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Neural interfaces map biological signals measured from a user to control commands for

external devices. The mapping from biosignals to device inputs is performed by the de-

coder. Adaptation of both the user and decoder—co-adaptation—provides opportunities to

improve the accessibility and usability of interfaces across diverse users and applications.

User learning leads to robust interface control that can generalize across environments and

contexts. Decoder adaptation can individualize interfaces and account for signal variabil-

ity. Co-adaptation therefore creates opportunities to shape the user and decoder system to

achieve robust and generalizable personalized interfaces. However, co-adaptation creates a

two-learner system with dynamic interactions between the user and decoder. Engineering

co-adaptive interfaces requires new tools and frameworks to achieve stable user-decoder

interactions.

This thesis aims to develop and experimentally validate methods for designing and measur-



ing co-adaptive interfaces. I present new computational methods based on control theory

and game theory to analyze and generate predictions for user-decoder co-adaptive out-

comes in continuous interactions. I tested these computational methods using an experi-

mental platform where human participants learn to control a cursor using an adaptive myo-

electric interface to track a target on a computer display. Our framework predicted the out-

come of co-adaptive interface interactions and revealed how interface properties can shape

user behavior. These findings contribute new tools to design personalized, closed-loop,

co-adaptive neural interfaces. The overarching aim of this thesis is to propose co-adaptive

analysis and tools that can predictably influence co-adaptive interface performance and

user-decoder dynamics. These findings from this thesis contribute new tools to design

personalized, closed-loop, co-adaptive neural interfaces.
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1

Chapter 1

INTRODUCTION

Interfacing machines with humans provides new opportunities to restore or enhance our

interactions with the world (Serruya et al., 2002; Taylor et al., 2002; Carmena et al., 2003;

Hochberg et al., 2006; Pandarinath and Bensmaia, 2022; Dadarlat et al., 2023). Speech

prostheses can restore verbal communication (Moses et al., 2021), brain-to-text interfaces

can translate imagined letters to computer text Willett et al. (2021), and neuroprosthet-

ics can restore movements (Collinger et al., 2013). These biosignal-based user-machine

interfaces translate biological signals like neural activity, muscle activity, or movements to

control inputs for devices like computers or prostheses. By using rich, high-dimensional in-

puts, these interfaces have the potential to address neurological conditions, increase access

to technologies, and provide high bandwidth control of our increasingly complex devices.

However, the full promise of user-machine interfaces has not yet been realized. Adoption

of any technology entails trade-offs between costs and benefits that are multi-faceted and

vary across individuals (e.g., (Ingraham et al., 2022). User-machine interfaces have the po-

tential to improve the quality-of-life or abilities of users, but these possible benefits will be

weighed against costs like invasiveness, price, time investment, and more. Some interfaces

can use signals from wearable devices whereas others require surgical implants. Across dif-

ferent biosignal modalities, interfaces can be time-consuming to learn (Zhang et al., 2020)

and offer variable performance across users (e.g., Acqualagna et al. 2016; Pandarinath et al.

2017) or tasks and contexts (Ganguly and Carmena, 2009). Easily learnable and generaliz-

able interfaces that can be customized to user needs will drastically improve the landscape
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for widespread adoption. The overarching motivation of my thesis is to develop user-

machine interfaces that can be robust across a diverse set of users and can adapt across

different tasks and environments. This thesis focuses primarily on neural interfaces, but

the concepts leverage and apply to other biosignal-based user-machine interfaces. Ensur-

ing that neural interfaces work consistently for all users and across a variety of different

functions is key to developing future, complex interfaces.

Sensory Feedback

Neural Activity

Muscle Activity

Movement Activity

A B DC 

E

Figure 1.1: Diagram of User-Machine Interface. The A. user outputs B. biosignals, such as neural

activity, muscle activity and/or movement activity, to the C. decoder, which, in real-time, converts

biosignals into a D. control command for controlling a computer cursor or a robotic limb. The E.

sensory feedback of the computer cursor or robotic limb causes the user to adapt, resulting in a

closed-loop interface. This user adaptation then motivates decoder adaptation. Both the user and

decoder adapting together is referred to as co-adaptation.

1.1 Closed-Loop, Co-adaptive Interfaces

Neural interfaces are inherently closed-loop (Fig. 1.1). Neural activity is transformed to con-

trol an external device via a decoder, and sensory feedback from the device is presented

to the user. This closed-loop interaction naturally causes users to adapt to the interface.
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The inevitability of user learning motivates use of decoders that can adapt in response. We

refer to systems like these – with two agents adapting simultaneously in a closed-loop –

as co-adaptive. Co-adaptation has promise to be a tool to enhance and guide user-machine

interactions (Orsborn et al., 2014; Silversmith et al., 2020). Creating user-machine inter-

faces that facilitate user adaptation may be critical to restore complex behaviors and to

enable interfaces with entirely novel technologies. Furthermore, as neural interfaces be-

come more commonplace, the spectrum of users will expand. Decoders that adapt to users

have the potential to accommodate user diversity and offer customization to individuals.

These observations underscore the value of studying approaches that consider both user

and decoder learning.

1.2 Importance of Decoder and User Adaptation

To fully understand the benefits of co-adaptation, it is first important to discuss the benefits

of decoder or user adaptation, which each provide unique challenges and opportunities.

1.2.1 Decoder Adaptation

Adaptive decoding, firstly, is commonly used to train decoders for initial interface use and

to retrain decoders to address day-to-day measurement variability, without explicitly con-

sidering user learning that may occur simultaneously. Closed-loop dynamics in neural inter-

faces influences decoder design and training. Motivated by machine learning approaches,

many decoders are trained in open-loop: data is recorded as users make or imagine moving,

and statistical relationships between biosignals and intended behaviors are identified with

no feedback to the user (Chase et al., 2009; Zhang and Chase, 2015). Performance of a de-

coder on open-loop datasets does not necessarily predict performance when the decoder

is used in closed-loop, where feedback allows the user to alter their behavior (Chase et al.,

2009; Koyama et al., 2010).

An alternative to open-loop decoder training is to train the decoder in the same closed-loop
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context in which it will be used. Closed-loop decoder adaptation (CLDA) updates decoding

parameters using real-time user activity (Orsborn et al., 2012, 2014). Updating the de-

coder’s parameters in real-time can better capture how each user actually interfaces with

the device during closed-loop operation. In this way, CLDA can provide rapid calibration

and customization of an interface on initial use (Brandman et al., 2018; Dangi et al., 2013;

Shanechi et al., 2016). Indeed, in BCIs, closed-loop decoder updates improve performance

compared to open-loop calibration (Gilja et al., 2012; Jarosiewicz et al., 2013; Willsey et al.,

2022).

Beyond calibrating interfaces to accommodate differences between users, CLDA can also

be used to account for within-user variability over time. For example, once customized to

a user, changes in the signals being measured can degrade performance (e.g., Degenhart

et al. 2020; Perge et al. 2013). Adapting a decoder on a timescale comparable to the drift

in biosignals can help prevent performance degradation. Day-to-day variability in the neu-

rons recorded by an implant can be overcome with methods to adapt parameters across

days (Degenhart et al., 2020). Continual decoder updates can maintain performance de-

spite rapid drifts in neural measurements on the timescale of minutes (Jarosiewicz et al.,

2015). Continual decoder updates can maintain performance despite rapid drifts in neural

measurements on the timescale of minutes (Jarosiewicz et al., 2015). In BCIs, CLDA has

been shown to provide consistent performance across months (Silversmith et al., 2020).

Decoder adaptation has undeniable advantages for accessibility, stability, and performance,

but any decoder model is only as good as its inputs. Even with an adaptive decoder, an elec-

troencephalography (EEG) BCI study of 168 naive users found that 22% could not achieve

efficient control, possibly because users were unable to modulate the biosignal features

used as decoder inputs (Acqualagna et al., 2016). Decoding algorithms inherently rely on

the user and the user’s adaptation. Encouraging user adaptation is key for robust, general-

izable interfaces.
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1.2.2 User Adaptation

Controlling a neural interface should be similar to riding a bike – once you learn, you can

quickly ride with ease any time you grab a bike. The impressive capability underlying this

colloquialism is natural motor skill learning, where training and practice yield robust “motor

memories”. Prior research suggests that similar skill learning mechanisms may help achieve

robust, generalizable, and rich control in user-machine interfaces.

Feedback provided by a closed-loop device allows users to learn and adapt (Green and

Kalaska, 2011; Jackson and Fetz, 2011). While neural interfaces involve artificial or altered

sensorimotor pathways, this learning shows notable parallels to natural sensorimotor learn-

ing (Green and Kalaska, 2011; Jackson and Fetz, 2011; Orsborn and Carmena, 2013). For

instance, extended practice with a stable BCI (neural measurements and decoder param-

eters fixed) results in performance improvements that are rapidly recalled each day (Gan-

guly and Carmena, 2009). This long-term learning in BCI also yields a stable neural encod-

ing (Ganguly and Carmena, 2009). These learned neural encoders are heavily influenced

by the decoder. In a kinematic interface study with fixed decoders, subjects formed an in-

ternal model that converged towards the decoder inverse (Pierella et al., 2019). Similarly,

in BCI experiments with fixed decoders, neural activity patterns reorganize to align with

the decoder (Athalye et al., 2017). These findings suggest users can form a motor memory

specific to an interface that enables robust control.

A key property of motor memories is that, once consolidated, they remain stable as we

learn additional tasks. Iteratively adding control dimensions has been used to achieve

high-dimensional BCI control (Collinger et al., 2013; Silversmith et al., 2020). Interest-

ingly, Silversmith and colleagues (2020) showed that, once a stable neural encoding of a

two-dimensional BCI task had formed, the participant could learn to control an additional

discrete behavior (a ‘mouse click’) without altering performance of the continuous behav-

ior. This highlights the potential benefits of user learning for achieving robust performance

across different contexts and the importance of user learning for stable neural interface
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control.

Beyond potential benefits of user learning, game theory formulations of the two-learner

problem suggest that ignoring user learning could actually hinder performance. Indeed,

adaptive decoding learning rates must be tuned appropriately relative to the rate of user

learning to ensure the system will converge at all (Müller et al., 2017; Madduri et al., 2021;

Chasnov et al., 2020), and the solution a co-adaptive system converges to could be one of

any number of game-theoretic stationary points (e.g., Nash or Stackelberg equilibria) (Fu-

denberg and Levine, 1998; Chasnov et al., 2023).

While user learning offers potential benefits and should be considered in interface de-

sign, relying on user learning alone may be limiting. Learning to control a novel interface

can be slow, taking anywhere from hours to days of practice depending on the biosignal

modality (Jackson and Fetz, 2011). A static interface that requires significant practice for

users to master is likely to produce frustrating devices that are quickly abandoned. For in-

stance, even with the recent advancements in myoelectric prostheses, abandonment rates

of upper-limb prostheses remain at over 40% due in part to poor ease of use (Salminger

et al., 2022). More broadly, fixed interfaces that make assumptions about users may re-

duce the subset of people who can use these devices. An example from airplane design

illustrates the pitfalls of fixed interfaces (Hendren, 2020): in the 1940s, airplane cockpit

designs based on averages of pilot measurements fit no individual pilot well, leading to the

development of cockpits that could adjust to individual specifications.

1.3 Combining Decoder and User Adaptation Towards Co-adaptation

Co-adaptive interfaces can leverage the interplay between user and decoder learning to

generate more powerful interfaces. Experimental studies hint at the promise of co-adaptive

strategies. BCI studies in animals and humans demonstrate that stable neural encoders still

form when decoders adapt over time (Orsborn et al., 2014; Silversmith et al., 2020). Stable

encoder formation in co-adaptive BCIs also correlates with high performance that is rapidly
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recalled each day (Orsborn et al., 2014). Towards generalizable interfaces, user learning in

a co-adaptive BCI resulted in control that resisted interference from context changes (Ors-

born et al., 2014). Similarly, co-adaptation enabled a human user to add additional control

dimensions to a BCI (Silversmith et al., 2020). Gradual decoder changes have also been

shown to help users control BCIs that are initially challenging to learn (Oby et al., 2019),

which may be critical for increasing interface accessibility.

Experimental observations highlight the interdependence between decoders and encoders

in co-adaptive systems. The degree of decoder adaptation performed in a BCI influences

the amount of changes in a user’s encoder (Orsborn et al., 2014). The number of neu-

rons needed to successfully control a BCI has been shown to decrease in systems where

decoders adapt alongside users (Taylor et al., 2002). In kinematic interfaces, altering the

alignment between a decoder and the user’s movement encoding space impacts the redun-

dancy and efficiency of user movements (De Santis and Mussa-Ivaldi, 2020). Thus, adaptive

decoding may influence the form of learned encoders. This outcome may be beneficial for

yielding robust interface performance, and opens opportunities to use co-adaptation for

rehabilitation (e.g., De Santis 2021).

However, co-adaptation introduces a two-learner problem: both the user and decoder are

adapting and interacting in real-time, similar to two agents playing a game (Neumann and

Morgenstern, 1944). Methods to analyze and synthesize these two-learner interactions

are still active areas of research, both within the context of user-machine interfaces (Dangi

et al., 2013; Hsieh and Shanechi, 2018) and dynamic game theory Mazumdar et al. (2020).

We need principled and experimentally-validated frameworks to understand existing co-

adaptive interfaces and create future interfaces. The overarching goal of my thesis is to

develop theoretical tools and algorithms to design co-adaptive neural interfaces that can

be high-performing and robust across a diverse set of users.
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1.4 Thesis Organization

Overview

In Chapter 2, we model co-adaptive user-decoder interactions using game theory to guide

adaptive decoder designs. Chapter 3 tests these game-theoretic adaptive decoder schemes

in myoelectric interfaces and evaluates their impact on performance. In Chapter 4, we use

control theory to estimate the user’s encoders and evaluate closed-loop user-decoder in-

teractions. Chapter 5 explores user-decoder learning dynamics, demonstrating how the

game-theoretic model can predict user-decoder interactions and how decoder adaptation

influences user learning. Lastly, the Discussion describes the potential of this research to-

wards designing the next-generation of personalized, co-adaptive neural interfaces.

Chapter 2

Chapter 2 uses game theory techniques to model the user-decoder interactions in a co-

adaptive interface. The user and decoder are considered as two agents adapting to their

individual cost functions in a dynamic game. By analyzing the conditions for stable user-

decoder dynamics, we identify key three parameters of decoder design: the rate of decoder

adaptation, the emphasis on minimizing decoder “effort” versus task error, and the decoder

initialization. Chapter 2 contributes a framework and analysis for co-adaptive dynamics

that provides a new, multi-objective decoder adaptation scheme and ways to influence co-

adaptive interface performance and interactions.

Chapter 3

Chapter 3 tests and verifies the proposed adaptive decoder scheme in continuous myoelec-

tric interfaces. The decoder adaptation parameters are shown to influence the myoelectric

interface performance in the ways that the game-theoretic model predicted, experimentally-

validating this framework. This chapter highlights the value of a framework that can sys-
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tematically analyze and predict the influence of decoder design choices on system perfor-

mance.

Chapter 4

Chapter 4 develops a control-theoretic method for estimating users encoders in closed-loop

contexts. Using these methods, this chapter shows that users’ encoders are changing along-

side the adaptive decoders in our myoelectric interface, furthering supporting evidence of

co-adaptation. This chapter then investigates the interactions between the encoder and de-

coder using these estimations methods, providing a technique for quantifying user-decoder

co-adaptation.

Chapter 5

Chapter 5 reveals how user-decoder learning dynamics are influenced by different decoder

adaptation designs. Using the encoder estimation techniques from the previous chapter,

this chapter shows the impact of decoder learning rate on user learning and the effect of de-

coder effort on user effort. Importantly, the decoder adaptation parameters influence user

behavior as the game-theoretic model predicted, verifying that the framework predicted

the outcome of co-adaptive interface interactions and revealed how interface properties

can shape user behavior.
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Chapter 2

MODELING CLOSED-LOOP USER-DECODER DYNAMICS
USING GAME THEORY

2.1 Introduction

Uncovering the neural principles of learning in the brain is key to developing high-performing

neural interfaces (Shenoy and Carmena, 2014; Moritz, 2018). Closed-loop neural interfaces

define an input-output relationship for users and can provide insight into fundamental neu-

ral mechanisms underlying sensorimotor learning (Carmena, 2013). Motor-based neural in-

terfaces use a decoder to convert neural data to a control signal, such as moving a computer

cursor. Closed-loop neural interfaces form a closed control loop via visual feedback, creat-

ing novel sensorimotor systems that can be manipulated to study neural functions (Orsborn

and Pesaran, 2017).

Learning in neural interfaces can lead to the formation of a stable cortical map, similar to nat-

ural motor learning (Ganguly and Carmena, 2009). Stable cortical maps are accompanied by

stable neural interface task performance. This convergence to stable performance is a de-

sirable trait of neural interfaces and the motivating design characteristic behind this model.

Stable performance is evidenced in neural interfaces through consistent cursor trajectory

to the target with low variability and other signatures of skillful motor control (Ganguly

and Carmena, 2009). While these experiments showing stable cortical maps are specific

to invasive neural interfaces with non-human primates, stable performance is still a nec-

essary condition for neural interface usability and adoption for invasive and non-invasive

user-machine interfaces.
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Recent research has shown that closed-loop decoder adaptation (CLDA)—algorithms to mod-

ify decoder parameters during closed-loop neural interface operation—are potentially able

to guide user learning to facilitate the emergence of stable cortical maps (Orsborn et al.,

2012, 2014). CLDA algorithms have been designed to improve neural interface perfor-

mance and rapidly calibrate interfaces to users. Designing CLDA algorithms to guide user

learning is an open challenge. As an inherently real-time process, CLDA requires online

neural interface validation. However, testing a wide range of CLDA algorithms through

experimentation is impractical.

