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This dissertation develops practical methodology incorporating modern machine learning
techniques into statistical inference, with a particular focus on the analysis of time-to-event
data. Time-to-event data are commonly encountered in biomedical studies, where incomplete
follow-up and truncation-induced sampling bias may preclude the use of standard analysis
procedures. The primary intended application of this work is variable importance, although
the methods developed here are appropriate for a wider range of problems. Chapter 1
serves as an introduction to the dissertation. The three methodological chapters overlap
but function as distinct, standalone units. In Chapter 2, we propose an algorithm-agnostic,
nonparametric procedure for assessing variable importance for right-censored time-to-event
outcomes. In the Chapter 3, we develop a framework in which arbitrary machine learning
algorithms can be applied to estimate personalized survival curves from data subject to
both censoring and truncation. Chapter 4 addresses the use of sample splitting to provide
inference on variable importance when the true importance lies on the boundary of the

parameter space.
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Chapter 1
INTRODUCTION

The analysis of time-to-event data presents a unique set of complications to scientific in-
vestigators. As a result, survival analysis often involves the use of a specific analytic toolkit,
with estimators and inferential procedures tailored to handle data structures commonly en-
countered in the time-to-event setting (e.g., Kaplan and Meier, 1958; Cox, 1972). Perhaps
the quintessential feature of survival data in prospective biomedical studies is right censoring,
in which a participant may not experience the event of interest during the follow-up period.
There are many potential causes of right censoring, including loss to follow-up and termina-
tion of the study. When right censoring is present, great care must be taken to determine the
conditions under which a quantity of scientific interest is, in fact, identified by the observed
data. Even a simple quantity such as the mean survival time may require a strong set of
assumptions in order to be identified, which may be unrealistic outside of specific settings
(Ding and Nan, 2015). In some study designs, censoring may be accompanied by truncation,
a form of biased sampling in a participant may be ineligible for recruitment into a study if
their event time falls above or below certain values. Truncation induces selection bias.

This dissertation is largely focused on the task of prediction within the context of sur-
vival data. In recent decades, machine learning methods have been been at the forefront
of predictive modeling for many data types, including time-to-event data. The literature
on survival-specific machine learning methods is extensive — see Wang et al. (2019) and
Sonabend (2021) for comprehensive reviews. For a particular prediction task, given a set of
available features, it may be of interest to assess how important a specific feature or group

of features is in predicting the outcome of interest. Variable importance may be viewed as



an algorithm-specific quantity, i.e., a measure that is tied to a fitted algorithm, or as an
population quantity, i.e., a measure that describes the intrinsic relationship between features
and outcome under a particular data-generating mechanism. There exists a diverse array of
methods for estimating variable importance for fixed algorithms (Breiman, 2001; Lundberg
and Lee, 2017; Fisher et al., 2019; Murdoch et al., 2019). There are also model-agnostic
approaches that nevertheless estimate a quantity that conditions on the training data (Gan
et al., 2022). Our work concerns model-agnostic, population-level variable importance, which
is sometimes referred to simply as intrinsic variable importance (Williamson et al., 2021b).
Methods for estimating specific types of intrinsic importance measures date back at least to
work by (van der Laan, 2006) and recently have rapidly grown in number (Lei et al., 2018;
Williamson et al., 2021a; Zhang and Janson, 2022; Boileau et al., 2023).

In Chapter 2 of this dissertation, we propose a framework for leveraging machine learn-
ing tools to estimate and make inference on a broad class of intrinsic variable importance
measures in the setting of right-censored time-to-event data. We apply our method to esti-
mate the importance of features used to predict the probability of seroconversion in an HIV
vaccine clinical trial. Specific difficulties that arise within the broad problem of variable im-
portance for survival data motivate the other two chapters of the dissertation. In Chapter 3,
we present a flexible procedure for estimating the conditional distribution of a time-to-event
outcome subject to both censoring and truncation, which is a form of biased sampling. Our
proposed procedure allows use of off-the-shelf machine learning tools not specially designed
for survival analysis. In Chapter 4, we discuss the use of sample splitting for inference on
intrinsic variable importance. Sample splitting entails randomly partitioning the data set
into non-overlapping segments, each of which is used to estimate a different component of
an overall estimator. For variable importance, sample splitting can be used to overcome the
degeneracy that occurs in the debiased machine learning method from Chapter 2 when the
feature of interest has zero importance. We investigate the question of whether the draw-
backs of sample splitting can be mitigated by aggregating the results of multiple iterations of

the procedure. The appendices contain all technical details, as well as simulation and data



analysis results not included in the main text.



Chapter 2

NONPARAMETRIC VARIABLE IMPORTANCE FOR
TIME-TO-EVENT OUTCOMES

Charles J. Wolock, Peter B. Gilbert, Noah Simon & Marco Carone
2.1 Introduction

Statistical tasks often involve applying an algorithm to learn the relationship between a set of
features and an outcome, and subsequently leveraging that information to make predictions
about future observations. As algorithms have become more complex, it has in turn become
more difficult to understand how individual features contribute to those predictions. The
contribution of a feature or set of features to a prediction algorithm is known as variable
importance. The proliferation of machine learning algorithms has given rise to a substan-
tial literature focused on defining, estimating, and making inference on variable importance.
In this work, we focus on intrinsic variable importance: the population-level predictiveness
potential of a feature (Williamson et al., 2021b). This differs from extrinsic variable im-
portance, which is aimed at understanding how a particular, fixed algorithm uses features
to make predictions. While extrinsic approaches can add interpretability to the fitted pre-
diction algorithm, they may not reflect the intrinsic importance of the feature in a general
prediction setting.

The question of intrinsic variable importance arises naturally in the context of HIV
vaccine trials. To achieve desired statistical power in efficacy trials, trial administrators often
aim to recruit individuals who are thought to have a high probability of HIV seroconversion
during the intended follow-up period. HIV seroconversion prediction models have been

proposed in various populations (see Menza et al., 2009; Smith et al., 2012; Balkus et al., 2016;



Wand et al., 2018). Previous analyses have identified several features associated with the
time to seroconversion, ranging from demographic information (e.g., age) to laboratory assays
(e.g., prevalent sexually transmitted infection (STI)) to behavioral questionnaire responses
(e.g., number of sex partners over a specified time frame). Understanding the importance of
these features may inform participant recruitment.

HVTN 702 was a phase 2b-3 trial conducted in South Africa to investigate the safety and
efficacy of a vaccine regimen consisting of a recombinant canarypox vector containing HIV-1
subtype C envelope ALVAC-HIV and an MF59-adjuvanted subtype C bivalent glycoprotein
120 vaccine (Gray et al., 2021). The trial began in October 2016 and was terminated in 2020
when prespecified nonefficacy stopping criteria were met. Over this time period, around 5%
of subjects experienced seroconversion, while around 7% were lost to follow-up. Both loss
to follow-up and study termination may preclude observation of the event time, resulting in
right censoring. Right censoring is ubiquitous in prospective biomedical studies of time-to-
event outcomes. When right censoring is present, extra care must be taken in evaluating the
performance of a prediction algorithm, since outcomes and predictions cannot be directly
compared. The literature on model-free, algorithm-agnostic variable importance measures
(VIMs) (e.g., Williamson et al., 2021b; Verdinelli and Wasserman, 2021; Zhang and Janson,
2022) has largely bypassed survival data and censoring, although specific measures for vari-
able importance have recently been proposed for evaluating treatment effect modification
using right-censored data (Boileau et al., 2023).

Intrinsic variable importance relies on the concept of a predictiveness measure, which
quantifies the performance of a prediction algorithm. A natural first step in developing a
statistical framework for variable importance in survival analysis is to define a population
predictiveness measure in terms of the full or ideal data distribution. The estimation of such
ideal data predictiveness measures, and associated VIMs, is complicated by censoring. The
available data are not sampled from the ideal data distribution, but rather from an observed
data distribution implied by the censoring mechanism. Many widely used methods for evalu-

ating algorithm predictiveness in survival analysis fail to properly account for censoring and



may converge to population parameters that (undesirably) depend on the censoring mecha-
nism. Those that do account for censoring often require strong assumptions on the censoring
mechanism or event time distribution. For example, many predictiveness estimation meth-
ods are based on the popular semiparametric Cox proportional hazards model (Cox, 1972),
which, while convenient, is likely to be misspecified in many applications. The growing
use of machine learning prediction models in survival analysis motivates the development of
correspondingly flexible methods for evaluating variable importance.

In this chapter, we present a general framework for estimating variable importance using
informatively right-censored time-to-event data. Our approach allows us us to construct
efficient estimators and perform statistical inference. Our specific contributions include the

following.

1. We define a class of predictiveness measures for time-to-event outcomes, encompassing
many measures used in practice. These measures are identified under covariate-induced

censoring.

2. We derive the nonparametric efficient influence function for measures in this class.

3. We propose a debiased estimation procedure, including an implementation employing
cross-fitting, that gives an asymptotically linear estimator of variable importance. We

show how to use this estimator to make inference.

4. We analyze variable importance for predicting time to seroconversion in HVTN 702.

The chapter is organized as follows. In Section 2.2, we review the concepts underpinning
predictiveness and intrinsic variable importance. In Section 2.3, we describe a class of survival
VIMs and provide identification results under right censoring. In Section 2.4, we outline
procedures for estimating and performing inference on survival VIMs and provide theoretical
results. In Section 2.5, we perform experiments to evaluate the performance of our proposed

procedures. In Section 2.6, we analyze variable importance in the HVTN 702 study. In



Section 2.7, we provide concluding remarks. Appendix A contains all technical details, as

well as additional simulation results.
2.2 Variable importance

2.2.1 Data structure and notation

We observe a vector of baseline covariates X taking values in X C RP. Interest lies in studying
the time between an initiating event (e.g., randomization into the HVTN 702 study) and a
terminating event (e.g., diagnosis of HIV seroconversion). The time between initiating and
terminating events, referred to as the event time, is denoted T € (0,00). The ideal data
unit is therefore Z* := (X,T"). We use FJ to denote the distribution of Z* and assume Fj
belongs to a nonparametric model M*.

We observe a version of Z* subject to right censoring, by which follow-up on a participant
may conclude before the participant has experienced the event, potentially due to loss-to-
follow-up or termination of the study. Let C' € (0, c0) denote the time between the initiating
event and censoring. For each participant, we observe Y := min{7, C'}, the observed follow-
up time, and A := 1(T < C), the event indicator, resulting in observed data unit Z :=
(X,Y,A). Our sample consists of n independent and identically distributed observations
Zy,..., 2y, drawn from Fp, the observed data distribution implied by Fj and the censoring
mechanism. We use M to denote the observed data model in which P, lies.

The subscript 0 denotes a functional of Fy, e.g., Eo[f(Z)] := Ep,[f(Z)]. The addition of
the superscript * denotes a functional of By, e.g., E§[f(Z*)] := Ep:[f(Z*)]. The expectation
of a random function of a data unit, e.g., f,,(Z), is taken with respect to the random data unit
Z and not f,,. We use P,, to denote the empirical measure of Z;,..., Z,. We sometimes use
the empirical process notation Pf := Ep[f(Z)] for probability measure P and P-measurable
function f.

We use a A b to denote min{a,b}. For vectors u = (uy,...,u,) and v = (v1,...,7,),

we take inequalities to be component-wise, i.e., {u < v} = {u; < wvy,...,u, < v,}. We use



Il I-ll,s and ||| to denote the supremum norm, variation norm, and uniform sectional
variation norm, respectively. We use s C {1,...,p} to denote the index set of a covariate
subgroup. For any vector v, we use to v, to denote the elements of v with index in s and v_;
the elements of v with index not in s. The sample spaces of X and X_, are denoted by X
and X_,, respectively.

We use F to denote the class of potential prediction functions, endowed with norm
||-|| 7 The functions in F map from X to a context-specific codomain ), depending on the
predictiveness measure being studied. The subset F; := {f € F : f(u) = f(v) for all u,v €
X satisfying u_s = v_,} characterizes prediction functions in F that ignore features with

index in s. We allow F to be largely unrestricted up to regularity conditions.

2.2.2  Predictiveness and variable importance

In this section we give a brief overview of predictiveness and variable importance. We define
V(f, P*) to be the ideal data predictiveness measure; it quantifies how predictive f € F is
under P*, with larger values indicating higher predictiveness. The oracle prediction function

fo corresponding to the true data-generating mechanism Fj is defined by

fo € argmax, zV(f, ) .

The oracle prediction function represents the optimal prediction function possible under Py,
as measured by V. If F is sufficiently rich, the oracle should not depend on the choice of
function class. The oracle predictiveness is then defined as vy := V(fy, P}), which measures
the combined predictive potential of X under P;. We analogously define the residual oracle
predictiveness of X, as vo s 1= V(fos, Fy), where fo, € argmax;.» V(f, Fy) is the residual
oracle prediction function. This quantifies the combined predictive potential of X _;.

For r C s a strict subset of s, we define vy s, as the intrinsic importance of X, relative
to X,, ie., ¥os—r = Vo, — Vos. This is the decrease in oracle predictiveness when s is
excluded compared to when only r is excluded. Without loss of generality, we focus on

0,5 = Yo,s—p = Vo — Vs, the intrinsic importance of X relative to the full covariate vector



X. Due to covariate-induced censoring, it may be of interest to include features in the full
vector X without analyzing their predictive potential. Such variables could be included in

the index set r.

2.2.8  Common predictiveness measures in survival analysis

The choice of predictiveness measure should depend on the purpose of the prediction function
f. For example, if f is a risk score intended to stratify participants into risk categories,
an appropriate measure quantifies how well f discriminates between high-risk and low-risk
participants. On the other hand, if f is a predicted survival probability at landmark time
T, an appropriate measure quantifies the accuracy of f as an estimator of the true survival
probability at time 7. Our framework is broadly applicable, but the practitioner must choose
an appropriate predictiveness measure. We give several example predictiveness measures
below, with additional examples in Appendix A.3. For a discussion of predictiveness measures

for survival data, see Korn and Simon (1990).

Ezample 1: AUC. Heagerty and Zheng (2005) describe several variants of time-varying area

under the receiver operating characteristic curve (AUC). The most natural analog to binary

outcome AUC is the “cumulative/dynamic AUC,” defined as
V(f, i) =B (f(X) > f(X) [T <7, Ty > 1)

where (X1, 7T1) and (X3, T») are independent draws from Pg. The cumulative/dynamic AUC
at landmark time 7 measures the probability that a participant who fails at or before time
7 has a higher risk score f(z) compared to a participant who has not failed by time 7. For
survival data, AUC is sometimes estimated using inverse-probability-of-censoring weights
(IPCW) (Uno et al., 2007; Hung and Chiang, 2010), a Kaplan-Meier approach valid under
noninformative censoring (Chambless and Diao, 2006), or the Cox model (Song and Zhou,

2008).

Ezample 2: C-index. The concordance index (c-index) is a predictiveness measure that does

not require the choice of a landmark time and is often considered to be a global measure of
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discriminative performance. The population c-index Py (f(X1) > f(X2) |71 < Ty) measures
the probability that, between a randomly selected pair of participants, the participant with
the higher risk score fails earlier. For identifiability under right censoring, we restrict the

comparison of times to those falling before some user-specified time 7:
V(f, Fg) = F(f(X1) > f(Xo) |Th < T, Th <7) .

Besides the c-index statistic proposed by Harrell et al. (1982) — which converges to a pop-
ulation parameter that depends on the censoring distribution — other existing estimation
methods are based on the Cox model (Gonen and Heller, 2005), the Pareto distribution
(Brentnall and Cuzick, 2018), IPCW (Uno et al., 2011), and the stratified Kaplan-Meier
estimator (Efron, 1967).

Example 3: Brier score. It may be of interest to predict a participant’s probability of remain-

ing event-free by landmark time 7. In this case, the predictiveness of f can be quantified using
any loss function for predicting the binary outcome 1(T" > 7). Let L : F x {0,1} — [0, 00)
denote such a loss function. The predictiveness measure can be defined as the negative
expected loss —E§ [L(f(X),1(T > 7))]. Possible loss functions include log loss, binary clas-
sification loss, and squared error loss. The expected squared-error loss for a binary outcome
is referred to as the Brier score (Brier, 1950) and is often estimated using IPCW (Gerds and
Schumacher, 2006). Here, we focus on the negative Brier score (i.e., negative mean squared

error (MSE)):

V(f, Py) = —Ey [{f(X) - LT >7)}].

The Brier score is related to the proportion of explained variance (PEV) measure given by
1— (E;[{f(X)—1(T > 7)}?) /Varg[L(T > 7)] (Schemper and Henderson, 2000). When
f equals the conditional mean, this quantifies the proportion of the variance of 1(7° > 7)

explained by X.
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2.3 Adapting VIMs for survival analysis

2.3.1 Identification and support

Under right censoring, the predictiveness measures and resulting VIMs given in Section
2.2.3 are not functionals of the observed data distribution F,. Standard plug-in estimation
techniques are therefore infeasible, and we must proceed by identifying the predictiveness
measures, i.e., writing them in terms of /4. Our identification approach relies on the hazard
function. We define the conditional cumulative hazard of T" given X =z at t as Aj(t|x) :=

(f %, where Fj(t|z) := Pf(T < t|X = z). The hazard and survival functions are
linked via the product integral mapping a +— J{ {1 — a(du|z)}, as established by Gill
and Johansen (1990):

PH(T > | X =) = T {1 - Aj(du| )} = S;(t| ). (2.1)

(0s¢]

We identify Si(¢ | z) under the following assumptions:
(A1) (conditionally independent censoring) T is conditionally independent of C' given X.
(A2) (positive event probability) P;(C > t|X) > 0 Pj-almost surely.

Under (A1), T and C may depend on each other as long as they are conditionally independent
given the set of recorded covariates X. This allows for informative censoring, and the ability
to handle informative censoring is a key component of our variable importance framework.
In light of condition (A1), it is necessary to include in the full feature vector X any covariate
which is thought to inform the censoring mechanism, in addition to features that are of
interest for prediction. We note here that conditionally independent censoring is a form of
coarsening-at-random, which implies that the model M is nonparametric (van der Laan and
Robins, 2003). This fact will be vital in our efficiency calculations in Section 2.4. Condition

(A2) states that there is positive probability of remaining uncensored at time ¢ in nearly all
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covariate strata. In essence, at a population level there are no covariate strata for which all
individuals are censored at time ¢.

Next, we define the observed data hazard Ay(t|z) := g%, where Hy(t|x) :=
Py(Y <t,A=1|X = x) is the subdistribution function of ¥ among uncensored individuals
and Ho(t|z) := Py(Y < t|X = z) is the distribution function of Y. The usual identi-
fication of the hazard under dependent censoring (Beran, 1981, see Appendix A.2) yields
that Aj(t|z) = Ao(t|z). Defining Sp(t|z) = J{o4 {1 — Ap(du|z)}, it follows by (2.1)
that Si(t|z) = So(t|x), i.e., Sp is the observed data equivalent of S§ under condition (Al).
For convenience, we define Fp := 1 — Sp, the identified version of the conditional distri-
bution function of T" given X. We emphasize that Ap, Sp, and Fp are each in one-to-one
correspondence with one another.

Many predictiveness measures can be written as an expectation taken with respect to
the joint distribution of X and 7. Using the tower property, the joint distribution function
evaluated at (z¢,%o) can be written as F§(xo,to) = [ L(u < x)F(to | u)Qf(du), where Q
is the distribution function of X under Fj. Letting )y denote the distribution function of
X under Fy, we note that Qf = Qo since X is fully observed. Combining this with the fact
that, under (A1) and (A2), Fj(t|z) = Fo(t|z), we can write the identified version of F{ as

Fo(ﬂfo,to) = /l(u S $0)F0(t0 ‘ U)Qo(du) .
We now define the class of predictiveness measures that is the focus of this chapter.

Definition 1. Let R C X x (0,00) denote a region of integration for the joint distribution
function F§. An ideal data predictiveness measure V(f, Py) is called a standardized survival

V-measure if it can be written in the form V(f, Py) = Vi (f,F§)/Va(Ff), where

W) = [ [ @00 ). ) [T Fildas. )
»(F%) / / (t1, ... tm HIF*da;],dt)

for symmetric kernel functions @ : {J x ]R}m — R and © : R™ — R and m > 1 an integer.
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A more general definition could allow V to have an additive dependence on some constant
n € R, which would encompass predictiveness measures such as PEV. For variable impor-
tance, where interest lies in the difference between full and residual oracle predictiveness,
the constant n cancels, and we omit it for simplicity.

Identifiability of V depends on the region R over which Fj(z,t) is integrated, due to the
fact that Fj(t|z) is unidentified at times ¢ for which condition (A2) fails to hold. We let
T C (0,00) denote the region of integration for ¢, such that R = X x 7. We place conditions

on 7 and on the kernel functions ® and © to ensure identifiability.

(A3) (region of integration) T, ®, and © satisfy one of the three following conditions:

(A3a) T = [a,b] for a,b € [0,00) such that b satisfies condition (A2);

(A3b) T = [0,00) and there exists a 7 satisfying condition (A2) such that ® and ©

depend on ¢ only via the indicator function ¢ — 1(¢t < 7);

(A3c) T = T1 UTs, where each of T; and 75 satisfy one of the two previous conditions.

For the remainder of this chapter, the region of integration for all integrals with integrator
F(xo,to) is taken to be R. Table 2.1 gives the form of ® and © for each of the examples
introduced in Section 2.2.3. The c-index satisfies (A3a) with a = 0 and b = 7 if 7 is chosen
such that (A2) holds. The Brier score and AUC satisfy condition (A3b) if 7 is chosen such
that (A2) holds.

The components V; and V, of a standardized survival V-measure depend on Fj only
via the joint distribution function F§. Under (A1) - (A3), F§(z,t) = Fo(z,t) over R, and
so Vi(f,F5) and Vy(F§) are identified. We use Vi, V,, and V' to denote the observed data

counterparts of Vi, Vy, and V, respectively.

2.3.2  Characterizing the oracle prediction function

Because V(f, ;) = V(f, o), we have that argmax,.zV(f, ) = argmax .=V (f, b), i.e.,

the maximizer of the ideal data predictiveness measure is also the maximizer of the ob-
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VIM m P S}
AUC 2 ( (.1'1) > f(ajg) to < 71,11 > 7') ]1(751 < 7,ty > 7')
c-index 2 ( (Il) > f(.ilfg) t1 < 7,10 > tl) ]l(tl < 7,ty > tl)
Brier score 1 2f(z)1(t > 7) — f(x)? — 1(t > 7) 1

Table 2.1: Degree and kernel functions for example standardized survival V-measures. The
AUC and c-index kernels can be symmetrized by adding a second evaluation of the kernel
with arguments exchanged, and dividing by two.

served data predictiveness measure. In some cases, the ideal data maximizer may already be

characterized and must only be written in an appropriately identified form, as seen below.

Ezample 1: AUC. The ideal data maximizer of f +— V(f, Py) is given by the population

conditional mean of the indicator variable 1(7" > 7) given X, i.e., fo : o — E§[1(T > 7) | X =

x] (Williamson et al., 2021b). We can write this in terms of Fy as fo : x +— 1 — Fo(7 | 2).

Example 2: C-index. It is not straightforward to characterize the oracle prediction function

for the c-index. The oracle is any prediction function f that gives a higher risk to X; than
to Xy when {7} < T5,T) < 7} occurs with Pj-probability larger than the Pj-probability of
{Ty, < Ty, Ty < 7} (see Appendix A.2). For nonparametric M, fo does not appear to be
available in closed form. This necessitates a direct optimization procedure to estimate fy,

which we outline in Appendix A.4.

Example 3: Brier score. The Brier score at time 7 is equivalent to MSE for the binary out-

come 1(T" > 7), and so the oracle prediction function is the conditional mean of the indi-
cator variable, i.e., fo : x — E§[L(T > 7)| X = z]. This can be written in terms of Fj as

forx—1—Fy(r|x).
2.4 Estimation and inference

2.4.1 Qverview

The observed data predictiveness measure relies on the unknown nuisance functions f, and

Fy. Using flexible machine learning methods to estimate these nuisances maximizes the
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chances of consistent estimation without making strong distributional assumptions on T
given X. Given estimators F), and f,, and using the empirical distribution of (Xj,...,X,)
as an estimate @),,, we might consider the plug-in estimator o, := Vi(f,, INFn) / %(Fn), where

n

F, (20, to) := /m < 20)Fy(to | w)Qn(du) = %Z 1(X; < 20)F,(to| Xi) -

i=1
In general, we cannot expect f, and F, to converge at n'/? rate. The fact that f, is a
maximizer of f — V/(f, Py) implies that its estimation has no first-order contribution to the
asymptotic behavior of the plug-in estimator (Williamson et al., 2021b). Nonetheless, we
need to pursue a debiased estimator to account for the behavior of Fj, in the integrator of
the survival V-measure.

There are several possible approaches to debiasing the plug-in estimator; we focus on one-
step debiasing at the level of the joint distribution function of (X, 7). We first characterize
the asymptotic bias Bg,(zo,t9) of the plug-in distribution function estimator F, (0, o).
This leads to the debiased estimator V;(f,, F, — Br,)/ VQ(IF‘H — Br,,), which under regularity
conditions is asymptotically linear and nonparametric efficient. In addition, it enjoys a form
of double robustness. We outline this procedure in Algorithm 2.1 and provide details in the

remainder of this section.

Algorithm 2.1 VIM estimation procedure outline
1: Compute estimator F,, of the conditional distribution function of 7| X. Use this to
construct the plug-in joint distribution function estimator F,,.
Compute estimator Bp,, of the asymptotic bias of F,,.
Construct one-step debiased estimator [F)° = I~Fn — By .
Compute estimators f,, and f, s of the full and residual oracle prediction functions.
Plug in nuisances estimators f,, f.s, and Fy® to yield the overall VIM estimator

Vilfo, B20) [ V2 (B) = Vi fs, B) V2 (FY).
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2.4.2  Efficiency

We first present the EIF of V( fo, Fy), which plays a role in our proposed inferential procedure.

This EIF involves the conditional survival function of C' given X, identified under (A1) as

P(C >t X =x) = Go(t| ) == J[ {1 - Af(du| =)},

[0,u)

where AG(t|z) = [ {SP“ lx)} Heoldule) and Hpo(t|z) == P(Y < t,A = 0| X = x).

Sp(u|x) 1-Hp(u~ |z)

This nuisance parameter appears in the key quantity

51]—[0t] AP dU|ZE) }
y]:ery|x Spu|pr(u|x) ’

Z — QOP,Z(t) = —Sp(t | LE) {Sp(

which resembles the influence function of the stratified Kaplan-Meier estimator (Reid, 1981).
This function plays a prominent role in nonparametric survival analysis. We also define the

mappings

Ppi((21,t1), .- -, (21, 11))

= / / & ((fo(wr)otr)s o (Frle) ), (Fo(@n)s s, ooy (fo(m)s )

x [ Frlda;,dt;);
j=l+1

@pl t1,... / / tl,.. tl,tH_l,...,tm) H Fp(dl'j,dtj) .

j=l+1
Before presenting the EIF, we introduce some regularity conditions, which are discussed in

greater depth in Williamson et al. (2021b).

(B1) There exists a dense subset H of LY( ) such that, for each h € H and regular univariate
parametric submodel {Fy .} C M through F at ¢ = 0 and with score for € equal to h
at € = 0, the following conditions hold, with fy . denoting fp,.:

(Bla) (second-order perturbations) V(fo.e, P)—V (foe: Po) = V(fo, P.) =V (fo, Fo)+o(e);
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(B1b) (differentiability) € — V(fo., Po) is differentiable in a neighborhood of € = 0;

(Blc) (richness of function class) the optimizer fy. is in F for small enough e.

Theorem 1. If there exists v € (0,00) such that Go(T|x) > v for Py-almost every x and
if condition (B1) holds, then P — V (fp, P) is pathwise differentiable at Py relative to the

Do (Po)(z) _ Va(fo,Fo)De (Po)(=
Va(Fo) Va(Fo)2

nonparametric model M, with EIF given by D(P,) : z — ) where

Do(Fo) 2z m {/ ®o,1 (z,t) {Fo(dt | x) — po.(dt)} — Vl(fano)] ;
Do(Py) : = m { / o1 (1) {Fo(dt | 2) — por(dt)} — VQ(IFO)} .

If Fy were known, Vi and V5 would be standard generalized moment functionals with
uncentered EIFs x — m [ @1 (z,t)Fo(dt| ) and  — m [ g1 (t)Fy(dt | z), per the theory
of V-statistics. The components z — m [ Pg1(z,t)p.(dt) and z — m [ Og1(t)po .(dt)
represent the contribution from estimating Fy. The fact that fy must be estimated has no

impact on the EIF.

2.4.8 FEstimation of the joint distribution function

En route to building an estimator of v, s, we propose a strategy for debiased estimation of
Fo(zo, to). This strategy uses the EIF of Fy relative to M, which is given by z +— ¢, (g, t) :=
¢0,Z(.’E0,t0) — Fo(l’g,to), Where ¢0’Z(l’0,t0) = ]1(.1' S 1'0) {Fo(to ’ $) — @072(250)} (Lemma 1 in

Appendix A.1). Given P € M, a first-order expansion of Fp(zg, %) about P, is given by
Fp(xo, to) — Fo(wo, to) = —Podo (2o, to) + Rag.to(P: Fo), (2.2)

where R, s, (P, Py) := Fp(x0,to) — Fo(xo,to) + Pogo(wo, to) is the remainder from a lineariza-
tion of IF about Fy. We expect R, (P, Fy) to have a second-order contribution due to the
strong differentiability of IF, in the sense of Pfanzagl (1982).

The one-step approach requires an estimator of Fy. Since the representation of ¢, includes

the variation-independent nuisances Fj and Gy, a natural parametrization of Py is given by
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(Fo, Go, Qo). (We recall that estimating Fy gives estimates of Sy and Ay.) We define P, as
the estimator of P constructed from estimators F), and G,,, as well as the empirical covariate
distribution @,. Replacing Fy and Gy with F,, and G,,, we obtain the estimated uncentered
and centered influence functions ¢, and ¢,. We suppose that F,, and G,, converge to limits
F, and G, in a manner made concrete in Theorem 2, and we define ¢, and ¢ as the
uncentered and centered influence functions evaluated at F., and G. Using (2.2), we can

write

FTL(IW tO) - IE‘0<5(:07 tO) - an_soo(x()a tO) + Cn,xo,to(Pm Poo) + R:co,to<Pn7 PO) - an_ﬁn<l’07 t()),
(2.3)

where Cy, 4010 (P, Po) = (Pn, — Py) {dn(0, to) — doo(wo, o) } is an empirical process term.
The leading term on the right-hand side of (2.3) is the empirical average of mean-zero trans-
formations of 7, ..., Z,. The second and third terms are expected to be second-order. The
final term represents the excess bias due to flexibly estimating Fy and Gy, and its pres-
ence indicates that the plug-in estimator I?n(xo, to) may fail to achieve n'/2-consistency for

Fo(xo,to). A debiased one-step estimator of Fo(xg,to) is then given by
F:L(Jfg,to) = I~Fn(l’OatO) +an_5n(x07t0) nqbn Jfo,to Z¢n antO

In light of (2.3), under regularity conditions this is an asymptotically linear estimator of
Fo(zo,to).

