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Abstract

Robust Optimization Methods for Improving Virtual Power Plant Reliability and Classification
Fairness

William Yang

Chair of the Supervisory Committee:
Chaoyue Zhao

Industrial and Systems Engineering

In this dissertation, we present three different robust optimization approaches: distributionally

robust optimization (DRO), target-oriented robust optimization (TORO), and Rawlsian fairness.

We apply DRO and TORO frameworks to address virtual power plant reliability, and Rawlsian

fairness to address the fair binary classification problem.

A virtual power plant (VPP) is an entity that aggregates smaller solar and wind farms with

other heterogeneous distributed energy resources (DERs) to increase their visibility to Independent

System Operators (ISOs) and allows them to participate in the energy market. Typically, smaller

solar and wind farms are unable to participate in the wholesale energy market, so a VPP’s ability to

integrate them into the energy market is a crucial step for reducing the global carbon footprint and

combating climate change. Our proposed multi-stage DRO framework allows us to schedule VPP

operations in the presence of intermittent renewable energy output by dynamically coordinating

the heterogeneous DERs in a reliable and cost-effective manner. Our proposed TORO method

helps us address another challenge that arises from increased renewable energy penetration, which

is the assessment of the VPP’s flexibility. The uncertainty brought by renewable energy makes it

harder to balance energy supply and demand, and failing to do so can result in expensive renewable

energy curtailment or blackouts. Our TORO method provides a flexibility assessment framework

that identifies the maximum amount of net load deviation the system can tolerate.

Traditional binary classification algorithms are prone to producing unfair results that favor

certain demographic groups over others. This inequity is often exacerbated in unbalanced datasets

where the number of entries from a majority group significantly outweighs the entries from a minority

group. We use a MIP framework to formulate our Rawlsian fairness to address these inequities.



Our methodology prioritizes the performance of the worst-off demographic group, and our specific

formulation can produce interpretable solutions by directly optimizing sparsity. Additionally, it

provides flexibility for users to achieve interpretable solutions in multiple ways.
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Chapter 1

INTRODUCTION

1.1 Motivation

1.1.1 Robust Optimization

In this dissertation, we explore the use of robust optimization methods in different important

application areas. Robust optimization is a broad class of optimization methods where the objective

is to minimize the maximum value of an objective function. In standard robust optimization

problems, the objective is to minimize cost, while the random variables in the system achieve

their worst-case values within some set of possible outcomes. We consider three different forms of

robust problems: distributionally robust optimization (DRO), target-oriented robust optimization

(TORO), and Rawlsian fairness. DRO aims to minimize cost while assuming that random variables

follow the worst-case scenario of probability distribution. TORO aims to characterize the maximum

range of variations that the system can tolerate. Rawlsian fairness aims to minimize the cost for

the worst-off group within some discrete set of groups.

In this dissertation, we consider two applications: virtual power plant reliability and binary clas-

sification. We implement our DRO and TORO methods on the first application, and our Rawlsian

fairness methodology on the second. We motivate these two applications below.

1.1.2 Virtual Power Plant

Distributed energy resources (DERs), such as solar panels, batteries, and demand response units,

can play vital roles in meeting the nation’s increasing energy demand, backing up the electricity

grid in the event of outages, and peak shaving in the case of high demand scenarios. Contrary to

distributed generators, which lie on transmission systems and are dispatched by Independent System

Operators (ISOs), DERs are spread across distribution systems. Individual DERs are typically too

small to participate in the electricity market because ISOs do not have access to the DER’s supply

information and cannot effectively control their operation.

Traditionally, the approach of connecting DERs in most cases is based on a so-called “fit and

forget” regime where DERs are used as backup resources and designed to fulfill demand in the
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worst-case scenarios like peak load, which may only occur occasionally [3]. This conservative ap-

proach rules out the possibility of having an effective share of the energy supply from the DERs.

Furthermore, DERs that rely on renewable energy, such as wind farms or photovoltaic cells, have a

high degree of stochasticity and could fail to meet demand as individual entities [4, 5, 6].

A more reliable method for connecting DERs is the use of a Virtual Power Plant (VPP), which

aggregates a heterogeneous portfolio of DERs and their capacities which allows them to participate

in the wholesale energy market as a single entity (see, Figure 1.1). Instead of grouping all DERs

with a particular program under one umbrella, the VPP concept allows utilities to aggregate these

programs by type and location in the distribution topology, which allows for better forecasting and

analysis of customer information to ultimately improve operational decision-making [7]. Another

advantage of VPPs is their ability to aggregate massive flexible resources, which has posed significant

challenges to the operation of active distribution networks [8]. Aggregating flexible resources helps

improve power system stability and security, especially when the system experiences peak loads

during extreme weather events [9]. Notably, the VPP’s ability to facilitate the integration of smaller

renewable energy resources into the energy market is a crucial step in increasing global renewable

energy penetration and reducing carbon emissions [10] [11].

Figure 1.1: VPP schematic

Despite the VPP’s advantages, incorporating renewable energy brings volatility into the system

and makes it harder to reliably satisfy customer demand, leading to an increased blackout frequency

over the past 20 years [12]. In a typical 24-hour period, customer demand is relatively steady, but

the net load, which is defined as the difference between customer demand and renewable energy

supply, can be volatile [13]. The volatile net load makes it harder for the VPP to adequately schedule

its non-renewable generation resources. If the net load is lower than anticipated, this could lead to
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expensive renewable energy curtailment. If it is higher than anticipated, this could lead to load-

shedding or blackouts. Therefore, it is challenging to schedule and coordinate the VPP’s DERs

reliably and cost-effectively, and it is difficult for the VPP to assess its ability to reliably satisfy

customer demand in the presence of volatile renewable energy resources.

1.1.3 Binary Classification

Binary classification algorithms in machine learning categorize data into different classes and are

widely used with a broad array of applications [14]. Despite many advances in the study of binary

classification algorithms, this methodology still has some limitations. Namely, these algorithms

are prone to producing unfair results in certain circumstances. A famous example of this is the

Correctional Offender Management Profiling for Alternative Sanctions (COMPAS) algorithm [15],

which was designed to label individuals as “low-risk” or “high-risk” for recidivism. The algorithm

had a significantly higher rate of both false positives (labeling an individual as “high-risk” who did

not recommit a crime) and false negatives (labeling an individual as “low-risk” who did recommit

a crime) for black individuals compared to white individuals.

When an algorithm prioritizes the overall prediction accuracy across all individuals in the

dataset, it could prioritize the prediction accuracy for members belonging to one demographic group

over members in other groups as a result. Therefore, the accuracy for the worst-off demographic

group could be dramatically worse than other groups in this scenario. Furthermore, this disparate

treatment across demographic groups is commonly seen when members of one demographic group

make up a large proportion of the dataset that the classification algorithm is used on [16].

1.2 Research Objectives

This dissertation explores the development and application of three different robust optimization

methods:

1. Distributionally robust optimization, which provides a cost-effective and reliable method for

VPP scheduling that facilitates the incorporation of smaller wind and solar farms into the

energy market;

2. Target-oriented robust optimization, which provides a framework for the VPP to evaluate its

ability to satisfy customer demand while incorporating the volatility of renewable energy;
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3. Rawlsian fairness, which provides a flexible and interpretable methodology that makes data-

driven classification assignments, while prioritizing the performance of the worst-off demo-

graphic group.

1.3 Organization of the Dissertation

Chapter 2 addresses the first research objective by proposing a multi-stage distributionally robust

method to provide an optimal scheduling policy for VPPs. This framework helps facilitate the

inclusion of small renewable resources in the energy market in a way that is reliable and cost-

effective. Chapter 3 addresses our second research objective by presenting a flexibility metric that

is a comprehensive, reliable, and functional tool to help the power grid evaluate its ability to satisfy

demand. We propose a Primal Generation Algorithm to solve our problem more efficiently than

standard column-and-constraint-generation approaches. Chapter 4 addresses our third research

objective by introducing a Rawlsian mixed-integer programming formulation for a classification

algorithm that makes fair predictions. Our method prioritizes minimizing classification error for

the worst-off group while providing several modeling advantages that enhance user interpretability

and flexibility for users. Chapter 5 summarizes the dissertation, introduces possible extensions to

the methods presented, and describes new research areas to explore in the future.
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Chapter 2

A REAL-TIME DISTRIBUTIONALLY ROBUST APPROACH TOWARDS
IMPROVING COST-EFFECTIVENESS AND RELIABILITY OF VIRTUAL

POWER PLANT SCHEDULING

2.1 Background

VPPs have been extensively studied with respect to settings such as bidding strategy optimization

[17], characteristic evaluation [18], and network security [19]. In this chapter, we tackle the problem

of coordinating the VPP reliably and cost-effectively, which is known as the optimal scheduling

problem for VPPs. Finding the optimal VPP scheduling strategy is a scientifically challenging

question for the following three reasons. Firstly, since a VPP consists of various components of

vastly different characteristics, coordinating their operation as one aggregated entity is difficult.

Secondly, due to the fluid nature of power systems, there is a constant influx of available system

information, and it is hard to smoothly incorporate such dynamics to inform real-time scheduling

decisions. Lastly, it is challenging to coordinate a VPP in a way that mitigates risks due to a high

degree of uncertainty brought by renewable energy, customer demand, and market prices.

There are various methods in the literature for integrating uncertainty in optimization models.

One commonly used approach is stochastic optimization (SO) [20], which has been studied exten-

sively for optimizing VPP scheduling [21, 22, 23, 24]. SO methods seek to maximize the expected

profit or minimize the expected cost of a VPP over all random scenarios. One disadvantage of SO

methods is that by optimizing the average performance, these models fail to consider catastrophi-

cally bad outcomes (e.g., significantly high costs or severe damages to the system) brought by some

scenarios. Conditional value at risk (CVaR) [25] is a technique that adds more weight to more

extreme random outcomes. Thus, CVaR is a more risk-averse approach than SO and has been used

by [26, 27, 28, 29] for VPP scheduling.

Models that use SO and CVaR both rely on the assumption that the true distribution for random

variables is known, so they can provide poor results if the distribution is estimated inaccurately.

Robust optimization (RO) [30] is a method that optimizes the objective over the worst-case real-

ization of a random variable and has been used by [31, 32, 33] for VPP scheduling. Unlike SO and

CVaR, RO methods do not rely on distributional information and are risk-averse. However, RO
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methods can perform poorly in practice because they can cause decision-makers to invest too many

resources to handle extreme outcomes that are unlikely to occur in reality. Therefore, RO methods

are prone to giving overly-conservative solutions.

Other methods, such as recent data-driven approaches like [34] and [35], have also been employed

to tackle the VPP scheduling problem by leveraging available data for strategic decision-making.

However, it is important to note that these methods often rely on strong assumptions regarding the

distributions of the data used, which may restrict their applicability to more general stochastic sys-

tems. Distributionally robust optimization (DRO) [36] stands out as a method that offers distinct

advantages compared to previous approaches. Unlike SO, CVaR, and the aforementioned data-

driven methods, DRO does not rely on strong assumptions about the underlying distributional in-

formation. Instead, DRO considers the incomplete distributional information: the true distribution

of uncertain parameters is unknown, but an ambiguity set that contains the true distribution can be

derived. Then, DRO optimizes over such an ambiguity set of probability distributions to determine

the worst-case probability distribution, thereby providing a robust solution that hedges against

uncertainty. One key advantage of DRO is that it avoids the production of overly-conservative solu-

tions often associated with robust optimization (RO) methods. By considering a range of possible

distributions rather than a single worst-case scenario, DRO strikes a balance between robustness

and conservatism. This flexibility allows for more effective decision-making under uncertainty.

There have been several instances of data-driven DRO methods employed to address optimal

scheduling for virtual power plants (VPPs) and other applications. For example, [37] and [38] utilize

chi-squared and norm-based DRO approaches, respectively. However, these methods have limita-

tions in terms of flexibility in utilizing available data. In this chapter, we propose the utilization

of a Wasserstein DRO method that enables a full utilization of data information. Specifically, by

leveraging historical data on uncertain parameters, such as renewable energy output and demand,

we can construct an ambiguity set that encompasses the true probability distribution of the ran-

dom parameter. The robustness, or radius, of the ambiguity set is measured using the Wasserstein

metric.

While previous attempts have been made to apply the Wasserstein DRO approach to solve VPP

problems, such as in the works [39], [40], and [41], they are limited to a two-stage setting, where

the scheduling decision is made 24 hours in advance before the start of the time horizon. In con-

trast, our proposed methodology introduces a novel combination of the Wasserstein DRO approach

with a dynamic multi-stage framework for optimizing VPP scheduling. This dynamic multi-stage
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framework allows us to model the VPP setting more accurately, considering the constant influx

of information and enabling real-time hourly decision-making. By incorporating a multi-stage ap-

proach with dynamic programming (DP), our method captures the evolving nature of the VPP

system and facilitates adaptive decision-making. While some dynamic programming approaches

have been applied to multi-stage scheduling problems in VPPs or similar applications, such as [42],

[43], and [44], it is worth noting that none of these methods incorporate distributional robustness.

We propose a multi-stage distributionally robust optimization (MSDRO) that combines multi-stage

optimization and DRO. MSDRO addresses the limitations of existing data-driven approaches, in-

corporates distributional robustness, and models uncertainties in the VPP scheduling problem more

comprehensively. A more detailed summary of our main contributions is presented below:

1. Our model introduces a higher dimension of uncertainty compared to previous DRO litera-

ture. Specifically, we incorporate random demand, market prices, as well as wind and solar

generation. This extension allows for a more comprehensive representation of uncertainties

present in VPP scheduling.

2. We are the first to combine the Wasserstein DRO approach with a dynamic multi-stage frame-

work to optimize VPP scheduling in a real-time economic dispatch setting.

3. We provide empirical results to illustrate the advantages of the distributional robustness and

multi-stage modeling methods and compare our method to other data-driven approaches.

The rest of the chapter is as follows. In Section 2.2 we introduce and define the different

VPP components considered in our problem and formulate the mathematical model for the VPP

scheduling problem. In Section 2.3, we introduce the solution methodology and algorithm used to

solve the problem formulated in Section 2.2. In Section 2.4, we present the experimental results

that demonstrate the effectiveness of our multi-stage DRO model for VPP scheduling. In Section

2.5, we conclude the chapter.

2.2 VPP Model Formulation

For our problem, we consider a VPP with six major components:

1. distributed generators
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2. energy storage system (ESS)

3. demand response (DR)

4. load shedding (LS)

5. wind farms

6. photovoltaic cells

We consider the real-time economic dispatch problem where the VPP must supply enough

energy to satisfy random customer demand, and they can update dispatch decisions each hour

after observing random outcomes in the previous hour. First, we formulate the corresponding VPP

scheduling problem as a linear program model. We use [T ] := {1, .., T} to represent the set of all

positive integers up to T . Note that the formulation we present in this section does not account for

the uncertainty and non-anticipativity of dispatch decisions. We will incorporate uncertainty and

non-anticipativity in Section 2.3.

2.2.1 Objective Function

min

T∑
t

(
N∑
n

zGnt +

M∑
m

zESSmt + zDRt + zLSt − θPt st

)
(2.1)

The objective function (2.1) minimizes the total cost, which includes distributed generator cost zG,

battery cost zESS , demand response cost zDR, and load shedding cost zLS . The revenue that the

VPP can earn by selling excess energy st to the market is represented by θPt st. In our framework,

the VPP is a price-taker, and we treat the market price, θPt , as a random variable. N is the number

of distributed generators, M is the number of ESS units, and T is the time horizon.

2.2.2 Distributed Generator Constraints

In our setting, we consider distributed generators like the ones used in [18]. Since we consider a real-

time setting, we assume that all distributed generators are turned on during the entire time horizon

and that any unit commitment decisions have already been made. The distributed generators have

quadratic fuel costs, which are approximated with a convex piecewise linear function similar to [18].
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gGnt − gGn,t−1 ≤ RUn ∀n ∈ N, t = 2, · · ·T (2.2)

gGn,t−1 − gGnt ≤ RDn ∀n ∈ N, t = 2, · · ·T (2.3)

PGn ≤ gGnt ≤ P
G
n ∀n ∈ N, t ∈ [T ] (2.4)

zGnt ≥ βnk + αnkg
G
nt ∀n ∈ N, t ∈ [T ], k ∈ [K] (2.5)

gnt is the geneartion level for distributed generator n at time t. P
G
n and PGn are the minimum

and maximum generation levels, respectively. RUn, and RDn are the ramp up and down limits,

respectively. αnk and βnk are quadtraic fuel cost approximation parameters, and K is the number

of breakpoints for the piecewise-linear approximation. (2.2) and (2.3) represent ramping up and

ramping down limits, respectively. (2.4) represents the generation level capacities. (2.5) represents

a piecewise linear approximation for the quadratic fuel cost with respect to the generation level.

