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Many fields conduct experiments to learn policies that map individual characteristics to
actions, with those achieving the best outcomes referred to as optimal policies. As getting
human feedback from experiments is expensive, we are often interested in learning the optimal
policy as quickly as possible. However, there are several challenges in developing practical
approaches for policy learning. First, traditional methods usually only guarantee minimax
optimality, while practitioners care more about performances for their particular problem
instance. Therefore, a better notion of optimality than the worst case is needed. Second,
existing optimal methods are generally hard to implement on a large scale, making deployment
challenging for large companies. Third, real-world settings often involve multiple performance
metrics of interest, such as mitigating side effects while ensuring good disease recovery in
biomedical sciences or balancing short-term acquisition with long-term retention in digital
marketing.

This dissertation tackles these challenges and provides several practical approaches for
policy learning from various perspectives. To identify the optimal policy as fast as possible,
we frame policy learning as pure exploration problems in bandits and develop algorithms that

provably identify the optimal policy quickly for every problem instance, a concept we refer to



as instance optimality. In Chapter [2, we focus on the stochastic contextual bandit problem
in the (¢, §)-PAC setting: given a policy class, the goal is to return a policy whose expected
reward is within € of the optimal policy with probability greater than 1 — . We characterize
the first instance-dependent PAC sample complexity of contextual bandits. We propose a
new computationally efficient algorithm that achieves this sample complexity using only a
polynomial number of calls to an argmax oracle.

Chapter [3| delves into the challenge of computational efficiency, focusing on developing
algorithms that are easily implementable on a large scale. We focus on the linear bandit
setting where we aim to return the arm with the largest reward given a set of arms and
an unknown parameter vector. We introduce an algorithm that leverages the same oracles
required by the widely-used Thompson sampling algorithm, namely sampling and argmax
oracles, and achieves an asymptotically optimal exponential convergence rate. In addition,
we demonstrate that our algorithm is easy to implement and performs empirically as well as
existing optimal methods.

Chapter [4] explores the impact of the optimal policy on additional metrics when multiple
objectives are of interest. We propose a novel margin condition that restricts how the
subsidiary metric behaves for nearly optimal policies. Under this condition, we provide an
efficient estimator for evaluating subsidiary metrics under a policy that is optimal for the
primary one. Additionally, we introduce two alternative two-stage strategies that do not
require a margin condition. Both methods first construct a set of candidate policies and
then build a confidence interval over this set. We provide numerical simulations to assess the

performance of these methods in various scenarios.
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Chapter 1

INTRODUCTION
1.1 DMotivation and Challenges

A policy is a mapping from a set of individual-level features to actions. In many fields, we
are interested in learning the best policy that gives us the highest subsequent outcome. For
example, in digital marketing, given user features, companies look for the best strategy for
targeting individual customers to maximize the expected revenue; in education, schools try
to find the best resource allocation to ensure that all the students get the best possible
education; in biomedical sciences, hospitals try to identify the best treatment for each patient
to maximize the disease recovery rates. Systematic approaches for learning the optimal policy
have large profits for companies and can significantly reduce the workload for school officers
and clinicians. Therefore, developing practical approaches for policy learning is important.

To learn a good policy, companies first conduct experiments, in which they interact with
the environment to collect data. Existing approaches, especially bandit and reinforcement
learning approaches, can learn a good policy with a sufficient amount of data available.
However, in practice, good data are usually expensive to collect. In particular, it is very costly
to get human labels as humans are generally hard and expensive to recruit. Also, online
interactions could be costly. In a large company like Amazon, deploying policies takes time,
and human in the loop may be needed to get user feedback and analyze them. Therefore, it
is important to consider if we can learn the optimal policy quickly in practical settings. Here
“quickly” involves two aspects: one is with minimum interactions with the environment, and
another is with fast computation.

We would like to design algorithms that make as few interactions with the environment

as possible among any algorithm, in other words, achieving the optimal sample complezity.



One widely-used notion of optimality is called minimax optimality, which measures the best
achievable performance in the worst-case scenario. However, practitioners usually care more
about the actual performance of their particular problem instance, and their setting could be
very different from the worst case. Algorithms that are optimal in the worst case can perform
poorly in easier instances. To address this, a promising approach is to design algorithms that
adjust to the difficulty of the specific problem, aiming for better overall performance. To
develop performance guarantees for such algorithms, we use a stronger notion of optimality,
called instance-optimality. This concept, originating from the work of |[Lai and Robbins|
1985], ensures that the algorithm is optimal for every problem instance, not just optimal for

the worst case.

When developing instance-optimal algorithms, a challenge is computational efficiency.
Many existing instance-optimal bandit algorithms are hard to implement as they involve
computing complicated optimization problems [Fiez et al. 2019, |Degenne et al., |2020, Tao
et al., 2018]. They are generally not computationally feasible in large-scale decision-making
problems, which makes them hard to deploy for large companies. For example, Amazon
Prime has over 100 million users, and millions of items are listed on their website. We would
like algorithms that are easy to implement on these large-scale problems. Currently, only
simple algorithms like Thompson sampling and some of its variants have been deployed there,

and there is a need to develop efficient algorithms that can be easily implemented.

It is not the end goal after we have learned an optimal policy since there are usually
multiple objectives of consideration in practical applications |[Boominathan et al. 2020| Bica
et al., 2021]. For example, in biomedical trials, while hospitals primarily care about disease
recovery rates, they are also concerned about the potential side effects of a new drug. Strong
medicine usually helps more in recovering the disease, but it might also have a potentially
larger side effect. Also, in online advertising, companies primarily care about short-term
acquisition as they seek to get more users to sign up |Chang et al., 2020]. However, they
also care about long-term retention since they would love users to stay. These objectives

might potentially lead to different strategies. For example, giving out free trials might be



beneficial for short-term subscriptions but users may quit after the trial; meanwhile, giving
out discounts may be better for users to stay but fewer users may subscribe since it costs.
Therefore, it is important to get an understanding of the optimal policy on other objectives,
so practitioners have a clear picture about the overall impact of deploying this new policy.
This dissertation addresses the above challenges from different perspectives. First, for
learning the optimal policy for a primary objective, I provide exploration strategies that
are instance-optimal and computationally fast in large-scale experiments. Second, after we
have learned the optimal policy for a performance metric, I provide estimators and methods
to evaluate the effect of this policy on other subsidiary metrics. Section [1.2] introduces
background together with some challenges in solving these problems, and Section |1.3| provides

a detailed contribution of the dissertation with outlines for the remaining chapters.
1.2 Background

In traditional statistical inference, a common assumption is that the data are independent
and identically distributed. However, this does not always hold in practical experiments. For
example, companies would like their policies to evolve based on feedback from past experience;
in clinical trials, the experiment might adjust dosages for new participants based on how
current participants are responding. In these situations, the data are collected adaptively
from past observations, and traditional methods based on the independence assumption, for
example, the M-estimator and Z-estimator, will no longer work. Consequently, there is a
growing need for experimental designs for making sequential decisions that will learn from
experience and adapt to the environment.

A pivotal area for discussing sequential experimental design is the exploration of stochastic
bandit problems, where the balance between exploration and exploitation plays a critical role
in optimizing outcomes over time. Generally speaking, a bandit problem M is a sequential
procedure between a learner and an environment. In each round, the learner chooses an
action a from a given action set A, and the environment reveals a (noisy) reward r € R.

When choosing actions, the learner has access to the history of actions and rewards, so they



may choose actions adaptively based on the past. A significant part of the dissertation focuses
on contextual bandits, where in each round, a context ¢ € C is shown to the learner, and a
policy w € 11 is a mapping from the context to actions. A learner adopts a policy to interact
with an environment. An algorithm is optimal if it learns the best policy with the fewest
possible rounds.

The exploration of stochastic bandits has traditionally been dominated by regret mini-
mization algorithms, which aim to minimize the cumulative difference between the chosen
actions and the best possible action |[Abbasi-Yadkori et al., 2011}, |Russo et al. [2018]. However,
for policy learning, these algorithms are only minimax optimal, which means that they are
only optimal in the worst case. An ideal algorithm should perform better in easy cases. To
capture the difference in such instances, we focus on a better notion of optimality, called
instance optimality. We define a problem instance M to be the model class, which consists
of the action set, policy set, reward function, and context distribution if applicable. An
algorithm is instance-optimal if it performs the best among any algorithm for every problem
instance. We aim to find instance optimal algorithms as they exploit the structure of each

problem instance.
1.3 Contributions and Outline

This dissertation tackles the challenges described in the above sections. Below we provide an

outline for each remaining chapter.

Instance-optimal and fast algorithm for pure exploration in linear bandits. Given
a set of arms Z C R? and an unknown parameter vector 6, € R? the pure exploration
linear bandit problem aims to return arg max,cz z ' 6, with high probability through noisy
measurements of x' 0, with x € X C R Existing (asymptotically) optimal methods require
either a) potentially costly projections for each arm z € Z or b) explicitly maintaining a
subset of Z under consideration at each time. This complexity is at odds with the popular

and simple Thompson Sampling algorithm for regret minimization, which just requires access



to a posterior sampling and argmax oracle, and does not need to enumerate Z at any point.
Unfortunately, Thompson sampling is known to be sub-optimal for pure exploration. In this
work, we pose a natural question: is there an algorithm that can explore optimally and only
needs the same computational primitives as Thompson Sampling? We answer the question in
the affirmative. We provide an algorithm that leverages only sampling and argmax oracles
and achieves an exponential convergence rate, with the exponent equal to the exponent of the
optimal fixed allocation asymptotically. In addition, we show that our algorithm can be easily

implemented and performs as well empirically as existing asymptotically optimal methods.

Instance-optimal and computationally efficient algorithms for pure exploration in
contextual bandits. In this work, we focus on the stochastic contextual bandit problem in
the (¢, 6)-PAC setting: given a policy class II the goal of the learner is to return a policy 7 € 11
whose expected reward is within € of the optimal policy with probability greater than 1 — §.
We characterize the first instance-dependent PAC sample complexity of contextual bandits
through a quantity pr;, and provide matching upper and lower bounds in terms of pr; for the
agnostic and linear contextual best-arm identification settings. We show that no algorithm
can be simultaneously minimax-optimal for regret minimization and instance-dependent PAC
for best-arm identification. Our main result is a new instance-optimal and computationally

efficient algorithm that relies on a polynomial number of calls to an argmax oracle.

Estimation of subsidiary metrics under optimal policies. This paper presents two
strategies for evaluating subsidiary metrics under a policy that is optimal for the primary one.
The first relies on a novel margin condition that facilitates Wald-type inference. Under this
and other regularity conditions, we show that the one-step corrected estimator is efficient.
Despite the utility of this margin condition, it places strong restrictions on how the subsidiary
metric behaves for nearly optimal policies, which may not hold in practice. We therefore
introduce alternative, two-stage strategies that do not require a margin condition. The first

stage constructs a set of candidate policies and the second builds a uniform confidence interval



over this set. We provide numerical simulations to evaluate the performance of these methods

in different scenarios.

Other explorations. This dissertation does not include the work on dynamic pricing |Jain

et al. 2023].



Chapter 2

INSTANCE-OPTIMAL PAC ALGORITHMS FOR
CONTEXTUAL BANDITS

2.1 Introduction

We consider the stochastic contextual bandit problem in the PAC setting. Fix a distribution v
over a potentially countableE] set of contexts C. The action space is A, and for computational
tractability, we assume |A| is finite. We have a set of policies II of interest where each
policy w € Il is a map from contexts to an action space 7w : C — A. The reward function
isr:CxA—R. At each time t = 1,2,... a context ¢; ~ v arrives, the learner chooses
an action a; € A, and receives reward r; := ri(cy, a;) € R with E[ry|ey, ai] = (e, a) € R,
The value of a policy V(7) is the expected reward from playing action 7(c) in context c:
V(m) = Eew[r(e,m(c))]. Given a collection of policies II, the objective is to identify the
optimal policy m, := arg max,cn V (7), with high probability. Formally, for any ¢ > 0 and
5 € (0,1), we seek to characterize the sample complexity of identifying a policy 7 € II such
that V(m) > V(m.) — €, with probability at least 1 — . That is, we wish to minimize the
total amount of interactions with the environment to learn an e-optimal policy.

We study both the agnostic setting, where II is an arbitrary set of policies with no assumed
relationship with the reward function 7(c,a); and the realizable setting, where the policy
class and the reward function follow a linear structure, known as the linear contextual bandit
problem. In both cases, we are interested in instance-dependent sample complexity bounds.
That is, the upper and lower bounds we seek do not simply depend on coarse quantities like

1|, |A|, and 1/€%, but more fine-grained relationships between the context distribution v,

! Assuming the set of contexts is countable versus uncountable is for presentation purposes only, since it
allow us the notational convenience of letting v. denote the probability of context ¢ arriving.



geometry of policies II, and the reward function r : C x A — R. Our motivation is that
instance-dependent bounds describe the difficulty of a particular problem instance, allowing
optimal algorithms to adapt to the true difficulty of the problem, whether easy or hard.
We seek algorithms that take advantage of “easy” instances instead of optimizing for the

worst-case [Jun et al., [2021a].

2.1.1 Related work

Minimax regret bounds for general policy classes The vast majority of research
in contextual bandits focuses on regret minimization. That is, for a time horizon T, the
goal of the player is to minimize E [Z?zl (e, mel(cr)) — (e, at)]. The landmark algorithm
EXP4 for non-stochastic multi-armed bandits [Auer et al., [2002] achieves a regret bound of
W . Unfortunately, the running time of EXP4 is linear in |II| which is prohibitive
for many problems of interest. The algorithms proposed in [Dudik et al.|[2011] and |Agarwal
et al. [2014] achieve the same regret bound with a computational complexity that is only
polynomial in 7" and log(|II|). Both approaches can be used to obtain an e-optimal policy

Iv‘llbgew_ None of

with probability at least 1 — § using a sample complexity no more than
these works made any assumption on the connection between the reward function r and the

policy class II (i.e. the agnostic setting).

Instance-dependent regret bounds for general policy classes The epoch-greedy
algorithm of Langford and Zhang| [2007] achieved the first instance-dependent bounds
on regret with a coarse guarantee depending only on the minimum policy gap Apy =
V(m.) — max;,,, V(7). In the pursuit of more fine-grained regret bounds achievable by com-
putationally efficient algorithms, many authors resort to the realizability assumption [Foster
et al., 2018, Foster and Rakhlin) 2020, Simchi-Levi and Xu|, 2021} [Foster et al., [2021a]. The
learner knows a hypothesis class H where each f € H isamap f : Cx.A — R, and there exists
an f* € H such that r(c,a) = f*(c,a) for all (¢,a) € C x A. Under this assumption, [Foster

et al., 2021a] proves lower and upper bounds on the instance-dependent regret. Their bounds



are in term of the uniform gap Auniform := Mingec minge 4 7(c, m4(c)) — r(c, a). In general, for
any policy class, they establish matching minimax lower and upper regret bounds of the

form min{+/|A|T log(|H]), ‘A“iii‘r:”)de} where €2 is the policy disagreement coefficient, a
parameter depending on the geometry of H and the context distribution v. That is, these
bounds hold with respect to a worst-case family of instances parameterized by Aniform and
€p°| Using the standard online-to-batch conversion, this translates to a sample complexity (i.e.
the time required to find an e-good policy with constant probability) of roughly %@m'
We show in Corollary [2.2.16] that this sample complexity is at least as large as our bounds.
Further, unlike our bounds below, this sample complexity is unbounded as € goes to 0. Recent
work refines these kinds of regret bounds further, and provides minimax regret bounds in

terms of the decision-estimation coefficient [Foster et al., 2021b].

Regret bounds for linear contextual bandits A special case of the realizable case
assumes a linear structure for H. Assume there exists a known feature map ¢ : Cx A — R and
an unknown 6, € R? such that the true reward function is given as r(c,a) = (¢(c, a), .). For
this setting, popular optimism-based algorithms like LinUCB [Li et al., 2010] and Thompson
sampling [Russo, 2016, Nabi et al., 2022 achieve a regret bound of min{dv/T } |Abbasi-

’ Aunn‘orm

Yadkori et al.| 2011]. Appealing to the online-to-batch conversion, this translates to a

PAC guarantee of More precise instance-dependent upper bounds on regret match

Aunlform
instance-dependent lower bounds asymptotically as T — oo [Hao et al., 2020} Tirinzoni
et al., [2020]. These works are most similar to our setting and have qualitatively similar style
algorithms. However, both approaches rely on asymptotics with large problem-dependent

terms that may dominate the bounds in finite time. Our work is focused on upper bounds

that nearly match lower bounds for all finite times.

PAC sample complexity for contextual bandits As we will describe, all contextual
bandits with an arbitrary policy class can be reduced to PAC learning for linear bandits.
Once we made this reduction, our sample complexity analysis draws inspiration from the

nearly instance-optimal algorithm for linear best-arm identification [Fiez et al., 2019]. PAC
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sample complexity of linear contextual bandits was also studied in [Zanette et al., 2021], who
shows a minimax guarantee sample complexity that scales with f—; log(1/d). In their approach,
[Agarwal et al.| [2014] define their action sampling distribution as a convex combination over
policies. Our sampling distribution, as well as the optimal sampling distribution, cannot be
represented this way and is actually derived from the dual of the optimal experimental design

objective.

2.1.2 Contributions

In this work, our contributions include:

1. In the agnostic setting, we introduce a quantity pp that characterizes the instance-
dependent sample complexity of PAC learning for contextual bandits (see Equation . We
show that pr appears in an information theoretic lower bound on the sample complexity of
any PAC algorithm as € — 0 in Theorem [2.2.2] To ground this, we describe it carefully in the
setting of the trivial policy class (Section and linear policy classes (Section . To
do so, we reduce agnostic contextual bandits to the realizable linear case (also establishing

matching upper and lower bounds in this setting).

2. We construct an instance on which any regret minimax-optimal algorithm necessarily
has a sample complexity that scales quadratically with the optimal sample complexity
(Theorem [2.2.6)). This shows that no algorithm can be both regret minimax-optimal and

instance-optimal PAC.

3. Finally, we propose Algorithm 4| whose sample complexity nearly matches the lower bound
based on pr;. By appealing to an argmax oracle, this algorithm has a runtime polynomial in

pm, 1/€, log(1/d), | A|, and log(|I1]), assuming a unit cost of invoking the oracle.



11

2.2 Problem statement and main results

More formally, define F;, = o(c1, a1,71, ..., ¢, aq, 1) as the natural o-algebra filtration cap-
turing all observed random variables up to time ¢. At each time ¢ an algorithm defines a
sampling rule F; — A which defines a;,1, an F;-measurable stopping time 7 € N, and a

selection rule F; — 11 that is only called once at the stopping time ¢t = 7.

Definition 2.2.1. Fix ¢ > 0 and § € (0,1). We say an algorithm is (¢, §)-PAC for contextual
bandits with policy class II, if at the stopping time 7 € N with E[r] < oo, the algorithm
outputs 7 € II satisfying P(V(7) > max e V(1) —€) > 1 — 6.

The sample complexity of an (€,0)-PAC algorithm for contextual bandits is the time at which

the algorithm stops and outputs 7. The following quantity governs the sample complexity :

Eowr | (5= + 52 ) () £ 7(0)}

(1, 0) = i . 2.1
pucllo)i=  min WX — g e m(e) — r(em(0)] v P 2.1)

Here, for any countable set X we have that Ay = {p € RI* : Y owex Pz =1,p: >0 Ve € X}
so that p. for every c € C defines a probability distribution over actions A. In addition we
use the notation a V b := max{a,b}. We begin with a necessary condition on the sample

complexity for the particular case of exact policy identification (e = 0).

Theorem 2.2.2 (Lower bound). Fiz e = 0 and § € (0,1). Moreover, fiz a contextual
bandit instance p = (v,r) and a collection of policies II. Then any (0,0)-PAC algorithm for
contextual bandits satisfies E,[T] > prolog(1/2.49).

The proof of the lower bound follows from standard information theoretic arguments [Kauf-
mann et al., 2016]. The lower bound implicitly applies to learners that know the distribution
v precisely. In practice, such knowledge would never be available however the learner may

have a large dataset of offline data.

Assumption 1. Prior to starting the game, the learning algorithm is given a large dataset of

contexts D = {¢;}1_,, where each ¢ Ky forallt € [T], and T' = O(poly(1/e¢, |.Al,log(1/d),log(|I1]))).
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The above only assumes access to samples from the context distribution, not rewards or
the value function. Importantly, since C could be uncountable, we do not assume D covers
the support of v. Assumption [1] is satisfied, for example, in an e-commerce setting where
the context is the demographic information about visitors to the site for which massive
troves of historical data may be available. Other works in PAC learning have made similar
assumptions [Huang et al. |2015]. We would like our algorithm to be computationally efficient
in the sense that it makes a polynomial number of calls to what we refer to as argmax oracle.
Such an assumption is common in the contextual bandits literature [Agarwal et al., 2014,

Krishnamurthy et al 2017, Dudik et al., 2011].

Definition 2.2.3 (Argmax oracle (AMO)). The oracle AMO(IL, { (¢, s¢) i) is an algorithm
that given contexts and cost vectors (cy, s1), -+ , (Cn, Sn) € CXRHI veturns argmax Y7 | s; (7 (cr)).

mell
The constrained argmax oracle C-AMO, given an upper bound [ on the loss, returns

argmax y ., s (7 (¢;)) subject to Y7 | s¢ (7 (cr)) <.
well

In general we can implement AMO by calling to cost-sensitive classification [Dudik et al.|
2011} Beygelzimer et all 2005 and C-AMO through a Lagrangian relaxation and a cost-
sensitive classification oracle |[Agarwal et al., 2018 |Cotter et al., [2019]. Our algorithm uses
an argmax oracle as a subroutine at most a polynomial number of times in e~*, log(1/4), |A|
and log(|II]). In this sense, it is computationally efficient. The following sufficiency result

holds for general € > 0.

Theorem 2.2.4 (Upper bound). Fiz ¢ > 0 and § € (0,1). Under Assumption |1|, there
exists a computationally efficient (e,0)-PAC algorithm for contextual bandits that satisfies
7 < pie log(|IT] logy(1/€) /6) log(1/A.), where Ao = max{e, mingem, V(m.) — V(7)}. Fur-

\A\(log(\ﬂ\)ﬂog(l/t?)) log(1/e)

thermore, this sample complexity never exceeds .

The second part of the theorem follows from the first, since p. < 2|.4|/€* by taking
Pea = 1/ A] for all (¢,a) € C x A.
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2.2.1 Inefficiency of low-regret algorithms

Computationally efficient algorithms are known to exist, such as ILOVETOCONBANDITS

[Agarwal et al., 2014], which achieve a minimax-optimal cumulative regret of 1/T'[.A]log(|I1|/d).
Inspecting the proof in |[Agarwal et al.) 2014|, one can extract a sample complexity of
¢ 2| Allog(|T1] /&) from such results (which is also minimax optimal for PAC). The previous
section showed that the sample complexity of our algorithm, Theorem [2.2.4] nearly matches
the instance-dependent lower bound of Theorem [2.2.2] In other words, our algorithm achieves
a nearly optimal instance-dependent PAC sample complexity. However, it is natural to
wonder if perhaps with a tighter analysis, the minimax regret optimal algorithm in [Agarwal
et al., 2014] also obtains the instance-optimal PAC sample complexity. In this section, we
show that this is not the case. Indeed, we show that any algorithm that is minimax regret
optimal must have a sample complexity that is at least quadratic in the optimal PAC sample

complexity of some instance.

Definition 2.2.5 (Hard instance). Fix m € N, A € (0,1] and let C = [m], A ={0,1}. For
i=1,...,m,let m;(j) = 1{i = j} and define (4, j) = A1{j = m(i)}. Then V(m) = A and
V(m) = A(1 —2/m) for all i € C\ {1}.

Note that for the hard instance, m = |II|. If observations are corrupted by N(0,1) additive

noise, then a straightforward calculation shows that pr (I, v) = (zi/% = mA~? for the

hard instance.

Theorem 2.2.6. Fiz 6 € (0,1) and A € (0,1]. We say an algorithm is an a-minimaz regret

algorithm if for some a >0 and all'T € N :

maxk,, é(?‘t(c’u me(ce)) = rilen a)) | = max ), By[Tea(T)](r(e, m(e)) = r(e,a)) < Vel AT

where the mazimum is taken over all contextual bandit instances p' = (V',r") and T...(T) =
S 1{c = ¢,a; = a}. For any a-minimaz regret algorithm, it is a (0,8)-PAC algorithm
if at a stopping time T it outputs the optimal policy mw, with probability at least 1 — 0. Any
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a-minimaz regret algorithm that is also (0,8)-PAC satisfies E,[1] > m?A~%log?(1/2.40) /4a
for the instance p = (v,r) defined in .

We point out that the minimax regret optimal rate takes a = log(m) = log(|II|). Thus, taking
A =1 and 0 = 0.1, the minimax regret optimal algorithm has a PAC sample complexity of
m?/log(m); whereas the PAC sample complexity of our algorithm, Theorem is just
mlog(m). That is, algorithms with optimal minimax regret have a sample complexity that
is at least nearly the optimal PAC sample complexity squared. This demonstrates that no
algorithm can simultaneously be minimax regret optimal and obtain the optimal PAC sample

complexity.

2.2.2  Trivial policy class

As a warm-up to discussing linear policy classes, let us consider the simplest policy class.

Definition 2.2.7 (Trivial policy class). Assume |C| < oo and let Il = {7 (c) = a: (¢,a) €
C x A} so that |II| = | Al

The trivial policy class has the flexibility to predict any action a € A individually for each
¢ € C. This allows us to show that pr (I, v) < max, V% >ou Ac_j, (see Appendix|A.1.3). An
immediate corollary of Theorem is obtained by simply noting that [IT| = |.A|I°l.

Corollary 2.2.8 (Trivial class, upper). Fiz ¢ > 0 and § € (0,1). Let IT be the triv-
ial policy class applied to some fixed C, A spaces. Then under Assumption [1| there exists

a computationally efficient (e,0)-PAC algorithm for contextual bandits that satisfies T <

min{Ae %, max. - >, A7 }H(|C|log(|A|)+log(1/6)) log(1/A.), where A, = max{e, minzemnx, V() —
ALl 0B AD 1o8(1/8) 1o (1 )

V(m)}. Furthermore, this sample complexity never exceeds

Ignoring log factors, the minimax sample complexity of the trivial class is just e 2|A|(|C| +
log(1/4)). This is actually a somewhat surprising result, because it says lims_,o % —
¢ 2| A| which is independent of |C|. To see why this result is somewhat remarkable, if we

played a best-arm identification algorithm for each of the |C| contexts, then this would lead to
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a sample complexity of e ?|C| - |.A|log(1/4). It is somewhat of a surprise that such a natural
strategy is not optimal. For intuition for why we can avoid the multiplicative |C|, note that to
identify an e-good policy among just two policies (7, 7,) using uniform exploration requires
just € 2| A|log(1/d) samples. When we have more than two policies, a union bound achieves
the claimed result.

The minimax sample complexity of Corollary (i.e., the second statement) is nearly
tight:

Theorem 2.2.9 (Trivial class, lower). Fiz e > 0 and § € (0,1/6). Let I be the trivial policy
class applied to some fived C, A spaces. Moreover, fix a contextual bandit instance p = (v,r)

and a collection of policies 11. Then any (0,0)-PAC algorithm for contextual bandits satisfies
E,[7] > max. - >, A;2log(1/2.49). Furthermore, sup, E,[r] > ¢ *|A|(|C| + log(1/0)).

2.2.8 Linear policy class
A particularly compelling model-class of policies is the set of linear policies.

Definition 2.2.10 (Linear policy class). Fix a feature map ¢ : C x A — R? and assume it is

known to the learner. Let II = {r(c) = arg max,c4(¢(c, a), d),V0 € R}.

We can consider two settings: the agnostic setting and the realizable setting. In the agnostic

setting, there is no assumed relationship between the true reward function r(c,a) and

¢:Cx A— R? In this case, Theorem applies directly by taking a cover of II.

Corollary 2.2.11 (Agnostic, upper bound). Fiz e >0 and § € (0,1). Let II be the linear
policy class in RY. Under Assumption there exists a computationally efficient (e,d)-PAC
algorithm for contextual bandits that satisfies T < pry - (dlog(1/e) +1log(1/0))log(1/A.) where

Ac = max{e, mingem~, V(7)) — V(7)}. Furthermore, this sample complexity never exceeds

|-A|(d10g(1/€2)+log(1/6)) log(l/e).

Comparing to the lower bound of Theorem [2.2.2 the instance dependent upper bound of
Corollary [2.2.11] matches up to a factor of the dimension and negligible log factors. In contrast
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to the “model-free” feel of the agnostic case, we can also consider a “model-based” type

setting that we refer to as the realizable setting.

Definition 2.2.12 (Realizable). We say the linear policy class is realizable if there exists a
0. € RY such that r(c,a) = (¢(c,a),d,) for all c € C and a € A. Thus, for any m € I we have
V(m) = Eew[r(c, 7(c))] = Eenn [(9(c, m(¢)), 02)] = (dr, 0i) With ¢r = Eevs[d(c, m(c))]. Finally,

at the start of the game the learner knows this model.

The setting in Definition [2.2.12] is commonly referred to as the linear contextual bandit
problem |Abbasi-Yadkori et al.| [2011]. Clearly, we have that 7.(c) = arg maxaec4(é(c, a), 0.).

We begin by defining a quantity fundamental to our sample complexity results:

2
min ma 1fn — 6m. Eenv[Xqea Pe,ad(c,a)d(c,a) ]~
ine 1= X
Plin,e PcEA 4,VeeC mell\my <¢7r* — Or, 6)*>2 V€2

Theorem 2.2.13 (Realizable, lower bound). Fize =0 and § € (0,1). Let I be the linear

policy class in RY and assume it is realizable (see Definitions |2.2.10] and |2.2.19). Any
(0,0)-PAC algorithm in this setting satisfies E[T] > pino - log(1/2.40).

We now state our nearly matching upper bound. However, in this case we note that the

algorithm is not computationally efficient.

Theorem 2.2.14 (Realizable, upper bound). Fiz e > 0 and § € (0,1). Let IT be the linear
policy class in RY and assume it is realizable (see Definitions and . Under
Assumption |1| there ezists an (€,8)-PAC algorithm for this setting that with probability at
least 1 — 0 it satisfies

7 < piin - (min{dlog(1/€),log([TI])} +log(1/4)) log(1/A.)

where A, = max{e, min (¢, — ¢, 0.)} = max{e, min (p(c,me(c)) — @(c,a),0,)}.

mell\Tx (c,a)eCx Aimy(c)#a
dlog(l/e)—l—lo%(l/é)) log(1/€) .

Furthermore, this sample complexity never exceeds X
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Proof. To see the second part of the theorem statement, observe that

max ||¢7r - gbm

2
TEI\ s ]ECN”[ZaEA Pe,ad(c,a)p(c,a)T]—1

— 2
- Wrerha\ii* H]Ecwl/ [¢(C, 71—(6)) - ¢(Ca Ty (C))] H]ECNV[ZaeA pe,ad(c,a)p(c,a)T] L

< max Eewy [[[0(e7() ~ (e (c))

2
WEH\TI'* ]ECNV[ZaEA pc,a¢(c,a)¢(c,a)ﬂ—1i|

<max4E.., [qu(C, m(c))

mell

2
Ecnw [ZaeA pc,a¢(cva)¢(cfa)T]_ 1 i|

= max4E,..,
geEA

Z dn ||¢(C, W(C)) ||I2ECN1,[ZaeApc,azﬁ(c,a)qﬁ(c,a)ﬂ—l]

mell

-1
= ;Ieli}é 4Tr | Ecoy 7T€ZI-[ Q7r¢(cv W(c)>¢(cv 7T(0>)T Ecww gpc,aqb(g a’)¢<c7 a)T]
< 4d

where the last line takes p., = > . 1{n(c) = a}q,, which is at least as good as the

minimizing choice in the theorem. O

We remark that the algorithm that achieves this upper bound is very different than popular
optimism-based algorithms for linear contextual bandits e.g., UCB or Thompson sampling
[Abbasi-Yadkori et al. |2011]. Indeed, our algorithm computes an experimental design and is
related to instance-dependent linear bandit algorithms developed for best-arm identification
[Soare et al., 2014, Fiez et al., 2019, Degenne et al., 2020] and regret minimization [Hao
et al., 2020, |Tirinzoni et al., 2020]. To our knowledge, Theorem provides the first
instance-dependent sample complexity for the PAC setting of linear contextual bandits. The
most relevant work to Theorem is the work of [Zanette et al.,[2021] which demonstrated

a minimax sample complexity of d*/e*log(1/4).

Remark 2.2.15 (Agnostic vs. Realizable). Contrasting the above results, we note that
the sample complexity of the agnostic case is always bounded by |A|d/e?. whereas it never

exceeds d?/e? for the realizable case. This matches the intuition that when the number of
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actions is much larger than the dimension, assuming realizability can significantly reduce the

sample complexity.

2.2.4  Comparison to the Disagreement Coefficient

The work of [Foster et al., 2021a] provides regret bounds in terms of instance-dependent
quantities inspired by the disagreement coefficient, a notion of complexity common in the
active learning literature [Hanneke et al., [2014]. The following corollary relates our sample
complexity to these notions of disagreement coefficients.

Define the policy disagreement coefficient as

€% (ey) = sup Eew [1{3m € I1, : 7(c) # m.(0)}]

€€ €

where Il := {7 € I : P, (7(c) # m.(c)) < €} and the cost-sensitive disagreement coefficient as

E55(c0) = sup Eew [1{37m € 11 : 7(c) # mi(c), Eeur[7(c, mi(c)) — (e, m(c)) ] < (—:}]

€€ €

The AdaCB algorithm of [Foster et al.,[2021a] achieves a regret of roughly Ry = O(ming{dAynitorm 1
'A"i“M}) or Ry = O (mins {07, | A|log(|IT|)€S<(8)}). Observe that at time T, given
the outputs my, mo, - -+, mp from AdaCB algorithm, one could return a (randomized) policy
7 which on observing a context, samples from the empirical distribution over the outputs.
By Markov’s inequality we have 7, V(m.) — V(7) < O(e) with constant probability for

€= ]?F—T. Therefore, an upper bound on the regret translates to a PAC sample complexity of

LALOB(I) ool (¢ /A o ALOBAT) rse )

€Aniform

Finally, Corollary [2.2.16| shows that this sample complexity bound is at least as large as
our upper bound, see Appendix for the proof.

Corollary 2.2.16. Recall that Aunitorm := rnigl miill r(c,m(c)) —r(c,a). For any ¢y > 0 we
ceC ac

have that

1. Plleo S ﬂQ%OI(GO/Auniform);

€0 Auniform

2|A
2. Pll,eq S %Cﬁsc(EO).
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Moreover, for all g > 0 we have that pr., < 00 whenever Apg := V(m,) —max, ., V(m) > 0.

2.3 Optimal Algorithms for Contextual Bandits

2.3.1 Reduction to linear realizability and a simple elimination scheme

The astute reader may have noticed that if we ignore computation, Theorem is actually
an immediate corollary of Theorem by taking ¢(c,a) = vec(e.e, ) € RIIAl where e; is
a one-hot encoded vector so that r(c,a) = (¢(c,a), 6,) with 6, € RICIAI This observation is
key to our sample complexity results. Recall ¢, := E.,[¢(c, 7(c))] from Definition
we have that V(7)) = E[r(c,7(c))] = E[{¢(c,7(c)),b)] = (¢r,0.). We stress that C can be
uncountable, and thus we would never actually instantiate any of these vectors.

For notational convenience, define the feasible set of (context, action) probability distribu-
tions as 2 = {w € Aoxd 1 Ve = pen wa7c}. Note that for each context, p. 1= {w¢a/Ve}aca €
A 4 defines a probability distribution over actions. Also define A(w) := -, we.ad(c, a)p(c,a)’
for any w € €. Under this notation, recalling the right hand side from Theorems [2.2.13] and
2.2.14] we have

Lt 6 — 6.

2
mln max ‘|¢7‘r T (bﬂ-* mln max ]ECNV[ZG,GApC,a¢(cva)¢(Cva)T]71
weQ nel\m (Dr, — G, 0:)2 V €2 pe€la,VeeC nell\ . (D, — O, 0,02V €2

To show that the sample complexity of Theorem [2.2.4]is a corollary of Theorem [2.2.14} it
suffices to show that equation (2.1)) and the above display are equal. To see this, observe

||¢7r - ¢7r*

i(w)—l = ||Ec~u[VeC(ece7Tr(c)) - Vec(ece;ll'—*(c))]ni(w)—l
=Y 2= (1{r(c) = a} + 1{m(c) = a} — 21{n(c) = 7'(0)})
= Eow [(I#m . pc,ﬂluc)) Hm(e) # W(C)}} '

Due to this equivalence, the lower bound of Theorem [2.2.2]is also a corollary of Theorem [2.2.13]
The lower bound of Theorem [2.2.13] follows almost immediately from the lower bound argument
in [Fiez et al. [2019].

The conclusion of this section is that from a sample complexity analysis alone, all that is

left is to prove Theorem [2.2.14] In the next section we propose an algorithm that achieves
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this sample complexity but assumes precise knowledge of the context distribution v (this
is relaxed in following sections). While the algorithm is highly impractical for a number of

reasons, its analysis provides a great deal of intuition and motivation for our final algorithm.

2.3.2 A simple, impractical, elimination-style algorithm

Algorithm [I] provides an initial elimination based method for the PAC-contextual bandit
problem. The algorithm runs in stages. Before the start of each stage ¢ € N, the algorithm

defines a distribution p((f) € A4 for each ¢ € C. At each successive time ¢ € [ny], it plays the

. ) . . .
random action a; ~ p((;t) in response to context ¢; ~ v, and receives random reward r; with

E[r¢|ct, ar] = (&(ct, ar), 04). Observe that

E[¢(ct, ar)r] = E [¢(Ct, ar)p(ct, at)Te*} = Zcec,aeA wg()lgb(c, a)p(c,a)' 0, = A(w“))e*

using the identity wgg = l/cp((;g Thus, if we set O, = A(w9) " ¢(cy, a;)r, then E[O;] =
0,. A straightforward calculation also shows that Cov(O,) = A(w®)~! if r, is perturbed
with additive unit variance noise. Thus, an unbiased estimator of A(m, m,) = V(m,) —
V(ﬂ-) = <¢7r* - ¢7r7 0*> is Slmply <¢7r* - ¢7T7 nig Zt Ot> which has variance _||¢7T* ¢7r||124(w<£))71~
Intuitively, (¢, — ¢, nie 32, 01) = (Pr. — Py 0.) £ \/H%H@ - ¢7rH?4(w(e))_1 so we can safely
conclude that a policy 7 is sub-optimal (i.e., m # m,) if there exists any policy 7’ such
that (¢ — ¢r, = e 21 O0n) > \/ T}Z |on — Oxll? w1+ This is the intuition behind Contextual
RAGE (Algorithm (1)) ', which inherits its name from the best-arm identification algorithm

of [Fiez et al. 2019] that inspired its strategy.