To constrain the space of testable CLDA algorithms that aim to shape user learning and re-

duce experimental load, this chapter proposes and analyzes a mathematical model for user-

decoder dynamics in closed-loop co-adaptive neural interfaces. The purpose of this work is

to model the interactive dynamics between user and decoder in a co-adaptive neural inter-

face without assuming specific neural mechanisms in the brain. We adopt the perspective

that the brain and decoder are two agents playing a dynamic game Hespanha, J. (2017), and

apply techniques from game theory to study the asymptotic dynamics of co-adaptation.

We use a potential game formulation to derive stationary points (Nash equilibria), which

points are our model’s surrogates for stable cortical maps observed in experiments. Assum-

ing the brain and decoder adapt using (stochastic) gradient descent, we assess convergence

to stationary points. Finally, we corroborate our mathematical analyses using numerical

simulations.

2.1.1 Related Work

Principled Design of Co-adaptive Interfaces

Current empirical observations suggest decoder adaptation can be used to shape user adap-

tation, opening new ways to improve user interface performance. However, tuning cur-

rent co-adaptive interfaces is challenging and largely done based on heuristics. Compu-

tational frameworks that predict decoder performance by modeling online user behavior
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(e.g., Chase et al. 2009; Willett et al. 2019) suggest models may be useful for optimizing

decoder performance. However, while these frameworks account for the closed-loop na-

ture of interfaces, they are not designed to capture user adaptation. Developing a toolkit for

co-adaptation will enable rigorous design of user interfaces that fully leverages the benefits

of co-adaptive systems.

A key consideration for co-adaptive systems is the relative timing of adaptation for the two

learners. The user and decoder do not necessarily have to adapt in lock-step with one an-

other. The user or decoder could lead, guiding the other to follow. Existing co-adaptive

user-machine interface frameworks can be viewed through this leader-follower lens. Merel

et al. (2015) propose a method to estimate the optimal decoder that “anticipates” user

adaptation. They find that users, as followers, can adapt to match the fixed estimated op-

timal decoder mapping. So long as the users obey the statistical modeling assumptions of

their model, this could produce desirable co-adaptation. On the other end of the spec-

trum, De Santis (2021) proposes a co-adaptive framework where users lead, and decoders

adapt to them. Their method modifies decoders to optimize the interaction efficiency be-

tween the user and decoder. This approach assumes that users adapt to maximize rewards

while the decoder adapts to approximate the covariance of the user’s activity. Many co-

adaptive schemes in BCI are structured such that users lead while decoders follow (Orsborn

et al., 2014; Silversmith et al., 2020; Taylor et al., 2002).

We believe the potential power of co-adaptation arises from dynamic interactions between

the two learners. Frameworks that can flexibly capture the full spectrum of potential users

and decoder interaction timescales are needed. For example, early interactions like in-

terface calibration might benefit from decoders following users to maximize initial perfor-

mance and encourage engagement. But later interactions might require decoders to lead

users towards new strategies that improve overall performance or to encourage motor re-

covery in rehabilitation applications. A linear two-learner model, where the user and de-

coder both adapt concurrently according to a joint cost function, allowed Müller and col-
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leagues (2017) to explore the influence of adaptation timescales on co-adaptive systems.

The studies described above represent existing theoretical approaches to co-adaptation in

biosignal interfaces. To create an even more versatile framework to explore user-decoder

co-adaptation, we have proposed directly modeling the system as a game. Game the-

ory provides a suite of tools to analyze and design learning dynamics and provides ways

to encourage co-adaptive systems to converge to stable user-decoder equilibria. Game-

theoretic techniques have been used to develop a framework for defining dyadic interac-

tions (Jarrassé et al., 2012) and to design a human-robot controller that estimates each

agent’s cost and adapts to complete a shared goal (Li et al., 2019).

Prior Co-adaptive Interface Mathematical Models

Existing neural models draw upon control theory to conceptualize the user and decoder

as systems adapting according to specified learning processes and subject to cost func-

tions (Héliot et al., 2010; Merel et al., 2015; Müller et al., 2017). The Merel and Muller

models identify co-adaptation strategies using optimization principles to propose adaptive

decoder paradigms. The user and the decoder in these models are treated as two distinct

stochastic optimal control systems (Merel et al., 2015) or as two systems optimizing a joint

cost function (Müller et al., 2017). The learning dynamics of co-adaptation in these models

either propose a stochastic coordinate descent, where the decoder learns to anticipate the

user’s adaptation (Merel et al., 2015) or a stochastic gradient descent with an online least-

squares estimator, where the brain and the decoder estimate each other’s parameters to

form internal approximations of the other learner (Müller et al., 2017). The proposed op-

timal brain-decoder solutions for each model are identified through either mathematical

analysis (Merel et al., 2015) or computational simulations (Müller et al., 2017).
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User Learning and Cost Functions

The connections and adaptation of the brain has inspired artificial neural networks, but

applying computational deep learning models to understand how the brain operates is an

active field of research (e.g., Pospisil et al. 2018). Research has proposed that the brain

might be optimizing some cost function. Physiologically means that the brain can change

its own properties to traverse a cost function. One theory is that the brain locally samples

and measures its properties to minimize error at a global level, and stochastic exploration

at a local level can be a way that the brain improves performance or decreases error sig-

nals (Marblestone et al., 2016). Adding noise or a perturbation to synaptic inputs have been

proposed as neural learning mechanisms as the brain computes the cost of this noisy in-

put (Lillicrap et al., 2020). The idea of the brain/body optimizing some cost function has

been evidenced in the minimization of metabolically costly movements (Taylor and Faisal,

2011) and has been computationally suggested for the coordination of complex motor be-

haviors (Todorov and Jordan, 2002). Jarosiewicz et al. 2008 also find evidence that the

brain’s reorganization during a BCI task is decreasing some global error by adjusting local

synaptic connections.

Experimental Connection to Model

This model proposed in this chapter is designed to be simplistic and broadly applicable

towards closed-loop neural interfaces (e.g., Orsborn et al. 2012, 2014; Gilja et al. 2012;

Hahne et al. 2015). In these sorts of interfaces, the user is trying to control a cursor on

the screen towards a specified target. The interface task, therefore, is to move the cursor

towards the target. We assume the task to be 2-dimensional (2D); the user has to control

both the x- and y-direction to move their cursor towards the target. The user’s biosignals

(e.g., neural activity or myoelectric activity) is input to an adaptive decoder. The output of

the adaptive decoder is cursor position or cursor velocity. For the model presented in this

chapter, we are making the following assumptions: the user is trying to control a 2D cursor
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on the screen to reach a 2D target. The user’s neural activity is output to the decoder,

which outputs cursor position.

2.1.2 Contributions of This Chapter

The purpose of this chapter is to model the interactive dynamics between the user and

decoder in a co-adaptive neural interface without assuming specific neural mechanisms of

the user. Additionally, the goal of our model is to emphasize the convergence to stationary

points and the conditions to keep the user-machine system at stationarity.

The chapter demonstrates that:

1. the two-learner problem for motor neural interface can be formulated using a game-

theoretic framework;

2. we derived stationary points (Nash equilibria) of the game motivated by experimental

observations of stable cortical map formation;

3. we determined analytical predictions for convergence of a model for co-adaptation to

these stationary points and use these predictions to inform adaptive decoder design.

2.2 Methods

2.2.1 Game Formulation

Fig. 2.1 displays each component and corresponding symbolic representation. Signals are

denoted with lower-case symbols (e.g., x) and parameterizations of the transformations

(i.e., matrices) are capitalized (e.g., X). Since we are considering the usage of a closed-loop

interface across time, we consider the interface changing each time a new target position

is presented to the user. In a continuous context, this would be the rate of a new target

position presented on the screen. Time is represented by t and indexed by the subscript

t = 1, 2, . . . . Task dimensionality is indexed by the subscript d = 1, 2, . . . . There are N

channels of biosignal data and each channel n is indexed by the superscript n ∈ {1, . . . , N}.
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We intend this biosignal data to either represent neural activity, in which case N could be

the number of neurons and u could be neuronal firing rates, or to represent muscle activity,

in which case N is the number of EMG channels and u is EMG/myoelectric activity. We will

suppress the sub- and/or super-scripts when they are clear from context. For step-by-step

details of these methods, see Sec. 7.1).

target 𝜏

cursor 𝑦

Biosignals 𝑢

User 𝐸 Decoder 𝐷

𝑦 ̇ = 𝐷 𝑢

Task error
𝑒𝑟𝑟𝑜𝑟 𝜏,𝑦

target 𝜏

Figure 2.1: Closed-loop Co-adaptive Interface Model. Diagram showing the forward model of the

user and the decoder as well as the visual feedback error of the cursor (task error feedback) that

drives the co-adaptation of the brain and the decoder (Fetz, 2007). Based on prior neural interface

models (Merel et al., 2015; Müller et al., 2017), the elements of this model are: the user (Encoder

E) who generates real-time biosignals u to control a computer cursor, the decoder D that maps the

biosignals to a control output: the cursor velocity vy , and the error between the target τ and cursor

y, that motivates the adaptation of the user and decoder.

Target Position

The task presented for this user-interface model is a center-out cursor control task (e.g., Ors-

born et al. 2014, 2012). The target position is at τ .
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User and Neural Activity

The user (Héliot et al., 2010; Müller et al., 2017) is represented simplistically by a linear

transformation of the target τ to neural activity u.

ut = f(Et, τt) = Etτt (2.1)

where ut ∈ RN×1, Et ∈ RN×d, τt ∈ Rd×1. At each new time sample t, the EMG signals u

are updated and are inputs to the decoder (Eq. 2.2).

Decoder and Cursor Position

The decoder in this model is represented as a Wiener filter (i.e., a static linear function), a

decoder model commonly employed in prior work (Héliot et al., 2010; Müller et al., 2017).
1 The decoder transforms neural activity, u, to a d-dimensional cursor position, y, by multi-

plying the neural activity by the decoder’s parameters, D (Eq. 2.2).

yt = f(Dt, ut) = Dtut (2.2)

where ut ∈ RN×1, Dt ∈ Rd×N , yt ∈ Rd×1.

2.2.2 User and Decoder Cost Functions

For each time sample, the task error (Eq. 2.3) is calculated as the quadratic loss of the cursor

and target positions (Héliot et al., 2010; Müller et al., 2017):

εt(τt, yt) = ∥τt − yt∥22. (2.3)

The user and the decoder parameters, E and E, update through the trial using a gradient-

based scheme detailed in Sec. 2.2.3. From a game-theoretic lens, this model can treat the

user and the decoder as two agents in a 2-player game. Each agent, the user or the decoder,

1We note that the steady-state transformation between constant inputs and outputs produced by a
Kalman Filter is a Wiener filter (Hutchinson, 1966).
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is trying to minimize its own cost function through co-adaptation. The cost function of the

user and decoder are:

cE(E,D) = ε(τ, y) + λE∥E∥22

cD(E,D) = ε(τ, y) + λD∥D∥22.
(2.4)

The user and the decoder cost functions both include regularization terms: λE∥E∥22 for the

user and λD∥D∥22 for the decoder. The parameters λE and λD are scaling factors on the

regularization terms and, as we will show later in this paper, play crucial roles in ensuring

the convergence of the cost functions. These regularization terms serve to penalize the

effort of the user and the decoder. User effort is a proxy for the magnitude or number of

channels of muscle or neural activity exerted (Todorov and Jordan, 2002). Decoder effort

is a way to constrain the decoder adaptation parameters. Fig. 2.2A shows a visualization of

the user and decoder cost functions.

2.2.3 Solving for Stationary Points

Defining a Potential Function

With the mathematical model described above, we can reformulate the user-decoder inter-

actions into a potential game. In a potential game, the action of all agents can be expressed

with a single function called the potential function. If there exists a continuously differ-

entiable function ϕ : Rn×d 7→ R such that ∂ϕ
∂E

= ∂CE

∂E
and ∂ϕ

∂D
= ∂CD

∂D
, this function ϕ can

be considered to be a potential function (Hespanha, J., 2017, Ch. 12). This highlights an

important assumption: the cost functions of the user and the decoder are differentiable.

The user and the decoder cost functions satisfy the conditions of a potential game and can

be thus characterized with the following potential function:

ϕ(E,D) = ε(τ, y) + λE∥E∥22 + λD∥D∥22. (2.5)

This potential function matches the two-learner system cost function proposed by a prior

model (Müller et al., 2017). The potential function ϕ tracks the changes of both players, the
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Figure 2.2: Game-theoretic Model of Co-adaptive User-Machine Systems.

A. Schematic of co-adaptive interfaces, where the user and decoder are modeled as adapting to

minimize their own individual cost functions (inset plots for each agent).

B. Visualization of the potential function that describes dynamics within the user-decoder game

model (simplified 1D user and decoder, see Methods). Two axes represent the scalar values of the

user and decoder, and the vertical axis represents the value of the potential function. A 2D projec-

tion of the potential function is also shown.

C. Gradient field of the user and decoder cost functions (with equal penalty terms, λD = λE = 0.5).

Purple (user) and orange (decoder) curves are nullclines (where the agent’s gradient equals 0), which

intersect at stationary points (black stars).

user and the decoder in this case, and treats co-adaptation as a single-objective optimiza-

tion problem. Analyzing ϕ can lead to insight about the co-adaptive dynamics of the user

and decoder. Therefore, the subsequent mathematical methods focus on understanding

the dynamics of the user and decoder as characterized by ϕ. Importantly, the advantage of

expressing the user-decoder game as a potential game is that the potential game provides

structure and brings a suite of established techniques from game theory that we can use to

analyze the user-decoder co-adaptive game. Fig. 2.2B shows a visualization of the potential

function.
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Figure 2.3: Potential Function Landscape and Stationary Points. (a) This is an example of the cur-

vature of the potential function (d = 1, N = 1), ϕ (Eq. 2.5), with λE = λD = 1
2 . The two minimas and

saddle point can be seen. (b) In the simplest case of d = 1 and n = 1, this cartoon illustrates the

stationary points of the potential function when λE = λD = λ.

Stationary Points of Potential Game

The Nash equilibria of potential games, referred to as stationary points in this paper, are the

directionally-local minima of the potential function (Hespanha, J., 2017, Prop. 12.2). The

stationary points E∗, E∗ are determined by solving ∂ϕ
∂E

∣∣∣
E=E∗

= 0 and ∂ϕ
∂D

∣∣∣
D=D∗

= 0. These

are points where the user and the decoder reach steady-state, or are no longer adapting, in

the user-machine interface model. Fig. 2.2C depicts the stationary points of the user and

decoder game when the penalty parameters are equal. Fig. 2.3 depicts how we solved for

stationary points by linearizing around the fixed points.

2.2.4 Gradient-Based Co-Adaptation

The user and the decoder parameters, E and D, are updated according to the gradient-

based adaptation scheme:

Et+1 = Et − αE∆Et

Dt+1 = Dt − αD∆Dt

(2.6)
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where αEt , αDt > 0 denote learning rates and ∆Et ,∆Dt denote (approximations of) gradi-

ents of the agents’ cost functions with respect to their parameters. Note that Eq. 2.6 mod-

els adapt at the frequency of target position updates; no longer- or shorter-term learning

processes are represented. The learning rates are assumed constant throughout the up-

dates, signifying that the user and the decoder both adapt at a constant rate throughout

the timeline that the model illustrates. We analyze convergence of Eq. 2.6 to stationary

points in two different regimes: 1) deterministic gradients with constant learning rates; and

2) stochastic gradients with decreasing learning rates.

Deterministic gradient descent

If learning rates are constant and agents adapt using their exact gradients,

∆Et =
∂ϕ

∂E

∣∣∣
E=Et

,∆Dt =
∂ϕ

∂D

∣∣∣
D=Dt

(2.7)

then Eq. 2.6 defines a deterministic dynamical system. To assess convergence, we lin-

earize this system about the stationary points from the preceding section and evaluate

eigenvalues of the Jacobian matrix (Fig. 2.3). Note, for a helpful reference on this pro-

cess, see Brunton and Kutz 2017. The system with constant learning rates can be con-

sidered discrete-time, since the updates to time occur at discrete time intervals. Since the

system is discrete-time, the magnitude of these eigenvalues determines how quickly the

co-adaptation dynamics converge to stationarity.

Stochastic gradient descent

As noted in Müller et al. 2017, evaluating the exact gradients in Eq. 2.7 requires each agent

to know the other’s parameters. As an alternative, we consider the dynamics obtained

when agents use a stochastic approximation of their gradient. One such approximation is

Nesterov and Spokoiny (2017, Eq. 31).
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∆E =
1

ℓνE

ℓ∑
i=1

(cE(E + νEδE, D)− cD(E,D)) ·M−1
E δE

∆D =
1

ℓνD

ℓ∑
i=1

(cD(E,D + νDδD)− cD(E,D)) ·M−1
D δD

(2.8)

where δE ∼ N (0,ME), δD ∼ N (0,MD) are zero-mean normal random vectors with co-

variances ME , MD, respectively. δ represents the direction of the random search. M−1

represents a correlation operator to constrain δ to the unit sphere so that the stochastic

gradient descent converges. νE and νD are the difference parameters that scale the contri-

bution of the δE and δD, respectively. ν scales the contribution of that perturbation to the

overall gradient update. We implement this approximation for our numerical simulations.