One of the conditions often used to control C,, 4+ (P, Px) is the Donsker condition,
which constrains the complexity of the algorithms used to estimate Fy and Gy. Flexible
estimators are unlikely to satisfy this requirement, but cross-fitting can circumvent the need
for Donsker conditions (Zheng and van der Laan, 2011; Chernozhukov et al., 2018). For K-
fold cross-fitting, we randomly partition the dataset into K subsets of roughly equal size. For
each k € {1,..., K}, we set aside the k' subset as test data and construct estimators F;,
and G, ;, using the rest of the data, yielding estimated influence function ¢, x(xo, tp). We then

construct and store Iy, x(zo, %) := Py x0ni(x0,t0), where P, is the empirical distribution
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of the data unit Z in the test data. We note that (F,, , G, ) and P, are estimated using
non-overlapping subsets of the data. We repeat this procedure for each of the K subsets
and construct the overall cross-fitted estimator % S Prkbn i (20, to) of Fo(xo, to). We use

a similar procedure to produce a cross-fitted VIM estimator.

2.4.4  VIM estimation

To estimate the oracle predictiveness V' ( fo, Py), we consider the cross-fitted estimator

vn,l % Zle Vi (fn,k7 ]Fn,k:)

Up 1= = ,

Un2 L3 Va(Fug)

where f, . denotes an estimator of the oracle prediction function fy, constructed using the

same data used to construct F}, ; and G, ;. In some cases, f,, can be written as a function
of I, x, and so requires no additional fitting. When fj is not available in closed form, f,
may be obtained using a direct optimization approach, as outlined in Appendix A.4 for the
c-index.

We study the behavior of v,, by separately considering the numerator and denominator.

A first-order expansion of v, 1 about Vi(fy,Fy) yields
vn1 — Vi(fo, Fo)

p K
- %Z Vi(fo, Frg) — Vi(fo, Fo) } + % Z {Vi(fok:Fo) — Vi(fo. Fo)} + 7
" h—1

where r,, := % Zle {Vi(foke, Frk) = Vilfok, Fo)} — {Vi(fo, Fnk) — Vi(fo.Fo)}]. In the first
term on the right-hand side above, the prediction function argument is fixed at fj, and so the
behavior of this term is determined by the behavior of F,, ; via the mapping F — Vi(fy, F).
The second term is the contribution from the estimation of f;. The final term r, is a
difference-in-differences term that will be second-order under regularity conditions. A similar
expansion of v, o yields v, — Va(Fy) = % Zszl {Va(F,.r) — Va(Fo)}. Because V, does not
involve fy, we need only consider the behavior of IF,, , via the mapping F — V5(IF).

In Theorem 2, we provide conditions under which v, is consistent for vy.
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(B2) (bounded away from zero) There exists v € (0,00) such that, with probability tending
to 1 and for Fp-almost all z, G, x(7|x) > 1/v and Go(r|x) > 1/v for each k €
{1,2,...,K}.

(B3) (limits of nuisance estimators)

2
(C3a) There exists G, such that maxy Eq [supueT ‘G k(1u|X) — Gw(luu() H 2.

2
Skl X)  Sw(u|X)[]? P
5 k(0] X) soo(va = 0.

(C3b) There exists S such that maxy Eg [supueT SUDye[0,4]

(C3c) maxy, || fur(X) = fo(X)| = 0.

(B4) (single correctly specified nuisance) For Py-almost all x, there exist sets S,,G, C T
such that S, UG, =T, Axc(u|x) = Ag(u| z) for all u € S, and G (u|z) = Go(u | x)

for all u € G,.

(B5) (continuity at fy) There exists some constant .J; such that, for each sequence fi, fo,--- €
F such that ||f; — foll = 0, [V(f;,Fo) = V(fo.Fo)| < Jillf; — fol| » for each j large

enough.

(B6) (variation norm) The functions ® and © are bounded on R, and additionally, for all
[ <m,
) Sl(lp )||($7t) = @og ((fo(wa),t1), - s (folzia), ti), (fo(2), 1)), < 00 ;
Z1,01),0 1,11

sup ||t = Oy (t1,..., ti-1,t)]|, <00

Theorem 2. If conditions (B2)—(B5) hold, then v,, converges in probability to v.

Condition (B2) requires that G, and Gy are uniformly bounded away from zero. Condition
(B3) requires that F,, and G,, converge to fixed limits, and that f,, converges to fy. Conditions
(B3) and (B4) together imply that, for almost all ¢ € T and z € X, either S, or G, is

consistent. Because of this, v, enjoys a form of double robustness; unsurprisingly, though,
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fn must converge to fy. Condition (B5) essentially requires that the map f +— V(f,Fo)
is continuous about f, with respect to the ||-|| norm. Condition (B6) requires that the
kernel functions ® and © are bounded and also places restrictions on the uniform sectional
variation norm of ®y; and ©O; for all [ < m, with respect to a single data unit. This is
weaker than requiring finite uniform sectional variation norm of the kernel with respect to
all arguments. Because ® and © depend on z only via fy(x), it is relatively straightforward
to impose restrictions on f; such that (B6) holds (see Appendix A.2).

To establish asymptotic linearity of v,, we require additional conditions. Conditions (B9)
and (B10) involve random functions hy, 1, An k.2, bk, and hy, gy, defined in Appendix A.1.

We let hn,k,l = Pgnilhn,kyl and hn,k,Q = Pgnilhn,kyg.

(B7) (optimality) There exists some constant J, such that, for each sequence fi, fo, - € F
such that ||f; — foll = 0, |V(f;, Po) = V(fo, Fo)| < Lollfj — foHiE for each j large

enough.
(B8) (minimum rate of convergence) maxy || f, — fol| » = op (V4.
(B9) (weak consistency) maxy Eo [h2 ;. 1(Z)] = op(1) and max; Eg [h2 , 5(Z)] = op(1).

(B10) (negligibility of higher-order remainder terms) maxy sup,er Eolhn it (X)| = op (n71/?)
and maxp EO [hn,kvg(zl, ey Zm)] = op (n_1/2>,

Theorem 3. If conditions (B2), (B3), and (B7)-(B10) hold, and in addition Fy, = Fy and
Goo = Gy, then v, —vo = L3770 D(Py)(Z;) + op (n%). If condition (B1) holds, then
D(FRy) is the EIF of P V(fp, P) at Py relative to M, and v,, is nonparametric efficient.

Condition (B7) formalizes the requirement that estimation of f, has no first-order contri-
bution. Whether this condition is satisfied in a particular setting depends on the regularity
conditions placed on Py and F. We provide details for the examples in Appendix A.2. Con-
dition (B8) requires that fj be estimated at a sufficiently fast rate. Condition (B9) ensures
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asymptotic negligibility of a set of empirical process terms. Condition (B10) requires that
two remainder terms, depending on (G, — Go)(Anx — Ag) and (fox — fo)(dni — do), tend
to zero at rate faster than n='/2.

By substituting f,x, fo, and F for f, s, fos, and F;, respectively, a similar result to
Theorem 3 holds for the cross-fitted one-step estimator v, s of vy 5, the residual oracle predic-
tiveness. We use Dy(Py) to denote the resulting influence function. To estimate the variable
importance 1 s, we use the estimator 1, s := v, —v,, s, which will itself be asymptotically lin-
ear and nonparametric efficient with influence function D(F)) — Ds(F). Under non-null im-
portance (1o, # 0) and Py { D(Py) — Ds(Py)}? < 00, we have that n'/2(1),, , — 1 s) converges
weakly to a mean-zero normal random variable with variance of , = Py {D(Fp) — Dy(Py)}.
We estimate ag,s by ‘7721,3 = % Zszl ai’k’s, whose form is given in Algorithm 2.2 along with
the full procedure for inference under non-null importance. Letting 2, denote the gth quan-

tile of the standard normal distribution, a confidence interval with asymptotic coverage 1 —«

is given by
(1/}’”’5 o Zl_a/QJnvsn_l/Qv ¢n,s + Zl—Ol/QO-n,sn_l/Q) .

When 9y = 0, the influence function of 1, ; is also zero. In this scenario, v, s converges
at a rate faster than n'/2, and our proposed inferential procedure will be invalid. This pa-
rameter space boundary problem has been a topic of recent study (Dai et al., 2022; Lundborg
et al., 2022). The solution identified by Williamson et al. (2021b) and Dai et al. (2022) to
construct confidence intervals that remain valid under the null hypothesis that ¢y, = 0,
and to perform hypothesis tests, involves sample splitting. The sample splitting procedure
(detailed in Algorithm 2.3) entails estimating vy and vy s using non-overlapping portions of
the data. By constructing separate asymptotically linear estimators of the full and residual
oracle predictiveness and taking the difference between them, we ensure that the resulting
estimator has non-degenerate behavior under the null. However, sample splitting results in
decreased in power for testing the null hypothesis that ¢y s = 0. Dai et al. (2022) propose to

perform the sample splitting procedure multiple times and aggregate the resulting p-values
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Algorithm 2.2 Cross-fitted inference on VIM value 9 s (non-zero importance)

1: Select approximation time grid B := {t1,...,t;}, where t;x > 7.

2: Generate M, € {1,..., K}" by sampling uniformly from {1,..., K} with replacement.
For k =1,..., K, denote by Dy the subset of observations with index in {i : M,,; =

3 fork=1,..., K do

4: Using only data in U;.,D;, construct estimators £, and G, of Fy and Gy, re-
spectively, on B. In addition, construct estimators f,; and f, s of fo and fo5,
respectively.

5: Plug in F,; and G,  to obtain ¢, (zo,%), using B to approximate integrals as

Riemann sums.
6: Using only data in Dy, construct empirical distribution estimator P, ;, of /. Denote
by F, i the estimator of Fy constructed using F,, x, Gy i, and Py, ;.
7: Compute vy, 15 = Vi(frrs Fnk)s Un2k = Va(Fnk), Uniks = Vi(fuks, Fng). Compute
Ui,k,s = Ppx {D(Po) — D(Pn,k,S)}z'
: end for

. K K
: Compute estimator 1, s 1= {% Yoiey WUn1g — Un,1,k,s)} / {% D et vng,k} of ¥ .

. K
10: Compute estimator o2, := %= > ;" 02, of of .

© 0o

in order to recoup power. We adapt this to our setting by performing Algorithm 2.3 U
times, producing p-values {pi,...,py}. These p-values can be aggregated via any multiple
testing procedure that controls of the family-wise error rate, e.g., the Bonferroni method.

Confidence intervals may be obtained by inverting the resulting hypothesis test.

2.4.5 FEstimation of nuisance parameters

Our proposed procedure requires estimation of Fy and Gy, the conditional distribution/sur-
vival functions of the event and censoring times, respectively. For the examples we consider,
Fy and G must be estimated over an interval (0, 7]. Because of this, we recommend using an
approach that targets the entire distribution function, rather than the distribution function
as a single time point. Furthermore, to reduce the risk of biased estimation due to misspec-
ified models we focus on data-adaptive, flexible methods, examples of which are included in
the simulations in Section 2.5.

Estimation of fy must be handled on a case-by-case basis. For VIMs such as AUC and
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Algorithm 2.3 Sample-split, cross-fitted inference on VIM value v,

1: Select approximation time grid B := {t1,...,t;}, where tx > 7.
2: Generate M, € {1,...,2K}" by sampling uniformly from {1,...,2K} with replacement.

For k =1,...,2K, denote by Dy, the subset of observations with index in {i : M,,; =
k}. Let ng denote the number of observations in Uy, eyenDk-

3: fork=1,...,2K do

4: Using only data in U;.,D;, construct estimators F),; and G, of Fy and Gy, re-
spectively, on B. In addition, construct estimators f,  and f, s of fo and fo s,
respectively.
5: Plug in F,; and G, to obtain ¢, (o, %), using B to approximate integrals as
Riemann sums.
6: Using only data in D, construct empirical distribution estimator P, j of F4. Denote
by F, i the estimator of Fy constructed using F,, x, Gy i, and Py, 4.
7 if k£ is odd then
8: Compute vp1x = Vi(fur Fng) and vpop = Va(Fng). Compute 77, =
Pn,kD(Pn,k)Q'

9: else

10: Compute vp1ks = Vi(fuks, Fog) and vnop = Va(F, ;). Compute Tim =
]Pn,kD(Pn,k,s>2-

11: end if

12: end for ' ) LS AR

13: Compute estimator 1, ; := gz;ﬁilvn:gjzkﬂ - gzkilvn;%:s of Yy .

14: Compute estimator 7, , := m S T o S Tror.s Of the variance of

*
n,s*
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Brier score, estimating Fj directly yields an estimate of fy. (It is important to note that,
in the case of these landmark time VIMs, f, depends on Fy only at time 7, and not over
the entire interval 7.) When the oracle is not available in closed form, as is the case for the
c-index, an estimate of Fy can be leveraged in an additional optimization scheme to produce
an estimate of fy. Using F), to directly or indirectly construct f,,, as we describe here, is only
one of several possible strategies for estimating fy. We discuss other approaches in Section
2.7.

Due to the possibility of informative censoring, we must take care in estimating the resid-
ual oracle prediction function fys. In many cases, fy s is a conditional mean of a function of
T given the reduced feature vector, e.g., Eq [¢(T) | X_s] with g : ¢ — 1(¢ > 7) in Examples 1
and 3. This quantity can be written as a function of Fy(- | X_;), and it may be tempting to
directly estimate Fy(- | X_g) with the same procedure used for Fy(-| X). However, this could
lead to bias due to covariate-induced censoring if the set s includes variables that inform the
censoring mechanism. We leverage the fact that Eq[g(T) | X_s] = Eo [Eo [¢(T) | X] | X_4],
which suggests that we construct full oracle predictions and then regress those predictions
on the reduced feature vector. For example, Fy(7 | X_;) can be estimated by first estimating
Fo(7] X) and regressing the resulting estimates on X_4. For VIMs requiring direct optimiza-
tion of V', the class of potential optimizers can be restricted to those depending only on X _g,

with F, (-] X) used in the optimization procedure.
2.5 Numerical experiments

2.5.1 Simulation setup

We conducted numerical studies to evaluate the performance of our proposed estimation
procedure for survival VIMs. In all experiments, we began by generating independent repli-
cates of (X,T,C), where X is a p-dimensional covariate vector generated from a multi-
variate normal distribution with mean vector (0,...,0) and covariance matrix ¥. Given

covariate vector X = xz, the event time 7T and censoring time C' were simulated from
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the log-normal accelerated failure time models log(T) = Birz1 + - + Bprx, + €7 and
log(C) = Boc + Brcr1 + -+ + Bpcxp + €c, where er and e were independent standard
normal random variables, and where () was chosen to achieve the desired censoring rate
in each simulation setting. For each observation, the observed follow-up time Y was set to
min{7, C'} and the event indicator A was set to 1(T" < C). The simulation scenarios are
summarized in Table 2.2, and the true VIM values are given in Table A.1.

We evaluated our estimation procedure using three different estimators for the nuisance
functions Fy and Gy: random survival forests (RSF) (Ishwaran et al., 2008), global survival
stacking (Wolock et al., 2022), and survival Super Learner (Westling et al., 2023). Global
survival stacking and survival Super Learner are different forms of stacked regression, while
RSF is a tree-based ensemble learner. Details on nuisance estimation, including algorithm
libraries and selection of tuning parameters, are given in Appendix A.5. To approximate
the integrals appearing in v,, and v, s, each nuisance function was estimated on the grid of
observed event times.

For landmark time VIMs, oracle prediction functions were estimated using F,(7|x).
Residual oracle prediction functions were estimated by regressing {F),(7 | X;)}i~, on the re-
duced covariate vectors {X; _s}7, using Super Learner with the same library included in
global survival stacking. For the c-index, the F, (- |z) was plugged into the gradient boost-
ing method described in Appendix A.4 to estimate the oracle and residual oracle prediction
functions. Five-fold cross-validation was used to select tuning parameters for the boost-
ing procedure. In all scenarios, we implemented our estimation procedure with five-fold

cross-fitting and also included non-cross-fitted comparators (using the procedures outlined

in Algorithms 2.2 and 2.3 with K = 1).

2.5.2 Simulation results

We first investigated the overall performance of our procedure under two representative
scenarios. In Scenario 1, we set p = 2, fr = (0.5,—0.3), fc = (—0.2,0.2), and ¥ =
I, the identity matrix. In Scenario 2, we set p = 25, fr = (0.5,-0.3,0,...,0), fc =
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Scen. p Corr. features Censoring rate Samp. split Results
1 2 No 50% No Main text & Appendix
2 25 No 50% Yes Main text & Appendix
3 2 No {30%, 40%, ..., 70%} No Appendix
4 5 Yes 50% Yes Appendix

Table 2.2: Summary of simulation scenarios.

(—0.2,0.2,0,...,0), and ¥ = I5;. We set By = 0 to achieve a 50% censoring rate. In both
scenarios, X and X5 had non-zero importance, while other covariates (where applicable) had
zero importance. Both X; and X, inform the censoring mechanism. For each scenario, we
generated 500 random datasets of size n € {500, 750, ..., 1500}. In Scenario 1, we considered
the importance of X; and X,. In Scenario 2, we considered the importance of X; and Xj.
We considered VIMs based on AUC, Brier score, and c-index. Brier score results, as well as
results for X5 in Scenario 1 and X; in Scenario 2, are shown in Appendix A.5. Landmark
times were set to 7 € {0.5,0.9}, corresponding to the 50%® and 75" quantiles of observed
event times. The restriction time for the c-index was set to 7 = 0.9.

In Scenario 1, we used Algorithm 2.2 to compute point and standard error estimates, from
which we computed nominal 95% Wald-type confidence intervals. We evaluated performance
using the empirical bias scaled by n!/2, the empirical variance scaled by n and divided
by the theoretical asymptotic variance, the empirical confidence interval coverage, and the
average confidence interval width. In Scenario 2, where X, has null importance, we used
the sample-splitting procedure described in Algorithm 2.3. As in Scenario 1, we computed
point and standard error estimates, and used these to construct nominal 95% Wald-type
confidence intervals. In addition, we computed p-values corresponding to the null hypothesis
of zero importance versus the one-sided alternative. We evaluated performance using scaled
empirical bias, scaled empirical variance, and empirical confidence interval coverage. For Xy,
we computed the empirical rejection probability of the test of the null importance hypothesis,

while for X; we computed average confidence interval width.
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In Figure 2.1, we show the results for estimating the importance of X; in Scenario 1, where
both features have non-zero importance. From column A, we observe that the scaled bias for
the cross-fitted estimators using global stacking and survival Super Learner is near 0. The
cross-fitted RSF estimator has larger bias. For RSF and global stacking, the non-cross-fitted
estimators for AUC have substantially inflated bias compared to their cross-fitted counter-
parts, and the bias generally does not tend to 0 at a rate faster than n'/2. Interestingly, the
non-cross-fitted c-index estimator performs on par with the cross-fitted version. In column
B, we see that the scaled variances of the cross-fitted estimators are stable with increasing
sample size, and the estimators using global stacking and survival Super Learner have vari-
ance near the expected asymptotic variance (represented by the black horizontal line) for all
three VIMs. For AUC VIM, the variances of the other estimators tend to be larger than the
expected asymptotic variance. Column C shows that the confidence intervals constructed
using cross-fitting achieve near-nominal coverage, although the RSF procedure is mildly an-
ticonservative. The non-cross-fitted procedure using RSF is substantially anti-conservative
for AUC. The c-index estimator shows good coverage with and without cross-fitting. Column
D shows that the width of all confidence intervals decreases with increasing sample size, as
expected.

In Figure 2.2, we show the results for estimating the null importance of X, in Scenario 2
using sample splitting. The results are similar as in the previous experiment. The cross-fitted
estimators have reduced bias compared to their non-cross-fitted analogs, except in the case
of the c-index. All estimators have variance roughly proportional to sample size, with all but
the non-cross-fitted RSF estimator having variance near the expected asymptotic variance.
The confidence interval coverage approaches the nominal level with increasing sample size
for all but the non-cross-fitted intervals using RSF, which are substantially anti-conservative
for AUC. Similarly, the type I error is generally controlled near the 0.05 level when using
cross-fitting.

These empirical results show that our proposed procedure has strong performance in

samples of realistic size. The simulations underscore the importance of cross-fitting when
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Figure 2.1: Performance of the one-step VIM estimator for the importance of X; in Scenario
1 in terms of AUC and c-index. The three VIMs shown are AUC at times 0.5 and 0.9
and the c-index truncated at time 0.9. (A) empirical bias scaled by n'/?; (B) empirical
variance scaled by n/o? where o2 is the theoretical asymptotic variance of the estimator;
(C) empirical coverage of nominal 95% confidence intervals; (D) average confidence interval
width. The colors denote different nuisance estimators, which were used to estimate both
event and censoring distributions. Solid and dashed lines denote non-cross-fitted and cross-
fitted estimators, respectively. Vertical bars represent 95% confidence intervals taking into

account Monte Carlo error.
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Figure 2.2: Performance of the one-step VIM estimator for the (zero) importance of X,
in Scenario 2 in terms of AUC and c-index. The three VIMs shown are AUC at times
0.5 and 0.9 and the c-index truncated at time 0.9. (A) empirical bias scaled by n'/?; (B)
empirical variance scaled by n/o?, where o2 is the theoretical asymptotic variance of the
estimator; (C) empirical coverage of nominal 95% confidence intervals; (D) empirical type
I error. The colors denote different nuisance estimators, which were used to estimate both
event and censoring distributions. Solid and dashed lines denote non-cross-fitted and cross-
fitted estimators, respectively. Vertical bars represent 95% confidence intervals taking into
account Monte Carlo error.

using flexible machine learning nuisance estimators. Under the null hypothesis, the sample
splitting procedure is well calibrated. The results also show that, even when the oracle
prediction function is not available in closed form, a direct optimization approach can yield
good results. We note also that, excluding the non-cross-fitted RSF estimator, all other
estimators performed better in estimating the null importance of X, in Scenario 2 than in
estimating the non-null importance of X; in Scenario 1.

In Appendix A.5, we present additional numerical results. These include results in Sce-
narios 1 and 2 for the features not included in the main text and for the Brier score VIM, as

well as all results in Scenario 3, in which we vary the censoring rate, and Scenario 4, which
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includes correlated features. Overall, we see that the operating characteristics of the proce-
dure are largely consistent across censoring levels. Unsurprisingly, the impact of censoring on
estimator variance and confidence interval width is larger at the later landmark time, when
the censoring rate is higher. The inclusion of correlated features has little discernible impact
on the performance of our proposed procedure, although it does change the population-level
VIM value. This could render interpretation more difficult but does not appear detrimental

to statistical performance.
2.6 Variable importance in HVTN 702

The HVTN 702 trial included 5404 individuals, with 2704 assigned to the vaccine group and
2700 to the placebo group. Participants were healthy adults ranging from 18 to 35 years of
age. One component of the secondary analyses of the trial was the development of a “baseline
risk score” for the 24-month probability of HIV seroconversion using covariates measured at
the time of enrollment, and a subsequent analysis of vaccine efficacy within strata defined by
that risk score. The baseline risk score was constructed using a regularized Cox model. A
formal assessment of the importance of the baseline covariates in predicting the probability
of seroconversion was not conducted.

In order to investigate variable importance in predicting the probability of HIV sero-
conversion in HVTN 702, we chose to measure predictiveness in terms of landmark time
AUC. This aligns with the goal of baseline risk score development in HIV trials: viable time
horizons in most trials will be short enough that only a small percentage of participants will
undergo seroconversion, and interest lies in discriminating between those who are at higher
versus lower risk of seroconversion over those time horizons. The AUC can be evaluated at
several landmark times to assess if and how variable importance varies over different time
horizons.

We analyzed variable importance in the modified intention-to-treat cohort, consisting of
the 5384 participants who underwent randomization and were HIV-1 negative at baseline.

The median follow-up time in this cohort was 623 days. Because the vaccine efficacy was
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estimated to be near 0 (estimated incidence rates per 100 person-years were 3.4 and 3.3 in the
vaccine and placebo arms, respectively), we conducted a pooled analysis of both treatment
arms. We chose landmark times of 18 months, 24 months, and 30 months post-randomization,
corresponding to approximately 60%, 36%, and 13% of participants still at-risk, respectively.
(The original baseline risk score analysis in Gray et al., 2021 used a landmark time of 24
months.) The percentage of participants diagnosed with HIV at each of these landmark
times were 4.1%, 5.1%, and 5.4%, respectively. The majority of censored participants were
subject to administrative censoring due to the termination of the trial. The estimated rates
of loss to follow-up (early study termination for any reason, including death) at 18, 24, and
30 months were roughly 6.4%, 7.3%, and 7.5%, respectively.

The baseline risk scores in Gray et al. (2021) were constructed separately for male and
female sex assigned at birth. We investigated variable importance in the pooled cohort
consisting of both males and females, and among females only, due to the fact that only
37 seroconversions were observed among males. The baseline variables of interest are sum-
marized in Table 2.3 and detailed fully in Gray et al. (2021). We consider the individuals
features sex assigned at birth, body mass index (BMI), and age, as well as feature groups
consisting of geographic confounders, variables related to sexual health, variables related
to behavior, and variables related to housing. Missing covariate values were imputed using
missforest software package, following the procedure detailed in Gray et al. (2021).

The baseline risk scores in Gray et al. (2021) were constructed separately for male and
female sex assigned at birth. In addition to performing an analysis stratified by sex assigned
at birth, we also investigated variable importance in the pooled cohort consisting of both
males and females. The baseline variables of interest are summarized in Table 2.3 and
detailed fully in Gray et al. (2021). We consider the individuals features sex assigned at
birth (in the combined cohort only), body mass index (BMI), and age, as well as feature
groups consisting of geographic confounders, variables related to sexual health, variables
related to behavior, and variables related to housing. Missing covariate values were imputed

using missforest software package, following the procedure detailed in Gray et al. (2021).
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Feature group Feature(s)

1 Sex assigned at birth

2 Age

3 Body mass index

4 Prevalent STI, genital sores, genital discharge

5 Sexual orientation, married or have main sex partner, live with part-

ner, partner has other partners, anal sex, condom use, unprotected
sex with alcohol use, sex with HIV+ partner, unprotected sex with
HIV+ partner, exchange services for sex

Urban/rural, formal dwelling, home has 3+ services

7 Geographic region

(=}

Table 2.3: Features included in the HVTN 702 VIM analysis.

We implemented our procedure using five fold cross-fitting, with global survival stacking
for nuisance estimation. The algorithm library was as described for the numerical simulations
in Section 2.5. To make inference, we used sample splitting with 20 random splits and the
Bonferroni method for combining p-values, as described in Section 2.4.4. The point estimate
presented is the average of the point estimates over random splits.

We present results for two types of VIM. The first is conditional VIM, where the full
feature vector includes all available covariates and the reduced feature vector excludes the
feature or feature group of interest. The second is marginal VIM relative to geographic
confounders, where the reduced feature vector includes only geographic variables, and the
full feature vector includes geographic variables plus the feature or feature group of interest.
The former considers the loss in predictiveness from exclusion of the feature(s) of interest;
the latter considers the gain in predictiveness from inclusion of the feature(s) of interest
relative to a simple base model.

In Figure 2.3, we display the results of the conditional VIM analysis. For the combined
cohort, across all time horizons, sex assigned at birth is estimated to be the most important
feature for predicting the probability of seroconversion. This is unsurprising, as the HIV

incidence estimates in Gray et al. (2021) were 4.3 infections per 100 person-years in females
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and 1.3 infections per 100 person-years in males. In this cohort, the ranking of feature groups
across the three VIMs is similar, with behavioral features ranking behind sex assigned at
birth, followed by the remaining five feature groups. The magnitude of the estimated VIMs
is similar or slightly larger at the later landmark times, which suggests that the importance
of sex assigned at birth and sexual behavior features, while not particularly large, are stable
over the time horizons of interest in this context. Among participants assigned female sex at
birth, the feature ranking is different than that observed in the combined cohort. In particu-
lar, sexual behavior features appear to have decreased importance among females compared
to the combined cohort. As in the combined cohort, the estimated VIMs and associated
confidence intervals are similar among the three time horizons. Among participants assigned
male sex at birth, sexual behavior features have the highest estimated importance, with a
point estimate of around 0.1 at the 18-month time horizon. In this cohort, the magnitude
of estimated VIMs is generally lower at later time horizons. Notably, as there were only 37
seroconversions observed among males, the confidence intervals in the male cohort are sub-
stantially wider than those in the combined and female cohorts. We performed tests of the
one-sided null hypothesis of zero importance for each feature group, none of which achieved
statistical significance at a 0.05 level after adjusting for multiplicity using a Bonferroni cor-
rection.

In Figure 2.4, we present the results of the marginal VIM analysis. For this analysis,
we considered the importance of each feature group relative to geographic confounders; the
reduced prediction model included geographic features only, while the full prediction model
included geographic features plus the feature group of interest. In the combined cohort, sex
assigned at birth is again the most important feature and is deemed statistically significant
at all three time horizons after adjusting for multiplicity (p = 1.5 x1075, p = 0.00015,
and p = 0.00022 at 18, 24, and 30 months, respectively). Sexual health features, sexual
behavior features, and age are of secondary importance after sex assigned at birth, with
all three achieving significance at 18 months of follow-up (p = 0.0061, p = 0.0026, and p
= 0.00047, respectively). Housing features and BMI rank last at all time horizons. As in
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Figure 2.3: Conditional VIM analysis. Rows correspond, from top to bottom, to the com-
bined male and female cohort, female cohort, and male cohort. Columns correspond, from
left to right, to AUC VIM evaluated at 18, 24, and 30 months of follow-up. Feature groups
are given by (1) sex assigned at birth; (2) age; (3) BMI; (4) sexual health features; (5) sexual
behavior features; (6) housing features; (7) geographic confounders.
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the conditional VIM analysis, the feature group rankings and estimated VIM magnitudes
are relatively stable over the three horizons. The relatively larger importance of sexual
health features in the marginal analysis versus the conditional analysis could be due in part
to an observed association of sex assigned at birth with having a prevalent STI in this
dataset. (Roughly 17% of males and 29% of females had a prevalent STI.) This emphasizes
that considering correlations between features should inform the interpretation of any VIM
analysis.

In the female cohort, sexual health features have the largest estimated marginal impor-
tance across all three time horizons, although the magnitude is small. Among males, sexual
behavior features are estimated to be the most important feature group, with substantially
larger point estimates than other feature groups at all three time horizons. Hypothesis tests

of non-zero importance in the female and male cohorts do not reach statistical significance.
2.7 Discussion

In this chapter, we propose a framework for nonparametric estimation and inference on
variable importance in survival analysis. We define a broad class of predictiveness measures
tailored to time-to-event outcomes, which includes many existing predictiveness measures.
As long as a rich enough set of covariates is observed, this class is identified by the observed
data, even under informative censoring. We provide a closed-form EIF for all measures
within this class and leverage this EIF in a one-step estimation procedure using flexible
estimation of nuisance parameters. The estimator depends on consistent estimation of the
oracle prediction function fy but enjoys doubly robust consistency with regard to the nuisance
functions Fy and Gy. It is asymptotically linear and nonparametric efficient when both Fjy
and G are consistently estimated. Numerical experiments show that our method possesses
good operating characteristics in finite samples.

