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Flying insects are known for their fast and robust control while being challenged with sensory

delays, an unsteady environment and by having limited computation power. One important

component of this robust control is the sensory feedback from arrays of mechanoreceptors found

on wings and wing-derived halteres. By combining structural simulation with experimentally

derived neural processing models we gain insight into mechanisms involved in detecting body

rotation by mechanosensory oscillating appendages. I found that it is the combination of the

temporal encoding of strain by mechanoreceptors with the spatial layout of the sensors on the

wing that allows for the detection of minute rotation-induced differences in wing deformation.

Although several studies have presented analytical models of haltere deformation, a high fidelity

Finite Element Analysis (FEA) revealed novel deformation modes resulting from haltere

asymmetry. Using a neuronal spiking model on the strain from the FEA simulations, we found

spike timing along the circumference of the haltere base changed with body rotation. The timing

change was larger than the experimentally-observed timing variability of the individual

mechanosensors at all but the top and bottom of the haltere base. This gives credence to the

hypothesis of timing-based detection and encoding of rotation, in addition to the recruitment

based detection commonly described in the literature. The importance of timing in

mechanosensation in insect flight led to the investigation of a timing-based feedforward controller

that I tested on a the partially denied inverted pendulum. Using this timing-based feedforward

controller, a close-to-optimal controller could be learned in much fewer trials than a brute force

search. This neural-inspired controller holds promise for engineered systems where the number of

trials is limited and state measurements are denied in parts of it’s state space.
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Introduction

Millions of years of evolution has led to an incredible diversity of natural systems. Animals and

plants have adapted to the environment in striking fashion, performing far outside the limits of

current-day engineered systems. Yet as humans we design and build systems that have to deal with

similar challenges, such as control in turbulence and time-varying under-actuation. With decreased

cost of electronics and new computational techniques, we are at the forefront of deploying robotics

in unstructured environments. Unstructured environments is where biological systems excel and

where engineered systems traditionally have failed. In the quest for technological progress, we

stand to gain by learning from the example solutions that nature provides us.

Biological systems have served as inspiration for human technology throughout the centuries.

Famously, Leonardo da Vinci designed flying machines based on bird wings in the late fifteen

hundreds. On a smaller scale, new technologies for dry adhesion emerged from research on gecko

toe pads. Neural networks, the most powerful classification techniques at time of writing, took

inspiration from neural connections in the brain. Certainly, great developments have originated

from the field of biomimicry. Yet one must keep in mind that the properties (such as morphology)

of biological systems have developed under constraints and limitations that are not relevant in the

engineered system. Therefore, to fully utilize the features we observe in animals and plants, we

require a mechanistic understanding. It is the new mechanism that we can adapt into synthetic

design. Using these principles from nature, we can design synthetic systems in novel ways.

A particularly striking example of biological virtuosity is the flight of insects. Flies move in

seemingly erratic and random ways, but try to swat one, and you’ll often miss. When replaying

slow motion video of insect flight, it becomes clear insects rely on an intricate control network.

One observes that the gaze of flies is stabilized by rapid feedback to the neck muscles [1], and flies

recover from gusts and disturbances remarkably quickly [2] . But perhaps more remarkable is the

quick adaptation to a change in system properties. When a bee’s wing is severely damaged its

wing amplitude changes to compensate, and its flight performance is hardly altered [3]. This high

performance with wide robustness to disturbances and uncertainty in its system is unrivaled in

engineering.

This is all the more remarkable considering the challenges in insect flight: The environment is

highly unsteady and unpredictable. Flight is inherently unstable around the pitch axis [4]. Neural

transduction and computation lead to time delays on the same order as the dynamics of flight.

Furthermore, computational power by the small number of neurons in the insect brain is limited.
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The remarkable performance combined with the stringent limitations would be impossible to recre-

ate with current-day engineering technology. By understanding the principles that underly this

insect behavior we can advance technology, eventually enabling us to design engineered systems in

similar situations.

In insect evolution, flight has proven to be an incredibly effective adaptation. One of the defin-

ing traits of the different insect orders is the differentiation in their wing structure. The ancestral

insect had four wings, much like dragonflies do today. In Beetles, the front wings turned into

protective shells, and in moths and wasps the four wings interlock. In the order of the true flies

Diptera however, the hind wings evolved into sensory organs called halteres. These hammer-like

structures still beat at same frequency as the wings do, but their deformation is solely a function

of gyroscopic forces. Wings also experience these gyroscopic forces, and it is these forces that

carry a signature of body rotation. The resultant local deformations and strains are encoded by

mechanoreceptors which are found in abundance on both the wings and halteres.

Flapping flight is inherently unstable, requiring fast feedback to be stabilized. Although insects

rely on vision during flight, it takes over 40 ms for a visual stimulus to lead to a behavioral response

[5], [6]. This latency is too slow to be used for stabilization [4]. Instead, insects rely on the much

faster sensing by mechanoreceptors called campaniform sensilla. They are found in concentrated

fields at the base of the wing, and radiating outwards along the veins of the wing. Halteres have

arrays of campaniform sensilla at their base with similar encoding properties to those on the wings

of moths. These campaniform sensilla on wings and halteres are spiking neurons; once triggered,

the campaniform sends an action potential down its axon. Such a trigger is followed by a 3 mil-

lisecond refractory period before another spike can occur, resulting in a spike only once or twice

a wingbeat. Both wing and haltere campaniform sensilla have direct innervations to the flight

muscles [7], minimizing latency from sensing to actuation.

How the campaniform turns a temporal strain signal into an action potential – how it encodes

strain – can be measured by recording from the neuron while stimulating the appendage, generally

with band-limited white noise [8]. Through exposing the campaniform to a large set of stimuli, and

recording the stimuli that trigger spikes, we obtain an ensemble of spike triggers (the STE, Spike

Triggered Ensemble). Using different types of analysis of this ensemble, we can create probabilistic

firing models of the campaniform sensilla. The commonly used average of the ensemble is referred

to as the Spike Triggered Average (STA). Next, we can project the STA onto the original stimulus

to obtain a similarity measure. This similarity between the original stimuli and the STA indicates

the specificity of the neuron, i.e. how close does the stimulus need to match the desired feature

to elicit a spike response. By plotting a histogram of the similarity and fitting a function, we

obtain the so called non-linear decision function (NLD). The NLD provides the probability of a

spike occuring, given a certain similarity. A similar but potentially more accurate model can be

obtained by looking at different features of the ensemble simultaneously through principal com-

ponent analysis (PCA) [9]. Interestingly, the encoding properties of campaniform sensilla on the

wings of hawkmoths and on the halteres of craneflies are remarkably similar [8], [10]. Notably,

when provided the exact same stimulus, the timing of the elicited spikes shows very little variation

5



(< 0.2 ms).

The discrete event-triggered and large arrays of sensors are remarkably different from single-

sensor continuous measurements common in engineered systems. How does this contribute to the

sensing capabilities of flying insects, and if so, can we harness similar benefits by using neural

encoding on sensory data in engineered systems? A major unsolved challenge in understanding

biological control is how the environment and internal state are represented in the nervous system.

However, we can come up with computational models designed after the input-output relationship

observed in behavioral experiments. Models come in different gradations of complexity, trading off

ability to predict specific systems versus a more general applicability. We can use these models to

gain understanding and to discover broad mechanistic principles of control in living systems.

Modern day engineered systems often rely on only a few sensors, such as accelerometers for sta-

bilization and GPS measurements for navigation. Such systems require high accuracy, filtering and

reliability of those individual sensors. To address this, mission critical sensors like angle of attack

sensors on aircraft often have a secondary sensor for redundancy. Alternatively, state estimators

can combine measurements of single or multiple sensors with an internal model of the system. State

estimators like Kalman filters are commonly used to reject noise and smoothen feedback control.

By having knowledge of the model, estimates of model uncertainty and sensor noise, Kalman esti-

mators simulate how the system would propagate during one time step and provides an updated

estimate of the full state. Proven to be extremely useful, state estimators require an accurate model

of the system however. The paradigm of having only a few sensors and having an accurate system

model is very different from the large arrays of sensors and limited computational power in biology.

Modern control systems generally consist of several layers. Higher-level decision making and

planning outlines trajectories from one state to the next. Without noise and perfect model in-

formation it would be possible to control such a trajectory entirely in feed-forward manner; the

control action belonging to a certain change in state is found by inverting the system dynamics. In

practice, this fails for two reasons: the system will drift due to noise in the system model or due to

external disturbances. The solution is feedback control; sense and estimate the state to determine

an appropriate control action to compensate for noise and disturbances. Feedback is ubiquitous in

engineering and biology, and classical control theory provides many useful tools for designing and

analyzing behavior of linear systems. Interestingly, the development of the proportional-integral-

derivative (PID) controller is an early example of biology-inspired control, Minorsky based the PID

controller on how captains steered ships [11]. However, most systems are not linear, and in many

systems we do not have access to an accurate model of the system dynamics.

Recent efforts in control theory have focused on learning and decision making through data-

driven methods. A tree of mathematical functions can be used to find controllers for high di-

mensional fluid control problems [12]–[14]. Neural networks have been incorporated with model

predictive control, circumventing the need for a mathematical system model [15]–[17]. Iterative

learning control and reinforcement learning are model free, focusing on learning controller through

experimental or simulated trials [18]–[20]. These powerful approaches have enabled control of
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systems outside of the scope of classical control. Yet they can be computationally intractable,

requiring many trials or accurate simulations. The generalizable nature of these methods can pre-

vent them from finding lower-dimensional representations, potentially leading to longer training

times or failed convergence.

In this thesis I investigate the neuromechanics of sensory feedback in insect flight control with

the aim of developing new methods for modern control challenges. My research is motivated by

the following overarching questions:

• How does neural encoding by individual mechanoreceptors contribute to feedback in insect

flight control?

• How does the nervous system of insects use timing and time history to resolve small differences

in deformation from gyroscopic forces?

To answer these questions I have collaborated with experimentalists to derive models of neural en-

coding of the campaniform sensilla on the wings of moths and halteres of flies. Through structural

simulation of the oscillating wings and halteres combined with inertial rotation I obtained local

strain on the entire surface throughout a wingbeat cycle. Combining strain with the experimen-

tally derived encoding models provides a neural representation of local deformation. This neural

representation in turn carries the signature of the inertial rotations experienced by the insect. It

is this model chain through which we can gain understanding of the distal computing in the oscil-

lating sensory organs during flight.

With this insight we can now probe deeper, not only learning how the biological system works,

but also how we can employ these mechanisms for engineering design. The approach of combining

structure with neural-inspired sensing allows us to ask the reverse engineering questions:

• Why are mechanosensors placed at these locations?

• What is it about the feature-sensitivity of these mechanosensors that aides in the detection

of rotation?

In my attempt to answer these questions, the accurate timing and temporal feature detection

showed to be crucially important. This led to the question that inspired the final chapter:

• Can we utilize timing parameters as an efficient method for learning in a new type of con-

trollers?

To test this, I designed a timing-based controller on a variation to the benchmark inverted pen-

dulum. This use case serves as an exploration of the potential of such timing-based controllers

in more complicated control systems. My efforts to answer these questions have led to the three

chapters in this thesis:

In chapter one I investigate the role of neural encoding by mechanosensors on the wings of

hawkmoths. To stabilize the inherently open-loop unstable flapping flight, hawkmoths rely on

abdominal reflexes elicited by rotationally induced wing-deformations [21] However, detecting the

minute additional wing deformation that results from body rotation is exceedingly difficult, demon-

strated by the fact that there are over 200 mechanoreceptors on the wing. These mechanoreceptors

called campaniform sensilla encode local strain by sending action potentials through their axon in

response to particular temporal strain signals. By combining the strain obtained from a flapping
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wing simulation with experimentally derived neural encoding we predicted the probability of firing

for hypothetical sensors for all locations on the wing surface. We then used this to determine

the ability to discern body rotation using different combinations of sensors and different neural

encoder models. Interestingly, the temporal feature detection of the neural encoding was crucial

in enabling the classification of body rotation. Furthermore, using sparse optimization, roughly

10 sensors were sufficient to classify with similar accuracy to the entire array of over 1000 sensors.

Additional simulations revealed that many different encoder shapes led to similar classification

accuracy, showing that the shape is not critical.

Chapter two describes how the spike timing by campaniform sensilla at the base of halteres

encodes body rotation. Insects belonging to the highly successful order of True Flies (or Diptera)

have only two wings. The hind wings of their evolutionary ancestor evolved into small hammer-

like sensory structures that still beat at the same frequency as the fore wings of the fly. This

oscillatory motion elicits inertial deformations and makes them susceptible to small Coriolis forces

during inertial body rotations as experienced during voluntary turns and involuntary motions from

wing gusts. Sensory information from the campaniform sensilla at the base of halteres is critically

important for flight control. Behavioral experiments show that wing motion is directly affected

by body rotations [22], body rotation affects neck muscle activation to stabilize head motion [23],

and campaniform sensilla at the haltere base directly innervate wing steering muscles [7]. Yet

how the array of campaniform sensilla is used to detect the minor change strains resulting from

body rotations is still unknown. Finite element simulations of a simplified haltere structures under

different rotational conditions revealed centrifugally induced bending and twisting deformations

previously not considered. With the probabilistic firing model similar to the moth wing, I found

that spike timing changed at nearly every location along the circumference of the haltere base,

enabling timing-based classification of body rotation.

Findings from the previous chapters inspired the timing-based feedforward control strategy em-

ployed on the inverted pendulum in chapter 3. Many modern day engineering challenges are similar

to those faced by flying insects. Environments are highly unsteady, system dynamics are of the

same order as delays from sensory transduction and computation, and both control effectiveness

and state estimate vary with time. As a model for such a system I used the benchmark inverted pen-

dulum problem with the additional restrictions that state can only be sensed around it’s inverted

equilibrium and with limited control torque. By optimizing start and stop time for the feed-forward

controller during the sensor-denied phase, the controller performed near-optimally. Furthermore,

the iteratively learned timing-based feedforward controller found a tiered, near-optimal solution in

far fewer trails.

Chapters 2 and 3 have appeared in journal publications [24], [25]. Because the co-authors

heavily contributed to the writing of the final paper, chapter 1 is an earlier draft of the journal

publication [26].
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Chapter 1

Neural-inspired Sensors Enable Sparse, Efficient

Classification of Spatiotemporal Data

Mohren T.L. , Daniel, T.L., Brunton, S.L. and Brunton, B.W.

Proceedings of the National Academy of Sciences, 2018.

Abstract

Recent developments in sparse sensing techniques have enabled many advances in controlling com-

plex fluids, facial recognition and object classification. However, current sparse sensing implemen-

tations generally focus on spatial data only. In this work we show the necessity of neural-inspired

encoding for classification by utilizing the the spatio-temporal nature of sensory data in combi-

nation with sparse optimization. We test our method on a structural model of a flapping wing

with an array of strain sensors, with the aim of classifying its rotational state. The experimentally

derived neural encoder is applied to the strain field prior to finding the optimal sensor locations

for classification. We found that applying a neurally inspired encoder was necessary to classify

the inertial rotation state. Furthermore, we found that we need roughly half the amount of op-

timally placed sensors compared to randomly placed sensors for the same classification accuracy.

