(©Copyright 2012

Mauricio Andrés Duarte Espinoza






Stationary distribution for spinning reflecting diffusions

Mauricio Andrés Duarte Espinoza

A dissertation
submitted in partial fulfillment of the
requirements for the degree of

Doctor of Philosophy

University of Washington

2012

Reading Committee:
Krzysztof Burdzy, Chair
Zhen-Qing Chen

Soumik Pal

Program Authorized to Offer Degree:

Mathematics






University of Washington

Abstract

Stationary distribution for spinning reflecting diffusions

Mauricio Andrés Duarte Espinoza

Chair of the Supervisory Committee:
Krzysztof Burdzy

Mathematics

This dissertation studies two different types of interaction of diffusion processes with the
boundary of a domain D C R"™, which is assumed to be bounded, and of class C?(R"). The
first process that is studied is obliquely reflected Brownian motion, and it is constructed as

the unique Hunt process X properly associated with the following Dirichlet form:

E(u,v) = %/D VuV (up)dx + % /D Vu -7 v p(x)o(dr), (1)

where 7 : 9D — R is tangential to D, and u, v belong to the Sobolev space W12(D). The
reference measure p(z)dz is assumed to be given by a harmonic function p whose gradient

Vp is uniformly bounded. It is shown that such process X admits a Skorohod decomposition
dX; = dBy + [ + T)(Xt)dLy. (2)

Moreover, we show that the unique stationary distribution of X is the measure given by

p(x)dz.

In the second part of the dissertation, we present a new reflection process X; in a bounded
domain D of class C2(R") that behaves very much like oblique reflected Brownian motion,
except that the directions of reflection depend on an external parameter Sy called spin. The

spin is allowed to change only when the process X; is on the boundary of D. The pair






(X, S) is called spinning Brownian motion and is found as the unique strong solution to the

following stochastic differential equation:

dXt = O'(Xt)dBt + ﬁ(Xt)st + F(Xt, St)st
s, =[§(X;) — S, dL,

(3)

where L; is the local time process of Xy, 7 is the interior unit normal to 9D, and T is a
vector field perpendicular to 7. The function o(+) is a non-degenerate (n X n)-matrix valued
function, and 7(-) and g(+) are Lipschitz bounded vector fields. We prove that a unique strong
solution to (3) exists as the limit of a family of processes (X¢, S¢) that satisfy an equation
like (3), but in which the spin component dS has a noise edW. With this added noise,
the process (X¢,S¢) is an obliquely reflected Brownian motion in an unbounded domain.
It is also shown that spinning Brownian motion has a unique stationary distribution. The
main tool of the proof is excursion theory, and an identification of the Local time of X; as

a component of an exist system for X;.
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Chapter 1

INTRODUCTION

1.1 Motivation

Multidimensional reflection processes arose from queuing and storage theory, and were stud-
ied as early as in the sixties. Two main approaches have been developed in the literature, the
submartingale problem and the Skorohod problem. Both approaches have their advantages

with respect to one another, and they are rarely mixed in the study of a particular problem.

In this work, we present a new reflection process in a domain D that behaves very much
like obliquely reflected Brownian motion (ORBM), except that the direction of reflection
depends on an external parameter or spin, that changes only when the main process is on
the boundary of D. Let D C R™ be a C? domain (an open connected set), and let B; be a
n-dimensional Brownian motion. A pair (X, S;) with values in D x RP is called spinning

Brownian motion (sBM) if it solves the following stochastic differential equation

dXt = O'(Xt)dBt + ﬁ(Xt)st + ?(Xt, St)st,
S, = [§(X,) — S, dL,

(4.1.1)

where L; is a local time for Xy, and 7 is the interior unit normal to dD. The function o(-) is
a non-degenerated n X n-matrix valued function, and 7(-) and §(-) are well behaved vector

valued functions on 9D x RP.

The process X; behaves just like a Brownian diffusion inside D, and is reflected instan-
taneoously in the direction ¥ = 7 + 7 once it hits the boundary. The challenge is that said
direction of reflection depends on an external parameter S; which we call spin, which is

updated every time the main process X; hits the boundary of D.

This type of process arises naturally from a physical model that might be useful for



applications: Consider a small ball that spins and moves around a planar strip following a
Brownian path. On the boundary of the box, we put tiny wheels which rotate at different
speeds, modifying the spin of the ball as well as pushing it in a certain (non-normal) direction.
In this context, it is natural to think of the boundary wheel as an external forcing system
that is not affected by the hit of the ball, namely, every wheel on the boundary rotates at a
speed only dependent on its position.This 2-dimensional setting was our first inspiration to
define spinning Brownian motion, and has been source of examples and questions presented

in this dissertation.

1.2 Main results

The general setting of our work is presented next. The letter D represents a C?(R™) domain,
that might be unbounded, and we will specify whenever boundedness is assumed. The matrix
valued map o : D — My, is assumed to be strictly elliptic and bounded, that is, there are
constants o1, 09 > 0 such that for any 2 € D, and & € R” we have o [€]* < 7o (x)¢ < oo €[,
For points x € 9D, we denote by 7i(z) the interior normal at z. Also, 7: 9D x RP — R" is a
Lipschitz vector field that satisfies the condition 7i(x) - 7(z, s) = 0 throughout the boundary
0D. Sometimes 7 will not depend on s, which will be easy to deduce from the context. The
last vector field we introduced is ¢ : 9D — RP, which will be assumed to be Lipschitz and

bounded.

As a shorthand, we will use J(z, s) = 7i(z) + 7(x, s), and &(z,s) = (Y(z, s), §(z) — s)7.

In the first part of this thesis, we prove strong existence and uniqueness for solutions to
equation (4.1.1). Even though the domain is smooth enough to apply results from the clas-
sical theory of diffusion processes, the pair (X¢, S;) is not generated by an elliptic differential

operator, and thus the classical theory fails to produce the existence result we look for.

An alternative to the classical submartingale approach of Stroock and Varadhan [26]
was introduced by Lions and Sznitman in Theorem 4.1 in [22], where existence of reflected
diffusions driven by a general semimartingales was shown, but said result only holds for

smooth, bounded domains. Although the result of Lions and Sznitman can be modified



to work in more general domains, we take a mixed approach that combines elements from
the submartingale and Skorokhod problems to obtain strong existence and uniqueness of
spinning Brownian motion as a limit of obliquely reflected processes with elliptic generators.
This is achieved by first showing strong existence and uniqueness of the following family of
reflected diffusions

dX: = o(X8)dB, +7(X¢, S¢)dLy,
t (t) t (t t) t (4.2.1)

dS; = edWy + [g(X7) — Sf]dLy,
in Theorem 4.2.1. Since the pair (X, S;) solving (4.2.1) can be seen to fit within the classical
framework of the submartingale problem, the main part of this theorem is devoted to obtain
the It6 decomposition and to prove pathwise uniqueness. We name this family of reflected

diffusions the approximating processes. Notice that each member of this family is supported

in the unbounded set D x RP.

Though our ultimate goal is to study the stationary distribution of spinning Brownian
motion, we first prove uniqueness and existence of a stationary distribution for (4.2.1). Even
though well known techniques such as the Lyapunov functions and estimates of hitting time
distributions are broadly used to deduce existence of stationary distributions for processes
in unbounded sets, a direct approach worked well in our setting. Namely, in Theorem 4.3.1

we show that, for fixed € > 0, the family of occupation measures

1 t
o) = 7 [ P (05,50 € Ay
0

is tight, and thus it admits at least a sub-sequential limit. This is achieved by estimating
the second moment of both S; and supy<,<;|Su|, through some analytical lemmas on the
exponential decay of Ee~lt. Standard results from Markov and ergodic theories allow us to

deduce uniqueness.

The next part of the thesis is devoted to show tightness of the family of approximating
processes as € — 0, and to characterize its unique limit as a solution of equation (4.1.1).
The main component of the proof is achieved in several Lemmas that show how to control

the modulus of continuity of the local times associated to the family (see Lemma 4.4.1) by



using repeatedly 1t6’s formula for some well chosen test functions. Some ideas in this part
have been taken from [26], but they didn’t have to deal with the supremum of increments

as we need to do. Our precise results are the following.

Theorem 4.4.3 Let IP; ; denote the law of a solution (X¢,5%) to (4.2.1), starting from
(z,s). Then the family Pay = {P5,:0<e <1, x€D,|s| <M} is tight in the Skorohod
space D ([0, 00), R"*P).

Lemma 4.4.4 Let (Z]' = Z;") be any convergent subsequence of the family (indexed by €)
of strong solutions to (4.2.1), as e, — 0, as in Theorem 4.4.3. Call the limit Z = (X, S5).
Then, there exists a local time process L, such that for Z = (X, S), we have that (X, S; L)

satisfy (4.1.1). Also, any solution to (4.1.1) is pathwise unique.

Theorem 4.1.1 Let D C R” be a C? domain. Assume the coefficients o, 7, § are of class C2,
uniformly Lipschitz, and bounded. Let B; be a n-dimensional Brownian motion in (€, F).

Then, there exist a (strongly) unique, continuous, adapted processes (X, S) satisfying (4.1.1),
with X; € D.

The last part of this thesis is devoted to uniqueness of the stationary distribution of
spinning Brownian motion for (X, S), in a particular case of equation (4.1.1), and to some

examples. Namely, we prove uniqueness when the equation for S; is changed into
dSy = [§(Xe) — a(Xy)Si] dLy,

and o : 9D — R, is a continuous function that is bounded below by a positive constant.
The question of existence of a stationary measure is solved by the classical theory of Markov
processes in compact sets, as it follows from Proposition 4.6.1, which identifies the spin
process St as the unique process given by

g(
o

t
Xy
S =Y, 'S + Y;l/o < ))dYu, (4.6.3)

where Y; = exp fg a(Xy)dL,. In particular, this implies that if Sy is bounded, then S; is

uniformly bounded for ¢ > 0.

To show uniqueness of the petitionary distribution, our inspiration comes from an anal-

ogous result for Brownian motion with inert drift, recently proved by Bass, Burdzy, Chen



and Hairer in [2]. The main tool of the proof is excursion theory, and an identification of
the local time of X; as a component of an exit system of excursions from the boundary of

D. This part of our work is presented in Section 4.5, which includes the following theorem.
Theorem 4.5.2 Let PP be the law of Brownian motion killed upon exiting D. Define
.« \—1pD
H, = %&A P2 i) (4.5.2)

and let Ly be the local time of (X, S). Then Hy, is a sigma-finite measure, strongly Markovian,
and (L¢, Hy) is an exit system from 0D x RP for the process (X,S).

For a definition of exit system, see Section 4.5, or [24].

To prove uniqueness, our program splits into four steps. In the first one we use a support
theorem and continuity results for the Skorohod map to show that for any given point z € D,
T > 0 and £ > 0, the probability of (X7, S7) to be in a ball of radius ¢ around the point
(z,0) is positive, no matter what the initial position is. In the second step, we characterize
the process of excursions from 0D by means of an exit system and use excursion theory
to show that a set of paths of X that has positive measure admits a decomposition into
several excursions that are almost independent, and consequently we show how spinning
Brownian motion up to the first hitting time of a ball U C D can be obtained from sBM
conditioned on never hitting U, and adding a suitable “last excursion” that hits U. This
construction is then used in the third step to patch together a spinning Brownian motion
from several independent spinning Brownian motions Y;j . In the final step, we show how to
condition each of the Y7’s on hitting the boundary of D only at certain places and deduce
from this that a component of the spin S; has a density with respect to Lebesgue measure.

The theorem then follows from standard results in ergodic theory.

Since S; is bounded, it follows that the vector X defined in the first paragraph of this
section is bounded, and so the following theorem form the unpublished dissertation of Weiss
[27] can be applied to our setting: Let £ = % D i =1 i (m)% +3 0, bl(x)a%l be a second
order differential operator, where a; ; and b; are bounded, Lipschitz functions. Assume that
a bounded, Lipschitz vector field & is given on the boundary of a C?(R?%) domain G, such

that &-n(x) > B> 0 for = € dG. Let ¢ be a C?(R?) function defining the boundary of G.



Theorem 1.2.1 (Weiss). Let G be compact in R? and b; and ¥ as before, suppose (a; j(z)) is
bounded continuous positive semidefinite with V¢ (x)T a(x)Ve(x) > 0 for x in a neighborhood
of G (i.e. the diffusion has nonzero random component normal to the boundary). Suppose

that yu is a probability measure on G with u(0G) = 0 and

/G £ f(@)u(dz) < 0 (2.6.3)

for all f € CZ(G) with Vf -R(z) > 0 for x € OG. Suppose that the submartingale problem
for a,b and i is uniquely solvable starting from any x € G. Then i is an invariant measure

of the diffusion.

Theorem 1.2.1 has been recently proved for non smooth domains, and general diffusions

arising from a well-posed submartingale problem, by Kang and Ramanan [19].



Chapter 2

A SURVEY OF SOME USEFUL LITERATURE

In this chapter, we introduce the basic terminology we will use throughout this disserta-

tion, and also provide some preliminary results that are used in our proofs.

2.1 Stochastic processes

A stochastic process is a collection of random variables X = {X;:0<t < o0} on a
measurable space (€,%F) called the sample space, and taking values on a complete and
separable metric space (F,d), called the state space. In this work we are interested in

processes taking values in the the space R™, endowed with the Euclidean metric.

The index ¢ admits a convenient interpretation a time. For a fixed sample point w € €2,
the function ¢ — X;(w) is called the sample path or trajectory of the process X associated
with w. The sample path, provides a mathematical model to study the evolution of some
random experiment whose output can be observed continuously in time, for instance, the
number of clients that get service at a restaurant, or the temperature in a fixed place observed

and recorded over a period of time.

The stochastic process X is called measurable if the mapping (¢,w) — X;(w) is measur-
able form the sigma algebra B(]0,00)) x F to B(R"™). Although measurability conditions
are often technical, there is a nontechnical reason to include sigma algebras in the study of
stochastic processes, and that is to keep track of information. Since the temporal feature of
a stochastic process suggests evolution in time, it is important to define precisely what the
concepts of past, present and future mean for stochastic processes, so that we can ask how
much of the evolution an observer knows about the process’ present, as compared to some

other point in the past or the future. Our sample space (2,F) will be equipped with an



increasing family of sub sigma algebras {F; : t > 0} of F, known as filtration: F; C F, C F
for s < t, and all t > 0. For a stochastic process X, the simplest choice of filtration is that

generated by the process itself:
FX=0(X,:0<s<1),

which is the smallest sigma algebra with respect to which Xy is measurable for every s € [0, ¢].
Sets A € F can be interpreted as events that an observer of X knows whether or not A

has occurred by time ¢.

Given a filtration as above, for each ¢ > 0 is it possible to define the sigma algebra of the
immediate future F+ = (,5, Fs. We say that a filtration is right continuous if F; = Fy.
We will always assume that our filtrations are right continuous. Also, when a probability
measure [P is given on (€2, F), we require that all the P null sets of & are contained in F. When
a given filtration does not satisfy this property for P, we can add all the [P null sets to each
F, and create another filtration that is called the augmentation of {F;}. In the future, we
will always assume that our filtrations are augmented. Notice that this requirement is not
the same as saying the JFj is complete, since some of the P null sets of F may not be in the
completion of Fy. We stress that all of our filtrations satisfy these two properties: they are
right continuous and contain the P null sets. These two properties are often referred as the

usual conditions is the literature.

The introduction of a filtration {F;} allows us to strengthen the measurability require-
ments on a stochastic process. We say that the stochastic process X is adapted to the

filtration {JF;} if, for each t > 0, X; is an F; measurable random variable.

When two processes X and Y are defined in a certain measure space (2, F,P), we can
ask how different X and Y are under the measure P. We say that Y is a modification of X
if, for every t > 0, we have P(X; = Y;) = 1. In general, this property does not imply that the
processes have the same trajectories. For example, if U is a random variable with uniform
distribution in [0, 1], then we can take X; = 0, and Y; = 1y;73(¢). Then Y is a modification
of X, but their trajectories are not the same, since sup Y; = 1 and sup X; = 0. However, if

we assume that X and Y are modifications of each other, and that both processes have a.s.



right continuous sample paths, then we can deduce that

P(X,=Y;, Vt>0)=1.

It also can be shown that right continuity of the paths of a process implies that a
stochastic process X that is adapted to {F;} has a modification Y such that the map
(t,w) = Yi(w) is measurable from B([0,00)) x F; to B(R™). This property is referred to
as progressively measurable. Compare this property with our previous definition of

measurable process. The proof of this fact can be found in [20, Proposition 1.1.13].

Our experience with different stochastic processes indicates that it is conceptually helpful
to define a whole family of probabilities associated to a stochastic process X with values
in E. Instead of our usual definition of X in a probability sample space, we will define a
stochastic processes X, with values in £, in the space (2, F,{F;} , {Ps},cp), where (€, 7F) is
a measurable space, {F;} is a filtration to which the process is adapted, and P, is a family

of probability measures satisfying:

(i) for each F' € F, the map = — P,(F) is measurable,

(ii) Py(Xo=x)=1forall z € E.

Actually, these two properties do not need to hold for all x € E for a stochastic process to
be a “nice” process. We need them to hold outside of a set of capacity zero [4], but we will
avoid this technicality as much as possible in this dissertation. Whenever the introduction
of capacities is needed, we will make it clear, and otherwise will assume that (i) and (ii) hold

everywhere in E.

Stopping times

A mapping T : Q — [0, 00|, such that {T' <t} € Fy, is called a stopping time. If T is a
stopping time, we denote by Fr the collection of all sets A € F such that AN{T <t} € F;.

Stopping times receive their name from a situation that can be exemplified in the following
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example: you are driving in Highway 101, and need to take the first exit after the toll station.
We can model your position in time with a stochastic process, and whether the (random)
time T of exiting the highway has occurred yet can be deduced from your current position.
This means that {T" < t} is an event in the sigma algebra ;. On the other hand, if your
instructions are to take the last exit before the toll station, you will have to get to the toll
station and then back up to the last exit you passed. So the first time you drive by the exit
you could have left the highway, but there was no way to know if this was the right exit:

you needed some information about the future.
2.2 Convergence of processes

The Skorohod topology

Henceforth, we will consider trajectories of process in the space of functions w : [0, 00) — R"
that are right continuous with left limits, and it will be denoted by D = DJ[0,00). The
functions in D are often referred to as cadlag, from the french continue a droite, limite a

gauche. We endow this space with the topology given by the following metric:

ds(f.9) = inf max{[[]A —I|[,[[f =g o All},
€A

where I is the identity map in [0, 00), and A is the collection of all bijections from [0, c0) to
itself that are continuous and strictly increasing. This topology is known as the Skorohod

topology.

The Borel sigma algebra B(D) associated to the Skorokhod topology, is the smallest

sigma algebra containing the cylinder sets
{weD:w(ty) € Ay,...,w(tm) € A},

for B(R™) measurable sets Aj,...,A;,. This property is essential when constructing prob-
ability measures, because it hints that it is enough to define a probability P in D by only
defining the finite dimensional distributions P (X;, € A;,...,X;,, € A,). Such con-

struction can be made formal under some consistency conditions covered in the well known
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Consistency theorem of Kolmogorov. We omit its detailed statement as we don’t need in this
dissertation, but the avid reader can find accessible expositions and proofs in [20, Section

2.2.2|, or [3, Appendix II.

The Skorohod metric, does not make D into a complete space. Nonetheless, it can be
shown (see [3]) that there is a metric d§ on D that generates the same topology as dg, and
such that (D, d%) is a complete space. Since the Skorohod topology is also separable, we see

that D is a Polish space for the Skorohod topology.

Since we will deal only with processes having continuous sample paths, it is worth noting
that the space of continuous functions C'([0, 00), R™) is a subspace of D, and when the relative
Skorohod topology is considered in C([0,00),R™), we obtain the same topology as the one
defined by the uniform norm, that is, [|w||, = sup;>g|w(t)|. To simplify notation, we will

often write C'[0, 00) when the image space is R™ or can be easily deduced from the context.

Convergence of processes in C([0,00))

Only processes with continuous sample paths are studied in this dissertation. The extensive
machinery of convergence in the Skorohod space D can be notably reduced in the continuous
case, and so we will present results of convergence in C ([0, 00), R™)) rather than in the general
case of the Skorohod topology in D. Most of the definitions and results presented in this
section are taken from the second chapter of Convergence of probability measures by Patrick
Billingsley [3] and the second chapter of Brownian motion and stochastic calculus by loannis
Karatzas and Steve Shreve [20]. We start with three definitions of fundamental importance

in probability theory.

Let (E,d) be a metric space with Borel sigma algebra B(FE). Let {P,} be a sequence
of probability measures on (F,B(FE)), and let P be another measure on this space. We say

that {P,,} converges weakly to PP, if and only if

im [ f@P(dn) = [ fa)P(aa),

n—o0 E

for every bounded, continuous real-valued function f on E. It follows that the weak limit P
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is a probability measure and that it is unique.

Let {(Q,,F,,Py)} be a sequence of probability spaces, and on each of them consider
a random variable X,, taking values in a metric space (E,d). Let (2,F,P) be another
probability space, on which a random variable X taking values in (F,d) is given. We say
that {X,} converges to X in distribution, and write X, LA X, if the sequence of

measures {]P’nXg 1} converges weakly to the measure PX !, that is,
lim E,f(X,) = Ef(X),

for every bounded, continuous real-valued function f on F, where E,, and [E denote expec-

tations with respect to P,, and P respectively.

Let IT be a family of probability measures on (E,B(FE)). We say that II is relatively
compact if every sequence of elements in II contains a weakly convergent subsequence.
We hay that II is tight if for ever € > 0, there exists a compact set K C FE such that
P(K)>1—¢, for every P € II.

Theorem 2.2.1 (Prohorov). Let I be a family of probability measures on a Polish space E.

This family is relatively compact if and only if it is tight.

Since we are interested in convergence of processes in the Polish space C[0,00), we need
a characterization of tightness that is easy to work with. To this end, the modulus of
continuity on [0,7] is defined as
mep(w,d) = max  |w(t) —w(s)],

|s—t|<d
0<s,t<T

for 0 < 6 < T and w € C[0,00). It is not hard to verify that the modulus of continuity
defines a continuous function in C[0, o) for each fixed 6 > 0, and that for fixed w € C|0, o)

the modulus of continuity is increasing in §, and lims)o mer(w,d) = 0.

Theorem 2.2.2 (2.4.10 in [20], 2.8.2 in [3]). The sequence {P,,} of probability measures on
C[0,00) is tight if and only if these two conditions hold for each T > 0:
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(i) For each positive 1, there exists a A such that

P (w: jw(0)] > X) <7, n>1. (2.2.1)

(i1) For each positive € and n, there exist 6 € (0,1), and an integer ng such that

sup Py, (w: mer(w,d) >¢€) <. (2.2.2)

n>ng

2.3 Markov processes

Let X be a stochastic process defined on a probability space (2, F, F;, P,.), and taking values
in a Polish space E. Recall that the filtration {F;} is assumed to be augmented and right

continuous.

We say that X is a Markov process if for each x € F
Py (Xt-i-s S A’g:t) =P, (Xt+5 S A’Xt) s (231)

for all s,t >0 and A € B(E). If G; is a filtration with F; C Gy, t > 0, then X is a Markov
process with respect to {G;} if (2.3.1) holds with G, instead of F;. Equation (2.3.1) implies
that E (f(Xi+s)|Ft) = E (f(Xi45)|Xe) for every bounded, measurable function f on E.