2.2.3 ESS Constraints

The energy storage system allows the VPP to store excess energy to be used to satisfy demand in

future periods.

hmt = hm,t−1 + ν+mg
E+
m,t−1 − ν

−
mg

E−
m,t−1 ∀m ∈M, t = 2, · · ·T (2.6)

hmt, g
E+
mt , g

E−
mt ≤ P

ESS
m , P

+
m, P

−
m ∀m ∈M, t ∈ [T ] (2.7)

zESSmt = λESS(g
E+
mt + gE−

mt ) ∀m ∈M, t ∈ [T ] (2.8)

hmt is the state of charge of ESS m at time t. gE+
mt and gE−

mt are the energy charged and

discharged at ESS m at time t, respectively. P
ESS
m , P

+
m, P

−
m are the storage limit, charging limit,

and discharging limit for ESSm, respectively. ν+m and ν−m are the respective charging and discharging

efficiency factors for ESS m. λESS is the unit price for charging or discharging. (2.6) is an energy

balance constraint indicating that the current state of charge (SOC), denoted by hmt, is equal to

the previous SOC plus the energy charged minus the energy discharged, adjusted by the efficiency

factor. (3.21) shows the respective capacity limits for the state of charge, charging, and discharging,

respectively. We assume that the market price is non-negative, therefore, these constraints are

sufficient without including a binary variable to indicate whether the ESS is charging or discharging.

Finally, (2.8) represents the battery cost calculation.
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2.2.4 Demand Response and Load Shedding Constraints

The cost of implementing demand response is related to the amount of demand change, so we adopt

a step-wise DR cost curve, similar to the one used in [45].

0 ≤ uDRlt ≤ Rt,l −Rt,l−1 ∀t ∈ [T ], l ∈ [L] (2.9)

uDRt =

L∑
l

uDRlt ∀t ∈ [T ] (2.10)

zDRt =
L∑
l

ρltu
DR
lt ∀t ∈ [T ] (2.11)

zLSt = V uLSt ∀t ∈ [T ] (2.12)

uDRt + uLSt ≤ min{DRmax, θDt } ∀t ∈ [T ] (2.13)

We consider L demand response price intervals. uDRlt is the demand response at level l at time t.

uDRt and uLSt are the total demand response and load shedding at time t, respectively. RDRt,l is the

upper limit for demand response in pricing interval l. DRmax is the maximum allowable demand

response, and θDt is the random customer demand at time t. V is the value of lost load, which is the

unit price for load shedding. The cost at time t of using demand response within in the lth interval

between RDRt,l and RDRt,l−1 is ρlt. This relationship is captured by constraints (3.16)-(2.11). The load

shedding cost is represented by (2.12), where V represents the unit penalty of load shedding, which

is typically greater than the demand response cost. (3.18) ensures that the sum of total demand

response and load shedding cannot exceed the demand response limit and realized demand.

2.2.5 Demand Balance Constraint

Lastly, (2.14) is a demand balance constraint that requires that the total supply and total demand

are equal.

θWt + θPVt + gE−
t − gE+

t +
∑
n∈N

gGnt = θDt − uDRt − uLSt + st ∀t ∈ [T ] (2.14)

θWt and θPVt are the random wind and solar output at time t, respectively. Output from re-

newable energy and distributed generator output with net ESS discharge comprise the total supply,

while observed demand, demand response, and load shedding comprise the total demand. If supply

exceeds demand, any excess energy can be sold to the market via st. All decision variables are
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non-negative. Note that because we use random variables θWt and θPVt to aggregately capture the

total wind and solar generation levels respectively, we can efficiently model systems with a large

number of renewable DERs, such as the Tesla [46] or Sunrun [47] VPPs that may have thousands

of renewable energy units.

2.2.6 Abstract Formulation

For brevity, we let xt(θ
t) represent a vector of decision variables, such as generation output, charging

and discharging levels, and demand response, which depend on the realization of the random vector

θt := (θWt , θ
PV
t , θDt , θ

P
t ) representing random wind output, solar output, customer demand, and the

market price at time t, respectively. Also, we define x0 as the initial state of the system. The

abstract form of the above formulation can then be represented as:

min
T∑
t=1

ct(θ
t)xt(θ

t)

s.t. Atxt(θ
t) = Btxt−1 + bt(θ

t) ∀t = 2, · · · , T

xt(θ
t) ≥ 0 ∀t ∈ [T ]

(2.15)

ct(θ
t) is the objective coefficient which also depends on the random variable θt that captures

the objective function’s dependence on the random market price in our setting. bt(θ
t) is a constant

parameter vector in the constraints, which also depends on θt, that captures the dependence on

random renewable energy and demand in our setting. This abstract formulation provides us with a

versatile framework that allows for the incorporation of multiple dimensions of uncertainty in both

the constraints and the objective coefficients. This distinguishes our approach from many previous

methods, such as [48], which primarily focus on considering randomness solely in the constraints.

Next, we will present the tractable reformulation of (3.27) and propose an efficient algorithm to

solve the reformulation correspondingly.

2.3 Methodology

2.3.1 Reformulation Using Wasserstein Ambiguity Set

To present the MSDRO formulation, we first define the ambiguity set, which is a set of distribu-

tions that are considered in our model. There are two standard methods of defining the ambiguity

set. The first is a moment-based ambiguity set, which includes all distributions that satisfy mo-

ment requirements on their first and second moments [49]. The second type of ambiguity set is a
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distribution-based ambiguity set, which considers all distributions that are sufficiently close to a

reference distribution, such as the empirical distribution learned from data [50].

We adopt the second method, which better utilizes available data information, and we use

the Wasserstein distance [51] as a metric to measure how close a distribution is to the reference

distribution. Formally, the Wasserstein distance dW (Pt, P̂t) between two distributions Pt, P̂t is

defined as:

dW (Pt, P̂t) := inf
z∈Z

∫
Ξ×Ξ

κ(x, y)dz(Pt, P̂t) (2.16)

where (Ξ, d) is the metric space, κ is a general distance between random variables x and y, and

Z is the set of all joint distributions.

Next, we define the ambiguity set Dt that includes all distributions Pt, such that the Wasserstein

distance between Pt and the reference distribution P̂t is less than some pre-defined constant r ∈ R,

which we call the “radius” of Dt:

Dt := {Pt : dW (Pt, P̂t) ≤ r}. (2.17)

In our setting, we consider discrete random variables and J random scenarios. We let Pt =

{ptj , j ∈ [J ]} be the probability mass function (pmf) of random variable θt at time t, where ptj

represent the probability that the jth random scenario θtj occurs at time t. Similarly, P̂t = {p̂tj , j ∈

[J ]} is the pmf for the reference distribution for θt at time t, where p̂tj represent the probability that

the jth random scenario θtj occurs at time t. Therefore, (2.16) can be reformulated as:

dW (Pt, P̂t) =min
z

J∑
i=1

J∑
j=1

d̂tijzij

s.t.

J∑
j=1

zij = p̂ti ∀i ∈ [J ]

J∑
i=1

zij = ptj ∀j ∈ [J ]

zij ≥ 0 ∀i, j ∈ [J ]

(2.18)

where d̂tij represents the Lp distance between θti and θtj for p ≥ 1. In this work, we use L2

distance:
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d̂tij :=

√√√√ n∑
k=1

(θti,k − θtj,k)2 (2.19)

where n is the number of components for the random vectors θti and θtj ∈ Rn. θti,k and θti,k

represent the kth component of θti and θ
t
j , respectively.

2.3.2 Multi-Stage DRO Formulation

Using the definition of the ambiguity set, we now provide a multi-stage reformulation of the original

problem, (3.27). This framework provides the decision-maker with the flexibility to make dynamic

or real-time decisions, allowing them to make sequential decisions based on observed random out-

comes at each time period. This stands in contrast to a “static” decision-making setting commonly

represented by a two-stage day-ahead framework. In such static settings, a scheduling decision is

made 24 hours in advance before the start of the time horizon and remains fixed throughout the

horizon. We consider an hourly decision-making framework, however, it is important to emphasize

that this framework can be generalized to accommodate sequential decision-making at different time

scales, such as every 15 minutes or monthly intervals.

We start by defining Qt(xt−1, θ
t) as the “cost-to-go” function, which is the cumulative cost

from time t to the end of the horizon at time T if xt−1 was chosen in time period t − 1 and θt

was observed. This multi-stage formulation captures the non-anticipativity of dispatch decisions

because realistically, the VPP operator can adjust dispatch decisions based on observing the random

solar output, wind output, demand, and market price information in the current period, but cannot

observe these outcomes in future periods.

In our distributionally robust setting, the objective is to minimize the cost in the current time

period plus the total expected future cost under the worst-case distribution in Dt. Accordingly, we

can formulate distributionally robust Bellman’s equations [52] (2.20) and (2.21) as follows:

Qt(xt−1, θ
t) = min

xt
ct(θ

t)Txt + max
Pt+1∈Dt+1

EPt+1 [Qt+1(xt, θ
t+1)] (2.20a)

s.t. Atxt = Btxt−1 + bt(θ
t) (2.20b)

xt ≥ 0 (2.20c)

for t ∈ [T ], and

QT+1(xT , θ
t+1) = 0 (2.21)
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It is important to notice that the worst-case distribution Pt+1 is the solution to the inner-

maximization problem, so it is an output that cannot be known before solving the problem. In our

specific setting, it is challenging to ascertain the specific distribution that would lead to the worst-

case expected cost, primarily due to the presence of multiple factors in our model that contribute

to cost increases (e.g., generation cost, demand response cost, or load shedding cost). This lack

of knowledge about the exact worst-case distribution can be effectively addressed by the DRO

approach: it still provides a solution with respect to the worst-case distribution without necessitating

prior knowledge of its exact form.

In our setting, since we consider a discrete set of J possible realizations for θt,EPt+1 [Qt+1(xt, θ
t+1)]

can be rewritten as:
J∑
j=1

pt+1
j Qt+1(xt, θ

t+1
j ) (2.22)

Now, using the definition of Wasserstein distance given in (2.18), we can reformulate the inner-

maximization problem (which is the second term in (2.20a)) as the following:

max
z,pt+1

J∑
j=1

pt+1
j Qt+1(xt, θ

t+1
j ) (2.23a)

s.t.
J∑
i=1

J∑
j=1

d̂t+1
ij zij ≤ r (2.23b)

J∑
j=1

zij = p̂t+1
i ∀i ∈ [J ] (2.23c)

J∑
i=1

zij − pt+1
j = 0 ∀j ∈ [J ] (2.23d)

zij ≥ 0 ∀i, j ∈ [J ] (2.23e)

The solution to the optimization problem (2.23) is the worst-case distribution. By taking the dual

of (2.23), we can convert it to a minimization problem and combine it with the outer minimization

problem (2.20) to get the following:



15

Qt(xt−1, θ
t) = min

xt,ϕt,ψt
ct(θ

t)xt + rϕt +
J∑
j=1

p̂t+1
j ψtj (2.24a)

s.t. Atxt = Btxt−1 + bt(θ
t) (2.24b)

d̂t+1
ij ϕt + ψti + ωtj ≥ 0 ∀i, j ∈ [J ] (2.24c)

− ωtj ≥ Qt+1(xt, θ
t+1
j ) ∀j ∈ [J ] (2.24d)

xt, ϕ
t ≥ 0 (2.24e)

where ϕt, ψt, and ωt are dual variables of constraints (2.23b),(2.23c), and (2.23d) respectively.

Note here that constraints (2.24c) and (2.24d) can be combined into a single constraint:

d̂t+1
ij ϕt + ψti ≥ Qt+1(xt, θ

t+1
j ),∀i, j ∈ [J ] (2.25)

Let F (xt−1, θ
t) denote the feasible region of xt in (2.20). Without loss of generality, we can

assume F (xt−1, θ
t) ̸= ∅ for ∀t ∈ [T ], because if otherwise, we can add a penalty term in the

objective function to guarantee feasibility. Furthermore, F (xt−1, θ
t) is compact because it is a closed

polyhedral set and all decision variables are bounded by (2.14). [48] proved that if Ft(xt−1, θ
t) is

nonempty and compact for any feasible xt−1 and θt, then the function Qt+1(xt, θ
t+1) is a piecewise

linear convex function on Ft(xt−1, θt) with a finite number of pieces. Using this fact, we can find a

reformulation for (2.24) as follows:

Qt(xt−1, θ
t) = min

xt,ϕt,ψt
ct(θ

t)xt + rϕt +

J∑
j=1

p̂t+1
j ψtj (2.26a)

s.t. Atxt = Btxt−1 + bt(θ
t) (2.26b)

d̂t+1
ij ϕt + ψti ≥M t

j,kxt + htj,k ∀j ∈ [J ], k ∈ Ξt+1
j (2.26c)

xt, ϕt ≥ 0 (2.26d)

Here, Ξt+1
j is the index set for all pieces that describe Qt+1(xt, θ

t+1) as a function of xt with

gradients M t
j,k and intercepts htj,k. For all k ∈ Ξtj , for a fixed solution x̂t and a fixed scenario θt+1

j ,

the formula for gradient and intercept are:
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M t
j,k = ηt+1

jk Bt+1 (2.27a)

htj,k = Qt(x̂t, θ
t+1
j )− ηt+1

jk Bt+1x̂t (2.27b)

where ηt+1
jk is the optimal dual variable of constraint (2.26b) in period t+ 1. The cardinality of

Ξt+1
j is equal to the number of extreme points of the dual problem of (2.26) for t+ 1. As a result,

solving (2.26) can be computationally challenging due to the large number of constraints in (2.26c).

Instead of adding all constraints in (2.26c) corresponding to the entire set Ξt+1
j , we relax (2.26) by

iteratively adding constraints in (2.26c). Therefore, we have a relaxation of (2.26), which we denote

as Q̃t(xt−1, θ
t), by replacing constraint (2.26c) with:

d̂t+1
ij ϕt + ψti ≥ M̃ t

j,kxt + h̃tj,k, ∀i, j ∈ [J ], k ∈ Ξ̃t+1
j (2.28)

where Ξ̃t+1
j ⊆ Ξt+1

j . We denote this problem as P kt .

2.3.3 Distributionally Robust Dynamic Programming Algorithm

Using the framework presented above, we can solve for Q̃t(xt−1, θ
t) using the following distribu-

tionally robust dynamic programming (DRDP) algorithm, motivated by [48]. Here, K is the total

number of iterations, which is equivalent to the number of constraints (2.28) we add. For each

iteration, the algorithm performs a forward pass where it solves the problem P kt from periods

t = 1, ..., T − 1 by sampling θ̂1, ..., θ̂T−1 from the set of possible scenarios (in our experimental set-

ting we consider 100 scenarios for each time period). The optimal solution at each stage, x̂1, ..., x̂T−1,

can be obtained. Then, the algorithm performs a backward pass where it goes from t = T, ..., 2 and

it solves P kt (x̂t−1, θ
j) for all j and generates constraints (2.28) for P kt−1. The main purpose of the

backward pass is to generate the cuts and add them to the problem in the previous time period.

This is done by obtaining the value of ηjtk, which represents the dual variable from the optimization

problem Pt. η
j
tk is used via (2.27a) and (2.27b) to define the cut of the form (2.28) to be added to

the problem Pt−1. The full details of the algorithm are presented in Figure 2.1.
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Figure 2.1: DRDP algorithm

Our dynamic Wasserstein DRO framework utilizes two streams of data to inform decision-

making. The first stream is historical data, which establishes the reference distribution for random

parameters and guides the derivation of the optimal decision policy. The second stream is real-time

data, which reflects the actual realization of random parameters at each time period or simulates

the dynamic nature of the real-world environment. Both historical data and real-time data can be

synthetic or real, such as simulated scenarios or historical records of renewable energy output and

demand trends.

2.4 Experimental Results

We perform four types of experiments. The first is to test how the system’s robustness level impacts

the total cost. The second is to measure how much a dynamic approach improves performance

relative to a static approach. The third is to investigate the importance of different components of

the VPP on system performance. Finally, we perform experiments to explore the scalability and

efficiency of our algorithm.

We consider a system with three distributed generators, one ESS, one PV, one wind farm, a

demand response program that allows load curtailment, and a load that allows load shedding. The

data for the model parameters are presented in Tables 2.1-2.3. We use the Gurobi solver to solve

the model on a 1.6 GHz Dual-Core Intel Core i5 processor. For all experiments, we consider a time
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horizon of T = 24 hours, and we set the number of cuts to K = 20. The computation time was

roughly 5 seconds to implement one simulation of the DRDP algorithm for any value of r. Table

?? includes the fuel cost parameters, where the fuel cost for each generator is f(p) = âp2 + b̂p + ĉ

for generation level p. This quadratic function is approximated with constraint (2.5) with K = 5.

