©Copyright 2024

Jiayi Li



Fairness, Efficiency and Privacy in Energy
Resource Allocation: Incentive Design and

Machine Learning for Distributed Agents

Jiayi Li

A dissertation
submitted in partial fulfillment of the

requirements for the degree of
Doctor of Philosophy
University of Washington
2024

Reading Committee:
Baosen Zhang, Chair
Lillian Ratliff

June Lukuyu

Program Authorized to Offer Degree:

Electrical and Computer Engineering



University of Washington

Abstract

Fairness, Efficiency and Privacy in Energy Resource Allocation: Incentive Design
and Machine Learning for Distributed Agents

Jiayi Li

Chair of the Supervisory Committee:
Baosen Zhang
Department of Electrical and Computer Engineering

The rapid proliferation of distributed energy resources (DERs) has fundamentally
reshaped the energy landscape. While these technologies present opportunities for
decentralized energy management, they have also introduced diverse and heterogeneous
user groups, surpassing the capabilities of traditional efficiency-oriented allocation schemes.
This growing complexity often leads to fairness concerns, with disproportionate payments
or allocations disadvantaging certain user groups due to their utility formats, budgets or
group sizes. Balancing fairness, efficiency, and protecting user privacy in energy resource
allocation is a pressing challenge, essential for developing equitable, resilient, and stable
energy systems, particularly in the context of decentralized agents and competitive energy
markets.

This dissertation develops principled approaches for coordinating distributed agents in
energy systems through the design of decision-making frameworks leveraging optimization
and learning. Drawing on methods from game theory, machine learning and dynamical
systems, this work explores how fairness, efficiency, and privacy objectives can be achieved
while ensuring system stability.

The contributions of this dissertation are organized across three key areas:

1. Privacy-Preserving Adaptive Pricing Mechanisms: A two-time-scale incentive
mechanism, that alternatively updates between the users and a system operator,
is proposed to align user behavior with system-level social objectives that induce
socially optimal energy usage without requiring private user information. The

iterative pricing updates are proven to converge to the social welfare solution under



mild assumptions, accommodating user behaviors driven by machine learning-based

load control algorithms.

2. Fairness in Energy Systems through Aggregator Market Structures: This
thesis formalizes the problem of fair energy resource allocation by introducing an
aggregator-based framework that balances fairness and efficiency through principled
trade-offs. By jointly optimizing total resources and individual allocations, this
work develops schemes that achieve Pareto-optimal outcomes for diverse user groups.
Extending to a multi-aggregator setting, a game-theoretical model is proposed to
analyze strategic interactions among aggregators in energy markets, proving the
existence of a Nash equilibrium. These contributions demonstrate how aggregator
structures stabilize market outcomes, ensure equitable resource distribution, and
optimize user surplus, providing a comprehensive foundation for fairness in energy

systems.

3. Safe Learning-Based Control for Distributed Systems: This thesis develops a
decentralized reinforcement learning framework for designing neural network-based
controllers that ensure exponential stability and safety in distributed systems. By
imposing Lipschitz constraints on control policies and engineering their structure to
satisfy these constraints by design, the framework guarantees reliable performance
under dynamic system conditions. This approach enables decentralized decision-
making without requiring real-time centralized coordination, making it scalable and

robust for modern energy systems.

By integrating fairness, efficiency, and privacy into the design of energy allocation
mechanisms, this dissertation advances the theoretical and practical understanding of
decentralized energy systems. The proposed methods contribute to a sustainable, fair,

and stable energy future by addressing fundamental challenges in modern energy systems.
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Chapter 2

Introduction

The growing integration of renewable energy and distributed energy resources (DERs) is
transforming modern energy systems, creating new opportunities for sustainability and
efficiency while introducing complex challenges in ensuring fairness, privacy, and stability.
Distributed energy resources (DERs), such as solar panels, electric vehicles, and batteries,
are at the forefront of this revolution, enabling decentralized energy management and
empowering users to actively participate in energy markets. This decentralization marks
a significant departure from traditional centralized systems, but it also brings complex
challenges in achieving fairness-efficiency trade-offs, protecting privacy, and maintaining
stability within energy resource allocation frameworks. Addressing these challenges is
essential to design energy systems that are fair, resilient, economically viable and stable.
Maintaining stability, particularly in voltage control, has become increasingly difficult
due to the variability and intermittency of renewable energy generation. The fast response
capabilities of inverter-based DERs offer a promising solution for voltage regulation, but
designing decentralized controllers that ensure stability and safety across distributed
networks remains a significant technical challenge. Existing methods often lack scalability
and fail to account for the dynamic behaviors of modern power systems, necessitating
advanced approaches that combine reinforcement learning and robust control.
Traditional energy systems prioritized efficiency but often overlooked fairness, resulting
in disparities across user groups. The rise of DERs has introduced a heterogeneous mix of
users, ranging from small-scale households to industrial consumers. Without mechanisms
to explicitly address fairness, economically disadvantaged groups face disproportionate
burdens, exacerbating inequalities in energy access and costs. Meanwhile, larger consumers
such as data centers are driving unprecedented demand, straining infrastructure and

contributing to imbalanced resource distribution.
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Chapter 2. Introduction

Aggregators, as intermediaries between users and wholesale markets, offer a promising
avenue for addressing these challenges. By pooling resources and coordinating energy
usage, they can allocate resources fairly among users and stabilize market dynamics
through strategic interactions. However, their role introduces additional complexities,
including privacy concerns and economic interdependencies, which require innovative
frameworks to balance fairness, efficiency, with system stability guarantee.

This thesis explores decision-making frameworks that integrate game theory, machine
learning, optimization and dynamical system to address these multifaceted challenges.
The methodologies developed herein aim to balance fairness and efficiency, provide privacy-
preserving mechanisms, and ensure stable system operations. These approaches offer
theoretical guarantees and practical solutions for modern energy systems, contributing to

a more sustainable and inclusive energy future.

2.0.1 Motivation

The increasing integration of distributed energy resources (DERs) has redefined the

structure of energy systems, presenting both challenges and opportunities:

Rising Electricity Demand

The rapid expansion of data centers, coupled with increased electrification, is driving a
significant rise in electricity demand. By 2030, data centers alone could account for up
to 26% of electricity consumption in the United States, putting unprecedented stress on
regional grids and necessitating sustainable energy solutions [2, [3, 4]. As data centers
and other large consumers scale operations, their energy needs exacerbate grid challenges,
particularly during peak demand periods. The Department of Energy highlights the
importance of clean energy resources, such as solar, wind, and battery storage, to address

this surging demand [2].

Unlocking Efficiency through Autonomous Systems

Advances in artificial intelligence and machine learning are transforming energy systems.
For example, back to 2016, DeepMind’s Al-based cooling system reduced data center
cooling costs by over 40%, demonstrating the potential of autonomous agents to optimize
energy usage efficiently [5]. Similarly, autonomous smart home devices are widely used
to adjust consumption patterns in real-time based on dynamic electricity prices and
user behaviors. However, despite their capabilities, autonomous agents often operate in

isolation, resulting in suboptimal system-wide outcomes.
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Coordination Among Distributed Agents

DERs and autonomous agents increasingly optimize local objectives without considering
global system requirements. This lack of coordination can lead to demand-supply mis-
matches, such as renewable energy oversupply during low-demand periods or shortages
at peak times. Addressing these mismatches requires incentive mechanisms that align
local decisions with global objectives while ensuring stability and efficiency in market

operations [6].

Fairness in Resource Allocation

The increasing diversity of user groups—ranging from large-scale data centers to individual
households—exacerbates inequities in energy access and cost distribution. Larger users
often benefit disproportionately due to economies of scale, while smaller users face higher
and unpredictable costs. For example, in the Pacific Northwest, the data center boom
has strained hydropower resources, raising concerns about the equitable distribution of
energy resources and pricing impacts on local communities [4]. Protecting disadvantaged
communities from being priced out of essential energy services is critical to ensuring
fairness in energy systems.

Efforts to address fairness in energy systems have led to the introduction of community-
based market structures, such as energy collectives, which aim to promote fairness by
pooling resources among participants. However, these methods often fail to model
individual user surpluses explicitly, limiting their ability to achieve optimal trade-offs
between fairness and efficiency. Additionally, many fairness-oriented frameworks rely on
oversimplified utility assumptions, such as quadratic functions, which fail to capture the
diverse needs and behaviors of modern energy users. These limitations underscore the
need for more comprehensive frameworks that address user heterogeneity while providing

scalable and adaptive solutions to ensure fair resource allocation.

Market Complexity and Economic Interdependencies

Aggregators act as intermediaries between users and wholesale markets, facilitating re-
source allocation and stabilizing energy markets. However, their strategic interactions
introduce additional complexities. Aggregators must navigate trade-offs between fair
resource allocation and market stability while contending with dynamic pricing rela-
tionships. Existing frameworks often assume aggregators act as price-takers or operate

in homogeneous markets, overlooking the strategic behaviors and diversity observed in
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real-world systems. These assumptions can result in significant disparities in resource
distribution and user surplus, particularly for smaller or disadvantaged users.

Moreover, current fairness frameworks often focus on static utility functions, failing to
account for the dynamic relationship between resource allocation and pricing. In energy
systems, prices are directly linked to demand and total allocated resources, meaning
fixed utility assumptions overlook critical interactions that influence pricing strategies
and market stability. Designing pricing mechanisms that account for both local utility
functions and global constraints (e.g., total system usage and physical capacity limits)
is essential to address these challenges effectively. Designing pricing mechanisms that
account for both local utility functions and global constraints (e.g., total system usage
and physical capacity limits) is essential to address these challenges effectively [3] [6]. By
addressing these gaps, fairness frameworks can better promote fair resource allocation

while enhancing the efficiency and stability of energy systems.

Stability in Voltage Control with Distributed Energy Resources

The growing reliance on distributed energy resources (DERs) such as rooftop solar panels,
electric vehicles, and battery storage introduces significant challenges in maintaining
voltage stability within power distribution networks. These challenges are exacerbated
by the intermittent nature of renewable energy generation and the variability in energy
consumption patterns, which occur at timescales faster than conventional mechanical
control devices can handle. Inverter-based DERs provide an opportunity for fast and
flexible voltage control by leveraging power-electronic interfaces. However, designing
controllers that ensure system stability, particularly in decentralized settings, remains a
complex task.

Existing control methods often rely on centralized communication and linear control
strategies, which are not scalable or adaptable to the heterogeneity of modern energy
systems. Reinforcement learning (RL) approaches have emerged as a promising solution,
enabling controllers to adapt to dynamic conditions without the need for detailed system
models. Nevertheless, most RL methods lack formal guarantees on system stability, a
critical requirement for practical deployment in real-world energy systems. Addressing
these limitations requires developing decentralized frameworks that enforce stability
constraints while optimizing voltage control actions in a model-free setting. Incorporating
such advanced voltage control mechanisms is essential for enabling the seamless integration

of DERs into modern energy systems.
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2.1 Contributions

This thesis addresses the challenges of fairness, efficiency, privacy, and stability in en-
ergy resource allocation through novel incentive design, game-theoretic modeling, and

decentralized control frameworks. The key contributions are outlined as follows:

2.1.1 Socially Optimal Energy Usage via Adaptive Pricing

Coordinating the energy consumption of distributed users poses significant challenges
due to the lack of private user information available to the system operator. Privacy
concerns often prevent operators from directly optimizing resource allocation, which can
lead to inefficiencies. To address this, the first part of this thesis develops a two-time-scale
incentive mechanism that iteratively updates prices based on observed consumption
patterns. Users respond by optimizing their consumption according to the prices. This
decentralized interaction eliminates the need for the operator to access or learn private
user information while converging to a socially optimal solution that balances individual
preferences with system-level efficiency.

The framework’s flexibility is demonstrated through its ability to handle non-convex
cost functions and incorporate machine learning-based load control algorithms, making it
scalable and adaptable to diverse energy systems. By aligning individual consumption be-
haviors with global objectives, this contribution lays the foundation for privacy-preserving,

efficient energy usage in decentralized systems.

2.1.2 Balancing Fairness and Efficiency in Energy Resource Allocations

The rise of distributed energy resources (DERs) has introduced diverse and heterogeneous
user groups, exposing disparities in energy access and cost distribution. Traditional alloca-
tion schemes, focused solely on efficiency, often fail to address the needs of disadvantaged
users, exacerbating inequities in resource allocation. This thesis formalizes the problem
of fair energy resource allocation and introduces a principled framework for balancing
fairness and efficiency using a-fairness metrics.

The proposed framework constructs allocation schemes that lie on the Pareto front,
allowing for optimal trade-offs between fairness and efficiency. By jointly optimizing total
resources and individual allocations, this approach ensures fairness is explicitly accounted
for while maintaining system performance. This contribution highlights how fairness
can be embedded into energy systems without compromising efficiency, particularly for

underserved communities.
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2.1.3 Strategic Aggregator Interactions in Energy Markets

In systems with multiple aggregators acting as intermediaries between users and energy
markets, strategic interactions add layers of complexity to resource allocation. The thesis
extends the fairness-efficiency framework to a multi-aggregator setting, modeling the
interactions among aggregators as a quasi-concave game. This analysis rigorously proves
the existence of Nash equilibria, providing theoretical guarantees for market stability and
resource allocation outcomes.

By incorporating game-theoretic modeling, this work demonstrates how aggregators
stabilize energy markets, improve fairness in resource distribution, and optimize user
surplus. The framework also provides actionable insights into managing fairness and
efficiency in competitive energy markets, addressing the interdependencies between aggre-
gators and market dynamics. This contribution advances the understanding of strategic
interactions in decentralized energy systems and their role in achieving equitable and

efficient outcomes.

2.1.4 Decentralized Safe Reinforcement Learning for Voltage Control

The increasing reliance on distributed energy resources, particularly inverter-based sys-
tems, introduces new challenges in maintaining voltage stability in distribution networks.
Existing control methods often fail to guarantee safety and stability in dynamic envi-
ronments, especially when reinforcement learning (RL) approaches are used. The final
contribution of this thesis addresses these challenges by developing a decentralized safe
RL framework for voltage control.

This framework ensures system stability by imposing Lipschitz constraints on neural
network-based controllers, guaranteeing exponential stability across the network. The
decentralized approach enables local controllers to be trained in a model-free setting
without requiring real-time communication between nodes. By scaling efficiently to
large distribution networks, this contribution bridges the gap between advanced machine
learning techniques and practical requirements for grid stability, offering a robust solution

for modern energy systems.

2.2 Structure of the Thesis

Chapter [3 introduces the incentive mechanisms developed for adaptive pricing in energy
markets and presents theoretical and empirical results demonstrating their efficacy in

achieving socially optimal energy usage. The focus is on how users’ privacy concerns are
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addressed while still achieving global efficiency objectives.

Chapter [] discusses the formalization of fairness and efficiency trade-offs in energy
resource allocations. The chapter introduces the aggregator framework, which jointly
optimizes total resources and individual allocations, ensuring the balance between fairness
and system efficiency.

Chapter [5| extends the fair resource allocation problem to a multi-agent setting,
exploring the strategic interactions between multiple aggregators in a central energy
market. The chapter includes the theoretical proof of the quasi-concave game structure
and the existence of a Nash equilibrium, followed by simulations that demonstrate practical
outcomes in competitive energy markets.

Chapter [6] focuses on decentralized safe reinforcement learning for voltage control,
presenting the safe RL framework and its application to inverter-based distributed energy
resources. The chapter includes a detailed discussion on the design of Lipschitz-constrained
neural network controllers and the guarantees of system stability.

Chapter [7] concludes the thesis by summarizing the contributions from each chapter
and discussing potential avenues for future research in energy resource allocation, incentive

mechanism design, and decentralized control systems.

20



Chapter 3

Socially Optimal Energy Usage via
Adaptive Pricing

3.1 Introduction

We study the coordination of the electricity usage of a group of users by an operator.
This question has been studied extensively by the community, for example, in the context
of demand response, customer aggregation, and virtual power plants (see [7), 8, 9], [10] and
the references within). The common setup is where each user is endowed with a cost (or
utility) function, and the operator seeks to minimize a global cost function that is made
up of the individual costs of the users and social welfare considerations.

A central challenge in these problems is that the cost functions of the users may not
be known to the operator. Furthermore, users themselves may not be able to provide
an analytical description. For example, using machine learning to schedule and manage
demand has been a very active area of research (see, e.g. [11], 12], 13] 14} [I5] and the
references within). However, most learning algorithms minimize some cost or discomfort
by changing the behavior of the users or their devices and do not provide a cost function
in terms of power that can be easily optimized. It’s important to note that we do not
mean that a cost function does not exist, rather, it is often not revealed when learning
algorithms are applied. In many existing algorithms, however, the operator needs to
somehow learn the cost functions of the users |16} (17, [18]. This restricts the users to having
simple (typically quadratic) cost functions and is often too restrictive to be implemented
in practice.

