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Metric embeddings constitute one of the fundamental tools for exploiting the underlying

geometric structure of many combinatorial problems. In this dissertation we study some of

the applications of metric embeddings in the field of computer science and resolve some of

the previously open questions in this area. The results in this dissertation are divided into

three parts.

In the first part, we study dimension reduction for tree metrics. We show that every

n-point tree metric admits a (1 + ε) distortion embedding into `Cε logn
1 , for every ε > 0,

where Cε = O
(
(1
ε )4 log 1

ε )
)
. In the case of complete d-ary trees we show that this bound

can be improved to Cε = O
(

1
ε2

)
. We also show a lower-bound for the dimension required

for embedding complete d-ary trees into `1, which matches the upper bound up to a factor

of O(log 1/ε).

In the second part, we construct two families of metric spaces using the graph product

of [Lee and Raghavendra, DCG 2010], and use these constructions to answer two previously

open questions. The first construction is used to show that for every α > 0 and n ∈ N,

there exist n-point metric spaces (X, d) where every “scale” admits a Euclidean embedding

with distortion at most α, but the whole space requires distortion at least Ω(
√
α log n).

This shows that the scale-gluing lemma [Lee, SODA 2005] is tight. Previously the matching

upper bound was only known for α = O(1) and α = Θ(log n).

The second construction is used to answer an open problem about negative type metrics.





A metric space (X, d) is said to be of negative type if the space (X,
√
d) admits an isometric

embedding into `2. Metrics of negative type are used to study the power of various inequal-

ities in semi-definite programming relaxations for the Sparsest Cut problem. We exhibit

a family of metric spaces {(Xm, dm)}m∈N such that (Xm,
√
dm) admits constant distortion

embedding into `2, yet it can not be embedded into a metric of negative type with constant

distortion.

In the last part, we use a new type of random metric embedding to bound the flow and

cut gap in node-capacitated planar graphs. The classical Okamura-Seymour theorem states

that for an edge-capacitated, multi-commodity flow instance in which all terminals lie on a

single face of a planar graph, there exists a feasible concurrent flow if and only if all cuts

have capacity larger than the demand across the cut. Simple examples show that a similar

theorem does not hold if the capacities are on the vertices rather than edges. Nevertheless,

we show that there exists a universal constant δ > 0, such that if the equivalent vertex-cut

conditions are satisfied, then one can simultaneously route a δ fraction of flow for all the

demands.
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Chapter 1

INTRODUCTION

1.1 Overview

A metric space is a set equipped with a distance function satisfying some basic properties

(see Definition 1.1 for the formal definition). Metric spaces appear naturally in many areas

of computer science. For example, in genome sequencing one may consider various notions

of distance such as edit distance or block distance, to measure the similarity or difference

between sequences of proteins. Similarly, in network routing the distance between two nodes

may be given by the round trip time between the nodes. Metric embeddings provide one of

the essential tools for understanding the underlying geometric structure of such problems.

A metric embedding is a map from a given metric space to another metric space1 which

approximately preserving the distance between pairs of points. This can be treated as a

reduction and allows the use of existing algorithms known to perform well on these spaces.

While the main focus in metric embeddings is to preserve distances, reducing the dimen-

sion of the target metric spaces also proved to be important. Reducing the dimension allows

a workaround for the exponential “curse of dimensionality,” and in some cases it yields a

more succinct representation of the original space. A seminal result of Johnson and Lin-

denstrauss [50] implies that for every ε > 0, every n-point subset X of `2 can be embedded

into `k2 (Rk equipped with Euclidean norm), with k = O(log n/ε2) while the distances are

preserved up to 1+ε multiplicative factor. This effectively allows us to reduce the dimension

of the target metric space to log(n). One may hope to achieve a similar result for reducing

the dimension of a metric in other normed spaces such as `1. However, it was shown in [16]

that achieving such a result for `1 metrics is impossible. In fact, the best known lower and

upper bounds for dimension reduction in `1 are almost linear in the number of points in the

1The host metric space is usually a well-known metric space such as Rd with `1 (Manhattan) norm, or
`2 (Euclidean) norm.
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metric (see [88] and [4]). Nonetheless, this question is still open for restricted classes of `1

metrics. Perhaps one of the simplest classes of `1 metrics is the shortest path metric of trees.

In the first part of this dissertation we show that it is possible to reduce the dimension of a

metric that comes from a tree metric, and we provide an algorithm to find the mapping. We

will discuss this result in more detail in Section 1.3.1, and provide the proof in Chapter 3.

Another place where metric spaces arise is in the analysis of approximation algorithms for

some NP-hard optimization problems. For instance, we can interpret a cut as the distance

function of a metric in which the points that are on different sides of the cut are “far”

from each other, and the points that are on the same side of the cut are “close” to each

other. Using this view in [76, 8], it became clear that the efficiency of certain mathematical

programs for approximating cut problems in the graph is intimately tied to finding maps

from finite metric spaces into various normed spaces such as `1 or `2.

One approach to find such maps was introduced by Rao in [91]. In this approach

distances in the original space are divided into different scales and each scale is handled

separately. Now, suppose we can construct a collection of maps from some finite metric

space into a Euclidean space, each reflecting the geometry of a single “scale.” Is there a

way of gluing these mappings together to form a global mapping which reflects the entire

geometry of the original space? The answers to such questions have played a fundamental

role in the best-known approximation algorithms for Sparsest Cut [57, 66, 21, 5] and Graph

Bandwidth [91, 57, 62], and have found applications in approximate multi-commodity max-

flow/min-cut theorems in graphs [91, 57]. The second result presented in this dissertation,

shows that the approaches presented in [57, 66] are optimal, disproving a conjecture stated

in [66]. We will discuss the details about this result in Section 1.3.2 and present its proof

in Chapter 2.

Another approach to find such maps is by first finding a map from the original metric

space to an intermediary metric space, and then finding a map from that intermediary metric

space to the host metric space. The intermediate step is usually chosen so that the mapping

to the intermediary space can be found efficiently. Goemans and Linial suggested negative
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type2 metrics as the intermediate metric space and conjectured that negative type metric

spaces can be embedded into `1 such that all distances are preserved up to a constant factor.

This conjecture was disproved in [58]. Subsequently, [33] and [25, 27, 26, 28] improved upon

[33] to give a poly-logarithmic gap between `1 and negative type metric spaces. Despite the

fact that the original conjecture does not hold, this approach has led to some breakthroughs

in the design and analysis of algorithms[6, 5, 66, 21]. It is a common observation that while

in all of these works a negative type metric is the intermediary metric space, in fact it is

sufficient to use a more general family of metric spaces for those algorithms to obtain the

same guarantees. In our second result we show a very strong quantitative separation between

negative type metrics and this more general family of metric spaces. In Section 1.3.3 we

will discuss this problem in more details and we present the proofs in Chapter 2.

The last result that we present in this dissertation is about the relationship between the

maximum flow and the minimum cut in graphs. A classical theorem of Menger [86] states

that for a single source single sink flow, the value of the maximum flow is equal to the value

of the minimum cut. Equivalently, we can say: there is a flow of value f between source and

sink if and only if all the cuts that separate source and sink have value at least f . One may

try to generalize this result to multi-commodity flows. It follows from [76] and [46] that for

graphs with n vertices, there can be a gap of Ω(log n) between the bound that follows from

cuts and the amount of flow that can be simultaneously routed in the graph. It was shown

in [91] that this bound can be improved to O(
√

log n) for planar graphs (and the question

of whether this bound can be improved to O(1) for planar graphs is still open). A seminal

result in the study of multi-commodity flows is the classical Okamura-Seymour theorem

[89]. which states that in a planar graph, if all sources and sinks lie on a single face of the

graph, the value of maximum flow and minimum cut is exactly the same. In Chapter 5 we

present a generalization of this result to node-capacitated graphs. More discussion about

this problem can be found in 1.3.4.

2 A metric space (X, d) is said to be of negative type if the space (X,
√
d) admits an isometric embedding

into `2.
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1.2 Basic Definitions and Notations

For standard definitions in computer science we refer to standard texts such as [55, 31]. In

dealing with metric spaces, we mostly follow the notational convention from [78, Ch. 15].

In what follows, we first give some of the non-standard notations that are used in the work.

We also provide some of the definition from [78, Ch. 15] and [55] for completeness.

1.2.1 Notations

In this thesis, besides the standard O, Θ, and Ω notation, we will use g . f , g � f , and

g & f to denote g = O(f), g = Θ(f), and g = Ω(f) respectively. Moreover we may use the

notation g = Õ(f) if there exists a polynomial p such that g = O (f · p(log f)).

For k ∈ N, we write [k] = {1, 2, . . . , k}. We will also use R+ to indicate the set of all

positive reals. We will also use the convention N = {1, 2, . . .}.
For a graph G = (V,E), we will denote by V (G) and E(G) vertex set and edge set of

G, respectively. For a connected, rooted tree T = (V,E) and x, y ∈ V , we use the notation

P Txy to denote the unique path between x and y in T , and P Tx for P Trx, where r is the root

of T . In the cases that there are no ambiguity we will drop the superscript T for the ease

of notation.

1.2.2 Metric Spaces

We start this section by formally defining what is a metric space.

Definition 1.1. For a set X and a distance function ρ : X → [0,∞), we say that (X, ρ)

forms a metric space if it satisfies the following conditions:

i) The distance function is symmetric, i.e, for all x, y ∈ X, ρ(x, y) = ρ(y, x);

ii) It satisfies the triangle inequality, i,e, for all x, y, z ∈ X, ρ(x, z) ≤ ρ(x, y) + ρ(y, z);

iii) The distance between distinct points in X is non-zero3, i.e, for all x, y ∈ X, ρ(x, y) = 0

if and only if x = y.

3We call the pair (X, ρ) a pseudo-metric if we replace this condition with x = y ⇒ ρ(x, y) = 0.
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Given two metric spaces (X, ρ) and (Y, d) and a map f : X → Y , we say that f is

Lipschitz if there exists a universal constant K such that

∀x, y ∈ X : d(f(x), f(y)) ≤ K · ρ(x, y). (1.1)

We call the smallest constant K satisfying the above condition the Lipschitz constant of

f , and denote that by Lip(f)4. We now define the distortion of the map f to be:

dist(f) = Lip(f) · Lip(f−1). (1.2)

Map f is said to be isometric if dist(f) = 1. We say that (X, ρ) D-embeds into (Y, d),

if there exists a map f : X → Y with distortion at most D.

Finally, for metric spaces (X, d) and (Y, ρ) we define cY (X) = inff :X→Y dist(f).

Notable metric spaces

The most basic and general family of finite metric spaces that we use is the shortest path

metric of graphs. Sometimes we will equip G with a non-negative length function len :

E(G) → [0,∞), and we let dlen denote the shortest-path pseudo-metric on G. We refer to

the pair (G, len) as a metric graph, and often len will be implicit, in which case we use dG to

denote the path metric. Throughout this document all the graphs are finite unless stated

otherwise.

`p and `kp metric spaces. For p ∈ [1,∞), and x ∈ Rk, the `p norm of x is defined as

‖x‖p =

(
k∑

i=1

|xi|p
)1/p

,

and for p =∞,

‖x‖∞ =
k

max
i=1
|xi|.

We use `kp to denote Rk equipped with ‖ · ‖p norm. Similarly, we use `p to denote the space

of all infinite sequences (x1, x2, . . .) such that

‖x‖p =

( ∞∑

i=1

|xi|p
)1/p

≤ ∞.

4In the case that f is not Lipschitz we put Lip(f) =∞
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In the rest of this document we use `kp and `p as the natural metric spaces5 associated with

these spaces.

For the ease of notation, in this document we will use cp(X) to denote c`p(X).

Negative type metrics and snowflakes. For a metric space (X, d) and a number α ∈
(0, 1], we use (X, dα) to denote the metric space where X is equipped with the distance

function dα(x, y) = d(x, y)α. For values α < 1, such constructions are commonly referred to

as “snowflakes.” Let us call a metric space (X, d) a D-half-snowflake if (X,
√
d) D-embeds

into `2. Metrics of negative type are 1-half-snowflakes. We will use NEG to denote the set

of negative type metrics.

Cut metrics. For a set X and subset S ⊂ X, we define the cut distance dS as

dS(x, y) = |1S(x)− 1S(y)|. (1.3)

where 1S is the indicator function for S. We call the metric (X, dS) a cut metric.6 It is well

known that the set of `1 metrics is contained in the cone of cut metrics.

1.2.3 Linear and Semidefinite Programs

Linear Program. Linear Programs are a mathematical model that capture a variety of

optimization problems. Given n,m ∈ R+, vectors c ∈ Rn, b ∈ Rm, and a matrix A ∈ Rm×n,

a linear program in its standard form is written as:

minimize: 〈c , x〉
subject to: Ax ≥ b
and x ≥ 0

where for vectors u, v ∈ Rn, we use the notation u ≥ v to denote the coordinate-wise

inequality between two vectors.

We say that a linear program is feasible if there exists an assignment that satisfies

the constraints of the linear program, and it is bounded if there exists an assignment that

achieves the optimal solution.

5the metric space on `p with distance function ‖x− y‖p.
6While we call (X, dS) a cut metric, it is only a pseudo-metric and it does not satisfy 1.1(iii).
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The dual of linear program written in its standard form shown above, is defined as the

program:

maximize: 〈b , y〉
subject to: AT y ≤ c
and y ≥ 0

The Strong Duality Theorem states that if a linear program is feasible and bounded, then

the value of the linear program and its dual are exactly the same.

Semidefinite Program. A semidefinite matrix is a symmetric real matrix with non-

negative eigenvalues. Semidefinite programs are generalization of linear programs. The

standard form of semidefinite programs are as follows. Given n,m ∈ R+, vectors C ∈ Rn×n,

{bi ∈ R}i∈m, and matrix {Ai ∈ Rn×n}i∈m, is as follows:

minimize: C •X
subject to: Ai •X ≥ Bi
and X is positive semidefinite

where we use A •B to denote the Frobenius inner product. While it is beyond the scope of

this document, it is worth mentioning that the notation of duality is also well defined for

semidefinite programs, and has many applications in combinatorial optimization.

1.3 Related Works and Background

1.3.1 Dimension Reduction for Trees

The question of reducing the dimension of a metric space has a long and rich history. Perhaps

the best known result in this area is the celebrated result of Johnson and Lindenstraus [50]

on dimension reduction for subsets of Euclidian space. In [50], it was shown that any finite

subset of X ∈ `2, can be embedded into `
log |X|/ε2
2 with distortion 1 + O(ε). Alon [2] also

showed a matching lower bound (up to an O(log 1
ε ) factor) for dimension reduction in `2.

While we know the tight bounds for dimension reduction in `2, the situation for other

`p spaces (in particular `1) is not resolved yet. Following a series of works from Bourgain-

Lindenstrauss-Milman [15] and Schechtman [93], Talagrand [97] showed that any finite
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subset of X ∈ `1 can be embedded into `
O(|X| log |X|/ε2)
1 with distortion 1 + ε. Using the

tools arising from spectral sparsification techniques of Batson, Spielman and Srivastava [10],

Newman and Rabinovich [88] recently improved the bound from Talagrand [97] after almost

two decades.

On the lower bound side Brinkman and Charikar [16] showed that for every n ∈ N there

exists an n point metric X ∈ `1 such that any embedding of X into `d1 with distortion D

requires d ≥ nΩ(1/D2). Later, Lee and Naor [64] gave a simpler proof of the same theorem.

This of course implies that the same dimension reduction that is available for `2 metrics

is impossible for `1 metrics. More recently, Andoni, Charikar, Neiman, and Nguyen [4],

showed that that there exist n-point subsets X ⊂ `1 such that any embedding of them with

distortion 1+ε into `d1 require d to be almost linear in the size of |X| (d ≥ |X|1−O(1/ log 1/ε)).

Regev [92] also provided a beautiful information theoretic argument that implies both of

these lower bounds.

Despite these lower bounds, one can still hope for the possibility of a better dimension

reduction for certain finite subsets of `1. Such a study was undertaken by Charikar and Sahai

[20]. It is an elementary exercise to verify that every finite tree metric embeds isometrically

into `1, thus the `1 dimension reduction question for trees becomes the most basic example

of this type. It was shown in [20], that for every ε > 0, every n-point tree metric can be

embedded into `d1 with distortion (1 + ε) with d = O( log3 n
ε2

) 7. It is quite natural to ask

whether the dependence on n can be improved to Ω(f(ε) log n). It was also stated as an open

question in the list “Open problems on embeddings of finite metric spaces” maintained by

J. Matoušek [80], asked by Gupta, Lee, and Talwar (at the DIMACS Workshop on Discrete

Metric spaces and their Algorithmic Applications (2003). The question was known to others

even before 2003, and was asked by Assaf Naor earlier that year.). It is interesting to know

that this question was open even for the complete binary tree on n vertices. In Chapter 3

we resolve this question8. We show that any n point tree metric can be embedded into `d1

with distortion 1 + ε, where d = O( log 1/ε
ε4

log n). We also show that d = O( logn
ε2

) in enough

7This bound was improved to O( log2 n
ε2

) using an observation from A. Gupta.

8This work is based on a collaboration with Arnaud deMesmay and James R. Lee [67].
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for the special case of k-ary trees.

We also provide a lower bound on the dimension required for embedding k-ary trees [69]

matching the upper bound up to a factor of O(log 1/ε). It is worth mentioning that this

bound for the star graph9 has an analog in coding theory. Let Xn = e1, e2, ..., en, where

ei’s form the standard basis for `n1 . Then any embedding of Xn with distortion 1 + ε

into Hamming cube {0, 1}d requires d = Ω
(

logn
ε2 log 1/ε

)
. This bound was proved in 1977

by McEliece, Rodemich, Rumsey, and Welch [84] using the Delsarte’s linear programming

bound [32]. Alon’s result for `2 [2] yields this bound as a special case since for x, y ∈ {0, 1}d,
‖x − y‖22 = ‖x − y‖1. However, the bound from [84], is not exactly comparable with the

bound we prove in this dissertation. On the one hand our bound is stronger because we

show a lower bound for embedding into `d1 which contains {0, 1}d. On the other hand, the

lower bound from [84] corresponds to embedding of the leaves of the star graph, while our

lower bound corresponds to the embedding of the whole star graph. In fact the existence

of the root vertex (the vertex with degree n− 1) is essential to the proof presented in this

dissertation.

1.3.2 Gluing over Scales

Suppose that you are given a set of maps from a finite metric space (X, ρ) into `2, each of

which preserves distances for some scale of distances. Is there a way to glue these maps to

produce a single map that preserves all distances? The answer to this question has played

an important role in design of approximation algorithms such as Sparsest Cut [57, 66, 21, 5],

Graph Bandwidth [91, 57, 62], and multi-commodity max-flow/min-cut theorems in graphs

[91, 57].

Let (X, ρ) be an n-point metric space, and suppose that for every scale τ ∈ R+, we

are given a non-expansive mapping ϕτ : X → `2 which satisfies the following. For every

x, y ∈ X with ρ(x, y) ≥ τ , we have

‖ϕτ (x)− ϕτ (y)‖p ≥ ατ.

9The n-node star is the simple, undirected graph, where one node has degree n − 1 and all other nodes
have degree one.
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The Gluing Lemma of [66] generalizes the approach of [57] and gives a way to combine

these maps to construct an embedding of (X, d) into `2 with distortion O(
√
α log n). The

embedding theorem of Bourgain [12], says that it is always possible to construct a map

with distortion O(log n), hence we may assume that α = O(log n). It was known that the

bound provided in [66] is tight for α = Θ(1) (see [87]) and α = Θ(log n) (see [76, 8]), but

nowhere in between, and it was conjectured in [66], that it is possible to achieve distortion

O(α+
√

log n). In Chapter 3 we show that this conjecture is false and in fact the best bound

that one can achieve is O(
√
α log n); we also generalize this bound to other `p spaces for

p > 1.

For the case that p = 1, the work of Lee [66] still implies that an embedding of (X, d)

into `1 exists with distortion O(
√
α log n). However, the situation for the lower bound is

different from other `p spaces. Lee and Naor in [71] came up with a metric that embeds

well at each scale based on the 3-dimensional Heisenberg group H3 10, but requires super

constant distortion to be embedded into `1. It was later shown by Cheeger and Kleiner

[25, 27, 26] that this metric can not be embedded into `1 with constant distortion. Building

on this analysis, it was recently proved in [28] that this construction achieves an integrality

gap of (log n)δ for some small constant δ > 0. One of the corollaries of the work presented in

Section 3.4 is that there exists a family of metrics such that they admit a constant distortion

embedding at each scale but they can not be embedded into `1 with distortion better than

Ω
(

(logn)1/3

log logn

)
. Later, this bound was improved to Ω

( √
logn

poly(log logn)

)
by Lee and Sidiropolous

[74] using a different family of metrics.

1.3.3 Sparsest Cut, Negative Type Metrics and Half-snowflakes

We start this section by recalling the definition of Sparsest Cut Problem. Given a graph

G = (V,E), a symmetric non-negative demand function dem : V × V → [0,∞), and a

capacity function cap : E → [0,∞), one defines the sparsity of a cut (S, S̄) for S ⊆ V as

ΦG(S; cap, dem) =
cap(S, S̄)

dem(S, S̄)
,

10This construction was proposed to prove lower bounds for a different problem, however it follows from
[66] that their construction admits an embedding over scales with α = O(1).
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where f(S, T ) denotes sum of f(x, y) over all such that (x, y) ∈ (S × T ) ∩ domain(f). The

value of the sparsest cut is then given by:

ΦG(cap, dem) = min{ΦG(S; cap, dem) : S ⊆ V }. (1.4)

Moreover, we say that an instance is uniform if dem(u, v) = 1 for all u, v ∈ V .

Finding the exact value of the sparsest cut is NP-hard [82], and finding a constant

approximation algorithm for it, is Unique Game-hard [22]. Leighton and Rao [75] suggested

a linear program relaxation of this problem. It was shown in [76, 8, 46] that the ratio between

the solution to the linear program and the optimal solution is precisely supMn
c1(Mn), where

Mn ranges over all metric spaces on n-points. Bourgain’s embedding theorem [12] shows

that this c1(Mn) = O(log n), and in [76, 8], it was shown that this bound is tight for the

shortest path metric on expander graphs.

Goemans and Linial independently proposed the following relaxation of the problem and

conjectured that this it is possible to approximate the value of the sparsest cut using the

following SDP:

min

{∑
u,v cap(u, v)‖xu − xv‖22∑
u,v dem(u, v)‖xu − xv‖22

: {xu}u∈V ⊆ Rn and ‖ · ‖22 is a metric on {xu}u∈V
}
.

This optimization problem can be formulated as a semidefinite program:

Minimize:
∑

(u,v)∈E cap(x, y)‖xu − xv‖22
subject to:

∑
u,v∈V dem(u, v)‖xu − xv‖22 = 1

∀u, v, w ∈ V : ‖xu − xv‖22 ≤ ‖xu − xw‖22 + ‖xw − xv‖22.

In other words, we optimize over sets of n vectors W ⊆ Rn which satisfy, for every

x, y, z ∈W ,

‖x− y‖22 ≤ ‖x− z‖22 + ‖z − y‖22.

Similar to the case for the linear program, the approximation guarantee of this relaxation

is exactly the solution to an embedding problem; the gap is precisely the supremum of

c1(X, d) over all n-point metric spaces (X, d) ∈ NEG.

The Goemans-Linial SDP was used in [6], to design an polynomial time O(
√

log n)-

approximation algorithm for the uniform case of Sparsest Cut. Following an earlier bound
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of Chawla, Gupta and Räcke [21], and building on the technique from Arora, Rao and

Vazirani [6], it was shown by Alon, Lee, and Naor [5] that any n-point space of negative

type can be embedded into `1 with distortion O(
√

log n log logn). This in fact implies

an O(
√

log n log logn)-approximation algorithm for the general case of the Sparsest Cut

Problem.

Following the footsteps of [6], metrics of negative type were used to solve various other

optimization problems [41, 1, 52, 19]. Given the impact of negative type metrics on the field

of approximation algorithms, understanding these metrics became a fundamental question.

To this end, Khot and Vishnoi [53] used the tools from Kahn, Kalai, and Linial [51] and

Bourgain [14] to construct a family of negative type metrics such that c1(X, d) = ω(1),

hence disproving Goemans-Linial conjecture. Subsequently, [58, 33] gave quantitative im-

provements of [53].

Lee and Naor proposed a different construction based on the 3-dimensional discrete

Heisenberg group (denoted H3) in [71]. They showed that the natural metric supported

on H3 can be embedded into NEG with constant distortion. Following a series of works

from Cheeger and Kleiner [25, 27, 26] it was shown in [28] that the restriction of H3 to an

n× n× n box require O(logδ0 n) distortion to be embedded into `1, for some δ0 > 0. This

is in fact the best lower bound known for embedding finite negative type metrics into `1.

One common factor in all the above constructions is that in all cases it is relatively easy

to show that the space is an O(1)-half-snowflake, and most of the effort was put into proving

that the metric in question is NEG. In the case of constructions based on [53], Kolla and

Lee [56] provided a short proof that the metric is O(1)-half-snowflake. In the case of the

Heisenberg group H3 (equipped with the Carnot-Caratheodory metric), the classical result

of Assouad [7] implies that the metric is O(1)-half snowflake. Indeed, the fact that one

could construct an O(1)-half-snowflake was taken as evidence that eventually a negative

type metric (1-half-snowflake) could be constructed.

Moreover, it was well-know that the algorithm from Arora, Rao and Vazirani [6] and the

follow-up works do not need exact triangle inequality condition of Goemans-Linial SDP. In
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fact, if we replace the triangle inequality in the Goemans-Linial SDP with

∀u, v ∈ V,∀Puv : C‖xu − xv‖22 ≤
∑

(a,b)∈E(Puv)

‖xa − xb‖22,

for some constant C > 0,11 all the known rounding algorithms for sparsest cut would still

provide the same approximation guarantee. We call this inequality weak triangle inequality.

Incidentally, the approximation ratio of Goemans-Linial SDP with weak triangle inequality

is exactly the same minimum distortion required to embed 1√
C

-half-snowflakes into `1.

These facts lead to the following question (see the “Isometric vs. isomorphic L2 squared”

problem in [80]).

Question 1. Can any O(1)-half-snowflake metrics be embedded into NEG with constant

distortion?

A positive answer to this question could extremely simplify construction of “hard” in-

stances for Goemans-Linial SDP.

In Chapter 3 we answer this question negatively and show that the answer is negative in

a very strong sense. We show that there exists a family of O(1)-half-snowflake, for which any

embedding of them into a metric of negative type has distortion at least Ω((log n)1/3−o(1)).

This work is based on a collaboration with James R. Lee [68] and an improvement based

on a collaboration with Sachdeva [96].

1.3.4 Vertex Separators and Okamura-Seymour Theorem

The relation between Max-flow and Min-cut has played has played a fundamental role in the

design of many approximation algorithms. Perhaps the best known and most fundamental

theorem that connect the value of max-flow and min-cut is the classical Max-flow Min-cut

Theorem of [43]. This theorem states that given a graph with two terminals and a set of

capacities on the edges, the value of maximum flow between the terminals is equal to the

value of the minimum cut that separates those terminals (see Figure 1.1). One may ask

whether the same bound holds in the case that there are more than one pair of terminals. For

11This inequality with C = 1 is equivalent to triangle inequality.
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Figure 1.1: The value of the maximum flow equals to the value of the minimum cut.

an undirected graph G = (V,E) together with a capacity function on edges cap : E → [0,∞),

and a set of demands dem : V × V → [0,∞). For u, v ∈ V , denote by fuv : E → [0,∞)

the undirected u-v flow. The capacity constrains require that for every feasible flow and

e ∈ E,
∑

u,v∈V fuv(e) ≤ cap(e). Given such an instance, let mcf(G; cap, dem) be the largest

value δ such that one can simultaneous route δ · dem(u, v) units of flow between u and v for

every u, v ∈ V while not violating any of the edge capacities. This optimization describes

the maximum concurrent flow problem.

Now, recall the definition of the sparsest cut from (1.4). It is straightforward to check

that mcfG(cap, dem) ≤ ΦG(S; cap, dem) (see Figure 1.2). However, mcfG(cap, dem) ≥
ΦG(cap, dem) does not necessarily hold. In fact, it follows from [76] and [46] that for graphs

with n vertices, there can be a gap of Ω(log n) between the bound that follows from cuts and

the amount of flow that can be simultaneously routed in the graph. In other words, there

are flow instances such that mcfG(cap, dem) .
(

ΦG(cap,dem)
logn

)
. It was shown in [91] that this

gap is at most O(
√

log n) for planar graphs and the question of whether this bound can be

improved to O(1) for planar graph is still open. For the special case where all support of

dem lies on a single face of the graph, the classical Okamura-Seymour theorem [89] states

that the value of maximum concurrent flow is equal to value of the sparsest cut.

We remark that Okamura-Seymour theorem has many applications beyond providing a

bound on the gap between maximum concurrent flow and the sparsest cut. For instance,
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Figure 1.2: Each cut provides an upper bound on the amount of concurrent flow that can

be sent across the cut in the network.

in [30] this theorem was used as a fundamental tool in solving the edge-disjoint paths

problem in planar graphs with constant congestion. In fact, one of the motivations behind

generalizing this theorem to the node-capacitated setting12 is to make an step towards

finding an algorithm for vertex-disjoint paths in planar graphs with constant congestion.

We study the node-capacitated networks in this dissertation. We also consider the case

of submodular flows (see [29] for some of the applications of submodular flows). Note that,

while one can simulate edge capacities by introducing a new vertex in the middle of an edge,

it does not seem that any reduction is known by which one can simulate vertex capacities

with edge capacities. Formally, we define a vertex-capacitated flow network by considering

a function cap : V → [0,∞) assigning capacities to vertices rather than edges. The best

way of to think about is as follows: If a flow of value α is sent along a path P from s to t,

then it consumes α/2 capacity at s and t and α capacity at each of the intermediate nodes

of P . While, we give some justifdcation for the boundary conditions on s and t, we remind

the readers that this particular choice does not affect any theorem in Chapter 5 which deals

with approximate flow/cut gaps.

The corresponding definition of the maximum concurrent flow for node-capacitated

12It is a generalization because we can simulate an edge-capacitated instance with a node-capacitated
instance by introducing a new vertex in the middle of each edge with the same capacity as the original
edge.
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graphs follows immediately; we use the notation mcfvG for the vertex-capacitated version. For

the definition of Φv
G, we have to be slightly more careful. For a subset S ⊆ V of the vertices,

denote by G[S] the induced subgraph of G on S. We define a function ρS : V ×V → {0, 1
2 , 1}

by

ρS(u, v) =





1
2 |{u, v} ∩ S| = 1

1 u, v ∈ S

1 u, v ∈ S̄ and u, v are in distinct connected components of G[S̄]

0 otherwise.

In other words, we are only given half-credit for separating u and v if exactly one of them

is in the separator. Then we define

Φv
G(S; cap, dem) =

∑
v∈S cap(v)∑

u,v∈V dem(u, v)ρS(u, v)
,

and Φv
G(cap, dem) = minS⊆V Φv

G(S; cap, dem). It is straightforward to verify that

mcfvG(cap, dem) ≤ Φv
G(cap, dem).

These definitions ensure that a classical Max-flow Min-cut theorem of Menger [86] when

the demand is supported on a single pair. They also allow other natural properties in the

multi-commodity setting. In particular, this choice of boundary conditions in the definition

ensures that for any simple path P , mcfvP (cap, dem) = Φv
P (cap, dem). It is an easy exercise

to generalize this fact to trees (for any tree T we have mcfvT (cap, dem) = Φv
T (cap, dem)).

This bound for the trees is an essential part of the proofs presented in Chapter 5.

Unfortunately, unlike trees and paths, there is no exact vertex-capacitated analog of the

Okamura-Seymour Theorem. This is demonstrated using Figure 1.3. The planar graph in

Figure 1.3 has all vertices on the outer face. The capacities are specified on the vertices

and the demands are given by dotted edges in the figure; all demands have value 1. It is

straightforward to check that one has Φv
G(cap, dem) = 1 and yet mcfvG(cap, dem) = 5/7. The

shaded nodes form a vertex cut of sparsity 1.

Nevertheless, we show that an approximate version of Okamura-Seymour Theorem

does hold in the vertex-capacitated setting, answering a question posed by Chekuri and

Kawarabayashi.
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Figure 1.3: A counterexample to an exact node-capacitated Okamura-Seymour Theorem.

Theorem 1.2 (Approximate Okamura-Seymour Theorem). There exists a constant δ > 0

such that the following holds. Let G = (V,E) be a planar graph and let F ⊆ V be any face of

G. Then for any vertex capacities cap : V → [0,∞) and any demands dem : V ×V → [0,∞)

supported on F , we have

mcfvG(cap, dem) ≥ δ · Φv
G(cap, dem) .

Our result holds in the more general setting of undirected polymatroid networks which

we discuss in Chapter 5.

1.4 Bibliographical Notes

The results in Chapter 2 were developed with my co-authors Lee and deMesmay [69, 63].

While Section 2.3 gives an overview of the techniques developed in these works, Section 2.4

is taken from [63], and Section 2.4 solely focus on [69].

Chapter 3 is base on my collaborations with Jaffe and Lee [68, 49]. The results and

proofs on the gluing Lemma first appeared in [68]. Section 3.4 is based on [68] and an

improvement from a collaboration with Sachdeva [96]. The content of Section 3.2.1 is also

modification (strengthening) of the graph product presented in [65].

Contents of Chapter 4 are based on my collaboration with Lee and Mendel [67].
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Chapter 2

DIMENSION REDUCTION FOR TREES IN `1

2.1 Organization

In this chapter we study the dimension reduction for tree metrics in `1. We first state all

the results that we prove in Section 2.2. We give an overview of the techniques that we

use in the proofs in Section 2.3. Then, in Section 2.4 we present the proofs for the upper

bounds and in Section 2.5 we present the proofs for the lower bounds.

2.2 Results

Let T = (V,E) be a finite, connected, undirected tree, equipped with a length function on

edges, len : E → [0,∞). This induces a shortest-path pseudometric1,

dT (u, v) = length of the shortest u-v path in T .

Such a metric space (V, dT ) is called a finite tree metric.

The main result that we prove in this Chapter is the following Theorem.

Theorem 2.1. For every ε > 0 and n ∈ N, the following holds. Every n-point tree metric

admits a (1 + ε)-embedding into `k1 with k = O((1
ε )4 log 1

ε log n).

In the special case of d-ary trees, we prove a stronger bound.

Theorem 2.2. Let Td,h be the unweighted, complete d-ary tree of height h. For every ε > 0,

there exists a (1 + ε)-embedding of Td,h into `
O((h log d)/ε2)
1 .

We remark that the proofs for these theorems also yields randomized polynomial-time

algorithms to construct the embeddings.

1This is a pseudometric because we may have d(u, v) = 0 even for distinct u, v ∈ V .
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We also prove some lower bounds on the dimension required for embedding trees into

`k1. For n ∈ N, the n-star graph is a tree on n nodes such that one node has degree n − 1

and all the other nodes have degree one. In this chapter we prove the following theorem.

Theorem 2.3. For ε ∈ (0, 1
16) and n ≥ 1/ε2, any embeddings of n-star into `d1 with distor-

tion 1 + ε requires dimension d = Ω
(

log(n)
ε2 log(1/ε)

)
.

Corollary 2.4. There exists a universal constant δ, such that, for any ε ∈ (0, δ), n ≥ Nε

and k > 1, any embedding of a complete k-ary tree of size n into `d1 with distortion 1 + ε

requires dimension d = Ω
(

log(n)
ε2 log(1/ε)

)
.

2.3 Techniques

The techniques that are used in proving the lower bound for the dimension required for

embedding trees into `1 are mostly elementary and the proof mostly consists of non-trivial

applications of Markov inequality. In this section we mainly focus on the techniques that

are used in proving the upper bound. We first discuss the form that all our embeddings will

take in this Chapter. Let T = (V,E) be a finite, connected tree, and fix a root r ∈ V . For

each v ∈ V , recall from Section 1.2.1 that Pv denotes the unique simple path from r to v.

Given a labeling of edges by vectors λ : E → Rk, we can define ϕ : V → Rk by,

ϕ(x) =
∑

e∈E(Pv)

λ(e). (2.1)

The difficulty now lies in choosing an appropriate labeling λ. An easy observation is that

if we have ‖λ(e)‖1 = len(e) for all e ∈ E and the set {λ(e)}e∈E is orthogonal, then ϕ is an

isometry. Of course, our goal is to use many fewer than |E| dimensions for the embedding.

We next illustrate a major probabilistic technique employed in our approach.

Re-randomization. Consider an unweighted, complete binary tree of height h. Denote

the tree by Th = (Vh, Eh), let n = 2h+1 − 1 be the number of vertices, and let r denote the

root of the tree. Let κ ∈ N be some constant which we will choose momentarily. If we assign

to every edge e ∈ Eh, a label λ(e) ∈ Rκ, then there is a natural mapping τλ : Vh → {0, 1}κh

given by

τλ(v) = (λ(e1), λ(e2), . . . , λ(ek), 0, 0, . . . , 0), (2.2)
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where E(Pv) = {e1, e2, . . . , ek}, and the edges are labeled in order from the root to v. Note

that the preceding definition falls into the framework of (2.1), by extending each λ(e) to a

(κh)-dimensional vector padded with zeros, but the specification here will be easier to work

with presently.

If we choose the label map λ : Eh → {0, 1}κ uniformly at random, the probability for

the embedding τλ specified in (2.2) to have O(1) distortion is at most exponentially small

in n. In fact, the probability for τλ to be injective is already this small. This is because for

two nodes u, v ∈ Vh which are the children of the same node w, there is Ω(1) probability

that τλ(u) = τλ(v), and there are Ω(n) such independent events. In Section 2.4.1, we show

that a judicious application of the Lovász Local Lemma [37] can be used to show that τλ

has O(1) distortion with non-zero probability. In fact, we show that this approach can

handle arbitrary k-ary complete trees, with distortion 1 + ε. Unknown to us at the time of

discovery, a closely related construction occurs in the context of tree codes for interactive

communication [95].

Unfortunately, the use of the Local Lemma does not extend well to the more difficult

setting of arbitrary trees. For the general case, we employ an idea of Schulman [95] based

on re-randomization. To see the idea in our simple setting, consider Th to be composed of

a root r, under which lie two copies of Th−1, which we call A and B, having roots rA and

rB, respectively.

The idea is to assume that, inductively, we already have a labeling λh−1 : Eh−1 →
{0, 1}κ(h−1) such that the corresponding map τλh−1

has O(1) distortion on Th−1. We will

then construct a random labeling λh : Eh → {0, 1}κ by using λh−1 on the A-side, and

π(λh−1) on the B-side, where π randomly alters the labeling in such a way that τπ(λh−1) is

simply τλh−1
composed with a random isometry of `

κ(h−1)
1 . We will then argue that with

positive probability (over the choice of π), τλh has O(1) distortion,

Let π1, π2, . . . , πh−1 : {0, 1}κ → {0, 1}κ be i.i.d. random mappings, where the distribu-

tion of π1 is specified by

π1(x1, x2, . . . , xκ) = (ρ1(x1), ρ2(x2), . . . , ρκ(xκ)) ,

where each ρi is an independent uniformly random involution {0, 1} 7→ {0, 1}. To every edge
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e ∈ Eh−1, we can assign a height α(e) ∈ {1, 2, . . . , h − 1} which is its distance to the root.

From a labeling λ : Eh−1 → {0, 1}κ, we define a random labeling π(λ) : Eh−1 → {0, 1}κ by,

π(λ)(e) = πα(e) ◦ λ .

By a mild abuse of notation, we will consider π(λ) : E(B)→ {0, 1}κ.

Finally, given a labeling λh−1 : Eh−1 → {0, 1}κ, we construct a random labeling λh :

Eh → {0, 1}κ as follows,

λh(e) =





(0, 0, . . . , 0) e = (r, rA)

(1, 1, . . . , 1) e = (r, rB)

λh−1(e) e ∈ E(A)

π(λh−1)(e) e ∈ E(B) .

By construction, the mappings τλh |V (A)∪{r} and τλh |V (B)∪{r} have the same distortion

as τλh−1
. In particular, it is easy to check that τπ(λh−1) is simply τλh−1

composed with an

isometry of {0, 1}κ(h−1).

Now consider some pair x ∈ V (A) and y ∈ V (B). It is simple to argue that it suffices to

bound the distortion for pairs with m = dTh(r, x) = dTh(r, y), for m ∈ {1, 2, . . . , h}, so we

will assume that x, y have the same height in Th.

Observe that τλh(x) is fixed with respect to the randomness in π, thus if we write

v = τλh(x) − τλh(y), where subtraction is taken coordinate-wise, modulo 2, then v has the

form

v ≡


1, 1, . . . , 1︸ ︷︷ ︸

κ

, b1, b2, . . . , bκ(m−1)




where the {bi} are i.i.d. uniform over {0, 1}. It is thus an easy consequence of Chernoff

bounds that, with probability at least 1− e−mκ/8, we have

‖τλh(x)− τλh(y)‖1 = ‖v‖1 ≥
κ · dTh(x, y)

4
.

Also, clearly ‖τλh‖Lip ≤ κ.



22

On the other hand, the number of pairs x ∈ V (A), y ∈ V (B) with m = dTh(r, x) =

dTh(r, y) is 22(m−1), thus taking a union bound, we have

P
(
dist(τλh) > max{4, dist(τλh−1

)}
)
≤

h∑

m=1

22(m−1)e−mκ/8,

and the latter bound is strictly less than 1 for some κ = O(1), showing the existence of a

good map τλh .

This illustrates how re-randomization (applying a distribution over random isometries to

one side of a tree) can be used to achieve O(1) distortion for embedding Th into `
O(h)
1 . Un-

fortunately, the arguments become significantly more delicate when we handle less uniform

trees. The full-blown re-randomization argument occurs in Section 2.4.5.

Scale selection. The first step beyond complete binary trees would be in passing to

complete d-ary trees for d ≥ 3. The same construction as above works, but now one has to

choose κ � log d. Unfortunately, if the degrees of our tree are not uniform, we have to adopt

a significantly more delicate strategy. It is natural to choose a single number κ(e) ∈ N for

every edge e ∈ E, and then put λ(e) ∈ 1
κ(e){0, 1}κ(e) (this ensures that the analogue of the

embedding τλ specified in (2.2) is 1-Lipschitz).

Observing the case of d-ary trees, one might be tempted to use a function based on

“growth rate” to choose the scale

κ(e) = sup
r>0

⌈
log |B(u, r)|

r

⌉
, (2.3)

where e = (u, v) is directed away from the root and B(u, r) denotes the ball of radius r

around u. If one simply takes a complete binary tree on 2h nodes, and then connects a

star of degree 2h to every vertex, we have κ(e) � h for every edge, and thus the dimension

becomes O(h2) instead of O(h) as desired (See Figure 2.1).

In fact this example implies that κ can not be local. There are also examples which show

that it is impossible to choose κ(u, v) to depend only on the geometry of the subtree rooted

at u (see Figure 2.2). These “scale selector” values have to look at the global geometry, and

in particular have to encode the volume growth of the tree at many scales simultaneously.

Our eventual scale selector is fairly sophisticated and impossible to describe without delving
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Binary 
tree of 
height h  

Degree 2h 

stars!

Figure 2.1: Counter example for the approach based on (2.3).

significantly into the details of the proof. For our purposes, we need to consider more general

embeddings of type (2.1). In particular, the coordinates of our labels λ(e) ∈ Rk will take a

range of different values, not simply a single value as for complete trees.

Binary 
tree of 
height h  

Binary 
tree of 
height h  

Degree 2h!

Figure 2.2: Counter example showing that κ(e) can not only depend on the subtrees under

the edges e.

We do try to maintain one important, related invariant: If Pv is the sequence of edges

from the root to some vertex v, then ideally for every coordinate i ∈ {1, 2, . . . , k} and every

value j ∈ Z, there will be at most one e ∈ Pv for which λ(e)i ∈ [2j , 2j+1). Thus instead
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of every coordinate being “touched” at most once on the path from the root to v, every

coordinate is touched at most once at every scale along every such path. This ensures that

various scales do not interact. For technical reasons, this property is not maintained exactly,

but analogous concepts arise frequently in the proof.

The restricted class of embeddings we use, along with a discussion of the invariants

we maintain, are introduced in Section 2.4.3. The actual scale selectors are defined in

Section 2.4.4.

Controlling the topology. One of the properties that we used above for complete d-ary

trees is that the depth of such a tree is O(logd n), where n is the number of nodes in the

tree. This allowed us to concatenate vectors down a root-leaf path without exceeding our

desired O(log n) dimension bound. Of course, for general trees, no similar property need

hold. However, there is still a bound on the topological depth of any n-node tree.

To explain this, let T = (V,E) be a tree with root r, and define a monotone coloring

of T to be a mapping χ : E → N such that for every c ∈ N, the color class χ−1(c) is a

connected subset of some root-leaf path. Such colorings were used in previous works on

embedding trees into Hilbert spaces [77, 45, 72], as well as for preivous low-dimensional

embeddings into `1 [20]. The following lemma is well-known and elementary. See Figure 2.3

for an example.

r!
 

Figure 2.3: Monotone coloring of a tree.
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Lemma 2.5. Every connected n-vertex rooted tree T admits a monotone coloring such that

every root-leaf path in T contains at most 1 + log2 n colors.

Proof. For an edge e ∈ E(T ), let `(e) denote the number of leaves beneath e in T (including,

possibly, an endpoint of e). Letting `(T ) = maxe∈E `(e), we will prove that for `(T ) ≥ 1,

there exists a monotone coloring with at most 1 + log2(`(T )) ≤ 1 + log2 n colors on any

root-leaf path.

Suppose that r is the root of T . For an edge e, let Te be the subtree beneath e, including

the edge e itself. If r is the endpoint of edges e1, e2, . . . , ek, we may color the edges of

Te1 , Te2 , . . . , Tek separately, since any monotone path is contained completely within exactly

one of these subtrees. Thus we may assume that r is the endpoint of only one edge e1, and

then `(T ) = `(e1).

Choose a leaf x in T such that each connected component of T ′ of T \E(Prx) has `(T ′) ≤
`(e1)/2 (this is easy to do by, e.g., ordering the leaves from left to right in a planar drawing

of T ). Color the edges E(Prx) with color 1, and inductively color each non-trivial connected

component T ′ with disjoint sets of colors from N\{1}. By induction, the maximum number

of colors appearing on a root-leaf path in T is at most 1 + log2(`(e1)/2) = 1 + log2(`(T )),

completing the proof.

Instead of dealing directly with edges in our actual embedding, we will deal with color

classes. This poses a number of difficulties, and one major difficulty involving vertices that

occur in the middle of such classes. For dealing with these vertices, we will first preprocess

our tree by embedding it into a product of a small number of new trees, each of which

admits colorings of a special type. This is carried out in Section 2.4.2.

2.4 Upper Bounds

We first prove Theorem 2.2, in Section 2.4.1. Then in Sections 2.4.2 and 2.4.4 we build

the necessary tools to construct and analyze the embedding corresponding to Theorem 2.1,

and in Section 2.4.5 we complete he proof by describing the embedding and analyzing its

distortion.
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2.4.1 Embedding of Complete k-ary Trees

We first prove our main result for the special case of complete k-ary trees, with an improved

dependence on ε. The main novelty is our use of the Lovász Local Lemma to analyze a

simple random embedding of such trees into `1. The proof illustrates the tradeoff between

concentration and the sizes of the sets {{u, v} ⊆ V : dT (u, v) = j} for each j = 1, 2, . . .

Theorem 2.6. [Restatement of Theorem 2.2] Let Tk,h be the unweighted, complete k-ary

tree of height h. For every ε > 0, there exists a (1 + ε)-embedding of Tk,h into `
O((h log k)/ε2)
1 .

In the next section, we introduce our random embedding and analyze the success prob-

ability for a single pair of vertices based on their distance. Then in Section 2.4.1, we show

that with non-zero probability, the construction succeeds for all vertices. In the coming sec-

tions and later, in the proof of our main theorem, we will employ the following concentration

inequality from [83].

