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Abstract

Convex Optimization Algorithms and Statistical Bounds for Learning Structured Models

Amin Jalali

Chair of the Supervisory Committee:
Professor Maryam Fazel
Electrical Engineering

Design and analysis of tractable methods for estimation of structured models from massive
high-dimensional datasets has been a topic of research in statistics, machine learning and
engineering for many years. Regularization, the act of simultaneously optimizing a data
fidelity term and a structure-promoting term, is a widely used approach in different machine
learning and signal processing tasks. Appropriate regularizers, with efficient optimization
techniques, can help in exploiting the prior structural information on the underlying model.
This dissertation is focused on exploring new structures, devising efficient convex relaxations
for exploiting them, and studying the statistical performance of such estimators. We address
three problems under this framework on which we elaborate below.

In many applications, we aim to reconstruct models that are known to have more than
one structure at the same time. Having a rich literature on exploiting common structures like
sparsity and low rank at hand, one could pose similar questions about simultaneously struc-
tured models with several low-dimensional structures. Using the respective known convex
penalties for the involved structures, we show that multi-objective optimization with these
penalties can do no better, order-wise, than exploiting only one of the present structures.
This suggests that to fully exploit the multiple structures, we need an entirely new convex
relaxation, not one that combines the convex relaxations for each structure. This work, while

applicable for general structures, yields interesting results for the case of sparse and low-rank



matrices which arise in applications such as sparse phase retrieval and quadratic compressed
sensing.

We then turn our attention to the design and efficient optimization of convex penalties
for structured learning. We introduce a general class of semidefinite representable penalties,
called variational Gram functions (VGF), and provide a list of optimization tools for solving
regularized estimation problems involving VGFs. Exploiting the variational structure in
VGF's, as well as the variational structure in many common loss functions, enables us to
devise efficient optimization techniques as well as to provide guarantees on the solutions of
many regularized loss minimization problems.

Finally, we explore the statistical and computational trade-offs in the community detec-
tion problem. We study recovery regimes and algorithms for community detection in sparse
graphs generated under a heterogeneous stochastic block model in its most general form. In
this quest, we were able to expand the applicability of semidefinite programs (in exact com-
munity detection) to some new and important network configurations, which provides us
with a better understanding of the ability of semidefinite programs in reaching statistical

identifiability limits.
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Chapter 1

INTRODUCTION

Design and analysis of tractable methods for estimation of structured models from massive
high-dimensional datasets has been a topic of research in statistics, machine learning and
engineering for many years. Regularization, the act of simultaneously optimizing a data
fidelity term and a structure-promoting term, is a widely used approach in different machine
learning and signal processing tasks. Appropriate regularizers, with efficient optimization
techniques, can help in exploiting the prior structural information on the underlying model.
This dissertation is focused on exploring new structures, devising efficient convex relaxations
for exploiting them, and studying the statistical performance of such estimators. We address

three problems under this framework on which we elaborate below.

1.1 Recovery of Simultaneously Structured Models

Recovery of a structured model (signal) given a small number of linear observations has
been the focus of many studies in the past decade. Examples include recovering sparse or
group-sparse vectors (which gave rise to the area of compressed sensing) [40, b6, B8, 61, low-
rank matrices [[31, B5], and the sum of sparse and low-rank matrices [41, B2], among others.
More generally, the recovery of a signal that can be expressed as the sum of a few atoms
out of an appropriate atomic set has been studied in [A2]. Canonical questions in this area
include: How many linear measurements are enough to recover the model by any means?
How many measurements are enough for a tractable approach? In the statistics literature,
these questions are often posed in terms of error rates for estimators minimizing the sum of
a quadratic loss function and a regularizer that reflects the desired structure [T24].

There are many applications where the model of interest is known to have several struc-



tures at the same time (see Section ZZI2 for a list of applications). We then seek a signal
that lies in the intersection of several sets defining the individual structures (in a sense that
we will later make precise). Often, appropriate regularizers that promote each individual
structure are known and allow for recovery using an order-wise optimal number of measure-
ments (e.g., {1 norm for sparsity, nuclear norm for matrix low rank). Hence, it is reasonable

to minimize a combination of such norms. More specifically, one can consider solving

milglciergize f(x) =h(lzllay,- - l|zllm)

subject to  A(z) = A(xp),

(1.1)

where h : RT — Ry is convex and non-decreasing in each argument (i.e., non-decreasing
and strictly increasing in at least one coordinate), A is a linear measurement operator,
and the norms || - ||, ¢ = 1,...,7, correspond to the 7 simultaneous structures that are
present in xy. However, there has been no general analysis and understanding of how well
such regularization performs in terms of the number of observations required for successful
recovery of the desired model.

In Chapter B we address this ubiquitous yet unexplored problem; i.e., the recovery of
simultaneously structured models. The setting considered is very broad: any number of
structures can be combined, any (convex) combination of the corresponding norms can be
analyzed, and the results hold for a variety of popular measurement ensembles. The frame-
work proposed includes special cases that are of interest in their own right, e.g., sparse and
low-rank matrix recovery, and low-rank tensor completion [68, [75].

We show that, surprisingly, using multi-objective optimization with these regularizers
(which is equivalent to solving an instance of (I0)) can do no better, order-wise, than
exploiting only one of the structures, thus revealing a fundamental limitation in sample
complexity. This result suggests that to fully exploit the multiple structures, we need an
entirely new convex relaxation. Further, specializing our results to the case of sparse and
low-rank matrices, we show that a nonconvex formulation recovers the model from very few

measurements (on the order of the degrees of freedom). In contrast, the convex problem



combining the ¢; and nuclear norms requires many more measurements, illustrating a gap
between the performance of the convex and nonconvex recovery problems. In nonconvex
recovery, we assume we are able to find the global minimum of a nonconvex problem. This
is clearly intractable in general, and not a practical recovery method—we consider it as
a benchmark for theoretical comparison with the (tractable) convex relaxation in order to
determine how powerful the relaxation is. Our framework applies to arbitrary structure-
inducing norms as well as to a wide range of measurement ensembles. This allows us to give
sample complexity bounds for problems such as sparse phase retrieval and low-rank tensor
completion.

A similar bottleneck also appears in a related estimation problem as follows. The prob-
lem of identifying an unknown model given noisy observations is commonly referred to as
denoising. In many denoising tasks where the underlying model admits a low dimensional
structure (e.g., a sparse vector or a low-rank matrix), a convex optimization program (prox-
imal mapping) achieves an estimation accuracy that is proportional to the noise level and
scales with the number of degrees of freedom in the model; e.g., see [543, 54, P0]. For denoising
a noisy observation y = xy + 2z, where z( is a simultaneously structured model and z is the
additive noise, one can use a similar approach as in the aforementioned works and solve the

following optimization problem,
argmin 3|y — (3 + [zl @), 2lle) (1.2)

where h : RT — R is convex and non-decreasing in each argument (i.e., non-decreasing and
strictly increasing in at least one coordinate) and the norms ||-||;y, 2 = 1, ..., 7, correspond to
the 7 simultaneous structures that are present in xy . However, similar to the results presented
in Chapter B, the reconstruction accuracy can be shown [I29] to be bounded from below by
the reconstruction accuracy of the best individual proximal denoiser. More specifically, in the
case of denoising a simultaneously sparse and low-rank matrix, fundamental gaps has been
shown between the accuracy of denoising via (I2) and the number of degrees of freedom for

such a simultaneously sparse and low-rank matrix [129].



1.1.1 Previously published material

The content of Chapter B is based on previous publications:

e Publication [I28]: Samet Oymak, Amin Jalali, Maryam Fazel, Yonina C. Eldar, and
Babak Hassibi. Simultaneously Structured Models with Application to Sparse and
Low-rank Matrices. I[EEE Transactions on Information Theory, 61(5):2886-2908,
2015.

e Publication [129]: Samet Oymak, Amin Jalali, Maryam Fazel, and Babak Hassibi.
Noisy Estimation of Simultaneously Structured Models: Limitations of Convex Re-
laxation, 52nd IEEE Conference on Decision and Control (CDC), pages 6019-6024,
2013.

1.2 Variational Regularization in Structured Learning

Regularization, the act of simultaneously optimizing a data fidelity term (loss) and a structure-
promoting term (regularizer), is a widely used approach in different machine learning and
signal processing tasks for estimation of structured models from data. For an appropriate

loss function £(-) and regularizer §(-), the regularized loss minimization problem is stated as
min L(z) + \Q(x) (1.3)

where A trades off the importance of the two terms in the original multi-objective optimiza-
tion problem. Note that when both of the loss function and the regularizer are convex, the
regularized loss minimization problem (I=3) is equivalent to (has the same optimal solutions)
minimizing the loss subject a constraint of the form Q(z) <7 under mild conditions and for
an appropriate value of n; e.g., see [24, Sec. 4.3].

In this work, we introduce a general class of semidefinite representable penalties, called
variational Gram functions (VGF), defined as follows. Let xzy,...,z,, be vectors in R". It

is well known that their pairwise inner products x] z;, for 7,7 = 1,...,m, reveal essential



information about their relative orientations, and can serve as a measure for various prop-
erties such as orthogonality. Hence, we can consider a class of functions that aggregate the

pairwise inner products in a variational form,

m
QM(arl,...,:cm):]\r?gﬁ M; x z;,
ij=1
where M is a compact subset of the set of m by m symmetric matrices. Let X = [x1 -+ xy,]

be an n x m matrix. Then the pairwise inner products z]z; are the entries of the Gram

matrix X7 X and the function above can be written as

On(X) = max (XTX, M) = max tr(XMXT),

where (A, B) = tr(A” B) denotes the matrix inner product. We call Qy a variational Gram
function (VGF) of the vectors x,...,x,, induced by the set M. As an example, consider

the case where M is given by a box constraint,
M:{M |MU‘§M”, Z,jzl,,m}7 (14)

where M is a symmetric nonnegative matrix. In this case, the maximization in the definition

of Qy picks either M;; = Mij or M;; = _Mij depending on the sign of x';-rxj, for all
i,j=1,...,m (if z]'z; = 0, the choice is arbitrary). Therefore,
m
Qn(X) = 1\%1123)\/% 2 T T = l;ﬁzﬂx;[xﬂ :

In other words, (X)) is the weighted sum of the absolute values of the pairwise inner
products. This function was proposed in [I69] as a regularization function to promote or-

thogonality between linear classifiers in the context of hierarchical classification.

We focus on problems where £(X) is smooth or has an explicit variational structure, and

show how to exploit the structure of £(X) and (X)) together and study their interactions



@ s(z) p(s(x))

Figure 1.1: Composite penalties. s, often a smooth map, transforms the original structured
model x to one with a different structure. p, often a non-smooth real-valued map, penalizes
s(x) according to the latter structure, hence providing a penalization scheme for the original

structure.

to provide guarantees on the optimal solutions as well as to derive efficient optimization
algorithms. More specifically, we consider a Fenchel-type representation for the loss function,
as

L(x) = sup (D(g),x) - L(x), (1.5)

geg

and composite penalties of the form

Q(z) = p(s()), (1.6)

where D is a linear map encoding the input data, G is a compact set, L is a convex function
which is inherent to the penalty £, s is the structure mapping (a smooth mapping to change
the notion of structure), and, p is the outer penalty function.

Penalties of the form (ICA) arise often in structured learning. Linear composite penalties,
corresponding to s(z) = Az for some fixed matrix A, include many prominent examples
such as the fused lasso [T49] (or total variation norm) for smoothing, generalized lasso [I50]
(including trend filtering [95], wavelet smoothing, etc), OSCAR norm [21] for simultaneous
feature selection and grouping, as well as regularizers in [60] for multitask learning, and in
@R, PR] for frequency estimation from limited time samples. Variational Gram functions, on
the other hand, are derived by using s(X) = X7 X and are suitable for inducing structures

on the relative orientations of columns of X .



For variational Gram functions, with p(Y) = (YY) = supyen (Y, M), computing the
proximal mapping prox, is equivalent to a projection onto the set M which can be a simple
operation for many examples such as the one in (I4). Hence, in solving (I=3) where ) is
a VGF, instead of using proximal methods through computing the proximal mapping for
Q(x) = p(s(z)) which in general amounts to solving a semidefinite program, we consider a
reformulation as a convex-concave saddle-point problem

min L(z) + AQ(x) = min sup L(z) + Ay, s(x)) — Ap*(y) .
x sy
This reformulation allows us to rely on the proximal mapping for p through using primal-
dual optimization algorithms. Furthermore, with explicit representations for the loss and
the regularizer as in (IC3) and (ICH), the invariance properties of 0 (left unitary invariance
for VGFs) can be used to summarize the data term D, hence allowing for possible reductions
in the dimensionality of the problem and kernel tricks (see Section B532).

We motivate the above structural assumptions, on the loss functions and the penalties,
by providing examples from the literature as well as new instances. The Fenchel-type rep-
resentation for a number of common loss functions is provided in Section BXH. Section b2

contains different examples on composite penalties.

1.2.1 Previously published material

The content of Chapter B is based on the following work:

e Publication [RY]: Amin Jalali, Lin Xiao, and Maryam Fazel. Variational Gram Func-

tions: Convex Analysis and Optimization. arXiv preprint arXiv:1507.04734, 2015.
1.3 Community Detection

A fundamental problem in network science and machine learning is to discover structures in
large, complex networks (e.g., biological, social, or information networks). Community or

cluster detection underlies many decision tasks, as a basic step that uses pairwise relations



between data points in order to understand more global structures in the data. Applications
include recommendation systems [163], image segmentation [[[44, 10}, learning gene network
structures in bioinformatics, e.g., in protein detection [44] and population genetics [92].

In spite of a long history of heuristic algorithms (see, e.g., [99] for an empirical overview),
as well as strong research interest in recent years on the theoretical side as briefly reviewed
in the sequel, there are still gaps in understanding the fundamental information theoretic
limits of recoverability (i.e., if there is enough information to reveal the communities) and
computational tractability (if there are efficient algorithms to recover them). This is partic-
ularly true in the case of sparse graphs (that test the limits of recoverability), graphs with
heterogeneous communities (communities varying greatly in size and connectivity), graphs
with a number of communities that grows with the number of nodes, and partially observed
graphs (with various observation models).

In this dissertation, we study recovery regimes and algorithms for community detection in
sparse graphs generated under a heterogeneous stochastic block model in its most general form.
The stochastic block model (SBM), first introduced and studied in mathematical sociology
by Holland, Laskey and Leinhardt in 1983 [81], can be described as follows. Consider n
vertices partitioned into r communities Vi, Vs, ..., V., of sizes ni,ng,...,n,. We endow
the kth community with an Erdés-Rényi random graph model G(ny, px) and draw an edge
between pairs of nodes in different communities independently with probability ¢; i.e., the

probability of an edge between vertices i and j (denoted by ¢ ~ j) is given by

o pr if thereis a k € {1,2,...,r} such that i,5 € V},
B(i ~ j) = (1.7)

q otherwise
where we assume ¢ < ming p; in order for the idea of communities to make sense. This
defines a distribution over random graphs known as the stochastic block model. In this
work, we assume the above model while allowing the number of communities to grow with
the number of nodes (similar to [b0, 76, I38]). We refer to this model as the heterogeneous

stochastic block model to contrast our study of this general setting with previous works on



special cases of SBM such as 1) homogenous SBM where the communities are equivalent
(they are of the same size and the connectivity probabilities are equal,) e.g., as in [47], or,
2) SBM with linear-sized communities, where the number of communities is fized and all
community sizes are Q(n); e.g., as in [2].

The community detection problem studied in this work is stated as: given the adjacency
matrix of a graph generated by the heterogenous stochastic block model, for what SBM pa-
rameters we can recover the labels of all vertices, with high probability, using an algorithm
that has been proved to do so. We provide guarantees for exact recovery via a semidefi-
nite program in (A4) as well as upper and (information-theoretic) lower bounds on SBM
parameters for exact recoverability. In establishing these performance guarantees, we follow
the standard dual certificate argument in convex analysis while 1) employing state of the
art random matrix theory (e.g., [&3, 051, 058, 02]) to strengthen the analysis of standard
setups; and 2) tackling the challenge of the general heterogenous SBM and understanding
the key descriptors that govern the thresholds. In Section B2273, we extend the above bounds
to the case of partial observations, i.e., when each entry of the matrix is observed uniformly
with some probability v and the results are recorded. All of our results only hold with high
probability, as this is the best one can hope for; with tiny probability, the model can generate
graphs like the complete graph where the partition is unrecoverable.

The results of Chapter @ provide a clear improvement in the understanding of stochastic
block models by exploiting tradeoffs among SBM parameters. We identify a key descriptor (or
summary statistic), defined in (2) and referred to as relative density, which shows up in our
results and provides improvements in the statistical assessment and efficient computational
approaches for certain configurations of heterogenous SBM; examples are given in in Section

B3 to illustrate a number of such beneficial tradeoffs such as

e semidefinite programming can successfully recover communities of size 0(v/log n) under
mild conditions on other communities (see Example B of Section B=3 for details) while

log n has long been believed to be the threshold for the smallest community size.
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e The sizes of the communities can be wide spread, or the inter- and intra-community
probabilities can be very close, and the model still can be efficiently recoverable, while

existing methods (e.g. peeling strategy [4]) provide false negatives.

These results are a step towards understanding the information-computational tradeoffs

about the heterogenous SBM with a growing number of communities.

1.3.1 Previously published material

The content of Chapter @ is based on a previous publication:

e Publication [88]: Amin Jalali, Qiyang Han, Ioana Dumitriu, and Maryam Fazel. Ex-
ploiting Tradeoffs for Exact Recovery in Heterogeneous Stochastic Block Models. To
appear in the proceedings of the Thirtieth Annual Conference on Neural Information
Processing Systems (NIPS). 2016. (Longer version is available as arXiv preprint
arXiv:1512.04937).
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Chapter 2

RECOVERY OF SIMULTANEOUSLY STRUCTURED MODELS

Recovering structured models (e.g., sparse or group-sparse vectors, low-rank matrices)
given a few linear observations has been well-studied recently. In various applications in
signal processing and machine learning, the model of interest exhibits multiple structures,
for example, a matrix that is simultaneously sparse and low-rank. Often norms that promote
the individual structures are known, and allow for recovery using an order-wise optimal
number of measurements (e.g., ¢; norm for sparsity, nuclear norm for matrix rank). Hence,
it is reasonable to minimize a combination of such norms. We show that, surprisingly, using
multi-objective optimization with these norms can do no better, order-wise, than exploiting
only one of the structures, thus revealing a fundamental limitation in sample complexity. This
result suggests that to fully exploit the multiple structures, we need an entirely new convex
relaxation. Further, specializing our results to the case of sparse and low-rank matrices,
we show that a nonconvex formulation recovers the model from very few measurements
(on the order of the degrees of freedom). In contrast, the convex problem combining the
¢; and nuclear norms requires many more measurements, illustrating a gap between the
performance of the convex and nonconvex recovery problems. Our framework applies to
arbitrary structure-inducing norms as well as to a wide range of measurement ensembles.
This allows us to give sample complexity bounds for problems such as sparse phase retrieval

and low-rank tensor completion.

2.1 Introduction

Recovery of a structured model (signal) given a small number of linear observations has

been the focus of many studies recently. Examples include recovering sparse or group-
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sparse vectors (which gave rise to the area of compressed sensing) [40, b6, B8, 61], low-rank
matrices [[31, B5], and the sum of sparse and low-rank matrices [A1, B2], among others.
More generally, the recovery of a signal that can be expressed as the sum of a few atoms
out of an appropriate atomic set has been studied in [A2]. Canonical questions in this area
include: How many linear measurements are enough to recover the model by any means?
How many measurements are enough for a tractable approach? In the statistics literature,
these questions are often posed in terms of error rates for estimators minimizing the sum of
a quadratic loss function and a regularizer that reflects the desired structure [124].

There are many applications where the model of interest is known to have several struc-
tures at the same time (Section ZZT4). We then seek a signal that lies in the intersection of
several sets defining the individual structures (in a sense that we will later make precise).
The most common convex regularizer used to promote all structures together is a linear
combination of well-known regularizers for each structure. However, there is currently no
general analysis and understanding of how well such regularization performs in terms of the
number of observations required for successful recovery of the desired model. This chap-
ter addresses this ubiquitous yet unexplored problem; i.e., the recovery of simultaneously
structured models.

An example of a simultaneously structured model is a matrix that is simultaneously
sparse and low-rank. One would like to come up with algorithms that exploit both types of
structures to minimize the number of measurements required for recovery. An n X n matrix
with rank r < n can be described by O(rn) parameters, and can be recovered using Q(rn)
generic measurements via nuclear norm minimization |31, 34]. On the other hand, a block-
sparse matrix with a k x k nonzero block where k < n can be described by k% parameters and
can be recovered given 0O(k? log 7) generic measurements using ¢; minimization. However,
a matrix that is both rank r and block-sparse can be described by Q(rk) parameters. The
question is whether we can exploit this joint structure to efficiently recover such a matrix
with O(rk) measurements.

In this chapter we give a negative answer to this question in the following sense: if we use
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multi-objective optimization with the ¢; and nuclear norms (used for sparse signals and low
rank matrices, respectively), then the number of measurements required is lower bounded by
O(min{k?,7n}). In other words, we need at least this number of observations for the desired
signal to be recoverable by a combination of the /; norm and the nuclear norm. This means

we can do no better than an algorithm that exploits only one of the two structures.

We introduce a framework to express general simultaneously structured models, and as
our main result, we prove that the same phenomenon happens for a general set of structures.
We analyze a wide range of measurement ensembles, including the subsampled standard
basis (i.e. matrix completion), Gaussian and subgaussian measurements, and quadratic
measurements. Table 27l summarizes known results on recovery of some common structured
models, along with a result of this manuscript specialized to the problem of low-rank and
sparse matrix recovery. The first column gives the number of parameters needed to describe
the model (often referred to as its ‘degrees of freedom’), while the second and third columns
show how many generic measurements are needed for successful recovery. In ‘nonconvex
recovery’, we assume we are able to find the global minimum of a nonconvex problem. This
is clearly intractable in general, and not a practical recovery method—we consider it as
a benchmark for theoretical comparison with the (tractable) convex relaxation in order to

determine how powerful the relaxation is.

The first and second rows are the results on k sparse vectors in R and rank r matrices in
R™ ™ respectively, [37, B4]. The third row considers the recovery of “low-rank plus sparse”
matrices. Consider a matrix X € R™*™ that can be decomposed as X = X + Xg where X,
is a rank r matrix and Xg is a matrix with only k& nonzero entries. The degrees of freedom
in X are O(rn + k). Minimizing the combination of the ¢; norm and nuclear norm, i.e.,
f(X) = miny ||V« + A|X — Y1 subject to random Gaussian measurements on X, gives
a convex approach for recovering X. It has been shown that under reasonable incoherence
assumptions, X can be recovered from Q((rn + k) log® n) measurements which is suboptimal
only by a logarithmic factor [I62]. Finally, the last row in Table B shows one of the results

in this manuscript. Let X € R"™™"™ be a rank r matrix whose entries are zero outside a
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k1 X ko submatrix. The degrees of freedom of X are O((k; + k2)r). We consider both convex
and non-convex programs for the recovery of this type of matrix. The nonconvex method
involves minimizing the number of nonzero rows, columns and rank of the matrix jointly,
as discussed in Section Z332. As shown later, O((k; + k2)rlogn) measurements suffice for
this program to successfully recover the original matrix. The convex method minimizes any
convex combination of the individual structure-inducing norms, namely the nuclear norm
and the ¢, 5 norm of the matrix, which encourage low-rank and column/row-sparse solutions
respectively. We show that with high probability this program cannot recover the original
matrix with fewer than Q(rn) measurements. In summary, while the nonconvex method is
only slightly suboptimal, the convex method performs poorly as the number of measurements

scales with n rather than &y + ko.

Model Degrees of Freedom Nonconvex Recovery Convex Recovery
Sparse vectors k Q(k) Q(klog 7)

Low rank matrices r(2n —r) Q(rn) O(rn)

Low rank plus sparse Q(rn + k) not analyzed O((rn + k) log® n)
Low rank and sparse Q(r(k; + k2)) O(r(ky + k2)logn)  B(rn)

Table 2.1: Summary of results in recovery of structured signals. This work shows a gap
between the performance of convex and nonconvex recovery programs for simultaneously

structured matrices (last row).

2.1.1 Contributions

This work presents an analysis for the recovery of models with more than one structure, by
combining penalties corresponding to each structure. The setting considered is very broad:
any number of structures can be combined, any (convex) combination of the corresponding

norms can be analyzed, and the results hold for a variety of popular measurement ensembles.
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The framework proposed includes special cases that are of interest in their own right, e.g.,
sparse and low-rank matrix recovery, and low-rank tensor completion [BR, [75].

More specifically, our contributions can be summarized as follows.

Poor performance of convex relaxations We consider a model with several structures
and associated structure-inducing norms. For recovery, we consider a multi-objective opti-
mization problem to minimize the individual norms simultaneously. Given the convexity of
the problem, we know that minimizing a weighted sum of the norms and varying the weights
traces out all points of the Pareto-optimal front (Section E22). We obtain a lower bound on
the number of measurements for any convex function combining the individual norms. A

sketch of our main result is as follows.

Given a model xo with T simultaneous structures, the number of measurements
required for recovery with high probability using any linear combination of the
indiwidual norms satisfies the lower bound

m > ¢ min m;
i=1,...,T

where m; is an intrinsic lower bound on the required number of measurements
when minimizing the 1th norm only. The term c¢ depends on the measurement

ensemble.

For the norms of interest, m; is proportional to the degrees of freedom of the ith structure.
With min; m; as the bottleneck, this result indicates that the combination of norms performs
no better than using only one (the best) of the norms, even though the target model has

small degrees of freedom.

Different measurement ensembles Our characterization of recovery failure is easy to
interpret and deterministic in nature. We show that it can be used to obtain probabilistic

failure results for various random measurement ensembles. In particular, our results hold
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for measurement matrices with i.i.d. subgaussian rows, quadratic measurements and matrix

completion type measurements.

Understanding the effect of weighting We characterize the sample complexity of the
multi-objective function as a function of the weights associated with the individual norms.
Our upper and lower bounds reveal that the sample complexity of the multi-objective func-
tion is related to a certain convex combination of the sample complexities associated with

the individual norms. We provide formulas for this combination as a function of the weights.

Incorporating general cone constraints In addition, we can incorporate side infor-
mation on xg, expressed as convex cone constraints. This additional information helps in
recovery; however, quantifying how much the cone constraints help is not trivial. Our anal-
ysis explicitly determines the role of the cone constraint: Geometric properties of the cone
such as its Gaussian width determines the constant factors in the bound on the number of

measurements.

Illustrating a gap for the recovery and denoising of sparse and low-rank ma-
trices As a special case, we consider the recovery of simultaneously sparse and low-rank
matrices and prove that there is a significant gap between the performance of convex and
non-convex recovery programs. This gap is surprising when one considers similar results
on low-dimensional model recovery as shown in Table 2. As mentioned earlier in Section
[0, we also show the existence of a similar gap when denoising a simultaneously sparse and

low-rank matrix and the interested reader is referred to [129] for more details.

2.1.2  Applications

We survey several applications where simultaneous structures arise, as well as existing results

specific to these applications.
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Sparse signal recovery from quadratic measurements Sparsity has long been ex-
ploited in signal processing, applied mathematics, statistics and computer science for tasks
such as compression, denoising, model selection, image processing and more. Despite the
great interest in exploiting sparsity in various applications, most of the work to date has
focused on recovering sparse or low rank data from linear measurements. Recently, the basic
sparse recovery problem has been generalized to the case in which the measurements are
given by nonlinear transforms of the unknown input, [I4]. A special case of this more gen-
eral setting is quadratic compressed sensing [[43] in which the goal is to recover a sparse
vector x from quadratic measurements b; = 27 A;z. This problem can be linearized by lifting,
where we wish to recover a “low rank and sparse” matrix X = za” subject to measurements
b; = (A;, X).

Sparse recovery problems from quadratic measurements arise in a variety of problems
in optics. One example is sub-wavelength optical imaging [[48, 043] in which the goal is
to recover a sparse image from its far-field measurements, where due to the laws of physics
the relationship between the (clean) measurement and the unknown image is quadratic. In
(T3] the quadratic relationship is a result of using partially-incoherent light. The quadratic
behavior of the measurements in [I48] arises from coherent diffractive imaging in which the
image is recovered from its intensity pattern. Under an appropriate experimental setup,
this problem amounts to reconstruction of a sparse signal from the magnitude of its Fourier
transform.

A related and notable problem involving sparse and low-rank matrices is Sparse Principal

Component Analysis (SPCA), mentioned in Section bl

Sparse phase retrieval Quadratic measurements appear in phase retrieval problems,
in which a signal is to be recovered from the magnitude of its measurements b; = |a] x|,

where each measurement is a linear transform of the input € R™ and a;’s are arbitrary,

T

possibly complex-valued measurement vectors. An important case is when a; « is the Fourier

transform and b7 is the signal’s power. Phase retrieval is of great interest in many applications
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such as optical imaging [I59, 12|, crystallography [[/8], and more [83, [0, 66].

The problem becomes linear when x is lifted and we consider the recovery of X = xa?
where each measurement takes the form b7 = (a;al’, X). In [143], an algorithm was developed
to treat phase retrieval problems with sparse x based on a semidefinite relaxation, and
low-rank matrix recovery combined with a row-sparsity constraint on the resulting matrix.
More recent works also proposed the use of semidefinite relaxation together with sparsity
constraints for phase retrieval [[27, 02, 86, 004]. An alternative algorithm was recently
designed in [142] based on a greedy search. In [86], the authors consider sparse signal
recovery based on combinatorial and probabilistic approaches and provide uniqueness results
under certain conditions. Stable uniqueness in phase retrieval problems is studied in [62].
The results of [31, BY] applies to general (non-sparse) signals where in some cases masked

versions of the signal are required.

Fused lasso Suppose the signal of interest x is sparse and its entries vary slowly, i.e., the
signal can be approximated by a piecewise constant function. To encourage sparsity, one can

use the ¢; norm. To promote the piecewise constant structure, discrete total variation can

be used, defined as

n—1
]ty = Z i1 — @il
i=1
where || - |7y is basically the ¢; norm of the gradient and is approximately sparse. The

resulting optimization problem that estimates zy from its samples Az is known as fused-

lasso [I4Y], and is given as
min ||zl + M|z||rv  st. Az = Ax,. (2.1)

To the best of our knowledge, the sample complexity of fused lasso has not been analyzed
from a compressed sensing point of view. However, there is a series of recent works |23, T27]

on total variation minimization; which may lead to analysis of (ET).
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We remark that TV regularization is also used together with nuclear norm to encour-
age a low-rank and smooth (i.e., slowly varying entries) solution. This regularization finds

applications in imaging and physics [1T41, [72].

Low-rank tensors Tensors with small Tucker rank can be seen as a generalization of low-
rank matrices [I54]. In this setup, the signal of interest is a tensor X, € R™*"*"7 where
Xp is low-rank along its unfoldings which are obtained by reshaping X, as a matrix with
size n; X -, with n = [T;_; n;. Denoting the ith unfolding by U;(Xy), a standard approach

to estimate X, from y = A(Xj) is minimizing the weighted nuclear norms of the unfoldings,
min Zl Nil|Us(X) ||« subject to  y = A(Xp). (2.2)

Low-rank tensors have applications in machine learning, physics, computational finance and
high dimensional PDE’s [75]. The problem (E=4) has been investigated in several papers
(103, 6R]. Closer to us, [I20] recently showed that the convex relaxation (E24) performs
poorly compared to information theoretically optimal bounds for Gaussian measurements.
Our results can extend those to the more applicable tensor completion setup, where we
observe the entries of the tensor.