Note that Eq. 2.8 defines unbiased estimates for the exact gradients in Eq. 2.7 that each

agent can evaluate using its own cost and parameters without requiring it to know the cost

or parameters of the other.

2.3 Results

The methods of the preceding section apply to task and biosignal spaces of arbitrary di-

mension. To illustrate an interpretation of this model, we analyzed the simplest case where

the task is 1-dimensional (d = 1) and there is a single biosignal channel (n = 1) being input

to the decoder. We also apply some assumptions in our results for simplicity of analysis.

2.3.1 Stationary Points of the Potential Game

When the same value λE = λD = λ ∈ (0, τ 2) is chosen for the regularization parameters in

the user and the decoder cost functions (Eq. 2.4), the potential function (Eq. 2.5) has two

stationary points (the Nash equilibria of the potential game),

E∗ = D∗ = +

√
1− λ

τ 2
and E∗ = D∗ = −

√
1− λ

τ 2
, (2.9)
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Figure 2.4: Single Dimensional Simulations. Gradient field of potential function (Eq. 2.5) with penal-

ties λE = λD = λ and varying amounts of λ.This diagram illustrates the presence of stationary points

as the λ term changes: A. λ = 0, B. λ = 0.5, and C. λ = 1. Purple (User) and orange (decoder) curves

are nullclines (where ∂ϕ
∂E = 0 or ∂ϕ

∂D = 0, respectively) that intersect at stationary points. The cost

functions are from Eq. 2.4 and normalized task (τ2 = 1) as in Sec. 2.2.3.

obtained by applying the procedure described in Sec. 2.2.3. (When λ > τ 2, the only station-

ary point is at the origin E∗ = D∗ = 0; when λ < 0 there are no stationary points.) Fig. 2.4

illustrates these stationary points as λ varies. Substituting the stationary point (Eq. 2.9) into

the cost functions (Eq. 2.4) yields stationary costs

cE(E
∗, D∗) = cD(E

∗, D∗) = λ (2.10)

and stationary task error

ε(E∗, D∗) =
λ2

τ 2
. (2.11)

Note that, as the penalty parameter λ goes to zero, the stationary task error goes to zero

at a quadratic rate.
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2.3.2 Convergence of Deterministic Gradient Descent

When the same value λE = λD = 1
2

is chosen for the L2-regularization parameters in the

user and the decoder cost functions, Eq. 2.4, and the task space is normalized so that τ 2 = 1,

the eigenvalues of the linearization of Eq. 2.6 at either of the stationary points Eq. 2.9 are

{1− 2αE, 1− 2αD} . (2.12)

The co-adaptation dynamics converge if the eigenvalues lie inside the unit circle, which

occurs precisely when

0 < αE < 1, 0 < αD < 1. (2.13)

Since the eigenvalue with the maximum magnitude determines the asymptotic convergence

rate, the learning rates αE = αD = 1
2

yield the fastest convergence rate.

2.3.3 Convergence of Stochastic Gradient Descent

To corroborate analytical results reported in the preceding sections, we ran batches of nu-

merical simulations of the co-adaptation dynamics in Eq. 2.6 using the stochastic gradient

estimate in Eq. 2.8. These simulations converged to the stationary points in Eq. 2.9 as pre-

dicted (Fig. 2.5).

2.3.4 Extension to Multi-channel Case

The dynamical systems methods still hold for the multichannel case where D ∈ RN×1,

E ∈ RN×1 and N > 1. We keep the target to be 1-dimensional: τ ∈ R1. Linearizing about

the fixed point and setting λE = λD = λ, we find:

D∗⊤E∗ = 1− λ

τ 2
. (2.14)

Thus, since, 1 − λ
τ2

must be a scalar value, D and E are not linearly independent at the

stationary points. The implication is that at stable task performance in a 1D co-adaptive
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Figure 2.5: Simulations of single-dimensional case.

A. Numerical simulations of co-adaptation (Eq. 2.6) with stochastic gradients (Eq. 2.8) demon-

strate exponential rate of convergence to stationarity (Decoder (orange): ∥Dt −D∗∥, User (purple):

∥Et − E∗∥ converge to zero at exponential rate); the difference in convergence rate is caused by a

difference in learning rates (αE = 5× 10−3, αD = 2.5× 10−3). Each trace represents a run (n = 100)

and the solid trace represents the mean across runs.

B. Stationary cost (Eq. 2.10) and task error (Eq. 2.11) determined analytically (traces) and computed

from numerical simulations (markers) for different values of penalty parameter λE = λD = λ.

interface system, the user and the decoder parameters would be co-linear. As the user and

decoder approach convergence, the task error approaches

ε(τ, y) = ∥τ − y∥ = ∥τ − (1− λ

τ 2
)τ∥. (2.15)

Numerically simulating the multidimensional case with N = 10 channels, τ = 1, and λ =

0.25, we find that the user and decoder co-adapt to approach the cursor position (y = 0.75τ )

and task error (ε = ∥0.25τ∥) that was computed based on these analytical methods (Fig. 2.6).
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Figure 2.6: Multidimensional Simulation. Numerical simulations of co-adaptation (Eq. 2.6) with

stochastic gradients (Eq. 2.8) demonstrate approach towards predicted target (black) and cursor

(blue) position. The target position was alternating across x = −1 and x = 1, which represented

the target at two different positions. The following parameters were used for this simulation: λD =

λE = 0.25, N = 10.
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2.4 Discussion

2.4.1 Key Assumptions and Considerations of Model

It is important to keep in mind key assumptions and considerations of this user-machine

model formulation here, in no significant order.

• Learning in this model occurs in discrete steps from trial-to-trial or sample-to-sample,

and no longer-term or shorter-term learning processes are integrated into this model.

• The learning rates associated with stochastic gradient descent (αE , αE) are constant

throughout the trials, signifying that the brain and the decoder both adapt at a con-

stant rate throughout the experiment.

• This model assumes that the user has knowledge of its own parameters and the ability

to evaluate its own cost function. The biological plausibility of the user’s encoder

being able to compute the gradient of its own cost function is debatable.

• The user’s biosignals are assumed to adapt independently in this model. The change

in the activity of a single channel (i.e., change in firing rate of a single neuron) does

not influence the activity of other channels during the same trial.

• The cost functions of the user and the decoder are differentiable. This assumption is

important for mathematical and computational analyses.

2.4.2 Interpretation of Results

Stationary points

The formulation of user-decoder co-adaptation in a game-theoretic framework naturally

leads to the consideration of stationary points (Nash equilibria). Our analysis focused on

how the penalty parameters λE, λD (Eq. 2.4) affect these stationary points. Focusing on

the case where λE = λD = λ ∈ (0, τ 2), we found that λ ∈ (0, τ 2) is necessary for the

existence of non-trivial stationary points: no points are stationary when λ < 0 and only the

origin is stationary when λ > τ 2. Since these stationary points are our model’s surrogates
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for the stable cortical maps that experiments suggest are highly desirable for skillful control,

this finding indicates that penalty parameters can play an important role in ensuring such a

stable outcome can be achieved.

Convergence of co-adaptation

Assuming both the user and decoder adapt their parameters using a gradient-based scheme,

we analyzed convergence of co-adaptation to stationarity. Our analysis showed that the

learning rates αE, αD play a critical role in convergence. Focusing on the case where λE =

λD = 1
2

and τ 2 = 1, we found that convergence is guaranteed so long as

ρ = max {|1− 2αE|, |1− 2αD|} < 1, (2.16)

in which case ρ determines the rate of convergence since Et → E∗ and Dt → D∗ exponen-

tially in time/trial t with rate ρ < 1:

|Et − E∗| ≤ CEρ
t, |Dt −D∗| ≤ CDρ

t, (2.17)

for some fixed constants CE, CD > 0. Our findings demonstrate that the decoder’s learn-

ing rate must be chosen carefully, as learning too fast may lead to an unstable outcome,

whereas learning too slow may limit the rate of convergence to stationarity. These analyti-

cal results are corroborated by previous simulation and experimental findings (Müller et al.,

2017; Orsborn et al., 2012).

2.4.3 Relevance of Game Theory to Co-adaptive Neural Interfaces

The field of game theory considers interactions between multiple decision-makers that act

independently in their own self-interest (Başar and Olsder, 1999; Fudenberg and Levine,

1998; Neumann and Morgenstern, 1944). One common paradigm models these actors

(also referred to as agents or players) as making decisions rationally by optimizing individ-

ual utility functions (also referred to as costs or rewards) whose values are determined by
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Figure 2.7: Conceptual illustration of leader-follower relationships in co-adaptive user interfaces.

The top graphs show the combined user-decoder action space, which represents the action taken

by either the decoder, the user, or both simultaneously. The bottom graphs represent the user and

the decoder actions across time.

Scenario 1. (Left) shows the decoder leading. The decoder starts with an action, and the user follows

in response with multiple actions. This repeats until convergence is met.

Scenario 2. (Middle) shows simultaneous play, both agents update at the same time.

Scenario 3. (Right) is also a leader-follower interaction, but with the user leading. Importantly, the

relationship between player actions will lead the system to converge to different equilibria.
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all player decision variables. In such games, individual player decisions influence those of

their opponents and are, in turn, influenced by their opponents’ decisions. Depending on

the relationship between player utility functions, these games can be zero-sum (utilities

exactly opposed), potential (utilities exactly aligned), or general-sum (utilities neither ex-

actly opposed nor aligned). If players are not willing or able to collude, the game is termed

non-cooperative.

In the context of co-adaptive user-machine interfaces, it is generally appropriate to regard

the user and machine as independent decision-making agents playing a non-cooperative

game, since neither of the “intelligent” agents can know exactly what is on the other’s

“mind”. Human decision-making may be influenced by a variety of factors including task

performance, physical exertion, or personal preferences. Games that arise in user-machine

interfaces are unlikely to be zero-sum by design, assuming the machine’s goal is to assist

the user. However, it may not be possible to perfectly align player utilities if the factors the

human attends to and their relative weights in the human’s utility are unknown or uncertain,

hence the general-sum setting may be appropriate in many cases.

Game theory is commonly used to predict the outcome of agent interactions using different

notions of stationary or equilibrium play. Multiple equilibria can arise in the same game, de-

pending on the details of how agents adapt. For instance, Fig. 2.7 illustrates a co-adaptive

system that converges to either Nash or one of two Stackelberg equilibria depending on

the ratio of human and machine adaptation rates, which determines an order of play for

the game. Game-theoretic equilibria generally represent trade-offs between players’ con-

flicting goals. In the design of human-machine interfaces, we may seek machine adaptation

schemes yielding equilibrium outcomes that favor the human. This theoretical framework

presents a basis for simulating co-adaption using dynamic game theory and can be extended

to tasks with multiple dimensions and to different decoder models. This framework can ul-

timately be used to inform adaptive decoder design to shape user learning and optimize

user-machine interface performance as will be shown in the subsequent chapters.
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Chapter 3

EVALUATING PROPOSED DECODER ADAPTATION
SCHEME IN MYOELECTRIC INTERFACES

3.1 Introduction

Direct control of devices using neural or myoelectric activity has many applications, includ-

ing brain-computer interfaces to restore function (BCIs) (Carmena, 2013; Shanechi et al.,

2017), human-machine interfaces (HMIs) (De Santis, 2021), rehabilitation (Reinkensmeyer

et al., 2016; Li et al., 2016), neuroprosthetics (Hochberg et al., 2012), and augmenting hu-

man capabilities (Willett et al., 2021). However, variability in the efficacy of neural inter-

faces across users (Zhang et al., 2020) and variability in neural signals within a single user

over time (Yamagami et al., 2018) present challenges to the safety and performance of these

interfaces.

Designing neural interfaces that adapt to individual users while also guiding how the user

learns to control the interface can potentially improve usability. Such co-adaptive interfaces

are more robust to variability across and within users by jointly optimizing the closed-loop

interaction between the user and device. Previous studies explored how co-adaptation can

reduce task error (Müller et al., 2017; Orsborn et al., 2012, 2014) and maximize interaction

efficiency (De Santis, 2021). For example, Orsborn et al. (2012) proposes and validates

SmoothBatch, a closed-loop adaptation algorithm that iteratively updates the decoder to

reduce task error. However, algorithms that only consider error and ignore user effort lack

theoretical guarantees of convergence. Co-adaptive interfaces present a new challenge:

both the user and the decoder are adapting in a closed-loop system, creating a two-learner
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Figure 3.1: Myoelectric interface experiment schematic. Users track a target by controlling 2D

cursor velocity with their muscle activity via an adaptive decoder. Feedback to the user is provided

via task error between the target and cursor position.

problem. Thus, creating co-adaptive systems that converge to equilibria and are control-

lable for a diversity of users remains a challenge.

With the aim of developing and testing computational frameworks for measuring and shap-

ing co-adaptive interactions, such as the one introduced in Chapter 2, we created an experi-

mental platform to study co-adaptation using non-invasive myoelectric interfaces (Fig. 3.1).

This platform created novel human-machine interactions for our human participants (N=14)

which let us systematically manipulate decoder properties to investigate the effect of de-

coder adaptation on user learning. Our myoelectric interface had similar properties to

many common motor neural interfaces, including brain-computer interfaces: it used high-

dimensional biosignals to control a lower-dimensional movement (Seo et al., 2022; Portnova-

Fahreeva et al., 2023) and was a closed-loop system that can facilitate user adaptation (Hahne

et al., 2017). Past work highlights that co-adaptive myoelectric interfaces also face engi-

neering challenges due to complex user-decoder dynamics (Hahne et al., 2015; Couraud

et al., 2018). The non-invasive nature of myoelectric interfaces let us validate our approach
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on a larger subject cohort than is possible with implants.

Users were asked to control a 2D continuous cursor to follow a 2D target trajectory in a

closed-loop myoelectric interface. We use a similar decoder update paradigm as Smooth-

Batch (Orsborn et al., 2014) and verify that our new adaptive decoder (proposed in Chapter

2) performs as expected; our decoder can be randomly initialized and adapt with the user-

in-the-loop to improve control of a 2D continuous cursor. Human subjects learned to use

our interface to perform a two-dimensional trajectory-tracking task. The focus of this chap-

ter is the translation of our game-theoretic framework to experiment by testing a proposed

adaptive decoder and decoder parameters in a myoelectric interface.

3.1.1 Related Work

Prior research modeling closed-loop interface dynamics has also combined both analytical

model predictions with experimental results to reveal important adaptive decoder charac-

teristics for future decoder design. For example, Müller et al. 2017 presented a model for

co-adaptive human-machine interactions, treating the human and machine as two linear

systems coupled by a joint loss function, and focusing on the learning rates of the two

learners. Müller et al. 2017 implemented their model in a 1D mouse-controlled tracking

task and empirically verified their model’s prediction that decoder learning rates are con-

strained within a range for best performance results. Similarly, Dangi et al. 2013 modeled

the convergence properties of closed-loop decoder adaptation algorithms, aiming to iden-

tify decoder parameters for rapid convergence or maintaining high performance in brain-

computer interfaces. Dangi et al. 2013 validated their analytical predictions about closed-

loop decoder convergence with empirical results from non-human primate brain-computer

interface experiments. Leveraging their experimentally-tested mathematical analysis, Dangi

et al. 2013 then determined ways to improve their adaptive decoding scheme and to inform

future decoder design.

In recent years, game theory has been proposed as a framework to study and model two-



34

learner dynamics in sensorimotor control (Braun et al., 2009; Li et al., 2019, 2016; Müller

et al., 2017; Madduri et al., 2021). Game theory provides established techniques for pre-

dicting convergence to and stability of stationary points in two-learner systems (Ratliff et al.,

2013; Başar and Olsder, 1999). Prior studies have leveraged potential games to explore

how human-decoder interactions co-adapt with practice, both in simulation (Madduri et al.,

2021) and in human-subject experiments (Li et al., 2016, 2019). For example, (Li et al., 2019)

modeled a robot and human physically interacting using game theory, and demonstrated

that each learner estimating the other’s controller will converge to the Nash equilibrium.

Such two-learner models could predict and shape the evolution of user-decoder dynamics.

However, predictions from the game-theoretic framework have not yet been experimen-

tally tested for neural interfaces.

3.1.2 Contributions of This Chapter

In this chapter, we propose and experimentally test a game-theoretic framework to opti-

mize closed-loop performance of a myoelectric interface (using surface electromyography,

sEMG) through co-adaptation of the user and decoder. In particular, we model the user and

decoder as two players in a potential game and implement a natural (co-)adaptation strategy

for the decoder: iteratively update to minimize the decoder’s cost. We demonstrate that

the adaptive algorithm can be used to optimize cursor control without prior initialization or

calibration of the decoder.

In a human subjects experiment with 14 participants, we found that the user and de-

coder co-adapt to significantly improve tracking performance during a five-minute two-

dimensional trajectory-tracking task. We explored three different decoder adaptation pa-

rameters: (1) decoder learning rate (i.e., rate of decoder adaptation), (2) decoder initializa-

tion, and (3) decoder penalty term (i.e., scaling of the decoder cost function). We found that

decoder learning rate affected performance: the slower learning rate led to better tracking

performance than the faster learning rate. We additionally found that neither decoder ini-
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tialization nor decoder penalty term affected task performance. While closed-loop adaptive

decoders are not new, this chapter contributes a systematic exploration of decoder adap-

tation parameters on closed-loop myoelectric interface performance. This chapter can be

viewed as a stepping stone towards more complex co-adaptive interfaces that use closed-

loop decoder adaptation (CLDA, Orsborn et al. 2012) as a tool for shaping and guiding user

adaptation.