Theorem 2.7. Let M be a non-negative number, and Xi (1 ≤ i ≤ n) be independent random

variables satisfying Xi ≤ E(Xi) + M , for 1 ≤ i ≤ n. Consider the sum X =
∑n

i=1Xi with

expectation E(X) =
∑n

i=1 E(Xi) and Var(X) =
∑n

i=1 Var(Xi). Then we have,

P(X − E(X) ≥ λ) ≤ exp

( −λ2

2(Var(X) +Mλ/3)

)
. (2.4)

A Single Event

First k, h ∈ N and ε > 0. Write T = (V,E) for the tree Tk,h with root r ∈ V , and let dT be

the unweighted shortest-path metric on T . Additionally, we define,

t =

⌈
1

ε

⌉
, (2.5)

and

m = tdlog ke. (2.6)

Let {~v(1), . . . , ~v(t)}, be the standard basis for Rt. Let b1, b2, . . . , bm be chosen i.i.d.

uniformly over {1, 2, . . . , t}. For the edges e ∈ E, we choose i.i.d. random labels λ(e) ∈
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Rm×t, each of which has the distribution of the random vector (represented in matrix

notation),

1

m




~v(b1)
...

~v(bm)


 . (2.7)

Note that for every e ∈ E, we have ‖λ(e)‖1 = 1. We now define a random mapping

g : V → Rm(h−1)×t as follows: We put g(r) = 0, and otherwise,

g(v) =




λ(e1)
...

λ(ej)

0
...

0




, (2.8)

where e1, e2, . . . , ej is the sequence of edges encountered on the path from the root to v. It

is straightforward to check that g is 1-Lipschitz. The next observation is also immediate

from the definition of g.

Observation 2.8. For any v ∈ V and u ∈ V (Pv), we have dT (u, v) = ‖g(u)− g(v)‖1.

For m,n ∈ N, and A ∈ Rm×n, we use the notation A[i] ∈ Rn to refer to the ith row of A.

We now bound the probability that a given pair of vertices experiences a large contraction.

Lemma 2.9. For C ≥ 10, and x, y ∈ V ,

P
[
‖g(x)− g(y)‖1 ≤ (1− Cε)dT (x, y)

]
≤ k−CdT (x,y)/2 . (2.9)

Proof. Fix x, y ∈ V , and let r′ denote their lowest common ancestor. We define a family of

random variables {Xij}i∈[h−1],j∈[m] by setting aij = (i− 1)m+ j, and then

Xij = ‖g(x)[aij ]− g(r′)[aij ]‖1 + ‖g(y)[aij ]− g(r′)[aij ]‖1 − ‖g(x)[aij ]− g(y)[aij ]‖1 . (2.10)
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Using the definition of g in (2.8), we can write

‖g(x)− g(y)‖1 =
∑

i∈[h−1],j∈[m]

(
‖g(x)[aij ]− g(r′)[aij ]‖1 + ‖g(y)[aij ]− g(r′)[aij ]‖1 −Xij

)

= ‖g(x)− g(r′)‖1 + ‖g(y)− g(r′)‖1 −
∑

i∈[h−1],j∈[m]

Xij

(2.8)
= dT (x, r′) + dT (y, r′)−

∑

i∈[h−1],j∈[m]

Xij

= dT (x, y)−
∑

i∈[h−1],j∈[m]

Xij .

We will prove the lemma by arguing that,

P


 ∑

i∈[h−1],j∈[m]

Xij ≤ CεdT (x, y)


 ≤ k−CdT (x,y)/2.

First, observe that if i ≤ dT (r, r′) then Xij = 0 for all j ∈ [m] since all three terms in

(2.10) are zero. Furthermore, if i ≥ min(dT (r, x), dT (r, y)) + 1, then again Xij = 0 for all

j ∈ [m], since in this case one of the first two terms of (2.10) are zero, and the other is equal

to the last. Thus if

R = [h− 1] ∩ [dT (r, r′) + 1,min(dT (r, x), dT (r, y))],

then i /∈ R =⇒ Xij = 0 for all j ∈ [m], and additionally we have the estimate,

|R| = min(dT (r, x), dT (r, y))− dT (r, r′) ≤ dT (x, y)

2
. (2.11)

We continue the proof by bounding the maximum of the Xij variables. Since, for every

a, we have

‖g(x)[a]− g(r′)[a]‖1, ‖g(y)[a]− g(r′)[a]‖1 ∈
{

0,
1

m

}
,

we conclude that,

max
{
Xij : i ∈ [h− 1], j ∈ [m]

}
≤ 2

m
. (2.12)

For i ∈ R and j ∈ [m], using (2.7) and (2.8), we see that (g(x)[aij ]− g(r′)[aij ]) = 1
m~v(α)

and g(y)[aij ]− g(r′)[aij ] = 1
m~v(β), where α and β are i.i.d. uniform over {1, . . . , t}. Hence,

for i ∈ R and j ∈ [m], we have

P[Xij 6= 0] =
1

t
.
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We can thus bound the expected value and variance of Xij for i ∈ R and j ∈ [m] using

(2.12),

E[Xij ] ≤
2

tm
, (2.13)

and

Var(Xij) ≤
4

tm2
. (2.14)

Using (2.11), we have

h−1∑

i=1

m∑

j=1

E[Xij ] =
∑

i∈R

∑

j∈[m]

E[Xij ]
(2.13)

≤
∑

i∈R

2

t

(2.11)

≤ dT (x, y)

t
, (2.15)

and
h−1∑

i=1

m∑

j=1

Var(Xij) =
∑

i∈R

∑

j∈[m]

Var(Xij)
(2.14)

≤
∑

i∈R

4

tm

(2.11)

≤ 2 dT (x, y)

tm
. (2.16)

We now apply Theorem 2.7 to complete the proof:

P

[ ∑

i∈[h−1],j∈[m]

Xij ≥ C
(
dT (x, y)

t

)]

= P

[ ∑

i∈[h−1],j∈[m]

Xij −
dT (x, y)

t
≥ (C − 1)

(
dT (x, y)

t

)]

(2.15)

≤ P


 ∑

i∈[h−1],j∈[m]

Xij − E


 ∑

i∈[h−1],j∈[m]

Xij


 ≥ (C − 1)

(
dT (x, y)

t

)


≤ exp


 −((C − 1)dT (x, y)/t)2

2
(∑

i∈[h−1],j∈[m] Var(Xij) + (C − 1)(dT (x, y)/t)( 2
m)/3

)




(2.16)

≤ exp

(
−((C − 1)dT (x, y)/t)2

2
(
2 dT (x, y)/(tm) + (C − 1)(dT (x, y)/t)( 2

m)/3
)
)

= exp

( −(C − 1)2

4 (1 + (C − 1)/3)
· m
t
· dT (x, y)

)
.

An elementary calculation shows that for C ≥ 10, we have (C−1)2

4(1+(C−1)/3) ≥ C
2 . Hence,

P

[ ∑

i∈[h−1],j∈[m]

Xij ≥ CεdT (x, y)

]
(2.5)

≤ P

[ ∑

i∈[h−1],j∈[m]

Xij ≥ C
(
dT (x, y)

t

)]

≤ exp

(
−Cm

2t
dT (x, y)

)

(2.6)

≤ k−CdT (x,y)/2
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completing the proof.

The Local Lemma Argument

We first give the statement of the Lovász Local Lemma [37] and then use it in conjunction

with Lemma 2.9 to complete the proof of Theorem 2.6.

Theorem 2.10. Let A be a finite set of events in some probability space. For A ∈ A, let

Γ(A) ⊆ A be such that A is independent from the collection of events A \ ({A} ∪ Γ(A)). If

there exists an assignment x : A → (0, 1) such that for all A ∈ A, we have

P(A) ≤ x(A)
∏

B∈Γ(A)

(1− x(B)),

then the probability that none of the events in A occur is at least
∏
A∈A(1− x(A)) > 0.

Proof of Theorem 2.6. We may assume that k ≥ 2. We will use Theorem 2.10 and Lemma 2.9

to show that with non-zero probability the following inequality holds for all u, v ∈ V ,

‖g(u)− g(v)‖1 ≤ (1− 14ε) dT (u, v).

For u, v ∈ V , let Euv, be the event {‖g(u)− g(v)‖1 ≤ (1− 14ε) dT (u, v)}. Now, for

u, v ∈ V , define

xuv = k−3dT (u,v) .

Observe that for vertices u, v ∈ V and a subset V ′ ⊆ V , the event Euv is mutually indepen-

dent of the family {Eu′v′ : u′, v′ ∈ V ′} whenever the induced subgraph of T spanned by V ′

contains no edges from Puv. Thus using Theorem 2.10, it is sufficient to show that for all

u, v ∈ V ,

P(Euv) ≤ xuv
∏

s,t∈V :

E(Pst)∩E(Puv)6=∅

(1− xst) . (2.17)

Indeed, this will complete the proof of Theorem 2.6.

To this end, fix u, v ∈ V . For e ∈ E and i ∈ N, we define the set,

Se,i = {(s, t) : s, t ∈ V , dT (s, t) = i, and e ∈ E(Pst)}.
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Since T is a k-ary tree,

|Se,i| ≤
i∑

j=1

kj−1 · ki−j = i · ki−1 ≤ k2i. (2.18)

Thus we can write,

xuv
∏

s,t∈V :

E(Pst)∩E(Puv)6=∅

(1− xst) = xuv
∏

e∈E(Puv)

∏

i∈N

∏

(s,t)∈Se,i

(1− xst)

= k−3dT (u,v)
∏

e∈E(Puv)

∏

i∈N

∏

(s,t)∈Se,i

(
1− k−3i

)

(2.18)

≥ k−3dT (u,v)
∏

e∈E(Puv)

∏

i∈N

(
1− k−3i

)k2i

≥ k−3dT (u,v)
∏

e∈E(Puv)

∏

i∈N

(
1− k2i(k−3i)

)

= k−3dT (u,v)
∏

e∈E(Puv)

∏

i∈N

(
1− 1

ki

)
.

For x ∈ [0, 1
2 ], we have e−2x ≤ 1− x, and since k ≥ 2, we have k−i ≤ 1

2 for all i ∈ N, hence

xuv
∏

s,t∈V :

E(Pst)∩E(Puv)6=∅

(1− xst) ≥ k−3dT (u,v)
∏

e∈E(Puv)

∏

i∈N
exp

(−2

ki

)

= k−3dT (u,v)
∏

e∈E(Puv)

exp

(
−2
∑

i∈N

1

ki

)

= k−3dT (u,v)
∏

e∈E(Puv)

exp

( −2/k

1− 1/k

)

≥ k−3dT (u,v)
∏

e∈E(Puv)

exp

(−4

k

)

= k−3dT (u,v) exp

(−4 dT (u, v)

k

)
.

Since k ≥ 2, we conclude that,

xuv
∏

s,t∈V :

E(Pst)∩E(Puv)6=∅

(1− xst) ≥ k−7dT (u,v).

On the other hand, Lemma 2.9 applied with C = 14 gives,

P [‖g(u)− g(v)‖1 ≤ (1− 14ε)dT (u, v)] ≤ k−7dT (u,v),
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yielding (2.17), and completing the proof.

2.4.2 Colors and Scales

In the present section, we develop some tools for our eventual embedding. The proof of our

main theorem appears in here, but relies on a key theorem which is only proved in Section

2.4.5.

Monotone Colorings

Let T = (V,E) be a metric tree rooted at a vertex r ∈ V . Recall that such a tree T is

equipped with a length len : E → [0,∞). We extend this to subsets of edges S ⊆ E via

len(S) =
∑

e∈S len(e). We recall that a monotone coloring is a mapping χ : E → N such

that each color class χ−1(c) = {e ∈ E : χ(e) = c} is a connected subset of some root-leaf

path. For a set of edges S ⊆ E, we write χ(S) for the set of colors occurring in S. We

define the multiplicity of χ by

M(χ) = max
v∈V
|χ(Pv)| .

Given such a coloring χ and c ∈ N, we define,

lenχ(c) = len(χ−1(c)),

and lenχ(S) =
∑

c∈S lenχ(c), if S ⊆ N.

For every δ ∈ [0, 1] and x, y ∈ V , we define the set of colors

Cχ(x, y; δ) =
{
c : len(Pxy ∩ χ−1(c)) ≤ δ · lenχ(c)

}
∩ (χ(Px)4χ(Py)) .

This is the set of colors c which occur in only one of Px and Py, and for which the contribution

to Pxy is significantly smaller than lenχ(c). We also put,

ρχ(x, y; δ) = lenχ(C(x, y; δ)) . (2.19)

See Figure 2.4 for an example.

We now state a key theorem that will be proved in Section 2.4.5.
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!
 

x!

y!

Figure 2.4: The graph distance between x and y is 5, but lenχ(C(x, y; 1/2)) = 8 getting

contribution from Red, Purple, Blue and Orange color classes

Theorem 2.11. For every ε, δ > 0, there is a value C(ε, δ) = O((1
ε + log log 1

δ )3 log 1
ε )

such that the following holds. For any metric tree T = (V,E) and any monotone coloring

χ : E → N, there exists a mapping F : V → `
C(ε,δ)(logn+M(χ))
1 , such that for all x, y ∈ V ,

(1− ε) dT (x, y)− δ ρχ(x, y; δ) ≤ ‖F (x)− F (y)‖1 ≤ dT (x, y) . (2.20)

The problem one now confronts is whether the loss in the ρχ(x, y; δ) term can be toler-

ated. In general, we do not have a way to do this, so we first embed our tree into a product

of a small number of trees in a way that allows us to control the corresponding ρ-terms.

Lemma 2.12. For every ε ∈ (0, 1), there is a number k � 1
ε such that the following

holds. For every metric tree T = (V,E) and monotone coloring χ : E → N, there exist

k metric trees T1, T2, . . . , Tk with monotone colorings {χi : E(Ti) → N}ki=1 and mappings

{fi : V → V (Ti)}ki=1 such that M(χi) ≤ M(χ), and |V (Ti)| ≤ |V | for all i ∈ [k], and the

following conditions hold for all x, y ∈ V :
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(a) We have,

1

k

k∑

i=1

dTi(fi(x), fi(y)) ≥ (1− ε) dT (x, y) . (2.21)

(b) For all i ∈ [k], we have

dTi(fi(x), fi(y)) ≤ (1 + ε) dT (x, y) . (2.22)

(c) There exists a number j ∈ [k] such that

ε dT (x, y) ≥ 2−(k+1)

k

k∑

i=1
i 6=j

ρχi(fi(x), fi(y); 2−(k+1)) (2.23)

Using Lemma 2.12 in conjunction with Theorem 2.11, we can now prove the main the-

orem (Theorem 2.1).

Proof of Theorem 2.1. Let ε > 0 be given, let T = (V,E) be an n-vertex metric tree. Let

χ : E → N be a monotone coloring with M(χ) ≤ 1 + log n, which exists by Lemma 2.5.

Apply Lemma 2.12 to obtain metric trees T1, . . . , Tk with corresponding monotone colorings

χ1, . . . , χk and mappings fi : V → V (Ti). Observe that M(χi) ≤ 1 + log n for each i ∈ [k].

Let Fi : V (Ti) → `
C(ε) logn
1 be the mapping obtained by applying Theorem 2.11 to Ti

and χi, for each i ∈ [k], with δ = 2−(k+1), where C(ε) = O( 1
ε3

(log 1
ε )). Finally, we put

F =
1

k
((F1 ◦ f1)⊕ (F2 ◦ f2)⊕ · · · ⊕ (Fk ◦ fk))

so that F : V → `O(( 1
ε

)4 log 1
ε
·logn). We will prove that F is a (1 + O(ε))-embedding, com-

pleting the proof.

First, observe that each Fi is 1-Lipschitz (Theorem 2.11). In conjunction with con-

dition (b) of Lemma 2.12 which says that ‖fi‖Lip ≤ 1 + ε for each i ∈ [k], we have

‖F‖Lip ≤ 1 + ε.

For the other side, fix x, y ∈ V and let j ∈ [k] be the number guaranteed in condition (c)
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of Lemma 2.12. Then we have,

‖F (x)− F (y)‖1 =
1

k

k∑

i=1

‖(Fi ◦ fi)(x)− (Fi ◦ fi)(y)‖1

(2.20)

≥ 1

k

∑

i 6=j

(
(1− ε) dTi(fi(x), fi(y))− 2−(k+1)ρχi(fi(x), fi(y); 2−(k+1))

)

(2.23)

≥


1

k

∑

i 6=j
(1− ε) dTi(fi(x), fi(y))


− ε dT (x, y)

≥
(

1

k

k∑

i=1

(1− ε) dTi(fi(x), fi(y))

)
− 1

k
dTj (fj(x), fj(y))− ε dT (x, y)

(2.22)

≥
(

1

k

k∑

i=1

(1− ε) dTi(fi(x), fi(y))

)
− 1 + ε

k
dT (x, y)− ε dT (x, y)

(2.21)

≥ (1− ε)2 dT (x, y)− 1 + ε

k
dT (x, y)− ε dT (x, y)

≥ (1−O(ε)) dT (x, y)

where in the final line we have used k � 1
ε , completing the proof.

We now move on to the proof of Lemma 2.12. We begin by proving an analogous state-

ment for the half line [0,∞). An R-star is a metric space formed as follows: Given a sequence

{ai}∞i=1 of positive numbers, one takes the disjoint union of the intervals {[0, a1], [0, a2], . . .},
and then identifies the 0 point in each, which is canonically called the root of the R-star. An

R-star S carries the natural induced length metric dS . We refer to the associated intervals

as branches, and the length of a branch is the associated number ai. Finally, if S is an

R-star, and x ∈ S \ {0}, we use `(x) to denote the length of the branch containing x. We

put `(0) = 0.

Lemma 2.13. For every k ∈ N with k ≥ 2, there exist R-stars S1, . . . , Sk with mappings

fi : [0,∞)→ Si

such that the following conditions hold:

i) For each i ∈ [k], fi(0) is the root of Si.
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ii) For all x, y ∈ [0,∞), 1
k

∑k
i=1 dSi(fi(x), fi(y)) ≥

(
1− 7

k

)
|x− y| .

iii) For each i ∈ [k], fi is (1 + 2−k+1)-Lipschitz.

iv) For x ∈ [0,∞), we have `(fi(x)) ≤ 2k−1x.

v) For x ∈ [0,∞), there are at most two values of i ∈ [k] such that

dSi(fi(0), fi(x)) ≤ 2−k `(fi(x)) .

vi) For all x, y ∈ [0,∞), there is at most one value of i ∈ [k] such that fi(x) and fi(y)

are in different branches of Si and

2−k (`(fi(x)) + `(fi(y))) > 2 |x− y| .

Proof. Assume that k ≥ 2. We first construct R-stars S1, . . . , Sk. We will index the branches

of each star by Z. For i ∈ [k], Si is a star whose jth branch, for j ∈ Z, has length 2i−1+k(j+1).

We will use the notation (i, j, d) to denote the point at distance d from the root on the jth

branch of Si. Observe that (i, j, 0) and (i, j′, 0) describe the same point (the root of Si) for

all j, j′ ∈ N.

Now, we define for every i ∈ [k], a function fi : [0,∞)→ Si as follows:

fi(x) =





(
i, j, (x− 2i+kj)/(1− 21−k)

)
for 2−ix ∈ [2kj , 2k(j+1)−1),

(
i, j, 2i+k(j+1) − x

)
for 2−ix ∈ [2k(j+1)−1, 2k(j+1)).

Condition (i) is immediate. It is also straightforward to verify that

‖fi‖Lip ≤ (1− 21−k)−1 ≤ 1 + 2−k+1 (2.24)

yielding condition (iii).

Toward verifying condition (ii), observe that for every x ∈ [0,∞) and l ∈ {0, 1, . . . , k−2}
we have

dSi(fi(x), fi(0)) ≥
(
x− 2blog2 xc−l

)
/(1− 21−k) ≥ x− 2blog2 xc−l,

when i = (blog2 xc − l) mod k. Using this, we can write
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f1(20) 

f1(2k) 

f1(22k) 

…
 

f1(2kj) 

… 

…
 

Figure 2.5: Image of the real line in S1.

k∑

i=1

dSi(fi(x), fi(0)) ≥
blog2 xc∑

l=blog2 xc−k+2

x− 2l

= (k − 1)x−
blog2 xc∑

l=blog2 xc−k+2

2l

≥ (k − 1)x− 2blog2 xc+1

≥ (k − 3)x. (2.25)

Now fix x, y ∈ [0,∞) with x ≤ y. If x ≤ y/2, then we can use the triangle inequality,

together with (2.24) and (2.25) to write,

1

k

k∑

i=1

dSi(fi(x), fi(y)) ≥ 1

k

k∑

i=1

(
dSi(fi(y), fi(0))− dSi(fi(x), fi(0))

)

≥ (1− 3/k)y − (1 + 21−k)x

≥ (1− 3/k)y − (1 + 1/k)x

≥ (1− 7/k)(y − x) + 4y/k − 8x/k

≥ (1− 7/k)(y − x).

In the case that y
2 ≤ x ≤ y, for l ∈ {0, 1, . . . , k − 3}, we have

dSi(fi(x), fi(y)) ≥ (y − x)/(1− 21−k) ≥ y − x,
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when i = (blog2 xc − l) mod k. From this, we conclude that

1

k

k∑

i=1

dSi(fi(x), fi(y)) ≥ 1

k

k−3∑

l=0

(y − x) ≥ k − 2

k
(y − x), (2.26)

yielding condition (ii).

It is also straightforward to check that

`(fi(x)) ≤ 2blog2 xc+k−1 ≤ 2k−1x,

which verifies condition (iv).

To verify condition (v), note that for x ∈ [0,∞), the inequality dSi(fi(x), fi(0)) ≤ x/2

can only hold for i mod k ∈ {blog2 xc, blog2 xc + 1}, hence condition (iv) implies condi-

tion (v).

Finally we verify condition (vi). We divide the problem into two cases. If x < y/2, then

by condition (iv),

`(fi(x)) + `(fi(y)) ≤ 2k−1(x+ y) ≤ 2k−1(2y) ≤ 2k+1(y − x) .

In the case that y/2 < x ≤ y, fi(x) and fi(y) can be mapped to different branches of Si

only for i ≡ blog2 yc (mod k), yielding condition (vi).

Finally, we move onto the proof of Lemma 2.12.

Proof of Lemma 2.12. We put k = d7/εe and prove the following stronger statement by in-

duction on |V |: There exist metric trees T1, T2, . . . , Tk and monotone colorings χi : E(Ti)→
N, along with mappings fi : V → V (Ti) satisfying the conditions of the lemma. Further-

more, each coloring χi satisfies the stronger condition for all v ∈ V ,

|χi(Pfi(v))| ≤ |χ(Pv)| . (2.27)

The statement is trivial for the tree containing only a single vertex. Now suppose that

we have a tree T and coloring χ : E → N. Since T is connected, it is easy to see that there

exists a color class c ∈ χ(E) with the following property. Let γc be the path whose edges

are colored c, and let vc be the vertex of γc closest to the root. Then the induced tree T ′

on the vertex set (V \ V (γc)) ∪ {vc} is connected.
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Applying the inductive hypothesis to T ′ and χ|E(T ′) yields metric trees T ′1, T
′
2, . . . , T

′
k

with colorings χ′i : E(T ′i )→ N and mappings f ′i : V (T ′)→ V (T ′i ).

Now, let S1, . . . , Sk and {gi : [0,∞) → Si} be the R-stars and mappings guaranteed by

Lemma 2.13. For each i ∈ [k], let S′i be the induced subgraph of Si on the set {gi(dT (v, vc)) :

v ∈ V (γc)}, and make S′i into a metric tree rooted at gi(0), with the length structure

inherited from Si. We now construct Ti by attaching S′i to T ′i with the root of S′i identified

with the node f ′i(vc). The coloring χ′i is extended to Ti by assigning to each root-leaf path

in S′i a new color. Finally, we specify functions fi : V → V (Ti) via

fi(v) =




f ′i(v) v ∈ V (T ′)

gi(dT (vc, v)) v ∈ V \ V (T ′) .

It is straight forward to verify that (2.27) holds for the colorings {χi} and every vertex

v ∈ V . In addition, using the inductive hypothesis, we have |V (Ti)| ≤ |V | and M(χ) ≤
M(χi) for every i ∈ [k], with the latter condition following immediately from (2.27) and the

structure of the mappings {fi}.
We now verify that conditions (a), (b), and (c) hold. For x, y ∈ V (T ′), the induction

hypothesis guarantees all three conditions. If both x, y ∈ V (γc) \ {vc}, then conditions (a)

and (b) follow directly from conditions (ii) and (iii) of Lemma 2.13 applied to the maps

{gi}. To verify condition (c), let j ∈ [k] be the single bad index from (vi). We have for all

i 6= j,

ρχi(fi(x), fi(y); 2−(k+1)) ≤ 2k+1dT (x, y).

Since there are at most two colors on the path between x and y in any Ti, by condition (v)

of Lemma 2.13, there are at most four values of i ∈ [k] \ {j} such that

ρχi(fi(x), fi(y); 2−(k+1)) 6= 0,

hence
1

k

∑

i 6=j
ρχi(fi(x), fi(y); 2−(k+1)) ≤ 4 · 2k+1

k
dT (x, y) ≤ ε2k+1dT (x, y).

Since ‖fi‖Lip is determined on edges (x, y) ∈ E, and each such edge has x, y ∈ V (γc) or

x, y ∈ V (T ′), we have already verified condition (b) for all i ∈ [k] and x, y ∈ V . Finally,
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we verify (a) and (c) for pairs with x ∈ V (T ′) and y ∈ V (γc). We can check condition (a)

using the previous two cases,

1

k

k∑

i=1

dTi(fi(x), fi(y)) =
1

k

k∑

i=1

(
dTi(fi(x), fi(vc)) + dTi(fi(y), fi(vc))

)

≥ (1− ε)dT (y, vc) + (1− ε)dT (x, vc)

≥ (1− ε)dT (x, y).

Towards verifying condition (c), note that by condition (v) from Lemma 2.13, there are

at most two values of i, such that

ρχi(fi(x), fi(y); 2−(k+1))− ρχi(fi(x), fi(vc); 2−(k+1)) = ρχi(fi(y), fi(vc); 2−(k+1)) 6= 0.

By the induction hypothesis, there exists a number j ∈ [k] such that

ε dT (x, vc) ≥
2−(k+1)

k

∑

i 6=j
ρχi(fi(vc), fi(x); 2−(k+1)).

Now we use condition (iv) from Lemma 2.13 to conclude,

2−(k+1)

k

∑

i 6=j
ρχi(fi(x), fi(y); 2−(k+1))

≤ 2−(k+1)

k

∑

i 6=j

(
ρχi(fi(x), fi(vc); 2−(k+1)) + ρχi(fi(y), fi(vc); 2−(k+1))

)

≤ εdT (x, vc) + 2

(
2−(k+1)

k

)
(2k−1dT (y, vc))

≤ ε dT (x, vc) + ε dT (vc, y)

= ε dT (x, y) ,

completing the proof.

2.4.3 Multi-scale Embeddings

We now present the basics of our multi-scale embedding approach. The next lemma is

devoted to combining scales together without using too many dimensions, while controlling

the distortion of the resulting map.
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Lemma 2.14. For every ε ∈ (0, 1), the following holds. Let (X, d) be an arbitrary metric

space, and consider a family of functions {fi : X → [0, 1]}i∈Z such that for all x, y ∈ X, we

have
∑

i∈Z
2i|fi(x)− fi(y)| <∞ . (2.28)

Then there is a mapping F : V → `
2+dlog 1

ε
e

1 such that for all x, y ∈ X,

(1− ε)
∑

i∈Z
2i|fi(x)− fi(y)| − 2 ζ(x, y) ≤ ‖F (x)− F (y)‖1 ≤

∑

i∈Z
2i|fi(x)− fi(y)|,

where

ζ(x, y) =
∑

i:∃j<i
fj(x)−fj(y)6=0

2i (|fi(x)− fi(y)| − b|fi(x)− fi(y)|c) .

Proof. Let k = 2 + dlog 1/εe, and fix some x0 ∈ X. For i ∈ [k], define Fi : X → R by,

Fi(x) =
∑

j∈Z
2jk+i(fjk+i(x)− fjk+i(x0)) . (2.29)

It is easy to see that (2.28) implies absolute convergence of the preceding sum. We will

consider the map F = F1 ⊕ F2 ⊕ · · · ⊕ Fk : X → `k1. It is straightforward to verify that for

every x, y ∈ X,

‖F (x)− F (y)‖1 ≤
∑

i∈Z
2i|fi(x)− fi(y)|.

Now, for i ∈ [k], define

ζi(x, y) =
∑

j:∃`<j
f`k+i(x)−f`k+i(y)6=0

2jk+i(|fjk+i(x)− fjk+i(y)| − b|fjk+i(x)− fjk+i(y)|c) .

One can easily check that
∑k

i=1 ζi(x, y) ≤ ζ(x, y), thus showing the following for i ∈ [k] will

complete our proof of the lemma,

|Fi(x)− Fi(y)| ≥ (1− ε)
∑

j∈Z

(
2jk+i|fjk+i(x)− fjk+i(y)|

)
− 2ζi(x, y). (2.30)

Toward this end, fix i ∈ [k] and x, y ∈ X. Let S = {j ∈ Z : |fjk+i(x) − fjk+i(y)| = 1},
and T = {j ∈ Z : 0 < |fjk+i(x)− fjk+i(y)| < 1}. Clearly we then have,

|Fi(x)− Fi(y)| =

∣∣∣∣∣∣
∑

j∈S
2jk+i(fjk+i(x)− fjk+i(y)) +

∑

j∈T
2jk+i(fjk+i(x)− fjk+i(y))

∣∣∣∣∣∣
.
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If S∪T = ∅, then (2.30) is immediate. Now, suppose that S 6= ∅, and let c = i+k ·max(S).

Observe that max(S) exists by (2.28).

We then have,

∑

j∈Z
2jk+i|fjk+i(x)− fjk+i(y)| ≤ 2c +

∑

j∈S∪T
j<maxS

2kj+i +
∑

j∈T
j>maxS

2kj+i|fkj+i(x)− fkj+i(y)|

≤ 2c +
∑

j<maxS

2kj+i + ζi(x, y)

≤ 2c + 2 · 2k(maxS−1)+i + ζi(x, y)

≤ 2c(1 + 21−k) + ζi(x, y)

≤ (1 + ε/2)2c + ζi(x, y).

On the other hand,

|Fi(x)− Fi(y)| =

∣∣∣∣∣∣
∑

j∈Z
2kj+i(fjk+i(x)− fjk+i(y))

∣∣∣∣∣∣

≥ 2c −
∑

j∈S∪T
j<maxS

2kj+i −
∑

j∈T
j>maxS

2kj+i|fkj+i(x)− fkj+i(y)|

≥ 2c −
∑

j<maxS

2kj+i − ζi(x, y)

≥ 2c − 2 · 2k(maxS−1)+i − ζi(x, y)

≥ 2c(1− 21−k)− ζi(x, y)

≥ (1− ε/2)2c − ζi(x, y).

Therefore,

(1− ε)
∑

j∈Z
2kj+i|fjk+i(x)− fjk+i(y)| ≤ (1− ε)((1 + ε/2)2c + ζi(x, y))

≤ (1− ε/2)2c + ζi(x, y)

≤ |Fi(x)− Fi(y)|+ 2ζi(x, y),

completing the verification of (2.30) in the case when S 6= ∅.
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In the remaining case when S = ∅ and T 6= ∅, if the set T does not have a minimum

element, then
∑

j∈T
2kj+i|fkj+i(x)− fkj+i(y)| = ζi(x, y),

making (2.30) vacuous since the right-hand side is non-positive.

Otherwise, let ` = min(T ), and write

|Fi(x)− Fi(y)| =

∣∣∣∣∣∣
∑

j∈T
2kj+i(fkj+i(x)− fkj+i(y))

∣∣∣∣∣∣

≥ 2`k+i|f`k+i(x)− f`k+i(y)| −

∣∣∣∣∣∣
∑

j∈T,j>`
2kj+i(fkj+i(x)− fkj+i(y))

∣∣∣∣∣∣
≥ 2`k+i|f`k+i(x)− f`k+i(y)| − ζi(x, y)

=
∑

j∈Z
2kj+i|fkj+i(x)− fkj+i(y)| − 2 ζi(x, y) .

This completes the proof.

In Section 2.4.5, we will require the following straightforward corollary.

Corollary 2.15. For every ε ∈ (0, 1) and m ∈ N, the following holds. Let (X, d) be a

metric space, and suppose we have a family of functions {fi : X → [0, 1]m}i∈Z such that for

all x, y ∈ X,
∑

i∈Z
2i‖fi(x)− fi(y)‖1 <∞ .

Then there exists a mapping F : V → `
m(2+dlog 1

ε
e)

1 such that for all x, y ∈ X,

(1− ε)
∑

i∈Z

(
2i‖fi(x)− fi(y)‖1

)
− 2 ζ(x, y) ≤ ‖F (x)− F (y)‖1 ≤

∑

i∈Z
2i‖fi(x)− fi(y)‖1,

where

ζ(x, y) =

m∑

k=1

∑

i:∃j<i
fj(x)k−fj(y)k 6=0

2i(|fi(x)k − fi(y)k| − b|fi(x)k − fi(y)k|c), (2.31)

and we have used the notation xk for the kth coordinate of x ∈ Rm.
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2.4.4 Scale Assignment

Let T = (V,E) be a metric tree with root r ∈ V , equipped with a monotone coloring

χ : E → N. We will now describe a way of assigning “scales” to the vertices of T . These

scale values will be used in Section 2.4.5 to guide our eventual embedding. The scales of

a vertex will describe, roughly, the subset and magnitude of coordinates that should differ

between the vertex and its parent in the tree.

First, we fix some notation. For every c ∈ χ(E), we use γc to denote the path in T

colored c, and we use vc to denote the vertex of γc which is closest to the root. We will

also use the notation T (c) to denote the subtree of T under the color c; formally, T (c) is

the induced (rooted) subtree on {vc} ∪ V (Tu) where u ∈ V is the child of vc such that

χ(vc, u) = c, and Tu is the subtree rooted at u.

We will write p(v) for the parent of a vertex v ∈ V , and p(r) = r. Furthermore, we

define the “parent color” of a color class by ρ(c) = χ(vc, p(vc)) with the convention that

χ(r, r) = c0, where c0 ∈ N \ χ(E) is some fixed element. Finally, we put T (c0) = T .

Before we describe the scale selector that we use in this Section, we give the intuition

behind our choice of seemingly complicated scale selector.

Intuition

Here, we explain why the scale selector that we introduce in this section is a natural gener-

alization of the scale selector for k-ary trees from Section 2.4.1. Note that in the embedding

of k-ary trees in Section 2.4.1, one can assume that each edge has unique color, and each

vertex has scale Θ( 1
log k ). Unfortunately trivial generalizations, such as setting the scale to

log(deg(v)) or log
(
|V (T (v))|
|V (T (ρ(v)))|

)
do not result in a low distortion embedding (as was explained

in Section 2.3).

For the sake of simplicity we start by generalizing the k-ary trees to the case that each

edge has unit weight and the total depth of the tree is logarithmic. In this case we can still

assume that each edge has a unique color and we assign each vertex a single scale rather

than a set of scales. Our approach is based on the following principle: Assign the smallest

possible scale 2−i to each vertex v so that the total number of vertices on the path from
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root to v has roughly (log |V (T )| − log |V (T (v))|)/2i vertices at scale 2−i.

On the one hand, this condition allows us to assign 2i coordinates to the edges at scale

O(2−i) while preserving the following condition: For any scale the set of coordinates assigned

to different edges of any root leaf path is disjoint. Moreover, we do not assign all the small

scales to the vertices close to the root. In fact, for any vertex v ∈ V (T ), there will be

roughly log |V (T (v))| coordinates at scale 2−i untouched in the path from root to v and

those coordinates can be used for embedding of the subtree under v.

On the other hand, the fact that we assign the smallest possible scale to each edge allows

us to derive a concentration bound similar to Theorem 2.9 from Section 2.4.1. However,

unlike the k-ary case a direct application of Theorem 2.7 does not yield the desired bound.

In particular, we cannot show that the distance between any two points is concentrated

around its mean value, however for any two vertices u, v ∈ V (T ), it is possible to show that

there are (1 − ε)dT (u, v) edges on the path between u and v such that the contribution of

those edges to the distance of u and v is concentrated. This can be done by showing that

the scales of most of the edges on the path between u and v are “small,” using a simpler

version of Lemma 2.26.

We can simply extend this approach to the case that edges are weighted and the depth

of the tree is logarithmic, by assigning the scales as follows: Assign the smallest possible

scale 2i for i ∈ Z to each vertex v so that for edges on the path from root to v at scale

2i,
∑

len(e)/2i is roughly log |V (T )| − log |V (T (v))|. Indeed, all the arguments from the

unweighted case can be generalized to the weighted case with little effort.

The main challenge for extending this approach to the trees with large depth is that we

cannot assign a fraction of a coordinate to a vertex (or edge). In fact, this approach fails

to produce a low dimensional embedding even for a simple path. To overcome this problem

we use Lemma 2.5 to bound the topological depth of the tree. However, this raises another

challenge. Namely, each color class contains more than one vertex and it is not clear how to

assign a single scale to vertices inside a color class. Our final scale selector provides a way

to get around this problem by finding a consistent way to assign sets of scales to vertices

in each color class, while following the principle that the smallest possible set of scales is

assigned to each vertex.
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Scale Selectors

We start by defining a function κ : χ(E)∪{c0} → N which describes the “branching factor”

for each color class,

κ(c) =

⌊
log2

|E(T (ρ(c)))|
|E(T (c))|

⌋
+ 1. (2.32)

Moreover, we define ϕ : χ(E) ∪ {c0} → N ∪ {0} inductively by setting ϕ(c0) = 0, and

ϕ(c) = κ(c) + ϕ(ρ(c)), (2.33)

for c ∈ χ(E).

Observe that for every color c ∈ χ(E), we have,

ϕ(c) =
∑

c′∈χ(E(Pvc ))∪{c}

κ(c′) ≤
∑

c′∈χ(E(Pvc ))∪{c}

(
1 + log2

|E(T (ρ(c′)))|
|E(T (c′))|

)
≤M(χ) + log2 |E|.

(2.34)

Next, we use ϕ to inductively define our scale selectors. Let

m(T ) = min{len(e) : e ∈ E and len(e) > 0}.

We now define a family of functions {τi : V → N ∪ {0}}i∈Z.

For v ∈ V , let c = χ(v, p(v)), and put τi(v) = 0 for i <
⌊
log2

(
m(T )

M(χ)+log2 |E|

)⌋
, and

otherwise,

τi(v) = min

(


dT (v, vc)−min
(
dT (v, vc),

∑i−1
j=−∞ 2jτj(v)

)

2i




︸ ︷︷ ︸
(A)

, ϕ(c)−
∑

c′∈χ(E(Pv))

τi(vc′)

︸ ︷︷ ︸
(B)

)
.

(2.35)

The value of τi(v) will be used in Section 2.4.5 to determine how many coordinates of

magnitude � 2i change as the embedding proceeds from vc to v. In this definition, we try

to cover the distance from root to v with the smallest scales possible while satisfying the

inequality

ϕ(c) ≥ τi(v) +
∑

c′∈χ(E(Pv))

τi(vc′).
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For v ∈ V \ {r}, let c = χ(v, p(v)), for each i ∈ Z, part (B) of (2.35) for τi(vc) implies

that

τi(vc) ≤ ϕ(ρ(c))−
∑

c′∈χ(E(Pvc ))

τi(vc′).

Hence,

ϕ(c)−
∑

c′∈χ(E(Pv))

τi(vc′) = ϕ(c)− τi(vc)−
∑

c′∈χ(E(Pvc ))

τi(vc′)

≥ ϕ(c)− ϕ(ρ(c))

= κ(c)

≥ 1. (2.36)

Therefore, part (B) of (2.35) is always positive, so if τk(v) = 0 for some k≥
⌊
log2

(
m(T )

M(χ)+log2 |E|

)⌋
,

then τk(v) is defined by part (A) of (18). Hence
∑k−1

j=−∞ 2jτj(v) ≥ dT (v, vc) and the following

observation is immediate.

Observation 2.16. For v ∈ V and k ≥
⌊
log2

(
m(T )

M(χ)+log2 |E|

)⌋
, if τk(v) = 0 then for all

i ≥ k, τi(v) = 0.

Comparing part (A) of (2.35) for τi(v) and τi+1(v) also allows us to observe the following.

Observation 2.17. For v ∈ V and k ≥
⌊
log2

(
m(T )

M(χ)+log2 |E|

)⌋
, if part (A) in (2.35) for

τk(v) is less than or equal to part (B) then for all i > k, τi(v) = 0.

Properties of the Scale Selector Maps

We now prove some key properties of the maps κ, ϕ, and {τi}.

Lemma 2.18. For every vertex v ∈ V with c = χ(v, p(v)), the following holds. For all

i ∈ Z with dT (v,vc)
κ(c) ≤ 2i−1, we have τi(v) = 0.

Proof. If dT (v, vc) = 0, the lemma is vacuous. Suppose now that dT (v, vc) > 0, and let

k =
⌈
log2

(
dT (v,vc)
κ(c)

)⌉
. We have dT (v, vc) ≥ m(T ) and κ(c) ≤ log2 |E|+ 1, therefore

k ≥
⌊

log2

(
m(T )

M(χ) + log2 |E|

)⌋
.
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It follows that for i ≥ k, τi(v) is given by (2.35).

If τk(v) = 0, then by Observation 2.16, for all i ≥ k, τi(v) = 0.

On the other hand if τk(v) 6= 0 then either it is determined by part (B) of (2.35), in

which case

τk(v) = ϕ(c)−
∑

c′∈χ(E(Pv))

τk(vc′) = ϕ(c)−τk(vc)−
∑

c′∈χ(E(Pvc ))

τk(vc′) ≥ ϕ(c)−ϕ(ρ(c)) = κ(c),

implying that
k∑

j=−∞
2jτj(v) ≥ κ(c)2k ≥ dT (v, vc) .

Examining part (A) of (2.35), we see that τk+1(v) = 0, and by Observation 2.16, τi(v) = 0

for i > k. Alternately, τk(v) is determined by part (A) of (2.35), and by Observation 2.17

τi(v) = 0 for i > k, completing the proof.

The next lemma shows how the values {τi(v)} track the distance from vc to v.

Lemma 2.19. For any vertex v ∈ V with c = χ(v, p(v)), we have

dT (v, vc) ≤
∞∑

i=−∞
2iτi(v) ≤ 3 dT (v, vc).

Proof. If dT (v, vc) = 0, the lemma is vacuous. Suppose now that dT (v, vc) > 0, and let

k = max{i : τi(v) 6= 0}.

By Lemma 2.18, the maximum exists.

We have τk+1(v) = 0, and thus inequality (2.36) implies that part (A) of (2.35) specifies

τk+1(v), yielding

dT (v, vc) ≤
k∑

i=−∞
2iτi(v) =

∞∑

i=−∞
2iτi(v).

On the other hand, since τk(v) > 0, we must have dT (v, vc) >
∑k−1

i=−∞ 2iτi(v), and
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Lemma 2.18 implies that 2k < 2 dT (v, vc), hence,

k∑

i=−∞
2iτi(v) ≤

k−1∑

i=−∞
2iτi(v) + 2k

⌈
dT (v, vc)−

∑k−1
i=−∞ 2iτi(v)

2k

⌉

<

k−1∑

i=−∞
2iτi(v) + 2k

(
dT (v, vc)−

∑k−1
i=−∞ 2iτi(v)

2k
+ 1

)

=
k−1∑

i=−∞
2iτi(v) + 2k +

(
dT (v, vc)−

k−1∑

i=−∞
2iτi(v)

)

≤ dT (v, vc) + 2k

< 3 dT (v, vc).

The following lemma shows that for any color c ∈ χ(E) the value of τi does not decrease

as we move further from vc in γc. See Figure 2.6 for an example.

vc!

w!
!

u 

2j 

2j 

2j+1 

2j+1 

Figure 2.6: The goal of (2.35) is to cover the distance between vc and w with smallest

scales possible. In this figure τj(w) = 2 and τj+1(w) = 1, while τj(u) = 2 and τj+1(u) = 2.
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Lemma 2.20. Let u,w ∈ V be such that c = χ(w, p(w)) = χ(u, p(u)), and dT (w, vc) ≤
dT (u, vc). Then for all i ∈ Z, we have

τi(w) ≤ τi(u).

Proof. First let k be the smallest integer for which,



dT (w, vc)−min
(
dT (w, vc),

∑k−1
j=−∞ 2jτj(w)

)

2k



≤ ϕ(c)−

∑

c′∈χ(E(Pw))

τk(vc′).

This k exists since, by (2.36), the right hand side is always positive, while by Lemma 2.18,

the left hand side must be zero for some k ∈ Z large enough.

For i > k, by Observation 2.17 we have, τi(w) = 0. Therefore, for i > k, we have

τi(u) ≥ τi(w). We now use induction on i to show that for i < k, τi(u) = τi(w), and for

i = k, τk(u) ≥ τk(w). Recall that, for i <
⌊
log2

(
m(T )

M(χ)+log2 |E|

)⌋
, we have τi(w) = τi(u) = 0,

which gives us the base case of the induction.

Now, by definition of k, part (B) of (2.35) for τk−1(w) is an integer strictly less than

part (A), hence

k−1∑

j=−∞
2jτj(w) = 2k−1τk−1(w) +

k−2∑

j=−∞
2jτj(w)

≤ 2k−1

(⌈
dT (w, vc)−

∑k−2
j=−∞ 2jτj(w)

2k−1

⌉
− 1

)
+

k−2∑

j=−∞
2jτj(w)

< 2k−1

(
dT (w, vc)−

∑k−2
j=−∞ 2jτj(w)

2k−1

)
+

k−2∑

j=−∞
2jτj(w)

≤ dT (w, vc) . (2.37)

For
⌊
log2

(
m(T )

M(χ)+log2 |E|

)⌋
≤ i ≤ k, by (2.37), and as dT (u, vc) ≥ dT (w, vc), we have

min

(
dT (w, vc),

i−1∑

j=−∞
2jτj(w)

)
=

i−1∑

j=−∞
2jτj(w) = min

(
dT (u, vc),

i−1∑

j=−∞
2jτj(w)

)
. (2.38)

By our induction hypothesis for all j < i, τj(w) = τj(u), so using (2.38) we can write,

dT (w, vc)−min

(
dT (w, vc),

i−1∑

j=−∞
2jτj(w)

)
≤ dT (u, vc)−min

(
dT (u, vc),

i−1∑

j=−∞
2jτj(u)

)
.

(2.39)
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Since χ(w, p(w)) = χ(u, p(u)), for all i ∈ Z part (B) of (2.35) is identical for τi(u) and τi(w).

Therefore, using (2.39), and the definition of k, for all
⌊
log2

(
m(T )

M(χ)+log2 |E|

)⌋
≤ i < k, part

(B) of (2.35) specifies τi(u) and τi(w), hence

τi(u) = τi(w) = ϕ(c)−
∑

c′∈χ(E(Pw))

τi(vc′).

For the case that i = k, part (B) of (2.35) is identical for τk(u) and τk(w), and inequality

(2.39) implies that part (A) of (2.35) for τk(u) is at least as large as part (A) of (2.35) for

τk(w), completing the proof.

The next lemma bounds the distance between two vertices in the graph based on {τi}.

Lemma 2.21. Let k >
⌊
log2

(
m(T )

M(χ)+log2 |E|

)⌋
be an integer. For any two vertices w and u

such that τk(u) 6= 0, τk−1(w) = 0 and χ(w, p(w)) = χ(u, p(u)), we have

dT (u,w) > 2k−1.

Proof. By Observation 2.16, τk(w) = 0. Letting c = χ(u, p(u)), by Lemma 2.20 we have

dT (vc, u) ≥ dT (vc, w). Using Lemma 2.20 again, we can conclude that for all i ∈ Z, τi(u) ≥
τi(w). Since τk−1(w) = 0, inequality (2.36) implies that part (A) of (2.35) specifies τk−1(w).

