thresholding estimator:

Z (Aj(R) = Anp/2)u;(R)v; (R)" (4.6)

where A;(R) are the singular values and u;(R), v;(R) are the left and right singular vectors
of R such that R = Zrank B A;(R)u;(R)v;(R)T. [61] established the rate optimality of this
estimator with respect to Frobenius-norm loss when M is low rank. In this paper, we aim to
ultimately claim that M in (4.5) is still a consistent and rate optimal estimator of M in the
case that M is non-linearly embeddable, as long as K is small and the function class J is

sufficiently smooth.

4.2.3  Approximation of Embeddable Matrices

Our goal is to show that the estimator obtained by (4.5) is consistent for the true underlying
matrix M with respect to Frobenius-norm loss (and characterize the convergence rate), when
M is non-linearly embeddable. To this end, we first show that M can be well approximated
by a series of matrices with low (and only slowly growing) rank as long as the function class F
is sufficiently smooth. More specifically, we will need the following condition for the function

class F.

Condition 4.1. Given a function class F. Let Cy denote a fixed positive number. Suppose
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that for any € > 0, there exists a finite set of functions F, = {wl, Yo, . .. ,T/)J(E)} C F, such

that
l¢ll.. < Co, forall ¢ € 5., (47)
and
J(e)
max min ||f — B <e. 4.8
7€7 Bl3<cy lzl s (4:8)

For each €, we denote by F' a set of minimal cardinality such that (4.7) and (4.8) hold. We
let J*(€) denote the cardinality of FF.

For a function class &, Condition 4.1 characterizes the minimal number of basis functions
needed to uniformly approximate functions in F up to precision €. In Section 4.3, we shall
apply this condition to K-dimensional, L-th order differentiable functions, and show how this
number scales as a function of e.

Based on the above condition, we can establishes the existence of an approximation matrix

which is sufficiently close to the true matrix M and has a bounded nuclear norm.

Lemma 4.3. Suppose matriz M € R"*P is F-embeddable, and F satisfies Condition 4.1.
Then, for any € > 0, there exists a matriz M¢ satisfying rank(M¢) = J*(e) < min(n,p) such
that

| M — M| <e. (4.9)

Furthermore, the nuclear norm of M€ is bounded: There exists Cy > 0 (independent of €)

such that
1

\/n_pHMEH* < CyJ*(e). (4.10)

The proof is given in Appendix C.1. Note, for the F we consider later (restricted to
smooth functions) we will show that J*(¢) << min(n,p). This parallels results in classical
non-parametric regression where many function-spaces considered can be approximated

uniformly with small error by linear combinations of relatively few basis functions [107].
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4.3 Consistency

Using Lemma 4.1, it is relatively straightforward to evaluate the performance of our estimator
M in (4.5). The performance metric simplest to theoretically analyze is N~ Zfil <Xi, M—M >2.
However, this criterion only evaluates the prediction error on the observed entries. This is
unsatisfying as our ultimate goal is to recover the entire matrix. Thus, we instead aim to
evaluate the performance of M based on the metric ipH]\//j — M]||%. The following result gives

n

an upper bound for the performance of our estimator M in this metric.

Theorem 4.8. Suppose we observe N pairs {(y;, X;)}*, satisfying data generating model
(4.2) where Xy are i.i.d. uniformly sampled from X. Assume the true matrizc M € R"*P is
F-embeddable where F satisfies Condition 4.1. Further suppose that N > (n A p) 10g2(n +p).
Then there ezists a constant Co > 0 (that only depends on o and ||M||~) such that if we

define the regularization parameter X by

log(n + p)

A=0G N(nAp)’

then, with probability at least 1 — 2(n + p)~!, the completion error ofJ\//T in (4.6) is bounded
by

2
1 11—~ 2 1+v2\ (nVp)log(n+p)
—anM MHF_(J2< 5 > ~ T*(e) + €2, (4.11)

for any € > 0. Here, J*(€) is the rank of the approximation matriz M with |M — M| <€,

which corresponds to the minimal cardinality of F* C F satisfying Condition 4.1.

The upper bound in Theorem 4.8 can be established by extending the results from [61].
The details of the proof are given in the Appendix C.2. The two terms on the right-hand-side
of (4.11) clarify the trade-off between the approximation error, €, and the cardinality of the
minimal linear approximation set F*, J*(¢). Our upper bound is consistent with the results
in [61], where the error is decomposed into a misspecification error (€?) and a prediction error.

Usually, when there is no misspecification, i.e., the true matrix M is low rank, the prediction
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error is linearly related to the rank of M [23, 60, 18]. In our scenario, where the low-rank
assumption is violated, the prediction error in (4.11) is linearly related to the rank of the

approximation matrix.

Ideas similar to this occur in more traditional non-parametric estimation problems. For
example, when using projection estimators in Holder and Sobolev spaces, one of the main
rate-optimal estimation approaches requires a truncated basis to be selected for projection
that will grow with the sample size N [106]. However, in those examples, the number of basis
vectors is a tuning parameter in the algorithm, and the set of basis functions must be selected
in advance. Here, both the set of basis functions and the truncation level are rather just
theoretical tools for analyzing the algorithm performance. In employing matrix completion,

the analyst only needs to select \.

We note that N > (n A p)log?(n + p) in the above Theorem 4.8 is a quite weak condition
on the number of observations: N could satisfy this and still be far less than np. For the
results of the latent space model in [24], they require at least O (n%fi{iﬁv entries to be
observed out of n? entries to guarantee the consistency for recovering an n x n matrix. This

implies that one needs to observe O <nKL+2> entries out of n in each row, as compared to our
much weaker requirement of O (log*(n)) per row.

We now specialize our results to matrices that are F-embeddable for F containing functions
with bounded derivatives. This is a natural class of functions to work with (though one could

alternatively work in a multivariate Sobolev or Hélder space).

Condition 4.2. M is F-embeddable, where F contains functions with uniformly bounded
L-th order mized partials (for some fized L > 0). More formally, define F(L,~, K), for
L, K > 1 as the set of L-th order differentiable functions from R[l&” to R satisfying

aL

—_— 4.12
ozt .. wf{x (4.12)

forallx® = (29,...,2%) € R[Ié,u C RY and all integers L, . .., L satisfying L1+---+Lx = L.
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Now, additionally define the set

M(L,v,K) ={M € R | my; = [;(6;,.), (4.13)
with f; € F(L,v,K), j <p, and 6;. € R{&H, i<n}

This is the set of F(L,~, K) embeddable matrices, where the embedding lives in a compact
space (for convenience we use the {~, ball). Our formal condition here is that M € M(L,~, K).

Remark. In the above condition, we will often suppress the dependence on ~, and write
M(L, K) and F(L, K): This is because -y does not affect the convergence rate of our estimator.
Additionally, here we specify the domain of the embeddings to be [0, 1]¥ for ease of exposition.
This is actually general as we could rescale any compactly supported embedding to live in
this interval.

Condition 4.2 imposes an additional constraint on our embedding: The underlying manifold
on which our matrix lives should be smooth. Here smoothness is characterized by a number of
bounded derivatives. As we will see, this function class engages well with Condition 4.1 in the
sense that we are able to characterize J*(¢) for the function class F(L, K'). This is essentially a
multivariate Holder class, which has been widely used in the area of non-parametric estimation
[106]. Omne could alternatively look at this as a multivariate Sobolev class under the sup-norm,
Wheo(RE).

The following lemma gives the number of basis elements that is needed to linearly

approximate a matrix satisfying the above condition, with bounded approximation error e.

Lemma 4.4. For the function class F(L, K) described in Condition 4.2, we have that Con-
dition 4.1 is satisfied with J*(€) = O (e 5/F).

The proof of this lemma is given in Appendix C.3. Now, we can establish the final

convergence result for smoothly embeddable matrices.

Theorem 4.9. Under the same scenario and assumptions as in Theorem 4.8, assume further

the F(K, L)-embeddable matriz M satisfies Condition 4.2 for a given L and K. Then, the
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L

upper bound (4.11) is optimized at € = (%) T resulting in

2L

2 o ({(n\/p) log(n+p)}w) . (4.14)

1 11—
—HM—M
np

F N

The proof is given in Appendix C.4. This upper bound of the convergence rate of the MSE
of M is only based on the dimensions n and p of matrix M, the total number of observations
N, as well as the degree of smoothness L and dimension of the embedding K. Previous work
that assumed M was low-rank generally gave a rate of the form N~! (n V p)rank(M) log(n + p)
[6, 60, 110]. In contrast, our upper bound does not rely on the rank of M. Instead, the role of
rank(M) is replaced by L, and K. This result reaffirms that the standard matrix completion
estimator based on nuclear norm minimization is consistent for matrices with low-dimensional
non-linear structure. Perhaps more importantly, it also shows how the convergence rate

depends on the degree of smoothness, and dimension of the manifold. This can be seen

in the exponent on the RHS of (4.14): 3 szK Increasing the degree of smoothness moves
this exponent towards 1; increasing the dimension moves the exponent towards 0. This is
analogous to more standard non-parametric regression problems in smooth hypothesis spaces

where the minimax convergence rate for MSE looks analagous [106].

4.4 Minimax Lower Bound

In this section, we use information-theoretical methods to establish a lower bound on the
estimation error for completing non-linearly embeddable matrices with USR entries when the
latent embedding ® is K-dimensional and satisfies Condition 4.2. The rate we find in the
lower bound matches the rate obtained by nuclear norm penalization in Theorem 4.9 up to a
log-term. Thus our upper bound is sharp (up to a logarithmic factor), and, the nuclear-norm
penalization based estimator given in (4.5) is rate-optimal (up to polylog) for this problem.

To derive the lower bound, we consider the underlying matrices M € M(L,v, K) as

defined in (4.13), i.e., matrices that live in L-th order smooth, K dimensional manifolds.
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Let Py denote the probability distribution of the observations {(y;, X;)}, generated by
model (4.2) with E(y|X;) = (X, M). We give a minimax lower bound of the || - ||%-risk for

estimating M in the following result.

Theorem 4.10. For any given L > 1, v > 0 and K > 1, let k := n/p. Then, for some

constant A > 0 that depends on K, L,~, 0% and K, the minimaz risk for estimating M satisfies

1 —_~
inf  sup Py (— HM - M
v np F

M MeM(L,y,K)

2Aanﬁ>12 4.15
>A(5E)T ) =2 (4.15)

204K _2L4K oLt .
when ¢y, © (nVp) <N <c¢, ¥ 048K (nvpyn~x for some constant cy which depends

on K,L,~,0% and k.

The proof is given in the Appendix C.5. Comparing Theorem 4.10 to Theorem 4.9, we
see that the lower bound matches the upper bound (4.14) up to a logarithmic factor. This
shows that the estimator given by (4.5) is actually an optimal estimator (up to a log term)
for this non-linear low-dimensional matrix completion regime.