Other applications of simultaneously structured signals include Collaborative Hierarchical
Sparse Modeling [I45] where sparsity is considered within the non-zero blocks in a block-
sparse vector, and the recovery of hyperspectral images where we aim to recover a simulta-

neously block sparse and low rank matrix from compressed observations [I71].

2.1.8  Qutline of the Chapter

This chapter is structured as follows. Background and definitions are given in Section 2.
An overview of the main results is provided in Section PZ3. Section P24 discusses some
measurement ensembles for which our results apply. Section EZ3 derives upper bounds for
the convex relaxations assuming a Gaussian measurement ensemble. Proofs of the general

results are presented in Section ZZ8. The proofs for the special case of simultaneously sparse
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and low-rank matrices are given in Section AT, where we compare corollaries of the general
results with the results on non-convex recovery approaches, and illustrate a gap. Numerical
simulations in Section 24 empirically support the results on sparse and low-rank matrices.

A discussion on the results is presented in Section B

2.2 Problem Setup

We begin by reviewing some basic definitions. Our results will be on structure-inducing

norms; examples include the ¢; norm, the ¢; ; norm, and the nuclear norm.

2.2.1 Definitions and Signal Model

The nuclear norm of a matrix is denoted by || - ||, and is the sum of the singular values of the
matrix. The ¢; 5 norm is the sum of the 3 norms of the columns of a matrix. Minimizing
the ¢; norm encourages sparse solutions, while the ¢; » norm and nuclear norm encourage
column-sparse and low-rank solutions respectively, [I31, 35, 146, 064, 63]; see Section Z64

for more detailed discussion of these norms and their subdifferentials. The Euclidean norm

is denoted by || - |2, i.e., the {5 norm for vectors and the Frobenius norm || - ||z for matrices.
Overlines denote normalization, i.e., for a vector x and a matrix X, = = i asz and X =
X

. The minimum and maximum singular values of a matrix A are denoted by oy, (A) and

X117

Omax(A). The set of n x n positive semidefinite (PSD) and symmetric matrices are denoted
by S and S™ respectively. cone(S) denotes the conic hull of a given set S. A(:) : R" — R™
is a linear measurement operator if A(x) is equivalent to the matrix multiplication Az where
A e R™ If x is a matrix, A(z) will be a matrix multiplication with a suitably vectorized x.
In some of our results, we consider Gaussian measurements, in which case A has independent
N(0,1) entries.

For a vector z € R", ||z denotes a general norm and |z[[* = sup, < (z,z) is the
corresponding dual norm. A subgradient of the norm || - || at = is a vector g for which

llz|l > ||z]|+ (g, 2 — x) holds for any z. The set of all subgradients is called the subdifferential
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Figure 2.1: Depiction of the correlation between a vector x and a set S. s* achieves the

largest angle with z, hence s* has the minimum correlation with z; i.e., p(z,S) = |z75*| .

and is denoted by 0||x||. The Lipschitz constant of the norm is defined as

[zl = 2|

21#29€RT Hzl - ZQHQ .

L =

Definition 1 (Correlation) Given a nonzero vector x and a set S, p(x,S) is defined as

o 27|
x,8) = inf ———.
ple, 8) = Il o

p(x, S) corresponds to the minimum absolute-valued correlation between the vector x and

T

ek The correlation between x and the associated subdifferential

elements of S. Let £ =

has a simple form:

7T —
. Ty Il
p(z,0||z[]) = inf = :

geolal [|gll2 SuPyepyey 9]l

Here, we used the fact that, for norms, subgradients g € 9||z|| satisfy g = ||z||, [T60]. The
denominator of the right hand side is the local Lipschitz constant of || - || at « and is upper
bounded by L. Consequently, p(x,d|z||) > @ We will denote H%” by k. Recently, this
quantity has been studied by Mu et al. to analyze the simultaneously structured signals in
a similar spirit to us for Gaussian measurements [I20]". Similar calculations as above gives

an alternative interpretation for x which is illustrated in Figure 222.

1The work [I20] was submitted after the initial version of [I28]; in which we projected the subdifferential
onto a carefully chosen subspace to obtain bounds on the sample complexity (see Proposition E2). Inspired
by [T20], projection onto xy and the use of « led to the simplification of the notation and improvement of
the results in the current manuscript, in particular, Section EZ4.
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llzoll2’

Figure 2.2: For a scaled norm ball passing through =g, kK = where p is any of the closest

points on the scaled norm ball to the origin.

k is a measure of alignment between the vector x and the subdifferential. For the norms

of interest, it is associated with the model complexity. For instance, for a k-sparse vector x,

|Z||1 lies between 1 and vk depending on how spiky nonzero entries are. Also the Lipschitz

constant for the /1 norm in R™ is L = y/n. Hence, when the nonzero entries are +1, we

find k* = £. Similarly, given a d x d, rank r matrix X, || X||, lies between 1 and +/r. If the
r

singular values are spread (i.e. +1), we find x* = L= 2—‘21. In these cases, k2 is proportional

to the model complexity normalized by the ambient dimension.

Simultaneously structured models We consider a signal xy which has several low-
dimensional structures Sy, Ss, ..., S, (e.g., sparsity, group sparsity, low-rank). Suppose
each structure ¢ corresponds to a norm denoted by || - ||;y which promotes that structure

(e.g., {1, {1 2, nuclear norm). We refer to such an x as a simultaneously structured model.

2.2.2  Convex Recovery Program

We investigate the recovery of the simultaneously structured z( from its linear measurements
A(xg). To recover xy, we would like to simultaneously minimize the norms |||, i =1,..., 7,
which leads to a multi-objective (vector-valued) optimization problem. For all feasible points

x satisfying A(x) = A(xg) and side information x € C, consider the set of achievable norms
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(llzll@y, - - -, [|=](-)) denoted as points in R™. The minimal points of this set with respect to
the positive orthant R7, form the Pareto-optimal front, as illustrated in Figure PZ3. Since

the problem is convex, one can alternatively consider the set
{veR": dz € R" such that v € C, A(x) = A(xo), v; > ||z||¢s), for i =1,...,7},

which is convex and has the same Pareto optimal points as the original set (see, e.g., [25,

Chapter 4]).

Definition 2 (Recoverability) We call xo recoverable if it is a Pareto optimal point; i.e.,
there does not exist a feasible o' # x satisfying A(z") = A(zo) and 2’ € C, with ||2'||u) <

llzolly fori=1,...,7.

The vector-valued convex recovery program can be turned into a scalar optimization

problem as

minimize  f(z) = A([2ll@), - 1] m)

subject to A(z) = A(x),

(2.3)

where h : RT — R, is convex and non-decreasing in each argument (i.e., non-decreasing
and strictly increasing in at least one coordinate). For convex problems with strong duality,
it is known that we can recover all of the Pareto optimal points by optimizing weighted
sums f(z) = >, Aillz]|s) , with positive weights \; , among all possible functions f(z) =
h(||z|lcays - - - [|z|l¢)) - For each x on the Pareto, the coefficients of such a recovering function
are given by the hyperplane supporting the Pareto at xy [25, Chapter 4].

In Figure 223, consider the smallest m that makes xq recoverable. Then one can choose a
function h and recover xy by (23) using the m measurements. If the number of measurements
is any less, then no function can recover zy. Our goal is to provide lower bounds on m.

In [49], Chandrasekaran et al. propose a general theory for constructing a suitable penalty,
called an atomic norm, given a single set of atoms that describes the structure of the target

object. In the case of simultaneous structures, this construction requires defining new atoms,
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Il

Figure 2.3: Consider a point x( represented in the figure by the dot. We need at least m
measurements for xy to be recoverable since for any m; < m this point is not on the Pareto

optimal front.

and then ensuring the resulting atomic norm can be minimized in a computationally tractable
way, which is nontrivial and often intractable. We briefly discuss such constructions as a

future research direction in Section bl

2.3 Main Results

In this section, we state our main theorems that aim to characterize the number of mea-
surements needed to recover a simultaneously structured signal by convex or nonconvex
programs. We first present our general results, followed by results for simultaneously sparse
and low-rank matrices as a specific but important instance of the general case. The proofs
are given in Sections 28 and AT, All of our statements will implicitly assume xy # 0. This

will ensure that zg is not a trivial minimizer and 0 is not in the subdifferentials.
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2.3.1 General Simultaneously Structured Models

Consider the recovery of a signal zy that is simultaneously structured with S1,.5,,...,S, as
described in Section 221 We provide a lower bound on the required number of measure-

ments, using the geometric properties of the individual norms.

Theorem 3 (Deterministic failure) Suppose C = R™ and,

_ o AZo|2
_ ¢ T ”—0,
p($0,8f(170)) 96(19?(930) |g $0| ~ Umin(AT)

Then, xq is not a minimizer of (2=3).

Theorem B is deterministic in nature. However, it can be easily specialized to specific
random measurement ensembles. The left hand side of (24) depends only on the vector x
and the subdifferential 0f(x¢), hence it is independent of the measurement matrix A. For
simultaneously structured models, we will argue that, the left hand side cannot be made too
small, as the subgradients are aligned with the signal. On the other hand, the right hand
side depends only on A and zy and is independent of the subdifferential. In linear inverse
problems, A is often assumed to be random. For large class of random matrices, we will
argue that, the right hand side is approximately ~ \/? which will yield a lower bound on
the number of required measurements.

Typical measurement ensembles include the following:

e Sampling entries: In low-rank matrix and tensor completion problems, we observe
the entries of zy uniformly at random. In this case, rows of A are chosen from the
standard basis in R™. We should remark that, instead of the standard basis, one can

consider other orthonormal bases such as the Fourier basis.

e Matrices with i.i.d. rows: A has independent and identically distributed rows with
certain moment conditions. This is a widely used setup in compressed sensing as each

measurement we make is associated with the corresponding row of A [33].
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¢ Quadratic measurements: Arises in the phase retrieval problem as discussed in

Section P12.

In Section 24, we find upper bounds on the right hand side of (24) for these ensembles.
As discussed in Section 24, we can modify the rows of A to get better bounds as long as this
does not affect its null space. For instance, one can discard the identical rows to improve
conditioning. However, as m increases and A has more linearly independent rows, amin(AT)
will naturally decrease and (E4) will no longer hold after a certain point. In particular, (24)
cannot hold beyond m > n as ouin(AT) = 0. This is indeed natural as the system becomes
overdetermined.

The following proposition lower bounds the left hand side of (E4) in an interpretable
manner. In particular, the correlation p(zo, df(x)) can be lower bounded by the smallest

individual correlation.

Proposition 4 Let L; be the Lipschitz constant of the ith norm and k; = Hizﬁ for1<i<

7. Set Kypin = min{k; : i =1,...,7}. Then:
o All functions f(-) in (233) satisfy, p(xo, 0f (7)) > Kmin®-
o Suppose f(-) is a weighted linear combination f(x) = Y [ Xi||z|lu) for nonnegative

(N, Let A\ = % for 1 <i <. Then, p(xo, 0f(x0)) > > i, ik

Proof. From Lemma P8, any subgradient of f(-) can be written as, g =Y _|_, w;g; for some

nonnegative w;’s. On the other hand, from [I60], (Zo, g;) = ||Zo]|;). Combining these results,

9 %o =Y _wilZoll -
i=1
From the triangle inequality, ||g|l2 < >"I_, w;L;. Therefore,

> iz willZoll o . wil|Zolly

— min 2.
ZZ:l szz o 1rélilé17 szz Rmin ( 5)

2The lower bound ki, is directly comparable to Theorem 5 of [I20]. Indeed, our lower bounds on the
sample complexity will have the form Q(k2; n).
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Model () L 7] € nk?<

k sparse vector [l NGERY k

k column-sparse matrix || - |12 Vvd Vk kd

Rank r matrix |- I« Vvd T rd

S&L (k, k,r) matrix R(| - s - 1) — = min{k? rd}

Table 2.2: Summary of the parameters that are discussed in this section. The last three lines
are for a d x d S&L (k, k,r) matrix where n = d?. In the fourth column, the corresponding

entry for S&L is Kpin = min{ky,, K}

To prove the second part, we use the fact that for the weighted sums of norms, w; = \;
and the subgradients have the form g = >7_, Aig;, [25]. Then, substitute A; for \; in the left
hand side of (23). n

Before stating the next result, let us give a relevant definition regarding the average

distance between a set and a random vector.

Definition 5 (Gaussian distance) Let M be a closed convex set in R™ and let h € R"
be a vector with independent standard normal entries. Then, the Gaussian distance of M 1is

defined as

D(M) = [ ol Th = V]

When M is a cone, we have 0 < D(M) < /n. Similar definitions have been used

extensively in the literature, such as Gaussian width [42], statistical dimension [6] and mean
DM)

NG

width [I56]. For notational simplicity, let the normalized distance be D(M) =
We will now state our result for Gaussian measurements; which can additionally include

cone constraints for the lower bound. Other ensembles are considered in Section 4.
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Theorem 6 (Gaussian lower bound) Suppose A has independent N'(0, 1) entries. When-
ever m < Migy, To will not be a minimizer of any of the recovery programs in (233) with

probability at least 1 — 10 exp(— % min{miow, (1 — D(C))?n}), where

(1 = D(C)) n ki
100

Miow =

Remark 7 When C = R", D(C) = 0 hence, the lower bound simplifies to My = —nfg’b‘“.

Note that D(C) depends only on C and can be viewed as a constant. For instance, for
the positive semidefinite cone, we show that D(S") < ‘/75 Observe that for a smaller cone C,
it is reasonable to expect a smaller lower bound on the required number of measurements.
Indeed, as C gets smaller, D(C) increases.

As discussed before, there are various options for the scalarizing function in (E23), with
one choice being the weighted sum of norms. In fact, for a recoverable point xy there always
exists a weighted sum of norms which recovers it. This function is also often the choice in
applications, where the space of positive weights is searched for a good combination. Thus,

we can state the following corollary as a general result.

Corollary 8 (Weighted lower bound) Suppose A has i.i.d. N(0,1) entries and f(z) =
Yoioi Aillzll@y for nonnegative weights {\;}_,. Whenever m < mj,, xo will not be a mini-
mizer of the recovery program (223) with probability at least 1 — 10 exp(—15 min{m],, (1 —

D(C))*n}), where

;. n(1=DC)(X, Niki)?
Migw = ’
100
Yo — il
and \; = ST
Observe that Theorem B is stronger than stating “a particular function h(||x|q), ..., ||z]/¢))

will not work”. Instead, our result states that with high probability none of the programs
in the class (223) can return z, as optimal unless the number of measurements is sufficiently

large.
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To understand the result better, note that the required number of measurements is pro-

2

portional to k7, n which is often proportional to the sample complexity of the best individual
norm. As we have argued in Section 221, k?n corresponds to how structured the signal is.
For sparse signals it is equal to the sparsity, and for a rank r matrix, it is equal to the de-
grees of freedom of the set of rank r matrices. Consequently, Theorem B suggests that even
if the signal satisfies multiple structures, the required number of measurements is effectively
determined by only one dominant structure.

Intuitively, the degrees of freedom of a simultaneously structured signal can be much
lower, which is provable for simultaneously sparse and low-rank (S&L) matrices. Hence,

there is a considerable gap between the expected measurements based on model complexity

2

and the number of measurements needed for recovery via (23) (k2,;.n).

2.8.2  Simultaneously Sparse and Low-rank Matrices

We now focus on a special case, namely simultaneously sparse and low-rank (S&L) matrices.
We consider matrices with nonzero entries contained in a small submatrix where the subma-
trix itself is low rank. Here, norms of interest are || - |12, || - |1 and || - ||, and the cone of
interest is the PSD cone. We also consider nonconvex approaches and contrast the results
with convex approaches. For the nonconvex problem, we replace the norms || - |1, || [[1.2, || - ||«
with the functions || - ||o, || - ||o,2, rank(-) which give the number of nonzero entries, the number
of nonzero columns and rank of a matrix respectively and use the same cone constraint as the
convex method. We show that convex methods perform poorly as predicted by the general
result in Theorem B, while nonconvex methods require optimal number of measurements (up

to a logarithmic factor). Proofs are given in Section AT

Definition 9 We say X, € R"*% js an S&L matriz with (kyi, ks, 7) if the smallest subma-
triz that contains nonzero entries of Xo has size k1 X ko and rank(X,) = r. When X, is

symmetric, let d = dy = dy and k = k1 = ky. We consider the following cases.

(a) General: Xy € RU*% js S& L with (ky, ko, ).
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(b) PSD model: Xy € R™" is PSD and S&L with (k,k,r).

We are interested in S&L matrices with k1 < dq, ko < dy so that the matrix is sparse, and
r < min{ky, ka} so that the submatrix containing the nonzero entries is low rank. Recall
from Section P22 that our goal is to recover Xy from linear observations A(X,) via convex or
nonconvex optimization. The measurements can be equivalently written as Avec(Xy), where
A € R™did2 and vec(Xy) € R4 denotes the vector obtained by stacking the columns of
Xo.

Based on the results in Section P23, we obtain lower bounds on the number of measure-
ments for convex recovery. We additionally show that significantly fewer measurements are
sufficient for non-convex programs to uniquely recover Xg; thus proving a performance gap

between convex and nonconvex approaches. The following theorem summarizes the results.

Theorem 10 (Performance of S&L matrix recovery) Suppose A(-) is an i.i.d. Gaus-

sian map and consider recovering Xy € R4*% yiq
minimize f(X)  subject to  A(X) = A(Xo). (2.6)
€

For the cases given in Definition @, the following convex and nonconvex recovery results hold

for some positive constants cq, co.
(a) General model:

(a1) Let f(X) = || X|l12+ M| X712+ || X || where A, Mg > 0 and C = R%*%2. Then,
(218) will fail to recover Xo with probability 1 — exp(—cymyg) whenever m < comy

where mg = min{d; ko, doky, (dy + d2)r}.

(a2) Let f(X) = é”X“OQ + k%HXTHgg + 2rank(X) and C = R“*%. Then, (28) will

uniquely recover Xy with probability 1 — exp(—cym) whenever m > co max{(k; +

ka)r, kylog &, kylog 2}

(b) PSD with glyg.'
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Setting Nonconvex Sufficient m Convex Required m
General model O(max{rk, klog 4}) Q(rd)

PSD with ¢; 2  O(max{rk, klog %}) Q(rd)

PSD with ¢;  O(klog %) Q(min{k?, rd})

Table 2.3: Summary of recovery results for models in Definition 8, assuming d; = dy = d

and k; = ky = k. For the ‘PSD with ¢;" case, we assume 1||Xo|[; and J=||Xol. to be

Z|
NG
approximately constant for the sake of simplicity. Nonconvex approaches are optimal up to

a logarithmic factor, while convex approaches perform poorly.

(b1) Let f(X) = || X|l12 + M| X|l« where A > 0 and C = S%. Then, (28) will fail to

recover Xo with probability 1 — exp(—cyrd) whenever m < cord.

(b2) Let f(X) = 2||X]jo2 + frank(X) and C = S®. Then, (E8) will uniquely recover

Xo with probability 1 — exp(—cim) whenever m > c; max{rk, klog 4}.
(c) PSD with {y:

(c1) Let f(X) = [ X||i + A|X ||« and C = SL. Then, (EB) will fail to recover X,
with probability 1 — exp(—cymyg) for all possible A > 0 whenever m < comg where

mo = min{ || Xo|[3, || Xo|[3d}.

(¢2) Suppose rank(Xy) = 1. Let f(X) = || X|lo + rank(X) and C = S*. Then, (20)

will uniquely recover Xo with probability 1 — exp(—cym) whenever m > cyk log %.

Remark 11 (case of PSD with ¢,) In the special case, X, = aa® for a k-sparse vector a,

we have my = min{||a||},d}. When nonzero entries of a are 1, we have mg = min{k?, d}.

The nonconvex programs require almost the same number of measurements as the degrees

of freedom (or number of parameters) of the underlying model. For instance, it is known
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that the degrees of freedom of a rank r matrix of size k; X ko is simply r(k; + ko — 1) which
is O((ky + ko)r). Hence, the nonconvex results are optimal up to a logarithmic factor. On
the other hand, our results on the convex programs that follow from Theorem B show that
the required number of measurements are significantly larger. Table ZZ3 provides a quick
comparison of the results on S&L.

For the S&L (k, k,r) model, from standard results one can easily deduce that [[31, 146,

e /; penalty only: requires at least k? measurements,
e /15 penalty only: requires at least kd measurements,

e Nuclear norm penalty only: requires at least rd measurements.

These follow from the model complexity of the sparse, column-sparse and low-rank matrices.
Theorem B shows that, combination of norms require at least as much as the best individual
norm. For instance, combination of ¢; and the nuclear norm penalization yields the lower
bound O(min{k?, rd}) for S&L matrices whose singular values and nonzero entries are spread.

This is indeed what we would expect from the interpretation that x2n is often proportional to

2

the sample complexity of the corresponding norm and, the lower bound &z, n is proportional
to that of the best individual norm.

As we saw in Section P23, adding a cone constraint to the recovery program does not
help in reducing the lower bound by more than a constant factor. In particular, we dis-
cuss the positive semidefiniteness assumption that is beneficial in the sparse phase retrieval
problem and show that the number of measurements remain high even when we include this
extra information. On the other hand, the nonconvex recovery programs performs well even
without the PSD constraint.

We remark that, we could have stated Theorem [ for more general measurements given

in Section 4 without the cone constraint. For instance, the following result holds for the

weighted linear combination of individual norms and for the subgaussian ensemble.
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Corollary 12 Suppose X, € R¥4 obeys the general model with ky = ky = k and A is a
linear subgaussian map as described in Proposition IA. Choose f(X) = Ao, || X |1 + Ael| X |5,
where Ay, = B, Ay = (1 — B)Vd and 0 < § < 1. Then, whenever, m < min{mioy, cin},
where,

2

Miow =

(81 %ol + (1 = Bl Kol Va)

DN | —

(1) fails with probability 1 — 4 exp(—camioy ). Here c1,ca > 0 are constants as described in

Proposition 4.

Remark 13 Choosing X, = aal where nonzero entries of a are &1 yields 3(8k+(1—3)V/d)*
on the right hand side. An explicit construction of an SE€L matriz with mazimal || X||1, || X ||

s provided in Section [AT1_3.

This corollary compares well with the upper bound obtained in Corollary 3 of Section
3. In particular, both the bounds and the penalty parameters match up to logarithmic

factors. Hence, together, they sandwich the sample complexity of the combined cost f(X).

2.4 Measurement Ensembles

This section will make use of standard results on sub-gaussian random variables and random
matrix theory to obtain probabilistic statements. We will explain how one can analyze the

right hand side of (234) for,

e Matrices with sub-gaussian rows,
e Subsampled standard basis (in matrix completion),

e Quadratic measurements arising in phase retrieval.



34

2.4.1 Sub-gaussian Measurements

We first consider the measurement maps with sub-gaussian entries. The following definitions

are borrowed from [I54].

Definition 14 (Sub-gaussian random variable) A random variable x is sub-gaussian if

there exists a constant K > 0 such that for all p > 1,
(Bl[”)"” < K \/p.

The smallest such K is called the sub-gaussian norm of x and is denoted by ||z|y,. A
sub-exponential random wvariable y is one for which there exists a constant K' such that,

B(ly| > t) < exp(l—5). The variable x is sub-gaussian if and only if x* is sub-exponential.

Definition 15 (Isotropic sub-gaussian vector) A random vector x € R™ is sub-gaussian
if the one dimensional marginals x*v are sub-gaussian random variables for all v € R™. The
sub-gaussian norm of x is defined as,
T
[2]lw, = sup [l27v]lw, .
[[vll=1

The vector = is also isotropic if its covariance s equal to the identity, i.e. Bxz® =1,.

Proposition 16 (Sub-gaussian measurements) Suppose A has i.i.d. rows in either of

the following forms,

e a copy of a zero-mean isotropic sub-gaussian vector a € R™, where ||alls = /n almost

surely.

e the rows consist of i.i.d. zero-mean and unit-variance sub-gaussian entries.

Then, there exists constants ¢y, co depending only on the sub-gaussian norm of the rows, such
that, whenever m < cin, with probability 1 — 4 exp(—com), we have,

|| Azol|3 2m

O-r2nin(AT) on .
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Proof.  Using Theorem 5.58 of [I54], there exists constants ¢, C' depending only on the

sub-gaussian norm of a such that for any ¢ > 0, with probability 1 — 2 exp(—ct?)
O-min(AT> Z \/_ - C\/E —t.

Choosing t = Cy/m and m < 55 ensures that Omin(AT) > %ﬁ.
Next, we shall estimate || AZo||3, which is a sum of i.i.d. sub-exponential random variables
identical to |a’Zo|?. Note that [E[a’Zo[] = 1. Hence, Proposition 5.16 of [I55] gives,
t2
B(||Azol|3 > m +t) < 2exp(—c min{—, t}).
m

Choosing t = 52, we find that B(||Azol3 > 22) < 2exp(—c¢”m). Combining the two, we
obtain,
HA"EOH% 2m 1"
E(WST Zl—4exp(—c’ m)

The second statement can be proved in the exact same manner by using Theorem 5.39

of [I55] instead of Theorem 5.58. n

Remark 17 While Proposition I8 assumes a has fized €5 norm, this can be ensured by
properly normalizing rows of A (assuming they stay sub-gaussian). For instance, if the (o
norm of the rows are larger than c\/n for a positive constant ¢, normalization will not affect

sub-gaussianity. Note that, scaling rows of a matrix does not change its null space.

2.4.2  Randomly Sampling Entries

We now consider the scenario where each row of A is chosen from the standard basis uniformly
at random. Note that, when m is comparable to n, there is a nonnegligible probability that
A will have duplicate rows. Theorem B does not take this situation into account which
would make omin(AT) = 0. In this case, one can discard the copies as they don’t affect the
recoverability of xy. This would get rid of the ill-conditioning, since the new matrix is well-
conditioned with the exact same null space as the original. This corresponds to a “sampling

without replacement” scheme where we ensure each row is different.
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Similar to achievability results in matrix completion [35], the following failure result re-
quires true signal to be incoherent with the standard basis, where incoherence is characterized

by ||Zol|eo, Which lies between \/Lﬁ and 1.

Proposition 18 (Sampling entries) Let {e;}, be the standard basis in R" and suppose
each row of A is chosen from {e;}!_, uniformly at random. Let A be the matriz obtained by

removing duplicate rows in A. Then, with probability 1 — exp( we have,

_L)
4nl|zo |13, /7

AZo|?  2m

ad
Proof. Let A be the matrix obtained by discarding the rows of A that occur multiple times
except one of them. Clearly Null(A) = Null(A) hence they are equivalent for the purpose of
recovering xy. Furthermore, Umm(g) = 1. Therefore, we are interested in upper bounding

| Aol

Clearly ||121\:f0||2 < ||AZg||2. Hence, we will bound ||AZg||3 probabilistically. Let a be the
first row of A. |a’Z|? is a random variable, with mean < and is upper bounded by ||Zo|/% .

Applying the Chernoff Bound yields

mo?

eI

m
B4z = (1 +6) < exp(—

Setting § = 1, we find that, with probability 1 — exp(—m), we have,

[Azol3 _ Az} _ 2m
Unlin(A)2 Un1in<A)2 n

)

completing the proof. [

A significant application of this result would be for the low-rank tensor completion prob-
lem, where we randomly observe some entries of a low-rank tensor and try to reconstruct it.
A promising approach for this problem is using the weighted linear combinations of nuclear
norms of the unfoldings of the tensor to induce the low-rank tensor structure described in

(2), [B8, 74]. Related work [[20] shows the poor performance of (22) for the special case
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of Gaussian measurements. Combination of Theorem B and Proposition I8 will immediately
extend the results of [20] to the more applicable tensor completion setup (under proper

incoherence conditions that bound ||Zg||s)-

| AZo]13

Remark 19 In Propositions 0@ and I8, we can make the upper bound for the ratio oo (A2

arbitrarily close to ** by changing the proof parameters. Combined with Proposition §, this

would suggest that, failure happens, when m < NKpiy-

2.4.8 Quadratic Measurements

As mentioned in the phase retrieval problem, quadratic measurements |vZa|? of the vector
a € R can be linearized by the change of variable a — X, = aa’ and using V = vv’. The
following proposition can be used to obtain a lower bound for such ensembles when combined

with Theorem B.

Proposition 20 Suppose we observe quadratic measurements A(Xy) € R™ of a matriz Xy =
aal € R™?. Here, assume that ith entry of A(Xy) is equal to |vIa|> where {v,}™, are

independent vectors, either with N'(0,1) entries or are uniformly distributed over the sphere

c1d
logd’

with radius V/d. Then, there exists absolute constants cy,co > 0 such that whenever m <

with probability 1 — 2ed =2,

| A(Xo)]]2 < cay/mlogd
O'min(AT) - d ’

Proof. Let V; = v;vI. Without loss of generality, assume v;’s are uniformly distributed
over the sphere with radius Vd. To lower bound amin(AT), we estimate the coherence of its

columns, defined by,

(Vi Vi) | (v]vy)?
pu(AT) = max =%
i#i [|[Villr|Villr d?

Section 5.2.5 of [I53] states that the sub-gaussian norm of v; is bounded by an absolute

(viv;))
d

2
constant. Hence, conditioned on v; (which satisfies ||v,||2 = V/d), is a subexponential
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random variable with mean 1. Using Definition [4, there exists a constant ¢ > 0 such that,

Te, \2
B <¥ > clogd) < ed™,

. . .. . . e1e -2 T 1 d
Union bounding over all 4, j pairs ensures that with probability ed™ we have j(A") < c¢=5°.

Next, we use the standard result that for a matrix with columns of equal length, o, (A7) >
d(1 — (m — 1)u). The reader is referred to Proposition 1 of [I52]. Hence, m < o lo -, gives
Omin(AT) > g.

It remains to upper bound [|A(Xp)||2. The ith entry of A(Xj) is equal to vl a|?, hence
it is subexponential. Consequently, there exists a constant ¢’ so that each entry is upper
bounded by % "log d with probability 1 — ed~®. Union bounding, and using m < d, we find
that [|A(Xo)|l2 < Sv/mlogd with probability 1 — ed~2. Combining with the estimate of

Omin(AT) completes the proof. []

Comparison to existing literature Proposition 20 is useful to estimate the performance
of the sparse phase retrieval problem, in which a is a k sparse vector, and we minimize a
combination of the ¢; norm and the nuclear norm to recover X,. Combined with Theorem

log d X X
B, Proposition PO gives that, whenever m < ngd and CQ*F L < min{ 5= IXolh 1 Xoll OH*

}, recovery
fails with high probability. Since || X||l, = 1 and || X1 = ||a]|?, the failure condltlon reduces

to,

c -4
d}.
~ log®d }

When a is a k-sparse vector with 41 entries, in a similar flavor to Theorem [, the right
hand side has the form ,d}.

We emphasize that the lower bound provided in [I02] is directly comparable to our

results. The authors in [[02] consider the same problem and give two results: first, if
m > 0(]|al|?klogd) then minimizing || X||; + Atr(X) for suitable value of A over the set of
PSD matrices will exactly recover Xy with high probability. Secondly, their Theorem 1.3

provides a necessary condition (lower bound) on the number of measurements, under which
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the recovery program fails to recover X, with high probability. In particular, their failure

max(||a[?—k/2,0)?

condition is m < min{my, 0lond ff)g d} where mg = 500 log2 d

Observe that both results require m < D(@). Focusing on the sparsity requirements,
when the nonzero entries are sufficiently diffused (i.e. ||al|? ~ k) both results yield O(m)

log? d
as a lower bound. On the other hand, if ||a||; < \/k/2, their lower bound becomes trivial
while our lower bound still requires O(ILE—L'Z) measurements. [|al|; < y/k/2 can happen as

soon as the nonzero entries are spiky, i.e. some of the entries are much larger than the rest.
In this sense, our bounds are tighter. On the other hand, their lower bound includes the

PSD constraint unlike ours.