Gen PGn (kW) P
G
n (kW) RUn, RDn (kW/h) â ($/kW2) b̂ ($/kW) ĉ ($)

1 0 20 10 0.0697 29.24 31.67

2 0 50 25 0.0098 22.04 58.81

3 0 100 50 0.0004 6.00 50.00

Table 2.1: Distributed generator parameter values

ν P
ESS
m (kW) P

+
m (kW) P

−
m(kW)

0.9 1000 100 100

Table 2.2: ESS parameters

Level ρlt ($/kW) Rt,l (kW)

0 0 0

1 100 100

2 200 200

3 300 300

Table 2.3: Demand response parameter values ($/kW)

Lastly, DRmax = 300 kW and V = $500. To test the model performance, we implement a train-

ing procedure and an out-of-sample testing procedure. The training procedure serves the purpose

of running the DRDP algorithm, which generates the necessary cuts to define the reformulated dis-

tributionally robust Bellman’s equation (2.26). In this context, our aim is not to train any specific

parameters, but rather to train the constraints (or cuts) of the distributionally robust Bellman’s
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hour 1 2 3 4 5 6 7 8 9 10 11 12

price LB ($) 10 30 10 12 14 17 22 30 45 55 90 110

price UB ($) 30 50 30 32 34 37 42 50 65 75 110 130

load LB (kW) 200 200 200 200 225 225 250 300 350 350 350 400

load UB (kW) 275 275 275 275 300 300 325 325 400 400 425 500

wind LB (kW) 100 100 100 100 100 100 100 100 100 100 100 100

wind UB (kW) 200 200 200 200 200 200 200 200 200 200 200 200

solar LB (kW) 0 0 0 0 0 0 0 0 50 100 200 300

solar UB (kW) 0 0 0 0 0 0 0 25 100 200 300 400

hour 13 14 15 16 17 18 19 20 21 22 23 24

price LB ($) 120 115 108 95 89 82 71 62 40 30 20 10

price UB ($) 140 135 128 115 109 102 91 82 60 50 40 30

load LB (kW) 350 350 350 350 350 400 500 550 500 450 350 250

load UB (kW) 500 500 500 500 500 600 700 800 700 600 500 400

wind LB (kW) 100 100 100 100 100 100 100 100 100 100 100 100

wind UB (kW) 200 200 200 200 200 200 200 200 200 200 200 200

solar LB (kW) 500 400 400 400 400 140 200 150 100 100 100 100

solar UB (kW) 700 500 500 500 400 300 200 100 25 0 0 0

Table 2.4: Parameters for scenario generation distribution

equation problem. Subsequently, during the testing procedure, the distributionally robust Bellman’s

equation is solved sequentially with the cuts generated in the training stage. For each time period, a

random realization is sampled from a distribution that differs from the one used during the training

procedure. This sampling process simulates a real-life dynamic VPP scheduling environment.

For the training procedure, we implement the DRDP algorithm with respect to 100 scenarios

that are sampled from a uniform distribution. The upper-bound (UB) and lower-bound (LB) for

these uniform distributions for prices, load, and renewables (solar plus wind) are displayed in Table

2.4.

For our out-of-sample testing procedure, we test the policy generated in the training procedure

by recording the average cost over 100 sample paths. To test the robustness of the proposed model,
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we allow the out-of-sample uncertainty to have a higher mean demand and higher demand variability

than anticipated. Specifically, for the testing procedure, we sample from a new uniform distribution

where the load upper bound is increased by 150 kW and the load lower bound is decreased by 50

kW.

We perform the training and testing procedure for different values of the Wasserstein radius r,

and for each radius level, we implement the training and testing procedure for 100 simulations. The

initial generation levels of all generators and the state of charge of ESS are set to zero.

2.4.1 Robustness Analysis

The objective of this experiment is to investigate how different radius values for the Wasserstein

ambiguity set affect the VPP scheduling cost. We test different radius values between r = 0 and

r = 200, and analyze the behavior of the average cost in the testing procedure across these different

radius values. The results are shown below in Figures 2.2a and 2.2b.

(a) Average cost vs. radius (b) Variance vs. radius

Figure 2.2: Impact of changing the radius

The value of r represents the maximum allowable distance between the reference and true dis-

tributions, which measures the conservativeness level that the decision-maker wishes to incorporate

into the decision-making process. Intuitively, a larger radius indicates a greater willingness to ac-

commodate outcomes that deviate significantly from the reference distribution. In practice, the

choice of the radius value should align with the decision-maker’s level of risk aversion. When r = 0,

this implies that the ambiguity set contains only one distribution: the true distribution. This setting
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indicates that there is no distributional uncertainty, and the true distribution is known perfectly.

Therefore, when r = 0, MSDRO is equivalent to SO.

The results from Figure 2.2a show that the average cost decreases as r increases from 0 to about

70. That is because when r is small, the model is not capable of considering extreme scenarios, and

therefore has limited ability to handle them when they occur. When r becomes larger, the model

takes into account more distributional ambiguity and thus can plan for more extreme scenarios to

occur. This allows the system to schedule more robustly and reduce the impact of costly events.

Therefore, increasing r allows our model to consider more distributional robustness and allows

the DRO model to outperform the SO model. From about r = 60 to 120, we do not observe any

significant change in cost, which means that at this point, considering more distributional ambiguity

does not change the model’s behavior. Finally, for radius values greater than about 120, the cost is

greater. This behavior is the result of overly-conservative behavior where the model spends extra

money to prepare for more extreme scenarios that are considered because of the larger radius value,

which exemplifies behavior that is common for RO methods.

These results show that by choosing appropriate radius values (between roughly 60 and 120), our

MSDRO method considers the appropriate amount of distributional ambiguity to give a solution

that is cost-effective, but not overly-conservative.

From Figure 2.2b, we can see that as r increases to about 50, there is a sharp decrease in variance,

and the variance remains at this level until about r = 120. Therefore, in addition to decreasing cost,

increasing the radius decreases the variability, and thus improves system reliability. For r ≥ 120, the

variance is larger which indicates that further increasing the distributional robustness may introduce

more variability.

Next, we compare the performance of the stochastic-VPP (SVPP) and distributionally robust

VPP (DRVPP) on an hourly basis. Specifically, to represent the SVPP case in our experimental

setup, we implement a stochastic dual dynamic programming method, which is a common method

used for modeling dynamic programs with uncertainty (e.g., in [42] and [43], among others). For

our comparison, we use r = 70 as a representative case of DRVPP. Figure 2.3 shows the difference

in the cumulative cost between the two methods.
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Figure 2.3: Hourly cumulative cost

We can see from Figure 2.3, that for the first 22 hours, the SO case outperforms the DRO case

(note that a negative cost means a positive profit), but the DRO case yields a lower cumulative cost

over the entire time horizon. This behavior highlights the nature of our algorithm, which is not

based on a greedy approach. Instead, it strategically sacrifices a relatively small amount of profit

earlier in the time horizon to ensure a lower overall cost by the end of the time horizon.

We can further observe how the optimal policy generated in the training phase differs between

the SO and DRO cases. We compare the optimal values of ESS storage, demand response utilization,

and load shedding, shown in Figures 2.4 and 2.5, respectively.

Figure 2.4: Battery usage for differing radius values

Figure 2.4 shows the state of charge (SOC) value of the ESS, so upward slopes and downward
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slopes in the graph represent periods of charging and discharging, respectively. We can observe that

the DRVPP tends to store more energy overall than the SVPP, and the DRVPP stores more energy

leading up to the demand spike at t = 20 and 21. These results can explain why the SVPP has

lower cumulative costs earlier in the time horizon, as observed in Figure 2.3. Essentially, by storing

more energy earlier in the time horizon, the DRVPP sacrifices opportunities to sell to the market

or satisfy demand without DR when compared to the SVPP, but it makes up for it in the end by

being better prepared to handle peak demand.

Figure 2.5: Cumulative DR and LS utilization

We can also observe the differences between how the SVPP and DRVPP utilize demand response

and load shedding in Figure 2.5. We can see that the DRVPP chooses to spend more on DR to

avoid load shedding. This causes the SVPP to load shed more during peak hours due to the

insufficient utilization of DR. As a result, the DRVPP saves money compared to the SVPP because

load shedding is significantly more expensive than DR.

These experiments demonstrated how our method is robust to distributional ambiguity. In

our testing phase, since we conducted simulations where the samples are drawn from a testing

distribution with higher mean demand and increased demand variability compared to the training

distribution, the sampled scenarios during the testing phase can exhibit more extreme conditions

than what would typically be expected. From the results, we can see that our DRO model (i.e.,

r > 0) outperformed the SO model (i.e., r = 0). That is, our model performs better even when the

true distribution is unknown or inaccurately estimated, and exhibits greater robustness to extreme

realizations of random events.
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2.4.2 Dynamic vs. Static Comparison

In this section, we compare the performance of our DRDP algorithm with a static-DRO algorithm to

showcase the advantage of our dynamic DRO method. For the static-DRO algorithm, we implement

a two-stage Wasserstein DRO method, similar to the method implemented in [39] and [40], for

example. This static-DRO method also considers the worst-case distribution in the Wasserstein

ambiguity set defined in (2.17), so the static DRO algorithm also gives a risk-averse solution by

hedging against distributional ambiguity.

However, the static model must decide its generation profile 24 hours in advance before the start

of the time horizon, so it cannot observe any information about the uncertainty and it cannot adjust

it dynamically during the day. In our setup, the decision-maker in the static implementation must

commit to distributed generation levels, battery charging, and discharging, and demand response

24 hours in advance. The decision-maker can only adjust load shedding and the amount of energy

sold to the market in real-time after uncertain parameters are revealed.

If the true outcomes of random parameters deviate significantly from the predicted outcomes in

the planning stage, the static-DRO model could give costly results. We illustrate this by comparing

the performance of the static-DRO and dynamic-DRO algorithms across different radius values. We

record the average cost for each case and present the results in Table 2.5. When the training and

testing distributions are different, the static-DRO case performs worse than its dynamic counterpart,

because it plans for random outcomes in the training phase that differ from the actual outcomes

observed in the testing phase, and cannot adjust as flexibly as the dynamic-DRO method.

r Static Dynamic r Static Dynamic

0 305,659.22 66,319.00 60 292,412.73 56,776.51

10 290,079.47 63,699.55 70 292,451.29 56,704.61

20 291,241.00 60,387.36 80 292,903.08 56,526.30

30 292,649.48 58,516.35 90 292,908.91 56,484.20

40 292,382.67 57,645.99 100 292,997.48 56,548.45

50 292,469.12 56,704.97 − − −

Table 2.5: Average cost for dynamic and static VPP scheduling ($)

The most significant contributor to the increased cost for the static case is the heavy reliance
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Figure 2.6: Static and dynamic DR and LS usage for r = 70

on load shedding. Figure 2.6 compares the amounts of DR and LS for the case when r = 70 for the

static and dynamic cases. We can observe that the dynamic case spends more on demand response,

and by doing so, its reliance on load shedding is negligible compared to the static case’s. Because

the static case is unable to adjust in real-time, it is unable to increase its demand response usage

when it observes higher-than-expected demand, so it must resort to more load shedding.

These experiments demonstrate the importance of the dynamic nature of our DRDP method. By

allowing the system to adjust to uncertainty in a real-time manner, the DRDP method outperforms

the static method in cases where the realization of random outcomes is different from the predicted

outcomes.

2.4.3 Component Impact Quantification

In the following experiments, we compare model performance when different VPP components are

removed. In particular, we compare the following cases:

1. Full VPP (a VPP with all components, as defined in Section 2.2)

2. Without ESS

3. Without DR

Note that “without DR” means that demand response is removed from the model, but load

shedding can still be utilized. Figure 2.7 compares the average cost across 50 simulations for three
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different cases.

Figure 2.7: Comparing cost when ESS or DR is removed

It is clear that Case 1 (full VPP) yields the best performance, followed by Case 2 (without

ESS), and then Case 3 (without DR) performs the worst. These results emphasize the importance

of demand response as an effective way to reduce the load when demand exceeds supply. Without

DR, the system must rely on load shedding, which is much more expensive. The results in Figure

2.7 indicate that ESS also plays an important role in reducing costs. The ESS can charge and

discharge energy, which gives the VPP flexibility in scenarios with high or low net loads. However,

due to the ESS’s capacity constraints, it is unable to mitigate peak load scenarios as effectively as

DR.

We can further explore how the model performs by looking at Case 2 and Case 3 separately.

Figures 2.8a, 2.8b and 2.8c show the average cost with respect to radius for Cases 1, 2, and 3,

respectively for r = 0 to 100.
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(a) Full VPP (b) Without ESS (c) Without DR

Figure 2.8: Average cost with different component combinations

Figures 2.8a, 2.8b and 2.8c all show a negative correlation, which means that considering more

uncertainty in the planning process improves the performance in all 3 cases. However, as radius

increases from 0 to 100, we observe a much more dramatic change in cost for Case 3 (∼ $30, 000)

than in Case 1 (∼ $10, 000). Thus, in the absence of DR, there is a greater performance improvement

when more distributional robustness is incorporated, compared to the full VPP. On the other hand,

when r is increased from 0 to 100, we see a less dramatic change in cost for Case 2 (∼ $200).

Therefore, after removing ESS, the model performance improves to a lesser degree compared to the

full VPP, as more distributional robustness is incorporated.

While both ESS and DR play important roles in mitigating costs for the VPP, DR plays a

more significant role. Without DR, the model relies more on increasing distributional robustness

to achieve higher performance compared to when ESS is removed.

2.4.4 Scalability Analysis

Extended Time Horizon

To evaluate the scalability of our DRDP algorithm, we conducted experiments on extended time

horizons beyond the previously tested 24 hours. Specifically, we tested horizons ranging from 1

to 4 weeks, equivalent to 168 to 672 hours, with hourly decision intervals. The objective was to

measure the execution time required for a single simulation, encompassing both the training and

testing phases. In our algorithm, the number of iterations in each forward and backward path run

is directly related to the size of the time horizon. As a result, we anticipated observing a linear

relationship between the horizon length and the execution time. Empirical evidence supporting this
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trend is presented in Table 2.6, which displays the results of our experimental analysis.

horizon (weeks) 1 2 3 4

runtime (seconds) 56.71 70.52 101.22 130.07

Table 2.6: Relationship between horizon and runtime

Our results demonstrate that our methodology is capable of accommodating large time horizons,

providing decision-makers with the ability to make sequential decisions further into the future or

with narrower decision intervals, surpassing the limitations of the typical 24-hour setting.

Moreover, it is important to note that the runtime reported in Table 2.6 represents the total

time required to run an entire simulation, including both the training and testing procedures for

the entire time horizon. In practice, only the training procedure would need to be executed prior

to the start of the horizon. Subsequently, at each hour, the decision-maker would only need to

solve the distributionally robust Bellman’s equation (2.26) for that specific time period. Since the

computational time is linearly dependent on the horizon length, it is extremely efficient and can be

anticipated to solve in a much shorter time.

Test Case on South Carolina 500-bus Power System Model

We also tested our algorithm on the synthetic South Carolina 500-bus power system model [53]

to see how increasing the number of generators affects the model performance. We used the same

experimental setup as previously. Across all simulations run with this dataset, the average run-

time for the DRDP algorithm was 48 seconds. Even for large-scale data, our model runs efficiently

because the reformulation method used to derive the algorithm relies only on solving linear programs

for each simulation. These results show that our methodology can efficiently handle problems with

an increased number of generators in addition to increasing the time horizon. We can also observe

the average profit over 100 simulations with different radius values in Table 2.7.

radius 0 25 50 75 100

profit 1,425,803.54 1,426,324.71 1,427,070.09 1,427,967.58 1,428,727.00

Table 2.7: Increased profit as radius increases
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We see a similar trend to what we observed previously. As the radius increases, we see an

increase in profit because the system can account for more uncertainty with larger radius values.

Note that the South Carolina 500-bus system allows the system to earn a profit instead of incurring

a cost, which was observed in the previous setting. From a mathematical modeling perspective, this

is just a difference between a positive and negative objective value. Therefore, our methodology

can improve performance by incorporating uncertainty in the decision-making process regardless of

the sign of the objective function.

2.5 Conclusion

Our MSDRO method has four major benefits. The first is that it hedges against uncertainty by

providing more conservative solutions than SO approaches. This is important for VPPs because ex-

treme events can be costly. The second advantage is that, unlike RO methods, it provides solutions

that are not overly-conservative by optimizing over the worst-case distribution rather than a single

worst-case scenario. This property enables our model to hedge against uncertainty without over-

spending to prepare for a single extreme scenario that may occur rarely in practice. Third, unlike

approaches that use SO or CVaR, our MSDRO approach does not assume the true distribution is

known, which is important because wind output, solar output, demand, and market price distribu-

tions are difficult to estimate accurately. Lastly, utilizing a dynamic multi-stage framework allows

the system to incorporate the constant influx of information to support real-time decision-making.