Therefore,

dT (w, vc) ≤
k−2∑

i=−∞
2iτi(w)

≤
k−2∑

i=−∞
2iτi(u)

=

(
k−1∑

i=−∞
2iτi(u)

)
− 2k−1τk−1(u). (2.40)

Since τk(u) > 0, using part (A) of (2.35), we can write

dT (u, vc) >

k−1∑

i=−∞
2iτi(u). (2.41)

Observation 2.16 implies that τk−1(u) 6= 0, thus τk−1(u) ≥ 1, and using (2.40) and (2.41),

we have

dT (w, u) = dT (u, vc)− dT (w, vc) > 2k−1,
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completing the proof.

The next lemma and the following two corollaries bound the number of colors c in the

tree which have a small value of ϕ(c).

Lemma 2.22. For any k ∈ N ∪ {0}, and any color c ∈ χ(E), we have

#{c′ ∈ χ(E(T (c))) : ϕ(c′)− ϕ(c) = k} ≤ 2k .

Proof. We start the proof by comparing the size of the subtrees T (c′) and T (c) for c′ ∈
χ(E(T (c))).

For a given color c′ ∈ χ(E(T (c))), we define the sequence {ci}i∈N as follows. We put

c1 = c′ and for i > 1 we put ci = ρ(ci−1). Suppose now that cm = c, we have

ϕ(cm)− ϕ(c1) =

m−1∑

i=1

κ(ci)

≥
m−1∑

i=1

log2

( |E(T (ci+1))|
|E(T (ci))|

)

≥ log2

( |E(T (c))|
|E(T (c′))|

)
. (2.42)

This inequality implies that

|E(T (c))| ≤ 2ϕ(c′)−ϕ(c)|E(T (c′))|.

It is easy to check that for colors a, b ∈ χ(E(T (c))) such that ϕ(a) = ϕ(b), subtrees T (a)

and T (b) are edge disjoint. Therefore, for k ∈ N ∪ {0}, summing over all the colors c′ such

that ϕ(c′)− ϕ(c) = k gives

#{c′ ∈ χ(E(T (c))) : ϕ(c′)−ϕ(c) = k}≤
∑

c′∈χ(E(T (c)))
ϕ(c′)−ϕ(c)=k

2k |E(T (c′))|
|E(T (c))| = 2k

∑

c′∈χ(E(T (c)))
ϕ(c′)−ϕ(c)=k

|E(T (c′))|
|E(T (c))| ≤ 2k .

The following two corollaries are immediate from Lemma 2.22.
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Corollary 2.23. For any k ∈ N, and any color c ∈ χ(E), we have

#{c′ ∈ χ(E(T (c))) : ϕ(c′)− ϕ(c) ≤ k} < 2k+1.

Corollary 2.24. For any color c ∈ χ(E), and constant C ≥ 2, we have

∑

c′∈χ(E(T (c)))\{c}

2−C(ϕ(c′)−ϕ(c)) < 22−C .

The next lemma is similar to Lemma 2.21. The assumption is more general, and the

conclusion is correspondingly weaker. This result is used primarily to enable the proof of

Lemma 2.26.

w!

r!

u!

x!

Figure 2.7: Relative position of vertices in the tree for Lemma 2.25.

Lemma 2.25. Let u ∈ V and w ∈ V (Pu) be such that ϕ(χ(u, p(u))) > ϕ(χ(w, p(w))). For

all vertices x ∈ V (Tu), and k ∈ Z with

2k ≥
(

6 dT (x,w)

ϕ(χ(u, p(u)))− ϕ(χ(w, p(w)))

)
, (2.43)

we have τk(x) = 0 (See Figure 2.7 for relative position of vertices in the tree).
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Proof. In the case that dT (x,w) = 0, this lemma is vacuous. Suppose now that dT (x,w) > 0.

Let c1, . . . , cm be the set of colors that appear on the path Px p(w), in order from x to p(w),

and for i ∈ [m], let yi = vci . We prove this lemma by showing that if,

k ≥ log2

(
6 dT (x,w)

ϕ(χ(u, p(u)))− ϕ(χ(w, p(w)))

)
, (2.44)

then part (A) of (2.35) for τk(x) is zero.

First note that, ϕ(χ(u, p(u)))− ϕ(χ(w, p(w))) ≤M(χ) + log2 |E| and dT (x,w) ≥ m(T ),

hence (2.44) implies

k ≥
⌊

log2

(
m(T )

M(χ) + log2 |E|

)⌋
.

By Lemma 2.19, we have

m−2∑

i=1

2k−1τk−1(yi) ≤
m−2∑

i=1

∞∑

j=−∞
2jτj(yi) ≤

m−2∑

i=1

3 dT (yi, yi+1) = 3 dT (y1, ym−1). (2.45)

Now, using (2.43) gives

ϕ(c1)− ϕ(cm) ≥ ϕ(χ(u, p(u)))− ϕ(χ(w, p(w)))

≥ 6 dT (x,w)

2k

≥ 6 dT (x, ym−1)

2k
. (2.46)

Using the above inequality and (2.45), we can write

dT (x, y1) = dT (x, ym−1)− dT (y1, ym−1)

≤ 2k−1

3

(
ϕ(c1)− ϕ(cm)−

m−2∑

i=1

τk−1(yi)

)
.

First, note that cm = χ(ym−1, p(ym−1)). Now, we use part (B) of (2.35) for τk(ym−1) to

write

dT (x, y1) ≤ 2k−1

3


ϕ(c1)−


τk−1(ym−1) +

∑

c′∈χ(E(Pym−1 ))

τk−1(vc′)


−

m−2∑

i=1

τk−1(yi)




≤ 2k−1

3


ϕ(c1)−

∑

c′∈χ(E(Px))

τk−1(vc′)




≤ 2k−1


ϕ(χ(x, p(x)))−

∑

c′∈χ(E(Px))

τk−1(vc′)


 . (2.47)
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Therefore, either part (A) of (2.35) specifies τk−1(x) in which case by Observation 2.17,

τi(v) = 0 for i ≥ k, or part (B) of (2.35) specifies τk−1(x) in which case by (2.47) we have,

τk−1(x)2k−1 ≥ dT (x, y1),

and part (A) of (2.35) is zero for i ≥ k.

In Section 2.4.5, we give the description of our embedding and analyze its distortion.

In the analysis of the embedding, for a given pair of vertices x, y ∈ V , we divide the path

between x and y into subpaths and for each subpath we show that either the contribution

of that subpath to the distance between x and y in the embedding is “large” through a

concentration of measure argument, or we use the following lemma to show that the length

of the subpath is “small” compared to the distance between x and y. The complete argument

is somewhat more delicate and one can find the details of how Lemma 2.26 is used in the

proof of Lemma 2.41.

Lemma 2.26. There exists a constant C > 0 such that the following holds. For any

c ∈ χ(E) and v ∈ V (T (c)) with v 6= vc and for any ε ∈ (0, 1
2 ], there are vertices u, u′ ∈ V

with u 6= u′ and dT (u, v) ≤ ε dT (u, u′), and such that,

u, u′ ∈ {va : a ∈ χ(E(Pv vc))} ∪ {v}.

Furthermore, for all vertices x ∈ V (Pu′u) \ {u′}, for all k ∈ Z,

τk(x) 6= 0 =⇒ 2k <

(
CdT (u, u′)

ε(ϕ(χ(u, p(u)))− ϕ(χ(vc, p(vc))))

)
.

Proof. Let r′ = vc, and let c1, . . . , cm be the set of colors that appear on the path Pvr′ in

order from v to r′, and put cm+1 = χ(r′, p(r′)). We define y0 = v, and for i ∈ [m], yi = vci .

Note that {y0, . . . , ym} = {v} ∪ {va : a ∈ χ(E(Pv vc))}, and for i ≤ m, χ(yi, p(yi)) = ci+1.

We give a constructive proof for the lemma.

For i ∈ N, we construct a sequence (ai, bi) ∈ N × N, the idea being that Pyai ,ybi is a

nonempty subpath of Pvr′ such that for different values of i, these subpaths are edge disjoint.

At each step of the construction either we can use (ai, bi) to find u and u′ such that they

satisfy the properties of this lemma, or we find (ai+1, bi+1) such that bi+1 < bi. The last
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condition guarantees that we can always find u and u′ that satisfy the conditions of this

lemma.

We start with a1 = m and b1 = m− 1. If dT (v, yb1) ≤ εdT (ya1 , yb1) then

(
2dT (ym, ym−1)

ϕ(χ(ym−1, p(ym−1)))− ϕ(χ(r′, p(r′)))

)
=

2dT (ya1 , yb1)

κ(c)

and by Lemma 2.18 the assignment u′ = ya1 and u = yb1 satisfies the conditions of this

lemma if C ≥ 1. Otherwise, for i ≥ 1, we choose (ai+1, bi+1) based on (ai, bi), and construct

the rest of the sequence preserving the following three properties:

i) ϕ(cbi+1)− ϕ(cai+1) ≥ ϕ(cai+1)− ϕ(χ(r′, p(r′)));

ii) dT (ybi , v) ≥ εdT (ybi , yai);

iii) ai > bi.

Let j ∈ {0, . . . ,m} be the maximum integer such that εdT (yj , ybi) ≥ dT (v, yj). Note that

j < bi, and the maximum always exists because y0 = v. We will now split the proof into

three cases.

Case I: ϕ(cj+2)− ϕ(cbi+1) ≥ 2(ϕ(cbi+1)− ϕ(cai+1)).

In this case by condition (iii), ϕ(cbi+1) − ϕ(cai+1) > 0. Hence j + 1 < bi, and we can

preserve conditions (i), (ii) and (iii) with

(ai+1, bi+1) = (bi, j + 1).

Case II: ϕ(cj+2)−ϕ(cbi+1) < 2(ϕ(cbi+1)−ϕ(cai+1)) and ϕ(cj+1)−ϕ(cbi+1) ≥ 6(ϕ(cbi+1)−
ϕ(cai+1)).

In this case by (2.33) we have,

κ(cj+1) = ϕ(cj+1)− ϕ(cj+2) = (ϕ(cj+1)− ϕ(cbi+1))− (ϕ(cj+2)− ϕ(cbi+1)).
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Using the conditions of this case, we write

κ(cj+1) = (ϕ(cj+1)− ϕ(cbi+1))− (ϕ(cj+2)− ϕ(cbi+1))

≥ 6(ϕ(cbi+1)− ϕ(cai+1))− (ϕ(cj+2)− ϕ(cbi+1))

=
(

2(ϕ(cbi+1)− ϕ(cai+1)) + 4(ϕ(cbi+1)− ϕ(cai+1))
)
−
(
ϕ(cj+2)− ϕ(cbi+1)

)

>
(

2(ϕ(cbi+1)− ϕ(cai+1)) + 2(ϕ(cj+2)− ϕ(cbi+1))
)
−
(
ϕ(cj+2)− ϕ(cbi+1)

)
,

and by condition (i),

κ(cj+1) >
((
ϕ(cbi+1)− ϕ(cai+1)

)
+
(
ϕ(cai+1)− ϕ(χ(r′, p(r′))

)
+ 2(ϕ(cj+2)− ϕ(cbi+1))

)

−
(
ϕ(cj+2)− ϕ(cbi+1)

)

= ϕ(cj+2)− ϕ(χ(r′, p(r′))). (2.48)

Thus if dT (yj+1, v) ≥ ε dT (yj , yj+1), then (ai+1, bi+1) = (j + 1, j), satisfies condition (i)

by (2.48), and it is also easy to verify that it satisfies conditions (ii) and (iii). If dT (yj+1, v) <

εdT (yj , yj+1), then by (2.33),

ϕ(χ(yj , p(yj))) = ϕ(cj+1) = κ(cj+1) + ϕ(cj+2)

and by (2.48),

(
2dT (yj , yj+1)

(ϕ(χ(yj , p(yj)))− ϕ(χ(r′, p(r′))))

)
=

(
2dT (yj , yj+1)

κ(cj+1) + ϕ(cj+2)− ϕ(χ(r′, p(r′)))

)

>
dT (yj , yj+1)

κ(cj+1)
.

Hence Lemma 2.18 implies that the assignment u′ = yj+1 and u = yj satisfies the conditions

of this lemma if C ≥ 2.

Case III: ϕ(cj+1)− ϕ(cbi+1) < 6(ϕ(cbi+1)− ϕ(cai+1)).

In this case we use Lemma 2.25 to show that the assignment u = yj and u′ = ybi satisfies
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the conditions of the lemma. We have

ϕ(χ(yj , p(yj)))− ϕ(χ(r′, p(r′))) = ϕ(cj+1)− ϕ(χ(r′, p(r′)))

= (ϕ(cj+1 − ϕ(cbi+1)) + (ϕ(cbi+1)− ϕ(cai+1))

+ (ϕ(cai+1)− ϕ(χ(r′, p(r′))))

< 6(ϕ(cbi+1)− ϕ(cai+1)) + (ϕ(cbi+1)− ϕ(cai+1))

+ (ϕ(cai+1)− ϕ(χ(r′, p(r′)))),

and by condition (i),

ϕ(χ(yj , p(yj)))− ϕ(χ(r′, p(r′))) < 8(ϕ(cbi+1)− ϕ(cai+1)).

Condition (ii) and the definition of yj imply that,

dT (yj , ybi) ≥ (1− ε)dT (v, ybi) ≥ ε(1− ε)dT (yai , ybi) ≥
ε

2
dT (yai , ybi).

Hence, (
6(2
ε )dT (yj , ybi)

1
8(ϕ(χ(yj , p(yj)))− ϕ(χ(r′, p(r′))))

)
≥
(

6dT (ybi , yai)

ϕ(cbi+1)− ϕ(cai+1)

)
,

and by applying Lemma 2.25 with u = ybi and w = yai , we can conclude that the assignment

u = yj and u′ = ybi satisfies the conditions of this lemma with C = 96.

2.4.5 Embedding

We now present a proof of Theorem 2.11, thereby completing the proof of Theorem 2.1. We

first introduce a random embedding of the tree T into `1, and then show that, for a suitable

choice of parameters, with non-zero probability our construction satisfies the conditions of

the theorem.

Notation: We use the notations and definitions introduced in Section 2.4.4. Moreover, in

this section, for c ∈ χ(E) ∪ {χ(r, p(r))}, we use ρ−1(c) to denote the set of colors c′ ∈ χ(E)

such that ρ(c′) = c, i.e. the colors of the “children” of c. For m,n ∈ N, and A ∈ Rm×n, we

use the notation A[i] to refer to the ith row of A and A[i, j] to refer to the jth element in

the ith row.
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The Construction

Fix δ, ε ∈ (0, 1
2 ], and let

t = dε−1 + logdlog2 1/δee, (2.49)

and

m = dt2(M(χ) + log2 |E|)e. (2.50)

(See Lemma 2.41 for the relation between ε and δ, and the parameters of Theorem 2.11).

For i ∈ Z, we first define the map ∆i : V → Rm×t, and then we use it to construct our final

embedding.

For a vertex v ∈ V and c = χ(v, p(v)), let α =
∑

c′∈χ(E(Pv)) t
2τi(vc′), and

β = α+ min

(
t2τi(v),

⌊
dT (vc, v)−∑i−1

`=−∞ 2`τ`(v)

2i/t2

⌋)
.

Note that β ≤ m since

τi(v) +
∑

c′∈χ(E(Pv))

τi(v
′
c) ≤ ϕ(c) ≤M(χ) + log2 |E| .

For j ∈ [m], we define,

∆i(v)[j] =





(
2i

t2
, 0, 0 . . . , 0

)
if α < j ≤ β,

(
dT (vc, v)−

((∑i−1
`=−∞ 2`τ`(v)

)
+ (β − α)2i

t2

)
, 0, 0 . . . , 0

)

if j = β + 1 and β − α < t2τi(v),

(0, 0 . . . , 0) otherwise.

(2.51)

Observe that the scale selector τi chooses the scales in this definition, and for v ∈ V

and i ∈ Z, ∆i(v) = 0 when τi(v) = 0. Also note that the second case in the definition only

occurs when τi(v) is specified by part (A) of (2.35), and in that case
∑

`≤i 2`τ`(v) > d(v, vc).

Now, we present some key properties of the map ∆i(v). The following two observations

follow immediately from the definitions.

Observation 2.27. For v ∈ V and i ∈ Z, each row in ∆i(v) has at most one non-zero

coordinate.
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Observation 2.28. For v ∈ V and i ∈ Z, let α =
∑

c′∈χ(E(Pv)) t
2τi(vc′). For j /∈ (α, α +

t2τi(v)], we have

∆i(v)[j] = (0, . . . , 0).

Proofs of the next four lemmas will be presented in Section 2.4.5.

Lemma 2.29. For v ∈ V , there is at most one i ∈ Z and at most one couple (j, k) ∈ [m]×[t]

such that ∆i(v)[j, k] /∈ {0, 2i

t2
}.

Lemma 2.30. Let c ∈ χ(E), and u,w ∈ V (γc)\{vc} be such that dT (w, vc) ≤ dT (u, vc).

For all i ∈ Z and (j, k) ∈ [m]× [t], we have

∆i(w)[j, k] ≤ ∆i(u)[j, k].

Lemma 2.31. For c ∈ χ(E), and u,w ∈ V (γc) \ {vc}, we have

dT (w, u) =
∑

i∈Z
‖∆i(u)−∆i(w)‖1, (2.52)

and

dT (vc, u) =
∑

i∈Z
‖∆i(u)‖1. (2.53)

Lemma 2.32. For c ∈ χ(E), u,w ∈ V (γc) \ {vc}, i > j and k ∈ [m], if both ‖∆i(u)[k] −
∆i(w)[k]‖1 6= 0, and ‖∆j(u)[k]−∆j(w)[k]‖1 6= 0, then dT (u,w) ≥ 2j−1.

Re-randomization. For t ∈ N, let πt : Rt → Rt be a random mapping obtained by

uniformly permuting the coordinates in Rt. Let {σi}i∈[m] be a sequence of i.i.d. random

variables with the same distribution as πt. We define the random variable πt,m : Rm×t →
Rm×t as follows,

πt,m




r1

...

rm


 =




σ1(r1)
...

σm(rm)


 .

The construction. We now use re-randomization to construct our final embedding. For

c ∈ χ(E), and i ∈ Z, the map fi,c : V (T (c)) → Rm×t will represent an embedding of the
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subtree T (c) at scale 2i/t2. Recall that,

V (T (c)) = V (γc) ∪


 ⋃

c′∈ρ−1(c)

V (T (c′)) \ {vc′}


 .

Let {Πi,c′ : i ∈ Z, c′ ∈ ρ−1(c)} be a sequence of i.i.d. random variables which each have

the distribution of πt,m. We define fi,c : V (T (c))→ Rm×t as follows,

fi,c(x) =





0 if x = vc,

∆i(x) if x ∈ V (γc) \ {vc},
∆i(vc′) + Πi,c′(fi,c′(x)) if x ∈ V (T (c′)) \ {vc′} for some c′ ∈ ρ−1(c).

(2.54)

Re-randomization permutes the elements within each row, and the permutations are

independent for different subtrees, scales, and rows. Finally, we define fi = fi,c0 , where

c0 = χ(r, p(r)). We use the following lemma to prove Theorem 2.11.

Lemma 2.33. There exists a universal constant C such that the following holds with non-

zero probability: For all x, y ∈ V ,

(1− Cε) dT (x, y)− δ ρχ(x, y; δ) ≤
∑

i∈Z
‖fi(x)− fi(y)‖1 ≤ dT (x, y) . (2.55)

We will prove Lemma 2.33 in Section 2.4.5. We first make two observations, and then

use them to prove Theorem 2.11. Our first observation is immediate from Observation 2.27

and Observation 2.28, since in the third case of (2.54), by Observation 2.28,∆i(v
′
c) and

Πi,c′(fi,c′(x)) must be supported on disjoint sets of rows.

Observation 2.34. For any v ∈ V and for any row j ∈ [m], there is at most one non-zero

coordinate in fi(v)[j].

Observation 2.28 and Lemma 2.31 also imply the following.

Observation 2.35. For any v ∈ V and u ∈ Pv, we have dT (u, v) =
∑

i∈Z ‖fi(u)− fi(v)‖1.

Using these, together with Corollary 2.15, we now prove Theorem 2.11.

Proof of Theorem 2.11. By Lemma 2.33, there exists a choice of mappings {gi}i∈Z such that

for all x, y ∈ V ,

dT (x, y) ≥
∑

i∈Z
‖gi(x)− gi(y)‖ ≥ (1−O(ε))dT (x, y)− δρχ(x, y; δ) .
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We will apply Corollary 2.15 to the family given by
{
fi = t2gi

2i

}
i∈Z

to arrive at an

embedding F : V → `
tm(2+dlog 1

εe)
1 such that G = F/t2 satisfies,

dT (x, y) ≥ ‖G(x)−G(y)‖1 ≥ (1−O(ε))dT (x, y)− δρχ(x, y; δ). (2.56)

Observe that the codomain of fi is Rm×t, where mt = Θ((1
ε + log log(1

δ ))3 log n), and the

codomain of G is Rd, where d = Θ(log 1
ε (1
ε + log log(1

δ ))3 log n).

To achieve (2.56), we need only show that for every x, y ∈ V , we have ζ(x,y)
t2

. εdT (x, y),

where ζ(x, y) is defined in (2.31). Recalling this definition, we now restate ζ in terms of our

explicit family
{
fi = t2gi

2i

}
i∈Z

. We have,

ζ(x, y)

t2
=

∑

(k1,k2)∈[m]×[t]

∑

i:∃j<i
gj(x)[k1,k2]6=gj(y)[k1,k2]

hi(x, y; k1, k2) , (2.57)

where,

hi(x, y; k1, k2) =
2i

t2

(
t2

2i
|gi(x)[k1, k2]− gi(y)[k1, k2]| −

⌊∣∣∣∣
t2

2i
gi(x)[k1, k2]− t2

2i
gi(y)[k1, k2]

∣∣∣∣
⌋)

.

Fix x, y ∈ V . For c ∈ χ(E(Pxy)), let λc be the induced subgraph on V (Pxy)∩V (γc), i.e.

the subpath of Pxy where all edges are colored by color c. We have,

dT (x, y) =
∑

c∈χ(E(Pxy))

len(E(λc)). (2.58)

If we look at a single term in (2.57), we have

hi(x, y; k1, k2) <
2i

t2
. (2.59)

For u, v ∈ Pxy, let

Si(u, v) = {(k1, k2) ∈ [m]× [t] : hi(u, v; k1, k2) 6= 0 and ∃j < i : gj(x)[k1, k2] 6= gj(y)[k1, k2]}.

Now, notice that if t2

2i
(gi(x)[k1, k2] − gi(y)[k1, k2]) is fractional, then there must exist a

subpath λc, for a color c ∈ χ(E(Pxy)), with endpoints uc and wc such that t2

2i
(gi(uc)[k1, k2]−

gi(wc)[k1, k2]) is fractional too. Hence we have

ζ(x, y) <
∑

c∈χ(E(Pxy))

∑

i∈Z

2i|Si(uc, wc)|
t2

.
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We call
∑

i∈Z
2i|Si(uc,wc)|

t2
the contribution of λc, for each color c ∈ χ(E(Pxy)).

We divide the analysis of the paths λc for c ∈ χ(E(Pxy)) into two cases. For c ∈
χ(E(Px))4χ(E(Py)), the vertex vc is one endpoint of the path λc. Let uc be the other. By

Lemma 2.29, there is at most one i ∈ Z and (k1, k2) ∈ [m]×[t] such that hi(uc, vc; k1, k2) 6= 0,

and ∣∣∣∣∣
⋃

i∈Z
Si(uc, vc)

∣∣∣∣∣ ≤ 1

By Lemma 2.18, for all i ∈ Z with dT (uc, vc) ≤ 2i−1, we have τi(uc) = 0, and

‖∆i(uc)‖1 = ‖gi(uc)− gi(vc)‖1 = 0. (2.60)

For i < 1 + log2(dT (uc, vc)), by (2.59) and Lemma 2.29 we can bound the contribution of

λc to ζ(x, y) by,

∑

j∈Z

2j |Sj(uc, vc)|
t2

<
2i

t2
<

2dT (uc, vc)

t2
≤ εdT (uc, vc). (2.61)

Note that there is at most one color in χ(E(Pxy)) \ (χ(E(Px))4χ(E(Py))). If no such

color exists, then by (2.61),

ζ(x, y) <
∑

c∈χ(E(Pxy))

εlen(E(λc))
(2.58)

≤ εdT (x, y).

Suppose now that {c} = χ(E(Pxy)) \ (χ(E(Px))4χ(E(Py))). Let u,w ∈ V (λc) be the

closest vertices to x and y, respectively. For i ∈ Z we will show that if hi(u,w; k1, k2) 6= 0,

then either dT (x, y) ≥ 2i−2, or for all j < i, we have (gj(x) − gj(y))[k1, k2] = 0. Then, by

Lemma 2.29, there are at most two elements in gi(u) − gi(w) that are not in {0, 2i

t2
,−2i

t2
},

therefore we can conclude

ζ(x, y) <
∑

i∈Z

2i|Si(u,w)|
t2

+
∑

c∈χ(E(Px))4χ(E(Py))

∑

i∈Z

2i|Si(uc, vc)|
t2

(2.58)

≤ 4εdT (x, y) +
∑

c∈χ(E(Px))4χ(E(Py))

ε len(E(λc))

≤ 5εdT (x, y).
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Without loss of generality suppose that dT (u, vc) ≤ dT (w, vc). If dT (w, vc) = 0 then the

contribution of λc to ζ(x, y) is zero. Suppose now that dT (w, vc) > 0, and let mw = max{i :

τi(w) 6= 0}. By Lemma 2.18 the maximum always exists.

We will now split the rest of the proof into two cases.

Case 1: τmw−1(u) = 0.

In this case by Lemma 2.21 we have dT (u,w) > 2mw−1. For (k1, k2) ∈ [m] × [t], if

hi(u,w; k1, k2) 6= 0 then by (2.105), i ≤ mw and

2i

t2
≤ 2mw

t2
<

2dT (u,w)

t2
≤ 2dT (x, y)

t2
≤ εdT (x, y) .

Case 2: τmw−1(u) 6= 0.

Let mu = max{i : τi(u) 6= 0}. By Lemma 2.20 and as τmw−1(u) 6= 0, we have mu ≤
mw ≤ mu + 1. Observation 2.17, implies that for all j < mu,

τj(u) +
∑

c′∈χ(E(Pu))

τj(vc′) = ϕ(c).

We have mw ≥ mu, and by Observation 2.17,

τj(w) +
∑

c′∈χ(E(Pw))

τj(vc′) = τj(u) +
∑

c′∈χ(E(Pu))

τj(vc′) = ϕ(c). (2.62)

therefore, by Observation 2.28 for j < mu and k ∈ [t2ϕ(c)]

‖(gj(x)− gj(u))[k]‖1 = ‖(gj(y)− gj(w))[k]‖1 = 0, (2.63)

and by Observation 2.28 and part (B) of (2.35), for all i ∈ Z, all the non-zero elements of

gi(u)− gi(w) are in the first t2ϕ(c) rows.

Suppose that there exists k ∈ [m] such that ‖(gi(u) − gi(w))[k]‖1 6= 0. Now, we divide

the proof into two cases again.

Case 2.1: There exists a j < i, such that ‖(gj(x)− gj(u))[k]‖1 + ‖(gj(y)− gj(w))[k]‖1 6= 0.

In this case, there must exist some c′ ∈ χ(E(Px))4χ(E(Py)), such that

‖(gj(vc′)− gj(uc′))[k]‖1 6= 0.
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By (2.54) and (2.105), we have τj(uc′) 6= 0. Inequality (2.63) implies j ≥ mu, and finally

by Lemma 2.18,

dT (x, y) ≥ dT (uc′ , vc′) > 2j−1 ≥ 2mu−1 ≥ 2mw−2 ≥ 2i−2. (2.64)

Case 2.2: ‖(gj(x)− gj(u))[k]‖1 + ‖(gj(y)− gj(w))[k]‖1 = 0 for all j < i.

In this case, either for all j < i, ‖gj(x)[k]− gj(y)[k]‖1 = 0 which implies that for k′ ∈ [t],

(k, k′) /∈ Si(u,w), or ‖gj(u)[k]− gj(w)[k]‖1 6= 0 for some j < i. If ‖gj(u)[k]− gj(w)[k]‖1 6= 0

for some j < i then by Lemma 2.32,

dT (x, y) ≥ dT (u,w) ≥ 2mu−1 ≥ 2mw−2 ≥ 2i−2. (2.65)

For i > mw we have ‖gi(u) − gi(w)‖1 = 0, therefore in both cases if hi(x, y; k1, k2) 6= 0

either for all j < i, ‖gj(x)[k]− gj(y)[k]‖1 = 0 or

2i

t2
≤ 4dT (x, y)

t2
≤ 2εdT (x, y).

Properties of the ∆i Maps

We now present proofs of Lemmas 2.29–2.32.

Proof of Lemma 2.29. For a fixed i ∈ Z, by (2.105) there is at most one element in ∆i(v)

that takes a value other than {0, 2i

t2
}.

We prove this lemma by showing that if for some i ∈ Z, and (j, k) ∈ [m]× [t],

∆i(v)[j, k] /∈
{

0,
2i

t2

}
,

then for all i′ > i and (j′, k′) ∈ [m] × [t], we have ∆i′(v)[j′, k′] = 0. Let c = χ(v, p(v)).

Using (2.105), we can conclude that

t2τi(v) >

⌊
dT (vc, v)−∑i−1

`=−∞ 2`τ`(v)

2i/t2

⌋
.

Since the left hand side is an integer,

t2τi(v) ≥ dT (vc, v)−∑i−1
`=−∞ 2`τ`(v)

2i/t2
,
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and

∑

`≤i
2`τ`(v) = 2iτi(v) +

∑

`<i

2`τ`(v)

≥ 2i

(
dT (vc, v)−∑`<i 2`τ`(v)

2i

)
+
∑

`<i

2`τ`(v)

≥ dT (vc, v).

By part (A) of (2.35), for i′ > i we have τi′(v) = 0, thus ‖∆i′(v)‖1 = 0 and the proof is

complete.

Proof of Lemma 2.30. For i <
⌊
log2

(
m(T )

M(χ)+log2 |E|

)⌋
we have ‖∆k(u)‖ = ‖∆k(w)‖1 = 0.

Let ν be the minimum integer greater than
⌊
log2

(
m(T )

M(χ)+log2 |E|

)⌋
−1 such that part (A)

of (2.35) for τν(w) is less that or equal to part (B). This ν exists since, by (2.36), part (B)

of (2.35) is always positive, while by Lemma 2.18, part (A) of (2.35) must be zero for some

ν ∈ Z large enough. First we analyze the case when i < ν.

Observation 2.17 implies that part (B) of (2.35) specifies the value of τi(w). By Lemma 2.20

τi(u) ≥ τi(w), but the part (B) for τi(u) is the same as for τi(w), so we must have

τi(u) = τi(w), and the same reasoning holds for τ`(w) for ` < i. Using this and the

fact that part (A) does not define τi(w), we have

2iτi(w) +
∑

`<i

2`τ`(w) = 2iτi(u) +
∑

`<i

2`τ`(u) < dT (vc, w) < dT (vc, u).

Therefore, the second case in (2.105) happens neither for u nor for w, and for i < ν we have

∆i(u) = ∆i(w).

We now consider the case i = ν. We have already shown that for ` < i, τ`(u) = τ`(w),

and using (2.105), it is easy to verify that for all (j, k) ∈ [m]× [t],

∆i(u)[j, k] ≥ ∆i(w)[j, k].

Finally, in the case that i > ν, by Observation 2.17, we have τi(w) = 0, and ∆i(w)[j, k] =

0.
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Proof of Lemma 2.31. For all i ∈ Z, recalling the definition α and β in (2.105) for ∆i(u),

we have

β − α = min

(
t2τi(v),

⌊
dT (vc, v)−∑i−1

`=−∞ 2`τ`(v)

2i/t2

⌋)
.

and by definition of ∆i(u) we have,

‖∆i(u)‖1 = min


2iτi(u), dT (u, vc)−

∑

j<i

2jτj(u)


 .

By Lemma 2.19, we have
∑

i∈Z 2iτi(u) ≥ dT (u, vc), therefore dT (vc, u) =
∑

i∈Z ‖∆i(u)‖1.
The same argument also implies that dT (w, vc) =

∑
i∈Z ‖∆i(w)‖1.

Now, suppose that dT (u, vc) ≥ d(w, vc). Then Lemma 2.30 implies that,

‖∆i(u)−∆i(w)‖1 = ‖∆i(u)‖1 − ‖∆i(w)‖1 = dT (vc, u)− dT (vc, w) = dT (w, u).

Proof of Lemma 2.32. Without loss of generality suppose that dT (vc, u) ≥ dT (vc, w). We

have,

dT (u,w) =
∑

h∈Z
‖∆h(u)−∆h(w)‖1

≥
i∑

h=j

‖∆h(u)−∆h(w)‖1

≥ ‖∆i(u)−∆i(w)‖1 + ‖∆j(u)−∆j(w)‖1 . (2.66)

By Lemma 2.20 we have τj(w) ≤ τj(u). In the definition of τj(w), if part (B) of (2.35) is

less than part (A), then by (2.105), for all h such that

∑

c′∈χ(E(Pv))

t2τj(vc′) < h ≤ t2ϕ(c),

we have ‖∆j(w)[h]‖1 = 2i

t2
. And, by Lemma 2.30, and Observation 2.28 for k ∈ Z, ∆j(w) =

∆j(u). Hence, part (A) of (2.35) must specify the value of τj(w). Observation 2.17 implies

that τi(w) = 0 and by (2.105), we have ‖∆i(w)‖1 = 0.
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By (2.105), since ‖∆i(u)[k]‖1 > 0, and α from (2.105) is a multiple of t2, for all t2b k
t2
c <

h < k we have ‖∆i(u)[h]‖1 = 2i

t2
. This implies that,

‖∆i(u)−∆i(w)‖1 ≥
2i

t2

(
k − 1− t2

⌊
k

t2

⌋)
≥ 2j

t2

(
k − 1− t2

⌊
k

t2

⌋)
.

Moreover, ‖∆j(w)[k]‖1 < 2j

t2
, and (2.105) implies that for all k < h ≤ t2b1 + k

t2
c, we have

‖∆j(w)[h]‖1 = 0. The same argument also shows that,

‖∆j(u)−∆j(w)‖1 ≥
2j

t2

(
t2
⌊

1 +
k

t2

⌋
− k
)
.

Hence by (2.66),

dT (u,w) ≥ t2 − 1

t2
2j ≥ 2j−1.

The Probabilistic Analysis

We are thus left to prove Lemma 2.33. For c ∈ χ(E), we analyze the embedding for T (c) by

going through all c′ ∈ χ(E(T (c))) one by one in increasing order of ϕ(c′). Our first lemma

bounds the probability of a bad event, i.e. of a subpath not contributing enough to the

distance in the embedding.

Lemma 2.36. For any C ≥ 8, the following holds. Consider three colors a ∈ χ(E), b ∈
ρ−1(a), and c ∈ χ(E(Pu vb)) for some u ∈ V (T (b)). Then for every w ∈ V (T (a)) \ V (T (b)),

we have

P
[
∃x ∈ V (Pw va) :

∑

i∈Z
‖fi,a(x)− fi,a(u)‖1 ≤ (2.67)

(1− Cε) dT (u, vc) +
∑

i∈Z
‖fi,a(vc)− fi,a(x)‖1 | {fi,c′}c′∈ρ−1(a)

]

≤ 1

dlog2 1/δe exp
(
−(C/(ε2β+2)) dT (u, vc)

)
,

(2.68)

where β = max{i : ∃y ∈ Pu vc\{vc}, τi(y) 6= 0}. (See Figure 2.8 for position of vertices in

the tree.)
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vc

va

vb

w

x

γa

γb

T (b)

u

Figure 2.8: Position of vertices corresponding to the statement of Lemma 2.36.

Proof. Recall that Rm×t is the codomain of fi,a. For i ∈ Z, and j ∈ [m], and z ∈ V (Pw va),

let

sij(z) =
∥∥∥fi,a(z)[j]− fi,a(vc)[j]

∥∥∥
1

+
∥∥∥fi,a(vc)[j]− fi,a(u)[j]

∥∥∥
1
−
∥∥∥fi,a(z)[j]− fi,a(u)[j]

∥∥∥
1
.

We have,

∑

i∈Z
‖fi,a(u)− fi,a(vc)‖1 +

∑

i∈Z
‖fi,a(vc)− fi,a(z)‖1 =

∑

i∈Z
‖fi,a(z)− fi,a(u)‖1 +

∑

i∈Z,j∈[m]

sij(z).

By Observation 2.35, we have dT (u, vc) =
∑

i∈Z ‖fi,a(u)− fi,a(vc)‖1, therefore

dT (u, vc)−
∑

i∈Z,j∈[m]

sij(z) =
∑

i∈Z
‖fi,a(z)− fi,a(u)‖1 −

∑

i∈Z
‖fi,a(z)− fi,a(vc)‖1. (2.69)

Let E = {fi,c′ : c′ ∈ ρ−1(a)}. We define PE [·] = P[· | E ]. In order to prove this theorem, we

bound

PE


∃x ∈ V (Pw va) :

∑

i∈Z,j∈[m]

sij(x) ≥ CεdT (u, vc)


 .

We start by bounding the maximum of the random variables sij .
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For i > β we have ∆i(u) = ∆i(vc), hence fi,a(u) = fi,a(vc). Using the triangle inequality

for all i ∈ Z, j ∈ [m] and z ∈ Pw va ,

sij(z) ≤ 2‖fi,a(vc)[j]− fi,a(u)[j]‖1, (2.70)

Hence for all i ∈ Z and j ∈ [m] by Observation 2.34,

sij(z) ≤ 2‖fi,a(vc)[j]− fi,a(u)[j]‖1 ≤
2β+1

t2
. (2.71)

First note that, if z is on the path between vb and va then by Observation 2.35, sij(z) = 0.

Observation 2.28 and (2.105) imply that if ‖fi,a(u)[j]−fi,a(vc)[j]‖1 6= 0 then ‖fi,a(vc)[j]‖1 =

0. From this, we can conclude that sij(z) 6= 0 if and only if there exists a k ∈ [t] such that

both fi,a(u)[j, k]− fi,a(vc)[j, k] 6= 0 and fi,a(z)[j, k] 6= 0. Since by Lemma 2.30, for all i ∈ Z,

j ∈ [m] and k ∈ [t], we have fi,a(w)[j, k] ≥ fi,a(z)[j, k], we conclude that for z ∈ Pw va if

sij(z) 6= 0 then sij(w) 6= 0.

Now, for i ∈ Z and j ∈ [m], we define a random variable

Xij =





0 if sij(w) = 0,

2‖fi,a(u)[j]− fi,a(vc)[j]‖1 if sij(w) 6= 0.

(2.72)

Note that since the re-randomization in (2.54) is performed independently on each row and

at each scale, the random variables {Xij : i ∈ Z, j ∈ [m]} are mutually independent. By

(2.70), for all z ∈ Pw va , we have sij(z) ≤ Xij , and thus

PE


∃x ∈ V (Pw va) :

∑

i∈Z,j∈[m]

sij(x) ≥ CεdT (u, vc)


 ≤ PE


 ∑

i∈Z,j∈[m]

Xij ≥ CεdT (u, vc)


 .

(2.73)

As before, for Xij to be non-zero, it must be that k ∈ [t] is such that fi,a(w)[j, k] 6= 0 and

fi,a(u)[j, k]− fi,a(vc)[j, k] 6= 0. Since w /∈ V (T (b)) with the re-randomization in (2.54) and

Observation 2.34, this happens at most with probability 1
t , hence for j ∈ [m], and i ∈ Z,

PE [Xij 6= 0]

= PE
[
‖fi,a(w)[j]− fi,a(vc)[j]‖1 + ‖fi,a(vc)[j]− fi,a(u)[j]‖1 − ‖fi,a(w)[j]− fi,a(u)[j]‖1 6= 0

]

≤ 1

t
.
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This yields,

E[Xij | E ] ≤ 1

t
(2‖fi,a(u)[j]− fi,a(vc)[j]‖1) . (2.74)

Now we use (2.71) to write

Var(Xij | E) ≤ 1

t
(2‖fi,a(u)[j]− fi,a(vc)[j]‖1)2 ≤ 2β+2

t3
‖fi,a(u)[j]− fi,a(vc)[j]‖1,

and use Observation 2.35 in conjunction with (2.74) to conclude that

E


 ∑

i∈Z,j∈[m]

Xij | E


 ≤

∑

i∈Z,j∈[m]

2

t
‖fi(vc)[j]− fi(u)[j]‖1 =

2

t
dT (vc, u), (2.75)

and

∑

i∈Z,j∈[m]

Var(Xij | E) ≤
∑

i∈Z,j∈[m]

2β+2

t3
‖fi(vc)[j]− fi(u)[j]‖1 =

2β+2

t3
dT (vc, u). (2.76)

Define M = max{Xij −E[Xij | E ] : i ∈ Z, j ∈ [m]}. We now apply Theorem 2.7 to complete

the proof:

PE

[ ∑

i∈Z,j∈[m]

Xij ≥ C
(
dT (u, vc)

t

)]

= PE

[ ∑

i∈Z,j∈[m]

Xij −
2dT (u, vc)

t
≥ (C − 2)

(
dT (u, vc)

t

)]

(2.75)

≤ PE


 ∑

i∈Z,j∈[m]

Xij − E


 ∑

i∈Z,j∈[m]

Xij | E


 ≥ (C − 2)

(
dT (u, vc)

t

)


≤ exp


 −((C − 2)dT (u, vc)/t)

2

2
(∑

i∈Z,j∈[m] Var(Xij | E) + (C − 2)(dT (u, vc)/t)M/3
)


 .

Since E[Xij | E ] ≥ 0, (2.71) implies M ≤ 2β+1

t2
. Now, we can plug in this bound and (2.76)
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to write,

PE

[ ∑

i∈Z,j∈[m]

Xij ≥ C
(
dT (u, vc)

t

)]

≤ exp


 −((C − 2)dT (u, vc)/t)

2

2
(

2β+2

t3
dT (u, vc) + (C − 2)(dT (u, vc)/t)(2β+1/t2)/3

)




= exp

( −t(C − 2)2dT (u, vc)

2 (2β+2 + (C − 2)(2β+1)/3)

)

= exp

( −(C − 2)2

(C − 2)/3 + 2

(
tdT (u, vc)

2β+2

))
.

An elementary calculation shows that for C ≥ 8, (C−2)2

(C−2)/3+2 > C, hence

PE

[ ∑

i∈Z,j∈[m]

Xij ≥ C
(
dT (u, vc)

t

)]

< exp
(
−(Ct/2β+2) dT (u, vc)

)

(2.49)

≤ exp

(
−C

(
1

ε
+ log

⌈
log2

1

δ

⌉)(
1

2β+2

)
dT (u, vc)

)

=

(
1

dlog2(1/δ)e

)CdT (u,vc)

2β+2

· exp

(
−C

(
1

ε

)(
1

2β+2

)
dT (u, vc)

)
.

Since there exists a y ∈ Pu vc\{vc} such that τβ(y) 6= 0, and for all c′ ∈ χ(E), κ(c′) ≥ 1,

Lemma 2.18 implies that dT (u, vc) > 2β−1, and for C ≥ 8, we have CdT (u,vc)
2β+2 > 1. Therefore,

PE

[
∃x ∈ V (Pw va) :

∑

i∈Z
‖fi,a(x)− fi,a(u)‖1 ≤ (1− Cε) dT (u, vc) +

∑

i∈Z
‖fi,a(vc)− fi,a(x)‖1

]

(2.69)

≤ PE


∃x ∈ V (Pw vc) :

∑

i∈Z,j∈[m]

sij(x) ≥ CεdT (u, vc)




(2.73)

≤ PE

[ ∑

i∈Z,j∈[m]

Xij ≥ Cε (dT (u, vc))

]

(2.49)

≤ PE

[ ∑

i∈Z,j∈[m]

Xij ≥ C
(
dT (u, vc)

t

)]

<

(
1

dlog2(1/δ)e

)
· exp

(
−C

(
1

ε2β+2

)
dT (u, vc)

)
,

completing the proof.
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The Γa mappings. Before proving Lemma 2.33, we need some more definitions. For a

color a ∈ χ(E), we define a map Γa : V (T (a)) → V (T (a)) based on Lemma 2.36. For

u ∈ V (γa), we put Γa(u) = u. For all other vertices u ∈ V (T (a)) \ V (γa), there exists a

unique color b ∈ ρ−1(a) such that u ∈ V (T (b)). We define Γa(u) as the vertex w ∈ V (Puvb)

which is closest to the root among those vertices satisfying the following condition: For all

v ∈ V (Puw) \ {w} and k ∈ Z, τk(v) 6= 0 implies

2k <
dT (u,w)

ε(ϕ(χ(u, p(u)))− ϕ(a))
. (2.77)

Clearly such a vertex exists, because the conditions are vacuously satisfied for w = u. We

now prove some properties of the map Γa.

Lemma 2.37. Consider any a ∈ χ(E) and u ∈ V (T (a)) such that Γa(u) 6= u. Then we

have Γa(u) = vc for some c ∈ χ(E(Puva)) \ {a}.

Proof. Let w ∈ V (PuΓa(u)) be such that Γa(u) = p(w). The vertex w always exists because

Γa(u) ∈ V (Pu) \ {u}. If χ(w,Γa(u)) 6= χ(Γa(u), p(Γa(u))) then Γa(u) is vc for some c ∈
χ(E(Pu va)) \ {a}.

Now, for the sake of contradiction suppose that χ(w,Γa(u)) = χ(Γa(u), p(Γa(u))). In

this case, we show that for all v ∈ Pu p(Γa(u)) \ {p(Γa(u))}, and k ∈ Z, τk(v) 6= 0 implies

2k <
dT (u, p(Γa(u)))

ε(ϕ(χ(u, p(u)))− ϕ(a))
. (2.78)

This is a contradiction since by definition of Γa, it must be that Γa(u) is the closest vertex

to the root satisfying this condition, yet p(Γa(u)) is closer to root than Γa(u).

Observe that,

V (Pu p(Γa(u))) \ {p(Γa(u))} = V (PuΓa(u)) .

We first verify (2.78) for Γa(u) and k ∈ Z with τk(Γa(u)) 6= 0. Since Γa(u) ∈ V (Pu), we

have

dT (u,Γa(u)) ≤ dT (u, p(Γa(u))). (2.79)

Recalling that p(w) = Γa(u), by Lemma 2.20 for all k ∈ Z, τk(Γa(u)) ≤ τk(w), therefore for

all k ∈ Z, with τk(Γa(u)) 6= 0, we have τk(w) 6= 0 as well, hence (2.77) implies

2k <
dT (u,Γa(u))

ε(ϕ(χ(u, p(u)))− ϕ(a))

(2.79)

≤ dT (u, p(Γa(u)))

ε(ϕ(χ(u, p(u))− ϕ(a))
. (2.80)
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For all other vertices, v ∈ V (PuΓa(u)) \ {Γa(u)}, and k ∈ Z with τk(v) 6= 0 by (2.77),

2k <
dT (u,Γa(u))

ε(ϕ(χ(u, p(u)))− ϕ(a))

(2.79)

≤ dT (u, p(Γa(u)))

ε(ϕ(χ(u, p(u)))− ϕ(a))
, (2.81)

completing the proof.

Lemma 2.38. Suppose that a ∈ χ(E) and u ∈ V (T (a)). For any w ∈ V (PuΓa(u)), such

that χ(u, p(u)) = χ(w, p(w)) we have Γa(w) ∈ V (PuΓa(u)).

