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Applications of Metric Embeddings in Solving Combinatorial Problems

Mohammad Moharrami

Chair of the Supervisory Committee:
Associate Professor James R. Lee
Computer Science and Engineering

Metric embeddings constitute one of the fundamental tools for exploiting the underlying
geometric structure of many combinatorial problems. In this dissertation we study some of
the applications of metric embeddings in the field of computer science and resolve some of
the previously open questions in this area. The results in this dissertation are divided into
three parts.

In the first part, we study dimension reduction for tree metrics. We show that every
n-point tree metric admits a (1 + ¢) distortion embedding into 6?5 bg", for every ¢ > 0,
where C. = O ((%)4log %)) In the case of complete d-ary trees we show that this bound
can be improved to C; = O (E%) We also show a lower-bound for the dimension required
for embedding complete d-ary trees into £1, which matches the upper bound up to a factor
of O(log1/e).

In the second part, we construct two families of metric spaces using the graph product
of [Lee and Raghavendra, DCG 2010], and use these constructions to answer two previously
open questions. The first construction is used to show that for every o > 0 and n € N,
there exist n-point metric spaces (X, d) where every “scale” admits a Euclidean embedding
with distortion at most «, but the whole space requires distortion at least Q(y/alogn).
This shows that the scale-gluing lemma [Lee, SODA 2005] is tight. Previously the matching
upper bound was only known for o = O(1) and a = ©(logn).

The second construction is used to answer an open problem about negative type metrics.






A metric space (X, d) is said to be of negative type if the space (X, v/d) admits an isometric
embedding into f5. Metrics of negative type are used to study the power of various inequal-
ities in semi-definite programming relaxations for the Sparsest Cut problem. We exhibit
a family of metric spaces {(Xm, dm)}men such that (X, v/d,,) admits constant distortion
embedding into #5, yet it can not be embedded into a metric of negative type with constant
distortion.

In the last part, we use a new type of random metric embedding to bound the flow and
cut gap in node-capacitated planar graphs. The classical Okamura-Seymour theorem states
that for an edge-capacitated, multi-commodity flow instance in which all terminals lie on a
single face of a planar graph, there exists a feasible concurrent flow if and only if all cuts
have capacity larger than the demand across the cut. Simple examples show that a similar
theorem does not hold if the capacities are on the vertices rather than edges. Nevertheless,
we show that there exists a universal constant § > 0, such that if the equivalent vertex-cut
conditions are satisfied, then one can simultaneously route a § fraction of flow for all the

demands.
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Chapter 1

INTRODUCTION

1.1 Overview

A metric space is a set equipped with a distance function satisfying some basic properties
(see Definition for the formal definition). Metric spaces appear naturally in many areas
of computer science. For example, in genome sequencing one may consider various notions
of distance such as edit distance or block distance, to measure the similarity or difference
between sequences of proteins. Similarly, in network routing the distance between two nodes
may be given by the round trip time between the nodes. Metric embeddings provide one of
the essential tools for understanding the underlying geometric structure of such problems.
A metric embedding is a map from a given metric space to another metric Spacdﬂ which
approximately preserving the distance between pairs of points. This can be treated as a
reduction and allows the use of existing algorithms known to perform well on these spaces.

While the main focus in metric embeddings is to preserve distances, reducing the dimen-
sion of the target metric spaces also proved to be important. Reducing the dimension allows
a workaround for the exponential “curse of dimensionality,” and in some cases it yields a
more succinct representation of the original space. A seminal result of Johnson and Lin-
denstrauss [50] implies that for every € > 0, every n-point subset X of ¢2 can be embedded
into ¢5 (R* equipped with Euclidean norm), with & = O(logn/e?) while the distances are
preserved up to 1+¢ multiplicative factor. This effectively allows us to reduce the dimension
of the target metric space to log(n). One may hope to achieve a similar result for reducing
the dimension of a metric in other normed spaces such as ¢;. However, it was shown in [16]
that achieving such a result for ¢; metrics is impossible. In fact, the best known lower and

upper bounds for dimension reduction in ¢; are almost linear in the number of points in the

!The host metric space is usually a well-known metric space such as R? with ¢; (Manhattan) norm, or
£3 (Euclidean) norm.



metric (see [88] and [4]). Nonetheless, this question is still open for restricted classes of ¢;
metrics. Perhaps one of the simplest classes of 1 metrics is the shortest path metric of trees.
In the first part of this dissertation we show that it is possible to reduce the dimension of a
metric that comes from a tree metric, and we provide an algorithm to find the mapping. We

will discuss this result in more detail in Section and provide the proof in Chapter

Another place where metric spaces arise is in the analysis of approximation algorithms for
some NP-hard optimization problems. For instance, we can interpret a cut as the distance
function of a metric in which the points that are on different sides of the cut are “far”
from each other, and the points that are on the same side of the cut are “close” to each
other. Using this view in [76] [§], it became clear that the efficiency of certain mathematical
programs for approximating cut problems in the graph is intimately tied to finding maps

from finite metric spaces into various normed spaces such as £; or {s.

One approach to find such maps was introduced by Rao in [91]. In this approach
distances in the original space are divided into different scales and each scale is handled
separately. Now, suppose we can construct a collection of maps from some finite metric

? Is there a

space into a Euclidean space, each reflecting the geometry of a single “scale.
way of gluing these mappings together to form a global mapping which reflects the entire
geometry of the original space? The answers to such questions have played a fundamental
role in the best-known approximation algorithms for Sparsest Cut [57, [66, 21, 5] and Graph
Bandwidth [91], 57, 62], and have found applications in approximate multi-commodity max-
flow/min-cut theorems in graphs [91} [57]. The second result presented in this dissertation,
shows that the approaches presented in [57, [66] are optimal, disproving a conjecture stated

in [66]. We will discuss the details about this result in Section and present its proof
in Chapter

Another approach to find such maps is by first finding a map from the original metric
space to an intermediary metric space, and then finding a map from that intermediary metric
space to the host metric space. The intermediate step is usually chosen so that the mapping

to the intermediary space can be found efficiently. Goemans and Linial suggested negative



typeﬂ metrics as the intermediate metric space and conjectured that negative type metric
spaces can be embedded into ¢; such that all distances are preserved up to a constant factor.
This conjecture was disproved in [58]. Subsequently, [33] and [25] 27, 26} 28] improved upon
[33] to give a poly-logarithmic gap between ¢; and negative type metric spaces. Despite the
fact that the original conjecture does not hold, this approach has led to some breakthroughs
in the design and analysis of algorithms[6l [5, (66, 21]. It is a common observation that while
in all of these works a negative type metric is the intermediary metric space, in fact it is
sufficient to use a more general family of metric spaces for those algorithms to obtain the
same guarantees. In our second result we show a very strong quantitative separation between
negative type metrics and this more general family of metric spaces. In Section [1.3.3] we

will discuss this problem in more details and we present the proofs in Chapter

The last result that we present in this dissertation is about the relationship between the
maximum flow and the minimum cut in graphs. A classical theorem of Menger [86] states
that for a single source single sink flow, the value of the maximum flow is equal to the value
of the minimum cut. Equivalently, we can say: there is a flow of value f between source and
sink if and only if all the cuts that separate source and sink have value at least f. One may
try to generalize this result to multi-commodity flows. It follows from [76] and [46] that for
graphs with n vertices, there can be a gap of Q(logn) between the bound that follows from
cuts and the amount of flow that can be simultaneously routed in the graph. It was shown
in [91] that this bound can be improved to O(y/logn) for planar graphs (and the question
of whether this bound can be improved to O(1) for planar graphs is still open). A seminal
result in the study of multi-commodity flows is the classical Okamura-Seymour theorem
[89]. which states that in a planar graph, if all sources and sinks lie on a single face of the
graph, the value of maximum flow and minimum cut is exactly the same. In Chapter [5] we
present a generalization of this result to node-capacitated graphs. More discussion about

this problem can be found in

2 A metric space (X, d) is said to be of negative type if the space (X, \/&) admits an isometric embedding
into /5.



1.2 Basic Definitions and Notations

For standard definitions in computer science we refer to standard texts such as [55, B1]. In
dealing with metric spaces, we mostly follow the notational convention from [78, Ch. 15].
In what follows, we first give some of the non-standard notations that are used in the work.

We also provide some of the definition from [78, Ch. 15] and [55] for completeness.

1.2.1 Notations

In this thesis, besides the standard O, ©, and 2 notation, we will use ¢ < f, g < f, and
g 2 f to denote g = O(f), g = O(f), and g = Q(f) respectively. Moreover we may use the
notation g = O(f) if there exists a polynomial p such that g = O (f - p(log f)).

For k € N, we write [k] = {1,2,...,k}. We will also use R™ to indicate the set of all
positive reals. We will also use the convention N = {1,2,...}.

For a graph G = (V, E), we will denote by V(G) and E(G) vertex set and edge set of
G, respectively. For a connected, rooted tree T'= (V, E) and z,y € V, we use the notation
P;{;/ to denote the unique path between z and y in T, and P} for PL where r is the root

of T. In the cases that there are no ambiguity we will drop the superscript T for the ease

of notation.

1.2.2 Metric Spaces
We start this section by formally defining what is a metric space.

Definition 1.1. For a set X and a distance function p : X — [0,00), we say that (X, p)

forms a metric space if it satisfies the following conditions:

i) The distance function is symmetric, i.e, for all z,y € X, p(z,y) = p(y, z);
i1) It satisfies the triangle inequality, i,e, for all z,y,z € X, p(x,2) < p(x,y) + p(y, 2);

i11) The distance between distinct points in X is non—zenﬂ i.e, forallz,y € X, p(x,y) =0
if and only if x = y.

3We call the pair (X, p) a pseudo-metric if we replace this condition with z = y = p(z,y) = 0.



Given two metric spaces (X,p) and (Y,d) and a map f : X — Y, we say that f is

Lipschitz if there exists a universal constant K such that

Va,y € X d(f(2), f(y) < K- p(x,y). (1.1)

We call the smallest constant K satisfying the above condition the Lipschitz constant of

f, and denote that by Lip(f )El We now define the distortion of the map f to be:

dist(f) = Lip(f) - Lip(f~"). (1.2)

Map f is said to be isometric if dist(f) = 1. We say that (X, p) D-embeds into (Y, d),
if there exists a map f : X — Y with distortion at most D.

Finally, for metric spaces (X, d) and (Y, p) we define ¢y (X) = inf . x_,y dist(f).

Notable metric spaces

The most basic and general family of finite metric spaces that we use is the shortest path
metric of graphs. Sometimes we will equip G with a non-negative length function len :
E(G) — [0,00), and we let djen denote the shortest-path pseudo-metric on G. We refer to
the pair (G, len) as a metric graph, and often len will be implicit, in which case we use dg to
denote the path metric. Throughout this document all the graphs are finite unless stated

otherwise.
¢, and Elg metric spaces. For p € [1,00), and = € R¥, the ¢, norm of x is defined as

k 1/p
]l = (Z\l’ilp> :

i=1
and for p = oo,

k
]| oo = max |-
=1

We use El; to denote R* equipped with | - ||, norm. Similarly, we use £, to denote the space

of all infinite sequences (z1, 2, ...) such that

o0 1/P
]l = (Z Ixi|p> < oo.
i=1

“In the case that f is not Lipschitz we put Lip(f) = oo



In the rest of this document we use f’; and /,, as the natural metric spacesﬂ associated with
these spaces.

For the ease of notation, in this document we will use c,(X) to denote cg, (X).

Negative type metrics and snowflakes. For a metric space (X, d) and a number « €
(0,1], we use (X,d*) to denote the metric space where X is equipped with the distance
function d*(z,y) = d(x,y)®. For values a < 1, such constructions are commonly referred to
as “snowflakes.” Let us call a metric space (X,d) a D-half-snowflake if (X,v/d) D-embeds
into £o. Metrics of negative type are 1-half-snowflakes. We will use NEG to denote the set

of negative type metrics.

Cut metrics. For a set X and subset S C X, we define the cut distance dg as

ds(z,y) = [1s(x) — 1s(y)|- (1.3)

where 1g is the indicator function for S. We call the metric (X, dg) a cut metricﬁ It is well

known that the set of /1 metrics is contained in the cone of cut metrics.

1.2.3 Linear and Semidefinite Programs

Linear Program. Linear Programs are a mathematical model that capture a variety of
optimization problems. Given n,m € RT, vectors ¢ € R, b € R™, and a matrix A € R™*",

a linear program in its standard form is written as:

minimize: (c, x)
subject to:  Ax >b

and z>0

where for vectors u,v € R™, we use the notation v > v to denote the coordinate-wise
inequality between two vectors.

We say that a linear program is feasible if there exists an assignment that satisfies
the constraints of the linear program, and it is bounded if there exists an assignment that

achieves the optimal solution.

Sthe metric space on £, with distance function ||z — y|,.

SWhile we call (X, ds) a cut metric, it is only a pseudo-metric and it does not satisfy iii).



The dual of linear program written in its standard form shown above, is defined as the

program:

maximize: (b, y)
subject to: ATy < ¢

and y>0

The Strong Duality Theorem states that if a linear program is feasible and bounded, then

the value of the linear program and its dual are exactly the same.

Semidefinite Program. A semidefinite matrix is a symmetric real matrix with non-
negative eigenvalues. Semidefinite programs are generalization of linear programs. The
standard form of semidefinite programs are as follows. Given n,m € R™, vectors C € R»*",

{b; € R}iem, and matrix {A; € R"*"},c,,, is as follows:

minimize: CeX
subject to: A, e X > B;
and X is positive semidefinite

where we use A e B to denote the Frobenius inner product. While it is beyond the scope of
this document, it is worth mentioning that the notation of duality is also well defined for

semidefinite programs, and has many applications in combinatorial optimization.
1.3 Related Works and Background

1.3.1 Dimension Reduction for Trees

The question of reducing the dimension of a metric space has a long and rich history. Perhaps
the best known result in this area is the celebrated result of Johnson and Lindenstraus [50]
on dimension reduction for subsets of Euclidian space. In [50], it was shown that any finite
subset of X € /3, can be embedded into Elzoglxl/ * with distortion 1 + O(e). Alon [2] also
showed a matching lower bound (up to an O(log 1) factor) for dimension reduction in £;.
While we know the tight bounds for dimension reduction in ¢, the situation for other

¢, spaces (in particular ¢;) is not resolved yet. Following a series of works from Bourgain-

Lindenstrauss-Milman [I5] and Schechtman [93], Talagrand [97] showed that any finite



2
(X1 1X1/2%) with distortion 1 + €. Using the

subset of X € /1 can be embedded into EIO(
tools arising from spectral sparsification techniques of Batson, Spielman and Srivastava [10],
Newman and Rabinovich [88] recently improved the bound from Talagrand [97] after almost

two decades.

On the lower bound side Brinkman and Charikar [16] showed that for every n € N there
exists an n point metric X € ¢; such that any embedding of X into ¢¢ with distortion D

requires d > nQ(1/D?)

. Later, Lee and Naor [64] gave a simpler proof of the same theorem.
This of course implies that the same dimension reduction that is available for f5 metrics
is impossible for ¢; metrics. More recently, Andoni, Charikar, Neiman, and Nguyen [4],
showed that that there exist n-point subsets X C ¢; such that any embedding of them with
distortion 1+ ¢ into ¢ require d to be almost linear in the size of | X| (d > | X|'-0(1/leg1/e)),

Regev [92] also provided a beautiful information theoretic argument that implies both of

these lower bounds.

Despite these lower bounds, one can still hope for the possibility of a better dimension
reduction for certain finite subsets of £1. Such a study was undertaken by Charikar and Sahai
[20]. Tt is an elementary exercise to verify that every finite tree metric embeds isometrically
into #1, thus the #; dimension reduction question for trees becomes the most basic example
of this type. It was shown in [20], that for every € > 0, every n-point tree metric can be
embedded into ¢¢ with distortion (1 + ¢) with d = O(IOE#) It is quite natural to ask
whether the dependence on n can be improved to Q(f(g) logn). It was also stated as an open
question in the list “Open problems on embeddings of finite metric spaces” maintained by
J. Matousek [80], asked by Gupta, Lee, and Talwar (at the DIMACS Workshop on Discrete
Metric spaces and their Algorithmic Applications (2003). The question was known to others
even before 2003, and was asked by Assaf Naor earlier that year.). It is interesting to know
that this question was open even for the complete binary tree on n vertices. In Chapter [3]

we resolve this questio We show that any n point tree metric can be embedded into Eil

with distortion 1 + &, where d = O(logi/‘E logn). We also show that d = O(*%%™) in enough

3 3

"This bound was improved to O(lofi ™) using an observation from A. Gupta.

8This work is based on a collaboration with Arnaud deMesmay and James R. Lee [67].



for the special case of k-ary trees.

We also provide a lower bound on the dimension required for embedding k-ary trees [69]
matching the upper bound up to a factor of O(log1/e). It is worth mentioning that this
bound for the star graphﬂ has an analog in coding theory. Let X,, = ejy,eao,...,e,, where

e;’s form the standard basis for 7. Then any embedding of X, with distortion 1 + ¢

into Hamming cube {0,1}? requires d = (6211?)?{ /E>. This bound was proved in 1977
by McEliece, Rodemich, Rumsey, and Welch [84] using the Delsarte’s linear programming
bound [32]. Alon’s result for £, [2] yields this bound as a special case since for z,y € {0,1}%,
lz — yl|3 = ||z — y|/1. However, the bound from [84], is not exactly comparable with the
bound we prove in this dissertation. On the one hand our bound is stronger because we
show a lower bound for embedding into ¢ which contains {0,1}¢. On the other hand, the
lower bound from [84] corresponds to embedding of the leaves of the star graph, while our
lower bound corresponds to the embedding of the whole star graph. In fact the existence

of the root vertex (the vertex with degree n — 1) is essential to the proof presented in this

dissertation.

1.3.2 Gluing over Scales

Suppose that you are given a set of maps from a finite metric space (X, p) into ¢3, each of
which preserves distances for some scale of distances. Is there a way to glue these maps to
produce a single map that preserves all distances? The answer to this question has played
an important role in design of approximation algorithms such as Sparsest Cut [57, 66} 21, 5],
Graph Bandwidth [91, 57, [62], and multi-commodity max-flow/min-cut theorems in graphs
[91], 57).

Let (X, p) be an n-point metric space, and suppose that for every scale 7 € RT, we
are given a non-expansive mapping ¢, : X — fo which satisfies the following. For every

z,y € X with p(z,y) > 7, we have

llor(x) —or(y)|lp > aT.

9The n-node star is the simple, undirected graph, where one node has degree n — 1 and all other nodes
have degree one.
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The Gluing Lemma of [66] generalizes the approach of [57] and gives a way to combine
these maps to construct an embedding of (X, d) into ¢» with distortion O(y/alogn). The
embedding theorem of Bourgain [12], says that it is always possible to construct a map
with distortion O(logn), hence we may assume that « = O(logn). It was known that the
bound provided in [66] is tight for o = O(1) (see [87]) and o = ©(logn) (see [76, [§]), but
nowhere in between, and it was conjectured in [66], that it is possible to achieve distortion
O(a++/ITogn). In Chapterwe show that this conjecture is false and in fact the best bound
that one can achieve is O(y/alogn); we also generalize this bound to other ¢, spaces for
p> 1.

For the case that p = 1, the work of Lee [66] still implies that an embedding of (X, d)
into ¢ exists with distortion O(v/alogn). However, the situation for the lower bound is
different from other ¢, spaces. Lee and Naor in [71] came up with a metric that embeds
well at each scale based on the 3-dimensional Heisenberg group H? m but requires super
constant distortion to be embedded into ¢;. It was later shown by Cheeger and Kleiner
[25] 27, 26] that this metric can not be embedded into ¢; with constant distortion. Building
on this analysis, it was recently proved in [28] that this construction achieves an integrality
gap of (logn)® for some small constant § > 0. One of the corollaries of the work presented in
Section [3.4]is that there exists a family of metrics such that they admit a constant distortion
embedding at each scale but they can not be embedded into ¢; with distortion better than

Q <(112§ ﬁg:) Later, this bound was improved to €2 (W%) by Lee and Sidiropolous

[74] using a different family of metrics.

1.3.83 Sparsest Cut, Negative Type Metrics and Half-snowflakes

We start this section by recalling the definition of Sparsest Cut Problem. Given a graph
G = (V,E), a symmetric non-negative demand function dem : V. x V — [0,00), and a
capacity function cap : E — [0, 00), one defines the sparsity of a cut (S,S) for S C V as

cap(S, S
®;(S5;cap,dem) = der:((SS))’

10This construction was proposed to prove lower bounds for a different problem, however it follows from
[66] that their construction admits an embedding over scales with o = O(1).
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where f(S,T) denotes sum of f(z,y) over all such that (z,y) € (S x T') N domain(f). The

value of the sparsest cut is then given by:
O (cap,dem) = min{®;(S; cap,dem) : S C V}. (1.4)

Moreover, we say that an instance is uniform if dem(u,v) =1 for all u,v € V.

Finding the exact value of the sparsest cut is NP-hard [82], and finding a constant
approximation algorithm for it, is Unique Game-hard [22]. Leighton and Rao [75] suggested
a linear program relaxation of this problem. It was shown in [76] 8, [46] that the ratio between
the solution to the linear program and the optimal solution is precisely sup,; c1(M,), where
M, ranges over all metric spaces on n-points. Bourgain’s embedding theorem [12] shows
that this ¢1(M,) = O(logn), and in [76, [§], it was shown that this bound is tight for the
shortest path metric on expander graphs.

Goemans and Linial independently proposed the following relaxation of the problem and
conjectured that this it is possible to approximate the value of the sparsest cut using the
following SDP:

- { S P, 0) 2, = 2

Zu,v dem(u? U)||$U - .’L'UH%

{xy uey CR™ and || - ||3 is a metric on {x, }uey } :

This optimization problem can be formulated as a semidefinite program:

Minimize: > (uwyer @@, y) [z — |3
subject to: Zu,vev dem(u, v)||zy — 33v||% =1
Vu,v,w eV qu_wvH% < qu—wa%—l—wa—va%.

In other words, we optimize over sets of n vectors W C R™ which satisfy, for every
x,y,z €W,

lz = yl3 < lla = 23 + Iz = ylI3.

Similar to the case for the linear program, the approximation guarantee of this relaxation
is exactly the solution to an embedding problem; the gap is precisely the supremum of
¢1(X, d) over all n-point metric spaces (X, d) € NEG.

The Goemans-Linial SDP was used in [6], to design an polynomial time O(y/logn)-

approximation algorithm for the uniform case of Sparsest Cut. Following an earlier bound
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of Chawla, Gupta and Récke [2I], and building on the technique from Arora, Rao and
Vazirani [6], it was shown by Alon, Lee, and Naor [5] that any n-point space of negative
type can be embedded into ¢; with distortion O(y/lognloglogn). This in fact implies
an O(y/log nloglogn)-approximation algorithm for the general case of the Sparsest Cut
Problem.

Following the footsteps of [6], metrics of negative type were used to solve various other
optimization problems [41] [T}, 52} [19]. Given the impact of negative type metrics on the field
of approximation algorithms, understanding these metrics became a fundamental question.
To this end, Khot and Vishnoi [53] used the tools from Kahn, Kalai, and Linial [5I] and
Bourgain [I4] to construct a family of negative type metrics such that ¢;1(X,d) = w(1),
hence disproving Goemans-Linial conjecture. Subsequently, [58] B3] gave quantitative im-

provements of [53].

Lee and Naor proposed a different construction based on the 3-dimensional discrete
Heisenberg group (denoted H?) in [71]. They showed that the natural metric supported
on H3 can be embedded into NEG with constant distortion. Following a series of works
from Cheeger and Kleiner [25, 27, 26] it was shown in [28] that the restriction of H? to an
n X n X n box require O(log‘s0 n) distortion to be embedded into ¢, for some §y > 0. This

is in fact the best lower bound known for embedding finite negative type metrics into £;.

One common factor in all the above constructions is that in all cases it is relatively easy
to show that the space is an O(1)-half-snowflake, and most of the effort was put into proving
that the metric in question is NEG. In the case of constructions based on [53], Kolla and
Lee [56] provided a short proof that the metric is O(1)-half-snowflake. In the case of the
Heisenberg group H? (equipped with the Carnot-Caratheodory metric), the classical result
of Assouad [7] implies that the metric is O(1)-half snowflake. Indeed, the fact that one
could construct an O(1)-half-snowflake was taken as evidence that eventually a negative

type metric (1-half-snowflake) could be constructed.

Moreover, it was well-know that the algorithm from Arora, Rao and Vazirani [6] and the

follow-up works do not need exact triangle inequality condition of Goemans-Linial SDP. In
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fact, if we replace the triangle inequality in the Goemans-Linial SDP with

Vi, 0 € V,VPy : Cllzw — 23 < > lza — m3,
(a,b)EE(Puv)
for some constant C' > 0,E| all the known rounding algorithms for sparsest cut would still
provide the same approximation guarantee. We call this inequality weak triangle inequality.
Incidentally, the approximation ratio of Goemans-Linial SDP with weak triangle inequality
is exactly the same minimum distortion required to embed %—half—snowﬂakes into /7.
These facts lead to the following question (see the “Isometric vs. isomorphic Ly squared”

problem in [80]).

Question 1. Can any O(1)-half-snowflake metrics be embedded into NEG with constant

distortion?

A positive answer to this question could extremely simplify construction of “hard” in-
stances for Goemans-Linial SDP.

In Chapter 3| we answer this question negatively and show that the answer is negative in
a very strong sense. We show that there exists a family of O(1)-half-snowflake, for which any
embedding of them into a metric of negative type has distortion at least Q((logn)/3=°(1)),
This work is based on a collaboration with James R. Lee [6§] and an improvement based

on a collaboration with Sachdeva [96].

1.3.4 Vertex Separators and Okamura-Seymour Theorem

The relation between Max-flow and Min-cut has played has played a fundamental role in the
design of many approximation algorithms. Perhaps the best known and most fundamental
theorem that connect the value of max-flow and min-cut is the classical Max-flow Min-cut
Theorem of [43]. This theorem states that given a graph with two terminals and a set of
capacities on the edges, the value of maximum flow between the terminals is equal to the
value of the minimum cut that separates those terminals (see Figure . One may ask

whether the same bound holds in the case that there are more than one pair of terminals. For

" This inequality with C' = 1 is equivalent to triangle inequality.



14

Figure 1.1: The value of the maximum flow equals to the value of the minimum cut.

an undirected graph G = (V, E) together with a capacity function on edges cap : E — [0, 00),
and a set of demands dem : V x V' — [0,00). For u,v € V, denote by fu, : £ — [0,00)
the undirected u-v flow. The capacity constrains require that for every feasible flow and
e€E, >, ey fuv(€) < cap(e). Given such an instance, let mcf(G; cap, dem) be the largest
value ¢ such that one can simultaneous route § - dem(u, v) units of flow between u and v for
every u,v € V while not violating any of the edge capacities. This optimization describes

the mazimum concurrent flow problem.

Now, recall the definition of the sparsest cut from . It is straightforward to check
that mcfg(cap,dem) < ®;(S;cap,dem) (see Figure . However, mcfg(cap,dem) >
®(cap,dem) does not necessarily hold. In fact, it follows from [76] and [46] that for graphs
with n vertices, there can be a gap of 2(log n) between the bound that follows from cuts and

the amount of flow that can be simultaneously routed in the graph. In other words, there

P (cap,dem)

are flow instances such that mcfg(cap,dem) < ( Tozn

). It was shown in [91] that this
gap is at most O(y/logn) for planar graphs and the question of whether this bound can be
improved to O(1) for planar graph is still open. For the special case where all support of
dem lies on a single face of the graph, the classical Okamura-Seymour theorem [89] states
that the value of maximum concurrent flow is equal to value of the sparsest cut.

We remark that Okamura-Seymour theorem has many applications beyond providing a

bound on the gap between maximum concurrent flow and the sparsest cut. For instance,
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Figure 1.2: Each cut provides an upper bound on the amount of concurrent flow that can

be sent across the cut in the network.

in [30] this theorem was used as a fundamental tool in solving the edge-disjoint paths
problem in planar graphs with constant congestion. In fact, one of the motivations behind
generalizing this theorem to the node-capacitated settingiE is to make an step towards
finding an algorithm for vertex-disjoint paths in planar graphs with constant congestion.

We study the node-capacitated networks in this dissertation. We also consider the case
of submodular flows (see [29] for some of the applications of submodular flows). Note that,
while one can simulate edge capacities by introducing a new vertex in the middle of an edge,
it does not seem that any reduction is known by which one can simulate vertex capacities
with edge capacities. Formally, we define a vertex-capacitated flow network by considering
a function cap : V. — [0, 00) assigning capacities to vertices rather than edges. The best
way of to think about is as follows: If a flow of value « is sent along a path P from s to t,
then it consumes a//2 capacity at s and ¢ and « capacity at each of the intermediate nodes
of P. While, we give some justifdcation for the boundary conditions on s and t, we remind
the readers that this particular choice does not affect any theorem in Chapter [5| which deals
with approximate flow/cut gaps.

The corresponding definition of the maximum concurrent flow for node-capacitated

121t is a generalization because we can simulate an edge-capacitated instance with a node-capacitated
instance by introducing a new vertex in the middle of each edge with the same capacity as the original
edge.
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graphs follows immediately; we use the notation mcfg for the vertex-capacitated version. For
the definition of ®%,, we have to be slightly more careful. For a subset S C V of the vertices,
denote by G[S] the induced subgraph of G on S. We define a function pg : VxV — {0, %, 1}

Hu,v} NSl =1

D=

1 w,ves
1 w,v € S and u,v are in distinct connected components of G/[S]

0 otherwise.
\

In other words, we are only given half-credit for separating v and v if exactly one of them

is in the separator. Then we define

2 ves CaP(v)
Zu,vev dem(“? U)pS(ua U) ’
and O (cap,dem) = mingcy ®g(S; cap, dem). It is straightforward to verify that

O (S; cap, dem) =

mcf ¢ (cap,dem) < @ (cap,dem).

These definitions ensure that a classical Max-flow Min-cut theorem of Menger [86] when
the demand is supported on a single pair. They also allow other natural properties in the
multi-commodity setting. In particular, this choice of boundary conditions in the definition
ensures that for any simple path P, mcfp(cap, dem) = ®%,(cap,dem). It is an easy exercise
to generalize this fact to trees (for any tree T' we have mcfi(cap,dem) = ®%.(cap,dem)).
This bound for the trees is an essential part of the proofs presented in Chapter

Unfortunately, unlike trees and paths, there is no exact vertex-capacitated analog of the
Okamura-Seymour Theorem. This is demonstrated using Figure [1.3] The planar graph in
Figure has all vertices on the outer face. The capacities are specified on the vertices
and the demands are given by dotted edges in the figure; all demands have value 1. It is
straightforward to check that one has ®¢ (cap,dem) = 1 and yet mcf(;(cap, dem) = 5/7. The
shaded nodes form a vertex cut of sparsity 1.

Nevertheless, we show that an approximate version of Okamura-Seymour Theorem
does hold in the vertex-capacitated setting, answering a question posed by Chekuri and

Kawarabayashi.
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Figure 1.3: A counterexample to an exact node-capacitated Okamura-Seymour Theorem.

Theorem 1.2 (Approximate Okamura-Seymour Theorem). There exists a constant § > 0
such that the following holds. Let G = (V, E) be a planar graph and let F C V' be any face of
G. Then for any vertex capacities cap : V — [0,00) and any demands dem : V xV — [0, 00)

supported on F', we have
mcfg (cap, dem) > § - ®¢(cap, dem).

Our result holds in the more general setting of undirected polymatroid networks which

we discuss in Chapter
1.4 Bibliographical Notes

The results in Chapter 2| were developed with my co-authors Lee and deMesmay [69, 63].
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Chapter 2

DIMENSION REDUCTION FOR TREES IN /;

2.1 Organization

In this chapter we study the dimension reduction for tree metrics in ¢;. We first state all
the results that we prove in Section We give an overview of the techniques that we
use in the proofs in Section [2.3] Then, in Section [2.4] we present the proofs for the upper

bounds and in Section [2.5| we present the proofs for the lower bounds.
2.2 Results

Let T = (V, E) be a finite, connected, undirected tree, equipped with a length function on

edges, len : E— [0,00). This induces a shortest-path pseudometricﬂ
dr(u,v) = length of the shortest u-v path in 7.

Such a metric space (V,dr) is called a finite tree metric.

The main result that we prove in this Chapter is the following Theorem.

Theorem 2.1. For every € > 0 and n € N, the following holds. FEvery n-point tree metric
admits a (1 + ¢)-embedding into €} with k = O((1)*log L logn).

In the special case of d-ary trees, we prove a stronger bound.

Theorem 2.2. Let Ty, be the unweighted, complete d-ary tree of height h. For every e > 0,

there exists a (1 + €)-embedding of Ty, into K?((hlogd)/a2).

We remark that the proofs for these theorems also yields randomized polynomial-time

algorithms to construct the embeddings.

!This is a pseudometric because we may have d(u,v) = 0 even for distinct u,v € V.
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We also prove some lower bounds on the dimension required for embedding trees into
€]f. For n € N, the n-star graph is a tree on n nodes such that one node has degree n — 1

and all the other nodes have degree one. In this chapter we prove the following theorem.

Theorem 2.3. Fore € (0, L) and n > 1/£%, any embeddings of n-star into £¢ with distor-

16
log(n)
e? 10g(1/a)) ’

tion 1 + € requires dimension d = €} (
Corollary 2.4. There exists a universal constant &, such that, for any € € (0,6), n > N
and k > 1, any embedding of a complete k-ary tree of size n into £§ with distortion 1 + &

requires dimension d = §2 (521%((”1)/5)).

2.3 Techniques

The techniques that are used in proving the lower bound for the dimension required for
embedding trees into £; are mostly elementary and the proof mostly consists of non-trivial
applications of Markov inequality. In this section we mainly focus on the techniques that
are used in proving the upper bound. We first discuss the form that all our embeddings will
take in this Chapter. Let T'= (V, E) be a finite, connected tree, and fix a root r € V. For
each v € V, recall from Section that P, denotes the unique simple path from r to v.
Given a labeling of edges by vectors A : E — R¥, we can define ¢ : V — RF by,

o@) = 3 Ae). (2.1)

e€E(Py)

The difficulty now lies in choosing an appropriate labeling A\. An easy observation is that
if we have ||A(e)||1 = len(e) for all e € E and the set {A(e) }eck is orthogonal, then ¢ is an
isometry. Of course, our goal is to use many fewer than |E| dimensions for the embedding.

We next illustrate a major probabilistic technique employed in our approach.

Re-randomization. Consider an unweighted, complete binary tree of height h. Denote
the tree by Ty, = (Vi, Ep), let n = 2h+1 _ 1 be the number of vertices, and let r denote the
root of the tree. Let x € N be some constant which we will choose momentarily. If we assign
to every edge e € Ej,, a label A\(e) € R”, then there is a natural mapping 7y : V}, — {0,1}*"
given by

a(v) = (A(e1), A(e2), ..., A(ex),0,0,...,0), (2.2)
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where E(P,) = {e1,ea,...,er}, and the edges are labeled in order from the root to v. Note
that the preceding definition falls into the framework of , by extending each A(e) to a
(kh)-dimensional vector padded with zeros, but the specification here will be easier to work
with presently.

If we choose the label map A : Ej, — {0,1}" uniformly at random, the probability for
the embedding 7, specified in to have O(1) distortion is at most exponentially small
in n. In fact, the probability for 7\ to be injective is already this small. This is because for
two nodes u,v € Vj, which are the children of the same node w, there is (1) probability
that 7\(u) = 7A(v), and there are Q(n) such independent events. In Section we show
that a judicious application of the Lovész Local Lemma [37] can be used to show that 7
has O(1) distortion with non-zero probability. In fact, we show that this approach can
handle arbitrary k-ary complete trees, with distortion 1+ . Unknown to us at the time of
discovery, a closely related construction occurs in the context of tree codes for interactive

communication [95].

Unfortunately, the use of the Local Lemma does not extend well to the more difficult
setting of arbitrary trees. For the general case, we employ an idea of Schulman [95] based
on re-randomization. To see the idea in our simple setting, consider 7} to be composed of
a root r, under which lie two copies of Tj,_1, which we call A and B, having roots r4 and
rpg, respectively.

The idea is to assume that, inductively, we already have a labeling A\p_1 : Ep_1 —
{0,1}%("=1 such that the corresponding map Tx,_, has O(1) distortion on 7},_;. We will
then construct a random labeling A, : E;, — {0,1}" by using A\,—1 on the A-side, and
7(Ap—1) on the B-side, where m randomly alters the labeling in such a way that 7y, ,) is

(h=1)

simply 7y, , composed with a random isometry of K'f . We will then argue that with

positive probability (over the choice of 7), 7, has O(1) distortion,

Let 71,79, ..., mp—1 : {0,1}* — {0,1}" be i.i.d. random mappings, where the distribu-

tion of 7 is specified by

(21,22, ..., ) = (p1(21), p2(22), - -, pr(Tk)),

where each p; is an independent uniformly random involution {0,1} — {0,1}. To every edge
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e € E_1, we can assign a height a(e) € {1,2,...,h — 1} which is its distance to the root.

From a labeling A : E,_1 — {0,1}", we define a random labeling 7(\) : Ep_1 — {0, 1} by,
7'['()\)(6) = Ta(e) © A

By a mild abuse of notation, we will consider m(\) : E(B) — {0, 1}".
Finally, given a labeling Ap—1 : Ep—1 — {0,1}", we construct a random labeling A, :

E;, — {0,1}" as follows,

(0,0,...,0) e=(r,ra)
(1,1,...,1) e=(r,rB)

An_1(e) e € B(A)

m(An—1)(e) e€ E(B).

By construction, the mappings 7, |y (ayugry and 7x, |y (B)ufr) have the same distortion
as Ty,_,. In particular, it is easy to check that 7y, ,) is simply 7y, , composed with an
isometry of {0, 1}#(=1),

Now consider some pair x € V(A) and y € V(B). It is simple to argue that it suffices to
bound the distortion for pairs with m = dr, (r,z) = dr, (r,y), for m € {1,2,...,h}, so we
will assume that x,y have the same height in T},

Observe that 7y, (z) is fixed with respect to the randomness in 7, thus if we write
v =Ty, () — Ta, (y), where subtraction is taken coordinate-wise, modulo 2, then v has the
form

v = 1,1,.--,17b17b27"’7b1€(m*1)
~—

K
where the {b;} are i.i.d. uniform over {0,1}. It is thus an easy consequence of Chernoff

bounds that, with probability at least 1 — e~™5/8 we have

Kk -dr, (x,
730 (2) = T @l = oy > )

Also, clearly |7y, ||lLip < A-
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On the other hand, the number of pairs z € V(A),y € V(B) with m = dg, (r,z) =

dr, (r,y) is 22(m=1) " thus taking a union bound, we have

>

P (dist(y,) > max{4,dist(ry,_,)}) < > _ 22~ Demms/8,

m=1
and the latter bound is strictly less than 1 for some x = O(1), showing the existence of a
good map Ty, .
This illustrates how re-randomization (applying a distribution over random isometries to
one side of a tree) can be used to achieve O(1) distortion for embedding 7}, into €1O(h). Un-
fortunately, the arguments become significantly more delicate when we handle less uniform

trees. The full-blown re-randomization argument occurs in Section [2.4.5

Scale selection. The first step beyond complete binary trees would be in passing to
complete d-ary trees for d > 3. The same construction as above works, but now one has to
choose k =< log d. Unfortunately, if the degrees of our tree are not uniform, we have to adopt
a significantly more delicate strategy. It is natural to choose a single number x(e) € N for
every edge e € F, and then put \(e) € %{0, 11#(¢) (this ensures that the analogue of the
embedding 7 specified in is 1-Lipschitz).

Observing the case of d-ary trees, one might be tempted to use a function based on

“growth rate” to choose the scale

log ]B(u,r)\-‘ ’ (2.3)

) =g [
where e = (u,v) is directed away from the root and B(u,r) denotes the ball of radius r
around w. If one simply takes a complete binary tree on 2" nodes, and then connects a
star of degree 2" to every vertex, we have x(e) < h for every edge, and thus the dimension
becomes O(h?) instead of O(h) as desired (See Figure .