Our findings revealed that considering the appropriate amount of distributional ambiguity al-

lowed us to reduce the average cost and variance. Even with incomplete distributional information,

the MSDRO method provided a solution that is reliable, cost-effective, and robust to more ex-

treme realizations of our random events. We also showed the benefit of incorporating a dynamic

framework, which adjusts the dispatch decisions in a real-time manner after the values of uncer-

tain parameters are realized. These advantages allowed our model to outperform the static model

that had to commit to a solution 24 hours in advance before realizing any uncertain parameter

values. Furthermore, our component impact analysis quantified the impact of DR and ESS on

the VPP’s effectiveness. These experiments demonstrated the relative abilities of ESS and DR to

handle extreme demand cases. Finally, we conducted experiments that demonstrate our methodol-

ogy’s scalability by evaluating its ability to efficiently solve problems with large time horizons, and

large-scale systems.
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Chapter 3

A TWO-STAGE TARGET-ORIENTED ROBUST OPTIMIZATION MODEL
TO ASSESS THE FLEXIBILITY OF VIRTUAL POWER PLANTS WITH

QUICK-START STORAGE RESOURCES

3.1 Background

There are many degrees of stochasticity associated with VPPs, which makes them challenging to

operate reliably. The VPP can satisfy random customer demand on the distribution level and

provide ancillary services to the transmission level based on power trajectories provided by trans-

mission system operators (TSOs) [54]. The VPP also relies on volatile renewable energy penetration

[13], which adds another degree of stochasticity. To address this challenge, we propose a flexibility

framework that helps the VPP assess its ability to reliably satisfy customer demand and power

trajectories from TSOs while utilizing renewable energy.

In the literature, flexibility is defined in various ways. One category of flexibility metrics is

stochastic flexibility. These metrics assess the probability of violating system constraints or they

optimize the average flexibility based on specific probability distributions. For instance, the insuf-

ficient ramping resource expectation (IRRE) quantifies the expected number of observations when

a power system cannot cope with the changes in renewable generation or demand [55]. The loss

of wind estimation (LOWE) index represents the estimated probability of wind curtailment occur-

ring in a system within a year [56]. Lack of ramp probability (LORP) represents the probability

that the available system ramping capability from dispatched generators will not satisfy the load

[57]. One limitation of these metrics lies in their probabilistic nature. They cannot guarantee the

fulfillment of the demand without any violations because they solely ensure load satisfaction in

terms of expectation or probability. Moreover, studies that employ simulation methods, like [58],

for assessing system flexibility, also lack the assurance of load satisfaction. Similarly, [59] and [60]

utilize stochastic optimization techniques to minimize the expected total cost with the integration

of flexible resources, such as energy storage, into microgrid optimization problems. However, these

methodologies may not provide robust solutions that cover all scenarios reliably.

Other methods define flexibility as a function of various risk metrics. By incorporating risk in

their flexibility definition, these papers aim to create a conservative flexibility metric that hedges
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against uncertainty. For example, operational risk is a flexibility metric that includes expected op-

erational loss for wind generation curtailment as well as load shedding [61]. The expected flexibility

shortfall is the conditional expectation of load loss due to insufficient flexibility, given that it is

beyond the Value-at-Risk level of flexibility [62]. These papers present risk-averse flexibility metrics

by incorporating risk in their flexibility definition. However, risk is an inherently abstract concept,

so risk-based flexibility metrics could be difficult to understand and interpret in practice.

In contrast to the metrics described above, we use a reliable and functional flexibility definition:

flexibility is the largest amount of deviation from the expected required non-renewable generation

across all time periods that the system can tolerate. Required non-renewable generation (RNRG) is

defined as the difference between the customer demand and power trajectories requested by TSOs

and the expected renewable generation level. This flexibility metric helps the VPP satisfy RNRG

more reliably by measuring the deviations from the expected RNRG it can satisfy.

It is a reliable flexibility definition because it guarantees that the RNRG will be satisfied surely

instead of probabilistically or on average as in [55]-[60]. Furthermore, it is functional because

it is easy to understand and interpret, and can be communicated more easily to practitioners

compared to the more abstract risk flexibility definitions in [61] and [62]. Another advantage of our

flexibility metric is its ability to model complex systems like VPPs which have multiple heterogenous

generation resources and multiple forms of stochasticity.

To model flexibility, we use a formulation that is similar to two-stage robust optimization (RO)

[63], [64], and [65]. These methods minimize cost while assuming the random system components

take the worst-case value within an uncertainty set. We use a two-stage target-oriented robust op-

timization (TORO) method [66], which has one key difference, however. In our formulation TORO,

we restrict the cost to be lower than a pre-specified target cost, and the size of the uncertainty set is

a decision variable in the objective instead of a fixed parameter in the constraints as it is in standard

two-stage RO methods. Therefore, our model does not have to accurately measure the boundaries of

the possible random outcomes, which is challenging, especially when random variables are volatile.

Thus, our method is easier to implement in practice compared to two-stage RO methods.

A similar definition and formulation of flexibility has been studied by [67], [68], and [69], however,

they do not consider second-stage integer variables. We include second-stage integer variables, which

allow us to model quick-start resources such as storage units more accurately. Adding second-stage

integer variables makes the problem more difficult to solve because the duality-based approaches

used in [68] and [69] are no longer applicable. To the best of our knowledge, we are the first to
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evaluate flexibility with second-stage binary decision variables. We formulate our problem as a two-

stage optimization problem with second-stage integer variables, and we use a variable uncertainty

set to model the VPP’s flexibility.

A similar formulation with second-stage integer variables and a variable uncertainty set is studied

in [70], although they don’t directly optimize flexibility. They propose an algorithm based on the

column-and-constraint-generation (CCG) approach presented in [71] that requires solving mixed-

integer subproblems. We solve our model with a novel primal generation algorithm (PGA) after

reformulating it as a mixed-integer bilinear program, which outperforms the aforementioned CCG

method. Some advantages that contribute to our method’s efficiency are that it does not rely on

auxiliary binary variables and it has a faster termination criteria compared to typical CCG methods.

We verify our algorithm’s efficiency by conducting experiments that showcase our algorithm’s ability

to evaluate VPP flexibility more efficiently than a standard CCG approach. We summarize our main

contributions as the following:

1. We assess the flexibility of a VPP by formulating a robust two-stage uncertainty-set optimiza-

tion problem with second-stage integer variables.

2. We propose a novel PGA that solves our model efficiently while maintaining a small optimality

gap by utilizing a bilinear search heuristic and leveraging the problem structure to reduce the

convergence time.

3. We conduct experiments to demonstrate our PGA’s ability to evaluate the flexibility of a VPP,

and its ability to outperform standard CCG methods.

The rest of this chapter is organized as follows. In Section 3.2, we present the VPP flexibility

formulation. We present an abstract formulation for notational brevity in Section 3.3. In Section

3.4 we present the model reformulation technique used to transform our problem into a structure

that can be solved by our PGA, presented in Section 3.5. Section 3.6 discusses our experimental

results. Section 3.7 concludes the chapter.

3.2 Flexibility Model Formulation

We consider the unit commitment and economic dispatch setting where the VPP’s goal is to decide

which generation resources to use to supply enough energy to satisfy random customer demand. In
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this section, we formulate the VPP flexibility problem which we refer to as the original problem

(OP). Our VPP consists of distributed generation units, demand response (DR), energy storage

systems (ESS), and wind and solar generation resources. We present the entire OP formulation in

this section. The objective of the OP is to evaluate the VPP’s flexibility.

We evaluate the flexibility with respect to two stages of constraints. The first-stage constraints

describe the on/off status decisions for the distributed generators that the VPP commits to. Once

the first-stage decisions are fixed, the second-stage constraints describe feasible dispatch actions for

all of the VPP components.

The uncertainty set Uγ represents the set of RNRG values that can be fulfilled by using the

VPP’s non-renewable generation resources without violating operational constraints. We represent

the RNRG as ξ := d+d′−sw−sp where d, d′, sw, sp represent the random customer demand, power

trajectory, wind output, and photovoltaic output, respectively.

Uγ :=
T

×
t=1

[ξ̂t − γt, ξ̂t + γt] (3.1)

Here,×T
t=1 represents the Cartesian product of sets across all time periods t = 1, ..., T . So Uγ is

the Cartesian product of each interval [ξ̂t−γt, ξ̂t+γt] across all periods in our time horizon. ξ̂ ∈ RT

is the expected RNRG, which is the center of the uncertainty set at each time t. The decision

variable γ represents flexibility by describing the deviation from ξ̂ that the VPP can satisfy with

its non-renewable generation resources. The goal of the OP is to find the largest such γ such that

the VPP can feasibly satisfy ∀ξ ∈ Uγ . Thus, for some expected RNRG value, ξ̂, the OP outputs

the maximum allowable deviation from ξ̂ the VPP can tolerate.

3.2.1 Objective Function and Demand Balance Constraints

max

T∑
t=1

γt (3.2)

s.t.
∑
n∈G

ptn +
∑
s∈S

(
g
(−)
st − g

(+)
st

)
+ µt = ξt, (3.3)

∀ξt ∈ [ξ̂t − γt, ξ̂t + γt], ∀t ∈ [T ]. (3.4)

The objective function (3.2) is equal to the flexibility of the VPP, which is defined as the sum

of γt across all time periods. Thus, the objective represents the maximum allowable deviation from

the ξ̂ the system can tolerate. We illustrate another way to understand the objective in Figure 3.1,



34

which represents a case where the time horizon T = 2. The purple rectangle of dimensions γ1 and

γ2 represents an uncertainty set Uγ . It can be thought of as a “flexibility region” that is a hyperbox

centered at ξ̂ such that every value within the hyperbox can be satisfied by the VPP. This flexibility

region is an approximation of the true feasibility boundary represented by the yellow line in the

figure, where a point is feasible if and only if it is within this boundary. Our objective, then, is to

maximize the side lengths γ1, ..., γT of such a hyperbox.

Figure 3.1: Flexibility region

Constraint (3.3) says that the RNRG must equal output from non-renewable resources for all

possible values of d within our uncertainty set (3.4). Specifically, the left-hand side of (3.3) includes

distributed generation output ptn, net ESS charge g
(−)
st − g

(+)
st , and demand response µt, which

must equal the ξt on the right-hand side. This demand balance must be satisfied for all ξt in our

uncertainty set [ξ̂t− γt, ξ̂t+ γt] for all time periods t ∈ [T ] according to (3.4), where [T ] := 1, ..., T .

3.2.2 First-stage Constraints

The first-stage problem consists of the unit commitment decisions for the distributed generators,

which describe the binary on/off decisions for the generators.
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xtn + ztn ≤ 1, ∀n ∈ G,∀t ∈ [T ], (3.5)

ytn − yt−1
n = xtn − ztn,∀n ∈ G, ∀t ∈ [T ], (3.6)

t∑
τ=t−Tminu

n +1

xτn ≤ ytn, ∀n ∈ G,∀t ∈ {Tminu
n , · · · , T}, (3.7)

t∑
τ=t−Tmind

n +1

zτn ≤ 1− ytn,∀n ∈ G,∀t ∈ {Tmind
n , · · · , T}, (3.8)

xtn, y
t
n, z

t
n,∈ {0, 1},∀n ∈ G,∀t ∈ [T ]. (3.9)

xtn and ztn are start-up and shut-down indicator variables for distributed generator n and time

t, respectively. ytn is an on-off indicator variable for distributed generator n at time t. Tmindn and

Tminun are the minimum down and up time for generator n, respectively. (3.5) says that a generator

cannot be turned on and turned off at the same time. (3.6) enforces the relationship between the

on/off status and the decision to turn a generator on or off. (3.7) and (3.8) enforce the minimum

up and down time, respectively.

3.2.3 Second-stage Constraints

The second-stage constraints describe feasible dispatch actions for all of the VPP components based

on the on-off decisions made for the distributed generators in the first stage.

Budget Constraint

T∑
t=1

(∑
n∈G

SUnx
t
n + SDnz

t
n + ctn +

L∑
l=1

πltµlt

)
≤ ϕ, (3.10)

T is the time horizon, G is the set of generators, and L is the number of demand response price

levels. SUn and SDn are the start-up and shut-down costs for generator n, respectively. cTn is the

fuel cost for generator n at time t. πlt is the price of demand response within interval l and µlt is the

amount of demand response used in interval l at time t. ϕ is the allowable budget. (3.10) says that

the total VPP operating cost must satisfy the pre-determined target budget ϕ. The left-hand side

of (3.10) consists of the start-up cost, shut-down cost, distributed generation fuel cost, and demand

response cost. The start-up and shut-down are fixed costs incurred any time a distributed generator

is turned on or off, respectively. The fuel cost for the distributed generators is a quadratic function

approximated as a piecewise linear function in (3.11) [18]. Lastly, the cost of implementing demand



36

response is related to the amount of demand change, so we adopt a step-wise DR cost curve [45],

where πlt and µlt are the price and amount of demand response, respectively, at level l and at time

t.

Distributed Generation Constraints

ctn ≥ αknptn + βkny
t
n ∀n ∈ G, ∀k ∈ [K] ∀t ∈ [T ], (3.11)

ptn − pt−1
n ≤ RUnyt−1

n +RUnx
t
n, ∀n ∈ G,∀t ∈ [T ], (3.12)

pt−1
n − ptn ≤ RDny

t
n +RDnz

t
n,∀n ∈ G, ∀t ∈ [T ], (3.13)

ptn ≤ Pmax
n ytn,∀n ∈ G,∀t ∈ [T ], (3.14)

ptn ≥ Pmin
n ytn,∀n ∈ G,∀t ∈ [T ]. (3.15)

αkn and βkn are quadratic fuel cost approximation parameters, where we consider K breakpoints

for the piecewise approximation. Pmaxn and Pminn are maximum and minimum generation limits

for generator n, respectively. RUn and RDn are the maximum ramp-up and ramp-down rates for

generator n, respectively. RDn and RDn are the maximum start-up ramp-up and shut-down ramp-

down rates for generator n, respectively. ptn is the generation level from generator n at time t.

(3.12)-(3.15) describe the physical constraints of the distributed generation resources. Constraints

(3.12) and (3.13) represent the ramp-up and ramp-down constraints, respectively. (3.14) and (3.15)

describe upper and lower capacity limits, respectively.

Demand Response Constraints

0 ≤ µlt ≤ Rt,l −Rt,l−1,∀t ∈ [T ], l ∈ [L], (3.16)

µt =
L∑
l

µlt, ∀t ∈ [T ], (3.17)

µt ≤ DRmax,∀t ∈ [T ]. (3.18)

Demand response allows the VPP to reduce customer demand, which allows the VPP’s other

generation resources to satisfy the power trajectory from the transmission system more easily. µlt

is the amount of demand response used in the interval between Rt,l and Rt,l−1, which is captured

by (3.16). µt is the total demand response amount, and DRmax is the maximum allowable demand

response. (3.17) establishes the relationship between the total demand response and the demand
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response used at each level, and (3.18) ensures that the total demand response cannot exceed the

demand response limit for all time periods.

Energy Storage System Constraints

h1s = h0s ∀s ∈ S, (3.19)

ht+1
s = hts + ν(+)

s g
(+)
st − ν(−)

s g
(−)
st ,∀t ∈ [T ], ∀s ∈ S, (3.20)

hts ≤ H̄s ∀t ∈ [T ],∀s ∈ S, (3.21)

g
(+)
st ≤ Ḡ(+)

s σ
(+)
st ∀t ∈ [T ], ∀s ∈ S, (3.22)

g
(−)
st ≤ Ḡ(−)

s σ
(−)
st ∀t ∈ [T ], ∀s ∈ S, (3.23)

σ
(+)
st + σ

(−)
st ≤ 1 ∀t ∈ [T ],∀s ∈ S. (3.24)

The ESS can charge or discharge energy. Here, S is the set of all ESS units. hts is the state of

charge at time t for ESS unit s, and h0s is the initial storage level of ESS s. g
(+)
st and g

(−)
st are the

charging and discharging level for ESS s at time t, respectively. H̄s is the storage capacity of ESS s.

Ḡ
(+)
s and Ḡ

(−)
s are the charging and discharging limits for ESS s, respectively. ν

(+)
s and ν

(−)
s are the

respective charging and discharging efficiency for ESS s. σ
(+)
st and σ

(−)
st are binary decision variables

that indicate whether the battery is charging or discharging. (3.19) represents the initial charge

of the ESS at the beginning of the time horizon. (3.20) represents the charge balance constraints.

(3.21),(3.22), and (3.23) represent the storage, discharging, and charging capacities for the ESS,

respectively. (3.24) says that the ESS cannot discharge and charge simultaneously. Constraints

(3.22)-(3.24) introduce the binary variables σ
(+)
st and σ

(−)
st into the second-stage problem.

Finally, we have the following constraints (3.25) and (3.26) to define the non-negative continuous

variables and integer variables, respectively.

pn, drt, µlt, g
(+)
st , g

(−)
st ≥ 0, (3.25)

σ
(+)
st , σ

(−)
st ∈ {0, 1}, (3.26)

∀n ∈ G, ∀t ∈ [T ],∀s ∈ S,∀l ∈ [L].