However, while (¢, — ¢, niz >, Oy) is unbiased and has controlled variance, it is potentially
heavy-tailed because wéﬁ{ can be arbitrarily small. Instead of trying to control w&f}b and
appealing to Bernstein’s inequality, we use the robust mean estimator of Catoni [Lugosi and

Mendelson, 2019]. We can then show:
Lemma 2.3.1. 7, € II, and max,en, (¢, — Or, 0°) < 4ep for all ¢ > 1 w.p. at least 1 — 9.

The lemma states that if II, is the active set of policies still under consideration, the

optimal policy m, is never discarded from II,, and moreover, the quality of all policies
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remaining in II, is getting better and better. The full proof of this lemma is in Appendix[A.2]

We are now ready to state the main sample complexity result.

Theorem 2.3.2. Fizx any policy class Il = {rm : C — A}, distribution over contexts v,
§ € (0,1), € >0, and feature map ¢ : C x A — R? such that r(c,a) = (¢(c,a),0.) (this is
without loss generality, as one can always take ¢(c,a) = vec(e.e])). With probability at least
1 =19, if ¢ = Eoon[d(c,w(c))] and 7, = argmax, (¢, 0,) then Contextual-RAGE returns a
policy ™ € 11 such that V(7)) > V(m.) — € after taking at most

. ||¢7r - ¢7r* 124(11;)—1
cmin max

weQ el (G, — Gr, 0%) V €)

7 log(log((A v €)~H)[II|/8) log((A v e)™")

samples, where ¢ is an absolute constant and A = min em ., V(m,) — V().

Proof. Define Sy = {7 € Il : (¢, — ¢r,0") < 4¢,}. The above lemma implies that with
probability at least 1 — ¢ we have (1,2, {Il, C S;}. Observe that if for any V C II we define
f (V) = mingeq p(w, V) then

p(w, 1) = min max [lér = dwl3)-+ < min max [l6r = dw i)+ = p(S).

For ¢ > [log,(4A~1)] we have that S, = {7}, thus the sample complexity to identify 7, is

[logy (4A~1)] [logy(4A~1)]
Som= > [4e % p(w® 11,) log(20*[T1|/6)]
/=1 /=1

llog, (44-1)]
<) 4e%p(Sp) log(20°[T0| /) + 1
/=1
flog, (1A1)]
< clog(log(A™H[T|/6) > ¢%p(Sk)

(=1



22

for some absolute constant ¢ > 0. We now note that

”¢ﬂ' - ¢7r* ,24(11;)—1 . H¢ﬂ' ¢7T*

. A(w)~1
min max = 1min max

weN well <<¢7T* — (bﬂ-, 9*))2 weN (< [logy(4A1)] WESz <<¢7r* ¢777 0*>)
o 1
1 . [logo(4A71)] H¢7T — . 2A( -1

min E max

> _ -
Z Tlogs WA W8 2 T ((gr. = 6,007
[log, (4A71)]

> minma o — o0

weN TES,

1
16[log,(4A1)]

=1
] [logy (4A1)]
> 2
= 64[log,(4A-1)] ; € gggﬂfggg 167 — O )1
1 |—10g2(4A71).|

~ 64 [og,(4A~1)] Z e *p(Se)

(=1

where we have used the fact that max, rcs, [|¢x — ¢7r’||124(w)*1 < 4maxres, ||px — O, 124(11))*1

by the triangle inequality. O]

2.3.8 Towards a more efficient algorithm

One major issue with Algorithm [I}is that it explicitly maintains a set of policies I, from round
to round. Since II could be exponential in |A|, this is a non-starter for any implementation.
As a motivation for our approach, we consider a non-elimination algorithm, Algorithm 2], as an
intermediate step. It does not maintain I, and instead just solves the optimization problem
(2.2)) over II. The design computed in is chosen to ensure that for all 7 € II, |£g_1 (7, 70) —
A(m,m.)] < 2€p-1+ 1 A(m, m,) with high probability (Lemma. Equivalently, we estimate
gaps up to a constant factor for policies with A(w, 7,) > €, while our gap estimates are
bounded by ¢, for those policies satisfying A(m, 7,) < ¢,. This ensures that our choice of 7,
is good enough, i.e. satisfies V' (7.) — V(7;) < €, with high probability. The full proof is in
Appendix

Unfortunately, Algorithm [2] introduces additional problems. It is not clear whether solving
is computationally efficient. Also, we need to find an estimator ﬁl that is computationally

efficient even if the policy space II is infinite. In addition, it requires precise knowledge of v to
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even define the domain of distributions €2 optimized over, and store the solution w € C x A
explicitly. But in general, such precise knowledge will not be available and is only estimable

using past data (Assumption [1)).

2.3.4  An instance-optimal and computationally efficient algorithm

In this section we provide Algorithm [d which witnesses the guarantees of Theorem for
the general agnostic contextual bandit problem. We now address the caveats of the previous

approaches.

Access to Offline Data. By Assumption [T, we have access to a large amount of sampled
offline contexts D, where each ¢; € D is drawn IID from v. Having access to D allows
us to approximate E..,[-] with expectations over the empirical distribution E..,[-], where
vp 1s the uniform distribution over historical data D. The number of offline contexts
we need only scales logarithmically over the size of the policy set II, more specifically,

poly(|Al, e, log(|I1]),log(1/5)). We quantify the precise number of samples needed in
Appendix [A.3.2]

Computing the design efficiently. As described, the context space C may be infinite
so maintaining a distribution w € Q C Ac¢x4 is not possible. To overcome this issue, we
consider the dual problem of equation . We can remove the square root by noticing
that 2,/zy = min,~o vz + %, and introducing an additional minimization over the variable

Yr, ™ € II. Then, the dual problem becomes

1og(1/al>) '

. . "~ ~ 2
maXAGAH M1y e0 mlnyﬂZO Zﬂen )\Tl' <_Al—1(777 7Tl—l) + e quw - ¢%l—1 HA(w)*l + 2v7ny

(2.4)

Exchanging the order of the minimums on w and 7, somewhat surprisingly we have the

close-form expression (Lemma [A.4.6])

mingeq ZTI’EH )\TF’YTF||¢7F - 9257?@_1 ||124(w)*1 = Ecuw

(zaeA Vo) T @_1)) ] ,
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Algorithm 1 Elimination Contextual RAGE Algorithm 2 Non-elimination Contextual

Input: II, ¢ : C x A — R%, 6 € (0,1) RAGE
1: Initialize IT; = II Input: I, ¢ : C x A = R4, 5 € (0,1)
2: for £ =1,2,---,[logy(1/€)] do 1: Initialize: 7wy € II arbitrarily
30 e =27t 6,:=6/(20210)) 2: for £ =1,2,--- ,[logy(1/€)] do
4:  Let ny be the minimum value s.t.: 3 ep:i=274 0, = 6/(202|10))
. |l — (/JW’H,ZA(W)H log(1/68,) 4:  Let ny be the minimum value s.t.:
weQ mell, ny = DU
with solution w(®. wesd reit —ZAZ_I )
5:  For each t € [ng], get ¢; ~ v, pull a; ~ pgf), + \/2H¢ﬂ_¢ﬂlziw>l el <. (22)

observe reward 7

6:  Compute O; = A(w®) " é(cy, ar)rs.

with solution w(®

5:  For each t € [ng], get ¢; ~ v, pull a; ~ p((;f),

7. Form n elly
observe reward 7y

Ay(m,7') = Cat({{pr — 6x, 00 }1%,) 6 Compute Op = A(w) " é(cr, ar)re.
7. For each w € 11, let
8:  Update
Ag(m Te-1) = Cat({{br — bz, Oi) }iy)-
Oy =T\ {7 €I, | max Ag(m, ') > €}

8  Set 7y := argmin, ey ﬁg(ﬂ, Te—1) (2.3)

9: d f
enc for 9: end for

Output: Iy,

Output: 7
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where for 7' € II, t2(x') € {0, 1} with [t (7)]» := 1{r(c) = a,7(c) # a} + 1{n(c) #
a,7'(c) = a} and [N ® ¥], = ArY.. Interestingly, this value is achieved at a sampling
distribution w, which is a non-linear function of A rather than a convex combination over
policies (as in [Agarwal et al., 2014]). Because we have an expectation over contexts, this
expectation can be replaced by an empirical estimate using historical data, thus avoiding any
issues with an infinite context space. The final algorithm utilizing these observations found is
in Algorithm [4]

The main challenge is finding a solution to the design problem . For starters, we
can reduce it to a saddle point problem over (), ) by considering only a dyadic sequence of
n € {2¥ : k € N}. Our procedure uses an alternating ascent/descent method, with the caveat
that A lives in a simplex, and v in a box. Both of the spaces are defined over a potentially
infinite set of policies II (which in the worst case may scale exponentially in |C|), so we need
to argue that we can find a sparse yet e-good solution to (2.7]).

To handle this, we use the Frank-Wolfe (FW) method on A. Referring to the iterates
of FW as A\, FW guarantees that the size of the support of A’ in each iterate grows by at
most 1. Thus, if initialized as a 1-sparse vector, we only need to maintain a sparse A’ in each

iteration. Fach iterate of Frank-Wolfe involves computing
arg ma%[VAhK(A, Y, 1))
TE

To do so, we show that we can appeal to a constrained argmax oracle (AMO) to run the
Frank-Wolfe algorithm, a similar approach to [Agarwal et al. [2014]. At an iterate ¢, we
use a gradient descent procedure for «*. We will show that in iterate ¢, the support of ¢ is
contained in that of \!, and we can quantify the number of steps of gradient descent needed
to find an e-good solution. Though h;(\, 7y, n) might not be convex in «y, we nevertheless are
able to argue that it has a unique minima and that gradient descent converges to this minima.

We introduce our subroutine in Algorithm [3| and shows that it is computationally efficient

with access to an argmax oracle (Definition [2.2.3)) in Theorem [2.3.3]
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Algorithm 3 FW-GD

Input: II policy sets, number of actions |A|, 1 € II, i, > 0, K € N, threshold €, Ymin, Ymax

1+ Initialize ny = 1, L = |42 ((Fm)ma)™2

3/2_ 2
l min

2: forr=1,2,--- do

3:  Initialize A\ = ey € R, A0 = L - }‘jﬁ%fg e RM // Never explicitly materialized
4: fort=0,1,2,--- ,K do
5: Compute

T = argmax [Vahi (A4, ne)] (2.5)
6: Set the FW-gap

gt = <v/\hl()‘t>7t7n7“)7€7rt - )‘t> = [v)\hl()‘tvfytvnT)]ﬂ—t - Z [v)\hl()‘tthvnT”ﬂ—
mesupp(At)
o Set ﬁt:min{gt,l}
LHAt_e”t”?

8: Set Ry = (tjill)g
9: Set ANt = (1 — BN + Bren, // Only 1-sparse updates recorded
10: Set 4T = GD(A\!, ny, Ky) // Only differences from 7y recorded
11:  end for
12 if hy(AMEHL 4B+ ) < ¢ then
13: break
14:  else
15: Net1 =2 Ny
16:  end if
17: end for

Output: \EF1 e Ap, 5+ ¢ R'E‘,nr

Theorem 2.3.3. Let K; be the number of iterations for FW-GD in the [th round and

A, y" be the exact solutions to the optimization problem maxyeay Milyepy, o g hi(A\, 7y, n).

Then, K; = poly,(|A|, & *,log(1/0)) and the outputs N+t K+l satisfy hy(\*,v*,n) —
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hy( ML At iy < e with at most O(K?|D)) calls to a constrained argmaz oracle, where the
size of the history D exceeding poly, (e, 10g [TI|, Ymax, Vi, 15, Al log(1/8)) with probability

at least 1 — 9, where poly,, poly, denote some polynomial.

The full proof is in Appendix It is worth noting that we can bound the suboptimality
error hy(\*, %, n) — hy(MEHL ~KitL n) by the duality gap, as the primal objective is always
at least as large as the optimum. Also, the Frank-Wolfe algorithm directly tackles the duality
gap, so standard Frank-Wolfe analysis will show that the Frank-Wolfe output makes the
duality gap small [Pedregosa et al., [2020].

Regularized Estimator. While Algorithms [I] and [2| use a robust mean estimator as in
equation , this estimator is impractical with a very large number of policies II. Instead,
we use a regularized IPS estimator that can be computed using historical data and an argmax
oracle.

Algorithm [4] puts it all together and Theorem shows our main result. Note that
for exposition purposes, we have omitted some additional regularization terms in the op-
timization problems that have no effect on the sample complexity, but ensure finite-time
convergence. Appendix [A.4] shows the full algorithm and the proof. In what follows,
poly, (JA], e, 1og(1/4)) - log(|IT|) and polys(|.A|, e, 1og(1/4),1log(|I1])) are polynomials in

their arguments that specified in the appendix.

Theorem 2.3.4. Fix any set of policies 11, context distribution v and reward function
r(c,a) € [0,1]. With probability at least 1 — &, provided a history D whose size exceeds
poly, (| A, e%,log(1/0)) -log(|I1]), Algorithm [f| returns a policy 7@ satisfying V (m.) —V (7¢) < €
in a number of samples not exceeding O(pr . log(|1I|logy(1/A.)/0)logy(1/A,)) where A, :=
max{e, mingen V(m,) — V(7)}.

In addition, Algorithm[]) is computationally efficient and requires the amount of calls not

exceeding polys(]A|, e, 1og(1/6),log(|1I|)) to a constrained argmaz oracle.
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Algorithm 4 Contextual Oracle-efficient Dualized Algorithm (CODA)
Input: policies IT = {7 : C — A}, feature map ¢ : C x A — R? § € (0, 1), historical data

D ={vs}s

1: initiate T € II arbitrarily, Ao = ez, Ao (), Y0, Ymin, Ymax appropriately

2: forl=1,2,--- do
3 a=2"1 6 =206/
4:  Define

M7 = e e (A1 () + U80) 4B [(Soea V00 TG |
(2.6)

5. Let A, 4!, n; = FW-GD(IL, | A|, @;_1, ¢). These are the solutions to

ng == min{n € N : ma min hi(A,v,n) < 2.7
! { )\GA); ’Ye['Yminv'Ymax]lnl l( 7 ) - 66} ( )

6:  For i € [ng] get ¢; ~ v, pull a; ~ p((:f) where p((;?,as o \/ (N O ’yl)Tth:)(?rl,l), observe rewards

Ts
7:  For each w € II, define the IPS estimator

ny

Al'(m 1) =)

s=1 pC57as + [’yl]ﬂ'

Ts

(H{Ti1(es) = asy — Um(es) = as})

8: set

[vi]=mu
(2.8)

7 = arg mingen A7 (1, 71-1) + Ecvup K,}%“ + e )1{%11<c>¢w<c>}] +

9: end for

Output: 7
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2.4 Conclusion

This work provides the first instance-dependent lower bounds for the (e, §)-PAC contextual
bandit problem. One limitation of this work is that our analysis of Algorithm [4] does not
immediately extend to the realizable linear setting. That is, a computationally efficient
algorithm that achieves the same bound is not known to exist. In all other settings discussed
in this work, we proposed a computationally efficient algorithm. A second limitation is the
assumption that we have access to a large pool of offline data. Because it seems necessary to
plan with some information about the context distribution, it is not clear how one would
completely remove such an assumption and achieve the same sample complexity bounds.
As with any recommender system, there is the potential for unintended consequences from
optimizing just a single metric. Moreover, other potential pitfalls can arise, such as negative
feedback loops, if our assumptions fail to hold in real-world environments. Such consequences

can be mitigated by tracking a diverse set of metrics.
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Chapter 3

OPTIMAL EXPLORATION IS NO HARDER THAN
THOMPSON SAMPLING

3.1 Introduction

The pure exploration bandit problem considers a sequential game between a learner with
two sets of arms X, Z C R? and nature. In each round, the learner chooses an arm = € X
and observes a noisy stochastic reward y = 20, + € where , € O is an unknown parameter
vector and ¢ is assumed to be i.i.d Gaussian noise. The goal of the learner is to identify
2, = argmax,cz 2 ' 0, with high probability in a few measurements. The case of X = Z is
perhaps the most natural case to consider, and has enjoyed a fair amount of attention [Soare
et al., 2014] [Fiez et al., 2019, Degenne et al., 2020]. However, all proposed approaches share a
common trait - complexity. Existing optimal algorithms rely on either explicitly enumerating
a potentially large subset of Z or periodically solving a convex optimization program at every
iteration. Consequently, it prompts us to question: is such complexity indeed indispensable
for reaching asymptotic optimality?

Maintaining our focus on the specific instance where X = Z, we note that the pure
exploration task can be addressed using any readily available regret minimization algorithm.
That is, if an algorithm generates a series of plays {z;}7, such that max,cy 3.1 (0., 7 —

;) < dv/T then this immediately implies that Z; drawn uniformly from the set {z;}, is

2

equal to x, = arg max,ecx (7, 6,) with constant probability as soon as T' > d*/AZ. = where
Apin = Milgex p£a, 6 (z* — x). One popular regret-minimization algorithm is Thompson
Sampling (TS). Following its re-emergence from nearly seven decades of relative obscurity, it
has rapidly ascended to become the most prevalently applied bandit algorithm in practical

scenarios, as per the industrial experience of the authors. We postulate that its popularity is
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due to (1) its simplicity to implement, (2) its flexibility to encode side-information in its prior,
(3) its computational efficiency, and (4) strong empirical performance. The algorithm works
by maintaining a distribution p, over © given all observations up to the time ¢, and then plays
x; = arg max,ex(x, 0;) where 6, ~ p;. Once y; = (x4, 0,) + ¢ is observed, the distribution is
updated and the process repeats. As we can see, TS only relies on the ability to sample from
a posterior distribution and compute a maximum inner product (an argmax oracle) - both
operations which have been heavily studied and optimized. Unfortunately, T'S is known to be
sub-optimal for the pure exploration linear bandits problem due to its greedy exploration
strategy. Indeed, there exist instances of X and 6, for which the sample complexity of TS to
identify the best arm scales quadratically in the optimal sample complexity achieved by other
algorithms [Soare et al., 2014]. Even for regret minimization, it is know that TS is far from
optimal from an instance-dependent perspective [Lattimore and Szepesvari, [2017]. But yet,

due to its many favorable properties it is still the go-to algorithm in practice.

This paper aims to answer the following fundamental theoretical question: Is there an
algorithm that enjoys asymptotically optimal exploration that does not need to explicitly
enumerate Z and only relies on posterior sampling and an argmax oracle? We achieve this
goal by not striving too far from the Thompson sampling algorithm itself and only assuming
access to a sampling oracle and arg-max oracle. In fact, our proposed algorithm can be
viewed as a generalization of Top-Two Thompson Sampling for the standard multi-armed
bandit game [Russol 2016] to the richer linear setting. At each iteration ¢, we maintain a
sampling distribution centered at @ (a least squares estimator computed after ¢ samples), and
get a sample 6, whose best arm is different than that of @ using a sampling oracle. Once such
a 0; is found, we update an online learner maintaining a distribution over X with rewards
16; — @Hiﬂ We prove that P(2; # z.|{z,}'_}) decreases at an exponential rate with the
exponent of the optimal fixed allocation. We also demonstrate that our method is not only

theoretically sound by achieving an optimal sample complexity given oracle access, but is

also computationally efficient empirically.
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3.1.1  Problem Setting and Notation

We first define the linear bandit setting. Let X, Z € R? be two sets of arms and © C R?
be the parameter space. At time ¢, we draw an action z; € X, and receive the reward
Y = :ctT 0. + ¢ where 0, € © and ¢, is i.i.d. Gaussian noise. The choice of arm z; at time ¢ is
dependent on the filtration generated by {(z, ys)}.Z}; furthermore, we denote the conditional
probability given this filtration be Py.

Goal: We are interested in the best-arm identification task, i.e. we would like to find
2, 1= arg max.cz 2 0, with high probability, while minimizing the number of measurements
taken in X.

We make the following assumption on the parameters that we will discuss further in

Section B.3.1
Assumption 2. O is closed and bounded, with a non-empty interior.
Assumption 3. Assume that max, ||z|, < L.

Assumption 4. Assume that span(Z) C span(X’) and the optimal arm z, € Z is unique.

Notation. For any matrix A € R¥? we define the norm ||z]|% := 2" Az. Given a set S,
we define the simplex Ag :={\ € Rlstl) : Zlﬂl Ai = 1}. Finally, given a (multivariate) normal
distribution A(, £71) on R¢ and some set ©, we define the truncated normal distribution,
denoted as TN(0,X71; ©), to be the normal distribution restricted on ©. For some A € Ay,
we define A(X) := > 4 Ayzz’. We define Ay, := max ey maxggee |z’ (0 —60')|. We define
the constants used in the algorithm as Csy = Ay, + L?+/dlog(Ty¢?). The precise definition

is in Appendix [B.1]
3.2 DMotivating our approach

Among all adaptive algorithms, it is known that for every 6, € O there exists a A € Ay

such that sampling x,zs, ... ,i'f'vd " X\ achieves the optimal sample complexity in the fixed
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confidence setting [Soare et al., 2014, |Fiez et al., 2019, |Degenne et al., 2020|. Specifically, for
any © C R? and X, Z C R? define

R : 1 2
7" 1= max i LR IV (3.1)

where ©¢ ={# €0 :3z€ Z,270 > 2] 0}. Then it is known that to identify z, with probabil-
ity at least 1 — ¢, the expected sample complexity of any algorithm scales as (7*) ! log(2.4/4).
Moreover, sampling according to the A that achieves the maximum, when paired with an
appropriate stopping time, achieves the optimal sample complexity asymptotically. As our
setting is more naturally analyzed in the so-called fixed budget setting, we next state a
result that can be viewed as a generalization of the result of Russo| [2016] originally stated
for the multi-armed bandit setting. Note that this is a lower bound similar to |Glynn and
Junejal [2004] and not a lower bound for the traditional fixed budget setting in multi-armed

bandits [Karnin et al., 2013|, since we only allow fixed A not adapting to the observations.

Theorem 3.2.1. Fiz © = R? and any 0, € ©. For some \ consider a procedure that draws
X1,...,xp ~ A, then observes y; = (x4, 0x)+€; for each t with e, ~ N(0,1), and then computes
Zr = argmax.cz(z, 07) where O = arg mingee ST Ny — (0,203 Then for any A € Ay
we have
: 1 ~ x
lim sup —7 log (P9*7xtN)\(ZT + z*)> <7
T—o0
The quantity 7 is naturally interpreted from a hypothesis-testing lens. Given a fixed

sampling distribution A, note that E, K LN (072, 1)|N (0] 2,1)) = 5[0 — 0.]% ) Thus the
min-max problem above aims to construct the distribution A which maximizes the smallest
KL divergence between # and any alternative with a different best-arm. As noticed by many
authors, this can be translated into a game-theoretic language. The max-player chooses a
distribution over the set of possible measurements X. At the same time, the min-player
chooses an alternative 6 whose best arm is not z, in an attempt to fool the A-player. This

lower bound intuitively suggests a strategy for algorithm designers: devise a sampling method

that ensures the resultant allocation aligns with the aforementioned objective.
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In this pursuit (discussed extensively in Section the game-theoretic perspective has
been directly exploited by several works to give asymptotically optimal algorithms. The
approaches of these works differ in detail but are similar in spirit and are motivated by
the following oracle strategy that has access to 6,. At each time, the max-player utilizes
a no-regret online learner, such as exponential weights [Bubeck, 2011], to set A\;y1 based
on an estimate of the best-response of the min-player, namely mingece: [|0 — Q*Hi(/\t). This

guarantees that

T

2 .
10— 0.l — i

max min

2
AEAx 0€O¢ ’6 B G*HA(/\t) = O(T)

which by a standard Jensen’s inequality argument is sufficient to ensure that %ZL A¢ 18
an approximate solution to the original saddle point problem. Then, the arm x; pulled is

sampled from \; at each time (or a deterministic tracking strategy is used).

The main computational challenge in this approach is that obtaining the best-response
can be rather involved. The alternative set can be decomposed as a union of intersections of
a convex set with a halfspace: ©2 =U,., ©ON{# € R?: 270 > 2[#}. Thus computing the
best-response involves computing |Z|-many projections onto convex sets. For small values of
|Z|, this may be feasible. However, this computation may be onerous if |Z]| is large or the
projection step is very expensive, for example, in many combinatorial bandit settings such
as shortest path problems in a graph |[Chen et al) 2017]. As another example, in practical
recommendation systems where Z represents items to be recommended, |Z| may be in the
millions. Thus computing | Z| many projections under latency constraints may be impossible,
even though Thompson Sampling can easily recommend good items [Biswas et al., 2019]. In

addition, for both settings, there may be no easy closed-form expression for the projection.

Our method is based on the following equivalent formulation of 7*. By linearizing the
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min over alternatives with a distribution over ©F , we can apply Sion’s minimax theorem:

o1 2
mmax it 5110 = 6ellay

1 2
— 1 Ego, | = 0 — 9*
A 2, o 59—

1 2
= mi Eop |= |6 — 6. :
pein, | max By p[2 | IIA(M]

where A(©¢) denotes the set of distribution over the alternative set ©¢ . This replaces the
projections with an expectation over a distribution on ©¢ . At first glance, the situation
may seem worse - we have gone from finitely many projections to needing to maintain a
distribution over a potentially infinite set!

However, imagine that © is finite and that we solve this saddle-point problem by maintain-
ing a no-regret learner for the max-player as before, while similarly maintaining a no-regret
learner for the min-player. Standard results in convex optimization guarantee that the average
of the iterates of the two learners converge to a saddle point eventually |[Liu and Orabonal,

2022|. To be more precise, at each round ¢ we draw an x; ~ A; and feed the (stochastic) loss

Zee@g* Pto

exponential weights, then the update is

60— &Hitx: to the learner for the min-player. Assuming the min-player learner is

T

1TsZg

—n)|6«—0]12 —n||6.—0%,
Pi+1,06 X Proe€ T X e 2=

where 7 is an appropriate step-size. Hence, the resulting distribution p;,; is reminiscent of the
probability density function of a multivariate normal distribution N(6,,77*(>2\_, z,2])™")
restricted to ©F . This observation motivates our algorithm - for the min-player we maintain
an appropriate normal distribution and at each round, use samples from this distribution to
generate a stochastic loss to feed the max-player. This approach avoids explicitly maintaining
Z or ever needing to compute a projection! Of course, this discussion has relied on knowledge

of 0, and z,. In the next section, we explain how our algorithm, PEPS, overcomes these

restrictions.

3.3 Best Arm Identification through Sampling
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Algorithm 5 Pure Exploration with Projection-Free Sampling (PEPS)

Input: Finite set of arms X C R? Z C R, time horizon T', ny,n,, @
1: Define \¢ = arg minyea, max,cy H]}Hi()\)_l, A= ﬁl
2: Initialize Vo = I, Sp =0, py = N(0,V}), 6, arbitrarily
3: fort=1,2,---,T do
4 =t
5. //Top Two Sampling
6: Compute Z; = argmax 2 0,

z2€EZ

7 Sample 6, = SAMPLE(TN(0,,7,'V,"}; 0%))

9: //Take Sample and Observe Reward

10:  Sample z; ~ \, where )\, = (1 — v) A + 1A

11:  Observe y, = (0., ;) + €, where ¢, ~ N (0,1)

12:

13:  //Update

14:  Update V; =V, +xyx], Sy = Si_1 + zyys, and Opr = V1S,
0, — 0, 2 Veex

15:  Update \yq o< \e™9 where Gtz = ’
16: end for
17: Sample 6 = SAMPLE(TN(f7,, V5 '; ©))

Output: Z,(0) = argmax.cz z ' 0

Our main method PEPS is presented in Algorithm [5] Given a budget of T samples, we
repeatedly sample 6, utilizing a sampling oracle SAMPLE. We then sample an z; ~ A, where
S\t is the distribution A\; maintained by the A-learner at time ¢ mixed in with a diminishing
amount v, of the G-optimal distribution A\“. After playing x, and observing a reward y;, PEPS
updates both the A\; and the estimate é’\t with the covariance. In particular, given samples

{xs}_q, we let @H = V1S, where V; = ZZ=1 r.x] and S; = Zizl Tls. Algorithm
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Algorithm 6 Doubling trick
Input: Finite set of arms X c R?, Z C R¢
1: for {=0,1,--- ,L do
1 dlog(T;C:
2. Set T, =2 ny = —Cogﬁel, N = —g(?,,ZTzS’Z)’ a=1/4

3.z =PEPS(X, Z,Ts,n\,np, @)

4: end for
Output: zj

depends on a finite time horizon T'. To ensure that our algorithm is anytime and eventually
converges to the optimal sampling scheme, we employ an outer loop Algorithm [6] utilizing a
doubling scheme. Before we explain the theoretical guarantees, we first detail some of the

aspects of the algorithm.

Updating the sampling distribution for #;. Our main innovation is introducing a

distribution over ©f, from which we can sample over. In particular, in each round, we

sample 6; from TN(@;, n, VAR ©%, ), which is a truncated normal distribution with support
¢ [Burkardt), [2014].

Following the discussion in the Section [3.2] it is tempting to see this update as a form
of continuous exponential weights [Bubeck, [2011]. However, this is not quite true since the
underlying action set ©F is changing each round. This creates several technical challenges in
the proof. Note that similar to previous works, we could have maintained a learner for each
z € Z [Degenne et al., [2020]. However, our approach of maintaining a distribution prevents
the need for this additional complexity of enumerating Z.

From the perspective of exponential weights, 7, is a step size: the dependence on d in
the numerator comes from the dimension of ©; and C??,E is an upper bound on the stochastic
loss ||0; — @Hit:p: that we guarantee with high probability due to forced exploration and
boundedness of ©.

We have the following regret guarantee on the online min learner. For notational conve-
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nience, in this section, for some set S with nonempty interior, we let p,(S) = TN(@;, un W-1S)
be the truncated normal distribution with support on S.

Lemma 3.3.1 (informal). In round T, of epoch { of Algorithm[6, we have with probability
greater than 1 — 1/02,

iy
> Eaepiecy |0 -
t=1

< O(dv/Ty log(LTy)).

’ inf |0 — 0,
vy | ok 1= Oellys,

Sampling Oracle. Our algorithm involves a sampling oracle that takes samples from a

truncated normal distribution.

Definition 3.3.2 (Sampling oracle (SAMPLE)). The oracle SAMPLE(p) is an algorithm that

given some distribution p, returns a sample 6 ~ p.

There are various ways to implement this sampling oracle efficiently. The easiest way is
to use rejection sampling. In particular, on line 7, for each round ¢, we repeatedly sample
0, ~ N (é\t,n; 1W=1) until the best-arm of argmax,cz 26, is not our current best guess
Z; = argmax,cz zTgt, and on line 17 we repeatedly sample 6 ~ N(§T+17 Vi) until g € o.
Regarding the computation cost of rejection sampling, we suffer from some of the same
challenges as Top-two sampling algorithms, which empirically work well in practice [Russo,
2016]. From a practical perspective, the rejection sampling step is only computationally
costly if it requires many draws from the posterior to find a 6 in the alternative ©F . However,
note that if we draw O(1/v) vectors and none of them are in the alternative ©% , by Markov’s
inequality, this arm they all agree on is the best arm with probability 1 — v. Thus, as
soon as it becomes computationally costly to sample an alternative, the problem is basically
solved. We demonstrate empirically that the computational complexity is not at all onerous
in Section and Appendix [B.6] Also, we note that our focus is on the query complexity

given an effective way to sample, not the complexity of sampling from the distribution itself.
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Since the sampling oracle only returns one sample at the end, our algorithm still achieves an
asymptotically optimal sample complexity even if we draw O(1/v) vectors inside the oracle.

Moreover, we remark that sampling from truncated normal distributions is a well-explored
practice across statistics and machine learning, especially when sampling in a convex set. A
variety of efficient methods such as Gibbs and hit-and-run procedures are available for this
purpose [Devroye, 1986, Murphy, 2013| Li and Ghosh, 2015, Laddha and Vempala, 2023].
In particular, the hit-and-run algorithm ensures one gets a sample in the convex set with
probability 1 — v in O(d®log(1/v)) samples in the worst case [Lovasz, 1999]. Furthermore,
novel approaches have improved the efficiency of traditional rejection techniques, especially
when dealing with a convex support of the truncated normal distribution [Maatouk and Bay,

2016].

Update for )\;,. To update \;, which corresponds to the action of our max-player, we

employ an exponential weighted learner (Hedge) over the set of actions X'. The reward vector
2

conditioning on the
zx

history of the algorithm {(x,,ys,0,)}._}, and is bounded in high probability. We show that if

s=1>

G; € RI¥l is stochastic with expectation Egie = Egpyoc) H@ — 02
2t

we choose o = }1 and let Amax be an upper bound on the loss function, we have the following

regret guarantee:

Lemma 3.3.3 (informal). In round T, of epoch { of Algorithm [, we have with probability
greater than 1 — 1/02,

7 o
frere ; Eopios,) H9 B etHA(A)

- iEQNm(@%) He — @Hi(m <0 <\/(d + Ammax) Tt log €>
t=1

Forced Exploration with G-optimal Design. To ensure adequate sampling in all
directions, in each round we mix in some amount of the G-optimal distribution, denoted

as A\ 1= arg minyen , max ey Ha:qu(/\)_l. This ensures that max,cy Hé\t — 0| o7 is bounded
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for any 6 € © and z; is eventually z, with probability 1. The rate at which the mixture
of this distribution decays as t~¢, for any 0 < a < 1/2, so it has no effect on asymptotic
performance. We note that thanks to the implicit anti-concentration properties of sampling
f; from a multivariate Gaussian, this step is probably unnecessary and just an artifact of the

analysis [Agrawal and Goyal, |2017].

Argmax Oracle One advantage of our approach that is most reminiscient of Thompson
Sampling is the calculation of z; at the start of each epoch. In practice, if we have an
efficient arg max-oracle, this calculation can be computationally efficient and does not require
maintaining Z. By exploiting arg max oracles, we can tractably solve problems like shortest-
path and matchings, even in settings where | Z| is super-exponential in d [Katz-Samuels et al.)

2020].

Doubling Trick As presented, the regret guarantees for Lemmas [3.3.1] and [3.3.3| require

fixed step sizes 0y, n,. To overcome this need for a fixed step size, we use a doubling trick and
restart the algorithm every 2¢ samples [Shalev-Shwartz et al. [2012]. We believe the use of
the doubling trick is purely a theoretical restriction and a more careful analysis could provide

an anytime algorithm with no restarts.

3.3.1 Theoretical Guarantees

Recall that at the end of each epoch, Z,(f) = argmax.cz 2 '@ is the optimal answer for some

0 ~ mp. Our main result is the following guarantee on Algorithm [6]

Theorem 3.3.4. With probability 1,

1
lim ~7 log Por, (Ze(0) # 2.) = 77,

f—00 ¢

where 7p = N(aT,_,, VL)) restricted to ©.

Thus our algorithm guarantees that asymptotically the probability that we do not identify

Tt

the optimal arm decays at the rate of e=77", with 7* being the optimal exponent as given in
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Theorem [3.2.1] Such guarantees on the probability of a sampled arm are similar to those in
the Bayesian best-arm literature, namely Russo| [2016] and Jourdan et al.| [2022]. In these
works, a posterior distribution is maintained and they guarantee that the posterior probability
that a non-optimal arm is sampled converges at an exponential rate, with the best possible
exponent among all allocation rules. We provide a similar guarantee here for linear bandits.
As a remark, this does not directly lead to a bound on the frequentist probability of error,
which requires integration of the posterior probability over all randomness in the algorithm.

We provide a small sketch of the proof now. A full proof is in Appendix

Proof sketch. We say that a,, = b, if %log(an/bn) — 0 as n — oco. We focus on a fixed round
¢ of Algorithm [0 Using the fact that the expectation of the empirical log-likelihood ratio
(conditioned on the data collected) between 6, and some 6 € O is the KL divergence between

them, we can show using a Laplace Approximation
~ . f 1 2
Ponr, (20 # 22) = exp | =To 1nf o 10 = Oulliacey,) ) -
where er, = T t | €, Letting py, = T Zt 1 P(©%,), we have
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The regret guarantees in Lemmas [3.3.1] and [3.3.3| ensure the first and third sum are o(1)

and so go to 0 as Ty — oo. The fact that p,(©%) is equal to p,(©%,) for large enough ¢
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ensures that the middle term similarly goes to 0. Combining all terms and the fact that
@ is close to 0, guarantees that for any € > 0 there is a sufficiently large ¢ such that

maxiea  Eopy, |0 — QHZ(A) — mingeaoc, ) Bonp |0« — QH‘QA(éTZ) < ¢, which using minimax du-
. . . . 1 2 . 2 :
ality implies that eé%f; 5110 — Q*HA(ETZ) > maxyea, Minpea(oc ) Egnp [||6’* - 0||A(/\)] — €. Since

Zx

the first term on the right-hand side is 7%, we have shown that ei%f % 160 — G*HQA( > 71" — €.

éTZ) -

Zx

Since by definition 7 > Ginf 116 — 0*||Z(ET )» choosing € — 0 concludes the proof that
c i

Zx

-~ - : 1 2 _ *
P (5 7 2) = xp (T iuf 410 0.1, ) = xp(-Tir"). 0
Remark: Stopping times. Note that we are not providing a guarantee on the expected
stopping time for any finite ¢. Existing asymptotically optimal approaches which guarantee
a finite stopping time in high probability, e.g. |Degenne et al.| [2020], utilize a generalized
log-likelihood-ratio test of the form

i — by >
I&?g?ég 160 = Ocllv, > B(t,9)

where B(t,0) = O(y/dlog((T + |6.]]2)/9)) is an anytime confidence bound controlling the
deviations of [|§ — @H% [Abbasi-Yadkori et al., 2011]. As a result, their algorithms saturate
the lower bound for an expected stopping time, i.e. limsups_,. E[rs]/log(1/§) < ()7L
Unfortunately, this GLRT stopping rule itself requires a projection onto each element of Z.
We leave it as an open question whether an algorithm can be developed which is asymptotically
optimal, requires no explicit projection, and has a finite expected stopping time in high

probability.