2.4.4 Asymptotic Regime

While we discussed two cases in the nonasymptotic setup, we believe significantly more
general results can be stated asymptotically (m,n — oo). For instance, under finite fourth
moment constraint, thanks to the Bai-Yin law [I1], asymptotically, the smallest singular
value of a matrix with i.i.d. unit variance entries concentrates around y/n — y/m. Similarly,
||AZol|5 is the sum of independent variables; hence thanks to the law of large numbers, we

. Az . Az m
will have ”TOHZ — 1. Together, these yield U['llm(o)“%) — f\—ﬁ\/ﬁ

2.5 Upper bounds

We now state an upper bound on the simultaneous optimization for Gaussian measurement
ensemble. Our upper bound will be in terms of distance to the dilated subdifferentials.

To accomplish this, we make use of the recent theory on the sample complexity of linear
inverse problems. It has been recently shown that (EZ23) exhibits a phase transition from
failure with high probability to success with high probability when the number of Gaussian
measurements are around the quantity mpr = D(cone(df(z0)))? [B, &2]. This phenomenon
was first observed by Donoho and Tanner, who calculated the phase transitions for /; min-
imization and showed that D(cone(9||zo||1))* < 2klog §* for a k-sparse vector in R [B8].

All of these works focus on signals with a single structure and do not study properties of a
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penalty that is a combination of norms. The next theorem relates the phase transition point

of the joint optimization (223) to the individual subdifferentials.

Theorem 21 Suppose A has i. z' d. N(0,1) entries and let f(x) = Y_1_; Nil|z||s). For positive

i o
ﬁ and define,

scalars {o; }T_y, let \j = S

2
mup({ai}ig) = (ZAD a;0||wo | i ))
If m > (/M +t)* + 1, then program (223) will succeed with probability 1 — 2exp(—§).

Proof. Fix h as an i.i.d. standard normal vector. Let g; be such that «a;g; is closest to h

over ;0|\ zo|(i)- Let v = (32, 2:)7L. Then, we may write,

7/0(

inf h— ¢, < 1nf h —
o gl gl

< [h— VZ Aigil|2
Ai

=|h -~y Z Oé_iaigiHZ

= ||h - Z Xitigilla

<3 Alh - agls

Ei: ey I~ il
Taking the expectations of both sides and using the definition of D(-), we find that
D(cone(0f(xp))) < Z)\ D (0|0 ))

and my, > D(cone(df(xg)))?. The result then follows from the fact that, when m >
(D(cone(df (o)) + t)? + 1, recovery succeeds with probability 1 — 2 exp(——) To see this,
first, as discussed in Proposition 3.6 of [42], D(cone(df(zo))) is equal to the Gaussian width

of the “tangent cone intersected with the unit ball” (see Theorem for a definition of

Gaussian width). Then, Corollary 3.3 of [42] yields the probabilistic statement. |



41

For Theorem 21 to be useful, choices of «; should be made wisely. An obvious choice is

letting,
af = arg min D (0ol 3))- (2.7)

With this choice, our upper bounds can be related to the individual sample complexities,
which is equal to D(cone(d||zol|()))?. Proposition 1 of [67] shows that, if || - ||;) is a decom-

posable norm, then,
0 < D(a;0zol|)) — D(cone(d||zol|)) < 6.

Decomposability is defined and discussed in detail in Section Z64. In particular, ¢, ¢; o and
the nuclear norm are decomposable. With this assumption, our upper bound suggests that
the sample complexity of the simultaneous optimization is smaller than a certain convex

combination of individual sample complexities.

Corollary 22 Suppose A has i.i.d. N'(0,1) entries and let f(x) = > 7_; \il|z|| ) for decom-
posable norms {|| - ||s}i—1. Let {o;}_; be as in (EZ0) and assume they are strictly positive.

Let \f = % and define

mup({0}72) = ) A/D(cone(d]|zol|w)) + 6.

If m > (/M +t)* + 1, then program (223) will succeed with probability 1 — 2exp(—%).

Here, we used the fact that >, A\f = 1 to take 6 out of the sum over i. We note that
Corollaries B and 22 can be related in the case of sparse and low-rank matrices. For norms

of interest, roughly speaking,
e nr; is proportional to the sample complexity D(cone(d||zo))?.

e [, is proportional to ‘O{—ﬁ

Consequently, the sample complexity of (223) will be upper and lower bounded by similar

convex combinations.
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2.5.1 Upper Bounds for the SE/L Model

We now apply the bound of Theorem Il to S&L matrices. To obtain simple and closed form

bounds, we make use of existing results in the literature.

e Table ITof [67]: If zy € R™ is a k sparse vector, choosing ay, = /2log %, D(ay, d||zo]}1)* <
2k log 5.

e Table 3 of [I30]: If X, € R¥is a rank r matrix, choosing o, = 2v/d, D(a, 0| Xol[,)? <
6dr + 2d.

Proposition 23 Suppose A has i.i.d. N(0,1) entries and Xo € R¥™? is a rank r matriz
whose nonzero entries lie on a kx k submatriz. For0 < <1, let f(X) = Ay [| X1 +Ae]| X |5
where Ay, = log% and A\, = (1 — B)V/d. Then, whenever,

2
d
m > <2Bk\/log% +(1— B)Vo6dr +2d + t> +1,

Xo can be recovered via (23) with probability 1 — 2exp(—§).

Proof. To apply Theorem 1, we choose oy, = \/410g% and o, = 2v/d. X, is effectively an
(at most) k? sparse vector of size d%. Hence, ay, = 1/2log & and D(ay, || Xo|1)? < 4k?log <.
Now, for the choice of e, we have, D(a. [ Xo||.)? < 6dr + 2d. Observe that a, '), = g,

a )\, = % and apply Theorem 21 to conclude. n

2.6 General Simultaneously Structured Model Recovery

Recall the setup from Section 224 where we consider a vector zy € R™ whose structures are
associated with a family of norms {|| - |;}7_; and xz, satisfies the cone constraint x, € C.
This section is dedicated to the proofs of theorems in Section 22371 and additional side results
where the goal is to find lower bounds on the required number of measurements to recover

Zg.
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The following definitions will be helpful for the rest of our discussion. For a subspace M,
denote its orthogonal complement by M*. For a convex set M and a point x, we define the
projection operator as

P () = arg min ||z —uff, .
Given a cone C, denote its dual cone by C* and polar cone by C° = —C*, where C* is defined

as

C*={z|(z,v) > 0forall veC}.

2.6.1 Preliminary Lemmas

=1l )
llzoll (i

We first show that the objective function max;<;<, can be viewed as the ‘best’ among

the functions mentioned in (233) for recovery of x.

Lemma 24 Consider the class of recovery programs in (233). If the program

o N el
mzr;zercmze fbest(x) = mMaXi=1,..r HIOH(i) (28)

subject to  A(zx) = A(zo)

fails to recover xq, then any member of this class will also fail to recover xg.

Proof. Suppose (E8) does not have z( as an optimal solution and there exists x’ such that

Test (27) < foest(20). Then
1

RO

”x/H(z) < fbest(x/> < fbest(xO) = 17
for i =1,...,7. This implies that
Hf”@ < H.Z'OH(Z-), foralli=1,...,7. (2.9)

Conversely, given (Z9), we have foest(2') < foest(20) from the definition of fies:.
Furthermore, since we assume h(-) in (233) is non-decreasing in its arguments and increas-
ing in at least one of them, (Z9) implies f(z') < f(zo) for any such function f(-). Thus,

failure of fiest(+) in recovery of zo implies failure of any other function in (223). [
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The following lemma provides necessary conditions for xy to be a minimizer of the problem

(23).

Lemma 25 If x¢ is a minimizer of the program (223), then there exist v € C*, z, and
g € 0f(xg) such that
g—v—AT2=0 and (x0,v)=0.

The proof of Lemma P3 follows from the KKT conditions for (233) to have xy as an optimal
solution [I9, Section 4.7].
The next lemma describes the subdifferential of any general function f(x) = h(||z|q), - .-, [|z]/#)

as discussed in Section 222

Lemma 26 For any subgradient of the function f(x) = h(||z| ), ..., ||z|/) atx # 0 defined

by convex function h(-), there exists non-negative constants w;, i = 1,...,7 such that

g = Z W;Gi
i=1

where g; € O||xol| () -

T
Proof.  Consider the function N(z) = [||x||(1), . ||x||(7)} by which we have f(z) =
h(N(z)). By Theorem 10.49 in [I37] we have

0f(x) = |J{0(/" " N(x)) : y € Oh(N(x))}

where we used the convexity of f and h. Now notice that any y € Oh(N(x)) is a non-negative
vector because of the monotonicity assumption on A(-). This implies that any subgradient
g € Of(x) is in the form of (w? N(x)) for some nonnegative vector w. The desired result
simply follows because subgradients of conic combinations of norms are conic combinations

of their subgradients (see e.g. [I36]). n

Using Lemmas P43 and P8, we now provide the proofs of Theorems B and B.
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2.6.2 Proof of Theorem 3

We prove the more general version of Theorem B, which can take care of the cone constraint
and alignment of subgradients over arbitrary subspaces. This will require us to extend the
definition of correlation to handle subspaces. For a linear subspace R € R"™ and a set S € R,

we define,

. [IPr(3)]]2
— inf MZRWIR
p(R.S) o;gsles I|s||2

Proposition 27 Let
T
Uc(AT) — inf M

lell=1  [[ATz]2
Let R be an arbitrary linear subspace orthogonal to the following cone,

{y e R"zfy=0, yeC}. (2.10)

Suppose,

o 1PR@) . Cue(PR(AT))
PIR.Of @)= B ol oe(AT omm (AT

Then, xq is not a minimizer of (E23).

Proof.  Suppose z is a minimizer of (Z33). From Lemma 3, there exist a g € Jf(zo),

z € R™ and v € C* such that
g=AT2+v (2.11)

and (xg,v) = 0. We first eliminate the contribution of v in equation (ZZI1). Projecting both
sides of (ZZI) onto the subspace R gives,

Pr(g) = Pr(Az) = Pr(A")z. (2.12)
Taking the /5 norms,

IPr(9)ll2 = IPr(AT)zl2 < Tmax(Pr(AT))|12]l2- (2.13)
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Since v € C*, from Lemma B3 we have Pe(—v) = Pe(AT2 — g) = 0. Using Corollary 57,
lgllz = [[Pe(A"2)]. (2.14)

From the initial assumption, for any z € R™, we have,
oc(AT)| AT 2]y < [Pe(AT2)]l (2.15)

Combining (Z14) and (213) yields ||g|l2 > oc(AT)|| AT z||2. Further incorporating (2-I3), we
find,

[Pr(9)ll2 | AT 2| lgll2
< < < . 2.16
T Pr(AT)) = V7125 5 AT = (T ) g (AT) (216)
Hence, if z is recoverable, then there exists g € 0f(x¢) satisfying
|Pr(9) |2 < UmaX<PR(AT))
lgllz — oc(AT)omn(AT)
completing the proof. [ ]

To obtain Theorem B, choose R = span({zp}) and C = R"™. This choice of R yields
Omax(PrR(AT)) = ||Zozd AT||2 = ||AZo||l2 and ||Pr(g)|l2 = |z g|]. Choosing C = R™ yields
oc(A) = 1. Also note that, for any choice of C, x¢ is orthogonal to (ZI0) by definition.

2.6.3 Proof of Theorem @

Rotational invariance of Gaussian measurements allows us to make full use of Proposition

Z4. The following is a generalization of Theorem B.

Proposition 28 Consider the setup in Proposition 21 where A has i.i.d. N'(0,1) entries.
Let,

n(1 —D(C))p(R,0f(x0))*

Miow = )

100

and suppose that dim(R) < myoy. Then, whenever m < Mgy, with probability

1-10 exp(—% min{miey, (1 — D(C))*n}),

(233) will fail for all functions f(-).
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Proof. More measurements can only increase the chance of success. Hence, without losing
generality, assume m = myy, and dim(R) < m. The result will follow from Proposition .

(1-D(C)n
Recall that m < 00—

o Pr(AT) is statistically identical to a dim(R) x m matrix with i.i.d. N(0,1) entries
under proper unitary rotation. Hence, using Corollary 5.35 of [[55], with probability 1—
2exp(—2), Omax(Pr(AT)) < L5y/m+/dim(R) < 2.5\/m. With the same probability,
Omin(AT) > /n — 1.5/m.

(1-D(C))*n
16 )

e From Theorem BY, using m < —(17]1)0(06)”

2( AT 1-D(C) 1-D(C)
oe(A7) 2 ey = T

, with probability 1 — 6 exp(—

Since ™ < %, combining these, with the desired probability,

Omax(Pr(AT)) < 8 2.5y/m _ 10y/m
oc(AT)omin(AT) = | 1 =D(C) /n— 1.5y/m (1-D(C)n

Finally, using Proposition 22 and the fact that m < WIT]?)(C)),O(R, Of(xg))?, with the same

probability (233) fails. u

To prove Theorem B, choose R = span({zo}) and use the first statement of Proposition

A. To show Corollary B, choose R = span({zo}) and use the second statement of Proposition

a.

2.6.4 Enhanced Lower Bounds

From our initial results, it may look like our lower bounds are suboptimal. For instance,

considering only the ¢; norm, Kk = % lies between \/iﬁ and \/% for a k sparse signal.

Combined with Theorem B, this gives a lower bound of ||Zo||} measurements. On the other

hand, clearly, we need at least O(k) measurements to estimate a k sparse vector.
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Indeed, Proposition 24 gives such a bound with a better choice of R. In particular, let

us choose R = span({sign(z¢)}). For any g € 9||x¢||1, we have that,

sign(zo)
g, gT k k
<+> = \/; = p(sign(zo), 0||zoll1) = \/;

Hence, we immediately have m > 0(k) as a lower bound. The idea of choosing such sign

vectors can be generalized to the so-called decomposable norms.

Definition 29 (Decomposable Norm) A norm || - || is decomposable at x € R™ if there

exist a subspace T C R™ and a vector e € T such that the subdifferential at x has the form
Oz ={z € R" : Pr(z)=e, |Pr.(2)||" < 1}.
We refer to T as the support and e as the sign vector of x with respect to || - || .

Similar definitions are used in [B6] and [162]. Our definition is simpler and less strict
compared to these works. Note that L is a global property of the norm while e and T
depend on both the norm and the point under consideration (decomposability is a local
property in this sense).

To give some intuition for Definition P9, we review examples of norms that arise when
considering simultaneously sparse and low rank matrices. For a matrix X € R%x% et Xij,
X;,. and X ; denote its (4, j) entry, ith row and jth column respectively.

Lemma 30 (see [36]) The {; norm, the {15 norm and the nuclear norm are decomposable

as follows.
e (1 norm is decomposable at every x € R™, with sign e = sgn(x), and support

T=pup(z)={yeR":2;,=0=y,=0 Vi<n}.

e (15 norm is decomposable at every X € R"*%_ The support is

T={YeR": X;=0=Y,=0Vi<d},
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and the sign vector e € R4*% s obtained by normalizing the columns of X present in

the support, e ; = if || X jll2 # 0, and setting the rest of the columns to zero.

X
X512

e Nuclear norm is decomposable at every X € R4*%_ For a matriz X with rank r and
compact singular value decomposition X = UXVT where ¥ € R™", we havee = UVT

and
T={Yy eR"™®: I-UU")Y(I-VV") =0}

={Z, V" +UZ] | Z, e R"*",Zy e R®""} .

The next lemma shows that the sign vector e will yield the largest correlation with the

subdifferential and the best lower bound for such norms.

Lemma 31 Let || - || be a decomposable norm with support T and sign vector e. For any

v # 0, we have that,
p(v,0l|zoll) < ple, d]|xol]) (2.17)

Also p(e, d|ao||) > el

Proof. Let v be a unit vector. Without losing generality, assume vZe > 0. Pick a vector
z € T+ with ||z||* = 1 such that z7v < 0 (otherwise pick —z). Now, consider the class of

subgradients g(a) = e + az for 1 > a > —1. Then,

Vgl o Vgla)] le"v — af2"v]|

gest Tg(@)flz ~ ozezt g()ll, ~ ozazt (] + aZl[=[3) 72

If |27v| > eTv, then, the numerator can be made 0 and p(v,d||zo||) = 0. Otherwise, the

right hand side is decreasing function of o, hence the minimum is achieved at a = 1, which
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N Pri(g)

Figure 2.4: An example of a decomposable norm: ¢; norm is decomposable at =y = (1,0).

The sign vector e, the support T, and shifted subspace T+ are illustrated. A subgradient g

at zo and its projection onto T are also shown.

glves,

vig(a)] _ _lefv —[2"v]]
—1zast flg(@)lla (llell3 + [12113)"/2
le”v]
<
= (lell3 + 11=113)">
lell2
~ (llell3 + [1=115)"2
_ [e"g()]
—1<ast [lg(a)(ls

where we used e’ g(a) = e

e = ||e||?. Hence, along any direction z, e yields a higher mini-
mum correlation than v. To obtain (2I7), further take the infimum over all z € T+, ||z||* < 1
which yields the infimum over 0||zo||. Finally, use ||g(a)|ls < L to lower bound p(e, d||xo||).

Based on Lemma B, the individual lower bounds are D(”;—!%)n Calculating ”E—L@n for the
norms in Lemma B0, reveals that, this quantity is k for a k sparse vector, cd; for a c-column
sparse matrix and r max{d;, ds} for a rank r matrix. Compared to bounds obtained by using
Zo, these new quantities are directly proportional to the true model complexities. Finally,
we remark that, these new bounds correspond to choosing xy that maximizes the value of

1 Zoll1, |Zoll« or ||Zo||1,2 while keeping sparsity, rank or column sparsity fixed. In particular,
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in these examples, e has the same sparsity, rank, column sparsity as xg.
The next proposition derives a correlation bound for the combination of decomposable

norms as well as a simple lower bound on the sample complexity.

Proposition 32 Given decomposable norms || - || with supports T; and sign vectors e;. Let

T = ﬂ1gz’§TTi- Choose the subspace R to be a subset of Th.

o Assume (Pr(e;), Pr(e;)) >0 for alli,j and miny<;<, M > v. Then,

lleill2

T 1<i<r

p(R,0F (o)) = = minples, Ofollo).

e (Consider Proposition with Gaussian measurements and suppose R is orthogonal
to the set (Z10). Let f(z) = > [_; M|l for some nonnegative {\;}’s. Then, if
m < dim(R), (Z33) fails with probability 1.

Proof. Let g =3I, w;g; for some g; € O||zo| ;). First, [|g|l2 < D 7, willgill2. Next,
IPR(9)lI3 = Y wiPr(e)lls = Y willPr(es)ll3
i=1 i=1

T 2 T
>0 Y willeils > — (3 willesll2)”
i=1 =1

To see the second statement, consider the line (E12) from the proof of Proposition .
Pr(9) = >_i_, MiPr(e;). On the other hand, the column space of Pr(AT) is an m-dimensional
random subspace of R. If m < dim(R), Pr(g) is linearly independent of P (AT) with prob-
ability 1 and (Z12) will not hold. n

In the next section, we show how better choices of R (based on the decomposability

assumption) can improve the lower bounds for S&L recovery.
2.7 Numerical Experiments

In this section, we numerically verify our theoretical bounds on the number of measurements

for the sparse and low-rank recovery problem. We demonstrate the empirical performance
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. Ce tr(X X :

Figure 2.5: Performance of the recovery program minimizing max{ trr((XO)), |:‘X0H”11”22 with a PSD
constraint. The dark region corresponds to the experimental region of failure due to insuf-
ficient measurements. As predicted by Theorem I, the number of required measurements

increases linearly with rd.

of the weighted maximum of the norms f (see Lemma P4), as well as the weighted sum

of norms.

The experimental setup is as follows. Our goal is to explore how the number of required
measurements m scales with the size of the matrix d. We consider a grid of (m, d) values, and
generate at least 100 test instances for each grid point (in the boundary areas, we increase

the number of instances to at least 200).

We generate the target matrix Xy by generating a k x r i.i.d. Gaussian matrix G, and
inserting the & x k matrix GG in an d x d matrix of zeros. We take r = 1 and k = 8 in

all of the following experiments; even with these small values, we can observe the scaling

[X—=Xollr
[ Xollr

and declare successful recovery when this error is less than 10~4. The optimization programs

predicted by our bounds. In each test, we measure the normalized recovery error

are solved using the CVX package [[74], which calls the SDP solver SeDuMi [147].

We first test our bound in part (b) of Theorem [, Q(rd), on the number of measurements

tr(X) X112
tr(Xo) || Xoll1,2

for recovery in the case of minimizing max{ } over the set of PSD matrices.

Figure I3 shows the results, which demonstrates m scaling linearly with d (note that r = 1).
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Figure 2.6: Performance of the recovery program minimizing max{ ttrr(XXO H'gé)llul } with a PSD

constraint. » = 1,k = 8 and d is allowed to vary. The plot shows m versus d to illustrate

the lower bound Q(min{%? dr}) predicted by Theorem II.

Next, we replace the ¢; o norm with the ¢; norm and consider a recovery program that
emphasizes entry-wise sparsity rather than block sparsity. Figure 228 demonstrates the lower

bound Q(min{k?, d}) in Part (c) of Theorem M where we attempt to recover a rank-1 PSD

(1 X 11
tr(Xo) | Xoll

matrix Xy by minimizing max{ } subject to the measurements and a PSD con-
straint. The dashed green curve in the figure shows the empirical 95% failure boundary,
depicting the region of failure with high probability that our results have predicted. It starts
off growing linearly with d, when the term rd dominates the term k?, and then saturates as

d grows and the k? term (which is a constant in our experiments) becomes dominant.

XL
tlf(Xo | Xollx

The penalty function max{ } depends on the norm of X,. In practice the
norm of the solution is not known beforehand; a weighted sum of norms is used instead. In
Figure 274 we examine the performance of the weighted sum of norms penalty in recovery of
a rank-1 PSD matrix, for different weights. We pick A = 0.20 and A = 0.35 for a randomly

generated matrix X,. It can be seen that we get a reasonable result which is comparable to

tr(X) 1X 11
> (| Xoll }

the performance of max{

In addition, we consider the amount of error in the recovery when the program fails.

Figure I8 shows two curves below which we get a 90% failure, where for the upper (green)
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Figure 2.7: Performance of the recovery program minimizing tr(X) + A||X||; with a PSD
constraint, for A = 0.2 (left) and A = 0.35 (right).

Figure 2.8: 90% frequency of failure where the threshold of recovery is 10~* for the green

(X)) XL

Ok HXOHI} is minimized subject to the

(upper) and 0.05 for the red (lower) curve. max{ —<=%

PSD constraint and the measurements.

curve the normalized error threshold for declaring failure is 107*, and for the lower (red)

[IX 11
tr(Xo) Xo”

curve it is a larger value of 0.05. We minimize max{ } as the objective. We
observe that when the recovery program has an error, it is very likely that this error is large,
as the curves for 107% and 0.05 almost overlap. Thus, when the program fails, it fails badly.
This observation agrees with intuition from similar problems in compressed sensing where

sharp phase transition is observed.

As a final comment, observe that, in Figures 28, 274 and 28 the required amount of
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Figure 2.9: We compare sample complexities of different approaches for a rank 1, 40 x 40
matrix as function of sparsity. The sample complexities were estimated by a search over m,

where we chose the m with success rate closest to 50% (over 100 iterations).

measurements slowly increases even when d is large and k% = 64 is the dominant constant
term. While this is consistent with our lower bound of Q(k?, d), the slow increase for constant
k, can be explained by the fact that, as d gets larger, sparsity becomes the dominant structure
and ¢; minimization by itself requires (k? log ¢) measurements rather than D(k?). Hence
for large d, the number of measurements can be expected to grow logarithmically in d.

In Figure 29, we compare the estimated phase transition points for different approaches

for varying sparsity levels. The algorithms we compare are,

e Minimize ¢; norm,
e Minimize ¢; norm subject to the positive-semidefinite constraint,

e Minimize trace norm subject to the positive-semidefinite constraint,

tr(X) ”X”11} subject to the positive-semidefinite constraint.

e Minimize max{ X)) %ol

Not surprisingly, the last option outperforms the rest in all cases. On the other hand,

its performance is highly comparable to the minimum of the second and third approaches.
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For all regimes of sparsity, we observe that, measurements required by the last method is at

least half as much as the minimum of the second and third methods.
2.8 Discussion

We have considered the problem of recovery of a simultaneously structured object from lim-
ited measurements. It is common in practice to combine known norm penalties corresponding
to the individual structures (also known as regularizers in statistics and machine learning
applications), and minimize this combined objective in order to recover the object of interest.
The common use of this approach motivated us to analyze its performance, in terms of the
smallest number of generic measurements needed for correct recovery. We showed that, un-
der a certain assumption on the norms involved, the combined penalty requires more generic
measurements than one would expect based on the degrees of freedom of the desired object.
Our lower bounds on the required number of measurements implies that the combined norm
penalty cannot perform significantly better than the best individual norm.

These results raise several interesting questions, and lead to directions for future work.
We briefly outline some of these directions, as well as connections to some related problems

in Chapter B.
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Chapter 3
VARIATIONAL GRAM FUNCTIONS

In this chapter, we propose a new class of convex penalty functions, called variational
Gram functions (VGFs), that can promote pairwise relations, such as orthogonality, among
a set of vectors in a vector space. These functions can serve as regularizers in convex opti-
mization problems arising from hierarchical classification, multitask learning, and estimating
vectors with disjoint supports, among other applications. We study necessary and sufficient
conditions under which a VGF is convex, and give a characterization of its subdifferential.
We show how to compute its proximal operator, and discuss efficient optimization algorithms
for regularized loss minimization problems where the loss admits a simple variational repre-
sentation and the regularizer is a VGF. We also establish a general representer theorem for
such learning problems. Lastly, numerical experiments on a hierarchical classification prob-
lem are presented to demonstrate the effectiveness of VGF's and the associated optimization

algorithms.
3.1 Introduction

Let 21, ..., 2, be vectors in R™. It is well known that their pairwise inner products ] z;,
for 7,5 = 1,...,m, reveal essential information about their relative orientations, and can
serve as a measure for various properties such as orthogonality. In this chapter, we consider

a class of functions that aggregate the pairwise inner products in a variational form,

m
T
Q21 .. ap) = max Z M;jz; z; (3.1)
ij=1
where M is a compact subset of the set of m by m symmetric matrices. Let X = [x1 -+ 2]

be an n X m matrix. Then the pairwise inner products x] z; are the entries of the Gram
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matrix X7 X and the function above can be written as

Qe (X) = max (XTX, M) = max tr(XMXT), (3.2)

where (A, B) = tr(AT B) denotes the matrix inner product. We call ¢ a variational Gram
function (VGF) of the vectors z1,...,z,, induced by the set M. If the set M is clear from
the context, we may write (X)) to simplify notation.

As an example, consider the case where M is given by a box constraint,

where M is a symmetric nonnegative matrix. In this case, the maximization in the definition

of €y picks either M;; = Mij or M;; = —Mij depending on the sign of x;fpxj, for all
i,j=1,...,m (if zl'z; = 0, the choice is arbitrary). Therefore,
Q = M; M; 4
a(X — max Zl j; T = Zl jlad ;). (3.4)
7] 7]

In other words, Q(X) is the weighted sum of the absolute values of the pairwise inner
products. This function was proposed in [I69] as a regularization function to promote or-
thogonality between linear classifiers in the context of hierarchical classification.

An important question from both the theoretical and algorithmic points of view is: what
are the conditions on M so that a VGF is convex? Observe that the function tr(XMX7T) is
a convex quadratic function of X if M is positive semidefinite. As a result, the variational
form Qy(X) is convex if M is a subset of the positive semidefinite cone ST, because then
it is the pointwise maximum of a family of convex functions indexed by M € M (see, e.g.,
(T34, Theorem 5.5]). However, this is not a necessary condition. For example, the set M
in (B3) is not a subset of S7" unless M = 0, but the VGF in (84) is convex provided that the
comparison matriz of M (derived by negating the off-diagonal entries) is positive semidefinite
[T69]. In this chapter, we give more careful analysis of the conditions for a VGF to be convex,

and characterize its subdifferential and associated proximal operator.
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Given a convex VGF, we can define a semi-norm® by taking its square root as

m 1/2
1,7=1

If M C S7, then || X ||y is the pointwise maximum of the semi-norms || XMY?||z over all
M e M.

VGF's and the associated norms can serve as penalties or regularization functions in
optimization problems to promote certain pairwise properties among a set of vector variables
(such as orthogonality in the above example). In this chapter, we consider optimization

problems of the form

minimize L£(X) + A Qe (X), (3.6)
X eRnxm
where £(X) is a convex loss function of the variable X = [z1 -+ x,,], Q(X) is a convex

VGF, and A > 0 is a parameter to trade off the relative importance of these two functions.
We will focus on problems where £(X) is smooth or has an explicit variational structure, and
show how to exploit the structure of £(X) and (X)) together to derive efficient optimization

algorithms.

Organization In Section B, we give more examples of VGFs and explain the connections
with functions of Euclidean distance matrices and robust optimization. Section B33 stud-
ies the convexity of VGFs and their conjugates, semidefinite representability, corresponding
norms and their subdifferentials. Their proximal operators are derived in Section B4. In
Section B3, we study a class of structured loss minimization problems with VGF penalities,
and show how to exploit their structure using the mirror-prox algorithm. Finally, in Sec-
tion BM, we present a numerical experiment on hierarchical classification to illustrate the

application of VGFs.

I a semi-norm satisfies all the properties of a norm except definiteness; i.e. it can have a zero value for a

nonzero input.
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Notation We use S™ to denote the set of symmetric matrices in R™*™, and S' C S™ is the
cone of positive semidefinite (PSD) matrices. The symbol < represents the Loewner partial
order and (-, -) denotes the inner product. We use capital letters for matrices and bold lower
case letters for vectors. We use X € R™™ and = = vec(X) € R™ interchangeably, with z;
denoting the ith column of X; ie., X = [z -+ x,]. We use 1 and 0 to denote matrices
or vectors of all ones and all zeros respectively, whose sizes would be clear from the context.
The entry-wise absolute value of X is denoted by |X|. We use | - ||, to denote the ¢, norm
of the input vector or matrix, and || - || as the Frobenius norm (similar to ¢, vector norm).
The convex conjugate of a function f is defined as f*(y) = sup, (z,y) — f(z), and the dual
norm of || - || is defined as ||y||* = sup{(z,y) : ||z|| < 1}. Finally argmin (argmax) returns
an optimal point to a minimization (maximization) program while Arg min (or Argmax) is
the set of all optimal points. The operator diag(-) is used to put a vector on the diagonal of
a zero matrix of corresponding size, extract the diagonal entries of a matrix as a vector, or
zeroing out the off-diagonal entries of a matrix. We use f = g to denote f(x) = g(z) for all

x € dom(f) = dom(g) .

3.2 [Examples and Connections

In this section, we present examples of VGF's corresponding to different choices of the set M.
The list includes some well known functions that can be expressed in the variational form of

(B), as well as some new examples.

