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Department of Biostatistics

This dissertation addresses nonparametric estimation and inference problems of graphical

modeling, linear association assessment, and matrix completion. First, we introduce a

flexible framework for nonparametric graphical modeling. We propose three nonparametric

measures of conditional dependence, which have theoretically optimal estimators that allow

incorporation of flexible machine learning techniques and yield wald-type confidence intervals.

In the second project, we propose a nonparametric parameter to measure the linear association

between the outcome and explanatory variables. This parameter is always explicitly defined

even when the true relationship is nonlinear and is equivalent with the regression coefficient

under a linear model space. Thus, its estimator can be a more robust alternative to the

standard model-based techniques to estimate the coefficients of a linear model. In the

final project, we theoretically show that nuclear-norm penalization used for recovering low-

rank matrices, remains effective even when the underlying matrices are generated by a

low-dimensional non-linear manifold. The convergence rate can be expressed as a function of

the size of the matrix, as well as the smoothness and dimension of the manifold, which is

minimax optimal (up to a log term).
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Chapter 1

INTRODUCTION

In this chapter, we introduce the background and motivation of the three problems studied

in this dissertation: graphical modeling, linear association assessment, and matrix completion.

Many popular methods in these fields depend on some parametric specification of the data

generating mechanism. This greatly impacts their usage in practice, e.g., resulting in bias of

our estimators, and incorrect confidence interval coverage, as those parametric assumptions

can be easily violated. The main contribution of this dissertation is the development of

nonparametric methods for each of these problems, which allow us to leverage flexible machine

learning techniques and accommodate for high-dimensional data.

1.1 Undirected Graphical Modeling

With the development of high-throughput measurement technologies in biotechnology, engi-

neering, and elsewhere, it is increasingly common to measure a number of features without

a strong apriori understanding on the interplay between them. It is fundamental to the

development of science to learn these relationships. For example, it is important for biology

to understand co-expression of genes [101]. Graphical modeling has been broadly useful to

encode such a relationship, where two nodes/features are connected by an edge if they are

dependent (according to some specified notion of dependence) while the weights of edges

indicate the degree of dependence. Covariance and correlation are common dependence

measures used in the network analysis[103, 130].

However, features can easily be connected due to indirect effects [9] using these measures.

Instead, one is often interested in a more causally-motivated parameter: conditional depen-

dence. That is, for two features Y and Z, we aim to assess if there an association between
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them, while fixing all other features X. Gaussian Graphical Models (GGM) [129, 42, 109]

have been developed to address this issue: features with non-zero entries in the precision

matrix are connected. This precisely encodes conditional dependence when all of the features

considered have a joint Gaussian distribution. But this is rarely the case in practice, and

thus the detected edges may correspond to scientific quantities of little interest. This idea

was extended by [71] and [7] to transelliptical graphical models, however the scientific rele-

vance of the quantities estimated by these methods require similar (though slightly relaxed)

assumptions.

There are other frameworks proposed to evaluate the degree of conditional dependence. [35]

measured the local dependence of pairs via a conditional covariance function by monotonically

transforming the conditioning function to a total score. [9] weakened the concept of conditional

independence and applied the conditional correlation coefficient to account for the dependence

structure. [43, 102] and [44] considered a more general nonparametric characterization of

conditional independence using covariance operators on reproducing kernel Hilbert spaces

(RKHS) to capture nonlinear dependence. However, in these cases, a local parameter was used:

the conditional dependence measures depend on the value taken by conditioning variables.

This parameter thus cannot be used as a summary measure.

In Chapter 2, we consider a more general form of conditional dependence: The dependence

measures proposed in that chapter are nonparametric and summarize the average degree

of association between a pair of features. Therefore, they can be useful for summarizing

dependence without relying on strong parametric assumptions, and provide a single summary

of dependence between features, (as compared to local quantities such as Cov(Y, Z|X)). In

addition, they admit simple and natural estimators, that facilitate the use of general machine

learning methods, and allow us to construct asymptotically valid confidence intervals.

1.2 Conditionally Linear Association Measure

One of the most canonical problems in biostatistics is to understand the relationship between

a response variable Y ∈ R and one or more explanatory variables X ∈ Rp. The most popular
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tool is linear regression, which assumes the following linear relationship:

E(Y |X) = Xβ + ε = Xjβj + X−jβ−j. (1.1)

Under this model, it is clear that βj plays the key role in assessing the degree of linear

association between Y and Xj: The primary goal is to estimate those unknown coefficients

β = (β1, ..., βp). Ordinary least squares (OLS) estimation is standard technique when the

dimension p is fixed and p < n. When the parametric (linear) model is correctly specified,

the OLS estimator has favorable theoretical guarantees [76, 94, 120]. To address estimation

of β when p > n, penalization techniques have been developed, such as the LASSO [104],

which adds an l1 penalty to the loss function and subsequently produces sparse estimators.

While this penalty facilitates estimation of regression coefficients, it also biases the estimates

resulting in problems when trying to characterize their limiting distributions. To combat this,

[131] and [111] propose a debiased version of the lasso, that yields a non-sparse estimator.

Under certain regularity conditions and sparsity assumptions, this debiased lasso estimator is

asymptotically consistent and normal, and thus can be used to construct confidence intervals

for β.

The validity of OLS and debiased lasso estimation is based on correct specification of

a parametric (linear) model, i.e. X and Y must truly have a linear relationship. However,

once this assumption is violated, those asymptotic properties do not hold anymore and the

estimated β coefficients lose interpretability. In Chapter 3, we instead consider a nonparametric

measure for quantifying the linear association between X and Y . This measure (i) does not

require any parametric assumptions and can be more meaningful in assessing the degree

of linear association between two variables (accounting for potential confounding by other

features) when the linear model is misspecified; (ii) faciliates estimation with both low- and

high-dimensional data; (iii) has a simple estimator that accommodates machine learning

based models and a well characterized limiting distribution. More importantly, we show that

this nonparametric parameter reduces to β under the presence of linearity, and, in that case,
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the proposed estimator has the same limiting distribution as OLS estimator when p < n and

as the debiased lasso estimator when p� n.

1.3 Nuclear-norm-based Matrix Completion

Matrix completion is a framework that has gained popularity in a wide range of machine

learning applications, including recommendation systems [63], system identification [72],

and natural language processing [122]. It is a useful framework for complex prediction

problems, where each observation comes with a heterogeneous collection of observed features.

In particular, matrix completion is applied to problems where the object of inference or

prediction is a matrix whose rows correspond to observations and columns to variables/features.

In many cases, only a subset of entries in this matrix are observed (often with noise), and the

goal is to “complete” the matrix, filling in estimates of the unobserved entries. The most

famous example is the Netflix Challenge [63], where a small sample of observed ratings for

each customer was used to successfully predict movie ratings for Netflix customers.

Assume we have an underlying unobserved matrix M ∈ Rn×p, and we only observe a

subset of observations from the contaminated matrix Y = M + E, where E is a matrix of

mean zero and finite variance noise variables. It is of interest to recover M from these noisy

observations. However, without any structure in the partially observed matrix, filling in the

unobserved entries in a meaningful way is impossible [66]. Matrix completion becomes possible

if one imposes some constraints on the structure of the underlying matrix, and in particular, a

constraint on the rank of the underlying matrix. Over the last decade, computationally efficient

methods using convex optimization have been developed for recovering a low-rank matrix from

a small number of observations with near-optimal statistical properties [99, 84, 21, 85, 61].

In particular, these methods rely on using the nuclear norm of the matrix [40]. The low-rank

structure leveraged in matrix completion can be thought of as a linear embedding of the data

in a low-dimensional space.

In practice, there is no reason to assume low-dimensional linear structure in the underlying

matrix (as would be imposed by rank constraints). However the matrix may still have useful
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low-dimensional structure. For example, low-dimensional nonlinear embeddings of data have

been used fruitfully in motion recovery [124], epigenomics [93], and health data analytics [118].

To recover these embeddings, both Reproducing Kernel Hilbert Space (RKHS) methods [38],

and deep neural networks [37] have been utilized.

Though initially designed for low-rank matrices, matrix completion methods have nev-

ertheless been seen to perform well in cases where it seems unlikely that the underlying

matrix has low rank [87, 36]. Despite many insights and algorithms, the success of matrix

completion in these settings is not fully explained by existing theoretical results. In Chapter 4,

we examine why matrix completion performs well in these scenarios. In particular, we show

that if (i) the underlying true matrix to be recovered can be embedded in a low-dimensional

manifold, and (ii) the curvature of that manifold is not too extreme, then nuclear-norm based

matrix completion will consistently estimate the true underlying matrix. We additionally

bound our reconstruction error as a function of the size of the matrix, the number of observed

entries, the dimension of our embedding, and the curvature of our manifold. We also provide

a lower bound, which shows that the nuclear-norm based estimator is minimax rate optimal

(up to a log term).
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Chapter 2

A FLEXIBLE FRAMEWORK FOR NONPARAMETRIC
GRAPHICAL MODELING THAT ACCOMMODATES

MACHINE LEARNING

2.1 Introduction

With the development of new high-throughput measurement technologies in biotechnology,

engineering, and elsewhere, it is increasingly common to measure a number of features

on each of a collection of people/objects without a strong apriori understanding on the

interplay between these features. It is fundamental to developing science that we learn

these relationships. For example, understanding co-expression of genes [101, 10, 73, 28] is

foundational to biology; identifying regulatory networks [48] can help us understand cell

differentiation [53, 15], and identify targets for treatment of disease [30, 12]; and among many

other applications.

The relationships between features can be evaluated and expressed using Graphical

Modeling : Here we use a graph G = (V,E,W ), where V = {1, ..., p} (p > 2) indexes a set

of nodes {Vi}i∈V representing the features, E = {ei,j} is a set of edges corresponding to

dependence between adjacent nodes, and W = {wi,j} is a collection of weights expressing the

strength of each edge. In defining these edges and weights, one must decide on a measure of

association/dependence. Covariance and correlation are two commonly-used measures for the

dependence between two variables in multivariate analysis [2, 103, 89, 65, 27, 130].

However, one is often interested in a more causally-motivated parameter: In particular,

when using correlation, features can easily be connected due to indirect effects [9]. For

example, two “connected” features may be mechanistically tied to a third feature, and

otherwise completely unrelated. These are often not the edges we wish to discover. One
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is often more interested in a conditional measure: For two features Y and Z, conditional

on fixing all other features X = {Vk}pk=1 − {Y, Z}, we aim to assess if there an association

between Y and Z. Previous work has attempted to address this using partial correlation

[32, 4]. Rather than connecting features with non-zero correlation, instead features with

non-zero entries in the precision matrix are connected. This corresponds to assessing the

conditional dependence when all of the features considered have a joint Gaussian distribution

[129, 42]. In practice, that is rarely, if ever, the case, and edges may correspond to scientific

quantities of little interest.

In this chapter, we address this issue: We consider a more general form of conditional

dependence that reduces to the partial correlation when all features are Gaussian. This

dependence measure admits a straightforward, natural, and efficient estimator, that facilitates

the use of general machine learning methods in estimating dependence. In addition, these

estimators allow us to construct asymptotically-valid confidence intervals and run hypothesis

tests (while accounting for multiple testing, when evaluating all edges in a graph).

The dependence measure that we primarily consider, which we term the scaled expected

conditional covariance is

ΨY,Z =
E [Cov (Y, Z|X)]√

E[Var (Y |X)]
√

E[Var (Z|X)]
. (2.1)

Here, Cov(Y, Z|X) is the conditional covariance of Y and Z given X, and Var(Y |X) is the

conditional variance of Y given X. This parameter is just a functional that maps the joint

distribution of X, Y, and Z to a real number. In contrast to parameters from classical

statistics, e.g. coefficients in a linear model, ΨY,Z is model agnostic, and does not implicitly

assume any functional form on the relationships between our variables. This parameter

summarizes the average degree of association between our features: This summarization using

the average has two advantageous attributes: 1) It provides a single summary of dependence

between features; and 2) Averages can be estimated at better rates than local quantities [14].

These issues dissuade us from directly using a local quantity such as Cov(Y, Z|X).
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Later, we will further show that estimating these average dependence measures, such as

(2.1), primarily (and in some cases only) relies on the estimation of a conditional mean. This

reduces the problem of testing/evaluating conditional dependence to a canonical prediction

problem, which allows us to naturally incorporate flexible machine learning techniques, such

as generalized additive models [49], local polynomial regression [95], random forests [69] etc.,

and make inference even when X is high-dimensional [104, 75].

2.2 Related Work

Related work falls in two categories: The first does not directly estimate a parameter encoding

dependence, but rather just tests a null hypothesis of conditional independence. This is the

strategy generally taken with Gaussian graphical models [121, 105, 109], where the graph

structure is encoded by the precision matrix. This idea was extended by [71] and [7] to

transelliptical graphical model where nonparametric rank-based regularization estimators

were used for estimating the latent inverse covariance matrix. Although, these approaches

generalize the estimation to non-Gaussian setting and accommodate for high-dimensional

data. They still assume specific underlying model structures.

The other approach evaluates the degree of dependence through estimation of a target

parameter : [35] measured the local dependence of pairs via a conditional covariance function

by monotonically transforming the conditioning function to a total score. [9] weakened

the concept of conditional independence and applied the conditional correlation coefficient

to account for the dependence structure. Others [43, 46, 102, 44] consider a more general

nonparametric characterization of conditional independence using covariance operators on

reproducing kernel Hilbert spaces (RKHS) to capture nonlinear dependence. However, in

these cases, a local parameter was used: These conditional dependence measures depend on

the value taken by conditioning variables. This parameter thus cannot be used as a summary

measure.

Summary measures of conditional dependence which i) do not make parametric as-

sumptions on the model; and ii) adjust for other covariates have been proposed in re-
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gression setting. The most canonical of such measures is the average treatment effect∫
E[Y |X = x, Z = 1]− E[Y |X = x, Z = 0]dP (x) [8], which has been extensively discussed in

the semiparametric context [114, 58]. But this measure is limited to evaluating association

with a binary treatment. Approaches that attempt to use this with a continuous treatment

are often either adhoc, or result in a local measure [51, 50, 59].

There exist methodologies which give omnibus measures of departure from conditional

independence. For example, [132] and [117] used kernels and characteristic functions respec-

tively to average over some functions of the conditioning variables. These methods have the

potential advantage that they use an omnibus test and thus do not have to prespecify a

particular direction to consider for departures from conditional independence. This advantage

however is tied to their restriction: they need to specify very specific methods of “regressing

out the conditioning variables”, such as using RKHS regression or local averaging. This may

be inappropriate when confounders are high-dimensional or with heterogeneous types. In

addition, tuning of hyperparameters in these methods can be difficult. The theoretically

optimal bandwidth pointed out in the paper can be hardly achievable by any sort of split

sample validation criterion, such as minimizing MSE.

There are other methods which use resampling strategies to modify the original data,

in an attempt to construct a pseudo-dataset where the indicated features are conditionally

independent, [34] cleverly uses a restricted set of permutations that fix something akin to

a sufficient dimension reduction of the conditioning variables. This approach works well in

some scenarios, however with high-dimensional features, for example, it may be infeasible

to effectively select such a dimension reduction, which would result in a procedure more

akin to a marginal, rather than conditional independence testing. [96] uses a bootstrap to

construct pseudo-conditionally-independent data. It then attempts to differentiate between

the original data, and this new pseudo-data. Failure to differentiate suggests that the original

data was conditionally independent. This methodology does allow ML-based tools to be used

in constructing the classifier, however it still hinges on our ability to construct conditionally

independent pseudo-data.
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[79] recently discussed expected conditional covariance (one of the 3 measures in this

chapter) as a summary of dependence in low-dimensional partially-linear additive regression.

Their estimator is similarly a plug-in, however they discuss only a very particular strategy

(which does not leverage Machine Learning techniques) of estimating the requisite conditional

mean functions. In contrast, we decouple estimation of the conditional mean from evaluation

of the expected conditional covariance. As such, in Section 2.4, we show that a wide array of

ML-based predictive modeling techniques might be used in building those predictive functions

for the conditional mean, and then leveraged in estimation of the expected conditional

covariance.

2.3 Average Conditional Dependence Measures

Let O = (Y, Z,X) ∈ Rp denote a random vector drawn from some joint distribution P ∈M,

where M is an unrestricted model space. Here, we have Y ∈ R, Z ∈ R, and X ∈ Rp−2. For

ease of notation, we have identified Y and Z as a pair of features of interest, and are aiming

to evaluate the dependence between Y and Z conditional on X. However, we eventually plan

to evaluate this dependence between all pairs of variables.

For simplicity, we denote the conditional means and the conditional variances with respect

to distribution P as µP,Y (x) = EP (Y |X = x) and σ2
P,Y (x) = VarP (Y |X = x). Our first

measure of dependence, previously mentioned in Section 2.1, is the expected conditional

covariance

Ψ1(P ) = EP [CovP (Y, Z|X)]

=

∫
(y − µP,Y (x))(z − µP,Z(x))dP (o),

(2.2)

We define our second measure similarly, as the expected conditional correlation

Ψ2(P ) = EP [CorrP (Y, Z|X)]

=

∫
CovP (Y, Z|X = x)√

σ2
P,Y (x)σ2

P,Z(x)
dP (x).

(2.3)
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Ψ1 and Ψ2 are the averaged conditional analogs to covariance and correlation. By averaging

these conditional associations, these measures provide a global, instead of local, assessment

of dependence.

In graphical modeling, as we are evaluating dependence between multiple pairs of features,

it is important to use a standardized measure of association. Non-zero values of Ψ1 will vary

according to the scale of our variables. In contrast, Ψ2 is standardized. Unfortunately, while

Ψ2 appears to be a very natural quantity, it ends up being somewhat difficult to estimate

(this is further discussed in Section 2.4). In light of this, we propose a third, alternative

standardized measure of dependence which we term the scaled expected conditional covariance

Ψ3(P ) =
Ψ1(P )√

VY (P )VZ(P )
, (2.4)

where VY (P ) = EP [σ2
P,Y (X)] and VZ(P ) = EP [σ2

P,Z(X)]. Ψ3 is constructed by scaling the

expected conditional covariance with the square root of the products of the two expected

conditional variances. This is analogous to how correlation is formed from covariance (only,

in this case we average before taking our quotient). Indeed, it is simple to show that Ψ3 is

scale invariant, and furthermore takes on values in [−1, 1].

Though Ψ3 is perhaps less natural than Ψ2, it turns out to be much easier to estimate from

data. This makes intuitive sense as Ψ2 contains positive local quantities in the denominator

(the conditional standard deviations), where Ψ3 contains only global quantities in the denomi-

nator. Estimating local quantities is more difficult, and instability of those estimates in the

denominator (in particular if they are near 0) will result in instability of the estimator of Ψ2.

More specifically, our theory takes advantage of the fact that VY (P ) = EP [CovP (Y, Y |X)],

and that the standard delta-method can be applied to a ratio of efficient estimators in the

case of Ψ3 [82].
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2.3.1 Higher Order Dependence

In this Section we discuss the relationship of our parameters to the conditional depen-

dence/independence of features. In particular, we know that, without modification, covariance

only encodes linear dependence. Unless variables are jointly Gaussian, linear independence

does not imply independence [54]. However, general dependence can be evaluated using

higher-order moments (or equivalently covariance of derived features) [44, 46]. Using similar

ideas, we relate our dependence measures to non-linear association.

Consider two pre-specified functions φ1 : R → Rp1 and φ2 : R → Rp2 and assume that

both functions are conditionally integrable: E[φ1(Y )|X] < ∞, E[φ2(Z)|X] < ∞. Further

consider a non-negative weight function w(x). Then, the (φ1, φ2, w)-expected conditional

covariance is defined as

Ψφ1,φ2,w
1 (P ) = EP [w(x) CovP (φ1(Y ), φ2(Z)|X)]. (2.5)

One can similarly extend Ψ2(P ) and Ψ3(P ) by replacing Y and Z with φ1(Y ) and φ2(Z).

Theoretically, estimating Ψφ1,φ2,w
1 (P ) is essentially the same as estimating Ψ1(P ) since φ1(Y )

is nothing more than a random variable. But conceptually, this simple transformation in

(2.5) allows us assess higher order conditional dependence structure between Y and Z. In

many cases, w(x) will be taken to be 1, however it is required to characterize necessary and

sufficient conditions for conditional independence.

2.3.2 Conditional Independence Testing

Using this idea of higher order dependence, we can develop necessary and sufficient conditions

for conditional independence between Y and Z conditional on X. In particular, We consider

(φ1, φ2, w)-expected conditional covariance, for w(X) = 1 {X ∈ Sx}, φ1(Y ) = 1 {Y ∈ Sy},

and φ2(Z) = 1 {Z ∈ Sz} for arbitrary sets Sx, Sy, and Sz. In this case, we see that (φ1, φ2, w)-

expected conditional covariance equal to 0 is equivalent to P (Y ∈ Sy, Z ∈ Sz|X ∈ Sx) =
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P (Y ∈ Sy|X ∈ Sx)P (Z ∈ Sz|X ∈ Sx). This gives us a simple necessary and sufficient

condition for conditional independence

Proposition 2.1. Random variables Y and Z are independent conditional on X iff for every

φ1, φ2 and w in `2(P )1, for which Ψφ1,φ2,w
1 (P ) is defined and finite, we have Ψφ1,φ2,w

1 (P ) = 0.

Comprehensively testing for conditional independence via Proposition 2.1 is generally

intractable as one would have to consider all possible w, φ1, and φ2. This is unsurprising:

General conditional dependence is extremely difficult to evaluate — in practice impossible

with any reasonable quantity of data in moderate to high-dimensions. In practice, we instead

choose a few test functions (φ1 and φ2) to use, and just evaluate conditional dependence

in those directions (finding conditional associations in any of those directions does imply

that our features are not conditionally independent). This same idea is employed with

Gaussian graphical modeling; only there, conditional dependence is completely characterized

by linear conditional dependence. Additionally, in the joint Gaussian setting local and global

dependence are equivalent (the conditional covariance between two features in a joint Gaussian

model cannot vary with the values of the other features).

In the rest of this chapter, we just consider φ1(y) = y, φ2(z) = z, and w(x) = 1, returning

to our original measures. While these measures cannot conclusively show that a pair of

features are conditionally independent, if any of Ψ1, Ψ2 or Ψ3 are non-zero, that does allow

us to conclude that those features are conditionally dependent.

2.4 Estimating the Parameters

Suppose that we observe n i.i.d samples {oi}ni=1 = {yi, zi, xi}ni=1 from an unknown distribution

P ∈M where M is a nonparametric model space. Our goal is to estimate the three well-defined

global measures Ψi, i = 1, 2, 3 for conditional dependence. Before we discuss specific estimation

of these 3 measures, we note that all 3 will require estimation of the intermediate quantities

1`2(P ) represents a function class, where any function f in this class is square-integrable and measurable
with respect to P .
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µP,Y (x) = EP [Y |X] and µP,Z(x) = EP [Z|X]. Estimating these conditional means is precisely

the goal of most predictive modeling techniques. In the case that Y or Z is continuous,

regression techniques can be used; If they are binary, then probabilistic classification methods

might be used (eg. penalized regression, neural network, tree-based methods like random

forests or boosted trees, etc...). In the following discussion we will often leverage predictive

models µ̂Y (x) and µ̂Z(x), and care must be taken in estimating these models (using various

statistical/machine learning tools, with proper selection of tuning parameters via split-sample

validation, etc...). There is an enormous literature on building such models that we cannot

hope to engage with here. However, we note that our ability to leverage these ideas in

evaluating dependence is a strong asset for our method. Our asymptotic results will tend to

rely on the following assumption:

Assumption 2.1. Suppose we have n observations oi = (xi, yi, zi), i = 1, . . . , n drawn

iid from some distribution P . Let µ̂Y and µ̂Z be estimators of µP,Y , µP,Z based on those

observations. We assume that those estimators each fall in a P -Donsker Class [115], and

further that

∫
[µ̂Y (x)− µP,Y (x)]2dP (x) = op

(
n−1/2

)
,∫

[µ̂Z(x)− µP,Z(x)]2dP (x) = op
(
n−1/2

)
.

This is just saying that our predictive models converge to the truth sufficiently fast. For

correctly specified low/moderate dimensional parametric models (eg. linear/logistic regression)

this will be satisfied (in fact the rate is actually Op (n−1)). This will also be the case for various

nonparametric and high-dimensional methods under fairly general assumptions including the

Lasso [104], additive models [88], and neural network models [5].

From here we can consider estimating our dependence measures. We begin with the
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expected conditional covariance Ψ1(P ). In this case we propose a natural plug-in estimator:

Ψ̂1 ≡
1

n

n∑
i=1

[yi − µ̂Y (xi)][zi − µ̂Z(xi)], (2.6)

in which we use our predictive models µ̂Y and µ̂Z . As discussed in the next theorem this

estimator is quite well-behaved.

Theorem 2.1. Suppose Assumption 2.1 holds for µ̂Y and µ̂Z. Then the plug-in estimator

Ψ̂1 is
√
n-consistent, asymptotically linear, and nonparametrically efficient with influence

function D
(1)
P (oi) = (yi − µP,Y (xi))(zi − µP,Z(xi))−Ψ1(P ). This additionally implies that Ψ̂1

is asymptotically normal:

√
n[Ψ̂1 −Ψ1(P )]→d N [0, σ2

1(P )], (2.7)

where σ2
1(P ) =

∫
[D

(1)
P (o)]2dP (o).

It is straightforward to obtain a consistent estimator of the asymptotic variance σ2
1(P ), which is

σ̂2
1 = 1

n

∑n
i=1

(
[yi − µ̂Y (xi)][zi − µ̂Z(xi)]− Ψ̂1

)2

. This can be used with asymptotic-normality

to form confidence intervals for Ψ1 with asymptotically correct coverage. In addition, we

should note that, so long as Assumption 2.1 holds, the plug-in estimator Ψ̂1 has the same

first-order behaviour (rate and variance), as the plug-in estimator with µP,Y and µP,Z known

(which is first-order optimal in that case). This means that, under Assumption 2.1, there

is no asymptotic cost to estimating the predictive models. These results can be shown by

simple calculation (see supplementary materials).

We will postpone a discussion of estimating Ψ2, and first discuss estimation of Ψ3.

We use a similar plug-in for Ψ3: Ψ̂3 = Ψ̂1√
V̂Y V̂Z

, where V̂Y = 1
n

∑n
i=1(yi − µ̂Y (xi))

2 and

V̂Z = 1
n

∑n
i=1(zi − µ̂Z(xi))

2. Using a similar direct calculation, we can show that V̂Y and V̂Z

are asymptotically linear and efficient estimates of VY (P ) and VZ(P ). Thus, by applying the

delta-method we get the following result
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Theorem 2.2. Suppose Assumption 2.1 holds for µ̂Y and µ̂Z . Then the plug-in estimator Ψ̂3

is
√
n-consistent, asymptotically linear, and nonparametrically efficient with influence function

D
(3)
P (oi) =

(yi−µP,Y (xi))(zi−µP,Z(xi))√
VY (P )VZ(P )

− Ψ3(P )
[

(yi−µP,Y (xi))
2

2VY (P )
+

(zi−µP,Z(xi))
2

2VZ(P )

]
, This additionally

implies that Ψ̂3 is asymptotically normal:

√
n[Ψ̂3 −Ψ3(P )]→d N [0, σ2

3(P )], (2.8)

where σ2
3(P ) =

∫
[D

(3)
P (o)]2dP (o).

