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Many systems of scientific interest are composed of interacting and interdependent units. In

such settings, observations cannot generally be treated as independent, and in experiments,

one unit’s treatment assignment may affect the outcomes of other units through interference.

This dissertation studies inference, testing, estimation, and experimental design in these

dependent-data settings, with a particular focus on leveraging network structure.

First, I develop general covariance-based sufficient conditions for multivariate central

limit theorems with dependent triangular arrays. The framework allows nonzero dependence

between all observations and I show how it encompasses several commonly studied dependence

structures. Second, I study conditional randomization tests for detecting network interference

by conditioning on focal units, deriving power characterizations that motivate optimization-

based focal-unit selection. Third, I consider treatment-effect estimation when the correct

exposure threshold is unknown. I propose a data-adaptive procedure that estimates the bias–

variance trade-off across candidate exposure thresholds and selects the threshold minimizing

estimated mean squared error. Finally, I study optimal experimental design under network

interference, homophily, and heterogeneous variation. I derive worst-case mean-squared-error

bounds that lead to an optimization over the covariance matrix of the treatment assignment,

and develop design procedures based on semidefinite programming with Gaussian rounding



and vector balancing via the Gram–Schmidt Walk.

Together, these results study how dependence structure can be used at different stages of

statistical analysis: to justify inference, improve detection of interference, adapt treatment-

effect estimators, and construct optimal experimental designs.



Contents

List of Figures viii

List of Tables xvii

Chapter 1: Introduction 5

1.1 Dependence and Network Interference . . . . . . . . . . . . . . . . . . . . . . 6

1.2 Leveraging Structure Under Dependence . . . . . . . . . . . . . . . . . . . . . 8

1.3 Statistical Questions Considered in this Dissertation . . . . . . . . . . . . . . 9

1.4 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.4.1 General Covariance-Based Conditions for Central Limit Theorems

with Dependent Data . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.4.2 An Optimization Framework for Focal Node Selection in Interference

Detection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.4.3 Data-Adaptive Exposure Thresholds under Network Interference . . . 15

1.4.4 Optimal Design under Interference, Homophily, and Robustness Trade-

offs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.5 Network Structure and Optimization . . . . . . . . . . . . . . . . . . . . . . . 18

1.6 Organization of the Dissertation . . . . . . . . . . . . . . . . . . . . . . . . . 20

Chapter 2: General Covariance-Based Conditions for Central Limit Theo-

rems with Dependent Triangular Arrays 21

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.2 The Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

ii



2.2.1 Affinity Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.2.2 The Central Limit Theorem . . . . . . . . . . . . . . . . . . . . . . . . 29

2.3 Models of Dependence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.3.1 M -dependence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.3.2 Andrews’ Non-Mixing Autoregressive Processes . . . . . . . . . . . . . 35

2.3.3 Random Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.3.4 Dependency Graphs and Chen and Shao [2004] . . . . . . . . . . . . . 41

2.4 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.4.1 Peer Effects Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.4.2 Covariance Estimation using Socio-economic Distances . . . . . . . . . 45

2.4.3 Sub-Critical Diffusion Models . . . . . . . . . . . . . . . . . . . . . . . 48

2.4.4 Diffusion in Stochastic Block Models . . . . . . . . . . . . . . . . . . . 51

2.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

2.A Preliminary Univariate CLT . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

2.B Extension to multivariate CLT . . . . . . . . . . . . . . . . . . . . . . . . . . 58

2.C Gap Between Marginal and Joint Conditions . . . . . . . . . . . . . . . . . . 62

2.D Additional conditions to bridge the gap between marginal and joint normality 64

Chapter 3: An Optimization Framework for Focal Node Selection in Inter-

ference Detection 66

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.2 Conditional randomization tests and power . . . . . . . . . . . . . . . . . . . 71

3.2.1 Null Hypothesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.2.2 Potential outcome model . . . . . . . . . . . . . . . . . . . . . . . . . 72

3.2.3 Test statistic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

3.2.4 Robust Validity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

3.2.5 Conditional sharpness . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3.2.6 Comparisons to related work . . . . . . . . . . . . . . . . . . . . . . . 73

3.2.7 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75



3.3 Power under asymptotic analysis . . . . . . . . . . . . . . . . . . . . . . . . . 75

3.4 Optimal focal units selection . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

3.4.1 Max focal-auxiliary edges . . . . . . . . . . . . . . . . . . . . . . . . . 79

3.4.2 Fisher information and Schur complement . . . . . . . . . . . . . . . . 81

3.4.3 Constant Projections . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

3.5 Cycle graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

3.5.1 Minimum vertex covers are optimal when n ≥ 7 . . . . . . . . . . . . . 88

3.6 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

3.6.1 Application to a real social network . . . . . . . . . . . . . . . . . . . 90

3.7 Discussion and conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

3.A Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

Chapter 4: Data-Adaptive Exposure Thresholds under Network Interference129

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

4.2 Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

4.2.1 Notation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

4.2.2 Problem Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

4.3 Estimating bias and variance . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

4.4 Theoretical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

4.5 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

4.5.1 Real Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

4.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

4.A Appendix / supplemental material . . . . . . . . . . . . . . . . . . . . . . . . 148

4.A.1 Variance estimator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

4.A.2 Horvitz-Thompson estimators with existing approaches . . . . . . . . 148

4.A.3 An equivalent formulation of the Horvitz-Thompson estimator with

the exposure threshold . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

4.A.4 Bias and Variance estimation errors . . . . . . . . . . . . . . . . . . . 150

4.A.5 Proofs to Theorem 4.4.5 and Corollary 4.4.6 . . . . . . . . . . . . . . . 152



4.A.6 Toy examples: Tradeoffs in Circulant graphs . . . . . . . . . . . . . . . 154

4.A.7 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

4.A.8 Discussion on relaxing the bounded degree assumption . . . . . . . . . 164

4.A.9 Discussion on “double-dipping" . . . . . . . . . . . . . . . . . . . . . . 167

Chapter 5: Optimal Design under Interference, Homophily, and Robustness

Trade-offs 170

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

5.1.1 Our Contributions and Overview of Results . . . . . . . . . . . . . . . 173

5.1.2 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

5.1.3 Finite-population setup and network structure . . . . . . . . . . . . . 176

5.2 Homophily and Heterogeneous Variation . . . . . . . . . . . . . . . . . . . . . 177

5.2.1 Homophily . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178

5.2.2 Robustness to heterogeneous variation . . . . . . . . . . . . . . . . . . 179

5.3 Potential Outcomes Model and Network Interference . . . . . . . . . . . . . . 181

5.4 Estimation and Trade-offs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183

5.4.1 GATE estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183

5.4.2 Trade-offs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

5.4.3 Comparisons with Randomized Saturation Designs . . . . . . . . . . . 191

5.4.4 Beyond second moments . . . . . . . . . . . . . . . . . . . . . . . . . . 194

5.5 Experimental Design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197

5.5.1 MSE-minimizing SDP relaxation and Gaussian Rounding . . . . . . . 197

5.5.2 Adapted Gram-Schmidt Walk algorithm . . . . . . . . . . . . . . . . . 197

5.5.3 Comparing the two approaches . . . . . . . . . . . . . . . . . . . . . . 198

5.6 Theoretical guarantees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199

5.6.1 SDP followed by Gaussian Rounding . . . . . . . . . . . . . . . . . . . 199

5.6.2 Adapted Gram-Schmidt Walk algorithm . . . . . . . . . . . . . . . . . 201

5.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202

5.A Glossary of notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204



5.B More illustrations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206

5.C Non-symmetric Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207

5.D More examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208

5.D.1 Homophily . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208

5.D.2 Interference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210

5.E More on the experimental designs . . . . . . . . . . . . . . . . . . . . . . . . . 212

5.E.1 Gaussian Rounding on the SDP solutions . . . . . . . . . . . . . . . . 212

5.E.2 Adapted Gram-Schmidt Walk algorithm . . . . . . . . . . . . . . . . . 214

5.F Generalizations and a special case . . . . . . . . . . . . . . . . . . . . . . . . . 216

5.F.1 General Similarity Kernels and Stochastic Misspecification . . . . . . . 216

5.F.2 Disconnected Components in the Graph . . . . . . . . . . . . . . . . . 218

5.F.3 Quadratic Penalization of X . . . . . . . . . . . . . . . . . . . . . . . . 218

5.G An alternative approach to the interference term . . . . . . . . . . . . . . . . 220

5.H A practical consideration on trade-off parameters . . . . . . . . . . . . . . . . 221

5.I Difference-in-Means estimator with Fixed Treatment Groups Sizes . . . . . . 228

5.I.1 Gaussian Rounding . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 229

5.I.2 Adapted Gram Schmidt Walk algorithm . . . . . . . . . . . . . . . . . 231

5.J Proofs to trade-off results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 231

5.J.1 Proof to Proposition 5.4.7 . . . . . . . . . . . . . . . . . . . . . . . . . 231

5.J.2 Proof to Theorem 5.C.1 . . . . . . . . . . . . . . . . . . . . . . . . . . 233

5.J.3 Tighter bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237

5.J.4 Proof to Theorem 5.I.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 238

5.K Proofs to Theoretical Guarantees . . . . . . . . . . . . . . . . . . . . . . . . . 240

5.K.1 The MAXCUT problem . . . . . . . . . . . . . . . . . . . . . . . . . . 240

5.L Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 255

5.L.1 Real Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 255

5.L.2 Worst-case MSE bounds comparisons on simulated networks . . . . . . 259

5.L.3 MSE comparisons under synthetic worst-case potential outcomes . . . 263



5.L.4 Priors and Worst-Case . . . . . . . . . . . . . . . . . . . . . . . . . . . 266

5.L.5 Comparisons between SDP and adapted Gram-Schmidt Walk designs 267

Chapter 6: Discussion 270

6.1 Using Network Structure without Assuming it is Complete . . . . . . . . . . . 270

6.2 Optimization across the Experimental Pipeline . . . . . . . . . . . . . . . . . 272

6.3 Robustness and the Amount of Structure to Use . . . . . . . . . . . . . . . . 273

6.4 Connecting Covariate Balancing and Interference-Aware Design . . . . . . . . 275

6.5 Sequential Network Observation and Adaptive Methods . . . . . . . . . . . . 276

6.6 Scaling through Network Structure . . . . . . . . . . . . . . . . . . . . . . . . 278

6.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 280



LIST OF FIGURES

Figure Number Page
1.1.1 Illustration of network interference. The focal unit i has the same individual

treatment assignment in the two panels, but the assignments of its neighbors
change. Under interference, the resulting change in exposure can change
the potential outcome of unit i even though zi is held fixed. . . . . . . . . . 8

1.3.1 Overview of the dissertation. Chapter 2 provides a general inferential
foundation for dependent data. Chapters 3–5 use the observed network at
different points of the experimental pipeline: Chapter 5 designs treatment
assignments before the experiment, while Chapters 3 and 4 use the resulting
data to test for interference and estimate treatment effects. . . . . . . . . . 12

3.1.1 Conditional randomization test of network interference. The orange and
blue colors of the network nodes depict different treatment assignments
under i.i.d. Bernoulli(0.5). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.1.2 Left column: Focal units randomly selected from a graph with 120 nodes.
Right column: null distribution generated from the resampling procedure.
The rows (from top to bottom) correspond to focal units sizes of 30, 50,
and 70, respectively. The red vertical line on the histogram represents the
observed test statistic restricted to the focal set. . . . . . . . . . . . . . . . 69

3.1.3 Left column: Focal units selected from a graph with 120 nodes. Right
column: null distribution generated from the resampling procedure. The
rows (from top to bottom) correspond to focal units selected according to
greedy 2-net, 3-net, and max-edge methods, respectively. The 2-net and the
max edge method correspond to heuristics proposed by Athey et al. [2018].
The red vertical line on the histogram represents the observed test statistic
restricted to the focal set. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

3.1.4 Left column: Focal units selected from a graph with 120 nodes. Right
column: null distribution generated from the resampling procedure. The
rows correspond to focal units selected by different optimization procedures
discussed in Section 3.4. The red vertical line on the histogram represents
the observed test statistic restricted to the focal set. . . . . . . . . . . . . . 71

3.4.1 The null rerandomization distribution under the 2-net is centered around zero. 81
3.6.1 Power comparisons of all the methods across increasing γ for cycle graphs,

with n = 120. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
3.6.2 Power comparisons of all the methods across increasing γ for Erdös-Rényi

graphs, with n = 120. Edge probability is 0.05. . . . . . . . . . . . . . . . . 92

viii



3.6.3 Power comparisons of all the methods across increasing γ for Barabasi-Albert
graphs, with n = 120. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

3.6.4 Power comparisons of all the methods across increasing γ for SBM graphs
with two clusters, with n = 120. Within cluster connection probability is
0.1, and across cluster connection probability is 0.02. . . . . . . . . . . . . . 94

3.6.5 Power comparisons of all the methods across increasing γ for SBM graphs
with four clusters of equal in size on average, with n = 120. Within cluster
connection probability is 0.1, and across cluster connection probability is 0.02. 95

3.6.6 Power comparisons of all the methods across increasing γ for SBM graphs
with four clusters of equal in size on average, with n = 120. Within cluster
connection probability is 0.4, and across cluster connection probability is 0.02. 96

3.6.7 Power comparisons of all the methods across increasing γ for SBM graphs
with four clusters of sizes 10%, 20%, 30%, and 40% on average, with
n = 120.Within cluster connection probability is 0.1, and across cluster
connection probability is 0.02. . . . . . . . . . . . . . . . . . . . . . . . . . . 97

3.6.8 Power comparisons of all the methods across increasing γ for SBM graphs
with four clusters of sizes 10%, 20%, 30%, and 40% on average, with
n = 120.Within cluster connection probability is 0.4, and across cluster
connection probability is 0.02. . . . . . . . . . . . . . . . . . . . . . . . . . . 98

3.6.9 Village network from dayudengxiongmin1. An undirected edge {i, j} is
included whenever either household i nominated household j or household
j nominated household i . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

3.6.10 Power comparisons of all the methods across increasing γ on the village
network. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.2.1 Left: bias, variance, and RMSE of AdaThresh across different thresholds for
the 1000-node 2nd-power cycle graph (see Appendix 4.A.6) with unit-level
Bernoulli randomization, and linear model outcome Yi = 10+10zi +γei + ϵi,
for fixed ϵi generated from N (0, 1). Right: toy illustration of linear fits
used to approximate exposure bias caused by including more data across
different thresholds. The “jittered” datapoints signify the amount of variance
reduction across thresholds. Rectangular blocks depict the data regions
under the MSE-optimal thresholds. . . . . . . . . . . . . . . . . . . . . . . . 135

4.5.1 Left: A graph of size n = 200 generated from the Stochastic Block Model
(SBM). Node colors reflect ground-truth cluster membership, corresponding
to the underlying block membership. Right: Village network dataset, with
node colors reflecting ϵ = 1-net clustering (see [Ugander et al., 2013] for
details on ϵ-net clustering). . . . . . . . . . . . . . . . . . . . . . . . . . . . 144



4.5.2 RMSE (normalized by the ATE) of different Horvitz-Thompson estimators
for the SBM graph in Figure 4.5.1 (left panel). Left: unit-level Ber(0.5)
randomization. Right: cluster-level Ber(0.5) randomization with ground
truth clusters. The error bars are the empirical 95% confidence intervals
around the mean. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

4.5.3 RMSE (normalized by the ATE) of different Horvitz-Thompson estimators
for the village network in Figure 4.5.1 (right panel). Left: unit-level Ber(0.5)
randomization. Right: cluster-level Ber(0.5) randomization with ϵ(= 1)-net
clustering. The error bars are the empirical 95% confidence intervals around
the mean. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

4.A.1 Circulant graphs with unit-level randomization and cluster-level randomiza-
tion. Blue and red nodes represent treated and control units, respectively.
Left: (1st-power) cycle graph with Ber(0.5) unit randomization. Center:
3rd-power cycle graph with Bernoulli(0.5) unit randomization. Right: 2nd-
power cycle graph with Bernoulli(0.5) cluster randomization, with clusters
of size 5 (=2k + 1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

4.A.2 RMSE (normalized by the ATE) across different thresholds on the Amazon
product network data. The error bars are two times the standard deviation. 159

4.A.3 RMSE (normalized by the ATE) of different Horvitz-Thompson estimators.
Left: 2nd-power cycle graph under unit-level Ber(0.5) randomization. Right:
2nd-power cycle graph under cluster-level Ber(0.5) randomization with
cluster sizes 5 (=2k + 1). The error bars are two times the standard deviation.160

4.A.4 RMSE (normalized by the ATE) induced by the different Horvitz-Thompson
estimators. We take ψ(zi, ei) = g(zi) + f(ei). Left: 2nd-power cycle graph
under unit-level Ber(p), p = 0.5, randomization under sigmoid f(ei) =
γ/(1 + exp (−10(ei − p))). Right: 2nd-power cycle graph under unit-level
Ber(p), p = 0.5, randomization with f(ei) = γ(1− sin(π · ei))) being a sine
function. We focus on varying the ratio γ/β as we consider a fixed graph,
with n = 1000. The error bars are two times the standard deviation. . . . . 161

4.A.5 RMSE (normalized by the ATE) under the linear model with ψ(zi, ei) =
g(zi)+f(ei), αi = 10, g(zi) = βzi = 10zi, f(ei) = γei, and fixed ϵi generated
from N (0, 1), induced by the different Difference-in-Means estimators. We
focus on varying the ratio γ/β as we consider a fixed graph. Left: Cycle
graph under unit-level Ber(0.5) randomization. Center: 2nd-power cycle
graph under unit-level Ber(0.5) randomization. Right: 2nd-power cycle
graph under cluster-level Ber(0.5) randomization with cluster sizes 5 (=2k
+ 1). The error bars are two times the standard deviation. . . . . . . . . . . 163



4.A.6 RMSE (normalized by the ATE) induced by the different Difference-in-
Means estimators. We take ψ(zi, ei) = g(zi) + f(ei). Left: 2nd-power
cycle graph under unit-level Ber(p), p = 0.5, randomization under sigmoid
f(ei) = γ/(1 + exp (−ei)). Right: 2nd-power cycle graph under unit-level
Ber(p), p = 0.5, randomization with f(ei) = γ(1− sin(π · ei))) being a sine
function. We focus on varying the ratio γ/β as we consider a fixed graph,
with n = 1000. The error bars are two times the standard deviation. . . . . 163

4.A.7 RMSE (normalized by the ATE) under the linear model with ψ(zi, ei) =
g(zi) + f(ei), αi = 10, g(zi) = βzi = 10zi, f(ei) = γei, and fixed ϵi
generated from N (0, 1), induced by the different (local) Horvitz-Thompson
estimators. We focus on varying the ratio γ/β as we consider a fixed graph,
with n = 1000. Left: Cycle graph under unit-level Ber(0.5) randomization.
Center: 2nd-power cycle graph under unit-level Ber(0.5) randomization.
Right: 2nd-power cycle graph under cluster-level Ber(0.5) randomization
with cluster sizes 5 (=2k + 1). The error bars are two times the standard
deviation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

4.A.8 RMSE (normalized by the ATE) under the linear model with ψ(zi, ei) =
g(zi) + f(ei), αi = 10, g(zi) = βzi = 10zi, f(ei) = γei, and fixed ϵi
generated from N (0, 1), induced by the different (local) Difference-in-Means
estimators. We focus on varying the ratio γ/β as we consider a fixed graph,
with n = 1000. Left: Cycle graph under unit-level Ber(0.5) randomization.
Center: 2nd-power cycle graph under unit-level Ber(0.5) randomization.
Right: 2nd-power cycle graph under cluster-level Ber(0.5) randomization
with cluster sizes 5 (=2k + 1). The error bars are two times the standard
deviation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

4.A.9 RMSE (normalized by the ATE) under the linear model with ψ(zi, ei) =
g(zi) + f(ei), αi = 10, g(zi) = βzi = 10zi, and fixed ϵi generated from
N (0, 1), induced by the different (local) Horvitz-Thompson estimators.
Left: 2nd-power cycle graph under unit-level Ber(0.5) randomization under
sigmoid f(ei) = γ/(1 + exp (−ei))). Right: 2nd-power cycle graph under
unit-level Ber(0.5) randomization with f(ei) = γ(1− sin(π · ei))) being a
sine function. We focus on varying the ratio γ/β as we consider a fixed
graph, with n = 1000. The error bars are two times the standard deviation. 165

4.A.10 RMSE (normalized by the ATE) induced by the different (local) Difference-
in-Means estimators. We take ψ(zi, ei) = g(zi) + f(ei). Left: 2nd-power
cycle graph under unit-level Ber(0.5) randomization under sigmoid f(ei) =
γ/(1 + exp (−ei))). Right: 2nd-power cycle graph under unit-level Ber(0.5)
randomization with f(ei) = γ(1 − sin(π · ei)) being a sine function. We
focus on varying the ratio γ/β as we consider a fixed graph, with n = 1000.
The error bars are two times the standard deviation. . . . . . . . . . . . . . 166



5.1.1 Optimized treatment assignments under interference-homophily tradeoffs
on a synthetic network as homophily levels increase from left to right. See
Appendix 5.B for more details. . . . . . . . . . . . . . . . . . . . . . . . . . 171

5.1.2 Optimal design covariance matrices under interference-homophily tradeoffs
as homophily increases from left to right. See Appendix 5.B for more details.172

5.2.1 A real example of homophily: network of home visits between members of a
village (no.6), using data from Banerjee et al. [2013a]. Node colors indicate
the caste of each village member. . . . . . . . . . . . . . . . . . . . . . . . . 179

5.4.1 Optimized treatment assignments under interference-robustness tradeoffs
on a synthetic network as heterogeneous variation levels increase from left
to right. See Appendix 5.B for more details. . . . . . . . . . . . . . . . . . . 188

5.4.2 Optimal design covariance matrices under interference-robustness trade-
offs as heterogeneous variation levels increase from left to right. See Ap-
pendix 5.B for more details. . . . . . . . . . . . . . . . . . . . . . . . . . . . 188

5.4.3 Covariance matrices of randomized saturation designs as saturation correla-
tion levels ρ is varied. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194

5.4.4 Normalized objective function across saturation correlation levels ρ together
with the optimal saturation correlation levels for each κ/γ ratio. . . . . . . 194

5.4.5 Optimal saturation correlation levels across varying κ/γ levels. . . . . . . . 195
5.4.6 Normalized objective function evaluated across the different approaches

under a SBM of 4 clusters of equal size. “Best randomized saturation”
corresponds to the randomized saturation design with the optimal satu-
ration correlation level ρ chosen to minimize the objective function (see
Figures 5.4.4 and 5.4.5). “Cluster Bernoulli” corresponds to cluster random-
ization with clustering according to the generated clusters in the SBM. . . . 195

5.B.1 An SBM graph with four underlying clusters, and its adjacency matrix (with
dark blue representing the presence of an edge, and light blue representing
absence of an edge). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206

5.B.2 Solutions of the SDPs described in Section 5.5.1 on the graph in Fig-
ure 5.B.1 trading-off 10 Tr(L†X)+k∥X∥F +10 Tr(11TX). k ranges between
(0, 100, 10, 102, 104) from left to right. . . . . . . . . . . . . . . . . . . . . . . 207

5.D.1 A real example of homophily. The map from Best Neighborhoods [n.d.]
depicts majority race by geographic area in the Chicago region, based on
self-identification on the US census. Darker shades indicate a larger racial
majority. This spatial map can be modeled as a network, where nodes
represent geographic areas and edge weights are inversely proportional to
the distance between them. This network exhibits a high level of homophily,
as racial composition varies smoothly across neighboring areas in the graph. 209

5.D.2 Example of noisy network observation. Left panel: True network, G. Right
panel: Noisy observation Gobs of the network with grey edges preserved and
newly added dark blue edges. The orange edges depict missing edges. . . . 210



5.D.3 Full interference example. Left panel: First-order (neighborhood) interfer-
ence, where outcomes depend only on treatments of immediate neighbors.
Right panel: Full network interference induced by the same underlying
graph, allowing interference to propagate along paths of increasing length,
with strength decaying in path length. Darker edges indicate stronger
(shorter-path) interference effects. . . . . . . . . . . . . . . . . . . . . . . . . 212

5.E.1 SDP solutions on the graph from Figure 5.B.1, with trade-off parameters
γ = 10, η = 1, κ = 1, and a = b = 1, across varying treatment assignment
probabilities p. Here p ranges between (0.1, 0.2, 0.3, 0.4, 0.5) from left to
right. The probabilities p scale each trade-off component of the SDP via
β1 and β2, and thus the SDP solutions exhibit only slight variation across
values of p. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213

5.E.2 Covariance matrices of our designs by applying Algorithm 2 to the SDP
solutions in Figure 5.E.1, across treatment assignment probabilities p ranging
between (0.1, 0.2, 0.3, 0.4, 0.5) from left to right. . . . . . . . . . . . . . . . . 214

5.K.1 The relationship between Cov(ζi, ζj) and vector inner-products vi, vj in the
SDP relaxation for various treatment assignment probabilities p. . . . . . . 242

5.L.1 From left to right: Graphs generated from (a): SBM (within cluster connec-
tion probability 20/n, across connection probability 0.1

n ), with two clusters
of equal membership assignment probability; (b): SBM (within cluster
connection probability 20/n, across connection probability 0.1

n ) with four
clusters of equal membership assignment probability; (c): SBM (within
cluster connection probability 20/n, across connection probability 0.1

n ) with
four clusters of membership assignment probabilities 0.7, 0.1, 0.1, 0.1; (d):
Barabasi-Albert (preferential-attachment) with initial n/10 (=10) nodes
connected according to the Erdös-Rényi model with connection probability
10/n; Graph 5: Erdös-Rényi with connection probability 2/n. . . . . . . . . 255

5.L.2 Assignments under various cluster randomization designs. Top (left to
right): ϵ = 1-net, causal cluster randomizations. Bottom (left to right):
Louvain, and spectral cluster randomizations. . . . . . . . . . . . . . . . . . 256

5.L.3 Comparisons of the worst-case MSE bounds across various designs, for
different levels of γ and κ, with the average (over 1000 trials) η ≈ 196. Error
bars represent the standard error. . . . . . . . . . . . . . . . . . . . . . . . 259

5.L.4 Comparisons of the MSEs across various designs, for different levels of γ
and κ, with the average (over 1000 trials) η ≈ 196. Error bars represent the
standard error. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 259

5.L.5 Comparisons of the worst-case MSE bounds across various designs, with the
average (over 1000 trials) η ≈ 196. Error bars represent the standard error. 260



5.L.6 Comparison of worst-case MSE bounds between our designs, cluster ran-
domization designs (with various clusterings) and Bernoulli randomization
averaged over graphs generated from an SBM (within cluster connection
probability 20/n, across connection probability 0.1

n ), with two clusters of
equal membership assignment probability (see Graph 1 in Figure 5.L.1).
The other two trade-off parameters are set to one. Error bars represent the
standard error. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 260

5.L.7 Comparison of worst-case MSE bounds between our designs, cluster ran-
domization designs (with various clusterings) and Bernoulli randomization
averaged over graphs generated from an SBM (within cluster connection
probability 20/n, across connection probability 0.1

n ), with four clusters of
equal membership assignment probability (see Graph 2 in Figure 5.L.1).
The other two trade-off parameters are set to one. Error bars represent the
standard error. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261

5.L.8 Comparison of worst-case MSE bounds between our designs, cluster ran-
domization designs (with various clusterings) and Bernoulli randomization
averaged over graphs generated from an SBM (within cluster connection
probability 20/n, across connection probability 0.1

n ) with four clusters of
membership assignment probability (0.70, 0.1, 0.1, 0.1) (see Graph 3 in
Figure 5.L.1). The other two trade-off parameters are set to one. Error
bars represent the standard error. . . . . . . . . . . . . . . . . . . . . . . . 261

5.L.9 Comparison of worst-case MSE bounds between our designs, cluster random-
ization designs (with various clusterings) and Bernoulli randomization aver-
aged over graphs generated from a Barabasi-Albert (preferential-attachment)
model with initial n/10 (=10) nodes connected according to the Erdös-Rényi
model with connection probability 10/n (see Graph 4 in Figure 5.L.1). The
other two trade-off parameters are set to one. Error bars represent the
standard error. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 262

5.L.10 Comparison of worst-case MSE bounds between our designs, cluster ran-
domization designs (with various clusterings) and Bernoulli randomization
averaged over graphs generated from an Erdös-Rényi model with connection
probability 2/n (see Graph 5 in Figure 5.L.1). The other two trade-off
parameters are set to one. Error bars represent the standard error. . . . . . 262

5.L.11 Comparisons with adapted Gram-Schmidt algorithm averaged over graphs
generated from an SBM (within cluster connection probability 20/n, across
connection probability 0.1

n ), with two clusters of equal membership assign-
ment probability (see Graph 1 in Figure 5.L.1), for different n. Error bars
represent the standard error. . . . . . . . . . . . . . . . . . . . . . . . . . . 263



5.L.12 Comparisons with adapted Gram-Schmidt algorithm averaged over graphs
generated from an SBM (within cluster connection probability 20/n, across
connection probability 0.1

n ), with four clusters of equal membership assign-
ment probability (see Graph 2 in Figure 5.L.1), for different n. Error bars
represent the standard error. . . . . . . . . . . . . . . . . . . . . . . . . . . 264

5.L.13 Comparisons with adapted Gram-Schmidt algorithm averaged over graphs
generated from an SBM (within cluster connection probability 20/n, across
connection probability 0.1

n ) with four clusters of membership assignment
probability (0.70, 0.1, 0.1, 0.1) (see Graph 3 in Figure 5.L.1), for different
n. Error bars represent the standard error. . . . . . . . . . . . . . . . . . . 265

5.L.14 Comparisons with adapted Gram-Schmidt algorithm averaged over graphs
generated from a Barabasi-Albert (preferential-attachment) model with
initial n/10 (=10) nodes connected according to the Erdös-Rényi model
with connection probability 10/n (see Graph 4 in Figure 5.L.1), for different
n . Error bars represent the standard error. . . . . . . . . . . . . . . . . . . 266

5.L.15 Comparisons with adapted Gram-Schmidt algorithm averaged over graphs
generated from an Erdös-Rényi model with connection probability 2/n (see
Graph 5 in Figure 5.L.1), for different n. Error bars represent the standard
error. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 267

5.L.16 Comparison of MSEs between our designs, cluster randomization designs
(with various clusterings) and Bernoulli randomization averaged over graphs
generated from an SBM (within cluster connection probability 20/n, across
connection probability 0.1

n ), with two clusters of equal membership assign-
ment probability (see Graph 1 in Figure 5.L.1). The other two trade-off
parameters are set to one. Error bars represent the standard error. . . . . . 268

5.L.17 Comparison of MSEs between our designs, cluster randomization designs
(with various clusterings) and Bernoulli randomization averaged over graphs
generated from an SBM (within cluster connection probability 20/n, across
connection probability 0.1

n ), with four clusters of equal membership assign-
ment probability (see Graph 2 in Figure 5.L.1). The other two trade-off
parameters are set to one. Error bars represent the standard error. . . . . . 268

5.L.18 Comparison of MSEs between our designs, cluster randomization designs
(with various clusterings) and Bernoulli randomization averaged over graphs
generated from an SBM (within cluster connection probability 20/n, across
connection probability 0.1

n ) with four clusters of membership assignment
probability (0.7, 0.1, 0.1, 0.1) (see Graph 3 in Figure 5.L.1). The other two
trade-off parameters are set to one. Error bars represent the standard error. 268



5.L.19 Comparison of MSEs between our designs, cluster randomization designs
(with various clusterings) and Bernoulli randomization averaged over graphs
generated from a Barabasi-Albert (preferential-attachment) model with
initial n/10 (=10) nodes connected according to the Erdös-Rényi model
with connection probability 10/n (see Graph 4 in Figure 5.L.1). The other
two trade-off parameters are set to one. Error bars represent the standard
error. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 269

5.L.20 Comparison of MSEs between our designs, cluster randomization designs
(with various clusterings) and Bernoulli randomization averaged over graphs
generated from an Erdös-Rényi model with connection probability 2/n (see
Graph 5 in Figure 5.L.1). The other two trade-off parameters are set to
one. Error bars represent the standard error. . . . . . . . . . . . . . . . . . 269



LIST OF TABLES

Table Number Page
3.1 Summary of the focal-unit selection methods used in the numerical experi-

ments. Here F and R denote the focal and auxiliary sets, respectively, m = |F |,
and M denotes the candidate grid of focal-set cardinalities. Unless otherwise
stated, candidates are compared using the graph-only criterion CH(F ) before
the power simulation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

5.1 Selected glossary of notation used throughout the paper. . . . . . . . . . . . . 204
5.2 Key of designs compared in this paper. . . . . . . . . . . . . . . . . . . . . . . 254

xvii



LIST OF ALGORITHMS

1 AdaThresh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

2 GaussianRounding at p = 1/2. . . . . . . . . . . . . . . . . . . . . . . . . . 198

3 GaussianRounding with treatment probability p ≤ 1/2 . . . . . . . . . . . . . 213

4 (Adapted) Gram-Schmidt Walk (adaptation of Harshaw et al. [2024]; see also

Section 5.5.2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215



1

ACKNOWLEDGEMENTS

First and foremost, I would like to thank my advisors and committee members for the

mentorship, support, brilliance, and inspiration they shared with me during my PhD. From

each of them, I learned to approach problems with creativity, joy, and resilience. To feel both

intellectually stimulated and emotionally supported is a rare privilege for a PhD student,

and I am deeply grateful to have experienced it. Thank you to Maryam Fazel and Tyler

McCormick for giving me so much freedom in the research I chose to pursue. Maryam, thank

you for your unwavering support, for sharing your wealth of knowledge, and your immense

generosity in providing me with guidance even during your busiest times. I will always carry

your encouragement to think deeply about problems. Tyler, your kindness, patience, and

gentle prodding of my ideas created a wonderful space for open discussion. I will cherish our

whiteboard sessions and your reminders to always look at the big picture rather than getting

lost in the weeds, and to celebrate even the small wins. To Marina Meilǎ, thank you so very
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Chapter 1

INTRODUCTION

Many systems of scientific interest are comprised of interacting and interdependent

units. Examples include social systems, in which individuals are connected through social

relationships, marketplaces composed of sellers and buyers interacting through demand and

supply, transportation systems, biological systems, and geological systems. Observations

and processes from such settings cannot, in general, be treated as independent. Moreover,

understanding the effects of interventions on units in these systems is complicated by the

possibility that interactions between units modify these effects. This dissertation studies

statistical inference, testing, estimation, and experimental design in such dependent-data

settings, with a particular focus on network interference.

A large portion of the study of statistics is dedicated to settings where data are indepen-

dent, or where dependence is sufficiently restricted that methods developed for independent

data can still be used. In many applications, however, this is not a reasonable approximation.

An individual’s behavior may depend on the behavior of their friends, demand in one part of

a marketplace may affect outcomes elsewhere in the market, or information introduced at one

location in a network may diffuse throughout the population. In experimental settings, there

is an additional complication: the treatment assigned to one unit may affect the outcomes

of other units. Thus, the dependence of interest may arise both from the underlying system

and from the intervention itself.

Throughout this dissertation, networks provide a useful representation of this structure.

I use the term network to refer to a finite graph, possibly with weighted edges and possibly

augmented by node-level covariates. The nodes represent the units of study, such as

individuals in a social system or buyers and sellers in a marketplace. An edge represents a

relationship between two units that is relevant to the scientific problem, while a weighted

edge allows the strength of this relationship to vary. Covariates may include demographic or
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behavioral characteristics, capacity or budget constraints in a marketplace, or other observed

characteristics of the units.

The network provides information about the structure relating the observations. A

central perspective of this dissertation is that such structure is useful not only for describing

why standard statistical assumptions fail, but also for determining how statistical procedures

should be constructed. In particular, information about dependence can be used to determine

when asymptotic inference remains valid, which observations are most informative for

detecting interference, how observations should be used when estimating treatment effects,

and how treatments should be assigned before an experiment is conducted.

1.1 Dependence and Network Interference

Suppose that X1, . . . , Xn are the observations available to a researcher. Even if there is

no treatment or intervention, these observations may be correlated. This affects, among

other things, the applicability of central limit theorems and the construction of inferential

procedures. Classical approaches typically make assumptions on how this dependence is

structured. For example, observations may be assumed to become approximately independent

as their temporal or spatial distance grows, or the dependence may be summarized by a

sparse dependency graph. Such assumptions can be appropriate in particular applications,

but they can be restrictive when dependencies propagate through a network.

A problem building on this is causal interference in the presence of network interference.

Let z ∈ {0, 1}n denote a treatment assignment and Yi(z) the potential outcome of unit i.