Moreover, note that in our TORO formulation, the size of the uncertainty set is a decision

variable and not a fixed parameter in the constraints like in standard two-stage (RO) methods [63],

[64], and [65]. Therefore, our model does not have to accurately measure the limits of possible

random renewable generation scenarios, which can be difficult in practice.
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3.3 Abstract Formulation

For notational brevity, we present an abstract formulation for the above VPP flexibility problem

to be used for the rest of the chapter. We let w be a vector of first-stage binary decision variables

x, y, and z. We use u and q to represent second-stage continuous and integer decision variables,

respectively. A and b are the constraint matrix and right-hand-side for the first-stage binary decision

variables, respectively. B represents the constraint matrix for binary decision variables in the second

stage. We let C and G be the constraint matrices of second-stage continuous and integer decision

variables, respectively. H is a constraint matrix for demand. Lastly, we let h be the constants

on the right-hand side of the second-stage constraints. Our overall objective is to find the largest

uncertainty set where we can find a w in the first stage that leads to a feasible second-stage decision

q and u for all d in the uncertainty set. In other words, the OP is:

max
T∑
t=1

γt (3.27a)

s.t. Aw ≤ b, (3.27b)

Bw + Cu+Gq ≤ Hξ + h, (3.27c)

∀ξ ∈ [ξ̂ − γ, ξ̂ + γ]. (3.27d)

The objective (3.27a) is the same as (3.2). (3.27b) is the first-stage operational constraints (3.5)-

(3.9). (3.27c) is the second-stage operational constraints (3.3), and (3.10)-(3.26). Finally, (3.27d)

is the uncertainty set (3.4), which says that we must consider all possible scenarios, d, within a

deviation of γ away from ξ̂. Without loss of generality, we assume that all constraints are inequality

constraints.

One advantage of our TORO formulation is that the size of the uncertainty set is a decision

variable and not a fixed parameter in the constraints like in standard two-stage (RO) methods [63],

[64], and [65]. Therefore, our model does not have to accurately measure the limits of possible

random renewable generation scenarios, which can be difficult in practice.

However, there are a few properties of the model that make it challenging to solve. The binary

variables in the second-stage problem make it challenging to solve because duality approaches that

work for continuous two-stage optimization problems are no longer applicable.

We can see that the OP (3.27) is a bilevel semi-infinite program with second-stage integer
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variables, making it a challenging problem to solve because the discrete variables make it difficult

to use duality approaches. Duality-based methods such as [68] and [69] are common for solving

two-stage optimization problems, but they rely on strong duality which only holds for a continuous

feasible region in the second stage.

Therefore, these methods cannot be applied to our problem, motivating our PGA, which can

efficiently solve our problem formulation with second-stage integer variables. In the next section,

we present the techniques used to reformulate to allow it to be solved by our PGA.

3.4 Model Reformuation

3.4.1 Overall Flow

Before we introduce the details of how to solve the OP, we first outline the overall flow of the

proposed method:

1. Solve MP for first-stage variables w̃, γ̃

2. Solve the Feasibility Check Problem using the PGA to check if w̃, γ̃ leads to a feasible second-

stage problem

(a) if we have solved the Feasible Check Problem N times, terminate and return w̃, γ̃

(b) if feasible, terminate the algorithm. w̃, γ̃ is optimal

(c) if not feasible, add feasibility cut constraints to MP and return to Step 1

N represents the maximum number of times the Feasibility Check Problem is solved. If N =∞,

then step 2a is nullified.

3.4.2 Master Problem

To solve the OP, we first solve the following Master Problem (MP) to find an initial first-stage

solution, which we denote γ̃ and w̃.

max
∑
t

γt (3.28a)

s.t. Aw ≤ b, (3.28b)∑
t

γt ≤M. (3.28c)
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Solving the MP is equivalent to finding the largest uncertainty set size γ while only considering

first-stage constraints. (3.28c) ensures that the MP (3.28) is never unbounded by choosing some

large M because initially, there are no feasibility cut constraints, which are constraints added later

in the process.

3.4.3 Feasibility Check Problem

Next, we check if there exists a feasible second-stage solution or not, given that γ̃ and w̃ are chosen

in the first stage. We do this by solving the Feasibility Check Problem (FCP):

ψ(w̃, γ̃) :=max
ξ∈Uγ̃

min
q,u,v

v (3.29a)

s.t. Cu+Gq − v1 ≤ Hξ + h−Bw̃, (3.29b)

v ≥ 0. (3.29c)

where Uγ̃ =×T
t=1[ξ̂t − γ̃t, ξ̂t + γ̃t]. The FCP takes w̃ and γ̃ as inputs and determines if there

is a second-stage constraint violation for some ξ ∈ Uγ̃ . We introduce the decision variable v ∈

R to represent the amount of violation of the second-stage constraints (3.29b). The objective

consists of an inner-minimization problem and an outer-maximization problem. The objective of the

inner-minimization problem is to find a solution that minimizes the amount of constraint violation

represented by variable v for a fixed value ξ. The outer-maximization problem’s objective is to

find some value d in the uncertainty set Uγ̃ that maximizes the objective of the inner-minimization

problem. Thus, the objective function (3.29a), denoted ψ(w̃, γ̃), can be used to determine if there

exists some d ∈ Uγ̃ that leads to an infeasible second-stage problem. We can use the value of ψ(w̃, γ̃)

to determine whether w̃ and γ̃ are feasible for all d in the uncertainty set. Specifically, the following

will hold: 
ψ(w̃, γ̃) = 0 ⇐⇒ w̃, γ̃ is feasible

ψ(w̃, γ̃) > 0 ⇐⇒ w̃, γ̃ is infeasible

(3.30)

If ψ(w̃, γ̃) = 0, then the objective of (3.29) is 0, so the optimal value of the decision variable v is

0. v = 0 indicates that there is no violation of the second-stage constraints (3.29b), and therefore,

the decision of w̃ and γ̃ in the first-stage leads to a feasible second-stage problem, and we say “w̃, γ̃
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is feasible”. Otherwise, ψ(w̃, γ̃) > 0, so the optimal value of v is positive, indicating that there is

a violation of the second-stage constraints (3.29b). This means the first-stage decision w̃ does not

yield a feasible second-stage solution. In this case, we say that w̃ and γ̃ are infeasible.

We see that the FCP (3.29) is a robust optimization problem by the min/max objective (3.29a).

These problems are typically solved with duality approaches, but these methods will not work

because of the existence of second-stage integer variables. We propose our PGA to handle such a

problem, but in order to utilize the PGA, we must separate the continuous and integer second-stage

variables and eliminate the min/max objective structure. To accomplish this, the first step is to

reformulate the FCP as a 3-stage problem by separating the binary and continuous variables to

split up the inner minimization problem into two distinct minimization problems:

max
ξ

min
q∈Ξ

min
u,v

v (3.31a)

s.t. ξ̂ − γ̃ ≤ ξ ≤ ξ̂ + γ̃, (3.31b)

Cu− v1 ≤ Hξ + h−Bw̃ −Gq, (3.31c)

v ≥ 0. (3.31d)

where Ξ is the feasible region for discrete variables, q. In our VPP setting, q represents the

binary charge/discharge decisions for the ESS, so Ξ is a finite set if we consider a finite number

of ESS units. The inner-most minimization problem is a linear program (LP) because it has only

continuous decision variables u and v, so duality methods are applicable. We denote this inner-most

minimization problem below as (3.32) for conciseness, which is an optimization problem parame-

terized by q and ξ, with objective value θ(q, ξ).

θ(q, ξ) := min
u,v

v (3.32a)

s.t. Cu− v1 ≤ Hξ + h−Bw̃ −Gq, (3.32b)

v ≥ 0. (3.32c)

Now, (3.31) can be represented as (3.33)

max
ξ

min
q
θ(q, ξ) (3.33a)

s.t. ξ̂ − γ̃ ≤ ξ ≤ ξ̂ + γ̃. (3.33b)
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We further reformulate the FCP (3.34) by introducing an auxiliary decision variable η to rep-

resent the value of minq θ(q, ξ). The new objective function is to maximize the value of η while

upper-bounding it by each of the finitely many possible values of θ(q, ξ) for all q ∈ Ξ.

max
η,ξ

η (3.34a)

s.t. η ≤ θ(q, ξ) ∀q ∈ Ξ, (3.34b)

ξ̂ − γ̃ ≤ ξ ≤ ξ̂ + γ̃. (3.34c)

Now, the objective function is solely a maximization problem without the min/max structure

from the original formulation, 3.29. Moreover, (3.34) is a bilevel optimization problem because the

constraints include θ(q, ξ), which is the objective of a distinct optimization problem. Recall from

(3.32), the objective function of (3.32) is to minimize the scalar decision variable v. Therefore,

θ(q, ξ) is the optimal value of the decision variable v, which we denote v∗.

The LP (3.32) and its dual are feasible since (3.32) is feasible and bounded. (3.32) is feasible

because there always exists some non-negative v to satisfy (3.32b), and it is bounded because the

objective is to minimize the value of v and v ≥ 0. Therefore, v∗ is the v that satisfies the primal

feasibility, dual feasibility, and strong duality constraints, so θ(q, ξ) is equal to the value of the

decision variable v that satisfies the constraints:

Cu− v1 ≤ Hξ + h−Bw̃ −Gq, (3.35a)

λTC ≤ 0, (3.35b)

λT1 ≥ −1, (3.35c)

λT (Hξ + h−Bw̃ −Gq) = v, (3.35d)

λ ≤ 0. (3.35e)

Here, λ is a dual decision variable, (3.35a) are primal constraints, (3.35b) and (3.35c) are dual

constraints, and (3.35d) is a strong duality constraint.

We can obtain an equivalent reformulation of the FCP by replacing θ(q, ξ) in (3.34b) with v and

adding the constraints (3.35) for each possible discrete element in the set Ξ:
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ψ(w̃, γ̃) = max
η,ξ,λ,v

(3.36a)

s.t. η ≤ vr, (3.36b)

Cur − vr1 ≤ Hξ + h−Bw̃ −Gqr, (3.36c)

(λr)TC ≤ 0, (3.36d)

(λr)T1 ≥ −1, (3.36e)

(λr)T (Hξ + h−Bw̃ −Gqr) = vr, (3.36f)

ξ̂ − γ̃ ≤ ξ ≤ ξ̂ + γ̃, (3.36g)

v ≥ 0, λr ≤ 0, (3.36h)

∀r = 1, ..., |Ξ|.

Here, qr is a constant that represents the rth element in Ξ. Therefore (3.36) has one set of

constraints of the form (3.36b)-(3.36f) for every element in Ξ. Since Ξ is the set equal to every

possible second-stage integer variable, |Ξ| could be large, making (3.36) challenging to solve directly.

Furthermore, (3.36) can not be solved with LP solvers because of the nonlinearity caused by the

bilinear term, λTHξ, in constraint (3.36f). In the next section, we propose our PGA, which can

efficiently solve the above problem.

3.5 Primal Generation Algorithm

In this section, we introduce the details of the PGA, which solves the FCP (3.36), by which iteratively

generates constraints of the form (3.36b)-(3.36f) to the primal problem. Before we introduce the

algorithm, we define two problems that are used in the algorithm: the feasibility sub-problem and

feasibility master problem, which provide lower and upper bounds of the FCP, respectively.

3.5.1 Feasibility sub-problem

The feasibility sub-problem (FSP) is the same as the FCP but for a fixed ξ = ξ̃:
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ψ(w̃, γ̃, ξ̃) := min
u,v,q

v, (3.37a)

s.t. Cu− v1 ≤ Hξ̃ + h−Bw̃ −Gq, (3.37b)

v ≥ 0. (3.37c)

The FSP (3.37) is a mixed-integer program (MIP) that evaluates the feasibility of ξ̃ that can

be solved with off-the-shelf MIP solvers. (3.37) determines if the second-stage constraints can be

satisfied for ξ̃ if w̃ and γ̃ were decided in the first-stage. Therefore, ψ(w̃, γ̃, ξ̃) ≤ ψ(w̃, γ) because

(3.37) obtains a feasible solution to (3.36).

3.5.2 Feasibility Master Problem

The FCP is bounded above by the feasibility master problem (FMP):

ψR(w̃, γ̃) = max η (3.38a)

s.t. (3.36b)− (3.36f) (3.38b)

(3.36g)− (3.36h) (3.38c)

∀r = 1, ..., R.

The FMP (3.38) is a relaxation of (3.36) because it considers only R instances of constraints

(3.36b)-(3.36f), where R ≤ |Ξ|. Its objective value is denoted ψR(w̃, γ̃), where the subscript R

indicates the number of included constraints of the form (3.36b)-(3.36f). There still exists the

bilinear term, which means we cannot rely on linear solvers to solve (3.38). The bilinear term will

be addressed with the bilinear search heuristic (BSH), which is similar to the approach used in

[72]. Before we introduce the BSH details, we first introduce some notation. We represent the

R dual variables λ1, ..., λR as a matrix ΛR :=


| |

λ1 ... λR

| |

. We also introduce ψ1
R(w̃, γ̃, ξ) and

ψ2
R(w̃, γ̃,ΛR) to represent the objective of (3.38) after fixing the value of ξ and ΛR, respectively.

Since they represent a feasible solution to the FMP (3.38), we have that ψ1
R(w̃, γ̃, d), ψ

2
R(w̃, γ̃,ΛR) ≤

ψR(w̃, γ̃).
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3.5.3 Primal Generation Algorithm

The details of the PGA are presented as Algorithm 1. The algorithm determines whether ψ(w̃, γ̃)

is positive, which describes the first-stage variables’ feasibility according to (3.30).

Algorithm 1: Primal Generation Algorithm

Input: ϵ, J, w̃, γ̃

1: m← 1, random ξ̃ and q̃

2: add variables (u1, v1, λ1) and constraints (3.36b)-(3.36f) with q1 = q̃ to the FMP (3.38)

3: R← 1

4: while n < J do

5: Execute BSH with ξ̃ as input and obtain ξ∗,Λ∗
R

6: ξ̃ ← ξ∗, Λ̃R ← Λ∗
R

7: if max{ψ1
R(w̃, γ̃, ξ̃), ψ

2
R(w̃, γ̃, Λ̃R)} > ϵ then

8: n← 1

9: solve (3.37) for ψ(w̃, γ̃, ξ̃) and obtain solution q∗

10: if ψ(w̃, γ̃, ξ̃) > ϵ then

11: add cut constraint to MP: Bw + Cu+Gq +Hξ̂ +H(γ ◦ 1
γ̃t
(ξ̃t − ξ̂t)) ≤ h

12: return

13: else

14: add variables (ur+1, vr+1, λr+1) and constraints (3.36b)-(3.36f) with qr+1 = q∗ to the

FMP (3.38)

15: R← R+ 1;

16: end if

17: else

18: n← n+ 1;

19: choose a new RNRG ξ̃

20: end if

21: end while

22: return γ̃
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Algorithm 2: Bilinear Search Heuristic

Input: δ, ξ̃, J ′ > 1

1: j ← 1, P ←∞, Q← 0

2: while j < J ′ do

3: Solve (3.38) for ψ1
R(w̃, γ̃, ξ̃), obtain solution Λ̃R

4: Solve (3.38) for ψ2
R(w̃, γ̃, Λ̃R), obtain solution ξ̃

5: Q← ψ2
R(w̃, γ̃, Λ̃R)

6: if |P −Q| ≥ ϵ then

7: P ← Q

8: else

9: ξ∗ ← ξ̃,Λ∗
R ← Λ̃R

10: return ξ∗,Λ∗
R

11: end if

12: end while

13: ξ∗ ← ξ̃,Λ∗
R ← Λ̃R

14: return ξ∗,Λ∗
R

The PGA’s include the user’s violation tolerance ϵ ≥ 0, a maximum iteration counter J , and

the first-stage decisions w̃, γ̃. We initialize the iteration counter m to 1, and we randomly select a

RNRG value ξ̃ and a second-stage integer solution q̃. Next, we initialze the FMP (3.38) by adding

a new set of variables (u1, v1, λ1) and constraints (3.36b)-(3.36f) to the FMP (3.38), and setting

q1 = q̃. R is the number of such constraints included in (3.38), therefore, its initial value is 1.