In this chapter, we overcome this challenge by deploying a two-time-scale incentive

mechanism that alternatively updates between the operator and the users. More concretely,
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the actions of the users are characterized by their electricity consumption and the action
of the operator is in selecting a price vector. This price is an externality to the users,
and a user optimizes its actions by minimizing its own internal cost and the external
cost induced by the presence of a price. The operator adaptively updates the price to
influence the behavior of the users to achieve a socially beneficial solution. The adaptive
updates can be treated as a negotiation process: the customer and the system operator
are negotiating on a future price that optimizes the social welfare of the system. Note
that as long as users can optimize their actions given a price, it suffices for the operator
to just observe the actions of the users, and the operator does not need to know or learn
users’ private information.

These types of incentive designs where an operator sets a payment (or sometimes
called a tax) have received significant interest. Typically, the goal is to provide incentives
to selfish users such that the resulting equilibrium is closer to the socially optimal
solution [19, 20, 21]. In the context of electricity markets, a large number of demand
response strategies have been proposed, ranging from alert/text-based signals [22], to
pricing [23], to direct load control [24]. In this chapter, we focus on developing pricing
mechanisms. The incentive mechanism we adopt is from [25], which is a type of dynamic
incentive that evolves with the actions of the users. The key technical questions in these
types of mechanisms are twofold: whether the price update converges, and if so, whether
it leads to socially optimal user behaviors.

Existing results in answering these two questions often require strong assumptions
that do not readily apply to electricity markets. In [26], the cost function of the users
and the system cost are assumed to be linear. The results in [27] generalize the class of
cost functions but assume the users’ strategies are convex in the price. This assumption
often does not hold even in relatively simple games induced by the price. The work of
[28] is similar to ours but makes much stronger assumptions that the system and users’
costs are convex and smooth. Moreover, our algorithm circumvents the need for each user
to determine the incremental demand at each step, which is challenging, especially for
learning-based methods. The work in [25], which acts as the impetus to this chapter,
shows that the price converges and leads to socially optimal behavior assuming strict
convexity of the cost functions.

In this chapter, we relax the assumptions needed in [26, 27, 25], and show that the
two-time-scale algorithm leads to price dynamics that both converge and induce optimal
social behavior of the users. For example, we show that in some settings, the only
assumption needed is that a user’s action (electricity consumption) is decreasing in price.

This assumption is intuitive because higher price naturally leads to lower consumption.
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This result would then apply to users who use learning algorithms to manage their
demands. We also generalize the type of social costs that operators could consider. For
example, in addition to widely used quadratic functions and time-of-use pricing, our
framework provides a way to implement peak pricing through designing the social cost.

In our proof of convergence, we construct a continuous-time dynamical system and its
associated Lyapunov functions. Then we show that the price leads to user actions that
are optimal for the global optimization problem by analyzing the optimality conditions.
The chapter is organized as follows. In Section 3.2 we describe the setup of our model. In
Section [3:3] we provide the theoretical results, and Section [3.4]illustrates these results with
several simulated case studies. We conclude and give some thoughts in future directions
in Section

3.2 Problem Formulation and Pricing Updates

In this section, we formally state the problem of obtaining socially optimal energy usage
and describe an iterative procedure to compute the price seen by each of the individual

users.

3.2.1 Global Optimization Problem

We consider a system with IV users. The action of each user is their energy consumption
over T' time periods. For example, T' = 24 if we are considering hourly loads of the users
in a day. Let x; € R” denote the electricity consumption of user z' We assume x; takes
value in a compact set X; C RTH The notation x;; denote the energy consumption of user
i at the t'th period. Each user is interested in optimizing its cost function, f; : RT — R.
For example, if f;(x;) = 3(x; — X;)?, the user can be interpreted as minimizing its energy
usage to some predetermined setpoint X;. Note that in this paper we do not assume any
symmetry between the users, nor do we restrict f; to be in particular parametric forms.
Of course, some assumptions on f;’s are required, and these will be stated closer to the
technical results section.

We also place a cost on the system in serving the total energy demanded by the users.
We do not distinguish between which user is using the energy, and the system cost is in
the form of g (Zf\il Xi>. Note the sum in ¢ is over the users, and ¢ is a function from R”
to R. Throughout this paper, we will assume that g is convex or strictly convex. Several

examples of g include g (>, x;) = ¢(>_,;X;), where ¢(-) is the cost of procuring energy;

"'We use bold notation to indicate vectors and matrices.
2The constraints that a user has can be encoded in this set.
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g (X2 xi) = || X2, xi|[?, where the system tries to reduce its total energy consumption;
and ¢ (>, x;) = max (}_,; i1,...,»; TiT), which represent a cost on the peak energy
demand [29].

The system operator is interested in solving a global social welfare problem:

m}in Zfl(xl) +g (Z Xi> . (3.1)

The first term represents the sum of the users’ costs, while the second represents a social
or system cost. This problem has been studied in many settings. When the operator has
full information about f;’s and g, and can set the demand of the users, this is essentially
a variant of the economic (load) dispatch problem. This has been extensively studied and
readers can refer to [7, 30] and the references within.

In practice, it is often the case that the system operator does not know the exact cost
functions of the users. This could stem from privacy concerns, where the user does not
communicate their cost to the operator. Another way that incomplete information can
arise is that the users themselves do not have a closed-form description of their own costs.
Learning algorithms are becoming increasingly popular for demand management, where a
user’s action is trained without explicitly learning a cost model [1I, 14, [13]. In this setting,
an iterative algorithm is often used, where local steps and global steps alternate and try
to converge to the solution of the social welfare problem in (3.1)).

When f;’s are convex (or strictly convex), differentiable and frequent communications
are possible, primal/dual type of gradient algorithms can be used to solve it. More efficient
algorithms exist when f;’s are assumed to be in particular parametric forms (mostly
quadratic [16, I7]). Drawbacks of these approaches appear when the local problem is
more complicated. For example, suppose user ¢ uses tabular Q-learning to determine its
actions. Then it is difficult to apply existing distributed optimization algorithms.

In this paper, we study a strategy to iteratively solve (3.1]), where we can weaken the
existing assumptions on the users. We do this through price updates and more details

are given next.

3.2.2 User’s Optimization Problem

From a user’s perspective, it receives a price vector, p € R” from the system operator.

We will define how the operator arrives at this price in the next section, but for now, we
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treat it as a given vector. User ¢ solves the following optimization problem:

xr}lelél\l,q fi(xi) + pTx;. (3.2)
We denote the solution of this problem as x}(p). We do not consider the details of how
user % solves to obtain x}(p). If f; is available, the user may explicitly solve (3.2)).
In [I], a user represents a water heater and has the goal of balancing the discomfort of
receiving underheated or overheated water with the cost of power. Since the discomfort
is easily expressed in terms of the temperature of the water but not in terms of power, a
Q-learning algorithm is used to look up x}(p).

In this paper, we make the following assumption:
Assumption 1. Given a price p, the solution x}(p) to (3.2)) is unique for all users i.

This says that the behavior of a user is uniquely determined by the price it sees from
the system operator. This condition is true under a wide range of conditions, and we note
it is much weaker than the ones made in existing literature. For example, it holds if f; is
strictly convex (as assumed in [25, 20, B11 28], or if the user used a deterministic algorithm
regardless of convexity (not covered by the conditions in [25] 26] 31} 28]). If a probabilistic
algorithm is used, the results in the paper hold with respect to the averaged solution, but
the analysis becomes much more cumbersome. A more refined understanding of possible
stochastic behaviors is an important future direction for us.

It’s worth mentioning that this assumption is not strictly necessary for the adaptive
algorithm to find socially optimal incentives. However, without this assumption, the
updates may oscillate between several different solutions. When the adaptive algorithm
does not converge to a unique solution, the notion of convergence becomes more difficult
to characterize. In response to the potential oscillations that destabilize the system, the
system operator could develop a consistent tie-breaking procedure (e.g. consuming at
the earliest hour) so the system would converge to a fixed point. In addition, we could
expand the allowed behavior of the agents by considering ideas such as convergence in

expectation.

3.2.3 Price Update

Now we consider how p should be updated by the system operator. Following the scheme

in [25], we define the externality e as the marginal social cost arising from the term g:
e(x) = Vz9(z)| =5, x: (3.3)
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where x = {x;}|. The price is updated as

Prt1 = (1 — Br)pk + Bre(x*(Pk))- (3.4)

where x*(pr) = {x}(px)}Y, and the following conditions hold > 7, B = oo and
POy ﬁ,% < 00; e.g., Br = 1/k. These assumptions about the step size are standard
assumptions that allow us to prove the convergence of the price updatesﬁ

The main technical results of the paper are to show that under mild assumptions, the
dynamics in converge to a unique p* and x}(p*) is the minimizer of (3.1). This
price update scheme is attractive because the operator doesn’t need to know or learn
about the usersE] As long as the sum of decisions x;’s are observed, a unique p* can be

found to induce globally optimal behavior.

Algorithm 1 Adaptive Pricing: An iterative method that solves the global optimization
problem (3.1]).

0: Initialize p € RT
0: for k=1,2,... do

0:  // Solve Local Optimization

0: fori=1,2,...,Ndo

0: x;(p) = argminy,ex, fi(x;) +PTx;

0: end for

0:  // Price Update

0:  Choose step size: = 1/k

0:  Compute externality: e = Vg(vazl x:‘(p))
0:  Compute new price: p = (1 — 8)p + fe

0: end for=0

3.3 Theoretical Results

The first step to analyzing the system in (3.4)) is to approximate it as a continuous system.

A standard result in dynamical systems is that as k — oo and the step-sizes ) are
asymptotically going to zero, (3.4]) behaves as (3.5) [25] B32]:

p = e(x"(p)) — p- (3.5)

3We note that step sizes of 1 /k are required for theoretical reasons; however, we find that experimentally
that other step sizes can lead to the same fixed point with fewer iterations.

4In fact, the operator does not even need to know how many users there are in the system since it
simply broadcasts the price to all users.
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We want to have two properties. The first is that it has a unique equilibrium, and
the second is that this equilibrium induces the solutions to the local optimization problem
in that’s simultaneously solving the global problem in ({3.1)).

The proof of these results involves constructing a Lyapunov function based on suitable
assumptions on f;’s and g. We feel it is easier to break the proof into two parts, and first
consider the case of T'=1 and then T" > 1. When T = 1, the proof is fairly short and the

intuition carries over to the T' > 1 case, where the math becomes more cumbersome.

3.3.1 Single time-period case (T = 1)

For a single time-dimensional case, x; € R, ¢ is a scalar function, and the dynamical
system in (3.5 is also a scalar system. We have the following result

Theorem 1. Suppose Assumption holds and x}(p) is decreasing for each i and g is
convex and differentiable. Then the scalar dynamical system (3.5)) is globally asymptotically

stable and has a unique fized point p*. The solutions x(p*) solve the global optimization

problem in (3.1)).

The decreasing condition on x}(p) says that if the price increases, then the energy
consumption of user ¢ will not increase (users will not consume more if energy becomes
more expensive). This condition is satisfied for most types of cost functions. For example,
if f;’s are convex. The decreasing condition is also satisfied for situations where f;’s
are nonconvex [33]. Therefore, our pricing algorithm is applicable to a wider range of

problems than existing pricing schemes that require both f;’s and g to be convex [25].

Proof. We first show that a unique equilibrium of exists. When T = 1,
simplifies to e(z) = ¢'(>_; ;). If g is convex, its derivative is increasing and e is an
increasing function. Since z}(p) is decreasing in p, the function of p obtained by summing
over i, »_.x7(p), is also decreasing in p. Using the fact that for scalar functions, the
composition of an increasing function with a decreasing function is decreasing, we have
e(d>"; zf(p)) being decreasing in p.

Looking at the right hand side of (3.5), e(z*(p)) — p is a strictly decreasing function
ranging from oo to —oo as p goes from —oo to co. Therefore it takes the value 0 at
exactly one point, and we denote that point by p*, and it is an equilibrium point of the
dynamical system in .

Next, we show that the dynamical system is globally asymptotically stable around p*.
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We do this by constructing the following Lyapunov function:

Vo) = - [ e’ @) - d da

Using the fact that the integrand is strictly decreasing, is easy to verify that V(p) > 0 if
p # p* and V(p*) = 0. The time derivative of V' is

Vip) =V'(p)p = —le(z(p)) — p]%,

which is negative except when p = p*. Therefore, p* is globally asymptotically stable.
Finally, we show that the p* induces globally optimal behavior. That is, the solutions
of the local problems z}(p*) solves the global optimization problem in . To show this,
let  denote an optimal solution to . For notational simplicity, define £, = ), Z; and
xi =Y,z (p*). Suppose & # z*(p*), and & achieves a lower social welfare cost. Then we

have

D fil@) + g(@s) < Y filai (7)) + g(ad). (3.6)
i i
But «(p*) are the minimizers of the local optimization problem in (3.2)), we have
filai (p") + ¢'(23)x] (") < fil@:) + ¢ (20) %4, Vi, (3.7)

where we use the fact that p* = ¢/(2%) and the inequality is strict because of the uniqueness
assumption in Assumption |1} Adding (3.6) and (3.7) and simplifying the expressions, we
get

~

9(&s) < g(a?) + ¢/ (23) (&5 — 7).

This is the first-order condition of a strictly concave function, and it contradicts the fact
that g is convexr. Hence the assumption that there exists a more optimal solution to (3.1)

than x* is not possible. O

3.3.2 Multi-Time Period Case (T > 1)

The analysis in the single time period case relies on the monotonicity of several functions.
To extend that to the multi-time period case, we extend the notion of monotonicity to

vector-valued functions:

Definition 1. Consider a vector-valued function h : R™ — R™. We say that h is increasing
if [h(x) — h(x")]T(x — x") > 0. It is strictly increasing if the inequality is strict when

x #x'. A function is (strictly) decreasing if its negation is (strictly) increasing.
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We adopt Definition [1] since it is a natural generalization of monotonicity for a
scalar function in the following sense: the gradient of a differentiable convex function is
increasingﬂ

In the T' = 1 setting, the proof for Theorem [1| has three parts. First, we showed that
a unique equilibrium price exists, then we show that the dynamical system in is
asymptotically stable around this price, and finally that this price induces socially optimal
behavior. In the T > 1 setting, the first and last parts generalize directly from the T'=1
setting with minimal changes. However, asymptotic stability is considerably more difficult
since the composition of two monotone functions is no longer monotoneﬁ Therefore, we
first state a lemma about the uniqueness and social optimality of the equilibrium price.
Then we provide two conditions where the iterative algorithm converges asymptotically

to this equilibrium.

Lemma 2. Consider the dynamical system in (3.5)). If x}(p) is a decreasing function of
P, then there exists a unique equilibrium p*. Furthermore, under Assumption x*(p*)

is the optimal solution to social welfare problem in ({3.1]).

Proof. The proof of these two results is analogous to the T' = 1 case. By sweeping p from
o0 to —oo and using the fact that e(x*(p)) — p is strictly decreasing, we can conclude
that there exists a unique p* such that e(x*(p*)) — p* = 0. For the second part of the
lemma, it suffices to change a derivative to a gradient in and the product between

scalars to a dot product between vectors. All other steps remain the same. ]
Next, we state two conditions where the dynamical system in (3.5)) converges:

Theorem 3. Suppose the local solutions x}(p) are decreasing in p. The dynamical system
in (3.5) is asymptotically stable if one of the following conditions are true

1. g(z) = %ZTBZ for some positive definite B.

2. FEach f; is twice differentiable and strictly convexr and g is strictly conver and
differentiable.

Before presenting the proof, we comment on why these settings are potentially
interesting and practical. A quadratic cost is the most common form used in the

literature [34] since it includes standard pricing schemes such as flat rates and time-of-use

5We note there exists other definition of monotonicity for vector-valued functions. For example,
sometimes a function is said to be monotone if it is monotone in every coordinate. This definition,
however, is too restrictive for our purposes.

5This is not even true for linear functions in the vector-valued case.
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(ToU) rates. The assumption on each of the users is minimal since we just require that
an increase in energy price leads to a decrease in energy consumption.

The second setting generalizes the price function by assuming a more strict form of the
local costs f;’s. The reason this result is useful is that it includes peak pricing, which is
being adopted by a large number of users [35, [36), 37, 38]. More specifically, peak pricing
has the form of g(z) = ¢ - max(zy,...,2r), where c is some constant. This function is
convex, but not strictly convex nor differentiable. But it can be approximated by the

so-called LogSumExp function, defined as

(z1,...,27) = élog(exp(ozzl) + -+ exp(azr)). (3.8)

The LSE function is strictly convex if at least one of its arguments is positive and

approximates the max function arbitrarily as a grows [39].
Proof. We prove Theorem [3] by constructing appropriate Lyapunov functions. In the first
case, we use a quadratic Lyapunov function

Vip) = %(p —-p")B~'(p - p). (3.9)

It is clear that V(p) = 0 if p = p* and V(p) > 0 otherwise.