Remark: Bounded assumptions on ©. We assume O is closed and bounded. The
boundedness assumption is needed since we would like to control that for each 6 € ©, the
rewards "0 to be bounded for all arms z € X, which is used in our regret analysis for each
learner. Learning algorithms such as AdaHedge |[De Rooij et al., |2014] avoid the need for

bounded rewards and we leave it as a future research direction to remove this condition.
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3.4 Related Work

Pure Exploration Linear Bandits The pure exploration linear bandit problem was
introduced in the seminal work of [Soare et al.| [2014]. In recent years, there has been renewed
interest in this problem due to its ability to capture many best-arm-identification and pure
exploration settings. Following the experimental design approach first considered by Soare
et al.| [2014], several different algorithmic frameworks were considered [Tao et al., 2018, Xu

et al., 2018, Karnin et al. 2013].

One of the first algorithms to achieve matching instance-optimal upper and lower bounds
(within logarithmic factors) for the case of R? was by |Fiez et al.| [2019] and depends on an
elimination scheme. Shortly after, several works proposed asymptotically optimal algorithms.
The first of these methods utilized the track and stop approach given in |Jedra and Proutiere
[2020], which fully solves the 7* objective of Equation using a plug-in estimator (Z at each
round. Due to the computational difficulty of this, several works proposed alternatives that
iteratively updated the sampling distribution in each round. This includes the game theoretic
viewpoint we utilize first proposed by Degenne et al. [2020] 2019], and a novel modification
of Frank-Wolfe by Wang et al.| [2021]. Other works have augmented these approaches by
providing elimination schemes to reduce the set of alternative Z that need to be considered
each round. Zaki et al.|[2022] proposes a hybrid approach combining the elimination from
Fiez et al|[2019] and Degenne et al,|[2020] to remove the condition that © needs to be
bounded. [Tirinzoni and Degenne, [2022] provide an elimination approach where they carefully
exploit properties of Z. Finally, we mention that the pure exploration problem has also been
considered in the generalized linear bandit (logistic) settings in Kazerouni and Wein| [2021]
and Jun et al|[2021b]|. Future work could explore extending sampling methods to these

settings.

Oracle Based Approaches As discussed before, if Z is a large or combinatorial set, it

may be impossible to maintain and appropriate oracles are needed. Katz-Samuels et al.| [2020]
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considers the linear combinatorial setting for matroid-like classes e.g. shortest-path, top-k,
and bipartite matching. By exploiting ideas similar to [Fiez et al. [2019], they provide an
algorithm utilizing the argmax oracle to achieve near optimal sample complexity. A recent
work by [Li et al.| [2022] reduces optimal policy learning in agnostic contextual bandits to pure
exploration and provides a method analogous to |Agarwal et al.| [2014] which only relies on

cost-sensitive classification.

Top Two Methods Our approach is perhaps most reminiscent of the Top-Two Thompson
Sampling (TTTS) algorithm for best-arm identification in multi-armed bandit{l] of [Russo
[2016]. Similar to Thompson sampling Russo et al|[2018], TTTS maintains a posterior
distribution over the means of the arms, and at each round samples a mean vector from
the distribution and chooses the arm with the highest sampled mean. It then continues to
sample mean vectors, until one is returned whose highest mean is different from the previous
found one. Both arms are then pulled. As discussed in the introduction, our algorithm is
similar in spirit - we sample until finding a parameter vector whose best-arm is different
from our current estimate and then we utilize these vectors to update our learners. Top-two
algorithms for multi-armed bandits perform well in practice and have been extensively studied
in Bayesian and frequentist settings under various assumptions on noise |[Qin et al., 2017,
Shang et al., 2020|, Jourdan et al.| 2022, Qin and Russo, 2022, Lee et al., 2023|. However,
they often depend on a parameter 3, and only achieve a weaker notion of S-optimality. Our
work is the first to propose and analyze an asymptotically optimal Top-two algorithm for
the general linear bandit setting. We remark that the LinGapE algorithm [Xu et al., 2018|
also uses a top-two approach and tends to perform well empricially, however it is unknown

whether it is asymptotically optimal.

Online Learning and Thompson Sampling Finally we remark that the connection

between Thompson Sampling and online learning has been previously explored in the early

!i.e. the arms are standard basis vectors X = Z = {ey,--- ,e4} € R? and © = [0, 1]¢
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work of |Li [2013]. This work focuses on the regret setting. Other works in the regret setting
have explored connections between information-theoretic analysis of Thompson sampling
and online stochastic mirror descent algorithms [Lattimore and Gyorgy, 2021, |Zimmert and
Lattimore], [2019]. We hope that our work provides a strong step in this direction for the

structured pure exploration literature.
3.5 Experiments

In the following, we provide some preliminary experiments to demonstrate the performance
of Algorithm | Note that the contribution of this paper is primarily theoretical - our goal is
to demonstrate that asymptotically optimal algorithms for pure exploration can rely purely
on sampling oracles. We hope that the preliminary experiments we provide encourage further
exploration of this line of thinking and lead to algorithms that can be as easy to apply as
Thompson sampling in practice.

With this in mind, we ran the following modification of some of the algorithms of the
previous section. Firstly, we eschewed the doubling trick and instead just ran PEPS directly
for a fixed horizon side T'. Secondly, for the max-learner we made use of AdaHedge which
is able to use an adaptive step size. Finally, we set 7, = 1. Though our algorithm only has
theoretical guarantees over a bounded set ©, we believe that this is primarily a limitation
of our analysis and so we set © = R?. We also remove the forced G-optimal exploration for
the same reason. For the sampling oracle, we use rejection sampling method because of its
simplicity. We demonstrate empirically that the computation cost is not onerous. We plot
the number of rejection steps used each round along with clock time per iteration for our
method in Appendix [B.6] We also see that our method is running faster than the benchmark
LinGame especially when the number of arms is large in Table in Appendix Further
details on our experimental setup and additional evaluations are also in Appendix [B.6]

The main algorithms we compare to are Thompson Sampling [Russo et al.| 2018|, LinGame
[Degenne et al., 2020], and LinGapE Xu et al.| [2018]. LinGame is based on the two-player

game strategy with best-response detailed in Section [3.2] For a fair comparison, we run
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Soare’s instance [Soare et al. 2014] Sphere TopK

0 0.1 0.05 0.01 ) 0.1 | 0.05 | 0.01 | 0.2 0.1 0.05
PEPS 1027 1606 3284 294 | 476 | 794 | 7326 | 14188 22518
LinGame | 828 1500 2688 186 | 282 | 638 | 8838 | 29963 >30000
LinGapE | 708 1141 2281 316 | 433 | 690 | 7096 | 20570 >30000
Oracle 766 1232 2576 243 | 328 | 473 | 17363 | >30000 | >30000
TS >5000 | >5000 | >5000 431 | 1046 | 2176 | N/A | N/A N/A

Table 3.1: The number of samples needed for Py, (2, = z,) > 1 — ¢ for various algorithms

LinGame and LinGapE without stopping. The goal of our experiments was to demonstrate
that sampling and no-projection algorithms can be competitive against algorithms that
explicitly project. From this perspective, we did not consider algorithms that eliminate. For a
more extensive empirical comparison of existing algorithms, please see Tirinzoni and Degenne
[2022]. We also include an oracle strategy that pulls arms from the allocation derived from

the lower bound.

In summary, our algorithm achieves a similar performance compared to LinGame and
LinGapE while beating LinTS in Soare and Sphere instances. For Top-k instance, our
algorithm beats LinGame, LinT§S, and LinGapE. Note that our algorithm is the first algorithm
that relies purely on just sampling oracles and our theoretical analysis is only asymptotic,
the experimental results are satisfactory since they show that our algorithm works decently

well in practice. Now we detail the setting for each instance.

Soare’s Instance [Soare et al., 2014]. The first instance we consider is the standard
benchmark linear bandit instance described in |Soare et al|[2014]. In this instance, the arm
set X C R? with |X| = 3. The first two arms are z; = e;, 15 = e3 C R?, the canonical basis

vectors, and an informative arm 3 = (cos(w), sin(w)). The true parameter is 6, = (1,0) € R<.
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Figure 3.1: Best-arm identification rate for PEPS, LinGame [Degenne et al., 2020], LinGapE

[Xu et al., 2018], Thompson sampling, and fixed weight strategy under three instances: Soare

instance with w = 0.1, sphere instance with d = 6 and |X| = 20, and Top-k instance with
d =12 and k = 3, with 500 repetitions for each instance. Confidence intervals with plus or

minus two standard errors are shown.

In this problem, the optimal arm is always x;. However, when the angle w is small, it
becomes challenging to distinguish the interfering arm x4, from x;. An effective sampling
strategy would pull arm x5 instead of x; to reduce uncertainty between z; and x4, effectively.
However, Thompson sampling will tend to pull x1, which will take much longer to distinguish
between the two competing arms. The experiments were carried out on a problem instance
with d = 2 and w = 0.1. Our algorithm achieves a similar performance compared with

LinGame and LinGapE while beats LinTS.

Sphere. Following Tao et al|[2018] and Degenne et al.| [2020], we also consider a linear

bandit instance where the arm set X C B? := {x € R?: ||z||, = 1} is randomly drawn from a
unit sphere of dimension d. For the true parameter, we select the two arms, z and z’, that
are closest to each other, and define 6, = x +0.01(2’ — z), ensuring that z is the best arm. In
our experiment, we run the three algorithms on a problem instance with d = 6 and |X| = 20.

As we can see, our algorithm still outperforms Thompson sampling and is competitive with
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LinGame and LinGapkE.

Top-k. The third instance we consider is the top-k combinatorial bandit problem where
the goal is to identify the top-k means. In the linear setting, this can be expressed as
X ={e, - ,eqt CRYand Z = {e;,++ - +e;, i1, ,ig € ([Z])} C R% ie. X isthe standard
basis and Z is the set of indicator vectors of subsets of size k. Then, the best arm in this new
arm set Z corresponds to the top-k arms in X', which is the goal of top-k identification. Then
we run BAI algorithms on this new arm set. We take 6 = [1,.95,.90,--- ,1 — .05i,---] € R<.
As we can see, our algorithm outperforms LinGame and LinGapE in this instance.

We also present Table describing the number of samples needed to reach a 1 — ¢
idenfication rate for various ¢ values. Note that we do not run Thompson sampling for the
Top-k instance (it is not defined when X # Z so we put N/A there), and > n in the table
means that the algorithm fails to achieve 1 — ¢ for the n iterations we run in the experiment.
We can see that our algorithm, PEPS, achieves an 1 — § best-arm identification probability
for all ¢ in all instances, with a rate similar to LinGame, outperforming LinTS in all three

instances.
3.6 Conclusion

In this paper, we present the first sampling-based projection-free algorithm for pure explo-
ration in linear bandits. Our algorithm only relies on a sampling oracle and an argmax
oracle, so our algorithm is tractable in various settings. We show that our algorithm is
asymptotically optimal in the sense that the probability that we do not identify the optimal
arm decays exponentially with the optimal rate for a fixed allocation. We provide experiments
demonstrating that our algorithm beats Thompson sampling and has competitive performance
against benchmark algorithms such as LinGame [Degenne et al., [2020] in various problem
instances. Our current approach has various limitations: for example, we need to assume
that © is bounded. However, we hope that this work opens a line of investigation into better

sampling-based algorithms for effective exploration.
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Chapter 4

ESTIMATION OF SUBSIDIARY PERFORMANCE METRICS
UNDER OPTIMAL POLICIES

4.1 Introduction

4.1.1 Literature Review

Many fields are interested in learning policies that map from individual-level characteristics to
a choice of action. The policies that result in the best possible mean of a subsequent outcome
are often referred to as optimal policies |Athey and Wager| [2021]. For example, in biomedical
sciences the action may take the form of a treatment allocation and the outcome may be
disease remission [Ling et al. [2021], whereas in digital marketing the action and outcome
may be a recommendation and click-through rate, respectively Hill et al.| [2017]. There have
been a variety of methods developed for estimating optimal policies. These methods include
regression-based estimators such as Q-learning |Qian and Murphy| [2011], outcome-weighted
learning Zhao et al. [2012], and doubly robust approaches [Dudik et al., [2011, Zhang et al.
2013|, among others. Performance guarantees for these methods have been established by
several authors Athey and Wager| [2021], |Qian and Murphy| [2011], Zhao et al. [2012], Luedtke
et al. [2020].

An estimated policy is unlikely to be implemented unless confidence intervals characterizing
its performance are available [Shi et al.| [2020]. These performance metrics may take the
form of the remission rate of all patients or the click-through rate of all customers. In both
of these examples, the metric is the value of the optimal policy in the population, better
known as the optimal value. Inference about the optimal value is well-studied when there
is only one outcome of interest Luedtke et al|[2020], Liu et al|[2021]. Several works have

shown that one-step estimators and targeted minimum loss based estimators are efficient
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under conditions van der Laan and Luedtke [2015], (Chambaz et al. [2017]. In particular,
these works require a non-exceptional law condition that states that the conditional average
action effect does not concentrate mass at zero Robins| [2004]. Alternative strategies have
been developed for constructing confidence intervals for the optimal value even when this
condition fails |Luedtke and Van Der Laan| [2016], (Chakraborty et al. [2013].

Though most existing methodological works on policy learning focus on optimizing for a
single performance metric, in real-world settings there are often multiple other subsidiary
performance metrics that are also of interest [Boominathan et al.| [2020], |Bica et al.| [2021].
These metrics may correspond to different summaries of the outcome, such as the median,
rather than the mean, and time to disease remission [Phillips et al.| [2020]. Alternatively, they
may summarize several different outcomes rather than just a single one. For example, when
learning a treatment allocation, symptom reduction may be considered alongside prognosis
Freemantle et al.|[2003]. Most existing approaches for incorporating multiple outcomes involve
combining them into a composite outcome and then using policy learning methods designed
for single-outcome settings [Butler et al. [2018]. In settings where the actions recommended
by experts are recorded in the dataset, |Murray et al| provided a means to construct a
composite outcome in an automated fashion Murray et al.| [2016]. However, when expert
recommendations are not available, composite-outcome-based approaches require investigators
to construct the composite outcome in some other way, which often ends up being somewhat
arbitrary Luckett et al|[2021]. Some alternative approaches do not require the construction
of a composite outcome. One such approach involves learning a policy that returns a set of
recommended actions, rather than a single one [Laber et al.|[2014]. Each of the actions in this
set should yield a desirable result for at least some of the outcomes. For settings where there
is a primary outcome of interest, another approach involves using other secondary outcomes
to define constraints that any selected policy must satisfy Linn et al|[2015], Wang et al.
[2018].

In cases where a single outcome is of primary interest and others are only of secondary

interest, a preferred approach may be to optimize only for this one outcome, while still making
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inferences about the effect of the policy on the subsidiary outcomes. For example, just as
the side effects of any new medical intervention must be assessed along with its effect on the
primary outcome of interest [FDA. [2006], the side effects of a new treatment policy should
be assessed as well [Linn et al., |2015]. As another example, if a company optimizes a policy
for customer acquisition, it must also consider the impact the policy will have on customer
retention Afeche et al. [2017]. In this work, we provide a systematic approach for assessing the

impact of a policy that is optimized for some primary outcome on other, subsidiary outcomes.

4.1.2  Notation and objectives

Let X € X be a feature, A € {0,1} a binary action, and Y € ) an outcome that is observed
after the action. This outcome may be multivariate. Let M be a nonparametric model
consisting of possible joint distributions P of (X, A,Y"). Our sample consists of n independent
and identically distributed draws (X, A;,Y;)", from Py € M. Let II be a set of policies
X — {0,1} that take as input a feature and take action 0 or 1. For a given policy 7 € II, let
2,(P) be a real-valued primary performance metric for the policy = under sampling from P,
where we assume that larger values of this metric are considered preferable. Further let W, (P)
be a real-valued subsidiary performance metric for 7 under P. For example, when Y is a
primary-subsidiary outcome pair (Y*,YT) € R?, these metrics could be the covariate-adjusted
means of these two outcomes |Luedtke et al. [2020], Luedtke and Van Der Laan| [2016], that is,
Q. (P) = [Ep[Y*|A = 7(2), X = 2]dP(z), and ¥, (P) = [Ep[YT|A = 7(z), X = z]dP(x).
Alternatively, the outcome Y may be univariate and the primary performance metric may be
equal to the mean Q. (P) = [Ep[Y|A = n(x), X = x]dP(z) while the subsidiary metric may
be equal to the covariate-adjusted probability that the outcome exceeds a specified value t,
namely U, (P) = [ P{Y > t|A = n(z),X = x}dP(z). We refer to Q(P,) and V() as the
Q-performance and W-performance of the policy 7.

For P € P, let I}, denote the set of optimal policy with respect to the primary performance
metric, that is, [T}, := {7 € II : Q(P) = sup,c Q2 (P)}. We denote a generic element of

this set by 7. We refer to elements of IT* := IIf, as Q-optimal policies and denote a generic
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element by 7*. We assume throughout that II* is nonempty, and note that in general this
set may contain more than one policy. We are interested in making inferences about the
subsidiary performance metric W, (Fy) for Q-optimal policies. Letting 1§ = Wi&f*\l]“(Po) and
P = sup,en- Ya(F), our objective is to construct a confidence interval for the range of
possible W-performances under an 2-optimal policy, that is, develop a confidence interval

that is a superset of [1)§, 4] with a specified asymptotic probability.

When there is only one Q-optimal policy, our objective is to determine the W-performance
of this policy, denoted by 1) := 1§ = 1%. When there are multiple Q-optimal policies, ¥
may be less than 1§, and the upper and lower bounds of our interval inform on the most
extreme W-performances that can be attained from an Q-optimal policy. For example, if
larger values of W are preferable, then the upper confidence bound on %§ informs about the
best achievable W-performance by an 2-optimal policy. Such a policy can be shown to be one
of several policies that fall along the Pareto front of the two-objective optimization problem
that seeks to maximize {2 and W. The Pareto front denotes the set of policies for which there
is not a policy that performs better with respect to one of the two metrics and no worse
with respect to the other. The difference between inferring about § and multi-objective
optimization is that the policy with the best ¥ performance is primarily optimized with
respect to one performance metric €2, while multi-objective optimization optimizes several
performance metrics simultaneously (Gunantara [2018], Deb [2014], Bentley and Wakefield
[1998].

We present our proposed confidence intervals in the next two sections. When doing so, we
consider two separate cases. In Section we begin with an easier and more specialized case,
where the performance metrics {2, and ¥, are assumed to be the covariate-adjusted means
of a primary outcome (Y*) and subsidiary outcome (YT), there is assumed to be a unique
Q-optimal policy 7* over an unrestricted policy class I, and a certain margin condition holds.
In Section [£.3] we move on to a harder and more general case, where €2, and U, are arbitrary

smooth parameters and there may be multiple Q-optimal policies.
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4.2 Wald-type inference under a margin assumption

In this section, we focus on the case where Q,(P) = [Ep[Y*|A = n(z), X = 2]dP(z) and
V. (P) = [Ep[YT|A = 7(z),X = z]dP(x) for a primary-subsidiary outcome pair (Y*,YT)
and, moreover, the policy class II is unrestricted. We aim to build on existing works that
evaluate the Q-performance of an Q-optimal policy [van der Laan and Luedtke, |2015| [Luedtke
and Van Der Laan, 2016]. These works have shown that a simple estimation strategy is
efficient under a non-exceptional law condition that makes the (2-optimal rule unique [Robins|,
2004]. In this case, 1§ = ¢ and we write ¢y = 1§ = ¢ This strategy first obtains an
estimate 7 of the Q-optimal rule, and then constructs a standard one-step estimator of Qx(Fp).
Heuristically speaking, pursuing estimation of Qx(Fp), rather than Q.. (Fp), introduces only
negligible bias because 7 should be a near-maximizer of Q. (F). Hence, similarly to the fact
that f(z) — f(2*) = o(|]z* — x|) for a differentiable function f : R — R with maximizer z*,
the error induced by replacing 7* by 7 in the functional 7 +— Q. (Fp) should be second-order.
In this section, we study the extent to which a standard one-step estimator of Wx(Fp) will
yield an asymptotically normal and efficient estimator of W(Fy). This study is important
since, if the standard one-step estimator satisfies these properties under only mild conditions,
then there is little reason to develop alternative methods.

We now discuss a key condition that we will require to establish the efficiency of a standard
one-step estimator for W(F), along with the validity of corresponding Wald-type confidence
intervals. Define the function ¢,(P)(z) := Ep[Y*|A =1, X = 2] —Ep[Y*|A =0, X = z] to be
the conditional average treatment effect on the primary outcome and s,(P)(z) := Ep[YT|A =
1,X = 2] — Ep[YT|A = 0,X = 2] to be the conditional average treatment effect on the
subsidiary outcome. We refer to these functions as the primary CATE and subsidiary CATE,
respectively. We use the shorthand notation gy := ¢,(Fp) and spo := sp( ).

Condition 1 (Margin condition between YT and Y™*). For some C; > 0 and ¢ > 2,

PO (|Sb70(X)| Z Olt |qb70(X)|) S t_c, for all ¢ > 1. (41)
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When this condition holds, |gs0(X)| # 0 with Fy-probability one. Hence, this condition is
a strengthening of the usual non-exceptional law condition [Robins, |2004] that is required
when the ¥ and () performance metrics coincide. To ensure the validity of the standard
one-step estimator, some form of strengthening appears to be needed to make up for the fact
that 7* is defined as a maximizer in 7 of Q. (Fp), rather than ¥, (F). Indeed, the estimation

error of this estimator ¢z can be decomposed as

~

br = W (By) = s = Wa(B)| + (W (By) = W (R)].

The fact that zz% is a one-step estimator of Wz(F,) should imply that the first term will be
small. However, since 7* is not necessarily an optimizer for ¥, it is possible that Qx(Fp) is
close to Q.+ (Fy) while U (Fp) is far from V... (Fy) — see Figure for an illustration of this

possibility. Therefore, we need a condition to characterize the flatness of the ¥ performance

Figure 4.1: Plot of primary and subsidiary performance metrics for an estimated policy given
the threshold policy class II = {1(x > a) : a € R}. The estimator 7 performs well in the
sense that the Q-regret Q.(Fy) — Qz(Fp) is small, which is to be expected since 7* is defined
to be an Q-optimal rule. Nevertheless, in principle the W-regret W, .(Fy) — V=(F) could
still be large, since the W-value function 7 +— W, (F,) may be markedly different from the
-value function. Though a similar phenomenon can occur for unrestricted policy classes,
which are our focus in this section, the infinite-dimensional nature of these classes precludes

their visualization.

surface relative to that of (2. This flatness can be characterized by studying the absolute
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CATE ratio |gy0(X)| /|sp,0(X)|, where we use the convention that /0 = +o0 for b > 0 and
we recall that [g,0(X)| = 0 with probability zero under ([4.1). Condition [I] imposes that the
absolute CATE ratio can only concentrate vanishingly little mass near zero when X ~ F.
This certainly holds in the extreme case where, within each level x of the covariates, the
magnitude of the expected effect of the action on the primary outcome, namely |g,o(z)|, is at
least as large as the magnitude of its effect on the subsidiary outcome, namely |spo(x)|. It
also allows for scenarios where the magnitude |s;o(2)| is much larger than |g,o(z)| for certain
features x with sufficiently small probability of occurrence. However, it can fail to hold when
there are some feature levels where the action has no effect on the primary outcome and
yet does have one on the subsidiary outcomes; this can occur, for example, if the primary
outcome is cancer remission and the subsidiary outcome captures side effects induced by
chemotherapy. Though Condition 1| may be strong, we were unable to show the validity of
the standard one-step estimator without it. Therefore, in the remainder of this section we
assume that this condition holds, and we refer the reader to the next section for a method
that is valid even when it does not.

In the special case where YT = Y* a.s., the asymptotic normality and efficiency of the
one-step estimator have previously been justified by establishing the pathwise differentiability
of the Q-performance of an Q-optimal policy van der Laan and Luedtke [2015]. We follow a
similar approach here when considering cases where Y1 and Y* may differ. In particular, we
establish the pathwise differentiability of W* : P+ sup ¢y, Wx(P) in what follows. When
doing this, we will need to impose Condition [I], along with an additional margin condition
that is inspired by ones previously assumed in the policy learning [Qian and Murphy), 2011},
Luedtke and Van Der Laan, 2016 and classification [Audibert and Tsybakov, 2007] literatures.

Condition 2 (Margin condition for Y*). For some vy > %,
Py(0 < |@o(X)| <t) St vt > 0. (4.2)

This condition imposes that the unique Q-optimal policy can be estimated well via a

plug-in estimator |Qian and Murphy, 2011, Luedtke and Van Der Laan, 2016]. For some
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generic P € P and « € II, define pp(alr) := P(A = a|X = z) and D(m, P)(x,a,y’) =
{a=n(x)}

pp(alz)

[y" —s(a, )]+ s(7(z), ) — ¥ (P). We will use the shorthand pg := pp, and p, = pp .
The following result characterizes the pathwise differentiability of W*(-) at F.

Lemma 4.2.1. Suppose that V.. and ), are covariate-adjusted means for each m € 11, the
policy class 11 is unrestricted, and conditions 1] and[3 are satisfied. Then, U* is pathwise

differentiable at Py relative to a nonparametric model with canonical gradient D(m*, Py).

We use the above result to argue that a one-step corrected estimator is efficient provided
its influence function is equal to D(IT*, ). Consider some estimate ﬁn of the true distribution
Py. The one-step corrected estimator takes the form og, = \I’%(ﬁn) + P,D(7, ﬁn) For
simplicity, when studying this estimator, we focus on the case where 7 is a plug-in estimator
of the Q-optimal policy, namely W%ﬂ. In principle, the policy estimator could be constructed
using some other approach, such as outcome weighted learning [Zhao et al., [2012]. Let
@.n(x) and sp,(x) be some estimates for the conditional average treatment effects gy o(x)
and spo(x) respectively. Also, let s,(a,z) be some estimate for so(a,z). Define the L,(P)
norm of a generic function f: D —= R as || f||,.p := [[, | f(¢)|"dP(t)]"/". We first present some

consistency conditions on these estimates.

Condition 3 (Consistent estimator of conditional average treatment effect on the primary

outcome). ||qpn — %,0”2’%2 = op,(n71/?).

Condition 4 (Consistent estimator of conditional average treatment effect on the sub-

52((2%:)) N 1H2,P0 Hsﬁn(a7 ) = sp(a, ‘)Hlpo} = op,(n"'/?), where

sp(a,z) = Ep[YT| A=a,X = 1z].

sidiary outcome). maxqeo,1} {

Condition @] is similar to Equation 15 in Luedtke and Van Der Laan [2016]. Discussion of
this condition can be found in Luedtke and Van Der Laan| [2016]. The following theorem

states that the one-step estimator is efficient.

Theorem 4.2.2. Under Conditions @ @ and also provided D(T, ﬁn) falls in a Py-
Donsker class with probability tending to 1 and ||D(%, P,) — D(x*, Po)lla.p, 2 0, the one-step
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estimator Yog,, for T = 5 is an asymptotically linear estimator of W*(Py) with influence
function D(7*, Py), in the sense that

n

1
Yosn — W (Fy) = n Z D(m*, Py)(X;, Ai, Yj) + OPO(n_l/z).
i=1

Moreover, 1Yos., is an asymptotically efficient estimator of 1.

The above can be used to construct Wald-type confidence intervals for v, of the form
Yosn £ zl,a/gan/\/ﬁ, where z;_q /2 is the 1 — a/2 quantile of a standard normal random
variable and 02 := 15" D(%, B,)(X;, A;, Y;)%.

The Donsker condition stated in the above theorem can be removed if cross-fitting is
used [Schick] [1986]. A 2-fold version of this approach first partitions the data in two halves.
Then, it uses the first half of the data to learn 7 and uses the remaining data to construct an
estimator for Wx(P). The roles of the two halves are then swapped and the two estimators

are subsequently averaged. Multi-fold versions of cross-fitting could also be used.
4.3 Inference of a general functional without margin assumption

4.3.1 QOverview of the methods

The methods we present in this section are agnostic to whether Condition [1| holds and,
more generally, whether there are multiple Q2-optimal policies. Because the parameter ¥*
considered in the previous section may not even be well-defined when there are multiple such
policies, we instead focus on inferring about the range [}, 9¢] of possible W-performances of
Q-optimal policies. Unlike those in the previous section, the methods developed here critically
rely on the policy class II being restricted — in particular, being Py-Donsker [Van Der Vaart
and Wellner| 2013] — and this condition cannot be removed even if cross-fitting is employed
(see Section for a discussion). Also, in this section, we do not assume our performance
criteria are covariate-adjusted means. Rather, they could take some other form, such as that
of a covariate-adjusted median. In what follows we give an overview of our approach for

inferring about [1§, 1y].
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Our proposed method consists of two stages. The first spends 5 < a error probability to
construct a confidence set ﬁﬁ that contains the set of optimal policies IT* with probability
tending to at least 1 — 3. The second infers about the W-performance of each remaining
policy in this confidence set, returning a confidence interval for [1§, 9¢] of the form

. -~ Eﬂza,ﬁ > EWZO&,IB
f Sl w

FEHﬁ

where 7, is some estimate for (), Za,p corresponds to 1 — (av — 3)/2 quantile of normal
distribution and %2 is an estimate of the asymptotic efficiency bound for estimating ¥ (P,).
We provide a union bounding argument that shows that, under conditions, this confidence
interval will cover [1§, 14] with asymptotic probability 1 — a.

The first-stage confidence set ﬁﬁ is constructed so that policies that perform poorly in
terms of the primary performance metric are eliminated. In words, we maintain policies 7
whose uniform upper confidence bound for ¥, (F,) is greater than the largest non-uniform
lower confidence bound across all policies in the set. Figure shows an example of how
the first-stage elimination is performed. More specifically, we define this set ﬁﬁ after the

first-stage filtration as

ﬁﬁ::{WEH:LnSQF—I—%}, (4.4)
where @, is some estimate for Q. (P), 62 is an estimator of the asymptotic efficiency bound
for estimating Q. (F), L, is an asymptotically valid 1 — 3/2 lower bound for sup,cr; 2 (F)
(e.g., obtained via [Luedtke and Van Der Laan, 2016]), and ts is selected in such a way
that {@,; + o.t5/n'/? . w € 11} is an asymptotically valid 1 — 3/2 uniform upper confidence
bound for {Q,(P,) : 7 € I}, in the sense that . (Py) < &y + G.ts/n'/? for all 7 € 11 with
probability tending to at least 1 — 3/2 as n goes to infinity.

It may at first be surprising that, in constructing the confidence interval for [1§, 1],
the only place a uniform confidence bound is used is in the upper bound of . Indeed,

when we began studying this problem, the first approach that we considered was the same

as that previously described, except with all confidence bounds replaced by uniform ones.
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Q,(Po)

largest lower ] uniform UCB
confidence bound _ —  non-uniform LCB

\__/—— Eliminated — -

Figure 4.2: Example of first-stage elimination. Each black dot represents an estimate of
2, (Py) and the horizontal bars denote the confidence bounds. Policies whose uniform upper

confidence bound (UCB) is below the largest lower confidence bound (LCB) get eliminated.

In particular, L, was defined as the maximum over m € II of a uniform lower confidence
bound for the 2-value function and the minimal and maximal marginal confidence bounds
in (4.3) were also replaced by minimal and maximal uniform confidence bounds. However,
after analyzing this method, we discovered that less uniformity was needed than we initially
expected. Indeed, the uniformity in defining L,, can be dropped since a simple union bounding
argument shows that L, only needs to satisfy that it falls below the optimal 2-value with
asymptotic probability at least 1 — 5/2; while selecting the maximum of a uniform confidence
band for the value function does satisfy such a property, developing such a lower bound
is now a well-studied problem, and so less conservative approaches have been developed
[Luedtke and Van Der Laan, [2016]. The uniformity on the second stage can be dropped via
an intersection-union method argument [Theorem 1 of Berger and Hsul |1996], which we show
can be applied since our interest concerns parameters defined as the maxima and minima

over a set.

As mentioned earlier, justifying the above approach relies on a union-bounding argument

across the 8 coverage error that could be made by the first-stage confidence interval in (4.4])
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and the 1 — a — B coverage error that could be made by the second-stage confidence interval
in . Relying on this union bound could result in unnecessarily wide confidence intervals,
so we also present another two-stage method whose justification does not require a union
bound. In the first stage of this approach we choose the quantiles s!, !, and u derived as
extreme values of the joint distributions of estimators of (2 (Fp))ren and (Y (Fp))rem — see
Section m for details. Then we construct ﬁg and the asymptotic interval the same ways as
in and , while replacing t5 and z, 5 with ¢}, and s, respectively. Given that si, ¢/,
and v, are constructed based on a joint distribution, we refer to this approach as the joint
approach. Because of the avoidance of the union bound, the joint approach is expected to

provide tighter confidence intervals in scenarios when the primary and subsidiary outcomes

are strongly correlated.

4.3.2 A union bounding approach

In this subsection, we provide additional details and theoretical results about the union
bounding approach. We first need the following condition for an estimator of {Q,(F) : 7 € II}.
In what follows, we let D, be the canonical gradient of U, relative to a locally nonparametric

model, UW(PO) = [PDW(P(])Q]l/zv and K/W(PO) = [PDW(PO)Z]UQ'

Condition 5 (Uniform asymptotic linearity of estimators of {2-value and W-value functions).
The estimators {@, : 7 € II} of {Q.(Py) : 7 € I} and {5 : 7w € 11} of {U.(P) : 7 € 11}
satisfy

sup [0y — Qx(Py) — P,Do(Py)] = 0,(n™"?),  sup [{D\W — UL (Py) — PaDr(Py)| = 0,(n" /).

mell mwell*

(4.5)

These asymptotic linearity conditions can be established via consistency requirements
similar to those in Condition 4| and a Donsker condition (see Section 2.1 of [Luedtke et al.|
2020]). Note that the latter equality in (4.5)) only requires uniformity over IT*, rather than
all of II. Estimators satisfying can be derived via one-step estimation |[Pfanzagl, |1982],



61

targeted minimum loss-based estimation [Van Der Laan and Rubin, 2006, or double machine
learning |Chernozhukov et al., |2018]. We now provide some conditions on the W-value function,

the policy class II and necessary conditions for standard deviations and the primary outcome.

Condition 6 (Restricted policy class). The policy class II satisfies the following:

(1) II has a bounded uniform entropy integral (Chapter 2.5.1 of [Van Der Vaart and Wellner)
2013));

(2) I is closed in L?(P,), in the sense that, for all 7 : X — {0,1}, a II-valued sequence

(7)., converges to 7 in L*(Fy) only if 7 € II;
(3) II* is non-empty.

Examples of such policy class IT in L?(F) include classes of binary decision trees with
fixed depths while noting that Condition [6] applies to more complicated and general policy
classes. We then provide some conditions for the standard deviations and the smoothness of

the W-value function.

Condition 7 (Non-vanishing standard deviations and consistent estimators thereof). The
standard deviations satisfy the following conditions: 71(16% 0:(By) > 0, sup,cqo-(Fy) < oo,
ing kr(Py) > 0, and sup,cp k-(Fp) < oo. In addition, &, and &, are uniformly consistent
T

estimators of 0,(FPy) and k. (F).

Condition 8 (Smoothness of performance metric in policy). The map 7 — U, (F) is

continuous and, for all m, 7" € IL, | Dx — Dl 2,y < Ca||m — 7'|[ 12(p, for some constant Cs.

When 2 and ¥ are covariate-adjusted mean functionals as in Section and the pri-
mary and subsidiary outcomes are bounded, Condition [§] is necessarily true. Let F :=
{D(Py)/on(Py) : m € I} and F := {f; := D.(Py)/k(P) : m € 11} denote the collections of

canonical gradients that are standardized to have unit variance. Conditions [7] and [§] play a
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crucial role in demonstrating that F and F are Py-Donsker, which is required to validate the
uniform confidence bands utilized in our union bounding approach.

We now show that the confidence set ﬁg contains the set of (2-optimal policies IT* with
high probability asymptotically. Before presenting this result, we define the threshold 5 used
to define this confidence set in (£.4). To this end, let {Gf : f € F} be a mean-zero Gaussian
process with a covariance function (fi, fo) — Pfifo. Then, ts is defined to be the 1 — 3/2

ni/2

quantile of sup;.» G f and Lemma |C.2.1|in the appendix shows that {@W 4+ s e H} is

an asymptotically valid uniform S-level confidence band for {w, : m € IT}.

Lemma 4.3.1 (Asymptotic coverage of ﬁ@) If C’onditions@ @ and@ hold, then lim sup,, P{II* ¢
M} < 6.

The interval in (4.3) uses the remaining « — 3 error probability to construct a confidence

interval for the random quantity Zs := [ inf W, (P,),sup U, (F)]. On the event that

mellg
I1* C Mg, it is true that Zs D [, ¥Y], and so any interval that covers Zg also covers [¢)f, 1Y].

7T€ﬁ,3

A union bound then gives our result. Our findings are summarized in Theorem [4.3.2]

Theorem 4.3.2 (Asymptotic coverage of CL,). Under Conditions (3, [d, 1, and[8 for a fized
a € (0,1) and any choice of B € (0, ), the confidence interval Cl,, as defined in (4.3)) satisfies
liminf, . P({[¢§,v4] C CL,}) > 1 —a.

Also, as indicated in , the width of CI,, is determined by a quantile of a standard
normal random variable — for example, when a = 0.06 and 5 = 0.01, 2,3 ~ 1.96. At first
this may seem surprising, given that developing a uniform confidence band for {V, : = € IT*}
would require using a strictly larger scaling the standard error of @Zﬂ. However, our proof of
Theorem {4.3.2| shows that using this larger scaling is not necessary for the sake of developing
a confidence interval for [1§,1y]. The key to this argument involves showing that, under
Condition @, there exist ¢ and 7% in IT* that attain the minimum and maximum W-values,

respectively. The existence of ¢ shows that the event where the lower bound of CI,, fails to
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cover f = ing V. (Fp), intersected with IT* C ﬁﬁ, satisfies
mell*

{ inf ¥, (F) < inf [{b\,r — Eﬂzaﬁ/nlm] JIF C ﬁg}

mell* nelly

C { inf U, (F) < inf [{D\ﬂ — sza,ﬁ/nl/ﬂ}

mell* mell*
= {@/)w@ < lné |:,;Z)\7T - k\wza,ﬂ/nlm] } - {%ZW < {D\ﬂ'e - k\ﬂzza,ﬁ/nlﬂ} :
mell*

The event on the right corresponds to the case where a marginal 1 — (o — 3)/2-level lower
Wald-type confidence interval fails to cover ¢, and so occurs with asymptotic probability
(o — 8)/2 under reasonable conditions. In our proof of Theorem [4.3.2] we establish the result
using a union bounding argument that combines this with a similar guarantee for the upper
bound of CI,, and the fact that II* ¢ ﬁg happens with asymptotic probability at most (.
Under additional conditions, our confidence interval for [§, /%] not only ensures asymp-

1/2 convergence rate. In this part, we

totically valid coverage but also attains an optimal n~
restrict the performance metrics to covariate-adjusted means and propose a boundedness

condition on the primary and subsidiary CATE functions.