In fact this example implies that x can not be local. There are also examples which show
that it is impossible to choose x(u,v) to depend only on the geometry of the subtree rooted
at u (see Figure . These “scale selector” values have to look at the global geometry, and
in particular have to encode the volume growth of the tree at many scales simultaneously.

Our eventual scale selector is fairly sophisticated and impossible to describe without delving
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Binary
tree of
height
Degree 2"
stars
[ J [ J [ J [ J

Figure 2.1: Counter example for the approach based on (2.3)).

significantly into the details of the proof. For our purposes, we need to consider more general
embeddings of type (2.1). In particular, the coordinates of our labels A(e) € R* will take a

range of different values, not simply a single value as for complete trees.

Degree 2"

Binary Binary
tree of tree of
height & height i

Figure 2.2: Counter example showing that x(e) can not only depend on the subtrees under

the edges e.

We do try to maintain one important, related invariant: If P, is the sequence of edges
from the root to some vertex v, then ideally for every coordinate i € {1,2,...,k} and every

value j € Z, there will be at most one e € P, for which A(e); € [27,2/71). Thus instead
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of every coordinate being “touched” at most once on the path from the root to v, every
coordinate is touched at most once at every scale along every such path. This ensures that
various scales do not interact. For technical reasons, this property is not maintained exactly,
but analogous concepts arise frequently in the proof.

The restricted class of embeddings we use, along with a discussion of the invariants

we maintain, are introduced in Section [2.4.3] The actual scale selectors are defined in

Section 2.4.4l

Controlling the topology. One of the properties that we used above for complete d-ary
trees is that the depth of such a tree is O(log;n), where n is the number of nodes in the
tree. This allowed us to concatenate vectors down a root-leaf path without exceeding our
desired O(logn) dimension bound. Of course, for general trees, no similar property need
hold. However, there is still a bound on the topological depth of any n-node tree.

To explain this, let T'= (V, E) be a tree with root r, and define a monotone coloring
of T to be a mapping x : F — N such that for every ¢ € N, the color class x~!(c) is a
connected subset of some root-leaf path. Such colorings were used in previous works on
embedding trees into Hilbert spaces [77, 45] [72], as well as for preivous low-dimensional
embeddings into ¢ [20]. The following lemma is well-known and elementary. See Figure

for an example.

Figure 2.3: Monotone coloring of a tree.



25

Lemma 2.5. Every connected n-vertex rooted tree T admits a monotone coloring such that

every root-leaf path in T contains at most 1 4 logyn colors.

Proof. For an edge e € E(T), let £(e) denote the number of leaves beneath e in T' (including,
possibly, an endpoint of e). Letting ¢(T") = max.cp ¢(e), we will prove that for £(T) > 1,
there exists a monotone coloring with at most 1 + log,(¢(7)) < 1 + logy n colors on any
root-leaf path.

Suppose that r is the root of T'. For an edge e, let T, be the subtree beneath e, including
the edge e itself. If r is the endpoint of edges eq,eo,...,er, we may color the edges of
Te,,Te,, ..., Te, separately, since any monotone path is contained completely within exactly
one of these subtrees. Thus we may assume that r is the endpoint of only one edge e1, and
then ¢(T) = £(eq).

Choose a leaf x in T such that each connected component of 77 of T'\ E(P,,) has ¢(T") <
¢(e1)/2 (this is easy to do by, e.g., ordering the leaves from left to right in a planar drawing
of T). Color the edges E(P,;) with color 1, and inductively color each non-trivial connected
component 7" with disjoint sets of colors from N\ {1}. By induction, the maximum number
of colors appearing on a root-leaf path in 7" is at most 1 + logy(4(e1)/2) = 1 + logy(4(T)),
completing the proof. O

Instead of dealing directly with edges in our actual embedding, we will deal with color
classes. This poses a number of difficulties, and one major difficulty involving vertices that
occur in the middle of such classes. For dealing with these vertices, we will first preprocess
our tree by embedding it into a product of a small number of new trees, each of which

admits colorings of a special type. This is carried out in Section [2.4.2

2.4 Upper Bounds

We first prove Theorem in Section [2.4.1] Then in Sections [2.4.2] and [2.4.4] we build

the necessary tools to construct and analyze the embedding corresponding to Theorem [2:],
and in Section [2.4.5| we complete he proof by describing the embedding and analyzing its

distortion.



26

2.4.1 FEmbedding of Complete k-ary Trees

We first prove our main result for the special case of complete k-ary trees, with an improved
dependence on . The main novelty is our use of the Lovész Local Lemma to analyze a
simple random embedding of such trees into £;. The proof illustrates the tradeoff between

concentration and the sizes of the sets {{u,v} CV :dp(u,v) = j} for each j =1,2,...

Theorem 2.6. [Restatement of Theorem Let T}, be the unweighted, complete k-ary

tree of height h. For every e > 0, there exists a (1+¢)-embedding of T, p, into Elo((hlog k)/€2).

In the next section, we introduce our random embedding and analyze the success prob-
ability for a single pair of vertices based on their distance. Then in Section [2.4.1] we show
that with non-zero probability, the construction succeeds for all vertices. In the coming sec-
tions and later, in the proof of our main theorem, we will employ the following concentration

inequality from [83].

Theorem 2.7. Let M be a non-negative number, and X; (1 < i < n) be independent random
variables satisfying X; < E(X;) + M, for 1 <i < n. Consider the sum X = > | X; with
expectation E(X) = > | E(X;) and Var(X) = Y ", Var(X;). Then we have,

—\2
P(X —E(X) > A) < exp <2(VM(X)+MA/3)>. (2.4)

A Single Event

First k,h € N and € > 0. Write T' = (V, E) for the tree T} j, with root r € V, and let dr be

the unweighted shortest-path metric on T'. Additionally, we define,

-1 o)

and

m = t[log k]. (2.6)

Let {#(1),...,9(t)}, be the standard basis for Rt. Let by, bo,..., b, be chosen i.i.d.

uniformly over {1,2,...,t}. For the edges e € E, we choose i.i.d. random labels \(e) €
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R™*t " each of which has the distribution of the random vector (represented in matrix

notation),

% (2.7)

Note that for every e € E, we have ||A(e)|l1 = 1. We now define a random mapping

g:V — R™MP=Dxt a5 follows: We put g(r) = 0, and otherwise,

Aler)
Alej)
g(v) = ; (2.8)
0
0
where eq, ea,...,¢e; is the sequence of edges encountered on the path from the root to v. It

is straightforward to check that g is 1-Lipschitz. The next observation is also immediate

from the definition of g.
Observation 2.8. For any v € V and u € V(P,), we have dr(u,v) = ||g(u) — g(v)]|1.

For m,n € N, and A € R"™*", we use the notation A[i] € R™ to refer to the ith row of A.

We now bound the probability that a given pair of vertices experiences a large contraction.
Lemma 2.9. For C' > 10, and z,y € V,
P [Ilg(ﬂ«") — 9|1 < (1 = Ce)dr(x,y)| < k™ CIr=w)/2, (2.9)

Proof. Fix z,y € V, and let 7’ denote their lowest common ancestor. We define a family of

random variables { Xi;}icin—1),jepm) by setting a;; = (i — 1)m + j, and then

Xij = llg(x)ai] — g(r)]ailly + llgW)laij] — g(r")ai]ll — llg(2)lai;] — 9(y)[ai]llL - (2-10)
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Using the definition of g in (2.8), we can write

lo) —gwlh = > (lg@)lai;] — 90)aillx + llgw)lais] — () ai)l — Xi)
i€|h—1],j€[m)]
= llg(@) =gt + o) =g — > Xy
iclh—1],j€m]
dr(z,r") +dp(y,r') — Z Xi;
i€lh—1],5€[m]
=dp(z,y) - Z Xij -
i€[h—1],5€[m]

We will prove the lemma by arguing that,

Pl S Xy < Cedplay)| <k Clr@n/2,
i€[h—1],j€[m]

First, observe that if i < dp(r,r’) then X;; = 0 for all j € [m] since all three terms in
(2.10) are zero. Furthermore, if i > min(dr(r,z),dr(r,y)) + 1, then again X;; = 0 for all
Jj € [m], since in this case one of the first two terms of are zero, and the other is equal
to the last. Thus if

R =[h—1]N[dr(r,r") + 1, min(dr(r,z), dr(r,y))],

then i ¢ R = X;; =0 for all j € [m], and additionally we have the estimate,

|R| = min(dr(r,x),dr(r,y)) — dr(r,7") < dT(;U’y) : (2.11)

We continue the proof by bounding the maximum of the Xj; variables. Since, for every

a, we have
lo(lel - s all lalal - o alls € {o. -
we conclude that,

max {X;; i€ [h—1].5 € m]} g%. (2.12)

For i € R and j € [m], using and (2.8), we see that (g(z)[a;;] — g(r')[ay]) = S9(a)
and g(y)[aij] — g(r')[a;;] = L¥(B), where o and B are i.i.d. uniform over {1,...,¢}. Hence,
for i € R and j € [m], we have

PIXy £ 0] = .



29

We can thus bound the expected value and variance of X;; for i € R and j € [m] using

£,
2
E[X;;] < oo
and
Var(X;;) < po—

Using , we have
h—1 m
- 2 1) dp(x,
ZZE[ 7,] Z Z E 7,] S % S T(t y);

i=1 j=1 i€R je€lm i€R
and
Sy Var(X Z Z Var(X 1 " 2dr(z,y)
i=1 j=1 g i€R je[m) W= enm tm

We now apply Theorem to complete the proof:

dT(-T,y)
P .
2 Kz C< t
i€lh—1],j€[m]
d d
i€lh—1],j€[m]
2.15)
< P oo Xy -El Y Xy >(C—1)(
i€lh—1],j€[m] i€lh—1],j€[m]

—((C = Ddr(z,y)/t)?

< exp (
2 (Zie[h—l],je[m} Var(X;;) + (C — 1)(dr(z,y)/t)(2)/3
220 —((C = D)dr(z,y)/t)?

B —(C —1)? m
- <4(1+ C—-1/3) t

'dT(%y)) :

(C-1)?

An elementary calculation shows that for C' > 10, we have TAH(C=1)/3) > % Hence,

(2.5)
P Z Xij = C’ng(a:,y)] < ]P’[ Z X;>C (dT(fay)
i€lh—1],j€[m] iclh—1],j€[m]

C
< exp <—2TdT(UC, 2/)>

BY | —cary)2

- <2 (2dr(z,y)/(tm) + (C = 1)(dr(2,9) /) (% )

(2.13)

(2.14)

(2.15)
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completing the proof. O

The Local Lemma Argument

We first give the statement of the Lovész Local Lemma [37] and then use it in conjunction

with Lemma [2.9] to complete the proof of Theorem [2.6

Theorem 2.10. Let A be a finite set of events in some probability space. For A € A, let
I'(A) C A be such that A is independent from the collection of events A\ ({A} UT'(A)). If

there exists an assignment x : A — (0,1) such that for all A € A, we have

P(4) <x(A) [] -=(B)).

BeT(A)

then the probability that none of the events in A occur is at least [[ 4c 4(1 — 2(A)) > 0.

Proof of Theorem [2.6, We may assume that k& > 2. We will use Theorem and Lemma/|2.9

to show that with non-zero probability the following inequality holds for all u,v € V,
lg(u) = g(v)]lL < (1 — 14e) dp(u,v).

For u,v € V, let &, be the event {|g(u) —g(v)|1 < (1 —14e)dr(u,v)}. Now, for

u,v € V, define

Ty = k*?’dT(U,U) )

Observe that for vertices u,v € V and a subset V' C V, the event &, is mutually indepen-
dent of the family {Eyy : v/,v" € V'} whenever the induced subgraph of T' spanned by V’
contains no edges from P,,. Thus using Theorem [2.10} it is sufficient to show that for all
u,v €V,

PEw) <tw [ (1—a). (2.17)

s,teVv:
E(Pst)NE(Pyy)#0

Indeed, this will complete the proof of Theorem
To this end, fix u,v € V. For e € E and ¢ € N, we define the set,

Sei={(s,t) :s,t €V, dp(s,t) =i, and e € E(Pg)}.



31

Since T is a k-ary tree,

|Seal <D KT BT =i BT < (2.18)
j=1

Thus we can write,

Tyw H (1 - xst = Tyv H H H 1 - xst

S,teV: e€E(Pyuy) 1€N (s,t)€Se 5

E(Pst)NE(Puv)#0
_ k—SdT(u,v) H H H

e€E(Pyy) i€N (s,t)€S, ;
(12.18)

k,—3dT(u,v) H H (1

GEE(PU/U) iEN

>k~ 3dr(u,v) H H k27' k= 32 )

e€E(Pyy) 1€N

— f—3dr(u) H H(1_>,

e€E(Pyy) 1€N
For x € |0, %], we have e”2* < 1 — z, and since k > 2, we have k¢ < % for all 4 € N, hence

Tyw H (1 — l'st) > k—3dT(u,v) H Hexp <;l2>

s,teV: e€E(Pyy) 1€N
E(Pst)NE(Pyy)#0

— —3dr(u) H exp (—2 Z ki)

e€E(Puy) iEN
) —2/k
— 3dr(u,v)
k H exp (1 — l/k:)
e€E(Pyv)
—4
> —3dr (u,v) =
>k H exp B
GGE(Puv)
— k—3dT(u,v) exp <—4 dg];(u, ’U)> '

Since k > 2, we conclude that,

Tuw H (1—xg) > —7dr (u)

s,teVv:
E(Pst)NE(Pyy)#0

On the other hand, Lemma [2.9] applied with C' = 14 gives,

P(llg(u) = g(0)[l1 < (1 - 1de)dr(u,v)] < k=70,
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yielding (2.17)), and completing the proof.

2.4.2 Colors and Scales

In the present section, we develop some tools for our eventual embedding. The proof of our

main theorem appears in here, but relies on a key theorem which is only proved in Section

2.4.9)

Monotone Colorings

Let T' = (V,E) be a metric tree rooted at a vertex » € V. Recall that such a tree T is
equipped with a length len : E — [0,00). We extend this to subsets of edges S C F via
len(S) = > .cglen(e). We recall that a monotone coloring is a mapping x : £ — N such
that each color class x7!(c) = {e € E : x(e) = c} is a connected subset of some root-leaf
path. For a set of edges S C E, we write x(5) for the set of colors occurring in S. We

define the multiplicity of x by

M(x) = Iggglx( )| -

Given such a coloring x and ¢ € N, we define,

len, () = len(x (),

and len (S) = > cgleny(c),if S CN.

For every § € [0,1] and z,y € V, we define the set of colors
Cy(z,y;0) = {c:len(Puy N x 1 (c)) <3 -leny(c)} N ( Ax(Py)) -

This is the set of colors ¢ which occur in only one of P, and P,, and for which the contribution

to P, is significantly smaller than len, (c). We also put,
px(x,y;0) = leny (C(x, y;0)) - (2.19)

See Figure for an example.
We now state a key theorem that will be proved in Section
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Figure 2.4: The graph distance between z and y is 5, but len, (C(x,y;1/2)) = 8 getting

contribution from Red, Purple, Blue and Orange color classes

Theorem 2.11. For every €,6 > 0, there is a value C(e,6) = O((2 + loglog $)3log 1)
such that the following holds. For any metric tree T = (V, E) and any monotone coloring

(e,0)(log n+M (x))

x : E = N, there exists a mapping F : V — 6? , such that for all x,y € V,

(1 —e)dr(z,y) =6 px(z,y;0) < [|[F(z) — Fy)l1 < dr(z,y) . (2.20)

The problem one now confronts is whether the loss in the p, (x,y;d) term can be toler-
ated. In general, we do not have a way to do this, so we first embed our tree into a product

of a small number of trees in a way that allows us to control the corresponding p-terms.

Lemma 2.12. For every ¢ € (0,1), there is a number k =< % such that the following
holds. For every metric tree T = (V,E) and monotone coloring x : E — N, there exist
k metric trees Ty, Ty, ..., T}, with monotone colorings {x; : E(T;) — N}*_, and mappings
{fi : V = V(T)}e_| such that M(x;) < M(x), and |V(T;)| < |V| for all i € [k], and the
following conditions hold for all x,y € V :
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(a) We have,
k
E > (@) fiw)) > (1 =€) dra.). 2:21)
=1
(b) For alli € [k], we have
dr, (fi(z), fi(y)) < (1 +¢e) dp(z,y). (2.22)

(c) There exists a number j € [k] such that

—(k+1) _k
cdr(e,y) > T 3 p (i), fily) 27 ) (223)

=1

i#]

Using Lemma [2.12] in conjunction with Theorem [2.11] we can now prove the main the-

orem (Theorem [2.1]).

Proof of Theorem [2.1l Let £ > 0 be given, let T = (V, E) be an n-vertex metric tree. Let
X : E — N be a monotone coloring with M (x) < 1 4+ logn, which exists by Lemma
Apply Lemma to obtain metric trees 11, . .., T} with corresponding monotone colorings
X1,-- -, Xk and mappings f; : V' — V(T;). Observe that M(x;) < 1+ logn for each i € [k].

Let F; : V(T;) — 610(5) 8™ 10 the mapping obtained by applying Theorem to T;
and y;, for each i € [k], with 6 = 2= +1) where C(e) = O(s%(log %)) Finally, we put

F=_—(Fiofi)®[Frofo)® - @ (Fyo fr))

| =

so that I : V — (02" leg 21ozm) - We will prove that F is a (1 + O(g))-embedding, com-

pleting the proof.

First, observe that each F; is 1-Lipschitz (Theorem [2.11). In conjunction with con-
dition (b) of Lemma which says that || fillLip < 1+ € for each i € [k], we have
[FllLip < 1+e.

For the other side, fix z,y € V and let j € [k] be the number guaranteed in condition (c)
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of Lemma [2.12] Then we have,

k
IF@ - Fl = 3 > IFo @)~ (Fro f)w)lh
i=1
23 (1= (@), £i) — 275 (), fil)s 24
i#j
223) 1
> (kz (1 —e)dr,(fi(x), fi(y)) | —edr(z,y)
i#j
1< 1
> %2(1_5) de(fZ(x)afZ(y)) - %dTJ(f](x>7f](y>) _ng(xay)
i=1
k
(,ﬁ >(1-9) defi(x),fi(y))) — S dr(ey) — e dr(ay)
i=1
2§1 (1*5)2 dT(l“,y)* 1_£5dT(x7y)*5dT(xvy)
> (1-0())dr(z,y)
where in the final line we have used k =< %, completing the proof. ]

£

We now move on to the proof of Lemma We begin by proving an analogous state-
ment for the half line [0, 00). An R-staris a metric space formed as follows: Given a sequence
{a;}22, of positive numbers, one takes the disjoint union of the intervals {[0, a1], [0, a2}, ...},
and then identifies the 0 point in each, which is canonically called the root of the R-star. An
R-star S carries the natural induced length metric dg. We refer to the associated intervals
as branches, and the length of a branch is the associated number a;. Finally, if S is an
R-star, and x € S\ {0}, we use ¢(z) to denote the length of the branch containing x. We
put £(0) = 0.

Lemma 2.13. For every k € N with k > 2, there exist R-stars S, ..., Sy with mappings
fi 1 ]0,00) = S;
such that the following conditions hold:

i) For each i € [k], fi(0) is the root of S;.
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ii) For all 2,y € [0,00), £ Xy ds,(fil®), fi(y) = (1= F) |z — ]
iii) For each i € [k], f; is (1 + 27 %t1)-Lipschitz.
i) For z € [0,00), we have £(fi(x)) < 28 1x.

v) For z € [0,00), there are at most two values of i € [k] such that
ds.(£i(0), fi(x)) < 27 £(fi(w))

vi) For all z,y € [0,00), there is at most one value of i € [k] such that fi(x) and fi(y)

are in different branches of S; and
27 (€(fi(x) + (i) > 2] — y] .

Proof. Assume that k > 2. We first construct R-stars Sy, ..., Sy. We will index the branches
of each star by Z. For i € [k], S; is a star whose jth branch, for j € Z, has length 2~ kG +1),
We will use the notation (7, j,d) to denote the point at distance d from the root on the jth
branch of S;. Observe that (7,7,0) and (4, j’,0) describe the same point (the root of S;) for
all 7,7 € N.

Now, we define for every i € [k], a function f; : [0,00) — S; as follows:

(i,4, (w — 207R9) /(1 — 217F))  for 27 € [2M, 2k0+D7T),
(i,j, 9i+k(j+1) _ fL’) for 27y € [Qk(jJrl)fl’ 2k(j+1))'

fi(x) =

Condition (i) is immediate. It is also straightforward to verify that
I fillip < (1 —27F)~t < 142741 (2.24)

yielding condition (iii).
Toward verifying condition (ii), observe that for every x € [0,00) and [ € {0,1,...,k—2}
we have

ds, (fi(2), £i(0)) = (a: - 2“°g2xJ*l) /(1 —217F) > 5 — gllogazl—t,

when ¢ = (|logy z] — 1) mod k. Using this, we can write



Figure 2.5:

k
3" ds,(fil), £i(0) >
=1

37

f;(2%)

f,(29)
f,(29)

Image of the real line in S;.

[logy ]

Z z— 2

I=|logy x| —k+2
[logy ]

(k—1)x— Z 2!

I=|logy x| —k+2

> (k . 1)]; _ 2Uog2 z|+1

> (k—3)z. (2.25)

Now fix z,y € [0,00) with x < y. If x < y/2, then we can use the triangle inequality,

together with (2.24) and ([2.25]) to write,

1

|

k
sti(fi(x)vfi(y))
=1

A2 AVARRN AV

Vv

In the case that § <z <y, for 1 € {0,1,...,k — 3}, we have

ds,(fi(2), fi(y) = (y —2)/(1 =2""%) 2y —w,
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when i = (|logy x| — ) mod k. From this, we conclude that

k
> ds,(filx), fily) =
=1

yielding condition (ii).

k—
Z@ ) > 2y ), (226)

| =
PT\H
(e}

It is also straightforward to check that
() < 2ea et < 91y,

which verifies condition (iv).

To verify condition (v), note that for z € [0,00), the inequality dg,(fi(x), fi(0)) < z/2
can only hold for i mod k € {|logyz],|logs x| 4+ 1}, hence condition (iv) implies condi-
tion (v).

Finally we verify condition (vi). We divide the problem into two cases. If x < y/2, then

by condition (iv),

U(fil@)) + L fily) <28 Ha +y) <2771(2y) < 2Py — ).

In the case that y/2 < z <y, fi(z) and f;(y) can be mapped to different branches of S;

only for i = |logy y| (mod k), yielding condition (vi). O
Finally, we move onto the proof of Lemma [2.12

Proof of Lemma[2.13. We put k = [7/c] and prove the following stronger statement by in-
duction on |V]: There exist metric trees T4, Ty, . .., T} and monotone colorings x; : E(T;) —
N, along with mappings f; : V. — V/(T;) satisfying the conditions of the lemma. Further-

more, each coloring y; satisfies the stronger condition for all v € V,

Xi (P, < IX(P)] - (2.27)

The statement is trivial for the tree containing only a single vertex. Now suppose that
we have a tree T and coloring y : £ — N. Since T' is connected, it is easy to see that there
exists a color class ¢ € x(F) with the following property. Let 7. be the path whose edges
are colored ¢, and let v, be the vertex of 7. closest to the root. Then the induced tree T’

on the vertex set (V' \ V(v.)) U{v.} is connected.
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Applying the inductive hypothesis to 7" and x|g(r+) yields metric trees T7,T3,..., T},
with colorings x} : E(T}) — N and mappings f/ : V(1") — V(T}).

Now, let Si,...,S; and {g; : [0,00) — S;} be the R-stars and mappings guaranteed by
Lemmal[2.13] For each i € [k], let S} be the induced subgraph of S; on the set {g;(dr(v,vc)) :
v € V(7)}, and make S; into a metric tree rooted at g;(0), with the length structure
inherited from S;. We now construct T; by attaching S! to T/ with the root of S/ identified
with the node f/(v.). The coloring X/} is extended to T; by assigning to each root-leaf path
in S} a new color. Finally, we specify functions f; : V. — V(T;) via

fiw) = fl(v) ve V(T
gi(dr(ve,v)) v e VA\V(T.

It is straight forward to verify that holds for the colorings {x;} and every vertex
v € V. In addition, using the inductive hypothesis, we have |V(T;)| < |V| and M (x) <
M (x;) for every i € [k], with the latter condition following immediately from and the
structure of the mappings {f;}.

We now verify that conditions (a), (b), and (c) hold. For z,y € V(T"), the induction
hypothesis guarantees all three conditions. If both =,y € V(9.) \ {v.}, then conditions (a)
and (b) follow directly from conditions (ii) and (iii) of Lemma applied to the maps
{gi}. To verify condition (c), let j € [k] be the single bad index from (vi). We have for all
i# 7,

P (fi(x), fily); 27 D) < 2M N dp(a, y).
Since there are at most two colors on the path between x and y in any 7}, by condition (v)

of Lemma there are at most four values of i € [k] \ {j} such that

i (fi(2), fily); 27 *FD) £ 0,

hence

1 —(k+1) 4.2k k+1

i#
Since || fi]|Lip is determined on edges (z,y) € E, and each such edge has z,y € V(y.) or

z,y € V(T"), we have already verified condition (b) for all i € [k] and z,y € V. Finally,
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we verify (a) and (c) for pairs with « € V(T”) and y € V(v.). We can check condition (a)
using the previous two cases,

k

k
IAENT Z (dn(fi@), £i(w)) + dr, (o), £i(we)) )

i=1
> (1 —¢e)dr(y,ve) + (1 —e)dp(x,ve)

> (1 —¢e)dr(z,y).

Towards verifying condition (c), note that by condition (v) from Lemma there are

at most two values of 7, such that

Pxi(fi( ), fi(y); 2 k+1)) Pxi(fi( ) fi(ve); 2 k+1)) _Px¢(fi(3/)afi(UC)§2_(k+1)) # 0.

By the induction hypothesis, there exists a number j € [k] such that

9~ (k+1) —(k+1)
edp(x,ve) > TZpXi(fi(Uc)afi($);2 )-
1#]

Now we use condition (iv) from Lemma to conclude,

9—(k+1) (k1)
Y oy (fil@), fily); 27 FHD)
i#£j
2= (kD) . (). 9—(k+1) . —(k+1)
< T3 (P Ui@). £iw): 27 5D) 4 oy (Fily), w270
i#j
9—(k+1)
< edp(z,ve) + 2 p 2 tdr(y,ve))
< edr(z,ve) + edr(ve,y)
=& dT(xv y) )
completing the proof. O

2.4.3 Multi-scale Embeddings

We now present the basics of our multi-scale embedding approach. The next lemma is
devoted to combining scales together without using too many dimensions, while controlling

the distortion of the resulting map.
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Lemma 2.14. For every ¢ € (0,1), the following holds. Let (X,d) be an arbitrary metric

space, and consider a family of functions {f; : X — [0,1]}iez such that for all x,y € X, we

have
> 2 fix) — fily)| < 0. (2.28)
€7
Then there is a mapping F : V — EQH] g <] such that for all x,y € X,
(1—) > 2 filw) — fiw)| = 2¢(x,9) < |F (@) = F)lh < > 2| filw) = fiw)l,
i€EZ 1€EZ
where

Cwy) = > 2(fila) = fiw)l - Lfitx) = fiw)])) -
i:3j<i
fi(@)—f;(y)#0
Proof. Let k =2+ [log1/e], and fix some 2y € X. For i € [k], define F; : X — R by,
) = Y 25 (fjppi() = fipsilwo)) (2:29)
JEZL
It is easy to see that (2.28) implies absolute convergence of the preceding sum. We will
consider the map FF' = F1 @ Fo @ --- @ F), : X — (§. It is straightforward to verify that for

every x,y € X,

IE(2) = F(y)lh < ) 21 fi(2) = fily)l.

1€
Now, for i € [k], define

Gi(z,y) = > 25| figi(2) = Figri @) = Ufinri(@) = Firra@)l]) -
7:3<g
ferti(2) = fer+i(y)#0
One can easily check that Ele Gi(z,y) < ((x,y), thus showing the following for i € [k] will
complete our proof of the lemma,
[Fi(@) = Fiy)| = (1= 2) > (2% firyil@) = Frrna(v)]) — 2z, ). (2.30)
JEZ
Toward this end, fix ¢ € [k] and z,y € X. Let S = {j € Z : | fjryi(x) — fir+i(y)| = 1},
and T'={j € Z: 0 < |fjp+i(x) — fjrti(y)| < 1}. Clearly we then have,

|Fi(z) = i)l = > 2" (Firra(@) = Frra®) + 3 2 (fra(e) = Fira®))] -

jes jeT
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If SUT = ), then (2.30)) is immediate. Now, suppose that S # (), and let ¢ = i + k- max(S).
Observe that max(S) exists by (2.28).
We then have,

DM (@) = fraa) <204 Y 29T N oM (@) — fira(y)]

JEZL jesuTr JET
j<max S J>max S
<204 > 2 4 G(a,y)

j<max S

<24 9. 2k(maxSfl)+i + C’L(xa y)
<2°(1427) + G(x,y)

< (1+¢/2)2° + Gi(=, y)-

On the other hand,

|Fi(x) — Fi(y)| = Z2kj+i(fjk+i(x) — fik+i(y))

JET
>20— Y oM N ok () — fii ()]
jeSUT JeT
j<max S j>max S
>20— Y 29— G(ayy)
j<max S

>9¢_ 9. 2k(max5'fl)+i N Cz(&“,y)
> 2°(1=217%) = Gi(,y)

> (1—¢/2)2° = (i(z,y).

Therefore,

(1=2) D 297 figil@) = fipra(w)] < (1 —)((1+¢/2)2° + Gi(x, y))
jez

< (1-¢/2)2°+ (i(z,y)

< |Fi(z) — Fi(y)| + 2Gi(, ),

completing the verification of (2.30) in the case when S # ().
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In the remaining case when S = () and T # (), if the set T" does not have a minimum

element, then

D 2R (@) = frjr()] = G, y),

JET
making (2.30]) vacuous since the right-hand side is non-positive.

Otherwise, let ¢ = min(7"), and write

Fi(x) = F@) = D29 (frjri(@) = frjri())

JET

> 2Zk+i|f£k+i() forri(y Z 2’““ (frjri(z) = frjvi(y))

JET j>L
i
> 2 foeyi(w) — foeri(y)| — Gi(z,v)

- szj+i|fkj+i(x) — frjri W) —2G(z,y) -

JEZ

This completes the proof.

In Section [2.4.5] we will require the following straightforward corollary.

Corollary 2.15. For every ¢ € (0,1) and m € N, the following holds. Let (X,d) be a

metric space, and suppose we have a family of functions {f; : X — [0,1]™ }iez such that for

all x,y € X,
> 2 filx) = fily)lh < oo
1€EZ

Then there exists a mapping F : V — g m(2+log 11)

(1—2) 3" @Ifi(x) = iw)h) = 2¢(x,p) < |[F(@) — Fy)lh < 3 271 fi(w)
1E€EL 1€Z
where
=> 2 (| fi(@)k — fiw)rl = L@k — Fiw)el)),
k=1 i:3j<i

[i(@)—f; () p#0

and we have used the notation xy, for the kth coordinate of x € R™.

such that for all z,y € X,

@),

(2.31)
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2.4.4 Scale Assignment

Let T = (V,E) be a metric tree with root r € V, equipped with a monotone coloring
x : E — N. We will now describe a way of assigning “scales” to the vertices of T'. These
scale values will be used in Section to guide our eventual embedding. The scales of
a vertex will describe, roughly, the subset and magnitude of coordinates that should differ
between the vertex and its parent in the tree.

First, we fix some notation. For every ¢ € x(F), we use 7, to denote the path in T
colored ¢, and we use v, to denote the vertex of v, which is closest to the root. We will
also use the notation 7'(¢) to denote the subtree of T under the color ¢; formally, T'(c) is
the induced (rooted) subtree on {v.} U V(T},) where v € V is the child of v. such that
X (ve, u) = ¢, and T, is the subtree rooted at w.

We will write p(v) for the parent of a vertex v € V, and p(r) = r. Furthermore, we
define the “parent color” of a color class by p(c) = x(v,p(v.)) with the convention that
x(r,r) = co, where ¢y € N\ x(F) is some fixed element. Finally, we put T'(co) =T

Before we describe the scale selector that we use in this Section, we give the intuition

behind our choice of seemingly complicated scale selector.

Intuition

Here, we explain why the scale selector that we introduce in this section is a natural gener-
alization of the scale selector for k-ary trees from Section Note that in the embedding
of k-ary trees in Section [2.4.1] one can assume that each edge has unique color, and each
vertex has scale @(@). Unfortunately trivial generalizations, such as setting the scale to
log(deg(v)) or log (%) do not result in a low distortion embedding (as was explained
in Section [2.3).

For the sake of simplicity we start by generalizing the k-ary trees to the case that each
edge has unit weight and the total depth of the tree is logarithmic. In this case we can still
assume that each edge has a unique color and we assign each vertex a single scale rather
than a set of scales. Our approach is based on the following principle: Assign the smallest

possible scale 27 to each vertex v so that the total number of vertices on the path from
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root to v has roughly (log |V (T)| — log [V (T'(v))|)/2! vertices at scale 27°.

On the one hand, this condition allows us to assign 2* coordinates to the edges at scale
O(27%) while preserving the following condition: For any scale the set of coordinates assigned
to different edges of any root leaf path is disjoint. Moreover, we do not assign all the small
scales to the vertices close to the root. In fact, for any vertex v € V(T), there will be
roughly log |V (T(v))| coordinates at scale 2~¢ untouched in the path from root to v and
those coordinates can be used for embedding of the subtree under v.

On the other hand, the fact that we assign the smallest possible scale to each edge allows
us to derive a concentration bound similar to Theorem from Section [2.4.1 However,
unlike the k-ary case a direct application of Theorem [2.7] does not yield the desired bound.
In particular, we cannot show that the distance between any two points is concentrated
around its mean value, however for any two vertices u,v € V(T'), it is possible to show that
there are (1 — ¢)dr(u,v) edges on the path between u and v such that the contribution of
those edges to the distance of w and v is concentrated. This can be done by showing that
the scales of most of the edges on the path between v and v are “small,” using a simpler
version of Lemma

We can simply extend this approach to the case that edges are weighted and the depth
of the tree is logarithmic, by assigning the scales as follows: Assign the smallest possible
scale 2 for i € Z to each vertex v so that for edges on the path from root to v at scale
2. Y len(e)/2¢ is roughly log |V (T)| — log |V (T(v))|. Indeed, all the arguments from the
unweighted case can be generalized to the weighted case with little effort.

The main challenge for extending this approach to the trees with large depth is that we
cannot assign a fraction of a coordinate to a vertex (or edge). In fact, this approach fails
to produce a low dimensional embedding even for a simple path. To overcome this problem
we use Lemma to bound the topological depth of the tree. However, this raises another
challenge. Namely, each color class contains more than one vertex and it is not clear how to
assign a single scale to vertices inside a color class. Our final scale selector provides a way
to get around this problem by finding a consistent way to assign sets of scales to vertices
in each color class, while following the principle that the smallest possible set of scales is

assigned to each vertex.
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Scale Selectors

We start by defining a function x : x(E)U{co} — N which describes the “branching factor”

for each color class,

o (ol
k(c) = {1 g5 E(T(0), J + 1. (2.32)

Moreover, we define ¢ : x(E) U {co} — NU {0} inductively by setting ¢(co) = 0, and

p(c) = k(c) + p(p(c)), (2.33)

for ¢ € x(E).

Observe that for every color ¢ € x(E), we have,

o(c) = Z k(d) < Z (1 + log, W) < M(x) + log, |E|.

¢ EX(E(Py)){c} ¢/ ex(B(Py))U{c}

(2.34)

Next, we use ¢ to inductively define our scale selectors. Let
m(T) = min{len(e) : e € E and len(e) > 0}.

We now define a family of functions {r; : V' — NU {0} }iez.

For v € V, let ¢ = x(v,p(v)), and put 7;(v) = 0 for i < LlogQ (Wﬁéw'”, and

otherwise,

dr(v,v.) — min (dT(v, Ve), Z;.;l - 2f7j(v)>

7i(v) = min ( 51 — ,o(e) — Z Ti(vcx)> .
Py))

cdex(BE(

(A) (B)
(2.35)

The value of 7;(v) will be used in Section to determine how many coordinates of
magnitude =< 2¢ change as the embedding proceeds from v, to v. In this definition, we try
to cover the distance from root to v with the smallest scales possible while satisfying the

inequality

o(c) > 1i(v) + Z Ti(Ver).

' ex(E(Py))
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For v € V \ {r}, let ¢ = x(v,p(v)), for each i € Z, part (B) of (2.35)) for 7;(v.) implies
that

Ti(ve) S plp(e) = Y Tilve).

ex(E(Po))

Hence,
p(c) — Ti(ve) = @) —mwe)— Y T(ve)
dex(E(Py)) dex(E(Pu.))
> p(c) —o(p(c))
= #(c)
> 1 (2.36)

Therefore, part (B) of ([2.35)) is always positive, so if 7(v) = 0 for some k > Llogg (m” ,
then 73 (v) is defined by part (A) of (18). Hence Z?;ioo 27j(v) > dr(v,v.) and the following

observation is immediate.

Observation 2.16. For v € V and k > LlogQ (#)J, if Tk(v) = 0 then for all

(X)+Hogs | E]
) > k‘, Ti(”) =0.
Comparing part (A) of (2.35)) for 7;(v) and 741 (v) also allows us to observe the following.

Observation 2.17. For v € V and k > {logQ (W@)J) if part (A) in (2.35)) for

T, (v) is less than or equal to part (B) then for all i >k, 7;(v) = 0.
Properties of the Scale Selector Maps

We now prove some key properties of the maps «, ¢, and {7;}.

Lemma 2.18. For every vertex v € V with ¢ = x(v,p(v)), the following holds. For all

i € 7 with 222 < 9i-1 e have Ti(v) = 0.

k(c)

Proof. 1f dr(v,v.) = 0, the lemma is vacuous. Suppose now that dp(v,v.) > 0, and let

k= {logQ (M)—‘ . We have dp(v,v.) > m(T) and k(c) < log, | E| + 1, therefore

e
k> {10g2 (M(X)nj_(ﬁgg |E|>J '
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It follows that for i > k, 7;(v) is given by (2.35)).
If 7(v) = 0, then by Observation for all i > k, 7;(v) = 0.
On the other hand if 74(v) # 0 then either it is determined by part (B) of (2.35)), in

which case
() =ele)= Y. Tve) =@ —Twe)— Y. Tk(ve) = olc)—@(p(c) = K(c),
dex(E(Py)) ' ex(E(Pu.))

implying that

Z 2 7;:(v) > Kk(c)2% > dp(v,ve) .

j=—o00
Examining part (A) of (2.35), we see that 7;41(v) = 0, and by Observation 7i(v) =0
for i > k. Alternately, 74(v) is determined by part (A) of (2.35), and by Observation [2.17]

7i(v) = 0 for ¢ > k, completing the proof.

The next lemma shows how the values {7;(v)} track the distance from v, to v.

Lemma 2.19. For any vertex v € V with ¢ = x(v,p(v)), we have
(v,v0) < Z QZTZ ) < 3dp(v,ve).
i=—00

Proof. 1f dr(v,v.) = 0, the lemma is vacuous. Suppose now that dr(v,v.) > 0, and let
k = max{i : 7;(v) # 0}.

By Lemma the maximum exists.
We have 7j41(v) = 0, and thus inequality (2.36]) implies that part (A) of (2.35) specifies

71 (v), yielding

(v, ve) Z 217'1 i 2i7‘¢(v)

1=—00 1=—00

On the other hand, since 7;(v) > 0, we must have dr(v,v.) > Zl__ooZn(v), and
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Lemma implies that 2¥ < 2dp(v,v,), hence,

> 2n < Y 2l 2 {dﬂv,vc)—zf:m 2%-@)}

ok
1=—00 1=—00
k-1 k=1 o
; dr(v,ve) — > i” 2'1i (v
-y 2zﬁ-<v>+zk< B Z()—|—1>
1=—00

k=1 k=1
— Z 2'r;(v) + 2" + (dT(U,Uc)— > 21”(”))

1=—00

<dp(v,v.) + ok

< 3dp(v,ve).