In the second setting, we use a different Lyapunov function, defined as
Vip)=y (Z X?(p)> —9 (Z x;‘(p*)>
T
—Vy <Z Xf(ﬁ‘)) (Z(XI(P) - Xf(p*))) (3.10)

%

=D (i (p) = x{(P*)" (P~ P").

This function is based on the Bregman’s divergence of g, and using the fact that g is
strictly convex, V(p) =0 if p = p* and V(p) > 0 otherwise.
In Appendix [A] we show that the time derivative of both Lyapunov functions are

negative when p # p*. O

The proof above illustrates the difficulty of showing a general result when T > 1 since
we need two different Lyapunov functions. However, we believe this is a consequence of
our proof technique, and we conjecture that the twice differentiable and strictly convex

condition in Theorem (3| can be relaxed to be just x}(p) is strictly decreasing for all 4.
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3.4 Simulation Results

In this section, we conduct numerical studies that illustrate the theoretical results in this
paper, in particular the convergence properties of the update in (3.4). Our code for the

numerical simulations can be found at https://github.com/socially-optimal-energy.

User Strategy Trajectory Adaptive Incentive Trajectory
— X3 2.0 A
0.8 7 X2
0.6 — X3 1.5 -
Xi — Xa Price
0.4 — X5 1.0 1
0.2 - 0.5
0.0 l I\ T T T T T 0'0 E T T T T T T
0 10 20 30 40 50 0 10 20 30 40 50
Iterations lterations

Figure 3.1: Convergence of user actions and price incentive for a system with 5 users and a
single time-period. Both the actions and the price converge quickly.

3.4.1 Single Time-Period

The first is a simple single time-period (7" = 1) example that clearly shows the convergence
to the global solution (see Fig. 3.1)). Suppose there are 5 users (N = 5) that have actions
z; € R which can automatically adapt to changes in pricem The user cost functions are
fi(z;) = $(z; — 7;)* and the global cost is g(3>, ;) = (3, ;)% Both actions and the
price converge quickly, and it is easy to check that they converge to the optimal values

(which can be computed in this simple setup).

3.4.2 Peak Pricing of Multiple Time-Periods

Here, we consider multiple periods, with 7' = 24. Then user i’s action is x; € R?*. For

simplicity, let fi(x;) = %(xz — %;)? for some given X;’s. Suppose the system adopts peak

pricing, approximated as g(3_, x;) = A(D_,; x;) for some A, where the LSE function was

"In this example, we assume that the users and utility are in a negotiating a future price (e.g., a
day-ahead price) and the algorithm converges by the time the price needs to be set and the load is
realized.
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defined in (3.8). Following (3.3]), the externality of each user is calculated as:

1

—ZZ;I oxp (o) exp (az).

e(x) = Vu9(2) =y, x; =
For 10 users, the convergence of price and total demand is shown in Fig. [3:2] where both
converge quickly to their final values. The comparison of initial and final price and load
profiles are shown in Fig. [3.3] The initial prices (chosen uniformly at random) induce
a total (summed over the users at each time period) load profile that is uneven. After
convergence, load profiles become much more even, which is what we expect to see when
the peak system load is minimized. Note the price that achieves this still shows variations

across time periods.

User Strategy Trajectory Adaptive Incentive Trajectory
0.8
0.6
Price 0.4 |
0.2
2 T T T T T 0.0 L T T T T T
0 50 100 150 200 0 50 100 150 200
lterations lterations

Figure 3.2: The top figure shows the convergence in the sum of the users’ actions at each time
period. The bottom figure shows the convergence of price.

3.4.3 Water Heater Load Optimization with Q-Learning

Now we consider a case where users’ actions are determined by a learning algorithm and
show that the f;’s need not be differentiable or convex. We consider a group of water
heaters where x; € R represents its daily load profile measured every 15-minutes, f;
represents user discomfort, and g is the function. In this example, users can flexibly shift
their energy consumption earlier to avoid high prices and store the energy (hot water)
until it is needed. We model and optimize each user following the learning algorithm
in [I] and numerically check that x} is decreasing in p.

For simplicity, we assume that each user’s demand for hot water is a binary vector

drawn from a sequence of Bernoulli random variables. We assume the demand and all
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Initial Price Initial Total Load
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Figure 3.3: The initial and converged price and demand profiles demonstrate that this adaptive
pricing framework is effective in reducing system peak.

system parameters are known and so given a price p, we can solve for x*(p) exactly using
dynamic programming. Fig. [3.4] shows the initial and final price and the corresponding
distributions of total energy consumption of all the users. Initially, the system cost is
12.781 and the user cost is 0.630. At convergence, the system cost decreases to 10.397
and the user cost to 0.627. Overall, the adaptive pricing procedure reduces the social
welfare cost by 2.387 (17.8%).

3.5 Conclusion

In this chapter, we consider the problem of using price signals to coordinate the electricity
consumption of a group of users. We develop a two-time-scale incentive mechanism that

alternately updates between the users and a system operator. We assume that users can
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Initial Price Initial Total Load
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Figure 3.4: Simulation results for water heater optimization. There are 10 users minimizing
discomfort using a Q-learning algorithm [I], and the system operator tries to minimize the peak
load. The initial price is chosen to be flat, which leads to a profile with high peaks. After several
iterations, the price becomes uneven, and the final load has much lower peaks.

optimize their actions given a price, and no private information is exchanged between the
users and the system operator. In turn, the system operator does not need to learn the
cost, of the users. We show that the iterative algorithm converges to the socially optimal
solution.

The algorithms proposed in this chapter can be implemented by any smart device
that can receive and respond to information from a system operator. For example, a
home with a Nest thermostat could easily negotiate with a system to reach the price
equilibrium without any manual intervention of a user. A key assumption in this chapter
is that each of the users are price takers, in the sense that they lack any market power to
explicitly manipulate the prices. Thus an important future direction for us is to consider

the price-anticipatory behavior of users.
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Chapter 4

Balancing Fairness and Efficiency in

Energy Resource Allocations

4.1 Introduction

Distributed energy resources (DERs), such as small-scale solar and wind generation,
electric vehicles, and batteries, are crucial components of the clean energy transition;
they enable end-users to actively participate in the energy market by generating, storing,
and potentially selling electricity back to the grid [40]. However, individual users often
cannot directly interact with the larger electricity market, facing barriers because of
the complexity of energy markets, lack of economies of scale, and high transaction
costs [41]. Therefore, energy aggregators help overcome the barriers faced by individuals
by negotiating for power on their behalf and distributing both the costs and benefits
amongst the group.

The goal of an aggregator is typically to maximize the efficiency of the group of
users. More specifically, it maximizes the total surplus (utility minus payment) of the
users [42, 43, 44, 45]. A number of algorithms, both distributed and centralized (see
e.g., [28] 40, [47] and the references within), have been proposed over the years. However,
focusing solely on efficiency may lead to large asymmetries in the allocation and surplus
of the users. In short, the allocation can be unfair. For example, the results in [48] [49], as
well as our own findings in this paper, demonstrate that maximizing efficiency may result
in disproportionately more energy being allocated to households or businesses with a
higher willingness and ability to pay, leaving fewer resources for those with lower incomes.

The need for fairness consideration in the energy domain has been recognized and has

gained importance in recent years. This highlights the need for a more comprehensive
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approach that balances efficiency and fairness in energy resource allocation. For example,
[50] highlights the importance of fairness by estimating the impact the Department
of Energy’s Office of Energy Efficiency and Renewable Energy’s investments have on
disadvantaged communities and minority-serving universities. In the energy justice
literature, distributional justice examines the fair allocation of energy benefits and
burdens [51], 52]. While these studies have provided valuable insights into fairness and
equity issues in energy systems, they have primarily focused on qualitative evaluations of
the outcomes of particular allocation policies. There is a need for a quantitative framework
that enables rigorous analysis and optimization of different allocation strategies.

This paper makes two main contributions towards this goal. First, we formalize the
problem of fair energy resource allocation, providing a framework for studying fairness in
the context of energy systems. This framework allows aggregators to trace out a portion
of the Pareto front and explore the optimal trade-offs between efficiency and fairness.
Second, we generalize the resource allocation problem to involve jointly optimizing the
total resources to allocate and the allocation to individual users. This generalization leads
to new theoretical and computational challenges. In particular, the joint optimization
problem is, in general, not jointly convex, which makes it difficult to solve directly using
standard optimization techniques; however, we show that it can be solved effectively by
searching over convex subproblems.

Our work is similar in spirit to [53], which introduced the concept of energy collec-
tives—a community-based market structure—that can be used to encourage fairness
among market participants. However, [53] did not explicitly model users’ surplus and
can lead to suboptimal tradeoffs between different fairness measures. In addition, the
participants are restricted to quadratic utilities. Our approach in this paper takes a
broader scope and addresses the challenges of finding optimal fairness and efficiency
tradeoffs between the users.

Fair resource allocation has been widely studied in various domains, including wireless
communications [54, 55|, networks [56], and machine learning [57]. However, fair resource
allocation in the energy domain has received relatively less attention. The unique charac-
teristics of energy systems, such as the price being used in actual payments (instead of
shadow prices in communication networks), make the problem of fair energy resource allo-
cation particularly interesting and challenging. Specifically, resource allocation problems
have traditionally focused on fixed users’ utilities; however, we focus on users’ surpluses
where the price for the resource is a function of the total resources allocated. Optimizing
over surpluses allows for a more complete analysis that captures the relationship between

resource allocation and pricing decisions, which is particularly relevant in the energy

36



Chapter 4. Balancing Fairness and Efficiency in Energy Resource
Allocations

sector.

The remainder of the paper is structured as follows: Section formalizes the fair
energy resource allocation problem; Section [£.3] reviews the concept of a-fairness and
the price of fairness and price of efficiency metrics; Section [4.4] discusses our theoretical
results; Section [5.4] provides numerical results and analysis; and Section [5.5] concludes the

paper and offers future research directions.

4.2 Problem Formulation

We study the problem of allocating a group of users’ surplus to reach a desirable level
of fairness and efficiency. Consider a system involving N users and a central decision
maker: the central decision maker decides on the total resources to purchase and allocates
the resources to users with the objective of maximizing the chosen system performance
metric. This central decision maker is also called the aggregator and we use these two
terms interchangeably in the paper.
Denote the utility of user i to be U; and the amount of energy allocated to user i as
x;. The unit price of energy faced by the users is denoted as p. Given p, the user surplus
of user i is defined as
s; = Ui(z;) — px;. (4.1)

For N users, we define the surplus profile s to be the vector of each user’s surplus s;, and
the allocation profile x to be the vector of each user’s allocated energy sz

Let [ =), ; be the total energy purchased by the aggregator and let C(l) be the
cost of procuring this amount. As standard practice, we assume that C' is differentiable
and set the price of energy to be to the marginal cost p = C’(l) [58|. In this paper, we
actually only make use of C’(l). Therefore, our results apply to markets where only the
price of energy is given. The total payment from the users to the aggregator, and from
the aggregator to the market, is [ - C'(I). Quadratic functions are commonly used to
model costs, and these lead to prices that are affine in demand.

In this paper, we make the following assumption:

Assumption 2. Each utility function U;(x;) is concave in x;, and U;(0) = 0,Vi €
{1,...,N}. Furthermore, the function C(l) is convez in l and C(0) = 0.

This assumption is very common in economic modeling for networked systems [59].

!Throughout the paper, we use bold to indicate vectors and matrices.
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To account for fairness among the users, we make use of a fairness measure, denoted
as ® : RV — R. We will introduce the format of ® in more detail in the next section. In

the following, we first introduce the optimization problem of interest:

max P(s)
S (4.2)
st. s>0

The optimization problem in is maximizing the fairness measure over the feasible
set of nonnegative surplus. We sometime use S = {s; > 0, Vi} to denote this feasible set.

For the convenience of the follow-up analysis, it is easier to work with the allocations
x and the load [, rather than directly with the surpluses. Define the feasible set of (x,1)
be X = {(x,1) | > ;zi=1, x>0, s(x,1)>0}.

An interesting fact is that S is not necessarily convex, even for quadratic utility and
quadratic cost functions (see Fig. . Therefore, it is not immediately clear that the
problem can be solved, regardless of the fairness measure. These types of issues have
been part of the reason that it is not trivial to apply results about fairness from other
domains to energy. It turns out we can solve it by directly working with allocations x and
the load I. Define the feasible set of (x,1) be X = {(x,1) | > ,z; =1, x>0, s(x,])>
0}, and we study

x,l

s.t. Xr; = l
2 19
s(x,0) >0
x>0

We denote the optimal solution to the problem in as (x*,1*), and use s* to denote
the optimal solution to . We show that can be efficiently solved in the next
section.

The format of ® trades off fairness and efficiency and the central decision maker
chooses ® depending on the performance requirements of the system. In the next section,

we specify ® using the notion of a-fairness.
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4.3 Fairness Measures

4.3.1 «-fairness

In this section, we detail the form of ® that we use in this paper. We use the notion of
a-fairness [60], which provides a parametric family of functions that includes three widely
used fairness measures: social welfare, proportional fairness, and max-min fairness. The
idea of a-fairness is to provide a unified framework in which the aggregator can tune the

level of fairness by adjusting the o parameter, with higher « values producing more “fair’

allocations. The a-fairness is defined as

et
e fora >0, a#1,
B(s) = | 21 20, a# (4.4)

> ;log(s;) fora=1.

In the following subsections, we describe the three common special cases of a-fairness.

Social Welfare

When o = 0, ®(s) = >, s;, which is called the utilitarian objective, and the corresponding
solutions are called the social welfare solution, denoted as x°"V. This solution is when
the central decision-maker maximizes the sum of the surplus. This is considered to be
the most “efficient solution” [60, [58].

Proportional Fairness

When « = 1, the resulting optimization problem is said to be maximizing the proportional
fairness of the surpluses. It is also the generalized Nash bargaining solution for multiple
users [61]. Proportional fairness can be intuitively understood as giving each user a
proportional share of the resources based on their surpluses. It provides a compromise
between efficiency and fairness, as it balances the total surplus with the individual
surpluses of the users. Proportional fair allocation of user surplus, denoted as s77,
should satisfy: compared to any other feasible allocation of user surplus, the aggregated

proportional change is less than or equal to 0. In mathematical terms,

S; — SZD]:
3 ~ 57— S0,¥s€S. (4.5)
i 1

We state a simple lemma that shows that setting a = 1 in (5.3) does give solutions that
satisfy (4.5), and the corresponding energy allocation x such that s(x, >, z;) = sP7 is
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denoted as xF7.

PF

Lemma 4. The proportional fair surplus profile denoted as s™~, can be obtained as the

optimal solution to the following optimization [61), [62]:

max Z log(s;)
i (4.6)
st. se8S

Proof. By first-order optimality condition, the objective of optimization problem (4.6))

can be written as

PF

PF PF\ _ Si 5
<s—s ,VZlogsi >—ZT]_3§0,VSES
% A ?
This inequality matches (4.6]). O

Max-min Fairness

When a = oo, we obtain the max-min allocation is denoted as xMMin  Thig solution
maximizes the worst-case surplus for each user in the system, and is sometimes called the

egalitarian solution since it is considered to be the most “fair”.

4.3.2 Pareto Efficiency

To signify how each different « leads to different fair surplus allocations, we first present
the definition of Pareto optimality and Pareto front [63] [64].

Definition 2 (Pareto Optimality). A feasible surplus profile s € S is Pareto optimal if

there doesn’t exist another set of feasible 8 such that
s; < 8;,Vi
with at least one inequality strict.

Definition 3 (Pareto Front). The Pareto front is the set of all Pareto optimal surpluses.

Pareto optimality captures the notion of optimal trade-offs: no user can improve its
surplus without decreasing other users’ surpluses. Because ® is an increasing function
for all a > 0, if a surplus profile is not on the Pareto front, it is neither efficient nor fair,

since there are strictly better solutions for all values of a.
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To illustrate how different fairness notions lead to different surplus allocations within
S, as shown in Fig. we visualize the feasible set of surplus for an example 2-user
systems with quadratic utility functions and plot the optimal surplus profile under a
selected set of fair objective. As shown in the plots, the feasible surplus region is not
always convex. Depending on the formats of users’ utilities, the shape of the Pareto front,
as well as the distribution of optimal a-fairness solutions along the Pareto front, differ
from one another.