The chapter demonstrates:

1. experimentation and evaluation of a new decoder adaptation algorithm that per-

formed similarly to previous decoder adaptation algorithms;

2. an exploration of decoder adaptation parameters on interface performance;

3. a general-purpose optimization tool to design decoders with multiple objectives.

3.2 Methods

3.2.1 Experimental Methods

Participants

Fourteen volunteers were recruited for this study and gave their written consent prior to

experiments, according to study procedures approved by the University of Washington’s

Institutional Review Board (IRB #STUDY00014060). All participants were compensated

monetarily for their time. All participants had no known motor disorders. Participant de-

mographic information (including gender, weight, height, age, and handedness) was col-

lected via a demographics survey that participants completed before the experiment (see

Table 3.1). Only forearm circumference was measured by the experimenter, all other infor-

mation was self-reported.
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Figure 3.2: Experimental test-bed.

A. Photograph of experiment. The user tracks the target (dashed red) by controlling the velocity of

a 2D cursor (solid blue) with their forearm muscle activity. Muscle activity is collected via surface

EMG electrodes that are placed on the participant’s dominant forearm and wrapped with Coban

tape.

B. Electrode placement on dominant forearm. Surface EMG electrodes are placed on user dominant

forearm to target Extensor Carpi Radialis.

C. Schematic of EMG preprocessing and decoding pipeline. EMG signals recorded from the user

forearm are preprocessed and then input to the adaptive decoder. The decoder output is the cursor

velocity that is integrated to display cursor position (blue) on the screen.
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Figure 3.3: Experimental session schematic. Participants completed eight trials with different de-

coder conditions in both block 1 and 2 (random order). Each trial was 5 minutes. The decoder was

initialized to random weightings and adapted every 20 seconds within trials.

Experimental design

Participants were asked to control a cursor on the screen – using muscle activity from their

forearms measured via electromyography (EMG) – to follow a 2-D continuous target tra-

jectory as closely as possible (Fig. 3.2A). Participants were told that they might not be able

to control the cursor at the beginning of the trial but to expect that their cursor control

would improve as the trial progressed. If the participant’s cursor was stuck in the corner or

edge of the screen for longer than 3.33 seconds, the cursor was automatically reset to the

center of the screen. Participants sat in a chair with no restraints facing a computer screen

(HP Compaq L2206tm, 1900×1600, 46.5cm×24.5cm). The computer screen displayed a

red target circle (RGB: 1, 0, 0). The cursor was a blue circle (RGB: 0, 0, 1). The target was

three times the area of the cursor (Fig. 3.2A).The target and cursor positions were updated

and displayed at 60 Hz. The task was programmed using the pygame and LabGraph Python

packages.

Following prior work (Yamagami et al., 2020; Yang et al., 2021; Yamagami et al., 2021), the
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target traversed a pseudorandom trajectory, which was generated by a sum-of-sinusoids

with randomized phases with frequencies that were prime multiples of 0.05 Hz (x-axis fre-

quencies = 0.10 and 0.25 Hz, y-axis frequencies = 0.15 and 0.35 Hz). We randomized the

phase of the sum-of-sines so that the reference trajectory would be unpredictable to the

participants. Distinct prime multiples were chosen in each direction to provide separability

in the x- and y-axes for any frequency-based analysis. To ensure constant signal power,

the magnitude of each frequency component was normalized by the frequency squared.

The trajectory was different every trial. Each trial was 5 minutes with a 5-second ramp

period during which the cursor and target speed slowly increased from stationary to the

experimentally-prescribed speeds. This ramp period followed prior experiments (Yamagami

et al., 2021) and was added to give participants time to recognize the starting cursor and

target movements. Participants completed 16 trials of 5-minutes each in 2 blocks; each

block consisted of 8 trials. Participants were given a 5-minute break in between each block

but their EMG array and placement did not change throughout the experiment (Fig. 3.3).

EMG signal collection and processing

EMG signals were obtained using a Quattrocento system (Bioelettronica, Italy). A 64-

channel high-density surface EMG electrode array (8mm inter-electrode spacing, 5×13

electrode rectangular layout) was placed on the dominant forearm of each participant,

targeting the Extensor Carpi Radialis (Fig. 3.2B). Electrodes were placed on the dominant

arm for each participant. Once placed, the electrode array was wrapped with Coban self-

adherent wrap (3M, Saint Paul, Minnesota). The electrode cables from the Quattrocento to

the array were secured to minimize motion artifacts.

EMG signals were acquired using Biolite Software (Bioelettronica, Italy) at 2048 Hz with

Differential Mode with the built-in low-pass filter of 130 Hz and a high-pass filter of 10

Hz.We filtered and rectified the EMG data following prior pre-processing techniques to

compute the EMG linear envelope (Yamagami et al., 2018; Chvatal and Ting, 2013): a 40-
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Figure 3.4: Example pre-processed and post-processed EMG signal. (Left) Example EMG signal

acquired from one channel of high-density sEMG electrode via Quattrocento Bioelettronica. (Right)

Example of same EMG signal after filtering and rectification.

Hz high-pass filter, rectification, and a 40-Hz low pass filter. A moving average filter was

applied to downsample EMG signals from 2048Hz to 60Hz (Fig. 3.4).

3.2.2 Myoelectric Interface Decoder

Real-time myoelectric control was implemented with a velocity-controlled Wiener filter

that output a cursor velocity vt ∈ R2,

vt = D · ut , (3.1)

where ut ∈ RN is the processed EMG signals of N = 64 channels and D ∈ R2×N is the

decoder mapping. The cursor velocity is integrated to output a cursor position yt ∈ R2,

yt = yt−1 + vt∆t . (3.2)
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where ∆t is the time between cursor updates.

Myoelectric Interface Decoder Adaptation

Decoder adaptation consisted of two steps:

Step 1: Calculate optimal decoder D∗

Calculate the optimal decoder D∗ by minimizing the cost function cD based on the previous

20 seconds of user and trial data:

D∗ = min
D

cD(D) . (3.3)

Step 2: Update next decoder D

Then, update the next decoder D following the SmoothBatch approach (Orsborn et al.,

2012), which uses a weighted combination of the prior decoderD− and the optimal decoder

D∗:

D = αD− + (1− α)D∗, (3.4)

where α is the learning rate.

The decoder cost function was minimized using SciPy. To satisfy real-time timing con-

straints on decoder cost minimization, we initialized D∗
0 = (τ − y) · s+ using the previous

20 seconds of data (Ch. 2). At the start of each trial, the decoder was initialized by ran-

domizing the decoder weightings from a uniform distribution (using NumPy.random.rand)

and multiplying by a scalar factor. Each user had two different decoder initializations, re-

ferred to as D1 and D2. Initial decoders for each participant’s trial were set to either D1

or D2 only. Note, while we programmed the decoder to update every 20 seconds, due to

slight software imprecision, the decoder update actually occurred approximately every 18

seconds.
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Decoder Cost

The decoder cost function was formulated in earlier work (Ch. 2) and aims to minimize both

the tracking error and decoder effort as the decoder adapts. Minimizing velocity error is

a common goal in user-machine interfaces, seen widely across neural interfaces (Orsborn

et al., 2014; Wodlinger et al., 2015), body-machine interfaces (Seáñez and Mussa-Ivaldi,

2013), and myoelectric interfaces (Hahne et al., 2015; Radhakrishnan et al., 2008). Decoder

effort is considered as part of the decoder cost since our prior theoretical analysis suggested

that a regularization term in the user and decoder costs is necessary to ensure convergence

in the user-decoder co-adaptation game to stable stationary points (Madduri et al., 2021).

The decoder cost cD is constructed as a linear combination of the task error and decoder

effort:

error = ∥D · u− 1

∆t
(τ − y)∥22 , effort = ∥D∥2F ; (3.5)

here ∥x∥2 denotes the 2-norm of the signal x : [0, t] → Rd, and ∥X∥F denotes the Frobenius

norm of the matrix X ∈ Rm×n. The decoder cost cD is then,

cD = ∥D · u− 1

∆t
(τ − y)∥22 + λD∥D∥2F , (3.6)

where λD is the penalty term of the decoder effort.

Decoder Conditions

We varied the decoder cost function and parameters of decoder adaptation to determine

how it influenced system performance and user behavior. Specifically, the role of (1) de-

coder learning rate α, (2) decoder penalty term λD, and (3) decoder initialization on co-

adaptive system performance was tested.
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1. Decoder Initialization: Two randomized initializations of the D decoder matrix were

used, D1 and D2: positive (matrix elements chosen uniformly at random in the range

[0, 10−2]) and negative (elements chosen uniformly at random in [−10−2, 0]). The gain

(10−2) of the decoder initialization was chosen by empirically testing whether the ini-

tial cursor velocity was controllable or not. If the initial gain of the decoder was too

high, the initial cursor velocity would be too high for participants to even attempt

control.

2. Decoder Learning Rate: Two different decoder learning rates were tested: slow (α =

0.75) and fast (α = 0.25). A slow learning rate meant that the new decoder had more

emphasis on the previous decoder, D−. A fast learning rate meant that the new de-

coder had more emphasis on the optimal decoder, D∗. Initially, three learning rates

were tested in pilot experiments: α = 0.25, α = 0.5, and α = 0.75. We empiri-

cally found that only the fastest learning rate, α = 0.25, negatively impacted control,

and the other two learning rates did not have effects that were significantly differ-

ent from each other. Thus, we chose the two extreme learning rates to test for our

experiments: α = 0.75 and α = 0.25.

3. Decoder Penalty Terms: Two decoder penalty terms were tested: low (λ = 102) and

high (λ = 103). These were the regularization terms in Eq. 3.6. In the case with the

higher decoder penalty term, minimizing the decoder cost meant that there was more

emphasis on minimizing the decoder effort and less emphasis on minimizing the task

error as compared to the lower decoder penalty term scenario. Similar to the learn-

ing rates, we empirically tested multiple different penalty terms before running our

experiments. Since we wanted to primarily test the impact of the decoder penalty

term on the decoder and user’s efforts, we chose two different penalty terms that

participants could still control and would not impact task error.

We tested all combinations of learning rates, penalty terms, and initializations, leading to a
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total of eight different decoder conditions.

3.2.3 Data Analysis

Our primary metric for quantifying performance was the tracking error, calculated as the

Euclidean distance between the target and the cursor, ∥τ − y∥2. We assessed changes in

task performance within a trial by comparing the mean tracking error in the first (early) and

last (late) 30 seconds of the trial (excluding ramp-up time). Because participants’ proficiency

in tracking varied, we quantified improvements over time by calculating the relative error:
errorfi
errori

× 100%, where errorfi = errorfinal—errorinitial.

3.2.4 Statistical Analyses

All analyses treated participants as individual data points and computed the mean across

decoder conditions (learning rate, penalty terms, initialization) and trials. To assess sta-

tistical significance across time and conditions for each participant, we used a two-sided

Wilcoxon signed-rank test (scipy.stats.wilcoxon), which is a paired, non-parametric test.

We chose a non-parametric statistical test because of subject-to-subject variability. Figure

boxplots were plotted with Matplotlib.pyplot.boxplot (center line, median; box limits,

upper and lower quartiles; whiskers, 1.5x interquartile range; fliers not plotted).

3.3 Results

3.3.1 Trajectory tracking performance improved

Task performance, as measured by time-domain tracking error, improved within individual

trials (Fig. 3.5A): comparing tracking error early (first 30 sec) and late (last 30 sec) in trials

across all conditions (learning rate, initialization, decoder effort weight, and trial block), we

found that performance significantly improved within trials (Fig. 3.5B, C).
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Figure 3.5: Target and Cursor Trajectory Tracking. Comparison of the target (red dashed trace, τ )

and cursor (blue straight trace, y) positions over time for one example trial for one subject. The

y-axis is normalized coordinates, and the x-axis is the time in minutes within the trial. The black

vertical lines represent decoder adaptations. Horizontal (x) and vertical (y) positions are shown in

the top and bottom plots, respectively.

A. Example cursor y (solid blue) and target τ (dashed black) trajectories over time for one example

trial for one subject. Vertical black lines represent decoder updates. The y-axis is normalized co-

ordinates, and the x-axis is the time in minutes within the trial. The black vertical lines represent

decoder adaptations. Horizontal (x) and vertical (y) positions are shown in the top and bottom plots,

respectively.

B. Mean tracking error (N = 14, median with shading indicating interquartile range) early (first 30

sec) and late (last 30 sec) in trials. Error (∥τ − y∥) was averaged across trials for each participant.

Wilcoxon signed-rank test, **p < 0.001.

C. Mean tracking error for all trials (N = 224, median with shading indicating interquartile range) early

(first 30 sec) and late (last 30 sec) in trials. Error (∥τ − y∥) was computed for each trial. Wilcoxon

signed-rank test, **p < 0.001.
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3.3.2 Decoder initialization did not affect interface performance

Performance improved as the decoder adapted during a trial and these performance im-

provements were not impacted by decoder initialization (Fig. 3.6), similar to invasive brain-

computer interface adaptive decoder studies (Gilja et al., 2012; Orsborn et al., 2012; Dangi

et al., 2013).
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Figure 3.6: Performance improved regardless of decoder initialization. Mean error (N = 14, median

with shading indicating interquartile range) separated by decoder initialization (D1, D2) early and

late in trials. Error (∥τ − y∥) was averaged across trials for each participant. Wilcoxon two-sided

signed-rank test, ns > 0.05.

3.3.3 Decoder learning rate affected performance

The slow learning rate yielded better tracking performance (Fig. 3.7): comparing the relative

error between the early and late 30 seconds of the trial, we found a significantly greater im-

provement in performance for the slow learning rate than for the fast learning rate (Fig. 3.8).
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Figure 3.7: Tracking Error by Learning Rate. Median tracking error per subject (N = 14) over the

five-minute trial, separated by decoder learning rate (slow vs. fast). Error was calculated at each

time point and smoothed with a low-pass filter over 5 seconds for visualization. Solid lines show

the median, and shading shows 25% interquartile.

3.3.4 Only decoder learning rate affected performance

Comparing the relative error between the early and late 30 seconds of the trial, we found

that only learning rate significantly impacted performance. Neither decoder initialization

nor penalty significantly affected performance (Fig. 3.8).

3.3.5 Decoder penalty term affected decoder effort

Comparing the relative error of the first to the last 20 seconds between the high and low

decoder cost weights, we found no significant effect on task performance (Fig. 3.8c). How-

ever, we did observe an effect on the Frobenius norm of the decoder based on the decoder

cost weight (Fig. 3.9). The decoder Frobenius norm is overall higher for the low decoder

cost weight than for the high decoder cost weight.
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Figure 3.8: Median Relative Error Across Decoder Conditions. Median relative error across all

blocks and for each learning rates for each subject (slow—dark green, fast—light green), for each

decoder initialization for each subject (D1—light orange, D2—dark orange), and for each decoder

penalty term λ for each subject (high λ - dark blue, low λ - light blue); statistical comparisons across

conditions (N = 14) with a Wilcoxon two-sided signed-rank test (slow vs. fast: p = 0.0001, D1 vs.

D2: p = 0.6698, high λ vs low λ: p = 0.326). Only (a) is statistically significant (p < 0.05)).
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Figure 3.9: Decoder Norm Distributions Across Penalty Terms. (Left) Decoder norm (||D||F ) dis-

tributions across trial (lines show the median, shading shows 25% interquartile region) for median

decoder cost weight per subject (N = 14) across conditions (blocks, learning rate, decoder initial-

ization). Solid dark blue trace indicates high penalty, light dashed blue trace indicates low penalty.

Markers indicate decoder updates. (Right) Decoder norm averaged across trial then averaged across

subject. Wilcoxon two-sided signed-rank test, ns > 0.05.
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3.4 Discussion

The aim of this study was to compare the performance of a new adaptive decoder with per-

formance from prior CLDA experiments. We observed that updating a randomly-initialized

decoder to minimize task error and decoder effort enabled users to control a 2-dimensional

trajectory-tracking task with no calibration. These performance results were in line with

prior research (Orsborn et al., 2014). Performance was affected by decoder learning rate but

not by initialization nor by cost weights. However, decoder initialization and cost weights

influenced the final decoder, suggesting a potential avenue to influence user learning.

In contrast to prior work that optimized exclusively for task error (Orsborn et al., 2012,

2014; Müller et al., 2017) or interaction efficiency (De Santis, 2021), our experiments em-

ployed a new decoder adaptation scheme that optimized a cost function that captures the

trade-offs of a two-learner human-decoder interface. Similar to previous studies (Orsborn

et al., 2012), our co-adaptive framework yielded rapid calibration independent of initializa-

tion. But our framework can potentially shape both the decoder and the human by changing

parameters such as decoder learning rate, initialization, and cost weights.

Similarly to previous studies of learning rate on human-decoder co-adaptation that opti-

mized for task error (Müller et al., 2017), we found that a slow learning rate resulted in a

lower task error than a fast learning rate. This may be because slow decoder adaptation

is less affected by random fluctuations in myoelectric activity or changes in human effort.

Performance outcomes could differ with longer trials. Studying variability and performance

over longer time scales is important for future work.

Our preliminary analysis suggests that decoder initialization location did not affect task

performance. The robustness of task performance despite varying decoder initialization

locations is congruent with prior co-adaptive algorithms that solely optimized for task per-

formance (Orsborn et al., 2012; Shanechi et al., 2016). Initial performance is a result of

the random decoder initialization, so low variance in initial performance across subjects
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does not reflect subject performance. Final performance is due to decoder adaptation and

user performance, hence the larger variance across subjects in final versus initial perfor-

mance. Lastly, the theoretical analysis in Madduri et al. (2021) suggested that decoder ini-

tialization may bias the system towards different equilibria, which we may have observed in

this study. Additional analyses and longer-term experiments may help quantify the system

equilibria and the effect of decoder initialization location on the final decoder location. We

also acknowledge that experiments with a higher number of subjects would be valuable to

strengthen these results.