We note that the requirement N = O ((n Y p)n%> in Theorem 4.10 is a bit unusal. It
comes from a technical constraint in our proof, required to construct a suitably large packing
set. This may just be an artifact of our proof technique, and not innate to the problem.
Recall that the upper bound holds as long as N > (n V p) logQ(n + p), so there is a large

regime where the assumption required for our upper and lower bounds overlap.
4.5 Simulation Study

In this section, we empirically evaluate the effectiveness of matrix completion using the
soft-thresholding estimator M in (4.6) for noisy incomplete matrices which are generated
from low-dimensional non-linear embeddings. (These matrices are full rank, even though they
are generated from low-dimensional non-linear embeddings). Here, we only show the case
of univariate embedding (K = 1) and aim to empirically evaluate how the Frobenius error
M — M|| changes with the dimension (n) when n = p. We examine scenarios where the

2
1
np F
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non-linear embeddings are of different orders of smoothness.
The underlying matrices are generated as described in (4.3): m;; = f;(0;.) fori=1,....n
and j = 14,...,p. In particular, to make sure that Conditions 4.1 and 4.2 are satisfied, we

generate f; as

filz) = Bytbo(),

where 1, (x) are orthonormal bases in Ls[0, 1] defined by:

Yi(x) =1,
Vo) = V2 cos(2mbz),
Yopi1 () = V2sin(2mbz).

Meanwhile, to set up the order of smoothness L and make sure that (3,1,(x) vanishes with b,

we sample the coefficients [, from a uniform distribution:
By ~iia U [—b_(LH), b_(L+1)] . b=1,2,....

In this way, we can guarantee that » ,°, b2L5]2 < 0o. Thus, f; is a function whose Lth order
derivative is O,(1).

In this simulation, for computational reasons, we actually use only the first 100 basis
vectors f;(x) = Z;iol Bpthp(x). The underlying embeddings ;. € R are also i.i.d. sampled
from a uniform distribution U(0, 1) for i = 1,...,n. We set the missingness rate to v = 0.3:
The total number of observed entries is N = (1 — v)np. The observed entries are y; =
(X, M)y + &, where X, are uniformly sampled from X and the error terms are independently
Gaussian distributed & ~;;4 N(0,1). We generate random data sets {(y;, X;)}Y, of size
n € {500, 1000, 2000, 3000, 5000} and estimate M. We run 100 simulations for each size. To
select A, instead of using cross-validation, here we consider an oracle procedure: For each
simulation, we estimate the MSE for a set of A values and select the A that minimizes the

MSE. We report this MSE of the estimated matrix M and the corresponding \.
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Figure 4.1: Theoretical rate vs. empirical rate (in log scale) of the mean squared errors as
a function of sample size. The underlying matrices M are generated by f with different
orders (L) of smoothness. The low-rank embedding is one-dimensional (K = 1). We regress
log(MSE) on log(n), and compare the theoretical slopes (left) with the empirical slopes (right).
For each smoothness level, L, we also obtain the 95% confidence regions using bootstrap

(dash lines).

Figure 4.1 shows the results of estimating M generated by non-linear embeddings with
different orders of smoothness, L. Since N = (1 —v)np, the convergence rate in (4.14) reduces

2L
to Op ([M] ). The log term inside is negligible as n increases. Hence, if we regress

n

log(MSE) on log(n), the absolute value of slope should be roughly about % (K =1 in this

simulation). We increase the order of smoothness of f from L =1 to L = 5. For these values
of L, the expected absolute value of the slope should be 0.67, 0.80, 0.86, 0.89, and 0.91. The
rates from our simulations are respectively 0.67, 0.78, 0.80, 0.88, and 0.91. There is generally
strong agreement between theoretical and empirical results except for the setting of L = 3.

We hypothesize that this is due to finite sample issues.
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4.6 Discussion

Nuclear-norm based matrix completion methods were originally developed for scenarios where
the underlying mean matrix has low rank. In this chapter, we present theoretical results to
explain the effectiveness of matrix completion in applications where the underlying mean
matrix is not low rank, but instead lives in a low-dimensional smooth manifold.

Our results show that, in such scenarios, nuclear-norm regularization can still result in a
procedure that is minimax rate optimal (up to a log factor) for recovering the underlying
mean matrix. In particular, we give upper bounds on the rate of convergence as a function of
the number of rows, columns, and observed entries in the matrix, as well as the smoothness,
and dimension of the embeddings. We additionally give matching minimax lower bounds (up
to a logarithmic factor) for this problem. These bounds appear analogous to the minimax
rate in the case of standard non-parametric regression.

Our theoretical results relate the error bounds to the smoothness and dimension of the
non-linear embedding; however, the technical proof does not provide a way to figure out
the explicit form of the hidden embeddings, which may be interesting in practice, e.g., for
dimension reduction. Modifying the original matrix completion method in order to estimate

the hidden embeddings may be an important direction of future research.



68

Appendix A
SUPPLEMENTARY MATERIALS FOR CHAPTER 2

A.1 Proof of Theorem 2.1

A simple version of proof of theorem 1 is to directly calculate the discrepancy between \Tll

and Uy (P), which is

P, [y — fiy (2)] [z — iz(x)] — ¥1(P)

=P {ly = v (@)] [ — iz (@) = B } + By = wy(P)
= [P, — PIDY + PDW 4+ ¥, — ¥, (P) (A1)
= [P, = PID}) + [B, = PI[DY = DR+ P [(iy — iy )(fiz — pp2)]

- % Z[% — ppy (z:)][zi — ppz(x:)] + op(n'/?)

where P,,f = 13" f(z;) and Pf = [ fdP. The last equation in (A.1) holds when
Assumption 1 holds. In this case, we have the asymptotic linearity and normality. As an
alternative route to prove the theorem we can apply standard semi-parametric tools: We
calculate the efficient influence function and then consider a first order asymptotic expansion
to show that the theoretically optimal plug-in estimator of W;(P) has exactly the same form
as, so-called one-step estimator. Thus, it will naturally enjoy the good properties including
asymptotic consistency and normality.

For Wy (P) however, our simple direct approach will not work, so instead we need to apply

those semi-parametric tools.
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A.2 Proof of Theorem 2.1 by Semi-parametric Theory

For a distribution P € M, let p denote the density with respect to a dominant measure v. We
define a parametric sub-model py(u) := [1+0h(u)|p(u) with h(u) € Ls(P), where E{h(u)} = 0,
sup,, |h(u)| < oo, and 6 is sufficiently small, such that py > 0 and [ py(u)dv(u) = 1. Upon
inspection we see that this parametric sub-model is centered at P with score sg(u)|p—g =
Z1og py(u)|p—o = h(u). In this framework, our statistical functional ¥;(P) is called pathwise
differentiable at P with efficient influence function Dg) [14], if

8
(’99

/ DY (u)h(u)dP () (A2)

Consider observed data consisting of an independent and identically distributed sample of
0= (y,z,x) €'Y x Z x X drawn from distribution P. Then, the corresponding parametric

submodel pgy can be conditionally decomposed into

pa(0) = po.n, (Yl2, T)pe.n. (z|2)pon, (T), (A.3)

with score at the origin

59(0)|o=0 = s0(y|2, T)|9=0 + s0(2]7)]6=0 + s9(2)|o=0

= hy(y; 2,2) + h(z;2) + hy(2).

(A.4)

For simplicity, we use hy, h, and h, to represent h,(y; z, x), h.(z; ), and h,(x) respectively.
We first show how to obtain the efficient influence function Dg) stated in Theorem 1. Let
Yp(x), ppy(z), and opy () denote the conditional covariance Covp(Y, Z|X), conditional
mean Ep(Y|X = ), and conditional variance Varp(Y|X = ) evaluated under true model P,

while ¢4(), pe,y (x), and o7y (x) are evaluated under sub-model Fy. The expected conditional
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covariance Uy (P) in (2.2) evaluated on Pylg—¢ is

0

89\11 1(Fp)

6=0 N %/x%(l')dpg( )
) /x (%%(@) e / V(e _10gpe )dPy(z) (A.5)

[ (Gotn)anio| o+ [uomare

Also, we have y(z) = poyz(x) — oy (z) g z(x), where

poro@) = [ vepotule, apolela)aa:
= /Z/Hyzp(mz, z)(1+ 0hy)p(z|z)(1 + 6h,)dydz

= ppyz(x)+ H/Z/yyzp(y, z|z)(hy + h,)dydz (A.6)

92//yzp(y,z|x)hyhzdydz
ZJY

=upyz(x) +OE[YZ(hy +h.)|X = 2] + PP E[Y Zh,h.|X = 2].

and similarly,
poy (r) = ppy(z) + OE[Y (hy + h)|X = 2] + P E[Yh,h,|X = 1],

po.2(7) = ppz(x) + OE[Z(hy + h.)|X = 2] + P’ E[Zh,h.|X = 2].



71

We then get that

[ gteanae)| = [ Snorale) = s () s(e) = o) oo (@)iR)|
_ /XE[YZ(hy + )X = 2] — (@) B[Y (hy + B)|X = 1]
— ppy(x) E[Z(hy + h.)|X = 2]dP(z)
=E{[(Y — upy(X))(Z — ppz(X)) = Vi(P)] (hy + h: + hy)} .
(A7)
Therefore,
%\pl(a)) - /x (%%(@) AR /x U, (2)hadP(x)

= E{{(Y = ppy (X))(Z = ppz(X)) = Vi (X)] (hy + bz + ha) } + E[01(X)hs]

— E{[(Y = pr (X))(Z — w2 (X)) (hy + . + 1)}
(A.8)

which gives us the efficient influence function Dg)(o) = (y — ppy(2)(y — pupz(x)) — Vi (P)
in Theorem 1. We note that, in above equation, we use the fact that [ f(y, z)h,dP(0) =0
and [ g(x)(h, + h.)dP(0) = 0 where f(y,z) is an arbitrary function which does not depend
on x and g(z) is an arbitrary function which depends only on z.

Now, we can use the efficient influence function to obtain the so-called “one-step estimator”.

Consider an asymptotic von-mises expansion of W; centered at the true P and evaluated at

some P* € M [41]. Then we have that

U, (P*) — Uy (P) = (P* — P)D\Y) + R,(P*, P) )
= —PDY) + R(P*, P),

where R(P*, P) is a second order remainder term and we use the fact that PDEDI*) =0. We
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can now plug in an estimated distribution ﬁn, and use a bit of algebra to show

U, (B,) — ¥, (P) = —P,DY + (P, — P)DY + Ry(P,, P)
= —P, D" + (B, — P)DY) + (P, — P) (D = DY) + Ry(P,, P),

(A.10)
The second term above is the linear term evaluated at the truth, with mean zero. Ideally, we
can find an estimator for W, such that this term can dominate the asymptotic performance of
\Ifl(lgn) The third and fourth one are respectively an empirical process term and second-order
remainder term, which can be shown to be negligible under certain conditions on ﬁn That is,
they both converge to 0 faster than the linear term as n — oco. However, we see that the term
P, D is the source of the irregular behavior of \pl(ﬁn) and can often cause non-ignorable
bias. Hence, this expansion motivates us to find a proper way to cancel the effects of ]P’nlA)(l)

and give the proposed one-step estimator for W, (P)

~ ~

(I}l,onestep = qjl(Pn) + ]P)nD(l)

which is coincidentally the same as the proposed theoretically optimal plug-in estimator \Tfl in

our paper. Therefore, according to (A.10), we can also obtain the asymptotic linearity of \/1\11:
U IS (1) -1/2
U, — 0 (P)==Y DY(o; 2,
(D) = 3D 0) + or ()

as long as the empirical process (P, — P) (ﬁ(l) — Dg)) and the second-order remainder
term Rl(ﬁn, P) are negligible. By Assumption 1 we have that (P, — P) (f)(l) — Dg)) =
op(n~'/?). Thus, we only need to prove Rl(ﬁn,P) = op(n~/2?). For any P* € M, the
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remainder is