O]

The following lemma shows that for any color ¢ € x(F) the value of 7; does not decrease

as we move further from v, in 7.. See Figure for an example.

Figure 2.6: The goal of (2.35)) is to cover the distance between v. and w with smallest

scales possible. In this figure 7;(w) = 2 and 741 (w) = 1, while 7;(u) = 2 and 741 (u) = 2.
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Lemma 2.20. Let u,w € V be such that ¢ = x(w,p(w)) = x(u,p(u)), and dr(w,v.) <

dr(u,v.). Then for alli € Z, we have

7i(w) < ().

Proof. First let k be the smallest integer for which,

dr(w,v.) — min (d (w,vc),ztim 27 (w)
- o ! N <o > ).

' ex(E(Pw))
This k exists since, by (2.36)), the right hand side is always positive, while by Lemma

the left hand side must be zero for some k € Z large enough.
For i > k, by Observation we have, 7;(w) = 0. Therefore, for i > k, we have
7i(u) > 7;(w). We now use induction on i to show that for i < k, 7;(u) = 7;(w), and for

i =k, 7e(u) > 7 (w). Recall that, for i < Llog2 (M(Xm(T) )J, we have 7;(w) = 7;(u) =0,

)+logs |E|
which gives us the base case of the induction.
Now, by definition of k, part (B) of (2.35) for 7,_1(w) is an integer strictly less than

part (A), hence

k=1 k=2
3 2ir(w) =25 (w) + Y 2 (w)

j=—o0 j=—o0

([ drw,ve) = 3522 27 (w) = ..

< 2F 1<{ ST —1 +.Z 2 7;(w)
j=—00

L ((dr(w,ve) = Y522 20 (w) =

< 2k 1( Qkfl d + > 2ri(w)
j=—00

< dr(w,v.) . (2.37)

For Llogg (W@Q‘El” < i<k, by (2.37), and as dr(u,v.) > dr(w,v.), we have

min (dT(w, vc),j:Zloo ijj(w)> = j:Zloo 2/7;(w) = min (dT(u, vc),j:Zloo QJTj(w)>. (2.38)

By our induction hypothesis for all j < ¢, 7j(w) = 7j(u), so using (2.38|) we can write,

dp(w, ve) — min (dT(w,vc), i 2]@-@)) < dr(u,v.) — min (dT(u,UC), i 2jTj(u)>.

j=—o0 j=—o0

(2.39)



o1

Since x(w, p(w)) = x(u, p(u)), for all i € Z part (B) of is identical for 7;(u) and 7;(w).
Therefore, using , and the definition of k, for all Llogz <m” <1i < k, part
(B) of specifies 7;(u) and 7;(w), hence
ri(u) =mi(w) =) = > Tilve).
' ex(E(Pw))
For the case that ¢ = k, part (B) of is identical for 73 (u) and 7 (w), and inequality

(2.39) implies that part (A) of (2.35) for 7 (u) is at least as large as part (A) of (2.35]) for
Tr(w), completing the proof. O

The next lemma bounds the distance between two vertices in the graph based on {7;}.

Lemma 2.21. Let k > L]og2 (m

such that T(u) # 0, T—1(w) =0 and x(w,p(w)) = x(u, p(u)), we have

)J be an integer. For any two vertices w and u

dp(u, w) > 281,

Proof. By Observation Tr(w) = 0. Letting ¢ = x(u,p(u)), by Lemma we have
dr(ve,u) > dr(ve,w). Using Lemma again, we can conclude that for all i € Z, 7;(u) >
7i(w). Since 1;_1(w) = 0, inequality implies that part (A) of specifies ;1 (w).
Therefore,

k—2

dr(w,ve) < Y 27i(w)

1=—00

k—1
= ( > QiTi(u)> — 281 (u). (2.40)

1=—00

Since 7k (u) > 0, using part (A) of (2.35)), we can write

k—1
dr(u,ve) > Z 207 (u). (2.41)

1=—00
Observation implies that 7,_1(u) # 0, thus 7,_1(u) > 1, and using (2.40) and (2.41]),
we have

dT(’UJ,U) = dT(U, Uc) - dT('UJ,’UC) > 2k_17
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completing the proof. O

The next lemma and the following two corollaries bound the number of colors ¢ in the

tree which have a small value of ¢(c).

Lemma 2.22. For any k € NU {0}, and any color ¢ € x(E), we have
#{' € X(E(T(c))) - p(¢) = plc) = k} < 2%

Proof. We start the proof by comparing the size of the subtrees T'(¢/) and T'(c) for ¢ €
X(E(T(c)))-

For a given color ¢ € x(E(T(c))), we define the sequence {¢;};cn as follows. We put

¢1 = ¢ and for i > 1 we put ¢; = p(c;—1). Suppose now that ¢,, = ¢, we have

: |
> log, <||E((T(C)||> . (2.42)

This inequality implies that
[B(T(e))] < 229 E(T(d))].

It is easy to check that for colors a,b € x(E(T(c))) such that ¢(a) = ¢(b), subtrees T'(a)
and T'(b) are edge disjoint. Therefore, for kK € NU {0}, summing over all the colors ¢’ such

that o(d) — ¢(c) = k gives

/ , 2 |E(T(I)| .k |[E(T()] ok
#{c € x(E(T(c))) : o(c')—p(c) =k} < =2 L A
cex(eiry 1ETE) C’Ex(%(:T(c BT @)l
o(c)—p(c)=k o(c)—p(c)=k
0

The following two corollaries are immediate from Lemma [2.22
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Corollary 2.23. For any k € N, and any color ¢ € x(F), we have

#{c € X(B(T(0)) : p(d) —p(c) <k} < 2FFL
Corollary 2.24. For any color ¢ € x(FE), and constant C > 2, we have

3 9—Clp(c)—¢(0)) < 92-C
Cex(BT(e)\{e}

The next lemma is similar to Lemma [2.21] The assumption is more general, and the
conclusion is correspondingly weaker. This result is used primarily to enable the proof of

Lemma [2.26)

Figure 2.7: Relative position of vertices in the tree for Lemma [2.25

Lemma 2.25. Letu € V and w € V(P,) be such that o(x(u,p(w))) > ¢(x(w,p(w))). For
all vertices x € V(Ty,), and k € Z with

k 6 dp(z,w)
= (@(X(%p(U))) —w(x(w,p(w))))’ (2.43)

we have Ti,(z) = 0 (See Figure[2.7 for relative position of vertices in the tree).
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Proof. In the case that dr(z,w) = 0, this lemma is vacuous. Suppose now that dr(z,w) > 0.
Let c1,...,cm be the set of colors that appear on the path P, ), in order from z to p(w),

and for i € [m], let y; = v.,. We prove this lemma by showing that if,

o 6dr(z,w)
b= log, (w(x(u,p(U))) - w(x(w,p(w)))> ’ (2.44)

then part (A) of (2.35)) for 7% (z) is zero.
First note that, p(x(u,p(v))) — ¢(x(w,p(w))) < M(x) + logy |E| and dr(z,w) = m(T),

hence ([2.44)) implies
m(T)
k> |log ( )J
{ 2\ M(x) + logy | E|

By Lemma [2.19, we have

m—2 m—2 oo ' m—2
Z 2kl (i) < Z Z 27(yi) < Z 3dr(yi, yi+1) = 3dr(y1, Ym—1)- (2.45)
i=1 i=1 j=—o0 i=1

Now, using ([2.43)) gives

p(e1) = plem) > p(x(u, p(u))) — p(x(w, p(w)))
> 6dT2(i:,w)
> 6dT<x7ym—1)

> e (2.46)

Using the above inequality and (2.45)), we can write

dr(z,y1) = dp(z, ym—1) — dr (Y1, Ym—-1)

k—1

< QT <<P(Cl) — ¢(em) — z_: Tk1<yi)> :

First, note that ¢, = X(Ym—1,P(Ym—1)). Now, we use part (B) of (2.35)) for 7%(ym—1) to

write

¢ EX(E(Py,, 1))

ple) = Y. mea(ve)

ex(E(Pz))

k-1 m—2
dr(z,y1) < 2T (‘P(Cl) — | —1(ym-1) + S meae) | =D e w)
i=1

<2t (@(X(wap(x))) Yo meave) |- (2.47)

c'ex(E(Pz))
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Therefore, either part (A) of (2.35)) specifies 7,_1(z) in which case by Observation [2.17,
7i(v) =0 for i > k, or part (B) of (2.35)) specifies 7,_1(x) in which case by (2.47) we have,

o1 ()28 > dp (@, ),
and part (A) of (2.35)) is zero for i > k. O

In Section [2.4.5] we give the description of our embedding and analyze its distortion.
In the analysis of the embedding, for a given pair of vertices z,y € V, we divide the path
between z and y into subpaths and for each subpath we show that either the contribution
of that subpath to the distance between z and y in the embedding is “large” through a
concentration of measure argument, or we use the following lemma to show that the length
of the subpath is “small” compared to the distance between x and y. The complete argument
is somewhat more delicate and one can find the details of how Lemma is used in the

proof of Lemma, [2.41

Lemma 2.26. There exists a constant C > 0 such that the following holds. For any
c € X(E) and v € V(T(c)) with v # v, and for any € (0, 3], there are vertices u,u’ € V

with u # v and dp(u,v) < edp(u,u'), and such that,
w,u' € {vg:a € x(E(Pyy,))}U{v}.

Furthermore, for all vertices x € V(Py,) \ {u'}, for all k € Z,

Cdp(u,u’) >
e(o(x(u, p(u))) — o(x(ve, p(ve)))) )

m(x) £ 0 = 2k<<

Proof. Let ' = v., and let cy,..., ¢, be the set of colors that appear on the path P,/ in
order from v to 7/, and put ¢, 41 = x(r', p(r’)). We define yo = v, and for i € [m], y; = v.,.
Note that {yo,...,ym} = {v} U{ve : a € x(E(Pyv.))}, and for i < m, x(vi,p(yi)) = Cit1-
We give a constructive proof for the lemma.

For i € N, we construct a sequence (a;,b;) € N x N, the idea being that Pyai,ybi is a
nonempty subpath of P, such that for different values of ¢, these subpaths are edge disjoint.
At each step of the construction either we can use (a;,b;) to find u and ' such that they

satisfy the properties of this lemma, or we find (a;41,b;+1) such that b;11 < b;. The last
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condition guarantees that we can always find u and u’ that satisfy the conditions of this

lemma.

We start with a; =m and by =m — 1. If dp(v,yp,) < edr(Yay, Yp,) then

< 2dT(yma ym—l) ) _ 2dT(ya17yb1)
PXYm—1,P(Ym—1))) — o(x(r',p(1"))) K(c)

and by Lemma the assignment u' = y,, and u = yp, satisfies the conditions of this
lemma if C' > 1. Otherwise, for i > 1, we choose (a;+1,b;+1) based on (a;, b;), and construct

the rest of the sequence preserving the following three properties:
1) o(ep1) = (Ca1) = (ca1) — 2(x (', p(17)));
ii) dr(ys;,v) > edr(yn;s Ya,);
i) a; > b;.

Let j € {0,...,m} be the maximum integer such that edr(y;,y,) > dr(v,y;). Note that
j < b;, and the maximum always exists because yg = v. We will now split the proof into

three cases.

Case It ¢(cji2) — ¢(cb+1) = 2(p(ep,+1) — p(cait1))-

In this case by condition (iii), ¢(cp,+1) — ¢(ca;+1) > 0. Hence j + 1 < b;, and we can

preserve conditions (i), (ii) and (iii) with

(@it1,biy1) = (bi,J + 1).

Case IL: ¢(cj12) —p(cp11) < 2(p(cp,41) — (Ca,+1)) and o(cjq1) — (ep41) = 6(p(cp,41) —
¢(Ca;+1))-

In this case by ([2.33]) we have,

K(cj+1) = @(cj+1) — p(ci+2) = (plejr1) — @len+1)) — (p(cj+2) — ©(eb+1))-
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Using the conditions of this case, we write

k(cjr1) = (p(cje1) — @lep41)) — (@(ej2) — @lcp41))
> 6(p(ch+1) — (Ca+1)) — (@(cj42) — plcp+1))
= (20p(e011) = Pleat1)) + Ap(er1) = @leain)) = (#lesi2) = plens1))

> <2(‘P(Cb¢+1) — ¢(ca;+1)) + 2(p(cjt2) — @(Cb¢+1))> - <<P(Cj+2) - @(Cbi+1)>,

and by condition (i),

wlesr1) > ((#(enr) = pleatn)) + (#(cait) = o (x(, D)) +2(plesr2) = plen1))
- (@(Cj+2) - @(Cbiﬂ))

= (cjr2) — e(x(r', p(r"))). (2.48)

Thus if dr(y;+1,v) > edr(y;,yj+1), then (a;11,bi41) = (j + 1,7), satisfies condition (i)
by (2.48)), and it is also easy to verify that it satisfies conditions (ii) and (iii). If d7(y;+1,v) <
8dT(yj)ijrl)a then by ‘ )

o(x(y),p(y;))) = p(cj+1) = Klcj1) + @(cjr2)

and by (248),

( 2dr(yj, yj+1) > _ ( 2dr(y), yj+1) >
(e(x(y5:p(y5))) — (X (', p(r")))) K(cj1) + p(cire) — e(x(r', p(1")))
dr (y;, Yj+1)

>
k(cji1)

Hence Lemma implies that the assignment v’ = y;;1 and u = y; satisfies the conditions

of this lemma if C' > 2.

Case III: ¢(cjt1) — @(cp+1) < 6(@(co41) — ©(Caz41))-

In this case we use Lemma to show that the assignment u = y; and v’ = y, satisfies
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the conditions of the lemma. We have

e(x (¥, p(y;))) — (X (', p(1"))) = ¢(cjv1) — (X (', p(r")))
= (p(cj1 — @le41)) + (ol 41) — p(Cait1))
+ ((car1) — o(x (', p(1))))
< 6(p(cp,+1) — ¢lca+1)) + (len41) — P(Car+1))

+ (e(Cagy1) — (X (', p(r")))),

and by condition (i),
e(x(yj, p(y5))) — o(x (', p(r"))) < 8(p(cti+1) — p(ca;+1))-
Condition (ii) and the definition of y; imply that,
dr(ys ) = (1= )dr(v,,) = &(1 = )dr (e, v0,) = 5 dr (Yo, w,)-

Hence,

< 6(%)dT(yj’ybi) ) > ( GdT(ybwyai) )
$ (s p(y) — e(x(,p(")))) ) — \wleb+1) — p(Cas1)

and by applying Lemma with u =y, and w = y,,, we can conclude that the assignment

u = y; and u' = y, satisfies the conditions of this lemma with C' = 96. O

2.4.5 FEmbedding

We now present a proof of Theorem [2.11] thereby completing the proof of Theorem [2.1] We
first introduce a random embedding of the tree T into ¢1, and then show that, for a suitable
choice of parameters, with non-zero probability our construction satisfies the conditions of

the theorem.

Notation: We use the notations and definitions introduced in Section Moreover, in
this section, for ¢ € x(FE) U {x(r,p(r))}, we use p~!(c) to denote the set of colors ¢’ € x(E)
such that p(¢’) = ¢, i.e. the colors of the “children” of c¢. For m,n € N, and A € R™*" we
use the notation A[i] to refer to the ith row of A and A[i, j] to refer to the jth element in
the ith row.
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The Construction

Fix 6, € (0, 3], and let
t = [e7! +log[logy 1/6]], (2.49)
and

m = [t*(M(x) + log, | E|)]. (2.50)

(See Lemma for the relation between € and §, and the parameters of Theorem [2.11]).
For i € Z, we first define the map A; : V — R™*! and then we use it to construct our final
embedding.

For a vertex v € V and ¢ = x(v,p(v)), let a =3¢, (g(p,) t?7;(ve), and

| dr(ve, v) = Yzt o 27e(v)
B = o+ min (tzn(v), \‘ 2i/i2 J> .

Note that 8 < m since

ni()+ Y 7)) < (o) < M(x) + logg | E|.
dex(E(Py))

For j € [m], we define,

( (%;',0,0...,0) if o< j <8,

(dT(UC,v) - (( i1 2%(@)) +(B— a)%;') ,o,o...,o)
if j =4+ 1and 8 — a < t?7;(v),

(0,0...,0) otherwise.
(2.51)
Observe that the scale selector 7; chooses the scales in this definition, and for v € V
and i € Z, A;(v) = 0 when 7;(v) = 0. Also note that the second case in the definition only
occurs when 7;(v) is specified by part (A) of (2.35), and in that case > o< 207(v) > d(v,ve).
Now, we present some key properties of the map A;(v). The following two observations

follow immediately from the definitions.

Observation 2.27. For v € V and i € Z, each row in A;(v) has at most one non-zero

coordinate.
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Observation 2.28. Forv € V and i € Z, let a = ZC/GX(E(PU))tQTi(UC/). For j ¢ (o, +

£27;(v)], we have

Proofs of the next four lemmas will be presented in Section [2.4.5)

Lemma 2.29. Forv € V, there is at most one i € Z and at most one couple (j, k) € [m]x [t]

such that A;(v)[j, k] ¢ {0, ?—;}

Lemma 2.30. Let ¢ € x(E), and u,w € V(v.)\{ve} be such that dr(w,v.) < dr(u,v).
For alli € Z and (j,k) € [m] x [t], we have

Lemma 2.31. Forc € x(E), and u,w € V(7.) \ {v.}, we have
dr(w,u) =) [[Ai(u) = Ag(w)|h, (2.52)
1€Z

and

dr(ve,u) = Y || Ai(u)r- (2.53)

€7
Lemma 2.32. For c € x(E), u,w € V(v.) \ {ve}, i > j and k € [m], if both | A;(u)[k] —
A(w) Kl £ 0, and Ay (w)[k] — Ag(w) ]l # 0, then di(u, w) > 251,

Re-randomization. For ¢t € N, let m; : Rt — R! be a random mapping obtained by
uniformly permuting the coordinates in R*. Let {o;};c[, be a sequence of i.i.d. random
variables with the same distribution as m;. We define the random variable 7, : R™*t
R™* as follows,

™ 01 (Tl)

T'm Om (Tm)

The construction. We now use re-randomization to construct our final embedding. For

c € xX(E), and i € Z, the map fi.: V(T(c)) — R™*! will represent an embedding of the
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subtree T'(c) at scale 2¢/t2. Recall that,

V(T(c)) =V (1)U U V(T \ {ver}

cdep=i(c)
Let {Il; v : i € Z,¢ € p~'(c)} be a sequence of i.i.d. random variables which each have
the distribution of 7. We define f;.: V(T'(c)) — R™*! as follows,

0 if ¢ = v,
fie(@) = ¢ Ai(z) if 2. € V(v)\ {ve}, (2.54)
Ai(ve) + o (fie(z) ifz e V(T())\ {ve} for some ¢ € p~i(c).
Re-randomization permutes the elements within each row, and the permutations are
independent for different subtrees, scales, and rows. Finally, we define f; = f;.,, where

co = x(r,p(r)). We use the following lemma to prove Theorem [2.11]

Lemma 2.33. There exists a universal constant C such that the following holds with non-

zero probability: For all x,y € V,

(1= Ce)dr(z,y) — 6 pyl(x,y;:6) < > _||fil 1 < dp(x,y). (2.55)
€L

We will prove Lemma in Section We first make two observations, and then
use them to prove Theorem Our first observation is immediate from Observation [2.27]
and Observation since in the third case of (2.54), by Observation A;(vl) and

IT; o/ (fi,r (x)) must be supported on disjoint sets of rows.

Observation 2.34. For any v € V' and for any row j € [m|, there is at most one non-zero

coordinate in f;(v)[j].
Observation [2.28 and Lemma also imply the following.
Observation 2.35. For any v € V and u € P,, we have dp(u,v) = >,y || fi(u) — fi(v)|1.

Using these, together with Corollary we now prove Theorem [2.11

Proof of Theorem [2.11] By Lemma there exists a choice of mappings {g; };cz such that
for all x,y € V,

(@) 2 ) llgilz Yl = (1 =0(e))dr(z,y) = dpx(z,y;9) -

€L



62

We will apply Corollary [2.15( to the family given by { fi= tz%} . to arrive at an
1€

tm

T
embedding F': V — ¢, (2+[1og 2) such that G = F/t? satisfies,
dr(z,y) 2 |G(z) = G(y)lh = (1 = O(e))dr(z,y) — dpy (2, y; 0). (2.56)

Observe that the codomain of f; is R™*! where mt = 9((% + loglog(%))3logn), and the
codomain of G is RY, where d = ©(log 1 (1 + loglog())?logn).
To achieve (2.56)), we need only show that for every =,y € V, we have C(f—fl) < edp(zx,y),

where ((x,y) is defined in (2.31). Recalling this definition, we now restate ¢ in terms of our
explicit family { fi= tQQi} 2 We have,
i€

21

S ) a1 b, ) (2.57)
(k1,k2)€[m]x [t] i:3j<i
g5 (@) [k, k2]#g; (y)[k1, k2]

where,

2 2

S0 @)1, o] = i) by, o)

I)

Fix z,y € V. For c € x(E(P,y)), let A¢ be the induced subgraph on V(Pyy) NV (7.), i.e.

% 2
o) = 5 (G @l bl = sl ] - |

the subpath of P,, where all edges are colored by color c. We have,
dr(z,y) = Y len(E(X)). (2.58)
cex(E(Pry))

If we look at a single term in ([2.57)), we have

%

hi(x,y; k1, k2) < (2.59)

=
For u,v € Py, let
Si(u,v) = {(k1,k2) € [m] x [t] : hi(u,v;k1,k2) # 0 and 35 <i: g;j(z)[k1, k2] # g;(y)[k1, kal}.

Now, notice that if é—i(gi(az)[khkg] — gi(y)[k1, k2]) is fractional, then there must exist a
subpath A, for a color ¢ € x(E(P,y)), with endpoints u. and w, such that é—i(gi(uc)[kl, ko] —
gi(we) k1, k2]) is fractional too. Hence we have

< Y 30 HEeve)]

cEX(E(Pyry)) i€Z



63

We call 3., %f“’c” the contribution of A, for each color ¢ € x(E(Pyy)).

We divide the analysis of the paths A, for ¢ € x(E(FPyy)) into two cases. For ¢ €
X(E(Py))Ax(E(Py)), the vertex v, is one endpoint of the path A.. Let u. be the other. By
Lemma|2.29, there is at most one i € Z and (k1, k2) € [m]x [t] such that h;(uc, ve; k1, k2) # 0,

and

<1

U Si(ua Uc)

€7

By Lemma for all i € Z with dp(ue,v.) < 2071 we have 7;(u.) = 0, and

[Ai(ue)llr = [lgi(ue) — gi(ve)ll1 = 0. (2.60)

For i < 1+ logy(dr(uc,ve)), by (2.59) and Lemma we can bound the contribution of
Ae to ((z,y) by,

Z 2j|Sj(uc,vC)| - 2t - 2d7 (e, ve)

2 2 2 < edr(ue,ve). (2.61)

JEZ
Note that there is at most one color in x(E(Pyy)) \ (X(E(FPy))Ax(E(Py))). If no such
color exists, then by (2.61),
((z,y) < Z elen(E(X\.)) <

cEX(E(Pry))

EdT($,y)-

Suppose now that {c} = x(E(Pyy)) \ (X(E(FP:))AX(E(Py))). Let u,w € V(A.) be the
closest vertices to x and y, respectively. For i € Z we will show that if h;(u,w; k1, ko) # 0,
then either dp(z,y) > 2072, or for all j < 4, we have (gj(x) — g;(y))[k1, k2] = 0. Then, by
Lemma there are at most two elements in g;(u) — ¢g;(w) that are not in {0, %;, —f—; ,

therefore we can conclude

(o) < 2Ly g 2l

1€EZL ceEX(E(Pr))Ax(E(Py)) i€Z
(2.58)
< dedr(z,y) + > elen(E(\.))

cex(E(Pz)) Ax(E(Py))

< bedr(x,y).
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Without loss of generality suppose that dr(u,v.) < dr(w,v.). If dr(w,v.) = 0 then the
contribution of A. to {(x,y) is zero. Suppose now that dr(w,v.) > 0, and let m,, = max{i :
7i(w) # 0}. By Lemma the maximum always exists.

We will now split the rest of the proof into two cases.
Case 1: 7,,,—1(u) = 0.

In this case by Lemma we have dp(u,w) > 2™~ For (ki,ke) € [m] x [t], if
h;(u,w; k1, ko) # 0 then by (2.105)), i < m,, and

2t 2mw  2dp(u,w) _ 2dp(x,y)

Case 2: 7,,,—1(u) # 0.

Let m, = max{i : 7;(u) # 0}. By Lemma and as T, —1(u) # 0, we have m,, <

my < my + 1. Observation [2.17] implies that for all j < m,,,

7;(u) + Z Tj(ver) = ¢(c).
dex(E(Pu))
We have m,, > m,, and by Observation [2.1
Hw) + Y me)=m@+ Y 7e) = e(o). (2.62)
dex(E(Puw)) dex(E(Pu))

therefore, by Observation for j < m, and k € [t?p(c)]

109 (x) = g;(w)[Klllr = [1(g;(y) — gj(w))[K][lL = O, (2.63)

and by Observation and part (B) of (2.35)), for all ¢ € Z, all the non-zero elements of
gi(u) — g;(w) are in the first t2pp(c) rows.
Suppose that there exists k € [m] such that ||(g;(u) — gi(w))[k]||1 # 0. Now, we divide

the proof into two cases again.
Case 2.1: There exists a j < 4, such that ||(g;(x) — g;(w))[k]|1 + ||(g;(v) — g;(w))[k]||1 # O.

In this case, there must exist some ¢’ € x(E(P,))Ax(E(Py)), such that

1(gj(ver) = g5 (uer))[K]ll1 # 0.
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By (2.54) and (2.105), we have 7j(u-) # 0. Inequality (2.63) implies j > m,,, and finally
by Lemma [2.18

dr(x,y) > dr(te,ve) > 2071 > 2mu=l > gmw=2 > 9i=2, (2.64)

Case 2.2: [|(g;(x) — gj(w)[Fllr + [I(g5(y) — g;(w)) [kl = 0 for all j < i.

In this case, either for all j < 1, ||g;j(z)[k] — g;(y)[k]|l1 = O which implies that for &’ € [t],
(k, k') & Si(u, w), or [|g;(u)[k] — g;(w)[K]|ls # O for some j <i. If [|g; (u)[k] — g;(w)[K][[, # 0
for some j < i then by Lemma [2.32]

dr(z,y) > dp(u,w) > 2me "t > 9mw=2 > 9i=2, (2.65)

For ¢ > m,, we have ||g;(u) — gi(w)||1 = 0, therefore in both cases if h;(x,y; k1,k2) # 0
either for all j <1, ||g;(x)[k] — gj(y)[k]|l1 =0 or

2i < 4dT(J")y)

ﬁ > 2 < 28dT(3§',y)-

Properties of the A; Maps
We now present proofs of Lemmas [2.29H2.32

Proof of Lemma[2.29. For a fixed i € Z, by (2.105) there is at most one element in A;(v)
that takes a value other than {0, f—; .

We prove this lemma by showing that if for some i € Z, and (4, k) € [m] x [t],
. 20
AZ(U)[Jak] ¢ 071?2 )
then for all i > ¢ and (j', k") € [m] x [t], we have Ay (v)[j/,k'] = 0. Let ¢ = x(v,p(v)).

Using ([2.105)), we can conclude that
VT(UC,’U) D 2€Te(U)J

t27;(v) >

2t /2
Since the left hand side is an integer,

dr(ve,v) — Y2t o 2°7e(v)
Qi/t2 ?

t21;(v) >
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and

Z 287 (v) = 2t (v) + Z 247 (v)

1<i <

> 9t (dT(UC’ 0) = g 2melv ) +22€T£

i
£<i

> dp(ve, v).

By part (A) of (2.35), for i/ > i we have 7/(v) = 0, thus ||Ay(v)]; = 0 and the proof is

complete. ]

Proof of Lemma[2.30. For i < {log2 (WQ@ME)J we have [|Ag(u)]| = ||Ag(w)|1 = 0.

Let v be the minimum integer greater than LlogQ (%)J —1 such that part (A)
of (2.35)) for 7, (w) is less that or equal to part (B). This v exists since, by (2.36), part (B)
of ([2.35] - is always positive, while by Lemma part (A) of must be zero for some
v € Z large enough. First we analyze the case when ¢ < v.

Observation[2.17]implies that part (B) of specifies the value of 7;(w). By Lemmal[2.20]
7i(u) > 7i(w), but the part (B) for 7;(u) is the same as for 7;(w), so we must have

7i(u) = 7i(w), and the same reasoning holds for 7y(w) for ¢ < i. Using this and the

fact that part (A) does not define 7;(w), we have
+ ZQerg(w) Z 2°70(u) < dp(ve, w) < dp(ve, ).
£<i £<i

Therefore, the second case in (2.105)) happens neither for v nor for w, and for ¢ < v we have
We now consider the case i = v. We have already shown that for ¢ < i, mp(u) = 7p(w),

and using (2.105)), it is easy to verify that for all (j, k) € [m] x [t],
Ai(w)[j, k] = Ai(w)]j, k].

Finally, in the case that ¢ > v, by Observation we have 7;(w) = 0, and A;(w)[j, k] =
0. O
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Proof of Lemma[2.31. For all i € Z, recalling the definition « and f in (2.105) for A;(u),

| dr(ve, v) = Yzt o 2'7e(v)
B — a = min (tzn(v), \‘ 2i/i2 J> .

and by definition of A;(u) we have,

we have

|y = min | 2'7;(u), dr(u,ve) — > 2/7;(u)
1<t

By Lemma we have Y., 2'7i(u) > dr(u,v.), therefore dp(ve,u) = 3 .cp |Ai(w)]]1.
The same argument also implies that dp(w,ve) = Y ey [|Ai(w) |1

Now, suppose that dr(u,v.) > d(w,v.). Then Lemma [2.30| implies that,
1Ai(u) = Ai(w)lly = [Ai(uw)lls = |Ai(w)lly = dr(ve, w) = dr(ve, w) = dr(w, u).
U

Proof of Lemma[2:32. Without loss of generality suppose that dr(ve,u) > dp(ve,w). We

have,

= l1An(w) (w)]lx

heZ
> Z [[An(u (w)]l1
> [|Ai(u) = Ai(w)lls + [[A;(w) = Aj(w)]: - (2.66)

By Lemma we have 7;(w) < 7;(u). In the definition of 7j(w), if part (B) of (2.35) is
less than part (A), then by (2.105]), for all h such that

Z tsz(vC/) < h < t?p(e),

ex(E(Py))

we have [|Aj(w)[h]||1 = f—; And, by Lemma and Observation for k € Z, Aj(w) =
Aj(u). Hence, part (A) of (2.35)) must specify the value of 7j(w). Observation implies

that 7;(w) = 0 and by (2.105)), we have ||A;(w)|; = 0.
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By (2.105)), since ||A;(u)[k]|1 > 0, and « from (2.105) is a multiple of ¢2, for all ¢ Lt%J <
h < k we have ||A;(u)[h]|l1 = f—; This implies that,

1A (u) — Ay (w)]1 > ?; (k:—l—t2 UZJ) > i; (k—l—t2 L’ZJ)

Moreover, ||Aj;(w)[k]]1 < f—;, and (2.105)) implies that for all k& < h < 2|1 + t%j, we have

|Aj(w)[h]]]1 = 0. The same argument also shows that,

18560 - sl = 5 (214 5| - #).

Hence by (2.66]),
21

dp(u,w) > 20 > 9071,

The Probabilistic Analysis

We are thus left to prove Lemma For ¢ € x(F), we analyze the embedding for T'(c) by
going through all ¢ € x(E(T(c))) one by one in increasing order of p(¢’). Our first lemma
bounds the probability of a bad event, i.e. of a subpath not contributing enough to the

distance in the embedding.

Lemma 2.36. For any C > 8, the following holds. Consider three colors a € x(E), b €
p~1(a), and ¢ € X(E(Pyy,)) for some u € V(T(b)). Then for every w € V(T(a))\ V(T(b)),

we have

P30 € V(o) + o) ~ rallls < (2.6)
€L
(1 - CS) dT(u’ UC) + Z Hfi,a(UC) - fi,a(x)Hl ’ {fi,c’}c’ep—l(a):|

1€Z
exp (—(C/(2+%) dr(u,v0))

(2.68)

<
~ [logy 1/0]

where = max{i : Iy € Py, \{vc}, 7i(y) # 0}. (See Figure[2.§ for position of vertices in
the tree.)
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Figure 2.8: Position of vertices corresponding to the statement of Lemma [2.36

Proof. Recall that R™*! is the codomain of f;,. For i € Z, and j € [m], and 2z € V(Pyy,),
let

fia(2)[d] = fiﬁ“(vc)[j]Hl + ’

frave)li] = fia()lj]|

Fralli) = fraw)i]] -

sij(z):‘ 1_‘ 1

We have,
Y fiaw) = fia(we)ll + Y fia(ve) = fial) i = D fialz) = fra@li+ > si(2).
i1€Z i€Z i€EZ 1€Z,j€[m]
By Observation we have dr(u,ve) = > ey | fia(u) = fia(ve)| 1, therefore
dr(u,ve) = Y sij(2) = D I fia(2) = fra@)lh =D I fia(2) = fialve)lh. (2.69)
1€Z,j€[m] €7 i€Z
Let £ ={fiw:d € p~(a)}. We define P¢[-] =P[- | £]. In order to prove this theorem, we

bound

Pe |3z € V(Pyy,): Y si(x) > Cedr(u,ve)
i€Z,5€[m]

We start by bounding the maximum of the random variables s;;.
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For i > 8 we have A;(u) = Aj(ve), hence f; (u) = fia(ve). Using the triangle inequality

foralli € Z, j € [m] and z € Py,

sij(2) < 2|\ fia(ve) 4] = fia(w) ]l (2.70)

Hence for all i € Z and j € [m] by Observation [2.34]

928+1
2

$ij(2) < 2| fia(ve)j] = fia(w)[j]l1 < (2.71)

First note that, if z is on the path between v, and v, then by Observation sij(2) = 0.
Observation [2.28 and ([2.105)) imply that if || f; o (w)[j] — fi,a(ve)[J]]l1 7 O then || fi o (ve) 4] =

0. From this, we can conclude that s;;(z) # 0 if and only if there exists a k € [t] such that
both f;a(uw)[j, k] = fia(ve)[j, k] # 0 and f; 4(2)[4, k] # 0. Since by Lemma[2.30} for all i € Z,
Jj € [m] and k € [t], we have f; o(w)[j, k] > fia(2)[J, k], we conclude that for z € Py, if
5ij(z) # 0 then s;;(w) # 0.

Now, for ¢ € Z and j € [m], we define a random variable

0 if S (U)) = 0,
X;; = ’ (2.72)

2[| fi.a(W)i] = fia(ve) ]l if sij(w) # 0.
Note that since the re-randomization in (2.54)) is performed independently on each row and

at each scale, the random variables {Xj; :i € Z,j € [m]} are mutually independent. By

(2.70)), for all z € Py,, we have s;;(z) < X;;, and thus

Pe [Tz € V(Pyo,) : Z sij(z) > Cedp(u,v.) | < Pg Z Xij > Cedp(u,ve)
i€Z,5€[m)] i€Z,5€[m)]
(2.73)

As before, for X;; to be non-zero, it must be that k € [t] is such that f; ,(w)[j, k] # 0 and
fia(W)[j, k] — fia(ve)[j, k] # 0. Since w ¢ V(T'(b)) with the re-randomization in (2.54) and
Observation m this happens at most with probability %, hence for j € [m], and i € Z,

Pe[X;j # O]
e[l fia(w)lg] = fia(we) il + | fia(ve)li] = fia(@) ]It = [l fia(w)ls] = fia(w)li]ll1 # O]
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This yields,

&+ | =

E[Xij | €] < — @l fia(w)i] = fialve)5lI1) - (2.74)

Now we use (2.71]) to write

Var(X;; | €) <

~+ | =

B+2
@l fia()i] = fialve)lilI1)* < %Ilfi,a(u) ] = fia(ve) i1l

and use Observation in conjunction with (2.74)) to conclude that

2 2
E { > X l€ > 7 1fiCwe)li] = fi(w)lilll = - dr(ve, w), (2.75)
i€Z,5E[m)] i€Z,j€[m]
and
26+2 9B+2
o Var(Xy |6 < Y - llfilve)li] — fiw)illlh = 3 dr(ve,u).  (2.76)
i€Z,j€[m] i€Z,5€[m]

Define M = max{X;; —E[X;; | £] : i € Z, j € [m]}. We now apply Theorem [2.7 to complete

the proof:

IP’[ XU>C< “U>]
ZEZ,jE

s 3w oy ()

i€Z,j€[m]

- dT(U’UC)
< .. —_ -
= { >, Xi- ! > Xlg|z( 2)< t )

i€Z,j€[m] i€Z,j€[m]

<o (€~ 2)dr(u,v0)/1)? |
< 5 (ZieZ,je[m] Var(Xy; | €) + (C — 2)(dr(u, ve) /t)M/3)

28+1

Since E[X;; | £] > 0, (2.71]) implies M <
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to write,

—((C — V(1) 1) )
(1,00) + (€ — 2)(dr (o, v0)/1)(251/£2)/3)

<
= &P (2 (25+

) —t(C — 2)%dr(u, v.)
= exp <2 (254_2 +(C - 2T)(25+1)/3)>

o ()

An elementary calculation shows that for C' > 8, 0 (C-2)°

0—2)/3%2
Pg[ 3 Xijzc<dT(1zyvc)>]

i€Z,j€[m]

> (, hence

< exp (—(Ct/25+2) dT(%”c))

exp ( ( + log [logQ (15-‘) (2;2> dr(u, Uc))

Cdrp(u,ve)

~(rogamn) e (-0 (2) () ).

Since there exists a y € Py, \{ve} such that 73(y) # 0, and for all ¢ € x(E), s(¢/) > 1,
Lemma implies that dp(u,v.) > 2771, and for C > 8, we have Cdgﬁ(févc) > 1. Therefore,

Pe [Elx € V(Pyo,) : Z [ fia(®) = fia(w)l1 < (1 = Ce) dr(u,ve) + Z | fia(ve) — fl,a(x)’h]

€L i€Z

2.69
Pe

Jx € V(Pyo,) : Z sij(x) > Cedr(u, Uc)]

i€Z,jE[m]

©
w

VARS
=
o

Z Xij > Ce (dT(U, UC))]

Li€Z,j€[m)]

Pel > Xz-j>c<dT(QZ”}C))]

Li€Z,j€[m]

(st o0 (-0 () o).

completing the proof. O

I~
VA\EN

9

A
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The I', mappings. Before proving Lemma [2.33] we need some more definitions. For a
color a € x(E), we define a map I'y, : V(T'(a)) — V(T'(a)) based on Lemma For
u € V(7q), we put T'y(u) = u. For all other vertices u € V(T'(a)) \ V(74), there exists a
unique color b € p~!(a) such that u € V(T'(b)). We define I'y(u) as the vertex w € V(Py,)
which is closest to the root among those vertices satisfying the following condition: For all
v € V(Pyy) \ {w} and k € Z, 7(v) # 0 implies

ko dp(u, w)
e(p(x(u,p(u))) — w(a))

Clearly such a vertex exists, because the conditions are vacuously satisfied for w = u. We

(2.77)

now prove some properties of the map I',.