A function P(t,z, A) defined on [0,00) x E x B(F) is a time homogeneous transition
function if (i) P(¢,, ) is a probablity measure on E for all ¢ > 0 and z € E; (ii) P(0,z, - =
0 (the unit mass at z € E); (iii) P(-,-, A) is Borel measurable for each A € B(E), and the

Chapman-Kolmogorov equation
P(t+s,z,A) = /P(s,y,A)P(t,x,dy) (2.3.2)

is satisfied for s,t > 0, z € E, and A € B(F). A transition function P(t,x, A) is a transition

function for a time-homogeneous Markov process X if
P(Xt—l—s € A|3’~t) = P(S,Xt,A)

for all s, >0 and A € B(E).
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Given a probability measure p on (£, B(F)), we define the probability measure P, by

Pu(F) = /E P, (F)u(dz),

where B € F. We denote by E;, and E, the expectations corresponding respectively to P,

and P,. In this case, u is called the initial distribution of X.

Theorem 2.3.1 (1.1 in [14]). Let P(t,z, A) be a time homogenous transition function and
let v be a probability measure on a polish space E, then there exists a Markov process X in

E whose finite-dimensional distribution are uniquely determined by
X(]EAo,theAl,..., € An )

/ / m — tm—1, Ym— laA )P( m—1 _tm—2,ym—2,dym—1)"'P(t17y07dyl)y(dy0)'
AO m 1

Roughly speaking the Markov property (2.3.1), says that the future of the process X
depends on the past only upon the present state of the process. In this sense, a Markov
process is usually called a process “without memory” and this characteristic has been useful to
model many phenomena with random evolution for which the “loss of memory” is observed in

experiments. Often, though, a stronger Markovian property is needed in probability theory.

A progressively measurable process X defined on (2, F, F;, P,), with values on a Polish
space (E,B(F)) is said to be strong Markov if for z € E, t > 0, A € B(E), and any

stopping time T of {F;},
Py (X715 € A|Fr) = Py (X745 € A|X7), (2.3.3)
P, a.s. on {T < co}.

Given w € Q and s > 0, the map ¢ — X;(w) is a measurable mapping from (2, ) into
(€,B(FE)). We can construct a family of shift operators 6, : Q@ — Q, s > 0, such that each

0, is measurable from F to F and
Xort(w) = Xi(Osw) VweQ, s,t>0.

An obvious example occurs when © = C[0, 00) is the Skorohod space, and X is the coordinate

mapping process X;(w) = w(t). We can define 05(w) = w(s + ), i.e., (0s(w))(t) = w(t + s),
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t > 0. The strong Markov property can be reformulated using the shift operators: for any

bounded, measurable function f, and a {JF;} stopping time T,

Ee [f(Xs 0 07)|F7] = Eo [f(X0)|X7] = Ex; [f(X0)] - (2.3.4)

Semigroup associated to a Markov process

In this section, we assume that the state space E is a locally compact Polish space. The
Markov property of a Markov process entails the following construction: for ¢ > 0, and
x € F, and any bounded and measurable function f on F, define P(t)f = E, f(X;). By the

Markov property, it is direct to see that
P(t+s)f(x) = P(t)P(s)f(x), Vs,t >0, x € E.
Such collection of operators {P(t)} is called the semigroup associated with X.

The semigroup is said to be a contraction when || P(t) f||., < || f]l, for every bounded,
measurable function f, and it is called strongly continuous on a set of functions H is
for every f € H we have lim;_,o ||P(t)f — fll,, = 0. The semigroup is said to be positive if
P(t)f > 0a.s. when f > 0 a.s., for all t > 0. Finally, the semigroup is said to be conservative
if P(t)1lg = 1 a.s for all ¢t > 0.

We next introduce a class of functions. Recall that (F,d) is assumed to be a locally
compact Polish space. The class of functions Cy(E) is the collection of functions f : £ — R

which are continuous and for which d(z,0) — oo implies f(x) — 0. The norm on Cy(FE) is

given by [|fllo. = sup,ep [f(2)]-

The semigroup {P(t)} linear, positive, conservative contraction operators is said to be
a Feller semigroup if, for each f € Cy(E) and = € E, we have P(t)f € Cy(F) and
limy,o P(t)f(x) = f(x). The Feller property of the semigroup of a Markov process X
reflects in the behavior of the trajectories of X. The fact that P(t) maps Cj into itself says
that the dynamics are a smooth function of the initial state. This is similar as the continuous
dependence on the initial state of the solution to a well-behaved differential equation. The

second property, imposes some smoothness on the trajectories, without actually requiring
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that the paths are continuous, but just cadlag. Some jumps, then, are allowed for Feller
processes. The next section introduces the most important example of a process that is

continuous, strong Markov and Feller.
2.4 Martingales and Brownian motion

An R™ valued stochastic process M = {M;} with E[|M;|] < oo for all ¢ > 0, and adapted to

a filtration {F;} is a martingale with respect to {F;} if
E(Mt_‘,—s’g’t) = MS, t,S > 0. (241)

The process X is called a submartingale (supermartingale) if the equal sign in (2.4.1)
is replaced by > (<). Notice that M is a martingale if and only if both M and —M are
submartingales, and that M is a supermartingale if and only if —M is a submartingale.
Hence, many results valid for submartingales yield analogous results for supermartingales

and martingales. The following theorem is a common example of this property.

Theorem 2.4.1. Let X be a non-negative right continuous submartingale. Then for p > 1

and T > 0,
» \?
E (sup X#’) < <—> E (X7P).
t<T p—1

Given a martingale M, Jensen’s inequality yields that |M| is a real valued, non-negative
submartingale, and thus the previous theorem applies to X = |M|, yielding Doob’s inequality
for martingales. For a martingale M, the process M} = sup,, | M| is very important when
proving with tightness of a family of martingales, and it will be a recurrent element in this
dissertation. We next introduce the concept of quadratic variation, in order to exhibit a two

sided inequality M*, somewhat extending Theorem 2.4.1.

Let X be a stochastic process defined in (Q, F,P), taking values in R™. The quadratic
variation of X, denoted by (X), is the stochastic process defined by
miy— 1

< t o |1111‘130 Z |Xta+1 Xta‘ ) (2'4'2)
j=1
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where IT: 0 =ty < t; < ... <ty =t is a partition of [0,¢], and |II| = sup |tj41 — t;|. The
limit, provided it exists, is taken in the sense of probability. More generally, the quadratic
covariation or cross quadratic variation between stochastic processes X and Y is defined
as

<X7Y>t = ((X + Y>t - <X>t - <Y>t)‘

N =

Let X be a martingale defined in (Q,F, F;,P). We say that X is continuous if P-almost
every path of X is continuous, and that X is square-integrable if E (]Xt\2> < oo for every
t > 0. By Jensen’s inequity, the process X? is a non-negative submartingale, and it can be
shown (by using the Doob-Meyer decomposition) that the following unique decomposition
holds:

X2 = X2+ M, + Ay, 0<t< oo,

where M is a continuous martingale with respect to F;, and A = {A;} is a continuous,

increasing process, adapted to F;. We normalize these processes so that My = Ay = 0.

A connection between all the objects defined in this section is given by the following

theorem.

Theorem 2.4.2. Let X be a square-integrable, continuous martingale with respect to {Fy}.
The quadratic variation (X) is a continuous, increasing process with (X), = —0 a.s., and

X2 — (X) is a continuous martingale with respect to {F;}.

This theorem says that the continuous increasing process A appearing in the Doob-
Meyer decomposition of X? is exactly the quadratic variation (X). By using the quadratic

variation, we can obtain a double sided inequality, similar to that of Theorem 2.4.1.

Theorem 2.4.3 (Burkholder-Davis-Gundy inequality). Let M be a continuous, square in-
tegrable martingale with respect to {F;}. For every p > 0 there exists universal, positive

constants ¢, and C), (depending only on p) such that the inequalities
e (M) < E (M§)) < G [(M)3] (2.4

hold for any stopping time T with respect to {F;}.
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Brownian motion

A process B = {By, t > 0} with values in R" is said to be an n-dimensional {F;} Brownian

motion if:
(i) Bp =0 as.
(ii) B is adapted to the filtration {F;}, and F; is independent of o (W,, — Wy : u > t) for
each t > 0.

(iii) W — W; is distributed as a multidimensional Gaussian random variable with mean
0 and covariance matrix (¢t — s)I,, were I, is the (n X n) identity matrix, for every

t>s>0.

(iv) W has sample paths in C ([0, c0), R™).

The first problem one encounters with Brownian motion is its existence. One approach to
this question is to write down what the finite dimensional distributions of this process must
be, and then construct a probability measure and a process on an appropriate measurable

space in such a way that we obtain the prescribed finite dimensional distributions. This

By

J

A
FIVVARCE
MW\M\/

A
|

W L

Figure 2.1: Typical trajectoryies of one dimensional Brownian motion
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direct approach is often used to construct a Markov process as has been noted before, but
its rather lengthy and technical. A more elegant approach for Brownian motion, which
exploits the Gaussian features of this process, is based on Hilbert space theory, and is closer

in spirit to Wiener’s original construction.

Theorem 2.4.4. An n-dimensional Brownian motion exists. Let B be an n-dimensional

{F:} Brownian motion. Then the following hold:

(i) B is a strong Markov process with respect to {F;}, and corresponds to the semigroup

. . . . 1 _M
induced by the transition function P(t,z, A) = Worod e T2 da.
(i) Writing W = (Wh,...,Wy), each W; is a continuous, square integrable martingale,

and (Wi, Wj), = té;; fori,j=1,...,n and all t > 0.

(11i) Let &1,&s,... be a sequence of iid, R™ wvalued random variables with mean 0 and co-
variance matriz I, the (n x n) identity matriz. Let {X,} be a family of processes in
DJ[0,00) defined as follows

[nt]

Xa(t) = %Zék, t>0.
k=1

Then X, converges weakly to B.

Given a n-dimensional Brownian motion B; = (Btl,...,BZ‘), adapted to F;, we can

compute the cross quadratic variation between its component to obtain
<Bj,Bk> = d;xt, 1<k,j<n; 0<t<o0.
t

It turns out that this property characterizes Brownian motion among continuous martingales
as the next theorem states. It should be remarked that this theorem can be seen a particular
property of the Brownian filtration, and continuity plays a fundamental role in the proof.

The reader can see Theorem 3.3.16 in [20] for a proof.
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Theorem 2.4.5. Let X = {Xt = (th, . ,Xt")} be a continuous, adapted process in R™,
adapted to the filtration {F;}, which satisfies the usual conditions. Assume that for every

component 1 < k <n, the process
MF=XF-Xt — 0<t<oo,

is a continuous local martingale with respect to {F;}, and the cross quadratic variations are
given by
<Mk,Mj>t —it, 1< kj<n.

Then, {X:} is an n-dimensional Brownian motion with respect to {F;}.

To see how continuity is essential for this theorem, notice that the compensated Poisson
process with intensity A = 1 is a square-integrable martingale with (M), = t, but it is not a

continuous process.

Ito’s formula

For a Brownian motion B, it can be shown that the trajectories ¢ — B; have unbounded first
variation a.s. This implies that the classical approach by Rieman-Stieltjes fails to define an
integral of Brownian motion. In a famous work from, It6 realized how to define an integrals

with respect to the trajectories of Brownian motion B;, despite the fact that a.s. . The

Theorem 2.4.6 (1t6). Let B; a Brownian motion adapted to Fy, and let { H;} be a progres-
sively measurable stochastic process with respect to Fy. Then the following limit L?(P(dw) ®

dt) exists:

m
ﬁ}sﬂoz Hy, (B, — By,y)
=0

where 15 represents the partition tg = 0 < t1 < to < -+ < t, =t of [0,t], and is such
that |Ils| = sup |tj41 — tj] < 0. Moreover, this limit defines a continuous, square integrable

martingale with respect to {F;}. We define fot H,dB, as the limit above, and the following

E ([/Ot Hsst} 2) =F (/Ot Hgdu> . (2.4.4)

equation holds
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Also, for every f € C%(R"),

f(Bt):f(BO)-i-/ Vf(B /Af (2.4.5)

This equation is often referred to as Ité’s formula for Brownian motion.

2

A typical example of It6’s formula is obtained when setting f(z) = %x . For a one

dimensional Brownian motion B,

EBZ—/thB +1t
PR

Notice how this differs from the fundamental theorem of calculus, that would yield %Btz =
fot B,dB,, if applicable. The key difference between Itd’s integral and the classical Riemann-
Stieltjes integral is that the process Y; = f(f B,dB, cannot be defined on a path by path

basis because the Brownian paths have unbounded variation.

Ité’s construction of the stochastic integral of Brownian motion can be extended to
martingales. The reader is referred to Chapter 3 in [20] for a detailed account of stochas-
tic integration. Other sources that can be consulted are Chapter 5 in [14] and the book
“Stochastic Integration and Differential Equations” by Philip Protter. We will only list a

couple of theorems that are necessary in our proofs.

A continuous semimartingale is a stochastic process X, adapted to {F;} which has

the a.s. decomposition
Xy = Xo+ My + At, 0<t < o0, (246)

where M is a continuous (local) martingale with respect to {F;}, and A is the difference of
continuous, increasing, adapted processes AT and A~, with AT = A~ = 0 a.s. The most
general definition of semimartingale deals with local martingale, a concept that is not need

in our presentation.

Since continuous increasing processes have bounded variation, the Rieman Stieltjes in-
tegral with respect to dA, can be defined pathwise, and we only need to have a definition
with respect to dM,, to extend Itd’s integral to all semimartingales. This is taken care of by

the following theorem.
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Theorem 2.4.7. Let M be a continuous martingale with respect to a filtration {F}, and

let X be a real valued, progressively measurable process adapted to {F¢}, and satisfying

E <[/Ot X5d<M>u]> <oo,  forall0<t< oo. (2.4.7)

Then, there is a unique continuous, square-integrable martingale (X - M) with respect to {F;}

satisfying
E((X-M)}) (/X2 > for all 0 < t < 0.

For a € R and two processes X, Y satisfying (2.4.7), we have
(X+aY) M),=(X -M);+a(Y - M), for all 0 <t < oo.

¢
This linear property allows us to define / XydM, = (X - M),. We have,
0

</O.XudMu>t = /Ot X2d (M), . (2.48)

We finish this section with the general version of 1t6’s formula for semimartingales.

Theorem 2.4.8 (Itd '44, Kunita & Watanabe '67). Let f : R — R be a function of class
C? and let X be a continuous semimartingale adapted to {F;} with decomposition (2.4.6).

Then, almost surely,

f(Xy) = f(Xo) /f w)dM, +/ Vi (X,)dA, + = /f” , (2.4.9)

for 0 <t < oo.
2.5 Diffusions with boundary conditions

Definition 2.5.1. Let D C R™ be a C*(R™) domain with boundary OD and interior normal
denoted by 7i(z) at a point x on its boundary. Given a Lipschitz, bounded map 7 : 0D — R™
such that 7(z) and 7i(z) are orthogonal; a Lipschitz, bounded, and strongly elliptic matriz

o : D — R" x R", and a n—dimensional Brownian motion B;; an Obliquely reflected
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Brownian motion is a strong Markov process Zy (with respect to the right continuous,

complete filtration generated by By) with continuous sample paths, satisfying
dZt = O'(Zt)dBt + [ﬁ(Zt) + ?(Zt)] st, (251)

where Ly is an increasing, adapted process, that only increases when Z; is on the boundary,
that is, dLy = 1yp(Zy)dLy. To simplify notation, we will often use the shorthand J(x) =
ni(x) + 7(x).

The process just defined behaves as Brownian motion inside the domain D and reflects
instantaneously at the boundary, in the direction given by 4. The process L; is known as
local time and can be thought of as the minimal amount of push needed to keep the process
within D. Whenever Z; hits the boundary of D, infinitely many tiny excursions occur and so
local time is accumulated, even though Z spends zero (Lebesgue) time at the boundary. The
name local time comes from the fact that its one dimension counterpart can be constructed

as

.1
Ly :;1_13(1]2—6/0 ]l{|m|<e} (Bu) du,

when D is the positive part of the real line. In the multidimensional setting, the process

of excursions from the boundary is a Poisson point process with a variable intensity that

Figure 2.2: Typical path of obliquely reflected Brownian motion.
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depends on the boundary point where the excursion starts. As a Poisson point process, the

excursions have a clock, which can be roughly interpreted as the local time.

2.5.1 The submartingale problem

One very successful way of constructing diffusion processes with boundary conditions was
developed by Stroock and Varadhan [26]. Their submartingale problem proved to be a
successful extension of their ideas developed to treat the well-known martingale problem.

The following survey on the submartingale problem is based on their original presentation.

Let D a non-empty, open subset of R", such that:

(i) there exists ¢ € CZ(R™;R) such that D = ¢~1(0,00), and 9D = ¢~1({0}).

(i) [[Vé(x)| > 1 for all x € OD.
The following functions will also be given:

(i) a:[0,00) x D — M, (R) which is bounded and continuous,
(ii) b:[0,00) x D — R™ which is bounded and continuous,

(iii) 4 : [0,00) x 0D — R™ which is bounded, continuous, and satisfies (Y(t,x), Vo(z)) >
B >0fort>0andx € dD.

(iv) p:[0,00) x 0D — [0,00) which is bounded and continuous.

Define, for u > 0 and x € D

ij=1 i=1

DO =

and, for v > 0 and x € 0D

= 0
By, = Z%’(U, x)a—xi'
i=1
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We say that a probability measure P on (€2, F) solves the submartingale problem on D for
coefficients a, b, and p if P (Xt € ﬁ) =1, fort >0, and

%0~ [ 1p(x) O Luf X,

is a P-submartingale for any f € Cé 2(0,00) x R™) satisfying

of

pa—l—BthO on [0,00) x OD.

We say the the submartingale problem is well-posed if it has a unique solution.

Theorem 2.5.1 (Theorem 3.1 in [26]). If the matriz a(-) is uniformly elliptic, and under
the conditions stated above on the coefficients a,b,¥, p, we have that for every x € D there

s a solution P, starting from x, to the submartingale problem.

Theorem 2.5.2 (Theorem 5.4 in [26]). Assume all the conditions on the coefficients a,b,y, p
hold, and also that ~ is Lipschitz. If either p = 0 or p is also a locally Lipschitz function
which is strictly positive at each point of [0,00) x D, then the solution to the submartingale

problem is unique and depends continuously on t and x.

2.5.2  Oblique reflection in unbounded domains

Equation (2.5.1) fits very nicely the framework of the submartingale problem. In the case
of our interest, the coefficients in the generator (2.5.2) do not depend on time, and we
assume the drift term is zero for simplicity. We will drop the subindex u from £, due to the

independence of time. We have the following theorem, which is standard in the literature.

Theorem 2.5.3. Assume that D is a domain of class C*(R™), not necessarily bounded.
Obliquely reflected Brownian motion in D exists, as the unique strong solution to (2.5.1).

The process is also square integrable when the initial distribution of Zy is square integrable.

Proof. Fix z € D. By Theorems 2.5.1, 2.5.2, and 2.4 in [26], there exists a unique probability
measure P, on the canonical space of continuous functions that solves the submartingale

problem for £ with non-negative boundary derivative along 4. Precisely, there exists a
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continuous, adapted process Z; with values in D; and a unique, continuous, non-decreasing,
process L; with values in [0, 00) such that Ly = 0, E[e’] < oo for any A > 0 and ¢ > 0, and
dL; = 1yp(Zy)dLs. Moreover, Ly is adapted to the right continuous, completed filtration

determined by Z;; and it satisfies that

t

@) 1z~ [ 1p(Z)enzis— [ Vhz)-F(Z)dL.

0

exp< / Vh(Zs)dZ, — A—Q Lp(Zs) (Vh,[010]Vh) (Zs) ds — A /0 ch-i(Zs)dLs>

0

are P;-martingales for every A € R and every h € C02 ’I(R“). Also, Theorem 2.5 in [26] gives

us an [t6 rule for integration with respect to dZ;, namely

(¢) h(Z) — h(Zy) = /Ot Vh(Zs)dZs + /Ot 1p(Zs)Lh(Zs)ds,

for every h € C’g’l(R").

Call G; the martingale in (a), and set J; = fg 1p(Vh,[cTo]Vh) (Zs)ds. Using (b)
and (c) we obtain that exp [/\Gt — )‘;Jt] is a martingale for every A € R. Looking at the
coefficient of A? in the power expansion of this exponential we readily see that G? — J; is a

martingale. Since Jy = 0, by the uniqueness of Doob’s decomposition we get (G,G), = J;.

On the other hand, from the martingale representation theorem, we have that there is an
n-dimensional, standard Brownian motion By in (2, F;, P) such that Gy = E(Gg) + fg gsd By
for some adapted process gs. The calculation above shows that G — fot 1p(Zs)[Vh o|(Zs)dBs
is a square integrable martingale with zero quadratic variation, and so it is equal to the

constant Go = h(Zy) = h(x) under P,. From this we get
t t
h(Z) ~ (o) = | 1o(Z)VHTo(Z)dB. + [ 1p(Z)eh(Z.)ds +
0 0
t
—I—/ Vh-(Zs)dLs,  (2.5.3)
0

for any h € CZ(R™). This is enough to establish weak existence in (2.5.1). Uniqueness is
established as a direct consequence of the uniqueness of the solution to the submartingale

problem.
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Using equation (2.5.3) we can show that Z; is square integrable for each ¢ > 0 under P,.

To do this, we first need a sequence of C3 functions ¢y : R" — [0, 00) satisfying:

(i) ¢k(x) defines an increasing sequence, with limy_, ¢x(z) = |z| in the set {|z| > 1}.
(i) supy ¢r(z) <2 for |z| <1,
(iii) |[Veg(x)| <2 for all z € R™,

(iv) |0z,00;0%(x)| < Cy for some positive constant C,, and all z € R".

To do so, it is enough to take care of the case n = 1, and then define a rotationally symmetric
extension to R™. We stress that in (i) we only ask for monotone convergence away from zero.
We have,
2
E|Z* <E (1412t w1y (Z1)” <24 2| Z, L1 (22)
_ : 2
=242 kh_?oloE (06 (Z6)* 1 fj0)>13 (Z1)]

<2+2 limsup E [(pk(Zt)ﬂ .
keN

Since each function ¢, has bounded second derivatives and compact support, equation

(2.5.3) applies, and so

t 2
E [or(Z0)?] < 2E [o1(Z0)?] + 2E /0 Vor(Z)To(Z,)dB,| | +
t . 2 1 t 2
+2E /Ovcpk(zu)’Y(Zu)dLu +Z /0 L‘Pk(Zu)du ]

< 2E [io1,(Z0)]* + 2E /Ot Vor(Za) lo(Zu)))? dut

(f e dL“>2 1 ([ monzaia) 2] |

Condition (iii), (iv), and the fact that all the coefficients of ¢ and thus of £ are bounded,

+2E

imply that for some constant C' > 0 we have

E [0x(Z)?] < 2K [¢r(Z0)?] + Ct+ CE [L7] + Ct.
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To get a uniform bound in k, we use condition (i) and (ii): ¢r(Zp) < 2+ |Zp|. By monotone

convergence, we conclude that E|Z;|> < 8 + 4E | Zo|* + Ct(1 + t) + CE [L7].