Vector norms Any vector norm || - || on R™ is the square root of a VGF defined by

M = {uu® : |Ju||* < 1}. For a column vector x € R™, the VGF is given by
Qe(2”) = max {tr(zTuu’2) : ||Jull* <1} = max {(z7w)?: ||Ju|* < 1} = ||z|*.

As another example for when n = 1, consider the case where M is a compact convex set

of diagonal matrices with positive diagonal entries. The corresponding VGF (and norm) is
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defined as

Ty _ 2 2
O(a7) = max ;Hm ]I, (3.7)

and the dual norm can be expressed as (||z]|*)* = infoedingvt) Dioq 727 . This norm and its

dual were first introduced in [IT1], in the context of regularization for structured sparsity, and
later discussed in [d]. The k-support norm [7], which is a norm used to encourage vectors to

have k or fewer nonzero entries, is a special case of the dual norm given above, corresponding

to M = {diag(f): 0<6; <1, 170 =k}.

Norms of the Gram matrix Given a symmetric nonnegative matrix M, we can define

a class of VGFs based on any norm || - || and its dual norm || - ||.. Consider

M={KoM: |K|*<1, K" =K}, (3.8)

where o represents the matrix Hadamard product, i.e., (K oM);; = K;;M;; for all i, j. Then

we have

_ Ty _ T ¥T
QM(X)—}\I;SJ%/% (M, X X)—”}r(nHz};(l (KoM, X" X)

= max (K, Mo (XTX))=|[Mo(XTX)|.

K] <1

The following are several concrete examples.

1. If welet ||-||* in (BX) be the £, norm, then M = {M : |M,;;/M;| <1,4,5=1,...,m},
which is the same as in (823). Here we use the convention 0/0 = 0, thus M;; = 0
whenever M;; = 0. In this case, we obtain the VGF in (83):

O(X) = Mo (XTX)|ly = Y Myjla] ;)
ij=1
2. If we use the ¢, norm in (BR), then M = {M : ZZZ(M”/H”V < 1}. In this case,

we have

Di(X) = M o (XTX)|r = (Y (MyaTa;)?)". (3.9)

i,j=1
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This function has been considered in multi-task learning [I39], and also in the context

of super-saturated designs [22, 49].

3. We can use the ¢; norm in (BB) to define M = {M : >oi |M;;/M ;| < 1}, which
results in

(X)) =M o (X" X)||oo = max M|l (3.10)

This case can also be traced back to [22] in the statistics literature, where the maximum

of |xTz;| for i # j is used as the measure to choose among supersaturated designs.

Many other interesting examples can be constructed this way. For example, one can model
sharing vs competition using group-¢; norm of the Gram matrix which was considered in
vision tasks [90]. We will revisit the above examples to discuss their convexity conditions in

Section B=3.

Spectral functions From the definition, the value of a VGF is invariant under left-
multiplication of X by an orthogonal matrix, but this is not true for right multiplication.
Hence, VGF's are not functions of singular values (e.g. see [[00]) in general, and are functions
of the row space of X as well. This also implies that in general Q(X) # Q(X7T). However, if
the set M is closed under left and right multiplication by orthogonal matrices, then (X))
becomes a function of squared singular values of X. For any matrix M € S™, denote the

sorted vector of its singular values by o(M) and let © = {o(M) : M € M}. Then we have

O(X) = tr(XMXT) = 9 i 11
(X)) = max tr( = max Z 0i(X)?, (3.11)
as a result of Von Neumann’s trace inequality [I13]. Note the similarity of the above to the

VGF in (BZ). As an example, consider

M={M: anl <M =2 al, tr(M) = as}, (3.12)
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where 0 < oy < ay and a3 € [may, mas] are given constants. The so called spectral box-
norm [T08] is the dual to the norm of the form (BH) defined via this M. Note that in this
case, M C ST, so y is convex. The square of this norm has been considered in [85] for

clustered multitask learning where it is presented as a convex relaxation for k-means.

Finite set M For a finite set M = {M;, ..., M,} C ST, the VGF is given by
Qe(X) = max | XM;7%,
i=1,....p

which is the pointwise maximum of a finite number of squared weighted Frobenius norms.

In the following subsections, we explore other interpretations of a VGF that show its
effect in promoting diversity, its connection to Euclidean distance matrices, and give a robust

optimization interpretation.

3.2.1 Diversification

VGF's can be used for diversifying the columns of the input matrix; e.g., minimizing (84)
pushes to zero the inner products z] z; corresponding to the nonzero entries in M as much as
possible. As another example, observe that two non-negative vectors have disjoint supports
if and only if they are orthogonal to each other. Hence, using a VGF as (B4), Qy(X) =

> M ;|xTx;|, that promotes orthogonality, we can define
T(X) = el X]) (3.13)

to promote disjoint supports among the columns of X ; hence diversifying the supports of
columns of X . Convexity of (B13) is discussed in Section BZ38. Different approaches has
been used in machine learning applications for promoting diversity; e.g., see[l04, U7, 84] and

references therein.
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3.2.2  Functions of Fuclidean distance matriz

Consider a set M C S™ with the property that M1 = 0 for all M € M. For every M € M,
let A = diag(M) — M and observe that
XMXT ZMZ]ZE Ij = ZAZ]”ZEZ—Z']Hg

i,5=1 i,j=1
This allows us to express the associated VGF as a function of the Fuclidean distance matrix

D, which is defined by D;; = %||z; —x;]|3 for,j =1,...,m (see, e.g., [25, Section 8.3]). Let
A = {diag(M) — M : M € M}. Then we have

On(X) = max tr(XMXT) = max (A, D).

A sufficient condition for the above function to be convex in X is that each A € A is
entrywise nonnegative, which implies that the corresponding M = diag(A1)— A is diagonally
dominant with nonnegative diagonal elements, hence positive semidefinite. However, this is
not a necessary condition and the function can be convex without all A’s being entrywise
nonegative. In Section BZ3 we will discuss more general conditions for convexity of VGFs.

See [64] and references therein for applications of this VGF.

3.2.83  Connection with robust optimization

The VGF-regularized loss minimization problem has the following connection to robust op-

timization (see, e.g., [I8]): the optimization program

minimize max {E )—i—tr(XMXT)}
X MeM

can be interpreted as seeking an X with minimal worst-case value over an uncertainty set M.
Alternatively, when M C S, this can be viewed as a problem with Tikhonov regularization

| X M'/2||% where the weight matrix M'/? is subject to errors characterized by the set M.

3.3 Convex Analysis of VGF

In this section, we study the convexity of VGFSs, their conjugate functions and subdifferen-

tials.
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First, we review some basic properties. Notice that 2y is the support function of the set

M at the Gram matrix X7 X i.e.,

Qe (X) = max tr(XMXT) = mp(XTX)

where the support function of a set M is defined as iy (Y") = supyen (M, Y) ; see, e.g., [134,

Section 13]. By properties of the support function (see [I34, Section 15]), we have
QM = QCOHV(M) )

where conv(M) denotes the convex hull of M. It is clear that the representation of a VGF
(i.e., the associated set M) is not unique. Henceforth, without loss of generality we assume
M is convex unless explicitly noted otherwise. Also, for simplicity we assume M is a compact
set, while all we need is that the maximum in (B1) is attained. For example, a non-compact
M that is unbounded along any negative semidefinite direction is allowed.

Moreover, VGF's are left unitarily invariant; for any Y € R™*™ and any orthogonal matrix
U € RV where UUT = UTU = I, we have Q(Y) = Q(UY) and Q*(Y) = Q*(UY) ; use the
definitions in (B2) and (B7). We use this property in simplifying computations involving
VGFs (such as proximal mapping calculations in Section B) as well as in establishing a
general kernel trick and representer theorem in Section BZh™.

As we mentioned in the introduction, a sufficient condition for the convexity of a VGF is
that M C S!. The following theorem gives a necessary and sufficient condition for a VGF
to be convex. Basically, it only requires the VGF to admit a representation as in (82) with

a set of PSD matrices.

Theorem 33 Suppose that M is compact. Then Sy is convex if and only if for every X
there exists an M € M NSy that achieves the mazimum value in the definition of Qy(X).

In other words, Sy is convex if and only if Oy = Qyvins, -

The above theorem means that a convex VGF is essentially the point-wise maximum of a
family of squared weighted Frobenius norms. We postpone the proof (which uses conjugate

functions) until after Lemma BS.
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While Theorem B3 gives a necessary and sufficient condition for the convexity of VGFs,
it does not provide an effective procedure to check whether or not such a condition holds. In
Section BZ3l, we discuss more concrete conditions for determining convexity when the set M
is a polytope. In Section BZ32, we describe a more tangible sufficient condition for general

sets.

3.3.1  Convexity with polytope M

Consider the case where M is a polytope with p vertices, i.e., M = conv{M;, ..., M,}. The
(37, Section 8.E|. We define My as a subset of {M;,..., M,} with smallest possible size
satisfying oy (X7 X) = oy (X7 X) for all X € R™™,

As an example, for M = {M : |M;;| < My;, i,j = 1,...,m} which gives the function
defined in (B4), we have

Meff Q {M . Mzz = Mu s Mij = ﬂ:M” fOl" 7 7& j } . (314)

Theorem 34 For a polytope M C R™ ™ | the associated VGF is conver if and only if

Meﬁ‘ C ST .

Proof.  Obviously, Mg C S ensures convexity of maxpsenr, tr(XMXT) = Qp(X). Next,
we prove necessity for any Mg . Take any M; € Mg . If for every X € R™™ with Q(X) =
tr(X M; XT) there exists another M; € Mg with Q(X) = tr(XM;X7T), then Meg\{M,} is
an effective subset of M which contradicts the minimality of M.z . Hence, there exists X;
such that Q(X;) = tr(X;M; X) > tr(X; M; X]) for all j # i. Hence, Q is twice continuously
differentiable in a small neighborhood of X; with Hessian V2Q(vec(X;)) = M; ® I,,, where
® denotes the matrix Kronecker product. Since €2 is assumed to be convex, the Hessian has

to be PSD which gives M; = 0. [ ]

The definition of Mg requires €2y = (., and the condition in Theorem B4 is Mg C ST

Comparing with Theorem B3, here we have Mg C M N ST, which can be a strict inclusion
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even conv(M.g) can be a strict subset of MNS™). Next we give a few examples to illustrate
+ g p

the use of Theorem B4.

1. We begin with the example defined in (84). Authors in [I6Y] provided the necessary
(when n > m — 1) and sufficient condition for convexity using results from M-matrix
theory: First, define the comparison matrix M associated to the nonnegative matrix M
as ]\Zl = M, and ]\Zj = _Mij for i # 7. Then Q¢ is convex if M is positive semidef-
inite, and this condition is also necessary when n > m — 1 [I[69]. Theorem B4 provides
an alternative and more general proof. Let Ay, (M) be the minimum eigenvalue of a

symmetric matrix M. From the characterization of Mg in (BI4), we have

min A (M) = min 2"Mz > min M”z ZMU]zzzﬂ

MEMg MGMCH llz[l2=1
I2]l2=1 7
:I\Hlllln1’2| Mz > Auin(M). (3.15)
2

When n > m — 1, one can construct X € R™™ such that all off-diagonal entries of
XTX are negative (see the example in Appendix A.2 of [169]). On the other hand,
Lemma 2.1(2) of [30] states that the existence of such a matrix implies n > m — 1.
Hence, M e Mg if and only if n > m — 1. Therefore, both inequalities in (B13) should
hold with equality, which means that M.s C ST if and only if M > 0. By Theorem
B4, this is equivalent to the VGF in (B4) being convex. If n < m — 1, then M may not

7

belong to Mg, thus M = 0is only a “sufficient” condition for convexity for general n.

2. Similar to the set M above, consider a box that is not necessarily symmetric around
the origin. More specifically, let M = {M € S™ : M; = Cy, |M — C| < D}
where C' (denoting the center) is a symmetric matrix with zero diagonal, and D is a
symmetric nonnegative matrix. In this case, we have Meg € {M : M;; = Dy;, M,;
Ci; £ D;; for i # j}. When used as a penalty function in applications, this can capture

T

the prior information that when x; z; is not zero, a particular range of acute or obtuse

angles (depending on the sign of C;;) between the vectors is preferred. Similar to (B13),
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Figure 3.1: The set in (823) (defined by M = [1, 0.8; 0.8, 1]) and the cone of positive
semidefinite matrices where 2 x 2 symmetric matrices are embedded into R?. The thick edge
of the cube is the set of all points with the same diagonal elements as M (see (BZ0)), and the
two endpoints constitute Mg . Positive semidefiniteness of M is a necessary and sufficient

condition for the convexity of Q¢ : R™? w Rforalln>m —1=1.
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we have

min  Apin(M) > min |z|T5|z| +21Cz > )\min(f)) + Amin (C),
MeEMeg llz]l2=1

where D is the comparison matrix associated to D . Note that C' has zero diagonals
and cannot be PSD. Hence, a sufficient condition for convexity of {2y defined by an

asymmetric box is that Ayin (D) + Amin(C) > 0.
3. Consider the VGF defined in (B0), whose associated variational set is

M={MeS™: > |My/My| <1, M;=0if M;; =0}, (3.16)
(6,5): M 1570

where M is a symmetric nonnegative matrix. Vertices of M are matrices with either
only one nonzero value M;; on the diagonal, or two nonzero off-diagonal entries at (i, 5)
and (j,7) equal to %Mij or —%Mij . The second type of matrices cannot be PSD as their
diagonal is zero, and according to Theorem B4, convexity of {2 requires these vertices
do not belong to Mg . Therefore, the matrices in Mg should be diagonal. Hence, a
convex VGF corresponding to the set (BI8) has the form Q(X) = max;—;_,, M| z:]3.
To ensure such a description for Meg we need max{M||z;]|3, Mj;|z;|3} > MjlaT x|
for all 4, 7 and any X € R | which is equivalent to Miiﬁjj > M?j for all 4, 5. This
is satisfied if M = 0.

3.8.2 A spectral sufficient condition

As mentioned before, it is generally not clear how to provide easy-to-check necessary and
sufficient convexity guarantees for the case of non-polytope sets M. However, simple sufficient
conditions can be easily checked for certain classes of sets M, for example spectral sets
(Lemma BH). We first provide an example and consider a specialized approach to establish

convexity, which illustrates the advantage of a simple guarantee as the one in Lemma BA.

1. Consider the VGF defined in (BM) and its associated set given in (B8) when we plug



70

in the Frobenius norm; i.e.,
M={KoM: |K|r<1, K" = K}.

In this case, M is not a polytope, but we can proceed with a similar analysis as in
the previous subsection. In particular, given any X € R™™  the value of (X) is
achieved by an optimal matrix K = (M o X7 X)/||[M o X" X||p. By Theorem B3,
is convex provided that K o M > 0, which is equivalent to M o M o XTX > 0. Since
this should hold for every X, we need M o M = 0. The Schur Product Theorem [82,
Theorem 7.5.1] states that M > 0 is sufficient for this requirement to hold, hence it is

also a sufficient condition for convexity of {2y.

Denote by M, the orthogonal projection of a symmetric matrix M onto the PSD cone,
which is given by the matrix formed by only positive eigenvalues and their associated eigen-

vectors of M .

Lemma 35 (a sufficient condition) 2y is convex provided that for any M € M there

exists M' € M such that M, < M'.
Proof. Tt is easy to see that for any X we have tr(XMXT) < tr(X M, XT). Therefore,

On(X) = max tr(XMXT) < max tr(X M, XT).

On the other hand, the assumption of the lemma gives

Ty < Ty
max tr( XM, X") < max tr(XM'X") = Qu(X)

which implies that the inequalities have to hold with equality. Now, Q(X) is convex by
Theorem B3. Note that the assumption of the lemma can hold while M, < M. ]

On the other hand, it is easy to see that the condition in Lemma B3 is not necessary.
Consider M = {M € S*: |M;;| < 1}. Although the associated VGF is convex (because the

comparison matrix is PSD), there is no matrix in M’ € M for which M" = M where

01 0.44 .72
11 720 1.7
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as for any M' € M we have (M’ — M, )9 < 0.
Similar to the proof of Lemma B, one can check that another sufficient condition for

convexity of a VGF is that all of the maximal points of M with respect to S, are PSD.

Lemma 36 For any Z = 0, consider P = ly(Z) and its Moreau decomposition with respect
to the positive semidefinite cone as P = P, — P_ where P,,P_ = 0 and (P,,P_) = 0. Then,
P, e M implies P =0.

Proof. Recall the firm nonexpansive property of the projection operator onto a convex set
[[37] applied to P = II)((Z) and P, = Iy (Py); where the latter is from the assumption.
We have,

|P =Pyl <(P=Pi,Z—Py) = (P, Z)+ | P <0

which gives P_ =0 as (Z,P_) = 0. n

Now, we can state the following corollary.

Corollary 37 Provided that for any M € M we have M, € M, then Qi is conver and
Iv(Z) = 0 for any Z > 0.

Corollary B7 establishes an interesting property about the iterates of the mirror-prox
algorithm in Section BZ5l, with /5 norm as the mirror map, as follows. If we initialize M
to be a positive semidefinite matrix, all of the iterations stay PSD as we add a PSD matrix
to the previous iteration and project it to the PSD cone. Notice that such condition is
required for applying the mirror-prox algorithm: the objective has to be convex-concave and

the positive semidefiniteness of all iterations guarantees this property.

3.3.8 Conjugate function and proof of Theorem 33

For any function €2, the conjugate function is defined as Q*(Y) = supy (X,Y) — Q(X) and
the transformation that maps €2 to 2* is called the Legendre-Fenchel transform; e.g., see

(34, Section 12].
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Lemma 38 (conjugate VGF) Consider a convex VGF associated to a compact convex set

M. The conjugate function is

(YY) = }1111\1} {tr(YM'Y") : range(Y") C range(M), M € M NS}, (3.17)

where M7 is the Moore-Penrose pseudoinverse of M.

Note that 2*(Y') is +oc if the optimization problem in (BI2) is infeasible; i.e., if range(YT) ¢
range(M) for all M € M NST. This is equivalent to: Y (I — MMT) is nonzero for all
M e MNST, where MM fis the orthogonal projection onto the range of M . This can be
seen using generalized Schur complements; e.g., see Appendix A.5.5 in [25] or [27]. Proof.
Applying the definition of conjugate function to a VGF gives

O (Y) = sup (X,Y) — sup tr(XMXT)] = sup inf (X,Y) —tr(XMXT).
X MeM X MeM
Since M is compact and convex, we can change the order of sup and inf. Note that for any
non-PSD M € M, the maximization with respect to X is unbounded above. With this, and
after another change of order for sup and inf, we get

O (Y) = inf  sup (X,Y) —tr(XMXT).

MeMnST X

Therefore, (5 = (s, . Next we define

M YT
(YY) = 1 inf < tr(C) : =0, MeMy . (3.18)
MC Yy C

The positive semidefiniteness constraint implies M = 0, therefore fy = fyns, . Its conjugate

function is

M YT
f(X) = sup ¢ (X,Y)—1tr(O) : 0, MeM
Y,M,C Yy C
M YT
= sup { (X)Y)—1tx(C) : =0, MeMNS, p . (3.19)
Y,M,C Yy C
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Consider the dual of the optimization program with respect to Yand C. Let W = 0 be the

dual variable with corresponding blocks, and write the Lagrangian as

L(Y, O, W) = <X, Y) — %tl‘(C) + <W11,M> —+ 2<W21,Y> + <W22,C> s

whose maximum value is finite only if Wy, = —%X and Wy = i[ . Therefore, the dual
problem is
) Wiy —%X T _ -
min ¢ (Wi, M) : =0 :mln{(WH,M>: WX X},
Wi _%X %] Wi

which is equal to (M, XTX). Plugging in (319), we conclude f3; = Qxrs, -

Next, convexity and lower semi-continuity of fy imply fi¥ = fn (e.g. [L37, Theo-
rem 11.1]). Therefore, fy is equal to Q3g, which we showed to be equal to €25, . Taking
the generalized Schur complement of the semidefinite constraint in (BI8) gives the desired

representation in (B7). u

Following Lemma B, we are ready to prove Theorem B3.
Proof. [of Theorem B3] We know that (s, is convex because it is the pointwise maximum
of convex quadratic functions parametrized by M € MNS, . Therefore, if 2y = Qyns, then
Q¢ is convex. To prove the other direction, notice that the proof of Lemma BS shows that
05 = Qirs, » which in turn gives O = Qg . Since both {0y and Qyns, are proper, lower
semi-continuous convex functions, they are equal to their biconjugates [I37, Theorem 11.1].

Therefore, (e = Qyins, - [

Recall from convex analysis (e.g., [[34, Cor. 12.1.1]) that the convex envelope (also re-
ferred to as the convex hull) of a non-convex function (the greatest convex function that
is majorized by this function; see [[34, pp. 36] for definition) is given by the biconjugate
function. As it is apparent from the representation in Lemma BR, biconjugation of a possibly
non-convex VGF ¢ is equivalent to intersecting M with the positive semidefinite cone; i.e.,
O = Qins, - Hence, a VGF representation of a function provides a natural way for finding

its convex envelope.
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3.3.4  Related norms

Given a convex VGF €y, Theorem B3 states that {2y = Qyns,, which implies

On(X) = sup tr(XMXT)= sup || XMV?|2%.
MeMnSy MeMNSy

This representation shows that /{2y is a semi-norm: absolute homogeneity holds, and it is
easy to prove the triangle inequality for the maximum of semi-norms. The next lemma, which
can be seen from Corollary 15.3.2 of [[34], generalizes this assertion; we provide another proof

in the Appendix.

Lemma 39 Suppose a function 2 : R™*™ — R is homogeneous of order 2, i.e., Q(0X) =
0?Q(X) . Then its square oot || X|| = \/QX) is a semi-norm if and only if Q is convez. If

Q is strictly convex then v/ is a norm.

Dual Norm Considering || - [[x = v/Qa, we have 3Oy = 1| - ||3;. Taking the conjugate
function of both sides yields 203 = (| - ||;)* where we used the order-2 homogeneity of
Q. Therefore, || - |3 = 24/8%;. Given the representation of 2}, in Lemma BY, one can

derive a similar representation for /{23, as follows.

Theorem 40 Consider a convex VGF (¢, where M is a compact convex set. We have

. L. M YT
1Y |50 = 24/ Q5(Y) = % inf < 2(C) + (M) : =0 . (3.20)
M,C Y C
where v (M) = inf{\ > 0: M € AXM} is the gauge function associated to the nonempty

convex set M .

Proof.  The square root function, over positive numbers, can be represented in a varia-
tional form as \/y = min{a + £ : « > 0}. Without loss of generality, suppose M is a

compact convex set containing the origin. Provided that €25,(Y) > 0, from the variational
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representation of a conjugate VGF function we have

Q5 (Y) = iMigf;O {a+ étr(YMTYT) : range(Y") C range(M), M € MNST}

=

: TN . T m
= 4]\/[121;0{044—’51“(YMTY ) : range(Y") C range(M), M € a(MNST)}

where we used (aM)" = MT/a and performed a change of variable. The last representation
is the same as the one given in the statement of the lemma. On the other hand, when

Q5(Y) =0, the claimed representation returns 0 as well because M contains the origin. m

As an example, M = {M = 0 : tr(M) < 1} corresponds to (M) = tr(M) which if

plugged in (B20) gives the well-known semidefinite representation for nuclear norm.

3.3.5  Subdifferentials

In this section, we characterize the subdifferential of VGF's and their conjugate functions, as
well as that of their corresponding norms. Due to the variational definition of a VGF where
the objective function is linear in M, and the fact that M is assumed to be compact, it is

straightforward to obtain the subdifferential of {2y (e.g., see [80, Theorem 4.4.2]).
Proposition 41 The subdifferential of a convex VGF y at a matriz X is given by
O (X)) = conv {2XM : tr(XMX") = QX), M e MNS,}.
For the norm || X ||ac = v, we have 0| X ||x = mﬁQM(X) if Q(X) # 0.
As an example, the subdifferential of Q(X) =37 _, M;j|xTx;|, defined in (B4), is given by
OQ(X) = {2XM : M;; = My;sign(z] z;) if (z;,2;) #0, (3.21)
My = M | M| < Wij otherwise} .

Proposition 42 For a conver VGF Q¢ , the subdifferential of its conjugate function is given

O (Y) = (A(Y M+ W) : QY MT+ W) =40*(Y) = tr(YMTYT),

range(W7”) C ker(M) Cker(Y), M e MNS;}. (3.22)
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When Q%:(Y) # 0 we have O||Y || = 520 Q3 (Y) .

IY115¢

The proof of Proposition B2 is given in the Appendix.

Since 02*(Y') is non-empty, for any choice of My, there exists a W such that %(YMg +
W) € 09*(Y'). However, finding such W is not trivial. The following lemma characterizes
the subdifferential as the solution set of a convex optimization problem involving 2 and affine

constraints.

Lemma 43 Given Y and an optimal My, which by optimality satisfies ker(My) C ker(Y),

we have

00*(Y) = Arg min,, {Q(Z) . Z=YYM] + W), range(WT) C ker(My) C ker(Y)}

1
2

Z
— Argmin, {Q(Z) L Z =LY M+ W), WMM] = o} .

This is because for all feasible Z we have Q(Z) > tr(ZMyZ") = Q*(Y) .

The characterization of the whole subdifferential is helpful for understanding optimality
conditions, but algorithms only need to compute a single subgradient, which is easier than
computing the whole subdifferential.

3.83.6  Composition of VGF and absolute values

The characterization of the subdifferential allows us to establish conditions for convexity of

U(X) = Q(]X]|) defined in (BT3). Our result is based on the following Lemma.

Lemma 44 Given a function f : R — R, consider g(x) = miny>, f(y), and h(z) =

f(|x|), where the absolute values and inequalities are all entry-wise. Then,
(a) W <g<h.

(b) If f is convex then g is conver and g = h**.
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Proof. (a) In h*(y) = sup, {(z,y) — f(|z|)}, the optimal x has the same sign pattern as y;
hence h*(y) = sup,>¢ {(z, |y|) — f(z)}. Next, we have

W (z) = sgp{<y72>—igg{@,\y!)—f(w)}} = zggig{){<y,|2|>—<:c,y>+f(x)}

< inf sup {(y.[z]) = (z.y) + f(@)} = it sup {(y,]2] - 2) + f(2)}

z2>0 y>0 z2>0 y=>0
= Jof fz) = g(2).
This shows the first inequality in part (a). The second inequality follows directly from the
definition of g and h.
(B) Consider z1,z5 € R™ and 0 € [0,1]. Suppose g(x;) = f(y;) for some y; > |x;|, for

i =1,2. In other words, y; is the minimizer in the definition of g(z;), for i = 1,2. Then,
By definition of g and convexity of f

g0z, + (1= 0)x3) < f(Oyr + (1 = O)y2) < Of(y1) + (1 = 0) f(y2) = Og(a1) + (1 — 0)g(x2)

which implies that g is convex. It is a classical result that the epigraph of the biconjugate
h** is the closed convex hull of the epigraph of h; in other words, A** is the largest lower
semi-continuous convex function that is no larger than h (e.g., [I34, Theorem 12.2]). Since

g is convex and h** < g < h, we must have h** = g. ]

Corollary 45 Let Qy be a convex VGF. Then, Qu(|X]) is a convex function of X if and
only if (| X]) = miny>x) Q(Y).

Proof.  Let €y be the function f in Lemma B4. Then we have g(X) = miny> x| Qn(Y)
and h(X) = Q(|X]). Since here h is a closed convex function, we have h = h** [[34,
Theorem 12.2], thus part (a) of Lemma B4 implies h = g. On the other hand, given a convex
function f, part (b) of Lemma B4 states that ¢ = hA** is also convex. Hence, h = g implies

convexity of h. ]

Another proof of Corollary B3, in the case where /{2y is a norm and not a semi-norm,

is given as Lemma B8 in the Appendix.
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Lemma 46 Let Qi be a convex VGF. If 0y (X) NRY™ £ 0 holds for any X > 0, then
U(X) = Qu(|X]) is convex.

Proof. Using the definition of subgradients for 2 at | X| we have
QX |+ A) > Q(X]) +sup{(G, | X|+ A) : G eI at |X|},

where the right-most term is the directional derivative of © at | X| in the direction A. From
the assumption, we get Q(Y) > Q(|X]) for all Y > |X|. Therefore, U(X) = Qu(|X]|) =
miny > x| (YY) . Corollary B3 establishes the convexity of V. [ ]

For example, consider the VGF Q¢ defined in (B4), and assume that it is convex. Its
subdifferential 92 given in (B221). For each X > 0, the matrix product X M > 0 since M
is also a nonnegative matrix, hence it belongs to 9€(X). Therefore the condition in the
above lemma is satisfied, and the function W(X) = Qy(|X]) is convex and has an alternative
representation W(X) = miny> x| Q(Y). This specific function ¥ has been used in [T57]

for learning matrices with disjoint supports.

3.4 Proximal Operators

The proximal operator of a closed convex function h(-) is defined as
proxy, (z) = argmin,, { h(u) + 3lu— =[5},

which always exists and is unique; e.g., see [[34, Section 31]. Computing the proximal
operator is the essential step in the proximal point algorithm ([I06, [35]) and the proximal
gradient methods (e.g., [[26]). In each iteration of such algorithms, we need to compute
prox,, where 7 > 0 is a step size parameter. For a convex VGF Q (for which, without loss

of generality, we assume M C S7'), we have

proxqo(X) = argminmax {1[|Y — X |} + 7tr(Y MYT)}. (3.23)
Y  MeM
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If M is a compact convex set, one can change the order of min and max and first solve for
Y in terms of any given X and M, which gives Y = X (I + 2rM)~!. Then we can find the
optimal My € M given X as

My = argmin ey tr (X (I +27M)7'XT).

which gives prox,q(X) = X(I + 27My)~'. To compute the proximal operator for the

conjugate function Q* ; one can use Moreau’s formula (see, e.g., [134, Theorem 31.5]):

pros-o(X) + 77 'prog 10 (X) = X . (3.24)

Next we discuss proximal operators of norms induced by VGFs (section BZ234). Since
computing the proximal operator of a norm is equivalent to projection onto the dual norm

ball, we can express the proximal operator of the norm || - || = /Qn(-) as

prog . (X) = X — I < (X)

. , L, M ovT
= X —argminmin < [|Y — X||7 : tr(C) < 77, =0, MeM,,
Y

M,C Y C

where we used the representation of the conjugate VGF in (BIR) and the dual norm in (3220).
On the other hand, using the definition of proximal operator for the dual norm computed

via (B220) we have

M YT
prox |z, (X) = argminmin ¢ [|Y — X% + 7(tr(C) 4+ yw(M)) : =05,
Y MC Yy C

where y(M) = inf{\ > 0 : M € XM} is the gauge function associated to the nonempty
convex set M. The computational cost for computing proximal operators can be high in
general (involving solving semidefinite programs); however, they may be simplified for special
cases of M. For example, a fast algorithm for computing the proximal operator of the VGF
associated with the set M defined in (BI2) is presented in [I08]. For general problems, due
to the convex-concave saddle point structure in (B223), we may use the mirror-prox algorithm

[T25] to obtain an inexact solution.
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Left unitarily invariance and QR factorization As mentioned before, VGF's and their
conjugates are left unitarily invariant. We can use this fact to simplify the computation of
corresponding proximal operators when n > m . Consider the QR decomposition of a matrix
Y = QR where @ is an orthogonal matrix with Q7Q = QQT = I and R = [RL 0]7 is an
upper triangular matrix with Ry € R™ ™. From the definition, we have Q(Y) = Q(Ry)
and Q*(Y) = Q*(Ry) . For the proximal operators, we can simply plug in Rx from the QR
decomposition X = Q[R% 0] to get

M T
prox o« (X) = argminmin ¢ ||Y — X3 4+ 37 tr(C) : =0, MeM
Y MC Y C
M T
= @ -argminmin < |R — Rx|[; + 37 tr(C) : -0, MeM
R MC R C

where R is restricted to be an upper triangular matrix and the new semidefinite matrix is of

size 2m instead of n + m that we had before. The above equality uses two facts. First,

I, ol |M vYT| |1, O M RT
— =0 (3.25)
o QT| |y c||o @ R QTCQ

where the right and left matrices in the multiplication are positive definite. Secondly, tr(C) =
tr(C”") where C" = QTC(Q and assuming C”’ to be zero outside the first m x m block can only
reduce the objective function. Therefore, we can ignore the last n — m rows and columns of
the above PSD matrix.