As we added white noise disturbances to both the flapping motion and the inertial rotation, the

classification accuracy was reduced only when disturbance levels exceeded 10% or more of the

steady angular rate. To show the significance of the shape of the neural encoder, we approximated

experimentally obtained encoders with parameterized functions. We found that the parameters

derived from experimental encoders performed close to the best performing parameter set. With

this model we demonstrate that combining neural encoding and sparse sensing is beneficial to high

dimensional classification tasks.

Introduction

Insects rely on structures with mechanosensory arrays for flight control [22], [27]–[29]. These

structures deform in response to aerodynamic or inertial loads. Mechanosensation in insects has a

latency of around 3 milliseconds, which is extremely fast compared to other sensory systems [5].

Vision, on the other, is too slow to account for the rapid feedback observed in natural flight [6],

[30]. Located on the wings of hawkmoths are over 300 campaniform sensilla in a distinct pattern

[21], [31], a similar number of sensors as are found on the wings of flies [32]. Furthermore, the
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Figure 1.1: A simulated flapping wing model with and without externally induced body rotation
differ by a twisting mode three orders-of-magnitude smaller in magnitude than the dominant flap-
ping mode. From the flapping wing simulation, we obtain span-wise normal strain over a dense
grid on the wing as a function of space (x, y) and time t. Photo of hawkmoth by A. Hinterwirth.

encoding properties of these campaniforms on hawkmoth wings is strikingly similar to those of

campaniform sensilla found on the halteres of flies. These halteres are known to serve an im-

portant role in gaze stabilization [1] and detecting inertial rotations [33], both functions that are

important in flying in turbulant environments. The halteres are evolutionary derivatives of hind

wings, suggesting that the hind wings of insect species without halteres have a similar function.

There are obviously aerodynamic forces acting on flapping wings, but at the scale of hawkmoths

these are minor compared to inertial forces generated by the wing itself [34]. Indeed, recent work

shows that inertial rotations lead to a very small additional wing twist [35], and that wing twist

results in a stabilizing reflex from the abdomen [21]. However, it remains an open question as to

how the array of mechanosensors on the moth wing can detect this wing twist mode.

In the nervous system, information can be encoded in a multitude of ways, common examples

being by the frequency of occurence of action potentials (firing rate), or by the time difference of

action potentials between neurons [36]. Electrophysiological recordings of afferent wing neurons

show that the campaniform sensilla on hawkmoth wings are sensitive to very particular features

in the strain time-history [10]. Furthermore, spike timing precision is within 0.2 milliseconds [21].

The field of sparse sensing and much of machine learning uses the principle that natural high

dimensional data often has coherence, and thus can be transformed into a lower dimensional rep-

resentation, allowing for the truncation of smaller modes [37]–[40]. The low dimensionality of this

representation suggests that not all measurements are necessary, and that if sub sampled, the full

signal can be reconstructed with high fidelity [41], [42]. If the goal is not to reconstruct the full

image, but instead to classify the image into a category, even fewer measurements are necessary.

This has been shown in image recognition, where randomly sub sampled images can be classified

with roughly equal accuracy with respect to the full image [43]. Furthermore, if sensor locations

are selected for their ability to classify, the number of sensors required becomes much smaller than

if they are placed randomly [44]. For high-dimensional systems such as images, solving for the op-

timal sensor locations is computationally infeasible, but with convex optimization the optimal set
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can be approximated with the L1 norm [45]. Rather than the least squares L2 norm, the L1 norm

promotes sparsity in the solution, but this norm requires more computational efford. Furthermore,

in case of many near-optimal solutions, finding the absolute optimal can be intractable. A way to

deal with this uniqueness problem is to introduce a combination between the L1 and L2 norms,

referred to as an elastic net [46]. We will use this combination of the L1 and L2 norm to determine

optimal sensor locations.

First we will show that neural encoding is necessary for classification, and that optimal sensor

placement outperforms random sensor placement if under 30 sensors are placed. Second, we show

that added disturbances to wing stroke and inertial rotations reduce the classification accuracy

only when disturbances are of the same order as the steady perturbation. Lastly, we explore effect

of the neural encoder shape to classification accuracy.

Methods

We use an Euler-Lagrange model of a flapping wing based on structural and flight parameters of

the hawkmoth Manduca sexta. Because we hypothesise that neural encoding is especially useful in

noise rejection, disturbance is added to both the flapping angular velocity and the inertial rotation

velocity. We will then derive a neural encoder that approximates experimental recordings [10].

This neural encoder is then used to filter the strain from the Euler-Lagrange model determine the

probability of firing over the entire wing over time. With this spatio-temporal data we will select

sensor sets of different sizes either randomly or through an optimal placement algorithm. We then

train different sensor sets on 90 % of the neurally encoded strain and test classification accuracy on

remaining 10%. The fraction of correct classifications in the test data determines the classification

accuracy for that particular sensor set.

Structural Simulation

We use a simplified Euler-Lagrange model for a flapping flat plate to obtain wing strain for different

prescribed inertial rotations (simulation developed by Eberle et al. [35]). The flat plate has a span

of 50 mm, chord length of 25 mm, a thickness of 0.0127 mm, and an E-modulus of 3 GPa to

roughly match the structural characteristics of a Manduca Sexta wing. This is consistent with

previous work on hawkmoth structural wing studies [35], [48]. The wing flaps with an amplitude

of 30 degrees at a frequency of 25 Hz and, to resemble the hawkmoth wing stroke more closely, we

add an additional harmonic at 50 Hz of 6 degrees amplitude. The wing stroke angle is thus:

φ = 30 (sin 2πft+ 0.2 sin 2π2ft) .

A sigmoidal startup ensures transient effects are dampened out before the training and testing

phase. The simulation runs for 4 seconds, where the first second is disregarded in classification to

ensure transient effects are excluded. The total flapping velocity is defined as φ̇ and consists of

a mean rotation
¯̇
φ and of disturbance φ̇∗. The total inertial rotation is defined as θ̇ and consists

of a mean rotation
¯̇
θ and of disturbance θ̇∗. The wing is perturbed under two different inertial

rotations, signifying the two different classes.
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Figure 1.2: A schematic of classifying body rotation using sparse neural inspired strain sensors
placed on a flapping wing. Raw span-wise normal strain is obtained from the structural simulation
in two conditions, flapping only and flapping with rotation [35]. The raw strain in these two con-
ditions are not linearly separable, leading to poor classification even using all the sensor locations.
Alternatively, raw strain is encoded by a neural-inspired filter and transformed into the probability
of a mechanosensory neuron firing an action potential [10], [47]. The neural encoder is approx-
imated by experimental recordings of campaniform sensilla and summarized as a temporal spike
triggered average (STA) filter followed by a nonlinear activation function, transforming raw strain
into probability of the neuron firing an action potential Pfire. We define Pfire to be neural encoded
strain. Neural encoded strain separates well with a linear classifier; further, this performance can
be achieved remarkably efficiently using approximately 10 sensors at key locations [44].

• In the case of flapping, there is no constant rotation rate (
¯̇
θ = 0 rad/s).

• In the case of flapping and rotating, there is a constant rotation rate (
¯̇
θ = 10 rad/s).

For figures 1.1,1.2,1.3 and 1.5 we add band limited white noise disturbance θ̇∗ with standard

deviation of 0.1 rad/s and φ̇∗ with standard deviation of 0.31 rad/s (1% of
¯̇
θ ( (1% of

¯̇
θ and

¯̇
φ

respectively). For figure 1.4 we explore standard deviations of [0.01,0.1,1, 10] rad/s for
¯̇
θ , and

[0.031,0.31,3.1,31] for φ̇∗. Without any disturbance, the wing shows a dominant strain mode due

to bending, independent of inertial rotation speed. When rotation is present (
¯̇
θ = 10), a twisting

mode is observed [35]. This twisting mode results in normal strain of three orders smaller than

the dominant strain mode due to bending (figure 1.1) .

Neural encoding

We use the experimentally derived responses of campaniform sensilla to create a probabilistic firing

model, as outlined in [49]. This probabilistic model is used to obtain the probability of firing as a

function of time and position on the wing (figure 1.2). The probabilistic firing model is a two step

process. First, the stimulus is convolved with the temporal feature (spike triggered average, or
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Figure 1.3: Classification using about 10 neural encoded sensors placed at key locations on the
wing achieves accuracy comparable with classification using all sensors. Flapping wing structural
simulations were computed with moderate disturbance amplitudes ([φ̇∗, θ̇∗] = [0.31, 0.1] rad/s).
The classification accuracies shown are validated on an epoch of the simulation separate from what
had been used for training. Sparse sensors are learned from training data from trials with random
disturbances using SSPOC (red, each dot is an individual trial) and compared to randomly placed
sensors (gray, mean and stdev). The red line is a sigmoidal fit to the SSPOC sensors accuracy. The
inset shows a probability distribution of SSPOC sensor locations on the wing for q = 11 sensors,
averaged over 100 training sets with random instances of noisy disturbances. The opacity of the
red dots are proportional to the likeliness of sensor solutions at that location; most sensors are
found at the periphery of the wing. The background of the inset shows the full-state discriminant
vector Ψw.

STA) to determine similarity ξ. Second, the non-linear decision function (NLD) takes ξ and maps

this to the probability of firing according to it’s curve. The result is the Neural Encoded Strain

in figure 1.2. We will use a equation A1.19 to represent the STA, and a sigmoidal function A1.20

to represent the NLD. Both are fitted to experimental recordings of campaniform sensilla on the

wing of a hawkmoth [10]. This allows us to vary the shape of the neural filters, and explore the

effect of filter shape on classifcation accuracy.

STA(t) = cos (f(t+ τ)) exp(
−(t+ τ)2

σ2
) (1.1)

NLD(s) =
1

1 + exp(−ζ(s− η))
(1.2)

Where σ is the width of the STA, t is time in milliseconds, τ is the delay of the STA, and f is

the frequency in kHz. ζ is the gradient of the slope at NLD(s) equals 0.5, s is the projection of the

STA on the strain, and η is the delay.
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Figure 1.4: Classification accuracy is robust for moderate to large magnitude disturbances in
flapping φ and in rotation θ. Each panel of the 4 by 4 grid shows the classification accuracy for
varying number of sensors (grey: random sensors, red: SSPOC sensors, black diamond: all sensors
without encoding, red diamond: all sensors with encoding). The levels of rotation disturbance

represent 0.1,1,10, and 100% of the standard deviation of steady flapping
¯̇
φ and of the magnitude

of constant rotation
¯̇
θ.

Optimal sensor placement

To show the effect of optimal placement, we will compare different amounts of sensors, and different

placement conditions. The sensor sets will have 1 to 30 sensors, and will be either randomly placed

or optimally placed using sparse optimization. We use the SSPOC algorithm with an elastic net

(equation A1.38) and solve this with convex optimization software CVX [44], [46], [50], [51].

s = argmin
s′

0.9 · ||s′||1 + 0.1 · ||s′||2, subject to ΨT
r s

′ = w (1.3)

We use Linear Discriminant Analysis (LDA) to classify rotational state. For each of the two

classes (1. Flapping, and 2. Flapping & Rotating), a the last 3 seconds of a 4 second structural

simulation was used (grey box in figure Appendix 1 .1), with a sampling rate of 1 kHz. With a

flapping frequency of 25 Hz, this equals about 75 wing stroke cycles for each class, 150 strokes as

the total data set. The first 90% of the samples for each class was used for training the weights of

the individual sensors, the last 10% was used in the testing set to determine the classification ac-

curacy. For every sensor set size, we ran 10 iterations for both random placement and the optimal

sensor placement algorithm.

Results

In the first section, we will show the benefit of applying neural encoding to strain data for the

classification task and how a subset of sensors performs if placed randomly versus optimally. Sec-

ondly, we study the effect of disturbance on classification accuracy. Lastly, we demonstrate how

variations in the neural encoder parameters alter the ability to classify inertial rotations.
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Figure 1.5: The experimentally derived neural encoders are found on a large plateau in parameter
space with similar neural-inspired encoders. The temporal filter STA is parameterized by its
frequency and width (Eq. 19), and the nonlinear activation function is a sigmoid parameterized
by its slope and half-max (Eq. 20). The top and bottom rows show systematic variations of the
STA and the nonlinear activation function by manipulating their parameters, respectively. The
middle column visualizes the family of these neural-inspired encoders. We assess each encoder by
the fewest sensors required to achieve 75% classification accuracy, and these numbers of sensors
are shown as heat maps in the right column. The experimentally fit encoder functions (red boxes)
are well suited to achieve classification along with a family of similar neural-inspired encoders.

Neural inspired filter is required for detection of insect inertial rotation

The twisting mode present only when inertial rotations are present is exceedingly small, as can

be seen in figure 1.1. This makes that when we try to classify inertial rotations using the strain

directly, classification accuracy hovers around 0.5 (figure 1.3. This is the case with sparsely placed

sensors, and if all 1326 sensors on the wing are used (in the case of 2 classes, this is equivalent

to random guessing). With neural encoding, classification accuracy reaches roughly 90 % if all

sensors are used. However, even with a randomly placed subset of sensors only thirty sensorsgive

a similar accuracy. At thirty sensors the mean accuracy curve begins to asymptote towards the

accuracy obtained from all sensors. The results for a given number of randomly placed sensors

has a Gaussian distribution, the region within standard deviaton of the mean is shown in grey in

figure 1.3. Optimal sensors perform superior to randomly placed sensors in the region between 5

and 30 sensors, after which they asymptote at the same level as the randomly placed sensors. The

sigmoidal fit to the mean lines of both random and optimally placed sensor accuracy intersect with

the 75% accuracy (as shown by the dotted lines in figure 1.3). We will use this as an indication of

success for classification accuracy for further results.
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Classification robust to disturbance

For the two different rotational velocities we applied different combinations of disturbance (figure

1.4). We found that for disturbance levels up to 10% of the rotational velocities (1 rad/s for rota-

tional velocity and 3.12 for flapping velocity), classification accuracy was not noticeably affected.

For a flapping velocity disturbance of 31.2, equalling the standard deviation of the steady flapping

velocity, there was a decline in both the accuracy of randomly placed sensors and optimally placed

sensors. The asymptotic value dropped to about 80% and more sensors were required sensors

to obtain for both random and optimal sensors. The rotational velocity disturbance drastically

affected classification accuracy, albeit only when disturbance magnitude equaled steady rotation

rate magnitude. Even if all sensors were used, only barely was classification accuracy better than

50 %.