Analyses of the HVTN 702 trial suggests that both the rank and magnitude of VIMs
for predicting HIV seroconversion are relatively stable over time horizons between 18 and

30 months. However, there is a substantial amount of uncertainty in the VIM estimates,



AUC (18 mo. follow-up)

AUC (24 mo. follow-up)

AUC (30 mo. follow-up)

N A

(=]

(o2}

N A

(=]

3 I T N

Variable group
oD w [

N

IRANNAAARRS:

TTTTTi

T IIIII IIIIII

)
[ ]

IS
®

o
[ ]

I

I

0.0 02 03

o
=

Estimated variable importance

00 01 02 03

Estimated variable importance

00 01 02 03

Estimated variable importance

37

1oyoo sjews 1OY09 pauiquio)

Hoyoo sjepy

Figure 2.4: Marginal VIM analysis. Rows correspond, from top to bottom, to the combined
male and female cohort, female cohort, and male cohort. Columns correspond, from left to
right, to AUC VIM evaluated at 18, 24, and 30 months of follow-up. Feature groups are
given by (1) sex assigned at birth; (2) age; (3) BMI; (4) sexual health features; (5) sexual
behavior features; (6) housing features. Predictiveness is evaluated relative to a base model
that uses only geographic confounders.
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and similar analyses of future trials are warranted. It may also be of interest to investigate
VIMs in other populations in which HIV vaccine trials are planned. For populations in which
baseline features are more strongly predictive of seroconversion risk, we may expect to find
more signal of variable importance.

As mentioned in Section 2.4.5, the task of estimating f, must be handled on a case-by-
case basis. For many examples, an estimate of Fj can be used to produce an estimate of f
without fitting any additional algorithms. Another viable approach involves IPCW. When f;
can be written as a conditional mean of a transformation of T" given covariates X, the IPCW
pseudo-outcome mapping proposed by Koul et al. (1981) provides one means of estimation.
This method relies on consistent estimation of Gy and is a two-step procedure: first, the
IPCW weights are estimated, and then an additional regression is fit to estimate the desired
conditional mean. Rubin and van der Laan (2007) propose a doubly robust pseudo-outcome
regression procedure to estimate a conditional mean of a transformation of 7', which in some

contexts could produce a doubly robust estimate of f;.
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Chapter 3

A FRAMEWORK FOR LEVERAGING MACHINE LEARNING
TOOLS TO ESTIMATE PERSONALIZED SURVIVAL CURVES

Charles J. Wolock, Peter B. Gilbert, Noah Simon & Marco Carone
3.1 Introduction

In the analysis of time-to-event data, the conditional survival function is a key quantity of
interest. Within the biomedical field, the conditional survival function, which describes the
distribution of an outcome variable conditional on a set of covariates, is especially relevant
for prediction. For example, the survival function of a clinical outcome, such as death or
disease recurrence, conditional on baseline characteristics may allow a clinician to better
understand a patient’s medical prognosis. The conditional survival function also appears as
a function-valued nuisance parameter in nonparametric and semiparametric survival analysis
problems (see, for example, Diaz, 2019 and Westling et al., 2023).

Typically, the analysis of survival data is complicated by the fact that the data are subject
to censoring, truncation, or both, depending on the study design. In prospective studies,
participants are sampled from the population of interest and followed over time, ideally
until experiencing the event of interest. However, loss to follow-up or study termination
may preclude observation of the event time. Participants who do not experience the event
of interest during follow-up are considered right-censored. Additionally, individuals who
have already experienced the event at study initiation are not eligible for recruitment. This
sampling constraint is referred to as left truncation. Conversely, in retrospective studies,
individuals must have already experienced the event in order to be recruited into the study;,

leading to right truncation. In this design, censoring is generally not a concern. All forms
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of truncation lead to systematic selection bias.

There is a substantial literature focused on estimating the conditional survival function,
which we briefly review in Section 3.2. Many existing methods directly or indirectly aim
to minimize an empirical risk based on one of two loss functions: the inverse probability
of censoring weighted (IPCW) loss for survival function estimation at a single time-point,
or the hazard loss for estimation of a discrete-time hazard function (Polley and van der
Laan, 2011). The IPCW loss requires estimation of the conditional survival function of
the censoring variable and does not correct for truncation-induced sampling bias, while the
discrete-time hazard loss does not apply to events occurring in continuous time. Methods
employing objective functions for risk stratification, such as the Cox partial likelihood (Cox,
1972), do not explicitly target survival function estimation but may produce estimates as a
byproduct.

In this chapter, we consider decompositions of the conditional survival function that
allow use of standard loss-based estimation of functionals of the observed data distribution.
These decompositions underlie our proposed method, called global survival stacking, which
involves estimating a small number of binary regression functions using tools neither specially

designed to handle censoring nor truncation. The strengths of this approach include:

1. it is a general framework in which practitioners can employ any off-the-shelf learner

designed for binary regression or classification;

2. it can be applied in prospective (left truncation and right censoring) and retrospective

(right truncation) settings without assuming a discrete-time process;

3. it simultaneously yields estimates of both the event time and censoring time conditional

survival functions using the same fitted regressions.

The chapter is organized as follows: In the remainder of this section, we review existing

methods for conditional survival function estimation. In Section 3.3, we describe the data
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structures emerging from survival studies, provide identification results that form the basis
for our estimation framework, and propose the global survival stacking procedure. In Section
3.4, we evaluate the performance of our class of estimators and demonstrate their use on
data from the STEP HIV vaccine trial. In Section 3.5, we provide concluding remarks.
Technical details and additional results can be found in Appendix B. We have implemented
global survival stacking in the R package survML (https://github.com/cwolock/survML).
Code to reproduce all results is available online at https://github.com/cwolock/stack_

supplementary.
3.2 Review of related work

3.2.1 Classical methods

Even under right censoring alone, standard regression techniques cannot be directly applied
to estimation of the conditional survival function. However, a number of survival-specific
approaches have been proposed. Parametric methods, such as exponential or Weibull re-
gression, are straightforward to use and automatically yield inference. Since their validity
relies on strong distributional assumptions, they are less widely used than semiparamet-
ric methods. The most common regression model used to study survival outcomes is the
Cox proportional hazards model (Cox, 1972). Hazard ratio estimates from the estimated
Cox model can be combined with an estimate of the baseline cumulative hazard function
(e.g., the Breslow (1972) estimator) to yield a conditional survival function estimate (Lin
et al., 1994). A common alternative to the Cox model is the accelerated failure time model
(Wei, 1992), which is usually implemented in a fully parametric manner. Semiparametric
implementations (Buckley and James, 1979; Lin and Chen, 2013) exist but are seldom used
because they are complicated and can be unstable (Zeng and Lin, 2007).

Under independent censoring (i.e., independence of the event and censoring times), the
Kaplan-Meier estimator (Kaplan and Meier, 1958) is the nonparametric maximum likelihood

estimator of the marginal survival function. If the covariates of interest are low-dimensional
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and discrete-valued, a stratified Kaplan-Meier approach may be reasonable. This method
breaks down in moderate dimensions, or when the covariates include continuous variables. As
such, it is of limited use in most applications. Beran (1981) introduced a conditional Kaplan-
Meier estimator using kernel smoothing. However, kernel-based methods tend to perform
poorly as the number of covariates grows. Furthermore, the smoothing bandwidth can, in
general, be allowed to vary for each covariate; selection of an optimal set of bandwidths can

be computationally expensive.

3.2.2  Risk stratification methods

Fortunately, machine learning methods offer many strategies for estimating complex func-
tions of moderate or large numbers of covariates in a flexible manner. For this reason,
there has been a recent proliferation of machine learning methods in survival analysis —
see Sonabend (2021) for a comprehensive review. This motivates a discussion of the precise
objectives of these methods. Estimation of the conditional survival function and risk strat-
ification are distinct tasks that are often conflated. The Cox proportional hazards model
(and related machine learning methods) are based on the partial likelihood. Maximization
of the partial likelihood is equivalent to maximization of the expected concordance between
estimated risk scores and survival times (Tarkhan and Simon, 2022). Indeed, the partial
likelihood has no dependence on actual event times and relies only on the relative ordering
of events. Due to this fact, methods based on the Cox proportional hazards model might be
best understood as risk stratification techniques. It is often the case that conditional sur-
vival function estimates can be derived from the resulting risk stratification algorithm (e.g.,
combining the Breslow baseline hazard estimate with a fitted Cox model), but ultimately
these are a byproduct rather than the core goal of stratification approaches.

Along these lines, flexible and high-dimensional implementations of the Cox model have
become increasingly common. Regularized regression methods such as LASSO, ridge, and
elastic net have been implemented in a proportional hazards framework (Tibshirani, 1997;

Simon et al., 2011). Flexible modeling of the proportional hazards risk score has been imple-
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mented within the framework of generalized additive models (Hastie and Tibshirani, 1986).
In addition, many deep learning survival analysis methods are built on the proportional haz-
ards model and have largely been used to estimate complex interactions between covariates.
Examples of non-linear proportional hazards neural networks include DeepSurv (Katzman
et al., 2018) and Cox-nnet (Ching et al., 2018).

Tree-based methods are another popular machine learning strategy. Random survival
forests (Ishwaran et al., 2008) encompass several previously proposed approaches; they are
built similarly as standard random forests, but tree splits are determined based on stratifi-
cation objective functions that can be evaluated with censored data (e.g., the log-rank test
statistic). One difficulty with tree methods is evaluating predictions, which is important for
choosing tuning parameters (or more generally, discriminating between candidate learners).
Ishwaran et al. (2008) suggest using Harrell’s concordance index (Harrell et al., 1982) to
evaluate out-of-bag prediction error; this statistic measures discrimination rather than pre-
dictive accuracy per se. Once the random survival forest is constructed, cumulative hazard
estimates for an individual with covariate vector = are obtained by dropping z down each
tree, and using the Nelson-Aalen cumulative hazard estimator (Nelson, 1969; Aalen, 1978) in
the resulting leaf node. Averaging the Nelson-Aalen estimates over all trees yields an overall
cumulative hazard estimate, from which a survival function estimate can be obtained. In
conditional inference forests (Hothorn et al., 2006b), predictors on which to split are cho-
sen using hypothesis testing rather than exhaustive search, but otherwise a similar splitting
principle as in random survival forests is used. Relative risk forests (Ishwaran et al., 2004)
generalize the random forest algorithm to survival outcomes using Poisson regression under

a proportional hazards model.

3.2.8 Methods based on censoring-weighted loss functions

Stratification objective functions circumvent the hurdle of comparing observed and predicted
outcomes when some observations are censored. An alternative strategy is to use IPCW to

connect a full-data loss function, such as squared-error loss, to a loss that can be evaluated
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using the observed data (van der Laan and Robins, 2003). Defining an observed-data loss
function allows the use of many established learning methods. Molinaro et al. (2004) use
IPCW in the context of regression trees, where inverse-weighted loss functions can be used
to both grow trees and evaluate performance. Hothorn et al. (2006a) use IPCW to extend
ensemble learning techniques such as random forests and boosting to survival data. These
methods rely on estimation of the conditional survival function of the censoring variable
in order to construct the inverse probability weights. When the censoring variable can be
assumed to be independent of covariates (for example, in studies where censoring times
are controlled by the investigator), a simple marginal survival function estimator, such as
Kaplan-Meier, can be used. But in general, estimation of the conditional survival function
of the censoring variable is no easier than estimation of the conditional survival function of
the outcome. Furthermore, in the presence of truncation, a candidate loss function must be
adapted to account for the induced sampling bias.

Recently, Westling et al. (2023) framed the conditional event time and censoring survival
functions as minimizers of oracle risks, which allows for iterative empirical risk minimization
in order to combine multiple candidate estimators in a Super Learner approach (van der Laan
et al., 2007). This method, termed survival Super Learner, is appealing because unlike usual
IPCW loss functions, which are evaluated at a single time-point, it targets the entire survival
function and simultaneously provides estimates of the outcome and censoring distributions.
However, the candidate survival function estimators comprising the Super Learner are limited
to existing survival-specific methods. In addition, in their current implementations, the

oracle risk functions do not account for truncation.

3.2.4  Discrete-time methods

Many methods aimed at estimation of the conditional survival function, as opposed to risk
stratification, rely on the assumption that events occur in discrete time. For discrete time-
to-event variables, the hazard function at a single time is a conditional probability whose

estimation can be framed as a binary regression problem in terms of the observed data
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distribution: among those who have not experienced the event by time ¢, what proportion
experience the outcome at that time? Reframing survival function estimation as a binary
regression or classification problem allows use of a wider array of machine learning algorithms.
Estimation of the survival function at time ¢ involves computing the product of one minus
the hazard at each time-point up to and including t.

For some approaches, time is discretized and the conditional hazard is estimated at each
time based on a separate binary regression. Methods in this category include multitask logis-
tic regression (MTLR), in which the hazards in discrete-time bins are modeled as separate
logistic regressions (Yu et al., 2011). Penalized regression enforces smoothness over time,
since event status in one time bin depends on what occurred in previous time bins. Censored
observations are handled by marginalizing over possible sequences of survival statuses for
all remaining times after censoring. In order to better learn nonlinear hazard-predictor rela-
tionships, Fotso (2018) proposed a deep neural network adaptation of the MTLR framework.
Other discretization-based neural network implementations include RNN-SURV (Giunchiglia
et al., 2018) and Nnet-survival (Gensheimer and Narasimhan, 2019), which estimate the haz-
ard in user-specified time bins. In these implementations, guidelines for choosing time bins,
as well as handling individuals that are censored within a particular time bin, are provided.
Friedman (1982) proposed a piecewise constant exponential hazards model, where time is
treated as continuous, but with a constant hazard in user-specified time bins.

Perhaps the most flexible discretization method is what has recently been referred to as
“survival stacking” (Craig et al., 2021), and which we hereafter call local survival stacking.
The approach dates back at least to work by Polley and van der Laan (2011). Craig et al.
(2021) propose to implement the approach by discretizing at each observed event time. With
time discretized, a survival dataset can be transformed into a longitudinal data set, where
each individual appears in the data set at each observed event time until exiting the risk
set. Time itself is included as a covariate, often as a dummy variable indicating whether
an individual is in the risk set at a given time, or as a continuous predictor. Fitting a

logistic regression without interactions on this “stacked” data set (with time treated as a
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dummy variable) approximates fitting the Cox proportional hazards model using the partial
likelihood as the grid of time-points becomes increasingly fine (D’Agostino et al., 1990).
In contrast to methods discussed above, local survival stacking does not involve estimating
separate regressions at each discrete time, but rather estimates a single regression including
time as a covariate. The tradeoff is that the size of the stacked data grows at rate O(n?) for a
sample of size n, and so computational issues may be a concern. It is unclear how performance
depends on the choice of time discretization. Beyond right censoring, left truncation is dealt
with naturally in discrete-time models, since each individual appears in the longitudinal data
for as many time-points as they remain in the risk set. Left truncation is handled by only
including the individual at those time-points after which they have entered the study.
Outside of the discrete-time framework, few proposed methods have explicitly viewed
conditional survival function estimation in terms of the observed data distribution. One such
method uses generative adversarial networks to learn the joint distribution of the observed
data (Zhou et al., 2022); however, it is tied to a specific machine learning architecture and

does not handle truncation.
3.3 DMaterials and methods

3.3.1 Ideal data and parameter of interest

Suppose that X is a vector of baseline covariates taking values in X C RP, and T' € (0, o)
is the event time of interest. The ideal data unit is O* := (X,T). We use P* to denote
the distribution of O*. In reality, O* is observed subject to both censoring and truncation,
which are determined by the study design. The observed data consist of n independent and
identically distributed observations Oy, O, ..., O, drawn from P, the observed data distri-
bution implied by P*. The relationship between P* and P is determined by the censoring
and sampling mechanisms. Our goal is estimation of the conditional survival function of
T given X, defined as S(t|z) := P*(T > t| X = z). Because T is not directly observed,

this parameter is not a functional of the observed data distribution. However, with an addi-
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tional assumption, the conditional hazard function (and through it, the conditional survival
function) can be identified. Our method relies on a reformulation of standard identification

results in order to write the hazard function in terms of observable regression functions.

Let A(t]x) := J % denote the conditional cumulative hazard of 7" given X = x
at time ¢, where F' := 1 — S is the conditional distribution function of T'. Identification

of S in full generality requires the use of product integrals via the mapping S(t|z) =
Nucq {1 —A(du|z)}. When the mapping ¢ + F(t|z) is differentiable everywhere, the
product integral simplifies to the exponential form S(¢|z) = exp {—A(t|x)}.
Epidemiological studies are often conducted to learn characteristics of the distribution
of time from an initiating event (e.g., disease onset) until a terminating event (e.g., death).
Here, we treat the time of the initiating event as t = 0, and use the event time T to refer to

the time between initiating and terminating events.

3.3.2  Identification

To start, we consider prospective studies in which individuals who have not yet experienced
the event of interest are sampled and followed over time. Ideally, every participant is fol-
lowed until the event has occurred, but right censoring is essentially inevitable in prospective
biomedical studies. Participants who do not experience the event during follow-up are con-
sidered right-censored. This may be due to loss to follow-up or to termination of the study.
Let C € (0, 00) denote the right censoring time. For each participant in the study, we observe
Y := min{T, C}, the observed follow-up time, and A := 1(7 < ('), the event indicator.

Common prospective observational study designs include: (a) the incident cohort —
people who have not experienced the initiating event upon entering the study, and can
be followed from the initiating event onward; and (b) the prevalent cohort — people who
experienced the initiating event prior to entering the study. A study sample may also contain
both prevalent and incident cases.

Because prevalent cases have already experienced the initiating event upon study entry,

observation of these participants does not begin at ¢ = 0. This phenomenon is commonly
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referred to as delayed entry, and it implies that the event times are observed subject to left
truncation. Left truncation induces sampling bias, since individuals with larger event times
are more likely to enter the sample. Let W € (0,00) denote the time from the initiating
event until entry into the study. Under left truncation, an individual can only enter the
study (i.e., be observed) if W < Y. The observed data for participants in the sample are
O :=(X,Y,A, W), and the sampling criterion is W < Y. If a prospective study consists only
of incident cases, there is no left truncation. In that special case, W = 0 for all participants.

To identify A(-|z) in the prospective setting, we rely on the following assumption:
Assumption C: T and (C, W) are conditionally independent given X.

Let Fs(y|z) == P(Y < y|A = 6,X = z,IW < Y) denote the conditional distribution
function of Y among observed participants with A =¢. Let n(z) := P(A=1|X =2, W <
Y') denote the probability of a random observed individual being uncensored. In addition,
define Gs(y |x) .= P(W <y|A=46,X ==x,Y >y, W <Y). We note that these regressions
are all functionals of the observed data distribution P. As detailed in Section B.2, we then

have that A(-|x) can be identified at generic time ¢ by

AObS(t|l’>
o /t 7(z) Fi(du | )
- Jo Giulo)m(@) {1 = Fi(u™ [2)} + Go(u|2) {1 = m(2)} {1 = Fo(u~ |2)}

When there is no left truncation, the distribution of W is degenerate at 0, so that G (u|z) =

(3.1)

Go(u|z) =1 for all u. In that case, A°® is a function only of the conditional distributions
of Y given (A, X) and A given X.

Assumption C can be considered when C' is defined for all individuals in the target
population. However, in some settings, censoring may only act on enrolled participants. It
may then be more appropriate to consider an alternative assumption expressed in terms of
residual censoring (Qian and Betensky, 2014). In Section B.2, we show that (3.1) still holds,

and so our proposed estimation strategy is still valid, under one such alternative assumption.
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In the retrospective setting, we consider studies in which investigators only sample indi-
viduals who have experienced the terminating event prior to the end of the sampling period.
For example, in autopsy studies where death is the terminating event, an individual who
did not die prior to the end of the study could not enter the sample. This sampling scheme
results in right truncation, which, similarly as left truncation, induces sampling bias. In
Section B.1, we show that the above identification results can be directly applied to the

retrospective setting by simply considering the time scale to be reversed.

3.3.3  FEstimation procedure

The results of Section 3.3.2 suggest that we can construct an estimator of A(-|z) by es-
timating a small number of regression functions based on the observed data. This hazard
estimator can then be mapped to a survival function estimator via either the product in-
tegral or exponential mappings. The regression functions that appear in the identification
results constitute either: (i) a conditional probability (specifically, 7(z)), or (ii) a condi-
tional cumulative probability function (F}, Fy, G1, Go). These regression functions can be
estimated using standard machine learning techniques, without requiring any adaptation for
the censoring or sampling mechanisms.

Let tnax denote the maximum time at which the survival function is to be estimated, and
let t € (0,%max] be a generic time-point of interest. Below we outline the steps to estimate

S(t|x). Our proposed procedure is as follows:

1. Select an approximation grid: Choose a partition B := {tg, 1 ..., tmax} of the interval

[0, tmax] (to will often be 0).

2. Estimate the cumulative hazard: For each ¢; € B, obtain estimators Fy,(¢;|z),
Fon(t| ), m(2), Gra(ty|2), and Gon(t;|2) of Fi(l;|x), Fo(t;|x), m(z), Gi(t;] ),

and Gy (t; | z) respectively.

3. Approximate a mapping from the hazard to the survival function: Let ¢, := max{t’ €
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B :t' <t}. Define the estimated differential of the cumulative hazard at t; as M,,(¢;, x),

given by

Tn(2) {Fin(ti|z) — Fin(tioa| o)}
Gra(ti|2)mn(2) {1 = Fin(tioa | @)} + Gon(ti | 2) {1 — mn(2) } {1 — Fou(tion |2)}

where M, (to,z) := 0. For the product integral form, approximate the product inte-
gral using the product S, ,(t|z) = Hle {1 = M,(t;,z)}. For the exponential form,
approximate the exponentiated negative cumulative hazard using the Riemann sum

approximation S, .(t | z) := exp {— S M, (t, a:)}

The product integral form of the estimator is the more natural option, since the product
integral mapping holds whether 7" has a discrete, continuous, or mixed distribution. However,
in practice, S, , can have numerical issues, particularly in the right tail of the distribution
of Y. We discuss this in depth in Section B.5.

Approximating the product integral and the cumulative hazard requires choosing an
approximation partition B of the interval [0, fmax]. A simple option for this is the set of
observed follow-up times {Y1),Y(2),...,Yn}, where Y{;) denotes the jth order statistic.
Alternatively, B could be set to an evenly spaced grid of times between 0 and ¢,,.,. In large
samples, it may be more computationally practical to use a grid of fixed size rather than

including every observed follow-up time.

3.8.4  Constructing the constituent regressions

Our procedure requires estimation of 7, Fy, Fy, and, when truncation is present, G; and
Gy. Estimating the conditional event probability function 7(z) is a simple binary regression
problem, for which there are numerous flexible methods. In practice, we recommend using a
boosted classifier, such as boosted trees (Friedman, 2001), or an ensemble regression method
such as Super Learner (van der Laan et al., 2007). The observed follow-up time distribution
functions Fi(- | x) and Fy(-|z) are slightly more complicated to estimate. At any fixed time

t, these can be viewed as a binary regression on the indicator variable 1(Y < t). However,
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we must estimate these distribution functions on the grid B of times in order to approximate
the product- or sum-integral of the hazard function. A simple and flexible approach is to
perform pooled binary regression on a user-specified time grid C. This grid could be the
same as the approximation grid B, but in general it need not be. A natural choice for C
would be the observed follow-up times. A coarser grid speeds computation at the cost of
increased bias. At each time-point ¢ in the grid, the available data are baseline covariates,
an indicator outcome variable 1(Y < t¢), and time ¢. These data are pooled across time
into a single dataset, which serves as training data for binary regression. This approach
differs from local survival stacking in that the risk set at each time-point consists of all
participants, and the outcome is cumulative across times. To ensure monotonicity in time,
we recommend isotonizing the distribution function estimates using isotonic regression (see
for example Westling et al., 2020).

The conditional entry time regression functions G (- | x) and Gy(- | z) are similar to con-
ditional distribution functions, although they are each conditioned on being at-risk for an
event at time ¢. Similarly as the conditional distribution functions, these functions can be
easily estimated using pooled binary regression. Given a time grid, the data at each time-
point ¢ consist of all individuals who remain under follow-up at time ¢, along with covariates,
time ¢, and the outcome L(W < t).

Because pooled binary regression involves “stacking” datasets across time-points, we refer
to the resulting estimation procedure as global survival stacking, which we differentiate from
the discrete-time hazard approach of local survival stacking. The global stacking procedure

is detailed in Algorithm 3.1.

3.83.5  Comparison to local survival stacking

Local survival stacking (Polley and van der Laan, 2011; Craig et al., 2021) is a natural
alternative to the proposed framework since it allows practitioners to draw upon a wide
array of general machine learning techniques. When using local survival stacking, the user

must choose how to discretize time. Local survival stacking assumes a discrete survival



o2

Algorithm 3.1 Global survival stacking
1: Choose grid B := {to,t1,. .., tmax} for approximation of product- or sum-integral.
2: Construct estimator m,(x) of 7(z) using binary regression.

Estimate I} and Fj

3. for 0 € {0,1} do

4: Choose grid of time-points C := {t],t3,...,t;} on which to discretize Fj.

5 Choose how to include time in model (continuous, dummy variable, etc.).

6: for i € C do

7 Including only participants with A = 4, construct dataset Dt; consisting of par-

ticipant baseline covariates, outcomes 1(Y" < t%), and time using chosen basis.

8: end for

9: Construct full stacked dataset by combining { Dy, Dy, ..., Dir }.
10: Fit binary regression or classification algorithm of choice.
11: Generate predictions {Fs,,(to | z), Fsn(t1|2), ..., Fsn(tmax | 2)}.
12: end for

Estimate G; and G, (if truncation is present)

13: for § € {0,1} do
14: Choose grid of time-points C := {t},#;,...,t;} on which to discretize Gs.

15: Choose how to include time in model (continuous, dummy variable, etc.).
16: for {7 € C do
17: Including only participants with A = ¢ and Y > ¢, construct dataset Dt; con-

sisting of participant baseline covariates, outcomes 1(Y < t;-), and time using
chosen basis.

18: end for

19: Construct full stacked dataset by combining {Dy:, Dy, ..., Dy }.

20: Fit binary regression or classification algorithm of choice.

21: Generate predictions {Gs,,(to | ), Gsn(t1| ), ..., Gsn(tmax | )}

22: end for

Combine constituent estimators

23: Compute { M, (to, ), M, (t1,x), ..., My(tmax, )}, as detailed in Section 3.3.3.
24: Compute S, ,(t|z) or S, .(t|z) as detailed in Section 3.3.3.
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process, so that the conditional hazard takes the form of a conditional probability that can
be estimated for each time-point in the grid. The discretization is usually chosen on the
basis of the observed event times R, := {Y; : A; = 1,4 = 1,2,...,n}. In an illustrative
data analysis, Polley and van der Laan (2011) choose 30 time-points based on quantiles of
R.., while Craig et al. (2021) define local survival stacking based on discretizing at each time
in R,,. The fineness of the time grid determines the number of events used to estimate the
conditional probability of an observed event at each time-point, and we would expect the grid
choice to affect performance. The fineness of the time grid may also be relevant for global
survival stacking, although we emphasize that the outcome is cumulative over time, meaning
that the probability of an outcome at any given time does not shrink as the grid becomes
finer. The experiments in Section 3.4 explore the performance of these methods under various

grid sizes. In Section B.4, we provide an operational description of local survival stacking.

3.4 Results

3.4.1  Primary simulation studies

We conducted several simulation studies to evaluate the performance of our proposed method.
In addition to overall estimation performance, i.e., mean squared error, we aimed to assess
the sensitivity of global survival stacking to the choice of time grid used for estimating F' and
G via pooled binary regression. As discussed in Section 3.3.5, we expected global survival
stacking to be less sensitive to the grid choice compared to local survival stacking due to the
fact that the regression outcome is cumulative over time.

The methods compared in our simulations are described in Table 3.1, with full details
given in Section B.4. Briefly, we included global survival stacking, local survival stacking,
survival Super Learner, random forests (specifically, LTRC conditional inference forests, Fu
and Simonoff, 2017), a linear Cox model, and a generalized additive Cox model (Hastie
and Tibshirani, 1986). For both global and local survival stacking, binary regressions were

estimated using a Super Learner consisting of the marginal mean, logistic regression with all
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Method Package Truncation? Description
Global surv. stacking survML Left, right Proposed method
Local surv. stacking survML Left, right Discrete hazard approach
surv. Super Learner survSuperLearner No Ensemble survival regression
LTRC forests LTRCforests Left Conditional inference forest
Linear Cox survival Left Linear PH model
Gen. additive Cox mgev No Gen. additive PH model

Table 3.1: Estimators included in simulation studies. PH indicates proportional hazards.

pairwise interactions, generalized additive models, multivariate adaptive regression splines,
random forests, and gradient-boosted trees. For global stacking, we considered three time
grids C for the pooled regression: a grid made up of every observed follow-up time and grids
of 10 or 40 cutpoints evenly spaced on the quantile scale of observed follow-up times. For
local stacking, the same three time grids were included, based on observed event times R,,.

The simulation scenarios are summarized in Table 3.2, with Scenarios 1 and 2 described
here. We simulated a covariate vector X := (Xi, Xs, ..., Xj0) of 10 independent components.
These components included continuous covariates X7, Xo ~ Uniform(—1, 1), discrete covari-
ates X3, X4 ~ Uniform({—1,1}), and continuous covariate X5 ~ N(0,1). The five additional
covariates were independent standard normal noise, i.e., (Xg, X7,...,X59) ~ MVN(0,I5).
Given covariate vector X = z, we simulated the censoring time C from a Weibull distri-
bution with shape 1.5 and scale \¢ = exp {500 + % (x1 4+ x2) + % (x3 + x4 + x5)}, where
in each simulation setting Syc was chosen to give a censoring rate of 25%. Given co-
variate vector X = x, we independently simulated the event time 7' to be distributed
as 100Z;. In the left-skewed scenario, Z; was a Beta(a(x) + 2,2) random variable with
loga(z) = x1 + o + o3 + x4 + o5 + 122 + 324 + T125. In the right-skewed scenario, Z;
was a Beta(2, a(x) 4+ 2) random variable. Density plots for 7" given X for 10 random draws
from the covariate distribution are given in Section B.4. These distributions do not meet
the proportional hazards assumption. Given covariate vector X = x, the study entry time

variable W was distributed as 100Z5, where Z5 was a Beta(1 + $1(zq > 0),1 + 11(z1 < 0))
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Scenario  Study design Description
1 Prospective right-censored, non-proportional hazards
2 Prospective left-truncated, right-censored, non-proportional hazards
3 Retrospective right-truncated, no censoring, non-proportional hazards
4 Prospective left-truncated, right-censored, proportional hazards
5 Prospective  left-truncated, right-censored, time observed on discrete grid

Table 3.2: Simulation scenarios. Appendix B contains results for Scenarios 3 — 5.

random variable. In Scenario 2, in which left truncation was present, only observations with
Y > W were sampled. In Scenario 1, in which there was no truncation, all observations were
sampled. The average truncation rates for all simulation settings are given in Section B.4.

We evaluated performance using Monte Carlo approximations of mean squared error
(MSE) at three landmark times and mean integrated squared error (MISE) over the interval
[0,100]. We computed MSE at landmark times corresponding to the 50!, 75% and 90"
percentiles of observed event times. To calculate the MISE, we computed the MSE at each
time on an evenly spaced grid of 1000 points from ¢ = 0.1 to ¢ = 100, and took a simple
average over times. We estimated the performance metrics using a test set of size 1000. The
test data were generated without truncation in order to evaluate performance across the
marginal distribution of covariates in the target population.