We can similarly use a consistent estimate of σ2
3(P ), and combine that with asymptotic

normality to build a confidence interval for Ψ3. This again has the same efficiency as the

optimal estimator with µP,Y and µP,Z known.

Building an estimator for Ψ2(P ) is a bit more complicated. Here, we must analyze

the canonical gradient of Ψ2(P ) under a nonparametric model. This informs us about the

low-order terms in a von-mises expansion, and allows us to calculate the so-called “one-step”

correction needed to update our plug-in estimator to construct an efficient estimator [14]. In

order to follow this path, we also need estimators of Cov(Y, Z|X = x), σ2
Y (x), and σ2

Z(x).

We will denote such estimators by Ĉov(Y, Z|X = x), σ̂2
Y (x), and σ̂2

Z(x). Coming up with

strong estimators for these intermediate quantities is a significant hurdle in estimating Ψ2

well, and a major reason why we instead propose Ψ3 as a standardized measure of conditional

dependence.

Based on all of this, the estimator we propose for Ψ2(P ) is Ψ̂2 = Ψ̃2 + 1
n

∑n
i=1 D̃

(2)(oi),

where Ψ̃2 is a naive estimator of form

Ψ̃2 =
1

n

n∑
i=1

{
(yi − µ̂Y (xi))(zi − µ̂Z(xi))√

σ̂2
Y (xi)σ̂2

Z(xi)

}
(2.9)
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and

D̃(2)(oi) =

[
Ĉov(Y, Z|X = xi)√

σ̂2
Y (xi)σ̂2

Z(xi)

]
×[

(yi − µ̂Y (xi))
2

2σ̂2
Y (xi)

+
(zi − µ̂Z(xi))

2

2σ̂2
Z(xi)

− 1

] (2.10)

Here D(2) is the canonical gradient (or equivalently the efficient influence function) of Ψ2(P )

in the nonparametric model-class.

Standard theory for such one-step estimators gives us the following result:

Theorem 2.3. Suppose µ̂Y (x), µ̂Z(x) satisfy Assumption 2.1, and similarly estimators

Cov(Y, Z|X = x), σ2
Y (x), and σ2

Z(x) are also from P -Donsker classes, and converge to the

truth at that same n−1/2 rate in squared error loss. Then the estimator Ψ̂2 is
√
n-consistent,

asymptotically linear, and nonparametrically efficient with influence function D
(2)
P (o) defined

in (2.10), This additionally implies that Ψ̂2 is asymptotically normal:

√
n[Ψ̂2 −Ψ2(P )]→d N [0, σ2

2(P )], (2.11)

where σ2
2(P ) =

∫
[D

(2)
P (o)]2dP (o).

Theorem 2.3 has requirements on convergence of additional intermediate quantities

(conditional covariances and conditional variances). In practice, even in simple scenarios

Ψ̂2 performs much more poorly than Ψ̂1 and Ψ̂3. The theoretical route we took to derive

this “efficient” estimator, could also have been applied for Ψ1 and Ψ2 to construct efficient

estimators. It turns out, that in those cases, we would have ended up with precisely the

plugins Ψ̂1 and Ψ̂2 from such constructions (however, one can more easily show efficiency of

those estimators from direct calculation).

2.4.1 Double Robustness of Ψ̂1

In Assumption 2.1, we give separate convergence rates bounds for each predictive model. In

fact, for the result of Theorem 2.1 we only require that R1(P̂n, P ) ≡
∫

[µ̂Y (x)−µP,Y (x)][µ̂Z(x)−
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µP,Z(x)]dP (x) = OP (n−1/2). In particular, this is precisely the second-order term from an

asymptotic expansion of our estimator. Using this, we can directly show that our estimator

Ψ̂1 is doubly robust in that

• Ψ̂1 is consistent if either one of µ̂Y (x) and µ̂Z(x) is consistent, and in a P -Glivenko-

Cantelli Class. (and thus R1(P̂n, P ) = oP (1))

• Ψ̂1 is efficient if µ̂Y (x) and µ̂Z(x) converge sufficiently fast that R1(P̂n, P ) = oP (n−1/2).

This indicates additional robustness of Ψ̂1 to model misspecification [91, 113]. Even if

one of µ̂Z and µ̂Y is inconsistent, Ψ̂1 will still remain consistent as long as the other one

is consistent. Unfortunately, neither the expected conditional correlation, nor the scaled

expected conditional covariance estimators are double-robust. In particular, the scaled

expected conditional covariance has second-order remainder terms associated with estimating

each expected conditional variance which separately involve convergence of µ̂Y (x) and µ̂Z(x).

See supplementary materials for details about remainder terms.

2.4.2 Suboptimal Estimators

To some degree, it is a happy coincidence that the estimators for Ψ1 and Ψ2 proposed in

Section 2.4 are simple and turn out to be first-order optimal. Generally simple plug-in

estimators will not even be rate optimal (and converge at a slower rate than n−1/2). For

example, one might consider an alternative representation of Ψ1(P ) = EP [EP (Y Z|X) −

EP (Y |X) EP (Z|X)], and thus consider estimating Ψ1(P ) by

Ψ̂1,naive =
1

n

n∑
i=1

[µ̂Y Z(xi)− µ̂Y (xi)µ̂Z(xi)] , (2.12)

where µ̂Y Z(xi) is an estimator of EP (Y Z|X). If µ̂Y and µ̂Z do not converge at a parametric

rate (of n−1 in MSE)– when using ML-based estimates they generally will not– Ψ̂1,naive will

converge at slower than an n−1/2 rate. One could similarly define a simple estimator of Ψ2(P ),
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Ψ̂2,naive = 1
n

∑n
i=1

Ĉov(Y,Z|xi)√
σ̂2
Y (xi)σ̂2

Z(xi)
. Unfortunately, as in the case of Ψ̂1,naive, this estimator will

not be efficient or even converge at a n−1/2 rate.

2.4.3 Constructing Confidence Intervals

Constructing a confidence interval based on the so-called naive estimators, Ψ̂1,naive and

Ψ̂2,naive, is difficult. Due to the excess bias, they are, in general, not asymptotically linear,

so confidence intervals based on Gaussian approximations are not possible. In addition,

resampling methods including bootstrapping, are generally invalid in this context. Fortunately,

Ψ̂1, Ψ̂2 and Ψ̂3 do not suffer from these issues. As shown in Theorems 2.1-2.3, these centered

estimators converge in distribution to mean-zero normal variables with asymptotic variance

σ2
j (P ) =

∫
[D

(j)
P (o)]2dP (o) for j = 1, 2, 3. Thus, if we estimate our variances by

σ̂2
j =

1

n

n∑
i=1

D̂(j)(oi)
2, (2.13)

where D̂(j) is any consistent estimator of the influence function, we can form valid confidence

intervals. Then, by leveraging asymptotic normality, we can construct a (1− α)% Wald-type

confidence interval for Ψj as

[Ψ̂j − n−1/2q1−α/2σ̂j, Ψ̂j + n−1/2q1−α/2σ̂j], (2.14)

which has asymptotically correct coverage. qα stands for the α-th quantile of a standard

normal distribution.

Asymptotic linearity can be leveraged more broadly to give intervals for multiple pairs of

features with correct simultaneous coverage. In particular, suppose we are in an asymptotic

regime with p fixed and n growing. Consider 2 pairs of features (j1, j2), and (j3, j4) with

j1 6= j2 and j3 6= j4, (this can be extended to any number of pairs). In this case, we consider

estimation of
[
Ψj1,j2

1 ,Ψj3,j4
1

]>
, the expected conditional covariance of both pairs of features.
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Figure 2.1: Empirical
√
n−scaled bias, Empirical n−scaled variance and empirical coverage of

95% confidence interval of Ψ̂1 (blue) and Ψ̂1,naive (red) for the low-dimensional case (top) and the
high-dimensional case(bottom). We only provide a bootstrap-based confidence interval for naive
estimators in the low-dimensional case to show its failure.

Here, it is straightforward to show that under Assumption 2.1, we have

√
n

Ψ̂j1,j2
1

Ψ̂j2,j3
1

−
Ψj1,j2

1

Ψj2,j3
1

→ N (0,Σ) ,

where Σ is defined based on expectations of products of influence functions for each estimator.

This idea generalizes to arbitrary (but fixed) numbers of covariates, and can also be applied

to estimation of Ψ2, and Ψ3. This joint normality can be combined with standard methods

in multiple testing to construct confidence intervals with simultaneous coverage [112].
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2.4.4 Relationship to De-biased Lasso

In addition to graphical modeling, other meaningful measures can be obtained by slightly

modifying Ψ1. One measure of particular interest is

Φ =
E[Cov(Y, Z|X)]

E[Var(Z|X)]
. (2.15)

Φ is a nonparametric functional, that combines expected conditional variance and covariance

(similar to Ψ1). In fact, as with Ψ1, we can use a simple plug-in estimator (with estimated

conditional means constructed using any suitable machine learning technique) to estimate

and make inference for Φ. If we further assume that we are working in a parametric space and

the data (Y, Z,X) are generated from a linear model E[Y |Z,X] = γZ + βX, Φ is precisely

the coefficient γ [79]. In low dimensional problems γ is estimated efficiently by standard

linear regression — in high-dimensional problems it is common to use the Lasso [104, 81]

with de-biasing to conduct inference [90, 31]. The work in this chapter gives an alternative

approach to estimation and inference. In particular, in the challenging case that the features

are high-dimensional, the (theoretically optimal) plug-in estimator Φ̂ is consistent and efficient

(if the conditional mean estimates are sufficiently good). Under suitable conditions, the

de-biased lasso will give an estimator with the same first order behavior when the design

matrix is random [45]. However, the de-biased lasso requires estimation of Σ−1 (usually

by node-wise regression) which our nonparametric approach does not. Thus, the results in

this paper provide an alternative for obtaining the estimators and confidence intervals of

regression coefficients for linear models with either low- or high-dimensional features.

2.5 Experiments

In this section, we assess the performance of the proposed (theoretically optimal) plug-in

estimators of global dependence measures, in terms of the asymptotic performance, as well as

their effectiveness in conditional independence testing and graph recovery. Here, we present

the main results and provide additional results in supplementary materials.
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Figure 2.2: Left and middle: Type I error and power of three conditional independent testing
methods for a low- and a moderate-dimensional case. Right: average CPU time taken by four tests.
SEcov, KCI-test and CDI-test are all implemented in R. CCIT-test is implemented in Python.

2.5.1 Asymptotic Performance

We present the asymptotic properties of Ψ1 by computing the empirical bias, variance,

and coverage of 95% Wald-type confidence interval in the setting of low-, moderate, and

high-dimensional features.

We start with a simple scenario, where the conditioning variable X is univariate:

Y = sin(3X) + ey, Z = cos(2X) + ez, (2.16)

where X ∼ Uniform(0,2) independent of ~e = (ey, ez)
T ∼ N

 0

0

,
 1 −0.5

−0.5 1

 .
Then, we consider a setting of high-dimensional features, where we generate Y and Z

from a linear model:

Y = Xβy + ey, Z = Xβz + ez, (2.17)

where X ∼ N(0, I5000), βy = (1, ..., 1︸ ︷︷ ︸
10

, 0, ..., 0︸ ︷︷ ︸
4990

) and βz = (−1, ...,−1︸ ︷︷ ︸
10

, 0, ..., 0︸ ︷︷ ︸
4990

). The error term

~e = (ey, ez)
T is the same as in the low-dimensional case.

In both cases, the true values of Ψ1 are -0.5. We generate random datasets of size
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n ∈ {500, 1000, 2000, ..., 6000} and estimate Ψ1 (we run 400 simulates for each sample size).

The conditional means are estimated by local polynomial regression in the low-dimensional

case and by lasso algorithm in the high-dimensional case. We compare our (theoretically

optimal) plug-in estimator Ψ̂1 to the naive estimators: Ψ̂1,naive in (2.12).

Figure 2.1 shows that, the empirical
√
n-scaled bias of our theoretically optimal plug-

in estimator Ψ̂1 goes toward zero with increasing sample size, which corresponds to our

asymptotic result. This is not the case for the naive estimator. The confidence interval of Ψ̂1

converges to the nominal 95% as sample size increases. As expected, due to excess bias, the

bootstrap interval based on the “naive” estimators performs poorly (with coverage actually

converging to 0). See supplementary materials for experiments of a moderate-dimensional

case and the evaluation of Ψ3.

2.5.2 Conditional Independence Testing.

We examine the probabilities of Type I error under Y |= Z|X and the power under Y 6⊥⊥ Z|X.

Here, we consider the scenarios where X ∈ R1 and X ∈ R5 respectively. We compare the test

based on the scaled expected conditional covariance (SEcov), i.e. Ψ3, with KCI-test [132],

CDI-test [117] and CCIT-test [96]. The conditional means for Ψ3 are estimated by local

polynomial regression when X ∈ R1 and by random forest when X ∈ R5.

In the low-dimensional setting, we still use model (2.16) to generate the data (Y, Z,X).

For type I error, we let Cov(ey, ez)
T =

 1 0

0 1

 such that Y |= Z|X. For power, we let

Cov(ey, ez)
T =

 1 −0.5

−0.5 1

, such that Y 6⊥⊥ Z|X. In the moderate-dimensional setting,

we use the same pattern as the Case1 in [132] for comparison. Y and Z are generated by

G(F (X) +E), X ∈ R5, where G and F are mixtures of linear, cubic, and tanh functions and

are different for Y and Z. E is independent with both Y and Z. Under this mechanism,

Y |= Z|X holds. For Y 6⊥⊥ Z|X, we add errors cosh(ey) to Y and cosh(e2
z) to Z where

ey, ez ∼iid N(0, 1).
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Figure 2.2 shows that Ψ3 is always capable of controlling type I errors and achieving a

high power, regardless of the dimension of the conditioning set. However, this is not the

case for other tests. When X ∈ R1, the power of KCI- and CDI-test gradually increases

with increasing sample size. They can control type I errors at a relatively low level but not

comparable to the performance of Ψ3. When X ∈ R5, both kernel-based tests collapse. That

is, they almost always reject the null hypothesis when Y |= Z|X, and often fail to reject the

null when Y 6⊥⊥ Z|X. The CCIT-test achieves a relatively high power but struggles to control

type type-I errors in both low- and moderate-dimensional settings. In addition, the CDI test

is much less efficient compared to the other three. With regard to computation, estimating

Ψ3 is the most efficient method for each fixed sample size, since it only requires the estimation

of mean models.

2.5.3 Graph Recovery.

We now attempt to reconstruct the graph using SEcov, i.e. Ψ3, with moderate dimensional

features (the conditional means are estimated by random forest). We make comparison with

Gaussian graphical model (GGM), and transelliptical graphical model (TGM) [71] where the

CLIME estimator [19] using Kendall’s taus is employed. The graphs are generated from the

following cases:

• Case1 (Gaussian): X ∼ N8(0,Σ).

• Case2 (Copulas): Z ∼ N8(0,Σ), U = Φ(Z), Xi = f−1
i (Ui) where f−1

i are quantile

functions of Gamma(2, 1), Gamma(2, 1), Beta(2, 2), Beta(2, 2), t(5), t(5), Unif(0, 1),

and Unif(0, 1) for i = 1, ..., 8.

• Case3 (Transelliptical): X ∼ TE8(Σ, ξ; f). ξ ∼ χp and f = {f1, ..., f8} = {h1, h2, h3, h4,

h1, h2, h3, h4}, where h−1
1 (x) =

√
exp(x), h−1

2 (x) = sign(x)|x|1/2, h−1
3 (x) = x3, and

h−1
4 (x) = Φ(x).
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Figure 2.3: ROC curves of graph recovery for different methods in Case1-Case4. n = 400, p = 8.

• Case4 (non-Gaussian, non-copulas, non-transelliptical): X1 = X2+X3+X4/2+sin(X5)+

X2
6 + exp(X7) +X8 and X2 = sin(X7) + |X8|, where X3, ..., X8∼iid exp(2).

Figure 2.3 shows that, all three methods work extremely well only when the data is

Gaussian distributed (Case1). When the data follows a copulas (Case2) or transelliptical

distribution (Case3), both TGM method and Ψ3 have a comparably great performance while

GGM become much less effective due to the model misspecification. We note that, if the

data has a highly skewed transelliptical distribution, Ψ3 may work poorly and TGM remains

valid. For Case 4 where the data is non-Gaussian, non-copulas, and non-transelliptical, GGM
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method totally collapses, which is almost equivalent to a coin flip. The effectiveness of TGM

method is also compromised since it uses a misspecified model. On the contrary, Ψ3 which

does not depend on any model assumptions still presents a strong performance.

2.6 Discussion

In this paper, we introduce three global measures for evaluating conditional dependence and

reconstructing a conditional dependence graph. These measures are model-agnostic and we

show that there exist natural and simple plug-in estimators that are asymptotically normal

and efficient under mild conditions. Thus, we can construct Wald-type confidence intervals

with asymptotically correct coverage. These tasks have proven difficult for existing graphical

modeling methods.

One major strength of this work is in that the estimation of the proposed global measures

only requires estimating two conditional mean models. Our framework allows us to use

flexible machine learning tools for these estimates. Thus, the efficacy of our methodology is

intimately connected to our ability to build a good predictive model: If we can build effective

predictive models, our methodology can leverage that, and should do a good job evaluating

conditional independence. This means, as the field’s ability to engage in predictive modeling

grows, so will the scope of this methodology. For example, in the high-dimensional setting,

one might use Lasso, or tree-based ensembles to regress out the conditioning variables. If the

conditioning variables take form of images, or text documents, one could use deep-learning

(with enough data) for that adjustment. The predictive methodology can and should be

selected to fit the context.

People may concerned about the effectiveness of the proposed methodology in very high-

dimensional settings, as it requires fitting ∼ p2 models. However, since each conditional

mean is estimated independently, the dependence between every pair of features can be

evaluated entirely in parallel. Additionally, one might also consider adopting some form of

”pre-screening”. For example, one may apply a simpler method (with potential false positives)

first to create a network with a super-set of edges and then deploy the methodology proposed
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in this chapter to refine this to a more accurate graph.
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Chapter 3

NONPARAMETRIC INFERENCE UNDER THE PRESENCE
OF LINEARITY

3.1 Introduction

In science, it is often of interest to understand the relationship between a single outcome and

a number of explanatory variables. For example, researchers try to identify common genetic

variants that are associated with disease phenotype [74, 17, 92], to establish association

between voxels of brain images and clinical variables such as age and gender [16, 133], and to

understand how the housing prices change with factors in real estate [70, 83].

Regression analysis is the most prominent family of techniques for addressing these

problems, where parametric linear regression plays a primary role and provides arguably

the simplest and the most interpretable tool to estimate the relationship between the target

outcome and other features. Suppose that we have n pairs of observations
{

(y(i),x(i))
}n
i=1

that are independently drawn from a linear model:

Y = XTβ + ε, (3.1)

where Y ∈ R represents the outcome and X = (X1, ..., Xp)
T ∈ Rp are random covariates

representing features. We assume the error term ε is independent of X, with E(ε) = 0 and

Var(ε) = σ2. Let β = (β1, ..., βp)
T ∈ Rp denote the vector of unknown regression coefficients.

From (3.1), one can see that βj encodes the “relationship between the outcome Y and the

covariate Xj”: Y is linearly associated with Xj , and a one unit increase in Xj (with all other

X fixed) would lead to a βj increase in Y .

To estimate and make inference on these unknown β, it is standard to ordinary least
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squares (OLS) regression, by minimizing the Euclidean distance between Y and the space

spanned by the columns in X. It is well known that that the OLS estimator has favorable

theoretical guarantees if the linear model (3.1) truly holds: It is the best linear unbiased

and
√
n-consistent estimator [76, 94, 120]. In particular, when the design matrix is fixed,

[64] pointed out that OLS method may still work under model misspecification. However,

in that case, OLS may lose the interpretability. When the design matrix is random, then

OLS method requires the true parametric model to be correctly specified and the covariance

matrix E(XTX) to be non-singular [39, 1, 62].

To deal with the case when p > n, penalized techniques have been proposed, e.g., lasso

regression [104], ridge regression [52], and the elastic net [135]. However, none of these

produces an asymptotically unbiased estimator of β. This makes inference quite challenging:

For example the bootstrap fails due to lack of continuity of the estimator’s limiting distribution.

To remedy this, [131] and [111] proposed a de-biased lasso algorithm, which yields a non-

sparse estimator. Under certain regularity conditions and sparsity assumptions, it has been

shown that the estimator is asymptotically linear and normal. Using this, one can construct

asymptotically valid confidence intervals and performance valid statistical tests.

These existing methods, however, are all based on the strong parametric specification

of the data generating mechanism: They assume that Y is truly linearly associated with

the components of X. In many real-world applications, people are primarily interested in a

few of the explanatory features, e.g., interventions or exposures, while controlling for other

potential confounders (which correspond to nuisance parameters here). In this case, using the

model given in (3.1) which imposes a linear relationship between the outcome and potential

confounders, might be unnecessarily restrictive. Therefore, in this work, we try to relax

that assumption and consider the following parameter for measuring the “adjusted linear

association” between any two variables Y and Xj, under a fully unrestricted non-parametric

model space,

Φ =
E[Cov(Y,Xj|X−j)]

E[Var(Xj|X−j)]
, (3.2)
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for random vector O = (Y,X) with Y ∈ R and X = (X1, ..., Xp) ∈ Rp from an unknown

distribution P . X−j = X \Xj. In (3.2), Cov(Y,Xj|X−j) is the conditional covariance of Y

and Xj given X−j, and Var(Xj|X−j) is the conditional covariance of Xj given X−j.

Above parameter is reminiscent of the OLS estimator for simple linear regression i.e., p = 1

in model (3.1), which is calculated by the ratio of the sample covariance between Y and Xj

and the sample variance of Xj. In this sense, Φ might be a reasonable parameter to quantify

linear association. In addition, Φ has several favorable properties: (i) it allows one to adjust

for any linear or nonlinear confounding effects of any other variables, and thus measures the

conditionally linear association; (ii) it does not implicitly assume any parametric form for

the data generating mechanism: It is just a functional (averaging all the local quantities)

that maps the joint distribution P to a real number; (iii) it does not have constraints on the

dimension of the conditioning set and might accommodate low- or high-dimensional data.

Estimation of Φ is simple and straightforward. We will show that estimation of Φ primarily

depends on the estimation of the following conditional means,

µP,Y (x−j) := E(Y |X−j = x−j) and µP,j(x−j) := E(Xj|X−j = x−j). (3.3)

Thus, the problem of evaluating the linear association reduces to a canonical prediction

problem, which enables us to naturally leverage flexible machine learning techniques.

Although we propose Φ (and its corresponding estimator) for use in a nonparametric

model space, it is of interest to compare it to the parameter (and estimator) indicated by OLS

(and its de-biased lasso extension in high-dimensional linear regression problems). Specifically,

we shall consider the parameter Φ in the context of a correctly specified linear model and

address the following questions: (i) how can we interpret the parameter there; (ii) How does

the natural estimator of Φ compare to the OLS estimator in this problem (iii) What intuition

do we have for Φ when the linear regression model is misspecified.

In the rest of this chapter, we shall first formally introduce the target parameter in the

form of functional in a nonparametric space and connect it to the regression coefficients under
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the presence of linearity. Then, in Section 3.2, we will provide a simple and natural estimator

that enjoys favorable asymptotic properties in general. Following that, in Section 3.3, we

assume the linear model is correctly specified and compare the proposed estimator with

OLS estimation and de-biased lasso estimation in low- and high-dimensional settings (with

regard to consistency, efficiency and robustness). Then, we conduct experimental studies to

empirically explore finite sample behavior and verify these theoretical results in Section 3.4.

Finally, we end this chapter with a discussion.

3.2 A Nonparametric Parameter for Conditionally Linear Association

Let O = (Y,X) denote a random vector drawn from an unknown distribution P ∈ P, where

Y ∈ R and X = (X·1, . . . , X·p)
T ∈ Rp. Here, P is an unrestricted, or nonparametric model

space. The primary goal is to quantify the linear association between any one of those features,

Xj, and the outcome Y . We define our target parameter as follows:

Φj(P ) =
EP [CovP (Y,Xj|X−j)]

EP [VarP (Xj|X−j)]

=

∫
[y − µP,Y (x−j)][xj − µP,j(x−j)]dP (o)∫

[xj − µP,j(x−j)]2dP (o)
,

(3.4)

for all j = 1, ..., p where X−j represents all covariates except for Xj , µP,Y (x−j) and µP,j(x−j)

are as defined in (3.3). As mentioned in Section 3.1, the parameter Φj(P ) is perhaps a

reasonably intuitive measure to assess the conditional linear association since it is analogous

to the simple OLS estimator while adjusting for the confounding effects of other covariates

X−j : The numerator is the expected conditional covariance which is a measure of the average

conditional dependence between Y and Xj; The denominator is the expected conditional

variance, which serves as a scaling factor. Hence, the sign of Φj would tell whether, on

average, there is a positive or negative association between Y and Xj : A positive Φj indicates

that as the value of the explanatory variable increases, the outcome also tends to increase

after controlling for the effects of other covariates. The magnitude of Φj signifies the strength
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of such a trend: A greater magnitude of Φj implies that Y and Xj are more dependent.

The parameter Φj := Φj(P ) takes into account potential confounding effects by the

remaining features X−j . Unlike linear regression modeling, there is no assumption that these

confounding features are linearly associated with the outcome; and more generally there is no

parametric specification of the conditional means µP,Y and µP,j. This permits more flexibility

of our method over classical linear regression.

We note that Xj here does not necessarily have to be continuous. In fact, when Xj is

binary, it turns out that the proposed parameter Φj corresponds to a measure which can play

a more causal role, as stated in the following proposition.

Proposition 3.2. If Xj is a binary variable and has Xj ∼ Bernoulli(µj), where µj :=

E(Xj|X−j) = p(Xj = 1|X−j), the parameter Φj in (3.4) reduces to

Φj(P ) = E

{
µj(1− µj)

E[µj(1− µj)]
(E[Y |Xj = 1,X−j]− E[Y |Xj = 0,X−j])

}
, (3.5)

which is the variance weighted average effect of Xj = 1, compared to Xj = 0.

The derivation is given in Appendix B.1. The result in Proposition 3.2 has also been noted

in [86]. There, they briefly consider our parameter Φj, but only in the context of binary

exposure (binary Xj), and relate it to the causal literature.

