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Many fields conduct experiments to learn policies that map individual characteristics to

actions, with those achieving the best outcomes referred to as optimal policies. As getting

human feedback from experiments is expensive, we are often interested in learning the optimal

policy as quickly as possible. However, there are several challenges in developing practical

approaches for policy learning. First, traditional methods usually only guarantee minimax

optimality, while practitioners care more about performances for their particular problem

instance. Therefore, a better notion of optimality than the worst case is needed. Second,

existing optimal methods are generally hard to implement on a large scale, making deployment

challenging for large companies. Third, real-world settings often involve multiple performance

metrics of interest, such as mitigating side effects while ensuring good disease recovery in

biomedical sciences or balancing short-term acquisition with long-term retention in digital

marketing.

This dissertation tackles these challenges and provides several practical approaches for

policy learning from various perspectives. To identify the optimal policy as fast as possible,

we frame policy learning as pure exploration problems in bandits and develop algorithms that

provably identify the optimal policy quickly for every problem instance, a concept we refer to



as instance optimality. In Chapter 2, we focus on the stochastic contextual bandit problem

in the (ϵ, δ)-PAC setting: given a policy class, the goal is to return a policy whose expected

reward is within ϵ of the optimal policy with probability greater than 1− δ. We characterize

the first instance-dependent PAC sample complexity of contextual bandits. We propose a

new computationally efficient algorithm that achieves this sample complexity using only a

polynomial number of calls to an argmax oracle.

Chapter 3 delves into the challenge of computational efficiency, focusing on developing

algorithms that are easily implementable on a large scale. We focus on the linear bandit

setting where we aim to return the arm with the largest reward given a set of arms and

an unknown parameter vector. We introduce an algorithm that leverages the same oracles

required by the widely-used Thompson sampling algorithm, namely sampling and argmax

oracles, and achieves an asymptotically optimal exponential convergence rate. In addition,

we demonstrate that our algorithm is easy to implement and performs empirically as well as

existing optimal methods.

Chapter 4 explores the impact of the optimal policy on additional metrics when multiple

objectives are of interest. We propose a novel margin condition that restricts how the

subsidiary metric behaves for nearly optimal policies. Under this condition, we provide an

efficient estimator for evaluating subsidiary metrics under a policy that is optimal for the

primary one. Additionally, we introduce two alternative two-stage strategies that do not

require a margin condition. Both methods first construct a set of candidate policies and

then build a confidence interval over this set. We provide numerical simulations to assess the

performance of these methods in various scenarios.
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Chapter 1

INTRODUCTION

1.1 Motivation and Challenges

A policy is a mapping from a set of individual-level features to actions. In many fields, we

are interested in learning the best policy that gives us the highest subsequent outcome. For

example, in digital marketing, given user features, companies look for the best strategy for

targeting individual customers to maximize the expected revenue; in education, schools try

to find the best resource allocation to ensure that all the students get the best possible

education; in biomedical sciences, hospitals try to identify the best treatment for each patient

to maximize the disease recovery rates. Systematic approaches for learning the optimal policy

have large profits for companies and can significantly reduce the workload for school officers

and clinicians. Therefore, developing practical approaches for policy learning is important.

To learn a good policy, companies first conduct experiments, in which they interact with

the environment to collect data. Existing approaches, especially bandit and reinforcement

learning approaches, can learn a good policy with a sufficient amount of data available.

However, in practice, good data are usually expensive to collect. In particular, it is very costly

to get human labels as humans are generally hard and expensive to recruit. Also, online

interactions could be costly. In a large company like Amazon, deploying policies takes time,

and human in the loop may be needed to get user feedback and analyze them. Therefore, it

is important to consider if we can learn the optimal policy quickly in practical settings. Here

“quickly” involves two aspects: one is with minimum interactions with the environment, and

another is with fast computation.

We would like to design algorithms that make as few interactions with the environment

as possible among any algorithm, in other words, achieving the optimal sample complexity.
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One widely-used notion of optimality is called minimax optimality, which measures the best

achievable performance in the worst-case scenario. However, practitioners usually care more

about the actual performance of their particular problem instance, and their setting could be

very different from the worst case. Algorithms that are optimal in the worst case can perform

poorly in easier instances. To address this, a promising approach is to design algorithms that

adjust to the difficulty of the specific problem, aiming for better overall performance. To

develop performance guarantees for such algorithms, we use a stronger notion of optimality,

called instance-optimality. This concept, originating from the work of [Lai and Robbins,

1985], ensures that the algorithm is optimal for every problem instance, not just optimal for

the worst case.

When developing instance-optimal algorithms, a challenge is computational efficiency.

Many existing instance-optimal bandit algorithms are hard to implement as they involve

computing complicated optimization problems [Fiez et al., 2019, Degenne et al., 2020, Tao

et al., 2018]. They are generally not computationally feasible in large-scale decision-making

problems, which makes them hard to deploy for large companies. For example, Amazon

Prime has over 100 million users, and millions of items are listed on their website. We would

like algorithms that are easy to implement on these large-scale problems. Currently, only

simple algorithms like Thompson sampling and some of its variants have been deployed there,

and there is a need to develop efficient algorithms that can be easily implemented.

It is not the end goal after we have learned an optimal policy since there are usually

multiple objectives of consideration in practical applications [Boominathan et al., 2020, Bica

et al., 2021]. For example, in biomedical trials, while hospitals primarily care about disease

recovery rates, they are also concerned about the potential side effects of a new drug. Strong

medicine usually helps more in recovering the disease, but it might also have a potentially

larger side effect. Also, in online advertising, companies primarily care about short-term

acquisition as they seek to get more users to sign up [Chang et al., 2020]. However, they

also care about long-term retention since they would love users to stay. These objectives

might potentially lead to different strategies. For example, giving out free trials might be
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beneficial for short-term subscriptions but users may quit after the trial; meanwhile, giving

out discounts may be better for users to stay but fewer users may subscribe since it costs.

Therefore, it is important to get an understanding of the optimal policy on other objectives,

so practitioners have a clear picture about the overall impact of deploying this new policy.

This dissertation addresses the above challenges from different perspectives. First, for

learning the optimal policy for a primary objective, I provide exploration strategies that

are instance-optimal and computationally fast in large-scale experiments. Second, after we

have learned the optimal policy for a performance metric, I provide estimators and methods

to evaluate the effect of this policy on other subsidiary metrics. Section 1.2 introduces

background together with some challenges in solving these problems, and Section 1.3 provides

a detailed contribution of the dissertation with outlines for the remaining chapters.

1.2 Background

In traditional statistical inference, a common assumption is that the data are independent

and identically distributed. However, this does not always hold in practical experiments. For

example, companies would like their policies to evolve based on feedback from past experience;

in clinical trials, the experiment might adjust dosages for new participants based on how

current participants are responding. In these situations, the data are collected adaptively

from past observations, and traditional methods based on the independence assumption, for

example, the M-estimator and Z-estimator, will no longer work. Consequently, there is a

growing need for experimental designs for making sequential decisions that will learn from

experience and adapt to the environment.

A pivotal area for discussing sequential experimental design is the exploration of stochastic

bandit problems, where the balance between exploration and exploitation plays a critical role

in optimizing outcomes over time. Generally speaking, a bandit problem M is a sequential

procedure between a learner and an environment. In each round, the learner chooses an

action a from a given action set A, and the environment reveals a (noisy) reward r ∈ R.

When choosing actions, the learner has access to the history of actions and rewards, so they
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may choose actions adaptively based on the past. A significant part of the dissertation focuses

on contextual bandits, where in each round, a context c ∈ C is shown to the learner, and a

policy π ∈ Π is a mapping from the context to actions. A learner adopts a policy to interact

with an environment. An algorithm is optimal if it learns the best policy with the fewest

possible rounds.

The exploration of stochastic bandits has traditionally been dominated by regret mini-

mization algorithms, which aim to minimize the cumulative difference between the chosen

actions and the best possible action [Abbasi-Yadkori et al., 2011, Russo et al., 2018]. However,

for policy learning, these algorithms are only minimax optimal, which means that they are

only optimal in the worst case. An ideal algorithm should perform better in easy cases. To

capture the difference in such instances, we focus on a better notion of optimality, called

instance optimality. We define a problem instance M to be the model class, which consists

of the action set, policy set, reward function, and context distribution if applicable. An

algorithm is instance-optimal if it performs the best among any algorithm for every problem

instance. We aim to find instance optimal algorithms as they exploit the structure of each

problem instance.

1.3 Contributions and Outline

This dissertation tackles the challenges described in the above sections. Below we provide an

outline for each remaining chapter.

Instance-optimal and fast algorithm for pure exploration in linear bandits. Given

a set of arms Z ⊂ Rd and an unknown parameter vector θ∗ ∈ Rd, the pure exploration

linear bandit problem aims to return argmaxz∈Z z
⊤θ∗, with high probability through noisy

measurements of x⊤θ∗ with x ∈ X ⊂ Rd. Existing (asymptotically) optimal methods require

either a) potentially costly projections for each arm z ∈ Z or b) explicitly maintaining a

subset of Z under consideration at each time. This complexity is at odds with the popular

and simple Thompson Sampling algorithm for regret minimization, which just requires access
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to a posterior sampling and argmax oracle, and does not need to enumerate Z at any point.

Unfortunately, Thompson sampling is known to be sub-optimal for pure exploration. In this

work, we pose a natural question: is there an algorithm that can explore optimally and only

needs the same computational primitives as Thompson Sampling? We answer the question in

the affirmative. We provide an algorithm that leverages only sampling and argmax oracles

and achieves an exponential convergence rate, with the exponent equal to the exponent of the

optimal fixed allocation asymptotically. In addition, we show that our algorithm can be easily

implemented and performs as well empirically as existing asymptotically optimal methods.

Instance-optimal and computationally efficient algorithms for pure exploration in

contextual bandits. In this work, we focus on the stochastic contextual bandit problem in

the (ϵ, δ)-PAC setting: given a policy class Π the goal of the learner is to return a policy π ∈ Π

whose expected reward is within ϵ of the optimal policy with probability greater than 1− δ.

We characterize the first instance-dependent PAC sample complexity of contextual bandits

through a quantity ρΠ, and provide matching upper and lower bounds in terms of ρΠ for the

agnostic and linear contextual best-arm identification settings. We show that no algorithm

can be simultaneously minimax-optimal for regret minimization and instance-dependent PAC

for best-arm identification. Our main result is a new instance-optimal and computationally

efficient algorithm that relies on a polynomial number of calls to an argmax oracle.

Estimation of subsidiary metrics under optimal policies. This paper presents two

strategies for evaluating subsidiary metrics under a policy that is optimal for the primary one.

The first relies on a novel margin condition that facilitates Wald-type inference. Under this

and other regularity conditions, we show that the one-step corrected estimator is efficient.

Despite the utility of this margin condition, it places strong restrictions on how the subsidiary

metric behaves for nearly optimal policies, which may not hold in practice. We therefore

introduce alternative, two-stage strategies that do not require a margin condition. The first

stage constructs a set of candidate policies and the second builds a uniform confidence interval
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over this set. We provide numerical simulations to evaluate the performance of these methods

in different scenarios.

Other explorations. This dissertation does not include the work on dynamic pricing [Jain

et al., 2023].
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Chapter 2

INSTANCE-OPTIMAL PAC ALGORITHMS FOR
CONTEXTUAL BANDITS

2.1 Introduction

We consider the stochastic contextual bandit problem in the PAC setting. Fix a distribution ν

over a potentially countable1 set of contexts C. The action space is A, and for computational

tractability, we assume |A| is finite. We have a set of policies Π of interest where each

policy π ∈ Π is a map from contexts to an action space π : C → A. The reward function

is r : C × A → R. At each time t = 1, 2, . . . a context ct ∼ ν arrives, the learner chooses

an action at ∈ A, and receives reward rt := rt(ct, at) ∈ R with E[rt|ct, at] = r(ct, at) ∈ R.

The value of a policy V (π) is the expected reward from playing action π(c) in context c:

V (π) = Ec∼ν [r(c, π(c))]. Given a collection of policies Π, the objective is to identify the

optimal policy π∗ := argmaxπ∈Π V (π), with high probability. Formally, for any ϵ > 0 and

δ ∈ (0, 1), we seek to characterize the sample complexity of identifying a policy π ∈ Π such

that V (π) ≥ V (π∗) − ϵ, with probability at least 1 − δ. That is, we wish to minimize the

total amount of interactions with the environment to learn an ϵ-optimal policy.

We study both the agnostic setting, where Π is an arbitrary set of policies with no assumed

relationship with the reward function r(c, a); and the realizable setting, where the policy

class and the reward function follow a linear structure, known as the linear contextual bandit

problem. In both cases, we are interested in instance-dependent sample complexity bounds.

That is, the upper and lower bounds we seek do not simply depend on coarse quantities like

|Π|, |A|, and 1/ϵ2, but more fine-grained relationships between the context distribution ν,

1Assuming the set of contexts is countable versus uncountable is for presentation purposes only, since it
allow us the notational convenience of letting νc denote the probability of context c arriving.
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geometry of policies Π, and the reward function r : C × A → R. Our motivation is that

instance-dependent bounds describe the difficulty of a particular problem instance, allowing

optimal algorithms to adapt to the true difficulty of the problem, whether easy or hard.

We seek algorithms that take advantage of “easy” instances instead of optimizing for the

worst-case [Jun et al., 2021a].

2.1.1 Related work

Minimax regret bounds for general policy classes The vast majority of research

in contextual bandits focuses on regret minimization. That is, for a time horizon T , the

goal of the player is to minimize E
[∑T

t=1 r(ct, π∗(ct))− r(ct, at)
]
. The landmark algorithm

EXP4 for non-stochastic multi-armed bandits [Auer et al., 2002] achieves a regret bound of√
|A|T log(|Π|). Unfortunately, the running time of EXP4 is linear in |Π| which is prohibitive

for many problems of interest. The algorithms proposed in Dudik et al. [2011] and Agarwal

et al. [2014] achieve the same regret bound with a computational complexity that is only

polynomial in T and log(|Π|). Both approaches can be used to obtain an ϵ-optimal policy

with probability at least 1− δ using a sample complexity no more than |A| log(|Π|/δ)
ϵ2

. None of

these works made any assumption on the connection between the reward function r and the

policy class Π (i.e. the agnostic setting).

Instance-dependent regret bounds for general policy classes The epoch-greedy

algorithm of Langford and Zhang [2007] achieved the first instance-dependent bounds

on regret with a coarse guarantee depending only on the minimum policy gap ∆pol :=

V (π∗)−maxπ ̸=π∗ V (π). In the pursuit of more fine-grained regret bounds achievable by com-

putationally efficient algorithms, many authors resort to the realizability assumption [Foster

et al., 2018, Foster and Rakhlin, 2020, Simchi-Levi and Xu, 2021, Foster et al., 2021a]. The

learner knows a hypothesis class H where each f ∈ H is a map f : C×A → R, and there exists

an f ∗ ∈ H such that r(c, a) = f ∗(c, a) for all (c, a) ∈ C × A. Under this assumption, [Foster

et al., 2021a] proves lower and upper bounds on the instance-dependent regret. Their bounds
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are in term of the uniform gap ∆uniform := minc∈C mina∈A r(c, π∗(c))− r(c, a). In general, for

any policy class, they establish matching minimax lower and upper regret bounds of the

form min{
√
|A|T log(|H|), |A| log(|H|)

∆uniform
Cpol
H }, where Cpol

H is the policy disagreement coefficient, a

parameter depending on the geometry of H and the context distribution ν. That is, these

bounds hold with respect to a worst-case family of instances parameterized by ∆uniform and

Cpol
H . Using the standard online-to-batch conversion, this translates to a sample complexity (i.e.

the time required to find an ϵ-good policy with constant probability) of roughly |A| log(|H|)
ϵ ∆uniform

Cpol
H .

We show in Corollary 2.2.16 that this sample complexity is at least as large as our bounds.

Further, unlike our bounds below, this sample complexity is unbounded as ϵ goes to 0. Recent

work refines these kinds of regret bounds further, and provides minimax regret bounds in

terms of the decision-estimation coefficient [Foster et al., 2021b].

Regret bounds for linear contextual bandits A special case of the realizable case

assumes a linear structure forH. Assume there exists a known feature map ϕ : C×A → Rd and

an unknown θ∗ ∈ Rd such that the true reward function is given as r(c, a) = ⟨ϕ(c, a), θ∗⟩. For

this setting, popular optimism-based algorithms like LinUCB [Li et al., 2010] and Thompson

sampling [Russo, 2016, Nabi et al., 2022] achieve a regret bound of min{d
√
T , d2

∆uniform
} [Abbasi-

Yadkori et al., 2011]. Appealing to the online-to-batch conversion, this translates to a

PAC guarantee of d2

ϵ ∆uniform
. More precise instance-dependent upper bounds on regret match

instance-dependent lower bounds asymptotically as T → ∞ [Hao et al., 2020, Tirinzoni

et al., 2020]. These works are most similar to our setting and have qualitatively similar style

algorithms. However, both approaches rely on asymptotics with large problem-dependent

terms that may dominate the bounds in finite time. Our work is focused on upper bounds

that nearly match lower bounds for all finite times.

PAC sample complexity for contextual bandits As we will describe, all contextual

bandits with an arbitrary policy class can be reduced to PAC learning for linear bandits.

Once we made this reduction, our sample complexity analysis draws inspiration from the

nearly instance-optimal algorithm for linear best-arm identification [Fiez et al., 2019]. PAC
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sample complexity of linear contextual bandits was also studied in [Zanette et al., 2021], who

shows a minimax guarantee sample complexity that scales with d2

ϵ2
log(1/δ). In their approach,

[Agarwal et al., 2014] define their action sampling distribution as a convex combination over

policies. Our sampling distribution, as well as the optimal sampling distribution, cannot be

represented this way and is actually derived from the dual of the optimal experimental design

objective.

2.1.2 Contributions

In this work, our contributions include:

1. In the agnostic setting, we introduce a quantity ρΠ that characterizes the instance-

dependent sample complexity of PAC learning for contextual bandits (see Equation 2.1). We

show that ρΠ appears in an information theoretic lower bound on the sample complexity of

any PAC algorithm as ϵ→ 0 in Theorem 2.2.2. To ground this, we describe it carefully in the

setting of the trivial policy class (Section 2.2.2) and linear policy classes (Section 2.2.3). To

do so, we reduce agnostic contextual bandits to the realizable linear case (also establishing

matching upper and lower bounds in this setting).

2. We construct an instance on which any regret minimax-optimal algorithm necessarily

has a sample complexity that scales quadratically with the optimal sample complexity

(Theorem 2.2.6). This shows that no algorithm can be both regret minimax-optimal and

instance-optimal PAC.

3. Finally, we propose Algorithm 4 whose sample complexity nearly matches the lower bound

based on ρΠ. By appealing to an argmax oracle, this algorithm has a runtime polynomial in

ρΠ, 1/ϵ, log(1/δ), |A|, and log(|Π|), assuming a unit cost of invoking the oracle.
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2.2 Problem statement and main results

More formally, define Ft = σ(c1, a1, r1, . . . , ct, at, rt) as the natural σ-algebra filtration cap-

turing all observed random variables up to time t. At each time t an algorithm defines a

sampling rule Ft 7→ A which defines at+1, an Ft-measurable stopping time τ ∈ N, and a

selection rule Ft 7→ Π that is only called once at the stopping time t = τ .

Definition 2.2.1. Fix ϵ ≥ 0 and δ ∈ (0, 1). We say an algorithm is (ϵ, δ)-PAC for contextual

bandits with policy class Π, if at the stopping time τ ∈ N with E[τ ] < ∞, the algorithm

outputs π̂ ∈ Π satisfying P(V (π̂) ≥ maxπ∈Π V (π)− ϵ) ≥ 1− δ.

The sample complexity of an (ϵ, δ)-PAC algorithm for contextual bandits is the time at which

the algorithm stops and outputs π̂. The following quantity governs the sample complexity :

ρΠ,ϵ(Π, v) := min
pc∈△A, ∀c∈C

max
π∈Π\π∗

Ec∼ν
[(

1
pc,π(c)

+ 1
pc,π∗(c)

)
1{π∗(c) ̸= π(c)}

]
(Ec∼ν [ r(c, π∗(c))− r(c, π(c)) ] ∨ ϵ)2

. (2.1)

Here, for any countable set X we have that △X = {p ∈ R|X | :
∑

x∈X px = 1, px ≥ 0 ∀x ∈ X}

so that pc for every c ∈ C defines a probability distribution over actions A. In addition we

use the notation a ∨ b := max{a, b}. We begin with a necessary condition on the sample

complexity for the particular case of exact policy identification (ϵ = 0).

Theorem 2.2.2 (Lower bound). Fix ϵ = 0 and δ ∈ (0, 1). Moreover, fix a contextual

bandit instance µ = (ν, r) and a collection of policies Π. Then any (0, δ)-PAC algorithm for

contextual bandits satisfies Eµ[τ ] ≥ ρΠ,0 log(1/2.4δ).

The proof of the lower bound follows from standard information theoretic arguments [Kauf-

mann et al., 2016]. The lower bound implicitly applies to learners that know the distribution

ν precisely. In practice, such knowledge would never be available however the learner may

have a large dataset of offline data.

Assumption 1. Prior to starting the game, the learning algorithm is given a large dataset of

contextsD = {ct}Tt=1, where each ct
i.i.d.∼ ν for all t ∈ [T ], and T = O(poly(1/ϵ, |A|, log(1/δ), log(|Π|))).
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The above only assumes access to samples from the context distribution, not rewards or

the value function. Importantly, since C could be uncountable, we do not assume D covers

the support of ν. Assumption 1 is satisfied, for example, in an e-commerce setting where

the context is the demographic information about visitors to the site for which massive

troves of historical data may be available. Other works in PAC learning have made similar

assumptions [Huang et al., 2015]. We would like our algorithm to be computationally efficient

in the sense that it makes a polynomial number of calls to what we refer to as argmax oracle.

Such an assumption is common in the contextual bandits literature [Agarwal et al., 2014,

Krishnamurthy et al., 2017, Dudik et al., 2011].

Definition 2.2.3 (Argmax oracle (AMO)). The oracle AMO(Π, {(ct, st)}nt=1) is an algorithm

that given contexts and cost vectors (c1, s1), · · · , (cn, sn) ∈ C×R|A|, returns argmax
π∈Π

∑n
t=1 st (π (ct)).

The constrained argmax oracle C-AMO, given an upper bound l on the loss, returns

argmax
π∈Π

∑n
t=1 st (π (ct)) subject to

∑n
t=1 st (π (ct)) ≤ l.

In general we can implement AMO by calling to cost-sensitive classification [Dudik et al.,

2011, Beygelzimer et al., 2005] and C-AMO through a Lagrangian relaxation and a cost-

sensitive classification oracle [Agarwal et al., 2018, Cotter et al., 2019]. Our algorithm uses

an argmax oracle as a subroutine at most a polynomial number of times in ϵ−1, log(1/δ), |A|

and log(|Π|). In this sense, it is computationally efficient. The following sufficiency result

holds for general ϵ ≥ 0.

Theorem 2.2.4 (Upper bound). Fix ϵ ≥ 0 and δ ∈ (0, 1). Under Assumption 1, there

exists a computationally efficient (ϵ, δ)-PAC algorithm for contextual bandits that satisfies

τ ≤ ρΠ,ϵ log(|Π| log2(1/ϵ)/δ) log(1/∆ϵ), where ∆ϵ = max{ϵ,minπ∈Π\π∗ V (π∗) − V (π)}. Fur-

thermore, this sample complexity never exceeds |A|(log(|Π|)+log(1/δ)) log(1/ϵ)
ϵ2

.

The second part of the theorem follows from the first, since ρΠ,ϵ ≤ 2|A|/ϵ2 by taking

pc,a = 1/|A| for all (c, a) ∈ C × A.
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2.2.1 Inefficiency of low-regret algorithms

Computationally efficient algorithms are known to exist, such as ILOVETOCONBANDITS

[Agarwal et al., 2014], which achieve a minimax-optimal cumulative regret of
√
T |A| log(|Π|/δ).

Inspecting the proof in [Agarwal et al., 2014], one can extract a sample complexity of

ϵ−2|A| log(|Π|/δ) from such results (which is also minimax optimal for PAC). The previous

section showed that the sample complexity of our algorithm, Theorem 2.2.4, nearly matches

the instance-dependent lower bound of Theorem 2.2.2. In other words, our algorithm achieves

a nearly optimal instance-dependent PAC sample complexity. However, it is natural to

wonder if perhaps with a tighter analysis, the minimax regret optimal algorithm in [Agarwal

et al., 2014] also obtains the instance-optimal PAC sample complexity. In this section, we

show that this is not the case. Indeed, we show that any algorithm that is minimax regret

optimal must have a sample complexity that is at least quadratic in the optimal PAC sample

complexity of some instance.

Definition 2.2.5 (Hard instance). Fix m ∈ N, ∆ ∈ (0, 1] and let C = [m], A = {0, 1}. For

i = 1, . . . ,m, let πi(j) = 1{i = j} and define r(i, j) = ∆1{j = π1(i)}. Then V (π1) = ∆ and

V (πi) = ∆(1− 2/m) for all i ∈ C \ {1}.

Note that for the hard instance, m = |Π|. If observations are corrupted by N (0, 1) additive

noise, then a straightforward calculation shows that ρΠ,0(Π, v) =
4/m

(2∆/m)2
= m∆−2 for the

hard instance.

Theorem 2.2.6. Fix δ ∈ (0, 1) and ∆ ∈ (0, 1]. We say an algorithm is an α-minimax regret

algorithm if for some α > 0 and all T ∈ N :

max
µ′

Eµ′
[ T∑
t=1

(rt(ct, π∗(ct))− rt(ct, at))
]
= max

µ

∑
c,a

Eµ′ [Tc,a(T )](r(c, π∗(c))− r(c, a)) ≤
√
α|A|T

where the maximum is taken over all contextual bandit instances µ′ = (ν ′, r′) and Tc,a(T ) =∑T
t=1 1{ct = c, at = a}. For any α-minimax regret algorithm, it is a (0, δ)-PAC algorithm

if at a stopping time τ it outputs the optimal policy π∗ with probability at least 1− δ. Any
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α-minimax regret algorithm that is also (0, δ)-PAC satisfies Eµ[τ ] ≥ m2∆−2 log2(1/2.4δ)/4α

for the instance µ = (ν, r) defined in 2.2.5.

We point out that the minimax regret optimal rate takes α = log(m) = log(|Π|). Thus, taking

∆ = 1 and δ = 0.1, the minimax regret optimal algorithm has a PAC sample complexity of

m2/ log(m); whereas the PAC sample complexity of our algorithm, Theorem 2.2.4, is just

m log(m). That is, algorithms with optimal minimax regret have a sample complexity that

is at least nearly the optimal PAC sample complexity squared. This demonstrates that no

algorithm can simultaneously be minimax regret optimal and obtain the optimal PAC sample

complexity.

2.2.2 Trivial policy class

As a warm-up to discussing linear policy classes, let us consider the simplest policy class.

Definition 2.2.7 (Trivial policy class). Assume |C| < ∞ and let Π = {π(c) = a : (c, a) ∈

C ×A} so that |Π| = |A||C|.

The trivial policy class has the flexibility to predict any action a ∈ A individually for each

c ∈ C. This allows us to show that ρΠ,0(Π, v) ≤ maxc
2
νc

∑
a′ ∆

−2
c,a′ (see Appendix A.1.3). An

immediate corollary of Theorem 2.2.4 is obtained by simply noting that |Π| = |A||C|.

Corollary 2.2.8 (Trivial class, upper). Fix ϵ > 0 and δ ∈ (0, 1). Let Π be the triv-

ial policy class applied to some fixed C,A spaces. Then under Assumption 1 there exists

a computationally efficient (ϵ, δ)-PAC algorithm for contextual bandits that satisfies τ ≤

min{Aϵ−2,maxc
1
νc

∑
a′ ∆

−2
c,a′}(|C| log(|A|)+log(1/δ)) log(1/∆ϵ), where ∆ϵ = max{ϵ,minπ∈Π\π∗ V (π∗)−

V (π)}. Furthermore, this sample complexity never exceeds |A|(|C| log(|A|)+log(1/δ))
ϵ2

log(1/ϵ).

Ignoring log factors, the minimax sample complexity of the trivial class is just ϵ−2|A|(|C|+

log(1/δ)). This is actually a somewhat surprising result, because it says limδ→0
E[τ ]

log(1/δ)
→

ϵ−2|A| which is independent of |C|. To see why this result is somewhat remarkable, if we

played a best-arm identification algorithm for each of the |C| contexts, then this would lead to
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a sample complexity of ϵ−2|C| · |A| log(1/δ). It is somewhat of a surprise that such a natural

strategy is not optimal. For intuition for why we can avoid the multiplicative |C|, note that to

identify an ϵ-good policy among just two policies (π, π∗) using uniform exploration requires

just ϵ−2|A| log(1/δ) samples. When we have more than two policies, a union bound achieves

the claimed result.

The minimax sample complexity of Corollary 2.2.8 (i.e., the second statement) is nearly

tight:

Theorem 2.2.9 (Trivial class, lower). Fix ϵ > 0 and δ ∈ (0, 1/6). Let Π be the trivial policy

class applied to some fixed C,A spaces. Moreover, fix a contextual bandit instance µ = (ν, r)

and a collection of policies Π. Then any (0, δ)-PAC algorithm for contextual bandits satisfies

Eµ[τ ] ≥ maxc
1
νc

∑
a∆

−2
c,a log(1/2.4δ). Furthermore, supµ Eµ[τ ] ≥ ϵ−2|A|(|C|+ log(1/δ)).

2.2.3 Linear policy class

A particularly compelling model-class of policies is the set of linear policies.

Definition 2.2.10 (Linear policy class). Fix a feature map ϕ : C ×A → Rd and assume it is

known to the learner. Let Π = {π(c) = argmaxa∈A⟨ϕ(c, a), θ⟩,∀θ ∈ Rd}.

We can consider two settings: the agnostic setting and the realizable setting. In the agnostic

setting, there is no assumed relationship between the true reward function r(c, a) and

ϕ : C × A → Rd. In this case, Theorem 2.2.4 applies directly by taking a cover of Π.

Corollary 2.2.11 (Agnostic, upper bound). Fix ϵ ≥ 0 and δ ∈ (0, 1). Let Π be the linear

policy class in Rd. Under Assumption 1 there exists a computationally efficient (ϵ, δ)-PAC

algorithm for contextual bandits that satisfies τ ≤ ρΠ,ϵ · (d log(1/ϵ)+ log(1/δ)) log(1/∆ϵ) where

∆ϵ = max{ϵ,minπ∈Π\π∗ V (π∗)− V (π)}. Furthermore, this sample complexity never exceeds

|A|(d log(1/ϵ)+log(1/δ))
ϵ2

log(1/ϵ).

Comparing to the lower bound of Theorem 2.2.2, the instance dependent upper bound of

Corollary 2.2.11 matches up to a factor of the dimension and negligible log factors. In contrast
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to the “model-free” feel of the agnostic case, we can also consider a “model-based” type

setting that we refer to as the realizable setting.

Definition 2.2.12 (Realizable). We say the linear policy class is realizable if there exists a

θ∗ ∈ Rd such that r(c, a) = ⟨ϕ(c, a), θ∗⟩ for all c ∈ C and a ∈ A. Thus, for any π ∈ Π we have

V (π) = Ec∼ν [r(c, π(c))] = Ec∼ν [⟨ϕ(c, π(c)), θ∗⟩] = ⟨ϕπ, θ∗⟩ with ϕπ := Ec∼ν [ϕ(c, π(c))]. Finally,

at the start of the game the learner knows this model.

The setting in Definition 2.2.12 is commonly referred to as the linear contextual bandit

problem [Abbasi-Yadkori et al., 2011]. Clearly, we have that π∗(c) = argmaxa∈A⟨ϕ(c, a), θ∗⟩.

We begin by defining a quantity fundamental to our sample complexity results:

ρlin,ϵ := min
pc∈△A, ∀c∈C

max
π∈Π\π∗

∥ϕπ − ϕπ∗∥2Ec∼ν [
∑

a∈A pc,aϕ(c,a)ϕ(c,a)⊤]−1

⟨ϕπ∗ − ϕπ, θ∗⟩2 ∨ ϵ2
.

Theorem 2.2.13 (Realizable, lower bound). Fix ϵ = 0 and δ ∈ (0, 1). Let Π be the linear

policy class in Rd and assume it is realizable (see Definitions 2.2.10 and 2.2.12). Any

(0, δ)-PAC algorithm in this setting satisfies E[τ ] ≥ ρlin,0 · log(1/2.4δ).

We now state our nearly matching upper bound. However, in this case we note that the

algorithm is not computationally efficient.

Theorem 2.2.14 (Realizable, upper bound). Fix ϵ ≥ 0 and δ ∈ (0, 1). Let Π be the linear

policy class in Rd and assume it is realizable (see Definitions 2.2.10 and 2.2.12). Under

Assumption 1 there exists an (ϵ, δ)-PAC algorithm for this setting that with probability at

least 1− δ it satisfies

τ ≤ ρlin,ϵ · (min{d log(1/ϵ), log(|Π|)}+ log(1/δ)) log(1/∆ϵ)

where ∆ϵ = max{ϵ, min
π∈Π\π∗

⟨ϕπ∗ − ϕπ, θ∗⟩} = max{ϵ, min
(c,a)∈C×A:π∗(c)̸=a

⟨ϕ(c, π∗(c)) − ϕ(c, a), θ∗⟩}.

Furthermore, this sample complexity never exceeds d(d log(1/ϵ)+log(1/δ)) log(1/ϵ)
ϵ2

.
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Proof. To see the second part of the theorem statement, observe that

max
π∈Π\π∗

∥ϕπ − ϕπ∗∥2Ec∼ν [
∑

a∈A pc,aϕ(c,a)ϕ(c,a)⊤]−1

= max
π∈Π\π∗

∥Ec∼ν [ϕ(c, π(c))− ϕ(c, π∗(c))]∥2Ec∼ν [
∑

a∈A pc,aϕ(c,a)ϕ(c,a)⊤]−1

≤ max
π∈Π\π∗

Ec∼ν
[
∥ϕ(c, π(c))− ϕ(c, π∗(c))∥2Ec∼ν [

∑
a∈A pc,aϕ(c,a)ϕ(c,a)⊤]−1

]
≤ max

π∈Π
4Ec∼ν

[
∥ϕ(c, π(c))∥2Ec∼ν [

∑
a∈A pc,aϕ(c,a)ϕ(c,a)⊤]−1

]
= max

q∈△Π

4Ec∼ν

[∑
π∈Π

qπ∥ϕ(c, π(c))∥2Ec∼ν [
∑

a∈A pc,aϕ(c,a)ϕ(c,a)⊤]−1

]

= max
q∈△Π

4Tr

Ec∼ν

[∑
π∈Π

qπϕ(c, π(c))ϕ(c, π(c))
⊤

]
Ec∼ν

[∑
a∈A

pc,aϕ(c, a)ϕ(c, a)
⊤

]−1


≤ 4d

where the last line takes pc,a =
∑

π∈Π 1{π(c) = a}qπ, which is at least as good as the

minimizing choice in the theorem.

We remark that the algorithm that achieves this upper bound is very different than popular

optimism-based algorithms for linear contextual bandits e.g., UCB or Thompson sampling

[Abbasi-Yadkori et al., 2011]. Indeed, our algorithm computes an experimental design and is

related to instance-dependent linear bandit algorithms developed for best-arm identification

[Soare et al., 2014, Fiez et al., 2019, Degenne et al., 2020] and regret minimization [Hao

et al., 2020, Tirinzoni et al., 2020]. To our knowledge, Theorem 2.2.14 provides the first

instance-dependent sample complexity for the PAC setting of linear contextual bandits. The

most relevant work to Theorem 2.2.14 is the work of [Zanette et al., 2021] which demonstrated

a minimax sample complexity of d2/ϵ2 log(1/δ).

Remark 2.2.15 (Agnostic vs. Realizable). Contrasting the above results, we note that

the sample complexity of the agnostic case is always bounded by |A|d/ϵ2. whereas it never

exceeds d2/ϵ2 for the realizable case. This matches the intuition that when the number of
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actions is much larger than the dimension, assuming realizability can significantly reduce the

sample complexity.

2.2.4 Comparison to the Disagreement Coefficient

The work of [Foster et al., 2021a] provides regret bounds in terms of instance-dependent

quantities inspired by the disagreement coefficient, a notion of complexity common in the

active learning literature [Hanneke et al., 2014]. The following corollary relates our sample

complexity to these notions of disagreement coefficients.

Define the policy disagreement coefficient as

Cpol
Π (ϵ0) = sup

ϵ≥ϵ0

Ec∼ν [1{∃π ∈ Πϵ : π(c) ̸= π∗(c)}]
ϵ

where Πϵ := {π ∈ Π : Pν(π(c) ̸= π∗(c)) ≤ ϵ} and the cost-sensitive disagreement coefficient as

Ccsc
Π (ϵ0) = sup

ϵ≥ϵ0

Ec∼ν [1{∃π ∈ Π : π(c) ̸= π∗(c),Ec∼ν [ r(c, π∗(c))− r(c, π(c)) ] ≤ ϵ}]
ϵ

.

The AdaCB algorithm of [Foster et al., 2021a] achieves a regret of roughlyRT = O(minδ{δ∆uniformT ,

|A| log(|Π|)Cpol
Π (δ)

∆uniform
}) or RT = O (minδ {δT, |A| log(|Π|)Ccsc

Π (δ)}). Observe that at time T , given

the outputs π1, π2, · · · , πT from AdaCB algorithm, one could return a (randomized) policy

π̃ which on observing a context, samples from the empirical distribution over the outputs.

By Markov’s inequality we have π̃, V (π∗) − V (π̃) ≤ O(ϵ) with constant probability for

ϵ = RT

T
. Therefore, an upper bound on the regret translates to a PAC sample complexity of

|A| log(|Π|)
ϵ∆uniform

Cpol
Π (ϵ/∆uniform) or

|A| log(|Π|)
ϵ

Ccsc
Π (ϵ).

Finally, Corollary 2.2.16 shows that this sample complexity bound is at least as large as

our upper bound, see Appendix A.1.5 for the proof.

Corollary 2.2.16. Recall that ∆uniform := min
c∈C

min
a∈A

r(c, π∗(c)) − r(c, a). For any ϵ0 > 0 we

have that

1. ρΠ,ϵ0 ≤
2|A|

ϵ0∆uniform
Cpol
Π (ϵ0/∆uniform);

2. ρΠ,ϵ0 ≤
2|A|
ϵ0

Ccsc
Π (ϵ0).
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Moreover, for all ϵ0 ≥ 0 we have that ρΠ,ϵ0 <∞ whenever ∆pol := V (π∗)−maxπ ̸=π∗ V (π) > 0.

2.3 Optimal Algorithms for Contextual Bandits

2.3.1 Reduction to linear realizability and a simple elimination scheme

The astute reader may have noticed that if we ignore computation, Theorem 2.2.4 is actually

an immediate corollary of Theorem 2.2.14 by taking ϕ(c, a) = vec(ece
⊤
a ) ∈ R|C|·|A| where ei is

a one-hot encoded vector so that r(c, a) = ⟨ϕ(c, a), θ∗⟩ with θ∗ ∈ R|C|·|A|. This observation is

key to our sample complexity results. Recall ϕπ := Ec∼ν [ϕ(c, π(c))] from Definition 2.2.12,

we have that V (π) = E[r(c, π(c))] = E[⟨ϕ(c, π(c)), θ∗⟩] = ⟨ϕπ, θ∗⟩. We stress that C can be

uncountable, and thus we would never actually instantiate any of these vectors.

For notational convenience, define the feasible set of (context, action) probability distribu-

tions as Ω =
{
w ∈ ∆C×A : νc =

∑
a∈Awa,c

}
. Note that for each context, pc := {wc,a/νc}a∈A ∈

∆A defines a probability distribution over actions. Also define A(w) :=
∑

c,awc,aϕ(c, a)ϕ(c, a)
⊤

for any w ∈ Ω. Under this notation, recalling the right hand side from Theorems 2.2.13 and

2.2.14 we have

min
w∈Ω

max
π∈Π\π∗

∥ϕπ − ϕπ∗∥2A(w)−1

⟨ϕπ∗ − ϕπ, θ∗⟩2 ∨ ϵ2
= min

pc∈△A, ∀c∈C
max
π∈Π\π∗

∥ϕπ − ϕπ∗∥2Ec∼ν [
∑

a∈A pc,aϕ(c,a)ϕ(c,a)⊤]−1

⟨ϕπ∗ − ϕπ, θ∗⟩2 ∨ ϵ2

To show that the sample complexity of Theorem 2.2.4 is a corollary of Theorem 2.2.14, it

suffices to show that equation (2.1) and the above display are equal. To see this, observe

∥ϕπ − ϕπ∗∥2A(w)−1 = ∥Ec∼ν [vec(ece⊤π(c))− vec(ece
⊤
π∗(c))]∥

2
A(w)−1

=
∑

c,a
ν2c
wc,a

(1{π(c) = a}+ 1{π∗(c) = a} − 21{π(c) = π′(c)})

= Ec∼ν
[(

1
pc,π(c)

+ 1
pc,π∗(c)

)
1{π∗(c) ̸= π(c)}

]
.

Due to this equivalence, the lower bound of Theorem 2.2.2 is also a corollary of Theorem 2.2.13.

The lower bound of Theorem 2.2.13 follows almost immediately from the lower bound argument

in [Fiez et al., 2019].

The conclusion of this section is that from a sample complexity analysis alone, all that is

left is to prove Theorem 2.2.14. In the next section we propose an algorithm that achieves
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this sample complexity but assumes precise knowledge of the context distribution ν (this

is relaxed in following sections). While the algorithm is highly impractical for a number of

reasons, its analysis provides a great deal of intuition and motivation for our final algorithm.

2.3.2 A simple, impractical, elimination-style algorithm

Algorithm 1 provides an initial elimination based method for the PAC-contextual bandit

problem. The algorithm runs in stages. Before the start of each stage ℓ ∈ N, the algorithm

defines a distribution p
(ℓ)
c ∈ △A for each c ∈ C. At each successive time t ∈ [nℓ], it plays the

random action at ∼ p
(ℓ)
ct in response to context ct ∼ ν, and receives random reward rt with

E[rt|ct, at] = ⟨ϕ(ct, at), θ∗⟩. Observe that

E [ϕ(ct, at)rt] = E
[
ϕ(ct, at)ϕ(ct, at)

⊤θ∗
]
=
∑

c∈C,a∈Aw
(ℓ)
c,aϕ(c, a)ϕ(c, a)⊤θ∗ = A(w(ℓ))θ∗

using the identity w
(ℓ)
c,a := νcp

(ℓ)
c,a. Thus, if we set Ot = A(w(ℓ))−1ϕ(ct, at)rt then E[Ot] =

θ∗. A straightforward calculation also shows that Cov(Ot) = A(w(ℓ))−1 if rt is perturbed

with additive unit variance noise. Thus, an unbiased estimator of ∆(π, π∗) := V (π∗) −

V (π) = ⟨ϕπ∗ − ϕπ, θ∗⟩ is simply ⟨ϕπ∗ − ϕπ,
1
nℓ

∑
tOt⟩ which has variance 1

nℓ
∥ϕπ∗ − ϕπ∥2A(w(ℓ))−1 .

Intuitively, ⟨ϕπ∗ − ϕπ,
1
nℓ

∑
tOt⟩ = ⟨ϕπ∗ − ϕπ, θ∗⟩ ±

√
1
nℓ
∥ϕπ∗ − ϕπ∥2A(w(ℓ))−1 so we can safely

conclude that a policy π is sub-optimal (i.e., π ̸= π∗) if there exists any policy π′ such

that ⟨ϕπ′ − ϕπ,
1
nℓ

∑
tOt⟩ ≫

√
1
nℓ
∥ϕπ′ − ϕπ∥2A(w(ℓ))−1 . This is the intuition behind Contextual

RAGE (Algorithm 1), which inherits its name from the best-arm identification algorithm

of [Fiez et al., 2019] that inspired its strategy.

However, while ⟨ϕπ∗−ϕπ, 1
nℓ

∑
tOt⟩ is unbiased and has controlled variance, it is potentially

heavy-tailed because w
(ℓ)
c,a can be arbitrarily small. Instead of trying to control w

(ℓ)
c,a and

appealing to Bernstein’s inequality, we use the robust mean estimator of Catoni [Lugosi and

Mendelson, 2019]. We can then show:

Lemma 2.3.1. π∗ ∈ Πℓ and maxπ∈Πℓ
⟨ϕπ∗ − ϕπ, θ

∗⟩ ≤ 4ϵℓ for all ℓ > 1 w.p. at least 1− δ.

The lemma states that if Πℓ is the active set of policies still under consideration, the

optimal policy π∗ is never discarded from Πℓ, and moreover, the quality of all policies
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remaining in Πℓ is getting better and better. The full proof of this lemma is in Appendix A.2.

We are now ready to state the main sample complexity result.

Theorem 2.3.2. Fix any policy class Π = {π : C → A}π, distribution over contexts ν,

δ ∈ (0, 1), ϵ ≥ 0, and feature map ϕ : C × A → Rd such that r(c, a) = ⟨ϕ(c, a), θ∗⟩ (this is

without loss generality, as one can always take ϕ(c, a) = vec(ece
⊤
a )). With probability at least

1− δ, if ϕπ = Ec∼ν [ϕ(c, π(c))] and π∗ = argmaxπ⟨ϕπ, θ∗⟩ then Contextual-RAGE returns a

policy π̂ ∈ Π such that V (π̂) ≥ V (π∗)− ϵ after taking at most

cmin
w∈Ω

max
π∈Π

∥ϕπ − ϕπ∗∥2A(w)−1

(⟨ϕπ∗ − ϕπ, θ∗⟩ ∨ ϵ)2
log(log((∆ ∨ ϵ)−1)|Π|/δ) log((∆ ∨ ϵ)−1)

samples, where c is an absolute constant and ∆ = minπ∈Π\π∗ V (π∗)− V (π).

Proof. Define Sℓ = {π ∈ Π : ⟨ϕπ∗ − ϕπ, θ
∗⟩ ≤ 4ϵℓ}. The above lemma implies that with

probability at least 1− δ we have
⋂∞
ℓ=1{Πℓ ⊆ Sℓ}. Observe that if for any V ⊂ Π we define

f(V) = minw∈Ω ρ(w,V) then

ρ(w(ℓ),Πℓ) = min
w∈Ω

max
π,π′∈Πℓ

∥ϕπ − ϕπ′∥2A(w)−1 ≤ min
w∈Ω

max
π,π′∈Sℓ

∥ϕπ − ϕπ′∥2A(w)−1 = ρ(Sℓ).

For ℓ ≥ ⌈log2(4∆−1)⌉ we have that Sℓ = {π∗}, thus the sample complexity to identify π∗ is

⌈log2(4∆−1)⌉∑
ℓ=1

τℓ =

⌈log2(4∆−1)⌉∑
ℓ=1

⌈4ϵ−2
ℓ ρ(w(ℓ),Πℓ) log(2ℓ

2|Π|/δ)⌉

≤
⌈log2(4∆−1)⌉∑

ℓ=1

4ϵ−2
ℓ ρ(Sℓ) log(2ℓ

2|Π|/δ) + 1

≤ c log(log(∆−1)|Π|/δ)
⌈log2(4∆−1)⌉∑

ℓ=1

ϵ−2
ℓ ρ(Sℓ)
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for some absolute constant c > 0. We now note that

min
w∈Ω

max
π∈Π

∥ϕπ − ϕπ∗∥2A(w)−1

(⟨ϕπ∗ − ϕπ, θ∗⟩)2
= min

w∈Ω
max

ℓ≤⌈log2(4∆−1)⌉
max
π∈Sℓ

∥ϕπ − ϕπ∗∥2A(w)−1

(⟨ϕπ∗ − ϕπ, θ∗⟩)2

≥ 1

⌈log2(4∆−1)⌉
min
w∈Ω

⌈log2(4∆−1)⌉∑
ℓ=1

max
π∈Sℓ

∥ϕπ − ϕπ∗∥2A(w)−1

(⟨ϕπ∗ − ϕπ, θ∗⟩)2

≥ 1

16⌈log2(4∆−1)⌉

⌈log2(4∆−1)⌉∑
ℓ=1

ϵ−2
ℓ min

w∈Ω
max
π∈Sℓ

∥ϕπ − ϕπ∗∥2A(w)−1

≥ 1

64⌈log2(4∆−1)⌉

⌈log2(4∆−1)⌉∑
ℓ=1

ϵ−2
ℓ min

w∈Ω
max
π,π′∈Sℓ

∥ϕπ − ϕπ′∥2A(w)−1

=
1

64⌈log2(4∆−1)⌉

⌈log2(4∆−1)⌉∑
ℓ=1

ϵ−2
ℓ ρ(Sℓ)

where we have used the fact that maxπ,π′∈Sℓ
∥ϕπ − ϕπ′∥2A(w)−1 ≤ 4maxπ∈Sℓ

∥ϕπ − ϕπ∗∥2A(w)−1

by the triangle inequality.

2.3.3 Towards a more efficient algorithm

One major issue with Algorithm 1 is that it explicitly maintains a set of policies Πℓ from round

to round. Since Π could be exponential in |A|, this is a non-starter for any implementation.

As a motivation for our approach, we consider a non-elimination algorithm, Algorithm 2, as an

intermediate step. It does not maintain Πℓ and instead just solves the optimization problem

(2.2) over Π. The design computed in (2.2) is chosen to ensure that for all π ∈ Π, |∆̂ℓ−1(π, π̂ℓ)−

∆(π, π∗)| ≤ 2ϵℓ−1+
1
4
∆(π, π∗) with high probability (Lemma A.2.3). Equivalently, we estimate

gaps up to a constant factor for policies with ∆(π, π∗) > ϵℓ, while our gap estimates are

bounded by ϵℓ for those policies satisfying ∆(π, π∗) ≤ ϵℓ. This ensures that our choice of π̂ℓ

is good enough, i.e. satisfies V (π∗)− V (π̂ℓ) ≤ ϵℓ with high probability. The full proof is in

Appendix A.2.

Unfortunately, Algorithm 2 introduces additional problems. It is not clear whether solving

(2.2) is computationally efficient. Also, we need to find an estimator ∆̂l that is computationally

efficient even if the policy space Π is infinite. In addition, it requires precise knowledge of ν to
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even define the domain of distributions Ω optimized over, and store the solution w ∈ C × A

explicitly. But in general, such precise knowledge will not be available and is only estimable

using past data (Assumption 1).

2.3.4 An instance-optimal and computationally efficient algorithm

In this section we provide Algorithm 4, which witnesses the guarantees of Theorem 2.2.4 for

the general agnostic contextual bandit problem. We now address the caveats of the previous

approaches.

Access to Offline Data. By Assumption 1, we have access to a large amount of sampled

offline contexts D, where each ct ∈ D is drawn IID from ν. Having access to D allows

us to approximate Ec∼ν [·] with expectations over the empirical distribution Ec∼νD [·], where

νD is the uniform distribution over historical data D. The number of offline contexts

we need only scales logarithmically over the size of the policy set Π, more specifically,

poly(|A|, ϵ−1, log(|Π|), log(1/δ)). We quantify the precise number of samples needed in

Appendix A.3.2.