Condition 9 (Boundedness condition). There exists some C3 < oo such that for any x € X,

we have [spo(x)] < Cs|gpo(x)].

In most ways, Condition [9] is relatively stronger than Condition [I} Indeed, the limit of
Condition [I] as { — oo corresponds to the condition that the subsidiary CATE is strictly less
than a constant multiple of the primary CATE. Since Condition (1| allows for any { > 2, it
puts a much weaker constraint on how the subsidiary outcome behaves for nearly optimal
policies. There is one sense, however, in which Condition [J]is weaker than Condition [T} it
does not generally imply that the Q-optimal policy is necessarily unique. This is true because
it allows for equality between subsidiary and primary CATEs, and so both could be zero
on some set of positive probability. Though the optimal policy need not be unique when
Condition 9] holds, it must still be true that all Q-optimal policies yield the same W-value,

and so in the following lemma we shall let 1y = 1§ = Y.
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Lemma 4.3.3 (n~'/2 convergence rate of CI,, under conditions). Assume that the performance
metrics are covariate-adjusted means as in Section[{.3, the unrestricted Q-optimal policy over
all possible maps from X to {0,1} is in 11, and L, = sup,q [@W — i’{%] in ([£.4). Then,
under Conditions 3, [0, [1, and[9, with probability at least 1 — 23 asymptotically, the width of

the confidence interval for 1y is O,(n~1/?).

4.8.8 A joint approach

We now formally describe our joint approach. Consider the mean-zero Gaussian process
{Gf : f € FUF} with covariance function (f1, fo) — Pfifs. Our joint approach is the same
as the two-stage procedure from Section [4.3.2] except that we require a particular choice of

L, and use cutoffs (s}, ¢, ul) satisfying

o) Yo T

ianP’{info > —tl supGf < sl Gf, > —ul,Gf, < uL} >1—a. (4.6)
mell feF feF

More specifically, we define the set It after the first-stage filtration as

~ . OxS . Ogtl
HT::{WEH:sup[wﬂ—nlp}Scwﬁ—m}. (4.7)

mell
Here we choose L, to be the uppermost point of a uniform lower confidence band for
{Q.(P) : 7 € I} with level 81 := P{sup,.;Gf, > sI_,} < a. Note that in the union
bounding approach, At = 3, while here 87 is implicitly defined through the joint cutoff .
The resulting confidence interval is stated in Theorem [4.3.4]

Theorem 4.3.4. Under Condz’tions@ @ @ and@ assuming the cutoffs (si,ti,ul) satisfy
[@.6), it holds that liminf,_,o P({[1§,44] € CII}) > 1 — «, where

t . ~ mﬁua -~ Kwua
CL, == [mf {% — e } , Sup {wﬂ s

rellf refit

There are many possible choices of (sl ], ul) that satisfy (4.6). To select among these,

) a) o

we could choose the triple (si,t! ul) that provides the tightest confidence interval from

this collection, resulting in what we refer to as an optimized joint method. This optimized
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(sh,th,ul) is justified since, for any choice of (si,!,ul,) satisfying (4.6, the confidence
interval CII1 has valid coverage. For any [, this optimized joint method yields a provably
tighter confidence interval than the union bounding method that uses the same choice of
L, as in the left-hand side of . However, it is possible that the joint approach could
potentially result in a wider confidence band in the first stage with the use of an alternative
lower confidence bound for the Q-optimal value, such as the one introduced in [Luedtke and
Van Der Laan| [2016]. In practice, the optimized choice of (s!, ¢ ) is unknown, but it can
be approximated via a multiplier bootstrap — see Appendix for details. Though our
theorem focuses on a fixed and known triple (sf, ¢, ul), adapting it to allow for the use of

o) Yo

an estimated triple with an in-probability limit would be straightforward.

The cutoff in considers the joint event regarding Gf and Gf for f € F and f € F,
thereby avoiding the use of the union bound required by the approach in Section [£.3.2] The
tightness of this union bound relies on whether the event that II* is contained in the first
stage policy set, namely {IT* C ﬁﬁ}, and the event that [1§,1)4] is contained in the second
stage confidence interval are disjoint. Of course, when these events are fully disjoint, the
union bound will be tight. When they are independent, the (asymptotic) probability that
both events occur is 5(a — ), which will be small for choices of o and 5 commonly used in
practice. Hence, the union bound will only be slightly loose in these cases. Finally, when
the events fully overlap, the union bound will be as loose as possible. These scenarios can
be better understood by relating them to primary and subsidiary outcomes. Generally, the
dependence or independence between the events is likely to correlate with the extent to which
primary and subsidiary outcomes depend on each other. The events tend to be independent

when primary and subsidiary outcomes are independent, and dependent otherwise.
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4.4 Numerical experiment

4.4.1 A 1D simulation

We conduct simulation studies to evaluate the length and coverage of 1 —« confidence intervals
for bounds on a mean subsidiary outcome, [1)§,14]. Our first set of simulations focuses on
a 1-dimensional threshold policy class, denoted as II = {1, : @ € [-1,1]}. We compare
the confidence intervals from four approaches. The first is the union bounding approach
described in Section [£.3.2] denoted as union. The second is the joint approach described
in Section [4.3.3] denoted as joint. The third is the one-step estimator approach described
in Section [4.2] denoted as one-step. To ensure that this approach applies, we design our
scenarios so that the optimal policy for the unrestricted policy class lies in the threshold
class II. Consequently, in our simulation study, an estimate of the optimal policy in II also
estimates the optimal policy in the unrestricted class. The fourth is a one-step estimator
with sample splitting, denoted as os-split. This approach is the same as one-step, except that
we obtain an estimate 7 of the Q-optimal policy using only half of the data, and construct a
Wald-type confidence interval for Uz (F) using the other half. Last, we present an oracle
method, denoted as oracle, that knows the specific 2-optimal policies that provide the upper
and lower bounds, ¥ and 9§. The oracle method uses precisely those policies and construct
a Wald-type confidence interval for [1§, 14]. Since we have no hope of getting optimal policies
a priori, the oracle method cannot be used in practice.

We examine three distinct scenarios with an illustration of the 2 and W values of each
policy under various scenarios in the three panels in Figure [4.3] The left panel describes
the situation where the set of Q-optimal policies, II*, is not unique. In this scenario,
IT* = {14,) : @ € [-0.5,0]}, and the margin condition (Condition |I|) is not satisfied for
any (. The middle panel describes the situation where II* is unique the margin condition is
satisfied for any ¢ > 2, as we can see that when 7 is around the optimal policy, g, 0(X) varies
much faster than s,(.X). The right panel describes the situation where II* is unique but the

margin condition is not satisfied for any (, as we can see that as X varies, both ¢,(X) and
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Sp.0(X) vary linearly.
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Figure 4.3: An illustration of s,(X)- and g, (X )-value and §2- and W-value for a 1-dimensional
threshold policy class II = {1, ) : a € [—1, 1]} under different scenarios: the optimal policy
for the primary outcome is nonunique, the optimal policy for the primary outcome is unique
while the primary and subsidiary outcomes are correlated, and the optimal policy for the
primary outcome is unique while the primary and subsidiary outcomes are not so correlated.
The top figure represents - and W-value, while the bottom figure represents s, (X )- and
@0 (X)-value.

For each scenario, we consider sample sizes n of 500 and 5000. To generate the set of
policies, we construct a fine grid (a1, -+ ,ay) for N = 10° over [—1, 1] and denote the set of
policy as Iy = {1(4,,00) : 7 € [N]}. We use 1000 multiplier bootstrap replicates to estimate
the supremum and infimum in generating the cutoffs. We let a = 0.05 when constructing
confidence intervals and use 1000 Monte Carlo replications to compute their coverage of
the true interval [¢§,1¢] as well as approximate their average widths. We estimate the

conditional probability p(a|z) via a kernel density estimator as implemented in the sklearn
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package and the conditional probabilities p(y|1, z) and p(y|0, z) using gradient boosted trees
as implemented in the xgboost package, both with the default settings. The Python code to
reproduce the simulations is available at https://github.com/zhaoqil/EstimationSubsidiary.

Table 4.1{shows the coverages and the widths of confidence intervals of [1/§, ¥¢] for different
scenarios and different methods. We can see the the one-step estimator fails to provide a
nominal coverage when the margin condition (Condition [1)) is not satisfied. The other two
methods produce similar coverages. We compare the confidence intervals with an oracle
confidence interval, which is a lower bound on the width of any valid 1 — « confidence interval,
and calculate the relative widths. We can see that the joint and union bounding methods
generate confidence intervals about 2.3 times and 2.1 times as wide as the oracle confidence
interval when the optimal policy is non-unique and unique, respectively. These results show
that although our methods are conservative, they are relatively successful in maintaining a
narrow confidence interval. In contrast, the one-step estimator produces a confidence interval
that is about the same width as the oracle confidence interval, but it fails to provide valid
coverage when the margin condition fails. Table provides coverages and confidence interval
widths with a larger sample size of 5000. In the non-unique setting, since there are multiple
optimal policies for the primary outcome, [1§, 14] will be an interval with some length. In our
setting, we can see from the lower-left plot of Figure that the length of [¢)§, ¥¥] is about
0.5, so any valid confidence interval for [¢§, 1¢] must have at least that length. Comparing the
widths in Table and [£.2] we can see that both the union bounding method and the joint
method produce confidence intervals approaching that limit. In the setting where Q-optimal
policy is unique, the widths of the confidence intervals for all methods approach zero as n

goes to infinity.

4.4.2 A 3D simulation

We also added a scenario where we have a 3D policy and the optimal policy is unique. The
policy class is a restricted tree class, denoted as Il = {x — 1{z > aj,z > as,z > a3z} :

ai,az,asz € [—1,1]}}. We design our scenario so that the optimal policy for the unrestricted



69

coverage width
union | joint | one-step | os-split | union | joint | one-step | os-split || oracle
non-unique 1.000 | 1.000 | 0.000 0.000 1.549 | 1.538 | 0.240 0.317 0.668
unique non-margin | 0.980 | 0.980 | 0.812 0.751 0.148 | 0.143 | 0.068 0.089 0.068
unique margin 0.978 | 0.981 | 0.949 0.953 0.149 | 0.144 | 0.074 0.108 0.074

Table 4.1: Coverage and width of [1§, 1y] for different scenarios with sample size n = 500

coverage width
union | joint | one-step | os-split | union | joint | one-step | os-split || oracle
non-unique 1.000 | 1.000 | 0.000 0.000 1.091 | 1.061 | 0.061 0.096 0.561
unique non-margin | 0.981 | 0.986 | 0.810 0.734 0.036 | 0.035 | 0.017 0.027 0.016
unique margin 0.983 | 0.989 | 0.946 0.949 0.040 | 0.036 | 0.023 0.037 0.023

Table 4.2: Coverage and width of [, 9y] for different scenarios with sample size n = 5000

policy class lies in the tree class. We compare the outcome interval from three approaches:
union, joint, and one-step. The method os-split provides a wider interval while having a worse
coverage than one-step in 1D simulation results, so we drop it from the simulation. For
each scenario, we consider a sample size n of 500. We again use 1000 multiplier bootstrap
replicates to estimate the supremum and infimum. In this scenario, instead of generating a
fine grid and computing the maximum over the grid, we use the nlopt package to numerically
approximate the maximum. We let a = 0.05 and use 500 Monte Carlo replications to compute
the coverage and approximate the average confidence interval widths. Table shows the
results. The joint methods achieves slightly shorter widths in this setting (5-6%), and the

results are otherwise similar to those from Section [4.4.11
4.5 Discussion

The problem studied in existing works aiming to infer about the optimal value of an optimal

rule can be viewed as a special case of our setup, where the subsidiary and primary outcomes
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coverage width

union | joint | one-step | union | joint | one-step | oracle
3D margin 0.970 | 0.948 | 0.940 0.199 | 0.186 | 0.124 0.124
3D non-margin | 1.000 | 0.988 | 0.594 0.185 | 0.175 | 0.092 0.092

Table 4.3: Coverage and width for 3D policy class with sample size n = 500

coincide. In these cases, our two-stage approaches provide ways to make inference without
the margin condition considered in such works Qian and Murphy| [2011], Luedtke and Van
Der Laan [2016]. Instead, we need uniform asymptotic linearity for the value functions and
an appropriately restricted policy class. The margin condition could fail if the subsidiary
metric varies too much across the set of policies that are nearly optimal for the primary
metric Luedtke et al.| [2020]. However, if the policy class is Donsker and the estimator is
established via debiased machine learning, the uniform asymptotic linearity condition will be
plausible even when a margin condition does not hold.

In our numerical experiments, our union bounding and joint approaches produced valid
confidence intervals, even if they were somewhat conservative. Under margin conditions,
these intervals attain a parametric n~/? rate, matching those based on an efficient one-step
estimator, although with a less favorable leading constant. However, when the margin

conditions fail, intervals based on the one-step estimator fail to achieve valid coverage.
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Chapter 5

CONCLUSION

In this dissertation, we addressed some challenges to estimation and inference for optimal

policies. There are several promising directions for future work.

In Chapter 2, we present an instance-optimal and computationally efficient algorithm
for pure exploration in contextual bandits. Although this algorithm is computationally
efficient, it requires an enormous amount of calls to the oracle to run. In particular, each
iteration of the Frank-Wolfe algorithm would require a call to the cost-sensitive classification
oracle. A follow-up work Krishnamurthy et al.| [2024] proposes a computationally efficient
algorithm for contextual bandits in the simple regret minimization setting. Their algorithm
only requires exponentially fewer calls to the oracle to run, while their objective is slightly
different from PAC learning, so a future direction is to develop similar fast algorithms for
PAC learning. Also, the computational efficiency only applies to agnostic settings instead of
linear realizable settings. It remains an interesting direction to think about computationally

efficient algorithms for that setting.

In Chapter 3, we present a simple yet asymptotically optimal algorithm for pure exploration
in linear bandits. Given its simplicity, it would be interesting to develop similar sampling-
based algorithms for pure exploration in contextual bandits or reinforcement learning. Most
existing works on reinforcement learning focus on regret minimization, and existing pure
exploration algorithms in linear Markov Decision Processes (MDP) and contextual bandits
are either computationally inefficient or rely on oracles that are computationally intensive
in many settings Wagenmaker and Jamieson| [2022], Li et al.| [2022]. However, developing
optimal pure exploration algorithms in reinforcement learning is more challenging as the

complexity of finding the optimal allocation, i.e. the sample complexity lower bound, remains
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understudied. Existing algorithms are generally empirical and lack theoretical justifications
Schulman et al.| [2017], Rafailov et al|[2024]. A recent work Wagenmaker and Foster| [2023]
makes a step towards this direction in a general interactive decision-making framework.

In Chapter 4, we develop estimators and methods for the inference of subsidiary metrics
under an optimal policy for the primary metric. The estimator that achieves efficiency
relies on a strong margin condition that assumes that the subsidiary metric is relatively
flat compared to the primary metric, while the two-stage and the union bounding approach
produces relatively wide confidence intervals empirically. In future research, it would be
interesting to develop an adaptive procedure that is leading-constant-optimal under margin
conditions and, even without them, can produce intervals that provide valid coverage. As
for other future work, it is worth exploring methods for inferring subsidiary metrics using
observations from adaptive experiments, which are non-independent but have a martingale
structure. Observations from longitudinal settings could also be considered. Additionally,

one could examine simultaneous inference for multiple subsidiary metrics rather than one.
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Appendix A
APPENDIX TO CHAPTER 2

Appendix

In the appendix we present algorithms and proofs not included in the main text. Broadly

speaking,
e Section A presents proofs for lower bounds;

e Section B presents proofs for the proposed computationally inefficient algorithms [I| and

s

e Section C presents results to justify the computational efficiency of Algorithm [4}

e Section D presents arguments for Algorithm [4] hitting the sample complexity lower
bound;

e Section E-F provides technical proofs to argue about convergence of our subroutines.
The table below summarises the notations we used in the proof.
A.1 Proof for Results in Section

A.1.1 Proof of Theorem

We quickly point out that the proof of Theorem is identical to the proof of the linear

policy class case proof of Theorem [2.2.13, Please see that argument below.



87

tz(zc)(ﬂ'/) {1{n(c) = a,7'(c) # a} + 1{n(c) # a,7'(c) = a} } ren € RY
St {mell: (¢r, — ¢r,0%) =V (m,) = V(n) = A, 7)) < €}

AN T (¢t +)
Swrea/OONT (1 4n)

Al(m, ) | 0 ({7 (e) = as} — 1{m(c,) = a})

ZU()\,’)/) [w(/\fY)]a,c =Ve Peja = Ve

Pcs,as +’Y7r
~_l-1 N o
B A1) | e e - (=B1 (i) + )
2
+YrEenwp (ZaeA \/(/\ © V)T(tg) + 771)) ]

AL

~ i1 N 9 .
Piw,7) | mascren (<A1 (1 F) + 7 [0r = b [yyor + 2EL2)

Table A.1: Glossary

A.1.2  Proof of Theorem|2.2.0

Proof of Theorem . To relate the random stopping time to the regret bound, note that
S EulTeaM)(r(e,ml(e)) — r(c,0)) < By [ValAT7] < y/al AIE,[7]

where the last inequality follows by Jensen’s inequality. Since m; := m, for our particular

instance, if ¢ = arg mineepn) E, [T, r. () (7)] then
Y EuTea(n)](r(e,m(e) = r(e,a)) = Y Eu[T.a(r)]AL{a # m(e)}
> max B, [Teo(7)|A1{a # m(c)}

> mminmaxE, [T, ,(7)]|Al{a # m(c)}

C a

— mEM [TEJTE(E) (T)]A

Combining the two equations above, and rearranging, we observe that

1
E, [TE,ﬂ'E(E) (7)] < mA \/ al AE, [7].

Define an instance p' = (v,7’) such that r’(¢,a) = r(c, a) for all (¢,a) € [m| x {0,1}\ (¢, 1),
and set 7/(¢, 1) = 1'(¢, mz(¢)) = 2A under p’ (instead of (¢, mz(¢)) = 0 under ). Note that
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under g/, we now have that 7; is the unique optimal policy. If the algorithm is (0,0)-PAC
then by [Kaufmann et al., 2016, Lemma 1] we have that

08(1/240) £ S KN e ) DIV (). 1) - Eul T
= KLV(0. WA, 1) E, [Tiro(r)] = 28 - B, [T ()]
<on. Lo Jol AR ‘;‘jiig

The result follows by rearranging.

A.1.83 Trivial Class: Proof of Theorem

Firstly note that

| By | (525 + 5t Um(0) # ()]
pro(Il,v) =  min max Perle) p” ©
R pe€A A, Vel rell\ . (B[ 7(c, W*(C)) r(c,m(c))])?
| Seceve (= + 5= ) Um(e) £ 7(0)}
T peta veeCremm  (Duee Velom(o 1{m(c) £ 7(0)})2

| S Ceate (5= + 77— ) 1{ma(e) # a)
= min max -

Pe€A A, VeeC ae{0,1}IC1%IAINO: (anac aVc c,m(c) 1{7"-*( ) (C)}>2
> @e,a€{0,1}

1 1
v -
. ¢ <pcy<l + pC,TF*(C))
= min m

Pe€EA A, VeeC c,a:mx(c)F#a (VcAc,a)2

2
< max — A2
- c VC Z [&21¢

al

where the last equality follows from repeated application of the inequality (;fb‘?)Q < —21 V53
2

Proof of Theorem[2.2.9. The proof of the instance-dependent lower bound for € = 0 follows
directly from Theorem [2.2.2] The second minimax statement is, to our best knowledge, novel.

First, note that sup, I, [7] > € ?|.A|log(1/0) by a reduction to multi-armed bandits by
just setting v; = 1 and v, = 0 for all ¢ # 1 |[Mannor and Tsitsiklis, 2003, Kaufmann et al.|

2016]. If U denotes the set of instances that achieves this supremum, and V' is another set of
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instances, we note that sup, E,[7] = supp B, pE,[7] > 1 sup,cp E,[7] + 5 sup,cy E,[7] for
some other set of instances V. Thus, it remains to show that sup, E,[7] > ¢ 7?|A| - C|.

Consider the following construction of |II| = |A|I°l instances. For each context ¢ € C let
ve = 1/|C|, and for each m € IT let r.(c,a) = ael{n(c) = a} for some a > 0 to be determined
later. Clearly, policy 7 is the unique optimal policy under the reward function r.(s,a).
Assume that observations are perturbed by Gaussian N (0, 1) noise.

Fix p € (1/2,1) to be determined later. Let S :={ce C: P, (w(c) = 7(c)) > p} and
suppose |S| < |C|/8. Then

P, (V(m) = V(R) < ) = Pu (5 ,Zael{w m(e)} <o)

=P.. () 1{7(c) # m(0)} < [Cl/a)
ceC
=P, (> 1{7(c) = 7m(c)} > [C|(1 — 1/a))
<P, (Y {F() =7(c)} > [C|(1 — 1/a—1/8))
ceC\S
ZcEC\S Py, (@(c) = m(c)) P
S Tl =1ja=1/8) “1-1ja—1j8 ="

with p = 5/8 and a = 8. This implies that for 6 € (0,1/8), any (¢,0)-PAC algorithm must
satisfy min, [{c € C : P, (7(c) =7 (c)) > p}| > |C|/8.

Assume the algorithm is permutation invariant (note that any reasonable algorithm
satisfies this, including UCB, Thompson Sampling, elimination, etc.). Let pgf) = (v, o) where
r?(e,i) = (e, m(c)) = ae, and 11 (¢, j) = 0 for j & {i,n(c)}. Note that P,_(n(c) = 7(c)) >
p = 5/6 and also by the symmetric algorithm assumption that P« (7(c) = 7(c)) < 1/2
because there are two identical best-arms. Note that > .., E, [T, ;] K L(px(5), 1)) =

E,,[T.ila?e¢?/2 for i # w(c). Putting these two pieces together and applying Lemma 1
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of |[Kaufmann et al., [2016], we have:

czO‘GZ/Q—ZE Te ) K L(pr (), M(i)(j))
jeEA

2 d(Py, (w(c) = 7(c)), P w(m(c) = 7(c)))
> d(5/6,1/2) = élog(55/36) > 1/10.

Thus, E., 32 n. o Tea] = ta2¢ (| A] — 1) and this must occur on at least |C|/8 contexts.

Pick one context ¢ of these arbitrarily. Then

1 B B T
£ 2e?(lAl - 1) <E.. Z Tei) = Zl{ct_c}] e [TIVe = By [7]/1C].
i#74(c) t=1
Consequently, E[7] > ta~2e 2(|A| — 1)[C|.
O
A.1.4 Proofs of Linear Policy Class
We begin by defining a quantity fundamental to our sample complexity results:
||¢7T - ¢7r ]%; > T1—1
. * c~v acA pc,a¢(07a)¢(cva) ] A
ine - — . 1
Plinie = e X arveec nellvm, (6. — &, 0,02V &2 (A1)

We quickly point out that the proof of Theorem is identical to the proof of the linear

policy class case proof of Theorem [2.2.13]

Proof of Theorem [2.2.13. For any 6 € R? let Py(-) and Ey[-] denote the probability and
expectation laws under # and v such that ¢; ~ v and playing action a; € A results in reward
re ~ N({¢(ct,ar),0),1). If an algorithm is (0, 0)-PAC then supgera Po(V(7(c)) < V(mi(c))) <

0. Now, of course, under # we have that
V(@(c)) <V(m(c)) <= Ecw[(0, 0(c,7(c)) — d(c, mi(c)))] <0

<~ <07¢ﬁ - ¢ﬂ'*> <0
< dc:v(0,9(c,m(c)) — ¢(c, m(c))) < 0.
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Fix 0, € R? and recall that under § we have that m.(c) = arg max,c4(¢(c,a),0). Fix any
0 € R and max,, v.(0, ¢(c,a) — ¢(c,m(c))) > 0. Then by [Kaufmann et al., [2016, Lemma

1] we have that

d(Py. (V(T) = V(7)) Po(V(T) = V(7))
< ZEG o (TKLN((0.,6(c, d)), DIN ({0, 6(c', a)), 1))

- ZEQ c a’ ”6 0||§5(c/,a’)¢(cl,a’)T/2
]E'e* [Tclaa/(T)] 2
= Eq, [7] Z T[T]H@* — 0115 e ano(er.anT /2

< max [Ey[7] Z VeDer ar||0s — 0”35(0’,&’)(1)(0’@’)7/2

PcEA 4, Vecel

_ 2
= cnax B, [T110x = Ol .15, pewt(casiea)T)/2

where the last inequality follows from Wald’s identity:

Z Eo, [Tw o (7)] = Z E,, Z Ha=d, e, ="}

a’cA a’ceA t=1

T

Z 1{e, =}

t=1

= ]Eg* = Eg* [7’] Ve

Noting that d(Py, (V(7) = V(m.)),Pe(V(T) > d(1 — 6,9) > log(1/2.40) and we can minimize

over 6, given the conditions, we have that

log(1/2.46) < max min Eg, [7]]|60 —

P €A A,VceC 0:3cive(0,¢(c,a)—p(c,m(c)))>0

* - 0, 2
=Eq,[r] max  min (p(c, mu(c)) — d(c,a),0.) |
PeEN 4,¥ceC c,acCx A 2H¢<C a) (b(C, Ty (C)) ”Ecr\/u[za pe.ad(c,a)d(c,a)T]—1

m«(C)#a

Ol (5, pendicaotea))/2

After rearranging we conclude that

2 5 - s s c,a)p(c,a) ' |~
]Ee*[ ] mln max ||¢(c a) ¢<C ™ (C))||Ec~u[zap0,a¢( 4 )¢( ) )T] ! 10g(1/245)
pe€l 4, ¥eeC c, a%C);A (p(c,m(c)) — p(c,a), 0,)?

To see that equation (A.1]) is a lower bound, follow the exact same sequence of steps but
taking any 6 € R? and max,en Ee, [(0, ¢(c, 7(c)) — d(c, m(c)))] > 0. O
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A.1.5 Proof for Corollary

Proof. Observe that

Eevy [(chr(c) Pe m(d) H{m.(c) # (e >}}

@ = min max
Plco = A Neee rettom,  (Bowy[r(c, ma(c)) — 1(c, (c))] V)2
ECNV (pcﬂ'(c) pc7r (c) ) {ﬂ-*( ) ( )}]
= min max  max
Pc€EA 4, VeeC e2eo mell\m:A(m)<e €2
B B | (52 + 52— ) 1 (e) # 7(c), A(r) < €}
= min max  max
Pc€EA 4, VeeC e2eo mell\m:A(m)<e €2
E.., ( ) 1{3r € I : m,(c) # 7(c), Ar) < e}}
< min max max Pesm(c) T 7 ()
= 2
Pec€EA 4, VeeC e>eo mell\mw:A(m)<e €
D oy Eee (AL A 13 € 117,00 £ w(0) Afr) < o
e>eq well\m:A(m)<e €
2|"4|IECNV [1{37T € H ﬂ—*( ) 7£ W(C>7A<7T> S 6}] 2|"4| csc
o 1;11>60 62 Qt ( )

€0

where (i) follows from taking p. € A4 to be the uniform distribution over all actions for each
c € C. To relate this to the policy disagreement coefficient, note that

A(r) =E. o [r(c, m(c)) —r(c,n(c))] > Eeuy[1{7m(c) # mi(c) }(min min r(c, m(c)) — r(c, a))]

ceC acA

= P, (7(c) # m(c)) Auniform-

Therefore,

2 :
A [1{3r €T m() £ (), Alr) < ¢}]
€2e€o 62

2| A|E,., [1{% € 12 m.(c) # m(0), B (m(c) # ma(€)) < 5 }]
< max 5
€2€p €

2l A o

< m@[ I(Eo/Auniform)-
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A.2 Proof for sample complexity of Algorithm [1] and 2

Proof of Lemma|2.3.1 For any V C II and m € V define the event

Ext(V) = {0t (V) = (Om. — Om, 0.)] < €}

where it is implicit that O, r/ := O, »¢(V) is the resulting estimate after round ¢ if II,
had been equal to V. Define w,(V) and 7,()) analogously. By the properties of the Catoni

estimator, we have for any V C II with probability at least 1 — that

2e2|n|

2log(202|11|/0)
(V) — log(20*|11|/0)

|/O\7r*,7r,€<v) - <¢7T* - ¢ﬂ7 9*>| < “¢7r* - (bTI'HA(wg(V))_I\/

”¢7T* _¢7THI24( 1
< we(V)) 2100 (202|111 /8) = €,.
_\/QEZQP(W(V),V)log(2€2|H|/5)\/ 0g(20%|11]/0) = e

Consequently,

b (U U {e;zmm) <3p

(=1 melly 1

U {57?,@(1_[@)})
(U{‘gﬁé )} 1 = V)

Tey

~
I

[

zz (Ut pnc-v

I
g TME@

=1 VCII Tey
| _
<D Pl =V) <4,
/=1 VCII

Thus, assume ()2 (e, {€xe(Ile)} holds. For any m € I, we have

67r,m,€ - 57mu,€ - <¢7r - gbmm 6*> + ¢7r*, 8*>

<e€+ <¢7r - ¢ﬂ*70*> < e
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which implies that ., would survive to round ¢ + 1. And for any n’ € II, such that
(O, — O, 0%) > 2¢, we have

max /O\7r,7r’,f Z /O\7T*,7Tl,£
melly

= <¢7r’ - (bmv 9*> - 6#’,71'*,6 + <¢7r* - ¢7r’7 9*>

> —¢p+ 2¢ = €

which implies this 7" would be kicked out. Note that this implies that maxe,,, (Or, —
¢7r;9*> < 2¢ = degg. []

In the remaining of this section we provide a proof for the sample complexity of Algorithm 2]
Theorem A.2.1. Under &, for all { € N, the following holds:
1. meS={rell:V(m,) —V(n) <e};

m 2 )1 1o8(1/51)
e2+A(m)?

2. ng < mMing,eq MaXyer

Without loss of generality, we assume that V¢, the reward r, € [0,1]. Note that by the
result about Catoni estimator in |Lugosi and Mendelson, 2019], we have for all £ € N and

m,n € II, that

2log(2¢2|11]/6)
ne — log(202|11]/6)

|Cat({{pr — br, On) 1iZ1) — (P = bmr, 0:)| < |67 — ¢WII|A(w<z>)—1\/

Therefore, in the fth round, we have for any 7, 7’ € II,

-~

Rim,w) = Alm, )| = 1Cat({(6x — bwr, ON}) = (6 = 61,02)]
3 \/2“@ = Gt |2 )1 J0g(202[T1]/6)

Ty

. (A.2)

Then, let §; = we define the event

_6
202[1]

\/ 20| 6n — b3 )1 L08(1/8))

T

& = ﬂ ‘El(ﬂ',ﬂ'/) — A(Tr,ﬂ',)‘ <

7, €Il
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and £ = (,2, &. First, by equation , we have that & happens with probability at least

1 — 9. In order to show the sample complexity lower bound, we use proof by induction. Note

97, =2=l,

1 log(1/6)

that in a step of Lemma|A.2.4] we can show that n; < min,cq max,eq ZTAM)?
l

Y

so we induct on this result. Assume inround | —1, 71 € S;y ={m el : A(m,m) < €1}

[ES—— log((1—1)2|TI[?/5)

A()1

and n;_; < mingeco MaxX e 2 AR . Then, the following lemma gives

~Y

us an upper bound on the UCB.
Lemma A.2.2. We have for any © € 11,

67, — Orll i1 10%(1/51) 1
1 A(nl ) 2_8 <46[ +Al 1(71' T 1))

Proof. By definition of n; and w® and 7 being the saddle point, we have

1+ 20|6xr = D7, 1% o1y -1 log(1/61)
Ay (7 )+28\/ AW

T

1 . . 1568”¢7T ¢7’l’l 1 HA(w(Z) lOg(l/(Sl)
(’/T T — 1)+

= max —-A
= Imax 4 -1

mwell Ty

Solving for n; gives us

1568 H¢7T ¢7"l 1 HA w(é)) 1 log(l/dl)
n; > max
mell (4e; + A 1(m,7m-1))?
We have for any 7 € II,

H(bﬁl,l - ¢7r”i‘(w(£))—1 10g<1/5l)

2n; > 3136 max = —
mell (de; + A1 (m,m-1))?
H¢ﬁ,1 - (bﬂ'Hi(w(Z))—l log(l/él)
(4e + 31—1(77%1—1))2
H¢ﬁ,1 — Oz Hi(w(é))—l log(1/d1)

(4¢; +AL (70, T-1))?
6 ( ||¢ﬂ'l 1 ¢7THA(w(2) —1 + Hgbﬂl 1 ¢7rl||A w(e)) 1 ) 1Og(]‘/5l)

> 1568

+ 1568

(i

V=
[u—

€.

maX{(4el—i—Al (T, T21))?, (461+Az 1(m,m-1))?}
¢z — ¢7FHA(w(€))—1 log(1/4;)

()
> 1568 on A
max{(4de; + A1 (7, T-1))?, (deg + ANy (7, T-1))?}
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where (i) holds by lower bounding the ratio with a larger denominator, and (7i) holds by
triangular inequality. Therefore, using the fact that ﬁ(ﬂ,ﬁ,l) > 0 for any 7 € II since
Rt = argmaxeen Vi (), we have \/max{(4e, + A1 (71, Fio1))? (deg + Dy (7, 71-1))2) =

max{4e;, + ﬁl_l(%\l, 1), 4€ + ﬁl_l(ﬂ, Ti—1)}, so we have

167, — &=l wi0r) 1 Log(1/1)
ny

1 A o N N ~
< 28 (46[ + max{A;_1(m, 1), Al,l(mmlﬂ)}) '

]

With the above results, the following lemma controls the difference between the empirical

gap and the true gap.

Lemma A.2.3. With inductive hypotheses, we have for any m € 11,
R R 1
A1y (m, 1) — A (mym) | < 261 + ZA(?T, ).

Proof. We prove this by induction. First, in round [ = 0, this holds by choosing a sufficiently

large ng. Then, in round [ — 1,

Ay (m7e1) — A(m, ) |

Ay (m,Fm1) — A (m,7sy) — A®i_y, ) |

2 Hﬁbw - ¢%zf1 Hj(w(hl))ﬂ log(l/élfl)

ni—1

€1—1

—
IN=
=

(4611 + maxf Ay o(m, Fia), Ara(Fior, Fia)}) + e

—~
=0
<!

=

5 N O i~
<4611 + 26172 + ZA(T, 7T172) + 26172 + ZA(ﬂj,l, 7T12)> + €1

IN

5 IR
(4611 +4de_o + ZA(W, ) + ZA(WZA, 7T*)> + €1

IN

w|§| w|§| o w|g|
IR ICEI

5} 5
(4€l—1 +4e o+ ZA(W, ) + ZQ—l) +é€

<

[\

1
€11 + ZA(Wa 7T*),
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where (7) follows from the preceding lemma and (i7) follows from the inductive hypothesis
that

_ R 1

|A o(m, ) — A, m)| < 262+ ZA(?T,W*).

We make use of these two lemmas to state a lower bound on n;.

Lemma A.2.4. Under &, the choice for n; in the algorithm satisfies

2
. [0, — Ol 41 l0g(1/01)
n; < min max 5 5 .
weN well €] + A(?T)

Proof. By inductive hypothesis on n;_; and under &, we have for any = € II,

A(ﬂ-v Tr*) = A(ﬂ-7 %l—1> + A(/ﬂ\-l—h 7T*)

~ 2 Héﬁ_l - ¢7r ’ wt—1))-1 log((l - 1)2|H|2/5)
< A (m, o) + l ”A( ‘ ;L) + €1
-1

- R V2 ~ .
< Apy(mmeq) + 5% <4€l71 + Aj_o(m, 7172)> + €1
V2

I 5
< A (m, ) + Ty (4€l—1 + ZA(W, ) + 2€l—2> +e€1

~ R 1
< Ay (7, 1) + ZA(W’ o) +2€-1.



where (7) follows from &_; and (i7) follows from Lemma Therefore,

2
13 2{|0x — D71y || 41 L0&(1/01)

we well Ty

3
< minmax ——A(7, 1) + ¢ + 28

1 \/2 “¢W - d)ﬁl—l Hj(w)fl log(l/(;l)

weQ mell 16 2 ny
2
3 2||r, — x|l ap -1 10g(1 0
< min max ( — —A(m,m) + 28\/ o i HA( ) 8(1/%)
weN mell 16 n
2
2 ||¢7r* - Qb%l_l HA(w)*l IOg(l/(SZ) 1
+ 28 > S€
n; 2
2
3 2| 0r, — On w)- log(1/6,
i [~ A <28 \/ |6m, — Gal ) log(1/8)
we mell 16 n;
2 qu - ¢7r’ y w)— log 1/6 1
+28\/ max | -1 1oa(1/01) + -6
eSS _1 n; 2

which is less than ¢; whenever

2
> qum - ¢7THA(w)—1 10g(1/51)
n; 2 min max 5 5 .
weR well € + A(ﬂ',ﬂ'*)

Then we finish our first goal. The next goal is to show that 7; € .5;.

Lemma A.2.5. Under &, we have A(m, ) < €.
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Proof. On &, we have

A(;T\h;r\l—l)
2 i -1 e 1 1/6
(T, 1) \/ H¢ G HA w(®) og(1/d)

ny

l>>

(by event &)

IN

2
- 2|0z — o=, _ log(1/d1)
Al(m,ﬁl)ﬂ/ 92 = 951wy (by minimality of 7))

nz
2 T 1 T
< A, 1) + \/ 97, =

2
w(e)) , log(1/6r) N \/2 Hﬁbﬁl — Oz, HA(w(e))—l log(1/6)
[

ny
(by event &)

~ 2 ~ - ~ A
< Ay, T-1) + \2/_8_ <4el + Ay (T, 1) + de + A (T, 7rl,1)> (by Lemma [A.2.2))
. 2 5 N 5, ~ ~
< A(my, mo1) + \2/_8_ <4€z + 261+ ZA(W*’ Ti—1) + 4de + 261 + Z—LA(WNU—Q)
(by Lemma [A2.3
- 3 D~
S A(?T*,ﬂ'lfl) + % <8€[1 + ZA(?T[,?T*)) .