Figures 3.1 and 3.2 display a subset of results for Scenarios 1 and 2, with global and
local stacking implemented using a 40 cutpoint grid. The full results, including compar-
isons of global and local stacking with various grid sizes, are given in Figures B.2 and B.3.
From Figures 3.1 and 3.2, we observe that global survival stacking performs well both with
and without truncation. The performance of local survival stacking is more variable, but it
performs particularly well in the right-skewed setting without truncation. Without trunca-
tion, survival Super Learner performs reasonably well, although it is outperformed by global
survival stacking in the left-skewed setting and by both global and local survival stacking

in the right-skewed setting. The LTRC forests method performs similarly with or without
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truncation, with performance on par with local stacking in Scenario 2. The Cox model is
misspecified, and the performances of both linear and generalized additive Cox models do
not improve substantially with sample size.

From Figures B.2 and B.3, we see that for global survival stacking, finer grids generally
yield slight to moderate decreases in MISE and MSE compared to the 10 cutpoint grids. As
expected, the performance of local survival stacking appears to be more sensitive to grid size
choice. Among local stacking implementations, the grid of 40 cutpoints performs the best in
general. The 10 cutpoint grid appears too coarse for optimal performance, while the finest

grid performs well in the right-skewed settings but poorly in the left-skewed settings.

3.4.2 Additional simulation studies

In Section B.5, we present additional results. In Scenario 3, we evaluated our procedure un-
der a retrospective study design with right truncation. As in the prospective study design,
global stacking demonstrates strong performance, with the finer grids generally outperform-
ing the coarsest grid. In Scenario 4, in which the data were generated from a distribution
satisfying the proportional hazards assumption, we found that the correctly specified Cox
model yields moderately better performance than the machine learning comparators. Global
stacking shows generally good performance, with relatively small differences between different
choices of grid size compared with local stacking. While we expect the proportional hazards
assumption to rarely hold in practice, predictably, the Cox model would be the preferred
method in this situation but with only modest performance loss from more flexible methods.
Finally, in Scenario 5, Y and W were observed on a discrete grid of times, rather than in
continuous time. When Y and W are observed on a discrete grid of 10 or 20 times, global
and local stacking demonstrate similar performance, while global survival stacking performs
the best overall when the data are observed on a grid of 50 times. These experiments show
that there is relatively little difference between global and local survival stacking when times
are observed on a coarse grid, and the advantages of global survival stacking become more

pronounced on a finer grid.
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Figure 3.1: Performance of conditional survival estimators with right-censored data (Scenario
1). The methods compared were global survival stacking, local survival stacking, survival
Super Learner, LTRC forests, a main-terms linear Cox proportional hazards model with
Breslow baseline hazard estimator, and a main-terms generalized additive Cox proportional
hazards model with Breslow baseline hazard estimator. Rows correspond to MISE (top) and
MSE at the 50" percentile of observed event times (bottom).
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Figure 3.2: Performance of conditional survival estimators with left-truncated, right-censored
data (Scenario 2). The methods compared were global survival stacking, local survival stack-
ing, LTRC forests, and a main-terms linear Cox proportional hazards model with Breslow
baseline hazard estimator. Rows correspond to MISE (top) and MSE at the 50" percentile
of observed event times (bottom).
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We also conducted a computational benchmarking experiment, finding that local survival
stacking, survival Super Learner, and LTRC forests were faster than global survival stacking,
and that, unsurprisingly, the computation time required for both global and local survival

stacking increases as the grid becomes finer (i.e., as the number of times in C increases).

3.4.3 Predictive performance on time-to-event datasets

We also evaluated our proposed method on several publicly available datasets with right-
censored time-to-event outcomes, which are described in Section B.6. We predicted the
survival probability at three landmark times, corresponding to the 50*®, 75, and 90*" per-
centiles of observed event times in each dataset, with performance evaluated using the Brier
score. To account for censoring, we used the IPCW Brier score given by Gerds and Schu-
macher (2006), with Kaplan-Meier censoring weights. For each of the five datasets, we
compared global survival stacking, local survival stacking, and LTRC forests. Both global
and local stacking were implemented with 40 cutpoints using the same algorithm library as
in the simulations. We also included a naive approach in which, for predicting the survival
probability at time ¢, the outcome 1(Y > t) was regressed on X. We used the Super Learner,
with the same algorithm library as in global and local stacking, to fit this binary regression.
We used five-fold cross-validation to estimate the Brier score of each of the methods under
consideration. The performance of each method was evaluated relative to the performance of
the marginal model constructed without covariates using the Kaplan-Meier estimator (i.e.,
using the same prediction for every observation in the test set).

Global survival stacking performs well in all five datasets (Table 3.3). The naive model
typically has relatively poor performance but does slightly outperform the other methods
at two landmark times in the SUPPORT dataset, where the censoring rate is zero. This
is unsurprising: for prediction at landmark time ¢, observations censored after ¢ provide
the same information as uncensored observations. When the censoring rate is higher — for
example, in the METABRIC dataset — the naive approach is outperformed by the methods

that account for censoring.
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Performance relative to KM

Dataset Quantile  Censoring Clobal Local LTRC
. . Naive

stacking stacking forests
FLCHAIN 50tk 0.07 0.748 0.752 0.773 0.758
75th 0.19 0.685 0.690 0.707 0.694
90tk 0.31 0.646 0.658 0.672 0.663
GBSG 50tk 0.03 0.858 0.883 0.876 0.892
75th 0.07 0.828 0.842 0.860 0.967
90tk 0.17 0.841 0.853 0.864 1.120
METABRIC 50tk 0.07 0.892 0.910 0.912 0.914
75th 0.19 0.886 0.888 0.899 0.980
90tk 0.30 0.877 0.869 0.876 1.049
NWTCO 50tk 0.02 0.859 0.862 0.918 0.860
75th 0.04 0.866 0.875 0.906 0.896
90tk 0.11 0.865 0.871 0.900 0.995
SUPPORT 50th 0.00 0.931 0.952 0.948 0.927
75th 0.00 0.909 0.923 0.919 0.908
90tk 0.08 0.879 0.892 0.885 0.904

Table 3.3: Predictive performance of candidate methods on publicly available survival
datasets. The performance metric is the Brier score standardized by the Brier score of the
Kaplan-Meier (KM) estimator (i.e., predicting survival probability without using covariate
information). The Brier score was evaluated at three landmark times corresponding to the
50t 75" and 90" percentiles of observed event times. Lower values are preferred. Boldface
font indicates the best performance for each dataset and landmark time. The methods com-
pared were global survival stacking (our proposed method), local survival stacking, LTRC
forests, and a naive binary regression approach ignoring censoring.
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3.4.4 Assessing risk of HIV infection in the STEP trial

Between December 2004 and March 2007, 3,000 HIV-negative individuals were enrolled in
the STEP study (HVTN 502/Merck 023), a randomized, placebo-controlled phase 2b trial
that tested the efficacy of a candidate HIV vaccine to prevent acquisition of HIV-1 infection.
The vaccine contains an adenovirus serotype 5 (Ad5) vector that expresses subtype B HIV-1
gag/pol/nef proteins. Participants were at high risk of HIV-1 acquisition. Participants were
unblinded in October 2007 after the prespecified monitoring boundary for efficacy futility
was crossed at the first interim analysis (Buchbinder et al., 2008). Data analyses suggested
an increased risk of HIV-1 infection among vaccine recipients versus placebo recipients, par-
ticularly among participants who were uncircumcised or had neutralizing antibodies against
the Ad5 vector at enrollment (“baseline Adb titer”).

In order to assess the risk of HIV-1 infection conditional on circumcision status and
baseline Ad5 titer, we estimated the conditional survival function of the time-to-infection-
diagnosis variable within randomized treatment arms at landmark times of one year and two
years of follow-up, corresponding to approximately 60% and 10% of participants still at-risk in
each treatment arm. We limited our analyses to the 1,836 participants with male sex assigned
at birth in the modified intention-to-treat cohort, which included all vaccinated participants
except those diagnosed as HIV-1 positive on or before the day 1 visit. At one year of follow-
up, 41 participants in the vaccine arm (4.6%) and 27 participants in the placebo arm (3.0%)
had been diagnosed with HIV-1; at two years, 51 participants in the vaccine arm (5.7%)
and 35 participants in the placebo arm (3.9%) had been diagnosed. We implemented global
survival stacking using Super Learner with the same algorithm library as in the simulations,
using a grid of 40 cutpoints based on quantiles of observed follow-up times (i.e., the number
of days from randomization until the end of follow-up, for each participant) with five-fold
cross-validation for tuning. For comparison, we also fit a Cox model including the two-way
circumcision/baseline Ad5 titer interaction and estimated the baseline cumulative hazard

function using the Breslow estimator. Both models were fit separately in the two treatment
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arms. Baseline Ad5 titer was log-transformed (using the natural logarithm), and titers under
the assay detection limit of 18 were treated as equal to 18 for analysis (Duerr et al., 2012).
We calculated the risk difference conditional on circumcision status and baseline Ad5 titer
by taking the difference of the estimated conditional survival functions in the two treatment
arms at each landmark time. Using global survival stacking, we also computed representative
survival curves for individuals in each treatment arm, circumcised and uncircumcised, at log
baseline Ad5 titer values of 3, 5, and 7.

The estimated survival curves (Figure 3.3) show that, in the vaccine group, the probability
of HIV-1 diagnosis through day 730 tends to be higher for individuals with higher baseline
Ad5 titers. The probability of HIV-1 diagnosis was higher in the vaccine arm than the placebo
arm, as estimated by both global stacking and the Cox model, except at low baseline Ad5
titers among circumcised participants (Figure 3.4). The estimated excess risk in the vaccine
arm tends to increase with baseline Ad) titer and is generally higher among uncircumcised
participants, although the Cox model fit suggests that circumcised participants may have
slightly larger excess risk at high baseline Ad5 titers. Overall, these results agree with the

original analysis in Duerr et al. (2012), which did not explicitly account for right censoring.
3.5 Discussion

In this chapter, we proposed a framework for estimating a conditional survival function
in both prospective and retrospective settings using flexible machine learning tools. This
framework, which we call global survival stacking, relies on an identification of the hazard
function in terms of observable regressions that can be estimated using standard methods
for binary outcomes, without the need to explicitly account for censoring or truncation.
Similarly as with local survival stacking, our approach recasts conditional survival function
estimation as a statistical learning task that does not require specially tailored survival
analysis tools. These methods not only enable practitioners to take advantage of the myriad
machine learning methods currently available, but also to harness the improved performance

of new methods as they are developed. Numerical experiments show that global survival
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Figure 3.3: Estimated survival curves for time to HIV-1 diagnosis in the STEP study. The
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stacking works well across a variety of settings, performing on par with or better than
competing methods when the proportional hazards assumption fails to hold. Global survival
stacking is relatively insensitive to the choice of grid size in the pooled binary regression.

Both global and local survival stacking can be computationally expensive, particularly
when the number of cutpoints in the time grid is allowed to grow with sample size. Global
survival stacking requires fitting multiple regressions on data sets that are generally larger
than those that arise in local survival stacking. Based on the performance of global survival
stacking, there appears to be no harm in using as fine a time grid as computational resources
and time allow. If an analysis is only performed once on a dataset of modest size, using a
grid of every observed follow-up time may be reasonable. However, in our experiments there
was little gain, if any, for the computational cost, and global stacking suffered virtually no
decrease in performance using a relatively coarse grid of fixed size. In practice, of course,
the computational resources required for using any ensemble regression method will depend
on which algorithms are included in the library.

Because our method involves estimating regression functions within strata defined by the
event indicator, we can use the same procedure to obtain an estimate of the conditional
censoring distribution, simply replacing 7, (z) with 1 —m,(x) and Fy,,(t | z) with Fy,.(t]| z) in
the numerator of M, (¢, z) in Section 3.3.3. While any conditional survival function estimation
algorithm can be repurposed by reversing the roles of T" and C, our approach requires no
refitting, resulting in greater computational efficiency when both distributions are desired.

Unlike right censoring, interval censoring is a common type of data coarsening that re-
mains unaddressed by many survival function estimators. Interval-censored event times are
known only to lie in a particular interval, rather than being observed exactly. Data that are
truly subject to interval censoring (e.g., data from biomedical studies with periodic follow-
up) are often treated as subject only to right censoring. Whether or not the flexible machine
learning methods presented here can be adapted to handle interval censored data remains

an open question.



65

3.6 Acknowledgments

The authors thank the study participants and investigators of the STEP HVTN 502/Merck
023 trial conducted by the HIV Vaccine Trials Network. The authors also thank Alex Luedtke
for his insightful comments. Research reported in this publication was supported by National
Institute Of Allergy And Infectious Diseases grants UM1-AI068635 and R37-A1029168, and
by National Heart, Lung, and Blood Institute grant R01-HL137808. This work was also
supported by the National Science Foundation Graduate Research Fellowship Program under
Grant No. DGE-2140004. The content is solely the responsibility of the authors and does

not necessarily represent the official views of the funding agencies.



66

Chapter 4

MULTIPLE SAMPLE SPLITTING FOR
ALGORITHM-AGNOSTIC VARIABLE IMPORTANCE

Charles J. Wolock, Marco Carone & Noah Simon
4.1 Introduction

Model-agnostic variable importance methods provide a framework for assessing the value of
a feature or group of features in predicting an outcome. The strong predictive performance
of black box algorithms such as random forests (Breiman, 2001) and gradient-boosted trees
(Friedman, 2001) across diverse settings While black box prediction algorithms such as ran-
dom forests (Breiman, 2001) and gradient-boosted trees (Friedman, 2001) demonstrate strong
predictive performance in diverse settings, unlike classical regression methods, they explic-
itly decouple the tasks of prediction and estimation of the association between features and
outcome. The desire to understand the role of a feature in a prediction task has led to use of
variable importance measures (VIMs) based on nonparametric predictiveness or goodness-
of-fit (Williamson et al., 2021a,b; Zhang and Janson, 2022; Verdinelli and Wasserman, 2021;
Hudson, 2023). Within this general framework, the importance of a feature is defined as
the decrease in predictiveness when that feature is excluded from the prediction model (al-
ternatively, the increase in predictiveness when the feature is added to a prespecified base
model). The literature on model-agnostic variable importance is closely connected to the
topic of conditional independence testing, which can also be framed as a comparison of the
goodness of fit of nested prediction models (see, e.g., Dai et al., 2022; Lundborg et al., 2022).

To assess the importance of a feature, we define a pair of nested function classes, which

differ only by whether they contain functions that are permitted to depend on the feature of
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interest. Without loss of generality, we define the full class as containing prediction functions
which may depend on the feature of interest along with all other available features, and the
reduced class as containing prediction functions that may not depend on the feature of inter-
est. The maximum predictiveness achievable by a function in the full class is called the full
oracle predictiveness, while the residual oracle predictiveness is the maximum predictiveness
achievable without the feature of interest.

Several previous works on variable importance have framed the difference between full
and residual predictiveness as a pathwise differentiable parameter in a nonparametric model,
thereby allowing the use of tools from semiparametric efficiency theory (e.g., one-step esti-
mation procedures, Pfanzagl, 1982) in order to achieve n'/2-rate inference (Williamson et al.,
2021a,b; Verdinelli and Wasserman, 2021). Difficulty arises when the feature of interest has
importance exactly equal to zero, as this implies that the pathwise derivative of the impor-
tance parameter is equal to zero as well. This occurs because the full and residual oracle
prediction functions are identical, and the resulting degeneracy renders invalid the theoretical
guarantees of inferential techniques based on the first-order pathwise derivative. Williamson
et al. (2021b) and Dai et al. (2022) independently proposed a sample splitting procedure
to circumvent this problem, in which the full and residual predictiveness are estimated on
separate segments of the data set. These segments are often halves, i.e., the data set is di-
vided evenly in two. However, other splitting proportions still provide asymptotically valid
inference and may in fact be preferable (Lundborg et al., 2022), although we do not attempt
do address that question here.

There are two major drawbacks to the existing sample splitting approach.

1. Sub-optimal efficiency: There are two senses in which sample splitting is not optimal.

First, sample splitting reduces the effective sample size used to estimate each of the full
and residual oracle predictiveness. When the true importance in non-zero, then, we
can expect the sample split estimator to have a larger asymptotic variance compared

to the estimator constructed without sample splitting, leading to wider confidence
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intervals. Moreover, when the true importance is zero, the sample split estimator
converges at rate n~ /2, while faster rates are often achievable. Hudson (2023) proposes
an estimator of variable importance that achieves n-consistency estimators under the
null, and Lundborg et al. (2022) detail a hypothesis testing procedure that, in certain
models, has power against local alternatives converging to zero at a rate faster than
n~Y/2. While sample splitting is appealing both for its simplicity and for the fact that
it yields inference (both confidence intervals and hypothesis tests) valid under null and

alternative hypotheses, it does not necessarily yield optimal procedures.

2. Introduction of additional randomness: Sample splitting requires randomly partition-

ing the data into two segments and is therefore a randomized statistical procedure. To
be precise, conditional on the data, the output of the sample splitting procedure is ran-
dom rather than fixed. This additional randomness is generally viewed as undesirable,
as it may cause the substantive result of an analysis to depend on the seed selected
by the investigator. In the context of variable importance, there are other potential
sources of extra randomness besides the sample splitting procedure. For example, the
algorithms used to estimate the oracle prediction functions may themselves be ran-
domized, whether due to selection of tuning parameters via cross-validation or due to
the use of subsampling (as in random forests). Furthermore, debiased machine learn-
ing estimators, like those use to estimate variable importance, generally demonstrate
improved performance when cross-fitting is employed (Zheng and van der Laan, 2011;
Chernozhukov et al., 2018). Cross-fitting entails further subdivision of the data set in

a random manner.

Naturally, for any randomized statistical procedure, it is possible to perform the analysis
multiple times, ensuring that the randomness of each iteration — conditional on the data —
is independent of the others. This can be achieved in practice by using a different seed for
each iteration. The collected results can then be aggregated in some manner. For example,

if the output of a procedure is a test statistic, then one may take, for example, the arithmetic
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mean or the median of the collection of the test statistics. Using the mean as an example,
the variance of the aggregated test statistic conditional on the data scales as the reciprocal
of the number of iterations. For a large number of iterations, then, the excess randomness
can be made as small as desired. Figure 4.1 demonstrates this phenomenon when using
the cross-fit, sample-split survival VIM estimator detailed in Chapter 2 in order to estimate
the importance of BMI in predicting the two-year probability of HIV seroconversion in the
combined male and female cohort of HVTN 702 (Gray et al., 2021). The histograms show the
distribution of the test statistic (the point estimate scaled by n'/? and divided by its estimated
asymptotic variance) across 10000 iterations of the procedure, each using a different seed.
Without aggregation, there is substantial variation across iterations, which, because the data
are fixed, is entirely due to the randomized procedure. But by averaging the test statistics
across iterations, the excess variation in the point estimate can be greatly reduced.

There is a substantial literature on methods for aggregating exchangeable test statistics
or p-values in order to perform inference. Guo and Shah (2023) provides a thorough review
of such methods. Some approaches are meant to handle statistics with arbitrary joint dis-
tributions; for example, applying a Bonferroni correction to the minimum of a collection of
p-values guarantees control of the family-wise error rate and hence the probability of a type
I error. Alternatively, one may attempt to learn the distribution of the aggregated statis-
tic under the null hypothesis (Guo and Shah, 2023). Construction of confidence intervals
additionally requires knowledge of this distribution across non-null parameter values.

In this chapter, we discuss approaches for aggregating multiple iterations of sample split-
ting in the context of asymptotically linear variable importance estimators. Of particular
interest is the behavior of multiple sampling splitting when the number of iterations is per-
mitted to grow with the sample size. We provide a rate condition on the number of splitting
iterations, finding that the maximum allowable rate depends on the convergence rate of a
second-order remainder term arising in an analysis of the single-split estimator. We assess
the performance of multiple sample splitting in numerical experiments and find that in many

scenarios, it can drastically increase power over a single split while maintaining control of
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Figure 4.1: Histograms showing the distribution of test statistics across 10000 iterations of
the cross-fit, sample-split procedure used to estimate the importance of BMI in predicting
the risk of HIV seroconversion in HVTN 702.
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type I error. This result demonstrates the promise of this approach in real-world variable

importance analyses.
4.2 Variable importance

4.2.1 Data structure and notation

We observe a vector of baseline covariates X taking values in X C RP. Interest lies in
predicting an outcome Y taking values in ) C R. We use F, to denote the distribution
of the data unit Z := (X,Y) and assume that P, belongs to a nonparametric model M.
Our sample consists of n independent and identically distributed observations Z;, Zs, ..., Z,
draws from F,. For the sake of exposition, we assume that the data are fully observed, i.e.,
there is no missingness or censoring. However, we note that the general problem and methods
we discuss in this chapter apply to more complex settings than that which we describe here.

We use the subscript 0 to denote a functional of Py, e.g. Eq[f(Z)] := Ep, [f(Z)]. For
a random function of a data unit, e.g. f,(Z), the expectation is taken with respect to the
random data unit Z and not f,,. We use P, to denote the empirical measure of Z1, Z,, ..., Z,.
We use the empirical process notation Pf := Ep[f(Z)] for probability measure P and P-
measurable function f.

In discussing variable importance, we often refer to subgroups of covariates. We use
s C {1,...,p} to denote the index set of a covariate subgroup. Then, for any vector v, v
denotes the elements of v with index in s and v_, denotes the elements of v with index not
in s. The sample spaces of X, and X_; are denoted by X, and X', respectively.

We use F to denote the class of potential prediction functions. The subset Fs := {f €
F: f(u) = f(v) for all u,v € X satisfying u_s = v_s} characterizes prediction functions in
F that ignore features with index in s. We allow F to be largely unrestricted up to regularity

conditions.



72

4.2.2  Predictiveness and variable importance

For a prediction function f € F and distribution P € M, we define V(f, P) to be the
predictiveness of f under P, with larger values indicating higher predictiveness. Throughout
this section, we use as an example the binary classification accuracy predictiveness measure,
defined as V(f, P) := P(Y = f(X)) for Y binary and f: X — {0, 1}.

In studying variable importance, the key prediction function is the oracle prediction

function fy corresponding to the data-generating mechanism Py, defined as

fo € argmax; 2V (f, Fy) .

If F is a rich function class, we can expect f, to depend only on the choice of predictiveness
measure and on the distribution F,. The oracle predictiveness is then defined as vy :=
V(fo, Po). This quantifies the total predictive potential of the covariate vector X under
Fy. For index set s, we define fy, € argmax;.z V(f, Py) as the residual oracle prediction
function, with corresponding residual oracle predictiveness vy s := V(fos, Fo). This measures
the predictive potential of X_;, i.e., the maximum predictiveness achievable when features
with index in s are not used in the prediction task. Our target of inference in the importance
of feature(s) X, which we define as 1o s := vy — vgs. There is particular interest in testing
the null hypothesis Hy : ¢y = 0, i.e., that vy = v s, versus the alternative H; : 1o > 0.
For classification accuracy predictiveness, Williamson et al. (2021b) showed that the

oracle and residual oracle prediction functions are given by

fo(z) = 1(po(x) > 0.5) and fos(z) = 1(pos(z) > 0.5) ,

where po(z) == Eo[Y | X = 2] and pos(z) := Eo[Y | X_s = 2_]. These conditional mean
functions play a key role in many example predictiveness functions, including R?, deviance,

and area under the receiver operating characteristic curve (AUC).
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4.2.83  Plug-in estimation

Using the definition of v s, the natural plug-in VIM estimator is given by ¥, . := V(f,, Pn)—
V(fns: Pn), where f, and f, s are estimators of the full and residual oracle prediction func-
tions, respectively. Under regularity conditions, the contribution of the estimation of f; and
Jo,s to the asymptotic bias of ¢, . is second-order. Because of this, the plug-in estimator,
even if it involves flexible estimation of nuisance parameters, achieves asymptotic linearity.

In particular, the representation

n

> {60(Z) = d0.s(Z:)} + op (n™'?) (4.1)

=1

holds, where ¢y is the efficient influence function (EIF) of P — V(fp, P) at Py relative to
M, and ¢ is the EIF of P+ V(fps, P) at P, relative to M. In other words, ¢y _ is nt/2-

1

7s:_
n

r(/}:;s - wO

consistent and nonparametric efficient, without requiring debiasing. The plug-in estimator

for binary classification accuracy VIM is given by
* 1 .
Vs = D ALY = fulX0) = 1Y = fus(Xi))} -
i=1

In order to reduce the chance of systematic bias due to model misspecification in esti-
mating fo and fo, it is advisable to use flexible, data-adaptive algorithms, many of which
are randomized. For example, some algorithms require the selection of tuning parameters,
such as the regularization parameter in the lasso (Friedman et al., 2010). Cross-validation,
which involves partitioning the data into folds in order to train and then evaluate the al-
gorithm over a grid of possible tuning parameter choices, is a widely used procedure for
tuning parameter selection. Bootstrap aggregation, or bagging, entails training an ensemble
of learners on random subsamples of a data set, and is a key feature of algorithms such as
random forests (Breiman, 1996, 2001). When the nuisance estimators f, and f,  involve
randomized procedures, such as cross-validation or bagging, the overall estimation procedure
becomes randomized as well. This is one stage at which additional randomness is injected.

Randomness may also be introduced as a byproduct of cross-fitting. A key regularity

condition ensuring asymptotic negligibility of the remainder term in (4.1) involves constraints
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on the complexity of the algorithms used to construct f,, and f, ;. This is often referred to
as a Donsker condition, and it may fail for flexible machine learning algorithms. In many
settings, the use of cross-fitting obviates the need for Donsker conditions, thereby weakening
the requirements for asymptotic linearity of 1 .. As described in Chapter 2, cross-fitting
entails splitting the data into K folds. For each k € 1,2, ..., K, the k" fold is held out, and
the remaining £ — 1 folds are used to construct f,, and f, ;. Using these fitted algorithms,
the plug-in estimator is constructed from the k fold. Repeating this procedure K times, once
for each fold, yields K estimates vy, 51,%ns2,--.,%ns k. These K estimates are averaged to
yield an overall estimator which shares the same first-order asymptotic behavior of 1y, ..
Like cross-validation, cross-fitting involves randomly partitioning the data into folds,
which adds additional randomness. However, neither the use of randomized algorithms
in constructing f,, and f, s nor the use of cross-fitting changes the first-order asymptotic
behavior of the VIM estimator. Because of this fact, and because the primary focus of this
chapter is sample splitting, in the following sections we do not explicitly consider the effects

of randomized prediction algorithms and cross-fitting.
4.3 Sample splitting

4.3.1 FExsting sample splitting approach

As described in Section 4.2, previous work on nonparametric variable importance has pro-
vided procedures for constructing asymptotically linear plug-in estimators V'(f,,P,) and
V(fn.s:Pn) of vg and vy 5, respectively, with influence functions ¢y and ¢ . When Hy holds,
however, ¢g = ¢, implying that ¢ - = V(f,Pn) — V(fus, Py) may fail to be asymptot-
ically linear and that inferential procedures based on the influence function ¢o(z) — ¢o.s(2)
may be invalid.

One approach to achieve n'/?-rate inference for Y under both Hy and H; involves
sample splitting (Williamson et al., 2021b; Dai et al., 2022). To perform sample splitting,

we generate n independent Bernoulli(1/2) random variables Sy, Ss, ..., S,. We use the data
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D, = {Z;: S; = 1} to construct an asymptotically linear plug-in estimator v, of vy using
the procedure described in Section 4.2, and the data D, := {Z; : S; = 0} to construct an
asymptotically linear plug-in estimator v, s of vgs. The overall sample-split estimator is
then given by 1, s = v, — v, which, due to the independence of S and Z, admits the

representation
1 n
7wbn,s w[),s n ;:1 {Sz¢0( z) ( Sz)¢0,s( 1)} + Tn ( )

where r, = op (nfl/ 2). This sample-split estimator converges weakly to a mean-zero Gaus-

sian random variable with variance
03, 1= 4B [{S¢0(Z) — (1 — 8)0s(2)}] = 2P (83 + 02.) - (4.3)

4.8.2  Multiple sample splitting: fixed number of splits

A natural extension of the sample-splitting approach involves performing the procedure
multiple times and aggregating the results. The sample splitting indicators Sy, Ss, ..., S, are
randomly generated under control of the investigator, and so the sample-splitting procedure
could be repeated by, for example, using different seeds in the generation of the splitting
indicators. We let 1,2,..., B denote the indices of the seeds used to generate the splitting
indicators. For observation ¢, the B splitting indicators are denoted S;i,S:2,...,S;5. We
let ¥n1s, ¥n2s, - - -, ¥np s denote the estimators constructed from the B iterations. In light of
(4.2), the vector of B estimators constructed using the B iterations of the sample splitting

procedure satisfy

Vn1,s — Yo, | o 2{Si¢0o(Zi) — (1 = Si1)dos(Zi)} Tnl
) _1 : : 4.4
- ; + , (4.4)
YnB,s — Yo,s 2{Sipto(Z;) — (1 — Sip)¢o.s(Z:)} TnB
where 7,1, 7pa2, . .., np denote remainder terms from each iteration.

Using this representation, we see that the vector of B sample-split estimators, centered

and scaled by n'/?, converges weakly to a B-dimensional Gaussian random vector with
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covariance matrix denoted ¥{®). The diagonal elements of this covariance matrix are given

by Ziﬁz = 2Py (¢5 + ¢5 ;) for j = k, and the off-diagonal elements are given by

2 = Pog? — 2Py (doto.s) + Podi,

for j # k. Thus, given a consistent estimator Zﬁ) of the covariance matrix, we can use
the asymptotic joint distribution of {¢n1s,¥n2s,--.,¥nps}, combined with a continuous
transformation G : R® — R, to perform tests and construct confidence intervals simply by
simulating draws from a multivariate Gaussian random vector with covariance matrix n®)
and applying the transformation GG. Possible choices for G include the arithmetic mean and
the maximum.

When G is the arithmetic mean, i.e., G(uy,us,...,ug) = % Zle uy, we can easily derive
the limiting distribution of the aggregated statistic. Letting W(Li) = G(Vn1s, Un2ssy - UnB.s),s
Si(B) = G(Su, Si2, .-, Sip), and riP = G(Tn1,Tn2, -, Tnp), We have that

n
i) — o = %Z 2 {Si(B)ng(Zi) - (1= Si(B))fbo,s(Zi)} +ri. (4.5)

i=1
Using this representation, we can conclude that the aggregated estimator @Z)ﬁﬁ), centered
and scaled by n'/2, converges weakly to a Gaussian random variable with variance 08’87 B =
B77g + 14, where 18, = Py (6 + 2d0¢0,s + &5 ,) and 13, := Py (9§ — 2¢0¢0.s + ¢ ;). We
note that of,, = o7, so this representation agrees with (4.3) when only a single split is

performed. Under H,, 1/3,5 vanishes, and so the asymptotic variance of the estimator is equal

1.2
to B To s

4.8.3  Multiple sample splitting: growing number of splits

The results of Section 4.3.2 hold when B is fixed and n tends to infinity. In this section,
we consider the case where B is allowed to grow with n. To make this dependence explicit,
we now use B, to denote the number of sample splitting iterations. For practical purposes,
we may wonder how large B, can be chosen without sacrificing performance, as under Hy

the distribution of n'/ Qw,(f.;") approaches degeneracy as B,, increases. (Heuristically, for fixed
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B, when Hy holds, of , 3 = B~'7;,, which will be near zero for B large.) Furthermore, it
is of interest to explicitly characterize how much of the efficiency lost in sample splitting
can be recovered by the multiple splitting approach, which necessitates consideration of the
behavior of @Z)ni”) as both n and B,, grow. To this end, we begin by deriving the asymptotic

distribution of @/J,(Zﬁ").

Theorem 4. Suppose that supeqio gy = Op (™). If B, < n® with 1/2 < a <
(1+40)/2, then the random variable

1/2
( Qn ) (wfuBsn) - wO,s)

00,5,B,

converges weakly to a standard Gaussian random variable.