Such Pareto front [65] trade-off curves allow the aggregator to make informed decisions
on how to balance fairness and efficiency among the users in designing an appropriate
objective. It’s important to note that we only explore certain regions of the Pareto front.
Some points on the Pareto front are neither efficient nor fair under our chosen metric. In
particular, the aggregator should only explore between utilitarian and max-min points by

choosing different a.

4.3.3 Efficiency Measures

We leverage the price of fairness (PoF) and the price of efficiency (PoE) [66], 67] to
quantitatively measure the efficiency-fairness trade-offs in our systems.

Given the feasible surplus set S, denote the optimal utilitarian objective value
as SYSTEM(S), the fair objective under ® as FAIR(S,«); that is, SYSTEM(S) =
FAIR(S,0). By definition,

_ SYSTEM(S) — FAIR(S, a)
PoF(§,a) = SYSTEM(S)

The price of fairness quantifies the relative decrease in total user surplus when using a fair
allocation compared to the utilitarian solution. In other words, it measures the relative
reduction in overall efficiency. Denote the Max-Min allocation as maxgcs min; s; and for
each a-fair surplus allocation, denoted as z(«)

maxses min; s; — min; z;(«)

PoE(S,a) =

maXges Min; s;

The price of efficiency is the relative decrease in the minimum surplus of the users
under a given allocation compared to the max-min fair allocation (the most "fair"
allocation [67, [63]). The price of efficiency measures the relative reduction in the surplus

of the worst-off user.
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4.4 Optimization and Exploring the Pareto Front

4.4.1 Fairness Metric and Feasible Surplus Region

Note that for any value of a > 0, the ® function is concave and monotonically increas-
ing [68]. The feasible surplus region S is typically assumed to be convex, thus making
optimizing ® over S a convex optimization problem. However, as shown in Fig. S is
not convex even for simple utility and cost functions. In the following, we work with

and optimize directly over x and [, which leads to more tractable problems.

4.4.2 Optimization Characterization

Optimizing over x,! jointly is not a convex optimization because of the product between
C’'(l) and x;’s. We propose to optimize over x and [ separately in an iterative fashion.
Given [, the optimization problem in (4.7)) optimizes over x:

J(l) =max P(s(x,1))

X

s.t. le =1

The above optimization problem is clearly convex. Because [ is a scalar, a grid search
would find the optimal [ without much difficulty, as shown in Algorithm

Algorithm 2 Grid Search: Searches through a discretized set of values for [ to approximate
the solution for the global optimization problem (4.3)).

Require: step size Al and maximum value [ ax
0: initialize ¢* < —oo and [* < 0
0: for [ in [Al, 2Al, ..., lhax] do
0: (b — J(l)
if ¢ > ¢* then
¢* + s and [* + [
end if
end for
return [* =0

In a networked setting where [ is a vector, grid search could become computationally

expensive. However, we make the following conjecture:
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Conjecture 5. The function J(l), as defined in (4.7), is quasiconvex. In particular, it

remains quasiconvexr when [ is a vector, as long as the relationship between x; and [ is

affine.

We empirically validated this conjecture for a large number of settings. Providing a
rigorous proof is an important future direction for us.

Last, since quadratic utility functions are commonly adopted in practice and in the
literature |58, 53], we provide a result on when the optimization problem is jointly convex

in x and [ under this setting.

Theorem 6. If the utility functions of each user are concave and quadratic, C' and C’
are convex, and C' is twice differentiable. Then the optimization problem in (4.3) jointly
concave in x,l for a« = 0,1,00 (that is, the social welfare, proportional fair, and the

max-min fairness cases).

Proof. For quadratic utility functions we have U;(z;) = —aix? + b;x;, with a; > 0. We

can factor out z; from the surplus to obtain

Si(l'i, l) = —ai:r? + bjx; — C/(Z)Z‘Z
= xi(—aixi +b; — C/(l)).

Thus, each non-negativity surplus constraint can be decoupled into two separate constraints
x; > 0 and —a;z; +b; — C’'(1) > 0. Both of these constraints are convex, hence the feasible

set is convex. Next, we look at the objective function for different values of «.

1. When a = 0, the objective in (4.3)) can be written as
O(s(x,1) = > _ wi(—asw; + b — C'(1))

In the second line, we used ). x; = [. Since ), x;(—a;z; + b;) is concave in x by
assumption, we focus on showing [ - C'(1) is convex in [. As both C and C’ are
convex, we have C”(1) > 0 and C"(I) > 0. Since we only consider [ > 0, we have
2](L-C" ()l =2C"(1)+1-C"(1) > 0.
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2. When a = 1, the objective function is
O(s(x,1)) = Y _log(wi(—asw; + b — C'(1)))

= Z log(;) + log(—a;z; + b; — C'(1)).

The composition of a concave function (log) and a concave function (—a;z;+b;—C’(1))

is also concave.

3. When a = oo, we recognize that

max min a,-x% + b;x; — C,(Z)l‘z
(x,l)ex 1
is equivalent to

()Ig;saexxmiln og(—a;z; x (D)x;)

As proved in previous case, log(—a;z? + b;z; — C’'(1)x;) is concave on x; and . So

the minimum of concave functions is a concave function on x, I.

4.4.3 Pareto Efficiency

Here we state a lemma about the Pareto optimality, which allows us to restrict our

attention to the Pareto front.

Lemma 7. The optimal solution s* to (4.2)) (or it’s the corresponding x*,1* to (4.3)),
lies at the Pareto front of S, which is the upper right side boundary of the set of feasible

surplus.

Proof. A function f: RY — R is component-wise strictly increasing if for y >y, where
the inequality is strict in at least one component, we have f(y) > f(y). The function ®
is component-wise strictly increasing for all o > 0 [60].

Now suppose the solution to optimization , s*, doesn’t lie at the upper right
boundary of §. Then there exist another feasible point s* + € where ¢; > 0 for at
least one i. Since ® is component-wise strictly increasing, we have ®(s* + €) > ®(s),
which contradicts our assumption that s* is an optimal solution to optimization problem

E2). O
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4.5 Simulation Results

In this section, we demonstrate through simulations how our modeling framework could
enable the aggregator to make fair allocations. We first present a simple two-user example
that shows how different fairness criteria lead to different allocations and surpluses. Next,
we examine how the price of fairness and price of efficiency scale with the number of users.
Finally, we provide a two-class example that demonstrates how fair allocation mechanisms

(specifically proportional fairness) can help reduce disparities amongst different user

groupsE]

4.5.1 Two-user example

We now demonstrate in a simple two-user example how the social welfare solution can
produce an unfair allocation while the max-min solution results in a more even allocation
at the expense of efficiency and the proportionally fair solution provides a compromise
between the two. In this example, the users have quadratic utilities Uy (z1) = —x% + 321
and Us(z2) = —22 + 622. As shown in Fig. and Table , we see that under the
social welfare solution, user 1 receives most of the allocation while user 2 receives almost
nothing. On the other hand, optimizing max-min fairness results in a relatively even
allocation, but the efficiency (total surplus) of the system is greatly reduced. Optimizing
proportional fairness gives an allocation that is more even than the social welfare solution

and has a higher efficiency than that of the max-min fairness solution.

Allocation Surplus
Criterion User 1 | User 2 | User 1 | User 2 | Total
a = 0.0 (SW) 0.187 1.125 0.281 3.375 3.656

a=0.5 0.427 0.911 0.527 3.003 3.530
a=1.0 (PF) 0.535 0.682 0.668 2.564 | 3.232
a=20 0.620 0.435 0.822 1.867 2.689

a=oc0 (MM) | 0.691 0.204 0.977 0.977 1.954

Table 4.1: Allocations and surpluses for the two-user example.

4.5.2 Price of Fairness and Efficiency

This section demonstrates how the PoF and PoE scale with the number of users. We run

100 experiments for various number of users. Each experiment has users with quadratic

20ur code for the numerical simulations can be found at https://github.com/lijiayi9712/fair_
resource_allocation.
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utilities Uj(z;) = —3a;2? + bia; with a; ~ 14 Unif(0,1) and b; ~ 1410 (a; + 1) + 10 -
Unif (0, 1)E| Fig. and Fig. both show that the PoF and PoE increase as the number
of users increases. As the PoF increases, the system becomes less efficient compared to the
socially optimal solution. However, it is important to note that the PoF does not converge
to 1, even as the number of users N grows large. This implies that the efficiency loss due
to fairness considerations remains bounded. Similarly, an increasing PoE indicates that
the system becomes less equitable as the number of users increases. For a # 0, the PoE
also does not approach 1, suggesting that the fairness loss compared to the max-min fair

solution is limited, even as the number of users increases.

4.5.3 Two-class Example: How Fair Objectives Help

We now provide a simple example that splits users into two classes and demonstrates
that the social welfare solution produces a large asymmetry in the allocation while the
proportional fairness scheme produces allocations that are less one-sided.

To define the classes, first suppose energy was free. For quadratic utilities U;(z;) =
f%aix? + bix;, user i would want to consume x; = b;/a; energy (set the derivative of
Ui(z;) to zero and solve for z;). In this example, we assume that all users have the
same desired consumption when energy is free & = b;/a;. For a non-zero price p, user i
would want to consume energy to maximize their surplus s;(z;) = —%aix? + b;x; — px; or
equivalently x; = (b; — p)/a; = & — p/a;. Thus, the larger a; is, the more user i would
prefer not to deviate from Z. For the first class, we sample az(l) ~ Unif(1,2) and for the
second class, we sample az@) ~ Unif(3,4).

We run 1000 experiments with 10 users in each class and compare the distribution of
allocations and surpluses under the social welfare (SW) solution and the proportionally
fair (PF) solution. In Fig. we see that under the SW solution, the users in Class 1
receive almost no resources and have close to zero surpluses while the users in Class 2
receive most of the resources and large surpluses. On the other hand, the PF solution gives
almost equal resources to users in both classes and the difference between the surpluses
in Class 1 and Class 2 is reduced.

We refer to the gain in allocation/surplus as how much a user’s allocation/surplus
changed when going from the SW solution to the PF solution. In Fig. £.4] we see the
users in Class 1 almost always benefit from moving from the SW solution to the PF
solution. Some users in Class 2 also benefit from the PF solution; however, many of the

users in Class 2 receive smaller allocations and lower surpluses under the PF solution.

3To avoid experiments with small feasible regions, we chose b; to be large relative to a;. This is
because the constraints z; > 0 and s; = —%ai:rf + biz; — lz; > 0 imply that 0 < z; < 2(b; — 1)/a;.
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4.6 Conclusion and Future work

In this chapter, we formalized the problem of fair energy resource allocation in the context
of distributed energy resources (DERs) and energy aggregators. We generalized the
resource allocation problem to involve jointly optimizing the total resources to allocate
and the allocation itself. By doing so, we provided a principled framework that allows
aggregators to explore the trade-offs between efficiency and fairness by tracing out a
portion of the Pareto front. The theoretical results, numerical simulations, and analysis
presented in this paper demonstrate the effectiveness of the proposed approach in achieving
fair energy resource allocation.

Our work opens up several avenues for future research. In this work, we assume the
aggregator knows the users’ utility functions, which may be unrealistic in some scenarios.
Future research could focus on developing fair resource allocation schemes for cases where
the aggregator has only partial or no knowledge of each user’s utility. Additionally,
applying our framework to real-world datasets and exploring methods to learn utility
functions from historical data could provide valuable insights and improve the practicality
of our approach. Furthermore, investigating decentralized algorithms for solving the fair
energy resource allocation problem could lead to more scalable and privacy-preserving

solutions.
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Figure 4.1: The figure illustrates the feasible regions and Pareto fronts for two-user systems
with quadratic utilities. The top panel (Uy(x1) = —22 + 3z; and Us(z2) = —23 + 622) shows a
convex feasible region, while the bottom panel (U1 (z1) = —2% + 4021 and Uz(xs) = —23 + 4a5)
shows a non-convex feasible region. Optimal a-fairness solutions lie on the Pareto front (the
upper right boundary of the feasible region) and increasing « traces out a portion of the Pareto
front starting with the least fair social welfare solution (o = 0) to the most fair max-min solution
(a0 = 00).
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Figure 4.2: This graph plots the PoF and PoE for various a-fairness criteria as a function of
the number of users. The shaded areas represent the 90% confidence interval (from the 5th to the
95th percentile) for each parameter setting. Fairness parameters closer to the socially optimal
(a =0.0) tend to have a lower PoF and higher PoE. On the other hand, fairness parameters closer
to the max-min solution (o = c0) tend to have higher PoF and lower PoE
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Figure 4.3: This graph plots the PoF and PoE for various a-fairness criteria and number
of users. Each bar represents the mean value of PoF /PoE for a specific number of users, with
error bars indicating the standard deviation. Fairness parameters closer to the socially optimal
(ov = 0.0) tend to have a lower PoF and higher PoE. On the other hand, fairness parameters closer
to the max-min solution (& = c0) tend to have higher PoF and lower PoE.
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Figure 4.4: These plots compare the distribution of allocations (top) and surpluses (bottom)
under the social welfare solution (SW) and the proportional fairness solution (PF) for Class 1 in
(blue) and Class 2 (orange). The probability densities are shown in the shaded regions and the
black lines indicate the minimum, median, and values.
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Figure 4.5: These plots illustrate the gains in allocation (top) and surplus (bottom) when
switching from the social welfare solution to the proportional fairness solutions for Class 1 in
(blue) and Class 2 (orange). Positive values indicate that the proportional fairness solution
provides higher allocations or surpluses compared to the social welfare solution, while negative
values show the opposite. The probability densities are shown in the shaded regions and the black
lines indicate the minimum, median, and values.
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Chapter 5

Strategic and Fair Aggregator
Interactions in Energy Markets:
Multi-agent Dynamics and

(Quasi-concave (GGames

5.1 Introduction

In recent years, the barriers for small users to enter the wholesale markets have been
successively lowered. On the regulatory side, rulings such as the Federal Energy Regulatory
Commission (FERC) Order 2222 [69] allow users to participate in electricity markets.
On the technology side, users have much more flexibility and resources to change their
actions to maximize their own benefits. Aggregators play a crucial role in this context by
bridging the gap between individual users and the wholesale market [41] [45] 53]. They
help mitigate the complexities and transaction costs that individual users would face if
they directly participated in the market. At the same time, they reduce the number of
agents that a system operator needs to coordinate. Therefore, a system with aggregators
can be thought of as having three layers as shown in Fig. In this chapter, we address
two questions: 1) How should an aggregator allocate resources within its own group and
2) How would different aggregators compete with each other in the market.

The question of how to allocate resources within an aggregation is becoming more
important since the growth of distributed energy resources (DERs) has resulted in more

diverse and varied individuals. Existing research often makes the assumption that users
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Wholesale
Market
Aggregator 1 Aggregator 2 ‘ ’ Aggregator M

Users within Users within Users within
aggregator 1 aggregator 2 aggregator M

Figure 5.1: Markets with aggregators can be thought as having a three-layer architecture.
The aggregators interact with the market and compete strategically with each other. Within an
aggregation, the resources (or benefits) are allocated to each of the users.

within an aggregation are homogeneous or small enough that their differences can be
ignored |70}, 41]. However, this assumption may not be valid since users can have drastically
different resources and utilities. For example, some may only be able to shift small amount
of load, while others may have access to substantial solar and storage. Treating everyone
the same could lead to significantly unfair division of benefits, as shown in |71}, [48], [49]. To
mitigate these undesirable consequences, aggregators need to take a more sophisticated
approach to how they allocate resources [71].

At the level of the aggregators, they simultaneously purchase energy from a wholesale
market, where the price of purchasing depends on the total purchase by all of the
aggregators. Because the aggregators are (by design) not small entities, we consider the
strategic interactions among them. However, moving away from the price taker assumption
can lead to challenging technical difficulties since we cannot use the notion of competitive
equilibrium, which is the standard solution concept in electricity markets [58, [72]. In
particular, as we shown later in this chapter, even under the simplest possible settings,
the interaction between the aggregators is not a concave game. In particular, the joint
feasible set of actions is not convex, and this rules out a number of game-theoretic tools
that are commonly employed to study the electricity market (see, e.g. [73), [74, [75] and
the references within). Therefore, it is not easy to characterize whether the interaction
between users would even lead to an equilibrium.

However, the proliferation of distributed energy resources (DERs) has resulted in
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a more diverse set of user groups [40], challenging traditional allocation schemes that
prioritize efficiency. Aggregators’ exclusive focus on efficiency can lead to significant
disparities in resource allocation and user surplus, as demonstrated in [71, 48], [49].
Disparities in the current market structure encourage users to join an aggregator, allowing
them to benefit from better-negotiated terms [711 142} [43], 44}, [45].