Therefore, ggZA(m,m) < gel and A(7;, 7)) < €, so T € 5. O

A.3 Proof of the FW-GD subroutine

In this section, we aim to prove Theorem | Specifically, Section [A.3.1] quantifies the
number of oracle calls, and Section quantifies the number of offline data needed in

order to approximate the expectation over the context distribution. In particular, the size

of the history follows directly from Lemma [A.3.5|and [A.3.6, We will see that 7, Ymax, Ymin

all scale at most polynomially on |A| and ¢7'. We leave the convergence analysis of the

algorithm in Section In particular, we will see in Theorem that K; = poly(|A|, ™),
which shows that the total number of oracle calls is at most poly(|.A],e™*,log(1/4), log(|IT])).

Combining all results above gives Theorem [2.3.3]
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A.3.1 Proof of computational efficiency

In this section, we address the technical issues on computational efficiency of our algorithm.

Fix an iteration t and let K; be the number of iterations for FW-GD in the [th round.

Lemma A.3.1. Equation (2.5) can be computed with (t + 1;_1)|D| call to a cost-sensitive

classification oracle.

Proof. We consider the tth iteration of the [th round for some n,. In this iteration, we

compute

- T log(1/4;)
[ValiN o' m)le = ) ———— (Hr(a) = a;} = Hma(e) = ai) + —— 77—

;%ﬁwm B

t1 (409
Vlr(ty +m)x
£ | (S VO ) | 3 L

e e (TS + )

Define v := ﬁﬁg%. Initially, each coordinate of 4 is 7. In round ¢ of the algorithm,
at most ¢ coordinates of v will change, and these coordinates will be in supp(A’). Also, for
any j € supp(A1), v~ = ~g. Therefore, let ¢ ( ,m-1) € R in round I,

argmax [V,\hl()\t,yt,nr)h
mEI\ (supp(A*)Usupp(AF~1))
< : log(1/§
= argmax Z ()T—l{ﬂ(cl) =a;}+ log(1/01)
m€ll\(supp(At)Usupp(A—1)) 527 Deyaq + Y Yol

(©)

Ecnup (Z \/ AEO ) ta (71'[ 1)+ 771)) Z Yoty (Ti1) + m)n

ey a’eA \/()\t ©) ’yt)T(t((;) (T1—1) +m)

ny
= argmax Z ()Ll{ﬂ(ci) =a;}

rel\(supp(A)Usupp(X 1)) = pia, + g

+E >, ZaeA\/ (N © )Tt (Froa) + )
i = \/(Atcw) (tﬁ)(m 1) +m)

nrHD‘

= argmax Z Li(

mell\ (supp(At)Usupp(Al—1)

10t R
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which is a cost-sensitive classification problem with cost vector

Ti 1 = q; f ) — 17 S
Lia) = 4 P 0= Ce
(2 + =2 ) Ha#Rale)} fori=m+1-,m+ D
a,cg 7 —1(¢5),¢4

(c) (~
where s, . = VN o) T () Ger)+m) . Note that s, . is computable since A" has at most ¢
Sarea Y/ NV T G +m)

non-zero elements in step t. Then, let 7% := supp(\) U supp(A™1), we have

t t
arg 17?21_)[( [V)\hl()\ A nr):| T
= arg max { argmax [VAhl()\t, 7, nr)} , argmax [V,\hl()\t, 7, nr)] .
rellt T rem T
The first piece could be found directly since supp(A) U supp(A~1) < ¢+ Tj_;. The second
piece could be computed with (¢t + 7;_1)|D] calls to a constrained cost-sensitive classification

oracle, stated in Lemma below. O

Lemma A.3.2. For any set By C II, we can compute argmax [V h (X, v*,n,)] _ using | By|-|D|
mell\ Bt

calls to a constrained cost-sensitive classification oracle defined in Definition [2.2. 5,

Proof. Algorithm [7] below shows that we could compute this argmax via the C-AMO oracle.
First, by construction of the algorithm, we have that m. &€ By, so . € II\ B;. It remains to
show that 7, achieves the maximum. We prove this via contradiction. Assume that there
is some other 7" # 7, that satisfies 7’ & By and V,[h/(A,7,n)]~ > Vi[h(\, v,n)].. By
construction of our algorithm, we know that V[h;(\, v, n)],, is non-increasing in k. We find

the largest 0 < j <4 — 1 such that

Vallu 75 1)]r < V(A v, n)]e < Va[h(A, v, n)] ;-

Tj+1 J

First, since j is the largest, we have V,[h(A,v,n)] < Valhi(A, v, n)], i.e. the first

Tj+1
inequality is strict. By assumption that 7’ ¢ B; and n’ # n., we have ©’ # 7, V0 < k < 4.
So 3e¢g € D such that 7'(cg) # mj(cp). Then we get a contradiction since in iteration j, at
line 6 we should return 7 instead of 7;,;. Therefore, there does not exist such 7’ and 7.

achieves the maximum. O



102

Alg

orithm 7 Constrained cost-sensitive classification

Input: policy set 11, set of policies to avoid By, objective function h;, context history D,

tolerance €

1: mo = argmax [V hy(A\,v,n)]., i =0
2: while ;ZEI; B; do
33 forceDdo
4: compute 7, = argérllTaX (Vahi(OA, v, 1) st [Vaki(A 7, n)]x < [Vaki(A, v, 1)
5. end for T
6:  miy1 = argmax [Vahy(A, v, n)|x
oi=i+1 =
8: end while
9: T, =m;
Output: m,

Lemma A.3.3. We can compute equation (2.8) with K;|D| calls to a constrained argmax

oracle.

Proof. We follow the proof technique in Lemma and break the argmin into two

pieces with 7 € supp(\) and 7 € II \ supp(\)). We only show how to compute the

second piece as the first piece could be compute directly. We know that 371 (m, 1) =

ZZL O

ﬁ(l{ﬁ_l(cé) =a;} — 1{n(¢;) = a;}). Then, similar to proof of Lemma
pci,ai Y n

A.3.1

P




let v, = 7o for all 7 € 1T\ supp(A!), we have

. N l ~
argmin A} (7, 7-1) + Ecup
mell\supp(\)

Sa’c h/l]ﬂ'nl

c,a

S (1F(e) = @) — 1n(e) = a))

= argmin —
reMsupp(N) =7 Plras + [1']n

(% + %) H7m_a(c) # W(C)}]

Ga c,a

+ ]E’CNl/fD

= argmin Z —— {7(c;) = a;}

mell\supp(A\}) i—1 pCz a; + Yo

+ By (]%+ . ) 1R (c >¢7r<c>}]

c,a c, a!

ng
. Tq
— i > "1 {r(e) = a)
mel\supp(A!) i=1 Pciya; + Yo

(% + ) {71 1(c) # w<c>}]

Cc,a c, a’

- ECNI/'D

which is a cost-sensitive classification problem with cost vector

— i1 = a4 f = 17 )
Ly = 4 P 4= ) " "
(z) + p“)—o) Ha#ma(e)} fori=m+1--- n+[D|.

i p—1(c;)

A.3.2  Quantify the offline data

(hfﬁf + M”) 1Ria(o) # w(c)}] L)
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We first prove a general result for an empirical process bound of the difference of the

expectation and the truth in Lemma[A.3.4]

Lemma A.3.4. Let m = |D| and define some set K C Ymaxn. Consider some function

u:C x K — R with ¢,k — u(c, k) and define F £ {c > u(c,k) : k € K}. If

1. w satisfies that for any ¢ € C and k € K, u(c, k) € [0,b] where b < oo is a uniform

upper bound;
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2. there exists L < oo such that ||u(-, k1) —u(-, k2)||z < L ||k1 — Kal|;-

Then, with probability at least 1 — ¢,

b 2
S0p [Eev )] = Bevy (e ] < 1 - (£) + T2 L/ BBl
reK 2 vm

Proof. By the bounded condition on u we have {E..,, [u(c, k)] : & € K} satisfies the bounded
difference property with parameter b. Then we use McDiarmid’s inequality to get with
probability at least 1 — 4,

sup ’ECNVD [U(C, /ﬁ)] — Eeww [U(C, '%)H
KEK

2 o (2) 4 2 s e e 0] B 1]

2m KEK

Also, note that by definition of F and classical results on entropy integral [Van der Vaart),
2000,

E {sup |Eewwp [u(c, k)] — Eeuy [ulc, fi)]q < % sgp /000 Vg N(F, Ly(Q), €)de,

KEKX

where N(F, Ly(Q),¢€) is the covering number. By condition 2 and property of covering

numbers,

SgpN(‘Fa LQ(Q)7€) < N(‘F7 H'H]—‘ae) < N(K7 HHlaE/L)

Denote BY as the I ball with dimension k. We know that for e < 1, N(BY, |||, ,€) < (%)k
Since K C 'ymaXA(k) C 'ymaxBf, and there are (1,;{) ways to choose such a support fymaxBf, by

union bound over k-dimensional subspaces we have
II k
N(IC7 HHl?E/L) S ]{? N(fymaxBD”'”l?E/L)
II k
< L N(BDH'”l?e/(LmeaX))

k k k
< e|I] 3L Ymax < 3 Lymaxe|11]
- k € - ek
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Therefore,

sup [ Vg NF L@ e < [\l N[, e/ L

L'Ymax
< log [ SEmaxellI oo
k
0 €
! el
= LVmax klog d
0 ek
! 3e||
< LYmax klog| —— | d
0 ek

< Lymax\/ 2k log(3e|TT| /k).

Combining all results yields

1 o
E | sup |Eewwp [ulc, k)] — Eeoy [u(c, k)] | < —6 sup/ \/log N(F, Ly(Q), €)de
rxeal) vm o q Jo

1
< %meax¢2klog<se|n|/k>.

Therefore, our result follows. O

Then, we take two special kind of u(c, k), and get the bounds for our estimate of the

expectation over v with the offline history D.

Lemma A.3.5. Let m = |D|. Then, with probability at least 1 — 0, we have

Eeovp {(Z\/ Aoy)T (c)+m)> ] —Eeus {(Z \/(A@,V)T(tgc>+m)) ]

acA acA

!A!“vm (1 +m) <2> 16 2k(1 + 7)) Ymax (36\H|>
ax log | = | + —=|A|"Vmax lo .
\/ #\s vm| ™ M Ymin 8\ Tk

Proof. Define k € ICsuch that kr = Aryr. Then, K C ymaxAmsince Y ke = Y e Ay <
2

Ymax- Then, let u(c, k) = (ZaeA KT(t((f) + 771)) . We aim to use the result of Lemma |A.3.4

sup
e')/manxA k)

to get our bound. First, since for any x € K and any ¢ € D, u(c, ) € [|A|*Ymmm, [ A]* (1 +
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M) Ymax), SO condition 1 is satisfied. Also, note that u(c, k) is Lipschitz in &, i.e.

[ul-s m1) = ul, m2) 7

= sup |u(e, k1) — u(e, ko)

= sup Z Tt + m)) - (Z V£ ( P+ ﬁl))

ceC <a€A acA

Z\/’ﬁ +m) —i—\//ﬁz +m) <Z\//€ (tg)—H?) \/ ((C)—i-m))‘

< sup

ceC acA

‘ (Iil — KJQ)TtELC)

= sup Z \/“1T<tz(zc) +m) + \/H;@g@ o > Z \/ (e
Ky (T

ceC (aEA acA Tt +m) + HJQT(t((f) +m)

Z [| 51 —’f2|’1

SOV AT 4 )+ R + )
aGA\/ ((C)—|—7’/ —I—\/I{Q ta —|—7’/l)

acA

< Sup

(1 + nl)’}/max

7)1V min

< |A]?

||/<1 —52H1-

Therefore, condition 2 is satisfied with L = |A[? “mﬂ Plugging in the result in
Lemma [A.3.4] we get

sup [Ecvuy, [u(c, £)] = Eevy [u(e, £)]]
xealp

| A2 (14 m)? (2> 2 2k (1 + 1) Ymax (36|H\)
< max lo A log | —— .
- \/ 2m & Vm | | 7)1 Ymin & k
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Lemma A.3.6. For any 7 € II, with probability at least 1 — ¢,

Swea\VAONTES +m)
sup |Bewp | Y T \/ (Va[t'9])
O i ’¢M®7W(9+m)
Za’GA\/ /\G’Y +77l) 0)
_ECNZ/ (c) (7# [ta ]W)
ac ¢u@v>< )
|A[*(1 + 1) Ymax (2) 8| A*Vimax
S max lo = |+ 2k log(3elll|/k .
K (\/ 2n7minm & 5 ﬁ(nl’)/min)‘?ﬂ\/ g( ’ ‘/ )
Proof. First, note that
Za e A \/ A © '7 + ’I’]Z) (’y [t(c)] ) < ~ Za’EA \/(/\ © /Y)T(tgj) + T’l) [t c)]
J@@v><@+m> JOonTw + )

za’GA

Then, we define u(c,k) = >, 4

(()+m)[ ),

R First, note that for any ¢ € C and

ke, ule k) € [O |A|2—V;L”mx} so condition 1 in Lemma |A.3.4is satisfied. Also,
|u(e, k1) — ule, ko) || 7 = sug lu(e, k1) — ulc, ka)| (A.3)
ce
Swea VR +m) Swea K3 () +m)
= sup [tg )]ﬂ Z [tac)]ﬂ
wlacd R +m) = @@@+n)
9+ my/n] VRS + m)y/u
— sup Z Dwea Vi (g +m) Tt +m) — Ky (88 +m) O],
c€C | eA Ky ( (©) + 7][)\//%2 (t((l) + 771)
Za ‘e A \/ ( a’ +77l>\/’% ( +77l) \/ a’ +nl \//{1 ta +77l
< sup (A.4)
ceC acA ’%I ta + 771 \/H; (t((f) 4 77!)
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Note that by triangular inequality

‘\/H;( (© 4 m)\/ﬁf(tf;) + ) — \/lil (15 + m)\/ Tt +m )‘
\/ Tt +n)

. ¢ RT(E +m) W KT+ ) = /oI (29 < ).

S' 52 +771 \/"ﬁ Zfa "‘771

Also note that

‘\/HJ(tff)er)—\/Hf(é )| =

S en(lrls = [l (8 + )

\//-f2 (t& +m) + \//{(tﬁf’ +m)
1

< -
o 2\/ 7)1V min

[#62 = £l -

Therefore, (A.4) is bounded by |A|27mmm 5 m | ko —
L= L. Then, by Lemma |A.3.4]) with probability at least 1 — 4,

2(nlvmin)3/2

k1||;, so condition 2 is satisfied with

S ea VA ONTED +m)
sup ]E'CNVD Z - \/ (c) ('77r [taC)]W)
(A7) Ermax D a \/()\ ©) ’}/)T( o + 771)

ZaeA\//\Q'V © +m)
“ ey ((C)+m>

4 2
. ( \/|A| (4 ) e (§)+ SA e e /k)>

2777minm \/_<7]l’)/m1n 3/2

~Ecwy (v [te])

A.4 Proof of Theorem

We first write down Algorithm 4 in full detail in Algorithm [§, We aim to show that Algorithm
achieves the sample complexity lower bound. The two big goals here is to show that 71; € S,
for all [, which shows that we get the optimal policy, and n; achieves the sample complexity

lower bound.
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Algorithm 8 Full CODA Algorithm
Input: policies I = {7 : C — A}, feature map ¢ : C x A — R% § € (0,1), historical data D = {v,}

1: initiate Ty € IT arbitrarily, Ao = exz,, ﬁo(w), ~o appropriately
2: forl=1,2,--- do
3 =271 g =Ce| Al § = 6/(1*]11]?), K, appropriately
(') = {1{x(c) = a,7'(¢) # a} + 1{x(c) # a,7'(c) = a}}ren € R™

4:

) 1 7, 10g(1/5 IOg(1/5 )
5: Define Ymin = gﬁ’ “max |-A‘27717l7’
6:

Define

h(\7,m) =Y Ax ( 7Al_1)+10g(1/5z)>

n
mell T

Eenvo (EIVA@v t”wln+m0 : (A.5)

acA

7: Let A, At ng = FW-GD(IT, | A, T1—1, M1, K7, €1, Ymin, Ymax ). These are the solutions to
]

ne := min{n € N: max min hi(A,v,n) < e} (A.6)
AEAT Y€ [Ymin, Ymax] T

8: Receive contexts ci,ca,- - ,cp, ~ V.

9:  For each ¢;, s = 1,2,--- ,my, pull arms az ~ p((;) where pcs,a‘ x \/ ALoAh t( )(m 1) +m), and
observe rewards r; where tE,,?)(%l_l) e R
10:  For each m € II, define the IPS estimator

ny

R (r) =Y~ ({Fia(es) = s} — 1{m(cs) = a,})

=1 Pesa. + e

11: set

, log(1/8)

T (A7)

~ RN~ [ V'] ~
m = argmin A (m,m—1) + Eenvp o T Hm-1(c) #7(c)}
pc,ﬂ'(c) pc,%l_l(c)

12: end for
Output: 7

Theorem A.4.1. With probability at least 1 — &, Algorithm[§ returns a policy T satisfying
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V(7)) =V (7)) < € in a number of samples not exceeding O(ps . log(|1I] logy(1/A.)/0) logy(1/A,)

where A, := max{e, min ey V(m.) — V(m)}.

Proof. We first define our key events. Recall

ny
~_1

o~ TS
Al (m,m-) = Z 0

5 (H{m1(cs) = a5} — Y (cs) = as})
s=1 pCsﬂls + [fyl]ﬂ

and A(m,7') = V(') — V(). Define w(),v) € RAXICl with

VOO G +n)
Swea (VA 0N TED F) + )

[w(>‘7 7)]a,c = Ve Pea = Ve

Then define the events

&= {Ayl(w,w')—A(w,w')

! €11

210g(1/5l)
< 2[71]7T ||¢7r - ¢7r’||,24(w(>\l,7l))*1 + [’Yl] n ’

and the good event & = (2, §. Lemma shows that £ happens with probability at
least 1 — 0, and Lemma [A.4.7 shows that under this event &,

2
. 17, — Orll4 )1 Log(1/d1)
n; S minmax 3 D)
we) well €] + A(ﬂ',ﬂ'*)

Therefore, the total number of samples is no more than

e 16s = Ol los(PTIP/9)
X
£~ weQ el € 4+ A(m, m,)?
(i) BLL) 2| 6r, — Gl log(2[TT[2/6)
= weh ﬂrelha\}fr e + A(m, m,)?
=1 : ! P
(i) 1082 (1/20) E.., {(p(%() + #) 1{m.(c) # W(C)}:| log(1%|T1)?/4)
< min max e e
- lz:; P EA 4 Vel e\, A(m, )% + €

S eIl v) log(logy (1/A)[1T] /6) log,y (1/A).

where (i) follows from the fact that m, gives zero for the RHS, and (ii) follows from

Lemma [A.6.1] O
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In what follows, we will fill in the road map to the proof of Lemma[A 4.3] and [A.4.7] First,
Lemma controls the estimation error of the gap and shows that P(&,) > 1 — dy, which
leads to the high-probability of the good event £ (Lemma . Lemma applies the
duality machinery in Section and controls the variance term. Lemma applies the

result of Lemma and shows an upper bound for the difference between estimate gap and
the true gap, which is a very similar result of Lemma[A.2.3] Lemma is an important
lemma showing the analytical solution of w given some A and . With all of these results

above, we get Lemma [A.4.7] which gives the upper bound on the sample complexity.

Lemma A.4.2. For any | > 0, w, 7" € II, with probability at least 1 — oy,

2log(1/61)
[V ]xru '

&

Al (7)) — A, ')

2
< 2[’7l]7r ||¢7r - ¢7r’”A(w(>\l77l))71 +

Proof. Define

ny

‘A/ﬂl (7)== Z %1{“03) = a},

s=1 pcmas + [fyl]ﬂ
so that
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Therefore,
B[V (m) - 0 ()] - V() - Vi)

< |E %Z ( 0 1 <1) ) (H{m(cs) = as} — 1{n'(cs) = as})] ‘

] 0
s=1 pCs,as‘l'['Yl]w Pesas

ny

iy B e = - 1) = a)

W 10, (500, + 01

ny

L gn D () = an mles) # 0} + (') # an les) = )

sE © (O
(L — DPes,as (pcs,as + [7l]7r)
1
= ['Vl]ﬂ % 7 . ) [fr — qbﬂ'/]g,,c
De,a (pca + [’Y ]7r> vg
1
= [’71]# Z Ve Zpgc)b [¢7r - ¢W’]Z,c
ceC acA pg}z”? (pgc)L + h/l]ﬂ'>

2
< h/l]ﬁ HQSW - ¢W’||A(w()\lﬂl))71

where the last inequality follows since ycpga = [w(A',9)]a.e. Meanwhile, note that
Ts , 1
(f) l_ (1{7T(CS) = CLS} — 1{7T (CS) = a/S}) S [ l] ,
pcs,as + [’Y ]7’1’ ’7 ™

and

E (M (1{7T(Cs) - as} - 1{7T (CS) = as})>

= o? im 2 “WCS)=as}—1{w’<cs>=as}>2]
[ 1

:E ™ W'zc
T b O ]

2
< I|¢7r - ¢7F/||A(w()\l7,yl))71

by a similar argument as before. Therefore, by Bernstein’s inequality, we have with probability
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at least 1 — 9,

21og(1/6) n log(1/4)
ny [Vamu

A~ A~ A~
7w =T @) ~E [0 () - 0 ()] | < \/ 167 = 6w Pigurtnny -+
Combining this with the deviation on expectation gives us

Al (7)) — A, )

‘Al

5(1/9) , 2log(1/9)

2lo
2 2
< 11 6m = b llaquia i1 + \/II% = Ol ao )

ny (V]
4log(1/0)
2 : ™ T — ¥’ y L Al))—1 VI
<2z l[¢r — ¢ HA(w()\ 1) ]
[l
Lemma A.4.3. P(£) > 1 —0.
Proof. By Lemma and a union bound over all policies, we have
J
P& | &1, ,6) > 1_l_2
Since € = (N,2 &1
P(E) = P((MZ6&1)°) = P (UZoEr) = P (U2, (E7\ (Uj<if)))
o0 C C [e.e] 5
<Y PN (Uj<fs)) Z]P’ E 1 (Mja€)) <D 5 =0
1=0 1=0
Therefore, P(£) > 1 — 6. O

Lemma A.4.4. Under &£, we have for any w € 11,

log(1/d:) <1 1 0t L 1 37:1(7%5?\171)-

[’yl]fr H¢7r - ¢ﬁ171 Hil(w()\lﬁl))_l [’yl]ﬂ-nl 6 64

Proof. We know that the choice of n; ensures

hl()\lafylanl) < €.
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Also, by Theorem we have

1 1~pp=1, ! 2
gfl > r;leal%{ <_8A71 (’/’l’,ﬂl,l) + 8[’}’ ]7r H¢7r - ¢§r\l,1 HA(w()\l;yl))*l

+ )> — (XA ).

Combining the above two displays gives us

1~ A ! 2
2 I7Irleal‘}1( <_§A7—1 (7T77Tlfl) + 8[7 ]ﬂ H(bﬁlfl - ¢7T||A(w()\l’,yl))—1 +

8log(l/5l)> 1

[’Yl]ﬂnl - gel-

Therefore, for any = € II,

1 2 log(l/él) 1 1 ~ i1 R
[7 ]77 Hﬁbﬂ - ¢%l,1HA(w()\l7,},l))71 + W S gel + 6_4A7_1 (77-777'171)-

Lemma A.4.5. Under &, for alll € N, the following holds:
LAY (A = A(m,m) | < 261 + LA(m, w).
2.meS ={rell: A(m,m,) < ¢}.

Proof. We prove this by induction. First, in round [ = 0, this holds since our rewards are

bounded by 1. Then, assume that in round [ — 1, we have 71;_; € S;_; and

~ ~ 1
|Alw_’22 (m, T_2) — A(m,m) | < 269+ ZA(T&',W*).



Then, on round I,
INSNCR EEYNCES]

~ -1 R
= ‘AZ—I (77771*1> -

S 2[71_1]ﬂ' H¢ﬂ' - ¢/ﬂ\'l_1||124(w()\l—17,yl—1))—1

9 1~ 1~
<_ Yi—2 -~

=3 +64A’2(7””2) 64
5

< —

=3 64 4
51

—€]_

=3t 64 A
<261+ A(ﬂ'ﬂ-*)
Also,

< A7, m—1) + 2y

- 1
S A (71—*77”—1) + -

3

Therefore,

ATy, me) = AT, 1) —

Therefore, A(7,, m) < €, so m € 5.

A (71', %171) -

361 +
~ 1 5
<A(m,To) + e+ 35 | Za-1t A (s ) | -

<

A (%\lfla ’ﬂ'*) ’

21 _
o8(1/3i) |
A e

(from event £ and inductive hypothesis)

Al%} (Ti—1, T—2) + €21
5) 5)
2¢1 9 + A, m,) + 2€¢,_ 2—}-165 1

S S

'Yl]m qum — ¢r 4 Hi(w()\zﬁznﬂ

quﬂ'* ¢7Tl 1HA(w )\l l))

1 ~ i1

A? 1 (7T*, /ﬁl—l)

350
1

_1o
S 4 —2
= gat
€
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-1

(from Lemma [A.4.4))

1 5 D ) . .
€1+ — <261_2 + —A(m, ) + 269 + ZA(m_l’ 7T*)> (from inductive hypothesis)

log(1/4;)
[z
log(1/4;)
[V w1
(eqn (2.8), the minimum)
2log(1/d1)
[V,

(from Lemma [A.4.4))

(from the above)

(from &)

(from &)

A (77-*7 ;T\l—l)
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Lemma A.4.6. For any A € A, v € RN and #’ € 11, we have

2
. . , 2 _ T O
Iulzlel(rll Z )\w7w||¢7r (bw HA(w)—l ]ECNV <Z \/(A © 7) la (7T ))

well acA

where wy,. = vepl,) and p o /32 A ({7 (0) = a,7(c) # a} + H{w () Z a,7(c) = a})

and ® denotes element-wise multiplication.

Proof. For any A € Ap,

. 2
min 3 Aol 0n — by

well
— 7T77T T
=min) ) - 6r) Cacero(6n — D)
7ell a,c
A T.ooT
min eaceac - — D
..... pqEAA;_[; cpca ) ) ,<¢ ¢ )
71'771' T
min eace »
=30 i 203 ST 0r = 00) a6 — o)
1
= — min )\7r - Tr _ e, c€ »
. Ve pc€A 4 De,a (7;1 7 ) ((b — ¢ ))

2

_ Vi > 3 A — 60 encel o 0n — 00)

c acA \| well

=3 | X [ (€)= a.7(0) # 0} + 1{w(0) # a.7(e) = a))

c acA \| well

= 0 [ Y 3 A1 (0) = acm(e) # a} + 1w (e) # a,m(c) = a})

c acA \| well

= B (Z\/AGVW(C ))

acA
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Note that the minimizer

\/Zﬂ-en )\ﬂ’}/ﬂ((bﬂ’ - Qbﬂ/)—rea,celc(gbﬂ' - ¢7r’)
Pca =
za’ \/ZWEH >\7777T(¢7T - (bﬂ'/)—rea/,ce;r’,c(gbﬂ - ¢7T/)

x Z AeYe ({7 (¢) = a,7(c) # a} + L{n'(c) # a,7(c) = a}).

mell

Lemma A.4.7. Under &, the choice for n; in the algorithm satisfies

2
o 6n = Gl los(1/6)
n; S min max 5 3 .
we well €] + A(?T)
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Proof.
(XA )
2
=1, log(1/6

= S0 (<AL A+ SEGE) 4 B (23¢M®v +m0

mell V= a€A

r 2

< max min » Mg —ﬁ;y:l (m,m—1) + log(1/é1) + Ecw Z \/()\ © ’Y)T(tz(zc) +m) + }el

AEAT Y retl Rkl acA !

(by Theorem the saddle point argument)

[ 2
< max min Ar (—ﬁ?ill (7, /1) + 10g;(1/51)> 4+ ey <Z X ’y)TtEf)> ] +
)\EAH Y retl

n
I | \acA

(by Lemma controlling the bias)
log(1/4, 1
LA

A,ylfl -~ R 2
= max min min p <_Al—1 (m,m—1) + V¥ H(ﬁmq — d)TFHA(w)fI o 5

)\EA EQ [
e ERY remm

(by Lemma the definition of w)

; S X TSP 2 log(1/4; 1
= mmmaxmm—gALI (m,7i—1) + 87 ||z, — qb’THA(w)fl + 8,%) + 3¢

we well v>0
(by Lemma the strong duality)

3 2 log(1/0;) 3
< wmelgﬁgﬁcm;n <—3A(7T ) + 87|z, d>7rHA(w),1 + 8777” + 1€ (by Lemma [A.4.5])
2
Gz, — On 1 log(1/41)
< min max 3A(7T,7T*)+16J 4= HA(w) ! +§q
we well n; 4
2
T P w)— 10 1 (5
< min max —EA(W,W*)+16 ¢ Prll )+ 108(1/00)
we 7well 32 ny

b — b2 |51 log(1/6
MJ il s/ s
n; 4

Or, — Or log(1/4;
< min max —EA(TF ) + 16 | HA - log(1/3)
weN well 32 n;

167, — Snl%y-1 log(1/0) | 3
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which is less than ¢; whenever

2

- | Pn, = Drllaguy-1 1og(1/41)

n; min max D) 3 .
weQ well € + A(m)

(A.8)

A.5 Convergence analysis of FW-GD

A.5.1 Statement of the convergence results

In this section, we will characterize the performance of Algorithm [§ a.k.a. Algorithm [l Our
goal is to show two results: the duality gap converges to zero, and our algorithm converges to
the saddle point. It is known that Frank-Wolfe algorithm directly deals with the duality gap
[Pedregosa et al.l 2020], so we will define our primal and dual problem in what follows. Since
we are computing n; via binning, in each inner loop n is fixed. Then, we define our dual
objective the same as with the shorthand notation hy(A, ) := hy(X,y,n). We formulate

our primal objective as

Pi(w(A,7),7) := max

(Au - 2 log(1/01)

_Alwfl (7T77Tl—1) + Y H¢7r - ¢%l_1 ||A(w()\,'y))*1 + "l

). @9

where w(), ) € RHAIXICl such that

A (c)
[w<)\7 7)]&,6 = Ve Peja = Ve \/( © ’7) ( + 77)
ZNAVAQW © 1)

Then we will show those two results. First, Theorem [A.5.1 bounds the duality gap of the

(A.10)

primal and dual objective. Second, Theorem shows that Algorithm [4] converges to a
saddle point.

Theorem A.5.1. For any | € N, with the number of FW-GD iterations K; = O(L?¢; *) where

]A|2—1+Zl 27“2’“) , we have

l min

Pi(w(N,41),7") = (NN < @

Moreover, K; depends at most polynomially on |Al, €, log(1/4;).
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Proof. First, Lemma shows that for any A, v, and n, hy(\, v, n) = (X, Vahi(A,v,n)).

Therefore, at some iteration ¢, the Frank-Wolfe gap
gt = <V>\hl(>‘t7 ’Yt)7 Cr — )\t> = mai_}[([v)\hl()‘tv ’yt)]ﬂ' - hl<)‘t7 fyt)
e

Lemma shows that with a small choice of the regularization parameter the primal
objective is close to the maximum component of the gradient, i.e. |Pj(w(A,~Y),~!) —
max,en|[Vahi(AL 4] < %. Also, Lemma shows that if t > L2%¢;,? is large enough, the

Frank-Wolfe gap is bounded by ¢;. Combining these two lemmas, for ¢t > L2e;2, we have

|7Dl(w(>\lvf>/l)7fyl) - hl(>\l771)|
< [Puw(X,71),7") = max{Vah (N, 7)]a] + (X, 4') = max([Vahi(X', ")

< |Piw(X,7),7) — I?gﬁ([v/\hl()\ﬁ)w +

€1 €1
=~ 5 5 — €
2 2

Finally, we conclude that K; = poly(|A|, ", log(1/4;)) since Ymax = O(|A|’1nl_1/2), Ymin =
O(y/m), and m = O(|A|~*¢?) all depends polynomially on |A| and ¢ . This shows Theorem

A5l O

We now have the second main result of this section.

Theorem A.5.2. For any |, with K; = poly(|A|, ¢ *,log(1/8,)) and the size of the history
D > poly(|A|, e, 1og(1/6),log(|I1])), Algorithm [f| converges to a saddle point, i.e.

max min hi(\,v) —h )\l,l‘<e.
)‘GAH ’YE[Vminv’Ymax]H l( 7> l( f)/ ) =



121

Proof. Note that

Pl(w()‘l7 71)7 ,Yl)

~-1, log(1/4;)
— _AY ) 4+ =\
max [ Ly (mome) + e

2
Yo = 0
log(1/d1)
n

e |65 = SelPrwcrny ]

> max min { A? 11(7T 1) +

well v
. . _A,yzq ~ 10g(1/5z
e e
log(l/él

OB o omy = onlf )

(by Lemma [A.5.17] strong duality)
log(1/9,

= max min Z Ar ( (7, m-1) + M)

)‘EAH ’Ye['}/nnn ’Ymax]n ’}/ﬂ'n

2
ey (Z Ve v)TtEf’> (by Lemma [A.4.6)

o log(1
> max min Z)‘W' (_Alyill(m%ll) n og( /51))

)\EAH ’YE[’Ymin;'}/max]n rell ’)/ﬂ-n

AEAT WER yE [’Ymin ,’Ymax]n

. . NGt ~
= max min  min E A <_A7—1 (m, 1) +
mell

2
c 1
E... (Z \/()\ ® ’y)T(tg) + m)) - 56 (by Lemma [A.6.3)

acA
i N log(1/d1)
> min PUE _Awllﬂ’ﬂi  log(1/0)
o ’YE[A/mianmax]H Zﬂ_: [ i|7T ( -1 ( l 1) 'yﬂ_n
’ 1
e [(S Voo @) | -k
acA
i N log(1/d1)
> min N - (—Ayl ' M) + ————
T YE[Ymin,Ymax] T Zﬂ: [ ]n -1 ( l 1) o
i 3
CNVD (Z \/ )\l © 7 + 7][)) — Zel
acA

(by Lemma [A.3.5] controlling the history)

ZZWh(ﬁﬁmﬁwﬂﬁﬂD

- ATn

Ecp (Z\/ N @y)T +m)> —€

acA

(by Lemma[A.5.7 the GD convergence)
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In other words,

PiwN\,41),4) > max  min h(M\9) > (ALY — @

AEAT YE[Vmin,Ymax] ! N

On the other hand, by Theorem [A.5.1, we have P;(w(\,~!),~!) < (A, 4') + €. Therefore,

we have
max min hi(A,y) € [h )\l, : — e, h /\l, Nte
A€An ’YE[’Ymina'Ymax]H l( fY) l< v ) ! l( Y ) l
and so we have our result. -

A.5.2  Technical proofs
Guarantees on vy

We first provides some guarantees of v and the convergence of the GD subroutine.

Lemma A.5.3. Consider a fixed n. Let v* = argmin, hy(X,y,n). Then we have for all i,

B A 2nE[1{r(c) # 7@} \ TAPm [ |
Proof.

(Vo hi(A )]

i ©
= E (Z \/(A Oyt + m)) 1Y Ar([ty = +m) B M

|\ i/ (A 07T +n) Y
>E, (Z VA, + m>> - 2oet)

acA T

> AP + 20 E [1{r(c) # 7*(c)}] — Migf(;/&)

where the first to second line follows from Cauchy-Schwartz - (), z4) >, <g—z> > (3, VYa)?

log(1/4)
[A]2mn

20 E[1{m(c) # 7*(c)}] and get v, < \/ 2nEC[11§§T((1C§2*(C)}]. Therefore, the mth component of

Ar log(1/6;

2n ) < |APmA, and get v, > Ar log(1/8))

We also solve >
Yin

We first solve <
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the gradient is always positive whenever v, > min {\/ 2nEC[1kEi((1c§ SZF*(C)H ’ l(l)j% :;rlz) } Therefore,
the minimum v should have 7, < min {\/ E] i?i((lcé izr*(c)}]’ 1‘0%217/7;21) } On the other hand,

let s = argmin; 7. Then,

s < AN TE +m) = (Ao (0 +m) v < |ro 2 +m)|, - [l

Then

S V0o @ e < e @ )| VT

acA acA

Note that

(Z \/H)\Q (t& +m)H1> = (Z\MT(tfﬁ +m)>
acA acA
= (Z ATt +m)) Al

acA

< JAI(T + m)-

Since for any T, Za,eA[t(c)]7r <2, s0

a/

(24 m)Ax . Ar 1Og(1/5l).

¥k )] < /AL +20) g

Vs Van
Let m = s, then by the fact that ||v||_ < lrj?z%, we have
log(l/él))1/4 (2+m)As  Aslog(1/)
Vo hi( AN 7)]s < VAL + < . — )
9 ) < VAT () B 2
toa(1/) \ /| @tmre _ Astos(1/a)
We solve /| A|(1 + ) < W%m) P mest — 228 < 0. Then we get
_ _ m IOg 1 5[
e < (Ltm) P24 m) ™ %

Since (1 + n)~'/3(2 4 m)~%/* > & whenever 5 < 1, the sth component of the gradient is

negative whenever v, < 3 ml%(l/al). Therefore, ming v, > 51/ 2 logr(Ll/f?z)‘ 0
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Convergence of Frank-Wolfe gap

Lemmal[A.5.4] and [A.5.5 shows that the Frank-Wolfe gap is small. The proof technique follows

from the general Frank-Wolfe analysis.

Lemma A.5.4. For any ¢ € [0,1], any t, with L = |A]2W we have hy( A1 A1) >
m min
hi(A',4") + Ege — 5E°L — k.