The key implication of Theorem 4 is that the rate at which B,, may grow while preserving

asymptotic normality is determined by the convergence rate of the remainder term B,

Specifically, the more quickly riPm

tends to zero, the more quickly B, may be allowed to
grow while still allowing for valid inference based on a Gaussian limiting distribution.
Theorem 4 provides a guideline for constructing asymptotically valid hypothesis tests of

Hy. Doing so requires a consistent estimator of 77, which we denote 72 .. For example,

this estimator could be constructed as follows: (1) use the full sample (73, Zs,...,Z,) to
construct estimators P, f,, and f,s; (2) plug in P, for Fy, f, for fo, and f, for fo, in
the definitions of ¢y and ¢ s; (3) set 72, =Py, (¢2 + 2¢5¢s + @2 ). We note that sample

splitting is not required for variance estimation, since all we require is consistency. We then

define

For testing purposes, there is no need to estimate 1/378, since under H, V&S is known to be
1/2
identically zero. Under Hj the test statistic T}, := (%) 1/17(11,3;”) converges weakly to
n,s,Bn ,*

a standard normal random variable. Comparing this test statistic to the a quantile of a

standard normal random variable will yield an asymptotically valid one-sided level a test
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of Hy. Algorithm 4.1 details the procedure for performing a hypothesis test using multiple

sample splitting.

Algorithm 4.1 Multiple sample splitting with mean aggregation

1: Using all data, construct estimators f,, and f, ;.

2: Using all data, construct estimators 7, := PP, (02 + 20nns + 92 ,)-

3: Select number of splitting iterations B.

4: forb=1,...,B do

5: Generate Bernoulli sample splitting indicators S, ...,S,. Let n, denote the size of
DQ = {(XZ,YZ) : SZ = 0}

6: Using only data in Dy, construct empirical distribution estimator P, ¢ of F. Con-

struct full predictiveness plug-in estimator vy, := V(f,, Pnyo)-
7 Using only data not in Dy, construct empirical distribution estimator P, ; of F.
Construct residual predictiveness plug-in estimator vyp s := V (fr.s, Pn1).
Compute Vs := Upp — Unp.s-
9: end for
10: Compute overall VIM estimator 1/17(1? = % Zle Ynp,s-
11: To test Hy : o5 = 0 vs. Hy : s > 0 at level 1 — «, reject Hy iff p, :=1— ®(T},) < «
with T, = )1/2 ey

n,s,B,*

*

—_

4.4 Simulation studies

We conducted a numerical experiment to investigate the properties of the multi-split hypothe-
sis testing procedure. In particular, we aimed to assess how the performance of multi-splitting
depends on the number of splitting iterations and how the performance compares to that of
a simple Bonferroni correction, which does not leverage the joint asymptotic normality of
the sample split estimators.

In all experiments, we generated independent replicates of (X,Y), where X is a p-
dimensional feature vector generated from a multivariate normal distribution with mean
vector (0,0,...,0) and identity covariance matrix. Given covariate vector X = x, the out-
come Y was generated from a Bernoulli distribution with P(Y = 1| X = z) = ®(f121 +
Baza + -+ + Bpx,), where @ is the standard normal distribution function. (In other words,

Y satisfies a probit regression model.) In Scenario 1, we set p = 5 and 8 = (1, 3.5,0,0,0);
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in Scenario 2, we set p = 100 and § = (/41,3.5,0,...,0). We varied 5 € {0,0.2,0.4,...,1},
where 31 = 0 corresponds to the null hypothesis Hy. We considered VIMs based on R?,
AUC, and binary classification accuracy.

We used two different estimators for the nuisance functions fy and fys: a correctly
specified probit regression regression model and gradient boosted trees (Friedman, 2001, im-
plemented in the xgboost software package). In Scenario 2, we used a lasso probit regression
model with five-fold cross-validation using logistic loss in order to select the regularization
parameter (Tibshirani, 1996). For gradient boosting, we used 500 boosting iterations and
a learning rate of 0.01. Five-fold cross-validation with logistic loss was used to select the
maximum tree depth among possible values {1,2,3}. We varied the number of sample split-
ting iterations over B € {1,10,50,100,200}. For B = 1, no aggregation was necessary. For
all other values of B, hypothesis tests were performed using either a Bonferroni correction
applied to the minimum p-value across iterations (i.e., p = Bmin (py,ps,...,pp)) or us-
ing Algorithm 4.1. For each scenario considered, we generated 500 random datasets of size
n = 1000. In all experiments, we used five-fold cross-fitting within data splits. We evaluated
performance in terms of empirical rejection probability.

We display results for AUC variable importance in the main text; results for R? and
accuracy are similar and appear in Appendix C.2. From Figures 4.2 and 4.3, we see that
in both scenarios, all procedures control type I error below the nominal level of the test,
although the Bonferroni correction is slightly conservative compared to a single-split test or
multi-split aggregation using Algorithm 4.1. When the effect size is non-zero, we observe that
our method results in higher power than the single-split test, with substantial increases even
at relatively small effect sizes. At least up to 200 splitting iterations, power increases mono-
tonically, while type I error remains near 0.05. On the other hand, with small effect sizes,
the Bonferroni correction tends to be conservative when the number of splitting iterations is
large; indeed, a strategy using 100 or 200 splitting iterations is sometimes outperformed by

a single split. These patterns are the same for the two nuisance estimators.
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Figure 4.2: Performance of sample splitting approaches for testing the hypothesis of zero
importance using AUC predictiveness in Scenario 1 (p = 5). When the effect size is zero,
the null hypothesis holds. Oracle prediction functions were estimated using either probit
regression (top row) or gradient-boosted trees (bottom row). The number of splitting it-
erations ranged from 1 to 200. Where more than one splitting iteration was used, results
from multiple iterations were combined using either a Bonferroni correction (blue) or our
proposed method, Algorithm 4.1 (red).
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Figure 4.3: Performance of sample splitting approaches for testing the hypothesis of zero
importance using AUC predictiveness in Scenario 2 (p = 100). When the effect size is

zero, the null hypothesis holds.

Oracle prediction functions were estimated using either

probit regression (top row) or gradient-boosted trees (bottom row). The number of splitting
iterations ranged from 1 to 200. Where more than one splitting iteration was used, results
from multiple iterations were combined using either a Bonferroni correction (blue) or our
proposed method, Algorithm 4.1 (red).
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4.5 Discussion

We have outlined a pragmatic approach to both increase efficiency and decrease undesirable
randomness due to sample splitting in nonparametric estimation of variable importance.
Our procedure is simple to implement and embarrassingly parallel, which means that its
computational footprint need not be substantially larger than standard sample splitting
approaches. Multiple sample splitting performs well in simulated datasets, demonstrating
substantial increases in power over single splitting while maintaining type I error control.

Further work is required to devise a procedure for selecting the number of sample splitting
iterations. The theoretical analysis suggests that the remainder term in (4.5) which may
dominate the first-order behavior of @/Jni") under H, if the number of splitting iterations
increases too quickly. A conservative approach using a relatively small number of iterations
can have a major impact on power, but a method for selecting B,,, ideally in a data-adaptive
manner, would greatly increase the practical appeal of our proposal.

Another avenue of future research concerns the power of our proposed hypothesis test
against local alternatives. Lundborg et al. (2022) note that the single sample splitting
approach of Williamson et al. (2021b) is powerless against local alternatives vy, such that
nl/zwo,n — 0, i.e., against local alternatives converging to zero a rate faster than n~'/2. This
is unsurprising, as the sample splitting procedure is intended to yield n'/?-rate inference in
light of the degeneracy of the non-split estimator. One recently proposed estimator (Hudson,
2023) achieves n-rate consistency for 1y ; when Hj holds, although the power of the resulting
test remains an open question.

Construction of confidence intervals is another area of possible future research. While the
distributional result of Theorem 4 holds under both Hy and H;, constructing a symmetric

Wald interval of the form

B —1/2 B —1/2
(1/17(1,5") — 21-a/20n,s,B, T / 7%(1,5") — Z1-a/20n,s,B,T / )

is likely to be conservative, as the component 1§, of §, 5 is known to be zero under H.

Leveraging this relationship between the VIM parameter v, and the variance component
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v, could yield improved confidence intervals.
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Appendix A
SUPPLEMENTARY MATERIALS FOR CHAPTER 2

A.1 Proofs of theorems

A.1.1 Efficiency calculations

Proof of Theorem 1. In the following, we let Py(y,d|z) denote the joint distribution
function of (Y, A) given X = z.

Let {P.} be a suitably smooth and bounded Hellinger differentiable path with P._y = P,
and score function ¢y at e = 0. We will repeatedly make use of several properties of score

functions; namely, that fo(z,y,8) = €o(z) 4 Lo(y, 0 | ), and that scores are mean-zero:

J[ ] vintv.510)Putay. 5 0)@u(ar) = 0
for any function b.
We begin by using the quotient rule to write

Vi(fo.Fo) Vi(fo, Fo) £ V5(F.)

e=0 e=0

e W) Va(Fo)?

d

“ V(o P}

e=0

We study the two derivatives above separately.
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Under appropriate boundedness conditions, we have that

d

—Vi(fo, Fe

T = —/ fo 1131 --7(fD(xm)7tm))HF€(dxj7dtj)

= @) ) o), o) T Fuldt | 2)@uldy)

S KJCCONARRRTACARAIP | EACAENINS | CACS
+/(I)((f0($1)7t1)7'"’(fo(xm)7tm>>HF0(dtj|'rj)%]:[@6(dmj) 70'
(A.2)

Using the product rule and symmetry of ®, the second term in (A.2) is equal to

m

m [ @ (). t). ol D T ot ) )T Quldr,) 5 Quld)

e=0

—m [ @ (o) ) (ol HFO (dty | ;) H Quld)iof) Qo)
—m/{ fO xl ) "'7(f0(xm)7tm))

X H Fo(dt; | z;) [ [ Qolda;)lo(x1,y,8) Po(dy, d6 | xl)Qo(dxl)},

j=2
where the final equality follows from properties of score functions. This expression can be

rewritten as

m

m/q)((fo(xl),tl),,(fo(xm),tm))Fo(dtl|x1)HFo(dx],dt])ﬁo(x,y,§)P0(dy,d5,dx1)

=2

= m/‘bo,l (z1,t1) Fo(dty | @1)lo(x,y, 0) Po(dy, do, day).
Therefore, this term contributes
T m/<I>071 (x,t) Fo(dt|x) (A.3)

to the EIF.
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Now, by definition we have that

d
—F.(t
T let]z)

=——T({1— (du| z)}

(0,¢]

e=0

By Theorem 8 of Gill and Johansen (1990), the product integral map H ~— Sy(t)

is Hadamard differentiable with respect to the supremum norm with derivative a >

fot Sg (?u ). By the chain rule for functional derivatives, we have that
d " So(u”|x) d
Fe(t] ) {1 = Addul2)}| = So(t|z) | ————~<—A(du|z)
dE =0 ](:E] e=0 0 SO( | ) de e=0
Now, using the quotient rule, we can write
F,
Dl = 'd Fal(du|z)
de o Jo del—F(u=|x)|_,
Ljo,4 (u)%Feyl(du | z) H[O,t](u)%FE(u_ |z)|  Foi(du|z)

:/ 1= Fy(u~ | ) = Jr/ {1—Fo(u’€|jﬁo)}2

Computing each of the derivatives above, we have that

d d d

— =—P(Y <uA=1|X= = — P.

FFabln| = gry<wa=tx=2) =& [[t@sruyal|
and

d d d

—F.(u~ = —P(Y =— /1 P

7 H(u” | ) T (Y < ul|z) ~ de/ 0,0)(y) Pe(dy | ) »

~ [ Lo @aly] 2)Potdy )
B // ﬂ[o,m(y)éo(y\x)Po(dMyaw)Po(dy’w)+// Lo,y (9)0o (8 |y, 2) Po(dd |y, ) Po(dy | 2)
_ / / Lo (1)foly. § | ) Po(dy, d6 | ),
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where the last two equalities follow from properties of score functions. Therefore,

d 0.4 (w) [ 60o(u, 8| 2)Po(du,ds | x)
R e e HE
Lo (W) Loy () [f Co(y, | ) Po(dy, d6 | ) Fo1(du | )
+ 1= Folu [0}
_ // Lo (y)50o(y, 6 | ) Po(dy, db | x)
1—Fo(y | )
/// 0,4 (1) Ljo,u) )Eo(y,(ﬂ x)Py(dy, dd | z) Fy1(du | x)
{1 - Fy(u|x)}*
// 0,4)( y)olo(y,d | x) Py(dy, ds | x)
1—Fo(y~ | )

/// 0.0(0) Lo,y (y) oy 8 | ) Po(dy, db | &) Ao (du | )
1 — Fy(u | z) ‘

Again using the fact that scores are mean-zero and observing that 1(y > u) = 1 — 1(u < y),

we plug this expression into the derivative of the product integral to obtain

j Lt 2) = Solt |« // Ae 1“”] {1%;‘,0(“ )}5éo(u,5|x)P0(du,da|x)
Solt|z /// {1_Ff€(“’ ’);fo(y,m %) Py(dy, o | z)Ao(du | z)
= st [[ o “[Of{lf“Fi(;_' ﬁ lo( 6 2) P )
o] /// SOSO {1_A;EOCEZ' |))}éo<y,5\x>zao<dy,d5\x>
Soltl o) [ g sty 31 )Py, db )

B . "y Ao(du | z) j T T
sot1o) [ | Satagaursyot 010 di

- / / p0-(t)lo(y, 8| ) Poldy, d6 | ).



Next, we note that

Eo[po,z(t) | X = ]

:‘SO“'”C)/ [so<y5|loéoy| / Solu AO du ]PO U, 0| )
el | | sy i /{1_F0u | )0}<A(|)5c> o
Foa(d Foa( du
Solt]2) Vs S /so |>]

=0.

By properties of score functions, this implies that

//%Z ioly, 5| ) Po(dy, d5 | 2) //90 (ol Pody,dam

~ / / 002 (8)fo(y, 8, 2) Po(dy, d5 | 7).
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Hence, using the product rule and symmetry of ® for the leading term in (A.2), we have

—m/{ (fo(z1),t1), .-, (fo(Tm), tm)) Po,2 (dt1)

X HFo(dl"j, dtj)éﬂ(yla 01, ﬂfl)Po(dyl, doy |$1)Q0(d331)}

Jj=2

= —m/@o,l (x1,t1) 800,z1<dt1>é0(y17 01, 21) Po(dyr, doy | x1)Qo(dxy),

yielding that the EIF contribution from this term is

Z = —m/q’o,l (z,t) @o,.(dt).

Next, we note that

_ pgly) "™ Ag(du|x) i
wo,.(dt) = {So(ylx)Go(y ) /0 Solu | 2)Colu | 2)) } So(dt | x)
_ . oyt —y) . Ljo,4) (1) Ao(dt | x)

ot ST mauTs T S G )
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where 7(-) is the Dirac delta function. Therefore,

/‘130,1 (z,1) o, (dt)

- o0 {ggme 5T / SE Gy ) o)

g, (1) S0 1) Loy (D) oldt]2)

@071( ,t) So(y| GD y’ +/(I)01 SO t| ) ( ’ )Go(t|$)
5]]-[01% AO du )

_/(I)o,l (z,1) {So<y| )Gof y| / So(u (ul ))}SO(dt’x)

) Lo,y (t )Ao(dt’ )
_(13071 (ﬁ,t)m—i—/q)(ﬂ ([L’,t) Go(t\x)

Taking an expectation over (Y, A) given X = x, we have

E, [ / Do (2,1) 9o (dt) | X = xl

F01 (dy | x) 11— Fy(u | 2)} Ao(du | ) .
S AT A P e i e EE
Foa(dy | ) {1 = Fo(t™ [2)} Ao(dt | )
_/@071 ([L’,t)m—F/q)oJ ([L’,t) GO t’ )

=~ [ @t {/ ST /so et >|x>>}50(d”x>

Foa(dy| ) Foa(dt|z)
_/(I)O,l (l‘,t) Go(y\x) +/(I)0,1 (l‘, ) Go(ﬂ )

The tower rule then implies that (A.4) is mean-zero. Thus, this portion of the EIF is already

centered. To center the EIF overall, we subtract mV;( fo, Fo) from (A.3), yielding the centered
gradient Dg(Fy). The derivation of the gradient of V5 is identical, so combining these results
with (A.1) yields the overall gradient

Dy (Fp)(2) W(fo,Fo)De(Po)(Z).

D(R) : z Vo(Fo) — Vo(Fo)?

It remains to show that P — V(fp, P) and P — V (fo, P) have the same EIF at F,. We
note that

Vfe, Pe) = Vfo, Bo) = V(fe, Be) = V(fo, Pe) + V(fo, o) = V(fo, Fo)-
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Under condition (Bla), we have that V(f., P.) — V(fo, P.) = V(fe, Po) — V(fo, Fo) + o(e).
Furthermore, under conditions (B1b) and (Blc), we have that

d
—_— P =
iV UaR)| =0

and so Taylor’s theorem yields that V(f., Py) — V(fo, Py) = o(€). Since the parameter P
V' (fo, P) is pathwise differentiable at Py with canonical gradient D;(FP,), we can write that
V(fo, P.) — V(fo, Po) = € [ D(Py)(2)lo(2)Po(dz) + O(€?). Combining all these observations,
we have that Vi(f., P.) — V(fo, Po) = € [ D(Py)(2)fo(2)Po(dz) + o(¢). Hence, P+ V(fp, P)
is pathwise differentiable at Py with EIF equal to D(F). O

Lemma 1. If there exists v € (0,00) such that Go(ty|x) > 1/v for Py-almost every x such
that x < xq, then P +— Fp(xg,to) is pathwise differentiable at Py relative to the nonparametric

model M, with EIF given by z — ¢ .(70,t) == ¢o..(z0,t0) — Fo(zo,to), where

Go,2(T0, t0) 1= L(z < o) {Fo(to | ) — @02 (t0) } -

Proof of Lemma 1. As in the proof of Theorem 1, we proceed by direct calculation
of the pathwise derivative of the parameter. Again we let {P.} be a suitably smooth and
bounded Hellinger differentiable path with P._y = F, and score function éo at e = 0. The

parameter evaluated at P, is given by

F. (20, t0) = / 1z < 20)F.(ty | 2)Q. ().

Under appropriate boundedness conditions, we have that

diFe(antO> = di 1(x < o) Fe(to | 2)Qc(dx)
€ 6:0 € EZO
d d
= | I(x <x9)—F.(ty | x dx 1(z < x¢)Fo(ty | 2)—Q(dx ) A5
1@ <a LRG| Qo)+ [ 1 <sFi 0 To | (49

Using the same argument as in the proof of Theorem 1, the second term in (A.5) contributes
x = 1z < x0)Fy(to| z) to the the EIF.
For the first term, we recall that LF,(to|x)

= — [ o (to)loly, 6, z) Py(dy, dé, dz).
e=0
Therefore the first term in (A.5) contributes z — —1(z < x0)@o.(to). This portion of the
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EIF is already centered. To center the EIF overall, we subtract Fo(zo, ty), yielding the overall
EIF

¢0<I0,t0) L2 = ]l(l’ S 1’0) {Fo(t(] | ZL’) — QOO,z(tO)} — Fo(ﬂ?o,to).

A.1.2 Additional theoretical results

The functions ¢ and ¢ are both indexed by the nuisance functions S(- | z) and G(- | x), which
represent generic conditional event time and censoring survival functions, respectively. We

let

Sloaly) / A(du| z)
y[0)Culn) Sy SwlnGlulx)]’

where A is the conditional cumulative hazard function corresponding to S. We then let

psalt) = =S(t10) | 5

tsc.(t) == 1—9(t|x) — ¢sg.(t). As shorthand, we let ¢, 5, = Sy 1sGrierzr Pz 7=

¢Sn,kz7Gn,kaz’ 900072 = (pSO(MGO(MZ, a‘nd ¢OO,Z = ¢SOO,GOO,Z'

Lemma 2. For any conditional event distribution S and corresponding cumulative hazard

A, and any conditional censoring distribution G,

Poos.c(zo, to) —Fo(zo, to)

— o [10X < )50 X) " So(u”| X) fCuel0

L S X) G(uwxfl}(A‘A“)(d“‘X)}'

Proof of Lemma 2. First, we note that

Opw)(y) [ Adu]x) .
°[S<y1x>e<y|x / Sl 0)Culn) ]

j
[ Sy |2)Goly ), ol
- S@la)Gly|m) O Aol

. Thus,

Eo [psc.z(t)| X =] = S(t|z) / ° So(y™ | x)Goly | x)

o Sly|lx)G(y|x) (A — Ao)(du | x).
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On the other hand, F(ty|x) — Fo(to|x) = So(to|z) — S(to | x), and, applying the Duhamel
equation (Theorem 6 of Gill and Johansen, 1990), we have

0 So(u | x)

Solto|7) = S{to|#) = Sltol @) | —geir 5

—— (A — A)(du | x).
Combining these results, we have that

F(to|z) — Fo(to| ) — Eo [psc z(to) | X = ]

=Sl o) [ 2 I - ) - sitala) [ FEE IR 0 pyau] o

~sitala) [ S G 1 (4 Ay,

Finally, applying the tower property

Pogs.a(xo, to) — Folzo, to)
= Eo [1(X < 2) {F(to]| X) — vs6,2(to)} — Eo [L(X < xo)Fo(to| X))
= Eo [1(X < z) {F(to | X) — ¢s,c,2(to) — Folto| X)}]
= Eo [I(X < 30)Eo [F(to | X) — ws,z(t) — Folto| X) [ X = «]]

= —F |1(X < mo)s(t0|X)/00 Sg((ij ‘X)i) {%J((;”;(())

- 1} (A — Ao)(du| X)| .

Lemma 3. If condition (B4) holds, then Pypoo(z0,t0) = Fo(xo,to)-

Proof of Lemma 3. By Lemma 2, we have that

Popos (0, to) — Fo(z0,10)

) ) © S 1X) [ GolX) N\ y a
— B0 |10x < wsttn] ) [ ORI 1 - a0

Aslong as ty € T, for each value X = x, we can use condition (B4) to decompose the interval
0, t0] into S, UG,,. For any u € S,, we have that A, = Ag, so that (A, —Ag)(du|z) = 0. For
any u ¢ S;, by assumption u € G,, and so we have that G, = Gy, so that TH)) 1=0.

Therefore, the integral over T = S, U S¢ is equal to 0. H
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We now give some results regarding the large-sample behavior of the cross-fitted esti-
mator. We denote by M,, € {1,..., K}" a random vector generated by sampling uniformly
from {1,..., K'} with replacement. We let D} denote the subset of observations with index
in {i: M,; =k} fork=1,..., K. Welet S, denote an estimator of Sy constructed using
the data U;«;D;, and likewise for G, and f, . We then use P, ; to denote the empirical
distribution of P, based on data in D;,.

Lemma 4. Under condition (B2), there exists a universal constant M, , depending only on

v, such that for all n and k,

57 1/2
Po{ sup  |énk(zo,to) — ¢oo($0,750)|} ]

2oEX toET

2
Surlto]| X)) Sxlto] X) '
< M, Eqg |sup su : -
: { " |wer ucloml | Sup(w] X) ~ Suc(u] X)
+ E {su ! — 1 r
e Gt | X)  Galto| X)|) [

Proof of Lemma 4. We start with the decomposition ¢, (o, 0)(2) — ¢oo(0,t0)(2) =
1(x < xo) 2521 A, ki (to), where

Anpa(to)(z) = {Farlto| 2) — Foolto | 7)}

. 61[0t0( ) [ Sup(to]®)  Sw(to]|®)
Anka(to)(2) = Gy |2) { Serylz)  Se(y|z) }
2) = 51[0,t0]( )Sn,k(t0|$) 1
Apra(to)(z) == Snr(y| ) {Gnk(ylx) Goo(ylx)}
Apralto)(2) = —/0 {Gnkl — 1 } Soo(to | 2)A de“’iv)

rulz)  Goolulx) Soo (| 7)

G Sl )Alduls)  Salte] 2)Ax(du] )
Ausslto)?) == | Gn,k<urx>{ Soalu|2) Sma(ut] 2) }
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Using the triangle inequality, we have that

2
Py { sup  |on k(0. to) — ¢m($o,to)|}

o EX toET

2\ 1/2)
< { (Eo Loes;gg}ﬂ()( < xO)Ai7k7j(t0)(Z)|:| ) }
{5 (o)) ) - (5 ()}

M- T

We proceed by bounding each term individually. First, since S, (0] z) = S (0] z) = 1, we
have that

Py (sup Ankl(t0)> =, [sup {Se(to | X) — nk<t0|X)}2:|

to€T to€eT
{Sooao 1X)  Saklto] X) ]

—E
0 S (0] X

sup
to€T

< sup [
u€[0,t0]

sup
to€T

Sulto| X)  Sa
X)

< Eg sup
to€T wel0,to]
- 2

(
{Soo(to |§((

< Eg sup
_uGT,vG[O,u]

For A, k2, we use the fact that 1/G < v, so that

{ 5]1[0»150] (Y) ( Sn
sup

Py <SUP AL 2(750)) =Ko

to€T

ES

to€T GOO(Y|X) Sn

H-SH)]

< K, Sup{ p(to| X)) Suolto| X
- _toeT Smk(YlX) OO(Y|X

) I Soo(to‘X) k(to | X)
S _toe;:tlg[oio] { SOO(U|X) S”v ( |X) } ]
[ SOO(U’X)_Sn,k(u’X)‘ 2
S| X)  Solv|X) ||

< V*E, sup
_uE’T,vE [0,u]
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L10,t0](¥)Sn,k(to | )

Next, for A, k3, we note that y < ¢, implies S, x(y | ) > Spx(to | z), and so

Sn,k(y) -
1. Hence,
_ 0110, (Y) nk(to|X)( 1 1 )}2
Fy | sup A to) ) =Ey | su
(toel; nk3( 0)> 0 _toeg'{ nk(Y|X) G Y|X) oo(Y|X)
| 1
=E
’ {Gn,k<Y|X> Y|X ]
<Eg|s 1 }
u
=50 G [ X)

For A, 4, we have

Py <sup An k 4(t0))
to€T

P {/OY (oo~ eourm) ™ o }]

<Ey| su ( ! — ! )2811 {/tOAYSOO(t0|X)Aoo(dU‘X)}2
= Lo G X) ~ Gau[ X)) ey Lo Seclu] X) |

Using the backwards equation (Theorem 5 of Gill and Johansen, 1990), we have that

f(f % = 1 — 5(t) for any survival function S and corresponding cumulative hazard

A. Continuing from above, we can then write

1 1 2 )
Py sup A t <Ey| su - sup {1 — So(to AT | X
(s ttaa) <20 | w0 (s~ qury) 22— Sstton ”]

1 1 2
< Ey | su —
=0 _uE[OI,)T] (Gn,k(u ’ X) Goo(u ’ X)) ]

gt AT
< sup — .
" luer | Gan (] X)  Guo(u| X)
For A, 15, we define ay, j4(u | ) = 5” :((i‘l )) and likewise aoot(u|z) = g;':((ih Again using

Sn’k(t ‘ ) n,k(du | x
Sn,k(u | 1’)

the backwards equation, we have that o, +(du|z) = and aqi(du|x) =
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Soo(t]|x)Aoo (du |z
Soo(u]x)

), Using integration by parts, we can then write

to\Y 1 2
Py | su Ai t >—E su {/ —_—(ay, du| X) — aos (du| X }
s (s st = Bo | sup { [ s (] ) — ] )

= E Sup an,k,to (to /\ Y | X) — aoo,to (to /\ Y | X) o an,k,to (0 | X) - aoo7t0 (0 | X)
" Gril(to NY | X) G (0] X)

to€[0,7]

-/ " (o (] X) — oy (] X)) %}]

—-F su an,k,to(to/\Y’X) _aoo,tg(tOAle)
°Licto, Grrlto AY [ X)

— Spulto | X) + Sxo(to | X)

to€[0,7]

_ /OtAY (o (| X) = Qoo o (u | X)) %}2}

< Eo{ sup {Vz Snk(to] X) Seo(to ] X) Spi(to] X) Soo(to\X)‘

to€[0,7]

Sorto AY X)) SultoAY [X)| | Sus(0]X) ~ So(0]X)

Sn,k(t0|X) SOO(tO|X)‘

tAY
0] [ (@] X) = ey (0] X)) Gl X)
0

Snk(to| X) Soo(t0|X)‘
: — + sup
Sna(u X)) Soo(u| X) | ueior)

Snp(u] X)  Se(u|X)

SEO{ sup {1/2 sup

to€[0,7] u€[0,to]

2

it g [Sl6l D) S0l

w€[0,to] Sn,k’(u | X) Soo (U | X)
2
Seo(u] X)  Spx(u] X)‘
< (1+1HE sup - —
B 2|5 X) T Sale] X)

The claim therefore holds with M, = max {(2 +202)/? ,21/2}. O

Lemma 5. If conditions (B2) and (B3) hold, then for each k

s [ (B ) {0 (0,t0) — o t0)}| = 0 (1),
Proof of Lemma 5. We begin by defining 7, x.(ty) = Faox(to|z) — pnr.(to) and
Tooz(to) = Foo(to| ) — Yoo z(to). Using this notation, we then have that ¢, x.(%o,%) =
1(x < 20)Tp k. (to) and ¢oo 2 (0, t0) = L(x < 20)Too 2 (t0). We use Gy, to denote the empirical

process n,1€/2 (Pri — BRy).
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We begin by using the tower property to write

EO[ sup |Gn,k<¢n,k<xo,ta)—qboo(xo,tom]

ToEX toET

=E, []Eo { sup |Gy (@nk(T0, to) — Goo(T0,0))] | U#kpj”

ToEX toET

=Eo |Eo

sup |Gn7k|h | Uﬁgkpj]] y

he%n,k,zo ,to

where Hy, = {2z — On k- (T0,t0) — Poo(T0,t0) 1 To € X, 1o € T}. Conditioning on the train-
ing data U;.,D;, the nuisance estimators S, and G, ; are fixed functions. Furthermore, for
any h € H,x, we can write h,(zo,t0) = L(x < o) {Tnk.(to) — Teo2(t0) }-

Next, we define p + 1 function classes Hy, xr = {2 — Tk (to) — Teo2(to) 1 to € T} and,
for j = 1,...,p, H; = {z; = L(z; <x;):xo; € X;}. For a generic function class H,
positive real number €, and norm ||-|| we let the covering number N(e,H, ||-||) denote the
number of ||| balls of radius no larger than € needed to cover F. Let II denote a generic
distribution on the sample space of the observed data.

For fixed S, and G,,, Lemma 5 of Westling et al. (2023) implies that for any € € (0, 1],
sup N (e||H: ||y 9> Hoketo, L2 (I1)) < 32/,
H k)

where H, := 2(1 + v) is a natural envelope for H,, s ,. Furthermore, for each j € 1,...,p,
we have that H; is a VC-subgraph class, and so for € small, there exists a constant C; such
that supy N (e, H;, L*(I)) < C;/e. The natural envelope for each H; is H; := 1.