Lastly, our experiments suggest that decoder penalty terms influenced the learned decoder

without impacting task performance. This finding that a higher decoder cost weight led to a

lower decoder Frobenius norm is consistent with theoretical expectations of minimizing the

decoder cost. Task performance being unaffected by different decoder norms suggests that

users may be able to learn multiple decoders. Users might be potentially compensating for

different decoders in their learned strategies. A particularly compelling question for future

work is whether the user’s encoding or control strategy is biased by the decoder parameters

of the learning rate, initialization, and penalty terms.

Designing neural interfaces that can adapt to a wide range of users is key to improving

neural interface adoption and usability. Neural interfaces that adapt to individual users and

shape user learning through co-adaptation could lead to individualized and robust neural

interfaces. We approach the analysis and synthesis of co-adaptive neural interfaces from a

game-theoretic perspective that treats the human and decoder as two independent agents

in a game. This chapter informs an initial exploration of the effect of a game-theoretic

adaptive decoder framework and differing parameters on user learning. We found that

decoding parameters systematically influence the interface performance and also match

the expected predictions from the game-theoretic model. We continue to analyze these

predictions through the remaining chapters.
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Table 3.1: Participant Demographics

Responses

Gender
Women: 9

Men: 4

Prefer Not to Answer: 1

Weight (mean ± std, lbs.) 140 ± 21.6

Height (mean ± std, in.) 65 ± 3.4

Age (mean ± std, yrs.) 23 ± 3.9

Forearm Circumference (mean ± std, in.) 10 ± 0.8

Handedness
Right-Handed: 12

Left-Handed: 2

Level of Ambidexterity
Dominant: 8

Mostly Dominant: 5

Ambidextrous: 1
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Chapter 4

ENCODER ESTIMATION METHODS REVEAL
CLOSED-LOOP INTERACTIONS

4.1 Introduction

Distinguishing user and decoder contributions in an interface is key to understanding and

designing closed-loop, co-adaptive systems. As we begin to tune interfaces for different

users and purposes, we need to be able to measure inputs from both users and decoders.

Understanding whether and what changes in interface performance, for example, are due

to user adjustments or decoder updates is key to programming and optimizing future inter-

faces. While decoders are known exactly and can be easily interpretable, the user model

must be estimated. Decoding algorithms inherently depend on the user’s encoding. Ana-

lyzing if and how a user’s encoder changes in relation to the task and to the decoder output

provides approaches to designing decoders that can influence or shape users encoders. In

this chapter, we build upon control theory methods in continuous trajectory tracking to

estimate a user’s model and demonstrate how this model can be used to quantify user-

decoder interactions.

Direction-tuning analysis is often used with neural and myoelectric interfaces (e.g., Geor-

gopoulos et al. 1986; Couraud et al. 2018; Radhakrishnan et al. 2008) to characterize user

activity in a task-relevant manner. However, direction-tuning analysis does not provide a

model for the user and, therefore, limits our ability to examine user-decoder interactions.

We used methods from control theory, a discipline focused on analysis and synthesis of

feedback systems, to model the behavior of users and the closed-loop system. We refer
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to our model of the user as the user’s “encoder”. Prior work shows that control theory

can estimate changes in user trajectory-tracking behavior by separating their feedback and

feedforward controllers (McRuer and Jex, 1967; Drop et al., 2013; Zhang et al., 2018; Yam-

agami et al., 2020). We extended these techniques to our multi-input, multi-output system

to analyze co-adaptive outcomes.

4.1.1 Related Work

Encoder models have provided insight to how users adapt and learn across different types

of interfaces, including invasive neural interfaces (e.g. Golub et al. 2015; Merel et al. 2015;

Liang and Kao 2020 and non-invasive myoelectric interfaces (Yamagami et al., 2020). Golub

et al. 2015 use BCIs to probe the formation of encoder models (referred to as internal mod-

els in the paper) and show that encoder models are formed to reflect learning from sensory

feedback in a closed-loop context. Golub et al.’s internal model framework uses a time-

based scheme to estimate the user’s process of internally prediction cursor state. Impor-

tantly, Golub et al. show that internal models of users can predict the user’s intention and

that the internal model changes with learning. Similarly, Yamagami et al. 2020 compare user

behavior and performance in manual and myoelectric interfaces by estimating user internal

models. Leveraging control theory techniques, Yamagami et al. develops methods to mea-

sure feedforward (user) and feedback (error correction) controllers in closed-loop interfaces.

These frequency-domain techniques have been previously used in characterizing user be-

havior in trajectory-tracking tasks (McRuer and Jex, 1967; Drop et al., 2013; Zhang et al.,

2018) and can be extended to tasks with more complex (acceleration-based) dynamics and

to disturbance-rejection tasks. Changes in users’ feedback and feedforward controllers can

be used to reveal user learning in closed-loop systems. In a similar vein, the encoder model

introduced in this chapter is also used to understand and describe user learning within and

across trials.

Encoder models also provide opportunities to simulate closed-loop user-decoder behavior
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and can help de-risk experimental setups. Merel et al. 2015 model encoder-decoder dy-

namics for co-adaptive interfaces to find an optimal decoder that the encoder could learn.

Merel et al. use a split Linear Quadratic Gaussian system to model the decoder as a Linear

Quadratic Estimator (the Kalman Filter) and the encoder as a Linear Quadratic Regulator.

Also using linear methods, Willett et al. 2021 develop a piece-wise-linear model to simulate

online BCI performance. In their paper, Willet et al. model the user with a state-based feed-

back control model — the user employs a control policy for a forward model to estimate the

cursor velocity and position. The user’s forward model is then updated with delayed visual

feedback of the decoded cursor velocity and position. The Willet methods could be used

to predict closed-loop gain and smoothing parameters of the decoder before experimenta-

tion, demonstrating the utility of encoder models in developing future neural interfaces. our

encoder model provides methods to measure and quantify encoder-decoder interactions

observed during experimentation and is particularly useful in our work comparing different

decoder designs.

4.1.2 Contributions of this Chapter

In this chapter, we develop encoder estimations methods that we can then use to measure

and computer encoder-decoder interactions in high-density myoelectric interfaces. This

chapter demonstrates that:

1. control theory can be used to develop models for users’ encoders and for encoder-

decoder interactions in stable closed-loop systems;

2. encoder-decoder interactions in experimental data can be measured;

3. the encoder estimation model can reveal changes in users encoders within- and across-

trials.
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Figure 4.1: User-Machine Interface Closed-Loop Control System. The user’s Encoder, E, outputs

myoelectric or neural activity u to the decoder D to follow the target’s position τ and the target’s

velocity τ̇ . The output of the decoder D is a velocity, which is then integrated by the machine M to

a cursor position. The user sees their cursor moving with some velocity ẏ to position y. The error

between the cursor position and target position Figure modified from Yamagami et al. 2020.

4.2 Methods

4.2.1 Encoder Estimation Methods

We can consider our myoelectric interface as a control loop in the format of Fig. 4.1. We

constructed a u matrix of EMG signals of t = 1200 samples (corresponding to 20 seconds of

data at 60 Hz) and a matrix from task information (target position τ ∈ R2×t, target velocity
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τ̇ , position error τ − y. and velocity error τ̇ − ẏ),

u = E ·


τ

τ̇

τ − y

τ̇ − ẏ

+ β · 1⊤t , (4.1)

where 1⊤t =
[
1 1 · · · 1

]
∈ R1×t, u ∈ RN×t, E ∈ RN×f , N is the number of signals, d is the

dimension of task information, and β is an offset factor for estimation (β ∈ RN×1). In this

paper, N = 64 EMG channel inputs, d = 8 (target position, target velocity, position error,

and velocity error for both x and y dimensions), and t = 1200 (20 seconds at 60 Hz sam-

pling rate). The encoder E was estimated using linear regression (sklearn.linearmodel.

LinearRegression) with a y-intercept offset, so there was one E estimate for each 20 sec-

onds of data. This was also checked with the Moore-Penrose pseudo-inverse (NumPy.linalg.

pinv).

4.2.2 Assessing Fit of Encoder Estimation

We estimated the accuracy of the myoelectric encoder model by reconstructing EMG sig-

nals from the encoder estimation and compared the coefficient of determination (R2) for

the cursor velocity and position decoded from the reconstructed EMG to the actual cursor

velocity and position recorded in the trial. To establish a baseline for the predictive power

of our encoder model, we also computed the accuracy of cursor velocity and position de-

coded from time-shuffled EMG data (Fig. 4.2). The time-shuffled EMG data was created

by permuting the EMG signals within each trial, so that the EMG data came from the same

subject and trial but different time points.

Note, the results shown in this section estimated the encoder across t = 1200 samples (cor-

responding to 20 seconds of data at 60 Hz). Accuracy of the encoder estimation method

does suffer if the encoder is estimated across t = 3600 samples (corresponding to 60 sec-
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onds of data at 60 Hz), as shown in Fig.

4.2.3 Analytical Predictions of Decoder-Encoder Dynamics

We used control theory principles to predict relationships between elements of the encoder

E and decoder D. There are two conditions that are desirable for the encoder and decoder:

1. perfect trajectory tracking, where the encoder’s output is translated by the decoder

to perfectly track the target, and

2. closed-loop stability, which ensures predictable responses and an ability to withstand

small perturbations.

Trajectory tracking conditions correspond with feedforward control, whereas closed-loop

stability conditions correspond with feedback control. We regarded the encoder and de-

coder as linear time-invariant (LTI) transformations and analyzed them in the frequency-

domain with Laplace variable s.

Perfect Trajectory Tracking

We can say that this system will have perfect trajectory tracking when user’s feedforward

input is the perfect inverse of the decoder and machine. In the frequency-domain, the

machine transformation is M(s) = 1
s
I(s) where I is the identity transformation, that is, I(s)

is an identity matrix for each s ∈ C. We can define the user’s feedforward transformation

as,

F (s) = F0 + F1 · s. (4.2)

Perfect trajectory tracking can occur only if

I = M ·D · F

=
1

s
·D · F0 +D · F1.

(4.3)
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From there, we can compute the following desirable conditions for perfect trajectory track-

ing:

F0 = 0 (4.4)

and

D · F1 = I. (4.5)

Extending this to the case where D · F0 ∈ R2×2, D · F0 = 0 ∈ R2×2 and D · F1 = I2×2.

Closed-loop Stability

To ensure the second condition of closed-loop stability, we look at the user’s feedback

transformation, which we can define as,

B(s) = B0 +B1 · s. (4.6)

It suffices that D · B0 and D · B1 are negative-definite diagonal matrices for closed-loop

stability (Åström and Murray, 2008, Chapter 5).

4.3 Results

4.3.1 Encoder Model Can Estimate Experimental Details

We define our model of the user’s encoder as the closed-loop mapping between task in-

formation and EMG activity in our myoelectric interface (Fig. 4.1). Our encoder model,

E ∈ R64×8, considers feedforward and feedback inputs to the user, which are derived from

closed-loop task information presented to the user — target position (τ ∈ R2), target ve-

locity (τ̇ ∈ R2), position error (τ − y ∈ R2) and velocity error (τ̇ − ẏ ∈ R2). We formulate
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Figure 4.2: Encoder estimation can reconstruct cursor position and velocity data. Example recon-

structions of cursor position (A) and velocity (B) from encoder estimations (dashed black), compared

to the actual position and velocity (dashed blue) with a time-shuffled baseline (solid gray). Distribu-

tions of averageR2 values between reconstructed and time-shuffled control for (A) position (average

reconstructed position R2 = 0.72, average time-shuffled position R2 = −.44), and (B) velocity (aver-

age reconstructed velocity R2 = 0.75, average time-shuffled position R2 = −2.33) (N = 14, median

with interquartile range; Wilcoxon signed-rank test, **p < 0.001).

an encoder model with these feedforward and feedback elements that depend linearly on

target position, cursor error, and an offset β (to capture resting activity):

u = E ·


τ

τ̇

τ − y

τ̇ − ẏ

+ β · 1⊤t , (4.7)

where 1⊤t =
[
1 1 · · · 1

]
∈ R1×t, and t indicates time.

The encoder matrix has both feedforward (F ) and feedback (B) components:

E =
[
F0 F1 B0 B1

]
(4.8)

such that each component of task information, τ , τ̇ , τ − y, τ̇ − ẏ, respectively corresponds

with an element of the encoder, F0 ∈ R64×2, F1 ∈ R64×2, B0 ∈ R64×2, B1 ∈ R64×2. The



60

subscripts 0 and 1 represent the 0th- and 1st-order dynamics of position and velocity, re-

spectively. The output of the encoder is an EMG activity time series u ∈ R64×t which is input

to the decoder, D ∈ R2×64. The decoder outputs a cursor velocity, which is integrated by

the system dynamics M to a cursor position y.

We estimated the user’s encoders E ∈ R64×8 within a trial with linear regression using 20-

second batches of data, corresponding to the time intervals where the decoder was held

constant (see Sec. 4.2.1). This model appeared to capture useful aspects of user behavior,

yielding reconstructed cursor position and velocity trajectories that were correlated with

the actual cursor movements (Fig. 4.2B).

4.3.2 Decoder-Encoder Interactions Can Be Measured Using Encoder Model

We then used our encoder model to quantify decoder-encoder interactions and analyze

performance of the closed-loop system. One common challenge in co-adaptive systems is

convergence to a stable solution or performance (Dangi et al., 2013; Müller et al., 2017;

Hsieh and Shanechi, 2018). Performance-based analysis from above (See Ch. 3) suggested

that our co-adaptive interface may have converged, but does not prove stability nor ideal

performance. We exploited the separation of the feedforward and feedback pathways in

our encoder model to empirically measure the stability and tracking error properties of

the closed-loop encoder-decoder system. Perfect trajectory tracking is obtained when the

user’s feedforward input F becomes the pseudo-inverse of the decoder D and system dy-

namics M , which results in the following conditions: D ·F0 = 0·I and D ·F1 = s·I, where s is

the frequency-domain Laplace variable. (See Sec. 4.2.3). We used the known decoder val-

ues and estimated user encoders to quantify these values in our experimental data, which

revealed that D · F0 and D · F1 approach the analytically-ideal values on average across

all trials (Fig. 4.3A). Similarly, closed-loop stability can be achieved if the feedback compo-

nents of the decoder-encoder product (D · B0 and D · B1) are negative-definite diagonal

matrices (Åström and Murray, 2008), which was also observed experimentally (Fig. 4.3B).
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Figure 4.3: Encoder estimation reveals decoder-encoder interactions.

A. Product of the decoder matrix with feedforward contributions of the encoder matrix (N = 14,

median with shading indicating interquartile range). Black dashed lines represent values that yield

perfect trajectory tracking.

B. Product of the decoder matrix with feedback contributions of the encoder matrix (N = 14, median

with shading indicating interquartile range). Black dashed lines represent values that yield closed-

loop stability.

4.3.3 Encoder Estimation Model Quantifies Within-trial and Across-trial User Adaptation

We also used our encoder estimation model to revisit user learning-related changes in ex-

periments. We observed that the change in user encoders between the start and end of
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A. Average change (norm difference) in consecutive encoders (∥Et+1−Et∥) over the course of a trial

(N = 14, median with shading indicating interquartile range)

B. Average change (norm difference) in the initial versus final encoder within a trial (∥Ef −Ei∥) as a

function of trial number (N = 14, median with shading indicating interquartile range).

C. Average change in encoders (norm difference) across a full trial (∥Ef − Ei∥) and consecutive

encoders in a trial (∥Et+1 − Et∥) (N = 14, median with interquartile range; Wilcoxon signed-rank

test; **p < 0.001).
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a trial decreased through the trial (Fig. 4.4A), suggesting encoders converge within a trial.

Furthermore, the within-trial change in user encoders decreased across sequential trials

(Fig. 4.4B). We found that the change in user encoders between the start and end of a trial

was significantly larger than the change in sequential pairs of encoder estimates (Wilcoxon

signed-rank test, p < 0.001) (Fig. 4.4C), consistent with a directed change over the course

of an experiment (see Methods). Our models therefore revealed evidence of co-adaptation

between the encoder and decoder that was consistent with our EMG-based analyses. By

modeling the user, our control-theoretic encoder model allowed us to more precisely re-

solve user-decoder interactions within the closed-loop, co-adaptive interface.

4.4 Discussion

We created control theory-based estimations of user encoder transformations that allowed

us to quantify critical closed-loop properties like trajectory-tracking and stability (Fig. 4.3).

Prior work has shown that encoder-decoder stability likely contributes to interface perfor-

mance and user learning (Orsborn et al., 2014; Taylor et al., 2002; Danziger et al., 2009),

but efforts to quantify stability in adaptive neural interfaces have focused on the decoder

alone (Dangi et al., 2013; Hsieh and Shanechi, 2018). By analyzing encoder-decoder pairs,

we were able to characterize stability in the full co-adaptive system (Fig. 4.3) and use these

methods as a way to measure learning.