Lemma 2.37. Consider any a € x(F) and v € V(T (a)) such that T'q(u) # u. Then we
have T'q(u) = v, for some ¢ € x(E(Puy,)) \ {a}-

Proof. Let w € V(P,r,(u)) be such that I'y(u) = p(w). The vertex w always exists because
Lo(u) € V(Py) \ {u}. If x(w,Ta(u)) # x(Ta(u),p(Ta(u))) then I'y(u) is v, for some ¢ €
X(E(Puv,)) \ {a}.
Now, for the sake of contradiction suppose that x(w,Tq(u)) = x(Ta(w),p(Te(w))). In
this case, we show that for all v € P, pr, () \ {P(Fa(w))}, and k € Z, 74(v) # 0 implies
)

v dp(u,p(Ta(w))
2 ol pw) — pa))”

This is a contradiction since by definition of I'y, it must be that I',(u) is the closest vertex

(2.78)

to the root satisfying this condition, yet p(I'y(w)) is closer to root than I'y(u).
Observe that,

V(Pupra)) \ {pLa(w)} = V(Pyr, ) -
We first verify for Ty(u) and k € Z with 7(Ty(u)) # 0. Since T'y(u) € V(P,), we
have
dr(u, Do (u)) < dp(u, p(La(w))). (2.79)
Recalling that p(w) = I'q(u), by Lemma [2.20| for all k € Z, 73,(T'q(u)) < 7% (w), therefore for
all k € Z, with 7,(Iq(u)) # 0, we have 7;(w) # 0 as well, hence implies

o - dp(u,Tq(u)) 229 dr(u, p(T'a(u))) . (2.80)

e(p(x(u,p(u)) —¢la)) —  ele(x(u,p(u)) —¢(a))
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For all other vertices, v € V(P,r, () \ {Ta(u)}, and k € Z with 7(v) # 0 by ([2.77),
i dr(u,Tg(u)) dr(u,p(Ta(u)))
2 < e r @) — @) = Tl pu)) - gl 281
completing the proof. O

Lemma 2.38. Suppose that a € x(E) and u € V(T'(a)). For any w € V(Py,r,(w)), such

that x(u, p(u)) = x(w, p(w)) we have To(w) € V(Pyr,(w))-

Proof. For the sake of contradiction, suppose that I'q(w) ¢ V (P, 1,()). Since w € V(P,),
and To(w) & V(P,r,(w)), we have I'y(w) € V(Pp, (), and

dp(u,Tg(u)) < dp(u,Ty(w)). (2.82)

Since w € V (P, 1, () by assumption, for all vertices, we have V (Pyw) \{w} € V(Pyr,w)) \
{To(uw)}. Thus for all v € V(Py,y) \ {w} and k € Z with 74(v) # 0 by ([2.77),
o dr@law) 3 dp(wTw)
e(p(x(u,p(u))) —p(a)) —  ele(x(u,p(w))) — ¢la))’
The fact that w € V(P,1,()) also implies that dr(w,[(w))) < dr(ul'q(w))). There-
fore, for all vertices v € V/(Pyr, () \ {Ta(w)} and k € Z with 73(v) # 0 by ([2.77),

ok dr(w, Ta(w)) < dr(u, Ta(w)) _ dr(u,a(w))

e(p(x(w,p(w))) — ¢(a)) = e(px(w,p(w))) —pla))  e(p(x(u,p(w)) — ¢(a))
(2.84)

(2.83)

We have,
V(PuFa(w)) = V(Puw) U (V( w g (w) ) \ {F ( )})

Hence, by (2.83) and (2.84), for all v € V(P,, () \ {Ta(w)} and k € Z, 74.(v) # 0 implies

dT(u,p(Fa(w)))
e(p(x(u,p(u))) — p(a))

This is a contradiction to the definition of T'y(u), since I';(u) must be the closest vertex to

ok <

(2.85)

the root satisfying this condition, yet I';(w) is closer to root than T'y(u). O

Defining representatives for .. Now, for each ¢ € x(F), we define a small set of
representatives for vertices in 7.. Later, we use these sets to bound the contraction of pairs

of vertices that have one endpoint in ~,.
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For a € x(F) and ¢ € x(E(T(a))) \ {a}, we define the set R,(c) C V(v.), the set of

representatives for ~., as follows

[logy %1—1
Ru(c) = U {u € V(7.) :u is the furthest vertex
i=0

from v, s.t. Ty(u) # u and d(u,v.) < 27" Ien('yc)}. (2.86)
The next lemma says when a vertex has a close representative.

Lemma 2.39. Consider a € x(F) and ¢ € x(E(T(a))) \ {a}. For all vertices u € V(~.)

with T'g(u) # u there exists a w € Rq(c) such that,
dr(u,ve) < dp(w,v.) < 2max (dT(u,vc), 6Ien('yc)).

Proof. Let ¢ > 0 be such that

dr(u, ve) c (2—1‘—1’2—1‘] _
len(7c)
If i < [log, %] — 1, then (2.86|) implies that either u € Ry(c), or there exists a w € R,(c)
such that

dr(u,ve) < dr(w,ve) <

On the other hand, if i > [log, %} — 1, then (2.86) implies that either u € R,(c), or that
there exists a w € R,(c), such that

| c
dr(u,ve) < dp(w,ve) < _len(ye)

—= 2|—10g2 %-I_l S 25'6“(’}/6),

completing the proof. ]

The following lemma, in conjunction with Lemma [2.39] reduces the number of vertices

in V(v.) that we need to analyze using Lemma

Lemma 2.40. Let (X,d) be a pseudometric, and let f:V — X be a 1-Lipschitz map. For
z,y € V7 (J//Ld xlay/ € V(P:vy) CL’I’th Z 0; zfd(f(a:), f(y)) Z dT(':Uv y)_h then d(f($l)’ f(y/)) 2
dr(x',y") — h.
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Proof. Suppose without loss of generality that dp(a’,z) < dp(y’,z). Using the triangle

inequality,

d(f(2), f(y) = d(f(x), f(y)) — d(f(x), f(2)) = d(f(y), f(¥))
> (dr(x,y) — h) — d(f(x), f(«") = d(f(y), F(¥))
> dp(x,y) — dr(x,z') —dr(y,y') — h

= dT(.ﬁU/,y,) —h.

The following lemma constitutes the inductive step of the proof of Lemma [2.33]

Lemma 2.41. There exists a universal constant C, such that for any color ¢ € x(E) U
{x(r,p(r))}, the following holds. Suppose that, with non-zero probability, for all ¢ € p~'(c),
and for all pairs x,y € V(T(c)), we have
(1= Ce)dr(x,y) — 6 py(a,y;0) <Y | fiwr (@) = fio W)l < dr(z,y). (2.87)
1€Z
Then with non-zero probability for all x,y € V(T'(c)), we have
(1= Ce)dr(z,y) = d py(,5:0) < > _ | fielx) = fic)l < dr(z,y). (2.88)
1E€EL
Proof. Let € denote the event that, for all ¢ € p~1(c), and all x,y € V(T(¢')), we have
dr(z,y) = Y | fie (@) = fio @) = (1 = Ce)dr(z,y) — Ipy(z,y; ). (2.89)
1€Z
We will prove the lemma by showing that, conditioned on &, (2.88]) holds with non-zero
probability.
For z,y € V(T'(c)) we define,

p(z,y) = max{p(a) : a € x(E) and z,y € V(T'(a))} .

Note that since z,y € V(T'(c)), we have

1(z,y) > p(c). (2.90)
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It is easy to see that if u(z,y) > p(c), then x,y € V(T(c)) for some ¢ € p~'(c). By

construction, if ¢ € p~1(c) and x,y € V(T(c')), then

[ fie(@) = fie@l = [ fie (@) = fie W,

hence & implies that (2.88]) holds for all such pairs. Thus in the remainder of the proof, we

need only handle pairs x,y € V(T'(¢)) with u(z,y) = ¢(c).

Write x(E(T'(c))) = {c1,¢2,...,cn}, where the colors are ordered so that ¢(c;) < ¢(cjq1)
for j =1,2,...,n — 1. Let £1 = 24¢, where the constant 24 comes from Lemma And
let e9 = 2 - C’e, where (" is the constant from Lemma

For i € [m], we define the event X; as follows: For all j < 4, and all z € V(v,,) and

y € V(ve;) with pu(z,y) = ¢(c), we have

Y Mfwe(@) = fre@)lh = dr(z,y) — erdr(z,y) — eadr(Te(x), Te(y)) — dpy (2, y;6). (2.91)
kEZ

For all pairs = € V(7,,) and y € V(7,), the event X, ;) implies,

D k(@) = fre@)lh = dr(z,y) — (61 + e2)dr(z, y) — 5py (2, y; 6).
keZ

In particular this shows that for C' = 2-C’ + 24, if the events X1, Xo, ..., X, all occur, then
(2.88]) holds for all pairs z,y € V(T'(c)). Hence we are left to show that

PXiA---AX, | E]>0.
To this end, we define new events {Y; : ¢ € [n]} and we show that for every i € [n],
Pe[XiN-- AX; | Xi A ANXi  AY] =1, (2.92)
and then we bound the probability that Y; does not occur by,
P [?Z] < 973(ple)—p(e)+1 (2.93)

By, Lemma and the definition of f;. (2.54), we have P¢[X;] = 1. Since for all i €
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{2,...n}, ¢ e x(E(T(c))) \ {c}, we have

Pe[X1 A+ AXp] > 1= Pe Y]]
1=2

1= - ele) ()41
=2

(2.24)
S 1-2.207% =,

which completes the proof.

For each i € [n], we define the event Y; as follows: For all j < ¢, and all vertices z € R.(c;)

and y € V(v,;) with pu(z,y) = ¢(c), we have

D k(@) = fre@lh = D I feeTe(@) = fre@)lh = (1—e1/2)dr(z,Te(z)) . (2.94)

k€eZ keZ

We now complete the proof of Lemma by proving (2.92)) and ([2.93]).

Proof of (2.92). Suppose that Xi,...,X;—1 and Y; hold. We will show that X; holds as
well. First note that for all vertices in x,y € V(7,,), by Lemma and the definition of

Thyes , we have
dT(SL’,y) = Z ka,cl(x) - fk,ci(y)Hl = Z ||fk:,c($) - fk,C(y)Hlv

keZ ke
thus we only need to prove (2.91) for pairs x € V(v,,), and y € V(y,;) for j < i and

w(z,y) = p(c). We now divide the pairs with one endpoint in 7., into two cases based on

I..
Case I: x € V(v,,) with = # I'c(z), and y € V(7,,) for some j < i, and pu(z,y) = o(c).
In this case, by Lemma there exists a vertex z € R.(c;) such that
d(z,ve;) < d(z,ve) < 2max (0 len(E(qe,)), dr(z, ve,)) -
If d(z,ve,) < §len(E(v,)), then by (2.19), we have len(E(ye,)) = py(, ve;; 8), hence
dr(z,Tc(2)) < dr(ve;, Te(2)) + 2max(d len(E(7,)), dr(x, ve,))
< dr(ve;, Te(2)) + 2max (6 py (2, v¢;;0), dr(z, ve,))
<drp(ve;, Te(2)) +20 py(z,ve50) + 2dp(x, ve,)

<26 py(x,v¢;;0) + 2dr(z,Te(2)). (2.95)
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Figure 2.9: Position of vertices in the subtree T'(c) for Case L.

Since z € R(c;), by definition we have I'c(z) # z, therefore by Lemma Le(z) = ve
for some color ¢ € x(P.y,.)\ {c}. The function ¢ is non-decreasing along any root leaf path,

hence x(I¢(z),p(I'c(2))) = ¢¢ for some ¢ < i.

We refer to Figure [2.9] for the relative position of the vertices referenced in the following

inequalities. Using our assumption that Xi,..., X;_1 and Y; hold, we can write
Y;
D ke =fre@)h 2 dr(Te(2),2) = (e1/2) dr(2,Te(2) + D 1 fre(Te(2) = fre®)|h
keZ keZ
Xmax(l,j)

dr(Te(2), 2) — (e1/2) dr(2,Te(2))
+ dT(Fc(z)7 y) —&2 dT(Fc(Fc(Z))’ Fc(y)) | dT(Fc(z)’ y) -9 px(FC(Z>v Y; 5)
> dr(y, z) — (e1/2) dr(2,Te(2))

—e2dr(Le(Te(2), Te(y) — e1dr(Te(2), y) — 0 px(Te(2), 43 6) -

We may assume that €; < 1, otherwise there is nothing to prove. Using the preceding
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inequality, and applying Lemma on pairs (z,y) and (z,y) implies that

Y frel@) = fre@)lh = dr(z,y) = (e1/2) dr(z,Te(2))

keZ

—e2dr(Te(Te(2)), Te(y) — e1dr(Te(2),y) — 6 px(Te(2), 5 6)

(2.95)
S dr(z,y) — (¢1/2) (2 dr(z,To(2)) + 26 py (2, v ; 5))

—e2dr(Te(Te(2)), Te(y)) — e1dr(Te(2),y) — 6 px(Te(2), y;9).

where in the last line we have used the fact that e1 < 1.

We have x(z,p(z)) = x(2,p(z)) = ¢;. Moreover, since I'c(z) # 2, using Lemma [2.37] it is
easy to check that x € P,p_(.). Therefore, by Lemma dr(Te(Te(2)),y) < dp(Te(2),y) <
dr(Tc(x),y), and combining this with the preceding inequality yields,

> Ifeel@) = fre@l > drle,y) = (€1/2) (2dr (@, Te(2)) +26 py (1, v,,39))

keZ

—e2dr(Te(2),Te(y)) —erdr(Te(2),y) — 5PX(FC(Z)> Y3 0).

Recall the definition of C(z,y;d) in (2.19). Since by Lemma [2.37 TI'c(z) = v for
some color ¢ € x(Psy,.) \ {c}, we have C(T'c(2),y;0) € C(v;,y;0), hence py(ve,,y;0) >
py(Te(2),y;0) and thus,

> Ifee@) = feeWlls > dr(e,y) = (€1/2) (2dr(@.Te(2)) +26 py (. v0,39))

kez
—e2dr(Le(2),Te(y)) — e1dr(Te(2),y) — 6 px(ve;, 5 6)
> dp(x,y) —e1dp(x,Te(2)) —e2dp(Le(x), Te(y)) — erdr(Te(2),y)
— 8(py(ve;, 43 0) + e1py (2, 06,5 6))
> dr(x,y) — 1dr(2,Te(2)) — 2 dr(Ce(z), Te(y)) — e1dr(Te(2), y)

o 5(px(x7vcz-§ 5) + px(vcia Y; 5))7

where in the last line we have again used that €1 < 1.

The set of colors that appear on the paths Pyy,, and Py, 4 are disjoint, therefore
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px(x,y; 5) = px(xa UCi; 5) + Px(vciu y7 6)a and

D I fkel@) = fre@)lh

kez
> dr(z,y) — e1dr(z,Te(2)) — e2dr(Te(z), Te(y)) — e1dr(Te(2),y) — dpx (2,95 6)

=dr(z,y) —erdr(z,y) — e2dr(Te(x),Te(y)) — dpy(, y;9).

Case II: = € V() with x =T'.(z), and y € V(7,,) for some j < i, and pu(z,y) = p(c).

In this case, we first note that since ¢ = ¢1, © ¢ V(7.). Hence we can suppose that

z € V(T()) for some ¢ € p~!(c). Recall that 2 = C’e, where C’ is the constant from

Lemma m By Lemma m (with ¢/, z, and % substituted for ¢, v, and ¢, respectively,

in the statement of Lemma [2.26), there exist vertices u,u’ € {} U{v,:a € x(E(Prv,))}
such that

dr(z,u) < (e2/2) dp (v, u). (2.96)

and for all vertices z € V(Py,,) \ {¢/} and for all k € Z,

dr(u,u’) > '
e(p(x(u,p(u))) — p(x(ver, p(ver))))

m(z) 0 = 2’f<<

We have x(ve,p(ve)) = ¢, and this condition is exactly the same condition as for
['c(u), therefore

dp(z,u) < (e2/2) dp (v, u) < (e2/2) dr(Te(u), u). (2.97)
Note that the assumption that I'.(x) = = implies that, u # = and u = v, for some color

a € X(E(Pzv,))-
We hayve,

Z [ frc() = fre)ll — Z [ fr,e(w) = fre)ll = — Z 1 fre(@) = fre(w)ll

keZ keZ keZ
(2.35)
= —dp(z,u)
.97

> dp(z,u) —eadp(u,Te(u))
(,u) — eadp(z,c(u))

(z,u) —eadp(Te(x), Te(u)). (2.98)

>

dr
dr
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Since u = v, for some color a € x(E(Pyxv,)), x(u,p(u)) = cg, for some £ < i, and Xy .0 )
implies that,
D M fielw) = fre@l = dr(u,y) — e2dr(Te(u), Te(y)) — 1 dr(u,y) — 8 py(u, y; 8).
keZ

Recall the definition of C(z,y;d) in (2.19). We have u = v, for some color a € (E(P:y,,)),
therefore C(u,y;0) C C(z,y;0), and py(u,y;0) < py(x,y;0). Now we can write,

D M frew) = fre@l = dr(u,y) = e2dr(Te(u), Te(y)) — 1 dr(u.y) = 8 py(@, y; 8).
kEZ

(2.99)

Adding (2.98) and (2.99)) we can conclude that

D frel@) = fre@ll = dr(u,y) + dr(u, ) — £2 (dr(Te(x), Te(u) + dr(Te(u), Te(y)))
kEZ

—erdy(x,y) — 6 py(z,y;90)

> dp(z,y) — e2dr(Le(z),Te(y)) — e1dr(z,y) — 0 py(2, y;0),

completing the proof of (2.92)).

Proof of (2.93). We prove this inequality by first bounding the probability that ([2.94)
holds for a fixed = and all y € V(v,,) (for a fixed j € {1,...,i —1}) with u(z,y) = ¢(c).
Then we use a union bound to complete the proof.

We start the proof by giving some definitions. For a vertex = € R.(¢;), let
Sy = {j € {1,...,i— 1}: there exists a v € V(7,;) such that u(z,v) = 4,0(0)} :

And for a € S,,, we define w(z;a) as the vertex v € V(~,) which is furthest from the root

among those satisfying u(x,v) = ¢(c). Finally for x € R.(c;), we put
B = max {k €7 :3z € P:r:Fc(x) \ {FC(JJ)}, Tk(z) 7& 0} .

Inequality (2.77) implies,
yio _ _dr(a Tel))

() — ole)) (2100
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By definition of R., for all elements z € R.(c;), we have I'.(z) # xz. Moreover, by
Lemma 2.37, I'¢(z) = ve for some ¢ € x(E(Pyy,.)) \ {c}. Now, for € R(¢;) and a € S,
we apply Lemma with £1/2 = 12¢ to write

Pg Ely € Pw(:c;a),vc : Z ka,c(x) - fk,c(y)Hl

keZ

< (1= e1/2)dr(z,Te(2) + > 1 frev) fk,c(Fc(fL’))Hl]
kEZ
1 dr(z,Te(z))
< g, 7 (25 )
exp(=3(p(ci) — »(c)))
- [logy 1/4]

Note that, for all y € V(7,,) with u(z,y) = p(c), we have y € Pyy(3:0) 0.

(2.101)

By definition of Re(c;), |Re(c;)| < [logy 671]. We also have ¢(c;) < ¢(c;) for j < i, and
by Corollary |S,| < i < 2¢(c)=¢()+1  Taking a union bound over all z € R.(¢;) and

a € S, implies,

__ (2.101) 1
RS 3 s (g g7 030006 ()
< ([1og2 5*112%)**’(6)“) (ﬂog:éﬂ exp(—3(p(ci) — w(d)))

= 2772 exp(=3(p(ci) — (0))) -
Since ¢(c¢;) > ¢(c), by an elementary calculation we conclude that
PelY;] < 2 - 273(e)—¢le)
which completes the proof of . O
Finally, we present the proof of Lemma [2.33

Proof of Lemma[2.33 Let C be the same constant as the constant in Lemma For the

sake of contradiction, suppose that

P \Vz,y €V, (1—Ce)dr(z,y) — 6 py(z,y;0) < D [fi(z) — fi(y)lh < drl2,y)| =0.

€L
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Now let ¢ € x(E) U {x(r,p(r))} be a color with a maximal value of ¢(c) such that,

P [V%y € V(T(0), (1= Ce)dr(z,y) = 8py(2,y;8) < Y |l fiel®) = fielw)lh < dT(l‘,y)] =0.
€7

(2.102)

For a € x(E), k(a) > 0. Hence, for all ¢ € p~'(c), by [2.33), ¢(¢') > ¢(c), and by

maximality of ¢, for all ¢ € p~!(c), we have

P [xay € V(T(C/))a (1 - 08) dT(J:?y) 6px x ya < Z ||flc fi,c’(y)Hl < dT(CE,y)] >0.
1EL
But now applying Lemma contradicts (2.102f), completing the proof. O

2.5 Lower Bound

For n € N, the n-star graph is a tree on n nodes such that one node has degree n — 1 and

all the other nodes have degree one. In this section we prove the following theorem.

Theorem 2.42 (restatement of. For e € (0, %) and n > 1/e%, any embeddings of

n-star into €4 with distortion 1+ ¢ requires dimension d = Q (%).

2.5.1 Proof of Theorem

To prove Theorem we first bound the number of almost-disjoint probability measures
that we can put on a finite set, and then we use Lemma to derive a bound on the
dimension required for embedding n-star into ¢; with distortion 1 + ¢.

Let X be a finite set, and let S be a set of measures on the ground set X. We say that

S is e-unrelated, if for all distinct elements u,n € S,

=iy > 3 (u(X) + (X)) —<,

where || - |7y is the total variation of the measure.
The following lemma is an easy corollary of a fact from [92]. We include the proof of

this lemma for completeness.

Lemma 2.43. For every € € (0,1) and k € N, if there exists a map from n-star to E'f with
distortion 1+¢, then there exists an e-unrelated set of probability measures on {1,...,2k+1}

of sizem — 1.
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Proof. Let f :V — E‘f be a map from n-star into E‘f that satisfies the condition of the
lemma, and let » € V be the vertex with degree n — 1. By translation, we may assume
that f(r) = 0. For all other vertices v € V' \ {r}, we have ||f(v)]1 < 1. For each vertex

v € V\ {r} define the measure y, as follows

max(0, f(v);) 1<i<k
to({i}) = { max(0, —f(v);) k+1<i<2k

1= [f ()l i=2k+1,
where we use f(v); to denote the ith coordinate of f(v). The set S has size n — 1. To verify

the pairwise distance between elements of the set, note that for all u,v € V' \ {r} we have

s = ol v = % Uf () = F@) + 1= [[f@)) = @ = [f @) = [[f(w) = fo)lh-

Since f has distortion 1 + ¢, for any two distinct elements u,v € S, we have

1F(w) — F@)h = (ﬁ) 91—,
]

The next lemma is the final ingredient that we need to prove Theorem Let My,
be the set of all measures on the set {1,2,...,k}, and let Py, be the set of all probability

measures on the set {1,2,...,k}.

Lemma 2.44. There exists a universal constant C, such that for e < 1/16 the following
statement holds. If there exists an e-unrelated set S C Py, then there exists a %—um’elated

set T'C Py, of size at least % such that for all p € T, we have |supp(u)| < [Ce(e + 1)d)].

We can now present the proof of Theorem

Proof of Theorem[2.3. Suppose that there is a map from n-star to 6‘11 with distortion 1+ €.
Then, by Lemma there exists a e-unrelated set of probability measures on {2d + 1}
of size n — 1. Thus by Lemma there must exist a %—unrelated set S of probability

measures on {1,...,2d+1} of size Q(n) such that all elements of S has support size at most

[c.e.(ﬁnil)-(zdﬂﬂ,
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for some universal constant C'.
We now divide the problem into two cases. In the case that Ce(e + ﬁ)(Qd +1) <1,
the support size of each element in S is exactly one, therefore |S| < 2d + 1. Moreover, since

72 < n we have

d=Q(|S]) = Q(n) = Q (%) ’

which completes the proof for this case.

In the second case, Ce(e + ﬁ)(2d+ 1) > 1. In this case since ﬁ = O(e), hence the sup-
port size of each element in S is bounded by O(g2d). There are at most exp(O((¢? log(1/¢))d))
different supports of size O(g2d) for elements in S. Moreover, the balls of radius 1/2 around
points in S are disjoint and they are all inside the ball of radius 1.5 around origin. Therefore,
if we fix a support of size O(¢2d), there are at most 39" = exp(O(e2d)) different points

in S that can share this support.

This in turn implies that

S| < exp(O((*log(1/¢))d)) - exp(O(e?d))
< exp(O(e%log(1/¢) 4 £%)d)

< exp(O(e*log(1/¢)d)),

hence, d = Q (%), completing the proof. O

Now, we need to prove Lemma We start by stating some simple properties of total
variation distance.
For a finite set S and measures 7, i : 2° — [0, 00), we define
min(v,n)(T) = Y _(min{u({z}),n({z})}).
zeT

For k € N, and measures u,n € My, we have

I =nllrv = %(M([k‘]) +n([k])) — min(p, ) ([k])- (2.103)

We also use the following partial order on finite measures on the set S: p < 7, if and only
ifforall T e S, w(T) < n(T).
The following observation is immediate from ([2.103]).
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Observation 2.45. For k € N, and measures u,n,u',n' € My, such that p/ < p and
n' < n, if for some e > 0,

L (k) + () — <,

>
I = nllrv 5

then

LW ) + 7 (B]) - <.

_ >
1 =1 |lrv 5

The next lemma is the final ingredient that we need to prove Lemma

Lemma 2.46. Let 6 € (0,1) and S C [0,00) such that

§-(IS]=1)-) x> ) min(z,y). (2.104)

€S z,yE€S,x#y

Then there exists a set T C S, such that >, cpx > 3> oz and |T| < [§(|S| —1)].

Proof. Let n =S|, and let a; > ... > a,, > 0 be the elements of S in decreasing order. We

have
n

n n
33 i) = 323 iy = 352
i=1 j=1 i=1 j=1
7] i#j
Let k = [§(]S] — 1)], we divide the above sum into two parts

n

n o n k
ZZmin(ai,a] 22 i—1)a;+ Z > Z 2(i—1)a; > 2k Z a; > 26(|S|-1 Z a;.
=1

=1 j=1 i=k+1 i=k+1 i=k+1 i=k+1
i#]

Combining this inequality and ([2.104]) implies that 3 ;" , ; a; < % > zes T, therefore Ele a; >

> ,cs @ Hence the set T = {ay,...,a} satisfies both conditions of the lemma.

O]

Proof of Lemmal[2./4 We prove this lemma by showing that each of the following state-

ments imply the next one.

I) There exists an e-unrelated set .S C Py, of size n.
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IT) There exists an e-unrelated set S C My, of size n such that

(a) for all p e S, p(lk]) < 1;
(b) > pes ullk]) = n/4;

() > ,es Isupp(p)| < (2en + 1)k;
IIT) There exists an e-unrelated set S C My, of size at least n/14 such that

(a) for all yr € S, [supp(p)| < 14 (26 + L) k;

(b) for all u € S, we have pu([k]) > 1/8;

IV) There exists a set that satisfies all conditions of this Lemma.

To make the notation more succinct for a given set S C My, we define,
Ag= Y min(g,n).
HMES, uFEN
Note that, if for some ¢ € [0, 1], S € Py, is e-unrelated, then (2.103)) implies that
1
As((k) < o (((K]) +n((K])) = [l = nllrv < > 1-(1—g) =¢lS|- (S| - 1).

WnES, N HMES, uFN
(2.105)

I = II: Let St C My, be an e-unrelated, and let X be a random variable with state space

{1,...,k} such that

_ ) = Zwesi (1)
Pr(X =i) = > s, AR
We have
k
B[ As(0 ] = LY AG) = kA (k) TS <(1si - 1),

= n € Su(X)

Markov’s inequality implies that

Pr (EAS(X) < 2:(181| - 1>) >
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Now let

I C
A‘{ s (g = 0 ”}'

We have
SO A = 30 S Pr(X = i) 3 R = 5 3 wllk). (2.106)
HEST HEST iEA HEST LEST

By Lemma for all ¢ € A, there exists a set W; C St such that |W;| < [2¢(|S1] —1)],

and
1

> u{ih) = 5 > nd{id). (2.107)
new; HEST
For € Si, let Y, = {i: p € W;}.
Let Sip = {po Iy, }ues,- Since po Iy, = u, Si satisfies II(a). Furthermore, Observa-

tion implies that the set {0 Iy, }es; is e-unrelated. Inequality

1 L1 (2:106)
Dony) =5 Y mi) =5 ) pA) = |sil/4
peST 1€EA BEST peST

implies that Sir satisfies II(b). And, Condition II(c) also holds because

> Isupp(uo Iy, )| =D [Wi| < 2e(|S1| = )| A + |A] < (2¢|S1] + 1)k
HEST €A

IT = III: Suppose that Siy is an e-unrelated set S C My, of size n that satisfies all the
conditions of II. We have max{u([k])}ues,, < 1, and >_ g pu([k]) > |Sul/4. Therefore,
there exists a set S” C Syr such that for all € ', u([k]) > 1/8, and

1/4—1/8 n
1> ~4—ri > .
512 () Isul= 7

By Markov’s inequality, there exists a set Sy such that |Spp| > %\S’| > ﬁ|SH], where

for all n e SHI,

> pesy [supp(p)| 1)

/ |su su
2pes Swpp() > sy, [supp(p)] < 1ak(2e + ).
|Sul/7 n

<2 <2 <2
supp(u) < i < 5 <

The set Sqp1 has size at least {5 and by definition it satisfies conditions (a) and (b) of

I11.
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IIT = IV: Suppose Sip is a an e-unrelated set S C M, of size at least n/14. For each
element in p € Suy, let Z, € {1,...,k} be the set of [16-¢ (14d(2c + 1))] elements of
{1,...,k} that has the largest measures with respect to p (break the ties arbitrarily). Since
e < é, for all u € S’ we have

£ et 1
w(Z,) > é (16 1&?2]1(1 T)"») = 2¢. (2.108)

_ [ molg, }
Let Sty = {#(Zu) HESTIT

our construction for all i € Sry, [supp(f)| < [224e(2¢ + 2)d)]. To complete the proof we

need to show Sty is %—unrelated. Note that wu,n € S, by Observation implies that

. It is easy to check that Sty C Py, and has size {5. Moreover, by

)([k) M(ZM) + W(Zu)

5 —lpwolz, —polyllrv <e.

min(no Iz, ,polz,

Therefore,

2103) . (polz, nolgz,
1o (S5 ) 09

[-108)) ol ol ([2-103)
> 1 —min (222 1220 () 5
2e 2e

HMOIZ” _noIZ,7

N(Zu) 77(277) TV

2.5.2 FExtension to k-ary trees

In this section we show that any lower bound on the distortion of the maps from of the star

graph into Ecll also gives a lower bound for embedding of complete k-ary trees into E”ll.

Lemma 2.47. Let T be a complete k-ary tree of height h > 1 for some k > 1, and let
f:T — chl be a map with distortion (1 4 €) for some 0 < e < i, then there exists a map

from (14 k121 -star into £ with distortion 1+ 4e.

Note that for any k-ary tree of height h, we have k["/21 = Q(\/]V(T)]). Hence, combining

this lemma with Theorem [2.3] immediately gives the following corollary.

Corollary 2.48. There exists a universal constant 0, such that, for any € € (0,d), n > N¢

and k > 1, any embedding of complete k-ary tree of size n into Kil with distortion 1 + ¢
log(n) )

requires dimension d = §2 (W
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Proof of Lemma[2.{7 For the case that h = 1 this lemma is vacuous. Suppose now that
h > 1. We construct a map g from (1 + k*/?)-star into £¢ as follows.

Let S be the set of vertices at height [h/2] (we use the convention that height of root
is zero). For any element v € S, pick an arbitrary leaf [, of the subtree under the vertex v.
We set g(r) = 0. For all other vertices of the star we index them with distinct elements of

S, and set
f(lv) B f(U)
— [h/2]

First note that, if the map f is non-expanding then g is also non-expanding. Moreover

g(v) =

for two distinct elements u,v € S we have
2(h — [h)2]) + dr(u,v) = dp(u,v) + dp(ly, v) + dp(ly, w)
= dp(ly,ly)

(
(Lu,
> |1 f (k) = (01
(
I

vV
=

(bu) = f(w) = (f (o) = F)Il + 1f (w) = F(v)lly
(bu) = f(w) = (f (o) = fF)l + (1 = &)dr(u, v).

Therefore,

1) = F)) = (F() = F@) ]l > 200 — [h/2]) - edz(u, v)

2(h — [h/2]) — 2¢[h/2]

> 2(h — [h/2]) — 4(h — [h/2])
> (2— 4¢)(h — [h/2)).

Y

Since ¢ < 1/4, using the above inequality we can bound the distortion for the map g by

1
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Chapter 3
EMBEDDINGS AND SCALES

3.1 Results

We divide the results presented in this chapter into two categories. We first present our
results for £,, where p > 1 and then present the results for the case that p = 1. While both
approaches to these two cases have some similarities the techniques and the results have

some fundamental differences.

3.1.1 Lower Bounds on Embedding into {, for p>1

Suppose one is given a collection of mappings from some finite metric space (X,d) into
a Euclidean space, each of which reflects the geometry at some “scale” of X. Is there a
non-trivial way of gluing these mappings together to form a global mapping which reflects
the entire geometry of X7 In this chapter, we show that the approaches of [57] and [66] are
optimal, disproving a conjecture stated in [66].

The Gluing Lemma of [66] (generalizing the approach of [57]) shows that the existence of
such a collection {py} yields a Euclidean embedding of (X, d) with distortion O(v/alogn).
This is known to be tight when o = ©(1) [87] and also when a = O(logn) [70, §], but
nowhere in between. In fact, in [66], Lee conjectured that one could achieve O(a + v/logn)
(this is indeed stronger, since one can always construct {¢} with o = O(logn)).

In this chapter, we give a family of examples which shows that the v/alogn bound is tight
for any dependence a(n) = O(logn). In fact, we show more. Let A\(X) denote the doubling
constant of X, i.e. the smallest number A so that every open ball in X can be covered by A
balls of half the radius. In [57], using the method of “measured descent,” the authors show
that (X, d) admits a Euclidean embedding with distortion O(1/log A(X)logn). (This is a
special case of the Gluing Lemma since one can always find {¢y } with « = O(log A\(X)) [45]).
Again, this bound was known to be tight for A\(X) = O(1) [59, 60, 45] and \(X) = n®®)



93

[76, §], but nowhere in between. We provide the matching lower bound for any dependence
of A(X) on n. We also generalize our method to give tight lower bounds on ¢, distortion

for every fixed p > 1.

Theorem 3.1. For any positive nondecreasing function A(n), there exists a family of n-

vertex metric graphs {G;}ien such that A\(G;) < A(n), and for every fixed p > 1,
¢p(Gi) Z (logn)!/?(log A(n))' =14,

where ¢ = max{p, 2}.

3.1.2 Lower Bounds on Embedding into {1 and NEG

The main theorem that we prove on embedding into negative type metrics and ¢ is the

following theorem.

Theorem 3.2. There exists an O(1)-half-snowflake for which any embedding into a metric

of negative type incurs distortion at least (log n)l/?’*o(l).

We refer the readers to Section for the background and motivation behind the
study of Negative Type Metrics and Snowflakes.

Our work also implies a lower bound for embedding over scales in ¢;. Suppose that
(X,d) is an n-point metric space, and furthermore that for every value k € Z, there exists

a 1-Lipschitz map ¢, : X — /1 such that for z,y € X satisfying d(x,y) > 2F,

k
lor(z) — el = % (3.1)

On the one hand, we have the following.
Theorem 3.3 ([66]). There ezists an embedding of (X, d) into {1 with distortion O(y/alogn).

On the other hand, the work of Cheeger and Kleiner [27] shows that even if a = O(1),
the distortion can go to infinity, and [28] gives a definite bound of Q(logn)® for some small
do > 0. In this chapter we provide a new construction and that yields the following lower

bound.
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Theorem 3.4. There exist n-point metric spaces (X, d) which satisfy (3.1) with « = O(1),
but such that c1(X,d) > (logn)/3=°M  In fact, we even have cneg(X,d) > (logn)/3—0(1),

We prove the upper bound part of this theorem in Section and prove the lower
bound part in Section It is worth mentioning that this results was recently improved
by Lee and Sidiropoulos [74].

The k-sum embedding conjecture. In [73], it is conjectured that if a family of finite
graphs F is such that every shortest-path metric supported on a member of F embeds into 1
with distortion O(1), then the family @;F has the same property, for every k € N, where the
@k (+) notation denotes the closure of F under the operation of taking k-sums along cliques
(see [73] for a formal description). These authors refer to this as the “k-sum embedding
conjecture.” The conjecture is open even for k = 2. One of the main results of [73] is
that the k-sum embedding conjecture, combined with the well-known planar embedding
conjecture, implies the GNRS max-flow/min-cut conjecture in excluded-minor families [46].

Our results show that there exists an unweighted graph G whose shortest-path metric
embeds into £ with constant distortion, but that by taking repeated 2-sums of G with itself,
one obtains a graph whose ¢; distortion becomes arbitrarily large. This does not disprove
the k-sum conjecture, because we have only considered a single shortest-path metric on G,
but it does show that the proof must use something about the entire set of embeddings for

metrics on G, as opposed to merely an embedding of the given metric on G.

3.2 Techniques and Overview of the Proofs

To construct the family of graphs that we use in this section we use a recursive construction
of graphs based on [65]. We use G?* to denote the following iterated graph: G®° is a single
edge, and G2%*1 arises by replacing every edge of G2* with a copy of G, with s and ¢ taking
the place of the endpoints of the edge.

Indeed, the base graphs used to prove lower bounds for embedding into ¢1 and ¢, for p > 1
are different. We first present the recursive construction that we use in our constructions

which is slight generalization of @-product from [65].
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Figure 3.1: A single edge H, H © K33, and H © K23 © K2 2.

3.2.1 Marked ©-products

An s-t graph G is a graph which has two distinguished vertices s,t € V(G). For an s-t
graph, we use s(G) and t(G) to denote the vertices labeled s and ¢, respectively. We define
the length of an s-t graph G as len(G) = dien(s,t). Throughout chapter, we will only be
concerned with symmetric s-t graphs, i.e. graphs for which there is a graph automorphism
which maps s to t. We assume that all s-¢ graphs are symmetric in the following definitions.
A marked graph G = (V, E) is one which carries an additional subset E/(G) C E of marked
edges. Every graph is assumed to be equipped with the trivial marking Ey/(G) = E(G)

unless a marking is otherwise specified.

Definition 3.5 (Composition of s-t graphs). Given two marked s-t graphs H and G, define
H G to be the s-t graph obtained by replacing each marked edge (u,v) € Ey(H) by a copy
of G. Formally,

e V(Ho G)=V(H)U(Em(H) x (V(G)\{s(G),t(G)})).
e For every edge (u,v) € E(H)\ En(H), there is a corresponding edge in H @ G.

e For every edge e = (u,v) € Ey(H), there are |E(G)| edges,

{((e;vn),(ev2)) [ (v1,v2) € B(G), 01,0 ¢ {s(G), 4G}
U{ (s (ew) 1(s(6),w) € B(G) }
U{((e;w)v) | (w,1(G)) € B(G)}
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o The marked edges of H © G are precisely those introduced in the previous step which

correspond to marked edges in G.

o s(H®G)=s(H) and t(H > G) = t(H).

If H and G are equipped with length functions leng,leng, respectively, we define len =

lengoa as follows. Using the preceding notation, for every edge e = (u,v) € Ep(H),

len ((e,v1), (e,v2)) d|enG(s(G),)t(G))IenG(Ul’U2>
len (u, (e, w)) = d|enG|(Zn(}é¥()f)t Grlene(s(@).w)
B leng(e)
len ((e,w),v) = R ETEIRITE) leng(w, t(G)).

This choice implies that H © G contains an isometric copy of (V(H), djen,)-
See Figure [3.5] for an example.

Definition 3.6 (Recursive composition). Given a marked s-t graph G and a number k € N,
we define GOF inductively by letting G2° be a single edge of unit length, and setting G2F =
G* 1o aG.

The following result is straightforward.

Lemma 3.7 (Associativity of @). For any three graphs s-t graphs A, B,C, the graphs
(AoB)oC and Ao (B C) are isomorphic as s-t graphs, and isometric as metric spaces,

under the natural mapping.

Definition 3.8. For two graphs G, H, a subset of vertices X C V(H) is said to be a copy
of G if there exists a bijection f : V(G) — X with distortion 1.

Now we make the following two simple observations about copies of H and G in H © G.

Observation 3.9. The graph H © G contains |Ey(H)| distinguished copies of the graph

G, one copy corresponding to each edge in H.