In line 5 of Algorithm 1, ξ∗ and Λ∗
R are obtained using the BSH, outlined in Algorithm 2. The

inputs for the BSH are convergence criteria δ and maximum iteration counter J ′. P and Q are

placeholders for ψ2
R(w̃, γ̃, Λ̃R) for two subsequent iterations. The BSH sequentially solves (3.38)

while alternating between fixing ξ = ξ̃ and ΛR = Λ̃R. The BSH only requires solving LPs, so

ψ1
R(w̃, γ̃, ξ̃) and ψ2

R(w̃, γ̃, Λ̃R) can be obtained efficiently, and there are three mutually exclusive

outcomes:

1. ψ(w̃, γ̃, ξ̃) > 0

2. ψ(w̃, γ̃, ξ̃) = 0 and ψ1
R(w̃, γ̃, ξ̃) or ψ

2
R(w̃, γ̃, Λ̃R) > ϵ

3. ψ(w̃, γ̃, ξ̃) = 0 and ψ1
R(w̃, γ̃, ξ) and ψ

2
R(w̃, γ̃, Λ̃R) ≤ ϵ
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In Case 1, ψ(w̃, γ̃) > 0 since ψ(w̃, γ̃, ξ̃) ≤ ψ(w̃, γ̃). Therefore, the first-stage decision variables,

w̃ and γ̃, lead to an infeasible second-stage problem according to (3.30). In line 11, we add a cut

constraint Bw+Cu+Gq+Hξ̂+H(γ ◦ 1
γ̃t
(ξ̃t− ξ̂t)) ≤ h to the MP to cut off w̃ and γ̃ from its feasible

region. Here, the notation ◦ represents the element-wise multiplication of two vectors. Then, in

line 12, Algorithm 1 terminates, and the flow from section 3.3.1 is followed.

In Case 2, we cannot determine whether ψ(w̃, γ̃) is positive or 0. Therefore, in line 14 of

Algorithm 1, we update (3.38) by adding a set of variables (ur+1, vr+1, λr+1) and constraints (3.36b)-

(3.36f) to the FMP (3.38), and setting qr+1 = q̃. This tightens the relaxation of the FCP (3.36)

provided by the FMP (3.38). The parameter R is incremented accordingly in line 15.

Finally, in Case 3, the sign of ψR(w̃, γ̃) is undetermined, so we attempt to obtain a different

value of ψ1
R(w̃, γ̃, ξ̃) and ψ

2
R(w̃, γ̃, Λ̃R) by randomly choosing a different ξ̃ in line 19. For the results

presented here, we selected a uniformly random ξ̃ along the boundary of the uncertainty set in this

step. This new ξ̃ is evaluated in Lines 5-7. If we are unable to find such a ξ̃ that leads to ψ1
R(w̃, γ̃, ξ̃)

or ψ2
R(w̃, γ̃, Λ̃R) > 0 after J attempts, we conclude that ψR(w̃, γ̃) = 0 and terminate in line 22. In

this case, we conclude that γ̃ is the optimal flexibility vector, and the entire process flow described

in subsection 3.3.1 can be terminated.

3.6 Experimental Results

We performed various experiments to demonstrate our methodology’s ability to efficiently assess

the VPP’s flexibility. We first performed a sensitivity analysis to explore how changing different

system parameters affects the VPP’s flexibility. Secondly, we performed computational experiments

that demonstrate our algorithm’s efficiency. Before we present our results, we first introduce the

data used for our experiments.

3.6.1 Data

All experiments were performed using Gurobi on an Intel i9-10900 processor. For the algorithm

parameters, we choose N = 20, J = 10, J ′ = 20, and ϵ = δ = 0.1. The rest of the parameter values

used for all experiments are introduced in Tables 3.1-3.3. The quadratic fuel cost is approximated

in the same manner described in the previous chapter.
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Gen Pminn Pmaxn RDn RDn RUn RUn a ($/kW2) b ($/kW) c ($) SDn ($) SUD ($)

1 10 35 35 3.5 35 3.5 0.0089 13.47 74.33 5 0

2 10 20 20 2 20 2 0.0044 10.29 39 20 0

3 5 15 15 1.5 15 1.5 0.0032 12.93 41 25 0

4 10 35 35 3.5 35 3.5 0.00831 14.51 72.94 5 0

5 10 35 35 3.5 35 3.5 0.003 10.76 32.96 5 0

6 5 15 15 1.5 15 1.5 0.0024 12.33 28 30 0

Table 3.1: Distributed generator parameters (kW)

ESS no. Efficiency Capacity Charge Limit Discharge Limit

1 0.9 100 100 100

Table 3.2: ESS parameter values (kW)

DR level price ($) limit (kW)

1 50 10

2 100 20

3 150 30

Table 3.3: Demand response parameter values

3.6.2 Sensitivity Analysis

We performed a sensitivity analysis to gain insight into how the system operators can improve

their system flexibility with limited resources. We investigate how changes in the expected RNRG,

distributed generation capacity, ramping limit, budget, and demand response impact the system’s

flexibility.



49

Expected RNRG

We are interested in evaluating how flexibility changes with respect to expected RNRG. For these

experiments, we considered three different profiles of ξ̂ as shown in Figure 3.2a, 3.2b, and 3.2c and

we let the highest of these values serve as the default expected RNRG for the remaining sensitivity

analysis experiments.

(a) High (b) Medium (c) Low

Figure 3.2: Flexibility region for different expected RNRG levels

Figures 3.2a, 3.2b, and 3.2c display the flexibility range for our three different cases for ξ̂. From

these figures, we observe that the flexibility region is narrowest for the highest expected RNRG

case and widest for the lowest expected RNRG case. Particularly, this difference is most dramatic

during the periods of higher expected RNRG in hours 8 and 20. This indicates that the system is

more flexible under low expected RNRG cases, and less flexible under higher expected RNRG cases.

We can conclude that a higher ξ̂ value puts more strain on the system’s ability to satisfy deviations

from the expected RNRG. The total flexibility across the entire horizon for the low, medium, and

high expected RNRG is 5608.49, 4988.45, and 4291.11 kW, respectively.
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(a) Budget (b) Generation capacity

Figure 3.3: Sensitivity analysis

Budget

The relationship between flexibility and system budget is shown in Figure 3.3a. For smaller budgets,

increasing the budget increases the flexibility significantly because the VPP can spend more on

generation resources or demand response to handle larger deviations from the expected RNRG.

However, as the budget gets larger, the flexibility experiences a diminished increase because the

flexibility is limited by operational constraints such as capacity or ramping. Therefore, increasing

the budget does not significantly improve the flexibility at this point.

Generation Capacity

The total flexibility across all periods for different generation capacities is shown in Figure 3.3b.

These results show that as the capacity increases, the flexibility also increases, but the rate of

increase gets smaller for larger capacity values. Therefore, flexibility does not have a linear relation-

ship with the capacity. This is because increasing the capacity prepares the system more adequately

for changes in expected RNRG. However, when the capacity is larger, increasing it minimally affects

flexibility because the generator’s contribution to flexibility is restricted by its ramping limit.
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(a) Ramping limit (b) Demand response

Figure 3.4: Sensitivity analysis (cont.)

Ramping Limit

Figure 3.4a presents the flexibility for different ramping limit values. It appears that there is a linear

relationship between flexibility and the ramping limit. If the VPP has more ramping capability, it

is better prepared to accommodate greater deviations from the expected RNRG, which increases

the flexibility of the VPP.

Demand Response

The total flexibility for different demand response limits is shown in Figure 3.4b. These results

show a similar trend to the linear trend in Figure 3.4a. With greater demand response capabilities,

the VPP has a greater ability to reduce customer demand, allowing it to handle a larger deviation

from the expected RNRG from its expected value. We further attempted to evaluate the impact of

demand response by measuring the VPP’s flexibility in two scenarios: one with demand response

capabilities and one without for the three expected RNRG profiles shown in Figure 3.2. Our results

showed that the system was infeasible when the demand response was removed completely from the

system, demonstrating how crucial demand response is in satisfying customer demand.

The results of the sensitivity analysis demonstrate the relative impacts of changing different

system parameters on the flexibility, which provides insight that can help system planners determine

the value of investing in different resources.
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3.6.3 Computational Experiments

In this section, we report the results of experiments conducted to showcase our algorithm’s com-

putational efficiency. We compared our PGA with a benchmark CCG algorithm to demonstrate

our algorithm’s relative ability to solve our problem efficiently without sacrificing optimality. We

further demonstrate our PGA’s scalability by testing it on a larger problem instance.

Benchmarking

We tested the efficiency of our algorithm by comparing it to a standard CCGA algorithm similar

to [73] as a benchmark. This method introduces auxiliary binary variables to address the bilinear

term. We compared our PGA method with this CCG algorithm for different problem sizes ranging

from a time horizon of T = 4 to T = 24. The results are shown in Table 3.4, where CCGA represents

the CCG algorithm we use as a benchmark.

T 4 8 12 16 20 24

tol = 0.1% 1 3 120 2381 × ×

tol = 1% 8 9 25 671 1362 1792

opt. gap (%) 0.0 0.0 0.0 1.0 − −

Table 3.4: Runtime analysis (tolerance = 0.1%)

The algorithms have comparable performance up to T = 8 but for T = 12 and 16 the runtime

of the CCG algorithm increases dramatically. Finally, for T = 20, and 24 the algorithm is not

able to solve the problem in under 2 hours while our method can still solve the problem in less

than a minute. We also observed a small optimality gap, which we define as the difference between

the PGA solution and the optimal solution divided by the optimal solution. The CCG algorithm

we tested is an exact method, so these results show that our method can achieve a near-optimal

solution.

The results presented in Table 3.4 were obtained using an optimality gap tolerance of 0.1%,

which means the solver terminates when it finds a solution within 0.1% of the optimal solution

every time it solves a MIP. We performed the same experiments setting the tolerance equal to 1%,

and we present the runtimes for the CCGA and PGA as well as the optimality gap for problems

with different time horizons below in Table 3.5.



53

T 4 8 12 16 20 24

tol = 0.1% 5 8 136 × × ×

tol = 1% 24 78 90 81 134 281

opt. gap (%) 0.0 0.0 0.0 − − −

Table 3.5: Runtime analysis (tolerance = 1%)

For the smaller time horizons from t = 4 to 12 we observe that for both the CCGA and PGA, the

runtime is greater when the tolerance is increased to 1%. However, for the remaining time horizons,

the runtime is faster when the tolerance is increased to 1%. The increased tolerance allows the MIP

to be solved faster since it only needs to achieve a 1% instead of 0.1% optimality gap. This change

does not make a difference in runtime for smaller problem instances because the MIPs are small

and can be solved quickly regardless of the tolerance level. However, for the larger time horizons,

the MIPs are larger, so a significant amount of time is saved by increasing the tolerance.

In both cases displayed in Figures 3.4 and 3.5, the CCG algorithm was not able to solve a

model with a time horizon of T = 24. This is because the CCGA relies on solving MIPs because it

introduces auxiliary binary variables to address the bilinear term. In contrast, our PGA relies on

solving LPs as a result of the bilinear search heuristic.

T 4 8 12 16 20 24

tol = 0.1% 470.00 920.00 1945.00 2951.11 3541.66 4218.15

tol = 1% 470.00 920.00 1945.00 3031.11 3612.56 4291.11

avg gap (%) 0.00 0.00 0.00 0.17 0.10 0.07

Table 3.6: PGA total flexibility (kW) for two tolerances

We can also observe how optimal flexibility is affected by increasing the tolerance. Table 3.6

shows the total flexibility for when the MIP the tolerance levels are 0.1% and 1% for different sized

problem instances. We also record the average gap for each hour in the time horizon, where the

gap is defined as the difference between the flexibility with the 1% tolerance and 0.1% under the

solution and the optimal solution divided by the flexibility with the 0.1% tolerance. For t = 4 to

12, both flexibility values are identical. For t = 16 to 24, the average gap between the flexibility
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from the two tolerance levels is small with values of 0.17%, 0.10%, and 0.07%. These results show

that the significant time saved by increasing the optimality tolerance from 0.1% to 1% does not

significantly sacrifice the optimality of the obtained flexibility.

Scalability Testing

Furthermore, we tested our algorithm on the Synthetic South Carolina 200-bus Power System Model

[53] to demonstrate its scalability. We solved a 24-hour problem with our PGA with optimality tol-

erance values of 0.1% and 1% and achieved runtimes of 70.40 minutes and 275 seconds, respectively.

for the South Carolina 200-bus model compared to the 6-generator case. The smaller tolerance

makes each MIP slower to solve, and this is exacerbated by the fact that there are more binary

variables in the MIP with the South Carolina 200-bus model. However, this runtime is sufficiently

small for typical day-ahead planning settings, which our methodology is intended for. But if a faster

runtime is desired, this can be achieved by increasing the optimality tolerance.

For the large tolerance of 1%, we do not see any significant change in runtime. This could

be because not only is each MIP faster to solve, but the complexity of increasing the number of

binary variables only affects the first-stage problem, so the runtime of only the Master Problem is

affected, but not the FMP. Finally, we observed that increasing the tolerance yielded an average

gap of 0.24%, so the optimal flexibility obtained with a tolerance of 1% is close to the flexibility

when the tolerance is 0.1%

3.7 Conclusion

We formulated our flexibility problem as a robust two-stage uncertainty-set optimization problem

with second-stage integer variables. The second-stage integer variables allow us to model quick-

start storage systems, but they make our model challenging to solve because duality approaches are

not applicable. To address this, we reformulate the problem as a MIP with a bilinear term in the

constraints. Then, the problem is solved efficiently by our PGA, which utilizes a BSH and lever-

ages the problem’s special structure. Our sensitivity analysis demonstrated how our methodology

can provide insight to VPP operators by evaluating how flexibility is affected by changing system

parameters. Further results showed that our algorithm performs more efficiently than a standard

CCG algorithm without sacrificing optimality.
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Chapter 4

A RAWLSIAN MIXED INTEGER PROGRAMMING APPROACH FOR
FAIR CLASSIFICATION

4.1 Background

Binary classification algorithms are widely used machine learning algorithms that classify data into

separate classes or groups. While classification algorithms can be powerful tools, they can produce

unfair results that favor certain groups while hurting others. The COMPAS [15] algorithm described

in Chapter 1 is a famous example of this phenomenon.

There are many different ways to evaluate fairness with classification algorithms. A common

notion of fairness is the assurance that individuals of different demographic groups are treated simi-

larly. To this end, three of the most common fairness metrics used in conjunction with classification

algorithms are statistical parity, equal opportunity, and equalized odds [74]. Statistical parity en-

sures that subjects in different groups have an equal probability of receiving the same classification.

Equal opportunity ensures that subjects in different demographic groups have the same probability

of being classified as a negative class if they are truly in the positive class. Equalized odds ensures

that the probability of being correctly assigned to the positive class for members of the positive class

and the probability of being incorrectly assigned to the positive class for members of the negative

class are the same across all groups.

Satisfying these fairness metrics often leads to significant deterioration of the classification’s

prediction error. This phenomenon is known as the fairness-accuracy trade-off [75]. We propose

a Rawlsian (also often referred to as minimax) fairness metric based on [76] that is designed to

prioritize the model’s performance for the worst-off group. This methodology does not sacrifice

error to the extent that the above metrics do because it does not restrict the prediction accuracy

for any demographic group in an attempt to achieve similar performance across all demographic

groups.

Fairness can be incorporated into classification algorithms in three different ways: pre-processing,

in-processing, and post-processing. Pre-processing methods adjust the data before feeding it into

any classification algorithm to ensure fairer results [77]. In-processing algorithms do not change

the data beforehand, and instead create customized algorithms that are designed to output fair
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results [78]. Finally, post-processing methods adjust the output of a classification algorithm to yield

fairer results [1]. Pre-processing and post-processing methods can be used with any classification

algorithm. However, these methods can lead to high variability with the ultimate performance

error [79], and especially, the post-processing methods can lead to sub-optimal results [80]. Our

proposed method is an in-processing method to ensure fairness to be used for any dataset and does

not require any pre or post-processing. Furthermore, our model is particularly suited to handle

unbalanced datasets, which present specific challenges to fair classification problems.

Unbalanced datasets have one class (the majority class) that has significantly more entries than

other classes (the minority classes). Such datasets often yield unfair outcomes, as conventional

classification algorithms tend to favor the majority class, relegating minority classes to noise. Con-

sequently, during the training phase, the influence of minority classes is severely limited [81]. To

address these issues, common approaches involve altering the data sampling for the algorithm. Ran-

dom over-sampling (ROS) involves sampling minority entries more frequently while under-sampling

(RUS) reduces the frequency of majority entries [82, 83]. However, ROS can introduce additional

noise to the model due to the inclusion of extra samples, potentially leading to overfitting. Con-

versely, RUS may remove crucial training data, resulting in underfitting. Alternatively, some meth-

ods refrain from altering the sampling procedure but provide specialized loss functions tailored for

unbalanced datasets [84] [85] [86]. However, these loss functions are often nonlinear and challenging

to solve.

Our Rawlsian fairness approach mitigates the effects of unbalanced datasets by ensuring that

each demographic group does not have their error compromised regardless of how much of the

dataset they comprise. Rawlsian fairness has been considered used in a variety of applications such

as supply-chain management [87], healthcare [88], and resource allocation [89]. Some examples of

Rawlsian fairness used with classification in the literature include [90], which formulates a Rawlsian

loss function, but they don’t solve it directly, and only provide bounds for it. [91] also provides a

Rawlsian objective function, but their model is only solvable for special cases when the second-order

statistics are known. [92] and [93] also propose Rawlsian fairness frameworks, however, their models

are limited in their ability to increase flexibility and interpretability, compared to our method.