More generally, because of left unitarily invariance, the optimal Y’s in all of the optimiza-
tion problems in this section have the same column space as the input matrix X ; otherwise,

a rotation as in (B23) produces a feasible Y with a smaller value for the objective function.

3.5 Algorithms for Optimization with VGF

In this section, we discuss optimization algorithms for solving convex minimization problems
with VGF penalties in the form of (B@). The proximal operators of VGFs we studied in

the previous section are the key parts of proximal gradient methods (see, e.g., [15, 18, 128]).
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More specifically, when the loss function £(X) is smooth, we can iteratively update the

variables X® as follows:
X0 = prog,, o (X" — % VL(XY)),  t=0,1,2,...,

where 7, is a step size at iteration ¢. When £(X) is not smooth, then we can use subgradients
of £L(X®) in the above algorithm, or use the classical subgradient method on the overall
objective L(X) 4+ AQ(X). In either case, we need to use diminishing step size and the
convergence can be very slow. Even when the convergence is relatively fast (in terms of
number of iterations), the computational cost of the proximal operator in each iteration can
be very high.

In this section, we focus on loss functions that have a special form shown in (8=28). This
form comes up in many common loss functions, some of which listed later in this section, and
allows for faster algorithms. We assume that the loss function £ in (88) has the following
representation:

L(X) =max (X,D(g)) - L(g), (3.26)

geg

where £ : RP — R is a convex function, G is a convex and compact subset of RP, and
D : RP — R™ is a linear operator. This is also known as a Fenchel-type representation
(see, e.g., [04]). Moreover, consider the infimal post-composition [I3, Def. 12.33] of £ : G — R

by D(+), defined as

(D> L)(Y)=inf{L(G): D(G)=Y, GeG}.
Then, the conjugate to this function is equal to £. In other words, £(X) = EA*(D*(X))
where L£* is the conjugate function and D* is the adjoint operator. The composition of a
nonlinear convex loss function and a linear operator is very common for optimization of linear
predictors in machine learning (e.g., [79]), which we will demonstrate with several examples

later in this section.
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With the variational representation of £ in (B=28), we can write the VGF-penalized loss
minimization problem (BM) as a convex-concave saddle-point optimization problem:

Jops = min  max {<X, D(g)) — L(g) + )\tr(XMXT)} . (3.27)

X MeMNS4,geqg

If £ is smooth (while £ may be nonsmooth) and the sets G and M are simple (e.g., admitting
simple projections), we can solve problem (B=27) using the mirror-proz algorithm [I25, 94].
In section BXhl, we present a variant of the miror-prox algorithm equipped with an adaptive
line search scheme. Then in Section BZh™, we present a preprocessing technique to transform
problems of the form (B=Z7) into smaller dimensions, which can be solved more efficiently
under favorable conditions.

Before diving into the algorithmic details, we examine some common loss functions and
derive the corresponding representation (B=28) for them. This discussion will provide intuition

about the linear operator D and set G in relation with data and prediction.

Norm loss Given a norm || - || and its dual || - ||*, consider the squared norm loss

L(w) = 5[ Az = b|I* = max {{g, Az —b) = 5(|lg][")" }

2

In terms of the representation in (328), here we have D(g) = A”g and L(g) = +([lgl[*)*4+bTg.

Similarly, a norm loss can be represented as

L(z) = [|Az - b]| = mgx{<x,ATg> —blg: |lgl" <1},

~

where we have D(g) = ATg, L(g) =bTgand G = {g: ||g|* < 1}.

e-insensitive (deadzone) loss Another variant of the absolute loss function is called the
e-insensitive loss (e.g., see [IZ1), Section 14.5.1] for more details and applications) and can
be represented, similar to (B228), as

Le(z) = (jo| — )y =max{a(z —e) + f(-2—€): &, f 20, a+ S <1}

)
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Hinge loss for binary classification In binary classification problems, we are given a
set of training examples (a;, b1),..., (an,by), where each a5 € RP is a feature vector and
bs € {+1,—1} is a binary label. We would like to find z € R? such that the linear function

al'z can predict the sign of label b, for each s = 1,..., N. The hinge loss max{0,1—bs(alz)}

returns 0 if b,(al’x) > 1 and a positive loss growing with the absolute value of b,(alz) when

it is negative. The average hinge loss over the whole data set can be expressed as

N
1
where D = [bay, ..., byay]? . Here, in terms of (B28), we have, G = {g e RV : 0 < g, <

1/N}7 D(g) = _DTga and E(g) - _1Tg

Multi-class hinge loss For multiclass classification problems, each sample a, has a label
bs € {1,...,m}, for s =1,..., N. Our goal is to learn a set of classifiers z1, ..., z,,, that can

predict the labels bg correctly. For any given example a; with label b,, we say the prediction

made by x1,...,x,, is correct if
r;a, > x;a, forall (4,5) € Z(bs), (3.28)
where Z,,, for k = 1,...,m, characterizes the required comparisons to be made for any

example with label k. Here are two examples.

1. Flat multiclass classification: Z(k) = {(k,j) : j # k}. In this case, the constraints

in (B28) are equivalent to the label b, = argmax;c(; .\ ] a; see [I61].

2. Hierarchical classification. In this case, the labels {1,...,m} are organized in a tree
structure, and each Z(k) is a special subset of the edges in the tree depending on the

class label k; see Section B@ and [64, [6Y] for further details.

Given the labeled data set (ai, by),...,(ay,by), we can optimize X = [z1,..., 2] to

minimize the averaged multi-class hinge loss

N
1 T T
L(X)= N SE_I max {O7 1— (z‘,j)me%}((bs){xi A — T as}} ) (3.29)
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which penalizes the amount of violation for the inequality constraints in (B=2R).

In order to represent the loss function in (B229) in the form of (B=28), we need some more
notations. Let p, = |Z(k)|, and define Ej, € R™*P* as the incidence matrix for the pairs
in 7y ; i.e., each column of Fj, corresponding to a pair (7,j) € Zj, has only two nonzero
entries: —1 at the ith entry and +1 at the jth entry. Then the p; constraints in (B2R)
can be summarized as Ff XTa, < 0. It can be shown that the multi-class hinge loss £(X)

in (BZ9) can be represented in the form (BZ8) via
D(g)=-AE(g), and  L(g)=-1"y,

where A = [a; --- ay] and E(g) = [Epg1 -+ Epygn])? € RY*™ . Moreover, the domain of

maximization in (BZ28) is defined as
G=Gy x...xGy, where Gy={gcR:g>0,1"g<1/N}. (3.30)

Combining the above variational form for multi-class hinge loss and a VGF as penalty on X,
we can reformulate the nonsmooth convex optimization problem miny {£(X) + AQn(X)}
as the convex-concave saddle point problem

min  max {179 — (X, A&(g)) + Mr(XMXT)}. (3.31)

X MeMNS,,geg

3.5.1  Mirror-prox algorithm with adaptive line search

The mirror-prox (MP) algorithm was proposed by Nemirovski [I25] for approximating the
saddle points of smooth convex-concave functions and solutions of variational inequalities
with Lipschitz continuous monotone operators. It is an extension of the extra-gradient
method [96], and more variants are studied in [93]. In this section, we first present a variant
of the MP algorithm equipped with an adaptive line search scheme. Then explain how to
apply it to solve the VGF-penalized loss minimization problem (B=22).

We describe the MP algorithm in the more general setup of solving variational inequality

problems. Let Z be a convex compact set in Euclidean space F equipped with inner product
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(-,-), and || - || and || - ||« be a pair of dual norms on E, i.e., ||{]. = max,<i(§,2). Let

F: Z — E be a Lipschitz continuous monotone mapping, i.e.,
Vz,2/ e Z: ||[F(z) = F(Z)|. < L|z =7, and (F(z) — F(z'),z—2') > 0. (3.32)

The goal of the MP algorithm is to approximate a (strong) solution to the variational in-

equality associated with (Z, F'):
(F(2%),z—2") >0, VzeZ.

Let ¢(z,y) be a smooth function that is convex in x and concave in y, and X and Y be

closed convex sets. Then the convex-concave saddle point problem

minmax $(z,y), (3.33)

can be posed as a variational inequality problem with z = (x,y), Z = X x Y and

Floy= | Ve | (3.34)

_Vy¢($a y)

The setup of the Mirror-Prox algorithm requires a distance-generating function h(z)
which is compatible with the norm || - ||. In other words, h(z) is subdifferentiable on the
relative interior of Z, denoted Z°, and is strongly convex with modulus 1 with respect to ||-||,

ie.,
V2,2 €7 : (Vh(z) = Vh(),z =) > ||z = |* (3.35)
For any z € Z° and 2’ € Z, we can define the Bregman divergence at z as
V(7)) = h(2') = h(2) = (Vh(2), 2 - 2),
and the associated proximity mapping as

P.(§) = argmin,c,{({,2) +V.(z)} = argmin,.c;{(¢ - Vh(2),7) + h(z)}.
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Algorithm: Mirror-Prox(zy,71,¢€)
repeat
t:=t+1
repeat
M= %/ Cdec
wy = P, (7 F(2))
zep1 1= Py (1 F (wy))
until §; <0
Yt+1 = CincVt

until V,,(z41) < ¢

return z = (30 ) 0 yrws

Figure 3.2: Mirror-Prox algorithm with adaptive line search. Here cqec > 1 and ¢, > 1 are
parameters controlling the decrease and increase of the step size ~; in the line search trials.

The stopping criterion for the line search is 0; < 0 where §; = 4 (F (wy), wy — zi11) — Va, (2441) -
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With these definitions, we are now ready to present the MP algorithm in Figure B=2.
Compared with the original MP algorithm [I25, O3], our variant employs an adaptive line
search procedure to determine the step sizes 7, , for t = 1,2,.... We can exit the algorithm
whenever V, (z:11) < € for some € > 0. Under the assumptions in (8232), the MP algorithm
in Figure B2 enjoys the same O(1/t) convergence rate as the one proposed in [I25], but
performs much faster in practice. The proof requires only simple modifications of the proof
in [[25, B3].

To solve the saddle-point problem in (B=2Z1), assuming L is smooth and M C S, we can
apply the MP algorithm directly. Notice that M C S, (or the iterations of the MP being
PSD) is required for the objective to be convex in X . We remark on such guarantee after

Corollary B2. Moreover, the gradient mapping in (BZ34) becomes

vec(2AX M + D(g))
F(X,M,qg) = —Avec(XTX) ,
vee(VZ(g) — D*(X)

where D*(+) is the adjoint operator to D(-). Assuming g € RP, computing F' requires
O(nm? + nmp) operations for matrix multiplications. In the next section, we present a
method that can potentially reduce the problem size by replacing n with min{mp,n}. In
the case of SVM with the hinge loss as in our real-data numerical example, one can replace

n by min{N, mp,n} , where N is the number of samples.

3.5.2 A Kernel Trick (Reduced Formulation)

As we discussed earlier, when the loss function has the structure (828), we can write the

VGF-penalized minimization problem as a convex-concave saddle point problem

Jope = min max {(X,D(g>>—2(g)+m(.>()}. (3.36)

XeRnxm geg
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Since G is compact, €2 is convex in X , and £ is convex in ¢, we can use the minimax theorem
to interchange the max and min. Then, for any orthogonal matrix () we have

Jopt = Max min {(X,D(g)) —L(g)+ )\Q(X)}

geg X

= max min {(Q"X,Q"D(9)) - L(g) + 1 2AQ"X)}

geg
= max min { (X,Q"D(g)) ~ L(g) + AQX) | (3.37)

where the second equality is due to the left unitarily invariance of €2, and we renamed the
variable X to get the third equality. Observe that @) is an arbitrary orthogonal matrix in
(B231) and can be chosen in a clever way to simplify D as described in the sequel. Since D(g)

is linear in ¢, consider a representation as
D(g) = [Drg -+ Dmgl = [Dy -+ Du](Im @ g) = D(In, © g), (3.38)

for some D; € R™? and D € R""_ Then, express D as the product of an orthogonal
matrix and a residue matrix, such as in QR decomposition D = QR , where provided that
n > mp, only the first mp rows of R can be nonzero (will be denoted by R;). Define
D'(g) = Ri(I,, ® g) € R?*™ for ¢ = min{mp,n} . Plugging the above choice of @) in (B232)

gives

. Xy D'(9) > X1
Jopt = max min < ( : ) — L(g) + A )
9€g X1,X2 X, 0 X,
Observe that setting Xs to zero does not increase the value of €2 which allows for restricting
the above to the subspace Xy = 0 and getting
Jopt = min max (X, D'(g)) — L(g) + MAX) (3.39)

XeRIxXm geG

whose X variable has ¢ = min{mp,n} rows compared to n rows in (88).
Notice that while the evaluation of .J,, via (B239) can potentially be more efficient, we

are interested in recovering an optimal point X in (BZ38) which is different from the optimal
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points in (B239). However, tracing back the steps we took to get (8239) from (B=38), we get

X (53.t39)
Xop"=Q |7

The special case of regularization with squared Euclidean norm has been understood
and used before; e.g., see [[40]. However, the above derivations show that we can get
similar results when the regularization can be represented as a maximum of squared weighted
Euclidean norms.

It is worth mentioning that the reduced formulation in (8239) can be similarly derived
via a dual approach; one has to take the dual of the loss-regularized optimization problem
(e.g., see Example 11.41 in [T37]), use the left unitarily invariance of the conjugate VGF to

reduce D to D', and dualize the problem again, to get (B39).

3.5.83 A Representer Theorem

A general loss-regularized optimization problem as in (B) where the loss admits a Fenchel-
type representation and the regularizer is a strongly convex VGF (including all squared
vector norms) enjoys a representer theorem (see, e.g., [I40]). More specifically, the optimal
solution is linearly related to the linear operator D in the representation of the loss. As
mentioned before, for many common loss functions, D encodes the samples, which reduces

the following proposition to the usual representer theorem.

Proposition 47 For a loss-reqularized minimization problem as in (88), i.e.,

minimize L£(X) + A Qy(X),

X ERnxm

where Q¢ is strongly conver and L admits a Fenchel-type representation as

L(X) =max (X,D(g)) — L(g) = max (X,D(I,, ®g)) — L(g),

geg g€y

the optimal solution X.p admits a representation of the form

Xopt - DC
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where the coefficient matriz C' is given by C' = —%Mo_pi ® gopt (0ptimal solutions of (B=Z1)).

Proof.  Denote the optimal solution of (B=22) by (Xopt, Gopts Mopt) , Which shares (Xopt, gopt)
with (B338). Consider the optimality condition as —5D(gopt) € I Xopt) Which implies

Xopt € 89*(_%D(90pt))-

Now, suppose M C S which is equivalent to assuming that €y is strongly convex. Con-
sidering the characterization of subdifferential for 2* from Proposition B2 as well as the

representation of D(g) in (B=38) we get
Xopt = _%D(gopt)Mc;)i = _%Dum ® gOpt)Mfi)lt = _%D<Moipi ® 90pt) .
n

This representer theorem allows us to apply our methods in more general reproducing
kernel Hilbert spaces (RKHS) by choosing a problem specific reproducing kernel; e.g. see

(140, 169].
3.6 Numerical Example

In this section, we discuss the application of VGF's in hierarchical classification to demon-
strate the effectiveness of the presented algorithms in a real data experiment. More specifi-
cally, we compare the modified mirror-prox algorithm with adaptive line search presented in
Section B with the variant of Regularized Dual Averaging (RDA) method used in [I69]
in the text categorization application discussed in [T69].

Let (a1, b1),...,(an,by) be a set of labeled data where each a; € R™ is a feature vector
and the associated b; € {1,...,m} is a class label. The goal of multi-class classification is
to learn a classification function f : R® — {1,...,m} so that, given any sample a € R"
(not necessarily in the training set), the prediction f(a) attains a small classification error
compared with the true label.

In hierarchical classification, the class labels {1,...,m} are organized in a category tree,

where the root of the tree is given the fictious label 0 (see Figure BZ38). For each node
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( 3
initialize 1 := 0

while C(i) is not empty

. T
i 1= argmaxec) ;A

\ return ¢

(a) (b)

Figure 3.3: (&) An example of hierarchical classification with four class labels {1, 2,3,4}. The
instance a is classified recursively until it reaches the leaf node b = 3, which is its predicted

label. (H) Definition of the hierarchical classification function.

i €{0,1,...,m}, let C(7) be the set of children of 7, S(i) be the set of siblings of i, and A(7)
be the set of ancestors of i excluding 0 but including itself. A hierarchical linear classifier
f(a) is defined in Figure BZ3H, which is parameterized by the vectors zi,...,x,, through
a recursive procedure. In other words, an instance is labeled sequentially by choosing the
category for which the associated vector outputs the largest score among its siblings, until a
leaf node is reached. An example of this recursive procedure is shown in Figure BZ3a. For the
hierarchical classifier defined above, given an example a; with label by, a correct prediction

made by f(a) implies that (B228) holds with

Z(k) ={(i,5) : j € S(i), i € A(k)}.

Given a set of examples (a, by), ..., (ay, by), we can train a hierarchical classifier parametrized
by X = [z1,..., %] by solving the problem miny {£(X) + AQ(X)}, with the loss function
L(X) defined in (B229) and an appropriate VGF penalty function Q(X). As discussed in
Section B4, the training optimization problem can be reformulated as a convex-concave sad-
dle point problem of the form (B=27) and solved by the mirror-prox algorithm described in

Section B2, In addition, we can use the reduction procedure discussed in Section B52 to
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reduce computational cost.

As discussed in [16Y9], one can assume a model where classification at different levels of the
hierarchy rely on different features or different combination of features. Therefore, authors
in [169] proposed regularization with |z z;| whenever j € A(i). A convex formulation of

such a regularization function can be written in the form (B4) with

where the nonzero pattern of M corresponds to the pairs of ancestor-descendant nodes.
According to (BIH), we have M C S provided that )\min(M ) > 0; see Figure B

As a real-world example, we consider the classification dataset Reuters Corpus Volume
I, RCV1-v2 [0, which is an archive of over 800,000 manually categorized newswire stories
and is available in libSVM. A subset of the hierarchy of labels in RCV1-v2, with m = 23
labels (18 leaves), is called ECAT and is used in our experiments. The samples and the
classifiers are of dimension n = 47236. Lastly, there are 2196 training, and 69160 test
samples available.

We solve the same loss-regularized problem as in [I6Y9], but using mirror-prox (discussed
in Section BH) instead of regularized dual averaging (RDA). The regularization function
is a VGF and is given in (B4). A reformulation of the whole problem as a smooth convex-
concave problem is given in (B231). To obtain comparable results, we use the same matrix
M and regularization parameter A = 1 as in [[69]. Since we are solving the same problem
as [16Y], the prediction error on test data by the estimated classifiers will be the same as the
error reported in this reference. Note that in this experiment, n = 47236 while m = 23 and
p > 2196, so the kernel trick is not particularly useful since n is not larger than mp.

In the setup of the mirror-prox algorithm, we use the 5 norm as the mirror map which
requires the least knowledge about the optimization problem (see [93] for the requirements
when combining a number of mirror maps corresponding to different constraint sets in the
saddle point optimization problem). With this mirror map, the steps of mirror-prox only

require orthogonal projection onto G and M. The projection onto G in (B230) boils down
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to separate projections onto N scaled full-dimensional simplexes (where the summation of
entries is bounded by 1 and not necessarily equal to 1). Each projection amounts to zeroing
out the negative entries followed by a projection onto the ¢; unit norm ball (e.g., using the
simple process described in [6Y9]).

The variant of RDA proposed in [I69] has a convergence rate of O(ln(t)/ot) for the
objective value, where o is the strong convexity parameter of the objective. On the other
hand, mirror-prox enjoys a convergence rate of O(1/t) as given in [I25]. Although there is a
clear advantage to the MP method compared to RDA in terms of the theoretical guarantee,
one should be aware of the difference between the notions of gap for the two methods. Figure
B2a compares || X; — Xgpal||r for MP and RDA using each one’s own final estimate Xgya) -
In terms of the runtime, we epirically observe that each iteration of MP takes about 3 times
more time compared to RDA. However, as evident from Figure B4a, MP is still much faster
in generating a fixed-accuracy solution. Figure B4H illustrates the decay in the value of the

gap for mirror-prox method, V,,(z1), which confirms the theoretical convergence rate of

O(1/1).
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Figure 3.4: Convergence behavior for mirror-prox and RDA in our numerical experiment.
(m) Average error over the m classifiers between each iteration and the final estimate,
| X: — Xfinal||F , for the MP and RDA algorithms, on a logarithmic scale. (B) V,,(z;11) on a
logarithmic scale. (o) The value of loss function, relative to the final value, on a logarithmic

scale for MP. For visualization purposes, the plots show data points at every 10 iterations.
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3.7 Discussion

In this work, we introduce variational Gram functions, which include many existing regular-
ization functions as well as important new ones. Convexity properties of this class, conjugate
functions, subdifferentials, semidefinite representability, proximal operators, and other con-
vex analysis properties are studied. By adapting the mirror-prox method [I25], we provide a
general and efficient optimization algorithm for VGF-regularized loss minimization problems.
We establish a general kernel trick and a representer theorem for such problems. Finally, the
effectiveness of VGF regularization as well as the efficiency of our optimization approach is
illustrated by a numerical example on hierarchical classification for text categorization.
There are numerous directions for future research on this class of functions. One issue
to address is how to systematically pick an appropriate set M when defining a new VGF
for some new application. Statistical properties of VGFs, for example the corresponding
sample complexity, are of interest from a learning theory perspective. The presented kernel
trick (which uses the left unitarily invariance property of VGF's) can be potentially extended
to other invariant regularizers. And last but not least, it is interesting to see if there is a
variational Gram representation for any squared left unitarily invariant norm. We elaborate

on these directions and add some more in Chapter b=2.
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Chapter 4
COMMUNITY DETECTION

The Stochastic Block Model (SBM) is a widely used random graph model for networks
with communities. Despite the recent burst of interest in community detection under the
SBM from statistical and computational points of view, there are still gaps in understanding
the fundamental limits of recovery. In this chapter, we consider the SBM in its full generality,
where there is no restriction on the number and sizes of communities or how they grow with
the number of nodes, as well as on the connectivity probabilities inside or across communities.
For such stochastic block models, we provide guarantees for exact recovery via a semidefinite
program as well as upper and lower bounds on SBM parameters for exact recoverability. Our
results exploit the tradeoffs among the various parameters of heterogenous SBM and provide

recovery guarantees for many new interesting SBM configurations.

4.1 Introduction

A fundamental problem in network science and machine learning is to discover structures in
large, complex networks (e.g., biological, social, or information networks). Community or
cluster detection underlies many decision tasks, as a basic step that uses pairwise relations
between data points in order to understand more global structures in the data. Applications
include recommendation systems [163], image segmentation [[44, 10}, learning gene network
structures in bioinformatics, e.g., in protein detection [44] and population genetics [92].

In spite of a long history of heuristic algorithms (see, e.g., [99] for an empirical overview),
as well as strong research interest in recent years on the theoretical side as briefly reviewed
below, there are still gaps in understanding the fundamental information theoretic limits of

recoverability (i.e., if there is enough information to reveal the communities) and compu-



97

tational tractability (if there are efficient algorithms to recover them). This is particularly
true in the case of sparse graphs (that test the limits of recoverability), graphs with hetero-
geneous communities (communities varying greatly in size and connectivity), graphs where
the number of communities grows with the number of nodes, and partially observed graphs

(with various observation models).

4.1.1  Ezact Recovery for Heterogenous Stochastic Block Model

The stochastic block model (SBM), first introduced and studied in mathematical sociology by
Holland, Laskey and Leinhardt in 1983 [81]], can be described as follows. Consider n vertices
partitioned into r communities Vi, Vs, ...V, of sizes ni,nq,...,n,. We endow the kth
community with an Erdés-Rényi random graph model G(ng, px) and draw an edge between
pairs of nodes in different communities independently with probability ¢; i.e., for any pair
of nodes i and j, if i,j € Vj for some k € {1,...,r} we draw an edge with probability py,
and draw an edge with probability ¢ if they are in different communities. We assume
¢ < ming pi in order for the idea of communities to make sense. This defines a distribution
over random graphs known as the stochastic block model. In this chapter, we assume the
above model while allowing the number of communities to grow with the number of nodes
(similar to [B0, 76, T38]). We refer to this model as the heterogeneous stochastic block model
to contrast our study of this general setting with previous works on special cases of SBM
such as 1) homogenous SBM where the communities are equivalent (they are of the same size
and the connectivity probabilities are equal,) e.g., as in [47], or, 2) SBM with linear-sized
communities, where the number of communities is fized and all community sizes are Q(n);

e.g., as in [7].

4.1.2  Statistical and Computational Regimes

What we can infer about the community structure from a single draw of the random graph

varies based on the regime of model parameters. Often, the following scenarios are considered.



98

1. Recovery, where the proportion of misclassified nodes is negligible; either 0 or asymptot-

ically negligible as the number of nodes grow, corresponding to the subregimes below.

la)

1h)

Ezact Recovery (or Recovery with Strong Consistency). In this regime it is possible
to recover all labels, with high probability. That is, an algorithm has been proved to
do so, whether in polynomial time or not. For example, [47, 2] studied the exact

recovery problem for special cases of SBM.

Almost Exact Recovery (or Recovery with Weak Consistency). In this case, algorithms
exist to recover a proportion 1 — (1) of the nodes, but not all of them. See [I3R]
for early works on weakly consistent recovery, [I19] for the case of binary SBM, [I65]
for finite number of linear-sized communities, and [166, 6Y] for a growing number of

approximately same-sized communities.

2. Approximation, where a finite fraction (bounded away from 1) of the vertices is recovered.

2a)

2b)

Partial Recovery (or Approzimation) Regime. Only a fraction of vertices, i.e. (1—a)n
for some 0 < a < 1, can be guaranteed to be recovered correctly. e.g. see [b0, 53]. A
series of works have provided partial recovery conditions for the cases of two equivalent
communities [[18, 07, 116, [17], finite number of linear-sized communities [?], and

heterogenous SBM |76, 95].

Detectability. One may construct a partition of the graph which is correlated with
the true partition (which in this context means doing better than guessing), but one
cannot guarantee any kind of quantitative improvement over random guessing. This
happens in very sparse regimes when some p;’s and ¢ are of the same, small, order;

e.g. see [[IR, B].

Both recovery and approximation can be studied from statistical and computational points

of view.
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Statistically, one can ask about the parameter regimes for which the model can be recov-
ered or approximated. Such characterizations are specially important when an information-
theoretical lower bound (below which recovery is not possible with high probability) is shown
to be achievable with an algorithm (with high probability), hence characterizing a phase tran-
sition in model parameters. Recently, there has been significant interest in identifying such
sharp thresholds for various parameter regimes.

Computationally, one might be interested to study algorithms for recovery or approx-
imation. In the older approach, algorithms were studied to provide upper bounds on the
parameter regimes for recovery or approximation. See [45] or [2, Section 5] for a summary
of such results. More recently, the paradigm has shifted towards understanding the limita-
tions and strengths of tractable methods (e.g. see [[T4] on semidefinite programming based
methods) and assessing whether successful retrieval can be achieved by tractable algorithms
at the sharp statistical thresholds or there is a gap. So far, it is understood that there is no
such gap in the case of exact recovery (weak and strong) and approximation of binary SBM
as well as the exact recovery of linear-sized communities [2]. However, this is still an open
question for more general cases; e.g., see [3] and the list of unresolved conjectures therein.

The statistical-computational picture for SBM with only two equivalent communities has
been fully characterized in a series of recent papers [b3, IR, I16, [07, [1T7, 119, 0, ['7]. Apart
from the binary SBM, the best understood cases are where there is a finite number r of
equivalent or linear-sized communities. Outside of the settings described above, the full

picture has not yet emerged and many questions are unresolved.

4.1.3  This Chapter

The community detection problem studied in this chapter is stated as: given the adjacency
matrix of a graph generated by the heterogenous stochastic block model, for what SBM
parameters we can recover the labels of all vertices, with high probability, using an algorithm
that has been proved to do so. We consider a convex program in (E4) and an estimator

similar to the maximum likelihood estimator in (EZH) and characterize parts of the model
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space for which exact recovery is possible via these algorithms. Theorems B8 and B9 provide
sufficient conditions (in terms of the SBM parameters) for exact recovery via the convex
recovery program and Theorem B0 provides sufficient conditions for exact recovery via the
modified maximum likelihood estimator. In Section 273, we extend the above bounds to the
case of partial observations, i.e., when each entry of the matrix is observed uniformly with
some probability v and the results are recorded. We also provide an information-theoretic
lower bound, describing an impossibility regime for exact recovery in heterogenous SBM in
Theorem BI. All of our results hold with high probability, as this is the best one can hope
for; with tiny probability the model can generate graphs like the complete graph where the
partition is unrecoverable.

The results of this chapter provide a clear improvement in the understanding of stochastic
block models by exploiting tradeoffs among SBM parameters. We identify a key parameter
(or summary statistic), defined in () and referred to as relative density, which shows up
in our results and provides improvements in the statistical assessment and efficient compu-
tational approaches for certain configurations of heterogenous SBM; examples are given in

in Section B3 to illustrate a number of such beneficial tradeoffs that lead to the following

e semidefinite programming can successfully recover communities of size 0(1/log n) under
mild conditions on other communities (see Example B for details) while logn has long

been believed to be the threshold for the smallest community size.

e The sizes of the communities can be wide spread, or the inter- and intra-community
probabilities can be very close, and the model still be efficiently recoverable, while

existing methods (e.g. peeling strategy [4]) providing false negatives.

While these results are a step towards understanding the information-computational picture
about the heterogenous SBM with a growing number of communities, we cannot comment
on phase transitions or a possible information-computational gap (see Section EI2) in this

setup based on the results of this chapter.
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4.2 Main Results

Consider the heterogenous stochastic block model described above. In the proofs, we can
allow for isolated nodes (communities of size 1) which are omitted from the model here to
simplify the presentation. Denote by ) the set of admissible adjacency matrices according

to a community assignment as above, i.e.,
Y :={Y € {0,1}"": Y is a valid community matrix w.r.t. V;,...,V, where |Vi| = ns}.
Define the relative density of a community as

pr = (Pr — @), (4.1)

which gives > ;| pr = > 1y Pk —qn . Define nyi, and nyax as the minimum and maximum
of ny,...,n; respectively. The total variance over the kth community is defined as o7 =

nipr(1 — pi) , and we let 02 = ng(1 — ¢) . Moreover, consider

Ufnax = kr_nax ai = kmax nepr(1 — pr) - (4.2)

=1,...,r =1,..,7

A Bernoulli random variable with parameter p is denoted by Ber(p), and a Binomial
random variable with parameters n and p is denoted by Bin(n, p). The Neyman Chi-square

divergence between the two discrete random variables Ber(p) and Ber(q) is given by

~ (p—q)z'

D(p,q) := p (4.3)

Chi-square divergence is an instance of a more general family of divergence functions called f-
divergences or Ali-Silvey distances. This family also includes KL-divergence, total variation
distance, Hellinger distance and Chernoff distance as special cases. Moreover, the divergence
used in [2] is an f-divergence.