Observation 3.10. The subset of vertices V(H) C V(H @ G) form an isometric copy of
H.
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3.2.2 Qverview of the proof for embeddings into (,, with p > 1

In some sense, our lower bound examples are an interpolation between the multi-scale
method of [87] and [59], and the expander Poincaré inequalities of [76, [§, [79]. We start with
a vertex-transitive expander graph G on m nodes. If D is the diameter of G, then we create
D + 1 copies G',G?,...,GP+1 of G where u € G' is connected to v € G if (u,v) is an
edge in G, or if u = v. We then connect a vertex s to every node in G' and a vertex t to
every node in GP*! by edges of length D. This yields the graph G described in Section
9.0.2)

In Section we show that whenever there is a non-contracting embedding f of G

into {5, the following holds. If v = w, then some edge of G gets stretched by at
G K

least \/’Wlogm)2 , i.e. there is a “stretch increase.” This is proved by combining the
uniform convexity of ¢5 (i.e. the Pythagorean theorem), with the well-known contraction
property of expander graphs mapped into Hilbert space. To convert the “average” nature
of this contraction to information about a specific edge, we symmetrize the embedding over

all automorphisms of G' (which was chosen to be vertex-transitive).

To exploit this stretch increase recursively, we construct a graph G, Now a simple in-
duction shows that in a non-contracting embedding of C_j®k, there must be an edge stretched
by at least Q(v/klogm). In Section a similar argument will be made for ¢, distortion,
for p > 1, but here we have to argue about “quadrilaterals” instead of “triangles” (in order
to apply the uniform convexity inequality in ¢,), and it requires slightly more effort to find

a good quadrilateral.

Finally, we observe that if G is the graph formed by adding two tails of length 3D hanging
off s and ¢ in G, then (following the analysis of [59, 60]), one has log A(G?*) < logm. The
same lower bound analysis also works for G2, so since n = |V (G?F)| = 29(klogm) " the

lower bound is

VEklogm ~ \/logmlogn > \/log )\(é@k)log n,

completing the proof.
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3.2.3 Owverview of the proof for embeddings into {1 and NEG

The arguments and proofs for embeddings into #; are more delicate and significantly more
complicated than the case for p > 1. The main difference between these two case is that
unlike other £, metric spaces, the shortest path between two points in /; is not unique, hence
the quadrilateral inequality that arises from uniform convexity does not hold for ¢;. Instead
of relying on the quadrilateral inequality, we use the notion of “efficienct” embedding to
prove our lower boundsﬂ We will discuss this in depth in Section Our proof uses the

following general framework:

i) We first construct a base graph G;

ii) Next, we show that if there is a low distortion embedding of G®* into any metric

space then there is an “efficient” embedding G,

iii) Finally, we show that there are no efficient embedding of G into ¢; or NEG.

In the rest of this section we give a high level overview of each step of the proof.

Construction of the base graph

Let G be an unweighted graph with two distinguished vertices s,t € V(G).

For a parameter m € N, consider now the graph H,, constucted as follows. Let @,
be the m-dimensional hypercube graph, and write V(Q,) = B U Ry, where By, and Ry,
denote the nodes of even and odd parity, respectively. Then @, is bipartite with respect

to the partition (By,, Ryn). Hy, is the graph which consists of 2m layers of the form

B R BR) R BB p(3) ... glm) plm) (3.2)

m m m

where Bq(fl) and R,(%) denote disjoint copies of By, and R,, for i =1,2,...,m, and hypercube

edges are present between every pair of adjacent layers.

Lin fact our techniques yield a lower bound for embedding into NEG which contains all finite ¢; metrics
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m copies

-+

{0’ 1}771,

Figure 3.2: The “string of cubes” graph, which we recursively compose with itself.

We also add to H,, two nodes: s’ connected to all the nodes of By(,i) by edges of length m

and a t’ connected the nodes of RS,T ) by edges of length m. Finally, we add two distinguished
vertices s and ¢ and connect s to s’ and ¢ to ¢’ by two unmarked edges of length %

We call H,, the “string of cubes” graph. See Figure [3.2] Our final construction is of
the form Gy, = ﬁ%k for appropriate values of k,m € N, where H,, is a slightly modified

version of Hy,. We use dj,,, to denote the shortest-path metric on Gy, .

Differentiation and Efficiency

The analysis is based on a “differentiation”-type argument. At a very broad level, we first
argue that any low-distortion embedding must be well-controlled on a small piece of our
lower bound space, and then show that any well-controlled embedding is quite rigid in
structure, allowing us to prove a lower bound.

Generalizations of classical differentiation theory have played a prominent role in proving
the non-existence of bi-Lipschitz embeddings between various spaces, when the target space
Z is sufficiently nice; see, for instance [90} 23], [7T], 1T), 24]. But this approach does not apply
to targets like ¢; which does not even guarantee differentiability for Lipschitz mappings
f:R— /4.

More recently, however, Cheeger and Kleiner [27],25] have successfully applied weaker no-
tions of differentiability to the study of £; embeddings of the Heisenberg group. Subsequent
papers [65] 26] 28] continue this theme. Ours is the first work to apply these techniques to
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Not efficient  f(x) f(xn)

Efficient f(Xl) _————/\/\/\/\ f(Xn)

Figure 3.3: Demonsatration of of a non-efficient and an efficient embedding of line into R2.

prove non-embeddability into negative-type metrics.

A central role will be played by the efficiency of various “paths” in metric spaces, follow-
ing [38, 65]. Consider a finite sequence of points equipped with a non-negative symmetric
function p (which may not satisfy the triangle inequality), S = {z1,z2,...,zr}. We say
that S is e-efficient (with respect to dist) if

k-1

Y plziwivn) < (1+¢) plar, o).
=1

Note that if p is a metric, then the left-hand side is always at least p(x1, x), by the triangle
inequality. See Figure [3.3] for demonstration.

The first key aspect of our approach is that we reduce the embeddability of G2¥ to the
study of specific types of embeddings for the base graph G. For a graph G and two nodes
s,t € V(G), let Ps1(G) denote the set of all s-t shortest-paths in G. In Section we
prove a quantitative variant of the following theorem, based on the “coarse differentiation”

methodology of [38].

Theorem 3.11. Let (Y,dy) be any metric space, and suppose that cy (G9F) < D for all
k= 1,2,.... Then for every € > 0, there exists an embedding f : G — Y with distor-

tion at most D, and such that for every sequence {x1,x2,...,2,} € Psi(G), the sequence

{f(x1), f(x2),..., f(xy)} is e-efficient in (Y, dy).

A more general result was proved in [65], but in this work we obtain a quantitative

improvement for the special case of iterated graphs.

Snowflake embedding: On the other hand, in the setting of half-snowflakes, we have a
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partial converse to the preceding theorem. If there is an embedding

f:(G,\dg) — b
with distortion D, and such that for every sequence
{.%'1, xro. .., .%'T} S ’Ps,t(G),

the sequence {f(z1), f(z2),..., f(x,)} is e-efficient with respect to the distance || f(x;) —
f(x;)||3, then for every k = O(1/e), the graph G?* is an O(D)-half-snowflake. (We are

actually only able to prove this for a modification of the graph G©*.)

Because of these two results, we are able to focus on a separation between embeddings
of our base graph H,, into negative-type metrics and half-snowflakes, respectively, with the
additional property that the embeddings are e-efficient on s-t shortest-paths. Analyzing
efficient (and approximately efficient embeddings) is the technical core of our approach,

which we now address.

Poincaré Inequalities, Lower Bounds and Efficiency

To explain some of the difficulty in separating NEG metrics from half-snowflakes, we re-
mark that for general £, embeddings, all distortion lower bounds can be proved using 1-
dimensional Poincaré inequalities. However, 1-dimensional Poincaré inequalities cannot
separate these two classes and a high-dimensional argument is necessary.

Let (X, d) be a finite metric space and fix p > 1. For any two symmetric weight functions
wi,wy : X x X = R, we say that X satisfies an £,-Poincaré inequality with weights w;

and ws if for every mapping f: X — R,

Y wil@mylf@) = F@P < Y wley)lf) - f)P.
z,y€X z,yeX
In this case, by integrating, we obtain that for every f : X — £,

Y wi@ylf@) = fWIE < D walz,y)lf@) = fW)l}-

z,yeX z,ycX
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Figure 3.4: An example of Poincaré inequalities is quadrilaterals inequality ||z — 2|3 + ||y —

wlF < (lz =yl + lly = 2l3 + 2 — wl3 + lw — =[13).

Finally, if f : X — £, has finite distortion, the preceding inequality says that

o S ey y)? < I, S waley)d,y),

-1
Hf HLip zyeX z,yeX

which implies that the distortion of f satisfies

1
S yex @@ y)d(a, )\
Zm,yGX w2 (LL’, y)d(xv y)p .

Thus every ¢,-Poincaré inequality which (X,d) satisfies yields a lower bound on the dis-

dist(f) = | fllip - 1/~ leip > (

tortion required to embed (X,d) into £,. It is well-known that a simple duality argument
implies that this method is universal for proving distortion lower bounds (see [78, Ch. 15]).
Thus even proving lower bounds on embedding (X, d) into infinite-dimensional ¢, spaces
can be done entirely in the setting of 1-dimensional maps.

On the other hand, it is clear that fo-Poincaré inequalities for the space (X, v/d) cannot
provide a separation between half-snowflakes and NEG embeddings. In order to separate
these two classes, for mappings f : X — /5, one has to use the high-dimensional structure
of the image f(X). We do this using the “differentiation” methodology discussed in the
next section, since we are able to get very strong local control on f, allowing us to give a

rigid interpretation of the high-dimensional structure of f when it is an NEG embedding.
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A lower bound for efficient embeddings into NEG: Poincaré boosting. Recall that
H,, consists of m hypercubes C1,Cs,...,C,, strung together as in (3.2)). First, we recall
the classical Poincaré inequality of Enflo [35] for the discrete m-cube. For any f: Q. — R,

we have

Ereq.|f(x) = f(@)]* < ZEermlf (x) = flz ®es)l?, (3-3)

=1
where we use T to denote x with all coordinates flipped, and x @ e; to denote x with the

1th coordinate flipped. By integrating, we easily conclude that for any f : Q.,, — f2,
Ereq,||f() = f(@)|* < ZEerme ) = flz @ e (3-4)
i=1
Obviously, this inequality does not yield any lower bound on the distortion for embedding
Qm into NEG (since it embeds into ¢;, and hence NEG isometrically).

But suppose we are given an embedding g : H,, — {5 which is an isometric negative-type
embedding, in the sense that |g(z) — g(y)||?> = du,, (x,y) for all ,y € H,,. Now, for each
i, let g; = glc, : @m — f2 be the restriction of g to the ith copy of @, in H,,, where we
think of all the maps {g;}"; as having the same domain. If we simply applied to each
f = ¢; and summed the resulting inequalities, we would again achieve no non-trivial lower
bound.

Instead, we apply to the mapping f = g1 + g2 + - - - + gm- By the strictness of the
property that g is an isometry (when the range is considered with the squared norm || - ||?),

all the vectors {g;(x) — g;(Z)}]", are colinear, and one concludes that,

2

I () = F(@)II* = Z lgj () = g5 (@I | - (3-5)

On the other hand, if we (by abuse of notation) consider a shortest-path in H,, of the form

r—xzde —r —xrDe; —xr —xDe; — -

(where the elements of the path lie in the respective sets B (1) Rgn), 7(n), ﬁ), ...), then

by the fact that ¢ is an isometry, for any pairs of adjacent nodes z,z’ and y, 7’ in such a
path, we have g(z) — g(2’) and g(y) — g(v') being orthogonal. This implies that for every
x € Qm and i € [m], we have for every j,k € [m], the property that g;(z) — g;(z ® e;) and
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gx(x) — gr(x @ e;) are orthogonal (actually, this only holds for j and k of the same parity,
but ignore this small issue).

We conclude that if f = g1+ g2+ - gm, then
If (@) = fz @ e)|* = Z lgj(z) — gj(z @ ei)[*. (3.6)

From (3.5)), (3.6), and (3.4]), we get a “boosted” Poincaré inequality of the form

2

Eoe@n | D 19i(@) =g @I | <D Eeequllgi(@) — gilz @ e’ (3.7)
j=1

j=1i=1
Notice that to obtain this inequality, we needed to use the fully high-dimensional version
instead of , because we used the high-dimensional relationship between the various
maps {g;}i~; .

Now, if we were told in advance that holds, and also that each g; has distortion
at most D (again, when the range is considered with the squared distance || - ||?), it would
immediately yield a lower bound of D > m. (Assuming each g; is 1-Lipschitz, the right-hand
side is at most m?, while the left-hand side is at least m?®/D.)

Of course, we started with the assumption that g was isometric, so this simply proves
that H,, does not admit an isometric negative-type embedding. But now the main point is
that every aspect of the preceding argument is robust. In Section |3.4.8, we prove a stable
version of using a distortion bound for g, and a stable version of using the
assumption that g is e-efficient on a large fraction of s-t shortest-paths in H,,.

Combining all this together in Section [3.4.8] shows that H,, does not admit a low-
distortion negative-type metric which is e-efficient on most s-t paths (for & small enough).
Combined with a differentiation theorem like Theorem this shows that the iterated

graph G, ,,, does not admit a low-distortion negative-type metric for k, m large enough.

An upper bound for efficient embeddings into half-snowflakes. The preceding
discussion yields only part of the separation between half-snowflakes and negative-type
metrics. For the other side, using the “snowflake embedding” method mentioned earlier for
the iterated graph Gy, ,,, it suffices to construct an embedding f : (Hy,, \/E ) — ¢o which

has small distortion, and such that every s-t shortest-path in H,, is mapped 0-efficiently,
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when the range is considered with the squared distance ||-||2. To illustrate how this is done,
we will argue for the path metric P on the points {1,2,...,n}. In the actual construction,

the following argument is carried out for all the shortest s-t paths simultaneously.

Suppose that f : P — {5 satisfies, for all z,y € P,

Y
2 < ()~ I < ol (3.5
Let vg = %, and put o; = (vo, f(i)). We will also need to make the assumption

that

a1 <ag <o <oy, (3.9)

which will be satisfied in our constructions.

Now, write every point ¢ € P in the form
f(i) = oo + 05,

where (v;, v9) = 0. Consider the mapping ¢(i) = a;vg + dv;, for some § € [0, 1].
In this case, we have

n—1

Z lg(i +1) = gD = (i1 — ai)® + 8% viga — vil®
=1

n—1

< Z(Oli—i—l — ;)% + 6%n,

i=1
where in the last inequality we have used (3.8]).
Note that || f(n) — f(1)|| = > ;1 lair1 — aq] by (3.9), and we have |a;11 — a;] < 1 by

(3.8), hence

n—1

D (i1 —ai)® < || f(n) = ).

i=1
On the other hand, ||g(n) — g(1)||*> = ||f(n) — f(1)||* > n/D. It follows that for some value
§ > 1/v/D, we will have

lg(n) — g(1)]* = Z lgi +1) = (D)%,
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i.e. the image will of P will be O-efficient. This gives us a general way to obtain 0-efficient
embeddings for half-snowflakes, which would not work for negative-type embeddings (be-
cause in the process of decreasing ¢, triangle inequalities that may have been satisfied in
the image could become violated). In Section we give the details of this embedding

and prove an upper bound for the distortion.
3.3 Glueing over scales

3.3.1 Additional Definitions and Notations

In this section, we use Aut(G) to denote the group of automorphisms of G.

For z € X, r € Ry, we define the open ball B(z,r) = {y € X : d(z,y) < r}. Recall that
the doubling constant of a metric space (X, d) is the infimum over all values A such that
every ball in X can be covered by A balls of half the radius. We use A(X,d) to denote this

value.

3.3.2 Metric Construction

Construction. In some sense, our lower bound examples are an interpolation between the
multi-scale method of [87] and [59], and the expander Poincaré inequalities of [76), [8, [79].
We start with a vertex-transitive expander graph G on m nodes. If D is the diameter of G,
then we create D + 1 copies G, G2,...,GPT! of G where u € G' is connected to v € G*+!
if (u,v) is an edge in G, or if u = v. We then connect a vertex s to every node in G! and a

vertex t to every node in GP*! by edges of length D. We call this graph G.

A doubling version, following Laakso. Let G be a s-t graph as in described above,
with D = diam(@G), and let s = s(G), ' = ¢(G). Consider a new metric s-t graph G, which

has two new vertices s, ¢ and two new edges (s, s'), (¢',t) with len(s, s’) = len(t',¢) = 3D.

Claim 3.12. For any graph G with |V(G)| = m, and any k € N, we have log \(GO¥) <

logm.

The proof of the claim is similar to [59, 60], and follows from the following three Obser-

vations and Lemmas.
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Figure 3.5: Base of Laakso Graph.

We define tri(G) = max,cy (@) (dien(5, V) +djen(v, t)). For any graph G, we have len(G) =

d(s,t) = 9D, and it is not hard to verify that tri(G?%) < len(G?%)(1 + sp—)- For conve-
nience, let Gy be the top-level copy of G in é@“, and H be the graph G2%=1, Then for any

e € E(Gy), we refer to the copy of H along edge e as He.

Observation 3.13. If r > @, then the ball B(x,r) in G* may be covered by at most

\V(G)| balls of radius /2.

Proof. For any e € E(Gy), we have r > Ileen"((l?)tri(H), so every point in H, is less than r/2
tri(GOF)
6

from an endpoint of e. Thus all of G* is covered by placing balls of radius around

each vertex of G. ]

Lemma 3.14. If s € B(x,r), then one can cover the ball B(x,r) in GOF with at most
|E(Q)||V(G)| balls of radius /2.

len(G2F)

Proof. First consider the case in which r > ¢ Then for any edge e in Gk , we have

r > % : % Thus by Observation [3.13, we may cover H, by |V (G)| balls of radius

r/2. This gives a covering of all of GF by at most |E(G)||V(G)| balls of radius r/2.

- o
Otherwise, assume % > r. Since s € B(z,r), but 2r < 'e“(gj )

, the ball must
be completely contained inside H, ,). By induction, we can find a sufficient cover of this

smaller graph. O

Lemma 3.15. We can cover any ball B(z,r) in G* with at most 2|V (G)||E(G)|? balls of

radius /2.
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Proof. We prove this lemma using induction. For C~}’®0, the claim holds trivially. Next,
if any H. contains all of B(x,r), then by induction we are done. Otherwise, for each H,
containing x, B(x,r) contains an endpoint of e. Then by Lemma we may cover H,
by at most |E(G)||V(G)| balls of radius /2. For all other edges ¢/ = (u,v), 2 ¢ He, so we

have:
V(He) N B(z,r) C B(v,max(0,r — d(z,v))) U B(u, max(0,r — d(z,u))).

Thus, using Lemma on both of the above balls, we may cover V(H) N B(z,r) by at
most 2|E(G)||V(G)] balls of radius r/2. Hence, in total, we need at most 2|V (G)||E(G)|?
balls of radius /2 to cover all of B(x,r).

0

Proof of Claim[3.13 First note that |V (G)| = m(D + 1) + 2 < m?. By Lemma we
have

NG?M) <2V @IE@) < 2V(E) < m'.

Hence log A(G2%) < logm. O

3.3.83 Lower Bound

For any 7 € Aut(G), we define a corresponding automorphism 7 of G by 7(s) = s, 7(t) = t,
7(s") =, 7(t") =t, and 7(v)) = 7(v)® for v € V,i € [D +1].

Lemma 3.16. Let G be a vertex transitive graph. Let f : V(G) — {3 be an injective
mapping and define f : V(é) — ly by

_ 1 "

f@) = s (FGD) iy
Let 8 be such that for every i € [D+ 1] there exists a vertical edge (u'?,v®) with || f(u) —
F(w)|| > B. Then there exists a horizontal edge (z,y) € E(G) such that

I1f () = fFWI* _ If(s) = FO)* | B
I=(y)? = dg(s07 36

4 (3.10)
G

Proof. Let D = diam(G). We first observe four facts about f.
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(F1) [If(s) = F@Il = 1F(s) = F@)
(F2) For all u,v € V,
1 (s) = FWO) = 11f(s) = Fla™)],
IF() = F@PE) = [1F@) = FPHD).
(F3) For every u,v € V, i € [D],

1F () = FEFD) | = [ F () = FuD)].

(F4) For every pair of vertices u,v € V and i € [D + 1],
(f(s) = F(t), F@®) — fF(v@)) = 0.

Let z = % Fix some r € V and let pg = |(z, f(s) — FrO)|, pi = [(z, f(r®) —

FrO)] for i = 1,2,...,D and ppy1 = |(z, f(t) — F(rPTD))|. Note that, by (F2) and

(F3) above, the values {p;} do not depend on the representative » € V. In this case, we

have
D+1 B B
> pi = If(s) = F(0) = 99D, (3.11)
i=0
where we put v = w. Note that v > 0 since f is injective.
G ’
Recalling that dz(s,t) = 9D and dg(s, r() = 4D, observe that if p? > (1 + %) (4yD)?,
then
() — (SN2 I1F(s)) — F(rMWY|2 2
max [ 1) (/ 2))ll ’ 1/(s") /fgl) 2)” >z 2
d&(s, s dg(s',r) 36

verifying (3.10). The symmetric argument holds for pp41, thus we may assume that

B2 B2
<4~vDy/1 <4vD |1 .
L0, PD+1 > =Y + 36’}/2 =AY ( + 72,}/2>

In this case, by (3.11]), there must exist an index j € [D] such that

82 2
) (-2
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Now, consider a vertical edge (u+D, vU*D) with ||f(u)) — f(v@)|| > B, and v’ =

F(uD) + p;z. From (F4), we have

max(|| f(u") = FuY )12, f(u?) = FUD)|?) =
1f (D)= u'|* + max(||o = FUD|?, [’ — f(uUHD]?)

> i+

again verifying (3.10) for one of the two edges (u(), vU+D) or (ul?), 4U+D). O

The following lemma is well-known, and follows from the variational characterization of

eigenvalues (see, e.g. [78, Ch. 15]).

Lemma 3.17. If G = (V, E) is a d-regular graph with second Laplacian eigenvalue ps(G),

then for any mapping f : V — £y, we have

d

— 2 TN
Euyev |f(2) — FW) Suz(G)

Eyer If (@) = f@)II (3.12)

The next lemma shows that when we use an expander graph, we get a significant increase

in stretch for edges of G.

Lemma 3.18. Let G = (V,E) be a d-reqular vertez-transitive graph with m = |V| and

w2 = p2(G). If f - V(é) — £y is any non-contractive mapping, then there exists a horizontal

edge (z,y) € E(G) with

I1f () — F)I1? 5 1£6s) = F@1?

dg (@, y)? e ¢ (%O‘)gdm)Q) ' (3.13)

Proof. We need only prove the existence of an (z,y) € E(G) such that (3.13) is satisfied
for f (as defined in Lemma [3.16)), as this implies it is also satisfied for f (possibly for some

other edge (z,y)).
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Consider any layer G in G, forie [D + 1]. Applying (3.12)) and using the fact that f

is non-contracting, we have

Ewwer [f@?) = FODP = Ewupep 1f@?) = fD))?

2 i i
2 FEu,vEVHf(u()) — fD)|?
> /;2 Eu,vGV dG (uv U)2
2 /f; (loggm)?.

In particular, in every layer i € [D + 1], at least one vertical edge (u(®,v®) has || f(u()) —

f@)| > 2 Jog,m. Therefore the desired result follows from Lemma (3.16 O

We now to come our main theorem.

Theorem 3.19. If G = (V, E) is a d-regular, m-vertex, vertex-transitive graph with py =

MQ(G)y then
~ k
e2(GF) 2\ Ex 1ogym.

Proof. Let f : V(é@k) — {5 be any non-contracting embedding. The theorem follows
almost immediately by induction: Consider the top level copy of G in GOF , and call it Gy.
Let (z,y) € E(Gp) be the horizontal edge for which || f(z) — f(y)]| is longest. Clearly this
edge spans a copy of 57'@]“*1, which we call G;. By induction and an application of Lemma

there exists a (universal) constant ¢ > 0 and an edge (u,v) € E(G1) such that

If () = f@IP _ cpa(k—1) )2+Hf($)—f(y)|!2

log, m
dé@k (U, ’U>2 N d ( B dé@k (.1‘, y)2
cpa(k —1) 2, CH2 o lf(s) = fF®)IP
A | 20 A2 — JARIL
> P ogym) + U g m)? 1
completing the proof. ]

Corollary 3.20. If G = (V, E) is an O(1)-reqular m-vertex, vertex-transitive graph with
po = (1), then

c2(G?%) > Vklogm ~ y/logmlog N,

where N = |V(CN}@’C)| — 9O(klogm)
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3.3.4 Extension to other (, Spaces

Our previous lower bound dealt only with 5. We now prove the following.

Theorem 3.21. If G = (V, E) is an O(1)-regular m-vertex, vertex-transitive graph with
o = Q(1), for any p > 1, there exists a constant C(p) such that

cp(GPF) 2 C(p)k'/*logm ~ C(p)(log m)'~/9(log N1/
were N = |V(G)| and q = max{p, 2}.

The only changes required are to Lemma and Lemma (which uses orthogonal-
ity). The first can be replaced by Matousek’s [79] Poincaré inequality: If G = (V, E) is an

O(1)-regular expander graph with pp = Q(1), then for any p € [1,00) and f: V — £,

Eeyev [1f(z) = FW} < O2p)" Eq yyee 1 (2) — fW)II5-
Generalizing Lemma [3.16]is more involved.

Lemma 3.22. Let G be a vertex transitive graph, and suppose p > 1. If ¢ = max{p,2},
then there exists a constant K(p) > 0 such that the following holds. Let f : V(G) — ¢, be
an injective mapping and define f : V(é) — £, by

F@) = Mg)'/ (1) pnr
Suppose that f3 is such that for every i € [D+ 1], there exists a vertical edge (u(,v(®)) which
satisfies || f(u®) — f(w®)|, > B. Then there exists a horizontal edge (x,y) € E(G) such

that - -
I1f (=) — fFW)lI 5 1£(s) —fOllp g
dg(z, ) dg(s, 1)
Proof. Let D = diam(G). For simplicity, we assume that D is even in what follows. We

(p)B?. (3.14)

first observe three facts about f.
(F1) 17 () = FOllp = 11/ (s) = f (D)l
(F2) For all u,v €V,

1F(s) = F@)lp = 11F(s) = Fu)llp,
IF(&) = F P = IF(t) = F P,
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(F3) For every u,v € V, i € [D],

IF @) = F D) = 17 (@) = F D).

Fix some 7 € V and let py = ||f(s) — f(r(l))Hp, pi = Hf(r(%_l)) — f(r(%ﬂ))”p for
i=1,...,D/2, ppjat1 = |£(t) = fF(rPTD)||,. Also let p;1 = || f(rZ=D) — f(r(D)]|, and
pig = | f(r®)) — FrHD)||, for i =1,...,D/2.

Note that, by (F2) and (F3) above, the values {p;} do not depend on the representative
r € V. In this case, we have

D/241

> pi > () = Ft)llp = 99D, (3.15)
=0

where we put v = W. Note that v > 0 since f is injective.
G b

Let 0 = d(p) be a constant to be chosen shortly. Recalling that dz(s,t) = 9D and
dz(s,7)) = 4D, observe that if pj > (1 + 5%) (4yD)4, then

G
- (Hf(s)

ds(s, s

DI 1) = FeM)

/ ’ dé(S/,T(l))q

) ="+ 05,
verifying (3.14). The symmetric argument holds for pp /o1, thus we may assume that

34 1/q B4
o, Ppj2+1 < 4y D (1 + 5) <4~D (1 + (5> .
e e

1/
Similarly, we may assume that p; 1, pi2 <7 <1 + 6%) ! for every i € [D/2].
In this case, by (3.15]), there must exist an index j € {1,2,...,D/2} such that
34
p; > (1 -85 )2
Now, consider a vertical edge (1), v(2)) with || f(u?)) — f(v(31))||, > B. Also consider
the vertices v%~1) and v(**1. We now replace the use of orthogonality ((F4) in Lemma
3.16)) with the following well-known 4-point inequalities in ¢, spaces (see [?, App. A]). If

1 < p <2, then for every u,v,w,z € £,

lu = wlfy + (o = Dz = olly < Ju—olly + llv = w3 + [lz = wl; + lu— 5.
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On the other hand, if p > 2, then for every u,v,w,x € £,
lu —wlf + |z = vllp < 2P72 (Jlu = o[} + [lv = wl|h + [l — wll§ + [Ju - z[?) .

We apply one of these two inequalities with z = f(u®)),v = f(v®)),u = f(LF D), w =

f(w+D), In the case p > 2, we conclude that

@)= f D) @)= f D) = 272 22—

> 29P 4 27PT28P _ 345pP.

Thus choosing § = 2;% yields the desired result for one of (u(?9),v(21=1)) or (u(29) ¢Ri+1),

In the case 1 < p < 2, we conclude that

1F ) = fEDNE+] £ () = fOE )2 > pF + (p = 1)8% = pi1 — P
A similar choice of § again yields the desired result. O

3.4 Snowflakes, {1 and Metrics of Negative Type

3.4.1 {1 Metrics on Finite Sets and Cut Measures

For a thorough discussion on the connections between ¢ metrics and cut measures; see [34].
Here we recall a couple simple facts. If (X, d) is a finite pseudometric space, and f : X — (1,
then there exists a measure y on 2% such that for all z,y € X,
1f (@) = f)lh = [Ls(@) = 1s(y)| u(S).
SCX
We refer to any such measure p on subsets of X as a cut measure.
Given a cut measure p on X, we use d, to denote the pseudometric which assigns, to

every x,y € X, the value

du(z,y) = p({S : 1s(x) # 1s(y)}) -

Conversely, to every such metric d,, one can associate a mapping f,, : X — £ such that for

all z,y € X,
[fu(z) = fu@)lly = dyu(z, y).

For cut measures j and 1, we say that u = v if for all S € X, u(S) + u(S) = v(S) +v(S).
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Coarse differentiation

Let G be an s-t graph, (X,d) a metric space, and consider a mapping f : V(G) — X.
Recalling that Ps;(G) is the set of s-t shortest-paths in G, let i be a probability measure
on Psi = Ps(G). We say that f is e-efficient with respect to p if it satisfies
By Y d(f(u), f(0)) < (1+€) d(f(s), f(1))-
uvey
For a marked s-t graph G, we define its marked length by

lenpys(G) = min Z leng(u,v).

€P;s
TERe wey:(u,w)EEN (G)

Theorem 3.23. Let G be a marked s-t graph. Then for any D > 1 ande > 2D (1 — Ie@ﬁé?),
there exists a k = O(% log D) such that the following holds. For every metric space (X,d)
and mapping f : V(G9F) — X with distortion D, there exists a copy of G in G°F such that

fla is e-efficient with respect to pu.

Proof. Assume, without loss of generality, that f is 1-Lipschitz. We claim that if f is not
e-efficient with respect to p on any copy of G in G9¥, then
eNk
Epor 3 d(f(), f(0) = (145) d(fs(G™), FREH)),  (316)
uvey
where 4@* is the natural iterated measure on s(G?%)-t(G®F) shortest-paths in GOF. We
prove this by induction on k, where the case k = 0 is trivial.
Write GO+l = G @ G9%. We have one copy of GP* in GP**! for every marked edge
e = (u,v) € Ep(G). Denoting this copy by He, by the induction hypothesis, we have
N
E,uony, D d(f (), f0)) = (14 5) d(F(s(H)), F(HHL))) (3.17)
uvey

where we use (/ﬂk)e to denote the measure on H.. Denote now the outer copy of G by Gy,

and observe that if it is not mapped e-efficiently by f, then

By Y d(f(u), f(v)) > (1+¢)d(f(s(Go)), F(t(Go)))

= (14 &) d (f(s(GN), FHGP))
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where the distribution p here is over s(Go)-t(Go) paths in Gy = G.

Consider now a term of the form ) d(f(u), f(v)) on the left-hand side. Since f is

uvey

1-Lipschitz, we have

> ) = Y d £ - D (1= 52 (s, oic)
wvey:(u,w)EEN (Go) uvey
> > d(f(w), f(0) = 5 d(F(s(Go)). F(HGo))
uvey
>

(1+3) AU (s(Go)). F(1(Go))).

But now since each marked edge is replaced by a copy of G2% in G, every term in the sum
2 wvery:(up)eEy A (), f(v)) corresponds to the right-hand side of an instance of (3.17)),
yielding

e\ k+1

E,porin D0 d(f(w), f0) > (14 2) 7 d (f(s(GHN), fGP ). (3.18)

2
uvey

This preceding line completes our proof of (3.16) by induction. Now, combining the
triangle inequality and the fact that f is 1-Lipschitz, the left-hand side of (3.16|) is at most
len(G?*), while the right-hand side is at least

0 1)

log D ]

yielding a contradiction for some k =< =5

3.4.2 The multi-scale Construction

We now describe our main construction, and then we prove some of its basic properties
including the fact that it admits an ¢; embedding at every scale. This latter fact represents
half of the proof of Theorem [3.29] and will be used in Section to prove that the

construction is an O(1)-half-snowflake.

3.4.83 Metric Construction

For a parameter m € N, consider the graph H,, constructed as follows. Let @Q,, be the m-

dimensional hypercube graph, with the vertex set identified with {0, 1}™ and write V(Q,,) =
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Bp, U R, where B, and R,, denote the nodes of even and odd parity, respectively. Then
Q@ is bipartite with respect to the partition (B,,, R,,). We define a graph H,, as follows.

First, H,, contains 2m layers of the form

BUMRM B pR) BB pB) ... glm) p(m) (3.19)

m ™m m ™m m ™m m

where B,(qi) and RS,? denote disjoint copies of B,,, and R,, for i = 1,2,...,m, and hypercube
edges are present between every pair of adjacent layers.

We also add to H,, two nodes: s’ connected to all the nodes of Bg) by edges of length m

and ¢’ connected to the nodes of Rﬁ,’l” ) by edges of length m. Finally, we add two distinguished
vertices s and ¢ and connect s to s’ and ¢ to ¢’ by two edges of length % All other edges of
H,, are given length one. In this way, H,, becomes an s-t graph. See Figure [3.2
Furthermore, we consider H,, as a marked graph with Ey;(Hy,) = E(Hp,,)\{(s, '), (t,t)}.
We use [Q,]; to denote the i-th copy of Q,, in Hy,, i.e. V(Qp) = BT(,? U R%). For a vertex

z € V(Qm), we use [z]; to denote the corresponding vertex in [Q,];- Even though H,, is

an undirected graph, we will sometimes consider ordered pairs € = (u,v).

Let 7 € N be a sufficiently large constant (see (3.42)) and (3.49) for the required lower

bound on 7). We construct H,, from H,, by replacing each marked edge e € F(H,y,) with
a path of length 7mlen(e), all of whose edges are marked, and have length % Our final
construction is of the form ﬁ%k for appropriate choices of m, k € N.

We equip these graphs with the shortest-path metric, which we denote d,, ;. There is
a natural injection V(HZ*) — V(HZF), which will allow us to also write dp,x(z,y) for

z,y € V(HZ).

The main reason behind using ffm, instead of using H,, is the way that the analysis
work in Section Having unmarked edges s — s’ and t — ¢/, implies that for all marked

A~

edges (u,v) € Ey(H,y,),

ae{s,rtl}l,%)e({u,v} dg (a,b) > Tlenﬁm(u, v). (3.20)

This inequality provides a separation between different copies of fIm in ﬁ%’“ This separation

is one of the ingredients used in the proof of Theorem [3.37 and Lemma [3.41] However, all

the proofs in the current section and Section can be modified to work with HZF.
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Figure 3.6: Random extension of a cut on an edge.

Extending Cut Measures

Before we describe the embedding, we need to introduce some of the tools that we need.
In this section we discuss how one can randomly extend cuts from graph metrics to their
subdivisions.

Randomly extending to a subdivision. Let G be a metric graph, and for h € N,
let G, denote the metric graph where every edge e € F(G) is replaced by a path of h
edges, each of length len(e)/h. Orient each e € E(G), and denote the new path between
the endpoint of e = (u,v) by {u = P.(0), P.(1),..., P.(h) = v}.

Given any subset S C V(G), we define a random subset ext;(S) C V(G},) as follows.
Let {Xc}eep(q) be a family of i.i.d. uniform [0, 1] random variables, and put

extp(S) =S U U {Pe(i) : Xe < ?15@) + 215(1})} . (3.21)
(u,w)EE(G)

It is easy to check that the distribution of ext;(S) does not depend on the orientation chosen
for the edges of G. The preceding operation corresponds to taking a cut S C V(G) in the

original graph, and extending it to G}, in the following way: For every edge (u,v) € E(G)
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that is cut by S, we cut the new path from u to v in G}, uniformly at random (see Figure|3.6]).

Now, given a cut measure u, we define the extension ,u to be the cut measure on Gj,

defined by

Enp(S) = (SN V(G)) - P(S = extp, (SN V(G))),

for every subset S C V(G},). By abuse of notation, given a mapping f : V(G) — £, we will
use &, f : V(Gy) — ;1 to denote the mapping which arises from constructing a cut measure
ps from f, applying &, and then passing back to an £;-valued mapping. (Recall Section
3.4.1])

The following observation is immediate from (3.21)).

Observation 3.24. For any graph G, h € N, and (z,y) € E(G), if vertices u,v € V(Gp)
are on the path that replaced the edge (x,y) € E(G), then for every f : V(G) — {1, we have

€50 = Ef ()] = Senlet)

m”f(x) — fW)lh-

Lemma 3.25. For any graph G and h € N, the following holds. For every f : V(G) — {1,

we have

dist(E f) < 5 - dist(f).

Proof. We may assume that || f||rip < 1. One easily verifies that in this case, ||Exf]|Lip <
1 as well. We will identify V(G) with the natural subset of V(G}). Consider an edge
(z,y) € E(G), and let P be the path of length h between x and y in G},. For u,v € P, by
Observation [3.24] we have

€. (@) - £l = 1) = Fll G2 = Ttd), (322)

Now, consider the case when u,v € V(G}) do not lie on the same G-edge in G},. Let
v, v € V(G) be such that dg, (u,v') = dg, (v, V(G)) and dg, (v,v") = dg, (v,V(G)). By

the triangle inequality,

1€ f (u)=Esf(0)ll1 = [1Ef (W) =Es f (V) 1= [1Es f (w)—Es f ()1 —[IEsf (0)—Es f (V) ]l1 - (3.23)
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On the other hand, since dg, (u,v') = dg, (u, V(G)), for any given cut S C V(G), we
have
1615(u) — E15(0)l = PrigsLs(v) = E1()] €15 () - &1s()]s
+ Pr[€1s(v) # Els(W)](1 — [|€:1s(u) — EsLs(u)]1)
> Pr[€ls(v) = Eslg(u)]||Es1s(u) — Eslg(u’) |1
+ Pr[€1s(v) # EsLs(W)][|E€:Ls(u) — EsLs(u)|1
> [|€:1s(u) — Eds(u) |1,
and the same holds for v and v’. Therefore,

A|Es f(u) = Esf (W)l = 2[1Ef (u) — Ef ()]l + 2 |Ef (v) = Esf (V)1 (3.24)

Averaging (3.23)) and (3.24)) yields,

2 Ef () — Euf @) > 3 (1€ () = Ef W)+ Eaf (0) — EaF )+ Eaf () — EuFW)]1)
2dislt(f) (de(u,u') + da(v',v") + da(v',v))
1
> de(u,’u).

O]

Restricting a cut measure. For a cut measure y on 2% and S C X, we define the
restriction of u to S as follows. For A C S, we put
pls(A)= > u(AUB). (3.25)
BCX\S
Note that, if f : X — ¢; is the embedding corresponding to measure p then f|g is the ¢;

embedding corresponding to u|g.

3.4.4 An Embedding for the Base Graph

In this section we present a constant distortion embedding for the base graph fIm. We will
use this embedding again in Section [3.4.6 as the building block for constructing a constant

distortion embedding of (HZ¥, \/d, %) into fo.
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{1 embedding for the base graph. We now exhibit an ¢; embedding of H,,. We begin

by defining a cut measure pu,, on H,,, which is the sum of the following three measures.

tver: These cuts are the only cuts that separate s from ¢t. For any m < k < 3m — 1, we

assign weight % to the cut
S={v:veV(Hpy),dy, (s,v) <k+m 1}

We also put weight 2 on the cuts {s} and V(Hy,) \ {t}, and weight 2 on the cuts
{s,¢'} and V(Hp,) \ {t,1'}.

thor: These cuts are the hypercube cuts and they do not separate s from ¢t. For k € [m]

and b € {0,1}, we put weight 7 on the cut

S ={st s t'}uU {[x]z sz €{0,1}" x, =byi € [m]} )

psi: The cut measure puts weight 7 on the single cut {s,t,s’,t'}.