3.2.1 Φj(P ) under the Presence of Linearity

Unlike coefficients in parametric models, Φj is defined nonparametrically, as a functional that

only depends on the data generating mechanism. However, the construction of Φj(P ) implies

that it intuitively connects with the regression coefficients in a linear model. To see this, here

we rewrite model (3.1) by

Y = Xjβj + XT
−jβ−j + ε, ε ∼i.i.d. (0, σ2), (3.6)
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and further suppose that X ∼ (0,Σp), where the inverse of Σp is assumed to exist, i.e.,

Θp := Σ−1
p . Under linearity, we say that data O has a joint distribution Plm ∈ Plm =

(PX ,PY ,Pε). Plm represents a model space where the linear relationship EPlm
(Y |X) = XTβ

always holds. For the remainder of this section, we will assume that linearity holds (that our

joint distribution lies in Plm).

To remove the impact of nuisance piece, i.e., XT
−jβ−j when the linear model holds, we

take conditional expectations with respect to X−j on both sides of (3.6), and subtract the

resulting expression from (3.6). This gives us:

Y − E(Y |X−j) = [Xj − E(Xj|X−j)]βj + ε. (3.7)

This “nonparametric projection” strategy has been widely used in the semiparametric inference

literature [33, 68, 134]. When our joint distribution, Plm lies in Plm, it follows directly from

(3.7) that

βj = Φj(Plm) for j = 1, ...., p. (3.8)

The equivalence in (3.8) further illustrates that the proposed nonparametric parameter

Φj(P ) is a reasonable measure of conditional linear association. In particular, under a linear

model space Plm, Φj(Plm) has the same interpretation as the regression coefficient βj: One

unit increase in Xj would result in βj average increase in the outcome Y if the values of all

other X−j are fixed.

To estimate β, it is standard to use OLS estimation [94] when p < n and lasso-based

methods [104] when p > n. To give meaningful results, both of these methods require the data

generating mechanism to lie in Plm: The outcome of interest should be linearly associated

with every covariate we measure X. This parametric specification is unnecessarily restrictive

when only the impact of a few features is of interests. Here, the relationship in (3.8) gives us

an alternative: As long as we can find an efficient estimator for Φj(P ), we are able to build

an estimator and make inference for a parameter that reduces to the regression coefficient βj ,

but permits more flexibility and robustness. In the next section, we will give more details
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about estimation of this parameter.

3.2.2 Estimation procedure

To simplify exposition, we begin by introducing some notation: Let Ψj(P ) := EP [CovP (Y,Xj|X−j)]

and Vj(P ) := EP [VarP (Xj|X−j)]. Vj(P ) is very similar to Ψj(P ) just replacing Y by Xj. In

Chapter 2 and [125], we gave a simple and natural plug-in estimator for Ψj:

Ψ̂j =
1

n

n∑
i=1

[
y(i) − µ̂Y (x

(i)
−j)
] [
x

(i)
j − µ̂j(x

(i)
−j)
]
. (3.9)

given observations {o(i)}ni=1 = {(y(i),x(i))}ni=1 where x(i) = (x
(i)
1 , ..., x

(i)
p )T represents the ith

realization of the covariates X and y(i) is the ith realization of Y . Here µ̂Y

(
x

(i)
−j

)
is an

estimator of the true conditional mean of Y given X−j = x
(i)
−j, i.e., µP,Y

(
x

(i)
−j

)
.

The form of (3.9) implies that, the performance of Ψ̂j depends on how well those conditional

means can be estimated. In Chapter 2 and [125], we prove that Ψ̂j is asymptotically linear

and efficient when µ̂Y and µ̂j converge to their truths at a sufficiently fast rate. Thus, the

problem of estimating Ψj(P ) can be reduced to the canonical “predictive modeling” problem.

This allows us to leverage many flexible machine learning techniques, including generalized

additive models [49], local polynomial regression [95], random forests [69] etc., and even

potentially make inference even when X is high-dimensional [104, 75]. Full discussion of this

can be see in Chapter 2.

Here, we take the advantage of the fact that Φj(P ) is a ratio of Ψj(P ) and Vj(P ), and

propose the following estimator for Φj(P ):

Φ̂j =

1
n

∑n
i=1

[
y(i) − µ̂Y (x

(i)
−j)
] [
x

(i)
j − µ̂j(x

(i)
−j)
]

1
n

∑n
i=1

[
x

(i)
j − µ̂j(x

(i)
−j)
]2 , (3.10)

by plugging in Ψ̂j and V̂j for Ψj and Vj , respectively. Later, we shall show that this estimator

also has favorable theoretic guarantees: It is asymptotically linear and efficient under mild
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conditions.

We note that Φ̂j in (3.10) is obtained without assuming any parametric models, and is

simply an estimator of Φj(P ) regardless of the relationship between Y and X. However, when

data {(y(i),x(i))}ni=1 are truly generated from a linear model (3.6), this estimator Φ̂j can be

an alternative to the OLS and de-biased lasso estimators of the regression coefficient βj, due

to the equivalence βj = Φj(Plm). However, by allowing more general non-parametric and/or

machine learning techniques to regress out potential confounders, Φj(P ) and its estimator Φ̂j

can give more meaningful summaries of relationships of interest when linearity does not hold.

3.2.3 Misspecification of the Linear Model

In many cases, we are primarily interested in the conditional association of only a few of our

measured features with the outcome. In those cases, we still need to adjust for other variables

to remove any potential confounding effect. In such a setting, the linear model in (3.6) is an

unnecessarily restrictive assumption. Even in a classical statistical setting (wherein we think

of parameters as indexing rather than summarizing a model), one need not assume a linear

relationship between confounders and outcome. The partially linear model is a generalization

of a linear model that codifies this:

Y = Xjβj + g(X−j) + ε. (3.11)

(3.11) is a semiparametric model where Y is only assumed to be linearly associated

with Xj and g(·) is a nonparametric component which could be either linear or nonlinear.

When the data generating mechanism (Ppl) is given by such a partially linear model (in

(3.11)), then we still have the identification Φj(Ppl) = βj, precisely as we did in the linear

model. This equivalence is straightforward to show using the same ”nonparametric projection”

strategy. Since (i) Our estimator Φ̂j in (3.10) is completely agnostic to whether linearity (or

partial linearity) holds; and (ii) its asymptotic guarantees are derived without any parametric

requirements (we will show this later), it follows that Φ̂j remains effective for estimating βj
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under model (3.11): Its theoretical properties, i.e., consistency and asymptotic normality,

will be maintained.
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Figure 3.1: A simple illustration of the performance of OLS estimator and Φ̂j. Data are
generated as (X∗1 , X

∗
2 ) ∼ N(0,Σ) with Σ11 = Σ22 = 1 and Σ12 = Σ21 = −0.6. Then the

observed covariates are X = (X1, X2) = (X∗1 , exp(X∗2 )). The true model is Y = β1X1 +
β2 log(X2) + ε with β1 = 0, β2 = 3, and ε ∼ N(0, 1). We apply OLS estimation and the

proposed Φ̂j(P ) to estimate β1 (in this case, βj = Φj(P )). For OLS, we consider two models:
A incorrectly specified model OLS-1: Y ∼ X1 +X2 and a correctly specified model OLS-2:
Y ∼ X1 +log(X2). For Φ̂j , the conditional means are estimated by local polynomial regression
[55]. We generate 500 random data sets of size n = 1000.

However, this is not the case for other model-based approaches for estimating βj, like

OLS and de-biased lasso estimation. When the linear model is misspecified, OLS estimation

could completely collapse. To illustrate this, we consider a simple case where Y is nonlinearly

associated with X2 and has no association with X1 at all. Figure 3.1 shows that, when there
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exists model misspecification, OLS-1 detects a spurious association between Y and X1 as

the estimated β1 deviates from 0. In contrast, when the model is correctly specified as in

OLS-2, the OLS estimator of β1 is close to 0. The non-parametric form of Φj(P ) allows us

to accommodate this non-linear confounding, and apply the estimator Φ̂j in (3.10). We see

that Φ̂j has comparable performance to OLS-2 in terms of the empirical bias and variance of

the estimator. In practice, the performance of OLS-2 can cannot easily achieved by using

OLS estimation as we can only observe X2 and cannot easily get at the form of g(X2). It

is more often that biased/spurious results from misspecification (as in OLS-1) are obtained.

Therefore, to reduce the impact of model misspecification, Φj(P ) could be a simple and more

robust solution to find the conditional linear association.

3.3 Asymptotic Performance

In this section, we study the asymptotic performance of the proposed estimator Φ̂j in (3.10).

Specifically, we first show the theoretical guarantees of Φ̂j in general. Then, we consider

the problem of estimating the regression coefficients in a linear model, and compare the

performance of Φ̂j with the OLS estimator when p is fixed, and with the de-biased lasso

estimator when p is increasing with n, in terms of the limiting distribution.

3.3.1 Evaluating Φ̂j − Φ(P )

Recall that the proposed estimator for the target nonparametric parameter Φj(P ) is Φ̂j =
Ψ̂j

V̂j

where Ψ̂j and V̂j are the estimators of Ψ(P ) and Vj(P ) defined in (3.9). By functional delta

method, we know that the asymptotic properties of Ψ̂j are highly related to the properties of

Ψ̂j and V̂j. Chapter 2 have shown that,

√
n
(

Ψ̂j −Ψj(P )
)

=
1√
n

n∑
i=1

D
Ψj
P (o(i)) + ∆Ψj ,

√
n
(
V̂j − Vj(P )

)
=

1√
n

n∑
i=1

D
Vj
P (o(i)) + ∆Vj

(3.12)
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where D
Ψj
P (o(i)) =

[
y(i) − µP,Y (x

(i)
−j

] [
x

(i)
j − µP,j(x

(i)
−j

]
and D

Vj
P (o(i)) =

[
x

(i)
j − µP,j(x

(i)
−j

]2

are

the non-parametric efficient influence functions of Ψj(P ) and Vj(P ) respectively. ∆Ψj and

∆Vj are the remainders. Hence, if we calculate the difference between Φ̂j and Φj(P ), we end

up getting a very similar decomposition:

√
n
(

Φ̂j − Φj(P )
)

=
1√
n

n∑
i=1

DΨ
P (o(i))− Φj(P )×DV

P (o(i))

Vj(P )
+ ∆Φj

=
1√
n

n∑
i=1

D
Φj
P (o(i)) + ∆Φj .

(3.13)

The following lemma states that the linear term 1√
n

∑n
i=1D

Φj
P (o(i)) is actually the canonical

gradient (or equivalently the efficient influence function) of Φj(P ). This analysis of the

efficient influence function plays a critical role in establishing efficiency for asymptotically

linear estimators in the context of nonparametric inference [14].

Lemma 3.1. Given any j ∈ {1, ..., p}, the parameter Φj(P ) is pathwise differentiable at

P ∈ P and has efficient influence function D
Φj
P (o) of the form,

D
Φj
P (o) :=

{y − µP,Y (x−j)}{xj − µP,j(x−j)}
Vj(P )

− Φj(P )
{xj − µP,j(x−j)}2

Vj(P )
. (3.14)

Under a linear model space Plm where the realization o = (y,x) satisfies model (3.6), then

this function (3.14) reduces to

D
Φj
Plm

(o) :=
{xj − µPlm,j(x−j)}ε

Vj(Plm)
. (3.15)

The proof is given in Appendix B.2. µPlm,j(x−j) in (3.15) only refers to the linear relationship

E(Y |X) = XTβ, which does not imply linearity between Xj and X−j.

Lemma 3.1 gives the explicit form of the efficient influence function in linear first term of

(3.13). However, to prove Φ̂j is a consistent and efficient estimator, ones must show that the

impact of ∆Φj in (3.13) is asymptotically negligible as n increases. The following theorem
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formally gives such a statement, and additionally provides the limiting distribution of Φ̂j.

Theorem 3.4. Suppose that n observations {o(i)}ni=1 = {(y(i),x(i))}ni=1 are i.i.d. generated

from distribution P . Let µ̂j and µ̂Y be the estimators of µP,j and µP,Y , having∫
[µ̂Y (x−j)− µP,Y (x−j)]

2dP (x−j) = oP
(
n−1/2

)
,∫

[µ̂j(x−j)− µP,j(x−j)]2dP (x−j) = oP
(
n−1/2

)
.

(3.16)

Further assume that D̂Ψj (o) and D̂Vj (o) both fall in a P-Donsker class. Then, ∆Φj = oP (1)

and the plug-in estimator Φ̂j is asymptotically normal:

√
n
[
Φ̂j − Φj(P )

]
=

1√
n

n∑
i=1

D
Φj
P

(
o(i)
)

+ oP (1)

→ N
(
0, σ2

j (P )
)
,

(3.17)

where σ2
j (P ) =

∫ {
D

Φj
P (o)

}2

dP (o).

The proof is given in Appendix B.3. The limiting distribution Φ̂j is derived for a

nonparametric space P. That is, we do not assume any form of the relationship between the

outcome Y and features X. So, it is a very general result: As the sample size n increases, the

centered estimator, i.e., Φ̂j −Φj(P ), converges in distribution to a mean-zero normal variable

with limiting variance σ2
j (P ), under mild conditions.

As mentioned, Φj(P ) reduces to the regression coefficient βj when the linear relationship

in (3.6) holds. It is then natural to ask, how does the estimator Φ̂j compare to the classical

OLS-based linear regression estimator? In next section, we shall focus on the scenario when

linearity is present and compare Φ̂j to the OLS estimator β̂OLS
j when p is fixed and to the

de-biased lasso estimator β̂DL
j when p is increasing with n.
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3.3.2 Φ̂j versus β̂OLS
j when p is fixed

Suppose that n observations {o(i)}ni=1 = {(y(i),x(i))}ni=1 are generated from the linear model

(3.6) with fixed dimension p. In this setting, the standard tool to estimate βj , for j = 1, ..., p,

is the following OLS estimator:

β̂OLS = (xTx)−1xTy, (3.18)

where x ∈ Rn×p is the random design matrix where the ith row is the ith observation, i.e.,

x := [x(1), ...,x(n)]T and y = [y(1), ..., y(n)]T . It is well-known that β̂OLS
j is asymptotically

normal [77].

√
n
[
β̂OLS
j − βj

]
→d N [0, σ2Θp,jj], (3.19)

if x(i) ∼i.i.d. (0,Σp), where Σp is invertible with Θp := Σ−1
p . Θp,jj is the (j, j)-th entry of Θp,

for j = 1, ..., p. It has been shown that β̂OLS
j is the best linear unbiased estimator, which

attains the Cramér–Rao bound [94].

Previously, we showed the equivalence of the parameters Φj(P ) and βj when linearity

holds. Thus, Φ̂j in (3.10) also estimates the regression coefficient βj. The following theorem

provides the asymptotic properties of Φ̂j when linearity holds, arguing that its limiting

distribution is the same as that of β̂OLS
j .

Theorem 3.5. Suppose that {o(i)}ni=1 = {(y(i),x(i))}ni=1 are generated from linear model

(3.6) with assumptions in Lemma 3.4 satisfied. Then, the estimator Φ̂j defined in (3.10) is
√
n-consistent, and asymptotically normal, i.e.,

√
n
[
Φ̂j − βj

]
→d N

(
0, σ2

j (Plm)
)
, (3.20)

where σ2
j (Plm) = σ2

Vj(Plm)
. If we further suppose that x(i) ∼i.i.d. N(0,Σp) where Σp is invertible
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with Θp := Σ−1
p , then

√
n
[
Φ̂j − βj

]
→d N

(
0, σ2Θp,jj

)
. (3.21)

The proof is given in Appendix B.4. Theorem 3.5 implies that, using our proposed

nonparametric parameter and implementing flexible techniques for estimating β does incur

any additional first order costs (with a Gaussian design): The theoretical guarantees of

model-based OLS estimators are maintained by using a more flexible and robust alternative

Φ̂j for estimating and making inference on the unknown regression coefficient βj.

Another advantage of using Φ̂j is that ones can avoid estimating two unknown quantities,

σ2 and Θp,jj, appearing in the limiting distribution of β̂OLS
j . Instead, to form a consistent

estimator for the asymptotic variance σj(P ) of Φ̂j, two conditional means µ̂Y and µ̂j, which

have been obtained for Φ̂j, are sufficient. The estimator is of the following form:

σ̂2
j =

1

n

n∑
i=1

[
D̂Φj

(
o(i)
)]2

, (3.22)

which converges to its truth σ2
j (P ) = σ2Θp,jj under the conditions in Theorem 3.5.

3.3.3 Φ̂j versus β̂DL
j when p > n and p, n→∞

Previous results are discussed under the setting when p is fixed. However, in the high-

dimensional setting, i.e., p > n, things get more complicated as: (i) the estimated covariance

matrix xTx is singular, so the OLS method collapses; (ii) some regularity conditions under

fixed p may fail to hold as p is increasing as well. Extensive work has been done developing

methods and theory for the estimation of regression coefficients in the high-dimensional regime.

Most of the theory is non-asymptotic and gives finite sample concentration inequalities. There

has also been substantial work on inference in high-dimensional problems, however some of

the asymptotic arguments have been a bit informal. In particular, almost none of the work

we have seen formally defines an asymptotic regime where n and p both grow.

We formalize these ideas by using a triangular array of random variables to specify an
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asymptotic regime where p can change with n. Here, we formally compare the asymptotic

properties of de-biased lasso estimator β̂DL
j and our proposed estimator Φ̂j with respect to

such a triangular array of observations, in the high-dimensional setting.

Setup for triangular array. Suppose that the random variables of covariates Xn =

(Xn,1, ..., Xn,pn)T have the following triangular array structure:

X1,1, ..., X1,p1

X2,1, ....., X2,p2

...

Xn,1, ............, Xn,pn .

(3.23)

In this setup, the generated data {o(i)
n }ni=1 = {(y(i)

n ,x
(i)
n )}ni=1 with x

(i)
n = (x

(i)
n,1, ..., x

(i)
n,pn)T

have joint distribution which we denote Pn: Observations x
(1)
n , . . . ,x

(n)
n in the same row are

independently and identically distributed, while those in different rows are allowed to have

different distributions. To make our limiting statement consistent with this triangular array

setup, we say a random variable Xn = oPn(an) if limn→∞ Pn(|Xn/an| ≥ τ) = 0, ∀τ > 0.

For a fixed sample size n, we assume that the data satisfy the following linear relationship

Yn = XT
nβn + εn =

pn∑
j=1

βn,jXn,j + εn, (3.24)

for j = 1, ..., pn and n = 1, 2, ..... The error term has εn ∼ N(0, σ2) ⊥⊥ Xn,j, The dimension

p = pn, the joint distribution of the features xn, and the distribution of the outcome Yn are

now allowed to be dependent on the sample size n.

To estimate βn,j when pn > n, [111] proposed the de-biased lasso, to overcome the issue

of bias with the standard lasso estimator and account for the uncertainty of the estimator. In

that work, a number of assumptions are required for asymptotically correct inference. Here

we transport and formalize those assumptions for our triangular array setup.

Assumption 3.2. Suppose that n observations
{

(y
(i)
n ,x

(i)
n )
}n
i=1

are generated from model
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(3.24), with the following assumptions satisfied:

1. x
(i)
n ∈ Rpn ∼i.i.d. N(0,Σpn) for i = 1, 2, . . . , n.

2. Σpn := E
[
(x

(i)
n )Tx

(i)
n

]
∈ Rpn×pn is invertible with Θpn := Σ−1

pn .

3. ‖Σpn‖∞ = O(1).

4. The minimum eigenvalue Λ2
min(Σpn) is uniformly bounded away from 0.

With these assumptions, we are able to characterize the asymptotic behaviour of the

de-biased lasso estimator, which is calculated by

β̂DLn = β̂Lasson + Θ̂pnx
T
n

(
yn − xnβ̂

Lasso
n

)
/n, (3.25)

where

β̂Lasson = argmin
βn∈Rpn

{‖yn − xnβn‖2
2/n+ 2λ‖βn‖1}. (3.26)

Θ̂pn is an estimator of Θpn by node-wide lasso regression [75]. That is, for each j = 1, ..., pn,

we estimate

γ̂n,j := argmin
γn∈Rpn−1

(
‖xn,j − xn,−jγn‖2

2/n+ 2λj‖γn‖1

)
, (3.27)

where xn,j is the jth column of the design matrix xn and γ̂n,j = {γ̂n,jk : k = 1, ..., pn, k 6= j}.

Then the node-wise lasso estimator of Θpn is given by

Θ̂pn := Γ̂−2
n Ĉn, (3.28)

where Γ̂n := diag(τ̂ 2
n,1, ..., τ̂

2
n,pn) with τ̂ 2

n,j := ‖xn,j − xn,−jγ̂n,j‖2
2/n+ λj‖γ̂n,j‖1. Ĉ2

n is defined
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as

Ĉ2
n :=


1 −γ̂n,21 · · · −γ̂n,pn1

−γ̂n,12 1 · · · −γ̂n,pn2

...
. . .

...
...

−γ̂n,1pn −γ̂n,2pn · · · 1


pn×pn

. (3.29)

So, the jth column of Θ̂pn is Θ̂pn,j := Ĉn,j/τ̂
2
n,j, where Ĉn,j is the jth columns of Ĉn.

The form of (3.25) implies that the asymptotic performance of β̂DL
n will depend on how

well Θpn is estimated. Therefore, to ensure that node-wise lasso algorithm can work well,

ones need to specify additional sparsity assumptions with respect to the columns of Θpn , i.e.,

sn,j := |{k 6= j : Θpn,jk 6= 0}|. (3.30)

The authors in [111] obtain the asymptotic behavior of heuristically β̂DL
n,j by showing

√
n
(
β̂DL
n,j − βn,j

)
= ΘT

pn,j
xTnεn/

√
n + oP (1), and conditioning on xn. Thus, with Gaussian

errors one has that ΘT
pn,j

xTnεn/
√
n|xn ∼ N(0, σ2Θpn,jj). However, they did not explicitly

engage with the asymptotic behavior when the dimension grows. Here we formally provide

such asymptotic results for the de-biased lasso estimator β̂DL
n,j , using a triangular array

argument.

Theorem 3.6. Suppose n observations {(y(i)
n ,x

(i)
n )}ni=1 are generated from linear model (3.24),

with Assumption 3.2 satisfied. Assume that the model is sparse sn,0 := |1 ≤ j ≤ pn : βn,j 6=

0| = o(
√
n/ log pn), and the columns sparsity of Θpn satisfies max1≤j≤pn sn,j = o(n/ log pn).

If the regularization parameters λ in (3.26) and λj in (3.28) are suitably selected with

λ �
√

log pn/n and λj �
√

log pn/n, ∀j = 1, ..., pn. The de-biased lasso estimator β̂DL
n,j

defined in (3.25) has
√
n
(
β̂DL
n,j − βn,j

)
σ
√

Θpn,jj

= Rn + oPn(1), (3.31)

where Rn = (r
(1)
n + r

(2)
n + ... + r

(n)
n )/
√
n with r

(i)
n =

ΘTpn,jx
(i)
n ε(i)

σ
√

Θpn,jj
. Moreover, r

(i)
n ≡ rn with
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E(rn) = 0 and Var(rn) = 1. If E |r3
n| = O(1), then

P (Rn ≥ z)− P(Z > z) = O
[
(E |rn|3/

√
n)1/4

]
= o(1), (3.32)

where Z is a standard normal variable.

The details of the proof are provided in Appendix B.7. Theorem 3.6 roughly says that, as

long as the number of features does not grow too quickly then the remainder term ∆DL
n,j does

not contribute to the first order behaviour of the debiased lasso estimate. Thus, the limiting

distribution of β̂DL
n,j is dominated by the linear term ΘT

pn,j
xTnε. After scaling by its limiting

variance, the de-biased lasso estimator would converge in distribution to a standard normal

variable.

In this setting, we can also use Φ̂j when p = pn > n to estimate βn,j. Here, we reiterate

our results of Φ̂j in Section 3.3.1 using the triangular array of random variables.

Proposition 3.3. Suppose that n observations {o(i)
n }ni=1 = {(y(i)

n ,x
(i)
n )}ni=1 have joint distri-

bution Pn. Then, the estimator for the target parameter Φj(Pn) is given by

Φ̂n,j :=
Ψ̂n,j

V̂n,j
=

1
n

∑n
i=1

[
y

(i)
n − µ̂n,Y (x

(i)
n,−j)

] [
x

(i)
n,j − µ̂n,j(x

(i)
n,−j)

]
1
n

∑n
i=1

[
x

(i)
n,j − µ̂n,j(x

(i)
n,−j)

]2 , (3.33)

where µ̂n,Y and µ̂n,j are the estimated conditional means of µPn,Y and µPn,j. The difference

between Φ̂n,j and Φj(Pn) satisfies

√
n
(

Φ̂n,j − Φj(Pn)
)

=
1√
n

n∑
i=1

D
Φn,j
Pn

(o(i)
n ) + ∆Φj

n . (3.34)

where D
Φn,j
Pn

(on) =
{yn−µPn,Y (xn,−j)}{xn,j−µPn,j(xn,−j)}

Vj(Pn)
−Φj(Pn)

{xjn,j−µPn,j(xn,−j)}2
Vj(Pn)

is the efficient

influence function of Φj(Pn). In particular, when
{

o
(i)
n

}n
i=1

are generated from linear model

(3.24), then

Φj(Pn,lm) = βn,j, (3.35)
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with efficient influence function D
Φn,j
Pn,lm

(on) =
[xn,j−µPn,j(xn,−j)]εn

Vj(Pn,lm)
.

Similar to the low-dimensional case, the asymptotic performance of Φ̂n,j will be dominated

by the linear first term in (3.34) if ∆
Φj
n converges to zero sufficiently fast, i.e., if ∆

Φj
n = oPn(1).

Lemma 3.2. Suppose that n observations {o(i)
n } = {(y(i)

n ,x
(i)
n )}ni=1 are generated from linear

model (3.24). Let µ̂n,j and µ̂n,Y be the estimator the conditional means µPn,j and µPn,Y ,

having ∫
[µ̂n,Y (xn,−j)− µPn,Y (xn,−j)]

2dPn(xn,−j) = oPn
(
n−1/2

)
,∫

[µ̂n,j(xn,−j)− µPn,j(xn,−j)]2dPn(xn,−j) = oPn
(
n−1/2

)
.

(3.36)

Further assume that

√
n(Pn − Pn)

[
D̂Ψj
n (on)−DΨj

Pn
(on)

]
= oPn(1),

√
n(Pn − Pn)

[
D̂Vj
n (on)−DVj

Pn
(o)
]

= oPn(1).
(3.37)

Then, the remainder ∆
Φj
n can be bounded

∆Φj
n = oPn(1). (3.38)

Remark. An illustrative example of the conditional mean estimator in the high-

dimensional case is the lasso estimator. Let µ̂n,j and µ̂n,Y be the lasso estimates of µPn,j and

µPn,Y . If the linear model (3.24) is sparse with s0 = o
(√

n/ log pn

)
, then (3.36) will hold

when choosing the regularization parameter properly, i.e., λ �
√

log pn/n. This assumption

on the sparsity of the model is less restrictive compared to de-biased lasso as in Theorem 3.6,

which requires s0 = o (
√
n/ log pn).

Lemma 3.2 shows that if (i) the conditional means converge sufficiently quickly and (ii)

the empirical process term in (3.37) can be bounded in triangular array setup, then ∆
Φj
n will

not have a first order contribution to the asymptotic behavior of our estimator. Thus, we

give the following main result for the asymptotic performance of Φ̂n,j in the high-dimensional
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setting.