Computing the design efficiently. As described, the context space C may be infinite

so maintaining a distribution ω ∈ Ω ⊂ ∆C×A is not possible. To overcome this issue, we

consider the dual problem of equation (2.2). We can remove the square root by noticing

that 2
√
xy = minγ>0 γx+

y
γ
, and introducing an additional minimization over the variable

γπ, π ∈ Π. Then, the dual problem becomes

maxλ∈∆Π
minw∈Ωminγπ≥0

∑
π∈Π λπ

(
−∆̂l−1(π, π̂l−1) + γπ

∥∥ϕπ − ϕπ̂l−1

∥∥2
A(w)−1 +

log(1/δl)
2γπnl

)
.

(2.4)

Exchanging the order of the minimums on ω and γ, somewhat surprisingly we have the

close-form expression (Lemma A.4.6)

minω∈Ω
∑

π∈Π λπγπ∥ϕπ − ϕπ̂ℓ−1
∥2A(w)−1 = Ec∼ν

[(∑
a∈A

√
(λ⊙ γ)⊤t

(c)
a (π̂l−1)

)2
]
,
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Algorithm 1 Elimination Contextual RAGE

Input: Π, ϕ : C × A → Rd, δ ∈ (0, 1)

1: Initialize Π1 = Π

2: for ℓ = 1, 2, · · · , ⌈log2(1/ϵ)⌉ do

3: ϵℓ := 2−ℓ, δℓ := δ/(2ℓ2|Π|)

4: Let nℓ be the minimum value s.t.:

min
w∈Ω

max
π,π′∈Πℓ

∥ϕπ − ϕπ′∥2A(w)−1 log(1/δℓ)

nℓ
≤ ϵℓ

with solution w(ℓ).

5: For each t ∈ [nℓ], get ct ∼ ν, pull at ∼ p
(ℓ)
ct ,

observe reward rt

6: Compute Ot = A(w(ℓ))−1ϕ(ct, at)rt.

7: For π, π′ ∈ Πℓ

∆̂ℓ(π, π
′) = Cat({⟨ϕπ − ϕπ′ , Oi⟩}nℓ

i=1)

8: Update

Πℓ+1 = Πℓ\{π′ ∈ Πl | max
π∈Πℓ

: ∆̂ℓ(π, π
′) > ϵℓ}

9: end for

Output: Πℓ+1

Algorithm 2 Non-elimination Contextual

RAGE
Input: Π, ϕ : C × A → Rd, δ ∈ (0, 1)

1: Initialize: π̂0 ∈ Π arbitrarily

2: for ℓ = 1, 2, · · · , ⌈log2(1/ϵ)⌉ do

3: ϵℓ := 2−ℓ, δℓ := δ/(2ℓ2|Π|)

4: Let nℓ be the minimum value s.t.:

min
w∈Ω

max
π∈Π

−1

4
∆̂l−1(π, π̂l−1)

+

√
2∥ϕπ−ϕπ̂l−1

∥2
A(w)−1 log(1/δl)

nℓ
≤ ϵℓ. (2.2)

with solution w(ℓ)

5: For each t ∈ [nℓ], get ct ∼ ν, pull at ∼ p
(ℓ)
ct ,

observe reward rt

6: Compute Ot = A(w(ℓ))−1ϕ(ct, at)rt.

7: For each π ∈ Π, let

∆̂ℓ(π, π̂ℓ−1) = Cat({⟨ϕπ − ϕπ̂ℓ , Oi⟩}nℓ
i=1).

8: Set π̂ℓ := argminπ∈Π ∆̂ℓ(π, π̂ℓ−1) (2.3)

9: end for

Output: π̂l
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where for π′ ∈ Π, t
(c)
a (π′) ∈ {0, 1}|Π| with [t

(c)
a (π′)]π := 1{π(c) = a, π′(c) ̸= a} + 1{π(c) ̸=

a, π′(c) = a} and [λ ⊙ γ]π := λπγπ. Interestingly, this value is achieved at a sampling

distribution ω, which is a non-linear function of λ rather than a convex combination over

policies (as in [Agarwal et al., 2014]). Because we have an expectation over contexts, this

expectation can be replaced by an empirical estimate using historical data, thus avoiding any

issues with an infinite context space. The final algorithm utilizing these observations found is

in Algorithm 4.

The main challenge is finding a solution to the design problem (2.7). For starters, we

can reduce it to a saddle point problem over (λ, γ) by considering only a dyadic sequence of

n ∈ {2k : k ∈ N}. Our procedure uses an alternating ascent/descent method, with the caveat

that λ lives in a simplex, and γ in a box. Both of the spaces are defined over a potentially

infinite set of policies Π (which in the worst case may scale exponentially in |C|), so we need

to argue that we can find a sparse yet ϵ-good solution to (2.7).

To handle this, we use the Frank-Wolfe (FW) method on λ. Referring to the iterates

of FW as λt, FW guarantees that the size of the support of λt in each iterate grows by at

most 1. Thus, if initialized as a 1-sparse vector, we only need to maintain a sparse λt in each

iteration. Each iterate of Frank-Wolfe involves computing

argmax
π∈Π

[∇λhℓ(λ, γ, n)]π.

To do so, we show that we can appeal to a constrained argmax oracle (AMO) to run the

Frank-Wolfe algorithm, a similar approach to [Agarwal et al., 2014]. At an iterate t, we

use a gradient descent procedure for γt. We will show that in iterate t, the support of γt is

contained in that of λt, and we can quantify the number of steps of gradient descent needed

to find an ϵ-good solution. Though hl(λ, γ, n) might not be convex in γ, we nevertheless are

able to argue that it has a unique minima and that gradient descent converges to this minima.

We introduce our subroutine in Algorithm 3 and shows that it is computationally efficient

with access to an argmax oracle (Definition 2.2.3) in Theorem 2.3.3.
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Algorithm 3 FW-GD
Input: Π policy sets, number of actions |A|, π̂l−1 ∈ Π, ηl > 0, K ∈ N, threshold ϵl, γmin, γmax

1: Initialize n1 = 1, L = |A|2 ((1+ηl)γmax)5/2

η
3/2
l γ2min

2: for r = 1, 2, · · · do

3: Initialize λ0 = e0 ∈ RΠ, γ0 = 1|Π| ·
√

log(1/δl)
|A|2ηlnr

∈ R|Π| // Never explicitly materialized

4: for t = 0, 1, 2, · · · ,K do

5: Compute

πt = argmax
π∈Π

[
∇λhl(λ

t, γt, nr)
]
π

(2.5)

6: Set the FW-gap

gt =
〈
∇λhl(λ

t, γt, nr), eπt − λt
〉
=
[
∇λhl(λ

t, γt, nr)
]
πt

−
∑

π∈supp(λt)

[
∇λhl(λ

t, γt, nr)
]
π

7: Set βt = min

{
gt

L∥λt−eπt∥
2

1

, 1

}
8: Set κt =

ϵl
(t+1)2

9: Set λt+1 = (1− βt)λ
t + βteπt // Only 1-sparse updates recorded

10: Set γt+1 = GD(λt, nr, κt) // Only differences from γ0 recorded

11: end for

12: if hl(λ
K+1, γK+1, nr) ≤ ϵl then

13: break

14: else

15: nr+1 = 2 · nr

16: end if

17: end for

Output: λK+1 ∈ △Π, γ
K+1 ∈ R|Π|

+ , nr

Theorem 2.3.3. Let Kl be the number of iterations for FW-GD in the lth round and

λ∗, γ∗ be the exact solutions to the optimization problem maxλ∈∆Π
minγ∈[γmin,γmax]|Π| hl(λ, γ, n).

Then, Kl = poly1(|A|, ϵ−1
l , log(1/δ)) and the outputs λKl+1, γKl+1 satisfy hl(λ

∗, γ∗, n) −
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hl(λ
Kl+1, γKl+1, n) ≤ ϵl with at most O(K2

l |D|) calls to a constrained argmax oracle, where the

size of the history D exceeding poly2(ϵ
−1, log |Π|, γmax, γ

−1
min, η

−1, |A|, log(1/δ)) with probability

at least 1− δ, where poly1, poly2 denote some polynomial.

The full proof is in Appendix A.3. It is worth noting that we can bound the suboptimality

error hl(λ
∗, γ∗, n)− hl(λ

Kl+1, γKl+1, n) by the duality gap, as the primal objective is always

at least as large as the optimum. Also, the Frank-Wolfe algorithm directly tackles the duality

gap, so standard Frank-Wolfe analysis will show that the Frank-Wolfe output makes the

duality gap small [Pedregosa et al., 2020].

Regularized Estimator. While Algorithms 1 and 2 use a robust mean estimator as in

equation (2.3), this estimator is impractical with a very large number of policies Π. Instead,

we use a regularized IPS estimator that can be computed using historical data and an argmax

oracle.

Algorithm 4 puts it all together and Theorem 2.3.4 shows our main result. Note that

for exposition purposes, we have omitted some additional regularization terms in the op-

timization problems that have no effect on the sample complexity, but ensure finite-time

convergence. Appendix A.4 shows the full algorithm and the proof. In what follows,

poly1(|A|, ϵ−1, log(1/δ)) · log(|Π|) and poly2(|A|, ϵ−1, log(1/δ), log(|Π|)) are polynomials in

their arguments that specified in the appendix.

Theorem 2.3.4. Fix any set of policies Π, context distribution ν and reward function

r(c, a) ∈ [0, 1]. With probability at least 1 − δ, provided a history D whose size exceeds

poly1(|A|, ϵ−1, log(1/δ)) · log(|Π|), Algorithm 4 returns a policy π̂ satisfying V (π∗)−V (π̂ℓ) ≤ ϵ

in a number of samples not exceeding O(ρΠ,ϵ log(|Π| log2(1/∆ϵ)/δ) log2(1/∆ϵ)) where ∆ϵ :=

max{ϵ,minπ∈Π V (π∗)− V (π)}.

In addition, Algorithm 4 is computationally efficient and requires the amount of calls not

exceeding poly2(|A|, ϵ−1, log(1/δ), log(|Π|)) to a constrained argmax oracle.
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Algorithm 4 Contextual Oracle-efficient Dualized Algorithm (CODA)

Input: policies Π = {π : C → A}π, feature map ϕ : C × A → Rd, δ ∈ (0, 1), historical data

D = {νs}s

1: initiate π̂0 ∈ Π arbitrarily, λ0 = eπ̂0 , ∆̂0(π), γ0, γmin, γmax appropriately

2: for l = 1, 2, · · · do

3: ϵl = 2−l, δl = δ/(l2|Π|2)

4: Define

hl(λ, γ, n) =
∑

π∈Π λπ

(
−∆̂

γl−1

l−1 (π, π̂l−1) +
log(1/δl)
γπn

)
+ Ec∼νD

[(∑
a∈A

√
(λ⊙ γ)⊤t

(c)
a (π̂l−1)

)2]
.

(2.6)

5: Let λl, γl, nl = FW-GD(Π, |A|, π̂l−1, ϵl). These are the solutions to

nℓ := min{n ∈ N : max
λ∈∆Π

min
γ∈[γmin,γmax]|Π|

hl(λ, γ, n) ≤ ϵℓ} (2.7)

6: For i ∈ [nℓ] get ci ∼ ν, pull ai ∼ p
(ℓ)
ci where p

(ℓ)
cs,as ∝

√
(λl ⊙ γl)⊤t

(cs)
as (π̂l−1), observe rewards

rs

7: For each π ∈ Π, define the IPS estimator

∆̂γl
l (π, π̂l−1) =

nl∑
s=1

rs

p
(ℓ)
cs,as + [γl]π

(1{π̂l−1(cs) = as} − 1{π(cs) = as})

8: set

π̂l = argminπ∈Π ∆̂γl
l (π, π̂l−1) + Ec∼νD

[(
[γl]π

p
(ℓ)
c,π(c)

+ [γl]π

p
(ℓ)
c,π̂l−1(c)

)
1{π̂l−1(c) ̸= π(c)}

]
+ log(1/δl)

[γl]πnl

(2.8)

9: end for

Output: π̂l
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2.4 Conclusion

This work provides the first instance-dependent lower bounds for the (ϵ, δ)-PAC contextual

bandit problem. One limitation of this work is that our analysis of Algorithm 4 does not

immediately extend to the realizable linear setting. That is, a computationally efficient

algorithm that achieves the same bound is not known to exist. In all other settings discussed

in this work, we proposed a computationally efficient algorithm. A second limitation is the

assumption that we have access to a large pool of offline data. Because it seems necessary to

plan with some information about the context distribution, it is not clear how one would

completely remove such an assumption and achieve the same sample complexity bounds.

As with any recommender system, there is the potential for unintended consequences from

optimizing just a single metric. Moreover, other potential pitfalls can arise, such as negative

feedback loops, if our assumptions fail to hold in real-world environments. Such consequences

can be mitigated by tracking a diverse set of metrics.
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Chapter 3

OPTIMAL EXPLORATION IS NO HARDER THAN
THOMPSON SAMPLING

3.1 Introduction

The pure exploration bandit problem considers a sequential game between a learner with

two sets of arms X ,Z ⊂ Rd and nature. In each round, the learner chooses an arm x ∈ X

and observes a noisy stochastic reward y = x⊤θ∗ + ϵ where θ∗ ∈ Θ is an unknown parameter

vector and ϵ is assumed to be i.i.d Gaussian noise. The goal of the learner is to identify

z∗ = argmaxz∈Z z
⊤θ∗ with high probability in a few measurements. The case of X = Z is

perhaps the most natural case to consider, and has enjoyed a fair amount of attention [Soare

et al., 2014, Fiez et al., 2019, Degenne et al., 2020]. However, all proposed approaches share a

common trait - complexity. Existing optimal algorithms rely on either explicitly enumerating

a potentially large subset of Z or periodically solving a convex optimization program at every

iteration. Consequently, it prompts us to question: is such complexity indeed indispensable

for reaching asymptotic optimality?

Maintaining our focus on the specific instance where X = Z, we note that the pure

exploration task can be addressed using any readily available regret minimization algorithm.

That is, if an algorithm generates a series of plays {xt}Tt=1 such that maxx∈X
∑T

t=1⟨θ∗, x −

xt⟩ ≤ d
√
T then this immediately implies that x̂T drawn uniformly from the set {xt}Tt=1 is

equal to x∗ = argmaxx∈X ⟨x, θ∗⟩ with constant probability as soon as T ≥ d2/∆2
min, where

∆min = minx∈X ,x ̸=x∗ θ
⊤
∗ (x

∗ − x). One popular regret-minimization algorithm is Thompson

Sampling (TS). Following its re-emergence from nearly seven decades of relative obscurity, it

has rapidly ascended to become the most prevalently applied bandit algorithm in practical

scenarios, as per the industrial experience of the authors. We postulate that its popularity is
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due to (1) its simplicity to implement, (2) its flexibility to encode side-information in its prior,

(3) its computational efficiency, and (4) strong empirical performance. The algorithm works

by maintaining a distribution pt over Θ given all observations up to the time t, and then plays

xt = argmaxx∈X ⟨x, θt⟩ where θt ∼ pt. Once yt = ⟨xt, θ∗⟩+ ϵt is observed, the distribution is

updated and the process repeats. As we can see, TS only relies on the ability to sample from

a posterior distribution and compute a maximum inner product (an argmax oracle) - both

operations which have been heavily studied and optimized. Unfortunately, TS is known to be

sub-optimal for the pure exploration linear bandits problem due to its greedy exploration

strategy. Indeed, there exist instances of X and θ∗ for which the sample complexity of TS to

identify the best arm scales quadratically in the optimal sample complexity achieved by other

algorithms [Soare et al., 2014]. Even for regret minimization, it is know that TS is far from

optimal from an instance-dependent perspective [Lattimore and Szepesvari, 2017]. But yet,

due to its many favorable properties it is still the go-to algorithm in practice.

This paper aims to answer the following fundamental theoretical question: Is there an

algorithm that enjoys asymptotically optimal exploration that does not need to explicitly

enumerate Z and only relies on posterior sampling and an argmax oracle? We achieve this

goal by not striving too far from the Thompson sampling algorithm itself and only assuming

access to a sampling oracle and arg-max oracle. In fact, our proposed algorithm can be

viewed as a generalization of Top-Two Thompson Sampling for the standard multi-armed

bandit game [Russo, 2016] to the richer linear setting. At each iteration t, we maintain a

sampling distribution centered at θ̂t (a least squares estimator computed after t samples), and

get a sample θt whose best arm is different than that of θ̂t using a sampling oracle. Once such

a θt is found, we update an online learner maintaining a distribution over X with rewards

∥θt − θ̂t∥2xx⊤ . We prove that P(ẑt ̸= z∗|{xs}t−1
s=1) decreases at an exponential rate with the

exponent of the optimal fixed allocation. We also demonstrate that our method is not only

theoretically sound by achieving an optimal sample complexity given oracle access, but is

also computationally efficient empirically.
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3.1.1 Problem Setting and Notation

We first define the linear bandit setting. Let X ,Z ∈ Rd be two sets of arms and Θ ⊂ Rd

be the parameter space. At time t, we draw an action xt ∈ X , and receive the reward

yt = x⊤t θ∗ + ϵt where θ∗ ∈ Θ and ϵt is i.i.d. Gaussian noise. The choice of arm xt at time t is

dependent on the filtration generated by {(xs, ys)}t−1
s=1; furthermore, we denote the conditional

probability given this filtration be Pθ.

Goal: We are interested in the best-arm identification task, i.e. we would like to find

z∗ := argmaxz∈Z z
⊤θ∗ with high probability, while minimizing the number of measurements

taken in X .

We make the following assumption on the parameters that we will discuss further in

Section 3.3.1.

Assumption 2. Θ is closed and bounded, with a non-empty interior.

Assumption 3. Assume that maxx ∥x∥2 ≤ L.

Assumption 4. Assume that span(Z) ⊂ span(X ) and the optimal arm z∗ ∈ Z is unique.

Notation. For any matrix A ∈ Rd×d, we define the norm ∥x∥2A := x⊤Ax. Given a set S,

we define the simplex △S := {λ ∈ R|S|
≥0 :

∑|S|
i=1 λi = 1}. Finally, given a (multivariate) normal

distribution N (θ,Σ−1) on Rd and some set Θ, we define the truncated normal distribution,

denoted as TN(θ,Σ−1; Θ), to be the normal distribution restricted on Θ. For some λ ∈ △X ,

we define A(λ) :=
∑

x∈X λxxx
⊤. We define ∆max := maxx∈X maxθ,θ′∈Θ |x⊤(θ− θ′)|. We define

the constants used in the algorithm as C3,ℓ = ∆max + L2
√
d log(Tℓℓ2). The precise definition

is in Appendix B.1.

3.2 Motivating our approach

Among all adaptive algorithms, it is known that for every θ∗ ∈ Θ there exists a λ ∈ △X

such that sampling x1, x2, . . . ,
i.i.d.∼ λ achieves the optimal sample complexity in the fixed
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confidence setting [Soare et al., 2014, Fiez et al., 2019, Degenne et al., 2020]. Specifically, for

any Θ ⊂ Rd and X ,Z ⊂ Rd define

τ ∗ := max
λ∈△X

min
θ∈Θc

z∗

1
2
∥θ − θ∗∥2A(λ)−1 (3.1)

where Θc
z∗ = {θ ∈ Θ : ∃z ∈ Z, z⊤θ ≥ z⊤∗ θ}. Then it is known that to identify z∗ with probabil-

ity at least 1− δ, the expected sample complexity of any algorithm scales as (τ ∗)−1 log(2.4/δ).

Moreover, sampling according to the λ that achieves the maximum, when paired with an

appropriate stopping time, achieves the optimal sample complexity asymptotically. As our

setting is more naturally analyzed in the so-called fixed budget setting, we next state a

result that can be viewed as a generalization of the result of Russo [2016] originally stated

for the multi-armed bandit setting. Note that this is a lower bound similar to Glynn and

Juneja [2004] and not a lower bound for the traditional fixed budget setting in multi-armed

bandits [Karnin et al., 2013], since we only allow fixed λ not adapting to the observations.

Theorem 3.2.1. Fix Θ = Rd and any θ∗ ∈ Θ. For some λ consider a procedure that draws

x1, . . . , xT ∼ λ, then observes yt = ⟨xt, θ∗⟩+ϵt for each t with ϵt ∼ N (0, 1), and then computes

ẑT = argmaxz∈Z⟨z, θ̂T ⟩ where θ̂T = argminθ∈Θ
∑T

t=1 ∥yt − ⟨θ, xt⟩∥22. Then for any λ ∈ △X

we have

lim sup
T→∞

− 1

T
log
(
Pθ∗,xt∼λ(ẑT ̸= z∗)

)
≤ τ ∗.

The quantity τ ∗ is naturally interpreted from a hypothesis-testing lens. Given a fixed

sampling distribution λ, note that Ex∼λKL(N (θ⊤x, 1)||N (θ⊤∗ x, 1)) =
1
2
∥θ− θ∗∥2A(λ). Thus the

min-max problem above aims to construct the distribution λ which maximizes the smallest

KL divergence between θ and any alternative with a different best-arm. As noticed by many

authors, this can be translated into a game-theoretic language. The max-player chooses a

distribution over the set of possible measurements X . At the same time, the min-player

chooses an alternative θ whose best arm is not z∗ in an attempt to fool the λ-player. This

lower bound intuitively suggests a strategy for algorithm designers: devise a sampling method

that ensures the resultant allocation aligns with the aforementioned objective.
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In this pursuit (discussed extensively in Section 3.4) the game-theoretic perspective has

been directly exploited by several works to give asymptotically optimal algorithms. The

approaches of these works differ in detail but are similar in spirit and are motivated by

the following oracle strategy that has access to θ∗. At each time, the max-player utilizes

a no-regret online learner, such as exponential weights [Bubeck, 2011], to set λt+1 based

on an estimate of the best-response of the min-player, namely minθ∈Θc
z∗
∥θ − θ∗∥2A(λt). This

guarantees that

max
λ∈△X

min
θ∈Θc

z∗

∥θ − θ∗∥2A(λ) −
T∑
t=1

min
θ∈Θc

z∗

∥θ − θ∗∥2A(λt) ≤ o(T )

which by a standard Jensen’s inequality argument is sufficient to ensure that 1
T

∑T
t=1 λt is

an approximate solution to the original saddle point problem. Then, the arm xt pulled is

sampled from λt at each time (or a deterministic tracking strategy is used).

The main computational challenge in this approach is that obtaining the best-response

can be rather involved. The alternative set can be decomposed as a union of intersections of

a convex set with a halfspace: Θc
z∗ = ∪z ̸=z∗Θ ∩ {θ ∈ Rd : z⊤θ ≥ z⊤∗ θ}. Thus computing the

best-response involves computing |Z|-many projections onto convex sets. For small values of

|Z|, this may be feasible. However, this computation may be onerous if |Z| is large or the

projection step is very expensive, for example, in many combinatorial bandit settings such

as shortest path problems in a graph [Chen et al., 2017]. As another example, in practical

recommendation systems where Z represents items to be recommended, |Z| may be in the

millions. Thus computing |Z| many projections under latency constraints may be impossible,

even though Thompson Sampling can easily recommend good items [Biswas et al., 2019]. In

addition, for both settings, there may be no easy closed-form expression for the projection.

Our method is based on the following equivalent formulation of τ ∗. By linearizing the
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min over alternatives with a distribution over Θc
z∗ , we can apply Sion’s minimax theorem:

max
λ∈△X

inf
θ∈Θc

z∗

1

2
∥θ − θ∗∥2A(λ)

= max
λ∈△X

min
p∈△(Θc

z∗ )
Eθ∼p

[
1

2
∥θ − θ∗∥2A(λ)

]
= min

p∈△(Θc
z∗ )

max
λ∈△X

Eθ∼p
[
1

2
∥θ − θ∗∥2A(λ)

]
,

where △(Θc
z∗) denotes the set of distribution over the alternative set Θc

z∗ . This replaces the

projections with an expectation over a distribution on Θc
z∗ . At first glance, the situation

may seem worse - we have gone from finitely many projections to needing to maintain a

distribution over a potentially infinite set!

However, imagine that Θ is finite and that we solve this saddle-point problem by maintain-

ing a no-regret learner for the max-player as before, while similarly maintaining a no-regret

learner for the min-player. Standard results in convex optimization guarantee that the average

of the iterates of the two learners converge to a saddle point eventually [Liu and Orabona,

2022]. To be more precise, at each round t we draw an xt ∼ λt and feed the (stochastic) loss∑
θ∈Θc

z∗
pt,θ∥θ − θ∗∥2xtx⊤t to the learner for the min-player. Assuming the min-player learner is

exponential weights, then the update is

pt+1,θ ∝ pt,θe
−η∥θ∗−θ∥2

xtx
⊤
t ∝ e

−η∥θ∗−θ∥2∑t
s=1 xsx

⊤
s .

where η is an appropriate step-size. Hence, the resulting distribution pt+1 is reminiscent of the

probability density function of a multivariate normal distribution N(θ∗, η
−1(
∑t

s=1 xsx
⊤
s )

−1)

restricted to Θc
z∗ . This observation motivates our algorithm - for the min-player we maintain

an appropriate normal distribution and at each round, use samples from this distribution to

generate a stochastic loss to feed the max-player. This approach avoids explicitly maintaining

Z or ever needing to compute a projection! Of course, this discussion has relied on knowledge

of θ∗ and z∗. In the next section, we explain how our algorithm, PEPS, overcomes these

restrictions.

3.3 Best Arm Identification through Sampling
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Algorithm 5 Pure Exploration with Projection-Free Sampling (PEPS)

Input: Finite set of arms X ⊂ Rd, Z ⊂ Rd, time horizon T , ηλ, ηp, α

1: Define λG = argminλ∈△X maxx∈X ∥x∥2A(λ)−1 , λ1 =
1
|X |1

2: Initialize V0 = I, S0 = 0, p1 = N(0, V0), θ̂1 arbitrarily

3: for t = 1, 2, · · · , T do

4: γt = t−α

5: //Top Two Sampling

6: Compute ẑt = argmax
z∈Z

z⊤θ̂t

7: Sample θt = SAMPLE(TN(θ̂t, η
−1
p V −1

t−1; Θ
c
ẑt
))

8:

9: //Take Sample and Observe Reward

10: Sample xt ∼ λ̃t where λ̃t = (1− γt)λt + γtλ
G

11: Observe yt = ⟨θ∗, xt⟩+ ϵt where ϵt ∼ N (0, 1)

12:

13: //Update

14: Update Vt = Vt−1 + xtx
⊤
t , St = St−1 + xtyt, and θ̂t+1 = V −1

t St

15: Update λt+1 ∝ λte
ηλg̃t where g̃t,x =

∥∥∥θt − θ̂t

∥∥∥2
xx⊤

,∀x ∈ X

16: end for

17: Sample θ̃ = SAMPLE(TN(θ̂T+1, V
−1
T ; Θ))

Output: ẑℓ(θ̃) = argmaxz∈Z z
⊤θ̃

Our main method PEPS is presented in Algorithm 5. Given a budget of T samples, we

repeatedly sample θt utilizing a sampling oracle SAMPLE. We then sample an xt ∼ λ̃t where

λ̃t is the distribution λt maintained by the λ-learner at time t mixed in with a diminishing

amount γt of the G-optimal distribution λG. After playing xt and observing a reward yt, PEPS

updates both the λt and the estimate θ̂t with the covariance. In particular, given samples

{xs}ts=1, we let θ̂t+1 = V −1
t St where Vt =

∑t
s=1 xsx

⊤
s and St =

∑t
s=1 xsys. Algorithm 5
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Algorithm 6 Doubling trick

Input: Finite set of arms X ⊂ Rd, Z ⊂ Rd

1: for ℓ = 0, 1, · · · , L do

2: Set Tℓ = 2ℓ, ηλ =
√

log |X |
C2

3,ℓTℓ
, ηp =

√
d log(TℓC3,ℓ)

C2
3,ℓTℓ

, α = 1/4

3: ẑℓ = PEPS(X ,Z, Tℓ, ηλ, ηp, α)

4: end for

Output: ẑL

depends on a finite time horizon T . To ensure that our algorithm is anytime and eventually

converges to the optimal sampling scheme, we employ an outer loop Algorithm 6 utilizing a

doubling scheme. Before we explain the theoretical guarantees, we first detail some of the

aspects of the algorithm.

Updating the sampling distribution for θt. Our main innovation is introducing a

distribution over Θc
ẑt

from which we can sample over. In particular, in each round, we

sample θt from TN(θ̂t, η
−1
p V −1

t−1; Θ
c
ẑt
), which is a truncated normal distribution with support

Θc
ẑt
[Burkardt, 2014].

Following the discussion in the Section 3.2, it is tempting to see this update as a form

of continuous exponential weights [Bubeck, 2011]. However, this is not quite true since the

underlying action set Θc
ẑt
is changing each round. This creates several technical challenges in

the proof. Note that similar to previous works, we could have maintained a learner for each

z ∈ Z [Degenne et al., 2020]. However, our approach of maintaining a distribution prevents

the need for this additional complexity of enumerating Z.

From the perspective of exponential weights, ηp is a step size: the dependence on d in

the numerator comes from the dimension of Θ; and C2
3,ℓ is an upper bound on the stochastic

loss ∥θt − θ̂t∥2xtx⊤t that we guarantee with high probability due to forced exploration and

boundedness of Θ.

We have the following regret guarantee on the online min learner. For notational conve-
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nience, in this section, for some set S with nonempty interior, we let pt(S) = TN(θ̂t, η
−1
p V −1

t−1;S)

be the truncated normal distribution with support on S.

Lemma 3.3.1 (informal). In round Tℓ of epoch ℓ of Algorithm 6, we have with probability

greater than 1− 1/ℓ2,

Tℓ∑
t=1

Eθ∼pt(Θc
z∗ )

[∥∥∥θ − θ̂t

∥∥∥2
xtx⊤t

]
− inf

θ∈Θc
z∗

∥θ − θ∗∥2VTℓ

≤ O(d
√
Tℓ log(LTℓ)).

Sampling Oracle. Our algorithm involves a sampling oracle that takes samples from a

truncated normal distribution.

Definition 3.3.2 (Sampling oracle (SAMPLE)). The oracle SAMPLE(p) is an algorithm that

given some distribution p, returns a sample θ ∼ p.

There are various ways to implement this sampling oracle efficiently. The easiest way is

to use rejection sampling. In particular, on line 7, for each round t, we repeatedly sample

θt ∼ N(θ̂t, η
−1
p V −1

t−1) until the best-arm of argmaxz∈Z z
⊤θt is not our current best guess

ẑt = argmaxz∈Z z
⊤θ̂t, and on line 17 we repeatedly sample θ̃ ∼ N(θ̂T+1, V

−1
T ) until θ̃ ∈ Θ.

Regarding the computation cost of rejection sampling, we suffer from some of the same

challenges as Top-two sampling algorithms, which empirically work well in practice [Russo,

2016]. From a practical perspective, the rejection sampling step is only computationally

costly if it requires many draws from the posterior to find a θ in the alternative Θc
ẑt
. However,

note that if we draw O(1/ν) vectors and none of them are in the alternative Θc
ẑt
, by Markov’s

inequality, this arm they all agree on is the best arm with probability 1 − ν. Thus, as

soon as it becomes computationally costly to sample an alternative, the problem is basically

solved. We demonstrate empirically that the computational complexity is not at all onerous

in Section 3.5 and Appendix B.6. Also, we note that our focus is on the query complexity

given an effective way to sample, not the complexity of sampling from the distribution itself.
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Since the sampling oracle only returns one sample at the end, our algorithm still achieves an

asymptotically optimal sample complexity even if we draw O(1/ν) vectors inside the oracle.

Moreover, we remark that sampling from truncated normal distributions is a well-explored

practice across statistics and machine learning, especially when sampling in a convex set. A

variety of efficient methods such as Gibbs and hit-and-run procedures are available for this

purpose [Devroye, 1986, Murphy, 2013, Li and Ghosh, 2015, Laddha and Vempala, 2023].

In particular, the hit-and-run algorithm ensures one gets a sample in the convex set with

probability 1− ν in O(d3 log(1/ν)) samples in the worst case [Lovász, 1999]. Furthermore,

novel approaches have improved the efficiency of traditional rejection techniques, especially

when dealing with a convex support of the truncated normal distribution [Maatouk and Bay,

2016].

Update for λt. To update λt, which corresponds to the action of our max-player, we

employ an exponential weighted learner (Hedge) over the set of actions X . The reward vector

g̃t ∈ R|X | is stochastic with expectation Eg̃t,x = Eθ∼pt(Θc
ẑt
)

∥∥∥θ − θ̂t

∥∥∥2
xx⊤

conditioning on the

history of the algorithm {(xs, ys, θs)}t−1
s=1, and is bounded in high probability. We show that if

we choose α = 1
4
and let ∆̃max be an upper bound on the loss function, we have the following

regret guarantee:

Lemma 3.3.3 (informal). In round Tℓ of epoch ℓ of Algorithm 6, we have with probability

greater than 1− 1/ℓ2,

max
λ∈△X

Tℓ∑
t=1

Eθ∼pt(Θc
ẑt
)

∥∥∥θ − θ̂t

∥∥∥2
A(λ)

−
Tℓ∑
t=1

Eθ∼pt(Θc
ẑt
)

∥∥∥θ − θ̂t

∥∥∥2
A(λt)

≤ O

(√
(d+ ∆̃max)Tℓ log ℓ

)

Forced Exploration with G-optimal Design. To ensure adequate sampling in all

directions, in each round we mix in some amount of the G-optimal distribution, denoted

as λG := argminλ∈∆X maxx∈X ∥x∥2A(λ)−1 . This ensures that maxx∈X ∥θ̂t − θ∥xx⊤ is bounded
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for any θ ∈ Θ and ẑt is eventually z∗ with probability 1. The rate at which the mixture

of this distribution decays as t−α, for any 0 < α < 1/2, so it has no effect on asymptotic

performance. We note that thanks to the implicit anti-concentration properties of sampling

θt from a multivariate Gaussian, this step is probably unnecessary and just an artifact of the

analysis [Agrawal and Goyal, 2017].

Argmax Oracle One advantage of our approach that is most reminiscient of Thompson

Sampling is the calculation of ẑt at the start of each epoch. In practice, if we have an

efficient argmax-oracle, this calculation can be computationally efficient and does not require

maintaining Z. By exploiting argmax oracles, we can tractably solve problems like shortest-

path and matchings, even in settings where |Z| is super-exponential in d [Katz-Samuels et al.,

2020].

Doubling Trick As presented, the regret guarantees for Lemmas 3.3.1 and 3.3.3 require

fixed step sizes ηλ, ηp. To overcome this need for a fixed step size, we use a doubling trick and

restart the algorithm every 2ℓ samples [Shalev-Shwartz et al., 2012]. We believe the use of

the doubling trick is purely a theoretical restriction and a more careful analysis could provide

an anytime algorithm with no restarts.

3.3.1 Theoretical Guarantees

Recall that at the end of each epoch, ẑℓ(θ) = argmaxz∈Z z
⊤θ is the optimal answer for some

θ ∼ πℓ. Our main result is the following guarantee on Algorithm 6.

Theorem 3.3.4. With probability 1,

lim
ℓ→∞

− 1

Tℓ
logPθ∼πℓ(ẑℓ(θ) ̸= z∗) = τ ∗,

where πℓ := N(θ̂Tℓ , V
−1
Tℓ−1) restricted to Θ.

Thus our algorithm guarantees that asymptotically the probability that we do not identify

the optimal arm decays at the rate of e−Tτ
∗
, with τ ∗ being the optimal exponent as given in
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Theorem 3.2.1. Such guarantees on the probability of a sampled arm are similar to those in

the Bayesian best-arm literature, namely Russo [2016] and Jourdan et al. [2022]. In these

works, a posterior distribution is maintained and they guarantee that the posterior probability

that a non-optimal arm is sampled converges at an exponential rate, with the best possible

exponent among all allocation rules. We provide a similar guarantee here for linear bandits.

As a remark, this does not directly lead to a bound on the frequentist probability of error,

which requires integration of the posterior probability over all randomness in the algorithm.

We provide a small sketch of the proof now. A full proof is in Appendix B.3.

Proof sketch. We say that an
.
= bn if 1

n
log(an/bn) → 0 as n→ ∞. We focus on a fixed round

ℓ of Algorithm 6. Using the fact that the expectation of the empirical log-likelihood ratio

(conditioned on the data collected) between θ∗ and some θ ∈ Θ is the KL divergence between

them, we can show using a Laplace Approximation

Pθ∼πℓ(ẑℓ ̸= z∗)
.
= exp

(
−Tℓ inf

θ∈Θc
z∗

1

2
∥θ − θ∗∥2A(ēTℓ )

)
.

where ēTℓ =
1
Tℓ

∑Tℓ
t=1 ext . Letting p̄Tℓ =

1
Tℓ

∑Tℓ
t=1 pt(Θ

c
ẑt
), we have

max
λ∈△X

Eθ∼p̄Tℓ
∥∥∥θ̂t − θ

∥∥∥2
A(λ)

− min
p∈△(Θc

z∗ )
Eθ∼p

∥∥∥θ̂t − θ
∥∥∥2
A(ēTℓ )

= max
λ∈△X

1

Tℓ

Tℓ∑
t=1

Eθ∼pt(Θc
ẑt
)

∥∥∥θ̂t − θ
∥∥∥2
A(λ)

− 1

Tℓ

Tℓ∑
t=1

Eθ∼pt(Θc
ẑt
)

∥∥∥θ − θ̂t

∥∥∥2
A(λt)

(regret for max learner)

+
1

Tℓ

Tℓ∑
t=1

Eθ∼pt(Θc
ẑt
)

∥∥∥θ − θ̂t

∥∥∥2
A(λt)

− 1

Tℓ

Tℓ∑
t=1

Eθ∼pt(Θc
z∗ )

∥∥∥θ − θ̂t

∥∥∥2
xtx⊤t

(error when ẑt ̸= z∗)

+
1

Tℓ

Tℓ∑
t=1

Eθ∼pt(Θc
z∗ )

∥∥∥θ − θ̂t

∥∥∥2
xtx⊤t

− 1

Tℓ
inf

θ∈Θc
z∗

∥θ − θ∗∥2VTℓ . (regret for the min learner)

The regret guarantees in Lemmas 3.3.1 and 3.3.3 ensure the first and third sum are o(1)

and so go to 0 as Tℓ → ∞. The fact that pt(Θ
c
ẑt
) is equal to pt(Θ

c
z∗) for large enough t
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ensures that the middle term similarly goes to 0. Combining all terms and the fact that

θ̂t is close to θ∗ guarantees that for any ϵ > 0 there is a sufficiently large ℓ such that

maxλ∈△X Eθ∼p̄Tℓ ∥θ∗ − θ∥2A(λ) −minp∈△(Θc
z∗ )

Eθ∼p ∥θ∗ − θ∥2A(ēTℓ ) ≤ ϵ, which using minimax du-

ality implies that inf
θ∈Θc

z∗

1
2
∥θ − θ∗∥2A(ēTℓ ) ≥ maxλ∈△X minp∈△(Θc

z∗ )
Eθ∼p

[
∥θ∗ − θ∥2A(λ)

]
− ϵ. Since

the first term on the right-hand side is τ ∗, we have shown that inf
θ∈Θc

z∗

1
2
∥θ − θ∗∥2A(ēTℓ ) ≥ τ ∗ − ϵ.

Since by definition τ ∗ ≥ inf
θ∈Θc

z∗

1
2
∥θ − θ∗∥2A(ēTℓ ), choosing ϵ → 0 concludes the proof that

Pθ∼πℓ(ẑℓ ̸= z∗)
.
= exp

(
−Tℓ inf

θ∈Θc
z∗

1
2
∥θ − θ∗∥2A(ēTℓ )

)
= exp(−Tℓτ ∗).

Remark: Stopping times. Note that we are not providing a guarantee on the expected

stopping time for any finite δ. Existing asymptotically optimal approaches which guarantee

a finite stopping time in high probability, e.g. Degenne et al. [2020], utilize a generalized

log-likelihood-ratio test of the form

max
z∈Z

min
θ∈Θc

ẑt

∥θ − θ̂t∥Vt ≥ β(t, δ)

where β(t, δ) = O(
√
d log((T + ∥θ∗∥2)/δ)) is an anytime confidence bound controlling the

deviations of ∥θ − θ̂t∥Vt [Abbasi-Yadkori et al., 2011]. As a result, their algorithms saturate

the lower bound for an expected stopping time, i.e. lim supδ→∞ E[τδ]/ log(1/δ) ≤ (τ ∗)−1.

Unfortunately, this GLRT stopping rule itself requires a projection onto each element of Z.

We leave it as an open question whether an algorithm can be developed which is asymptotically

optimal, requires no explicit projection, and has a finite expected stopping time in high

probability.

Remark: Bounded assumptions on Θ. We assume Θ is closed and bounded. The

boundedness assumption is needed since we would like to control that for each θ ∈ Θ, the

rewards x⊤θ to be bounded for all arms x ∈ X , which is used in our regret analysis for each

learner. Learning algorithms such as AdaHedge [De Rooij et al., 2014] avoid the need for

bounded rewards and we leave it as a future research direction to remove this condition.
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3.4 Related Work

Pure Exploration Linear Bandits The pure exploration linear bandit problem was

introduced in the seminal work of Soare et al. [2014]. In recent years, there has been renewed

interest in this problem due to its ability to capture many best-arm-identification and pure

exploration settings. Following the experimental design approach first considered by Soare

et al. [2014], several different algorithmic frameworks were considered [Tao et al., 2018, Xu

et al., 2018, Karnin et al., 2013].

One of the first algorithms to achieve matching instance-optimal upper and lower bounds

(within logarithmic factors) for the case of Rd was by Fiez et al. [2019] and depends on an

elimination scheme. Shortly after, several works proposed asymptotically optimal algorithms.

The first of these methods utilized the track and stop approach given in Jedra and Proutiere

[2020], which fully solves the τ ∗ objective of Equation 3.1 using a plug-in estimator θ̂t at each

round. Due to the computational difficulty of this, several works proposed alternatives that

iteratively updated the sampling distribution in each round. This includes the game theoretic

viewpoint we utilize first proposed by Degenne et al. [2020, 2019], and a novel modification

of Frank-Wolfe by Wang et al. [2021]. Other works have augmented these approaches by

providing elimination schemes to reduce the set of alternative Z that need to be considered

each round. Zaki et al. [2022] proposes a hybrid approach combining the elimination from

Fiez et al. [2019] and Degenne et al. [2020] to remove the condition that Θ needs to be

bounded. Tirinzoni and Degenne [2022] provide an elimination approach where they carefully

exploit properties of Z. Finally, we mention that the pure exploration problem has also been

considered in the generalized linear bandit (logistic) settings in Kazerouni and Wein [2021]

and Jun et al. [2021b]. Future work could explore extending sampling methods to these

settings.

Oracle Based Approaches As discussed before, if Z is a large or combinatorial set, it

may be impossible to maintain and appropriate oracles are needed. Katz-Samuels et al. [2020]
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considers the linear combinatorial setting for matroid-like classes e.g. shortest-path, top-k,

and bipartite matching. By exploiting ideas similar to Fiez et al. [2019], they provide an

algorithm utilizing the argmax oracle to achieve near optimal sample complexity. A recent

work by Li et al. [2022] reduces optimal policy learning in agnostic contextual bandits to pure

exploration and provides a method analogous to Agarwal et al. [2014] which only relies on

cost-sensitive classification.

Top Two Methods Our approach is perhaps most reminiscent of the Top-Two Thompson

Sampling (TTTS) algorithm for best-arm identification in multi-armed bandits1 of Russo

[2016]. Similar to Thompson sampling Russo et al. [2018], TTTS maintains a posterior

distribution over the means of the arms, and at each round samples a mean vector from

the distribution and chooses the arm with the highest sampled mean. It then continues to

sample mean vectors, until one is returned whose highest mean is different from the previous

found one. Both arms are then pulled. As discussed in the introduction, our algorithm is

similar in spirit - we sample until finding a parameter vector whose best-arm is different

from our current estimate and then we utilize these vectors to update our learners. Top-two

algorithms for multi-armed bandits perform well in practice and have been extensively studied

in Bayesian and frequentist settings under various assumptions on noise [Qin et al., 2017,

Shang et al., 2020, Jourdan et al., 2022, Qin and Russo, 2022, Lee et al., 2023]. However,

they often depend on a parameter β, and only achieve a weaker notion of β-optimality. Our

work is the first to propose and analyze an asymptotically optimal Top-two algorithm for

the general linear bandit setting. We remark that the LinGapE algorithm [Xu et al., 2018]

also uses a top-two approach and tends to perform well empricially, however it is unknown

whether it is asymptotically optimal.

Online Learning and Thompson Sampling Finally we remark that the connection

between Thompson Sampling and online learning has been previously explored in the early

1i.e. the arms are standard basis vectors X = Z = {e1, · · · , ed} ∈ Rd and Θ = [0, 1]d
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work of Li [2013]. This work focuses on the regret setting. Other works in the regret setting

have explored connections between information-theoretic analysis of Thompson sampling

and online stochastic mirror descent algorithms [Lattimore and Gyorgy, 2021, Zimmert and

Lattimore, 2019]. We hope that our work provides a strong step in this direction for the

structured pure exploration literature.

3.5 Experiments

In the following, we provide some preliminary experiments to demonstrate the performance

of Algorithm 5. Note that the contribution of this paper is primarily theoretical - our goal is

to demonstrate that asymptotically optimal algorithms for pure exploration can rely purely

on sampling oracles. We hope that the preliminary experiments we provide encourage further

exploration of this line of thinking and lead to algorithms that can be as easy to apply as

Thompson sampling in practice.

With this in mind, we ran the following modification of some of the algorithms of the

previous section. Firstly, we eschewed the doubling trick and instead just ran PEPS directly

for a fixed horizon side T . Secondly, for the max-learner we made use of AdaHedge which

is able to use an adaptive step size. Finally, we set ηp = 1. Though our algorithm only has

theoretical guarantees over a bounded set Θ, we believe that this is primarily a limitation

of our analysis and so we set Θ = Rd. We also remove the forced G-optimal exploration for

the same reason. For the sampling oracle, we use rejection sampling method because of its

simplicity. We demonstrate empirically that the computation cost is not onerous. We plot

the number of rejection steps used each round along with clock time per iteration for our

method in Appendix B.6. We also see that our method is running faster than the benchmark

LinGame especially when the number of arms is large in Table B.2 in Appendix B.6. Further

details on our experimental setup and additional evaluations are also in Appendix B.6.

The main algorithms we compare to are Thompson Sampling [Russo et al., 2018], LinGame

[Degenne et al., 2020], and LinGapE Xu et al. [2018]. LinGame is based on the two-player

game strategy with best-response detailed in Section 3.2. For a fair comparison, we run
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Soare’s instance [Soare et al., 2014] Sphere TopK

δ 0.1 0.05 0.01 0.1 0.05 0.01 0.2 0.1 0.05

PEPS 1027 1606 3284 294 476 794 7326 14188 22518

LinGame 828 1500 2688 186 282 638 8838 29963 >30000

LinGapE 708 1141 2281 316 433 690 7096 20570 >30000

Oracle 766 1232 2576 243 328 473 17363 >30000 >30000

TS >5000 >5000 >5000 431 1046 2176 N/A N/A N/A

Table 3.1: The number of samples needed for Pθ∼πℓ(ẑℓ = z∗) > 1− δ for various algorithms

LinGame and LinGapE without stopping. The goal of our experiments was to demonstrate

that sampling and no-projection algorithms can be competitive against algorithms that

explicitly project. From this perspective, we did not consider algorithms that eliminate. For a

more extensive empirical comparison of existing algorithms, please see Tirinzoni and Degenne

[2022]. We also include an oracle strategy that pulls arms from the allocation derived from

the lower bound.

In summary, our algorithm achieves a similar performance compared to LinGame and

LinGapE while beating LinTS in Soare and Sphere instances. For Top-k instance, our

algorithm beats LinGame, LinTS, and LinGapE. Note that our algorithm is the first algorithm

that relies purely on just sampling oracles and our theoretical analysis is only asymptotic,

the experimental results are satisfactory since they show that our algorithm works decently

well in practice. Now we detail the setting for each instance.

Soare’s Instance [Soare et al., 2014]. The first instance we consider is the standard

benchmark linear bandit instance described in Soare et al. [2014]. In this instance, the arm

set X ⊂ R2 with |X | = 3. The first two arms are x1 = e1, x2 = e2 ⊂ R2, the canonical basis

vectors, and an informative arm x3 = (cos(ω), sin(ω)). The true parameter is θ∗ = (1, 0) ∈ Rd.
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Figure 3.1: Best-arm identification rate for PEPS, LinGame [Degenne et al., 2020], LinGapE

[Xu et al., 2018], Thompson sampling, and fixed weight strategy under three instances: Soare

instance with ω = 0.1, sphere instance with d = 6 and |X | = 20, and Top-k instance with

d = 12 and k = 3, with 500 repetitions for each instance. Confidence intervals with plus or

minus two standard errors are shown.

In this problem, the optimal arm is always x1. However, when the angle ω is small, it

becomes challenging to distinguish the interfering arm xd+1 from x1. An effective sampling

strategy would pull arm x2 instead of x1 to reduce uncertainty between x1 and xd+1 effectively.

However, Thompson sampling will tend to pull x1, which will take much longer to distinguish

between the two competing arms. The experiments were carried out on a problem instance

with d = 2 and ω = 0.1. Our algorithm achieves a similar performance compared with

LinGame and LinGapE while beats LinTS.

Sphere. Following Tao et al. [2018] and Degenne et al. [2020], we also consider a linear

bandit instance where the arm set X ⊂ Bd := {x ∈ Rd : ∥x∥2 = 1} is randomly drawn from a

unit sphere of dimension d. For the true parameter, we select the two arms, x and x′, that

are closest to each other, and define θ∗ = x+0.01(x′ − x), ensuring that x is the best arm. In

our experiment, we run the three algorithms on a problem instance with d = 6 and |X | = 20.

As we can see, our algorithm still outperforms Thompson sampling and is competitive with
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LinGame and LinGapE.

Top-k. The third instance we consider is the top-k combinatorial bandit problem where

the goal is to identify the top-k means. In the linear setting, this can be expressed as

X = {e1, · · · , ed} ⊂ Rd and Z = {ei1+· · ·+eik : i1, · · · , ik ∈
(
[d]
k

)
} ⊂ Rd, i.e. X is the standard

basis and Z is the set of indicator vectors of subsets of size k. Then, the best arm in this new

arm set Z corresponds to the top-k arms in X , which is the goal of top-k identification. Then

we run BAI algorithms on this new arm set. We take θ = [1, .95, .90, · · · , 1− .05i, · · · ] ∈ Rd.

As we can see, our algorithm outperforms LinGame and LinGapE in this instance.

We also present Table 3.1 describing the number of samples needed to reach a 1 − δ

idenfication rate for various δ values. Note that we do not run Thompson sampling for the

Top-k instance (it is not defined when X ̸= Z so we put N/A there), and > n in the table

means that the algorithm fails to achieve 1− δ for the n iterations we run in the experiment.

We can see that our algorithm, PEPS, achieves an 1− δ best-arm identification probability

for all δ in all instances, with a rate similar to LinGame, outperforming LinTS in all three

instances.