Under the usual no-interference component of the Stable Unit Treatment Value Assumption

(SUTVA) [Cox, 1958, Rubin, 1978, Manski, 1990], we require that

Yi(z) = Yi(z′) whenever zi = z′
i. (1.1.1)

That is, holding the treatment of unit i fixed, changing the assignments of other units does

not change the potential outcome of unit i. Under network interference this is no longer

true. If i is connected to j, then changing zj may change Yi. More generally, an intervention

may propagate through multiple paths in the network, so that the treatment assignment of
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a distant unit can also have some effect on i.

For example, consider an experiment on a social network where the treatment is access

to a new product or feature. If a treated user begins interacting with the product more

frequently, this may change the behavior of the user’s friends, including friends assigned to

control. Consequently, an outcome observed under a mixture of treated and control users

need not correspond to the outcome that the same user would have under global treatment

or global control. Similarly, when the goal is simply to detect whether such interference

exists, the treatments received by a unit’s neighbors determine how much information about

interference is contained in that unit’s outcome.

A common simplification is to summarize the assignments of other units through an

exposure mapping Aronow and Samii [2017]. For instance, if W is a weighted adjacency

matrix and D the corresponding degree matrix, a simple exposure mapping is

ei =
(
D−1Wz

)
i
, (1.1.2)

the weighted fraction of unit i’s neighbors assigned to treatment. The potential outcome

may then be modeled as a function Yi(zi, ei). This reduction is useful, but it creates another

modeling problem: the correct exposure mapping is typically not known. Whether 20%,

80%, or all of one’s neighbors must receive treatment before interference becomes negligible

is a scientific question that often cannot be answered from domain knowledge alone.

These issues affect different statistical tasks in different ways. For inference, the relevant

question is how much dependence can be allowed before asymptotic normality fails. For

testing interference, the relevant question is which units experience enough treatment

exposure variation among their neighbors to make interference detectable. For estimation,

the experimenter must trade off protection against interference-induced bias against the

variance created by using only units satisfying restrictive exposure conditions. Finally, at

the design stage, the treatment assignments themselves can be chosen to control interference

under this exposure, but designs that perform well for interference may perform poorly in the

presence of other forms of structure, such as homophily. At this design stage also, treatment

assignments can be chosen to control misspecified networks, and therefore misspecified
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i

(a)

zi = 1, ei = 0.00

i

(b)

zi = 1, ei = 1.00

Same own treatment, different neighborhood exposure: under interference, Yi(z) can differ from Yi(z ′).

control treated focal unit

Figure 1.1.1: Illustration of network interference. The focal unit i has the same individual
treatment assignment in the two panels, but the assignments of its neighbors change. Under
interference, the resulting change in exposure can change the potential outcome of unit i
even though zi is held fixed.

exposures.

The chapters of this dissertation study these problems at different points of the statistical

pipeline.

1.2 Leveraging Structure Under Dependence

A recurring idea throughout this dissertation is that dependence need not only be treated as

an obstacle. If something is known about the structure of the dependence, that information

can be used when constructing the statistical procedure.

This perspective first appears in Chapter 2 at the level of asymptotic inference. Rather

than requiring observations outside of a prescribed neighborhood to be independent, I study

conditions under which the total dependence can be decomposed into relatively stronger and

weaker components, across many different dependency settings. In particular, the chapter

introduces affinity sets, which collect the observations having relatively stronger dependence

with a given observation. Correlation outside of these sets is allowed to be nonzero. What

matters is whether the different covariance contributions remain sufficiently controlled
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relative to the variance of the overall sum. Thus, even when every pair of observations is

correlated at every finite n, asymptotic normality may still follow.

In the later chapters the network becomes something that can be directly acted upon. In

Chapter 3, the problem is not merely to account for the dependence induced by the network,

but to select units according to the graph so that a test has more power. In Chapter 4,

the network determines the exposure distribution, and the observed exposure–response

relationship is used to decide how restrictive an exposure condition should be. In Chapter 5,

the optimization is moved one step earlier: instead of adapting the analysis to an observed

treatment assignment, the assignment distribution itself is chosen using the network.

This progression also reflects different amounts of information about the underlying

problem. If little is known beyond the fact that observations are dependent, one may seek

high-level conditions under which standard inference remains possible. If the network is

known, it can additionally be used to construct a more informative test. If outcomes and

exposures have already been observed, the data can inform the choice of estimator. Finally, if

the experiment has not yet been conducted, assumptions about the interference and potential

outcome structure can be incorporated directly into the experimental design.

Throughout, the models used to improve statistical performance need not be treated

as exactly true. In Chapter 3, a model is used to understand and optimize power, while

the conditional randomization test itself remains valid under model misspecification. In

Chapter 4, the linear exposure model is used as a first-order approximation for estimating

the bias rather than as an assumption that the true potential outcome function is linear. In

Chapter 5, uncertainty not explained by the interference or homophily models is represented

explicitly through heterogeneous variation, and the experimental design trades off exploitation

of network structure against additional randomization. Thus, across the chapters, while

the network structure is leveraged as much as is scientifically reasonable, the statistical

consequences of the structure that remains unknown is accounted for.

1.3 Statistical Questions Considered in this Dissertation

The dissertation specifically studies the following four questions that arise naturally in

dependent data and in the experimentation pipeline.
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The first question is a foundational inferential one:

When can sums or averages of dependent observations still be treated as asymp-

totically normal?

This is the focus of Chapter 2. Many estimators can be reduced, exactly or asymptotically,

to sums of random variables. Central limit theorems therefore provide the basis for a large

range of inferential procedures. Existing central limit theorems for dependent observations

often require dependence to have a particular form, such as mixing in a metric space or

a sparse dependency graph. These conditions can be difficult to justify directly from the

scientific problem. Chapter 2 instead develops sufficient conditions stated through covariance

quantities.

The second question arises once an experiment has been conducted:

Is there evidence that interference is present at all?

This question is important because designing and analyzing experiments under interference

can be substantially more complicated than under no interference. For example, cluster

randomization may reduce interference-induced bias, but it also reduces the effective sample

size, i.e., the number of independent randomization units and can increase variance. Before

using more complicated procedures, it is therefore useful to know whether there is evidence

of interference. Chapter 3 studies conditional randomization tests for this purpose and, in

particular, how the selection of focal units affects statistical power.

The third question also assumes that the experiment has already been conducted and

that interference must be addressed:

How should treatment effects be estimated when the correct exposure mapping is

unknown?

One possible approach is to impose a conservative exposure condition, such as requiring all

of a unit’s neighbors to share the unit’s treatment assignment. This can reduce bias, but the

resulting exposure probabilities may be extremely small. A more permissive condition uses

more observations but incurs more interference-induced bias. Chapter 4 treats the exposure



11

threshold as a statistical decision and selects it by estimating this bias–variance trade-off

from the observed data.

Finally, before an experiment is run, there is a corresponding design question:

Can the treatment assignments themselves be selected so that treatment effects

are easier to estimate?

This is the focus of Chapter 5. A natural approach under interference is cluster randomiza-

tion, because assigning neighboring units together reduces the number of edges connecting

treatment and control. However, networks often exhibit homophily: connected units tend to

have similar characteristics and potentially similar outcomes or treatment effects. Cluster

randomization can then place entire groups of similar units in only one treatment arm, which

can substantially increase estimation error as the treatment and control samples are no longer

representative of the population. At the same time, outcomes may exhibit heterogeneous

variation that is not well described by the observed network. Chapter 5 develops a framework

that treats these considerations jointly.

These four questions move from general inference to testing, estimation, and finally

design. The later chapters therefore progressively use more of the available structure of the

problem.

1.4 Contributions

1.4.1 General Covariance-Based Conditions for Central Limit Theorems with Dependent

Data

Chapter 2 develops a general central limit theorem for dependent triangular arrays of random

vectors. The central goal is to replace model-specific dependence assumptions with a small

number of covariance-based sufficient conditions that are easier to interpret in terms of the

scientific problem.

The framework associates each observation with an affinity set containing the variables

with which it may have relatively high dependence. Importantly, observations outside

the affinity set are not assumed to be independent. Instead, three conditions control the
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Figure 1.3.1: Overview of the dissertation. Chapter 2 provides a general inferential foundation
for dependent data. Chapters 3–5 use the observed network at different points of the
experimental pipeline: Chapter 5 designs treatment assignments before the experiment,
while Chapters 3 and 4 use the resulting data to test for interference and estimate treatment
effects.

covariance within affinity sets, covariance across affinity sets, and the aggregate influence of

observations outside of the affinity sets. When these quantities are sufficiently small relative

to the variance contributed by the affinity sets, the appropriately normalized sum converges

to a multivariate normal distribution.

This differs from dependency graph approaches, where observations outside a specified

neighborhood are typically required to be independent. It also differs from mixing approaches,

where dependence must decay with respect to a prescribed temporal or spatial metric. In the

framework of Chapter 2, there may be nonzero dependence between every pair of observations.

The main requirement is instead that the stronger dependence be sufficiently concentrated

relative to the total variance.
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I show how the conditions encompass several commonly studied dependence settings that

do not themselves necessarily nest each other. These include M -dependent processes, mixing

random fields, non-mixing autoregressive processes, and dependency graphs. The chapter

then applies the framework to settings where the ability to allow weak global dependence is

particularly useful. These include treatment effects with spillovers, covariance estimation

based on socio-economic rather than purely spatial distance, and diffusion processes.

For example, in a sub-critical diffusion process on a connected network, infection origi-

nating from one seed may in principle reach every node. Thus, infection indicators for every

pair of units can be correlated. Nevertheless, most of the dependence may be generated by

relatively small local outbreaks. The affinity sets can collect the regions in which infection

from a given seed occurs with appreciable probability, while allowing weaker dependence

outside of these regions. This gives a central limit theorem even though a literal dependency

graph representation would be complete.

The chapter provides a statistical foundation for the remainder of the dissertation in

another sense as well. In Chapter 3, the asymptotic analysis of the conditional randomization

test involves sums of dependent exposure-based quantities. The affinity-set framework

provides a direct route for establishing their asymptotic normality. Thus, the asymptotic

analysis of dependent data in Chapter 2 reappears when analyzing the power of procedures

specifically designed for network interference.

1.4.2 An Optimization Framework for Focal Node Selection in Interference Detection

Chapter 3 turns to the problem of testing for interference. I consider conditional random-

ization tests of the sharp null that the outcome of a focal unit does not depend on the

treatment assignments of other units. Following the conditional testing framework of Aronow

[2012] and Athey et al. [2018], the treatment assignments of a selected set of focal units

are fixed, while assignments of the remaining auxiliary units are rerandomized. The test

statistic evaluated on the focal units under the observed assignment is then compared to its

rerandomization distribution.

The validity of this procedure follows from the randomization mechanism under the
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appropriate conditioning. Its power, however, can change substantially with the focal set. If

a focal unit has little variation in its exposure under rerandomization, its outcome provides

little information about interference. At the opposite extreme, imposing overly strong

separation requirements between focal units can drastically reduce the number of focal

observations available to the test.

I develop an asymptotic power characterization under a linear neighborhood-interference

model and show that power is governed by a residualized exposure-variation quantity. In

the notation of Chapter 3, this quantity is

CM (F ) = E
[
z̃T

RBRFMFBF Rz̃R

]
, (1.4.1)

where the focal set is indexed by F , and the auxiliary set is indexed by R = V \ F . This

provides an explicit objective for focal-unit selection rather than relying only on heuristic

graph constructions.

The characterization also explains several procedures previously proposed in the literature.

For example, maximizing the number of focal–auxiliary edges in Athey et al. [2018] appears as

an approximation to the power objective if MF is taken to be I. Independent-set constructions

in Athey et al. [2018] can also be understood through their effect on the covariance and

residualization of focal exposures, leading to centered null rerandomization distributions. I

show, however, that making focal units too separated can be counterproductive: on cycle

graphs, a less restrictive net can have greater power because the gain in the number of focal

units outweighs the reduction in exposure dependence obtained by additional separation.

The exact power objective leads naturally to optimization formulations based on mixed-

integer quadratic programs, second-order cone programs and semidefinite program relaxations

together with simpler graph-based approximations. In synthetic experiments, the resulting

optimization-based focal selections lead to substantial power improvements over random

focal selection and common graph heuristics.

An important feature of this chapter is the separation between validity and power. The

conditional randomization test remains valid even when the linear potential outcome model

used for the power analysis is misspecified. The model determines which focal units are
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expected to be informative, while the randomization argument protects the Type-I error.

This is one example of the broader robustness perspective used throughout the dissertation.

1.4.3 Data-Adaptive Exposure Thresholds under Network Interference

Chapter 4 focuses on treatment-effect estimation after an experiment has been conducted.

A common approach to estimation under interference is to specify an exposure mapping and

use a Horvitz–Thompson estimator based on units satisfying the corresponding exposure

condition [Aronow and Samii, 2017, Ugander et al., 2013]. For example, under an h-fractional

neighborhood exposure condition, a treated unit is considered treatment-exposed when at

least an h-fraction of its neighbors are also treated.

The choice of h creates a direct bias–variance trade-off. When h is close to one, the

observed outcomes better approximate the potential outcomes under global treatment and

control, reducing interference-induced bias. At the same time, the probability that a unit

satisfies such a restrictive exposure condition can become very small, particularly for high-

degree units, and the inverse-probability weights in the Horvitz–Thompson estimator can

become large. When h is smaller, more observations are used and the variance decreases, but

units whose neighbors largely receive the opposite treatment are included, increasing bias.

Without sufficient domain expertise, there may be no principled way to specify this

threshold in advance. Chapter 4 therefore treats the threshold as a data-adaptive tuning

parameter and chooses

ĥ = arg min
h∈H

M̂SE(τ̂h). (1.4.2)

The method, which I call AdaThresh, estimates the bias of each candidate threshold by first

fitting a linear approximation of outcomes as a function of treatment and exposure. The

coefficient on exposure provides a bias slope, measuring the average sensitivity of outcomes

to changes in exposure. This is then combined with a Horvitz–Thompson-style calculation

that accounts for the empirical exposure distribution. The variance is estimated using a

design-based variance estimator.

The linear regression is not intended to assert that the potential outcome function is

globally linear. Rather, it gives a first-order approximation to the rate at which outcomes
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change as exposure moves away from the global-treatment or global-control boundary. This

distinction allows the method to remain useful when the true exposure–response function is

nonlinear. The chapter also studies local linear versions of the bias approximation.

The theoretical results characterize the probability that the estimated threshold agrees

with the MSE-optimal threshold under the best linear approximation. The quality of this

selection depends naturally on the sample size, the separation between candidate MSEs,

and the dependence induced by the graph. Under unit-level Bernoulli randomization this

dependence is controlled by the maximum node degree; an analogous cross-cluster degree

appears under cluster randomization. The results are also extended to quantify approximation

error when the true exposure function deviates from its best linear approximation.

Experiments on simulated graphs, a village network, and an Amazon product-similarity

network illustrate that the adaptive procedure interpolates between permissive and con-

servative fixed exposure thresholds. The chapter therefore addresses uncertainty about

interference at the estimation stage: rather than requiring the experimenter to know the

exact threshold defining effective treatment, the observed data are used to determine an

appropriate point on the bias–variance trade-off.

1.4.4 Optimal Design under Interference, Homophily, and Robustness Trade-offs

Chapter 5 moves from optimizing the estimator after observing an experiment to optimizing

the experimental design itself. The goal is estimation of the global average treatment effect,

τ = 1
n
⟨1, Y (1)− Y (0)⟩ . (1.4.3)

A common strategy under network interference is cluster randomization. Assigning

strongly connected units to treatment together reduces the number of edges connecting units

with conflicting treatment assignments, thereby reducing interference-induced bias. However,

this strategy can work against another common feature of networks: homophily.

Under homophily, connected units tend to be similar along socioeconomic, demographic,

behavioral, or other dimensions that may also determine potential outcomes. If treatment

is randomized at the cluster level, an entire group of similar units may be assigned to one
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treatment arm. The resulting treated and control groups may then be poorly balanced.

Thus, interference encourages assigning neighboring units together, while homophily can

encourage spreading treatment assignments throughout the graph.

I formalize this tension through a potential outcome model that separately represents

homophily, network interference, and heterogeneous variation. Let L denote the graph

Laplacian. Homophilous components of the baseline outcomes and treatment effects are

constrained through quadratic forms involving L, so that neighboring units have similar

potential-outcome components. Interference is constrained through the pseudoinverse L†,

and heterogeneous variation collects variation not explained by these structural components.

Writing x = 2z − 1 and X = E[xxT] for the second-moment matrix of the design, the

resulting worst-case MSE bound has the schematic form

MSE ≲ 1
n2

{
γ Tr(LX) + ηTr(L†X) + κ∥X∥q + ∆ Tr(11TX)

}
. (1.4.4)

The individual terms have direct design interpretations. The interference term Tr(LX) is

related to a graph cut and encourages neighboring units to receive positively correlated

assignments. The homophily term Tr(L†X) has an effective-resistance interpretation and

encourages assignments that are spread throughout the network. The Schatten-norm term

penalizes excessive correlation in the assignment covariance and produces robustness to

heterogeneous variation not captured by the structural model. The final term prevents

degenerate assignments.

Consequently, familiar experimental designs arise as limiting cases of the same optimiza-

tion problem. When interference dominates, the design moves toward clustered assignments.

When homophily dominates, treatment is dispersed through the network. When heteroge-

neous variation dominates, additional randomization becomes valuable and, for the relevant

Schatten norms, the design approaches unit-level Bernoulli randomization. This characteriza-

tion also provides a generalization to randomized saturation designs. At the covariance level,

randomized saturation designs interpolate between cluster and unit-level Bernoulli random-

ization by varying the within-cluster assignment correlation. The covariance optimization in

Chapter 5 contains this path as a restricted class, while allowing more general correlation
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structures. At the same time, I discuss the limitation of a second-moment formulation:

different randomized saturation designs may share the same marginal treatment probabilities

and covariance matrices while differing in higher moments.

I propose two complementary computational approaches for constructing designs. The first

formulates a semidefinite relaxation over X, followed by Gaussian rounding to generate binary

treatment assignments. The approximation analysis draws on ideas underlying the Goemans–

Williamson approximation for MAXCUT. The second adapts the Gram–Schmidt Walk,

a vector-balancing algorithm, by interpreting graph-induced quantities as covariates that

should be balanced against robustness. In particular, this uncovers a natural interpretation of

interference and homophily by viewing eigenvalue-scaled Laplacian eigenvector embeddings

as unit-level covariates, connecting the covariate-balancing and interference literatures.

The SDP provides finer direct control over the covariance objective, while the adapted

Gram–Schmidt Walk is more computationally attractive on larger problems.

Thus, Chapter 5 moves the same basic principle used in Chapters 3 and 4 to the design

stage. In Chapter 3, network structure determines which units should be used to maximize

power. In Chapter 4, it determines how the observations should be weighted and thresholded

to minimize MSE. In Chapter 5, it determines the distribution from which the treatment

assignment itself should be drawn.

1.5 Network Structure and Optimization

Several ideas recur throughout the dissertation.

First, the chapters trade off the statistical information gained from dependence against

the difficulties that dependence creates. In Chapter 2, stronger dependence increases the

covariance of the observations and can prevent normal approximation unless it is appropriately

controlled. In Chapter 3, dependence among focal exposures can similarly reduce useful

variation, while separating the focal units too aggressively can leave too little data for the

test. In Chapter 4, using observations with more heterogeneous neighborhood assignments

increases the sample available for estimation but also increases interference-induced bias.

In Chapter 5, assigning neighboring units together protects against interference but may

reduce representativeness in a homophilous network.
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Second, optimization appears at many stages of the analysis. Chapter 3 optimizes the

subset of observations used for a test. Chapter 4 optimizes a parameter of the estimator

after observing the data. Chapter 5 optimizes the experimental design before observing the

outcomes. In each case, the objective is statistical—power or mean squared error—while the

graph determines the structure of the optimization problem.

Third, the dissertation distinguishes between structural assumptions that improve per-

formance and guarantees that remain valid under weaker assumptions. This is clearest

in Chapter 3, where model-based focal selection affects power but not the randomization

validity of the test. Chapter 4 uses a simple exposure–response approximation while explicitly

studying deviations from that approximation. Chapter 5 places the unknown component of

the potential outcomes directly into a robustness class and increases randomization when

less of the outcome structure can be safely attributed to the observed graph.

Finally, the role of the graph itself changes across the dissertation. In the general central

limit theorem, a graph is only one possible source of dependence, and the key objects are

covariance-based affinity sets. In the remaining chapters, the graph is observed and can be

used directly in the procedure. Nevertheless, even there, the graph should not necessarily

be treated as an exact description of the underlying system. Exposure mappings may be

misspecified, outcomes may vary for reasons not explained by the network, and the observed

network itself may be noisy. The methods developed here aim to exploit the information

contained in network structure without requiring that it explain all aspects of the data.

Taken together, the chapters study a sequence of statistical decisions for interacting

populations: when dependence still permits conventional inference, how interference can

be detected, how its effects can be estimated when its precise form is uncertain, and how

experiments can be designed to account for it before the data are collected. The central

perspective throughout is that the structure producing dependence can itself be useful

statistical information. Rather than treating a network only as a violation of independence,

this dissertation uses it to guide inference, testing, estimation, and experimental design.
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1.6 Organization of the Dissertation

The remainder of the dissertation is organized as follows. Chapter 2 develops general

covariance-based sufficient conditions for central limit theorems under dependent triangular

arrays and studies several dependence models and applications. Chapter 3 develops an

optimization framework for focal-unit selection in conditional randomization tests of network

interference, deriving asymptotic power characterizations and optimization-based selection

procedures. Chapter 4 introduces AdaThresh, a data-adaptive procedure for selecting ex-

posure thresholds in Horvitz–Thompson estimation under network interference. Chapter 5

develops an experimental-design framework that jointly accounts for network interference, ho-

mophily, and robustness to heterogeneous variation, together with semidefinite-programming

and vector-balancing approaches for constructing treatment assignments.
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Chapter 2

GENERAL COVARIANCE-BASED CONDITIONS FOR CENTRAL
LIMIT THEOREMS WITH DEPENDENT TRIANGULAR ARRAYS

This chapter is based on the paper “A General Central Limit Theorem for Dependent

Data,” coauthored with Arun G. Chandrasekhar‡,§, Matthew O. Jackson‡,⋆, and Tyler

H. McCormick⋄,¶. It is currently under review.

‡ Stanford, Department of Economics, USA
§ J-PAL, USA
⋆ Santa Fe Institute, USA
⋄ University of Washington, Department of Statistics, USA
¶ University of Washington, Department of Sociology, USA

We present a general central limit theorem with simple, easy-to-check covariance-based

sufficient conditions for triangular arrays of random vectors when all variables could be

interdependent. The result is constructed from Stein’s method, but the conditions are

distinct from those of related work. Existing approaches require checking bespoke conditions

that in many contexts are difficult to verify scientifically and either (i) impose rigid structure,

often difficult to interpret and lacking microfoundations (e.g., strong mixing in random fields)

or (ii) allow more flexibility but limit the extent of correlations (e.g., sparsity restrictions

in dependency graphs). Our approach, in contrast, permits researchers to work with high-

level but intuitive conditions based on overall correlation. We show that these covariance

conditions nest standard assumptions studied in the literature such as M -dependence,

mixing random fields, non-mixing autoregressive processes, and dependency graphs, which

themselves need not imply each other. We apply our result to practical settings previously

not covered in the literature, such as treatment effects with spillovers in more settings than

previously admitted, covariance matrices, and processes with global dependencies such as

epidemic spread and information diffusion.
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Keywords: Central limit theorem, dependent data, Stein’s method

2.1 Introduction

In many contexts researchers use an interdependent set of random vectors to develop

estimators and need to establish whether the estimators are asymptotically normal. In

existing results, dependency is modeled in idiosyncratic ways, with perhaps unintuitive

if not unappealing conditions to describe assumptions on correlation. Further, in many

settings—such as treatment effects with spillovers, epidemic spread, information diffusion,

general equilibrium effects, and so on,—the correlation is non-zero for any finite set of

observations across all random vectors, which is not allowed in the literature.

We present simple covariance-based sufficient conditions for a central limit theorem to

be applied to a triangular array of dependent random vectors. We use Stein’s method [Stein,

1986] to derive three high-level, easy-to-interpret conditions. Stein’s method is widely used

in theoretical arguments (in fact, a special case of the argument here first appeared in

[Chandrasekhar and Jackson, 2024]) and our goal is not to advance a new technique for

proving limit theorems. Instead, we present a new approach to proving asymptotic normality

that is extremely general, nesting many existing approaches. More importantly, it consists

of easily-interpretable conditions that are also easy to check. Researchers can check our

conditions by thinking directly about correlations using calculations that we demonstrate are

straightforward in several consequential examples. This feature makes the result accessible

to a wider range of researchers without having to derive bespoke limit theorems in every

setting. Our approach also eases restrictions required by existing methods, again doing so in

a way that is not idiosyncratically imposed by a specific setting.

We follow a literature that uses Stein’s method to prove asymptotic normality. Our goal

is not to derive a new proof, but rather to provide much more general conditions that allow

for some amount of dependence between all observations but at the same time are minimal

in terms of parametric/shape restrictions, making them flexible and easy to check.
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To review, Stein’s method observes that

E [Y f(Y )] = E
[
f ′(Y )

]

for all continuously differentiable functions if and only if Y has a standard normal distribution.

So, when considering normalized sums that take the role of Y , it is enough to show that

this equality holds for all such functions asymptotically. Rinott and Rotar [2000] and

Ross [2011], among others, provide a detailed view of the method.Proving normality using

Stein’s method typically amounts to checking dependence conditions. Bolthausen [1982], for

example, establishes how the probability of a joint set of events differs from independence

decays in temporal distance. So, as the mixing coefficients decay fast enough in distance,

the proof proceeds by checking that the Stein argument follows under the mixing structure.

Distance in time can be generalized to space and, further, to random fields. The existing

literature is organized around a number of such conditions that apply in particular data

settings.

A peculiar consequence of this organization, however, is that these conditions generally

lack a scientific basis for the assumed dependence structure. For example, spatial standard

errors are often used—, e.g., in Froot [1989], Conley [1999], Driscoll and Kraay [1998]—when

performing Z-estimation (or GMM). However, in actual applications, for instance agricultural

shocks such as rainfall or pests or soil, it is not clear that they follow a specific form of

interdependence satisfying ϕ-mixing with a certain decay rate as invoked in Conley [1999]

(cross-sectionally) or Driscoll and Kraay [1998] (temporally and cross-sectionally). Surely

shocks correlate over space, but it is hard to argue empirically that their correlation matches

the required mixing conditions.

To take a different example, some models of social network formation orient themselves

by embedding individuals in a random field to deliver central limit theorems. Distance in

the metric space is, then, inversely proportional to the likelihood of a connection. Given the

structure of the field, researchers can toggle dependence as a function of distance, reducing
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the size of the covariance sum. However, the structure of the field has implications for

consequential properties of the graph, such as clustering patterns [Hoff et al., 2002, Lubold

et al., 2023], that then often fail to match the empirical observations. As in the previous

example, the researcher probably has some intuition as to whether graph properties (e.g.,

clustering) are likely or not, but assessing the reasonableness of specific mixing random field

assumptions is all but impossible.

As an alternative to embedding variables in a metric space and toggling dependency by

distance, a literature on dependency graphs emerged [Baldi and Rinott, 1989, Goldstein and

Rinott, 1996, Ross, 2011] in part to be more flexible on the correlation structure. There,

the cost is extreme sparsity: observations have indices in a graph, where those that are not

edge-adjacent are independent. This provides a different strategy to apply Stein’s method,

by creating for each observation a dependency neighborhood. Sufficient sparsity in the graph

structure allows a central limit theorem to apply, despite not forcing a time- or space-like

structure. Examples include Ross [2011], Goldstein and Rinott [1996] and a more general

treatment in Chen and Shao [2004].

Both embedding indices in a metric space or using a more unstructured dependency

structure are similar in the sense that they constrain the total amount of correlation between

the n random variables. In principle there are
(n

2
)
-order components to this sum, but, via

mixing conditions or sparsity conditions, this sum is assumed to be of order n. In many

settings—such as treatment effects with spillovers, epidemic spread, information diffusion, or

general equilibrium effects—we see dependency that are neither random fields nor are there

any conditional independencies. The correlation is non-zero for any finite set of observations

across all random vectors of interest. Our approach allows for this general dependence.

In the remainder of this section, we provide a brief overview of our approach, which

we formalize in the next section. We consider a triangular array of n random vectors

Xn
1:n ∈ Rp, which are neither necessarily independent nor identically distributed. We

study conditions under which their appropriately normalized sample mean is asymptotically
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normally distributed. In principle, at any n, all Xn
i and Xn

j can be correlated. The proof

follows the well-known Stein’s method, though we develop and apply specific bounds for

our purpose. To apply Stein’s method we first associate each random variable with a set of

other random variables with which it could have a higher level of correlation, keeping in

mind that it could in principle have some non-zero correlation with all variables.

We call these affinity sets, denoted An
(i,d), to capture the other random variables with

which i may have high correlations in the d-th dimension. We use the term affinity set rather

than “dependency neighborhood” to emphasize the possibility of high and low non-zero

covariance structures with arbitrary groupings that satisfy summation conditions. We provide

sufficient conditions for asymptotic normality in terms of the total amount of covariance

within an affinity set and the total amount of covariance across affinity sets. As long as, in

the limit, the amount of interdependence in the overall mean comes from the covariances

within affinity sets, asymptotic normality follows.

This yields substantially weaker conditions than in the previous literature. In Arratia

et al. [1989], the authors present Chen’s method [Chen, 1975] for Poisson approximation

rather than normality, which has a similar approach to ours in collecting random variables

into dependencies. While this results in nice finite sample bounds, these bounds consist of

three almost separate pieces, making it less friendly to understanding these bounds together

with growing sums of covariance of the samples. In fact, all five of the examples studied

in Arratia et al. [1989] are limited to cases where at least one of these pieces is identically

zero in the cases where Chen’s method succeeds. Many empirically relevant examples do not

have such zeros, and so our approach substantially expands the relevant applications.

To preview our conditions, presented formally below, let us take p = 1 so Xn
i is scalar,

and let Zn
i be centered, Zn

i := Xn
i − E(Xn

i ). Let

Ωn :=
n∑

i=1

∑
j∈An

i

Cov (Zi, Zj) ,

denote the total covariance within the affinity sets. Let also Z−i :=
∑

(j)/∈An
i
Zj , the sum of
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the random variables outside of i’s affinity set. Informally, our conditions are the following.

1. Within affinity set covariance control:

∑
i

∑
j,k∈An

i

E(ZjZk · |Zi|) is small relative to (Ωn)3/2.

The average covariance between two random variables in an affinity set, when weighted

by the realized magnitude of the reference variable, and the covariance between

the averages given the magnitude of the reference variable, is small relative to the

comparably adjusted covariance between the reference variables and their affinity sets.

2. Cross affinity set covariance control:

∑
i,j

∑
k∈An

i ,l∈An
j

Cov(ZiZk, ZjZl) is small relative to (Ωn)2.

The average covariance across members of two different affinity sets (weighted by the

reference variables) is sufficiently small compared to the squared covariance within

affinity sets.

3. Outside affinity set covariance control:

∑
i

E(|Z−iE(Zi | Z−i)|) is small relative to Ωn.

The average absolute conditional covariance outside of affinity sets is small compared

to the covariance within affinity sets.

These conditions are general and easy to check, as we show. They also further simplify in a

number of cases such as with positive correlations (as in diffusion models and auto-regressive

processes) and with binary variables.

The advantages of this approach, which we see as most salient for empirical scientists,

are several-fold. First, we do not require a sparse dependency structure at any n. That is,
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there can be non-zero correlation between any pair Xi, Xj . Much of the dependency graph

literature leverages an independence structure in constructing their bounds and, therefore,

the bounds we build are different.

Second, because of this possibility of non-zero covariance across all random vectors, we

organize our bounds through covariance conditions. We are reminded of a discussion in Chen

[1975] in the context of Poisson approximation. Covariance conditions are easy-to-interpret

and check, and from an applied perspective often easier to justify from a microfoundation.

Third, our result is for random vectors, and while the application of the Cramér-Wold

device is simple in our setting—by the nature of how indexing works—it is useful to have

and instructive for a practitioner.

Fourth, our setup nests many of the previous literature’s examples, most of which do not

nest each other. We illustrate the utility of our central limit theorem through several distinct

applications. We begin with an example of M -dependence in a stochastic process, noting

that this implies many other types of mixing, such as α-, ϕ-, or ρ- mixing [Bradley, 2005]. We

then move to random fields, where we show an example with α- and ϕ- dependence. These

mixing approaches require constructing idiosyncratic notions of dependence based on the

underlying probability distribution that happen to imply bounds on the covariance function

(see, for example, Rio [1993] or Rio [2017]), which, as noted above, is not derived from, and

may not match, micro-economic foundations or scientific principles. Our covariance-based

arguments are compact and direct, placing restrictions on the covariance explicitly and, thus,

in a matter that is salient in the scientific context. They are also general rather than based

on a specific model or type of dependence. We also show that our framework is applicable

outside the context of mixing, giving examples with non-mixing autoregressive processes,

dependency graphs, among other examples.

Fifth, we show that our generalizations permit a wider and more practical set of analyses

that were otherwise ruled out or limited in the literature. This includes treatment effects

with spillover models, covariance matrices, and things like epidemic and diffusion models.
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Specifically, we extend the treatment effects with spillovers analysis, as in Aronow and

Samii [2017], to allow every individual’s exposure to treatment to possibly be increasing in

every other node’s treatment assignment, and nonetheless, the relevant estimator is still

asymptotically normally distributed. This case, which is ubiquitous in practice: e.g., in

diffusion, epidemic, and financial flow models in principle a shock anywhere could theoretical

impact any other node’s outcomes (albeit with potentially small odds). But this is assumed

away in applied work because conventional central limit theorems do not cover such a case.

We also show how a researcher can model covariance matrices without forcing a random field

structure as in Conley [1999] or Driscoll and Kraay [1998]. This allows applied researchers

to proceed with greater generality, and permits structure across units that do not have a

natural ordering such as race, ethnicity, caste, and occupation.

The next two examples concern diffusion. First, we look at a sub-critical epidemic process

with a number of periods longer than the graph’s diameter. So, whether an individual is

infected is correlated with the infection status of any other individual (assuming a connected,

unweighted graph). Again, this practical situation is excluded by the previous central limit

theorems in the literature. Second, we look at diffusion in stochastic block models to show

that our conditions characterize when asymptotic normality holds and when it does not.

The remainder of the paper is organized as follows, Section 2.2 proves our main result.

Section 2.3 shows that the conditions we provide nest several commonly used characterizations

of dependence: M-dependence, non-mixing autoregressive processes, random fields, and

dependency graphs. Section 2.4 discusses the process for checking our conditions in several

applications (peer effects models, socio-demographic distances, sub-critical diffusion models,

stochastic block models, and irregularly observed spatial processes), while also yielding new

results. Section 2.5 provides a discussion.

2.2 The Theorem

We consider a triangular array of n random variables Xn
1:n ∈ Rp, with entries Xn

i,d and

d ∈ {1, . . . , p}, each of which has finite variance (possibly varying with n). We let Zn
i ∈ Rp
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denote the corresponding de-meaned variables, Zn
i = Xn

i − E [Xn
i ] . The sum, Sn ∈ Rp, is

given by Sn :=
∑n

i=1 Z
n
i . We suppress the dependency on n for clarity; writing Xi,d unless

otherwise needed.

2.2.1 Affinity Sets

Each real-valued random variable Xi,d has an affinity set, denoted An
(i,d), which can depend

on n. We require (i, d) ∈ An
(i,d). Heuristically, An

(i,d) includes the indices j, d′ for which the

covariance between Xj,d′ and Xi,d is relatively high in magnitude, but not those for which

the covariance is low.

There is no independence requirement at any n and, in fact, our sufficient conditions for

the central limit theorem bound the total sums of covariances within and across affinity sets.

The precise construction of affinity sets is flexible, as long as these bounds on the respective

total sums are respected.

In the multivariate case, we aggregate affinity sets across dimensions

Ãn
i =

p⋃
d=1
An

i,d.

2.2.2 The Central Limit Theorem

Let Ωn be a p × p matrix that captures the bulk of the covariance across observations

and dimensions, obtained by summing the covariances between each observation and the

observations in its unified affinity set:

Ωn :=
n∑

i=1

∑
j∈Ãn

i

Cov(Zi, Zj).

This is distinct from the total variance-covariance matrix Σn, whose (d, d′) entry is

Σn,dd′ :=
n∑

i=1

n∑
j=1

Cov(Zi,d, Zj,d′),
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and which therefore also includes covariance terms with j /∈ Ãn
i . Also define

Z−i :=
∑

j /∈Ãn
i

Zj ,

the vector sum of the random variables outside of i’s unified affinity set.