One can easily verify that for every edge (u,v) € E(Hp,), we have
len(u,v) = dp,., (u,v) + dy,, (1, ) + dst(u,v) . (3.26)

Let fp, : V(Hy,) — ¢1 be the embedding corresponding to the cut measure fiver + fihor + fst-
We put G = (H,,), for h = 7m?. The graph H,, is isometric to a subset of G. We put

gm : V(H,,) = {1 as the restriction of the map &, f,, to vertices of H,,, i.e.

9m = ghfm|v(ﬁ1m)~ (3.27)
We now prove some of the properties of the map g,.

Lemma 3.26. For every m € N, dist(g,,) =< 1.

Proof. Lemma implies that dist(gm) < dist(fm) = [|fmllLip * [ £t llLip- By Equa-
tion (3.26), ||fmllLip = 1. Therefore, we only need to show that ||f,!||lLip < 1. We can

lower bound the distance between any vertex x € V(H,,) and s by dg,, (x,s)/2, using only
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fver- Similarly we can bound the distance from s, ¢/, and t to other vertices. For all other

pairs of vertices [z];, [y]; € V(Hp) \ {s,5',t,t'} we have,

dr,, ([2]i,[y];) < max(2li - j|, dg,.(z,y))
< 2 (fi = jl + dg, (@)
< 2+ (2 ([lis [)) + 2 g ([ 1) )
< 4 () = Sl
completing the proof of the lemma. 0

The following observation also follows directly from (3.26)) and Observation

A

Observation 3.27. For every m € N, and for every (z,y) € Exf(Hpm), ||gm(x) —gm(y) |1 =

dﬁm(m‘,y).

In Section we construct a map f : ﬁm — {5 based on g, and then we modify the
map to obtain a 0-efficient embedding from I;Tm to £3. The next lemma helps us control the

rate that length of the edges change when we modify the mapping.

Lemma 3.28. For every m € N, let vy, be the corresponding cut measure of the map gpm,

then for all edges (u,v) € Eyn(H,,), we have

Y (L) = 1s(0)(1s(t) = 15(s) vin(S)| = %dgm(uvv)-

SCV (Hm)

Proof. Let h = 7m?. We have v, = &, “m|V( iy Both &, and restriction are linear opera-

tions, therefore

Uy, = gs/lver|v(]f]m) + gSIuSt|V(I:Im) + 5S/Lhor|v(gm).

Vertices s and t are on the same side of the cut for all the cuts in the support of us

and pipor. Moreover for all sets S in the support of pier, we have s € S and t ¢ S. Let
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flver = sMhor‘V(ﬁm)a we have

> (1S(U)—15(0))(15(?5)—15(8))Vm(5)' = Y. (Ls(u) = 15(0)) fver(S)] -

SCV (Hm) SCV (Hm)
(3.28)
Suppose now that u and v are on the path that replaces edge (z,y) € E(H,,). Without loss

of generality we can assume that

du,, (5,2) < d(g,), (5,u) < d(m,), (5,v) < dn,, (5, )

For all S in the support of fiyer, we have 1g(x) —1g(y) > 0. This also implies that, Es1g(u)—
Eslg(v) > 0. Thus, using (3.28) we can write

Y (Ls(w) = 1s(0)(1s(t) = 1s(s)) vin(S)

SCV (Hm)

= Z |1S(U) - lS(U)‘ ﬂver(‘s’)

SCV(Hp)

— Z |1S(u) — 15(7))‘ gs/Jver(S)

SCV(Hp)
=de,p,,, (u,v).

By definition of fier, for all edges (z,y) € E(H,y,), we have dy, (z,y) = 3dg,, (z,y). Now

using Observation we can conclude that

2 <1s<U>—1s(v>>(1s(t)—15(s))ym<s>‘ _ <d<Hm><““>

- \d
SQV(Hm) (Hm)n (xay)

1 1
) gttt = g, (o)

completing the proof. O

3.4.5 An {; Embedding for each Scale

Our main goal in this section is to obtain an ¢; embedding for every scale of (I:I%k k)

Theorem 3.29. There exists a constant C > 0, such that for every m,k € N, and A > 0,
there exists a 1-Lipschitz mapping ¢ : V(H2*) — 01, such that for all z,y € V(HZF)

satisfying dp, i (x,y) > A, we have

Qb

le(z) = @)l =
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Proof. We can write H2¥ = H2%1 ¢ H . Note that, all edges in Ep(H2¥~1) have the
same length; set ¢ = len(e) for some e € Ey (H2%~1). We first prove the following slightly

stronger claim for the case that ¢ is larger than A.

Claim 3.30. If ¢ > A then there is a map 1) : V(I:I,%k) — L1, such that such that for all
v,y € V(HZF),

1) = $()ll 2 min(dm i (2,y), D).

Proof. We first construct the map 1, and in then we show that it satisfies the condition of

the claim.

Construction. The map 1 will be the ¢; embedding corresponding to the sum of those
measures.

Let h = ™m?, and put G = (H,,),. The graph H,, is isometric to a subset of G.
Recall the definition fiyer, pthor and s from Section [3.4.4] and let fiver, fihor and fist be
the restriction of &ppiver, Enpthor and Eppist t0O V(H’m), respectively. The map v is the ¢

embedding corresponding to the sum of the following two cum measures.

Wer: These cuts corresponds to taking a cut on vertices of ﬁ,%k_l uniformly at random and
then extending it to V(H2*) the following way: For each edge (u,v) € Ep(H2F 1),
if v and v are on the same side of the cut, all the vertices on the copy ﬁIm on the
edge (u,v) are also mapped to the same side. Otherwise, we pick a random cut from
ftver, and map the vertices of the copy of ffm on edge (u,v) to different sides of the

cut according to that cut. We now present the formal definition.

Let A\ = ZSCV(H,,L) fiver(S). We define a measure 7 on 2V(Hn) a5 follows. We put
n(V(H,,)) =n(0) =1 and for all other S C 2VHm) \ {0, V(H, )},

n(s) = fier(S) j;ﬂver(s), (3.29)

and we put

Wer(S) = A 11 (S NV (Hyp)), (3.30)
(uw)EEp (HZFY)
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where H, ) is the copy of H_ onthe edge (u,v) of H2*~! and A = <2len)gg 3 2*|V(Hr%k71)l> 7

m

is the normalization factor.

By choosing these weights we make the distance between endpoints of edges in ﬁ%kil

at least g, ie., for (u,v) € Ep(H2F 1), we have d,, (u,v) = A > %. Moreover, for

each marked edges (u,v), restricting the measure to the copy of H,, on (u,v) gives us

Y4 A~
the measure (A [hver-

Vhor: These cuts are the product measure of the fist + finor for copies of ﬁm on Ey (ﬁ%k_l).

Let A\ = zch(ﬁm)(ﬂhOV + fist)(T). We define vy, as follows:

Al H (,&st + ﬂhor)(s N V(H(u,v)))

Vhor(S) = m b\ s

(u)EEN (HSFY)

where H(, ) is the copy of I;Tm on the edge (u,v) of ﬁ%kil. The measure is scaled
by the factor A for normalization. Note that, for all the cuts (S, S) in the support of
[st + fihor, We have s,t € S. Moreover, it is easy to check that restricting the measure

Vtor to the copy of f[m on (u,v) gives us the measure m(ﬂhor + fist)-

Suppose that G’ is the copy of fIm on some edge e of ﬁ%k_l. It follows from the

definition of vpor and vyer

{ R . N
(Vhor + Vver)’V(G’) >~ m(ﬂver + [hor + ,Ufst). (331)

Analysis. The measure fiyer + flhor 1 fist is the cut measure corresponding to the map g,
(see Section for definition), and we have ||gm||Lip < 1. Using and definition of
Vhor and Ier, it is easy to check that ||¢||rip < 1. We now bound ||¢(z) — 9 (y)||1 based on
Ay (,y). For z,y € V(HZ*) we divide the problem of bounding the distance between
and y into three cases. If vertices x and y are on the same copy of f[m on an edge e € ﬁfjfl,

then let H be the copy of fIm that contains both x and y. By (3.31)),

5. 20

dist(¢|g) = dist(gm) =< 1. (3.32)
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hence,
[¥(x) =)l 2 dmk(2,y)-

If z and y are on non-adjacent edges of the outer copy of ﬁ%k_l, then it is easy to check that

x and y are mapped to different sides in half the cuts of 1ye,. Moreover by our construction,

the total measure of cuts in e, is at least é, therefore

A

1 () =)l = -

Suppose that x and y are on adjacent edges (u,v) and (v, w) on the outer copy of ﬁ%kil

respectively. It follows directly from the definition of 1ye, that,

Z [1s(z) — 1s(v)| wer(S) = Z [1s(z) — 1s(v)| wer(S).
SCV (Hyp) SCV(Hp,)
1s5(v)=1g(w) 15(v)#1s(w)

Therefore,

A (r,0) = Y |Ls(x) = Ls(v)| her(5)

SCV (Hpm)

=2 Y [1s(@) = 15(0)] mer(S)
SCV (Hm)
15(v)=15(w)

Note that, for any cut in the support of vy, if v and w are mapped to the same side of the

cut then y is also mapped to that side, hence

e (z0) =2 D" [Ls(x) = 15(y)| wer(S)

SCV(Hpm)
15(v)=1s(w)

<2 Z 11s(z) — 1s(y)| wer(S)

SCV (Hm)
= 2dl’ver (CC, y)

Now, let H be the copy of ﬁm on the edge (u,v). Since wer|g = ﬁ,&ver, by definition

of ﬂvera

13,20l
def (1177 'U) S dVver (x’ ’U) S 2d’/ver (ﬁ, y)
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The same argument implies that

dm,k<v7 y) 5 2dVver (3:', y)

Therefore,

dn(r,y) = dmp(r,0) +dmi(v,y)
2dllver (SU, y) + 2dVver (1"7 y)

All(z) = ()l

N

IN

O

We will use now this claim to complete the proof this theorem. If k£ is such that £ > A,
then the map that is guaranteed by Claim satisfies the condition of theorem. Suppose
that £ < A, and let r € N be the largest integer such that length of the edges in EM(fIT?LT)
is less than A, and let ¢ be the mapping guaranteed by Claim for I:I?f.

Random extension of 1. We can write H2¥ = HZ" @ H¥™". Let H, be the copy of
H2%=" on edge e € Ep(HZ™) in HZF, and let {Xe}eeEM(H,%T) be a family of i.i.d. uniform
[0, 1] random variables. For a cut (S, S) in H?" we define ext, ;(.) and &,y similar to the

m

definition of ext, and &. Let G be the outer copy of HZ" in H2*; we define

A k(v, 2 Ak (u, x
ext,x(S) = SUl {93 € V(Heuw)) : Xuw) < MIS(U) + "“;15(@)} ,
(u,0)EEN (G) LR k

It is easy to check that the distribution of ext, (S) does not depend on the orientation

chosen for the edges of G. For a cut measures v on V(ﬂ,%k) we define
Erpv(S) =v(SNV(GQ) - P(S = ext, (SN V(G)).

The map ¢ is the ¢; embedding corresponding of the cut measure &, 1@,

Analysis. Since ¢ is one Lipschitz, its extension ¢ is also 1-Lipschitz. Also by definition

of r if z and y are on the same copy of HZ¥ =" in Ep(HZ") then d,, (x,y) < A, hence we
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only need to bound the distances for the case that = and y are on different copies of fI,%k_r
in Exyr(H2"). The rest of the proof closely follows the proof of Lemma

Suppose that z and y are on different copies of H2*¥~" in Ep(HZ"). Let G be the outer
copy of HZ" in HZ*. Let 2,y € V(HZ") be such that dy, p(z,2") = dp(u, V(G)) and

dm k(YY) = dm (v, V(G)). By the triangle inequality,

lo(z) = @)l > [le’) = el = llelx) = e@)ll = lely) = e@)l - (3.34)

Furthermore, since dp, (z,z') = dp x(z, V(G)), for any given cut S C V(G), we have

1€ k1s(x) — Erkls(y)ll = Prl&rals(y) = Enpls(@)][[Errls(2) — Erpls(a)]h
+Pr(&kls(y) # Erpls(@)](1 = [Erpls(z) — Erpls(2))])
> Pr[&, 4 1s(y) = Erpls (@€ k1s(2) — Exls (@)
+ Pr(&rils(y) # Ernls(@)][1€rkLs () — Erpls(a)lh

> [[Erp1s(x) — Enpls(@)|1,

and the same holds for y and y’. Therefore,

o) = el = 2[le(@) = @@l + 2lle(y) — o)l - (3.35)
Averaging (3:34) and (3:35) yields,
gHso(w) Dl > 3 (o) = o)l + llee) — 9@ + lle(y) — o @)l1)
(@) =)+ lle(@) = e(@)z + le(y) — o)1)

o

vl
= ww—tw\

| =

5 (min(A, du (2, 4) + llo(z) = (@)1 + le(y) = (W)lh)

Let 2 be on the copy of HZ2*" on the edge (u,v) € Ep(G). Note that 2/ € {u,v}. We
have A > d,, 1,(u, v), hence dp, 1, (u,v) = min(A, dy, 1 (u,v)) S [Je(u) —p(v)|l1. Plugging this
bound in (3.33), implies that ||¢(z) — ¢(z)|[1 2 dpm k(x,2"). The same inequality also holds

for y and 3. Thus,

lo(z)—e(y)l 2 (min(A, dn (2, ¥) +llo(@) — o(@) i +le(y) — o)) Z2min(A, dk (2, y)),

completing the proof. O
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3.4.6 Embedding of (X,/d) into (o

Recall the definition of ﬁm from Section We show that there exists a constant
distortion embedding of (HZ2F, V/dim ) into €. We start by presenting some of the tools
that we need for constructing and analyzing the embedding in Section Gives graph
G, we also show how one can construct an embedding for G9* from an embedding of G. In
Section [3.4.6|we describe the embedding, and finally in Section [3.4.7]we bound the distortion
of the embedding.

Notation and definitions

We first present some general tools that we need for our construction, and prove some of

their properties.

Projection. For a points x,y, z € {5, we define

— <Jf—y,2—y>
Tyz;z)=y+ (2 —y).
ly — 2|13

The point 7 (yz; x) is the orthogonal projection of x on the line that passes through y and
z.

By definition, for all z,y, z € £5 we have
(—y,o—2) =z —y, 27 (TF; 2)) (3.36)
Lemma 3.31. Let X C {3 be such that (X, || -||3) is a metric. For a,b,c € X, we have
0<(a—m(@c;b),a—c)<a—cl3.

Proof. We have

_ lIb—all3 +lla—cl3 — |Ib

—cll3
>0
2 — )

(a—b,a—c)

Similarly we have (b — ¢, a — ¢) > 0, therefore
la—cl3=(a—b,a—c)+{b—c,a—c)>{a—b,a—c).

Hence,

0<{a—b,a—c)<lla—c|

Using (3.36]), we can write 0 < (a — 7 (@e; b), a — ¢) < ||a — c||3, completing the proof. [
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Let X C /5 be such that (X,] - ||3), Lemma implies that for any three points

a,b,c € X, Labc < 7. Using this fact a simple calculation yields the following observation.

Observation 3.32. Let X C {3 be such that (X, |- ||3) is a metric. For a,b,c € X, we have

2 . — .
5 min(la—bll, [la = ¢fl2) < [I7 (bes a) = allz < min(fla — Bllz, a — cfl2).

Lemma 3.33. Let X C {3 be such that (X,]|| - ||3) is a metric. For any set of points

x,y,z,w € X, we have

o Iz — w3
H?T(wy,Z)—W(wy,w)Hzém-
Proof. We prove this lemma using Lemma |3.31
lz=wl3 > [e-w,z-7(Fw;y) - (z-w,z—7(zw; z))
(z—w,z—y)—(z—w, z— )|
= [{z-w,z—y)
= (@73 2) — (@7 w), o — )

(7 (@Y; 2) =7 (@Y w2 |z = ylla-

O]

Next, we show how one can obtain an embedding for G9* from the embedding of a

marked graph G.

Composition of s-t maps. Given two finite marked s-t graphs G = (V, E) and H, and
maps fg : V(G) — {3 and fgy : V(H) — ¢3. Abusing the notation, we define (fg @ fg) :
G © H — {y as follows. Let {Ue}ecp,, (@) be a set of linear isometric operators such that,

and a,b € Ey(G) such that a # b,
image(U,) Nimage(Up) = {0} (3.37)

and

image(U,) Nspan(fa) = {0} (3.38)
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Since G is a finite, it is easy to check that {U.}ccp,, (@) exists. Now, for x € V(G) we
put (fa¢ @ fu)(z) = fa(x), and for x on the copy of graph H on edge (u,v) € Ey(G),

fa(v) — fa(u)
| fa(v) — fa(u)ll2

(fo @ fur)(@) = folu) + o (W = (s ( ) T Uy (i) — az*)) ,

(3.39)

where o = 7 ( fu(t(H)) fu(s(H))s fu() ), and

e — felwl:
1 (tCED) — (s

is the scaling factor.

The preceding operation is equivalent to taking a copy of fy for each edge (u,v) €

Ey(G), and then scaling it by the factor T f,!(({(cly))g:}cf;((zzlllf))ug’ changing its basis, and then

translating it to attach s(H) t(H) onto u and v.

Congruency of maps. For a metric space (X, d) and maps f,g: X — {2, we say that f

and g are congruent if for all x,y € X,

1 (@) = fWll2 = llg(x) = g(v)ll2,

and we use the notation f = g, to denote that f and g are conguent.

The next observation follows immediately from (3.39).

Observation 3.34. Let G and H be two marked graphs and let fg : G — fo and fg : H —
Uy be the maps from G and H to {y. For € € EM(G), let H, be the copy of H on edge e in
Go H. We have

Wetdle Y g,
[Fa (@) ~ Fa (2 )

Lemma 3.35. Let G and H be two marked graphs and let fo and fg be the maps from G

(fc @ fu)ln. = (

and H to ly respectively, and let g = fq © fg. For x,y € G @ H that are on two distinct

copies of H on edges (ugz,vz), (uy,vy) € Ep(G), we have

2

lo() = gD =||7 (90w 9(0y)s 9(0)) = 7 (9(a) 9(e2) s 9() ) |
+ llg@) = 7 (90ur) 9(va)'s 9(2) )11

+ llgw) = = ((9luy) 9(0,)'s 9(0) ) I3

2
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Proof. et * = (Fu(e(H) fu(s(H)); fu(x)), y* = (FuGCH) fa(s(H))s fu(y)).

[(fe(ve) = fo(ua)lla
I(frr(t(H)) = fu(s(H))2’

Ay =

and
[(fa(vy) — fa(uy)ll2
|(fu(t(H)) — fu(s(H))ll2

Moreover, let Uy, 4,) and Uy, .,) be the operators as define in composition of s-¢ maps.

Qq =

Since g(uz) — g(vz) is not in the image Uy, ,,), it is easy to check that

(s o)) = fotun) +a (1 = oDl (5T ) ).

Similarly,

(a8 90) = ot + oy (I = fu(st)l (1 =Ies ) ).

Using (3.39)) we can write

9(@) =7 (9(u) 9(02)s 9(2)) + @aUtu ) (Frr (@) = 7).

and

gly) == (g(uy) 9(vy); g(y)) +oyU, ) (Fa(Y) —y7) -

Now, combining (3.37)) and (3.38]), we can conclude that

lo(w) — 9@ = lIx (9lu) 900y)5 9(0)) — 7 (o) 90ex) : () I3+
0wV ) (a1 (@) = &) 1B+ U ) () = 57 113
= I (g(u) 9(y): 9(v)) = 7 (9(u) 9(va) s g(x)) I3+
+ aull fur(2) = 213 + ay | () =713
D (9w 9(0y)s 9() — 7 (9(wa) 90025 9(2) )11
+ llg(@) = (9(ua) 9v2): 9(2) )13 + lg(w) — 7 ({90u) 9(2,) s 90) ) IB-

O]
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With Lemma we can break the distance between two points in the embedding into
three parts. Using Observation [3.34] and considering each of the three parts separately gives

us the following observation.

Observation 3.36. Let G and H be two marked graphs and let fg,9c : G — {2, and
frH,9m : H — £y be such that fog = gg and fir = gg. We have

fa© fu=9a29n.

By using the @-composition we can construct an embedding for GP* based on f :
V(G) — 3. In Section we show that there are no 0-efficient embeddings of ﬁm into
NEG, however by violating the triangle inequality condition we can take an embedding of

ﬁm and make it O-efficient. We achieve that by contracting a non-efficient embedding of

H

-
Contracting embeddings of marked graphs. For a given s-t graph G and the map
f:V(G) = {2, and o € R we define the affine operator C,f as follows,

Caf(v) =7 (FE F@; £0)) +a (f0) =7 (F5) FB)s () ).
It is easy to see that for edge € € E(G), and a € Ry,
Caf @ = (FS FD: £@) +a (F@ =7 (F&) FD: £@)) . (3.40)

thus

car(@3 = = (F1 7@ @) + 02 |10~ = (F& F@: r@) .. a0

Embedding

Our construction is based on the embedding of a single copy of I:Im. Let g,, be the map
from ﬁm to £1 as defined in Section and let fi,, be the corresponding cut measure of
gm- Moreover, since by Lemma [3.26] distortion of g,,, is bounded by a constant independent

of 7, we may assume the following bound on the constant T,

7 > 2dist(gm )2 (3.42)
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f(s) d f(t)

Cl(s) C.f(®
od

Figure 3.7: Images of f and C, f.

We define g, : I:[m — {9 as follows,

gm@)= B Vim(S)-1s(). (3.43)
It is easy to verify that for any two vertices z,y € V(H,,) we have

lgm () = gm @)1 = G (2) = G (W) 13- (3.44)

For all edges & € E(H,,), by Lemma m

- i ()12 2 ist(g,) (rm) ! 2\
[ (3013 @s @) [, < (D) <<"St<9¢)(m : > e g

By (B.44), and definition of g,, we have ||Gim (t) — Gm(s)[|3 > 3, and for all (u,v) € Ew(H,,),
we have [|gm (1) — Gm(v)||3 < dg (u,v) = —=. Plugging the bounds on ||gm(u) — gn (v)]|3,
1Gm (t) — Gm(s)||3, and Hﬂ' <m, gm(g))Hz into (3.41)), implies that there exist a
constant

1
5 <0<1 (3.45)
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such that,

= CsgmW)I3  ICsgm(t) — Csgm(s)l3
E . = . 3.46
By (u,0) I, (5,1 (349

Now we use the ©@-embedding and Csg,, to define f, 1 : (f[,%k, V/dm ) — 2 for m, k € N.
We put

" Csgmlip”
and otherwise
fm,k = fm,l © fm,k—l- (347)

By (8.44) and Lemmal3.26} we have dist(g,,) = /dist(g,n) < 1, and by definition || fn.1|Lip =
1. Therefore, using (3.45)) we can conclude that,

_ ..
| fina ™ Hlip < 5dist(gm) S 1. (3.48)

In the next section we prove the following theorem by showing that f,, » has constant

distortion.

Theorem 3.37. For k,m € N, there exists a map f : (H}%k, dmk) — U5 such that
dist(f) =< 1.

3.4.7 Analysis of the Embedding

The goal in this section is to prove Theorem We start the section by proving some of
the properties of maps { fy i }m,ken. The first lemma that we prove in this section bounds

the distance between endpoints of an edge in the image of f, 1.

Lemma 3.38. For m € N and edge & € Ey(H,,), we have

0, (©) (@3
len(H,,)  [lfm1(s) = fm a3

Proof. We have f,,1 = CsCsdm £ some § € R. By (3.43) and Observation [3.27| for any

lgm [ILip

edge (u,v) € En(Hp,), we have

19m(w) = Gm (V)13 = llgm(w) = gm(v) 1 = leng_(u,v),



136

and by (3.43) and Lemma
~ ~ - 1
{9 (€) s Gm(t) = gm(s))] = Sleng (u,v).

The value of ||Csf(€)||2 only depends on || f(€)||2 and |(f(€), f(t) — f(s))|, therefore for all
edges a,b € Ey(H,,), and § € Ry we have [|Csgm(@)|l2 = |[C5Gm(b)]|2. Hence, using (B3.46)

A~

we can conclude that for all € € Ey(H,,),
ICsGm (1) = Cogm (W)IIF _ [ICsGm(t) — Cogm (s)Il3
dH (U,U) de(S,t) ’

m

completing the proof. O

The following corollary, follows directly from the above lemma and Observation

Corollary 3.39. For m € N and k > 1, the following holds. Let Gy be the outer copy of
H,, in H*, and let H be the copy of H2*~1 on some edge e € Epr(Go). We have

m m

fokle o fk—1
Ien(e) |en(ﬁ%k71)'

Recall the definition of H,, from Section Since dist(f,1) < 1 is bounded by a

constant independent of 7; throughout this section we assume the following bound on 7,
7> (20| fm1 " luip)* (3.49)

This bound on 7 is used to prove Lemma In the next lemma we bound the
diameter of the image of f,,, .. We will use the above bound on 7 in the proof to guarantee
that diameter of “scales” form a exponential series. Then we use that to bound the diameter

of the whole map. We would like to point out that a weaker bound 7 > 49 ig sufficient to

m
prove Lemma [3:40]

Lemma 3.40. For m,k € N, the following inequality holds

max { | f () = Fn s (0) 3 : w0 € VUHGE) ) < Slen(HGH). (3.50)



137

Proof. To prove this lemma it is sufficient to show that for all v € V(H2¥),

| fme(8) = Frnye(0)[13 < = - len(HZF). (3.51)

»-lk\Ul

We prove this lemma by induction. First note that for k = 1, we have || fi, 1]|Lip = 1, which
yields . Now suppose that k > 1, and let Gy be the outer copy of f[m in ﬁ%k, and
let € V(Go) be the closest vertex to v. Since fi k|G, = fm,1, if © = v then the base case
implies . Suppose now that v is on the copy of ﬁ%k_l on the edge (x,y) € En(Go),
for some y € V(Gg). By Corollary and the induction hypothesis for the copy of ﬁ%kil
on the edge (z,y),

o) = Fnt@)I3 < (1 fon(8) = i@l + o) — s (0)]12)?
2
< (Hfm,k<s> @) a+ 5dm,k<x,y>) ,

Since || fm1l|lLip < 1,

[k (s) = fn,p (v

2
len(Go) + ¢/ 5dp, i(x y))

()]

len(Gp) = flen(H®k)

IS
IN
N

)
AL
i=)

3.49)

|/\u>

O]

Lemma[3-35|allows us to break the analysis of distance between points into three separate

parts. We bound two of those parts using the next lemma. For the other part, we use the
bound obtained by Lemma and (3.48)).

In the next lemma we show that if a vertex v € f[gk is far from s and ¢, then f, x(v) is

also far from the line that connects fp, x(s) and fp, x(t). See Figure |3.8|for relative position
of fm,k(v)a fm,k(s)a fm,k(t)-

Lemma 3.41. For k,m € N, and for any vertex v € V(ﬁ%k), we have

- 2
i (A (5. ), o o (0:8)) = | (i 0) =7 (Fone®) Frnie @3 Sans@))||L - (3:52)
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S,k (V)

i) (Bt 0 i) )

Figure 3.8: Positions of fm,k(v)v fm,k(s)a fm,k(t)v and 7 (fm,k(s) fm,k(t); fm,k(v)> with

respect to each other.

Proof. Let Gg is the outer copy of lﬁI in H2% we first prove the lemma for vertices

Ve V(GQ)

Case I: v € V(Gy): First, we show that for some contant K.

i (5,0), s (0, 0)) < K ([ (G 0) = 7 (ForkB) Fonk 05 i)

Recall that, fmrlco = fmi1 = ”cfgisifﬂm. By (3.44), image of g, equipped with || - |3

distance function is a metric. Therefore by Observation for gm(s), gm(t), and gm(v)

we have

min([gm(5) = Gin ()12, 13 (8) = Gon(©)]2) < V2 [[Gin(0) = 7 (G00) G Gin(0)) |

2

By (3.45) and definition of Cs, we have

)

it (o (8) = Fn e (O)ll2s 1 ()= Fn 0} 12) < 2V2 || F(0) = 7 (Fone(3) Foni @) (@) |

hence,

2
(s (5, ), (0, 0)) < 8ist(Fin,1)? || e (©) = 7 (Foni ) T 0] e (@))]| -
(3.53)
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In order to show the other side of the (3.52)), first note that the point 7 (fmk(s) k()5 fmk(v))
is the closest point to fp, x(v) on the line fp, x(s) fin,k(t), and

| £ @) =7 (Fl3) Frne @5 Frne@)) |, < min o (5) = e @) 2 | Fn(0) = Frn e 0) 2)

2
| i) = 7 (Fors®) Fone @5 Fani ) | < i (5,0, (0, ),
completing the proof for this case.

Case II: v € V(HZ*)\ V(Go): Suppose that v is on the copy of H2*~! on the edge
(u,w) € Epn(Gp) for some w € V(Gp). We will use Case I and the upper bound on
| frm k() = frm i (v)]]2 from Lemma to prove this case. Since 7 is orthogonal projection

on a line,
(10 = il 2| [ ona0) = 7 (kT ok @ s}

_ H(fmk(fu) —7 (W k(v )>

Using Corollary for the copy of ﬁ%kil on edge (u,w), we can write

‘H(fm,k('“) —W(fm,k(s) fmge@) 5 frmg(u >H - H Jm(v —7F<fmk( ) frn k()5 frme(v )H )
"2 oleng, (u w)

- \/ min(dp, 1 (U, 8), din (v, 5))
?\/mm( din o (4, 8), dm i (v, 8))

8Odi5t(fm,1)2

Combining this and (3.53)) for u implies that

| o) = 7 (T ®) Fans @5 )|, = || S @) = 7 (Fon®) Funr @5 )|
(3.54)

Triangle inequality also implies,

| min(dp, k (s, 0), dm g (u, 1)) — min(dp, k(5,), dp g (v, 1))
G209 1
<

<leng, (u, w) — min(dp, k(u, 5), dm i (u, t)).
T
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therefore
min(dy, & (s, w), dm g (w, t)) < min(d,, (s, v), dp (v, 1)).
This inequality in conjunction with Case I and (3.54) completes the proof. O

We end this section by presenting the proof of Theorem [3.37]

Proof of Theorem [3.57. In order to prove this theorem, we need to show there exist universal
constants C1,Cy € R, such that for all k € N, and z,y € V(HZF),

Crlpm (2, y) < [ k(@) = faneW)II5 < Codum i (2, y). (3.55)

We first prove this bound for the case that one of x and y is s. We do this by showing that

there exists another constant C'3 > 0 such that,

C3dm,k($v 5) < |’fm,k(x) - fm,k(S)H% < 2dm,k(x7 5)7 (356)

and then we use this case to prove the theorem.

Let Gy be the outer copy of H,,. Since fi, kg, = fm.1, if © € V(Go) then the fact that
both f,, 1 and fm71_1 are O(1)-co-Lipschitz implies (3.56|). Suppose now that z is on the
copy of H2%=1 on the edge (ug,vs) € Ea(Go). By Corollary and Lemma m

| e () = ()13 < 5 o (s, V). (3.57)
Using triangle inequity we can write
[ () = ()15 > (| ik (uz) = Fone ()2 = [ fome () = fom e () 2)?
(Vs i)

I fma ™" llLip

\/(1 - %)dec(x: 8) 5
> 1 - 7dm7k(8,£8)
| frm1 ™ lILip T
1 Bl fna iy | dm (. 5)
>|1-==-2 BT
T T [FE i
(3:49) dm,k(l'v 5)
> ol T2 (3.58)
Hfﬂ%l HLip
2 dpi(z,s). (3.59)
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On the other hand since f, 1 is 1-Lipschitz we have

(@) = Frnge (3 < (lfmk () = Frno ()2 + [ fine(2) = frmp (uz)l|2)?
2
? (\/dmk Uy, S + \/5dmk ua:va))

2
5)
< dm k(l‘ S) + \/dm,k(svx))
T
5(r+1) 5
< 1+ +2 ——— + = | dni(x,s)
T T
(13.49)

< 2d,, k(x 8)

This inequality with (3.58)) completes the proof of (3.56)).

Proof of . We prove this bound by induction. Similar to the previous case, for k = 1,
the fact that f,, 1 is 1-Lipschitz, and its inverse is also O(1)-Lipschitz implies (3.55)).

Suppose that holds for z,y € V(ﬁ%k_l), we show that also holds for
z,y € V(HZR).
Let G be the outer copy of FIm in ﬁ%k. For vertices z,y € V(I;Tfn)k), if x and y are both on
the copy of H2%~1 on some edge (u,v) € Ex(Gp), then by Corollary and the induction
hypothesis for the copy of ﬁ%k_l on (u,v), holds.

For the rest of this section we assume that x is on the copy of ﬁ%kfl on edge (ug,v;) €
E(Gy), and y is on the copy of H2¥~! on the edge (uy,vy) € E(Go), and (ug, vz) # (uy, vy).
Furthermore, we use p,(.) and p,(.) to denote 7 (fmk(ux) Sk (V) 5 ) and 7 (fm,k(uy) Sk (vy) .),

respectively.

Proof of the existence of (. We bound the distance between f,, x(x) and fn, x(y)

by dividing it to three parts, and bounding each part separately (see Figure [3.9). By

Lemma [3-35]

1) = S @G = [ Fon) = Pl Fon @D + () — Py i) 3
19y Fm (9)) = P Fn(@)) 3
> x|l (2) = 2o (Fne @) + 1 0) = 2y om0 13
2y G (9)) = P (Fon (2D (3.60)
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fm,k(u:c> fm,k(uy)
X LR E R R R Q..
e II’ v
fm,k(m) - ,’ ‘\
I \
M |:“q/..‘ fm7k(y)
/ :
:'I Pa(frn k(@) Py (Fms )
1 \
1 \
1 \
1 \
/ \
fnk(v2) & ‘\
\
\
.

Py(fm,k(y))|l2 separately.

Figure 3.9: We bound || fin () = pe (fmn, i (2))l|2; 1Py (frn e (4)) = fan e ()| 2, and [Pz (frn i () —

First, we bound ||py(fimx(¥)) — px(fmk(x))||3 part, using triangle inequality.

Dy (frn s (y)) = Da(Fin ()13 > (Hfm,k(uy) + Sk ()2 = [Py (frn e (y)) = Fon i (uy)l2
_Hpac(fm,k(w)) - fm,k(uac)H2>2

1
2 5l fmw(uy) = Fone(uz) |13 — (IIpy(fm,k(y)) = fn e (uy)]|2
Since p, and p, are orthogonal projections,

2
P frn (@) = Fne(2) ]2)

>

1Py (fn () = Pa(fmp(@)Il3 > %Hfm,k(uy) — Frne ()3 = (e W) = Fn (1)l

2
(@) + Frni2)2)

N

I tty) = Fone ()13 = 2( 1o (9) = Fn )13
 fr (@) = i (12)113)

Using (3.56|) for copies of the graph I:I,%kfl on edges (uyz,v;) and (uy, vy), we can write

Iy (frn ke (¥)) = P (i (2))3

> 2l onoty) — Fon 0023 — () 18-
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And finally since fp, k|G, = fm,1, we can use (3.48]) to write,
12y (1)) = 2o oo ()G = O (i1, 1)) = s (A, 42) + (1))

Without loss of generality suppose that dy, x(uy,y) < dpmi(vy,y) and dy, g (uz, ) <
i (Vz, ). Plugging in this bound and the bound from Lemma into (3.60)), yields the

following inequality

Hfm,k(x) - fm,k(y)H% > max <@(dm,k<ux733) + dm,k<uy7y))u
(@(dm’k(uy, Uz)) — C3(dm (g, ) + diy o (U, y))>>

dm,k (uz7 LL’) + dm,k (uy7 y) + dm,k (uya u:v)

Vv

\%

= dm,k:(xv y)

Proof of the existence of (5. Let Gy be the outer copy of fIm in H2% and let P be a

m

shortest path from x to y in I:IT%”c . Moreover, let 2’ and 1’ be the closest vertices to x and

y in V(P NV(Gp)). By Lemma [3.35]

£ ge(@) = Fnk @3 = | fine (@) = Do (frn @3 + [ fine(4) = Py (Fm i @)

+ 12y (Frn ke (0)) = Do (Fin e (2)) 13,
and by Corollary and Lemma [3.41
| () = e WI5 S dim (2, ) + di (0 y) + [Py (i (0) = P (fng(@)]l5. (3.61)

On the other hand, triangle inequality implies

1Pz (fim k(2)) = Py (fm s (Y))2
< NPe(frmnk(@))) = frni(@)l2 + [ i (@) = Fanse @2 + 1 fme () = Py(fne(¥)]]2

< oo (@) = Frnge(@)l2 + | frne (@) = Frn e W) l2 + [ (W) = fin e (W)]2-
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Using the above bound and (3.61)), we can write

I frte (@) = FrmpeWI3 Simp (2 2) + dim i (¥, y) + 3<||fm,k($) — fmk (@3

Wt @) = Sons W+ 1 e () = Fon0)13)

(3.56))
< dm,k(xla r) + dm,k(y/v y) + de,k(x7 JI/) + 3Hfm,k(x/) - fm,k(yl)H%

+ 6k (Y, ).

Since, fmklGo = fm,1, and fp, 1 is 1-Lipschitz,

Hfm,k(x) - fm,k(y) H% 5 dm,k(l‘/a ZE) + dm,k(yly y) + dm,k(xy l’l) + dm,k(l‘/a y/) + dm,k(y,a y)

/S dm,k’ (.Z', y)

3.4.8 Lower Bound for NEG

Our goal is now to prove the following theorem.

Theorem 3.42. Form > 1 and k = [\/mlog® m], any NEG-embedding of f : (V(HZ*), d 1) —

. . . 1/3
Uy requires distortion 2, %, where N = |V (H2F)| =< 20(mk),

We will use Theorem to reduce our task to proving lower bounds on efficient em-
beddings. We define ej,e9, ..., e, to be the standard basis of R™, and for z € {0,1}™,
we use x @ e to denote coordinate-wise sum modulo 2. We define pu,, to be the uniform

measure over s-t shortest paths in H,, of the form
(87 Sl? [.T]l, ['CE s> Ck]l, [:Z:]27 [(L’ ® ek]?a ey [‘r]’ﬂh [$ s> 6k]m7t/7t)7

where k € {1,2,...,m} and x € Q,, are chosen uniformly at random. We now state the

main technical lemma of this section.

Lemma 3.43. For any NEG-mapping f : V(Hy,) — Lo, if f is O( -efficient with

;)
\/mlogm
respect to [m, then dist(f) Z ml/2.

Using the preceding lemma, Theorem follows quickly.
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Proof of Theorem[3.43 Suppose we have an NEG-mapping f : V(HZ¥) — £, with distortion
at most \/m. Then,

2%(1—"3'””@”1)):2%(1—4 dm 1 )5 !

len(H,,) m—1+42m~1 mlogm’

and (y/mlogm)(logm)Y/? < k. Therefore, by Theorem there must exist an isometric

copy of (V(f[m),dﬁm), in H2* such that f|V(Hm) is O( )-efficient with respect to

1
vmlogm
Hm-

The graph H,, has an isometric copy of H,, as a subgraph. We further restrict f to
V(Hp,). Since the NEG-mapping, f|V(H ) s O(m)—efﬁcien‘c, v, + V(Hn) = £
is also O(m)—efﬁcient. By Lemma any such embedding of H,, has distortion

Q(y/m). We have log N < m*?log® m, hence dist(f) 2 m'/? 2 % -

We now move onto the proof of Lemma Let E(Qp) denote the set of all ordered
pairs (u,v), where {u,v} is an edge of Q,. In other words, the set of all undirected edges
considered with both orientations. In everything that follows, for u,v € 5 we use (u, v) to

denote the inner product on 5.