3.6 Conclusion

In this paper, we present the first sampling-based projection-free algorithm for pure explo-

ration in linear bandits. Our algorithm only relies on a sampling oracle and an argmax

oracle, so our algorithm is tractable in various settings. We show that our algorithm is

asymptotically optimal in the sense that the probability that we do not identify the optimal

arm decays exponentially with the optimal rate for a fixed allocation. We provide experiments

demonstrating that our algorithm beats Thompson sampling and has competitive performance

against benchmark algorithms such as LinGame [Degenne et al., 2020] in various problem

instances. Our current approach has various limitations: for example, we need to assume

that Θ is bounded. However, we hope that this work opens a line of investigation into better

sampling-based algorithms for effective exploration.
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Chapter 4

ESTIMATION OF SUBSIDIARY PERFORMANCE METRICS
UNDER OPTIMAL POLICIES

4.1 Introduction

4.1.1 Literature Review

Many fields are interested in learning policies that map from individual-level characteristics to

a choice of action. The policies that result in the best possible mean of a subsequent outcome

are often referred to as optimal policies Athey and Wager [2021]. For example, in biomedical

sciences the action may take the form of a treatment allocation and the outcome may be

disease remission Ling et al. [2021], whereas in digital marketing the action and outcome

may be a recommendation and click-through rate, respectively Hill et al. [2017]. There have

been a variety of methods developed for estimating optimal policies. These methods include

regression-based estimators such as Q-learning Qian and Murphy [2011], outcome-weighted

learning Zhao et al. [2012], and doubly robust approaches [Dud́ık et al., 2011, Zhang et al.,

2013], among others. Performance guarantees for these methods have been established by

several authors Athey and Wager [2021], Qian and Murphy [2011], Zhao et al. [2012], Luedtke

et al. [2020].

An estimated policy is unlikely to be implemented unless confidence intervals characterizing

its performance are available Shi et al. [2020]. These performance metrics may take the

form of the remission rate of all patients or the click-through rate of all customers. In both

of these examples, the metric is the value of the optimal policy in the population, better

known as the optimal value. Inference about the optimal value is well-studied when there

is only one outcome of interest Luedtke et al. [2020], Liu et al. [2021]. Several works have

shown that one-step estimators and targeted minimum loss based estimators are efficient
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under conditions van der Laan and Luedtke [2015], Chambaz et al. [2017]. In particular,

these works require a non-exceptional law condition that states that the conditional average

action effect does not concentrate mass at zero Robins [2004]. Alternative strategies have

been developed for constructing confidence intervals for the optimal value even when this

condition fails Luedtke and Van Der Laan [2016], Chakraborty et al. [2013].

Though most existing methodological works on policy learning focus on optimizing for a

single performance metric, in real-world settings there are often multiple other subsidiary

performance metrics that are also of interest Boominathan et al. [2020], Bica et al. [2021].

These metrics may correspond to different summaries of the outcome, such as the median,

rather than the mean, and time to disease remission Phillips et al. [2020]. Alternatively, they

may summarize several different outcomes rather than just a single one. For example, when

learning a treatment allocation, symptom reduction may be considered alongside prognosis

Freemantle et al. [2003]. Most existing approaches for incorporating multiple outcomes involve

combining them into a composite outcome and then using policy learning methods designed

for single-outcome settings Butler et al. [2018]. In settings where the actions recommended

by experts are recorded in the dataset, Murray et al. provided a means to construct a

composite outcome in an automated fashion Murray et al. [2016]. However, when expert

recommendations are not available, composite-outcome-based approaches require investigators

to construct the composite outcome in some other way, which often ends up being somewhat

arbitrary Luckett et al. [2021]. Some alternative approaches do not require the construction

of a composite outcome. One such approach involves learning a policy that returns a set of

recommended actions, rather than a single one Laber et al. [2014]. Each of the actions in this

set should yield a desirable result for at least some of the outcomes. For settings where there

is a primary outcome of interest, another approach involves using other secondary outcomes

to define constraints that any selected policy must satisfy Linn et al. [2015], Wang et al.

[2018].

In cases where a single outcome is of primary interest and others are only of secondary

interest, a preferred approach may be to optimize only for this one outcome, while still making
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inferences about the effect of the policy on the subsidiary outcomes. For example, just as

the side effects of any new medical intervention must be assessed along with its effect on the

primary outcome of interest [FDA, 2006], the side effects of a new treatment policy should

be assessed as well [Linn et al., 2015]. As another example, if a company optimizes a policy

for customer acquisition, it must also consider the impact the policy will have on customer

retention Afeche et al. [2017]. In this work, we provide a systematic approach for assessing the

impact of a policy that is optimized for some primary outcome on other, subsidiary outcomes.

4.1.2 Notation and objectives

Let X ∈ X be a feature, A ∈ {0, 1} a binary action, and Y ∈ Y an outcome that is observed

after the action. This outcome may be multivariate. Let M be a nonparametric model

consisting of possible joint distributions P of (X,A, Y ). Our sample consists of n independent

and identically distributed draws (Xi, Ai, Yi)
n
i=1 from P0 ∈ M. Let Π be a set of policies

X → {0, 1} that take as input a feature and take action 0 or 1. For a given policy π ∈ Π, let

Ωπ(P ) be a real-valued primary performance metric for the policy π under sampling from P ,

where we assume that larger values of this metric are considered preferable. Further let Ψπ(P )

be a real-valued subsidiary performance metric for π under P . For example, when Y is a

primary-subsidiary outcome pair (Y ⋆, Y †) ∈ R2, these metrics could be the covariate-adjusted

means of these two outcomes Luedtke et al. [2020], Luedtke and Van Der Laan [2016], that is,

Ωπ(P ) =
∫
EP [Y ⋆|A = π(x), X = x]dP (x), and Ψπ(P ) =

∫
EP [Y †|A = π(x), X = x]dP (x).

Alternatively, the outcome Y may be univariate and the primary performance metric may be

equal to the mean Ωπ(P ) =
∫
EP [Y |A = π(x), X = x]dP (x) while the subsidiary metric may

be equal to the covariate-adjusted probability that the outcome exceeds a specified value t,

namely Ψπ(P ) =
∫
P{Y > t|A = π(x), X = x}dP (x). We refer to Ωπ(P0) and Ψπ(P0) as the

Ω-performance and Ψ-performance of the policy π.

For P ∈ P , let Π∗
P denote the set of optimal policy with respect to the primary performance

metric, that is, Π∗
P := {π ∈ Π : Ωπ(P ) = supπ′∈ΠΩπ′(P )}. We denote a generic element of

this set by π∗
P . We refer to elements of Π∗ := Π∗

P0
as Ω-optimal policies and denote a generic
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element by π∗. We assume throughout that Π∗ is nonempty, and note that in general this

set may contain more than one policy. We are interested in making inferences about the

subsidiary performance metric Ψπ(P0) for Ω-optimal policies. Letting ψℓ0 = inf
π∈Π∗

Ψπ(P0) and

ψu0 = supπ∈Π∗ Ψπ(P0), our objective is to construct a confidence interval for the range of

possible Ψ-performances under an Ω-optimal policy, that is, develop a confidence interval

that is a superset of [ψℓ0, ψ
u
0 ] with a specified asymptotic probability.

When there is only one Ω-optimal policy, our objective is to determine the Ψ-performance

of this policy, denoted by ψ0 := ψℓ0 = ψu0 . When there are multiple Ω-optimal policies, ψℓ0

may be less than ψu0 , and the upper and lower bounds of our interval inform on the most

extreme Ψ-performances that can be attained from an Ω-optimal policy. For example, if

larger values of Ψ are preferable, then the upper confidence bound on ψu0 informs about the

best achievable Ψ-performance by an Ω-optimal policy. Such a policy can be shown to be one

of several policies that fall along the Pareto front of the two-objective optimization problem

that seeks to maximize Ω and Ψ. The Pareto front denotes the set of policies for which there

is not a policy that performs better with respect to one of the two metrics and no worse

with respect to the other. The difference between inferring about ψu0 and multi-objective

optimization is that the policy with the best Ψ performance is primarily optimized with

respect to one performance metric Ω, while multi-objective optimization optimizes several

performance metrics simultaneously Gunantara [2018], Deb [2014], Bentley and Wakefield

[1998].

We present our proposed confidence intervals in the next two sections. When doing so, we

consider two separate cases. In Section 4.2, we begin with an easier and more specialized case,

where the performance metrics Ωπ and Ψπ are assumed to be the covariate-adjusted means

of a primary outcome (Y ⋆) and subsidiary outcome (Y †), there is assumed to be a unique

Ω-optimal policy π∗ over an unrestricted policy class Π, and a certain margin condition holds.

In Section 4.3, we move on to a harder and more general case, where Ωπ and Ψπ are arbitrary

smooth parameters and there may be multiple Ω-optimal policies.
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4.2 Wald-type inference under a margin assumption

In this section, we focus on the case where Ωπ(P ) =
∫
EP [Y ⋆|A = π(x), X = x]dP (x) and

Ψπ(P ) =
∫
EP [Y †|A = π(x), X = x]dP (x) for a primary-subsidiary outcome pair (Y ⋆, Y †)

and, moreover, the policy class Π is unrestricted. We aim to build on existing works that

evaluate the Ω-performance of an Ω-optimal policy [van der Laan and Luedtke, 2015, Luedtke

and Van Der Laan, 2016]. These works have shown that a simple estimation strategy is

efficient under a non-exceptional law condition that makes the Ω-optimal rule unique [Robins,

2004]. In this case, ψℓ0 = ψu0 and we write ψ0 = ψℓ0 = ψu0 . This strategy first obtains an

estimate π̂ of the Ω-optimal rule, and then constructs a standard one-step estimator of Ωπ̂(P0).

Heuristically speaking, pursuing estimation of Ωπ̂(P0), rather than Ωπ∗(P0), introduces only

negligible bias because π̂ should be a near-maximizer of Ωπ(P0). Hence, similarly to the fact

that f(x)− f(x∗) = o(|x∗ − x|) for a differentiable function f : R → R with maximizer x∗,

the error induced by replacing π∗ by π̂ in the functional π 7→ Ωπ(P0) should be second-order.

In this section, we study the extent to which a standard one-step estimator of Ψπ̂(P0) will

yield an asymptotically normal and efficient estimator of Ψ(P0). This study is important

since, if the standard one-step estimator satisfies these properties under only mild conditions,

then there is little reason to develop alternative methods.

We now discuss a key condition that we will require to establish the efficiency of a standard

one-step estimator for Ψ(P0), along with the validity of corresponding Wald-type confidence

intervals. Define the function qb(P )(x) := EP [Y ⋆|A = 1, X = x]−EP [Y ⋆|A = 0, X = x] to be

the conditional average treatment effect on the primary outcome and sb(P )(x) := EP [Y †|A =

1, X = x] − EP [Y †|A = 0, X = x] to be the conditional average treatment effect on the

subsidiary outcome. We refer to these functions as the primary CATE and subsidiary CATE,

respectively. We use the shorthand notation qb,0 := qb(P0) and sb,0 := sb(P0).

Condition 1 (Margin condition between Y † and Y ⋆). For some C1 > 0 and ζ > 2,

P0 (|sb,0(X)| ≥ C1t |qb,0(X)|) ≤ t−ζ , for all t > 1. (4.1)
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When this condition holds, |qb,0(X)| ≠ 0 with P0-probability one. Hence, this condition is

a strengthening of the usual non-exceptional law condition [Robins, 2004] that is required

when the Ψ and Ω performance metrics coincide. To ensure the validity of the standard

one-step estimator, some form of strengthening appears to be needed to make up for the fact

that π∗ is defined as a maximizer in π of Ωπ(P0), rather than Ψπ(P0). Indeed, the estimation

error of this estimator ψ̂π̂ can be decomposed as

ψ̂π̂ −Ψπ∗(P0) =
[
ψ̂π̂ −Ψπ̂(P0)

]
+ [Ψπ̂(P0)−Ψπ∗(P0)] .

The fact that ψ̂π̂ is a one-step estimator of Ψπ̂(P0) should imply that the first term will be

small. However, since π∗ is not necessarily an optimizer for Ψ, it is possible that Ωπ̂(P0) is

close to Ωπ∗(P0) while Ψπ̂(P0) is far from Ψπ∗(P0) — see Figure 4.1 for an illustration of this

possibility. Therefore, we need a condition to characterize the flatness of the Ψ performance

Figure 4.1: Plot of primary and subsidiary performance metrics for an estimated policy given

the threshold policy class Π = {1(x ≥ a) : a ∈ R}. The estimator π̂ performs well in the

sense that the Ω-regret Ωπ∗(P0)−Ωπ̂(P0) is small, which is to be expected since π∗ is defined

to be an Ω-optimal rule. Nevertheless, in principle the Ψ-regret Ψπ∗(P0) − Ψπ̂(P0) could

still be large, since the Ψ-value function π 7→ Ψπ(P0) may be markedly different from the

Ω-value function. Though a similar phenomenon can occur for unrestricted policy classes,

which are our focus in this section, the infinite-dimensional nature of these classes precludes

their visualization.

surface relative to that of Ω. This flatness can be characterized by studying the absolute
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CATE ratio |qb,0(X)| / |sb,0(X)|, where we use the convention that b/0 = +∞ for b > 0 and

we recall that |qb,0(X)| = 0 with probability zero under (4.1). Condition 1 imposes that the

absolute CATE ratio can only concentrate vanishingly little mass near zero when X ∼ P0.

This certainly holds in the extreme case where, within each level x of the covariates, the

magnitude of the expected effect of the action on the primary outcome, namely |qb,0(x)|, is at

least as large as the magnitude of its effect on the subsidiary outcome, namely |sb,0(x)|. It

also allows for scenarios where the magnitude |sb,0(x)| is much larger than |qb,0(x)| for certain

features x with sufficiently small probability of occurrence. However, it can fail to hold when

there are some feature levels where the action has no effect on the primary outcome and

yet does have one on the subsidiary outcomes; this can occur, for example, if the primary

outcome is cancer remission and the subsidiary outcome captures side effects induced by

chemotherapy. Though Condition 1 may be strong, we were unable to show the validity of

the standard one-step estimator without it. Therefore, in the remainder of this section we

assume that this condition holds, and we refer the reader to the next section for a method

that is valid even when it does not.

In the special case where Y † = Y ⋆ a.s., the asymptotic normality and efficiency of the

one-step estimator have previously been justified by establishing the pathwise differentiability

of the Ω-performance of an Ω-optimal policy van der Laan and Luedtke [2015]. We follow a

similar approach here when considering cases where Y † and Y ⋆ may differ. In particular, we

establish the pathwise differentiability of Ψ∗ : P 7→ supπ∈Π∗
P
Ψπ(P ) in what follows. When

doing this, we will need to impose Condition 1, along with an additional margin condition

that is inspired by ones previously assumed in the policy learning [Qian and Murphy, 2011,

Luedtke and Van Der Laan, 2016] and classification [Audibert and Tsybakov, 2007] literatures.

Condition 2 (Margin condition for Y ⋆). For some γ > 1
ζ
,

P0 (0 < |qb,0(X)| ≤ t) ≲ tγ ∀t > 0. (4.2)

This condition imposes that the unique Ω-optimal policy can be estimated well via a

plug-in estimator [Qian and Murphy, 2011, Luedtke and Van Der Laan, 2016]. For some
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generic P ∈ P and π ∈ Π, define pP (a|x) := P (A = a|X = x) and D(π, P )(x, a, y†) =

I{a=π(x)}
pP (a|x) [y†−s(a, x)]+s(π(x), x)−Ψπ(P ). We will use the shorthand p0 := pP0 and pn := pP̂n

.

The following result characterizes the pathwise differentiability of Ψ∗(·) at P0.

Lemma 4.2.1. Suppose that Ψπ and Ωπ are covariate-adjusted means for each π ∈ Π, the

policy class Π is unrestricted, and conditions 1 and 2 are satisfied. Then, Ψ∗ is pathwise

differentiable at P0 relative to a nonparametric model with canonical gradient D(π∗, P0).

We use the above result to argue that a one-step corrected estimator is efficient provided

its influence function is equal to D(Π∗, P0). Consider some estimate P̂n of the true distribution

P0. The one-step corrected estimator takes the form ψOS,n := Ψπ̂(P̂n) + PnD(π̂, P̂n). For

simplicity, when studying this estimator, we focus on the case where π̂ is a plug-in estimator

of the Ω-optimal policy, namely π∗
P̂n
. In principle, the policy estimator could be constructed

using some other approach, such as outcome weighted learning [Zhao et al., 2012]. Let

qb,n(x) and sb,n(x) be some estimates for the conditional average treatment effects qb,0(x)

and sb,0(x) respectively. Also, let sn(a, x) be some estimate for s0(a, x). Define the Lr(P )

norm of a generic function f : D → R as ∥f∥r,P := [
∫
D |f(t)|rdP (t)]1/r. We first present some

consistency conditions on these estimates.

Condition 3 (Consistent estimator of conditional average treatment effect on the primary

outcome). ∥qb,n − qb,0∥1+γ/2∞,P0
= oP0(n

−1/2).

Condition 4 (Consistent estimator of conditional average treatment effect on the sub-

sidiary outcome). maxa∈{0,1}

{∥∥∥ p0(a|·)pn(a|·) − 1
∥∥∥
2,P0

∥∥sP̂n
(a, ·)− sP0(a, ·)

∥∥
2,P0

}
= oP0(n

−1/2), where

sP (a, x) := EP [Y
† | A = a,X = x].

Condition 4 is similar to Equation 15 in Luedtke and Van Der Laan [2016]. Discussion of

this condition can be found in Luedtke and Van Der Laan [2016]. The following theorem

states that the one-step estimator is efficient.

Theorem 4.2.2. Under Conditions 1, 2, 3, 4, and also provided D(π̂, P̂n) falls in a P0-

Donsker class with probability tending to 1 and ∥D(π̂, P̂n)−D(π∗, P0)∥2,P0

p→ 0, the one-step
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estimator ψOS,n for π̂ = π∗
P̂n

is an asymptotically linear estimator of Ψ∗(P0) with influence

function D(π∗, P0), in the sense that

ψOS,n −Ψ∗(P0) =
1

n

n∑
i=1

D(π∗, P0)(Xi, Ai, Y
†
i ) + oP0(n

−1/2).

Moreover, ψOS,n is an asymptotically efficient estimator of ψ0.

The above can be used to construct Wald-type confidence intervals for ψ0 of the form

ψOS,n ± z1−α/2σn/
√
n, where z1−α/2 is the 1 − α/2 quantile of a standard normal random

variable and σ2
n := 1

n

∑n
i=1D(π̂, P̂n)(Xi, Ai, Y

†
i )

2.

The Donsker condition stated in the above theorem can be removed if cross-fitting is

used [Schick, 1986]. A 2-fold version of this approach first partitions the data in two halves.

Then, it uses the first half of the data to learn π̂ and uses the remaining data to construct an

estimator for Ψπ̂(P0). The roles of the two halves are then swapped and the two estimators

are subsequently averaged. Multi-fold versions of cross-fitting could also be used.

4.3 Inference of a general functional without margin assumption

4.3.1 Overview of the methods

The methods we present in this section are agnostic to whether Condition 1 holds and,

more generally, whether there are multiple Ω-optimal policies. Because the parameter Ψ∗

considered in the previous section may not even be well-defined when there are multiple such

policies, we instead focus on inferring about the range [ψl0, ψ
u
0 ] of possible Ψ-performances of

Ω-optimal policies. Unlike those in the previous section, the methods developed here critically

rely on the policy class Π being restricted — in particular, being P0-Donsker [Van Der Vaart

and Wellner, 2013] — and this condition cannot be removed even if cross-fitting is employed

(see Section 4.3.2 for a discussion). Also, in this section, we do not assume our performance

criteria are covariate-adjusted means. Rather, they could take some other form, such as that

of a covariate-adjusted median. In what follows we give an overview of our approach for

inferring about [ψl0, ψ
u
0 ].
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Our proposed method consists of two stages. The first spends β < α error probability to

construct a confidence set Π̂β that contains the set of optimal policies Π∗ with probability

tending to at least 1 − β. The second infers about the Ψ-performance of each remaining

policy in this confidence set, returning a confidence interval for [ψℓ0, ψ
u
0 ] of the form[

inf
π∈Π̂β

{
ψ̂π −

κ̂πzα,β
n1/2

}
, sup
π∈Π̂β

{
ψ̂π +

κ̂πzα,β
n1/2

}]
, (4.3)

where ψ̂π is some estimate for Ψπ(P0), zα,β corresponds to 1− (α− β)/2 quantile of normal

distribution and κ̂2π is an estimate of the asymptotic efficiency bound for estimating Ψπ(P0).

We provide a union bounding argument that shows that, under conditions, this confidence

interval will cover [ψℓ0, ψ
u
0 ] with asymptotic probability 1− α.

The first-stage confidence set Π̂β is constructed so that policies that perform poorly in

terms of the primary performance metric are eliminated. In words, we maintain policies π

whose uniform upper confidence bound for Ψπ(P0) is greater than the largest non-uniform

lower confidence bound across all policies in the set. Figure 4.2 shows an example of how

the first-stage elimination is performed. More specifically, we define this set Π̂β after the

first-stage filtration as

Π̂β :=

{
π ∈ Π : Ln ≤ ω̂π +

σ̂πtβ
n1/2

}
, (4.4)

where ω̂π is some estimate for Ωπ(P0), σ̂
2
π is an estimator of the asymptotic efficiency bound

for estimating Ωπ(P0), Ln is an asymptotically valid 1− β/2 lower bound for supπ∈Π Ωπ(P0)

(e.g., obtained via [Luedtke and Van Der Laan, 2016]), and tβ is selected in such a way

that {ω̂π + σ̂πtβ/n
1/2 : π ∈ Π} is an asymptotically valid 1− β/2 uniform upper confidence

bound for {Ωπ(P0) : π ∈ Π}, in the sense that Ωπ(P0) ≤ ω̂π + σ̂πtβ/n
1/2 for all π ∈ Π with

probability tending to at least 1− β/2 as n goes to infinity.

It may at first be surprising that, in constructing the confidence interval for [ψℓ0, ψ
u
0 ],

the only place a uniform confidence bound is used is in the upper bound of (4.4). Indeed,

when we began studying this problem, the first approach that we considered was the same

as that previously described, except with all confidence bounds replaced by uniform ones.
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Figure 4.2: Example of first-stage elimination. Each black dot represents an estimate of

Ωπ(P0) and the horizontal bars denote the confidence bounds. Policies whose uniform upper

confidence bound (UCB) is below the largest lower confidence bound (LCB) get eliminated.

In particular, Ln was defined as the maximum over π ∈ Π of a uniform lower confidence

bound for the Ω-value function and the minimal and maximal marginal confidence bounds

in (4.3) were also replaced by minimal and maximal uniform confidence bounds. However,

after analyzing this method, we discovered that less uniformity was needed than we initially

expected. Indeed, the uniformity in defining Ln can be dropped since a simple union bounding

argument shows that Ln only needs to satisfy that it falls below the optimal Ω-value with

asymptotic probability at least 1− β/2; while selecting the maximum of a uniform confidence

band for the value function does satisfy such a property, developing such a lower bound

is now a well-studied problem, and so less conservative approaches have been developed

[Luedtke and Van Der Laan, 2016]. The uniformity on the second stage can be dropped via

an intersection-union method argument [Theorem 1 of Berger and Hsu, 1996], which we show

can be applied since our interest concerns parameters defined as the maxima and minima

over a set.

As mentioned earlier, justifying the above approach relies on a union-bounding argument

across the β coverage error that could be made by the first-stage confidence interval in (4.4)
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and the 1− α− β coverage error that could be made by the second-stage confidence interval

in (4.3). Relying on this union bound could result in unnecessarily wide confidence intervals,

so we also present another two-stage method whose justification does not require a union

bound. In the first stage of this approach we choose the quantiles s†α, t
†
α, and u

†
α derived as

extreme values of the joint distributions of estimators of (Ωπ(P0))π∈Π and (Ψπ(P0))π∈Π — see

Section 4.3.3 for details. Then we construct Π̂β and the asymptotic interval the same ways as

in (4.4) and (4.3), while replacing tβ and zα,β with t†α and s†α, respectively. Given that s†α, t
†
α,

and u†α are constructed based on a joint distribution, we refer to this approach as the joint

approach. Because of the avoidance of the union bound, the joint approach is expected to

provide tighter confidence intervals in scenarios when the primary and subsidiary outcomes

are strongly correlated.

4.3.2 A union bounding approach

In this subsection, we provide additional details and theoretical results about the union

bounding approach. We first need the following condition for an estimator of {Ωπ(P0) : π ∈ Π}.

In what follows, we let D̃π be the canonical gradient of Ψπ relative to a locally nonparametric

model, σπ(P0) := [PDπ(P0)
2]1/2, and κπ(P0) := [PD̃π(P0)

2]1/2.

Condition 5 (Uniform asymptotic linearity of estimators of Ω-value and Ψ-value functions).

The estimators {ω̂π : π ∈ Π} of {Ωπ(P0) : π ∈ Π} and {ψ̂π : π ∈ Π} of {Ψπ(P0) : π ∈ Π}

satisfy

sup
π∈Π

[ω̂π − Ωπ(P0)− PnDπ(P0)] = op(n
−1/2), sup

π∈Π∗

[
ψ̂π −Ψπ(P0)− PnD̃π(P0)

]
= op(n

−1/2).

(4.5)

These asymptotic linearity conditions can be established via consistency requirements

similar to those in Condition 4 and a Donsker condition (see Section 2.1 of [Luedtke et al.,

2020]). Note that the latter equality in (4.5) only requires uniformity over Π∗, rather than

all of Π. Estimators satisfying (4.5) can be derived via one-step estimation [Pfanzagl, 1982],



61

targeted minimum loss-based estimation [Van Der Laan and Rubin, 2006], or double machine

learning [Chernozhukov et al., 2018]. We now provide some conditions on the Ψ-value function,

the policy class Π and necessary conditions for standard deviations and the primary outcome.

Condition 6 (Restricted policy class). The policy class Π satisfies the following:

(1) Π has a bounded uniform entropy integral (Chapter 2.5.1 of [Van Der Vaart and Wellner,

2013]);

(2) Π is closed in L2(P0), in the sense that, for all π : X → {0, 1}, a Π-valued sequence

(πk)
∞
k=1 converges to π in L2(P0) only if π ∈ Π;

(3) Π∗ is non-empty.

Examples of such policy class Π in L2(P0) include classes of binary decision trees with

fixed depths while noting that Condition 6 applies to more complicated and general policy

classes. We then provide some conditions for the standard deviations and the smoothness of

the Ψ-value function.

Condition 7 (Non-vanishing standard deviations and consistent estimators thereof). The

standard deviations satisfy the following conditions: inf
π∈Π

σπ(P0) > 0, supπ∈Π σπ(P0) < ∞,

inf
π∈Π

κπ(P0) > 0, and supπ∈Π κπ(P0) < ∞. In addition, σ̂π and κ̂π are uniformly consistent

estimators of σπ(P0) and κπ(P0).

Condition 8 (Smoothness of performance metric in policy). The map π 7→ Ψπ(P0) is

continuous and, for all π, π′ ∈ Π, ∥Dπ −Dπ′∥L2(P0)
≤ C2 ∥π − π′∥L2(P0)

for some constant C2.

When Ω and Ψ are covariate-adjusted mean functionals as in Section 4.2 and the pri-

mary and subsidiary outcomes are bounded, Condition 8 is necessarily true. Let F :=

{Dπ(P0)/σπ(P0) : π ∈ Π} and F̃ := {f̃π := D̃π(P0)/κπ(P0) : π ∈ Π} denote the collections of

canonical gradients that are standardized to have unit variance. Conditions 7 and 8 play a
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crucial role in demonstrating that F and F̃ are P0-Donsker, which is required to validate the

uniform confidence bands utilized in our union bounding approach.

We now show that the confidence set Π̂β contains the set of Ω-optimal policies Π∗ with

high probability asymptotically. Before presenting this result, we define the threshold tβ used

to define this confidence set in (4.4). To this end, let {Gf : f ∈ F} be a mean-zero Gaussian

process with a covariance function (f1, f2) 7→ Pf1f2. Then, tβ is defined to be the 1− β/2

quantile of supf∈F Gf and Lemma C.2.1 in the appendix shows that
{
ω̂π ± σ̂πtβ

n1/2 : π ∈ Π
}

is

an asymptotically valid uniform β-level confidence band for {ωπ : π ∈ Π}.

Lemma 4.3.1 (Asymptotic coverage of Π̂β). If Conditions 5, 6, and 7 hold, then lim supn P{Π∗ ̸⊆

Π̂β} ≤ β.

The interval in (4.3) uses the remaining α− β error probability to construct a confidence

interval for the random quantity Îβ := [ inf
π∈Π̂β

Ψπ(P0), supπ∈Π̂β
Ψπ(P0)]. On the event that

Π∗ ⊆ Π̂β, it is true that Îβ ⊇ [ψℓ0, ψ
u
0 ], and so any interval that covers Îβ also covers [ψℓ0, ψ

u
0 ].

A union bound then gives our result. Our findings are summarized in Theorem 4.3.2.

Theorem 4.3.2 (Asymptotic coverage of CIn). Under Conditions 5, 6, 7, and 8, for a fixed

α ∈ (0, 1) and any choice of β ∈ (0, α), the confidence interval CIn as defined in (4.3) satisfies

lim infn→∞ P({[ψℓ0, ψu0 ] ⊆ CIn}) ≥ 1− α.

Also, as indicated in (4.3), the width of CIn is determined by a quantile of a standard

normal random variable — for example, when α = 0.06 and β = 0.01, zα,β ≈ 1.96. At first

this may seem surprising, given that developing a uniform confidence band for {Ψπ : π ∈ Π∗}

would require using a strictly larger scaling the standard error of ψ̂π. However, our proof of

Theorem 4.3.2 shows that using this larger scaling is not necessary for the sake of developing

a confidence interval for [ψℓ0, ψ
u
0 ]. The key to this argument involves showing that, under

Condition 6, there exist πℓ and πu in Π∗ that attain the minimum and maximum Ψ-values,

respectively. The existence of πℓ shows that the event where the lower bound of CIn fails to



63

cover ψℓ0 := inf
π∈Π∗

Ψπ(P0), intersected with Π∗ ⊆ Π̂β, satisfies{
inf
π∈Π∗

Ψπ(P0) < inf
π∈Π̂β

[
ψ̂π − κ̂πzα,β/n

1/2
]
,Π∗ ⊆ Π̂β

}

⊆
{

inf
π∈Π∗

Ψπ(P0) < inf
π∈Π∗

[
ψ̂π − κ̂πzα,β/n

1/2
]}

=

{
ψπℓ < inf

π∈Π∗

[
ψ̂π − κ̂πzα,β/n

1/2
]}

⊆
{
ψπℓ < ψ̂πℓ − κ̂πℓzα,β/n

1/2
}
.

The event on the right corresponds to the case where a marginal 1− (α− β)/2-level lower

Wald-type confidence interval fails to cover ψπℓ , and so occurs with asymptotic probability

(α− β)/2 under reasonable conditions. In our proof of Theorem 4.3.2, we establish the result

using a union bounding argument that combines this with a similar guarantee for the upper

bound of CIn and the fact that Π∗ ̸⊆ Π̂β happens with asymptotic probability at most β.

Under additional conditions, our confidence interval for [ψℓ0, ψ
u
0 ] not only ensures asymp-

totically valid coverage but also attains an optimal n−1/2 convergence rate. In this part, we

restrict the performance metrics to covariate-adjusted means and propose a boundedness

condition on the primary and subsidiary CATE functions.

Condition 9 (Boundedness condition). There exists some C3 <∞ such that for any x ∈ X ,

we have |sb,0(x)| ≤ C3|qb,0(x)|.

In most ways, Condition 9 is relatively stronger than Condition 1. Indeed, the limit of

Condition 1 as ζ → ∞ corresponds to the condition that the subsidiary CATE is strictly less

than a constant multiple of the primary CATE. Since Condition 1 allows for any ζ > 2, it

puts a much weaker constraint on how the subsidiary outcome behaves for nearly optimal

policies. There is one sense, however, in which Condition 9 is weaker than Condition 1: it

does not generally imply that the Ω-optimal policy is necessarily unique. This is true because

it allows for equality between subsidiary and primary CATEs, and so both could be zero

on some set of positive probability. Though the optimal policy need not be unique when

Condition 9 holds, it must still be true that all Ω-optimal policies yield the same Ψ-value,

and so in the following lemma we shall let ψ0 = ψℓ0 = ψu0 .
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Lemma 4.3.3 (n−1/2 convergence rate of CIn under conditions). Assume that the performance

metrics are covariate-adjusted means as in Section 4.2, the unrestricted Ω-optimal policy over

all possible maps from X to {0, 1} is in Π, and Ln = supπ∈Π

[
ω̂π − σ̂πtβ

n1/2

]
in (4.4). Then,

under Conditions 5, 6, 7, and 9, with probability at least 1− 2β asymptotically, the width of

the confidence interval for ψ0 is Op(n
−1/2).

4.3.3 A joint approach

We now formally describe our joint approach. Consider the mean-zero Gaussian process

{Gf : f ∈ F ∪ F̃} with covariance function (f1, f2) 7→ Pf1f2. Our joint approach is the same

as the two-stage procedure from Section 4.3.2, except that we require a particular choice of

Ln and use cutoffs (s†α, t
†
α, u

†
α) satisfying

inf
π∈Π

P
{
inf
f∈F

Gf ≥ −t†α, sup
f∈F

Gf ≤ s†α,Gf̃π ≥ −u†α,Gf̃π ≤ u†α

}
≥ 1− α. (4.6)

More specifically, we define the set Π̂† after the first-stage filtration as

Π̂† :=

{
π ∈ Π : sup

π∈Π

[
ω̂π −

σ̂πs
†
α

n1/2

]
≤ ω̂π +

σ̂πt
†
α

n1/2

}
. (4.7)

Here we choose Ln to be the uppermost point of a uniform lower confidence band for

{Ωπ(P0) : π ∈ Π} with level β† := P{supπ∈ΠGfπ > s†1−α} < α. Note that in the union

bounding approach, β† = β, while here β† is implicitly defined through the joint cutoff (4.6).

The resulting confidence interval is stated in Theorem 4.3.4.

Theorem 4.3.4. Under Conditions 5, 6, 7, and 8, assuming the cutoffs (s†α, t
†
α, u

†
α) satisfy

(4.6), it holds that lim infn→∞ P({[ψℓ0, ψu0 ] ⊆ CI†n}) ≥ 1− α, where

CI†n :=

[
inf
π∈Π̂†

{
ψ̂π −

κ̂πu
†
α

n1/2

}
, sup
π∈Π̂†

{
ψ̂π +

κ̂πu
†
α

n1/2

}]
.

There are many possible choices of (s†α, t
†
α, u

†
α) that satisfy (4.6). To select among these,

we could choose the triple (s†α, t
†
α, u

†
α) that provides the tightest confidence interval from

this collection, resulting in what we refer to as an optimized joint method. This optimized
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(s†α, t
†
α, u

†
α) is justified since, for any choice of (s†α, t

†
α, u

†
α) satisfying (4.6), the confidence

interval CI†n has valid coverage. For any β, this optimized joint method yields a provably

tighter confidence interval than the union bounding method that uses the same choice of

Ln as in the left-hand side of (4.7). However, it is possible that the joint approach could

potentially result in a wider confidence band in the first stage with the use of an alternative

lower confidence bound for the Ω-optimal value, such as the one introduced in Luedtke and

Van Der Laan [2016]. In practice, the optimized choice of (s†α, t
†
α, u

†
α) is unknown, but it can

be approximated via a multiplier bootstrap — see Appendix C.3 for details. Though our

theorem focuses on a fixed and known triple (s†α, t
†
α, u

†
α), adapting it to allow for the use of

an estimated triple with an in-probability limit would be straightforward.

The cutoff in (4.6) considers the joint event regarding Gf̃ and Gf for f ∈ F and f̃ ∈ F̃ ,

thereby avoiding the use of the union bound required by the approach in Section 4.3.2. The

tightness of this union bound relies on whether the event that Π∗ is contained in the first

stage policy set, namely {Π∗ ⊆ Π̂β}, and the event that [ψℓ0, ψ
u
0 ] is contained in the second

stage confidence interval are disjoint. Of course, when these events are fully disjoint, the

union bound will be tight. When they are independent, the (asymptotic) probability that

both events occur is β(α− β), which will be small for choices of α and β commonly used in

practice. Hence, the union bound will only be slightly loose in these cases. Finally, when

the events fully overlap, the union bound will be as loose as possible. These scenarios can

be better understood by relating them to primary and subsidiary outcomes. Generally, the

dependence or independence between the events is likely to correlate with the extent to which

primary and subsidiary outcomes depend on each other. The events tend to be independent

when primary and subsidiary outcomes are independent, and dependent otherwise.
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4.4 Numerical experiment

4.4.1 A 1D simulation

We conduct simulation studies to evaluate the length and coverage of 1−α confidence intervals

for bounds on a mean subsidiary outcome, [ψℓ0, ψ
u
0 ]. Our first set of simulations focuses on

a 1-dimensional threshold policy class, denoted as Π = {1[a,∞) : a ∈ [−1, 1]}. We compare

the confidence intervals from four approaches. The first is the union bounding approach

described in Section 4.3.2, denoted as union. The second is the joint approach described

in Section 4.3.3, denoted as joint. The third is the one-step estimator approach described

in Section 4.2, denoted as one-step. To ensure that this approach applies, we design our

scenarios so that the optimal policy for the unrestricted policy class lies in the threshold

class Π. Consequently, in our simulation study, an estimate of the optimal policy in Π also

estimates the optimal policy in the unrestricted class. The fourth is a one-step estimator

with sample splitting, denoted as os-split. This approach is the same as one-step, except that

we obtain an estimate π̂1 of the Ω-optimal policy using only half of the data, and construct a

Wald-type confidence interval for Ψπ̂1(P0) using the other half. Last, we present an oracle

method, denoted as oracle, that knows the specific Ω-optimal policies that provide the upper

and lower bounds, ψu0 and ψℓ0. The oracle method uses precisely those policies and construct

a Wald-type confidence interval for [ψℓ0, ψ
u
0 ]. Since we have no hope of getting optimal policies

a priori, the oracle method cannot be used in practice.

We examine three distinct scenarios with an illustration of the Ω and Ψ values of each

policy under various scenarios in the three panels in Figure 4.3. The left panel describes

the situation where the set of Ω-optimal policies, Π∗, is not unique. In this scenario,

Π∗ = {1[a,∞) : a ∈ [−0.5, 0]}, and the margin condition (Condition 1) is not satisfied for

any ζ. The middle panel describes the situation where Π∗ is unique the margin condition is

satisfied for any ζ > 2, as we can see that when π is around the optimal policy, qb,0(X) varies

much faster than sb,0(X). The right panel describes the situation where Π∗ is unique but the

margin condition is not satisfied for any ζ, as we can see that as X varies, both qb,0(X) and
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sb,0(X) vary linearly.

Figure 4.3: An illustration of sb,0(X)- and qb,0(X)-value and Ω- and Ψ-value for a 1-dimensional

threshold policy class Π = {1[a,∞) : a ∈ [−1, 1]} under different scenarios: the optimal policy

for the primary outcome is nonunique, the optimal policy for the primary outcome is unique

while the primary and subsidiary outcomes are correlated, and the optimal policy for the

primary outcome is unique while the primary and subsidiary outcomes are not so correlated.

The top figure represents Ω- and Ψ-value, while the bottom figure represents sb,0(X)- and

qb,0(X)-value.

For each scenario, we consider sample sizes n of 500 and 5000. To generate the set of

policies, we construct a fine grid (a1, · · · , aN) for N = 105 over [−1, 1] and denote the set of

policy as ΠN = {1[ai,∞) : i ∈ [N ]}. We use 1000 multiplier bootstrap replicates to estimate

the supremum and infimum in generating the cutoffs. We let α = 0.05 when constructing

confidence intervals and use 1000 Monte Carlo replications to compute their coverage of

the true interval [ψℓ0, ψ
u
0 ] as well as approximate their average widths. We estimate the

conditional probability p(a|x) via a kernel density estimator as implemented in the sklearn
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package and the conditional probabilities p(y|1, x) and p(y|0, x) using gradient boosted trees

as implemented in the xgboost package, both with the default settings. The Python code to

reproduce the simulations is available at https://github.com/zhaoqil/EstimationSubsidiary.

Table 4.1 shows the coverages and the widths of confidence intervals of [ψℓ0, ψ
u
0 ] for different

scenarios and different methods. We can see the the one-step estimator fails to provide a

nominal coverage when the margin condition (Condition 1) is not satisfied. The other two

methods produce similar coverages. We compare the confidence intervals with an oracle

confidence interval, which is a lower bound on the width of any valid 1−α confidence interval,

and calculate the relative widths. We can see that the joint and union bounding methods

generate confidence intervals about 2.3 times and 2.1 times as wide as the oracle confidence

interval when the optimal policy is non-unique and unique, respectively. These results show

that although our methods are conservative, they are relatively successful in maintaining a

narrow confidence interval. In contrast, the one-step estimator produces a confidence interval

that is about the same width as the oracle confidence interval, but it fails to provide valid

coverage when the margin condition fails. Table 4.2 provides coverages and confidence interval

widths with a larger sample size of 5000. In the non-unique setting, since there are multiple

optimal policies for the primary outcome, [ψℓ0, ψ
u
0 ] will be an interval with some length. In our

setting, we can see from the lower-left plot of Figure 4.3 that the length of [ψℓ0, ψ
u
0 ] is about

0.5, so any valid confidence interval for [ψℓ0, ψ
u
0 ] must have at least that length. Comparing the

widths in Table 4.1 and 4.2, we can see that both the union bounding method and the joint

method produce confidence intervals approaching that limit. In the setting where Ω-optimal

policy is unique, the widths of the confidence intervals for all methods approach zero as n

goes to infinity.

4.4.2 A 3D simulation

We also added a scenario where we have a 3D policy and the optimal policy is unique. The

policy class is a restricted tree class, denoted as Π = {x 7→ 1{x ≥ a1, x ≥ a2, x ≥ a3} :

a1, a2, a3 ∈ [−1, 1]}}. We design our scenario so that the optimal policy for the unrestricted
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coverage width

union joint one-step os-split union joint one-step os-split oracle

non-unique 1.000 1.000 0.000 0.000 1.549 1.538 0.240 0.317 0.668

unique non-margin 0.980 0.980 0.812 0.751 0.148 0.143 0.068 0.089 0.068

unique margin 0.978 0.981 0.949 0.953 0.149 0.144 0.074 0.108 0.074

Table 4.1: Coverage and width of [ψℓ0, ψ
u
0 ] for different scenarios with sample size n = 500

coverage width

union joint one-step os-split union joint one-step os-split oracle

non-unique 1.000 1.000 0.000 0.000 1.091 1.061 0.061 0.096 0.561

unique non-margin 0.981 0.986 0.810 0.734 0.036 0.035 0.017 0.027 0.016

unique margin 0.983 0.989 0.946 0.949 0.040 0.036 0.023 0.037 0.023

Table 4.2: Coverage and width of [ψℓ0, ψ
u
0 ] for different scenarios with sample size n = 5000

policy class lies in the tree class. We compare the outcome interval from three approaches:

union, joint, and one-step. The method os-split provides a wider interval while having a worse

coverage than one-step in 1D simulation results, so we drop it from the simulation. For

each scenario, we consider a sample size n of 500. We again use 1000 multiplier bootstrap

replicates to estimate the supremum and infimum. In this scenario, instead of generating a

fine grid and computing the maximum over the grid, we use the nlopt package to numerically

approximate the maximum. We let α = 0.05 and use 500 Monte Carlo replications to compute

the coverage and approximate the average confidence interval widths. Table 4.3 shows the

results. The joint methods achieves slightly shorter widths in this setting (5-6%), and the

results are otherwise similar to those from Section 4.4.1.

4.5 Discussion

The problem studied in existing works aiming to infer about the optimal value of an optimal

rule can be viewed as a special case of our setup, where the subsidiary and primary outcomes
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coverage width

union joint one-step union joint one-step oracle

3D margin 0.970 0.948 0.940 0.199 0.186 0.124 0.124

3D non-margin 1.000 0.988 0.594 0.185 0.175 0.092 0.092

Table 4.3: Coverage and width for 3D policy class with sample size n = 500

coincide. In these cases, our two-stage approaches provide ways to make inference without

the margin condition considered in such works Qian and Murphy [2011], Luedtke and Van

Der Laan [2016]. Instead, we need uniform asymptotic linearity for the value functions and

an appropriately restricted policy class. The margin condition could fail if the subsidiary

metric varies too much across the set of policies that are nearly optimal for the primary

metric Luedtke et al. [2020]. However, if the policy class is Donsker and the estimator is

established via debiased machine learning, the uniform asymptotic linearity condition will be

plausible even when a margin condition does not hold.

In our numerical experiments, our union bounding and joint approaches produced valid

confidence intervals, even if they were somewhat conservative. Under margin conditions,

these intervals attain a parametric n−1/2 rate, matching those based on an efficient one-step

estimator, although with a less favorable leading constant. However, when the margin

conditions fail, intervals based on the one-step estimator fail to achieve valid coverage.
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Chapter 5

CONCLUSION

In this dissertation, we addressed some challenges to estimation and inference for optimal

policies. There are several promising directions for future work.

In Chapter 2, we present an instance-optimal and computationally efficient algorithm

for pure exploration in contextual bandits. Although this algorithm is computationally

efficient, it requires an enormous amount of calls to the oracle to run. In particular, each

iteration of the Frank-Wolfe algorithm would require a call to the cost-sensitive classification

oracle. A follow-up work Krishnamurthy et al. [2024] proposes a computationally efficient

algorithm for contextual bandits in the simple regret minimization setting. Their algorithm

only requires exponentially fewer calls to the oracle to run, while their objective is slightly

different from PAC learning, so a future direction is to develop similar fast algorithms for

PAC learning. Also, the computational efficiency only applies to agnostic settings instead of

linear realizable settings. It remains an interesting direction to think about computationally

efficient algorithms for that setting.

In Chapter 3, we present a simple yet asymptotically optimal algorithm for pure exploration

in linear bandits. Given its simplicity, it would be interesting to develop similar sampling-

based algorithms for pure exploration in contextual bandits or reinforcement learning. Most

existing works on reinforcement learning focus on regret minimization, and existing pure

exploration algorithms in linear Markov Decision Processes (MDP) and contextual bandits

are either computationally inefficient or rely on oracles that are computationally intensive

in many settings Wagenmaker and Jamieson [2022], Li et al. [2022]. However, developing

optimal pure exploration algorithms in reinforcement learning is more challenging as the

complexity of finding the optimal allocation, i.e. the sample complexity lower bound, remains
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understudied. Existing algorithms are generally empirical and lack theoretical justifications

Schulman et al. [2017], Rafailov et al. [2024]. A recent work Wagenmaker and Foster [2023]

makes a step towards this direction in a general interactive decision-making framework.

In Chapter 4, we develop estimators and methods for the inference of subsidiary metrics

under an optimal policy for the primary metric. The estimator that achieves efficiency

relies on a strong margin condition that assumes that the subsidiary metric is relatively

flat compared to the primary metric, while the two-stage and the union bounding approach

produces relatively wide confidence intervals empirically. In future research, it would be

interesting to develop an adaptive procedure that is leading-constant-optimal under margin

conditions and, even without them, can produce intervals that provide valid coverage. As

for other future work, it is worth exploring methods for inferring subsidiary metrics using

observations from adaptive experiments, which are non-independent but have a martingale

structure. Observations from longitudinal settings could also be considered. Additionally,

one could examine simultaneous inference for multiple subsidiary metrics rather than one.
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Rémy Degenne, Wouter M Koolen, and Pierre Ménard. Non-asymptotic pure exploration by

solving games. Advances in Neural Information Processing Systems, 32, 2019.

Po-An Wang, Ruo-Chun Tzeng, and Alexandre Proutiere. Fast pure exploration via frank-

wolfe. Advances in Neural Information Processing Systems, 34:5810–5821, 2021.

Mohammadi Zaki, Avinash Mohan, and Aditya Gopalan. Improved pure exploration in linear

bandits with no-regret learning. In IJCAI International Joint Conference on Artificial

Intelligence, pages 3709–3715. International Joint Conferences on Artificial Intelligence,

2022.
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Appendix A

APPENDIX TO CHAPTER 2

Appendix

In the appendix we present algorithms and proofs not included in the main text. Broadly

speaking,

• Section A presents proofs for lower bounds;

• Section B presents proofs for the proposed computationally inefficient algorithms 1 and

2;

• Section C presents results to justify the computational efficiency of Algorithm 4;

• Section D presents arguments for Algorithm 4 hitting the sample complexity lower

bound;

• Section E-F provides technical proofs to argue about convergence of our subroutines.

The table below summarises the notations we used in the proof.

A.1 Proof for Results in Section 2.2

A.1.1 Proof of Theorem 2.2.2

We quickly point out that the proof of Theorem 2.2.2 is identical to the proof of the linear

policy class case proof of Theorem 2.2.13. Please see that argument below.
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t
(c)
a (π′) {1{π(c) = a, π′(c) ̸= a}+ 1{π(c) ̸= a, π′(c) = a}}π∈Π ∈ RΠ

Sℓ {π ∈ Π : ⟨ϕπ∗ − ϕπ, θ
∗⟩ = V (π∗)− V (π) = ∆(π, π∗) ≤ ϵℓ}

w(λ, γ) [w(λ, γ)]a,c = νc · pc,a = νc ·
√

(λ⊙γ)⊤(t
(c)
a +η)∑

a′∈A

√
(λ⊙γ)⊤(t

(c)

a′ +η)

∆̂γ
l (π, π

′)
∑nl

s=1
rs

p
(ℓ)
cs,as+γπ

(1{π′(cs) = as} − 1{π(cs) = as})

hl(λ, γ, n)
∑

π∈Π λπ ·
(
−∆̂γl−1

l−1 (π, π̂l−1) +
log(1/δl)
γπn

)
+γπEc∼νD

[(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl)

)2
]

Pl(w, γ) maxπ∈Π

(
−∆̂γl−1

l−1 (π, π̂l−1) + γ
∥∥ϕπ − ϕπ̂l−1

∥∥2
A(w)−1 +

log(1/δ)
γnl

)
Table A.1: Glossary

A.1.2 Proof of Theorem 2.2.6

Proof of Theorem 2.2.6 . To relate the random stopping time to the regret bound, note that∑
c,a

Eµ[Tc,a(τ)](r(c, π∗(c))− r(c, a)) ≤ Eµ
[√

α |A| τ
]
≤
√
α|A|Eµ[τ ]

where the last inequality follows by Jensen’s inequality. Since π1 := π∗ for our particular

instance, if c̄ = argminc∈[m] Eµ[Tc,πc(c)(τ)] then∑
c,a

Eµ[Tc,a(τ)](r(c, π1(c))− r(c, a)) =
∑
c,a

Eµ[Tc,a(τ)]∆1{a ̸= π1(c)}

≥
∑
c

max
a

Eµ[Tc,a(τ)]∆1{a ̸= π1(c)}

≥ mmin
c

max
a

Eµ[Tc,a(τ)]∆1{a ̸= π1(c)}

= mEµ[Tc̄,πc̄(c̄)(τ)]∆.

Combining the two equations above, and rearranging, we observe that

Eµ[Tc̄,πc̄(c̄)(τ)] ≤
1

m∆

√
α|A|Eµ[τ ].