4.4.1 Extending Encoder Estimation Methods to Other Modalities

Our encoder estimation technique was derived for closed-loop systems and tested with

EMG data, but the methods are not limited to EMG data. These methods provide ways

to represent encoder-decoder interactions within co-adaptive interfaces and to assess the

stability of these interactions. Engineering co-adaptive interfaces that are stable is critical

for usability and predictability regardless of the modality of the interface. Prior work (Liang

and Kao, 2020; Merel et al., 2015; Golub et al., 2015) has shown the value of estimat-
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ing users encoders from intracortical neural activity as these encoders could provide in-

sights into internal model formation and closed-loop interactions. A potential extension of

this work here is estimating encoders in intracortical neural interfaces through this control

theory-based method and assessing encoder-decoder dynamics within co-adaptive neural

interfaces.

4.4.2 Extending to Nonlinear Encoder Estimation Methods

The goal of this chapter was to model the user’s transformation between task-space and

output signals. The techniques proposed in this chapter leverage control theory and lin-

ear methods, which are highly interpretable. The inputs, outputs, and resulting behavior

of the encoder model can be explained through commonly-used linear regression meth-

ods. However, as pointed earlier in the discussion, the encoder model does not generalize

well and may not be able to synthesize user activity prior to experimentation. Deep learn-

ing and non-linear techniques have been growing in popularity for insights about neural

mechanisms and dynamics (e.g., Pospisil et al. 2018; Wimalasena et al. 2022). Non-linear

encoder techniques have been used to simulate closed-loop interaction prior to experimen-

tation (Liang and Kao, 2020) and could add additional predictive power to these encoder

models. Extending the linear encoder estimation techniques to non-linear ones is another

potential extension to the work in this chapter.
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Chapter 5

SHAPING USER-DECODER INTERACTIONS IN
CO-ADAPTIVE NEURAL INTERFACES

5.1 Introduction

Neural interfaces can restore or augment human capabilities (Serruya et al., 2002; Taylor

et al., 2002; Carmena et al., 2003; Hochberg et al., 2006; Pandarinath and Bensmaia, 2022;

Dadarlat et al., 2023). In a neural interface, signals from the user are translated via a decoder

algorithm to control a device. Decoder algorithms that adapt to users during interface op-

eration can improve performance and enable personalization (Taylor et al., 2002; Danziger

et al., 2009; DiGiovanna et al., 2009; Jarrassé et al., 2012; Orsborn et al., 2014; Shenoy

and Carmena, 2014; Hahne et al., 2017; Brandman et al., 2018; Silversmith et al., 2020;

Rizzoglio et al., 2021; Gigli et al., 2022; Hu et al., 2023). Users also adapt as they learn to

control the interface because they receive real-time feedback (Carmena et al., 2003; Gan-

guly and Carmena, 2009; Fetz, 2007; Jackson and Fetz, 2011; Albert and Shadmehr, 2016).

Introducing adaptive algorithms into neural interfaces therefore creates a co-adaptive sys-

tem. Prior work has demonstrated the benefits of leveraging co-adaptation to guide or

assist user adaptation (Orsborn et al., 2014; Oby et al., 2019; De Santis and Mussa-Ivaldi,

2020) and maintain performance over time (Orsborn et al., 2014; Benabid et al., 2019; Sil-

versmith et al., 2020).

However, co-adaptive systems are challenging to design because they involve dynamic,

two-learner interactions: both the user and decoder may adapt simultaneously and in re-

sponse to one another. Experiments have exposed the importance of identifying appropri-
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ate decoder parameters, such as the rate of decoder adaptation, to ensure stable and pre-

dictable interface control (Danziger et al., 2009; Müller et al., 2017; Madduri et al., 2022).

Methods to design and analyze two-learner systems are an active area of research in neural

engineering (Dangi et al., 2013; Hsieh and Shanechi, 2018) and dynamic game theory (Chas-

nov et al., 2020), but co-adaptive neural interfaces are largely designed and implemented

empirically. Theoretically-grounded and experimentally-validated techniques to model and

quantify co-adaptive dynamics will unlock new ways to design robust interfaces that har-

ness the full potential of user and decoder adaptation.

5.1.1 Related Work

Existing frameworks for designing co-adaptive interfaces highlight the promise of model-

based approaches but either do not capture the full range of dynamic interactions that

can arise between users and decoders, or do not make predictions about interaction out-

comes. Past work on neural interfaces focused on the user adapting to a leading, optimal

(fixed) decoder (Merel et al., 2015) or the decoder adapting to follow the user (De Santis,

2021), and most experimental neural interfaces are constrained to this limited range of co-

adaptive interactions (Taylor et al., 2002; Orsborn et al., 2014; Oby et al., 2019; Silversmith

et al., 2020). We instead seek methods that will be able to accommodate a wide spectrum

of user-decoder interactions, where the device may shift from ‘leading’ to ‘following’ the

user over time (Madduri et al., 2023). Game theory has been used to analyze the joint re-

sponses of two learners in human-human motor interactions (Braun et al., 2009; Jarrassé

et al., 2012) and human-machine interactions (Müller et al., 2017; Li et al., 2019). We built

on these ideas, adapting tools from control theory and game theory to create a flexible,

experimentally-validated framework for analysis and synthesis of co-adaptive outcomes of

continuous interactions in neural interfaces.

This chapter builds on the models and methods discusses in prior chapters. To build experimentally-

validated frameworks for co-adaptive neural interfaces, we developed a myoelectric inter-
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face experimental platform (see Ch. 3). We modeled this closed-loop system using control

theory methods to quantify interactions between users and the device (see Ch. 4). This

experimental platform and analysis toolkit allowed us to test analytical predictions about

user-machine behaviors derived from a model treating the user and decoder as two agents

in a game.

5.1.2 Contributions of This Chapter

In this chapter, we show how the experimental results revealed that user learning can be in-

fluenced through real-time interface adaptation and that these outcomes can be predicted

using game-theoretic models.

This chapter demonstrates that:

1. users adapted their behavior alongside an adaptive decoder to control a cursor via

their muscle activity, creating a co-adaptive system.

2. our game-theoretic model provided predictions about how decoder learning rates,

penalty terms, and initializations impact system performance and user-decoder inter-

actions that were also seen in experimentation;

3. decoder learning rates disrupted user-decoder interactions and performance;

4. decoder penalty terms impacted both decoder and encoder “effort”;

5. decoder penalty also revealed individual preferences for cursor speed vs. effort;

6. decoder initialization did not affect system performance but might have biased en-

coders learned by users.

Together, our findings establish new methods to analyze and synthesize co-adaptive sys-

tems that can enable next-generation approaches for designing and personalizing neural

interfaces.
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5.2 Methods

5.2.1 Game Theory Methods

We extended our game theory framework presented in Ch. 2 to include our encoder estima-

tion from Ch. 3. Ch. 2 considers the encoder as an affine function with only one dependent

variable as an input. The game theory formulation here considers the encoder as a func-

tion of multiple dependent variables. Importantly, the predictions and intuitions about the

user-decoder interactions remain the same.

Game formulation

We modeled the co-adaptive system in a game theory framework involving two agents: the

user and decoder. The user and decoder decision variables were the entries in the matrices

E and D, respectively. Each agent was modeled as having a cost function defined by a linear

combination of task error and agent effort. Agent effort was quantified using the square of

the Frobenius norms of the matrices E and D. Task error was defined in cursor velocity

space as the squared 2-norm of e = D · u− (τ̇ − ẏ) = D · E · z − (τ̇ − ẏ) where

z =


τ

τ̇

τ − y

τ̇ − ẏ

 . (5.1)

As in Ch. 2, we modeled agent adaptation using gradient descent on their individual cost

function and assessed convergence of gradient descent to stationary points by linearizing

discrete-time gradient descent dynamics and computing eigenvalues of the linearization.

Solving for stationary points

To help make analysis tractable, we focused on a 1-dimensional version of the task (simpli-

fying the analysis to mirror methods in Ch. 2 and in Sec. 7.1) and assumed the effort penalty
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was identical for the encoder and decoder (i.e. E = D):

cE(E,D) = ∥e(E,D)∥22 + λ∥E∥2F , cD(E,D) = ∥e(E,D)∥22 + λ∥D∥2F , (5.2)

where D ∈ R and E = [F0, F1, B0, B1] ∈ R1×4.

With the full terms of the encoder E in the cost function, the error term of the cost becomes

e(E,D) = D · F0 · τ +D · F1 · τ̇ +D ·B0 · (τ − y) +D ·B1 · (τ̇ − ẏ), (5.3)

so there are four encoder decision variables that aim to minimize the position error (the

four components of E). The decoder and encoder are playing a game in each one of the

encoder decision variables.

To further simplify, we analyzed the effect of varying only one variable in E while holding

the others constant. For each choice of X ∈ {F0, F1, B0, B1}, the error term has the form

e(X,D) = D ·X · a+ b for some scalars a and b. For example, in the X = B1 and a = τ̇ − ẏ

case,

∥e(E,D)∥22 = ∥D ·B1(τ̇ − ẏ)− (1/∆t)(τ − y) + k∥22. (5.4)

For simplicity, we can set b = (1/∆t)(τ − y) + k.

We solved the nonlinear equations ∂XcE(X
∗, D∗) = 0 and ∂DcD(X

∗, D∗) = 0 to compute

stationary points (X∗, D∗). In the scalar case, there are three real stationary points of this

system:

D∗ = E∗ =

√
ab− λ

a2
;D∗ = E∗

X = −
√

ab− λ

a2
;D∗ = E∗ = 0 (5.5)

Again, in the X = B1 case:

D∗ = B∗
1 =

√
(τ̇ − ẏ)( 1

∆t
(τ − y) + k)− λ

(τ̇ − ẏ)2
;

D∗ = B∗
1 = −

√
(τ̇ − ẏ)( 1

∆t
(τ − y) + k)− λ

(τ̇ − ẏ)2
;

D∗ = B∗
1 = 0.

(5.6)
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However, the stationary point at (D∗, E∗) = (0, 0) assumes that the decoder’s transforma-

tion is 0, which is not experimentally realistic. The stationary points also shift as lambda

changes, highlighting the dependence of the stationary points on the penalty terms. As

only the decoder penalty term can be specified, the decoder penalty can shift the station-

ary points and, by extension, the encoder.

Stability at Stationary Points

Stability at the stationary point can be assessed by linearizing about the stationary point

and evaluating the eigenvalues of the Jacobian.

When λE = λD = 0.5 and aX = bX = 1 for simplicity, the eigenvalues are simplified to

{1 − 2αE, 1 − 2αD}. The encoder-decoder dynamics converge if all the eigenvalues of the

discrete-time Jacobian are within the unit circle. This occurs when 0 < αE < 1 and 0 <

αD < 1, constraining the learning rates of the encoder and decoder adaptation. Learning

rates that are too fast or too slow may limit the rate of convergence to stationarity. When

λE = λD = 0, the eigenvalues are simplified to {1, 1 − 2αEaXbX − 2αDaXbX}, which are

unstable, meaning that λE and λD are required for stable stationary points.

5.2.2 Data Analysis Methods

EMG Analysis

To quantify the relationship between user EMG activity and cursor movement, we com-

puted EMG direction tuning curves, a well-established analysis used for neural and myo-

electric interfaces (Georgopoulos et al., 1986; Radhakrishnan et al., 2008; Couraud et al.,

2018). We first down-sampled and grouped intended user cursor velocities into ten equally-

spaced directions and then fit raw EMG activity to the binned directions to form EMG tun-

ing curves. These EMG tuning curves were created for each participant, each trial, and

each EMG signal (Fig. 5.2A, B). Note, since the EMG channels are differentially-recorded,
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we selected 63 EMG signals for the EMG tuning analysis.

To quantify the within-trial EMG changes from early to late trial segments (Fig. 5.2C) we

computed the norm difference between the early and late EMG tuning curves:

∥∆EMG∥2 = ∥EMGdir,i − EMGdir,j∥2 (5.7)

where EMGdir is the average EMG activity per direction and i and j indicate time points.

These early and late tuning curves were calculated by reconstructing 30-second segments

of trial data that equally sampled all cursor directions. To measure how the EMG activity

changed across the entire experiment per participant (Fig. 5.1A), we averaged the ∥∆EMG∥2
across all channels for each participant to compute a mean ∥∆EMG∥2 per participant per

trial.

To find the preferred direction of the EMG activity, we performed cosine-fitting analy-

sis (Georgopoulos et al., 1986). Specifically, average EMG activity for each intended cursor

direction was modeled as:

EMG = B1cosθ +B2sinθ +B3 (5.8)

where θ represents intended cursor direction and B1, B2 and B3 are model coefficients. The

preferred direction (PD) is:

PD = arctan2(B2/B1). (5.9)

The change between early and late preferred direction (Fig. 5.1D) was calculated as |∆PD| =

|PDlate − PDearly|.

Statistical Analyses

All analyses treated participants as individual data points and computed the mean across

decoder conditions (learning rate, penalty terms, initialization) and trials. To assess statisti-

cal significance across time and conditions for each participant, we used a one- or two-sided

Wilcoxon signed-rank test (scipy.stats.wilcoxon), which is a paired, non-parametric test.
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We chose a non-parametric statistical test because of subject-to-subject variability. Figure

box-plots were plotted with Matplotlib.pyplot.boxplot (center line, median; box limits,

upper and lower quartiles; whiskers, 1.5x interquartile range; fliers not plotted).

5.3 Results

5.3.1 An Adaptive Myoelectric Interface Created a Co-adaptive Experimental Platform

These results use data from the myoelectric interface experiment introduced in Ch. 3. To

determine whether the myoelectric interface was co-adaptive, we examined whether users

adapted during each trial. We asked whether the user’s behavior changed while controlling

the interface by estimating the relationship between user sEMG activity and the direction

of intended movement – i.e., an EMG tuning curve (Georgopoulos et al., 1986; Radhakrish-

nan et al., 2008; Couraud et al., 2018) (see 5.2.2). EMG tuning curves from a sample partic-

ipant revealed within-trial changes in user behavior (Fig. 5.1A, B). We saw similar changes

in other participants (Fig. 5.2). We quantified within-trial changes for each participant by

calculating the magnitude of the difference between EMG tuning curves (Fig. 5.1C) and

angular differences in the preferred direction (Fig. 5.1D) for the first versus last 30 seconds

in the trial across all electrodes (see 5.2.2). All participants showed significant changes in

the magnitude and tuning angles of EMG activity over the course of the trial, suggesting

that users adapted their behavior during the 5-minute trial (Wilcoxon signed-rank test with

a Bonferroni correction of n = 14, p < 0.001).

Interestingly, we observed that within-trial differences in EMG tuning curves decreased as

trials progressed (Fig. 5.1E), demonstrating that users also adapted across the duration of

the experimental session. We hypothesized that these longer timescale changes reflected

users acquiring useful strategies for the myoelectric interface during the experiment. This

suggests that performance may improve over time, regardless of the decoder. We tested

this prediction by comparing performance in the first and second blocks, which contained

trials with matched decoder adaptation conditions. We indeed saw that participants’ av-
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erage mid-trial and final task error was lower in block 2 compared to block 1 (Wilcoxon

signed-rank test, p < 0.05), suggesting that task performance trajectories improved more

and more quickly in block 2 than in block 1 (Fig. 5.1E,F). Taken together, these results sug-

gest that users adapt alongside the decoder in our myoelectric interface, both within and

across trials.

5.3.2 Decoder Learning Rates Can Disrupt Co-adaptation

Our game-theoretic model emphasizes the importance of both the user and decoder learn-

ing rates for convergence to stationary points. One agent adapting faster than the other

may limit or prevent convergence to stationarity (Fig 5.3). Our model predictions echo

results from previous models (Müller et al., 2017) and experimental findings from both in-

vasive neural and non-invasive body-machine interfaces (Danziger et al., 2009; Orsborn

et al., 2011). We validated our model’s predictions by testing the effect of decoder learning

rates in our co-adaptive myoelectric interface system. Because the user’s learning rate was

unknown and could not be estimated a priori, we varied the decoder learning rate, test-

ing two extremes: slow and fast (see Ch. 3 Methods). As explored in Ch. 3, decoders for

both learning rate conditions were initialized randomly, matching all other conditions, and

then adapted according to the specified cost function. Task performance was worse for co-

adaptive interfaces where the decoder adapted with a fast learning rate compared to the

slow learning rate throughout all trials (Fig. 5.4A), and performance improved more within

the trial in the slow condition compared to the fast condition (Wilcoxon signed-rank test,

p < 0.001) (Fig. 5.4B).

We found that the decoder learning rate also affected the user’s encoders. We used our en-

coder estimates from Ch. 4 to quantify how much users’ encoders changed over the course

of the 5-minute trial in each decoder condition. User encoders changed less within trials

when the decoder adapted fast compared to slow (Wilcoxon signed-rank test, p < 0.001)

(Fig. 5.4C), suggesting that the decoder may have adapted too fast for the user’s encoder
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Figure 5.1: Co-adaptation in myoelectric interfaces.

A. EMG tuning curve for one channel, early (dashed) and late (solid) within a trial.

B. Average EMG tuning curve for one channel early and late across all trials (N = 16). Preferred

directions for each curve shown with vertical lines.

C. Norm difference of the average early versus late EMG tuning curves (∥∆EMG∥ = ∥EMG(late)−

EMG(early)∥) compared to a difference of zero (dashed gray) for all channels, computed for each

subject (N = 63, Wilcoxon signed-rank test with Bonferroni correction of n = 14; *p < 0.001).

D. Magnitude of angular change in EMG PD early versus late (∥∆PD∥ = ∥PD(late)−PD(early)∥)

compared to difference of zero (dashed gray) for all channels, computed for each subject (N = 63,

Wilcoxon signed-rank test with a Bonferroni correction; *p < 0.001).