Lastly, log denotes the natural logarithm (base e), and the notation § 2 1 is equivalent
to # >0(1).
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4.2.1 Conver Recovery

Inspired by the success of semidefinite programs in community detection (e.g., see [(6, [14])

we consider a natural convex relaxation of the maximum likelihood estimator, similar to the

one used in [d7], for exact recovery of the heterogeneous SBM with a growing number of

communities. Assuming that >, _, n} is known, we solve
Yy = arg max Z” A;;Yi; (4.4

subject to [V, < V[l =n, X, ¥y = Syni, 0< Y, < 1.

where || - ||, denotes the nuclear norm (the sum of singular values of the matrix) and Y* € )

is the true community matrix.

We prove two theorems giving conditions under which the above convex program out-
puts the true community matrix with high probability. In establishing these performance
guarantees, we follow the standard dual certificate argument in convex analysis while utiliz-
ing strong matrix concentration results from random matrix theory, e.g., [&3, 51, I58, 12].
These results allow us to bound the spectral radius of the matrix A — [H(A) where A is
an instance of adjacency matrix generated under heterogenous SBM. The proofs for both

theorems along with the matrix concentration bounds are given in Appendix A.

Theorem 48 Under the heterogenous stochastic block model, the output of the semidefinite
program in (E4) coincides with Y* with high probability, provided that

T~ lo Nmin
P% Z 0'13 IOg ng , D(pmim Q) Z g— ) prznin 2 maX{O—IQnax? nq(l - Q)a log n}

min

and Y, n;“ =0o(l) for some a > 0.

Proof Sketch. For Y* to be the unique solution of (B=), we need to show that for any feasible
Y # Y™, the following quantity

(AY*—Y) = (B(A),Y* —Y) + (A - B(A),Y* - Y)
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is strictly positive. In bounding the second term above, we make use of the constraint
1Y ||« < ||Y*|l« by constructing a dual certificate from A —[E(A). This is where the bounds
on the spectral norm (dual norm for the nuclear norm) of A —[H(A) enter and we use matrix
concentration bounds (see Lemma 7 in Appendix A).

The assumption Y, _,n,% = o(1) above is tantamount to saying that the number of
tiny communities cannot be too large (e.g., the number of polylogarithmic-size communities
cannot be a power of n). In other words, one needs to have mostly large communities
(growing like n¢, for some € > 0) for this assumption to be satisfied. Note, however, that the
condition does not restrict the number of communities of size n¢ for any fixed € > 0. In fact,
Theorem ER allows us to describe a regime in which tiny communities of size 0(y/logn) are
recoverable provided that they are very dense and that only few tiny or small communities
exist; see Example B. The second theorem imposes more stringent conditions on the relative
density, hence only allowing for communities of size down to logn , but relaxes the condition

that only a small number of nodes can be in small communities.

Theorem 49 Under the heterogenous stochastic block model, the output of the semidefinite
program in (B4) coincides with Y™* , with high probability, provided that

pi Z Ul% logn ) D(pmina Q) 2 logn ) p?ﬂin Z max{o_lznaum nQ(l - Q)} .

~ s
M'min

The proof of Theorem E9 is similar to the proof of Theorem AR except that we use a different

matrix concentration bound (see Lemma 10 in Appendix A).

4.2.2  Recoverability Lower and Upper Bounds

Next, we consider an estimator, inspired by maximum likelihood estimation, and identify
a subset of the model space which is exactly recoverable via this estimator. The proposed
estimation approach is unlikely to be computationally tractable and is only used to examine

the conditions for which exact recovery is possible. For a fixed Y € ) and an observed
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matrix A, the likelihood function is given by
Hp l’LJ) pT(l,j))(l Az]) wq zj(l—nj)<1 _q)(l—Aij)(l_}/ij)’
1<J

where 7: {1,...,n}*> — {1,...,7} and 7(i,j) = k if and only if i, j € V}, and arbitrary in
{1,...,7} otherwise. The log-likelihood function is given by

log By (A) = > "log

1<j

i+ Z log Briig) ——2Y,; + terms not involving {Y;;}.

1_p7 (4,9) i<j

Maximizing the log-likelihood involves maximizing a weighted sum of {Y;;}’s where the
weights depend on the (usually unknown) values of ¢, py,...,p.. To be able to work with

less information, we will use the following modification of maximum likelihood estimation,

which only uses the knowledge of ny,...,n,,

ij=1
Theorem 50 Suppose Ny, > 2 and n > 8. Under the heterogenous stochastic block model,

of

1 min 1- min + 11—
pmin24(17+77)<§+p ( ; )_qq( q>>logn,

for some choice of n > 0, then the optimal solution Y of the non-conver recovery program

in (E3) coincides with Y*, with a probability not less than 1 — 7pm‘"“‘7;1 n?n.

Similar to the proof of Theorem B8, we establish (A, Y* —Y) > 0 for any Y € ), while this
time, we use a counting argument (see Lemma 11 in Appendix B) similar to the one in [47].
The complete proofs for this Theorem and the next one are given in Appendix B. Notice
that pmin = ming_y__, ng(pr — ¢) and pyi, = ming—;__, px do not necessarily correspond to
the same community.

Finally, to provide a better picture of community detection for heterogenous SBM we

provide the following sufficient conditions for when the exact recovery is impossible.
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Theorem 51 If any of the following conditions holds,
(1) 2 <ny <nje, and422:1ni5(pk,q) < %anklogn—’z —r—2
(2) n> 128, r > 2 and max {nkﬁ(pk, q) + nkﬁ(q,pk)} < 5 log(n — Nuin)

then infg supy.cy [EI(SA/ #Y*) > % where the infimum is taken over all measurable estimators

Y based on the realization A generated according to the heterogenous stochastic block model.

4.2.8  Partial Observations

In the general stochastic block model, we assume that the entries of a symmetric adjacency
matrix A € {0, 1}"*" have been generated according to a combination of Erdés-Rényi models
with parameters that depend on the true community matrix. In the case of partial obser-
vations, we assume that the entries of A has been observed independently with probability
~v. In fact, every entry of the input matrix falls into one of these categories: observed as
one denoted by €y, observed as zero denoted by €1y, and unobserved which corresponds to
Q¢ where 2 = Qy U Q;. If an estimator only takes the observed part of the matrix as the
input, one can revise the underlying probabilistic model to incorporate both the stochastic
block model and the observation model; i.e. a revised distribution for entries of A as

Ber(ypx) i,j € Vi for some k

A =

Ber(vq) i€ Viyand jeV, fork#1.
yields the same output from an estimator that only takes in the observed values. Therefore,
the estimators in (B4) and (B5), as well as the results of Theorems A8, A9, b0, can be easily

adapted to the case of partially observed graphs.
4.3 'Tradeoffs in Heterogenous SBM

As it can be seen from the results presented in this chapter, and the main summary statistics

they utilize (the relative densities py,..., p,), the parameters of SBM can vary significantly
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and still satisfy the same recoverability conditions. In the following, we examine a number of
such tradeoffs which lead to recovery guarantees for interesting SBM configurations. Here,
a configuration is a list of community sizes n;, their connectivity probabilities pg, and the
inter-community connectivity probability ¢q. A triple (m,p, k) represents k communities of
size m each, with connectivity parameter p. We do not worry about whether m and £ are
always integers; if they are not, one can always round up or down as needed so that the
total number of vertices is n, without changing the asymptotics. Moreover, when the O(+)
notation is used, we mean that appropriate constants can be determined. A detailed list of

computations for the examples in this section are given in Appendix D.

Table 4.1: A summary of examples in Section B=3. Each row gives the important aspect of
the corresponding example as well as whether, under appropriate regimes of parameters, it

would satisfy the conditions of the theorems proved in this chapter.

convex recovery —convex recovery recoverability

importance by Thm. B3 by Thm. B9 by Thm.
Ex. 0 relative densities {pr} vS (Pmin, min) X X v
Ex. B relative densities {pr} vS (Pmins Pmin) v v v
Ex. 8 np, = logn v X X
Ex. B many small communities, nmax = 0(n) v v v
Ex. B  nmin = O(logn), spread in sizes X v v
Ex. B small ppin — ¢q v v v

Better Summary Statistics It is intuitive that using summary statistics such as (Pmin, 7min),
for a heterogenous SBM where n;’s and p;’s are allowed to take very different values, can be

very limiting. Examples [ and @ are intended to give configurations that are guaranteed to
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be recoverable by our results but fail the existing recoverability conditions in the literature.
Example 1 Suppose we have two communities of sizes ny = n — /n, ng = /n, with

—2/3-001 © The bound we obtain here in Theorem

p1 =n"23 and p, = 1/logn while ¢ = n
makes it clear that this case is theoretically solvable (the modified maximum likelihood
estimator successfully recovers it). By contrast, Theorem 3.1 in [29] (specialized for the case

of no outliers), requiring

2

min(pmin - Q)Q Z (\/ PminMmin 1 v nQ)2 1Ogn, (46)

n

would fail and provide no guarantee for recoverability.

Example 2 Consider a configuration as

(77,—77,2/3, n_1/3+6, 1) ’ (\/ﬁ7 U( 1 )’ nl/G) . q= n—2/3+3e

logn

where € is some small quantity, e.g., ¢ = 0.1. Either of Theorems B8 and A9 verify that this
case is recoverable via the semidefinite program (B4) with high probability. By contrast,
using the ppi, = n=13%¢ and ny, = v/n heuristic, neither the condition of Theorem 3.1 in
[29] (given in (E8)) nor the condition of Theorem 2.5 in [47)] is fulfilled, hence providing no

recovery guarantee for this configuration.

4.3.1  Small communities can be efficiently recovered

Most algorithms for clustering the SBM run into the problem of small communities [46, 23,
109], often because the models employed do not allow for enough parameter variation to
identify the key quantities involved. The next three examples attempt to provide an idea of
how small the community sizes can be, how many small communities are allowed, and how
wide the spread of community sizes can be, as characterized by our results.

Example 3 (smallest community size for convex recovery) Consider a configuration

as
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where ny = /n — m\/m to ensure a total of n vertices. Here, we assume m <
n/(2y/logn) which implies ny > /n/2. It is straightforward to verify the conditions of
Theorem 3.

To our knowledge, this is the first example in the literature for which semidefinite pro-
gramming based recovery works and allows the recovery of (a few) communities of size smaller
than logn. Previously, log n was considered to be the standard bound on the community size
for exact recovery, as illustrated by Theorem 2.5 of [47] in the case of equivalent communities.
We have thus shown that it is possible, in the right circumstances (when sizes are spread
and the smaller the community the denser it is), to recover very small communities (up to
Viogn size), if there are just a few of them (at most polylogarithmic in n). The significant
improvement we made in the bound on the size of the smallest community is due to the
fact that we were able to perform a closer analysis of the semidefinite program by utilizing
stronger matrix concentration bounds, mainly borrowed from [A3, I51, [58, [2]. For more
details, see Appendix A.2.

Notice that the condition of Theorem Bl is not satisfied. This is not an inconsistency (as
Theorem B0 gives only an upper bound for the threshold), but indicates the limitation of

this theorem in characterizing all recoverable cases.

4.3.2  Spreading the sizes

As mentioned before, while Theorem B8 allows for going lower than the standard log n bound
on the community size for exact recovery, it requires the number of very small communities
to be relatively small. On the other hand, Theorem B9 provides us with the option of having
many small communities but requires the smallest community to be of size O(logn). We
explore two cases with many small communities in the following.

Example 4 Consider a configuration where small communities are dense and we have one
big community,

(%ne, 0(1), n'™9) (%n, n"“logn, 1) , ¢=0(n"logn)
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with 0 <e<1land 0 < a < 8 < 1. We are interested to see how large the number of small

communities can be. Then the conditions of Theorems BEX and B9 both require that

(l-a)<e<2(l—a) , €>2a—-0 (4.7)

N =

and are depicted in Figure E. Since we have not specified the constants in our results, we

only consider strict inequalities.

Figure 4.1: The space of parameters in Equation B70. The face defined by # = « is shown
with dotted edges. The three gray faces in the back correspond to § = 1, a = 0 and
e = 1 respectively. The green plane (corresponding to the last condition in (EZ2)) comes
from controlling the intra-community interactions uniformly (interested reader is referred to
Equations (A.8) and (A.9) in the supplement material) which might be only an artifact of

our proof and can be possibly improved.
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Notice that the small communities are as dense as can be, but the large one is not
necessarily very dense. By picking € to be just over 1/4, we can make « just shy of 1/2, and
B very close to 1. As far as we can tell, there are no results in the literature surveyed that
cover such a case, although the clever “peeling” strategy introduced in [4] would recover the
largest community. The strongest result in [4] that seems applicable here is Corollary 4 (which
works for non-constant probabilities). The [d] algorithm works to recover a large community
(larger than Q(y/nlog®n)), subject to existence of a gap in the community sizes (roughly,
there should be no community sizes between Q(y/n) and Qi(y/nlog?n)). Therefore, in this
example, after a single iteration, the algorithm will stop, despite the continued existence of
a gap, as there is no community with size above the gap. Hence the “peeling” strategy on

this example would fail to recover all the communities.

Example 5 Consider a configuration with many small dense communities of size logn. We
are interested to see how large the spread of community sizes can be for the semidefinite
program to work. As required by Theorems B8 and B9 and to control oy, (defined in (E22)),
the larger a community the smaller its connectivity probability should be; therefore we choose
the largest community at the threshold of connectivity (required for recovery). Consider the

following community sizes and probabilities:

(logn, O(1), 2 —my /i) . (Valogn, O(/'%2), m) | ¢ =0O('%")

where m is a constant. Again, we round up or down where necessary to make sure the sizes
are integers and the total number of vertices is n. All the conditions of Theorem H9 are

satisfied and exact convex recovery is possible via the semidefinite program.

Note that the last condition of Theorem B8 is not satisfied since there are too many small
communities. Also note that alternative methods proposed in the literature surveyed would
not be applicable; in particular, the gap condition in [4] is not satisfied for this case from

the start.
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4.3.8  Weak communities are efficiently recoverable

The following examples illustrate how small p.;, — ¢ can be in order for the recovery, re-
spectively, the convex recovery algorithms to still be guaranteed to work. When some py
is very close to ¢, the Erd6s-Rényi model G(ny, pr) looks very similar to the ambient edges
from G(n,q). Again, we are going to exploit the possible tradeoffs in the parameters of SBM
to guarantee recovery. Note that the difference in p;, — g for the two types of recovery
is noticeable, indicating that there is a significant difference between what we know to be
recoverable and what we can recover efficiently by our convex method. We consider both
dense graphs (where py,;, is (1)) and sparse ones.

Example 6 Consider a configuration where all of the probabilities are of 0(1) and

(’I’Ll, Pmin, 1) s (nmina b2, ]-) ’ (’I’L3, b3, %;nmm) y 4= D(l)

where py — ¢ and p3 — g are (1) . On the other hand, we assume pyi, — ¢ = f(n) is small.
For recoverability by Theorem B0, we need f(n) 2 (logn)/nm and f2(n) 2 (logn)/n; .
Notice that, since n 2 ny 2 N, we should have f(n) 2 \/W. For the convex
program to recover this configuration (by Theorem ER or E9), we need nuy, = +/n and
f2(n) Z max{n/n?, logn/nmw} , while all the probabilities are (1) .

Note that if all the probabilities, as well as pyin — ¢, are (1), then by Theorem
all communities down to a logarithmic size should be recoverable. However, the success of
convex recovery is guaranteed by Theorems B8 and B9 when np, = /1.

For a similar configuration to Example B, where the probabilities are not K(1), recov-

erability by Theorem B requires f(n) 2 max{\/pmi(logn)/n, n=¢} for some appropriate
c>0.

4.4 Discussion

We have provided a series of extensions to prior works (especially [47, P2]) by considering
the exact recovery for stochastic block model in its full generality with a growing number

of communities. By capturing the tradeoffs among the various parameters of SBM, we have
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identified interesting SBM configurations that are efficiently recoverable via semidefinite
programs. However there are still interesting problems that remain open. Sharp thresholds
for recovery or approximation of heterogenous SBM, models for partial observation (non-
uniform, based on prior information, or adaptive as in [I65]), overlapping communities (e.g.,

[2]), as well as considering outlier nodes (e.g., [29]) are important future directions.
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Chapter 5
DISCUSSIONS AND FUTURE DIRECTIONS

5.1 Simultaneously Structured Models

In Chapter B, we considered the problem of recovery of a simultaneously structured object
from limited measurements. It is common in practice to combine known norm penalties
corresponding to the individual structures (also known as regularizers in statistics and ma-
chine learning applications), and minimize this combined objective in order to recover the
object of interest. The common use of this approach motivated us to analyze its perfor-
mance, in terms of the smallest number of generic measurements needed for correct recovery.
We showed that, under a certain assumption on the norms involved, the combined penalty
requires more generic measurements than one would expect based on the degrees of freedom
of the desired object. Our lower bounds on the required number of measurements implies
that the combined norm penalty cannot perform significantly better than the best individual
norm.

These results raise several interesting questions, and lead to directions for future work.

We briefly outline some of these directions, as well as connections to some related problems.

Defining new atoms for simultaneously structured models Our results show that
combinations of individual norms do not exhibit a strong recovery performance. On the other
hand, the seminal paper [42] proposes a general construction for an appropriate penalty given
a set of atoms. Can we revisit a simultaneously structured recovery problem, and define new
atoms that capture all structures at the same time? And can we obtain a new norm penalty
induced by the convex hull of the atoms? Abstractly, the answer is yes, but such convex

hulls may be hard to characterize, and the corresponding penalty may not be efficiently
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computable. It is interesting to find special cases where this construction can be carried out
and results in a tractable problem. Recent developments in this direction include the “square
norm” proposed by [I20] for the low-rank tensor recovery which provably outperforms (22)
for Gaussian measurements and the (k, ¢)-trace norm introduced by Richard et al to estimate

sparse and low-rank matrices [32].

Algorithms for minimizing combination of norms Despite the limitation in their
theoretical performance, in practice one may still need to solve convex relaxations that
combine the different norms, i.e., problem (E=3). Consider the special case of sparse and
low-rank matrix recovery. All corresponding optimization problems mentioned in Theorem
M can be expressed as a semidefinite program and solved by standard solvers; for example,
for the numerical experiments in Section P20 we used the interior-point solver SeDuMi [1477].
However, faster and more scalable algorithms can be studied and it is an active area of

research.

Other simultaneously structured models The presented results in Chapter 2 can be
used for any set of simultaneous structures in theory. We would like to identify other cases
considering new simultaneously structured models, beyond simultaneously sparse and low
rank matrices, and study the corresponding estimation problems. For example, signals that
are simultaneously sparse and smooth (entries vary slowly, i.e., the signal can be approxi-
mated by a piecewise constant function) have been considered in [I49], and signals that are
simultaneously sparse and have only a few distinct nonzero values have been considered in

7).

Measurement scenarios that are compatible with the structures. Our results in-
dicate a fundamental limitation in utilizing combinations of norms for recovery of simul-
taneously structured models from generic measurements (see Section ). On the other

hand, Bahmani and Romberg in [10] consider a nested measurement scenario and study a
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simple two-stage algorithm (consecutively minimizing ¢; » and nuclear norms) that is nearly
minimax optimal in recovery from such nested measurements. More specifically, given a
simultaneously low-rank and row-sparse matrix X, they assume observations of the form
W(VX,) where W is a restricted isometry for low-rank matrices and W is a restricted isome-
try for row-sparse matrices, with high probability. Such a specific measurement scenario has
allowed for providing a nearly minimax optimal recovery procedure. It is of great interest to
understand the benefits and limitations of this approach and whether we can achieve recovery

from optimal number of measurements by devising more practical measurement scenarios.
5.2 Variational Gram Functions

In Chapter B, we introduce variational Gram functions which include many existing regular-
ization functions as well as important new ones. Convexity properties of this class, conjugate
functions, subdifferentials, semidefinite representability, proximal operators, and other con-
vex analysis properties are studied. By adapting the mirror-prox method [I25], we provide a
general and efficient optimization algorithm for VGF-regularized loss minimization problems.
We establish a general kernel trick and a representer theorem for such problems. Finally,
the effectiveness of VGF regularization as well as the efficiency of our optimization approach
is illustrated by a numerical example on hierarchical classification for text categorization.
There are numerous directions for future research on this class of functions. In the following,

we discuss some of these directions.

Left unitary invariance and VGFs Every variational Gram function is left unitary
invariant as it is a function of the Gram matrix. Recall that every VGF is also a squared
seminorm. It is not clear whether every left unitary invariant squared seminorm can be
represented as a variational Gram function. Notice that we are not asking for deriving the
representation (i.e., the corresponding set M) but just assessing the possibility for such a
representation.

It is not even clear whether every conjugate VGF can be represented as a VGF. More
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specifically, we ask: given a set M and its associated VGF €2y, whether there exists a set
M’ for which Q3 = Qy? Notice that a positive answer to the first question automatically
provides a positive answer to the second one. Observe that, in the simple case of n = 1 when
X is a row vector, every squared vector semi-norm can be represented both as a VGF and

as a conjugate VGF; see Section B2 for the former and [9] for the latter.

The interaction between the loss and invariances of the penalty In Section B3,
we were able to derive a reduced problem by using the Fenchel-type representation of the loss
as well as the left unitary invariance of the penalty. Exploiting other invariance properties
of regularization functions in conjunction with the variational representations of the loss

functions can provide us with new reduced forms and is a subject of future work.

Statistical guarantees for VGFs Statistical properties of VGF's, for example the corre-

sponding sample complexity, are of interest from a learning theory perspective.

New variational penalties for tensors It is interesting to use the variational penalties
machinery (or the composite penalties) for tensor recovery and study new structures for
tensors.

Recall the definition of a variational Gram function as Qy(X) = sup, ey tr(XMXT).

This definition can be expressed in terms of x = vec(X) as

Qi(z) = sup 27 (M @ Iz (5.1)
MeMm

where ® denotes the Kronecker product. With this expression, we can view VGF's from the
point of view of the specific quadratic functions they employ; quadratic forms z”Qz with
matrices from

(Q: Q=MaI, MeM}.

Other structured sets of quadratic forms provide us with other functions. Such an approach,
of vectorizing and employing certain weight matrices, can be taken for tensors depending on

the applications of interest.
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@ s(z) p(s(x))

Figure 5.1: Composite penalties. s, often a smooth map, transforms the original structured
model to one with another structure. p, often a non-smooth real-valued map, penalizes
s according to the latter structure, hence providing a penalization scheme for the original
structure. Such a decomposition provides us with more efficient oracles to be used in devising

optimization algorithms.

Other composite regularizers We use the term composite penalty for a regularizer of

the form

Qz) = p(s(z)) (5.2)
where

e p is the outer penalty function, and,

e s is the structure mapping, a smooth mapping to change the notion of parsimony.

Besides the linear composite penalties and the variational Gram functions, it is interesting to
see which examples come up in applications. In the following, we list a number of instances
of the penalty functions that can be constructed via the definition in (62). While (52)
allows for a unified view towards some existing penalties, it also allows for construction of
new ones in a systematic manner with efficient optimization tools.

Composition of a norm with a linear transformation is very common in statistical learning.

The case of /1 norm,

f(@) = [[Az]]y, (5.3)
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covers many prominent examples such as fused lasso [149] (or total variation norm) for
smoothing, generalized lasso [I50] (e.g., trend filtering [95]), or when dealing with het-
eroscedasticity of the noise [[I7]. Interestingly, the OSCAR norm [21] can also be represented
similarly, using p(z) = ||z||1, as
Izlloscar = Y max{|x;|, |z;]} = | Doscar|h (5.4)
i<j
where Dogcar is an appropriately scaled incidence matrix.

The composition of a unitarily invariant norm with a linear transformation of a matrix,

fX) = [AX)], (5:5)

has also been shown to be powerful in different applications. As an example, [60] composes
the nuclear norm with a linear transformation, as f(X) = || X (I — 2117)||,, which is used
in multitask learning. Another important example of such regularization has been used for
recovery of complex exponential signals from time domain samples, where by converting
spectral sparsity in the model into the low-rank structure of a Hankel matrix, one can use
| H (z) ||« for regularization; [H(z)];, = ;& . Such an approach has been taken in [28] for the
robust recovery of a superposition of a number of distinct complex exponential functions from
a few random Gaussian projections, and in [48] for devising an enhanced matrix completion
algorithm (EMaC) for frequency estimation from limited time samples, among others.

Such a composite structure provides us with new opportunities for efficient optimization.
For example, [8] compute the proximity operator for linear composite regularizers from the
solution of a certain fixed point problem. See [654] for optimization techniques for low-rank
Hankel matrix recovery. If A satisfies AAT = v (for some v > 0) then the proximal mapping
has a closed form solution [61, Table IJ.

The composition of a penalty p with the Gram matrix mapping s(X) = X7 X provides
the variational Gram functions (VGF) introduced in Chapter B. By representing a number
of seemingly complicated penalties (e.g., those with a proximal mapping that cannot be

evaluated in closed form or by a cheap iterative algorithm) as a VGF (e.g., see Section B2),
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the composite structure can be exploited for deriving efficient optimization techniques; e.g.,

see Section Bl

The term “composite regularizer” is sometimes used to refer to linear or other combina-
tions of a number of regularizers, i.e., f(z) = >, wyrg(x), which are out of the scope of our
discussion. For example, overlapping group lasso [[67], the combination of ¢; and nuclear
norm in [I33] for recovery of simultaneously sparse and low rank matrices, or the approach
in [T20] for low rank tensor recovery, can be described as above. There are many different
algorithms for optimizing such composite regularizers; e.g. see [[68]. More complicated
combinations of regularizers have also been considered in the statistical learning literature.
Composite Absolute Penalties (CAP) [I67] map a vector to an array of different norms of
its blocks and computes a norm of the resulting array of values. CAP penalties include
hierarchical norms, norms for overlapping groups with a hierarchical structure (see [9, @1] for
other variants). Similarly, a common approach in learning simultaneously structured models
is to combine suitable regularizers for each structure. Such combinations, in the form of

h(|l - lays---, |l - llr)) where h is any increasing function, has been analyzed in Chapter B.

5.3 Community Detection in Heterogenous Stochastic Block Model

We have provided a series of extensions to prior works (especially [47, 2]) by considering
the exact recovery for stochastic block model in its full generality with a growing number
of communities. By capturing the tradeoffs among the various parameters of SBM, we have
identified interesting SBM configurations that are efficiently recoverable via semidefinite
programs. However there are still interesting problems that remain open. Sharp thresholds
for recovery or approximation of heterogenous SBM (such as the ones in [2, B] for special
cases of SBM), models for partial observation (non-uniform, based on prior information, or
adaptive as in [I65]), overlapping communities (e.g., [2]), as well as considering outlier nodes

(e.g., [29]) are important future directions. We elaborate on these directions in the sequel.
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Models for partial observation We considered the case where a subset of the edges
in the underlying graph were observed uniformly at random. In practice, however, the
observed edges are often not uniformly sampled, and care will be needed to model the effect
of nonuniform sampling. Also, in many practical problems, the observed edges may be chosen
by the algorithm based on some prior information (non-adaptive), or based on observations
made so far (adaptive); e.g., see Yun and Proutiere [I65]. It will be interesting to examine

what the algorithms can achieve in these scenarios.

Overlapping communities SBMs with overlapping communities represent a more re-
alistic model than the non-overlapping case; it has been shown that the large social and
information network community structure is quite complex and that very large communities
tend to have significant overlap. Only a few references in the literature have considered this
problem (e.g., [2]), and there are many open questions on recovery regimes and algorithms.
It would be interesting to develop a convex optimization-based algorithm for recovery of

models generated by SBM with overlapping communities.

Outlier nodes A practically important extension to the SBM is to allow for adversar-
ial outlier nodes. Cai and Li in [29] proposed a semidefinite program that can recover the
communities in an SBM in the presence of outliner nodes connected to other nodes in an
arbitrary way, provided that the number of outliers is small enough. Their result is compara-
ble to the best known results in the case of equal-sized communities and equal probabilities.
However, their complexity results are still parametrized by puin and ny;,, which excludes
useful examples, as discussed in Section B1-3. Extending our results to the setting of [29] is

a direction for future work.
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Appendix A
SUPPLEMENT TO CHAPTER

A.1 Proofs for Section Z-32

Using the general framework of Section 22371, we now prove Theorem [, which states various
convex and nonconvex recovery results for the S&L models. We start with proofs of the

convex recovery.

A.1.1 Convex Recovery Results for SEL

In this section, we prove the statements of Theorem [ regarding convex approaches, using
Theorem B and Proposition 8. We make use of the decomposable norms to obtain better
lower bounds. Hence, we first state a result on the sign vectors and the supports of the S&L

model following Lemma Bd. The proof is provided in Appendix A=3.

Lemma 52 Denote the norm || XT |12 by [|-T]l12. Given a matriz X, € R4*% et E,,E,., E,
and T, T., T, be the sign vectors and supports for the norms |||+, || |l1.2, ||-* |12 respectively.

Then,
e E.E.E.cT.NT.NT,,
e (E,,E,) >0, (E,,E.) >0, and (E.,E,) > 0.

Proof of Theorem I0: Convex cases

Proof of (al) We use the functions || - |12, || -* [|1,2 and || - ||, without the cone constraint,
ie., C = R4*%  We will apply Proposition P8 with R = T, N T, N T,. From Lemma B2 all

the sign vectors lie on R and they have pairwise nonnegative inner products. Consequently,
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applying Proposition B2

1 Iﬁ k2 r
R, Of(X0))? > = min{d;, d>}
P( ) f( 0)) =3 min dl d2 mln{dl,dz}}

If m < dim(R), then we have failure with probability 1. Hence, assume m > dim(R). Now,

apply Proposition P8 with the given mjqy,.

Proof of (bl) In this case, we apply Lemma 62. We choose R = T, N T, NT, NS", the
norms are the same as in the general model, and v > % Also, pairwise inner products are
tmin{% 2}, Again, we may assume

m > dim(R). Finally, based on Corollary El, for the PSD cone we have D(C) > ‘/75 The

positive, hence, using Proposition B2, p(R,df(X,))* >

result follows from Proposition B8 with the given myy.

Proof of (c1) For the PSD cone, D(C) > ‘[ and we simply use Theorem B to obtain the

rosult b 150l o1 k2 — L%l
V using /ﬁél gzt an K2 7

Proof of Corollary 12

To show this, we use Theorem B and substitute x’s corresponding to ¢; and the nuclear
norm. K, = ”X% and Ky, = %. Also observe that, Ay, Ly, = fd and AL, = (1 — B)d.
Hence, 327, Mk = a|| Xo|l1 + (1 — @)||Xo|lsv/d. We then use Proposition [@ to conclude

with sufficiently small ¢y, co > 0.

A.1.2 Nonconvexr Recovery Results for SEL

While Theorem [ states the result for Gaussian measurements, we prove the nonconvex
recovery for the more general sub-gaussian measurements. We first state a lemma that will
be useful in proving the nonconvex results. The proof is provided in Appendix B=4 and uses

standard arguments.