5.1.1 Summary of Results and Contributions

This chapter extends our previous work [71] to a multi-aggregator setting. In [71], we
considered the allocation of energy resources to users within a single aggregator under
different fairness metrics. In particular, we showed how the notion of a-fairness [60), [76]
can be used. In this chapter, we show that a pure strategy Nash equilibrium exists when
there are multiple aggregator all strategically competing against each other.

Showing the existence of a pure Nash equilibrium is nontrivial from the inherent
complexities arising from two main factors: the price dependency on total market purchases
in the wholesale market, and the need for aggregators to allocate purchased energy to
its users while balancing fairness and efficiency. In fact, the resource allocation problem,
even when restricted to a single aggregator, is nonconvex. In this chapter, through a
careful analysis of the optimization problems, we show that while the game between the
aggregators is not concave, it is quasiconcave. This allows us to conclude that the game
has a pure Nash equilibrium using well-known tools.

Next, we design simulations to demonstrate the interactions among aggregators in the
wholesale market and the effectiveness of having an aggregator structure from both the
market and the users’ perspectives. These simulations provide valuable information on
how aggregators can stabilize the market, ensure fair resource distribution, and optimize
user surplus. In particular, we show how to balance the need for efficiency and fairness,
since neither extreme leads to desirable equilibria.

The remainder of the chapter is structured as follows. Section [5.2] reviews the fair
energy resource allocation problem, introduces the market structures and formalizes the
multi-aggregator interaction problems; Section [5.3] analyzes the game and provides the
main theoretical result; Section provides simulation results and interpretations; Finally,

Section concludes the chapter and offers future research directions.

5.1.2 Limitations

This chapter has the following limitations in scope and results. Firstly, we establish

the existence, but not the uniqueness of the Nash equilibrium. We believe that this
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is mostly a technical difficulty, as we conjecture that the Nash equilibrium is, in fact,
unique. Secondly, we do not consider how each aggregator is formed nor how stable they
are, instead the aggregations are treated as given "as is". We plan to incorporate the
work in coalition formations in electricity markets [77, [78] in future works. Third, the
aggregator passes through its revenue and cost to the individual users in this chapter.
This is consistent with setups where the aggregator takes a fixed "cut" of the profits, but
perhaps not with setups where the aggregator delivers a promised payout and can retain
the rest of the profits [79].

5.2 Problem Formulation and Preliminaries

We assume that the power system market has three layers as shown in Fig. [5.1} an upper-
level wholesale market, a middle-level with aggregators, and the lower-level with individual
users. This model is fairly standard, with or without middle-level aggregators [58, 411, [80].

Suppose that there are M aggregators. For the j’th aggregator, suppose that it has IV;
users. We denote the energy consumption of the 7’th user in the j’th aggregation as x;;.
Then the energy consumption of the j’th aggregator is y; = >, ;. The wholesale market
then determines a price of electricity, p, as a function of the consumption of the aggregators
Y1,---,yn- In this chapter, we use y = (y1,...,yn) to denote the vector of aggregator
consumption, and sometimes write p(y) when we want to emphasize the dependence of p on
y. We also use the standard game-theoretic notation of y_; = (y1,...,¥j—1,Yj+1,--->YM)
to denote the consumption of the rest of the aggregators except j.

Given a price p(y), an aggregator passes this price to its users. Instead of being price-
takers as in some studies (see, e.g. [81]), we assume users solve their own optimization
problems to maximize their utility. That is, a user has a utility function U, which
represents the value of consuming electricity [70, [82]. Then the surplus of user i in the
aggregation j is defined as

sji = Ui(@ji) — p(y)zji, (5.1)

which is a function of its own actions z;; and the system-level consumption y. Next,
we will look at the allocation problem within an aggregator and the game between

aggregators.

5.2.1 Allocation Problems within an Aggregation

We think of an aggregator as performing an allocation: given y;, determine the consump-
N;j
1=

tion {x1,...,x;n, for each of the users. Of course, a constraint is that y; = > ;% xj;. In
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addition, the allocation should be optimal in some sense, given the surplus of the users.
Let s; = (sj1,...,5;n,, we model the allocation by an aggregator as solving the following

optimization problem:
J(yj,y-j) = max &(s;) (5.2a)

J
s.t. Za:j,- =Yj (52b)

Sji = Ul({L‘]l) — p(y)xji, Vi (5.2C)
5; >0 (5.2d)
Xj Z 0. (52@)

We will go into much more detail about the function ® in the next paragraph. We use
J as the value of the optimization problem, and it depends on the action of the other
aggregators (through the price p(y)). The other constraints define the surplus and restrict
the surplus and consumption to be nonnegative.

The objective function ® greatly controls the allocation. The most popular form
is the summation of surpluses, defined as ®(s;) = 25\21 sj;. This is sometimes called
social welfare [60), 76][] since it maximizes the total (sum) surplus. However, as we have
discussed in our prior work [7], the social welfare tend tend to be unfair, in the sense
that it is disproportionately biased towards users with higher utilities. In this chapter,

we will again use the notion of a-fairness, defined as

—a

1
ZNj sfi foraa >0, a #1,

3 «

25\77 log (sj;) for a=1,

Pals;) = (5.3)

where we think of « as a nonegative parameter varying from 0 to co. When a = 0, ®g(s;) =
ZZN:G sji, recovering the social welfare objective; when o = 1, ®4(s;) = Zf\iﬂl log(sji),
which is the proportional fair objective; and when a = oo, ®(s;) = min(s;1, ..., s;n;,
which maximizes the minimum of the surpluses. We interpret a as smoothly trading off
efficiency with fairness, with social welfare being the most efficient but the least fair, and
MaxMin as the most fair but the least efficient. The notion of a-fairness has not been
explored in electricity markets, but it has a long history and was first developed in the
networking, and interested users can refer to [60, [76].

Here we repeat an example in [71] to illustrate some properties of the optimization

!This objective has several names, for example, it is sometimes called the total welfare. In this chapter,
we follow the literature on networking and economics and call it social welfare.
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problems in . Consider two users in an aggregation where the total consumption is
fixed. The aggregator solves with respect to different values of a. Figure shows
two examples of the underlying feasible surplus values and how different « explores the
Pareto-front. In particular, even for simple utility functions, the underlying feasible sets

can be nonconvex.

5.2.2 Game Between Aggregators

In this chapter, we assume that each aggregator is running a fair allocation optimization
problem with some «, although not necessarily all the same. They naturally form a game,
where the j'th aggregator’s action is y;, and its payoff is J;. Naturally, we restrict y;
to be nonegative. This payoff depends on the actions of all other players because of the
price depends on the actions of all aggregators. We are interested in the (pure) Nash

equilibria of the game, given by a point y* where
Ji(yi,y=;) > Ji(y;,y5,), Vy; >0, Vi=1,..., M. (5.4)

At these points, no aggregator can increase its payout by unilaterally changing its action.
Because the payoffs are value of optimization problems in , it is not clear what
its equilibrium behavior is. For example, we cannot directly use some of the standard
game theoretical tools to conclude whether the game has a unique equilibrium, isolated
(pure) equilibria, or whether any equalibria exist. This is the case even for simple prices.
For example, suppose that p(y) is the sum of yg p(y) = Ej yj. Then the payoff of

the j’th aggregator, with the objective being social welfare (i.e., « = 0), is
Nj
Jj(yj,y—j) = max > Ujilwji) = [ D wi | e (5.5a)
=1 j
s.t. iji =Yj (5.5b)
i
Ui(zji) — p(y)zji = 0 (5.5¢)

Because y appears in the objective as a product and is also in the constraints, J; appears
to have a complicated dependence on actions y. In the next section, however, we show
that we can get a good understanding of the equilibrium of the game through a careful

analysis of the allocation problems.
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5.2.3 Limiting case: each user being its own aggregator

When the number of aggregator increases to the point that it is equal to the size of the
users, each user would be its own aggregator and therefore fairness-efficiency trade-off

turn into its surplus optimization. The formulation for the aggregator j is detailed as:

max J;(y;,y—5) = Uj(y) = p(y)¥; (5.6a)
s.t. Uj(y;) —p(y)y; = 0 (5.6b)
y; 20 (5.6¢)

p(y) is a function on the sum of y.

5.3 Nash Equilibria of the Aggregator Game

In this section, we study the Nash equilibria of the game between the aggregators. We
do this by using the following classical result on quasiconcave games: [Existence of Nash
Equilibrium for Quasiconcave Games| Given M players, with actions y1, ..., yy taking
values in compact intervals. Let Ji(y), ..., Ja(y) be the payoff functions. Then if for
any player j, J; is quasiconcave in y; for any fixed values of y_;, then the game has a
pure Nash equilibrium. This proposition dates back to the work in [83] [84, 85] and can
be stated in much more general forms than the above proposition. We note that it is
often given in terms of concave games, but in this chapter we do need the more general
notion of quasiconcavity.

We make several standard assumptions on the utility functions of users and the price

in the system.

Assumption 3 (Utility Function and System Price).  a) The utility functions Uj;(xj;)

are concave for all users and Uj;(0) = 0.

b) The system price p(y) = p(Zj\/l y;) and p(-) = C'(-) for some convex function C.

Equivalently, p is an continuous and increasing function.

The concavity assumption is standard and U (0) = 0 is a convenient way to “center” the
utility functions. The assumption on p being an increasing function of total consumption
is also a natural assumption. We do note that in this chapter the prices are restricted to
depend on the sum of aggregators’ consumption. This models the case where the system

solves an economic dispatch problem to find the electricity price in the system [58]. In
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this chapter, we do not consider the impact of constraints, although we believe that they
do not present fundamental difficulties, and we will consider them in future work.

We state the main result in the following theorem:

Theorem 8. Consider the game between the aggregators with payoff functions Ji(y), ..., Jau(y),
defined using (5.2). Suppose Assumption@ holds. Then J;(yj,y—j) is quasiconcave in y;

for any fized y_;, and the game has a pure Nash equilibrium.
In fact, we make a stronger conjecture:

Conjecture 9 (Uniqueness of the Nash Equilibrium). With the same setup as in Theo-

rem[8, the Nash equilibrium is unique.

This conjecture is supported by extensive simulation evidence, but we are not able to
obtain a rigorous proof.

Due to the fact that the definition of &, takes on two different forms, we prove
Theorem [§]in two steps, when o = 1 and a > 0, # 1. Both would be done through an

analysis of the dual multipliers.

5.3.1 Proof of Theorem [8 when a =1

There are many equivalent ways to define a quasiconcave function. A convenient one for

our purposes is

Definition 4. Consider a continuous function f(z) : T — R, where T is a bounded interval
in R. Then f is quasiconcave if there exist a number x* such that f is nondecreasing on

{r €T :2 <z and f is nonincreasing on {vr € T : x > a:*E|

For more background on quasiconcave functions, the interested reader can consult
references such as [86].

When a = 1, the payoff function is given by

N
Jilyj,y—3) = max Y log (Usi(zsi) — p(y)z;i) (5.7a)
=1

s.t. Zxﬁ =Y, (57b)

2Note we allow the function to be monotonically increasing or decreasing, where we can take z* to be
00 Or —00.
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where we can drop the positivity constraints because of the log in the objective. Note
that J; might not be differentiable. But we first assume it is, since it illustrates the main
idea of the proof.

Suppose J; is differentiable. For a given y_;, consider y; and g;. To show the quasicon-
cavity of Jj, it suffices to show: 1) if g; > y; and Ji(9;,y—;) > 0, then Ji(y;,y—;) > 0; or
2) if g; < y; and Ji(g;,y-;) <0, then Ji(y;, y—;) < 0. These conditions are tantamount
to saying that if the function J; starts to decrease, it cannot increase again. Then the
point yj* required in the definition of quasiconave functions is taken to be when the
derivative becomes 0.

Taking the dual of , we have

Nj
L= log (Usi(xsi) — p(y)wse) + My; — Y wj), (5.8)
i=1 i

where A is the Lagrange multiplier associated with (5.7b)). The first order optimality

conditions are: ,
Uji(xji) — p(y)
U(fﬁji) - p(}’)ﬂﬁji

=\ Vi=1,...,Nj,

and J]’-(yj,y,j) = A. Now suppose that we have y; > y;, define y = (9;,y—;, A=
JJ’. (95,¥—;) to be the associated Lagrange multiplier, and Z;; to the associated primal
variables.

Due to >, &j; = 9 > y; = »_; ¥ji, and all x and & are nonnegative, there exist some

i such that Z;; > xj;. Now suppose A > 0, or equivalently,

U'(zji) — (95, 5-5)

- > 0.
U(zji) — p(95,5-5)

But by Assumption (3| U is concave and hence U’ is nonincreasing, implying that U’(z;;) >
U'(Zj). Since p is increasing, p(9;,y—;) > p(yj,y—;). Combining the two, we have
U'(xji) — p(yj,y—;) = U'(&5i) — p(§5,y—;)- Since the denominator U(zj;) — p(y)xj; is
always positive at optimality, we have A\ > 0 if A > 0. This shows that if 9; > y; and
Ji(95,y-5) > 0, then Ji(y;,y-;) > 0. An analogous argument shows that j; < y; and
Ji(05,y-3) <0, then Ji(y;,y—-;) < 0.

If J is not differentiable, we work with the subgradients, denoted as 0s.J;(y;,y—;) =
{s : J;(¥j,y—5) = Jj(yj,y—;) + s(9; — y;)}. Since the optimization problem in (5.7)
is convex in z, A € 0sJ;(yj,y—;). From the above, we have A >0 implies A > 0
when g; > y;. Then using the subgradient definition, J;(y;,y—;) > J;(y;,y—;), or the
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function is nondecreasing. Similarly, when A< 0, we have A < 0, and ¢; > y; implies
Ji(45,¥y—5) < Jj(yj,y—j), or the function is nonincreasing. We can then find the required
y; required in the definition of quasiconcave functions by selecting a point that has 0 as a

subgradient. This finishes the proof.

5.3.2 Proof of Theorem [§ when « # 1

When « # 1, the payoff function is given by

NA

I e 590

s.t. Zxﬂ =yj, (5.9b)

Uji(xji) — p(y)wji = 0, Vi (5.9¢)
xj; >0, Vi (5.9d)

where we incorporate positivity constraints and similar to the o = 1 case, we first assume
Jj being differentiable to convey the main idea of the proof.

Suppose J; is differentiable. For a given y_;, consider y; and g;. To show the quasicon-
cavity of J;, it suffices to show: 1) if §; > y; and Ji(9;,y—;) > 0, then Ji(y;, y—;) > 0; or
2) if g; < y; and JH(g;,y-;) <0, then Ji(y;, y—;) < 0. These conditions are tantamount
to saying that if the function J; starts to decrease, it cannot increase again. Then the
point y;-‘ required in the definition of quasi-concave functions is taken to be when the
derivative becomes 0.

Taking the dual of , we have

Nj -«
L= Z Uil ;fg)mji) (5.10a)
i=1 N
= i)+ > loiUsilwji) — p(y)wji) + pizil, (5.10D)
7 =1

where ) is the Lagrange multiplier associated with (5.9b)), o; is the Lagrange multiplier
associated with each (5.9¢) and p; is the Lagrange multiplier associated with each ((5.9d)

. The first order optimality conditions are:

sz(sz) - p(Y)
(U]z(l‘]z) - p(Y)xji)a

— A+ i + 05 (Uji(x55) — ply)) =0,
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Vi=1,...,Nj.

For x;; > 0, we have u; = 0 by Complementary Slackness and Dual Feasibility of the
KKT conditions. In assumption we assume that the utility functions Uj;(z ;) are concave
for all users, and U;;(0) = 0. Following the assumptions, we have U;;(0) —0*p(y) = 0 and
U J’(x],) is decreasing in xj;. Moreover, each user’s utility is constrained to be positive to
achieve non-negative surplus, which indicates that for any feasible p(y), U 3/1(0) —p(y) >0
and U7;(0) > 0.

Similarly, without loss of generality, suppose that we have g; > y;, define y = (7;,y—;),
\ = J]’»(g)j,y_j), g; and ﬁz to be the associated Lagrange multipliers and Z;; to the
associated primal variables.

Because of ) . & = 9 > y; = >, Zji, and all x and & are non-negative, there exist
some % such that ;; > z;; > 0. By Complementary Slackness, we have fi; = 0.

Compared to the o = 1 case, the tricky part is to handle conditions and

and we handle the complexity through case-by-case analysis.

Case 1

when U'(zj;) — p(y;,y—j) > 0, U(zji) — p(y)z;i is increasing as xj; increases. For zj; > 0,
U(xj) — p(y)z;; > 0 and the corresponding dual variable o; = 0. For ;; > z;; > 0, we
also have U(Zj;) — p(y)Zj > 0 with 6; =0

Case 2

when U/(I‘ji) —p(yj,y_j) < 0, for iji > Xy > 0,0 > U/(.%'ji) —p(yj,y_j) > U/(.@ji) —
p(Y;,y—j): Ul(zji) — p(y)zji is decreasing as xj; increases. Since U(Zji) — p(¥)Zji is
constrained to be positive at optimality, U(z;;) — p(y)xj > 0. The corresponding dual

variable o; = 0 and 6; = 0.