Ry(P*, P) = Uy (P*) — Uy (P) + PD!))
= P{(Y — pp-y (X))Z = ppe 2(X))} = P{(Y — ppy (X))(Z — ppz(X))}

= P{(ppy(X) = ppy (X)) (np-2(X) = ppz(X))} -
(A.12)

Hence, as long as pp+y(X) — upy(X) and pp« z(X) — ppz(X) both converge to zero at
op(n~Y*%), we have Ry(P*, P) = op(n~'/?). That is to say, under Assumptions 1, the
asymptotic linearity of {1\11 holds. By the central limit theorem, we can further derive the

asymptotic normality of \Tll, ie.
Vi[U, — W, (P)] —q N[0,0%(P)], (A.13)
where 02(P) = [[D%(0)]2dP(0). This completes the proof of Theorem 1

A.3 Proof of Theorem 2.3

As in (A.9), we can also show that the naive plug-in estimator \ng,nawe is asymptotically
biased, which can be corrected by adding the irregular bias. Let ¢y(z) = Cor(Y, Z|X) under
Py and ¢(z) = ¢glg—o. Then, ¢y(z) = L2 where go(z) = \/aay(x)aaz(x). The conditional

go(z)”’
variance under Py can be expanded as follows,

Ug,y(x) = MG,Y2(95) - Mg,y(x)
= piy2(2) + 0B [Y?(hy + h.)|X = 2] + *E [Y?hyh.|X = 2]
—{upy (@) + 0B[Y (hy + h.)|X = 2] + *E[Y hyh.|X = 2]}’ A
= 0py(x) + 0 Cov(Y,Y (hy + h.)|X = x) + 6° Cov(Y, Y hyh.| X = x)
— ppy (x) {0E[Y (hy + h.)|X = 2] + *E[Y hyh.| X = 2]}

—{OE[Y (hy + h.)|X = 2] + > E[Y hyh.|X = 2]}



0
= 2508 (@) = Cov(Y Y (hy + h)|X = ) — pupy(2) E[Y (f, + ho) X = a]
6=0
0
= 2508 4(2)| = Cov(Z, Z(hy + h)|X = ) — pip(e) B[Z(hy + ha)| X = 2.
6=0

Thus, the derivative of Wy(Fy) with respect to 6 at 6 = 0 is

0

B

G| = [(Gow)inw| -+ [swhare
/“@ o) ~ i xwm> + E[B(X)h],
99( ) 6=0
where
Vy(2)|o=0 = B[Y Z(hy + h.)|X = 2] — ppz(x) E[Y (hy + h.)| X = 2]
— ppy (x) B[Z(hy + h.)|X = 2],
and

99(x) = tx) {EY*(hy + h2)|X] = 2pupy (@) E[Y (hy + h.)| X]} 0 2(2)

tx (E[Z%(hy + h)|X] — 21p.2(2) BIZ(hy + 1h2)|X]} 0%y (1)
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(A.15)

(A.16)

(A.17)

(A.18)

(A.19)
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Plugging in (A.18) and (A.19), (A.17) becomes

X 93(1‘) 6=0 :
- (Y_,UP,Y(X))(Z_,UP,Z(X)) o
—&{| - o)y + et 1)
B {¢<X> s s R (O m)} +E[0(X)h]

:E{

Therefore, the efficient influence function of Wy (P) is

Y —pupy (X)(Z —ppz(X)) (Z —ppz(X))? | (Y —ppy(X))* .\
9(X) o) ( 2%, (X) 203, (X) 1) P

D%(o) _ (y — ppy (@) (2 — ppz(z)) —¢(z) ((Z —prz()?* | (y—ppy(z))? — 1] -Uy(P).

g9() 20129,2(73) 20123,Y(x)
(A.21)
Thus, the one-step estimator of Wy(P) according to (A.10) is
Uy = Uy(P,) + B, D?
1 zn: (yi — by (w:)) (2 — piz (i)
[ 0y (2i)07(w:) (A.22)

yvg(w) = fiy @)z (@) [ (v = fy (©)* | (2= fz(@)® 1}
oy ()05 (%) 2075 (x:) 26%(x;) '
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The second-order remainder of Wy(P*) is

Ro(P*, P) = Uy(P*) — Uy(P) + PD?

o (e y (X)) = ppy (X)) (ppe 2(X) — ppz(X))
-7 { g0 (X) }

p { S (e () - up,y<X>>2}

{0 a0 - o

Covp-(Y, Z|X) — Covp(Y, Z|X) 0123*,Y(X) - U?{Y(‘X) 0123*,Z(X) - U?D,Z(X)
r { gp(X) ( 205 (X) | 205 ,(X) )}
— P{fi(X)(op+ 2(X) = 0p2(X))? = fo(X)(opey(X) — 0py (X)) (0p- 2(X) — 0p2(X))
+/3(X)(ope v (X) —opy(X))?},

(A.23)
where {f;}%_, are some functions depending only on X. Hence, to make Ry(P,, P) converges
to zero at op(n~'/?), we have to guarantee that every item in (A.23) converges to zero
at op(n~%/2), which includes [ (Covp (Y, Z|x) — Covp(Y, Z|x)) (0. y (x) — 0py () dP(x),
[ (Gy(x) — opy(x))* dP(z), [(G2(x) — opz(x))* dP(x). Then, we have the asymptotic lin-
earity of Wy(P) by (A.10),

n

1 @) .
T § D /2
2 77, P )7
and the asymptotic normality
Va[Wy — Uy(P)] =4 N[0, 03(P)), (A.24)

where 02(P) = [[D¥(0)]2dP(0). This completes the proof of Theorem 3.
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A.4 Proof of Theorem 2.2

Before proving Theorem 2, we first show that —1 < W3(P) < 1 for all P. By applying

Cauchy-Schwartz and Jensen’s inequality, we get that

Cov?(Y, Z|X) < Var(Y|X) Var(Z|X)

| E[Cov(Y, Z|X)]| < E/Var(Y|X) Var(Z|X) < /E[Var(Y|X) Var(Z| X)]

E[Cov(Y, Z| X))

|U3(P)| = \/E[Var(Y|X> Var(Z|X)]

P )

which has the same range as the correlation.
The efficient influence function of U3(P) can be easily derived from what we have developed
for Wy (P) by delta method [98]. Recall that expected conditional covariance has efficient

influence function Dg)(o), So the efficient influence function for the expected conditional

variance Vi (P) is DY (0) = (y — ppy ()% Let g(u,v,w) = - Then we know that

Us(P) = g(¥(P), Vy(P), Vz(P)) has efficient influence function

DY) (0) = Vg(U,(P), Vy(P), Vz(P)) x (D} (0), DY (0), D} (0))"

_ (y—ppy@)(z — ppz(x) (y —ppy(2))?* | (2= ppz(z))
B Vy (P)V4(P) W@ﬁ 2Vy (P) 2V (P)

2](A%)

Thus, the one-step estimator is exactly the same as our theoretically optimal plug-in

~ ~ TSy (o LS (o g (2
estimator, becausel of P, D) = Uy(P,)— U3(P,) |:n Z(Qy‘; (Mg() D) | x 2(2‘; (’%Z() ’))2} = 0. Then
Y\In Z\I'n
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the second order remainder of W3(P*) is

Rs(P*, P) = Uy(P*) — Us(P) + PDY)
Pl(pp-y(X) = ppy (X)) (pp+ 2(X) — ppz(X))

_ 3(P7) {P(NP*,Y(X> _ MP,Y(X))2 + P(up- 7(X) — MP,Z(X))21
2 Vy (P*) Vz(P¥)
+ G(P*, P)
where
o oy (P) = U(P) [(W () =W (P)? | (Va(P) = Vg (P))?
GF, )= 2/ Vy (P*)V,(P*) { Vy (P*) Vz(P*) }
- U, (P) [/ Wy (P)Vg(P) — /Vy (P*)Vz (P*)]?
v W (P*)Vz(P) VW (P)Vz(P*)Vy (P)Vg(P)
WV VP | VW () — VT (D)
2V, (P) 2Vy (P¥)
- WW(P) = VW (P)VVzZ(P) — /Va(P)]
VW (P)Vz(P)

Under Assumption 1, we have known that ¥, (P*)—¥;(P) = op(n~'/?). Thus, G(P*, P) =
op(n') and thus, R3(P*, P) = op(n~'/?) is negligible. We can then obtain the asymptotical

linearity and nonparametric efficiency of {1\13 as in Theorem 2.

A.5 Additional experiments for asymptotic performance

For W, (P), Wo(P), ¥3(P), we compare the efficient estimators proposed in paper, with their
corresponding naive estimators (which should theoretically not be rate optimal):

B aive = - O [z (@) = i (2)iz ()] (A.27)

i=1
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n

1 Hy z(w:) — [y () iz (2:) A
n 2 T ate) - @) (e () — 72 (e) (8.28)

-~
\DZ,naive =

@3 e % Z?:l [y z(z) — iy (2)fiz(z)] .
RS (e () = B (2) X L0 (e () — ()

(A.29)

A.5.1 Low-dimensional cases

We modify the setting of low-dimensional example in our paper slightly, by changing the
underlying covariance structure of errors of Y and Z. In this case, we let
ax = (e e x~n | [ 7). s (A.30)
0 —05+% 1

The true value of ¥y (P) is 0.25. The results are shown in Figure A.1: the naive estimator
again does not have a bias converging to zero at op(n~'/?) and we cannot obtain a valid
confidence interval by bootstrapping. In fact, we can notice that bootstrap-based methods
indeed fails quite spectacularly.

We also use the same pattern in low-dimensional setting described in our paper to evaluate
the theoretically optimal plug-in & naive estimator of W3(P). Figure A.2 shows the results.
The empirical /n-scaled bias of our theoretically optimal estimator @3 goes toward zero
which this is not the case for the naive estimator. The empirical variance of both methods
stabilizes when scaled by n and the confidence interval of our optimal plug-in estimators
converges to the nominal 95% as sample size increases. As expected, due to excess bias, the
bootstrap interval based on the “naive” estimators performs poorly (with coverage actually

converging to 0)
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Figure A.1: Low dimensional setting: Empirical \/n—scaled bias (left), empirical n-scaled
variance (center) and empirical coverage of 95% confidence interval (right) of the theoretically
optimal plug-in estimator (blue) and the naive estimators (red) of the scaled expected
conditional covariance W;(P). Conditional mean is estimated by local polynomial regression.

A.5.2 Moderate dimensional cases

In this setting, we generate the data from following mechanism.