In what follows, we maintain the assumption that lim infn→∞ λmin (Ωn) > 0, where

λmin (Ωn) is the smallest eigenvalue of Ωn. For simplicity, we suppose Ωn is symmetric,

which follows if the affinity sets are symmetric, in the sense that j being in the affinity set of

i implies that i is in the affinity set for j. If Ωn is not symmetric, the following theorem

will still hold, substituting Ω̃n = (Ωn + Ω⊤
n )/2 for Ω. We also presume that for all i, n, the

individual moment ratios are bounded: there exists K < ∞ such that for every non-zero

u ∈ Rp, E[|u⊤Zi|3]/(u⊤ Cov(Zi)u)3/2 ≤ K.

Our first assumption is that the total mass of the variance-covariance is not driven by

the covariance between members of a given affinity set neither of which are the reference

random variables themselves. That is, given reference variable Xi,d, the covariance of some

Xj,d′ and Xk,d′′ where both are in the reference variable’s affinity set is relatively small in

total across all such triples of variables compared to the variance coming from the reference

variable and its affinity sets.

Assumption 2.2.1 (Bound on total weighted-covariance within affinity sets).

n∑
i=1

E

∥Zi∥ ·

∥∥∥∥∥∥
∑

j∈Ãi

Zj

∥∥∥∥∥∥
2
 = o

(
λmin(Ωn)3/2

)
.

The second assumption is that the total mass of the variance-covariance is not driven

by random variables across affinity sets relative to two distinct reference variables. That

is, given two random variables Xi,d and Xj,d′ , the aggregate amount of weighted covariance

between two other random variables—each within one of the reference variables’ affinity

sets—is small compared to the (squared) variance coming from the reference variable and
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its affinity sets.

Assumption 2.2.2 (Bound on total weighted-covariance across affinity sets).

n∑
i=1

n∑
j=1

∑
k∈Ãi

∑
l∈Ãj

p∑
d1,d2,d3,d4=1

|Cov(Zi,d1Zk,d2 , Zj,d3Zl,d4)| = o
(
λmin(Ωn)2

)
.

The third assumption is that the total mass of variance-covariance is not driven by

reference random variables and the variables outside of their affinity sets, again compared to

the variance coming from the reference variable and its affinity sets.

Assumption 2.2.3 (Bound on total weighted-covariance from outside of affinity sets).

n∑
i=1

E
[
∥Zi∥

∥∥E[Zi | Z−i]
∥∥] = o(λmin(Ωn)) .

These three assumptions imply a central limit theorem.

Theorem 2.2.4. Suppose that, for all i, n and for every non-zero u ∈ Rp, there exists

K such that E[|u⊤Zi|3]/(u⊤ Cov(Zi)u)3/2 ≤ K. If Assumptions 2.2.1, 2.2.2, and 2.2.3 are

satisfied and lim infn→∞ λmin(Ωn) > 0,

Ω−1/2
n Sn d−→ N (0, Ip)

Here λmin(X) is used to denote the minimal eigenvalue of the matrix X. The proof

is provided in the Appendix. The argument follows by applying the Cramér-Wold device

to the arguments following Stein’s method, as Chandrasekhar and Jackson [2024] argued

for the univariate case. Since the Cramér-Wold device requires for all c ∈ Rp fixed in

n that the c-weighted sum satisfies a central limit theorem [Biscio et al., 2018]—that is,

(c′Ωnc)−1/2c′Sn ⇝ N (0, 1)—we can consider a problem of np random variables with affinity

sets.

An important special case is where the affinity sets are the variables themselves. In
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that case, the conditions simplify to a total bound on the overall sum of covariances across

variables (the univariate case is in Chandrasekhar and Jackson [2024]). It nests many cases

in practice, and we provide an illustration in our second application.

Corollary 2.2.5 (Singleton Affinity Sets). Suppose the unified affinity sets are singletons

such that Ãi = {i} for all observations i, that lim infn→∞ λmin(Ωn) > 0, and

n∑
i=1

E
[
∥Zi∥3

]
= o

(
λmin(Ωn)3/2

)
.

If E [Zi,d1E[Zi,d2 | Z−i]] ≥ 0 for every i, and

1.
n∑

i=1

n∑
j=1

p∑
d1,d2,d3,d4=1

|Cov(Zi,d1Zi,d2 , Zj,d3Zj,d4)| = o
(
λmin(Ωn)2

)

2.
n∑

i=1

∑
j ̸=i

p∑
d1,d2=1

|Cov(Zi,d1 , Zj,d2)| = o (λmin(Ωn))

Then Ω−1/2
n Sn d−→ N (0, Ip). If the non-negativity condition does not hold, Condition 2

can be replaced by the outside-affinity influence bound:

n∑
i=1

E [∥Zi∥ · ∥E [Zi | Z−i]∥] = o (λmin(Ωn)) .

Also, it is useful to note that, for instance, if p = 1 and the Xi’s are Bernoulli random

variables with E[Xi]→ 0 (uniformly), then condition (ii) implies condition (i) [Chandrasekhar

and Jackson, 2024].

Corollary 2.2.6 (Total dependence). Suppose the unified affinity sets encompass the en-

tire sample, such that Ãi = {1, . . . , n} for all observations i ∈ {1, . . . , n}. Assume that

for all i, n and for every non-zero u ∈ Rp, there exists a constant K > 0 such that

E[|u⊤Zi|3]/(u⊤cov(Zi)u)3/2 ≤ K.

Furthermore, suppose lim infn→∞ λmin(Ωn) > 0, and that the following global bounds

hold:
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n∑
i=1

E
[
∥Zi∥ · ∥Sn∥2

]
= o

(
λmin(Ωn)3/2

)
(2.2.1)

n∑
i,j,k,l=1

p∑
d1,d2,d3,d4=1

|cov(Zi,d1Zk,d2 , Zj,d3Zl,d4)| = o
(
λmin(Ωn)2

)
(2.2.2)

Then it follows that Ω−1/2
n Sn d−→ N (0, Ip) as n→∞.

2.3 Models of Dependence

We first present four applications from the literature that prove asymptotic normality: (i)

M -dependence, (ii) non-mixing autoregressive processes, (iii) mixing random fields, and

(iv) dependency graphs. We provide a sketch of the core assumptions made in the relevant

papers and show how these assumptions imply our covariance assumptions. We maintain

consistent use of notation defined in the previous sections. The remaining notation, however,

is kept consistent only within each subsection to facilitate comparison with the original work.

2.3.1 M -dependence

2.3.1.1 Environment

We consider Theorem 2.1 of Romano and Wolf [2000]. In this application there are real-valued

time series data, so p = 1 (and we drop the index d) and Ωn is a scalar. Under Romano

and Wolf’s setup, Zn,i and Zn,j are independent if |i− j| > M . Here, {Zn,i} are mean zero

random variables. For convenience of the reader, we include the assumptions made in their

paper: Suppose Zn,1, Zn,2, ..., Zn,r is an M -dependent sequence of random variables for some

δ > 0 and −1 ≤ γ < 1,

1. E|Zn,i|2+δ ≤ ∆n for all i

2. Var
(∑a+k−1

i=a Zn,i

)
k−1−γ ≤ Kn for all a and k ≥M

3. Var (
∑r

i=1 Zn,i) r−1M−γ ≥ Ln
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4. Kn = O (Ln)

5. ∆n = O
(
Ln

1+δ/2
)

6. M1+(1−γ)(1+2/δ) = o(r)

2.3.1.2 Application of Theorem 2.2.4

We consider the M -ball, An
i = {j : |j − i| ≤ M}. We drop the subscript n in Zn,i

for convenience. In this case, Cov(Zi, Zj) = 0 by independence for all j with |i − j| >

M , so Assumption 2.2.3 is satisfied. By their Assumptions (3) and (6), we have that∑
j∈Ai

Cov(Zi,Zj)
M ≥ Ln(r/M)1+2/δ. This, together with their Assumptions (2) and (4), results

in
∑

i

∑
j∈Ai

Cov(Zi, Zj) = Ω(nM) (with Ω(·) being the big Omega notation). Under

bounded third and fourth moments, we check the remaining assumptions. Assumption 2.2.1

is easily verified:

∑
i;j,k∈An

i

E[|Zi|ZjZk] = O(M2∑
i

E[|Zi|3]) = o
(
n3/2M3/2

)
= o

(
Ω3/2

n

)
,

following their Assumption 6. Our Assumption 2.2.2 is satisfied similarly following their

Assumption 6:

∑
i,j;k∈An

i ,l∈An
j

Cov(ZiZk, ZjZl) = O(
∑

i,j:|i−j|≤M,
k:|k−i|≤M,
l:|l−i|≤2M

Var(Z2
i )) = O(n ·M3 ·Var(Z2

i )) = o(n2M2) = o(Ω2
n).

This is due to the fact that if they are not within that distance, then automatically it is

impossible for the Zk and Zl to induce any correlation as well.

Following the hierarchy established in Bradley [2007], M -dependence implies several of

these commonly used forms of mixing, such as ρ-mixing [Bradley, 2005]. It also implies

ϕ-mixing and α-mixing in the time series context. We also given a example using α- and

ϕ- mixing in the context of random fields below. Characterizing mixing in the context of
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random fields requires imposing restrictions on the dependence between σ-algebras as the

number of points in those sets increases, see Jenish and Prucha [2009] or Bradley [2005].

Our conditions generate bounded fourth moment requirements, which is not necessarily

a condition invoked in every analysis of M -dependent processes in the literature, which

sometimes have slightly lower moment requirements.

2.3.2 Andrews’ Non-Mixing Autoregressive Processes

2.3.2.1 Environment

This application is from Andrews [1984], which allows interdependence in a time series, but

one that does not satisfy strong (α-) mixing, in order to clarify the distinction between

dependence and mixing. Again, p = 1. We take Xt =
∑∞

l=0 ρ
lϵt−l, where ρ ∈ (0, 1/2]. The

ϵt’s are independent, and come from a Bernoulli distribution with success probability q. We

define Zt as normalized, mean zero, Xt. Assume, without loss of generality, that s > t, so

Cov(Zt, Zs) = Cov(
∞∑

l=0
ρlϵt−l,

∞∑
k=0

ρkϵs−k) = ρM
∞∑

l=0
ρ2l Var(ϵt−l) = ρM

1− ρ2 · q(1− q)

where M = s− t. For a constant C depending only on ρ, we show asymptotic normality of

Zt: 1√
Cnq(1−q)

∑
t Zt ⇝ N (0, 1).

2.3.2.2 Application of Theorem 2.2.4

We begin by verifying our conditions for truncated versions of our random variables and

then show that the full result applies. To define what we mean by “truncation", for each

i ∈ [n], let

X
(D)
i =

D∑
j=0

ρjϵi−j

for some D. Let also S
(D)
n :=

∑n
i=1 Z

(D)
i ≡

∑n
i=1(X(D)

i − E[X(D)
i ]), and Ω(D)

n =∑
i

∑
j∈An

i
Cov(Z(D)

i , Z
(D)
j ). We then define the affinity sets to be Ai = {k : |i − k| ≤ D}.
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Note that, since ρ > 0, Ω(D)
n = Ω(nD), where Ω(·) is the big Omega notation.

We begin by verifying Assumption 2.2.1:

∑
i;j,k∈An

i

E[|Z(D)
i |Z(D)

j Z
(D)
k ] = O(D2∑

i

E[|Zi|3]) = o
(
n3/2D3/2

)
= o

(
Ω(D)

n

3/2
)
,

Next, we verify Assumption 2.2.2:

∑
i,j;k∈An

i ,l∈An
j

Cov(Z(D)
i Z

(D)
k , Z

(D)
j Z

(D)
l ) = O(

∑
i,j:|i−j|≤D,
k:|k−i|≤D,
l:|l−i|≤2D

Var(Z(D)
i

2
))

= O(n ·D3 ·Var(Z(D)
i

2
) = o(n2D2) = o(Ω(D)

n

2).

To verify Assumption 2.2.3 is trivial; we have
∑

i E[|Z(D)
−i E[Z(D)

i |Z(D)
−i ]|] =∑

i E[|Z(D)
−i E[Z(D)

i ]|] = 0. Therefore, we have that the truncated variables
(
Ω(D)

n

)−1/2
S

(D)
n ⇝

N (0, 1), and we would like to show the result in full generality, Ω−1/2
n Sn ⇝ N (0, 1). To do

that, we begin by writing

Sn

Ω1/2
n

= S
(D)
n

Ω(D)
n

1/2
Ω(D)

n
1/2

Ω1/2
n

+ S
(D̄)
n

Ωn
1/2 (2.3.1)

where S(D̄)
n =

∑n
i (Zi − Z(D)

i ) ≡
∑n

i Z
(D̄)
i . We will show that limD→∞ limn→∞

Ω(D̄)
n

Ωn
= 0,

where Ω(D̄)
n =

∑
i,j=1 Cov(Z(D̄)

i , Z
(D̄)
j ), and use this to control the second term in the right-

hand-side of the decomposition given in expression (2.3.1) above, via Chebyshev’s inequality.

Then, we will also show that limD→∞ limn→∞
Ω(D)

n

1/2

Ω1/2
n

= 1, which will result in the weak

convergence of the first term on the right-hand-side of (2.3.1) to N (0, 1). We start with

lim
D→∞

lim
n→∞

Ω(D̄)
n

Ωn
= lim

D→∞
lim

n→∞

∑
i,j Cov(Z(D̄)

i , Z
(D̄)
j )∑

i,j Cov(Zi, Zj)

= lim
D→∞

lim
n→∞

∑
i,j ρ

2D+2+|i−j|∑∞
k=0 ρ

2kq(1− q)∑
i,j ρ

|i−j|∑∞
k=0 ρ

2kq(1− q)
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= lim
D→∞

lim
n→∞

∑
i,j ρ

2D+2+|i−j|∑
i,j ρ

|i−j| = 0.

Together with Chebyshev’s inequality, we have that

lim
D→∞

lim
n→∞

P

∣∣∣∣∣∣ S
(D̄)
n

Ωn
1/2

∣∣∣∣∣∣ > ϵ

 ≤ lim
D→∞

lim
n→∞

Ω(D̄)
n

ϵ2Ωn
= 0, (2.3.2)

and this gives us convergence in probability of the second term in 2.3.1 to zero.

Next, we show that limD→∞ limn→∞
Ω(D)

n

1/2

Ω1/2
n

= 1. We begin by considering

Ω(D)
n

Ωn
=
∑

i,j Cov(Z(D)
i , Z

(D)
j )∑

i,j Cov(Zi, Zj) =
∑

i,j ρ
|i−j|∑D−|i−j|

k=0 ρ2kq(1− q)∑
i,j ρ

|i−j|∑∞
k=0 ρ

2kq(1− q)

= 1−
∑

i,j ρ
|i−j|∑∞

k=D−|i−j|+1∨0 ρ
2k∑

i,j ρ
|i−j|∑∞

k=0 ρ
2k

= 1−
∑

i,j:|i−j|≤D ρ2D−|i−j|+2∑
i,j ρ

|i−j| −
∑

i,j:|i−j|>D ρ|i−j|∑
i,j ρ

|i−j| (2.3.3)

We now consider the second term in the above expression, (2.3.3),
∑

i,j:|i−j|≤D ρ2D−|i−j|+2/
∑

i,j ρ
|i−j|.

The lower bound
∑

i,j ρ
|i−j|∑∞

k=0 ρ
2k = Ω(n) (i.e. there exists some constant c such that∑

i,j ρ
|i−j| ≥ cn). For a fixed ϵ > 0, there exists a D > 0 such that ρd < ϵ for all d ≥ D.

Therefore, we have that
∑

i,j ρ
|i−j|∑∞

k=D−|i−j|+1 ρ
2k = O(nϵ). Hence,

∑
i,j:|i−j|≤D ρ2D−|i−j|+2∑

i,j ρ
|i−j| = O(ϵ).

Next, we consider the third term in 2.3.3

∑
i,j:|i−j|>D ρ|i−j|∑

i,j ρ
|i−j| =

∑
i,j ρ

D+1ρj∑
i,j ρ

|i−j| .

Once again, we have the lower bound
∑

i,j ρ
|i−j| = Ω(n) (i.e. there exists some constant c

such that
∑

i,j ρ
|i−j| ≥ cn), and for a fixed ϵ > 0, there exists a D > 0 such that ρd < ϵ for
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all d ≥ D. Therefore, we have that
∑

i,j ρ
D+1ρj = O(nϵ), and hence,

∑
i,j:|i−j|>D ρ|i−j|∑

i,j ρ
|i−j| = O(ϵ).

Putting all of this together gives us limD→∞ limn→∞
Ω(D)

n

1/2

Ωn
1/2 = 1. Finally, we have

that the first term in 2.3.1, S
(D)
n

Ω(D)
n

1/2
Ω(D)

n

1/2

Ω1/2
n

⇝ N(0, 1) since limD→∞ limn→∞
Ω(D)

n

1/2

Ω1/2
n

= 1.

Therefore, together with 2.3.2, we have that Sn

Ω1/2
n

⇝ N (0, 1), and the proof is complete.

2.3.3 Random Fields

2.3.3.1 Environment

This example nests many time series and spatial mixing models. Take the setting of Jenish and

Prucha [2009], Theorem 1. Their setting has either ϕ- or α- mixing in random fields, allowing

for non-stationarity and asymptotically unbounded second moments. Throughout this section,

we make frequent use of the notation introduced in their paper. For the reader’s convenience,

we briefly reintroduce the relevant definitions below and refer to Jenish and Prucha [2009] for

further details and context. Let αk,l,n(r) := sup(α(σn(Xi,n; i ∈ U), σn(Xi,n; i ∈ V )), |U | ≤

k, |V | ≤ l, ρ(U, V ) ≥ r), ᾱk,l(r) = supn αk,l,n(r), αinv(u) := max{m ≥ 0 : ᾱ1,1(m) > u},

QX(u) = F−1
X (1− u), Q(k)

|Zi| := Q|Zi|1(|Zi|>k), and Q̄
(k)
|Zi| := Q|Zi/ci,n|1(|Zi/ci,n|>k).

We restate the relevant assumptions made in their paper for completeness:

• Assumption 2: limk→∞ supn supi∈Dn
E[|Zi,n/ci,n|21{|Zi,n/ci,n| > k}] = 0 for ci,n ∈ R+

• Assumption 3: The following conditions must be satisfied by the α-mixing coefficients:

1. limk→∞ supn supi∈Dn

´ 1
0 α

d
inv(u)

(
Q|Zi,n/ci,n|1{Zi,n/ci,n>k}

)2
du = 0

2.
∑∞

m=1m
d−1 supn αk,l,n(m) <∞ for k + l ≤ 4 where

αk,l,n(r) = sup(αn(U, V ), |U | ≤ k, |V | ≤ l, ρ(U, V ) ≥ r)
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3. supn α1,∞,n(m) = O
(
m−d−δ

)

• Assumption 4: The following conditions must be satisfied by the ϕ-mixing coefficients:

1.
∑∞

m=1m
d−1ϕ̄

1/2
1,1 (m) <∞

2.
∑∞

m=1m
d−1ϕ̄k,l(m) <∞ for k + 1 ≤ 4

3. ϕ̄1,∞(m) = O(m−d−ϵ) for some ϵ > 0

• Assumption 5: lim infn→∞ |Dn|−1Mn
−2σ2

n > 0, where Mn = maxi ci,n for ci,n in

Assumption 3: (1), and σ2
n = Var(Sn)

2.3.3.2 Application of Theorem 2.2.4

In the following, we assume that the Zi,ns have bounded second (i.e. ci,n = 1 in the above),

third and fourth, moments. Here, for any ϵ > 0, we take An
i = {j : ρ(i, j) ≤ Ki(ϵn)}, where

Ki is a non-increasing function. That is, we pick Ki(ϵn) to be large enough, and this can be

decided by understanding the cumulative distribution function of the random variables.

By Assumption 3 (and Proposition B.10), and Lemma B.1 (a) in Jenish and Prucha

[2009], we know that for any k ̸= i such that ρ(i, k) ≥ Ki(ϵn), we have that for some constant

C,

C

ˆ ᾱ1,1(ρ(i,k))

0
Q2

i,n(u)du ≤ ϵn. (2.3.4)

In particular, we note that we can pick Ki(ϵn) by observing that ϵn above satisfies

O(1/ρ(i, k)r) for r > 1.

Taking ϵn = ω( 1
ρd

0nγ ) allows control of the size of the affinity sets. Indeed, via a packing

number calculation, we see that while this allows Ki(ϵn) to grow with n, it grows more slowly

than n. Specifically, taking ϵn = ω

(
1

ρd
0nγ

)
for any 0 < γ < 1, and since δ > 0 together with
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their Assumption 3, we have,

(
Ki(ϵn)
ρ0

)d

=
(

(1/ϵn)−(d+δ)

ρ0

)d

<

(
1

ϵnρd
0

)
= o(n)

We write K := maxiK
i(ϵn). By their Assumption 5, Ωn = Ω(nK), where Ω(·) is the big

Omega notation.

Now, we verify that our key conditions are satisfied in this setting. First, we check

Assumption 2.2.1:

∑
i;j,k∈An

i

E[|Zi,n|Zj,nZk,n] = O(K2∑
i

E[|Zi,n|3]) = O(K2n) = o(n3/2K3/2) = o
(
Ω3/2

n

)

since Ω3/2
n = (

∑
i

∑
j∈An

i
E[ZiZj ])3/2. The second inequality holds by the arithmetic-geometric

mean inequality. The remaining argument relies on rearranging the summations and using

the growth rate of K, i.e. K = o(n) in the third equality, as defined above.

Next, we check that Assumption 2.2.2 is satisfied using similar arguments and assuming

bounded fourth moments:

∑
i,j;k∈An

i ,l∈An
j

Cov(Zi,nZk,n, Zj,nZl,n) = O(
∑

i,j:|i−j|≤K,
k:|k−i|≤K,
l:|l−i|≤2K

E(Z4
i,n)) = O(n ·K3 · E(Z4

i,n)) = o(Ω2
n)

where the first equality comes from the covariance terms within the affinity sets dominating

those with outside the affinity sets (see the following verification of Assumption 2.2.3).

Finally, we check Assumption 2.2.3. Together with 2.3.4, taking ϵn = ω( 1
ρd

0nγ ) where

γ = 1− β for arbitrarily small β > 0, we have, n
K1+1/(d+δ) = o(1). Thus, defining the random

variable ξi,−i such that ξi,−i = 1 if E(Zi,n|Z−i,n) > 0, and ξi,−i = −1 otherwise just as in Rio

[2013], we have
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∑
i

E(|E(Zi,nZ−i,n|Z−i,n)|) =
∑

i

∑
j /∈An

i

Cov(ξi,−iZj,n, Zi,n)

≤ 2
∑

i

∑
j /∈An

i

ˆ ᾱ(ρ(i,j))

0
Qi,n(u)Qj,n(u)du

= O(n(n−K)ϵn) = O(n(n−K)K−1/(2+δ)) = o(nK) = o (Ωn) ,

by Rio’s inequality [Rio, 1993].

2.3.4 Dependency Graphs and Chen and Shao [2004]

Next, we consider dependency graphs. There is an undirected, unweighted graph G with

dependency neighborhoods Ni := {j : Gij = 1} such that Zi is independent of all Zj for

j /∈ Ni [Baldi and Rinott, 1989, Chen and Shao, 2004, Ross, 2011]. Let An
i = {i} ∪ {j :

Gij = 1}. Denote the maximum cardinality of these to be D. In Ross [2011] (see Theorem

3.6), together with a bounded fourth moment assumption, we see that the conditions there

imply the conditions here. Indeed, we see that

∑
i;j,k∈An

i

E [|Zi|ZjZk] ≤ D2
n∑

i=1
E
[
Z3

i

]
,

and for Ω−1/2
n Sn ⇝ N(0, 1), we need D2∑n

i=1 E
[
Z3

i

]
= o

(
Ω3/2

n

)
in Ross [2011] (Theorem

3.6), and hence Assumption 2.2.1 is satisfied. Similarly,

∑
i,i′;j∈A(i,n),j′∈An

i

Cov
(
ZiZj , Zi′Zj′

)
= O(D3

n∑
i=1

E[Z4
i ]),

and for Ω−1/2
n Sn ⇝ N(0, 1), we need D3∑n

i=1 E[Z4
i ] = o

(
(Ωn)2

)
in Ross [2011] (Theorem

3.6), so Assumption 2.2.2 is satisfied. Assumption 2.2.3 holds by definition of the dependency

neighborhoods.

Now, we consider Chen and Shao [2004]. In particular, we consider their weakest
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assumption, LD1: Given index set I, for any i ∈ I, there exists an Ai ∈ I such that Xi and

XAC
i

are independent. The affinity sets can be defined by the complement of the independence

sets. So An
i = {j : Zj is not independent of Zi}, which is similar to the dependency graphs

setting. The goals of their paper are different. They develop finite-sample Berry-Esseen

bounds, with bounded p-th moments, where 2 < p ≤ 3. This is different from our approach.

In our paper, we focus on covariance conditions in the asymptotics, and collect relatively

more dependent sets along the triangular array.

2.4 Applications

2.4.1 Peer Effects Models

2.4.1.1 Environment

We now turn to an example of treatment effects with spillovers. Consider a setting in which

units in a network are assigned treatment status Ti ∈ {0, 1}, as in Aronow and Samii [2017].

The network is a graph, G, consisting of individuals (nodes) and connections (edges). For

now, we consider the case in which treatment assignments are independent across nodes.

However, there are spillovers in treatment effects determined by the topology of the network

where treatment status within one’s network neighborhood may influence one’s own outcome

- for instance whether a friend is vaccinated affects a person’s chance of being exposed to a

disease.

Rather than being arbitrary, Aronow and Samii [2017] consider an exposure function f

that takes on one of K finite values; i.e., f(Ti;T1:n,G) ∈ {d1, . . . , dK}. An estimand of the

average causal effect is of the form

τ(dk, dl) = 1
n

∑
i

yi(dk)− 1
n

∑
yi(dl)

where dk and dl are the induced exposures under the treatment vectors. The Horvitz and
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Thompson estimator from Horvitz and Thompson [1952] provides:

τ̂HT (dk, dl) = 1
n

∑
i

1{Di = dk}
yi(dk)
πi(dk) −

1
n

∑
1{Di = dl}

yi(dl)
πi(dl)

where πi(dk) is the probability that that node i receives exposure dk over all treatments.

The challenge is that the treatment effects are not independent across subjects. Let Ni,:

denote a dummy vector of whether j is in i’s neighborhood: let Nij = 1 when Gij = 1 with

the convention Nii = 0. Aronow and Samii [2017] consider an empirical study with K = 4

that are: (i) only i is treated in their neighborhood (d1 = Ti · 1{T ′
1:nNi,: = 0}), (ii) at least

one is treated in i’s neighborhood and i is treated (d2 = Ti · 1{T ′
1:nNi,: > 0}), (iii) i is not

treated but some member of the neighborhood is (d3 = (1− Ti) · 1{T ′
1:nNi,: > 0}), and (iv)

neither i nor any neighbor is treated (d4 = (1− Ti) ·
∏

j: Nij=1(1− Tj)). We show that our

result allows for a more generalized setting.

2.4.1.2 Application of Theorem 2.2.4

To obtain consistency and asymptotic normality Aronow and Samii [2017] assume a covariance

restriction of local dependence (Condition 5) and apply Chen and Shao [2004] to prove

the result. Namely, their restriction is that there is a dependency graph H (with entries

Hij ∈ {0, 1}) with degree that is uniformly bounded by some integer m independent of

n. That is,
∑

j Hij ≤ m for every i. This setting is much more restrictive than our

conditions, especially as there can exist indirect correlation in choices as effects propagate or

diffuse through the graph. We can work with larger real exposure values, and in settings

concentrating the mass of influence in a neighborhood while allowing from spillovers from

everywhere. This is important to allow for in centrality-based diffusion models, SIR models,

and financial flow networks, since the spillovers in these settings are less restricted than the

sparse dependency graph in their Condition 5.

Indeed, we can even allow the dependency graph to be a complete graph, as long as the

correlations between the nodes in this dependency graph satisfy our Assumptions 2.2.1-2.2.3.
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That is, we can handle cases where, for a given treatment assignment, each node has n

real exposure conditions for which the exposure conditions of the whole graph can be well

approximated by simple functions, where small perturbations to any node in large regions of

small correlations do not substantially perturb the outcomes in these regions (i.e., across

affinity sets) while perturbations of the same size in any region of larger correlations (i.e.,

within affinity sets) can cause significant changes in the outcomes in that region. One can

think of the “shorter" constant intervals in the simple function to be over affinity sets, and

the “longer" constant intervals to be across different affinity sets. One can think about

monotonically non-decreasing functions, for instance, in epidemic spread settings where any

increase in the “treatment" cannot decrease the number of infected nodes.

To take an example, let the true exposure of i be given by ei(T1:n). Then consider a

case where ei(T+
1:n)− ei(T1:n) ≥ 0, where T+

1:n indicates an increase in any element j ∈ [n]

from T1:n. This is a structure that would happen naturally in a setting with diffusion. The

potential outcome for i given treatment assignment is assumed to be yi(ei).

In practice, for parsimony and ease exposures are often binned. So consider the problem

where the 2n possible exposures ei(T1:n) can be approximated by K well-separated “effective”

exposures {d1, d2, . . . , dK} where |dk − dl| > δ for any k, l ∈ {1, 2, ...,K}, k ≠ l, and some

δ > 0. For any r ∈ {1, 2, . . . ,K}, and any exposure realizations ei(T1:n), ej(T1:n), we can take

ei(T1:n), ej(T1:n) to be in bin br with effective exposure dr if and only if |ei(T1:n)−ej(T1:n)| < δ

and we have yi(ei) smooth in its argument for every i.

Then, following the above, the researcher’s target estimand is the average causal effect

switching between two exposure bins,

τ(dk, dl) = 1
n

∑
i

1{ei(T1:n) ∈ bk}yi(ei)−
1
n

∑
i

1{ei(T1:n) ∈ bl}yi(ei).

The estimator for this estimand cannot directly be shown to be asymptotically normally

distributed using the prior literature. It is ruled out by Condition 5 in Aronow and Samii

[2017] which uses Chen and Shao [2004]. However, it is straightforward to apply our result.
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An example of this is a sub-critical diffusion process with randomly selected set of nodes

Mn being assigned some treatment, and every other node is subsequently infected with some

probability. We provide two examples which speak to this in Subsections 2.4.3 and 2.4.4.

2.4.2 Covariance Estimation using Socio-economic Distances

2.4.2.1 Environment

One application of mixing random fields is to use them to develop covariance matrices

for estimators (e.g., Driscoll and Kraay [1998], Bester et al. [2011], Barrios et al. [2012],

Cressie [2015]). Here we consider the example of Conley and Topa [2002], which builds on

Conley [1999]. Essentially, their approach is to parameterize the characteristics (observable

or unobservable) of units that drive correlation in shocks by the Euclidean metric, as we

further describe below. This, however, rules out examples that are common in practice that

include (discrete) characteristics with no intrinsic ordering driving degrees of correlation.

For instance, correlational structures across race, ethnicity, caste, occupation, and so on, are

not readily accommodated in the framework. For a concrete example, correlations between

ethnicities ei and ej for units i, j that are parametrized by peiej in an unstructured manner

are ruled out. Like this, many of these examples only admit partial orderings, if that. Yet

these are important, practical considerations in applied work. The results in our Theorem

2.2.4 allows an intuitively nice treatment of such cases. Our discussion below also applies

to combinations of temporal (and possibly cross-sectional) dependence as in Driscoll and

Kraay [1998]. Our conditions also provide consistent estimators for covariance matrices of

moment conditions for parameters of interest in the GMM setting, under full-rank conditions

of expected derivatives Conley [1999], since the author uses the CLT from Bolthausen [1982]

under stationary random fields which is generalized above.

In Conley [1999], the model is that the population lives in a Euclidean space (taken to be

R2 for the purposes of exposition), with each individual i at location si. Each location has

an associated random field Xsi . Conley [1999] obtains the limiting distribution of parameter
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estimates b of β ∈ B, where B ⊂ Rd is a compact subset and β is the unique solution to

E[g(Xsi ;β)] for a moment function g. Conley [1999] lists sufficient conditions on the moment

function to imply consistent estimation of the expected derivatives and having full rank:

a) for all b ∈ B, the derivative Dg(Xsi ; b) with respect to b is measurable, continuous on

B for all X ∈ Rk, and first-moment continuous.

b) E[Dg(Xsi ; b)] <∞ and is of full-rank.

c)
∑

s∈Z2 Cov(g(X0;β), g(Xs;β)) corresponding to sampled locations Xs is a non-singular

matrix.

In addition to the sufficient conditions on the expected derivatives above, we list the

remaining sufficient conditions on the random field Xs itself used by Conley [1999] to obtain

the limiting distribution of parameter estimates through the GMM; and these are nested in

the conditions from Jenish and Prucha [2009], with the addition of bounded 2 + δ-moment

of ||g(Xs;β)||:

1.
∑∞

m=1mαk,l(m) <∞ for k + l ≤ 4

2. α1,∞(m) = o(m−2)

3. for some δ > 0, E[||g(Xs;β)||]2+δ <∞ and
∑∞

m=1m(αk,l(m))δ/(2+δ) <∞.

In Conley and Topa [2002], the authors develop consistent covariance estimators, using

these conditions, combining different distance metrics including physical distance as well as

ethnicity (or occupation, for another example) distance in L2 at an aggregate level (using

census tracts data). In particular, the authors use indicator vectors to encode ethnicities

(or occupations), and take the Euclidean distance from aggregated (at the census tract

level) indicator vectors, as a measure of these ethnic/occupational distances. They use the
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Euclidean metric to write a “race and ethnicity" distance between census tracts i and j,

Dij =

√√√√ 9∑
k=1

(eik − ejk)2,

where the sum is taken over nine ethnicities/races, indexed by k, defined by the authors.

2.4.2.2 Application of Theorem 2.2.4

Consider random variables Zi and Zj , whose correlation we can decompose into components

of physical distance and racial/ethnic distance (just as in Conley and Topa [2002]). It is direct

to see how our work above takes care of the physical distance component, and so we turn to

the remaining distance component. For this, for instance, one could consider the pairwise

interaction probabilities, pei,ej characterizing the correlation between ethnicity ei of i, and

ethnicity ej of j. Our affinity set structure then allows us to incorporate this correlation

structure. That is, one can construct an affinity set An
i = {j : ρ(i, j) ≤ Ki(ϵ/2), or pei,ej ≥

1 − ϵ/2} with Ki defined just as in Subsection 2.3.3. Following our previous section, our

generalization holds. Attempts to (non-parametrically) estimate covariance in the cross-

section often leverage a time or distance structure. For example, Driscoll and Kraay [1998]

assume a mixing condition on a random field such that the correlation between shocks ϵit and

ϵj,t−s tends to zero as s→∞. This allows for reasonably agnostic cross sectional correlational

structures but requires it to be temporally invariant and studies T 1/2 asymptotics.

Although such an assumption applies in certain contexts, there are many socio-economic

contexts in which it does not apply and yet our theorem can be applied. For instance, in

simple models of migration with migration cost, there is often persistence in how shocks

to incentives to migrate in some areas affect populations in other areas. Nonetheless, there

are very particular correlation patterns because, as an example, ethnic groups migrate to

specific places based on existing populations, and so affinity sets are driven by the places

to which a given ethnic group might consider moving and our central limit theorem can

then be applied, provided our conditions on affinity sets apply. Another example comes
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from social interaction. Individuals interact with others in small groups that experience

correlated shocks which correlate grouped individuals’ behaviors and beliefs. Each group

involves only a tiny portion of the population, and any given person interacts in a series

of groups over time. Thus individuals’ behaviors or beliefs are correlated with others with

whom they have interacted; but without any natural temporal or spatial structure. Each

person has an affinity set composed of the groups (classes, teams, and so on) that they have

been part of. People may also have their own idiosyncratic shocks to behaviors and beliefs.

In this example again, our central limit theorem applies despite the lack of any spatial or

temporal structure. One does not need to know the affinity sets, just to know that each

person’s affinity group is appropriately small relative to the population.

2.4.3 Sub-Critical Diffusion Models

2.4.3.1 Environment

A finite-time SIR diffusion process occurs on a sequence of unweighted and undirected

graphs Gn. A first-infected set, or seed set Mn, of size mn, of random nodes with treatment

indicated Wi ∈ {0, 1}, are seeded (set to have Wi = 1) at t = 0 and in period t = 1 each

infects each of its network neighbors, {j : Gij,n = 1} i.i.d. with probability qn. The seeds

then are no longer active in infecting others. In period t = 2 each of the nodes infected

at period t = 1 infects each of its network neighbors who were never previously infected

i.i.d. with probability qn. The process continues for Tn periods. Let Xn
i ∈ {0, 1} be a binary

indicator of whether i was ever infected throughout the process.