In both cases, at optimality point, we have A > 0,

Uj/'@'(fﬂji) —p(y)

A= (Uji(wji) — p(y)zii)®

Now suppose A > 0, or equivalently,

U'(&5i) — p(95,y—5)
UG5 — Gy ) =
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By Assumption U is concave and therefore U’ is non-increasing, implying that U’(z ;) >
U'(Zj). Since p is increasing, p(9;,y—;) > p(yj,y—;). Combining the two, we have
U'(@ji) —p(yj,y—3) = U'(Zji) — (5, y—;)- This shows that if §; > y; and Ji(g;,y—;) = 0,
then Ji(y;,y—;) > 0. An analogous argument shows that §; < y; and Ji(g;,y—;) <0,
then Ji(y;,y—;) < 0.

If J is not differentiable, we work with the subgradients, denoted as 0sJ;(y;,y—;) =
{s : J;j(yj,y—;) = J;i(yj,y—j) + s(9; — y;)}. Since the optimization problem in
is convex in z, A € 0yJ;(y;,y—;). From the above, we have A > 0 implies A > 0
when ¢; > y;. Then using the subgradient definition, J;(v;,y—;) > J;j(y;,y—;), or the
function is nondecreasing. Similarly, when A< 0, we have A < 0, and ¢; > y; implies
Ji(¥5,¥—5) < Jj(yj,y—j), or the function is nonincreasing. We can then find the required
y; required in the definition of quasiconcave functions by selecting a point that has 0 as a

subgradient. This finishes the proof.

5.4 Simulation Results

In this section, we present simulation results that illustrate the impact of aggregator
structures on market dynamics, particularly focusing on the interactions between large and
small users, as well as the interactions among multiple aggregators. The simulations aim
to demonstrate how aggregators can enhance market outcomes for small users, especially
in the presence of larger users with significant market influence.

For each of the following scenarios, we simulate the long-term multi-agent interactions,
including those of aggregators, large-scale users, and small-scale users. Over multiple
rounds of market interactions, all participants adjust their strategies according to their
optimization schemes. We create visualizations to show the evolution of equilibrium and
the convergence of strategies among market participants. Finally, we analyze the outcomes
in terms of different types of user surplus and the distribution of total consumption
at equilibrium. The code for all simulations is available at: https://github.com/

1lijiayi9712/aggregator-gamel

5.4.1 Utility Function of Users

To perform the simulations, we adopt a quadratic utility for the users, which is commonly
used in the literature [87, (17, [88]. Other differentiable concave utility functions can be
used and do not change the qualitative conclusions.

More concretely, user ¢ has utility function U;(z;) = —aix? + b;x;, where a; and b; are
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Algorithm 3 Best-Response Dynamics

0: Initialize the strategy profile y = (y1,y2,...,ynr) for all players
0: while y is not a pure Nash Equilibrium do

0:  For each player i € {1,2,...,H}:

0 Calculate player i’s best response y; to y_;,

0: if y} provides a better outcome for player i then

0 Update y; < v,

0: end if

0: end while

0: Return the equilibrium strategy profile y =0

positive numbers. Without other constraints, this function is maximized at 2%'1_, and we
think of the ratio % as representing the size of the user.

To illustrate how aggregator structure impacts smaller users’ performance at equi-
librium, we simulate two types of users: small-scale users (e.g. residential users) vs.
large-scale users (eg. data centers, industrial factories) whose consumption is large enough
to appreciably change the market equilibrium.

For small users, we draw a and b’s from uniform distributions: a; ~ Uniform(0.1,0.9)
and b; ~ Uniform(0, 10). For larger users, we scale the range of the b parameter so it is
much larger than a and use a variable k£ to denote the magnitude of the market power
of the large user. Our goal is to study a market that has both large and small users
and to understand how large users would impact the smaller ones. As a general rule, we
usually set the large user to be as large as the “sum” of all small users. In this regime,
the aggregation of users makes a significant difference in their allocations, and we observe

the increase in market power of the small users when they are in an aggregate.

5.4.2 Dynamics of the Game

As proven in the previous section, each aggregator’s optimization is quasi-concave, ensuring
that the aggregator-aggregator interaction forms a well-defined quasi-concave game. We
simulate a market with H participants, where each participant decides on the amount
of energy to purchase from the wholesale market in each round. The market price is
dynamically determined by the total demand of all the market participants. To understand
the behavior of the system, we first investigate whether the game would converge to a
pure Nash equilibrium under best-response dynamics.

Best-response dynamics simulate the process when both aggregators and individual

users (large and small) play the game repeatedly, and the market dynamics evolve over
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time as the game progresses through multiple iterations. In the setting, the current
purchasing profile y represents the strategy of each participant in the market: while
y is not a pure Nash equilibrium: There exists at least one user, say user ¢, who can
make a beneficial new purchasing strategy y., given y_;, that improves its objective value
Ji(y;, y—s) in this round. Therefore, a given strategy y would lead to a new strategy y’,
stopping only at a pure Nash equilibrium.

In Algorithm [3] we summarize the best-response dynamics process, which iteratively
updates the purchasing strategies of participants until a pure Nash equilibrium is reached.
We note that if a game has multiple Nash equilibria, there is no guarantee to which one
the best response dynamics will converge to. However, in all of our simulations, the best
response dynamic always converges to the same Nash equilibrium, regardless of how it is
initiated. This provides some numerical evidence that the Nash equilibrium is unique (as
in Conjecture 1).

Given the action of the rest of the aggregators, aggregator i solves

max P(s) (5.11a)

YiX

s.t. ij =y (5.11b)
J

sj = Uj(x;) — p(yi, y—i)x;, Vj (5.11c)
;>0 (5.11d)
z; >0, (5.11e)

where the optimization is jointly over y; and the allocations x. This optimization problem
is not jointly convex in y; and x. However, it can be easily solved in a two-step process.
Firstly, given y;, the problem is convex in x and can be solved efficiently. Next, because of
the quasiconcavity of the objective value with respect to y;, we can use a simple bisection
method to optimize over y; [89]. Essentially, we can discretize the search space and only
need to check a logarithmic number of points in the search space. Together, can
be efficiently solved.

We consider the following simulation settings:

Baseline: Small Individual Users

We first simulate a scenario in which only small users are present. Each user interacts
with the market independently and we analyze the resulting equilibrium in terms of

energy consumption, market price, and economic surplus. This is the limiting case where
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each aggregator has only one user. This baseline setup serves as a reference point for
understanding how the presence of a large user and the introduction of aggregators impact
market dynamics.

We adopt the linear pricing model, that is, p(y) = ¢ (Ej yj), for some constant ¢
(¢ = 0.001 in our simulations). Linear prices are commonly used in the literature [70]
and other price functions can be used, as long as they are increasing, the qualitative
conclusions in this section do not change. We simulate a system of 400 small users.
Figure shows the evolution of the consumption level (the z;’s) and the surplus of the

users. They quickly converges to an equilibrium after a few iterations.

multi-aggregator interaction

Figure presents an example of 2 aggregators playing iteratively: the market dynamics
converge smoothly and stably to an equilibrium point very fast through the best-response

dynamics update.
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Figure 5.3: Convergence of strategic purchasing amounts for two aggregators using best-response
dynamics: This figure illustrates the convergence of purchase amounts for two aggregators, each
representing around 100 small users, as they interact with one large user in the market. The
aggregators adjust their strategies iteratively using best-response dynamics, and the market
dynamics converge smoothly to an equilibrium point within a few iteration steps. The rapid
convergence demonstrates the efficiency of best-response updates in achieving equilibrium in this
multi-aggregator setting.

For the rest of the simulation section, we focus on characterizing the converged
market equilibrium, explore how aggregator can help the users within, and analyze how
aggregators’ structure, including their fairness-efficiency trade-offs, competition among

aggregators, and the quantity of aggregators impact the resource allocation in the market.

5.4.3 Impact of Large Users

Next, following the baseline system that consists of only small users, we introduce a
large user in the system: the large user directly competes with the small users. First, we
consider the setting where the small users do not form any aggregation and there is one
large user. This large user has a significant consumption level that influences the market
dynamics, introduces disparities and affects the equilibrium results for the remaining

small users. We compare the market’s resulting surplus distribution, in the presence of
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a large user of different scales, to highlight the disparities that arise when a large user
operates without aggregation.

To investigate how the magnitude of the large user impacts small users at the market
equilibrium, we increase the variable K from 0 to 400 to adjust the size of the single large
user that, together with the N = 200 small users, directly participate in the market, and
presents a bar-plot in Fig. 5.4, More concretely, the large user has the utility function

U(z) = —az? + bz, where a and b are positive numbers. Without other constraints, this

b
2a?

Next, we look at what happens when small users participate in the market through

function is maximized at and we set K = g as the measurement of the market power.
joining 2 aggregators that negotiate with the market on their behalf. Each aggregator
aims to choose the total amount of consumption that maximizes the a-fairness objectives.
We then simulate the market interactions among these two aggregators with the large
user. Using different fairness measures (e.g., social welfare, proportional fairness, max-min
fairness) in the aggregators’ decision-making, the aggregators make different purchasing
and allocation decisions under each fairness measure, leading to different market outcomes.

As demonstrated in the comparison bar-plots and adopting social welfare
leads to the highest average surplus for smaller users, with proportional fairness leading
to slightly lower values, and MaxMin fairness giving very small surplus values. A natural
question is whether an aggregator would ever choose an allocation scheme other than
maximizing social welfare, or put in another way, would a user ever join an aggregation
that does not use social welfare?

To answer this question, we look at the distribution of the surplus and consumption
of small users. Fig shows how they change by comparing no aggregation and an
aggregator that uses social welfare for allocation. With an aggregator, the distribution of
the consumption is more spread out, although most of the users still receive relative little
allocation, and the distribution has a long tail, showing that a few users are much better
off than others.

Fig. [5-8 shows the distribution of users’ consumption and surpluses when the aggrega-
tors use a proportional fair allocation. Here, the distribution is much more “uniform”, with
most users’ consumption concentrated around the averaged value and a much shorter tail.
Therefore, both social welfare and proportional fair-based allocation have their merits,

and users might join an aggregator with these schemes depending on their preferences.
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5.4.4 Fairness and Competition between Aggregators

We also investigate how different fairness measures affect the competition between aggre-
gators. That is, what happens when different aggregators run different fairness schemes.
We consider two aggregators in the market, and tune the « values of one or both of them
from 0 to oco.

First, Fig. shows how the average surplus of users changes when both aggregators
have the same « and the value of « increases. As « increases (the allocation with an
aggregate becomes more fair), the average surplus decreases. Fig. shows what happens
when one aggregator holds its a at 0 while the other increases its a value. It shows that
the « values should not be too different between the aggregators. These simulations raise
an interesting question about how the « values should be set in practice, which we do not

answer in this chapter but is an important issue to be addressed in the future.

small users average surplus as one aggregator increases a
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Figure 5.10: When the first aggregator’s resource allocation scheme stays the same, while
the second aggregator increases its fairness considerations, the more fairness second aggregator
considers, the smaller the average surplus that users within the second aggregators would
experience.
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The results show the user surplus under each fairness measure, the total system surplus
and its distribution, and the fairness metrics. The results will be visualized in plots
showing the user surplus distribution under different fairness measures, the total system
surplus versus the fairness measure parameter, and the fairness index versus fairness

measure parameter.

5.4.5 Impact of Number of Aggregators

Understanding the effect of the number of aggregators on market outcomes is essential
for optimal market design and regulatory oversight. To explore this, we conducted
simulations where the number of aggregators in the market varied (e.g., 2, 4, 8, ..., N),
while keeping their fairness objectives constant (set to be social welfare or proportional
fairness for all aggregators). These simulations offer valuable information on how the
number of aggregators influences the distribution of average surplus and consumption
among small users at the equilibrium point. Where large users are present, the number
of aggregators has a noticeable impact on small users’ average surplus, as demonstrated
in Fig. for the social welfare objective and Fig. for the proportional fairness
objective. Although no clear monotonic trend is observed as the number of aggregators
increases, the data suggest a trade-off between small users’ surplus and consumption at
the market equilibrium point. This trade-off is particularly relevant for market operators
and regulators, who must balance efficiency with fairness while considering the average
consumption upper limit imposed by generation capacity.

For market operators, these results imply that the optimal configuration of the
aggregators is context dependent and may require local market experimentation to
identify. The number of aggregators can influence market dynamics in ways that are not
immediately apparent, affecting both the stability of market prices and the distribution of
economic benefits among users. Therefore, understanding the implications of aggregator
configurations is critical for designing market mechanisms that improve both efficiency

and equity.

5.5 Conclusion and Future work

In this chapter, we have extended the fair energy resource allocation problem to a multi-
aggregator setting, where multiple aggregators interact within an electricity market. We
prove that the strategic optimization faced by aggregators forms a quasiconcave game,

and we demonstrate the existence of a Nash equilibrium and conjecture on the uniqueness
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of the converged Nash equilibrium. We also presents valuable insights into how aggregator
market structures can promote market stability while realizing fairness and efficiency in
resource allocation. Our theoretical framework, supported by simulations, illustrates how
aggregators stabilize market dynamics, shape users’ surplus/consumption distributions,
and manage system fairness-efficiency trade-offs, particularly for small-scale users.

The simulations further validated the theoretical results, showing how different market
configurations and fairness objectives influence small users’ surplus and consumption
distribution. The introduction of large users was shown to significantly impact the
surplus of small users, which is mitigated when aggregators are introduced. Aggregators
operating under proportional fairness or social welfare objectives were seen to improve the
outcomes for smaller users, balancing fairness and efficiency. Furthermore, the simulations
demonstrated how the number of aggregators and their fairness considerations shape the

equilibrium behavior of the market.
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Figure 5.2: Evolution of small users’ consumption and surplus under direct market participation:
the top plot illustrates the convergence of consumption level over multiple iteration steps, while
the bottom plot shows the convergence of surplus. Both plots display the results for 400 small
users directly participating in the market. The figures demonstrate how the consumption and
surplus dynamics quickly stabilize, converging to a market equilibrium.
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Figure 5.4: This figure illustrate how the average surplus of the N small users change as the
magnitude of the large user increases by changing the value M from 0 to 400. The x-axis is the
K value that signifies and y-axis represents the average surplus amount. We observe that the
average surplus decreases as M increases.
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Figure 5.5: Average surplus for small users under different market configurations and fairness
objectives: This figure compares the average surplus achieved by small users across various
scenarios: baseline (200 small users), introduction of large users and without aggregators (with
the large user having market power equivalent to 200 small users), and three fairness objectives
applied within aggregators—social welfare, proportional fairness, and max-min fairness. The bars
represent the average values obtained from 50 simulation runs. The results highlight how the
introduction of large users and the choice of fairness objectives impact the distribution of surplus
among small users, with social welfare objective leading to the highest surplus.
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average consumption
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Figure 5.6: Average consumption for small users under different market configurations and
fairness objectives under the same setup as in Fig. The results demonstrate the impact of
market configurations and fairness objectives on energy consumption, with social welfare and
proportional fairness leading to higher consumption levels, while max-min fairness results in
significantly lower consumption.
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Figure 5.7: Comparison of Small Users’ Consumption and Surplus Distributions With and
Without Aggregators optimizing social welfare. The top plot shows the smoothed kernel density
estimates (KDE) of small users’ consumption values, while the bottom plot displays the KDE of
their surplus values. Both distributions are compared under two scenarios: without aggregators
(blue) and with aggregators which are optimizing social welfare (orange). The distribution under
social welfare is more concentrated, although it still has a long tail.
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Figure 5.8: Comparison of Small Users’ Consumption and Surplus Distributions With and
Without Aggregators optimizing proportional fairness: The top plot shows the smoothed kernel
density estimates (KDE) of small users’ consumption values, while the bottom plot displays the
KDE of their surplus values. Both distributions are compared under two scenarios: without
aggregators (blue) and with aggregators which are optimizing proportional fairness (orange). The
distribution under proportional fairness is much more uniform, with most values concentrating
around the mean.
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Figure 5.9: When both aggregators increase their fairness consideration in resource allocation
schemes, small users’ average surplus decreases.
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Figure 5.11: How the number of aggregators impact the small users average surplus at
equilibrium when the aggregators are optimizing social welfare.
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Figure 5.12: How the number of aggregators impact the small users average surplus at
equilibrium when the aggregators are optimizing proportional fairness.
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Chapter 6

Decentralized Safe Reinforcement

Learning for Voltage Control

6.1 Introduction

Distributed energy resources (DERs) such as rooftop solar PV, electric vehicles and
battery storage are growing at an increasing pace. For example, solar capacity had almost
50% yearly growth in 2021 [90], which is by far the fastest among all renewable resources.
Most of these growth are occurring in the distribution network, the low voltage network
that connects customers to substations.