Lemma 3.44. Let F be a finite set of functions of the form f: Qn, — l2. Then,

EfgerBrev@m) ((f(2) = (), (9(x) — g(@)] < mEfgerEqo g o, [(f(E), 9(€))].
(3.62)

Proof. Let F(x) = E¢crf(x). Then,

Erev(@umlllF(@) = F@)|3] = Esevioml(F(z) — F(z), F(z) - F(2))]
= Bocv(Qu)[Erer(f(z) = [(2)), Bger(9(x) — 9(2)))]

= Ergerbeevi@m(f(z) = f(2), 9(z) — 9(2))];

and

B pereciomlf(€), 9@ = Eupq,)[(Erer f(€), Eger g(e))]
cH(Qm (F(@), F(€))]

= E.ponlIF@I3.

E
E,
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Therefore (3.62)) follows from the inequality,

Erev(@umlllF(x) = F@)[3] < m-Ep o, [IF(@13],
which is simply the classical Poincaré inequality . O
The main idea in the proof of Lemma [3.43|is to apply Lemma [3.44] on some family
F A lign), 11 <i<m}.

Efficiency and distortion, respectively, are used to bound the right and left-hand sides of
(13.62]).

Lemma 3.45. For all i,j € [m], and for any 1-Lipschitz NEG-mapping f : V(H,,) — {2
with distortion at most D, the following inequality holds. For every x € V(Qn),

(f(l=ls) = f((z]0) s f(l2ly) = f([7]3)) = % —4fi —jl. (3.63)

Proof. We will prove (3.63)) using the following four inequalities, which follow directly from

our assumptions.

o [I£([x];) = F([]o)lI3 < 21i — 5] and [[f([]:) — £([2])]Z < 2]i — 4.

Sl )

o [£([zl) = F([Z)I3 = B and [[£([];) — F([2])]

>

ols

We have,

(f([=]s) = £ (=), f([=]5) = £([2]5))
= % (1)) = £AZDN3 + 1£(ly) = FAZINNE = I (2de) — f((2)) — f([2;) + F(@))13)
> % = £ (le) = FE = 1F () — f(@15)113

= —4li—jl.

Y

O]

Corollary 3.46. For all i,j € [m] such that |i — j| < g5, and for any I-Lipschitz NEG-

mapping f : V(Hy,) — lo with distortion at most D, the following inequality holds. For all
x € V(Qm),
(F(ale) = £(@10) . F(lly) = £([2) > 55
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Lemma 3.47. Consider a 1-Lipschitz NEG-mapping f : V(H,,) — ¥{3. Suppose that

dist(f) < D, and f is e-efficient with respect to iy, for some & > fn—DQ. Then there ex-
ists an index p € [m] such that,

o iqmyBrscto ey (F(8), FIE) S 0 +e (3.64)

where £ = | g5 ].

Proof. To prove this lemma first we examine the slack on subpaths. For 1 < p < m — £,

and x € V(Q,,) consider the quantity

p+t

opi(z) =) (Hf([a:]r) — [z ®exln)llz + 1 ([z @ exlr) - f([w]r+1)||§) — 1/ ([2]p) = f(&lprera)ll5 -

r=p
Let sp = Epev Q) Erefm)[0p,k(2)]-

Since f is e-efficient with respect to p,,, we have
Epepm—e—1y [sp] S (€ +1).

Therefore there must exist an index p € [m — ¢ — 1] such that s, < ef. We show that any

such p satisfies (3.64)).
To this end, fix p € [m — £ — 1] such that s, < e/, we will bound the value
P
CEE(QM) Z )
Eoc 5@ Eijet....orer (F([Ei) , f([€];) = (JJF 02 2, (3.65)
by splitting the sum on the right hand side into two parts,
p+e 2 p+L p+t
DS =D+ Y (f(E), £ (3.66)
i=p 9 =P LJ=p: ]
Since f is 1-Lipschitz, we have ||f([€];)[|3 < 1, and therefore
p+L pt+¢
> r@@|, < e+n+ X @), 138, (3.67)
i=p i j=piitj

Thus by bounding the latter sum, we can bound ([3.66)), and complete the proof. For a given
pand € € E(Qm), let

ST (fE) s FU@y))- (3.68)

je{p,'...,'p—i-ﬁ}
JFi

Vyz=  max
P ielpy )
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We claim that

Vpi- (3.69)

In this case, combining (3.69)) and (3.67)), we will have

2
p+L
oo |2 FUE)| S (E+1)+(E+ DB gq, vpe < (L4 1)+ (£+1)s,,.
i=p 9

Applying (3.65)) and using the fact that s, < ef, we will conclude that

1+ s,
£+ 1

+ ¢,

3T

1
Eoc5gm Eijewpralf (€, f([€];) < Sytes

completing the proof.

We now proceed to prove (3.69). Fix € = (x,z @ e) and let iy be the index which
maximize (3.68). First note that since H,, is symmetric with respect to s and ¢t we may

assume that

Yoo (@), £ = Yo (@) () (3.70)
jE{p;;;fH} je{?;;’fH}

We need the following claim to prove (3.69)).

Claim 3.48. For any j > ig, we have

1 [z @ exlio) — F(2]) 13 — If ([z @ exlio) — F([2];-1)II3
< £ ([]j-1) = f(lz ® el I3 + 1 f [z @ exly) — F([@])IE = 20F(@io) » FE])))

Proof. First note that triangle inequality implies that

1f ([ @ exliy) = F([21)N3 = I1F ([ @ exlio) — F([x @ el I3 < 11f([2]j-1) — F([z @ ex])II3
(3.71)

Moreover, for u, v, w € fo, the triangle inequality for ||-||2 is equivalent to (v — w , w — v) <
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0, hence

1 ([ @ exlio) — F([2])]3 = 1f([z @ exliy) — f([z @ k];-1)II3 + [1f ([ © ex]j-1) = f([z],)]3
+2(f([x @ exlig) — f([z]3), f([2];) — f([z @ exl;))
= I1£(lz ® exlio) — f(lz & kl—0)3 + 1 ([z @ exlj—1) — F(2])II3
+ 2(f([lig) = f([=]y) f(l2ly) = f(lx @ exl;))
) =
(
(

+ 2(f([x @ erlig) — F([2lio) » f([2]5) = f([2 @ exl;))
< If ([ @ exlig) — £(lz ® kl—0)I5 + 1f [z @ exlj—1) = F([2])I3

= 2(f([z)io) — f([z D exlio) » f([2]5) — f([z D exl;))

This inequality in combination with inequality (3.71]) completes the proof. O

Applying this claim for all j > ig and using the bound from (3.70)) implies

pHL

Vper = Z (Hf ([z @ exlo)llz — 11f ([ ® ex]r) - f([$]r+1)||§> — £ (lp) = F([2lpresn)ll3

p+{
<3 ( S 2f (o) — Fl @ exlsy) . f(la]y) f([fc@ek]j») = (@),

Jj=to+1

completing the proof.

Finally, we present the proof of Lemma to complete this section.

Proof of Lemma[3.43. Consider a 1-Lipschitz NEG-mapping f : V(H,;,) — ¢z which is

e-efficient with respect to p,, where ¢ = O( Let p satisfy the conclusion of

1
\/mlogm)’
Lemma [3.47] Furthermore, let f; : V(Q.,) — f2 be defined by fi(z) = f([z];), and put

)}

An immediate application of Lemma [3.47] yields,

D em
Effgef,€€E(Qm [ <éj g(é)] < + 3

From Corollary we have,

Epgeracv@ml(f@) = 1) - (o) - g@)] = 57



150

Applying Lemma [3.44] with the given bounds the following inequality must hold:

mz

therefore

and D > m!/2.

m 1
D >
D ~ D DQ?
mTE
2
De+ = 21,
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Chapter 4

NODE-CAPACITATED OKAMURA-SEYMOUR

4.1 Organization

In this chapter we study the relationship between Max-flow and Min-cut in planar graphs.
We first state all the results that we prove in Section Then, we give an overview of the
techniques that we use in the proofs in Section In the rest of this chapter we provide

the proof of the results stated in Section [4.2)
4.2 Results

An undirected flow network is an undirected graph G = (V, E) together with a capacity
function on edges cap : E — [0,00). A set of demands is specified by a symmetric mapping
dem : V x V — [0,00). For u,v € V, denote by ¢y, : E — [0,00) the undirected u-v flow.
The (edge) capacity constrains require that for every e € E, 37, <y ¢uv(€) < cap(e). Given
such an instance, let mcfg(cap, dem) be the largest value e such that one can simultaneous
route ¢ - dem(u, v) units of flow between u and v for every u,v € V while not violating any
of the edge capacities. This optimization describes the mazimum concurrent flow problem.

For two subsets S,T C V, let cap(S,T) denote the total capacity of all edges with one
endpoint in S and one in T'. Similarly, let dem(S,T) = > o> crdem(u,v). To give an
upper bound on mcf, we can consider cuts in GG, described by subsets S C V. To every such

subset we assign a value called the sparsity of the cut:
®;(S; cap,dem) =

It is straightforward to see that for any S C V, we have mcfg(cap, dem) < & (S; cap, dem).
See Figure ?? The sparsest cut is the one which gives the best upper bound on mcf. In this
vein, we define

O (cap,dem) = qunclg ®;(S; cap, dem).
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Thus we have the relationship mcfg(cap,dem) < ®(cap,dem) and the flow/cut gap ques-

tion asks how close this upper bound is to the truth.

To state the Okamura-Seymour theorem, we need one final piece of notation. We say
that the demand function dem is supported on a subset D C V if dem(u,v) > 0 only when
u,v € D. The classical Max-flow Min-cut Theorem [43] implies that if the demand dem
is supported on a two-element subset {s,t} C V, then for any capacities cap, we have
mcf(cap,dem) = ®;(cap,dem). An extension of Hu [48] shows that if dem is supported on
a 4-element subset D C V', the same equality holds. The Okamura-Seymour theorem states
that whenever GG is a planar graph and the demand is supported on a single face, there is

likewise no flow/cut gap.

Theorem 4.1 ([89]). Let G = (V, E) be a planar graph, and let F C V be any face of G.
Then for any capacities cap : E — [0,00) and any demands dem : V xV — [0, 00) supported

on F', we have

mcfg(cap,dem) = ®g(cap, dem).

Indeed, one can consider generalizations of edge-capacitated networks. A prominent

example is to consider capacities on vertices.

Formally, we define a wertex-capacitated flow network by considering a function cap :
V' — [0, 00) assigning capacities to vertices instead of edges. It seems that the most elegant
way to think about capacities in this setting is as follows: If a flow of value « is sent along
a path P from s to t, then it consumes a/2 capacity at s and ¢ and « capacity at each
of the intermediate nodes of PE| Formally, in the multi-commodity setting, the vertex
capacity constrains require that for every w € V, > o >, oy Puv(e) < 2cap(w). The
corresponding definition of the maximum concurrent flow follows immediately; we use the
notation mcf¢, for the vertex-capacitated version. For the definition of ®¢, we have to

be slightly more careful. For a subset S C V of the vertices, denote by G[S] the induces

!This particular choice does not materially affect any theorem in this dissertation which deals with
approximate flow/cut gaps.



subgraph of G on S. We define a function pg : V' x V — {0, %, 1} by

Hu,v}NS|=1

D=

1 wves
ps(u,v) -

0 otherwise.

\

1 wu,v €S and u,v are in distinct connected components of G[S]
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In other words, we are only given half-credit for separating v and v if exactly one of them

is in the separator (see Figure |4.1)).

Separator
S

Figure 4.1: Vertex separator distance between points.

Then we define
>_ves €ap(v)

Zu,vev dem(uv 1)),05' (u7 U) ’

O¢(S; cap, dem) =

and ®¢(cap,dem) = mingcy ®¢(S; cap, dem). It is straightforward to verify that mcfg(cap, dem) <

Oy (cap,dem).

These precise definitions ensure that a classical Max-flow Min-cut theorem holds when

the demand is supported on a single pair (this follows from Menger’s theorem [86]). They

also allow other natural properties in the multi-commodity setting; it is an exercise to show
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that for any tree T', we have mcf%(cap,dem) = ®%.(cap,dem) for any choice of capacities
and demands. Unfortunately, there is no exact vertex-capacitated analog of the Okamura-
Seymour Theorem. Nevertheless, a main result of the current chapter is that an approximate
version does hold in the vertex-capacitated setting, answering a question posed by Chekuri

and Kawarabayashi.

Theorem 4.2 (Restatement of Theorem [1.2)). There exists a constant € > 0 such that the
following holds. Let G = (V, E) be a planar graph and let F C 'V be any face of G. Then for
any vertexr capacities cap : V. — [0,00) and any demands dem : V x V — [0,00) supported
on F', we have

mcf¢:(cap,dem) > ¢ - ®¢i(cap,dem).

In fact, our result holds in the more general setting of undirected polymatroid networks

which we discuss next.

4.2.1 Polymatroid Networks

Motivated by applications to information flow in wireless networks, Chekuri et. al. [29]
introduced a generalization of vertex capacities by putting a submodular capacity function
at every vertex. Recall that a function f : 25 — R over a finite set S is called submodular
if f(A)+ f(B)> f(ANDB)+ f(AUB) for all A,B C S. Let G = (V, E) be a graph and
suppose that for a multi-commodity flow ¢ = {pa}stev in G, we use p(e) = >, ; psi(e)
to denote the total flow through the edge e. For a vertex v € V, we use E(v) to denote
the edges incident to v. Let 7= {p, : 2P(*) — [0,00)},er be a collection of monotone,
submodular functions called polymatroid capacities. A flow ¢ is feasible with respect to p if
for every v € V' and every subset S C E(v), we have Y ¢ ¢(e) < py(5).

Given a demand function dem : V x V — [0, 00), we can define the mazimum concurrent
flow value of a polymatroid network by mcfg(p,dem) as the maximum e > 0 such that
one can route an e-fraction of all demands simultaneously using a flow that is feasible with
respect to g.

The corresponding notion of a sparse cut is now a little trickier. For every subset of

edges S C E, we can define the cut semi-metric og: V x V — {0,1} on V by og(z,y) =0
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if and only if there exists a path from z to y in the graph G(V, E \ S). Following [29], we
call a map g : S — V walid if it maps every edge in S to one of its two endpoints in V. We

can then define the capacity of a set S C E by

valid V€V
Finally, we define the sparsity of S by
vs(5)
> uwey dem(u, v)os(u,v)

and define ®¢(p, dem) = mingcy P(S; g, dem). It is not too difficult to see that, again,

D (S; P, dem) =

mcfi(p, dem) < @ (g, dem) .
In [29], it is proved that when dem is supported on a single pair, we have
O (p,dem) < 2 - mcfi(p, dem).

Unfortunately, the factor 2 is necessary, and owes itself to a slight defect in the notion
of undirected polymatroid networks. If one were to say that a flow only consumes half the
capacity of an edge if it originates at an endpoint (as in the vertex-capacitated case described
above), then we would obtain an exact single-commodity max-flow/min-cut theorem in this
setting. Indeed, for directed polymatroid networks, such a result is classical [47, [61]. Since
we are concerned here with approximate flow/cut gaps, this will not be an issue, and we
follow [29]. We obtain an Okamura-Seymour theorem for polymatroid networks as well,

answering a question posed to us by Chandra Chekuri.

Theorem 4.3 (Polymatroid Okamura-Seymour Theorem). There exists a constant € > 0
such that the following holds. Let G = (V, E) be a planar graph and let F C V be any
face of G. Then for any polymatroid capacities p and any demands dem : V x V — [0, 00)
supported on F', we have

mcfq(p, dem) > e - O (p, dem) .

Theoremis a special case of Theorem Indeed, vertex capacity cap : V' — [0, 00), is
(up to a factor of 2) equivalent to vertex polymatroid capacity p,(0) = 0 and g, (S) = cap(v)
for ) # S C F(v). With this definition of g, it is immediate to check that mcfg (g, dem) <
mcf¢;(cap, dem) < 2mcfg (g, dem) and ®g(p, dem) < ®F (cap,dem) < 2®¢ (g, dem).
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4.3 Overview of the Proofs and Techniques

4.3.1 Embeddings and Flow/Cut Gaps

Our main tools in proving Theorems [4.2] and are various embeddings of metric spaces.
To this end, we first recall known results in the edge and vertex-capacitated settings. In the
next section, we discuss the new types of embeddings we need to handle vertex-capacitated
and polymatroid networks.

A metric graph G = (V, E,len) is an undirected graph equipped with a non-negative
length function on edges len : E — [0,00). We extend the length function to paths P C F
by setting len(P) = > .plen(e). Associated to every such length is the shortest-path
pseudo-metric on G defined by djen(u, v) = minp len(P) where the minimum is over all u-v
paths P in G. We say that a pseudo-metric d on V' is supported on the graph G if d = d)e,, for
some length function on E. In many situations we will only be considering a single length
function on G at a time, and then we write d¢g instead of djep.

We will consider embeddings of such graph metrics into various other spaces. Given
two metric spaces (X, dx) and (Y,dy) and a function f : X — Y, we define the Lipschitz

constant of f by
iy = sup HU@: /@)

rz#yeX dx (.%', y)

If || fllLip < L, we say that f is L-Lipschitz.

We define the distortion of the map f by dist(f) = || f|lLip - || f~*||Lip- The Ly distortion
of a metric space (X,dx), written ¢1(X,dx), denotes the infimum of dist(f) over all maps
f: X — Ly. The next theorem gives a tight relationship between flow/cut gaps in graphs
and L embeddings of the metric supported on them. It follows from [76] and [46].

Theorem 4.4. Consider any graph G = (V, E) and any subset D C V. Let

® ¢ (cap, dem)
Ki(G,D) = sup ,
1( ) cap,dem meG(Cap, dem)

where the supremum is over all capacity functions cap : E — [0,00) and all demand functions
supported on D. Let

K5(G,D) = inf  dist
2(G, D) sup | nf | dis (fIp)|
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where the supremum is over all metrics d supported on G and the infimum is over all

1-Lipschitz mappings f : V — Li. Then K1(G,D) = Ks(G, D).

In particular, the Okamura-Seymour Theorem (Thm. can be restated as the follow-
ing fact about embeddings of planar graphs: For any metric planar graph G = (V| E) and
any face F' C V, there exists a 1-Lipschitz mapping f : V' — L; such that dist(f|r) = 1.

Vertex-capacitated flows and ¢{°" embeddings. Unfortunately, L; embeddings are
not sufficient for the study of vertex-capacitated flow/cut gaps; we refer to [42] for some

examples. Instead, [42] uses a stronger notion of embedding. For simplicity, we discuss such

embeddings only for finite metric spaces. An ({°™ embedding of a finite pseudometric space

(X,d) is a random 1-Lipschitz mapping A : X — R. One then defines

dist(A) = max E |A§2—y i\(y)l |

and writes ¢{°™ (X, d) for the infimum of dist(A) over all such random mappings A : X — R.
It is straightforward to verify that c1(X, d) < ¢°™(X) and there are many interesting cases
when this inequality is strict (see [42] [I7]). Such embeddings were initially studied by
Matousek and Rabinovich [81]. It was shown in [42] that they can be used to bound vertex-

capacitated flow/cut caps, and [29] extended this to undirected polymatroid networks.

Theorem 4.5 ([29]). Consider a graph G = (V, E) and a subset D C V. Suppose there is a
constant K > 1 such that for every metric d supported on G, we have c‘llom(D, d) < K. Then
for every set of polymatroid capacities p on G and every dem : V- x V. — [0,00) supported
on D, we have

1
- > - .
meG(p> dem) = QK(I)G('O’ dem)

Despite the power of the preceding theorem, it is insufficient for proving our main results.
Since ™ (X, d) is at least the Euclidean distortion of (X,d), Bourgain’s lower bound on
the Euclidean distortion of trees [I3] implies that there are m-point tree metrics (75, dy)
with ¢{°™(T},,d,) = Q(vIoglogn). In the next section, we introduce a new notion of
embedding that is sufficient for proving vertex-capacitiated and polymatroid versions of the

Okamura-Seymour theorem.
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4.3.2 Length Functions, Star-shaped Embeddings, and Single-scale Gradients

We first setup a polymatroid embedding problem which follows from the duality theorem
of [29]. Fix a finite ground set S. Given a function p : {0,1}° — {0, 1}, we define its Lovdsz

extension p : [0,00)° — [0,00) by

pz) = /0 (),

where 2% € {0,1}° has (2%); = 1 whenever z; > 6. Observe that for a constant a > 0, we
have p(a - z) = a - p(z). We will associate 2° and {0,1}" via the mapping which sends
a subset A C S to its characteristic function 14 € {0,1}°. Likewise, we will associate
functions S — [0, 00) with elements of [0, c0)%.

In the rest of this section, we will consider families of functions F = {¢, : E(v) —

[0,00) }yey associated to a graph G = (V, E). Given a length function len : E — [0, 00), we

say that F is adapted to len if for every edge e = {u,v} € E, we have
len(e) < ly(e) + €y(e) .

Theorem 4.6 (Duality Theorem, [29, Sec. 3]). For any graph G = (V, E) the following
holds. For any polymatroid capacities § = {p, : v € V'} and any demands dem : V x V —
[0, 00),

R 3 Z (=274 pAU(EU)
fo (5, dem) = o
mc G(p7 em) |e£171{12} Zu,quV dem(u, 'U)dlen (’LL, U)

where the minimum is over all length functions len : E — [0,00) on G and all families

(4.1)

{ly : E(v) — [0,00) }yev adapted to len.

The preceding theorem shows that to prove flow/cut gaps, it suffices to find for every

given length function len and any {¢,},cv adapted to len, a set S C E for which

EUEV [)U (gv)
Zu,ve\/ dem(“’? v)dlen (u7 U)

for some constant C' > 0. This gives rise to an embedding problem with differs from the

D;(S; ,dem) < C -

classical one in a way which we now describe informally.
In the case of edge-capacitated flows and L embeddings, to satisfy the Lipschitz prop-

erty, it suffices to consider the stretch of each edge separately. For vertex-capacitated flows,
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and more generally polymatroid networks, we must coordinate the stretch of the edges adja-
cent to a vertex. In essence, a vertex has to “pay” in the corresponding “Lipschitz constant”
if any of its adjacent edges is stretched. Thus we should try as much as possible to stretch
the edges adjacent to a vertex simultaneously.

This makes some standard techniques (e.g. random embeddings into trees as in [46])
inappropriate for our study (although some of the principles in [46] will prove invaluable).
Certainly E‘liom embeddings achieve this coordination because they are (by definition) Lips-
chitz in every coordinate, but as we mentioned earlier, they are insufficient for proving our
main theorems.

To satisfy this goal, we must pay careful attention to the image of the edges in our

embeddings. On the other hand, to overcome the limitations of E‘fom, we will increase our

target spaces to include general metric trees.

Star-shaped mappings. Say that a graph H is star-shaped if H is the subdivision of
some star graph. Suppose that G = (V, E) is a graph, T is a tree, and A\ : V — V(T) is an
arbitrary map. For every u,v € V(T), let P,, C V(T') be the unique simple path between
wand v in T. We say that A is a star-shaped mapping if, for every u € V(T'), the induced
graph on

{Puw s v € V(T), BN (u), A7 (v)) # 0}

is star-shaped. In other words, if we consider the paths in T which correspond to edges
in G, then all such paths emanating from the same vertex in 1" should form a star-shaped
subgraph. See Figure [£.2] for an example.

In addition to controlling the shape of a mapping, we need to control the lengths of the
“arms” of the star simultaneously. Fortunately (and this property will be crucial to the

approach of Section , we will only need to bound the stretch over single scales.

Single-scale /., gradients. If we are given a metric graph G = (V, E, len) and a mapping
f:V = (X,dx) into a metric space (X,dx), we make the following definition: For any
T >0,

dx (f(u), f(v))

len(u, v)

IV:f(u)]oo = sup{ :{u,v} € E and len(u,v) € [, 27]} .
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v
A%
(a) The induced graph on {P,, : v € (b) The induced graph on {Py, : v €
V(T), EQ~ (u), \"1(v)) # 0} is star- V(T), EQ" (u),\"'(v)) # 0} has two
shaped. vertices with degree three, hence it is not

star-shaped.

Figure 4.2: Star-shaped embedding.

In Section .4, we prove the following theorem which shows how such mappings can be

used for polymatroid flow/cut gaps.

Theorem 4.7 (Main rounding theorem). Let G = (V, E, len) be a metric graph and suppose
there exists a random metric tree T and a random star-shaped mapping F : V. — V(T such
that for some K > 1,

maxsupE |V, F(v)| < K. (4.2)
veV >0

Then for any family of functions {€, : E(v) — [0,00)} oy adapted to len, and for any

polymatroid capacities p= {py}vey and demands dem : V x V — [0,00), we have

64K pev Po(ly)

PP dem) < 5 dem(u, ) - E dr (F(w). F(0)]

(4.3)

4.3.3 The Embedding Theorem

In light of Theorem [4.7] we are able to prove Theorem by constructing appropriate
random embeddings into trees. In the present section we state our main embedding theorem

and give an outline of its proof.

Theorem 4.8. There exist constants K, L > 1 such that the following holds. If G = (V, E)

is a metric planar graph, and F C V is any face of G, then there exists a random tree T
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and random star-shaped mapping A : V. — V(T') such that the following conditions hold.

i) For everyu €V and 7 > 0, we have E |V A(u)|x < K.

ii) For every u,v € F,

E [dr (A(w), A(v)] > 2602

> dolt (14)

Combined with the rounding theorem (Theorem and duality (Theorem , this
immediately yields Theorem [4.3] and, in particular, a vertex-capacitated Okamura-Seymour

theorem (Theorem .

Proof of Theorem[{.3 Fix a planar graph G = (V, E), a face F C V of G, demands dem :
V x V — [0,00) supported on F, and polymatroid capacities p. By Theorem there
exists a length function len : E — [0,00) and a family {¢, : E(v) — [0, 00)},ev adapted to
len such that

ZUGV pAU (ev)
ZU,UEV dem(u’ U)d|en (u’ U) '

Consider the metric planar graph G = (V, E,len). By Theoremthere exist a random tree
T and a random star-shaped embedding A : V' — T satisfying (4.2)) with K = 1, and (4.4))

mcfg(p, dem) =

with some universal constant L > 0. Applying Theorem [4.7] with A, we conclude

EIAED  G4KLY ey p(l)
- Zu,vEV dem(u, v)dg(u,v)

We now give a brief outline of the proof of Theorem

O (p, dem) 64K L - mcfg(p, dem). O

First step: Outerplanar graphs into random trees. Theorem is proved in two
main steps. First, in Section we prove it for the special case of outerplanar graphs; this
is precisely the situation where the face F' satisfies F¥ = V in Theorem [£.8 It is known
that outerplanar graph metrics embed into distributions over dominating trees [46], but
this is not sufficient for our purposes; these maps are not star-shaped and do not satisfy the
gradient conditions. Instead our proof is inspired by the result of Charikar and Sahai [20)]
stating that every outerplanar graph metric can be embedded into the product of two trees

with O(1) distortion. In particular, each of these two embeddings must be O(1)-Lipschitz,
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so one hopes that the star-shaped and gradient properties might be achievable with their
techniques.

Indeed, by following their basic induction and using a heavily modified variant of their
embedding, we are able to obtain the desired result. Unfortunately, for this purpose we are
not able to obtain a product of two trees; instead we need an entire distribution, but this

suffices in light of Theorem

Second step: Retracting onto a face. The second step follows the approach of [36] for
proving that face metrics (i.e. those metrics arising from taking the shortest-path metric
on a planar graph restricted to a face) embed into distributions over dominating trees; this
result was originally proved in [73] via a different method. In [36], the authors randomly
retract a planar graph G = (V, E) onto a prescribed face F' C V in such a way that edges
are not stretched too much in expectation. (See Figure

(a) Partition the graph such that each (b) retract the vertices in each partition
partition has a vertex on the restricted to the vertex onto vertex from the re-
face. stricted face.

Figure 4.3: Retracting onto a restricted face.

Their embedding has the rather convenient property (not shared by previous random
retractions) that stars are mapped to stars, satisfying our star-shaped ambitions. Thus we
are left to wrestle with the /., gradient issue. By using stronger properties of known random
partitioning schemes for planar graphs [54]—specifically the fact that such partitions are

“padded” in the language of [45] [57]—we are able to show that all single-scale {, gradients
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are O(1) in expectation under the random retraction. We remark that this mapping does not
preserve global /., gradients in expectation, and this is the main reason we have introduced
the single-scale definition. This pushes some non-trivial work to the rounding theorem in

Section [.4] which must now show that all the scales can be rounded simultaneously.

4.3.4 Additional Definitions and Notations

Here we review some additional definitions before diving into the proofs. We deal exclusively
with finite graphs G = (V, E) which are free of loops and parallel edges. Note that dg(z,y) =
0 may occur even when x # y, and if G is disconnected, there will be pairs z,y € V with
dg(x,y) = co. We allow both possibilities throughout this chapter. An important point
is that all length functions in this chapter are assumed to be reduced, i.e. they satisfy the
property that for every e = (u,v) € E, len(e) = dg(u,v). For v € V and R > 0, we write
Bg(v,R) ={u €V :dg(u,v) < R}.

In the present chapter, paths in graphs are always simple, i.e., no vertex appears twice.
Given a metric graph G, we extend the length function to paths P C E by setting len(P) =
Y ccplen(e). We recall that for a subset S C V, G[S] represents the induced graph on S.
For a pair of subsets S,T C V, we use the notations E(S,T) = {(u,v) € E:u € S,v e T}
and E(S) = E(S,9), and if v € V, we write E(v) = E({v}, V \ {v}).

Given a set X, a random map F : X — Y is shorthand for some probability space (€2, 1)
and a distribution over mappings {F,, : X — Y, },eq. Note that both F' and Y are random
variables. In all our constructions, X and Y, are finite sets. When no confusion arises,
probabilistic expressions containing F' and Y should be understood as been taken over the
probability space (€2, ). When we refer to a property of Y or F', it should be understood
that this property holds for all Y, and F, : X — Y, w € Q.

4.4 Polymatroid Networks and Embeddings

Our primary goal in the present section is to prove Theorem [£.7] which shows that random
tree embeddings can be used to bound flow/cut gaps in polymatroid networks. We start in
Section by showing that a fixed “thin” mapping into a tree can be use for rounding.
In Section we prove the crucial property that every star-shaped mapping into a tree
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can be converted to a random thin map. Finally in Section [£.4.3] we combine these results
with a multi-scale analysis to show that a suitable distribution over star-shaped mappings

into random trees suffices for rounding.

4.4.1 Thin-star Tree Rounding

Consider a graph G, a connected tree T', and a map f : V(G) — V(T). For every pair
u,v € V, let P,, denote the unique simple path from f(u) to f(v) in T. We say that f
is A-thin if, for every u € V(G), the induced graph on Uv:{u,v}eE(G) P,, can be covered
by A simple paths in 7" emanating from f(u). The next lemma gives a generalization of

line-embedding rounding [42), 29] to arbitrary thin maps into trees.

Lemma 4.9. Let G = (V, E) be a graph, T a connected metric tree, and let f : V — V(T)
be a A-thin map. Suppose that the set of functions {£, : E(v) — [0,00)}, oy is such that
dr(f(u), f(v)) < ly(e) + €y(e) for every edge e = {u,v} € E.

Then for any polymatroid capacities p = {pytvev and demands dem : V- x V — [0, 00),

there exists a subset of edges S C E such that

A Z’UGV pAU(e’U)
Zu,vev dem(u’ U) : dT(f(u)a f(’U)) '

Proof. For every edge {u,v} € E, let P,, denote the unique simple path between f(u) and
f(v) in T. For every a € E(T), we define the subset S(a) C E by

O (S; p,dem) <

S(a) = {{u,v} €eF:ac E(Puv)} .

Observe that if a € E(Py,) for some x,y € V, then o, (7,y) = 1. Thus we have, for any
x,y €V,
> lenp(a) - os(ay(@,y) > dr(f(z), f(y))- (4.5)

a€E(T)
Next, we give an upper bound on v3(S(a)) for every a € E(T'). First, arbitrarily orient
the edges of E(T'). Fix a = (z,y) € E(T') according to this orientation. Consider any
A € [0,lenp(a)]. For an edge e € S(a), choose the orientation e = (u,v) such that P,

traverses a in the order (z,y). We will assign the edge e to the vertex wu if

dr(f(u),x) + X < ly(e), (4.6)
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and otherwise assign e to the vertex v. This gives, for every A € [0,leny(a)], a valid

assignment g, » : S(a) — V. Integrating yields

lent(a)
lenp(a) - v5(S(a)) < / (Z Pv ga)\ > dA. (4.7)

veV
Our next goal is to show that, for every v € V., we have
lent(a) L
/ polg7L(0)) AN < Apu(t) (4.8)
acBE(T) 0
To this end, fix v € V. Since f is A-thin, there are k < A paths Py, Ps,..., P, in T
emanating from f(v) € V(T) such that the following holds: If S(a) contains an edge with

endpoint v, then a € E(P;) for some i € {1,2,...,k}. Thus we can write

IenT(a)

IenT()
/0 (8250 d“z 2 / 0G5 (0)) dA, (4.9)

a€E(T) =1 acE(P,

and it suffices to bound each term of the latter sum separately.

To this end, fix i € {1,2,...,k}. For 6 € [0, len(F;)], let

S,(8) = {{u,v} € E: f(u) € V(B,) and £,({u,v}) > 9} .

By the assignment rule (4.6)), the fact that dp(f(u), f(v)) < €,({u,v})+£€,({u,v}) for every

{u,v} € E, and monotonicity of p,, we have

len(a 0o
Z/ o(gar(0))dA < /0 pu(Su(0)) do

a€E(P;)

INA
N
8
e
<
~
=
QA
S

where in the final line we have used the definition of the Lovéasz extension pj, and the

notation: £%({u,v}) = 1 if £,({u,v}) > 0 and £%({u,v}) = 0 otherwise. Combining this

with (4.9) yields (4.8).

Now interchanging sums and integrals in (4.8) and summing (4.7) over a € E(T) yields

> lenp(a) - vp(S(a)) A pu(f

a€E(T) veV
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Using this in conjunction with (4.5)), we have

| | s(5(a)
P .—‘d < P
g PolSimdem) < B S o dem(u, 0)ose (1, 0)

> acr(r) lenr(a) - v5(S(a))

<
- EaGE(T) lenT(a) ZU,UEV dem(uv U)US(a) (u> ’U)
< A Z’UEV ﬁv (fv)
B Eu,vEV dem(”? U)dT(f(u)v f(U))
completing the proof. O

4.4.2 Random Thinning

Next we show how an arbitrary star-shaped map into a tree can be converted into a random

4-thin map.

Lemma 4.10. Let G = (V, E) be a graph, T a connected metric tree, and let f : V — V(T')
be a 1-Lipschitz star-shaped map. Then there exists a random connected metric tree T' and

a random 4-thin map F : V — V(T") satisfying the following conditions:
i) F is 1-Lipschitz with probability one.

it) For every u,v € V, we have
Edp(F(u), F(v) > 5 dr(f(u), ().

Proof. In what follows, for a tree T, we will use the notation Pg;/ to denote the unique
simple path between z,y € V(7).

We will proceed by constructing a random metric tree 77 and map @ : V(T') — V(1)
and then showing that F' = ® o f satisfies the conclusion of the lemma. Suppose that
the tree T is rooted at some fixed vertex. For a vertex z € V(T'), let T, be the subtree
rooted at x. A wertical path in a rooted tree is a path P in which every u,v € P have

ancestor-descendant relationship.

Claim 4.11. For every x € V(T), there exists a random metric tree T,, and a random

1-Lipschitz map ®, : V(1) — V(T.) which satisfies the following conditions:
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i) ®, maps every vertical path in T, isometrically to a vertical path in T.
i) For allv € V(Ty), ®ulv (1) = Po.

i) For all v € V(Ty), the set of vertices {®(u) : u € V(T,), E(f~(u), f~1(v)) # 0} can

be covered by at most two vertical paths emanating from ®,(v) in T,.

iv) For every u,v € V(1}), we have

E [dp (o (1), By (v))] > % dr(u,v).

Proof. We construct the map ®, by induction on the height of z in T. When z is a leaf,
the statement is partically vacuous. The inductive step is carried in two steps: In the first
step we construct a tree T, and a map @ : V(T,) — V(Tx) as follows: Let uq,..., Uy, be
the children of z in T, and let 77, T3, ..., T, be the random trees, and ®1, P, ..., D, be
the randoms maps resulting from applying the claim inductively to each T;,,. We construct
the graph T, by replacing each T, with 7} in T,. We put &f(a:) as the root of T}, and for
v e V(Ty,), we put ®(v) = ®;(v). We also define f = ®o f.

Let S = {P&?&)ﬁ (0 e Ty, E(f Y (), [1(D)) # @}, and let H be the subgraph of T}
induced by S. The map f is a star-shaped, and each map ®;, maps root leaf paths in T},
to root leaf paths in 77, therefore the set S is star-shaped. Hence, there exists £ < m edge
disjoint paths Py, Py, ..., P, in T, emanating from ®(z) that cover S.

Let 11, ..., T, be the connected components of T, after removing the edges of H, and
let v; € S be the root of the tree Tj

We define the random tree T, and the random map ®, : T, — T as follows. Consider
a root r connected to two paths B; and Bs. We define ®,(x) = r. Moreover, we map each
path P, P, ..., P, isometrically and independently at random to one of the two paths B,
and Bj (see Figure for an example). Then we complete the construction by gluing root

of each tree Tj to ®,(#;) (the image of #; in either By or Ba).

It is straightforward to check that ® satisfies Claim [4.11[i). Using the inductive hypoth-
esis it is sufficient to check Claim [4.11f(ii) with respect to the children of z in T', and for

them the claim is easily seen to be true.
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Figure 4.4: Merging branches of the tree.

To verify Claim [£.11fiii), first note that for v € T} \ {z} this condition holds by our
inductive construction, and Claim [£.11fii). Moreover, For the case that v = =z, all the
vertices u € V(Ty) such that E(f~!(x), f~'(u)) # 0 are mapped to paths B; and Ba,
therefore Claim [4.11(iii) holds for all v € V(T).

To verify Claim [£.11fiv), first note that for u,v € V(Ty), if u,v € V(T,) for some 1,

then dr; (P, (u), Py, (v)) = dr; (Pz(u), Pz(v)) and by our inductive construction
1
idT(U, v) < dry (Pu(u), Px(v)) -

Moreover if 4 and v do not belong to the same subtree rooted at one of x’s children, then
with probability 1/2, dr(u,v) = dg: (®;(u), @, (v)). Therefore Claim [4.11[iv) holds for all
u,v € V(Ty), completing the proof of the claim. O

The map f is star-shaped, therefore there must exist k edge disjoint paths P, Ps, ..., Py
emanating from v that cover {f(u) : (u,v) € E(G)} in T. Moreover, since these paths are
edge disjoint, at most one of these paths is not contained in 7' (,). Without loss of generality
assume that Py, P, ..., Py are contained in T},). Let T" and ® to be the tree and the
map resulting from applying claim to the root of T. By our construction we can cover the

image of the paths Py, Ps,..., Py_1 by at most two paths emanating from ®(f(v)) in T".
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Finally, every path in a rooted tree is a union of at most two vertical paths and each vertical
path in T is mapped to a vertical path in T”, the image of the path P, can be covered by
at most two paths emanating from ®(f(v)) in 7", completing the proof of Lemma O

The next result follows from Lemma [4.10] and Lemma [£.9

Corollary 4.12. Let G = (V, E) be a graph, T a connected metric tree, and f :V — V(T
a star-shaped mapping. Suppose that the set of functions {{, : E(v) — [0,00)}, oy is such
that dr(f(u), f(v)) < ly(e) + €y(e) for every edge e = {u,v} € E.

Then for any polymatroid capacities p'= {pytvey and demands dem : V x V — [0, 00),

there exists a subset of edges S C E such that

82 vev Pul(lv)

Oq(S; p,dem) < > wvey dem(u, v) - dr(f(u), f(v)

4-4.3 Rounding Random Star-shaped Embeddings

Finally, we are ready prove the main result of this section connecting embeddings to poly-

matroid flow/cut gaps. We restate Theorem here for the sake of the reader

Theorem 4.13. Let G = (V, E,len) be a metric graph and suppose there exists a random
connected metric tree T and a random star-shaped mapping F : V. — V(T) such that for
some K > 1,

maxsupE |V, F(v)]|e < K.
veV >0

Then for any set of functions {{, : E(v) — [0,00)},cy that is adapted to len, and for any
polymatroid capacities p = {pytvey and demands dem : V x V — [0,00), there exists a

subset of edges S C E such that

64K > ey Po(lo)
2 uwey dem(u, v) - E [dp(F(u), F(v))]

Proof. Using the fact that p, is monotone, we may first scale {{,(e) : v € V ;e € E(v)}

(I)ﬁ,dem (S) <

down and assume that for {u,v} € E, we have len({u,v}) = £,({u,v}) + £,({u,v}). Next,
by rounding all the length functions up, we may assume that {{,(e) : v € V je € E(v)} are
dyadic:

{ty(e) :veV,ec E(v)} C{2": h ez}, (4.10)
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and that for {u,v} € E, we have

en({uv}) 2 5 (talfu, o)) + L{u,0}) (a.11)
Now define the random functions {f, : E(v) = [0,00)}yey by
- 0 if £, ({u,v ly({u,v
P (fu o)) = ({u, v}) < lu({u,v})
ly({u,v}) - Wf)(m otherwise.