Classification accuracy insensitive to encoder shape

The neural encoding properties of campaniform sensilla look to be similar across species, although

there seem to be different types of encoding properties within species [10], [52]. In figure 1.5 we

explore variations of the experimentally obtained temporal feature. Parameterizing the feature

with equation A1.19, we alter the frequency and width. It becomes aparent that higher frequency

features perform better. Furthermore, small feature widths (about equal to those observed in

electro-physiological experiments) perform better than wide, larger time-scale features. Note that

the top row has such a narrow feature that it does not affect the strain, i.e. here the encoding is

only achieved by the non-linear decision function. This hints at the fact that the projection of the

temporal feature improves classification accuracy, but it is not required for classification. We can

interpret the feature as acting as a temporal filter for disturbance.

Similarly to the temporal filter, we now explore variations in the non-linear function. The

non-linear decision functions observed in experiments generally have a sigmoidal shape, although

variations are observed between experiments [8], [10]. From figure 1.5 we see that within bounds

the location of the slope mid-point does not have a significant impact on classification accuracy.

The sharpness of the curve however, shoes a clear trend for randomly placed sensors, favoring a

gentle decision function over a sharper threshold function. For optimally placed sensors, the trend

is not as obvious. There are clear ounds where decision functions perform poorly (such as the

linear ramp functions on the left and the sharp thresholds on the right), but there seem to be

several parameter values that perform well. Note that the middle of the left column has a straingt

line function, meaning that the strain would not be altered if it were to pass through it. From

this we can conclude that the non-linear function is required for classification. In the case without

any disturbance, the temporal feature might be left out, whereas the non-linear decision function

is still required to classify inertial rotations.

Conclusion & Discussion

Our model of the flapping flat plate shows that neural encoding not only improves, but is actually

required for classifying rotational state in our model. From our sparse sensor placement optimiza-
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tion we find that sensors are distributed consistently and that in the order of 10 optimally placed

sensors perform nearly as well as the full array of sensors in classifying inertial rotation. Random

sensors paired with neural encoding also approached classification accuracy equal to the full array

of sensors, but it took more randomly placed sensors to achieve a similar classification accuracy.

In both random and optimally placed sensors, classification accuracy was insensitive to low levels

of rotational disturbance. The fact that a small subset of samples performs nearly as well as the

full set therefore still holds in case of high levels of disturbance.

When looking at the importance of shape of the neural encoder we found that indeed the shape

of both the temporal feature and the non-linear decision functions significantly affected the clas-

sification accuracy. Contrary to expectation, narrow, high-frequency features generally performed

best. If the temporal feature was turned off, more sensors were required to classify but classifi-

cation was still possible. We therefore interpret the temporal feature to act as a noise filter that

is not necessarily required, but that reduces the number of sensors required to classify rotation.

The experimentally approximated temporal feature performed nearly as well as the best perform-

ing feature we found. Contrary to expectation, we found that a gradual slope for the non-linear

decision feature led to the highest accuracy. The location of the slope mid-point did not have as

much of an impact. If the non-linear function was left out, the classifyer was no longer able to

detect rotation, indicating that contrary to the temporal feature, the non-linear function is crucial

in detecting rotation.

For classification, we used Linear Discriminant Analysis (LDA) in combination with Principal

Component Analysis (PCA), a basic but powerful classification method with significant off-line but

very rudimentary on-line computation. Although this particular method was not able to classify

rotations with strain alone, other methods might be able to. However, we hypothesise that applying

neural encoding to classification data brings benefits to more involved classification schemes as well.

With the model in this paper we show that incorporating spatio-temporal data using neural

encoding can enable classification tasks where spatial data alone cannot. We invision neurally-

inspired filters can be used in high dimensional sensory systems that are energetically or compu-

tationally constrained. Biological sensors have circumvented these issues with sensory systems by

having event based action potentials. To apply a similar feat in an engineered system, one would

need a hardware implementation of a sensor with neural filter. Such a sensor would send a binary

pulse only in case of a notable temporal signal, decreasing downstream computation and power

requirements. In this study we used a one-feature based neural encoder for our model, but recent

evidence suggests that campaniform sensilla on halteres respond to two different features in the

stimulus [8]. Such an implementation would result in a more selective encoder, further enhancing

the efficiency of the sensory system. Much work remains to be done in understanding the biolog-

ical mechanism of sensing complex features by sensory arrays, and perhaps even more so in the

application of biologically inspired encoding mechanisms for engineered sensory systems.
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Chapter 2

Coriolis and Centrifugal Forces Drive Haltere Deformations

and Influence Spike Timing

Mohren T.L. , Daniel, T.L., Eberle, A.L., Reinhall, P.G. and Fox, J.L.

Journal of the Royal Society Interface, 2019.

Abstract

The halteres of flies are mechanosensory organs that serve a crucial role in the control of agile flight,

providing sensory input for rapid course corrections to perturbations. Derived from hind wings,

halteres are actively flapped and are thus subject to a variety of inertial forces as animals undergo

complex flight trajectories. Previous analyses of halteres modeled them as a point-mass, showing

that Coriolis forces lead to subtle deflections orthogonal to the plane of flapping. By design these

models could not consider the effects of force gradients associated with a mass distribution. Nor

could they reveal three dimensional spatio-temporal patterns of strain that result from those forces.

In addition, diversity in the geometry of halteres, such as shape and asymmetries, could not be

simply modeled with a point mass on a massless rod. To study the effects of mass distributions and

asymmetries, we examine the haltere subject to both flapping and body rotations using 3D finite

element simulations. We focus on a set of simplified geometries, in which we vary the stalk and bulb

shape. We find that haltere mass distribution gives rise to two unreported deformation modes: (1)

halteres twist with a magnitude that strongly depends on stalk and bulb geometry, and (2) halteres

with an asymmetric mass distribution experience out-of-plane bending due to centrifugal forces,

independent of body rotation. Since local strains at the base of the haltere drive deformations of

mechanosensory neurons, we combined measured neural encoding mechanisms with our structural

analyses to predict the spatial and temporal patterns of neural activity. This activity depends on

both the flapping and rotation dynamics, and we show how the timing of neural activity is a viable

mechanism for rotation-rate encoding. Our results provide new insights in haltere dynamics and

show the viability for timing based encoding of fly body rotations by halteres.

Introduction

Animals control movement via the integration of inputs from multiple sensory modalities. In insect

flight control sensory inputs are largely dominated by both visual and mechanosensory systems.
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In the extremely rapid dynamics associated with insect flight, feedback control via visual input is

often too slow to provide adjustments to the flight path in response to perturbations [2], [5], [6],

leading to pitch instabilities. To compensate for relatively slower visual input, rapid feedback from

mechanosensory structures often serves a crucial role in flight control [29].

In dipteran insects (the true flies), hindwings have evolved into specialized mechanosensory

structures called halteres. These organs provide exceedingly rapid feedback information about the

animal’s body dynamics [22]. As halteres flap and the body rotates, Coriolis forces drive subtle

deformations of the halteres that are perpendicular to the plane of flapping. Coriolis forces are

directly proportional to both the flapping frequency and the body rotation rate [53]–[55]. The

dynamics associated with Coriolis-induced motions have been widely studied over the greater part

of the last century, with a consensus view that gyroscopic sensing capabilities follow from the de-

tection of small out-of-plane bending [53]–[55] (for the mathematical basis see supplement). This

out-of-plane deflection is transformed into neural signals via mechanical sensory structures, called

campaniform sensilla, located in dense fields at the haltere’s base. These sensilla provide rapid

flight feedback via fast electrotonic synapses onto the flight motor neurons [7]. Sensory information

from the haltere nerve is also important in gaze stabilization [23], [56]. While there is significant

behavioral and electrophysiological evidence for sensory roles of halteres [8], [49], [53], the tiny,

rotation-induced bending deformations have not been observed experimentally. In addition, it

has been historically thought that detection of such small lateral deflections would require strong

directional sensitivity of the campaniform sensilla. While some animals, like spiders, are known

to employ mechanosensors, called slit sensilla, which possess high directional sensitivity [57]–[59],

whether the directionality of strain is encoded by campaniform sensilla on halteres remains unclear.

Prior analytic studies of halteres have modeled them as a single point mass at the end of a

massless rod, allowing only deformations that result from both Coriolis forces and in-plane inertial

bending [53]–[55]. In contrast, more recent models of insect wings suggest that Coriolis forces on

distributed masses lead to torsional deformations which had not been previously considered [35].

Indeed, stabilizing reflexes have been observed in moths in response to magnetically induced wing

twist [21]. It is thus possible that the distribution of mass in halteres could similarly yield torsional

dynamics, even if it is symmetrically distributed with respect to the stalk. Moreover, asymmetries

abound, with impressive geometric variation of halteres across a wide range of taxa [60] (see exam-

ple in figure 2.1A). In addition, asymmetric mass distributions of the bulb could potentially lead

to relatively large out-of-plane deformations due to centrifugal forces, an additional component of

haltere dynamics that had not been examined previously. Thus two modes of deformation—torsion

and centrifugally generated bending—remain unexplored. Here we ask four key questions: what

are the three-dimensional deformations, stresses, and strains in halteres when undergoing concur-

rent flapping and rotation? What are the dominant forces leading to those deformations? How

do the structural features of halteres influence the relative magnitudes of emergent deformations?

And how do such deformations ultimately lead to patterns of neural activation? Answers to these

questions will guide a deeper understanding of haltere design and function, as well as the roles of

sensory information and spike timing [61] in insect flight control. Moreover, the mechanisms by

which complex body dynamics are transformed into neural signals via the deformations of halteres
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Figure 2.1: Insects belonging to the order of the the true flies (Diptera), possess halteres—
dumbbell-shaped mechanosensory organs associated with inertial sensing (A). Three SEM images
show different haltere geometries associated with specimens from three different genera (B, cour-
tesy of Sweta Agrawal). The geometry of our basic finite element mode (C) with normal and shear
strain components near the base of the haltere. Panel D shows the normalized spike triggered aver-
age (STA) and nonlinear decision function (NLD) derived from the encoding properties of cranefly
haltere neurons. The parameter ξ is the normalized projection of the STA onto the stimulus from
a white noise analysis. Both the STA and NLD are derived from Fox et al. [8].

can inspire novel design for synthetic gyroscopic sensors.

In contrast to prior studies of halteres that used point mass simulations, we address these ques-

tions using 3D finite element models to examine spatial and temporal patterns of the deformations

and strains associated with haltere dynamics. We combine strain data from the finite element

models with neural encoding properties obtained from electrophysiological recordings to develop

predictive models of spatial and temporal patterns of neural signals from campaniform sensilla at

the haltere base. We find that both centrifugal forces and Coriolis-induced torsion contribute to

the strain patterns at the base of the haltere, and that these forces can influence the timing of

neural activation. Moreover, the geometry of halteres influence the relative contributions of these

forces in the mechanism of motion encoding. Taken together, our results suggest a new view of

the mechanics and neurobiology of rotation sensing in flying insects.

Materials and Methods

Our model of the haltere geometry and kinematics in the structural simulations was inspired by

the cranefly haltere from the genus Tipulidae. We assumed homogeneous material properties and

a cylindrical stalk geometry to establish a mechanistic understanding of the deformation modes.

Geometry and Kinematics

Our base model consisted of a hollow stalk of circular cross-section with an outer radius of 150

µm and an inner radius of 50 µm. The end of the stalk supported a bulb with the center of mass

at a distance of 5 · 103 µm from the base of the haltere. The bulb had a radius of 500 µm.

We assume uniform material properties, and use a Young’s modulus of E = 1.5 GPa, as ob-

tained from nanoindentation on halteres [62]. We set both the stalk and bulb density to ρ = 1200

kg/m3 to be consistent with previous modeling [62] and with prior estimates of cuticle stiffness

[34]. Furthermore, we assume a Poisson ratio of ν = 0.33. We note that the Young’s modulus of
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scerotised cuticle can range from 1-20 GPa, and it’s density falls between 1 -1.3 kgm−3 [63]. We

modeled the bulb as a rigid element, as the moment due to gyroscopic accelerations is smallest at

the tip and results in a small contribution to the total haltere deformation.

To investigate the dependence of haltere deformation on haltere shape, we modeled two differ-

ent stalk cross-sections and three bulb geometries. We compared the spherical bulb to elliptical

bulbs with a major axis length of 1000 µm and two minor axes lengths of 353 µm , maintaining

the same internal volume and center-of-mass distance from the base of the haltere (fig. 2.3). To

investigate the effect of asymmetry, we also offset the bulb center of mass in either the y′ or z′ di-

rection by 150 µm. To examine the role of torsional and bending stiffness of the stalk, we modeled

both the circular-shaped cross-section (CS) as described previously, as well as a plus-sign shaped

cross-section (PS) consisting of two orthogonal rectangles with a height of 481 µm and a thickness

of 40.8 µm, corresponding to an aspect ratio of 12. These two cross-sectional shapes were scaled

to have an identical second moment of area I, but a vastly different torsional moment of inertia J

(by an approximate factor of 38, fig. 2.2, derivation in the supplement).

We fixed the base of the haltere model to a rigid base plate that we rotated in the Y and Z-axis.

We prescribed the flapping motion as the haltere stroke angle about the Y-axis:

φ(t) = Af sin(2πfφt) [rad], (2.1)

where fφ = 40 Hz, and amplitude Af = π/2 rad, values that approximate observations of

cranefly halteres [49], [64]. Interestingly, the haltere flapping frequency is mechanically coupled to

wingbeat frequency [65].

We then specified one of two different rotational velocities to the haltere frame around the

Z-axis:

θ̇Flapping only = 0 [rad/s], (2.2)

θ̇With Rotation = 10 [rad/s]. (2.3)

We chose a conservative rotation rate of 10 rad/s since yaw rates between 14 and 28 rad/s are

commonly observed in flying insects [66]. Both the flapping and rotation were ramped up using a

sigmoidal function during the startup phase.

We used a radially symmetric mesh for the stalk using linear hexahedral elements (see also fig-

ure 2.1C). We specified both inner and outer circumference of the stalk to have 16 equally spaced

nodes. We prescribed 5 nodes at equal radial distances, resulting in 4 by 4 elements per stalk

quadrant. We used 31 elements along the length of the stalk. The bulb is comprised of 4 elements

per quadrant in both curved directions. We added Rayleigh damping of αk = 1 ·10−5, and αm = 0

to ensure stability of our solution. The selection of damping values do not change results within

two orders of magnitude of the value we selected. However, large damping values can counter intu-

itively lead to instabilities. Such damping induced dynamics may relate to a phenomenon known
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as damping induced rotational instabilities [67]. Our simulations were implemented in COMSOL

5.0.

Deformation and Strain

We took the location of the two nodes at the extreme sides of the haltere bulb to calculate the

deformation angle from the deformations δ in the haltere’s local x’y’z’-reference frame with in-plane

bending, ∆φ = tan(δz/xd), and out-of-plane bending, ∆θ = tan(δy/xd). We used the two side

points to calculate the twist angle ∆γ = tan(δz/yd), with δz the distance between the two points

along the z’ axis, and yd the distance between the two points along the y’-axis. In this study we

used the normal strain in the x’-direction of the local frame (εxx), as it is the dominant strain

signal. We exported this strain from the finite element software, but we note that strain relates

to the local curvature according to the Euler-Bernoulli beam theory in thin beams experiencing

small deflections [68] :

εxx = −z d
2w

dx2
, (2.4)

with z the distance with respect to the neutral axis of the beam, and w the deflection in the z’-axis.