E. Average change in EMG tuning curves within a trial (∥∆EMG∥ as C.) for all subjects as a function

of trial number (N = 14). Average change in EMG of first trial vs. last trial (Wilcoxon signed-rank

test, *p < 0.05).

F. Average error as a function of trial time in block 1 (dashed gray) and block 2 (solid black) (N =

14). Black boxes represent comparisons of mid-trial and end-of-trial task error between block 1 and

block 2 (Wilcoxon signed-rank test, **p < 0.001, *p < 0.05)
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Figure 5.2: Surface EMG electrode and tuning curves.

Diagram of surface EMG electrode and sample EMG tuning curves from representative subjects

taken from early (dashed blue) and late (solid black) segments within trial. Vertical lines represent

preferred direction from early (dashed blue) and late (solid black) segments within trial.
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Figure 5.3: Game theory model predicts learning rate affects convergence to equilibria.

Model predictions. All panels show the gradient field of the user and decoder cost functions. Purple

(user) and orange (decoder) curves show nullclines (where the agent’s cost gradient equals 0) that

intersect at stationary points (black stars). Slow (middle) and fast (right) panels zoom in on one

stationary point and illustrate changes in the decoder (shades of orange) and encoder (purple) for

different decoder learning rates.

to match. We then analyzed user-decoder interactions, which confirmed that rapid de-

coder adaptation disrupted co-adaptation. The decoder-encoder pairs in the slow condition

approached the system ideal for perfect trajectory tracking and closed-loop stability, but

the fast condition decoder-encoder pairs deviated from the system ideal state in both the

first-order feedforward (Fig. 5.4D) and feedback conditions(Fig. 5.4E), showing that the fast

learning rate negatively impacted the co-adaptive interactions for both trajectory tracking

and closed-loop stability. Our experimental results corroborated our game-theoretic pre-

diction that decoder learning rates will influence system behavior.

5.3.3 Decoder “Effort” Penalty Influenced User “Effort” Without Changing Performance

Our game-theoretic framework includes the regularization terms, ∥D∥F and ∥E∥F , which

correspond to what we refer to as “effort”. Including regularization terms enforces con-
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Figure 5.4: Decoder learning rate influences interface performance and user learning.

A. Average error as a function of time within the 5-minute trial for fast (dashed dark orange) and slow

(solid light orange) decoder learning rates (N = 14, median with shading indicating the interquartile

range).

B. Percent change in error from the start of the trial (first 30 seconds) to the end of the trial (last 30

seconds), separated by fast (dashed black) and slow (solid gray) learning rates (**p < 0.001).

C. Average change in encoder within trials (∥Ef − Ei∥) for the slow and fast learning rates (**p

< 0.001).

D. Product of the decoder matrix with first-order feedforward (F1) contributions of the encoder

matrix for fast (dashed dark pink) and slow (solid light pink) decoder learning rates. Black dashed

lines represent values that yield perfect trajectory tracking.

E. Product of the decoder matrix with first-order feedback (B1) contributions of the encoder matrix

for fast (dashed dark blue) and slow (solid light blue) decoder learning rates. Black dashed lines

represent values that yield closed-loop stability.
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Model predictions. Both panels show gradient fields of the user and decoder cost functions when

the decoder penalty term is equal to that of the user (left) or less than that of the user (right). Arrows

depict expected stationary points of user (purple) and decoder (orange).

vergence to a stable stationary (See Sec. 5.2.1). In the model, the scaling of the decoder

regularization term, controlled by λD, influences the decoder effort. In turn, the user effort

is also influenced by λD due to the linear relationship between the decoder and cursor ve-

locity. As the decoder penalty changes in our model, the stationary point and encoder effort

correspondingly shift (Fig. 5.5). Our model therefore predicts that changing decoder effort

will not impact convergence to stationarity in the co-adaptive interface, but will influence

user behavior by shifting their effort.

We tested the impact of two penalty terms – low penalty and high penalty – on decoder-

encoder co-adaptation in our myoelectric interface experiments. Decoders for both penalty

conditions were initialized randomly, matching all other conditions, and then adapted ac-

cording to the specified cost function (see Methods). Performance was not impacted by the

penalty terms (Wilcoxon signed-rank test, p > 0.05) (Fig. 5.6A), suggesting the co-adaptive

systems converged similarly for both decoder conditions. Decoder effort was influenced by
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Figure 5.6: Decoder penalty affects user effort but not performance.

A. Percent change in error from the start of the trial (first 30s) to the end of the trial (last 30s),

separated by high (dark gray) and low (light gray) decoder penalty term conditions (N=14, median

with shading indicates interquartile range; Wilcoxon signed-rank test, ns > 0.05).

B. Left: Average magnitude of the decoder matrix (norm) as a function of time in the trial for low

(dashed light orange) and high (solid dark orange) decoder penalty terms (N = 14). Right: Box plots

are average decoder effort across the trial for each subject (**p < 0.001).

C. Left: Average magnitude of the user encoder matrix (norm) as a function of time in the trial for

low (dashed light purple) and high (solid dark purple) decoder penalty terms. Right: Box plots are

average effort for each subject across the trial (*p < 0.05).
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Figure 5.7: Effect of penalty parameter in slow learning rate condition only.

A. Left: Average magnitude of the decoder matrix (norm) as a function of time in the trial for low

(dashed light orange) and high (solid dark orange) decoder penalty terms (N = 14, median with shaded

area indicating the interquartile range). Right: Boxplots are average decoder effort across the trial

for each subject (N=14, median with shading indicates interquartile range; Wilcoxon signed-rank

test, **p < 0.001).

B. Left: Average magnitude of the user encoder matrix (norm) as a function of time in the trial for

low (dashed light purple) and high (solid dark purple) decoder penalty terms. Right: Boxplots are

average effort for each subject across the trial (*p < 0.05).

C. Percent change in error from the start of the trial (first 30 seconds) to the end of the trial (last

30 seconds), separated by high (dark gray) and low (light gray) decoder penalty term conditions (ns

> 0.05).

D. Left: Average cursor speed as a function of time in the trial for low (light gray) and high (dark gray)

decoder penalty terms. Right: Boxplots are average cursor speed across the trial for each subject

(**p < 0.001).
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Figure 5.8: Individual choices seen in cursor speeds.

A. Left: Average cursor speed as a function of time in the trial for low (dashed light gray) and high

(solid dark gray) decoder penalty terms (N = 14, median with shaded area indicating the interquartile

range). Right: Box-plots are average cursor speed across the trial for each subject (N=14, median

with shading indicates interquartile range; Wilcoxon signed-rank test, **p < 0.001).

B. Average difference in cursor speed between the low and high decoder penalty conditions plotted

against the average difference in encoder efforts between the low and high decoder penalty condi-

tions for each individual participant. Shading to illustrate qualitatively identified groupings.

C. Schematic illustrating the relationship between encoder effort and cursor speed when decoder

effort changes.
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the penalty term as expected: higher decoder penalty resulted in decreased decoder effort

(Wilcoxon signed-rank test, p < 0.001) (Fig. 5.6B). As predicted by our model, the decoder

effort affected the encoder effort to reflect the trade-off in effort between the two learners.

Thus, higher decoder penalty terms resulted in increases in the encoder effort (Wilcoxon

signed-rank test, p < 0.05)(Fig. 5.6B). These results held regardless of the learning rate of

the decoders (Fig. 5.7).

While our experimental results matched model predictions, we noticed that an increase in

decoder magnitude did not correspond to a similar degree of decrease in magnitude for

the encoder (Fig. 5.6B vs. 5.6C). Importantly, decoder “effort” controls the magnitude of

D, which defines the gain between user EMG and cursor velocity. If users do not change

their effort to perfectly mirror changes in the decoder effort, the cursor’s speed—an aspect

of task performance not captured in our model—would change. We found that decoder

penalty terms influenced the cursor speed during tracking. The lower decoder penalty

term led to faster cursor speeds on average across users (Wilcoxon signed-rank test, p <

0.001)(Fig. 5.8A). Interestingly, these trade-offs differed across our participants (Fig. 5.8B),

potentially capturing individual preferences. Our data suggest users fell into approximately

three different groups: some users chose to decrease their effort and maintain a similar

cursor speed, others elected to maintain a similar effort to go faster, and others changed

both effort and speed to varying degrees (Fig. 5.8C). Our experimental results confirmed

our game-theoretic model predictions and highlighted the potential of decoder adaptation

to influence the user’s encoder during closed-loop co-adaptation.

5.4 Discussion

Our game-theoretic model predicted the importance of decoder learning rates in co-adaptive

systems. Experimentally, we found that a faster decoder learning rate yielded worse overall

performance (Fig. 5.4A,B) and altered trajectory-tracking and stability in encoder-decoder

pairs (Fig. 5.4D,E) in our myoelectric interface. Our results add to prior experimental ob-
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servations from co-adaptive kinematic (Danziger et al., 2009) and brain-computer inter-

faces (Orsborn et al., 2011; Müller et al., 2017). Interestingly, many high-performance adap-

tive algorithms in invasive neural interfaces adapt rapidly (Shanechi et al., 2016; Brandman

et al., 2018; Hsieh and Shanechi, 2018), whereas the fast decoder learning rate condition

disrupted co-adaptive dynamics in our interface. Our model highlights that the learning

rates of both the user and decoder determine system dynamics (See Sec. 5.2.1). Possibly,

our naive participants may have adapted at different rates than the more experienced par-

ticipants in invasive brain-computer interface studies. User learning rates may also vary

across different bio-signal modalities (Jackson and Fetz, 2011). Future co-adaptive inter-

faces may, then, benefit from personalizing decoder learning rates based on measures of

user learning rates. Methods to estimate properties of user learning, such as learning rate,

in real-time will open new ways to more fully harness co-adaptation.

Our game theory model and experimental results also showed that decoder “effort” can

influence user behavior (Fig. 5.5, Fig. 5.6B,C). In myoelectric interfaces, this manipulation

may be helpful to encourage users to learn encoders that use less muscle activity to con-

serve energy or to increase muscle activation for motor rehabilitation. Interestingly, we

saw that users responded differently to varying decoder penalty terms, potentially reflect-

ing personal preferences for effort versus cursor speed (Fig. 5.8F). Customizing interfaces

based on dynamic user preferences is beneficial in human-machine interfaces like exoskele-

tons (Ingraham et al., 2022). Individual user preferences for cursor dynamics have also been

seen in invasive neural interfaces (Willett et al., 2016). Extending our game-theoretic frame-

works to include user preferences will enable design of fully personalized, custom neural

interfaces, which may make these technologies more widely accessible (Yamagami et al.,

2023).

Our game theory model highlighted that multiple decoder-encoder stationary points exist

in neural interfaces. This raises the possibility that the initial decoder can affect the final

stationary point and, in turn, the final user encoder, without significantly impacting perfor-
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mance (Fig. 5.9A). Our experimental results confirmed that performance was not impacted

by decoder initialization (Fig. 5.9D), consistent with prior work testing random decoder ini-

tializations in neural interfaces (Orsborn et al., 2012). While performance was not different,

we found that initialization did subtly impact the stationary points as identified by the fi-

nal decoder-encoder matrices (Fig. 5.10). Our findings suggested that decoder initialization

might bias the encoders learned by users, which could be particularly beneficial for reha-

bilitation applications, which aim to shape users’ behavior towards a particular goal. Our

results also suggest that it may be critical to carefully consider initial training protocols for

any neural interface, as it may influence user learning trajectories.

Our experiments revealed occasional deviations from model predictions, including devia-

tions from strict encoder-decoder trade-offs (Fig. 5.6) and only subtle impacts of the de-

coder initialization (Fig. 5.10). This finding suggests that the actual user’s cost might differ

from our model’s assumptions. For instance, our model predicts that decoder initializa-

tion would lead users to completely invert the relationship between EMG/movement and

cursor velocity (Fig. 5.9A), which ignores the likely possibility that users have some bias

in strategies to control the interface. Additionally, there may be multiple ways to repre-

sent “effort”, and these definitions may become unclear in less embodied invasive neural

interfaces. Prior work has considered that users minimize effort (Flash and Hogan, 1985;

Todorov and Jordan, 2002) via muscle activation (Emken et al., 2007), metabolic cost (Fin-

ley et al., 2013; McDonald et al., 2022), and motor variability (Harris and Wolpert, 1998).

Studies into how users learn to control neural interfaces suggest that other features, such

as correlations between neurons, may be key factors (Sadtler et al., 2014). Deeper insights

into how users learn to control different kinds of interfaces will improve our ability to model

their cost functions. Alternatively, user costs may not need to be explicitly modeled. Recent

work demonstrates an interface that adapts using measurements of the human actions to

steer the co-adaptive system to reach a variety of different game theory equilibria without

the need to estimate or measure the human’s cost (Chasnov et al., 2023). Extending such
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data-driven approaches to neural interfaces is a promising future direction.
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Figure 5.9: Decoder initialization does not affect interface performance.

A. Model predictions. Decoder initialization D1 (light orange) and initialization D2 (dark orange)

are noted on the vertical axis of the diagram. Assumed user initialization (purple) is noted on the

horizontal axis.

B. Left: Average magnitude of the decoder matrix (norm) as a function of time in the trial for D1

(solid light orange) and D2 (dashed dark orange) initializations (N = 14, median with shaded area

indicating the interquartile range). Right: Boxplots are average decoder effort across the trial for

each subject (N=14; Wilcoxon signed-rank test, ns > 0.05).

C. Left: Average magnitude of the user encoder matrix (norm) as a function of time in the trial for

D1 (solid dark purple) and D2 (dashed light purple) decoder initializations (N = 14). Right: Boxplots

are average effort for each subject across the trial (N = 14; Wilcoxon signed-rank test, ns > 0.05).

D. Percent change in error from the start of the trial (first 30 seconds) to the end of the trial (last 30

seconds), separated by high (dark gray) and low (light gray) decoder penalty term conditions (N=14,

Wilcoxon signed-rank test, ns > 0.05).
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Figure 5.10: Decoder initialization slightly influences decoder-encoder pairs.

A. Last minute in trial of product of the average decoder matrix of each initialization with first-

order feedforward (F1) contributions of the average encoder matrix of each initialization separated

by learning rate. Fast learning rate conditions are shaded gray. The matched conditions are the

decoders and encoders of the same initialization and the mismatched conditions are the decoders

and encoders of different initializations (N=28; Wilcoxon signed-rank test, ns > 0.05; *p < 0.05; **p

< 0.001).

B. Last minute in trial of product of the average decoder matrix of each initialization with first-

order feedback (B1) contributions of the average encoder matrix of each initialization, separated

by learning rate. Fast learning rate conditions are shaded gray. The matched conditions are the

decoders and encoders of the same initialization and the mismatched conditions are the decoders

and encoders of different initializations (N=28; Wilcoxon signed-rank test, ns > 0.05; *p < 0.05; **p

< 0.001).
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Chapter 6

DISCUSSION

Using biological signals as inputs to devices provides exciting new opportunities to treat

neurological disorders and expand how humans can interact with technology. Wide adop-

tion of these technologies will require ensuring interfaces work reliably for diverse users

and applications. However, engineering reliable high-performance user-machine interfaces

requires grappling with the rich closed-loop dynamics inherent in these systems, where

users and machines can both adapt. Co-adaptation provides avenues to creating interfaces

that can be personalized to each user and that can be adapted across tasks and contexts.

Designing these co-adaptive systems to be stable and widely usable requires new tech-

niques.

The overarching motivation of this thesis was to devise experimentally-validated methods

to characterize and design co-adaptive user and decoder interactions in closed-loop inter-

faces. Creating tools specific to co-adaptation is key to design and, eventually, optimize

future, co-adaptive neural interfaces. With this aim, we proposed a game-theoretic frame-

work for modeling user-decoder co-adaptation in Chapter 2, verified this framework with

myoelectric interfaces in Chapter 3, developed a control-theoretic tool for measuring user

encoders in closed-loop interfaces in Chapter 4, and showed that decoder adaptation could

shape user behavior in a principled way in Chapter 5. Below, we will summarize each chap-

ter and then conclude with collaborations and future directions of the chapter.
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6.1 Summary of Chapters

In Chapter 2, we presented a framework for modeling user-decoder co-adaption through

game-theory with the aim of informing future co-adaptive decoder design. Co-adaptive in-

terfaces come with complex user-decoder dynamics, and our game-theoretic methods al-

lowed us to construct a versatile framework to consider these two-learner dynamics. Game

theory is a field focused on understanding the decisions and responses of agents to each

other, and it provides a suite of useful tools to analyze these interactions. We adopted the

perspective that the user and decoder are playing a dynamic game (Başar and Olsder, 1999),

treating the user and decoder as two agents adapting according to individual cost functions.

This framework allows us to analyze the stability of user-decoder learning dynamics, and

suggests that learning rates, decoder cost functions, and initial decoder parameters can all

be used to influence overall system behavior.

In Chapter 3, we implemented our game-theoretic framework in myoelectric interfaces. In

an experiment with 14 participants, we tested a new decoder adaptation scheme. This de-

coder scheme worked as prior adaptive decoders (Orsborn et al., 2012) had: performance

improved regardless of initialization. We also varied the decoder parameters determined to

be relevant for convergence: decoder initialization, learning rate, and penalty parameters.

We found that these parameters influenced system performance as the model predicted,

and learning rate was the only parameter to influence performance significantly. Our myo-

electric interface also provided us with a platform to systematically test a new decoder and

decoder design choices.