Assume that the sequence of SIR models under study, (Gn, qn, Tn,Wn) have mn →∞

(with αn := mn/n = o(1)), qn → 0, and Tn →∞ (with Tn ≥ diam(Gn) at each n), and are

such that the process is sub-critical. Since the number of periods is at least as large as the

diameter, it guarantees that for a connected Gn, Cov(Xn
i , X

n
j ) > 0 for each i, j.

The statistician may be interested in a number of quantities. For instance, the unknown

parameter qn may be of interest. Suppose E[Ψi(Xi; qn,W1:n)] = 0 is a (scalar) moment
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condition satisfied only at the true parameter qn given known seeding W1:n. The Z-estimator

(or GMM) derives from the empirical analog, setting
∑

i Ψi(Xi; q̂,W1:n) = 0.

By a standard expansion argument

(q̂ − qn) = −
{∑

i

∇qΨi(Xi; q̃,W1:n)
}−1

×
∑

i

Ψi(Xi; qn,W1:n) + op(n−1/2).

To study the asymptotic normality of the estimator, we need to study

1√
Var (

∑
i Ψi)

∑
i

Ψi(Xi; qn,W1:n),

which involves developing affinity sets for each Ψi. For simplicity we consider the case where

the estimator may directly work with Xn
1:n. Letting Zi = Xn

i − E(Xn
i ) be the de-meaned

outcome and we want to show that

1√∑
i

∑
j∈An

i
Cov(Zn

i , Z
n
j )

∑
i

Zn
i ⇝ N (0, 1).

Under sub-criticality, a vanishing share of nodes are infected from a single seed. Without

sub-criticality, most of the graph can have a nontrivial probability of being infected and

accurate inference cannot be made with a single network. Let us define

Bn
j := {i : P(Xn

i = 1 | j ∈Mn,mn = 1) > ϵn}.

Then Bn
j is the set of nodes for which, if j is the only seed, the probability of being infected

in the process is at least ϵn. As noted above, in a sub-critical process
∣∣∣Bn

j

∣∣∣ = o(n) for every

j, not necessarily uniformly in j. For simplicity assume that there is a sequence ϵn → 0 such

that this holds uniformly (otherwise, one can simply consider sums). Let βn := supj

∣∣∣Bn
j

∣∣∣ /n
which tends to zero.

Next, we assume that the rate at which infections happen within the affinity set is higher

than outside of it, and the share of seeds is sufficiently high and affinity sets are large enough



50

to lead to many small infection outbursts but not so large as to infect the whole network. That

is, there exists some Bn
j

′ ⊂ Bn
j such that |Bn

j
′| = Θ(|Bn

j |) and P(Xi = 1|j ∈Mn,mn = 1) ≥ γn

with γn/ϵn → ∞, such that mn = o(γ−1
n ), mn = o(β−1/2

n ), and γn = o(βn). This would

apply to, for instance, targeted advertisements or promotions that lead to local spread of

information about a product, but that does not go viral. None of the prior examples such as

random fields and dependency graphs cover this case since all Xn
i are correlated. We now

show that Theorem 2.2.4 applies to this case.

2.4.3.2 Application of Theorem 2.2.4

Let us define the affinity sets An
i = Bn

i . Consider the event FS := {|Mn ∩ (Bn
i1 ∪ B

n
i2 ∪

. . . ∪ Bn
ik

)| ≤ 1, {i1, i2, ..., ik ∈ S ⊆ [n]}}, where there is at most one seed in the affinity sets

considered, and |S| = O(1). Then, P(FS) ≈ 1−m2
nβn → 1, since the seeds are distributed

uniformly at random across the nodes, and mn = o(β−1/2
n ). Therefore, by the law of total

probability, it is sufficient to consider the dominating terms resulting from conditioning on

this event in the following. Let σ2 = Var(Zi). We begin by noting that Ωn = Θ(n2βnσ
2).

Now, we check the first assumption:

∑
i;j,k∈An

i

E[|Zn
i |Zn

j Z
n
k ] = O(n(nβn)2E[|Zn

i |3]) = o(n3β3/2
n σ3) = o(Ω3/2

n ).

The second condition is satisfied noting that

∑
i;j,k∈An

i ,r∈An
k

Cov(Zn
i Z

n
j , Z

n
kZ

n
r ) = O(n(nβn)3E[(Zn

i )4]) = O(n4β3
n) = o(n4β2

n) = o(Ω2
n).

Finally, we check the third condition. For fixed nodes i, j ∈ [n], define the event

Ei,j,k :=
⋂

a,b∈{i,j,k}
a̸=b

{a /∈ Bn
b } for each k ∈ Mn, where none of the nodes i, j, k are in each

other’s affinity sets, with k being a seed. Then, the probability that no seed is in the

affinity sets of i, j, and i, j are not in the affinity sets of the seeds and of each other is

P(∩k∈MnEi,j,k) ≈ (1 − βn)2mn ≈ 1 − 2mnβn → 1, by the uniform random distribution of
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the seeds across the nodes, and mn = o(β−1/2
n ). Therefore, it is sufficient to consider the

dominating terms resulting from conditioning on this event in what follows. Then, notice

that Cov(Zi, Zj | ∩k∈Mn Ei,j,k) = O(ϵn), for j /∈ Ai, for every i. Thus,

∑
i

E[|Zn
−iE[Zn

i |Zn
−i]|] = O(n(nβn)(β−1

n − 1)ϵn) = O(n2(1− βn)ϵn) = o(n2βn) = o(Ωn).

2.4.4 Diffusion in Stochastic Block Models

2.4.4.1 Environment

A SIR diffusion process occurs on a sequence of unweighted and undirected networks, as

in the previous example, except that the network has a block structure as generated by a

standard stochastic block model (Holland et al. [1983]). The n nodes are partitioned into kn

blocks, where block sizes are equal, or within one of each other. With probability pin
n ∈ (0, 1)

links are formed inside blocks, and with probability pac
n ∈ (0, 1) they are formed across blocks,

independently. Let qn be the probability of infection, as in the last example. Inside link

probabilities are large enough for percolation within blocks: pin
n

n
kn
qn >> log

(
n
kn

)
. Across

link probabilities are small enough for vanishing probabilities of contagion across blocks,

even if all other blocks are infected: pac
n n

2qn << 1. The infections are seeded with kn/2

seeds. With probability going to 1, all nodes in the blocks with the seeds will be infected

and no others. There is a correlation going to 1 of infection status of nodes within the

blocks, which are the affinity sets; and there is correlation of infection status going to 0

across blocks, but it is always positive. If kn is bounded, then a central limit theorem fails.

If kn grows without bound (while allowing n/kn → ∞ so that blocks are large), then the

central limit theorem holds.

2.4.4.2 Application of Theorem 2.2.4

Given the previous examples, we simply sketch the application. The affinity set of node i,

An
i , is the block in which it resides. Letting σ2

n denote Var(Zi), it follows that Ωn ≈ n n
kn
σ2

n.
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Then the first assumption is satisfied noting that if kn →∞, then

∑
i;j,k∈An

i

E[|Zi|ZjZk] = O(
∑

i;j,k∈An
i

E[|Zi|3]) = O

(
n

(
n

kn

)2
E[|Zi|3]

)
= o(Ω3/2

n ).

Verification of the second assumption comes from noting that if kn →∞ then

∑
i;j,k∈An

i ,r∈An
k

Cov(Zn
i Z

n
j , Z

n
kZ

n
r ) = O

 ∑
i;j,k,r∈An

i

Cov(Zn
i Z

n
j , Z

n
kZ

n
r )


= O

(
n

(
n

kn

)3
E[Z4

i ]
)

= o(Ω2
n).

Next we check the third assumption. Let εn = Cov(Zn
i , Z

n
j ) for i, j in different blocks

(ignoring the approximation due to the fact that blocks may be of slightly different sizes). Note

that εn = Cov(Zn
i , Z

n
j ) is on the order of contagion across blocks, which is pac

n qn(n2/k2
n) =

o(1/k2
n). Both blocks could also be infected by some other nodes, which happens of order at

most n2(pacqn(n/kn))2, which is also of order o(1/k2
n). If kn grows without bound

∑
i

E (|E[ZiZ−i|Z−i]|) = O

(
n2kn − 1

kn
εn

)
= o

(
n2

kn
σ2

n

)
.

In this example, not only do the assumptions fail if kn is bounded, but also the conclusion

of the theorem fails to hold as well; so the conditions are tight in that sense.

2.5 Discussion

We have provided an organizing principle for modeling dependency and obtaining a central

limit theorem: affinity sets. It allows for non-zero correlation across all random vectors in

the triangular array and places focus on correlations within and across sets. These conditions

are intuitive and we illustrate their use through some practical applications for applied

research. In some cases, as in several of our applied examples, our result is needed as previous

conditions do not apply.

We now reflect on settings that our theorem does not cover. For example, the martingale
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central limit theorem (e.g., Billingsley [1961], Ibragimov [1963], Hall and Heyde [2014]

among others) is not covered by our theorem, without modification. It admits nontrivial

unconditional correlation between all variables, but relies on other structural properties to

deduce the result. In fact, proofs of the martingale central limit theorem did not appeal

to Stein’s method, until Röllin [2018]. By combining Stein and Lindeberg methods, Röllin

[2018] develops a shorter proof but did not find a direct proof using the Stein technique alone.

Some biased processes that do not fall under the martingale umbrella can still generate a

central limit theorem if they satisfy the covariance structure that we have provided.
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Online Appendix

Proof of Central Limit Theorem 2.2.4 and Corollary 2.2.5

2.A Preliminary Univariate CLT

To prove Theorem 2.2.4, we apply the Cramer-Wold device to a univariate affinity set

CLT, previously appearing at Theorem 2 in Chandrasekhar and Jackson [2024]. Consider a

triangular array of scalar real-valued random variables Xn
i with indices i ∈ {1, . . . , n}. Let

the mean-normalized variables be Zn
i = Xn

i − E[Xn
i ].

For each i, n, the index set {1, . . . , n} is partitioned into an affinity set An
i ⊆ {1, . . . , n}

(with i ∈ An
i ) and its complement. Define the variance normalizer

Ωn :=
∑

i,j:j∈An
i

Cov(Zi, Zj),

and let Z−i :=
∑

j /∈An
i
Zj denote the sum over all variables outside the reference index’s

affinity set.

The following conditions on the covariance are required to control dependence amongst

observations.

Assumption 2.A.1 (Within affinity set covariance control).

∑
i,j,k:j,k∈An

i

E [|Zi| · ZjZk] = o
(
Ω3/2

n

)
.

Assumption 2.A.2 (Cross-affinity set covariance control).

∑
i,i′,j,j′:j∈An

i ,j′∈An
i′

∣∣Cov(ZiZj , Zi′Zj′)
∣∣ = o

(
Ω2

n

)
.
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Assumption 2.A.3 (Outside affinity set covariance control).

∑
i

E [|Z−i · E[Zi | Z−i]|] = o (Ωn) .

Theorem 2.A.4 (Univariate CLT). Suppose that E[|Zn
i |3]/E[(Zn

i )2]3/2 is bounded above for

all i, n and assume that lim infn→∞ Ωn > 0. If Assumptions 2.A.1, 2.A.2, and 2.A.3 are

satisfied, then

n∑
i=1

Zn
i /
√

Ωn
d−→ N (0, 1).

In Chandrasekhar and Jackson [2024], Theorem 2.A.4 is stated as requiring Ωn → ∞,

but inspection of the proof reveals that lim infn→∞ Ω > 0 is sufficient for the theorem to

hold. We re-produce a proof of the theorem here, including this slight relaxation on Ω.

The proof uses Stein’s lemma from Stein [1986]. The key observation of Stein [1986] is

that if a random variable satisfies

E[f ′(Y )− Y f(Y )] = 0

for every f(·) that is continuously differentiable, then it must have a standard normal

distribution. This observation leads to a useful lemma, that allows one to characterize the

Kolmogorov distance between a random variable Y and a standard normally distributed Z,

denoted dK(Y,Z). We can bound this from above by (a constant times) the Wasserstein

distance, dW (Y, Z), which itself is bounded by the below expression.

Lemma 2.A.5 (Stein [1986], Ross [2011]). If Y is a random variable and Z has the standard

normal distribution, then

dW (Y, Z) ≤ sup
{f :||f ||,||f ′′||≤2,||f ′||≤

√
2/π}

∣∣E[f ′(Y )− Y f(Y )]
∣∣ .

Further dK(Y, Z) ≤ (2/π)1/4(dW (Y,Z))1/2.
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By this Lemma 2.A.5, if we show that a normalized sum of random variables satisfies

sup
{f :||f ||,||f ′′||≤2,||f ′||≤

√
2/π}

∣∣∣E[f ′(Sn)− Sn
f(Sn)]

∣∣∣→ 0,

then dW (Sn
, Z)→ 0, and so it must be asymptotically normally distributed.

The following lemmas are useful in the proof.

Lemma 2.A.6 (Chandrasekhar and Jackson [2024], Lemma B.2). A solution to

maxh E[Zh(Y )] s.t. |h| ≤ 1 (where h is measurable) is h(Y ) = sign(E[Z|Y ]), where

we break ties, setting sign(E[Z|Y ]) = 1 when E[Z|Y ] = 0.

Lemma 2.A.7 (Chandrasekhar and Jackson [2024], Lemma B.3). E[XY h(Y )] when h(·) is

measurable and bounded by
√

2
π satisfies

E[XY h(Y )] ≤
√

2
π
E [XY · sign(E[X|Y ]Y )] .

Proof of Theorem 2.A.4. By Lemma 2.A.5, it is sufficient to show that the normalized

sequence of random variables Sn satisfies

sup
{f :||f ||,||f ′′||≤2,||f ′||≤

√
2/π}

∣∣∣E[f ′(Sn)− Sn
f(Sn)]

∣∣∣→ 0.

Let Z−i :=
∑

j /∈An
i
Zj and let Si := Ω−1/2

n Z−i. Recall Sn = Ω−1/2
n Sn. We evaluate the

expectation in the Stein equation:

E
[
S

n
f
(
S

n
)]

= E
[

1
Ω1/2

n

n∑
i=1

Zi · f
(
S

n
)]

= E
[

1
Ω1/2

n

n∑
i=1

Zi

(
f
(
S

n
)
− f

(
Si

))]
+ E

[
1

Ω1/2
n

n∑
i=1

Zi · f
(
Si

)]
.

We first show that the second term vanishes asymptotically. By a first-order Taylor
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approximation of f around 0, and noting that E[Zi] = 0, we can bound this term:

∣∣∣∣∣E
[

1
Ω1/2

n

n∑
i=1

Zi · f
(
Si

)]∣∣∣∣∣ ≤
∣∣∣∣∣E
[

1
Ω1/2

n

n∑
i=1

Zi · f (0)
]∣∣∣∣∣+

∣∣∣∣∣E
[

1
Ω1/2

n

n∑
i=1

Zi · Sif
′
(
S̃i

)]∣∣∣∣∣
=
∣∣∣∣∣ 1
Ωn

E
[

n∑
i=1

ZiZ−if
′
(
S̃i

)]∣∣∣∣∣ ,
where S̃i lies between 0 and Si. Applying Lemma 2.A.7 and using the bound ||f ′|| ≤

√
2/π,

we obtain:

∣∣∣∣∣ 1
Ωn

E
[

n∑
i=1

ZiZ−if
′
(
S̃i

)]∣∣∣∣∣ ≤ 1
Ωn

√
2
π

∣∣∣∣∣E
[

n∑
i=1

ZiZ−i · sign(E[ZiZ−i | Z−i])
]∣∣∣∣∣

≤ 1
Ωn

√
2
π

n∑
i=1

E [|Z−iE [Zi | Z−i]|] .

By Assumption 2.A.3, this sum is o(Ωn). Because Ωn is uniformly bounded away from

zero (i.e., Ωn ≥ c > 0 for some constant c for sufficiently large n), scaling by Ω−1
n perfectly

preserves the o(1) convergence. Thus, the second term evaluates to o(1).

We now bound the remaining elements of the Stein discrepancy. Adding and subtracting

(Sn − Si)f ′(Sn) yields:

∣∣∣E[f ′(Sn)− Sn
f(Sn)]

∣∣∣
≤
∣∣∣∣∣E
[

1
Ω1/2

n

n∑
i=1

Zi

(
f(Sn)− f(Si)− (Sn − Si)f ′(Sn)

)]∣∣∣∣∣
+
∣∣∣∣∣E
[
f ′(Sn)

(
1− 1

Ω1/2
n

n∑
i=1

Zi(S
n − Si)

)]∣∣∣∣∣+ o(1).

We denote the first two terms on the right-hand side as A1 and A2. We bound A1 using

a second-order Taylor expansion, |f(x)− f(y)− (x− y)f ′(x)| ≤ ||f ′′||
2 (x− y)2:

A1 ≤
||f ′′||
2Ω1/2

n

n∑
i=1

E
[
|Zi|(S

n − Si)2
]
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= ||f
′′||

2Ω3/2
n

n∑
i=1

E

|Zi|

 ∑
j∈An

i

Zj

2


= ||f
′′||

2Ω3/2
n

n∑
i=1

∑
j,k∈An

i

E [|Zi|ZjZk] .

By Assumption 2.A.1, the covariance sum is o(Ω3/2
n ). Because Ωn ≥ c > 0 for sufficiently

large n, we have A1 = o(1).

Finally, we bound A2. Note that S
n − Si = Ω−1/2

n
∑

j∈An
i
Zj , and that Ωn =∑n

i=1
∑

j∈An
i

Cov(Zi, Zj) = E
[∑n

i=1
∑

j∈An
i
ZiZj

]
. We have:

A2 =

∣∣∣∣∣∣E
f ′(Sn)

1− 1
Ωn

n∑
i=1

∑
j∈An

i

ZiZj

∣∣∣∣∣∣
≤ ||f

′||
Ωn

E

∣∣∣∣∣∣Ωn −
n∑

i=1

∑
j∈An

i

ZiZj

∣∣∣∣∣∣
 .

Applying the Cauchy-Schwarz inequality to the expectation yields:

A2 ≤
||f ′||
Ωn

√√√√√Var

 n∑
i=1

∑
j∈An

i

ZiZj



≤
√

2/π
Ωn

 ∑
i,j∈An

i

∑
i′,j′∈An

i′

Cov(ZiZj , Zi′Zj′)


1/2

.

By Assumption 2.A.2, the variance sum is o(Ω2
n). Thus, the square root evaluates to o(Ωn).

Scaled by Ω−1
n , we obtain A2 = o(1).

Combining these bounds, the total Stein discrepancy evaluates to o(1), establishing

convergence to the standard normal distribution and completing the proof. ■

2.B Extension to multivariate CLT

To extend the univariate affinity set CLT to the multivariate case, we apply the Cramér-Wold

device under appropriately updated conditions.
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Lemma 2.B.1 (Cramér and Wold [1936]). The sequence {Xn}n of random vectors of dimension

p ∈ N weakly converges to the random vector X ∈ Rp, as n → ∞, if and only if for any

c ∈ Rp, as n→∞,

c⊺Xn ⇝ c⊺X

With Lemma 2.B.1 in hand, we are ready to prove Theorem 2.2.4.

Proof of Theorem 2.2.4. By the Cramér-Wold device, Ω−1/2
n Sn d−→ N (0, Ip) if and only if for

every fixed, non-zero projection vector λ ∈ Rp,

λ⊤(Ω−1/2
n Sn) d−→ N (0, ∥λ∥2).

Thus, we fix an arbitrary λ ≠ 0 and define cn = Ω−1/2
n λ. We will apply Theorem 2.A.4 to

Yi = c⊤
nZi = λ⊤Ω−1/2

n Zi. The random variables Yi are mean zero since, E[Yi] = c⊤
n E[Zi] = 0.

Further, they satisfy the moment ratio condition, since, taking u = cn = Ω−1/2
n λ and applying

the multivariate moment ratio hypothesis

E
[∣∣∣c⊤

nZi

∣∣∣3](
c⊤

n E
[
ZiZ⊤

i

]
cn
)3/2 =

E
[∣∣∣c⊤

nZi

∣∣∣3]
E
[
c⊤

nZiZ⊤
i cn

]3/2 =
E
[
|Yi|3

]
E
[
(c⊤

nZi)2
]3/2 =

E
[
|Yi|3

]
E
[
Y 2

i

]3/2 ≤ K

The univariate variance stabilizer, which we denote as Vn, is the sum of the covariances

strictly within the unified affinity sets:

Vn =
n∑

i=1

∑
j∈Ãi

cov(Yi, Yj) =
n∑

i=1

∑
j∈Ãi

cov(c⊤
nZi, c

⊤
nZj) =

n∑
i=1

∑
j∈Ãi

c⊤
n cov(Zi, Zj)cn = c⊤

n Ωncn

Substituting cn = Ω−1/2
n λ, and using the fact that lim infn→∞ λmin (Ωn) > 0, such that Ωn

is non-singular for sufficiently large n,

lim inf
n→∞

Vn = lim inf
n→∞

c⊤
n Ωncn = lim inf

n→∞

(
Ω−1/2

n λ
)⊤

Ωn

(
Ω−1/2

n λ
)

= λ⊤λ = ∥λ∥2
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Thus, the initial standardization by Ω−1/2
n ensures that the univariate affinity-set covariance

normalizer for the projected sequence evaluates to a strictly constant Vn = ∥λ∥2. Since

lim infn→∞ Vn > 0, the corresponding univariate condition of Theorem 2.A.4 is satisfied.

We also bound the squared norm of the weighting vector cn, which will be used to control

the bounds of the univariate assumptions:

∥cn∥2 = λ⊤Ω−1
n λ ≤ ∥λ∥2λmax(Ω−1

n ) = ∥λ∥2

λmin(Ωn) (2.B.1)

It remains to verify that Assumptions 2.A.1, 2.A.2, and 2.A.3 hold when applied to Yi.

To verify Assumption 2.A.1, expand Yi = c⊤
nZi, apply Cauchy-Schwartz, eq. (2.B.1) and

Assumption 2.2.1:

n∑
i=1

∑
j,k∈Ãi

E [|Yi| · YjYk] =
n∑

i=1
E

∣∣∣c⊤
nZi

∣∣∣
c⊤

n

∑
j∈Ãi

Zj

2


≤ ∥cn∥3
n∑

i=1
E

∥Zi∥ ·

∥∥∥∥∥∥
∑

j∈Ãi

Zj

∥∥∥∥∥∥
2


≤ ∥λ∥3

λmin(Ωn)3/2

n∑
i=1

E

∥Zi∥ ·

∥∥∥∥∥∥
∑

j∈Ãi

Zj

∥∥∥∥∥∥
2


= ∥λ∥3

λmin(Ωn)3/2 · o(λmin(Ωn)3/2)

= o(1) = o
(
V 3/2

n

)
= o

(
∥λ∥3

)
.

To verify that Assumption 2.A.2 holds, using eq. (2.B.1) and Assumption 2.2.2:

n∑
i=1

n∑
j=1

∑
k∈Ãi

∑
l∈Ãj

|Cov
(
(c⊤

nZi)(c⊤
nZk), (c⊤

nZj)(c⊤
nZl)

)
|

=
n∑

i=1

n∑
j=1

∑
k∈Ãi

∑
l∈Ãj

∣∣∣∣∣∣
p∑

d1,d2,d3,d4=1
(cn)d1(cn)d2(cn)d3(cn)d4 Cov (Zi,d1Zk,d2 , Zj,d3Zl,d4)

∣∣∣∣∣∣
≤ ∥cn∥4

n∑
i=1

n∑
j=1

∑
k∈Ãi

∑
l∈Ãj

p∑
d1,d2,d3,d4=1

|Cov(Zi,d1Zk,d2 , Zj,d3Zl,d4)|
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≤ ∥λ∥4

λmin(Ωn)2

n∑
i=1

n∑
j=1

∑
k∈Ãi

∑
l∈Ãj

p∑
d1,d2,d3,d4=1

|Cov(Zi,d1Zk,d2 , Zj,d3Zl,d4)|

= ∥λ∥4

λmin(Ωn)2 · o(λmin(Ωn)2)

= o(1) = o
(
V 2

n

)
= o

(
∥λ∥4

)
.

Verifying that Assumption 2.A.3 holds completes the proof. Let Y−i = c⊤
n Z−i be the scalar

sum outside i’s unified affinity set. Apply eq. (2.B.1) and Assumption 2.2.3:

n∑
i=1

E [|Y−i · E[Yi | Y−i]|] =
n∑

i=1
E [|Y−i · E[E[Yi | Z−i] | Y−i]|]

≤
n∑

i=1
E [|Y−i| · E[|E[Yi | Z−i]| | Y−i]]

=
n∑

i=1
E [|Y−i| · |E[Yi | Z−i]|]

≤ ∥cn∥2
n∑

i=1
E [∥Z−i∥ · ∥E[Zi | Z−i]∥]

≤ ∥λ∥2

λmin(Ωn)

n∑
i=1

E [∥Z−i∥ · ∥E[Zi | Z−i]∥]

= ∥λ∥2

λmin(Ωn) · o(λmin(Ωn))

= o(1) = o (Vn) = o
(
∥λ∥2

)
.

■

Proof of Corollary 2.2.5. Under the singleton restriction Ãi = {i}, Assumption 2.2.1 reduces

to the assumed bound
∑n

i=1E[∥Zi∥3] = o(λmin(Ωn)3/2). Assumption 2.2.2 simplifies to

Condition (1). For Assumption 2.2.3, if E[Zi,d1E[Zi,d2 |Z−i]] ≥ 0, iterated expectations

allow bounding the outside-affinity influence by the cross-observation covariances, which

is o(λmin(Ωn)) by Condition (2). If this non-negativity fails, the corollary’s alternative

condition directly imposes Assumption 2.2.3. ■

Proof of Corollary 2.2.6. Under the whole-sample restriction Ãi = {1, . . . , n},
∑

j∈Ãi
Zj =
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Sn, so Assumption 2.2.1 reduces to the assumed bound
∑n

i=1 E[∥Zi∥·∥Sn∥2] = o(λmin(Ωn)3/2).

Assumption 2.2.2 simplifies to first condition of the Corollary. For Assumption 2.2.3,

the complement set is empty, rendering Z−i = 0. Because E[Zi] = 0, the conditional

expectation E[Zi | Z−i] = E[Zi] = 0. Consequently, the outside-affinity influence evaluates

to
∑n

i=1 E[∥Zi∥ · 0] = 0, which is o(λmin(Ωn)). ■

2.C Gap Between Marginal and Joint Conditions

Consider a sequence of random vectors X1, ..., Xn ∈ Rp. If the univariate conditions (As-

sumptions 2.A.1, 2.A.2, and 2.A.3) hold marginally for each dimension of Xi, the multivariate

conditions (Assumptions 2.2.1, 2.2.2, and 2.2.3) may not hold. In the following, we provide two

examples that demonstrate the difference between marginal and joint asymptotic normality.

We then provide additional conditions that combine with Assumptions 2.A.1, 2.A.2, and 2.A.3

to satisfy the multivariate conditions of Assumption 2.2.1, 2.2.2, and 2.2.3.

Example 2.C.1 (Degenerate Joint Covariance). Let Xi ∼ N (0, 1) and ϵi ∼ N (0, n−2) be

mutually independent sequences. Consider the bivariate sequence:

Zi =

 Xi

−Xi + ϵi

 .
For dimension d = 1, Zi,1 = Xi is an independent sequence. The marginal affinity set is

minimal: An
i,1 = {i}. The variance normalizer is an,1 = n→∞. Because An

i,1 only contains

i, within-affinity sums are O(1), cross-affinity covariances are 0, and outside-affinity influence

is 0. For dimension d = 2, Zi,2 = −Xi + ϵi is similarly independent with An
i,2 = {i} and

an,2 = n(1 + n−2)→∞. The univariate conditions of Theorem 2.A.4 hold trivially.

However, the multivariate conditions of Theorem 2.2.4 do not hold. The within-affinity

set covariance matrix of the partial sum Sn =
∑n

i=1 Zi is:

Ωn =
n∑

i=1
Cov(Zi) = n

 1 −1

−1 1 + n−2


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The eigenvalues λ1, λ2 must satisfy λ1λ2 = 1 and λ1 + λ2 ≈ 2n. Consequently, the minimal

eigenvalue is:

λmin(Ωn) ≈ 1/(2n)→ 0.

The multivariate premise λmin(Ωn)→∞ fails.

Example 2.C.2 (Cross-Dimensional Contagion and Affinity Set Explosion). Let X1, . . . , Xn

and ν1,1, . . . , νn,1 and ν1,2, . . . , νn,2 be jointly and mutually independent standard normal

random variables. Define the bivariate sequence on a ring (with Xn+1 ≡ X1):

Zi,1 = Xi + νi,1

Zi,2 = Xi+1 + νi,2

Both sequences Zi,1 and Zi,2 are collections of independent N (0, 2) variables. The

marginal affinity sets are An
i,1 = {i} and An

i,2 = {i}. The variance normalizers are an,1 = 2n

and an,2 = 2n. The conditions for the marginal univariate CLT hold.

However, there is too much dependence for Theorem 2.2.4 to imply a jointly normal

limiting distribution. In particular, Assumption 2.2.3 does not hold.

The unified affinity set is Ãi = {i} and the joint covariance matrix Ωn captures within-

observation variance. Because Xi, Xi+1, νi,1, and νi,2 are mutually independent standard

normal variables, Ωn is purely diagonal:

Ωn =
n∑

i=1

Var(Xi + νi,1) 0

0 Var(Xi+1 + νi,2)

 =

2n 0

0 2n

 .
Consequently, the minimal eigenvalue is λmin(Ωn) = 2n→∞.

However, we must evaluate the outside-affinity influence bound (Assumption 6), which

for singletons requires the sum of cross-observation covariances to be o(λmin(Ωn)). Due to

the ring structure, each dimension of Zi is correlated with exactly one adjacent variable
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outside its affinity set: Zi,1 covaries exclusively with Zi−1,2 (sharing Xi), and Zi,2 covaries

exclusively with Zi+1,1 (sharing Xi+1). Both covariances evaluate to 1.

Aggregating this outside influence across all n observations yields:

n∑
i=1

∑
j ̸=i

2∑
d1,d2=1

|Cov (Zi,d1 , Zj,d2)| =
n∑

i=1
(|Cov (Zi,1, Zi−1,2)|+ |Cov (Zi,2, Zi+1,1)|)

=
n∑

i=1
(1 + 1) = 2n.

Assumption 2.2.3 requires 2n = o(λmin(Ωn)) = o(2n), which does not hold.

2.D Additional conditions to bridge the gap between marginal and joint nor-
mality

To ensure the univariate conditions imply the multivariate assumptions, we define the

maximal marginal variance normalizer Ωmax = maxd Ωn,d and introduce three structural

constraints:

Assumption 2.D.1 (Strict Eigenvalue Lower-Bounding). There exists C1 > 0 such that

λmin(Ωn) ≥ C1Ωmax.

Assumption 2.D.2 (Proportional Cross-Moments). For all dimensions d1, d2, d3, d4, there

exists C > 0 such that joint moments are dominated by their marginal counterparts:

1.
∑n

i=1 E
[
|Zi,d1 |

(∑
j∈Ãi

Zj,d2

)2
]
≤ C maxd

∑n
i=1 E

[
|Zi,d|

(∑
j∈An

i,d
Zj,d

)2
]

2.
∑n

i,j=1
∑

k∈Ãi,l∈Ãj
|Cov(Zi,d1Zk,d2 , Zj,d3Zl,d4)| ≤ C maxd

∑n
i,j=1

∑
k∈An

i,d
,l∈An

j,d
|Cov(Zi,dZk,d, Zj,dZl,d)|

3.
∑n

i=1 E [|Zi,d1 | · |E[Zi,d2 | Z−i]|] ≤ C maxd
∑n

i=1 E [|Zi,d| · |E[Zi,d | Z−i,d]|]

Assumption 2.D.3 (Uniform Moment Control). E [|Zi,d1Zj,d2Zk,d3 |] ≤ C3 maxd E [|Zi,dZj,dZk,d|].

Theorem 2.D.4. Assumptions 2.A.1, 2.A.2, and 2.A.3 together with Assump-

tions 2.D.1, 2.D.2, and 2.D.3 imply Assumptions 2.2.1, 2.2.2, and 2.2.3.
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Proof. First we show that Assumption 2.2.1 holds.

n∑
i=1

E

∥Zi∥

∥∥∥∥∥∥
∑

j∈Ãi

Zj

∥∥∥∥∥∥
2
 ≤ p p∑

d1,d2=1

n∑
i=1

E

|Zi,d1 |

∑
j∈Ãi

Zj,d2

2


By Assumption 2.D.2.1, this is bounded by p3C maxd
∑n

i=1 E
[
|Zi,d|

(∑
j∈An

i,d
Zj,d

)2
]
. As-

sumption 2.A.1 ensures this marginal sum is o((Ωmax)3/2). Applying Assumption 2.D.1

evaluates the bound to o(λmin(Ωn)3/2).

To see that Assumption 2.2.2 holds, expanding the quadruple sum over p4 dimensional

combinations and applying Assumption 2.D.2.2 bounds the expression by:

p4C max
d

n∑
i,j=1

∑
k∈An

i,d
,l∈An

j,d

|Cov(Zi,dZk,d, Zj,dZl,d)|

By Assumption 2.A.2 and 2.D.1, this is o((Ωmax)2) = o(λmin(Ωn)2).

Lastly, consider Assumption 2.2.3.

n∑
i=1

E [∥Zi∥ · ∥E[Zi | Z−i]∥] ≤
p∑

d1,d2=1

n∑
i=1

E [|Zi,d1 | · |E[Zi,d2 | Z−i]|]

Applying Assumption 2.D.2.3 bounds this by p2C maxd
∑n

i=1 E [|Zi,d| · |E[Zi,d | Z−i,d]|]. By

Assumptions 2.A.3 and 2.D.1, this evaluates to o(Ωmax) = o(λmin(Ωn)). ■
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Chapter 3

AN OPTIMIZATION FRAMEWORK FOR FOCAL NODE SELECTION
IN INTERFERENCE DETECTION

Conditional randomization tests provide a finite-sample valid approach for detecting

interference in network experiments, but their power can depend substantially on the choice

of focal units whose treatment assignments are held fixed. We study the problem of selecting

focal units to maximize power. For a regression-based test statistic under local network

interference, we derive an asymptotic characterization of power for dependent network data

and show that, under local alternatives, focal-set quality is governed by the residualized

variation in exposure induced by rerandomizing the auxiliary units. This characterization

yields a principled optimization objective; we develop mixed-integer quadratic programming

formulations and semidefinite and second-order cone relaxations to select the focal set. The

framework also clarifies the roles of previously proposed independent-set and focal–auxiliary

edge heuristics, identifying the aspects of the power objective that each captures and omits.

In experiments across several network models, direct optimization of the proposed criterion

yields substantial power gains over random selection and commonly used greedy heuristics.

3.1 Introduction

Network interference is the setting where a unit’s treatment assignment or intervention may

affect the outcomes of its neighbors in a network. In settings where there is significant

interference between experimental units, it is often necessary for experimenters to run an

experimental design more sophisticated than a unit-level Bernoulli randomization, to mitigate

the bias introduced by the interference. This requires a significant amount of effort, and

incurs some cost in terms of variance. Thus, to decide if such a design is even necessary,

the problem of detecting interference is an important one. This problem has been studied
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before, for example, in Aronow [2012], Athey et al. [2018].

For a concrete instance of the problem, consider a friendship network with a presumed

1-neighborhood interference structure. That is, if there is interference, it is assumed to

occur only through one’s immediate friends in the network, such that one’s outcome from

a “treatment” roll-out is through their own treatment assignment, and their immediate

friends’. In Aronow [2012], Athey et al. [2018], the authors propose a conditional treatment

resampling framework to test the hypothesized interference for every unit in the conditioning

set. In particular, they propose fixing the treatment assignments of select “focal” units, and

resampling the treatment assignments of the others, called the “auxiliary” units. Then they

look at a test statistic, such as a regression coefficient of the outcomes of the focal units on

the treatment assignments of the auxiliary units. Repeating this procedure of resampling the

treatment assignments of the auxiliary units many times would lead to a distribution of test

statistics. From this, we can compute exact p-values of the originally observed test statistic,

in comparison to the test-statistics from the resampled treatment assignments. Intuitively,

if there were no interference, resampling the treatment assignments of the auxiliary units

should not drastically change the test statistic, and thus the p-value calculated will be large.