Define an instance µ′ = (ν, r′) such that r′(c, a) = r(c, a) for all (c, a) ∈ [m]× {0, 1} \ (c̄, 1),

and set r′(c̄, 1) = r′(c̄, πc̄(c̄)) = 2∆ under µ′ (instead of r(c̄, πc̄(c̄)) = 0 under µ). Note that



88

under µ′, we now have that πc̄ is the unique optimal policy. If the algorithm is (0, δ)-PAC

then by [Kaufmann et al., 2016, Lemma 1] we have that

log(1/2.4δ) ≤
∑
c,a

KL(N (r(c, a), 1)|N (r′(c, a), 1)) · Eµ[Tc,a(τ)]

= KL(N (0, 1)|N (2∆, 1)) · Eµ[Tc̄,πc̄(c̄)(τ)] = 2∆2 · Eµ[Tc̄,πc̄(c̄)(τ)]

≤ 2∆2 · 1

m∆

√
α|A|Eµ[τ ] =

√
4αEµ[τ ]
m2∆−2

.

The result follows by rearranging.

A.1.3 Trivial Class: Proof of Theorem 2.2.9

Firstly note that

ρΠ,0(Π, v) = min
pc∈△A, ∀c∈C

max
π∈Π\π∗

Ec∼ν
[(

1
pc,π(c)

+ 1
pc,π∗(c)

)
1{π∗(c) ̸= π(c)}

]
(Ec∼ν [ r(c, π∗(c))− r(c, π(c)) ])2

= min
pc∈△A, ∀c∈C

max
π∈Π\π∗

∑
c∈C νc

(
1

pc,π(c)
+ 1

pc,π∗(c)

)
1{π∗(c) ̸= π(c)}

(
∑

c∈C νc∆c,π(c)1{π∗(c) ̸= π(c)})2

= min
pc∈△A, ∀c∈C

max
α∈{0,1}|C|×|A|\0:∑

a αc,a∈{0,1}

∑
c,a αc,aνc

(
1

pc,π(c)
+ 1

pc,π∗(c)

)
1{π∗(c) ̸= a}

(
∑

c,a αc,aνc∆c,π(c)1{π∗(c) ̸= π(c)})2

= min
pc∈△A, ∀c∈C

max
c,a:π∗(c)̸=a

νc

(
1
pc,a

+ 1
pc,π∗(c)

)
(νc∆c,a)2

≤ max
c

2

νc

∑
a′

∆−2
c,a′

where the last equality follows from repeated application of the inequality a1+a2
(b1+b2)2

≤ a1
b21

∨ a2
b22
.

Proof of Theorem 2.2.9. The proof of the instance-dependent lower bound for ϵ = 0 follows

directly from Theorem 2.2.2. The second minimax statement is, to our best knowledge, novel.

First, note that supµ Eµ[τ ] ≥ ϵ−2|A| log(1/δ) by a reduction to multi-armed bandits by

just setting ν1 = 1 and νc = 0 for all c ̸= 1 [Mannor and Tsitsiklis, 2003, Kaufmann et al.,

2016]. If U denotes the set of instances that achieves this supremum, and V is another set of
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instances, we note that supµ Eµ[τ ] = supP Eµ∼PEµ[τ ] ≥ 1
2
supµ∈U Eµ[τ ] + 1

2
supµ∈V Eµ[τ ] for

some other set of instances V . Thus, it remains to show that supµ Eµ[τ ] ≥ ϵ−2|A| · |C|.

Consider the following construction of |Π| = |A||C| instances. For each context c ∈ C let

νc = 1/|C|, and for each π ∈ Π let rπ(c, a) = αϵ1{π(c) = a} for some α > 0 to be determined

later. Clearly, policy π is the unique optimal policy under the reward function rπ(s, a).

Assume that observations are perturbed by Gaussian N (0, 1) noise.

Fix p ∈ (1/2, 1) to be determined later. Let S := {c ∈ C : Pµπ(π(c) = π̂(c)) > p} and

suppose |S| ≤ |C|/8. Then

Pµπ(V (π)− V (π̂) ≤ ϵ) = Pµπ(
1

|C|
∑
c∈C

αϵ1{π̂(c) ̸= π(c)} ≤ ϵ)

= Pµπ(
∑
c∈C

1{π̂(c) ̸= π(c)} ≤ |C|/α)

= Pµπ(
∑
c∈C

1{π̂(c) = π(c)} ≥ |C|(1− 1/α))

≤ Pµπ(
∑
c∈C\S

1{π̂(c) = π(c)} ≥ |C|(1− 1/α− 1/8))

≤
∑

c∈C\S Pµπ(π̂(c) = π(c))

|C|(1− 1/α− 1/8)
≤ p

1− 1/α− 1/8
≤ 5/6

with p = 5/8 and α = 8. This implies that for δ ∈ (0, 1/8), any (ϵ, δ)-PAC algorithm must

satisfy minπ |{c ∈ C : Pµπ(π(c) = π̂(c)) > p}| ≥ |C|/8.

Assume the algorithm is permutation invariant (note that any reasonable algorithm

satisfies this, including UCB, Thompson Sampling, elimination, etc.). Let µ
(i)
π = (ν, r0) where

r
(i)
π (c, i) = r

(i)
π (c, π(c)) = αϵ, and r

(i)
π (c, j) = 0 for j ̸∈ {i, π(c)}. Note that Pµπ(π(c) = π̂(c)) ≥

p = 5/6 and also by the symmetric algorithm assumption that P
µ
(i)
π
(π(c) = π̂(c)) ≤ 1/2

because there are two identical best-arms. Note that
∑

j∈A Eµπ [Tc,j]KL(µπ(j), µ
(i)
π (j)) =

Eµπ [Tc,i]α2ϵ2/2 for i ̸= π(c). Putting these two pieces together and applying Lemma 1
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of [Kaufmann et al., 2016], we have:

Eµπ [Tc,i]α2ϵ2/2 =
∑
j∈A

Eµπ [Tc,j]KL(µπ(j), µ(i)
π (j))

≥ d(Pµπ(π(c) = π̂(c)),P
µ
(i)
π
(π(c) = π̂(c)))

≥ d(5/6, 1/2) =
1

6
log(55/36) ≥ 1/10.

Thus, Eµπ [
∑

i ̸=π∗(c) Tc,i] ≥
1
5
α−2ϵ−2(|A| − 1) and this must occur on at least |C|/8 contexts.

Pick one context c of these arbitrarily. Then

1

5
α−2ϵ−2(|A| − 1) ≤ Eµπ [

∑
i ̸=π∗(c)

Tc,i] = Eµπ [
τ∑
t=1

1{ct = c}] = Eµπ [τ ]νc = Eµπ [τ ]/|C|.

Consequently, E[τ ] ≥ 1
5
α−2ϵ−2(|A| − 1)|C|.

A.1.4 Proofs of Linear Policy Class

We begin by defining a quantity fundamental to our sample complexity results:

ρlin,ϵ := min
pc∈△A, ∀c∈C

max
π∈Π\π∗

∥ϕπ − ϕπ∗∥2Ec∼ν [
∑

a∈A pc,aϕ(c,a)ϕ(c,a)⊤]−1

⟨ϕπ∗ − ϕπ, θ∗⟩2 ∨ ϵ2
. (A.1)

We quickly point out that the proof of Theorem 2.2.2 is identical to the proof of the linear

policy class case proof of Theorem 2.2.13.

Proof of Theorem 2.2.13. For any θ ∈ Rd let Pθ(·) and Eθ[·] denote the probability and

expectation laws under θ and ν such that ct ∼ ν and playing action at ∈ A results in reward

rt ∼ N (⟨ϕ(ct, at), θ⟩, 1). If an algorithm is (0, δ)-PAC then supθ∈Rd Pθ(V (π̂(c)) < V (π∗(c))) ≤

δ. Now, of course, under θ we have that

V (π̂(c)) < V (π∗(c)) ⇐⇒ Ec∼ν [⟨θ, ϕ(c, π̂(c))− ϕ(c, π∗(c))⟩] < 0

⇐⇒ ⟨θ, ϕπ̂ − ϕπ∗⟩ < 0

⇐⇒ ∃c : νc⟨θ, ϕ(c, π̂(c))− ϕ(c, π∗(c))⟩ < 0.
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Fix θ∗ ∈ Rd and recall that under θ we have that π∗(c) = argmaxa∈A⟨ϕ(c, a), θ⟩. Fix any

θ ∈ Rd and maxc,a νc⟨θ, ϕ(c, a)− ϕ(c, π∗(c))⟩ > 0. Then by [Kaufmann et al., 2016, Lemma

1] we have that

d(Pθ∗(V (π̂) = V (π∗)),Pθ(V (π̂) = V (π∗)))

≤
∑
c′,a′

Eθ∗ [Tc′,a′(τ)]KL(N (⟨θ∗, ϕ(c′, a′)⟩, 1)|N (⟨θ, ϕ(c′, a′)⟩, 1))

=
∑
c′,a′

Eθ∗ [Tc′,a′(τ)]∥θ∗ − θ∥2ϕ(c′,a′)ϕ(c′,a′)⊤/2

= Eθ∗ [τ ]
∑
c′,a′

Eθ∗ [Tc′,a′(τ)]
Eθ∗ [τ ]

∥θ∗ − θ∥2ϕ(c′,a′)ϕ(c′,a′)⊤/2

≤ max
pc∈△A,∀c∈C

Eθ∗ [τ ]
∑
c′,a′

νc′pc′,a′∥θ∗ − θ∥2ϕ(c′,a′)ϕ(c′,a′)⊤/2

= max
pc∈△A,∀c∈C

Eθ∗ [τ ]∥θ∗ − θ∥2Ec∼ν [
∑

a pc,aϕ(c,a)ϕ(c,a)
⊤]/2

where the last inequality follows from Wald’s identity:

∑
a′∈A

Eθ∗ [Tc′,a′(τ)] =
∑
a′∈A

Eθ∗

[
τ∑
t=1

1{at = a′, ct = c′}

]
= Eθ∗

[
τ∑
t=1

1{ct = c′}

]
= Eθ∗ [τ ]νc′ .

Noting that d(Pθ∗(V (π̂) = V (π∗)),Pθ(V (π̂) ≥ d(1− δ, δ) ≥ log(1/2.4δ) and we can minimize

over θ, given the conditions, we have that

log(1/2.4δ) ≤ max
pc∈△A,∀c∈C

min
θ:∃c:νc⟨θ,ϕ(c,a)−ϕ(c,π∗(c))⟩>0

Eθ∗ [τ ]∥θ∗ − θ∥2Ec∼ν [
∑

a pc,aϕ(c,a)ϕ(c,a)
⊤]/2

=Eθ∗ [τ ] max
pc∈△A,∀c∈C

min
c,a∈C×A
π∗(c)̸=a

⟨ϕ(c, π∗(c))− ϕ(c, a), θ∗⟩2

2∥ϕ(c, a)− ϕ(c, π∗(c))∥Ec∼ν [
∑

a pc,aϕ(c,a)ϕ(c,a)
⊤]−1

.

After rearranging we conclude that

Eθ∗ [τ ] ≥ min
pc∈△A,∀c∈C

max
c,a∈C×A
π∗(c)̸=a

2∥ϕ(c, a)− ϕ(c, π∗(c))∥Ec∼ν [
∑

a pc,aϕ(c,a)ϕ(c,a)
⊤]−1

⟨ϕ(c, π∗(c))− ϕ(c, a), θ∗⟩2
log(1/2.4δ).

To see that equation (A.1) is a lower bound, follow the exact same sequence of steps but

taking any θ ∈ Rd and maxπ∈Π Ec∼ν [⟨θ, ϕ(c, π(c))− ϕ(c, π∗(c))⟩] > 0.
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A.1.5 Proof for Corollary 2.2.16

Proof. Observe that

ρΠ,ϵ0 := min
pc∈△A, ∀c∈C

max
π∈Π\π∗

Ec∼ν
[(

1
pc,π(c)

+ 1
pc,π∗(c)

)
1{π∗(c) ̸= π(c)}

]
(Ec∼ν [ r(c, π∗(c))− r(c, π(c)) ] ∨ ϵ0)2

= min
pc∈△A, ∀c∈C

max
ϵ≥ϵ0

max
π∈Π\π∗:∆(π)≤ϵ

Ec∼ν
[(

1
pc,π(c)

+ 1
pc,π∗(c)

)
1{π∗(c) ̸= π(c)}

]
ϵ2

= min
pc∈△A, ∀c∈C

max
ϵ≥ϵ0

max
π∈Π\π∗:∆(π)≤ϵ

Ec∼ν
[(

1
pc,π(c)

+ 1
pc,π∗(c)

)
1{π∗(c) ̸= π(c),∆(π) ≤ ϵ}

]
ϵ2

≤ min
pc∈△A, ∀c∈C

max
ϵ≥ϵ0

max
π∈Π\π∗:∆(π)≤ϵ

Ec∼ν
[(

1
pc,π(c)

+ 1
pc,π∗(c)

)
1{∃π ∈ Π : π∗(c) ̸= π(c),∆(π) ≤ ϵ}

]
ϵ2

(i)

≤ max
ϵ≥ϵ0

max
π∈Π\π∗:∆(π)≤ϵ

Ec∼ν [(|A|+ |A|)1{∃π ∈ Π : π∗(c) ̸= π(c),∆(π) ≤ ϵ}]
ϵ2

= max
ϵ≥ϵ0

2|A|Ec∼ν [1{∃π ∈ Π : π∗(c) ̸= π(c),∆(π) ≤ ϵ}]
ϵ2

≤ 2|A|
ϵ0

Ccsc
Π (ϵ0),

where (i) follows from taking pc ∈ △A to be the uniform distribution over all actions for each

c ∈ C. To relate this to the policy disagreement coefficient, note that

∆(π) = Ec∼ν [r(c, π∗(c))− r(c, π(c))] ≥ Ec∼ν [1{π(c) ̸= π∗(c)}(min
c∈C

min
a∈A

r(c, π∗(c))− r(c, a))]

= Pν(π(c) ̸= π∗(c))∆uniform.

Therefore,

max
ϵ≥ϵ0

2|A|Ec∼ν [1{∃π ∈ Π : π∗(c) ̸= π(c),∆(π) ≤ ϵ}]
ϵ2

≤ max
ϵ≥ϵ0

2|A|Ec∼ν
[
1{∃π ∈ Π : π∗(c) ̸= π(c),Pν(π(c) ̸= π∗(c)) ≤ ϵ

∆uniform
}
]

ϵ2

≤ 2|A|
ϵ0∆uniform

Cpol
Π (ϵ0/∆uniform).
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A.2 Proof for sample complexity of Algorithm 1 and 2

Proof of Lemma 2.3.1. For any V ⊆ Π and π ∈ V define the event

Eπ,ℓ(V) = {|ôπ∗,π,ℓ(V)− ⟨ϕπ∗ − ϕπ, θ∗⟩| ≤ ϵℓ}

where it is implicit that ôπ∗,π,ℓ := ôπ∗,π,ℓ(V) is the resulting estimate after round ℓ if Πℓ

had been equal to V. Define wℓ(V) and τℓ(V) analogously. By the properties of the Catoni

estimator, we have for any V ⊂ Π with probability at least 1− δ
2ℓ2|Π| that

|ôπ∗,π,ℓ(V)− ⟨ϕπ∗ − ϕπ, θ∗⟩| ≤ ∥ϕπ∗ − ϕπ∥A(wℓ(V))−1

√
2 log(2ℓ2|Π|/δ)

τℓ(V)− log(2ℓ2|Π|/δ)

≤

√
∥ϕπ∗ − ϕπ∥2A(wℓ(V))−1

2ϵ−2
ℓ ρ(wℓ(V),V) log(2ℓ2|Π|/δ)

√
2 log(2ℓ2|Π|/δ) = ϵℓ.

Consequently,

P

(
∞⋃
ℓ=1

⋃
π∈Πℓ

{Ecπ,ℓ(Πℓ)}

)
≤

∞∑
ℓ=1

P

( ⋃
π∈Πℓ

{Ecπ,ℓ(Πℓ)}

)

=
∞∑
ℓ=1

∑
V⊆Π

P

(⋃
π∈V

{Ecπ,ℓ(V)},Πℓ = V

)

=
∞∑
ℓ=1

∑
V⊆Π

P

(⋃
π∈V

{Ecπ,ℓ(V)}

)
P(Πℓ = V)

≤
∞∑
ℓ=1

∑
V⊆Π

δ|V|
2ℓ2|Π|P(Πℓ = V) ≤ δ.

Thus, assume
⋂∞
ℓ=1

⋂
π∈Πℓ

{Eπ,ℓ(Πℓ)} holds. For any π ∈ Πℓ we have

ôπ,π∗,ℓ = ôπ,π∗,ℓ − ⟨ϕπ − ϕπ∗ , θ∗⟩+ ϕπ∗ , θ∗⟩

≤ ϵℓ + ⟨ϕπ − ϕπ∗ , θ∗⟩ ≤ ϵℓ
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which implies that π∗ would survive to round ℓ + 1. And for any π′ ∈ Πℓ such that

⟨ϕπ∗ − ϕπ′ , θ∗⟩ > 2ϵℓ we have

max
π∈Πℓ

ôπ,π′,ℓ ≥ ôπ∗,π′,ℓ

= ⟨ϕπ′ − ϕπ∗ , θ∗⟩ − ôπ′,π∗,ℓ + ⟨ϕπ∗ − ϕπ′ , θ∗⟩

> −ϵℓ + 2ϵℓ = ϵℓ

which implies this π′ would be kicked out. Note that this implies that maxπ∈Πℓ+1
⟨ϕπ∗ −

ϕπ, θ
∗⟩ ≤ 2ϵℓ = 4ϵℓ+1.

In the remaining of this section we provide a proof for the sample complexity of Algorithm 2.

Theorem A.2.1. Under E, for all ℓ ∈ N, the following holds:

1. π̂ℓ ∈ Sℓ := {π ∈ Π : V (π∗)− V (π) ≤ ϵℓ};

2. nℓ ≲ minw∈Ω maxπ∈Π
∥ϕπ∗−ϕπ∥

2
A(w)−1 log(1/δl)

ϵ2l +∆(π)2
.

Without loss of generality, we assume that ∀t, the reward rt ∈ [0, 1]. Note that by the

result about Catoni estimator in [Lugosi and Mendelson, 2019], we have for all ℓ ∈ N and

π, π′ ∈ Π, that

|Cat({⟨ϕπ − ϕπ′ , Ot⟩}nℓ
t=1)− ⟨ϕπ − ϕπ′ , θ∗⟩| ≤ ∥ϕπ − ϕπ′∥A(w(ℓ))−1

√
2 log(2ℓ2|Π|/δ)

nℓ − log(2ℓ2|Π|/δ)
.

Therefore, in the ℓth round, we have for any π, π′ ∈ Π,∣∣∣∆̂l(π, π
′)−∆(π, π′)

∣∣∣ = |Cat({⟨ϕπ − ϕπ′ , Oi⟩}nℓ
i=1)− ⟨ϕπ − ϕπ′ , θ∗⟩|

≤

√
2∥ϕπ − ϕπ′∥2

A(w(ℓ))−1 log(2ℓ2|Π|/δ)
nℓ

. (A.2)

Then, let δl =
δ

2l2|Π| we define the event

El =
⋂

π,π′∈Π

∣∣∣∆̂l(π, π
′)−∆(π, π′)

∣∣∣ ≤
√

2∥ϕπ − ϕπ′∥2
A(w(ℓ))−1 log(1/δl)

nℓ

 ,
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and E =
⋂∞
l=0 El. First, by equation A.2, we have that E happens with probability at least

1− δ. In order to show the sample complexity lower bound, we use proof by induction. Note

that in a step of Lemma A.2.4, we can show that nl ≲ minw∈Ω maxπ∈Π
∥ϕπ̂l−1

−ϕπ∥2

A(w)−1
log(1/δl)

ϵ2l +∆(π)2
,

so we induct on this result. Assume in round l − 1, π̂l−1 ∈ Sl−1 = {π ∈ Π : ∆(π, π∗) ≤ ϵl−1}

and nl−1 ≲ minw∈Ωmaxπ∈Π
∥ϕπ̂l−2

−ϕπ∥2

A(w)−1
log((l−1)2|Π|2/δ)

ϵ2l−1+∆(π)2
. Then, the following lemma gives

us an upper bound on the UCB.

Lemma A.2.2. We have for any π ∈ Π,√
∥ϕπ̂l − ϕπ∥2A(w(ℓ))−1 log(1/δl)

nl
≤ 1

28

(
4ϵl + ∆̂l−1(π, π̂l−1)

)
.

Proof. By definition of nl and w
(ℓ) and π(ℓ) being the saddle point, we have

− 1

4
∆̂l−1(π

(ℓ), π̂l−1) + 28

√
2∥ϕπ(ℓ) − ϕπ̂l−1

∥2
A(w(ℓ))−1 log(1/δl)

nℓ

= max
π∈Π

−1

4
∆̂l−1(π, π̂l−1) +

√
1568∥ϕπ − ϕπ̂l−1

∥2
A(w(ℓ))−1 log(1/δl)

nℓ
≤ ϵl.

Solving for nl gives us

nl ≥ max
π∈Π

1568
∥∥ϕπ − ϕπ̂l−1

∥∥2
A(w(ℓ))−1 log(1/δl)

(4ϵl + ∆̂l−1(π, π̂l−1))2
.

We have for any π ∈ Π,

2nl ≥ 3136max
π∈Π

∥∥ϕπ̂l−1
− ϕπ

∥∥2
A(w(ℓ))−1 log(1/δl)

(4ϵl + ∆̂l−1(π, π̂l−1))2

≥ 1568

∥∥ϕπ̂l−1
− ϕπ

∥∥2
A(w(ℓ))−1 log(1/δl)

(4ϵl + ∆̂l−1(π, π̂l−1))2

+ 1568

∥∥ϕπ̂l−1
− ϕπ̂l

∥∥2
A(w(ℓ))−1 log(1/δl)

(4ϵl + ∆̂l−1(π̂l, π̂l−1))2

(i)

≥ 1568

(∥∥ϕπ̂l−1
− ϕπ

∥∥2
A(w(ℓ))−1 +

∥∥ϕπ̂l−1
− ϕπ̂l

∥∥2
A(w(ℓ))−1

)
log(1/δl)

max{(4ϵl + ∆̂l−1(π̂l, π̂l−1))2, (4ϵl + ∆̂l−1(π, π̂l−1))2}
(ii)

≥ 1568
∥ϕπ̂l − ϕπ∥2A(w(ℓ))−1 log(1/δl)

max{(4ϵl + ∆̂l−1(π̂l, π̂l−1))2, (4ϵl + ∆̂l−1(π, π̂l−1))2}
.



96

where (i) holds by lower bounding the ratio with a larger denominator, and (ii) holds by

triangular inequality. Therefore, using the fact that ∆̂(π, π̂l−1) ≥ 0 for any π ∈ Π since

π̂l−1 = argmaxπ∈Π V̂l−1(π), we have

√
max{(4ϵl + ∆̂l−1(π̂l, π̂l−1))2, (4ϵl + ∆̂l−1(π, π̂l−1))2} =

max{4ϵl + ∆̂l−1(π̂l, π̂l−1), 4ϵl + ∆̂l−1(π, π̂l−1)}, so we have√
∥ϕπ̂l − ϕπ∥2A(w(ℓ))−1 log(1/δl)

nl
≤ 1

28

(
4ϵl +max{∆̂l−1(π, π̂l−1), ∆̂l−1(π̂l, π̂l−1)}

)
.

With the above results, the following lemma controls the difference between the empirical

gap and the true gap.

Lemma A.2.3. With inductive hypotheses, we have for any π ∈ Π,

|∆̂l−1 (π, π̂l−1)−∆(π, π∗) | ≤ 2ϵl−1 +
1

4
∆(π, π∗).

Proof. We prove this by induction. First, in round l = 0, this holds by choosing a sufficiently

large n0. Then, in round l − 1,

|∆̂l−1 (π, π̂l−1)−∆(π, π∗) |

= |∆̂l−1 (π, π̂l−1)−∆(π, π̂l−1)−∆(π̂l−1, π∗) |

≤

√√√√2
∥∥ϕπ − ϕπ̂l−1

∥∥2
A(w(ℓ−1))−1 log(1/δl−1)

nl−1

+ ϵl−1

(i)

≤
√
2

28

(
4ϵl−1 +max{∆̂l−2(π, π̂l−2), ∆̂l−2(π̂l−1, π̂l−2)}

)
+ ϵl−1

(ii)

≤
√
2

28

(
4ϵl−1 + 2ϵl−2 +

5

4
∆(π, π̂l−2) + 2ϵl−2 +

5

4
∆(π̂l−1, π̂l−2)

)
+ ϵl−1

≤
√
2

28

(
4ϵl−1 + 4ϵl−2 +

5

4
∆(π, π∗) +

5

4
∆(π̂l−1, π∗)

)
+ ϵl−1

≤
√
2

28

(
4ϵl−1 + 4ϵl−2 +

5

4
∆(π, π∗) +

5

4
ϵl−1

)
+ ϵl−1

≤ 2ϵl−1 +
1

4
∆(π, π∗),
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where (i) follows from the preceding lemma and (ii) follows from the inductive hypothesis

that

|∆̂l−2(π, π̂l−2)−∆(π, π∗)| ≤ 2ϵl−2 +
1

4
∆(π, π∗).

We make use of these two lemmas to state a lower bound on nl.

Lemma A.2.4. Under E, the choice for nl in the algorithm satisfies

nl ≲ min
w∈Ω

max
π∈Π

∥ϕπ∗ − ϕπ∥2A(w)−1 log(1/δl)

ϵ2l +∆(π)2
.

Proof. By inductive hypothesis on nl−1 and under El, we have for any π ∈ Π,

∆(π, π∗) = ∆(π, π̂l−1) + ∆(π̂l−1, π∗)

(i)

≤ ∆̂l−1(π, π̂l−1) +

√√√√2
∥∥ϕπ̂l−1

− ϕπ
∥∥2
A(w(ℓ−1))−1 log((l − 1)2|Π|2/δ)

nl−1

+ ϵl−1

(ii)

≤ ∆̂l−1(π, π̂l−1) +

√
2

28

(
4ϵl−1 + ∆̂l−2(π, π̂l−2)

)
+ ϵl−1

≤ ∆̂l−1(π, π̂l−1) +

√
2

28

(
4ϵl−1 +

5

4
∆(π, π∗) + 2ϵl−2

)
+ ϵl−1

≤ ∆̂l−1(π, π̂l−1) +
1

4
∆(π, π∗) + 2ϵl−1.
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where (i) follows from El−1 and (ii) follows from Lemma A.2.2. Therefore,

min
w∈Ω

max
π∈Π

−1

4
∆̂l−1(π, π̂l−1) + 28

√
2
∥∥ϕπ − ϕπ̂l−1

∥∥2
A(w)−1 log(1/δl)

nl

≤ min
w∈Ω

max
π∈Π

− 3

16
∆(π, π∗) +

1

2
ϵl + 28

√
2
∥∥ϕπ − ϕπ̂l−1

∥∥2
A(w)−1 log(1/δl)

nl

≤ min
w∈Ω

max
π∈Π

(
− 3

16
∆(π, π∗) + 28

√
2 ∥ϕπ∗ − ϕπ∥2A(w)−1 log(1/δl)

nl

+ 28

√
2
∥∥ϕπ∗ − ϕπ̂l−1

∥∥2
A(w)−1 log(1/δl)

nl

)
+

1

2
ϵl

≤ min
w∈Ω

max
π∈Π

− 3

16
∆(π, π∗) + 28

√
2 ∥ϕπ∗ − ϕπ∥2A(w)−1 log(1/δl)

nl

+28

√
max
π′∈Sl−1

2 ∥ϕπ∗ − ϕπ′∥2A(w)−1 log(1/δl)

nl

+
1

2
ϵl

which is less than ϵl whenever

nl ≳ min
w∈Ω

max
π∈Π

∥ϕπ∗ − ϕπ∥2A(w)−1 log(1/δl)

ϵ2l +∆(π, π∗)2
.

Then we finish our first goal. The next goal is to show that π̂l ∈ Sl.

Lemma A.2.5. Under El, we have ∆(π̂l, π∗) ≤ ϵl.
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Proof. On El, we have

∆(π̂l, π̂l−1)

≤ ∆̂l(π̂l, π̂l−1) +

√
2
∥∥ϕπ̂l − ϕπ̂l−1

∥∥2
A(w(ℓ))−1 log(1/δl)

nl
(by event El)

≤ ∆̂l(π∗, π̂l−1) +

√
2
∥∥ϕπ̂l − ϕπ̂l−1

∥∥2
A(w(ℓ))−1 log(1/δl)

nl
(by minimality of π̂l)

≤ ∆(π∗, π̂l−1) +

√
2
∥∥ϕπ̂l−1

− ϕπ∗
∥∥2
A(w(ℓ))−1 log(1/δl)

nl
+

√
2
∥∥ϕπ̂l − ϕπ̂l−1

∥∥2
A(w(ℓ))−1 log(1/δl)

nl

(by event El)

≤ ∆(π∗, π̂l−1) +

√
2

28

(
4ϵl + ∆̂l−1(π∗, π̂l−1) + 4ϵl + ∆̂l−1(π̂l, π̂l−1)

)
(by Lemma A.2.2)

≤ ∆(π∗, π̂l−1) +

√
2

28

(
4ϵl + 2ϵl−1 +

5

4
∆(π∗, π̂l−1) + 4ϵl + 2ϵl−1 +

5

4
∆(π̂l, π̂l−1)

)
(by Lemma A.2.3)

≤ ∆(π∗, π̂l−1) +
3

56

(
8ϵl−1 +

5

4
∆(π̂l, π∗)

)
.

Therefore, 209
224

∆(π̂l, π∗) ≤ 6
7
ϵl and ∆(π̂l, π∗) ≤ ϵl, so π̂l ∈ Sl.

A.3 Proof of the FW-GD subroutine

In this section, we aim to prove Theorem 2.3.3. Specifically, Section A.3.1 quantifies the

number of oracle calls, and Section A.3.2 quantifies the number of offline data needed in

order to approximate the expectation over the context distribution. In particular, the size

of the history follows directly from Lemma A.3.5 and A.3.6. We will see that η, γmax, γmin

all scale at most polynomially on |A| and ϵ−1. We leave the convergence analysis of the

algorithm in Section A.5. In particular, we will see in Theorem A.5.1 that Kl = poly(|A|, ϵ−1
l ),

which shows that the total number of oracle calls is at most poly(|A|, ϵ−1, log(1/δ), log(|Π|)).

Combining all results above gives Theorem 2.3.3.
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A.3.1 Proof of computational efficiency

In this section, we address the technical issues on computational efficiency of our algorithm.

Fix an iteration t and let Kl be the number of iterations for FW-GD in the lth round.

Lemma A.3.1. Equation (2.5) can be computed with (t+ Tl−1)|D| call to a cost-sensitive

classification oracle.

Proof. We consider the tth iteration of the lth round for some nr. In this iteration, we

compute

[∇λhl(λ
t,γt, nr)]π =

nl∑
i=1

ri

p
(ℓ)
ci,ai + [γl−1]π

(1{π(ci) = ai} − 1{π̂l−1(ci) = ai}) +
log(1/δl)

[γt]πn

+ Ec∼νD

(∑
a∈A

√
(λt ⊙ γt)⊤(t

(c)
a + ηl)

)∑
a′∈A

[γt]π(t
(c)
a′ + ηl)π√

(λt ⊙ γt)⊤(t
(c)
a′ + ηl)

 .
Define γ0 :=

√
log(1/δl)
|A|2ηlnr

. Initially, each coordinate of γt is γ0. In round t of the algorithm,

at most t coordinates of γ will change, and these coordinates will be in supp(λt). Also, for

any j ̸∈ supp(λl−1), γl−1
j = γ0. Therefore, let t

(c)
a (·, π̂l−1) ∈ R|Π|, in round l,

argmax
π∈Π\(supp(λt)∪supp(λl−1))

[
∇λhl(λ

t, γt, nr)
]
π

= argmax
π∈Π\(supp(λt)∪supp(λl−1))

nl∑
i=1

ri

p
(ℓ)
ci,ai + γ0

1{π(ci) = ai}+
log(1/δl)

γ0nr

+ Ec∼νD

(∑
a∈A

√
(λt ⊙ γt)⊤(t

(c)
a (π̂l−1) + ηl)

)∑
a′∈A

γ0(t
(c)
a′ (π̂l−1) + ηl)π√

(λt ⊙ γt)⊤(t
(c)
a′ (π̂l−1) + ηl)


= argmax

π∈Π\(supp(λt)∪supp(λl−1))

nl∑
i=1

ri

p
(ℓ)
ci,ai + γ0

1{π(ci) = ai}

+ Ec∼νD

∑
a′∈A

∑
a∈A

√
(λt ⊙ γt)⊤(t

(c)
a (π̂l−1) + ηl)√

(λt ⊙ γt)⊤(t
(c)
a′ (π̂l−1) + ηl)

γ0t
(c)
a′ (π̂l−1)π


= argmax

π∈Π\(supp(λt)∪supp(λl−1))

nl+|D|∑
i=1

Li(π(ci))
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which is a cost-sensitive classification problem with cost vector

Li(a) =


ri

p
(ℓ)
ci,ai

+γ0
1{a = ai} for i = 1, · · · , nl(

γ0
sa,ci

+ γ0
sπ̂l−1(ci),ci

)
1{a ̸= π̂l−1(ci)} for i = nl + 1, · · · , nl + |D|

where sa,c =

√
(λt⊙γt)⊤(t

(c)
a (π̂l−1)+ηl)∑

a′∈A

√
(λt⊙γt)⊤(t

(c)

a′ (π̂l−1)+ηl)
. Note that sa,c is computable since λt has at most t

non-zero elements in step t. Then, let π♯ := supp(λt) ∪ supp(λl−1), we have

argmax
π∈Π

[
∇λhl(λ

t, γt, nr)
]
π

= argmax

{
argmax
π∈Π♯

[
∇λhl(λ

t, γt, nr)
]
π
, argmax
π∈Π\Π♯

[
∇λhl(λ

t, γt, nr)
]
π

}
.

The first piece could be found directly since supp(λt) ∪ supp(λl−1) ≤ t+ Tl−1. The second

piece could be computed with (t+ Tl−1)|D| calls to a constrained cost-sensitive classification

oracle, stated in Lemma A.3.2 below.

Lemma A.3.2. For any set Bt ⊂ Π, we can compute argmax
π∈Π\Bt

[∇λhl(λ
t, γt, nr)]π using |Bt|·|D|

calls to a constrained cost-sensitive classification oracle defined in Definition 2.2.3.

Proof. Algorithm 7 below shows that we could compute this argmax via the C-AMO oracle.

First, by construction of the algorithm, we have that πe ̸∈ Bt, so πe ∈ Π \Bt. It remains to

show that πe achieves the maximum. We prove this via contradiction. Assume that there

is some other π′ ≠ πe that satisfies π′ ̸∈ Bt and ∇λ[hl(λ, γ, n)]π′ > ∇λ[hl(λ, γ, n)]πe . By

construction of our algorithm, we know that ∇λ[hl(λ, γ, n)]πk is non-increasing in k. We find

the largest 0 ≤ j ≤ i− 1 such that

∇λ[hl(λ, γ, n)]πj+1
≤ ∇λ[hl(λ, γ, n)]π′ ≤ ∇λ[hl(λ, γ, n)]πj .

First, since j is the largest, we have ∇λ[hl(λ, γ, n)]πj+1
< ∇λ[hl(λ, γ, n)]π′ , i.e. the first

inequality is strict. By assumption that π′ ̸∈ Bt and π
′ ̸= πe, we have π′ ̸= πk, ∀0 ≤ k ≤ i.

So ∃c0 ∈ D such that π′(c0) ̸= πj(c0). Then we get a contradiction since in iteration j, at

line 6 we should return π′
c0

instead of πj+1. Therefore, there does not exist such π′ and πe

achieves the maximum.
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Algorithm 7 Constrained cost-sensitive classification

Input: policy set Π, set of policies to avoid Bt, objective function hl, context history D,

tolerance ϵ

1: π0 = argmax
π∈Π

[∇λhl(λ, γ, n)]π, i = 0

2: while πi ∈ Bt do

3: for c ∈ D do

4: compute π′
c = argmax

π∈Π
π(c)̸=πi(c)

[∇λhl(λ, γ, n)]π s.t. [∇λhl(λ, γ, n)]π ≤ [∇λhl(λ, γ, n)]πi

5: end for

6: πi+1 = argmax
c∈D

[∇λhl(λ, γ, n)]π′
c

7: i = i+ 1

8: end while

9: πe = πi

Output: πe

Lemma A.3.3. We can compute equation (2.8) with Kl|D| calls to a constrained argmax

oracle.

Proof. We follow the proof technique in Lemma A.3.1 and break the argmin into two

pieces with π ∈ supp(λl) and π ∈ Π \ supp(λl). We only show how to compute the

second piece as the first piece could be compute directly. We know that ∆̂γl

l (π, π̂l−1) =∑nl

i=1
ri

p
(ℓ)
ci,ai

+[γl]π
(1{π̂l−1(ci) = ai} − 1{π(ci) = ai}). Then, similar to proof of Lemma A.3.1,
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let γπ = γ0 for all π ∈ Π \ supp(λl), we have

argmin
π∈Π\supp(λl)

∆̂γl

l (π, π̂l−1) + Ec∼νD

[(
[γl]π

p
(ℓ)
c,a

+
[γl]π
sa′,c

)
1{π̂l−1(c) ̸= π(c)}

]
+

log(1/δl)

[γl]πnl

= argmin
π∈Π\supp(λl)

nl∑
i=1

ri

p
(ℓ)
ci,ai + [γl]π

(1{π̂l−1(ci) = ai} − 1{π(ci) = ai})

+ Ec∼νD

[(
[γl]π

p
(ℓ)
c,a

+
[γl]π

p
(ℓ)
c,a′

)
1{π̂l−1(c) ̸= π(c)}

]

= argmin
π∈Π\supp(λl)

nl∑
i=1

− ri

p
(ℓ)
ci,ai + γ0

1{π(ci) = ai}

+ Ec∼νD

[(
γ0

p
(ℓ)
c,a

+
γ0

p
(ℓ)
c,a′

)
1{π̂l−1(c) ̸= π(c)}

]

= argmin
π∈Π\supp(λl)

nl∑
i=1

ri

p
(ℓ)
ci,ai + γ0

1{π(ci) = ai}

− Ec∼νD

[(
γ0

p
(ℓ)
c,a

+
γ0

p
(ℓ)
c,a′

)
1{π̂l−1(c) ̸= π(c)}

]
which is a cost-sensitive classification problem with cost vector

Li(a) =


ri

p
(ℓ)
ci,ai

+γ0
1{a = ai} for i = 1, · · · , nl

−
(

γ0

p
(ℓ)
ci,a

+ γ0

p
(ℓ)
ci,π̂l−1(ci)

)
1{a ̸= π̂l−1(ci)} for i = nl + 1, · · · , nl + |D|.

A.3.2 Quantify the offline data

We first prove a general result for an empirical process bound of the difference of the

expectation and the truth in Lemma A.3.4.

Lemma A.3.4. Let m = |D| and define some set K ⊂ γmax△Π. Consider some function

u : C × K → R with c, κ 7→ u(c, κ) and define F ≜ {c 7→ u (c, κ) : κ ∈ K}. If

1. u satisfies that for any c ∈ C and κ ∈ K, u(c, κ) ∈ [0, b] where b < ∞ is a uniform

upper bound;
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2. there exists L <∞ such that ∥u(·, κ1)− u(·, κ2)∥F ≤ L ∥κ1 − κ2∥1.

Then, with probability at least 1− δ,

sup
κ∈K

|Ec∼νD [u(c, κ)]− Ec∼ν [u(c, κ)]| ≤

√
b2

2m
log

(
2

δ

)
+

16√
m
Lγmax

√
2k log(3e|Π|/k).

Proof. By the bounded condition on u we have {Ec∼νD [u(c, κ)] : κ ∈ K} satisfies the bounded

difference property with parameter b. Then we use McDiarmid’s inequality to get with

probability at least 1− δ,

sup
κ∈K

|Ec∼νD [u(c, κ)]− Ec∼ν [u(c, κ)]|

≤

√
b2

2m
log

(
2

δ

)
+ E

[
sup
κ∈K

|Ec∼νD [u(c, κ)]− Ec∼ν [u(c, κ)]|
]
.

Also, note that by definition of F and classical results on entropy integral [Van der Vaart,

2000],

E
[
sup
κ∈K

|Ec∼νD [u(c, κ)]− Ec∼ν [u(c, κ)]|
]
≤ 8√

n
sup
Q

∫ ∞

0

√
logN(F , L2(Q), ϵ)dϵ,

where N(F , L2(Q), ϵ) is the covering number. By condition 2 and property of covering

numbers,

sup
Q
N(F , L2(Q), ϵ) ≤ N(F , ∥·∥F , ϵ) ≤ N(K, ∥·∥1 , ϵ/L).

Denote Bk
1 as the l1 ball with dimension k. We know that for ϵ ≤ 1, N(Bk

1 , ∥·∥1 , ϵ) ≤
(
3
ϵ

)k
.

Since K ⊂ γmax△(k)
Π ⊂ γmaxB

k
1 , and there are

(
Π
k

)
ways to choose such a support γmaxB

k
1 , by

union bound over k-dimensional subspaces we have

N(K, ∥·∥1 , ϵ/L) ≤
(
Π

k

)
N(γmaxB

k
1 , ∥·∥1 , ϵ/L)

≤
(
Π

k

)
N(Bk

1 , ∥·∥1 , ϵ/(Lγmax))

≤
(
e|Π|
k

)k (
3Lγmax

ϵ

)k
≤
(
3Lγmaxe|Π|

ϵk

)k
.
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Therefore,

sup
Q

∫ ∞

0

√
logN(F , L2(Q), ϵ)dϵ ≤

∫ ∞

0

√
logN(K, ∥·∥1 , ϵ/L)dϵ

≤
∫ Lγmax

0

√
k log

(
3Lγmaxe|Π|

ϵk

)
dϵ

= Lγmax

∫ 1

0

√
k log

(
3e|Π|
ϵk

)
dϵ

≤ Lγmax

√∫ 1

0

k log

(
3e|Π|
ϵk

)
dϵ

≤ Lγmax

√
2k log(3e|Π|/k).

Combining all results yields

E

 sup
λ∈△(k)

Π

|Ec∼νD [u(c, κ)]− Ec∼ν [u(c, κ)]|

 ≤ 16√
m

sup
Q

∫ ∞

0

√
logN(F , L2(Q), ϵ)dϵ

≤ 16√
m
Lγmax

√
2k log(3e|Π|/k).

Therefore, our result follows.

Then, we take two special kind of u(c, κ), and get the bounds for our estimate of the

expectation over ν with the offline history D.

Lemma A.3.5. Let m = |D|. Then, with probability at least 1− δ, we have

sup
(λ,γ)∈γmax△(k)

Π

∣∣∣∣∣∣Ec∼νD
(∑

a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl)

)2
− Ec∼ν

(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl)

)2
∣∣∣∣∣∣

≤

√
|A|4γ2max(1 + ηl)2

2m
log

(
2

δ

)
+

16√
m
|A|2γmax

√
2k(1 + ηl)γmax

ηlγmin
log

(
3e|Π|
k

)
.

Proof. Define κ ∈ K such that κπ = λπγπ. Then, K ⊂ γmax△Π since
∑

π∈Π κπ =
∑

π∈Π λπγπ ≤

γmax. Then, let u(c, κ) =

(∑
a∈A

√
κ⊤(t

(c)
a + ηl)

)2

. We aim to use the result of Lemma A.3.4

to get our bound. First, since for any κ ∈ K and any c ∈ D, u(c, κ) ∈ [|A|2γminηl, |A|2(1 +
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ηl)γmax], so condition 1 is satisfied. Also, note that u(c, κ) is Lipschitz in κ, i.e.

∥u(·, κ1)− u(·, κ2)∥F

= sup
c∈C

|u(c, κ1)− u(c, κ2)|

= sup
c∈C

∣∣∣∣∣∣
(∑
a∈A

√
κ⊤1 (t

(c)
a + ηl)

)2

−

(∑
a∈A

√
κ⊤2 (t

(c)
a + ηl)

)2
∣∣∣∣∣∣

≤ sup
c∈C

∣∣∣∣∣
(∑
a∈A

√
κ⊤1 (t

(c)
a + ηl) +

√
κ⊤2 (t

(c)
a + ηl)

)(∑
a∈A

√
κ⊤1 (t

(c)
a + ηl)−

√
κ⊤2 (t

(c)
a + ηl)

)∣∣∣∣∣
= sup

c∈C

(∑
a∈A

√
κ⊤1 (t

(c)
a + ηl) +

√
κ⊤2 (t

(c)
a + ηl)

)∑
a∈A

∣∣∣(κ1 − κ2)
⊤t

(c)
a

∣∣∣√
κ⊤1 (t

(c)
a + ηl) +

√
κ⊤2 (t

(c)
a + ηl)


≤ sup

c∈C

(∑
a∈A

√
κ⊤1 (t

(c)
a + ηl) +

√
κ⊤2 (t

(c)
a + ηl)

)∑
a∈A

∥κ1 − κ2∥1√
κ⊤1 (t

(c)
a + ηl) +

√
κ⊤2 (t

(c)
a + ηl)


≤ |A|2

√
(1 + ηl)γmax

ηlγmin

∥κ1 − κ2∥1 .

Therefore, condition 2 is satisfied with L = |A|2
√

(1+ηl)γmax

ηlγmin
. Plugging in the result in

Lemma A.3.4, we get

sup
λ∈△(k)

Π

|Ec∼νD [u(c, κ)]− Ec∼ν [u(c, κ)]|

≤

√
|A|4γ2max(1 + ηl)2

2m
log

(
2

δ

)
+

16√
m
|A|2γmax

√
2k(1 + ηl)γmax

ηlγmin

log

(
3e|Π|
k

)
.
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Lemma A.3.6. For any π ∈ Π, with probability at least 1− δ,

sup
(λ,γ)∈γmax△Π

∣∣∣∣∣∣Ec∼νD
∑
a∈A

∑
a′∈A

√
(λ⊙ γ)⊤(t

(c)
a′ + ηl)√

(λ⊙ γ)⊤(t
(c)
a + ηl)

(γπ[t
(c)
a ]π)


−Ec∼ν

∑
a∈A

∑
a′∈A

√
(λ⊙ γ)⊤(t

(c)
a′ + ηl)√

(λ⊙ γ)⊤(t
(c)
a + ηl)

(γπ[t
(c)
a ]π)

∣∣∣∣∣∣
≤ γmax

(√
|A|4(1 + η)γmax

2ηγminm
log

(
2

δ

)
+

8|A|2γmax√
m(ηlγmin)3/2

√
2k log(3e|Π|/k)

)
.

Proof. First, note that

∑
a′∈A

√
(λ⊙ γ)⊤(t

(c)
a′ + ηl)√

(λ⊙ γ)⊤(t
(c)
a + ηl)

(γπ[t
(c)
a ]π) ≤ γmax

∑
a′∈A

√
(λ⊙ γ)⊤(t

(c)
a′ + ηl)√

(λ⊙ γ)⊤(t
(c)
a + ηl)

[t(c)a ]π.

Then, we define u(c, κ) =
∑

a∈A

∑
a′∈A

√
κ⊤(t

(c)

a′ +ηl)√
κ⊤(t

(c)
a +ηl)

[t
(c)
a ]π. First, note that for any c ∈ C and

κ ∈ K, u(c, κ) ∈
[
0, |A|2

√
(1+η)γmax√
ηγmin

]
, so condition 1 in Lemma A.3.4 is satisfied. Also,

∥u(c, κ1)− u(c, κ2)∥F = sup
c∈C

|u(c, κ1)− u(c, κ2)| (A.3)

= sup
c∈C

∣∣∣∣∣∣
∑
a∈A

∑
a′∈A

√
κ⊤1 (t

(c)
a′ + ηl)√

κ⊤1 (t
(c)
a + ηl)

[t(c)a ]π −
∑
a∈A

∑
a′∈A

√
κ⊤2 (t

(c)
a′ + ηl)√

κ⊤2 (t
(c)
a + ηl)

[t(c)a ]π

∣∣∣∣∣∣
= sup

c∈C

∣∣∣∣∣∣
∑
a∈A

∑a′∈A

√
κ⊤1 (t

(c)
a′ + ηl)

√
κ⊤2 (t

(c)
a + ηl)−

√
κ⊤2 (t

(c)
a′ + ηl)

√
κ⊤1 (t

(c)
a + ηl)√

κ⊤1 (t
(c)
a + ηl)

√
κ⊤2 (t

(c)
a + ηl)

[t(c)a ]π

∣∣∣∣∣∣
≤ sup

c∈C

∑
a∈A


∑

a′∈A

∣∣∣∣√κ⊤1 (t
(c)
a′ + ηl)

√
κ⊤2 (t

(c)
a + ηl)−

√
κ⊤2 (t

(c)
a′ + ηl)

√
κ⊤1 (t

(c)
a + ηl)

∣∣∣∣√
κ⊤1 (t

(c)
a + ηl)

√
κ⊤2 (t

(c)
a + ηl)

 . (A.4)
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Note that by triangular inequality∣∣∣∣√κ⊤2 (t
(c)
a + ηl)

√
κ⊤1 (t

(c)
a′ + ηl)−

√
κ⊤1 (t

(c)
a + ηl)

√
κ⊤2 (t

(c)
a′ + ηl)

∣∣∣∣
≤
∣∣∣∣√κ⊤2 (t

(c)
a + ηl)−

√
κ⊤1 (t

(c)
a + ηl)

∣∣∣∣√κ⊤1 (t
(c)
a′ + ηl)

+

√
κ⊤1 (t

(c)
a + ηl)

∣∣∣∣√κ⊤1 (t
(c)
a′ + ηl)−

√
κ⊤2 (t

(c)
a′ + ηl)

∣∣∣∣ .
Also note that∣∣∣∣√κ⊤2 (t

(c)
a + ηl)−

√
κ⊤1 (t

(c)
a + ηl)

∣∣∣∣ =
∣∣∣∑π∈Π([κ1]π − [κ2]π)(t

(c)
a + ηl)π

∣∣∣√
κ⊤2 (t

(c)
a + ηl) +

√
κ⊤1 (t

(c)
a + ηl)

≤ 1

2
√
ηlγmin

∥κ2 − κ1∥1 .

Therefore, (A.4) is bounded by |A|2 1
ηlγmin

1
2
√
ηlγmin

∥κ2 − κ1∥1, so condition 2 is satisfied with

L = |A|2
2(ηlγmin)3/2

. Then, by Lemma A.3.4, with probability at least 1− δ,

sup
(λ,γ)∈γmax△Π

∣∣∣∣∣∣Ec∼νD
∑

a

∑
a′∈A

√
(λ⊙ γ)⊤(t

(c)
a′ + ηl)√

(λ⊙ γ)⊤(t
(c)
a + ηl)

(γπ[t
(c)
a ]π)


−Ec∼ν

∑
a

∑
a′∈A

√
(λ⊙ γ)⊤(t

(c)
a′ + ηl)√

(λ⊙ γ)⊤(t
(c)
a + ηl)

(γπ[t
(c)
a ]π)

∣∣∣∣∣∣
≤ γmax

(√
|A|4(1 + η)γmax

2ηγminm
log

(
2

δ

)
+

8|A|2γmax√
m(ηlγmin)3/2

√
2k log(3e|Π|/k)

)
.