Y:fl(xla-“?xS)—i_eyu Z:f2<x17"'7x8)+627 (A31)
~ 0 1 -0.5
where X ~ N(0,13) and € = (e,,e,)T ~ N : . Here the true
0 —-05 1
value of expected conditional covariance is also Wi(P) = —0.5. For each sample size

n € {300, 500, 2000, 4000, 6000, 8000, 10000}, we generated 400 datasets. Gradient boosting
were used to estimate the conditional means py (z) and pz(x) where hyper-parameters
(number of trees, minimal node size and fraction of observations to sample) are tuned by a
5-fold cross validation. Since bootstrap-based approach fails to build the confidence interval
and is computationally expensive. Here, we just include the Wald-type confidence interval of
the optimal plug-in estimator. The results look similar to low-dimensional cases, see Figure
A.3. As n increases, \/n-scaled bias of the optimal plug-in estimator tends to zero while that

of the naive estimator diverges. The variances go to a positive constant and the empirical



81

15 i _.__.__.._____._____._
. ¢ 8 0.6 # § § § §
.3 g £ 0.81
=015 ¢ * 2 008710
s Y. o )
» > g °
= 0.5 % 0.2 C 0.6 .
® =
0.0--———§——§-————§ ————— e 0.0+f---ccooo o __] °
0 1000 2000 3000 0 1000 2000 3000 0 1000 2000 3000
Size Size Size

Estimation ® Naive ® Plug-in

Figure A.2: Low dimensional setting: Empirical \/n—scaled bias (left), empirical n-scaled
variance (center) and empirical coverage of 95% confidence interval (right) of the theoretically
optimal estimator (blue) and the naive estimators (red) of the scaled expected conditional
covariance W3(P). Conditional mean is estimated by local polynomial regression.

coverage obtained from asymptotic normality also works. In this setting, we may notice that
bias of the optimal plug-in estimator converges to 0 more slowly but still gives reasonable

interval estimates.

A.5.8 High-dimensional cases

We use the same setting with high-dimensional features to evaluate the performance of the
scaled expected conditional covariance W3. The true parameter is W3(P) = —0.5. We generate
random datasets of size n € {500, 1000, 2000, 3000,4000} and estimate W3. The Lasso was
used to estimating the conditional means py (x) and pz(z) where the regularization parameter
was tuned by a 5-fold cross validation. Again, the results are in-line with our theory: We see

good performance for \/133 and poor performance for the naive estimator.
A.6 Real Data Analysis: Network Recovery of Boston Housing Data

We evaluate our approach on the Boston housing data [47] by analyzing the network structure

of features that may potentially impact house price. This dataset contains information
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Figure A.3: Moderate dimensional setting: Empirical y/n—scaled bias (left), empirical n-
scaled variance (center) and empirical coverage of 95% confidence interval (right) of the
theoretically optimal plug-in estimator (blue) and the naive estimators (red) of the scaled
expected conditional covariance ¥(P). Conditional mean is estimated by gradient boosting.

collected by the U.S Census Service concerning housing in different areas of Boston Mass.
There are 506 observations and each observation is based on a single town, with information
on median home value (MEDV). In addition, it provides the four types of attributes which
may be potential predictors to the price of house. The first type consists of neighborhood
feature: % of lower socio-economic status (LSTAT); % of residential land zoned for lots larger
than 25,000 square feet (ZN); % of black residents in the population (B); per capita crime rate
by town (CRIM); % of non-retail business acres per town (INDUS); the full value property
tax rate (TAX); the pupil-teacher ratio by school district (PTRATIO); Charles River dummy
variable (CHAS). The second type is the house structural features: the average number of
rooms per dwelling (RM) and % of owner-occupied units built prior to 1940 (AGE); The
third one consists of accessibility features: index of accessibility to radial highways (RAD)
and the weighted distances to five Boston employment centers (DIS). The final type is about
air pollution, which only includes the nitric oxides concentration (NOX).

Here, we consider Gaussian graphical model (GMM) and the scaled expected conditional

covariance W3 to build a network of 14 attributes. For U3, we estimate the conditional mean
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Figure A.4: Empirical \/n—scaled bias (left), empirical n-scaled variance (center) and empirical
coverage of 95% confidence interval (right) of the plug-in estimator (blue) and the naive
estimators (red) of the scaled expected conditional covariance ¥3(P). Conditional mean is
estimated by Lasso.

using random forests and we obtain p-values according to our asymptotic Gaussian limits as
discussed in Theorem 2. For GMM, we use the bootstrap to build confidence intervals. In
addition, we also use the value of ‘/1\/3 and the corresponding entry of the estimated precision
matrix to represent the strength of association.

We display the results in Figure A.5. The network constructed by the scaled expected
conditional covariance W3 shows that median house value (MEDV) is strongly connected with
neighborhood and structural characteristics, such as the number of room (RM), weighted
distances to employment centres (DIS), % of lower socio-economic status residents(LSTAT),
crime rate (CRIM) and property-tax rate(TAX). This is similar to the findings of [13] and
[123] where these attributes were also marked as important. In particularly, average number
of room and proportion of lower socio-economic status, which were previously found as the
most important feature, also have the strongest conditional association with the price.

In this example, estimating the network using GGM gives very different results. The graph
structure is much less parsimonious. This is to be expected under model-misspecification:

It is likely that the true precision matrix derived from complicated non-Gaussian data is
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rad chas

Figure A.5: Network constructed using GGM (left) and W3 (right). P-values are obtained to
identify edges. Width of edges represents the corresponding entry in the precision matrix
(left) or the value of W3 (right).

quite dense; it is unfortunately just a meaningless measure in such a case. In addition, edges

connected to median price (MEDV) do not agree with previous published studies.
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Appendix B
SUPPLEMENTARY MATERIALS FOR CHAPTER 3

B.1 Proof of Proposition 3.2
If X; ~ Bernoulli(y;), where p; := E(X;|X_;) = p(X; = 1|X_;). Then,

E{Cov(Y, X;|X_j)}

— B{B(YX,|X_,) - E(Y|X,) E(X,|X_,)}
(

= E{E(Y|X; = 1,X_;)p(X; = 1|X_;) — E(Y|X_;)p(X; = 1|X_;)} (B.1)
= E{E(Y]X; = 1,X_j)p(X; = 1|X_;) — p(X; = 1|X_;)x
[EY]X; =1,X5)p(X; = 1|X_;) + E(Y]X; = 0, X_;)p(X; = 0]X_;)]}
= E{[E(Y|X; =1,X_;) - E(Y[X; = 0, X_;)]p; (1 — )}
Therefore,
0,(P) = B{ 2 IV X, = 1 X ] - BN =0.X ) | (B.2)

B.2 Proof of Lemma 3.1

~

For brevity, we let ®; denote ®;(P). Its estimator is ®; =

Q<>| )

. So, the performance of (I>
would be dependent on \T/j and \A/j In Chapter 2, we have shown that

Vi (- w(P)) = % i Dy (o) + A7,

! (B.3)
Vi (V= Vi(P)) = <= 3" D (o) + A7
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Vi ()Y  |,,G) _ (@ ) O (%) @y — |0 _ o) 2
where D’ (0lV) = |y pey (X5 |z; ij( j and D (o) = |z;” — pp; (x| are
the efficient influence functions of ¥;(P) and V;(P). Thus, to prove Lemma 3.1, we calculate

CIDJ- — ®,(P) as follows

~ U. U,
o, -, ==
J J ‘/J ‘/J
7‘T’j_q’j+‘1’j_‘1’j
Vi v, VY
Y=Y (Y- (V- V) n P;(V; = Vj) . @;(V; —V5)°
Vi ViV Vi ViV
\I/j . V] : =~ ~ -~
_PDp + AV (P, DY + AV /\/n) L2V — Vi) (T =0)(V; - V)
v Y vV vV
¥; Vi ; - > = -
_ PnDp — &P Dp AY — AV L (Vi = V)2 (T —0y)(V; = V)
Y v, ViV ViV,
=P, Dy’ + A% /v/n,
(B.4)
where P, f = 23" | f(xY) and Pf = [ fdP. Plug in Dy and DY, we get that
D% (o) = {y = mey ) Hery = ney(x5)} g {25 —pey(x5)F (B.5)

Vi ! Vi

which happens to be the gradient of the pathwise derivative of ®;(F) as we have shown in
Chapter 2 for the parameter W3(P) and its proof in Section 2.2, and thus is the efficient
influence function of ®;(P).

Although, in the lemma, we assume a linear model. But the results still hold under the

following partially linear model

Y = X;8; +9(Xj) + ¢ (B.6)

where X ~ (0,%,) and €4 ~ (0,0%) 1 X. Then, ®; = ; and the efficient influence
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. o,
function D,’ reduces to

(]

Dy} (o)
_ {iBi +9(xj) + e —g(x) = Bimpi (X)) — ;8 + Bipp; (X—3) } {; — pwp;(x-;)}
Vi
X —ppi(xj)} e
‘/}- Y
(B.7)
as claimed.
B.3 Proof of Theorem 3.4
Following (B.4), the remainder term A% has the following form
Vi V v, A% ’

where,

A = \/i(P, = P) [ DY (0) = Dy (0) | + VAPl (x_) = ey (x )][fis(x5) = s (%))
AV = (B, — P) | DY(0)  DF (o) 4+ vnPljiy(x-;) = ey (x-,)I*
(B.9)
where P, f = Zl L f(xD) and Pf = [ fdP. D% and DY are consistent estimator of D, v
and D]Zf. The first summands in both A% and AY7 are empirical process terms and can be
shown to be asymptotically negligible by assuming the estimators belonging to P-Donsker

class [115]. In addition, we also assume that the estimated conditional means converge to

their truth, as in (3.16). Therefore,
A% =op(1) and AY =op(1)

Meanwhile, when conditions in Theorem 3.4 are satisfied, Chapter 2 and [125] also have
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shown that
— Vi(P) = op(n~"?). (B.10)

S

U; — U,(P) = op(n~Y?),

Thus, the last 2 terms in (B.8) are op(n~'/2). Therefore, A% is negligible, i.e.,
Aq)j = Op(].).

The performance of @ will be dominated by \/iﬁ Yoy D;{;j (o). By central limit theorem

and Slutsky’s theorem, we have

Vit [8; = @;(P)] = N (0.63(P)).

where 02(P) = Var(D¥ (o)) = [ {D;‘Ej(o)}2 dP(o).

B.4 Proof of Theorem 3.5

Theorem 3.4 has told us the asymptotic normality of ;ISJ-, ie., N (O, a]?(P)). We can plug in
the efficient influence function in (B.7) when linear model truly holds. There, the limiting

variance becomes

7(Bw) = [ {DR. @} P()

:/{{fﬂj —M%(Xj)}ﬁ}zdp(o)

=a?/V.

If we further assume that X ~ N(0,%,), then
Vj = E[Var(X;|X_;)] = Var(X;[X_;)
= %03, 4) = TG, =0)%, (= =) % (=d:5)  (B11)

=1/6,;j
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Hence, the limiting distribution of ZI\Dj is
Jn [EISj - 5]} —4 N (0,0%0,,;) (B.12)
which is the same as the limiting distribution of the OLS estimator B\JQLS.