Neural encoding

To predict spiking from our simulations, we used normal strain in the spanwise direction of the

haltere (εxx), at the locations along the outer circumference of the haltere and two mesh nodes

outward from the base (300 µm distally). We focus here on a single example geometry to illustrate

the transformation of spatio-temporal patterns of strain to patterns of neural activation. This

strain was passed through a two-step spike prediction method, using the neural encoding proper-

ties obtained from electrophysiological recordings from cranefly haltere neurons following methods

outlined by [8], [10], [26], [49]. These recordings revealed the temporal patterns of mechanical

strain stimuli that would most likely lead to an action potential from haltere neurons. The average

temporal pattern that elicits a neuron to fire, the spike triggered average (STA), was derived from

averaging across the ensemble of stimulus histories preceeding the spikes of that neuron. Given

the STA and the distribution of stimuli that generate action potentials, we used Bayes’ theorem

to identify the probability of action potential generation for a stimulus. This probability of firing

followed a sigmoidal curve, often referred to as the Non-Linear Decision Function (NLD). With the

STA and NLD, we then determined the probability of action potentials occurring over time for any

given temporal strain signal. We used STA and NLD estimates from a white noise motion stimulus

provided to the tip of the haltere [8]. We used methods outlined in [8] to scale the displacement

stimulus to strain at the base of the haltere. We assume that a spike occurs at the peak of the

probability of firing, but only if this peak probability of firing exceeded a threshold value of 0.9.

The transformation from strain to firing rate and spiking is shown in figure 2.1D.

The simulation data from the computational models is available at Zenodo, https://doi.org/

10.5281/zenodo.2542944. We used MATLAB [69], to analyze the data. Our code to analyze the

finite element results and to implement the neural encoding can be found at https://github.

com/tlmohren/Haltere-code.
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Figure 2.2: Three deformation modes are shown for two different stalk geometries. The left
column of graphs represents the deformations that results from pure flapping motions with two
stalk geometries: circular cross-section (CS, black) and a plus-sign shaped cross-section (PS, red).
The deformations that occur for the CS cross-section (middle column) and the PS cross-section
(right column) experiencing both flapping and rotation show the importance of torsional relative
to bending stiffness. Note the different axis magnitudes for the CS-shape stalk demonstrating the
importance of polar moment of area relative to second moment of area.

Results

Our results are consistent with those of earlier studies that indicated significant in-plane bending

and a subtle out-of-plane bending induced by the Coriolis force acting on a flapping and rotating

haltere [53]–[55] (fig. 2.2). For our flapping haltere, not subject to Coriolis forces, the in-plane

bending attains a peak-to-peak amplitude of approximately 0.01 rad. That amplitude is about

25 times greater than the out-of-plane amplitude when the haltere is subject to Coriolis forces

resulting from the orthogonal body rotations we imposed in the model. Moreover, the frequency of

the out-of-plane bending is twice that of the flapping frequency, a result consistent with all prior

studies of halteres [53]–[55]. Interestingly, a haltere with a spherical bulb and a cylindrical shaft

also experiences torsional deformation (twisting) which is much smaller in amplitude than either

the in-plane or out-of-plane bending (middle panel, blue lines). That torsional deformation has a

dominant frequency that is at the same frequency as the flapping motions.

Stalk geometry. Circular cross-sections (CS) represent structures that have the highest resis-

tance to torsional deformations: their polar moment of area J is maximum for a given amount of

material. Haltere stalks are not perfectly circular. Instead, they have a groove running along the

stalk that reduces their polar moment of area [60]. To explore the consequences of different beam
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Figure 2.3: Three deformation modes are shown for different bulb geometries, (A and B are
symmetrically mounted, C and D are asymmetric). In column A, both symmetrically mounted
ellipsoidal and spherical bulbs have identical deformations when experiencing only flapping mo-
tions (all three therefore have the same line color). Column B shows the predicted deformations
for the three symmetrically mounted bulbs with identical deformations for in-plane and out-of-
plane bending experiencing flapping and rotation. Torsional motions are greatest for the vertically
oriented bulb. The predicted deformations for asymmetrically mounted bulbs experiencing only
flapping (column C) and for both flapping and rotations (column D) show the influence of both
Coriolis and centrifugal forces. The far right graph is an expansion of the twisting deformations in
column D. Note the different axis magnitudes.

cross-sections, we created the plus-shaped cross-section (PS) that has the same second moment I

of area as cylinder, but a significantly lower J . This PS cross-section has an identical out-of-plane

displacement as we found for a circular cross-section (fig. 2.2, middle of right column). However,

the torsional deformation of the PS cross-section is much greater than that for the CS cross-section

and of same order of magnitude as the out-of-plane deformation (fig. 2.2, right column, bottom

row).

Haltere asymmetries. Because haltere deformations depend quite strongly on the distri-

bution of mass, we explored the consequences of two geometric scenarios. In one case, we asked

how deformations depend on the distribution of mass for bulbs symmetrically mounted to a shaft

with the same CS cross-section. In this scenario, we compared the deformations of halteres with

ellipsoidal bulbs to that of a spherical bulb, all with the same total mass. All three bulb shapes

lead to identical out-of-plane bending deformations when subject to both flapping and rotation.

None demonstrated out-of-plane or torsional deformations for flapping only (fig. 2.3, column A).

Interestingly, mass distributions that are symmetric with respect to the shaft and oriented in the

plane of the body rotation, and parallel to the plane of flapping (column B, vertical bulb, red lines)

experience much greater twisting than that of either a spherical bulb (black line) or an ellipsoidal

bulb oriented orthogonally to the plane of flapping (horizontal bulb, blue line)
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Even for a haltere with an asymmetric bulb, solely undergoing flapping excitation, an additional

deformation mode arises (fig. 2.3, column C). First, for a horizontal ellipsoid bulb, a centrifugal

force (see Supplemental information for the equations) leads to out-of-plane bending motions that

are of the same magnitude as those seen for halteres experiencing Coriolis forces (blue line, column

C, middle panel). In this instance, centrifugal forces yield deformations at twice the frequency of

the flapping motion, which is the same frequency that occurs with Coriolis forces. Morever, there

is a net offset to the bending angle of the haltere resulting from a lateral torque due to centrifugal

forces. The vertical ellipsoidal bulb which is asymmetrically mounted on the shaft (red line) also

experiences centrifugal forces, but those are manifest as subtle changes in the in-plane bending

(the difference for in-plane bending is only 1 · 10−4 rad).

When rotation is added, both asymmetrically mounted ellipsoidal bulbs experience large out-

of-plane bending at twice the flapping frequency due to Coriolis forces (middle panel, column D).

The vertically oriented ellipsoidal bulb (red line) and spherical bulb (black line) have similar out-

of-plane bending motions. However, the horizontal ellipsoidal bulb experiences significant twisting

motions, driven largely by the high amplitude flapping motions (lower panels, colums C and D),

with a modest Coriolis-induced torsion that is also apparent for vertical ellipsoidal bulb.

Spike timing along circumference The temporal pattern of normal strain at five locations

around the circumference of the shaft was processed with a neural filter to predict the probability

of neuronal firing (spiking) as a function of angular position around the base of the haltere (fig.

2.4) subject to both flapping and rotation. The normal strain at the top is dominated by in-plane

bending, whereas the normal strain at the side is dominated by the Coriolis force. There is also a

modest normal strain present on the side (black line, left panel) and everywhere along the haltere

that arises from a centrifugal forces tensioning the haltere shaft because of the flapping motion.

The difference in spike times with Coriolis forces present increases toward the lateral positions of

the haltere base. At an angle α = π/2 rad, neurons only spike in the presence of rotations and do

so at twice the flapping frequency.

Spike timing is a function of angular position around the haltere base (fig. 2.5). For the flap-

ping haltere, the spikes for the dorsal side occur simultaneously, and they are in anti-phase with

the spikes on the ventral side (vertical black lines). With rotation, the left side of the haltere

experiences a delay in spike timing that increases with closer proximity to the lateral margin. In-

terestingly, the right side experiences a spike timing difference of similar magnitude, yet here they

precede the spikes from flapping alone. Only when rotation is present does spiking occur at the

lateral margins, and it does so at double the flapping frequency.

Our predictions of spike timing differences in the presence of Coriolis forces exceeds the jitter

observed in spike timing of haltere campaniform sensilla (recordings had a mean jitter of approxi-

mately 0.2 milliseconds, [49]). This jitter represents the temporal error with which neurons respond

to repeated sinusoidal stimuli. Thus, we predict that haltere strains processed through a neural

filter are observable by the insect neural system.
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Figure 2.4: The strain along the first quarter of the haltere circumference for flapping and flapping
with rotation is converted into probability of firing through the neural encoding properties from
haltere campaniforms, as described in [8]. The spike timing on the top of the haltere does not
change due to rotation, but for larger α the spikes have an increasing timing difference. Finally,
at the sides of the haltere, there are no more spikes without rotation. We use use strain in the
longitudinal direction (indicated with εxx on the shell element).

Discussion and Conclusions

Using finite element models, we have shown how fly halteres respond to complex forces and, in turn,

how their form influences their function. In contrast to prior studies which modeled the haltere

as a point mass on a massless rod [53], [55], here we show that complex spatial-temporal patterns

of strain emerge from rectilinear and rotational accelerations of the haltere mass. Though previ-

ous models were crucial to understanding and interpreting haltere neural encoding and haltere-

mediated behaviors, they ignored strains that might occur due to the distributed mass of the

haltere and the three dimensional structure of its base. We show that halteres with distributed

mass exhibit twisting deformations in their stalks, and these deformations may be essential to hal-

tere function. Such twisting deformations were shown to contribute to the sensory activity in the

campaniform sensilla of moth wings [35], and we show here that similar forces act on the haltere.

Halteres evolved from hindwings, and despite the dramatic alteration of the ancestral wing shape,

we demonstrate here that these similar forces also influence sensing capabilities in halteres.

It is important to note that the geometries we used in this study are deliberately simplified in

order to understand general behaviors of distributed masses responding to various accelerations.
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Jitter 

Figure 2.5: We use the spike prediction method to predict spiking along the circumference of the
haltere for flapping (black stripes), and flapping with rotation (red stripes). At the side extremes,
no spikes occur unless the haltere rotates, and at the top and bottom there is no timing difference.
The intermediate locations on the left side of the haltere cross-section experience a spiking lag as a
consequence of rotation. Conversely, the right side locations experience a leading time difference.
This timing difference is for a single location is between 0.2 and 1 milliseconds, equal or larger
than the spike timing variability of 0.2 milliseconds between stroke cycles observed in electro-
physiological recordings of crane fly halteres [49].

Moreover, we used linear material properties whose values were inspired by prior measurements

[62]. Additionally, the magnitudes we report here depend on the frequencies of flapping and the

rates of body rotation which could vary immensely among diverse taxa and conditions. Despite

these limitations, we can draw general conclusions about the modes of deformations and their

relationship to geometric aspects of halteres.

Coriolis and centrifugal forces deform halteres

Coriolis forces generate torsional moments about the stalk. The resultant twisting depends strongly

on stalk geometry, and we demonstrate that a torsionally-compliant stalk has over 20 times more

twist than the tubular stalk used in other simulations. Haltere bulbs show considerable morpho-

logical asymmetry [60], and our model shows that this asymmetry contributes to torsion in the

haltere. We also find that if the center of mass of the haltere is mounted asymmetrically outside

of the flapping plane, centrifugal forces causes an out-of-plane bending as well as haltere twisting,

regardless of the body’s rotation. This bending may also influence sensing ability of the haltere

campaniform sensilla, and has not been previously considered. It would be interesting to explore in

more detail the vast range of haltere bulb and stalk morpholpogies in the context of their responses

to both Coriolis and centrifugal forces. Additionally, for asymmetric halteres, we found that the

spike timing is altered only slightly by the additional centrifugal force associated with a horizon-
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tal asymmetry of the bulb (fig. 2.3). Unlike the results shown here, how asymmetry plays into

the timing of spikes depends quite strongly on the value of parameters used here and represents

an interesting future direction for understanding the sensory consequences of variation in haltere

morphology.

Predictions of spike times from strain patterns provide a mechanism for sensing

rotation

As the fly’s body rotates in the yaw plane, the timing of the spikes in neurons from campaniform

sensilla at various locations on the haltere will change (fig. 2.5). These spike timing changes were

predicted seventy years ago by Pringle [53] as a primary mechanism of encoding rotations; how-

ever, technological limitations prevented him from observing the spiking activity of single neurons.

Recently single haltere neurons were shown to shift their spike timing when the haltere was os-

cillated dorso-ventrally (i.e. simulating flapping flight) in various lateral sweep locations (roughly

stimulating the position of the haltere when it is pushed out of its natural stroke plane by a yaw

body rotation) [61]. These experiments provided support for Pringle’s hypothesis, and the results

here are in agreement with them.

In the proposed mechanism, a laterally-positioned campaniform sensillum would excite a down-

stream neuron at different times in response to body rotations of different velocities. The timing

of the post-synaptic excitation from this sensillum could then be compared to the timing of exci-

tation from a dorsal or ventral sensillum, which do not shift their spike times with body rotation

(fig. 2.5). This simple time shift of a single spike would provide a mechanism for a single central

neuron to determine if the body is rotating, and its rotation speed could be determined by the

elapsed time between post-synaptic excitations. When looking at the timing of action potentials

of campaniform sensilla along the circumference of the haltere base, we find that the spike timing

changes beyond the jitter threshold [49] as a result of body rotation.

We also note that the maximum phase shifts occurred in campaniform sensilla located on the

anterior and posterior aspects (i.e. the lateral part of the stalk cross-section) on our haltere model.

Campaniform sensilla located on the dorsal and ventral aspects (i.e. the top and bottom of the

model’s stalk) did not shift their phase significantly during rotations, maintaining a consistent

firing phase with respect to the haltere’s flapping. This result is consistent with the prediction by

Pringle that sensilla of the dorsal scapal plate would maintain the firing time, and the sensilla of

the dorsal basal plate would shift their timing during rotations [53].

We note that Pringle based this hypothesis on the orientation of the sensilla themselves: the

domes of the dorsal scapal plate are oriented with maximal sensitivity in the plane parallel to

the haltere stalk, whereas the domes of the dorsal basal plate are about 30 degrees rotated from

this plane. In our simulations, the nodes of the model are not endowed with specific orientation

sensitivity; rather their spike timing based on the spanwise strain (εxx) close to the base of the

haltere, as it is the dominant strain.