A standard argument shows that when we combine weak existence of solutions and
pathwise uniqueness, we have strong existence and uniqueness for a stochastic differential
equation. See, for example, [20, Section IX.1, thm 1.7]. Thus, we just need to show pathwise
uniqueness of Z;. Let 7, = inf {t > 0: |Z;| > k}. Since Z; is square integrable we know that

that 7, — oo a.s., and thus it is enough to show pathwise uniqueness up to time 7,.

Define Dy, as any bounded smooth domain in R™ such that D, N B(0,3k) = DN B(0, 3k).
Also, extend ¥1p(o3k) to a bounded, Lipschitz vector field 7 that is defined in 0Dy, and

consider the following reflected Brownian motion in Dy:
dY; = o(Y;)dBy + Fx(Yi)dLy.

In [11] (see also its correction [12]), pathwise uniqueness of obliquely reflected Brownian
motion has been showed, under less restrictive assumptions on the coefficients o, than
ours, but only for processes in bounded domains. Thus, Y; satisfies path wise uniqueness,
and since Yin,, = Zias, under P, for |x| < k, we have that pathwise uniqueness for Zi,,

holds, as we wanted to prove.

2.6 Stationary distributions

This section is mostly a collection of already known results on stationary distributions of
difussions with boundary conditions. We start by some basic definitions and a very useful

functional characterization due to Weiss [27| by following closely his presentation.

Definition 2.6.1. Let P(t) be the strongly continuous contraction semigroup associated to
some Markov process with state space E. A probability measure p on E is called a stationary

distribution for such process if

H(A) = [E P(t)La(x)u(dx) (26.1)



29

for all Borel sets A. When the property above holds for a general (non-finite) measure, we

call i an invariant measure. It is clear that a probability measure p is stationary if and only

if
/ F@)u(dz) = / P(t)f(x)u(de), (26.2)
FE FE

for any f € Cy(E) and t > 0.

A stationary distribution can be often found as a limit of long time averages. Indeed, let
P(t) be the semigroup of a Markov process Z;. For any probability measure iy on the state

space, define the occupation time measures by

wia) =5 [ ey as=1 [ [ Po)tamtanas

Whenever this family of measures has a convergent subsequence, for example, when the state
space is compact, any of its limits will be a stationary distribution. Indeed, we have the

following lemma,

Lemma 2.6.1. Let P, be a Feller semigroup associated to a process Zy with state space E,
and let v be a limit point of the sequence of occupation time measures. Then p is a stationary

distribution for Z.

Proof. Let u™ = uq, be a sequence in the aforementioned family, converging weakly to a

probaility measure p, and let f € Cp(R™ x RP). For any ¢t > 0

n tn
1 tn
—lim / Plu+)f(2)du
n ty Jo
1 tn+t
= lim / P() f(x)dv
n n t
Since |P(t) f(z)| < || f|lo» We have the following estimate
1 ttt 2| £l t
| [ Pos@uan]+ | [ Py < 2Lt
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which converges to zero as t,, — oco. Therefore,

.1 ftn )
[P0 =tin = [ P@)s@io =tim [ o) = [ fand),

noip
which shows that p is stationary by (2.6.2) [

Roughly speaking, this result states that a stationary distribution represents the average
time that the diffusion spends in Borel sets. An interesting consequence of this result is that
if there is only one stationary distribution, then it can be characterized as the limit of u; as
t goes to infinity, for any starting measure pg. The result avoids the question of convergence
of the occupation time measures, and one has to draw upon to techniques such as Lyapunov
functions to obtain existence of limit points. For a detailed discussion of the matter we refer

the reader to Kurtz and Ethier [14], chapter 4, section 9.

Consider the obliquely reflected Brownian motion Z; solving (2.5.1). Assume p is a
stationary distribution. From (2.6.2), and the submartingale characterization of Z; from

2.5.3, we have that

E, [ r - | t Lf<zu>du} > B, [f(Z0),

for any f € C’g (R™). If Zj is distributed according to p, then Z, is distributed as p for all

u > 0. Thus, integrating the above with respect to u(dz)

B [ 120~ [ ezt = [ i) - [ [ s
> /D f(@)u(dz) = B, [f(Z0)) .

That is, for f € C?(D) with Vf-7(z) > 0 for € 4D, if u is invariant for the diffusion,

then

| £r@pnta) <o
D

The main result of [27] is the converse of the previous statement. It covers the case of a
sticky boundary, in which the process spends positive Lebesgue time at the boundary. We

give a specialized version that will be sufficient in our case: Let £ = % Z? =1 @i (x)%axj +
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Sy bz(iﬂ)(%l be a second order differential operator, where a; ; and b; are bounded, Lips-
chitz functions. Assume that a bounded, Lipschitz vector field is given on the boundary of
a C%(R%) domain G, such that & -7(z) > 8 > 0 for + € dG. Let ¢ be a C%(R?) function
defining the boundary of G.

Theorem 2.6.2 (Weiss). Let G be compact in R? and b; and 7 as before, suppose (a; ;()) is
bounded continuous positive semidefinite with Vo (x)T a(x)Ve(x) > 0 for x in a neighborhood
of OG (i.e. the diffusion has nonzero random component normal to the boundary). Suppose

that u is a probability measure on G with u(0G) = 0 and

/Gﬁf(a:),u(da;) <0 (2.6.3)

for all f € C3(G) with Vf -R(z) > 0 for x € G. Suppose that the submartingale problem
for a,b and i is uniquely solvable starting from any v € G. Then i is an invariant measure

of the diffusion.

Theorem 2.6.2 has been successfully used by Harrison, Landau and Shepp [17] to give
an explicit formula for the stationary distribution of obliquely reflected Brownian motion
in planar domains, in two cases: (a) the domain is of class C?(C) and bounded, and the
reflection coefficient ¥ has a global extension to a CZ(R?) vector field; and (b) the domain
is a convex polygon, and the reflection coefficient is constant in each face. Their technique
to obtain an explicit representation is to assume that p(dz) = p(x)dx and integrate (2.6.3)

by parts to obtain a PDE with boundary conditions for p, and solve such equation.

To prove uniqueness of the stationary distribution, we can follow the scheme of Harrison
and Williams in [18]. Their setting is different from ours in that they consider obliquely
reflected Brownian motion in an orthant, which is a non-smooth domain, and the reflection
vector +y is assumed to be constant along each face. Nonetheless, their proofs only are based
in two facts: (a) the process behaves as Brownian motion inside of the domain, and (b)
the process spend zero Lebesgue time on the boundary. Since these two facts are true in
our case, it is possible to reproduce their proofs, and make them work in our setting. The

following theorem, summarizes the properties we need.
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Lemma 2.6.3. For each x € D, and t > 0

(a) Py (Z; € D) = 0.

(b) Let m be the Lebesque measure in R™. For any Borel set A C D we have

P.(Z € A) =0 — m(A) = 0. (2.6.4)

(c) Suppose p is a stationary distribution for Z. Then p and m are mutually absolutely

continuous on D.

Proof. (a) is a result form Varadhan and Stroock. See Theorem XX in |26] for a proof.

To show (b), in view of part (a) and the fact that m(9D) = 0, it suffices to assume
that A C K, where K is a compact subset of D\ dD. Let 7 =inf{u >0: Z, € 0D}, o =

inf{u>0:2, € K},o9=0,and foreach k > 1, let 7, = o)_1+706 and oy, = T, +000,,

Ok—1

where 6 is the usual shift operator for Z. Then, for each € D, 7, /* 00 P, a.s. as k — oo
and

E. UO 14(Z) dt] ZE [/ B A(Zy)dt ZE [EZU“(/OTJLA(Zt)dtﬂ,

where the second equality holds by the strong Markov property. Since Z,, , € K, and Z;

behaves as Brownian motion within D, we have

E, [/0 14(Z) dt} ZE [EZU“</OT]1A(Bt)dt>],

and so the left hand side is zero if and only if m(A) = 0, since the distribution of By
is mutually absolutely continuous with the Lebesgue measure for all ¢ > 0. By Fubini’s

theorem we deduce,
—O<:>/ (Zy € A)dt =0 <= P, (Z; € A) =0,

for all t > 0, since the trajectories of Brownian motion are continuous. This shows part (b).
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Finally, part (c) follows from part (b), and the fact that a stationary distribution u

satisfies

pu(A) = / P.(Z; € A)u(dx), for all t > 0.
D

If both pq and po are stationary for Z, then

pi(A) = /ﬁIP’x(Zt € A)pj(dx) = /D]P)I(Zt € A)%(w)dw,

where A is a Borel set and % are Radon-Nikodym derivatives. The fact that p; and m are
mutually absolutely continuous implies that i and po are mutually absolutely continuous.
One the other hand, it follows from the ergodic decomposition theorem (2.2.8 in [1]) that
any two stationary distributions must have disjoint supports. This contradiction shows that

the stationary distribution for Z solving (2.5.1) is unique.

2.7 Non-symmetric Dirichlet forms

This section introduces the fundamental concepts of the theory of non-symmetric Dirichlet

forms. The results that are reviewed are compiled from [8], [21] and [23].

Consider a measure space (X,\). A subspace H of L?(X,)) is called a space of base
(X, \), if it is endowed with the structure of a Hilbert space that is dense in L?(E, ), such
that if u € H, then |u|, min{u,1} € H; and such that the inclusion from H to L?(E,\) is

continuous.

Definition 2.7.1. Let € be a bilinear form over H x H. We say that € is a Dirichlet form
if the following conditions are satisfied:

Coercivity. There exists constants Cy,Co > 0 such that for every u € H we have &(u,u) >
Ol = Co 2.

Continuity. There is a constant Cs > 0 such that |E(u,v)| < Cs||ully vy for any

u,v € H.
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Contraction. For each u € H, set Tu = min {u',1}. The following inequalities hold

E(Tu,u —Tu) > 0, (C1)

E(u—Tu,Tu) > 0. (C2)

Given a Dirichlet form & on H, we associate with it the family of Dirichlet forms (€4)a
given by Eq(u,v) = E(u,v) + a(u,v)r2(y). Sometimes we will write &(u,v) = &(v,u) for

u,v € H.

A space of base (E,\) is called regular if H N Cy(F) is dense in H and in Co(E). If
H is a (regular) space of base (E,\), and € is a Dirichlet form, we say that (€, H) is a
(regular) Dirichlet space of L2(E,\). The form is also called local if €(u,v) = 0 whenever

supp (u) N'supp (v) = 0.

By means of the Riesz representation theorem, it is possible to find a family of resolvents
{Ga} oo such that €4(Gau,v) = (u,v);2, and so, a semigroup {D;},. corresponding to
the resolvent. The following theorem, asserts that those objects correspond to those of a

Markov process.

Theorem 2.7.1 (Carrillo Menendez, [8]). Given a local, reqular Dirichlet form (€, H) on
L%(E, \), with resolvent {Gy}

as0s there exists a conservative, strong Markov process M =

(Xt,P,) on E with continuous sample paths, whose resolvent is a version of G.

2.7.1 Additive Functionals

It is crucial to notice that in the definition a Dirichlet form, there is some underlying symme-
try, namely, that é(u, v) = &(v,u) is a Dirichlet form if and only if € is. Using theorem 2.7.1,
we obtain then a pair of processes (X ,X ), which are dual of each other, in the sense that
their semigroups (and thus their resolvents) are in duality in L?(E, )). Let €, {Ft}ieo,000
&, 8¢ be the sample space, the minimum completed admissible filtration, the life time and
the shift operator respectively associated with the Hunt process X. The following definition

is taken from [15].
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Definition 2.7.2. An extended real valued function Ai(w) of t >0 and w € Q is called an
additive functional (AF in abbreviation) if it is {F¢}-adapted and the following properties

hold almost surely:

(i) Ag =0, Ay is cadlag and finite on [0,€), Ay = A¢ fort > &,

(ZZ) As—l—t = As —|—At 095, S,t > 0.

An AF Ay is called positive and continuous (PCAF in abbreviation) if Ay > 0 and t — Ay

s continuous almost surely.

Definition 2.7.3. Let A be an additive functional of X. We define its energy by
: - * —at A2
e(A) = lim —EA/ e Y A;dt,
a—r00 0

whenever this limit exists and is finite.

We denote by Al the set of continuous, positive additive functionals of X. Also, denote
by ng the space of positive, bounded functions in H. Other definitions that are relevant

are given next: For GG, an open subset of E, the capacity of G is defined to be
Cap(G) = inf{&;(u,u) :w € H and f > 1 on G}

with the understanding that the infimum of the empty set is +o00. For subsets B C F, let
Cap(B) = inf {Cap(G) : G is open and G D B}.

A Borel set N is called exceptional if Cap(N) = 0. A statement depending on x € B
is said to be true quasi-everywhere on B if there is an exceptional set N such that the

statement is true for x € B\ N.

Definition 2.7.4. A positive Borel measure p on E is said to be smooth if the following

conditions are satisfied:

(a) u(N) =0 for every exceptional set N, and



36

(b) there is an increasing sequence {Fy} of compact sets such that p(Fy) < oo, p (E\ Uy Fr) =
0, and limg_,o, Cap(K \ Fy) = 0 for every compact set K.

We denote by S the space of smooth measures of X.

Theorem 2.7.2. There is a one to one correspondence between S and AY. The correspon-

dence between p € S and A € AF is characterized by the following relation

lim a?Ej» /0 T et (FAYdt = (fu, b

a—00

for any h € H;r and positive, Borel f in X.

For an exact definition of quasi-continuous functions and some more potential theory we

refer the reader to [8, 21, 23].

Theorem 2.7.3. Given u € H, let u be a quasi-continuous version of u. Define A,[fu} =

u(Xy) — u(Xo) fort > 0. Then, there is a unique decomposition
Al = ppll o Nl

where M is a local, square-integrable martingale with zero mean; and N™ is a continuous

additive functional locally of zero energy.

The last theorem we present relates the Dirichlet form € to a certain additive functional.

Theorem 2.7.4. Let uw € H and A be an additive functional locally of zero energy. If

lim a2EU.>\/ e~ Aydt = —&(u,v) Y ve H,

a—0o0 0

then Ay = Nt[u}. Also, for u, f € H, we have

/X f dpty, = 28(“’7 fu) - 8(u27f)7

where p,, 1s the smooth measure associated to the quadratic variation of the local martingale

Ml
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Chapter 3

OBLIQUE REFLECTION AND DIRICHLET FORMS

3.1 Preliminaries

Definition 3.1.1. Let D be an open, connected subset of R™ (a domain). A cover of the
boundary 0D is a countable collection of triplets (xk, Bk, ¢x), where x € OD, By is a ball

centered at xy, and ¢ : B — R™ is such that

{l’GBk:¢k(l’)>0}:BkﬂD.

Given a class of functions A(R™), we say that D is of class A if the maps ¢y belong to
such class. For example, D is of class CP(R™) if the maps ¢y have continuous derivatives

up to order p.

Definition 3.1.2. Let D be a Lipschitz domain in R™ and 7 : 3D — R™ be a vector field
tangential to 0D, that is, such that 7(x) - 7i(z) = 0 for almost every x € dD. A function &,
defined on 0D in the sense of distributions, and satisfying

Vu-7(x) o(dx) = —/ u(z)é(x) o(dr) (3.1.1)

oD oD

for every u € CX(R"), is called the boundary divergence of T, and we denote it by

¢ = bdiv(7).

Unfortunately, the boundary divergence does not always exist in Lipschitz domains.
Nonetheless, it exists in C'!-domains, or actually whenever a nice cover of the boundary

can be found, as described by the following lemma.

Lemma 3.1.1. Let (i, By, ¢1) be a cover of the boundary of D such that |Veg|? is dif-

ferentiable and bounded for every k. Let T, R be bounded, Lipschitz vector fields that are
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tangential to 0D. Assume that the components of these vectors and their derivatives are
square integrable with respect to the surface measure o(dx). Then, their boundary divergence

exists and it has the following properties:

i. The boundary divergence is uniquely defined in L?(0D,o(dx)),
1. bdiv s a linear operator,
iii. for any ¢ € C°(R™) we have bdiv(eT) = Vg - T + ¢bdivT.

Proof. Uniqueness is straightforward from existence, so we only prove the latter. Let
(zk, Bi, ¢r) be a cover of the boundary as in the statement, and consider a locally finite,
smooth partition of the unity {{x} subordinated to {Bx}. It is well known that the unit
normal is proportional to (—V ¢y, 1) in the coordinates of By. Thus, 7 - 7 = 0 is equivalent
to z;:ll 9j¢rT = 1" in By. This computation yields Vu - 7 = z;‘:—ll((‘)ju + Opudjy )T’

within By,.

Let (y,z™) be local coordinates in By, and define an operator T} by Tpu(y, s) = u(y, s+
¢r(z)). The operator T}, is introduced in [10] to prove the trace theorem for Sobolev spaces.
It is shown there that T}, is an isomorphism between the Sobolev spaces W12(D N By) and
WH2(H™). We take advantage of this fact, but use it in a rather different manner. The key
property of T}, is that in local coordinates, 0;Tju(z,0) = 0ju+ Opud;j¢y, for j =1,...,n—1,
and (z, ¢r(x)) € 0D N By. So, Vu -7 = Z;L;ll 0j(Tru)T (2,0). As & has compact support,

Vu- 7 o(dr) = Z/ &xVu - T o(drx)
k 0DNBy,

n—1
= Z Z /Hn T1&x05 (Teu) Tem? (y,0) A/ 1+ [|Ver|? dy.

k j=1

oD

Integrating by parts,

n—1
Vu- 7 o(de) = ZZ/ —Tuéy0; <Tij 1+ |’V¢k|’2> dy +

oD koj=1
n—1
-3 Z/ 0;(T&i) Teur?\[ 1 + ||V || *dy.
H?’L

k j=1
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The second term on the right hand side equals zero. Indeed, a previous computation

shows that V&, - 7= z;:ll 0j(Ti&k)7 (2,0). Also, since & is supported in By,
n—1
ZZ/ 0j(Tie&i) Teur? \/ 1 + || Vi dy = Z/ V&, - 7 u(z)o(dr)
E j=17H" . JoDnB,
=/ \Y% <Z €k> -7 u(x)o(dz),
oD L

because the partition of unity is locally finite. But ), £ = 1, which shows our claim.

We now can write a local definition for the boundary divergence. For x € 0D,

- n—l . -1
baiv(r)(@) = 33 1, (2)6s ()6, (Tkwl B ||v¢k||2) I IVar?

k j=1

With this definition, (3.1.1) is satisfied.

Still, we have to show some more work to properly define bdiv in L?(0D, o (dxz)). Contin-
uing from the previous calculations, we will show that u — [, Vu -7 o(dz) is a continuous
functional on the Sobolev space H'(D). By Hélder inequality in L?(0D,o(dz)), and since

the sum in k is locally finite, we have

n—1
< ZZ/ | Thuék|

k=1

si%j(/ﬁjﬂu?ék!dyf (/Hmk 2dy)é

By assumption, the quantity 1 + Hngkﬂz is differentiable, and both itself and its derivative

Vu- 7 odx

d; (ij 1+ \|V¢k\l2> ‘ dy
oD

5 (Tw 1+ ||v¢k||2)

are unit ormly bounded in x and k. Let C'p an upper bound of these quantities. The product
rules then yields,

Vu -7 o(dz)
oD

; | RN
<Cp sz: </H |Tku2§k| dy> </H7Lkak “Tk71|2 + \8]- (Tm-y) ﬂ dy>
n—1 1 1 n—1 % %
=Cp ZAIEBI? SCDZ <2Ak> (ZBk> )
k k

k

where the last inequality is the Cauchy-Schwartz inequality for summations. Next we com-
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pute
Sa=y | Tl 0y
k n
<Y | maan 001+ Vol fay
— Z/ u? e (x)o(dz) = HUH%2(8D,0(dm))’
k 0DNBy,
and

ZBk:Z/ Tkék [‘Tij|2+|8j (Tij)|2:| dy
k e JHT
<3 [ ms 17+ 107 Y1+ [l
k
[ a@[I7? +107] @) o(do)
0DNBy,
= [ (171 +1071] @) (o).
oD

By assumption ), By < 0o, and therefore, we obtain the estimate

1
2
/aD Vu -7 o(dz)|n < Cp (Z Bk) lull L2(0D,0(dx)) -

k

It follows that u > [, u(z)bdiv(7)(z)o(dx) is a continuous map, and by self duality of L?,

we conclude.

The second property follows easily from the definition applied to AT 4+ K, and the last

assertion in the statement follows directly from (3.1.1) applied to uy, where u is used as the

test function.

3.2 Construction of ORBM

Assume there is a positive, integrable function p : D — R, satisfying the following condi-

tions: p € H'(D), the quantity VIn(p) is bounded, and

Ap=0 in D
Vp-i =bdiv(pT)  on dD
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Consider the measure du = p(x)dz, and the spaces L?(p) = L*(D, ) and H = HY(D),

and the following bilinear functional defined for (u,v) € H x H

1
&(u,v) / VuV (vp)dx — 5/ 7 Vu vp o(dz). (3.2.2)
oD
Theorem 3.2.1. Under (3.2.1) and the assumptions above, the bilinear form (&, H) is a
regular Dirichlet form in L?(p), and its associated Hunt process is an obliquely reflected

Brownian motion X. Also, the measure p defined by du = p(z)dz is the unique stationary
distribution of X.

Proof. 1t is clear from the assumptions, and from Cauchy-Schwartz inequality that there is

a constant C' > 0 such that

/ VuV (vp)dx| <
D

/ VuVou pdx
D

+ ‘/D Vuv(x)V pdz

< IVull 2 [90] 12 + C /D V| |o(@)| pla)de
< ||VUHL2(p) HVU||L2(p) +C HVUIlm(p) ||UHL2(p)

< ClIVull o) vl -

To check continuity of the second integral in &(u,v), select a cover (By, ¢r) of 9D and
let {n)} be a partition of unity subordinated to {Bg}, such that n, = A} for some smooth

function A,. We have

/ 7 Vu vp o(dr) Z/ (7-Vu) vp o(dr)
P 8Dan

D

= Z/a (AkpT - V(Agu)) Ao o(dx) + G(z)uv p o(dzx)

DBy aD

for certain bounded function G. The second integral on the right hand side defines a con-
tinuous bilinear function in H by the trace theorem [10], so it is enough to study each of the

integrals in the sum on the right hand side, which we denote Vj(u,v).

- 1/2
To reduce the load of notation, define {, = Agp [1 + |]V¢k|]2] 7. For (z,s) € R"1 x
R4 = H" and v € H with supp (u) C By, define Tyu(z, s) = u(x, s + ¢(x)). Then we have

8T¢ u)\k)
(u,v) /R" 1 Z (Ty, &)’ Ty, (V) dz,
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as n* vanishes outside Bj. Notice that the sum in j runs from 0 to n — 1, therefore Ei has
bounded weak derivatives, given the assumptions on 7, p, ¢x. Proceeding as in |21, Theorem

6.2], we obtain
Vie(u, 0) < CY|Ty(udi)lyyrr2 ggmy 1To (0AR) 1.2 gy
< Clludillwr2gynpy VAR lwr2(,0D) -

which proves continuity of the second term after summing over k, recalling that the partition
By, is locally finite. The second inequality follows since Ty, defines a continuous map from

W*2(D N By) — W2(H") for 0 < s < 1 ([10, Lemma 1]).