B.5 Proof of Lemma 3.2

For ease of the exposition, we write @, ; := ®;(B,), ¥, ; := V;(P,), and V,,; := V;(B,). As

shown in Proposition 3.3,

~

1 « o
Vi (B = @ug) = = S DR 0 + AT (B.13)
=1

. oy
The remainder A,’ can be expressed as

v, v, 5
At A = @A VP (Vi = Vi) VW = W) (Vg = V) (B.14)

n
Vij ViV Vi,V

Just like in the low-dimensional case, we have

v (U, — U, ZD o) + AV,
( ) \/_ (B.15)

~

\/ﬁ <Vn7j — Vn’j) = % zzl Dl‘;i (O(Z)) + ij

and

M~

A = (P, — P,) [ DY¥(0,) = Dy (on)| +
VP [finy (Xn,—5) = 112,y (Xn,— ) [Fin i (Xn,—5) = 1170 5(Xn,—5)] (B.16)
Ay = V(P = Py) _ﬁvj(on) - Dz‘gj(onﬂ + VNPl (Xn,—5) = 11p,5(%n,—5)]%
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By assuming that,

/[ﬁn’Y(Xn’j) N ’uP"’Y(X”v*J')]zdPn<Xn,*j) = 0p, (n*1/2) )

/ [Finj (Xn,—5) = 1Py 5 (Xn—j)2dPo(Xn,—;) = 0p, (n7'/?),

and the empirical process terms can be bounded as n and p,, go to infinity:

VA(B, = P,) [ DYi(0,) = Dy (0,)] = o, (1),

Vil — P,) [ DY (0,) = D (0)| = or, (1)

W V.
Then, we get that Ay’ = op (1) and A, = op, (1), followed by A"J+"FA”] =op,(1).
n,J
Meanwhile, we can use the same swapping and interpolation techniques in the following
section, i.e., Section B.6, to show that \/I;n,j — W, ; = op,(n"Y/?) and 17n7j — Vo = op, (n71?).

Thus, we have Aﬁi =op,(1).
B.6 Proof of Theorem 3.7

We first prove Theorem 3.7, where we use the techniques of swapping and interpolation
that can also be applied for Theorem 3.6, as well as the proof for Lemma 3.2. As shown in

Proposition 3.3,

~ 1 & o ,
N (cpn,j . 5,%].) -z S DR (0l)) + A, (B.17)
=1

@5 _ Ayn—pr,y Xn,—))HEn i —1pry . (Xn,—4)} (@, —1Pn.i (Xn,—5)}? P;
where Dp" (0,) = n Vi = -, P and A,” = op,(1)

by Lemma 3.2. Let

(B.18)

where o7, ; := 07 (P,) = f{Dﬁ:’dePn. Thus, wS ~; ;4 w, with B (w,) = 0 and Var (w,) =
1. Let W, = (wS) +uwd + ... +w£”)) /vn and Z, = (zf}’ +20+. .. +z£”)) /v/n with
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2D ~ia N (0,1). Then, we can use the swapping technique [25] to show the convergence of

W,. Let

VO = (wd + .. 4wl + 20 + 42 Svn

n

| | | (B.19)
UW = (0 + .. 4+ w0l 4+ 20 42 Jyn
with V¥ = 7. and V" = W, such that
Vi) = U0+l [vn
(B.20)

VD =yl 20/ /n

n

Consider a smooth function h(xz) which has bounded third-order derivative. By Taylor

expansion, we get that:

WU + ) /) = UD) +uld VR UD) + 5l K (U0)
(B.21)

1 . .
o PO 4w Vi)

WU + 20 /) = h(UD) + 20 /3 /ab! (UD) + —0p"(U0)
. 2n (B.22)
+ 6n—3/2 h///(U(z +ux Z /\/_)

for some u,v € [0, 1]. Then

h(V) = h(V,Y)
= h(UD +w® //n) — h(UD + 29 /3/n)
= () = o) VR (UP) + o (w0 = 0%) Ul

1 1
+6n-3/2 SRUD 4w x w® /) — = U n=32 U0 4y % 20 /)

(B.23)

Taking the expectation on the both sides of the above equation and using the fact that
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w and 2 are independent of Ur(f), it follows that

Eh(W,) — EZ (V)]
(B.24)
,3/QZE h/// —i—uw(l /\/— 73/QZE h/// Z)—i—UZ ’)/\/_)

For P(W,, < z) = E1[W, < z] and a tiny ¢ > 0, we consider a smooth function h.(z)
which (i) equals to 1 on (—o0, 2); (ii) vanishes outside of [z + ¢, 00); and (iii) has third order

derivative b (x) = O(c™?). Let Z ~ N(0,1), then 2V = Z and thus

PW,<2)—P(Z<z2)=E1W, <z —EhdZ,) +Eh.Z,) — P(Z < 2)
<Eh(W) Eh.Z,) +Eh.(Z,) — P(Z < 2)

— 73/22E h/// —|—UU)(Z /\/—)

—‘”_3/221*3 WU + 02 [V/n) + P(z < 2 < 24 0)

| /\

603ZE‘w )/\/_l +C/\/_

_1/2Ewn3
_mBhP

1/4
c= (\/%n—lﬂmwnﬁ/ta) < (CE|w,l?/v/r)Y*

\
7

(B.25)

for some constant C' > 0. Hence, we finally have
P(W, <2) = P(Z < z) = O [(E|w,[’/v/n)""*] = o(1) (B.26)

If the linear model (3.24) holds with xi) ~;,4 N(0,5,,), then 0%(P,) = 0®/V;(P,) =
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020, ;. Then, it is natural to get

\/ﬁ(&;n,j - ﬁn,j)

— W, + op. (1). (B.27)
0Op,.jj
Since, the influence function under linearity becomes D(p"‘j ' (0n) = LISEL C"d,%” =ilen g,
(@) (8 _ — [Zn,i =P, (Xn,—j)len

wy,” reduces to wy, . Using the same swapping techniques, we can arrive

o2

at the conclusion in (B.26).
B.7 Proof of Theorem 3.6

In the triangular array setup, the de-biased lasso estimator is

B\ﬁ)L BLasso + ®pn n( - ané\é/asso)/n’ (B28)

where ©,, is the node-wise lasso estimator in (3.28). When the lincar model (3.24) truly

holds, the difference between @?L and the truth 3, is

VA(BEY = Ba) = Vn(BE* + 6, XL (x4 Bn + €0 — X, BL") /1 — By)
= Vil —6,,5,)(BE"* - B,) + 6,,x e, /V/n
0,51 € /v + VI, — 6,,5,)(BE = B,) + (6,, — ©,,)xLe,/V/n
0,, % €,/v/n + AP

(B.29)
Therefore, to estimate the jth coefficient, we have
\F(L i) _ Z ALL (B.30)
g @pnvjj \/_ U @an]
() _ Of <) ) () _ -
where ry) = ZpeZr W (0,1), i.e., we say that r,” = r, with E(r,) = 0 and

T4/ Opn.jj )
(i

Var(r,) = 1. Let R, f oo ra’, we can also use the same swapping and interpolation
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technique as in Section B.6 to show that
P(R,>2z)—P(Z > z)=O[(E|r,*/vn)"*] = o(1) (B.31)

if E|r3| = O(1). Z is a standard normal variable.

By Assumption 3.2, |0, |l = O(1). Then, the rest of this proof is to show that
A% = op,(1). The Karush-Kuhn-Tucker (KKT) condition for the node-wise lasso regression
(3.28) implies that

Njfing = X j(Xng = Xn,—Vng) /1 (B.32)

where Ry, ; = sign (V). BY [|Fnjlli = 7o jRn,j, We get

Tog = Xn; (Xnj = Xn—Yns) /1 (B.33)

Recall that @pn,j = én,j /72 .. implying that

7]7

Xg,jxnépmj/n = Xg,jxnén,j/(n?g,j)
=X, i(Xnj = Xn—Yn )/ (07 ;) (B.34)
=1.
Meanwhile, followed by (B.32),
%5~ %0 O illoo /1 = %5, - %0 Cr /Tt slloo /10 = Nl[Ron s /T lloe < Xj/ 705 (B.35)
Therefore,
130, Opnj = €illoo = 1(%n 35 Xn,—5) %0 Oy, 5/1 = €jlloe < Aj/Th 5, (B.36)

and thus Hipn(:)pn — I, lloo < max; \;/77 .

The following proposition tells that under some assumptions, A;/ ?ij can be uniformly
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bounded, for all j =1, ..., p,.
Lemma 5.3 in this work [111] explicitly shows that, under our Assumption 3.2, if the

sparsity with respect to the columns of the precision matrix ©,, ,is bounded by

max S,; = o(n/log(p,)), (B.37)

1<j<pn

and for each j =1, ..., p,, the regularization parameter in the node-wise lasso regression is

suitably chosen, that is \; < y/log(p,)/n. Then,
max 1/7. ;= Op, (1), (B.38)

J

where we say X, = Op, (1) if P,(|X,| <d.) >1—¢, Ve >0 and n > N. Then,

12, Op, = Ip,lloo < mJaX/\j/?Z,j = y/log(pn)/n. (B.39)

Meanwhile, by additionally making the sparsity assumption of the model, i.e., 5,0 =

o(v/n/log(p,)), and suitably selecting the regularization parameter in (3.26), with A =<
V1og(pn)/n, Lemma 5.1 and 5.2 in [111] also provide that

B~ Bulls = O, (s00v/108(pn) /1) = or, (1//o8{pn). (5.40)

Therefore, we can bound the first term in AD" as

VAL, = 80 S ) (BE* = B)loo < Vil L, — O Zp o1 BE* = Bulls
= /nop, (1/v/n) = op, (1).

(B.41)

To bound (6, — 0,,)x”€,//n, we have

18y, = ©p.)xt €/ v/1l|o0 < max % €0/ V1] X 1|65, = Oy, |- (B.42)
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Using the standard arguments for the £o-norm bound, i.e.,
185, = Opulloe < max (|8, = Op,l2 < max Ay/5nj = op, (1). (B.43)

In addition, x(i)j and €' are both Gaussian variables and are independent with each other.

For any j = 1, ..., pp, m,&i’éeg)/\/a?mejj ~ina IN(0,1). Since ||X,, || = O(1), X£7j6n/\/_ =
Op, (1), uniformly for j =1, .., p,. Thus,

18y, — O, )xL€n/v/1l|oo = 0p, (1). (B.44)

This completes our proof of showing AP = op, (1).
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Appendix C
SUPPLEMENTARY MATERIALS FOR CHAPTER 4

C.1 Proof of Lemma 4.3

Recall that M is F-embeddable and J satisfies Condition 4.1. Thus, the entries of M are
generated by m;; = f;(0;.). Consider arbitrary e > 0. Then there is some fixed Cy > 0, and
a collection of functions ;) = {zzl, JQ, . ,zz J*(e)} C JF that give the finite set of minimal
f= 511%”00 < e. and

cardinality J*(e), with the property that maxcs min g2,

[41]|oc < Cy. For any given f € F, let

B(f) = argming || f — > By

piEF: 0

This implies that we can approximate M with a low rank matrix M€, with entries given
by
mi; <= Z Vi (0:.) - Bi(f5), (C.1)

€T
such that |m;; — mf]| <eforv=1,....,n,5=1,...,p. Now, let ¥ denote the matrix with
U, = Jl (6;.) and B denote the matrix with entries Bj; = f;(f;). Then, the approximation
matrix can be compactly written as

M€ = UB,

with ¥ € R™/"(© and B € R/ (9*P, Thus, rank(M¢) = J*(¢) < min(n,p) and

[M* = M|, <e.
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Finally, using a variational form of the nuclear norm [100], we have

1 | B S
—— M|, = < ~ U+ = VI35 -
\/n_pH =35 ,min <n|| e+ 21 ||F)

From the above statement, we know that ||V|| and ||B||~ are both bounded by Cj.
Thus we have that

1, 1/1 1 .
= 1 < 5 (S I+ S 1B ) < G

Noting that C? is a constant independent of € gives us our result.