Proof. By L-Lipschitz gradient condition of —h, in A given in Lemma we have
L 2
L) < () (VA A ) ¢ e,
Therefore,
L 2
hl()\t+1,,)/t+1) Z hl()\t,’yt+l) + <V)\hl(>\t,”}/t+1>,/\t+1 - )\t> o 5 ||/\t+1 . )\25”1 )
Plugging in A" = (1 — 3,)A\' 4 Bie,, as in line 8 of Algorithm , we have

(1= BN + Brex,, 7'
L
> h(A AT 4+ (VAN AT, (1= Bo)A + Breq, — A') — 3 (14 BN — Brex, — Atuf

2
= hl(At>7t+1> + ﬁt <v)\hl()‘t77t+1)’eﬂt - )‘t> - LT@; ||e7"t - )\tHf

2
er — \

= hi(A\', 9™ + Buge — -

B
5 |
Choose f3; := arg maxecio,11{£g: — 527]; lex, — )\t||f} Plugging in this expression gives us

2
hl()‘t+17’7t+1> > hl()‘tv’yt—’—l) + ﬁt <v)\hl()‘t7ryt+1)a €r — )\t> - LTﬁt Heﬂ't B )\tHi

e
= h(N', ") +£rgg>1<{€gt R e, — A7}

52
> WX ) + g — wu

for any € € [0,1] since |ler, — Af||7 < 1. Also, by construction of v'*! and Lemma|A.5.7, we

have

Ry(AL, A7) > min hy(AE, ) > b\ Y — ke
Y

Therefore, our result follows. O
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y — ((1+ ) max)5/2 3 L
Lemma A.5.5. We have for any t, with L = ]A\Z%, MiNen i < -

l min

Proof. With Lemma [A.5.4] we have
1
hzO\tHa ’YtH, n,) > hl()\tﬁta ne) + &g — 552[/ — Kt

Plugging in the choice £ = min{%, 1}, we have b\ A" n.) > h(N, A\ n,) +

L min{%, 1} — x;. Summing this up from 0 to ¢ gives us

hl<)\t+17 7t+1 ) hl )\07 Yo, nT Z Ji 7 1} - (52

. t
* : gt
> (t+1 It 17N,
> e+ -
where g7 = min;—g...;g;. Then, as long as >._,d; < ¢, by the fact that (A1, ) —

hi( Mo, 7o) < maxyea, ming Ay(A, ) — hy(Ao, 7o) < 0o. Therefore, we have min;ep 4 g; < tL+1‘

Connect the Frank-Wolfe gap to the duality gap

Lemma shows that the primal objective is approximately the maximum component of
the gradient of the dual objective, which simplifies our Frank-Wolfe gap expression.

Lemma A.5.6. Consider some A € Ay, v € ]R | andn € N. For m < |A|7, we have
|7Dl(w()‘l77 )7’7 ) - maXﬂ’EH[v/\hl()\ 3 Y ):I7T| S €.
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Proof. Observe that for any =, 7" € II and any -,

Y H¢Tl', - ¢7FH?4(w()\,’y))_1

ve "(¢)=a,m(c) #a 7'(c) # a,m(c) =a
I%Zm(l{ﬂ(@— ,m(c) # a} + Hn'(c) # a,m(c) = a})

a,c

=V zc:l/czaz <[IU()\,’7)]¢1,C (1{71' (C) = a,ﬂ'(c) 75 a} + 1{7‘(‘ (C) 75 a,ﬂ'(c) = CL})>

Swea VA ONTES +m)
7 J0enTE + )

(c)
= Eouy {Z e \/O 00l ) (Y [tﬁf)]w)] .
T e @+

(1{7'(c) = a,7(c) # a} + 1{7'(c) # a,7(c) = a})]

Therefore,

Pl(w()‘la 71)v 71)

~ -1 2 10g<1/5l)
= max {‘M—l (@) + 0 16 = O [aqure s +
o Swea VAL O TS + ) log(1/6
= max § ~A7, () + Ecuy 1/ 2 () | + %
o + ) Vin

Lemma guarantees that we could replace the expectation over context to history of
contexts vp without incurring much error. In particular, for a sufficiently large history D, it

guarantees

Swea (/NN TE +n)
= e TE £ )
S wea V(N @ TESD + )

T e TE wm

(1t

max |E.,,
mell

_ECNV ([Pyl]ﬂ[taC)]W) S
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On the other hand,

e A7y 15, |57 Zrea 00T )
T2 c~Up

mell c
‘ T JenTH £ )

wea (VO T(ES 41
= max VLA — Eoons Z Diwea \/( )T ( )
’ \/W O T +m)

['VI]WUZ

Note that when Y S [’Ymina ’ymax]a

Swea /@D + )
a \/(MD’V)T( & +m)

Therefore, for n; < ]A\_4€z2a

]E’CN vp

max 1+
Y € [07 ’A|2 Tma ( 77l)r)’max l] .

Yminll

Swea\J NN + 1)

€
ECNV ! s < —.
0> —— e || <5
a (MO (ta” +m)
Therefore, we have our results. O

A.5.8 Convergence of gradient descent

In this subsection we show convergence for gradient descent.

Algorithm 9 GD
Input: \, n, K

1: define /! = €}t73| A|7¢

2: clip A and define A = clip(\, ¢;)

3: run gradient descent of on v for hy(X,~,n) over supp(A) and output ~*

Output: +*

We will first state the main result of this section.
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Lemma A.5.7. With the number of iterations T = O(LL—: - ﬁu) with L., |A]2(1+Z’/+‘;‘X)/Q +
n
21og(1/6)

TL'len

, we have hy(A\, %, n) —min, hy(X,v,n) < kK. -

Proof sketch. Lemma shows that this clipping does not affect the function value that
much. Since we do not assume our function to be convex for v, we will show that the
stationary point is unique and the gradient is strictly positive around the stationary point.
Lemma first shows that our function is locally strongly convex around any stationary
point. In particular, if we are at a point where the L; norm of the gradient is less than
Amin, We are locally strongly convex. Lemma shows our gradient is Lipschitz with
respect to the L; norm. Then, Lemma then shows that the gradient descent algorithm
converges to a stationary point. It is the classical argument for gradient descent algorithm

on non-convex objectives |Jin et al., 2021].

Lemma A.5.8. For any K, with L., |.,4|2( IJ;ZZ/JIT")S/Q + QInggl/&l),
l min min

hl()‘a Y0, n) - minv hl()‘a e TL)
K .

: 2
min IV hi (A, v, )|} < 2L,

With this lemma, we have for a sufficiently large K, the minimum gradient can be
made arbitrarily small. In particular, for K > L A_! we have that the minimum gradient

has Li-norm less than A.;,, and thus we are in a neighborhood of our stationary point by

Lemma [A.5.15] After that, it takes O(

- )}min) steps to converge to a point whose value is at
most k; away from the value of the stationary point. The results in [Milnor and Weaver}, |1997]
coupled with Lemma ensure that our stationary point is unique. Intuitively, if we have
two locally strongly convex stationary points, there must be a “hill” between them, which
also corresponds to a stationary point, but we have shown that all stationary points must be
“holes” due to local strong convexity, so the stationary point has to be unique. Thanks to the
clipping, we can lower bound A, by ¢, so the total number of steps is ? Ry w— /\mm = % ﬁ

which matches the result in Lemma [A.5.7]
]
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Lemma A.5.9. For some iterate t, let 1, = €}t3|A|™ and denote \ := clip(\, 1;) where
[clip(A, €)]x := Ae1{ Az > €}. Then, for any v, we have

hl(5\777n) - hl()\afyan)‘ S Kt.

Proof. For the first term in Ay, in the case where A, > «, hy(\, v, n) = hl(:\,fy, n). When
0 < Ay < tr. We see that

SO . 1 1 P
S he (ZBT ) + ) cre (L L) 2
" “Ymin “Ymin ’len

eIl s <tt

Then we focus on the expectation part of h;(\, 7y, n). Note that

\/(AQV) ((C)+7] Z /\71'77r ta +771 + Z >\7r77r ta +77l]
T, A > Lt T A <tt
=\/<X@v> O m+ S Al s
T A <Lt

< OONTEH) + 1) + s

< JOONTEH +m) + Vi

Therefore,

(Z\//\QV +m)>2 ~E (Z\/)\@V +m)>2

a€A acA
(Z\/MDV ta +m) +\/ +77,)>
acA

(Z\/AQV &) - \/(:\QV) ((C)+m))
acA

S |A’V 'Vmax|~’4’ V tLt’Ymax
- |A|2’7max V tbt-
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Combining two displays above and plugging in i, and ypmax gives

2tbt |A| tbt

2tbt]./4\6l
\AM/ :
N

Let RHS be x; and solve for 1; we get (; < min{ \/2;%61 4%} Plugging in 7 = | A=l gives

the result. O

hl(j\,’y,n) - hl<>‘a7an) =

Lemma A.5.10. Suppose 7' satisfies that hl(S\,fyt,n) — min, hl(S\,fy,n) < K¢, then we also
have hy(A, v, n) — min, (A, v, n) < K, i.e. v° satisfies the desired property.

Proof. Let 4, = argmin, hi(X,v,n) and 7, = arg min,, A (A, v,n). The result follows from
applying Lemma twice on hl(j\, v, n) and hl(:\, Vs, n). In particular,

(XA n) < b\ At n) + Ky (Lemma [A.5.9)
< (X, Ay ) + 26 (convergence of GD)
< b\ Yey 1) + 25 (minimality of 4)
< hy(A, Ve, 1) + 3Ky (Lemma

A.5.4 Guarantees for strong concavity and local strong convexity

The following series of lemmas show that our optimization problem is strongly concave in
A and local strongly convex around the minimum ~, as well as explicitly constructing the
Lipschitz constants. These serve as the conditions for convergence of the Frank-Wolfe and

gradient descent algorithms.

Lemma A.5.11. hy(\,v,n) is a concave function of \.
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Proof. Note that

£ (z Joon smm) E

acA

SV T e (o) TE )

acAa’eA

we know that A — (tgc,) +m) T (A®7) and A = (A©~)T (£ + ) are concave, the square root
function is concave and non-decreasing, and sum of concave functions is concave. Therefore,

hi(\,7,n) is concave in A by property of concave functions. O]

Lemma A.5.12. Consider some X\, v and n. For any A\, s € Ap, with L =

2 (14m)ymax)®/2
|A| 3/2 Qa J]
l min

FQ2,7,m) < fF(A,7,m) + Vaf (A, 7,m) T (g — M) + LA — Mf3,
where f(X\,7y,n) could be either hy(A\,v,n) or —hy(\, v, n).

Proof. The proof for the negative case is exactly the same as the positive case, so we focus

on f(A,v,n) = h(A, v,n). We take the gradient of h; with respect to A and get

log(1/d1)
Vel

(c)
c T ta/ + T
+ Eevup ( E \/(/\ O + 775)) g g )
acA a'eA \/ A O T(E +m)

By Lemma |[A.6.2] for any A\ € Ay, we have (A, VoA, v,n)) = hi(\,v,n). If we use the
shortcut f(A) := hy(A,7,n), we have

1

[Vahi(A,v,n)]. = —A) | (m,71) +

™

FQ2) = (M) = Vaf (M) T (A2 = M) = f(A2) = Vaf (M) " Aa = (VF(A2) = V(A1) T Ao
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Note that

(Vaf(A2) = Vaf(A1) T Ae

(o)
) Z[)Q]WECNVD |:<Z \/()‘2 © ’Y)T(tt(lc) +m) ) ( Om (ta +M)x )

mell acA a’eA \/ A2 ® ’y)T(t +1n

- (Z Vw o) + m)) (Z 2+ )
D+ m)

acA a’'eA >\1 © ’Y

= Ecvup !Z (A2 @) (£ +m)

a’'€eA

> Vo )TE +m0y/ 00 0070 1 m) = 0 00 TE + 0y w00 TE )
acA V00T E +m) /o TEd +

< Ecurs [Z P2 @) () +m)

a’'€eA

+m)

W“l DTS + )y e © )T +m) — /22 © )T +m)y (e 0 )T +m)
acA V00T +n)/ 0T + )

> (1 + ) Ymax En, [Z

aeA 1 Ymin ey

\/(/\2 O T + m)\/(M oNTE +m)

Vot + )y e 09T (Y +m)] (A.11)

Note that by triangular inequality

W Po @ N+ On @ N TED +m) — /1 © 1) T + 1) o 09T + )

< W e @) + 1) = /1 @) TE 400/ 01T +m)

o TE ) [V a0 Tl ) - Ve 0 )T 1 m)|.
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Also note that

V0w o) T ) = 0T +m)
S ren((Ga) = O3t + )

VO 0 TED +m) + /0 ©9) T +m)
< (1 + 1) Ymax

2 \/m’}/min

||)\2 - )‘1||1a

o ({A.11) is bounded by

§ (L 0 (Zz s HAZ—MHIW>

aEA 71"V min ) 2\/_ Ymin
((1 + nl)ﬁ)/max)5/2
= |"4|2 3/2 9 ||>\2_>\1||1
! min
O
Lemma A.5.13. Consider some X and n. For any 1,72 € An, with L, = \A|21t;§’/+“;x)/2
2log(1/8) Lo
n’\/rsnin ’

hi(Av2,m) < (N1, n) + Vahi (A y1,n) T (2 — 1) + Ly |lve — nlli-

Proof.

(c)
VA, [(ZWm >>-(Z A([t5) +m) )] s log(1/6)

acA a’eA \/()\ ® ’Y) ( (c) + 77[) F}/W

Then we have similar to the proof of Lemma [A.5.12] for any v we have hj(\,v,n) —
V'yhl()\7’}/>n)—r’y = 2271— %%/61)’ S0

hi(X 2, n) = (A 71, m) = V(X ,n) T (v2 — 7)
Arlog(1/6;) A log(1/6
=2 Z g / l - 22 L/Z) + (v’yhl(Aa’yQa n) - v’yhl(A7717 n))TryQ'

[e]2n —  [nlin
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First, we can follow similar techniques in the proof of Lemma to bound the second
part and get

(Vyhi(M72,n) — V hlum,n))%

< S o) +m)
a’eA
1
'ECNVD Z
{aeA b (A @92 + /(o) T + )
W Ao TE) 00Tl +m) — VA @) TE + Ao T +m) ] }
+ max C
< Z A F ) Ymax Eevp | \/)\(972 t£)+m)\/(A@71) 9 +m)
aeA M Ymin aeA

VoomTE +mrem T + )

Also, note that

E

W (02T 1) — /Ao T 1 )
S ren OBl = Bl ) ()

VO©R)TE +m) + /(0 1) T +n)

H’Yz - ’Yle,

<1
2\/mfymin

Therefore, similarly we can bound

W M) TE + )y (A o) TED +m) — VA @) TE + )y (0 2)TES +m)

(1 + nl)Vmax “
2m7min

For the second term,

Y2 —’YlH%-

22)\ < log(1/6;) _22 Arlog(1/6;)

PalZn S
2log(1/8) . Il — [l
~ T X hp
< Hoet/o), e

n’ymm
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Therefore, we have the result stated above. O

Lemma A.5.14. Consider some fized A\ € Ay and n. Assume v, is a stationary point of
hi(\,7y,n), then hy(A,v,n) is locally strongly convex at 7., i.e. for Lpes = %g(i/&)} there

exists € > 0 such that for all v € Be(v.), hi(A,7y,m) > hy(A, e, m) + B ||y — Yl

Proof. Since A and n are fixed, we use the shortcut g(v) := hiy(\,y,n) in the proof. Denote
the Hessian of g as M. We aim to show that the Hessian M > Lyl at v,. First, since 7, is
a stationary point, V,g(7.) = 0, and so for any 1,

> Ve (Z \/(/\CDW)T( & +m)> 1> Mkl ) = M (A.12)

ceD acA a’€A \/(A O] ”}’)T(t((f/) +m) nn

Also, we have for i # j,

e J

i

4@
829(7) 1 )\J [ o + 771:|
877 - Z Vep Z 5 (c) . (¢)
vl eep a’eA \/()\ ©y) " (ta’ +m) acA \/()\ ©) " (ta” +m)
1 >\z/\] |:tg/:) + 77[i| |:t£;) + 77[i| )

+ (Z \/(AQV)T(tff) +m)> 03 —3° i .

(© 3/2
ach = (Ao +m)

And

/\i |:th) + 7’]1i|

%

g(7) _2)\i10g(1/5z)+z 1 Z

2 3 Do B
@ PR ee )T )

2 [0
) % (Z Voo +m)> P> & [t +77l}

(© 3/2
et v (o7 +m))

2

i
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Then, for any vector y € R with ||u|| = 1, we have

TMM ZZPJ%MJ ZMQMM + Z#iﬂjMiJ

i#]

_ Z 52\ log(1/5z) (A.13)

’L

+Z%ZZM¢M% >
c 7 7

s @ NTED +m)

A [tﬁf) + m} | Aj [ &+ m]j

2 Ve +n)
Adj |8 | 1+
+ [ipy (Z\/Am +m>- —% [ 771} [ :ZJ
a'eA

acA ((A Ot + m))
(A.14)
In what follows, we will first show that
ZMZAlog 1/6;) ZVCZZM’M] (Z\/)\@w ((C)+771)>
i acA
A (8 4 tfl,) +1
aeA (()\ ©) v)T(tff) + 7]1))
By equation , the LHS of simplifies to
A —l— 771
Su st (o) (3
Vi acA a’eA \/()\ ® ’}/
[ J P+,
D YOD Y P SNCERRTETI N ok
acA a’cA (A@’y tgc+771>
Therefore, it is sufficient to show that
A [t(C)er] [ +m} [t +1 L
Z'“ Z 0 : - Z Z“i“j Z s | 20
i Vi \aea Ao T, +m) g a’eA (()\@fy t —i—m)
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Consider some a' € A. The LHS of the above simplifies to

) 1 /\z |:t£;) + 77[] ) )\ )\ |:t( % + m]z |:t((;) + m]j
D oni EaREP PO R
T e + ) (ConTE +m)

- (S [ ol (D [ ]

(o™ +m)"

—ZZMM}\)\ [ +n] [tff)ﬂLmL)

= : 3/2 (Z ZV ( [ £ + ﬁl} AjYi [tf—f) + 77JL

(Ao +m)

— i NN Vi [ ) +m} [tfﬁ) +m} )) :
J

Each summand is

o < Y [ + m} A [t(/) + nz} = it AN Yi [ U4 m] [tff) + m]j)
= A [tfﬁ + TIIL [ £ + 771} (kivj = 157v:)
=77 [ + nz] [t( s 771] (i) (uiyy — pivi) -
Exchanging subscripts of ¢ and j, we have
STRETRDVPY [tgf) + ?WL [ticf) + ﬁzL (p57vi) (i — i) -
The sum of these two terms is
VAN, [ 0 m] [t(/’ + m] (iv; — pivi)* = 0.
Therefore, we proved equation . We will show next that

X [t
S TS Sy | uaal}

z- e/ (e +m)
)

> 0. (A.16)
2 VAo +n)
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By similar calculation, we can obtain that the above simplifies to

+©
ZVCZ/M%_I Z )\[ —H?l}

AN )T +m)
>0 Alt + ml >0 Alte” + il
37N I % Z j j
i JOeNTE ) AT + )
We can show that the sum of the above is positive by similar techniques for showing (A.15]).
Plugging equation [A. 15| and [A.16] in equation we have that

Hi

TMIU > Z )\ lOg 1/(5[ Z mmlog(l/(sl)

Y

meaXn
so the Hessian is positive-definite. O
Note that the minimum eigenvalue of the Hessian at the stationary point is %g(l/‘m >0,
we can extend the result in Lemma |A.5.14|to a-stationary points, where o < %g(i/él), and

still maintain local strong convexity.

Lemma A.5.15. Consider some fixred A\ € Ay and n. Assume v, s an «-stationary

point of hy(\,v,n), where a = ’\““5‘71(;& then hy(\,~y,n) is locally strongly convex at e,

max

i.e. for Liess = M there exists € > 0 such that for all v € Be(Va), (A, v,m) >

Q’Ymdx
(X Yar 1) + L [l — ||

Proof. The proof follows almost identically from that of Lemma [A.5.14 Note that the
a-stationary point ensures that ||V,hi(A,7)||; < o, so equation is rewritten as

2|2 Ve (Z \/(AQV)T(tff’ +m)> 2 Al )+ m) A 1°g2(1/5z) <a

i |ceD acA a’€A \/(A © ’Y)T(té?) +m) nn

(A.17)

Therefore, for any i we can still use the same trick and get

by log 1/51 Amin l0g(1/8;)
T 2 2
MM > — Z W

so our result follows. O
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A.5.5 Proof of strong duality

In this section, we would like to show that strong duality holds. We first show that the primal

problem is convex for w.
Lemma A.5.16. The primal problem (A.D)) is convex for w.

Proof. Note that the primal problem could be written as

¢7T - ¢7T* y w)—
mine st VreIl,-A(n) + \/” Alw)
wesd n

— Dy 2 _
Therefore, we consider the function f(w) := —A(mw) + 4/ w for some 7 € II. Note

71'7¢7r* ¥ — . . . .
that to show that f(w) = —A( )+ % is convex for w, it is equivalent to show
that g(w) == \/l6x — 6r.I%

_, is convex for w. Note that

g(w) = Z viwge(H{m(c) = a,m.(c) # a} + Unm(c) # a,m.(c) = a})
= | > viug
a,c,tl(lc):l

So restricting to a, ¢ such that 9 =1

ag<w> — 1 . (—1/2w*2)
8wa,c 2\/2(1 et I/gwa g ‘

a,c/)’

2 1 1
g(w) _ ) (_Vzwa ) —1/2w72) + 23

3/2 c %a,c c %a,c c%a,c
_ 2,—1
13, o iust) NN

&g(w) 1 _ B
= - 372 <_V021wa12,01 ' _ygzwazz,cz)

OWg, . OW /2
1,C1 ag,c2 2 1
4(5 e l/wac>

=1 "¢




Denote the Hessian as M. Then, for any vector g € RHAXICl with ||u|, = 1, we have

—3/2
TM o _1 2.2 =2 -2
poMp= =7 Ha,cHa’ ! v W, VeV Wq cWeyr o1
act( )=1 a’,c’,tic,,):l actc)*
—-1/2
§ -3 E
+ :U/a cycw V Wy,
actff =1 actl(lc =1

To show that this is nonnegative, it is equivalent to show that

1 Z Z Pa,clal, c/l/ ,w w c’ + Z :uac c ac Z ]/CQ,’UJ;,’C,

!
a,c,tfl J=1a/ ,C/ﬂfl(lcz )=1 actld =1 a’,c’,tfzc/ )1

which is equivalent to show that

E E — U, clla’ c/yzuz,w W, ,—1—ua Jiw; 31/2,w 1 , > 0.

a,e,tld=1 a’,c’,tflc,/):l

Note that

2. =2 =2 2 2. —-3.2 —1
— Ha,cla' 'V, Vc’wa,cwa’7c’ + Mg cVeWe Vet Wer o

-3,,—2 2
= Ma,cwmcw VeV (,ua cWa! ¢! ,Ua’,c/wa,c)

=3, -3 2 2
= W, wa c’Vc Vo (Ma,cwa’,c’)(,ua,cwa’,c’ - Na’,c’wa,c)-

Then, exchanging the label of a and d’, we also get a term like

w /3 W, 3V2’V (,ua ¢/ Wgq c)(ua’,c’wa,c - Ma,cwa’,c’)~

The sum of these two terms is

-3 -3,2. 2
Wy o Wa,VerVe (Mo 0 Wa,e) (Har ¢ Ware = fla,cWar )

+ w;iw ¥ /V2V (Ma cWq! ¢! )(Na,cwa’,c’ - ,ua’,c’wa,c)

— 2
= W, a, /w V Ve (,ua ¢/ Weq,c ua,cwa’,c’>(ﬂa’,c/wa,c - ,ua,cwa’,c/)

-3 —-3,,2 2
= Wy, C/w Val, (,ua /W c — ,Ua,cwa’,c’) > 0.
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(A.18)
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Therefore, equation becomes

Z Z C/'ZU VZ’V (H’a ¢/ Wq c) (Ma’,c’wa,c - ,ua,cwa’,c’)

a,c,t((f)—l a, <
t)=1
(a/ ’)>(a c)
3,,—3

T Wy W o ngg’ (HacWar &) (fa,cWar o0 — ot ¢ Wae))

-3 3,22 2
2 : § : We /wacyc’l/c(:ual,c'wa,c_Ma,cwa’,c’) > 0.

a,c,tflc)zl a,/,c/
t)=1
a
(a’,¢)>(a,c)

Since the above holds for any vector u, the Hessian is positive-semidefinite, and so the function

g(w) is convex for w. O

Lemma A.5.17. In the optimization problem[A.5, the strong duality holds, i.e.

2 2
minmax [ —A(7) + \/Hqj7r Ol = max min Ar | —A(m) + \/Hqj7r O 4wy
n n

€Q well AEA €N
v T mw mell

Proof. By Lemma [A.5.16] the primal problem is convex for w, so it is left to check the KKT

conditions. Note that the lagrangian is

16n — 6o oy
E(w,)\,c):c+2/\7r- —A(m) + . —c

mell

_ 2
Let hy(w) = —A(m) + \/ % — ¢. At an optimal solution w* and \*, we would like

to show that
Z Arhar(w*) =
well
We prove this by contradiction. If there is some 7 such that A, > 0 and h,(w*) < 0. Then

we could find another \' € Ay that places zero mass on this 7 and thus get a larger objective,

so we get a contradiction. The other conditions follow from the optimality of w* and \*. [
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A.6 Useful lemmas

In this section, we state several algebraic facts of our function, which serves as the key to

derive convergence as well as complexity.

Lemma A.6.1. For any [,

Eowr | (st + i) HEma(e) £ 7(0))

2
min max Hgb%l_l _ ¢7FHA(U))_1 = min max Pei1(e)  Per(©)
west mell A(r)?  pe€Ag Vel mell A(rr)?

Proof. Let w, . = Vepeq for some p. € A 4. Then, for any 7 € 1I,

B 1 2
A(T)? H¢%l71 - ¢WHA(w)—1
1 2 R B R )
= AP 2w (R (©) = a,7(0) # a} + 1Fa (0) # a,7(c) = a})

a,c

a,c

1 Ve T =a,m(c) #a m_1(c) #a,m(c) =a
:W;E(l{’ﬁl_l(c)— s ()7’é }+1{ l—1()7’é ) () })

ﬁz( L1 )1{%1_1<c>¢w<c>}

pc,ﬁ,l(c) pc,fr(c)

— e | (s ) Fte) £ 7).

pc,ﬁl,l(c) pc,fr(c)

Therefore,

Hgbﬁz—l - qbﬂ'”i(w)*l

min max = min  max
weN well A(T()2 PcENA 4, VceC well A(?T)Q

Eews | (52t + 5k ) HAA(0) £ 7(0)

Pe,my_1(c) Pe,r(c)

]

Lemma A.6.2. For any [, any A € Apn, v > 0, and any n, we have h(\ vy,n) =
<)‘a VAhl(/\,’Y,n»-

Proof. We first compute

~g-1, log(1/6,
_ _Alvil (7, Fi1) + log(1/4,)
YTl

(c)
c T ta/ + T
By (E ﬁ\/(Am)T(é)+nz)) el + 1)
= AT +m)

[v)\hl<)‘7 7 n)]

T
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Then, by the fact that

(c)
c ™ ta/ + g
PP (E :\/()\QV)T@) +m)> ol m)
rell acA a/€A \/O\ O] ’V)T(t((;) + 1)

T 4(c)
=Eou, (Z\/A@V +m)> > Aoy Gt m
aeA a’eA \/()\ o' (tg) +m)

=Eeusp (Z\/AGV +7h)> ;

we have

<)\, V,\hl()H e n>>
= A [Vahi(A7.m)],

mell
i1 log(1/9,
=5 (_A7i1 (7, Fir) + M)
V=Tt
mell
()
c ™ ta/ + T
+ 3" Ao (Z Voo @ + m>> Tully + )
mell acA a’eA \/()\ ©) ’)/)T(t((f/) +m)
2
1 e log(1 (5
—Z}\ ( A?l ™, T— 1)+LT/ZZ)) CNV'D (Z\/AQ’V ta +le)
mell T a€A
= hy(A\, 7, n).
O
. log(1/6;) log(1/6:) " ;
Lemma A.6.3. For any A € A and v € |0, min S E @2 N\ A, , with

= |A|™€}, we have

<Ecw <Z\/>\®7 +771)> — Eevy <Z\/(A®7)Tt5f)>

acA

Proof. The first inequality is clear since n; > 0 and A, v, > 0 for all 7 € II, so we focus on
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the upper bound. Note that

Wszm o +m>]E [(zW)]

acA

—Ee [0 00T )+ 30 S Ve + ) +m)T(h @)
acA a1€EAazeA
_
—Eew [> A0NTHI + 3N \/ AT Ao q) (A.19)
acA a1€A azeA
Note that
Eew | > \/ACD’V (ta +m)(ts) +m) TN @)
aleA(IzEA
—Ee | 0 S 0N TEI DT ) + mATIA @) (D + 1) + 2\ Ty >]
La1€A azeA
<E |3 V0D T 0 )
la1€A ase A
A B [ Sy mA T 0 ) T | + | APATY.
acA
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Then (A.19)) is upper bounded by

> omATy

acA

+ 2| A[Bewy | Y + AP Ty

c~V

\/nl)\T A V)Tt
acA

= [AlmATy + APy + 2L AV ATV E e [ 1D Aealt)s

acA \| well

= [AlmA Ty + [APRATY + 2l APV ATYE Z ,/ZM [t
aE.A well

= ATy + APy + 2l APV AT B s | By | [ Aralte]
well

>t

acA

1
< ATy + APy + 2lAP ATy | At g B

mell

1
= ATy + AP Ty + 2l AP ATy Z )\W%FWQ ‘B [H{7m(c) # 7 (c)}]. (A.20)

well

log(1/6 * E.[1{m(c)#n*(c)}] log(1/d
Since 7, < \/inEc[l{i(c/);lr()}], Ve [Um(c) £ ()Y < \/ LA @Nled/3)

log(1/41)

TR We know from the lower bound argument that

A og(1/6) > e log(1/6),

n; 2 min ma Ié= = ¢7r*
X
LA weq nell A(m)? + €

I~ ,/log(l/ ) < V. Therefore, (A.20) is upper bounded by

(Al + [AP)mA Ty + 2[ A2 e ATy (A.21)
Since ATy < MYmax = 1/ & Tflzln/fl \/_IAI Plugging this as well as n; < |A|7%€} in

equation gives that the bias is upper bounded by ¢;.
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Appendix B
APPENDIX TO CHAPTER 3

B.1 Notations and General Description

In the following, we let the index ¢, 1 <t < T) denote the timestep in round ¢ for any /.
Throughout this section we will make use of the filtration 7, = {(x,,0,,y,)}'Z} defined in
any round. The table below summarizes the notations used in the proof.

Let N, denote the number of times arm x gets pulled at time ¢. We then define several

good events needed to guarantee the performance of PEPS at round /.

Ty
Eio= U {

2

~

0, — 0"

< B(t,f“’)} ,

Vica

Ty

&= {rglea% |276;] < Cl,e} :

T
Esp = U U Gt where G, = {V; > t3/4A()\G)},Vt >ThxreX
t>Th zeX

o = U, 1{Z = 2.}

Throughout the proof we also define for some random variable x € X with  ~ p and some

function f(z),

Fouplf ()] = ) pof ().

reX

The rest of the supplement is organized as follows. In Section [B.2] we present a proof of
the lower bound stated in Theorem [3.2.1} Section provides more experimental results.
In Section we prove the main theorem (Theorem [3.3.4)) stated in the paper by

combining a saddle-point convergence argument with a guarantee on the likelihood ratio. We
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| T,
pPr, = T, Zt:l Dt
1 T

€1, = 7, 2ut=1Ca
7~ N(Or,41, 77;1VTZ1) restricted on ©

Apin = ming 4, (z* — )" 6*

4
Ty(f) = maxycx <6—\/1°g(|XTf‘2))

AG

2 4/3
TD(Z):W{(%) ,wﬂ}

min

EO = mm{ﬁ : ﬂ 2 To(€)3/2}

L

B
B
Amax

B(t,1/8) = B+ /2log(1/8) + dlog (£442)

CI,E = Arnax + L2ﬁ(T€7 82)
03,4 - BX + Amax + LQﬁ(T& €2)

Average of p at the end of round ¢
Empirical probability of arms pulled at the
end of round ¢

The distribution 6 is sampled from at the end
of round /¢

minimum gap

a time after which each arm gets sufficiently
number of pulls

a time after which we have z; = z, with high
probability

minimum round number such that we have
guarantee of convergence with high probabil-
ity

upper bound on max,cy ||z||2

upper bound on ||0,||2

max,ey MaXgeo - ' 0

max,cy maxggeo |z (6 — 6')]

2

anytime confidence bound for @ — 0"

Vi1

an upper bound on max,ecy maxi<r, |(z, 04)|
an upper bound on

Maxgex Maxgee MaXe<r, [(1, 0 — 0]

Table B.1: Table of constants and upper bounds used in the proof

tackle the latter in Section [B.3.1 where we provide we relate the empirical probability of

finding the best-arm at the end of a round of PEPS to the likelihood ratio. In Section|B.3.2] we

show the saddle point approximation and provide a guarantee on how well 7* is approximated
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after one round of PEPS. This argument depends on

Section [B.3.3] and [B.3.4] which provide regret guarantees on the max and min learners.

Section provides lemmas bounding terms related to the approximation error of

~

QTZ to 6*.

Section formally shows that after certain rounds each arm gets enough samples.

Section shows that good events needed to guarantee performance of PEPS happen
with high probability.

Finally, Section provides some technical lemmas used in the proof.
B.2 Proof of Theorem [3.2.1]

Theorem B.2.1. Fiz © = R? and any 0, € ©. For some )\ consider a procedure that
draws 1, ..., T ~ A, then observes y, = (x4, 0x) + € with e, ~ N(0,1), and then computes
Zr = argmax.cz(z, 07) where O = arg mingee ST Ny — (8,203 Then for any A € Ay
we have

1
lim sup —7 log (Pg*vxw,\(/z} + z*)> < 7"

T—oo

Proof. Assume that {z — z,}.cz span R% Otherwise, discard the components of X and 0,
that are orthogonal to the span of {z — 2, }.cz and reparameterize in the subspace spanned
by {z — z4}.cz. We can then work in this reparameterized space, so without loss of generality
we can assume {2z — 2, },cz span R

Furthermore, assume that X spans R? If this were not true, then there could be a
component of , that is orthogonal to the span of X which makes z, not identifiable since
we assumed {z — z, }.cz spans R That is, if 0 is the projection of , onto the subspace
orthogonal to the span of X, then (2 — z,, 0 ) could be arbitrarily large but no measurement

could detect 6.
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Putting the two assumptions together, we conclude that there exists a A\ € Ay such
that A(X) > 0 (equivalently, Amin(A(X)) > 0) and max.cz ||z — z|[ay—1 < 0o. Fix any A
satisfying such conditions. Define the event Gy = {31, z,2, = AN)T(1 — gxr)} for some
g1 = o(T') sequence to be defined next.

By applying matrix Chernoff to the random matrices {%A(A)_lxta:: }+ we have for any

e €10,1) that

=l

IP( ! thx: = AN (1 — e)) > 1 — dexp(—€*/2R)

where R = max; Amax(FA(X) 2,2, ). Observe that

1 1
)\max(?A<)\)71xt$;) S HTA<>\)713%£L’:H2

S LQ/)‘mm<A()\))T

So taking € = gar = \/2L2)‘mi“(A(;))_1log(dT) we have that P(Gy) > 1 —1/T whenever g, r < 1
which holds for sufficiently large T

Now, for any {z;}~, that span R? (will be guaranteed by event G,) we have that
T
~ . B )
Or = arg gélél; [y — (0, z1) 3

T LT
= ( Z 33%:) Z TtYt
t=1 t=1
T 4T
=0, + <Za:txtT> thet
t=1 t=1

T

~1/2
=0, + (Z x@j) n
t=1

where the last line holds with inequality in distribution for n ~ N(0, I;). We conclude that



for any z that (0 — 6.,z — z,) is a zero-mean Gaussian random variable with variance

0%, =E[(fr — 0.,z — 2.)?]
1/2

(th) nz— =)’

1

=(z — 2z) (tha:t) 2 — Zi)

Thus, on Gy we have that o2, < mnz — 231

Consequently,

Po.(Zr # z) =Po.( |J {Zr=22#2})

ZGZ\Z*

> max Py, (Zr = 2,2 # z4)
2€2Z\zx

= max Py, (0,2 — 2,) > 0)

2€2\ 2z
= max Py (0 — 0,,2 — 2,.) > (0,2 — 2,))
2€2\zx
> max Efo B, [H{G\1{ (B — 0., 2 — 2.) > (., 2 — ZQ}H%}]]

- rengx ]P){mt}fv)\(G)\) m~N(0,1) (nlaz,A Z <9*7 Z — Z*>>

Using the fact that

1 1 1 2
P, . > 5 :/ — ey > (= — = e /2
m~N(0,1) (771 = ) . \/% (S 83>\/ﬁ

150
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for positive s, we conclude that

Py, (zr # 2.)