Multiple nonlinearities set limits for detectable rotation rates
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While the Coriolis force is linearly proportional to rotation rate, the nonlinearities of the haltere

primary afferents can include a threshold below which they may not fire, resulting in a minimum

Coriolis force (and thus a minimum rotation rate) that is necessary for specific primary afferents

to fire spikes. The primary afferent neurons synapse onto motoneurons and interneurons that

perform their own computations with the input they receive from the haltere. In some models

of these neurons [7], [61]), they act as coincidence detectors, requiring simultaneous input from

multiple sensilla before firing. The coincidental firing of multiple afferents is facilitated by the

change in spike time that occurs during rotations (fig. 2.5, [61]). At lower rotation rates, the spike

timing differences will be smaller (fig. 2.5) and, at some locations along the circumference, the

difference might be on the same order as the jitter. This may set a lower limit for detectability,

as the ratio of in-plane over out-of-plane bending depends on flapping frequency fφ (see supple-

ment). One possible consequence of this limit is that slower body rotations will not be sensed at

higher wingbeat frequencies. In some species, then, it may be advantageous to limit body rota-

tions to short, high-speed bursts like the body saccades seen in Drosophila [70]. These saccades

are known to be useful for increasing the duration of stable vision, thus minimizing visual motion

blur, and allows extraction of spatial information [1], [71], [72]. We suggest they may also ensure

that the halteres are best able to detect and control the body’s movement. Indeed there are head

roll reflexes in response to haltere feedback—most of those occur at high rotations rates, whereas

for slower rotation rates, head roll responses mostly follow the slower vision based feedback [1], [73].

In this paper we focus only on yaw perturbation on a single haltere, though saccades can occur

with a combination of rotation about all three axes [74]. It is thus possible that the strain at the

base of both halteres contains enough information to disentangle rotations about all three axes [55].

Finite element modeling reveals new sensing modes and mechanisms

Using 3D finite element models of simplified geometries, combined with neural encoding mech-

anisms, we show that the shape halteres can strongly influences timing of neuronal activity of

mechanosensory cells distributed around the base of halteres. That timing will depend upon the

rotation speed and flapping frequency and can be encoded and used to guide steering behaviors

in a mechanism that is much faster than in the visual system. Moreover, we have shown that

the haltere’s shape plays a profound role in the patterns of haltere deformation. Though halteres

evolved in only two insect orders (Diptera and Strepsiptera) [75], the general stalk-and-knob shape

has been remarkably conserved, with variations on the theme found in different flies with different

stalk lengths, bulb sizes, and stalk/bulb ratios [60]. By melding concepts from computational

neuroscience, such as stimulus feature selectivity, with three dimensional structural dynamics of a

mechanosensory organ we gain new insight into the functional organization of halteres. The ap-

proach can provide inroads to future work on the vast diversity of haltere geometries found among

the Diptera.
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Abstract

Time delays due to signal latency, computational complexity, and sensor-denied environments,

pose a critical challenge in both engineered and biological control systems. In this work, we

investigate biologically inspired strategies to develop predictive control laws for engineered systems

with time delays of similar order to their system dynamics. We demonstrate this approach on the

nonlinear pendulum with partially denied observations, so that it is only possible to measure the

state of the system near the upright position. Given a large disturbance that overwhelms the

local feedback controller, it is necessary to add or remove energy from the pendulum so that it

returns to the upright position after one full revolution. The partial observation near the upright

position introduces a significant delay between observations and the region where actuation is most

effective. Thus, we develop a learning algorithm that integrates sensor information into a triggered

feedforward control signal to overcome this delay with minimal computation, training data, and

set of control decisions. This simple controller can serve as a model for many biological systems,

and can be implemented in engineered systems with time delays.

Introduction

Time delays between sensor measurements and control actions pose a significant challenge in engi-

neered control systems, degrading robust performance and eventually leading to instability in the

closed-loop system [76]. There are numerous sources of delay, including in the sensor and actuator

hardware, in signal transduction, and in the computation of a control action. However, many bio-

logical systems maintain robust control performance despite delays of the same order as the system

dynamics in their sensorimotor control circuits, providing proof-by-existence that it is possible to

effectively manage these delays. For example, a baseball batter will initiate the swing before the

ball leaves the pitcher’s hand [77]. Similarly, information processing in the eyes and brain of a

fly and other insects takes far longer than one of its wing strokes [5], [6]. Delay, in combination
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with limited computation power, a complex and uncertain environment, and a large set of control

actions provides a compelling and relevant set of challenges for modern engineered control systems.

Even when the control system has low latency, partially denied sensor environments will lead to

delays between sensing and actuation. Many biological control systems employ a strategy of fast

feedforward control in sensor-denied environments [78] that may be used in concert with a slow

supervisory feedback control to achieve the incredible observed performance and robustness [79].

In this work, we will investigate biologically-inspired control strategies to learn triggered feedfor-

ward control actions that overcome time delays arising from a partially denied sensor. Event-based

feedforward control with delays requires learning in both engineered and natural systems. In biol-

ogy, motor babbling in infants underlies much of the learned feedforward controls that eventually

develop [80]. In engineered systems, such motor babbling is data-intensive, involving either large

simulations from which actions are learned or a physical instantiation in robotic devices [81].

There are considerable current research efforts to understand and distill how biological systems

handle perturbations and large time delays in their control architectures [82]. In the nervous sys-

tem of animals, information is conveyed through neurons by means of discrete action potentials.

The timing of these discrete events conveys information and greatly affects muscle activation [24],

[83]. Furthermore, event-triggered sensing and control are known to have advantages in energetic

and computational cost compared to common control architectures in engineered systems [84]. In

biology, event-based sensing is exceedingly common, to the extent that computation partially takes

place at the sensor level [26]. Indeed, action potentials represent timing events that are computa-

tionally efficient and reduce noise [85].

The timing-based feedforward control strategy observed in biological systems, such as prey

capture by dragonflies [86] or human motor control [87], motivates an investigation to determine

if there are advantages to this approach in engineered systems, or if this is simply a biological

idiosyncrasy. Time delays have been shown to have some advantages in control design, such as

deadbeat control of continuous systems [88], stabilizing oscillatory systems [89], and in simplifying

control design [90]. We formulate the timing-based feedforward control design as an optimization

problem, and leverage the wide range of powerful optimization techniques. If this optimization

is performed online from experiential data, then we may call this a learning strategy. Indeed,

techniques in machine learning are being rapidly integrated into control design [91], including

for model predictive control with deep neural networks [15], [16], reinforcement learning [18]–

[20], genetic programming control in fluids [12]–[14], and iterative learning control. A number of

compelling examples have explored optimization to learn biologically inspired maneuvers related

to flight [92]–[94] and swimming [95]. Many of these learning approaches may be used to learn the

optimal timing-based triggered feedforward control explored here.

To demonstrate timing-based control, we will investigate the simple pendulum, a common and

well-studied benchmark for non-linear control [96]. There are several approaches to designing

controllers for such nonlinear systems, such as energy methods [97], relying on passivity properties

of the system [98], [99] and LQR-trees [100]. The controller typically has a hybrid form, consisting of

a nonlinear controller for the swing up and a linearized feedback controller to stabilize the inverted

equilibrium [96]. In the case of limited or saturated actuation, bang-bang control generally provides
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Figure 3.1: The pendulum model with denied sensory information, except in a small region near
the inverted equilibrium. State measurements are available only in the region π ± 0.3 radians. In
the visible region, the pendulum can be controlled with state feedback. In the rest of the state
space, measurements are denied. Open loop control torque is still possible in the denied region.

an optimal minimum-time controller [96], [101]. Discrete timing control has also been used on the

pendulum [102].

Unlike these previous studies, we will consider the pendulum with partially denied observations

(partially denied sensing), so that it is only possible to measure the state of the system near the

upright position where feedback is effective, as shown in Fig. 3.1. When the system experiences a

large disturbance and leaves the feedback region of convergence, it is necessary to add or remove

energy so that it returns to the upright position after one full revolution. The optimal time

to pump in energy is at the point of maximum velocity (shown in Fig. 3.2), as in the case of

a child on a swing [103]. However, the system is not observable in this region of space, and

so the proper control action must be pre-planned and timed based on the sensor information

near the upright position. Thus, partial observation near the upright position and the maximum

velocity occurring in the downward position introduces a delay, making this a suitable problem

to explore our timing-based feedforward learning strategy. In particular, we leverage optimization

based on limited measurement data from the pendulum to learn the appropriate control action

and timing, demonstrating the ability to overcome the gap between information availability and

control effectiveness.

Benchmark problem

Our benchmark system is the simple frictionless pendulum with a single degree of freedom θ and

a torque input u. With a massless rod, the pendulum equation of motion is

ml2θ̈ = mgl sin θ + u, (3.1)

which may be written in terms of x1 = θ and x2 = θ̇

ẋ1 = x2 (3.2)

ẋ2 =
g

l
sin(x1) +

1

ml2
u. (3.3)

We choose the parameters to be l = 1 m, m = 1 kg and g = −10ms2. The controller saturates at a

torque of 3 Nm, which is the torque due to gravity at a pendulum angle of approximately 0.3 rad
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Figure 3.2: The state space diagram of the optimal controller for the simple pendulum with bang-
bang control and cost ratio R/Q = 100, where R is control cost, and Q is the cost of error in
the pendulum energy (see equation 3.4). Two initial conditions (I.C.s) are shown, one with a
low energy starting point, requiring pumping up to obtain the inverted equilibrium, and one high
energy starting point, requiring energy bleeding at certain phases of the state space. Blue and
green regions of the state space are regions where control is on, as denoted by the red colored
sections of the trajectories. These regions of effective actuation will be learned from an online
optimization based entirely on information in the visible region in Fig. 3.1.

(17 degrees).

In our example, full observations of the state (i.e., pendulum angle and angular velocity) will

be available in a limited region near the upright position, within the range π − 0.3 ≤ θ ≤ π + 0.3.

This leaves a narrow region that can be controlled by full state feedback. However, if a distur-

bance drives the pendulum outside of this visible region, the controller is sensor-blind and must

use limited information from the visible region to pre-plan a triggered feedforward control action.

This obscured state space is shown in Fig. 3.1.

Next, we will describe the full-state feedback controller near the pendulum-up configuration

and the global cost function that is used to optimize the feedforward control in the sensor-denied

region. The goal will be to learn the regions of effective actuation in Fig. 3.2, and the precise time

to trigger actuation, from an online optimization based entirely on information in the visible region

in Fig. 3.1. It is important to note that we have not added disturbances or noise, although this

is an important avenue of ongoing work.

Feedback control near the inverted fixed point

The pendulum has two fixed points, one at the neutrally stable downward position, and another

at the unstable inverted position. After linearization about the inverted equilibrium x1 = π, so

that x =
[
θ − π, θ̇

]T
, the pendulum can be made stable by applying full-state feedback control

u = −Kx:

ẋ = (A−BK)x.
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Figure 3.3: (a) For an array of initial velocities θ̇0, we optimize the start-time t1 and duration τ
of the feedforward, bang-bang control protocols to drive the pendulum to the feedback attracting
region after one revolution. (b) For low initial velocities θ̇0 ≤ 1.8, no control is required to swing
back to the attractor. For increasing velocities, the start-time gets smaller, and the duration gets
longer. (c) We find a subset of feedforward trajectories that converge into the feedback attractor.
(d) By deciding on one out of these 6 protocols, any initial velocity 0 ≥ θ̇0 ≤ 5 will be returned to
the feedback region.

We choose gains such that an eigenvector of the closed-loop system aligns with the homoclinic

orbit connecting the unstable saddle at the inverted equilibrium to itself through one revolution of

the pendulum:

x2

x1
=
∂θ̇

∂θ

∣∣∣∣
π−

= −
√
−g
l
.

We then solve for the gains in K, noting that

(A−BK)x = λx =⇒ k2 = k1

√
−g
l

+ 2ml2
√
−g
l
.

Given a choice of k1 = 1000, this results in a gain K = [1000, 309.9] with saturation at u = 3Nm.

This gain creates the region of attraction near the inverted equilibrium, referred to as the Feedback

region in Fig. 3.3c.

Reference control

Outside the feedback controller region of attraction, we aim to find a reference control law that

effectively any initial condition to the inverted equilibrium within a reasonable amount of time and

without expending too much actuation energy. This control law will be solved for using brute force

and will provide a benchmark comparison for our learned controller in the next section. We define

our cost function to be a cumulative penalty on a combination of state error and control effort.

Instead of a standard state error term given by the Euclidean distance to the goal state, we instead

use the difference between the total energy of the system and the goal energy at the inverted

equilibrium. Energy is a particularly relevant quantity of interest for this problem. Moreover,

it has been recently shown that control may be more effective in terms of eigenfunctions of the

Koopman operator, such as the total energy function [104]. This approach is also closely related
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Figure 3.4: The combination of feedforward and feedback controller implemented on the partially
observed pendulum. The pendulum first moves through the visible region, and as it enters the
sensor-denied environment, the U2 control protocol is selected. After time t1 the control is triggered,
remaining on (red) between t1 ≤ t ≤ t1 + τ . The protocol is such that, once the pendulum reaches
the visible region again, it now falls in the feedback region of attraction (purple). Figure (a) shows
the trajectory in state space, (b) shows the timing and magnitude of the controller.

to Lyapunov functions, which are useful for stabilizing nonlinear systems. The cost is then given

by:

J =

∫ ∞
0

(
Qe2 +Ru2

)
dτ, (3.4)

with e = Etotal − Efinal, Q = 1, and R = 100. Outside of the feedback region we use a bang-bang

controller with u ∈ {−3, 0, 3}Nm.

Before describing the results of our procedure to learn the control given only information in the

sensor-visible region, here we derive an effective controller through brute-force optimization with

full information via dynamic programming [105], shown in Fig. 3.2. This bang-bang controller will

provide a benchmark for our learning results in the next section.

With the prescribed cost function, control is active only during phases of the swing where velocity

is highest, and thus the most change in energy is achieved:

∆E =

∫ t1+∆t

t1

uθ̇(τ) dτ. (3.5)

From a low-energy initial condition, it will take multiple swings to pump up to the homoclinic

orbit (Fig. 3.2).

Learning Time-Triggered Control

Now we consider the problem of learning a near-optimal predictive control law when it is impossible

to measure the state when the control is most effective. In particular, we will consider trajectories

originating in the sensor-visible window that have been pushed outside of the feedback effective

region by a large disturbance. This controller will necessarily need to overcome the time-delay

between sensing and effective actuation, which will manifest as a pre-planned control strategy con-

sisting of bang-bang control at a precise future time. The decision on what feedforward protocol
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to use is made on the decision boundary, which we define to be the boundary in state space where

the pendulum leaves the visible region. The feedforward controller is parameterized by the time

t1(s) from the decision boundary that the bang-bang control is turned on, and the duration of

control τ(s). Note that the control parameters will be a function of the energy of the pendulum as

it leaves the visible region, as shown in Fig. 3.3. The control parameters are optimized to minimize

the cost function from above, with an additional penalty for failing to reach the feedback region of

attraction at the end of one revolution. First, we will optimize the control parameters in an offline

learning procedure to demonstrate the process. Afterward, we will describe an online exploration

and optimization procedure that provides a more realistic and useful learning strategy.