Next we show coercivity. First, assume that u € H is bounded. Integrating by parts,

1
28 (u,u) = HVUH%Q(F)) + /DuVu Vp dx — /aD 5?- V(u?) p o(dz)
1
> IVl ~ C ol 9l — 3 [ 7900 ()

> 5|Vl — Clluls, — C /8 i poldo)

where x and C are independent of u. To show that the last inequality holds, first notice

that for any € > 0 and for 2k = mingg p, we have
IVullZ2(,) — C lull g2 Vel 2 = 26 IVl 22 — € [Vl 2, — C llullag,) -

By applying the same methods and notation as in the proof of continuity, we estimate the

last term

7. V(u?)p o(dr) = 2)u? p o(dz u?
| #vetpatin) = | cland () + DT Vila, 1)

= Gu? p o(dz) + Z/ (T, &) 0 T, > Ns da
oD  JRN-1

= Gu® p o(dz) — Z/ 0;(Tp k)’ Ty, N2 dx
oD — JRN-1

>C u? p o(dz).
oD

By using the trace inequality with € > 0, we conclude that the form (3.2.2) is coercive.
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Next we prove the contraction properties. Recall that Tu = (u A 1)* for u € H. A
straight forward calculation shows that €(Tu,u —Tu) = 0. On the other hand

28(u —Tu,Tu) = / V(u—1)tVp dr — / 7-V(u—1)" po(dz)

D oD
- _/ (u—1)*Ap da — / (= 1) (Vp- () — bdiv(p?)) o(dz)
D oD

which is equal to zero by our assumptions (3.2.1) on the density p. This proves that (€, H)

is a Dirichlet form.

The local property follows easily form the definition. Regularity follows from the well-

known fact that C§°(D) is a dense subspace of W12(D). See, for example, [21].

By Theorem IV.1.5 in [8], there is a Hunt process X properly associated with (€, H),
which has continuous trajectories, as the local condition is trivially satisfied (Theorem III.1.2
in [8]). We next use the stochastic calculus for non-symmetric Dirichlet forms developed in

[21] to find a Skorokhod decomposition of the process X.

Fix 4, a quasi-continuous version of u € C%(R™) with respect to the capacity induced by
(€,H). Let L; be the positive, continuous additive functional associated with the measure

%p -o. We then have that L; is supported in the boundary dD. Further, by (1.2) in [21],

t

t t
Eh-pdz/ Lor(Xs)dLg :/ (Lopo, psh) ds :/ (0,Dsh) ds = Ep.pae L.
0 0 0

Since h can be any non-negative Borel function on D, we deduce that
¢
P, <Lt = / ]laD(Xs)dLs> =1 forallze€ D\ N, (3.2.3)
0

where N is a set of &1 —capacity zero. This takes care of the existence of a continuous local

time.

By Theorem 2.7.2, we have,

lim o’y /OOO e (f - L)dt = %/é)Dv(a:)f(x)p(a:)a(da:). (3.2.4)

a—0o0

Next, consider the PCAF @Q; =t. Use f = 1 in Theorem 2.7.2, and that o? fooo e dt =1

to get

/v(m)p(a:)da:: lim 042Evpdm/ e_attdt:/ v(x)du,
D 0

a—00 ﬁ
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for all positive, bounded h € H*(D). This shows that u(dr) = p(z)dx and so,

lim @Ky pax /OOO e (f - Q)dt = /Dv(az)f(m)p(a:)da:. (3.2.5)

a—r 00

By the one-to-one correspondence we conclude that the measure pdx is associated to the
PCAF dt. Fix u € H and let @ be a quasi-continuous version of u. Consider the (signed)

measure

v(dz) = %Au(m)dm + % [fi(z) + 7(z)] - Vu(z)o(dx).

By (3.2.4) and (3.2.5) we deduce that the additive functional A; associated to v is given by
1
Integrating by parts we have

e 1 1
lim « Evpdx/ e” M Aydt = / AT vp dx + —/ [+ 7] - Vu vp o(dx)
0 2Jp 2 Jop

a—r0oQ
1
— / (T Vu)vp o(dz)
oD

1
——§/DVu-V(v,o) dm—l—2

= —&(u,v).

Set K = u(X;)—u(Xp). By the Fukushima decomposition, Theorem 2.7.3, and the previous
computation, we have that K; = A; + My, where M; is a martingale with respect to (F¢)¢>o0-
The quadratic variation process of M; is a PCAF, and thus it has an associated smooth
measure y. To use Theorem 2.7.4 for bounded f € H, and given that X is a continuous

process, we first compute

E(u?, f) = 1/ 2uVu - V(fp)dx—%/aDQU(T~Vu)fp o(dx)
/Vu V(ufp) — fqu]da:—/aD(T-Vu)ufp o(dx)

= 2&(u,uf) — /D \Vul? fpdz.

Applying Theorem 2.7.4 we obtain

/D Flo)uldz) = /D Vuf? fopds,
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and thus by (3.2.5) we have

t t
:/ Vu(X,)|[*ds = Mt:/ Vu(X,)dBs, (3.2.6)
0 0

for some n-dimensional Brownian motion By, adapted to (F;);>0. This implication follows
from a standard construction of a Brownian motion based on Levy’s theorem. Writing
Ky = My + A; in terms of A; and the martingale M; just found, allows us to write Itd’s

formula for @(X):

u(Xy) —u(Xo) = /0 Vu(Xs)dBs —l—/o [+ 7] (Xs) - Vu(Xs)dLs + %/0 Au(Xs)ds

This shows that the distribution of X is that of an obliquely reflected reflected Brownian

motion.

To show that p(dz) = p(x)dz is invariant, we will use (3.2.5) with v = 1. We obtain by

Fubini’s theorem
)

/ h(x x)dx = h_)m « Eh / _at/ f(Xy)dudt
= lim a2Eh / / e~ f(X,)dtdu
a—r00

= lim aEh( Yoz )dw/(] e f(Xy)du

a—00

= lim a/D/OOO e YE, f(Xy)duh(x)p(z)dz

a—00

= lim a(Guf,hy),
a—r00

which is condition (vii) in Theorem 5.1.3 in [16], which is equivalent to condition (iii) in that

theorem:
t
Eh(x)p(x)dx(f : t)t = /0 <f:u7 Puh> du,

where P, is the semigroup associated to X. Setting h = 1 we obtain, by Fubini’s theorem,

/[)Ex /Ot f(Xy)du p(x)dr = t/Df(Jf)p(x)dx
/Ot/DPuf(a:)p(x)dxdu:t/[)f(x)p(x)dx

Taking derivatives with respect to t yields that p(z)dz is the stationary distribution of X.

Uniqueness comes from a comment at the end of Section 2.6. |
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Corollary 3.2.2. Under the assumptions stated above, the stochastic differential equation

m D
t
Xi=xz+ B+ / (1 + 7)(Xs)dLs (3.2.7)
0

has a weak solution, that is, there exists a Brownian motion By and a local-time process Ly
such that (3.2.7) holds, and Xy € D fort > 0. This solution exist for all x € D, except in a

set of E1—capacity zero.

Proof. By using quasi-continuous versions of the coordinate functions e; in Itd’s formula
(see last line of previous theorem), and redefining X7 by €;(X;) we obtain the desired

solution. [ |

This last result should be interpreted as a way to construct an obliquely reflected diffusion
with a prescribed stationary distribution. Indeed, given a harmonic function p in D, one
would have to find a boundary push 7 with the appropriate smoothness and satisfying the

second equation in (3.2.1). Then, we obtain the ORBM with stationary density p.
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Chapter 4

SPINNING BROWNIAN MOTION

4.1 Introduction

To set things precisely, consider a C? domain D C R™, that is, there is ¢ € C’g(R”) such
that D = ¢~1(0,00) and 9D = ¢~1(0). Let  be the space of continuous functions on [0, o)
with values in R"™P. For w € Q, let X;(w) = w(t) be the coordinate map. The space
is endowed with the topology of uniform convergence on compact time intervals, which for
continuous processes coincides with the Skorohod topology. From now on, F; will be the

right continuous, completed g-algebra generated by X, for 0 < u < t.

We say that the pair (X;, S;) with values in D x R? is a Spinning Brownian motion

(sBM) if there exists an n—dimensional Brownian motion B; such that

dXt = O'(Xt)dBt + V(Xt, St)st,
dSy = [g(X¢) — Si] dLy,

(4.1.1)

where 7 is the interior unit normal to D, ¢ : D — Myx,(R) is a matrix valued map,
¥ =7+ T where 7: 0D x RP — R", and ¢ : 9D — RP are Lipschitz, bounded, functions

satisfying:
(i) X; € D, for allt >0 as.
(ii) There is v > 0 such that £ - o(y)§ > v |£|2, for all y € D, £ € R™;

(iii) 7(x,s) - 7i(z) =0 for all s € RY, 2 € OD.

Also, L; is the local time of X;: L; is an increasing, continuous process starting at 0, such

that st = lﬁD(Xt)st-
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The following is one of the main theorems of Section 4.4.

Theorem 4.1.1. Let D C R" is a C? domain. Assume the coefficients o, 7, are of class C?,
uniformly Lipschitz, and bounded. Let B, be a n-dimensional Brownian motion in (2, F).

Then, there exist a (strongly) unique, continuous, Fy-adapted processes (X,S) satisfying
(4.1.1), with Xy € D.

The process solving (4.1.1) belongs to a larger family of processes with randomized
oblique reflection. One might attempt to study a similar system in which the function 7 is
random and depending just on X, instead of depending also on S;. But the connection is
not clear at this point to the author. One of the difficulties of dealing with such an equation
is that the standard theory of stochastic differential equations covers mostly n-dimensional
diffusions for which the driving Brownian motion is also n-dimensional. In our case, there
is a gap of p dimensions between the process (X¢, S;) and By, so existence does not follow
directly from any of the classical approaches to solving SDE’s. Nonetheless, our approach
takes advantage of the classical theory: we add a small noise edW; to dS; and take ¢ — 0.

We describe this construction in the next sections.

4.2 The approximating process ...

4.2.1 FEuxistence results

The following construction will be of fundamental importance to show existences of spin-
ning Brownian motion. It does not trivially follow from the submartingale problem as the
reflection coefficient is unbounded, but a cut-off scheme turns out to be successful. For rea-
sons that will be apparent in Section 4.4, we call the solution of (4.2.1) an approximating

process.

Theorem 4.2.1. Let D and T be as in Theorem 2.5.83, and let § be a bounded, Lipschitz

vector field on 0D. Consider n and p dimensional, independent Brownian motion processes
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Bt and Wy. For each € > 0, the equation

dXt = O'(Xt)dBt + ’7(Xt, St)st,
(4.2.1)
dS; = edW; + [ﬁ(Xt) — St] dLy,

has a unique strong solution satisfying:

(i) X; € D for all t >0,

(ii) L is a boundary local time process that only increases when Xy € 0D, that is, dL; =
L1op(Xy)dLy.

(11i) The process has infinite lifetime.

Proof. Let v" € Cp°(RP,RP) be ion satisfying ¢"(s) = s for |s| < n, and consider the
obliquely reflected Brownian motion Z" = (X", S™) in D x RP solving

dX; = o(X;)dB, + 5(Xy, Si)dLy, (4.2.2)

dS; = edW; + [g(Xt) — 1/)"(St)] dL;.

Define the sequence of stopping times T,, = {t > 0: |S}’| > n}. It is clear that for m > n
we have that Z[} = Zj; and T, > T,, a.s. Let £ = supTj,. It is clear that a process Z
can be defined for ¢ < ¢ such that Z;\7,, = Z]},, , and so Z = (X, S) solves (4.2.1) for t < ¢&.

The corollary follows if & = 0o a.s. Let ¢ be a defining function for the set D, that is
¢ € CZR") with D = ¢~ ((0,00)), D = ¢~ ({0}), and |Vé(z)| > 1 on dD. By Ito’s

formula
AT, tATm, 1 tATm,
0 0 0
tAT tATm
0 0

Since D is bounded, the quantity ¢(Xiar,,) — ¢(Xo) is totally bounded by 2||¢]|,,. Since

Ad¢ is also bounded, we arrive at

tATm
Co(l+1) - / V6(X,)dBy > Lin,.
0
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where Cy is a positive constant depending only on ¢. By using the exponential martingale

exp [— fot aVe(X,)dB, — 0‘72 fot Vo (X,)? du] we get that for any o > 0
tAT,
E [eaLme] < exp [Cpa(l +t)]| Eexp <—a/ ng(Xu)dBu)
0
o2 [t
< e Conl1 + 0] Eexp (5 [ Vo) du)
0
< exp (Cpa(l + 1) + ()420(’]575) ,
and therefore we obtain the estimate,
E [elintn] < CoeColita)t (4.2.3)
where the constant C does not depend on the starting point of the process.

We next deduce a very useful representation of S;. By It6’s formula, we have for ¢ > 0

and t < &
d[e!S,] = e** SydLy + et dW, + ™ [§(Xy) — S| dLy = ee™* dW; + ™ §(Xy)d L.
We obtain for ¢ < &,

t t
Sy = Spe ™ Ht +ee / ebudw, + e 1t / G(X,)el dL,. (4.2.4)
0 0

Under P, ¢ the first term on the right hand side of last equation is bounded, and we can

uniformly bound the third term as follows:

t t t
el /0 F(Xu)elrdLy| = [e Lt /0 F(Xu)der | < |17 et /0 de™ < gl

In the second inequality below, we use It6’s isometry to deduce that for large m and some

constant C' > 0,

2

tATm,
E |Sinr, |> < C + 2K |e™Fe / eledw,
0

ATy, 2
/ elvaw,
0

tATm
=C+ 2E/ e2Ludy,
0

<C+2E

< C+2E [te?™], (4.2.5)
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where the constant C' is independent of both the starting point of (X,S) and t. On {{ < t}
we have |SiaT, | /1 00 as m grows to oo and ¢ stays fixed. If P(§ < t) > 0 for some ¢t > 0, we

have by the monotone convergence theorem that lim,, o, E |SiaT,, |2 = 00, which contradicts

(4.2.5), and so P(§ < t) = 0. Since {£ < oo} =, {{ < n}, we are done.

|
Corollary 4.2.2. Let (X¢,5%) be a solution to (4.2.1). For any t > 0,
¢ t
Sy = e 1Sy 4 e / LI, 4 e / G(X)eludL,. (4.2.6)
0 0
Proof. Since the life time £ = oo almost surely, the claim follows from (4.2.4). |

Fix T' > 0. We would like to point out is a very raw bound for the supremum of |S;|,

for times 0 < ¢t < T'. It comes out from the well known Burkholder-Davis-Gundy martingale

t t
/ L diW,| 43¢0 ( / |§(Xu)|deL“>
0 0

2
+ 3191l (1 —e7").

inequality.

2 2

81> < 3|So[* et 43¢0

t
<3|S*+3 ‘/ eludw,
0

IfE |50|2 < 00, by estimate (4.2.3) and the Burkholder-Davis-Gundy inequality, it follows
that
E [ sup |St|2] < 0. (4.2.7)
0<t<T
Before moving on, we would also like to point ou that the process (4.2.2) converges weakly

to the approximating process (4.2.1). To this end, we first need the following lemma, which

is taken form the doctoral work of Echeverria.

Lemma 4.2.3 (Echeverria [13]). Let D ([0, 00, G]) denote the space of right continuous paths
on G endowed with the Skorohod topology. Let P, P* P™* be probability measures on D,

and let {Tx} be a sequence of stopping times on D, such that, for all t > 0,

(i) P (7 is lower semicontinuous) = 1
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(i) lim P (m <t)=0.
k—00

Suppose that P" = P™* on F+,., that for each fized k, {P"’k}n>1 forms a weakly compact set
in D, and denote QF any limit of P™*. Suppose that QF =P on I Then P™ tend weakly
to P.

Proof. We have to show that

lim [ ¢(w)P"(dw) = /¢(w)[[”(dw) (4.2.8)

n—oo

for all bounded continuous 1 : D ([0, 00, G]) — R. Actually it suffices to show (4.2.8) for all

1 that are in addition F-measurable for any given ¢. So assume v is Fy-measurable. Then

[ opae) - /{ Vet ¢ | e

{m>t}

— / W(w)P™(dw) + / P (w)P™* (dw).
{re<t} {m>t}

So,

< sup [p(w)|P" (1 < ¢),
weD

' [ v - /{ PR

and thus

+

' [ornan - [ w<w>P<dw>' < /{ Ly PP - [ v

+ sup [P (w)|P" (1 < 1)
weD

/ ()P () — / ()P (dw)
{mx >t} {m>t}

+ 8161% V()| [P (e < t) +P" (1, < t)].

IN

+

Next, we use that P = QF on Fy,, that P* (1, <t) = P" (7, <t) and QF (1, < t) =

P (1 <t) to deduce

‘ [vwran - [ w<w>P<dw>‘ < ‘ [ otrpmta - [ ¢<w>@’f(dw>' ¥

+2sup [P [P (e < t) + P (7 < 1))
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If 75, are lower semicontinuous (which is automatic if the paths of the process are a.s.

continuous), then {7, <t} is be closed. By Prohorov’s theorem

limsup P" (13, < t) = limsup P"* (1, < t) < Q¥(1, < t) = P73, < 1).

n—o0 n—oo

It follows that

lim sup \ [vewran - [ w<w>P<dw>\ < dsup [$(w)| B (e < 1).

n—00 weD

This shows that (4.2.8) is indeed true. [ |
Corollary 4.2.4. Let 9" € Cy°(RP,RP) be a function satisfying " (s) = s for |s| < n, and
consider the obliquely refelcted Brownian motion Z™ = (X", S™) in D x RP solving

dX; = o(Xy)dBy; + 7(X¢, St)dLy

dS; = edWy + [§(Xy) — " (Se)] dLy

As n — oo the process above converges weakly to the approximating process (4.2.1).

Proof. Let P be the law of the approximating process as constructed in Theorem 4.2.1. Let
P™ be the law of the process Z™ = (X", S™) given in the statement of this corollary, and let
P™* be the law of Z" stopped at time 7, = inf {t > 0: [SP| > k}.

It is clear form the first part of the proof of Theorem 4.2.1 that for m > n > k we have
that Zinr, = Z{R;, = Zjr,, for all t > 0, and so Pk = Pk Tt trivially follows that P™F

converges as n — oo, and that its limits coincide with P on J, .

Since each of the processes Z}* and Z; are continuous, the sets {7 < t} are closed for each

k and t, which means that the stopping times 73 are lower semicontinuous almost surely.

The last condition in Lemma 4.2.3 (limy_,o P(7% < ¢) = 0) has been shown in the proof

of Theorem 4.2.1. Our claim follows from said lemma. |

4.2.2  Second moment estimates

The following lemma provides a finer estimate for the second moment of Sy, and will be used

later to show existence of a stationary distribution for the approximating process.
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Lemma 4.2.5. Fiz a compact set M C RP containing a nieghborhood of zero. There is
a constant C > 0, independent of t > 0, such that for x € D and s € M the estimate
E..s|Si|*> < C, holds.

Proof. Under P, s we see that both the first and third terms from the right hand side of
equation (4.2.6) are uniformly bounded. It is enough to bound the expectation of Y,2, where
€Y; is the middle term. To estimate it, we will discretize the Itd integral involved. Let

ty =tk/N, for k=0,...,N, then

N-1 2
Yf - 1\;53100 Z e_(Lt_LtkH) (Wtk+1 Wtk)
N1
- J\;gnoo Z € A=) (Wtk+1 Wtk)2 +
?V:—Ol N-1
+2 e_(Lt_LtkH)_(Lt Lt]H) (Wtj+1 th) (Wtk+1 Wtk)
k=0 j=k+1

where the limits are taken in L' (IP) sense.

Let Ft = o ((Xu, Su) : u € [5,1])¢ be the right continuous, completed augmentation of
the sigma algebra of events happening between times s and . Since L;—Ls; = L;_s005, where
0 is the standard shift operator, we have that both L; — Ly and Wy — W are ffi-measurable.

Also, since Brownian motion is time reversible and its increments are independent,

Evis (Wi = We |95, ) = 0.

By conditioning each term of the double sum above on % we readily see that its

k+17

expectation equals zero. Therefore, by independence of Brownian increments again,

N-1
Ex,s (Y;2) = lim Z Em,s |:e_2(Lt_Ltk+1)Em,s |:(Wtk+1 - Wtk)2 ‘?€k+1]:|

N—oo
k=0

N-1
= lim Z E. s [e‘z(Lt_LtkH)] (tht1 — tr) -
k=0

N—oo
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Conditioning this time on the sigma algebra F;, ., by the Markov property,

N-1
E:c,s (Yt2) = lim Z E:c,s [Ex,s |:e_2(Lt_Ltk+1)|g:tk+1H (tk+1 - tk)

N—o0
k=0

N-1
. —2L¢_
= lim E Es s [EX%H’S%H [e ¢ tk+1]:| (tha1 — t)

N—oo
k=0

N-1

< limsup Z supE; ¢ [e_sz*ka} (tge1 — tr) -
N—oo k=0 z,s

Define p(u) = sup, ;Eq; [6_21’"]. It follows from the calculation above and a simple

change of variable that
¢
E, s (Yt2) < / o(u)du.
0

Our main claim would follow if the integral in the last line remains bounded as t — oo.

Since p(u) > 0, this fact follows from next lemma, which concludes our proof.

Lemma 4.2.6. Let p(u) = sup E,, (e 2iv), and p(u) = supEy s (e72%). Then,
z€ID,s z,s

(i) For any u >0, we have $(u) < 1.

(ii) For allu >0, p(u) < 1.

(e}

(11i) The mtegml/ o(u)du is finite.
0

Proof. Let x € 0D. By Fubini’s theorem

E, s [e72F] =2 / e ?'"P, , [L, < h]dh
0

< ]P:c,s (Lu < Q) (1 - e_2q) + 6_2q

=1—(1—e )P, (L, >q),

where in the second to last step, we have split the integral into two: before and after h = ¢,

used the fact that L, is increasing, and that P s (L, < h) < 1.
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A result by Stroock and Varadhan [26], corollary 2.3, says that almost surely, for any
u > 0 we have L, > 0. Then, for each x € 0D we can choose ¢ > 0 such that the right hand
side above is strictly less than one. Claim (i) would follow from the continuity in (z,s) of
the solution to the submartingale problem (see [26], Theorem 5.4) in case our process lived

in a compact set. Nonetheless, since ¥ is bounded, we have that

(L= gy € { s (B < diomD + 510}

0<v<u

The set on the right hand side is independent of the starting point (z, s), and has probability

less than one. Thus, claim (i) is true.

To show (ii) it is enough to consider € D. Let Tp be the first hitting time of 9D
by the process X. We know that P, s(Tp > 0) = P,(Tp > 0) = 1, as the process X; is

independent of S; up to time Tp. For u > 0, since the local time is increasing we have that

6_2L2u]l{TD<u} < e 2butTp L7, <u)- Then, by the strong Markov property

EZ‘S

)

7252 ] < Pus (T 2 ) + Bays [E [ T0 Lpy, 20y F7 |
= ]P):v,s (TD 2 ’LL) + Ex,s [EXTDvsTD [6_2Lu] ]l{TD<u}:|
< ]P)w,s (TD > U) + @(U)Pm,s (TD < u)

=1—(1-9(u)Pss(Tp < u).