Next, we note that
ank C {h*hlhg s hp :h* e Hn,k,r; hy, € Hq, hy € Ho, ..., hp € Hp} .
Given that Py (H2H? ... Hg) = 4(1+v)? < oo and all p+1 function classes are uniformly

bounded, Theorem 2.10.20 of van der Vaart and Wellner (1996) implies that

1/2

1
/ sup { N(de (1 + 1) Hppo, Lo(TD) } 7 de
0 11



110

is bounded above by a constant not depending on n or k. This in turn implies that

1/2

sup /01 [1+ N(4e(1 + v)?, Ho, Lo(I1)] '~ de

1
is bounded above by a constant not depending on n or k. By Theorem 2.14.2 of van der

Vaart and Wellner (1996), there exists a constant C* not depending on n or k such that

Eo |Eo | sup |Gn,k|h | Uj;ﬁij”
hEHn’k’
1/2
< C'Ey |Eg { sup  {@nkz(T0,t0) — ¢oo,z($0,t0)}2 | Ujzk Dj:| ]
ToEX toET

1/2
S C* {EO |:]E0 |: sup {an,k,Z(an to) — gboo,z(l’o,to)}Q | Uj;ék DJ}] } . (AG)

zoEX toET

Next, let U, ;, denote

M,,{IEO

By Lemma 4, we have that

Suplto| X) Swlto] X) u ’

Ssu Ssu —
et ueiom | Sur@] X))~ Se(u] X)
K { 1 1 ‘ 2
sup — .
O lher | Gonto| X) ~ Gulto | X))

Eo [ sup  {@nrz(T0,t0) — ¢oo,z($o,to)}2 | Ujszre Dj| < Upiee
zoeX to€T i

Combining this with (A.6)

o | s [Gue (nalem o) = (oo to) | < " B0 U]}
We note that U, is a uniformly bounded sequence of random variables converging in prob-
ability to 0 under condition (B3). This implies that C* {Eq [U,,x]}"/* — 0. Finally, applying
Markov’s inequality, for any € > 0 we have that

B, ( sup ‘Gn,k (¢n,k(x07 Z50) - ¢OO($07 to))‘ > 6)

roEX toET

- Eo [sup,,cx 10e7 |Gk (0nk (20, t0) — doo(@0, 0))]]
o €

— 0.



111

Lemma 6. If conditions (B2)-(B4) hold, then for each k
sup |Fn’k($0,t0) — Fo(l’g,t0)| g O
r0€EX toET
Proof of Lemma 6. For each k, we define the plug-in estimator of Fy(xg,to) as
F,, 1 (20, t0) = n—lk > iep, (X < @o)F,(to| Xi). We then have the following expansion of

F, r about Fy:

F,, k(20,t0) — Fo(xo, to)

= ]P)n,k(ﬁoo(mOa tO) + Cn,k,aro,to (Pn,ky Poo) + Rxo,to (Pn,k;7 PO) - Pn,kq_sn,k(an tO)a

where

Cn,k,a:g,to (Pn,ka Poo) - nlzl/an,k(an,k(l‘m tO) - ngo ($0a tO))a

Raoto(Poiy Po) = T (0, to) — Fo(o, to) + Podnr (2o, to)-

We can therefore write

]Fn,k(x07 tO) - ]FO(QTO, tO) = Pn,kq_soo<x07 tO) + Cn,k,a)o,to (Pn,k‘u POO) + Rwo,to(P’n,k‘) PO) (A7)
Applying the triangle inequality yields
sup |y, k(20,t0) — Fo(zo, o)
roEX LoET

S sup }]P)Tb,kq_soo (3307 tO){ + sup |Cn,k,3}o,t0 (Pn,k‘u POO)| + sup |R$0,t0 (Pn,k‘u P0)|
roEX toET ToEX toET ToEX toET

Lemma 5 implies that {qgoo(xm to) : xg € X,y € T} is a Py-Donsker class, and so the lead-
ing term on the right-hand side above is Op(n,zl/z). We note also that G, x(dnx(z0,to) —
Goo (20, 0)) = Gt (D x (20, to) — doo(o, t0)), and so Lemma 5 implies that under conditions

(B2) and (B3), the second term on the right-hand side above is op(1). Finally, because
Potni(o, to) = Podn (2o, to) — Foi(wo, to), we note that

R to(Pris Po) = Fy i (20, to) — Fo(zo, to) + Podni(xo, to) — Fp (o, to)

= Pydn (w0, to) — Fo(z0,t0). (A8)
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Under condition (B4), we have that Fo(xg,to) = Poooo(o, to), and so Lemma 3 implies that
Ryoto(Prgs Po) = Po{bni(xo,t0) — poo(x0,t0)}. Under conditions (B2) and (B3), Lemma 4
implies that sup, c v 7 [ Reo.to (Prk, Fo)| = 0p(1). O

Lemma 7. If conditions (B2) and (B3) hold with Se, = Sy and G = Gy, and condition
(B10) holds, then for each k

sup ‘Fn,k(xo,to) — Fo(wo, to) — Prxdo(o, to)’ = OP(N;ZIM).
ToEX toET

In particular, {ni/Q (Fpi(z0,t0) — Fo(zo,10)) : x0 € X, tp € ’T} converges weakly to a tight

mean-zero Gaussian process with covariance (x1,t,), (z2,t2) = Po(do(1,t1)do(22,t2)).

Proof of Lemma 7. We again use decomposition (A.7). Because F, = Fy, Soo = So,
Ao = Ay, and G = Gy, we have that ¢, = @y, and so we can use the triangle inequality

to write

sup ’Fn,k(%, to) — Fo(wo, to) — Pn,kﬁgo(%,toﬂ

o EX toET
S sup |Cn,k,$o,to (Pn,ku PO)l + Sup |R$0,t0 (Pn,kn P0)|
xo€EX toET ToEX €T

Under conditions (B2) and (B3), Lemma 5 implies that the leading term on the right hand

side above is 0p(n,;1/2). For the second term, we can use (A.8) and Lemma 2 to write

R to (P iy Po) = Poon (20, t0) — Fo(xo, o)

=, |1(X < xo)5n7k(7f0|X)/00 gff:@’\f(; {Ciozfzjf;)

) 1} (A — Ao)(du| X)| .
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Therefore

sup | Rag.to (P, Po)l

ToEX to€ET
< sup Eo []l(X < xO)Sn,k(t() | X)
To€EX to€ET
t _
0 So(u~ | X) { Golu| X) }
/0 Snk(u] X) | Gur(u| X) (A = Do) (du| )}
< E sup )IL(X < 20)Spk(to] X)
zo€X to €T

[0 G s

< Eg {SUP
toeT

0 So(u™ | X) [ Go(u] X)
Sn,k(t0|X)/0 Spi(u] X) {Gn,k<u‘X

This upper bound is OP(n,;l/ ?) under condition (B10).

- 1} (Anse — Ao)(du | X)H .

We conclude that supr€X7t0€T|Fn7k(x0,t0) — Fo(zo, to) _Pn,kﬁgo(ﬂfo,to” _ OP(TL:/Q).

Lemma 5 implies that the class of influence functions { @o(ﬂfo, to) 1 wp € X, 1y € ’7'} is a uni-
formly bounded P,-Donsker class, and so {n,{z/2 (Frk(zo,to) — Fo(zo, to)) : xp € X, 1o € T}
converges weakly to a tight mean-zero Gaussian process with covariance (z1, 1), (22, t2) +—

Py(¢o(z1, tl)ng(iEz, ts)), as claimed. O

A.1.8 Asymptotic analysis of VIM estimator

In the following analysis, we use 7, .(to) to denote F, x(to|z) — @nr.-(to) and m (o) to
denote Fy(to|x) — ¢o.(to). With this notation, we have ¢, k. (%o, %) = L(x < x0)Tpk,2(to)

and ¢07z($0,t0) = H(ZL‘ S ZUQ)7T07Z(t0).
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Lemma 8. For each k, define the remainder terms
ok = Vi(fo, Fnr) — Vi(fo, Fo) — m// Qo1 (fo(w1),t1) {Fnp — Fo} (doy, dty);

raok i= Va(Fop) — Va(Fo) —m / o (1) {Fos — Fo} (dr, dty).

If conditions (B2) and (B3) hold with Se = So and G = Gy, and in addition (B6) and
(B10) hold, then 1y, ¢ and rpex are OP(n];l/Z)'

Proof of Lemma 8. Throughout this proof, we repeatedly make use of several facts.

First, for any cadlag functions g and «, there exists a constant C' such that

' [ stwatan

< Cllall Al

See Gill (1993) for details.

Next, for a function 3 : R™? — R and measure a, we define

Bp(u, ..., uq) ¢:/B(Ula---,Ud,ud+1,--->Ud+p)04(dud+1,---7dud+p)-

We have that [|3_,l; = sup,sup, [|8-1ll,, , where |8, :=sup, [ |B_p(duy,, u,_,)

Hence

HB—I)HZ = Sup sup sup / '/B(durs7u7”_s7 Ud+1y - - - 7ud+p)a(dud+l7 s 7dud+p)

s Ts U—_pg

<supsupsup  sup {/|5(durs>ur_s>ud+l>"'aud-i-p)’}/’a(dud-‘rla---ydud-i-p)‘

S Ts U—rg Ud41sey Ud+p

= sup HB('audJrla"'7ud+P)H:”aHv‘

Next, let v € R? and v € R? be vectors, and suppose ¢ : R™? — R can be written as the

product g(u, v) = g1 (u)ga(v). We claim that [lg]? < g1 [llga 7. We have that

||g||: = Sup Sup Sup / |gl(du7's7 du_rs)QQ(dUTs’ dv_"’s)'

s Ts U—rg,V—rg

’92 (dvrs ) dvfrs>

<supsup sup /\gl(durs,durs)

S Ts U—rg,V—rg

< supsup sup / 91 (duy,, du_, )| supsup sup / g2(dvr, oy )| = a1 gl

s s U_rg s Ts U_prg
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Next, we claim that n;1/2||Gn WBUH* = Op(l). Because we can write (]P’nk —
Py)go(wo,t9) = L Z ieDy bo.2,(x0, 1), the triangle inequality yields that n, 2 ||(Gn kol , <
n—lk > ien, \|@0.z,||,- For fixed z, the uniform sectional variation norm of zy — 1(z < ) is 1,

< ||7r0 ZH = ||mo,z|,,» where we have replaced the uniform sectional variation norm

S0 H(ZSOZ

with the variation norm since 7 is univariate. Now, for any fixed Z = z, we have

nmmz/ﬁ%wmwwwmm

Ao(du | x)
Fy(dt| z) +/H }S dt|x
/‘ 0 ’ l Soy|xG0y|x SOU‘JUGO(U‘J/’) 0( ’ )

/ Oy Aodt|$)
y]x Go(t|z)

“ N No(du | ) . ) Y| Ao(dt | z)
Sl*amw%mm+tpl G| e+ g+ [
<14 J Y Ao(du| x) N J +/y Ao(dt | x)
- So(y | z)Go(y | ) o Gol(u|x) Go(ylz) Jo | Golt]z) |

In light of condition (B2), the above function of Z has finite mean and variance, and so

= 0p(1).

ZG'Dk
Next, we note that since F,, 1 (xo, to) — Fo(zo,t0) = ngl/QGnykéo(azo, to) +rnr, (Zo, to), then

by the triangle inequality

Il < [ Gosol| + IFoie = Foll; < 2G| +2 = Op(1).

We now analyze the remainder terms 7, ¢ and r, ¢ 5. We begin by analyzing r,, ¢ . For

m=1,r,er =0, and for m > 2, we have that

m l
Tn,0k = ZAl,m / o '/@O,I(tla s 7tl) {H(Fn,k - IFO)<dIIjj7 dt])} ’
=2

where the coefficients are defined recursively via the relationships

Al,m =m;

m—1

Alﬂ,m:ZAm- forj=1,2,...,m—1.

1=l
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For any [ > 2, we can write the corresponding term in the above sum as

l
Al,mnk /@0[ tl,... H{Gnk(go(dx],dt])}

l—j

-1 !
+Al,m2( )/@ol b1, ...t { n,kéo(dﬂfpdts)} H oo (ds, diy)
=1

s=1 s=l—j+1
+Alm/@0l tl,. Cey l Hrn,Fo d:cj,dtj)
7=1

= Tn,Ok1 + Tn,0,k,2 + Tn,0,k,3-

We bound each of these terms separately. The leading term 7, g 1 is a degenerate V-statistic
and hence is op (n_l/z) (Serfling, 1980). For 7, o 2, there exists a constant C; such that for
all 1 <j<l-1,

l—j l

l _ -
Al,m@ / Oo1 (t1, 1) [T {mi P *Grsdotdzedt)} T rueo(das,dty)

s=1 s=l—j+1

< Chllrngolloo lgnsll (A.9)

where ¢, ;(t;) := [ Ogy (t1,...,4) Hls_:jl {ngl/QGn,kggo(dts)} Hi_:LjH o, (dzs, dts). Now, we
note that

gn sl < n;(lfjm tlsutll) 1 1©0,(t1,t2, ..., ti—1, ')HvHGn,k&OHi;jHrnJFo”{;71'
Under condition (B6), this upper bound is Op(1), and so the upper bound in (A.9) is
170500 OP (1)

For ry, o 13, we apply an analogous argument, replacing nlzl/ 2Gn7k7r0 with 7, g, , to conclude
that r,.0k3 = ||7nm |/ Opr(1). Under conditions (B2), (B3) (with S = Sy and G = Gy),
and (B10), Lemma 7 yields that ||r, g, [, = op (n7'/?), and so rne 42 = op (n71/?) Op(1) =
op (n™Y?) and ry, 0 13 = op (n71/?) Op(1) = op (n~1/2).

Next, for r,, ¢, we again have that r, ¢, = 0 for m = 1, and for m > 2, we have

l

Tndk = ZAl,m/"'/q)OJ((fO(Il)atl)a , (folx), H — Fo)(dx;j, dt;),
=2

Jj=2
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For any [ > 2, we can write the corresponding term in the above sum as

Az,mnkl/Q/‘I)o,z((fo(xl) 1), (fol@), 1) H{Gnk¢0 daj, dt;)}

+Az,mZ(j.) /{@o,l((fo(xl) 1) (folzr), 1)) llj{ PG G100 dﬂﬂsadt)}
X H rn,FO(de,dts)}

s=l—j+1
l
Ay / Dou ((fown)tr)s- - (folen), 1) T e (s, )

=Tpdkl T Tad k2 T Thd k3

Each of these three terms is analyzed identically as their analogs above. We have that
nok1 = 0p (n71/?) because it is a degenerate V-statistic. Under conditions (B2), (B3) (with
Ss = Sy and G = Gy), and (B10), Lemma 7 implies that r,¢x2 = op (n71/%) Op(1) =
op (n_l/z) and r, ¢ k3 = Op (n_l/Q) Op(1l) = op (n_l/Q).

O
Proof of Theorem 2. We begin with an expansion of v, ; about vy :
1 & 1 &
vn = Va(fo, Fo) = 7 ; {Vi(fu Fo) = Vil fo, Fo)} + - ; VilFak Fuk) = Vil for- Fo)}t

Under condition (B5), for each k we have that [Vi(fyk, Fo) — Vi(fo,Fo)| < Jill far — foll » =
op(1), and hence Zszl {Vi(fuk,Fo) — Vi(fo.Fo)} = op(1). Next, we note that

"/1 fnk; nk) %(fnk;FO)’

'/ / fnk xl tl) (fnk($m m {HFnk dl'j,dt HFD dl'],dt }|

J=1 7=1
S/.../|q)((fn7k(g;1)7tl)7 (Foi(@m), {H w(dr;,dt;) — [ [ Folda;, dt; }
= 7j=1
{ﬁFn,k(dxjydtj) — ﬁlﬁ‘o(dx],dt])}‘
i=1 :

< ||®]
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We use a telescoping sum to write

[ Fn(da;,dt;) — T Folday, dt;)

J=1 J=1

K+1 i 7j—1 K
= Z {HFM dz;, dt;) H Fo(da;, dt;) Hzﬁ‘n,k(d@,dti)H]FO(dxi,dti)}.

i=7+1 =1 =7

For any j, we have

J—1 K
/ / T Fo(ders, dt) {Fo (s, dt;) — Fo(day, dty)y T Foldas, dt:)

i=1 i=j+1

<

HFM{FM—FO} H Fo

1=7+1

< [[Fn . = Foll o, = 0p(1).

e}

Therefore, Vi(fuk, Fnix) — Vi(for Fo) = op(1) for each k, and so we conclude that
1k
E Z {‘/I(fn,ka]Fn,k) - ‘/i(fn,k7F0)} = OP(1>‘
k=1

For v, 5, we have that v, — Va(Fo) = % SK  {Va(Fk) — Va(Fg)}. We apply Lemma 8
to yield that Va(F, ;) — Va(Fo) = P, xDe + op(1) = op(1) + op(1) = op(1). This holds for
all k, and so &= "0 {Va(F,x) — Va(Fo)} = 0p(1). Therefore v,5 = Va(IFy).

Slutsky’s lemma yields that v, 1 /vy 2 i V(fo, Fo). O

Before proving Theorem 3, we define for any f and =

T(f. ) (2,2 / / ..,(f(xm),tm))f[lwzj(dtj).

Using this notation, we define the following random functions for each k € {1,..., K}:
Ponge1 (21, -y 2m) =T (foks Tnge) (215 - o5 2m) — D(fo, m0) (21, - - -5 2m)
hogo(z1y -y zm) =T (fo, mnr) (21, - s 2m) — D (fo.m0) (21, - -+, 2m);
sl zm) = [0 (@ (Ut Falon). )
— @ ((folwa)s 1), o) )} {7t b (i, )
tss(o) = St o) [ {21 0, - o} o)

0
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Proof of Theorem 3. We begin with the following expansion of v, ; about v 1:
Un1 — Vi(fo, Fo)
1« 1«
=% > Vil fo. Fur) — Vi(fo.Fo)} + 17 > Vil far:Fo) = Vi(fo. Fo)} + 7,
k=1 k=1
where Tn = % 2521 [{‘/i(fn,ka Fn,k) - %(fn,kaO)} - {Vvl(fba Fn,k) - %(fO?JFO)}] Under con-

ditions (B7) and (B8), for each k we have that |Vi(fnx, Fo) — Vi(fo,Fo)| < Js|| frur — fonT =
op (nil/Q). Next, applying Lemma 8, we have that

VillfoFua) = Vil o) = [ [ @0, () t0) (B = Bo) (dav.dty) + ol )
=+ > [ B0 (o).t moz )

+ [ [ @ (Galan) ) ru (dn, ) = VatfosFa) | + om(n )
L S {/@0,1 (fo(Xi), t1) (Fo(dti | Xi) — oz (dt)) — Vl(fo,Fo)} +op(ny, %)

n
k 1€Dy,

= IPmkD@ + OP(TLIZI/Q),

where (b) follows by noting that, under condition (B6), there exists a constant C' such that

—1/2
< C|| @ || 1rn, ||y = 0p (g /).

'm// Qo1 (fo(z1),t1) T, (dz, dty)

Then, using the triangle inequality,

K
1 —1/2
< max ‘ ‘P, Dg +— > _op(ny )

|{%k§;vl<fo,wn,k> - %(fo,m} ~PuDs 5

"
K?’Lk 1

=0Op (n_l) + op (n_l/z) =op (n_l/z) .

To analyze 1, we note that PJ'I'(fo,m0) = Vi(fo,Fo). We also use the fact that
J (@, )Fnp(da, dt) = =3 cp, [ 0(Xi,t)m,k(dt) for any function b. Then, for any k we
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have

{Vi(fok> Fr) = Vilfur: Fo)} — {Vi(fo, Fn) — Vi(fo, Fo)}

=Pl (fuks Tk) — BT (fuks m0) — PRk T (fo, mk) + F5"T(fo, 7o)

= (Pry — PO ) AT (fres Te) — T'(fo, o)} — (P — ") AT (fo, ) — T'(fo, mo) }
+ B AT (faks Toge) = L (s m0) = T'(fo, o) + T(fo, m0) }

= (Pre — B )AL (frks Top) — T(fo, mo) b — (P — F5") {T (fo, M) — I'(fo, o) }

[ [ {o Gt X))

— @ ((o(X0), 1) Fo(Xon) ) } {mitz = 5} (i, ,dtm)]

+ Eg

= (B = B0 )k — (P = B3 ) hn ok

[ [ {o Gt ), X))

=@ ((fo(X1),t1), -, (fo(Xm), tm)) } {miez — 70z} (dte, ... ,dtm)] :

+ Eo

The trailing term is op (n~'/2) under condition (B10).

Next, for any function A : X — R, we let P

n,k,x

h denote the U-statistic analog of P, h,
Le.

—1
n
Pn,k,*h:(m) > (X, X)),

i €D

where Dy, = {i,, C{1,...,ng} 14y <idg < -+ <ip}. We also let h(z) = Py 'h. Using
results from Serfling (1980), if Varg[h] > 0, we have that

Varg[n k/ P

n,k,*

h] = m*Varg[h] + O(n;").
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For any ¢ > 0, we can therefore apply Chebyshev’s inequality to yield

1/2
Varg ["k/ B el 1k | Uj Dj]

0< Po( 2B — P haie] > €] Ujza Dj) < =
~ m*Vargh, 1) + O(n7?)
= >
mQPOBiM +O0(n™t)
< 2 :
In light of condition (B9), then, P, ( I/Q(P;”k* — P k| > €| Ujzg Dj> = op(1). This

holds for any realization of U;.,D;, and since probabilities are uniformly bounded

Ey [Py (|mi/* (B2 = Bhuss| > €] U D )]
— P, ( ny 2 (B = PPV haig| > 6) — o(1).

On the other hand, for fixed h, we have that (P, — Py, )h = op(n ,;1/2) (Serfling, 1980).

Using the same argument as above, we have

Eo [Py (

> (P — P Vhg

:po(

> €| Ujzn Dj)]

> e) —o(1).

V2 (]P)nmk - Pn k *)h'n,Lk

Finally, we can write that

(]P)Zk - P(;n)hn,l,k = (]P)?,k,* - P(;n)hn,l,k + (P;rik - ]P)ka:,*)hn,l,k

= op(n; ') + op(ng'"?) = op(n; ).

Since n/n; = K, we have that (P, — P hnak = op (n='/%). An identical argument holds

for (ng — PJ")hp 2. Thus, for all k,

Vilfos Fak) = Vil fars Fo)} = {Vi(fo. Fu) = Vilfo, Fo)} = op (n /%)

We conclude that 7, = op (n™'/?). Finally, we have that v,; — Vi(fo,Fo) = P,D¢ +

op (n’l/Q).
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For v,, 5, we have that v, o — Va(Fo) = + Zle Vo(F,, ). Applying Lemma 8, we have that

Va(Fp i) — Va(Fo) = m / e / O (t1) {Frk — Fo} (dy, dty) + op(n; /)
—m {nik ) /@0,1 (t1) (Fo(dty | X3) — o,z (dtr)) — %(Fo)} +op(n; %)

1€Dy,

= PndD@ + Op(nlzl/g).

Using the same argument as above, we have that ‘%Zk{il Vo(Fr k) — Va(Fy) — IP’an) =
op (n71/2), and hence v, 5 — Va(Fy) = P, Dg + op (n~1/2).

An application of the delta method yields that v, — vy = (P, — Py)D(F) + op (n7/?).
Therefore, v, is an asymptotically linear estimator of vy with influence function equal to
D(Fy). Under condition (B1), Theorem 1 holds and D(F,) is the efficient influence function

of P— V(fp, P) at P, relative to M, and so v,, is nonparametric efficient. O

A.2 Additional technical details

A.2.1 Identification of the conditional cumulative hazard function

Under conditions (A1) and (A2), we have that Aj(t|z) = Ag(t|x); in other words, we can
write the conditional cumulative hazard function of 7" given X under F; as a functional of
the observed data distribution /). To see this, we begin by using standard probability rules

to write

Hoi(ulz) =P (Y <u,A=1|X=2)=F(T <u,T<C|X =x)
:/ Py (C>t| X =x)F;(dt|x).
0
Here, we have used the conditional independence of T and C' given X. On the other hand,

using the same conditional independence, we have that 1 — Hy(u™ |z) = Pf(C > u| X =

x){l — F§(u~ |x)}. Condition (A2) implies that Pj(C' > u | X = x) > 0 for all u € (0, ],
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and so we can write

Ao(t]z) = HO,l(dU\x)) _/0 PJ(PG‘(C > u| X = x)F;(du] x)

o 1—Ho(u|z) C>u|lX=x){1—-F(u|z)}

[ Rl
- ) TR )

A.2.2  Derivation of oracle prediction functions for examples

Ezxample 1: AUC. For a binary outcome D, Williamson et al. (2021b) considered the AUC
V(f, Po) = Po(f(X1) > f(X2)| D1 = 1,D3 = 0) and showed that the oracle prediction

function was fo : © — Eo[D| X = z|. Adapting this to the binary outcome 1(7" > 7), we
have the oracle fy: x — ES[1(T > 7)| X = x] = So(7]| x).

Example 2: C-index. The class of functions that maximize the c-index can be written as

Fo 5:{f : f(z1) > f(22) when
PO*(Tl <T2,T1 ST‘Xl :xl,ngxg) 2 PJ(TQ <T1,T2 §T|X1 :.’L'l,XQZ.Z'Q)}.

We can write the symmetrized c-index as

Eo [1(f(X1) > f(X2)) LTy < To, Ty < 7) + L(f(X2) > f(X0)L(Tz < Th, T> < 7) [ X1, X2
= Eg[1(f(X1) > f(X))UT < T, T1 < 7)

+ (1 =1(f(X1) > f( X)) L(To < T1, Ty < 1) | Xl,XQ]
=Ej[1(Tr <T1,T» <7)

+1(f(X1) > fCON{NT < T, Ty <7) = (T < T1, To < 7)} | X1, Xo.

Let fo be a function such that 1(fo(x1) > fo(ze)) = L(Po(Th < Tp, 17 < 7| Xy =21, X0 =
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x1) > Py(To < Ty, Ty < 7| Xy = x1, X5 = x1)). For any other f, we note that

]ES [I].(TQ < Tl,TQ < T)

+ 1(fo(X1) > fo(Xo)){U(Th < T, Ty <7) — L(Ta < T1, To < 1)} | Xy, Xo]
— ES[E(TQ < Tl,TQ S T)

+ ]]_(f(Xl) > f(Xg)) {:H_(Tl < TQ,Tl < 7') — ]]_(TQ < Tl,TQ < 7')} |X1,X2j|
=Ep {ﬂ(fO(Xl) > fo(X2))

— :ﬂ_(f(Xl) > f(XQ))} {:H_(Tl < TQ,Tl < 7') — ]]_(TQ < Tl,TQ < 7')} |X1,X2

>0

- 9

by the definition of fy. Then, by the tower property
V(fo. B) ~ (/. )
=E; {ES[H(TQ <T, T, <T)
+ 1(fo(X1) > fo(Xo)){W(T < T, Ty <7) — V(T < Ty, T2 < 7)} |X1,X2}]
— E§ {]ES[IL(TQ <T, T, <)
+1(f(Xy) > f(XNN{U(Ty <To, Ty <7)— W(To < T, T <7)} |X1,X2}}

=E)E[L(T, < T1,To < 7)

+ 1(fo(X1) > fo(N{L(T < T, Ty <7) — LT < T3, To < 7)} | X3, Xo]
—Ey[1(Ty < T, T» < 7)

F1(f(X0) > fX){IN < T, T <7) - W < T, T < 1)} | X1, X))

> 0.

Example 3: Brier score. The Brier score at time 7 is simply the negative MSE for the binary

outcome 1(T" > 7), which is maximized by the conditional mean = +— Eo[1(T > 7)| X =
x] = So(7]x).
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A.2.3  Explicit form of efficient influence function for examples

Example 1: AUC. We have

@071(ZE, t)

— %/{l(fo(:c) > fo(z2),t < 7,82 > 7) + 1(fo(x2) > fo(),t2 < 7,8 > 7)} Fo(dra, diz)

_ %/{I{(fo(a:) > folwa),t < 7) {1 = Fo(r | 2)}

+ 1(fo(za) > folx),t > 7)Fy(T | xz)}Qo(dxg)
= ABa (1) > (X0t € 1) (L= Folr [ X))+ 1((X) > fola).t > T)Flr | X))
9. (1)
_ %/[w <7ty > 7) 4+ L(ts < 7yt > 7)] Fo(das, dbs)
— 5 [ <D {1 = Falr 22} + 1t > ) Fo(r | 22)} Quldas)
1

= 5B [L(t < 7) {1 = Fy(r | X)} + Fo(r | X)1(t > 7)].

Noting that [ Fy(dt|x) = Fy(7 | ), [ Fo(dt|z) =1 — Fy(t|2), [y ¢o.(dt) = ¢o.(7), and
fTOO ©o..(dt) = —¢o..(7), we have

Dal2) = E, [n(fou) o A {Bo(r | 2) — o (P} {1 - By(r] X))
LX) > fol@)) Folr | X) {1 — Fo(r] ) + wo,zm}} Wi (fo, Fo):
Do) = Eo[{Fo(T|fU) o (P} {1 - B X)}

+ Fo(r | X) {1 — Fo(r | x) + 90072(7‘)}} — 2V, ().
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Example 2: C-index. We have

Do (w,t) = %/{ﬂ(fo@) > fo(xa),t <to,t < 7)

T+ L(folan) > fola)ts < 1,12 < T)}Fo(dxg,dtg)
= 3B | [ 10) > Ai(X).0 <t 1)+ 1K) > o)t < 1110 < 7)] Faldta| )|
O (t) = %/[l(t <ot <7) + L{ts < 1.ty < 7)) Fo(das, diy)
_ %EO [/ (U(E < to,t < 7)+ L(ts < £ 12 < 7)] Fo(dts | X)} |
Thercfore
Da(2) :EOU{R(fO(x) > fo(X),t <ty t < 7)
F L) > folo) ta < tta £ 1)} (Fald|2) - gu.d0)} Fuldta | 22
= 2Vi(fo, Fo);
Do(2) :EO[/{II(t <ty t < 7T)
(s <ty b < T)} (Fo(dt | ) — o (dt)} Fo(dts | X)] 2V (Fy).

Example 3: Brier score. Because m = 1 and O(t) = 1, we have that ®¢;(x,t) = ®(fo(x),1)
and O 1(t) = 1. Therefore

Da(2) = / [2£o(@)L(t > 7) — fol2)? — 1(t > 1)} {Foldt| ) — 0. (d))

=2fo(2) {1 = Fo(7 | 2) + @0:(7)} = fol)” = 1+ Fo(7 | 2) = @o.2(7) = Vi(fo, Fo)-

A.2.4  Verification of conditions (B6) and (B7) for examples

Ezample 1: AUC. Williamson et al. (2021b) considered AUC for binary outcomes, and
showed that condition (B7) holds for C' = —25— where 7y = P;(T" < 7), and ||~

mo(l—mp)’

the supremum norm, under the margin condition

PO (|F0(’7' | Xl) — F0(7'|X2)| < 8) < KRS,
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for some 0 < kK < oo and all s small.

For any fixed ¢;, we can write

10t = 10(t, ), = / Ot dtz)| = 1(t: > 7),

and so supy, [O(t1, )2 = 1.

Next, for any fixed (x1,t1), we can write ® as the product of functions 1( fo(z1) > fo(x2))
and 1(ty < 7)L(t; > 7). The variation norm of each of these functions is 1 for fixed (z1,t;),
and so [|((fo(z1), 1), )|, < o0

We note that for any bivariate function g(u, v) that can be written in the form ¢ (u)gs(v),

we have that

lgll: —max{sup|guv sup/|gudv sup/|g (du,v)], /|g (du, dv)| }

The first term is bounded above by sup,, |g1(u)| sup, |g2(v)|. The second is bounded above
by sup, |g1(w)| [ |g2(dv)|. The third is bounded above by sup, |g2(v)| [ |g1(du)|. The fourth
is bounded above by [ |g1(du)| [ |g2(du)|. Therefore, if the variation norms of each of g; and

g2 are bounded, the uniform sectional variation norm of g is bounded.