Conversely, if there is interference, resampling the treatment assignments of the auxiliary

units would lead to a “scrambling” of the original signal behind the test-statistics, leading

to a small p-value. Figure 3.1.1 illustrates this process. This testing procedure conditional

on the focal units selected takes a particular form of conditional randomization tests.

In Athey et al. [2018], the authors briefly consider heuristics for focal units selection

depending on the hypothesized interference structure. For example, they separately consider

forming independent sets and maximizing focal-auxiliary edges to select the focal units.

However, the motivation for these approaches have not been formally established. In fact,

power characterizations in this literature have been scarce, with the closest being in Puelz

et al. [2022], where the authors establish a lower bound for their biclique selection procedure

under certain assumptions, and in Katsevich and Ramdas [2022], where the authors build
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(A) Observe assignments z, outcomes Y on network (B) Select focal units F, compute test statistic on F

(C) Fix zF and re-randomize zR, compute test statistic on F

6 4 2 0 2 4 6
Focal test statistic T

0.00

0.05

0.10

0.15

0.20

0.25

De
ns

ity

two-sided p = 0.105

(D) Compute exact p-values from randomization distribution generated in (C)

Under H0 : = 0, condition on zF, re-randomize zR, and compare the observed focal statistic with its conditional randomization distribution.

Treated Control Focal unit

Figure 3.1.1: Conditional randomization test of network interference. The orange and blue
colors of the network nodes depict different treatment assignments under i.i.d. Bernoulli(0.5).

upon the Neyman-Pearson lemma for the i.i.d. setting in conditional randomization testing

against local semiperimetric alternatives. Even in the adjacent literature of knockoffs [Candes

et al., 2018], power characterizations is limited. In this paper, we derive an asymptotic

characterization of power for dependent network data and show that this characterization

yields a principled optimization objective. We develop mixed-integer quadratic programming

formulations and semidefinite and second-order cone relaxations as focal-unit selection

methods with the goal of rigorously maximizing statistical power. In doing so, we establish

precise connections to heuristics proposed in Athey et al. [2018].

Moreover, the optimization-based formulation is flexible and can be extended to accom-

modate additional features of networked settings, such as homophily and heterogeneous

variation; related formulations are studied in Thiyageswaran et al. [2026a]
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Random selection, m=30
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|F| = 50

Random selection, m=50

control treated focal (outlined)
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rerandomized coefficient statistic T(b)

coef = (b)
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|F| = 70

Random selection, m=70

control treated focal (outlined)
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Figure 3.1.2: Left column: Focal units randomly selected from a graph with 120 nodes. Right
column: null distribution generated from the resampling procedure. The rows (from top to
bottom) correspond to focal units sizes of 30, 50, and 70, respectively. The red vertical line
on the histogram represents the observed test statistic restricted to the focal set.
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|F| = 51

2-net, m=51
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|F| = 47

Max-edge method, m=47
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Figure 3.1.3: Left column: Focal units selected from a graph with 120 nodes. Right column:
null distribution generated from the resampling procedure. The rows (from top to bottom)
correspond to focal units selected according to greedy 2-net, 3-net, and max-edge methods,
respectively. The 2-net and the max edge method correspond to heuristics proposed by
Athey et al. [2018]. The red vertical line on the histogram represents the observed test
statistic restricted to the focal set.
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SDP selected m=70
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Figure 3.1.4: Left column: Focal units selected from a graph with 120 nodes. Right column:
null distribution generated from the resampling procedure. The rows correspond to focal
units selected by different optimization procedures discussed in Section 3.4. The red vertical
line on the histogram represents the observed test statistic restricted to the focal set.

3.2 Conditional randomization tests and power

3.2.1 Null Hypothesis

Let Y denote the vector of outcomes, and Z = {0, 1}n be the set of possible treatment

assignments. For each i,

Yi(z) = Yi(z′), (3.2.1)

for all z, z′ ∈ Z, where zi = z′
i.

We would like to find exact p-values, while maximizing statistical power. To find exact

p-values with respect to the interference term, we run a conditional randomization test,

conditioning on the focal units whose treatment assignments we fix. This allows us to test

the sharp null hypothesis in Equation (3.2.1) restricted to focal units. See Figure 3.1.1 for

an illustration of this idea. To maximize statistical power, we would like to optimally pick
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the focal units. Figures 3.1.2 to 3.1.4 illustrate how selecting different focal units can affect

the statistical power of the tests.

3.2.2 Potential outcome model

For the sake of simplicity, we focus on the setting of the following linear outcome model for

most of this paper:

Yi = α+ βzi + γn,iei + εi, (3.2.2)

where zi ∈ {0, 1} are the treatment assignments, ei are the fraction of treated neighbors,

and εi are i.i.d. N (0, σ2), for i = 1, 2, ..., n. We would like to test if there is interference:

H0 : γn,i = 0 for all i (3.2.3)

3.2.3 Test statistic

Motivated by Athey et al. [2018], Wang and Janson [2022] and its practical simplicity, we

focus on the regression coefficient statistic, γ̂n.

3.2.4 Robust Validity

Our procedure is conditionally valid. This simply means that under the appropriate condi-

tioning, the test has the correct level, i.e., the Type-I error rate is equal to α under the null.

In our case, the conditioning event is simply the focal selection procedure and the observed

treatment assignments. See Aronow [2012], Athey et al. [2018] for more details.

We note that this conditional randomization testing procedure results in valid tests that

are robust to model-misspecifications. Indeed, even if the true outcome model were not

linear, the tests remain valid. What we may lose is power, since the focal selection procedure

leverages the model structure.
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3.2.5 Conditional sharpness

In this paper, we focus on focal selection procedures so that we can test the sharp null

conditional on the focal units. The null in Equation (3.2.1) is not globally sharp. With direct

effects, one cannot impute the outcomes of a unit under a global rerandomization. However,

with a restricted rerandomization procedure so that the treatment assignments of the focal

units are fixed, the test restricted to the focal units becomes sharp. We refer the reader to

Aronow [2012], Athey et al. [2018] for more details. Then, we can infer the randomization

distribution of the test-statistic for this new sharp null Fisher [1950], Rosenbaum [1984,

2002, 2007].

3.2.6 Comparisons to related work

In this work, we provide rigorous motivations for heuristics proposed in Athey et al. [2018].

In particular, our general framework provides an lens through which to understand why

their proposed greedy implementations of the independent set and focal-auxiliary edge

maximization heuristics may perform well in certain settings. Basse et al. [2019] formalize

the conditioning mechanism and test validity based on flexible conditioning for conditional

randomization testing frameworks. As testing for interference falls under this conditional

randomization testing framework, their formalization allows focal set selection, for the

problem of interference detection, to depend on the original treatment assignments, if

properly accounted for. In Puelz et al. [2022], the authors propose generating an auxiliary

null exposure bipartite graph as a function of the exposure model, the original interference

network, the null of interest, and the treatment assignment mechanism. The bipartite graph

consists of the units/nodes on one side and treatment assignment sets on the other. The

focal set is then selected as the nodes of the largest biclique in this bipartite graph, with the

aim of increasing statistical power. The authors demonstrate a lower bound of the power

in terms of the magnitude of the size of the biclique under a certain set of assumptions on

the distribution the design and null, and the outcome model. Additionally, this approach is
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more suited for particular exposure models. In particular, for more general exposure models,

the null exposure graph very quickly becomes a complete bipartite graph. For example, the

fractional neighborhood exposure model we focus on paired with the null Equation (3.2.1)

we care about we focus on would lead to a complete bipartite graph, unless we changed

the exposure model to a thresholded one (see, for example, Thiyageswaran et al. [2026b]).

Moreover, constructing the bipartite graph, as well as finding the largest biclique, with the

largest possible number of edges in the remaining null exposure graph can be computationally

expensive. In fact, the latter is NP-hard. The authors propose a binary inclusion-maximum

biclustering approach as an approximation.

Unlike our work, the biclique approach in Puelz et al. [2022] also does not account

for exposure variation that is uninformative to the test statistic. Yanagi and Sei [2022]

proposed an improvement to the biclique approach for a special case of the difference-in-means

estimator, and a uniform exposure variation parameter. Our approach is much more general

than this. Yanagi and Sei [2022] build on the power analysis in the difference-in-means

estimator in i.i.d. settings by Krieger et al. [2020].

Other related works include Hoshino and Yanagi [2023] where the authors consider the

problem of testing correct specifications of exposure mappings. Basse et al. [2024] propose

randomization-based stratified permutation tests to account for group formation designs.

In Wang and Janson [2022], the authors derive asymptotic power for CRTs for various test

statistics in a high-dimensional linear model in the i.i.d. setting. Guo et al. [2025] focuses

on ML models to capture the outcome models with and without the effects of interest to

improve power, and test-statistics based on the discrepancies between the cross-validation

errors from the models above in CRTs. Our work focuses on the subsequent focal selection

optimization problem for power maximization. Other model-based approaches include Gao

et al. [2026], Bowers et al. [2013].

Another thread of the interference testing literature Pouget-Abadie et al. [2019], Baird

et al. [2018], Toulis and Kao [2013] focuses on design-based frameworks to effectively test
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for particular effects. Adjacent to the CRT literature is the model-x knockoffs one (see, for

example, Candes et al. [2018]). However, it is much more tricky to work with dependent

structures like networks in the knockoffs framework.

3.2.7 Notation

Denote the sequence of graphs by G(n) = (V (n), E(n)), where V (n) is the sequence of vertex

sets, and E(n) is the sequence of edge sets. Let W be the edge weights matrix, and D denote

the diagonal degree matrix of the network. That is, Dii =
∑

j Wij . Define B = D−1W and

thus, ei =
∑

j Bijzj . Decompose z = µ+ z̃, where µ := E[z] = p1. Throughout, we use F

and R to index the focal and auxiliary sets, respectively. MF = I −XF (XT
FXF )−1XT

F is

the projection matrix, partialling out the unit-level treatment assignments and the constant

vector, with XF = [1 zF ].

Throughout this paper, we focus on i.i.d. Bernoulli randomized experimental designs

for simplicity. Our general framework should apply to any initial experimental design. We

also focus on upper-tail tests to illustrate the key ideas. All arguments should extend to

lower-tail and two-sided tests.

3.3 Power under asymptotic analysis

First we list a series of assumptions we may make use of in our analysis.

Assumption 3.3.1 (Bernoulli randomization). The treatment assignments are i.i.d.

Bernoulli(p), with p ∈ (0, 1), bounded away from zero and one.

Assumption 3.3.2 (Bounded degree). The graph sequence has uniformly bounded degree:

max
i∈Vn

di ≤ d <∞.

Assumption 3.3.3 (No isolated nodes). There are no isolated nodes: di > 0 for all i ∈ V (n).
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Assumption 3.3.4 (Bounded weights). For every edge (i, j) ∈ E(n),

bmin ≤ Bij ≤ bmax.

Assumption 3.3.5 (Local asymptotics).

γn

σ
= o(1),

and that γn <∞.

Assumption 3.3.6 (Boundary mass). Every focal unit has at least one auxiliary neighbour.

That is, for all i ∈ F ,
∑

j∈R Bij > 0.

Assumption 3.3.7 (Variance order). Define CM (s) = E[z̃T
RBRFMFBF Rz̃R], LF (s) =

MF (BF F zF +BF RπR), and ΣR = MFBF Rz̃Rz̃
T
RB

T
RFMF . Then,

LF (s)T ΣRLF (s) + Tr(Σ2
R) = O (CM (s)) . (3.3.1)

Theorem 3.3.8 (Asymptotic power optimality of CM (F )). Let Fn be a class of proper focal

sets F ⊊ V (n). Suppose Assumptions 3.3.1 to 3.3.5 hold. Assume γn ≥ 0, corresponding to

the upper-tail test. For each F ∈ Fn, let

CM (F ) := p(1− p) Tr
(
MFBF RB

⊤
F RMF

)
,

and let

F ⋆ ∈ arg max
F ∈Fn

CM (F ).

Then F ⋆ satisfies Assumption 3.3.6 with probability tending to one. Moreover, Assump-

tion 3.3.7 holds for F ⋆. If
γn

√
CM (F ⋆)
σ

= OP (1),
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then

Power(F ⋆) = 1− Φ
(
c1−α −

γn

√
CM (F ⋆)
σ

)
+ oP (1), (3.3.2)

and

Power(F ⋆) = max
F ∈Fn

Power(F ) + oP (1). (3.3.3)

If instead
γn

√
CM (F ⋆)
σ

→∞,

then

Power(F ⋆)→ 1,

and (3.A.2) again follows. Thus, maximizing CM (F ) is asymptotically sufficient for maxi-

mizing the power of the conditional randomization test.

Thus, we maximize CM (s) over all s ∈ {0, 1}n. We find the best focal set over the grid

of candidate focal size m.

Theorem 3.3.9 (Central Limit Theorem). Suppose Assumptions 3.3.1 to 3.3.4 and 3.3.6

hold, with γn = γ > 0. Define Dm := ∥LF (s)∥2 + E[z̃T
RBRFMFBF Rz̃R], where LF (s) =

MF (BF F zF +BF RπR). Let r = MFBF Rz̃R, and ∆o = rT Y
Dm

. Then,

∆o ⇒ N (γCM (s)
Dm

, Vm),

where

Vm = 1
D2

m

[
σ2CM (s) + γ2 Var(rTLF + ∥r∥2)

]
. (3.3.4)

This results in the following corollary.

Corollary 3.3.10. Suppose Assumptions 3.3.1 to 3.3.6 hold. Then,

∆o ⇒ N (γnCM (s)
Dm

, Vm),
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where

Vm,n = 1
D2

m

[
σ2CM (s) + γ2

n Var(rTLF + ∥r∥2)
]
. (3.3.5)

If, in addition, Assumption 3.3.7 holds,

Vm,n = 1
D2

m

[
σ2CM (s) + γ2

n Var(rTLF + ∥r∥2)
]

= σ2CM (s)
D2

m

{1 + o(1)},

and therefore,

∆o − γnCM (s)/Dm

σ
√
CM (s)/Dm

⇒ N (0, 1)

Lemma 3.3.11 (Asymptotic monotonicity in focal gains). Suppose Assumptions 3.3.1

to 3.3.3 holds. Let F contain a focal unit v that has no auxiliary neighbors. Let F− = F \ v.

Then,

CM (F−)− CM (F ) = c− oP(1),

for some constant c > 0.

3.4 Optimal focal units selection

To make the problem tractable, we solve the optimization problems for fixed numbers of

focal units, |F| = m. Then, we choose the solutions across m that maximize our objective

function. Let M denote our candidate numbers of focal units.

Thus, for m ∈M, the optimization problem we seek to solve is

max
s∈Rn

CM (s) (3.4.1)

s.t. si ∈ {0, 1}, i = 1, 2, ..., n,

1T s = m.
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Here, CM (F ) = E[z̃T
RBRFMFBF Rz̃R].

We solve these problems by formulating Mixed-integer quadratic programs (MIQP),

Second-order conic program relaxations (SOCP), and semidefinite programs (SDP) relax-

ations. See, for example, Boyd and Vandenberghe [2004] for details on each of these.

3.4.1 Max focal-auxiliary edges

As an exercise in illustrating some ideas, we replace MF with I. Thus, the optimization

problem becomes the following, resembling MAXCUT.

max
s∈Rn,t∈R

sT (B ◦B)(1− s) (3.4.2)

s.t. si ∈ {0, 1}, i = 1, 2, ..., n,

1T s = m.

Lifting and SDP relaxation

max
s∈Rn,t∈R

sT (B ◦B)(1− s)

s.t. 0 ≤ si ≤ 1, i = 1, 2, ..., n,

1T s = m.

In fact, one of the two main approaches proposed by Athey et al. [2018] is this, which they

call edge comparison maximization. Thus, we formalize the approach from Athey et al. [2018]

for selecting focal units. For computational reasons, they propose a greedy approximation;

they begin with all units assigned to the auxiliary set. Then, at each iteration, they add a

unit to the focal set if it results in the biggest gain in the number of edges between that unit

and the remaining nodes, i.e., the remaining auxiliary units. They stop when there is no

longer such a gain.
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3.4.1.1 Comparison to the sensor selection problem

We note that this formulation also bears some resemblance to the sensor selection problem

studied in Joshi and Boyd [2008]:

max
s

∑
i

sie
2
i (3.4.3)

s.t. si ∈ {0, 1} i = 1, 2, ..., n (3.4.4)

1T s = m, (3.4.5)

where s is the indicator over the sensors. Relaxing the binary constraints so that wi ∈ [0, 1]

for all i = 1, 2, ..., n, gives us a convex optimization problem. The largest m values of the

solution w⋆ can be taken to correspond to the focal units. The difference here is the contrast

vectors s and 1− s we would consider.

3.4.1.2 Independent sets

The other approach proposed by Athey et al. [2018] is the construction of maximal indepen-

dent sets. They construct a 2-net greedily. They start with empty focal and auxiliary sets.

At every iteration, they randomly select a node in neither sets and assign it as a focal unit.

All of its neighbours are assigned as auxiliary units. This is continued until no nodes are left.

Under Assumption 3.3.1, observe that the LF term in Equation (3.3.5) vanishes for every n

under an independent set because BF F = 0 under the independent set. Asymptotically, the

null re-randomization distribution becomes centered. For finite n, if p = 1/2, then, the null

re-randomization distribution is also centered. See Figure 3.4.1 for an illustration of this

phenomenon. This motivates the use of an independent set, or a 2-net.

A curious reader might ask if the 2-net is sufficient, when the 3-net maybe better suited

to targeting covariance minimization of the exposures of the focal units, since under the

3-net, the covariance between the exposures of any pair of focal units is zero, under the 1-hop

neighbourhood exposure model. It turns out that the 3-net can be too strong a restriction,
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Figure 3.4.1: The null rerandomization distribution under the 2-net is centered around zero.

as the number of focal units under the 3-net can be significantly fewer than from the 2-net.

Moreover, it is not clear if a centered null is necessarily optimal. We should be able to

trade-off this bias in the null distribution for some reduction in variance.

Remark 3.4.1 (Greedy selection and submodularity). The focal-selection criteria considered

here do not, in general, fall into the class of monotone submodular maximization problems

for which classical greedy approximation guarantees apply. For example, the focal–auxiliary

edge objective in Equation (3.4.6) is a weighted cut function and is therefore submodular,

but it is non-monotone: adding a unit to the focal set may remove more focal–auxiliary

edges than it creates. Once the centering or residualization terms relevant for statistical

power are incorporated, the resulting objectives CH(F ) and CM (F ) need not retain even

this submodular structure, since the marginal contribution of a candidate focal unit de-

pends jointly on the other selected focal units through the centering or projection term.

Consequently, the greedy focal-selection procedures discussed above should be viewed as

computational heuristics, and do not inherit the standard approximation guarantees for

greedy maximization of a monotone submodular objective.

In the following subsection, we now retain the full residualization matrix MF .

3.4.2 Fisher information and Schur complement

By the Frisch-Waugh-Lovell theorem Frisch and Waugh [1933], Lovell [1963] (see also, Yule

[1907]), eT
FMF eF is the Fisher information for γ after partialling out the nuisance parameters
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η. Notice that under an independent focal set, as m → ∞, eT
FMF eF ≈ CM (F ). For this

setting, we can write our objective function in terms of the Schur complement of Iηη(s),

where η = (α, β). Indeed, notice that,

eT
FMF eF = Iγ|η

The Schur complement Iγ|η of Iηη in the information matrix I is,

Iγ|η = Iγγ − IγηI
−1
ηη Iηγ .

The components are Iγγ = eT e, Iγη = eTX, Iηγ = XT e, and Iηη = XTX. With the indicator

set s, the components are now Iγγ(s) = eT diag(s)e, Iγη = eT diag(s)X, Iηγ = XT diag(s)e,

and Iηη = XT diag(s)X. Thus, for the indicator set s of the focal units F ,

eT
FMF eF = Iγ|η(s) = Iγγ(s)− Iγη(s)I−1

ηη (s)Iηγ(s).

Finding an approximately optimal focal set then amounts to solving the following SDP

relaxation:

max
s∈Rn,t∈R

t (3.4.6)

s.t. si ∈ {0, 1}, i = 1, 2, ..., n,Iηη(s) Iηγ(s)

Iγη(s) Iγγ(s)− t

 ⪰ 0,

0 ≤ si + sj ≤ 1 ∀(i, j) ∈ Eε,

1T s = m.

The solutions to this approach is a function of both the graph as well as the treatment

assignments of the focal units. Thus, for valid tests, when generating the treatment assign-



83

ments on the auxiliary units, we should condition on the selection procedure of the focal

units [Puelz et al., 2022]. In practice, one would implement this via a rejection sampling

procedure, which would be computationally inefficient. In the following subsection, we

leverage the concentration of treatment assignments on the focal subset to run easier CRTs.

3.4.3 Constant Projections

Under Assumptions 3.3.1 and 3.3.2, CH(F ) = CM (F ) +O(1), where the projection matrix

MF is replaced with HF := I − 1
m11T . Thus, under these assumptions, for large m, it

suffices to solve the following optimization problem as an approximation. Then,

CH(s) = Tr(ΣR) = p(1− p) Tr(HFBF RB
T
F RHF )

= p(1− p)
[
Tr(BF RB

T
F R)− 1

m
1TBF RB

T
F R1

]

= p(1− p)

∑
i∈F

∑
j∈R

B2
ij −

1
m

∑
j∈R

(∑
i∈F

Bij

)2
 .

Under the constraint 0 ≤ si + sj ≤ 1 ∀(i, j) ∈ Eε, BF F = 0, and this becomes

p(1− p)
[
sT b− 1

m
sTBBT s

]
,

where b :=
∑

j B
2
ij .

Thus, we can formulate the following Mixed-Integer Quadratic Programming (MIQP):

max
s∈Rn

sT b− 1
m
sTBBT s (3.4.7)

s.t. si ∈ {0, 1}, i = 1, 2, ..., n,

0 ≤ si + sj ≤ 1 ∀(i, j) ∈ Eε,

1T s = m.
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We can also formulate an SDP relaxation:

max
X∈Rn×n

sT b− 1
m

Tr(BBTX) (3.4.8)

s.t. 0 ≤ si ≤ 1, i = 1, 2, ..., n,

0 ≤ si + sj ≤ 1 ∀(i, j) ∈ Eε,

Xii = si,

Xij = 0 ∀(i, j) ∈ Eε,1 s

s X

 ⪰ 0,

1T s = m.

In addition to that, we can carry out a greedy swapping algorithm, similar to Joshi and

Boyd [2008].

3.4.3.1 Full Mixed-integer quadratic programming formulation

For i, j ∈ [n], introduce the auxiliary variable xij = si(1− sj), indicating that i is focal and j

is auxiliary. Because s is binary, this product can be represented exactly using its envelopes.

In addition, define

qj =
n∑

i=1
Bijxij , j ∈ [n].
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The resulting mixed-integer quadratic program is

max
s,x,q

n∑
i=1

n∑
j=1

B 2
ijxij −

1
m

n∑
j=1

q2
j

s.t. 1⊤s = m,

qj =
n∑

i=1
Bijxij , j ∈ [n],

xij ≤ si, i, j ∈ [n],

xij ≤ 1− sj , i, j ∈ [n],

xij ≥ si − sj , i, j ∈ [n],

xij ≥ 0, i, j ∈ [n],

si ∈ {0, 1}, i ∈ [n].

(3.4.9)

3.4.3.2 Full Second-order cone relaxation

We next relax the binary constraint to s ∈ [0, 1]n. Let X be the lifted representation of ss⊤,

and define

rij = si −Xij ,

so that rij = si(1− sj) whenever X = ss⊤. Then, X1 = ms, which holds for 1⊤s = m.

Next, we introduce the variables tj satisfying tj ≥ q2
j . The second-order cone relaxation
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is
max

s,X,r,q,t

n∑
i=1

n∑
j=1

B 2
ijrij −

1
m

n∑
j=1

tj

s.t. 0 ≤ si ≤ 1, i ∈ [n],

1⊤s = m,

X = X⊤, diag(X) = s, X1 = ms,

Xij ≥ 0, i, j ∈ [n],

Xij ≤ si, Xij ≤ sj , i, j ∈ [n],

Xij ≥ si + sj − 1, i, j ∈ [n],

rij = si −Xij , i, j ∈ [n],

qj =
n∑

i=1
Bijrij , j ∈ [n],

(tj , 1/2, qj) ∈ Q3
r , j ∈ [n],

(3.4.10)

where

Q3
r =

{
(u, v, w) ∈ R3 : u ≥ 0, v ≥ 0, 2uv ≥ w2

}
denotes the second-order cone. In particular,

(tj , 1/2, qj) ∈ Q3
r ⇐⇒ tj ≥ q2

j .
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3.4.3.3 Semidefinite programming relaxation

We can also formulate an SDP relaxation:

max
s,X,r,q,t

n∑
i=1

n∑
j=1

B 2
ijrij −

1
m

n∑
j=1

tj

s.t. 0 ≤ si ≤ 1, i ∈ [n],

1⊤s = m,

X = X⊤, diag(X) = s, X1 = ms,1 s⊤

s X

 ⪰ 0,

Xij ≥ 0, i, j ∈ [n],

Xij ≤ si, Xij ≤ sj , i, j ∈ [n],

Xij ≥ si + sj − 1, i, j ∈ [n],

rij = si −Xij , i, j ∈ [n],

qj =
n∑

i=1
Bijrij , j ∈ [n],tj qj

qj 1

 ⪰ 0, j ∈ [n].

(3.4.11)

By the Schur complement, the final constraint is equivalent to tj ≥ q2
j .

For X = ss⊤, and rij = si(1− sj), the feasible regions satisfy

Finteger ⊆ FSDP ⊆ FSOCP.

Therefore, the SDP relaxation provides an upper bound on the optimal value of the integer

problem that is at least as tight as the upper bound provided by the SOCP relaxation.
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3.5 Cycle graphs

In this section, we consider cycle graphs with equal edge weights. Recall that

CH(F ) =
∑

i∈F,j∈R

B2
ij −

1
m

∑
j∈R

(∑
i∈F

Bij

)2

.

Let tj denote the number of focal units connected to auxiliary unit j. For graphs with

equal edge weights w, this becomes,

CH(F ) = w2 ∑
j∈R

(
tj −

t2j
m

)
. (3.5.1)

3.5.1 Minimum vertex covers are optimal when n ≥ 7

A vertex cover is a set of vertices/nodes such that every edge has at least one endpoint in it.

Minimum vertex covers are the smallest such sets. We formalize this below. For an even

cycle graph, the minimum vertex cover is equal to the maximum independent set.

Proposition 3.5.1. Let Cn be the equal edge-weighted cycle graph with n ≥ 7. If n is

even, CH is maximized by the maximum focal independent set of cardinality n/2, i.e., the

alternating focal sets. If n is odd, CH is maximized by the focal sets with cardinality (n+1)/2

and are almost alternating: there is exactly one pair of adjacent focal nodes, and the remaining

nodes alternate between focal and auxiliary units.

In Figure 3.6.1, we see that the full optimization-based approaches perform as well as

the optimization-based approaches with the independent set constraints, and the maximal

independent set, i.e., alternating focal set, approach. We see that the greedy heuristics

perform only slightly worse.

3.5.1.1 What happens when n = 6.

We first consider m = 3. Let’s consider the alternating focal set, Falt. Here, c(Falt) = 3 and

a(F ) = 3. Thus, CH(Falt) = 2w2

3 (6− 3) = 2w2.
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Next, let us consider the focal set composed of two adjacent nodes, and one singleton, so

that c(F ) = 2, and a(F ) = 1. In this case, CH(Falt) = 2w2

3 (2 · 2− 1) = 2w2, once again.

Let us now consider m = 4. In this case, we can have the following scenarios:

1. one contiguous focal block, with c(F ) = 1, and a(F ) = 0. Then, CH(F ) = 2w2

4 (3 · 1) =
3
2w

2.

2. two contiguous focal blocks, with c(F ) = 2, and a(F ) = 2. Then, CH(F ) = 2w2

4 (3 · 2−

2) = 2w2.

Next, consider m = 5. In this case, we can have one contiguous focal block, and one

singleton auxiliary unit. That is, c(F ) = 1, and a(F ) = 1. Then, CH(F ) = 2w2

5 (4 · 1− 1) =
6
5w

2.

Now we consider the cases where m < 3. We start with m = 2. We can have the following

scenarios:

1. one contiguous focal block, so c(F ) = 1, and a(F ) = 0. Then, CH(F ) = 2w2

2 (1) = w2.

2. two non-adjacent focal units, so c(F ) = 2, and a(F ) = 0 (the case where a(F ) > 0

would give a smaller CH). Then, CH(F ) = 2w2

2 (2) = 2w2.

Finally, let us consider m− 1. Here, c(F ) = 1, and a(F ) = 0. Thus, CH(F ) = 0.

3.5.1.2 What happens when n = 4.

Proposition 3.5.2. Let Falt denote the maximal independent focal set, which is just the

alternating focal set in the cycle graph. Let Fadj denote the focal set where m = 2, and the

two focal units are adjacent to each other. Then, maxF CH(F ) = CH(Fadj) > CH(Falt).

3.6 Experiments

In Figure 3.1.3, we see that the selection of focal units can significantly affect the null

rerandomization distribution, and thus the power of our tests. As discussed in the previous
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section, Figure 3.6.1 demonstrates how on a cycle graph, full optimization-based approaches

perform as well as the optimization-based approaches with the independent set constraints,

and the maximal independent set, i.e., alternating focal set, approach. In Figure 3.6.2, we

see that the full optimization-based approaches perform much better than the heuristics,

as well as the optimization-based approaches with the independent set constraints. Similar

plots are observed for preferential-attachment graphs using the Barabasi-Albert model (see

Figure 3.6.3), and clustered graphs generated from stochastic block models (see Figures 3.6.4

to 3.6.8).

The grid M used was 10 to 70, in increments of 10. To make the comparisons as fair

as possible, we choose the m with the best (according to our CH objective) for the greedy

approaches as well as the random selection approach.

We generate treatments independently according to

zi
iid∼ Bernoulli(1/2)

and generate outcomes from

Yi = α+ βzi + γ(Bz)i + εi, εi
iid∼ N (0, 1).

We consider

γ ∈ {0, 0.15, 0.30, 0.45, 0.60, 0.80, 1.00, 1.25, 1.50}.

Table 3.1 provides the list of methods we compare in our experiments.

3.6.1 Application to a real social network

We additionally evaluate the focal-unit selection procedures on an observed social net-

work from Cai et al. [2015]. Cai et al. [2015] study the diffusion of information about a

weather-insurance product among rice farmers in rural China. Their experiment contains

approximately 5,300 households across 185 villages. As part of the study, household heads
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All focal-selection methods, including independent references (upper tail; 10000 experiments)
Random
2-net, m=57
3-net, m=35
Alternating focal set, m=60
Max-edge method, m=54
independent MIQP
independent SDP
MIQP
SOCP
SDP
Boundary-cut MILP
nominal level=0.05

Figure 3.6.1: Power comparisons of all the methods across increasing γ for cycle graphs,
with n = 120.

were asked to identify five close friends, within or outside their village, with whom they

most frequently discussed rice production or financial matters. These nominations provide a

natural empirical network on which to evaluate the focal-unit selection methods developed

above.

Network construction. We use the natural village identified in the replication

data as dayudengxiongmin1. We construct the network from the household survey file

0422survey.dta and the corresponding network file 0422allinforawnet.dta. We retain

nominations for which both endpoints are surveyed households belonging to the selected

natural village, remove self-nominations and duplicate directed nominations, and then form

the undirected “general-link” network used in our analysis. In particular, an undirected

edge {i, j} is included whenever either household i nominated household j or household

j nominated household i. We retain the observed network without artificially connecting
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All focal-selection methods, including independent references (upper tail; 10000 experiments)
Random
2-net, m=44
3-net, m=15
Max-edge method, m=55
independent MIQP
independent SDP
MIQP
SOCP
SDP
nominal level=0.05

Figure 3.6.2: Power comparisons of all the methods across increasing γ for Erdös-Rényi
graphs, with n = 120. Edge probability is 0.05.

separate components or removing isolated households. The resulting graph contains

n = 55 and |E| = 187

households and edges, respectively, with 1 connected component. The mean degree is 6.8,

and the maximum degree is 14. See Figure 3.6.9, for a visualization of the underlying

network.

Similar to the synthetic network settings, we compare the exact MIQP formulation, the

SOCP and SDP relaxations followed by rounding, a uniformly selected random focal set,

greedy 2- and 3-net constructions, and the max focal-auxiliary edge procedure of Athey et al.

[2018]. For completeness, we also report the independent-set MIQP and SDP procedures,

which impose the restriction that no two focal units are adjacent. For methods that optimize



93

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
interference coefficient 

0.0

0.2

0.4

0.6

0.8

1.0

M
on

te
 C

ar
lo

 re
je

ct
io

n 
pr

ob
ab

ilit
y

All focal-selection methods, including independent references (upper tail; 10000 experiments)
Random
2-net, m=51
3-net, m=14
Max-edge method, m=47
independent MIQP
independent SDP
MIQP
SOCP
SDP
nominal level=0.05

Figure 3.6.3: Power comparisons of all the methods across increasing γ for Barabasi-Albert
graphs, with n = 120.

over focal-set cardinality, we search over

m ∈ {10, 20, . . . , 90},

subject to feasibility, and retain the cardinality yielding the largest graph-only value of

CH(F ). Power is estimated using 10,000 independently simulated experiments and 1,000

auxiliary-treatment rerandomizations per experiment. The test is conducted at level α = 0.05.

Figure 3.6.10 displays the average (over the 10000 experiments) rejection probability

of the conditional randomization test as a function of the interference coefficient γ. At

γ = 0, the rejection probabilities are close to the nominal 5% level across the methods. The

optimization-based focal-selection procedures provide a clear improvement over all other

focal selection procedures.
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All focal-selection methods, including independent references (upper tail; 10000 experiments)
Random
2-net, m=36
3-net, m=12
Max-edge method, m=54
independent MIQP
independent SDP
MIQP
SOCP
SDP
nominal level=0.05

Figure 3.6.4: Power comparisons of all the methods across increasing γ for SBM graphs with
two clusters, with n = 120. Within cluster connection probability is 0.1, and across cluster
connection probability is 0.02.

3.7 Discussion and conclusion

This paper studies focal-unit selection for conditional randomization tests to detect network

interference as an explicit statistical power optimization problem. Our asymptotic analysis

shows that, under local alternatives, power is governed by the amount of residualized exposure

variation induced on the focal units by rerandomizing the auxiliary units. Thus, a useful

focal set must create sufficiently large exposure variation that remains informative after the

nuisance components of the test statistic have been partialled out.

The constant-projection approximation CH(F ) makes this trade-off particularly trans-

parent. Up to the factor p(1− p),

CH(F ) =
∑
i∈F

∑
j∈R

B2
ij −

1
m

∑
j∈R

(∑
i∈F

Bij

)2

.
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All focal-selection methods, including independent references (upper tail; 10000 experiments)
Random
2-net, m=50
3-net, m=21
Max-edge method, m=52
independent MIQP
independent SDP
MIQP
SOCP
SDP
nominal level=0.05

Figure 3.6.5: Power comparisons of all the methods across increasing γ for SBM graphs with
four clusters of equal in size on average, with n = 120. Within cluster connection probability
is 0.1, and across cluster connection probability is 0.02.

The first term rewards a large weighted boundary between focal and auxiliary units: reran-

domization must be capable of changing the exposures of the focal units. The second

term penalizes concentration of that variation through the same auxiliary units. This

decomposition helps explain both the strengths and the limitations of existing heuristics.

Focal–auxiliary edge maximization targets the first term but ignores the covariance correction.

Independent-set constructions eliminate focal–focal adjacency and can center the rerandom-

ization distribution in important settings, but independence can impose an unnecessarily

strong combinatorial restriction.

We formulate the resulting selection problem as a mixed-integer quadratic program

and develop second-order cone and semidefinite relaxations for settings in which exact

optimization is impractical. The experiments support the theory established. Across Erdos–

Renyi, preferential-attachment, and stochastic block model networks, the optimization-based
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All focal-selection methods, including independent references (upper tail; 10000 experiments)
Random
2-net, m=25
3-net, m=4
Max-edge method, m=60
independent MIQP
independent SDP
MIQP
SOCP
SDP
nominal level=0.05

Figure 3.6.6: Power comparisons of all the methods across increasing γ for SBM graphs with
four clusters of equal in size on average, with n = 120. Within cluster connection probability
is 0.4, and across cluster connection probability is 0.02.

methods generally achieve higher power than random focal selection and the greedy graph-

based heuristics. The gains can be substantial on heterogeneous network structures, where

simple edge counts or separation constraints do not capture the full geometry of exposure

variation. At the same time, the cycle-graph results illustrate settings in which simple

graph-theoretic constructions can in fact be optimal, thereby identifying when the existing

heuristics have a principled justification.