Lemma 53 Consider the set of matrices M in RU*% that are supported over an s, X s

submatriz with rank at most q. There exists a constant ¢ > 0 such that whenever m >
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cmin{(s; + s2)q, 1 log %’82 log Csl—z}, with probability 1 — 2exp(—cm), A(+) : Ritxd — R™

with i.i.d. zero-mean and isotropic sub-gaussian rows satisfies

AX)#0, forall X eM. (A.1)

Proof of Theorem I0: Nonconvex cases

Denote the sphere in R%*92 with unit Frobenius norm by S%*9z,

Proof of (a2) Observe that the function f(X) = d';é'}ff; - ”ﬁ:ng - rr;ﬁf((x)?) satisfies the
’ 0 s

triangle inequality and we have f(Xy) = 3. Hence, if all null space elements W € Null(A)

satisfy f(W) > 6, we have
f(X) = [(X = Xo) = f(=Xo) >3,

for all feasible X which implies X being the unique minimizer.

Consider the set M of matrices, which are supported over a 6k; x 6k, submatrix with
rank at most 6. Observe that any Z satisfying f(Z) < 6 belongs to M. Hence ensuring
Null(A) N M = {0} would ensure f(W) > 6 for all W € Null(A). Since M is a cone, this
is equivalent to Null(A) N (M N 84x%2) = (. Now, applying Lemma B3 with set M and

s1 = b6ky, so = b6ky, ¢ = 61 we find the desired result.

Proof of (b2) Observe that due to the symmetry constraint,

N XMoz2 |, IXT]loz | rank(X)

X) = .
I = 1Xoloe T I XTloz T rank(Xo)

Hence, the minimization is the same as (a2), the matrix is rank r contained in a k x k
submatrix and we additionally have the positive semidefinite constraint which can only reduce
the amount of required measurements compared to (a2). Consequently, the result follows

by applying Lemma B3, similar to (a2).
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Proof of (c2) Let C' = {X # 0|f(X) < f(Xo)}. Since rank(X,) = 1, if f(X) < f(Xo) =
2, then rank(X) = 1. With the symmetry constraint, this means X = +za” for some I-
sparse x. Observe that X — X, has rank at most 2 and is contained in a 2k x 2k submatrix
as | < k. Let M be the set of matrices that are symmetric and whose support lies in a
2k x 2k submatrix. Using Lemma b3 with ¢ = 2, s; = sy = 2k, whenever m > cklog %, with
desired probability all nonzero W € M will satisfy A(W) # 0. Consequently, any X € C
has A(X) # A(Xy), so that Xj is the unique minimizer.

A.1.8 Existence of a Matrix with Large k’s

We now argue that, there exists an S& L matrix that has large sy, , r¢, , and k, simultaneously.
We provide have a deterministic construction that is close to optimal. Our construction is
based on Hadamard matrices. H,, € R™*" is called a Hadamard matrix if it has 41 entries
and orthogonal rows. Hadamard matrices exist for n that is an integer power of 2.

Using H,,, our aim is to construct a d; X dy S&L (k1,ko,7) matrix X, that satisfies
| XollF ~ kiks, | Xol? = r, | Xollio &= k2 and || X{[|7, ~ k1. To do this, we construct
a ki X kg matrix and then embed it into a larger d; X ds matrix. The following lemma

summarizes the construction.

Lemma 54 Without loss of generality, assume ky > ki > r. Let H := Hjjog,4,|. Let
X € RF*k2 be such that its ith row is equal to [i — 1 (mod 7)] + 1°th row of H followed by
0’s for 1 <i < ky. Then,

k1 ko

_ _ r
1X0l7 > ——=, 1 Xo]2 > 3

_ ko _
HXOH?,Q > E ) HXOT %,2 =k .

In particular, if k; = 0 (mod r) and ko is an integer power of 2, then,

1 Xol[T = Kaka, || XolZ =7,

X0l 2 = ko, 1Xg 1172 = Ku.
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Proof. The left k; x 2U°s2k2] entries of X are +1, and the remaining entries are 0. This

makes the calculation of ¢; and ¢; 3 and Frobenius norms trivial.

In particular, || Xo||%2 = || Xoli = ki2te2k) || Xoll1o = VE2Me2k2) and || XTI, =
kﬂw. Substituting these yield the results for these norms.

To lower bound the nuclear norm, observe that, each of the first r rows of H are repeated
at least V%J times in X. Combined with orthogonality, this ensures that each singular value

of X that is associated with the jth row of H is at least y/2llogz2 k2] L%j forall 1 < j <r.

Consequently
k1
] 2 7 f2tossiel |2
r
Hence,
B 4/ Lk;—lJQUng ks | 1k
[ X = =r/ L=
k1 2Llog; k2 ki~ r
Finally, we use the fact that Lkr—lj > ’2“—;, as ky > r. [

If we are allowed to use complex numbers, then one can apply the same idea with the Discrete
Fourier Transform (DFT) matrix. Similar to H,,, DFT has orthogonal rows and its entries
have the same absolute value. However, it exists for any n > 1 which makes the argument

more concise.
A.2 Properties of Cones

In this appendix, we state some results regarding cones which are used in the proof of general

recovery. Recall the definitions of polar and dual cones from Section 222

Theorem 55 (Moreau’s decomposition theorem, [TT5]) Let C be a closed and convex

cone in R™. Then, for any x € R"™, we have
o v =Pc(x)+ Peo(x).

o (Pe(x),Peo(x)) =0.



141

Lemma 56 (Projection is nonexpansive) Let C € R" be a closed and convex set and

a,b € R” be vectors. Then,
[Pe(a) = Pe(b)ll2 < [[a = blf.

Corollary 57 Let C be a closed convex cone and a,b be vectors satisfying Pe(a —b) = 0.
Then

[bll2 > [[Pe(a)]l2-

Proof. Using Lemma B8, we have ||Pc(a)||2 = ||Pe(a) — Pe(a —b)|l2 < ||b]2. u

The unit sphere in R™ will be denoted by S"~! for the following theorems.

Theorem 58 (Escape through a mesh, [73]) For a given set D € S8"!, define the

Gaussian width as

o(D) =8 [supt.g)

€D
in which g € R™ has i.i.d. standard Gaussian entries. Given m, let d = /n —m — —=

4y/n—m "’

Provided that w(D) < d a random m—dimensional subspace which is uniformly drawn

w.r.t. Haar measure will have no intersection with D with probability at least
1 —3.5exp(—(d —w(D))?). (A.2)

Theorem 59 Consider a random Gaussian map G : R® — R™ with i.1.d. entires and the

corresponding adjoint operator G*. Let C be a closed and convex cone and recalling Definition

A, let

. +D(C)
C)=1-D(C C) =24 —=—+.
(@) €), 4(©) e
where D(C) = %. Then, if m < 7<(C)n with probability at least 1 — 6 exp(— (CT) n), for
all z € R™ we have

1G7(2)]l2 < A(CO)[Pe(G7(2)) l2- (A.3)
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Proof. For notational simplicity, let ( = (C) and v = v(C). Consider the set
D={zeS8" " |z =7lPe(x)ll2} -

and we are going to show that with high probability, the range of G* misses D. Using

Theorem bI, for any x € D, we may write

(x,9) = (Pe(z) + Peo(2), Pe(g) + Peo(9))
< (Pe(x), Pe(g)) + (Peo(2), Pe (9)) (A.4)
<N Pe(@)ll2l[Pe(g)ll2 + Pee ()12 Pes (9)l2
<y IPe(g)lle + [1Pes(9)l2

where in (A=) we used the fact that elements of C and C° have nonpositive inner products
and ||Pe(z)||2 < [|z||2 is by Lemma BB. Hence, from the definition of Gaussian width,

(D) =B sup(e. )|

zeD

< B|Pe(9)] + B[ Pes ()]l
< Vil D) + D) < 25 v

Where we used the fact that v > 122%0(2)), which follows from D(C)? + D(C°)? < 1 (see

Theorem B3 above). Hence, whenever,

7 4 —
m < 1—én <(1- (TC)Q)n =m/,

using the upper bound on w(D), we have,

(Vi =i — (D) — — L > (Va—m - w(D))?

4v/n —m
Now, using Theorem b, the range space of G* will miss the undesired set D with probability
at least 1 — 3.5exp(—($)*n + 1) > 1 — 6exp(—(5)*n). n

Lemma 60 Consider the cones S¢ and S in the space R Then, D(S?) < \% and
D(S?) < ¥
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Proof. Let G be a d x d matrix with i.i.d. standard normal entries. Set of symmetric

matrices S is an —d(d; U dimensional subspace of R4, Hence, B||Ps(G)||% = d(d2+1) and
B Psa)e(G)1F = @. Hence,

= d(d—1 1

D(s%) = dd-1) < .

20 T2

To prove the second statement, observe that projection of a matrix A € R%¥? onto S‘fr is
obtained by first projecting A onto S? and then taking the matrix induced by the positive
eigenvalues of Pga(A). Since, G and —G are identically distributed and Si is a self dual
cone, Pga (G) is identically distributed as —Pga (G) where S* = (S1)° stands for negative

semidefinite matrices. Hence,

B Psa(G) ]2 dd+1
8Py ()] = et Dl _ A+ D

d(3d — 1)
—

Consequently, D(S%) = /3 — & < \/é. u

A.3 Norms in Sparse and Low-rank Model

2 _
BPes(G)[3 =

Relevant notation for the proofs Let [k] denote the set {1,2,... k}. Let S, S, denote
the indexes of the nonzero columns and rows of X, so that nonzero entries of X, lies on
S, X S, submatrix. S,.,S, denotes the ki, ks dimensional subspaces of vectors whose nonzero
entries lie on S. and S, respectively.

Let X, have singular value decomposition UXV?T such that ¥ € R™" and columns of

U,V lies on &, S, respectively.

A.3.1 Proof of Lemma b3

Proof. Observe that T, = R? x S, and T, = S, x R? hence T,NT, is the set of matrices that
lie on S, x S,.. Hence, E, = UVT € T, N T,. Similarly, E. and E, are the matrices obtained
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by scaling columns and rows of X, to have unit size. As a result, they also lie on S, x S,
and T.NT,. E, € T, by definition.

Next, we may write E. = XyD. where D, is the scaling nonnegative diagonal matrix.
Consequently, E, lies on the range space of Xy and belongs to T}. This follows from definition
of T, in Lemma BU and the fact that (I - UUT)E, = 0.

In the exact same way, E, = D, X, for some nonnegative diagonal D, and lies on the
range space of X7 and hence lies on T,. Consequently, E,, E., E, lies on T, N T, N T,.

Now, consider
(E.,E,) = (XD, UVT) = tr(VUTUZV'D,) = tr(VEV'D) > 0.

since both VXV and D¢ are positive semidefinite matrices. In the exact same way, we have

(E.,E,) > 0. Finally,
(E., E,) = (X¢D., D, X;) = tr(D.X{ D, X,) >0,

since both D, and X! D, X, are PSD matrices. Overall, the pairwise inner products of

E, E. E, are nonnegative. [

A.3.2 Results on the PSD Constraint

rank(X)

Lemma 61 Assume X,Y € S% have eigenvalue decompositions X = Y ;27" o;uul

and Y = Z;inlk(y) civivl.  Further, assume (Y,X) = 0. Then, UTY = 0 where

i

U= [u1 Us ... urank(x)].

Proof. Observe that,

rank(X) rank(

Y)
vV, X)= > aic;lui v,[%.

=1 j=1

Since 7y, ¢; > 0, right hand side is 0 if and only if u]v; = 0 for all 7,j. Hence, the result

follows. ]
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Lemma 62 Assume X, € Si so that in Section 23, S, = S,, T, = T,, ki1 = ke = k and
U=V. LtR=T.NT,NT.NS%, S, =T, NS?, and,

y = {Y‘Y € (Si)*a <Y7 X0> = 0}7
Then, the following statements hold.
o S, Cspan(Y)*. Hence, R C S, and is orthogonal to ).

PrElr _ [PrE)lr
e E.eR HET = Bl 2

7
Proof. The dual of S¢ with respect to R¥? is the set sum of S? and Skew? where Skew? is the
set of skew-symmetric matrices. Now, assume, Y € ) and X € S,. Then, (Y, X) = <%, X>
where Z =Y + YT € S? and (Z, Xy) = 0. Since Xy, Z are both PSD, applying Lemma
B, we have UTZ = 0 hence (I — UUT)Z(I — UUT) = Z which means Z € T+. Hence,
(Z,X)=(Y,X)=0as X € S, CT,. Hence, span(y) C S;.

For the second statement, let T = T, NT. N T,. Recalling Lemma B2, observe that
E, € T. Since E, is also symmetric, E, € R. Similarly, E.,E, € T, (E.,E,) > 0 and
[Pr(E)|| = |

BedBe | p > % Similar result is true for E,. n

A.4 Results on Non-convex Recovery

Next two lemmas are standard results on sub-gaussian measurement operators.

Lemma 63 (Properties of sub-gaussian mappings) Assume X is an arbitrary matriz
with unit Frobenius norm. A measurement operator A(-) with i.i.d. zero-mean isotropic

subgaussian rows (see Section [24) satisfies the following:
o EJACX)]F=m.
e There exists an absolute constant ¢ > 0 such that, for all 1 > ¢ > 0, we have

B(|[AX)]3 — m| > em) < 2exp(—cs’m).
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Proof. Observe that, when || X || = 1, entries of A(X) are zero-mean with unit variance.
Hence, the first statement follows directly. For the second statement, we use the fact that
square of a sub-gaussian random variable is sub-exponential and view || A(X)||3 as a sum of

m i.i.d. subexponentials with unit mean. Then, result follows from Corollary 5.17 of [I55]. m

For the consequent lemmas, S“*% denotes the unit Frobenius norm sphere in R% >4

Lemma 64 Let D € R4*% be an arbitrary cone and A(-) : R%1*42 — R™ be a measurement
operator with i.i.d. zero-mean and isotropic sub-gaussian rows. Assume that the set D =
S4U*ND has e-covering number bounded above by n(e). Then, there exists constants cy, cy >

0 such that whenever m > ¢y logn(1/4), with probability 1 — 2 exp(—cam), we have
D N Null(A) = {0}.

Proof.  Let n = n(1), and {X;}]_; be a i-covering of D. With probability at least 1 —

2n exp(—ce*m), for all i, we have
(1—e)m < JAX)3 < (1 +e)m.

Now, let Xgup = argsupyep |[A(X)||2. Choose 1 < a < 5 such that || X, — Xgpll2 < 1/4.
Then:

1
IMAXsup) 2 = AKX 2 + [AXsup = Xa) 2 = (L +e)m + 2 AXsup) 2 -

Hence, || A(Xap)|l2 < 5(14¢)m. Similarly, let Xir = arginfyep || A(X) 2. Choose 1 <b <1
satisfying || X, — Xine|| < 1/4. Then,

A w2 > AKX 2 — [AXinr — Xp)[l2 > (1 — )m — %(1 +e)m.

This yields || A(Xiur)||2 > 25%m. Choosing ¢ = 1/4 whenever m > 22 log(n) with the desired
probability, ||A(Xin)|2 > 0. Equivalently, D N Null(A) = 0. Since A(-) is linear and D is a

cone, the claim is proved. [

The following lemma gives a covering number of the set of low rank matrices.
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Lemma 65 (Candes and Plan, [34]) Let M be the set of matrices in RU*% with rank
at most r. Then, for any € > 0, there exists a covering of S™*% N M with size at most
(@) +d)r where c3 is an absolute constant. In particular, log(n(1/4)) is upper bounded by

Ca+d2)r for some constant C > 0.

Now, we use Lemma B3 to find the covering number of the set of simultaneously low rank

and sparse matrices.

A.4.1 Proof of Lemma B3
Proof.  Assume M has i—covering number N. Then, using Lemma B4, whenever m >
c1log N, (B) will hold. What remains is to find N. To do this, we cover each individual

$1 X 89 submatrix and then take the union of the covers. For a fixed submatrix, using Lemma

dy

63, }L—covering number is given by C*1+52)4_ In total there are (Sl

) X (‘Sii) distinct submatrices.

Consequently, by using log (‘j) S log% + s, we find

d d d d
log N < log <(Sl) X < 2) C(Sl+s2)‘1> < s log S—l + 81 + 89 log 8—2 + 89 + (81 + s2)qlog C',
1 2

1 59

and obtain the desired result. ]
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Appendix B
SUPPLEMENT TO CHAPTER

B.1 Proofs

B.1.1  Proof of Lemma

Proof. First, assume that € is convex. By plugging in X and —X in the definition of
convexity for 2 we get Q(X) > 0, so the square root is well-defined. We show the triangle
inequality v/Q(X +7Y) < /Q(X) + /QY) holds for any X,Y. If Q(X +Y) is zero, the
inequality is trivial. Otherwise, for any 6 € (0,1) let A = $X, B = {55V, and use the

convexity and second-order homogeneity of €2 to get
QX +Y)=Q0OA+(1-0)B) <0QA)+ (1 -0)Q(B) = %Q(X) + Le Q(Y). (B.1)

FQX)>QY)=0,set § = (QUX)+Q2AX+Y))/(22X +Y)) > 0. Assuming 6 < 1, from

(B) we get
2Q(X +Y)Q(X)
QX +Y)+Q(X)’

which is equivalent to 6§ > 1 and is a contradiction. Therefore, # > 1 which gives the desired

QX +Y)<30(X) =

inequality.

And if Q(X),Q(Y) #0, set 0 = /Q(X)/(V/QUX) +/QY)) € (0,1) to get

QX +Y) < 2X) + 15 AY) = (VAUX) +vVQ)Y))>.

Since v/Q satisfies the triangle inequality and absolute homogeneity, it is a semi-norm. Notice
that (X) = 0 does not necessarily imply X = 0, unless 2 is strictly convex.

Now, suppose that v/Q is a semi-norm; hence convex. The function f defined by f(z) = 2
for x > 0 and f(z) = 0 for x < 0 is non-decreasing, so the composition of these two functions

is convex and equal to 2.
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One can alternatively use Corollary 15.3.2 of [[34] to prove the first part of the lemma.

B.1.2  Proof of Proposition [2

Proof. We use the results on subdifferentiation in parametric minimization [I37, Sec-
tion 10.C]. First, let’s fix some notation. Throughout the proof, we denote %Q by €2, and
20" by Q*. Denote by ¢y (M) the indicator function of the set M which is 1 when M € M

and 400 otherwise. We use M instead of M NS, to simplify the notation. Considering

Lir(YMTYT) if range(YT) C range(M
o apy o [FEOAYT) it range(4T) € (o)

+00 otherwise

we have Q*(Y) = infy, f(Y, M) 4 t;(M). For such a function, we can use results in [26,

Theorem 4.8] to show that
Of(Y, M) =cow {(Z,-32"2): Z=YM"+ W, range(W") C ker(M)} .

Since g(Y, M) := f(Y, M) + tpe(M) is convex, we can use the second part of Theorem 10.13
n [37]: for any choice of M, which is optimal in the definition of Q*(Y),

00 (V) = {Z : (£,0) € 0g(Y, My)}
Therefore, for any Z € 092*(Y') we have
1777 € dui(Mo) = {G: (G,M' — M) <0, VM € M}
(Here Ouy(Mp) is the normal cone of M at Mj.) This implies
La(ZM'Z") < Ler(ZMoZ7)
for all M’ € M. Taking the supremum of the left hand side over all M" € M, we get

QZ) = Lte(ZMoZT) = St (Y MIYT) = Q5(Y),



150

where the second equality follows from range(W?) C ker(Mp) (which is equivalent to
MyW?T = 0). Alternatively, for any matrix Z from the right hand side of (B22) (after

adjustment to our rescaling of definition of €2 by %), and any Y’ € R"™"™ we have
CYY>YZ)-QUZ) =Y, Z) - (Y)=(Y' =Y, Z) + Q(Y)

where we used Fenchel’s inequality, as well as the characterization of Z. Therefore, Z €
00*(Y). This finishes the proof. Notice that for an achieving M | ker(M) C ker(Y) (or
equivalently, range(Y?) C range(M)) has to hold for the conjugate function to be defined. m

B.1.3  Alternative Proof for Corollary g3

Another proof of Corollary B3, in the case where /{2y is a norm and not a semi-norm, is

given as Lemma BG.

Lemma 66 Consider any norm || - | . Then, ||| - ||| is a norm itself if and only if we have
[l = miny>p [y]l-
Proof.  First, suppose || - |lo := ||| - ||| is a norm; hence it is an absolute norm and is

monotonic as well by definition. Therefore, for any y > |z| we have |ly||, > ||z||, which gives
ming>, ||ylla > [|z|la. Since |z| is feasible in this optimization, and |||z|||s = [|z|. We get
the desired result; |||z||| = ||#]le = ming>p, |yl -
On the other hand, consider f(-) := miny>, |ly||. We show that it is a norm. Clearly,
f is nonnegative and homogenous, and f(z) = 0 implies that ||y|| = 0 for some y > |z| > 0
which implies x = 0. The triangle inequality is also verified as follows,
flatz)= min yl < min fyl=_mio Al -+l

y>|z+z| y>|z|+2] y1>|z|, y22>

< min ]l £ vl = f(2) + f(2)

>zl y2>
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Appendix C
SUPPLEMENT TO CHAPTER @

C.1 Proofs for Convex Recovery

In the following, we present the proofs of Theorems B8 and B9. The matrix concentration

bounds play an important role in these proofs, and are given as Lemmas [0 and [Z3.

C.1.1 Notation

In this chapter, we consider the heterogenous stochastic block model described in Section
AT, Consider a partition of the n nodes into Vg, V4, ..., V;., where |[Vi| =ng, k=0,1,... 7.
Consider n = Y, _, n and denote the number of isolated nodes by ng ; hence, ng +n =n.
Ignoring ng, we further define ny;, and ny., as the minimum and maximum of nq, ..., ng
respectively. The nodes in Vj are isolated and the nodes in Vj, form the community C, =
Viex Vi, for k =1,...,r. The union of communities is denoted by C = U} _,Cj and C° denotes
the complement; i.e. C° = {(i,5) : (i,j) € Cp forany k = 1,...,r, andi,j = 1,...,n}.
Denote by ) the set of admissible adjacency matrices according to a community assignment

as above, i.e.
Y :={Y €{0,1}"": Y is a valid community matrix w.r.t. Vg, Vi,...,V, where |Vi| = nx}.

We will denote by 1¢ € R™*™ a matrix which is 1 on C' C {1,...,n}* and zero elsewhere. log
denotes the natural logarithm (base e), and the notation 6 2 1 is equivalent to § > 0O(1). A
Bernoulli random variable with parameter p is denoted by Ber(p), and a Binomial random
variable with parameters n and p is denoted by Bin(n,p). || - ||+ denotes the matrix nuclear
norm or trace norm, i.e., the sum of singular values of the matrix. The dual to the nuclear

norm is the spectral norm, denoted by || - || .
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Given a single graph drawn from the heterogenous stochastic block model, the goal is
to recover the underlying community matrix Y* € ) exactly. We will need the following
definitions:

Define the relative density of a community as

Pk = (Pk - Q>nk

which gives >, pr = > _; ki — qn. Define the total variance of = nypy(1 — py) over

the kth community, and let 02 = ng(1 — ¢) . Also, define

o2 = max o} = max nepr(1 — pr) -

The Neyman Chi-square divergence (e.g., see [62]) between the two discrete random

variables Ber(p) and Ber(q) is given by

~ (»—q)?

D@”*:qu—@
and we have D(p,q) > Dkw(p, q) := Dxw(Ber(p), Ber(q)) ; see (CI8). Chi-square divergence
is an instance of a more general family of divergence functions called f-divergences or Ali-
Silvey distances [5]. This family also has KL-divergence, total variation distance, Hellinger

distance and Chernoff distance as special cases. Moreover, the divergence used in [?] is an

f-divergence.

C.1.2  Proof of Theorem

We are going to prove that under the heterogenous stochastic block model (HSBM), with
high probability, the output of the convex recovery program in (E4) coincides with the

underlying community matrix Y* = 3", _ 1y, llT/k provided that

Pz 2 nkpk(l - pk) log ny,

) IOg Mmin

Nmin

(Pmin —@)> 2 q(1 — ¢

pr2nin 2 max {m]?X nkpk(]- _pk)a nQ<1 - Q)7 logn}
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as well as >, n, ¢ =no(1) for some a > 0.
Notice that py(1 — pg)ng 2 logny, for all k= 1,...,r, is implied by the first condition,

as mentioned in Remark B74.

Remark 67 For exact recovery to be possible, we need all communities (but at most one)
to be connected. Therefore, in each subgraph, which is generated by G(ng,px), we need
peny > logng, for k=1,...,r. Observe that this connectivity requirement is implicit in the
first condition of Theorems 8, f3: for example, the first condition of Theorem can be
equivalently expressed as nkﬁ(q,pk) 2 logny . Moreover, for g < p, when both p and q/p are

bounded away from 1, we have

2
D(q,p) = p% ~p

Before proving Theorem B8, we state a crucial result from random matrix theory that
allows us to bound the spectral radius of the matrix A — B(A) where A is an instance of
adjacency matrix under HSBM. This result appears, for example, as Theorem 3.4 in [Z3]".
Although Lemma 2 from [I51] appears to state a weaker version of this result, the proof
presented there actually supports the version we give below in Lemma BES. Finally, Lemma
8 from [I58] states the same result and presents a very brief sketch of the proof idea, along

the lines of the proof presented fully in [I51].

Lemma 68 Let A = {a;;} be a nxn symmetric random matriz such that each a;; represents
an independent random Bernoulli variable with B(a;;) = p;; . Assume that there exists a
constant Cy such that 0® = max; ; pi;(1 — pi;) > Cologn/n. Then for each constant Cy > 0

there exists Cy > 0 such that
B(||A-B(A)| > Coovn) < n~ .

As an immediate consequence of this, we have the following corollary.

1 As a more general result about the norms of rectangular matrices, but with the slightly stronger growth
condition o2 > log®™¢n/n.



154

Corollary 69 Let A= {a;;} be a n x n symmetric random matriz such that each a;; repre-
sents an independent random Bernoulli variable with B(a;;) = p;; . Assume that there exists
a constant Cy such that 0* = max; j p;j(1—pi;) < Cologn/n. Then for each constant Cy > 0
there exists C's > 0 such that such that

I[E?(HA—I[E](A)H 26’3\/10gn> < nC1,

Proof.  The corollary follows from Lemma B8, by replacing the (1,1) entry of A with a
Bernoulli variable of probability p1; = Cylogn/n. Given that the old (1,1) entry and the
new (1,1) entry are both Bernoulli variables, this can change ||A —E(A)|| by at most 1. The
new maximal variance is equal to max; ; p;;(1 — p;;) = Cologn/n. Therefore Lemma B3 is

applicable to the new matrix and the conclusion holds. [ ]

We use Lemma B8 to prove the following result.

Lemma 70 Let A be generated according to the heterogenous stochastic block model

(HSBM). Suppose
(1) pe(1 — pr)ny 2 logny, fork=1,...,r, and
(2) there exists an a > 0 such that y_,_,n;* =no(1).

Then with probability at least 1 — (1) we have

1A =B(A)| < max/pi(1 - pi)ni + V/max{q(l — q)n, logn}.

Proof. We split the matrix A into two matrices, By and By . B; consists of the block-diagonal
projection onto the clusters, and Bs is the rest. Denote the blocks on the diagonal of B; by Cf,
Cy, ..., C,, where C; corresponds to the ith cluster. Then || B, —B(B,)|| = max; |C;—B(C;)||,
and for each i, ||C; — B(C;)|| 2 +/pi(1 — pi)n; with probability at most n;®, by Lemma BS.

By assumptions (@) and (B) of Lemma [0 and applying a union bound, we conclude that

||Bl - E(Bl)H 5 m?x V pz‘(l - pi)ni
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with probability at least 1—>""_ n;® = 1—no(1). We shall now turn our attention to By . Let

0? = max{q(1 — q),logn/n} . By Corollary B9, || By — H(B,)|| < max{+/q(1 — q)n,logn},
with high probability. Putting the two norm estimates together, the conclusion of Lemma

(3 follows. ]
We are now in the position to prove Theorem HS.
Proof. [of Theorem B8] We need to show that for any feasible Y # Y*  we have A(Y) :=
(A, Y*—=Y) > 0. Rewrite A(Y) as
AY)=(AY" -Y)=(BA),Y" -Y)+ (A-B(A),Y*-Y). (C.1)
Note that 3, Y5 =3, Yy = >,y nf, thus 35, (Y5 —Yi;) = 0. Express this as

DD =Y)==> 0 > (Y=Y

k=11i,j€V, k' #k" 1€V, €V

Then we have

@A), Y =Y)=> "> pY" =Y)y+ >, >, qY =Yy

k=1ijeVy k'£E" i€V, j€Vn
T
— *
=Y > = —Y)y;
k=11,jeVy

Finally, since 0 < (Y* —Y),;; <1 for 7,5 € V}, we can write

@A) Y =Yy =2 > e =)l =Yalh (C2)

k=1 i,j€V4

Next, recall that the subdifferential (i.e., the set of all subgradients) of || - ||, at Y™* is given
by

WV, ={UU"+Z | U Z=2U=0, ||Z]| <1}
where Y* = UKU?T is the singular value decomposition for Y* with U € R, K =
diag(ni,...,n,), and Uy, = 1/y/ny if node i is in cluster C; and U;, = 0 otherwise.

Let M := A —B(A). Since conditions () and () of Lemma [0 are verified, there exists

Cy > 0 such that || M| < A, with probability 1 —o(1), where

A:=C) (mzax Vpi(1 = pi)ni + /max{q(1 — ¢)n, log n}) : (C.3)
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Furthermore, let the projection operator onto a subspace 1" be defined by
Pr(M) :=UU"M + MUUT —UUTMUUT,

and also Prr = T — Pr, where 7 is the identity map. Since ||Pro(M)| < ||M]| < X with
high probability, UU” + ;Pr. (M) € 9||Y*|. with high probability. Now, by the constraints
of the convex program, we have
0> YL = [[Y7]
> (UUT + 1Ppu (M), Y — V™)
(UUT — Py(M),Y V) + LMY — ),
which implies (M,Y* —Y) > (Pp(M)— AUUT,Y* —Y). Combining (C) and (C2) we

get,

AY) 2 Y (e = ll(Y* = Y)ell + (Pr(M) = AUUT,Y* —Y)

k=1

>3 - Y = Ye s

r

= 2 IPr(M) = \UU e, [l [|(Y* = Y)e, [lu

h=1 (krk)
- Z ’(PT(M) - )\UUT)Vk/XVk// ||OO H(Y* - Y)Vk/XVk// Hl (C4)
k’;ﬁk”\ ~~ -~
(/.Lk/k//)

where we have made use of the fact that an inner product can be bounded by a product of
dual norms. We now derive bounds for the quantities g, and g marked above. Note
that the former indicates sums over the clusters, while the latter indicates sums outside the
clusters.

For pugg, if (4,7) € Ci then

(Pr(M) = AUUT), = (UU"M + MUUT —UUTMUUT = AUUT)

i i
1 1 1 A

= 2o Mt oD Ma= oy B M=o
kecy ke, ke, k

Recall Bernstein’s inequality (e.g. see Theorem 1.6.1 in [T53]):
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Proposition 71 (Bernstein Inequality) Let Si,Ss, ...,S, be independent, centered, real

random variables, and assume that each one is uniformly bounded:
B(Sg) =0 and |Sk| <L foreachk=1,...,n.

Introduce the sum Z =7 _, Sk, and let v(Z) denote the variance of the sum:

v(Z)=B(2%) =) B(S}).

Then
—t2/2

B([Z]>t) < 2exp (m

) forallt>0.