Theorem 3.7. Suppose that {o(i)
n } = {(y(i)

n ,x
(i)
n )}ni=1 are generated from distribution Pn with

assumptions in Lemma 3.2 satisfied. Then, the estimator Φ̂n,j in (3.33), (j = 1, ...., pn), have

√
n(Φ̂n,j − βn,j)
σj(Pn)

= Wn + oPn(1), (3.39)

where Wn = (w
(1)
n + w

(2)
n + · · ·+ w

(n)
n )/
√
n with w

(i)
n =

D
Φn,j
Pn

(o
(i)
n )

σj(Pn)
. w

(i)
n ≡ wn with E(wn) = 0

and Var(wn) = 1. If E|wn|3 = O(1), then we have

P(Wn ≤ z)− P(Z ≤ z) = O
[(

E |wn|3
√
n
)1/4
]

= o(1), (3.40)

where Z is a standard normal variable. If we further suppose that data satisfy the linear

model (3.24) with x
(i)
n ∼i.i.d. N(0,Σpn), then

√
n(Φ̂n,j − βn,j)
σΘpn,jj

= Wn + oPn(1), (3.41)

with w
(i)
n =

[xn,j−µPn,j(xn,−j)]εn
σ2 and (3.40) still holds.

The details of the proof are provided in Appendix B.6. Therefore, in the high-dimensional

setting, the proposed estimator is still asymptotically consistent and normal. In particular,

under the presence of linearity and normality of the covariates, Φ̂n,j has the same limiting

distribution as the de-biased lasso estimator β̂DL
n,j . However, unlike β̂DL

n,j which demands

additional assumptions of the data and model, e.g., Assumption 3.2 and some sparsity

conditions, the asymptotic guarantees of Φ̂n,j only depend on the convergence of the estimated

conditional means: The above results remain valid even, eg., under a partially linear model.

3.4 Simulation study

We assess the performance of the proposed (theoretically optimal) estimators Φ̂j in (3.10)

for the conditionally linear association measure Φj(P ). Specifically, we compare Φ̂j with the
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de-biased lasso estimator for estimating the regression coefficients in high-dimensional linear

models. The performance will be empirically evaluated by (i) bias, (ii) variance, and (iii) the

coverage of nominal 95% Wald-type confidence intervals.

3.4.1 When features are uncorrelated

We consider generating data from the following linear model:

Y = X1β1 +X2β2 + . . .+X255β255 + ε, ε ∼ N(0, 1) ⊥⊥ X

X ∼ N(0, I255), β = (β1, . . . , β255)T = (1, . . . , 1︸ ︷︷ ︸
5

, 0, . . . , 0︸ ︷︷ ︸
250

)T .
(3.42)

We generate random datasets of size n ∈ {100, 500, 1000, 2000, 3000} and estimate β1 and

β6 in each case, where the true values are respectively 1 and 0. For each size, we run 100

simulations. We estimate βj, j = 1, 6 by lasso β̂Lasso
j in (3.26), de-biased lasso β̂DL

j in (3.25),

and the proposed estimator Φ̂j in (3.10) respectively. For β̂Lasso
j and β̂DL

j , the regularization

parameters are separately tuned by cross validation. As for Φ̂j, the conditional means are

estimated by the lasso.

The results for estimating β1 = 1 and β6 = 0 are provided in Figure 3.2, in the bottom

and top panel respectively. It shows that the empirical
√
n-scaled bias of our theoretically

optimal plug-in estimator Φ̂j and de-biased lasso estimator β̂DL
j vanish to 0 as n goes to

infinity for both β1 and β6. However, this is not the case for lasso estimator: Its
√
n-scaled

bias appears to be roughly constant when the true coefficient is non-zero. This is generally

well known and is the rationale for using the debiased lasso. The empirical variances of Φ̂j

and β̂DL
j stabilize when scaled by n. In particular, they are very close to each other, which

agrees with the results in Theorem 3.7. As expected, the confidence intervals of Φ̂j and β̂DL
j

also converge to the nominal 95% as n increases. We do not provide the bootstrapped-based

interval for lasso estimators, as in Chapter 2 we have shown its failure.
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Figure 3.2: When features are uncorrelated: Empirical
√
n−scaled bias, Empirical n-scaled

variance and empirical coverage of 95% confidence interval of Φ̂j (red), β̂DL
j (blue), and β̂Lasso

j

(green). The results for estimating β1 = 1 and β6 = 0 are respectively provided in the top
and bottom panel.

3.4.2 When features are correlated

Now, we still specify the same relationship between Y and X as in (3.42) but add correlation

to features. That is, X ∼ N(0,Σ), where

Σ =


Σ1∼5 0 · · · 0

0 Σ6∼15 · · · 0

. . . . . .
. . .

0 0 0 Σ246∼255

 . (3.43)
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For each of Σ1∼5, ..., Σ246∼255, we use a symmetric matrix with diagonal elements of 1 and

off-diagonal elements of 0.3.
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Figure 3.3: When features are correlated: Empirical
√
n−scaled bias, Empirical n-scaled

variance and empirical coverage of 95% confidence interval of Φ̂j (red), β̂DL
j (blue), and β̂Lasso

j

(green). The results for estimating β1 = 1 and β6 = 0 are respectively provided in the top
and bottom panel.

The results are shown in Figure 3.3. When features are correlated, we see that the

de-biased lasso estimator β̂DL
j becomes less unbiased regardless of whether the true coefficient

to be estimated is zero or non-zero. However, our proposed Φ̂j remains effective. Other

patterns are similar to what we observed in Figure 3.2.
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3.5 Discussion

In this chapter, we introduce a nonparametric measure to assess the conditional linear

association between the outcome and any explanatory variables of interests. Traditionally, a

parametric (linear) model is used to address this type of problem. Here, we propose parameter

that is model-agnostic which can reduce to (i) the regression coefficients when linearity (or

partial linearity) holds and (ii) the variance weighted treatment effect when the covariate of

interest is binary. We additionally propose a simple and natural plug-in estimator of this

parameter, which is asymptotically normal and non-parametrically efficient: These theoretical

guarantees always holds even without linearity. Additionally, if the outcome and covariates

truly have a linear relationship, and the covariates have a joint Gaussian distribution then our

estimator has the same limiting distribution as OLS estimator when data is low-dimensional

and with de-biased lasso estimator when data is high-dimensional.

One major strength of this work is in that the proposed estimator can be generally

effective in estimating the target parameter Φj(P ). The efficacy of the estimator relies almost

entirely on our ability to build good predictive models for estimating two conditional means.

In estimating those conditional means we can leverage machine learning techniques most

appropriate for our specific problem. This is very different from model-based techniques

for linear association analysis, like OLS method and the de-biased lasso. Their efficacy and

asymptotic properties highly depend on the correctness of those parametric specification. This

also increases the flexibility of our method: With no modification, it allows for inference of a

regression coefficient under, eg., partial linearity. In addition, in high-dimensional scenarios,

it can be difficult to make inference even in the presence of a linear model: Methods like the

debiased lasso require estimation of quantities like the precision matrix and variance of the

error to form confidence intervals [134, 126]. In contrast, for our proposal, estimating two

conditional means well is sufficient for estimating our parameter and subsequent inference.

One potential concern with our method is substantial computational cost in high through-

put screening problems. We require a pair of estimated regressions for every feature that
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we would like to consider as a primary exposure. Something like the graphical lasso [75],

might be more computationally efficient in such scenarios (though in cases where the features

are not jointly Gaussian, the scientific relevance of such estimates is unclear). In addition,

one would need to address multiple comparisons in such scenarios: Strategies like Bonferroni

correction [80] and Benjamini-Hochberg Procedure [11] can be used.
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Chapter 4

ON THE OPTIMALITY OF NUCLEAR-NORM-BASED
MATRIX COMPLETION FOR PROBLEMS WITH SMOOTH

NON-LINEAR STRUCTURE

4.1 Introduction

Matrix completion is a framework that has gained popularity in a wide range of machine

learning applications, including recommender systems [63], system identification [72], global

positioning [97] and natural language processing [122]. It is a useful framework for complex

prediction problems, where each observation comes with a heterogeneous collection of observed

features. In particular, matrix completion is applied to problems where the object of

inference or prediction is a matrix whose rows correspond to observation and columns to

variables/features. In many applications, only a subset of entries in this matrix are observed

(often with noise), and the goal is to “complete” the matrix, filling in estimates of the

unobserved entries. This “completion” is done by leveraging the known structure in the

matrix. The most famous example, which brought matrix completion to prominence, is the

Netflix Challenge [63], where a small sample of observed ratings for each customer was used

to successfully predict future/unobserved movie ratings for Netflix customers.

More formally, suppose we have an underlying unobserved matrix M ∈ Rn×p: We then

observe a subset of the entries from the noise-contaminated matrix Y = M + E, where E is

a matrix of i.i.d. mean zero, finite variance noise variables. Our goal is to recover matrix

M from this partially observed, noisy Y . This is known as matrix completion. Without

any structure on the matrix M , recovering the values of M corresponding to unobserved

entries is impossible [66]. Matrix completion becomes possible if one imposes some constraints

on the structure of the underlying matrix: It is most common to assume that M is low



54

rank. Directly employing this assumption by e.g., finding the minimum rank completion

of Y (or corresponding rank-constrained regression) is unfortunately NP-hard and becomes

computationally infeasible for problems involving large matrices [21, 26]. Over the last

decades, computationally efficient methods using convex optimization have been developed

for recovering a low rank matrix from a small number of observations with near-optimal

statistical guarantees in primarily noiseless problems [99, 84, 21, 85], and when the observed

entries are contaminated with noise [20, 61]. These methods rely on using the nuclear norm

of the matrix [40, 56], i.e., sum of its singular values, as a convex surrogate for the matrix

rank. The low-rank structure leveraged in matrix completion can be thought of as learning a

linear embedding of the data in a low-dimensional space.

In practice, the underlying matrix M may not be low rank. However, we often believe it

may still have useful low-dimensional structure. It has thus become popular to learn a low-

dimensional non-linear embedding of the data. This idea is used both in matrix completion

and more generally for low-dimensional summaries of data. It has been applied in motion

recovery [124], epigenomics [93], and health data analytics [118] among other areas. To

recover these embeddings, Reproducing Kernel Hilbert Space (RKHS) methods [38], nearest

neighbor methods [67], and deep learning methods like autoencoders and neural-network-based

variational frameworks [37, 128, 57] have been used.

Additionally, there has been strong empirical evidence that matrix completion methods

based on nuclear norm penalization perform well even in scenarios where any low dimensional

structure is likely non-linear. As these methods were developed for linear low rank structure,

this is, at first glance, a bit surprising. There has been some work giving theoretical

justification for these empirical results [24, 108]. In particular, they note that in the presence

of some types of non-linear low-dimensional structure in M , nuclear norm-based matrix

completion methods can still consistently estimate M . These work additionally gives some

non-stochastic approximation error results. However, optimality of the statistical perform of

nuclear-norm-based matrix completion is not considered to the best of our knowledge.

In this manuscript, we delve further into the performance of matrix completion for M
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with low-dimensional, non-linear structure. In particular, we consider M with rows that

can be embedded in a low-dimensional smooth manifold. We then (i) show that nuclear

norm-based matrix completion can consistently estimate M ; (ii) characterize the rate at

which the reconstruction error converges to 0 as a function of the size of the matrix, number

of observed entries, and smoothness and dimension of the underlying manifold; and (iii)

prove that, up to a log term, this rate cannot by improved upon by any method; that is, our

upper bound is actually the minimax rate optimal for reconstruction error in this problem.

Furthermore, our error bounds (and our techniques) also relate the matrix completion problem

clearly to more classical non-parametric estimation: Our reconstruction error bounds parallel

the minimax rate of mean squared error (MSE) in the nonparametric regression setting.

Results (ii) and (iii), we believe, are novel.

Our experiments on synthetic data corroborate our theoretical findings. In particular, they

suggest that the finite sample empirical performance of matrix completion in non-linear low

rank embeddings is consistent with the asymptotic theoretical error bounds. These empirical

results also corroborate the claim that better performance is achieved when the embedding

of the underlying matrix M lies in a smoother manifold.

4.2 Methods

4.2.1 Problem setup

We start by giving some notation. We use upper case letters to represent matrices and

lower case letters to represent scalars. The trace inner product of any two matrices, M,B ∈

Rn×p, n, p ∈ Z+, is 〈M,B〉 = tr(MTB). The element-wise infinity norm of M ∈ Rn×p is

defined by ‖M‖∞ = max1≤i≤n,1≤j≤p |mij| where mij denotes the (i, j)-th entry of M . We also

denote the Frobenius norm of matrix M as ‖M‖F =
√∑n

i=1

∑p
j=1 m

2
ij.

In the general matrix completion problem, we randomly observe some of the entries from a

matrix M ∈ Rn×p; the observed entries may also be contaminated with error. To support our

later theoretical derivations, we will describe this process in terms of a set of mask matrices
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Xt ∈ Rn×p and observed values yt ∈ R. Each Xt is a matrix with a single 1 whose position is

indexed by t and all other entries are equal to 0 as follows:

Xt =



0 0 · · · 0 · · · 0
...

...
...

0 0 · · · 1 · · · 0
...

...
...

0 0 · · · 0 · · · 0


n×p

. (4.1)

The collection of matrices Xt fall in the set X = {en(i)ep(j)
T , for all i = 1, . . . , n and j =

1, . . . , p}, where en(i) ∈ Rn is the basis vector consisting of all zeros except for a single 1 at

ith entry. In this formulation, Xt indicates the location in M where yt is drawn from. That

is, for Xt = en(i)ep(j)
T ∈ X, 〈Xt,M〉 = mij.

Now, we can frame the matrix completion problem as follows: Suppose we have N pairs

of observations (Xt, yt), t = 1, . . . , N , that satisfy

yt = 〈Xt,M〉+ ξt, (4.2)

where ξt are i.i.d random errors distributed N(0, σ2), M ∈ Rn×p is the underlying true matrix

to be recovered, and yt ∈ R are observed values. The observed matrix can be written as

Y =
∑N

t=1 ytXt where N is the number of observed entries. We assume that Xt is uniformly

sampled at random (USR) from X [61], i.e. Xt ∼ Π, and the probability that the (i, j)th

entry of Xt equals to 1 is πij = P(Xt = ei(n)ej(p)
T ) = 1

np
for 1 ≤ i ≤ n, 1 ≤ j ≤ p. This is

essentially a missing completely at random (MCAR) assumption.

The goal is to recover M given pairs (Xt, yt), t = 1, 2, ..., N , and we are generally interested

in the setting where N � np. To solve this problem, existing methods often assume that M

has low rank (or approximately low rank), i.e. M ' UV T with U ∈ Rn×r and V ∈ Rp×r for

some integer r � min(n, p). In contrast to this low rank assumption, this paper studies the

problem where M is not necessarily low-rank but generated from a low-dimensional non-linear
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manifold. This notion is formalized in the next section.

4.2.2 Non-linearly Embeddable Matrices

We begin by formalizing what we mean by “low-dimensional non-linear structure”. Consider

a matrix M , a positive integer K, and a function class F ⊂ L2
(
RK
)
. We say M is F-

embeddable if there exist functions fj ∈ F : RK → R, j = 1, . . . , p, and a matrix Θ ∈ Rn×K

such that

mij = fj (θi,·) , i = 1, . . . , n, j = 1, . . . , p, (4.3)

where mij is the (i, j) entry of M and Θ ∈ Rn×K is a matrix (with θi,· indicating the ith

row vector). Here, Θ gives an embedding of our observations from its original p-dimensional

space into a K-dimensional space (K ≤ p). The set of functions {fj}pj=1 ⊂ F identifies how

to map our embedding in RK back to Rp.

In classical matrix completion setting, where we assume M is low-rank, nuclear norm

penalized empirical risk minimization is often used to estimate M [3, 22, 78]; more specifically,

the estimator is obtained by,

arg min
M

{
N−1

N∑
t=1

(yt − 〈Xt,M〉)2 + λ‖M‖∗

}
, (4.4)

where λ is a regularization parameter which is used to balance the trade-off between fitting the

unknown matrix using least squares and minimizing the nuclear norm ‖M‖∗. This “matrix

lasso” is known to have strong theoretical properties when M is low rank [3, 22, 78, 18].

However, in our scenario, M likely does not have low rank and previous work does not fully

explain the effectiveness of the estimate from (4.4) in this setting.

While the estimator in (4.4) is simple and quite well known, it fails to exploit knowledge

of the sampling scheme (which is often known or at least assumed to be known). To use the

assumption that the mask matrices {Xt}Nt=1 are i.i.d. uniformly sampled from X, we study a
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slight modification to (4.4) described in [61]:

M̂ ← arg min
M

{
1

np
‖M‖2

F −

〈
2

N

N∑
t=1

ytXt,M

〉
+ λ‖M‖∗

}
(4.5)

After some simple manipulation, (4.5) can be further reduced to minimizing

1

np
‖M −R‖2

F + λ‖M‖∗.

where R = np
N

∑N
t=1 ytXt = np

N
Y . Thus, M̂ , the solution to (4.5), is merely a singular-value

soft-thresholding estimator:

M̂ =

rank(R)∑
j=1

(Λj(R)− λnp/2)+uj(R)vj(R)T , (4.6)

where Λj(R) are the singular values and uj(R), vj(R) are the left and right singular vectors

of R such that R =
∑rank(R)

j=1 Λj(R)uj(R)vj(R)T . [61] established the rate optimality of this

estimator with respect to Frobenius-norm loss when M is low rank. In this paper, we aim to

ultimately claim that M̂ in (4.5) is still a consistent and rate optimal estimator of M in the

case that M is non-linearly embeddable, as long as K is small and the function class F is

sufficiently smooth.

4.2.3 Approximation of Embeddable Matrices

Our goal is to show that the estimator obtained by (4.5) is consistent for the true underlying

matrix M with respect to Frobenius-norm loss (and characterize the convergence rate), when

M is non-linearly embeddable. To this end, we first show that M can be well approximated

by a series of matrices with low (and only slowly growing) rank as long as the function class F

is sufficiently smooth. More specifically, we will need the following condition for the function

class F.

Condition 4.1. Given a function class F. Let C0 denote a fixed positive number. Suppose
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that for any ε > 0, there exists a finite set of functions Fε =
{
ψ1, ψ2, . . . , ψJ(ε)

}
⊂ F, such

that

‖ψ‖∞ ≤ C0, for all ψ ∈ Fε, (4.7)

and

max
f∈F

min
‖β‖22≤C0

∥∥∥∥∥∥f −
J(ε)∑
l=1

βlψl

∥∥∥∥∥∥
∞

≤ ε. (4.8)

For each ε, we denote by F∗ε a set of minimal cardinality such that (4.7) and (4.8) hold. We

let J∗(ε) denote the cardinality of F∗ε .

For a function class F, Condition 4.1 characterizes the minimal number of basis functions

needed to uniformly approximate functions in F up to precision ε. In Section 4.3, we shall

apply this condition to K-dimensional, L-th order differentiable functions, and show how this

number scales as a function of ε.

Based on the above condition, we can establishes the existence of an approximation matrix

which is sufficiently close to the true matrix M and has a bounded nuclear norm.

Lemma 4.3. Suppose matrix M ∈ Rn×p is F-embeddable, and F satisfies Condition 4.1.

Then, for any ε > 0, there exists a matrix M ε satisfying rank(M ε) = J∗(ε) ≤ min(n, p) such

that

‖M ε −M‖∞ ≤ ε. (4.9)

Furthermore, the nuclear norm of M ε is bounded: There exists C1 > 0 (independent of ε)

such that
1
√
np
‖M ε‖∗ ≤ C1J

∗(ε). (4.10)

The proof is given in Appendix C.1. Note, for the F we consider later (restricted to

smooth functions) we will show that J∗(ε) << min(n, p). This parallels results in classical

non-parametric regression where many function-spaces considered can be approximated

uniformly with small error by linear combinations of relatively few basis functions [107].
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4.3 Consistency

Using Lemma 4.1, it is relatively straightforward to evaluate the performance of our estimator

M̂ in (4.5). The performance metric simplest to theoretically analyze isN−1
∑N

i=1

〈
Xi, M̂ −M

〉2

.

However, this criterion only evaluates the prediction error on the observed entries. This is

unsatisfying as our ultimate goal is to recover the entire matrix. Thus, we instead aim to

evaluate the performance of M̂ based on the metric 1
np
‖M̂ −M‖2

F . The following result gives

an upper bound for the performance of our estimator M̂ in this metric.

Theorem 4.8. Suppose we observe N pairs {(yt, Xt)}Nt=1 satisfying data generating model

(4.2) where Xt are i.i.d. uniformly sampled from X. Assume the true matrix M ∈ Rn×p is

F-embeddable where F satisfies Condition 4.1. Further suppose that N ≥ (n ∧ p) log2(n+ p).

Then there exists a constant C2 > 0 (that only depends on σ and ‖M‖∞) such that if we

define the regularization parameter λ by

λ = C2

√
log(n+ p)

N(n ∧ p)
,

then, with probability at least 1− 2(n+ p)−1, the completion error of M̂ in (4.6) is bounded

by

1

np

∥∥∥M̂ −M∥∥∥2

F
≤ C2

2

(
1 +
√

2

2

)2
(n ∨ p) log(n+ p)

N
J∗(ε) + ε2, (4.11)

for any ε > 0. Here, J∗(ε) is the rank of the approximation matrix M ε with ‖M −M ε‖∞ ≤ ε,

which corresponds to the minimal cardinality of F∗ ⊂ F satisfying Condition 4.1.

The upper bound in Theorem 4.8 can be established by extending the results from [61].

The details of the proof are given in the Appendix C.2. The two terms on the right-hand-side

of (4.11) clarify the trade-off between the approximation error, ε, and the cardinality of the

minimal linear approximation set F∗, J∗(ε). Our upper bound is consistent with the results

in [61], where the error is decomposed into a misspecification error (ε2) and a prediction error.

Usually, when there is no misspecification, i.e., the true matrix M is low rank, the prediction
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error is linearly related to the rank of M [23, 60, 18]. In our scenario, where the low-rank

assumption is violated, the prediction error in (4.11) is linearly related to the rank of the

approximation matrix.

Ideas similar to this occur in more traditional non-parametric estimation problems. For

example, when using projection estimators in Hölder and Sobolev spaces, one of the main

rate-optimal estimation approaches requires a truncated basis to be selected for projection

that will grow with the sample size N [106]. However, in those examples, the number of basis

vectors is a tuning parameter in the algorithm, and the set of basis functions must be selected

in advance. Here, both the set of basis functions and the truncation level are rather just

theoretical tools for analyzing the algorithm performance. In employing matrix completion,

the analyst only needs to select λ.

We note that N ≥ (n ∧ p) log2(n+ p) in the above Theorem 4.8 is a quite weak condition

on the number of observations: N could satisfy this and still be far less than np. For the

results of the latent space model in [24], they require at least O
(
n

2(K+1)
K+2

)
entries to be

observed out of n2 entries to guarantee the consistency for recovering an n× n matrix. This

implies that one needs to observe O
(
n

K
K+2

)
entries out of n in each row, as compared to our

much weaker requirement of O
(
log2(n)

)
per row.

We now specialize our results to matrices that are F-embeddable for F containing functions

with bounded derivatives. This is a natural class of functions to work with (though one could

alternatively work in a multivariate Sobolev or Hölder space).

Condition 4.2. M is F-embeddable, where F contains functions with uniformly bounded

L-th order mixed partials (for some fixed L > 0). More formally, define F(L, γ,K), for

L,K ≥ 1 as the set of L-th order differentiable functions from RK
[0,1] to R satisfying

∣∣∣∣ ∂L

∂xL1
1 · · ·x

LK
K

f(x)

∣∣∣∣
x=x0

∣∣∣∣ ≤ γ, (4.12)

for all x0 = (x0
1, . . . , x

0
K) ∈ RK

[0,1] ⊂ RK and all integers L1, . . . , LK satisfying L1+· · ·+LK = L.
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Now, additionally define the set

M(L, γ,K) = {M ∈ Rn×p | mij = fj(θi,·),

with fj ∈ F(L, γ,K), j ≤ p, and θi,· ∈ RK
[0,1], i ≤ n}

(4.13)

This is the set of F (L, γ,K) embeddable matrices, where the embedding lives in a compact

space (for convenience we use the `∞ ball). Our formal condition here is that M ∈M(L, γ,K).

Remark. In the above condition, we will often suppress the dependence on γ, and write

M(L,K) and F(L,K): This is because γ does not affect the convergence rate of our estimator.

Additionally, here we specify the domain of the embeddings to be [0, 1]K for ease of exposition.

This is actually general as we could rescale any compactly supported embedding to live in

this interval.

Condition 4.2 imposes an additional constraint on our embedding: The underlying manifold

on which our matrix lives should be smooth. Here smoothness is characterized by a number of

bounded derivatives. As we will see, this function class engages well with Condition 4.1 in the

sense that we are able to characterize J∗(ε) for the function class F(L,K). This is essentially a

multivariate Hölder class, which has been widely used in the area of non-parametric estimation

[106]. One could alternatively look at this as a multivariate Sobolev class under the sup-norm,

WL,∞(RK).

The following lemma gives the number of basis elements that is needed to linearly

approximate a matrix satisfying the above condition, with bounded approximation error ε.

Lemma 4.4. For the function class F(L,K) described in Condition 4.2, we have that Con-

dition 4.1 is satisfied with J∗(ε) = O
(
ε−K/L

)
.

The proof of this lemma is given in Appendix C.3. Now, we can establish the final

convergence result for smoothly embeddable matrices.

Theorem 4.9. Under the same scenario and assumptions as in Theorem 4.8, assume further

the F(K,L)-embeddable matrix M satisfies Condition 4.2 for a given L and K. Then, the
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upper bound (4.11) is optimized at ε =
(

(n∨p) log(n+p)
N

) L
2L+K

, resulting in

1

np

∥∥∥M̂ −M∥∥∥2

F
= OP

([
(n ∨ p) log(n+ p)

N

] 2L
2L+K

)
. (4.14)

The proof is given in Appendix C.4. This upper bound of the convergence rate of the MSE

of M̂ is only based on the dimensions n and p of matrix M , the total number of observations

N , as well as the degree of smoothness L and dimension of the embedding K. Previous work

that assumed M was low-rank generally gave a rate of the form N−1 (n ∨ p)rank(M) log(n + p)

[6, 60, 110]. In contrast, our upper bound does not rely on the rank of M . Instead, the role of

rank(M) is replaced by L, and K. This result reaffirms that the standard matrix completion

estimator based on nuclear norm minimization is consistent for matrices with low-dimensional

non-linear structure. Perhaps more importantly, it also shows how the convergence rate

depends on the degree of smoothness, and dimension of the manifold. This can be seen

in the exponent on the RHS of (4.14): 2L
2L+K

. Increasing the degree of smoothness moves

this exponent towards 1; increasing the dimension moves the exponent towards 0. This is

analogous to more standard non-parametric regression problems in smooth hypothesis spaces

where the minimax convergence rate for MSE looks analagous [106].