Proof. For the sake of contradiction, suppose that Γa(w) /∈ V (PuΓa(u)). Since w ∈ V (Pu),

and Γa(w) /∈ V (PuΓa(u)), we have Γa(w) ∈ V (PΓa(u)), and

dT (u,Γa(u)) ≤ dT (u,Γa(w)). (2.82)

Since w ∈ V (PuΓa(u)) by assumption, for all vertices, we have V (Puw)\{w} ⊆ V (PuΓa(u))\
{Γa(u)}. Thus for all v ∈ V (Puw) \ {w} and k ∈ Z with τk(v) 6= 0 by (2.77),

2k <
dT (u,Γa(u))

ε(ϕ(χ(u, p(u)))− ϕ(a))

(2.82)

≤ dT (u,Γa(w))

ε(ϕ(χ(u, p(u)))− ϕ(a))
. (2.83)

The fact that w ∈ V (PuΓa(u)) also implies that dT (w,Γa(w))) ≤ dT (uΓa(w))). There-

fore, for all vertices v ∈ V (Pw Γa(w)) \ {Γa(w)} and k ∈ Z with τk(v) 6= 0 by (2.77),

2k <
dT (w,Γa(w))

ε(ϕ(χ(w, p(w)))− ϕ(a))
≤ dT (u,Γa(w))

ε(ϕ(χ(w, p(w)))− ϕ(a))
=

dT (u,Γa(w))

ε(ϕ(χ(u, p(u)))− ϕ(a))
.

(2.84)

We have,

V (PuΓa(w)) = V (Puw) ∪
(
V (Pw Γa(w)) \ {Γa(w)}

)
.

Hence, by (2.83) and (2.84), for all v ∈ V (PuΓa(w)) \ {Γa(w)} and k ∈ Z, τk(v) 6= 0 implies

2k <
dT (u, p(Γa(w)))

ε(ϕ(χ(u, p(u)))− ϕ(a))
. (2.85)

This is a contradiction to the definition of Γa(u), since Γa(u) must be the closest vertex to

the root satisfying this condition, yet Γa(w) is closer to root than Γa(u).

Defining representatives for γc. Now, for each c ∈ χ(E), we define a small set of

representatives for vertices in γc. Later, we use these sets to bound the contraction of pairs

of vertices that have one endpoint in γc.
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For a ∈ χ(E) and c ∈ χ(E(T (a))) \ {a}, we define the set Ra(c) ⊆ V (γc), the set of

representatives for γc, as follows

Ra(c) =

dlog2
1
δ
e−1⋃

i=0

{
u ∈ V (γc) :u is the furthest vertex

from vc s.t. Γa(u) 6= u and d(u, vc) ≤ 2−i len(γc)
}
. (2.86)

The next lemma says when a vertex has a close representative.

Lemma 2.39. Consider a ∈ χ(E) and c ∈ χ(E(T (a))) \ {a}. For all vertices u ∈ V (γc)

with Γa(u) 6= u there exists a w ∈ Ra(c) such that,

dT (u, vc) ≤ dT (w, vc) ≤ 2 max
(
dT (u, vc), δ len(γc)

)
.

Proof. Let i ≥ 0 be such that

dT (u, vc)

len(γc)
∈
(
2−i−1, 2−i

]
.

If i ≤ dlog2
1
δ e − 1, then (2.86) implies that either u ∈ Ra(c), or there exists a w ∈ Ra(c)

such that

dT (u, vc) < dT (w, vc) ≤
len(γc)

2i
≤ 2 dT (u, vc).

On the other hand, if i > dlog2
1
δ e− 1, then (2.86) implies that either u ∈ Ra(c), or that

there exists a w ∈ Ra(c), such that

dT (u, vc) < dT (w, vc) ≤
len(γc)

2dlog2
1
δ
e−1
≤ 2δ len(γc),

completing the proof.

The following lemma, in conjunction with Lemma 2.39, reduces the number of vertices

in V (γc) that we need to analyze using Lemma 2.36.

Lemma 2.40. Let (X, d) be a pseudometric, and let f : V → X be a 1-Lipschitz map. For

x, y ∈ V , and x′, y′ ∈ V (Pxy) and h ≥ 0, if d(f(x), f(y)) ≥ dT (x, y)−h then d(f(x′), f(y′)) ≥
dT (x′, y′)− h.
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Proof. Suppose without loss of generality that dT (x′, x) ≤ dT (y′, x). Using the triangle

inequality,

d(f(x′), f(y′)) ≥ d(f(x), f(y))− d(f(x), f(x′))− d(f(y), f(y′))

≥ (dT (x, y)− h)− d(f(x), f(x′))− d(f(y), f(y′))

≥ dT (x, y)− dT (x, x′)− dT (y, y′)− h

= dT (x′, y′)− h .

The following lemma constitutes the inductive step of the proof of Lemma 2.33.

Lemma 2.41. There exists a universal constant C, such that for any color c ∈ χ(E) ∪
{χ(r, p(r))}, the following holds. Suppose that, with non-zero probability, for all c′ ∈ ρ−1(c),

and for all pairs x, y ∈ V (T (c′)), we have

(1− Cε) dT (x, y)− δ ρχ(x, y; δ) ≤
∑

i∈Z
‖fi,c′(x)− fi,c′(y)‖1 ≤ dT (x, y) . (2.87)

Then with non-zero probability for all x, y ∈ V (T (c)), we have

(1− Cε) dT (x, y)− δ ρχ(x, y; δ) ≤
∑

i∈Z
‖fi,c(x)− fi,c(y)‖1 ≤ dT (x, y) . (2.88)

Proof. Let E denote the event that, for all c′ ∈ ρ−1(c), and all x, y ∈ V (T (c′)), we have

dT (x, y) ≥
∑

i∈Z
‖fi,c′(x)− fi,c′(y)‖ ≥ (1− Cε)dT (x, y)− δρχ(x, y; δ) . (2.89)

We will prove the lemma by showing that, conditioned on E , (2.88) holds with non-zero

probability.

For x, y ∈ V (T (c)) we define,

µ(x, y) = max{ϕ(a) : a ∈ χ(E) and x, y ∈ V (T (a))} .

Note that since x, y ∈ V (T (c)), we have

µ(x, y) ≥ ϕ(c) . (2.90)
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It is easy to see that if µ(x, y) > ϕ(c), then x, y ∈ V (T (c′)) for some c′ ∈ ρ−1(c). By

construction, if c′ ∈ ρ−1(c) and x, y ∈ V (T (c′)), then

‖fi,c(x)− fi,c(y)‖ = ‖fi,c′(x)− fi,c′(y)‖,

hence E implies that (2.88) holds for all such pairs. Thus in the remainder of the proof, we

need only handle pairs x, y ∈ V (T (c)) with µ(x, y) = ϕ(c).

Write χ(E(T (c))) = {c1, c2, . . . , cn}, where the colors are ordered so that ϕ(cj) ≤ ϕ(cj+1)

for j = 1, 2, . . . , n− 1. Let ε1 = 24ε, where the constant 24 comes from Lemma 2.36. And

let ε2 = 2 · C ′ε, where C ′ is the constant from Lemma 2.26.

For i ∈ [m], we define the event Xi as follows: For all j ≤ i, and all x ∈ V (γci) and

y ∈ V (γcj ) with µ(x, y) = ϕ(c), we have

∑

k∈Z
‖fk,c(x)− fk,c(y)‖1 ≥ dT (x, y)− ε1dT (x, y)− ε2dT (Γc(x),Γc(y))− δρχ(x, y; δ). (2.91)

For all pairs x ∈ V (γci) and y ∈ V (γcj ), the event Xmax(i,j) implies,

∑

k∈Z
‖fk,c(x)− fk,c(y)‖1 ≥ dT (x, y)− (ε1 + ε2)dT (x, y)− δρχ(x, y; δ).

In particular this shows that for C = 2 ·C ′+ 24, if the events X1, X2, . . . , Xn all occur, then

(2.88) holds for all pairs x, y ∈ V (T (c)). Hence we are left to show that

P[X1 ∧ · · · ∧Xn | E ] > 0 .

To this end, we define new events {Yi : i ∈ [n]} and we show that for every i ∈ [n],

PE [X1 ∧ · · · ∧Xi | X1 ∧ · · · ∧Xi−1 ∧ Yi] = 1 , (2.92)

and then we bound the probability that Yi does not occur by,

PE
[
Yi
]
≤ 2−3(ϕ(ci)−ϕ(c))+1 . (2.93)

By, Lemma 2.31 and the definition of fk,c (2.54), we have PE [X1] = 1. Since for all i ∈
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{2, . . . n}, ci ∈ χ(E(T (c))) \ {c}, we have

PE [X1 ∧ · · · ∧Xn] ≥ 1−
n∑

i=2

PE
[
Yi
]

(2.93)

≥ 1−
n∑

i=2

2−3(ϕ(ci)−ϕ(c))+1

(2.24)
> 1− 2 · 2(2−3) = 0,

which completes the proof.

For each i ∈ [n], we define the event Yi as follows: For all j < i, and all vertices x ∈ Rc(ci)
and y ∈ V (γcj ) with µ(x, y) = ϕ(c), we have

∑

k∈Z
‖fk,c(x)− fk,c(y)‖1 −

∑

k∈Z
‖fk,c(Γc(x))− fk,c(y)‖1 ≥ (1− ε1/2) dT (x,Γc(x)) . (2.94)

We now complete the proof of Lemma 2.41 by proving (2.92) and (2.93).

Proof of (2.92). Suppose that X1, . . . , Xi−1 and Yi hold. We will show that Xi holds as

well. First note that for all vertices in x, y ∈ V (γci), by Lemma 2.31 and the definition of

fk,ci (2.54), we have

dT (x, y) =
∑

k∈Z
‖fk,ci(x)− fk,ci(y)‖1 =

∑

k∈Z
‖fk,c(x)− fk,c(y)‖1,

thus we only need to prove (2.91) for pairs x ∈ V (γci), and y ∈ V (γcj ) for j < i and

µ(x, y) = ϕ(c). We now divide the pairs with one endpoint in γci into two cases based on

Γc.

Case I: x ∈ V (γci) with x 6= Γc(x), and y ∈ V (γcj ) for some j < i, and µ(x, y) = ϕ(c).

In this case, by Lemma 2.39, there exists a vertex z ∈ Rc(ci) such that

d(x, vci) ≤ d(z, vci) ≤ 2 max (δ len(E(γci)), dT (x, vci)) .

If d(x, vci) ≤ δ len(E(γci)), then by (2.19), we have len(E(γci)) = ρχ(x, vci ; δ), hence

dT (z,Γc(z)) ≤ dT (vci ,Γc(z)) + 2 max(δ len(E(γci)), dT (x, vci))

≤ dT (vci ,Γc(z)) + 2 max(δ ρχ(x, vci ; δ), dT (x, vci))

≤ dT (vci ,Γc(z)) + 2 δ ρχ(x, vci ; δ) + 2 dT (x, vci)

≤ 2δ ρχ(x, vci ; δ) + 2 dT (x,Γc(z)). (2.95)
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Figure 2.9: Position of vertices in the subtree T (c) for Case I.

Since z ∈ Rc(ci), by definition we have Γc(z) 6= z, therefore by Lemma 2.37, Γc(z) = vc′

for some color c′ ∈ χ(Pz vc)\{c}. The function ϕ is non-decreasing along any root leaf path,

hence χ(Γc(z), p(Γc(z))) = c` for some ` < i.

We refer to Figure 2.9 for the relative position of the vertices referenced in the following

inequalities. Using our assumption that X1, . . . , Xi−1 and Yi hold, we can write

∑

k∈Z
‖fk,c(z)−fk,c(y)‖1

Yi≥ dT (Γc(z), z)− (ε1/2) dT (z,Γc(z)) +
∑

k∈Z
‖fk,c(Γc(z))− fk,c(y)‖1

Xmax(`,j)

≥ dT (Γc(z), z)− (ε1/2) dT (z,Γc(z))

+ dT (Γc(z), y)− ε2 dT (Γc(Γc(z)),Γc(y))− ε1 dT (Γc(z), y)− δ ρχ(Γc(z), y; δ)

≥ dT (y, z)− (ε1/2) dT (z,Γc(z))

− ε2 dT (Γc(Γc(z)),Γc(y))− ε1 dT (Γc(z), y)− δ ρχ(Γc(z), y; δ) .

We may assume that ε1 < 1, otherwise there is nothing to prove. Using the preceding
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inequality, and applying Lemma 2.40 on pairs (z, y) and (x, y) implies that

∑

k∈Z
‖fk,c(x)− fk,c(y)‖1 ≥ dT (x, y)− (ε1/2) dT (z,Γc(z))

− ε2 dT (Γc(Γc(z)),Γc(y))− ε1 dT (Γc(z), y)− δ ρχ(Γc(z), y; δ)

(2.95)

≥ dT (x, y)− (ε1/2)
(

2 dT (x,Γc(z)) + 2δ ρχ(x, vci ; δ)
)

− ε2 dT (Γc(Γc(z)),Γc(y))− ε1 dT (Γc(z), y)− δ ρχ(Γc(z), y; δ).

where in the last line we have used the fact that ε1 ≤ 1.

We have χ(x, p(x)) = χ(z, p(z)) = ci. Moreover, since Γc(z) 6= z, using Lemma 2.37 it is

easy to check that x ∈ Pz Γc(z). Therefore, by Lemma 2.38, dT (Γc(Γc(z)), y) ≤ dT (Γc(z), y) ≤
dT (Γc(x), y), and combining this with the preceding inequality yields,

∑

k∈Z
‖fk,c(x)− fk,c(y)‖1 ≥ dT (x, y)− (ε1/2)

(
2 dT (x,Γc(z)) + 2δ ρχ(x, vci ; δ)

)

− ε2 dT (Γc(x),Γc(y))− ε1 dT (Γc(z), y)− δρχ(Γc(z), y; δ).

Recall the definition of C(x, y; δ) in (2.19). Since by Lemma 2.37, Γc(z) = vc′ for

some color c′ ∈ χ(Pz vc) \ {c}, we have C(Γc(z), y; δ) ⊆ C(vci , y; δ), hence ρχ(vci , y; δ) ≥
ρχ(Γc(z), y; δ) and thus,

∑

k∈Z
‖fk,c(x)− fk,c(y)‖1 ≥ dT (x, y)− (ε1/2)

(
2 dT (x,Γc(z)) + 2δ ρχ(x, vci ; δ)

)

− ε2 dT (Γc(x),Γc(y))− ε1 dT (Γc(z), y)− δ ρχ(vci , y; δ)

≥ dT (x, y)− ε1 dT (x,Γc(z))− ε2 dT (Γc(x),Γc(y))− ε1dT (Γc(z), y)

− δ
(
ρχ(vci , y; δ) + ε1ρχ(x, vci ; δ)

)

≥ dT (x, y)− ε1 dT (x,Γc(z))− ε2 dT (Γc(x),Γc(y))− ε1dT (Γc(z), y)

− δ
(
ρχ(x, vci ; δ) + ρχ(vci , y; δ)

)
,

where in the last line we have again used that ε1 < 1.

The set of colors that appear on the paths Px vci and Pvciy are disjoint, therefore
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ρχ(x, y; δ) = ρχ(x, vci ; δ) + ρχ(vci , y; δ), and

∑

k∈Z
‖fk,c(x)− fk,c(y)‖1

≥ dT (x, y)− ε1 dT (x,Γc(z))− ε2 dT (Γc(x),Γc(y))− ε1 dT (Γc(z), y)− δρχ(x, y; δ)

= dT (x, y)− ε1 dT (x, y)− ε2 dT (Γc(x),Γc(y))− δρχ(x, y; δ).

Case II: x ∈ V (γci) with x = Γc(x), and y ∈ V (γcj ) for some j < i, and µ(x, y) = ϕ(c).

In this case, we first note that since c = c1, x /∈ V (γc). Hence we can suppose that

x ∈ V (T (c′)) for some c′ ∈ ρ−1(c). Recall that ε2
2 = C ′ε, where C ′ is the constant from

Lemma 2.26. By Lemma 2.26 (with c′, x, and ε2
2 substituted for c, v, and ε, respectively,

in the statement of Lemma 2.26), there exist vertices u, u′ ∈ {x} ∪ {va : a ∈ χ(E(Px vc′ ))}
such that

dT (x, u) ≤ (ε2/2) dT (u′, u). (2.96)

and for all vertices z ∈ V (Pu′u) \ {u′} and for all k ∈ Z,

τk(z) 6= 0 =⇒ 2k <

(
dT (u, u′)

ε(ϕ(χ(u, p(u)))− ϕ(χ(vc′ , p(vc′))))

)
.

We have χ(vc′ , p(vc′)) = c, and this condition is exactly the same condition as (2.77) for

Γc(u), therefore

dT (x, u) ≤ (ε2/2) dT (u′, u) ≤ (ε2/2) dT (Γc(u), u). (2.97)

Note that the assumption that Γc(x) = x implies that, u 6= x and u = va for some color

a ∈ χ(E(Px vc′ )).

We have,

∑

k∈Z
‖fk,c(x)− fk,c(y)‖1 −

∑

k∈Z
‖fk,c(u)− fk,c(y)‖1 ≥ −

∑

k∈Z
‖fk,c(x)− fk,c(u)‖1

(2.35)
= −dT (x, u)

(2.97)

≥ dT (x, u)− ε2 dT (u,Γc(u))

≥ dT (x, u)− ε2 dT (x,Γc(u))

= dT (x, u)− ε2 dT (Γc(x),Γc(u)). (2.98)
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Since u = va for some color a ∈ χ(E(Px vc′ )), χ(u, p(u)) = c`, for some ` < i, and Xmax(`,j)

implies that,

∑

k∈Z
‖fk,c(u)− fk,c(y)‖1 ≥ dT (u, y)− ε2 dT (Γc(u),Γc(y))− ε1 dT (u, y)− δ ρχ(u, y; δ).

Recall the definition of C(x, y; δ) in (2.19). We have u = va for some color a ∈ (E(Px vc′ )),

therefore C(u, y; δ) ⊆ C(x, y; δ), and ρχ(u, y; δ) ≤ ρχ(x, y; δ). Now we can write,

∑

k∈Z
‖fk,c(u)− fk,c(y)‖1 ≥ dT (u, y)− ε2 dT (Γc(u),Γc(y))− ε1 dT (u, y)− δ ρχ(x, y; δ).

(2.99)

Adding (2.98) and (2.99) we can conclude that

∑

k∈Z
‖fk,c(x)− fk,c(y)‖1 ≥ dT (u, y) + dT (u, x)− ε2 (dT (Γc(x),Γc(u)) + dT (Γc(u),Γc(y)))

− ε1 dT (x, y)− δ ρχ(x, y; δ)

≥ dT (x, y)− ε2 dT (Γc(x),Γc(y))− ε1 dT (x, y)− δ ρχ(x, y; δ),

completing the proof of (2.92).

Proof of (2.93). We prove this inequality by first bounding the probability that (2.94)

holds for a fixed x and all y ∈ V (γcj ) (for a fixed j ∈ {1, . . . , i − 1}) with µ(x, y) = ϕ(c).

Then we use a union bound to complete the proof.

We start the proof by giving some definitions. For a vertex x ∈ Rc(ci), let

Sx =
{
j ∈ {1, . . . , i− 1}: there exists a v ∈ V (γcj ) such that µ(x, v) = ϕ(c)

}
.

And for a ∈ Sx, we define w(x; a) as the vertex v ∈ V (γa) which is furthest from the root

among those satisfying µ(x, v) = ϕ(c). Finally for x ∈ Rc(ci), we put

βx = max
{
k ∈ Z : ∃z ∈ PxΓc(x) \ {Γc(x)}, τk(z) 6= 0

}
.

Inequality (2.77) implies,

2βx <
dT (x,Γc(x))

ε(ϕ(ci)− ϕ(c))
. (2.100)
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By definition of Rc, for all elements x ∈ Rc(ci), we have Γc(x) 6= x. Moreover, by

Lemma 2.37, Γc(x) = vc′ for some c′ ∈ χ(E(Px vc)) \ {c}. Now, for x ∈ Rc(ci) and a ∈ Sx
we apply Lemma 2.36 with ε1/2 = 12ε to write

PE

[
∃y ∈ Pw(x;a),vc :

∑

k∈Z
‖fk,c(x)− fk,c(y)‖1

≤ (1− ε1/2)dT (x,Γc(x)) +
∑

k∈Z
‖fk,c(y)− fk,c(Γc(x))‖1

]

≤ 1

dlog2 1/δeexp

(
−12

dT (x,Γc(x))

2βx+2 ε

)

(2.100)

≤ exp(−3(ϕ(ci)− ϕ(c)))

dlog2 1/δe . (2.101)

Note that, for all y ∈ V (γca) with µ(x, y) = ϕ(c), we have y ∈ Pw(x;a),vc .

By definition of Rc(ci), |Rc(ci)| ≤ dlog2 δ
−1e. We also have ϕ(cj) ≤ ϕ(ci) for j < i, and

by Corollary 2.23, |Sx| ≤ i < 2ϕ(ci)−ϕ(c)+1. Taking a union bound over all x ∈ Rc(ci) and

a ∈ Sx implies,

PE [Yi]
(2.101)

≤
∑

x∈Rc(ci)

|Sx|
(

1

dlog2 δ
−1e exp(−3(ϕ(ci)− ϕ(c)))

)

<
(
dlog2 δ

−1e2ϕ(ci)−ϕ(c)+1
)( 1

dlog2 δ
−1e exp(−3(ϕ(ci)− ϕ(c)))

)

= 2ϕ(ci)−ϕ(c)+1 exp(−3(ϕ(ci)− ϕ(c))) .

Since ϕ(ci) ≥ ϕ(c), by an elementary calculation we conclude that

PE [Yi] < 2 · 2−3(ϕ(ci)−ϕ(c)) ,

which completes the proof of (2.93).

Finally, we present the proof of Lemma 2.33.

Proof of Lemma 2.33. Let C be the same constant as the constant in Lemma 2.41. For the

sake of contradiction, suppose that

P

[
∀x, y ∈ V, (1− Cε) dT (x, y)− δ ρχ(x, y; δ) ≤

∑

i∈Z
‖fi(x)− fi(y)‖1 ≤ dT (x, y)

]
= 0 .
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Now let c ∈ χ(E) ∪ {χ(r, p(r))} be a color with a maximal value of ϕ(c) such that,

P

[
∀x, y ∈ V (T (c)), (1− Cε) dT (x, y)− δ ρχ(x, y; δ) ≤

∑

i∈Z
‖fi,c(x)− fi,c(y)‖1 ≤ dT (x, y)

]
= 0 .

(2.102)

For a ∈ χ(E), κ(a) > 0. Hence, for all c′ ∈ ρ−1(c), by (2.33), ϕ(c′) > ϕ(c), and by

maximality of c, for all c′ ∈ ρ−1(c), we have

P

[
x, y ∈ V (T (c′)), (1− Cε) dT (x, y)− δ ρχ(x, y; δ) ≤

∑

i∈Z
‖fi,c′(x)− fi,c′(y)‖1 ≤ dT (x, y)

]
> 0 .

But now applying Lemma 2.41 contradicts (2.102), completing the proof.

2.5 Lower Bound

For n ∈ N, the n-star graph is a tree on n nodes such that one node has degree n − 1 and

all the other nodes have degree one. In this section we prove the following theorem.

Theorem 2.42 (restatement of 2.3). For ε ∈ (0, 1
16) and n ≥ 1/ε2, any embeddings of

n-star into `d1 with distortion 1 + ε requires dimension d = Ω
(

log(n)
ε2 log(1/ε)

)
.

2.5.1 Proof of Theorem 2.3

To prove Theorem 2.3 we first bound the number of almost-disjoint probability measures

that we can put on a finite set, and then we use Lemma 2.43 to derive a bound on the

dimension required for embedding n-star into `1 with distortion 1 + ε.

Let X be a finite set, and let S be a set of measures on the ground set X. We say that

S is ε-unrelated, if for all distinct elements µ, η ∈ S,

‖µ− η‖TV ≥
1

2
(µ(X) + η(X))− ε,

where ‖ · ‖TV is the total variation of the measure.

The following lemma is an easy corollary of a fact from [92]. We include the proof of

this lemma for completeness.

Lemma 2.43. For every ε ∈ (0, 1) and k ∈ N, if there exists a map from n-star to `k1 with

distortion 1+ε, then there exists an ε-unrelated set of probability measures on {1, . . . , 2k+1}
of size n− 1.
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Proof. Let f : V → `d1 be a map from n-star into `d1 that satisfies the condition of the

lemma, and let r ∈ V be the vertex with degree n − 1. By translation, we may assume

that f(r) = 0. For all other vertices v ∈ V \ {r}, we have ‖f(v)‖1 ≤ 1. For each vertex

v ∈ V \ {r} define the measure µv as follows

µv({i}) =





max(0, f(v)i) 1 ≤ i ≤ k

max(0,−f(v)i) k + 1 ≤ i ≤ 2k

1− ‖f(v)‖1 i = 2k + 1,

where we use f(v)i to denote the ith coordinate of f(v). The set S has size n− 1. To verify

the pairwise distance between elements of the set, note that for all u, v ∈ V \ {r} we have

‖µu − µv‖TV =
1

2
(‖f(u)− f(v)‖1 + |(1− ‖f(u)‖1)− (1− ‖f(u)‖1)|) ≥ ‖f(u)− f(v)‖1.

Since f has distortion 1 + ε, for any two distinct elements u, v ∈ S, we have

‖f(u)− f(v)‖1 ≥
(

2

1 + ε

)
≥ 2(1− ε).

The next lemma is the final ingredient that we need to prove Theorem 2.3. Let Mk

be the set of all measures on the set {1, 2, . . . , k}, and let Pk be the set of all probability

measures on the set {1, 2, . . . , k}.

Lemma 2.44. There exists a universal constant C, such that for ε ≤ 1/16 the following

statement holds. If there exists an ε-unrelated set S ⊆ Pk, then there exists a 1
2 -unrelated

set T ⊆ Pk of size at least |S|14 such that for all µ ∈ T , we have |supp(µ)| ≤ dCε(ε+ 1
n)d)e.

We can now present the proof of Theorem 2.3.

Proof of Theorem 2.3. Suppose that there is a map from n-star to `d1 with distortion 1 + ε.

Then, by Lemma 2.43 there exists a ε-unrelated set of probability measures on {2d + 1}
of size n − 1. Thus by Lemma 2.44, there must exist a 1

2 -unrelated set S of probability

measures on {1, . . . , 2d+1} of size Ω(n) such that all elements of S has support size at most
⌈
C · ε ·

(
ε+

1

n− 1

)
· (2d+ 1)

⌉
,
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for some universal constant C.

We now divide the problem into two cases. In the case that Cε(ε + 1
|S|)(2d + 1) < 1,

the support size of each element in S is exactly one, therefore |S| ≤ 2d+ 1. Moreover, since

ε−2 ≤ n we have

d = Ω(|S|) = Ω(n) = Ω

(
log n

ε2 log(1/ε)

)
,

which completes the proof for this case.

In the second case, Cε(ε+ 1
|S|)(2d+ 1) ≥ 1. In this case since 1

|S| = O(ε), hence the sup-

port size of each element in S is bounded byO(ε2d). There are at most exp(O((ε2 log(1/ε))d))

different supports of size O(ε2d) for elements in S. Moreover, the balls of radius 1/2 around

points in S are disjoint and they are all inside the ball of radius 1.5 around origin. Therefore,

if we fix a support of size O(ε2d), there are at most 3O(ε2d) = exp(O(ε2d)) different points

in S that can share this support.

This in turn implies that

|S| ≤ exp(O((ε2 log(1/ε))d)) · exp(O(ε2d))

≤ exp(O(ε2 log(1/ε) + ε2)d)

≤ exp(O(ε2 log(1/ε)d)),

hence, d = Ω
(

log |S|
ε2 log(1/ε)

)
, completing the proof.

Now, we need to prove Lemma 2.44. We start by stating some simple properties of total

variation distance.

For a finite set S and measures η, µ : 2S → [0,∞), we define

min(ν, η)(T ) =
∑

x∈T
(min{µ({x}), η({x})}).

For k ∈ N, and measures µ, η ∈Mk, we have

‖µ− η‖TV =
1

2
(µ([k]) + η([k]))−min(µ, η)([k]). (2.103)

We also use the following partial order on finite measures on the set S: µ � η, if and only

if for all T ∈ S, µ(T ) ≤ η(T ).

The following observation is immediate from (2.103).
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Observation 2.45. For k ∈ N, and measures µ, η, µ′, η′ ∈ Mk, such that µ′ � µ and

η′ � η, if for some ε ≥ 0,

‖µ− η‖TV ≥
1

2
(µ([k]) + η([k]))− ε,

then

‖µ′ − η′‖TV ≥
1

2
(µ′([k]) + η′([k]))− ε.

The next lemma is the final ingredient that we need to prove Lemma 2.44.

Lemma 2.46. Let δ ∈ (0, 1) and S ⊂ [0,∞) such that

δ · (|S| − 1) ·
∑

x∈S
x ≥

∑

x,y∈S,x6=y
min(x, y). (2.104)

Then there exists a set T ⊆ S, such that
∑

x∈T x ≥ 1
2

∑
x∈S x and |T | ≤ dδ(|S| − 1)e.

Proof. Let n = |S|, and let a1 ≥ . . . ≥ an ≥ 0 be the elements of S in decreasing order. We

have
n∑

i=1

n∑

j=1
i 6=j

min(ai, aj) =
n∑

i=1

n∑

j=1
i 6=j

amax(i,j) =
n∑

i=1

2(i− 1)ai.

Let k = dδ(|S| − 1)e, we divide the above sum into two parts

n∑

i=1

n∑

j=1
i 6=j

min(ai, aj) =
k∑

i=1

2(i−1)ai+
n∑

i=k+1

2(i−1)ai ≥
n∑

i=k+1

2(i−1)ai ≥ 2k
n∑

i=k+1

ai ≥ 2δ(|S|−1)
n∑

i=k+1

ai.

Combining this inequality and (2.104) implies that
∑n

i=k+1 ai ≤ 1
2

∑
x∈S x, therefore

∑k
i=1 ai ≥

1
2

∑
x∈S x. Hence the set T = {a1, . . . , ak} satisfies both conditions of the lemma.

Proof of Lemma 2.44. We prove this lemma by showing that each of the following state-

ments imply the next one.

I) There exists an ε-unrelated set S ⊂ Pk of size n.
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II) There exists an ε-unrelated set S ⊂Mk of size n such that

(a) for all µ ∈ S, µ([k]) ≤ 1;

(b)
∑

µ∈S µ([k]) ≥ n/4;

(c)
∑

µ∈S |supp(µ)| < (2εn+ 1)k;

III) There exists an ε-unrelated set S ⊂Mk of size at least n/14 such that

(a) for all µ ∈ S, |supp(µ)| < 14
(
2ε+ 1

n

)
k;

(b) for all µ ∈ S, we have µ([k]) ≥ 1/8;

IV) There exists a set that satisfies all conditions of this Lemma.

To make the notation more succinct for a given set S ⊂Mk, we define,

∆S =
∑

µ,η∈S,µ6=η
min(µ, η).

Note that, if for some ε ∈ [0, 1], S ∈ Pk is ε-unrelated, then (2.103) implies that

∆S([k]) ≤
∑

µ,η∈S,µ6=η

1

2
(µ([k]) + η([k]))− ‖µ− η‖TV ≤

∑

µ,η∈S,µ6=η
1− (1− ε) = ε|S| · (|S| − 1).

(2.105)

I ⇒ II: Let SI ⊂ Mk be an ε-unrelated, and let X be a random variable with state space

{1, . . . , k} such that

Pr(X = i) =

∑
µ∈SI

µ({i})∑
µ∈SI

µ([k])
.

We have

E

[
∆SI

(X)∑
( µ ∈ SI)µ(X)

]
=

1

|SI|
k∑

i=1

∆SI
(i) =

1

|SI|
∆SI

([k])
(2.105)

≤ ε(|SI| − 1),

Markov’s inequality implies that

Pr

(
∆SI

(X)∑
µ∈SI µ(X)

≤ 2ε(|SI| − 1)

)
≥ 1

2
.
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Now let

A =

{
i :

∆(SI)i∑
µ∈SI µ({i}) ≤ 2ε(|SI| − 1)

}
.

We have
∑

µ∈SI

µ(A) =
∑

µ∈SI

∑

i∈A
Pr(X = i) ·

∑

µ∈SI

µ([k]) ≥ 1

2

∑

µ∈SI

µ([k]). (2.106)

By Lemma 2.46 for all i ∈ A, there exists a set Wi ⊆ SI such that |Wi| ≤ d2ε(|SI| − 1)e,
and

∑

µ∈Wi

µ({i}) ≥ 1

2

∑

µ∈SI

µ({i}). (2.107)

For µ ∈ SI, let Yµ = {i : µ ∈Wi}.
Let SII = {µ ◦ IYµ}µ∈SI

. Since µ ◦ IYµ � µ, SII satisfies II(a). Furthermore, Observa-

tion 2.45 implies that the set {µ ◦ IYµ}µ∈SI
is ε-unrelated. Inequality

∑

µ∈SI

µ(Yµ)
(2.107)

≥ 1

2

∑

i∈A

∑

µ∈SI

µ(i) =
1

2

∑

µ∈SI

µ(A)
(2.106)

≥ |SI|/4

implies that SII satisfies II(b). And, Condition II(c) also holds because

∑

µ∈SI

|supp(µ ◦ IYµ)| =
∑

i∈A
|Wi| < 2ε(|SI| − 1)|A|+ |A| ≤ (2ε|SI|+ 1)k.

II ⇒ III: Suppose that SII is an ε-unrelated set S ⊂ Mk of size n that satisfies all the

conditions of II. We have max{µ([k])}µ∈SII
≤ 1, and

∑
µ∈SII

µ([k]) ≥ |SII|/4. Therefore,

there exists a set S′ ⊆ SII such that for all µ ∈ S′, µ([k]) ≥ 1/8, and

|S′| ≥
(

1/4− 1/8

1− 1/8

)
|SII| ≥

n

7
.

By Markov’s inequality, there exists a set SIII such that |SIII| ≥ 1
2 |S′| ≥ 1

14 |SII|, where

for all µ ∈ SIII,

supp(µ) ≤ 2

∑
µ∈S′ |supp(µ)|
|S′| ≤ 2

∑
µ∈SII

|supp(µ)|
|S′| ≤ 2

∑
µ∈SII

|supp(µ)|
|SII|/7

II(c)

≤ 14k(2ε+
1

n
).

The set SIII has size at least n
14 and by definition it satisfies conditions (a) and (b) of

III.
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III ⇒ IV: Suppose SIII is a an ε-unrelated set S ⊂ Mk of size at least n/14. For each

element in µ ∈ SIII, let Zµ ∈ {1, . . . , k} be the set of
⌈
16 · ε

(
14d(2ε+ 1

n)
)⌉

elements of

{1, . . . , k} that has the largest measures with respect to µ (break the ties arbitrarily). Since

ε ≤ 1
8 , for all µ ∈ S′ we have

µ(Zµ) ≥ 1

8

(
16 · ε(14k(2ε+ 1

n))

14k(2ε+ 1
n)

)
= 2ε. (2.108)

Let SIV =
{
µ◦IZµ
µ(Zµ)

}
µ∈SIII

. It is easy to check that SIV ⊂ Pk, and has size n
14 . Moreover, by

our construction for all µ̄ ∈ SIV, |supp(µ̄)| ≤ d224ε(2ε + 1
n)d)e. To complete the proof we

need to show SIV is 1
2 -unrelated. Note that µ, η ∈ SIII, by Observation 2.45 implies that

min(η ◦ IZη , µ ◦ IZµ)([k])
(2.103)

=
µ(Zµ) + η(Zµ)

2
− ‖µ ◦ IZη − µ ◦ IZη‖TV ≤ ε.

Therefore,
∥∥∥∥
µ ◦ IZµ
µ(Zµ)

− η ◦ IZη
η(Zη)

∥∥∥∥
TV

(2.103)
= 1−min

(
µ ◦ IZµ
µ(Zµ)

,
η ◦ IZη
η(Zη)

)
([k])

(2.108)

≥ 1−min

(
µ ◦ IZµ

2ε
,
η ◦ IZη

2ε

)
([k])

(2.103)

≥ 1

2
.

2.5.2 Extension to k-ary trees

In this section we show that any lower bound on the distortion of the maps from of the star

graph into `d1 also gives a lower bound for embedding of complete k-ary trees into `d1.

Lemma 2.47. Let T be a complete k-ary tree of height h ≥ 1 for some k > 1, and let

f : T → `d1 be a map with distortion (1 + ε) for some 0 ≤ ε ≤ 1
4 , then there exists a map

from (1 + kdh/2e)-star into `d1 with distortion 1 + 4ε.

Note that for any k-ary tree of height h, we have kdh/2e = Ω(
√
|V (T )|). Hence, combining

this lemma with Theorem 2.3 immediately gives the following corollary.

Corollary 2.48. There exists a universal constant δ, such that, for any ε ∈ (0, δ), n ≥ Nε

and k > 1, any embedding of complete k-ary tree of size n into `d1 with distortion 1 + ε

requires dimension d = Ω
(

log(n)
ε2 log(1/ε)

)
.
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Proof of Lemma 2.47. For the case that h = 1 this lemma is vacuous. Suppose now that

h > 1. We construct a map g from (1 + kdh/2e)-star into `d1 as follows.

Let S be the set of vertices at height dh/2e (we use the convention that height of root

is zero). For any element v ∈ S, pick an arbitrary leaf lv, of the subtree under the vertex v.

We set g(r) = 0. For all other vertices of the star we index them with distinct elements of

S, and set

g(v) =
f(lv)− f(v)

h− dh/2e .

First note that, if the map f is non-expanding then g is also non-expanding. Moreover

for two distinct elements u, v ∈ S we have

2(h− dh/2e) + dT (u, v) = dT (u, v) + dT (lv, v) + dT (lu, u)

= dT (lu, lv)

≥ ‖f(lu)− f(lv)‖1

≥ ‖f((lu)− f(u))− (f(lv)− f(v))‖1 + ‖f(u)− f(v)‖1

≥ ‖f((lu)− f(u))− (f(lv)− f(v))‖1 + (1− ε)dT (u, v).

Therefore,

‖f((lu)− f(u))− (f(lv)− f(v))‖1 ≥ 2(h− dh/2e)− εdT (u, v)

≥ 2(h− dh/2e)− 2εdh/2e

≥ 2(h− dh/2e)− 4ε(h− dh/2e)

≥ (2− 4ε)(h− dh/2e).

Since ε ≤ 1/4, using the above inequality we can bound the distortion for the map g by

1
1−2ε ≥ 1 + 4ε.
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Chapter 3

EMBEDDINGS AND SCALES

3.1 Results

We divide the results presented in this chapter into two categories. We first present our

results for `p, where p > 1 and then present the results for the case that p = 1. While both

approaches to these two cases have some similarities the techniques and the results have

some fundamental differences.

3.1.1 Lower Bounds on Embedding into `p for p > 1

Suppose one is given a collection of mappings from some finite metric space (X, d) into

a Euclidean space, each of which reflects the geometry at some “scale” of X. Is there a

non-trivial way of gluing these mappings together to form a global mapping which reflects

the entire geometry of X? In this chapter, we show that the approaches of [57] and [66] are

optimal, disproving a conjecture stated in [66].

The Gluing Lemma of [66] (generalizing the approach of [57]) shows that the existence of

such a collection {ϕk} yields a Euclidean embedding of (X, d) with distortion O(
√
α log n).

This is known to be tight when α = Θ(1) [87] and also when α = Θ(log n) [76, 8], but

nowhere in between. In fact, in [66], Lee conjectured that one could achieve O(α+
√

log n)

(this is indeed stronger, since one can always construct {ϕk} with α = O(log n)).

In this chapter, we give a family of examples which shows that the
√
α log n bound is tight

for any dependence α(n) = O(log n). In fact, we show more. Let λ(X) denote the doubling

constant of X, i.e. the smallest number λ so that every open ball in X can be covered by λ

balls of half the radius. In [57], using the method of “measured descent,” the authors show

that (X, d) admits a Euclidean embedding with distortion O(
√

log λ(X) log n). (This is a

special case of the Gluing Lemma since one can always find {ϕk} with α = O(log λ(X)) [45]).

Again, this bound was known to be tight for λ(X) = Θ(1) [59, 60, 45] and λ(X) = nΘ(1)
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[76, 8], but nowhere in between. We provide the matching lower bound for any dependence

of λ(X) on n. We also generalize our method to give tight lower bounds on `p distortion

for every fixed p > 1.

Theorem 3.1. For any positive nondecreasing function λ(n), there exists a family of n-

vertex metric graphs {Gi}i∈N such that λ(Gi) . λ(n), and for every fixed p > 1,

cp(Gi) & (log n)1/q(log λ(n))1−1/q,

where q = max{p, 2}.

3.1.2 Lower Bounds on Embedding into `1 and NEG

The main theorem that we prove on embedding into negative type metrics and `1 is the

following theorem.

Theorem 3.2. There exists an O(1)-half-snowflake for which any embedding into a metric

of negative type incurs distortion at least (log n)1/3−o(1).

We refer the readers to Section 1.3.3 for the background and motivation behind the

study of Negative Type Metrics and Snowflakes.

Our work also implies a lower bound for embedding over scales in `1. Suppose that

(X, d) is an n-point metric space, and furthermore that for every value k ∈ Z, there exists

a 1-Lipschitz map ϕk : X → `1 such that for x, y ∈ X satisfying d(x, y) ≥ 2k,

‖ϕk(x)− ϕk(y)‖1 ≥
2k

α
. (3.1)

On the one hand, we have the following.

Theorem 3.3 ([66]). There exists an embedding of (X, d) into `1 with distortion O(
√
α log n).

On the other hand, the work of Cheeger and Kleiner [27] shows that even if α = O(1),

the distortion can go to infinity, and [28] gives a definite bound of Ω(log n)δ0 for some small

δ0 > 0. In this chapter we provide a new construction and that yields the following lower

bound.
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Theorem 3.4. There exist n-point metric spaces (X, d) which satisfy (3.1) with α = O(1),

but such that c1(X, d) ≥ (log n)1/3−o(1). In fact, we even have cNEG(X, d) ≥ (log n)1/3−o(1).

We prove the upper bound part of this theorem in Section 3.4.2 and prove the lower

bound part in Section 3.4. It is worth mentioning that this results was recently improved

by Lee and Sidiropoulos [74].

The k-sum embedding conjecture. In [73], it is conjectured that if a family of finite

graphs F is such that every shortest-path metric supported on a member of F embeds into `1

with distortion O(1), then the family ⊕kF has the same property, for every k ∈ N, where the

⊕k(·) notation denotes the closure of F under the operation of taking k-sums along cliques

(see [73] for a formal description). These authors refer to this as the “k-sum embedding

conjecture.” The conjecture is open even for k = 2. One of the main results of [73] is

that the k-sum embedding conjecture, combined with the well-known planar embedding

conjecture, implies the GNRS max-flow/min-cut conjecture in excluded-minor families [46].

Our results show that there exists an unweighted graph G whose shortest-path metric

embeds into `1 with constant distortion, but that by taking repeated 2-sums of G with itself,

one obtains a graph whose `1 distortion becomes arbitrarily large. This does not disprove

the k-sum conjecture, because we have only considered a single shortest-path metric on G,

but it does show that the proof must use something about the entire set of embeddings for

metrics on G, as opposed to merely an embedding of the given metric on G.

3.2 Techniques and Overview of the Proofs

To construct the family of graphs that we use in this section we use a recursive construction

of graphs based on [65]. We use G�k to denote the following iterated graph: G�0 is a single

edge, and G�k+1 arises by replacing every edge of G�k with a copy of G, with s and t taking

the place of the endpoints of the edge.

Indeed, the base graphs used to prove lower bounds for embedding into `1 and `p for p > 1

are different. We first present the recursive construction that we use in our constructions

which is slight generalization of �-product from [65].
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Figure 3.1: A single edge H, H �K2,3, and H �K2,3 �K2,2.

3.2.1 Marked �-products

An s-t graph G is a graph which has two distinguished vertices s, t ∈ V (G). For an s-t

graph, we use s(G) and t(G) to denote the vertices labeled s and t, respectively. We define

the length of an s-t graph G as len(G) = dlen(s, t). Throughout chapter, we will only be

concerned with symmetric s-t graphs, i.e. graphs for which there is a graph automorphism

which maps s to t. We assume that all s-t graphs are symmetric in the following definitions.

A marked graph G = (V,E) is one which carries an additional subset EM (G) ⊆ E of marked

edges. Every graph is assumed to be equipped with the trivial marking EM (G) = E(G)

unless a marking is otherwise specified.

Definition 3.5 (Composition of s-t graphs). Given two marked s-t graphs H and G, define

H�G to be the s-t graph obtained by replacing each marked edge (u, v) ∈ EM (H) by a copy

of G. Formally,

• V (H �G) = V (H) ∪ (EM (H)× (V (G) \ {s(G), t(G)})) .

• For every edge (u, v) ∈ E(H) \ EM (H), there is a corresponding edge in H �G.

• For every edge e = (u, v) ∈ EM (H), there are |E(G)| edges,

{(
(e, v1), (e, v2)

)
| (v1, v2) ∈ E(G), v1, v2 /∈ {s(G), t(G)}

}

∪
{(
u, (e, w)

)
| (s(G), w) ∈ E(G)

}

∪
{(

(e, w), v
)
| (w, t(G)) ∈ E(G)

}
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• The marked edges of H �G are precisely those introduced in the previous step which

correspond to marked edges in G.

• s(H �G) = s(H) and t(H �G) = t(H).

If H and G are equipped with length functions lenH , lenG, respectively, we define len =

lenH�G as follows. Using the preceding notation, for every edge e = (u, v) ∈ EM (H),

len ((e, v1), (e, v2)) =
lenH(e)

dlenG(s(G), t(G))
lenG(v1, v2)

len (u, (e, w)) =
lenH(e)

dlenG(s(G), t(G))
lenG(s(G), w)

len ((e, w), v) =
lenH(e)

dlenG(s(G), t(G))
lenG(w, t(G)).

This choice implies that H �G contains an isometric copy of (V (H), dlenH ).

See Figure 3.5 for an example.

Definition 3.6 (Recursive composition). Given a marked s-t graph G and a number k ∈ N,

we define G�k inductively by letting G�0 be a single edge of unit length, and setting G�k =

G�k−1 �G.

The following result is straightforward.

Lemma 3.7 (Associativity of �). For any three graphs s-t graphs A,B,C, the graphs

(A�B)�C and A� (B�C) are isomorphic as s-t graphs, and isometric as metric spaces,

under the natural mapping.

Definition 3.8. For two graphs G, H, a subset of vertices X ⊆ V (H) is said to be a copy

of G if there exists a bijection f : V (G)→ X with distortion 1.

Now we make the following two simple observations about copies of H and G in H �G.

Observation 3.9. The graph H � G contains |EM (H)| distinguished copies of the graph

G, one copy corresponding to each edge in H.

Observation 3.10. The subset of vertices V (H) ⊆ V (H � G) form an isometric copy of

H.
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3.2.2 Overview of the proof for embeddings into `p, with p > 1

In some sense, our lower bound examples are an interpolation between the multi-scale

method of [87] and [59], and the expander Poincaré inequalities of [76, 8, 79]. We start with

a vertex-transitive expander graph G on m nodes. If D is the diameter of G, then we create

D + 1 copies G1, G2, . . . , GD+1 of G where u ∈ Gi is connected to v ∈ Gi+1 if (u, v) is an

edge in G, or if u = v. We then connect a vertex s to every node in G1 and a vertex t to

every node in GD+1 by edges of length D. This yields the graph ~G described in Section

3.3.2.

In Section 3.3.3, we show that whenever there is a non-contracting embedding f of ~G

into `2, the following holds. If γ = ‖f(s)−f(t)‖
d~G(s,t) , then some edge of ~G gets stretched by at

least
√
γ2 + Ω(logm)2, i.e. there is a “stretch increase.” This is proved by combining the

uniform convexity of `2 (i.e. the Pythagorean theorem), with the well-known contraction

property of expander graphs mapped into Hilbert space. To convert the “average” nature

of this contraction to information about a specific edge, we symmetrize the embedding over

all automorphisms of G (which was chosen to be vertex-transitive).