Then, by definition, we have dp(F(u), F(v)) < £y({u,v}) + £u({u,v}) for every {u,v} € E
since {(,} is adapted to len.

We define a new family {£,} by /,(e) = sup{l,(¢') : £y,(e') < £y(e)}. Observe that £, > 0,
pointwise, thus by monotonicity, p,(¢,) > pu(fy). Additionally, we have £,(e) < £,(¢’) if and
only if Z,(e) < £,(¢). Thus the collections of edge sets {£? : 6 € [0,00)} and {#% : 6 € [0,00)}
are identical.

Enumerate the set of values {{,(e):e € E(v)} U{0} by 0 =79 <71 < T2 < -+ < Tk SO
that -

ﬁv(ﬁv) = Z(Ti-{-l pr 67'1 ZTZ—I—IPU , (4.12)

i=0
where the latter inequality holds since 7,11 > 27; by (4.10) -

Fori=1,2,...,k, we can likewise set 7; = max{év(e) : £y(e) = 7;}. By construction, we

have 0 =7p < 71 < T < --- < 7, and

k—1
=2 (i1 = 7)po(65).
=0

Finally, define 7; = max{gv(e) : by(e) = 7;}. Observe that if 7;41 # 7;4+1, then 7,41 = 7,

thus we can write

el
|
—

P (év) < Tiv1p0(0y) - (4.13)

@
Il
=)

Using the definition of ?,, we have
- 1
7; = max <{0} U {Kv(e) : ly(e) = 7; and £y(e) > 2Ien(e)}> .
Furthermore, by (£.11), if £,(e) = 7;, then len(e) > 37;. Thus,

El7i] < (E|vTi/2F(U)|OO +E|V,F(v)|s) 7i < 2K
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Using (4.13) and (4.12)), this implies

k—1 k—1
Elpu(0)] < 3 Elflon () < 2K 3. riaapo(€) < 4K pu(ly)
i=0 i=0
Applying Corollary completes the proof. O

4.5 Star-shaped Embeddings of Outerplanar Graphs into Trees

Our goal is now to prove that every metric outerplanar graph admits a random Lipschitz,

star-shaped embedding into a random tree.

Theorem 4.14. There is a constant K > 1 such that the following holds. Let G = (V, E) be
a metric outerplanar graph. Then there is a random metric tree T' and a random 1-Lipschitz,
star-shaped mapping F : V. — V(T) such that for every u,v € V, Eldr(F(u), F(v))] >
da(u,v)/K.

We begin by setting up the notations and definitions needed to prove Theorem (.14

4.5.1 More Notations and Definitions

For a graph G = (V, E), and v € V', we use the notation Ng(v) = {u : (u,v) € E} to denote
the set neighbors of v in the graph G. For a path P, we define the cycle C(P,¢) as the
cycle obtained by connecting the endpoints of P with an edge of length £. The length of
the cycle C, is given by len(C) = len(P) + £. In this section, it is helpful to think of cycles
as continuous cycles and V(P) C C' as points on the cycle.

For a cycle C' and a point p on the cycle we define flat(C, p) to be the path where p is
one end point and z € C is mapped to the point at distance d¢(p,x) from p on the path.
Moreover for points x,y € C we use dgacp)(7,y) = |do(x,p) — de(y,p)| to denote the
distance between x and y on the path flat(C, p). See Figure for an example.

For two paths P = (uq,...,uy) and @ = (v1, ..., v,) with the same length, we define the
glueing of P and @) as follows. We first identifying the end points u; with vy, and u,, with
vy, to specify the end points of the resulting path. Then we map each point x € V(P)UV(Q)

so that the distance between z and the end points of the path is preserved.
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C flat(C, p)

Us
V4

U1

V2

Figure 4.5: The flattening of the cycle C.

Finally, for two given trees, T} and T5, and pairs of vertices uj,v; € V(T1) and ug, vg €
V(T3) such that drp, (u1,v1) = dp,(u2,v2), we define glue(T1, Ta;uy, v1;ug, v2) as the tree
resulting from gluing the trees 71 and 75 on the unique path between w; and vy in 77 and

u and vo in Th. See Figure

4.5.2  Framework

Our approach to Theorememploys the framework of Charikar and Sahai (see Theorem 4
in [20]). Any outerplanar graph can be constructed by considering a sequence of paths P;,
and then doing the following: Start with G; = P;. At step 4, we consider some edge
e; = (u;,v;) on the outer face of G;, and obtain G;11 by either attaching the endpoints of
P; to u; and v;, or by attaching only one endpoint of P; to either u; or v;.

In this section we only consider biconnected outerplanar graphs (so the endpoints of P,
are always attached to u; and v;), since we can simply take the embedding of biconnected
components of a graph that are connected by a single vertex into trees, and glue the trees
on the image of the common vertex to obtain an embedding for the whole graph.

We also use the concept of a slack structure [46]. We say that an outerplanar graph has
an a-slack structure if it can be built out of paths P; such that the length of any path P;
which attaches to both endpoints of an edge e; is at least « times the length of e;. The

following lemma is a straightforward generalization of a fact from [46], where it is proved
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glue(Th, To; ug, v1;u2, v2)

Figure 4.6: Gluing of the trees 717 and T5.

for ao = 2.

Lemma 4.15 (J46]). Consider any o« > 1. Given an outerplanar metric graph G =
(V,E,leng), there is an outerplanar metric graph H = (V,E' lenyg) with E' C E, and
such that H has an a-slack structure. Furthermore, dg > dg > (1/a)dg, and for every
(u,v) € F,

dg(u,v) = leng (u,v). (4.14)

Thus, by incurring distortion at most «, we may assume that the outerplanar graph G
has an a-slack structure. We will build our embedding inductively based on the sequence

of the paths P;...., Py, provided by Lemma {4.15

Random extension. Given an embedding of a metric graph G into a random metric tree
T, F:V(G)— V(T) and a new path P attached to the points u,v € V(G), we extend the
embedding of G to an embedding for G = G U P into a random tree T, using the following
operation. Let C' = C(P,dp(F(u), F(v))). To extend the tree T, we choose two anchor

points p, ¢ € C, and map the vertices of C' onto two paths L = flat(C, p) and R = flat(C, q).
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We put T’ = glue(T, L; F(u), F(v); u, v) with probability 1/2 and T’ = glue(T, R; F(u), F(v); u, v)
with probability 1/2. This specifies a random mapping F : V(G) — V(7). Since it will be
clear from context which vertices we are gluing onto, we will use the notations glue(7T', L)
and glue(T, R) without specifying the vertices. Note that the gluing can be done if and only
if dr,(u,v) = dr(u,v) = de(u,v) = dp(F(u), F(v)). Moreover, If the map F' : V(G) — V(T)
is 1-Lipschitz, then so is the extension F.

A significant difference between our construction and that of [20] is in the way we choose
the anchor points. For our purposes, it is not enough to simply look at the a-slack graph;
we need to use the structure of the original graph when we choose the anchor points in
order to maintain the star-shaped property. The algorithm of [20] is able to construct an
embedding using only two trees, while we embed the graph into a distribution over trees.
In the next section, we prove a distortion bound for this embedding based on the distance

between the anchor points in the cycle.

4.5.3 Daistortion Bound

Before we can state the main lemma of this section, we need the following definition. For a
cycle C, and points u, v € C' we say that a pair of points p, ¢ € C'is («, B)-apart with respect
to another pair {u,v} if do(p,q) = alen(C) and for a € {u,v} and b € {p, q}:

1
Blen(C) < dc(a,b) < (2 - B> len(C).
We now state a lemma capturing our main inductive step.

Lemma 4.16. Let G be a graph, T be random metric tree, and let F : V(G) — V(T) be
a random 1-Lipschitz map such that E[dr(F(z), F(y)] > dg(z,y)/6 for every z,y € V(G).

Let G be a graph constructed by attaching a path P with
len(P) > 160 - dg(u, v) (4.15)

onto a pair of vertices u,v € V(G). Let C = C(P,dr(F(u),F(v))), and p,q € C be any
pair of points that are (1/6,1/16)-apart with respect to {u,v} in C, and let T be the random
extension of T by C with respect to the anchor points p and q. The embedding F V(G’) —

~ A A~

V(T) is also 1-Lipschitz and such that for all z,y € V(G), Elds(F(z), F'(y)] > da(w,y)/6.
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We will use mainly the following two properties of («, 3)-apart pairs in the proof of

Lemma [4.16

Observation 4.17. For any 5 € [0,1/2], the following holds. Suppose C is a cycle and
a,b € C are such that

Blen(C) < de(a,b) < (; - 5) len(C).
Then for any z,y € C with max{dc(z,a),dc(y,a)} < Blen(C), we have

ditat(cp) (7, ¥) = do(,y).

Lemma 4.18. Let C be a cycle. For « € [0,1/4] and p,q € C such that dc(p,q) = alen(C),

the following holds. For any pair of vertices x,y € C,

dflat(C,p) (337 y) + dflat(C,q) (I‘, y) > dadc (m, y) (4'16)

Proof. We divide the analysis into two cases. If neither p or its antipodal point p (the point
at distance len(C)/2 from p on the cycle) lie on a shortest path between x and y then a

simple application of Observation implies that

ditat(C,p) (T, Y) + ditar(.q) (T, Y) = ditar(cp) (T, y) = do(x,y) > dade(z,y),

and an analogous inequality holds if neither ¢ or it antipodal point ¢ lie on a shortest path
between x and y.

Next, suppose that p’ € {p,p} and ¢’ € {q,q} lie on the same shortest path between z
and y. It is easy to check that flat(C, p) is isometric to flat(C,p’) and flat(C, q) is isometric
to flat(C,¢'). We have do(p',q') € {alen(C), (3 — a)len(C)} and o € [0,1/4], therefore
do(p',q') > alen(C). Since both p’ and ¢’ are on the same shortest path between z and y

we can write,

datat(c,p) (T, Y) + diiar(0,0) (T, Y) = daar(cp) (T, Y) + diar(c,q) (%, Y)
= |dc(p',x) — de (P, y)| + |de(d,y) — de(d, 2)]
> |de(p',2) — de(d', ) + de(d'sy) — de (v, y))
= |dc(p',x) — de(d', 2)| + lde(d' s y) — de (P, y)|

=2dc(p',q) > 2alen(C) > dadc(z,y).O
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Proof of Lemma[{.16, Since F is 1-Lipschitz and the random extension preserves the 1-

Lipschitz condition, Fisalso 1-Lipschitz. We divide the analysis of the expected contraction

of the pairs z,y € V(G) into three cases.

Case I. z,y € V(G): In this case,
B[y (F(@), F(4))] = Bldr(F(z), Fw)] = gda(ey) = 5dq(x.0).

Case II. 2 € V(P) and y € V(G@): Observe that a shortest path in G connecting z to
y must pass through either u or v. Suppose, without loss of generality that ds(z,y) =
dp(z,u) + dg(u,y). Let w € V(T) be the closest vertex to F(y) (with respect to dr) from
the unique path connecting F(u) and F(v) in T. In this case by (4.15]), we have

dr(F(u),w) < dp(F(u), F(v)) < dg(u,v) < len(C)/160.

Suppose first that dg(u,z) < len(C))/16. Since p and g are (1/6,1/16)-apart, Observa-
tion [L.17] implies that
4 (F (@), F(y)) = do (e, u)+dr(F (), w)+dr(w, F(y) = dgle, w)+dr(F(u), F(y)). (417
Suppose next that dg(u,z) > len(C)/16. Denote by w’ € C the point with deo(u,w') =
dr(F(u),w). Lemma [L.18 implies
Eld(F(@), F(y)) | F] = Eldp(F(@),w) | F]+dr(w, F(y))

o (e w!) + dr(w, F(y)

> 2 (do(u, ) — de(u,w) + (dr (F(u), F(y)) — dr(F(u), w)
> 2 (do(u, ) — do(u,v) + (dr(F(w), F(y)) - dr(F(u), F(2))).

Since dg(u, z) < de(u, ) + dpa(u,v) — de(u, v), we have

Bldp(F(2), F(y) | F] > 5 (dg(u ) — dg(u,0) + (dr(F(), F(3)) ~ dg(u,v)
> sdgln.) — gdglu.v) +dr(Flu), F(y)
%dé(u,x) — %dc(u,x) +dr(F(u), F(y))
> g, @) + dr (F(w), F(y). (4.18)
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Putting (4.17) and (4.18) together, we can conclude that

(de e, +dg9) = cdgla,)

CDM—!

E [ (F), F(w)] > cdg(u,a)+Eldr(F(u), F(y)] >

Case IIlL. z,y € V(P): In this case we divide the problem into three cases again. If no

shortest path between x and y in the graph G goes through the edge (u,v), then
dC($7 y) > mln{dé(xa y)7 Ien(P) - dé(x7 y)}
Moreover, (£.15) implies that dg(z,y) < 3(len(P) + dg(u,v)) < slen(P). Thus,

Ddgla,y) —dglav)} > Ddgle) > Ldeley).

160
.
de(a,y) > min{dg (. y). o

81
Hence, using Lemma we can conclude that

Eld; (F(2), F(9) | F] > sdee,y) > 2dg(a,)

If a shortest path between z and y in the graph G passes through the edge (u,v) and
de(x,y) > len(P)/16, then by Lemmam

Eld; (P(a). Fy) | F]z§d0<x,y>>§<dc< ) — dgluv)
3(1 16/160)d (2, y) > édé(x,y).

Finally, we consider the case where a shortest path between x and y in the graph G
passes through the edge (u,v) and dg(z,y) < len(P)/16. Suppose that dp(u,z) < dg(v, ).
It is easy to check that we also have d¢(u, ) < de(v, ), and that the shortest path between
x and y in C also passes through the edge (u,v). Hence, by Observation

a3 (F (@), P(y)) = do(a,y) = dg(@,u) + dr(F(u), F() + dg (v, 1),
Thus,
E |d3(F(2), F(y)] > E [dg (@, u) + dr(F(u), F(v)) + dg(v,)]
=dga(z,u) +dg(y,v) + E[dr(F(u), F(v))]

> dp(z,u) + da(y,v) + d a(u,v)

completing the proof. O
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4.5.4 The Star-shaped Property

To prove Theorem we need to choose the anchor points such that the resulting map
is star-shaped. The following lemma and its corollary provide the main tools necessary to

achieve this.

Lemma 4.19. For any a € (0,1/6), 5 < %a, and 6 < « the following holds. Let P be

1

1
= 71
a path with endpoints u,v, and let C = C(P,dlen(P)). For any finite subset S C C, there
are points p,p’ € C that are (7 — %a — B, B)-apart with respect to u and v, and moreover for

q<€{p,p'},
i) de(g,u) < de(g,v);
it) For x € V(P) with dp(z,u) < (3 + a) len(P), we have dc(q, ) < de(g,u);
iti) For any two distinct elements x,y € S, we have dc(q,z) # dc(q,y).

Proof. For n € (0, ), it is easy to verify that the two points p,p’ € C with

1 3«
do(u,p) = <4 + -5 = 77> len(C)
1
de(u,p') = <2 — - 5) len(C)
satisfy conditions (a) and (b). Condition (c¢) also holds for almost all n € (0, a). O

Corollary 4.20. For 6 < 1/160, the following holds. Let P be a path with endpoints u,v,
and let C = C(P,dlen(P)). For any finite subset S C C, there are points p,p’ € C' that are

(1/6,1/16)-apart with respect to u and v, and moreover for q € {p,p'},
i) do(g,u) < de(g,v);
ii) For x € V(P) with dp(z,u) < (3 4+ &) len(P), we have dc(q,z) < do(q,u);
i11) For any two distinct elements x,y € S, we have do(q,x) # do(q,y).

The next lemma is the final ingredient that we need to prove Theorem
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Lemma 4.21. Let G = (V, E) be a biconnected outerplanar graph with outer face C, and let
dc be the path pseudometric in the induced graph G[C]. Consider any point p € C' and edge
(u,v) on the outer face, and suppose that dc(p,u) < dc(p,v). Then one of the following

two conditions hold:
o Yw € NG(U) : dC’(pvw) > dC(p7 u);

e Yw € Ng(u) : do(p,w) < dco(p,v).

Figure 4.7: Positions of u,u/,v, and v’ on the cycle.

Proof. For the sake of contradiction suppose that none of the conditions of the lemma
hold. Let v' € Ng(v), be such that do(p,v') < do(p,u) and let v/ € Ng(u) be such that
dc(p,w') > de(p,v) (See Figure [£.7]) It is easy to check that the union of the cycle C' with
the edges (u,u’) and (v,v’) contains K4 as minor, therefore G cannot be outerplanar, and

we have arrived at a contradiction. O

We can now prove Theorem

Proof of Theorem [{.14, Without loss of generality, we may assume that H is 2-connected,
as it is trivial to construct the desired embedding for H from embeddings for each of its 2-
connected components. To construct the embedding, we first use Lemma to transform

the graph into an 160-slack graph H, with a decomposition into paths P, ... Pp,. Then, we
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use the random extension algorithm from Section to inductively build an embedding
from H into random trees. To avoid ambiguity, in what follows for z,y € V(G) and and a
mapping F': V(G) — V(T), we will use the notation Pp?(x) Fy) O denote the unique simple
path between F'(x) and F(y) in T.

We start with the graph H; = P; and at step ¢ > 2 we construct the graph H; by
attaching the path P; to the edge (u;,v;) € E(H;—1). (Note that since H is 2-connected,
the endpoints of P; are always attached to both u; and v;.)

We construct the embedding for H; from an embedding F;—y : V(H;—1) — V(Ti-1)
as follows. We use random extension with anchor points which are (1/6,1/16)-apart with
respect to u; and v; to extend T;_1 and F;_; to T; and F; : V(H;) — V(T;). Moreover, we
choose the anchor points so that the resulting map is injective and it maintains the following
additional property:

or all i > 1 and any edge (x,y) on the outer face of H;, there is at least one endpoint

such that for all w € Ng(z) NV (H;),

(P @) Fw) E T m-(x)Fz-(y)) v (P Fr@)Fw) PR Ry = {E(f”)}) : (4.19)

We call a vertex that satisfies the above property a good vertex for the edge (x,y) with
respect to V(H;) and Fj.

If the edge (u;,v;), we choose the anchor points on the cycle C = C(P;, dr(u;,v;))
such that they satisfy conditions (a) and (b) of Corollary with v being a good vertex
of the edge (u;,v;) with respect to T', and 0 = dr(u;,v;)/len(F;). See Figure for an
example. Note that Corollary (c) implies that we can always find such anchor points
while maintaining the invariant that the map is injective.

Since we choose the anchor points to be (1/6,1/16)-apart and H is 160-slack, by Lemma
this embedding is 1-Lipschitz and has constant distortion. Thus we only need to prove the

following statements to complete the proof:

i) Each edge on the outer face of H; has a good vertex with respect to V(H;) and F;.

ii) This construction produce a star-shaped embedding.
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c flat(C, p)

p\ Wo ws

w1 u v

Figure 4.8: If w is not a good vertex for the edge (u,v), then conditions (a) and (b) of
Corollary imply that u lies between v and w € (Ng(u)NP;)\{v} on the path flat(C, p).

Proof of (i). Fix a mapping F;_1 : V(H;—1) — V(T;—1) and let F; : V(H;) — V(1) be the
random extension of F;_1, where the anchor points are chosen such that they satisfy the
conditions (a) and (b) of Corollary We prove this claim inductively. Suppose that all
edges on the outer face of H;_; have a good vertex with respect to V(H;_1) and F;_1; we
show that all edges on the outer face of H; have a good vertex with respect to V(H;) and

F;. For each edge (z,y) on the outer face of H;, we divide the analysis into two main cases.

Case I: (z,y) € E(H;_1). Suppose that x is a a good vertex for the edge (z,y) with respect

to V(H; 1) and Fy_y. T @ ¢ {w;,v;} or P} op APl 0= {Fi(2)} then

the inductive hypothesis easily implies that x is also a good vertex for the edge (x,y) with
respect to V(H;) and F;.

If, on the other hand, x € {u;,v;} and Pgi:;(x)Fiil(y) OP;;ZV:;(U@_)FF](W) # {F;_1(x)} then,

by applied to the edge (z,y), P}Z:ii:ll(ui)pi—l(vi) must be a subpath of P}«“}:;(m)Fi_l(y)‘
Therefore, by applied to the edge (u;,v;), the vertex in {u;,v;} \ {x} cannot be a
good vertex for the edge (u;,v;) with respect to V(H;—1) and F;_;. Hence, the inductive
hypothesis implies that x is also a good vertex for (u;,v;) with respect to V(H;_1) and
F;_1. In this case for all w € Ng(x) N V(F;) by , dp,(x,w) = dg,(x,w) < (len(F;) +
dp, (ui,v;))/2. Hence conditions (a) and (b) of Corallary [4.20] imply that

npL

Prwrw) VRwr@ € Ti-tN Py = np

W@ = Pruyre) N Prwre = @)
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And, in the case that w € Ng(v) NV (H;_1) since = was a good vertex of (x,y) with respect
to V(H;—1) and F;_1, then x and w also satisfy (4.19) with respect to V(H;) and Fj.

Case II: (z,y) € E(P;). Lemma [4.21]implies that each edge (z,y) on the outer face of the
subgraph induced by G on V(F;) (which necessarily contains E(F;)) has a good vertex with
respect to V(P;) and F;. For an edge (x,y) € E(P;) we prove the following statement. If x
is a good vertex for the edge (z,y) with respect to V' (F;) and F; then x is also a good vertex
for the edge (x,y) with respect to V(H;) and F;. Let w € Ng(x)NV (H;). Ifw € V(P ) then
the assumption that x is good for (x,y) with respect to V(F;) implies that it satisfies (4
Therefore, we only need to verify (4.19)) for w € Ng(x) NV (H;—1).
If @ ¢ {ui,vi} or Pgiyp o N PRl o = {Fy(x)} then for all w € Ng(w) NV (H;-1),
we have P Fi@)Fi(y) | PFi(z)Fi(w) C {F;(z)} and (4.19) holds.

Now, we consider the case that z = v; and PT_"( Vi) [ PT o) # {F;(z)}, where v;
is a good vertex for the edge (u;,v;) with respect to V (H;_1) and FZ 1. In this case since x
is a good vertex for the edge (x,y) with respect to V(P;) and Fj, then PF:(Ui)Fz‘(’Ui) must be
Moreover, (4.19) for the edge (u;,v;) with respect to V(H;_1) and

T;
PF (u;

a subpath ofP Fi(2) Fs(y)"

F;_1, implies that for w € Ng(v;) NV (H;_1), either P

Fy(2)Fi(w) = VEs (vs) in which case

T T T
Prl@Fiw) € Prw) R € PR@r @)

N pPL

or P Z F(uz)F v;)

Fi(z) F; (w) = {F;(z)} in which case

npL

T;
ne, Fy (ui) Fi (v1)

T; T;
Pyl wyrw) PR @ R = (P

Fi(z)Fi(w)
T; T; T;
C{F(@)} U (PR mw) N (PR mw \ Priw)Fw)

T;
)U(PFi(x)Fi(w)m( F(2) . y)\ F(ui) Fa(o))

but the left hand side is a path whereas the right hand side is a disjoint union of a point
and a path, henceP()F()ﬂP() —{F()}
The final case is where = u;. In thls case by (4.14), dp,(z,y) = du, (z,y) < (len(P) +

da(u,v))/2. Hence by conditions (a) and (b) of Corollary |4.20), P;‘CZ(I)FZ( ) N PT(ul)Fi(vi) =

{F;i(u;)}. This case was already dealt with above.

Proof of (ii). Again, let F;_; : V(H;—1) — V(T;—1) a random mapping and let F; :

V(H;) — V(T;) be the random extension of F;_j. Note that since F; is injective, the map
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is star-shaped if and only if for all x € V(H;),

{Piwr ¥ € Na(z) N V(H;)}

is star-shaped.
We now prove this claim by induction. Suppose that the map F;_1 is star shaped; we
will show that the map Fj is also star shaped. For all vertices x € V(H;—1) \ {u;,v;}, by the

induction hypothesis,

{PIZZ—_;(:E)FH(?J) 1y € Ng(x) NV(Hi)} = {P F @ E @ Y€ Nalz) NV (Hi1)}

is star-shaped, and this set remains star-shaped after extension to Fj;.

For z € P; \ {u;,v;}, all neighbors of x are mapped to a path in T;, hence

{P;}(z)Fi(y) :y € Ng(z) NV (H;)}

is also star-shaped.
Next, suppose that = = v; is a good vertex for the edge (u;, v;) with respect to V(H;—1)

and F;_;. By the induction hypothesis, {P ! :y € Ng(z) NV (H;—1)} is star

1(vi)Fi—1(y)

shaped. Furthermore, since v; is a good vertex for (u;,v;) with respect to V(H;_1) and

’L 1
) Fica (0 O Pr (i) Fica (o)
fory € Ng(vi)ﬂV( P;),

Fi_1, each y € Ng(x) N'V(H;-1) is either on the path Py Tia
Ti
o 11(’Ui)Fi 1(y = {F;_1(v;)}. Therefore adding the paths P F(U) Fi(y)’
the set {PX FionFi(y) - Y € N¢(x) NV (H;)} remains star-shaped.
Finally if = w;, then for w € Ng(z) N V(B) by [{14), dp,(z,w) = dy,(z,w) <
(len(P;) + de(ui, v;))/2. Hence combining condition (a) and (b) of Corollary [4.20] we can

conclude that

V(Tj_1) N Pl =Pl

T .
F(w)Fi(@) = T Fiu) Fie) [ PF (w)Fy(z) — ={Fi(2)}.

In other words, all G-neighbors of x in P; are mapped to a new branch in T; that intersects

T;—1 only at F;(x). Thus {PT Ry Y€ Nea(x) NV (H;)} is also star-shaped. O

4.6 Connected Random Retractions

Our goal now is to complete the proof of Theorem by showing that every planar graph

can be randomly retracted onto a specified face in such a way that the face can itself be
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endowed with an outerplanar metric. Combining this with our embedding of outerplanar
graphs into random trees from Section [4.5] we will be able to prove Theorem this is
done in Section [4.6.3

In the next section, we review the notion of “padded partitions” of metric spaces. The
existence of such partitions for planar graphs (due to [54]) will be one of our two central
ingredients here. The other ingredient is the method of [36] for the construction of random
connected retractions. They work with a weaker notion of random partitions, so their results
(as stated in [36]) are not strong enough for us. In Section we follow their proof closely

but use padded partitions, allowing us to obtain the stronger conclusion we require.

4.6.1 Padded Partitions of Graphs

Random partitions are a powerful tool in the theory of embeddings of finite metric spaces;
see, e.g., [9, 01l 57, [70]. A particularly powerful notion is that of a “padded” partition. We
review the relevant definitions in the special setting of finite metric spaces.

Consider a metric space (X, d). We will sometimes think of a partition P of X as a map
P : X — 2% sending each € X to the unique set in P containing it. We say that P is
T-bounded if diam(S) < 7 for every S € P. We say that a random partition P is 7-bounded
if this holds almost surely. A random partition P is («, 7)-padded if it is 7-bounded and,

additionally, for every x € X and R > 0, we have

P[Bx(x,R) ¢ P(x)] < a-

)

R
.

where Bx (z,R) = {y € X : d(z,y) < R}.
The main random partitioning result we require is from [54], though it first appeared in

this form later (see [91, 57, [70]).

Theorem 4.22 ([54]). There exists a constant o > 0 such that if G = (V, E) is a metric
planar graph, then for every 7 > 0, (V,dg) admits an (a,T)-padded random partition.

Furthermore, the distribution of the partition can be sampled from in polynomial-time in the

size of G.
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4.6.2 Random Retractions

We now use random partitions to construct random retractions. This was first done in [18] in
the context of the 0-extension problem on graphs. Further work includes [70], which concerns
the Lipschitz extension problem, and [73], where the authors are primarily concerned with
randomly simplifying the topology of metric graphs. The proof of the next theorem follows
from the techniques of [36] for constructing a connected retraction. We are able to obtain

a stronger conclusion by using a stronger assumption about the random partitions.

Theorem 4.23. Let G = (V, E) be a metric graph and suppose that for some o > 2 and
every T > 0, (V,dg) admits an («, 7)-padded random partition. Then for any subset S C V,

there exists a random mapping F : V — S such that the following properties hold.
i) For everyx € S, F(z) = x.
ii) For everyx € V and 7> 0, E|V.F(2)|s < O(aloga).
iii) For every x € S, the set F~1(x) is a connected subset of G.

Proof. Since we are dealing with finite graphs, without loss of generality, we may assume
that dg(S,V \ S) > 1. Let kg = [logydiamg(V)]. First, we let {Py : 1 < k < ko} be a
sequence of independent (o, 2¥)-padded random partitions. We define Py, = {V}. Following
[36], we inductively define a sequence of random maps {Fy : Vj — S : 1 < k < ko}, where
Vi, CV and (Fg41)|v, = Fy for each k € N. We will define F' = Fy,.

First, we put Vo = S and Fy(x) = z for x € S. Now suppose that Vi_1 and Fj_; are
defined for some k > 1. We will use the notation P(z) for the connected component of

G[Py(x)] containing z. We let
Vi={zeV: pk(:L‘) NVi_1 # 0}

be the set of vertices which are connected to Vj;_1 through their set in Pj.
For every T' € P, and every non-empty connected component C' of G[T' N (Vi \ Vi—1)],
let vo be a neighbor of C' in Vi1 N Py(x), which must exist by the definition of Vj. For



186

x € C, we define F(z) = Fy_1(vc). For all other x € Vi, we must have z € Vj,_1, and we
put Fj(x) = Fy_1(z). By definition, we have V},, = V and we define F' = Fj,.

By construction, property (i) holds. Property (iii) follows easily by induction: It is true
for every x € S 'and 0 < k < kg that F}- 1(37) is connected. We are thus left to verify property

(ii). For every vertex x € V, define L(x) = min{k : x € Vi }. We make the following claim.

Claim 4.24. For every x € V, dg(z,S) < dg(z, F(x)) < oL(z)+1

Proof. The first inequality is immediate since F'(x) € S. The second follows by induction:
For any 0 < k < ko, we claim that if 2 € V}, then dg(x, Fx(x)) < 25!, This is clear for
L(z) =0 since Vj = S and Fy(z) =z for all z € S. If L(z) = k > 0, then x € Vi \ Vi_1,
hence Fy(x) = Fj_1(y) for some y € Py(x) N Vi_1. Thus,

d(x, Fi()) < diam(Py()) + da(y, Fr1(y)).

Since Py is 2F-bounded, we have diam(Py(z)) < 2* and by induction, dg(y, Fr_1(y)) < 2F.
It follows that dg(x, Fi(z)) < 28*1, completing the proof. O

Now fix x € V and 7 > 0 and let B = Bg(z,27). We will employ the bound

diamg (F(B))

T

IV F(2)|oo < (4.20)

Let covp = max{L(y) : y € B} and hitg = min{L(y) : y € B}. Using the triangle inequality
and Claim we have
diamg(F(B)) < 2°°VBT2 4 47,

Let & be the event that B ¢ Py (z). Observe that
—&hity, = |F(B)| =1 = diamg(F(B)) =0,

because in this case, every vertex in B is in the same connected component of = in G[Py(x)\

Vie—1], where k = hitp (they are all connected through x). Hence,

diamg(F(B)) <47 + 1gg,, 1 - 277872, (4.21)
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Let A = min{dg(y,S) : y € B}, and m = [logy max(1,A)|. By Claim we have
hitg > m — 1, hence

E (1) 29772 = 3 P(k:hitB,‘Sk)‘E[2COVB+2‘5k,hitB:k:] (4.22)
k>m—1

Now, observe that, for & > hitp,
&, = covp <k,

because, in this case, Py(z) must contain a vertex v € Vjj, and a shortest-path from v to

x, implying that Bg(z,27) C Vj. The padding property implies that

2ot
]P’(Sj) < ST

In particular, for any k£ > max(hitp, log, 2a7), we have

k+j—1 k+j—1
P(covg > k+j | &hitg =k) < [ P(&) < J] 2" <27@9. (4.23)
i=k+1 i=k+1

Using this yields
> .
E [2coVB+2’gk hitp = k} < 4-max(2¥,2a7) Y 2778 97 < o6 4 19807, (4.24)
7=0

Combining (4.22)) and ( -, we can write

E[l{ghitB}-f‘”B“] < ) P(k=hitg, &) (2510 + 128ar)

k>m—1
< 12807+ Y P(k = hitp, &)2"
k>m—1
< 128ar+ > P(k < hitp)P(£)2", (4.25)
k>m—1

where the last inequality holds because
P(k = hitp, &) < P(k—1 < hitp, &) = P(hitg > k—1)-P(&; | hitg > k—1) = P(hitg > k—1)-P(&).

Let y € B and w € S be a pair of points such that dg(y,w) = A. It is easy to check that
if for some k, Bg(w,A) C Py(w) then hitg < k, thus the properties of padded partitions
imply that

P(hitp > k) < [[P(B(w,A) ¢ P,(w)) < [] min ( 2m> - <17 25;2:1)

i<k i<k
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Combining this with (4.25)), we can conclude that

. 2a2™ 2at
E |:1{€hitB} . 2COVB+2:| S 128art + Z min (1, 2’“_1> (2]6) 2k+6

k>m—1
2a2™
= 128ar+ Y min <1O;k) (128a7)
k>m—1
m+[logy ] 202™
= 128at + Z 128at + Z 2k) (128ar)
k=m—1 k>m+[log,y o]

IA

O(at) + O (atloga) + O(ar)

< O ((aloga)T).

Combining this with (4.20]) and (4.21]) completes the verification of property (ii). O

4.6.3 Retracting to an Outerplanar Graph

Finally, we use the random retractions of the preceding section to randomly embed every
metric on the face of a planar graph into an outerplanar graph in a suitable way. This
technique is also taken from [36], although again we require some stronger properties of the

embedding.

Theorem 4.25. There is a constant K > 1 such that for any metric planar graph G =
(V,E) and face Vo C V, there is a random outerplanar metric graph H and a random

mapping F 1V — V(H) satisfying the following:
i) For every edge {u,v} € E, either F(u) = F(v) or {F(u),F(v)} € E(H).
it) For every u,v € Vp, du(F(u), F(v)) > dg(u,v).

i11) For every uw € V and 7 > 0, we have E |V, F(u)|s < K.

Proof. By Theorem [4.22] we can apply Theorem to the metric graph G with S = V.
Let F': V — Vj be the random mapping guaranteed by Theorem

We construct a metric graph H with vertex set Vp and an edge {u, v} of length dg(u,v)
whenever there is an edge between the sets F'~!(u) and F~!(v) in G. Since the sets {F~!(u) :

u € Vp} are connected, the resulting graph H is outerplanar. Also, property (i) is immediate.
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Property (ii) follows because F' is the identity on Vj and the edges in H have length equal
to the distance between their endpoints in (Vp,dg). Property (iii) follows from Theorem

1.23(1). O
We can now complete the proof of Theorem

Proof of Theorem[[.8 Let Ay : V — V(H) be the random mapping from V onto the vertices
of an outerplanar metric graph H guaranteed from Theorem Let Ay : V(H) — V(T)
be the random mapping of H into trees from Theorem The mapping A = As o Ay :
V — V(T) is mapping guaranteed by the theorem. Combining the star-shaped property of
Theorem with Theorem |4.25((1) implies that A is star-shaped. Property (ii) of Theorem
is a consequence of Theorem M(u) and Theorem m Finally, property (i) follows
from the Lipschitz condition of Theorem and property (iii) of Theorem m O
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Chapter 5
CONCLUSION AND OPEN QUESTIONS

While in this dissertation we answered some of the questions in the area of metric
embeddings, there are many outstanding questions that are interesting to pursue. In this

section we list some of these questions.

Dimension Reduction. In Chapter [2| we proved a tight upper bound and lower bounds
for near isometric embedding of trees into ¢; E While the proofs are relatively simple for k-
ary trees, the generalization of embeddings of k-ary trees to arbitrary trees is very technical
and complicated. It would be very interesting to find a simpler proof for Theorem A
simpler proof for this theorem may yield new insights into understanding tree metrics and

may allow us to answer the following question.

Question 2. For e > 0, is it possible to (1 + &)-embed any tree on n points into E?COE%) ?

A more general question that is still open is the question of dimension reduction for other
¢, spaces. Schechtman [94] generalizes the techniques from [88] to show that for 0 < p < 2,
any n point metric in £,, (14 ¢)-embeds into EEE", where C; = 5_2_%. However, this bound
for ¢; is still far off from the n®5?) lower bound proved by Brinkman and Charikar [16].
The situation for the lower bound is even worse. It is not clear how one can extend the
current techniques to prove lower bounds for ¢; to other metric spaces. In particular, the
uniform convexity argument in [64] implies that the family of metrics that is used to prove
the lower bounds for dimension reduction in ¢; does not even embed with constant distortion

into ¢, for p > 1.

Question 3. Forp > 0, and D > 1 what is the minimum dimension k such that any n-point

subset of £, can be embedded into El; with distortion at most D?

'For embeddings with distortion 1 + &, the resulting bound is tight up to a factor depending only on ¢
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Sparsest Cut. The main question that is still open is whether there exists a polynomial
time constant factor approximation algorithm for the Sparsest Cut Problem. It was shown
in [3] that there are no polynomial time approximation scheme for solving the sparsest
cut problem unless NP-complete problems can be solved in randomized subexponential
time. Moreover if the Unique Games Conjecture is true then [22] implies that constant
approximation of the value of the sparsest cut is NP-hard. However, in the light of new
sub-exponential algorithms for Unique Game Problem, a major question that one can ask
is whether one can approximate the value of the sparsest cut within a constant factor
in subexponential time. One approach to solve such problems is the use of polynomial
hierarchies. Meka [85] recently showed a lower bound on the performance of Sherali-Adams
Hierarchy, however there is nothing known about the performance of other hierarchies such
as the Lasserre hierarchy; in fact the exact bound is not known even for applying one round
of Lasserre. It is worth noting that the added triangle inequality in the Goemans-Linial
SDP can be deduced from applying only one round of the Lasserre hierarchy to the natural

SDP for the Sparsest Cut problem.

Question 4. Is there a § > 0 such that n' =% rounds of the Lasserre hierarchy for the natural

SDP of the Sparsest Cut Problem has constant integrality gap?

One may try narrowing the problem to finding a constant factor approximation algorithm
for restricted families of graphs such as planar graphs. It was conjectured in [46] that even
the basic linear program suggested by Leighton and Rao [75], has a constant integrality gap
for excluded minor families of graphs. Rao [91] has shown that the integrality gap for these
families of graphs is at most O(y/logn), where n is the number of vertices in the graph,

however there has not been any significant progress for more than a decade on this problem.

Vertex Separataors and Okamura-Seymour. One of the main motivations behind
studying the Okamura-Seymour theorem for vertex capacitated graphs was the approach
of Chekuri, Chandra and Shepherd [30] to find edge-disjoint paths in planar graphs. The
Okamura-Seymour Theorem was used as a fundamental tool in solving the edge-disjoint
paths problem in their approach. In Chapter [4] we have shown that it is possible to gener-

alize the Okamura-Seymour Theorem to the vertex-capacitated setting. The answer to the
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following question will pave the way to generalize the rest of the algorithms/proofs in [30]

to Vertex-disjoint Path Problem.

Question 5. If all the demands are integeral, is it possible to route a constant fraction of
the flows as integral flows while violating the capacity of the edges at most by a constant

fraction?
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