4.4 Minimax Lower Bound

In this section, we use information-theoretical methods to establish a lower bound on the

estimation error for completing non-linearly embeddable matrices with USR entries when the

latent embedding Θ is K-dimensional and satisfies Condition 4.2. The rate we find in the

lower bound matches the rate obtained by nuclear norm penalization in Theorem 4.9 up to a

log-term. Thus our upper bound is sharp (up to a logarithmic factor), and, the nuclear-norm

penalization based estimator given in (4.5) is rate-optimal (up to polylog) for this problem.

To derive the lower bound, we consider the underlying matrices M ∈ M(L, γ,K) as

defined in (4.13), i.e., matrices that live in L-th order smooth, K dimensional manifolds.
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Let PM denote the probability distribution of the observations {(yt, Xt)}Nt=1 generated by

model (4.2) with E(yt|Xt) = 〈Xt,M〉. We give a minimax lower bound of the ‖ · ‖2
F -risk for

estimating M in the following result.

Theorem 4.10. For any given L ≥ 1, γ > 0 and K ≥ 1, let κ := n/p. Then, for some

constant A > 0 that depends on K,L, γ, σ2 and κ, the minimax risk for estimating M satisfies

inf
M̂

sup
M∈M(L,γ,K)

PM

(
1

np

∥∥∥M̂ −M∥∥∥2

F
> A

(n ∨ p
N

) 2L
2L+K

)
≥ 1/2, (4.15)

when c
− 2L+K

K
0 (n∨ p) ≤ N ≤ c

− 2L+K
K

0 0.482L+K(n∨ p)n 2L+K
K for some constant c0 which depends

on K,L, γ, σ2 and κ.

The proof is given in the Appendix C.5. Comparing Theorem 4.10 to Theorem 4.9, we

see that the lower bound matches the upper bound (4.14) up to a logarithmic factor. This

shows that the estimator given by (4.5) is actually an optimal estimator (up to a log term)

for this non-linear low-dimensional matrix completion regime.

We note that the requirement N = O
(

(n ∨ p)n 2L+K
K

)
in Theorem 4.10 is a bit unusal. It

comes from a technical constraint in our proof, required to construct a suitably large packing

set. This may just be an artifact of our proof technique, and not innate to the problem.

Recall that the upper bound holds as long as N ≥ (n ∨ p) log2(n + p), so there is a large

regime where the assumption required for our upper and lower bounds overlap.

4.5 Simulation Study

In this section, we empirically evaluate the effectiveness of matrix completion using the

soft-thresholding estimator M̂ in (4.6) for noisy incomplete matrices which are generated

from low-dimensional non-linear embeddings. (These matrices are full rank, even though they

are generated from low-dimensional non-linear embeddings). Here, we only show the case

of univariate embedding (K = 1) and aim to empirically evaluate how the Frobenius error

1
np

∥∥∥M̂ −M∥∥∥2

F
changes with the dimension (n) when n = p. We examine scenarios where the
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non-linear embeddings are of different orders of smoothness.

The underlying matrices are generated as described in (4.3): mij = fj(θi,·) for i = 1, . . . , n

and j = i, . . . , p. In particular, to make sure that Conditions 4.1 and 4.2 are satisfied, we

generate fj as

fj(x) =
∞∑
b=1

βbψb(x),

where ψb(x) are orthonormal bases in L2[0, 1] defined by:

ψ1(x) = 1,

ψ2b(x) =
√

2 cos(2πbx),

ψ2b+1(x) =
√

2 sin(2πbx).

Meanwhile, to set up the order of smoothness L and make sure that βbψb(x) vanishes with b,

we sample the coefficients βb from a uniform distribution:

βb ∼i.i.d U
[
−b−(L+1), b−(L+1)

]
, b = 1, 2, . . . .

In this way, we can guarantee that
∑∞

b=1 b
2Lβ2

j <∞. Thus, fj is a function whose Lth order

derivative is Op(1).

In this simulation, for computational reasons, we actually use only the first 100 basis

vectors fj(x) =
∑100

b=1 βbψb(x). The underlying embeddings θi,· ∈ R are also i.i.d. sampled

from a uniform distribution U(0, 1) for i = 1, . . . , n. We set the missingness rate to ν = 0.3:

The total number of observed entries is N = (1 − ν)np. The observed entries are yt =

〈Xt,M〉+ ξt, where Xt are uniformly sampled from X and the error terms are independently

Gaussian distributed ξt ∼i.i.d. N(0, 1). We generate random data sets {(yt, Xt)}Nt=1 of size

n ∈ {500, 1000, 2000, 3000, 5000} and estimate M . We run 100 simulations for each size. To

select λ, instead of using cross-validation, here we consider an oracle procedure: For each

simulation, we estimate the MSE for a set of λ values and select the λ that minimizes the

MSE. We report this MSE of the estimated matrix M̂ and the corresponding λ.
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Figure 4.1: Theoretical rate vs. empirical rate (in log scale) of the mean squared errors as
a function of sample size. The underlying matrices M are generated by f with different
orders (L) of smoothness. The low-rank embedding is one-dimensional (K = 1). We regress
log(MSE) on log(n), and compare the theoretical slopes (left) with the empirical slopes (right).
For each smoothness level, L, we also obtain the 95% confidence regions using bootstrap
(dash lines).

Figure 4.1 shows the results of estimating M generated by non-linear embeddings with

different orders of smoothness, L. Since N = (1−ν)np, the convergence rate in (4.14) reduces

to OP

([
log(2n)
n

] 2L
2L+K

)
. The log term inside is negligible as n increases. Hence, if we regress

log(MSE) on log(n), the absolute value of slope should be roughly about 2L
2L+1

(K = 1 in this

simulation). We increase the order of smoothness of f from L = 1 to L = 5. For these values

of L, the expected absolute value of the slope should be 0.67, 0.80, 0.86, 0.89, and 0.91. The

rates from our simulations are respectively 0.67, 0.78, 0.80, 0.88, and 0.91. There is generally

strong agreement between theoretical and empirical results except for the setting of L = 3.

We hypothesize that this is due to finite sample issues.
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4.6 Discussion

Nuclear-norm based matrix completion methods were originally developed for scenarios where

the underlying mean matrix has low rank. In this chapter, we present theoretical results to

explain the effectiveness of matrix completion in applications where the underlying mean

matrix is not low rank, but instead lives in a low-dimensional smooth manifold.

Our results show that, in such scenarios, nuclear-norm regularization can still result in a

procedure that is minimax rate optimal (up to a log factor) for recovering the underlying

mean matrix. In particular, we give upper bounds on the rate of convergence as a function of

the number of rows, columns, and observed entries in the matrix, as well as the smoothness,

and dimension of the embeddings. We additionally give matching minimax lower bounds (up

to a logarithmic factor) for this problem. These bounds appear analogous to the minimax

rate in the case of standard non-parametric regression.

Our theoretical results relate the error bounds to the smoothness and dimension of the

non-linear embedding; however, the technical proof does not provide a way to figure out

the explicit form of the hidden embeddings, which may be interesting in practice, e.g., for

dimension reduction. Modifying the original matrix completion method in order to estimate

the hidden embeddings may be an important direction of future research.
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Appendix A

SUPPLEMENTARY MATERIALS FOR CHAPTER 2

A.1 Proof of Theorem 2.1

A simple version of proof of theorem 1 is to directly calculate the discrepancy between Ψ̂1

and Ψ1(P ), which is

Pn [y − µ̂Y (x)] [z − µ̂Z(x)]−Ψ1(P )

= Pn
{

[y − µ̂Y (x)] [z − µ̂Z(x)]− Ψ̂1

}
+ Ψ̂1 −Ψ1(P )

= [Pn − P ]D̂(1) + PD̂(1) + Ψ̂1 −Ψ1(P )

= [Pn − P ]D
(1)
P + [Pn − P ][D̂(1) −D(1)

P ] + P [(µ̂Y − µP,Y )(µ̂Z − µP,Z)]

=
1

n

n∑
i=1

[yi − µP,Y (xi)][zi − µP,Z(xi)] + oP (n−1/2)

(A.1)

where Pnf = 1
n

∑n
i=1 f(xi) and Pf =

∫
fdP . The last equation in (A.1) holds when

Assumption 1 holds. In this case, we have the asymptotic linearity and normality. As an

alternative route to prove the theorem we can apply standard semi-parametric tools: We

calculate the efficient influence function and then consider a first order asymptotic expansion

to show that the theoretically optimal plug-in estimator of Ψ1(P ) has exactly the same form

as, so-called one-step estimator. Thus, it will naturally enjoy the good properties including

asymptotic consistency and normality.

For Ψ2(P ) however, our simple direct approach will not work, so instead we need to apply

those semi-parametric tools.
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A.2 Proof of Theorem 2.1 by Semi-parametric Theory

For a distribution P ∈M, let p denote the density with respect to a dominant measure ν. We

define a parametric sub-model pθ(u) := [1+θh(u)]p(u) with h(u) ∈ L2(P ), where E{h(u)} = 0,

supu |h(u)| < ∞, and θ is sufficiently small, such that pθ ≥ 0 and
∫
pθ(u)dν(u) = 1. Upon

inspection we see that this parametric sub-model is centered at P with score sθ(u)|θ=0 =

∂
∂θ

log pθ(u)|θ=0 = h(u). In this framework, our statistical functional Ψ1(P ) is called pathwise

differentiable at P with efficient influence function D
(1)
P [14], if

∂

∂θ
Ψ1(Pθ)(u)

∣∣∣∣
θ=0

=

∫
D

(1)
P (u)h(u)dP (u) (A.2)

.

Consider observed data consisting of an independent and identically distributed sample of

o = (y, z, x) ∈ Y× Z× X drawn from distribution P . Then, the corresponding parametric

submodel pθ can be conditionally decomposed into

pθ(o) = pθ,hy(y|z, x)pθ,hz(z|x)pθ,hx(x), (A.3)

with score at the origin

sθ(o)|θ=0 = sθ(y|z, x)|θ=0 + sθ(z|x)|θ=0 + sθ(x)|θ=0

= hy(y; z, x) + hz(z;x) + hx(x).
(A.4)

For simplicity, we use hy, hz, and hx to represent hy(y; z, x), hz(z;x), and hx(x) respectively.

We first show how to obtain the efficient influence function D
(1)
P stated in Theorem 1. Let

ψP (x), µP,Y (x), and σ2
P,Y (x) denote the conditional covariance CovP (Y, Z|X), conditional

mean EP (Y |X = x) , and conditional variance VarP (Y |X = x) evaluated under true model P ,

while ψθ(x), µθ,Y (x), and σ2
θ,Y (x) are evaluated under sub-model Pθ. The expected conditional
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covariance Ψ1(P ) in (2.2) evaluated on Pθ|θ=0 is

∂

∂θ
Ψ1(Pθ)

∣∣∣∣
θ=0

=
∂

∂θ

∫
X

ψθ(x)dPθ(x)

∣∣∣∣
θ=0

=

∫
X

(
∂

∂θ
ψθ(x)

)
dPθ(x)

∣∣∣∣
θ=0

+

∫
X

ψθ(x)
∂

∂θ
log pθ(x)dPθ(x)

∣∣∣∣
θ=0

=

∫
X

(
∂

∂θ
ψθ(x)

)
dPθ(x)

∣∣∣∣
θ=0

+

∫
X

ψ1(x)hxdP (x)

(A.5)

Also, we have ψθ(x) = µθ,Y Z(x)− µθ,Y (x)µθ,Z(x), where

µθ,Y Z(x) =

∫
Z

∫
Y

yzpθ(y|z, x)pθ(z|x)dydz

=

∫
Z

∫
Y

yzp(y|z, x)(1 + θhy)p(z|x)(1 + θhz)dydz

= µP,Y Z(x) + θ

∫
Z

∫
Y

yzp(y, z|x)(hy + hz)dydz

+ θ2

∫
Z

∫
Y

yzp(y, z|x)hyhzdydz

= µP,Y Z(x) + θE [Y Z(hy + hz)|X = x] + θ2 E [Y Zhyhz|X = x] .

(A.6)

and similarly,

µθ,Y (x) = µP,Y (x) + θE [Y (hy + hz)|X = x] + θ2 E [Y hyhz|X = x] ,

µθ,Z(x) = µP,Z(x) + θE [Z(hy + hz)|X = x] + θ2 E [Zhyhz|X = x] .



71

We then get that

∫
X

∂

∂θ
ψθ(x)dPθ(x)

∣∣∣∣
θ=0

=

∫
X

∂

∂θ
µθ,Y Z(x)− µθ,Y (x)

∂

∂θ
µθ,Z(x)− µθ,Z(x)

∂

∂θ
µθ,Y (x)dPθ(x)

∣∣∣∣
θ=0

=

∫
X

E[Y Z(hy + hz)|X = x]− µP,Z(x) E[Y (hy + hz)|X = x]

− µP,Y (x) E[Z(hy + hz)|X = x]dP (x)

= E {[(Y − µP,Y (X))(Z − µP,Z(X))−Ψ1(P )] (hy + hz + hx)} .
(A.7)

Therefore,

∂

∂θ
Ψ1(Pθ)

∣∣∣∣
θ=0

=

∫
X

(
∂

∂θ
ψθ(x)

)
dPθ(x)

∣∣∣∣
θ=0

+

∫
X

Ψ1(x)hxdP (x)

= E {[(Y − µP,Y (X))(Z − µP,Z(X))−Ψ1(X)] (hy + hz + hx)}+ E[Ψ1(X)hx]

= E {[(Y − µP,Y (X))(Z − µP,Z(X))] (hy + hz + hx)} .
(A.8)

which gives us the efficient influence function D
(1)
P (o) = (y − µP,Y (x))(y − µP,Z(x))−Ψ1(P )

in Theorem 1. We note that, in above equation, we use the fact that
∫
f(y, z)hxdP (o) = 0

and
∫
g(x)(hy + hz)dP (o) = 0 where f(y, z) is an arbitrary function which does not depend

on x and g(x) is an arbitrary function which depends only on x.

Now, we can use the efficient influence function to obtain the so-called “one-step estimator”.

Consider an asymptotic von-mises expansion of Ψ1 centered at the true P and evaluated at

some P ∗ ∈M [41]. Then we have that

Ψ1(P ∗)−Ψ1(P ) = (P ∗ − P )D
(1)
P ∗ +R1(P ∗, P )

= −PD(1)
P ∗ +R1(P ∗, P ),

(A.9)

where R(P ∗, P ) is a second order remainder term and we use the fact that PD
(1)
P ∗ = 0. We
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can now plug in an estimated distribution P̂n, and use a bit of algebra to show

Ψ1(P̂n)−Ψ1(P ) = −PnD̂(1) + (Pn − P )D̂(1) +R1(P̂n, P )

= −PnD̂(1) + (Pn − P )D
(1)
P + (Pn − P )

(
D̂(1) −D(1)

P

)
+R1(P̂n, P ),

(A.10)

The second term above is the linear term evaluated at the truth, with mean zero. Ideally, we

can find an estimator for Ψ1 such that this term can dominate the asymptotic performance of

Ψ1(P̂n). The third and fourth one are respectively an empirical process term and second-order

remainder term, which can be shown to be negligible under certain conditions on P̂n. That is,

they both converge to 0 faster than the linear term as n→∞. However, we see that the term

PnD̂(1) is the source of the irregular behavior of Ψ1(P̂n) and can often cause non-ignorable

bias. Hence, this expansion motivates us to find a proper way to cancel the effects of PnD̂(1)

and give the proposed one-step estimator for Ψ1(P )

Ψ̂1,onestep = Ψ1(P̂n) + PnD̂(1)

=
1

n

n∑
i=1

(yi − µ̂Y (xi))(yi − µ̂Z(xi)),
(A.11)

which is coincidentally the same as the proposed theoretically optimal plug-in estimator Ψ̂1 in

our paper. Therefore, according to (A.10), we can also obtain the asymptotic linearity of Ψ̂1:

Ψ̂1 −Ψ1(P ) =
1

n

n∑
i=1

D
(1)
P (oi) + oP (n−1/2),

as long as the empirical process (Pn − P )
(
D̂(1) −D(1)

P

)
and the second-order remainder

term R1(P̂n, P ) are negligible. By Assumption 1 we have that (Pn − P )
(
D̂(1) −D(1)

P

)
=

oP (n−1/2). Thus, we only need to prove R1(P̂n, P ) = oP (n−1/2). For any P ∗ ∈ M, the
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remainder is

R1(P ∗, P ) = Ψ1(P ∗)−Ψ1(P ) + PD
(1)
P ∗

= P {(Y − µP ∗,Y (X))(Z − µP ∗,Z(X))} − P {(Y − µP,Y (X))(Z − µP,Z(X))}

= P {(µP ∗,Y (X)− µP,Y (X)) (µP ∗,Z(X)− µP,Z(X))} .
(A.12)

Hence, as long as µP ∗,Y (X) − µP,Y (X) and µP ∗,Z(X) − µP,Z(X) both converge to zero at

oP (n−1/4), we have R1(P
∗, P ) = oP (n−1/2). That is to say, under Assumptions 1, the

asymptotic linearity of Ψ̂1 holds. By the central limit theorem, we can further derive the

asymptotic normality of Ψ̂1, i.e.

√
n[Ψ̂1 −Ψ1(P )]→d N [0, σ2

1(P )], (A.13)

where σ2
1(P ) =

∫
[D

(1)
P (o)]2dP (o). This completes the proof of Theorem 1

A.3 Proof of Theorem 2.3

As in (A.9), we can also show that the naive plug-in estimator Ψ̂2,naive is asymptotically

biased, which can be corrected by adding the irregular bias. Let φθ(x) = Cor(Y, Z|X) under

Pθ and φ(x) = φθ|θ=0. Then, φθ(x) = ψθ(x)
gθ(x)

, where gθ(x) =
√
σ2
θ,Y (x)σ2

θ,Z(x). The conditional

variance under Pθ can be expanded as follows,

σ2
θ,Y (x) = µθ,Y 2(x)− µ2

θ,Y (x)

= µY 2(x) + θE
[
Y 2(hy + hz)|X = x

]
+ θ2 E

[
Y 2hyhz|X = x

]
−
{
µP,Y (x) + θE [Y (hy + hz)|X = x] + θ2 E [Y hyhz|X = x]

}2

= σ2
P,Y (x) + θCov(Y, Y (hy + hz)|X = x) + θ2 Cov(Y, Y hyhz|X = x)

− µP,Y (x)
{
θE[Y (hy + hz)|X = x] + θ2 E[Y hyhz|X = x]

}
−
{
θE[Y (hy + hz)|X = x] + θ2 E[Y hyhz|X = x]

}2
.

(A.14)
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⇒ ∂

∂θ
σ2
θ,Y (x)

∣∣∣∣
θ=0

= Cov(Y, Y (hy + hz)|X = x)− µP,Y (x) E[Y (hy + hz)|X = x] (A.15)

⇒ ∂

∂θ
σ2
θ,Z(x)

∣∣∣∣
θ=0

= Cov(Z,Z(hy + hz)|X = x)− µP,Z(x) E[Z(hy + hz)|X = x]. (A.16)

Thus, the derivative of Ψ2(Pθ) with respect to θ at θ = 0 is

∂

∂θ
Ψ2(Pθ)

∣∣∣∣
θ=0

=

∫
X

(
∂

∂θ
φθ(x)

)
dPθ(x)

∣∣∣∣
θ=0

+

∫
X

φ(x)hxdP (x)

=

∫
X

ψ′θ(x)gθ(x)− ψθ(x)g′θ(x)

g2
θ(x)

dPθ(x)

∣∣∣∣
θ=0

+ E[φ(X)hx],

(A.17)

where

ψ′θ(x)|θ=0 = E[Y Z(hy + hz)|X = x]− µP,Z(x) E[Y (hy + hz)|X = x]

− µP,Y (x) E[Z(hy + hz)|X = x],
(A.18)

and

g′θ(x) =
1

2g(x)

{
E[Y 2(hy + hz)|X]− 2µP,Y (x) E[Y (hy + hz)|X]

}
σ2
P,Z(x)

+
1

2g(x)

{
E[Z2(hy + hz)|X]− 2µP,Z(x) E[Z(hy + hz)|X]

}
σ2
P,Y (x).

(A.19)



75

Plugging in (A.18) and (A.19), (A.17) becomes

∫
X

ψ′θ(x)gθ(x)− ψθ(x)g′θ(x)

g2
θ(x)

dPθ(x)

∣∣∣∣
θ=0

+ E[φ(X)hx]

= E

{[
(Y − µP,Y (X))(Z − µP,Z(X))

g(X)
− φ(X)

]
(hy + hz + hx)

}
− E

{
φ(X)

[
(Z − µP,Z(X))2

2σ2
P,Z(X)

+
(Y − µP,Y (X))2

2σ2
P,Y (X)

− 1

]
(hy + hz + hx)

}
+ E[φ(X)hx]

= E

{[
(Y − µP,Y (X))(Z − µP,Z(X))

g(X)
− φ(X)

(
(Z − µP,Z(X))2

2σ2
P,Z(X)

+
(Y − µP,Y (X))2

2σ2
P,Y (X)

− 1

)
−Ψ2(P )

]
(hy + hz + hx)

}
.

(A.20)

Therefore, the efficient influence function of Ψ2(P ) is

D2
P (o) =

(y − µP,Y (x))(z − µP,Z(x))

g(x)
−φ(x)

(
(z − µP,Z(x))2

2σ2
P,Z(x)

+
(y − µP,Y (x))2

2σ2
P,Y (x)

− 1

)
−Ψ2(P ).

(A.21)

Thus, the one-step estimator of Ψ2(P ) according to (A.10) is

Ψ̂2 = Ψ2(P̂n) + PnD̂(2)

=
1

n

n∑
i=1

{
(yi − µ̂Y (xi))(zi − µ̂Z(xi))√

σ̂2
Y (xi)σ̂2

Z(xi)

− µ̂Y Z(xi)− µ̂Y (xi)µ̂Z(xi)√
σ̂2
Y (xi)σ̂2

Z(xi)

[
(yi − µ̂Y (xi))

2

2σ̂2
Y (xi)

+
(zi − µ̂Z(xi))

2

2σ̂2
Z(xi)

− 1

]}
.

(A.22)
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The second-order remainder of Ψ2(P ∗) is

R2(P ∗, P ) = Ψ2(P ∗)−Ψ2(P ) + PD
(2)
P ∗

= P

{
(µP ∗,Y (X)− µP,Y (X)) (µP ∗,Z(X)− µP,Z(X))

gP ∗(X)

}
− P

{
CorrP ∗(Y, Z|X)

2σ2
P ∗,Y (X)

(µP ∗,Y (X)− µP,Y (X))2

}

− P

{
CorrP ∗(Y, Z|X)

2σ2
P ∗,Z(X)

(µP ∗,Z(X)− µP,Z(X))2

}

+ P

{
CovP ∗(Y, Z|X)− CovP (Y, Z|X)

gP ∗(X)

(
σ2
P ∗,Y (X)− σ2

P,Y (X)

2σ2
P ∗,Y (X)

+
σ2
P ∗,Z(X)− σ2

P,Z(X)

2σ2
P ∗,Z(X)

)}
− P

{
f1(X)(σP ∗,Z(X)− σP,Z(X))2 − f2(X)(σP ∗,Y (X)− σP,Y (X))(σP ∗,Z(X)− σP,Z(X))

+f3(X)(σP ∗,Y (X)− σP,Y (X))2
}
,

(A.23)

where {fi}3
i=1 are some functions depending only on X. Hence, to make R2(P̂n, P ) converges

to zero at oP (n−1/2), we have to guarantee that every item in (A.23) converges to zero

at oP (n−1/2), which includes
∫ (

CovP̂n(Y, Z|x)− CovP (Y, Z|x)
) (
σ2
P ∗,Y (x)− σ2

P,Y (x)
)
dP (x),∫

(σ̂Y (x)− σP,Y (x))2 dP (x),
∫

(σ̂Z(x)− σP,Z(x))2 dP (x). Then, we have the asymptotic lin-

earity of Ψ2(P ) by (A.10),

Ψ̂2 −Ψ2(P ) =
1

n

n∑
i=1

D
(2)
P (oi) + oP (n−1/2),

and the asymptotic normality

√
n[Ψ̂2 −Ψ2(P )]→d N [0, σ2

2(P )], (A.24)

where σ2
2(P ) =

∫
[D

(2)
P (o)]2dP (o). This completes the proof of Theorem 3.
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A.4 Proof of Theorem 2.2

Before proving Theorem 2, we first show that −1 ≤ Ψ3(P ) ≤ 1 for all P . By applying

Cauchy-Schwartz and Jensen’s inequality, we get that

Cov2(Y, Z|X) ≤ Var(Y |X) Var(Z|X)

|E[Cov(Y, Z|X)]| ≤ E
√

Var(Y |X) Var(Z|X) ≤
√

E[Var(Y |X) Var(Z|X)]

|Ψ3(P )| =

∣∣∣∣∣ E[Cov(Y, Z|X)]√
E[Var(Y |X) Var(Z|X)]

∣∣∣∣∣ ≤ 1,

which has the same range as the correlation.

The efficient influence function of Ψ3(P ) can be easily derived from what we have developed

for Ψ1(P ) by delta method [98]. Recall that expected conditional covariance has efficient

influence function D
(1)
P (o), So the efficient influence function for the expected conditional

variance VY (P ) is DVY
P (o) = (y − µP,Y (x))2. Let g(u, v, w) = u√

vw
. Then we know that

Ψ3(P ) = g(Ψ1(P ), VY (P ), VZ(P )) has efficient influence function

D
(3)
P (o) = ∇g(Ψ1(P ), VY (P ), VZ(P ))× (D

(1)
P (o), DVY

P (o), DVZ
P (o))T

=
(y − µP,Y (x))(z − µP,Z(x))√

VY (P )VZ(P )
−Ψ3(P )

[
(y − µP,Y (x))2

2VY (P )
+

(z − µP,Z(x))2

2VZ(P )

]
.