To exploit this stretch increase recursively, we construct a graph ~G�k. Now a simple in-

duction shows that in a non-contracting embedding of ~G�k, there must be an edge stretched

by at least Ω(
√
k logm). In Section 3.3.4, a similar argument will be made for `p distortion,

for p > 1, but here we have to argue about “quadrilaterals” instead of “triangles” (in order

to apply the uniform convexity inequality in `p), and it requires slightly more effort to find

a good quadrilateral.

Finally, we observe that if G̃ is the graph formed by adding two tails of length 3D hanging

off s and t in ~G, then (following the analysis of [59, 60]), one has log λ(G̃�k) . logm. The

same lower bound analysis also works for G̃�k, so since n = |V (G̃�k)| = 2Θ(k logm), the

lower bound is

√
k logm ≈

√
logm log n &

√
log λ(G̃�k) log n,

completing the proof.
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3.2.3 Overview of the proof for embeddings into `1 and NEG

The arguments and proofs for embeddings into `1 are more delicate and significantly more

complicated than the case for p > 1. The main difference between these two case is that

unlike other `p metric spaces, the shortest path between two points in `1 is not unique, hence

the quadrilateral inequality that arises from uniform convexity does not hold for `1. Instead

of relying on the quadrilateral inequality, we use the notion of “efficienct” embedding to

prove our lower bounds1. We will discuss this in depth in Section 3.4.1. Our proof uses the

following general framework:

i) We first construct a base graph G;

ii) Next, we show that if there is a low distortion embedding of G�k into any metric

space then there is an “efficient” embedding G;

iii) Finally, we show that there are no efficient embedding of G into `1 or NEG.

In the rest of this section we give a high level overview of each step of the proof.

Construction of the base graph

Let G be an unweighted graph with two distinguished vertices s, t ∈ V (G).

For a parameter m ∈ N, consider now the graph Hm constucted as follows. Let Qm

be the m-dimensional hypercube graph, and write V (Qm) = Bm ∪Rm, where Bm and Rm

denote the nodes of even and odd parity, respectively. Then Qm is bipartite with respect

to the partition (Bm, Rm). Hm is the graph which consists of 2m layers of the form

B(1)
m R(1)

m B(2)
m R(2)

m B(3)
m R(3)

m · · ·B(m)
m R(m)

m , (3.2)

where B
(i)
m and R

(i)
m denote disjoint copies of Bm and Rm for i = 1, 2, . . . ,m, and hypercube

edges are present between every pair of adjacent layers.

1in fact our techniques yield a lower bound for embedding into NEG which contains all finite `1 metrics
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{0, 1}m

m copies

ss′ t t′

Figure 3.2: The “string of cubes” graph, which we recursively compose with itself.

We also add to Hm two nodes: s′ connected to all the nodes of B
(1)
m by edges of length m

and a t′ connected the nodes of R
(m)
m by edges of length m. Finally, we add two distinguished

vertices s and t and connect s to s′ and t to t′ by two unmarked edges of length 1
m .

We call Hm the “string of cubes” graph. See Figure 3.2. Our final construction is of

the form Gk,m = Ĥ�km for appropriate values of k,m ∈ N, where Ĥm is a slightly modified

version of Hm. We use dk,m to denote the shortest-path metric on Gk,m.

Differentiation and Efficiency

The analysis is based on a “differentiation”-type argument. At a very broad level, we first

argue that any low-distortion embedding must be well-controlled on a small piece of our

lower bound space, and then show that any well-controlled embedding is quite rigid in

structure, allowing us to prove a lower bound.

Generalizations of classical differentiation theory have played a prominent role in proving

the non-existence of bi-Lipschitz embeddings between various spaces, when the target space

Z is sufficiently nice; see, for instance [90, 23, 71, 11, 24]. But this approach does not apply

to targets like `1 which does not even guarantee differentiability for Lipschitz mappings

f : R→ `1.

More recently, however, Cheeger and Kleiner [27, 25] have successfully applied weaker no-

tions of differentiability to the study of `1 embeddings of the Heisenberg group. Subsequent

papers [65, 26, 28] continue this theme. Ours is the first work to apply these techniques to
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Efficient 

Not efficient f(x1) 

f(xn) 

f(xn) 

f(x1) 

Figure 3.3: Demonsatration of of a non-efficient and an efficient embedding of line into R2.

prove non-embeddability into negative-type metrics.

A central role will be played by the efficiency of various “paths” in metric spaces, follow-

ing [38, 65]. Consider a finite sequence of points equipped with a non-negative symmetric

function ρ (which may not satisfy the triangle inequality), S = {x1, x2, . . . , xk}. We say

that S is ε-efficient (with respect to dist) if

k−1∑

i=1

ρ(xi, xi+1) ≤ (1 + ε) ρ(x1, xk).

Note that if ρ is a metric, then the left-hand side is always at least ρ(x1, xk), by the triangle

inequality. See Figure 3.3 for demonstration.

The first key aspect of our approach is that we reduce the embeddability of G�k to the

study of specific types of embeddings for the base graph G. For a graph G and two nodes

s, t ∈ V (G), let Ps,t(G) denote the set of all s-t shortest-paths in G. In Section 3.4.1, we

prove a quantitative variant of the following theorem, based on the “coarse differentiation”

methodology of [38].

Theorem 3.11. Let (Y, dY ) be any metric space, and suppose that cY (G�k) ≤ D for all

k = 1, 2, . . .. Then for every ε > 0, there exists an embedding f : G → Y with distor-

tion at most D, and such that for every sequence {x1, x2, . . . , xr} ∈ Ps,t(G), the sequence

{f(x1), f(x2), . . . , f(xr)} is ε-efficient in (Y, dY ).

A more general result was proved in [65], but in this work we obtain a quantitative

improvement for the special case of iterated graphs.

Snowflake embedding: On the other hand, in the setting of half-snowflakes, we have a
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partial converse to the preceding theorem. If there is an embedding

f : (G,
√
dG)→ `2

with distortion D, and such that for every sequence

{x1, x2 . . . , xr} ∈ Ps,t(G),

the sequence {f(x1), f(x2), . . . , f(xr)} is ε-efficient with respect to the distance ‖f(xi) −
f(xj)‖22, then for every k = O(1/ε), the graph G�k is an O(D)-half-snowflake. (We are

actually only able to prove this for a modification of the graph G�k.)

Because of these two results, we are able to focus on a separation between embeddings

of our base graph Hm into negative-type metrics and half-snowflakes, respectively, with the

additional property that the embeddings are ε-efficient on s-t shortest-paths. Analyzing

efficient (and approximately efficient embeddings) is the technical core of our approach,

which we now address.

Poincaré Inequalities, Lower Bounds and Efficiency

To explain some of the difficulty in separating NEG metrics from half-snowflakes, we re-

mark that for general `p embeddings, all distortion lower bounds can be proved using 1-

dimensional Poincaré inequalities. However, 1-dimensional Poincaré inequalities cannot

separate these two classes and a high-dimensional argument is necessary.

Let (X, d) be a finite metric space and fix p ≥ 1. For any two symmetric weight functions

ω1, ω2 : X × X → R+, we say that X satisfies an `p-Poincaré inequality with weights ω1

and ω2 if for every mapping f : X → R,

∑

x,y∈X
ω1(x, y)|f(x)− f(y)|p ≤

∑

x,y∈X
ω2(x, y)|f(x)− f(y)|p.

In this case, by integrating, we obtain that for every f : X → `p,

∑

x,y∈X
ω1(x, y)‖f(x)− f(y)‖pp ≤

∑

x,y∈X
ω2(x, y)‖f(x)− f(y)‖pp.
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x!

y!

z!

w!

Figure 3.4: An example of Poincaré inequalities is quadrilaterals inequality ‖x− z‖22 + ‖y−
w‖22 ≤ (‖x− y‖22 + ‖y − z‖22 + ‖z − w‖22 + ‖w − x‖22).

Finally, if f : X → `p has finite distortion, the preceding inequality says that

1

‖f−1‖pLip

∑

x,y∈X
ω1(x, y)d(x, y)p ≤ ‖f‖pLip

∑

x,y∈X
ω2(x, y)d(x, y)p,

which implies that the distortion of f satisfies

dist(f) = ‖f‖Lip · ‖f−1‖Lip ≥
(∑

x,y∈X ω1(x, y)d(x, y)p∑
x,y∈X ω2(x, y)d(x, y)p

)1/p

.

Thus every `p-Poincaré inequality which (X, d) satisfies yields a lower bound on the dis-

tortion required to embed (X, d) into `p. It is well-known that a simple duality argument

implies that this method is universal for proving distortion lower bounds (see [78, Ch. 15]).

Thus even proving lower bounds on embedding (X, d) into infinite-dimensional `p spaces

can be done entirely in the setting of 1-dimensional maps.

On the other hand, it is clear that `2-Poincaré inequalities for the space (X,
√
d) cannot

provide a separation between half-snowflakes and NEG embeddings. In order to separate

these two classes, for mappings f : X → `2, one has to use the high-dimensional structure

of the image f(X). We do this using the “differentiation” methodology discussed in the

next section, since we are able to get very strong local control on f , allowing us to give a

rigid interpretation of the high-dimensional structure of f when it is an NEG embedding.



103

A lower bound for efficient embeddings into NEG: Poincaré boosting. Recall that

Hm consists of m hypercubes C1, C2, . . . , Cm strung together as in (3.2). First, we recall

the classical Poincaré inequality of Enflo [35] for the discrete m-cube. For any f : Qm → R,

we have

Ex∈Qm |f(x)− f(x̄)|2 ≤
m∑

i=1

Ex∈Qm |f(x)− f(x⊕ ei)|2, (3.3)

where we use x̄ to denote x with all coordinates flipped, and x ⊕ ei to denote x with the

ith coordinate flipped. By integrating, we easily conclude that for any f : Qm → `2,

Ex∈Qm‖f(x)− f(x̄)‖2 ≤
m∑

i=1

Ex∈Qm‖f(x)− f(x⊕ ei)‖2. (3.4)

Obviously, this inequality does not yield any lower bound on the distortion for embedding

Qm into NEG (since it embeds into `1, and hence NEG isometrically).

But suppose we are given an embedding g : Hm → `2 which is an isometric negative-type

embedding, in the sense that ‖g(x) − g(y)‖2 = dHm(x, y) for all x, y ∈ Hm. Now, for each

i, let gi = g|Ci : Qm → `2 be the restriction of g to the ith copy of Qm in Hm, where we

think of all the maps {gi}mi=1 as having the same domain. If we simply applied (3.4) to each

f = gi and summed the resulting inequalities, we would again achieve no non-trivial lower

bound.

Instead, we apply (3.4) to the mapping f = g1 + g2 + · · ·+ gm. By the strictness of the

property that g is an isometry (when the range is considered with the squared norm ‖ · ‖2),

all the vectors {gi(x)− gi(x̄)}mi=1 are colinear, and one concludes that,

‖f(x)− f(x̄)‖2 =




m∑

j=1

‖gj(x)− gj(x̄)‖




2

. (3.5)

On the other hand, if we (by abuse of notation) consider a shortest-path in Hm of the form

x − x⊕ ei − x − x⊕ ei − x − x⊕ ei − · · ·

(where the elements of the path lie in the respective sets B
(1)
m , R

(1)
m , B

(2)
m , R

(2)
m , . . .), then

by the fact that g is an isometry, for any pairs of adjacent nodes x, x′ and y, y′ in such a

path, we have g(x) − g(x′) and g(y) − g(y′) being orthogonal. This implies that for every

x ∈ Qm and i ∈ [m], we have for every j, k ∈ [m], the property that gj(x)− gj(x⊕ ei) and
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gk(x) − gk(x ⊕ ei) are orthogonal (actually, this only holds for j and k of the same parity,

but ignore this small issue).

We conclude that if f = g1 + g2 + · · · gm, then

‖f(x)− f(x⊕ ei)‖2 =
m∑

j=1

‖gj(x)− gj(x⊕ ei)‖2. (3.6)

From (3.5), (3.6), and (3.4), we get a “boosted” Poincaré inequality of the form

Ex∈Qm




m∑

j=1

‖gj(x)− gj(x̄)‖




2

≤
m∑

j=1

m∑

i=1

Ex∈Qm‖gj(x)− gj(x⊕ ei)‖2. (3.7)

Notice that to obtain this inequality, we needed to use the fully high-dimensional version

(3.4) instead of (3.3), because we used the high-dimensional relationship between the various

maps {gi}mi=1.

Now, if we were told in advance that (3.7) holds, and also that each gj has distortion

at most D (again, when the range is considered with the squared distance ‖ · ‖2), it would

immediately yield a lower bound of D ≥ m. (Assuming each gj is 1-Lipschitz, the right-hand

side is at most m2, while the left-hand side is at least m3/D.)

Of course, we started with the assumption that g was isometric, so this simply proves

that Hm does not admit an isometric negative-type embedding. But now the main point is

that every aspect of the preceding argument is robust. In Section 3.4.8, we prove a stable

version of (3.5) using a distortion bound for g, and a stable version of (3.6) using the

assumption that g is ε-efficient on a large fraction of s-t shortest-paths in Hm.

Combining all this together in Section 3.4.8 shows that Hm does not admit a low-

distortion negative-type metric which is ε-efficient on most s-t paths (for ε small enough).

Combined with a differentiation theorem like Theorem 3.11, this shows that the iterated

graph Gk,m does not admit a low-distortion negative-type metric for k,m large enough.

An upper bound for efficient embeddings into half-snowflakes. The preceding

discussion yields only part of the separation between half-snowflakes and negative-type

metrics. For the other side, using the “snowflake embedding” method mentioned earlier for

the iterated graph Gk,m, it suffices to construct an embedding f : (Hm,
√
dHm)→ `2 which

has small distortion, and such that every s-t shortest-path in Hm is mapped 0-efficiently,
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when the range is considered with the squared distance ‖ ·‖2. To illustrate how this is done,

we will argue for the path metric P on the points {1, 2, . . . , n}. In the actual construction,

the following argument is carried out for all the shortest s-t paths simultaneously.

Suppose that f : P → `2 satisfies, for all x, y ∈ P ,

|x− y|
D

≤ ‖f(x)− f(y)‖2 ≤ |x− y|. (3.8)

Let v0 = f(n)−f(1)
‖f(n)−f(1)‖ , and put αi = 〈v0, f(i)〉. We will also need to make the assumption

that

α1 ≤ α2 ≤ · · · ≤ αn, (3.9)

which will be satisfied in our constructions.

Now, write every point i ∈ P in the form

f(i) = αiv0 + vi,

where 〈vi, v0〉 = 0. Consider the mapping g(i) = αiv0 + δvi, for some δ ∈ [0, 1].

In this case, we have

n−1∑

i=1

‖g(i+ 1)− g(i)‖2 =
n−1∑

i=1

(αi+1 − αi)2 + δ2‖vi+1 − vi‖2

≤
n−1∑

i=1

(αi+1 − αi)2 + δ2n,

where in the last inequality we have used (3.8).

Note that ‖f(n) − f(1)‖ =
∑

i+1 |αi+1 − αi| by (3.9), and we have |αi+1 − αi| ≤ 1 by

(3.8), hence
n−1∑

i=1

(αi+1 − αi)2 ≤ ‖f(n)− f(1)‖.

On the other hand, ‖g(n)− g(1)‖2 = ‖f(n)− f(1)‖2 ≥ n/D. It follows that for some value

δ & 1/
√
D, we will have

‖g(n)− g(1)‖2 =
n−1∑

i=1

‖g(i+ 1)− g(i)‖2,
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i.e. the image will of P will be 0-efficient. This gives us a general way to obtain 0-efficient

embeddings for half-snowflakes, which would not work for negative-type embeddings (be-

cause in the process of decreasing δ, triangle inequalities that may have been satisfied in

the image could become violated). In Section 3.4.6 we give the details of this embedding

and prove an upper bound for the distortion.

3.3 Glueing over scales

3.3.1 Additional Definitions and Notations

In this section, we use Aut(G) to denote the group of automorphisms of G.

For x ∈ X, r ∈ R+, we define the open ball B(x, r) = {y ∈ X : d(x, y) < r}. Recall that

the doubling constant of a metric space (X, d) is the infimum over all values λ such that

every ball in X can be covered by λ balls of half the radius. We use λ(X, d) to denote this

value.

3.3.2 Metric Construction

Construction. In some sense, our lower bound examples are an interpolation between the

multi-scale method of [87] and [59], and the expander Poincaré inequalities of [76, 8, 79].

We start with a vertex-transitive expander graph G on m nodes. If D is the diameter of G,

then we create D + 1 copies G1, G2, . . . , GD+1 of G where u ∈ Gi is connected to v ∈ Gi+1

if (u, v) is an edge in G, or if u = v. We then connect a vertex s to every node in G1 and a

vertex t to every node in GD+1 by edges of length D. We call this graph ~G.

A doubling version, following Laakso. Let ~G be a s-t graph as in described above,

with D = diam(G), and let s′ = s(~G), t′ = t(~G). Consider a new metric s-t graph G̃, which

has two new vertices s, t and two new edges (s, s′), (t′, t) with len(s, s′) = len(t′, t) = 3D.

Claim 3.12. For any graph G with |V (G)| = m, and any k ∈ N, we have log λ(G̃�k) .

logm.

The proof of the claim is similar to [59, 60], and follows from the following three Obser-

vations and Lemmas.
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t’ s’ 
t s 

Figure 3.5: Base of Laakso Graph.

We define tri(G) = maxv∈V (G)(dlen(s, v)+dlen(v, t)). For any graph G, we have len(G̃) =

d(s, t) = 9D, and it is not hard to verify that tri(G̃�k) ≤ len(G̃�k)(1 + 1
9D−1). For conve-

nience, let G0 be the top-level copy of G̃ in G̃�k, and H be the graph G̃�k−1. Then for any

e ∈ E(G0), we refer to the copy of H along edge e as He.

Observation 3.13. If r > tri(G̃�k)
3 , then the ball B(x, r) in G̃�k may be covered by at most

|V (G̃)| balls of radius r/2.

Proof. For any e ∈ E(G0), we have r > len(e)
len(H)tri(H), so every point in He is less than r/2

from an endpoint of e. Thus all of G̃�k is covered by placing balls of radius tri(G̃�k)
6 around

each vertex of G̃.

Lemma 3.14. If s ∈ B(x, r), then one can cover the ball B(x, r) in G̃�k with at most

|E(G̃)||V (G̃)| balls of radius r/2.

Proof. First consider the case in which r > len(G̃�k)
6 . Then for any edge e in G̃�k, we have

r > len(e)
len(H) ·

tri(H)
3 . Thus by Observation 3.13, we may cover He by |V (G̃)| balls of radius

r/2. This gives a covering of all of G̃�k by at most |E(G̃)||V (G̃)| balls of radius r/2.

Otherwise, assume len(G̃�k)
6 ≥ r. Since s ∈ B(x, r), but 2r ≤ len(G̃�k)

3 , the ball must

be completely contained inside H(s,s′). By induction, we can find a sufficient cover of this

smaller graph.

Lemma 3.15. We can cover any ball B(x, r) in G̃�k with at most 2|V (G̃)||E(G̃)|2 balls of

radius r/2.
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Proof. We prove this lemma using induction. For G̃�0, the claim holds trivially. Next,

if any He contains all of B(x, r), then by induction we are done. Otherwise, for each He

containing x, B(x, r) contains an endpoint of e. Then by Lemma 3.14, we may cover He

by at most |E(G̃)||V (G̃)| balls of radius r/2. For all other edges e′ = (u, v), x /∈ He′ , so we

have:

V (He′) ∩B(x, r) ⊆ B(v,max(0, r − d(x, v))) ∪B(u,max(0, r − d(x, u))).

Thus, using Lemma 3.14 on both of the above balls, we may cover V (He′) ∩ B(x, r) by at

most 2|E(G̃)||V (G̃)| balls of radius r/2. Hence, in total, we need at most 2|V (G̃)||E(G̃)|2

balls of radius r/2 to cover all of B(x, r).

Proof of Claim 3.12. First note that |V (G̃)| = m(D + 1) + 2 . m2. By Lemma 3.15, we

have

λ(G̃�k) ≤ 2|V (G̃)||E(G̃)|2 ≤ 2|V (G̃)|5 . m10.

Hence log λ(G̃�k) . logm.

3.3.3 Lower Bound

For any π ∈ Aut(G), we define a corresponding automorphism π̃ of G̃ by π̃(s) = s, π̃(t) = t,

π̃(s′) = s′, π̃(t′) = t′, and π̃(v(i)) = π(v)(i) for v ∈ V, i ∈ [D + 1].

Lemma 3.16. Let G be a vertex transitive graph. Let f : V (G̃) → `2 be an injective

mapping and define f̄ : V (G̃)→ `2 by

f̄(x) =
1√

|Aut(G)|
(
f(π̃x)

)
π∈Aut(G)

.

Let β be such that for every i ∈ [D+ 1] there exists a vertical edge (u(i), v(i)) with ‖f̄(u(i))−
f̄(v(i))‖ ≥ β. Then there exists a horizontal edge (x, y) ∈ E(G̃) such that

‖f̄(x)− f̄(y)‖2
d
G̃

(x, y)2
≥ ‖̄f(s)− f̄(t)‖2

d
G̃

(s, t)2
+
β2

36
(3.10)

Proof. Let D = diam(G). We first observe four facts about f̄ .
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(F1) ‖f̄(s)− f̄(t)‖ = ‖f̄(s)− f̄(t)‖

(F2) For all u, v ∈ V ,

‖f̄(s)− f̄(v(1))‖ = ‖f̄(s)− f̄(u(1))‖,

‖f̄(t)− f̄(v(D+1))‖ = ‖f̄(t)− f̄(u(D+1))‖.

(F3) For every u, v ∈ V , i ∈ [D],

‖f̄(v(i))− f̄(v(i+1))‖ = ‖f̄(u(i))− f̄(u(i+1))‖.

(F4) For every pair of vertices u, v ∈ V and i ∈ [D + 1],

〈f̄(s)− f̄(t), f̄(u(i))− f̄(v(i))〉 = 0.

Let z = f̄(s)−f̄(t)

‖f̄(s)−f̄(t)‖ . Fix some r ∈ V and let ρ0 = |〈z, f̄(s)− f̄(r(1))〉|, ρi = |〈z, f̄(r(i))−
f̄(r(i+1))〉| for i = 1, 2, . . . , D and ρD+1 = |〈z, f̄(t) − f̄(r(D+1))〉|. Note that, by (F2) and

(F3) above, the values {ρi} do not depend on the representative r ∈ V . In this case, we

have
D+1∑

i=0

ρi ≥ ‖f̄(s)− f̄(t)‖ = 9γD, (3.11)

where we put γ = ‖f̄(s)−f̄(t)‖
d
G̃

(s,t) . Note that γ > 0 since f is injective.

Recalling that d
G̃

(s, t) = 9D and d
G̃

(s, r(1)) = 4D, observe that if ρ2
0 ≥

(
1 + β2

36γ2

)
(4γD)2,

then

max

(
‖f̄(s)− f̄(s′))‖2

d
G̃

(s, s′)2
,
‖f̄(s′)− f̄(r(1))‖2
d
G̃

(s′, r(1))2

)
≥ γ2 +

β2

36
,

verifying (3.10). The symmetric argument holds for ρD+1, thus we may assume that

ρ0, ρD+1 ≤ 4γD

√
1 +

β2

36γ2
≤ 4γD

(
1 +

β2

72γ2

)
.

In this case, by (3.11), there must exist an index j ∈ [D] such that

ρj ≥
(

1− 8β2

72γ2

)
γ =

(
1− β2

9γ2

)
γ.
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Now, consider a vertical edge (u(j+1), v(j+1)) with ‖f̄(u(j)) − f̄(v(j))‖ ≥ β, and u′ =

f̄(u(j)) + ρjz. From (F4), we have

max(‖f̄(u(j))− f̄(u(j+1))‖2, ‖f̄(u(j))− f̄(v(j+1))‖2) =

‖f̄(u(j))− u′‖2 + max(‖u′− f̄(v(j+1))‖2, ‖u′ − f̄(u(j+1)‖2))

≥ ρ2
j +

β2

4

≥
(

1− 2β2

9γ2

)
γ2 +

β2

4

≥ γ2 +
β2

36
,

again verifying (3.10) for one of the two edges (u(j), v(j+1)) or (u(j), u(j+1)).

The following lemma is well-known, and follows from the variational characterization of

eigenvalues (see, e.g. [78, Ch. 15]).

Lemma 3.17. If G = (V,E) is a d-regular graph with second Laplacian eigenvalue µ2(G),

then for any mapping f : V → `2, we have

Ex,y∈V ‖f(x)− f(y)‖2 .
d

µ2(G)
E(x,y)∈E ‖f(x)− f(y)‖2 (3.12)

The next lemma shows that when we use an expander graph, we get a significant increase

in stretch for edges of G̃.

Lemma 3.18. Let G = (V,E) be a d-regular vertex-transitive graph with m = |V | and

µ2 = µ2(G). If f : V (G̃)→ `2 is any non-contractive mapping, then there exists a horizontal

edge (x, y) ∈ E(G̃) with

‖f(x)− f(y)‖2
d
G̃

(x, y)2
≥ ‖f(s)− f(t)‖2

d
G̃

(s, t)2
+ Ω

(µ2

d
(logdm)2

)
. (3.13)

Proof. We need only prove the existence of an (x, y) ∈ E(G̃) such that (3.13) is satisfied

for f̄ (as defined in Lemma 3.16), as this implies it is also satisfied for f (possibly for some

other edge (x, y)).
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Consider any layer G(i) in G̃, for i ∈ [D + 1]. Applying (3.12) and using the fact that f

is non-contracting, we have

E(u,v)∈E ‖f̄(u(i))− f̄(v(i))‖2 = E(u,v)∈E ‖f(u(i))− f(v(i))‖2

&
µ2

d
Eu,v∈V ‖f(u(i))− f(v(i))‖2

≥ µ2

d
Eu,v∈V dG(u, v)2

&
µ2

d
(logdm)2.

In particular, in every layer i ∈ [D + 1], at least one vertical edge (u(i), v(i)) has ‖f̄(u(i))−
f̄(v(i))‖ &

√
µ2
d logdm. Therefore the desired result follows from Lemma 3.16.

We now to come our main theorem.

Theorem 3.19. If G = (V,E) is a d-regular, m-vertex, vertex-transitive graph with µ2 =

µ2(G), then

c2(G̃�k) &

√
µ2k

d
logdm.

Proof. Let f : V (G̃�k) → `2 be any non-contracting embedding. The theorem follows

almost immediately by induction: Consider the top level copy of G̃ in G̃�k, and call it G0.

Let (x, y) ∈ E(G0) be the horizontal edge for which ‖f(x) − f(y)‖ is longest. Clearly this

edge spans a copy of G̃�k−1, which we call G1. By induction and an application of Lemma

3.18, there exists a (universal) constant c > 0 and an edge (u, v) ∈ E(G1) such that

‖f(u)− f(v)‖2
d
G̃�k(u, v)2

≥ cµ2(k − 1)

d
(logdm)2 +

‖f(x)− f(y)‖2
d
G̃�k(x, y)2

≥ cµ2(k − 1)

d
(logdm)2 +

cµ2

d
(logdm)2 +

‖f(s)− f(t)‖2
dG̃�k(s, t)

,

completing the proof.

Corollary 3.20. If G = (V,E) is an O(1)-regular m-vertex, vertex-transitive graph with

µ2 = Ω(1), then

c2(G̃�k) &
√
k logm ≈

√
logm logN,

where N = |V (G̃�k)| = 2Θ(k logm).
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3.3.4 Extension to other `p Spaces

Our previous lower bound dealt only with `2. We now prove the following.

Theorem 3.21. If G = (V,E) is an O(1)-regular m-vertex, vertex-transitive graph with

µ2 = Ω(1), for any p > 1, there exists a constant C(p) such that

cp(G̃
�k) & C(p)k1/q logm ≈ C(p)(logm)1−1/q(logN)1/q

were N = |V (G̃�k)| and q = max{p, 2}.

The only changes required are to Lemma 3.17 and Lemma 3.16 (which uses orthogonal-

ity). The first can be replaced by Matoušek’s [79] Poincaré inequality: If G = (V,E) is an

O(1)-regular expander graph with µ2 = Ω(1), then for any p ∈ [1,∞) and f : V → `p,

Ex,y∈V ‖f(x)− f(y)‖pp ≤ O(2p)p E(x,y)∈E ‖f(x)− f(y)‖pp.

Generalizing Lemma 3.16 is more involved.

Lemma 3.22. Let G be a vertex transitive graph, and suppose p > 1. If q = max{p, 2},
then there exists a constant K(p) > 0 such that the following holds. Let f : V (G̃) → `p be

an injective mapping and define f̄ : V (G̃)→ `p by

f̄(x) =
1

|Aut(G)|1/p
(
f(π̃x)

)
π∈Aut(G)

.

Suppose that β is such that for every i ∈ [D+1], there exists a vertical edge (u(i), v(i)) which

satisfies ‖f̄(u(i)) − f̄(v(i))‖p ≥ β. Then there exists a horizontal edge (x, y) ∈ E(G̃) such

that
‖f̄(x)− f̄(y)‖qp
d
G̃

(x, y)q
≥ ‖f(s)− f(t)‖qp

d
G̃

(s, t)q
+K(p)βq. (3.14)

Proof. Let D = diam(G). For simplicity, we assume that D is even in what follows. We

first observe three facts about f̄ .

(F1) ‖f̄(s)− f̄(t)‖p = ‖f(s)− f(t)‖p

(F2) For all u, v ∈ V ,

‖f̄(s)− f̄(v(1))‖p = ‖f̄(s)− f̄(u(1))‖p,

‖f̄(t)− f̄(v(D+1))‖p = ‖f̄(t)− f̄(u(D+1))‖p.
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(F3) For every u, v ∈ V , i ∈ [D],

‖f̄(v(i))− f̄(v(i+1))‖p = ‖f̄(u(i))− f̄(u(i+1))‖p.

Fix some r ∈ V and let ρ0 = ‖f̄(s) − f̄(r(1))‖p, ρi = ‖f̄(r(2i−1)) − f̄(r(2i+1))‖p for

i = 1, . . . , D/2, ρD/2+1 = ‖f̄(t) − f̄(r(D+1))‖p. Also let ρi,1 = ‖f̄(r(2i−1)) − f̄(r(2i))‖p and

ρi,2 = ‖f̄(r(2i))− f̄(r(2i+1))‖p for i = 1, . . . , D/2.

Note that, by (F2) and (F3) above, the values {ρi} do not depend on the representative

r ∈ V . In this case, we have

D/2+1∑

i=0

ρi ≥ ‖f̄(s)− f̄(t)‖p = 9γD, (3.15)

where we put γ =
‖f(s)−f(t)‖p

d
G̃

(s,t) . Note that γ > 0 since f is injective.

Let δ = δ(p) be a constant to be chosen shortly. Recalling that d
G̃

(s, t) = 9D and

d
G̃

(s, r(1)) = 4D, observe that if ρq0 ≥
(

1 + δ β
q

γq

)
(4γD)q, then

max

(
‖f̄(s)− f̄(s′))‖qp

d
G̃

(s, s′)q
,
‖f̄(s′)− f̄(r(1))‖qp
d
G̃

(s′, r(1))q

)
≥ γq + δβq,

verifying (3.14). The symmetric argument holds for ρD/2+1, thus we may assume that

ρ0, ρD/2+1 ≤ 4γD

(
1 + δ

βq

γq

)1/q

≤ 4γD

(
1 + δ

βq

γq

)
.

Similarly, we may assume that ρi,1, ρi,2 ≤ γ
(

1 + δ β
q

γq

)1/q
for every i ∈ [D/2].

In this case, by (3.15), there must exist an index j ∈ {1, 2, . . . , D/2} such that

ρj ≥
(

1− 8δ
βq

γq

)
2γ.

Now, consider a vertical edge (u(2j), v(2j)) with ‖f(u(2j))− f(v(2j))‖p ≥ β. Also consider

the vertices v(2j−1) and v(2j+1). We now replace the use of orthogonality ((F4) in Lemma

3.16) with the following well-known 4-point inequalities in `p spaces (see [?, App. A]). If

1 < p ≤ 2, then for every u, v, w, x ∈ `p,

‖u− w‖2p + (p− 1)‖x− v‖2p ≤ ‖u− v‖2p + ‖v − w‖2p + ‖x− w‖2p + ‖u− x‖2p.



114

On the other hand, if p ≥ 2, then for every u, v, w, x ∈ `p,

‖u− w‖pp + ‖x− v‖pp ≤ 2p−2
(
‖u− v‖pp + ‖v − w‖pp + ‖x− w‖pp + ‖u− x‖pp

)
.

We apply one of these two inequalities with x = f(u(2j)), v = f(v(2j)), u = f(v(2j−1)), w =

f(v(2j+1)). In the case p ≥ 2, we conclude that

‖f(u(2j))−f(v(2j−1))‖pp+‖f(u(2j))−f(v(2j+1))‖pp ≥ 2−p+2ρpj+2−q+2βp−ρpj,1−ρ
p
j,2

≥ 2γp + 2−p+2βp − 34δpβp.

Thus choosing δ = 21−p

34p yields the desired result for one of (u(2j), v(2j−1)) or (u(2j), v(2j+1)).

In the case 1 ≤ p ≤ 2, we conclude that

‖f(u(2j))− f(v(2j−1))‖2p+‖f(u(2j))− f(v(2j+1))‖2p ≥ ρ2
j + (p− 1)β2 − ρ2

j,1 − ρ2
j,2.

A similar choice of δ again yields the desired result.

3.4 Snowflakes, `1 and Metrics of Negative Type

3.4.1 `1 Metrics on Finite Sets and Cut Measures

For a thorough discussion on the connections between `1 metrics and cut measures; see [34].

Here we recall a couple simple facts. If (X, d) is a finite pseudometric space, and f : X → `1,

then there exists a measure µ on 2X such that for all x, y ∈ X,

‖f(x)− f(y)‖1 =
∑

S⊆X
|1S(x)− 1S(y)|µ(S).

We refer to any such measure µ on subsets of X as a cut measure.

Given a cut measure µ on X, we use dµ to denote the pseudometric which assigns, to

every x, y ∈ X, the value

dµ(x, y) = µ ({S : 1S(x) 6= 1S(y)}) .

Conversely, to every such metric dµ, one can associate a mapping fµ : X → `1 such that for

all x, y ∈ X,

‖fµ(x)− fµ(y)‖1 = dµ(x, y).

For cut measures µ and η, we say that µ ∼= ν if for all S ⊂ X, µ(S) + µ(S̄) = ν(S) + ν(S̄).
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Coarse differentiation

Let G be an s-t graph, (X, d) a metric space, and consider a mapping f : V (G) → X.

Recalling that Ps,t(G) is the set of s-t shortest-paths in G, let µ be a probability measure

on Ps,t = Ps,t(G). We say that f is ε-efficient with respect to µ if it satisfies

Eγ∼µ
∑

uv∈γ
d(f(u), f(v)) ≤ (1 + ε) d(f(s), f(t)).

For a marked s-t graph G, we define its marked length by

lenM (G) = min
γ∈Ps,t

∑

uv∈γ:(u,v)∈EM (G)

lenG(u, v).

Theorem 3.23. Let G be a marked s-t graph. Then for any D ≥ 1 and ε ≥ 2D
(

1− lenM (G)
len(G)

)
,

there exists a k = O(1
ε logD) such that the following holds. For every metric space (X, d)

and mapping f : V (G�k)→ X with distortion D, there exists a copy of G in G�k such that

f |G is ε-efficient with respect to µ.

Proof. Assume, without loss of generality, that f is 1-Lipschitz. We claim that if f is not

ε-efficient with respect to µ on any copy of G in G�k, then

Eγ∼µ�k
∑

uv∈γ
d(f(u), f(v)) ≥

(
1 +

ε

2

)k
d
(
f(s(G�k)), f(t(G�k))

)
, (3.16)

where µ�k is the natural iterated measure on s(G�k)-t(G�k) shortest-paths in G�k. We

prove this by induction on k, where the case k = 0 is trivial.

Write G�k+1 = G � G�k. We have one copy of G�k in G�k+1 for every marked edge

e = (u, v) ∈ EM (G). Denoting this copy by He, by the induction hypothesis, we have

Eγ∼(µ�k)e

∑

uv∈γ
d(f(u), f(v)) ≥

(
1 +

ε

2

)k
d (f(s(He)), f(t(He))) , (3.17)

where we use (µ�k)e to denote the measure on He. Denote now the outer copy of G by G0,

and observe that if it is not mapped ε-efficiently by f , then

Eγ∼µ
∑

uv∈γ
d(f(u), f(v)) ≥ (1 + ε) d(f(s(G0)), f(t(G0)))

= (1 + ε) d
(
f(s(G�k+1)), f(t(G�k+1))

)
,



116

where the distribution µ here is over s(G0)-t(G0) paths in G0
∼= G.

Consider now a term of the form
∑

uv∈γ d(f(u), f(v)) on the left-hand side. Since f is

1-Lipschitz, we have

∑

uv∈γ:(u,v)∈EM (G0)

d(f(u), f(v)) ≥
∑

uv∈γ
d(f(u), f(v))−D

(
1− lenM (G0)

len(G0)

)
dG(s(G0), t(G0))

≥
∑

uv∈γ
d(f(u), f(v))− ε

2
d(f(s(G0)), f(t(G0)))

≥
(

1 +
ε

2

)
d(f(s(G0)), f(t(G0))).

But now since each marked edge is replaced by a copy of G�k in G, every term in the sum
∑

uv∈γ:(u,v)∈EM d(f(u), f(v)) corresponds to the right-hand side of an instance of (3.17),

yielding

Eγ∼µ�k+1

∑

uv∈γ
d(f(u), f(v)) ≥

(
1 +

ε

2

)k+1
d
(
f(s(G�k+1)), f(t(G�k+1))

)
. (3.18)

This preceding line completes our proof of (3.16) by induction. Now, combining the

triangle inequality and the fact that f is 1-Lipschitz, the left-hand side of (3.16) is at most

len(G�k), while the right-hand side is at least

len(G�k)

D

(
1 +

ε

2

)k
,

yielding a contradiction for some k � logD
ε .

3.4.2 The multi-scale Construction

We now describe our main construction, and then we prove some of its basic properties

including the fact that it admits an `1 embedding at every scale. This latter fact represents

half of the proof of Theorem 3.29, and will be used in Section 3.4.6 to prove that the

construction is an O(1)-half-snowflake.

3.4.3 Metric Construction

For a parameter m ∈ N, consider the graph Hm constructed as follows. Let Qm be the m-

dimensional hypercube graph, with the vertex set identified with {0, 1}m and write V (Qm) =
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Bm ∪ Rm, where Bm and Rm denote the nodes of even and odd parity, respectively. Then

Qm is bipartite with respect to the partition (Bm, Rm). We define a graph Hm as follows.

First, Hm contains 2m layers of the form

B(1)
m R(1)

m B(2)
m R(2)

m B(3)
m R(3)

m · · ·B(m)
m R(m)

m , (3.19)

where B
(i)
m and R

(i)
m denote disjoint copies of Bm and Rm for i = 1, 2, . . . ,m, and hypercube

edges are present between every pair of adjacent layers.

We also add to Hm two nodes: s′ connected to all the nodes of B
(1)
m by edges of length m

and t′ connected to the nodes ofR
(m)
m by edges of lengthm. Finally, we add two distinguished

vertices s and t and connect s to s′ and t to t′ by two edges of length 1
m . All other edges of

Hm are given length one. In this way, Hm becomes an s-t graph. See Figure 3.2.

Furthermore, we considerHm as a marked graph with EM (Hm) = E(Hm)\{(s, s′), (t, t′)}.
We use [Qm]i to denote the i-th copy of Qm in Hm, i.e. V (Qm) = B

(i)
m ∪R(i)

m . For a vertex

x ∈ V (Qm), we use [x]i to denote the corresponding vertex in [Qm]i. Even though Hm is

an undirected graph, we will sometimes consider ordered pairs ~e = (u, v).

Let τ ∈ N be a sufficiently large constant (see (3.42) and (3.49) for the required lower

bound on τ). We construct Ĥm from Hm by replacing each marked edge e ∈ EM (Hm) with

a path of length τmlen(e), all of whose edges are marked, and have length 1
τm . Our final

construction is of the form Ĥ�km for appropriate choices of m, k ∈ N.

We equip these graphs with the shortest-path metric, which we denote dm,k. There is

a natural injection V (H�km ) → V (Ĥ�km ), which will allow us to also write dm,k(x, y) for

x, y ∈ V (H�km ).

The main reason behind using Ĥm, instead of using Hm is the way that the analysis

work in Section 3.4.7. Having unmarked edges s− s′ and t− t′, implies that for all marked

edges (u, v) ∈ EM (Ĥm),

max
a∈{s,t},b∈{u,v}

dĤm
(a, b) ≥ τ lenĤm

(u, v). (3.20)

This inequality provides a separation between different copies of Ĥm in Ĥ�km . This separation

is one of the ingredients used in the proof of Theorem 3.37 and Lemma 3.41. However, all

the proofs in the current section and Section 3.4.8 can be modified to work with H�km .
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!
1/h!

Figure 3.6: Random extension of a cut on an edge.

Extending Cut Measures

Before we describe the embedding, we need to introduce some of the tools that we need.

In this section we discuss how one can randomly extend cuts from graph metrics to their

subdivisions.

Randomly extending to a subdivision. Let G be a metric graph, and for h ∈ N,

let Gh denote the metric graph where every edge e ∈ E(G) is replaced by a path of h

edges, each of length len(e)/h. Orient each e ∈ E(G), and denote the new path between

the endpoint of e = (u, v) by {u = Pe(0), Pe(1), . . . , Pe(h) = v}.
Given any subset S ⊆ V (G), we define a random subset exth(S) ⊆ V (Gh) as follows.

Let {Xe}e∈E(G) be a family of i.i.d. uniform [0, 1] random variables, and put

exth(S) = S ∪
⋃

(u,v)∈E(G)

{
Pe(i) : Xe ≤

h− i
h

1S(u) +
i

h
1S(v)

}
. (3.21)

It is easy to check that the distribution of exth(S) does not depend on the orientation chosen

for the edges of G. The preceding operation corresponds to taking a cut S ⊆ V (G) in the

original graph, and extending it to Gh in the following way: For every edge (u, v) ∈ E(G)
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that is cut by S, we cut the new path from u to v in Gh uniformly at random (see Figure 3.6).

Now, given a cut measure µ, we define the extension Ehµ to be the cut measure on Gh

defined by

Ehµ(S) = µ(S ∩ V (G)) · P(S = exth(S ∩ V (G))),

for every subset S ⊆ V (Gh). By abuse of notation, given a mapping f : V (G)→ `1, we will

use Ehf : V (Gh)→ `1 to denote the mapping which arises from constructing a cut measure

µf from f , applying Eh, and then passing back to an `1-valued mapping. (Recall Section

3.4.1.)

The following observation is immediate from (3.21).

Observation 3.24. For any graph G, h ∈ N, and (x, y) ∈ E(G), if vertices u, v ∈ V (Gh)

are on the path that replaced the edge (x, y) ∈ E(G), then for every f : V (G)→ `1, we have

‖Esf(u)− Esf(v)‖1 =
dGh(u, v)

dGh(x, y)
‖f(x)− f(y)‖1.

Lemma 3.25. For any graph G and h ∈ N, the following holds. For every f : V (G)→ `1,

we have

dist(Esf) ≤ 5 · dist(f).

Proof. We may assume that ‖f‖Lip ≤ 1. One easily verifies that in this case, ‖Ehf‖Lip ≤
1 as well. We will identify V (G) with the natural subset of V (Gh). Consider an edge

(x, y) ∈ E(G), and let P be the path of length h between x and y in Gh. For u, v ∈ P , by

Observation 3.24 we have

‖Esf(u)− Esf(v)‖1 = ‖f(x)− f(y)‖1
dGh(u, v)

dGh(x, y)
≥ dGh(u, v)

dist(f)
. (3.22)

Now, consider the case when u, v ∈ V (Gh) do not lie on the same G-edge in Gh. Let

u′, v′ ∈ V (G) be such that dGh(u, u′) = dGh(u, V (G)) and dGh(v, v′) = dGh(v, V (G)). By

the triangle inequality,

‖Esf(u)−Esf(v)‖1 ≥ ‖Esf(u′)−Esf(v′)‖1−‖Esf(u)−Esf(u′)‖1−‖Esf(v)−Esf(v′)‖1 . (3.23)
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On the other hand, since dGh(u, u′) = dGh(u, V (G)), for any given cut S ⊆ V (G), we

have

‖Es1S(u)− Es1S(v)‖1 = Pr[Es1S(v) = Es1S(u′)]‖Es1S(u)− Es1S(u′)‖1

+ Pr[Es1S(v) 6= Es1S(u′)](1− ‖Es1S(u)− Es1S(u′)‖1)

≥ Pr[Es1S(v) = Es1S(u′)]‖Es1S(u)− Es1S(u′)‖1

+ Pr[Es1S(v) 6= Es1S(u′)]‖Es1S(u)− Es1S(u′)‖1

≥ ‖Es1S(u)− Es1S(u′)‖1,

and the same holds for v and v′. Therefore,

4 ‖Esf(u)− Esf(v)‖1 ≥ 2 ‖Esf(u)− Esf(u′)‖1 + 2 ‖Esf(v)− Esf(v′)‖1 . (3.24)

Averaging (3.23) and (3.24) yields,

5

2
‖Esf(u)− Esf(v)‖1 ≥

1

2

(
‖Esf(u′)− Esf(v′)‖1 + ‖Esf(u)− Esf(u′)‖1 + ‖Esf(v)− Esf(v′)‖1

)

3.24
≥ 1

2 dist(f)

(
dG(u, u′) + dG(u′, v′) + dG(v′, v)

)

≥ 1

2 dist(f)
dG(u, v).

Restricting a cut measure. For a cut measure µ on 2X and S ⊆ X, we define the

restriction of µ to S as follows. For A ⊆ S, we put

µ|S(A) =
∑

B⊆X\S

µ(A ∪B). (3.25)

Note that, if f : X → `1 is the embedding corresponding to measure µ then f |S is the `1

embedding corresponding to µ|S .

3.4.4 An Embedding for the Base Graph

In this section we present a constant distortion embedding for the base graph Ĥm. We will

use this embedding again in Section 3.4.6 as the building block for constructing a constant

distortion embedding of (Ĥ�km ,
√
dm,k) into `2.
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`1 embedding for the base graph. We now exhibit an `1 embedding of Ĥm. We begin

by defining a cut measure µm on Hm, which is the sum of the following three measures.

µver: These cuts are the only cuts that separate s from t. For any m ≤ k ≤ 3m − 1, we

assign weight 1
2 to the cut

S = {v : v ∈ V (Hm), dHm(s, v) ≤ k +m−1}.

We also put weight 1
m on the cuts {s} and V (Hm) \ {t}, and weight m

2 on the cuts

{s, s′} and V (Hm) \ {t, t′}.

µhor: These cuts are the hypercube cuts and they do not separate s from t. For k ∈ [m]

and b ∈ {0, 1}, we put weight 1
4 on the cut

S = {s, t, s′, t′} ∪
{

[x]i : x ∈ {0, 1}m, xk = b, i ∈ [m]
}
.

µst: The cut measure puts weight m
4 on the single cut {s, t, s′, t′}.

One can easily verify that for every edge (u, v) ∈ E(Hm), we have

len(u, v) = dµver(u, v) + dµhor
(u, v) + dst(u, v) . (3.26)

Let fm : V (Hm)→ `1 be the embedding corresponding to the cut measure µver +µhor +µst.

We put G = (Hm)h for h = τm2. The graph Ĥm is isometric to a subset of G. We put

gm : V (Ĥm)→ `1 as the restriction of the map Ehfm to vertices of Ĥm, i.e.

gm = Ehfm|V (Ĥm). (3.27)

We now prove some of the properties of the map gm.

Lemma 3.26. For every m ∈ N, dist(gm) � 1.