C.2 Deriving the Consistency

In this section, we shall derive the consistency of our estimator M. Recall that {(ye, X0) Y,
are generated by

Y = (X, M) + &, (C.2)

where &; are i.i.d random errors distributed N(0,0?), and M is a n x p matrix. The estimator

we consider is defined by

N

— ) 1 2

M <+ argmin; cgnxp {n—pHMH% — <N E tht;M> + )\||M||*}
=1

= argmin y;cgnxp Ly (M)

We first introduce two technical lemmas, which will play the key role in showing the
convergence rate. Proving these lemmas will entail most of the work required for proving
this theorem. In Lemma 3.5, we derive a deterministic upper bound for the estimation error
(under a stochastic condition) as a function of the regularization parameter A when \ is
sufficiently large (in this Lemma, “sufficiently large” is left as a stochastic constraint). In
particular, we show that the risk can be decomposed into a misspecification error and a

prediction error. Then, in Lemma 3.6, we identify a deterministic value for A such that, with
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high probability, the condition in Lemma 3.5 will hold. More specifically we give probabilistic
bounds for the operator norm of the stochastic error term in our generative model. We can
then combine these to obtain the general oracle inequality in Theorem 4.8.

Before continuing, we give some additional notation: For any matrix Z, we denote
1 Z]lop = Amax(Z), where A2 (Z) = Amax(Z7Z) is the largest singular value of Z7Z, also

known as the operator-norm.

Lemma 3.5. Suppose we observe {(y:, X;) Y, generated by (C.2), where X; are i.i.d uni-
formly sampled from X. Further, assume the underlying true matric M € R"*P 45 F-
embeddable with Condition 4.1 satisfied. Let A = N""S°N [ X, — B(ye X0)]. IF A > 2] Allop,
then

1 1++v2 ?
o~ —|- N
n—pHM — MH% < e 4 ( 5 ) J (6))\2np (C4)

holds for any € > 0. Recall that J*(€) is the minimal rank of an approximation matriz M€

with ||M¢ — M|l < €.

Proof. The proof of this lemma is based on the strong convexity of the loss function
Lyn(M).
Consider the the subdifferential of Ly (M), which is the set of matrices of the following

form:

N

2 2

OLN(M) = {n—pM - > wXi+AB, Be 8|\M||*} : (C.5)
t=1

Thus, the following representation holds for A € 9L N(]\/Z )
. 9 - 9o N N
A=—M — — Xy +AB
np N t_Zl Y Xy + AD,

for some B € 8HJ\7H* Since M +— Ly (M) is strictly convex, M defined in (C.3) is the unique
minimizer of Ly(M). This implies, 0 € Ly (M). Hence, there exists B € 8|| M|, such that
A= 0, and thus

—

(A, M — M) = (0, M — M) =0. (C.6)
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It further follows that

9 9 XN e o (C.7)
= (M, M — M) — = (X, M — M) + \(B,M — M) = 0.

M¢ € R™P is the approximation matrix with rank(M¢) = J*(¢). So, it has spectral
representation M€ = Zj (f) ojujv] where u; € R and v; € R?, j = 1,..,.J%(¢), are
orthonormal vectors, and o; are the singular values of M¢. Let U and V' denote the linear
span of {uy,...,us-()} and {vy, ..., v ()} respectively. Then, the subdifferential of ||M€||, can
be represented by the following set of matrices [119]:

()

M. =Y wjo] + PyaWPyw « [Wllo, < 15,

j=1

where U+ denotes the orthogonal complements of U and P,. denotes the projection on the
linear vector subspace U+. The same argument applies to V and P,,.. Thus, B¢ € 9||M¢||.

can be represented as
J*(e)

= > u] + Py WPy (C.8)

j=1
for arbitrary matrix W having ||W||,, < 1. Due to the trace duality, there exists W with
IW]lop < 1 such that

(PyoWPyi, M — M) = (Pyu WPy, M) = (W, Pyo MPy.) = |Ppu MPyi|l,  (C.9)

So, it follows from (C.7) that

92 _

ZAM = M, M — M) + (M, M — M)+ \B — B, M — M*)
np np

2 « —~ 9 - (C.10)
= NZ tht M5> _)\<BE’M_M6>+Ntzl<tht_E(tht)’M_M€>
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Due to the monotonicity of subdifferentials of convex functions M — || M||,, (B — B¢, M-
M¢) > 0. So, (C.10) can be further simplified:

2 —~ —_~ —_~ —_~
(M — M, M — M) < —X(B, M — M) + 2(A, M — M)
np

T ()

j=1
7o)

(C.8) = =AY wjol + PyoWPyu, M — M)+ 2(A, M — M)

(C.9) = =AY wpol , M — M)+ 2(A, M — M) — X[ Py M Py |,
j=1

(C.11)
where A = N1 Zivzl[tht — E(y: Xy)].

By arithmetic, we see that the left-hand side of (C.11) is equal to:

2M — M, M — M) = (M — M, M — M+ M— M+ (M— M+ M — M, M — M

= [|M = M5 — || M = M5+ [|M — Me%.

(C.12)
As for the right side of (C.11), we use the following facts:
J*(e) J*(€) e J*(e) e
| Z uv] lp =1 and (> wjvl,M— M) = (Z uvl, Py(M — M9)Py).  (C.13)
j=1 j=1 j=1

Given (C.12)-(C.13), (C.11) becomes

1 e 1 - —
—|[M = M5 + —||M — Me[[5 + X[ Py M Py ||
np np

J*(€)
<MY wiul M — M€

]' € T €
iU >+n—pHM—MH%+2<A7M—M>
1

—~

<.
Il

(C.14)
_— 1 _—
< AIPS(M = APy + M= M+ 28,3 = M),

where the last inequality is due to [(My, Ma)| < ||Mi]|op X || M2]].
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In (C.14), the stochastic error term (A, M- M¢€) can be decomposed:

(A, M — M) = (Pare(A), M — M) + (Pyo APy, M — M€
= (Pase(A), Page (M — M) + (Ppre(A), Py (M — M) Py )
+ (Pyi APy, Pape(M)) + (Pyr APyi, Pye MPys) — (Pyr APyo, M©)

= (Pare(A), Pare(M — M) + (PyLAPyL, Py MPy.)

(C.15)
where Ppe(A) = A — Py APy1. So it can be upper bounded by:
AT = M| < [Pare (A lPase (V] = MYl + [P APy o Py BT Py |
< | Pare (A)|pl|M = M|+ | Py APy || opl| Py M Py (C.16)

< V2J ()| Allopl| M = M| e + || Allopl| Prs M Py |

The last inequality is due to the facts that

1Pare(A)llp < V/rank(Pase(A))|A]lop = /rank(Pyr APy + PuA)[| A,

< v/ QTaHk(ME)HAHOp =V 2J*(€)||A||0p

and || Py APy ||op < || Al op-
Meanwhile, the first term in the right-hand side of (C.14) can also be bounded:

| Py (M€ — M) Py |, < /rank(Me)|| Py (M — M) Py||p < /T ()| M — M|p. (C.17)
Combining (C.16) - (C.17), (C.14) becomes

1 — 1, —~ . —~
—||M = M|[z+— M = M5 + (A = 2[|Allop) | Py M Py ||
np np

<MW I(QIM = Mlp + €+ 2y/2*(e) | Allop| M — M .

(C.18)
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If A > 2||Allop, then
1 —_ 1 e —
el M5+ el Ll Me|3 < €+ 1+ VAT (| M — M| (C.19)

which implies

1 —_ r € 1 T €
n—pHM—MH% < (L VAT ()| M = Me||p — n—pHM—M I

2 (C.20)
<€+ (1 i ﬂ) J*(e)N*np

2

as claimed. [J

The result in Lemma 3.5 still contains regularization parameter \. When X\ is selected
too large, then entries of M will be overly shrunk toward zero and give poor reconstruction
error. If A is too small, then our constraint, A > 2||Al|,,, will not be satisfied. Thus, it is
important to identify a minimal value for A such that A > 2||A||,, with high probability. Here,

we introduce the second lemma, which gives an upper bound for ||Alf,,.

Lemma 3.6. Consider the same data generating mechanism as in Lemma 3.5, with X; are

i.i.d uniformly sampled from X. Then, there exists constant c¢; (dependent on o and |M||~)

/10g n+p \/ n/\p log(n+p)
N

-1

such that

1Allop < 1 (C.21)

with probability at least 1 — 2(n + p)
Furthermore, when N > (nAp)log®(n+p), we have ||Allqp < 2¢14/ l(])\‘f((:/fg with probability
at least 1 — 2(n +p)~ L.

To derive the bound of the stochastic error A, we shall use the matrix version of Bernstein’s
inequality. We now use 2 propositions from [110]. For completeness we include statements of

the propositions here below.
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Proposition 3.4. Let {Z;}Y | be i.i.d n x p matrices that satisfy for some a > 1 and all t
EZy =0, K:=|l[|Zlopllee) < oo,

where || - ||w(a) s the ¥(a)-Orlicz norm defined as ||z||w(a) := inf {c > 0: Eexp <@> < 2}

c«

for a random variable z € R. Define

9

N
1
2._ T
R” := max HN ;1 EZ.Z,

1 N
NZEZtTZt
t=1

op op

Then for a constant ¢ and for all h > 0,

P

~p Jhtlogn+p) 4 (KY\ (h+]log(n+p)
> — < —h).
> cR\/ i + clog I N < exp(—h)

1 N
P

op

Proposition 3.5. Let {Z;}Y| be n x p matrices that satisfy for a constant K,
E}Zt:O7 max HZtHopgKl.
1<t<N

With the same definition for R as in Proposition 3.4 Then for all h > 0,

1 N
P

t=1

P

. ﬁR\/hﬂog(mp) , Kalh +log(n +p)

< —Nn).
N 3N < exp(—h)

op

Given the above results, we now prove Lemma 3.6.
Proof.[Proof of Lemma 3.6]

|A|op can be decomposed into two parts as below and we shall bound each part respectively.
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N
||A||Op = Z Yy Xy — tht)]

op

= NZ&Xt E(&X,) + tr[MTX,]X; — B(tr(M" X;) X,)

=1 op (C.22)
N 1 N
<+ thxt +% Z tr(MTX,) X, — E(tr(MTX,) X,))
pa o
= [1 —|— [2.