Notice that P, ((Tp < u) is independent of s, and depends continuously on z. Thus, since
D is compact, we have that p = inf,cp P.(Tp < u) > 0, because the infimum is achieved at

some point away from the boundary. By assertion (i), ¢(2u) <1— (1 —%(u))p < 1, proving
(ii).
To see (iii), first notice that for ¢,u > 0 the Markov property easily implies that ¢(u+t) <
o(u)p(t). Indeed,
E:c s [e_thJru = Ex s [e 2ALeu= 2Lt]
= E,,E,, |e [ ~2Ly 00— 2Lt|3']
ee [Exos, [e 2Lu] 6_2Lt]

E
Eq s [p(w)e ] < p(u)p(t).
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1/t 1/t

It follows that In ¢(¢) is subadditive and so lim;_, o ¢(t)"/* exists and equals inf~q ¢ (t)
By (ii), such limit is less than or equal to ¢(1) =1 —2§ < 1. It follows that for some ¢ty > 0,
and all t > to we have ¢(t)"/* <1 — 4. Choose a > 0 such that 1 —§ = e~ For t >t we

have ¢(t) < e . Since ¢(u) < 1, it follows that

—at 0o —atg

oo
/ (,0(75) dt < tg— =tg +
0 (&%

to

4.3 ... and its stationary distribution

In Section 4.4, we will show that the approximating process (4.2.1) converges weakly to
spinning Brownian motion, which is a recurrent process, as we will also prove. In the ap-
proximating case, the space process X; lives in a bounded domain and it’s somehow straight-
forward to see that it is recurrent. On the other hand, S; can be anywhere in R? with positive
probability and it is not trivial to see whether it is recurrent or transient. Nonetheless, the

following theorem ensures there is a unique stationary distribution associated to this process.

Theorem 4.3.1. There is a unique stationary distribution for the approximating process.

Proof. To find a stationary distribution, we will consider the average occupation time mea-

sures:

1 1

et (A) = 5 /0 Pas ((Xu, Su) € A) du = 5 /0 P(u)14(z, s)du, (4.3.1)

where A is a Borel set of D x RP, and P is the strongly continuous semigroup associated
to the diffusion (X,S). We assume that the starting point (x,s) belongs to a fixed, but

arbitrary, compact set M.
We claim that the family {x;"*: ¢ > 0,2 € D,s € M} is tight. Indeed, for the compact

set K =D x {s € RP: |s| < 3} we have by Chebyshev’s inequality

w5 e L[ Eys |Sul?
e <K>=—/ Pos (1Sul > ) du < sup IS’
tJo ueloy] B
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By Lemma 4.2.5, we conclude that given € > 0, there is 8 > 0 such that for all (z,s) € M,
and all ¢ > 1 the bound p;*(K) > 1 — ¢ holds. The claim now follows from Prohorov’s

theorem.

Recall that the solution to a submartingale problem is a Feller process. Then, Lemma

2.6.1 applies and it follows that any limit point of {x;"*} is a stationary distribution.

Finally, we show that such limit is unique. Let p be any stationary distribution. For
§ > 0, define A(6) = {(x,s) € D x RP : dist(x,0D) > 6, ||s| <~ '}. It is clear that A(J)
increases to D x RP as § | 0, and so by continuity of the measure we have that p(A(d)) 1 1.
Notice that here we use the fact that
uw(0D x RP) = / Py s (X € OD) p(dzds) = 0,
DxRP

since the solution to the submartingale problem spends zero Lebesgue time at the boundary.

It follows that we can choose a § > 0 such that z(A(5)) > 1, which we will fix from now
on. Choose an open set U whose closure is a compact subset of D and an open set V' C R?
that is contained in the unit ball. Let TP be the exit time of the process X from D. By

stationarity and Fubini’s theorem, for any ¢ > 0

wlU x V)= / Py s (Xe € U, S € V) p(dxds)
DxRP

> / Py s (X: € U, Sy € V) p(dzds)
A(9)

> / Py.s (Xt celU S eVt< TD) p(dxds)
A(6)

> / Pro (Xt celU,s+eW eVt < TD) p(dxds).
A(5)

In the last step, we have used that S; = s +eW, for t < TP. Let XP be the unique process
satisfying dX = o(XP)dB;. Tt is clear that X = X, for t < TP, and since W and B,

are independent,
w(U x V) > P2 (XP2 € U) Py(s + W, € V)u(dzds)

PY (X5 € U) p(2vE; s, y)dyu(dzds)

E\h
—
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where PP is the law of X killed at the boundary of D, and p(t; s, %) is the transition density
for p-dimensional Brownian motion. For (z,s) € A(§) we have ||s| < 6~1. For y € V, we
have that |ly]| < 1, and so we have p(21/€;0,s) > ¢; for some positive constant ¢; that
depends only on € and 6. Let mP be the Lebesgue measure in RP, and p” be the density

of XP Kkilled upon hitting the boundary of D. So far we have proved the following lower
bound:

w(U x V) > clmp(V)/ P2 (X% € U) pu(dvds)
A(6)

:clmp(V)/ /pD(2;a;,z)dzu(dxds).
A Ju

Recall that the function z +— p”(¢;x, 2) is the solution to the heat equation

o . ~ 7 09 _
&p(taxwz) - ijzz:l[o- (Z)O-(z)]lja—:pi%jp(t’xyz) =0

with initial condition limjo p(t;z,2) = 6(z — z) and boundary condition p(t;z, z) = 0 for
z € 0D. This equation satisfies a maximum principle, and its unique solution takes positive
values in D for all £ > 0. It follows that m"*P|y is absolutely continuous with respect to

any stationary distribution u.

Let p and v be any two stationary distributions. A well known consequence of the ergodic
decomposition theorem (see [1] for results in ergodic theory) is that any two stationary
distributions must be mutually singular, which means that there is a set K C R™"P such that
pu(K) =0 and v(K¢) = 0. From the previous paragraph, it follows that m"*?|y .y (K) =0
and m"*P|y«y (K¢) = 0. This contradicts our assumption that U and V are open sets, and

so there is at most one stationary distribution. |

4.4 Convergence to SBM

In Section 4.2, we have proved strong existence and uniqueness of solutions to the equation

dXt = O'(Xt)dBt + V(Xt, St)st,

dSt = Eth + [ﬁ(Xt) — St] st
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Its solution (X¢,S¢) has been named the approximating process.

To prove Theorem 4.1.1, we will show that as e — 0, the unique limit of the approximating
processes exists and such limit is a solution to our original equation (4.1.1). In the foregoing,
it will be useful to write Z; = (X7, S;), and to notice that to solve (4.2.1) is equivalent to
solve dZf = 0.(Z,)dBy, + R(Z£)dL? for € > 0, with Zf € D x R?, where

This is clear since D x R = D x R%, and the unit normal 7(z,s) at (x,s) € (D x RY) =
0D x R? equals the unit normal 7(z) at € 9D, for any s € RP. This last identification

also allows us to readily see that the local time L; of X}, equals that of Z}.

In this context, one would be tempted to say that spinning Brownian motion (4.1.1) is
the process Z7, but this identification would be very imprecise because the driving Brown-
ian motion for SBM in (4.1.1) is n-dimensional, whereas B; above is (n + p)-dimensional.
Without this difference in the dimension, we would not be able to prove strong uniqueness

for spinning Brownian motion.

We proceed to prove several lemmas that will imply together tightness of the approxi-
mating processes. The following lemma shows the strong equicontinuity of the local times.
Lemma 4.4.1. There exists a constant C = C(D,o,7,§), independent of €, such that for

any 0 <6 <1

E ( sup |L§ — L§y2> < C/2, (4.4.1)
[t—s|<6

Proof. As usual, the letter C' will represent a constant that may vary from line to line, only

depending on D, o, f, g. The letter Cp will denote a finite constant also dependent on 7.

Let ¢ € CZ(R") be a defining function for the boundary of D, and define ® : R"xR? — R
by ®(z,s) = ¢(x). Then ® € CZ(R"P) and it defines the boundary of D x RP. By using
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It6’s formula on both ¢ and ¢?

t

t t
O(XF) — p(XE) = / Vol o(X5)dB, + / Lo p(X)du + / Vo -a(XE)dLE,  (4.4.2)
t t
P(X7)? — ¢(X5)? =2 / ¢V o (XE)dB, + / L, (XE)du. (4.4.3)

Therefore, by the Burkholder-Davis-Gundy inequality [25, Chapter 4, thm 4.1],

2
)+052

t
< CE< sup / \qsv%a(xg)fdu) + C6?,

jt—s/<6

E( sup |o(X5)? —¢(X§)2|2) < 4E< sup / V¢ o(X[)dB,

jt—s| <o jt—s|<d

which is less that C§, as ¢ € CZ(R™) and o is bounded. Recall that ¢(z) > 0 in D, and that
V¢ -n(x) > 1 for all z € 9D. Thus, if t > s, we have from (4.4.2) that

~26(XZ) ($(XF) — $(XE)) < C / VT o(XE)dB,| + C(t - s).

Notice that (p(X7) — ¢(X5))* = ¢(X7)? = d(X5)? — 26(X5) ($(XF) — ¢(XF)). Using this

decomposition, the previous estimates, Holder inequality, and Burkholder-Davis-Gundy in-
2> 1/2

This estimate helps to show that the local times L¢ are (uniformly) equicontinuous. Once

equality once more, we arrive at

/ t Volo(X5)dB,

[t—s|<d [t—s| <&

E ( sup |6(XF) — ¢><X§>\2> < C6V2 4 CE < sup

< 52,

more, as V® - £ > 1 on the boundary of the domain, by using (4.4.2) we obtain

2

1 ][t
pIi- Ll <3| [ Ve axpaL;

2
+

2

< (B(XF) — H(X5)%t / Vol o(X5)dB, / 1pL,6(X5)du

Since t — L7 is increasing, we readily get from last estimate and It6’s isometry that

E< sup \Lf—Li\z) < o2,

jt—s]<6
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Notice that the right hand side does not depend on €, or on the starting point of the

process. |

The estimate found in the previous lemma will be used to prove tightness of the family
(X¢,59). Equicontinuity of X< follows by a very straightforward calculation by using once

more the Burkholder-Davis-Gundy inequality:

2
+

2

1 t t
3 e Xa < | [ 1peeiax| + | [ Az

s

2
+

2

t t
_ / 15(X5)o(25)dB, / 5(Z5)dLS

Since both ¢ and 4 are uniformly bounded, by It6’s isometry we deduce that

E

sup | X§ — X°| <CE| sup |By — B[ +|L{ — L)*| < C8'/2, (4.4.4)
[t—s|<d [t—s|<d

for 0 <6 < 1.

Unfortunately, we didn’t obtain the same type of L? estimate for S°. The main issue is
that we haven’t found a successful way to express S in terms of (sub)martingales that would
allow us to use the Burkholder-Davis-Gundy inequality, in order to estimate the supremum
of \S€]g<t<T in terms of E (\S%F) Instead, we will obtain an estimate in L' that is still
sufficient to prove tightness of the approximating process, as we’ll see in the following two

lemmas.

Lemma 4.4.2. Fiz T > 0, and 8 € (0,1/4). There exist constants C = C(D,o,T,q) and

v > 0, independent of €, such that for any 0 < 6 < 1,

E,s | sup [Sf—SE|| <Cr(14|s*)/26". (4.4.5)
|t—r|<d
0<t,r<T
Proof. By the product rule we see that d[eltS5] = celtdW; +G(X§)de . For 0 <r <t <T,
we have that
€ € € t € € t €
S5 — S8 = (e_(Lt_LT') - 1) SE el / eludW, 4+ e~ / GJ(X2)eludLe.
T T

We’ll handle the three terms above on the right hand side independently.
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First term: Set Ef, = |(e_(L§_L7€") — 1) Sﬂ For x > 0, the function e™” is decreasing,
and its derivative is bounded above by 1, thus, for z >y > 0 we have 0 < 1—e~ (=¥ < z—y.
We estimate the expectation of Ef as follows

E;s| sup Er,
[t—r|<d

< E:c,s sup ‘Li - Li‘ © sup ‘Sﬂ
[t—r|<d rel0,T]

1/2 1/2
<E,,| sup |L§—L§|2] Ex,slsup |55|2]

[t—r|<o rel0,T]

1/2
< st (]s\2 +(1+ 52)CT> ,

where the bound on the increment of local time comes from Lemma 4.4.1 and the bound on

S¢ comes from equation (4.2.7).

Second term: Let’s call this term M¢

r.¢» ignoring the € that multiplies it. We compute,

t t—r
_ g __ £ g __ g _ (>4 g
Mg, = e EimLy) / eli—liqw, = e Fir / eludW, o6,
0

T

where 6, is the usual shift operator. By the Markov property:

Ew,s[ sup |Mft|
[t—r|<d

i b
=E; s |Ex,,s. sup e Lt / eLiqu
i be(0,6) 0

r b 271/2
<E.,;|Ex,s, sup / eLiqu
I be(0,8) /o

) 1/2
< CE;; [EXT,ST/ ezLidu:|
0

< C8'/? supE, s [eQLi] 12 .

The third line follows from Burkholder-Davis inequality, and thus, from (4.2.3) we get the

estimate

E:c,s

sup | M7, || < col/?, <1
[t—r|<d '

Third term: This is the simplest one to handle, by using the fact that the local time is

increasing and ¢ is bounded

t
e [ geg)ettary| < oL - L.
T
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The main claim of this lemma then follows by Lemma 4.4.1, Holder inequality, and the

previous estimates for Ey, and My,. |
Theorem 4.4.3. Let P o denote the law (X%, S5%) starting from (x,s). Then, the family

Pu={P;,:0<e<1, zeD,l|s| <M} is tight in the Skorohod space D ([0,00),R"*?).

Proof. Condition (i) in Theorem 2.2.2 is automatically satisfied by the family P5;. To show

the second condition, notice that for A > 0 and § € (0, 1)

1
Pes| sup |Z; —Z:| >N | < <E,s | sup |Z; — Z;|
[t—r|<é A [t—r|<é
1
< SEops | sup X7 — X7|+ S - Sﬁll :
A [t—r|<o

By the remark after Lemma 4.4.1 and Lemma 4.4.2, we have that the right hand side
above is bounded above by Cr, MATL6Y4 ) where Cr,m only depends on the coefficients of

(4.2.1), and the constants 7" and M, of course. Therefore, for any \,n > 0, by choosing
4
0 < (O:F%\/[)‘U) A 1, we have that

sup Pps | sup [Z7 —Z7| > A <,

>0 [t—r|<d
0<rt<T
which is the condition we were looking for. |

The next lemma will show that any limit of the tight family (Z¢) is a (weak) solution
of our original equation (4.1.1). Also, we show that pathwise uniqueness for (4.1.1) holds,
which combined with weak existence gives strong existence and uniqueness, proving theorem

4.1.1.

Lemma 4.4.4. Let (Z]' = Z;™) be any convergent subsequence of the family (indexed by €)
of strong solutions to (4.2.1), as e, — 0, as in Theorem 4.4.3. Call the limit Z = (X, S5).
Then, there exists a local time process L, such that for Z = (X, S), we have that (X, S; L)

satisfy (4.1.1). Also, any solution to (4.1.1) is pathwise unique.
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Proof. We first prove that any limit satisfies (4.1.1). By Itd’s formula for Z7, we have that
for any h € C2(R"*P)

t t
hZ7) — h(Z5) = / 1pxreVR(Z;)oo(Z5)dB,y, +/ 1pxreLuh(Z;)du+
0 0

t
+ / Vh - R(Z2)dLE. (4.4.6)
0

Our idea is to pass to the limit as €, — 0 in this equation. First, we take care of the term

involving local time.

We can actually get stronger convergence of the family of local times L if we use (4.4.1)
together with Arzela-Ascoli’s theorem in the Banach space L? (C([0,77])). It follows that
there is a Cauchy subsequence (L"), and L € L? (C([0,T])), such that

E( sup [LS" — L] — 0.
s€[0,T

This sequence has a further subsequence that converges pointwise to L. Thus the map

t — Ly is increasing and continuous, and also satisfies an estimate analogous to (4.4.1).

Let f € Co(R™*P) be an arbitrary function. We have

E (‘ [ sy - [ sz, 2)
2) + 2E <

< 9E (\ / f(zn) L - dL
0
<ot ||fILE ( sup |L7 - Lﬁ) L 9E (1 / (F(ZD) — £(Z,) dL,

u€e(0,t]

/0 F(Z0) — F(Z.)]dL,

)
)

We know that the first term above goes to zero as n — oo. The second one also does, as

f(Z1) — f(Z,) pointwise, and L, is continuous with bounded variation (see [25, Chapter
IV, thm 2.12]). We use this convergence to prove two different things: first, if a sequence of

smooth functions ¢y * 1p, then, as 1p(X,,) is locally bounded

¢ t
0 :/ ok (X))dLY —>/ 0k (Xy)dLy,
0 0

so the latter term is a.s. zero. By taking k& — oo, monotone convergence ensures that

dL; = 19p(X¢)dLy, and so Ly is a local time process for X; (and Z;).
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Second, by setting f(z) = Vh(z) - K(z) we have that
t t
/ Vh-R(Z;)dL;, — / Vh-R(Zy,)dLy,
0 0

almost surely. Assume that ZJ = (z,s) a.s. Then Zy = (z,s), and for any h € C3(R"P)

we have that, almost surely,

WZi") = h(Zy) = M(Zt) = h(Zo),

VhZ) 0., (Z1) — Vih(Zy)o(Xu),

n+d n
> il (Z)0i0sh(Z) = 3 (07 0) I (X)0i0sh(Z).
ij—1 =1

It follows from (4.4.6), and the dominated convergence theorem that the following equation

holds

t t
MZ) — h(Zo) = lim [ TLpxreVh(Zy)oe, (X,)dB, + / 1pxre LOR(Zy)du +
0

n—oo 0

t
+ / Vh - #(Z,)dL,.
0

By Ito’s isometry, we have

2

t t
E </ Lpxre [Vhoe, (Z)) — Viho(Z,)] dBu> < / E|Vho., (Zy) — Vxha(Zu)]2 du.
0 0

Since Vho, (Z%)—V zho(Z,) — 0 almost surely, and h € CZ, we have that by the dominated
convergence theorem in P®|[0, ¢] the right hand side in last inequality goes to zero. Therefore,
¢ ¢
hZy) — h(Zy) = / 1pxreVih(Z,)o(X,)dBy +/ 1pxreLON(Z,)du+

0 0

t
+ / Vh - #(Zy)dLy, (4.4.7)
0

where LYh = 3 ZZjZI(O'TO')i’jaiajh. This proves weak existence for (4.1.1).

Proof of pathwise uniqueness

To prove pathwise uniqueness, we will use some ideas from [22]. According to Lemma

4.1 in [22], there exists a symmetric-matrix valued function A(z), with z € R"*? such that
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A(+) is uniformly elliptic and bounded, and A(2)77(z) = 7(z) for z € D x RP. Moreover,
Aij(+) € CE(R™P), and for some Cy > 0

Colz =yl +3(2)TA(2)(z —y) >0  2€ 0D xRP,y € D x RP. (4.4.8)

Notice that, for some A to be determined, as K and A are Lipschitz, and bounded, we get

for z€ 0D x RP,y € D x RP,

Alz—y? + E(2)"AW)(z —y) = Alz =y + B(2)T[A(y) — A(2)](z — v)
+R(2)TA(2)(z — y)
> Az —y> — [Cra + Co] |z — yI?,

thus we get for some Cf > 0, that C}|z —y|* + R(y)TA(y)(z — y) > 0. Adding this last
inequality with (4.4.8) together, and putting A(z,y) = A(2) + A(y), we finally obtain

Colz —y[’ +R(2)A(z,y)(z —y) >0  2€dD xRP,y € D x RP. (4.4.9)

Let ¢ be a CZ(R™) function defining dD. Suppose that (X, S;L) and (X’,S’;L') solve
(4.1.1), and set

n(z,2') < exp [Mo(x) + o(a"))]
€(2,2") iz, 2)(z = )7 [AGZ) + ARZ)] (2 = 2).

Let A be a negative number whose value will be specified later. By 1t6’s formula,
¢ ¢
€2.2) = | Veez. 2z, + [ Voez, zizi+
(Zs,20)d{(Z", 7"
“3 ), X g e A2,
/ Z 0% (Zs, ZL)d(Z', Z"7) +
8731873’] o ’ s

0%¢ i i
/waﬁmwwm

7.7_

/ Z 8z”8z’3 (Zs, Z0)d (2", 27 _.
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The sum in the quadratic-variation component is only up to n because the remaining
components of Z and Z’ are continuous, with bounded variation. For 1 < 4,5 < n we see

that d (Z*,Z"7) = [0(X,)o(X!)T]* ds, and analogous formulae hold for the other terms.

Next we compute the second derivatives. It will be useful to denote A(z,z') = A(z) +
A(2'), which is a symmetric matrix. In the following calculations z = (z,s), and A;. repre-

sents the i-th row of the matrix A. Similar notation will be used for the matrix A.

85' =\ 8¢. (2,2') +n(z,2") <2A(z, ijlzj —2) + (2 — 2 Nt gﬁ) (2 —2"). (4.4.10)

0z 0z
Thus,

0%¢ 9%¢ d¢p d¢ ,
021021 )\823'82’{4_ )\82’ 079 +2n(2,2)Alz,
/ 7 NT
+,’7(Z’Z)|:282j+ 8@ +(Z—Z)

+ )\g(b n(z,2") <2A(z, )i+ (2 — z')Ta—A.> (z —2)
825 _ 8¢ 85 / / / aAi- aAj
92707~ Moo 2N A AR )y £ 20(z, ) [EEZF‘_ 0z

00 1z 2) <2A(z, i+ (2= 2)T aA.) (z — 7).

] (z — 2+

02" 07"
. / . 826 f
Interchanging z and 2z’ we obtain 32757 and 527757 -

We aim to get quadratic bounds of the form |z — z’|2 for these terms, so we will substitute

any term that is bounded in this sense by the standard O(|z — 2/|).

0%¢ —O‘z—z| +2n(z, 2" ) A(z, 2" )i+
02907 K o
N (409 T V. YA
+2n(z,2") <>\82iA( 2');. +/\8 JA(z,z)Z. + 927 + i (z =2,
0%¢
az’j8z1_0‘2_2| —2n(z,2")A(z, 2')ij+

no({ _ % 0¢ . OA,. B aAj )
+277(z,z)< )\822./1( 2. +)\8 A(sz)l'+32/j i (z —2).

Define, for z, 2’ € R**P

o 92 , 0
M9z ¥) = lo@o) Ny goras + @)y 77
82 f 625

I (2 2) = [o(2)o(2))ij=—a
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Notice how I'y is obtained from I'; by reversing the roles of z and 2/, including the variables

in the derivatives.