High variability of solar PV and sudden change in load due to electric vehicles and
storage can lead to large voltage fluctuations. These fluctuations occur at timescales much
faster than the conventional mechanical control devices such as tap-changing transformers.
Instead, power electronic devices allow flexible and frequent control actions without
degrading lifetime. Consequently, there have been growing interests to use the power
electronic inverters on the DERs themselves to provide voltage control [91) [92] 93] [94] 05].

Since most distribution networks are not yet equipped with real-time communication
infrastructure, voltage control strategies should use local measurements available at
each bus. More specifically, controllers need to operate at an iterative fashion [96, 97,
successively updating their control actions based on each measurement. Designing such
decentralized controller is a nontrivial problem. Linear controllers can be far from optimal,
even for quadratic costs. Therefore, neural networks have been used to parametrize the
controllers to fully utilize the capabilities of the inverters [98], 99 [100].

Reinforcement learning algorithms are proposed to train the neural network controllers

with trajectory measurements. This provides the advantages of updating neural networks
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Figure 6.1: Proposed decentralized safe RL approach for optimal voltage control. We prove
that the system is guaranteed to be exponentially stable if each controller satisfies certain Lipschitz
constraints. The neural network controllers are engineered to satisfy these Lipschitz constraints
by design, and is updated from local trajectories with a decentralized RL framework.

in a model-free setting, i.e., eliminating the requirement on system parameters and
communications [I0T]. Many algorithms, such as deep Q learning [102], actor-critic [103],
DDPG [104], have been applied to the control of tap-changing transformers or inverter
based resources. Since the control actions are taken in an iterative fashion, it creates a
dynamical system, whose transition depends on the actions and the underlying physical
distribution network. The key constraint on the controllers is that they do not destabilize
the system. However, most works neglect the stability requirement and currently this
stability condition is checked through simulations [102, [I03]. Considering that voltage
control is implemented locally without real-time communication, formal guarantees on
stability are required in practice.

This chapter presents a decentralized safe learning method, which guarantees the
learned neural network would maintain the stability of iterative voltage control dynamics.

We prove that the system is guaranteed to be exponentially stable if each controller
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satisfies certain Lipschitz constraints. We optimize the set of Lipschitz bounds to enlarge
the search space of controllers. On this basis, we propose to engineer the structure of
neural network controllers such that they can satisfy the Lipschitz constraints by design.
A decentralized RL framework is constructed to train neural network controller locally
at each bus with policy gradient algorithm. The structure of the proposed approach is
illustrated in Fig.

Case studies show that the controllers learned with stability constraints outperform
those with linear controllers and unconstrained neural network controllers. Interestingly,
we also observe good learning convergence of the controllers in a model-free setting, even
though they interact through the underlying distribution network. Code and data are
available at https://github.com/Safe-RL-Power-Systems-Control /Voltage-Control.

The chapter is organized as follows. Section [6.2] introduces the model and the optimal
voltage control problem. Section [6.3] gives the main theorems governing the structure of a
stabilizing controller and derives the optimal Lipschitz bounds. Section illustrates
the decentralized safe RL framework for training a stabilizing neural network controller
locally at each bus. Section shows the simulation results and Section concludes
the chapter.

6.2 Model

A standard requirement for distribution network is that voltages should deviate no more
than 5% from their rated values at all buses [105]. For example, if the rated voltage is
110 V, then the actual voltages should be in the interval from 104.5 V to 115.5 V. For
simplicity, we normalize the units such that the reference value for voltage is 1 p.u. For a
power network with N buses, let v be the voltage vector where v; is the voltage at bus 3.
Let p be active power and g be reactive power. The voltage of the system follows the
LinDistFlow model:

v=Rp+Xq+1 (6.1)

where 1 is the all one’s vector and R and X are positive definite matrices describing the
network [96]. The active power depends on external environment and is uncertain and
variable. The reactive power comes from phase offsets and is controllable, subject to some
actuation constraints [91].

This work focuses on optimizing the control of g through inverter-based resources. The
aim of voltage regulation is to control q such that v is close to its reference value. Due to

the lack of communication in many distribution systems, g needs to be successively updated
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based on the local voltage measurements. Denote u;(v;) as the control law for each bus
t=1,---, N, which is a mapping from the voltage to reactive power. Let v;; be the local
voltage at the bus ¢ at the t-th iteration step, and denote w; = (u1(viy¢), -+ ,un(vne)).

We update q and v iteratively as

qi+1 = qt — Uy, (6.2a)
v =Rp+X (g —w) + 1, (6.2b)
6.2.1 Optimal voltage control

Our objective is to optimize the u; to minimize cost in v and g defined as C(u), subject

to the iterative update rule and the saturation limit on u;. The optimization problem is

min  C(u) (6.3a)
u

s.t. qgi+1 — gt — Uy (63b)

v =Rp+X(g —u) +1 (6.3c)

u < up < Uy (6.3d)

uy is stabilizing (6.3¢)

where constraints — hold for the iteration step ¢ from O to T. The cost
typically trades off between driving voltage to the reference value and the control effort.
The deviation of voltage can typically be quantified as two-norm, one-norm or infinity-
norm of the sequence of v; [93] 106} I07]. The control effort depends on the type of
resources and can be both quadratic [108, T09] and non quadratic ones [110, 106, [107]. For
example, control effort from batteries is commonly defined as one-norm of actions since
charging/discharging power affects cycle-depth linearly [110, 107]. The proposed safe RL
approach works for all types of cost functions listed above. The lower and upper bound
for the control action at bus 7 are u; ; and %y ;, respectively. The subscript ¢ signifies that
these bounds can be time-varying as active power changes.

The controllers u are conventionally designed to be linear (up to a thresholding
by ), which does not leverage the capability of inverter-based resources in imple-
menting almost arbitrary control laws [I11]. To design a flexible non-linear control law
for inverter-based resources, we parameterize each controller u;(v;) as a neural network
with weight 6;, sometimes written as ug, (v;).

However, there remain two challenges. First, due to the lack of communication, neural

network controller needs to be trained decentralizely in each bus with local observations
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of voltages. Second, even if the controller is optimized and implemented locally, they
need to be “safe” in the sense that the controller stabilizes the entire system, as defined by
and . In the next sections, we show how to design the local neural network
controllers that guarantee the stability of this system, and how to train the controllers
through decentralized reinforcement learning.

In this chapter, we assume that the topology and parameter information of the distri-
bution system is available. That is, we know X, but there is no real-time communication
between the buses. This assumption comes from the fact that X (and R) can be esti-
mated using smart meter data collected over a period of time [112) 113], 114], where the
communication rate can be quite slow (e.g., once per day [115]). Therefore, design of the
controllers can depend on X, but the dependence must be determined offline. The system

parameters are not required for real-time training and implementation.

6.3 Stabilizing controller

In this section, we derive the properties of a stabilizing local controller from the Lyapunov
stability theory and standard nonlinear system theory. We engineer the structure of
neural network to satisfy these structure properties and thus guarantee the stability of

the system.

6.3.1 Reduced-order system

We can simplify the dynamics in (6.2)) by shifting the origin of the system. Denote v; as
the difference between voltage and its reference value 1 at time . We assume that the

active power p remains constant during one iteration period. Then we have

Uy =v; — 1
= Rp + Xq:
= Rp + X(qt—1 — ut—1) (6.4)
= (Rp+Xqi—1) — Xuy—
=01 — Xusq

Therefore, instead of the iteration with both g; and v; being the state variables, it suffices

to study the dynamics in v;,.
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6.3.2 Structure property of a stabilizing controller

The structure property of a stabilizing controller is obtained from Theorem [I0] It
shows that as long as each controller wu; satisfies the Lipschitz constraints, the system is

guaranteed to be locally exponentially stable.

Theorem 10. Suppose a vector k = (ky,--- ,ky) satisfies 0 < diag(k) < 2X~1. Then if
the derivative of controller satisfies u;(0) =0 and 0 < duéiz(}:“) <k; forallt=1,--- N,
the equilibrium point v =0 of the dynamic system in (6.4)) is locally exponentially stable.

Proof. The Jacobian of the state transition dynamics in (6.4)) is
J(0)=1-XVzu (6.5)

where Vu is the gradient of control action w with respect to © defined as

duy (97)
daq

Veu = . (6.6)

dun (ON)
di

To guarantee an exponentially stable system around the equilibrium, the goal is to
show that all the eigenvalues of J(¥) have magnitude less than 1. To this end, we first
show that the eigenvalues of J(v) are the same as that of I — (Vf,u)%X(V{,u)%.

Let (A, w) be an eigenpair for I — X(Vu). That is, (I — X(Vsu))w = Aw. Then, we

have
(I - (Vou)2X(Vou)?)(Vou) 2w
=(Vou)2w — (Vou) 2 X(Vu)w
=(Vou)? (I - X(Vou))w
“\(Vou)2w

Therefore, (A, (Vvu)%w) is an eigenpair for I — (V,,u)%X(V,,u)% To prove that the
eigenvalue of J(v) to be strictly smaller than 1, it suffices to show that —I < I —
(Vou)2X(Vou)z < L.

By picking the controller w such that 0 < dud"iéf") < ki for all i = 1,--- | N and
0 < diag(k) < 2X ™!, we have 0 < Viu < 2X ! and thus (Vau) ™ = $X. Since Viyu = 0
is diagonal, we then have (Vvu)%X(Vvu)% < 2T and thus —I < I— (Vvu)%X(Vvu)% <L
The right side inequality holds because X > 0. ]
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6.3.3 Optimizing search space for neural network controllers

Note that all the feasible stabilizing u are in a convex set described by S = {Vf,u|0 < Vsu < 2X71 }
Since there is no communication between buses during training, each d%ii’é"‘}i) needs to be
bounded by a separate k; for bus i = 1,--- , N. Therefore, the search space for neural

2
Amaz (X)

can be found in literatures [96], but it might be too conservative since S may be much

network controllers is constrained by the selection of k. A uniform bound k; =

larger than the region described by D = {V{,U!O < Viu < #T(X)l}

Here we show an illustration on a three-bus system (with the first bus as the feeder)

where X = [_%??6 _0(_)9176]. For different Lipschitz bounds on controllers, feasible regions

for Viu are shown in Fig. [6.2

2.0 0<Vgu<2X!
proposed search region
0<Veu< Am,j(x)

1.5

du,(¥,)
dv,
- 1.0 4
0.5 1
0.0 1
0 2 4 . 8 10
du, (v,)
v,

Figure 6.2: Feasible search space comparisons for controllers. The blue area is the set of all
feasible u in S = {V{,u|0 < Viu < 2X‘1}. The orange area is the search space with uniform

Lipschitz bounds defined as D = {Vf,u\O < Vsu < Ai(x)l}, which is the largest square within

2
maz

blue region but is only a very small subset of S. With each controller being trained independently,
it is natural to consider some larger non-uniform search space such as the green area.

The blue area demonstrates the space of controllers constrained by S = {Vau|0 < Vau < 2X 1 }
The orange area is the space defined by D = {V@u\() < Viu < A'rnfa:()():l%’ which is the

largest square within blue region but is only a very small subset of blue area for S. Note

that the axes are scaled so the orange one does not look like a square. With each controller

being trained independently, it is natural to consider some larger non-uniform search

space such as the green area by choosing different k. We may choose a k* such that the

search space {Vau|0 < Vyu < k*} is the largest rectangular volume inside blue space,

denoted as Hf\;l k.

The volume is not a convex function in k, but we can apply a simple log trick and
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solve the following optimization problem:

N
max Z wj log (k) (6.8a)
=1
k1
s.t. 0 < [ - ] < 2X~! (6.8b)
e
where w1, - -+ ,wy are the coefficients to represent the relative importance of buses. For

example, if bus j has none or very limited capacity for voltage regulation, w; is set to
be small. If bus j is the source node of a branch, w; can be set to be larger to speed up
the convergence of voltage at the source node and thus help the convergence of following
branches.

In practice, this set of coefficients can be adjusted according to the solutions of the
optimization problem and the training of controllers. For the controller u; whose derivative
d“diiéfi) is far from being bounded by k;, its coefficient w; can be adjusted to be smaller to
encourage larger control action at the other buses. We envision that the system operator
has the capability to communicate with each bus at a slower timescale (e.g., once a
day) and collect the above information. Accordingly, the operator adjusts coefficients wj,

solves and issues the bounds k; to each bus at this the slower timescale.

6.3.4 Design of stabilizing neural network controllers

From Theorem the structural property of locally exponentially stabilizing controllers
is derived in Corollary [I0.I] We aim to engineer the neural networks to satisfy these
structural property in Corollary by design.

Corollary 10.1. The condition for a locally exponentially stabilizing controller in Theo-

rems[10] is equivalent to:
1. ug,(0;) has the same sign as 0;
2. ug,(0;) is monotonically increasing

dug, (9;)
3. s, < kj.

The first two requirements are equivalent to designing a monotonically increasing

function through the origin. This is constructed by decomposing the function into a

s —(9;) .
positive and a negative part as f;(v;) = f;(vl)—kf" , where f;_(vl) is monotonically

increasing for v; > 0 and zero when 0; < 0; fl-_(vi) is monotonically increasing for v; < 0
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and zero when 9; > 0. To this end, we formulate the controller with a stacked-ReL.U
structure shown in Fig. which is developed in [116]. This design is a piecewise linear
function where the slope of each piece is equal to the summation of weights in activated
neurons. Then the requirement 3) can be satisfied by directly thresholding the slope. The
neural network controller is constructed as

ui(0;) = 8;ReLU(19; + b;) + z;ReLU(—10; + d;) (6.9a)
l
WhereO<ng<ki, Vi=1,2,---,m (6.9b)
j=1
l .
ki< 2 <0, VI=1,2,--,m (6.9¢)
j=1

pl=0,0l <V wi=23. m (6.9d)
d'=0,d <d"™V, wi=23- m (6.9¢)

where m is the number of neurons and 1 € R™ is the all 1’s column vector. Variables
1.2 1 .2

si=1[s; s .-+ s and z; = [z; 27 --- 2] are the weight vector of bus i; b; =
bt b2 .- BT and dj =[d} d? --- d"|7 are the corresponding bias vector. The
variables to be trained are weights 8 = {s,b, z,d} in . The saturation limits can
be satisfied by hard thresholding the output of the neural network. Note that isa
single-layer neuron network and m determines the number of pieces for the piece-wise
linear function. We tune m according to the testing performances of the controllers and
we find that m = 20 is generally enough in most settings.

After one iteration, the Lipschitz constraints guarantee that ||0:|| < ||9¢—1|| and thus
the magnitude of voltage deviation will not be worse after a control action. If there is
an abrupt change in active power, the voltage will experience an abrupt change and its
magnitude may be larger than before. Therefore, the “safety” in our proposed method is
in the sense of stability, where the voltage deviations would go to zero if active power
changes relatively slowly. In addition, this guarantees the neural network controller does

not degrade the the voltage performance compared to an uncontrolled system.

6.4 Decentralized Safe Reinforcement Learning

In this section, we construct a decentralized reinforcement learning framework to optimize
neural network controller in each bus locally with observation of trajectories. By having

the constraints in , the neural network controller is guaranteed to stabilize the system.

89



Chapter 6. Decentralized Safe Reinforcement Learning for Voltage Control

[ 0)=s0(0,+b) f®)=z0(- +d)
. A
: A & 7 .
. >
sSo(® +b) % z,0(-9,)
+ Slope bounded , " ,
slo(. +b) by ki N\ zZZo(-v, +d)
: 3 +" 3
sio(¥) L e . zo(=%,+d)
° g : zo(—v )
slo(v) DA
° 2 ~ 2
slo(v +b?) zZ’o(—v, +d})
-b’
0 : d].2 0
s’o(,+b) a> 7oV +d)
o ~b;

Figure 6.3: Stacked ReLU neural network to formulate a controller satisfying the stabilizing
constraint

Most reinforcement learning algorithms, including Q-learning, actor-critic and DDPG,
rely on learning a value function (Q-function) satisfying the Bellman equations. Q-
function assumes an infinite-horizon formulation where the states follow a stationary
probability distribution, which is generally not true for the voltage control problem in
this paper. Instead, REINFORCE policy gradient algorithm adopts the log probability
trick and avoids learning the value function [101]. Therefore, we use REINFORCE policy
gradient algorithm to obtain sampled gradient for updating the weights of neural network
controllers.