In Chapter 4, we leveraged control theory to construct closed-loop estimations of user en-

coders. Changes in task performance in co-adaptive interfaces are not a clear indicator of

whether the user, decoder, or both are adapting. Tools that can separate the user’s inter-

nal model, the encoder, from the decoder’s model are important to quantify behavior in

these interfaces. In this chapter, we showed how to frame the co-adaptive interface as
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a multi-input multi-output closed-loop system and construct the user’s encoder based on

key feedforward and feedback contributions. We estimated users encoders from our my-

oelectric experiment and found that our estimation was able to reconstruct task-relevant

information from the trial. Furthermore, our estimation method was easily interpretable

and required minimal data, lending itself as a potential tool for online encoder estimation.

Measuring encoders during closed-loop control, through methods like ours, opens up av-

enues for quantifying and gauging learning while users are operating the interface.

Finally, in Chapter 5, we used our novel quantitative modeling techniques to reveal how

decoding algorithms can shape user adaptation in neural interfaces. We showed that users

learned within- and across-trials in our myoelectric experiment, suggesting that our inter-

face was co-adaptive. This learning was affected and potentially disrupted by a mismatch

in learning rates, as evidenced by the faster learning rate leading to poorer performance

and less ideal decoder-encoder conditions. Changing the decoder penalty parameter influ-

enced the encoder effort, as expected, and also affected the cursor speed. Noticing that

the effects on cursor speed were more significant than the effects on encoder effort, we

found that each participant had individual preferences in trading off between speed and

effort. Taken together, our results in this chapter demonstrated how decoder design could

influence user adaptation and could emphasize individual preferences in co-adaptive inter-

faces.

6.2 Game-theoretic Co-adaptive Framework Offers Insights for Novel Decoder Design

Throughout this thesis, we frame co-adaptation as a game between the user and decoder

and formalize this interaction as a potential game. The user and decoder each adapt to

minimize task error and their own individual effort. Our game-theory framing leveraged a

general-purpose optimization tool to design interfaces with multiple objectives, balancing

task error with decoder effort, which in turn influenced user effort. Current neural inter-

faces largely aim to maximizing performance without considering potentially important as-
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pects like user effort. Future interfaces might be designed to consider additional objectives

like stability, robustness, or performance across multiple tasks. We foresee our framework

becoming especially useful as the functionalities of neural interface tasks grow, where we

need systematic techniques for decoder design. In a collaboration led by Si Jia Li (PhD Can-

didate, UW Bioengineering), we tested this by extending the game-theoretic framework

to a task with both continuous and discrete dynamics. Specifically, we considered how to

use our game formulation to encourage decoders for different tasks to adapt to orthogonal

spaces, with the goal that users would then learn two distinct control spaces. We believe

that this framing can be a powerful way of shaping user behavior to learn advantageous

mappings through closed-loop decoder adaptation.

While the game-theoretic framework provides a promising approach to model and imple-

ment rich co-adaptive dynamics, this and other existing frameworks are still limited. For

example, current models are confined to 1 or 2 degrees of freedom of task control and sim-

ple low-order machine dynamics. Advancing models and computational tools for analyz-

ing co-adaptation in high-dimensional interfaces will be critical for practical deployment in

real-world contexts like assistive devices or rehabilitative interventions. Additionally, these

frameworks rely on models of user learning that are relatively simplistic and require further

validation. For instance, incorporating models of how different forms of sensory feedback

influence user learning may be critical for methods to shape user strategies and encoders.

6.3 Co-adaptation Can Create Individualized, Generalizable Neural Interfaces

Improving interface performance is still a critical goal across neural interfaces, especially for

ensuring interface accessibility and usability across users. In a myoelectric experiment with

14 participants, we tested a new decoder adaptation scheme in Chapter 3. Each partici-

pant had different control strategies, distinct physiologies, and varying expertise with EMG

interfaces. In fact, participant strategies included treating the wrist as a joystick to control

the direction of the cursor, opening and closing fists for control, engaging their pointer fin-
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ger or thumb to point in their desired direction, or even waving their hands to attempt to

activate the forearm muscles. Participants even cited exploring different strategies or so-

lidifying to a strategy after multiple trials. Importantly, interface control and performance

improved during our 5-minute trial, showing that our adaptive decoder scheme could cus-

tomize interfaces to be usable by a diverse set of participants and strategies. Individualiza-

tion of interfaces can improve interface accessibility, especially for individual with motor

impairments (Yamagami et al., 2023). Closed-loop decoder adaptation improves interface

performance, but, critically, it provides an avenue to enable neural interface control for a

wide space of users.

Future directions of this work can lead to interfaces that are not only personalized for each

user but can even adapt as users attempt different tasks. In a collaboration led by Amber

Chou (PhD Candidate, UW ECE), we have been measuring user intent through eye move-

ments instead of the task-based approaches used in this thesis. We can update the decoder

to follow the user’s eye gaze, which enables us to create interfaces that can adapt as users

conduct unstructured tasks – such as drawing or scrolling on the screen. Additionally, eye

gaze can provide key insights into changes in user behavior or strategies as users operate

these neural interfaces across longer timelines and different environments.

Additionally, given that learning rate was such a key parameter for performance, we were

curious to see if personalizing the learning rate to each user could affect interface control.

In research led by Annika Pfister during Annika’s undergraduate research experience with

the Burden Lab, we adapted learning rate as users attempted to control the myoelectric in-

terface. Determining whether to speed up or slow down the learning rate as users improve

control is still an open question – speeding up the learning rate might achieve a more “op-

timal” decoder faster, but slowing the learning rate might enable users to improve control

of their current decoder. This level of customization of decoder parameters holds promise

as we consider how to engineer more complex interfaces across different modalities.
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6.4 Curriculum-based Decoder Adaptation Can Strategically Shape User Learning

By developing new computational and experimental methods to study co-adaptive sys-

tems, our results reveal how interface algorithms can influence user behavior. Specifically,

our model and experimental findings show that decoder learning rate, penalty terms, and

initialization influence encoder-decoder dynamics in co-adaptive interfaces. These obser-

vations are consistent with recent work suggesting that adaptive algorithms can influence

neural representations learned in brain-computer interfaces (Rajeswaran et al., 2024).

Neural interface control is a task that some users find challenging (Zhang et al., 2018), and

our results hint at the possibility of designing a “curriculum” to help naive users learn to con-

trol neural interfaces. In fact, in research conducted by Sasha Burckhardt during Sasha’s

undergraduate researcher role, we demonstrated the value of testing and designing cur-

riculum for EMG activation and control. Prior to experimentation, we showed subjects an

EMG-based “radar plot”, which visually depicted the activation of EMG channels with 64

spikes radiating from the center of a circle that dynamically adjusted based on the ampli-

tude of the channel. The hypothesis was that the radar plot visualization training would

discourage movements that did not change EMG measurements and lead to performance

improvements. Contrary to our expectations, this pre-experimentation training confused

participants and hurt performance. However, this work encapsulates the importance of

appropriate curricula for users of neural interfaces. In this vein, we could leverage decoder

adaptation to encourage user learning and exploration. Decoder learning rates, for exam-

ple, may need to be significantly slower early in learning when users are widely exploring

strategies (Herzfeld et al., 2014; Athalye et al., 2017; Dhawale et al., 2017).

Decoder adaptation is a powerful tool for enabling initial control, but it can also be a strate-

gic technique for biasing users towards particular strategies. For example, a common aim

of rehabilitation is to guide users to adopt specific actions and movements. Goal-directed

decoder manipulations that encourage users to learn a particular behavior would provide a



93

principled tool to use co-adaptive interfaces for rehabilitation (De Santis and Mussa-Ivaldi,

2020; Hung et al., 2021). We can borrow concepts from training neural networks (Bengio

et al., 2009) to envision a decoder adaptation curriculum to intelligently shape user learning,

fully harnessing the power of co-adaptive interfaces.

6.5 Conclusions

Neural interfaces can restore or augment human sensorimotor capabilities by converting

high-bandwidth biological signals into control signals for an external device via a decoder al-

gorithm. Leveraging user and decoder adaptation to create co-adaptive interfaces presents

opportunities to improve usability and personalize devices. However, we lack principled

methods to model and optimize the complex two-learner dynamics that arise in co-adaptive

interfaces. The theme of this thesis was to provide new paths to harness the complex

interactions between users and algorithms in closed-loop interfaces. We developed and

experimentally-validated new computational methods based on control theory and game

theory to analyze and generate predictions for user-decoder co-adaptive outcomes in con-

tinuous interactions. Importantly, our computational frameworks predicted the outcome

of co-adaptive interface interactions and revealed how interface properties can shape user

behavior. This thesis developed methods for developing new co-adaptive decoders, high-

lighted tools to design individualized neural interfaces, and demonstrated the potential for

using strategic decoder schemed to guide user learning. Together, this thesis contributed

versatile and principled ways to model and design the next generation of smart, personal-

ized adaptive neural interfaces.
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Chapter 7

APPENDIX

7.1 Game Theory Methods: Step-by-Step

For reference, we also include the step-by-step methods that yielded the results in Chapter

2. Explanation and background of the equations are in Chapter 2 Methods, but we will

reiterate the equations here for completeness.

As in Chapter 2, signals are denoted with lower-case non-bolded symbols (e.g. x) and pa-

rameterizations of the transformations (i.e., matrices) are capitalized (e.g. X). Time is rep-

resented by t and indexed by the subscript t = 1, 2, . . . . Task dimensionality is indexed by

the subscript d = 1, 2, . . . . The channels of biosignal data are by N and each channel n is

indexed by the superscript n ∈ {1, . . . , N}. We will suppress the sub- and/or super-scripts

when they are clear from context.

Step 1: Equations and Symbols

User and Decoder Transformations

The user is represented as

ut = f(Et, τt) = Etτt. (7.1)

At each new time sample t, the EMG signals u are updated and are inputs to the decoder,

D. The decoder outputs the cursor position:

yt = f(Dt, ut) = Dtut. (7.2)
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Table 7.1: Symbols Used in Game Theory Methods

Symbol

Time t

Task Dimensionality d

Number of Biosignal Channels N

User Activity u ∈ RN×1

Encoder/User E ∈ RN×d

Decoder D ∈ Rd×N

Target Position τ ∈ Rd×1

Cursor Position y ∈ Rd×1

User and Decoder Cost Functions

The user and decoder aim to minimize their task error, which is calculated as the quadratic

loss of the cursor and target positions (Héliot et al., 2010; Müller et al., 2017):

εt(τt, yt) = ∥τt − yt∥22. (7.3)

The cost function of the user and decoder are:

cE(E,D) = ε(τ, y) + λE∥E∥22

cD(E,D) = ε(τ, y) + λD∥D∥22.
(7.4)

Potential Functions

The user and decoder form a potential game. If there exists a continuously differentiable

function ϕ : Rn×d 7→ R such that ∂ϕ
∂E

= ∂CE

∂E
and ∂ϕ

∂D
= ∂CD

∂D
, this function ϕ can be considered

to be a potential function (Hespanha, J., 2017, Ch. 12). The potential function is:

ϕ(E,D) = ε(τ, y) + λE∥E∥22 + λD∥D∥22. (7.5)
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Step 2: Solving for Stationary Points of Potential Function

We start by re-writing the potential function with the error:

ϕ(E,D) = ∥τt − yt∥22 + λE∥E∥22 + λD∥D∥22. (7.6)

Since yt = Dtut (Eq. 7.2) and ut = Etτt (Eq.7.1), we can say

ϕ(E,D) = ∥τt −DtEtτt∥22 + λE∥E∥22 + λD∥D∥22. (7.7)

Now, we simplify to consider the scalar case, so the potential function simplifies to a func-

tion with only scalar variable (i.e. all variables ∈ R1):

ϕ(E,D) = (τt −DtEtτt)
2 + λE(E)2 + λD(D)2. (7.8)

The stationary points E∗, E∗ are determined by solving ∂ϕ
∂E

∣∣∣
E=E∗

= 0 and ∂ϕ
∂D

∣∣∣
D=D∗

= 0.

The derivative of the potential function is

∂ϕ

∂E
= 2(τ −DEτ)(−Dτ) + 2λEE

∂ϕ

∂D
= 2(τ −DEτ)(−Eτ) + 2λDD.

(7.9)

Solving for when the derivatives ∂ϕ
∂E

= 0 and ∂ϕ
∂D

= 0 with the assumption that λD = λE = λ

yields the following stationary points:

E∗ = D∗ = +

√
1− λ

τ 2
, E∗ = D∗ = −

√
1− λ

τ 2
, and E∗ = D∗ = 0. (7.10)

We can solve for the task error that is converged to by solving Eq. 7.3 at the stationary

points:

εt(τ, y) = ∥τ − (1− λ

τ 2
)τ∥22. (7.11)
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Step 3: Continuous-Time Stability Conditions at Stationary Points

Now, we will find the stability at the stationary points found in Eq. 7.10 assuming continuous-

time dynamics. Continuous-time dynamics assume that the user and decoder adapt accord-

ing to their continuous-time gradient, Ė = − ∂ϕ
∂E

and Ḋ = − ∂ϕ
∂D

.

We next find the Jacobian of the continuous-time dynamics: −2λD − 2τ 2E2 −2τ 2DE + 2τ(−τDE + τ)

−2τ 2DE + 2τ(−τDE + τ) 2λE − 2τ 2D2

 , (7.12)

and then evaluate the Jacobian at the fixed points. We will evaluate the Jacobian at the

fixed point E∗ = D∗ = +
√
1− λ

τ2
and set λD = λE = λ:

 −2λ− 2τ 2(1− λ
τ2
) −2τ 2(1− λ

τ2
) + 2τ(−τ(1− λ

τ2
) + τ)

2τ 2(1− λ
τ2
) + 2τ(−τ(1− λ

τ2
) + τ) −2λ− 2τ 2(1− λ

τ2
)

 . (7.13)

The real part of all eigenvalues must be less than zero for continuous-time stability at the

fixed points. Thus, we find that the eigenvalues of the Jacobian are:

{
−4λ, 4λ− 4τ 2

}
. (7.14)

This provides us with bounds on the stationary points - λ > 0 and λ
τ2

< 1 for stability at the

stationary points.

Step 4: Discrete-Time Stability Conditions at Stationary Points

The steps for solving the discrete-time stability are similar to Step 3. The discrete-time

dynamics can be written as E+ = E − αE
∂ϕ
∂E

and D+ = D − αD
∂ϕ
∂D

. After substituting the

derivatives from Eq. 7.9, the discrete-time dynamics become:

E+ = E − αE(τ −DEτ)(−Dτ) + 2λEE

D+ = D − αD2(τ −DEτ)(−Eτ) + 2λDD.
(7.15)
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We find the Jacobian of the discrete-time dynamics: αD(−2λD − 2τ 2E2) + 1 αD(−2τ 2DE + 2τ(τ − τDE)

αE(−2τ 2DE + 2τ(τ − τDE) αE(−2λE − 2τ 2D2) + 1

 . (7.16)

Note the inclusions of α in the Jacobian. The influence of the user and decoder learning

rates is seen in the discrete-time dynamics. We then evaluate the Jacobian at the same

fixed point E∗ = D∗ = +
√
1− λ

τ2
and set λD = λE = λ. We then find the eigenvalues of

the Jacobian with the following assumptions: λD = λE = λ = 0.5 and τ = 1:

{1− 2αD, 1− 2αE} . (7.17)

Since the discrete-time dynamics converge if the absolute value of eigenvalues is less than

1 (i.e. lie inside the unit circle), we find that

0 < αE < 1, 0 < αD < 1 (7.18)

are conditions for convergence to the stationary points. Since the eigenvalue with the

maximum magnitude determines the asymptotic convergence rate, the learning rates αE =

αD = 1
2

yield the fastest convergence rate.

7.2 Tables for Sample Prior Co-adaptive Interface Work

Please note, the tables included in this section are meant to be helpful references and used

as a starting point for future literature review. These tables are not exhaustive.
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Table 7.2: Co-adaptive Interface Experiments

Paper
Experimental Interface
Subjects Decoder Decoder Adaptation Method

Taylor et al.
2002

Intracortical BCI
NHPs

Population Vector
Analysis

Iterative refinement based on tracking
neural tuning properties

Gage et al.
2005

Intracortical BCI
rats

Kalman Filter
Sliding window of batch maximum like-
lihood estimations

Danziger
et al. 2009

Kinematic interface
humans

Nonlinear mapping
of sensors o angles

Least mean squares or Moore-Penrose
inverse

Orsborn
et al. 2012,
2014

Intracortical BCI
NHPs

Kalman Filter
Exponentially weighted sliding average
(SmoothBatch)

Hahne et al.
2015

Myoelectric Interface
humans

Linear Regression Exponential recursive least squares

Rouse et al.
2016

Intracortical BCI
NHPs

Weiner filter
L1-regularized least-squares regression
model

De Santis
et al. 2018

Kinematic interface
humans

PCA
Recursive update PCA projection to 2D
subspace with the highest signal vari-
ance

Silversmith
et al. 2020

Intracortical BCI
human (tetraparesis)

Kalman Filter
Recursive maximum-likelihood estima-
tions

Rizzoglio
et al. 2021

Kinematic Interface
humans

Non-linear Autoen-
coder

Update according to latent manifold of
user’s input
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Table 7.3: Mathematical Models for Co-adaptive Interfaces

Paper User Model Decoder Model Adaptation Rule

Merel et al.
2015

Linear Quadratic
Regulator (LQR)

Kalman Filter (Linear
Quadratic Estimation)

Minimize task error through
optimal control policy

Müller et al.
2017

Affine function Affine function Minimize a joint loss func-
tion through stochastic gradi-
ent descent

De Santis
2021

Non-stationary
Gaussian genera-
tive process

Linear mapping for dimen-
sionality reduction

Reward-based learning
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