We use Proposition 3.4 to bound I;. Let Z;; = &X;. Since & ~;,;4 N(0,0%) and X; are
i.i.d uniformly sampled from X with &_Il X;, {Z;;}Y, are i.i.d n x p matrices having

EZ,=0, K:= HHZI,tHOPH\I/(a) = Hgt”‘lf(a)

For a normal variable z ~ N(0,1), we have E exp(22/c?) = ¢/v/c2 — 2 when ¢ > /2. Thus,
Eexp(z?/c®) < 2= ¢ >4/8/3. So, K = ||&|lwey = /8/3. Let

N

op

op

Due to Proposition 3.4, for some ¢ and for all A > 0, we have

h + log(n + p) 1 8(nAp)\ [ h+log(n+p)
P ([1 > \/ N(n A p) + C\/§ log ( 2,2 ) ( N )) < exp(—h).
(C.23)

Similarly, we use Proposition 3.5 to bound Ip. Let Zy; = tr(M” X)X, — E(tr(M X,)X,),
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where E(tr(M7TX;)X;) = nipM. So, E(Zy;) =0, and
| Zat|lop < [|tr(MTX) Xt|| + || E(tr( MTXt)Xt)” < 2| M|| oo

So, let Ky = 2||M||oo. Then maxi<;<n || Z2.4||op < K;. Consider,

1 2

1 2
E(Z3,Z2;) = E [tr(M"X)’X"X] — (—) MTM.
: "

1 2
(—) MMT
np

M5 ||oo
< MG /n+ =2 < 2| MS,/n,

|E(Z223,) || < ||E [tr(MTX)2XXT]|| +

op

op

and similarly ||E(Z2T7tZ2,t)||Op < 2||M||%,/p. Let

2 RS r R 2| M2
R} = max { || Z B(Z2:23,) ~ ; E(Z3,Zs,) < Ap
op = op
Then, applying Proposition 3.5, we have
2= > N(n A p) 3N - ' '

Combining the results of (C.23) and (C.24), for all h > 0

\/ht\fl‘()f(:];p)qu\/%log(g(g(gp)) (h+1o%n+p)>)

(C.25)

P <||A||op > (¢o +2[|M )

< 2exp(—h).
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Select h = log(n + p) and let ¢; = v/2(¢o + 2||M||), then

[log(n + p) 8(n Ap)\ log(n + p)
P (“AHO;D Z C1 [ W + \/log ( 30_2 ) N

In particular, if N > (n A p)log®(n + p), we have

>§2W+pY3 (C.26)

log(n + p) .
> =2y 27 <
P <||A||op > 2¢; NoAp) | S 2(n+p)~,

as desired.
0]
Based on Lemma 3.5 and 3.6, it is straightforward to prove Theorem 4.8.
Proof.[Proof of Theorem 4.§]
When N > (n A p)log?(n + p), we choose A of the following form

log(n + p)

A:
2 N(n Ap)

(C.27)

where Cy > 0 is a constant with Cy > 4¢q, where ¢; is defined in Lemma 3.6 that only depends

on ¢ and ||M||s. Following from (C.4), then

2
1 — 5 5 1++v2 (nV p)log(n+ p) 5
— M = M%< *(e) + €2. C.28

holds with probability 1 — 2(n + p)~'.
This completes the proof. [J

C.3 Proof of Lemma 4.4

We begin with an outline of the proof. To form our set of basis functions, we will tessellate
our domain X* with oco-norm balls, and use a Taylor series centered at an arbitrary point

within each ball to get a uniform approximation for functions in that ball. For a fixed center
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point, the Taylor series is a linear combination of fixed basis functions. To obtain our full
set of basis functions, we will collect all of the terms in all of those Taylor series. We now
formalize this:

Proof. For functions satisfying Condition (4.2), we consider a Taylor series approximation

to f € F(L,v, K) of order L at a point x° € R[o ) that is

T f(x) + D7 Vf ) —x°),

l<L1'

l . . .
where I! = [!... [}, Vif(x) = ﬁ and x! = 2! .. xﬁf over all combinations with
e

Iy +-++1, = I. There exists x' = (2, ..., 2%)T € R[o,u in a neighborhood of radius ||x —x°||

centered at x° such that the approximation error obeys

1 o
> PO o= o —

- 0 <
170 = T ()] < Lyl .. Ly a/Ll--.ax’KLK

Li++Lg=L
0|L1 0 |Lk
.. rp—x T — X
Condition 4.2 <~ E | 1 ' | ' xl
Li!...L;!
Li+-+Lg=L

Multinomial Theorem = % (|z1 — 29 + ... + ok — 93?(|)L

(C.29)

If we consider the approximation error within an co-norm ball of radius d (and choose
any point in that ball as x°), then |z — z}| < d for k =1,..., K. (C.29) has

()~ Toaf ()] < L K*d" (C.30)

L!

Thus, to get an approximation error of €, let ;K Ldr = €, we need to divide the space

into balls of radius

L! I
d=f IYKLXE/ (C.31)
As the support Rjg , is bounded by 1, we need (1/d)" balls with radius d (in oo-norm) to

cover the entirety of XX, resulting in (KZFL) (1/d)¥ total terms to get an approximation error
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¢ (above Taylor series approximation contains (KZL) terms). If we select balls of radius d in

(C.31), this gives us a total number of terms in our linear expansion

. KE+L\ ( L\ 0
'] (6) = L ,YKL € ’

That is, J*(e) = O (e ¥/F). O

C.4 Proof of Theorem 4.9

The proof of this theorem is quite straightforward by connecting a few pieces we have already
built.

Proof. Given Condition 4.2 and Lemma 4.4, we have J*(¢) = C3e~ = for some constant
(5 relying on v, K, and L. Plugging in this to the upper bound in Theorem 4.8, the upper
bound (C.28) then becomes

2
1 2 1
C3C;5 ( +2\/_> (nVp) ng(n 7 €T+ e (C.32)
which is optimized at
1
(nvm;?m+mk_§:g
C.33
Cnvmbﬂn+M)“h’ (€59
= €= .
N
So, we have
2L

1 = o (((nVp)log(n+p)2+<

AT arfp < o (P (C34)

2
with probability at least 1 — 2(n + p)~! with C* = C2C; <1+2ﬁ> + 1. Equivalently, we can

say

1 — s (nV p)log(n + p)| 4%
| M||F—op([ o .

as claimed. O
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C.5 Deriving the Minimax Lower Bound

In this section, we derive the minimax lower bound for estimation within M (L,~, K): We
show that the convergence rate in Theorem 4.9 is optimal (up to log terms).

Recall that we assume the true M belongs to the following class of matrices:
M(L/%K) = {M € R™ mij = fj(elﬁ')? ei,' € IR[Ioil]?fj S SP(L77’ K),Vj < p}7 (035)

where F(L, v, K) is a class of functions with bounded derivatives:

aL
e/ (%)

L1
axl a..xK

K
<7, WX ERfy, Y L= L} . (C.36)
k=1

F(L,v,K) := {f’ )

For simplicity of notation, let 8; :== 0, . € ngﬂ denote the i-th row vector of the embeddings
© € R™¥X in this section.

We shall obtain the lower bound based on information theory. The bound is with respect
to || - ||%-risk. We pose things in terms of the error in a multi-way hypothesis testing problem,
where the set of testing hypotheses should be a suitably large packing set for M(L,~, K). In
this section, we first show the existence of such a suitably large packing set. Then, we apply

Yang’s method [127] to prove the main results in Theorem 4.10.

C.5.1 Constructing the 20y, ,-packing Set

For M € M(L,~, K), the risk of the estimator can be written as

1 —~ 1 <&
=M = M= =37 [ - £(60))
an % p j:1[ i — fi(04)]

This is to say, bounding nip HJ\/Z — M]||% can be viewed as a classical nonparametric regression
problem. So, we follow the construction of many hypotheses in Section 2.6 of [107]. However,

here we are working in a multi-dimensional setting, i.e. 8; € RX, K > 1.
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In giving our packing set, we will work with combinations of “bump functions”. To define

these, we need an archetypal ingredient — the bump functions that we will use:

1
1 — 4u?

) . we (—1/2,1/2), (C.37)

o(u) = cre X exp (—

which is infinitely differentiable and vanishes outside of (—1/2,1/2). ¢, > 0 is a tiny

constant that only depends on L such that |0'¢(u)/0u!| < 1, VI = 0,1, ..., L. Meanwhile,

1/2 o

since f—1/2€ exp? (— L

1—4u?

) du > 0.49, (it is actually very close to 0.5), we have |¢||3 :=

f_152 ¢©*(u)du > 0.49¢%. In addition, the maximum value of this function is sup, |p(u)| =

0(0) =cp.
Now, we shall work under the multidimensional setting. We use bold letters to refer

to multivariate indices and regular letters to refer to the indices of each coordinate. Let

i = (i1, o) € {12,y /Y having 3o 1= V0 0 VE 1= n, where §/m is

.....

assumed to be an integer. Suppose that the observed embeddings follows a fixed equispaced

design, i.e. 0; =0, i) = (0iy, .-, ;)" = ( ’g}ﬁ’ e %)T Consider a multivariate function
O, RE SR,

K

©a(0:) =10~ ]| @a,(6:,)
k=1
« (C.38)
=0 T ] o Vobs, — di +1/2),
k=1

where d = (dy, ...,dg) € {1,2, ..., ¥/b}. Here b > 1 is an integer that depends on N,n, p and
some constant ¢y, and will be specified later. ¢(u) is defined in (C.37). Then, we have the

following technical lemma for ®4, which will later be used for constructing the packing set.
Lemma 3.7. Suppose ¢(-) are given by (C.37). Then, ®g4 has the following properties:

(i) Pa(x) € F(L,~, K).

(i1) ®gq have disjoint support for different d.
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(11i) There exist Cy x> 0 and Cy x > 0 only dependent on L and K, for any given d,
®,4 has

2L+ K 2L+ K

1
V*Cop xb K Sﬁ Z P3(0;) <VCipxb F

i=(i1,+,1K)

when integer b satisfies 1 < b < 0.48%n.

Proof.For ¢(-) in (C.37), we have |88—1jlg0(u)| < 1, Vi = 0,1,..,L such that

ﬁ@d(x)‘ < v holds for any L;+...+ Ly = L for x € R[lg’”. Thus, ®4(x) € F(L, 7, K).

Given that ¢(u) > 0if and only if u € (—1/2,1/2), we have @4, () = ¢( ¥Vbr—di+1/2) > 0
if and only if z € (d’;\(;gl, fl(7’“5> for dj, € {1, ..., ¥/b}. So, for each, we can divide the space [0, 1]
into ¥/b intervals, i.e.

Av= 0=, Ay = (B2 ) g =2 . V0,

such that Ag, N Ay = 0 for dy, # dj, and Uy, Ay, = [0, 1]. Thus, ¢4, (z) have disjoint support
and their support union is the unit interval.
Because &4 is the product of ¢4, , they also have disjoint supports. That is, for each d,

®4(x) > 0 only when x € Ay where

1 1
Bartinen = oo % o)
dl —1 dl dK —1 dK
Ad*(dl,...d}{) = W, K_\/Z_? X ... X K—\/B7 K_\/B ,

dy =2,..., ¥bfor k=1,..., K, such that AgNAg = 0 if d # d’ and UgAq = [0, 1]%. So, the
space [0, 1]¥ is divided into b disjoint cubes.

As for (iii), we know there exists a constant c¢; that only depends on L such that



113

sup, |p(u)| = ¢(0) = ¢z, and ||p]|3 > 0.49¢%. Then

¥ A

K
1
+ 200\ _ *.21-2L/K
LS ayen - Lyt S]] ( )
] ; i1=1 ig=1k=1
1 b b K ;
=~y 2K e H 0 < I{/jlk —di + 1/2)
i =1 k=2 n

io=1 %

X
=
PSS
©
[\
=
—
S .
|
S
+
AR
~
[(\©)
v

1 Vo Vo K )
ol PIEED N |l W= RV
i3=

1
b b K 5
X ' 1(,02<I\(/;i1—d1+1/2> X ZSOZ(I{/;iQ—dQ—l—l/Q)

1= io=1

X b
= 2b_ZL/Kl_[ ng (I{/;ik_dk+1/2)

=1

K
kb,
_ Qb—QL/K H Z S02 < \/;Zk — dy + 1/2)

k=1 K\/%(dk_l)<ik§ I{/%dk

K
1 n

< ZA2p2L/K x| 2

< s < e

[y

_ 72b_ 2LI<(FK %K
(C.39)
Therefore, 137, D2(0;) < 2K~2p~ %" 2K is the constant we find for C 1 k.