A.4 Proof of Theorem 2.3.4

We first write down Algorithm 4 in full detail in Algorithm 8. We aim to show that Algorithm

8 achieves the sample complexity lower bound. The two big goals here is to show that π̂l ∈ Sl

for all l, which shows that we get the optimal policy, and nl achieves the sample complexity

lower bound.
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Algorithm 8 Full CODA Algorithm

Input: policies Π = {π : C → A}π, feature map ϕ : C × A → Rd, δ ∈ (0, 1), historical data D = {νs}s
1: initiate π̂0 ∈ Π arbitrarily, λ0 = eπ̂0

, ∆̂0(π), γ0 appropriately

2: for l = 1, 2, · · · do

3: ϵl = 2−l, ηl = C1ϵ
2
l |A|−4, δl = δ/(l2|Π|2), Kl appropriately

4: t
(c)
a (π′) = {1{π(c) = a, π′(c) ̸= a}+ 1{π(c) ̸= a, π′(c) = a}}π∈Π ∈ RΠ

5: Define γmin := 1
3

√
ηl log(1/δl)

n , γmax :=
√

log(1/δl)
|A|2ηln

6: Define

hl(λ, γ, n) =
∑
π∈Π

λπ

(
−∆̂γl−1

l−1 (π, π̂l−1) +
log(1/δl)

γπn

)

+ Ec∼νD

(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a (π̂l−1) + ηl)

)2
 . (A.5)

7: Let λl, γl, nl = FW-GD(Π, |A|, π̂l−1, ηl,Kl, ϵl, γmin, γmax). These are the solutions to

nℓ := min{n ∈ N : max
λ∈△Π

min
γ∈[γmin,γmax]|Π|

hl(λ, γ, n) ≤ ϵℓ} (A.6)

8: Receive contexts c1, c2, · · · , cnl
∼ ν.

9: For each cs, s = 1, 2, · · · , nl, pull arms as ∼ p
(ℓ)
cs where p

(ℓ)
cs,as ∝

√
(λl ⊙ γl)⊤(t

(cs)
as (π̂l−1) + ηl), and

observe rewards rs where t
(cs)
as (π̂l−1) ∈ R|Π|

10: For each π ∈ Π, define the IPS estimator

∆̂γl

l (π, π̂l−1) =

nl∑
s=1

rs

p
(ℓ)
cs,as + [γl]π

(1{π̂l−1(cs) = as} − 1{π(cs) = as})

11: set

π̂l = argmin
π∈Π

∆̂γl

l (π, π̂l−1) + Ec∼νD

 [γl]π

p
(ℓ)
c,π(c)

+
[γl]π

p
(ℓ)
c,π̂l−1(c)

1{π̂l−1(c) ̸= π(c)}

+
log(1/δl)

[γl]πnl
. (A.7)

12: end for

Output: π̂l

Theorem A.4.1. With probability at least 1− δ, Algorithm 8 returns a policy π̂ satisfying
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V (π∗)−V (π̂ℓ) ≤ ϵ in a number of samples not exceeding O(ρ∗,ϵ log(|Π| log2(1/∆ϵ)/δ) log2(1/∆ϵ)

where ∆ϵ := max{ϵ,minπ∈Π V (π∗)− V (π)}.

Proof. We first define our key events. Recall

∆̂γl

l (π, π̂l−1) =

nl∑
s=1

rs

p
(ℓ)
cs,as + [γl]π

(1{π̂l−1(cs) = as} − 1{π(cs) = as})

and ∆(π, π′) = V (π′)− V (π). Define w(λ, γ) ∈ R|A|×|C| with

[w(λ, γ)]a,c := νc · pc,a = νc ·

√
(λ⊙ γ)⊤(t

(c)
a (π̂l−1) + ηl)∑

a′∈A

√
(λ⊙ γ)⊤(t

(c)
a′ (π̂l−1) + ηl)

.

Then define the events

El :=
⋂

π,π′∈Π

{∣∣∣∆̂γl

l (π, π
′)−∆(π, π′)

∣∣∣ ≤ 2[γl]π ∥ϕπ − ϕπ′∥2A(w(λl,γl))−1 +
2 log(1/δl)

[γl]πnl

}
,

and the good event E =
⋂∞
l=1 El. Lemma A.4.3 shows that E happens with probability at

least 1− δ, and Lemma A.4.7 shows that under this event E ,

nl ≲ min
w∈Ω

max
π∈Π

∥ϕπ∗ − ϕπ∥2A(w)−1 log(1/δl)

ϵ2l +∆(π, π∗)2
.

Therefore, the total number of samples is no more than

log2(1/∆ϵ)∑
l=1

min
w∈Ω

max
π∈Π

∥ϕπ∗ − ϕπ∥2A(w)−1 log(l2|Π|2/δ)
ϵ2l +∆(π, π∗)2

(i)

≤
log2(1/∆ϵ)∑

l=1

min
w∈Ω

max
π∈Π\π∗

2 ∥ϕπ∗ − ϕπ∥2A(w)−1 log(l2|Π|2/δ)
ϵ2l +∆(π, π∗)2

(ii)

≤
log2(1/∆ϵ)∑

l=1

min
p(c)∈△A,∀c∈C

max
π∈Π\π∗

Ec∼ν
[(

1

p
(c)
π∗(c)

+ 1

p
(c)
π(c)

)
1{π∗(c) ̸= π(c)}

]
log(l2|Π|2/δ)

∆(π, π∗)2 + ϵ2l

≲ ρ⋆,ϵ(Π, v) log(log2(1/∆ϵ)|Π|/δ) log2(1/∆ϵ).

where (i) follows from the fact that π∗ gives zero for the RHS, and (ii) follows from

Lemma A.6.1.
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In what follows, we will fill in the road map to the proof of Lemma A.4.3 and A.4.7. First,

Lemma A.4.2 controls the estimation error of the gap and shows that P(Eℓ) > 1− δℓ, which

leads to the high-probability of the good event E (Lemma A.4.3). Lemma A.4.4 applies the

duality machinery in Section A.5 and controls the variance term. Lemma A.4.5 applies the

result of Lemma A.4.4 and shows an upper bound for the difference between estimate gap and

the true gap, which is a very similar result of Lemma A.2.3. Lemma A.4.6 is an important

lemma showing the analytical solution of w given some λ and γ. With all of these results

above, we get Lemma A.4.7 which gives the upper bound on the sample complexity.

Lemma A.4.2. For any l > 0, π, π′ ∈ Π, with probability at least 1− δl,∣∣∣∆̂γl

l (π, π
′)−∆(π, π′)

∣∣∣ ≤ 2[γl]π ∥ϕπ − ϕπ′∥2A(w(λl,γl))−1 +
2 log(1/δl)

[γl]πnl
.

Proof. Define

V̂ γl

l (π) :=

nl∑
s=1

rs

p
(ℓ)
cs,as + [γl]π

1{π(cs) = as},

so that

∆̂γl

l (π, π
′) = V̂ γl

l (π′)− V̂ γl

l (π).

First, note that below.

V (π) = Ec∼ν [r(c, π(c))]

= Ec∼ν

[
E
a∼p(ℓ)c

[
r(c, a)

1{π(c) = a}
p
(ℓ)
c,a

∣∣∣∣c
]]

= E

[
1

t

t∑
s=1

rs

p
(ℓ)
cs,as

1{π(cs) = as}

]
.
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Therefore,∣∣∣E [V̂ γl

l (π)− V̂ γl

l (π′)
]
− [V (π)− V (π′)]

∣∣∣
≤

∣∣∣∣∣E
[
1

nl

nl∑
s=1

(
1

p
(ℓ)
cs,as + [γl]π

− 1

p
(ℓ)
cs,as

)
(1{π(cs) = as} − 1{π′(cs) = as})

]∣∣∣∣∣
=

∣∣∣∣∣∣E
 1

nl

nl∑
s=1

−[γl]π

p
(ℓ)
cs,as

(
p
(ℓ)
cs,as + [γl]π

) (1{π(cs) = as} − 1{π′(cs) = as})

∣∣∣∣∣∣
≤ E

 1

nl

nl∑
s=1

[γl]π (1{π′(cs) = as, π(cs) ̸= as}+ 1{π′(cs) ̸= as, π(cs) = as})

p
(ℓ)
cs,as

(
p
(ℓ)
cs,as + [γl]π

)


= [γl]πE

 1

p
(ℓ)
c,a

(
p
(ℓ)
c,a + [γl]π

)
ν2c

[ϕπ − ϕπ′ ]2a,c


= [γl]π

∑
c∈C

νc
∑
a∈A

p(ℓ)c,a
1

p
(ℓ)
c,aν2c

(
p
(ℓ)
c,a + [γl]π

) [ϕπ − ϕπ′ ]2a,c

≤ [γl]π ∥ϕπ − ϕπ′∥2A(w(λl,γl))−1

where the last inequality follows since νcp
(ℓ)
c,a = [w(λl, γl)]a,c. Meanwhile, note that

rs

p
(ℓ)
cs,as + [γl]π

(1{π(cs) = as} − 1{π′(cs) = as}) ≤
1

[γl]π
,

and

E

( rs

p
(ℓ)
cs,as + [γl]π

(1{π(cs) = as} − 1{π′(cs) = as})

)2


≤ E

[
1

(p
(ℓ)
cs,as + [γl]π)2

(1 {π (cs) = as} − 1 {π′ (cs) = as})2
]

= E

[
1

(p
(ℓ)
cs,as + [γl]π)2ν2c

[ϕπ − ϕπ′ ]2a,c

]
≤ ∥ϕπ − ϕπ′∥2A(w(λl,γl))−1

by a similar argument as before. Therefore, by Bernstein’s inequality, we have with probability
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at least 1− δ,

∣∣∣V̂ γl

l (π)− V̂ γl

l (π′)− E
[
V̂ γl

l (π)− V̂ γl

l (π′)
]∣∣∣ ≤

√
∥ϕπ − ϕπ′∥2A(w(λl,γl))−1

2 log(1/δ)

nl
+

log(1/δ)

[γl]πnl
.

Combining this with the deviation on expectation gives us∣∣∣∆̂γl

l (π, π
′)−∆(π, π′)

∣∣∣
≤ [γl]π ∥ϕπ − ϕπ′∥2A(w(λl,γl))−1 +

√
∥ϕπ − ϕπ′∥2A(w(λl,γl))−1

2 log(1/δ)

nl
+

2 log(1/δ)

[γl]πnl

≤ 2[γl]π ∥ϕπ − ϕπ′∥2A(w(λl,γl))−1 +
4 log(1/δ)

[γl]πnl
.

Lemma A.4.3. P(E) ≥ 1− δ.

Proof. By Lemma A.4.2 and a union bound over all policies, we have

P (El | El−1, · · · , E1) ≥ 1− δ

l2
.

Since E =
⋂∞
l=0 El,

P(Ec) = P((∩∞
l=0El)c) = P (∪∞

l=0Ecl ) = P
(
∪∞
l=0

(
Ecl \

(
∪j<lEcj

)))
≤

∞∑
l=0

P
(
Ecl \

(
∪j<lEcj

))
≤

∞∑
l=0

P (Ecl | (∩j<lEj)) ≤
∞∑
l=0

δ

l2
≤ δ.

Therefore, P(E) ≥ 1− δ.

Lemma A.4.4. Under E, we have for any π ∈ Π,

[γl]π
∥∥ϕπ − ϕπ̂l−1

∥∥2
A(w(λl,γl))−1 +

log(1/δl)

[γl]πnl
≤ 1

6
ϵl +

1

64
∆̂γl−1

l−1 (π, π̂l−1).

Proof. We know that the choice of nl ensures

hl(λ
l, γl, nl) ≤ ϵl.
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Also, by Theorem A.5.1 we have

1

3
ϵl ≥ max

π∈Π

(
−1

8
∆̂γl−1

l−1 (π, π̂l−1) + 8[γl]π
∥∥ϕπ − ϕπ̂l−1

∥∥2
A(w(λl,γl))−1 +

8 log(1/δl)

[γl]πnl

)
− hl(λ

l, γl, nl).

Combining the above two displays gives us

ϵl ≥ hl(λ
l, γl, nl)

≥ max
π∈Π

(
−1

8
∆̂γl−1

l−1 (π, π̂l−1) + 8[γl]π
∥∥ϕπ̂l−1

− ϕπ
∥∥2
A(w(λl,γl))−1 +

8 log(1/δl)

[γl]πnl

)
− 1

3
ϵl.

Therefore, for any π ∈ Π,

[γl]π
∥∥ϕπ − ϕπ̂l−1

∥∥2
A(w(λl,γl))−1 +

log(1/δl)

[γl]πnl
≤ 1

6
ϵl +

1

64
∆̂γl−1

l−1 (π, π̂l−1).

Lemma A.4.5. Under E, for all l ∈ N, the following holds:

1. |∆̂γl−1

l−1 (π, π̂l−1)−∆(π, π∗) | ≤ 2ϵl−1 +
1
4
∆(π, π∗).

2. π̂l ∈ Sl := {π ∈ Π : ∆(π, π∗) ≤ ϵl}.

Proof. We prove this by induction. First, in round l = 0, this holds since our rewards are

bounded by 1. Then, assume that in round l − 1, we have π̂l−1 ∈ Sl−1 and

|∆̂γl−2

l−2 (π, π̂l−2)−∆(π, π∗) | ≤ 2ϵl−2 +
1

4
∆(π, π∗).
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Then, on round l,

|∆̂γl−1

l−1 (π, π̂l−1)−∆(π, π∗) |

= |∆̂γl−1

l−1 (π, π̂l−1)−∆(π, π̂l−1)−∆(π̂l−1, π∗) |

≤ 2[γl−1]π
∥∥ϕπ − ϕπ̂l−1

∥∥2
A(w(λl−1,γl−1))−1 +

2 log(1/δl−1)

[γl−1]πnl−1

+ ϵl−1

(from event E and inductive hypothesis)

≤ 2

3
ϵl +

1

64
∆̂
γl−2

l−2 (π, π̂l−2) +
1

64
∆̂
γl−2

l−2 (π̂l−1, π̂l−2) + ϵl−1 (from Lemma A.4.4)

≤ 5

3
ϵl−1 +

1

64

(
2ϵl−2 +

5

4
∆(π, π∗) + 2ϵl−2 +

5

4
∆(π̂l−1, π∗)

)
(from inductive hypothesis)

≤ 5

3
ϵl−1 +

1

64

(
2ϵl−2 +

5

4
∆(π, π∗) + 2ϵl−2 +

5

4
ϵl−1

)
≤ 2ϵl−1 +

1

4
∆(π, π∗).

Also,

∆(π̂l, π̂l−1) ≤ ∆̂γl

l (π̂l, π̂l−1) + [γl]π̂l
∥∥xπ̂l − ϕπ̂l−1

∥∥2
A(w(λl,γl))−1 +

log(1/δl)

[γl]π̂lnl
(from E)

≤ ∆̂γl

l (π∗, π̂l−1) + [γl]π∗
∥∥ϕπ∗ − ϕπ̂l−1

∥∥2
A(w(λl,γl))−1 +

log(1/δl)

[γl]π∗nl

(eqn (2.8), the minimum)

≤ ∆(π∗, π̂l−1) + 2[γl]π∗
∥∥ϕπ∗ − ϕπ̂l−1

∥∥2
A(w(λl,γl))−1 +

2 log(1/δl)

[γl]π∗nl
(from E)

≤ ∆(π∗, π̂l−1) +
1

3
ϵl +

1

32
∆̂γl−1

l−1 (π∗, π̂l−1) (from Lemma A.4.4)

≤ ∆(π∗, π̂l−1) +
1

3
ϵl +

1

32

(
2ϵl−1 +

5

4
∆ (π∗, π∗)

)
. (from the above)

Therefore,

∆(π̂l, π∗) = ∆(π̂l, π̂l−1)−∆(π∗, π̂l−1)

≤ 1

3
ϵl +

1

16
2ϵl

≤ ϵℓ

Therefore, ∆(π̂l, π∗) ≤ ϵl, so π̂l ∈ Sl.
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Lemma A.4.6. For any λ ∈ △Π, γ ∈ R|Π|, and π′ ∈ Π, we have

min
w∈Ω

∑
π∈Π

λπγπ∥ϕπ − ϕπ′∥2A(w)−1 = Ec∼ν

(∑
a∈A

√
(λ⊙ γ)⊤t

(c)
a (π′)

)2
 .

where wa,c = νcp
(c)
a and p

(c)
a ∝

√∑
π∈Π λπγπ(1{π′(c) = a, π(c) ̸= a}+ 1{π′(c) ̸= a, π(c) = a})

and ⊙ denotes element-wise multiplication.

Proof. For any λ ∈ △Π,

min
w∈Ω

∑
π∈Π

λπγπ∥ϕπ − ϕπ′∥2A(w)−1

= min
w∈Ω

∑
π∈Π

∑
a,c

λπγπ
wa,c

(ϕπ − ϕπ′)⊤ea,ce
⊤
a,c(ϕπ − ϕπ′)

= min
p1,...,p|C|∈△A

∑
π∈Π

∑
a,c

λπγπ
νcpc,a

(ϕπ − ϕπ′)⊤ea,ce
⊤
a,c(ϕπ − ϕπ′)

=
∑
c

min
pc∈△A

∑
a

∑
π∈Π

λπγπ
νcpc,a

(ϕπ − ϕπ′)⊤ea,ce
⊤
a,c(ϕπ − ϕπ′)

=
∑
c

1

νc
min
pc∈△A

∑
a

1

pc,a

(∑
π∈Π

λπγπ(ϕπ − ϕπ′)⊤ea,ce
⊤
a,c(ϕπ − ϕπ′)

)

=
∑
c

1

νc

∑
a∈A

√∑
π∈Π

λπγπ(ϕπ − ϕπ′)⊤ea,ce⊤a,c(ϕπ − ϕπ′)

2

=
∑
c

1

νc

∑
a∈A

√∑
π∈Π

λπγπν2c (1{π′(c) = a, π(c) ̸= a}+ 1{π′(c) ̸= a, π(c) = a})

2

=
∑
c

νc

∑
a∈A

√∑
π∈Π

λπγπ(1{π′(c) = a, π(c) ̸= a}+ 1{π′(c) ̸= a, π(c) = a})

2

= Ec∼ν

(∑
a∈A

√
(λ⊙ γ)⊤t

(c)
a (π′)

)2
 .
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Note that the minimizer

pc,a =

√∑
π∈Π λπγπ(ϕπ − ϕπ′)⊤ea,ce⊤a,c(ϕπ − ϕπ′)∑

a′

√∑
π∈Π λπγπ(ϕπ − ϕπ′)⊤ea′,ce⊤a′,c(ϕπ − ϕπ′)

∝
√∑

π∈Π

λπγπ(1{π′(c) = a, π(c) ̸= a}+ 1{π′(c) ̸= a, π(c) = a}).

Lemma A.4.7. Under E, the choice for nl in the algorithm satisfies

nl ≲ min
w∈Ω

max
π∈Π

∥ϕπ∗ − ϕπ∥2A(w)−1 log(1/δl)

ϵ2l +∆(π)2
.
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Proof.

hl(λ
l, γl, nl)

=
∑
π∈Π

[λl]π ·
(
−∆̂γl−1

l−1 (π, π̂l−1) +
log(1/δl)

[γl]πn

)
+ Ec∼νD

(∑
a∈A

√
(λl ⊙ γl)⊤(t

(c)
a + ηl)

)2


≤ max
λ∈△Π

min
γ

∑
π∈Π

λπ ·
(
−∆̂γl−1

l−1 (π, π̂l−1) +
log(1/δl)

γπn

)
+ Ec∼ν

(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl)

)2
+

1

4
ϵl

(by Theorem A.5.2, the saddle point argument)

≤ max
λ∈△Π

min
γ

∑
π∈Π

λπ ·
(
−∆̂γl−1

l−1 (π, π̂l−1) +
log(1/δl)

γπn

)
+ Ec∼ν

(∑
a∈A

√
(λ⊙ γ)⊤t

(c)
a

)2
+

1

2
ϵl

(by Lemma A.6.3, controlling the bias)

= max
λ∈△Π

min
w∈Ω

min
γ∈R|Π|

+

∑
π∈Π

λπ ·
(
−∆̂γl−1

l−1 (π, π̂l−1) + γπ
∥∥ϕπ̂l−1

− ϕπ
∥∥2
A(w)−1 +

log(1/δl)

γπn

)
+

1

2
ϵl

(by Lemma A.4.6, the definition of w)

= min
w∈Ω

max
π∈Π

min
γ>0

−1

8
∆̂γl−1

l−1 (π, π̂l−1) + 8γ
∥∥ϕπ̂l−1

− ϕπ
∥∥2
A(w)−1 + 8

log(1/δl)

γnl
+

1

2
ϵl

(by Lemma A.5.17, the strong duality)

≤ min
w∈Ω

max
π∈Π

min
γ

(
− 3

32
∆(π, π∗) + 8γ

∥∥ϕπ̂l−1
− ϕπ

∥∥2
A(w)−1 + 8

log(1/δl)

γnl

)
+

3

4
ϵl (by Lemma A.4.5)

≤ min
w∈Ω

max
π∈Π

− 3

32
∆(π, π∗) + 16

√√√√∥∥ϕπ̂l−1
− ϕπ

∥∥2
A(w)−1 log(1/δl)

nl

+
3

4
ϵl

≤ min
w∈Ω

max
π∈Π

− 3

32
∆(π, π∗) + 16

√
∥ϕπ∗ − ϕπ∥2A(w)−1 log(1/δl)

nl

+16

√√√√∥∥ϕπ∗ − ϕπ̂l−1

∥∥2
A(w)−1 log(1/δl)

nl

+
3

4
ϵl

≤ min
w∈Ω

max
π∈Π

− 3

32
∆(π, π∗) + 16

√
∥ϕπ∗ − ϕπ∥2A(w)−1 log(1/δl)

nl

+16

√
max
π′∈Sl−1

∥ϕπ∗ − ϕπ′∥2A(w)−1 log(1/δl)

nl

+
3

4
ϵl.
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which is less than ϵl whenever

nl ≳ min
w∈Ω

max
π∈Π

∥ϕπ∗ − ϕπ∥2A(w)−1 log(1/δl)

ϵ2l +∆(π)2
. (A.8)

A.5 Convergence analysis of FW-GD

A.5.1 Statement of the convergence results

In this section, we will characterize the performance of Algorithm 8, a.k.a. Algorithm 4. Our

goal is to show two results: the duality gap converges to zero, and our algorithm converges to

the saddle point. It is known that Frank-Wolfe algorithm directly deals with the duality gap

[Pedregosa et al., 2020], so we will define our primal and dual problem in what follows. Since

we are computing nl via binning, in each inner loop n is fixed. Then, we define our dual

objective the same as (A.5) with the shorthand notation hl(λ, γ) := hl(λ, γ, n). We formulate

our primal objective as

Pl(w(λ, γ), γ) := max
π∈Π

(
−∆̂γl−1

l−1 (π, π̂l−1) + γπ
∥∥ϕπ − ϕπ̂l−1

∥∥2
A(w(λ,γ))−1 +

log(1/δl)

γπn

)
, (A.9)

where w(λ, γ) ∈ R|A|×|C| such that

[w(λ, γ)]a,c = νc · pc,a = νc ·

√
(λ⊙ γ)⊤(t

(c)
a + η)∑

a′∈A

√
(λ⊙ γ)⊤(t

(c)
a′ + η)

. (A.10)

Then we will show those two results. First, Theorem A.5.1 bounds the duality gap of the

primal and dual objective. Second, Theorem A.5.2 shows that Algorithm 4 converges to a

saddle point.

Theorem A.5.1. For any l ∈ N, with the number of FW-GD iterations Kl = O(L2ϵ−2
l ) where

L = |A|2 ((1+ηl)γmax)5/2

η
3/2
l γ2min

, we have

∣∣Pl(w(λl, γl), γl)− hl(λ
l, γl)

∣∣ ≤ ϵl.

Moreover, Kl depends at most polynomially on |A|, ϵ−1
l , log(1/δl).
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Proof. First, Lemma A.6.2 shows that for any λ, γ, and n, hl(λ, γ, n) = ⟨λ,∇λhl(λ, γ, n)⟩.

Therefore, at some iteration t, the Frank-Wolfe gap

gt =
〈
∇λhl(λ

t, γt), eπt − λt
〉
= max

π∈Π
[∇λhl(λ

t, γt)]π − hl(λ
t, γt).

Lemma A.5.6 shows that with a small choice of the regularization parameter the primal

objective is close to the maximum component of the gradient, i.e. |Pl(w(λl, γl), γl) −

maxπ∈Π[∇λhl(λ
l, γl)]π| ≤ ϵl

2
. Also, Lemma A.5.5 shows that if t ≥ L2ϵ−2

l is large enough, the

Frank-Wolfe gap is bounded by ϵl. Combining these two lemmas, for t ≥ L2ϵ−2
l , we have

|Pl(w(λl, γl), γl)− hl(λ
l, γl)|

≤ |Pl(w(λl, γl), γl)−max
π∈Π

[∇λhl(λ
l, γl)]π|+ |hl(λl, γl)−max

π∈Π
[∇λhl(λ

l, γl)]π|

≤ |Pl(w(λ, γ), γ)−max
π∈Π

[∇λhl(λ, γ)]π|+ gl

≤ ϵl
2
+
ϵl
2
= ϵl.

Finally, we conclude that Kl = poly(|A|, ϵ−1
l , log(1/δl)) since γmax = O(|A|−1η

−1/2
l ), γmin =

O(
√
ηl), and ηl = O(|A|−4ϵ2l ) all depends polynomially on |A| and ϵ−1

l . This shows Theorem

A.5.1.

We now have the second main result of this section.

Theorem A.5.2. For any l, with Kl = poly(|A|, ϵ−1
l , log(1/δl)) and the size of the history

D ≥ poly(|A|, ϵ−1, log(1/δ), log(|Π|)), Algorithm 4 converges to a saddle point, i.e.∣∣∣max
λ∈∆Π

min
γ∈[γmin,γmax]Π

hl(λ, γ)− hl(λ
l, γl)

∣∣∣ ≤ ϵl.



121

Proof. Note that

Pl(w(λl, γl), γl)

= max
π∈Π

[
−∆̂γl−1

l−1 (π, π̂l−1) +
log(1/δl)

[γl]πn
+ [γl]π

∥∥ϕπ̂l−1
− ϕπ

∥∥2
A(w(λl,γl))−1

]
≥ max

π∈Π
min
γ

[
−∆̂γl−1

l−1 (π, π̂l−1) +
log(1/δl)

γπn
+ γπ

∥∥ϕπ̂l−1
− ϕπ

∥∥2
A(w(λl,γl))−1

]
≥ min

w∈Ω
max
π∈Π

min
γ

[
−∆̂γl−1

l−1 (π, π̂l−1) +
log(1/δl)

γπn
+ γπ

∥∥ϕπ̂l−1
− ϕπ

∥∥2
A(w)−1

]
= max

λ∈△Π

min
w∈Ω

min
γ∈[γmin,γmax]Π

∑
π∈Π

λπ

(
−∆̂γl−1

l−1 (π, π̂l−1) +
log(1/δl)

γπn
+ γπ

∥∥ϕπ̂l−1
− ϕπ

∥∥2
A(w)−1

)
(by Lemma A.5.17, strong duality)

= max
λ∈∆Π

min
γ∈[γmin,γmax]Π

∑
π

λπ ·
(
−∆̂γl−1

l−1 (π, π̂l−1) +
log(1/δl)

γπn

)

+ Ec∼ν

(∑
a

√
(λ⊙ γ)⊤t

(c)
a

)2
 (by Lemma A.4.6)

≥ max
λ∈△Π

min
γ∈[γmin,γmax]Π

∑
π∈Π

λπ ·
(
−∆̂γl−1

l−1 (π, π̂l−1) +
log(1/δl)

γπn

)

+ Ec∼ν

(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl)

)2
− 1

2
ϵl (by Lemma A.6.3)

≥ min
γ∈[γmin,γmax]Π

∑
π

[
λl
]
π
·
(
−∆̂γl−1

l−1 (π, π̂l−1) +
log(1/δl)

γπn

)

+ Ec∼ν

(∑
a∈A

√
(λl ⊙ γ)⊤(t

(c)
a + ηl)

)2
− 1

2
ϵl

≥ min
γ∈[γmin,γmax]Π

∑
π

[
λl
]
π
·
(
−∆̂γl−1

l−1 (π, π̂l−1) +
log(1/δl)

γπn

)

+ Ec∼νD

(∑
a∈A

√
(λl ⊙ γ)⊤(t

(c)
a + ηl)

)2
− 3

4
ϵl

(by Lemma A.3.5, controlling the history)

≥
∑
π

[
λl
]
π
·
(
−∆̂γl−1

l−1 (π, π̂l−1) +
log(1/δl)

[γl]πn

)

+ Ec∼νD

(∑
a∈A

√
(λl ⊙ γl)⊤(t

(c)
a + ηl)

)2
− ϵl

(by Lemma A.5.7, the GD convergence)

= hl(λ
l, γl)− ϵl.
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In other words,

Pl(w(λl, γl), γl) ≥ max
λ∈∆Π

min
γ∈[γmin,γmax]Π

hl(λ, γ) ≥ hl(λ
l, γl)− ϵl.

On the other hand, by Theorem A.5.1, we have Pl(w(λl, γl), γl) ≤ hl(λ
l, γl) + ϵl. Therefore,

we have

max
λ∈∆Π

min
γ∈[γmin,γmax]Π

hl(λ, γ) ∈
[
hl(λ

l, γl)− ϵl, hl(λ
l, γl) + ϵl

]
and so we have our result.

A.5.2 Technical proofs

Guarantees on γ

We first provides some guarantees of γ and the convergence of the GD subroutine.

Lemma A.5.3. Consider a fixed n. Let γ∗ = argminγ hl(λ, γ, n). Then we have for all i,

[γ∗]i ∈

[
1

3

√
ηl log(1/δl)

n
,min

{√
log(1/δl)

2nEc[1{π(c) ̸= π∗(c)}]
,

√
log(1/δl)

|A|2ηln

}]
.

Proof.

[∇γhl(λ, γ)]π

= Ec

(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl)

)
·

∑
a′∈A

λπ([t
(c)
a′ ]π + ηl)√

(λ⊙ γ)⊤(t
(c)
a′ + ηl)

− λπ log(1/δl)

γ2πn

≥ Ec

(∑
a∈A

√
λπ([t

(c)
a ]π + ηl)

)2
− λπ log(1/δl)

γ2πn

≥ |A|2ηlλπ + 2λπEc[1{π(c) ̸= π∗(c)}]− λπ log(1/δl)

γ2πn
,

where the first to second line follows from Cauchy-Schwartz - (
∑

a xa)
∑

a

(
ya
xa

)
≥ (
∑

a

√
ya)

2.

We first solve λπ log(1/δl)
γ2πn

< |A|2ηlλπ and get γπ >
√

log(1/δl)
|A|2ηln

. We also solve λπ log(1/δl)
γ2πn

<

2λπEc[1{π(c) ̸= π∗(c)}] and get γπ <
√

log(1/δl)
2nEc[1{π(c)̸=π∗(c)}] . Therefore, the πth component of
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the gradient is always positive whenever γπ > min
{√

log(1/δl)
2nEc[1{π(c)̸=π∗(c)}] ,

√
log(1/δl)
|A|2ηln

}
. Therefore,

the minimum γ should have γπ ≤ min
{√

log(1/δl)
2nEc[1{π(c)̸=π∗(c)}] ,

√
log(1/δl)
|A|2ηln

}
. On the other hand,

let s = argminπ γπ. Then,

ηlγs ≤ (λ⊙ γ)⊤(t(c)a + ηl) =
(
λ⊙ (t(c)a + ηl)

)⊤
γ ≤

∥∥λ⊙ (t(c)a + ηl)
∥∥
1
· ∥γ∥∞.

Then ∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl) ≤

∑
a∈A

√∥∥∥λ⊙ (t
(c)
a + ηl)

∥∥∥
1
·
√

∥γ∥∞.

Note that (∑
a∈A

√∥∥∥λ⊙ (t
(c)
a + ηl)

∥∥∥
1

)2

=

(∑
a∈A

√
λ⊤(t

(c)
a + ηl)

)2

≤

(∑
a∈A

λ⊤(t(c)a + ηl)

)
|A|

≤ |A|(1 + ηl).

Since for any π,
∑

a′∈A[t
(c)
a′ ]π ≤ 2, so

[∇γhl(λ, γ)]π ≤
√

|A|(1 + ηl) ∥γ∥∞ · (2 + ηl)λπ√
ηlγs

− λπ log(1/δl)

γ2πn
.

Let π = s, then by the fact that ∥γ∥∞ ≤
√

log(1/δl)
|A|2ηln

, we have

[∇γhl(λ, γ)]s ≤
√

|A|(1 + ηl)

(
log(1/δl)

|A|2ηln

)1/4

· (2 + ηl)λs√
ηlγs

− λs log(1/δl)

γ2sn
.

We solve
√

|A|(1 + ηl)
(

log(1/δl)
|A|2ηln

)1/4
· (2+ηl)λs√

ηlγs
− λs log(1/δl)

γ2sn
< 0. Then we get

γs < (1 + ηl)
−1/3(2 + ηl)

−2/3

√
ηl log(1/δl)

n
.

Since (1 + ηl)
−1/3(2 + ηl)

−2/3 > 1
3
whenever ηl ≤ 1, the sth component of the gradient is

negative whenever γs <
1
3

√
ηl log(1/δl)

n
. Therefore, minπ γπ ≥ 1

3

√
ηl log(1/δl)

n
.
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Convergence of Frank-Wolfe gap

Lemma A.5.4 and A.5.5 shows that the Frank-Wolfe gap is small. The proof technique follows

from the general Frank-Wolfe analysis.

Lemma A.5.4. For any ξ ∈ [0, 1], any t, with L = |A|2 ((1+ηl)γmax)5/2

η
3/2
l γ2min

, we have hl(λ
t+1, γt+1) ≥

hl(λ
t, γt) + ξgt − 1

2
ξ2L− κt.

Proof. By L-Lipschitz gradient condition of −hℓ in λ given in Lemma A.5.12 we have

−hl(λt+1, γt+1) ≤ −hl(λt, γt+1)−
〈
∇λhl(λ

t, γt+1), λt+1 − λt
〉
+
L

2

∥∥λt+1 − λt
∥∥2
1
.

Therefore,

hl(λ
t+1, γt+1) ≥ hl(λ

t, γt+1) +
〈
∇λhl(λ

t, γt+1), λt+1 − λt
〉
− L

2

∥∥λt+1 − λt
∥∥2
1
.

Plugging in λt+1 = (1− βt)λ
t + βteπt as in line 8 of Algorithm 3, we have

hl((1− βt)λ
t + βteπt , γ

t+1)

≥ hl(λ
t, γt+1) +

〈
∇λhl(λ

t, γt+1), (1− βt)λ
t + βteπt − λt

〉
− L

2

∥∥(1 + βt)λ
t − βteπt − λt

∥∥2
1

= hl(λ
t, γt+1) + βt

〈
∇λhl(λ

t, γt+1), eπt − λt
〉
− Lβ2

t

2

∥∥eπt − λt
∥∥2
1

= hl(λ
t, γt+1) + βtgt −

Lβ2
t

2

∥∥eπt − λt
∥∥2
1
.

Choose βt := argmaxξ∈[0,1]{ξgt − ξ2L
2

∥eπt − λt∥21}. Plugging in this expression gives us

hl(λ
t+1, γt+1) ≥ hl(λ

t, γt+1) + βt
〈
∇λhl(λ

t, γt+1), eπt − λt
〉
− Lβ2

t

2

∥∥eπt − λt
∥∥2
1

= hl(λ
t, γt+1) + max

ξ∈[0,1]
{ξgt −

ξ2L

2

∥∥eπt − λt
∥∥2
1
}

≥ hl(λ
t, γt+1) + ξgt −

ξ2L

2

for any ξ ∈ [0, 1] since ∥eπt − λt∥21 ≤ 1. Also, by construction of γt+1 and Lemma A.5.7, we

have

hl(λ
t, γt+1) ≥ min

γ
hl(λ

t, γ) ≥ hl(λ
t, γt)− κt.

Therefore, our result follows.
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Lemma A.5.5. We have for any t, with L = |A|2 ((1+ηl)γmax)5/2

η
3/2
l γ2min

, mini∈[1,t] gi ≤ L√
t+1

.

Proof. With Lemma A.5.4, we have

hl(λ
t+1, γt+1, nr) ≥ hl(λ

t, γt, nr) + ξgt −
1

2
ξ2L− κt.

Plugging in the choice ξ = min{gt
L
, 1}, we have hl(λ

t+1, γt+1, nr) ≥ hl(λ
t, γt, nr) +

gt
2
min{gt

L
, 1} − κt. Summing this up from 0 to t gives us

hl(λ
t+1, γt+1, nr)− hl(λ0, γ0, nr) ≥

t∑
i=0

gi
2
min{gi

L
, 1} − δi

≥ (t+ 1)g∗t min{g
∗
t

L
, 1} −

t∑
i=0

δi.

where g∗t = mini=0,··· ,t gi. Then, as long as
∑t

i=0 δi ≤ ϵl, by the fact that hl(λ
t+1, γt+1) −

hl(λ0, γ0) ≤ maxλ∈△Π
minγ hl(λ, γ)− hl(λ0, γ0) <∞. Therefore, we have mini∈[1,t] gi ≤ L√

t+1
.

Connect the Frank-Wolfe gap to the duality gap

Lemma A.5.6 shows that the primal objective is approximately the maximum component of

the gradient of the dual objective, which simplifies our Frank-Wolfe gap expression.

Lemma A.5.6. Consider some λ ∈ △Π, γ ∈ R|Π|
+ , and n ∈ N. For ηl < |A|−4ϵ2l , we have

|Pl(w(λl, γl), γl)−maxπ∈Π[∇λhl(λ
l, γl)]π| ≤ ϵl.
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Proof. Observe that for any π, π′ ∈ Π and any γ,

γπ ∥ϕπ′ − ϕπ∥2A(w(λ,γ))−1

= γπ
∑
a,c

ν2c
[w(λ, γ)]a,c

(
1{π′(c) = a, π(c) ̸= a}+ 1{π′(c) ̸= a, π(c) = a}

)
= γπ

∑
c

νc
∑
a

(
νc

[w(λ, γ)]a,c

(
1{π′(c) = a, π(c) ̸= a}+ 1{π′(c) ̸= a, π(c) = a}

))

= γπEc∼ν

∑
a

∑
a′∈A

√
(λ⊙ γ)⊤(t

(c)
a′ + ηl)√

(λ⊙ γ)⊤(t
(c)
a + ηl)

(
1{π′(c) = a, π(c) ̸= a}+ 1{π′(c) ̸= a, π(c) = a}

)
= Ec∼ν

∑
a

∑
a′∈A

√
(λ⊙ γ)⊤(t

(c)
a′ + ηl)√

(λ⊙ γ)⊤(t
(c)
a + ηl)

(γπ[t
(c)
a ]π)

 .

Therefore,

Pl(w(λl, γl), γl)

= max
π∈Π

{
−∆̂γl−1

l−1 (π) + [γl]π
∥∥ϕπ − ϕπ̂l−1

∥∥2
A(w(λl,γl))−1 +

log(1/δl)

[γl]πn

}

= max
π∈Π

−∆̂γl−1

l−1 (π) + Ec∼ν

∑
a

∑
a′∈A

√
(λl ⊙ γl)⊤(t

(c)
a′ + ηl)√

(λl ⊙ γl)⊤(t
(c)
a + ηl)

([γl]π[t
(c)
a ]π)

+
log(1/δl)

[γl]πn

 .

Lemma A.3.6 guarantees that we could replace the expectation over context to history of

contexts νD without incurring much error. In particular, for a sufficiently large history D, it

guarantees

max
π∈Π

∣∣∣∣∣∣Ec∼νD
∑

a

∑
a′∈A

√
(λl ⊙ γl)⊤(t

(c)
a′ + ηl)√

(λl ⊙ γl)⊤(t
(c)
a + ηl)

([γl]π[t
(c)
a ]π)


−Ec∼ν

∑
a

∑
a′∈A

√
(λl ⊙ γl)⊤(t

(c)
a′ + ηl)√

(λl ⊙ γl)⊤(t
(c)
a + ηl)

([γl]π[t
(c)
a ]π)

∣∣∣∣∣∣ ≤ ϵl
2
.
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On the other hand,

max
π∈Π

−∆̂γl−1

l−1 (π) + Ec∼νD

∑
a

∑
a′∈A

√
(λl ⊙ γl)⊤(t

(c)
a′ + ηl)√

(λl ⊙ γl)⊤(t
(c)
a + ηl)

([γl]π[t
(c)
a ]π)

+
log(1/δl)

[γl]πn


= max

π∈Π

[∇λhl(λ
l, γl)]π − Ec∼νD

∑
a

∑
a′∈A

√
(λl ⊙ γl)⊤(t

(c)
a′ + ηl)√

(λl ⊙ γl)⊤(t
(c)
a + ηl)

[γl]πηl

 .

Note that when γπ ∈ [γmin, γmax],

Ec∼νD

∑
a

∑
a′∈A

√
(λ⊙ γ)⊤(t

(c)
a′ + ηl)√

(λ⊙ γ)⊤(t
(c)
a + ηl)

γπηl

 ∈

[
0, |A|2

√
γmax(1 + ηl)

γminηl
γmaxηl

]
.

Therefore, for ηl < |A|−4ϵ2l ,∣∣∣∣∣∣Ec∼νD
∑

a

∑
a′∈A

√
(λl ⊙ γl)⊤(t

(c)
a′ + ηl)√

(λl ⊙ γl)⊤(t
(c)
a + ηl)

[γl]πηl

∣∣∣∣∣∣ ≤ ϵl
2
.

Therefore, we have our results.

A.5.3 Convergence of gradient descent

In this subsection we show convergence for gradient descent.

Algorithm 9 GD

Input: λt, n, κt

1: define ιt = ϵ3l t
−3|A|−6

2: clip λ and define λ̃ = clip(λ, ιt)

3: run gradient descent of on γ for hl(λ̃, γ, n) over supp(λ̃) and output γt

Output: γt

We will first state the main result of this section.
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Lemma A.5.7. With the number of iterations T = O
(Lγ

ιt
+ 1

κtιt

)
with Lγ = |A|2 ((1+ηl)γmax)3/2

η
3/2
l γ2min

+

2 log(1/δl)

nγ3min
, we have hl(λ, γ

t, n)−minγ hl(λ, γ, n) ≤ κt.

Proof sketch. Lemma A.5.9 shows that this clipping does not affect the function value that

much. Since we do not assume our function to be convex for γ, we will show that the

stationary point is unique and the gradient is strictly positive around the stationary point.

Lemma A.5.14 first shows that our function is locally strongly convex around any stationary

point. In particular, if we are at a point where the L1 norm of the gradient is less than

λmin, we are locally strongly convex. Lemma A.5.13 shows our gradient is Lipschitz with

respect to the L1 norm. Then, Lemma A.5.8 then shows that the gradient descent algorithm

converges to a stationary point. It is the classical argument for gradient descent algorithm

on non-convex objectives [Jin et al., 2021].

Lemma A.5.8. For any K, with Lγ = |A|2 ((1+ηl)γmax)3/2

η
3/2
l γ2min

+ 2 log(1/δl)

nγ3min
,

min
k≤K

∥∇γhl(λ, γk, n)∥21 ≤ 2Lγ
hl(λ, γ0, n)−minγ hl(λ, γ, n)

K
.

With this lemma, we have for a sufficiently large K, the minimum gradient can be

made arbitrarily small. In particular, for K ≥ Lγλ
−1
min we have that the minimum gradient

has L1-norm less than λmin, and thus we are in a neighborhood of our stationary point by

Lemma A.5.15. After that, it takes O( 1
κtλmin

) steps to converge to a point whose value is at

most κt away from the value of the stationary point. The results in [Milnor and Weaver, 1997]

coupled with Lemma A.5.14 ensure that our stationary point is unique. Intuitively, if we have

two locally strongly convex stationary points, there must be a “hill” between them, which

also corresponds to a stationary point, but we have shown that all stationary points must be

“holes” due to local strong convexity, so the stationary point has to be unique. Thanks to the

clipping, we can lower bound λmin by ιt, so the total number of steps is L
λmin

+ 1
κtλmin

= L
ιt
+ 1

κtιt

which matches the result in Lemma A.5.7.
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Lemma A.5.9. For some iterate t, let ιt = ϵ3l t
−3|A|−6 and denote λ̃ := clip(λ, ιt) where

[clip(λ, ϵ)]π := λπ1{λπ ≥ ϵ}. Then, for any γ, we have∣∣∣hl(λ̃, γ, n)− hl(λ, γ, n)
∣∣∣ ≤ κt.

Proof. For the first term in hl, in the case where λπ ≥ ιt, hl(λ, γ, n) = hl(λ̃, γ, n). When

0 < λπ < ιt. We see that∑
π∈Π,λπ<ιt

λπ

(
−∆̂γl−1

l−1 (π, π̂l−1) +
log(1/δl)
γπn

)
< tϵ

(
1

γmin

+
1

γmin

)
=

2tιt
γmin

.

Then we focus on the expectation part of hl(λ, γ, n). Note that√
(λ⊙ γ)⊤(t

(c)
a + ηl) =

√ ∑
π,λπ≥ιt

λπγπ[t
(c)
a + ηl]π +

∑
π,λπ<ιt

λπγπ[t
(c)
a + ηl]π

=

√
(λ̃⊙ γ)⊤(t

(c)
a + ηl) +

∑
π,λπ<ιt

λπγπ[t
(c)
a + ηl]π

≤
√

(λ̃⊙ γ)⊤(t
(c)
a + ηl) + tιtγmax

≤
√

(λ̃⊙ γ)⊤(t
(c)
a + ηl) +

√
tιtγmax.

Therefore,

E

(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl)

)2
− E

(∑
a∈A

√
(λ̃⊙ γ)⊤(t

(c)
a + ηl)

)2


= E

[(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl) +

√
(λ̃⊙ γ)⊤(t

(c)
a + ηl)

)
(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl)−

√
(λ̃⊙ γ)⊤(t

(c)
a + ηl)

)]
≤ |A|√γmax|A|

√
tιtγmax

= |A|2γmax

√
tιt.
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Combining two displays above and plugging in γmin and γmax gives∣∣∣hl(λ̃, γ, n)− hl(λ, γ, n)
∣∣∣ ≤ 2tιt

γmin

+ |A|
√
tιt
ηl

=
2tιt|A|ϵ−1

l√
ηl

+ |A|
√
tιt
ηl
.

Let RHS be κt and solve for ιt we get ιt ≤ min{
√
ηlκtϵl
2t|A| ,

ηlκt
|A|2t}. Plugging in ηl = |A|−4ϵ2l gives

the result.

Lemma A.5.10. Suppose γt satisfies that hl(λ̃, γ
t, n)−minγ hl(λ̃, γ, n) ≤ κt, then we also

have hl(λ, γ
t, n)−minγ hl(λ, γ, n) ≤ κt, i.e. γ

t satisfies the desired property.

Proof. Let γ̃∗ = argminγ hl(λ̃, γ, n) and γ∗ = argminγ hl(λ, γ, n). The result follows from

applying Lemma A.5.9 twice on hl(λ̃, γ
t, n) and hl(λ̃, γ∗, n). In particular,

hl(λ, γ
t, n) ≤ hl(λ̃, γ

t, n) + κt (Lemma A.5.9)

≤ hl(λ̃, γ̃∗, n) + 2κt (convergence of GD)

≤ hl(λ̃, γ∗, n) + 2κt (minimality of γ̃∗)

≤ hl(λ, γ∗, n) + 3κt (Lemma A.5.9)

= min
γ
hl(λ, γ, n) + 3κt.

A.5.4 Guarantees for strong concavity and local strong convexity

The following series of lemmas show that our optimization problem is strongly concave in

λ and local strongly convex around the minimum γ, as well as explicitly constructing the

Lipschitz constants. These serve as the conditions for convergence of the Frank-Wolfe and

gradient descent algorithms.

Lemma A.5.11. hl(λ, γ, n) is a concave function of λ.
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Proof. Note that

E

(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl)

)2
 = E

[∑
a∈A

∑
a′∈A

√
(t

(c)
a′ + ηl)⊤(λ⊙ γ)(λ⊙ γ)⊤(t

(c)
a + ηl)

]
.

we know that λ 7→ (t
(c)
a′ + ηl)

⊤(λ⊙ γ) and λ 7→ (λ⊙ γ)⊤(t
(c)
a + ηl) are concave, the square root

function is concave and non-decreasing, and sum of concave functions is concave. Therefore,

hl(λ, γ, n) is concave in λ by property of concave functions.

Lemma A.5.12. Consider some λ, γ and n. For any λ1, λ2 ∈ △Π, with L =

|A|2 ((1+ηl)γmax)5/2

η
3/2
l γ2min

,

f(λ2, γ, n) ≤ f(λ1, γ, n) +∇λf(λ1, γ, n)
⊤(λ2 − λ1) + L∥λ2 − λ1∥21,

where f(λ, γ, n) could be either hl(λ, γ, n) or −hl(λ, γ, n).

Proof. The proof for the negative case is exactly the same as the positive case, so we focus

on f(λ, γ, n) = hl(λ, γ, n). We take the gradient of hl with respect to λ and get

[∇λhl(λ, γ, n)]π = −∆̂γl−1

l−1 (π, π̂l−1) +
log(1/δl)

γπn

+ Ec∼νD

(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl)

)∑
a′∈A

γπ(t
(c)
a′ + ηl)π√

(λ⊙ γ)⊤(t
(c)
a′ + ηl)

 .
By Lemma A.6.2, for any λ ∈ △Π, we have ⟨λ,∇λhl(λ, γ, n)⟩ = hl(λ, γ, n). If we use the

shortcut f(λ) := hl(λ, γ, n), we have

f(λ2)− f(λ1)−∇λf(λ1)
⊤(λ2 − λ1) = f(λ2)−∇λf(λ1)

⊤λ2 = (∇f(λ2)−∇f(λ1))⊤λ2.
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Note that

(∇λf(λ2)−∇λf(λ1))
⊤λ2

=
∑
π∈Π

[λ2]πEc∼νD

(∑
a∈A

√
(λ2 ⊙ γ)⊤(t

(c)
a + ηl)

)∑
a′∈A

γπ · (t(c)a′ + ηl)π√
(λ2 ⊙ γ)⊤(t

(c)
a′ + ηl)


−

(∑
a∈A

√
(λ1 ⊙ γ)⊤(t

(c)
a + ηl)

)∑
a′∈A

γπ · (t(c)a′ + ηl)π√
(λ1 ⊙ γ)⊤(t

(c)
a′ + ηl)


= Ec∼νD

[∑
a′∈A

(λ2 ⊙ γ)⊤(t
(c)
a′ + ηl)

·
∑
a∈A

√
(λ1 ⊙ γ)⊤(t

(c)
a′ + ηl)

√
(λ2 ⊙ γ)⊤(t

(c)
a + ηl)−

√
(λ2 ⊙ γ)⊤(t

(c)
a′ + ηl)

√
(λ1 ⊙ γ)⊤(t

(c)
a + ηl)√

(λ2 ⊙ γ)⊤(t
(c)
a′ + ηl)

√
(λ1 ⊙ γ)⊤(t

(c)
a′ + ηl)


≤ Ec∼νD

[∑
a′∈A

(λ2 ⊙ γ)⊤(t
(c)
a′ + ηl)

·
∑
a∈A

∣∣∣∣√(λ1 ⊙ γ)⊤(t
(c)
a′ + ηl)

√
(λ2 ⊙ γ)⊤(t

(c)
a + ηl)−

√
(λ2 ⊙ γ)⊤(t

(c)
a′ + ηl)

√
(λ1 ⊙ γ)⊤(t

(c)
a + ηl)

∣∣∣∣√
(λ2 ⊙ γ)⊤(t

(c)
a′ + ηl)

√
(λ1 ⊙ γ)⊤(t

(c)
a′ + ηl)


≤
∑
a′∈A

(1 + ηl)γmax

ηlγmin
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Note that by triangular inequality∣∣∣∣√(λ2 ⊙ γ)⊤(t
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a′ + ηl)−

√
(λ1 ⊙ γ)⊤(t
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(c)
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√
(λ2 ⊙ γ)⊤(t

(c)
a′ + ηl)

∣∣∣∣ .