Notably, there are natural noises in the system coming from the changes in active
power p, which enable us to implement REINFORCE policy gradient with equivalent
stochastic policy. Specifically, we assume that the distribution of noise on the system can
be estimated. By incorporating noise term into control action, each action u; ; comes from

an equivalent stochastic policy with probability distribution mg(u;¢|0; ). The gradient for
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updating weights of neural network controller at bus 7 is obtained by [10T]

T
VJ(o ZV(; log 7 (w; Vi ¢) ZC’Z (wig)] (6.10)
t=1 t=1

The pseudo-code for the decentralized RL framework is given in Algorithm 1. Each
bus ¢ has its local RL agent for training in a batch-updating style. Let H be the number
of batches. At each episode, each agent collects trajectory {@21, “Zlv e ’@zh,Tv ufT} and
the corresponding cost ¢! = Zthl Cz(u?t) for h=1,---, H. Adam algorithm is adopted
to update weights of neural network controllers with gradient computed through batch
average of . We would also like to emphasize that any model-free RL algorithms
can be readily utilized in our framework by replacing the REINFORCE algorithm. We
use the standard REINFORCE algorithm in this paper to illustrate our contributions:
the design of stabilizing neural network controllers and training them in a decentralized

manner.

Algorithm 4 Decentralized Reinforcement Learning algorithm with Policy Gradient

Require: Learning rate «, batch size H, trajectory length T, number of episodes F
Input: Initial weights 6 for control network

1: for episode =1 to E do

2:  for agent : =1 to N do

3: Collect trajectories {ﬁgl,u?’l, e >@2T’ uZT} and the corresponding cost c? =
Z?:l Cz(u?t) forh=1,--- H

Compute the gradient V.J;(6;) = % S ST Vglog ﬂg(ugtlﬁzt)c?

Update weights in the neural network by passing J;(6;) to Adam optimizer:
6: end for

7: end for=0

6.5 Numerical Results

We verify the performance of the proposed safe RL approach on IEEE 33-bus test
feeders [I17]. We first show that unconstrained neural network controllers learned by RL
might lead to an unstable system, while the controllers trained by safe RL approach are
guaranteed to stabilize the system. Then, we show that the proposed decentralized RL
framework can learn flexible non-linear controllers for different buses that outperform

conventional linear control law.
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6.5.1 Simulation setup

The cost function that each controller collectively optimizes is C'(w) = 31—, ([[ve][1 4 ¥]|wel 1),
where v acts as a trade-off parameter and is set to be 0.01. The base unit for power and
voltage is 100kVA and 12.66kV, respectively. The bound on action u is generated to be
uniformly distributed in [0.01, 0.05]. We assume other voltage regulation equipment, such
as tap-changing transformers and discrete switching capacitor backs, operate at much
slower timescales than the inverters. Therefore, in the simulations, we only consider the
operation of the inverters, as learned by an agent running RL algorithms [118] 93]. We use
TensorFlow 2.0 framework to build the reinforcement learning environment. The episode
number, batch size and the number of neurons are 500, 500, 20, respectively. Parameters
of neural network controllers are updated using Adam with learning rate initialized to
be 0.003 and decayed every 100 steps with a base of 0.6. We compare the performance
of neural network controller designed with and without the safe RL approach, as well
as conventional linear controller. All of them are trained using the decentralized RL

framework.

6.5.2 Necessity of the stabilizing requirement

Intuitively speaking, if a controller achieves a low loss function after training converges,
one might hope that it naturally leads to a stabilizing controller since the trajectory
does not blow up to a high cost. Fig. shows the dynamics of voltage deviation under
the neural network controllers trained with and without the safe RL approach. The one
without safe RL approach is unstable and leads to very large state oscillations (Fig.[6.4(b)).
In contrast, the controller with safe RL approach shows good performance in Fig. (a).

Therefore, explicitly constraining the controller structure is necessary.

6.5.3 Performance comparison

To investigate the convergence of the safe RL approach, Fig. (a) shows the normalized
cost on the test set along episodes for training of neural network controllers and linear
controllers. All the losses converge, with the proposed neural network controllers achieving
the lowest cost. Fig. (b) shows the cost on selected buses along the episodes of training.
It is interesting to observe that training the controllers in a decentralized fashion did not
impact convergence or performance. Namely, during training, u; is updated based only on
the trajectory of v;, even though the control action impacts the voltage at all neighboring

buses.
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Figure 6.4: Dynamics of voltage deviation for safe RL approach(left) and without safe RL
approach(right). The controller designed without the safe RL approach approach leads to unstable
trajectories
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Figure 6.5: Voltage control law obtained by linear controller with optimal linear coefficient,
neural network controllers designed with safe RL approach and without safe RL approach. The
neural network controllers learn flexible non-linear control laws for different buses, with the slope
of controller obtained by safe RL approach bounded by Lipschitz constraints.

The control law for neural network controller learned with safe RL, without safe RL
approach and linear controller with optimal linear coefficient are shown in Fig. [6.5] The
neural network controllers learn flexible non-linear control law for different generators,
with the safe RL approach guaranteeing a stabilizing controller by bounding the slope
with Lipschitz constraints. Fig. [6.7] illustrates the dynamics of voltage deviation v
and corresponding control action w under optimal linear controller and neural network
controller trained by safe RL approach. The neural network controller generally leads to
faster decay of voltage deviation.

In the test set with random initial states, the distribution of cost in selected buses is

shown in Fig The average costs of the linear controller, the neural network controller
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Figure 6.6: Normalized cost on test set along the episode of training. (a) Total cost during
training of neural network controller and linear controller. Neural network controller designed
with safe RL approach achieves lower cost than conventional linear controller. (b) Cost on selected
generator buses during the training of neural network controller. All learning trajectories converge
well in the decentralized model-free setting, even though they interact through the underlying
distribution network.

bounded by #AX)’ and the neural network controller with optimal Lipschiz bound
obtained in are 0.44, 0.38 and 0.36, respectively. Therefore, the proposed approach
can learn a stabilizing controller that reduces the cost by approximately 18.18% compared
to conventional linear control law. Moreover, safe RL with the optimal Lipschiz bound
also reduces the cost by approximately 5.26% compared to safe RL with the uniform

Lipschiz bound #AX) .

6.6 Conclusions

This paper proposes a safe RL approach for optimal voltage control. The exponential
stability of the system is guaranteed by controllers constrainted by Lipschitz bounds,
which are optimized to enlarge the search space. The neural network controllers are
parameterized by a staked ReLLU neural network to satisfy stabilizing constraints implicitly.
Each bus updates weights locally with the decentralized RL framework. Case studies
show that RL without stability constraints can lead to unstable controllers, while the
proposed safe learning approach will lead to a stabilizing controller. The neural network
controllers outperform conventional linear controllers by speeding up the convergence of
voltages to reference values with relatively low control effort. Rigorously analyzing the

difference between decentralized and centralized training, their convergence behaviors
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(a) Dynamics of ¥ (left) and u (right) for neural network controller obtained through safe RL approach

0.01
0.00 A
—~ 0.00 A
=] —_
=4 3 _0.02
= o
.g —0.01 A — gen5 —— genl2 ; — gen5 —— genl2
2 —— gen7 —— gen23 —— gen7 —— gen23
—— genl0 —— gen24 —0.04 1 —— genl0 —— gen24
—0.02 1 —— genll —— gen26 —— genll —— gen26
1 3 5 7 9 11 13 15 17 19 21 1 3 5 7 9 11 13 15 17 19 21
Simulation Step Simulation Step

(b) Dynamics of  (left) and u (right) for linear control

Figure 6.7: Dynamics of the voltage deviation © and the control action u in selected generator
buses corresponding to (a) neural network controller trained with safe RL approach (b) Linear
control obtained by the same decentralized RL algorithm. The neural network controller generally
leads to faster decay of voltage deviation.

and generalizing the proposed methods to nonlinear power flow models are important

future directions for us.
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Figure 6.8: Distribution of cost in selected generator buses with random initial states corre-

sponding to safe RL with proposed optimal Lipschiz constraints, safe RL bounded by #m(x) and

optimal linear control. Compared to uniform bound )\4()() and linear controller, the proposed
approach reduces the average cost by approximately 5.26%, 18.18%, respectively.
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Chapter 7

Conclusions

The increasing integration of distributed energy resources (DERs) into modern energy
systems has brought about transformative changes, offering opportunities for decentralized
energy management and user participation. However, these changes also introduce critical
challenges in addressing fairness, efficiency, privacy, and stability. This thesis tackles
these challenges by developing principled frameworks that integrate game theory, machine

learning and control theory to achieve fair, efficient and resilient energy resource allocation.

7.1 Summary of Contributions
This thesis has made the following key contributions:

e Socially Optimal Energy Usage via Adaptive Pricing: A privacy-preserving

two-time-scale incentive mechanism was developed to coordinate distributed users’
energy consumption without requiring access to private user data. The framework
achieves socially optimal solutions that align individual preferences with global
efficiency goals, demonstrating flexibility through its ability to handle non-convex

cost functions and incorporate machine learning-based load control algorithms.

e Fairness in Energy Resource Allocations: A fairness framework using a-fairness
metrics was introduced to address disparities in energy access and cost distribution.
By jointly optimizing total resource purchased and individual allocations, the
framework constructs allocation strategies that lie on the Pareto front, achieving
a principled trade-off between fairness and efficiency. This achieves fair resource

allocation with quantifiable metrics to track system performance.
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e Strategic Aggregator Interactions in Energy Markets: The fairness frame-
work was extended to a multi-aggregator setting, modeling their interactions as a
quasi-concave game. The analysis provided theoretical guarantees for the existence
of Nash equilibria, offering insights into how aggregators stabilize markets, ensure

fair resource distribution, and optimize user surplus.

e Decentralized Safe Reinforcement Learning for Voltage Control: A de-
centralized reinforcement learning framework was developed for voltage control in
inverter-based systems. By deriving and imposing Lipschitz constraints on neural
network-based controllers, the framework guarantees system stability while enabling

scalable, model-free training for distributed networks.

7.2 Future Research Directions

While this thesis addresses several critical challenges in energy systems, there remain

open questions and opportunities for future work.

7.2.1 Extending Incentive Mechanisms to Strategic and Networked
Energy Systems

Our preliminary work [IT9] presents a privacy-preserving, two-time-scale incentive mecha-
nism that achieves socially optimal energy consumption coordination. While the current
approach assumes that all users are price takers, an important direction for future research
is to account for price-anticipatory behaviors. Extending the framework to incorporate
strategic user behavior will involve leveraging game-theoretic tools to design mechanisms
that remain efficient and equitable even when users influence prices.

Additionally, applying the incentive mechanism to networked systems, such as the
Direct Current Optimal Power Flow (DCOPF) problem, offers a promising avenue for
exploration. DCOPF is a critical tool in power system operation, particularly under
the growing integration of renewable resources and uncertain load-generation scenarios.
Investigating the convergence behavior of the proposed mechanism in these networked
environments will provide valuable insights into its scalability and adaptability. These
extensions will enhance the applicability of the mechanism to more complex, real-world
energy systems, further supporting decentralized decision-making and system-wide effi-

ciency.
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7.2.2 Advancing Fairness and Efficiency in Energy Systems: Future
Directions

This thesis addresses the challenge of balancing fairness and efficiency in energy resource
allocation through principled frameworks and aggregator-based models. While significant
progress has been made, several important directions remain for future exploration.

A critical assumption in the current work is that aggregators have full knowledge
of users’ utility functions. However, this may not hold in real-world scenarios, where
such information might be incomplete or unavailable. Future research could focus on
developing fair resource allocation schemes that operate under partial or no knowledge
of users’ utility functions. This could involve integrating machine learning techniques
to infer utility functions from historical data, enabling aggregators to make informed
decisions based on limited information.

Another promising direction is to explore decentralized algorithms for fair resource
allocation. Decentralized approaches would enhance scalability and provide privacy-
preserving solutions by reducing the need for centralized data collection. These algorithms
could allow users to interact directly with aggregators or other users, aligning local
decisions with global fairness-efficiency objectives in a distributed setting.

Extending the framework to incorporate individual users’ budget constraints offers
another important avenue for future research. Accounting for budget limitations could
better address real-world disparities in energy access and affordability, particularly for
small-scale or economically disadvantaged users. This addition would further enhance
the practical applicability of fairness frameworks by ensuring that resource allocation
strategies remain equitable across diverse user groups.

In the multi-aggregator setting, future work could focus on refining the game-theoretic
framework to address unresolved questions, such as the uniqueness of Nash equilibria.
Investigating the influence of fairness considerations on the strategic behavior of aggrega-
tors, especially in competitive markets, could provide deeper insights into how aggregators
stabilize market outcomes while balancing fairness and efficiency. Moreover, applying
these models to real-world datasets would validate their effectiveness and offer actionable
recommendations for policy and market design.

By addressing these directions, future work can expand the scope and impact of
fairness frameworks, enabling energy systems that are not only efficient and equitable but

also scalable, privacy-preserving, and robust to real-world constraints.
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7.2.3 Advancing Multi-agent Decentralized Learning and Stability in
Voltage Control

Our preliminary work [120] presents a decentralized reinforcement learning (RL) framework
for safe and efficient voltage control, but several avenues for future exploration remain. A
critical direction is to rigorously analyze the convergence of decentralized algorithms to a
Nash equilibrium. The framework trains local neural network controllers at each bus in
a model-free setting without requiring real-time communication. Preliminary findings
indicate that structural properties of stabilizing controllers, such as convexity, are pivotal
for achieving convergence. Further research is needed to compare decentralized and
centralized training approaches to uncover insights into their relative efficiency, scalability,
and robustness.

Additionally, the framework currently assumes linearized power flow models, which
simplify system dynamics. Extending it to nonlinear power flow models would significantly
broaden its applicability, as real-world systems often exhibit nonlinear behaviors. Finally,
reformulating the decentralized voltage control problem as a non-cooperative game could
provide deeper insights into the existence and uniqueness of Nash equilibria, offering a
robust theoretical foundation for dynamic, distributed energy networks. Addressing these
directions will enhance the applicability and scalability of decentralized RL frameworks,

supporting the integration of distributed energy resources in modern power systems.
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Appendix to Chapter 2

Consider the first condition in Theorem . Again we let x4 denote the sum ) . x;. The
time derivative of the Lyapunov function in (3.9)) is

V(p)=VV(p)'p
=(p—p")"B ' (e(xi(p)
Y (p— p*)TB 1 (e(x}(p)) — P — e(x1(p")) + P")
i( p*) "B (B(x:(p) — xi(p")) — P + ")
— (p— P")T(x3(p) — X:(p"))
—(Pp-p)"B ' (p-pY)

<0,

) —P)
)

—~
=

—
N

where (a) follows from the fact that p* is the equilibrium; (b) follows from the definition
e = Vy; (c¢) follows from the assumption that each x!(p*) is decreasing (and hence their
sum is) and B is positive definite. Furthermore, V(p) = 0 only if p = p*.

Next, we consider the second condition in Theorem [3] The time derivative of the
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Lyapunov function in (3.10) is

V(p)=VV(p)'p
= VV(p) (e(x;(p)) —e(x5(P*)) — P+ P")
= (e(x3(p)) —e(x5(P")) — P+ P")T [Vpx;(p)]
(e(x3(p)) —e(x5(P*)) — P+ P") (A.1)
— (x5(p) — x5(p*))T(e(x5(p)) — e(x5(P")))
+ (x5(p) —x¢(P"))"(P — P7).

It’s easy to see that V(p) = 0 when p = p*. We first look at the last two terms. Since

* *

e = Vg and g is strictly convex, e is strictly increasing, and (x%(p) —x%(p*))T(e(x%(p)) —
e(x:(p*))) > 0 if p # p*. By assumption, x}(p) is decreasing and (x%(p) — x%(p*))T(p —
p*) <0.

Next, consider the term in . The object Vpx}(p) is the gradient of the vector
x5(p), hence it is a T x T matrix and it suffices to show Vpx3(p) is negative definite.
Using the fact that summations of negative definite matrices are negative definite, it is
enough to show that Vpx!(p) is negative definite for all i. Recall x}(p) is the optimal

solution to the local optimization problem, and it satisfies the first-order condition
Vxlfl(xl) +p= 0.

Taking the derivative of p on both sides, applying the chain rule, and rearranging leads

to:
I = —[Vpxi(p)] [Hx, (x;(p))]

where [Hy, (x(p))] is the Hessian of f; evaluated at x}(p). Since f; are assumed to be

*

strictly convex and twice differentiable, [Hy, (x}(p))] is positive definite. Rearranging

*

the above equation gives Vpx!(p) = — [Hy, (x}(p))] " . Therefore Vpx}(p) is negative
definite and V(p) < 0 when p # p*.
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