(A.25)

Thus, the one-step estimator is exactly the same as our theoretically optimal plug-in

estimator, becausel of PnD̂(3) = Ψ3(P̂n)− Ψ3(P̂n)
[

1
n

∑
(yi−µY (xi))

2

2VY (P̂n)
+

1
n

∑
(zi−µZ(xi))

2

2VZ(P̂n)

]
= 0. Then
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the second order remainder of Ψ3(P ∗) is

R3(P ∗, P ) = Ψ3(P ∗)−Ψ3(P ) + PD
(3)
P ∗

=
P [(µP ∗,Y (X)− µP,Y (X)) (µP ∗,Z(X)− µP,Z(X))√

VY (P ∗)VZ(P ∗)

− Ψ3(P ∗)

2

[
P (µP ∗,Y (X)− µP,Y (X))2

VY (P ∗)
+
P (µP ∗,Z(X)− µP,Z(X))2

VZ(P ∗)

]
+G(P ∗, P )

(A.26)

where

G(P ∗, P ) =
Ψ1(P ∗)−Ψ1(P )

2
√
VY (P ∗)VZ(P ∗)

[
(VY (P ∗)− VY (P ))2

VY (P ∗)
+

(VZ(P ∗)− VZ(P ))2

VZ(P ∗)

]
− Ψ1(P )√

VY (P ∗)VZ(P ∗)

[
[
√
VY (P )VZ(P )−

√
VY (P ∗)VZ(P ∗)]2√

VY (P ∗)VZ(P ∗)VY (P )VZ(P )

+
[
√
VZ(P ∗)−

√
VZ(P )]2

2VZ(P ∗)
+

[
√
VY (P ∗)−

√
VY (P )]2

2VY (P ∗)

−
[
√
VY (P ∗)−

√
VY (P )]

√
VZ(P ∗)−

√
VZ(P )]√

VY (P ∗)VZ(P ∗)

]

Under Assumption 1, we have known that Ψ1(P ∗)−Ψ1(P ) = oP (n−1/2). Thus, G(P ∗, P ) =

oP (n−1) and thus, R3(P ∗, P ) = oP (n−1/2) is negligible. We can then obtain the asymptotical

linearity and nonparametric efficiency of Ψ̂3 as in Theorem 2.

A.5 Additional experiments for asymptotic performance

For Ψ1(P ), Ψ2(P ), Ψ3(P ), we compare the efficient estimators proposed in paper, with their

corresponding naive estimators (which should theoretically not be rate optimal):

Ψ̂1,naive =
1

n

n∑
i=1

[µ̂Y Z(x)− µ̂Y (x)µ̂Z(x)] (A.27)
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Ψ̂2,naive =
1

n

n∑
i=1

µ̂Y Z(xi)− µ̂Y (xi)µ̂Z(xi)√
(µ̂Y 2(xi)− µ̂2

Y (xi)) (µ̂Z2(xi)− µ̂2
Z(xi))

(A.28)

Ψ̂3,naive

1
n

∑n
i=1 [µ̂Y Z(x)− µ̂Y (x)µ̂Z(x)]√

1
n

∑n
i=1 (µ̂Y 2(xi)− µ̂2

Y (xi))× 1
n

∑n
i=1 (µ̂Z2(xi)− µ̂2

Z(xi))
. (A.29)

A.5.1 Low-dimensional cases

We modify the setting of low-dimensional example in our paper slightly, by changing the

underlying covariance structure of errors of Y and Z. In this case, we let

~e|X = (ey, ez)
T |X ∼ N

 0

0

,
 1 −0.5 + x

4

−0.5 + x
4

1

 . (A.30)

The true value of Ψ1(P ) is 0.25. The results are shown in Figure A.1: the naive estimator

again does not have a bias converging to zero at oP (n−1/2) and we cannot obtain a valid

confidence interval by bootstrapping. In fact, we can notice that bootstrap-based methods

indeed fails quite spectacularly.

We also use the same pattern in low-dimensional setting described in our paper to evaluate

the theoretically optimal plug-in & naive estimator of Ψ3(P ). Figure A.2 shows the results.

The empirical
√
n-scaled bias of our theoretically optimal estimator Ψ̂3 goes toward zero

which this is not the case for the naive estimator. The empirical variance of both methods

stabilizes when scaled by n and the confidence interval of our optimal plug-in estimators

converges to the nominal 95% as sample size increases. As expected, due to excess bias, the

bootstrap interval based on the “naive” estimators performs poorly (with coverage actually

converging to 0)
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Figure A.1: Low dimensional setting: Empirical
√
n−scaled bias (left), empirical n-scaled

variance (center) and empirical coverage of 95% confidence interval (right) of the theoretically
optimal plug-in estimator (blue) and the naive estimators (red) of the scaled expected
conditional covariance Ψ1(P ). Conditional mean is estimated by local polynomial regression.

A.5.2 Moderate dimensional cases

In this setting, we generate the data from following mechanism.

Y = f1(x1, ..., x8) + ey, Z = f2(x1, ..., x8) + ez, (A.31)

where X ∼ N(0, I8) and ~e = (ey, ez)
T ∼ N

 0

0

,
 1 −0.5

−0.5 1

 . Here the true

value of expected conditional covariance is also Ψ1(P ) = −0.5. For each sample size

n ∈ {300, 500, 2000, 4000, 6000, 8000, 10000}, we generated 400 datasets. Gradient boosting

were used to estimate the conditional means µY (x) and µZ(x) where hyper-parameters

(number of trees, minimal node size and fraction of observations to sample) are tuned by a

5-fold cross validation. Since bootstrap-based approach fails to build the confidence interval

and is computationally expensive. Here, we just include the Wald-type confidence interval of

the optimal plug-in estimator. The results look similar to low-dimensional cases, see Figure

A.3. As n increases,
√
n-scaled bias of the optimal plug-in estimator tends to zero while that

of the naive estimator diverges. The variances go to a positive constant and the empirical
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Figure A.2: Low dimensional setting: Empirical
√
n−scaled bias (left), empirical n-scaled

variance (center) and empirical coverage of 95% confidence interval (right) of the theoretically
optimal estimator (blue) and the naive estimators (red) of the scaled expected conditional
covariance Ψ3(P ). Conditional mean is estimated by local polynomial regression.

coverage obtained from asymptotic normality also works. In this setting, we may notice that

bias of the optimal plug-in estimator converges to 0 more slowly but still gives reasonable

interval estimates.

A.5.3 High-dimensional cases

We use the same setting with high-dimensional features to evaluate the performance of the

scaled expected conditional covariance Ψ3. The true parameter is Ψ3(P ) = −0.5. We generate

random datasets of size n ∈ {500, 1000, 2000, 3000, 4000} and estimate Ψ3. The Lasso was

used to estimating the conditional means µY (x) and µZ(x) where the regularization parameter

was tuned by a 5-fold cross validation. Again, the results are in-line with our theory: We see

good performance for Ψ̂3 and poor performance for the naive estimator.

A.6 Real Data Analysis: Network Recovery of Boston Housing Data

We evaluate our approach on the Boston housing data [47] by analyzing the network structure

of features that may potentially impact house price. This dataset contains information
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Figure A.3: Moderate dimensional setting: Empirical
√
n−scaled bias (left), empirical n-

scaled variance (center) and empirical coverage of 95% confidence interval (right) of the
theoretically optimal plug-in estimator (blue) and the naive estimators (red) of the scaled
expected conditional covariance Ψ1(P ). Conditional mean is estimated by gradient boosting.

collected by the U.S Census Service concerning housing in different areas of Boston Mass.

There are 506 observations and each observation is based on a single town, with information

on median home value (MEDV). In addition, it provides the four types of attributes which

may be potential predictors to the price of house. The first type consists of neighborhood

feature: % of lower socio-economic status (LSTAT); % of residential land zoned for lots larger

than 25,000 square feet (ZN); % of black residents in the population (B); per capita crime rate

by town (CRIM); % of non-retail business acres per town (INDUS); the full value property

tax rate (TAX); the pupil-teacher ratio by school district (PTRATIO); Charles River dummy

variable (CHAS). The second type is the house structural features: the average number of

rooms per dwelling (RM) and % of owner-occupied units built prior to 1940 (AGE); The

third one consists of accessibility features: index of accessibility to radial highways (RAD)

and the weighted distances to five Boston employment centers (DIS). The final type is about

air pollution, which only includes the nitric oxides concentration (NOX).

Here, we consider Gaussian graphical model (GMM) and the scaled expected conditional

covariance Ψ3 to build a network of 14 attributes. For Ψ3, we estimate the conditional mean
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Figure A.4: Empirical
√
n−scaled bias (left), empirical n-scaled variance (center) and empirical

coverage of 95% confidence interval (right) of the plug-in estimator (blue) and the naive
estimators (red) of the scaled expected conditional covariance Ψ3(P ). Conditional mean is
estimated by Lasso.

using random forests and we obtain p-values according to our asymptotic Gaussian limits as

discussed in Theorem 2. For GMM, we use the bootstrap to build confidence intervals. In

addition, we also use the value of Ψ̂3 and the corresponding entry of the estimated precision

matrix to represent the strength of association.

We display the results in Figure A.5. The network constructed by the scaled expected

conditional covariance Ψ3 shows that median house value (MEDV) is strongly connected with

neighborhood and structural characteristics, such as the number of room (RM), weighted

distances to employment centres (DIS), % of lower socio-economic status residents(LSTAT),

crime rate (CRIM) and property-tax rate(TAX). This is similar to the findings of [13] and

[123] where these attributes were also marked as important. In particularly, average number

of room and proportion of lower socio-economic status, which were previously found as the

most important feature, also have the strongest conditional association with the price.

In this example, estimating the network using GGM gives very different results. The graph

structure is much less parsimonious. This is to be expected under model-misspecification:

It is likely that the true precision matrix derived from complicated non-Gaussian data is
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Figure A.5: Network constructed using GGM (left) and Ψ3 (right). P-values are obtained to
identify edges. Width of edges represents the corresponding entry in the precision matrix
(left) or the value of Ψ3 (right).

quite dense; it is unfortunately just a meaningless measure in such a case. In addition, edges

connected to median price (MEDV) do not agree with previous published studies.
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Appendix B

SUPPLEMENTARY MATERIALS FOR CHAPTER 3

B.1 Proof of Proposition 3.2

If Xj ∼ Bernoulli(µj), where µj := E(Xj|X−j) = p(Xj = 1|X−j). Then,

E{Cov(Y,Xj|X−j)}

= E{E(Y Xj|X−j)− E(Y |Xj) E(Xj|X−j)}

= E{E(Y |Xj = 1,X−j)p(Xj = 1|X−j)− E(Y |X−j)p(Xj = 1|X−j)}

= E{E(Y |Xj = 1,X−j)p(Xj = 1|X−j)− p(Xj = 1|X−j)×

[E(Y |Xj = 1,X−j)p(Xj = 1|X−j) + E(Y |Xj = 0,X−j)p(Xj = 0|X−j)]}

= E{[E(Y |Xj = 1,X−j)− E(Y |Xj = 0,X−j)]µj(1− µj)}

(B.1)

Therefore,

Φj(P ) = E

{
µj(1− µj)

E[µj(1− µj)]
(E[Y |Xj = 1,X−j]− E[Y |Xj = 0,X−j])

}
. (B.2)

B.2 Proof of Lemma 3.1

For brevity, we let Φj denote Φj(P ). Its estimator is Φ̂j =
Ψ̂j

V̂j
. So, the performance of Φ̂j

would be dependent on Ψ̂j and V̂j. In Chapter 2, we have shown that

√
n
(

Ψ̂j −Ψj(P )
)

=
1√
n

n∑
i=1

D
Ψj
P (o(i)) + ∆Ψ

j ,

√
n
(
V̂j − Vj(P )

)
=

1√
n

n∑
i=1

D
Vj
P (o(i)) + ∆V

j

(B.3)
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where D
Ψj
P (o(i)) =

[
y(i) − µP,Y (x

(i)
−j

] [
x

(i)
j − µP,j(x

(i)
−j

]
and D

Vj
P (o(i)) =

[
x

(i)
j − µP,j(x

(i)
−j

]2

are

the efficient influence functions of Ψj(P ) and Vj(P ). Thus, to prove Lemma 3.1, we calculate

Φ̂j − Φj(P ) as follows

Φ̂j − Φj =
Ψ̂j

V̂j
− Ψj

Vj

=
Ψ̂j

V̂j
− Ψj

V̂j
+

Ψj

V̂j
− Ψj

Vj

=
Ψ̂j −Ψj

Vj
− (Ψj − Ψ̂j)(Vj − V̂j)

VjV̂j
+

Φj(Vj − V̂j)
Vj

+
Φj(Vj − V̂j)2

VjV̂j

=
PnD

Ψj
P + ∆Ψj/

√
n

Vj
− Φj(PnD

Vj
P + ∆Vj/

√
n)

Vj
+

Φj(Vj − V̂j)2

VjV̂j
− (Ψ̂−Ψ)(V̂j − Vj)

VjV̂j

=
PnD

Ψj
P − ΦjPnD

Vj
P

Vj
+

∆Ψj − Φj∆
Vj

√
nVj

+
Φj(Vj − V̂j)2

VjV̂j
− (Ψ̂j −Ψj)(V̂j − Vj)

VjV̂j

= PnD
Φj
P + ∆Φj/

√
n,

(B.4)

where Pnf = 1
n

∑n
i=1 f(x(i)) and Pf =

∫
fdP . Plug in D

Ψj
P and D

Vj
P , we get that

D
Φj
P (o) =

{y − µP,Y (x−j)}{xj − µP,j(x−j)}
Vj

− Φj
{xj − µP,j(x−j)}2

Vj
. (B.5)

which happens to be the gradient of the pathwise derivative of Φj(P ) as we have shown in

Chapter 2 for the parameter Ψ3(P ) and its proof in Section 2.2, and thus is the efficient

influence function of Φj(P ).

Although, in the lemma, we assume a linear model. But the results still hold under the

following partially linear model

Y = Xjβj + g(X−j) + ε, (B.6)

where X ∼ (0,Σp) and εi.i.d. ∼ (0, σ2) ⊥⊥ X. Then, Φj = βj and the efficient influence
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function D
Φj
P reduces to

D
Φj
Plm

(o)

=
{xjβj + g(x−j) + ε− g(x−j)− βjµP,j(x−j)− xjβj + βjµP,j(x−j)} {xj − µP,j(x−j)}

Vj

=
{Xj − µP,j(x−j)} ε

Vj
,

(B.7)

as claimed.

B.3 Proof of Theorem 3.4

Following (B.4), the remainder term ∆Φj has the following form

∆Φj =
∆Ψj − Φj∆

Vj

Vj
+

√
nΦj(Vj − V̂j)2

VjV̂j
−
√
n(Ψ̂j −Ψj)(V̂j − Vj)

VjV̂j
, (B.8)

where,

∆Ψj =
√
n(Pn − P )

[
D̂Ψj(o)−DΨj

P (o)
]

+
√
nP [µ̂Y (x−j)− µP,Y (x−j)][µ̂j(x−j)− µP,j(x−j)]

∆Vj =
√
n(Pn − P )

[
D̂Vj(o)−DVj

P (o)
]

+
√
nP [µ̂j(x−j)− µP,j(x−j)]2,

(B.9)

where Pnf = 1
n

∑n
i=1 f(x(i)) and Pf =

∫
fdP . D̂Ψj and D̂Vj are consistent estimator of D

Ψj
P

and D
Vj
P . The first summands in both ∆Ψj and ∆Vj are empirical process terms and can be

shown to be asymptotically negligible by assuming the estimators belonging to P-Donsker

class [115]. In addition, we also assume that the estimated conditional means converge to

their truth, as in (3.16). Therefore,

∆Ψj = oP (1) and ∆Vj = oP (1)

Meanwhile, when conditions in Theorem 3.4 are satisfied, Chapter 2 and [125] also have
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shown that

Ψ̂j −Ψj(P ) = oP (n−1/2), V̂j − Vj(P ) = oP (n−1/2). (B.10)

Thus, the last 2 terms in (B.8) are oP (n−1/2). Therefore, ∆Φj is negligible, i.e.,

∆Φj = oP (1).

The performance of Φ̂j will be dominated by 1√
n

∑n
i=1D

Φj
P (o(i)). By central limit theorem

and Slutsky’s theorem, we have

√
n
[
Φ̂j − Φj(P )

]
→ N

(
0, σ2

j (P )
)
,

where σ2
j (P ) = Var(D

Φj
P (o)) =

∫ {
D

Φj
P (o)

}2

dP (o).

B.4 Proof of Theorem 3.5

Theorem 3.4 has told us the asymptotic normality of Φ̂j, i.e., N
(
0, σ2

j (P )
)
. We can plug in

the efficient influence function in (B.7) when linear model truly holds. There, the limiting

variance becomes

σ2
j (Plm) =

∫ {
D

Φj
Plm

(o)
}2

dP (o)

=

∫ {
{xj − µP,j(x−j)} ε

Vj

}2

dP (o)

= σ2/Vj.

If we further assume that X ∼ N(0,Σp), then

Vj = E[Var(Xj|X−j)] = Var(Xj|X−j)

= Σp(j, j)− Σp(j,−j)Σ−1
p (−j,−j)Σp(−j, j)

= 1/Θp,jj

(B.11)
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Hence, the limiting distribution of Φ̂j is

√
n
[
Φ̂j − βj

]
→d N

(
0, σ2Θp,jj

)
(B.12)

which is the same as the limiting distribution of the OLS estimator β̂OLS
j .

B.5 Proof of Lemma 3.2

For ease of the exposition, we write Φn,j := Φj(Pn), Ψn,j := Ψj(Pn), and Vn,j := Vj(Pn). As

shown in Proposition 3.3,

√
n
(

Φ̂n,j − Φn,j

)
=

1√
n

n∑
i=1

D
Φn,j
Pn

(o(i)
n ) + ∆Φj

n . (B.13)

The remainder ∆
Φj
n can be expressed as

∆Φj
n =

∆
Ψj
n − Φn,j∆

Vj
n

Vn,j
+

√
nΦn,j(Vn,j − V̂n,j)2

Vn,jV̂n,j
−
√
n(Ψ̂n,j −Ψn,j)(V̂n,j − Vn,j)

Vn,jV̂n,j
. (B.14)

Just like in the low-dimensional case, we have

√
n
(

Ψ̂n,j −Ψn,j

)
=

1√
n

n∑
i=1

D
Ψj
Pn

(o(i)) + ∆Ψj
n ,

√
n
(
V̂n,j − Vn,j

)
=

1√
n

n∑
i=1

D
Vj
Pn

(o(i)) + ∆Vj
n

(B.15)

and

∆Ψj
n =

√
n(Pn − Pn)

[
D̂Ψj
n (on)−DΨj

Pn
(on)

]
+

√
nPn[µ̂n,Y (xn,−j)− µPn,Y (xn,−j)][µ̂n,j(xn,−j)− µPn,j(xn,−j)]

∆Vj
n =

√
n(Pn − Pn)

[
D̂Vj(on)−DVj

P (on)
]

+
√
nPn[µ̂n,j(xn,−j)− µPn,j(xn,−j)]2.

(B.16)
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By assuming that,∫
[µ̂n,Y (xn,−j)− µPn,Y (xn,−j)]

2dPn(xn,−j) = oPn
(
n−1/2

)
,∫

[µ̂n,j(xn,−j)− µPn,j(xn,−j)]2dPn(xn,−j) = oPn
(
n−1/2

)
,

and the empirical process terms can be bounded as n and pn go to infinity:

√
n(Pn − Pn)

[
D̂Ψj
n (on)−DΨj

Pn
(on)

]
= oPn(1),

√
n(Pn − Pn)

[
D̂Vj
n (on)−DVj

Pn
(o)
]

= oPn(1).

Then, we get that ∆
Ψj
n = oPn(1) and ∆

Vj
n = oPn(1), followed by

∆
Ψj
n −Φn,j∆

Vj
n

Vn,j
= oPn(1).

Meanwhile, we can use the same swapping and interpolation techniques in the following

section, i.e., Section B.6, to show that Ψ̂n,j −Ψn,j = oPn(n−1/2) and V̂n,j − Vn,j = oPn(n−1/2).

Thus, we have ∆
Φj
Pn

= oPn(1).

B.6 Proof of Theorem 3.7

We first prove Theorem 3.7, where we use the techniques of swapping and interpolation

that can also be applied for Theorem 3.6, as well as the proof for Lemma 3.2. As shown in

Proposition 3.3,
√
n
(

Φ̂n,j − βn,j
)

=
1√
n

n∑
i=1

D
Φn,j
Pn

(o(i)
n ) + ∆Φj

n . (B.17)

where D
Φn,j
Pn

(on) =
{yn−µPn,Y (xn,−j)}{xn,j−µPn,j(xn,−j)}

Vn,j
− Φn,j

{xn,j−µPn,j(xn,−j)}2
Vn,j

and ∆
Φj
n = oPn(1)

by Lemma 3.2. Let

w(i)
n =

D
Φn,j
Pn

(o
(i)
n )

σn,j
(B.18)

where σ2
n,j := σ2

j (Pn) =
∫
{DΦn,j

Pn
}2dPn. Thus, w

(i)
n ∼i.i.d. wn with E (wn) = 0 and Var (wn) =

1. Let Wn =
(
w

(1)
n + w

(2)
n + . . .+ w

(n)
n

)
/
√
n and Zn =

(
z

(1)
n + z

(2)
n + . . .+ z

(n)
n

)
/
√
n with
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z
(i)
n ∼iid N(0, 1). Then, we can use the swapping technique [25] to show the convergence of

Wn. Let

V (i)
n =

(
w(1)
n + . . .+ w(i)

n + z(i+1)
n + . . .+ z(n)

n

)
/
√
n

U (i)
n =

(
w(1)
n + . . .+ w(i−1)

n + z(i+1)
n + . . .+ z(n)

n

)
/
√
n

(B.19)

with V
(0)
n = Zn and V

(n)
n = Wn such that

V (i)
n = U (i)

n + w(i)
n /
√
n

V (i−1)
n = U (i)

n + z(i)
n /
√
n

(B.20)

Consider a smooth function h(x) which has bounded third-order derivative. By Taylor

expansion, we get that:

h(U (i)
n + w(i)

n /
√
n) = h(U (i)

n ) + w(i)
n /
√
nh′(U (i)

n ) +
1

2n
w(i)
n

2
h′′(U (i)

n )

+
1

6
n−3/2w(i)

n

3
h′′′(U (i)

n + u× w(i)
n /
√
n)

(B.21)

h(U (i)
n + z(i)

n /
√
n) = h(U (i)

n ) + z(i)
n /
√
nh′(U (i)

n ) +
1

2n
z(i)
n

2
h′′(U (i)

n )

+
1

6
n−3/2z(i)

n

3
h′′′(U (i)

n + v × z(i)
n /
√
n)

(B.22)

for some u, v ∈ [0, 1]. Then

h(V (i)
n )− h(V (i−1)

n )

= h(U (i)
n + w(i)

n /
√
n)− h(U (i)

n + z(i)
n /
√
n)

=
(
w(i)
n − z(i)

n

)
/
√
nh′(U (i)

n ) +
1

2n

(
w(i)
n

2 − z(i)
n

2
)

[h′′(U (i)
n )]2

+
1

6
n−3/2w(i)

n

3
h′′′(U (i)

n + u× w(i)
n /
√
n)− 1

6
n−3/2z(i)

n

3
h′′′(U (i)

n + v × z(i)
n /
√
n)

(B.23)

Taking the expectation on the both sides of the above equation and using the fact that
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w
(i)
n and z

(i)
n are independent of U

(i)
n , it follows that

Eh(Wn)− Eh(Zn) = E
n∑
i=1

[
h(V (i)

n )− h(V (i−1)
n )

]
=

1

6
n−3/2

n∑
i=1

Ew(i)
n

3
h′′′(U (i)

n + uw(i)
n /
√
n)− 1

6
n−3/2

n∑
i=1

E z(i)
n

3
h′′′(U (i)

n + vz(i)
n /
√
n)

(B.24)

For P (Wn ≤ z) = E 1[Wn ≤ z] and a tiny c > 0, we consider a smooth function hc(x)

which (i) equals to 1 on (−∞, z); (ii) vanishes outside of [z + c,∞); and (iii) has third order

derivative h′′′c (x) = O(c−3). Let Z ∼ N(0, 1), then z
(i)
n ≡ Z and thus

P (Wn ≤ z)− P (Z ≤ z) = E 1[Wn ≤ z]− Ehc(Zn) + Ehc(Zn)− P (Z ≤ z)

≤ Ehc(Wn)− Ehc(Zn) + Ehc(Zn)− P (Z ≤ z)

=
1

6
n−3/2

n∑
i=1

Ew(i)
n

3
h′′′c (U (i)

n + uw(i)
n /
√
n)

− 1

6
n−3/2

n∑
i=1

E z(i)
n

3
h′′′c (U (i)

n + vz(i)
n /
√
n) + P (z ≤ z(i)

n ≤ z + c)

≤ 1

6c3

n∑
i=1

E
∣∣w(i)

n /
√
n
∣∣3 + c/

√
2π

=
n−1/2 E |wn|3

6c3
+ c/
√

2π

c =
(√

2πn−1/2 E |wn|3/6
)1/4

−−−−−−−−−−−−−−−−−−−−−→
≤ (C E |wn|3/

√
n)1/4

(B.25)

for some constant C > 0. Hence, we finally have

P (Wn ≤ z)− P (Z ≤ z) = O
[
(E |wn|3/

√
n)1/4

]
= o(1) (B.26)

If the linear model (3.24) holds with x
(i)
n ∼i.i.d. N(0,Σpn), then σ2

j (Pn) = σ2/Vj(Pn) =
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σ2Θpn,jj. Then, it is natural to get

√
n(Φ̂n,j − βn,j)
σΘpn,jj

= Wn + oPn(1). (B.27)

Since, the influence function under linearity becomes D
Φn,j
Pn,lm

(on) =
[xn,j−µPn,j(xn,−j)]εn

Vj(Pn)
. So,

w
(i)
n reduces to w

(i)
n =

[xn,j−µPn,j(xn,−j)]εn
σ2 . Using the same swapping techniques, we can arrive

at the conclusion in (B.26).

B.7 Proof of Theorem 3.6

In the triangular array setup, the de-biased lasso estimator is

β̂DLn = β̂Lasson + Θ̂pnx
T
n (yn − xnβ̂

Lasso
n )/n, (B.28)

where Θ̂pn is the node-wise lasso estimator in (3.28). When the linear model (3.24) truly

holds, the difference between β̂DLn and the truth βn is

√
n(β̂DLn − βn) =

√
n(β̂Lasson + Θ̂pnx

T
n (xnβn + εn − xnβ̂

Lasso
n )/n− βn)

=
√
n(Ipn − Θ̂pnΣ̂pn)(β̂Lasson − βn) + Θ̂pnx

T
nεn/
√
n

= Θpnx
T
nεn/
√
n+
√
n(Ipn − Θ̂pnΣ̂pn)(β̂Lasson − βn) + (Θ̂pn −Θpn)xTnεn/

√
n

= Θpnx
T
nεn/
√
n+ ∆DL

n .

(B.29)

Therefore, to estimate the jth coefficient, we have

√
n(β̂DLn,j − βn,j)
σ
√

Θpn,jj

=
1√
n

n∑
i=1

r(i)
n +

∆DL
n,j

σ
√

Θpn,jj

(B.30)

where r
(i)
n =

ΘTpn,jx
(i)
n ε

(i)
n

σ
√

Θpn,jj
. r

(i)
n ∼ind (0, 1), i.e., we say that r

(i)
n ≡ rn with E(rn) = 0 and

Var(rn) = 1. Let Rn = 1√
n

∑n
i=1 r

(i)
n , we can also use the same swapping and interpolation
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technique as in Section B.6 to show that

P (Rn ≥ z)− P(Z > z) = O
[
(E |rn|3/

√
n)1/4

]
= o(1) (B.31)

if E |r3
n| = O(1). Z is a standard normal variable.