Starting from an array of initial conditions on the decision boundary, we find the associated set

of t1 and τ parameters (Fig. 3.3b) through optimization. The cost function is not differentiable

over t1 and τ , and there is a large “valley” of near-optimal parameter combinations (see appendix

for details). Therefore, we use a Nelder-Mead optimization, in combination with basin-hopping to

escape potential local minima. Obtaining start-times and durations for various trajectories leaving

the visible region, we observe a near-linear increase in duration. As the initial velocity increases,

the total energy of the pendulum increases quadratically, whereas total change in energy achieved

over the same time increases linearly with velocity (Eq. 3.5), thus requiring a longer control dura-

tion. We can attribute the earlier start-times t1 with increasing initial velocity θ̇0 to two causes:

1) the entire trajectory is faster, so the apex of the trajectory occurs earlier, and 2), the longer

duration control-on phase has to be centered around the apex, thus leading to an earlier start-

time. Furthermore, we note that trajectories with low initial velocity (θ̇0 ≤ 1.8 rad/s) reach the

feedback region without requiring the controller to turn on during the obscured region (Fig. 3.3b).

Interestingly, there are parts of the visible state space outside of the feedback region, where the

only way to reach the feedback region is to swing through without any control. For higher initial

velocities θ̇0 > 6.1 rad/s (not shown in Fig. 3.3), the feedforward controller will be on at all times,

while still not reaching the inverted equilibrium.

Next, we seek to reduce this set of feedforward controllers into a minimal set, which may be

interpreted as a decision on the visible boundary about which feedforward control protocol to trig-

ger (see Fig. 3.3c-d). In the biological setting, it is feasible that there may be advantages to having

a smaller set of controllers to choose from. We determine this minimal set by starting with the

lowest initial condition protocol, and increasing the initial velocity until the control protocol no

longer drives the trajectory to the feedback region within a single revolution of the pendulum. At

that limiting initial velocity, we then find the control protocol with the highest initial velocity that

still drives the pendulum to the feedback region within one revolution. This procedure is continued

until we obtain a minimal set of 6 control protocols that will drive initial velocities 0 ≤ θ̇0 ≤ 5

to the feedback region (Fig. 3.3d). We observe that for lower velocities, no action is required to

return to the inverted equilibrium. For higher velocities, the duration increases and the start time

decreases, which is to be expected since the protocols are drawn from the larger set of protocols in

Fig. 3.3. We note that for higher initial velocities the protocols are spaced closer together. This is

again due to the kinetic energy increasing quadratically.
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if In feedback region then
u = −Kx, with |u| ≤ 3;

else
if Crossing decision boundary then

Select control protocol Uj ;
look up parameters t1 and τ belonging to Uj ;
Start timer t ;
u = 0 ;

else
if t1 ≤ t ≤ (t1 + τ) then

u = −3 ;
else

u = 0 ;
end

end

end
Algorithm 1: Decision scheme for the combined feedback and feedforward controller.

We now implement the small subset of triggered feedforward protocols in combination with

feedback control in the region of attraction according to algorithm 1. When the trajectory crosses

the decision boundary a feedforward control protocol is triggered with the parameters t1 and τ .

After time t1 the bang-bang control is triggered for duration τ , after which the pendulum passively

evolves to the region where feedback control is activated. If the system is in the visible region, but

not in the feedback region, no control is exerted. The implementation of this combined controller

is shown in Fig. 3.4. The pendulum starts from the initial condition in the obscured region, moves

through the visible region, where it is observed but then moves too fast to be stabilized to the

equilibrium. As it moves through the decision boundary to the obscured region, the U2 protocol is

triggered. Now out of view, the controller is active between 0.43 and 0.60 seconds and is brought

back close to the homoclinic orbit. When back in view, the pendulum enters the feedback region

and it is stabilized around the inverted equilibrium with feedback.

Lastly, we continuously explore the state space in an online learning procedure, without reset-

ting the simulation between initial conditions (Fig.3.5a). Because the controller removes energy

from the system, we explore new initial conditions by adding energy in the visible region after each

revolution. When the pendulum leaves the visible region, we try a set of t1 and τ , and evaluate

the cost of the trial once it reaches the visible region again. We discretize the cost matrix as

follows: initial velocities θ̇0 in bins with a 0.4 rad/s width in the range [0, 5], τ in steps of 0.05

seconds in the range [0, 0.6] seconds, and t1 in steps of 0.05 in the range [0.2, 0.6] seconds. To

prevent the controller bleeding too much energy and thereby not entering the visible region again,

we build up t1 and τ from zero with discrete increments, starting from the lowest initial velocities.

Once τ is sufficiently large to drive the pendulum back to the feedback region, we stop exploring

larger τ ’s from that initial condition and explore higher initial velocities. Using the online learning

procedure, the control law was found using 1072 trials, requiring approximately 211 seconds of

computation on a laptop with 1.8GHz processor and 8 Gb RAM. This continuous exploration

shows that with far fewer trials the set of protocols still approximates the brute-force solution

solution (Fig. 3.4b). However, the smaller number of trials comes at the cost of precision in both
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Figure 3.5: We implement an online learning strategy that optimizes the parameters of the feed-
forward controller. We use an exploration protocol where the controller adds energy to the system
to set up higher velocity initial conditions (a). Each time the pendulum leaves the visible region, a
new combination of feedforward parameters t1 and τ is tested. Using this continuous exploration
and optimization, we find a set of controllers that approximates the brute-force control solution
(b).

start-time and duration, although this may be refined with more data. Furthermore, by binning

the initial conditions, suboptimal combinations might lead to the lowest observed cost as a result

of a favorable initial condition. The trade-off between number of trials and performance will be an

interesting direction for future research. It is worth noting that this approach is closely related to

reinforcement learning, and advances in this field may improve the performance of the trial-based

online learning in this example.

Conclusions

In this work we explored how to learn a timing-based control strategy inspired by biological sys-

tems. In particular, we developed a hybrid feedforward and feedback controller for a nonlinear

pendulum where it is only possible to measure the system near the upright configuration. As is

the case for motor babbling, we simulated a vast number of control actions and used a data-driven

approach to learn the set of control actions given limited sensing and delay through a data-driven

optimization procedure. We found that it is possible to optimize a triggered feedforward controller

using only information available in the visible region. For simplicity, we restricted ourselves to

a bang-bang controller with two parameters – the start time and duration. The two-parameter

solution was learned with relatively few trials, as is often the case in natural systems. By grouping

the feedforward protocols into a minimal set, we reduced the number of choices while still driving

the system to the upright position. Finally, we have also developed a more realistic online learning

procedure, consisting of both exploration and parameter learning.

There are a number of important future avenues suggested by this work. First, we did not con-

sider the effect of measurement noise or exogenous disturbances outside of the visible region. This

work is meant to be a proof of concept and to develop a benchmark problem to explore biological

learning and control strategies. In the future, it will be important to explore the robustness of
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these strategies to noise and disturbances. As in most machine learning algorithms, it is difficult

to prove any performance or convergence guarantees, although it is believed that this approach

is likely to be robust to small random noise and disturbances. However, it is possible to think of

several types of worst-case scenario disturbances that might break this controller, and carefully

characterizing the robustness is an important avenue of future work. More generally, the interface

of learning and control will need to address the issue of certifiability and other guarantees, likely

with uncertainty quantification. Though the decision on control protocol was based solely on the

system state when crossing the decision boundary, measurement noise could be addressed by using

a state estimator for the the entire presence in the visible region. Indeed, nonlinear neural-inspired

temporal filters may be incorporated into the decision process serving that function. Such neural-

inspired approaches are known to improve decisions and classifications in biological systems [26].

We can imagine a scenario where measurements are in fact not obscured, but where measurement

noise is time dependent. Feedforward protocols can then be triggered when the certainty in the

state estimate drops below some desired level. While many engineered systems currently rely

on continuous sensory information and controllability, many biological systems have found ways

to deal with time-varying observability and control authority. Thus, although this paper tested

timing-based feedforward on a simple non-linear problem with favorable passivity properties, we

believe that applying these ideas to more complex systems will be a fruitful area of future work.
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Conclusions & Discussion

In solving some of the complex engineering challenges, we stand to learn a lot from living systems.

The encoding of sensory information to event-based action potentials is not only an energy efficient

and noise-reducing method of communication [85], but is also a form of distal computation that

allows simple downstream decisions. Distributed arrays are able to detect small differences on

top of large salient signals. Timing-based feed-forward controls do not only allow for exploiting

time-varying sensor and control effectiveness, but also require much fewer iterations to learn a

near-optimal controller. Contrary to most engineered systems, timing is ubiquitous for sensing

and control in living system.

During my thesis there were several research avenues that I was not able to delve into. The

campaniform sensilla at the base of halteres have been shown to simultaneously select for two fea-

tures [8]. Using a probabilistic firing method that selects for more features will likely improve the

classification ability, potentially requiring less sensors for the same classification task. The current

algorithm classifies rotation state every snapshot taken. However, the insect likely can only detect

thee state once per wing stroke because of the 3 millisecond refractory period of neurons. Would

the pooling of information in time by using different sensory delays help the classification of flight

state? The optimal sensor locations would likely differ from those found using the single feature

neural encoding model. Furthermore, there is still much to be learned about sensor placement

when combining neural encoding and sparse placement algorithms. How critical is the placement

of the sensor? Would a sensor in close vicinity do just as well?

The structural models used in these studies were intentionally simplified to gain mechanistic in-

sights into underlying principles. This generality comes at the cost of making inferences on specific

species, and of specific mechanisms. Since accurate descriptions of biological material properties

are notoriously difficult, it will be very challenging to create high-fidelity models that would lead

to very specific mechanistic understandings. Yet I believe more specificity in particular cases will

certainly lead to deeper insights. As the haltere paper touched upon, it is hard to imagine the

abundant haltere asymmetry to be without function. The campaniform field locations are so well

preserved across species, with such a defined grid pattern in many species, that one cannot help to

conclude that interesting mechanisms must be at work here. Even at the campaniform level, we

lack a thorough understanding of how local strain is transformed into vertical displacement, before

leading to an action potential. Mechanoreception in halteres is still a rich area for future discoveries.
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More so than the other two projects the pendulum study initiated a broad range of potential

experiments and avenues. Much like in living systems, the drivers for least control effort and state

error minimization might oppose the desire for more accurate state measurements and certainty of

control efficacy. The sensor-denied pendulum can serve as a model of a system where the sensors are

not totally denied, but where state estimate might have variable accuracy due to increased sampling

time or variable sensor noise. One can think of a Kalman-filter type sensor fusion where sensor

accuracy is not constant during the cycle. Furthermore, we tested the timing-based feedforward

controller on the 1-dimensional pendulum, but it would be very interesting to see if we could

find a similar near-optimal set of timing parameters for a very high-dimensional system with an

unknown low-dimensional representation. In the current system we exploit different regions of

state space for both sensor and actuator effectiveness, but in the presence of disturbance of system

noise we might choose to exploit different properties. Perhaps we value not maximum actuator

efficiency, but the fact that the derivative of actuator efficiency is small. This way we have a

greater certainty of the impulse applied to the system, though for the case of the single pendulum

the greatest actuator efficiency coincides with the lowest efficiency derivative. To test these ideas

we could use a systems like the cart-pendulum where the pendulum is flexible, and where we have

strain measurements along it’s length. This introduces noise, model uncertainty and time-varying

sensor accuracy. With more such studies, we can start to transform principles of timing-based

feedforward to tested engineering solutions.
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Appendix 1

Neural-inspired Sensors Enable Sparse, Efficient

Classification of Spatiotemporal Data

This section supplements the main text, providing details of our methods as well as additional

figures to support our results. We also include here a nomenclature to summarize the variables

and notational conventions we are using in this paper. All of the code we developed as part of this

paper are openly available as a GitHub repository as described in Sec. Appendix 1 .

First, Sec. Appendix 1 describes the flapping wing simulation with and without rotation,

its implementation, and extraction of span-wise normal strain from this simulation. Raw strain

computed on a dense grid on the wing is filtered by a neural encoder model. Our neural encoder

model is taken directly from experimental recordings of campaniform sensilla on moth wings,

and Sec. Appendix 1 briefly describes these experiments as well as how we derived a functional

approximation of the neural encoding. Sec. Appendix 1 details how raw strain and neural encoded

strain data is used to formulate and solve a classification task. Next, we select a small subset of

sensors among the dense grid using sparsity-promoting optimization using an algorithm described

in Sec. Appendix 1 , and these few sensors are able to solve the same classification task. The

relationship between number of sensors and validated classifier accuracy is fit by a sigmoidal

function (Sec. Appendix 1 ). Finally, Sec. Appendix 1 include 5 additional figures to supplement

the results described in the main text.

Code and Data Access

All code we developed to run the simulations and perform the analyses is available in a repository

accessible at github.com/tlmohren/Mohren_WingSparseSensors. The code is implemented in

MATLAB 2015a. To reproduce the figures, a basic MATLAB installation is sufficient. To run the

simulations and solve the sparse optimization problems, our code is dependent on two toolboxes:

MATLAB’s symbolic toolbox and CVX (www.cvx.com).

Structural Model

To simulate a flapping wing, we use an Euler-Lagrange model for a flapping flat plate and obtain

strain for different prescribed inertial rotations. The model is based on Eberle et al. [35] and

modified to allow additional velocity disturbances. The flat plate has a span of 50 mm, chord

length of 25 mm, a thickness of 0.0127 mm, and an E-modulus of 3 GPa; these parameters are
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Figure Appendix 1 .1: The flapping wing is modeled by a flapping flexing plate, with parameters
scaled to match a hawkmoth wing. The plate is excited by the flapping angle φ(t) around the
x-axis, and the rotation angle θ(t) around the z-axis.

chosen to be consistent with previous work on hawkmoth structural wing studies [35], [48].

The simulated wing flaps with an amplitude of π/6 radians at a frequency of fφ = 25 cycles per

second (Hz). A harmonic at 50 Hz is at 1/5 the magnitude of the dominant frequency. Specifically,

the steady flapping is

φ(t) =
π

6

(
sin(2 · 10−3πfφt) +

1

5
sin(4 · 10−3πfφt)

)
, (A1.1)

where time t has units of milliseconds.