There are several directions in which the present analysis can be extended. Our theoretical

results focus primarily on Bernoulli treatment assignment, a local neighborhood exposure

model, bounded-degree graph sequences, and a linear working outcome model. More general

treatment designs and exposure mappings may produce different forms of informative

exposure variation, but the same principle, selecting focal units to maximize the component

of rerandomized exposure variation that is informative for the test statistic, provides a
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All focal-selection methods, including independent references (upper tail; 10000 experiments)
Random
2-net, m=45
3-net, m=18
Max-edge method, m=50
independent MIQP
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Figure 3.6.7: Power comparisons of all the methods across increasing γ for SBM graphs
with four clusters of sizes 10%, 20%, 30%, and 40% on average, with n = 120.Within cluster
connection probability is 0.1, and across cluster connection probability is 0.02.

natural starting point. Likewise, incorporating covariates, heterogeneous interference effects,

and homophilous outcome variation should lead to objectives that distinguish variation

aligned with the effect of interest from variation explained by observed or latent network

structure. Finally, the choice of test statistic also affects power, and thus optimizing both

the test statistic and the focal sets jointly would be an important direction for future work.

Appendix

3.A Proofs

We start by proving Theorem 3.3.8.

Theorem 3.A.1 (Asymptotic power optimality of CM (F )). Let Fn be a class of proper focal

sets F ⊊ V (n). Suppose Assumptions 3.3.1 to 3.3.5 hold. Assume γn ≥ 0, corresponding to
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All focal-selection methods, including independent references (upper tail; 10000 experiments)
Random
2-net, m=24
3-net, m=5
Max-edge method, m=60
independent MIQP
independent SDP
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Figure 3.6.8: Power comparisons of all the methods across increasing γ for SBM graphs
with four clusters of sizes 10%, 20%, 30%, and 40% on average, with n = 120.Within cluster
connection probability is 0.4, and across cluster connection probability is 0.02.

the upper-tail test. For each F ∈ Fn, let

CM (F ) := p(1− p) Tr
(
MFBF RB

⊤
F RMF

)
,

and let

F ⋆ ∈ arg max
F ∈Fn

CM (F ).

Then F ⋆ satisfies Assumption 3.3.6 with probability tending to one. Moreover, Assump-

tion 3.3.7 holds for F ⋆. If
γn

√
CM (F ⋆)
σ

= OP (1),

then

Power(F ⋆) = 1− Φ
(
c1−α −

γn

√
CM (F ⋆)
σ

)
+ oP (1), (3.A.1)
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Figure 3.6.9: Village network from dayudengxiongmin1. An undirected edge {i, j} is included
whenever either household i nominated household j or household j nominated household i
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All focal-selection methods on dayudengxiongmin1, including independent references (upper tail; 10000 experiments)
Random
2-net, m=20
3-net, m=7
Max-edge method, m=24
independent MIQP
independent SDP
MIQP
SOCP
SDP
nominal level=0.05

Figure 3.6.10: Power comparisons of all the methods across increasing γ on the village
network.
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and

Power(F ⋆) = max
F ∈Fn

Power(F ) + oP (1). (3.A.2)

If instead
γn

√
CM (F ⋆)
σ

→∞,

then

Power(F ⋆)→ 1,

and (3.A.2) again follows. Thus, maximizing CM (F ) is asymptotically sufficient for maxi-

mizing the power of the conditional randomization test.

Proof. We proceed in five steps. We first record several bounds that hold without imposing

Assumption 3.3.6. We then verify Assumption 3.3.6 at the CM -maximizer using the focal-

gain lemma. Third, we derive the asymptotic power formula for any sequence satisfying

CM (F )→∞. Fourth, we show that focal sets with bounded CM (F ) have asymptotic power

at most α. Finally, we combine these two regimes to establish the optimality of F ⋆.

Bounding each component. Fix F ∈ Fn, write m = |F |, and let R = V (n) \ F . Recall

PF := I −MF , ρ := BF Rz̃R, r := MFρ,

and define

Cρ := E∥ρ∥2 = p(1− p)∥BF R∥2F .

Also define

ΣR := E[rr⊤] = p(1− p)MFBF RB
⊤
F RMF ,

so that

CM (F ) = Tr(ΣR) = E∥r∥2.
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Because MF and PF are complementary orthogonal projections,

∥r∥2 = ∥ρ∥2 − ρ⊤PFρ.

Taking expectations,

Cρ − CM (F ) = p(1− p) Tr
(
PFBF RB

⊤
F R

)
. (3.A.3)

Since rank(PF ) ≤ 2,

0 ≤ Cρ − CM (F ) ≤ 2p(1− p)∥BF R∥2op.

By Assumptions 3.3.2 and 3.3.4,

∥BF R∥2op ≤ ∥BF R∥1∥BF R∥∞ = O(1).

Hence

Cρ = CM (F ) +O(1). (3.A.4)

In particular,

CM (F )→∞ ⇐⇒ Cρ →∞. (3.A.5)

We will also use the uniform operator-norm bound

∥ΣR∥op ≤ p(1− p)∥BF R∥2op = O(1). (3.A.6)

Consequently,
Tr(Σ2

R) ≤ ∥ΣR∥op Tr(ΣR)

= O(CM (F )) .
(3.A.7)



102

Recall also that

LF = MF (BF F zF +BF RπR) .

The vector inside the projection has uniformly bounded coordinates. Because projection on

span{1F , zF } amounts to subtracting the appropriate focal assignment means, the coordinates

of LF are uniformly bounded as well.

Since MFLF = LF ,

L⊤
F ΣRLF = p(1− p)∥B⊤

F RLF ∥2.

For every j ∈ R, Assumption 3.3.2 and Cauchy–Schwarz give

(∑
i∈F

BijLF,i

)2

≤ C
∑
i∈F

B2
ij .

Summing over j ∈ R,

L⊤
F ΣRLF = O(Cρ). (3.A.8)

Therefore, whenever CM (F )→∞, (3.A.4) implies

L⊤
F ΣRLF + Tr(Σ2

R) = O(CM (F )) . (3.A.9)

Thus Assumption 3.3.7 holds automatically along every sequence for which CM (F )→∞.

The CM -maximizer satisfies boundary mass condition. We now consider F ⋆. Sup-

pose, to the contrary, that F ⋆ contains a focal unit v having no auxiliary neighbors, so

that

BvR = 0.

Let

F− = F ⋆ \ {v}.
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By Lemma 3.3.11,

CM (F−)− CM (F ⋆) = p(1− p)∥BF −v∥2 + oP (1). (3.A.10)

The oP (1) term is the residualization loss generated by deleting one observation from the

regression on 1F and zF ; it tends to zero because the treated and control focal counts used

in that regression both diverge.

By Assumption 3.3.3, v has at least one neighbor. Since v has no auxiliary neighbor,

every such neighbor lies in F−. Because the graph is undirected, at least one entry of BF −v

is nonzero. Hence, by Assumption 3.3.4,

∥BF −v∥2 ≥ b2
min.

Substituting into (3.A.10),

CM (F−)− CM (F ⋆) ≥ p(1− p)b2
min + oP (1).

Because p is bounded away from zero and one, the right-hand side is strictly positive with

probability tending to one. This contradicts the definition of F ⋆ as a maximizer of CM (F ).

Therefore,

P (F ⋆ satisfies Assumption 3.3.6)→ 1. (3.A.11)

By Assumption 3.3.6 and Assumption 3.3.4,

∥BF ⋆R∥2F ≥ |F ⋆|b2
min.

Combining this with (3.A.4),

CM (F ⋆) = Θ(|F ⋆|).
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Since

|F ⋆| → ∞,

we obtain

CM (F ⋆)→∞. (3.A.12)

Equation (3.A.9) therefore also proves Assumption 3.3.7 along F ⋆.

Power for sequences satisfying CM (F )→∞. We now fix any sequence F ∈ Fn such

that

CM (F )→∞.

For an auxiliary rerandomization,

z
(b)
R = πR + z̃

(b)
R ,

and

ẽ(b) = LF + r(b), r(b) := MFBF Rz̃
(b)
R .

Define

Dm := ∥LF ∥2 + CM (F ).

Then

Dm = ER

[
ẽ⊤

(b)ẽ(b)
]
.

Indeed,

ẽ⊤
(b)ẽ(b) = Dm + δm,(b),

where

δm,(b) = 2L⊤
F r(b) +

{
r⊤

(b)r(b) − CM (F )
}
. (3.A.13)
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By (3.A.8) and (3.A.4),

VarR(L⊤
F r(b)) = L⊤

F ΣRLF = O(CM (F )).

Likewise, the standard quadratic-form variance bound for independent bounded Bernoulli

variables gives

VarR

(
r⊤

(b)r(b)
)

= O(CM (F )).

Hence

δm,(b) = OPR

(√
CM (F )

)
. (3.A.14)

Since

Dm ≥ CM (F )→∞,

we have
ẽ⊤

(b)ẽ(b)

Dm
= 1 +OPR

(
CM (F )−1/2

)
. (3.A.15)

The same statement holds for the observed assignment.

Recall the observed and rerandomized regression coefficients

γn,o = ẽ⊤
o YF

ẽ⊤
o ẽo

, γn,(b) =
ẽ⊤

(b)YF

ẽ⊤
(b)ẽ(b)

.

Define

µR = L⊤
FYF

Dm
, ∆o = r⊤YF

Dm
, ∆(b) =

r⊤
(b)YF

Dm
.

Using (3.A.15) and the linear outcome model,

γn,(b) = µR + ∆(b) + oPR

(
σ
√
CM (F )
Dm

)
, (3.A.16)

and

γn,o = µR + ∆o + oP

(
σ
√
CM (F )
Dm

)
. (3.A.17)
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To see the claimed rate explicitly, write

γn,(b) :=
(LF + r(b))⊤YF

Dm
.

Then

γn,(b) − γn,(b) = −γn,(b)
δm,(b)

Dm + δm,(b)
.

The numerator calculation under the linear model gives

γn,(b) = OPR

(
γn + σ√

Dm

)
,

while
δm,(b)

Dm + δm,(b)
= OPR

(√
CM (F )
Dm

)
.

Therefore,
γn,(b) − γn,(b)

σ
√
CM (F )/Dm

= OPR

(
γn

σ
+ 1√

Dm

)
= oPR

(1)

by Assumption 3.3.5. This proves (3.A.16); the observed version follows in the same way.

The common term µR is fixed across rerandomizations and therefore cancels from the

CRT comparison.

We next consider the observed distribution. As in the central limit theorem, write

Sm := Dm

(
∆o −

γnCM (F )
Dm

)
.

Let

ρ = BF Rz̃R, Cρ = E∥ρ∥2,

and define

Tm := γn

{
ρ⊤LF + ∥ρ∥2 − Cρ

}
+ ρ⊤εF .
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As in the proof of the central limit theorem,

Tm =
∑
i∈F

ψm,i,

where

ψm,i = γn

{
LF,iρi + ρ2

i − E[ρ2
i ]
}

+ ρiεi.

Only focal units having at least one auxiliary neighbor contribute a nonzero summand.

For every such focal unit,

E[ρ2
i ] = p(1− p)

∑
j∈R

B2
ij ≥ p(1− p)b2

min.

Consequently, the number of nonzero summands is O(Cρ). By bounded degree, their affinity

sets have uniformly bounded cardinality. Moreover, the fourth moments of the nonzero ψm,i

are uniformly bounded.

Let

Ωm := Var(Tm).

The bounded affinity sets imply

Ωm = O(Cρ).

For the lower bound, write

Tm = Aρ
m +Bρ

m,

where

Bρ
m = ρ⊤εF .

Since

E[Bρ
m | ρ] = 0,
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we have

Cov(Aρ
m, B

ρ
m) = 0,

and hence
Ωm ≥ Var(Bρ

m)

= σ2E∥ρ∥2

= σ2Cρ.

Thus

Ωm = Θ(Cρ) = Θ(CM (F )). (3.A.18)

The three affinity-set conditions now follow exactly as in the central limit theorem, but

with Cρ replacing m as the effective number of nonzero summands. Specifically,

∑
i

∑
j,k∈Ai

E|ψiψjψk| = O(Cρ) = o(Ω3/2
m ),

and ∑
i,j

∑
k∈Ai,l∈Aj

Cov(ψiψk, ψjψl) = O(Cρ) = o(Ω2
m).

The third condition is zero because ψi is independent of the summands outside its affinity

set. Therefore,
Tm√
Ωm
⇒ N(0, 1). (3.A.19)

It remains to transfer this result from Tm to Sm. Since MF = I − PF ,

Sm = Tm +Rm,

where

Rm = −γn

{
ρ⊤PFρ− E[ρ⊤PFρ]

}
− ρ⊤PF εF .
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Because rank(PF ) ≤ 2 and ∥BF R∥op = O(1), standard quadratic-form moment bounds give

E[R2
m] = O(1).

Combining this with (3.A.18),
Rm√
Ωm

P−→ 0.

Hence
Sm√

Var(Sm)
⇒ N(0, 1).

Therefore
∆o − γnCM (F )/Dm√

Vm
⇒ N(0, 1), (3.A.20)

where

Vm = 1
D2

m

[
σ2CM (F ) + γ2

n Var
(
r⊤LF + ∥r∥2

)]
.

The same dependency bounds used above give

Var
(
r⊤LF + ∥r∥2

)
= O(CM (F )).

Thus, by Assumption 3.3.5,

Vm = σ2CM (F )
D2

m

{1 + o(1)}. (3.A.21)

We now analyze the rerandomization distribution. Conditional on the observed data,

Dm∆(b) = z̃
(b)⊤
R B⊤

F RMFYF .

Its conditional variance is

VR = Y ⊤
F ΣRYF

D2
m

.
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Expanding MFYF = γn(LF + r) +MF εF gives

Y ⊤
F ΣRYF = σ2CM (F ) + γ2

nL
⊤
F ΣRLF + γ2

n Tr(Σ2
R)

+ oP

(
σ2CM (F )

)
.

By (3.A.9) and Assumption 3.3.5,

γ2
n

{
L⊤

F ΣRLF + Tr(Σ2
R)
}

= o
(
σ2CM (F )

)
.

Hence

VR = σ2CM (F )
D2

m

{1 + oP (1)}. (3.A.22)

Combining (3.A.21) and (3.A.22),
VR

Vm

P−→ 1. (3.A.23)

Finally, the conditional Lindeberg condition for ∆(b) follows because the number of

nonzero columns of BF R is O(Cρ), each column has uniformly bounded support, and

Cρ ≍ CM (F )→∞. Thus,

∆(b)√
VR
⇒ N(0, 1) conditionally in probability.

Therefore the conditional (1− α) rerandomization quantile is

c1−α

√
VR + oP (

√
VR).

Using (3.A.16)–(3.A.17), the CRT therefore rejects asymptotically when

∆o > c1−α

√
VR + oP (

√
Vm).
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By (3.A.20),

Power(F ) = 1− Φ
(
c1−α

√
VR

Vm
− γnCM (F )/Dm√

Vm

)
+ oP (1).

Using (3.A.21) and (3.A.23),

Power(F ) = 1− Φ
(
c1−α −

γn

√
CM (F )
σ

{1 + oP (1)}
)

+ oP (1). (3.A.24)

In particular, if
γn

√
CM (F )
σ

= OP (1),

then the Lipschitz continuity of Φ yields

Power(F ) = 1− Φ
(
c1−α −

γn

√
CM (F )
σ

)
+ oP (1). (3.A.25)

If instead
γn

√
CM (F )
σ

→∞,

then (3.A.24) gives

Power(F )→ 1. (3.A.26)

Focal sets with bounded CM (F ). We next show that a focal-set sequence with bounded

CM (F ) cannot have nontrivial asymptotic power under the local alternatives. Conditional

on F and zF , consider the reference distribution under which zR has the same Bernoulli law

as under the experiment, but

YF = α1F + βzF + γn (BF F zF +BF RπR) + εF .

Under this reference distribution, YF does not depend on the realized auxiliary assignments

zR. Therefore the conditional randomization test is level α.



112

Under the alternative model, the only additional mean term is

γnBF Rz̃R.

The KL-divergence from the alternative joint law of (zR, YF ) to the preceding reference law

is

DKL = γ2
n

2σ2E
[
∥BF Rz̃R∥2

]
= γ2

n

2σ2Cρ.

By (3.A.4), if

CM (F ) = O(1),

then

Cρ = O(1).

Hence, by Assumption 3.3.5,

DKL = o(1).

Pinsker’s inequality gives

dTV ≤

√
DKL

2 = o(1).

Since the test has level α under the reference distribution, its power under the alternative

satisfies

Power(F ) ≤ α+ o(1). (3.A.27)

Thus bounded-CM focal sets are asymptotically powerless against the local alternatives

beyond the nominal level.

Maximizing CM (F ) maximizes power. We now compare F ⋆ with an arbitrary sequence

of competing focal sets.
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By (3.A.12), CM (F ⋆)→∞.

First suppose
γn

√
CM (F ⋆)
σ

= OP (1).

Then

Power(F ⋆) = 1− Φ
(
c1−α −

γn

√
CM (F ⋆)
σ

)
+ oP (1).

Consider any competing sequence F ∈ Fn.

If, along a subsequence,

CM (F )→∞,

then the third section in this proof gives

Power(F ) = 1− Φ
(
c1−α −

γn

√
CM (F )
σ

)
+ oP (1).

Since F ⋆ maximizes CM ,

CM (F ) ≤ CM (F ⋆).

Because γn ≥ 0 and Φ is increasing,

Power(F ) ≤ Power(F ⋆) + oP (1).

If instead CM (F ) is bounded along a subsequence, then by (3.A.27),

Power(F ) ≤ α+ o(1).

On the other hand,

1− Φ
(
c1−α −

γn

√
CM (F ⋆)
σ

)
≥ 1− Φ(c1−α) = α,
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so

Power(F ) ≤ Power(F ⋆) + oP (1)

again.

Hence the preceding two arguments, together with the subsequence principle, imply

Power(F ) ≤ Power(F ⋆) + oP (1)

for every competing sequence. Taking a power-maximizing sequence therefore gives

max
F ∈Fn

Power(F ) ≤ Power(F ⋆) + oP (1).

The reverse inequality holds trivially because F ⋆ ∈ Fn. Thus,

Power(F ⋆) = max
F ∈Fn

Power(F ) + oP (1).

Finally, if
γn

√
CM (F ⋆)
σ

→∞,

then (3.A.26) gives

Power(F ⋆)→ 1.

Since power is bounded above by one,

0 ≤ max
F ∈Fn

Power(F )− Power(F ⋆) ≤ 1− Power(F ⋆)→ 0.

This establishes the result in the diverging-signal regime as well. ■

Next, we restate and prove Theorem 3.3.9.

Theorem 3.A.2 (Central Limit Theorem). Suppose Assumptions 3.3.1 to 3.3.4 and 3.3.6
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hold, with γn = γ > 0. Then,

∆o ⇒ N (γCM (s)
Dm

, Vm),

where

Vm = 1
D2

m

[
σ2CM (s) + γ2 Var(rTL+ ∥r∥2)

]
. (3.A.28)

Proof. Because r = MFBF Rz̃R lies in the range of MF , the nuisance terms in the outcome

model vanish when premultiplied by r⊤. Moreover, MF eF = LF + r. Hence

Dm∆o = r⊤YF

= γ r⊤(LF + r) + r⊤εF .

Since E[r] = 0 and E∥r∥2 = CM (s),

E[∆o] = γCM (s)
Dm

.

Therefore,

Sm := Dm

(
∆o −

γCM (s)
Dm

)
= γ{r⊤LF + ∥r∥2 − CM (s)}+ r⊤εF . (3.A.29)

We prove a central limit theorem for Sm in two steps.

Removing the rank-two projection. Set ρ = BF Rz̃R, so that r = MFρ, and recall

Cρ = E∥ρ∥2.
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We start by considering the simple case. Consider

Tm = γ{ρ⊤LF + ∥ρ∥2 − Cρ}+ ρ⊤εF .

This can be written as Tm =
∑

i∈F ψm,i, where

ψm,i = γ{LF,iρi + ρ2
i − E[ρ2

i ]}+ ρiεi.

For each i ∈ F , let

Ai := {k ∈ F : (Ni ∩R) ∩ (Nk ∩R) ̸= ∅} ∪ {i}.

If k /∈ Ai, then ψm,i and ψm,k depend on disjoint auxiliary assignments and independent

outcome errors, and are therefore independent. By bounded degree,

|Ai| ≤ 1 + d+ d(d− 1)

uniformly in i and m.

Assumptions 3.3.1, 3.3.2 and 3.3.4 imply |ρi| = O(1) uniformly. Bernoulli randomization

also gives (X⊤
F XF )−1 = OP (m−1), and hence |LF,i| = OP (1) uniformly. Because the errors

are Gaussian,

sup
i∈F

E|ψm,i|4 <∞.

It follows that

Ωm := Var(Tm) = O(m),

because only O(m) covariance terms are nonzero. For the matching lower bound, condition

on ρ. Since E[ρ⊤εF | ρ] = 0, the covariance between ρ⊤εF and the remaining part of Tm is

zero. Therefore

Ωm ≥ Var(ρ⊤εF ) = σ2E∥ρ∥2 = σ2Cρ.



117

Assumptions 3.3.4 and 3.3.6 imply Cρ = Θ(m), while bounded degree gives Cρ = O(m).

Consequently,

Ωm = Θ(m).

We now verify the three affinity-set conditions. Bounded fourth moments and uniformly

bounded |Ai| give ∑
i∈F

∑
j,k∈Ai

E|ψm,iψm,jψm,k| = O(m) = o(Ω3/2
m ).

Likewise, for each fixed (i, k) with k ∈ Ai, there are only O(1) pairs (j, ℓ) for which

Cov(ψm,iψm,k, ψm,jψm,ℓ) can be nonzero. Hence

∑
i,j∈F

∑
k∈Ai, ℓ∈Aj

Cov(ψm,iψm,k, ψm,jψm,ℓ) = O(m) = o(Ω2
m).

Finally, with ψ−i =
∑

j /∈Ai
ψm,j , independence gives

E[ψm,i | ψ−i] = E[ψm,i] = 0,

so the third affinity-set term is identically zero. The central limit theorem of Chandrasekhar

et al. therefore yields
Tm√
Ωm
⇒ N(0, 1). (3.A.30)

Restoring the projection. Write MF = I − PF . Since LF = MFLF ,

r⊤LF = ρ⊤LF , ∥r∥2 = ∥ρ∥2 − ρ⊤PFρ, r⊤εF = ρ⊤εF − ρ⊤PF εF ,

and

CM (s) = Cρ − E[ρ⊤PFρ].
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Thus Sm = Tm +Rm, where

Rm = −γ{ρ⊤PFρ− E[ρ⊤PFρ]} − ρ⊤PF εF .

Now

ρ⊤PFρ = (X⊤
F ρ)⊤(X⊤

F XF )−1(X⊤
F ρ),

and similarly

ρ⊤PF εF = (X⊤
F ρ)⊤(X⊤

F XF )−1(X⊤
F εF ).

Bounded degree gives X⊤
F ρ = OP (

√
m); Gaussian errors give X⊤

F εF = OP (
√
m); and

Bernoulli randomization gives (X⊤
F XF )−1 = OP (m−1). Therefore

ρ⊤PFρ = OP (1), ρ⊤PF εF = OP (1), Rm = OP (1).

The same fourth-moment bounds strengthen the last display to E[R2
m] = O(1). Since

Ωm = Θ(m),
Rm√
Ωm

= oP (1),

and (3.A.30) implies
Sm√
Ωm
⇒ N(0, 1).

Moreover, if Wm = Var(Sm), then

|Wm − Ωm| ≤ E[R2
m] + 2

√
ΩmE[R2

m] = o(m),

so Wm/Ωm → 1. Hence
Sm√
Wm

⇒ N(0, 1).
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Using (3.A.29) and

Wm = σ2CM (s) + γ2 Var(r⊤LF + ∥r∥2) = D2
mVm

completes the proof:
∆o − γCM (s)/Dm√

Vm
⇒ N(0, 1).

■

Next, we present the proof to Corollary 3.3.10.

Corollary 3.A.3. Suppose Assumptions 3.3.1 to 3.3.6 hold. Then,

∆o ⇒ N (γnCM (s)
Dm

, Vm),

where

Vm,n = 1
D2

m

[
σ2CM (s) + γ2

n Var(rTL+ ∥r∥2)
]
. (3.A.31)

If, in addition, Assumption 3.3.7 holds,

Vm,n = 1
D2

m

[
σ2CM (s) + γ2

n Var(rTL+ ∥r∥2)
]

= σ2CM (s)
D2

m

{1 + o(1)},

and therefore,

∆o − γnCM (s)/Dm

σ
√
CM (s)/Dm

⇒ N (0, 1)

Proof. The proof of the preceding theorem remains valid with γ replaced by γn. Indeed, the

upper moment bounds are uniform for bounded γn, while the variance lower bound

Var(Tm) ≥ σ2Cρ = Θ(m)
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does not depend on γn. Therefore

∆o − γnCM (s)/Dm√
Vm,n

⇒ N(0, 1),

where

Vm,n = 1
D2

m

{
σ2CM (s) + γ2

n Var(r⊤LF + ∥r∥2)
}
.

The same quadratic-form variance bound used above gives

Var(r⊤LF + ∥r∥2) = O
(
L⊤

F ΣRLF + Tr(Σ2
R)
)
.

Under Assumptions 3.3.5 and 3.3.7,

γ2
n Var(r⊤LF + ∥r∥2)

σ2CM (s) = o(1).

Consequently,

Vm,n = σ2CM (s)
D2

m

{1 + o(1)},

and hence
∆o − γnCM (s)/Dm

σ
√
CM (s)/Dm

⇒ N(0, 1).

■

We now prove Lemma 3.3.11.

Lemma 3.A.4 (Asymptotic monotonicity in focal gains). Suppose Assumptions 3.3.1 to 3.3.3

holds. Let F contain a focal unit v that has no auxiliary neighbors. Let F− = F \ v. Then,

CM (F−)− CM (F ) = c− oP(1),

for some constant c > 0.

Proof. Let F = F− ∪ {v} and R = V \ F . Since v has no auxiliary neighbor, BvR = 0, and
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after moving v to the auxiliary set, R− = R ∪ {v}. Therefore

BF R =

BF −R

0

 , BF −R− =
[
BF −R BF −v

]
.

It follows that

CM (F−)− CM (F )
p(1− p) = ∥MF −BF −v∥22 (3.A.32)

−


∥∥∥∥∥∥∥MF

BF −R

0


∥∥∥∥∥∥∥

2

F

− ∥MF −BF −R∥2F

 . (3.A.33)

We bound the two terms on the right separately.

Write A = BF −R, XF − = [1F − zF − ], and xv = (1, zv)⊤. The recursive least-squares

identity gives

∥∥∥∥∥∥∥MF

A
0


∥∥∥∥∥∥∥

2

F

− ∥MF −A∥2F

=
∥x⊤

v (X⊤
F −XF −)−1X⊤

F −A∥22
1 + x⊤

v (X⊤
F −XF −)−1xv

.

Let

f− = |F−|, n1 =
∑

i∈F −

zi, n0 =
∑

i∈F −

(1− zi), q = XF −(X⊤
F −XF −)−1xv.

Bernoulli randomization gives n1, n0 = ΘP (f−). Additionally,

XT
F −XF − =

f− n1

n1 n1

 ,
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and

(XT
F −XF −)−1 = 1

n1n0

 n1 −n1

−n1 f−

 .
Hence

∥q∥22 = x⊤
v (X⊤

F −XF −)−1xv = OP ((f−)−1).

Since bounded degree and bounded weights imply ∥A∥op = O(1),

∥A⊤q∥22
1 + ∥q∥22

≤ ∥A∥2op∥q∥22 = OP ((f−)−1).

For the first term in (3.A.33),

∥MF −BF −v∥22 = ∥BF −v∥22

−B⊤
F −vXF −(X⊤

F −XF −)−1X⊤
F −BF −v.

The column BF −v has only O(1) nonzero entries, each uniformly bounded. Thus

∥X⊤
F −BF −v∥ = O(1), while (X⊤

F −XF −)−1 = OP ((f−)−1). Consequently,

∥MF −BF −v∥22 = ∥BF −v∥22 +OP ((f−)−1).

Substituting the last two bounds into (3.A.33) gives

CM (F−)− CM (F ) = p(1− p)∥BF −v∥22 + oP (1).

For an undirected graph, Assumptions 3.3.3 and 3.3.4 imply that v has at least one neighbor

in F− and hence ∥BF −v∥22 ≥ b2
min. Therefore

CM (F−)− CM (F ) ≥ p(1− p)b2
min + oP (1),



123

which proves the claim. ■

We next restate and prove Proposition 3.5.1.

Proposition 3.A.5. Let Cn be the equal edge-weighted cycle graph with n ≥ 7. If n

is even, CH is maximized by the maximum focal independent set of cardinality n/2, i.e.,

the alternating focal sets. If n is odd, CH is maximized by the focal sets with cardinality

(n+ 1)/2 and are almost alternating: there is exactly one pair of adjacent focal nodes, and

the remaining nodes alternate between focal and auxiliary units.

Proof. For every nonempty proper focal set, let c(F ) be the number of focal blocks, let a(F )

be the number of singleton auxiliary blocks, and let q = n−m. Every focal block contributes

two focal–auxiliary edges, so ∑
j∈R

tj = 2c(F ).

Because tj ∈ {0, 1, 2} and tj = 2 exactly when j is a singleton auxiliary block,

∑
j∈R

t2j = 2c(F ) + 2a(F ).

Substitution into the objective gives the exact identity

CH(F ) = 2w2

m
{(m− 1)c(F )− a(F )}. (3.A.34)

The block counts satisfy

c(F ) ≤ min{m, q}, a(F ) ≥ max{0, 2c(F )− q}.

The second inequality follows because the c(F )− a(F ) nonsingleton auxiliary blocks contain

at least two vertices each:

q ≥ a(F ) + 2{c(F )− a(F )} = 2c(F )− a(F ).
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For fixed m, the right-hand side of (3.A.34) is maximized by taking c(F ) as large and a(F )

as small as the preceding constraints allow. To see this directly, substitute the lower bound

on a(F ). The resulting expression is piecewise linear in c(F ), with slopes m− 1 and m− 3.

For m ≥ 3 both pieces are nondecreasing; the cases m = 1, 2 are immediate when n ≥ 7.

Hence, for n ≥ 7,

max
|F |=m

CH(F ) =


2w2

m
{m(m− 1)−max(0, 3m− n)} , m ≤ n/2,

2w2

m
(m− 2)(n−m), m > n/2.

(3.A.35)

The bounds are attainable by arranging the focal and auxiliary blocks so that c(F ) =

min{m, q} and a(F ) = max{0, 2c(F )− q}.

Even cycles. Let n = 2ℓ, with ℓ ≥ 4. At m = ℓ, (3.A.35) gives

max
|F |=ℓ

CH(F ) = 2w2(ℓ− 2).

Equality requires c(F ) = a(F ) = ℓ, so every focal and auxiliary block is a singleton. Thus

the only maximizers are the two alternating focal sets.

If m < ℓ and 3m ≤ 2ℓ, then

max
|F |=m

CH(F ) = 2w2(m− 1) < 2w2(ℓ− 2).

If m < ℓ and 3m > 2ℓ, then

2w2(ℓ− 2)− max
|F |=m

CH(F ) = 2w2
(
ℓ−m+ 2− 2ℓ

m

)
= 2w2

m
(ℓ−m)(m− 2) > 0.
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Finally, if m > ℓ, then

2w2(ℓ− 2)− max
|F |=m

CH(F ) = 2w2
{
ℓ− 2− (m− 2)(2ℓ−m)

m

}
> 0.

The last inequality follows directly after multiplying by m, because the resulting difference

is (m− ℓ)(m− 4) > 0. Thus the alternating focal sets are the global maximizers when n is

even.

Odd cycles. Let n = 2ℓ+ 1, with ℓ ≥ 3. At m = ℓ+ 1, (3.A.35) gives

max
|F |=ℓ+1

CH(F ) = 2w2

ℓ+ 1ℓ(ℓ− 1).

Equality requires c(F ) = a(F ) = ℓ. Hence every auxiliary block is a singleton, while the

ℓ+ 1 focal vertices form ℓ focal blocks. There is therefore exactly one adjacent focal pair,

and all remaining focal vertices alternate with auxiliary vertices.

For m ≤ ℓ with 3m ≤ 2ℓ+ 1,

max
|F |=m

CH(F ) = 2w2(m− 1) < 2w2

ℓ+ 1ℓ(ℓ− 1).

For m ≤ ℓ with 3m > 2ℓ+ 1, the first line of (3.A.35) is strictly increasing in m, because

{
m+ 1− 4 + 2ℓ+ 1

m+ 1

}
−
{
m− 4 + 2ℓ+ 1

m

}
= 1− 2ℓ+ 1

m(m+ 1) > 0.

It therefore suffices to compare m = ℓ and m = ℓ+ 1:

2w2

ℓ+ 1ℓ(ℓ− 1)− 2w2
(
ℓ− 2 + 1

ℓ

)
= 2w2(ℓ− 1)

ℓ(ℓ+ 1) > 0.
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For m > n/2, the second line of (3.A.35) can be written as

2w2
{
n+ 2−m− 2n

m

}
.

Its increment from m to m+ 1 is

2w2
{
−1 + 2n

m(m+ 1)

}
< 0

for every m ≥ ℓ+1. Hence it is maximized at m = ℓ+1. This proves the odd-cycle claim. ■

We restate and prove Proposition 3.5.2.

Proposition 3.A.6. Let salt denote the maximal independent focal set, which is just the

alternating focal set in the cycle graph. Let sadj denote the focal set where m = 2, and the

two focal units are adjacent to each other. Then, maxsCH(s) = CH(sadj) > CH(salt).

Proof. We consider first m = 2.

Then, 1 ≤ c(F ) ≤ 2, and a(F ) ≥ max(0, 2c(F )− q), and q = 2.

CH(F ) ≤ 2w2

m
{(m− 3)c(F ) + 2} = w2(−c(F ) + 2) ≤ w2.

Now, for Fadj, c(Fadj) = 1, and a(F ) = 0.

CH(Fadj) = w2(c(F )− a(F )) = w2,

and thus, the upper-bound is realized. For Falt, c(Falt) = 2, and a(Falt) = 2.

CH(Falt) = w2(c(F )− a(F )) = 0,

and thus the adjacent focal set is better than the independent focal set with cardinality

m = 2. To see that Fadj is optimal over all possible F , we can simply calculate CH for focal
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sets of cardinality 1 and 3. We begin with F = 1. In this case c(F ) = 1, and a(F ) = 0,

and therefore, CH(F ) = 2w2(−a(F )) = 0. For |F | = 3, we have c(F ) = 1, and a(F ) = 1.

Therefore, CH(F ) = 2w2

3 (2c(F )− a(F )) = 2w2

3 < w2. Thus, Fadj is the optimal focal set. ■
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Table 3.1: Summary of the focal-unit selection methods used in the numerical experiments.
Here F and R denote the focal and auxiliary sets, respectively, m = |F |, andM denotes the
candidate grid of focal-set cardinalities. Unless otherwise stated, candidates are compared
using the graph-only criterion CH(F ) before the power simulation.

Plot label Description

Random For each m ∈ M, draws one uniformly random focal set of size m. Among
these candidates, retains the set with the largest CH(F ).

2-net Constructs a maximal independent focal set greedily, so that no two focal units
are adjacent. Multiple randomized greedy orderings are considered, and the
resulting 2-net with the largest CH(F ) is retained. This is the independent-set
heuristic of Athey et al. (2018).

3-net Imposes stronger separation between focal units, so that distinct focal units
have no common one-hop auxiliary neighbor under the one-neighborhood
exposure model. Multiple randomized greedy orderings are considered, and
the candidate with the largest CH(F ) is retained.

Alternating focal set Cycle-only benchmark. For an even cycle, selects every other vertex as focal,
giving m = n/2.

Max-edge method Implements the greedy edge-comparison heuristic of Athey et al. (2018).
Within each restart, focal units are added according to the increase in the
number of focal–auxiliary graph edges, and the procedure stops when no
positive gain remains. Multiple randomized tie-breaking restarts are run, and
the resulting candidate with the largest CH(F ) is retained.

Independent MIQP For each feasible m ∈M, maximizes s⊤b− 1
m
s⊤BB⊤s over binary s, subject

to si+sj ≤ 1 on every graph edge. The candidate attaining the largest CH(F )
across feasible m is used in the power comparison.

Independent SDP Semidefinite relaxation of the independent-set optimization above, followed
by rounding to a feasible independent focal set of size m. The procedure is
evaluated over feasible m ∈M, and the candidate with the largest CH(F ) is
retained.