Proof. Lemma 3.25 implies that dist(gm) . dist(fm) = ‖fm‖Lip · ‖f−1
m ‖Lip. By Equa-

tion (3.26), ‖fm‖Lip = 1. Therefore, we only need to show that ‖f−1
m ‖Lip . 1. We can

lower bound the distance between any vertex x ∈ V (Hm) and s by dHm(x, s)/2, using only
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µver. Similarly we can bound the distance from s′, t′, and t to other vertices. For all other

pairs of vertices [x]i, [y]j ∈ V (Hm) \ {s, s′, t, t′} we have,

dHm([x]i, [y]j) ≤ max(2|i− j|, dQm(x, y))

≤ 2 · (|i− j|+ dQm(x, y))

≤ 2 ·
(

2 dµver([x]i, [y]j) + 2 dµhor
([x]i, [y]j)

)

≤ 4 · ‖fm([x]i)− fm([y]j)‖1,

completing the proof of the lemma.

The following observation also follows directly from (3.26) and Observation 3.24.

Observation 3.27. For every m ∈ N, and for every (x, y) ∈ EM (Ĥm), ‖gm(x)−gm(y)‖1 =

dĤm(x, y).

In Section 3.4.6 we construct a map f : Ĥm → `2 based on gm and then we modify the

map to obtain a 0-efficient embedding from Ĥm to `22. The next lemma helps us control the

rate that length of the edges change when we modify the mapping.

Lemma 3.28. For every m ∈ N, let νm be the corresponding cut measure of the map gm,

then for all edges (u, v) ∈ EM (Ĥm), we have

∣∣∣∣∣∣
∑

S⊆V (Ĥm)

(1S(u)− 1S(v))(1S(t)− 1S(s)) νm(S)

∣∣∣∣∣∣
=

1

2
dĤm(u, v).

Proof. Let h = τm2. We have νm = Esµm|V (Ĥm). Both Es and restriction are linear opera-

tions, therefore

νm = Esµver|V (Ĥm) + Esµst|V (Ĥm) + Esµhor|V (Ĥm).

Vertices s and t are on the same side of the cut for all the cuts in the support of µst

and µhor. Moreover for all sets S in the support of µver, we have s ∈ S and t /∈ S. Let
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µ̂ver = Esµhor|V (Ĥm), we have

∣∣∣∣
∑

S⊆V (Ĥm)

(1S(u)− 1S(v))(1S(t)− 1S(s)) νm(S)

∣∣∣∣ =

∣∣∣∣∣∣
∑

S⊆V (Ĥm)

(1S(u)− 1S(v)) µ̂ver(S)

∣∣∣∣∣∣
.

(3.28)

Suppose now that u and v are on the path that replaces edge (x, y) ∈ E(Hm). Without loss

of generality we can assume that

dHm(s, x) ≤ d(Hm)h(s, u) ≤ d(Hm)h(s, v) ≤ dHm(s, y).

For all S in the support of µver, we have 1S(x)−1S(y) ≥ 0. This also implies that, Es1S(u)−
Es1S(v) ≥ 0. Thus, using (3.28) we can write

∣∣∣∣
∑

S⊆V (Ĥm)

(1S(u)− 1S(v))(1S(t)− 1S(s)) νm(S)

∣∣∣∣

=
∑

S⊆V (Ĥm)

|1S(u)− 1S(v)| µ̂ver(S)

=
∑

S⊆V (Ĥm)

|1S(u)− 1S(v)| Esµver(S)

= dEsµver
(u, v).

By definition of µver, for all edges (x, y) ∈ E(Hm), we have dµver(x, y) = 1
2dHm(x, y). Now

using Observation 3.24, we can conclude that
∣∣∣∣

∑

S⊆V (Ĥm)

(1S(u)−1S(v))(1S(t)−1S(s)) νm(S)

∣∣∣∣ =

(
d(Hm)h(u, v)

d(Hm)h(x, y)

)
1

2
d(Hm)h(x, y) =

1

2
dĤm

(u, v),

completing the proof.

3.4.5 An `1 Embedding for each Scale

Our main goal in this section is to obtain an `1 embedding for every scale of (Ĥ�km , dm,k).

Theorem 3.29. There exists a constant C > 0, such that for every m, k ∈ N, and ∆ > 0,

there exists a 1-Lipschitz mapping ϕ : V (Ĥ�km ) → `1, such that for all x, y ∈ V (Ĥ�km )

satisfying dm,k(x, y) ≥ ∆, we have

‖ϕ(x)− ϕ(y)‖1 ≥
∆

C
.
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Proof. We can write Ĥ�km = Ĥ�k−1
m � Ĥm. Note that, all edges in EM (Ĥ�k−1

m ) have the

same length; set ` = len(e) for some e ∈ EM (Ĥ�k−1
m ). We first prove the following slightly

stronger claim for the case that ` is larger than ∆.

Claim 3.30. If ` ≥ ∆ then there is a map ψ : V (Ĥ�km ) → `1, such that such that for all

x, y ∈ V (Ĥ�km ),

‖ψ(x)− ψ(y)‖1 & min(dm,k(x, y),∆).

Proof. We first construct the map ψ, and in then we show that it satisfies the condition of

the claim.

Construction. The map ψ will be the `1 embedding corresponding to the sum of those

measures.

Let h = τm2, and put G = (Hm)h. The graph Ĥm is isometric to a subset of G.

Recall the definition µver, µhor and µst from Section 3.4.4 and let µ̂ver, µ̂hor and µ̂st be

the restriction of Ehµver, Ehµhor and Ehµst to V (Ĥm), respectively. The map ψ is the `1

embedding corresponding to the sum of the following two cum measures.

νver: These cuts corresponds to taking a cut on vertices of Ĥ�k−1
m uniformly at random and

then extending it to V (Ĥ�km ) the following way: For each edge (u, v) ∈ EM (Ĥ�k−1
m ),

if u and v are on the same side of the cut, all the vertices on the copy Ĥm on the

edge (u, v) are also mapped to the same side. Otherwise, we pick a random cut from

µ̂ver, and map the vertices of the copy of Ĥm on edge (u, v) to different sides of the

cut according to that cut. We now present the formal definition.

Let λ =
∑

S⊂V (Ĥm) µ̂ver(S). We define a measure η on 2V (Ĥm) as follows. We put

η(V (Ĥm)) = η(∅) = 1 and for all other S ⊆ 2V (Ĥm) \ {∅, V (Ĥm)},

η(S) =
µ̂ver(S) + µ̂ver(S̄)

λ
, (3.29)

and we put

νver(S) = A
∏

(u,v)∈EM (Ĥ�k−1
m )

η(S ∩ V (H(u,v))), (3.30)
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whereH(u,v) is the copy of Ĥm on the edge (u, v) of Ĥ�k−1
m , andA =

(
λ `

2len(Ĥm)
· 2−|V (Ĥ�k−1

m )|
)
,

is the normalization factor.

By choosing these weights we make the distance between endpoints of edges in Ĥ�k−1
m

at least `
2 , i.e., for (u, v) ∈ EM (Ĥ�k−1

m ), we have dνver(u, v) = λ ≥ `
2 . Moreover, for

each marked edges (u, v), restricting the measure to the copy of Ĥm on (u, v) gives us

the measure `
len(Ĥm)

µ̂ver.

νhor: These cuts are the product measure of the µ̂st + µ̂hor for copies of Ĥm on EM (Ĥ�k−1
m ).

Let λ =
∑

T⊂V (Ĥm)(µ̂hor + µ̂st)(T ). We define νhor as follows:

νhor(S) =
λ `

len(Ĥm)

∏

(u,v)∈EM (Ĥ�k−1
m )

(µ̂st + µ̂hor)(S ∩ V (H(u,v)))

λ
,

where H(u,v) is the copy of Ĥm on the edge (u, v) of Ĥ�k−1
m . The measure is scaled

by the factor λ for normalization. Note that, for all the cuts (S, S̄) in the support of

µ̂st + µ̂hor, we have s, t ∈ S. Moreover, it is easy to check that restricting the measure

νfor to the copy of Ĥm on (u, v) gives us the measure `
len(Ĥm)

(µ̂hor + µ̂st).

Suppose that G′ is the copy of Ĥm on some edge e of Ĥ�k−1
m . It follows from the

definition of νhor and νver

(νhor + νver)|V (G′)
∼= `

len(Ĥm)
(µ̂ver + µ̂hor + µ̂st). (3.31)

Analysis. The measure µ̂ver + µ̂hor + µ̂st is the cut measure corresponding to the map gm

(see Section 3.4.4 for definition), and we have ‖gm‖Lip ≤ 1. Using (3.31) and definition of

νhor and νver, it is easy to check that ‖ψ‖Lip ≤ 1. We now bound ‖ψ(x)− ψ(y)‖1 based on

dm,k(x, y). For x, y ∈ V (Ĥ�km ) we divide the problem of bounding the distance between x

and y into three cases. If vertices x and y are on the same copy of Ĥm on an edge e ∈ Ĥk−1
m ,

then let H be the copy of Ĥm that contains both x and y. By (3.31),

dist(ψ|H) = dist(gm)
3.26� 1. (3.32)
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hence,

‖ψ(x)− ψ(y)‖1 & dm,k(x, y).

If x and y are on non-adjacent edges of the outer copy of Ĥ�k−1
m , then it is easy to check that

x and y are mapped to different sides in half the cuts of νver. Moreover by our construction,

the total measure of cuts in νver is at least ∆
2 , therefore

‖ψ(x)− ψ(y)‖1 ≥
∆

4
.

Suppose that x and y are on adjacent edges (u, v) and (v, w) on the outer copy of Ĥ�k−1
m

respectively. It follows directly from the definition of νver that,

∑

S⊆V (Ĥm)
1S(v)=1S(w)

|1S(x)− 1S(v)| νver(S) =
∑

S⊆V (Ĥm)
1S(v)6=1S(w)

|1S(x)− 1S(v)| νver(S).

Therefore,

dνver(x, v) =
∑

S⊆V (Ĥm)

|1S(x)− 1S(v)| νver(S)

= 2
∑

S⊆V (Ĥm)
1S(v)=1S(w)

|1S(x)− 1S(v)| νver(S)

Note that, for any cut in the support of νver, if v and w are mapped to the same side of the

cut then y is also mapped to that side, hence

dνver(x, v) = 2
∑

S⊆V (Ĥm)
1S(v)=1S(w)

|1S(x)− 1S(y)| νver(S)

≤ 2
∑

S⊆V (Ĥm)

|1S(x)− 1S(y)| νver(S)

= 2dνver(x, y)

Now, let H be the copy of Ĥm on the edge (u, v). Since νver|H = `
len(Ĥm)

µ̂ver, by definition

of µ̂ver,

dm,k(x, v)
3.25

. dνver(x, v) ≤ 2dνver(x, y).
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The same argument implies that

dm,k(v, y) . 2dνver(x, y).

Therefore,

dm,k(x, y) = dm,k(x, v) + dm,k(v, y)

. 2dνver(x, y) + 2dνver(x, y)

≤ 4‖ψ(x)− ψ(y)‖1.

We will use now this claim to complete the proof this theorem. If k is such that ` ≥ ∆,

then the map that is guaranteed by Claim 3.30 satisfies the condition of theorem. Suppose

that ` < ∆, and let r ∈ N be the largest integer such that length of the edges in EM (Ĥ�rm )

is less than ∆, and let ψ be the mapping guaranteed by Claim 3.30 for Ĥ�rm .

Random extension of ψ. We can write Ĥ�km = Ĥ�rm � Ĥk−r
m . Let He be the copy of

Ĥ�k−rm on edge e ∈ EM (Ĥ�rm ) in Ĥ�km , and let {Xe}e∈EM (Ĥ�rm ) be a family of i.i.d. uniform

[0, 1] random variables. For a cut (S, S̄) in Ĥ�rm , we define extr,k(.) and Er,k similar to the

definition of exth and Es. Let G be the outer copy of Ĥ�rm in Ĥ�km ; we define

extr,k(S) = S ∪
⋃

(u,v)∈EM (G)

{
x ∈ V (H(u,v)) : X(u,v) ≤

dm,k(v, x)

dm,k(u, v)
1S(u) +

dm,k(u, x)

dm,k(u, v)
1S(v)

}
,

(3.33)

It is easy to check that the distribution of extr,k(S) does not depend on the orientation

chosen for the edges of G. For a cut measures ν on V (Ĥ�km ) we define

Er,kν(S) = ν(S ∩ V (G) · P(S = extr,k(S ∩ V (G)).

The map ϕ is the `1 embedding corresponding of the cut measure Er,kϕr.

Analysis. Since ψ is one Lipschitz, its extension ϕ is also 1-Lipschitz. Also by definition

of r if x and y are on the same copy of Ĥ�k−rm in EM (Ĥ�rm ) then dm,k(x, y) < ∆, hence we
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only need to bound the distances for the case that x and y are on different copies of Ĥ�k−rm

in EM (Ĥ�rm ). The rest of the proof closely follows the proof of Lemma 3.25.

Suppose that x and y are on different copies of Ĥ�k−rm in EM (Ĥ�rm ). Let G be the outer

copy of Ĥ�rm in Ĥ�km . Let x′, y′ ∈ V (Ĥ�rm ) be such that dm,k(x, x
′) = dm,k(u, V (G)) and

dm,k(y, y
′) = dm,k(v, V (G)). By the triangle inequality,

‖ϕ(x)− ϕ(y)‖1 ≥ ‖ϕ(x′)− ϕ(y′)‖1 − ‖ϕ(x)− ϕ(x′)‖1 − ‖ϕ(y)− ϕ(y′)‖1 . (3.34)

Furthermore, since dm,k(x, x
′) = dm,k(x, V (G)), for any given cut S ⊆ V (G), we have

‖Er,k1S(x)− Er,k1S(y)‖1 = Pr[Er,k1S(y) = Er,k1S(x′)]‖Er,k1S(x)− Er,k1S(x′)‖1

+ Pr[Er,k1S(y) 6= Er,k1S(x′)](1− ‖Er,k1S(x)− Er,k1S(x′)‖1)

≥ Pr[Er,k1S(y) = Er,k1S(x′)]‖Er,k1S(x)− Er,k1S(x′)‖1

+ Pr[Er,k1S(y) 6= Er,k1S(x′)]‖Er,k1S(x)− Er,k1S(x′)‖1

≥ ‖Er,k1S(x)− Er,k1S(x′)‖1,

and the same holds for y and y′. Therefore,

4 ‖ϕ(x)− ϕ(y)‖1 ≥ 2 ‖ϕ(x)− ϕ(x′)‖1 + 2 ‖ϕ(y)− ϕ(y′)‖1 . (3.35)

Averaging (3.34) and (3.35) yields,

5

2
‖ϕ(x)− ϕ(y)‖1 ≥

1

2

(
‖ϕ(x′)− ϕ(y′)‖1 + ‖ϕ(x)− ϕ(x′)‖1 + ‖ϕ(y)− ϕ(y′)‖1

)

=
1

2

(
‖ψ(x′)− ψ(y′)‖1 + ‖ϕ(x)− ϕ(x′)‖1 + ‖ϕ(y)− ϕ(y′)‖1

)

3.30
≥ 1

2

(
min(∆, dm,k(x

′, y′)) + ‖ϕ(x)− ϕ(x′)‖1 + ‖ϕ(y)− ϕ(y′)‖1
)
.

Let x be on the copy of Ĥ�k−rm on the edge (u, v) ∈ EM (G). Note that x′ ∈ {u, v}. We

have ∆ > dm,k(u, v), hence dm,k(u, v) = min(∆, dm,k(u, v)) . ‖ϕ(u)−ϕ(v)‖1. Plugging this

bound in (3.33), implies that ‖ϕ(x)−ϕ(x′)‖1 & dm,k(x, x
′). The same inequality also holds

for y and y′. Thus,

‖ϕ(x)−ϕ(y)‖1&
(
min(∆, dm,k(x

′, y′))+‖ϕ(x)− ϕ(x′)‖1+‖ϕ(y)− ϕ(y′)‖1
)
&min(∆, dm,k(x, y)),

completing the proof.



129

3.4.6 Embedding of (X,
√
d) into `2

Recall the definition of Ĥm from Section 3.4.3. We show that there exists a constant

distortion embedding of (Ĥ�km ,
√
dm,k) into `2. We start by presenting some of the tools

that we need for constructing and analyzing the embedding in Section 3.4.6. Gives graph

G, we also show how one can construct an embedding for G�k from an embedding of G. In

Section 3.4.6 we describe the embedding, and finally in Section 3.4.7 we bound the distortion

of the embedding.

Notation and definitions

We first present some general tools that we need for our construction, and prove some of

their properties.

Projection. For a points x, y, z ∈ `2, we define

π (y z ; x) = y +
〈x− y , z − y〉
‖y − z‖22

(z − y).

The point π (y z ; x) is the orthogonal projection of x on the line that passes through y and

z.

By definition, for all x, y, z ∈ `2 we have

〈x− y , x− z〉 = 〈x− y , x− π (x y ; z)〉. (3.36)

Lemma 3.31. Let X ⊂ `2 be such that (X, ‖ · ‖22) is a metric. For a, b, c ∈ X, we have

0 ≤ 〈a− π (a c ; b) , a− c〉 ≤ ‖a− c‖22.

Proof. We have

〈a− b , a− c〉 =
‖b− a‖22 + ‖a− c‖22 − ‖b− c‖22

2
≥ 0,

Similarly we have 〈b− c , a− c〉 ≥ 0, therefore

‖a− c‖22 = 〈a− b , a− c〉+ 〈b− c , a− c〉 ≥ 〈a− b , a− c〉.

Hence,

0 ≤ 〈a− b , a− c〉 ≤ ‖a− c‖22.

Using (3.36), we can write 0 ≤ 〈a− π (a c ; b) , a− c〉 ≤ ‖a− c‖22, completing the proof.
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Let X ⊂ `2 be such that (X, ‖ · ‖22), Lemma 3.31 implies that for any three points

a, b, c ∈ X, ]abc ≤ π
2 . Using this fact a simple calculation yields the following observation.

Observation 3.32. Let X ⊂ `2 be such that (X, ‖ ·‖22) is a metric. For a, b, c ∈ X, we have

√
2

2
min(‖a− b‖2, ‖a− c‖2) ≤ ‖π

(
b c ; a

)
− a‖2 ≤ min(‖a− b‖2, ‖a− c‖2).

Lemma 3.33. Let X ⊂ `2 be such that (X, ‖ · ‖22) is a metric. For any set of points

x, y, z, w ∈ X, we have

‖π (x y ; z)− π (x y ; w)‖2 ≤
‖z − w‖22
‖x− y‖2

.

Proof. We prove this lemma using Lemma 3.31,

‖z − w‖22 ≥ |〈z − w , z − π (z w ; y)〉 − 〈z − w , z − π (z w ; x)〉|
(3.36)

= |〈z − w , z − y〉 − 〈z − w , z − x〉|

= |〈z − w , x− y〉|
(3.36)

= |〈π (x y ; z)− π (x y ; w) , x− y〉|

= ‖(π (x y ; z)− π (x y ; w)‖2 · ‖x− y‖2.

Next, we show how one can obtain an embedding for G�k from the embedding of a

marked graph G.

Composition of s-t maps. Given two finite marked s-t graphs G = (V,E) and H, and

maps fG : V (G) → `2 and fH : V (H) → `2. Abusing the notation, we define (fG � fH) :

G �H → `2 as follows. Let {Ue}e∈EM (G) be a set of linear isometric operators such that,

and a, b ∈ EM (G) such that a 6= b,

image(Ua) ∩ image(Ub) = {0} (3.37)

and

image(Ua) ∩ span(fG) = {0} (3.38)
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Since G is a finite, it is easy to check that {Ue}e∈EM (G) exists. Now, for x ∈ V (G) we

put (fG � fH)(x) = fG(x), and for x on the copy of graph H on edge (u, v) ∈ EM (G),

(fG � fH)(x) = fG(u) + α

(
‖x∗ − fH(s(H))‖2

(
fG(v)− fG(u)

‖fG(v)− fG(u)‖2

)
+ U(u,v) (fH(x)− x∗)

)
,

(3.39)

where x∗ = π
(
fH(t(H)) fH(s(H)) ; fH(x)

)
, and

α =
‖(fG(v)− fG(u)‖2

‖(fH(t(H))− fH(s(H))‖2
,

is the scaling factor.

The preceding operation is equivalent to taking a copy of fH for each edge (u, v) ∈
EM (G), and then scaling it by the factor ‖(fG(v)−fG(u)‖2

‖(fH(t(H))−fH(s(H))‖2 , changing its basis, and then

translating it to attach s(H) t(H) onto u and v.

Congruency of maps. For a metric space (X, d) and maps f, g : X → `2, we say that f

and g are congruent if for all x, y ∈ X,

‖f(x)− f(y)‖2 = ‖g(x)− g(y)‖2,

and we use the notation f ∼= g, to denote that f and g are conguent.

The next observation follows immediately from (3.39).

Observation 3.34. Let G and H be two marked graphs and let fG : G→ `2 and fH : H →
`2 be the maps from G and H to `2. For ~e ∈ ~EM (G), let He be the copy of H on edge e in

G�H. We have

(fG � fH)|He ∼=
( ‖(fG(~e)‖2
‖(fH(t(H))− fH(s(H))‖2

)
fH .

Lemma 3.35. Let G and H be two marked graphs and let fG and fH be the maps from G

and H to `2 respectively, and let g = fG � fH . For x, y ∈ G �H that are on two distinct

copies of H on edges (ux, vx), (uy, vy) ∈ EM (G), we have

‖g(x)− g(y))‖22 =
∥∥∥π
(
g(uy) g(vy) ; g(y)

)
− π

(
g(ux) g(vx) ; g(x)

)∥∥∥
2

2

+ ‖g(x)− π
(
g(ux) g(vx) ; g(x)

)
‖22

+ ‖g(y)− π
(

(g(uy) g(vy) ; g(y)
)
‖22.
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Proof. Let x∗ = π
(
fH(t(H)) fH(s(H)) ; fH(x)

)
, y∗ = π

(
fH(t(H)) fH(s(H)) ; fH(y)

)
,

αx =
‖(fG(vx)− fG(ux)‖2

‖(fH(t(H))− fH(s(H))‖2
,

and

αy =
‖(fG(vy)− fG(uy)‖2

‖(fH(t(H))− fH(s(H))‖2
.

Moreover, let U(ux,vx) and U(uy ,vy) be the operators as define in composition of s-t maps.

Since g(ux)− g(vx) is not in the image U(ux,vx), it is easy to check that

π
(
g(ux) g(vx) ; g(x)

)
= fG(ux) + αx

(
‖x∗ − fH(s(H))‖2

(
fG(vx)− fG(ux)

‖fG(vx)− fG(ux)‖2

))
,

Similarly,

π
(
g(uy) g(vy) ; g(y)

)
= fG(uy) + αy

(
‖y∗ − fH(s(H))‖2

(
fG(vy)− fG(uy)

‖fG(vy)− fG(uy)‖2

))
.

Using (3.39) we can write

g(x) = π
(
g(ux) g(vx) ; g(x)

)
+ αxU(ux,vx) (fH(x)− x∗) ,

and

g(y) = π
(
g(uy) g(vy) ; g(y)

)
+ αyU(uy ,vy) (fH(y)− y∗) .

Now, combining (3.37) and (3.38), we can conclude that

‖g(y)− g(x)‖22 = ‖π
(
g(uy) g(vy) ; g(y)

)
− π

(
g(ux) g(vx) ; g(x)

)
‖22+

+ ‖αxU(ux,vx) (fH(x)− x∗) ‖22 + ‖αyU(uy ,vy) (fH(y)− y∗) ‖22
= ‖π

(
g(uy) g(vy) ; g(y)

)
− π

(
g(ux) g(vx) ; g(x)

)
‖22+

+ αx‖fH(x)− x∗‖22 + αy‖fH(y)− y∗‖22
3.34
= ‖π

(
g(uy) g(vy) ; g(y)

)
− π

(
g(ux) g(vx) ; g(x)

)
‖22

+ ‖g(x)− π
(
g(ux) g(vx) ; g(x)

)
‖22 + ‖g(y)− π

(
(g(uy) g(vy) ; g(y)

)
‖22.
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With Lemma 3.35 we can break the distance between two points in the embedding into

three parts. Using Observation 3.34 and considering each of the three parts separately gives

us the following observation.

Observation 3.36. Let G and H be two marked graphs and let fG, gG : G → `2, and

fH , gH : H → `2 be such that fG ∼= gG and fH ∼= gH . We have

fG � fH ∼= gG � gH .

By using the �-composition we can construct an embedding for G�k based on f :

V (G) → `2. In Section 3.4.8 we show that there are no 0-efficient embeddings of Ĥm into

NEG, however by violating the triangle inequality condition we can take an embedding of

Ĥm and make it 0-efficient. We achieve that by contracting a non-efficient embedding of

Ĥm.

Contracting embeddings of marked graphs. For a given s-t graph G and the map

f : V (G)→ `2, and α ∈ R+ we define the affine operator Caf as follows,

Cαf(v) = π
(
f(s) f(t) ; f(v)

)
+ α

(
f(v)− π

(
f(s) f(t) ; f(v)

))
.

It is easy to see that for edge ~e ∈ E(G), and α ∈ R+,

Cαf(~e) = π
(
f(s) f(t) ; f(~e)

)
+ α

(
f(~e)− π

(
f(s) f(t) ; f(~e)

))
, (3.40)

thus

‖Cαf(~e)‖22 =
∥∥∥π
(
f(s) f(t) ; f(~e)

)∥∥∥
2

2
+ α2

∥∥∥f(~e)− π
(
f(s) f(t) ; f(~e)

)∥∥∥
2

2
. (3.41)

Embedding

Our construction is based on the embedding of a single copy of Ĥm. Let gm be the map

from Ĥm to `1 as defined in Section 3.4.2, and let µ̂m be the corresponding cut measure of

gm. Moreover, since by Lemma 3.26 distortion of gm, is bounded by a constant independent

of τ , we may assume the following bound on the constant τ ,

τ ≥ 2dist(gm)2. (3.42)
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39 

d!

αd!

f(s)!

Cαf(s)! Cαf(t)!

f(t)!

Figure 3.7: Images of f and Cαf .

We define g̃m : Ĥm → `2 as follows,

g̃m(x) =
⊕

S⊆V (Ĥm)

√
µ̂m(S) · 1S(x). (3.43)

It is easy to verify that for any two vertices x, y ∈ V (Ĥm) we have

‖gm(x)− gm(y)‖1 = ‖g̃m(x)− g̃m(y)‖22. (3.44)

For all edges ~e ∈ ~E(Ĥm), by Lemma 3.33

∥∥∥π
(
g̃m(s) g̃m(t) ; g̃m(~e)

)∥∥∥
2

2
≤
( ‖g̃m(~e)‖22
‖g̃m(s)− g̃m(t)‖2

)2

≤
(

dist(gm)(τm)−1

√
m

)2
(3.42)

≤ 1

4τm3
.

By (3.44), and definition of gm we have ‖g̃m(t)− g̃m(s)‖22 ≥ 1
2 , and for all (u, v) ∈ EM (Ĥm),

we have ‖g̃m(u)− g̃m(v)‖22 ≤ dĤm(u, v) = 1
τm . Plugging the bounds on ‖g̃m(u)− g̃m(v)‖22,

‖g̃m(t)− g̃m(s)‖22, and
∥∥∥π
(
g̃m(s) g̃m(t) ; g̃m(~e)

)∥∥∥
2

2
into (3.41), implies that there exist a

constant

1

2
< δ ≤ 1 (3.45)
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such that,

E(u,v)∈EM (Ĥm)

‖Cδ g̃m(u)− Cδ g̃m(v)‖22
dĤm

(u, v)
=
‖Cδ g̃m(t)− Cδ g̃m(s)‖22

dĤm
(s, t)

. (3.46)

Now we use the �-embedding and Cδ g̃m to define fm,k : (Ĥ�km ,
√
dm,k) → `2 for m, k ∈ N.

We put

fm,1 =
Cδ g̃m

‖Cδ g̃m‖Lip
,

and otherwise

fm,k = fm,1 � fm,k−1. (3.47)

By (3.44) and Lemma 3.26, we have dist(g̃m) =
√

dist(gm) . 1, and by definition ‖fm,1‖Lip =

1. Therefore, using (3.45) we can conclude that,

‖fm,1−1‖Lip ≤
1

δ
dist(g̃m) . 1. (3.48)

In the next section we prove the following theorem by showing that fm,k has constant

distortion.

Theorem 3.37. For k,m ∈ N, there exists a map f :
(
Ĥ�km ,

√
dm,k

)
→ `2 such that

dist(f) � 1.

3.4.7 Analysis of the Embedding

The goal in this section is to prove Theorem 3.37. We start the section by proving some of

the properties of maps {fm,k}m,k∈N. The first lemma that we prove in this section bounds

the distance between endpoints of an edge in the image of fm,1.

Lemma 3.38. For m ∈ N and edge ~e ∈ ~EM (Ĥm), we have

lenĤm
(e)

len(Ĥm)
=

‖fm,1(~e)‖22
‖fm,1(s)− fm,1(t)‖22

.

Proof. We have fm,1 = CδCδ g̃m
‖g̃m‖Lip

for some δ ∈ R. By (3.43) and Observation 3.27 for any

edge (u, v) ∈ EM (Ĥm), we have

‖g̃m(u)− g̃m(v)‖22 = ‖gm(u)− gm(v)‖1 = lenĤm(u, v),
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and by (3.43) and Lemma 3.28

|〈g̃m(~e) , g̃m(t)− g̃m(s)〉| = 1

2
lenĤm(u, v).

The value of ‖Cδf(~e)‖2 only depends on ‖f(~e)‖2 and |〈f(~e) , f(t)− f(s)〉|, therefore for all

edges a, b ∈ EM (Ĥm), and δ ∈ R+ we have ‖Cδ g̃m(~a)‖2 = ‖Cδ g̃m(~b)‖2. Hence, using (3.46)

we can conclude that for all ~e ∈ EM (Ĥm),

‖Cδ g̃m(u)− Cδ g̃m(v)‖22
dĤm

(u, v)
=
‖Cδ g̃m(t)− Cδ g̃m(s)‖22

dĤm
(s, t)

,

completing the proof.

The following corollary, follows directly from the above lemma and Observation 3.34.

Corollary 3.39. For m ∈ N and k > 1, the following holds. Let G0 be the outer copy of

Ĥm in Ĥ�km , and let H be the copy of Ĥ�k−1
m on some edge e ∈ EM (G0). We have

fm,k|H
len(e)

∼= fm,k−1

len(Ĥ�k−1
m )

.

Recall the definition of Ĥm from Section 3.4.3. Since dist(fm,1) . 1 is bounded by a

constant independent of τ ; throughout this section we assume the following bound on τ ,

τ ≥ (20 ‖fm,1−1‖Lip)2. (3.49)

This bound on τ is used to prove Lemma 3.41. In the next lemma we bound the

diameter of the image of fm,k. We will use the above bound on τ in the proof to guarantee

that diameter of “scales” form a exponential series. Then we use that to bound the diameter

of the whole map. We would like to point out that a weaker bound τ ≥ 400
m is sufficient to

prove Lemma 3.40.

Lemma 3.40. For m, k ∈ N, the following inequality holds

max
{
‖fm,k(u)− fm,k(v)‖22 : u, v ∈ V (Ĥ�km )

}
≤ 5len(Ĥ�km ). (3.50)
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Proof. To prove this lemma it is sufficient to show that for all v ∈ V (Ĥ�km ),

‖fm,k(s)− fm,k(v)‖22 ≤
5

4
· len(Ĥ�km ). (3.51)

We prove this lemma by induction. First note that for k = 1, we have ‖fm,1‖Lip = 1, which

yields (3.51). Now suppose that k > 1, and let G0 be the outer copy of Ĥm in Ĥ�km , and

let x ∈ V (G0) be the closest vertex to v. Since fm,k|G0 = fm,1, if x = v then the base case

implies (3.51). Suppose now that v is on the copy of Ĥ�k−1
m on the edge (x, y) ∈ EM (G0),

for some y ∈ V (G0). By Corollary 3.39 and the induction hypothesis for the copy of Ĥ�k−1
m

on the edge (x, y),

‖fm,k(s)− fm,k(v)‖22 ≤ (‖fm,k(s)− fm,k(x)‖2 + ‖fm,k(x)− fm,k(v)‖2)2

≤
(
‖fm,k(s)− fm,k(x)‖2 +

√
5dm,k(x, y)

)2

,

Since ‖fm,1‖Lip ≤ 1,

‖fm,k(s)− fm,k(v)‖22 ≤
(√

len(G0) +
√

5dm,k(x, y)

)2

(3.20)

≤
((

1 +

√
5

τ

)
√

len(G0)

)2

(3.49)

≤ 5

4
len(G0) =

5

4
len(Ĥ�km ).

Lemma 3.35 allows us to break the analysis of distance between points into three separate

parts. We bound two of those parts using the next lemma. For the other part, we use the

bound obtained by Lemma 3.41 and (3.48).

In the next lemma we show that if a vertex v ∈ Ĥ�km is far from s and t, then fm,k(v) is

also far from the line that connects fm,k(s) and fm,k(t). See Figure 3.8 for relative position

of fm,k(v), fm,k(s), fm,k(t).

Lemma 3.41. For k,m ∈ N, and for any vertex v ∈ V (Ĥ�km ), we have

min(dm,k(s, v), dm,k(v, t)) �
∥∥∥(fm,k(v)− π

(
fm,k(s) fm,k(t) ; fm,k(v)

)∥∥∥
2

2
. (3.52)
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fm,k(v)

π
(
fm,k(s)fm,k(t); fm,k(v)

)fm,k(s) fm,k(t)

Figure 3.8: Positions of fm,k(v), fm,k(s), fm,k(t), and π
(
fm,k(s) fm,k(t) ; fm,k(v)

)
with

respect to each other.

Proof. Let G0 is the outer copy of Ĥm in Ĥ�km , we first prove the lemma for vertices

v ∈ V (G0).

Case I: v ∈ V (G0): First, we show that for some contant K.

min(dm,k(s, v), dm,k(v, t)) ≤ K
∥∥∥(fm,k(v)− π

(
fm,k(s) fm,k(t) ; fm,k(v)

)∥∥∥
2

2
.

Recall that, fm,k|G0 = fm,1 = Cδ g̃m
‖Cδ g̃m‖Lip

. By (3.44), image of g̃m, equipped with ‖ · ‖22
distance function is a metric. Therefore by Observation 3.32 for g̃m(s), g̃m(t), and g̃m(v)

we have

min(‖g̃m(s)− g̃m(v)‖2, ‖g̃m(t)− g̃m(v)‖2) ≤
√

2
∥∥∥g̃m(v)− π

(
g̃m(s) g̃m(t) ; g̃m(v)

)∥∥∥
2
.

By (3.45) and definition of Cδ, we have

min(‖fm,k(s)−fm,k(v)‖2, ‖fm,k(t)−fm,k(v)‖2) ≤ 2
√

2
∥∥∥fm,k(v)− π

(
fm,k(s) fm,k(t) ; fm,k(v)

)∥∥∥
2
,

hence,

min(dm,k(s, v), dm,k(v, t)) ≤ 8dist(fm,1)2
∥∥∥(fm,k(v)− π

(
fm,k(s) fm,k(t) ; fm,k(v)

)∥∥∥
2

2
.

(3.53)
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In order to show the other side of the (3.52), first note that the point π
(
fm,k(s) fm,k(t) ; fm,k(v)

)

is the closest point to fm,k(v) on the line fm,k(s) fm,k(t), and

∥∥∥fm,k(v)− π
(
fm,k(s) fm,k(t) ; fm,k(v)

)∥∥∥
2
≤ min(‖fm,k(s)−fm,k(v)‖2, ‖fm,k(t)−fm,k(v)‖2)

∥∥∥(fm,k(v)− π
(
fm,k(s) fm,k(t) ; fm,k(v)

)∥∥∥
2

2
≤ min(dm,k(s, v), dm,k(v, t)),

completing the proof for this case.

Case II: v ∈ V (Ĥ�km ) \ V (G0): Suppose that v is on the copy of Ĥ�k−1
m on the edge

(u,w) ∈ EM (G0) for some w ∈ V (G0). We will use Case I and the upper bound on

‖fm,k(u)− fm,k(v)‖2 from Lemma 3.40 to prove this case. Since π is orthogonal projection

on a line,

‖fm,k(u)− fm,k(v)‖2 ≥
∣∣∣∣
∥∥∥(fm,k(u)− π

(
fm,k(s) fm,k(t) ; fm,k(u)

)∥∥∥
2

−
∥∥∥(fm,k(v)− π

(
fm,k(s) fm,k(t) ; fm,k(v)

)∥∥∥
2

∣∣∣∣

Using Corollary 3.39 for the copy of Ĥ�k−1
m on edge (u,w), we can write

∣∣∣
∥∥∥(fm,k(u)− π

(
fm,k(s) fm,k(t) ; fm,k(u)

)∥∥∥
2
−
∥∥∥(fm,k(v)− π

(
fm,k(s) fm,k(t) ; fm,k(v)

)∥∥∥
2

∣∣∣
3.40
≤
√

5lenG0(u,w)

(3.20)

≤
√

5

τ
min(dm,k(u, s), dm,k(v, s))

(3.49)

≤
√

min(dm,k(u, s), dm,k(v, s))

80dist(fm,1)2
.

Combining this and (3.53) for u implies that

∥∥∥(fm,k(u)− π
(
fm,k(s) fm,k(t) ; fm,k(u)

)∥∥∥
2
�
∥∥∥(fm,k(v)− π

(
fm,k(s) fm,k(t) ; fm,k(v)

)∥∥∥
2
.

(3.54)

Triangle inequality also implies,

|min(dm,k(s, u), dm,k(u, t))−min(dm,k(s, v), dm,k(v, t))|

≤ lenG0(u,w)
(3.20)

≤ 1

τ
min(dm,k(u, s), dm,k(u, t)).
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therefore

min(dm,k(s, u), dm,k(u, t)) � min(dm,k(s, v), dm,k(v, t)).

This inequality in conjunction with Case I and (3.54) completes the proof.

We end this section by presenting the proof of Theorem 3.37.

Proof of Theorem 3.37. In order to prove this theorem, we need to show there exist universal

constants C1, C2 ∈ R+, such that for all k ∈ N, and x, y ∈ V (Ĥ�km ),

C1dm,k(x, y) ≤ ‖fm,k(x)− fm,k(y)‖22 ≤ C2dm,k(x, y). (3.55)

We first prove this bound for the case that one of x and y is s. We do this by showing that

there exists another constant C3 > 0 such that,

C3dm,k(x, s) ≤ ‖fm,k(x)− fm,k(s)‖22 ≤ 2dm,k(x, s), (3.56)

and then we use this case to prove the theorem.

Let G0 be the outer copy of Ĥm. Since fm,k|G0 = fm,1, if x ∈ V (G0) then the fact that

both fm,1 and fm,1
−1 are O(1)-co-Lipschitz implies (3.56). Suppose now that x is on the

copy of Ĥ�k−1
m on the edge (ux, vx) ∈ EM (G0). By Corollary 3.39 and Lemma 3.40,

‖fm,k(ux)− fm,k(x)‖22 ≤ 5dm,k(ux, vx). (3.57)

Using triangle inequity we can write

‖fm,k(x)− fm,k(s)‖22 ≥ (‖fm,k(ux)− fm,k(s)‖2 − ‖fm,k(x)− fm,k(ux)‖2)2

(3.57)

≥
(√

dm,k(ux, s)

‖fm,1−1‖Lip

−
√

5dm,k(ux, vx)

)2

(3.20)

≥




√
(1− 1

τ )dm,k(x, s)

‖fm,1−1‖Lip

−
√

5

τ
dm,k(s, x)




2

≥


1− 1

τ
− 2

√
5‖fm,1−1‖2Lip

τ


 dm,k(x, s)

‖fm,1−1‖2Lip

(3.49)

≥ dm,k(x, s)

2‖fm,1−1‖2Lip

(3.58)

(3.48)

& dm,k(x, s). (3.59)
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On the other hand since fm,1 is 1-Lipschitz we have

‖fm,k(x)− fm,k(s)‖22 ≤ (‖fm,k(ux)− fm,k(s)‖2 + ‖fm,k(x)− fm,k(ux)‖2)2

(3.57)

≤
(√

dm,k(ux, s) +
√

5dm,k(ux, vx)

)2

≤
(√

(1 +
1

τ
)dm,k(x, s) +

√
5

τ
dm,k(s, x)

)2

≤
(

1 +
1

τ
+ 2

√
5(τ + 1)

τ2
+

5

τ

)
dm,k(x, s)

(3.49)

≤ 2dm,k(x, s).

This inequality with (3.58) completes the proof of (3.56).

Proof of (3.55). We prove this bound by induction. Similar to the previous case, for k = 1,

the fact that fm,1 is 1-Lipschitz, and its inverse is also O(1)-Lipschitz implies (3.55).

Suppose that (3.55) holds for x, y ∈ V (Ĥ�k−1
m ), we show that (3.55) also holds for

x, y ∈ V (Ĥ�km ).

Let G0 be the outer copy of Ĥm in Ĥ�km . For vertices x, y ∈ V (Ĥ�km ), if x and y are both on

the copy of Ĥ�k−1
m on some edge (u, v) ∈ EM (G0), then by Corollary 3.39 and the induction

hypothesis for the copy of Ĥ�k−1
m on (u, v), (3.55) holds.

For the rest of this section we assume that x is on the copy of Ĥ�k−1
m on edge (ux, vx) ∈

E(G0), and y is on the copy of Ĥ�k−1
m on the edge (uy, vy) ∈ E(G0), and (ux, vx) 6= (uy, vy).

Furthermore, we use px(.) and py(.) to denote π
(
fm,k(ux) fm,k(vx) ; .

)
and π

(
fm,k(uy) fm,k(vy) ; .

)
,

respectively.

Proof of the existence of C1. We bound the distance between fm,k(x) and fm,k(y)

by dividing it to three parts, and bounding each part separately (see Figure 3.9). By

Lemma 3.35,

‖fm,k(x)− fm,k(y)‖22 = ‖fm,k(x)− px(fm,k(x))‖22 + ‖fm,k(y)− py(fm,k(y))‖22
+‖py(fm,k(y))− px(fm,k(x))‖22

≥ max
(
‖fm,k(x)− px(fm,k(x))‖22 + ‖fm,k(y)− py(fm,k(y))‖22
, ‖py(fm,k(y))− px(fm,k(x))‖22

)
. (3.60)
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fm,k(vx)

fm,k(x)

fm,k(ux)
fm,k(uy)

fm,k(y)

fm,k(vy)

px(fm,k(x))
py(fm,k(y))

Figure 3.9: We bound ‖fm,k(x)−px(fm,k(x))‖2, ‖py(fm,k(y))−fm,k(y)‖2, and ‖px(fm,k(x))−
py(fm,k(y))‖2 separately.

First, we bound ‖py(fm,k(y))− px(fm,k(x))‖22 part, using triangle inequality.

‖py(fm,k(y))− px(fm,k(x))‖22 ≥
(
‖fm,k(uy) + fm,k(ux)‖2 − ‖py(fm,k(y))− fm,k(uy)‖2

−‖px(fm,k(x))− fm,k(ux)‖2
)2

≥ 1

2
‖fm,k(uy)− fm,k(ux)‖22 −

(
‖py(fm,k(y))− fm,k(uy)‖2

+‖px(fm,k(x))− fm,k(ux)‖2
)2
.

Since px and py are orthogonal projections,

‖py(fm,k(y))− px(fm,k(x))‖22 ≥ 1

2
‖fm,k(uy)− fm,k(ux)‖22 −

(
‖fm,k(y)− fm,k(uy)‖2

+‖fm,k(x) + fm,k(ux)‖2
)2

≥ 1

2
‖fm,k(uy)− fm,k(ux)‖22 − 2

(
‖fm,k(y)− fm,k(uy)‖22

+‖fm,k(x)− fm,k(ux)‖22
)
.

Using (3.56) for copies of the graph Ĥ�k−1
m on edges (ux, vx) and (uy, vy), we can write

‖py(fm,k(y))− px(fm,k(x))‖22 ≥
1

2
‖fm,k(uy)− fm,k(ux)‖22 − C3

(
dm,k(x, ux) + dm,k(y, uy)

)
.
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And finally since fm,k|G0 = fm,1, we can use (3.48) to write,

‖py(fm,k(uy))− px(fm,k(ux))‖22 ≥ Θ(dm,k(ux, uy))− C3

(
dm,k(x, ux) + dm,k(y, uy)

)
.

Without loss of generality suppose that dm,k(uy, y) ≤ dm,k(vy, y) and dm,k(ux, x) ≤
dm,k(vx, x). Plugging in this bound and the bound from Lemma 3.41 into (3.60), yields the

following inequality

‖fm,k(x)− fm,k(y)‖22 ≥ max
(

Θ(dm,k(ux, x) + dm,k(uy, y)),
(

Θ
(
dm,k(uy, ux))− C3(dm,k(ux, x) + dm,k(uy, y)

)))

& dm,k(ux, x) + dm,k(uy, y) + dm,k(uy, ux)

≥ dm,k(x, y).

Proof of the existence of C2. Let G0 be the outer copy of Ĥm in Ĥ�km , and let P be a

shortest path from x to y in Ĥ�km . Moreover, let x′ and y′ be the closest vertices to x and

y in V (P ∩ V (G0)). By Lemma 3.35,

‖fm,k(x)− fm,k(y)‖22 = ‖fm,k(x)− px(fm,k(x))‖22 + ‖fm,k(y)− py(fm,k(y))‖22
+ ‖py(fm,k(y))− px(fm,k(x))‖22,

and by Corollary 3.39 and Lemma 3.41

‖fm,k(x)− fm,k(y)‖22 . dm,k(x
′, x) + dm,k(y

′, y) + ‖py(fm,k(y))− px(fm,k(x))‖22. (3.61)

On the other hand, triangle inequality implies

‖px(fm,k(x))− py(fm,k(y))‖2

≤ ‖px(fm,k(x)))− fm,k(x′)‖2 + ‖fm,k(x′)− fm,k(y′)‖2 + ‖fm,k(y′)− py(fm,k(y))‖2

≤ ‖fm,k(x)− fm,k(x′)‖2 + ‖fm,k(x′)− fm,k(y′)‖2 + ‖fm,k(y′)− fm,k(y)‖2.
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Using the above bound and (3.61), we can write

‖fm,k(x)− fm,k(y)‖22 .dm,k(x
′, x) + dm,k(y

′, y) + 3
(
‖fm,k(x)− fm,k(x′)‖22

+ ‖fm,k(x′)− fm,k(y′)‖22 + ‖fm,k(y′)− fm,k(y)‖22
)

(3.56)

≤ dm,k(x
′, x) + dm,k(y

′, y) + 6dm,k(x, x
′) + 3‖fm,k(x′)− fm,k(y′)‖22

+ 6dm,k(y
′, y).

Since, fm,k|G0 = fm,1, and fm,1 is 1-Lipschitz,

‖fm,k(x)− fm,k(y)‖22 . dm,k(x
′, x) + dm,k(y

′, y) + dm,k(x, x
′) + dm,k(x

′, y′) + dm,k(y
′, y)

. dm,k(x, y).

3.4.8 Lower Bound for NEG

Our goal is now to prove the following theorem.

Theorem 3.42. For m ≥ 1 and k = d√m log2me, any NEG-embedding of f : (V (H�km ), dm,k)→
`2 requires distortion & (logN)1/3√

log logN
, where N = |V (H�km )| � 2O(mk).

We will use Theorem 3.23 to reduce our task to proving lower bounds on efficient em-

beddings. We define e1, e2, . . . , em to be the standard basis of Rm, and for x ∈ {0, 1}m,

we use x ⊕ ek to denote coordinate-wise sum modulo 2. We define µm to be the uniform

measure over s-t shortest paths in Hm of the form

(s, s′, [x]1, [x⊕ ek]1, [x]2, [x⊕ ek]2, . . . , [x]m, [x⊕ ek]m, t′, t),

where k ∈ {1, 2, . . . ,m} and x ∈ Qm are chosen uniformly at random. We now state the

main technical lemma of this section.

Lemma 3.43. For any NEG-mapping f : V (Hm) → `2, if f is O( 1√
m logm

)-efficient with

respect to µm, then dist(f) & m1/2.