In addition to flapping φ(t), the wing is perturbed by one of two different inertial rotation

velocities θ̇:

θ̇ = 0 rad/s (without rotation), (A1.2)

θ̇ = 10 rad/s (with rotation). (A1.3)

Physics of the flapping wing

A useful perspective on the forces present on the plate can be gained by defining a rotating reference

frame R. We define the position of a point on the centerline of the wing at a distance L from the

origin as r and the rotation of the local frame as ω:

r = [0, L cos(φ), L sin(φ)], (A1.4)

ω = [0, 0, θ̇]. (A1.5)

The kinematics in the local frame R is related to global acceleration I as
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Figure Appendix 1 .2: A flat plate undergoing both flapping and rotation will undergo a twisting
deformation. For the flapping flat plate, this results in an additional strain three orders smaller
than strain caused by the main bending deformation mode [35].
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∣∣∣∣∂2r

∂t2

∣∣∣∣
I

=


2L sin(φ)φ̇θ̇ − L cos(φ)θ̈

−L sin(φ)φ̈− L cos(φ)(φ̇2 + θ̇2)

L cos(φ)φ̈− L sin(φ)φ̇2


T 

i

j

k

 . (A1.7)

Here the accelerations in the i direction are present only for nonzero θ̇. Acceleration in this

direction results in a twisting mode on the flat plate (Fig. Appendix 1 .2, [35]). This acceleration

is generally referred to as the Coriolis acceleration. With use of the small angle approximation, it

becomes clear that this acceleration occurs at twice the flapping frequency of φ ∝ sin(fφt):

2L sin(φ)φ̇θ̇ ≈ 2Lφφ̇θ̇ (A1.8)

∝ sin(fφt) cos(fφt) (A1.9)

∝ sin(2fφt). (A1.10)

Adding random disturbances on velocity

To simulate structurally relevant noise experienced by flapping wings, we added white noise dis-

turbances to the steady flapping and rotation velocities. Specifically, the total flapping velocity

φ̇T (t) is the sum of steady rotation velocity φ̇(t) and the added disturbance φ̇∗(t). Similarity, the

total inertial rotational velocity θ̇T (t) is the sum of steady rotational velocity θ̇ and the added

disturbance θ̇∗(t).

We modeled disturbances as band limited white noise, summing 15 sinusoids at random fre-

quencies between 1 and 10 Hz and at random phases:
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φ̇∗(t) = Aφ̇∗

15∑
i=1

sin(2ρt+ κ), (A1.11)

θ̇∗(t) = Aθ̇∗

15∑
i=1

sin(2ρt+ κ). (A1.12)

Here the amplitude of the disturbances are Aφ̇∗ and Aθ̇∗ . We chose the range of disturbance

amplitudes to correspond to 0.1,1,10, and 100% of the standard deviation of steady flapping
¯̇
φ and

0.1,1,10, and 100% of the magnitude of constant rotation
¯̇
θ. There are two random variables, ρ

and κ; ρ is a random frequency drawn in the range of [1, 10] Hz, and κ is a random phase drawn

in the range of [0, 2π].

Ramp up of flapping and rotational velocities in simulation

If the Euler-Lagrange simulations were started at the flapping and rotational velocities described

above, undesirable high frequency deformation modes would be excited. To prevent these modes

from contaminating the results, both flapping and rotational velocities are multiplied by a sigmoidal

startup ramp ν:

ν =
(2 · 10−3πft)3

10 + (2 · 10−3πft)3
. (A1.13)

Fig. Appendix 1 .3 shows the the total flapping and rotational velocities experienced by our

model, including this startup ramp, with and without added disturbances.

Implementation of model

We use rectangular shape functions that are fixed in x and y at the corners, but that are free to

deform in w at the free edge.

r(x, y, t) = [x, y, w(x, y, t)]T (A1.14)

Using the shape functions, we obtain 3 degrees of freedom for the two free wing corners q,

q(t) = [δ3, φ3, θ3, δ4, φ4, θ4]T . (A1.15)

The displacement is then a function of the shape functions N(x, y) and q:

w(x, y, t) = [N(x, y)]Tq(t). (A1.16)

Using Lagrange’s equation, we can then obtain the system of equations:

d2q(t)

dt2
= −M−1Ma

dv0

dt
+

(
dΦ

dt

)2

q(t)−M−1Kq(t) + M−1IcΩ−M−1η
dq(t)

dt
. (A1.17)

The system of ODE’s from [35] with modified rotation angles are solved with MATLAB’s

ODE45 (5th order Runga-Kutta solver) for t ∈ [1, 4000] milliseconds.
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Figure Appendix 1 .3: The left graph shows the flapping velocity without disturbance (black) and
with disturbance (green, standard deviation σ = 3.1 (rad/s)). The right graph shows rotational
velocity. The solid black line shows a rotational velocity of zero, where the blue line shows no
steady rotational velocity but a disturbance with σ = 1 (rad/s). The striped black line shows a
steady rotational velocity of 10 (rad/s). The yellow has a steady rotational velocity of 10 (rad/s)
with a disturbance of σ = 1 (rad/s). The simulations had a 960 millisecond transient phase that
was discarded for the classification task.

Computing strain

The spanwise strain over the wing εy(x, y, t) relates directly to the local curvature through the

double partial derivative of the shape function:

εy(x, y, t) = −h
2

∂2w(x, y, t)

∂y2
. (A1.18)

The chordwise strain εx is much smaller than the spanwise strain εy, and there is no indication

that campaniform sensilla can detect shear strain εxy. Therefore, we will use the spanwise strain

εy for our experiments and refer to it as ε in this paper.

Since w(x, y, t) is a continuous function, we can specify our sensor locations anywhere on the

wing surface. We chose to compute strain over a grid with 0.1 centimeter spacing starting at

the edges. This space results in 51 spanwise and 26 chordwise points, for a total of 1326 sensor

locations.
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Figure Appendix 1 .4: Pratt et al. [10] characterized the neural response to strain of campaniform
sensilla on hawkmoth wings by recording from the wing nerve and exciting the wing tip with band-
limited white noise displacement. The strong feature selectivity of the spike triggered average and
non-linear activation functions they observed were similar to observations in campaniform sensilla
on the base of halteres of flies.

Neural encoding

The action potential responses of campaniform sensilla to strain on the hawkmoth wing had been

characterized by Pratt et al. [10]. Here we briefly describe these experiments and the neural

encoding functions fit to the experimental data.

Experimental electrophysiological recordings

Campaniform sensilla on a wing fire action potentials in response to the time-history of mechanical

forces they experience. By recording from the wing nerve while stimulating the wing tip with a

motor, one can characterize the stimulus that lead to neuronal firing. A schematic diagram of the

experimental setup is shown in Fig. Appendix 1 .4, and details of the experiment are found in [10].

Fitting STA & NLA functions

To summarize the responses of campaniform sensilla to mechanical stimulus, we compute the

spike triggered average (STA) and a nonlinear activation (NLA) function to fit the experimental

recordings.

The STA is approximated as a function of time t before a spike at t = 0,

STA(t, fSTA, a, b) = cos
(
fSTA(t+ a)

)
exp

(−(t+ a)2

b2

)
, (A1.19)

where fSTA is the STA frequency, a is the delay, and b is the width.

The strain ε(x, y, t) is convolved with the STA to obtain the strain projection on this STA
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Figure Appendix 1 .5: We approximated a typical experimentally observed feature and non linear
activation functions from [10] with parameterized functions according to equations A1.19 and
A1.20.

feature ξ(x, y, t). Next, ξ(x, y, t) is mapped through a nonlinear activation function

NLA(ξ, c, d) =
1

1 + exp (−c(ξ − d))
, (A1.20)

where c determines the slope and d is the position of the function at half maximum. Fig. Appendix

1 .5 shows the experimental STA and NLA as well as their best functional approximations.

A probabilistic firing model

We use the STA and NLA functions to transform the raw strain data from our structural simulation

into probability of firing through a two-step process (Fig. Appendix 1 .6). First, we apply a discrete

convolution to the strain with the STA to obtain ξ,

ξ(x, y, t) =
1

Cξ

0∑
τ=−39

ε(x, y, t− τ) · STA(τ). (A1.21)

Second, we input ξ into the NLA ((A1.22)).

Pfire(x, y, t) = NLA(ξ(x, y, t)). (A1.22)

The output is the probability of firing an action potential, which we define as the neural encoded

strain. Here Cξ is a constant to normalize the probability of firing and is determined by taking the

maximum non-normalized ξ over all sensors. t is time in milliseconds. The probability of firing

over the wing over time will form our data matrix X in the next section.
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Figure Appendix 1 .6: The strain ε(x, y, t) is converted to probability of firing by the two step
process. First we apply the discrete convolution of the strain with the STA and second, the NLA
takes the resulting feature projection ξ, and outputs the probability of firing.
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Formulating the classification task

The strain data computed by the structural model as data to formulate a classification task. This

section details how we define the training data, fit the classifiers, and assess the performance of

classifiers on validation data.

Constructing the data matrix

To construct build a classifier, we first define the training data. The data matrix X comprises

vectorized strain data from the two classes, flapping alone and flapping with rotation. Each row

in X is data from a single sensor. For the full sensor set, X has 1326 rows.

X =



...
...

...
...

xF
1 . . . xF

k xR
1 . . . xR

k

...︸ ︷︷ ︸
Flapping

...
...︸ ︷︷ ︸
With rotation

...

 , (A1.23)

where xF is strain data from flapping alone, xR is strain data from flapping with rotation, and

k is the time index.

Training and validation

The training data is made from the first 90% of snapshots for each class, which are assembled into

Xtrain. The last 10% of snapshots of data, taken from an epoch of the simulation after the training

data, make Xtest. We use Xtrain to fit the classifier, which will be used to predict the class for

each of the snapshots in Xtest. This construction is shown schematically in Fig. Appendix 1 .7.

Figure Appendix 1 .7: Construction of the training and validation data. The first 90% of data
snapshots of each class is assembled into Xtrain, the last 10% are assembled into Xtest.
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Building linear classifiers

To classify the data, we use linear discriminant analysis (LDA) on the training data. LDA computes

a vector w, where the data projected onto w is linearly separable. In particular, we solve for

w = arg max
w′

w′TSBw′

w′TSWw′
, (A1.24)

where SB and SW are the between-class and within-class scatter matrices, respectively. They are

computed from the training data as follows:

SW =

c∑
j=1

∑
i∈cj

(Xtrain,i − µj)(Xtrain,i − µj)T , (A1.25)

SB =

c∑
j=1

Nj(µj − µ)(µj − µ)T . (A1.26)

(A1.27)

Here c is the total number of classes, cj are all the observations in the jth class, µj is the centroid

of class j, and µ is the centroid of all the training data.

To solve (A1.24), we solve for the eigendecomposition of SW
−1SB, and w is the eigenvector

corresponding to the largest eigenvalue:

SW
−1SBw = λw. (A1.28)

Note that the above linear classifier can be trained if the number of examples in the training

set is at least q + c to guarantee that SW is not singular, where q is the number of sensors and c

is the number of classes to be classified.

Next, the data is projected onto w

η = wTXtrain, (A1.29)

and we apply a threshold in η that separates the two classes.

For each class, we determine the mean µj and standard deviation σj . Assuming a gaussian

distribution, we solve for where the two Gaussian probability density functions (A1.30) intersect in

between the two means (Fig. Appendix 1 .8). If there is no intersection in between µ1 and µ2, we

take the threshold to be the geometric middle µ1+µ2

2 . The Gaussian probability density function

is given by:

Gj =
1√

2πσ2
j

exp

(
− (x− µj)2

2σ2
j

)
. (A1.30)

58



Figure Appendix 1 .8: The threshold between the two classes is determined by the intersection of
the Gaussian probability density functions belonging to each class.

Classifier validation

After training classifier by fitting w, this classifier is applied to and assessed on the validation data

Xtest,

ηtest = wTXtest, (A1.31)

and the same threshold fit to the training data is applied to assign each test sample to a category.

The validated accuracy is computed by comparing these categories to the known classes from the

simulation.

Comparison with common nonlinear classifiers

To show that nonlinear filtering in time, as inspired by neural encoding, is crucial for classification,

we compare the validated classification accuracy of our PCA-LDA approach to a variety of common

nonlinear classifiers. In particular, we train the following algorithms on the classification task:

support vector machine (SVM) with different nonlinear kernels, decision trees, and neural networks.

The neural network is implemented as a multi-layer perceptron (MLP) with a rectified linear unit

(ReLU) nonlinearity. All of these classifiers are fit using the python sklearn library. The results are

shown in table Appendix 1 .1. The implementation of the comparison can be found in a Jupyter

notebook file in our code repository. While some of these nonlinear classifiers perform better than

chance, none of them approach the accuracy obtained with neural encoded strain (0.9, see Fig. 3)
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Sparse sensor placement optimization

This section describes our approach to learn a small handful of sparsely placed sensors that perform

the body rotation classification. We summarize the sparse sensor placement for optimal classifi-

cation (SSPOC, [44]). Next, we describe two ways the sparse optimization we used in this paper

have been extended from [44]. First, we truncate selective singular vector features based on the

discriminant vector w. And second, we use an elastic net penalty instead of a `1 penalty.

SSPOC

We take advantage of the observation that the high-dimensional data x ∈ Rn may have a low-rank

representation:

x = Ψra, a ∈ Rr. (A1.32)

The goal of sparse sensor selection is to design a measurement matrix C ∈ Rq×n with a very small

number of optimized measurements (q � n):

y = Cx = CΨra. (A1.33)

Further, we solve for C consisting of rows of the identity matrix, so that each sensor is a point

measurement.

SSPOC [44] is a sensor selection approach to find a solution C so that the linear discrimination

between classes is achievable with the sparse measurements y. In briefly, we first reduce the

dimensionality of X using the singular value decomposition (SVD):

X = ΨΣVT ≈ ΨrΣrVr
T , (A1.34)

where we take advantage of order of the singular values to truncate Ψ, Σ, and V to their first r

features. The data in X may be projected to Rr using Ψr,

a = Ψr
TX. (A1.35)

Next, we use LDA to solve for the discriminant vector w using a as the training data, so that the

discriminant threshold is applied in η:

η = wTa = wTΨr
TX. (A1.36)

Finally, we solve for the sparse vector s ∈ Rn:

s = argmin
s′

‖s′‖1 , subject to Ψr
T s′ = w, (A1.37)

where s comprises mostly zeros, and the non-zero entries of s correspond to sensor locations and

rows of the identity matrix selected for the measurement matrix C.

Generally speaking, the number of sensors q selected by this approach is approximately r, so

the choice of r determines the number of sensors desired.

60



Singular value feature selection for SSPOC

In the previous section, we described truncating the SVD basis Ψ to its first r columns, corre-

sponding to the r largest singular values. However, these first r features may not necessarily be

the ones supporting the largest separation between classes. Here, we use an alternative criterion

to select which columns of Ψ are used in the sparse optimization by re-weighing each according to

the LDA discriminant vector.

Specifically, the singular values are re-weighted according to the magnitude of w, and the ρ

largest entries of Σr|w| determine the column of Ψ that form a new truncated basis Ψρ. It follows

that we solve (A1.37) using Ψρ and wρ, which produces approximately ρ sensors.

Sparse optimization with an elastic net penalty

We observed that solutions to (A1.37) using convex optimization tools sometimes do not converge

to optimal solution. Therefore, in this paper we use a related optimization using an elastic net

penalty, which balances the ratio of penalty for the `1 and `2 norms of s:

s = argmin
s′

α||s′||1 + (1− α)||s′||2, subject to ΨT
ρ s′ = wρ. (A1.38)

For this paper, we use α = 0.9.
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Sigmoidal fit to classification accuracy

We observed that the validated accuracy A depends on the number of sensors q in a sigmoidal

relationship, so we fit the results shown in Figs. 3 and 4 of the main paper with a sigmoidal

function with 3 parameters:

A(q) =
1
2 + c1

1 + exp(− q−c2c3
)
. (A1.39)

To summarize these curves over different neural encoders, the results in Fig. 5 of the main paper

present the fewest number of sensors required for classification at 75% accuracy. This number is

determined by solving for q at which A(q) crosses 0.75.