We combine our Rawlsian fairness method with a mixed integer programming (MIP) framework

to formulate our model as a constrained optimization problem with a linear objective and con-

straints. Our MIP framework has certain advantages compared to common classification method-

ologies. One common classification method is the use of a score function with a threshold [94].
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These algorithms assign a score to each data entry and classify them based on whether the score

is above or below a certain threshold. One issue with these methods is that the threshold is an

input that must be decided by the user, and it is not obvious what threshold value will give the

best result. Area under the curve (AUC) [95] is another metric used for classification problems

that evaluate a score function’s ability to correctly classify data for all possible threshold values.

Optimizing the AUC is robust to threshold selection since the user does not need to figure out what

the best threshold is. However, optimizing AUC can lead to overly-conservative results since it

considers thresholds that might lead to poor prediction accuracy. Furthermore, directly optimizing

AUC is an NP-hard problem, so it must be approximated by other functions [96]. In our model,

the threshold is a decision variable, so its optimal value is output upon solving the optimization

problem. Therefore, the burden of choosing the threshold value as an input before solving the

model is alleviated. Furthermore, the results will not be overly-conservative like the AUC optimiza-

tion methods, since we consider the optimal threshold value minimizes prediction error instead of

considering all possible threshold values.

In contrast to these classification methods, MIP frameworks like the Supersparse Linear Integer

Model (SLIM) can solve classification problems while guaranteeing optimal balance between sparsity

and error without the need for additional post-processing [97]. These models also allow the user

to obtain integer coefficients which could be desirable depending on the application the model is

used for. Another advantage of these methods is that they directly provide a predicted outcome

instead of a probabilistic outcome because they do not require a threshold value as a model input

(the optimal threshold is implicitly solved for) [98].

In general, a Rawlsian fairness framework is difficult to implement since it includes a discrete

robust objective. Such an objective can be reformulated by moving the loss function to the con-

straints and optimizing over an auxiliary variable, but the resulting formulation could be difficult

to solve if the original loss function is nonlinear. By using a MIP framework, however, we can

linearize our loss function and reformulate our model as a MIP with a singular minimization ob-

jective. Then, the resulting problem can be solved by off-the-shelf solvers. Furthermore, using a

MIP framework provides modeling flexibility to adjust sparsity or interpretability depending on the

user’s preferences [99]. We summarize our contributions as follows:

1. We propose a novel Rawlsian MIP method that is specifically suited to handle unbalanced

datasets and provide fair classification results by prioritizing the worst-off group
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2. Our methodology provides a single optimal threshold that generates deterministic classifica-

tion results. Furthermore, it provides flexibility by allowing the user to optimize sparsity in

multiple ways and choose between real or integer coefficients

3. We provide experimental results that demonstrate our model’s ability to produce fair results

without sacrificing classification error in comparison to other fair classification algorithms

In the remainder of this chapter, we introduce our model formulation in Section 4.2. In section

4.3, we introduce the datasets used in the experimental results presented in section 4.4. In section

4.5 we conclude the chapter.

4.2 Model Formulation

4.2.1 Preliminaries

First, we introduce some preliminary notation. We consider a dataset with N entries with P features

and K demographic groups. For example, race could be a demographic group we could consider,

so our methodology would ensure that none of racial groups 1, ...,K suffers disparate classification

error, by prioritizing the worst-off group. (1, xi1, ..., x
i
P ), is a feature vector for the ith datapoint,

yi ∈ {−1, 1} is true labels for data point i, and ŷi = sign(xTλ) is the predicted label for data

point i. λ = (λ0, ..., λP ) is a vector of coefficients used to define a linear score function. ϵ is a

small perturbation term that represents how much we want to penalize small negative terms in the

objective (larger value corresponds to less penalization). Λ is the maximum allowable value for λ

and M is a large number.

We include L0 and L1 regularization in our objective, and C0 and C1 are the respective penalty

coefficients. L0 regularization allows our model to directly optimize sparsity, but minimizing the

L0 norm is a non-convex problem [100]. However, our MIP formulation provides a framework that

can address this non-convexity and allows us to exactly minimize the L0 norm. The L1 norm is

typically used as an approximation of L0, but it can be more stable and robust in certain settings

[101], and combining the two regularization terms can improve variable selection and stability [102].

Furthermore, if the coefficients must be integer values, using L1 regularization in addition to L0

can ensure that the optimal coefficients are coprime integers [103]. Integer coefficients are desirable

for linear scoring systems, which are commonly used in applications such as education [104] or

healthcare [105].
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4.2.2 Original Loss Function

The original loss function used in [97] minimizes classification by minimizing the number of incorrect

classifications, which is equivalent to maximizing classification accuracy:

min
λ∈X

1

N

N∑
i=1

1{yi(xi)Tλ ≤ 0}+ C0∥λ∥0 + C1∥λ∥1 (4.1)

This loss function, however, does not incorporate any fairness.Here, X is a set of feasible solu-

tions, where X ∈ {RP+1,ZP+1}. In other words, we allow λ to be a real or integer-valued P + 1-

dimensional vector. 1 is an indicator function whose value is 1 if its input is true and 0 otherwise.

The objective is to choose a λ to minimize the number of incorrect classifications. A classification,

in this context, is determined by the sign of (xi)Tλ. Formally, the classification method is the

following:

ŷi =


1 if (xi)Tλ > 0

−1 if (xi)Tλ ≤ 0

(4.2)

In other words, if (xi)Tλ > 0 and yi = 1 or (xi)Tλ < 0 and yi = −1, this is considered a correct

classification. Otherwise, it is considered incorrect. The C0∥λ∥0 and C1∥λ∥1 terms exist to penalize

any λ with a large L0 or L1 norm, respectively.

Note that because xi1 = 1 ∀i by definition, λ0 can be thought of as an intercept variable whose

value adjusts the overall score function (xi)Tλ by a scalar. Therefore, λ∗0, which is the 1st component

of the optimal solution λ∗ acts as a threshold for the score function. This can be understood by

observing the equivalent representation of the classification method (4.2):

ŷi =


1 if

∑P
j=1 λjx

i
j ≥ −λ0

−1 if
∑P

j=1 λjx
i
j ≤ −λ0

(4.3)

Thus, the objective is to choose λ0 such that data point i is assigned to to class 1 if
∑P+1

j=2 λjx
i
j ≥

−λ0 or to class −1 if
∑P+1

j=2 λjx
i
j ≤ −λ0. λ0 is a decision variable in the MIP, so the optimal

threshold λ∗0 is an output of the problem. Therefore, its value need not be decided by the user

before implementation. Because our methodology outputs the optimal threshold value, it has an

advantage over methods that rely on predetermined thresholds that could be sub-optimal, such as

logistic regression [106].
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4.2.3 Rawlsian Loss Function

Next, we introduce our novel Rawlsian loss function, which minimizes the classification error for

the worst-off demographic group.

min
λ∈XP+1

{
max
k∈[K]

{ 1

Nk

Nk∑
j=1

1{yk(i)(xk(i))Tλ ≤ 0}+ C0∥λ∥0 + C1∥λ∥1
}}

(4.4)

Here, the notation [K] represents the index set {1, ...,K}. Nk represents the number of data

entries for demographic group k. The index k(i) represents the jth entry within the kth group.

Therefore, (4.4) is equivalent to minimizing the classification error rate (which can be thought of

as the average classification error) for the worst-off demographic group. (4.4) is a robust optimiza-

tion problem because it has an outer-minimization objective paired with an inner-maximization

objective. It is difficult to solve because the inner-maximization objective function has a nonlinear

expression, and it is optimized over a discrete support. Therefore, duality methods, which are com-

monly applied to reformulate robust optimization problems, cannot be applied to this problem. To

reformulate (4.4), we first reformulate the original loss function (4.1) as the following MIP [97]:

4.2.4 MIP Reformulation for Original Loss Function

min
α,β,γ,λ

1

N

N∑
i=1

αi + C0

P∑
j=1

βj + C1

P∑
j=1

γj (4.5)

−Mαi + ϵ ≤ yi(xi)Tλ ≤M(1− αi) + ϵ i = 1, ..., N (4.6)

−Λβj ≤ λj ≤ Λβj j = 1, , , .P (4.7)

−γj ≤ λj ≤ γj j = 1, , , .P (4.8)

α ∈ {0, 1}N , β ∈ {0, 1}P , γ ∈ RP+, λ ∈ X (4.9)

This new formulation (4.5)-(4.9) introduces new auxillary variables α, β and γ. With this new

reformulation, αi = 1{yi ̸= ŷi}, βj = 1{λj ̸= 0}, and γj = |λj |. (4.5) is the average incorrect

predictions plus the zero and one norm penalty terms. (4.6) assigns the auxiliary variable αi to 0

or 1 depending on if the prediction is correct or incorrect, respectively. (4.7) assigns the value for

the auxiliary variable β to the L0 norm. (4.8) assigns the value for the auxiliary variable γ to the

L1 norm. Next, we introduce our novel formulation which combines the MIP (4.5)-(4.9) with the

Rawlsian fairness objective (4.4).
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4.2.5 Rawlsian Reformulation

min
α,βγ,λ,θ

θ + C0

P∑
j=1

βj + C1

P∑
j=1

γj (4.10)

θ ≥ 1

Nk

Nk∑
i=1

αk(i) ∀k = 1, ...K, i = 1, ..., Nk (4.11)

−Mαi + ϵ ≤ yk(i)(xk(i))Tλ ≤M(1− αk(i)) + ϵ ∀k = 1, ...K, i = 1, ..., Nk (4.12)

−Λβj ≤ λj ≤ Λβj j = 1, , , .P (4.13)

−γj ≤ λj ≤ γj j = 1, , , .P (4.14)

α ∈ {0, 1}N , β ∈ {0, 1}P , γ ∈ RP+, λ ∈ X (4.15)

We include a new auxiliary decision variable, θ, which we use as a measure of fairness. θ

represents the classification error rate for the worst-off demographic group, which is facilitated by

constraint (4.11). Leveraging this constraint allows us to eliminate the min-max objective in (4.4)

and replace it with a single linear minimization objective. The resulting problem (4.10)-(4.15) is a

MIP that can be solved by off-the-shelf solvers.

By using a MIP, we have significant modeling flexibility to customize the model based on the

user’s preference. Some examples of this customizability are as follows. We can achieve the optimal

balance between sparsity and error as in [97] by tuning the values of C0 and C1. Furthermore, we

can add additional hard constraints if the user wants to impose encourage restrictions more strictly.

Additionally, λ can be forced to be an integer vector, which would improve interpretability and

prevent over-fitting. We discuss these proprieties in greater detail in the next section

4.3 Experimental Results

4.3.1 Experimental Setup

We test our algorithm on two datasets and present several experiments to demonstrate our method’s

ability to achieve high classification accuracy without sacrificing the worst-case group’s performance,

as well as its flexibility and interpretability. We also compare our model’s results to two different fair

classification algorithms from the literature: [1] and [2], We conclude this section by summarizing

our model’s advantages in comparison to the other models. The following experiments use ϵ = 0.1,

Γ = 1000000, C0 = C1 = 0, M = 100, and X = RP+1 unless stated otherwise. We use the Gurobi

solver to solve the model on a 1.6 GHz Dual-Core Intel Core i5 processor.
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Our first results are presented in Section 4.3.2, where we explore our model’s performance

on the Penguin Dataset. In section 4.3.3, we evaluate our model’s performance on the larger

Law Dataset, and present results that provide insight into the relationship between sparsity and

model performance, In section 4.3.4, we compare our methodology to methods that define fairness

differently as well as methods that define fairness similarly.

4.3.2 Penguin Dataset

The first dataset we test our algorithm on is the Penguin Dataset from [107], which contains 344

instances of penguins, and the classification task is to determine if each individual’s species is

Adelie, Gentoo, or Chinstrap species. The data includes information on the penguins’ bill length,

bill depth, flipper length, body mass, and the year the data was collected. The demographic group

we consider is the penguin’s gender. We compare our Rawlsian MIP performance to the standard

MIP approach used in [97] that doesn’t consider fairness. For the training phase, we implement

the MIP ((4.5)-(4.9) for the MIP with no fairness considerations and (4.10)-(4.15) for our Rawlsian

MIP) on half of the dataset and obtain an optimal λ∗. Then, in the testing phase, we use this λ∗ to

classify the second half of the data. Since our formulation only performs binary classification, we

perform three separate experiments, where the classification task for Experiments 1, 2, and 3 is to

determine whether a penguin species is Adelie or not-Adelie, Gentoo or not-Gentoo, and Chinstrap

or not-Chinstrap, respectively. We present these results below in Table 4.1

Exp. MIP error (%) Rawls error (%) MIP fairness (%) Rawls fairness (%)

1 1.75 1.17 3.49 (M) 2.53 (F)

2 1.17 1.17 3.27 (F) 3.27 (F)

3 4.09 3.51 4.65 (M) 3.80 (F)

Table 4.1: Model comparison for Penguin Dataset

We compare the error and the fairness of our Rawlsian fairness method and the MIP method

that does not consider fairness. Here, we define error as the percentage of incorrect classifications,

and fairness is defined as the highest error across all demographic groups, which is a common way

to evaluate fairness also used in [90], [91], [92], and [93]. Therefore, lower values of error and fairness

are desirable. For example, if a dataset contained 2 black individuals and 8 white individuals for a
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total of 10 individuals, and it incorrectly classified 1 black individual and 2 white individuals, the

error would be 1+2
10 = 0.4 and the fairness would be max{12 ,

2
8} = 0.5. Furthermore, in these results,

we indicate (M) or (F) to indicate whether the male or female group respectively, is the worst-off

group for the particular instance. In all experiments, both methods had perfect accuracy during

the training phase so we only present results from the testing phase in Table 4.1. We can see that

our method achieves the same performance with respect to error and fairness in Experiment 2, but

it improves in both metrics for Experiments 1 and 3. These results show that our methodology can

improve accuracy for the worst-off group while additionally improving overall accuracy.

Furthermore, in these cases, the worst-off group in the MIP case was male, but it switched to

female in the Rawlsian MIP case. Our method prioritizes helping the worst-off group, however, the

worst-off group can differ for different instances. The worst-off group is an output of our model, so

it determines who the worst-off group is during its execution. This means the user does not need

to identify which group is the worst-off group before implementation. This is a useful property for

cases where domain knowledge is limited and the user does not know which groups will be more

vulnerable before running the model. Fortunately, our model can execute without this knowledge

and it will produce a solution that minimizes the error for the worst-off group regardless of whether

the worst-off group is male or female.

4.3.3 Law Student Dataset

Next, we consider the Law Student Dataset [108], which is much larger than the Penguin Dataset.

A detailed description of the dataset and access to the dataset itself is provided by [109]. It contains

20, 798 entries from 163 law schools in the United States in 1991. Because of the large size of the

dataset, we are unable to solve the MIP to optimality given our available computational resources,

so the results we present in this section represent the best solution obtained after one hour of

runtime. Despite this, the results obtained still outperform other state-of-the-art fair classification

algorithms. We provide a more detailed discussion of this comparison in Section 4.3.4.

The classification task is to predict whether a student will pass the bar exam or not. There are

9 features that we consider in the model that describe the student attributes such as GPA or LSAT

score. Unlike the Penguin Dataset studied in the previous section, which had a nearly identical

count of males and females, the Law Student Dataset is unbalanced. The majority race consists of

93% of the dataset and the minority race only consists of 7%. This presents a challenge because

most classification algorithms that aim to maximize overall accuracy will ignore the minority class,
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so these algorithms produce results where the minority class experiences a significantly higher error

rate.

In the results presented in the remainder of Section 4.3.3, we first explore the relationship

between model performance and sparsity. Particularly, we analyze the difference between incorpo-

rating sparsity via penalization or upper-bounding. We conclude Section 4.3.3 with a discussion on

our algorithm’s ability to address the unbalanced Law Student Dataset by prioritizing prediction

accuracy for the worst-off group without sacrificing overall prediction accuracy.

Sparsity via Penalization

For our first experiment, we compare our model performance for different values of C0 and C1. We

considered different values of C0 ranging from 0 to 0.0175, and we considered two scenarios for C1:

C1 = 0 and C1 = 0.001. For the results presented below, we set X = ZP+1. We evaluated the

fairness produced by our model as the error for the worst-off demographic group, and we recorded

this metric for the testing and training phases, as well as the overall performance, which is the

average of the testing and training results.