From the computations we have done, we group similar terms together and used the fact

that o(-) is Lipschitz and bounded to obtain the second equality below:

T{(2,2) = O(|]z = /|*) + 2 (A(z,z’)ij - <A%A(% Z)j + 85;) (z - 2’/)>‘

(7)o (@) (of@) = a@) "]+

v

+2(z, 2) <)\g¢ Az, 2)s %A ) (z—2') [a(x) (o@) + o))"
:O(‘z—z/‘z)—l-ZA(z 2ign(z, 2’ [ (x/))T]ij—l-

+ 2n(z,2") <)\%A(z, )i+ 8@22) (z —2") [a(x) (o(z) + O'(x/))T]

ij

In a similar way, we can write an estimate for I's. Adding the two together, and using that

A(z,2') = A(?, z), we arrive at

T +T9 (2, 2) = O(|z = ") + 2n(2, ) A(2,2)ij [(o() = o(a)) (o (x) — o(@)T],, +
+2n(z,2") <)\%A(z,z')i. + %ﬁ;) (z —2) [a(az) (o(z) + a(a:’))T] y +
— (2, 7)) <>\ ;;Z.A(z, )i+ gﬁg) (z — ) [a(x/) (o(z) + a(:p'))T}

ij
As o(-) is Lipschitz, the second term is O(|z — 2/|?). As both ¢(-) and A(-) have bounded

second derivatives, we have that y — )\%(y)A(z, 2 + %/:; is Lipschitz, so the third and

four line together can be are O(|z — 2/ \2), as well. Summing up, there is a constant C' > 0,

independent of ¢, such that

(2, 7, / V.£(Zs, ZL)dZs +/ V€ ZS,Z’)dZ’+C/ |Zs — Z’| ds

Since any solution of (4.1.1) is square integrable, then we have from (4.4.10) that M; =
fO V.&(Zs, Z!)dB;s is a martingale. Using (4.4.10), the fact that V¢ -4 > 1 on 9D, and
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(4.4.9) we get for A <0,

&(2,,7)) < M, + O/Ot |Zs — 7| ds + A/Otg(zs,zg)d(Ls +I) +
= 2/;77(23, Z)Zs — Z)" A(Zs, Z)7(Zs)d Lo+
2 [ 20 2 2T A ZDAZD,
< M, +0/0t |Z, — Z§\2d8+>\/0t£(Zs,Z§)d(Ls + L) +
+2Cy /Otn(Zs, Z.)|Zs - Z? d(Ls + L)

Recall that A is elliptic, say of constant v > 0. As A < 0 and ¢ > 0 in D, we have that

1n < 1 and therefore,
¢ 2 ¢ 2
§(Ze, 2{) < My+ C| | Zs — Z[|" ds + (CQ—I-Q)\I/)/ n(Zs, 2) | Zs — Z,|” d(Ls + LY).
0 0
At this point we pick A = —(2v)~1Cjy. Using ellipticity once more, we arrive at
2 t 2
E|Z — Z{] gc/ E|Zs — Zi|” ds,
0

and we conclude by Gronwall’s inequality that, almost surely, Z; = Z, for all ¢ > 0. |
4.5 Excursions from the boundary

We introduce the notion of Exit System, first developed by Maisonneuve in [24]. Let Z
be a standard Markov process taking values in a domain £ C R™ with boundary dF. We
attach to E a “cemetery” point A outside of E, and we denote by € the set of functions
f:]0,00) = R™ U {A} that are continuous in some interval [0, () taking values in R", and

are equal to A in [(, 00).

An exit system for the process Z from OF is a pair (L},H,), where L} is a positive
additive functional of Z, and {H,} .5 is a family of sigma-finite measures on € such that
the canonical process is strong Markov on (tg,00) under H,. These measures are called

excursion laws.
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Excursions of Z from OF will be denoted e or ey, i.e, if s < uw and Z;, Z,, € OF, and
Zy ¢ OF for t € (s,u), then e; = {es(t) = Xits, t € [0,u — s)} and the lifetime of such

excursion is given by ((es) = u — s. By convention, es(t) = A for t > (.

Let 04 = inf{s>0: L% >t} and let I be the set of left endpoints of all connected
components of (0,00)\ {t > 0: X; € dD}. The following is a special case of the exit system

formula.

Theorem 4.5.1 (Theorem 1 in [24]). There exists a positive, continuous additive functional
L* of (X,8) such that, for every x € D, any positive, bounded, predictable process V', and
any universally measurable function f : C — [0,00) that vanishes on excursions e; identically

equal to A,

Eq

> Vif(er)

tel

Standard notation is used for Hy(f) = [o fdH,.

& | [Vaty ] B | [z na]. asy

For spinning Brownian motion in a domain D, note that excursions of (X,S) from
0D x RP correspond to excursions of X from 9D as S doesn’t change within any excursion
that goes inside D. In view of (4.5.1), it is enough to consider excursion laws {H,} 5 for

an exit system for X.

Theorem 4.5.2. Let PP be the law of Brownian motion killed upon exiting D. Define

def ;. —1pD

and let Ly be the local time of (X, S), satisfying equation (4.1.1). Then H, is a sigma-finite
measure, strongly Markovian with respect to the filtration of the driving Brownian motion

By, and (L, Hy,) is an exit system from 0D x RP for the process (X, S).

Remark. When the underlying process is reflected Brownian motion in a half space, excur-
sions from the boundary hyperplane are well understood. It is known that the local time L;
appearing in the Skorohod decomposition equals the positive additive functional L} in the
exit system of these excursions, except for a multiplicative constant. See [6], or Theorem 7.2

in [5] for details. The proof of Theorem 4.5.2 follows from this fact when D is a half plane.
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Indeed, if D = H", the standard n-dimensional half-space, fix an additive functional L}
such that (dL;,H,) is an exit system from 0D for X. We will prove that is possible to
replace L} by the local time L; that appears in equation (4.1.1). For K C 9D, and ,T > 0,
let A;T be the sets of excursions starting from K before time 7' that eventually reach level
¢ above the boundary, that is A‘}T & {er 1t <T, e(0) € K, sup,-gei(s) >e}. Here e

represents the n-th component of e.

We will apply the exit formula (4.5.1) to the function f = ]lA;,T. To this end, we note
that ]1A§%T (er) = ]lK(Xt)]lAgg (et). Next, we consider a reflected Brownian motion process
Y, in D, driven by the same Brownian motion B; that drives the process X;. Recall that our
filtration is defined as the right continuous completion of F; = o(Bs, s < t). In particular,

V, =Vl Kk (X¢) is predictable. Therefore,

T
Exo |:/ ‘/;HXS (A%T)dL::| = EZBO
0

> Vil Ag,g(et)] .

s<T

Z VSHA;T (et)] = Eq,

s<T

Because of the geometry of D = H", the stochastic differential equation for X decouples
into components, and the n-th component X™ can be seen to be a one dimensional reflected
Brownian notion at zero. The fact that X' = Y;" leads to two important points: first, it
implies that the local times for X; and Y; are the same, which can be seen from uniqueness
of the solution to the stochastic Skorokhod equation. In view of [5], Theorem 7.2, (L, H,)
is an exit system for excursions of Y. Second, excursions of X; and Y; start at the same
time, as X; € 0D if and only if X{* = 0 = Y;”, which happens if and only if ¥; € 0D. Thus

L,.r(er) =1 Agg(ef ), where e represents excursions of Y;, as Ag’g depends only on the

i
. T T

n-th component of the process. This fact also shows that Hy, (Ag,,) = Hx, (A5,). We put

together all these facts to compute,

. _
T * X 7
Ez, [/0 ViHx, (Ai( )dLs] = Eqg, § V:S]IAQDT(ef)]

Ls<T

r rpT
—E,, / VSHYS(Ag’g)dLS}
LJ/O

A
= E,, / Vs]lD(XS)HXS(Ag’g)dLS]
LJo

T
= Eq, / VSHXS(A‘}T)dLS].
0
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Let F be a Borel measurable set in C, and set 7. = inf {¢ > 0 : dist(X;,dD) > e}. Since,
under H,,, we have that BoT. = X o1, =Y oI, we can repeat the previous argument for

the set Ai&T N (F oT;), where F' is any universally measurable set in C,
T T
Eu, [/ V.Hy, (A N (Fo TE))dL:] = Eq, U V.Hy, (A N (Fo TE))dLs] . (45.3)
0 0

By continuity of the paths, we know that 7. > 0 and 7. — 0 as ¢ — 0, Hz-a.s. Thus,
(4.5.3) guarantees that

IE900 Z VS]lFo (68)

T T
=E,, [/ VSHXS(FO)dL:] =E,, [/ VSHXS(FO)dLS} , (4.5.4)
s<T 0 0

holds for any Fy that belongs to the collection A = (J..qF7.. By the strong Markov
property, the sigma algebra F,, of universally measurable sets in € and A differ only by sets
of P measure zero, which shows that (4.5.4) is valid not only for F € A, but also for any
F € F. A standard extension using simple functions to approximate measurable functions

shows that

E.,

> Vif(es)

s<T

= : Vi, (L. (45.5)

for any universally measurable function f : € — [0,00) which vanishes on excursions e,

identically equal to A. This shows that (dL;, H,) is an exit system.

Ezxit system for general smooth sets

For general smooth domains, the proof is much more complicated as the local time does
not depend exclusively on one fixed component of the driving Brownian motion. The events
of excursions reaching distance £ away from the boundary and only hitting the boundary
within a fixed set are not independent anymore. Nonetheless, smooth sets are “locally flat”
and thus, by conditioning X; to hit the boundary only at a very small set, we can reproduce

the result.
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Proof. The fact that H, is sigma-finite for all x € 9D, and strongly Markovian is proved in
Theorem 7.2 in [5]. The proof actually applies as these are properties of the measures and

do not have anything to do with the local time.

Let (dLj,H;) be an exit system for (X,S), where L* is the additive functional from
Theorem 4.5.1. As before, we will prove that it is possible to replace L by the local time L,
from equation (4.1.1). Let K C 9D be open in the relative topology, and set C' = ||¥ — 71| ...
Let € > 0 be a very small number. For T > 0, denote by A¢ the set of excursions from 9D

that start before time 7" and reach a level € from 9D:

As &t {et :t < T, sup dist (e(s),dD) > a} .
s<¢

Let € 0D be fixed. Pick § > 0 so small such that the following is possible: Choose
a small r and coordinates (z%)"_; that differ from the canonical coordinates in R" by a

translation and a rotation, such that x = 0 in these coordinates, and

e DN By(z) = {(y,8) : s > ¢(y)} N By(x), that is, D is locally is the graph above a

function ¢,

e DN B, (z) = {(y,4'(y))} N B,(x),
° ng(:l?) =0.

We call the above a normal set of coordinates centered at x.

Next we decompose K into sets closed set K7, ..., K, such that the surface measure of

the symmetric difference between K; and K; is zero (i # j), and such that in each K; we

have sets of normal coordinates centered at x1,...,2;, and respective boundary defining
functions ¢!, ..., ™ as above, and
i(z) - ii(z;) >1-0° VzeK;. (4.5.6)

To simplify notation, for z = (y, ¢’ (y)) € D, we will write ¢/ (z) instead of ¢7(y). This

is obviously an abuse of notation that can be justified by identifying ¢/ with ¢’/ o1,,_1 on the
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boundary of D, where #,,_1 is the projection into the first n — 1 coordinates. By our choice
of V¢ (x;) = 0, we have that 7i(z;) = e,. With this convention, condition (4.5.6) reads

(VL) e

1— 6% <ii(2) e, = 1+ [V (2)]l
1+ |V (2)]*

We deduce that for small 9, the estimate HVW H < 26 holds, and by the mean value

theorem

|07 (2)] = |¢ (2) — & ()| <20 ||z — 2] < 267s.

Let T, be the tangent plane to D at x;. The computation above says that the piece
of the boundary D N B,4(z;) is contained in the cylinder [Ty, N By, (x;)] x [~2675,2675].
Thus, K; € C;NID. In our proof, it will be useful to set A = A\(J) = def 2rs51/9 and define the
cylinder C; = [T}, N By (w5)] x [=A, A]. The “top” of the cylinder C; will be denoted by C'JT.

2\ = 4rs\/6

2rs
Figure 4.1: Cylinder C}, and other related objects.

By the exit system formula with V,, = 1, and the construction above, we have that

T
Exvs/ L (Xo)Hx, (A9)dL} =By s Y Lic(Xy)Lac(ew)
0 u<T

= ZEI o D L (Xu)Las(ew). (4.5.7)

u<T
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for any Borel set R C RP, and any T > 0.

Let 0/ =inf{t > 0: X; € K;} and 77/ =inf {t > 0: X; ¢ C;}. Set 06 = 0’6, and for each
integer k > 1, let Tg =7lo H(Ui) + ai and Ui+1 =)o Q(Tg) + Tg, where 6 is the usual
shift operator. It is a well known fact that all these objects are stopping times. Since Kj
is closed, the process 1x;(X,) is predictable as X is continuous. Then, V, = V,1 K (Xu)
is non-negative, predictable and bounded, and so, by the exit formula for (dL}, H;), and a

simple change of variable,

T
Eos > L, (Xu)Las(en) = Em/ Lk, (X.)Hx, (A%)dL;,
u<T 0

=S Eu. 1. s 1, (X,)Hy, (A%)dL},
I;:: { T}/ | K Xu
= ZE:c,sll{gia} (/OT 1k, (Xu)Hx, (A%)dL;, o WU@)

_ZE“L{U 1o}, 8 (/OT lKj(Xu)HXu(AE)dLjL),

. . . j
where the last equality holds by the strong Markov property applied at time o7

Assume that for all z = (z, s) with 2 € C; N 9D the following equation holds,

E, / " L, (Xu)Hox, (A9)dL — (1 4+ O(3))E. / " L, (Xu)Hox, (A%)dL,
0 0

+ OO)E: (L), (4.5.5)

where O(9) is standard notation for a bounded function that converges to zero as § — 0.
Then, we can trace back all of our computations up to (4.5.7) to obtain the following

property: for all measurable sets K C 9D and v < t,
t t
ELS/ 1x(Xy)Hx, (A%)dL;, = O(0)E, oLt + (1 + O(é))Ex,s/ 1x(Xy)Hy, (A%)dL,

Since K, € > 0, and v < t are independent of §, we can take the limit as § — 0 in last

equation to obtain

t t
E,., / L (Xo)Hy, (A9)dLE = E, . / 1 (X, Hx, (A9)dL,.
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A standard argument involving the monotone class theorem, shows that this last equation
is not only valid for 1, but also for all bounded, measurable functions f : 9D — R. Since
for each € > 0, the function = — H,(A®) is bounded away from zero (see [5]), we can take

f(z) = e H,(A4%)~! to get
t t
E;.s / e dLE = B, ¢ / e dL,, (4.5.9)
v v

for any positive «, and arbitrary v < t. We can extend (4.5.9) in the following way: for

N € N and T > 0, define simple functions by

N
et DT

A OESTNOESY 1(@ Coiy (t) e” N

It follows from (4.5.9) that E%sfooo fnr(uw)dLy = E%sfooo fnr(u)dLy,. It is clear that fn 7(u)
increases to e”““1jg 7y (u) for all T > 0, and so, by the monotone convergence theorem, we

obtain
o0 o0
E%s/ e MdL;, = ELS/ e~ “dL,,
0 0

that is, L* and L have the same a-potential functions. Since both L* and L are continuous,
it follows by [4], Chapter 4, Theorem 2.13, that L = L* a.s. This shows that (dL;,H,) is an

exit system, an the theorem is proved.

It remains to show that equation (4.5.8) holds. It might seem that the exit formula
(4.5.1), and equation (4.5.8) just differ on the upper limit of the integral. In the former, the
upper limit is a fixed time 7" whereas in the latter, the upper limit is the random time 77.
The advantage of having 7/ as an upper limit is that at most one excursion that reaches
level € away from 0D starts before time 77. We will drop the super index j from 77 for

notational simplicity.

Call I, to the left hand side of (4.5.8). The process 1{;.,}, and thus 1g,<,}, are pre-

dictable. Since at time 7 the process X cannot be on the boundary, we see by the exit
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formula (4.5.1) applied with V,, = 14,<1k;(Xy)

o0

L =B. [ Luer) L (6B, (AL, = B | Ly L, (X0, (AL
0 0

=K, Z ]l{ug'r}]lKj (Xu)]lAE(eu) =K, Z ]l{u<'r}]lKj (Xu)Lae(ew)

u<oo u<oo

=E, Z ]1Kj (Xu)]lAE (6u)7

u<Tt

which roughly says that the exit formula is also valid if we change T" > 0 for the stopping

time 7.

Since only one excursion in A® can happen before time 7, we see that I, is equal to
the probability that, after escaping C}, an excursion reaches distance ¢ away from 0D.
Intuitively, a reflected Brownian motion Y starting at z accumulate roughly the same local
time as X before exiting C}. Since the cylinder Cj; is very thin, both ¥ and X are likely
to exit the cylinder through C']T and be away from each other no more than the amount of
local time accumulated up to time 7. Since both X and Y are the same Brownian motion
inside of D, the probability that, after exiting C';, an excursion of X reaches distance € from
0D is roughly the same as if such probability is computed with respect to Y. This idea
yields that I, can be estimated by using Y instead of X. For reflected Brownian motion, it
is known that L* can be chosen to be the local time from its Skorohod decomposition, that

is, Y satisfies (4.5.8). So, X should satisfy (4.5.8) as well. We will formalize this idea next.

Define A ={3u <7, Xy € Kj, e, € A°}. Then,

T
L= E. Y Lig (Xu)Las(ew) = Po(8) = Po(A, X, € C)) (1 f X £ >> .

P.(A, X, € CT)
Call Df to the set of points in D at distance at least € from 0D. Let Tpe be the hitting
time of D and T¢; the hitting time of C;. By the strong Markov property,

P.(A X, ¢ CT) P <PXT (T < Top)Lyc,\o7 (Xr)>

P.AX €CD) P (B, (To- < Top)Ler(X,))
J

The process B, = B (Tpe —t) is also a Brownian motion by the strong Markov property and
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independence of increments. Therefore,
P.(A X, ¢ C]) _ SuPrep: Po(Br, € 9C;\ Cf) L oG\ Cf)
P.(A, X €C) ™ infuepe Px(BTCj ech) = € wv(CT)

where w¥ represents the harmonic measure of D \ Cj, for an arbitrary point y € D?, and
C: > 0 only depends on €. The surface area of the side of the cylinder C; is about V0 times

less the surface area of the top of Cj}, so we conclude that

L = (1+O0(8))P, (IP’XT (Tpe < Top)ler (XT)> . (4.5.10)

Next we introduce a reflected Brownian motion Y starting from z, driven by the same

Brownian motion B that drives X. We proceed to do some estimate to compare X and Y.

Figure 4.2: Comparing excursions of X and Y.

We claim that P, (L, > 2r;v/§) = O(5). Otherwise, there is a sequence &, J 0 and p > 0
such that P, (L, > 2r;5,+/3,) > p. But any function w € C[0,1) with L, (w) > 2r5/0 satisfies
that B}'(w) < 0 for t < Ts(w). This only occurs with probability O(d), which contradicts

the existence of the sequence 4,,. Since
1 = Yol = X7 = ¥ < 63 (Le + L)% + 17115 L2,

the process Y leaves the cylinder C; through the side only when X; gets at distance (6% +
r53/6)O(1) from the side of C;. This event has probability of order V/6 by a harmonic measure
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argument similar to that that lead to (4.5.10). Therefore, the event Y, € C; for u < 7 has
probability 1—O(d). Actually, the event holds true if we request that |z — x;| < 75— 2rsV/9,
as long as L, < 2rs\/0. Thus, since for y € C; N dD we have 1 > 7i(y)e, > 1 — 2,

t t
XP -y = / A(Xy)endLy, — / (Yy)endLY = (14+0(68))[L; — L],
0 0

for all t < 7, on the set {LT < 27“5\/3}.

It is clear that dist(X,,dD) is comparable to 751/0, and that dist(Y;,dD) is comparable
to Y, since Y" does not leave the cylinder C; on the event {LT < 2rs\V/é } We will argue
that | X7 — Y| < 4rs0. Indeed, assume that X}* > 2rsd. Since no piece of the boundary is
above level 2758, no local time L is accumulated and so X™ — Y™ does no increase. Similarly
Y™ — X™ does not increase when Y™ > 2rs0. But if both X™ and Y™ are less than 2rsd, then
it is clear than | X™ — Y| < 4rsé, since the piece of boundary C; N 0D is between levels

—2r56 and 2rgd. Thus,
yr—Xxr
Xn

T

< 2V/4,

and so, for some positive constants as, bs, depending on 9,

dist(Y;,9D)
as <

o< @st(X,, D) =

Thus, by the boundary Harnack principle, there are positive constants cg, Cs such that

Px, (Tp: < Typ)

< Cs.
Py, (Tpe < Thp) ’

cs <

Moreover, since || X; —Y;|| — 0 as 6 — 0, Lemma 1 in [7] shows that both ¢5 and Cs can

be chosen arbitrarily close to 1 as 6 — 0. Using this fact in (4.5.10) we obtain

I, = (1+ 0(8))P, (Py,(Tpe <1y ) L, (Yr)) (4.5.11)

+ (1+0(9))P: (PXT (Tpe < TaD)]l{LT>2r6\/g}> :

Since dist(X,,dD) is about 2rsv/§, standard estimates for Brownian motion show that

Px, (Tps < Tpp) is comparable to 5_17‘5\/3, SO

P, <IP’XT(TDE < TaD)]l{LT>2T6\/g}) < CE, <LT]1{LT>2T6\/S}> — O(8)E,(L,).
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By using this last equation in (4.5.11), we are allowed to write the following equation, by

the same arguments that led to (4.5.10),
L = (1+ O()P (Py, (Tpe <15 ) 10, (¥2)) + O(0)Ea (L,

= (1+ O(9))E. (Z I, <Yu>1As<e5>> + O(8)Ea(Ly),

where e¥ denotes excursions of the reflected Brownian motion Y. Theorem 7.2 in [5] says

that (dL) ,H,) is an exit system for Y, therefore
I = (1+ O(5))E. < / ncj(yu)Hyu(AE)dq) + OO)E.(L,). (4.5.12)
0

We will use the Harnack boundary principle for the harmonic function  + P2 (A?), which
vanishes on C; N dD. Since
D
Hy(Ae) — lim ]Py-‘,-)\en(A€)
H, (A%) o PP (A4s)

Tp+Aen
By the Harnack boundary principle, and Lemma 1 in [7], we obtain that the right hand side
above is of order 1+ O(6). It follows that

IEZ/ e, (Yu)Hy, (A%)dL) = (1+ O(5)) H,, (A%)E.(LY). (4.5.13)
0
The same argument allows us to write

E, / ' Lo, (X,)Hyx, (A)dL, = (1+ O(6)) H,, (A°)E.(L,). (4.5.14)
0

By previous estimates and the optional sampling theorem applied to B2,

E.(L;) E. (X7 - By +0°L.)
) - OO T B
n 2
_ 1+ 0(5))Ez (XT +4 LT)

EZ (Y'rn)

E. (X" —-Y"+ 52L7)>

— (00 (1+ SR

But,

E.(X" — Y+ 62L,)

_ 4rsd + *E.(Ly)
E.(Y; — X7 1 X7)

= 0(9),
T —drsd + 27‘5\/3 ( )
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which shows that E,(L,) = (1 + O(6))E,(LY). Using this fact, equations (4.5.12), (4.5.13),
and (4.5.14), we obtain (4.5.8), as desired, and the theorem is proved.