Example 2: C-index. For any fixed t;, we can write

(61, )1 = (61, ), = [ 10t dta)| = [ difes < (s A7) = 1.

and so sup,, [|©(t1, )|, = 1.
Next, for any fixed (x1,t1), we can write ® as the product of functions 1(fo(z1) > fo(x2))

and 1(ty < t1,ty < 7). The variation norm of each of these functions is 1 for fixed (x1,t;),

and so [|@((fo(21), 1), ")l < oo.

Ezample 3: Brier score. We have that |V (f, Py) — V(fo, P,)| = {f(z) — fo(x)}” as long as
Fo(7 | x) falls in F. Therefore, condition (B7) holds with C' = 1 and ||-|| - taken to be the

Ly(Fp) or supremum norm.

We have that ®(fo(z),t) = fo(z)?>—2fo(z)1(t > 7)+1(t > 7). By the triangle inequality,

12115 < 1 folly = 21 folly + 1.
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This quantity is finite if || ]|} is finite, which in this example requires that ||Fo(7|-)[|; be
finite. This would be satisfied, for example, if Fy(7|-) were differentiable with uniformly

bounded derivatives.

A.3 Additional predictiveness measures

Example 4: MSFE for predicted survival time. In some situations, there is interest in using

features to predict a participant’s actual event time, or a transformation thereof. Let ¢ :
(0,00) — R denote a transformation of 7. As in Example 3, predictiveness can be measured
as the expectation of a loss function. Letting L : F X R — [0, 00) denote the loss function,
we have the predictiveness measure —E§ [L(f(X), g(T))].

A popular choice for g is the map ¢g : t — t A 7 for a user-specified constant 7. Using
this ¢ amounts to quantifying the loss for prediction of the restricted mean survival time
(RMST) given X. RMST has become a popular summary measure for the distribution of
a time-to-event variable due to the fact that the mean itself is generally not identifiable
(Tian et al., 2014). Using squared-error loss, the predictiveness measure for predicting the

restricted survival time is given by

V(f, Fy) = —E5 [{f(X) = (T A7)}Y] .

Like the c-index, the MSE for predicting the restricted survival time may be considered a
global performance metric.

For this example, m =1, © = 1, and ®(z,t) = — {f(z) —t AT}".
Oracle prediction function: As in Example 3, the negative MSE is maximized by the condi-
tional mean, which is this case is x +— Eo[T'A 7| X = z]. This can be written in terms of Fj
as fo:rxm [ {1 — Fy(t]z)}dt.
Efficient influence function: As in Example 3, we have that m = 1 and ©(¢) = 1, and so

Do(z) = = [ {he) = (¢ A7) (Fo(dt|2) = uo(d)} = Vil Fo).

Verification of conditions: The MSE for predicting restricted survival time satisfies (A3c)
with 77 = [0,7) and T3 = [, 00).
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We have that [V (f, Py) — V(fo, Po)| = {f(z) — fo(z)}” as long as Eo[T A 7| X = z] falls
in F. Therefore, condition (B7) holds with C' = 1 and ||-||» taken to be the Ly(F) or
supremum norm.

We have that ®(fo(x),t) = fo(2)? —2fo(z)(t A7)+ (¢ AT). Note that [ |dt| = 7, and so
by the triangle inequality,

12115 < Ml folly = 271 folly + -

This quantity is finite if || fo||} is finite. We recall that fo(z) = [ So(t|x)dt = Eo[TAT| X =
x]. This regression function will have finite uniform sectional variation norm if, for example,

it is differentiable with respect to & with uniformly bounded derivatives.

A.4 Details on gradient-boosted c-index

Existing approaches to c-index maximization have used either the original Harrell concor-
dance estimator (Harrell et al., 1982) or an IPCW version that assumes marginal indepen-
dence between C' and X (Mayr and Schmid, 2014).

Due to the indicator function 1(f(X;) > f(X3)), the c-index is not amenable to gradient-
based optimization techniques, and so optimization-based methods typically use a smoothed,
differentiable approximation or lower bound. As suggested by the form of Fj, Raykar et al.
(2008) cast maximization of the c-index as a ranking problem and propose a differentiable
lower bound on the c-index, which is then optimized using a conjugate gradients algorithm.
Chen et al. (2012) propose a smoothed c-index approximation based on the sigmoid function
and optimize it via gradient boosted machines. Mayr and Schmid (2014) use a similar
smoothed objective function and likewise use gradient boosting with linear models as base

learners. Specifically, Mayr and Schmid (2014) consider the smoothed c-index

Eg [1(Th < To)h,(f(X2) — f(X1))],

where hy, : s — {1+ exp(z/w)} is the sigmoid function and w is a tuning parameter deter-
mining the smoothness of the approximation. Smaller values of w lead to a closer approxi-

mation of the indicator function, but less stable optimization due to potentially large values
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of the gradient. For direct optimization, we consider the identified version of the smoothed
restricted c-index given by

Eo [ho(f(X2) = £(X0)) [ Lt < to,t1 < 1) Fo(dta | Xo) Fo(dt | X1)]
Eo [ 1(ty < ta,t1 < 7)Fo(dta | Xo)Fo(dty | X1)]

Details on the proposed optimization procedure, including selection of the smoothing pa-
rameter w, are given in Appendix A.4. Different versions of the population risk: Our aim is

to maximize the smoothed population objective function
Eo [ho, (f(X2) — fF(X0)U(Ty <15, T7 < 7).

Mayr and Schmid (2014) identify this population objective function using IPCW, under the

assumption that C' and X are independent, using

Eo [hW(f(Xz) - f(Xl))%]

A11(Y1<Y2,Y1<7) ’
E [ Go(11)? }

where Gy(+) is the marginal survival function of C'. Rather than using this version, we
leverage our identification of the c-index using the conditional distribution function of T'
given X, which yields the smoothed objective function

Eo [ho(f(Xa) — f(X0)) [[ L(ts < ta,ts < 7)Fp(dty | X1)Fo(dta | Xo)]
EO [ff ]]_(tl < tQ,tl < T)Fo(dtl |X1)F0<dt2 | XQ):|

The empirical objective function is then given by

SN ha(FXG) = F(X0))wis, (A.10)

i=1 j=1
SL 1<ty ti <T)Fn(dt; | X3) Fa(dt; | X;)

Soh—1 iy JT L (6 <tm 0y <) Fu(dty | X0) F (dtm | Xom

objective function with respect to f(X;) is given by

w

N
i=1 j=1 w {1 + exp<_f(Xj)—f(Xi)> }

where w; ; = ) is a weight. The gradient of this

(A.11)

w
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In the numerical experiments in Section 2.5 and Appendix A.5, we use the empirical objective
(A.10) and gradient (A.11) to define a custom family in the mboost gradient boosting R pack-
age. The boosting tuning parameters mtry (number of boosting iterations) and nu (learning
rate), as well as the smoothing parameter w, were selected by five-fold cross-validation. The

objective function used for cross-validation was the unsmoothed plug-in estimate of the c-

index Y%, >0 T(f(X;) — f(X)wiy.
A.5 Simulation details and additional results

A.5.1 Details on data-generating mechanism and true VIMs

In all experiments we generate the data as follows:

1. Draw X ~ MV N(0,%).

2. Draw ep ~ N(0,1) and ec ~ N(0,1), independent of each other and independent of
X.

3. Set IOg(T) = XBT +eT.
4. Set log(C) = Bo.c + XPc + ec.
5. Set Y := min{T,C} and A = 1(T < C).

The values of p, Y, 87, and o depend on the scenario. Under this data-generating mecha-
nism, the conditionally independent censoring assumption (A1) holds. The distributions of
both T and C fall in the class of accelerated failure time models.

In Scenario 1, we set p =2, B = (0.5,—0.3), ¢ = (—0.2,0.2), Byc =0, and ¥ = I,. In
Scenario 2, we set p = 25, fr = (0.5, —0.3,093), Sc = (—0.2,0.2,093), fo,c = 0 and ¥ = I3,
where 0,, denotes a 0-vector of length m. In Scenario 3, we set p = 2, By = (0.5,—0.3),

Be = (—0.2,0.2), and ¥ = I,. To achieve censoring rates of {30%,40%, 50%, 60%, 70%},
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we set [y ¢ equal to {0.75,0.5,0,—0.5,—0.75}, respectively. In Scenario 4, we set p = 5,
Br = (0.5,-0.3,0,0,0), Bc = (—0.2,0.2,0,0,0), and

1 0 0 pua
0 1 p O
X=10 py 1 0
pia O 0 1
o 0 0 O

o O o o O

where p14 = 0.7 and pog = —0.3.

The true survival function S(t|z) is given by

P(T>t|X =x)= P(log(T) >log(t) | X =x) = P(XBr +er >log(t) | X =x)

= P(er > log(t) — xfr) = 1 — Q(log(t) — zfr).

where € is the standard normal distribution function. The reduced-dimension conditional

survival function omitting X, is given by

P(T>t|X_s=2_,)

Plog(T) > log(t) [ X s = 2)

P(XBT +er > IOg(t) |X_s = l'_s)

P(Xsﬁs,T +eéer > 10g(t) - l’_sﬂ_s’T ’ X_S = {L‘_S).

We note that X frs + er| X_s is a Normal random variable with mean 0 and variance
> jes iT—i—l. These calculations hold for Scenarios 1 — 3, where the features are uncorrelated.

When the features are correlated, we can carry out similar calculations using the
conditional distributions derived from a multivariate normal distribution. We note that

er| X_y ~ N(0,1), while

X1 | XQ, R ,X5 ~ N(/)14X47 (1 - pil))?
Xy | X1, Xo, X5, X5 ~ N(p1aXa, (1 — piy)),

aXi 4+ bXy | Xo, X3, X5 ~ N(0,a% 4 b* + 2abpys),
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and therefore

X1Bi7| Xa, ..o, X5 ~ N(Birp1aXa, B 0 (1 = piy),
XaBar| X1, X2, X3, X5 ~ N(BarpraXa, 701 — ply)

X181, T + Xufar | Xo, X3, X5 ~ N(0, 35 1+ 850 + 281,0Ba,10p14)-
Hence, the desired conditional distributions are given by

X1B1r +er| Xo, ..o, X5 ~ N(BrrpuXa + BorXo, 612,T(1 — M)+ 1),
XaPar +er | X1, Xo, Xz, X5 ~ N(ByrpaXy + Bor Xa, BZ,T(l —ply) + 1),

X1Brr + XaBar +er | X, X3, X5 ~ N(0, 87 ¢ + 10 + 281.0Barp14 + 1).

For landmark time VIMs, the true oracle and residual oracle prediction functions are
characterized by the conditional survival function S(¢|x). For the c-index, because the
distribution of T'| X is normal, a valid oracle prediction function is given by the conditional
mean fo(z) = Eo[T| X = z]. This is due to the fact that, for two independent normally
distributed random variables 77 and T, with respective means yp; and po and equal variances,
Ty stochastically dominates Ty if p; > po. This implies that P(T; > Tb) > 1/2, and hence
the mean falls in Fy, the class of oracle prediction functions.

The true VIM values for all simulations are given in Table A.1.

A.5.2  Details on nuisance parameter and oracle prediction function estimation

Table A.2 describes the algorithms used to estimate Sy and Gy. Tuning parameters for the
random survival forest (RSF) were selected to minimize out-of-bag error rate, as measured
by one minus Harrell’s c-index (the default evaluation metric in the rfsrc software pack-
age).Table A.3 gives the algorithms included in the Super Learner library for global survival
stacking and estimation of the residual oracle prediction function fj, for landmark VIMs.
Five-fold cross-validation was used to determine the optimal convex combination of these

learners that minimized cross-validated squared-error loss, as described in (Wolock et al.,
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Scenario  Feature Importance measure
AUC at 7 Brier score at 7 c-index
‘ =05 0.9 0.5 0.9
1 X 0.118  0.115 0.022  0.030 0.096
X5 0.035 0.034 0.008 0.011 0.029
2 X, 0.118  0.115 0.022 0.030 0.096
X, 0 0 0 0 0
3 X, 0.118 0.115 0.022  0.030 0.096
4 X 0.052  0.050 0.012  0.015 0.043
X, 0 0 0 0 0

(X1,Xy4) 0118  0.115 0.022  0.030 0.096

Table A.1: Approximate values of v ; for numerical experiments. These parameter values
were approximated using a Monte Carlo approach with sample size 107,

2022). Table A.4 gives the algorithms included in the survival Super Learner library. Five-
fold cross-validation was used to determine the optimal convex combination of these learners
that minimized cross-validated oracle risk functions detailed in (Westling et al., 2023). The
RSF algorithm was fit twice, once to estimate Fy and once to estimate Gy. For global sur-
vival stacking and survival Super Learner, estimates for both distributions are produced
simultaneously.

For landmark VIMs, the full oracle prediction function fj is a simple transformation of
Sp and was not estimated separately in our experiments. For the c-index, we implemented
the boosting procedure details in Appendix A.4 with five-fold cross-validation for tuning
parameter selection. The unsmoothed c-index was used as the evaluation metric for cross-

validation. The tuning parameters are detailed in Table A.5.

A.5.8 Additional simulation results in Scenarios 1 and 2

In this section, we provide additional results for Scenarios 1 and 2.
In Scenario 1, we set p = 2, and both X; and X5 have non-zero importance. We generated

500 random datasets of size n € {500, 750, ..., 1500} and used Algorithm 2.2, which is valid
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Algorithm R implementation Tuning parameters

Random survival forest rfsrc mtry € {1,..., \/]BT}
(Ishwaran and Kogalur, 2022)  nodesize € {5, 15,25}
ntree € {500, 1000}

Global survival stack- stackG SL.1library (see Table A.3)
ing

(Wolock et al., 2022) bin_size = 0.04
Survival Super Learner survSuperLearner SL.1library (see Table A .4)

(Westling et al., 2023)

Table A.2: Algorithms used for estimation of nuisance parameters. All options besides
those listed here were set to default values. In particular, the random survival forests were
grown using sampling without replacement and the log-rank splitting rule. The combina-
tion of mtry, nodesize, and ntree minimizing out-of-bag error rate, as measured by one
minus Harrell’s c-index, was selected. For global survival stacking, time basis was set to
"continuous" (time included as continuous predictor in the pooled binary regression), and
surv_form was set to "PI" (product-integral mapping from hazard to survival function).
For both global stacking and survival Super Learner, five-fold cross-validation was used to
determine the optimal convex combination of algorithms in SL.1library.

f: p denotes the number of predictors.
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Algorithm name Algorithm description Tuning parameters
SL.mean Marginal mean NA
SL.glm Logistic regression with all NA
pairwise interactions
SL.gam Generalized additive model default
SL.earth Multivariate adaptive regression splines default
SL.ranger Random forest default
SL.xgboost Gradient-boosted trees ntrees € {250,500, 1000}

max_depth € {1,2}

Table A.3: Algorithms included in the Super Learner for global survival stacking and for
estimation of the residual oracle prediction function for landmark VIMs. All tuning pa-
rameters besides those for SL.xgboost were set to default values. In particular, gam was
implemented with degree = 2; earth with degree = 2, penalty = 3, nk = number of
predictors plus 1, endspan = 0, minspan = 0; and ranger with num.trees = 500, mtry
= the square root of the number of predictors, min.node.size = 1, sample.fraction =
1 with replacement. For SL.xgboost, shrinkage was set to (.01, minobspernode was set
to 10, and each combination of ntrees and max_depth was included in the Super Learner
library.

when the importance is a priori known to be non-zero. Here, we show the results for both
features using the Brier score predictiveness measure, as well as for X, using AUC and
c-index. We assess performance in the same manner as described in the main text.

Figure A.1 displays the AUC and c-index results for X5. Figures A.2 and A.3 display
the results for Brier score VIM for X; and X, respectively. The results closely match
those observed for AUC and c-index for X; in Section 2.5 of the main text. In particular,
we observe that for AUC and Brier score, cross-fitting is necessary for good performance.
The cross-fitted global stacking and survival Super Learner estimators achieves low bias and
coverage within Monte Carlo error of the nominal level, while the RSF implementation has
larger bias and is somewhat anti-conservative for AUC and Brier score VIMs.

We also present additional results for Scenario 2, in which p = 25 and all features
besides X; and X have zero importance. We generated 500 random datasets of size

n € {500,750, ...,1500} and used Algorithm 2.3, which involves sample splitting and pro-
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Algorithm name Algorithm description
survSL.km Kaplan-Meier estimator
survSL.expreg Survival regression assuming event and censoring times follow

an exponential distribution conditional on covariates

survSL.weibreg Survival regression assuming event and censoring times follow
a Weibull distribution conditional on covariates

survSL.loglogreg  Survival regression assuming event and censoring times follow
a log-logistic distribution conditional on covariates

survSL.AFTreg Survival regression assuming event and censoring times follow
a log-normal distribution conditional on covariates

survSL. coxph Main-terms Cox proportional hazards estimator with Breslow
baseline cumulative hazard

survSL.rfsrc Random  survival forest as implemented in the
randomForestSRC package

Table A.4: Algorithms included in the survival Super Learner. All tuning parameters were
set to default values. In particular, gam was implemented with degree = 1; and rfsrc
with ntree = 500, mtry = the square root of the number of predictors, nodesize = 15,

splitrule = "logrank", sampsize = 1 with replacement.
Parameter Description Possible values
mstop Number of boosting iterations {100, 250, 500, 1000}
nu Learning rate 0.01
sigma Smoothing parameter for sigmoid function {0.01,0.05}

Table A.5: Tuning parameters for the c-index boosting procedure.
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Figure A.1: Performance of the one-step VIM estimator for the importance of X5 in Scenario
1 in terms of AUC and c-index. The three VIMs shown are AUC at times 0.5 and 0.9
and the c-index truncated at time 0.9. (A) empirical bias scaled by n'/?; (B) empirical
variance scaled by n/o? where o2 is the theoretical asymptotic variance of the estimator;
(C) empirical coverage of nominal 95% confidence intervals; (D) average confidence interval
width. The colors denote different nuisance estimators, which were used to estimate both
event and censoring distributions. Solid and dashed lines denote non-cross-fitted and cross-
fitted estimators, respectively. Vertical bars represent 95% confidence intervals taking into

account Monte Carlo error.
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Figure A.2: Performance of the one-step VIM estimator for the importance of X; in Scenario
1 in terms of Brier score. The two VIMs shown are Brier score at times 0.5 and 0.9. (A)
empirical bias scaled by n'/2; (B) empirical variance scaled by n/o?, where o2 is the theoret-
ical asymptotic variance of the estimator; (C) empirical coverage of nominal 95% confidence
intervals; (D) average confidence interval width. The colors denote different nuisance estima-
tors, which were used to estimate both event and censoring distributions. Solid and dashed
lines denote non-cross-fitted and cross-fitted estimators, respectively. Vertical bars represent
95% confidence intervals taking into account Monte Carlo error.
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Figure A.3: Performance of the one-step VIM estimator for the importance of X5 in Scenario
1 in terms of Brier score. The two VIMs shown are Brier score at times 0.5 and 0.9. (A)
empirical bias scaled by n'/2; (B) empirical variance scaled by n/o?, where o2 is the theoret-
ical asymptotic variance of the estimator; (C) empirical coverage of nominal 95% confidence
intervals; (D) average confidence interval width. The colors denote different nuisance estima-
tors, which were used to estimate both event and censoring distributions. Solid and dashed
lines denote non-cross-fitted and cross-fitted estimators, respectively. Vertical bars represent
95% confidence intervals taking into account Monte Carlo error.
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Figure A.4: Performance of the one-step VIM estimator for the importance of X7 in Scenario
2 in terms of AUC and c-index. The three VIMs shown are AUC at times 0.5 and 0.9
and the c-index truncated at time 0.9. (A) empirical bias scaled by n'/?; (B) empirical
variance scaled by n/o? where o is the theoretical asymptotic variance of the estimator;
(C) empirical coverage of nominal 95% confidence intervals; (D) empirical type I error.
The colors denote different nuisance estimators, which were used to estimate both event
and censoring distributions. Solid and dashed lines denote non-cross-fitted and cross-fitted
estimators, respectively. Vertical bars represent 95% confidence intervals taking into account
Monte Carlo error.

vides valid inference under the null hypothesis of zero importance. Figure A.4 displays the
AUC and c-index results for X, and Figures A.5 and A.6 display the results for Brier score
VIM for X; and Xy, respectively. For Xy, rather than confidence interval width, we examine
the empirical type I error rate. Similarly as in the main text, the non-cross-fitted estima-
tors demonstrate increased bias, decreased confidence interval coverage, and increased type I
error compared to their cross-fitted counterparts. The cross-fitted estimator using RSF per-
forms well for assessing the Brier score VIM of X, but the associated confidence intervals
are moderately anti-conservative in the case of X;. This matches the results observed for

AUC and c-index.
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Figure A.5: Performance of the one-step VIM estimator for the importance of X; in Scenario
2 in terms of Brier score. The two VIMs shown are Brier score at times 0.5 and 0.9. (A)
empirical bias scaled by n'/2; (B) empirical variance scaled by n/o?, where o2 is the theoret-
ical asymptotic variance of the estimator; (C) empirical coverage of nominal 95% confidence
intervals; (D) average confidence interval width. The colors denote different nuisance estima-
tors, which were used to estimate both event and censoring distributions. Solid and dashed
lines denote non-cross-fitted and cross-fitted estimators, respectively. Vertical bars represent

95% confidence intervals taking into account Monte Carlo error.
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Figure A.6: Performance of the one-step VIM estimator for the (zero) importance of X,
in Scenario 2 in terms of Brier score. The two VIMs shown are Brier score at times 0.5
and 0.9. (A) empirical bias scaled by n'/?; (B) empirical variance scaled by n/o?, where o
is the theoretical asymptotic variance of the estimator; (C) empirical coverage of nominal
95% confidence intervals; (D) empirical type I error. The colors denote different nuisance
estimators, which were used to estimate both event and censoring distributions. Solid and
dashed lines denote non-cross-fitted and cross-fitted estimators, respectively. Vertical bars
represent 95% confidence intervals taking into account Monte Carlo error.
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A.5.4 The effect of the censoring rate (Scenario 3)

In order to study the effect of censoring on our procedure, we performed a simulation study
in Scenario 3, in which the censoring rate varied between 30% and 70%. The event times and
covariates were generated as in Scenario 1, while 3y ¢ was selected to achieve overall censoring
rates in {30%,40%, ...,70%}. For this scenario, we generated 500 random datasets of size
1000. We considered the importance of X; using AUC and Brier score at landmark times
7 € {0.5,0.9} and c-index truncated at 7 = 0.9. We used Algorithm 2.2 to compute point
and standard error estimates, from which we computed nominal 95% Wald-type confidence
intervals. We evaluated performance using the empirical bias, the empirical variance, the
empirical confidence interval coverage, and the average confidence interval width.

In Figure A.7 we display the results of this experiment. The bias of the cross-fitted
global stacking and survival Super Learner estimators is largely unaffected by the censoring
rate. The bias of the RSF estimator is modestly affected by increased censoring, even with
cross-fitting. The variance of all estimators tends to increase with increasing censoring,
most dramatically at the later landmark time 7 = 0.9. The cross-fitted global stacking and
survival Super Learner estimators demonstrate nominal coverage. The coverage of the cross-
fitted RSF estimator is slightly low when estimating AUC VIM, but seemingly unaffected
by a higher censoring rate. As expected, confidence interval width increases with increased
censoring. Overall, we see that the operating characteristics of the procedure are largely
consistent across censoring levels. Unsurprisingly, the impact of censoring on estimator

variance and confidence interval width is larger at the later landmark time.

A.5.5 Simulation results in Scenario 4

In Scenario 4, we set p = 5. The feature covariance matrix > was a 5 X 5 matrix with 1
on the diagonal. Off-diagonal elements were set to 0, except for ¥1,4 = ¥,; = 0.7 and
Y93 = Y32 = —0.3. In this setting, therefore, while X3 and X4 do not directly affect the

event time 7', the true importance of X; and X, are altered due to their associations with
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Figure A.7: Performance of the one-step VIM estimator for the importance of X; in Scenario
3 in terms of AUC and c-index. The three VIMs shown are AUC at times 0.5 and 0.9 and
the c-index truncated at time 1.5. (A) empirical bias; (B) empirical variance; (C) empirical
coverage of nominal 95% confidence intervals; (D) average confidence interval width. The
colors denote different nuisance estimators, which were used to estimate both event and
censoring distributions. Solid and dashed lines denote non-cross-fitted and cross-fitted es-
timators, respectively. Vertical bars represent 95% confidence intervals taking into account
Monte Carlo error.
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Figure A.8: Performance of the one-step VIM estimator for the importance of X; in Scenario
3 in terms of Brier score. The two VIMs shown are the Brier score at times 0.5 and 0.9.
(A) empirical bias; (B) empirical variance; (C) empirical coverage of nominal 95% confi-
dence intervals; (D) average confidence interval width. The colors denote different nuisance
estimators, which were used to estimate both event and censoring distributions. Solid and
dashed lines denote non-cross-fitted and cross-fitted estimators, respectively. Vertical bars
represent 95% confidence intervals taking into account Monte Carlo error.
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X, and X3, respectively. We generated 500 random datasets of size n € {500, 750, ..., 1500}
and assessed the importance of X; and X, individually, as well as the joint importance of
(X1, X4), using Algorithm 2.3. We estimated nuisance parameters as in other settings. We
present results for empirical bias scaled by n'/?, empirical variance scaled by n, empirical
confidence interval coverage, average confidence interval width (for X; and (X, X4)), and
empirical type I error (for Xj).

Results for Scenario 4 are displayed in Figures A.9 — A.14. Generally, the proposed
procedure performs similarly as in other simulation settings — the presence of correlated
features seems to have little impact on operating characteristics. Furthermore, the procedure
performs equally well for groups of features as for individual features. When features are
expected to be correlated, considering groups of features may improve the interpretability of

VIM analyses.
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Figure A.9: Performance of the one-step VIM estimator for the importance of X7 in Scenario
4 in terms of AUC and c-index. The three VIMs shown are AUC at times 0.5 and 0.9
and the c-index truncated at time 0.9. (A) empirical bias scaled by n'/?; (B) empirical
variance scaled by n/o? where o2 is the theoretical asymptotic variance of the estimator;
(C) empirical coverage of nominal 95% confidence intervals; (D) empirical type I error.
The colors denote different nuisance estimators, which were used to estimate both event
and censoring distributions. Solid and dashed lines denote non-cross-fitted and cross-fitted
estimators, respectively. Vertical bars represent 95% confidence intervals taking into account

Monte Carlo error.
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Figure A.10: Performance of the one-step VIM estimator for the (zero) importance of X,

in Scenario 4 in terms of AUC and c-index. The three VIMs shown are AUC at times
0.5 and 0.9 and the c-index truncated at time 0.9. (A) empirical bias scaled by n'/?; (B)
empirical variance scaled by n/o?, where o2 is the theoretical asymptotic variance of the
estimator; (C) empirical coverage of nominal 95% confidence intervals; (D) empirical type
I error. The colors denote different nuisance estimators, which were used to estimate both
event and censoring distributions. Solid and dashed lines denote non-cross-fitted and cross-
fitted estimators, respectively. Vertical bars represent 95% confidence intervals taking into

account Monte Carlo error.
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Figure A.11: Performance of the one-step VIM estimator for the joint importance of (X7, Xy)
in Scenario 4 in terms of AUC and c-index. The three VIMs shown are AUC at times 0.5 and
0.9 and the c-index truncated at time 0.9. (A) empirical bias scaled by n'/?; (B) empirical
variance scaled by n/o? where o is the theoretical asymptotic variance of the estimator;
(C) empirical coverage of nominal 95% confidence intervals; (D) empirical type I error.
The colors denote different nuisance estimators, which were used to estimate both event
and censoring distributions. Solid and dashed lines denote non-cross-fitted and cross-fitted
estimators, respectively. Vertical bars represent 95% confidence intervals taking into account

Monte Carlo error.
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Figure A.12: Performance of the one-step VIM estimator for the importance of X; in Sce-
nario 4 in terms of Brier score. The two VIMs shown are Brier score at times 0.5 and 0.9.
(A) empirical bias scaled by n!/?; (B) empirical variance scaled by n/c?, where o2 is the
theoretical asymptotic variance of the estimator; (C) empirical coverage of nominal 95%
confidence intervals; (D) average confidence interval width. The colors denote different nui-
sance estimators, which were used to estimate both event and censoring distributions. Solid
and dashed lines denote non-cross-fitted and cross-fitted estimators, respectively. Vertical
bars represent 95% confidence intervals taking into account Monte Carlo error.
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Figure A.13: Performance of the one-step VIM estimator for the (zero) importance of X,
in Scenario 4 in terms of Brier score. The two VIMs shown are Brier score at times 0.5
and 0.9. (A) empirical bias scaled by n'/?; (B) empirical variance scaled by n/o?, where o
is the theoretical asymptotic variance of the estimator; (C) empirical coverage of nominal
95% confidence intervals; (D) empirical type I error. The colors denote different nuisance
estimators, which were used to estimate both event and censoring distributions. Solid and
dashed lines denote non-cross-fitted and cross-fitted estimators, respectively. Vertical bars
represent 95% confidence intervals taking into account Monte Carlo error.
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Figure A.14: Performance of the one-step VIM estimator for the joint importance of (X7, Xy)
in Scenario 4 in terms of Brier score. The two VIMs shown are Brier score at times 0.5 and
0.9. (A) empirical bias scaled by n'/?; (B) empirical variance scaled by n/o?, where o? is
the theoretical asymptotic variance of the estimator; (C) empirical coverage of nominal 95%
confidence intervals; (D) average confidence interval width. The colors denote different nui-
sance estimators, which were used to estimate both event and censoring distributions. Solid
and dashed lines denote non-cross-fitted and cross-fitted estimators, respectively. Vertical
bars represent 95% confidence intervals taking into account Monte Carlo error.



154

Appendix B
SUPPLEMENTARY MATERIALS FOR CHAPTER 3

B.1 Retrospective sampling

As in the prospective setting, we let W be the study entry time. We do not consider censoring
in this setting, so T' is observed for all participants. For notational consistency, we set C' = 0
for all participants and define Y := max{7,C} and A := 1(T" > C) = 1. This implies
that Y = T for all participants, i.e., the observed follow-up times are equal to the event
times. Under right truncation, an individual is sampled if ¥ < W. The observed data are
O :=(X,Y,A, W), and the sampling criterion is W > Y.

Identification of S(¢ | x) in the retrospective setting follows from the prospective identifica-
tion. Let 7 denote a user-specified real number, and define the random variables T := 7 — T,
C=7-C, Y =7-Y, W:=7—W,and A := 1(T < C) = 1. In practice, we set 7 as the
maximum study entry time W, so that T, C', Y and W are non-negative. If T has bounded
support, the upper bound of that support would be another natural choice for 7. (In princi-
ple, 7 could be any real number, including 0, in which case the transformed data could take
negative values. For the sake of applying our prospective results to the retrospective setting,
we assume the transformed data are nonnegative.) We suppose that Assumption C holds.