Using the preceding lemma, Theorem 3.42 follows quickly.
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Proof of Theorem 3.42. Suppose we have an NEG-mapping f : V (Ĥ�km )→ `2 with distortion

at most
√
m. Then,

2
√
m

(
1− lenM (Ĥm)

len(Ĥm)

)
= 2
√
m

(
1− 4m− 1

4m− 1 + 2m−1

)
.

1

m logm
,

and (
√
m logm)(logm)1/3 . k. Therefore, by Theorem 3.23, there must exist an isometric

copy of (V (Ĥm), dĤm), in Ĥ�km such that f |V (Ĥm) is O( 1√
m logm

)-efficient with respect to

µm.

The graph Ĥm has an isometric copy of Hm as a subgraph. We further restrict f to

V (Hm). Since the NEG-mapping, f |V (Ĥm) is O( 1√
m logm

)-efficient, f |V (Hm) : V (Hm) → `2

is also O( 1√
m logm

)-efficient. By Lemma 3.43, any such embedding of Hm has distortion

Ω(
√
m). We have logN . m3/2 log2m, hence dist(f) & m1/2 & (logN)1/3√

log logN
.

We now move onto the proof of Lemma 3.43. Let ~E(Qm) denote the set of all ordered

pairs (u, v), where {u, v} is an edge of Qm. In other words, the set of all undirected edges

considered with both orientations. In everything that follows, for u, v ∈ `2 we use 〈u , v〉 to

denote the inner product on `2.

Lemma 3.44. Let F be a finite set of functions of the form f : Qm → `2. Then,

Ef,g∈FEx∈V (Qm) [〈(f(x)− f(x̄)) , (g(x)− g(x̄))〉] ≤ mEf,g∈FE~e∈ ~E(Qm) [〈f(~e) , g(~e)〉] .
(3.62)

Proof. Let F (x) = Ef∈Ff(x). Then,

Ex∈V (Qm)[‖F (x)− F (x̄)‖22] = Ex∈V (Qm)[〈F (x)− F (x̄) , F (x)− F (x̄)〉]

= Ex∈V (Qm)[〈Ef∈F (f(x)− f(x̄)) , Eg∈F (g(x)− g(x̄))〉]

= Ef,g∈FEx∈V (Qm)[〈f(x)− f(x̄) , g(x)− g(x̄)〉],

and

Ef,g∈F ,~e∈ ~E(Qm)[〈f(~e) , g(~e)〉] = E~e∈ ~E(Qm)[〈Ef∈F f(~e) , Eg∈F g(~e)〉]

= E~e∈ ~E(Qm)[〈F (~e) , F (~e)〉]

= E~e∈ ~E(Qm)[‖F (~e)‖22].
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Therefore (3.62) follows from the inequality,

Ex∈V (Qm)[‖F (x)− F (x̄)‖22] ≤ m · E~e∈ ~E(Qm)[‖F (~e)‖22],

which is simply the classical Poincaré inequality (3.3).

The main idea in the proof of Lemma 3.43 is to apply Lemma 3.44 on some family

F ⊆ {f |[Qm]i : 1 ≤ i ≤ m}.

Efficiency and distortion, respectively, are used to bound the right and left-hand sides of

(3.62).

Lemma 3.45. For all i, j ∈ [m], and for any 1-Lipschitz NEG-mapping f : V (Hm) → `2

with distortion at most D, the following inequality holds. For every x ∈ V (Qm),

〈f([x]i)− f([x̄]i) , f([x]j)− f([x̄]j)〉 ≥
m

D
− 4 |i− j|. (3.63)

Proof. We will prove (3.63) using the following four inequalities, which follow directly from

our assumptions.

• ‖f([x]j)− f([x]i)‖22 ≤ 2 |i− j| and ‖f([x̄]i)− f([x̄]j)‖22 ≤ 2 |i− j|.

• ‖f([x]i)− f([x̄]i)‖22 ≥ m
D and ‖f([x]j)− f([x̄]j)‖22 ≥ m

D .

We have,

〈f([x]i)− f([x̄]i) , f([x]j)− f([x̄]j)〉

=
1

2

(
‖f([x]i)− f([x̄]i)‖22 + ‖f([x]j)− f([x̄]j)‖22 − ‖f([x]i)− f([x̄]i)− f([x]j) + f([x̄]j)‖22

)

≥ m

D
− ‖f([x]i)− f([x]j)‖22 − ‖f([x̄]i)− f([x̄]j)‖22

≥ m

D
− 4 |i− j|.

Corollary 3.46. For all i, j ∈ [m] such that |i − j| ≤ m
8D , and for any 1-Lipschitz NEG-

mapping f : V (Hm)→ `2 with distortion at most D, the following inequality holds. For all

x ∈ V (Qm),

〈f([x]i)− f([x̄]i) , f([x]j)− f([x̄]j)〉 ≥
m

2D
.
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Lemma 3.47. Consider a 1-Lipschitz NEG-mapping f : V (Hm) → `2. Suppose that

dist(f) ≤ D, and f is ε-efficient with respect to µm, for some ε ≥ 4D
m2 . Then there ex-

ists an index p ∈ [m] such that,

E~e∈ ~E(Qm)Ei,j∈{p,...,p+`}〈f([~e]i) , f([~e]j)〉 .
D

m
+ ε, (3.64)

where ` = b m8Dc.

Proof. To prove this lemma first we examine the slack on subpaths. For 1 ≤ p < m − `,
and x ∈ V (Qm) consider the quantity

σp,k(x) =

p+∑̀

r=p

(
‖f([x]r)− f([x⊕ ek]r)‖22 + ‖f([x⊕ ek]r)− f([x]r+1)‖22

)
−‖f([x]p)− f([x]p+`+1)‖22 .

Let sp = Ex∈V (Qm)Ek∈[m][σp,k(x)].

Since f is ε-efficient with respect to µm, we have

Ep∈[m−`−1] [sp] . ε(`+ 1).

Therefore there must exist an index p ∈ [m − ` − 1] such that sp . ε`. We show that any

such p satisfies (3.64).

To this end, fix p ∈ [m− `− 1] such that sp . ε`, we will bound the value

E~e∈ ~E(Qm)Ei,j∈{p,...,p+`}〈f([~e]i) , f([~e]j)〉 =
E~e∈ ~E(Qm)

∥∥∥
∑p+`

i=p f([~e]i)
∥∥∥

2

2

(`+ 1)2
, (3.65)

by splitting the sum on the right hand side into two parts,
∥∥∥∥∥∥

p+∑̀

i=p

f([~e]i)

∥∥∥∥∥∥

2

2

=

p+∑̀

i=p

‖f([~e]i)‖22 +

p+∑̀

i,j=p : i 6=j
〈f([~e]i) , f([~e]j)〉. (3.66)

Since f is 1-Lipschitz, we have ‖f([~e]i)‖22 ≤ 1, and therefore

∥∥∥
p+∑̀

i=p

f([~e]i)
∥∥∥

2

2
≤ (`+ 1) +

p+∑̀

i,j=p:i 6=j
〈f([~e]i) , f([~e]j)〉. (3.67)

Thus by bounding the latter sum, we can bound (3.66), and complete the proof. For a given

p and ~e ∈ ~E(Qm), let

νp,~e = max
i∈{p,...,p+`}

∑

j∈{p,...,p+`}
j 6=i

〈f([~e]i) , f([~e]j)〉. (3.68)



148

We claim that

sp ≥ E~e∈ ~E(Qm)νp,~e. (3.69)

In this case, combining (3.69) and (3.67), we will have

E~e∈ ~E(Qm)

∥∥∥∥∥∥

p+∑̀

i=p

f([~e]i)

∥∥∥∥∥∥

2

2

. (`+ 1) + (`+ 1)E~e∈ ~E(Qm)νp,~e ≤ (`+ 1) + (`+ 1)sp.

Applying (3.65) and using the fact that sp . ε`, we will conclude that

E~e∈ ~E(Qm)Ei,j∈[p,p+`]〈f([~e]i) , f([~e]j〉 ≤
1 + sp
`+ 1

.
1

`
+ ε .

D

m
+ ε,

completing the proof.

We now proceed to prove (3.69). Fix ~e = (x, x ⊕ ek) and let i0 be the index which

maximize (3.68). First note that since Ĥm is symmetric with respect to s and t we may

assume that

∑

j∈{p,...,p+`}
j<i0

〈f([~e]i0) , f([~e]j)〉 ≥
∑

j∈{p,...,p+`}
j>i0

〈f([~e]i0) , f([~e]j)〉. (3.70)

We need the following claim to prove (3.69).

Claim 3.48. For any j > i0, we have

‖f([x⊕ ek]i0)− f([x]j)‖22 − ‖f([x⊕ ek]i0)− f([x]j−1)‖22
≤ ‖f([x]j−1)− f([x⊕ ek]j)‖22 + ‖f([x⊕ ek]j)− f([x]j)‖22 − 2〈f([~ek]i0) , f([~ek]j)〉

Proof. First note that triangle inequality implies that

‖f([x⊕ ek]i0)− f([x]j)‖22 − ‖f([x⊕ ek]i0)− f([x⊕ ek]j)‖22 ≤ ‖f([x]j−1)− f([x⊕ ek]j)‖22
(3.71)

Moreover, for u, v, w ∈ `2, the triangle inequality for ‖·‖22 is equivalent to 〈u− w , w − v〉 ≤



149

0, hence

‖f([x⊕ ek]i0)− f([x]j)‖22 = ‖f([x⊕ ek]i0)− f([x⊕ k]j−1)‖22 + ‖f([x⊕ ek]j−1)− f([x]j)‖22
+ 2〈f([x⊕ ek]i0)− f([x]j) , f([x]j)− f([x⊕ ek]j)〉

= ‖f([x⊕ ek]i0)− f([x⊕ k]j−1)‖22 + ‖f([x⊕ ek]j−1)− f([x]j)‖22
+ 2〈f([x]i0)− f([x]j) , f([x]j)− f([x⊕ ek]j)〉

+ 2〈f([x⊕ ek]i0)− f([x]i0) , f([x]j)− f([x⊕ ek]j)〉

≤ ‖f([x⊕ ek]i0)− f([x⊕ k]j−1)‖22 + ‖f([x⊕ ek]j−1)− f([x]j)‖22
− 2〈f([x]i0)− f([x⊕ ek]i0) , f([x]j)− f([x⊕ ek]j)〉

This inequality in combination with inequality (3.71) completes the proof.

Applying this claim for all j > i0 and using the bound from (3.70) implies

νp,ek ≤
p+∑̀

r=p

(
‖f([x]r)− f([x⊕ ek]r)‖22 − ‖f([x⊕ ek]r)− f([x]r+1)‖22

)
− ‖f([x]p)− f([x]p+`+1)‖22

≤ 1

2




p+∑̀

j=i0+1

2〈f([x]i0)− f([x⊕ ek]i0) , f([x]j)− f([x⊕ ek]j)〉


 = σp,k(x),

completing the proof.

Finally, we present the proof of Lemma 3.43 to complete this section.

Proof of Lemma 3.43. Consider a 1-Lipschitz NEG-mapping f : V (Hm) → `2 which is

ε-efficient with respect to µm, where ε = O( 1√
m logm

). Let p satisfy the conclusion of

Lemma 3.47. Furthermore, let fi : V (Qm)→ `2 be defined by fi(x) = f([x]i), and put

F =
{
fi : p ≤ i ≤ p+

⌊ m
8D

⌋}
.

An immediate application of Lemma 3.47 yields,

Ef,g∈F ,~e∈ ~E(Qm)[f(~e) · g(~e)] .
D

m
+
εm

D
.

From Corollary 3.46 we have,

Ef,g∈F ,x∈V (Qm)[(f(x)− f(x̄)) · (g(x)− g(x̄))] ≥ m

2D
.
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Applying Lemma 3.44 with the given bounds the following inequality must hold:

m &
m
D

D
m + ε

&
1

Dε
m + D2

m2

,

therefore

Dε+
D2

m
& 1,

and D & m1/2.
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Chapter 4

NODE-CAPACITATED OKAMURA-SEYMOUR

4.1 Organization

In this chapter we study the relationship between Max-flow and Min-cut in planar graphs.

We first state all the results that we prove in Section 4.2. Then, we give an overview of the

techniques that we use in the proofs in Section 4.3. In the rest of this chapter we provide

the proof of the results stated in Section 4.2.

4.2 Results

An undirected flow network is an undirected graph G = (V,E) together with a capacity

function on edges cap : E → [0,∞). A set of demands is specified by a symmetric mapping

dem : V × V → [0,∞). For u, v ∈ V , denote by ϕuv : E → [0,∞) the undirected u-v flow.

The (edge) capacity constrains require that for every e ∈ E,
∑

u,v∈V ϕuv(e) ≤ cap(e). Given

such an instance, let mcfG(cap, dem) be the largest value ε such that one can simultaneous

route ε · dem(u, v) units of flow between u and v for every u, v ∈ V while not violating any

of the edge capacities. This optimization describes the maximum concurrent flow problem.

For two subsets S, T ⊆ V , let cap(S, T ) denote the total capacity of all edges with one

endpoint in S and one in T . Similarly, let dem(S, T ) =
∑

u∈S
∑

v∈T dem(u, v). To give an

upper bound on mcf, we can consider cuts in G, described by subsets S ⊆ V . To every such

subset we assign a value called the sparsity of the cut:

ΦG(S; cap, dem) =
cap(S, S̄)

dem(S, S̄)
.

It is straightforward to see that for any S ⊆ V , we have mcfG(cap, dem) ≤ ΦG(S; cap, dem).

See Figure ?? The sparsest cut is the one which gives the best upper bound on mcf. In this

vein, we define

ΦG(cap, dem) = min
S⊆V

ΦG(S; cap, dem) .
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Thus we have the relationship mcfG(cap, dem) ≤ ΦG(cap, dem) and the flow/cut gap ques-

tion asks how close this upper bound is to the truth.

To state the Okamura-Seymour theorem, we need one final piece of notation. We say

that the demand function dem is supported on a subset D ⊆ V if dem(u, v) > 0 only when

u, v ∈ D. The classical Max-flow Min-cut Theorem [43] implies that if the demand dem

is supported on a two-element subset {s, t} ⊆ V , then for any capacities cap, we have

mcfG(cap, dem) = ΦG(cap, dem). An extension of Hu [48] shows that if dem is supported on

a 4-element subset D ⊆ V , the same equality holds. The Okamura-Seymour theorem states

that whenever G is a planar graph and the demand is supported on a single face, there is

likewise no flow/cut gap.

Theorem 4.1 ([89]). Let G = (V,E) be a planar graph, and let F ⊆ V be any face of G.

Then for any capacities cap : E → [0,∞) and any demands dem : V ×V → [0,∞) supported

on F , we have

mcfG(cap, dem) = ΦG(cap, dem) .

Indeed, one can consider generalizations of edge-capacitated networks. A prominent

example is to consider capacities on vertices.

Formally, we define a vertex-capacitated flow network by considering a function cap :

V → [0,∞) assigning capacities to vertices instead of edges. It seems that the most elegant

way to think about capacities in this setting is as follows: If a flow of value α is sent along

a path P from s to t, then it consumes α/2 capacity at s and t and α capacity at each

of the intermediate nodes of P .1 Formally, in the multi-commodity setting, the vertex

capacity constrains require that for every w ∈ V ,
∑

e3w
∑

u,v∈V ϕuv(e) ≤ 2 cap(w). The

corresponding definition of the maximum concurrent flow follows immediately; we use the

notation mcfvG for the vertex-capacitated version. For the definition of Φv
G, we have to

be slightly more careful. For a subset S ⊆ V of the vertices, denote by G[S] the induces

1This particular choice does not materially affect any theorem in this dissertation which deals with
approximate flow/cut gaps.
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subgraph of G on S. We define a function ρS : V × V → {0, 1
2 , 1} by

ρS(u, v) =





1
2 |{u, v} ∩ S| = 1

1 u, v ∈ S

1 u, v ∈ S̄ and u, v are in distinct connected components of G[S̄]

0 otherwise.

In other words, we are only given half-credit for separating u and v if exactly one of them

is in the separator (see Figure 4.1).

Distance 1 

Separator!
S!

Distance 1/2 

Figure 4.1: Vertex separator distance between points.

Then we define

Φv
G(S; cap, dem) =

∑
v∈S cap(v)∑

u,v∈V dem(u, v)ρS(u, v)
,

and Φv
G(cap, dem) = minS⊆V Φv

G(S; cap, dem). It is straightforward to verify that mcfvG(cap, dem) ≤
Φv
G(cap, dem).

These precise definitions ensure that a classical Max-flow Min-cut theorem holds when

the demand is supported on a single pair (this follows from Menger’s theorem [86]). They

also allow other natural properties in the multi-commodity setting; it is an exercise to show
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that for any tree T , we have mcfvT (cap, dem) = Φv
T (cap, dem) for any choice of capacities

and demands. Unfortunately, there is no exact vertex-capacitated analog of the Okamura-

Seymour Theorem. Nevertheless, a main result of the current chapter is that an approximate

version does hold in the vertex-capacitated setting, answering a question posed by Chekuri

and Kawarabayashi.

Theorem 4.2 (Restatement of Theorem 1.2). There exists a constant ε > 0 such that the

following holds. Let G = (V,E) be a planar graph and let F ⊆ V be any face of G. Then for

any vertex capacities cap : V → [0,∞) and any demands dem : V × V → [0,∞) supported

on F , we have

mcfvG(cap, dem) ≥ ε · Φv
G(cap, dem) .

In fact, our result holds in the more general setting of undirected polymatroid networks

which we discuss next.

4.2.1 Polymatroid Networks

Motivated by applications to information flow in wireless networks, Chekuri et. al. [29]

introduced a generalization of vertex capacities by putting a submodular capacity function

at every vertex. Recall that a function f : 2S → R over a finite set S is called submodular

if f(A) + f(B) ≥ f(A ∩ B) + f(A ∪ B) for all A,B ⊆ S. Let G = (V,E) be a graph and

suppose that for a multi-commodity flow ϕ = {ϕst}s,t∈V in G, we use ϕ(e) =
∑

s,t ϕst(e)

to denote the total flow through the edge e. For a vertex v ∈ V , we use E(v) to denote

the edges incident to v. Let ~ρ = {ρv : 2E(v) → [0,∞)}v∈V be a collection of monotone,

submodular functions called polymatroid capacities. A flow ϕ is feasible with respect to ~ρ if

for every v ∈ V and every subset S ⊆ E(v), we have
∑

e∈S ϕ(e) ≤ ρv(S).

Given a demand function dem : V ×V → [0,∞), we can define the maximum concurrent

flow value of a polymatroid network by mcfG(~ρ, dem) as the maximum ε > 0 such that

one can route an ε-fraction of all demands simultaneously using a flow that is feasible with

respect to ~ρ.

The corresponding notion of a sparse cut is now a little trickier. For every subset of

edges S ⊆ E, we can define the cut semi-metric σS : V × V → {0, 1} on V by σS(x, y) = 0
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if and only if there exists a path from x to y in the graph G(V,E \ S). Following [29], we

call a map g : S → V valid if it maps every edge in S to one of its two endpoints in V . We

can then define the capacity of a set S ⊆ E by

ν~ρ(S) = min
g:S→V

valid

∑

v∈V
ρv(g

−1(v)) .

Finally, we define the sparsity of S by

ΦG(S; ~ρ, dem) =
ν~ρ(S)∑

u,v∈V dem(u, v)σS(u, v)
,

and define ΦG(~ρ, dem) = minS⊆V ΦG(S; ~ρ, dem). It is not too difficult to see that, again,

mcfG(~ρ, dem) ≤ ΦG(~ρ, dem) .

In [29], it is proved that when dem is supported on a single pair, we have

ΦG(~ρ, dem) ≤ 2 ·mcfG(~ρ, dem) .

Unfortunately, the factor 2 is necessary, and owes itself to a slight defect in the notion

of undirected polymatroid networks. If one were to say that a flow only consumes half the

capacity of an edge if it originates at an endpoint (as in the vertex-capacitated case described

above), then we would obtain an exact single-commodity max-flow/min-cut theorem in this

setting. Indeed, for directed polymatroid networks, such a result is classical [47, 61]. Since

we are concerned here with approximate flow/cut gaps, this will not be an issue, and we

follow [29]. We obtain an Okamura-Seymour theorem for polymatroid networks as well,

answering a question posed to us by Chandra Chekuri.

Theorem 4.3 (Polymatroid Okamura-Seymour Theorem). There exists a constant ε > 0

such that the following holds. Let G = (V,E) be a planar graph and let F ⊆ V be any

face of G. Then for any polymatroid capacities ~ρ and any demands dem : V × V → [0,∞)

supported on F , we have

mcfG(~ρ, dem) ≥ ε · ΦG(~ρ, dem) .

Theorem 4.2 is a special case of Theorem 4.3. Indeed, vertex capacity cap : V → [0,∞), is

(up to a factor of 2) equivalent to vertex polymatroid capacity ~ρv(∅) = 0 and ~ρv(S) = cap(v)

for ∅ 6= S ⊆ E(v). With this definition of ~ρ, it is immediate to check that mcfG(~ρ, dem) ≤
mcfvG(cap, dem) ≤ 2mcfG(~ρ, dem) and ΦG(~ρ, dem) ≤ Φv

G(cap, dem) ≤ 2ΦG(~ρ, dem).
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4.3 Overview of the Proofs and Techniques

4.3.1 Embeddings and Flow/Cut Gaps

Our main tools in proving Theorems 4.2 and 4.3 are various embeddings of metric spaces.

To this end, we first recall known results in the edge and vertex-capacitated settings. In the

next section, we discuss the new types of embeddings we need to handle vertex-capacitated

and polymatroid networks.

A metric graph G = (V,E, len) is an undirected graph equipped with a non-negative

length function on edges len : E → [0,∞). We extend the length function to paths P ⊆ E

by setting len(P ) =
∑

e∈P len(e). Associated to every such length is the shortest-path

pseudo-metric on G defined by dlen(u, v) = minP len(P ) where the minimum is over all u-v

paths P in G. We say that a pseudo-metric d on V is supported on the graph G if d = dlen for

some length function on E. In many situations we will only be considering a single length

function on G at a time, and then we write dG instead of dlen.

We will consider embeddings of such graph metrics into various other spaces. Given

two metric spaces (X, dX) and (Y, dY ) and a function f : X → Y , we define the Lipschitz

constant of f by

‖f‖Lip = sup
x 6=y∈X

dY (f(x), f(y))

dX(x, y)
.

If ‖f‖Lip ≤ L, we say that f is L-Lipschitz.

We define the distortion of the map f by dist(f) = ‖f‖Lip · ‖f−1‖Lip. The L1 distortion

of a metric space (X, dX), written c1(X, dX), denotes the infimum of dist(f) over all maps

f : X → L1. The next theorem gives a tight relationship between flow/cut gaps in graphs

and L1 embeddings of the metric supported on them. It follows from [76] and [46].

Theorem 4.4. Consider any graph G = (V,E) and any subset D ⊆ V . Let

K1(G,D) = sup
cap,dem

ΦG(cap, dem)

mcfG(cap, dem)
,

where the supremum is over all capacity functions cap : E → [0,∞) and all demand functions

supported on D. Let

K2(G,D) = sup
d

[
inf

f :(V,d)→L1

dist(f |D)

]
,
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where the supremum is over all metrics d supported on G and the infimum is over all

1-Lipschitz mappings f : V → L1. Then K1(G,D) = K2(G,D).

In particular, the Okamura-Seymour Theorem (Thm. 4.1) can be restated as the follow-

ing fact about embeddings of planar graphs: For any metric planar graph G = (V,E) and

any face F ⊆ V , there exists a 1-Lipschitz mapping f : V → L1 such that dist(f |F ) = 1.

Vertex-capacitated flows and `dom
1 embeddings. Unfortunately, L1 embeddings are

not sufficient for the study of vertex-capacitated flow/cut gaps; we refer to [42] for some

examples. Instead, [42] uses a stronger notion of embedding. For simplicity, we discuss such

embeddings only for finite metric spaces. An `dom
1 embedding of a finite pseudometric space

(X, d) is a random 1-Lipschitz mapping Λ : X → R. One then defines

dist(Λ) = max
x,y∈X

E |Λ(x)− Λ(y)|
d(x, y)

,

and writes cdom
1 (X, d) for the infimum of dist(Λ) over all such random mappings Λ : X → R.

It is straightforward to verify that c1(X, d) ≤ cdom
1 (X) and there are many interesting cases

when this inequality is strict (see [42, 17]). Such embeddings were initially studied by

Matousek and Rabinovich [81]. It was shown in [42] that they can be used to bound vertex-

capacitated flow/cut caps, and [29] extended this to undirected polymatroid networks.

Theorem 4.5 ([29]). Consider a graph G = (V,E) and a subset D ⊆ V . Suppose there is a

constant K ≥ 1 such that for every metric d supported on G, we have cdom
1 (D, d) ≤ K. Then

for every set of polymatroid capacities ~ρ on G and every dem : V × V → [0,∞) supported

on D, we have

mcfG(~ρ, dem) ≥ 1

2K
ΦG(~ρ, dem) .

Despite the power of the preceding theorem, it is insufficient for proving our main results.

Since cdom
1 (X, d) is at least the Euclidean distortion of (X, d), Bourgain’s lower bound on

the Euclidean distortion of trees [13] implies that there are n-point tree metrics (Tn, dn)

with cdom
1 (Tn, dn) = Ω(

√
log log n). In the next section, we introduce a new notion of

embedding that is sufficient for proving vertex-capacitiated and polymatroid versions of the

Okamura-Seymour theorem.
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4.3.2 Length Functions, Star-shaped Embeddings, and Single-scale Gradients

We first setup a polymatroid embedding problem which follows from the duality theorem

of [29]. Fix a finite ground set S. Given a function ρ : {0, 1}S → {0, 1}, we define its Lovász

extension ρ̂ : [0,∞)S → [0,∞) by

ρ̂(z) =

∫ ∞

0
ρ(zθ)dθ ,

where zθ ∈ {0, 1}S has (zθ)i = 1 whenever zi ≥ θ. Observe that for a constant α > 0, we

have ρ̂(α · z) = α · ρ̂(z). We will associate 2S and {0, 1}S via the mapping which sends

a subset A ⊆ S to its characteristic function 1A ∈ {0, 1}S . Likewise, we will associate

functions S → [0,∞) with elements of [0,∞)S .

In the rest of this section, we will consider families of functions F = {`v : E(v) →
[0,∞)}v∈V associated to a graph G = (V,E). Given a length function len : E → [0,∞), we

say that F is adapted to len if for every edge e = {u, v} ∈ E, we have

len(e) ≤ `u(e) + `v(e) .

Theorem 4.6 (Duality Theorem, [29, Sec. 3]). For any graph G = (V,E) the following

holds. For any polymatroid capacities ~ρ = {ρv : v ∈ V } and any demands dem : V × V →
[0,∞),

mcfG(~ρ, dem) = min
len,{`v}

[ ∑
v∈V ρ̂v(`v)∑

u,v∈V dem(u, v)dlen(u, v)

]
, (4.1)

where the minimum is over all length functions len : E → [0,∞) on G and all families

{`v : E(v)→ [0,∞)}v∈V adapted to len.

The preceding theorem shows that to prove flow/cut gaps, it suffices to find for every

given length function len and any {`v}v∈V adapted to len, a set S ⊆ E for which

ΦG(S; ~ρ, dem) ≤ C ·
∑

v∈V ρ̂v(`v)∑
u,v∈V dem(u, v)dlen(u, v)

for some constant C > 0. This gives rise to an embedding problem with differs from the

classical one in a way which we now describe informally.

In the case of edge-capacitated flows and L1 embeddings, to satisfy the Lipschitz prop-

erty, it suffices to consider the stretch of each edge separately. For vertex-capacitated flows,
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and more generally polymatroid networks, we must coordinate the stretch of the edges adja-

cent to a vertex. In essence, a vertex has to “pay” in the corresponding “Lipschitz constant”

if any of its adjacent edges is stretched. Thus we should try as much as possible to stretch

the edges adjacent to a vertex simultaneously.

This makes some standard techniques (e.g. random embeddings into trees as in [46])

inappropriate for our study (although some of the principles in [46] will prove invaluable).

Certainly `dom
1 embeddings achieve this coordination because they are (by definition) Lips-

chitz in every coordinate, but as we mentioned earlier, they are insufficient for proving our

main theorems.

To satisfy this goal, we must pay careful attention to the image of the edges in our

embeddings. On the other hand, to overcome the limitations of `dom
1 , we will increase our

target spaces to include general metric trees.

Star-shaped mappings. Say that a graph H is star-shaped if H is the subdivision of

some star graph. Suppose that G = (V,E) is a graph, T is a tree, and λ : V → V (T ) is an

arbitrary map. For every u, v ∈ V (T ), let Puv ⊆ V (T ) be the unique simple path between

u and v in T . We say that λ is a star-shaped mapping if, for every u ∈ V (T ), the induced

graph on

{Puv : v ∈ V (T ), E(λ−1(u), λ−1(v)) 6= ∅}

is star-shaped. In other words, if we consider the paths in T which correspond to edges

in G, then all such paths emanating from the same vertex in T should form a star-shaped

subgraph. See Figure 4.2 for an example.

In addition to controlling the shape of a mapping, we need to control the lengths of the

“arms” of the star simultaneously. Fortunately (and this property will be crucial to the

approach of Section 4.6), we will only need to bound the stretch over single scales.

Single-scale `∞ gradients. If we are given a metric graph G = (V,E, len) and a mapping

f : V → (X, dX) into a metric space (X, dX), we make the following definition: For any

τ > 0,

|∇τf(u)|∞ = sup

{
dX(f(u), f(v))

len(u, v)
: {u, v} ∈ E and len(u, v) ∈ [τ, 2τ ]

}
.
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v!
 

(a) The induced graph on {Puv : v ∈

V (T ), E(λ−1(u), λ−1(v)) 6= ∅} is star-

shaped.

v!
 

(b) The induced graph on {Puv : v ∈

V (T ), E(λ−1(u), λ−1(v)) 6= ∅} has two

vertices with degree three, hence it is not

star-shaped.

Figure 4.2: Star-shaped embedding.

In Section 4.4, we prove the following theorem which shows how such mappings can be

used for polymatroid flow/cut gaps.

Theorem 4.7 (Main rounding theorem). Let G = (V,E, len) be a metric graph and suppose

there exists a random metric tree T and a random star-shaped mapping F : V → V (T ) such

that for some K ≥ 1,

max
v∈V

sup
τ>0

E |∇τF (v)|∞ ≤ K . (4.2)

Then for any family of functions {`v : E(v)→ [0,∞)}v∈V adapted to len, and for any

polymatroid capacities ~ρ = {ρv}v∈V and demands dem : V × V → [0,∞), we have

ΦG(~ρ, dem) ≤ 64K
∑

v∈V ρ̂v(`v)∑
u,v∈V dem(u, v) · E [dT (F (u), F (v))]

. (4.3)

4.3.3 The Embedding Theorem

In light of Theorem 4.7, we are able to prove Theorem 4.3 by constructing appropriate

random embeddings into trees. In the present section we state our main embedding theorem

and give an outline of its proof.

Theorem 4.8. There exist constants K,L ≥ 1 such that the following holds. If G = (V,E)

is a metric planar graph, and F ⊆ V is any face of G, then there exists a random tree T



161

and random star-shaped mapping Λ : V → V (T ) such that the following conditions hold.

i) For every u ∈ V and τ > 0, we have E |∇τΛ(u)|∞ ≤ K.

ii) For every u, v ∈ F ,

E [dT (Λ(u),Λ(v))] ≥ dG(u, v)

L
. (4.4)

Combined with the rounding theorem (Theorem 4.7) and duality (Theorem 4.6), this

immediately yields Theorem 4.3 and, in particular, a vertex-capacitated Okamura-Seymour

theorem (Theorem 4.2).

Proof of Theorem 4.3. Fix a planar graph G = (V,E), a face F ⊆ V of G, demands dem :

V × V → [0,∞) supported on F , and polymatroid capacities ~ρ. By Theorem 4.7, there

exists a length function len : E → [0,∞) and a family {`v : E(v) → [0,∞)}v∈V adapted to

len such that

mcfG(~ρ, dem) =

∑
v∈V ρ̂v(`v)∑

u,v∈V dem(u, v)dlen(u, v)
.

Consider the metric planar graph G = (V,E, len). By Theorem 4.8 there exist a random tree

T and a random star-shaped embedding Λ : V → T satisfying (4.2) with K = 1, and (4.4)

with some universal constant L > 0. Applying Theorem 4.7 with Λ, we conclude

ΦG(~ρ, dem)
(4.3)∧(4.4)

≤ 64KL
∑

v∈V ρ̂(`v)∑
u,v∈V dem(u, v)dG(u, v)

(4.1)
= 64KL ·mcfG(~ρ, dem).

We now give a brief outline of the proof of Theorem 4.8.

First step: Outerplanar graphs into random trees. Theorem 4.8 is proved in two

main steps. First, in Section 4.5, we prove it for the special case of outerplanar graphs; this

is precisely the situation where the face F satisfies F = V in Theorem 4.8. It is known

that outerplanar graph metrics embed into distributions over dominating trees [46], but

this is not sufficient for our purposes; these maps are not star-shaped and do not satisfy the

gradient conditions. Instead our proof is inspired by the result of Charikar and Sahai [20]

stating that every outerplanar graph metric can be embedded into the product of two trees

with O(1) distortion. In particular, each of these two embeddings must be O(1)-Lipschitz,
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so one hopes that the star-shaped and gradient properties might be achievable with their

techniques.

Indeed, by following their basic induction and using a heavily modified variant of their

embedding, we are able to obtain the desired result. Unfortunately, for this purpose we are

not able to obtain a product of two trees; instead we need an entire distribution, but this

suffices in light of Theorem 4.7.

Second step: Retracting onto a face. The second step follows the approach of [36] for

proving that face metrics (i.e. those metrics arising from taking the shortest-path metric

on a planar graph restricted to a face) embed into distributions over dominating trees; this

result was originally proved in [73] via a different method. In [36], the authors randomly

retract a planar graph G = (V,E) onto a prescribed face F ⊆ V in such a way that edges

are not stretched too much in expectation. (See Figure 4.3)

(a) Partition the graph such that each

partition has a vertex on the restricted

face.

(b) retract the vertices in each partition

to the vertex onto vertex from the re-

stricted face.

Figure 4.3: Retracting onto a restricted face.

Their embedding has the rather convenient property (not shared by previous random

retractions) that stars are mapped to stars, satisfying our star-shaped ambitions. Thus we

are left to wrestle with the `∞ gradient issue. By using stronger properties of known random

partitioning schemes for planar graphs [54]—specifically the fact that such partitions are

“padded” in the language of [45, 57]—we are able to show that all single-scale `∞ gradients
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are O(1) in expectation under the random retraction. We remark that this mapping does not

preserve global `∞ gradients in expectation, and this is the main reason we have introduced

the single-scale definition. This pushes some non-trivial work to the rounding theorem in

Section 4.4 which must now show that all the scales can be rounded simultaneously.

4.3.4 Additional Definitions and Notations

Here we review some additional definitions before diving into the proofs. We deal exclusively

with finite graphsG = (V,E) which are free of loops and parallel edges. Note that dG(x, y) =

0 may occur even when x 6= y, and if G is disconnected, there will be pairs x, y ∈ V with

dG(x, y) = ∞. We allow both possibilities throughout this chapter. An important point

is that all length functions in this chapter are assumed to be reduced, i.e. they satisfy the

property that for every e = (u, v) ∈ E, len(e) = dG(u, v). For v ∈ V and R ≥ 0, we write

BG(v,R) = {u ∈ V : dG(u, v) ≤ R}.
In the present chapter, paths in graphs are always simple, i.e., no vertex appears twice.

Given a metric graph G, we extend the length function to paths P ⊆ E by setting len(P ) =
∑

e∈P len(e). We recall that for a subset S ⊆ V , G[S] represents the induced graph on S.

For a pair of subsets S, T ⊆ V , we use the notations E(S, T ) = {(u, v) ∈ E : u ∈ S, v ∈ T}
and E(S) = E(S, S), and if v ∈ V , we write E(v) = E({v}, V \ {v}).

Given a set X, a random map F : X → Y is shorthand for some probability space (Ω, µ)

and a distribution over mappings {Fω : X → Yω}ω∈Ω. Note that both F and Y are random

variables. In all our constructions, X and Yω are finite sets. When no confusion arises,

probabilistic expressions containing F and Y should be understood as been taken over the

probability space (Ω, µ). When we refer to a property of Y or F , it should be understood

that this property holds for all Yω and Fω : X → Yω, ω ∈ Ω.

4.4 Polymatroid Networks and Embeddings

Our primary goal in the present section is to prove Theorem 4.7 which shows that random

tree embeddings can be used to bound flow/cut gaps in polymatroid networks. We start in

Section 4.4.1 by showing that a fixed “thin” mapping into a tree can be use for rounding.

In Section 4.4.2, we prove the crucial property that every star-shaped mapping into a tree
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can be converted to a random thin map. Finally in Section 4.4.3, we combine these results

with a multi-scale analysis to show that a suitable distribution over star-shaped mappings

into random trees suffices for rounding.

4.4.1 Thin-star Tree Rounding

Consider a graph G, a connected tree T , and a map f : V (G) → V (T ). For every pair

u, v ∈ V , let Puv denote the unique simple path from f(u) to f(v) in T . We say that f

is ∆-thin if, for every u ∈ V (G), the induced graph on
⋃
v:{u,v}∈E(G) Puv can be covered

by ∆ simple paths in T emanating from f(u). The next lemma gives a generalization of

line-embedding rounding [42, 29] to arbitrary thin maps into trees.

Lemma 4.9. Let G = (V,E) be a graph, T a connected metric tree, and let f : V → V (T )

be a ∆-thin map. Suppose that the set of functions {`v : E(v)→ [0,∞)}v∈V is such that

dT (f(u), f(v)) ≤ `u(e) + `v(e) for every edge e = {u, v} ∈ E.

Then for any polymatroid capacities ~ρ = {ρv}v∈V and demands dem : V × V → [0,∞),

there exists a subset of edges S ⊆ E such that

ΦG(S; ~ρ, dem) ≤ ∆
∑

v∈V ρ̂v(`v)∑
u,v∈V dem(u, v) · dT (f(u), f(v))

.

Proof. For every edge {u, v} ∈ E, let Puv denote the unique simple path between f(u) and

f(v) in T . For every a ∈ E(T ), we define the subset S(a) ⊆ E by

S(a) =
{
{u, v} ∈ E : a ∈ E(Puv)

}
.

Observe that if a ∈ E(Pxy) for some x, y ∈ V , then σS(a)(x, y) = 1. Thus we have, for any

x, y ∈ V ,
∑

a∈E(T )

lenT (a) · σS(a)(x, y) ≥ dT (f(x), f(y)) . (4.5)

Next, we give an upper bound on ν~ρ(S(a)) for every a ∈ E(T ). First, arbitrarily orient

the edges of E(T ). Fix a = (x, y) ∈ E(T ) according to this orientation. Consider any

λ ∈ [0, lenT (a)]. For an edge e ∈ S(a), choose the orientation e = (u, v) such that Puv

traverses a in the order (x, y). We will assign the edge e to the vertex u if

dT (f(u), x) + λ ≤ `u(e) , (4.6)
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and otherwise assign e to the vertex v. This gives, for every λ ∈ [0, lenT (a)], a valid

assignment ga,λ : S(a)→ V . Integrating yields

lenT (a) · ν~ρ(S(a)) ≤
∫ lenT (a)

0

(∑

v∈V
ρv(g

−1
a,λ(v))

)
dλ . (4.7)

Our next goal is to show that, for every v ∈ V , we have

∑

a∈E(T )

∫ lenT (a)

0
ρv(g

−1
a,λ(v)) dλ ≤ ∆ρ̂v(`v) . (4.8)

To this end, fix v ∈ V . Since f is ∆-thin, there are k ≤ ∆ paths P1, P2, . . . , Pk in T

emanating from f(v) ∈ V (T ) such that the following holds: If S(a) contains an edge with

endpoint v, then a ∈ E(Pi) for some i ∈ {1, 2, . . . , k}. Thus we can write

∑

a∈E(T )

∫ lenT (a)

0
ρv(g

−1
a,λ(v)) dλ ≤

k∑

i=1

∑

a∈E(Pi)

∫ lenT (a)

0
ρv(g

−1
a,λ(v)) dλ , (4.9)

and it suffices to bound each term of the latter sum separately.

To this end, fix i ∈ {1, 2, . . . , k}. For θ ∈ [0, len(Pi)], let

Sv(θ) =
{
{u, v} ∈ E : f(u) ∈ V (Pi) and `v({u, v}) ≥ θ

}
.

By the assignment rule (4.6), the fact that dT (f(u), f(v)) ≤ `u({u, v})+ `v({u, v}) for every

{u, v} ∈ E, and monotonicity of ρv, we have

∑

a∈E(Pi)

∫ lenT (a)

0
ρv(g

−1
a,λ(v)) dλ ≤

∫ ∞

0
ρv(Sv(θ)) dθ

≤
∫ ∞

0
ρv(`

θ
v) dθ

= ρ̂v(`v) ,

where in the final line we have used the definition of the Lovász extension ρ̂v and the

notation: `θv({u, v}) = 1 if `v({u, v}) ≥ θ and `θv({u, v}) = 0 otherwise. Combining this

with (4.9) yields (4.8).

Now interchanging sums and integrals in (4.8) and summing (4.7) over a ∈ E(T ) yields

∑

a∈E(T )

lenT (a) · ν~ρ(S(a)) ≤ ∆
∑

v∈V
ρ̂v(`v) .
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Using this in conjunction with (4.5), we have

min
S⊆E

ΦG(S; ~ρ, dem) ≤ min
a∈E(T )

ν~ρ(S(a))∑
u,v∈V dem(u, v)σS(a)(u, v)

≤
∑

a∈E(T ) lenT (a) · ν~ρ(S(a))
∑

a∈E(T ) lenT (a)
∑

u,v∈V dem(u, v)σS(a)(u, v)

≤ ∆
∑

v∈V ρ̂v(`v)∑
u,v∈V dem(u, v)dT (f(u), f(v))

,

completing the proof.

4.4.2 Random Thinning

Next we show how an arbitrary star-shaped map into a tree can be converted into a random

4-thin map.

Lemma 4.10. Let G = (V,E) be a graph, T a connected metric tree, and let f : V → V (T )

be a 1-Lipschitz star-shaped map. Then there exists a random connected metric tree T ′ and

a random 4-thin map F : V → V (T ′) satisfying the following conditions:

i) F is 1-Lipschitz with probability one.

ii) For every u, v ∈ V , we have

E dT ′(F (u), F (v)) ≥ 1

2
dT (f(u), f(v)) .

Proof. In what follows, for a tree T , we will use the notation P Txy to denote the unique

simple path between x, y ∈ V (T ).

We will proceed by constructing a random metric tree T ′ and map Φ : V (T ) → V (T ′)

and then showing that F = Φ ◦ f satisfies the conclusion of the lemma. Suppose that

the tree T is rooted at some fixed vertex. For a vertex x ∈ V (T ), let Tx be the subtree

rooted at x. A vertical path in a rooted tree is a path P in which every u, v ∈ P have

ancestor-descendant relationship.

Claim 4.11. For every x ∈ V (T ), there exists a random metric tree T ′x, and a random

1-Lipschitz map Φx : V (Tx)→ V (T ′x) which satisfies the following conditions:
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i) Φx maps every vertical path in Tx isometrically to a vertical path in T ′x.

ii) For all v ∈ V (Tx), Φx|V (Tv) = Φv.

iii) For all v ∈ V (Tx), the set of vertices {Φx(u) : u ∈ V (Tv), E(f−1(u), f−1(v)) 6= ∅} can

be covered by at most two vertical paths emanating from Φx(v) in T ′x.

iv) For every u, v ∈ V (Tx), we have

E [dT ′(Φx(u),Φx(v))] ≥ 1

2
dT (u, v) .

Proof. We construct the map Φx by induction on the height of x in T . When x is a leaf,

the statement is partically vacuous. The inductive step is carried in two steps: In the first

step we construct a tree T̃x and a map Φ̃ : V (Tx) → V (T̃x) as follows: Let u1, . . . , um, be

the children of x in T , and let T ′1, T
′
2, . . . , T

′
m be the random trees, and Φ1,Φ2, . . . ,Φm be

the randoms maps resulting from applying the claim inductively to each Tui . We construct

the graph T̃x by replacing each Tui with T ′i in Tx. We put Φ̃(x) as the root of T̃x, and for

v ∈ V (Tui), we put Φ̃(v) = Φi(v). We also define f̃ = Φ̃ ◦ f .

Let S =
{
P T̃x

Φ̃(x)ṽ
: ṽ ∈ T̃x, E(f̃−1(x), f̃−1(ṽ)) 6= ∅

}
, and let H be the subgraph of T̃x

induced by S. The map f is a star-shaped, and each map Φi, maps root leaf paths in Tui

to root leaf paths in T ′i , therefore the set S is star-shaped. Hence, there exists k ≤ m edge

disjoint paths P1, P2, . . . , Pk in T̃x emanating from Φ̃(x) that cover S.

Let T̃1, . . . , T̃n be the connected components of T̃x after removing the edges of H, and

let ṽj ∈ S be the root of the tree T̃j .

We define the random tree T ′x, and the random map Φx : Tx → T ′x as follows. Consider

a root r connected to two paths B1 and B2. We define Φx(x) = r. Moreover, we map each

path P1, P2, . . . , Pk isometrically and independently at random to one of the two paths B1,

and B2 (see Figure 4.4 for an example). Then we complete the construction by gluing root

of each tree T̃j to Φx(ṽj) (the image of ṽj in either B1 or B2).

It is straightforward to check that Φ satisfies Claim 4.11(i). Using the inductive hypoth-

esis it is sufficient to check Claim 4.11(ii) with respect to the children of x in T , and for

them the claim is easily seen to be true.
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Figure 4.4: Merging branches of the tree.

To verify Claim 4.11(iii), first note that for v ∈ Tx \ {x} this condition holds by our

inductive construction, and Claim 4.11(ii). Moreover, For the case that v = x, all the

vertices u ∈ V (Tx) such that E(f−1(x), f−1(u)) 6= ∅ are mapped to paths B1 and B2,

therefore Claim 4.11(iii) holds for all v ∈ V (Tx).

To verify Claim 4.11(iv), first note that for u, v ∈ V (Tx), if u, v ∈ V (Tui) for some i,

then dT ′i (Φui(u),Φui(v)) = dT ′x(Φx(u),Φx(v)) and by our inductive construction

1

2
dT (u, v) ≤ dT ′x(Φx(u),Φx(v)) .

Moreover if u and v do not belong to the same subtree rooted at one of x’s children, then

with probability 1/2, dT (u, v) = dT ′x(Φx(u),Φx(v)). Therefore Claim 4.11(iv) holds for all

u, v ∈ V (Tx), completing the proof of the claim.

The map f is star-shaped, therefore there must exist k edge disjoint paths P1, P2, . . . , Pk

emanating from v that cover {f(u) : (u, v) ∈ E(G)} in T . Moreover, since these paths are

edge disjoint, at most one of these paths is not contained in Tf(v). Without loss of generality

assume that P1, P2, . . . , Pk−1 are contained in Tf(v). Let T ′ and Φ to be the tree and the

map resulting from applying claim to the root of T . By our construction we can cover the

image of the paths P1, P2, . . . , Pk−1 by at most two paths emanating from Φ(f(v)) in T ′.
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Finally, every path in a rooted tree is a union of at most two vertical paths and each vertical

path in T is mapped to a vertical path in T ′, the image of the path Pk can be covered by

at most two paths emanating from Φ(f(v)) in T ′, completing the proof of Lemma 4.10.

The next result follows from Lemma 4.10 and Lemma 4.9.

Corollary 4.12. Let G = (V,E) be a graph, T a connected metric tree, and f : V → V (T )

a star-shaped mapping. Suppose that the set of functions {`v : E(v)→ [0,∞)}v∈V is such

that dT (f(u), f(v)) ≤ `u(e) + `v(e) for every edge e = {u, v} ∈ E.