Figure 4.1: Fairness for different penalization values

As an overall trend, as C0 increases, the error for the worst-off group increases. This indicates

that higher C0 values worsen our methodology’s ability to enhance fairness. As C0 increases, there

appears to be a steeper increase in error for the worst-off group when C1 = 0 compared to when

C1 = 0.001. Therefore, increasing C0 has a more dramatic impact on the fairness when C1 = 0 as

opposed to when C1 = 0.001. We can also observe that the overall fairness is worse when C1 is
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increased from 0 to 0.001 for all values of C0.

C0 and C1 are both penalization terms in the objective, so increasing their values encourages

the model to produce sparser solutions that have fewer non-zero coefficients, which ultimately im-

proves interpretability. However, the results in Figure 4.2 indicate that increasing these penalization

terms worsens the fairness of the model’s output. Thus, these results demonstrate a trade-off be-

tween sparsity and fairness. However, we provide an alternative method to induce sparsity without

sacrificing fairness, which we introduce next.

Sparsity via Upper-bounding

To further increase sparsity and interpretability we add a constraint that was not considered in [97]:

N∑
i

βi ≤ b (4.16)

This constraint limits the size of the decision variable β by upper-bounding the sum of its

components by a parameter b. This is ultimately a stronger way to reduce the size of the L0 norm

by introducing a hard constraint rather than using a penalization term in the objective function.

We tested our model’s performance for different values of b ranging from 3 to 7, and we considered

the case where λ is restricted to real and integer values. Similarly to the results presented in Figure

4.2, we recorded the testing, training, and overall fairness, which we measure as the error for the

worst-off group.

Figure 4.2: Fairness for different upper-bound parameter values

In both the real and integer cases, the best fairness was achieved at b = 5. In the integer case,



66

these results have a lower error for the worst-off group than any of the results shown in Figure

4.2, when the penalization terms were used. This indicates using constraint (4.16) does not suffer

a decrease in fairness when sparsity is induced. When b is increased to 6, we see the training

performance improves because the constraint (4.16) is relaxed so the MIP can find a better solution

in the training phase. However, this results in a worse overall performance, which indicates that

the model is overfitting in this scenario. On the other hand, as b is decreased to values of 3 or 4, the

training performance also worsens because constraint (4.16) becomes tighter as b decreases, and in

these cases, the testing performance also suffers. Furthermore, we can also observe that the model

performs better when λ is restricted to be an integer across all values of b. Additionally, if λ∗ is an

integer vector, this could produce a cleaner result that is easier for decision-makers to implement

in practical settings, such as [104] [105]. We can compare the performance of our Rawlsian MIP

method to a standard MIP formulation that does not consider fairness like the one used in [97].

training error(%) training fairness(%) testing error(%) testing fairness(%)

MIP 8.90 27.54 9.27 31.30

Rawlsian 9.30 26.23 9.07 26.73

Table 4.2: Error and fairness when b = 5 and λ ∈ ZP+1

During training, our Rawlsian MIP does less than 1% worse concerning error, but it does a

little more than 1% better for fairness compared to the MIP. During testing, our Rawlsian MIP

performs slightly better (less than 1% ) concerning error but is 5% better for fairness compared

to the MIP. If we consider the overall performance (average of testing and training), our Rawlsian

method improves fairness by more than 3%, while increasing prediction error by only 0.1% compared

to the MIP.

In summary, our MIP gives us the modeling flexibility to apply a hard constraint in the form of

(4.16) to provide an upper bound on the sparsity, which is typically difficult to implement due to

the non-convexity of the L0 norm. Unlike the results obtained when the penalization terms C0 and

C1 were utilized, applying this constraint (4.16) allowed us to increase sparsity without sacrificing

model performance, as shown in Table 4.2.
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4.3.4 Comparisons

In this section, we consider our results from Table 4.2, where we achieved a training, testing, and

overall prediction error of 9.30%, 9.07%, and 9.19%, respectively, and training, testing, and overall

prediction error for the worst-off group of 26.23%, 26.73%, and 26.48% respectively. We compare

these results to the algorithms from [1] and [2]. These fairness methods use demographic parity

and equalized odds to evaluate fairness, which differs from our Rawlsian approach. These methods

aim to ensure that the model accuracy across demographic groups is comparable, however, these

fairness definitions have several drawbacks. The first is that they do not prioritize accuracy for

the worst-off group, so using these fairness definitions could lead to situations where the worst-off

group has a low prediction accuracy. Another consequence of these fairness metrics is that they

could result in low overall prediction accuracy because the algorithm could hurt the performance of

groups that are not worst-off to ensure similar performance to the worst-off group.

In our comparison, we discuss the implications these alternative fairness metrics have on both

the overall accuracy and the accuracy for the worst-off group. More details on the implementation

of these methodologies are provided by [110].

First, we compare our results to the method proposed by [1]. Their method is a post-processing

algorithm that is compatible with any classification algorithm that assigns a score value to each

data point. After executing the classification algorithm, their methodology uses a different threshold

value for each demographic group to determine whether each individual is classified as a 0 or 1.

This threshold value is randomized, so its value could vary from individual to individual, and it is

designed to satisfy either demographic parity or equalized odds. Demographic parity requires that

a decision be independent of the demographic group, and equalized odds requires that the true and

false positive rates are equal across demographic groups.

Our methodology implicitly finds the optimal threshold value as opposed to a randomized sub-

optimal threshold value used by [1]. Another advantage is that by using only one singular threshold,

we can access similar information across different demographic groups. By using a separate threshold

value for each group, the method from [1] fails to capture shared characteristics of individuals across

different demographic groups to aid in decision-making. Moreover, they use fairness metrics that

enforce similar performance across different groups. This leads to outcomes where the worst-off

group is not improved since hurting other groups to make their performance similar to the worst-off

group could achieve fairness according to their definitions. This not only fails to help improve the
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worst-off group’s performance, but it unnecessarily hurts other groups besides the worst-off group to

satisfy their fairness constraints. We verified these properties empirically and we tested the method

from [1] with different combinations of utility functions and fairness constraints, and the results are

shown below in Table 4.3.

no. obj. constraint train error (%) train fairness (%) test error (%) test fairness (%)

1 AS EO 9.48 37.05 9.72 37.90

2 AS DP 9.42 34.92 9.70 36.04

3 BAS DP 22.92 27.38 24.25 29.10

4 BAS EO 31.43 31.65 32.17 32.79

5 SR DP 9.88 38.20 9.77 38.24

6 TPR DP 9.88 38.20 9.77 38.24

Table 4.3: Results from [1].

We consider different combinations of classification objectives. The objectives AS, BAS, SR,

TPR, and TNR represent accuracy score, balanced accuracy score, selection rate, true positive

rate, and true negative rate, respectively. The fairness constraints are DP and EO, which represent

demographic parity and equalized odds, respectively.

For experiments 1, 2, 5, and 6, the error is comparable to our results, but the fairness is worse.

In these instances, their method achieves good overall classification accuracy, but they sacrifice

the worst-off group’s performance, which is at least 8% worse than our results. In experiments

3 and 4, they achieve similar fairness to our results, however, their overall error is much higher

and worse than our results by at least 12%. Rather than improving the worst-off group to achieve

demographic parity or equalized odds, they worsen the performance of the other groups (the non-

worst-off groups), leading to an overall decrease in accuracy. In contrast, our method can improve

the performance of the worst-off group without experiencing such a dramatic increase in overall

error.

The method in [2] method is an in-processing approach, so it is more similar to our methodology.

Their objective is to minimize the empirical error with respect to some random classifier subject

to demographic parity (which is defined in the same way as [1]) constraints. They use Lagrangian

reformulation to formulate a saddle point problem, then use grid search as a way of smartly searching
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the feasible region. As a result of the grid search algorithm, their methodology can produce multiple

solutions. The result of their grid-search algorithm is displayed below in Table 4.4.

exp. training training testing testing

no. error (%) fairness (%) error (%) fairness (%)

1 9.18 29.27 9.18 29.27

2 8.82 27.38 9.26 29.61

3 8.89 27.54 9.21 29.95

4 9.06 30.16 9.14 29.61

5 9.15 30.82 9.26 31.81

6 9.31 32.13 9.33 33.33

7 9.50 34.59 9.43 34.52

8 9.66 36.07 9.57 35.87

9 9.69 36.39 9.62 36.55

10 9.79 36.89 9.66 37.06

11 9.83 36.89 9.67 37.06

12 9.89 37.70 9.69 37.56

13 9.90 37.87 9.72 37.90

14 9.92 38.20 9.73 38.07

15 9.93 38.36 9.75 38.41

16 9.93 38.36 9.75 38.41

Table 4.4: Results from [2]

The grid search approach allows the algorithm to produce multiple results which gives the user

a variety of options to choose from. A few of the best results in terms of prediction error from

Table 4.4 are comparable to our results from Table 4.2, but our model outperforms the majority

of these results. In an effort to ensure that the worst-off group has comparable performance to the

other groups, the algorithm in [2] unnecessarily hurts the performance of the other groups, thus

decreasing the overall prediction accuracy.

Another difference in our results is that we achieve better performance for the worst-off group

than all of the results produced from the grid search algorithm displayed in Table 4.4. The algo-
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rithm in [2] does not prioritize the worst-off group’s performance since they try to achieve similar

performance across all groups. On the other hand, our method achieves a similar error overall, but

it does so in a way that does not increase the error for the worst-off group. Therefore, our algorithm

is better equipped to ensure that the minority group’s performance is prioritized without sacrificing

the overall classification accuracy.

Some works use the same means of measuring fairness as our Rawlsian fairness method, however

their methods are incomparable to ours for numerous reasons. [91] proposes a way to minimize the

error rate for the worst-off group, however, their solution methodology requires the second-order

statistics of the underlying distribution to be known, whereas our method does not require this

information to be available. [92] also aims to minimize their loss function for the worst-off group,

however, they assume that the demographic group that each individual belongs to is unknown,

which is different than the setting we consider. [90] also formulates a minimax objective like ours,

but they consider a dynamic setting, where the data can change from one period to the next,

whereas we consider a static case where the algorithm is only solved once. [93] also proposes a

method to reduce classification error for the worst-off group, and they produce results that are

comparable to ours on the same Law Student Dataset. However, they make assumptions on the

minimum “partition density”, which corresponds to the proportion a certain group makes up in the

dataset. Our method, on the other hand, makes no such assumption on the structure of the data,

which allows our methodology to handle any dataset, regardless of how unbalanced it is.

4.4 Conclusion

We proposed a novel Rawlsian MIP formulation to address the fair classification problem. Our

Rawlsian fairness method allowed our model to prioritize the worst-off demographic group’s per-

formance without unnecessarily harming the other groups. Combining this method with a MIP

allowed us to leverage several advantages that MIPs offer. Our model directly optimizes accuracy

and sparsity while providing model flexibility that enhances interpretability by allowing the user

to adjust sparsity through penalization in the objective or with upper-bounding constraints. Our

model also offers flexibility to obtain real or integer coefficients based on the user’s domain-based

preferences. Furthermore, our model outputs a single optimal threshold, which alleviates the user

from selecting a threshold value before implementing the model. Consequently, our model provides

deterministic classification results instead of probability values assigned to each individual.

We tested our methodology on two datasets, including one unbalanced dataset. Our experimen-
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tal results displayed our Rawlsian MIP’s ability to prioritize the performance of the worst-off group

while still maintaining a high classification accuracy overall, even when performed on an unbalanced

dataset. We also showcased the flexibility of our method in its ability to adjust the sparsity and

interpretability of the results. Furthermore, we demonstrated the benefits of our method’s ability

to compute one single optimal threshold value compared to [1], which uses a different randomized

threshold for each demographic group in a post-processing approach. Additionally, we showed how

our Rawlsian approach outperforms the alternative fairness methods incorporated in [1] and [2].
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Chapter 5

CONCLUSION

5.1 Summary

We proposed a multi-stage distributionally robust optimization framework to support the real-time

operation of a virtual power plant. Our framework is robust to distributional ambiguity, which

provides the decision-maker with a risk-averse policy that is robust to situations when the behavior

of randomness is unknown. The multi-stage aspect of our algorithm allows the decision-maker to

adjust the dispatching strategy in real-time after observing the uncertainty in the previous period.

Our experimental results showed our method’s ability to outperform both a dynamic stochastic

programming method and a static-DRO method.

We also proposed a target-oriented robust optimization method to evaluate the flexibility of

grid operations and tested our methodology on a virtual power plant. Our metric evaluated the

maximum deviation of non-renewable energy from its expected value that the system can tolerate.

We proposed a primal generation algorithm that can solve the flexibility assessment problem more

efficiently compared to a standard column and constraint generation approach.

Lastly, we proposed a classification methodology using a mixed-integer-program (MIP) formula-

tion that incorporates a Rawlsian fairness objective. Our methodology shows the ability to provide

flexible modeling capabilities, directly optimize sparsity, and handle unbalanced datasets. We also

tested our method on different datasets and compared it to multiple state-of-the-art fair machine

learning methods.

5.2 Extensions to Current Work

An extension to the multi-stage distributionally robust methodology could include developing a

model that considers continuous random scenarios instead of discrete ones. Another possible ex-

tension could be including unit commitment decisions for conventional generators, which would

introduce integer variables into our framework.

We could extend our target-oriented robust optimization methodology by considering different

flexibility metrics. Our current method optimizes total flexibility across all time periods. Instead of

considering a hyperbox uncertainty set to describe the range of uncertainties that the system can
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tolerate, we could use an ellipsoidal uncertainty set that captures the inter-temporal dependence

of the system. We could also consider the use of distributionally robust optimization to consider

the worst-case probability distribution of net load. This method would allow us to incorporate

distributional information and would allow the decision maker to adjust the conservativeness level

of the solution.

Lastly, extensions to our Rawlsian fairness framework could include further leveraging the flexi-

bility that MIP formulations provide by including more complex fairness metrics. Examples include

different linear fairness metrics mentioned in [111] or lexicographical fairness [112], which prioritizes

performance for the worst-case group, but additionally aims to improve the overall accuracy as a

secondary objective. We could also incorporate our Rawlsian framework with other classification

methods, such as the support vector machine approach used in [113] to address optimal power flow

flexibility.

5.3 Future Research Areas

Fairness concerns in energy is an issue that is receiving more and more attention. From a policy

standpoint, the federal government in 2021 made it a goal that 40 percent of the overall benefits of

certain Federal investments flow to disadvantaged communities that are marginalized, underserved,

and overburdened by pollution through the Justice40 Initiative [114]. Furthermore, several resources

that track energy-related disparity data at the state and federal levels have emerged [115][116].

Energy-related fairness is complex and there are multiple perspectives to approach this issue. [117]

defines two different definitions: energy justice and energy equity. They define energy justice as

the goal of achieving equity in both the social and economic participation in the energy system,

while also remediating social, economic, and health burdens on those disproportionately harmed

by the energy system. Examples of energy justice include distributed, procedural, recognition, and

restorative justice. They define energy equity as unlocking access to energy for everyone to realize

the goal of energy justice. Energy equity-related issues include energy burden, poverty, insecurity,

and vulnerability. More details on these definitions can be found in [117].

Gini coefficient is the most commonly used metric to address energy-related fairness. However,

it can fail to address the disparity between the ratio of the income share held by the richest to

the poorest individuals [118]. Generalized Entropy [119] and Atkinson Index [120] are popular

metrics used to evaluate energy-related inequality, however, they are not commonly used to optimize

fairness. Therefore, there is a need to develop new fairness metrics that can model inequalities
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accurately and can also be optimized tractably. The Kolm-Pollak Equally Distributed Equivalent

has been used to solve an equitable facility location problem in [121]. This metric has the potential

to address the drawbacks of the previously mentioned metrics in energy-related fairness settings.

Fairness has been well studied regarding the reduction of carbon emissions and pollution, energy

consumption, expenditure, and supply, as well as renewable energy accessibility. However, there have

been limited approaches that address fairness in grid reliability. [122] studies this issue, however,

they only provide methods to evaluate fairness, without providing a way to optimize it. A method

that optimizes fairness with respect to grid reliability could play an important role in ensuring

disadvantaged communities can safely receive energy in an environment with heightened uncertainty

from increased extreme weather events and renewable energy usage. There are several challenges

to incorporating fairness metrics in grid reliability. Firstly, with any grid reliability problem, there

are physical constraints that define the system, which cannot be violated. Thus, from a modeling

perspective, incorporating fairness objectives or constraints in addition to these physical constraints

could be difficult. Secondly, it could be challenging to ensure fairness in an environment with a

high degree of stochasticity from renewable energy resources. Thirdly, as mentioned above in

[117], there are many different ways to define energy-related fairness. Grid reliability can impact

different communities in various ways, so identifying the most appropriate fairness definition to

use in evaluating and addressing inequalities is non-trivial. Finally, a fairness-efficiency trade-off is

known to exist [123] [124], where increasing fairness could also increase system cost. Multi-objective

optimization methods could be employed to address the challenge of finding a solution that ensures

fairness without incurring significant costs.
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