,,,,,

On the other hand, we use the fact that the upper Riemann sum is greater than the
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integral of the function. Thus, for each coordinate,

\/izlso <\/jzk—dk+1/2> = K% - §k<fv—dk@2 [K%(%_ %(df\(/g 1/2)

— /2 > P(Nb/nxt)

n

b
() =] =§/~ |2 >, &(Vb/nxt)=g*0)
0<t< K/m

> 2 <0.49 - ’f/l)/_n>

[1<b<0.49%n] >0,

Thus, the empirical sum can also be lower bounded by

]_ 2L+K
1 2(6;) — L —d+1/2
Loy axen - fZ (f ”) )

i=(i1,..,1K ) ip=1

(0 49 — f{/b/_n)

2>

When 1 < b < 0.48%n, then

2L+ K

1
- > u6:) = A(0.1e) bR (C.41)

and thus (0.1cz)?% is the constant we find for Cy 1 ¢/
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Now combining (C.39) and (C.41), we have

2L+ K

7202,L,Kb7 K <

Z 3(6;) < ’7201,L,K572L;K

i=(i1,.-,iK )

S|

as claimed. [J

In proving the lower bound, we shall use Fano’s method (see Section 15.3.2 in [116]). To
do that, we first establish the connection between minimax risks and error probabilities in
testing problems (for completeness), and then apply Fano’s inequality to lower bound the
error probabilities. To this end, we first provide the following lemma, which shows that
there exists a packing set of hypotheses with suitably large cardinality, for which the mutual
information (stated in terms of Kullback-Leibler divergence) can be upper bounded. We can

then Fano’s inequality with this set.

Lemma 3.8. For this result we consider an arbitrary fized L, v and K. For some constant
Cix and Cyp ik that only depends on L and K, and for some other constant co > 0, there

exists a subset B® C M(L,~, K) with cardinality
BO] > 2l () TR Teafs g,
when p > 8, that has the following properties:
(i) BY is a 20n . p-packing set, i.e. for any My # My € BY,

1 CQLK’}/Q _ TL\/p %
L0ty M 2 3y = KT 500 (VD)
np” ||F = N,n,p 8 ( CO) N

_2L+K _2L4+K QL+ K

when ¢y, ® (nVp) <N < (200) & 0482 K (nvpin™x
(11) For any My, My € BY,

2 a1 Ty
K(B,[[B,) < DLKT 0%y (Y 2) T

EN
202 N
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where K (P,||Py) denotes the Kullback-Leibler divergence between probability distributions
of observations {(ys, X¢) Y, satisfying model (C.2), given M, and My respectively.

Proof.We will consider a positive integer b which depends on N, n,p and a constant cg.
The precise specification of b will come later. Consider the multivariate function ®4(6) in
(C.38).

We will define a set €2 that is used to construct packing matrices where each element w in
2 is a sequence (of length b) of diagonal matrices. We index the set in a somewhat curious
way: We use a multi-index of dimension K where each index has elements in {1, ..., ¥/b}.
This will ease exposition later.

Q= {w = (wd)de{1 iy - for each d, wq = diag(wq, ..., Wayp), wa; € {0, 1}} . (C.42)

.....

From this we define the following collection of matrices,

(IDd(Gl)de @d(el)wdz @d(el)wdm
b Ko
D4(02)w Dy(02)w cn Dg(0)w
B, =y Yy | PO var BalOtae e SalOauan | ey
L @d(en)de (I)d(en)’wdg @d(en)wd,p xp )
=: {Mw = Z D4(®@)wy, for w = (wy) € Q} :
di,...,di

(C.43)
We see that we can compactly write each matrix in our set as the product of ®4(@®) and wg,
where ®4(0) is a n X p matrix whose elements in the i-th row are all ®4(6;). It is direct to
check that the cardinality of 2 is given by |Q| = |B| = 2%.

Thus, entries of M,, € B can be written as m;; = ), i Q4(0;)wa,; = g;(0;), where g,

.....

has bounded derivatives,

(9Lg i (X) 8L<I>d(x) 8L<I>d(x)
) Ly . Lk < Z ) Ly i | ) Ly Lk “L{X € Ad} =7
xl ) ‘/L.K dl .... dK :C]_ PR xK xl ... :CK
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for Vx € R[lg’”. Hence, B C M(L,~, K).
Consider a set of testing hypotheses from B,

B = {My0,.... My} CB, w® eQ, s=0,1,...85, (C.44)

where w® # w®) for 0 < s# s < 8.

For any 0 < s # s’ < S, and constant Cy j, ¢ only dependent on L,

—||M o — My |F—n—1p D3 Z dej—wd] D4(6:)

’il ..... ’LK)j 1 dl 1 dK 1

1
the support of ®,4’s are disjoint = Z Z Z - wdj — Z 2(0;)
> n

j ldl 1 dK 1 'L:(’Ll ..... ZK)

Lemma 3.7-(i ) 2>y CQLKb_2L+K pp(w® w))
(C.45)
(8) ap(s)) — 5P Vo B CONI o i
where p(w', w'*)) =375 57,7, .. ZdK 1( wg;)? is the hamming distance between

w®) and w").

Due to the Varshamov—Gilbert bound (Lemma 2.9 in [107]), when bp > 8, there exists
a subset Q0 = (w®, .. w®) C Q such that S > 2%/ and p(w®™ w®)) > bp/8 for
0<s=#s <S5 Since b>1, p>8is a sufficient condition to guarantee bp > 8.

Now, in particular, we choose our testing set based on €°: That is, we place M, € B°

if and only if w® € Q°. In particular this gives us that p(w®),w®)) > bp/8. for all
w®, w) € B with s # s'. Then, following (C.45), we have that

| >702LK

1
— [ Myys) = My I7 =
np 8

w

bE. (C.46)

—K
Now, we finally give the value that we use for b: Select b = {CO ("TVP) 2L+K—‘ for some

constant ¢y > 0. We note that (C.45)-(C.46) hold only when b < 0.48%n as stated in



Lemma 3.7. So, we need

2L+ K 2L+ K

N <c, ¥ 0482 K (nvpin «

Furthermore, we also need

such that

o () 22 ()T

This, finally gives us

— ||M &) — My

3> N

CoLih” o )21/ ( v ) i
8 0
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(C.47)

(C.48)

(C.49)

(C.50)

Then BY is a 25an packing set of M(L,v, K) and the cardinality |B°| = S +1 >

obp/8 e 2’—60(nvp>2L+K"Xp/8 + 1 when p > 8.

We now show the second property (related to the KL distance) of BY. For any matrices
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-K
M), M,y € B®, with the selected b = [cy ("—J\y’) LK we have

w

dP
K(P||Py) = [ log —>dP
(B.J1P.) = [ 1og 2.

N N
¥ (s Xi| Moy
_ / log H;V—lp(yt (M) T (e Xl M0 )dyed X,
Ht:1p(ytaXt|Mw(5’)) =1

N
Bayes’ rule = Ex.n Z/ [log p(ye| Xi, M) — log p(ye| X, My )l p(ye| Xoy My ) dye
t=1

N 2
Xy, My — M)
XMNM-NXMQZEN}“’W w
(yt' ty ) 1.d [( ty >7O-l Xnt:1 20_2

1 N
Exor(X,, M2 = —||M|%| = ———||M,.p — M. |2
on (X M = S| = 5 Mo = Mool
X /b
N 1 ,
257 Z . Z D4(0;)
di=1 dr=1 1=(i1,...,iK )
NA2 o
< 2;5 2KC'LLK
CiLxY 7%]\[ (n \/p) TR
- 202 0 N

(C.51)

Thus, Lemma 3.8 is proved.

O

C.5.2 Information-theoretic lower bounds

Given Lemma 3.8, we now apply the argument in [127] to yield a lower bound for error in
our estimation problem with respect to Frobenius norm.

Proof.[Proof of Theorem 4.10]
For a given dx.,,,, let BY be the 20y ,, ,-packing set of M(L, v, K) indicated by Lemma 3.8.

We know that for any M, # M, € BY,

1
n_p”Ms - AL;’H%p > 25N7n,p
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. Co.1 k72 —2L/K (nVp ﬁ _2LI4<—K
with dnn, = 25— (2¢) (%2) ,  when ¢, nvp < N <

(2¢0)~ %" 0.482LK (v p)n ™= for some constant co > 0.

Let d(My, M) = nipHMl — M,||% and define

M = arg ]\?llei%o d(M', M) € B.

Let M be any matrix in the packing set BY. If d(M, ]\/Z) < Onpp, then
max{d(M, M\),d(ﬁ, M\)} = d(M, ]\/4\) < Onmp < 60 = Cop 24~ LH2K)/K - Then, by the
triangle inequality, we have d(M, M) + d(M, M) > d(M, M) > 20y ,,, when M # M. This
implies that d(M, ]\7) > On,pn,p, Which contradicts d(M, ]\//.7) < Onnp- Therefore, if M # M,

o~

we must have d(M, M) > dn . So, it follows that

inf  sup P{d(M, ]\7) > 6N,n7p} > inf sup P{d(M, ]\/4\) > 5N7n7p}

M MeM(L,y,K) M MeBO

—inf sup P{M 0 | (C.52)
M MeBo

> inf P(M # M)
M

where M is uniformly distributed over the 20y, ,-packing set B° with |B° >
2(00(%)%“” ¥ + 1 as in Lemma 3.8. this has reduced our problem essentially to a
testing problem.

We now use this to obtain a lower bound, by considering KIL-divergence here. By

Lemma 3.8 -(iii), Fano’s inequality [29] or [116, Proposition 15.12] and the convexity of the



Kullback—Leibler divergence [116, (15.34)],

w7 2ot eno K (Ps|[Py) +log 2

P(M +# M) >1—
—CI’L’I;WQC_%N ("—v”)ﬁ + log 2
Lemma 3.8 >1— —2¢ 0 f}i
feo (22) X plog2
) 72L}J€K
bp >8> 7 Cir7 G (nVp)
— 8 2(log 2)o2p

Consider n = kp for some k > 0. Let

4max(r, 1)v2Ch 1.k 2L R
co = )
0 3log 202

Then,

2L+ K
K

—~ v2Ch 1. max(k, 1)c,

PO A M) 27/8 - 2(log 2)0?

=7/8-3/8=1/2

Thus, it follows from (C.52) and (C.55) that

1, —~ V P\ 7R
inf sup P —||M—M||%2A<n p>2L+K >1/2
M MeM(Lyy,K) np N
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(C.53)

(C.54)

(C.55)

(C.56)

where A = CQ’L—’mz@co)_zL/K. With the selection of ¢y in (C.54), A depends on L, K, 7, k, 02

16
Thus, Theorem 4.10 is proved.

O
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