Then for any polymatroid capacities ~ρ = {ρv}v∈V and demands dem : V × V → [0,∞),

there exists a subset of edges S ⊆ E such that

ΦG(S; ~ρ, dem) ≤ 8
∑

v∈V ρ̂v(`v)∑
u,v∈V dem(u, v) · dT (f(u), f(v))

.

4.4.3 Rounding Random Star-shaped Embeddings

Finally, we are ready prove the main result of this section connecting embeddings to poly-

matroid flow/cut gaps. We restate Theorem 4.7 here for the sake of the reader

Theorem 4.13. Let G = (V,E, len) be a metric graph and suppose there exists a random

connected metric tree T and a random star-shaped mapping F : V → V (T ) such that for

some K ≥ 1,

max
v∈V

sup
τ>0

E |∇τF (v)|∞ ≤ K .

Then for any set of functions {`v : E(v)→ [0,∞)}v∈V that is adapted to len, and for any

polymatroid capacities ~ρ = {ρv}v∈V and demands dem : V × V → [0,∞), there exists a

subset of edges S ⊆ E such that

Φ~ρ,dem(S) ≤ 64K
∑

v∈V ρ̂v(`v)∑
u,v∈V dem(u, v) · E [dT (F (u), F (v))]

.

Proof. Using the fact that ρ̂v is monotone, we may first scale {`v(e) : v ∈ V , e ∈ E(v)}
down and assume that for {u, v} ∈ E, we have len({u, v}) = `u({u, v}) + `v({u, v}). Next,

by rounding all the length functions up, we may assume that {`v(e) : v ∈ V , e ∈ E(v)} are

dyadic:

{`v(e) : v ∈ V, e ∈ E(v)} ⊆ {2h : h ∈ Z}, (4.10)
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and that for {u, v} ∈ E, we have

len({u, v}) ≥ 1

2

(
`u({u, v}) + `v({u, v})

)
. (4.11)

Now define the random functions {˜̀v : E(v)→ [0,∞)}v∈V by

˜̀
v({u, v}) =





0 if `v({u, v}) < `u({u, v})

2`v({u, v}) · dT (F (u),F (v))
len(u,v) otherwise.

Then, by definition, we have dT (F (u), F (v)) ≤ ˜̀
u({u, v}) + ˜̀

v({u, v}) for every {u, v} ∈ E
since {`v} is adapted to len.

We define a new family {ˆ̀v} by ˆ̀
v(e) = sup{˜̀v(e′) : `v(e

′) ≤ `v(e)}. Observe that ˆ̀
v ≥ ˜̀

v

pointwise, thus by monotonicity, ρ̂v(ˆ̀
v) ≥ ρ̂v(˜̀

v). Additionally, we have `v(e) ≤ `v(e′) if and

only if ˆ̀
v(e) ≤ ˆ̀

v(e
′). Thus the collections of edge sets {`θv : θ ∈ [0,∞)} and {ˆ̀θv : θ ∈ [0,∞)}

are identical.

Enumerate the set of values {`v(e) : e ∈ E(v)} ∪ {0} by 0 = τ0 < τ1 < τ2 < · · · < τk so

that

ρ̂v(`v) =

k−1∑

i=0

(τi+1 − τi)ρv(`τiv ) ≥ 1

2

k−1∑

i=0

τi+1ρv(`
τi
v ) , (4.12)

where the latter inequality holds since τi+1 ≥ 2τi by (4.10).

For i = 1, 2, . . . , k, we can likewise set τ̂i = max{ˆ̀v(e) : `v(e) = τi}. By construction, we

have 0 = τ̂0 ≤ τ̂1 ≤ τ̂2 ≤ · · · ≤ τ̂k, and

ρ̂v(ˆ̀
v) =

k−1∑

i=0

(τ̂i+1 − τ̂i)ρv(`τiv ) .

Finally, define τ̃i = max{˜̀v(e) : `v(e) = τi}. Observe that if τ̃i+1 6= τ̂i+1, then τ̂i+1 = τ̂i,

thus we can write

ρ̂v(ˆ̀
v) ≤

k−1∑

i=0

τ̃i+1ρv(`
τi
v ) . (4.13)

Using the definition of ˜̀
v, we have

τ̃i = max

(
{0} ∪

{
˜̀
v(e) : `v(e) = τi and `v(e) ≥

1

2
len(e)

})
.

Furthermore, by (4.11), if `v(e) = τi, then len(e) ≥ 1
2τi. Thus,

E[τ̃i] ≤
(
E|∇τi/2F (v)|∞ + E|∇τiF (v)|∞

)
τi ≤ 2Kτi .
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Using (4.13) and (4.12), this implies

E[ρ̂v(ˆ̀
v)] ≤

k−1∑

i=0

E[τ̃i+1]ρv(`
τi
v ) ≤ 2K

k−1∑

i=0

τi+1ρv(`
τi
v ) ≤ 4Kρ̂v(`v) .

Applying Corollary 4.12 completes the proof.

4.5 Star-shaped Embeddings of Outerplanar Graphs into Trees

Our goal is now to prove that every metric outerplanar graph admits a random Lipschitz,

star-shaped embedding into a random tree.

Theorem 4.14. There is a constant K ≥ 1 such that the following holds. Let G = (V,E) be

a metric outerplanar graph. Then there is a random metric tree T and a random 1-Lipschitz,

star-shaped mapping F : V → V (T ) such that for every u, v ∈ V , E[dT (F (u), F (v))] ≥
dG(u, v)/K.

We begin by setting up the notations and definitions needed to prove Theorem 4.14.

4.5.1 More Notations and Definitions

For a graph G = (V,E), and v ∈ V , we use the notation NG(v) = {u : (u, v) ∈ E} to denote

the set neighbors of v in the graph G. For a path P , we define the cycle C(P, `) as the

cycle obtained by connecting the endpoints of P with an edge of length `. The length of

the cycle C, is given by len(C) = len(P ) + `. In this section, it is helpful to think of cycles

as continuous cycles and V (P ) ⊆ C as points on the cycle.

For a cycle C and a point p on the cycle we define flat(C, p) to be the path where p is

one end point and x ∈ C is mapped to the point at distance dC(p, x) from p on the path.

Moreover for points x, y ∈ C we use dflat(C,p)(x, y) = |dC(x, p) − dC(y, p)| to denote the

distance between x and y on the path flat(C, p). See Figure 4.5 for an example.

For two paths P = (u1, . . . , um) and Q = (v1, . . . , vn) with the same length, we define the

glueing of P and Q as follows. We first identifying the end points u1 with v1, and um with

vn to specify the end points of the resulting path. Then we map each point x ∈ V (P )∪V (Q)

so that the distance between x and the end points of the path is preserved.
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p

v1

v2

v3

v4

v5

flat(C, p)C

� v1

p
v5

v2

v4

v3

Figure 4.5: The flattening of the cycle C.

Finally, for two given trees, T1 and T2, and pairs of vertices u1, v1 ∈ V (T1) and u2, v2 ∈
V (T2) such that dT1(u1, v1) = dT2(u2, v2), we define glue(T1, T2;u1, v1;u2, v2) as the tree

resulting from gluing the trees T1 and T2 on the unique path between u1 and v1 in T1 and

u2 and v2 in T2. See Figure 4.6.

4.5.2 Framework

Our approach to Theorem 4.14 employs the framework of Charikar and Sahai (see Theorem 4

in [20]). Any outerplanar graph can be constructed by considering a sequence of paths Pi,

and then doing the following: Start with G1 = P1. At step i, we consider some edge

ei = (ui, vi) on the outer face of Gi, and obtain Gi+1 by either attaching the endpoints of

Pi to ui and vi, or by attaching only one endpoint of Pi to either ui or vi.

In this section we only consider biconnected outerplanar graphs (so the endpoints of Pi

are always attached to ui and vi), since we can simply take the embedding of biconnected

components of a graph that are connected by a single vertex into trees, and glue the trees

on the image of the common vertex to obtain an embedding for the whole graph.

We also use the concept of a slack structure [46]. We say that an outerplanar graph has

an α-slack structure if it can be built out of paths Pi such that the length of any path Pi

which attaches to both endpoints of an edge ei is at least α times the length of ei. The

following lemma is a straightforward generalization of a fact from [46], where it is proved
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�

T1

u1 u2

v1 v2

T2

glue(T1, T2; u1, v1; u2, v2)

Figure 4.6: Gluing of the trees T1 and T2.

for α = 2.

Lemma 4.15 ([46]). Consider any α ≥ 1. Given an outerplanar metric graph G =

(V,E, lenG), there is an outerplanar metric graph H = (V,E′, lenH) with E′ ⊆ E, and

such that H has an α-slack structure. Furthermore, dG ≥ dH ≥ (1/α)dG, and for every

(u, v) ∈ E′,
dH(u, v) = lenH(u, v). (4.14)

Thus, by incurring distortion at most α, we may assume that the outerplanar graph G

has an α-slack structure. We will build our embedding inductively based on the sequence

of the paths P1. . . . , Pm provided by Lemma 4.15.

Random extension. Given an embedding of a metric graph G into a random metric tree

T , F : V (G)→ V (T ) and a new path P attached to the points u, v ∈ V (G), we extend the

embedding of G to an embedding for Ĝ = G ∪ P into a random tree T̂ , using the following

operation. Let C = C(P, dT (F (u), F (v))). To extend the tree T , we choose two anchor

points p, q ∈ C, and map the vertices of C onto two paths L = flat(C, p) and R = flat(C, q).
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We put T̂ = glue(T, L;F (u), F (v);u, v) with probability 1/2 and T̂ = glue(T,R;F (u), F (v);u, v)

with probability 1/2. This specifies a random mapping F̂ : V (G)→ V (T̂ ). Since it will be

clear from context which vertices we are gluing onto, we will use the notations glue(T, L)

and glue(T,R) without specifying the vertices. Note that the gluing can be done if and only

if dL(u, v) = dR(u, v) = dC(u, v) = dT (F (u), F (v)). Moreover, If the map F : V (G)→ V (T )

is 1-Lipschitz, then so is the extension F̂ .

A significant difference between our construction and that of [20] is in the way we choose

the anchor points. For our purposes, it is not enough to simply look at the α-slack graph;

we need to use the structure of the original graph when we choose the anchor points in

order to maintain the star-shaped property. The algorithm of [20] is able to construct an

embedding using only two trees, while we embed the graph into a distribution over trees.

In the next section, we prove a distortion bound for this embedding based on the distance

between the anchor points in the cycle.

4.5.3 Distortion Bound

Before we can state the main lemma of this section, we need the following definition. For a

cycle C, and points u, v ∈ C we say that a pair of points p, q ∈ C is (α, β)-apart with respect

to another pair {u, v} if dC(p, q) = αlen(C) and for a ∈ {u, v} and b ∈ {p, q}:

β len(C) ≤ dC(a, b) ≤
(

1

2
− β

)
len(C).

We now state a lemma capturing our main inductive step.

Lemma 4.16. Let G be a graph, T be random metric tree, and let F : V (G) → V (T ) be

a random 1-Lipschitz map such that E[dT (F (x), F (y)] ≥ dG(x, y)/6 for every x, y ∈ V (G).

Let Ĝ be a graph constructed by attaching a path P with

len(P ) ≥ 160 · dG(u, v) (4.15)

onto a pair of vertices u, v ∈ V (G). Let C = C(P, dT (F (u), F (v))), and p, q ∈ C be any

pair of points that are (1/6, 1/16)-apart with respect to {u, v} in C, and let T̂ be the random

extension of T by C with respect to the anchor points p and q. The embedding F̂ : V (Ĝ)→
V (T̂ ) is also 1-Lipschitz and such that for all x, y ∈ V (Ĝ), E[dT̂ (F̂ (x), F̂ (y)] ≥ dĜ(x, y)/6.
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We will use mainly the following two properties of (α, β)-apart pairs in the proof of

Lemma 4.16.

Observation 4.17. For any β ∈ [0, 1/2], the following holds. Suppose C is a cycle and

a, b ∈ C are such that

β len(C) ≤ dC(a, b) ≤
(

1

2
− β

)
len(C).

Then for any x, y ∈ C with max{dC(x, a), dC(y, a)} ≤ βlen(C), we have

dflat(C,b)(x, y) = dC(x, y).

Lemma 4.18. Let C be a cycle. For α ∈ [0, 1/4] and p, q ∈ C such that dC(p, q) = αlen(C),

the following holds. For any pair of vertices x, y ∈ C,

dflat(C,p)(x, y) + dflat(C,q)(x, y) ≥ 4αdC(x, y). (4.16)

Proof. We divide the analysis into two cases. If neither p or its antipodal point p̄ (the point

at distance len(C)/2 from p on the cycle) lie on a shortest path between x and y then a

simple application of Observation 4.17 implies that

dflat(C,p)(x, y) + dflat(C,q)(x, y) ≥ dflat(C,p)(x, y) = dC(x, y) ≥ 4αdC(x, y),

and an analogous inequality holds if neither q or it antipodal point q̄ lie on a shortest path

between x and y.

Next, suppose that p′ ∈ {p, p̄} and q′ ∈ {q, q̄} lie on the same shortest path between x

and y. It is easy to check that flat(C, p) is isometric to flat(C, p′) and flat(C, q) is isometric

to flat(C, q′). We have dC(p′, q′) ∈ {αlen(C), (1
2 − α)len(C)} and α ∈ [0, 1/4], therefore

dC(p′, q′) ≥ αlen(C). Since both p′ and q′ are on the same shortest path between x and y

we can write,

dflat(C,p)(x, y) + dflat(C,q)(x, y) = dflat(C,p′)(x, y) + dflat(C,q′)(x, y)

= |dC(p′, x)− dC(p′, y)|+ |dC(q′, y)− dC(q′, x)|

≥ |dC(p′, x)− dC(q′, x) + dC(q′, y)− dC(p′, y)|

= |dC(p′, x)− dC(q′, x)|+ |dC(q′, y)− dC(p′, y)|

= 2dC(p′, q′) ≥ 2αlen(C) ≥ 4αdC(x, y).
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Proof of Lemma 4.16. Since F is 1-Lipschitz and the random extension preserves the 1-

Lipschitz condition, F̂ is also 1-Lipschitz. We divide the analysis of the expected contraction

of the pairs x, y ∈ V (Ĝ) into three cases.

Case I. x, y ∈ V (G): In this case,

E[dT̂ (F̂ (x), F̂ (y))] = E[dT (F (x), F (y))] ≥ 1

6
dG(x, y) =

1

6
dĜ(x, y).

Case II. x ∈ V (P ) and y ∈ V (G): Observe that a shortest path in Ĝ connecting x to

y must pass through either u or v. Suppose, without loss of generality that dĜ(x, y) =

dP (x, u) + dG(u, y). Let w ∈ V (T ) be the closest vertex to F (y) (with respect to dT ) from

the unique path connecting F (u) and F (v) in T . In this case by (4.15), we have

dT (F (u), w) ≤ dT (F (u), F (v)) ≤ dG(u, v) ≤ len(C)/160.

Suppose first that dĜ(u, x) ≤ len(C)/16. Since p and q are (1/6, 1/16)-apart, Observa-

tion 4.17 implies that

dT̂ (F̂ (x), F̂ (y)) = dC(x, u)+dT (F (u), w)+dT (w,F (y)) = dĜ(x, u)+dT (F (u), F (y)). (4.17)

Suppose next that dĜ(u, x) > len(C)/16. Denote by w′ ∈ C the point with dC(u,w′) =

dT (F (u), w). Lemma 4.18 implies

E[dT̂ (F̂ (x), F̂ (y)) | F ] = E[dT̂ (F̂ (x), w) | F ] + dT (w,F (y))

(4.16)

≥ 1

3
dC(x,w′) + dT (w,F (y))

≥ 1

3
(dC(u, x)− dC(u,w′)) + (dT (F (u), F (y))− dT (F (u), w))

≥ 1

3
(dC(u, x)− dC(u, v)) + (dT (F (u), F (y))− dT (F (u), F (v))).

Since dĜ(u, x) ≤ dC(u, x) + dĜ(u, v)− dC(u, v), we have

E[dT̂ (F̂ (x), F̂ (y)) | F ] ≥ 1

3
(dĜ(u, x)− dĜ(u, v)) + (dT (F (u), F (y))− dĜ(u, v))

≥ 1

3
dĜ(u, x)− 4

3
dĜ(u, v) + dT (F (u), F (y))

(4.15)

≥ 1

3
dĜ(u, x)− 16 · 4

3 · 160
dĜ(u, x) + dT (F (u), F (y))

≥ 1

6
dĜ(u, x) + dT (F (u), F (y)). (4.18)
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Putting (4.17) and (4.18) together, we can conclude that

E
[
dT̂ (F̂ (x), F̂ (y))

]
≥ 1

6
dĜ(u, x)+E [dT (F (u), F (y))] ≥ 1

6
(dĜ(x, u)+dĜ(u, y)) =

1

6
dĜ(x, y).

Case III. x, y ∈ V (P ): In this case we divide the problem into three cases again. If no

shortest path between x and y in the graph Ĝ goes through the edge (u, v), then

dC(x, y) ≥ min{dĜ(x, y), len(P )− dĜ(x, y)}.

Moreover, (4.15) implies that dĜ(x, y) ≤ 1
2(len(P ) + dĜ(u, v)) ≤ 81

160 len(P ). Thus,

dC(x, y) ≥ min
{
dĜ(x, y),

160

81
dĜ(x, y)− dĜ(x, y)

}
≥ 79

81
dĜ(x, y) ≥ 1

2
dĜ(x, y).

Hence, using Lemma 4.18 we can conclude that

E[dT̂ (F̂ (x), F̂ (y)) | F ] ≥ 1

3
dC(x, y) ≥ 1

6
dĜ(x, y).

If a shortest path between x and y in the graph Ĝ passes through the edge (u, v) and

dĜ(x, y) > len(P )/16, then by Lemma 4.18

E[dT̂ (F̂ (x), F̂ (y)) | F ]≥ 1

3
dC(x, y)≥ 1

3
(dĜ(x, y)− dĜ(u, v))

(4.15)
>

1

3
(1− 16/160)dĜ(x, y) >

1

6
dĜ(x, y).

Finally, we consider the case where a shortest path between x and y in the graph Ĝ

passes through the edge (u, v) and dĜ(x, y) ≤ len(P )/16. Suppose that dĜ(u, x) ≤ dĜ(v, x).

It is easy to check that we also have dC(u, x) ≤ dC(v, x), and that the shortest path between

x and y in C also passes through the edge (u, v). Hence, by Observation 4.17,

dT̂ (F̂ (x), F̂ (y)) = dC(x, y) = dĜ(x, u) + dT (F (u), F (v)) + dĜ(v, y).

Thus,

E
[
dT̂ (F̂ (x), F̂ (y))

]
≥ E

[
dĜ(x, u) + dT (F (u), F (v)) + dĜ(v, y)

]

= dĜ(x, u) + dĜ(y, v) + E [dT (F (u), F (v))]

≥ dĜ(x, u) + dĜ(y, v) +
1

6
dĜ(u, v)

≥ 1

6
dĜ(x, y),

completing the proof.
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4.5.4 The Star-shaped Property

To prove Theorem 4.14, we need to choose the anchor points such that the resulting map

is star-shaped. The following lemma and its corollary provide the main tools necessary to

achieve this.

Lemma 4.19. For any α ∈ (0, 1/6), β ≤ 1
4 − 3

2α, and δ < α the following holds. Let P be

a path with endpoints u, v, and let C = C(P, δlen(P )). For any finite subset S ⊆ C, there

are points p, p′ ∈ C that are (1
4 − 3

2α−β, β)-apart with respect to u and v, and moreover for

q ∈ {p, p′},

i) dC(q, u) ≤ dC(q, v);

ii) For x ∈ V (P ) with dP (x, u) ≤
(

1
2 + α

)
len(P ), we have dC(q, x) ≤ dC(q, u);

iii) For any two distinct elements x, y ∈ S, we have dC(q, x) 6= dC(q, y).

Proof. For η ∈ (δ, α), it is easy to verify that the two points p, p′ ∈ C with

dC(u, p) =

(
1

4
+

3α

2
− η
)

len(C)

dC(u, p′) =

(
1

2
− η − β

)
len(C)

satisfy conditions (a) and (b). Condition (c) also holds for almost all η ∈ (δ, α).

Corollary 4.20. For δ ≤ 1/160, the following holds. Let P be a path with endpoints u, v,

and let C = C(P, δlen(P )). For any finite subset S ⊆ C, there are points p, p′ ∈ C that are

(1/6, 1/16)-apart with respect to u and v, and moreover for q ∈ {p, p′},

i) dC(q, u) ≤ dC(q, v);

ii) For x ∈ V (P ) with dP (x, u) ≤
(

1
2 + 1

160

)
len(P ), we have dC(q, x) ≤ dC(q, u);

iii) For any two distinct elements x, y ∈ S, we have dC(q, x) 6= dC(q, y).

The next lemma is the final ingredient that we need to prove Theorem 4.14.
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Lemma 4.21. Let G = (V,E) be a biconnected outerplanar graph with outer face C, and let

dC be the path pseudometric in the induced graph G[C]. Consider any point p ∈ C and edge

(u, v) on the outer face, and suppose that dC(p, u) < dC(p, v). Then one of the following

two conditions hold:

• ∀w ∈ NG(v) : dC(p, w) ≥ dC(p, u);

• ∀w ∈ NG(u) : dC(p, w) ≤ dC(p, v).

p

u v

u�v�

C

Figure 4.7: Positions of u, u′, v, and v′ on the cycle.

Proof. For the sake of contradiction suppose that none of the conditions of the lemma

hold. Let v′ ∈ NG(v), be such that dC(p, v′) < dC(p, u) and let u′ ∈ NG(u) be such that

dC(p, u′) > dC(p, v) (See Figure 4.7.) It is easy to check that the union of the cycle C with

the edges (u, u′) and (v, v′) contains K4 as minor, therefore G cannot be outerplanar, and

we have arrived at a contradiction.

We can now prove Theorem 4.14.

Proof of Theorem 4.14. Without loss of generality, we may assume that H is 2-connected,

as it is trivial to construct the desired embedding for H from embeddings for each of its 2-

connected components. To construct the embedding, we first use Lemma 4.15 to transform

the graph into an 160-slack graph H, with a decomposition into paths P1, . . . Pm. Then, we
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use the random extension algorithm from Section 4.5.2 to inductively build an embedding

from H into random trees. To avoid ambiguity, in what follows for x, y ∈ V (G) and and a

mapping F : V (G)→ V (T ), we will use the notation P TF (x)F (y) to denote the unique simple

path between F (x) and F (y) in T .

We start with the graph H1 = P1 and at step i ≥ 2 we construct the graph Hi by

attaching the path Pi to the edge (ui, vi) ∈ E(Hi−1). (Note that since H is 2-connected,

the endpoints of Pi are always attached to both ui and vi.)

We construct the embedding for Hi from an embedding Fi−1 : V (Hi−1) → V (Ti−1)

as follows. We use random extension with anchor points which are (1/6, 1/16)-apart with

respect to ui and vi to extend Ti−1 and Fi−1 to Ti and Fi : V (Hi) → V (Ti). Moreover, we

choose the anchor points so that the resulting map is injective and it maintains the following

additional property:

or all i ≥ 1 and any edge (x, y) on the outer face of Hi, there is at least one endpoint x

such that for all w ∈ NG(x) ∩ V (Hi),

(
P TiFi(x)Fi(w) ⊆ P

Ti
Fi(x)Fi(y)

)
∨
(
P TiFi(x)Fi(w) ∩ P

Ti
Fi(x)Fi(y) = {Fi(x)}

)
. (4.19)

We call a vertex that satisfies the above property a good vertex for the edge (x, y) with

respect to V (Hi) and Fi.

If the edge (ui, vi), we choose the anchor points on the cycle C = C(Pi, dT (ui, vi))

such that they satisfy conditions (a) and (b) of Corollary 4.20, with v being a good vertex

of the edge (ui, vi) with respect to T , and δ = dT (ui, vi)/len(Pi). See Figure 4.8 for an

example. Note that Corollary 4.20(c) implies that we can always find such anchor points

while maintaining the invariant that the map is injective.

Since we choose the anchor points to be (1/6, 1/16)-apart andH is 160-slack, by Lemma 4.16

this embedding is 1-Lipschitz and has constant distortion. Thus we only need to prove the

following statements to complete the proof:

i) Each edge on the outer face of Hi has a good vertex with respect to V (Hi) and Fi.

ii) This construction produce a star-shaped embedding.
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p

flat(C, p)C

� p

v
u

w1

w2

w3

vuw1

w2 w3

Figure 4.8: If u is not a good vertex for the edge (u, v), then conditions (a) and (b) of

Corollary 4.20 imply that u lies between v and w ∈ (NG(u)∩Pi)\{v} on the path flat(C, p).

Proof of (i). Fix a mapping Fi−1 : V (Hi−1)→ V (Ti−1) and let Fi : V (Hi)→ V (Ti) be the

random extension of Fi−1, where the anchor points are chosen such that they satisfy the

conditions (a) and (b) of Corollary 4.20. We prove this claim inductively. Suppose that all

edges on the outer face of Hi−1 have a good vertex with respect to V (Hi−1) and Fi−1; we

show that all edges on the outer face of Hi have a good vertex with respect to V (Hi) and

Fi. For each edge (x, y) on the outer face of Hi, we divide the analysis into two main cases.

Case I: (x, y) ∈ E(Hi−1). Suppose that x is a a good vertex for the edge (x, y) with respect

to V (Hi−1) and Fi−1. If x /∈ {ui, vi} or P
Ti−1

Fi−1(x)Fi−1(y) ∩ P
Ti−1

Fi−1(ui)Fi−1(vi)
= {Fi−1(x)} then

the inductive hypothesis easily implies that x is also a good vertex for the edge (x, y) with

respect to V (Hi) and Fi.

If, on the other hand, x ∈ {ui, vi} and P
Ti−1

Fi−1(x)Fi−1(y)∩P
Ti−1

Fi−1(ui)Fi−1(vi)
6= {Fi−1(x)} then,

by (4.19) applied to the edge (x, y), P
Ti−1

Fi−1(ui)Fi−1(vi)
must be a subpath of P

Ti−1

Fi−1(x)Fi−1(y).

Therefore, by (4.19) applied to the edge (ui, vi), the vertex in {ui, vi} \ {x} cannot be a

good vertex for the edge (ui, vi) with respect to V (Hi−1) and Fi−1. Hence, the inductive

hypothesis implies that x is also a good vertex for (ui, vi) with respect to V (Hi−1) and

Fi−1. In this case for all w ∈ NG(x) ∩ V (Pi) by (4.14), dPi(x,w) = dHi(x,w) ≤ (len(Pi) +

dHi(ui, vi))/2. Hence conditions (a) and (b) of Corallary 4.20 imply that

P TiFi(x)Fi(y) ∩ P
Ti
Fi(w)Fi(x) ⊆ Ti−1 ∩ P TiFi(w)Fi(x) = P TiFi(ui)Fi(vi) ∩ P

Ti
Fi(w)Fi(x) = {Fi(x)}.
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And, in the case that w ∈ NG(v)∩V (Hi−1) since x was a good vertex of (x, y) with respect

to V (Hi−1) and Fi−1, then x and w also satisfy (4.19) with respect to V (Hi) and Fi.

Case II: (x, y) ∈ E(Pi). Lemma 4.21 implies that each edge (x, y) on the outer face of the

subgraph induced by G on V (Pi) (which necessarily contains E(Pi)) has a good vertex with

respect to V (Pi) and Fi. For an edge (x, y) ∈ E(Pi) we prove the following statement. If x

is a good vertex for the edge (x, y) with respect to V (Pi) and Fi then x is also a good vertex

for the edge (x, y) with respect to V (Hi) and Fi. Let w ∈ NG(x)∩V (Hi). If w ∈ V (Pi) then

the assumption that x is good for (x, y) with respect to V (Pi) implies that it satisfies (4.19).

Therefore, we only need to verify (4.19) for w ∈ NG(x) ∩ V (Hi−1).

If x /∈ {ui, vi} or P TiFi(x)Fi(y) ∩ P
Ti
Fi(ui)Fi(vi)

= {Fi(x)} then for all w ∈ NG(x) ∩ V (Hi−1),

we have P TiFi(x)Fi(y) ∩ P
Ti
Fi(x)Fi(w) ⊆ {Fi(x)} and (4.19) holds.

Now, we consider the case that x = vi and P TiFi(x)Fi(y) ∩ P
Ti
Fi(ui)Fi(vi)

6= {Fi(x)}, where vi

is a good vertex for the edge (ui, vi) with respect to V (Hi−1) and Fi−1. In this case since x

is a good vertex for the edge (x, y) with respect to V (Pi) and Fi, then P TiFi(ui)Fi(vi) must be

a subpath of P TiFi(x)Fi(y). Moreover, (4.19) for the edge (ui, vi) with respect to V (Hi−1) and

Fi−1, implies that for w ∈ NG(vi) ∩ V (Hi−1), either P TiFi(x)Fi(w) ⊆ P
Ti
Fi(ui)Fi(vi)

in which case

P TiFi(x)Fi(w) ⊆ P
Ti
Fi(ui)Fi(vi)

⊆ P TiFi(x)Fi(y),

or P TiFi(x)Fi(w) ∩ P
Ti
Fi(ui)F (vi)

= {Fi(x)} in which case

P TiFi(x)Fi(w)∩P
Ti
Fi(x)Fi(y) = (P TiFi(x)Fi(w)∩P

Ti
Fi(ui)Fi(vi)

)∪(P TiFi(x)Fi(w)∩(P TiFi(x)Fi(y)\P
Ti
Fi(ui)Fi(vi)

))

⊆ {Fi(x)} ∪ (P TiFi(x)Fi(w) ∩ (P TiFi(x)Fi(y) \ P
Ti
Fi(ui)Fi(vi)

)),

but the left hand side is a path whereas the right hand side is a disjoint union of a point

and a path, hence P TiFi(x)Fi(w) ∩ P
Ti
Fi(x)Fi(y) = {Fi(x)}.

The final case is where x = ui. In this case by (4.14), dPi(x, y) = dHI (x, y) ≤ (len(P ) +

dG(u, v))/2. Hence by conditions (a) and (b) of Corollary 4.20, P TiFi(x)Fi(y) ∩ P
Ti
Fi(ui)Fi(vi)

=

{Fi(ui)}. This case was already dealt with above.

Proof of (ii). Again, let Fi−1 : V (Hi−1) → V (Ti−1) a random mapping and let Fi :

V (Hi) → V (Ti) be the random extension of Fi−1. Note that since Fi is injective, the map
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is star-shaped if and only if for all x ∈ V (Hi),

{P TiFi(x)Fi(y) : y ∈ NG(x) ∩ V (Hi)}

is star-shaped.

We now prove this claim by induction. Suppose that the map Fi−1 is star shaped; we

will show that the map Fi is also star shaped. For all vertices x ∈ V (Hi−1) \ {ui, vi}, by the

induction hypothesis,

{P Ti−1

Fi−1(x)Fi−1(y) : y ∈ NG(x) ∩ V (Hi)} = {P Ti−1

Fi−1(x)Fi−1(y) : y ∈ NG(x) ∩ V (Hi−1)}

is star-shaped, and this set remains star-shaped after extension to Fi.

For x ∈ Pi \ {ui, vi}, all neighbors of x are mapped to a path in Ti, hence

{P TiFi(x)Fi(y) : y ∈ NG(x) ∩ V (Hi)}

is also star-shaped.

Next, suppose that x = vi is a good vertex for the edge (ui, vi) with respect to V (Hi−1)

and Fi−1. By the induction hypothesis, {P Ti−1

Fi−1(vi)Fi−1(y) : y ∈ NG(x) ∩ V (Hi−1)} is star

shaped. Furthermore, since vi is a good vertex for (ui, vi) with respect to V (Hi−1) and

Fi−1, each y ∈ NG(x) ∩ V (Hi−1) is either on the path P
Ti−1

Fi−1(ui)Fi−1(vi)
, or P

Ti−1

Fi−1(ui)Fi−1(vi)
∩

P
Ti−1

Fi−1(vi)Fi−1(y) = {Fi−1(vi)}. Therefore adding the paths P TiFi(vi)Fi(y), for y ∈ NG(vi)∩V (Pi),

the set {P TiFi(vi)Fi(y) : y ∈ NG(x) ∩ V (Hi)} remains star-shaped.

Finally if x = ui, then for w ∈ NG(x) ∩ V (Pi) by (4.14), dPi(x,w) = dHi(x,w) ≤
(len(Pi) + dG(ui, vi))/2. Hence combining condition (a) and (b) of Corollary 4.20 we can

conclude that

V (Ti−1) ∩ P TiFi(w)Fi(x) = P TiFi(ui)Fi(vi) ∩ P
Ti
Fi(w)Fi(x) = {Fi(x)}.

In other words, all G-neighbors of x in Pi are mapped to a new branch in Ti that intersects

Ti−1 only at Fi(x). Thus {P TiFi(x)Fi(y) : y ∈ NG(x) ∩ V (Hi)} is also star-shaped.

4.6 Connected Random Retractions

Our goal now is to complete the proof of Theorem 4.8 by showing that every planar graph

can be randomly retracted onto a specified face in such a way that the face can itself be
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endowed with an outerplanar metric. Combining this with our embedding of outerplanar

graphs into random trees from Section 4.5, we will be able to prove Theorem 4.8; this is

done in Section 4.6.3.

In the next section, we review the notion of “padded partitions” of metric spaces. The

existence of such partitions for planar graphs (due to [54]) will be one of our two central

ingredients here. The other ingredient is the method of [36] for the construction of random

connected retractions. They work with a weaker notion of random partitions, so their results

(as stated in [36]) are not strong enough for us. In Section 4.6.2, we follow their proof closely

but use padded partitions, allowing us to obtain the stronger conclusion we require.

4.6.1 Padded Partitions of Graphs

Random partitions are a powerful tool in the theory of embeddings of finite metric spaces;

see, e.g., [9, 91, 57, 70]. A particularly powerful notion is that of a “padded” partition. We

review the relevant definitions in the special setting of finite metric spaces.

Consider a metric space (X, d). We will sometimes think of a partition P of X as a map

P : X → 2X sending each x ∈ X to the unique set in P containing it. We say that P is

τ -bounded if diam(S) ≤ τ for every S ∈ P . We say that a random partition P is τ -bounded

if this holds almost surely. A random partition P is (α, τ)-padded if it is τ -bounded and,

additionally, for every x ∈ X and R ≥ 0, we have

P[BX(x,R) * P(x)] ≤ α · R
τ
,

where BX(x,R) = {y ∈ X : d(x, y) ≤ R}.

The main random partitioning result we require is from [54], though it first appeared in

this form later (see [91, 57, 70]).

Theorem 4.22 ([54]). There exists a constant α > 0 such that if G = (V,E) is a metric

planar graph, then for every τ > 0, (V, dG) admits an (α, τ)-padded random partition.

Furthermore, the distribution of the partition can be sampled from in polynomial-time in the

size of G.
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4.6.2 Random Retractions

We now use random partitions to construct random retractions. This was first done in [18] in

the context of the 0-extension problem on graphs. Further work includes [70], which concerns

the Lipschitz extension problem, and [73], where the authors are primarily concerned with

randomly simplifying the topology of metric graphs. The proof of the next theorem follows

from the techniques of [36] for constructing a connected retraction. We are able to obtain

a stronger conclusion by using a stronger assumption about the random partitions.

Theorem 4.23. Let G = (V,E) be a metric graph and suppose that for some α ≥ 2 and

every τ ≥ 0, (V, dG) admits an (α, τ)-padded random partition. Then for any subset S ⊆ V ,

there exists a random mapping F : V → S such that the following properties hold.

i) For every x ∈ S, F (x) = x.

ii) For every x ∈ V and τ > 0, E |∇τF (x)|∞ ≤ O(α logα).

iii) For every x ∈ S, the set F−1(x) is a connected subset of G.

Proof. Since we are dealing with finite graphs, without loss of generality, we may assume

that dG(S, V \ S) > 1. Let k0 = dlog2 diamG(V )e. First, we let {Pk : 1 ≤ k < k0} be a

sequence of independent (α, 2k)-padded random partitions. We define Pk0 = {V }. Following

[36], we inductively define a sequence of random maps {Fk : Vk → S : 1 ≤ k ≤ k0}, where

Vk ⊆ V and (Fk+1)|Vk = Fk for each k ∈ N. We will define F = Fk0 .

First, we put V0 = S and F0(x) = x for x ∈ S. Now suppose that Vk−1 and Fk−1 are

defined for some k ≥ 1. We will use the notation P̂k(x) for the connected component of

G[Pk(x)] containing x. We let

Vk = {x ∈ V : P̂k(x) ∩ Vk−1 6= ∅}

be the set of vertices which are connected to Vk−1 through their set in Pk.

For every T ∈ Pk and every non-empty connected component C of G[T ∩ (Vk \ Vk−1)],

let vC be a neighbor of C in Vk−1 ∩ Pk(x), which must exist by the definition of Vk. For
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x ∈ C, we define Fk(x) = Fk−1(vC). For all other x ∈ Vk, we must have x ∈ Vk−1, and we

put Fk(x) = Fk−1(x). By definition, we have Vk0 = V and we define F = Fk0 .

By construction, property (i) holds. Property (iii) follows easily by induction: It is true

for every x ∈ S and 0 ≤ k ≤ k0 that F−1
k (x) is connected. We are thus left to verify property

(ii). For every vertex x ∈ V , define L(x) = min{k : x ∈ Vk}. We make the following claim.

Claim 4.24. For every x ∈ V , dG(x, S) ≤ dG(x, F (x)) < 2L(x)+1

Proof. The first inequality is immediate since F (x) ∈ S. The second follows by induction:

For any 0 ≤ k ≤ k0, we claim that if x ∈ Vk, then dG(x, Fk(x)) < 2k+1. This is clear for

L(x) = 0 since V0 = S and F0(x) = x for all x ∈ S. If L(x) = k > 0, then x ∈ Vk \ Vk−1,

hence Fk(x) = Fk−1(y) for some y ∈ Pk(x) ∩ Vk−1. Thus,

dG(x, Fk(x)) ≤ diam(Pk(x)) + dG(y, Fk−1(y)) .

Since Pk is 2k-bounded, we have diam(Pk(x)) ≤ 2k and by induction, dG(y, Fk−1(y)) < 2k.

It follows that dG(x, Fk(x)) < 2k+1, completing the proof.

Now fix x ∈ V and τ > 0 and let B = BG(x, 2τ). We will employ the bound

|∇τF (x)|∞ ≤
diamG(F (B))

τ
. (4.20)

Let covB = max{L(y) : y ∈ B} and hitB = min{L(y) : y ∈ B}. Using the triangle inequality

and Claim 4.24, we have

diamG(F (B)) ≤ 2covB+2 + 4τ .

Let Ek be the event that B * Pk(x). Observe that

¬EhitB =⇒ |F (B)| = 1 =⇒ diamG(F (B)) = 0,

because in this case, every vertex in B is in the same connected component of x in G[Pk(x)\
Vk−1], where k = hitB (they are all connected through x). Hence,

diamG(F (B)) ≤ 4τ + 1{EhitB }
· 2covB+2 . (4.21)
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Let ∆ = min{dG(y, S) : y ∈ B}, and m = dlog2 max(1,∆)e. By Claim 4.24, we have

hitB ≥ m− 1, hence

E
[
1{EhitB }

· 2covB+2
]

=
∑

k≥m−1

P(k = hitB, Ek) · E
[
2covB+2

∣∣∣ Ek,hitB = k
]

(4.22)

Now, observe that, for k ≥ hitB,

¬Ek =⇒ covB ≤ k,

because, in this case, Pk(x) must contain a vertex v ∈ VhitB and a shortest-path from v to

x, implying that BG(x, 2τ) ⊆ Vk. The padding property implies that

P (Ej) ≤
2ατ

2j
.

In particular, for any k ≥ max(hitB, log2 2ατ), we have

P(covB ≥ k + j | Ek,hitB = k) ≤
k+j−1∏

i=k+1

P (Ei) ≤
k+j−1∏

i=k+1

2k−i ≤ 2−(2j−3) . (4.23)

Using this yields

E
[
2covB+2

∣∣∣ Ek, hitB = k
]
≤ 4 ·max(2k, 2ατ)

∞∑

j=0

2−(2j−3) · 2j ≤ 2k+6 + 128ατ . (4.24)

Combining (4.22) and (4.24), we can write

E
[
1{EhitB }

· 2covB+2
]
≤

∑

k≥m−1

P(k = hitB, Ek) · (2k+6 + 128ατ)

≤ 128ατ +
∑

k≥m−1

P(k = hitB, Ek)2k+6

≤ 128ατ +
∑

k≥m−1

P(k ≤ hitB)P(Ek)2k+6, (4.25)

where the last inequality holds because

P(k = hitB, Ek) ≤ P(k−1 < hitB, Ek) = P(hitB > k−1)·P(Ek | hitB > k−1) = P(hitB > k−1)·P(Ek).

Let y ∈ B and w ∈ S be a pair of points such that dG(y, w) = ∆. It is easy to check that

if for some k, BG(w,∆) ⊆ Pk(w) then hitB ≤ k, thus the properties of padded partitions

imply that

P(hitB ≥ k) ≤
∏

i<k

P(B(w,∆) * Pi(w)) ≤
∏

i<k

min

(
1,

2α2m

2i

)
≤ min

(
1,

2α2m

2k−1

)
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Combining this with (4.25), we can conclude that

E
[
1{EhitB }

· 2covB+2
]
≤ 128ατ +

∑

k≥m−1

min

(
1,

2α2m

2k−1

)(
2ατ

2k

)
2k+6

= 128ατ +
∑

k≥m−1

min

(
1,

2α2m

2k

)
(128ατ)

= 128ατ +

m+dlog2 αe∑

k=m−1

128ατ +
∑

k>m+dlog2 αe

(
2α2m

2k

)
(128ατ)

≤ O(ατ) +O (ατ logα) +O(ατ)

≤ O ((α logα)τ) .

Combining this with (4.20) and (4.21) completes the verification of property (ii).

4.6.3 Retracting to an Outerplanar Graph

Finally, we use the random retractions of the preceding section to randomly embed every

metric on the face of a planar graph into an outerplanar graph in a suitable way. This

technique is also taken from [36], although again we require some stronger properties of the

embedding.

Theorem 4.25. There is a constant K > 1 such that for any metric planar graph G =

(V,E) and face V0 ⊆ V , there is a random outerplanar metric graph H and a random

mapping F : V → V (H) satisfying the following:

i) For every edge {u, v} ∈ E, either F (u) = F (v) or {F (u), F (v)} ∈ E(H).

ii) For every u, v ∈ V0, dH(F (u), F (v)) ≥ dG(u, v).

iii) For every u ∈ V and τ ≥ 0, we have E |∇τF (u)|∞ ≤ K.

Proof. By Theorem 4.22, we can apply Theorem 4.23 to the metric graph G with S = V0.

Let F : V → V0 be the random mapping guaranteed by Theorem 4.23.

We construct a metric graph H with vertex set V0 and an edge {u, v} of length dG(u, v)

whenever there is an edge between the sets F−1(u) and F−1(v) inG. Since the sets {F−1(u) :

u ∈ V0} are connected, the resulting graph H is outerplanar. Also, property (i) is immediate.
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Property (ii) follows because F is the identity on V0 and the edges in H have length equal

to the distance between their endpoints in (V0, dG). Property (iii) follows from Theorem

4.23(i).

We can now complete the proof of Theorem 4.8.

Proof of Theorem 4.8. Let Λ1 : V → V (H) be the random mapping from V onto the vertices

of an outerplanar metric graph H guaranteed from Theorem 4.25. Let Λ2 : V (H)→ V (T )

be the random mapping of H into trees from Theorem 4.14. The mapping Λ = Λ2 ◦ Λ1 :

V → V (T ) is mapping guaranteed by the theorem. Combining the star-shaped property of

Theorem 4.14 with Theorem 4.25(i) implies that Λ is star-shaped. Property (ii) of Theorem

4.8 is a consequence of Theorem 4.25(ii) and Theorem 4.14. Finally, property (i) follows

from the Lipschitz condition of Theorem 4.14 and property (iii) of Theorem 4.25.
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Chapter 5

CONCLUSION AND OPEN QUESTIONS

While in this dissertation we answered some of the questions in the area of metric

embeddings, there are many outstanding questions that are interesting to pursue. In this

section we list some of these questions.

Dimension Reduction. In Chapter 2 we proved a tight upper bound and lower bounds

for near isometric embedding of trees into `1
1. While the proofs are relatively simple for k-

ary trees, the generalization of embeddings of k-ary trees to arbitrary trees is very technical

and complicated. It would be very interesting to find a simpler proof for Theorem 2.1. A

simpler proof for this theorem may yield new insights into understanding tree metrics and

may allow us to answer the following question.

Question 2. For ε > 0, is it possible to (1 + ε)-embed any tree on n points into `
O
(

logn

ε2

)
1 ?

A more general question that is still open is the question of dimension reduction for other

`p spaces. Schechtman [94] generalizes the techniques from [88] to show that for 0 < p < 2,

any n point metric in `p, (1 + ε)-embeds into `Cεnp , where Cε = ε
−2− 2

p . However, this bound

for `1 is still far off from the nO( 1
D2 ) lower bound proved by Brinkman and Charikar [16].

The situation for the lower bound is even worse. It is not clear how one can extend the

current techniques to prove lower bounds for `1 to other metric spaces. In particular, the

uniform convexity argument in [64] implies that the family of metrics that is used to prove

the lower bounds for dimension reduction in `1 does not even embed with constant distortion

into `p for p > 1.

Question 3. For p > 0, and D > 1 what is the minimum dimension k such that any n-point

subset of `p can be embedded into `kp with distortion at most D?

1For embeddings with distortion 1 + ε, the resulting bound is tight up to a factor depending only on ε
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Sparsest Cut. The main question that is still open is whether there exists a polynomial

time constant factor approximation algorithm for the Sparsest Cut Problem. It was shown

in [3] that there are no polynomial time approximation scheme for solving the sparsest

cut problem unless NP-complete problems can be solved in randomized subexponential

time. Moreover if the Unique Games Conjecture is true then [22] implies that constant

approximation of the value of the sparsest cut is NP-hard. However, in the light of new

sub-exponential algorithms for Unique Game Problem, a major question that one can ask

is whether one can approximate the value of the sparsest cut within a constant factor

in subexponential time. One approach to solve such problems is the use of polynomial

hierarchies. Meka [85] recently showed a lower bound on the performance of Sherali-Adams

Hierarchy, however there is nothing known about the performance of other hierarchies such

as the Lasserre hierarchy; in fact the exact bound is not known even for applying one round

of Lasserre. It is worth noting that the added triangle inequality in the Goemans-Linial

SDP can be deduced from applying only one round of the Lasserre hierarchy to the natural

SDP for the Sparsest Cut problem.

Question 4. Is there a δ > 0 such that n1−δ rounds of the Lasserre hierarchy for the natural

SDP of the Sparsest Cut Problem has constant integrality gap?

One may try narrowing the problem to finding a constant factor approximation algorithm

for restricted families of graphs such as planar graphs. It was conjectured in [46] that even

the basic linear program suggested by Leighton and Rao [75], has a constant integrality gap

for excluded minor families of graphs. Rao [91] has shown that the integrality gap for these

families of graphs is at most O(
√

log n), where n is the number of vertices in the graph,

however there has not been any significant progress for more than a decade on this problem.

Vertex Separataors and Okamura-Seymour. One of the main motivations behind

studying the Okamura-Seymour theorem for vertex capacitated graphs was the approach

of Chekuri, Chandra and Shepherd [30] to find edge-disjoint paths in planar graphs. The

Okamura-Seymour Theorem was used as a fundamental tool in solving the edge-disjoint

paths problem in their approach. In Chapter 4 we have shown that it is possible to gener-

alize the Okamura-Seymour Theorem to the vertex-capacitated setting. The answer to the
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following question will pave the way to generalize the rest of the algorithms/proofs in [30]

to Vertex-disjoint Path Problem.

Question 5. If all the demands are integeral, is it possible to route a constant fraction of

the flows as integral flows while violating the capacity of the edges at most by a constant

fraction?
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