Figure Appendix 1 .9: We determined the number of sensors required for good classification by
fitting a sigmoid (eq. A1.39) to the classification accuracy versus the number of sensors. The
dashed line shows the sigmoidal fit with constants [c1, c2, c3] = [0.378, 6.904, 0.583], intersecting
with the 0.75 accuracy line at q = 7.29.
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Supplementary results figures

Figure Appendix 1 .10: The normalized singular values for raw strain (black plus) and neural
encoded strain (red circle).

Figure Appendix 1 .11: Singular Value Decomposition modes for raw strain(left) and encoded
strain (right). The plate shows the mode shape and it’s associated number indicates the Singular
Value Index. The blue signal shows the presence of that mode when the wing is flapping, the red
signal is the presence of that mode for flapping with rotation.
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Table Appendix 1 .1: Comparison of validated classification accuracy of various classifiers on full
grid of raw strain measurements, averaged over 10 instances of moderate disturbance amplitudes
of φ̇∗, θ̇∗ = [0.31, 0.1] rad/s. The nonlinear classifiers are described in more detail in Sec. Appendix
1 . While some of these nonlinear classifiers perform better than chance, none of them consistently
approach the accuracy obtained with neural encoded strain (0.90, see Fig. 3).

Classifier Accuracy, mean ± std
PCA-LDA 0.50± 0.0045
SVM, linear kernel 0.610± 0.0
SVM, sigmoid kernel 0.50± 0.0039
SVM, quadratic kernel 0.56± 0.0
SVM, RBF kernel 0.59± 0.024
Decision Tree 0.63± 0.16
Neural Net, MLP 0.77± 0.15

Figure Appendix 1 .12: The top plot shows a more detailed plot of the number of sensors, q,
required for 75% accuracy versus an increase in flapping disturbance φ̇∗, with θ̇∗ constant at 0.1.
The dotted line shows classification accuracy without STA. The circle represent the number of
sensors for the plots that were shown in figure 4 of the main paper, corresponding to the red bar in
the matrix figure on the top right. The bottom plot shows a detailed plot for constant φ̇∗ = 0.31
and varying θ̇∗.
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Figure Appendix 1 .13: The sensor locations for q = 11 under different disturbance level combina-
tions, darker red indicating a higher probability of sensor placement.

Figure Appendix 1 .14: The sensor placement for q = 11 under disturbance conditions φ̇∗ = 31
θ̇∗ = 1. The right figure shows the bimodal distribution of the classification accuracy. The sensor
locations are shown for the succesful classification group (top) and the poor classification group
(bottom), with darker red indicating a higher probability of sensor placement.
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Appendix 2

Coriolis and Centrifugal Forces Drive Haltere Deformations

and Influence Spike Timing

Polar moment of area for cylindrical and plus-shaped stalk cross-sections

For the two beams in figure 2.2, we calculate the expected reduction in polar moment of area J

while keeping the second moment of area I identical. For a circular shaped (CS) cross-section shaft

we know the second moment of area Ix and the second polar moment of inertia J to be:

ICS =
π

4
(r4

2 − r4
1), (A2.1)

JCS =
π

2
(r4

2 − r4
1), (A2.2)

where r2 is the outer radius and r1 is the inner radius of the hollow cylinder.

To find I and J for the plus-sign shaped cross-section (PS), we can approximate the plus by

two orthogonal rectangles. For rectangles we have the following cross-sectional properties:

Irectangle =
1

12
bh3, (A2.3)

Jrectangle ≈ βhb3, with β = 0.312 for A =
h

b
= 10. (A2.4)

Here b is the base width of the rectangle, h is the height, and β is a parameter that depends

on aspect ratio A and goes to 1/3 as A approaches infinity.

We can nowapproximate the second moment of area and the polar moment of inertia of the

plus-sign shaped cross-section (PS):

IPS =
1

12

(
bh3 + (h− 2b)b3

)
≈ 1

12
bh3 (A2.5)

JPS ≈ 2βhb3 (A2.6)
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We now set the second moment of area to be equal for the two different cross-sections:

ICS = IPS, (A2.7)

π

4
(r4

2 − r4
1) ≈ 1

12
bh3, (A2.8)

π

4
(r4

2 − r4
1) ≈ 1

12
b4A3. (A2.9)

We can then define the ratio of the polar moment of area of the CS over the polar moment of

inertia of the PS:

JCS

JPS
≈
π
2 (r4

2 − r4
1)

2(βAb4)
, (A2.10)

≈
π
4 (r4

2 − r4
1)

βAb4
, (A2.11)

≈
1
12b

4A3

βAb4
, (A2.12)

JCS

JPS
≈ A2

12β
. (A2.13)

For the simulations in figure 2.2 we set the aspect ratio to 12. Given this aspect ratio, we would

expect the torsional rigidity to be reduced by an approximate factor of 1
38 .

Proportionality and frequency analysis of haltere accelerations

The forces on the stalk enacted by the bulb in it’s specified trajectory can be described by the

following equation:

Fstalk,x’y’z’ = −mbulbabulb, x’y’z’. (A2.14)

We can then derive the accelerations on the bulb using the equation for a rotating reference

frame:

axyz =
∂2r

∂t2
+
∂ωωω

∂t
× r︸ ︷︷ ︸

Euler

+ 2ωωω × ∂r

∂t︸ ︷︷ ︸
Coriolis

+ωωω × (ωωω × r)︸ ︷︷ ︸
centrifugal

, (A2.15)

where axyz are the accelerations in the rotating (insect) reference frame.

In the case of the flapping haltere of radius R in the reference frame of the rotating insect, we

can define position r and rotation ωωω as:

r = R


cosφ

0

sinφ

 ,ωωω =


0

0

θ̇

 . (A2.16)

When we insert this into equation A2.15, we find the accelerations in the moving reference

frame:
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axyz = R


−φ̈ sinφ− φ̇2 cosφ

0

φ̈ cosφ− φ̇2 sinφ

+R


0

θ̈ cosφ

0

+R


0

−2θ̇φ̇ sinφ

0

+R


−θ̇2 cosφ

0

0

 , (A2.17)

axyz = R


−φ̈ sinφ− cosφ(φ̇2 + θ̇2)

θ̈ cosφ− 2θ̇φ̇ sinφ

φ̈ cosφ− φ̇2 sinφ

 . (A2.18)

For our purposes it’s most useful to transform the accelerations to the local frame that moves

with the haltere (x′y′z′) : 
ex′

ey′

ez′

 =


cosφ 0 sinφ

0 1 0

− sinφ 0 cosφ



ex

ey

ez

 . (A2.19)

We now obtain accelerations in the local haltere frame:

ax’y’z’ =


cosφ 0 sinφ

0 1 0

− sinφ 0 cosφ

R

−φ̈ sinφ− cosφ(φ̇2 + θ̇2)

θ̈ cosφ− 2θ̇φ̇ sinφ

φ̈ cosφ− φ̇2 sinφ

 , (A2.20)

ax’y’z’ = R


− cos2 φ(θ̇2)− φ̇2

θ̈ cosφ− 2θ̇φ̇ sinφ

φ̈+ cosφ sinφθ̇2

 . (A2.21)

We can now insert them into equation A2.14 and separate out the Euler, Coriolis and centrifugal

forces:

Fstalk, x’y’z’ = mbulbR




0

−θ̈ cosφ

−φ̈


︸ ︷︷ ︸

Euler force

+


0

2θ̇φ̇ sinφ

0


︸ ︷︷ ︸
Coriolis force

+


(φ̇2 + θ̇2 cos2 φ)

0

−θ̇2 cosφ sinφ


︸ ︷︷ ︸

centrifugal force


. (A2.22)
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We prescribed φ to be sinusoidal, and for convenience we define a scaled time parameter t̃:

φ =
π

2
sin(t̃), where t̃ = 2πfφt. (A2.23)

If we now insert φ into equation A2.22, we obtain terms like cosφ = cos(sin(t̃)). These do not

provide direct intuition to the frequency of the signals, but we can deconstruct them into their

dominant fourier series coefficients, with g(kt̃) corresponding to frequency terms of k and higher.

FEuler = mbulbR


0

−θ̈ cosφ

−φ̈

 , (A2.24)

≈ mbulbR


0

−θ̈
[
0.5 + 0.5 cos(2t̃) + g(4t̃)

]
−2π3f2

φ cos(t̃)

 , (A2.25)

FCoriolis = mbulbR


0

2θ̇φ̇ sinφ

0

 , (A2.26)

≈ mbulbR


0

2θ̇π2fφ
[
0.64 sin(2t̃) + g(4t̃)

]
0

 , (A2.27)

Fcentrifugal = mbulbR


(φ̇2 + θ̇2 cos2 φ)

0

−θ̇2 cosφ sinφ

 , (A2.28)

≈ mbulbR


π4f2

φ

[
0.5 + 0.5 cos(2t̃))

]
− θ̇2

[
0.35 + 0.5 cos(2t̃) + g(4t̃)

]
0

−θ̇2
[
0.3 sin(t̃) + .3 sin(3t̃) + g(5t̃)

]
 . (A2.29)

In the x′ direction (along the span of the haltere) we observe that the centrifugal force scales

with f2
φ and occurs at frequency of 2fφ due to the flapping motion. In our simulations we see

the 2fφ component in centrifugally excited out-of-plane bending of the horizontally asymetric bulb

(fig. 2.3).

In the y′ direction (orthogonal to the plane of flapping), we see Coriolis force depends linearly

on both fφ and θ̇. It is composed of a dominant frequency component of 2fφ and lower amplitude

harmonics. The Euler force in y′ is only observed during the startup of our simulations.

In the z′ direction we see a dominant Euler force due to the flapping motion, scaling with f2
φ.
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Neural encoder

The STA and NLD are approximated by the following function forms;

STA = − cos (fSTA(t+ a)) exp

(−(t+ a)2

b2

)
, (A2.30)

where fSTA is the frequency of the waveform, a is the time of the wave peak to the time of

spike, b is the width of the waveform, and

NLD =
1

1 + exp (−c(ξ − d))
, (A2.31)

where ξ is the normalized projection of the STA on the stimulus, c is the gradient and d is the

slope at half maximum.

Model geometry

Figure S1: The basic haltere geometry, showing the cross-sections of the stalk and bulb.
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Mesh convergence

Figure S2: The strain on the top and left side note of the haltere at 300 µm from the base of the
haltere, plotted against degrees of freedom in the model. Our model had 2785 degrees of freedom,
indicated in red.

Damping convergence
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Figure S3: The strain on the top and left side note of the haltere at 300 µm from the base of the
haltere for different values of damping ratio.
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Appendix 3

Learning Precisely Timed Feedforward Control of the

Sensor-Denied Inverted Pendulum

Additional derivations

Because there is no damping and no disturbance in the system, the pendulum’s total energy is

constant without forcing. The resulting energy levels form orbits in state space that the pendulum

will follow. The most notable is the homoclinic orbit, which has the same total energy as the

inverted equilibrium. When the pendulum is on this orbit, it will move into the inverted equilibrium

over time. The equation for the homoclinic orbit is:

θ̇ = ±
√
−2g

l

√
1 + cos θ , with derivative: (A3.1)

∂θ̇

∂θ
= ±

√
−g
2l

sin θ√
1 + cos θ

(A3.2)

We derive the equation for the homoclinic orbit by setting the sum of kinetic and potential

energy of the pendulum equal to the potential energy at the inverted equilibrium:

0.5ml2θ̇2 −mgl(1− cos θ) = −2glm (A3.3)

0.5lθ̇2 = −2g + g(1− cos θ) (A3.4)

θ̇2 =
−4g + 2g(1− cos θ)

l
(A3.5)

θ̇ = ±
√
−4g + 2g(1− cos θ)

l
(A3.6)

θ̇ = ±
√
−2g(1 + cos θ)

l
(A3.7)

θ̇ = ±
√
−2g

l

√
1 + cos θ (A3.8)
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The derivative of this equation is of interest, especially near the inverted equilibrium:

∂θ̇

∂θ
= ±

√
−2g

l

1

2

− sin θ√
1 + cos θ

(A3.9)

∂θ̇

∂θ
= ±

√
−g
2l

sin θ√
1 + cos θ

(A3.10)

lim
θ→π−

sin θ√
1 + cos θ

=
√

2 (A3.11)

∂θ̇

∂θ

∣∣∣∣
π−

= ±
√
−g
l

(A3.12)

We determine the gains of the feedback controller by tuning the eigenvector of the feedback-

stabilized system. We start with the linearized system with feedback around the fixed point θ = π:

ẋ =

[
0 1
g
l 0

]
x+

[
0
1
ml2

]
u. (A3.13)

We introduce state feedback u = −Kx:

ẋ = (A−BK)x, (A3.14)

(A−BK − Iλ)x = 0, (A3.15)[
−λ 1

g
l − k1

ml2 ) (− k2
ml2 − λ)

]
x = 0. (A3.16)

We use the top row of Eq. (A3.16) to solve for the eigenvalue as a function of the eigenvector

components:

−λx1 + x2 = 0 (A3.17)

λ =
x2

x1
(A3.18)

We now solve the second row of Eq. (A3.16) for gain k2:

(
g

l
− k1

ml2
)x1 + (− k2

ml2
− λ)x2 = 0 (A3.19)

(gml − k1)
x1

x2
= k2 + λml2 (A3.20)

k2 = (gml − k1)
x1

x2
− λml2 (A3.21)

k2 = −k1
x1

x2
+ gml

x1

x2
− x2

x1
ml2 (A3.22)
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We set the eigenvector direction to the homoclinic orbit at the inverted equilibrium:[
x1

x2

]
=

[
θ − π
θ̇

]
(A3.23)

∂θ̇

∂θ

∣∣∣∣
π−

= −
√
−g
l

(A3.24)

x2

x1
= −

√
−g
l

(A3.25)

We can insert this relation into Eq. (A3.22) to obtain k2 as a function of the system parameters

and gain k1:

k2 = −k1
x1

x2
+ gml

x1

x2
− x2

x1
ml2 (A3.26)

k2 = k1

√
−g
l
− gml

√
l

−g +

√
−g
l
ml2 (A3.27)

k2 = k1

√
−g
l

+ 2ml2
√
−g
l

(A3.28)
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Figure S1: The region of attraction for the feedback controller for an array of initial conditions
around the inverted fixed point. The purple trajectories start in the visible region and converge to
the fixed point. There is a set of points in the denied region that move into feedback region (purple).
Many initial conditions in the visible region are outside of the feedback region of attraction and
move to the denied region.
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Figure S2: The cost plane for the initial condition of [θ, θ̇] = [−π + 0.3, 3]. The optimal region
(deep blue) is a long trench of similar cost.
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