MIQP Exactly optimizes the unrestricted constant-projection criterion CH(F ) for
each m ∈M using a mixed-integer quadratic formulation. The best candidate
across m according to CH(F ) is retained.

SOCP Second-order cone relaxation of the unrestricted CH(F ) optimization. For
each m ∈ M, the relaxed solution is rounded to a focal set of size m and
refined using the exact objective. The candidate with the largest CH(F )
across m is retained.

SDP Semidefinite relaxation of the unrestricted CH(F ) optimization, followed by
rounding and local refinement at each m ∈ M. The candidate with the
largest CH(F ) across m is retained. The SDP relaxation is tighter than the
corresponding SOCP relaxation.

Boundary-cut MILP For each m ∈ M, exactly optimizes the weighted focal–auxiliary boundary
objective

∑
i∈F

∑
j∈R

B2
ij . The resulting focal sets are evaluated using CH(F ),

and the candidate with the largest CH(F ) across m is retained for the power
comparison.
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Chapter 4

DATA-ADAPTIVE EXPOSURE THRESHOLDS UNDER NETWORK
INTERFERENCE

This chapter is based on the paper “Data-Adaptive Exposure Thresholds under Net-

work Interference,” coauthored with Tyler H. McCormick⋄,¶, and Jennifer Brennan⋆,

published in Advances in Neural Information Processing Systems 38 (2026): 131360-

131393.

⋆ Google Research, USA
⋄ University of Washington, Department of Statistics, USA
¶ University of Washington, Department of Sociology, USA

Randomized controlled trials often suffer from interference, a violation of the Stable Unit

Treatment Value Assumption (SUTVA), where a unit’s outcome is influenced by its neighbors’

treatment assignments. This interference biases naive estimators of the average treatment

effect (ATE). A popular method to achieve unbiasedness pairs the Horvitz-Thompson

estimator of the ATE with a known exposure mapping, a function that identifies units

in a given randomization unaffected by interference. For example, an exposure mapping

may stipulate that a unit experiences no further interference if at least an h-fraction of its

neighbors share its treatment status. However, selecting this threshold h is challenging,

requiring domain expertise; in its absence, fixed thresholds such as h = 1 are often used.

In this work, we propose a data-adaptive method to select the h-fractional threshold that

minimizes the mean-squared-error (MSE) of the Horvitz-Thompson estimator. Our approach

estimates the bias and variance of the Horvitz-Thompson estimator paired with candidate

thresholds by leveraging a first-order approximation, specifically, linear regression of potential

outcomes on exposures. We present simulations illustrating that our method improves upon

non-adaptive threshold choices, and an adapted Lepski’s method. We further illustrate

the performance of our estimator by running experiments with synthetic outcomes on a
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real village network dataset, and on a publicly-available Amazon product similarity graph.

Furthermore, we demonstrate that our method remains robust to deviations from the linear

potential outcomes model.

4.1 Introduction

Estimating the Average Treatment Effect (ATE), the difference in the average outcomes

of units when all units are treated versus when none are, is challenging in the presence of

network interference. Under interference, the Stable Unit Treatment Value Assumption

(SUTVA) [Cox, 1958, Rubin, 1978, Manski, 1990] is violated, as a unit’s outcome is influenced

by its neighbors’ treatment assignments. This problem is salient in randomized controlled

trials, the setting we examine. For example, estimating the adoption of a new idea through

random assignment of people to advertisements is complicated by the dissemination of

information through social interactions. Consider a social media platform seeking to estimate

the efficacy of a product innovation in increasing user engagement. Measuring outcomes

for users in the control group is complicated by their interactions with treated users. If the

innovation successfully increases engagement among treated users, their friends in the control

group may also exhibit increased engagement through their interactions on the platform. As

such discrete interactions can be modeled through network interference models, the problem

of estimating average treatment effects under network interference becomes a ubiquitous

one.

A fundamental challenge arises from the lack of knowledge about the exact interference

pattern. Exposure mappings, as defined by Aronow and Samii [2017], are functions that

partition the space of treatment assignments and individual-level features (e.g., social

neighborhood structure) into distinct exposure values. These mappings encapsulate the

concept of “effective treatments” introduced in [Manski, 2013]. For example, let z ∈ {0, 1}n

denote the treatment assignment vector, andW ∈ [0, 1]n×n represent the (weighted) adjacency

matrix, where Wij encodes the relationship between units i and j. A simple exposure mapping

takes the form f : (z,W ) 7→ Wz, assigning each unit a weighted sum of its neighbors’
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treatments. Aronow and Samii [2017], Ugander et al. [2013], Sussman and Airoldi [2017],

Hardy et al. [2019], Auerbach and Tabord-Meehan [2021] expound upon different exposure

mappings, and estimation under these settings. Following [Eckles et al., 2017, Toulis and

Kao, 2013], we characterize exposure in terms of the fraction of treated neighbors. For

instance, a unit may be considered as experiencing no additional interference if at least an

h-fraction of its neighbors share its treatment assignment. This fractional neighborhood

exposure mapping aligns with the fractional thresholds model [Watts, 1999], where treated

and untreated peers exert opposing influences on a unit’s outcome. Centola and Macy [2007]

illustrate this with the example of refraining from littering in a neighborhood: an individual’s

decision to avoid littering depends on the relative number of neighbors who also refrain from

littering.

Under a known h-fractional neighborhood exposure mapping, the Horvitz-Thompson

estimator [Horvitz and Thompson, 1952] is a popular unbiased estimator of the average

treatment effect. Without domain knowledge of the interference structure, however, such

estimators based on non-adaptive treatment exposure conditions often suffer from high

bias or variance. For instance, the Horvitz-Thompson estimator can be paired with an

extreme threshold h to achieve unbiasedness, requiring that a unit and all its neighbors be

treated (or in control). However, this can result in high variance, since the probability of

such configurations is very low, especially for high-degree nodes. Conversely, setting a low

threshold h introduces bias into the estimator by including units with limited treatment

(resp. control) exposure in the treatment (resp. control) exposed group. We propose a simple

data-dependent approach to find an MSE-optimal threshold for the Horvitz-Thompson

estimator in the finite population setting. We compute the bias slope, an approximate rate of

change of bias, which we use to estimate the bias of our estimator. We use this information

together with variance estimates to select a threshold minimizing the Mean-Squared-Error

(MSE) of the estimator.

In [Basse and Airoldi, 2018, Cai et al., 2015], a (known) generalized linear form of
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network effects on neighborhood treatments was assumed. Related to our work, Zhu et al.

[2024] fit functionals on the treatment assignment and exposure. In [Chin, 2019], the author

proposes regression adjustment estimators that predict potential outcomes under global

treatment and control conditions. Unlike traditional regression adjustments, their approach

constructs adjustment variables from functions of the treatment assignment vector, framing

the learning of a more flexible exposure mapping as a feature engineering problem. While

Belloni et al. [2022] focus on estimating direct effects under network interference, their

approach to determining the exposure radius, i.e. the mi-hop influence, shares conceptual

ground with our approach of selecting optimal exposure thresholds.

In this paper, we present our framework for the Horvitz-Thompson estimator of the

ATE, motivated by its widespread adoption in practice. Nevertheless, our approach could be

adapted for other estimators, like the Hájek, Difference-in-Means, and Augmented Inverse

Propensity Weighted (AIPW) estimators. We formulate the adaptively-thresholded estimator

for the Difference-in-Means estimator, which is a special case of the Hájek estimator, in

the Appendix 4.A.7.5. We note however, that the Hájek estimator is only approximately

unbiased at the true threshold. This makes formal characterization of its exact bias–variance

tradeoff more challenging than for the Horvitz-Thompson estimator.

Within off-policy evaluation in reinforcement learning, Su et al. [2020] address the classical

problem of adaptive bandwidth selection, well studied in non-parametric statistics [Fan and

Gijbels, 1992, Ruppert, 1997, Kallus and Zhou, 2018, Mukherjee et al., 2015], by applying

Lepski’s method [Lepskii, 1992, 1993, Lepski and Spokoiny, 1997, Goldenshluger and Lepski,

2011]. Our work explores an extension of this framework to optimal bandwidth selection

for the Horvitz-Thompson estimator in average treatment effect estimation under network

interference (see Appendix 4.A.3). To our knowledge, this connection has not been explored

previously. We compare our procedure to an adaptation of Lepski’s method tailored to our

problem setting. In our context, the network dependence structure can lead to violations of

the monotonicity and decay rates conditions that Lepski’s method relies on. Our approach
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offers a simple and principled data-adaptive alternative designed to address these challenges

in our context. Philosophically, these ideas are similar. This perspective on threshold, or

equivalently bandwidth, selection at the estimation stage can loosely be viewed as the “dual"

of choosing cluster sizes in cluster-randomization approaches such as Ugander et al. [2013],

Eckles et al. [2017] at the design stage.

4.2 Setup

4.2.1 Notation.

We use h to denote the threshold for “treatment exposure", and 1− h for “control exposure".

Therefore, for larger h, i.e. h closer to one, we have a more restrictive setting, where only the

subset of treated (resp. control) units with most of their neighbors treated (resp. control)

are counted as treatment (resp. control) exposed. For smaller h, i.e. h close to zero, we

have a less restrictive setting, as a larger subset of treated (resp. control) units satisfy the

threshold condition. Throughout the paper we use W to denote the adjacency matrix with

Wii = 0, di =
∑

j Wij for the degree of node i, and d when the graph is regular. We use D

to denote the diagonal matrix of degrees di.

4.2.2 Problem Setup

We study the finite population setting. Additionally, we consider a fractional neighborhood

exposure mapping. That is, for any treatment assignment vector z ∈ {0, 1}n, the effective

influence of the graph’s treatment assignment on the outcome of node i is equivalent to the

influence of fractional treatment assignments in the neighborhood of node i. This reduces

our potential outcomes model to the following form:

yi(z) = yi(zi, ei) = αi + ψ(zi, ei) + ϵi, (4.2.1)

where zi ∈ {0, 1} is the treatment assignment of unit i, ei ∈ [0, 1] is the fraction of treated

neighbors of unit i (excluding i itself), and the ϵi are uniformly-bounded and non-random.
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Throughout the paper, we focus on ψ(zi, ei) = g(zi) + f(ei), but our framework generalizes.

For instance, we will consider the linear potential-outcome model in some examples:

yi(z) = αi + ψ(zi, ei) + ϵi = αi + βizi + γiei + ϵi. (4.2.2)

We are interested in estimating the average treatment effect (ATE),

τ = 1
n

n∑
i=1

yi(1, 1)− 1
n

n∑
i=1

yi(0, 0) = 1
n

n∑
i=1

(αi + βi + γi + ϵi − αi − ϵi) = 1
n

n∑
i=1

(βi + γi),

(4.2.3)

though we could, more generally, take any difference between exposure categories.

Let Yi denote the observed outcome for unit i, i ∈ [n]. We consider the Horvitz-Thompson

estimator [Horvitz and Thompson, 1952] for a given exposure threshold h:

τ̂h = 1
n

n∑
i=1

1{zi = 1, ei ≥ h}
P{zi = 1, ei ≥ h}

Yi −
1
n

n∑
i=1

1{zi = 0, ei ≤ 1− h}
P{zi = 0, ei ≤ 1− h}Yi (4.2.4)

Our goal then is to select the threshold h in the Horvitz-Thompson estimator above that

minimizes the MSE. More formally, given a candidate set of thresholds H, we select

h∗ := argmin
h∈H

MSE(τ̂h) = argmin
h∈H

Bias2(τ̂h) + Var(τ̂h). (4.2.5)

Stronger interference, i.e. when ψ(·, ei) is more sensitive to changes in exposure ei, induces

greater bias through edges that connect units with differing treatment assignments. To

mitigate this bias, one might pick a higher exposure threshold h. However, increasing h

reduces the exposure probabilities P{zi = 1, ei ≥ h} and P{zi = 0, ei ≤ 1 − h}, thereby

increasing variance. To illustrate this bias–variance trade-off, we display the biases and

variances under the linear model Yi = α+ βzi + γei + ϵi evaluated across varying thresholds

in the Horvitz-Thompson estimator (4.2.4) above, in the left panel of Figure 4.2.1. This

trade-off is illustrated for various ratios of γ/β. The right panel of Figure 4.2.1 illustrates
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Figure 4.2.1: Left: bias, variance, and RMSE of AdaThresh across different thresholds
for the 1000-node 2nd-power cycle graph (see Appendix 4.A.6) with unit-level Bernoulli
randomization, and linear model outcome Yi = 10 + 10zi + γei + ϵi, for fixed ϵi generated
from N (0, 1). Right: toy illustration of linear fits used to approximate exposure bias caused
by including more data across different thresholds. The “jittered” datapoints signify the
amount of variance reduction across thresholds. Rectangular blocks depict the data regions
under the MSE-optimal thresholds.

the different fitted linear models for various γ/β ratios, whose slopes we call the bias slope.

We then use these bias slopes to compute the bias estimates for {τ̂h}h (4.2.4), as described in

detail in the next section. Combining these bias estimates with the corresponding variance

estimates allows us to select the MSE-optimal threshold, shown by the shaded regions in the

right panel of Figure 4.2.1 (matching the left panel).

We adopt the MSE as our objective as we are interested in precisely and accurately

estimating the ATE, trading off bias against variance in the estimator. See Deng et al.

[2024, Section 2.2] for more discussions on this. We note that, while the overall trend of bias

decreasing and variance increasing with h holds, neither quantity is necessarily monotonic

due to the dependence between units and, consequently, their exposures. To further illustrate
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this, in Appendix 4.A.6, we draw upon toy examples of circulant graphs from Ugander et al.

[2013].

4.3 Estimating bias and variance

With the goal of obtaining an MSE-optimal threshold in mind, we find the bias slope γ̂n,

which captures how the bias changes with the threshold h. More concretely, the bias slope

quantifies the average change in bias as h is varied from 0 to 1, estimated by the slope of a

linear fit. Generally, this linear regression coefficient γ̂n is simply a first-order approximation

of how ψ(·, ei) changes with ei, estimating the average change in the mean outcome per

unit change in exposure. In our context, this also reflects the average change in bias as we

move away from the boundary exposures, i.e., from 0 for control or 1 for treated, since in

our setting bias arises when exposures deviate from these extremes. This interpretation

motivates the use of the weights ei − 0 = ei and 1− ei in Equation 4.3.1, corresponding to

deviations from the control and treated boundaries, respectively.

Building on this interpretation, we propose the following Horvitz-Thompson-style estima-

tor for the bias, which integrates the bias slope over the empirical exposure distribution to

yield an average (absolute) bias estimate at a given threshold:

b̂(τ̂h) = 1
n

n∑
i=1

(1− ei)γ̂n1{zi = 1, ei ≥ h}
P{zi = 1, ei ≥ h}

+ 1
n

n∑
i=1

eiγ̂n1{zi = 0, ei ≤ 1− h}
P{zi = 0, ei ≤ 1− h} , (4.3.1)

where γ̂n, the bias slope, is the linear regression coefficient of the outcome on the exposure

variable. If the potential outcomes depend strongly and positively on the treatment exposures,

γ̂n will be larger. Consequently, our estimator will capture a more pronounced increase in

bias caused by including more data when using a smaller threshold h. We use a Horvitz-

Thompson-style bias estimator to account for the exposure distribution, which may pose

challenges for Lepski’s method (see description in Appendix 4.A.6).

To estimate the variance associated with a threshold h, we use the variance estimator

discussed in Aronow and Samii [2017], available in Appendix 4.A.1.
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Together, they inform the choice of threshold, and our adaptive estimator, AdaThresh.

We describe our procedure in Algorithm 1.

Algorithm 1 AdaThresh
Require: Graph adjacency matrix W , outcome vector Y , treatment vector z

1: Compute exposure: e← D−1Wz
2: Fit linear model: Y = βz + γe+ c
3: Let γ̂ be the estimated coefficient for e
4: for each threshold h ∈ H do
5: Estimate bias: B̂ias(h) using γ̂, Y, z,W , and h ▷ See Eq. (4.3.1)
6: Estimate variance: V̂ar(h) using Y , z, W , and h ▷ See Appendix 4.A.1
7: Compute M̂SE(h)← B̂ias

2
(h) + V̂ar(h)

8: end for
9: ĥ← arg minh∈H M̂SE(h)

10: return τ̂ĥ ▷ See (4.2.4)

The bias slope from the linear fit captures the average change in bias as h is varied from

0 to 1. We do not assume an underlying linear model Y = α+ βz + γe, for which the sum

of linear regression coefficients β̂ + γ̂ would be the optimal estimate of the ATE. Rather,

we use a linear regression only to obtain the bias slope, a first-order approximation of how

ψ(·, ei) changes with ei. This idea is similar in spirit to the work of Baird et al. [2018], where

the authors leverage the slope of spillovers with respect to treatment saturation levels as an

approximation, without assuming linearity in the true data-generating process.

As we first estimate the bias slope to inform our overall estimator of the ATE, sample-

splitting is one potential strategy for consistent estimation. However, since the units of

interest are dependent (as modeled by the network interference), one would have to prove

performance guarantees by leveraging results such as Hart and Vieu [1990]. In our setting,

however, it is not necessary that we split the data as we leverage the simplicity of the model

class [Van Der Vaart et al., 1996]. In Appendix 4.A.9, we discuss this using Donsker results

[Van Der Vaart et al., 1996] to demonstrate that our approach does not lead to overfitting.
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4.4 Theoretical Results

Denote by H the (finite) set of exposure thresholds. For example, in cycle graphs (see

Appendix 4.A.6 for details), H = {u
d : u ∈ {0, 1, ..., d}} where d is the degree of the graph.

We assume the following:

Assumption 4.4.1 (Unconfoundedness, Positivity).

1. (Unconfoundedness) For all i ∈ [n],

{yi(z̃i, ẽi) : z̃i ∈ {0, 1}, ẽi ∈ [0, 1]} ⊥⊥ (zi, ei)

2. (Positivity) For all i ∈ [n], h ∈ [0, 1],

P{zi = 1, ei ≥ h} > 0 and P{zi = 0, ei ≤ 1− h} > 0.

The first part of Assumption 4.4.1 states that the individual and neighborhood treatment

assignments are independent of the potential outcomes. This follows from the unit-level and

cluster-level Bernoulli randomization designs we consider in this paper. The second part of

the assumption is also a fundamental one in the causal inference literature [Rosenbaum and

Rubin, 1983, Petersen et al., 2012], ensuring that we have sufficient data to estimate the

ATE. It also relates to statistical leverage [Mahoney et al., 2011, Martinsson and Tropp, 2020,

Young, 2019, Pilanci and Wainwright, 2015]. The idea, informally, is that under positivity,

statistical leverage across the input data is more homogeneous. As a result of this, there are

no observations that have too much control over the linear regression.

Assumption 4.4.2 (Bounded variation treatment-exposure function). Let the potential

outcome function be yi = αi +ψ(zi, ei) + ϵi as in (4.2.1). The function ψ(zi, ei) has bounded

variation.
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Assumption 4.4.3 (Bounded First-Order Interactions). For unit-level randomization, we

assume that all nodes have bounded degree. Specifically, there exists a finite constant

dmax <∞ such that, for every unit i ∈ [n], the degree di satisfies

di ≤ dmax.

For cluster-level randomization, we assume that all clusters have bounded degrees of

cross-cluster interactions. Let si denote the number of cross-cluster connections involving

the cluster to which unit i belongs. Then, there exists a finite constant smax <∞ such that,

for every cluster i ∈ C, the cross-cluster degree si satisfies

si ≤ smax.

These restrictions are consistent with the observation that networks in practice tend

to be sparse and clustered [Barabási, 2013, Chandrasekhar, 2016, Chandrasekhar et al.,

2020]. If this assumption is violated, exposure positivity may fail, and Proposition 4.A.5

will no longer hold. However, as discussed in Remark 4.4.4 below, this assumption can be

weakened under certain conditions. Some examples of graph classes that fall under the

categorization of Assumption 4.4.3 are expander graphs, and growth-restricted graphs [Alon,

1986, Arora et al., 2009, Gkantsidis et al., 2003, Kuhn et al., 2005, Krauthgamer and Lee,

2003, Kowalski, 2019]. This is related to requiring the graph interference structure to have

small kn-conductance (i.e. the kn-partition generalization of the Cheeger constant) for kn

growing with n. In the causal inference literature, the growth-restricted graph setting was

studied in [Ugander et al., 2013].

Remark 4.4.4. Assumption 4.4.3 is also employed by Aronow and Samii [2017]. As we further

discuss in Appendix 4.A.8, it can be relaxed by “binning” the exposures and verifying whether

the “affinity set” conditions of Chandrasekhar et al. [2023] are satisfied. Specifically, in more

general weighted settings, one can partition exposures into bins indexed by b = 1, 2, . . . ,K,
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each associated with an effective exposure level ẽb. In this framework, node degrees need

not be bounded, provided the affinity set conditions are met. These conditions subsume

the approximate neighborhood interference (ANI) condition of Leung [2022a] when the

maximum clique size in the network remains bounded. For cases with growing clique size,

we refer the reader to Leung [2022a] for further discussion of the ANI framework.

In the following theorem, we characterize the probability of choosing the correct threshold

under the best average linear fit, for which the exposure slope is γ∗. The correct threshold h∗

under the best average linear fit is the threshold minimizing the sum of the true variance and

the true squared-bias under Yi = α+ βzi + γ∗ei. We write M∗
n(h), M̂n(h) to denote the MSE

under the true average best fit line and the MSE estimated by our methods, respectively, at

threshold h and finite-population size n.

Theorem 4.4.5. Suppose Assumptions 4.4.1, 4.4.2, and 4.4.3 hold. Further assume

unit-level Bernoulli randomization with treatment assignment probability p. Let ∆n :=

minh∈H\{h∗} |M∗
n(h)−M∗

n(h∗)|, and let Un ∈ R satisfy maxh |b∗
n(τ̂h)| ≤ Un, which exists by

Assumptions 4.4.1(2) and 4.4.2. Denote by h∗
n the optimal threshold under the true average

best-fit line, and by ĥn the threshold chosen by our method. Finally, let H be the set of

exposures. Then,

P{ĥn ̸= h∗
n} ≤

∑
h∈H

P{|M̂n(h)−M∗
n(h)| > ∆n/2}

≤ 3|H|max
{

exp
(
− ∆nnp(1− p)

8cdmax
+ 1

)
, exp

(
− ∆2

nnp(1− p)
(16Un)2cdmax

+ 1
)
,

6 exp
(
−

Cn
(∆n

4 −
cd2

max
n

)
√
An,2 +

√(∆n
4 −

cd2
max
n

)
Mn,2

)}
,

for some constants c, C. Here, An,p ≤ 16∥ṽ∥2L1
{c1 + (log n)4

n }2, for some constant c1 and

ṽ is the Fourier transform of the summands of the variance components, and Mn,2 =

4∥ṽ∥L1(logn)4.

If, instead, the design is cluster-level Bernoulli randomization with probability p, denote
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by smax the maximum cross-cluster degree, i.e., the largest number of distinct clusters to

which any given cluster is connected. Then, we can replace dmax by smax in the bounds above.

In Theorem 4.4.5, we assume without loss of generality that the MSE gap is lower-

bounded by a constant, i.e. ∆n ≥ ∆, as otherwise all candidate thresholds are optimal. The

proof to the theorem is in Appendix 4.A.5.1. In this proof, we make use of the results from

[Ziemann et al., 2024, Theorem 3.1], and [Shen et al., 2020, Theorem 2.1].

Our results tell us that generally, for fixed n, and under a unit-level Bernoulli randomiza-

tion, our approach yields a higher probability of choosing the optimal threshold when the

maximum degree is smaller. Under a Bernoulli cluster-level randomization, our approach

yields a higher probability of choosing the optimal threshold when the maximum cross-cluster

degree is smaller. Therefore, for a well-clusterable graph, our approach would yield a higher

probability of choosing the optimal threshold under cluster-level randomization, as the

clustering would give us a reduction in the cross-cluster degree. Not surprisingly, when n is

larger, and the degree ranges are kept fixed, the probability of choosing the optimal threshold

is higher. Additionally, as the variance of the variance estimator is larger, the probability of

picking the right threshold is smaller. The error scales with the size of the bias, appearing

in the second term in the bound. Finally, considering symmetric h for treated and control

units, our approach yields a higher probability of choosing the optimal threshold when the

treatment assignment probability p = 0.5. This can be seen from the p(1− p) term in the

bound which is maximized at p = 0.5.

This gives us the following corollary. Denote the true MSE by M∗∗
n , and the corresponding

bias and optimal threshold by b∗∗
n and h∗∗

n , respectively.

Corollary 4.4.6. Under the conditions of Theorem 4.4.5, further assume that ψ(zi, ei) =

g(zi) + f(ei), and that supei
|f(ei)− γ∗ei| ≤ δ. Let U∗

n ∈ R be such that maxh |b∗∗
n (τ̂h)| ≤ U∗

n,

which exists by Assumptions 4.4.1 (2) and 4.4.2. Let δ̃ := 16δ2 + 8δU∗
n . Then,

P{ĥn ̸= ĥ∗∗
n } ≤

∑
h∈H

P{|M̂n(h)−M∗∗
n (h)| > ∆n/2}
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≤ 3|H|max
{

exp
(
− (∆n/8− δ̃)np(1− p)

cdmax
+ 1

)
,

exp
(
− (∆2

n/(16Un)2 − δ̃)np(1− p)
cdmax

+ 1
)
,

6 exp
(
−

Cn
(∆n

4 −
cd2

max
n − δ̃

)
√
An,2 +

√(∆n
4 −

cd2
max
n − δ̃

)
Mn,2

)}
,

for some constants c, C. Here, An,p ≤ 16∥ṽ∥2L1
{c1 + (log n)4

n }2, for some constant c1 and

ṽ is the Fourier transform of the summands of the variance components, and Mn,2 =

4∥ṽ∥L1(logn)4.

If, instead, the design is cluster-level Bernoulli randomization with probability p, denote

by smax the maximum cross-cluster degree, i.e., the largest number of distinct clusters to

which any given cluster is connected. Then, we can replace dmax by smax in the bounds above.

Corollary 4.4.6 tells us that if the maximum linear approximation error between the best

average linear fit and the true exposure function f(·) is small enough relative to the minimum

MSE gap ∆n, our estimator will be optimal with high probability for large n. Indeed, when

the n(∆n − δ̃) terms are large, the exp (−n(∆n − δ̃)) terms are small. If f(x) = γx for all

x ∈ [0, 1] indeed, then with necessarily we have that with high probability for large n, our

estimator is optimal.

4.5 Experiments

We now compare the performance of our approach with that of non-adaptive Horvitz-

Thompson estimators HT (1) and HT (0), with h = 1, and h = 0, respectively. Additionally,

since our objective is essentially an MSE-optimal bandwidth selection problem for the

indicator kernel (see Appendices 4.A.3, 4.A.7), we also compare our estimator to a variant

where the threshold is selected via Lepski’s method [Goldenshluger and Lepski, 2011, Su

et al., 2020]. We note that Lepski’s method relies on the monotonicity of the bias and the

variance to work well. In our setting, due to the implicit dependency structure from the

graph appearing in the exposures ei, the monotonicity assumption may be violated. We
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write out these three estimators we compare against in Appendix 4.A.2.

In Figure 4.5.2, we display simulation results with outcomes generated from the linear

model with ψ(zi, ei) = g(zi) + f(ei), αi = 10, g(zi) = βzi = 10zi, f(ei) = γei, with fixed ϵi

generated from N (0, 1), for a 200-node graph, generated from an SBM with 40 underlying

clusters (see Figure 4.5.1 (left panel)). We focus on varying the ratio γ/β as we consider

a fixed graph. We see that our adaptive thresholding estimator, AdaThresh, generally

performs better than existing estimators, interpolating between the fixed 0/1-threshold

Horvitz-Thompson estimators, and out-performing the Lepski-based Horvitz-Thompson

estimators when the threshold γ/β is high. We also display simulation results for 1000-node

2nd-power cycle graphs in Figure 4.A.3.

Furthermore, cluster-randomized designs better control interference, reducing bias over

wider ranges of spillover ratios. In such settings, the variance tends to dominate the bias.

Since optimizing for bias leads to HT (1), and optimizing for variance leads to HT (0), we

observe better intermediate thresholds for longer ranges of spillover ratios under cluster-

randomized designs compared to unit-level designs. These patterns become even more

pronounced in the cycle graphs presented in Figure 4.A.3, where the node degree is held

constant. From the design perspective (see, for instance, [Viviano et al., 2023]), if spillover

ratios are larger, then one might analogously perform more cluster-randomized designs to

contain more of the interference and reduce bias.

4.5.1 Real Data

We evaluate the performance of our estimator on village (No.6) network data from [Banerjee

et al., 2013a]. Here, n = 110, with nodes representing villagers and edges indicating that

the adjacent villagers have visited each other’s homes. We ran experiments with synthetic

potential outcomes, averaging over 1000 trials, under unit-level and cluster-level Bernoulli

randomizations, where clusters were formed using an ϵ(= 1)-net clustering (see [Ugander

et al., 2013] for details on ϵ-net clustering). We generate simulated data using the linear
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Figure 4.5.1: Left: A graph of size n = 200 generated from the Stochastic Block Model
(SBM). Node colors reflect ground-truth cluster membership, corresponding to the underlying
block membership. Right: Village network dataset, with node colors reflecting ϵ = 1-net
clustering (see [Ugander et al., 2013] for details on ϵ-net clustering).
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Figure 4.5.2: RMSE (normalized by the ATE) of different Horvitz-Thompson estimators
for the SBM graph in Figure 4.5.1 (left panel). Left: unit-level Ber(0.5) randomization.
Right: cluster-level Ber(0.5) randomization with ground truth clusters. The error bars are
the empirical 95% confidence intervals around the mean.
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model with ψ(zi, ei) = g(zi) + f(ei), αi = 10, g(zi) = βzi = 10zi, f(ei) = γei, with fixed ϵi

generated from N (0, 1). To compute the exposure probabilities, we used 2 × 104 Monte-

Carlo trials. We focus on varying the ratio γ/β as we consider a fixed graph. Figure 4.5.3

demonstrates that our method generally interpolates between HT(1) and HT(0), achieving

intermediate performance on smaller graphs (i.e., smaller n). While it does not consistently

outperform the HT(0) baseline across all settings, the results suggest that our approach

remains competitive across a large range of regimes and offers a reasonable bias–variance

trade-off. We hypothesize that the observed imprecision and inaccuracy of our estimator

stems from inaccuracies in estimating smaller exposure probabilities, particularly for higher-

degree nodes. For larger n and smaller dmax, performance improves further, supporting our

theoretical findings, as demonstrated in Appendix 4.A.7 on the Amazon (DVD) products

similarity network [Leskovec et al., 2007] (see Figure 4.A.2), and on various circulant graphs.
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Figure 4.5.3: RMSE (normalized by the ATE) of different Horvitz-Thompson estimators for
the village network in Figure 4.5.1 (right panel). Left: unit-level Ber(0.5) randomization.
Right: cluster-level Ber(0.5) randomization with ϵ(= 1)-net clustering. The error bars are
the empirical 95% confidence intervals around the mean.

4.6 Discussion

In this paper, we focused on the additive model for ψ, but note that our framework is

applicable more broadly. We investigated AdaThresh, an adaptive Horvitz-Thompson

estimator for symmetric thresholds h and 1− h for treatment and control, respectively. Our

framework applies more generally with estimator thresholds h1 and 1 − h0, respectively
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with h1 ̸= h0. Additionally, in Appendix 4.A.7.5, we demonstrate the performance of this

approach using the Difference-in-Means estimator incorporating exposure thresholds. We

leave it to future work to extend our results to more general exposure estimation procedures.

In [Chin, 2019], the author proposes learning the feature variables that are most predictive

of the potential outcomes. One could extend our work by first learning the feature variables,

as proposed by [Chin, 2019], followed by then learning the appropriate optimal threshold

associated with these features, using our approach.

In Appendix 4.A.7.4, we illustrate the robustness of our estimator to deviations from

linearity in the potential outcomes model. We note that our framework would apply in

broader settings, including a direct extension to friends-of-friends (or further connections)

or to neighborhoods that are either observed or learned through a clustering algorithm.

An additional interesting future direction could be to extend our work to the framework

presented in Chandrasekhar et al. [2023], allowing for a complete graph underlying the

interference structure.

Furthermore, to improve upon robustness to non-linear settings, we propose an extension

using local regression to estimate the rate of change of bias within the [0, 1−h], [h, 1] windows.

As long as there is sufficient concentration of exposures in these windows, robustness is never

worse. In Appendix 4.A.7.6, we display our simulation results in this setting using local

linear regression to estimate the rate of change of bias within the [0, 1− h], [h, 1] windows.

One could also use other local regression approaches, such as kernel regression, etc., while

maintaining sufficiently small model complexity to avoid needing to sample-split.

This paper prioritizes minimizing the mean squared error (MSE) to effectively balance

the bias–variance trade-off in a Horvitz-Thompson-type estimator, rather than focusing on

inference. However, we acknowledge the significance of characterizing inferential tools, such

as confidence intervals, in specific contexts. Notably, [Aronow and Samii, 2017] and [Athey

et al., 2018] offer valuable insights into inferential methods for estimating average treatment

effects under network interference.
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4.A Appendix / supplemental material

Notation

In this supplement, we write b∗(τh), τ̂b(h), v∗(τh), v̂(τh) to represent the true bias, estimated bias,

true variance, and estimated variance, respectively, at threshold h. We also write dmax to represent

the upper-bound (Assumption 4.4.3) on the degrees of the nodes in the network.

4.A.1 Variance estimator

We use the variance estimator, for the Horvitz-Thompson estimator, proposed by [Aronow and Samii,

2017, Eqn. 7,9].
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(4.A.1)

Here, πxi , π
xy
ij are defined with respect to the threshold h. That is, π1

i = P{zi = 1, ei ≥ h},

π0
i = P{zi = 0, ei ≤ 1− h}, π10

ij = P{zi = 1, ei ≥ h, zj = 0, ej ≤ 1− h}, π11
ij = P{zi = 1, ei ≥ h, zj =

1, ej ≥ h}, π01
ij = P{zi = 0, ei ≤ 1− h, zj = 1, ej ≥ h}, π00

ij = P{zi = 0, ei ≤ 1− h, zj = 0, ej ≤ 1− h}.

4.A.2 Horvitz-Thompson estimators with existing approaches

We write the vanilla Horvitz-Thompson estimator (at threshold one) 4.A.2, the Horvitz-Thompson

estimator at threshold zero 4.A.3, and the Horvitz-Thompson estimator with the threshold selected

via Lepski’s method 4.A.6 below.
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4.A.2.1 Vanilla Horvitz-Thompson estimator (at threshold one)

τ̂HT1 = 1
n
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1
n
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4.A.2.2 Horvitz-Thompson estimator at threshold zero
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4.A.2.3 Lepski’s method

As described in [Lepski and Spokoiny, 1997], we first take

I(h) := [τ̂HTh
− 2ŜDEV(τ̂HTh

), τ̂HTh
+ 2ŜDEV(τ̂HTh

)]. (4.A.4)

Then, take

ĥLepski := min{h ∈ H : ∩h′∈H:h′≥hI(h′) ̸= ∅}, (4.A.5)

and
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Yi (4.A.6)

Lepski’s method requires monotonicity and decay rate conditions to be satisfied. Our setting

may lead to violations of these conditions.

4.A.3 An equivalent formulation of the Horvitz-Thompson estimator with the exposure

threshold

We can rewrite the display in 4.2.4 in the following form:

τ̂h = 1
n

n∑
i=1

1{|zi − ei| ≤ 1− h}
P{|zi − ei| ≤ 1− h | zi}

z̃iYi, (4.A.7)
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where z̃i = 2zi − 1, so that z̃i ∈ {−1, 1}. It is then clear that the threshold h controls how much

dissimilarity between the treatment status of units and their neighbors, we allow in our estimation.

This allows us to reframe the problem as an optimal bandwidth selection one.

4.A.4 Bias and Variance estimation errors

In this subsection, we write down the estimation errors of the bias and the variance terms in the

MSE estimation.

For the bias terms, we have,
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where γ is the slope of the best average linear fit, and where xi ranges over the set Xi of possible

fractions of degree i.

By an abuse of notation, we use yi(h+) to represent the average (across possible exposure fractions

for node i) potential outcome for unit i with exposures that are at least h, while we use yi(h−) to

represent the average (across possible exposure fractions for node i) potential outcome for unit i with

exposures that are at most 1− h.