> max P{xt}w)\(G)\)PmNN(O,l) (nlgz,A > <0*7 &= Z*>)

2€2\zx
2
1 .\ a2\ 1 iy
>1 <1}1— =) ma : — : e Tz
> Hoar H T) zezé*(w*, z— 2z (0,2 — z*)3)\/27r
2
_ 1 Tax 1 —AfeipEdigs
> max 1 <1, 0z S o1 - % e i
- zEZ\)z(* 2% T H T) (0., 2 — 24) /87
T(1=gx 1) (0+,2=24)2
T(A—gx1)(0u,2—24)? 1 lz=2l1%) y)—1 R P - A
= max Uoar <172 gl o 2 B0 - Plirgne.—=r 570 "
o= 1P, )
Thus, because g\ = o(T) and T < 00 we have that
i sup — Lo (B oon (Br 7 21)) < i
imsup —— log ( Py, 2o (Zr # 2,) ) < 75—
T t o= By
= efgén 10 — G*HZA()\)/Z
: 2 %k
= Jey gegp 10 = Ollan /2 =7
where the second line uses the fact that © = R%. O

B.3 Proof of Theorem

Theorem B.3.1. Under Algorithm [ and [6] and Assumption [3, we have the sampling
distribution satisfies with probability 1,

. 1 C _ *
}H?o_ﬁ logm(©%) =77

Proof. By Theorem we have that for £ > (o, P(Ef) < 5. Also, since T; = 2°, and Ty(¢)
only scales logarithmically in ¢, so ¢y < co. Therefore, Y2 P(&) < co. By Borel-Cantelli,

we have

P (lim sup 55) =0.

n—oo



152

Note that lim sup,_,.. & = [,y Upey &k, this implies that the probability that infinitely many

of them occur is zero, which means that & eventually holds for sufficiently large ¢ with

probability 1. However, under & we have

f@‘é* Wg(g)ddg f®° 7Tg )/WZ(Q*)dQ

f@ w(@)d@ f@ 71'5 /71'@ 6*
—F0-0" I3

o e 1) 46

T Tl

f@ o ||A<aTl)d9

: 1 *|2
—TEQ H(})fc 5”9_9 ”A(éTZ)

=e %% . (Lemma [B.5.

m(0F,) =

|\

This implies that there exists some €, — 0 such that

]' *
—ElogWg(@ ) — mf = ||9 6 ||A )| < €.
Under &y, there exists some sequence €, — 0 such that
— inf — || — 6" :
T g g ageny) < €6

Since

1 1 2
— - * > i — — @ _
T g 510 O 2 3 5100 W,

combining the above three displays, we have under &,

1
——logm (O ) —7*| < & + €,
Ty :

d inf |0 — 6%|*
and imf |6 — 67,

(by &)

) =0 for any \)

where €, + €, — 0 as { — oo. Combining this with the fact that P (limsup,_,., &) = 0, we

have with probability 1,

1
lim —Tlogm(@c ) =T1"

{—00 YA

Theorem B.3.2. In round ¢ for { > {y, deﬁne
Gy (0*)

1
Esu = — |1 0 — 0 <
5,0 {2161(13 Tg 0og 7TT4<0) || ||A BTZ HZ}
]' * . * 2
Eue = { s ut 10— 0" - af 210- 0"y | <o

with €, — 0 and r; — 0 as £ — 0o. Define & = E5y N Ep. Then P(E) > 1 —5/12.
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Proof. We first summarize the guarantees for the probabilities of events below. For ¢ > ¢,

we have

e from Lemma [B.3.4] we have that P(E|E10NE2pNE3pNEsy) > 1 —1/¢2 with choice of
€= O<Te_1/4)§

e from Lemma , P(E1p) > 1 —1/0%
e by Lemma &y 1s true under &3, N &1 y;
e by Lemma , P(EsplE1p) > 1 —1/0%
e by Lemmawith Ky = O(T[l/z), P(&Ey) > 1—1/0%
e by Lemma [B.3.14 P(&,) > 1—1/¢%
Note that & D & NENEseNELrNEseNEy, and so

& CE,UE,UE,UE,UE, UL,

=& U (EpNELeNE) UES,U(EG,NEL)UES U (E5pNELeNEreNEseNEyy).
Therefore, for £ > £,

P(&7)
SP(ETY) +P(E5, NELNEsy) +P(E5,) +P(EF, NELY) +P(ES,) +P(E N ELNEreNEspNEyy)
SP(ET ) +P(ES €1, N E30)P(Ere N Esp) +P(E5 ) + P(EL4|E1)P(Ene)
+P(E5 ) +P(EoE1e N Eay N E3eNEL)P(E1 e NE2p N E3p N Eyy)

<IP(EF,) +P(E5 €1 N Esp) +P(E3y) +P(EFIELe) +P(E5 ) + P(E | E1e N Enp M E3 0N Eny)

5
< —.
= 2

Therefore, P(&) > 1 — 5. O
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B.3.1 Guarantees on the Likelihood Ratio

Lemma B.3.3. We have with probability at least 1 — 1/,

2d log <—(d+T‘ZL )¢ >
oy

su ! lo ()
eegTé gﬁé(e*)

-y ||9 0*”,4 (er,) < AIna,x
*Tz||9*9*||,24(éT£)

Which implies that :f(—g?) =e

Proof. Throughout the following we set T := T,. Recall that 7,(6) = N (§T+1, V1) restricted

2
)
5 .

) a0
Vi

Since the denominator is independent of €, this means that

2 oo (g (-

on O, which means that for each 6 € ©,

exp (——
me(0) = —
f@ eXp (—% He’ — 0141

2

. 2))

where

2

~ 2
o = Brs
Vr

- He O

Vr

~ —~ 2 —~ 2 -~
= 1", = 20 Vad + [P | = || + 200 Va0 - 101,
T T
T T
= [167[IY, —2(67)" Vir (9* + V! Zes%) +20"Vr (9* + V! Ze%) — 119117,
s=1 s=1
T T
= [16°[13, — 2116°[I3, — 2(6") T (Z esars) +2(0") TV 42607 (Z €5 ) — |61,
s=1 s=1
T
= —[lo* —9|f;, —2 <9* — 9,265x5>
s=1

T

=— 0" =0, —2> el (67 -
s=1
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Note that
T T
S el (07 —0) = el Vi P07 - 0)
s=1 s=1
T
< Zesxs ||0*_0||VT'
s=1 VT_l
Note that

T
16" = Ollvy = /1107 = 017, = | D@ (0" = 0)” < A VT

t=1

and since Elesxs| Fs_1] = 0 for all s, €52, is a vector-valued martingale. Then by Theorem 1

of |Abbasi-Yadkori et al.|[2011], with probability greater than 1 — 4§,

d+TL?
< \/leog( )
yot do

d+TL?
10 = 0]l < Amaxﬁ\/leog ( * )

T

E €sTs

s=1

so with probability 1 — 4,

T

5 €sls

s=1

dé

—1
VT

so for any 6 € O,

‘(He—@m

which means that

m(0F) T ) d+ T
1 — =10 = 0| 4oy | < ApaxVT(]2d1 :

Taking a supremum over 6 € © on both sides and taking 6 = Z% gives the result.

2
S Amaxﬁ\/Qd lOg <d +d§L ),

2 —~
*
- H9 — 0141
Vr

2
) -l e,
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B.3.2  Guarantee on Saddle-Point Convergence of PEPS in Round ¢

In this section, we present a key result to this proof, which shows that as round ¢ gets large,
the distribution from PEPS achieves the optimal allocation deduced by 7*. Fix a round ¢. At
iteration ¢, let \; denote the sampling distribution of 2, . The result is stated in the following
lemma. In the proof, we decompose the difference into several terms and argue about each

piece in subsequent sections.

Lemma B.3.4 (Guarantee for PEPS). On & N &y NE5oNEsy, for £ > Ly then at the end

of epoch £, we have with probability at least 1 — e%,

* . 1 * 2
T _eé%f;* {5 16 _QHA(ETZ)} S €

for a sequence €, — 0 as ¢ — co.

Proof. Recall the definition of py, and er, in Section We first show that there exists

some €, that goes to zero as ¢ — oo such that under & , N &y N E30 N Eyyp, for £ > L,

1 * 2 : 1 * 2
0 Fovpr, |3 167~ 00| = i oy [ 5167 = 815 | < e
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We have
* 2 * 2
i Fogy, 107~ Olfa| = min Foop |16~ Ol |
* 2 * 2
= /{Telix IF(u?NpT HH - HHA()\) - eé%fc 10 GHA(éT[)
r —~ 2
_ * 2 = . "
= max Fopr, 107 = 0llacs) ngg)fc ‘9 07,11 +OTZ
_ * 2 - /
— max Faugy, 167 = 03y - moax - ZFM oo, (S1. )
1 12
+Arreli};_ZF9Npt { Or — HA()\):| B E;Fewm {HG — 0 A(Z\t)]
(S2. regret for max learner)
T, - T,
1 112 1 112
~N"F,, ||l0 - — ~ SN Fy He—e S3.
e e -3 Tzem[ L) )
1 & .~
+ =Y Fop, |||6 - et } ZFM [He Ay ] (S4.)
L L At) Tz
T -
1 ~ 112 —~ 2
N Fos ||l0 -0 ~ inf ‘9—9 S5. regret for the min 1
+ T, ; Ot _ t mtm:} D@é%g* To+1 . ( regret for the min learner)
+ C7,,

where we define

r . * 2 _
Cr, == Aﬂeli{i Fopr, [H@ - GHA()\)] - Anelii({ T, ZF%pt { 0 — (,\)]
—~ 2
" inf ‘9—9 ~ inf |0" — ¢
Ot = qaltf 0= O], = ot 107 = Ollac,

We now handle each term separately by referring to the lemma which provides a guarantee.

0, —

— max—

max Fg.5
P /\GAX

e (S1) By Lemma [B.3.10, under & ¢, N &y, for Ty > Th(4),
« 2
max Fo-p, [10° = 0/

-3 Feun |
To(0)L*B(T(¢

( )7€2) —|—4dﬁ(Té,£2> 3/4
Ty

A(A)}
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so for T, > T5(¢)%/?, we have the above is upper bounded by
O(L*B(Ta(0), )T, * + 4dB(Ty, )T, *);
e (S2) By Lemma [B.3.5, we have with probability 1 — 1/(3¢*) conditioned on &,

E : FGNpt T

< 202 \/log [X[T, + \/ZC;KTAX] log(T}(?) + 2C2, Z%,
t=1

max Z]Fngt T\ H¢9 ¢9t

AEAx

99t

zx T

so with a choice of v, = t~* with a = 1/4,
12
0 — 0,

zz T Tg Orpe e zz T

<c2, 1ogyX\T,;1/2 /262 log 2T, 1/2+\/2C§£]X|log(3T€2) 7,7 202, 1M

pe, Z Fovpar [0 -0

e (S3) By Lemma [B.3.12| we have conditioned on &4, N & for £ > {y,
202 Ty(¢
} < 2C o(£)
At

1 & 2
e -0, - 3o -1,
Z@p|: Naco TZ;HP lac T,
for T, > Ty(¢)>/?, we have the above is bounded by QCg’ZT[UQ;

e (S4) By Lemma [B.3.8, we have with probability 1 — 1/(3¢?), conditioned on &, ,

1 12
E;Fewf’t [HG_etHA(Z\t)] Z]Fewpt Mg gt

} < 2C ¢ log (2
xt:tt - TE

2

e (S5) By Lemma [B.3.7, we have with probability 1 — 1/(3¢?), conditioned on & ;N &y,
— inf

ZEGNpt |:H0 Qt actactT:| €O,

C2 ,dlog(T,C 2dB (T, 12 d+ T,L? 2 log(¢2
< 5 d1og(TeCh ) ey BTy, %) log + 1 ey og( )_
Ty Ty d Ty

Vr,
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e (C7,) By Lemma B.3.11], conditioned on & ;N &, we have

2 1 T, 02
— — inf w
¢

— inf
VTE TK 06@2*

6 — 07,11
Tg €O, ot

S (0371 + Ama,x)

ool

Add them altogether, we get that with probability greater than 1 — 1/¢% on £, N Exp N Exy

* 2 : * 2
o o [10° = Olis] iy B [10° =01, )|

< L2B(Ty(0), )T, + 4dB(Ty, )T,

+C2 \/1og [X[T, 2 + /203  log 2T, + \/20§76|X| log(3T¢2)T, "/* + 2,1, "/*

_ 2 log ¢?
+2C§eTe 1/2 n Cilogt
, T,
C2,dlog(T,C ) 2d3(Ty, £?) d+T,L? 2log(£2)
+ \/ Tg + 0375 T log (T) + C&g T
Ty, 02
+ (CS,E + Amax) M
Ty

Note that each term approaches zero as Ty — oco. By the choice of Ty = 2¢ in the algorithm,

this implies that there exists some ¢, > 0 with ¢, — 0 as ¢ — oo such that for each /,

* 2 . * 2
wax Fogy, 107~ 0lfagn| = min Fooy |10~ Ollsc, | < e (B.1)

Now we show how this result leads to the saddle point convergence. Note that

* 2 . * 2 . * 2
max Foopr, [[6° =030 2 max min By [16° = 6l30)) 2 min Fop 16" = 0l3¢, |

AEA T AEAx peP(OL,) T peP(O:,)
so using Equation we have
in Fy,[]|0" — 0] ] — 'FN[*—Q,]<.
AITelgipegl(l@Hg*) o~p([|0 GHA()\)] pegl(lgng*) o~p |[10 GHA(eTZ) S €

However, note that

. * 2 o * 2
pegl(lélg*)FeNp [”6 - QHA(ETZ)] - oé%fg* ||9 B QHA(ETZ)

and maxyea , Minyep(oc ) Foup[[|0" — 9”124()\)] = 7%, we have shown that

* . * 2
T = 9é%f 16" — GHA(éT[) < €.
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B.3.3 Guarantees on the max-learner

In this section, we show that the max-learner gets sublinear regret as ¢ gets large. The key
idea is that we mix a diminishing amount of G-optimal distribution each round, and we

show that by its diminishing nature, the mixing of G-optimal distribution keeps the regret

sublinear.
Lemma B.3.5. Under £, with the choice of n\ = 12%'?, we have with probability greater
3,0
than 1 — 1/,
i e T, e
D Fooar [0 =3 Fonpos [0 =01

T,
< 202,\/log | X|T; + \/20374n|xy log(Tot?) +2C2, > 7.

t=1

Proof. We first show that the statement is true for some fixed A, i.e. we would like to show

2
zx T

that with probability 1 — 9,

T, 2 T,
§ FQNZMINA |:H8 - et :m:T:| - § :Fﬁwpt,wwf\t U‘Q - et
t=1 t=1

T
< C3 \/log |X|T; + \/QCg,eTé log(1/8) +2C3, Z%'
=1

Let F;_1 be the history up to time ¢. Then for any fixed A,

Eg, [FoallI6: = 012,711 F1] = Fonpramal 10 = 0112,7].

xx T zx T

Thus, setting

2

et_é\t 0_‘/9;

zxT

2
zx T

Xt — waj\t |:

e

2

_ ]F ~
wxT T~ A, 0~pt
2

0, — 0, 090,

—Fono~
T:| TN, 0~y

rx
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we see that the X; form a Martingale difference sequence, i.e. E[X;|F;_;] = 0. Note that for

2
Tz T

= x~/\t {He 9t

any 0 € ©,

F:L‘N)\t |:H0 - é\t

x]+%<mM{W—@

Since under & ¢, we have for any z € X', 0 € ©, any t <Tp,

2 ~
] [fo-a

L))

2
0—0 < (3, we have for

Trxr

any 6 € ©,

F%MUE—@

2
me:| S TroAs |:H9 Gt :| +2C§’[}/t.

CE

2
zx T

Then we have

Ty 2 iy R
Z ]FeNpt,IN/\ |:”9 — 0 m:T:| - Z IFQNpt,.'L‘NS\t |:H9 — 6
-3 e lo-al ] - >or [J-al
ol AL Eeloil,
=1 t=1
T, Ty
_ [Z Fawpt,$w)\ HQ - é\t i - Z]FIN;\tﬁfvpt ’ T]]
i—1 xx —1 xx
T, Ty
S inN)\ |: 9 - é\t C2C$T:| - iFCL‘N}\t |: 9 - é\t ixT:|
t=1 . 2 t=1 . 2
_ ZE:IFxNA [ me} —-jE:JFmN;t[ 0, IIT]
[Z o oon He et Z F, s 0um |10 - 8|

0, — 0,

0, — b,

6, — 6,

0 — 0,

6. — 0, —0,

T
+205,) (B.2)
t=1

xx T
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Note that

6, — 6, 6, — b,

T, 9 Ty
ool
- ., )
_ [Z F gy oo He — 0,
t=1

2
xx T

2 Tt
_ F -
waT z : T~ A 0~py
t=1

2

0 — 0,

T,
= Z Xt.
t=1

xx |
12
We know that under & ¢, we have for any z € X, 0 € O, any t < Tj, HG — 0,
Then, for any ¢, | X;| < 4C§7£, so by Azuma-Hoeffding, with probability 1 — 4, ZZ ( Xi <
\/8C§’ZTE log(1/6§). Plugging the above and Lemma |B.3.6|in Equation |B.2| gives us

< (02,
T—C?),e

2
T

Ty 9 Ty

§ :FGNIR,SDNA |:H9 - et T:| - E :F9~pt7x~5\t [HQ - Qt
T

t=1 t=1

Ty
< C3 v/ log[X[T, + \/2C3 Ti10g(1/8) +2C3, Y~ 7.
t=1

T

This result holds for any A, but in particular we want it to hold for the A\ which maximizes
the reward, so we perform a covering argument on .

We take an e-cover S, of Ay in ||-|[;. Then, we know that for any A € Ay, there is some
N € 8. such that ||\ — V||, < . Let wy(A) := Fop, sn He ~al
t and A\, Ay € Ay, ’

. Then, note that for any

T

2

w()‘l) - w(>‘2) = FGNpt,a:fv)q 0 — é\t 6 — é\t

= Fope 3 (ile = Dala) (@7 (0 = 6,)?

xT

< C3 Fop, Y (Ml — [Na]a)

T

= C3,[|IA — Azl

2
2

— Fgp, am
T O~pt, A2 -

X rx

so wy() is C3 »-Lipschitz for any ¢. Then, assuming that A € Ay satisfies that

T

= max E Fo.. N)‘He_et
T xeaw Dt,T

t=1

T Y

Ty
S°Ey a0
t=1

2
T

2
TT

xT
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we can find some \g € S, such that H)\O — 5\” < ¢, so by Lipschitzness of w; for any t, we have

max Z Fngt T HQ Qt

ANy

= ZIFGNpt,INS\ HQ - é\t i

rr

—max E FQN N)\HQ Qt
AES. ~ Pt,x

12
— max E Fog~ N,\HH—Qt
T )eS. et

zx T
E ]F9Npt x~Ao

< Z]FHNpth/\He et

S 037£T@6.

99t

TT

Also, let K = |X|. Denote BE as the [; ball with dimension K. We know that for ¢ < 1,

(BE NI, v e) < (%)K Since Ay C B, we have the covering number

3 K
N(Ba 2 6) € NBE o) < (‘) |

Therefore, |S| < (%)K
1—96,

. By union bounding over all A € §,, we have with probability at least

rnaxg Fo.. N,\HQ 9t
AES, bt

E FGNPt T

< C4,/log [XT; + ¢2G§w log(1/(31S.])) + 203,@%

t=1

Ty
< C3,V10g [XTT, + /203, Ty| X |10g(3/ (€6)) + 2C5, 3 .
t=1

99t

TT

Combining two displays gives us
i 3o [0

§ : F9~Pt T~

< 02 \/log [X[T, + \/QCg’ng|X| log(3/(3¢)) + 2C2, Z% +C2,Tee.
t=1

90t

Tx

Taking € = 1/y/Ty and § = 1/¢* gives us the result. O
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Lemma B.3.6. Under &, with the choice of n = 18%'%', we have for any A,
3,¢
T, o T, o
0, — 0 — 0, — 0 < C2?,\/log |X|T.
; t tA()\) ; t tA()\t)_ 3.0 gl |e
2
Proof. Let £y(\) = —||0; — 6, Ay Then we have
A
2 y
[ngt()\t)]x =—10, — 0, = Gta-
Since
o -6l <c2
. _ B <
{ggﬁl\gt!\oo e 117 P = O

by the guarantee of exponentiated gradient algorithm Orabona [2019], we have that for any
A,

& |12 & |12 log|X| 0T,
Slo-al ~>fe-alf <ol e
— AN = A(n) Ul 2 7

Choosing n = %, we have
3,07 ¢
T, r T, r
> 16— 06 oy > 16— 06 o S C2 ,\/log |X|Ty.
t=1 ¢

B.3.4  Guarantees on the min-learner

In this section, we show that the min-learner gets sublinear regret as ¢ gets large. For
the min learner, we see that the update for the sampling distribution is very similar to
the continuous exponential weights updates Bubeck [2011]. The difference between our

setting and continuous exponential weights is that the space ©F is changing each time, so



165

we potentially have a changing action space each time. To overcome this challenge, we first
analyze the regret guarantee when we assume access to the true alternative in Lemma [B.3.7]
and use Lemma to argue that the estimate ©F, is good enough. We state the following

guarantee for the min-learner.

Lemma B.3.7. On event E1 N Era, with probability 1 — 1/02,

Tg 2
jg:Ingﬁt{He-—»et } ~ inf
t=1 VT,

g 0cOs,
C2 ,dlog(T,C 2dB(Ty, 02 d+ T,L? 2 log(¢2
S\/ 5 1 d1og(TeCh ) +C’3,e\/ B(1y, )log( + 1T og(£?)

—~ 2
0 — '9Te+1

1
Ty

Ca oy | —L.
T, T, d )+ R T

Proof. We begin by a bound that will be useful in our exponential weights analogy. At
iteration ¢, we apply Hoeffding’s lemma with the following upper bound given & ; N &2 and

Lemma [B.5.1],

12 2 12
s Jo- oo
Tty Vi Vi
) 2 2
gaM+E%m“@—@H -—k—@ } (&02)
Vi1 Vica
< C3p+205(Cre+1) (Lemma [B.5.1)
< 4G5,
12
At round ¢t > 1, we define W, = f peo: €XD (—np 60— 0, > df and W7 being a uniform
= Vi1
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distribution on ©% . Then
Wit
log —2t+1
08 p-
feegp exp( np |10 — 9t+1 )d9
= log Vi
feeec exp (np 079t )d@
Zx Vi
N 2
fee@c eXp (_771) 9_9t+1‘ —np |10 — 015 +1p ||0 — O +p (|0 — et —np ||0 — et )d@
o Zx Vi ez e, Vi Viea
& 2
Joco: €D (—np 0—0, >d9
Zx Vi1
2 2
Jyeor. exp( o |6 - 5.l e - etHH +n, o -8, —ane 5./ y )da
zlog a:tzt t—1
[ (np lo- Al > do
Zx Viea
2 2.4C2
< —1Eop. (0. Me et e am ~|lo-2 V} +w

where the inequality follows from the Hoeffding inequality InEesX < sEX 4 2

telescoping, we have

(a b)? . By

Wr, 1 W, W Wo
lo = ln—"—= +1n L 4 ... 4ln—=
g Wl WTZ WT@ 1 Wl
~ 12 T£772C2£
< anEewm oo (o= + o=}~ o} ] + T
2 12
On the other hand, let § = arg inf . Let wy(0) = exp (_ )
9698 VTZ Vi,
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Let N, := {(1—7)0 ++0,0 € ©¢_} for v > 0 that we choose later. We have

log

WT@ +1

1

- 2
fee(%g* exXp <_77p 0 — 01,41 v ) do
e log Ty
feeeg* 1d6
~ 2
fee/\/7 exp (_7717 0 — 01,41 " ) de
> log T
feeeg* 1d6
. ~ 2
feeqeg* exXp <_77p (1=7)0+0—0r,11 v ) do
> log Te
faeeg* 1do
N N 2
fee@ﬂ 7 exXp (_np (1=7)0 +~0 — 07,11 y > do
= log Ty
feeeg* 1d6
_ N 2
Jocoe 77 exp (_np (1 =)0 +~0 — 01,41 § ) df
= log Ty
faeeg* 1d6f
N 2 - 2
fee@g 77 exp (_7710 ((1 — )0 = O + 7y H¢9 01,41 )) do
> log - VL, Vi,
fee% 1d6
R 2 . 2
fee@g 77 exp (_7710 ((1 - ) ‘ 0 — 01,11 + 7y He 01,41 )) do
> log - Vg Vr,
f%@g* 1d6
R 2
fee(ag* 7 exp <_77p <‘ 0 — 01,41 v + ’7T50174>) do
> log T
f,,e@g* 1d6
. ~ 2
= _npeé%f; 0 — eTe-‘rl Vi + dlog'y - np'yTECl,K
Zx »
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where the last inequality follows from the fact that for any 6 € ©,

2 T ~
= (@ (0 = Or1)* < TC3,

t=1

i

Ty

under & . Combining the two displays gives us

2

- npeé%fc ‘9 — 0,41 v, + dlog~y — nyyTiChye
2 TZUQCQ
< UPZ]EGNM @c |:H9 et + He 9t+1 — HG_ 4 :| + p 37£.
Itxt v 9
Rearranging, we have
Z s [H ' wrw] * H i B H ! Vt:| a eé%g* Ty

< npcg,zTé n dlog(1/7)

+ Ty Chp.
2 Tlp
By choosing v = ==— and n, = %, we have
~ 2 —~ 12 . —~ 2 5
Sae we O T T Y T e
SO
> 69 0l — o] = int o—bnn| | < SetioaTiCu)
L [ S 0 PR o Y YO0 Y LT

In other words,

‘9 - é\Tngl

2
ZE%M {He 0, :wct} N eg(})fg* VTJ

03 edlog(TgCl g) 1 T ~ 2
<2 Y SR, He —9
_\/ T, +T£; 9pt|: tHVt

2
vj '
By Lemma [B.3.9, we have with probability 1 — 1/¢2,

T
1 ~ 2 2 2d5(T,, (2 d+ TyL? 2 log (42
T E ]Fgwﬁt [HQ - Qt—l-l :| S C’376\/ 5( ! ) IOg ( ‘ )+C3,€ &
[ Vi Vi

L

L

Ty d Ty
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Combining the above two displays gives us with probability 1 — 1/¢2,

Ty 2
3 Eoop He-—et — inf
1 pt ztmtT 0cOg, T,

C2 ,dlog(T,C 2dB (T, (? d+T,L? 2log(¢?
< |G 8(TCh) Oyl BT C), (£ T 4+ Cyy 0g(£?)
Ty Ty d T

~ 2
0 — 6Te+1

1
T,

B.3.5  Approzimation Guarantees

In this section, we present several technical lemmas bounding the terms related to the
approximation error of @ to 0* in each iteration t. More specifically, these lemmas show

upper bound on the terms in the decomposition in the proof of lemma

2 }S QCLglogW‘
xtxtT TZ

2

MML

} is a mean-zero martingale. Also, under &, |My| < Cy 4,

Lemma B.3.8 (S4). Under Eyp, with probability 1 — 1/02,

1Tg 2 1Tg R
- FN~‘p—9 - F~~He—e

2

Proof. Define M; = Fy..;, [HG - 9;

} . Note that

a:tx;r

B M) = P |08

2

SOMt:Mt—FgNﬁtUG_é\t -
A(Xe)

then by Azuma-Hoeffding, we have with probability at least 1— e%, ;‘Fil M, < V' 2C Ty log (2,

2 20175 log 2
wt:t;r TE .

Lemma B.3.9 (C7,). Under £ 4N Eay, with probability 1 — 1/02,

1 &
73 Fun |0~
t=1

SO

IA

L e L R
- FN~‘@—0 - FN~H9—9

2 ~
— |0 —0
Vi H t Vi Tg d Tg

2 2 T, 02 T,L2 21 2
] < 03,6\/ db(Ti, L )108; (d+ ‘ )+C3,e 2log(£)
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Proof. We first consider some round ¢ and some 6. By Lemma

2 2

H(‘)—Z)\t - He_é\t-i-l < 203,[(%—1}:1/9;),
Vi1 Vi1
Therefore,
T, .

1 2117 Ry 2 2035 .

T, 2 ”9_9 _H9_9 <7 —a6,). B.3

Ty ; O~pt [ | s | S T, ;(yt x, 0;) (B.3)
Now, note that

w7l = a0 )
< llelly-y ||6" =0, +e

< ||$t||vt:11 VBt 2) + €. (by 1)
Note that since ¢, ~ N(0,1) is 1-subGaussian, by Azuma-Hoeffding, we have with probability
1—1/¢%

T,
Z e < /2Ty log(¢?).
t=1

By summing it from 1 to 7}, we have under & 4, with probability 1 — 1/¢%

Ty

Ty iy
> =30 < 3 VBB [l + D e
t=1 t=1

t=1

Ty
<Y VB2 @l + /2T log ()
t=1

Ty
< | Ty Zﬁ(t,ﬁ) H%H%/;ll + /21 log(¢?) (by Cauchy-Schwarz)
=1
T
< \ T6(Ty, 0?) Z H%H%/:l + /2Ty log(¢?) (by Cauchy-Schwarz)
t=1
d+ TyL?
< \/TE,B(TK,EQ)leog (—FTe) + /2T, log(¢?).

(by Elliptical potential lemma |[Abbasi-Yadkori et al., 2011])
Plugging this in Equation gives the result. [
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Lemma B.3.10 (C%,). Under &1, N &y, we have

b, — eH }

,{gi};_ZF%m [HH* _0”A } _/{gi};ﬁzwhpt [

To(0)L*B(T5(0), ¢

< ) + 4dB(Ty, )T,
Ty

Proof. We have

2
mmax 7 ZFONpt [|6’ eHA } T aere T, ZFHN’” [ A(A):|

t

< — g — :
Aedy T ZFGN” {w Ol Het QHA(A]
We fix some 6 and A\. Note that

16" = 01155y —

=00

= (67 + 6, — 20)TA(\) (0" — b))
=Y N (0" + 0, —20)Twa " (07 - 6y)

reX

< max(6" + 0, — 20)Txz" (6" — 6,)

S (03,€ + AIna,x) ma;%( :L,T(g* - é\t)
xre

Therefore,
N 2 1 F
;ﬂggﬁ—ZFem [lle — 0% — Ht—ﬁHAm] < (Cos+ B ma e > (0= 0%.)

By Lemma [B.3.15, under &, N & 4, for any ¢ > T5(¢) + 1, we have for any = € X,
n * d 2
<x,«9t—9 > < Bt )
Also, by Lemma [B.4.2 under & 4, we have for any ¢ > 1,

<x, 0, — 9*> < L*B(t, 0?).
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Therefore,
Ty
1 ) *
gle%ﬁ;(et )
T2 (0) -
1 —~
< max — et_e*’x + Z Ht—e*’x
zeX Ly —1 < Wi >
1 | Ty d
< — | Th(0)L*B(Ty(£), %) + Z Wﬁ(tﬁz) (by Lemma [B.4.2 and [B.3.15))
L t=T5(0)+1
1 T,
< — | Ty (O L2B(To(0), 62) + dﬁ(Te,F)/ t3/4dt]
TZ - t=T>(¢)
1 -
= 7 To(0)L*B(Tx(0), €%) + dB (T, g2)(4T21/4 B 4T2(€)1/4)}

_ BOLBT0), )

< + 4dB(Ty, 0T,/
Ty

Plugging this in Equation [B.4] gives us

T(0)L?B(Tx(¢), £7)

+ 4dB(T,, )T,
T,

1 o 2 b, — o
max — ZF9~pt {HH* - HHA(/\) — |0 HHA(A)] :
t=1
]

Lemma B.3.11 (C7,). Assume that © is closed. Then, we have under & 4N Eyy,

1 . ~ 2 1 . 2 B(Tng)
£ _ 2 inf (16 — < (Chg+ Ay .
Teeé%fi* H9 Or1 Vi, TNé%Z* 6 HHVTZ < (Caet ) Ty
- 2
Proof. Let 0; := argeé%fg* ’9 — 01,41 v and 0y := argeé%fg* |60 — 9*||%/T[. We have

, ~ 2 : « 2
N s A
< t/9\T@+1 — 0, —[|o" — ‘92“%@

Ty £
= (H‘QTZ-H — 02 Ve, 16" — 92”\@) <H9T,_7+1 — 0, Ve, + 116" - 92“1@) :

S H9T2+1 - 0*

(HGTM — 0, v + )16 — 92”‘@) :

Vr,
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Note that under &,

Ty
HQTZ—H —th = Z(I:(QT[-&-I —01))2 < Cs0v/ Ty
v \ t=1
T,
||‘9* - 92||VT[ - Z(x;(@* - 92))2 < AmaX\/ Ty
t=1
Therefore,
inf |0 G| inf [|6* — 0|2
0= O], = il 107 = Ol

S (CB,Z + Amax)\/j_jf Hé\Te+1 - 9*

Ty

< (Csp + Amax) vV TeB(Ty, 0?). (by &1,)

We use the above lemma to bound the term that relates p; to p;.

Lemma B.3.12 (p; to p). Under Eyp N Eyp for Ty > T,

1Tz 2 1Tg N
~NTF,. )p—e - FN~H9—9

Proof. Note that p, = p; under &4,
2

T
1 ~ ~
-~ Fwt‘@—a ~]—FN}“P—0
thzl(ep{ Nagn) 77 '
S F,. He—e —FN~H9—9
T( — ( O~py |: t A(S\t):| O~Dp¢ |: 3
1

Te 2 .
=~ Y (F. ‘@—0 —FN~H9—0
+ T, ( O~ps [ t A(S\t):| O~y [ t
1=To(0)+1
To (£

0 ~
— 5" (F,. He—e
TZ — < O~py |: t

> ] 20800
A(S\t) o TK ‘

2

A(S\t):|)

2

A(S\t)})

2
A(S\t):|)
2

A(S\t)}) '

i(it)} ~ Fop {HH ~ 0
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Since for any ¢ € ©, under &, 4,

~ |12 ~ —~ ]2 2
lo-a|  => Aa|o-a
A(At) ex T T

< max H9 — 0,
z T reX

< C?
T+ = T30

T

we have

2

T 20
A(Ae)

1 To(£) R R
= F,. ‘@—9 —FN~H9—9
7?2;(9p4: tA@J 9“[ t =TT

B.3.6  Guarantees on sampling and learning the estimate

In this section we provide some general guarantees on sampling together with a threshold
after which each arm gets enough samples and . Consider a setting where at each time we

receive a distribution A = (1 — ;)\, + 7, P for a fixed distribution P.

Lemma B.3.13. Fix a distribution P on X with full support. On an event that is true with
probability greater than 1 —§, for any 0 < a < 1/2 there exists a Ty := T1 (v, 0,T) such that
for any t > 17,

C

v, > A(P)t .

1—a
Proof. Fix v € X, let Ny, = 22:1 Zs where Z, = 1 if z, = x else 0. Then,
Vi=23 sex Zizl Zsrx'. We assume that v, = 1/s%, 5 > 1.



Note that P(Z, = 1|Fs_1) =

t t
P(lesécplefys> =P

=P

<P

<P

< exp

= exp

< exp

< exp

< exp

< exp

This implies that with the sequence v, =

ZZ
ZZ

t
D -
Sjl
> 7
s=1

probability greater than 1 — § we have

Py

t t
:ZZS ZCPxZ’YS > 1C_
s=1 s=1

(t

~*—1) whenever t> (
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(1 —5)Asz +7vsPy. So for t > 1,

t
1 - ’73 - ,}/SPSC S Z CPCC’YS - (1 - ’73))\8,:0 - ’7st>
s=1
t
1 - '73 - ’Yst S Z(c - ]-)Pm’)/s - (]- - 73))\s,m>

(1 - 78))\5,:0 - ’YSP:L‘ ~

)Px%)

(1 - 7s)>‘s,r - 'Yst S —

2
o)
- 7 - /ys
\/¥ s=1
(1—c)P t > —1\" e
\/% 1—q« (Zi’:lsla—tlfoll)
/20 _ y=1/2\ 2
(1—c)P, )
e
(I-c)F, 1/2— ’ 1/2 —1/2  141/2—
(&3 « 1 « >
2(1_a)t (t 12 > Lpt/2ma g > 9)
(I—c)P, ’ 20
2(1 — )
1/s* a < 1/2 (to ensure 1 — 2a > 0), with

_2

)

]

2(1 — a)y/log(1/0)
(1 - C)Px

The lemma below states that there exists some time 75 such that all the arms get enough

samples.
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g

4
Lemma B.3.14. For T5({) = max,cx <6—W) , we have

P (&) > 11/

Proof. By Lemma |B.3.13| with a choice of c=1—a, a = ;11, ) and P = \Y, we have

_ 1
X2

2 4
—a o 1—2a °
for any ¢ > <L wg(l/ﬁ)) _ (w) we have B(V} > /4 A(AG)) > 1

1
A—0)Ps \C XTI, 02

4
Let T5({) := max ey (6—V10g(|X|TM)> , union bounding for ¢ € [Ty, Ty] and = € X gives the

AG

result. O]
Lemma B.3.15. Under &, N E 4, for any t > To(L) + 1, we have for any x € X,
n * d 2
<x,0t ) > < B )

Proof. Let N;, be the number of times arm x gets pulled at round ¢. By Lemma [B.3.14} for
t > T5(¢) + 1, under &y, we have

Vier = Y Nepaza” > 174 A(X9),

TEX
Therefore, for any x € X,
2 2
lzllv-1 < 7 lellape) < 5

by Kiefer-Wolfowitz. Therefore, under &; 4, for any z € X,

2

(o) < el o
d (|~ .2
< g ||% =0,
d

< mﬁ(ta ).

The following lemma provides a guarantee that we eventually finds z,.
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dB(T,#?) maxse = 1)), \ /3
Lemma B.3.16. For Ty({) = max ( R 1) JTo(0) + 1 ¢, we have P(E4 414N
Ezp) >1—1/02,

Proof. By Lemma [B.3.15, we know that for any ¢ > T5(¢) + 1, under & , N &, we have for
any r € X,
~ . d
<x,9t—9 > < G (t, 0%).

Since the span of Z is in the subset of X, for any z € Z, we write z, —2 =) _, a@.,2. Then

(e —2) (0. = 0) =D 0 (6, — 0y)

TEX

d
< Z O‘z,zWﬁ(t %)

reX

d 2
< max ||z, 775t ).

min

4/3
Then, for any ¢ > (dﬁ(t’ﬂ)maxzezllﬂll) , we have

s 21 573506 ) < A
which implies that for any z,
(2 — 2) (6, — 0,) < Apin
= (2 —2)T(6: — 0.) > —Auin
= (2, — z)Té\t > 0,
which implies that z; = z,. 0

B.4 Bounds and Events that Hold True Each Round

The following lemma states an anytime confidence bound for the least-squares estimator. It

is a restatement of Theorem 20.5 of Lattimore and Szepesvari [2020] in our setting.

Lemma B.4.1 (& ,). With probability 1 — 1/(?, for all t, we have

—~ 2
0, — 6"

Viea

d+tL?
§B+\/210g(€2)+dlog< * )
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Proof. Follows from Theorem 20.5 of |Lattimore and Szepesvari [2020]. O]

Lemma B.4.2 (&). Under & 4, we have for any v € X and any t € [1,T}], <x,§t> <
Amax + L25<T57 £2>

Proof. For any x € X,

<x,§t> = (z,0") + <:E,§t — 0*>
6, — 0"

9 2
< B+ el -0
t—

< Apax + ||$||%/;11 B(t, 0%). (under &; )

Since we have -

‘/t—l :‘/O_FZ'TSI‘;rv

s=1
for Vo = I, we have the minimum eigenvalue oyin(Vi—1) = 0min(Vo) + Omin (Zi;ll :csxsT) > 1,

SO
1
Omax(Vi]) = ———— < 1,
A L (7
which implies that

2 -1 2 2
max H£E||v;;11 < Omax(Vi21) mnax ]l < L.

Therefore,

(2.0:) < Do+ L2B(t,02) < D+ LB(T3, 7).

B.5 Technical Lemmas

Lemma B.5.1 (Recursive Least Squares Guarantee). In any round ¢, conditional on event

EvoNEsy, for any 0 € © and any t € [1,Ty] we have

~ 2 ~ 12 —~
|0=8ca]| —|l6-8| < 2Csum—270) < 2Ca:(Cre+1),

assuming that all rewards are bounded in [—1,1].