4.6 The stationary distribution

Our main goal of the section is to prove existence and uniqueness of the stationary distribu-
tion in a slightly modified version of the spinnig Brownian motion (4.1.1). Consider vector
fields 7: 0D x RP — R™ and ¢ : 0D — RP that are Lipschitz continuous and bounded. Let
«: 0D — R be a uniformly positive, continuous function. Assume the following stochastic

differential equation has a strong Markov solution

dX, =dB,+n(X,)dL, + 7(X;, S))dLy,

asy = (g(Xt) - a(Xt)§t> dLy. o

Notice that if & = 1 we recover spinning Brownian motion. One of the advantages of
this equation is that it allows us to solve explicitly for S; in terms of the process X and its
local time L. Indeed, set Y; = exp [fg a(Xs)dLs], and apply Ito’s formula to the product

Y;S;. Since both S; and Y; have bounded variation a.s., we get that
t
Sy =Y, 1Sy + Y;l/ Y, §(X,) dL,. (4.6.2)
0

Proposition 4.6.1. The spin process Sy in (4.6.1) is the unique process given by

§(Xu)
a(Xu)dYu, (4.6.3)

¢
Sy =Y, 'S+ vt /
0

where Y; = exp fg a(Xy)dLy,.

Proof. Let S} be the process defined by (4.6.3). We will show that dS] = [§(X;) — «(X})St] dLy

and conclude by path wise uniqueness that S} = S;.

As Yy is positive for every ¢t > 0, and almost surely finite, the definition of S] yields
d(S}Y:) = §(Xi)/a(Xy)dYy, since both Y; and S; have paths with finite variation. By the
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product rule, and dY; = a(X;)Y;dL;, we get

g(X.
vias, = 9% oy gay, - (X)) — o(X,)S)] VadLy,
a(X;)
so S} satisfies the second equation in (4.6.1), as we claimed. |

One of the issues with the diffusion (X, S) is the lack of a driving Brownian motion for
the coordinates related to the spin. At an intuitive level, this means that the spin .S; could be
confined to very small regions of the space, regions having Hausdorff dimension less than p,
and consequently the support of the stationary distribution of the process could be singular
with respect to Lebesgue measure. To make sure this is not the case, we need to impose

some condition on the infinitesimal change of Sy, more precisely, on the function g

A1 There are p + 1 points x1,...,2,+1 on the boundary of D such that for every y € RP,

there exist non negative coefficients \; such that y = Z?:i Ajglx;).

From now on, we assume that Al holds, and we fix the points 1, ..., 2,41 that realize it.
Notice that if y = Z?:i G(x;), then Al implies that —y has an expansion with non-negative
coefficients, and so we have that for every e > 0 there are coefficients n; > 0 such that

1 - +1
0= Z§:1 n;g(z;), and Z§=1 n; < €.

Lemma 4.6.2. The set U, = { fii njg(z;) :m; >0, Z?Z% n; < E} is an open neighbor-

hood of zero for every e > 0.

Proof. Since U, = €Uy it suffices to show that Uy is open. The previous discussion shows
that 0 € U;. By Al, RP = UpenU,, and so one of the sets U, contains an open set by
Baire’s category theorem. As U, = nU;, we deduce that U; contains an open set, which we

call V.

Let w € V. Since we can write w = > n;g(z;) with > n; < 1, it follows that 0 €
Uy —w C U; = 2Up, and we deduce that Uy contains an open set around zero, and so
does every U.. We need to show that a similar property holds at every point z € U;. Let
z =Y \g(xz;) € Uy with > A\; =1 — 4. Then z + Uy is a neighborhood of z contained in

U1, which shows that U; is open, as we wanted to show. |
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For y € 9D, set go(y) = g(y)/a(y). The convex combinations of g, will play a funda-
mental role in the characterization of the support of the stationary distribution of spinning

Brownian motion. Such set is commonly referred as the convexr hull of {Ga}:

Hﬁ,a = ZAjg(y]) 1Y S 8D, )‘j > O, Z)\] =1
j=1 j=1

The spin process S; lives eventually in the closure of this set. To see this at an intuitive

level, for initial condition sy we have
¢
Sy = sV, P+ Y / G (Xy)dYy,.
0

The first term on the right hand side goes to zero and the process eventually becomes very
close to the one starting at zero, which corresponds to the integral term above. The latter
clearly belongs to the closure of Hy,, as it is a positive combination of elements in {g,}
whose coefficients add up to 1 — Y;_l. But as the discussion following A1l shows, the point
zero can be written as a positive combination with coefficients adding up to Yt_l, and so S

eventually belongs to the closure of Hy .

Notice that the set Uy /o from Lemma 4.6.2 is contained in Hg . The following proposition
says that the support of the stationary distribution of spinning Brownian motion lies within

the closure of D x Hy,,

Proposition 4.6.3. Let S; be the spin process in (4.6.1). Then, for arbitrary initial condi-

tions (x,s), there is T < 0o such that Sy € Hg , for every t > T almost surely.

Proof. By Corollary 4.6.6 below the hitting time of Uy /5 is finite almost surely since U, /5 is
a neighborhood of zero. Also, Uy /3 C Hg, so we conclude that the hitting time 7 of Hy, is

finite almost surely.

For t > 7 we have that Sy = 1Y S:+Y,~ ! f «)dY,. By continuity, S; € Hg,,
and so for some {a:;} and {)\]T} with >, A7 = 1 we have by the definition of stochastic

integral

N
1Y Z)‘T ) +Y ‘h‘ﬁozﬁa(%) (Ytj+l - Ytj) )
j=1
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where A = {t1,...,tny+1} is a partition of [7,¢]. The sum of the coefficients above equals
Yo Y (Y- ) = 1,

and as stochastic integral with respect to bounded variation processes can be computed

pointwise, we deduce that S; € Hg, for all t > 7. [ |

We prepare to prove the counterpart of the previous proposition. The proof consists of
four steps. In the first one (Proposition 4.6.5), we use a support theorem and continuity
results for the Skorohod map to show that for any given point z € D, T > 0 and € > 0, the
probability of (X7, St) to be in a ball of radius e around the final point (z,0) is positive, no
matter what the initial position is. In the second step, we use the results of Section 4.5 and
excursion theory to show how the path of X; can be decomposed into several excursions, and
how spinning Brownian motion up to the first hitting time of a ball U C D can be obtained
from sBM conditioned on never hitting U, and adding a suitable “last excursion” that hits
U. This construction is then used in the third step to patch together a spinning Brownian
motion from several independent spinning Brownian motions Ytj . In the final step, we show
how to condition each of the Y7’s on hitting the boundary of D only at certain places and
deduce from this that a component of the spin S; has a density with respect to Lebesgue

measure. This procedure is detailed in Theorem 4.6.7.

Lemma 4.6.4. Let D, 7 and § be as above. Let r,T > 0, and z € D. Assume that Al
holds. Then, for any (xq,s0) € D x RP there is w € C([0,T];R™) with bounded variation

such that there is a unique (x,s) € C([0,T]; D x RP) satisfying (x(0),s(0)) = (xo, o),
(x(T),s(T)) = (2,0), and fort € [0,T].

#(t) = w0 + wlt) + /0 (), k() i),

K(t) = ko + /0 5 (u)) — ala(u))k(u) di(u),

Here, I(+) is a continuous and increasing function, satisfying l(t) = f(f Lop(z(u))di(u), that

is, it only increases when x(t) € dD.

Proof. In virtue of Theorem 4.1 in [22], we would expect uniqueness to hold in the bounded

variation case. The issue to apply such theorem directly is that the reflection vector
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depends on the value of k(+), but it is easy to adapt the proof of uniqueness in such theorem

to our setting, just like we did in the last step of Lemma 4.4.4.

Next we construct a function @ € C([0,T]; R™) with bounded variation, and a solution
(x,s) of the system above. Consider the uniform partition 0 < a; < by < ag < -+ < bp1 <
T of [0,T].

To construct @ and the associated solution, set @w(0) = 0 and for ¢ € (0, a;], let W(t) be
defined as any fixed continuous function with bounded variation, such that xy + @(t) € D,
and xog + w(a1) = x1. It is clear that any solution (z,s) has to satisfy z(t) = z¢ + @(t),
k(t) = ko, and [(t) = 0 up to time ay. Next we want to keep x(t) at z1 from a; to by. In
view of (4.6.2), for t € [a1,b1] we set y1(t) = exp fjl alz(u) di(u) = e@IEO-Ua)] and so

k(t) = y1(t) " ko + Gy ()" / t @) g1 (y)

g(x1) 1

Oé($1)y1(t)_1 [yl(t) - 1] :

= y1(t) ko +

By setting [(t) = 0+ 1 (t — a1) for t € a1, b1], where n; is to be determined, we obtain

that both [ and k are continuous. All this implies that we need to define

t

B(t) = a1 — o — m/ 5 (w1, k(1)) ds.
a1
Uniqueness in [a1, by] follows directly form the fact that the equation above defines a contin-
uous function with bounded variation. Thus, the functions (x, s) defined above correspond

to the unique solutions to the Skorokhod problem for @ in [ay, b1].

Next, we want to keep k(t) constant in [b1, as], while we move z(¢) from x; to z2. To
this end, pick a curve (; : [by,az] — D such that ¢1(b1) = 21, (1(az) = 22 and (1(t) € D for
other values of t. Set [(t) = I(by) for t € [b1,az], and @W(t) = ((t) —x1 +w(by). It is clear that

the only solution with bounded variation in this interval is x(t) = (1(¢) and k(t) = k(b1).

We iterate this process by keeping x(t) at z; from [a;, b;], and by defining I(t) = l(bj—1)+
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nj(t — a;j), y;(t) = expla(x;)n;(t — a;)] in that interval so that k(t) must satisfy
k(t) = [yr(br) - yj—1(bj—1)y;(B)] ko + (4.6.4)

4 EJ: (zm)

a(x )[ym(bm) e yj—l(bj—l)yj(t)]_l [ym(bm) - 1]
m=1 m

Q

for t € [aj,b;]. The calculation leading to such equation, though tedious, is straight-forward
to carry out by splitting the integral in [0,¢] into integral in the sets [a;, b;] and [b;, bj11],
and using our definition of I(u) in each of those intervals. In the interval [a;,b;], define @(¢)
by
¢
(t) = @(a) ~ 1y | Ty, bla))ds.
a;
Once again the unique solution in this interval for this @ is (x;, k(t)).
From b; to aj;1 we find a curve (; going from z; to x4 through D, and set @W(t) =

(j(t) —xj +w(b;) and I(t) = (bj). The unique solution is then (¢;(t), k(b;)). This procedure

can be also done so that z(T") = z.

It remains to show that we can choose the values of 7y, ..., 7,41 > 0 such that k(T") = 0.

At time T we find that

p+1 B p+1 Glm) p+1 »
k(T) = ko 71_:[1 Ym(bm) ™ + mzz:l (T [y (b)) — 1] 11_1 vi(bi) ",
and to obtain k(T) = 0 we need
p+1 g,(xm) m—1
—ko = m§=:1 alim) [y () — 1] };[1 Yi(bi).
By hypothesis there are non-negative Aq,..., Apy1 such that —kg = ’;;;11 G(Tm)Am, so we

need to choose the numbers 7, so that y,, (by,) satisfies Ap(2m) = [V (b)) —1] T2 vi(bi)-

This is easily achieved by an inductive procedure. |

Proposition 4.6.5. Let D, 7, g; r,T > 0, and z € D as in Lemma 4.6.4. Then, for every

(0, 80) € D x RP there exists p > 0 such that
Proko (X1, S7) € B(2,7) x B(0,7)) > g,

where q depends on Tand r, but is independent of (g, So)-
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Proof. Let P be the law of standard Brownian motion in R". By pathwise uniqueness, we
know that for a.e. w € supp (P) there is unique (z,s) € C([0,T]; D x RP), such that for
te[0,T]

x(t) =xo +w(t) + /0 F(x(w), s(uw))dl(u),
s@=%+/mAW—meummw,
0

where, [(-) is a continuous and increasing, satisfying [(t) = fot Lop(z(u))di(u), that is, it

only increases when z(t) € dD. It is standard to call this function I(-) the local time.

Let 2 be the set of continuous w € D([0,T];R™) such that this uniqueness hold. We
emphasize that P(2) = 1 and that the @ constructed in Lemma 4.6.4 belongs to €. Define
I' in Q by the assignment w +— (z,s) as above. We claim that I' is continuous at @,
where continuity is taken in the sense of uniform convergence in compact sets. Indeed, let
w; € Q be a sequence converging uniformly in [0,7] to @. Then, by setting z(t) = (z, s)(¢)
and ((z) = (F(z, s),§(z)), we have that the R"*?—valued functions n; = (wj;,0) converge
uniformly to 7 = (@, 0). By Theorem 3.1 in [9], we have that the unique solutions (z;, k;)
to the Skorokhod problem with reflecting vector 5 in D x RP, and corresponding driving
function n; is relatively compact, and any limit is a solution of the corresponding problem
with driving function @. By uniqueness (w € ), we deduce that (z;,k;) — (7,k) in
D([0,T],R™*P). But as all the involved functions are continuous, we actually deduce that

the latter convergence is uniform in [0, 77].

In particular, there is § > 0 such that if w € QN Be (@, d), then the associated solution

to the Skorohod problem (z,s) € Bepo, (T, k), r). Thus we have

Poo,ko (X1, 57) € B(2.7) X B(y.7)) > Pay iy ((x.5) € Be((®@.F).r))
> Py, (w € Be(@,90)),

which is greater than some positive constant ¢, independent of zg, by the support theorem

of Brownian motion. [ |

Corollary 4.6.6. Let r > 0 and 7 = inf{t >0:S; € B(0,7)}. Then 7 is finite almost

surely.



89

Proof. Let Nla,b] be the event “S; is not in B(0,r) for any t € [a,b]”. Then P, ; (7 < 00) =

1 — limpy00 Py s (NV]0, ]), where the limit is obviously decreasing.

By Proposition 4.6.5 we have that P, (N[0,T]) < 1 — g, where ¢ € (0,1) depends on T'

but not on z,s. By the Markov property we have

Pos (N[0, (n + 1)T]) = Poy (N[0,nT] 0 N[, (n+ 1)T])

(N[0, T7))

nT» nT

P

Py s (Pys (N[0,nT) N N[nT, (n + 1)T)|Fur))
P, s (N[0,nT] Px

<P (

T,s N[O ’I’LT]) (1 - Q)'

It follows by induction that P, ¢ (N[0,nT]) < (1 —¢)", and P, 5 (7 < 00) = 1. [ |

4.6.1 Uniqueness of the stationary measure

We next proceed to prove some interesting results about the stationary distribution of the
spinning Brownian motion. Our method is very much an adaptation of the proof of Theorem
6.1 in [2]. Such argument involves a decomposition of (the law of) X; in several reflecting
processes that are somewhat independent of each other. To the reader familiar with excur-
sion theory, “independence” is achieved by using suitable exit systems (see [24, 5]). This
decomposition allows us to control both the local time and the trajectory of the process

before hitting a fixed open set U, and deduce that no stationary measure can be null in U.

Theorem 4.6.7. Let (X,S) be spinning Brownian motion solving (4.1.1) with Sp = 0
Then, for every T' > 0, there is an open set U C Hg  containing zero, and ¢ > 0 such that

for every open B C U it holds that Py s (ST € B) > ¢ mP(B).

Proof. In Theorem 4.5.2 we have obtained an exit system for Z; = (X, S;) representing
excursions from 9D x RP. As S; does not change within an excursion of Z; away from
0D x RP, we can think of the excursion law H , as a measure representing paths of X only.

The unique (up to a multiplicative constant) excursion law H ¢ associated to the local time
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L, is given by

o1
Hx,S(A) = 17;?01 E]P)f-i-nﬁ(m) (A)7 (465)

for some constant ¢; > 0, independent of x. Notice that H, ; is independent of s, so we are

allowed to drop the subindex s from it.

From now on we closely follow part of the proof of Theorem 6.1 in [2]. To simplify the
notation, call Z = (X,S), and we use the standard nomenclature Ty for first hitting time

of aset U, and oy = inf {s > 0: Ly > t} for the right inverse of local time.

We proceed to describe an exit system for a different, though related, process X’. Let
20 € D and r > 0 be arbitrary but fixed, so that B,.(z¢) € D and set U = B,(z0). Let X’ be
the process X conditioned by the event {T§ > 01}. It follows from Proposition 4.6.5 and
the strong Markov property that for any starting point in D, the probability of {T§ > 01}
is greater than zero. It is easy to see that (X[, L¢) is a time homogeneous Markov process

for P, s, in (F¢)e>0. For notational consistency, we will write (X7, L}) instead of (X[, L).

We will now describe an exit system (L, Hf, ;) for (X, L;) from the closed set D x RP x
[0,00). We will construct this exit system on the basis of (L;, H;) because of the way that
X’ has been defined in relation to X. It is clear that L’ does not change within any excursion
interval of X’ away from 9D, so we will assume that H;c’l is a measure on paths representing
X' only. For I > 1 we let H;’l = H,. Let @5 denote the distribution of Brownian motion
starting from y € D\ B,(29), conditioned to hit D before hitting B,(29), and killed upon

exiting D. For [ < 1, we have

N
z(A) = 17;?01 E]P’?er(x)(fl)- (4.6.6)

Let A, C C be the event that the path of X’ hits U. It follows from the definition of H,
in Theorem 4.5.2 and (4.6.6) that for | < 1,

' (A) = Hy(A\ Ay). (4.6.7)

x,l

One can deduce easily from standard estimates for Brownian motion that for some constants
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c3,¢c4 > 0and all z € 9D,
cs < Hy(Ay) < cy. (4.6.8)

Let o, = inf{s > 0: L, >t}. The exit system formula (4.5.1) and (4.6.7) imply that we
can construct X using X’ as a building block, in the following way. Suppose that X' is
given. We enlarge the probability space, if necessary, and construct a Poisson point process

& with state space [0,00) x C whose intensity measure conditional on the whole trajectory

{X{, t > 0} is given by

p(la,b] x F) = e Hy (FNA,)dt. (4.6.9)

1Aa 7
Since ([0, 00] X C') < ¢y, the Poisson process € may be empty; that is, if the Poisson process
is viewed as a random measure, then the support of that measure may be empty. Consider
the case when it is not empty and let S; be the minimum of the first coordinates of points
in €. Note that there can be only one point (S1,eg,) € € with first coordinate Sj, because
of (4.6.8). By convention, let S; = oo if & = (). Recall that 77X = inf {t > 0: X; € U} and
let

Ty =inf{t>0:X/ €U},
T, =05, +inf{t >0:eg(t) €U}.
It follows from the exit system formula that the distribution of the process

. X if 0 <t < T Ao,
X, =
es,(t —og,) if€#Dand o5 <t <Ty,
is the same as the distribution of {Xt, 0<t< T(f}
We will now construct spinning Brownian motion in D from several trajectories, including
a family of independent paths.
Let Uj = B,(z;) for j = 1,...,p+ 1, where z; € D are chosen so that U; N Uy = () for
J# k., and Uy<j<p1 Uj € D.
Recall how the process X was constructed from a process X’. Fix some z; € U; and

let X' be a process starting from X& = w1, with the same transition probabilities as X',
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relative to Usy. We then construct Y! based on X!, by adding an excursion that hits Us, in
the same way as X was constructed from X’. We thus obtain a process {Y;l, 0<t< Tl},
where T7 = inf {t >0:Y! e Ug}, whose distribution is that of spinning Brownian motion

in D starting with the uniform distribution on Uj, observed until the first hit of Us.

We will next construct a family of independent spinning Brownian motions {Yj }1 <j<pil’
For a fixed j = 2,...,p+ 1, we let X7 be a process with the same transition probabilities
as X', relative to Uj1, and initial distribution uniform in U;. We then construct Y7 based
on X7, by adding an excursion that hits U j+1, in the same way as X was constructed from
X'. We thus obtain a process {Y;j,O <t< T]}, where T; = inf {t >0: Y;j € Uj+1}, whose

distribution is that of spinning Brownian motion in D, observed until the first hit of Uj;;.

Note that for some ¢c5 > 0 and all z,y € Uj11, j=1,...,p+1,
P, (X1 € dy and Xy ¢ 9D for t € [0,1]) > csdy.

We can assume that all X7’s and Y7’s are defined on the same probability space. The last
formula and standard coupling techniques show that on an enlarged probability space, there
exist spinning Brownian motions W7, j = 1,...,p + 1, with the following properties. For

1< <p, Wg :szj, and for some cg > 0
P (W{ = Y§*" and W/ ¢ 0D for t € [0, 1]‘{1/’“ Lo IVIHEY) > 66 (4.6.10)

The process W7 does not depend otherwise on {Yk P and {Wk} . We define Wit as a
k#j

k=1
p+1

spinning Brownian motion in D with W} = Y%’H but otherwise independent of {Yk} o1

and {W’f}zzl.
Let

Fy = {W{ = Y§*" and W} ¢ oD for t € [0,1]} .

We define a process X* as follows. We let X; = V! for 0 < ¢ < Ty. If Ff holds, then we
let X; = th—Tl for t > T4. If Fy holds, then we let X} = Wt1—T1—1 for t € [Th,T1 + 1] and
Xi = Yf_Tl_l for t € [Ty + 1,71 + 1 + T,]. We proceed by induction. Suppose that X; has
been defined so far only for t € 0,77 + 1+ 715+ 1+ --- + T}, for some k < n. If Ff holds
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then we let

* k
X; = Wt—T1—1—T2—1—'—Tk

fort>T1+ 14T+ 14 ---+1T}. If Fj, holds, then we let

X::Wt]iTl—l—Tg—l—v—Tk
fort € [T +1+To4+ 1+ + T, Ti+1+To+1+---+ T+ 1], and

Xik = Y;tk——g“i—l—Tg—l—---—Tk—l
forte+1+To+1+ - +Tp+1Th +1+To+ 14+ T+ 1+ Tjy1]. We let

* _ 7P+l
Xe =W n 11—ty

fort2T1+1+T2+l+---+Tp+1.

By construction, X* is a spinning Brownian motion in D starting from x1. Note that in
view of (4.6.10), conditional on {th,t >0}, j=1,...,p+ 1, there is at least probability

cg” that X™ is a time-shifted path of th on an appropriate interval, for all j =1,...,p+ 1.

In the last step of this proof, we show that with a positive probability, the process S
can have “almost” independent and “almost” perpendicular increments over disjoint time
intervals. Moreover, the distributions of the increments have densities in an appropriate

sense.

Recall our assumption Al: there are p+1 points x1,...,2p41 € 0D such that the g(z;)’s
positively span the whole RP. We claim that d of those points are linearly independent.
Indeed, the rank of the p x (p+ 1) matrix [§(z1)| - - |g(xp+1)] is p and so one of its columns,
say §(Xp+1) without loss of generality, is a linear combination of the others. Then, the rank

of [g(x1)] -+ |g(zp)] is still d, which means that its columns are linearly independent.

For 1 <j<d let C; = {z € R": Z(g(x;),2) < do}, for some §y > 0 so small that for
any z; € Cj, j = 1,...,d, the vectors {z;} are still linearly independent. Let d; > 0 be so

small that for every j =1,...,d, and any « € 0D N By, (), we have g(z) € Cj.