We note that T is subject to conditionally independent left truncation by W. Denoting
by A(t|z) and S(t|x) the conditional cumulative hazard and survival functions of T given
X at t, we can directly use the prospective setting results to identity A(- |z) at generic time
point ¢ by

t 7(x) Fy(du| 7)
/0 Gi(u|2)7(z) {1 — Fi(u|2)} + Go(u|z) {1 — 7(2)} {1 — Fo(u|z)}

where [, Fy, G, and Gy are defined analogously as in the prospective setting, and 7(x) :=
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P(A = 1|X = z). Because there is no censoring in this setting, 7(x) = 1, and the above
identification can be written in the form

ROV (¢ | 2) = /0 [Gr(ulz) {1 — Fy(u|2)}] " Fi(du|z) -

Finally, we note that S(¢|z) can be written as 1 — S(7 — t| ), and so it suffices to use the
above identification of A(-|x) in order to estimate S(-|z). This result demonstrates that
estimating the conditional hazard of T" given X under right truncation can be accomplished
by simply estimating the conditional hazard of 7 — T given X under left truncation.

In the retrospective setting, estimation proceeds by simply (i) transforming the data to
reverse time, taking ¥; = 7 —Y;, A, = 1, W; = 7 — W;, and t = 7 — ¢; (ii) following
Steps 1, 2, and 3 in Section 3.3.3 of the main text to produce an estimate S,(t|x) of
S(t|x), with S,, being either the product integral or exponential form; and (iii) computing

Sp(t|z)=1-— S'n(ﬂ ).
B.2 Details of identification result

Let Frcw and Fe o denote the conditional distribution functions of (7', C, W) given X and
(C, W) given X, respectively. We begin by using standard probability rules to write

m(x)Fi(u|z) = PA=1|X=2, W <Y)P(Y <u|A=1,X=2,W<Y)
PA=1Y <u,W<Y|X =1x)
P(W<Y|X =ux)
PT<CT<uW<T|X =2x)
P(W<Y|X =ux)
[f[1(t <wu,e>t,w<t)Frow(dt,de,dw|z)
- PW<Y|X =21)
Jf[1(t <wu,e>t,w < t)Fow(de, dw|z)F(dt|z)
PW<Y|X =x)
Jo P(C>t,W <t|X =a)F(dt|z)
PW<Y|X =ux) ’
where (a) follows from Assumption C. The differential of this function with respect to u is
PW <u,C>u|X =2x)F(du|x)
P(W<Y|X =x) '

—
o
Nty

m(x)Fi(du|z) =
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The denominator of A°P is

Gi(ulz)m(z) {1 = Fi(u |z)} + Go(u|z) {1 — m(2)} {1 — Fo(u |2)}
= PW<uY>u|lW<Y X=ux),

where we have applied the law of total probability. Continuing from this expression we have

PW<u<Y,W<Y|X =uq)
PW<Y|X =1)

PW<u<Y|X=ux)

PW<Y|X =2)

PW <u,C>uT>u|lX =ux)
PW<Y|X =2z

® PW <u,C>u|X =2x)S(u”|z)

B PW<Y|X =z) ’

PW <u,Y>u|lW<<Y,X=2x) =

where (b) follows from Assumption C. Combining this with the numerator, we have

w0 [ w(2) Fy(du | 2)
ATt ) /Gl<u|x><>{1—ﬂu E }+Go<u|x>{1—w< - Fo(u|2))

- [ (PRS0 (W S st )

_/ du\x
B S(u

= At|z) .

B.3 Identification under alternative assumption

In this section, we consider an alternative identifying assumption for use in contexts in which
censoring can only occur in individuals who satisfy the sampling criterion. Assumption D is

given in three parts as:

Assumption D1: W < C almost surely;
Assumption D2: T and W are conditionally independent given X;

Assumption D3: T and C are conditionally independent given (X, W) and W < T.
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Let Fy denote the conditional distribution function of W given X. Let Hrcw and Hy
denote respectively the conditional distribution functions of (7, C, W) and W given both X
and W <T. Let Hrcw, Hc|w, and Hy|w denote respectively the conditional distribution
functions of (T',C), C, and T given both (W, X) and W < T.

We note that Assumption D2 allows us to write

Hryw(t|lw,z) = PT<t|X =2, W=wW<T)

= PT<t|X=z,W=wT2>w)
PT<t,T>w|X=z,W=uw)
PT>w|X =x,IW =w)
Iw<t)Pw<T<t|X =z, W =w)
PT>w|X =x,IW =w)
I(w <HP(w <T <t|X =x)
P(T>w|X =ux) ’

—
o
N

(B.1)
where (a) follows from Assumption D2. We then use standard probability rules to write

m(z)Fi(u]z) = PA=1|X=2, W <Y)PY <u|A=1,X=2,W<Y)

PA=1Y <u|W<Y,X =2z)

—~
=

2 P(A=1Y <u|W<T,X =x)

PTr<CT<ulW<T X=ux)

/// (t <wu,c>t)Hrow(dt, de, dw|x)

- /// 1(t < u,c > t)Hpow(dt, de | w, z) Hy (dw | z)

C

= /// 1(t <wu,c>t)Hepw (de|w, z)Hyyw (dt | w, ) Hy (dw | z)

(d) 1(t <u,c>t,w < t)Heyw (de|w, z)F(dt | ) Hy (dw | z)
“ PTSulX= D |

—~
N2

—
=

where (b) follows from Assumption D1, (c¢) from Assumption D3, and (d) from equation

(B.1). The differential of this function with respect to wu is

(2)Fi(du | z) = // 1(c > u,w < u)fjfjc(gv(zdculﬁu),(x):Hg(dw |2)F(du]z)




158

Let R(u,z) = [ f Lezuwsy) H;‘;Vﬁc)le))HW(dwl As in Section B.2, the denominator of A°b

can be written as

PW<uY>ulW<Y,X=2) 2 PW <uY >u|W<T,X =2)

= PW<u,C>u,T>u|W<T,X =ux)
:/// (t>wu,c>u,w<u)Hpcow(dt,de, dw|x)
= ///]1(15 > u,c > u,w < u)Hy o (dt, de|w, ) Hy (dw | x)

/// Lt > uye > uyw < w) Hop (de | w, ) By (de | w, ) Hyy (duw | 2)
/// 1(t > u,c>u,w < u,w < t)Hepw (de|w, ) Fr(dt | 2) Hy (dw | x)
PT>w|X =x)

B /// 1(t > u,c > u,w < u)Heyw (de | w, ) Fr(dt | z) Hw (dw | z)
B P(T>w|X =x)

—
—
=

—~
o
-

= S(u” |z)R(u,x) ,

where (e) follows from Assumption D1, (f) from Assumption D3, and (g) from equation

(B.1). Combining this with the numerator, we find, as claimed, that

by 7(x)Fy(du|x)
A= (t | ) _/G1u|x ) {1l —Fi(u |2)} + Go(u|z) {1 —7(x)} {1 — Fo(u=|x)}

B R(u, :1:) ol z) — " F(du|x) _ .
- / Rlu,0)S@ Ja)” (212 /os<u-|x> Alt])

B.4 Simulation details

B.4/.1 Additional details on estimators and data-generating mechanism

Here, we describe the estimators included in the simulation studies. The R package imple-

mentation is given in parentheses.

1. Global survival stacking (survML): We estimated F}, Fy, Gy, and Gy using pooled bi-
nary regression with Super Learner, as implemented in the SuperLearner software

package. The algorithm library consisted of the marginal mean, logistic regression
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with all pairwise interactions, generalized additive models, multivariate adaptive re-
gression splines, random forests, and gradient-boosted trees. We estimated 7(z) using
the same Super Learner library. We used five-fold cross-validation and the built-in non-
negative least-squares method to determine the optimal convex combination of these
algorithms. We considered three time grids C for the pooled regression: a grid made up
of every observed follow-up time and grids of 10 or 40 cutpoints evenly spaced on the
quantile scale of observed follow-up times. We used the exponential form S, .(¢|z).
The approximation time grid B was set to the observed follow-up times. The predic-
tions across times in the approximation grid were isotonized using the pool adjacent
violators algorithm, as implemented in the Iso software package. Table B.1 details
the Super Learner library used for estimating binary regressions in global and local

survival stacking.

. Local survival stacking (survML): We used Super Learner as the binary classifier in
local survival stacking, using the same algorithm library as for global survival stacking.
Tuning was performed in the same manner as described above, and the same time grids
were included, based on observed event times R,,. Algorithm B.1 details the procedure

to construct the local survival stacking algorithm.

. Survival Super Learner (survSuperLearner): We used the same library of algorithms
for both the censoring and event time distributions, including the marginal Kaplan-
Meier estimator, the Cox proportional hazards model with Breslow baseline hazard
estimator, exponential regression, Weibull regression, log-logistic regression, a gener-
alized additive proportional hazards model, and random survival forest. We did not
evaluate this method in any settings with truncation since it is not designed to handle

truncation. Table B.2 details the Super Learner library used for survSuperLearner.

. Random forests (LTRCforests): We used conditional inference forests for left-

truncated, right-censored data. We set the mtry parameter equal to the square root of
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the number of predictors, rounded up.

5. Linear Cox proportional hazards regression (survival): We used a main-terms linear

Cox proportional hazards model with Breslow baseline hazard estimator.

6. Generalized additive Cox proportional hazards regression (mgcv): We used a main-

terms generalized additive Cox proportional hazards model with Breslow baseline haz-

ard estimator.

Below, we include additional information on the simulation data-generating mechanisms.

- Figure B.1: Example densities for the time-to-event variable 7" under the two data-

generating mechanisms used in simulations.

- Table B.3: Average truncation rates in numerical experiments.

Algorithm B.1 Local survival stacking

1:
2:
3:
4:

Choose grid of time-points C := {t],13,...,%;} on which to discretize. Set ¢ ; = ooc.

Choose how to include time in model (continuous, dummy variable, etc.).

for 7 € C do

Including only participants with Y > ¢7 and W < t7, construct dataset Dt; consisting

of participant baseline covariates, outcomes Il(t;- <Y <ti,
chosen basis.

end for

Construct full stacked dataset by combining { Dy, Dys, ..., Dy }.

Fit binary regression or classification algorithm of choice.

Generate hazard predictions {\, (7 | z), \p (85 | x), ..., A\ (85 | )} from fitted model.

Compute estimate S, (t|x) = Ht;ec:t;gt{l — At | 7).

), and time using
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Algorithm name Algorithm description Tuning parameters

SL.mean Marginal mean NA

SL.glm.interaction  Logistic regression with pairwise NA

interactions
SL.gam Generalized additive model default
SL.earth Multivariate adaptive regression default
splines
SL.ranger Random forest default
SL.xgboost Gradient-boosted trees ntrees € {250,500, 1000}

max_depth € {1,2}

Table B.1: Algorithms included in the Super Learner for global and local survival stack-
ing. All tuning parameters besides those for SL.xgboost were set to default values. In
particular, gam was implemented with degree = 2; earth with degree = 2, penalty
= 3, nk = number of predictors plus 1, endspan = 0, minspan = 0; and ranger with
num.trees = 500, mtry = the square root of the number of predictors, min.node.size =
1, sample.fraction = 1 with replacement. For SL.xgboost, shrinkage was set to 0.01,
minobspernode was set to 1, and each combination of ntrees and max_depth was included
in the Super Learner library.
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Algorithm name Algorithm description
survSL.km Kaplan-Meier estimator
survSL.expreg Survival regression assuming event and censoring times fol-

low an exponential distribution conditional on covariates

survSL.weibreg Survival regression assuming event and censoring times fol-
low a Weibull distribution conditional on covariates

survSL.loglogreg Survival regression assuming event and censoring times fol-
low a log-logistic distribution conditional on covariates

survSL.gam Main-terms generalized additive Cox proportional hazards
estimator as implemented in the mgcv package

survSL. coxph Main-terms Cox proportional hazards estimator with Bres-
low baseline cumulative hazard

survSL.rfsrc Random survival forests as implemented in the package
randomForestSRC

Table B.2: Algorithms included in the survival Super Learner. All tuning parameters were
set to default values. In particular, gam was implemented with degree = 1; and rfsrc
with ntree = 500, mtry = the square root of the number of predictors, nodesize = 15,

splitrule = "logrank", sampsize = 1 with replacement.

Study design  Skew Setting Truncation rate

Prospective Right Non-proportional hazards 70%

Proportional hazards 66%

Discrete 70%

Left  Non-proportional hazards 46%

Proportional hazards 51%

Discrete 46%

Retrospective Right Non-proportional hazards 35%

Left Non-proportional hazards 65%

Table B.3: Average truncation rates across simulations.
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Figure B.1: Example densities for the time-to-event variable T" under the two data-generating
mechanisms used in simulations. Each plot shows the conditional density of T" given X for
ten random draws from the distribution of X.

B.5 Additional numerical results

B.5.1 Performance under prospective sampling with non-proportional hazards (Scenarios 1

and 2)

These simulations were performed under Scenarios 1 and 2, as described in Section 3.4.1
of the main text. Figures B.2 and B.3 display the full results, including mean integrated
squared error (MISE) over the interval [0, 100] and MSE at landmark times corresponding to
the 50, 75" and 90" percentiles of observed event times. Global survival stacking performs
well overall and is generally not sensitive to the choice of time grid C used for the pooled

binary regression.
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Figure B.2: Performance of conditional survival estimators with right-censored data (Sce-
nario 1). The methods compared were global survival stacking, local survival stacking, sur-
vival Super Learner, random forests, a main-terms linear Cox model with Breslow baseline
hazard estimator, and a main-terms generalized additive Cox model with Breslow baseline
hazard estimator. Time grids are based on quantiles of observed follow-up times (global
stacking) or observed event times (local stacking). From top to bottom, rows correspond to
MISE and to MSE at 50", 75" and 90" percentiles of observed event times.
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Figure B.3: Performance of conditional survival estimators with left-truncated, right-
censored data (Scenario 2). The methods compared were global survival stacking, local
survival stacking, random forests, and a main-terms linear Cox model with Breslow baseline
hazard estimator. Time grids are based on quantiles of observed follow-up times (global
stacking) or observed event times (local stacking). From top to bottom, rows correspond to
MISE and to MSE at 50", 75" and 90*" percentiles of observed event times.
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B.5.2  Performance under retrospective sampling (Scenario 3)

For the retrospective simulation study, data were generated as described in Section 3.4.1 of
the main text. Only observations with ¥ < W were sampled. There was no censoring in
the retrospective study design. Figure B.4 shows the results of the retrospective simulation
study. The results are similar as those of the prospective study with left truncation, with

global survival stacking demonstrating consistent overall performance.

B.5.3 Estimator performance under proportional hazards (Scenario 4)

We evaluated the performance of global and local survival stacking when the data satisfied the
proportional hazards assumption. The covariate vector X, censoring variable C'; and study
entry variable W were generated in the same manner as in the primary numerical experiments
described in Section 3.4 of the main text. Given covariate vector X = x, we simulated the
event time 7' to be distributed as 100c(z)Zs, where c(z) = exp {1 (21 + 22 + 23 + x4 + 25) }
was the hazard ratio. In the right-skewed setting, Z3 was a Beta(2,3) random variable, and
in the left-skewed setting Z3 was a Beta(3,2) random variable. We considered the prospective
setting with left truncation and 25% censoring rate. We evaluated performance in the same
manner as described in Section 3.4 of the main text. We compared global survival stacking,
local survival stacking, and the Cox model with Breslow baseline hazard estimator.

We display the results for the proportional hazards simulation in Figure B.5. The Cox
model, which in this case was correctly specified, yields the best overall performance across
all metrics. Among the machine learning approaches, local stacking on a 40 cutpoint grid
performs the best by a modest margin, and global survival stacking demonstrates good
performance as well. As in the primary empirical results in Section 3.4 of the main text,
local stacking is more sensitive to grid size choice. Local stacking on a grid of all observed

event times tends to show increasing estimation error beyond a sample size of 500.
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Figure B.4: Performance of conditional survival estimators with right-truncated data (Sce-
nario 3). The methods compared were global survival stacking and local survival stacking.
Time grids are based on quantiles of observed follow-up times (global stacking) or observed
event times (local stacking). From top to bottom, rows correspond to MISE and to MSE at
50t 75t and 90" percentiles of observed event times.
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Figure B.5: Performance of conditional survival estimators with right-censored, left-
truncated data generated under a proportional hazards model (Scenario 4). The methods
compared were global survival stacking, local survival stacking, random forests, and the
main-terms Cox model with Breslow baseline hazard estimator. Time grids are based on
quantiles of observed follow-up times (global stacking) or observed event times (local stack-
ing). From top to bottom, rows correspond to MISE and to MSE at 50", 75 and 90"
percentiles of observed event times.
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B.5.4  Estimator performance when events are observed at discrete times (Scenario 5)

For the discrete-time numerical experiments, we generated X, 7', C, and W in the same
manner as in the primary numerical experiments described in Section 3.4 of the main text.
For m the desired number of times in the discrete-time grid, we divided the interval [0, 100]
into m equally sized intervals Iy, I, ..., I,. For all Y falling in /;, we set Y equal to the right
endpoint of interval I; and used Y as the observed follow-up time. In this way, while the
distribution of T" was continuous, Y was observed on a discrete time scale. Likewise, for all W
falling in I;, we set W equal to the left endpoint of interval T ;. We considered the prospective
setting with left truncation and 25% censoring rate. We evaluated performance in the same
manner as described in Section 3.4 of the main text and compared the performance of global
and local stacking on grids of all observed follow-up and event times, respectively. We used
the product integral form for global stacking. We included the main-terms Cox model as a
comparator.

We display the results for the discrete-time experiment with 10 intervals in Figure B.6,
with 20 intervals in Figure B.7, and with 50 intervals in Figure B.8. With 10 and 20 intervals,
the overall performance of global and local stacking are similar. With 50 intervals, global
survival stacking generally outperforms local survival stacking in the left-skewed setting,
and the two perform similarly in the right-skewed setting. The MSE and MISE for global

stacking are similar in the 50 interval setting as in the continuous-time setting.

B.5.5 Computational considerations

In order to benchmark computational burden, we simulated samples of size 500 in the
prospective study design without left truncation under the left-skewed data-generating mech-
anism. We fit each estimator as described above and generated conditional survival function
estimates for a test data set of size 100 on an evenly spaced grid of times from ¢ = 0.1 to
t = 100. The computational benchmarking simulations were run on an Amazon Web Ser-

vices EC2 r6a.large instance with 2 vCPUs and 16GB memory. There were 100 simulation
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Figure B.6: Performance of conditional survival estimators with right-censored, left-
truncated data observed on a discrete grid of 10 time-points (Scenario 5). The methods
compared were global survival stacking, local survival stacking, random forests, and the

main-terms Cox model with Breslow baseline hazard estimator.

Global and local survival

stacking were implemented using a grid of every observed follow-up time (global) or every
observed event time (local). From top to bottom, rows correspond to MISE and to MSE at
50t 75t and 90" percentiles of observed event times.
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Figure B.7: Performance of conditional survival estimators with right-censored, left-
truncated data observed on a discrete grid of 20 time-points (Scenario 5). The methods
compared were global survival stacking, local survival stacking, random forests, and the
main-terms Cox model with Breslow baseline hazard estimator. Global and local survival
stacking were implemented using a grid of every observed follow-up time (global) or every
observed event time (local). From top to bottom, rows correspond to MISE and to MSE at
50t 75t and 90" percentiles of observed event times.
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Figure B.8: Performance of conditional survival estimators with right-censored, left-
truncated data observed on a discrete grid of 50 time-points (Scenario 5). The methods
compared were global survival stacking, local survival stacking, random forests, and the

main-terms Cox model with Breslow baseline hazard estimator.

Global and local survival

stacking were implemented using a grid of every observed follow-up time (global) or every
observed event time (local). From top to bottom, rows correspond to MISE and to MSE at
50t 75t and 90" percentiles of observed event times.
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Estimator Mean runtime (s) Std. dev. runtime (s)
Global stacking (all times grid) 998 36.0
Global stacking (40 cutpoint grid) 222 43.2
Global stacking (10 cutpoint grid) 129 1.1
Local stacking (all times grid) 493 21.7
Local stacking (40 cutpoint grid) 52 0.8
Local stacking (10 cutpoint grid) 20 0.3
survSuperLearner 61 1.8
LTRC forests 60 1.9
Linear Cox 0.03 0.002
Gen. additive Cox 4.6 0.14

Table B.4: Computation time for conditional survival estimators from numerical experi-
ments.

replicates for each estimator.
Table B.4 displays the results of this experiment. Global survival stacking was slower
than alternative methods, and its speed is highly dependent on the size of the grid used in

the pooled binary regression.

B.5.6  Comparison of survival function mappings in global survival stacking

When the product integral is discretized, the differential of the cumulative hazard is a proba-
bility and must lie in [0, 1]. Our method may yield an estimated differential that lies outside
of [0,1], leading to survival function estimates that are negative, particularly in the tails
of the distribution of Y. The exponential form protects against this potential issue and is
analogous to exponentiating the negative Nelson-Aalen cumulative hazard estimate (Fleming
and Harrington, 1984). We note that in settings without truncation, S, , naturally respects
the [0, 1] bounds. When the distribution function of 7" is continuous, we expect minimal dif-
ferences in performance between the two forms of the survival function estimator. However,
because the exponential mapping from hazard to survival function only holds mathematically

if T has a continuous distribution, it is not clear if it should perform as well as the product
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Estimator Training sample size Percent of estimates outside [0, 1]
Exponential 250 0

500 0

750 0

1000 0
Product integral 250 0.6%

500 1.3%

750 1.5%

1000 1.4%

Table B.5: Percentage of estimated survival probabilities falling outside [0, 1] using two forms
of the global survival stacking estimator in the prospective study design with left truncation
and right censoring.

integral form when the hazard is evaluated on a grid of times.

We performed a simulation study to compare the two forms (product integral and expo-
nential) of our estimator in the prospective setting with left truncation and right censoring.
Both estimators used a grid of 40 cutpoints evenly spaced on the quantile scale. Data were
generated as in the other prospective settings, and performance was again evaluated using
MISE and MSE at three landmark times. In addition to assessing performance, we also
recorded the proportion of estimated survival probabilities in the test data that fell outside
the interval [0, 1].

The overall performance of global survival stacking appears insensitive to the choice
of survival function mapping (Figure B.9). For the product integral form, between 0.6%
and 1.5% of estimated survival probabilities fell outside the unit interval, depending on
the training data sample size (Table B.5). For the exponential form, none of the survival
function estimates fell outside the unit interval. When the distribution of 1" is continuous, we
recommend using the exponential form to protect again potential issues arising in a particular

sample.
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Figure B.9: Performance of different forms of the global survival stacking estimator in the
prospective study design with left truncation and right censoring. The two forms are based
on the mappings from hazard to survival function (product integral and exponential).
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B.6 Details on publicly available datasets

We describe the publicly available survival datasets analyzed in Section 3.4.3 of the main
text.

FLCHAIN: The Assay of Serum-Free Light Chain study investigated the relationship be-
tween serum-free light chain and mortality in residents of Olmstead County (Kyle et al.,
2006). We used eight features for prediction: age, sex, calendar year of sample collection,
serum-free light chain kappa portion, serum-free light chain lambda portion, free light chain
group, serum creatinine, and an indicator of monoclonal gammopathy diagnosis. After re-
moval of individuals with missing data, the dataset consisted of 6542 individuals. This
dataset is available in the survival package (Therneau, 2022).

GBSG: The German Breast Cancer Study Group data is derived from a 1984-1989 trial
of patients with node-positive breast cancer (Schumacher et al., 1994). The outcome of
interest was recurrence-free survival time, with seven features of interest: hormone therapy,
age, menopausal status, tumor size, tumor grade, number of positive nodes, progesterone
receptor positivity, and estrogen receptor positivity. We used dummy variables for tumor
grade, which consists of three categories. After removal of individuals with missing data,
the dataset consisted of 684 individuals. It is available in the survival package (Therneau,
2022).

METABRIC: This dataset was produced by the Molecular Taxonomy of Breast Cancer
International Consortium (Curtis et al., 2012). The outcome of interest was mortality, and
the features of interest included expression of four different genes (MKI67, EGFR, PGR, and
ERBB2), as well as five clinical features (hormone treatment, radiotherapy, chemotherapy,
estrogen receptor positivity, and age at diagnosis). This dataset consisted of 1904 individuals,
after removal of individuals with missing data. It is available in the DeepSurv software
package (Katzman et al., 2018).

NWTCO: The National Wilms’ Tumor Study investigated the relationship between time

to tumor relapse and several prognostic variables, including two types of histology (D’Angio
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et al., 1976). We included five features: local histology, central histology, age, disease stage,
and an indicator of whether the individual was a participant in NWTS 3 or 4. We used
dummy variables for disease stage, which consists of four categories. This dataset consisted
of 4028 individuals and is available in the survival package (Therneau, 2022).

SUPPORT: The Study to Understand Prognoses and Preferences for Outcomes and Risks
of Treatments investigated the relationship between clinical outcomes among seriously ill
hospitalized adults (Knaus et al., 1995). For our analysis, the outcome of interest was mor-
tality, with 14 features of interest: sex, age, race, number of comorbidities, blood pressure,
heart rate, respiration, white blood cell count, temperature, serum creatinine, serum sodium,
dementia diagnosis, diabetes diagnosis, and cancer diagnosis. Dummy variables were used
for race (five categories) and cancer (three categories). After removal of individuals with
missing data, the dataset consisted of 8873 individuals. This dataset is available on the

Vanderbilt Biostatistics website.
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Appendix C
SUPPLEMENTARY MATERIALS FOR CHAPTER 4

C.1 Proof of Theorem 4

Proof of Theorem 4. We analyze the behavior of the estimator under Hy and under H;.

Case 1: 99 = 0: We begin by studying the linear term in (4.5). First, we note that the
collection of random variables {2 [Si(B”)%(Zi) —(1— Si(B“))éo’s(Zi)} }n is i.i.d. over i and

has mean zero, with variance oj 5z and third absolute moment denoted by po,z, .

We let F,, denote the cdf of the random variable
2 \—1/2 Bn 1 gBn) 7.
(nog 5,) Z ¢0 i) — ( i )0s(Zi) ¢

and let F{ the distribution function of a standard Gaussian random variable. An application
of the Berry-Esseen theorem yields that

Coon
sup |Fp(u) — Fo(w)] < Uy pp, 1= — 20D (C.1)

3
u€R nl/QO'()

»Pn

When 1 = 0, we have that of 5 = 4B, ' Py¢j, and so

Cpo,B, B3?
U, = —F—- .
2t (Ryd)
Furthermore, we have that
1 &
2{ S\ 00(Z;) = (1 = S )00,s(2) } = 22517 = 1)60(Z:) = 200(Zi) - D (25— 1).
™ op=1

We let S}, := 253 — 1 and note that this is a Rademacher random variable. Using the
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independence of Z and Sy for all b, we then write

3
8 On
P0,B, = ﬁEo 7)Yy S <5 o ||do(Z
b—1
B 3
= —Eo [[¢0(2)] } ZS;
b—1

Applying the Marcinkiewicz—Zygmund inequality, we have that

B, 3/2
< E, (Z \SZ‘F) — B,
b=1

We can therefore upper bound pg g, by a constant times By, 32 vielding that Unp, Sn~Y2

This upper bound tends to 0 as n — oo, irrespective of the rate of B,,, implying that

(nods,) " 2 2{8an(Z) = (1= 5)00,s(Z) | ~ N(0,1) .
i=1
and therefore that %Z?:l {SZ-(B”)(;SO(Zi) —(1- Si(B"))%S(Zi)} =0Op ((an)71/2>.
We now consider the remainder term in (4.5). By assumption, supyey g, 7nb =

Op (n™@). That is to say, for any € > 0, there exists M > 0 and N > 0 such that for
alln > N

P, (‘SuPbe{l ..... By} Tnb
n

>M><e.

Now, fix € > 0 and choose M and N from above. We see that for all n > N

LZBn
Py ( Ba Zeb=1Tnb > M) <P ()Supbe{l ,,,,, B} Tnb
(B

n-e n-¢
and so ™ = Op (n=®) as well.

>M)<6,
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In total, then, we have

Case 2: 19 # 0: In this case, the plug-in estimator constructed without sample-splitting

admits the representation
()™ (s =) = ()2 D~ {60(Z0) = do(Z0)} + 0p (1)
i=1

This implies that 1, when suitably scaled and centered, converges weakly to a standard
Gaussian random variable. As n — oo, clearly 0§ 5 — 15 and for each 4, Si(B") — 1 =op(1)

by the Weak Law of Large Numbers. Thus,

()™ D22 {8700(20) = (1= 876020 | = ()2 Y {60(2) = 6020}

=1

= {n (085, — )} D2 {S00(Z0) — (1= ) 60(20) }

1=1
- 1 1
o) 2 { (SﬁB”) - 5) b0(Z;) — (5 - S§B">) apo,s(Zi)}

= Op(l)Op(l) + Op(l) = Op(l).
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Therefore, we can write

1/2
( Qn > (wszn) _¢O)

90,B,
1/2
= nOan /Z { (Bn) <Z50 i) — (1—51-(3 ))¢O,S<Zi)}+< 5 ) 7 (Bn)

- o\ 172
= ()3 (0n(2) — ana(Z)+ () o+ on)

= ()2 Z {90(Zi) = d0.5(Zi)} + op(1) ~ N(0,1) .

C.2 Additional simulation results

In this section, we provide simulation results not shown in the main text. Figures C.1 and
C.2 show results for estimating binary classification accuracy VIM under Scenarios 1 and 2,

respectively. Figures C.3 and C.4 show results for estimating R? VIM under Scenarios 1 and

2, repsectively.
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Figure C.1: Performance of sample splitting approaches for testing the hypothesis of zero
importance using accuracy predictiveness in Scenario 1 (p = 5). When the effect size is
zero, the null hypothesis holds.
probit regression (top row) or gradient-boosted trees (bottom row). The number of splitting
iterations ranged from 1 to 200. Where more than one splitting iteration was used, results
from multiple iterations were combined using either a Bonferroni correction (blue) or our
proposed method, Algorithm 4.1 (red).

Oracle prediction functions were estimated using either
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Figure C.2: Performance of sample splitting approaches for testing the hypothesis of zero
importance using accuracy predictiveness in Scenario 2 (p = 100). When the effect size
is zero, the null hypothesis holds. Oracle prediction functions were estimated using either
probit regression (top row) or gradient-boosted trees (bottom row). The number of splitting
iterations ranged from 1 to 200. Where more than one splitting iteration was used, results
from multiple iterations were combined using either a Bonferroni correction (blue) or our
proposed method, Algorithm 4.1 (red).
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Figure C.3: Performance of sample splitting approaches for testing the hypothesis of zero
importance using R? predictiveness in Scenario 1 (p = 5). When the effect size is zero, the null
hypothesis holds. Oracle prediction functions were estimated using either probit regression
(top row) or gradient-boosted trees (bottom row). The number of splitting iterations ranged
from 1 to 200. Where more than one splitting iteration was used, results from multiple
iterations were combined using either a Bonferroni correction (blue) or our proposed method,

Algorithm 4.1 (red).
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Figure C.4: Performance of sample splitting approaches for testing the hypothesis of zero
importance using R? predictiveness in Scenario 2 (p = 100). When the effect size is zero,
the null hypothesis holds. Oracle prediction functions were estimated using either probit
regression (top row) or gradient-boosted trees (bottom row). The number of splitting it-
erations ranged from 1 to 200. Where more than one splitting iteration was used, results
from multiple iterations were combined using either a Bonferroni correction (blue) or our
proposed method, Algorithm 4.1 (red).
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