133

Also note that ∣∣∣∣√(λ2 ⊙ γ)⊤(t
(c)
a + ηl)−

√
(λ1 ⊙ γ)⊤(t

(c)
a + ηl)

∣∣∣∣
=

∣∣∣∑π∈Π((λ2)π − (λ1)π)γπ(t
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∣∣∣√
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≤ (1 + ηl)γmax

2
√
ηlγmin

∥λ2 − λ1∥1 ,

so (A.11) is bounded by

∑
a′∈A

(1 + ηl)γmax

ηlγmin

·

(∑
a∈A

2 · (1 + ηl)γmax

2
√
ηlγmin

∥λ2 − λ1∥1
√

(1 + ηl)γmax

)

= |A|2 ((1 + ηl)γmax)
5/2

η
3/2
l γ2min

∥λ2 − λ1∥1 .

Lemma A.5.13. Consider some λ and n. For any γ1, γ2 ∈ △Π, with Lγ = |A|2 ((1+ηl)γmax)3/2

η
3/2
l γ2min

+

2 log(1/δl)

nγ3min
,

hl(λ, γ2, n) ≤ hl(λ, γ1, n) +∇γhl(λ, γ1, n)
⊤(γ2 − γ1) + Lγ∥γ2 − γ1∥21.

Proof.

[∇γhl(λ, γ)]π = Ec

(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl)

)
·
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a′∈A

λπ([t
(c)
a′ ]π + ηl)√

(λ⊙ γ)⊤(t
(c)
a′ + ηl)

− λπ log(1/δl)

γ2πn
.

Then we have similar to the proof of Lemma A.5.12, for any γ we have hl(λ, γ, n) −

∇γhl(λ, γ, n)
⊤γ = 2

∑
π
λπ log(1/δl)

γ2πn
, so

hl(λ, γ2, n)− hl(λ, γ1, n)−∇γhl(λ, γ1, n)
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∑
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First, we can follow similar techniques in the proof of Lemma A.5.12 to bound the second

part and get

(∇γhl(λ, γ2, n)−∇γhl(λ, γ1, n))
⊤γ2
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∣∣∣∣√(λ⊙ γ1)⊤(t

(c)
a′ + ηl)

√
(λ⊙ γ2)⊤(t

(c)
a + ηl)−

√
(λ⊙ γ2)⊤(t

(c)
a′ + ηl)

√
(λ⊙ γ1)⊤(t

(c)
a + ηl)

∣∣∣∣]}
≤
∑
a′∈A

(1 + ηl)γmax

ηlγmin
· Ec∼νD

[∑
a∈A

∣∣∣∣√(λ⊙ γ2)⊤(t
(c)
a + ηl)

√
(λ⊙ γ1)⊤(t

(c)
a′ + ηl)

−
√
(λ⊙ γ1)⊤(t

(c)
a + ηl)

√
(λ⊙ γ2)⊤(t

(c)
a′ + ηl)

∣∣∣∣] .
Also, note that ∣∣∣∣√(λ⊙ γ2)⊤(t
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2
√
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Therefore, similarly we can bound∣∣∣∣√(λ⊙ γ2)⊤(t
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√
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For the second term,
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∑
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∑
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Therefore, we have the result stated above.

Lemma A.5.14. Consider some fixed λ ∈ △Π and n. Assume γ∗ is a stationary point of

hl(λ, γ, n), then hl(λ, γ, n) is locally strongly convex at γ∗, i.e. for Lhess =
λmin log(1/δl)

γ3maxn
, there

exists ϵ > 0 such that for all γ ∈ Bϵ(γ∗), hl(λ, γ, n) ≥ hl(λ, γ∗, n) +
Lhess

2
∥γ − γ∗∥2.

Proof. Since λ and n are fixed, we use the shortcut g(γ) := hl(λ, γ, n) in the proof. Denote

the Hessian of g as M . We aim to show that the Hessian M ⪰ LhessI at γ∗. First, since γ∗ is

a stationary point, ∇γg(γ∗) = 0, and so for any i,
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. (A.12)

Also, we have for i ̸= j,
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Then, for any vector µ ∈ R|Π| with ∥µ∥ = 1, we have

µ⊤Mµ =
∑
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∑
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∑
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∑
i

µ2
i

2λi log(1/δl)
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(A.14)

In what follows, we will first show that
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By equation A.12, the LHS of (A.14) simplifies to

∑
c

νc
∑
i

µ2
i

1

γi

(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl)

)∑
a′∈A

λi

[
t
(c)
a′ + ηl

]
i√

(λ⊙ γ)⊤(t
(c)
a′ + ηl)


−
∑
c

νc
∑
i

∑
j

µiµj

(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl)

)
·

∑
a′∈A

·
λiλj

[
t
(c)
a′ + ηl

]
i

[
t
(c)
a′ + ηl

]
j(

(λ⊙ γ)⊤(t
(c)
a′ + ηl)

)3/2
 .

Therefore, it is sufficient to show that
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Consider some a′ ∈ A. The LHS of the above simplifies to
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Therefore, we proved equation (A.15). We will show next that
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By similar calculation, we can obtain that the above simplifies to
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We can show that the sum of the above is positive by similar techniques for showing (A.15).

Plugging equation A.15 and A.16 in equation A.14, we have that

µ⊤Mµ ≥
∑
i

µ2
i

λi log(1/δl)

γ3i n
≥ λmin log(1/δl)

γ3maxn
,

so the Hessian is positive-definite.

Note that the minimum eigenvalue of the Hessian at the stationary point is λmin log(1/δl)
γ3maxn

> 0,

we can extend the result in Lemma A.5.14 to α-stationary points, where α < λmin log(1/δl)
γ3maxn

, and

still maintain local strong convexity.

Lemma A.5.15. Consider some fixed λ ∈ △Π and n. Assume γα is an α-stationary

point of hl(λ, γ, n), where α = λmin log(1/δl)
2γ3maxn

, then hl(λ, γ, n) is locally strongly convex at γα,

i.e. for Lhess = λmin log(1/δl)
2γ3maxn

, there exists ϵ > 0 such that for all γ ∈ Bϵ(γα), hl(λ, γ, n) ≥
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2
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Proof. The proof follows almost identically from that of Lemma A.5.14. Note that the

α-stationary point ensures that ∥∇γhl(λ, γ)∥1 ≤ α, so equation A.12 is rewritten as
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(A.17)

Therefore, for any µ we can still use the same trick and get

µ⊤Mµ ≥
∑
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µ2
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λi log(1/δl)

γ3i n
− α ≥ λmin log(1/δl)

2γ3maxn
,

so our result follows.
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A.5.5 Proof of strong duality

In this section, we would like to show that strong duality holds. We first show that the primal

problem is convex for w.

Lemma A.5.16. The primal problem (A.5) is convex for w.

Proof. Note that the primal problem could be written as
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c s.t. ∀π ∈ Π,−∆(π) +

√
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2
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Denote the Hessian as M . Then, for any vector µ ∈ R|A|×|C| with ∥µ∥2 = 1, we have
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a =1

ν2cw
−1
a,c

−1/2

.

To show that this is nonnegative, it is equivalent to show that

− 1

4

∑
a,c,t

(c)
a =1

∑
a′,c′,t

(c′)
a′ =1

µa,cµa′,c′ν
2
c ν

2
c′w

−2
a,cw

−2
a′,c′ +

∑
a,c,t

(c)
a =1

µ2
a,cν

2
cw

−3
a,c

 ∑
a′,c′,t

(c′)
a′ =1

ν2c′w
−1
a′,c′

 ≥ 0,

which is equivalent to show that∑
a,c,t

(c)
a =1

∑
a′,c′,t

(c′)
a′ =1

−µa,cµa′,c′ν2c ν2c′w−2
a,cw

−2
a′,c′ + µ2

a,cν
2
cw

−3
a,cν

2
c′w

−1
a′,c′ ≥ 0. (A.18)

Note that

− µa,cµa′,c′ν
2
c ν

2
c′w

−2
a,cw

−2
a′,c′ + µ2

a,cν
2
cw

−3
a,cν

2
c′w

−1
a′,c′

= µa,cw
−3
a,cw

−2
a′,c′ν

2
c ν

2
c′(µa,cwa′,c′ − µa′,c′wa,c)

= w−3
a,cw

−3
a′,c′ν

2
c ν

2
c′(µa,cwa′,c′)(µa,cwa′,c′ − µa′,c′wa,c).

Then, exchanging the label of a and a′, we also get a term like

w−3
a′,c′w

−3
a,cν

2
c′ν

2
c (µa′,c′wa,c)(µa′,c′wa,c − µa,cwa′,c′).

The sum of these two terms is

w−3
a′,c′w

−3
a,cν

2
c′ν

2
c (µa′,c′wa,c)(µa′,c′wa,c − µa,cwa′,c′)

+ w−3
a,cw

−3
a′,c′ν

2
c ν

2
c′(µa,cwa′,c′)(µa,cwa′,c′ − µa′,c′wa,c)

= w−3
a′,c′w

−3
a,cν

2
c′ν

2
c (µa′,c′wa,c − µa,cwa′,c′)(µa′,c′wa,c − µa,cwa′,c′)

= w−3
a′,c′w

−3
a,cν

2
c′ν

2
c (µa′,c′wa,c − µa,cwa′,c′)

2 ≥ 0.



141

Therefore, equation A.18 becomes∑
a,c,t

(c)
a =1

∑
a′,c′

t
(c′)
a′ =1

(a′,c′)>(a,c)

(w−3
a′,c′w

−3
a,cν

2
c′ν

2
c (µa′,c′wa,c)(µa′,c′wa,c − µa,cwa′,c′)

+ w−3
a,cw

−3
a′,c′ν

2
c ν

2
c′(µa,cwa′,c′)(µa,cwa′,c′ − µa′,c′wa,c))

=
∑

a,c,t
(c)
a =1

∑
a′,c′

t
(c′)
a′ =1

(a′,c′)>(a,c)

w−3
a′,c′w

−3
a,cν

2
c′ν

2
c (µa′,c′wa,c − µa,cwa′,c′)

2 ≥ 0.

Since the above holds for any vector µ, the Hessian is positive-semidefinite, and so the function

g(w) is convex for w.

Lemma A.5.17. In the optimization problem A.5, the strong duality holds, i.e.

min
w∈Ω

max
π∈Π

−∆(π) +

√
∥ϕπ − ϕπ∗∥

2
A(w)−1

n

 = max
λ∈△Π

min
w∈Ω

∑
π∈Π

λπ

−∆(π) +

√
∥ϕπ − ϕπ∗∥

2
A(w)−1

n

 .

Proof. By Lemma A.5.16, the primal problem is convex for w, so it is left to check the KKT

conditions. Note that the lagrangian is

L(w, λ, c) = c+
∑
π∈Π

λπ ·

−∆(π) +

√
∥ϕπ − ϕπ∗∥

2
A(w)−1

n
− c

 .

Let hπ(w) = −∆(π) +

√
∥ϕπ−ϕπ∗∥

2
A(w)−1

n
− c. At an optimal solution w∗ and λ∗, we would like

to show that ∑
π∈Π

λ∗πhπ(w
∗) = 0.

We prove this by contradiction. If there is some π such that λπ > 0 and hπ(w
∗) < 0. Then

we could find another λ′ ∈ △Π that places zero mass on this π and thus get a larger objective,

so we get a contradiction. The other conditions follow from the optimality of w∗ and λ∗.
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A.6 Useful lemmas

In this section, we state several algebraic facts of our function, which serves as the key to

derive convergence as well as complexity.

Lemma A.6.1. For any l,

min
w∈Ω

max
π∈Π

∥∥ϕπ̂l−1
− ϕπ

∥∥2
A(w)−1

∆(π)2
= min

pc∈△A,∀c∈C
max
π∈Π

Ec∼ν
[(

1
pc,π̂l−1(c)

+ 1
pc,π(c)

)
1{π̂l−1(c) ̸= π(c)}

]
∆(π)2

.

Proof. Let wa,c = νcpc,a for some pc ∈ △A. Then, for any π ∈ Π,

1

∆(π)2
∥∥ϕπ̂l−1

− ϕπ
∥∥2
A(w)−1

=
1

∆(π)2

∑
a,c

ν2c
wa,c

(1{π̂l−1(c) = a, π(c) ̸= a}+ 1{π̂l−1(c) ̸= a, π(c) = a})

=
1

∆(π)2

∑
a,c

νc
pc,a

(1{π̂l−1(c) = a, π(c) ̸= a}+ 1{π̂l−1(c) ̸= a, π(c) = a})

=
1

∆(π)2

∑
c

νc

(
1

pc,π̂l−1(c)

+
1

pc,π(c)

)
1{π̂l−1(c) ̸= π(c)}

=
1

∆(π)2
Ec∼ν

[(
1

pc,π̂l−1(c)

+
1

pc,π(c)

)
1{π̂l−1(c) ̸= π(c)}

]
.

Therefore,

min
w∈Ω

max
π∈Π

∥∥ϕπ̂l−1
− ϕπ

∥∥2
A(w)−1

∆(π)2
= min

pc∈△A,∀c∈C
max
π∈Π

Ec∼ν
[(

1
pc,π̂l−1(c)

+ 1
pc,π(c)

)
1{π̂l−1(c) ̸= π(c)}

]
∆(π)2

.

Lemma A.6.2. For any l, any λ ∈ △Π, γ > 0, and any n, we have hl(λ, γ, n) =

⟨λ,∇λhl(λ, γ, n)⟩.

Proof. We first compute

[∇λhl(λ, γ, n)]π = −∆̂γl−1

l−1 (π, π̂l−1) +
log(1/δl)

γπn

+ Ec∼νD

(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl)

)∑
a′∈A

γπ(t
(c)
a′ + ηl)π√

(λ⊙ γ)⊤(t
(c)
a′ + ηl)

 .
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Then, by the fact that

∑
π∈Π

λπ · Ec∼νD

(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl)

)∑
a′∈A

γπ(t
(c)
a′ + ηl)π√

(λ⊙ γ)⊤(t
(c)
a′ + ηl)


= Ec∼νD

(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl)

)∑
a′∈A

(λ⊙ γ)⊤(t
(c)
a′ + ηl)√

(λ⊙ γ)⊤(t
(c)
a′ + ηl)


= Ec∼νD

(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl)

)2
 ,

we have

⟨λ,∇λhl(λ, γ, n)⟩

=
∑
π∈Π

λπ [∇λhl(λ, γ, n)]π

=
∑
π∈Π

λπ ·
(
−∆̂γl−1

l−1 (π, π̂l−1) +
log(1/δl)

γπn

)

+
∑
π∈Π

λπEc∼νD

(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl)

)∑
a′∈A

γπ(t
(c)
a′ + ηl)π√

(λ⊙ γ)⊤(t
(c)
a′ + ηl)


=
∑
π∈Π

λπ ·
(
−∆̂γl−1

l−1 (π, π̂l−1) +
log(1/δl)

γπn

)
+ Ec∼νD

(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl)

)2


= hl(λ, γ, n).

Lemma A.6.3. For any λ ∈ △Π and γ ∈
[
0,min

{√
log(1/δl)

2nlEc[1{π(c)̸=π∗(c)}] ,
√

log(1/δl)
|A|2ηlnl

}]Π
, with

ηl = |A|−4ϵ2l , we have

0 ≤ Ec∼ν

(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl)

)2
− Ec∼ν

(∑
a

√
(λ⊙ γ)⊤ t

(c)
a

)2
 ≤ ϵl.

Proof. The first inequality is clear since ηl > 0 and λπ, γπ ≥ 0 for all π ∈ Π, so we focus on
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the upper bound. Note that

Ec∼ν

(∑
a∈A

√
(λ⊙ γ)⊤(t

(c)
a + ηl)

)2
− Ec

(∑
a

√
(λ⊙ γ)⊤ t

(c)
a

)2


= Ec∼ν

[∑
a∈A

(λ⊙ γ)⊤(t(c)a + ηl) +
∑
a1∈A

∑
a2∈A

√
(λ⊙ γ)⊤(t

(c)
a1 + ηl)(t

(c)
a2 + ηl)⊤(λ⊙ γ)

]

− Ec∼ν

[∑
a∈A

(λ⊙ γ)⊤t(c)a +
∑
a1∈A

∑
a2∈A

√
(λ⊙ γ)⊤t

(c)
a1 t

(c)
a2

⊤
(λ⊙ γ)

]
. (A.19)

Note that

Ec∼ν

[∑
a1∈A

∑
a2∈A

√
(λ⊙ γ)⊤(t

(c)
a1 + ηl)(t

(c)
a2 + ηl)⊤(λ⊙ γ)

]

= Ec∼ν

[∑
a1∈A

∑
a2∈A

√
(λ⊙ γ)⊤t

(c)
a1 (t

(c)
a2 )⊤(λ⊙ γ) + ηlλ⊤γ(λ⊙ γ)⊤(t

(c)
a1 + t

(c)
a2 ) + η2l (λ

⊤γ)2

]

≤ Ec∼ν

[∑
a1∈A

∑
a2∈A

√
(λ⊙ γ)⊤t

(c)
a1 (t

(c)
a2 )⊤(λ⊙ γ)

]

+ 2|A|Ec∼ν

[∑
a∈A

√
ηlλ⊤γ(λ⊙ γ)⊤t

(c)
a

]
+ |A|2ηlλ⊤γ.



145

Then (A.19) is upper bounded by

Ec∼ν

[∑
a∈A

ηlλ
⊤γ

]
+ 2|A|Ec∼ν

[∑
a∈A

√
ηlλ⊤γ(λ⊙ γ)⊤t

(c)
a

]
+ |A|2ηlλ⊤γ

= |A|ηlλ⊤γ + |A|2ηlλ⊤γ + 2|A|
√
ηlλ⊤γEc∼ν

∑
a∈A

√∑
π∈Π

λπγπ[t
(c)
a ]π


= |A|ηlλ⊤γ + |A|2ηlλ⊤γ + 2|A|2

√
ηlλ⊤γEc∼ν

∑
a∈A

1

|A|

√∑
π∈Π

λπγπ[t
(c)
a ]π


= |A|ηlλ⊤γ + |A|2ηlλ⊤γ + 2|A|2

√
ηlλ⊤γEc∼ν

Ea∼µ
√∑

π∈Π

λπγπ[t
(c)
a ]π


≤ |A|ηlλ⊤γ + |A|2ηlλ⊤γ + 2|A|2

√
ηlλ⊤γ

√√√√∑
π∈Π

λπγπ
1

|A|
Ec∼ν

[∑
a∈A

[t
(c)
a ]π

]

= |A|ηlλ⊤γ + |A|2ηlλ⊤γ + 2|A|2
√
ηlλ⊤γ

√∑
π∈Π

λπγπ
1

|A|
2 · Ec∼ν [1{π(c) ̸= π∗(c)}]. (A.20)

Since γπ ≤
√

log(1/δl)
2nlEc[1{π(c)̸=π∗(c)}] , γπEc∼ν [1{π(c) ̸= π∗(c)}] ≤

√
Ec[1{π(c)̸=π∗(c)}] log(1/δl)

2nl
≤√

log(1/δl)
2nl

. We know from the lower bound argument that

nl ≳ min
w∈Ω

max
π∈Π

∥ϕπ − ϕπ∗∥
2
A(w)−1

∆(π)2 + ϵ2l
log(1/δl) ≥ ϵ−1

l log(1/δl),

so
√

log(1/δl)
2n

≲
√
ϵl. Therefore, (A.20) is upper bounded by

(|A|+ |A|2)ηlλ⊤γ + 2|A|3/2
√
ϵlηlλ⊤γ. (A.21)

Since ηlλ
⊤γ ≤ ηlγmax =

√
ηl log(1/δl)

|A|2nl
≤ √

ηl
1
|A| . Plugging this as well as ηl ≤ |A|−4ϵ2l in

equation A.21 gives that the bias is upper bounded by ϵl.
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Appendix B

APPENDIX TO CHAPTER 3

B.1 Notations and General Description

In the following, we let the index t, 1 ≤ t ≤ Tℓ denote the timestep in round ℓ for any ℓ.

Throughout this section we will make use of the filtration Ft = {(xs, θs, ys)}t−1
s=1 defined in

any round. The table below summarizes the notations used in the proof.

Let Nt,x denote the number of times arm x gets pulled at time t. We then define several

good events needed to guarantee the performance of PEPS at round ℓ.

E1,ℓ =
Tℓ⋃
t=1

{∥∥∥θ̂t − θ∗
∥∥∥2
Vt−1

≤ β(t, ℓ2)

}
,

E2,ℓ =
Tℓ⋃
t=1

{
max
x∈X

|x⊤θ̂t| ≤ C1,ℓ

}
,

E3,ℓ =
Tℓ⋃
t≥T2

⋃
x∈X

Gt,x where Gt,x = {Vt ≥ t3/4A(λG)},∀t ≥ T2, x ∈ X

E4,ℓ = ∪t≥T01{ẑt = z∗}

Throughout the proof we also define for some random variable x ∈ X with x ∼ p and some

function f(x),

Fx∼p[f(x)] =
∑
x∈X

pxf(x).

The rest of the supplement is organized as follows. In Section B.2, we present a proof of

the lower bound stated in Theorem 3.2.1. Section B.6 provides more experimental results.

In Section B.3, we prove the main theorem (Theorem 3.3.4) stated in the paper by

combining a saddle-point convergence argument with a guarantee on the likelihood ratio. We
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p̄Tℓ =
1
Tℓ

∑Tℓ
t=1 pt Average of p at the end of round ℓ

ēTℓ =
1
Tℓ

∑Tℓ
t=1 ext Empirical probability of arms pulled at the

end of round ℓ

πℓ ∼ N(θ̂Tℓ+1, η
−1
p V −1

Tℓ
) restricted on Θ The distribution θ is sampled from at the end

of round ℓ

∆min = minx ̸=x∗(x
∗ − x)⊤θ∗ minimum gap

T2(ℓ) = maxx∈X

(
6
√

log(|X |Tℓℓ2)
λGx

)4

a time after which each arm gets sufficiently

number of pulls

T0(ℓ) = max

{(
dβ(t,ℓ2)maxz∈Z∥z∥1

∆min

)4/3

, T2(ℓ) + 1

}
a time after which we have ẑt = z∗ with high

probability

ℓ0 := min{ℓ : Tℓ ≥ T0(ℓ)
3/2} minimum round number such that we have

guarantee of convergence with high probabil-

ity

L upper bound on maxx∈X ∥x∥2
B upper bound on ∥θ∗∥2
BX maxx∈X maxθ∈Θ x

⊤θ

∆max maxx∈X maxθ,θ′∈Θ |x⊤(θ − θ′)|

β(t, 1/δ) = B +
√

2 log(1/δ) + d log
(
d+tL2

d

)
anytime confidence bound for

∥∥∥θ̂t − θ∗
∥∥∥2
Vt−1

C1,ℓ = ∆max + L2β(Tℓ, ℓ
2) an upper bound on maxx∈X maxt≤Tℓ |⟨x, θ̂t⟩|

C3,ℓ = BX +∆max + L2β(Tℓ, ℓ
2) an upper bound on

maxx∈X maxθ∈Θmaxt≤Tℓ |⟨x, θ − θ̂t⟩|

Table B.1: Table of constants and upper bounds used in the proof

tackle the latter in Section B.3.1, where we provide we relate the empirical probability of

finding the best-arm at the end of a round of PEPS to the likelihood ratio. In Section B.3.2, we

show the saddle point approximation and provide a guarantee on how well τ ∗ is approximated
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after one round of PEPS. This argument depends on

• Section B.3.3 and B.3.4 which provide regret guarantees on the max and min learners.

• Section B.3.5 provides lemmas bounding terms related to the approximation error of

θ̂Tℓ to θ
∗.

• Section B.3.6 formally shows that after certain rounds each arm gets enough samples.

• Section B.4 shows that good events needed to guarantee performance of PEPS happen

with high probability.

Finally, Section B.5 provides some technical lemmas used in the proof.

B.2 Proof of Theorem 3.2.1

Theorem B.2.1. Fix Θ = Rd and any θ∗ ∈ Θ. For some λ consider a procedure that

draws x1, . . . , xT ∼ λ, then observes yt = ⟨xt, θ∗⟩+ ϵt with ϵt ∼ N (0, 1), and then computes

ẑT = argmaxz∈Z⟨z, θ̂T ⟩ where θ̂T = argminθ∈Θ
∑T

t=1 ∥yt − ⟨θ, xt⟩∥22. Then for any λ ∈ △X

we have

lim sup
T→∞

− 1

T
log
(
Pθ∗,xt∼λ(ẑT ̸= z∗)

)
≤ τ ∗.

Proof. Assume that {z − z∗}z∈Z span Rd. Otherwise, discard the components of X and θ∗

that are orthogonal to the span of {z − z∗}z∈Z and reparameterize in the subspace spanned

by {z− z∗}z∈Z . We can then work in this reparameterized space, so without loss of generality

we can assume {z − z∗}z∈Z span Rd.

Furthermore, assume that X spans Rd. If this were not true, then there could be a

component of θ∗ that is orthogonal to the span of X which makes z∗ not identifiable since

we assumed {z − z∗}z∈Z spans Rd. That is, if θ⊥∗ is the projection of θ∗ onto the subspace

orthogonal to the span of X , then ⟨z − z∗, θ
⊥
∗ ⟩ could be arbitrarily large but no measurement

could detect θ⊥∗ .
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Putting the two assumptions together, we conclude that there exists a λ ∈ △X such

that A(λ) ≻ 0 (equivalently, λmin(A(λ)) > 0) and maxz∈Z ∥z − z∗∥A(λ)−1 < ∞. Fix any λ

satisfying such conditions. Define the event Gλ = {
∑T

t=1 xtxt ⪰ A(λ)T (1− gλ,T )} for some

gλ,T = o(T ) sequence to be defined next.

By applying matrix Chernoff to the random matrices { 1
T
A(λ)−1xtx

⊤
t }t we have for any

ϵ ∈ [0, 1) that

P
( 1
T

T∑
t=1

xtx
⊤
t ⪰ A(λ)(1− ϵ)

)
≥ 1− d exp(−ϵ2/2R)

where R = maxt λmax(
1
T
A(λ)−1xtx

⊤
t ). Observe that

λmax(
1

T
A(λ)−1xtx

⊤
t ) ≤ ∥ 1

T
A(λ)−1xtx

⊤
t ∥2

≤ L2/λmin(A(λ))T.

So taking ϵ = gλ,T =
√

2L2λmin(A(λ))−1 log(dT )
T

we have that P(Gλ) ≥ 1− 1/T whenever gλ,T < 1

which holds for sufficiently large T .

Now, for any {xt}Tt=1 that span Rd (will be guaranteed by event Gλ) we have that

θ̂T = argmin
θ∈Θ

T∑
t=1

∥yt − ⟨θ, xt⟩∥22

=
( T∑
t=1

xtx
⊤
t

)−1
T∑
t=1

xtyt

= θ∗ +
( T∑
t=1

xtx
⊤
t

)−1
T∑
t=1

xtϵt

= θ∗ +
( T∑
t=1

xtx
⊤
t

)−1/2

η

where the last line holds with inequality in distribution for η ∼ N (0, Id). We conclude that
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for any z that ⟨θ̂T − θ∗, z − z∗⟩ is a zero-mean Gaussian random variable with variance

σ2
z,λ :=E[⟨θ̂T − θ∗, z − z∗⟩2]

=E[⟨
( T∑
t=1

xtx
⊤
t

)−1/2

η, z − z∗⟩2]

=(z − z∗)
⊤
( T∑
t=1

xtx
⊤
t

)−1

(z − z∗).

Thus, on Gλ we have that σ2
z,λ ≤ 1

T (1−gλ,T )
∥z − z∗∥2A(λ)−1 .

Consequently,

Pθ∗(ẑT ̸= z∗) = Pθ∗(
⋃

z∈Z\z∗

{ẑT = z, z ̸= z∗})

≥ max
z∈Z\z∗

Pθ∗(ẑT = z, z ̸= z∗)

= max
z∈Z\z∗

Pθ∗(⟨θ̂T , z − z∗⟩ ≥ 0)

= max
z∈Z\z∗

Pθ∗(⟨θ̂T − θ∗, z − z∗⟩ ≥ ⟨θ∗, z − z∗⟩)

≥ max
z∈Z\z∗

E{xt}∼λEθ∗
[
1{Gλ}1

{
⟨θ̂T − θ∗, z − z∗⟩ ≥ ⟨θ∗, z − z∗⟩

}∣∣{xt}]]
= max

z∈Z\z∗
P{xt}∼λ(Gλ)Pη1∼N (0,1)

(
η1σz,λ ≥ ⟨θ∗, z − z∗⟩

)
.

Using the fact that

Pη1∼N (0,1)

(
η1 ≥ s) =

∫ ∞

x=s

1√
2π
e−x

2/2dx > (
1

s
− 1

s3
)

1√
2π
e−s

2/2
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for positive s, we conclude that

Pθ∗(ẑT ̸= z∗)

≥ max
z∈Z\z∗

P{xt}∼λ(Gλ)Pη1∼N (0,1)

(
η1σz,λ ≥ ⟨θ∗, z − z∗⟩

)
≥ 1{gλ,T < 1}(1− 1

T
) max
z∈Z\z∗

(
σz,λ

⟨θ∗, z − z∗⟩
−

σ3
z,λ

⟨θ∗, z − z∗⟩3
)

1√
2π
e
− ⟨θ∗,z−z∗⟩2

σ2
z,λ

/2

≥ max
z∈Z\z∗

1{gλ,T < 1, ⟨θ∗,z−z∗⟩
2

σ2
z,λ

≥ 2}(1− 1

T
)

σz,λ
⟨θ∗, z − z∗⟩

1√
8π
e
− ⟨θ∗,z−z∗⟩2

σ2
z,λ

/2

≥ max
z∈Z\z∗

1{gλ,T < 1,
T (1−gλ,T )⟨θ∗,z−z∗⟩2

∥z−z∗∥2
A(λ)−1

≥ 2}(1− 1

T
)

∥z−z∗∥2
A(λ)−1

T (1−gλ,T )⟨θ∗,z−z∗⟩2
1√
8π
e
−

T (1−gλ,T )⟨θ∗,z−z∗⟩2

∥z−z∗∥2
A(λ)−1

/2

.

Thus, because gλ,T = o(T ) and
∥z−z∗∥2

A(λ)−1

⟨θ∗,z−z∗⟩2 <∞ we have that

lim sup
T→∞

− 1

T
log
(
Pθ∗,xt∼λ(ẑT ̸= z∗)

)
≤ ⟨θ∗, z − z∗⟩2

∥z − z∗∥2A(λ)−1

/2

= min
θ∈Θc

z∗

∥θ − θ∗∥2A(λ)/2

≤ max
λ∈△X

min
θ∈Θc

z∗

∥θ − θ∗∥2A(λ)/2 = τ ∗

where the second line uses the fact that Θ = Rd.

B.3 Proof of Theorem 3.3.4

Theorem B.3.1. Under Algorithm 5 and 6 and Assumption 2, we have the sampling

distribution satisfies with probability 1,

lim
ℓ→∞

− 1

Tℓ
log πℓ(Θ

c
z∗) = τ ∗.

Proof. By Theorem B.3.2, we have that for ℓ ≥ ℓ0, P(Ecℓ ) ≤ 5
ℓ2
. Also, since Tℓ = 2ℓ, and T0(ℓ)

only scales logarithmically in ℓ, so ℓ0 <∞. Therefore,
∑∞

ℓ=1 P(Eℓ) <∞. By Borel-Cantelli,

we have

P
(
lim sup
n→∞

Ecℓ
)

= 0.
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Note that lim supℓ→∞ Eℓ =
⋂∞
ℓ=1

⋃∞
k=ℓ Ek, this implies that the probability that infinitely many

of them occur is zero, which means that Eℓ eventually holds for sufficiently large ℓ with

probability 1. However, under Eℓ we have

πℓ(Θ
c
z∗) =

∫
Θc

z∗
πℓ(θ)dθ∫

Θ
πℓ(θ)dθ

=

∫
Θc

z∗
πℓ(θ)/πℓ(θ

∗)dθ∫
Θ
πℓ(θ)/πℓ(θ∗)dθ

.
=

∫
Θc

z∗
e
−Tℓ

2
∥θ−θ∗∥2A(ēTℓ

)dθ∫
Θ
e
−Tℓ

2
∥θ−θ∗∥2A(ēTℓ

)dθ

(by Eℓ)

.
= e

−Tℓ inf
θ∈Θc

z∗

1
2
∥θ−θ∗∥2A(ēTℓ

)

. (Lemma B.5.2 and inf
θ∈Θ

∥θ − θ∗∥2A(λ) = 0 for any λ)

This implies that there exists some ϵ′ℓ → 0 such that∣∣∣∣− 1

Tℓ
log πℓ(Θ

c
z∗)− inf

θ∈Θc
z∗

1

2
∥θ − θ∗∥2A(ēTℓ )

∣∣∣∣ ≤ ϵ′ℓ.

Under E6,ℓ, there exists some sequence ϵℓ → 0 such that

τ ∗ − inf
θ∈Θc

z∗

1

2
∥θ − θ∗∥2A(ēTℓ ) ≤ ϵℓ.

Since

τ ∗ = max
λ∈△X

inf
θ∈Θc

z∗

1

2
∥θ − θ∗∥2A(λ) ≥ inf

θ∈Θc
z∗

1

2
∥θ − θ∗∥2A(ēTℓ ) ,

combining the above three displays, we have under Eℓ,∣∣∣∣− 1

Tℓ
log πℓ(Θ

c
z∗)− τ ∗

∣∣∣∣ ≤ ϵℓ + ϵ′ℓ,

where ϵℓ + ϵ′ℓ → 0 as ℓ → ∞. Combining this with the fact that P (lim supℓ→∞ Eℓ) = 0, we

have with probability 1,

lim
ℓ→∞

− 1

Tℓ
log πℓ(Θ

c
z∗) = τ ∗.

Theorem B.3.2. In round ℓ for ℓ ≥ ℓ0, define

E5,ℓ =
{
sup
θ∈Θ

1

Tℓ

∣∣∣∣log πTℓ(θ∗)πTℓ(θ)
− Tℓ

2
∥θ − θ∗∥2A(ēTℓ )

∣∣∣∣ ≤ κℓ

}
E6,ℓ =

{∣∣∣∣max
λ∈△X

inf
θ∈Θc

z∗

1

2
∥θ − θ∗∥2A(λ) − inf

θ∈Θc
z∗

1

2
∥θ − θ∗∥2A(ēTℓ )

∣∣∣∣ ≤ ϵℓ

}
with ϵℓ → 0 and κℓ → 0 as ℓ→ ∞. Define Eℓ = E5,ℓ ∩ E6,ℓ. Then P(Eℓ) ≥ 1− 5/ℓ2.
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Proof. We first summarize the guarantees for the probabilities of events below. For ℓ ≥ ℓ0,

we have

• from Lemma B.3.4, we have that P(E6,ℓ|E1,ℓ ∩ E2,ℓ ∩ E3,ℓ ∩ E4,ℓ) ≥ 1− 1/ℓ2 with choice of

ϵℓ = O(T
−1/4
ℓ );

• from Lemma B.4.1, P(E1,ℓ) ≥ 1− 1/ℓ2;

• by Lemma B.4.2, E2,ℓ is true under E3,ℓ ∩ E1,ℓ;

• by Lemma B.3.16, P(E4,ℓ|E1,ℓ) ≥ 1− 1/ℓ2;

• by Lemma B.3.3 with κℓ = O(T
−1/2
ℓ ), P(E5,ℓ) ≥ 1− 1/ℓ2;

• by Lemma B.3.14, P(E3,ℓ) ≥ 1− 1/ℓ2.

Note that Eℓ ⊃ E1,ℓ ∩ E2,ℓ ∩ E3,ℓ ∩ E4,ℓ ∩ E5,ℓ ∩ E6,ℓ, and so

Ecℓ ⊂ Ec1,ℓ ∪ Ec2,ℓ ∪ Ec3,ℓ ∪ Ec4,ℓ ∪ Ec5,ℓ ∪ Ec6,ℓ

= Ec1,ℓ ∪ (Ec2,ℓ ∩ E1,ℓ ∩ E3,ℓ) ∪ Ec3,ℓ ∪ (Ec4,ℓ ∩ E1,ℓ) ∪ Ec5,ℓ ∪ (Ec6,ℓ ∩ E1,ℓ ∩ E2,ℓ ∩ E3,ℓ ∩ E4,ℓ).

Therefore, for ℓ ≥ ℓ0,

P(Ecℓ )

≤ P(Ec1,ℓ) + P(Ec2,ℓ ∩ E1,ℓ ∩ E3,ℓ) + P(Ec3,ℓ) + P(Ec4,ℓ ∩ E1,ℓ) + P(Ec5,ℓ) + P(Ec6,ℓ ∩ E1,ℓ ∩ E2,ℓ ∩ E3,ℓ ∩ E4,ℓ)

≤ P(Ec1,ℓ) + P(Ec2,ℓ|E1,ℓ ∩ E3,ℓ)P(E1,ℓ ∩ E3,ℓ) + P(Ec3,ℓ) + P(Ec4,ℓ|E1,ℓ)P(E1,ℓ)

+ P(Ec5,ℓ) + P(Ec6,ℓ|E1,ℓ ∩ E2,ℓ ∩ E3,ℓ ∩ E4,ℓ)P(E1,ℓ ∩ E2,ℓ ∩ E3,ℓ ∩ E4,ℓ)

≤ P(Ec1,ℓ) + P(Ec2,ℓ|E1,ℓ ∩ E3,ℓ) + P(Ec3,ℓ) + P(Ec4,ℓ|E1,ℓ) + P(Ec5,ℓ) + P(Ec6,ℓ|E1,ℓ ∩ E2,ℓ ∩ E3,ℓ ∩ E4,ℓ)

≤ 5

ℓ2
.

Therefore, P(Eℓ) ≥ 1− 5
ℓ2
.
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B.3.1 Guarantees on the Likelihood Ratio

Lemma B.3.3. We have with probability at least 1− 1/ℓ2,

sup
θ∈Θ

1

Tℓ

∣∣∣∣log πℓ(θ)

πℓ(θ∗)
− Tℓ

2
∥θ − θ∗∥2A(ēTℓ )

∣∣∣∣ ≤ ∆max

√√√√2d log
(

(d+TℓL2)ℓ2

d

)
Tℓ

.

Which implies that πℓ(θ)
πℓ(θ∗)

.
= e

−Tℓ∥θ−θ∗∥2A(ēTℓ
).

Proof. Throughout the following we set T := Tℓ. Recall that πℓ(θ) = N (θ̂T+1, V
−1
T ) restricted

on Θ, which means that for each θ ∈ Θ,

πℓ(θ) =

exp

(
−1

2

∥∥∥θ − θ̂T+1

∥∥∥2
VT

)
∫
Θ
exp

(
−1

2

∥∥∥θ′ − θ̂T+1

∥∥∥2
VT

)
dθ′

.

Since the denominator is independent of θ, this means that

πℓ(θ)

πℓ(θ∗)
= exp

(
−1

2

(∥∥∥θ − θ̂T+1

∥∥∥2
VT

−
∥∥∥θ∗ − θ̂T+1

∥∥∥2
VT

))
where∥∥∥θ∗ − θ̂T+1

∥∥∥2
VT

−
∥∥∥θ − θ̂T+1

∥∥∥2
VT

= ∥θ∗∥2VT − 2(θ∗)⊤VT θ̂ +
∥∥∥θ̂T+1

∥∥∥2
VT

−
∥∥∥θ̂T+1

∥∥∥2
VT

+ 2(θ̂T+1)
⊤VT θ − ∥θ∥2VT

= ∥θ∗∥2VT − 2 (θ∗)⊤ VT

(
θ∗ + V −1

T

T∑
s=1

ϵsxs

)
+ 2θ⊤VT

(
θ∗ + V −1

T

T∑
s=1

ϵsxs

)
− ∥θ∥2VT

= ∥θ∗∥2VT − 2 ∥θ∗∥2VT − 2(θ∗)⊤

(
T∑
s=1

ϵsxs

)
+ 2(θ∗)⊤VT θ + 2θ⊤

(
T∑
s=1

ϵsxs

)
− ∥θ∥2VT

= −∥θ∗ − θ∥2VT − 2

〈
θ∗ − θ,

T∑
s=1

ϵsxs

〉

= −∥θ∗ − θ∥2VT − 2
T∑
s=1

ϵsx
⊤
s (θ

∗ − θ).
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Note that

T∑
s=1

ϵsx
⊤
s (θ

∗ − θ) =
T∑
s=1

ϵsx
⊤
s V

−1/2
T V

1/2
T (θ∗ − θ)

≤

∥∥∥∥∥
T∑
s=1

ϵsxs

∥∥∥∥∥
V −1
T

∥θ∗ − θ∥VT .

Note that

∥θ∗ − θ∥VT =
√

∥θ∗ − θ∥2VT =

√√√√ T∑
t=1

(x⊤t (θ
∗ − θ))2 ≤ ∆max

√
T ,

and since E[ϵsxs|Fs−1] = 0 for all s, ϵsxs is a vector-valued martingale. Then by Theorem 1

of Abbasi-Yadkori et al. [2011], with probability greater than 1− δ,∥∥∥∥∥
T∑
s=1

ϵsxs

∥∥∥∥∥
V −1
T

≤

√
2d log

(
d+ TL2

dδ

)

so with probability 1− δ,∥∥∥∥∥
T∑
s=1

ϵsxs

∥∥∥∥∥
V −1
T

∥θ∗ − θ∥VT ≤ ∆max

√
T

√
2d log

(
d+ TL2

dδ

)
.

so for any θ ∈ Θ,∣∣∣∣(∥∥∥θ − θ̂T+1

∥∥∥2
VT

−
∥∥∥θ∗ − θ̂T+1

∥∥∥2
VT

)
− ∥θ∗ − θ∥2VT

∣∣∣∣ ≤ ∆max

√
T

√
2d log

(
d+ TL2

dδ

)
,

which means that∣∣∣∣log πℓ(θ∗)πℓ(θ)
− T

2
∥θ − θ∗∥2A(ēT )

∣∣∣∣ ≤ ∆max

√
T

√
2d log

(
d+ TL2

dδ

)
.

Taking a supremum over θ ∈ Θ on both sides and taking δ = 1
ℓ2

gives the result.
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B.3.2 Guarantee on Saddle-Point Convergence of PEPS in Round ℓ

In this section, we present a key result to this proof, which shows that as round ℓ gets large,

the distribution from PEPS achieves the optimal allocation deduced by τ ∗. Fix a round ℓ. At

iteration t, let λ̃t denote the sampling distribution of xt . The result is stated in the following

lemma. In the proof, we decompose the difference into several terms and argue about each

piece in subsequent sections.

Lemma B.3.4 (Guarantee for PEPS). On E1,ℓ ∩ E2,ℓ ∩ E3,ℓ ∩ E4,ℓ, for ℓ > ℓ0 then at the end

of epoch ℓ, we have with probability at least 1− 1
ℓ2
,

τ ∗ − inf
θ∈Θc

z∗

[
1

2
∥θ∗ − θ∥2A(ēTℓ )

]
≤ ϵℓ

for a sequence ϵℓ → 0 as ℓ→ ∞.

Proof. Recall the definition of p̄Tℓ and ēTℓ in Section B.1. We first show that there exists

some ϵℓ that goes to zero as ℓ→ ∞ such that under E1,ℓ ∩ E2,ℓ ∩ E3,ℓ ∩ E4,ℓ, for ℓ > ℓ0,

max
λ∈△X

Fθ∼p̄Tℓ

[
1

2
∥θ∗ − θ∥2A(λ)

]
− min

p∈P(Θc
z∗ )

Fθ∼p
[
1

2
∥θ∗ − θ∥2A(ēTℓ )

]
≤ ϵℓ.
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We have

max
λ∈△X

Fθ∼p̄Tℓ
[
∥θ∗ − θ∥2A(λ)

]
− min

p∈P(Θc
z∗ )

Fθ∼p
[
∥θ∗ − θ∥2A(ēTℓ )

]
= max

λ∈△X
Fθ∼p̄Tℓ

[
∥θ∗ − θ∥2A(λ)

]
− inf

θ∈Θc
z∗

∥θ∗ − θ∥2A(ēTℓ )

= max
λ∈△X

Fθ∼p̄Tℓ
[
∥θ∗ − θ∥2A(λ)

]
− 1

Tℓ
inf
θ∈Θc

z∗

∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

+ C ′′
Tℓ

= max
λ∈△X

Fθ∼p̄Tℓ
[
∥θ∗ − θ∥2A(λ)

]
− max

λ∈△X

1

Tℓ

Tℓ∑
t=1

Fθ∼pt
[∥∥∥θ̂t − θ

∥∥∥2
A(λ)

]
(S1. C ′

Tℓ
)

+ max
λ∈△X

1

Tℓ

Tℓ∑
t=1

Fθ∼pt
[∥∥∥θ̂t − θ

∥∥∥2
A(λ)

]
− 1

Tℓ

Tℓ∑
t=1

Fθ∼pt
[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

]
(S2. regret for max learner)

+
1

Tℓ

Tℓ∑
t=1

Fθ∼pt
[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

]
− 1

Tℓ

Tℓ∑
t=1

Fθ∼p̃t
[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

]
(S3.)

+
1

Tℓ

Tℓ∑
t=1

Fθ∼p̃t
[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

]
− 1

Tℓ

Tℓ∑
t=1

Fθ∼p̃t
[∥∥∥θ − θ̂t

∥∥∥2
xtx⊤t

]
(S4.)

+
1

Tℓ

Tℓ∑
t=1

Fθ∼p̃t
[∥∥∥θ − θ̂t

∥∥∥2
xtx⊤t

]
− 1

Tℓ
inf
θ∈Θc

z∗

∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

(S5. regret for the min learner)

+ C ′′
Tℓ
,

where we define

C ′
Tℓ

:= max
λ∈△X

Fθ∼p̄Tℓ
[
∥θ∗ − θ∥2A(λ)

]
− max

λ∈△X

1

Tℓ

Tℓ∑
t=1

Fθ∼pt
[∥∥∥θ̂t − θ

∥∥∥2
A(λ)

]
C ′′
Tℓ

=
1

Tℓ
inf
θ∈Θc

z∗

∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

− inf
θ∈Θc

z∗

∥θ∗ − θ∥2A(ēTℓ ) .

We now handle each term separately by referring to the lemma which provides a guarantee.

• (S1) By Lemma B.3.10, under E1,ℓ ∩ E2,ℓ, for Tℓ ≥ T2(ℓ),

max
λ∈△X

Fθ∼p̄Tℓ
[
∥θ∗ − θ∥2A(λ)

]
− max

λ∈△X

1

Tℓ

Tℓ∑
t=1

Fθ∼pt
[∥∥∥θ̂t − θ

∥∥∥2
A(λ)

]
≤ T2(ℓ)L

2β(T2(ℓ), ℓ
2)

Tℓ
+ 4dβ(Tℓ, ℓ

2)T
−3/4
ℓ ,
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so for Tℓ ≥ T2(ℓ)
3/2, we have the above is upper bounded by

O(L2β(T2(ℓ), ℓ
2)T

−1/2
ℓ + 4dβ(Tℓ, ℓ

2)T
−3/4
ℓ );

• (S2) By Lemma B.3.5, we have with probability 1− 1/(3ℓ2) conditioned on E2,ℓ

max
λ∈△X

Tℓ∑
t=1

Fθ∼pt,x∼λ
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

−
Tℓ∑
t=1

Fθ∼pt,x∼λ̃t
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

≤ 2C2
3,ℓ

√
log |X |Tℓ +

√
2C2

3,ℓTℓ|X | log(Tℓℓ2) + 2C2
3,ℓ

Tℓ∑
t=1

γt,

so with a choice of γt = t−α with α = 1/4,

max
λ∈△X

1

Tℓ

Tℓ∑
t=1

Fθ∼pt,x∼λ
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

− 1

Tℓ

Tℓ∑
t=1

Fθ∼pt,x∼λ̃t
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

≤ C2
3,ℓ

√
log |X |T−1/2

ℓ +
√

2C2
3,ℓ log ℓ

2T
−1/2
ℓ +

√
2C2

3,ℓ|X | log(3Tℓ2)T−1/2
ℓ + 2C2

3,ℓT
−1/4
ℓ

• (S3) By Lemma B.3.12, we have conditioned on E4,ℓ ∩ E1,ℓ for ℓ ≥ ℓ0,

1

Tℓ

Tℓ∑
t=1

Fθ∼pt
[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

]
− 1

Tℓ

Tℓ∑
t=1

Fθ∼p̃t
[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

]
≤

2C2
3,ℓT0(ℓ)

Tℓ

for Tℓ ≥ T0(ℓ)
3/2, we have the above is bounded by 2C2

3,ℓT
−1/2
ℓ ;

• (S4) By Lemma B.3.8, we have with probability 1− 1/(3ℓ2), conditioned on E2,ℓ,

1

Tℓ

Tℓ∑
t=1

Fθ∼p̃t
[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

]
− 1

Tℓ

Tℓ∑
t=1

Fθ∼p̃t
[∥∥∥θ − θ̂t

∥∥∥2
xtx⊤t

]
≤

√
2C1,ℓ log ℓ2

Tℓ

• (S5) By Lemma B.3.7, we have with probability 1− 1/(3ℓ2), conditioned on E1,ℓ ∩ E2,ℓ,

1

Tℓ

[
Tℓ∑
t=1

Eθ∼p̃t
[∥∥∥θ − θ̂t

∥∥∥2
xtx⊤t

]
− inf

θ∈Θc
z∗

∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

]

≤

√
C2

3,ℓd log(TℓC1,ℓ)

Tℓ
+ C3,ℓ

√
2dβ(Tℓ, ℓ2)

Tℓ
log

(
d+ TℓL2

d

)
+ C3,ℓ

√
2 log(ℓ2)

Tℓ
.
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• (C ′′
Tℓ
) By Lemma B.3.11, conditioned on E1,ℓ ∩ E2,ℓ, we have∣∣∣∣ 1Tℓ inf

θ∈Θc
z∗

∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

− 1

Tℓ
inf
θ∈Θc

z∗

∥θ∗ − θ∥2VTℓ

∣∣∣∣ ≤ (C3,ℓ +∆max)

√
β(Tℓ, ℓ2)

Tℓ

Add them altogether, we get that with probability greater than 1− 1/ℓ2 on E1,ℓ ∩ E2,ℓ ∩ E4,ℓ

max
λ∈△X

Eθ∼p̄Tℓ
[
∥θ∗ − θ∥2A(λ)

]
− min

p∈P(Θc
z∗ )

Eθ∼p
[
∥θ∗ − θ∥2A(λ̄Tℓ )

]
≤ L2β(T2(ℓ), ℓ

2)T
−1/2
ℓ + 4dβ(Tℓ, ℓ

2)T
−3/4
ℓ

+ C2
3,ℓ

√
log |X |T−1/2

ℓ +
√

2C2
3,ℓ log ℓ

2T
−1/2
ℓ +

√
2C2

3,ℓ|X | log(3Tℓ2)T−1/2
ℓ + C2

3,ℓT
−1/4
ℓ

+ 2C2
3,ℓT

−1/2
ℓ +

√
2C1,ℓ log ℓ2

Tℓ

+

√
C2

3,ℓd log(TℓC1,ℓ)

Tℓ
+ C3,ℓ

√
2dβ(Tℓ, ℓ2)

Tℓ
log

(
d+ TℓL2

d

)
+ C3,ℓ

√
2 log(ℓ2)

Tℓ

+ (C3,ℓ +∆max)

√
β(Tℓ, ℓ2)

Tℓ
.