94

Let L7 the local time of X7 on 9D and az = inf {s >0: Lg > t}. It is easy to see that
there exists ps > 0 such that with probability greater than po , for every j =1,....p+1 we
have X7 ¢ OD \ By, (yj), for t € [0,07]. Let

Rj=sup{t<T;:¥] €oD} and Q;=Lj,.
Let F, be the event that for every j = 1,...,p, we have X7 ¢ D\ Bs, (y;) for t € [0,07]
and R; < 0{. Then (4.6.8) shows that P, (F,) > pa(1 — e™ )P,

Let Y] fO dLs, and consider the following collection of random variables

. -1ty . .
i (4. — J ...yP = xJ J
Si(ty, .. ty) = <Yag.j Yagp> /0 g <Xai ) Y9, du.
Notice that if F, holds, then S7(¢;,...,t,) € C; for all t;,...,t, € (0,1] and j =1,...,p
Define for any 0 < ap < by < Qg fork=1,...,p

A([a17b1]7 ap7 ZS j7’”7 tke [akabk]

It is not difficult to estimate the d-dimensional volume of A([a1,b1],...,[ap, by]) by using the
definition of C;’s. First, by continuity, it follows that under F there is a positive constants
q such that (1 — gdo) expla(z;)t;] < Y] < (1 4 gdo) expla(xj)t;] for all 1 < j < p. By

definition of the set C}, it follows that for some positive constant (3,

g(l’) afzj)t; _ t = j j g(x) ox;)t; _
(- i) 2 ety 1] g/o GX Y7, du < (14 i) T [eoets 1]

Define a function #(ty,...,tq) by

7j=1
It follows from the inequalities in this paragraph that for some constant n > 0, independent

of dp, we have

p
(1= nd0)t(tr, .- ta) <> S (ty,.. . ta) < (L+180)0(t1, ..., ta).

Jj=1



95

If 6o is small enough, we have that there exist a constant c3 independent of ag, by such

that
d
Cgl < Zln _FA([al’bl],--.’[apvbp])) <cs
m {U(tl, e ,tp) c € [ak,bk]}

To compute the volume of the set in the denominator, we will calculate the Jacobian of (-)

in Lemma 4.6.8. We obtain that det DT = Cexp (— Y_4_; ka(zy)ty), which, as t;, € [0,1],
readily yields that the d-dimensional volume of the random set A([a1,b1],...,[ap,bp]) is

bounded above by c4(by —ai)--- (b, — ap) and below by ¢5(by —ay) - -+ (bp — ap).

Let us consider the processes X* defined above, conditioned on the sigma field

S=¢ ({Sj(tj,...,td), tr € [0’ 1]}?:1) :

By (4.6.8) and (4.6.9), conditional on G, the random variables @);’s have distributions whose
densities in [0, 1] are bounded below. In view of our remarks on the volume of A, it follows

that conditional on G, the vector

S(@Q1,---,Qa) = SY(Q1,....Qq) + 5*(Q2,...,Qa) + -+ 5UQu)

has a density with respect to d-dimensional Lebesgue measure that is bounded below by
¢5 > 0 on the open set A; = A((0,1),...,(0,1)). Even though 0 ¢ A;, we have that
0 € OAq, and it still holds that for small » > 0 the random variable S(Q1,...,Q4) has
a density bounded below in B(0,7). We now remove the conditioning and fix o > 0 to
conclude that S(Q1,...,Qq) has a component with a density with respect to d-dimensional

Lebesgue measure that is bounded below on U = B(0,9).

Define Y,* = exp f(f a(X¥)dL: and S} = Y~ ! fg GXHYSdL: and T, = Z;l:l T;, where
L* is the boundary local time for spinning Brownian motion X*. Using conditioning on F},

we see that the distribution of S7, has a component with density greater than ¢y on U.

The previous argument can be modified to show that for any fixed ¢y > 0, the random
variable S:O /2 has a component with a strictly positive density with respect to d-dimensional
Lebesgue measure on a non-empty set U, which proves the theorem. All that is need to

do is, for small € > 0, find times ¢t; > 0 such that T; € (¢; — ¢,t; + ¢), with uniformly

in j) positive probability p., and then further condition the stitched process Y* to satisf
J) P p Y De; p Yy
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Tj e (tj—e,tj+e). Set t, = Z?:l tj. This way, T\ = Z?:l Tj € (t« —ed, t, +ed) and since
Y7 € Uy, and Uy is away from the boundary, we can condition on Y* to not to hit 9D in

[t —ed,t* + &4] and thus have S} = S7,. We then choose tg = 2t,. |

Lemma 4.6.8. Let (-) be the function defined in the last step of the proof of Theorem 4.6.7.

There exists a constant C # 0, depending only on the vectors g(xy) such that

d
det DU(tq,...,tq) = Cexp Z —ka(zy )ty
k=1

for all ty,... tg € (0,1]

Proof. We calculate the derivatives with respect to t;, fori =1,...,d:

L d
% - Z e k=i o <Oé(3§‘j)ea(wj)tj5ij — a(w;) 1 g () [ea(wj)tj _ 1D

—~
8

<.

~—

J=1
d .
- 2 a(xk)tk 'L Z alze)tr gy )
_ P o Oc(:c-)t. _1
e a(x;) E e k=i @) [e )% ]
5 ot L - S e g(ay)
— alzy)ty - 2 TR gl VS
= k=i _ ) k= ofz;)t
e g(x;) — a(z;) E e k=i o)) [ 34 1}

Let \;; the coefficient of §(z;) in the expansion of g—g above. Because the vectors g(xy)
are linearly independent, these numbers are well defined. We specially remark that A;; = 0
for j > 4. Let Ty the d x d matrix whose j—th column is §(z;) and let A be the matrix whose
(j,1) component is A;;. The calculation above then simply says that Di' = TzA. Therefore,

as A is triangular
d d d
det D (t1,...,tq) = det Tj - H)\” = det T - exp ( Z Za(azk)tk> .
i=1 i=1 k=1

The double sum on the right hand side equals ZZ:I ka(xy)tk, by Fubini’s theorem, and the

proof is complete. |

Corollary 4.6.9. Spinning Brownian motion has a unique stationary distribution, supported

in the closure of D x Hg .
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Proof. Fix T > 0, and U given by the previous theorem. Since S does not change when X
is inside the domain D and X behaves like Brownian motion within excursions, we conclude
from the Markov property that (X711, S74+1) has a component with a density with respect to
(n+d)-dimensional Lebesgue measure on a non-empty open subset of E'x U. By Proposition

4.6.3, we can assume that U C Hy,.

We can now combine this with the result of Proposition 4.6.5 using the Markov property
to see that for some non-empty set U and any starting point (X, Sp) = (20, ko), the process
(X4, St,) has a positive density with respect to (n + d)-dimensional Lebesgue measure on
U under P, k- This property is generally referred to as Harris irreducibility of the process

(X, ).

From Proposition 4.6.3, we know that any stationary distribution of (X,S) has to be
supported in the closure of D x Hy ,, a bounded set, therefore we deduce that (X, S) has at
least one stationary distribution from the standard theory of Markov processes (see Lemma

2.6.1). Let p be one of them. For the open set U in the preceding paragraph

p(0) = [ o [(Xi0.50) € 0] ldady) = e m@) >0,

which means that any stationary distribution contains U in its support. This contradicts
Birkhoff’s ergodic theorem in case that more than one stationary distribution exist, so there

is only one stationary distribution. |

Corollary 4.6.10. Let Ax B C D x Hg,, be open. Then, the unique stationary distribution
of spinning Brownian motion has a component with density that’s bounded below on A X B,

and so its support is exactly the closure of D x Hg .

Proof. Let T > 0 and U be the open neighborhood of zero from Theorem 4.6.7. Fix t >

T, z € Hy, and a small 7 > 0. We have that for any (z,s) € D x Hg,,

Py s (St € B(z,1)) =Py s (St —z € B(0,1))

t
=Py <Yt_1YTST + Yt_l/ o (Xy)dY, — z € B(O,r)) .
T
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Notice that Y~ ! Tga( X,)dY, is an element of Hg,. Moreover, by the support theorem
of Brownian motion, and computations similar to those in Lemma 4.6.4 and the arguments
in Proposition 4.6.5 the event F' = {‘Y ! Tga( X,)dY, — z‘ < %} has positive probability,
uniformly in (z,s). Conditioning on F' we obtain
Py (Si € B(z,7)) > ¢ Py s (Y, 'YrSt € B(0,7/2)|F)
=c P, (Sr € B(0,Y,Y; 'r/2)|F) > ¢ P, s (S € B(0,r/2)|F),
where we use that Y;Y, 1= exp(Ly — L7) > 1. The event F lies in the sigma algebra

0 ((Xy,Su) : T <u<t) of the future of Sy, of which Sz is independent by the Markov

property. Hence,
Px,s (St € B(Z,T)) >c ]P:c,s (ST € B(O,T/Q)) > CTdy
by our choice of St from Theorem 4.6.7.

We next use the previous estimate to compute the joint distribution of (X, S). Let

ACD and B C Hj, be open, and pick a small € > 0

Pps(Xtp1 €A, Sip1 € B) > Prs (Xey1 €A, Spp1 € B, Lipr <e+ Ly)

z,s Xt+1 S A, S; € Ba, Lt+1 < e+ Lt)

Po.s (
=Pas
=P, (S; € BS; Pyy(Xep1 € A, Ly < €+ Li|Fy))
=P, (S; € BS; Px, 5, (X1 € A, L1 <¢))

> P, (S € B; PR, (X1 € A), d(X;,0D) >¢).

It is well known that there is ¢, > 0 such that for every z € D that is at least £ away from

the boundary we have P2 (X; € A) > c.m™(A). So,
]P)w,s (Xt+1 S A, St+1 S B) 2 cem"(A)IP’LS (St S Ba, d(Xt, aD) > 8) s

as the probability of X; being away from the boundary is positive, and there we can bound
PP(X; € A) below by ¢ m"(A), uniformly in z. Finally, if x is the stationary distribution
of (X,9)

(A x B) = /ms (Xt11 € A, Sey1 € B)dp > ¢ m™(A)m?(B),

which concludes our proof. |
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Chapter 5

EXAMPLES AND APPLICATIONS

5.1 Obliquely reflected Brownian motion

5.1.1  Uniform distribution in smooth domains

For a standard, n-dimensional Brownian motion, it is well known that the Lebesgue mea-
sure is stationary. This fact can be easily obtained from the invariance under rotations and
translations of both Brownian motion and Lebesgue measure. In dimensions n > 3, Brow-
nian motion is not Harris recurrent and thus some more stationary measures might arise.
However, every such measure needs to be invariant under translations and rotations. The

Lebesgue measure is the unique measure with these properties, and uniqueness holds.

Theorem 5.1.1. Let X; be an obliquely reflected Brownian motion on a C*(R?), bounded
domain, with tangential boundary push T satisfying bdiv (7) = 0. Then, the uniform distri-

bution in D is stationary for X.

Proof. The proof is a straight-forward consequence of the definition of boundary divergence
and Green’s theorem: If f € CZ(R™) satisfies V f(z) - [ + 7](z) > 0 on the boundary, then,

by Green’s theorem,

/D Af(z)dr = — Vf(z)-i(x)o(d)

oD

<— [ Vi@ #@)oldn)
oD

= (x)bdiv(7)(z)o(dx) = 0.
oD

By Theorem 7?7, we conclude that the Lebesgue measure is stationary for X. |
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Of course, choosing 7 = 0 gives us a uniform stationary distribution, as in this case
the process X corresponds to reflected Brownian motion. Alternatively, going back to the
proof of existence of the boundary divergence we can choose, locally, the components of 7

as follows:

1

=

1+ [V

and use a partition of unity to patch together this definition through 9D.

5.1.2  Can we prescribe the stationary distribution?

Given a harmonic function p : D — R satisfying the conditions of Theorem 3.2.1, can we

find a vector 7 such that dX; = dB; + [fi + 7] (X;)dL; has p(z) as its stationary density?

The answer seems to be positive as long as the following procedure can be justified.
For example this happens in C?(R") domains: Integration by parts as in the proof of the
contraction properties (Theorem 3.2.1 shows that, the density p and the tangential push 7

need to satisfy:

Vp - ii(x) = bdiv(pT)(z), x € 0D.

The problem then reduces to the following question: Given a continuous function ¢(x) on the
boundary of D, is there a vector field K such that ¢(z) = bdiv(K)(z)? We do not know the
most general conditions in which we can answer yes to the question, and we haven’t found
a substantially clarifying counter example either. Sometimes, we can answer positively to

this question, as in the following example.

Example. Let D be the unit circle in R?2. We claim that any strictly positive harmonic
function in D, with bounded derivatives is the stationary distribution of some obliquely

reflected Brownian motion.

Indeed, if ¢(x,y) is any positive harmonic function in D with bounded derivatives, by

working in polar coordinates and abusing the notation by writing ¢ = ¢(r, ), we look for a
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27-periodic function £(6) such that

27 27
/0 ~0:6(1.6) F(O)d0 = [ €0)0O)a0. (5.1.1)

where f is any 27-periodic function with continuous second derivatives. We can then set
7(0) = £(0)f as the tangential boundary push. Since the right hand side of (5.1.1) can be
integrated by parts to get f027r 0p&(0) f(0) it is sufficient to set

27
€0 = [ ~op1.000.

This definition is consistent, as the resulting £ is 27 periodic, since for 6y € [0, 27),

2m+6g
£(0y + 27) — (8) = /9 Brp(1,0)d0

27 2m+6g
/ ar¢(1,9)d9+/ Drp(1,0)d0

6o 21
2 0o
= / Ore(1,0)do + Orp(1,0 + 2m)do
6o 0

2 0o
- / 0,0(1,0)d0 + | D1, 0)d8
6o 0

2T
_ / 0,(1,0)d0
0

By Green’s theorem,

2T
£(60 + 27) — £(0) = /0 8,(1,0)d6 = — /D A (r, 0)rdrdf = 0.

5.2 Spinning Brownian motion

5.2.1 Getting to understand spin better

Consider the spinning Brownian motion in the strip [—1,1] x R with periodic boundary
conditions of period 2w. This turns the strip into a compact domain and our construction
from the previous section can be used to define SBM, and to prove that there exists only one

stationary distribution. In this example we compute explicitly such stationary distribution.
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Consider the function g(z,y) = aly(y) — Bly_1y(y) for positive constants a, 3, and
7(2,y;8) = A1y (y), and the associated spinning BM solving the equation

dX} = dBY +n(X;)dLy,
dX} =dBf + 7(Xy, St)dLy,
dSt == (g(Xt) — St) st

Note that the normal depends only on the y-coordinate, and so X} has the distribution of
reflected Brownian motion in [—1,1]. In particular, L; depends exclusively on B}. Also, if we
identify the points x and x4 27, the domain becomes a compact space and the existence of a
unique stationary distribution follows from our theorem. It is clear from the equations that
the law of (X, S) starting from (z,y; s) is the same as the law of (z + X©,5), where (X, .5)
starts from (0,y;s). A standard argument then shows that the stationary distribution is

invariant under translations in the z-coordinate.

Looking for a candidate

It is well know that the reflecting Brownian motion process has a unique stationary distri-
bution, that is absolutely continuous with respect to Lebesgue when the domain is smooth
enough. See section 2.6 for details. Thus, the approximating process (4.2.1) has a stationary
density p.(y,s). Starting from the characterization of invariant measures introduced by A.
Weiss [27], a straight forward calculation allows us to characterize p. as the unique positive

solution of the following differential equation:

Ay ype + €0sspe =0 in D x RY (5.2.1)

Ve - (y) = div? (pe - (7(y,9),9(y) — 5)) on 8D x R%. (5.2.2)

As € — 0, we know that the approximating process converges to Spinning Brownian
motion, which also entails convergence of the respective stationary probability distributions.

A good guess would be that if the stationary distribution of spinning Brownian motion has
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a density p(y;s), it satisfies the equation

Apyp=0 in D x (—p,a) (5.2.3)

Vp-a(y) =div’ (p- (1(y,),9(y) —5))  on D x (=B, ). (5.2.4)

For the given functions 7 and g, the former equation has a unique positive solution up
to a multiplicative constant. This solution is the integrable function given by p(x,y;s) =

a(s)y + b(s), with

o(s) = 2 s—3(a-p)

a+f 1(a—s)(5+s)’ (5.2.5)
b(s) =
(5) (a—3s)(B+s)

It is straight forward to check that p(z,y;s) > 0 in D x (=, «), and that it is integrable
in that set. Also, it is worth noticing that the integral of a(s) on the interval (—/,«)
equals zero. This is intuitively expected, as then the corresponding integral of p(z,y;s)
is a constant, which agrees with the fact that the stationary distribution of the reflecting

Brownian motion X; is the Lebesgue measure, as its boundary push is constant.

To prove that the measure p(drdyds) = 1(_g q)(s)p(z,y; s)drdyds is stationary for the
process, we use Theorem 2.6.2. Even though the operator associated to spinning Brownian
motion is not strictly elliptic, we have shown that (4.1.1) has a unique strong solution, in
particular, for each z € D, s € RP there is a unique measure P, ; solving the submartingale

problem for £, K.

It remains to show that for f € C2(D x RP) with V£ -&(z,s) > 0 for all x € dD it holds
that

/ Ay f(z,y, s)p(dedyds) < 0. (5.2.6)
DxRP
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We proceed by direct computation: Since f has bounded derivatives and p is integrable
« 1 2m
| sutysntodyts = [ [ [T ) lals)y + o) dodyds
DxRp -BJ—-1J0

2 Bl
B /0 /_ /_1 Oy f(2,y, 5) la(s)y + b(s)] dydsdz
or B

1

_ /0 - Oy f(x,y,s) [a(s)y + b(s)] ‘_1dsdx _ /027r /_ga /_11 Oy f(z,y, s)a(s)dydsdz

o 1 2 rp 1
[ sl v dsdo— [ [ )| dsde
0 —a - 0 —a -

To move on, we need to write down explicitly the boundary condition Vf - &(x,y,s) >0

for y € (—1,1):

—Oyf + A0 f + (v —5)0s f(2,1,8) >0 y=1,
Oyf + X0 f + (= —5)0sf(x,—1,5) >0 y=—1.

We see that
1
0@,y 5)| | < 20uf +[gy) — 5] 0,f (.9, 9)

‘ 1

Since p does not depend on z, it is straightforward to obtain f027r A0y f(z,y,8)p(y, s)dx = 0.

Therefore

1

27 B
/DxRprf(w,y,S)u(dxdde) S/O /_a 9(y) — sl p(y, )05 f —als)f(x,y, s)| _ dsdz.

We'd like to do integration by parts in the s variable. By direct evaluation, we see that

l9(y) — s]p(y,s) = Q2Tyﬁ (o —s)(B+s) at y = —1,1. This term vanishes both at s = «
and s = —f. Its derivative with respect to s equals
Yy —2s+a—p3

a+pB./(a—s)(B+s) = —yals).

Doing integration by parts on the integral in the s variable, and using the previous compu-

tations, we see that the right hand above vanishes, and we obtain the desired inequality.

The following graphs show the density p(y, s) from different perspectives. We have set
a = [ =1 to simplify the plotting, but the general shape of the graphs is maintained.
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Figure 5.1: Graph and contour plot of the density p(z,s) in (5.2.5).
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It should be remarked that in the previous graph, the stationary density goes to infinity
both at (z,1,«) and (x,—1,—/). Heuristically, when the process (X,S) is near (z,1, ),
the change in spin is little since §(X;) — Sy = g(z,1) — a = 0. Thus, the spin stays around
a for a “long” period of time, and thus the occupation measure has a lot of weight around
(x,1,a). A similar situation occurs at (x,—1,—/). This observation does not seem to
generalize trivially to higher dimensional case, but it inspires the examples we show in the

next section.

5.2.2  Higher dimensional spin

The previous example involves one dimensional spin. We proceed to explore several examples
of two dimensional spin, and their marginal stationary distributions to illustrate the impact
of different vector fields g(z). Our setting is the following: consider the strip domain D=
R x [—1,1]. We will identify any point (x,y) in this domain with all z-translations by 2,
that is, (z,y) = (z + 2m,y). Let D be the domain obtained from the strip D after this

identification of points.

- —_-—
~ <

Figure 5.2: Wristband domain.

Let 4(z,y;s) = 7i(y) + 7(s)@, where Z is the unit vector in the direction z, and 7i(y) is
the normal at y = £1. Despite this is not strictly speaking a domain in R™*?, our proof of

existence and uniqueness of the stationary distribution apply with very little modifications.
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Thus,

dth = dBéc + T(St)st,
dX}! = dB} +n(X})dLy, (5.2.7)
dS; (113 (XD G(XF) + 11y (XP)G(XT) — Si] dLy,

where BY is a onc e dimensional Brownian motion modulo 27.

Since X; is on the boundary of D exactly when the component X/ takes the values
1 or —1, we have that X/ is a one dimensional reflected Brownian motion in the interval
[—1,1]. This process can be obtained independently of S, and thus, the local time L; can

be constructed independently of the spin Sy:
dX} =dB} +dL; ' —dL}, (5.2.8)

where L} is the local time of the process at y = 1, and Lt_1 is the local time at y = —1.

We do not have explicit examples of the stationary distribution p in this case. Instead,
we have simulated spinning Brownian motion for different functions §, and computed the
average occupation time for the spin component S; in order to estimate its marginal distri-
bution. Precisely, Corollary (4.6.9) and Lemma 2.6.1 together say that the marginal pug of
the stationary distribution of (X, S) is

¢

pus(U) = lim E P (S, € U)du.

t—00 0

Even though, we have not proved an invariance principle for spinning Brownian motion, our
approach to estimate ug is to discretize time to sample (Bf, BY) at times discrete times
to = 0, tx = kd, where 6 > 0 is fixed and small, and determine the increment By, , — By,
as a two dimensional Normal distributed random variable with mean zero and variance /5.
From equation (5.2.8) we can obtain the local times at —1 and at 1, and proceed to compute

X[ and S;.

Measure concentrated near a point. A key aspect of the behavior of the stationary
distribution can be deduce from the differential equation dS; = [§(X;) — St] dLs, just as in

the one dimensional case. Say that g(x) = gy is an extremal point of Hjz and that the surface
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measure of the set Ag = {x : §(x) = go} is positive. Intuitively, this implies that X; spends
a lot of local time on Ay and so S; is frequently pushes towards the value gy. Further, if Sy
takes a value close to gg, then the change dS; is very small, since then §(X;) — S; is small.
The process then is more likely to stay close to such points than to drift away, and it is

natural to assume that neighborhoods of such points will have a large occupation measure.

Based on this heuristic, we simulated the spinning Brownian motion (5.2.7) for 7(s) =
1-— |s|2, and vector § given by g(z,1) = %(1,0) and §(x,—1) = %(COS x,sinz) and obtained
the following graphs for the marginal stationary distribution of the spin S, where it can be

seen that the point (1/2,1/2) gets most of the weight of the measure.

Figure 5.3: Graph of the spin marginal of the occupation measure.
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Figure 5.4: Contour plot of the spin marginal of the occupation measure.

Measure concentrated near the axes. Our next example, represent a different situation
in which most of the measure seems to be accumulated in a particular set. This time, we
want to force the spin to spend most of the time near the axes (diagonals) of a rhombus.
We achieve this by only letting the function ¢ be a pure vertical change at the top of the
wristband, and only a horizontal change at the bottom of the wristband:

(0,sinz) y=1

gz, y) = -
(cosz,0) y=-—1

Since most of the excursions of X; from the boundary of the wristband both start and end
on the same end of the wristband, the spin is rapidly pushed towards the axes. The expected
graph of the spin marginal of the occupation measures, should show high concentration of

density around the axes. This is exactly what was found through simulations.
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Figure 5.5: Graph and contour plot of the spin marginal of the occupation measure.
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