By Assumption 3.2, ‖Θpn‖∞ = O(1). Then, the rest of this proof is to show that

∆DL
n,j = oPn(1). The Karush–Kuhn–Tucker (KKT) condition for the node-wise lasso regression

(3.28) implies that

λjκ̂n,j = xTn,−j(xn,j − xn,−jγ̂n,j)/n (B.32)

where κ̂n,j = sign(γ̂n,j). By ‖γ̂n,j‖1 = γ̂Tn,jκ̂n,j, we get

τ̂ 2
n,j = xTn,j(xn,j − xn,−jγ̂n,j)/n. (B.33)

Recall that Θ̂pn,j = Ĉn,j/τ̂
2
n,j, implying that

xTn,jxnΘ̂pn,j/n = xTn,jxnĈn,j/(nτ̂
2
n,j)

= xTn,j(xn,j − xn,−jγ̂n,j)/(nτ̂
2
n,j)

= 1.

(B.34)

Meanwhile, followed by (B.32),

‖xTn,−jxnΘ̂pn,j‖∞/n = ‖xTn,−jxnĈn,j/τ̂ 2
n,j‖∞/n = λj‖κ̂n,j/τ̂ 2

n,j‖∞ ≤ λj/τ̂
2
n,j. (B.35)

Therefore,

‖Σ̂pnΘ̂pn,j − ej‖∞ = ‖(xn,j,xn,−j)TxnΘ̂pn,j/n− ej‖∞ ≤ λj/τ̂
2
n,j, (B.36)

and thus ‖Σ̂pnΘ̂pn − Ipn‖∞ ≤ maxj λj/τ̂
2
n,j.

The following proposition tells that under some assumptions, λj/τ̂
2
n,j can be uniformly
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bounded, for all j = 1, ..., pn.

Lemma 5.3 in this work [111] explicitly shows that, under our Assumption 3.2, if the

sparsity with respect to the columns of the precision matrix Θpn ,is bounded by

max
1≤j≤pn

sn,j = o(n/ log(pn)), (B.37)

and for each j = 1, ..., pn, the regularization parameter in the node-wise lasso regression is

suitably chosen, that is λj �
√

log(pn)/n. Then,

max
j

1/τ̂ 2
n,j = OPn(1), (B.38)

where we say Xn = OPn(1) if Pn(|Xn| < δc) ≥ 1− c, ∀c > 0 and n ≥ N . Then,

‖Σ̂pnΘ̂pn − Ipn‖∞ ≤ max
j
λj/τ̂

2
n,j �

√
log(pn)/n. (B.39)

Meanwhile, by additionally making the sparsity assumption of the model, i.e., sn,0 =

o(
√
n/ log(pn)), and suitably selecting the regularization parameter in (3.26), with λ �√

log(pn)/n, Lemma 5.1 and 5.2 in [111] also provide that

‖β̂Lasso
n − βn‖1 = OPn

(
sn,0
√

log(pn)/n
)

= oPn(1/
√

log(pn)). (B.40)

Therefore, we can bound the first term in ∆DL
n,j as

‖
√
n(Ipn − Θ̂pnΣ̂pn)(β̂Lasson − βn)‖∞ ≤

√
n‖Ipn − Θ̂pnΣ̂pn‖∞‖β̂Lasson − βn‖1

=
√
noPn(1/

√
n) = oPn(1).

(B.41)

To bound (Θ̂pn −Θpn)xTnεn/
√
n, we have

‖(Θ̂pn −Θpn)xTnεn/
√
n‖∞ ≤ max

j
|xTn,jεn/

√
n| × ‖Θ̂pn −Θpn‖∞. (B.42)
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Using the standard arguments for the L2-norm bound, i.e.,

‖Θ̂pn −Θpn‖∞ ≤ max
j
‖Θ̂pn,j −Θpn‖2 ≤ max

j
λj
√
sn,j = oPn(1). (B.43)

In addition, x
(i)
n,j and ε

(i)
n are both Gaussian variables and are independent with each other.

For any j = 1, ..., pn, x
(i)
n,jε

(i)
n /
√
σ2Σpn,jj ∼ind N(0, 1). Since ‖Σpn‖∞ = O(1), xTn,jεn/

√
n =

OPn(1), uniformly for j = 1, .., pn. Thus,

‖(Θ̂pn −Θpn)xTnεn/
√
n‖∞ = oPn(1). (B.44)

This completes our proof of showing ∆DL
n,j = oPn(1).
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Appendix C

SUPPLEMENTARY MATERIALS FOR CHAPTER 4

C.1 Proof of Lemma 4.3

Recall that M is F-embeddable and F satisfies Condition 4.1. Thus, the entries of M are

generated by mij = fj(θi,·). Consider arbitrary ε > 0. Then there is some fixed C0 > 0, and

a collection of functions F∗ε =
{
ψ̃1, ψ̃2, . . . , ψ̃J∗(ε)

}
⊂ F that give the finite set of minimal

cardinality J∗(ε), with the property that maxf∈F min‖β‖22≤C0

∥∥∥f −∑J∗(ε)
l=1 βlψ̃l

∥∥∥
∞
≤ ε. and

‖ψ̃l‖∞ ≤ C0. For any given f ∈ F, let

βε(f) = argminβ

∥∥∥∥∥∥f −
∑
ψ̃l∈F∗ε

βlψ̃l

∥∥∥∥∥∥
∞

.

This implies that we can approximate M with a low rank matrix M ε, with entries given

by

mε
ij ←

∑
ψ̃l∈F∗ε

ψ̃l (θi,·) · βεl (fj), (C.1)

such that |mij −mε
ij| ≤ ε for i = 1, . . . , n, j = 1, . . . , p. Now, let Ψ denote the matrix with

Ψil = ψ̃l (θi,·) and B denote the matrix with entries Blj = βεl (fj). Then, the approximation

matrix can be compactly written as

M ε = ΨB,

with Ψ ∈ Rn×J∗(ε) and B ∈ RJ∗(ε)×p. Thus, rank(M ε) = J∗(ε) ≤ min(n, p) and

‖M ε −M‖∞ ≤ ε.
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Finally, using a variational form of the nuclear norm [100], we have

1
√
np
‖M ε‖∗ =

1

2
min

UV >=Mε

(
1

n
‖U‖2

F +
1

p
‖V ‖2

F

)
.

From the above statement, we know that ‖Ψ‖∞ and ‖B‖∞ are both bounded by C0.

Thus we have that

1
√
np
‖M ε‖∗ ≤

1

2

(
1

n
‖Ψ‖2

F +
1

p
‖B‖2

F

)
≤ C2

0J
∗(ε).

Noting that C2
0 is a constant independent of ε gives us our result.

C.2 Deriving the Consistency

In this section, we shall derive the consistency of our estimator M̂ . Recall that {(yt, Xt)}Nt=1

are generated by

yt = 〈Xt,M〉+ ξt, (C.2)

where ξt are i.i.d random errors distributed N(0, σ2), and M is a n× p matrix. The estimator

we consider is defined by

M̂ ← argminM∈Rn×p

{
1

np
‖M‖2

F −

〈
2

N

N∑
t=1

ytXt,M

〉
+ λ‖M‖∗

}
≡ argminM∈Rn×p LN(M)

(C.3)

We first introduce two technical lemmas, which will play the key role in showing the

convergence rate. Proving these lemmas will entail most of the work required for proving

this theorem. In Lemma 3.5, we derive a deterministic upper bound for the estimation error

(under a stochastic condition) as a function of the regularization parameter λ when λ is

sufficiently large (in this Lemma, “sufficiently large” is left as a stochastic constraint). In

particular, we show that the risk can be decomposed into a misspecification error and a

prediction error. Then, in Lemma 3.6, we identify a deterministic value for λ such that, with
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high probability, the condition in Lemma 3.5 will hold. More specifically we give probabilistic

bounds for the operator norm of the stochastic error term in our generative model. We can

then combine these to obtain the general oracle inequality in Theorem 4.8.

Before continuing, we give some additional notation: For any matrix Z, we denote

‖Z‖op = Λmax(Z), where Λ2
max(Z) = Λmax(ZTZ) is the largest singular value of ZTZ, also

known as the operator-norm.

Lemma 3.5. Suppose we observe {(yt, Xt)}Nt=1 generated by (C.2), where Xt are i.i.d uni-

formly sampled from X. Further, assume the underlying true matrix M ∈ Rn×p is F-

embeddable with Condition 4.1 satisfied. Let ∆ = N−1
∑N

t=1[ytXt − E(ytXt)]. If λ ≥ 2‖∆‖op,

then

1

np
‖M̂ −M‖2

F ≤ ε2 +

(
1 +
√

2

2

)2

J∗(ε)λ2np (C.4)

holds for any ε > 0. Recall that J∗(ε) is the minimal rank of an approximation matrix M ε

with ‖M ε −M‖∞ < ε.

Proof. The proof of this lemma is based on the strong convexity of the loss function

LN(M).

Consider the the subdifferential of LN(M), which is the set of matrices of the following

form:

∂LN(M) =

{
2

np
M − 2

N

N∑
t=1

ytXt + λB, B ∈ ∂‖M‖∗

}
. (C.5)

Thus, the following representation holds for Â ∈ ∂LN(M̂)

Â =
2

np
M̂ − 2

N

N∑
t=1

ytXt + λB̂,

for some B̂ ∈ ∂‖M̂‖∗. Since M 7→ LN (M) is strictly convex, M̂ defined in (C.3) is the unique

minimizer of LN(M). This implies, 0 ∈ ∂LN(M̂). Hence, there exists B̂ ∈ ∂‖M̂‖∗ such that

Â = 0, and thus

〈Â, M̂ −M ε〉 = 〈0, M̂ −M ε〉 = 0. (C.6)
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It further follows that

〈Â, M̂ −M ε〉

=
2

np
〈M̂, M̂ −M ε〉 − 2

N

N∑
t=1

〈ytXt, M̂ −M ε〉+ λ〈B̂, M̂ −M ε〉 = 0.
(C.7)

M ε ∈ Rn×p is the approximation matrix with rank(M ε) = J∗(ε). So, it has spectral

representation M ε =
∑J∗(ε)

j=1 σjujv
T
j where uj ∈ Rn and vj ∈ Rp, j = 1, ..., J∗(ε), are

orthonormal vectors, and σj are the singular values of M ε. Let U and V denote the linear

span of {u1, ..., uJ∗(ε)} and {v1, ..., vJ∗(ε)} respectively. Then, the subdifferential of ‖M ε‖∗ can

be represented by the following set of matrices [119]:

∂‖M ε‖∗ =


J∗(ε)∑
j=1

ujv
T
j + PU⊥WPV ⊥ : ‖W‖op ≤ 1

 ,

where U⊥ denotes the orthogonal complements of U and PU⊥ denotes the projection on the

linear vector subspace U⊥. The same argument applies to V and PV ⊥ . Thus, Bε ∈ ∂‖M ε‖∗
can be represented as

Bε =

J∗(ε)∑
j=1

ujv
T
j + PU⊥WPV ⊥ (C.8)

for arbitrary matrix W having ‖W‖op ≤ 1. Due to the trace duality, there exists W with

‖W‖op ≤ 1 such that

〈PU⊥WPV ⊥ , M̂ −M ε〉 = 〈PU⊥WPV ⊥ , M̂〉 = 〈W,PU⊥M̂PV ⊥〉 = ‖PU⊥M̂PV ⊥‖∗ (C.9)

So, it follows from (C.7) that

2

np
〈M̂ −M, M̂ −M ε〉+

2

np
〈M, M̂ −M ε〉+ λ〈B̂ −Bε, M̂ −M ε〉

=
2

N

N∑
t=1

〈E(ytXt), M̂ −M ε〉 − λ〈Bε, M̂ −M ε〉+
2

N

N∑
t=1

〈ytXt − E(ytXt), M̂ −M ε〉
(C.10)
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Due to the monotonicity of subdifferentials of convex functions M 7→ ‖M‖∗, 〈B̂−Bε, M̂−

M ε〉 ≥ 0. So, (C.10) can be further simplified:

2

np
〈M̂ −M, M̂ −M ε〉 ≤ −λ〈Bε, M̂ −M ε〉+ 2〈∆, M̂ −M ε〉

(C.8)
−−−→

= −λ〈
J∗(ε)∑
j=1

ujv
T
j + PU⊥WPV ⊥ , M̂ −M ε〉+ 2〈∆, M̂ −M ε〉

(C.9)
−−−→

= −λ〈
J∗(ε)∑
j=1

ujv
T
j , M̂ −M ε〉+ 2〈∆, M̂ −M ε〉 − λ‖PU⊥M̂PV ⊥‖∗

(C.11)

where ∆ = N−1
∑N

t=1[ytXt − E(ytXt)].

By arithmetic, we see that the left-hand side of (C.11) is equal to:

2〈M̂ −M, M̂ −M ε〉 = 〈M̂ −M, M̂ −M +M −M ε〉+ 〈M̂ −M ε +M ε −M, M̂ −M ε〉

= ‖M̂ −M‖2
F − ‖M ε −M‖2

F + ‖M̂ −M ε‖2
F .

(C.12)

As for the right side of (C.11), we use the following facts:

‖
J∗(ε)∑
j=1

ujv
T
j ‖op = 1 and 〈

J∗(ε)∑
j=1

ujv
T
j , M̂ −M ε〉 = 〈

J∗(ε)∑
j=1

ujv
T
j , PU(M̂ −M ε)PV 〉. (C.13)

Given (C.12)-(C.13), (C.11) becomes

1

np
‖M̂ −M‖2

F +
1

np
‖M̂ −M ε‖2

F + λ‖PU⊥M̂PV ⊥‖∗

≤ −λ〈
J∗(ε)∑
j=1

ujv
T
j , M̂ −M ε〉+

1

np
‖M ε −M‖2

F + 2〈∆, M̂ −M ε〉

≤ λ‖PU(M ε − M̂)PV ‖∗ +
1

np
‖M ε −M‖2

F + 2〈∆, M̂ −M ε〉,

(C.14)

where the last inequality is due to |〈M1,M2〉| ≤ ‖M1‖op × ‖M2‖∗.
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In (C.14), the stochastic error term 〈∆, M̂ −M ε〉 can be decomposed:

〈∆, M̂ −M ε〉 = 〈PMε(∆), M̂ −M ε〉+ 〈PU⊥∆PV ⊥ , M̂ −M ε〉

= 〈PMε(∆),PMε(M̂ −M ε)〉+ 〈PMε(∆),PU⊥(M̂ −M ε)PV ⊥〉

+ 〈PU⊥∆PV ⊥ ,PMε(M̂)〉+ 〈PU⊥∆PV ⊥ , PU⊥M̂PV ⊥〉 − 〈PU⊥∆PV ⊥ ,M
ε〉

= 〈PMε(∆),PMε(M̂ −M ε)〉+ 〈PU⊥∆PV ⊥ , PU⊥M̂PV ⊥〉
(C.15)

where PMε(∆) = ∆− PU⊥∆PV ⊥ . So it can be upper bounded by:

|〈∆, M̂ −M ε〉| ≤ ‖PMε(∆)‖F‖PMε(M̂ −M ε)‖F + ‖PU⊥∆PV ⊥‖op‖PU⊥M̂PV ⊥‖∗

≤ ‖PMε(∆)‖F‖M̂ −M ε‖F + ‖PU⊥∆PV ⊥‖op‖PU⊥M̂PV ⊥‖∗

≤
√

2J∗(ε)‖∆‖op‖M̂ −M ε‖F + ‖∆‖op‖PU⊥M̂PV ⊥‖∗.

(C.16)

The last inequality is due to the facts that

‖PMε(∆)‖F ≤
√

rank(PMε(∆))‖∆‖op =
√

rank(PU⊥∆PV + PU∆)‖∆‖op

≤
√

2 rank(M ε)‖∆‖op =
√

2J∗(ε)‖∆‖op

and ‖PU⊥∆PV ⊥‖op ≤ ‖∆‖op.

Meanwhile, the first term in the right-hand side of (C.14) can also be bounded:

‖PU(M ε − M̂)PV ‖∗ ≤
√

rank(M ε)‖PU(M ε − M̂)PV ‖F ≤
√
J∗(ε)‖M ε − M̂‖F . (C.17)

Combining (C.16) - (C.17), (C.14) becomes

1

np
‖M̂ −M‖2

F+
1

np
‖M̂ −M ε‖2

F + (λ− 2‖∆‖op)‖PU⊥M̂PV ⊥‖∗

≤ λ
√
J∗(ε)‖M ε − M̂‖F + ε2 + 2

√
2J∗(ε)‖∆‖op‖M̂ −M ε‖F .

(C.18)
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If λ ≥ 2‖∆‖op, then

1

np
‖M̂ −M‖2

F +
1

np
‖M̂ −M ε‖2

F ≤ ε2 + (1 +
√

2)λ
√
J∗(ε)‖M̂ −M ε‖F (C.19)

which implies

1

np
‖M̂ −M‖2

F ≤ ε2 + (1 +
√

2)λ
√
J∗(ε)‖M̂ −M ε‖F −

1

np
‖M̂ −M ε‖2

F

≤ ε2 +

(
1 +
√

2

2

)2

J∗(ε)λ2np

(C.20)

as claimed. �

The result in Lemma 3.5 still contains regularization parameter λ. When λ is selected

too large, then entries of M̂ will be overly shrunk toward zero and give poor reconstruction

error. If λ is too small, then our constraint, λ ≥ 2‖∆‖op, will not be satisfied. Thus, it is

important to identify a minimal value for λ such that λ ≥ 2‖∆‖op with high probability. Here,

we introduce the second lemma, which gives an upper bound for ‖∆‖op.

Lemma 3.6. Consider the same data generating mechanism as in Lemma 3.5, with Xt are

i.i.d uniformly sampled from X. Then, there exists constant c1 (dependent on σ and ‖M‖∞)

such that

‖∆‖op ≤ c1

[√
log(n+ p)

N(n ∧ p)
+

√
log

(
8(n ∧ p)

3σ2

)
log(n+ p)

N

]
(C.21)

with probability at least 1− 2(n+ p)−1.

Furthermore, when N ≥ (n∧p) log2(n+p), we have ‖∆‖op ≤ 2c1

√
log(n+p)
N(n∧p) with probability

at least 1− 2(n+ p)−1.

To derive the bound of the stochastic error ∆, we shall use the matrix version of Bernstein’s

inequality. We now use 2 propositions from [110]. For completeness we include statements of

the propositions here below.
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Proposition 3.4. Let {Zt}Nt=1 be i.i.d n× p matrices that satisfy for some α ≥ 1 and all t

EZt = 0, K := ‖‖Zt‖op‖Ψ(α) <∞,

where ‖ · ‖Ψ(α) is the Ψ(α)-Orlicz norm defined as ‖z‖Ψ(α) := inf
{
c > 0 : E exp

(
|zα|
cα

)
≤ 2
}

for a random variable z ∈ R. Define

R2 := max


∥∥∥∥∥ 1

N

N∑
t=1

EZtZ
T
t

∥∥∥∥∥
op

,

∥∥∥∥∥ 1

N

N∑
t=1

EZT
t Zt

∥∥∥∥∥
op

 .

Then for a constant c̃ and for all h > 0,

P

∥∥∥∥∥ 1

N

N∑
t=1

Zt

∥∥∥∥∥
op

≥ c̃R

√
h+ log(n+ p)

N
+ c̃ log1/α

(
K

R

)(
h+ log(n+ p)

N

) ≤ exp(−h).

Proposition 3.5. Let {Zt}Nt=1 be n× p matrices that satisfy for a constant K1

EZt = 0, max
1≤t≤N

‖Zt‖op ≤ K1.

With the same definition for R as in Proposition 3.4 Then for all h > 0,

P

∥∥∥∥∥ 1

N

N∑
t=1

Zt

∥∥∥∥∥
op

≥
√

2R

√
h+ log(n+ p)

N
+
K1[h+ log(n+ p)]

3N

 ≤ exp(−h).

Given the above results, we now prove Lemma 3.6.

Proof.[Proof of Lemma 3.6]

‖∆‖op can be decomposed into two parts as below and we shall bound each part respectively.
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‖∆‖op =

∥∥∥∥∥ 1

N

N∑
t=1

[ytXt − E(ytXt)]

∥∥∥∥∥
op

=

∥∥∥∥∥ 1

N

N∑
t=1

[ξtXt − E(ξtXt) + tr[MTXt]Xt − E(tr(MTXt)Xt)

∥∥∥∥∥
op

≤

∥∥∥∥∥ 1

N

N∑
t=1

ξtXt

∥∥∥∥∥
op

+

∥∥∥∥∥ 1

N

N∑
t=1

(
tr(MTXt)Xt − E(tr(MTXt)Xt)

)∥∥∥∥∥
op

= I1 + I2.

(C.22)

We use Proposition 3.4 to bound I1. Let Z1,t = ξtXt. Since ξt ∼i.i.d N(0, σ2) and Xt are

i.i.d uniformly sampled from X with ξt |= Xt, {Z1,t}Nt=1 are i.i.d n× p matrices having

EZ1,t = 0, K := ‖‖Z1,t‖op‖Ψ(α) = ‖ξt‖Ψ(α).

For a normal variable z ∼ N(0, 1), we have E exp(z2/c2) = c/
√
c2 − 2 when c >

√
2. Thus,

E exp(z2/c2) ≤ 2⇒ c ≥
√

8/3. So, K = ‖ξt‖Ψ(2) =
√

8/3. Let

R2 := max


∥∥∥∥∥ 1

N

N∑
t=1

EZ1,tZ
T
1,t

∥∥∥∥∥
op

,

∥∥∥∥∥ 1

N

N∑
t=1

EZT
1,tZ1,t

∥∥∥∥∥
op


= σ2 max


∥∥∥∥∥ 1

N

N∑
t=1

E(XtX
T
t )

∥∥∥∥∥
op

,

∥∥∥∥∥ 1

N

N∑
t=1

E(XT
t Xt)

∥∥∥∥∥
op


=

σ2

n ∧ p
.

Due to Proposition 3.4, for some c̃ and for all h > 0, we have

P

(
I1 ≥ c̃σ

√
h+ log(n+ p)

N(n ∧ p)
+ c̃

√
1

2
log

(
8(n ∧ p)

3σ2

)(
h+ log(n+ p)

N

))
≤ exp(−h).

(C.23)

Similarly, we use Proposition 3.5 to bound I2. Let Z2,t = tr(MTXt)Xt − E(tr(MTXt)Xt),
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where E(tr(MTXt)Xt) = 1
np
M . So, E(Z2,t) = 0, and

‖Z2,t‖op ≤
∥∥tr(MTXt)Xt

∥∥
op

+
∥∥E(tr(MTXt)Xt)

∥∥
op
≤ 2‖M‖∞.

So, let K1 = 2‖M‖∞. Then max1≤t≤N ‖Z2,t‖op ≤ K1. Consider,

E(Z2,tZ
T
2,t) = E

[
tr(MTX)2XXT

]
−
(

1

np

)2

MMT ,

E(ZT
2,tZ2,t) = E

[
tr(MTX)2XTX

]
−
(

1

np

)2

MTM.

Then, ∥∥E(Z2,tZ
T
2,t)
∥∥
op
≤
∥∥E
[
tr(MTX)2XXT

]∥∥
op

+

∥∥∥∥∥
(

1

np

)2

MMT

∥∥∥∥∥
op

≤ ‖M‖2
∞/n+

‖M‖2
∞

np
≤ 2‖M‖2

∞/n,

and similarly
∥∥E(ZT

2,tZ2,t)
∥∥
op
≤ 2‖M‖2

∞/p. Let

R2
1 := max


∥∥∥∥∥ 1

N

N∑
t=1

E(Z2,tZ
T
2,t)

∥∥∥∥∥
op

,

∥∥∥∥∥ 1

N

N∑
t=1

E(ZT
2,tZ2,t)

∥∥∥∥∥
op

 ≤ 2‖M‖2
∞

n ∧ p
.

Then, applying Proposition 3.5, we have

P

(
I2 ≥ 2‖M‖∞

√
h+ log(n+ p)

N(n ∧ p)
+

2‖M‖∞[h+ log(n+ p)]

3N

)
≤ exp(−h). (C.24)

Combining the results of (C.23) and (C.24), for all h > 0

P

(
‖∆‖op ≥ (c̃σ + 2‖M‖∞)

[√
h+ log(n+ p)

N(n ∧ p)
+

√
1

2
log

(
8(n ∧ p)

3σ2

)(
h+ log(n+ p)

N

)])
≤ 2 exp(−h).

(C.25)



107

Select h = log(n+ p) and let c1 =
√

2(c̃σ + 2‖M‖∞), then

P

(
‖∆‖op ≥ c1

[√
log(n+ p)

N(n ∧ p)
+

√
log

(
8(n ∧ p)

3σ2

)
log(n+ p)

N

])
≤ 2(n+ p)−1. (C.26)

In particular, if N ≥ (n ∧ p) log2(n+ p), we have

P

(
‖∆‖op ≥ 2c1

√
log(n+ p)

N(n ∧ p)

)
≤ 2(n+ p)−1,

as desired.

�

Based on Lemma 3.5 and 3.6, it is straightforward to prove Theorem 4.8.

Proof.[Proof of Theorem 4.8]

When N ≥ (n ∧ p) log2(n+ p), we choose λ of the following form

λ = C2

√
log(n+ p)

N(n ∧ p)
(C.27)

where C2 > 0 is a constant with C2 ≥ 4c1, where c1 is defined in Lemma 3.6 that only depends

on σ and ‖M‖∞. Following from (C.4), then

1

np
‖M̂ −M‖2

F ≤ C2
2

(
1 +
√

2

2

)2
(n ∨ p) log(n+ p)

N
J∗(ε) + ε2. (C.28)

holds with probability 1− 2(n+ p)−1.

This completes the proof. �

C.3 Proof of Lemma 4.4

We begin with an outline of the proof. To form our set of basis functions, we will tessellate

our domain XK with ∞-norm balls, and use a Taylor series centered at an arbitrary point

within each ball to get a uniform approximation for functions in that ball. For a fixed center
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point, the Taylor series is a linear combination of fixed basis functions. To obtain our full

set of basis functions, we will collect all of the terms in all of those Taylor series. We now

formalize this:

Proof. For functions satisfying Condition (4.2), we consider a Taylor series approximation

to f ∈ F(L, γ,K) of order L at a point x0 ∈ RK
[0,1], that is

Tx0f(x) = f(x0) +
∑
l≤L−1

1

l!
∇lf(x0)(x− x0)l,

where l! = l1! . . . lk!, ∇lf(x) = ∂lf

∂x
l1
1 ···∂x

lk
k

and xl = xl11 · · · x
lk
k over all combinations with

l1 + · · ·+ lk = l. There exists x′ = (x′1, ..., x
′
K)T ∈ RK

[0,1] in a neighborhood of radius ‖x−x0‖2

centered at x0 such that the approximation error obeys

|f(x)− Tx0f(x)| ≤

∣∣∣∣∣ ∑
L1+···+LK=L

1

L1! . . . Lk!
× ∂Lf(x′)

∂x′1
L1 · · · ∂x′K

LK
|x1 − x0

1|L1 · · · |xK − x0
K |LK

∣∣∣∣∣
Condition 4.2−−−−−−−−−→ ≤ γ

∣∣∣∣∣ ∑
L1+···+LK=L

|x1 − x0
1|L1 · · · |xK − x0

K |LK
L1! . . . Lk!