Note that each term approaches zero as Tℓ → ∞. By the choice of Tℓ = 2ℓ in the algorithm,

this implies that there exists some ϵℓ > 0 with ϵℓ → 0 as ℓ→ ∞ such that for each ℓ,

max
λ∈△X

Fθ∼p̄Tℓ
[
∥θ∗ − θ∥2A(λ)

]
− min

p∈P(Θc
z∗ )

Fθ∼p
[
∥θ∗ − θ∥2A(ēTℓ )

]
≤ ϵℓ. (B.1)

Now we show how this result leads to the saddle point convergence. Note that

max
λ∈△X

Fθ∼p̄Tℓ
[
∥θ∗ − θ∥2A(λ)

]
≥ max

λ∈△X
min

p∈P(Θc
z∗ )

Fθ∼p[∥θ∗ − θ∥2A(λ)] ≥ min
p∈P(Θc

z∗ )
Fθ∼p

[
∥θ∗ − θ∥2A(ēTℓ )

]
,

so using Equation B.1 we have

max
λ∈△X

min
p∈P(Θc

z∗ )
Fθ∼p[∥θ∗ − θ∥2A(λ)]− min

p∈P(Θc
z∗ )

Fθ∼p
[
∥θ∗ − θ∥2A(ēTℓ )

]
≤ ϵℓ.

However, note that

min
p∈P(Θc

z∗ )
Fθ∼p

[
∥θ∗ − θ∥2A(ēTℓ )

]
= inf

θ∈Θc
z∗

∥θ∗ − θ∥2A(ēTℓ )

and maxλ∈△X minp∈P(Θc
z∗ )

Fθ∼p[∥θ∗ − θ∥2A(λ)] = τ ∗, we have shown that

τ ∗ − inf
θ∈Θc

z∗

∥θ∗ − θ∥2A(ēTℓ ) < ϵℓ.



160

B.3.3 Guarantees on the max-learner

In this section, we show that the max-learner gets sublinear regret as ℓ gets large. The key

idea is that we mix a diminishing amount of G-optimal distribution each round, and we

show that by its diminishing nature, the mixing of G-optimal distribution keeps the regret

sublinear.

Lemma B.3.5. Under Eℓ,2, with the choice of ηλ =
√

log |X |
C4

3,ℓT
, we have with probability greater

than 1− 1/ℓ2,

max
λ∈△X

Tℓ∑
t=1

Fθ∼pt,x∼λ
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

−
Tℓ∑
t=1

Fθ∼pt,x∼λ̃t
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

≤ 2C2
3,ℓ

√
log |X |Tℓ +

√
2C2

3,ℓTℓ|X | log(Tℓℓ2) + 2C2
3,ℓ

Tℓ∑
t=1

γt.

Proof. We first show that the statement is true for some fixed λ, i.e. we would like to show

that with probability 1− δ,

Tℓ∑
t=1

Fθ∼pt,x∼λ
[∥∥∥θ − θ̂t

∥∥∥2
xx⊤

]
−

Tℓ∑
t=1

Fθ∼pt,x∼λ̃t

[∥∥∥θ − θ̂t

∥∥∥2
xx⊤

]

≤ C2
3,ℓ

√
log |X |Tℓ +

√
2C2

3,ℓTℓ log(1/δ) + 2C2
3,ℓ

Tℓ∑
t=1

γt.

Let Ft−1 be the history up to time t. Then for any fixed λ,

Eθt [Fx∼λ[∥θ̂t − θt∥2xx⊤ ]|Ft−1] = Fθ∼pt,x∼λ[∥θ̂t − θ∥2xx⊤ ].

Thus, setting

Xt = Fx∼λ̃t

[∥∥∥θt − θ̂t

∥∥∥2
xx⊤

]
− Fx∼λ̃t,θ∼pt

∥∥∥θ − θ̂t

∥∥∥2
xx⊤

−
[
Fx∼λ

[∥∥∥θt − θ̂t

∥∥∥2
xx⊤

]
− Fx∼λ,θ∼pt

∥∥∥θ − θ̂t

∥∥∥2
xx⊤

]
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we see that the Xt form a Martingale difference sequence, i.e. E[Xt|Ft−1] = 0. Note that for

any θ ∈ Θ,

Fx∼λt
[∥∥∥θ − θ̂t

∥∥∥2
xx⊤

]
= Fx∼λ̃t

[∥∥∥θ − θ̂t

∥∥∥2
xx⊤

]
+ γt

(
Fx∼λt

[∥∥∥θ − θ̂t

∥∥∥2
xx⊤

]
− Fx∼λG

[∥∥∥θ − θ̂t

∥∥∥2
xx⊤

])
,

Since under E2,ℓ, we have for any x ∈ X , θ ∈ Θ, any t ≤ Tℓ,
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

≤ C2
3,ℓ, we have for

any θ ∈ Θ,

Fx∼λt
[∥∥∥θ − θ̂t

∥∥∥2
xx⊤

]
≤ Fx∼λ̃t

[∥∥∥θ − θ̂t

∥∥∥2
xx⊤

]
+ 2C2

3,ℓγt.

Then we have

Tℓ∑
t=1

Fθ∼pt,x∼λ
[∥∥∥θ − θ̂t

∥∥∥2
xx⊤

]
−

Tℓ∑
t=1

Fθ∼pt,x∼λ̃t

[∥∥∥θ − θ̂t

∥∥∥2
xx⊤

]

=

Tℓ∑
t=1

Fx∼λ
[∥∥∥θt − θ̂t

∥∥∥2
xx⊤

]
−

Tℓ∑
t=1

Fx∼λ̃t

[∥∥∥θt − θ̂t

∥∥∥2
xx⊤

]

−

[
Tℓ∑
t=1

Fx∼λ
[∥∥∥θt − θ̂t

∥∥∥2
xx⊤

]
−

Tℓ∑
t=1

Fx∼λ̃t

[∥∥∥θt − θ̂t

∥∥∥2
xx⊤

]

−

[
Tℓ∑
t=1

Fθ∼pt,x∼λ
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

−
Tℓ∑
t=1

Fx∼λ̃t,θ∼pt
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

]]

≤
Tℓ∑
t=1

Fx∼λ
[∥∥∥θt − θ̂t

∥∥∥2
xx⊤

]
−

Tℓ∑
t=1

Fx∼λt
[∥∥∥θt − θ̂t

∥∥∥2
xx⊤

]

−

[
Tℓ∑
t=1

Fx∼λ
[∥∥∥θt − θ̂t

∥∥∥2
xx⊤

]
−

Tℓ∑
t=1

Fx∼λ̃t

[∥∥∥θt − θ̂t

∥∥∥2
xx⊤

]

−

[
Tℓ∑
t=1

Fθ∼pt,x∼λ
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

−
Tℓ∑
t=1

Fx∼λ̃t,θ∼pt
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

]]
+ 2C2

3,ℓ

Tℓ∑
t=1

γt (B.2)
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Note that

Tℓ∑
t=1

Fx∼λ
[∥∥∥θt − θ̂t

∥∥∥2
xx⊤

]
−

Tℓ∑
t=1

Fx∼λ̃t

[∥∥∥θt − θ̂t

∥∥∥2
xx⊤

]

−

[
Tℓ∑
t=1

Fθ∼pt,x∼λ
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

−
Tℓ∑
t=1

Fx∼λ̃t,θ∼pt
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

]
=

Tℓ∑
t=1

Xt.

We know that under E2,ℓ, we have for any x ∈ X , θ ∈ Θ, any t ≤ Tℓ,
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

≤ C2
3,ℓ.

Then, for any t, |Xt| ≤ 4C2
3,ℓ, so by Azuma-Hoeffding, with probability 1 − δ,

∑Tℓ
t=1Xt ≤√

8C2
3,ℓTℓ log(1/δ). Plugging the above and Lemma B.3.6 in Equation B.2 gives us

Tℓ∑
t=1

Fθ∼pt,x∼λ
[∥∥∥θ − θ̂t

∥∥∥2
xx⊤

]
−

Tℓ∑
t=1

Fθ∼pt,x∼λ̃t

[∥∥∥θ − θ̂t

∥∥∥2
xx⊤

]

≤ C2
3,ℓ

√
log |X |Tℓ +

√
2C2

3,ℓTℓ log(1/δ) + 2C2
3,ℓ

Tℓ∑
t=1

γt.

This result holds for any λ, but in particular we want it to hold for the λ which maximizes

the reward, so we perform a covering argument on λ.

We take an ϵ-cover Sϵ of △X in ∥·∥1. Then, we know that for any λ ∈ △X , there is some

λ′ ∈ Sϵ such that ∥λ− λ′∥1 ≤ ϵ. Let wt(λ) := Fθ∼pt,x∼λ
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

. Then, note that for any

t and λ1, λ2 ∈ △X ,

w(λ1)− w(λ2) = Fθ∼pt,x∼λ1
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

− Fθ∼pt,x∼λ2
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

= Fθ∼pt
∑
x

([λ1]x − [λ2]x)(x
⊤(θ − θ̂t))

2

≤ C2
3,ℓFθ∼pt

∑
x

([λ1]x − [λ2]x)

= C2
3,ℓ ∥λ1 − λ2∥1 ,

so wt(λ) is C
2
3,ℓ-Lipschitz for any t. Then, assuming that λ̄ ∈ △X satisfies that

Tℓ∑
t=1

Fθ∼pt,x∼λ̄
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

= max
λ∈△X

Tℓ∑
t=1

Fθ∼pt,x∼λ
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

,
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we can find some λ0 ∈ Sϵ such that
∥∥λ0 − λ̄

∥∥ ≤ ϵ, so by Lipschitzness of wt for any t, we have

max
λ∈△X

Tℓ∑
t=1

Fθ∼pt,x∼λ
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

−max
λ∈Sϵ

Tℓ∑
t=1

Fθ∼pt,x∼λ
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

=

Tℓ∑
t=1

Fθ∼pt,x∼λ̄
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

−max
λ∈Sϵ

Tℓ∑
t=1

Fθ∼pt,x∼λ
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

≤
Tℓ∑
t=1

Fθ∼pt,x∼λ̄
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

−
Tℓ∑
t=1

Fθ∼pt,x∼λ0
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

≤ C2
3,ℓTℓϵ.

Also, let K = |X |. Denote BK
1 as the l1 ball with dimension K. We know that for ϵ ≤ 1,

N(BK
1 , ∥·∥1 , ϵ) ≤

(
3
ϵ

)K
. Since △X ⊂ BK

1 , we have the covering number

N(△X , ∥·∥1 , ϵ) ≤ N(Bk
1 , ∥·∥1 , ϵ) ≤

(
3

ϵ

)K
.

Therefore, |Sϵ| ≤
(
3
ϵ

)K
. By union bounding over all λ ∈ Sϵ, we have with probability at least

1− δ,

max
λ∈Sϵ

Tℓ∑
t=1

Fθ∼pt,x∼λ
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

−
Tℓ∑
t=1

Fθ∼pt,x∼λt
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

≤ C2
3,ℓ

√
log |X |Tℓ +

√
2C2

3,ℓTℓ log(1/(δ|Sϵ|)) + 2C2
3,ℓ

Tℓ∑
t=1

γt

≤ C2
3,ℓ

√
log |X |Tℓ +

√
2C2

3,ℓTℓ|X | log(3/(ϵδ)) + 2C2
3,ℓ

Tℓ∑
t=1

γt.

Combining two displays gives us

max
λ∈△X

Tℓ∑
t=1

Fθ∼pt,x∼λ
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

−
Tℓ∑
t=1

Fθ∼pt,x∼λt
∥∥∥θ − θ̂t

∥∥∥2
xx⊤

≤ C2
3,ℓ

√
log |X |Tℓ +

√
2C2

3,ℓTℓ|X | log(3/(δϵ)) + 2C2
3,ℓ

Tℓ∑
t=1

γt + C2
3,ℓTℓϵ.

Taking ϵ = 1/
√
Tℓ and δ = 1/ℓ2 gives us the result.
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Lemma B.3.6. Under E2,ℓ, with the choice of η =
√

log |X |
C4

3,ℓTℓ
, we have for any λ,

Tℓ∑
t=1

∥∥∥θt − θ̂t

∥∥∥2
A(λ)

−
Tℓ∑
t=1

∥∥∥θt − θ̂t

∥∥∥2
A(λt)

≤ C2
3,ℓ

√
log |X |Tℓ.

Proof. Let ℓt(λ) = −
∥∥∥θt − θ̂t

∥∥∥2
A(λ)

. Then we have

[∇λℓt(λt)]x = −
∥∥∥θt − θ̂t

∥∥∥2
xx⊤

= g̃t,x.

Since

max
t∈[Tℓ]

∥g̃t∥∞ = max
t∈[Tℓ],x∈X

∥∥∥θt − θ̂t

∥∥∥2
xx⊤

≤ C2
3,ℓ,

by the guarantee of exponentiated gradient algorithm Orabona [2019], we have that for any

λ,
Tℓ∑
t=1

[ℓt(λt)− ℓt(λ)] ≤
log |X |
η

+
ηTℓ
2
C4

3,ℓ.

Plugging in the definition of ℓt(λ), we have

Tℓ∑
t=1

∥∥∥θt − θ̂t

∥∥∥2
A(λ)

−
Tℓ∑
t=1

∥∥∥θt − θ̂t

∥∥∥2
A(λt)

≤ log |X |
η

+
ηTℓ
2
C4

3,ℓ.

Choosing η =
√

log |X |
C4

3,ℓTℓ
, we have

Tℓ∑
t=1

∥∥∥θt − θ̂t

∥∥∥2
A(λ)

−
Tℓ∑
t=1

∥∥∥θt − θ̂t

∥∥∥2
A(λt)

≤ C2
3,ℓ

√
log |X |Tℓ.

B.3.4 Guarantees on the min-learner

In this section, we show that the min-learner gets sublinear regret as ℓ gets large. For

the min learner, we see that the update for the sampling distribution is very similar to

the continuous exponential weights updates Bubeck [2011]. The difference between our

setting and continuous exponential weights is that the space Θc
ẑt
is changing each time, so
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we potentially have a changing action space each time. To overcome this challenge, we first

analyze the regret guarantee when we assume access to the true alternative in Lemma B.3.7,

and use Lemma B.3.16 to argue that the estimate Θc
ẑt
is good enough. We state the following

guarantee for the min-learner.

Lemma B.3.7. On event Eℓ,1 ∩ Eℓ,2, with probability 1− 1/ℓ2,

1

Tℓ

[
Tℓ∑
t=1

Eθ∼p̃t
[∥∥∥θ − θ̂t

∥∥∥2
xtx⊤t

]
− inf

θ∈Θc
z∗

∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

]

≤

√
C2

3,ℓd log(TℓC1,ℓ)

Tℓ
+ C3,ℓ

√
2dβ(Tℓ, ℓ2)

Tℓ
log

(
d+ TℓL2

d

)
+ C3,ℓ

√
2 log(ℓ2)

Tℓ
.

Proof. We begin by a bound that will be useful in our exponential weights analogy. At

iteration t, we apply Hoeffding’s lemma with the following upper bound given Eℓ,1 ∩ Eℓ,2 and

Lemma B.5.1,

Eθ∼p̃t
[∥∥∥θ − θ̂t

∥∥∥2
xtx⊤t

+
∥∥∥θ − θ̂t+1

∥∥∥2
Vt
−
∥∥∥θ − θ̂t

∥∥∥2
Vt

]
≤ C2

3,ℓ + Eθ∼p̃t
[∥∥∥θ − θ̂t+1

∥∥∥2
Vt−1

−
∥∥∥θ − θ̂t

∥∥∥2
Vt−1

]
(Eℓ,2)

≤ C2
3,ℓ + 2C3,ℓ(C1,ℓ + 1) (Lemma B.5.1)

≤ 4C2
3,ℓ.

At round t > 1, we define Wt =
∫
θ∈Θc

z∗
exp

(
−ηp

∥∥∥θ − θ̂t

∥∥∥2
Vt−1

)
dθ and W1 being a uniform
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distribution on Θc
z∗ . Then

log
Wt+1

Wt

= log

∫
θ∈Θc

z∗
exp

(
−ηp

∥∥∥θ − θ̂t+1

∥∥∥2
Vt

)
dθ

∫
θ∈Θc

z∗
exp

(
−ηp

∥∥∥θ − θ̂t

∥∥∥2
Vt−1

)
dθ

= log

∫
θ∈Θc

z∗
exp

(
−ηp

∥∥∥θ − θ̂t+1

∥∥∥2
Vt

− ηp

∥∥∥θ − θ̂t

∥∥∥2
xtx⊤

t

+ ηp

∥∥∥θ − θ̂t

∥∥∥2
xtx⊤

t

+ ηp

∥∥∥θ − θ̂t

∥∥∥2
Vt−1

− ηp

∥∥∥θ − θ̂t

∥∥∥2
Vt−1

)
dθ

∫
θ∈Θc

z∗
exp

(
−ηp

∥∥∥θ − θ̂t

∥∥∥2
Vt−1

)
dθ

= log

∫
θ∈Θc

z∗
exp

(
−ηp

∥∥∥θ − θ̂t

∥∥∥2
xtx⊤

t

− ηp

∥∥∥θ − θ̂t+1

∥∥∥2
Vt

+ ηp

∥∥∥θ − θ̂t

∥∥∥2
Vt

− ηp

∥∥∥θ − θ̂t

∥∥∥2
Vt−1

)
dθ

∫
θ∈Θc

z∗
exp

(
−ηp

∥∥∥θ − θ̂t

∥∥∥2
Vt−1

)
dθ

≤ −ηpEθ∼pt(Θc
z∗ )

[∥∥∥θ − θ̂t

∥∥∥2
xtx⊤

t

+
∥∥∥θ − θ̂t+1

∥∥∥2
Vt

−
∥∥∥θ − θ̂t

∥∥∥2
Vt

]
+

η2p · 4C2
3,ℓ

8

where the inequality follows from the Hoeffding inequality lnEesX ≤ sEX + s2(a−b)2
8

. By

telescoping, we have

log
WTℓ+1

W1

= ln
WTℓ+1

WTℓ

+ ln
WTℓ

WTℓ−1

+ · · ·+ ln
W2

W1

≤ −ηp
Tℓ∑
t=1

Eθ∼pt(Θc
z∗ )

[∥∥∥θ − θ̂t

∥∥∥2
xtx⊤t

+
∥∥∥θ − θ̂t+1

∥∥∥2
Vt
−
∥∥∥θ − θ̂t

∥∥∥2
Vt

]
+
Tℓη

2
pC

2
3,ℓ

2
.

On the other hand, let θ̃ = arg inf
θ∈Θc

z∗

∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

. Let wt(θ) = exp

(
−ηp

∥∥∥θ − θ̂t

∥∥∥2
Vt−1

)
.
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Let Nγ := {(1− γ)θ̃ + γθ, θ ∈ Θc
z∗} for γ > 0 that we choose later. We have

log
WTℓ+1

W1

= log


∫
θ∈Θc

z∗
exp

(
−ηp

∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

)
dθ∫

θ∈Θc
z∗
1dθ



≥ log


∫
θ∈Nγ

exp

(
−ηp

∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

)
dθ∫

θ∈Θc
z∗
1dθ



≥ log


∫
θ∈γΘc

z∗
exp

(
−ηp

∥∥∥(1− γ)θ̃ + θ − θ̂Tℓ+1

∥∥∥2
VTℓ

)
dθ∫

θ∈Θc
z∗
1dθ



= log


∫
θ∈Θc

z∗
γd exp

(
−ηp

∥∥∥(1− γ)θ̃ + γθ − θ̂Tℓ+1

∥∥∥2
VTℓ

)
dθ∫

θ∈Θc
z∗
1dθ



= log


∫
θ∈Θc

z∗
γd exp

(
−ηp

∥∥∥(1− γ)θ̃ + γθ − θ̂Tℓ+1

∥∥∥2
VTℓ

)
dθ∫

θ∈Θc
z∗
1dθ



≥ log


∫
θ∈Θc

z∗
γd exp

(
−ηp

(
(1− γ)

∥∥∥θ̃ − θ̂Tℓ+1

∥∥∥2
VTℓ

+ γ
∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

))
dθ∫

θ∈Θc
z∗
1dθ



≥ log


∫
θ∈Θc

z∗
γd exp

(
−ηp

(
(1− γ)

∥∥∥θ̃ − θ̂Tℓ+1

∥∥∥2
VTℓ

+ γ
∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

))
dθ∫

θ∈Θc
z∗
1dθ



≥ log


∫
θ∈Θc

z∗
γd exp

(
−ηp

(∥∥∥θ̃ − θ̂Tℓ+1

∥∥∥2
VTℓ

+ γTℓC1,ℓ

))
dθ∫

θ∈Θc
z∗
1dθ


= −ηp inf

θ∈Θc
z∗

∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

+ d log γ − ηpγTℓC1,ℓ.
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where the last inequality follows from the fact that for any θ ∈ Θ,

∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

=

Tℓ∑
t=1

(x⊤t (θ − θ̂Tℓ+1)
2 ≤ TℓC

2
3,ℓ

under E2,ℓ. Combining the two displays gives us

− ηp inf
θ∈Θc

z∗

∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

+ d log γ − ηpγTℓC1,ℓ

≤ −ηp
Tℓ∑
t=1

Eθ∼pt(Θc
z∗ )

[∥∥∥θ − θ̂t

∥∥∥2
xtx⊤t

+
∥∥∥θ − θ̂t+1

∥∥∥2
Vt
−
∥∥∥θ − θ̂t

∥∥∥2
Vt

]
+
Tℓη

2
pC

2
3,ℓ

2
.

Rearranging, we have

Tℓ∑
t=1

Eθ∼pt(Θc
z∗ )

[∥∥∥θ − θ̂t

∥∥∥2
xtx⊤t

+
∥∥∥θ − θ̂t+1

∥∥∥2
Vt
−
∥∥∥θ − θ̂t

∥∥∥2
Vt

]
− inf

θ∈Θc
z∗

∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

≤
ηpC

2
3,ℓTℓ

2
+
d log(1/γ)

ηp
+ γTℓC1,ℓ.

By choosing γ = 1
TℓC1,ℓ

and ηp =

√
d log(TℓC1,ℓ)

C2
3,ℓTℓ

, we have

Tℓ∑
t=1

Eθ∼pt(Θc
z∗ )

[∥∥∥θ − θ̂t

∥∥∥2
xtx⊤

t

+
∥∥∥θ − θ̂t+1

∥∥∥2
Vt

−
∥∥∥θ − θ̂t

∥∥∥2
Vt

]
− inf

θ∈Θc
z∗

∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

≤
√
TℓC2

3,ℓd log(TℓC1,ℓ),

so

1

Tℓ

[
Tℓ∑
t=1

Eθ∼pt(Θc
z∗ )

[∥∥∥θ − θ̂t

∥∥∥2
xtx⊤

t

+
∥∥∥θ − θ̂t+1

∥∥∥2
Vt

−
∥∥∥θ − θ̂t

∥∥∥2
Vt

]
− inf

θ∈Θc
z∗

∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

]
≤

√
C2

3,ℓd log(TℓC1,ℓ)

Tℓ
.

In other words,

1

Tℓ

[
Tℓ∑
t=1

Eθ∼p̃t
[∥∥∥θ − θ̂t

∥∥∥2
xtx⊤t

]
− inf

θ∈Θc
z∗

∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

]

≤

√
C2

3,ℓd log(TℓC1,ℓ)

Tℓ
+

1

Tℓ

Tℓ∑
t=1

Eθ∼p̃t
[∥∥∥θ − θ̂t+1

∥∥∥2
Vt
−
∥∥∥θ − θ̂t

∥∥∥2
Vt

]
.

By Lemma B.3.9, we have with probability 1− 1/ℓ2,

1

Tℓ

Tℓ∑
t=1

Fθ∼p̃t
[∥∥∥θ − θ̂t+1

∥∥∥2
Vt
−
∥∥∥θ − θ̂t

∥∥∥2
Vt

]
≤ C3,ℓ

√
2dβ(Tℓ, ℓ2)

Tℓ
log

(
d+ TℓL2

d

)
+C3,ℓ

√
2 log(ℓ2)

Tℓ
.
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Combining the above two displays gives us with probability 1− 1/ℓ2,

1

Tℓ

[
Tℓ∑
t=1

Eθ∼p̃t
[∥∥∥θ − θ̂t

∥∥∥2
xtx⊤t

]
− inf

θ∈Θc
z∗

∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

]

≤

√
C2

3,ℓd log(TℓC1,ℓ)

Tℓ
+ C3,ℓ

√
2dβ(Tℓ, ℓ2)

Tℓ
log

(
d+ TℓL2

d

)
+ C3,ℓ

√
2 log(ℓ2)

Tℓ
.

B.3.5 Approximation Guarantees

In this section, we present several technical lemmas bounding the terms related to the

approximation error of θ̂t to θ
∗ in each iteration t. More specifically, these lemmas show

upper bound on the terms in the decomposition in the proof of lemma B.3.4.

Lemma B.3.8 (S4). Under E2,ℓ, with probability 1− 1/ℓ2,

1

Tℓ

Tℓ∑
t=1

Fθ∼p̃t
[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

]
− 1

Tℓ

Tℓ∑
t=1

Fθ∼p̃t
[∥∥∥θ − θ̂t

∥∥∥2
xtx⊤t

]
≤

√
2C1,ℓ log ℓ2

Tℓ
.

Proof. Define Mt = Fθ∼p̃t
[∥∥∥θ − θ̂t

∥∥∥2
xtx⊤t

]
. Note that

Ext [Mt|Ft−1] = Fθ∼p̃t
[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

]
,

so M̃t =Mt − Fθ∼p̃t
[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

]
is a mean-zero martingale. Also, under E2,ℓ, |Mt| ≤ C1,ℓ,

then by Azuma-Hoeffding, we have with probability at least 1− 1
ℓ2
,
∑Tℓ

t=1 M̃t ≤
√
2C1,ℓTℓ log ℓ2,

so

1

Tℓ

Tℓ∑
t=1

Fθ∼p̃t
[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

]
− 1

Tℓ

Tℓ∑
t=1

Fθ∼p̃t
[∥∥∥θ − θ̂t

∥∥∥2
xtx⊤t

]
≤

√
2C1,ℓ log ℓ2

Tℓ
.

Lemma B.3.9 (CTℓ). Under E1,ℓ ∩ E2,ℓ, with probability 1− 1/ℓ2,

1

Tℓ

Tℓ∑
t=1

Fθ∼p̃t
[∥∥∥θ − θ̂t+1

∥∥∥2
Vt
−
∥∥∥θ − θ̂t

∥∥∥2
Vt

]
≤ C3,ℓ

√
2dβ(Tℓ, ℓ2)

Tℓ
log

(
d+ TℓL2

d

)
+C3,ℓ

√
2 log(ℓ2)

Tℓ
.
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Proof. We first consider some round t and some θ. By Lemma B.5.1,

∥∥∥θ − θ̂t

∥∥∥2
Vt−1

−
∥∥∥θ − θ̂t+1

∥∥∥2
Vt−1

≤ 2C3,ℓ(yt − x⊤t θ̂t).

Therefore,

1

Tℓ

Tℓ∑
t=1

Fθ∼p̃t
[∥∥∥θ − θ̂t

∥∥∥2
Vt−1

−
∥∥∥θ − θ̂t+1

∥∥∥2
Vt−1

]
≤ 2C3,ℓ

Tℓ

Tℓ∑
t=1

(yt − x⊤t θ̂t). (B.3)

Now, note that

yt − x⊤t θ̂t = x⊤t (θ
∗ − θ̂t) + ϵt

≤ ∥xt∥V −1
t−1

∥∥∥θ∗ − θ̂t

∥∥∥
Vt−1

+ ϵt

≤ ∥xt∥V −1
t−1

√
β(t, ℓ2) + ϵt. (by E1,ℓ)

Note that since ϵt ∼ N(0, 1) is 1-subGaussian, by Azuma-Hoeffding, we have with probability

1− 1/ℓ2,
Tℓ∑
t=1

ϵt ≤
√
2Tℓ log(ℓ2).

By summing it from 1 to Tℓ, we have under E1,ℓ, with probability 1− 1/ℓ2,

Tℓ∑
t=1

(yt − x⊤t θ̂t) ≤
Tℓ∑
t=1

√
β(t, ℓ2) ∥xt∥V −1

t−1
+

Tℓ∑
t=1

ϵt

≤
Tℓ∑
t=1

√
β(t, ℓ2) ∥xt∥V −1

t−1
+
√
2Tℓ log(ℓ2)

≤

√√√√Tℓ

Tℓ∑
t=1

β(t, ℓ2) ∥xt∥2V −1
t−1

+
√
2Tℓ log(ℓ2) (by Cauchy-Schwarz)

≤

√√√√Tℓβ(Tℓ, ℓ2)

Tℓ∑
t=1

∥xt∥2V −1
t−1

+
√
2Tℓ log(ℓ2) (by Cauchy-Schwarz)

≤

√
Tℓβ(Tℓ, ℓ2)2d log

(
d+ TℓL2

d

)
+
√

2Tℓ log(ℓ2).

(by Elliptical potential lemma [Abbasi-Yadkori et al., 2011])

Plugging this in Equation B.3 gives the result.
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Lemma B.3.10 (C ′
Tℓ
). Under E1,ℓ ∩ E2,ℓ, we have

max
λ∈△X

1

Tℓ

Tℓ∑
t=1

Fθ∼pt
[
∥θ∗ − θ∥2A(λ)

]
− max

λ∈△X

1

Tℓ

Tℓ∑
t=1

Fθ∼pt
[∥∥∥θ̂t − θ

∥∥∥2
A(λ)

]
≤ T2(ℓ)L

2β(T2(ℓ), ℓ
2)

Tℓ
+ 4dβ(Tℓ, ℓ

2)T
−3/4
ℓ .

Proof. We have

max
λ∈△X

1

Tℓ

Tℓ∑
t=1

Fθ∼pt
[
∥θ∗ − θ∥2A(λ)

]
− max

λ∈△X

1

Tℓ

Tℓ∑
t=1

Fθ∼pt
[∥∥∥θ̂t − θ

∥∥∥2
A(λ)

]

≤ max
λ∈△X

1

Tℓ

Tℓ∑
t=1

Fθ∼pt
[
∥θ∗ − θ∥2A(λ) −

∥∥∥θ̂t − θ
∥∥∥2
A(λ)

]
.

We fix some θ and λ. Note that

∥θ∗ − θ∥2A(λ) −
∥∥∥θ̂t − θ

∥∥∥2
A(λ)

= (θ∗ + θ̂t − 2θ)⊤A(λ)(θ∗ − θ̂t)

=
∑
x∈X

λx(θ
∗ + θ̂t − 2θ)⊤xx⊤(θ∗ − θ̂t)

≤ max
x∈X

(θ∗ + θ̂t − 2θ)⊤xx⊤(θ∗ − θ̂t)

≤ (C3,ℓ +∆max)max
x∈X

x⊤(θ∗ − θ̂t).

Therefore,

max
λ∈△X

1

Tℓ

Tℓ∑
t=1

Fθ∼pt
[
∥θ∗ − θ∥2A(λ) −

∥∥∥θ̂t − θ
∥∥∥2
A(λ)

]
≤ (C3,ℓ +∆max)max

x∈X

1

Tℓ

Tℓ∑
t=1

〈
θ̂t − θ∗, x

〉
.

(B.4)

By Lemma B.3.15, under E3,ℓ ∩ E1,ℓ, for any t ≥ T2(ℓ) + 1, we have for any x ∈ X ,〈
x, θ̂t − θ∗

〉
≤ d

t3/4
β(t, ℓ2).

Also, by Lemma B.4.2, under E1,ℓ, we have for any t ≥ 1,〈
x, θ̂t − θ∗

〉
≤ L2β(t, ℓ2).
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Therefore,

max
x∈X

1

Tℓ

Tℓ∑
t=1

〈
θ̂t − θ∗, x

〉

≤ max
x∈X

1

Tℓ

T2(ℓ)∑
t=1

〈
θ̂t − θ∗, x

〉
+

Tℓ∑
t=T2(ℓ)+1

〈
θ̂t − θ∗, x

〉
≤ 1

Tℓ

T2(ℓ)L2β(T2(ℓ), ℓ
2) +

Tℓ∑
t=T2(ℓ)+1

d

t3/4
β(t, ℓ2)

 (by Lemma B.4.2 and B.3.15)

≤ 1

Tℓ

[
T2(ℓ)L

2β(T2(ℓ), ℓ
2) + dβ(Tℓ, ℓ

2)

∫ Tℓ

t=T2(ℓ)

t−3/4dt

]
=

1

Tℓ

[
T2(ℓ)L

2β(T2(ℓ), ℓ
2) + dβ(Tℓ, ℓ

2)(4T
1/4
ℓ − 4T2(ℓ)

1/4)
]

≤ T2(ℓ)L
2β(T2(ℓ), ℓ

2)

Tℓ
+ 4dβ(Tℓ, ℓ

2)Tℓ
−3/4.

Plugging this in Equation B.4 gives us

max
λ∈△X

1

Tℓ

Tℓ∑
t=1

Fθ∼pt
[
∥θ∗ − θ∥2A(λ) −

∥∥∥θ̂t − θ
∥∥∥2
A(λ)

]
≤ T2(ℓ)L

2β(T2(ℓ), ℓ
2)

Tℓ
+ 4dβ(Tℓ, ℓ

2)T
−3/4
ℓ .

Lemma B.3.11 (C ′′
Tℓ
). Assume that Θ is closed. Then, we have under E1,ℓ ∩ E2,ℓ,∣∣∣∣ 1Tℓ inf

θ∈Θc
z∗

∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

− 1

Tℓ
inf
θ∈Θc

z∗

∥θ∗ − θ∥2VTℓ

∣∣∣∣ ≤ (C3,ℓ +∆max)

√
β(Tℓ, ℓ2)

Tℓ
.

Proof. Let θ1 := arg inf
θ∈Θc

z∗

∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

and θ2 := arg inf
θ∈Θc

z∗

∥θ − θ∗∥2VTℓ . We have

inf
θ∈Θc

z∗

∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

− inf
θ∈Θc

z∗

∥θ∗ − θ∥2VTℓ

≤
∥∥∥θ̂Tℓ+1 − θ2

∥∥∥2
VTℓ

− ∥θ∗ − θ2∥2VTℓ

=

(∥∥∥θ̂Tℓ+1 − θ2

∥∥∥
VTℓ

− ∥θ∗ − θ2∥VTℓ

)(∥∥∥θ̂Tℓ+1 − θ2

∥∥∥
VTℓ

+ ∥θ∗ − θ2∥VTℓ

)
.

≤
∥∥∥θ̂Tℓ+1 − θ∗

∥∥∥
VTℓ

(∥∥∥θ̂Tℓ+1 − θ2

∥∥∥
VTℓ

+ ∥θ∗ − θ2∥VTℓ

)
.
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Note that under E2,ℓ,

∥∥∥θ̂Tℓ+1 − θ1

∥∥∥
VTℓ

=

√√√√ Tℓ∑
t=1

(x⊤t (θ̂Tℓ+1 − θ1))2 ≤ C3,ℓ

√
Tℓ;

∥θ∗ − θ2∥VTℓ =

√√√√ Tℓ∑
t=1

(x⊤t (θ
∗ − θ2))2 ≤ ∆max

√
Tℓ.

Therefore,

inf
θ∈Θc

z∗

∥∥∥θ − θ̂Tℓ+1

∥∥∥2
VTℓ

− inf
θ∈Θc

z∗

∥θ∗ − θ∥2VTℓ

≤ (C3,ℓ +∆max)
√
Tℓ

∥∥∥θ̂Tℓ+1 − θ∗
∥∥∥
VTℓ

≤ (C3,ℓ +∆max)
√
Tℓβ(Tℓ, ℓ2). (by E1,ℓ)

We use the above lemma to bound the term that relates p̃t to pt.

Lemma B.3.12 (p̃t to pt). Under E2,ℓ ∩ E4,ℓ for Tℓ ≥ T0,

1

Tℓ

Tℓ∑
t=1

Fθ∼pt
[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

]
− 1

Tℓ

Tℓ∑
t=1

Fθ∼p̃t
[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

]
≤

2C2
3,ℓT0(ℓ)

Tℓ
.

Proof. Note that p̃t = pt under E4,ℓ,

1

Tℓ

Tℓ∑
t=1

(
Fθ∼pt

[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

]
− Fθ∼p̃t

[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

])

=
1

Tℓ

T0(ℓ)∑
t=1

(
Fθ∼pt

[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

]
− Fθ∼p̃t

[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

])

+
1

Tℓ

Tℓ∑
t=T0(ℓ)+1

(
Fθ∼pt

[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

]
− Fθ∼p̃t

[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

])

=
1

Tℓ

T0(ℓ)∑
t=1

(
Fθ∼pt

[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

]
− Fθ∼p̃t

[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

])
.
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Since for any θ ∈ Θ, under E2,ℓ,∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

=
∑
x∈X

λ̃t,x

∥∥∥θ − θ̂t

∥∥∥2
xx⊤

≤ max
x∈X

∥∥∥θ − θ̂t

∥∥∥2
xx⊤

≤ C2
3,ℓ,

we have

1

Tℓ

T0(ℓ)∑
t=1

(
Fθ∼pt

[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

]
− Fθ∼p̃t

[∥∥∥θ − θ̂t

∥∥∥2
A(λ̃t)

])
≤

2C2
3,ℓT0(ℓ)

Tℓ
.

B.3.6 Guarantees on sampling and learning the estimate

In this section we provide some general guarantees on sampling together with a threshold

after which each arm gets enough samples and . Consider a setting where at each time we

receive a distribution λ̃ = (1− γt)λt + γtP for a fixed distribution P .

Lemma B.3.13. Fix a distribution P on X with full support. On an event that is true with

probability greater than 1− δ, for any 0 < α < 1/2 there exists a T1 := T1(α, δ, T ) such that

for any t ≥ T1,

Vt ≥
c

1− α
A(P )t1−α.

Proof. Fix x ∈ X , let Nt,x =
∑t

s=1 Zs where Zs = 1 if xs = x else 0. Then,

Vt =
∑

x∈X
∑t

s=1 Zsxx
⊤. We assume that γs = 1/sα, s ≥ 1.
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Note that P(Zs = 1|Fs−1) = (1− γs)λs,x + γsPx. So for t > 1,

P

(
t∑

s=1

Zs ≤ cPx

t∑
s=1

γs

)
= P

(
t∑

s=1

Zs − (1− γs)λs,x − γsPx ≤
t∑

s=1

cPxγs − (1− γs)λs,x − γsPx

)

= P

(
t∑

s=1

Zs − (1− γs)λs,x − γsPx ≤
t∑

s=1

(c− 1)Pxγs − (1− γs)λs,x

)

≤ P

(
t∑

s=1

Zs − (1− γs)λs,x − γsPx ≤
t∑

s=1

(c− 1)Pxγs

)

≤ P

(
t∑

s=1

Zs − (1− γs)λs,x − γsPx ≤ −
t∑

s=1

(1− c)Pxγs

)

≤ exp

−1

t

(
t∑

s=1

(1− c)Pxγs

)2
 (Azuma-Hoeffding)

= exp

−

(
(1− c)Px√

t

t∑
s=1

γs

)2


≤ exp

(
−
(
(1− c)Px√

t

t1−α − 1

1− α

)2
)

(
∑t

s=1
1
sα

≥ t1−α−1
1−α )

≤ exp

(
−
(
(1− c)Px

t1/2−α − t−1/2

1− α

)2
)

≤ exp

(
−
(
(1− c)Px
2(1− α)

t1/2−α
)2
)

(t1/2−α − t−1/2 > 1
2
t1/2−α, t ≥ 2)

≤ exp

(
−
(
(1− c)Px
2(1− α)

)2

t1−2α

)
This implies that with the sequence γs = 1/sα, α < 1/2 (to ensure 1 − 2α > 0), with

probability greater than 1− δ we have

Nt,x =
t∑

s=1

Zs ≥ cPx

t∑
s=1

γs ≥
cPx
1− α

(t1−α − 1) whenever t ≥

(
2(1− α)

√
log(1/δ)

(1− c)Px

) 2
1−2α

.

The lemma below states that there exists some time T2 such that all the arms get enough

samples.
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Lemma B.3.14. For T2(ℓ) = maxx∈X

(
6
√

log(|X |Tℓℓ2)
λGx

)4

, we have

P (E3,ℓ) ≥ 1− 1/ℓ2.

Proof. By Lemma B.3.13 with a choice of c = 1−α, α = 1
4
, δ = 1

|X |Tℓℓ2
, and P = λG, we have

for any t ≥
(

2(1−α)
√

log(1/δ)

(1−c)Px

) 2
1−2α

=

(
6
√

log(|X |Tℓℓ2)
λGx

)4

, we have P(Vt ≥ t3/4A(λG)) ≥ 1− 1
|X |Tℓℓ2

.

Let T2(ℓ) := maxx∈X

(
6
√

log(|X |Tℓℓ2)
λGx

)4

, union bounding for t ∈ [T2, Tℓ] and x ∈ X gives the

result.

Lemma B.3.15. Under E3,ℓ ∩ E1,ℓ, for any t ≥ T2(ℓ) + 1, we have for any x ∈ X ,〈
x, θ̂t − θ∗

〉
≤ d

t3/4
β(t, ℓ2).

Proof. Let Nt,x be the number of times arm x gets pulled at round t. By Lemma B.3.14, for

t ≥ T2(ℓ) + 1, under E3,ℓ, we have

Vt−1 =
∑
x∈X

Nt−1,xxx
⊤ ≥ t3/4A(λG).

Therefore, for any x ∈ X ,

∥x∥2V −1
t−1

≤ 1

t3/4
∥x∥2A(λG)−1 ≤

d

t3/4

by Kiefer-Wolfowitz. Therefore, under E1,ℓ, for any x ∈ X ,〈
x, θ̂t − θ∗

〉
≤ ∥x∥2V −1

t−1

∥∥∥θ̂t − θ∗
∥∥∥2
Vt−1

≤ d

t3/4

∥∥∥θ̂t − θ∗
∥∥∥2
Vt−1

≤ d

t3/4
β(t, ℓ2).

The following lemma provides a guarantee that we eventually finds z∗.
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Lemma B.3.16. For T0(ℓ) = max

{(
dβ(Tℓ,ℓ

2)maxz∈Z∥z∥1
∆min

)4/3
, T2(ℓ) + 1

}
, we have P(E4,ℓ|E1,ℓ∩

E3,ℓ) ≥ 1− 1/ℓ2.

Proof. By Lemma B.3.15, we know that for any t ≥ T2(ℓ) + 1, under E1,ℓ ∩ E3,ℓ we have for

any x ∈ X , 〈
x, θ̂t − θ∗

〉
≤ d

t3/4
β(t, ℓ2).

Since the span of Z is in the subset of X , for any z ∈ Z, we write z∗− z =
∑

x∈X αz,xx. Then

(z∗ − z)⊤(θ∗ − θ̂t) =
∑
x∈X

αz,xx
⊤(θ∗ − θ̂t)

≤
∑
x∈X

αz,x
d

t3/4
β(t, ℓ2)

≤ max
z∈Z

∥z∥1
d

t3/4
β(t, ℓ2).

Then, for any t >
(
dβ(t,ℓ2)maxz∈Z∥z∥1

∆min

)4/3
, we have

max
z∈Z

∥z∥1
d

t3/4
β(t, ℓ2) < ∆min,

which implies that for any z,

(z∗ − z)⊤(θ∗ − θ̂t) < ∆min

⇒(z∗ − z)⊤(θ̂t − θ∗) > −∆min

⇒(z∗ − z)⊤θ̂t > 0,

which implies that ẑt = z∗.

B.4 Bounds and Events that Hold True Each Round

The following lemma states an anytime confidence bound for the least-squares estimator. It

is a restatement of Theorem 20.5 of Lattimore and Szepesvári [2020] in our setting.

Lemma B.4.1 (E1,ℓ). With probability 1− 1/ℓ2, for all t, we have∥∥∥θ̂t − θ∗
∥∥∥2
Vt−1

≤ B +

√
2 log(ℓ2) + d log

(
d+ tL2

d

)
.
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Proof. Follows from Theorem 20.5 of Lattimore and Szepesvári [2020].

Lemma B.4.2 (E2,ℓ). Under E1,ℓ, we have for any x ∈ X and any t ∈ [1, Tℓ],
〈
x, θ̂t

〉
≤

∆max + L2β(Tℓ, ℓ
2).

Proof. For any x ∈ X , 〈
x, θ̂t

〉
= ⟨x, θ∗⟩+

〈
x, θ̂t − θ∗

〉
≤ ∆max + ∥x∥2V −1

t−1

∥∥∥θ̂t − θ∗
∥∥∥2
Vt−1

≤ ∆max + ∥x∥2V −1
t−1

β(t, ℓ2). (under E1,ℓ)

Since we have

Vt−1 = V0 +
t−1∑
s=1

xsx
⊤
s ,

for V0 = I, we have the minimum eigenvalue σmin(Vt−1) ≥ σmin(V0) + σmin

(∑t−1
s=1 xsx

⊤
s

)
≥ 1,

so

σmax(V
−1
t−1) =

1

σmin(Vt−1)
≤ 1,

which implies that

max
x∈X

∥x∥2V −1
t−1

≤ σmax(V
−1
t−1)max

x∈X
∥x∥22 ≤ L2.

Therefore, 〈
x, θ̂t

〉
≤ ∆max + L2β(t, ℓ2) ≤ ∆max + L2β(Tℓ, ℓ

2).

B.5 Technical Lemmas

Lemma B.5.1 (Recursive Least Squares Guarantee). In any round ℓ, conditional on event

E1,ℓ ∩ E2,ℓ, for any θ ∈ Θ and any t ∈ [1, Tℓ] we have∥∥∥θ − θ̂t+1

∥∥∥2
Vt
−
∥∥∥θ − θ̂t

∥∥∥2
Vt

≤ 2C3,ℓ(yt − x⊤t θ̂t) ≤ 2C3,ℓ(C1,ℓ + 1),

assuming that all rewards are bounded in [−1, 1].
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Proof. We first consider some round t and some θ. Note that θ̂t = V −1
t X⊤

t Yt. Then

θ̂t+1 = (Vt−1 + xtx
⊤
t )

−1(X⊤
t−1Yt−1 + xtyt)

=

(
V −1
t−1 −

V −1
t−1xtx

⊤
t V

−1
t−1

1 + x⊤t V
−1
t−1xt

)
(X⊤

t−1Yt−1 + xtyt)

= θ̂t −
V −1
t−1xtx

⊤
t θ̂t

1 + x⊤t V
−1
t−1xt

+ V −1
t−1xtyt −

V −1
t−1xtx

⊤
t V

−1
t−1xtyt

1 + x⊤t V
−1
t−1xt

= θ̂t −
V −1
t−1xtx

⊤
t θ̂t

1 + x⊤t V
−1
t−1xt

+
V −1
t−1xtyt(1 + x⊤t V

−1
t−1xt)− x⊤t V

−1
t−1xtV

−1
t−1xtyt

(1 + x⊤t V
−1
t−1xt)

= θ̂t −
V −1
t−1xtx

⊤
t θ̂t

1 + x⊤t V
−1
t−1xt

+
V −1
t−1xtyt

(1 + x⊤t V
−1
t−1xt)

= θ̂t +
V −1
t−1xt(yt − x⊤t θ̂t)

1 + x⊤t V
−1
t−1xt

Hence

θ̂t+1 − θ̂t =
V −1
t−1xt

1 + x⊤t V
−1
t−1xt

(yt − x⊤t θ̂t)

and

Vt(θ̂t+1 − θ̂t) =
VtV

−1
t−1xt

1 + x⊤t V
−1
t−1xt

(yt − x⊤t θ̂t)

=
(I + xtx

⊤
t V

−1
t−1)xt

1 + x⊤t V
−1
t−1xt

(yt − x⊤t θ̂t)

=
xt(1 + x⊤t V

−1
t−1xt)

1 + x⊤t V
−1
t−1xt

(yt − x⊤t θ̂t)

= (yt − x⊤t θ̂t)xt
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Then ∥∥∥θ − θ̂t+1

∥∥∥2
Vt
−
∥∥∥θ − θ̂t

∥∥∥2
Vt

= (θ̂t+1 − θ̂t)
⊤Vt(θ̂t+1 + θ̂t − 2θ)

= (yt − x⊤t θ̂t)x
⊤
t (θ̂t+1 + θ̂t − 2θ)

≤ 2C3,ℓ(yt − x⊤t θ̂t)

≤ 2C3,ℓ(C1,ℓ + 1)

assuming all rewards are bounded by 1.

Lemma B.5.2. For any open set Θ̃ ⊂ Θ, we have∫
Θ̃

exp

(
−Tℓ

2

(
∥θ∗ − θ∥2A(ēTℓ )

))
dθ

.
= exp

(
−Tℓ

2
inf
θ∈Θ̃

∥θ∗ − θ∥2A(ēTℓ )
)
.

Proof. The following argument is inspired by an analogous one in Lemma 11 of Russo

[2016]. Let ιℓ :=
∫
Θ̃
exp

(
−Tℓ

2
∥θ∗ − θ∥2A(ēTℓ )

)
dθ and WTℓ(θ) := 1

2
∥θ∗ − θ∥2A(ēTℓ ). Also, let

θ̃ℓ ∈ closure(Θ̃) be a point that attains the infimum, i.e.

θ̃ℓ := arg inf
θ∈Θ̃

∥θ∗ − θ∥2A(ēTℓ ) .

Such a point must exist by the continuity of WTℓ(θ) and closure(Θ̃) being compact. Then,

we first observe that∫
Θ̃

exp

(
−Tℓ

2
∥θ∗ − θ∥2A(ēTℓ )

)
dθ ≤ Vol(Θ̃) exp

(
−Tℓ

2

∥∥∥θ∗ − θ̃ℓ

∥∥∥2
A(ēTℓ )

)
,

so

lim sup
ℓ→∞

1

Tℓ
log(ιℓ) +WTℓ(θ̃ℓ) ≤ 0.
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Second, we fix some arbitrary ϵ > 0. Note that for any θ, θ′ ∈ Θ,

|WTℓ(θ)−WTℓ(θ
′)| = 1

2

(
∥θ∗ − θ∥2A(ēTℓ ) − ∥θ∗ − θ′∥2A(ēTℓ )

)
=

1

2

(
(2θ∗ − θ − θ′)⊤A(ēTℓ)(θ − θ′)

)
=

1

2Tℓ

Tℓ∑
t=1

(
(2θ∗ − θ − θ′)⊤xtx

⊤
t (θ − θ′)

)
≤ ∆maxmax

x∈X
x⊤(θ − θ′)

≤ ∆maxmax
x∈X

∥x∥2 ∥θ − θ′∥2

≤ L∆max ∥θ − θ′∥2 .

Then, there exists δ > 0 such that

∥θ − θ′∥2 < δ ⇒ |WTℓ(θ)−WTℓ(θ
′)| < ϵ.