Proof. We first consider some round ¢ and some 6. Note that (9;

(/9\t+1 = (Vier + ] ) 7N (X, Y + zye)
_ (V—l ‘/t:ixtx;rv_l

- t—1 1
1+ 2/ Vi

) (XtT Yo+ zy)

—1 T —
~ Vioimx, 9t - Vi_

+ Vi1 —

:et—

1+x;r‘/t 1Lt
1

1+2/V i,
~ V, wer) (9,5 Vo1 +a/ Viiw) —

=V, 'X,"Y;. Then

Ty, —1 1
P o ey

1—|—x Vi 1w

1 -1
~ V 1Tty et V _1TtYt

(]_ + Ty V lxt)

1"’95%1% (1 + 2 V,Iiz)

o 1 Vi_ 1xt(yt - xt et)
Hence

-1
Visia

Or1 — 0, =
and

~ ~ ViV e
W(9t+1 - 9t) = L

1+ 2,V

1+I‘;I—‘/t 1 t
(]JrftftTV; e

ry(1 + VQ 17¢)

1+:ctVt 133t

= (y¢ — Ly et)xt
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Then
~ 2 2
p-aal, - Jo-a
Vi Vi
= (@H - @)Tvt(é\ﬂrl +0, — 20)
= (e = 2/ 005, (B + 0, — 20)
< 2C5(y. — 2, 0,)
< 2C54(Cre+1)
assuming all rewards are bounded by 1. O]

Lemma B.5.2. For any open set O C O, we have

Ty . 2 ) Ty . . 9
/@exp (—5 <||9 - 9||A(5T£>>) df = exp (—gglgg 16" — QHA@)) :

Proof. The following argument is inspired by an analogous one in Lemma 11 of Russo
2016]. Let 1) := [5exp (—% 16" —9||?4(ET£)) d0 and Wy, (0) == L[|0" = 0%, ) Also, let

0, € closure(©) be a point that attains the infimum, i.e.
- . a2
0, = arg ;Ielcg 16" = Ollaer,) -

Such a point must exist by the continuity of Wy,(#) and closure(©) being compact. Then,

o)
Ater,))

we first observe that

/ exp (—Q 16" = 0], )) 46 < Vol(8) exp (-ﬁ o~
6 2 e 2

SO

1 _
lim sup T log(te) + Wi, (6e) < 0.

{—00 4
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Second, we fix some arbitrary ¢ > 0. Note that for any 6,6 € O,

/ 1 * * /
Wi (6) = Wy (@) = 5 (16" = 01,y — 18" = 0 Voo,
1 , _
=5 (20" — 0 —0")" A(er,) (0 — 0))

1
215 —

T,

(20" =0 —0) 2] (0 —0))

< Apaxmaxz ' (6 —6)
zeX
S Amax glea)?{ ||£L’H2 He - 9/”2
< LAmax H@ - ‘9/”2 :
Then, there exists 0 > 0 such that
10 = 0"ll, < 0= [Wr,(0) = Wr, ()] <e.

Then, we take a d-cover of © with ||-||,, and intersect them with ©, and denote the resulting
cover as . Then, 6, € O for some O € O. Since we know that Vol(O) > 0 for any O € O,

we have

L > /Oexp (=TeWr,(0)) do > Vol(O) exp (-Tg (WTZ (54) — e)) :

Taking logarithm on both sides implies that

Vol(O)
Ty

1 .
— log (v¢) + Wr, <94) > —€— —€.
oy

Since we choose € > 0 arbitrarily, we have
1 -
lim inf — log (Lg) + WT@ (9@) Z 0.
{—00 Té
Therefore, limy_, Tie log (¢) + Wr, (é@) = 0 and the statement follows. O

B.6 Supplementary Plots

In this section, we present more supplementary plots. All experiments in the main text and

supplement are run on a computing cluster with 64 AMD EPYC 7302 16-Core Processor
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(1500 MHz) with 1TB of RAM. For LinGame, LinGapE, and Oracle algorithms, we directly
use the existing implementation from Tirinzoni and Degenne [2022] with the open-source
GitHub link: https://github.com/AndreaTirinzoni/bandit-elimination.

We demonstrate that the computational cost of our algorithm is not heavy. We first plot
the average number of rejection samples taken to get some ¢ € ©F in the alternative and the
running time for our algorithm to demonstrate the computation cost rejection sampling takes.
Figures and [B.2) show the result. By comparing Figure with Figure [3.1 we see that
the number of rejection samples needed to get some 6 € ©F is generally less than 30 until
0 < 0.01. This shows that the computational burden for rejection sampling is generally not
large unless we have basically solved the problem. Also, we can see from Figure that the

running time per iteration is generally very small, which means our algorithm runs very fast.
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Figure B.1: Average number of rejection samples taken until finding some ¢ € ©%
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Figure B.2: Average clock time per iteration for PEPS under three scenarios
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To make a clear comparison of the sampling part in our method with computing the best
alternative step in LinGame, we implemented our algorithm, PEPS, in Julia and compared
its clock time to existing LinGame implementations on a sphere instance with varying arm
numbers, denoted as K. We run both algorithms for a fixed budget of 1000 iterations across
100 trials and compute the average clock time per iteration. We assessed both methods for
K = 50,200, 1000, 5000, 10000, 20000, with results presented in milliseconds. Table [B.2] shows
the results. We can see that our method consistently running faster than the benchmark
LinGame, particularly as the number of arms increases. This distinction becomes especially
significant when K = 10000 and K = 20000, which corresponds to the case that calculating
the best alternative is expensive. Therefore, our method maintains efficiency even in scenarios

when computing the alternative is really expensive.

K =50| K=200| K =1000 | K =5000 | K =10000 | K = 20000
PEPS 0.132 0.484 0.681 3.770 6.710 17.110
LinGame | 0.152 0.596 3.265 18.610 46.762 126.683

Table B.2: Average clock time per iteration for PEPS and LinGame under the sphere instance

with d = 6 and various number of arms K. Numbers are displayed in milliseconds.
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Appendix C
APPENDIX TO CHAPTER 4

C.1 Proofs for Section

Let Qx 0 be the marginal distribution of X under Py, and let Qy~o and Qy+ o be respectively
the conditional distribution of Y* and YT given A, X under Py. Let {P.: e € R} C M be a
parametric submodel that is such that P. = Py when € = 0. This submodel is defined so that
the marginal distribution of X and the conditional distributions of YT and Y* given (A, X)

satisfy

dQx () = (1 + eSx(2))dQxo(x), where Ey [Sx(z)] =0 and sup |Sx(z)] <m < oo,

(C.1)

dQy1 (2 | a,x) = (14 €Syi(z | a,2)) dQyr (2 | a, 7), (C.2)
where Eq [Sy+ | A, X] =0 Py-a.s. and sup |Sy+(z | a,x)| < 0o, and

dQv-c(y | a,x) = (1 + €Sy=(y [ a,2)) dQy+o(y | a, ) (C.3)

where Eq [Sy- | A, X] =0 Py-a.s. and sup |Sy«(y | a,z)| < co.

z7a)y

We let gy (x) = qo(P.)(x) and sp(x) = sp(Pe) ().

Proof of Lemma[{.2.1. Note that 75(z) = I{g,(P)(z) > 0} for all z € X. Following the idea
of the proof of Theorem 3 in |Luedtke and Van Der Laan [2016], we observe that

UH(P) ~ EpEp[Y' | A= 0,X] = Ep [rp(X)s(P)(X)].
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By a telescoping argument,

U*(P.) — U*(P) = EpEp[YT|A = 715, (X), X] — EpEp, [YT|A = 7*(X), X]
=EpEp YA =7} (X), X] - EpEp[YT|A =71"(X), X]
+EpEp [YTA=7"(X),X] — EpEp[YT|A = 7*(X), X]

= Ep, [(I(gpe > 0) = L(goo > 0)) - sp,e] + W (Pe) — W (Fp). (C.4)

It is known that for a fixed m, U, is pathwise differentiable with gradient D(m, P). We shall
now show that the first term is o(¢). Letting By := {x € X' : ¢, o(z) = 0}, we have

Ep. [(1 (gpe > 0) = I (qn0 > 0)) 5p.e]

_ / (I (e > 0) — I (g0 > 0)) sp.dQx. + / (I (e > 0) — I (a0 > 0)) 5p.dQx...
X\B;

By
Under Condition (1}, we know that Pro(gy0(X) # 0) = 1, so the second term is zero. Then we
aim to show that the first term is o(|¢|). Note that

/ (I (Qb,e > O) -1 (Qb,O > 0)) Sb,edQX,e
X\B;

< / (I (ghe > 0) = T (@0 > 0)) s dQxc
X\B;
< / T (avol < lane — @ol) |50l dOx.
X\ By
by looking at the sign of ¢, and g5 . Also,
dhe() = / Y (AQy-o(y | A=1,X = 2) — dQy-.(y| A=0,X = 1))
— o) £ e (Bo [Y"Sy-(Y* | LX) | A=1,X = a] — Eo [Y"Sy-(Y* | 0,X) | A=0,X = a])
= qo(x) + eﬁ(x)

where
h(z) = Eo[Y* Sy« (Y*1,X)|A=1,X = 2] — E[Y*Sy-(Y*|0, X)|A =0, X = x].

Similarly, s;.(z) = sp0(z) 4 € - h(z) where

h(z) = Eo[YTSy+ (Y1, X)|A=1,X = 2] — Eo[Y TSy (Y10, X)|A =0, X = z].
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Note that h and h are uniformly bounded since Y*, Yt Sy, and Sy+ are bounded. Let
H = max{sup, |h(z)],
sup, |h(z)|}. Therefore,

/ I ([gnol < |abe — avol) [Spel dQx.e < / I (lgvol < Hlel) (|00 + Hle]) dQx e
X\B; X

By

< @mle) [ T(avol < Hil) (sual + Hle) d@xo

X\By

= (mle) [ 10 < faal < Hle) (o] + Hle) d@xo
X\B;
Denote X = X\ B;. Under the first condition, define the set
By, ={z € X :|spo(z)| < Ct Y apolz)|}.
Then

(/ 1 (lgsol < Hel) (Iswol + Hlel) dQxo
X\B;

=/1®<MM<HMNMM+M$%hp
X

:/ I(0 <|gvol < Hlel) (|sn.0] + Hle|) dQx,0 +/ I(0 < |gvol < Hlel) (Ispo| + Hle|) dQxp-
Ba X\B2,

On one hand, note that for x € By, and under the fact that |go(x)| < Hle| we have
|sp(x)| < CHt '|e|]. define Cy such that Py(0 < |gpo(X)| < t) < Cat” for any ¢ > 0, the first

term

[ 10< kol < B1el) Gsval + HIe) d@xa < [ 100 < laol < HIel) (CH~e] + HIel) d2xo
B¢

Bs ¢
< (CHE el + HIel) Py (0 < |aso(X)] < Hel)
< (Ct7)el + Hel) CalH]el)" (©5)

for t < 1. For the second term, let C5 := sup,, |spo(2)|, we have

/ﬁ 1(0 < lgsol < Hlel) (Isnol + Hlel) dQx.0

X\Ba,¢

< (Cs + H|e) Po(0 < [sp0(X)| > Ct~gno(X)]))

< (Cs + Hle|)t*
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where the last inequality follows from Condition [1, Therefore, the sum is bounded by
(Ct'e| + Hle|) Co(H]e|)” + (C5 + Hle|)t°.

Taking t = |e|é+TY gives that this is O(\e[lﬂ*é%), which is o(Je]) given that v > % Combining
all of the results above gives

!
lim ~Ep, [(1 (go.c > 0) — I (g0 > 0)) sp.c] = 0.

e—0 €

Therefore, U* is pathwise differentiable, and, per (C.4]), has the same canonical gradient as

the parameter W, namely D(7*, ). O

Proof of Theorem[{.2.4. We would first like to show that ¥os,, is an asymptotically linear
estimator of 1)y. For simplicity of notation, we let 7 := 7r;“3n and drop the dependence of
7 in the definition of W, in this proof. Note that ¢os, — o = (P, — Po)D(P) + (P, —
Py)[D(P,) — D(Py)] + R(P,, ). Note that the first term (P, — By)D(F,) is the linear term
and (P, — Py)[D(P,) — D(Py)] = op,(n~"/2) under the Donsker condition and the fact that
||D(ﬁn) — D(Ry)|l2 & 0 (Lemma 19.24 of Van der Vaart| [2000]). To show that tog,, is
asymptotically linear, we only need to argue that the remainder term R(ﬁn, Ry) is op,(n~1/?).
Note that

1{A = =(X)}

Pa(AlX)

RD(B,) = E, [ (V1 — (4, X)) + s(m(X), X) - \PG)}

g [MAZmOO) X 0
= | 20 = 4.0 4 st (00,3 - ()




by the law of total expectation. Therefore,

R(P,, Ry) = U(P,) \IJ(PO) + POD(ﬁn)
_ { o a]a: So(a r) — sp(a, ) + sp(m(x), x) — 80(77*(1‘),27)} dPy(a,z)
- (H{apn— ;T‘x 1) [so(m) (2), ) — sp(m(x), x)]dPy(a, x) + Was (Py) — Vi (F)
{a=7}(z)} . .
// ( Dn a\x N 1) [so(m (%), ) — sp(m, (), 2)|po(alr)da dPy(x)

0 (P) = Uy (P)

-/ (“—W 1) [50(m5(2), 2) — 5u (w5 (2), 2)]dPola)

pn(
+ Uas (F) — Ve (F)

= Rln + R2n-

188

The first term Ry, is op,(n~'/?) under under Condition 4| — see Proposition |C.1.1} As
for the second term Rs,, Proposition shows that it is op,(n~'/2) under the margin

condition.

Proposition C.1.1. Under Conditian Ry, = op,(n™1/?).

O

Proof. By Jensen’s inequality, the fact that 7 (x) € {0,1} for all z, the fact that (b+ ¢) <
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2max{b, c} for b,c € R, and Cauchy-Schwarz, we have that

1) (o)) (73 (0). ) dPe)

= | [ (s
< [| (B - 1) bl o) = sa(mite). o) ame)
</ Z (22— 1) fsfan ) = sufaa)]| )
Y
<2 o (20081 (o) s, arito)

-1

Isn(a, X) — So(a,X)||2,po} :

2,P

]

The following proposition shows that the second term Ry, is op, (n_l/ 2) under our margin

condition.

Proposition C.1.2. Assume C’ondz’tz’ons @ and@ hold. Then, for any € > 0, |Rg,| =

op,(n"1/?).

Proof. We adopt the idea in proof of Theorem 8 of Luedtke and Van Der Laan| [2016]. Let
By, = {z € X : |spo(2)] < Cru|gro(2)|} and A, = {z € X : Cru|gpo(x)] < |spo(x)| <
Ci(u+1)|gpo(x)|}. Then for any ¢t > 0,

Wy (Po) = W (Fo) | = By [56,0(X) (7, (X) = 7 (X)]
< Eo [[sp0(X)| T (7"(X) # m,(X))]

n

= > Eollsuo(X) (" (X) # m}, (X)) I (Au)]

< D Eollsno() (1460 (X)] < Ja5.n(X) = abo(X))I(A)].
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where the last inequality follows from the fact that for any x € X, 7*(x) # = (z) implies that
. (2) — gbo(x)] > |gbo(x)|. From Condition [I| we know that g, 0(X) # 0 with Py-probability

1, so

ZEO [55.0(X) [ ([g5.0(X)] < 1g5.n(X) = @0 (X)) (Au)]

= ZEO [55,0(X)1(0 < |go,0(X)] < g5.n(X) = g0(X)[) I (Au)].
For any x € Ay, |sp0(z)] < Ci(u+ 1)|gpo(x)], so for each u,

Eo [|55,0(X)[ 1 (0 < [qs,0(X)| < |gp,n(X) — g5,0(X)]) 1(Ay)]
< CiEo [(u+ 1) |gs,0(X)| 1 (0 < |gs,0(X)| < [apn(X) — @p0(X)]) I(Au)]
< CiEo [(u + 1) [gon(X) = @p0(X)[ 1 (0 < [go,0(X)] < [gon(X) = go0(X)]) 1(Au)]

< Gio (w4 1m0 )~ 0017 (0 < 0001 < (o) = (o)) 704
= G+ 1) s = sl o [1(0 < 00000)] < s (5) = )] ) 100
== Cl(u + 1) HQb,n — Qb,OHOQpO PO(O < |q17,0(X>| S ||Qb,n - qb:()”oo,PO 7Au)

For an event & C X, let P*(E) 1= Py(0 < |gn,0(X)| < [|abn — @0l p, »€)- Then, for any
keN,
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Z]EOHSb,O(X)’[<O < ‘qb70<X)‘ < IQb,n(X) — qb,O(X)D[(Au)]
= ch w+ 1) [lgon = @0l oo p, P (Au)

= Z Cr(u+1) llgom = @l p, P (Bg uy1) = P(Bg, )]

u=0
k k
= Z Ci(u+1) [lgpn — Qb,OHOOJDO POO(Bi,’),u+1) - Z Ci(u+1)[lgyn — Qb70||oo,P0 POO(BZ,’,,u)
u=0 u=0
k+1 k
= Cvullgnn — Bolloop, PX(Bs) = > Co(u+1) ann — @holl oo p, P (B5)
u=1 u=0
k
= Ci(k+1) lapn — ‘Jb,OHoo,Po ]POO(B:;,k:H) - Z Ci llgon — Qb,OHOO,PO ]P)OO(Bé,u)
u=0
k
= Cilltsn — ds0ll e, [P™(B 1) = P¥(B3,)]
u=0
k
S Z Cl ||qb,n - qb,oHoo,Po []P)OO<X> - POO(BQ/S,u)]
u=0
k
= 5" C1 v — ol p, [P (B
u=0

k
= Cilltsn = Bolloe.p, [Po(0 < 1a60(X)| < l1@sn — Bolloe p, » BEL]
u=0

< 201 laon — C_Ib0||i:,r¥>é2 /2,

where the last step follows from Holder’s inequality. Since ¢ > 2, let £ — oo and the infinite

sum converges. Therefore,
[Wrs, (Po) = Yo (Fo) | = ZEoHSb,o(X)II(W*(X) 7 7 (X)) Au]P(Ay)

= lim ZEO [s60(X) (7 (X) # w5 (X)) AJP(AL) S llasn = dvolly

k—o0
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1+v/2
OO’PO

|Ron| = op,(n1/?). O

Note that under Condition , we have [|go.n — qool| = op,(n"1/%) for any v > 0, so

C.2 Proofs for Section

For notational simplicity, throughout this section and later we denote 1, := W, (Fy) for some

policy 7w € II.

Lemma C.2.1. If iﬂEUW(Po) > 0, and 0, is a consistent estimator of o,(Py) for each m € 11,
e

an asymptotically valid uniform (-level confidence band is given by {@,, + i’{% TE H}.

Proof of Lemma[C-2.1. To see that this is the case, note that ¢g is the 1 — /2 quantile of

supser Gf, and also

. Ot . Ot
Pmﬂ'GH {wﬂ - m Swﬂ' Sww+ n1/2

™

= P (ren {—tﬁ < nl2Er 2 o tﬁ}
o
= PMren {—ts < Gf <ig}
= P Nren {{—tg < info} N {Squf < tg}]
fer fer

:1_B7

where the convergence follows from the fact that n'/ 2@’73;:”’ ~» Gf by Lemma and
Slutsky’s Theorem. O]

Proof of Lemma[{.3.1. We have that

{H* C ﬁﬁ} = {w,rf < supwy, V1’ € ﬁg} .

mell
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Therefore,

~ 1 C
i)

= { = ﬁg D Wyt zsupww}
mell
~ /O'\Tr/tﬁ
Ir’ € 116 Wat — Wyt — + L, | > sup wsy, }
{ B [ nl/2 el
~ N ot
— {Elwleﬂg: {wﬂ/—wﬂ/— nl/fl >31€1§wﬂ—Ln}, (C.6)

where the inclusion follows from the definition of ﬁg. Let A denote the event {L, <
SUP et Wr } N |:m7r€1'l {ww < Wy + "qﬁi H Hence, shows that

{rre i}
Gt

- HEIW € HC : [wﬁz — Wyt — gl—/f} > Sup Wy — Ln} OA} uU.A°
n ™

~ R oot
- Haw'engzwﬂ/—wﬂ/—al/f >o}mA} uA°
n
= A°

where the final equality used that the leading event in the union above is equal to the
null set since under A, we have wy — Wy — i’;’ff < 0 for each m € II. Also, note
that by Lemma |C.2.1 Pr (ﬂﬁen {wﬂ < Wy + %}) — 1 — /2, and by definition of L,

lim sup,, Pr ({L,, < sup,egwx}) > 1 — /2. Hence, by a union bound,

limsupP{H* z ﬁ/g} < p.
O

Lemma C.2.2. For any > 0, liminf, ., P (wﬂ* — inf w, g o SUDeqp aw> >1-p.
WGH@

Proof of Lemma[C2.3 Note that by the definition of I, we have

- ot N ot
inf w,r—i-wl—f > sup (W, — 7;5 ,
weﬁﬁ nt/ well nt/
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SO

. . Oql O P .
Wrr — inf wy < wgp- —sup {ww — 1—/5] + inf [ww + 1—/5 — inf w,.
nellg well n nellg n nellg

~ |, Oxt Ot
U< inf w, < inf {w,r + %} — 2sup I\ (C.7)
ﬂeﬁlg ﬂ'Eﬁﬁ n / ™

In the remainder of this proof, we will show that the two events on the right-hand side each

occur with probability no more than 5/2. The result then follows by a union bound. Note

that

rell mell
Gty 5 tﬁ}
C R wy < sup Wy — 2sup —= ¢,
{ " w€ell { 1/2 } el n'/2

o N a}-t/g aﬂ’tﬁ
* — - T a5 < )
i =g {0 = T2} < 2 555 )

Zhgg.ng (ﬂ {ww < Wr + n1/2}) > 1—57

mell

where the last step follows from Lemma [C.2.1] Hence, the first event on the right-hand side
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of (C.7) occurs with probability no more than probability 5/2. We also have that

. Oxtg . Oxtg
ﬂ{wwzwﬂ_nl/Q}gﬂ{wwzwﬂ_nl/Q}

well Weﬁ@

. ) - ot
C ¢ inf wy > inf {wﬂ— qf}
TFEHﬁ WEHﬁ n /
. ) ~ ot ot
C < inf w; > inf {wﬂ—i— qf}—qup qf ,
relly relly nt/ refiy T /

since ir[lff —g] > ir}f —supg. So

L . N Oxts Oxtp .
hrlbglcgf]P’ ( inf {ww + 17 } -2 sup 12 < inf wﬁ)

m€llg nellg nellg
5.t 3
> lim inf O, — =2 < >1-=
> %WP@{“ nm—wﬂ})— >
s

where the last step follows from Lemma [C.2.1] Hence, the second event on the right-hand
side of ((C.7)) occurs with probability no more than probability /2. H

In the following lemma, for some subset G of a space L?*(Q), define the covering number
N(e,G, L*(Q)) to be the minimal cardinality of an e-cover of G with respect to the L*(Q)
metric [Van Der Vaart and Wellner| [2013]. Before stating the lemma, we recall that F :=
{D(Py)/or(Py) : m € 11}.

Lemma C.2.3 (F is Py-Donsker). Assume that Conditions[f] and |7 hold and also that

(i) 11 satisfies the uniform entropy bound, that is, fooo Supg,, V9og N (e,11, L2(Qx))de < oo,

where the supremum is over all finitely supported measures on X;

(ii) there exists L > 0 such that, for all finitely supported distributions @ of (X, A,Y) with
support on X x {0,1} x Y, the gradient map © — D, is L-Lipschitz, in the sense
that, for any m, 7" € IL, ||Dy — Dy |12y < Li|m — 7'||12(0 ), where Qx is the marginal
distribution of X under Q;



196

(141) SUPren €SSSUP,ex aefo,1}yey [Dx(Fo) (7, @, y)| < oo

Then, the set F :={D.(Fy)/o(Fo) : m € 11} is Py-Donsker.

Proof of Lemma[C-2.5. We would like to use Theorem 2.5.2 of [Van Der Vaart and Wellner
[2013]. First, by and Condition [7]

O . SWPren €55 SUWPaer ac(o,1) yey | D (Fo)(, a,y)
= - < 0.
1n£a,r(P0)
S

Hence, an envelope function for F is given by the constant function F(z,a,y) = C.
By and properties of covering numbers, for any ) as stated in and implied
marginal distribution Qx, we have that N (Ce, F, L*(Q)) < N (Ce/L,11, L*(Qx)). Com-
bining this with shows that F satisfies the uniform entropy bound in the sense that

fooo supg V0og N (g, F, L2(Q))de < oo, where the supremum is over all finitely supported
measures on X x {0,1} x V. Hence, F is Py-Donsker by Theorem 2.5.2 of [Van Der Vaart

and Wellner [2013]. O
Lemma C.2.4. II* is a closed subset of L*(P).

Proof. Let ()52, be a IT*-valued sequence that converges to some 7* in L?(P). Since 7 +— wy
is a continuous map from {0,1}?* to R when the domain is equipped with the L?(P)-topology,
Wy, — Wr=. As m, € IT* for all k, wy, = sup, ¢ ws for all k. Hence, wq+ = sup,cw,. As Il is

closed, this shows that 7* € IT*. Hence, II* is a closed subset of L*(P). O
Lemma C.2.5. If IT* is closed in L*(Py) and I1* is Py-Donsker, IT* is compact.

Proof of Lemma[C.2.5. Since II* is Py-Donsker following from IT being Py-Donsker, then IT*
is totally bounded in L?*(Py). Also, since L*(P,) is complete, IT* being closed implies that IT*
is complete. And totally bounded and complete subsets of a metric space are compact, so II*

is compact. O
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Proof of Theorem[{.3.3 We have that

{[ inf 1, sup .| € CI, }

mell*

~ sza o~ Eﬂza
= 1nf Y < inf [w,, — 1/2’6] U ¢ sup 9 > sup |:¢7r + 1/2’6}
rel, n rell* el n

C { inf ¢, < inf {{Z)\W — Kﬂf/o;ﬁ} I C Hﬁ}
n

WGHB

U {sup Y > sup {@//J\W + Kﬂf/af} I C ﬁﬁ} U {H* Z ﬁﬁ}
= n

mell* rells

Hence, by a union bound and the fact that lim sup,,(a, + b, +¢,) < limsup,, a,, + limsup,, b, +

lim sup,, ¢,,, we see that

lim sup P {Cln Z [ 1nf Yy, sup ¢w]}

n mell*

< limsupP{ inf ¢, < inf |:121\7r — F&Wf;;’ﬁ] I C ﬁg}
n

n WEHB

—i—limsupP{sup Yy > sup |:2/17T 71—7;5] IT* gﬁg}

mell* nellg

+ limsup P {H* z ﬁg} .
The third term is upper bounded by by Lemma In what follows we will show that the
first term on the right-hand side is no more than (o — 3)/2. Similar arguments can be used
to show that the second term is also no more than (« — 3)/2. By a union bound argument,
the sum of three terms is upper bounded by «, which completes the proof.
We begin by noting that, for any n € N,

{ inf ¢, < inf {QZW— %72/3] T C ﬁg}
n

WEHﬂ

- { inf ¢, < inf [1@ — Hﬂfﬁ;’ﬁ] I C ﬁg}
n

mell* mell*

~ Rz
c d inf inf SR
< { ingo < g 5"
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By Lemma |C.2.5{ and 7 ~ 1), is continuous, there exists a ¢ such that ¢, = 1n1_£ Uy
E *

Combining this with the above, we see that
-~ Eﬂzaﬁ % a . » Eﬂza,ﬁ

TI'EHB
-~ //%ﬂzza’g
C {wwe < ¢7r‘Z - nl/2 } .

Then

i /"%ﬂ'ézoé,ﬁ o 1/277b7r 1/)71'
P(wﬂz<¢ﬂe— /2 )—P( liﬁ > Zap |-

By Condition [7| R is a consistent estimator for . ¢(FP,). Then with Slutsky’s Theorem,
nl/wﬂ‘%;jﬂz ~> G fre, so by definition of z, 5, P <n1/2w”%;j’fz > Za’g) < (a—3)/2, and so

limsupIP’{ inf ¢, < inf [@Eﬁ — Kﬂff;’ﬁ} JIH C ﬁg} < (a—p)/2.
n

n—00 71'61_[/3

By a symmetric argument, we also have lim sup,, . P {supwen* Y > SUp, i, [@ﬂ R Za, B] I C Hg} <

ni/2

a — 3)/2. Therefore, an asymptotic 1 — o confidence interval for [1§, ¥¢] is
0 Yo
inf {@Zw - Kﬂfaf } , sup {@r + Fb”faf} .
ﬂ-eﬁﬁ n / ﬂ'Eﬁﬁ n /

Proof of Lemma[f-3:3 To show this lemma, we first define two events {II* C II5} and

[]

{wes— inf w, < % SUD,cpy Or }- These events ensure that all Q-optimal policies are contained
7T€H5

in ﬁﬁ, and ﬁ/g only contains nearly optimal policies. Lemma |4.3.1| and |C.2.2| ensure that both

events happen with probability at least 1 — § asymptotically. The lemma below ensures that

our confidence interval shrinks at an n~/2 rate under these events. m

Lemma C.2.6. In the setting of Lemma under the event {II* C ﬁg} and {wp+ —

inf w, < % SUD,cr1 Ox }, the width of the confidence interval for 1y is O,(n~1/2).
WEH,(;
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Proof. We first show that SUD, i, [wﬂ F”"fj‘f} =1y + O,(n~?). We know that

RrZa < /’%WZOK,
sup {wﬂ 1—/26] < sup U + sup {% — Ur + 1/25} .
ﬂ'EHﬂ ﬂ'EHB WEHB n

We then show that supcp- ¥r —Sup, g, ¥r = O,(n~%/2). Consider some m; € IT* and 7, € ﬁﬁ.
Let BI,O = {I e X 7Tl(.§(f) = 1,7T2(I) = O} and B(),l = {SL’ e X 7T1(Z') = 0,71'2(.]7) = 1} By

the definition of IT* we know that w,;, > w,,, and
Wiy — Wy = /E[Y*\A = m(z), z]dPy(z) — /]E[Y*\A = mo(x), z|dPy(x)
~ [ ao@dr@) - [ aol@dRio)
Bi,0 Bo,1

Since m; € II* and II* contains unrestricted optimal policies by assumption, w,, is largest
among all 7 € II, which implies that for = € By, goo(x) > 0 and for = € By, go(x) < 0.

This gives us

o — gy = / grola)|dPo(x) + / gv0(@)|dPo(z).
Bl,O BO,l

On the other hand, on the event {II* C ﬁﬁ}, we have sup, g 9 = SUpger- ¥r, and
s =l = | [ BIY11A4 = o), alaFo) ~ [ EIVI1A = m1(0) ald (o)
/ spo(x)dPy(x) —/ spo(x)dPy(x)
Bo,1 Bl,O
< [ lmo@ldRo@)+ [ lso(@ldPia)
Bi0 Bo,1
< C/ lgp.0(x)|dPo(x) + C/ \qv0(x)|dPo(z).
Bl,O BO,l

Therefore, [y, — x| < C(wyr, — wx,) for some C' < oo. Since this holds for any m € II*

and m € ]./_\.[5, we have SUD, i, Uy — ian Y < C(suprep- wr — inf wy). Under the event
mell* Wgﬁﬁ

. dtg ~ : 4t ~
{wes— inf wy, < —/ SUDyerr Or }, We have that SUD, i, Yr— inf 1, < C’nl—/@ SUDcry Or. Under
rells mell*

Condition [T} we know that sup e x — Sup, e 0x(Fo) = 0,(1), s0
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Under the event {II* C 1 , we have sup__s 1, > su Wy > inf Y., so we have
B pWEHB pﬂ'EH rell*

SUDserr- U — SUD, gy, ¥ = O,(n~"/2). Also,

/ﬁﬁzm
mhﬂw UﬂsWPﬁ% Uﬂ<mw — U+ sup L,
rells mell el mell T

The first term is O,(n~'/2) under Condition . As for the second term, under Condition

Aﬂ’ (6 s P (0% — —
KrZa,p K ( O)Z B —i—op(n 1/2) :Op(n 1/2).

Therefore, sup, g, [@W — Py + R:Lf;’f } = 0,(n™"?) and so SUD,.cfi, [QZ,F + E;fj‘f ] = U +

O,(n~1/?) as desired. By symmetry, inf [1@ - E;f—ff} = by — Op(n~1/2) as well. O
WEH[—}

Proof of Theorem[{.3.4 To establish this theorem, we show that

~ il
lim inf P (sup ), < sup {@/}W + KT;%“}) >1—a/2.
n n

mell* rellf

We can similarly get

~  Rpul
limianP’(lnf e > inf [wﬂ— 1/2}) >1—a/2.

rellt

Combining the two displays gives us the theorem statement. Note that

= ot
~  Rqul
mell* reflt n

E ul

mell* WEHT

Since IT* is Py-Donsker following from II being Py-Donsker, IT* is totally bounded in L?(P,)
Luedtke and Van Der Laan [2016]. Also, since L?(P,) is complete, IT* being closed in L?(P,)
implies that IT* is complete in L?*(Fy). So IT* is compact in L?(P,). Combining this with the

fact that 7 — 1, is continuous implies that there exists a 7% € II* such that ¢« = sup e« V.
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Combining this with the above, we see that

~ -i-
-~ RazU
{sup Yr < sup {ww + —”1/5‘} }
mell* rellt n

Rt .
= {%u < thru + %,ww < supwy, V' € (HT)C} : (C.9)

mell

Note that

mwell

c
{wﬂf < sup wy, V' € (ﬁT)C} = {371'/ c (1% : wp = supwﬂ}

C {3 e (IIH° - AL S i Y | B

Cedn' e (IIN” : |wp — Wy 7 ilelg On = 1 ilelg Wa

— / AT C . , — AN , — O-ﬂ'/ta o —~ . Uﬂ—Sa

- {37? e (I~ : {ww W = — 37 ] > ilelg Wr frlelg {ww 2| [ (C.10)

where the inclusion follows from the definition of TIf. Let A’ denote the event

5 ot =4t
~ OxS), ~ oxt]
sup |Wy — < sup wxr we < Wye + } .
o[58 <} N[N for 2o 2}
Hence, (C.10]) shows that

{EIW’ e (MY :wy = supwﬂ}

mell
, =i N aﬂlt:; ~ 87rSL ' 1C
C |43 € (II")" : wpr — W — —7757 > SUP Wy — SUP |Wr — —7 NA|UA
nt/ mell mell nl/2
’ 71\C ~ aﬂ’tt]; / ’c
C |4 3n" e (IT") W — W — e >0 NATUA
nl/2

_ A/C-

For each 7 € II, we define B\wr = nl/m”a;“" and EWF = nlﬂ%. Then starting from



(C.10)), we have

5 ot
=~ ~ OrS Y g
{Ww’ < SUPWWVW/ S (HT)C} 2 A/ = {SUP |:w7r - nl/;:| < iupwﬂ'} m [m {wﬂ' < Wy + nl/2

mell mell

2

= {~tl < 1Han7r} N {sup B, < s!}.
well

Using the above to study the event on the right-hand side of (C.9)) shows that

Roaul
wtt)
{wwu < wwu T,wﬁ < sup wy, Vi’ € (HT) }

mwell

"oaul
ully,
{¢w“ < 1/}7r" 1/2 7_tT < Hlanmsup Bn7r S ST}

well

= {Enﬂu > —u —tT < 1nan7T,s.uan,r < ST}

mell

We know that the choices (s],t! ul) satisfy that

o) o)

i > —tl, < > >1—
;IellfTP{}ngTGf t itelng st Gf, > u} 1—a/2.
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ot

(C.11)

(C.12)

Note that by Condition , we have sup, [nlﬂa’fa;ﬂ“” — (an,r} = 0,(1) and also TZ’T"E# —
Gy, frv = 0p(1). Since sup;cr G, f ~ sup;cr Gf, }Ielﬁ_an ~ }gjfTGf, and for each 7 € I, o,

is a consistent estimator of o, by Slutsky Theorem, we have sup, .y By » ~> sup;cr Gf and

inlg By r~ }ngr Gf. Also, since for each f € F, G,f ~ Gf and 3, is a consistent estimator
S S

i
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of o, we similarly have En,ﬂu v~ G fru. Combining (C.9), (C.11)), and (C.12), we have

mell

~  Rpul
lim inf P { sup ¢, < sup |r + —
n Tell* I n

> lim inf P (En,ﬂ'“ < uL, —sié < inf B, z,sup By, » < tL)
n mell well

—P (Gﬁru <ul,—sl < infGf,supGf < tg)
fer — fer

> infP (Gﬁr <ul,—s!l < infGf supGf < t:rx) =1-a«a/2.
mell feF fer

C.3 Multiplier bootstrap

In practice, we use multiplier bootstrap (Chernozhukov et al.| [2013] to estimate the quantiles
described in Section [4.3)and we provide the pseudocodes of the algorithms below. Algorithm [I0]
estimates tg defined just above Lemma [£.3.1} Algorithm [IT] estimates the quantiles described
in (4.6)). In this algorithm, we take s!, = ¢, for simplicity and estimate the best (¢[,, u!,) given
samples. Both algorithms approximate suprema and infima over sets indexed by 7 € II by

maxima and minima over 7 belonging to a grid approximation of II.
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Algorithm 10 Multiplier bootstrap
Input: samples {(x;, a;,y;)}7,, policy set II, bootstrap sample size B, confidence level /3

1: Take a grid estimate {7, - ,mx} of II

2: for each k € [K], compute normalized one-step estimates {ogw’“)}?zl using collected samples
{(@i, a1, 9i) }iey

3: forj=1,--- B do

4:  get multiplier bootstrap samples €;; fori =1,--- ,nand k=1,--- | K

5. compute n” /23" eijol(-m“) and denote the result as f%)

6: end for

7: Apply quantile normalization to f,(ri) across j for each policy 7

8: compute maxye(x| f%) for each j and denote the resulting dataset as {ti}f; 1

Output: (1 — 3)-th quantile of {t;}2,

Algorithm 11 Multiplier bootstrap for joint probability
Input: samples {(z;,a;, yi, zi) }1—, policy set II, bootstrap sample size B, confidence level o

1: Take a grid estimate {my,--- ,7mx} of II

2: for k € [K] do

3:  compute normalized one-step estimates {02(-7”“)}?:1 using collected samples {(z;, a;, i) }7
4:  compute normalized one-step estimates {61(7”“) _, using collected samples {(z;, a;, z;)}7;
5: end for

6: for j=1,---,Bdo

7:  get multiplier bootstrap samples 67%) fori=1,---,nand k=1,--- | K

8:  compute n" /23" egi)ogw’“) and denote the result as f%)

9:  compute n~1/2 > egi)égw’“) and denote the result as f, 7(3@)

10: end for

11: Apply quantile normalization to fﬁi) and f%) across j for each policy mg

12: compute maxye(x] f%) for each j and denote the results as {s; };-3:1

13: compute probability P(max,¢ (x| fr, <1, f‘ﬁk < u) for each k =1,--- , K using the B samples

Output: pairs (¢,u) such that minge|g) P(maxye (g fr, <1, fwk <u)=1-a.
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