We will apply it to bound the three sums in ju, using the fact that each of the sums contains

only centered, independent, and bounded variables, and that the variance of each entry in

the sum is pg(1 — pi) . For the first two sums, we can use t ~ \/nkpk(l — pi) log n, to obtain

a combined failure probability (over the entire cluster) of O(n, ). Finally, for the third sum,

we may choose t ~ ny \/ pr(1 — pi) log ng, again for a combined failure probability over the
whole cluster of no more than Oi(n,*).
We have thusly

A
Mk < |iZMl]| + ’n—IkZMzﬂ + |%2Ml,l’| + -

1eCy, leCy, Ll

N N ng

Y

1— 1—po)l
5\/2%( D) log ne + Vor(1 — pr) og . A

for all i, j € Ci, with probability 1 —Q(n,“). Note that in the inequality above, the second
term is much smaller in magnitude than the first, so we can disregard it; using (C3), we

obtain

1
JTTTA n—k (\/nkpk.(l — pi) logng + max \/pi(l —pi)n; + \/max{q(l — q)n,log n}) (C.5)
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and by taking a union bound over k£ we can conclude that the probability that any of these

bounds fail is o(1) . Similarly, for g, for &' # k", we can calculate that

,uk‘/k// S ’nLk/ Z Ml]’ —|— |ni// Z le‘ + ‘nk’]ﬁk” Z Ml/7l//|

lECk/ lGCk// l'ECk/,l”Eck//

< \/q<1 _plosme Togmey Val = ) Tog(mnir)
% N \/W

with failure probability over all ¢ € Cy/, j € Ci» of no more than Q(n,,*n."). We do this by

taking ¢ ~ \/nwq(1 — q)log(ngmng), respectively ¢ ~ /ngrq(1 — q)log(ngng) in the first

two sums. For the third, we just take ¢ ~ \/npngq(1 — q) log(ngnir) . As before, note that
the second term is much smaller in magnitude than the first, and hence we can disregard it

to obtain

1—q)logn 1 — ¢) 10g Nnin
uk/k//Sm]gX\/q( q) log k:\/Q( q)log S (C.6)

ng Tmin
as the function logxz/x is strictly increasing if x > 3, with the probability that all of the
above are simultaneously true being 1 —n(1). Since the bound on gy is independent of &’

and k” we can rewrite (C4) as

AY) 2 Y = DIV = Y)edh =D il (Y = Yedh = D mwr | (Y = Y )vwv [l
k=1 k=1 k' £E"

> (o= — pr — o) [|(Y* = Ve, |l
k=1

where we use the fact that >, . [(Y* = Yy, xvulh = 2 [(Y* = Y)elli . Finally,
the conditions of theorem guarantee the nonnegativity of the right hand side, hence the

optimality of Y* as the solution to the convex recovery program in (£=4). ]

C.1.8 Proof of Theorem {3

We use a different result than Lemma [0, which we state below.
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Lemma 72 (Corollary 3.12 in [12]) Let X be an n x n symmetric matriz whose entries

1

Xij are independent symmetric random variables. Then there erists for any 0 < € < 5 a

universal constant c. such that for every t > 0
| X <2(1+¢€)5+t,

with probability at least 1 — nexp(%) , where

6 = max D B(XZ), 6, = max 1 X5 o -
j 9.

We specialize Lemma 2 to HSBM to get the following result.

Lemma 73 Let A be generated according to the heterogenous stochastic block model

(HSBM). Then there exists for any 0 < € < % a unwersal constant c. such that

|A—B(A)|| <4(1+ €) max{omax, 00} + V/2¢c logn

with probability at least 1 —n="'.

We can now present the proof for Theorem EY.
Proof. The proof follows the same lines as the proof of Theorem E8. Given the similarities
between the proofs, we will only describe here the differences between the tools employed,
and how they affect the conditions in Theorem BEY. The proof proceeds identically as before,

up to the definition of A, which-since we use Lemma [[3 rather than [0-becomes

A := Co max{omayx, 00, V1ogn}, (C.7)

where Cy was chosen as a good upper bounding constant for Lemma [Z3.

The other two small changes come from the fact that we will need to make sure that the
failure probabilities for the quantities pgr and gy are polynomial in 1/n, which leads to
the replacement of log ny in either of them by a logn. The rest of the proof proceeds exactly

in the same way. [
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C.2 Proofs for Recoverability and Non-recoverability

We use the same notation as in the main chapter and in Appendix CI1.

C.2.1 Proofs for Recoverability

Proof. [of Theorem BO] For A(Y) := (A, Y*—Y), we have to show that for any feasible
Y #Y™*, we have A(Y) > 0. For simplicity we assume Y;; = Yy =0 for alli € {1,...,n}.

Consider an splitting as
AY)=(AY"=Y)=(BA),Y" -Y)+ (A-—B(A),Y*-Y). (C.8)

Notice that Y* = >, 1c, and B(A) = ¢117 + >, _ (px — ¢)1¢, . Considering di(Y) =
(Yz,Y* —Y), the number of entries on Cj, on which Y and Y* do not match, we get

T

B(A),Y* =Y) =) (p— a)di(Y) (C.9)

k=1
where we used the fact that Y, Y™* € ) and have the same number of ones and zeros, hence
> Yij = >_;; Yi;- On the other hand, the second term in (CZ8) can be represented as
T(Y)=(A-BA), Y -Y) = Y (A-BA); + Y @4)-A4),
YA=1,Y;;=0 Y5=0,Y;;=1
where each term is a centered Bernoulli random variable bounded by 1. Observe that the
total variance for all the summands in the above is given by
o —de )pe(1—pi) + (1 —q) de
k=1
Then, combining (C8) and (CH), and applying the Bernstein inequality yields
B(A(Y) <0) = B(T(Y) £ - Xl - (1))
k

t2
< S
= &P ( 202 + 2t/3)

B >k (Pr — Q)di(Y)
- ( N ;V&) n 2;3 )
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where t = >, (pr — q)d(Y') and

v(Y) = "7
_ 2 (L= pi) + q(1 — q))di(Y)
>k — Qdi(Y)
< e PHL = P1) +a(1 —q)
k Pr — 4
_ Pmin(1 — prin) + (1 — q) _
Pmin — ¢ 0

Considering v := 21 + 2/3 and 6, := [P |, we get

BA(Y) < 0) < exp ( -1 k (p — q)dk(Y)) < exp ( — L (Prain — Z@kdk ) (C.10)

which can be bounded using the next lemma which is a direct extension of Lemma 4 in [47].

Lemma 74 Given the values of 0, and ny, for k = 1,...,r, and for each integer value

¢ € [min by (2n, — 1), >, Okni], we have

VICys > o) =g < (%) weer (©11)
k=1

where T :=ming Opny,, and [Y] ={Y' € YV : Y Y} =Y;Y5}.

LVARY)

Now plugging in the result of Lemma [4 into (CI0) yields,

m(aymz:y;éy*, ) Z[[EHYGJJ Zekdk =&, A(Y) <0)
< 22 <5T—§> n'%/7 exp < — 2 (Pmin — Q)€>
— 502 ( ) exp ( 161ogn — L(puin — q)7’)§>
< 502 ( ) exp ( 16logn — 2—1ﬁpmin)§> (C.12)
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In order to have a meaningful bound for the above probability, we need the exponential
term in (CT2) to be decreasing. Hence, we require ppi, > 647 1logn. Moreover, the function

in (CI2) is a decreasing function of /7 for

£ 4p

T Prmin — 320 1logn
Since & > min 0 (2ny, — 1) > min Oyny = 7, requiring the following condition (for some 1 > 0

which will be determined later),

Pmin > 2(16 +n)vlogn + 4v, (C.13)
implies
£ 4 > Av
T T 442nlogn T pmin — 3201ogn

and allows us to bound the summation in (CT2) with the largest term (corresponding to the
smallest value of £/7, or an even smaller value, namely 1) times the number of summands

(which is bounded by >~ 6xn? since ;’s are integers); i.e.,

(CI2) < 50 (Z Orny) exp (16logn — 2= puin )
<50 Z Oxn; exp(—2 — nlogn)
S 7 ernaxn2in

< 7 pmax_qn2_77
- Pmin—¢q ’

or, similarly,
(CI2) < 50 Z O exp(—2 — nlogn) < 7Mnl_’7 :
min — ¢
Hence, if the condition in (CT3) holds we get the optimality of Y* with a probability at

least equal to the above. Finally, n > 8 implies logn > 2 and (CT3) follows from

1 min 1-— min + 11—
pmin24(17+n)<§+p ( ;_ )_qq( q>>10gn-
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Proof. of Lemma ] We extend the proof of Lemma 4 in [47] to our case. Fix a Y € Y with
> r1 Okdi(Y) = € and consider the corresponding r clusters as well as the set of isolated
nodes. Notice that for any Y’ € [Y] we also have >, _, 0,di(Y’) = £. In the following, we
will construct an ordering for the clusters of Y based on Y*. Denote the clusters of Y* by
VooV and Vi

Consider the set of values of cluster sizes {ni,...,n.} = {m,...,ns} where ny,... ns are
distinct, and define Z, = {k : np =n,} C {1,...,r}for ¢ =1,...,s. For any ¢ with |Z,| = 1,
the cluster in Y € Y of size 7, can be uniquely assigned to a cluster among Vi*, ..., V* of
similar size. We now define an ordering for the remaining clusters. Consider a ¢ with |Z,| > 1,
and restrict the attention to clusters V' of size n, and clusters V}* for k € Z (all clusters in Y*
of size 1,). This is similar to the case in [47] where all sizes are equal: For each new cluster
V of size ny, if there exists a k € Z, such that [V NV¥| > %m then we label this cluster as V}, ;
this label is unique. The remaining unlabeled clusters are labeled arbitrarily by a number
inZ, .

Hence, we labeled all the clusters of Y according to the clusters of Y*. For each (k, k') €
{1,...,r} x{1,...,r + 1}, we use agp = |V;¥ N Vi| to denote the sizes of intersections of
clusters of Y and Y*. We observe that the new clusters (V1,...,V,y1) have the following

properties:

(A1) (Vi,...,Vi41) is a partition of {1,...,n} with |Vi| = ny for all k = 1,...,r; since
Ye).

(A2) For ¢ € {1,...,s} with |Z,| = 1, we have ay, = n;, for the index k € Z,.

(A3) For ¢ € {1,...,s} with |Z,) > 1, consider any k € Z,. Then, exactly one of the

following is true: (1) oy > %nk; (2) aprr < %nk forall ¥ € 7, .
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(A4) For dp(Y) = (Y ,Y* = Y), where k=1 ... 7, we have

dp(Y) = |{(i,5) + (i,7) € Cf, Yi; = 0}]
- |{(Zaj) : (27.7) S Cl:7 Z?] € ‘/7’+1}|
+ Z {(i,§): (i,5) €CL, (i,§) € Vie X Viwr}|

k//

= ) + Z Qe Ok
k/#k//

which implies

§ = Z ekdk Z ekak r+1) + Z Z Or Ctppr Qe
k=1

k=1 k'#k"

Unless specified otherwise, all the summations involving &’ or k” are over the range

,...,r+1.

We showed that the ordered partition for a Y € Y with >, | 6xdx(Y) = £ satisfies the above

properties. Therefore,
le): Z Ordp(Y) =&} < |[{(W1, ..., V;y1) satisfying the above conditions}|.

Next, we upper bound the right hand side of the above.

Fix an ordered clustering (Vi, ..., V,,1) which satisfies the above conditions. Define,
my = Z k!
k'#1

as the number of nodes in V* that are misclassified by Y ; hence my + ay; = n; . Consider

the following two cases:

e if a3 > ny/4 we have

E Qg Qg 2 O E Qg > Fnamy

kl #k/l kl/#l
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o if a;; < ny/4 we have my > 3ny/4, which from the aforementioned properties, we

must have aqpy < my/2 for all & =1,...,r. Then,

2 2
E Qi Qg + Oy 1) 2 E : Qg Qa1+ Q)
k' £k 1£Kk #k"#1

r

_ 2 § 2

— ml - alk/
k=2

2 1
> mj — 1My

> tnymy
Therefore,

dl(Y) = Z Q1O g + O‘%(T—i—l) Z inlml
k' A£k"

which holds for all other indices k£ # 1 as well. This yields

€

mink ank ‘

r r
k=1

k=1 k=1
where w is the number of misclassified non-isolated nodes. Since one misclassified isolated
node produces one misclassified non-isolated node, we have wy < w < M where wy is the

number of misclassified isolated nodes.
e The pair of numbers (w,w,) can take at most (M + 1)? different values.

e For ecach such pair of numbers, there are at most 72" ways to choose the identity of

the misclassified nodes.

e Each misclassified non-isolated node can be assigned to one of r — 1 < 7 different
clusters or be left isolated, and each misclassified isolated node can be assigned to one

of r < 7 clusters.
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All in all,

Jey: Zekdk =&} < (M + 1%

4 2 1
= —5 +1) exp L logn
miny 0,n; miny 0,ny

5¢ 2 16¢ _
<|(———— ) exp| ————1logn | .
ming Gxng ming Gxng

C.2.2  Proofs for impossibility of recovery

We prove a more comprehensive version of Theorem BIl.

Theorem 75 If any of the following conditions holds,

(1) 2<ny<nje, and
4ZnZIN)(pk,q) < %anlog%—r—Q
k=1 k
(2) 2 <nx<nje, and

(8) n>128, r > 2 and

max ny (5(pk, q) + 5(q,pk)) < < log(n — Nuin)

then
inf sup BY #Y*) >

Y Y*e)y

N —

where the infimum is taken over all measurable estimators Y based on the realization A

generated according to the heterogenous stochastic block model.
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Proof. [of cases I and 2 of Theorem [Z3] Let By« 4y be the joint distribution of Y* and A,
where Y* is sampled uniformly from ) and A is generated according to the heterogenous

stochastic block model conditioning on Y*. Note that

inf sup BY # Y*) > inf By« ) Y £ Y.
Y yrey Y
By Fano’s inequality we have,

I(Y* A)+1
log |V
where [(X;Z) is the mutual information, and H(X) is the Shannon entropy for X. By
counting argument we find that [V = () —%— nl, ——- Using v/n(n/e)" < nl < ey/n(n/e)" and

(2) > (n/n)", it follows that

Bryny(Y #Y*) >1- (C.14)

V| >

which gives

. n log nl
> . - -
log‘y|_znz(10gni o, _Qanlog r.
On the other hand, note that H(A) < (})H(As2) by chain rule, the fact that H(X|Y) <
H(X), and the symmetry among identically distributed A;;’s. Furthermore A;;’s are condi-

tionally independent and hence H(A|Y™*) = (3) H(A12|Y75). Now it follows that
n
1) = 1) - A < () 10 A

Observe that

_ G Gt nene) _ il = 1)
lE Y* _ 1 1 9 c C ni—2/ \ni,...,ni_1,Mi4+1,-., Ny, M0 _ n;(n; = qy.
Using the properties of KL-divergence, we have B(Aja =1) =Y,  aipi+(1—=>, ai)q:= 5.

Therefore,

I(Y)5, Ar) = Z%DKL pi, B) + (1 — Z a;)Dxw(q, 5) (C.15)

i

- Z OéiH(pz') —(1- Z%)H(Q) (0-16)
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Since I(Y*; A) < (g)] (Y5 A12), plugging in the following condition in Fano’s inequality
(C13),

%Znilognﬁ —r> 2+2(Z)[(Y1*2;A12), (C.17)

7

guarantees By« 4) Y #£Yv*) > 5. In the following, we bound I(Yy3; A12) in two different

ways to derive conditions I and 2 of Theorem [73. Throughout the proof we use the following

inequality from [47] for the Kullback-Leibler divergence of Bernoulli variables,

Dxw(p, q) = Dxr(Ber(p), Ber(q)) = plogg + (1 —p)log 1 _z < éz;)l—_q()]) , (C1)

where the inequality is established by logxz < x — 1, for any x > 0.

e From (CI3), we have

r

. doi(pi — q)* _ 4> ni(pi — @)
10 Aw) < 2_; -9 = nln—Dg(l—q)

where we assumed Y n? < sn?. Now, the right hand side of CT7 can be bounded as

n * 421 'L(pl
2(2) 1(Yy; Ap) < L = 4Zn2D i, q

q(1—q)

and gives the sufficient condition 0 of Theorem [A.

e Again from (CT3), we have

f(icz;Alg):Zai(puog% (1-p) 1og1‘pz)+(1 S o) Dicu (4. 5)

% 7

<Z&lpzlogi+logc+(1—z )( 5)2

where the first term is bounded via 8 > ). c;p; > a;p; , the second term is bounded
via f < pmax and ¢ = (1 — puin)/(1 — Pmax) , and we used (CIX) for the last term.
Since 1 =f=1—qg—> ,a;(pi—q) > (1=, a;)(1 —q), the last term can be bounded
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as

_ o (¢ —B)° B o (Ziai<pi_q))2
-2 Z)ﬁu—mé(l 2 Z>(Ziaz-pz~)(1—ziaz~)(1—q>

7 %

< ailpi—q)

This implies
I(Y7y; Arz) < Z&z’pi log o+ + Z%Pi +loge < Z%’pi log &~ +logc.

Since n; > 2, o; =

n . n;(n; — 1) e?n?
2(2)I<Y12; Apz) <n(n—1) Zl: i =1) V' log e + 2logc

en
<2 2p;log — + 21
< Ei:mp og - +2loge

which gives the sufficient condition 2 of Theorem [Z3.

Proof. [of case B in Theorem 3] Without loss of generality assume ny < ny < ... < n,.
Let M :=7n — npin =7 —ny, and Y = {Yo,Y1,...,Ya}. Yy is the clustering matrix with
clusters {C;};_, that correspond to Vi = {1,...,m}, Vi = {_ini+1,..., 3 n;} for
¢ = 2,...,r. Other members of ) are given by swapping an element of Uj_,V, with an

element of V. Let [B; be the distributional law of the graph A conditioned on Y* = Y;.
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Since [B; is product of %n(n — 1) Bernoulli random variables, we have

I(Y*; A) = By (Dgr (B(A]Y),B(A)))

M M
= w1 D D (B s ) _B)
i=0 =0
M
< m Z Dy, (B;, ;)

i,j=0
S max DKL (HE“ E])
,7=0,...,M
3

) . — )2 . o 4\2
S max Z (nzj (p’bj q) + nlj (ij Q) )
r =

iz ia=T. q(1—q)  p;,(1—pi)
ni(pi - C])2 ni(pi - 9)2)
_|_
q(1—q) pi(1 —pi)

where the third line follows from the convexity of KL-divergence, and the line before the last

< 3 max (

follows from the construction of ) and (CIR). Now if the condition of the theorem holds, then
I(Y*; A) < Llog(n—numm) = 1 log|Y]. Note that for n > 128 we get log | Y| = log(n—nuym) >
log(n/2) > 4. The conclusion follows by Fano’s inequality in (CI4) restricting the supremum

to be taken over V. [ ]

C.3 Detailed Computations for Examples in Section

In the following, we present the detailed computations for the examples in Section E=3 and
summarized in Table EZ1. When there is no impact on the final result, quantities are approx-
imated as denoted by ~.

First, we repeat the conditions of Theorems B8 and B9. The conditions of Theorem HAX

can be equivalently stated as
o p2 > nppp(l — py) log ng = o2 log ny,
L (pmin - q>2 Z q<1 — q)%

Tmin

o pli, 2 max {logn,ng(l — q), maxy, ngpe(1 — pr)}
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e > _,n.%=n0(1) for some a > 0.

Notice that ngpr(l — pg) 2 logng, for k = 1,...,r, is implied by the first condition, as

mentioned in Remark 64. The conditions of Theorem B9 can be equivalently stated as

o pp 2 (1 — pi)logn

o (Pmin — 9)? 2 q(1 — g)r82

® Piin 2 max{nq(l — q), maxy, ngpy(l — pk)}

Remark 76 Provided that both py and q/py are bounded away from 1, we have

~ 1 —q/pr)? v (T—q/pr)?
D(q,pr) = pk(lﬁ ~ Pk p—’; = Mnkpk ~ NgPk -
— Dk O 1 —ps

This simplifies the first condition of Theorem 3 to a simple connectivity requirement. Hence,

we can rewrite the conditions of Theorems B8, B9 as

o Theorem B8: ngpr = logny, , D(pmm, q) > 20 52 > max {02 ng(1 —q),logn},

Nmin max?

Yoo =0(l) for some a > 0.

e Theorem [£9: NEDk 2 IOgTL ’ ‘5(pmin; Q) Z l:j: ’ p?nin 2 max {O-r2nax7 TL(](l - Q)} :

Example I: In a configuration with two communities (n—+/n, n=%%, 1) and (y/n, oere 1)
with ¢ = n=2/37901  we have nyim = /7 and ppin = n~%/3. We have,

D(pmim Q) ~ n_2/3+0.01

which does not exceed either 8Mmin g 1087 ) logn o logn )y we get no recovery guarantee
Mmin \/ﬁ Mmin \/ﬁ

from Theorems E8 and B9 respectively. However, as pnin — ¢ is not much smaller than ¢,

while pmin & n'/3 grows much faster than logn , the condition of Theorem B trivially holds.

Here are the related quantities for this configuration:

p1=ni(p1 —q) = (n — \/ﬁ)(nfz/:a _ n*2/3*0'01) ~ nl/3

p2 =na(pr — q) = Vilpks —n 2300 & Y

logn ™~ logn
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which gives ppi, ~ n'/? . Furthermore,

‘7% =mpi(l—p1) ~ n'/? ; 05 = nopa(l — pa) = ﬁy
which gives Tmax = 2% . On the other hand ng(1 — q) =~ n'/370% which is smaller than

logn

2

Umax ‘

Example 2: Consider a configurations with (n—n%?, n=1/3%< 1) and (y/n, Toem” n'/%) and

—2/3+3€

qg=n Since all p’s and ¢/py’s are much less than 1, the first condition of both

Theorems AR and B9 can be verified by Remark [[8. Moreover, ny;, = /7 and pui, = p1/3te
which gives

D(pmina Q) = n—E

and verifies ﬁ(pmin,q) > h’fbﬂ for AR, as well as ﬁ(pmin,q) > }% for @d. Moreover,

o1~ n?3t and py ~ % which gives ppi, & k‘gn > /Togn. On the other hand, o7 ~ n?3+¢

and o2 ~ y/n/logn which gives

2

maX{Umax ) nq<1 - Q>} ~ n2/3+6 :

Thus all conditions of Theorems B8 and B9 are satisfied. Moreover, as pyi, — ¢ is not much

smaller than ¢, while pp;, ~ % is growing much faster than logn , the condition of Theorem

trivially holds.

Example B: Consider a configurations with (y/logn, (1), m) and (ns, D(l‘j/g;:‘), v/n) and

¢ = O(logn/n), where ny = v/n —my/logn/n. Here, we assume m < n/(2y/logn) which
implies ny > /n/2. Since all p;’s and ¢/py’s are much less than 1, we can use Remark
[8: the first condition of Theorem ER holds as mip; ~ /logn = logn; ~ loglogn and
nape ~ logn = logny. However, nip; ~ v/logn Z logn and Theorem B9 does not offer a
guarantee for this configuration.

Moreover, ny, = v/Iogn and pui, = D(I%) which gives

D(pmin, q) = logn
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and verifies l~)(pmin,q) > 105"?““‘ ~ l‘z}glg’ggn” for ER, as well as 5(pmin,q) > 1% = +/logn for
a9. Moreover, o} = y/logn (also p;) and 02 = logn (also py) which gives

max{c?,. , ng(l —q)} ~logn

and p2,, ~ logn. For the last condition of Theorem AR we need

mlog n) ™2 4+ V(v - ky/ )= = (1)

for some o > 0 which can be guaranteed provided that m grows at most polylogarithmically
in n. All in all, we verified the conditions of Theorem ER while the first condition of B9 fails.
Observe that ppu, fails the condition of Theorem bi.

Alternatively, consider a configuration with (v/logn, 0(1), m) and (y/n, D(IC\’%L), m’) and
g = 0(*E) , where m' = /n — m+/logn/n to ensure a total of n vertices. Here, we assume

m < n/(2y/logn) which implies m’ > /n/2. Similarly, all conditions of Theorem E8 can be

verified provided that m grows at most polylogarithmically in n. Moreover, the conditions

of Theorems A9 and Bd fail to satisfy.

Example @: Consider a configuration with (%ne, 0(1), n'~¢) and (%n, n~“logn, 1) and
g=n"logn,where 0 <a<f<land0<e<1.

We have p; &~ n® and p, ~ n'~*logn. Since p2; = logn, the last condition of Theorem
AX holds, and logn,;, ~ logn, we need to check for similar conditions to be able to use
Theorems B8 and AY. Using Remark [/8, the first condition of both Theorems holds because

of nip1 =~ n® 2 logn and nypy ~ n'~*logn > logn. Moreover, the condition

D(puin, q) ~ n 2 logn > loan  logn

is equivalent to 8 + & > 2. Furthermore, 03 = n® and 02 = n'"*logn, and for the last

condition we need
min{n* , n* **log?n} > max{n°, n'"*logn, n' " logn}

which is equivalent to 2¢ + o > 1 and € + 2o < 2. Notice that 4+ 1 > 2« is automatically

satisfied when we have 8 4 ¢ > 2a from the previous part.
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Example B: Consider a configuration with

(logn, O(1), 2= —m, /)

7 logn logn

and (v/nlogn, O(1/™E%), m) and ¢ = O(*E2). All of py1, ps, 07, 03, and ng(1 — q), are

n

approximately equal to logn. Thus, the first and third conditions of Theorems AR and A9

are satisfied. Moreover,

~ lognm,  loglogn
D min ~ 1 2 ~
(Pmin, @) = 1 2 — Tog 1

which establishes the conditions of Theorem E9. On the other hand, the last condition of

Theorem HBR is not satisfied as one cannot find a constant value a > 0 for which

>k = (i = my o) log ™ n + minlogn) =
k=1
is o(1) while n grows.

Example B: For the first configuration, Theorem B8 requires

f2 (n) Z max{ 10g ni log Tmin , %}

ny Tmin ny

while Theorem B9 requires

f*(n) > max{lofb% logn n%}

! Mmin

and both require ny;, = v/n. Therefore, both set of requirements can be written as

f2(n> Z max{loﬂ ) %} 3 Nmin z \/ﬁ

C.4 Recovery by a Simple Counting Algorithm
In Section B=Z11, we considered a tractable approach for exact recovery of (partially) observed

models generated according to the heterogenous stochastic block model. However, in the

interest of computational effort, one can further characterize a subset of models that are
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recoverable via a much simpler method than the convex program. The following algorithm
is a proposal to do so. Moreover, the next theorem provides a characterization for models
for which this simple thresholding algorithm is effective for exact recovery. Here, we allow

for isolated nodes as described in Section BE2.

Algorithm 1 SIMPLE THRESHOLDING ALGORITHM
1: (Find isolated notes) For each node v, compute its degree d,. Declare i as isolated if

(ne — 1)(pe — q)
9

d, < Inkin + (n —1)g.

2: (Find all communities) For every pair of nodes (v,u), compute the number of common

neighbors Sy, == ) Lo ApwAuw. Declare v, u as in the same community if
2 1 . 2 2
Sou > ng” + 5 | min ((m = 2)pi — nkq”) +q - max (pr = pr+ = p)

where pp = ni(pr — q) -

Theorem 77 Under the stochastic block model, with probability at least 1 —2n~1, the simple
counting algorithm O find the isolated nodes provided

mkin (ne — 1)2(pe — q)* > 19(1 — q) (m}gx ngpr + nq> logn. (C.19)

Furthermore the algorithm finds the cluster if

2
Iin {(n = 2)pi + (n —ni)g*} — ¢ Iilgf{(nk — Dpg + (i — Dpr + (n — ng, — mi)gq}

> 26(1 — ¢%) <ml?x nep; + nq2> logn, (C.20)
while the term inside the bracket (which is squared) is assumed to be non-negative.
We remark that the following is a slightly more restrictive condition than (C=20)

2
[mkin ne(P2 — ¢*) — 2qpmax| > 26(1 — ¢?) [nq2 + max ngp; | logn.
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with better interpretability.

Proof. [of Theorem [Z7] For node v, let d, denote its degree. Let V = UI_,V; denote the
set of nodes which belong to one of the clusters, and V; be isolated nodes. If v € V; for
some 7 =1,...,r, then d, is distributed as a sum of independent binomial random variables
Bin(n; — 1, p;) and Bin(n — n;,q) . If v € Vi, then d, is distributed as Bin(n — 1,¢) . Hence
we have,

ni—Dp;i+(n—ni)g veV,cV
B(d,) = ( )i + ( )

(n—1)q vel,
and

Var(d,) = (ni = Dpi(L =pi) +(n—ny)g(l —q) veV,CV

(n—1)q(1 —q) velp.

Let k2 := max; n;p;(1 —q) + nq(1 — q), and ¢ = min, w < %8 Then Var(d,) < x2 for

any v € VUV . By Bernstein’s inequality we get

t? 3min;(n; — 1)*(p; — ¢)? —2
B(|d, — B(d,)| > t) < 2 ) <2 - <2
(I (d,)] > t) < 2exp ( 22 + 2t/3> P < 2853 "

where the last inequality follows from the condition (CT9). Now by union bound over all

nodes, with probability at least 1 — 2n™!, for node v € V; C V we have,

(ni — 1)(pi — q)

dy > (n; — 1)p; + (n — n;)g — t > min 5 +(n—1)q,
and for node v € V,
i —1)(pi —
dy < (n—1)¢(1 —q) +t < min (n )pi =) +(n—1)q.

This proves the first statement of the theorem, and all the isolated nodes are correctly
identified. For the second statement, let S,, denote the common neighbor for nodes v,u € V.
Then

S Bin(n; — 2,p?) + Bin(n — n;, ¢°) (v,u) € Vi x V;
vu ~d

Bin(n; — 1, piq) + Bin(n; — 1,p;q) + Bin(n — n; — nj,¢*) (v,u) EV; xV;, i #j
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where ~; denotes equality in distribution and + denotes the summation of independent

random variables. Hence

n; — 2)p? + (n —n;)q* v,u) €V, XV,
aisy |2 o

(ni — Vpig+ (nj — Dpjg+ (n —n; —nj)g® (v,u) €VixVj, i#j

and

(

(ni = 2)pi (1 = pi) + (n —ni)g*(1 — ¢°) (v,u) €V, x V;
Var(Sy,) = 1 (n; — Dpig(1 — piq) + (nj - 1)ij(1 - qu)

Hn — i = n))g*(1 — ¢?) (v,0) €Vix Vy, i # j

Let
A = min ((nl —2)pF + (n — ni)qQ) — max (2(nj —Dpjqg+ (n — 2nj)q2)
7 J

= min ((n; — 2)p} — nyq®) — max (2(n; — 1)p;q — 2n;¢°) ,
7 J

Let 7 := 2max; n;p?(1 —¢*) +ng*(1 —¢?). Then Var(S,,) < % for all v,u. Then A < x?/2.

Bernstein’s inequality with t = A/2 yields

2 3A2
P B <2 — 53 55 =2 ~ 52 ) S
(IS0 = B(Sw)| > ) < eXP( 25%+2t/3) - eXp( 26&%) R

where the last line follows from assumption (C20). By union bound over all pair of nodes

v,u), we get with probability at least 1 —2n~!, S,,, > I for all v, u in the same cluster and
g y

Spu < I' otherwise. Here

1= g (i (= 20+ (0= 00?) + e (0= -+ (ny = D+ 0= = m)e?) )
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