∣∣∣∣∣
Multinomial Theorem−−−−−−−−−−−−−−−−→ =

γ

L!

(
|x1 − x0

1|+ ...+ |xK − x0
K |
)L

(C.29)

If we consider the approximation error within an ∞-norm ball of radius d (and choose

any point in that ball as x0), then |xk − x0
k| ≤ d for k = 1, ..., K. (C.29) has

|f(x)− Tx0f(x)| ≤ γ

L!
KLdL (C.30)

Thus, to get an approximation error of ε, let γ
L!
KLdL = ε, we need to divide the space

into balls of radius

d = L

√
L!

γKL
× ε1/L. (C.31)

As the support RK
[0,1] is bounded by 1, we need (1/d)K balls with radius d (in ∞-norm) to

cover the entirety of XK , resulting in
(
K+L
L

)
(1/d)K total terms to get an approximation error
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ε (above Taylor series approximation contains
(
K+L
L

)
terms). If we select balls of radius d in

(C.31), this gives us a total number of terms in our linear expansion

J∗(ε) =

(
K + L

L

)(
L!

γKL

)−K/L
ε−K/L.

That is, J∗(ε) = O
(
ε−K/L

)
. �

C.4 Proof of Theorem 4.9

The proof of this theorem is quite straightforward by connecting a few pieces we have already

built.

Proof. Given Condition 4.2 and Lemma 4.4, we have J∗(ε) = C3ε
−K
L for some constant

C3 relying on γ,K, and L. Plugging in this to the upper bound in Theorem 4.8, the upper

bound (C.28) then becomes

C2
2C3

(
1 +
√

2

2

)2
(n ∨ p) log(n+ p)

N
ε−

K
L + ε2, (C.32)

which is optimized at
(n ∨ p) log(n+ p)

N
ε−

K
L = ε2

⇒ ε =

(
(n ∨ p) log(n+ p)

N

) L
2L+K

.

(C.33)

So, we have

1

np
‖M̂ −M‖2

F ≤ C∗
(

(n ∨ p) log(n+ p)

N

) 2L
2L+K

(C.34)

with probability at least 1− 2(n+ p)−1 with C∗ = C2
2C3

(
1+
√

2
2

)2

+ 1. Equivalently, we can

say

1

np
‖M̂ −M‖2

F = OP

([
(n ∨ p) log(n+ p)

N

] 2L
2L+K

)
.

as claimed. �
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C.5 Deriving the Minimax Lower Bound

In this section, we derive the minimax lower bound for estimation within M(L, γ,K): We

show that the convergence rate in Theorem 4.9 is optimal (up to log terms).

Recall that we assume the true M belongs to the following class of matrices:

M(L, γ,K) := {M ∈ Rn×p : mij = fj(θi,·), θi,· ∈ RK
[0,1], fj ∈ F(L, γ,K), ∀j ≤ p}, (C.35)

where F(L, γ,K) is a class of functions with bounded derivatives:

F(L, γ,K) :=

{
f :

∣∣∣∣ ∂L

∂xL1
1 · · ·x

LK
K

f(x)

∣∣∣∣
x=x0

∣∣∣∣ ≤ γ, ∀x0 ∈ RK
[0,1],

K∑
k=1

Lk = L

}
. (C.36)

For simplicity of notation, let θi := θi,· ∈ RK
[0,1] denote the i-th row vector of the embeddings

Θ ∈ Rn×K in this section.

We shall obtain the lower bound based on information theory. The bound is with respect

to ‖ · ‖2
F -risk. We pose things in terms of the error in a multi-way hypothesis testing problem,

where the set of testing hypotheses should be a suitably large packing set for M(L, γ,K). In

this section, we first show the existence of such a suitably large packing set. Then, we apply

Yang’s method [127] to prove the main results in Theorem 4.10.

C.5.1 Constructing the 2δN,n,p-packing Set

For M ∈M(L, γ,K), the risk of the estimator can be written as

1

np
‖M̂ −M‖2

F =
1

np

n∑
i=1

p∑
j=1

[m̂ij − fj(θi)]2 .

This is to say, bounding 1
np
‖M̂−M‖2

F can be viewed as a classical nonparametric regression

problem. So, we follow the construction of many hypotheses in Section 2.6 of [107]. However,

here we are working in a multi-dimensional setting, i.e. θi ∈ RK , K ≥ 1.
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In giving our packing set, we will work with combinations of “bump functions”. To define

these, we need an archetypal ingredient — the bump functions that we will use:

ϕ(u) = cLe× exp

(
− 1

1− 4u2

)
, u ∈ (−1/2, 1/2), (C.37)

which is infinitely differentiable and vanishes outside of (−1/2, 1/2). cL > 0 is a tiny

constant that only depends on L such that |∂lϕ(u)/∂ul| ≤ 1, ∀l = 0, 1, ..., L. Meanwhile,

since
∫ 1/2

−1/2
e2 exp2

(
− 1

1−4u2

)
du > 0.49, (it is actually very close to 0.5), we have ‖ϕ‖2

2 :=∫ 1/2

−1/2
ϕ2(u)du > 0.49c2

L. In addition, the maximum value of this function is supu |ϕ(u)| =

ϕ(0) = cL.

Now, we shall work under the multidimensional setting. We use bold letters to refer

to multivariate indices and regular letters to refer to the indices of each coordinate. Let

i = (i1, ..., iK) ∈ {1, 2, ..., K
√
n}K having

∑
i=(i1,...,iK) 1 =

∑ K√n
i1=1 ...

∑ K√n
iK=1 1 = n, where K

√
n is

assumed to be an integer. Suppose that the observed embeddings follows a fixed equispaced

design, i.e. θi = θ(i1,...,iK) = (θi1 , ..., θiK )T = ( i1
K√n , ...,

iK
K√n)T . Consider a multivariate function

Φd : RK → R,

Φd(θi) = γb−L/K
K∏
k=1

ϕdk(θik)

:= γb−L/K
K∏
k=1

ϕ(
K
√
bθik − dk + 1/2),

(C.38)

where d = (d1, ..., dK) ∈ {1, 2, ..., K
√
b}K . Here b ≥ 1 is an integer that depends on N, n, p and

some constant c0, and will be specified later. ϕ(u) is defined in (C.37). Then, we have the

following technical lemma for Φd, which will later be used for constructing the packing set.

Lemma 3.7. Suppose ϕ(·) are given by (C.37). Then, Φd has the following properties:

(i) Φd(x) ∈ F(L, γ,K).

(ii) Φd have disjoint support for different d.
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(iii) There exist C1,L,K > 0 and C2,L,K > 0 only dependent on L and K, for any given d,

Φd has

γ2C2,L,Kb
− 2L+K

K ≤ 1

n

∑
i=(i1,...,iK)

Φ2
d(θi) ≤ γ2C1,L,Kb

− 2L+K
K

when integer b satisfies 1 ≤ b ≤ 0.48Kn.

Proof.For ϕ(·) in (C.37), we have | ∂l
∂ul
ϕ(u)| ≤ 1, ∀l = 0, 1, ..., L such that∣∣∣∣ ∂L

∂x
L1
1 ···x

LK
K

Φd(x)

∣∣∣∣ ≤ γ holds for any L1 + ...+LK = L for x ∈ RK
[0,1]. Thus, Φd(x) ∈ F(L, γ,K).

Given that ϕ(u) > 0 if and only if u ∈ (−1/2, 1/2), we have ϕdk(x) ≡ ϕ( K
√
bx−dk+1/2) > 0

if and only if x ∈
(
dk−1
K√
b
, dk
K√
b

)
for dk ∈ {1, ..., K

√
b}. So, for each, we can divide the space [0, 1]

into K
√
b intervals, i.e.

∆1 =

[
0,

1
K
√
b

]
, ∆dk =

(
dk − 1

K
√
b
,
dk
K
√
b

]
, dk = 2, ...,

K
√
b,

such that ∆dk ∩∆d′k
= ∅ for dk 6= d′k and ∪dk∆dk = [0, 1]. Thus, ϕdk(x) have disjoint support

and their support union is the unit interval.

Because Φd is the product of ϕdk , they also have disjoint supports. That is, for each d,

Φd(x) > 0 only when x ∈ ∆d where

∆d=(1,1,...,1) =

[
0,

1
K
√
b

]
× ...×

[
0,

1
K
√
b

]
,

∆d=(d1,...dK) =

(
d1 − 1

K
√
b
,
d1

K
√
b

]
× ...×

(
dK − 1

K
√
b
,
dK
K
√
b

]
,

dk = 2, ..., K
√
b for k = 1, ..., K, such that ∆d ∩∆d′ = ∅ if d 6= d′ and ∪d∆d = [0, 1]K . So, the

space [0, 1]K is divided into b disjoint cubes.

As for (iii), we know there exists a constant cL that only depends on L such that
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supu |ϕ(u)| = ϕ(0) = cL, and ‖ϕ‖2
2 > 0.49c2

L. Then

1

n

∑
i=(i1,...,iK)

Φ2
d(θi) =

1

n
γ2b−2L/K

K√
b∑

i1=1

· · ·
K√
b∑

iK=1

K∏
k=1

ϕ2

(
K

√
b

n
ik − dk + 1/2

)

=
1

n
γ2b−2L/K

K√
b∑

i2=1

· · ·
K√
b∑

iK=1

K∏
k=2

ϕ2

(
K

√
b

n
ik − dk + 1/2

)

×

 K√
b∑

i1=1

ϕ2

(
K

√
b

n
i1 − d1 + 1/2

)
=

1

n
γ2b−2L/K

K√
b∑

i3=1

· · ·
K√
b∑

iK=1

K∏
k=3

ϕ2

(
K

√
b

n
ik − dk + 1/2

)

×

 K√
b∑

i1=1

ϕ2

(
K

√
b

n
i1 − d1 + 1/2

)×
 K√

b∑
i2=1

ϕ2

(
K

√
b

n
i2 − d2 + 1/2

)
· · ·

=
1

n
γ2b−2L/K

K∏
k=1


K√n∑
ik=1

ϕ2

(
K

√
b

n
ik − dk + 1/2

)
=

1

n
γ2b−2L/K

K∏
k=1


∑

K
√

n
b

(dk−1)<ik≤ K
√

n
b
dk

ϕ2

(
K

√
b

n
ik − dk + 1/2

)
≤ 1

n
γ2b−2L/K

K∏
k=1

{
K

√
n

b
× ϕ2(0)

}
= γ2b−

2L+K
K c2K

L

(C.39)

Therefore, 1
n

∑
i=(i1,...,iK) Φ2

d(θi) ≤ c2K
L γ2b−

2L+K
K . c2K

L is the constant we find for C1,L,K .

On the other hand, we use the fact that the upper Riemann sum is greater than the
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integral of the function. Thus, for each coordinate,

K

√
b

n

K√n∑
ik=1

ϕ2

(
K

√
b

n
ik − dk + 1/2

)
=

K

√
b

n

∑
K
√

n
b

(dk−1)<ik≤ K
√

n
b
dk

ϕ2

[
K

√
b

n

(
ik −

K
√
n(dk − 1/2)

K
√
b

)]

=
K

√
b

n

∑
− K
√
n

2
K√
b
<t≤

K√n
2
K√
b

ϕ2( K
√
b/n× t)

[ϕ(−u) = ϕ(u)]
−−−−−−−−−−−→

=
K

√
b

n

2
∑

0≤t≤
K√n

2
K√
b

ϕ2( K
√
b/n× t)− ϕ2(0)


[ϕ(u) decreases for u ≥ 0]
−−−−−−−−−−−−−−−−−−→

≥ 2
K

√
b

n

∫ K√n
2
K√
b

0

ϕ2( K
√
b/n× t)dt− K

√
b

n
ϕ2(0)

= 2

∫ 1/2

0

ϕ2(u)du− K

√
b

n
c2
L

= ‖ϕ‖2
2 −

K

√
b

n
c2
L

> c2
L

(
0.49− K

√
b/n
)

[
1 ≤ b ≤ 0.49Kn

]
−−−−−−−−−−−−→

≥ 0,

Thus, the empirical sum can also be lower bounded by

1

n

∑
i=(i1,...,iK)

Φ2
d(θi) = γ2b−

2L+K
K

K∏
k=1

 K

√
b

n

K√n∑
ik=1

ϕ2

(
K

√
b

n
ik − dk + 1/2

)
≥ γ2b−

2L+K
K c2K

L

(
0.49− K

√
b/n
)K (C.40)

When 1 ≤ b ≤ 0.48Kn, then

1

n

∑
i=(i1,...,iK)

Φ2
d(θi) ≥ γ2(0.1cL)2Kb−

2L+K
K , (C.41)

and thus (0.1cL)2K is the constant we find for C2,L,K/
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Now combining (C.39) and (C.41), we have

γ2C2,L,Kb
− 2L+K

K ≤ 1

n

∑
i=(i1,...,iK)

Φ2
d(θi) ≤ γ2C1,L,Kb

− 2L+K
K

as claimed. �

In proving the lower bound, we shall use Fano’s method (see Section 15.3.2 in [116]). To

do that, we first establish the connection between minimax risks and error probabilities in

testing problems (for completeness), and then apply Fano’s inequality to lower bound the

error probabilities. To this end, we first provide the following lemma, which shows that

there exists a packing set of hypotheses with suitably large cardinality, for which the mutual

information (stated in terms of Kullback-Leibler divergence) can be upper bounded. We can

then Fano’s inequality with this set.

Lemma 3.8. For this result we consider an arbitrary fixed L, γ and K. For some constant

C1,L,K and C2,L,K that only depends on L and K, and for some other constant c0 > 0, there

exists a subset B0 ⊆M(L, γ,K) with cardinality

|B0| ≥ 2dc0(
n∨p
N )

−K
2L+K e×p/8 + 1,

when p ≥ 8, that has the following properties:

(i) B0 is a 2δN,n,p-packing set, i.e. for any Ms 6= Ms′ ∈ B0,

1

np
‖Ms −Ms′‖2

F ≥ 2δN,n,p =
C2,L,Kγ

2

8
(2c0)−2L/K

(n ∨ p
N

) 2L
2L+K

when c
− 2L+K

K
0 (n ∨ p) ≤ N ≤ (2c0)−

2L+K
K 0.482L+K(n ∨ p)n 2L+K

K .

(ii) For any Ms,Ms′ ∈ B0,

K(Ps||Ps′) ≤
C1,L,Kγ

2

2σ2
c
− 2L
K

0 N
(n ∨ p

N

) 2L
2L+K
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where K(Ps||Ps′) denotes the Kullback-Leibler divergence between probability distributions

of observations {(yt, Xt)}Nt=1 satisfying model (C.2), given Ms and Ms′ respectively.

Proof.We will consider a positive integer b which depends on N, n, p and a constant c0.

The precise specification of b will come later. Consider the multivariate function Φd(θ) in

(C.38).

We will define a set Ω that is used to construct packing matrices where each element ω in

Ω is a sequence (of length b) of diagonal matrices. We index the set in a somewhat curious

way: We use a multi-index of dimension K where each index has elements in {1, ..., K
√
b}.

This will ease exposition later.

Ω =
{
w = (wd)d∈{1,..., K

√
b}K : for each d, wd = diag(wd,1, ..., wd,p), wd,j ∈ {0, 1}

}
, (C.42)

From this we define the following collection of matrices,

B =


Mw =

K√
b∑

d1=1

. . .

K√
b∑

dK=1


Φd(θ1)wd,1 Φd(θ1)wd,2 . . . Φd(θ1)wd,p

Φd(θ2)wd,1 Φd(θ2)wd,2 . . . Φd(θ2)wd,p
...

...
. . .

...

Φd(θn)wd,1 Φd(θn)wd,2 . . . Φd(θn)wd,p


n×p

, wd,j ∈ {0, 1}


=:

{
Mw =

∑
d1,...,dK

Φd(Θ)wd, for w = (wd) ∈ Ω

}
.

(C.43)

We see that we can compactly write each matrix in our set as the product of Φd(Θ) and wd,

where Φd(Θ) is a n× p matrix whose elements in the i-th row are all Φd(θi). It is direct to

check that the cardinality of Ω is given by |Ω| = |B| = 2bp.

Thus, entries of Mw ∈ B can be written as mij =
∑

d1,...,dK
Φd(θi)wd,j = gj(θi), where gj

has bounded derivatives,∣∣∣∣ ∂Lgj(x)

∂xL1
1 · · ·x

LK
K

∣∣∣∣ ≤ ∑
d1,...,dK

∣∣∣∣ ∂LΦd(x)

∂xL1
1 · · ·x

LK
K

∣∣∣∣ =

∣∣∣∣ ∂LΦd(x)

∂xL1
1 · · ·x

LK
K

∣∣∣∣1{x ∈ ∆d} ≤ γ
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for ∀x ∈ RK
[0,1]. Hence, B ⊆M(L, γ,K).

Consider a set of testing hypotheses from B,

B0 = {Mw(0) , ...,Mw(S)} ⊆ B, w(s) ∈ Ω, s = 0, 1, ..., S, (C.44)

where w(s) 6= w(s′) for 0 ≤ s 6= s′ ≤ S.

For any 0 ≤ s 6= s′ ≤ S, and constant C2,L,K only dependent on L,

1

np
‖Mw(s) −Mw(s′)‖2

F =
1

np

∑
i=(i1,...,iK)

p∑
j=1

 K√
b∑

d1=1

. . .

K√
b∑

dK=1

(w
(s)
d,j − w

(s′)
d,j )Φd(θi)

2

the support of Φd’s are disjoint−−−−−−−−−−−−−−−−−−−−−−−→ =
1

p

p∑
j=1

K√
b∑

d1=1

. . .

K√
b∑

dK=1

(w
(s)
d,j − w

(s′)
d,j )2

 1

n

∑
i=(i1,...,iK)

Φ2
d(θi)


Lemma 3.7-(i)
−−−−−−−−−−→

≥ γ2C2,L,Kb
− 2L+K

K p−1ρ(w(s),w(s′))

(C.45)

where ρ(w(s),w(s′)) =
∑p

j=1

∑ K√
b

d1=1 . . .
∑ K√

b
dK=1(w

(s)
d,j −w

(s′)
d,j )2 is the hamming distance between

w(s) and w(s′).

Due to the Varshamov–Gilbert bound (Lemma 2.9 in [107]), when bp ≥ 8, there exists

a subset Ω0 = (w(0), ...,w(S)) ⊆ Ω such that S ≥ 2bp/8 and ρ(w(s),w(s′)) ≥ bp/8 for

0 ≤ s 6= s′ ≤ S. Since b ≥ 1, p ≥ 8 is a sufficient condition to guarantee bp ≥ 8.

Now, in particular, we choose our testing set based on Ω0: That is, we place Mw(s) ∈ B0

if and only if w(s) ∈ Ω0. In particular this gives us that ρ(w(s),w(s′)) ≥ bp/8. for all

w(s), w(s′) ∈ B0 with s 6= s′. Then, following (C.45), we have that

1

np
‖Mw(s) −Mw(s′)‖2

F ≥
γ2C2,L,K

8
b−

2L
K . (C.46)

Now, we finally give the value that we use for b: Select b =
⌈
c0

(
n∨p
N

) −K
2L+K

⌉
for some

constant c0 > 0. We note that (C.45)-(C.46) hold only when b ≤ 0.48Kn as stated in
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Lemma 3.7. So, we need

N ≤ c
− 2L+K

K
0 0.482L+K(n ∨ p)n

2L+K
K . (C.47)

Furthermore, we also need

N ≥ c
− 2L+K

K
0 (n ∨ p) (C.48)

such that

b =

⌈
c0

(n ∨ p
N

) −K
2L+K

⌉
≤ 2c0

(n ∨ p
N

) −K
2L+K

. (C.49)

This, finally gives us

1

np
‖Mw(s) −Mw(s′)‖2

F ≥
C2,L,Kγ

2

8
(2c0)−2L/K

(n ∨ p
N

) 2L
2L+K

=: 2δN,n,p. (C.50)

Then B0 is a 2δN,n,p-packing set of M(L, γ,K) and the cardinality |B0| = S + 1 ≥

2bp/8 + 1 = 2dc0(
n∨p
N )

−K
2L+K e×p/8 + 1 when p ≥ 8.

We now show the second property (related to the KL distance) of B0. For any matrices
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Mw(s) ,Mw(s′) ∈ B0, with the selected b = dc0

(
n∨p
N

) −K
2L+K e, we have

K(Ps||Ps′) =

∫
log

dPs
dPs′

dPs

=

∫ ∫
log

∏N
t=1 p(yt, Xt|Mw(s))∏N
t=1 p(yt, Xt|Mw(s′))

[
N∏
t=1

p(yt, Xt|Mw(s))dytdXt

]

Bayes’ rule−−−−−−−→ = EX∼Π

N∑
t=1

∫
[log p(yt|Xt,Mw(s))− log p(yt|Xt,Mw(s′))] p(yt|Xt,Mw(s))dyt

(yt|Xt,M) ∼i.i.d N [〈Xt,M〉, σ2]
−−−−−−−−−−−−−−−−−−−−−−−→

= EX∼Π

N∑
t=1

〈Xt,Mw(s) −Mw(s′)〉2

2σ2[
EX∼Π〈Xt,M〉2 =

1

np
‖M‖2

F

]
−−−−−−−−−−−−−−−−−−−−−→

=
N

2σ2np
‖Mw(s) −Mw(s′)‖2

F

≤ N

2σ2

K√
b∑

d1=1

. . .

K√
b∑

dK=1

 1

n

∑
i=(i1,...,iK)

Φ2
d(θi)


≤ Nγ2

2σ2
b−

2L
K C1,L,K

≤ C1,L,Kγ
2

2σ2
c
− 2L
K

0 N
(n ∨ p

N

) 2L
2L+K

(C.51)

Thus, Lemma 3.8 is proved.

�

C.5.2 Information-theoretic lower bounds

Given Lemma 3.8, we now apply the argument in [127] to yield a lower bound for error in

our estimation problem with respect to Frobenius norm.

Proof.[Proof of Theorem 4.10]

For a given δN,n,p, let B0 be the 2δN,n,p-packing set of M(L, γ,K) indicated by Lemma 3.8.

We know that for any Ms 6= Ms′ ∈ B0,

1

np
‖Ms −Ms′‖2

F ≥ 2δN,n,p
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with δN,n,p =
C2,L,Kγ

2

16
(2c0)

−2L/K
(
n∨p
N

) 2L
2L+K , when c

− 2L+K
K

0 (n ∨ p) ≤ N ≤

(2c0)−
2L+K
K 0.482L+K(n ∨ p)n 2L+K

K for some constant c0 > 0.

Let d(M1,M2) = 1
np
‖M1 −M2‖2

F and define

M̃ = arg min
M ′∈B0

d(M ′, M̂) ∈ B0.

Let M be any matrix in the packing set B0. If d(M, M̂) < δN,n,p, then

max{d(M, M̂), d(M̃, M̂)} = d(M, M̂) < δN,n,p ≤ δ0 ≡ C2,L,Kγ
24−(L+2K)/K . Then, by the

triangle inequality, we have d(M, M̂) + d(M̃, M̂) ≥ d(M, M̃) ≥ 2δN,n,p when M 6= M̃ . This

implies that d(M, M̂) ≥ δN,n,p, which contradicts d(M, M̂) < δN,n,p. Therefore, if M 6= M̃ ,

we must have d(M, M̂) ≥ δN,n,p. So, it follows that

inf
M̂

sup
M∈M(L,γ,K)

P
{
d(M, M̂) ≥ δN,n,p

}
≥ inf

M̂

sup
M∈B0

P
{
d(M, M̂) ≥ δN,n,p

}
= inf

M̂

sup
M∈B0

P
{
M 6= M̃

}
≥ inf

M̂

P(M 6= M̃)

(C.52)

where M is uniformly distributed over the 2δN,n,p-packing set B0 with |B0| ≥

2dc0(
n∨p
N )

−K
2L+K e×p/8 + 1 as in Lemma 3.8. this has reduced our problem essentially to a

testing problem.

We now use this to obtain a lower bound, by considering KL-divergence here. By

Lemma 3.8 -(iii), Fano’s inequality [29] or [116, Proposition 15.12] and the convexity of the
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Kullback–Leibler divergence [116, (15.34)],

P(M 6= M̃) ≥ 1−
1
|B0|2

∑
Ms,Ms′∈B0 K(Ps||Ps′) + log 2

log |B0|

Lemma 3.8−−−−−−−−→ ≥ 1−
C1,L,Kγ

2

2σ2 c
− 2L
K

0 N
(
n∨p
N

) 2L
2L+K + log 2

dc0

(
n∨p
N

) −K
2L+K ep log 2

bp ≥ 8−−−−→ ≥
7

8
− C1,L,Kγ

2c
− 2L+K

K
0 (n ∨ p)

2(log 2)σ2p
.

(C.53)

Consider n = κp for some κ > 0. Let

c0 =

(
4 max(κ, 1)γ2C1,L,K

3 log 2σ2

) K
2L+K

. (C.54)

Then,

.P(M 6= M̃) ≥ 7/8− γ2C1,L,K max(κ, 1)c
− 2L+K

K
0

2(log 2)σ2
= 7/8− 3/8 = 1/2 (C.55)

Thus, it follows from (C.52) and (C.55) that

inf
M̂

sup
M∈M(L,γ,K)

P

{
1

np
‖M̂ −M‖2

F ≥ A
(n ∨ p

N

) 2L
2L+K

}
≥ 1/2 (C.56)

where A =
C2,L,Kγ

2

16
(2c0)−2L/K . With the selection of c0 in (C.54), A depends on L,K, γ, κ, σ2.

Thus, Theorem 4.10 is proved.

�
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[103] Gábor J Székely, Maria L Rizzo, Nail K Bakirov, et al. Measuring and testing dependence

by correlation of distances. The annals of statistics, 35(6):2769–2794, 2007.

[104] Robert Tibshirani. Regression shrinkage and selection via the lasso. Journal of the

Royal Statistical Society. Series B (Methodological), pages 267–288, 1996.



133

[105] Hiroyuki Toh and Katsuhisa Horimoto. Inference of a genetic network by a combined

approach of cluster analysis and graphical gaussian modeling. Bioinformatics, 18(2):287–

297, 2002.

[106] Alexandre B Tsybakov. Introduction to nonparametric estimation. Springer Science &

Business Media, 2008.

[107] Alexandre B Tsybakov. Introduction to nonparametric estimation. revised and extended

from the 2004 french original. translated by vladimir zaiats. 2009.

[108] Madeleine Udell and Alex Townsend. Why are big data matrices approximately low

rank? SIAM Journal on Mathematics of Data Science, 1(1):144–160, 2019.

[109] Caroline Uhler. Gaussian graphical models: An algebraic and geometric perspective.

arXiv preprint arXiv:1707.04345, 2017.

[110] Sara Van de Geer. Estimation and testing under sparsity. Lecture notes in mathematics,

2159, 2016.
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