Then, we take a δ-cover of Θ with ∥·∥2, and intersect them with Θ̃, and denote the resulting

cover as O. Then, θ̃ℓ ∈ O for some O ∈ O. Since we know that Vol(O) > 0 for any O ∈ O,

we have

ιℓ ≥
∫
O

exp (−TℓWTℓ(θ)) dθ ≥ Vol(O) exp
(
−Tℓ

(
WTℓ

(
θ̃ℓ

)
− ϵ
))

.

Taking logarithm on both sides implies that

1

Tℓ
log (ιℓ) +WTℓ

(
θ̃ℓ

)
≥ Vol(O)

Tℓ
− ϵ→ −ϵ.

Since we choose ϵ > 0 arbitrarily, we have

lim inf
ℓ→∞

1

Tℓ
log (ιℓ) +WTℓ

(
θ̃ℓ

)
≥ 0.

Therefore, limℓ→∞
1
Tℓ
log (ιℓ) +WTℓ

(
θ̃ℓ

)
= 0 and the statement follows.

B.6 Supplementary Plots

In this section, we present more supplementary plots. All experiments in the main text and

supplement are run on a computing cluster with 64 AMD EPYC 7302 16-Core Processor
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(1500 MHz) with 1TB of RAM. For LinGame, LinGapE, and Oracle algorithms, we directly

use the existing implementation from Tirinzoni and Degenne [2022] with the open-source

GitHub link: https://github.com/AndreaTirinzoni/bandit-elimination.

We demonstrate that the computational cost of our algorithm is not heavy. We first plot

the average number of rejection samples taken to get some θ ∈ Θc
ẑt
in the alternative and the

running time for our algorithm to demonstrate the computation cost rejection sampling takes.

Figures B.1 and B.2 show the result. By comparing Figure B.1 with Figure 3.1, we see that

the number of rejection samples needed to get some θ ∈ Θc
ẑt
is generally less than 30 until

δ < 0.01. This shows that the computational burden for rejection sampling is generally not

large unless we have basically solved the problem. Also, we can see from Figure B.2 that the

running time per iteration is generally very small, which means our algorithm runs very fast.

Figure B.1: Average number of rejection samples taken until finding some θ ∈ Θc
ẑt

Figure B.2: Average clock time per iteration for PEPS under three scenarios
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To make a clear comparison of the sampling part in our method with computing the best

alternative step in LinGame, we implemented our algorithm, PEPS, in Julia and compared

its clock time to existing LinGame implementations on a sphere instance with varying arm

numbers, denoted as K. We run both algorithms for a fixed budget of 1000 iterations across

100 trials and compute the average clock time per iteration. We assessed both methods for

K = 50, 200, 1000, 5000, 10000, 20000, with results presented in milliseconds. Table B.2 shows

the results. We can see that our method consistently running faster than the benchmark

LinGame, particularly as the number of arms increases. This distinction becomes especially

significant when K = 10000 and K = 20000, which corresponds to the case that calculating

the best alternative is expensive. Therefore, our method maintains efficiency even in scenarios

when computing the alternative is really expensive.

K = 50 K = 200 K = 1000 K = 5000 K = 10000 K = 20000

PEPS 0.132 0.484 0.681 3.770 6.710 17.110

LinGame 0.152 0.596 3.265 18.610 46.762 126.683

Table B.2: Average clock time per iteration for PEPS and LinGame under the sphere instance

with d = 6 and various number of arms K. Numbers are displayed in milliseconds.
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Appendix C

APPENDIX TO CHAPTER 4

C.1 Proofs for Section 4.2

Let QX,0 be the marginal distribution of X under P0, and let QY ∗,0 and QY †,0 be respectively

the conditional distribution of Y ∗ and Y † given A, X under P0. Let {Pϵ : ϵ ∈ R} ⊂ M be a

parametric submodel that is such that Pϵ = P0 when ϵ = 0. This submodel is defined so that

the marginal distribution of X and the conditional distributions of Y † and Y ∗ given (A,X)

satisfy

dQX,ϵ(x) = (1 + ϵSX(x))dQX,0(x), where E0 [SX(x)] = 0 and sup
x

|SX(x)| ≤ m <∞,

(C.1)

dQY †,ϵ(z | a, x) = (1 + ϵSY †(z | a, x)) dQY †,0(z | a, x), (C.2)

where E0 [SY † | A,X] = 0 P0-a.s. and sup
x,a,z

|SY †(z | a, x)| <∞, and

dQY ∗,ϵ(y | a, x) = (1 + ϵSY ∗(y | a, x)) dQY ∗,0(y | a, x) (C.3)

where E0 [SY ∗ | A,X] = 0 P0-a.s. and sup
x,a,y

|SY ∗(y | a, x)| <∞.

We let qb,ϵ(x) = qb(Pϵ)(x) and sb,ϵ(x) = sb(Pϵ)(x).

Proof of Lemma 4.2.1. Note that π∗
P (x) = I{qb(P )(x) > 0} for all x ∈ X . Following the idea

of the proof of Theorem 3 in Luedtke and Van Der Laan [2016], we observe that

Ψ∗(P )− EPEP [Y † | A = 0, X] = EP [π∗
P (X)sb(P )(X)] .
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By a telescoping argument,

Ψ∗(Pϵ)−Ψ∗(P0) = EPϵEPϵ [Y
†|A = π∗

Pϵ
(X), X]− EP0EP0 [Y

†|A = π∗(X), X]

= EPϵEPϵ [Y
†|A = π∗

Pϵ
(X), X]− EPϵEPϵ [Y

†|A = π∗(X), X]

+ EPϵEPϵ [Y
†|A = π∗(X), X]− EP0EP0 [Y

†|A = π∗(X), X]

= EPϵ [(I(qb,ϵ > 0)− I(qb,0 > 0)) · sb,ϵ] + Ψπ∗(Pϵ)−Ψπ∗(P0). (C.4)

It is known that for a fixed π, Ψπ is pathwise differentiable with gradient D(π, P0). We shall

now show that the first term is o(ϵ). Letting B1 := {x ∈ X : qb,0(x) = 0}, we have

EPϵ [(I (qb,ϵ > 0)− I (qb,0 > 0)) sb,ϵ]

=

∫
X\B1

(I (qb,ϵ > 0)− I (qb,0 > 0)) sb,ϵdQX,ϵ +

∫
B1

(I (qb,ϵ > 0)− I (qb,0 > 0)) sb,ϵdQX,ϵ.

Under Condition 1, we know that Pr0(qb,0(X) ̸= 0) = 1, so the second term is zero. Then we

aim to show that the first term is o(|ϵ|). Note that∣∣∣∣∫
X\B1

(I (qb,ϵ > 0)− I (qb,0 > 0)) sb,ϵdQX,ϵ

∣∣∣∣ ≤ ∫
X\B1

|(I (qb,ϵ > 0)− I (qb,0 > 0)) sb,ϵ| dQX,ϵ

≤
∫
X\B1

I (|qb,0| < |qb,ϵ − qb,0|) |sb,ϵ| dQX,ϵ

by looking at the sign of qb,ϵ and qb,0. Also,

qb,ϵ(x) =

∫
y (dQY ∗,ϵ(y | A = 1, X = x)− dQY ∗,ϵ(y | A = 0, X = x))

= qb,0(x) + ϵ (E0 [Y
∗SY ∗(Y ∗ | 1, X) | A = 1, X = x]− E0 [Y

∗SY ∗(Y ∗ | 0, X) | A = 0, X = x])

= qb,0(x) + ϵh̄(x)

where

h̄(x) = E0[Y
∗SY ∗(Y ∗|1, X)|A = 1, X = x]− E0[Y

∗SY ∗(Y ∗|0, X)|A = 0, X = x].

Similarly, sb,ϵ(x) = sb,0(x) + ϵ · h̃(x) where

h̃(x) = E0[Y
†SY †(Y †|1, X)|A = 1, X = x]− E0[Y

†SY †(Y †|0, X)|A = 0, X = x].
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Note that h̃ and h̄ are uniformly bounded since Y ∗, Y †, SY ∗ , and SY † are bounded. Let

H = max{supx |h̄(x)|,

supx |h̃(x)|}. Therefore,∫
X\B1

I (|qb,0| < |qb,ϵ − qb,0|) |sb,ϵ| dQX,ϵ ≤
∫
X\B1

I (|qb,0| < H|ϵ|) (|sb,0|+H|ϵ|) dQX,ϵ

≤ (1 +m|ϵ|)
∫
X\B1

I (|qb,0| < H|ϵ|) (|sb,0|+H|ϵ|) dQX,0

= (1 +m|ϵ|)
∫
X\B1

I (0 < |qb,0| < H|ϵ|) (|sb,0|+H|ϵ|) dQX,0.

Denote X̃ = X \B1. Under the first condition, define the set

B2,t = {x ∈ X̃ : |sb,0(x)| < Ct−1|qb,0(x)|}.

Then∫
X\B1

I (|qb,0| < H|ϵ|) (|sb,0|+H|ϵ|) dQX,0

=

∫
X̃
I (0 < |qb,0| < H|ϵ|) (|sb,0|+H|ϵ|) dQX,0

=

∫
B2,t

I (0 < |qb,0| < H|ϵ|) (|sb,0|+H|ϵ|) dQX,0 +

∫
X̃ \B2,t

I (0 < |qb,0| < H|ϵ|) (|sb,0|+H|ϵ|) dQX,0.

On one hand, note that for x ∈ B2,t and under the fact that |qb,0(x)| ≤ H|ϵ| we have

|sb(x)| ≤ CHt−1|ϵ|. define C2 such that P0(0 < |qb,0(X)| < t) ≤ C2t
γ for any t > 0, the first

term∫
B2,t

I (0 < |qb,0| < H|ϵ|) (|sb,0|+H|ϵ|) dQX,0 ≤
∫
B2,t

I (0 < |qb,0| < H|ϵ|)
(
CHt−1|ϵ|+H|ϵ|

)
dQX,0

≤
(
CHt−1|ϵ|+H|ϵ|

)
P0 (0 < |qb,0(X)| < H|ϵ|)

≤
(
Ct−1|ϵ|+H|ϵ|

)
C2(H|ϵ|)γ (C.5)

for t < 1. For the second term, let C3 := supx |sb,0(x)|, we have∫
X̃ \B2,t

I (0 < |qb,0| < H|ϵ|) (|sb,0|+H|ϵ|) dQX,0

≤ (C3 +H|ϵ|)P0(0 < |sb,0(X)| > Ct−1|qb,0(X)|))

≤ (C3 +H|ϵ|)tζ
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where the last inequality follows from Condition 1. Therefore, the sum is bounded by

(
Ct−1|ϵ|+H|ϵ|

)
C2(H|ϵ|)γ + (C3 +H|ϵ|)tζ .

Taking t = |ϵ|
1+γ
ζ+1 gives that this is O(|ϵ|1+γ−

1+γ
ζ+1 ), which is o(|ϵ|) given that γ > 1

ζ
. Combining

all of the results above gives

lim
ϵ→0

1

ϵ
EPϵ [(I (qb,ϵ > 0)− I (qb,0 > 0)) sb,ϵ] = 0.

Therefore, Ψ∗ is pathwise differentiable, and, per (C.4), has the same canonical gradient as

the parameter Ψπ∗ , namely D(π∗, P0).

Proof of Theorem 4.2.2. We would first like to show that ψOS,n is an asymptotically linear

estimator of ψ0. For simplicity of notation, we let π∗
n := π∗

P̂n
and drop the dependence of

π in the definition of Ψπ in this proof. Note that ψOS,n − ψ0 = (Pn − P0)D(P0) + (Pn −

P0)[D(P̂n)−D(P0)] +R(P̂n, P0). Note that the first term (Pn − P0)D(P0) is the linear term

and (Pn − P0)[D(P̂n)−D(P0)] = oP0(n
−1/2) under the Donsker condition and the fact that

∥D(P̂n) − D(P0)∥2
p→ 0 (Lemma 19.24 of Van der Vaart [2000]). To show that ψOS,n is

asymptotically linear, we only need to argue that the remainder term R(P̂n, P0) is oP0(n
−1/2).

Note that

P0D(P̂n) = E0

[
I{A = π∗

n(X)}
pn(A|X)

(Y † − s(A,X)) + s(π∗
n(X), X)−Ψ(P̂n)

]
= E0

[
I{A = π∗

n(X)}
pn(A|X)

(s0(A,X)− s(A,X)) + s(π∗
n(X), X)−Ψ(P̂n)

]
,
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by the law of total expectation. Therefore,

R(P̂n, P0) = Ψ(P̂n)−Ψ(P0) + P0D(P̂n)

=

∫ {
I{a = π∗

n(x)}
pn(a|x)

(s0(a, x)− sn(a, x)) + sn(π
∗
n(x), x)− s0(π

∗(x), x)

}
dP0(a, x)

=

∫ (
I{a = π∗

n(x)}
pn(a|x)

− 1

)
[s0(π

∗
n(x), x)− sn(π

∗
n(x), x)]dP0(a, x) + Ψπ∗

n
(P0)−Ψπ∗(P0)

=

∫∫ (
I{a = π∗

n(x)}
pn(a|x)

− 1

)
[s0(π

∗
n(x), x)− sn(π

∗
n(x), x)]p0(a|x)da dP0(x)

+ Ψπ∗
n
(P0)−Ψπ∗(P0)

=

∫ (
p0(π

∗
n(x)|x)

pn(π∗
n(x)|x)

− 1

)
[s0(π

∗
n(x), x)− sn(π

∗
n(x), x)]dP0(x)

+ Ψπ∗
n
(P0)−Ψπ∗(P0)

=: R1n +R2n.

The first term R1n is oP0(n
−1/2) under under Condition 4 — see Proposition C.1.1. As

for the second term R2n, Proposition C.1.2 shows that it is oP0(n
−1/2) under the margin

condition.

Proposition C.1.1. Under Condition 4, R1n = oP0(n
−1/2).

Proof. By Jensen’s inequality, the fact that π∗
n(x) ∈ {0, 1} for all x, the fact that (b+ c) ≤
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2max{b, c} for b, c ∈ R, and Cauchy-Schwarz, we have that

|R1n| =
∣∣∣∣∫ (p0(π∗

n(x)|x)
pn(π∗

n(x)|x)
− 1

)
[s0(π

∗
n(x), x)− sn(π

∗
n(x), x)]dP0(x)

∣∣∣∣
≤
∫ ∣∣∣∣(p0(π∗

n(x)|x)
pn(π∗

n(x)|x)
− 1

)
[s0(π

∗
n(x), x)− sn(π

∗
n(x), x)]

∣∣∣∣ dP0(x)

≤
∫ 1∑

a=0

∣∣∣∣(p0(a|x)pn(a|x)
− 1

)
[s0(a, x)− sn(a, x)]

∣∣∣∣ dP0(x)

=
1∑

a=0

∫ ∣∣∣∣(p0(a|x)pn(a|x)
− 1

)
[s0(a, x)− sn(a, x)]

∣∣∣∣ dP0(x)

≤ 2 max
a∈{0,1}

∫ ∣∣∣∣(p0(a|x)pn(a|x)
− 1

)
[s0(a, x)− sn(a, x)]

∣∣∣∣ dP0(x)

≤ 2 max
a∈{0,1}

{∥∥∥∥p0(a | X)

pn(a | X)
− 1

∥∥∥∥
2,P0

∥sn(a,X)− s0(a,X)∥2,P0

}
.

The following proposition shows that the second term R2n is oP0(n
−1/2) under our margin

condition.

Proposition C.1.2. Assume Conditions 1, 2, and 3 hold. Then, for any ϵ > 0, |R2n| =

oP0(n
−1/2).

Proof. We adopt the idea in proof of Theorem 8 of Luedtke and Van Der Laan [2016]. Let

B′
3,u = {x ∈ X : |sb,0(x)| < C1u|qb,0(x)|} and Au = {x ∈ X : C1u|qb,0(x)| ≤ |sb,0(x)| <

C1(u+ 1) |qb,0(x)|}. Then for any t > 0,

|Ψπ∗
n
(P0)−Ψπ∗ (P0) | = EP0 [sb,0(X)(π∗

n(X)− π∗(X))]

≤ E0 [|sb,0(X)| I (π∗(X) ̸= π∗
n(X))]

=
∞∑
u=0

E0[|sb,0(X)|I(π∗(X) ̸= π∗
n(X))I(Au)]

≤
∞∑
u=0

E0[|sb,0(X)|I(|qb,0(X)| ≤ |qb,n(X)− qb,0(X)|)I(Au)].
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where the last inequality follows from the fact that for any x ∈ X , π∗(x) ̸= π∗
n(x) implies that

|qb,n(x)− qb,0(x)| ≥ |qb,0(x)|. From Condition 1 we know that qb,0(X) ̸= 0 with P0-probability

1, so

∞∑
u=0

E0[|sb,0(X)|I(|qb,0(X)| ≤ |qb,n(X)− qb,0(X)|)I(Au)]

=
∞∑
u=0

E0[|sb,0(X)|I(0 < |qb,0(X)| ≤ |qb,n(X)− qb,0(X)|)I(Au)].

For any x ∈ Au, |sb,0(x)| ≤ C1(u+ 1)|qb,0(x)|, so for each u,

E0 [|sb,0(X)| I (0 < |qb,0(X)| ≤ |qb,n(X)− qb,0(X)|) I(Au)]

≤ C1E0 [(u+ 1) |qb,0(X)| I (0 < |qb,0(X)| ≤ |qb,n(X)− qb,0(X)|) I(Au)]

≤ C1E0 [(u+ 1) |qb,n(X)− qb,0(X)| I (0 < |qb,0(X)| ≤ |qb,n(X)− qb,0(X)|) I(Au)]

≤ C1E0

[
(u+ 1)max

x∈X
∥qb,n(x)− qb,0(x)∥ I

(
0 < |qb,0(X)| ≤ max

x∈X
∥qb,n(x)− qb,0(x)∥

)
I(Au)

]
= C1(u+ 1) ∥qb,n − qb,0∥∞,P0

E0

[
I

(
0 < |qb,0(X)| ≤ max

x∈X
∥qb,n(x)− qb,0(x)∥

)
I(Au)

]
= C1(u+ 1) ∥qb,n − qb,0∥∞,P0

P0(0 < |qb,0(X)| ≤ ∥qb,n − qb,0∥∞,P0
, Au).

For an event E ⊆ X , let P∞(E) := P0(0 < |qb,0(X)| ≤ ∥qb,n − qb,0∥∞,P0
, E). Then, for any

k ∈ N,
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k∑
u=0

E0[|sb,0(X)|I(0 < |qb,0(X)| ≤ |qb,n(X)− qb,0(X)|)I(Au)]

≤
k∑

u=0

C1(u+ 1) ∥qb,n − qb,0∥∞,P0
P∞(Au)

=
k∑

u=0

C1(u+ 1) ∥qb,n − qb,0∥∞,P0
[P∞(B′

3,u+1)− P∞(B′
3,u)]

=
k∑

u=0

C1(u+ 1) ∥qb,n − qb,0∥∞,P0
P∞(B′

3,u+1)−
k∑

u=0

C1(u+ 1) ∥qb,n − qb,0∥∞,P0
P∞(B′

3,u)

=
k+1∑
u=1

C1u ∥qb,n − qb,0∥∞,P0
P∞(B′

3,u)−
k∑

u=0

C1(u+ 1) ∥qb,n − qb,0∥∞,P0
P∞(B′

3,u)

= C1(k + 1) ∥qb,n − qb,0∥∞,P0
P∞(B′

3,k+1)−
k∑

u=0

C1 ∥qb,n − qb,0∥∞,P0
P∞(B′

3,u)

=
k∑

u=0

C1 ∥qb,n − qb,0∥∞,P0
[P∞(B′

3,k+1)− P∞(B′
3,u)]

≤
k∑

u=0

C1 ∥qb,n − qb,0∥∞,P0
[P∞(X )− P∞(B′

3,u)]

=
k∑

u=0

C1 ∥qb,n − qb,0∥∞,P0
[P∞(B′c

3,u)]

=
k∑

u=0

C1 ∥qb,n − qb,0∥∞,P0
[P0(0 < |qb,0(X)| ≤ ∥qb,n − qb,0∥∞,P0

, B′c
3,u)]

≤
k∑

u=0

C1 ∥qb,n − qb,0∥1+γ/2∞,P0
u−ζ/2.

where the last step follows from Holder’s inequality. Since ζ > 2, let k → ∞ and the infinite

sum converges. Therefore,

|Ψπ∗
n
(P0)−Ψπ∗ (P0) | =

∞∑
u=1

E0[|sb,0(X)|I(π∗(X) ̸= π∗
n(X))|Au]P(Au)

= lim
k→∞

k∑
u=1

E0[|sb,0(X)|I(π∗(X) ̸= π∗
n(X))|Au]P(Au) ≲ ∥qb,n − qb,0∥1+γ/2p,P0

.
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Note that under Condition 3, we have ∥qb,n − qb,0∥1+γ/2∞,P0
= oP0(n

−1/2) for any γ > 0, so

|R2n| = oP0(n
−1/2).

C.2 Proofs for Section 4.3

For notational simplicity, throughout this section and later we denote ψπ := Ψπ(P0) for some

policy π ∈ Π.

Lemma C.2.1. If inf
π∈Π

σπ(P0) > 0, and σ̂π is a consistent estimator of σπ(P0) for each π ∈ Π,

an asymptotically valid uniform β-level confidence band is given by
{
ω̂π ± σ̂πtβ

n1/2 : π ∈ Π
}
.

Proof of Lemma C.2.1. To see that this is the case, note that tβ is the 1− β/2 quantile of

supf∈F Gf , and also

P ∩π∈Π
{
ω̂π −

σ̂πtβ
n1/2

≤ ωπ ≤ ω̂π +
σ̂πtβ
n1/2

}
= P ∩π∈Π

{
−tβ ≤ n1/2 ω̂π − ωπ

σ̂π
≤ tβ

}
→ P ∩π∈Π {−tβ ≤ Gf ≤ tβ}

= P ∩π∈Π
[{

−tβ ≤ inf
f∈F

Gf
}
∩
{
sup
f∈F

Gf ≤ tβ

}]
= 1− β,

where the convergence follows from the fact that n1/2 ω̂π−ωπ

σ̂π
⇝ Gf by Lemma C.2.3 and

Slutsky’s Theorem.

Proof of Lemma 4.3.1. We have that{
Π∗ ⊆ Π̂β

}
=

{
ωπ′ < sup

π∈Π
ωπ,∀π′ ∈ Π̂C

β

}
.
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Therefore, {
Π∗ ⊆ Π̂β

}C
=

{
∃π′ ∈ Π̂C

β : ωπ′ = sup
π∈Π

ωπ

}
⊆
{
∃π′ ∈ Π̂C

β :

[
ωπ′ − ω̂π′ − σ̂π′tβ

n1/2
+ Ln

]
> sup

π∈Π
ωπ,

}
=

{
∃π′ ∈ Π̂C

β :

[
ωπ′ − ω̂π′ − σ̂π′tβ

n1/2

]
> sup

π∈Π
ωπ − Ln

}
, (C.6)

where the inclusion follows from the definition of Π̂β. Let A denote the event {Ln ≤

supπ∈Π ωπ} ∩
[
∩π∈Π

{
ωπ ≤ ω̂π +

σ̂πtβ
n1/2

}]
. Hence, (C.6) shows that

{
Π∗ ̸⊆ Π̂β

}C
⊆
[{

∃π′ ∈ Π̂C
β :

[
ωπ′ − ω̂π′ − σ̂π′tβ

n1/2

]
> sup

π∈Π
ωπ − Ln

}
∩ A

]
∪ AC

⊆
[{

∃π′ ∈ Π̂C
β : ωπ′ − ω̂π′ − σ̂π′tβ

n1/2
> 0

}
∩ A

]
∪ AC

= AC ,

where the final equality used that the leading event in the union above is equal to the

null set since under A, we have ωπ′ − ω̂π′ − σ̂π′ tβ
n1/2 ≤ 0 for each π ∈ Π. Also, note

that by Lemma C.2.1, Pr
(
∩π∈Π

{
ωπ ≤ ω̂π +

σ̂πtβ
n1/2

})
→ 1 − β/2, and by definition of Ln,

lim supn Pr ({Ln < supπ∈Π ωπ}) ≥ 1− β/2. Hence, by a union bound,

lim sup
n

P
{
Π∗ ̸⊆ Π̂β

}
≤ β.

Lemma C.2.2. For any β > 0, lim infn→∞ P

(
ωπ∗ − inf

π∈Π̂β

ωπ ≤ 4tβ
n1/2 supπ∈Π σ̂π

)
≥ 1− β.

Proof of Lemma C.2.2. Note that by the definition of Π̂β, we have

inf
π∈Π̂β

[
ω̂π +

σ̂πtβ
n1/2

]
≥ sup

π∈Π

[
ω̂π −

σ̂πtβ
n1/2

]
,
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so

ωπ∗ − inf
π∈Π̂β

ωπ ≤ ωπ∗ − sup
π∈Π

[
ω̂π −

σ̂πtβ
n1/2

]
+ inf

π∈Π̂β

[
ω̂π +

σ̂πtβ
n1/2

]
− inf

π∈Π̂β

ωπ.

Hence, {
ωπ∗ − inf

π∈Π̂β

ωπ >
4tβ
n1/2

sup
π∈Π

σ̂π

}

⊆

{
ωπ∗ − sup

π∈Π

{
ω̂π −

σ̂πtβ
n1/2

}
+ inf

π∈Π̂β

{
ω̂π +

σ̂πtβ
n1/2

}
− inf

π∈Π̂β

ωπ >
4tβ
n1/2

sup
π∈Π

σ̂π

}

⊆
{
ωπ∗ > sup

π∈Π

{
ω̂π −

σ̂πtβ
n1/2

}
+ 2 sup

π∈Π

σ̂πtβ
n1/2

}
∪

{
inf
π∈Π̂β

ωπ < inf
π∈Π̂β

{
ω̂π +

σ̂πtβ
n1/2

}
− 2 sup

π∈Π

σ̂πtβ
n1/2

}
. (C.7)

In the remainder of this proof, we will show that the two events on the right-hand side each

occur with probability no more than β/2. The result then follows by a union bound. Note

that ⋂
π∈Π

{
ωπ ≤ ω̂π +

σ̂πtβ
n1/2

}
⊆
{
ωπ∗ ≤ sup

π∈Π

{
ω̂π +

σ̂πtβ
n1/2

}}
⊆
{
ωπ∗ ≤ sup

π∈Π

{
ω̂π −

σ̂πtβ
n1/2

}
+ 2 sup

π∈Π

σ̂πtβ
n1/2

}
,

where the latter inclusion holds because sup[f + g] ≤ sup f + sup g. So

lim inf
n→∞

P
(
ωπ∗ − sup

π∈Π

{
ω̂π −

σ̂πtβ
n1/2

}
≤ 2 sup

π∈Π

σ̂πtβ
n1/2

)
≥ lim inf

n→∞
P

(⋂
π∈Π

{
ωπ ≤ ω̂π +

σ̂πtβ
n1/2

})
≥ 1− β

2
,

where the last step follows from Lemma C.2.1. Hence, the first event on the right-hand side
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of (C.7) occurs with probability no more than probability β/2. We also have that⋂
π∈Π

{
ωπ ≥ ω̂π −

σ̂πtβ
n1/2

}
⊆
⋂
π∈Π̂β

{
ωπ ≥ ω̂π −

σ̂πtβ
n1/2

}

⊆

{
inf
π∈Π̂β

ωπ ≥ inf
π∈Π̂β

{
ω̂π −

σ̂πtβ
n1/2

}}

⊆

{
inf
π∈Π̂β

ωπ ≥ inf
π∈Π̂β

{
ω̂π +

σ̂πtβ
n1/2

}
− 2 sup

π∈Π̂β

σ̂πtβ
n1/2

}
,

since inf
[
f − g] ≥ inf

f
− sup g. So

lim inf
n→∞

P

(
inf
π∈Π̂β

{
ω̂π +

σ̂πtβ
n1/2

}
− 2 sup

π∈Π̂β

σ̂πtβ
n1/2

≤ inf
π∈Π̂β

ωπ

)

≥ lim inf
n→∞

P

(⋂
π∈Π

{
ω̂π −

σ̂πtβ
n1/2

≤ ωπ

})
≥ 1− β

2
,

where the last step follows from Lemma C.2.1. Hence, the second event on the right-hand

side of (C.7) occurs with probability no more than probability β/2.

In the following lemma, for some subset G of a space L2(Q), define the covering number

N(ϵ,G, L2(Q)) to be the minimal cardinality of an ϵ-cover of G with respect to the L2(Q)

metric Van Der Vaart and Wellner [2013]. Before stating the lemma, we recall that F :=

{Dπ(P0)/σπ(P0) : π ∈ Π}.

Lemma C.2.3 (F is P0-Donsker). Assume that Conditions 6 and 7 hold and also that

(i) Π satisfies the uniform entropy bound, that is,
∫∞
0

supQX

√
logN (ε,Π, L2(QX))dε <∞,

where the supremum is over all finitely supported measures on X ;

(ii) there exists L > 0 such that, for all finitely supported distributions Q of (X,A, Y ) with

support on X × {0, 1} × Y, the gradient map π 7→ Dπ is L-Lipschitz, in the sense

that, for any π, π′ ∈ Π, ∥Dπ −Dπ′∥L2(Q) ≤ L∥π − π′∥L2(QX), where QX is the marginal

distribution of X under Q;
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(iii) supπ∈Π ess supx∈X ,a∈{0,1},y∈Y |Dπ(P0)(x, a, y)| <∞.

Then, the set F := {Dπ(P0)/σπ(P0) : π ∈ Π} is P0-Donsker.

Proof of Lemma C.2.3. We would like to use Theorem 2.5.2 of Van Der Vaart and Wellner

[2013]. First, by (iii) and Condition 7,

C :=
supπ∈Π ess supx∈X ,a∈{0,1},y∈Y |Dπ(P0)(x, a, y)|

inf
π∈Π

σπ(P0)
<∞.

Hence, an envelope function for F is given by the constant function F (x, a, y) = C.

By (ii) and properties of covering numbers, for any Q as stated in (ii) and implied

marginal distribution QX , we have that N (Cε,F , L2(Q)) ≤ N (Cε/L,Π, L2(QX)). Com-

bining this with (i) shows that F satisfies the uniform entropy bound in the sense that∫∞
0

supQ
√

logN (ε,F , L2(Q))dε < ∞, where the supremum is over all finitely supported

measures on X × {0, 1} × Y. Hence, F is P0-Donsker by Theorem 2.5.2 of Van Der Vaart

and Wellner [2013].

Lemma C.2.4. Π∗ is a closed subset of L2(P0).

Proof. Let (πk)
∞
k=1 be a Π

∗-valued sequence that converges to some π∗ in L2(P ). Since π 7→ ωπ

is a continuous map from {0, 1}X to R when the domain is equipped with the L2(P )-topology,

ωπk → ωπ∗ . As πk ∈ Π∗ for all k, ωπk = supπ∈Π ωπ for all k. Hence, ωπ∗ = supπ∈Π ωπ. As Π is

closed, this shows that π∗ ∈ Π∗. Hence, Π∗ is a closed subset of L2(P ).

Lemma C.2.5. If Π∗ is closed in L2(P0) and Π∗ is P0-Donsker, Π
∗ is compact.

Proof of Lemma C.2.5. Since Π∗ is P0-Donsker following from Π being P0-Donsker, then Π∗

is totally bounded in L2(P0). Also, since L
2(P0) is complete, Π∗ being closed implies that Π∗

is complete. And totally bounded and complete subsets of a metric space are compact, so Π∗

is compact.
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Proof of Theorem 4.3.2. We have that{
[ inf
π∈Π∗

ψπ, sup
π∈Π∗

ψπ] ̸⊆ CIn

}
=

{
inf
π∈Π∗

ψπ < inf
π∈Π̂β

[
ψ̂π −

κ̂πzα,β
n1/2

]}
∪

{
sup
π∈Π∗

ψπ > sup
π∈Π̂β

[
ψ̂π +

κ̂πzα,β
n1/2

]}

⊆

{
inf
π∈Π∗

ψπ < inf
π∈Π̂β

[
ψ̂π −

κ̂πzα,β
n1/2

]
,Π∗ ⊆ Π̂β

}

∪

{
sup
π∈Π∗

ψπ > sup
π∈Π̂β

[
ψ̂π +

κ̂πzα,β
n1/2

]
,Π∗ ⊆ Π̂β

}
∪
{
Π∗ ̸⊆ Π̂β

}
.

Hence, by a union bound and the fact that lim supn(an+ bn+ cn) ≤ lim supn an+lim supn bn+

lim supn cn, we see that

lim sup
n

P

{
CIn ̸⊆ [ inf

π∈Π∗
ψπ, sup

π∈Π∗
ψπ]

}
≤ lim sup

n
P

{
inf
π∈Π∗

ψπ < inf
π∈Π̂β

[
ψ̂π −

κ̂πzα,β
n1/2

]
,Π∗ ⊆ Π̂β

}

+ lim sup
n

P

{
sup
π∈Π∗

ψπ > sup
π∈Π̂β

[
ψ̂π +

κ̂πzα,β
n1/2

]
,Π∗ ⊆ Π̂β

}
+ lim sup

n
P
{
Π∗ ̸⊆ Π̂β

}
.

The third term is upper bounded by β by Lemma 4.3.1. In what follows we will show that the

first term on the right-hand side is no more than (α− β)/2. Similar arguments can be used

to show that the second term is also no more than (α− β)/2. By a union bound argument,

the sum of three terms is upper bounded by α, which completes the proof.

We begin by noting that, for any n ∈ N,{
inf
π∈Π∗

ψπ < inf
π∈Π̂β

[
ψ̂π −

κ̂πzα,β
n1/2

]
,Π∗ ⊆ Π̂β

}

⊆
{

inf
π∈Π∗

ψπ < inf
π∈Π∗

[
ψ̂π −

κ̂πzα,β
n1/2

]
,Π∗ ⊆ Π̂β

}
⊆
{

inf
π∈Π∗

ψπ < inf
π∈Π∗

[
ψ̂π −

κ̂πzα,β
n1/2

]}
.
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By Lemma C.2.5 and π 7→ ψπ is continuous, there exists a πℓ such that ψπℓ = inf
π∈Π∗

ψπ.

Combining this with the above, we see that{
inf
π∈Π∗

ψπ < inf
π∈Π̂β

[
ψ̂π −

κ̂πzα,β
n1/2

]
,Π∗ ⊆ Π̂β

}
⊆
{
ψπℓ < inf

π∈Π∗

[
ψ̂π −

κ̂πzα,β
n1/2

]}
⊆
{
ψπℓ < ψ̂πℓ − κ̂πℓzα,β

n1/2

}
.

Then

P

(
ψπℓ < ψ̂πℓ − κ̂πℓzα,β

n1/2

)
= P

(
n1/2 ψ̂πℓ − ψπℓ

κ̂πℓ

> zα,β

)
.

By Condition 7, κ̂πℓ is a consistent estimator for κπℓ(P0). Then with Slutsky’s Theorem,

n1/2 ψ̂πℓ−ψπℓ

κ̂
πℓ
⇝ Gfπℓ , so by definition of zα,β, P

(
n1/2 ψ̂πℓ−ψπℓ

κ̂
πℓ

> zα,β

)
≤ (α− β)/2, and so

lim sup
n→∞

P

{
inf
π∈Π∗

ψπ < inf
π∈Π̂β

[
ψ̂π −

κ̂πzα,β
n1/2

]
,Π∗ ⊆ Π̂β

}
≤ (α− β)/2.

By a symmetric argument, we also have lim supn→∞ P
{
supπ∈Π∗ ψπ > supπ∈Π̂β

[
ψ̂π +

κ̂πzα,β

n1/2

]
,Π∗ ⊆ Π̂β

}
≤

(α− β)/2. Therefore, an asymptotic 1− α confidence interval for [ψl0, ψ
u
0 ] is[

inf
π∈Π̂β

{
ψ̂π −

κ̂πzα,β
n1/2

}
, sup
π∈Π̂β

{
ψ̂π +

κ̂πzα,β
n1/2

}]
.

Proof of Lemma 4.3.3. To show this lemma, we first define two events {Π∗ ⊆ Π̂β} and

{ωπ∗− inf
π∈Π̂β

ωπ ≤ 4tβ
n1/2 supπ∈Π σ̂π}. These events ensure that all Ω-optimal policies are contained

in Π̂β, and Π̂β only contains nearly optimal policies. Lemma 4.3.1 and C.2.2 ensure that both

events happen with probability at least 1− β asymptotically. The lemma below ensures that

our confidence interval shrinks at an n−1/2 rate under these events.

Lemma C.2.6. In the setting of Lemma 4.3.3, under the event {Π∗ ⊆ Π̂β} and {ωπ∗ −

inf
π∈Π̂β

ωπ ≤ 4tβ
n1/2 supπ∈Π σ̂π}, the width of the confidence interval for ψ0 is Op(n

−1/2).
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Proof. We first show that supπ∈Π̂β

[
ψ̂π +

κ̂πzα,β

n1/2

]
= ψ0 +Op(n

−1/2). We know that

sup
π∈Π̂β

[
ψ̂π +

κ̂πzα,β
n1/2

]
≤ sup

π∈Π̂β

ψπ + sup
π∈Π̂β

[
ψ̂π − ψπ +

κ̂πzα,β
n1/2

]
.

We then show that supπ∈Π∗ ψπ−supπ∈Π̂β
ψπ = Op(n

−1/2). Consider some π1 ∈ Π∗ and π2 ∈ Π̂β.

Let B1,0 = {x ∈ X : π1(x) = 1, π2(x) = 0} and B0,1 = {x ∈ X : π1(x) = 0, π2(x) = 1}. By

the definition of Π∗ we know that ωπ1 ≥ ωπ2 , and

ωπ1 − ωπ2 =

∫
E[Y ∗|A = π1(x), x]dP0(x)−

∫
E[Y ∗|A = π2(x), x]dP0(x)

=

∫
B1,0

qb,0(x)dP0(x)−
∫
B0,1

qb,0(x)dP0(x).

Since π1 ∈ Π∗ and Π∗ contains unrestricted optimal policies by assumption, ωπ1 is largest

among all π ∈ Π, which implies that for x ∈ B1,0, qb,0(x) ≥ 0 and for x ∈ B0,1, qb,0(x) ≤ 0.

This gives us

ωπ1 − ωπ2 =

∫
B1,0

|qb,0(x)|dP0(x) +

∫
B0,1

|qb,0(x)|dP0(x).

On the other hand, on the event {Π∗ ⊆ Π̂β}, we have supπ∈Π̂β
ψπ ≥ supπ∈Π∗ ψπ, and

|ψπ2 − ψπ1 | =
∣∣∣∣∫ E[Y †|A = π2(x), x]dP0(x)−

∫
E[Y †|A = π1(x), x]dP0(x)

∣∣∣∣
=

∣∣∣∣∣
∫
B0,1

sb,0(x)dP0(x)−
∫
B1,0

sb,0(x)dP0(x)

∣∣∣∣∣
≤
∫
B1,0

|sb,0(x)|dP0(x) +

∫
B0,1

|sb,0(x)|dP0(x)

≤ C

∫
B1,0

|qb,0(x)|dP0(x) + C

∫
B0,1

|qb,0(x)|dP0(x).

Therefore, |ψπ2 − ψπ1| ≤ C(ωπ1 − ωπ2) for some C < ∞. Since this holds for any π1 ∈ Π∗

and π2 ∈ Π̂β, we have supπ∈Π̂β
ψπ − inf

π∈Π∗
ψπ ≤ C(supπ∈Π∗ ωπ − inf

π∈Π̂β

ωπ). Under the event

{ωπ∗− inf
π∈Π̂β

ωπ ≤ 4tβ
n1/2 supπ∈Π σ̂π}, we have that supπ∈Π̂β

ψπ− inf
π∈Π∗

ψπ ≤ C
4tβ
n1/2 supπ∈Π σ̂π. Under

Condition 7, we know that supπ∈Π σ̂π − supπ∈Π σπ(P0) = op(1), so

sup
π∈Π̂β

ψπ − inf
π∈Π∗

ψπ ≤ C
4tβ
n1/2

sup
π∈Π

σ̂π = C
4tβ
n1/2

(
sup
π∈Π

σπ(P0) + op(n
−1/2)

)
= Op(n

−1/2). (C.8)
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Under the event {Π∗ ⊆ Π̂β}, we have supπ∈Π̂β
ψπ ≥ supπ∈Π∗ ψπ ≥ inf

π∈Π∗
ψπ, so we have

supπ∈Π∗ ψπ − supπ∈Π̂β
ψπ = Op(n

−1/2). Also,

sup
π∈Π̂β

[
ψ̂π − ψπ +

κ̂πzα,β
n1/2

]
≤ sup

π∈Π

[
ψ̂π − ψπ +

κ̂πzα,β
n1/2

]
≤ sup

π∈Π

[
ψ̂π − ψπ

]
+ sup

π∈Π

κ̂πzα,β
n1/2

.

The first term is Op(n
−1/2) under Condition 5. As for the second term, under Condition 7,

sup
π∈Π

κ̂πzα,β
n1/2

= sup
π∈Π

κπ(P0)zα,β
n1/2

+ op(n
−1/2) = Op(n

−1/2).

Therefore, supπ∈Π̂β

[
ψ̂π − ψπ +

κ̂πzα,β

n1/2

]
= Op(n

−1/2) and so supπ∈Π̂β

[
ψ̂π +

κ̂πzα,β

n1/2

]
= ψu0 +

Op(n
−1/2) as desired. By symmetry, inf

π∈Π̂β

[
ψ̂π − κ̂πzα,β

n1/2

]
= ψ0 −Op(n

−1/2) as well.

Proof of Theorem 4.3.4. To establish this theorem, we show that

lim inf
n

P

(
sup
π∈Π∗

ψπ ≤ sup
π∈Π̂†

[
ψ̂π +

κ̂πu
†
α

n1/2

])
≥ 1− α/2.

We can similarly get

lim inf
n

P
(

inf
π∈Π∗

ψπ ≥ inf
π∈Π̂†

[
ψ̂π −

κ̂πu
†
α

n1/2

])
≥ 1− α/2.

Combining the two displays gives us the theorem statement. Note that{
sup
π∈Π∗

ψπ ≤ sup
π∈Π̂†

[
ψ̂π +

κ̂πu
†
α

n1/2

]}

⊇

{
sup
π∈Π∗

ψπ ≤ sup
π∈Π̂†

[
ψ̂π +

κ̂πu
†
α

n1/2

]
,Π∗ ⊆ Π̂†

}
.

Since Π∗ is P0-Donsker following from Π being P0-Donsker, Π
∗ is totally bounded in L2(P0)

Luedtke and Van Der Laan [2016]. Also, since L2(P0) is complete, Π∗ being closed in L2(P0)

implies that Π∗ is complete in L2(P0). So Π∗ is compact in L2(P0). Combining this with the

fact that π 7→ ψπ is continuous implies that there exists a πu ∈ Π∗ such that ψπu = supπ∈Π∗ ψπ.



201

Combining this with the above, we see that{
sup
π∈Π∗

ψπ ≤ sup
π∈Π̂†

[
ψ̂π +

κ̂πu
†
α

n1/2

]}

⊇

{
ψπu ≤ sup

π∈Π̂†

[
ψ̂π +

κ̂πu
†
α

n1/2

]
,Π∗ ⊆ Π̂†

}

⊇
{
ψπu ≤ ψ̂πu +

κ̂πuu†α
n1/2

,Π∗ ⊆ Π̂†
}

=

{
ψπu ≤ ψ̂πu +

κ̂πuu†α
n1/2

, ωπ′ < sup
π∈Π

ωπ,∀π′ ∈ (Π̂†)C
}
. (C.9)

Note that{
ωπ′ < sup

π∈Π
ωπ,∀π′ ∈ (Π̂†)C

}C
=

{
∃π′ ∈ (Π̂†)C : ωπ′ = sup

π∈Π
ωπ

}
⊆
{
∃π′ ∈ (Π̂†)C :

[
ωπ′ − ω̂π′ − σ̂π′t†α

n1/2
+ sup

π∈Π

[
ω̂π −

σ̂πs
†
α

n1/2

]]
> sup

π∈Π
ωπ

}
=

{
∃π′ ∈ (Π̂†)C :

[
ωπ′ − ω̂π′ − σ̂π′t†α

n1/2

]
> sup

π∈Π
ωπ − sup

π∈Π

[
ω̂π −

σ̂πs
†
α

n1/2

]}
, (C.10)

where the inclusion follows from the definition of Π̂†. Let A′ denote the event{
sup
π∈Π

[
ω̂π −

σ̂πs
†
α

n1/2

]
≤ sup

π∈Π
ωπ

}⋂[⋂
π∈Π

{
ωπ ≤ ω̂π +

σ̂πt
†
α

n1/2

}]
.

Hence, (C.10) shows that{
∃π′ ∈ (Π̂†)C : ωπ′ = sup

π∈Π
ωπ

}
⊆
[{

∃π′ ∈ (Π̂†)C : ωπ′ − ω̂π′ − σ̂π′t†α
n1/2

> sup
π∈Π

ωπ − sup
π∈Π

[
ω̂π −

σ̂πs
†
α

n1/2

]}
∩ A′

]
∪ A′C

⊆
[{

∃π′ ∈ (Π̂†)C : ωπ′ − ω̂π′ − σ̂π′t†α
n1/2

> 0

}
∩ A′

]
∪ A′C

= A′C .

For each π ∈ Π, we define B̂n,π := n1/2 ω̂π−ωπ

σ̂π
and B̃n,π := n1/2 ψ̂π−ψπ

κ̂π
. Then starting from
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(C.10), we have{
ωπ′ < sup

π∈Π
ωπ,∀π′ ∈ (Π̂†)C

}
⊇ A′ =

{
sup
π∈Π

[
ω̂π −

σ̂πs
†
α

n1/2

]
< sup

π∈Π
ωπ

}⋂[⋂
π∈Π

{
ωπ ≤ ω̂π +

σ̂πt
†
α

n1/2

}]

⊇
⋂
π∈Π

{
ω̂π −

σ̂πs
†
α

n1/2
< ωπ < ω̂π +

σ̂πt
†
α

n1/2

}
=
⋂
π∈Π

{
−t†α < n1/2 ω̂π − ωπ

σ̂π
< s†α

}
=
⋂
π∈Π

{
−t†α < Bn,π < s†α

}
= {−t†α ≤ inf

π∈Π
Bn,π} ∩ {sup

π∈Π
Bn,π ≤ s†α}.

Using the above to study the event on the right-hand side of (C.9) shows that{
ψπu ≤ ψ̂πu +

κ̂πuu†α
n1/2

, ωπ′ < sup
π∈Π

ωπ,∀π′ ∈ (Π̂†)C
}

⊇
{
ψπu < ψ̂πu +

κ̂πuu†α
n1/2

,−t†α ≤ inf
π∈Π

Bn,π, sup
π∈Π

Bn,π ≤ s†α

}
=

{
B̃n,πu > −u†α,−t†α ≤ inf

π∈Π
Bn,π, sup

π∈Π
Bn,π ≤ s†α

}
. (C.11)

We know that the choices (s†α, t
†
α, u

†
α) satisfy that

inf
π∈Π

P
{
inf
f∈F

Gf ≥ −t†α, sup
f∈F

Gf ≤ s†α,Gf̃π ≥ −u†α
}

≥ 1− α/2. (C.12)

Note that by Condition 5, we have supπ∈Π

[
n1/2 ω̂π−ωπ

σ̂π
−Gnfπ

]
= op(1) and also ψ̂πu−ψπu

κ̂πu
−

Gnf̃πu = op(1). Since supf∈F Gnf ⇝ supf∈F Gf , inf
f∈F

Gnf ⇝ inf
f∈F

Gf , and for each π ∈ Π, σ̂π

is a consistent estimator of σπ, by Slutsky Theorem, we have supπ∈ΠBn,π ⇝ supf∈F Gf and

inf
π∈Π

Bn,π ⇝ inf
f∈F

Gf . Also, since for each f̃ ∈ F̃ , Gnf̃ ⇝ Gf̃ and σ̂π is a consistent estimator
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of σπ, we similarly have B̃n,πu ⇝ Gf̃πu . Combining (C.9), (C.11), and (C.12), we have

lim inf
n

P

(
sup
π∈Π∗

ψπ < sup
π∈Π̂

[
ψ̂π +

κ̂πu
†
α

n1/2

])

≥ lim inf
n

P
(
B̃n,πu < u†α,−s†α < inf

π∈Π
Bn,π, sup

π∈Π
Bn,π < t†α

)
→ P

(
Gf̃πu < u†α,−s†α < inf

f∈F
Gf, sup

f∈F
Gf < t†α

)
≥ inf

π∈Π
P
(
Gf̃π < u†α,−s†α < inf

f∈F
Gf, sup

f∈F
Gf < t†α

)
= 1− α/2.

C.3 Multiplier bootstrap

In practice, we use multiplier bootstrap Chernozhukov et al. [2013] to estimate the quantiles

described in Section 4.3 and we provide the pseudocodes of the algorithms below. Algorithm 10

estimates tβ defined just above Lemma 4.3.1. Algorithm 11 estimates the quantiles described

in (4.6). In this algorithm, we take s†α = t†α for simplicity and estimate the best (t†α, u
†
α) given

samples. Both algorithms approximate suprema and infima over sets indexed by π ∈ Π by

maxima and minima over π belonging to a grid approximation of Π.



204

Algorithm 10 Multiplier bootstrap
Input: samples {(xi, ai, yi)}ni=1, policy set Π, bootstrap sample size B, confidence level β

1: Take a grid estimate {π1, · · · , πK} of Π

2: for each k ∈ [K], compute normalized one-step estimates {o(πk)i }ni=1 using collected samples

{(xi, ai, yi)}ni=1

3: for j = 1, · · · , B do

4: get multiplier bootstrap samples ϵij for i = 1, · · · , n and k = 1, · · · ,K

5: compute n−1/2
∑n

i=1 ϵijo
(πk)
i and denote the result as f

(j)
πk

6: end for

7: Apply quantile normalization to f
(j)
πk across j for each policy πk

8: compute maxk∈[K] f
(j)
πk for each j and denote the resulting dataset as {ti}Bi=1

Output: (1− β)-th quantile of {ti}Bi=1

Algorithm 11 Multiplier bootstrap for joint probability
Input: samples {(xi, ai, yi, zi)}ni=1, policy set Π, bootstrap sample size B, confidence level α

1: Take a grid estimate {π1, · · · , πK} of Π

2: for k ∈ [K] do

3: compute normalized one-step estimates {o(πk)i }ni=1 using collected samples {(xi, ai, yi)}ni=1

4: compute normalized one-step estimates {õ(πk)i }ni=1 using collected samples {(xi, ai, zi)}ni=1

5: end for

6: for j = 1, · · · , B do

7: get multiplier bootstrap samples ϵ
(j)
ik for i = 1, · · · , n and k = 1, · · · ,K

8: compute n−1/2
∑n

i=1 ϵ
(j)
ik o

(πk)
i and denote the result as f

(j)
πk

9: compute n−1/2
∑n

i=1 ϵ
(j)
ik õ

(πk)
i and denote the result as f̃

(j)
πk

10: end for

11: Apply quantile normalization to f
(j)
πk and f̃

(j)
πk across j for each policy πk

12: compute maxk∈[K] f
(j)
πk for each j and denote the results as {sj}Bj=1

13: compute probability P(maxk∈[K] fπk ≤ t, f̃πk ≤ u) for each k = 1, · · · ,K using the B samples

Output: pairs (t, u) such that mink∈[K] P(maxk∈[K] fπk ≤ t, f̃πk ≤ u) = 1− α.
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