In the variance terms,
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Therefore, from the above and Section 4.A.1, we have that
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4.A.5 Proofs to Theorem 4.4.5 and Corollary 4.4.6

4.A.5.1 Proof to Theorem 4.4.5

Proof to Theorem 4.4.5. We first consider the variance terms. Define v̄ = E[v̂]. We have that,

P(|v̂ − v∗| > ∆n/4) = P(|v̂ − v̄ + v̄ − v∗| > ∆n/4)
(a)= P(|v̂ − v̄| > ∆n/4− cd2

max/n)

(b)
≤ 6 exp
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4 −
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n

)
√
An,2 +

√(
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4 −
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max
n

)
Mn,2



where An,p ≤ 16∥ṽ∥2
L1
{c1 + (logn)4

n }2, for some constant c1 and ṽ is the Fourier transform of the

variance summands, and Mn,2 = 4∥ṽ∥L1(logn)4.

The equality (a) is obtained as a result of Assumption 4.4.3. Indeed, we know that v̄ − v∗ is

non-zero only when there exists i, j such that πij(h+, h−) = 0, i.e. the joint exposure assignment

probability of ei ≥ h, and ei ≤ 1− h. Since the contribution of these to v̄ − v∗ are bounded above by

cd2
max/n for some constant c, we get (a). The inequality (b) is obtained from a direct application of

[Shen et al., 2020, Theorem 2.1], as it easy to see that our exposure dependencies satisfy α-mixing

conditions and that together with Assumption 2, the variance summands satisfy the Fourier transform

conditions of [Shen et al., 2020, Theorem 2.1].

Next, we consider the bias terms, for any constant J ,

P((γ̂n − γ∗
n)2 > ∆n/J) ≤ exp

(
−∆nnp(1− p)
Jcdmax + 1

)
,

for some constant c. We use the results from [Ziemann et al., 2024, Theorem 3.1]. Below, we verify

that the conditions are met in our setting. We begin with the condition that for every v ∈ R such

that v = 1/(E[e2
i ])1/2, there exists h ∈ R+ such that, E[(vei)4] ≤ h2v2E[e2

i ]. This is trivially satisfied

in our setting since our exposures is bounded. Next, we consider the first part of [Ziemann et al.,

2024, Condition (3.3)]. This is also trivially satisfied in our setting since our block sizes (= d2
max) are

bounded by Assumption 4.4.3. The second part of [Ziemann et al., 2024, Condition (3.3)] is also

satisfied since our de-meaned noise-class interaction variables (as defined in [Ziemann et al., 2024,

Eq.(2.5)]) are sub-gaussian by assumption of independence between the potential outcomes’ residuals
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and the treatment design. Next, [Ziemann et al., 2024, Condition (3.4)] is also trivially satisfied since

we take our blocks to be of size d2
max almost, with the possible exception of the final remaining block,

uniformly. Finally, it is easy to see that [Ziemann et al., 2024, Condition (3.5)] is also satisfied since

the exposure variables are independent outside of the radius d2
max, since exposure variables ei and ej

for any i, j ∈ [n] are only dependent when nodes i and j share a neighbor. We quickly note that the

monotone partitioning (as described in [Ziemann et al., 2024, Theorem 3.1] is not necessary in our

setting, as the “blocking" procedure introduced by [Yu, 1994] holds more generally.

For convenience, in the following we write b∗, b̂ to mean b∗(τ̂h), b̂(τ̂h), and similarly v∗, v̂ to mean

v∗(τ̂h), v̂(τ̂h). H is the set of exposures. Therefore, putting these together by a union bound,
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The proof for the cluster-level Bernoulli randomization follows immediately.

■
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4.A.5.2 Proof to Corollary 4.4.6

Proof of Corollary 4.4.6. Suppose supei
|f(ei) − γ∗ei| ≤ δ. Let δ̃ := 16δ2 + 8δU∗

n . We begin by

considering the difference between the MSE under the true best average linear fit and the true MSE:
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n
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n
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)
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≤
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n (h))
)2 + 2|b∗

n(h)− b∗∗
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n

≤ (4δ)2 + 2U∗
n(4δ) ≡ δ̃.

This gives us,

P{ĥn ̸= ĥ∗∗
n }

≤
∑
h∈H

P{|M̂n(h)−M∗∗
n (h)| > ∆n/2}

=
∑
h∈H

P{|M̂n(h)−M∗
n(h) +M∗
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≤
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n (h)| > ∆n/2}

≤
∑
h∈H
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n(h)| > ∆n/2− δ̃}

where the second inequality is obtained by applying a triangle inequality.

Finally, applying Theorem 4.4.5 gives us the result. ■

4.A.6 Toy examples: Tradeoffs in Circulant graphs

We consider unit-level and cluster-level Bernoulli(p) randomizations in the kth-power cycle graphs,

see Figure 4.A.1. We say a graph is a kth-power cycle graph if there exists an edge between each

node and 2k of its nearest neighbors [Ugander et al., 2013].

Proposition 4.A.1 (Absolute bias in k-th power cycle graphs under unit-randomization). When

p = 1/2 and the potential outcome model is simply linear, i.e. Yi = α+ βzi + γei, the absolute bias of

the Horvitz-Thompson estimator for a given threshold h ≡ l/2k for l = 0, 2, ..., 2k, in the kth-power
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cycle graph, under unit-level randomization, is equal to γ ×
[∑2k

r=l
(r/k−1)(2k

r )∑2k

r=l
(2k

r ) − 1
]
.

Proposition 4.A.2 (Variance in k-th power cycle graphs under unit-randomization). Denote the

degree of the nodes by d(= 2k). When p = 1/2 and the potential outcome model is simply linear, i.e.

Yi = α+ βzi + γei, the variance of the Horvitz-Thompson estimator for a given threshold h, in the

k-th power cycle graph, under unit-level randomization is proportional to

O

(
1

npdh

[
(α+ β + γdh)2 + (α+ β + γd(1− h))2 − 2γh(1− h)d

])
.

Figure 4.A.1: Circulant graphs with unit-level randomization and cluster-level randomization.
Blue and red nodes represent treated and control units, respectively. Left: (1st-power) cycle
graph with Ber(0.5) unit randomization. Center: 3rd-power cycle graph with Bernoulli(0.5)
unit randomization. Right: 2nd-power cycle graph with Bernoulli(0.5) cluster randomization,
with clusters of size 5 (=2k + 1).

Therefore, the optimal threshold h∗ here depends on γ, β, n, p, d, the graph structure, and the

number of other candidate thresholds.

From this toy example, it is not difficult to see that for unit-level Bernoulli randomization for

more general graphs, the squared-bias would be Θ(γ2h2), and the variance would be Θ(p−dhβ2/n).

Therefore, minimizing the MSE corresponds to balancing these quantities.

For kth-power cycle graphs, we also consider cluster-randomized design with cluster size 2k + 1.

In [Ugander et al., 2013], the authors show that this clustering size minimizes variance under full

neighborhood exposure. We state the approximate absolute bias and variance for this setting in the

following propositions. Here, define the threshold h = l
d with l = 0, 1, ..., d.

Proposition 4.A.3 (Absolute bias in k-th power cycle graph under cluster-randomization). When

p = 1/2, and the potential outcome model is simply linear, i.e. Yi = α+ βzi + γei, the bias of the



156

Horvitz-Thompson estimator for a given threshold h in the k-th power cycle graph under cluster

randomization, with cluster-sizes 2k + 1, is approximately 2γ(h− 1) for h ≥ 1/2.

Proposition 4.A.4 (Variance in the k-th power cycle graph under cluster-randomization). When

p = 1/2 and the potential outcome model is simply linear, i.e. Yi = α+ βzi + γei, the variance of the

Horvitz-Thompson estimator for a given threshold h, in the k-th power cycle graph under cluster-level

randomization, with cluster-sizes 2k + 1, is proportional to

1
np2 (3d+ 1− 2dh)[(β + γh)2 + (γ(1− h))2] = Θ(β

2h2

np2h ).

Under cluster randomization with cluster sizes 2k+1 for the k-th power cycle graphs, the variance

grows linearly in the degrees of the graph. Therefore, informally, compared to the unit-randomized

design setting, higher node degrees lead to stronger bias than variance for a fixed exposure function

ψ(·, ei).

4.A.6.1 Proofs to Propositions 4.A.1, 4.A.2, 4.A.3, 4.A.4

Proof to Proposition 4.A.1. When p = 1/2 and the potential outcome model is simply linear, i.e.

Yi = α + βzi + γei, the absolute bias of the Horvitz-Thompson estimator for a given threshold

h ≡ l/2k for l = 0, 2, ..., 2k, in the kth-power cycle graph under unit-randomization is equal to

1
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r

)
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∑
xi∈X

1{xi ≥ h}
|{xi : xi ∈ Xi ∩ xi ≤ 1− h}|E[1{zi = 1, ei = xi}]yi(xi)
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r=l
(2k
r

)
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∑
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1{xi ≤ 1− h}
|{xi : xi ∈ Xi ∩ xi ≤ 1− h}|E[1{zi = 0, ei = xi}]yi(xi)

− (β + γ)

= 1∑2k
r=l
(2k
r

) ( 2k∑
r=l

(
2k
r

)
β +

(
2k
r

)
(r/k − 1)γ

)
− (β + γ)

= 1∑2k
r=l
(2k
r

) ( 2k∑
r=l

(
2k
r

)
(r/k − 1)γ

)
− γ
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where X = {0, 1/2k, 2/2k, ..., 1}. ■

Proof to Proposition 4.A.2. When p = 1/2 and the potential outcome model is simply linear, i.e.

Yi = α + βzi + γei, it is not difficult to see that the variance of the Horvitz-Thompson estimator

for a given threshold h ≡ l/2k, in the k-th power cycle graph under unit-level randomization is

proportional to

1
n

2k∑
l=0

(
2k
l

)
1{l/2k ≥ h}

[
(α+ β + γl/2k)2( 1∑2k

l=0
(2k
l

)
1{l/2k ≥ h}p2l

− 1)

+ 2(β + γl/(2k))(γ(1− l/2k))(2k + 1− 2k∑2k
l=0
(2k
l

)
1{l/2k ≥ h}p2l

)

+ (α+ γ(1− l/2k))2( 1∑2k
l=0
(2k
l

)
1{l/2k ≥ h}p2l

− 1)
]
.

Considering the dominating terms gives us the result. ■

Proof to Proposition 4.A.3. When p = 1/2 and the potential outcome model is simply linear, i.e.

Yi = α + βzi + γei, the absolute bias of the Horvitz-Thompson estimator for a given threshold

h ≡ l/2k for l = k, k + 1, ..., 2k, in the kth-power cycle graph under cluster-randomization is equal to

1
P{zi = 1, ei ≥ h}

∑
xi∈X

1{xi ≥ h}
|xi : xi ∈ Xi ∩ xi ≥ h|

E[1{zi = 1, ei = xi}]yi(xi)

− 1
P{zi = 0, ei ≤ 1− h}

∑
xi∈X

1{xi ≤ 1− h}
|xi : xi ∈ Xi ∩ xi ≤ 1− h|E[1{zi = 0, ei = xi}]yi(xi)

− (β + γ)

=
(p/(2k + 1) + 2k/(2k + 1) · p2)(β + γ) + 2p/(2k + 1)

∑k
r=1 1{r ≥ d− l}(β + γ · (2l − d)/d)

p/(2k + 1) + p2 · 2k/(2k + 1) + 2p/(2k + 1)
∑k
r=1 1{r ≥ d− l}

− (β + γ)

= O(2γ(h− 2))

where X = {0, 1/2k, 2/2k, ..., 1}. When l < k, the bias scales is the same as when l = k. ■

Proof to Proposition 4.A.4. When p = 1/2 and the potential outcome model is simply linear, i.e.

Yi = α + βzi + γei, it is not difficult to see that the variance of the Horvitz-Thompson estimator
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for a given threshold h ≡ l/2k, in the k-th power cycle graph under cluster-randomization, with

cluster-size 2k + 1, is proportional to

d∑
u=0

1{u/d ≥ h}
(
d

u

) n∑
i=1

( (β + γu/d)2

n2 )[(3d+ 1− 2l)( 1
p2 − 1) + (2l + 1)(1

p
− 1)]

+
d∑

u=0
1{u/d ≥ h}

(
d

u

) n∑
i=1

(
(γ(d−u

d ))2

n2 )[(3d+ 1− 2l)( 1
p2 − 1) + (2l + 1)(1

p
− 1)]

−
d∑

u=0
1{u/d ≥ h}

(
d

u

)
2
n

(β + γ · u/d)(γ · d− u
d

).

Considering the dominating terms gives us the result. ■

4.A.7 Simulations

4.A.7.1 Experimental details and results on the Amazon product similarity graph data

We also evaluate the performance of our estimator on the Amazon (DVD) products similarity network

[Leskovec et al., 2007]. We ran experiments with synthetic potential outcomes, averaging over

1000 trials, under unit-level randomization and spectral cluster-level randomizations. We generate

simulated data using the linear model with ψ(zi, ei) = g(zi) + f(ei), αi = 10, g(zi) = βzi = 10zi,

f(ei) = γei, and ϵi is generated from N (0, 1) under a unit-level Bernoulli(0.5) randomization design.

We focus on varying the ratio γ/β as we consider a fixed graph. Figure 4.A.2 shows that we

consistently perform better than existing fixed estimators.

The simulations were run on a CPU. Our experiments focus on a subset of (the first) 1000 nodes

of the 19828-node DVD graph. In particular, we considered the 17924-node subgraph by removing

all isolated nodes. To compute the exposure probabilities, we used 106 simulations. We then selected

the first 1000 nodes of the 19828 to analyze. 200 replicates were run, generating random treatment

assignments and the corresponding outcomes. For each of the replicates, 1000 separate simulation

runs were generated to compute the oracle MSEs. In total, this took approximately 2 hours. The

graph data is available at: https://snap.stanford.edu/data/amazon-meta.html
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Figure 4.A.2: RMSE (normalized by the ATE) across different thresholds on the Amazon
product network data. The error bars are two times the standard deviation.

4.A.7.2 Experimental details on simulated graphs

All synthetic graph simulations were run on a machine of Intel® Xeon® processors with 48 CPU

cores, and 50GB of RAM. We simulated 1000 replicates, generating random treatment assignments

and the corresponding outcomes, with each oracle MSE computed using 1000 separate simulation

runs. The exposure probabilities under each threshold were computed as proposed in [Aronow and

Samii, 2017] using 20000 simulation iterations. In total, this took approximately 30 minutes on

average (across the different potential outcomes, and graph settings). The code is available at:

https://github.com/Vydhourie/AdaThresh.git

In the following, we focus on key experimental results on circulant graphs (see Section 4.A.6 for

discussions on circulant graphs).

4.A.7.3 More Simulations for Horvitz-Thompson estimator with adaptive exposure thresh-

olds

In Figure 4.A.3, we simulate outcomes from the linear model with ψ(zi, ei) = g(zi) + f(ei), αi = 10,

g(zi) = βzi = 10zi, f(ei) = γei, and fixed ϵi generated from N (0, 1) for a 1000-node 2nd-power cycle

graph.

4.A.7.4 Simulations for non-linear potential outcomes models

We investigate the robustness of our estimator to potential outcomes models that are non-linear in

the exposure. In particular, we consider simulations from the sigmoid, and sine exposure functions.
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Figure 4.A.3: RMSE (normalized by the ATE) of different Horvitz-Thompson estimators.
Left: 2nd-power cycle graph under unit-level Ber(0.5) randomization. Right: 2nd-power
cycle graph under cluster-level Ber(0.5) randomization with cluster sizes 5 (=2k + 1). The
error bars are two times the standard deviation.

In Figure 4.A.4, we display the performance of our estimator under a sigmoid (left) and sine (right)

interference function, respectively. Our adaptive threshold Horvitz-Thompson estimator (AdaThresh)

generally improves upon other existing Horvitz-Thompson estimators.

4.A.7.5 Simulations for Difference-in-Means estimator with adaptive exposure thresholds

We consider our approach using the Difference-in-Means estimator incorporating exposure thresholds:

τ̂DiMh
=
∑n
i=1 1{zi = 1, ei ≥ h}Yi∑n
i=1 1{zi = 1, ei ≥ h}

−
∑n
i=1 1{zi = 0, ei ≤ 1− h}Yi∑n
i=1 1{zi = 0, ei ≤ 1− h}

. (4.A.8)

We use the following bias estimator:

b̂(τ̂h) =
n∑
i=1

(1− ei)γ̂n1{zi = 1, ei ≥ h}∑n
i=1 1{zi = 1, ei ≥ h}

+
n∑
i=1

eiγ̂n1{zi = 0, ei ≤ 1− h}∑n
i=1 1{zi = 0, ei ≤ 1− h}

,

where γ̂ is the linear regression coefficient for the exposure variable.

We use the following variance estimator, decomposing it into its treatment and control parts:

v̂(τ̂) = 2
n− 1 (v̂T + v̂C)
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Figure 4.A.4: RMSE (normalized by the ATE) induced by the different Horvitz-Thompson
estimators. We take ψ(zi, ei) = g(zi) + f(ei). Left: 2nd-power cycle graph under unit-
level Ber(p), p = 0.5, randomization under sigmoid f(ei) = γ/(1 + exp (−10(ei − p))).
Right: 2nd-power cycle graph under unit-level Ber(p), p = 0.5, randomization with f(ei) =
γ(1− sin(π · ei))) being a sine function. We focus on varying the ratio γ/β as we consider a
fixed graph, with n = 1000. The error bars are two times the standard deviation.

where

v̂T = 1
n1

n∑
i=1

(
Yi1{zi = 1, ei ≥ h} −

1
n1

n∑
i=1

Yi1{zi = 1, ei ≥ h}
)2

where n1 :=
∑n
i=1 1{zi = 1, ei ≥ h}, and

v̂C = 1
n0

n∑
i=1

(
Yi1{zi = 0, ei ≤ 1− h} − 1

n0

n∑
i=1

Yi1{zi = 0, ei ≤ 1− h}
)2

where n0 :=
∑n
i=1 1{zi = 0, ei ≤ 1− h}.

We compare the performance of our adaptive estimator to the vanilla difference-in-means estimator,

the difference-in-means analogue of the vanilla Horvitz-Thompson estimator, and the difference-in-

means estimator with a threshold plugin via Lepski’s method. We write these out below:

• vanilla difference-in-means estimator

τ̂DiM0 =
∑n
i=1 1{zi = 1}Yi∑n
i=1 1{zi = 1}

−
∑n
i=1 1{zi = 0}Yi∑n
i=1 1{zi = 0}

(4.A.9)
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• difference-in-means estimator at threshold h = 1

τ̂DiM1 =
∑n
i=1 1{zi = 1, ei = 1}Yi∑n
i=1 1{zi = 1, ei = 1}

−
∑n
i=1 1{zi = 0, ei = 0}Yi∑n
i=1 1{zi = 0, ei = 0}

(4.A.10)

• difference-in-means estimator at threshold ĥLepski where

ĥLepski := min{h ∈ H : ∩h′∈H:h′≥hI(h′) ̸= ∅}, (4.A.11)

with

I(h) := [τ̂DIMh
− 2ŜDEV(τ̂DIMh

), τ̂DIMh
+ 2ŜDEV(τ̂DIMh

)], (4.A.12)

and

τ̂LepskiDiM =
n∑
i=1

1{zi = 1, ei ≥ ĥLepski}∑n
i=1 1{zi = 1, ei ≥ ĥLepski}

Yi −
n∑
i=1

1{zi = 0, ei ≤ 1− ĥLepski}∑n
i=1 1{zi = 0, ei ≤ 1− ĥLepski}

Yi

(4.A.13)

In Figures 4.A.5 and 4.A.6, we display the performance of our adaptive threshold (AdaThresh)

Difference-in-Means estimators in comparison to other estimators. AdaThresh improves upon fixed

threshold Difference-in-Means estimators.

4.A.7.6 Simulations using local linear regression

We extend our global linear regression approach to a local linear regression one to estimate the rate

of change of the bias. We write the new bias estimators for the Horvitz-Thompson and Difference-in-

Means estimators. We illustrate the performance of the local linear regression in the settings above,

as well as settings that significantly deviates from linearity. We note that local and global linear

regression involve distinct bias-variance trade-offs, which we do not pursue here as they fall outside

the scope of the paper.

We write the bias estimator for the Horvitz-Thompson estimator as:

b̂(τ̂h) = 1
n

n∑
i=1

(1− ei)γ̂(h)
n 1{zi = 1, ei ≥ h}

P{zi = 1, ei ≥ h}
+ 1
n

n∑
i=1

eiγ̂
(1−h)
n 1{zi = 0, ei ≤ 1− h}
P{zi = 0, ei ≤ 1− h} ,
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Figure 4.A.5: RMSE (normalized by the ATE) under the linear model with ψ(zi, ei) =
g(zi) + f(ei), αi = 10, g(zi) = βzi = 10zi, f(ei) = γei, and fixed ϵi generated from N (0, 1),
induced by the different Difference-in-Means estimators. We focus on varying the ratio γ/β
as we consider a fixed graph. Left: Cycle graph under unit-level Ber(0.5) randomization.
Center: 2nd-power cycle graph under unit-level Ber(0.5) randomization. Right: 2nd-power
cycle graph under cluster-level Ber(0.5) randomization with cluster sizes 5 (=2k + 1). The
error bars are two times the standard deviation.

Figure 4.A.6: RMSE (normalized by the ATE) induced by the different Difference-in-Means
estimators. We take ψ(zi, ei) = g(zi) + f(ei). Left: 2nd-power cycle graph under unit-level
Ber(p), p = 0.5, randomization under sigmoid f(ei) = γ/(1 + exp (−ei)). Right: 2nd-power
cycle graph under unit-level Ber(p), p = 0.5, randomization with f(ei) = γ(1− sin(π · ei)))
being a sine function. We focus on varying the ratio γ/β as we consider a fixed graph, with
n = 1000. The error bars are two times the standard deviation.
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where γ̂(h)
n and γ̂

(1−h)
n are the local linear regression coefficients for the exposure variable in the

intervals [h, 1], and [0, 1− h], respectively.

Similarly, write the bias estimator for the Difference-in-Means estimator as:

b̂(τ̂h) =
n∑
i=1

(1− ei)γ̂(h)
n 1{zi = 1, ei ≥ h}∑n

i=1 1{zi = 1, ei ≥ h}
+

n∑
i=1

eiγ̂
(1−h)
n 1{zi = 0, ei ≤ 1− h}∑n
i=1 1{zi = 0, ei ≤ 1− h}

,

where γ̂(h)
n and γ̂

(1−h)
n are the local linear regression coefficients for the exposure variable in the

intervals [h, 1], and [0, 1− h], respectively.

Figure 4.A.7: RMSE (normalized by the ATE) under the linear model with ψ(zi, ei) =
g(zi) + f(ei), αi = 10, g(zi) = βzi = 10zi, f(ei) = γei, and fixed ϵi generated from N (0, 1),
induced by the different (local) Horvitz-Thompson estimators. We focus on varying the ratio
γ/β as we consider a fixed graph, with n = 1000. Left: Cycle graph under unit-level Ber(0.5)
randomization. Center: 2nd-power cycle graph under unit-level Ber(0.5) randomization.
Right: 2nd-power cycle graph under cluster-level Ber(0.5) randomization with cluster sizes 5
(=2k + 1). The error bars are two times the standard deviation.

Figures 4.A.7, 4.A.9, 4.A.8, and 4.A.10, display how local linear regression bias estimates perform.

4.A.8 Discussion on relaxing the bounded degree assumption

In more general settings, we can relax Assumption 4.4.3 by partitioning the exposures into exposure

bins Eb, b = 1, 2, . . . ,K, each associated with an “effective exposure” ẽb. That is, [0, 1] = E1 ∪ E2 ∪

. . . ∪EK , with Ei ∩Ej = ∅, for all i ≠ j ∈ [K]. In particular, in the weighted graph setting, we can



165

Figure 4.A.8: RMSE (normalized by the ATE) under the linear model with ψ(zi, ei) =
g(zi) + f(ei), αi = 10, g(zi) = βzi = 10zi, f(ei) = γei, and fixed ϵi generated from N (0, 1),
induced by the different (local) Difference-in-Means estimators. We focus on varying the ratio
γ/β as we consider a fixed graph, with n = 1000. Left: Cycle graph under unit-level Ber(0.5)
randomization. Center: 2nd-power cycle graph under unit-level Ber(0.5) randomization.
Right: 2nd-power cycle graph under cluster-level Ber(0.5) randomization with cluster sizes 5
(=2k + 1). The error bars are two times the standard deviation.

Figure 4.A.9: RMSE (normalized by the ATE) under the linear model with ψ(zi, ei) =
g(zi)+f(ei), αi = 10, g(zi) = βzi = 10zi, and fixed ϵi generated from N (0, 1), induced by the
different (local) Horvitz-Thompson estimators. Left: 2nd-power cycle graph under unit-level
Ber(0.5) randomization under sigmoid f(ei) = γ/(1 + exp (−ei))). Right: 2nd-power cycle
graph under unit-level Ber(0.5) randomization with f(ei) = γ(1− sin(π · ei))) being a sine
function. We focus on varying the ratio γ/β as we consider a fixed graph, with n = 1000.
The error bars are two times the standard deviation.
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Figure 4.A.10: RMSE (normalized by the ATE) induced by the different (local) Difference-
in-Means estimators. We take ψ(zi, ei) = g(zi) + f(ei). Left: 2nd-power cycle graph under
unit-level Ber(0.5) randomization under sigmoid f(ei) = γ/(1 + exp (−ei))). Right: 2nd-
power cycle graph under unit-level Ber(0.5) randomization with f(ei) = γ(1 − sin(π · ei))
being a sine function. We focus on varying the ratio γ/β as we consider a fixed graph, with
n = 1000. The error bars are two times the standard deviation.

take the effective exposure of unit i, ẽi = ẽb if and only if i ∈ Eb, and such that exposure positivity,

for all i ∈ [n], r ∈ {0, 1}, and s ∈ [0, 1], P(zi = r, ẽi = s) > 0, is satisfied. For instance, for uniformly

sized bins with associated effective exposures ẽb that well approximate ei, |Eb| = 1/K. Let Br(i)

denote the ball of radius r around unit i, such that it decomposes, |B1(i)| = |BS1 (i)|+ |BW1 (i)| for all

i ∈ [n]. BS1 (i) is the ball of radius 1 around unit i with strong connections ηsi , and |BW1 (i)| be the ball

of radius 1 around unit i with weak connections δwi such that supi
ηs

i

δw
i
→∞. We choose our partition

B1, . . . BK , for some K, as a function of δwi , and BW1 (i), i ∈ [n], such that the exposure bins well

approximate the true exposures. Additionally, for all i ∈ [n], we require that |BS1 (i)| = O(1). With an

abuse of notation, write ei(N ) to mean the exposure of unit i as a function of the treated units in the

subset N ⊆ B1(i). Then, we require also that ei(BS1 (i)) = Ω(ei(B1(i))). Additionally, BS1 (i) must

satisfy the three conditions around “affinity sets” in [Chandrasekhar et al., 2023] generalizing [Aronow

and Samii, 2017], with an additional condition that the sum of the affinity set covariances is Ω(n), in

the bias terms as well as the variance terms in the MSE. This gives us uniform control on the estimated

MSE of the estimator with respect to the true MSE of the estimator and Eb, b = 1, . . . ,K, and all

the results follow through. These conditions subsume the approximate neighborhood interference
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(ANI) condition in [Leung, 2022a] analogously to α-mixing conditions in spatial settings, such as in

[Jenish and Prucha, 2009], when the maximum clique size in the network does not grow. Indeed,

when the maximum clique size in the network does not grow, we can embed the ψ-dependent network

in [Leung, 2022a] in a lattice structure of a random field in a fixed-dimensional Euclidean space with

α-mixing just as in [Jenish and Prucha, 2009].

4.A.9 Discussion on “double-dipping"

Since our approach involves "double-dipping" into the data, we need to make sure that there is

no overfitting that occurs. The authors of [Chernozhukov et al., 2018], [Belloni et al., 2015], and

[Kennedy, 2022] describe this in more detail. While sample-splitting would simply take care of this

in the case of independent data, it does not apply to our setting where the data are dependent, as

modeled by the network. One could potentially leverage results under the dependent-data setting,

such as Hart and Vieu [1990], but this is outside the scope of our paper. We propose to use our

approach on the whole sample data and argue this via empirical process theory arguments. In

particular, we can think of our threshold h as a nuisance parameter, and we show that our estimator

for h has a simple enough associated MSE function class. We note that it is sufficient to show that we

are not overfitting by showing that the rate of convergence of the estimated MSE under ĥ converges

to the true MSE under the optimal threshold, under the best possible linear fit, h∗ at least at a

O(n−1/2)-rate.

Proposition 4.A.5. Suppose that Assumptions 2, 4.4.2, and 4.4.3 are satisfied. The corresponding

bias terms in the estimated and true MSE, M̂ b
n, and M b

n, under “double prediction", satisfy

E

[
sup

δ/2<|h∗
n−ĥn|<δ

√
n
(
M̂ b
n(ĥn)−M b

n(ĥn)− M̂ b
n(h∗)−M b

n(h∗)
)]
→ 0,

as δ → 0.

Suppose that Assumptions 2, 4.4.2, and 4.4.3 are satisfied. We aim to show that the corresponding

biases in the MSE terms under “ double prediction" satisfy

E

[
sup

δ/2<|h∗−hn|<δ

√
n
(
M̂ b
n(hn)−M b

n(hn)− M̂ b
n(h∗)−M b

n(h∗)
)]
→ 0,

as δ → 0, where xi ranges over the set Xi of possible fractions of degree i.
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Proof to Proposition 4.A.5. We begin by considering the empirical process in question. We write out

M̂n(h) =
(

1
n

n∑
i=1

γ̂h(1− ei)1{zi = 1, ei ≥ h}
P{zi = 1, ei ≥ h}

+ 1
n

n∑
i=1

γ̂h(1− ei)1{zi = 1, ei ≥ h}
P{zi = 1, ei ≥ h}

)2

+
n∑
i=1

1{zi = 1, ei ≥ h}Y 2
i

n2π1
i

( 1
π1
i

− 1)

+
n∑
i=1

n∑
j=1
j ̸=i

1{zi = 1, ei ≥ h}1{zj = 1, ej ≥ h}YiYj
n2π11

ij

(
π11
ij

π1
i π

1
j

− 1)

+
n∑
i=1

1{zi = 0, ei ≤ 1− h}Y 2
i

n2π0
i

( 1
π0
i

− 1)

+
n∑
i=1

n∑
j=1
j ̸=i

1{zi = 0, ei ≤ 1− h}1{zj = 0, ej ≤ 1− h}YiYj
n2π00

ij

(
π00
ij

π0
i π

0
j

− 1)

− 2
n2

n∑
i=1

∑
j∈[n];π10

ij
>0

(1{zi = 1, ei ≥ h}1{zj = 0, ej ≤ 1− h}YiYj)(
1

π1
i π

0
j

− 1
π10
ij

)

+ 2
n2

n∑
i=1

∑
j∈[n];π10

ij
=0

(1{zi = 1, ei ≥ h}Y 2
i

2π1
i

+
1{zj = 0, ej ≤ 1− h}Y 2

j

2π0
j

).

The absolute Horvitz-Thompson bias estimate at threshold h (and at 1− h) is

b̂(τ̂h) = 1
n

n∑
i=1

γ̂n(1− ei)1{zi = 1, ei ≥ h}
P(zi = 1, ei ≥ h) + 1

n

n∑
i=1

γ̂n(ei)1{zi = 0, ei ≤ 1− h}
P(zi = 0, ei ≤ 1− h) (4.A.14)

Then, for every h, using the identity x2 − y2 = (x+ y)(x− y), and defining Un ∈ R such that

Un ≥M b
n(h) for all h (note that there exists such a Un <∞ by Assumptions 2, 4.4.2), we have

M̂ b
n(τ̂h)−M b

n(τ̂h) ≤ 2Un
(
b̂(τ̂h)− b∗(τ̂h)

)
+
(
b̂(τ̂h)− b∗(τ̂h)

)2
,

where, from Section 4.A.4, the difference between the bias estimate and the true bias induced by

the best average linear fit is

b̂(τ̂h)− b∗(τ̂h) =
(

1
n

n∑
i=1

γ̂n(1− ei)1{zi = 1, ei ≥ h}
P(zi = 1, ei ≥ h) − 1

n

n∑
i=1

∑
xi∈Xi

1{xi ≥ h}
|xi : xi ∈ Xi ∩ xi ≥ h|

γn(1− xi)
)

+
(

1
n

n∑
i=1

γ̂nei1{zi = 0, ei ≤ 1− h}
P(zi = 0, ei ≤ 1− h) − 1

n

n∑
i=1

∑
xi∈Xi

1{xi ≤ 1− h}
|xi : xi ∈ Xi ∩ xi ≤ 1− h|γn(xi)

)
,
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where γn is the slope of the best average linear fit, and where xi ranges over the set Xi of possible

fractions of degree i.

We now proceed to consider each of the terms in b̂(τ̂h)− b∗(τ̂h) above. Each of the parentheses

satisfies Donsker conditions. Indeed, under Assumptions 2, 4.4.2, and 4.4.3, they are sample-mean

terms with uniformly bounded coefficients, and γ̂n converges to γ∗
n at a rate of O(n−1/2), which

we compose with 3b∗(h) (see Section 3.4.3.2. in [Van Der Vaart et al., 1996]). Thus, the terms in

M̂ b
n(h)−M b

n(h) have bounded entropy integral. Under our bounded-variation potential-outcome model

(Assumption 4.4.2), we have that logN[](ϵ,Θb
n, L2(P) ≤ K

( 1
ϵ

)
, which gives us J̃(δ,Θb

n, L2(P)) ≤ δ1/2

[Van Der Vaart et al., 1996] (see also Example 19.11 in [Van der Vaart, 2000]).

Therefore, putting these together, we have the following maximal inequality for the bias terms

E

[
sup

δ/2<|h∗−ĥn|<δ

√
n
(
M̂ b
n(hn)−M b

n(hn)− (M̂ b
n(h∗)−M b

n(h∗))
)]

(4.A.15)

≤ J̃(δ,Θb
n, L2(P))

(
1 + J̃(δ,Θb

n, L2(P))
δ
√
n

)
, (4.A.16)

with J̃(δ,Θb
n, L2(P)) ≤ δ1/2.

■
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Chapter 5

OPTIMAL DESIGN UNDER INTERFERENCE, HOMOPHILY, AND
ROBUSTNESS TRADE-OFFS

This chapter is based on the paper “Optimal Design under Interference, Homophily,

and Robustness Trade-offs,” coauthored with Alex Kokot⋆, Jennifer Brennan‡, Marina

Meilă⋄, Christina Lee Yu¶ and Maryam Fazel⋆. It is currently under review.

⋆ University of Washington, USA
‡ Google LLC, USA
⋄ University of Waterloo, Canada
¶ Cornell University, USA

To minimize the mean squared error (MSE) in global average treatment effect (GATE) estimation

under network interference, a popular approach is to use a cluster-randomized design. However, in

the presence of homophily, which is common in social networks, cluster randomization can instead

increase the MSE. We develop a novel potential outcomes model that accounts for interference,

homophily, and heterogeneous variation. In this setting, we establish a framework for optimizing

designs for worst-case MSE under the Horvitz-Thompson estimator. This leads to an optimization

problem over the covariance matrices of the treatment assignment, trading off interference, homophily,

and robustness. We frame and solve this problem using two complementary approaches. The first

involves formulating a semidefinite program (SDP) and employing Gaussian rounding, in the spirit of

the Goemans-Williamson approximation algorithm for MAXCUT. The second is an adaptation of

the Gram-Schmidt Walk, a vector-balancing algorithm which has recently received much attention.

Finally, we evaluate the performance of our designs through various experiments on simulated network

data and a real village network dataset.

Keywords: network interference, causal inference, optimization



171

5.1 Introduction

Network interference models settings in which the outcome of one unit depends on the treatment

assignment of its neighbors in a network. The presence of network interference complicates the

estimation of global average treatment effects (GATE), the difference between the average outcome

when all units are treated and the average outcome when all units are assigned to control, as it

violates the Stable Unit Treatment Value Assumption (SUTVA). In particular, in an experiment

with partial treatment assignments where there is a mixture of treated units and control units, the

difference in treatment assignments between neighboring units can bias each unit’s outcome relative

to the all-treated and all-control outcomes. Therefore, basic experimental designs such as unit-level

Bernoulli randomization lead to biased GATE estimation under standard estimators.

Cluster randomization approaches [Ugander et al., 2013, Ugander and Yin, 2023, Brennan et al.,

2022, Viviano et al., 2023] are considered to be a useful way to reduce this bias. All of these methods

stem from the same principle. Since bias is introduced by the conflicting treatment assignments

between neighboring units, if we were to cluster together units that are strongly connected before

assigning treatment at the cluster level, we would successfully reduce the bias. Consider a social

network in which the outcome of interest is each individual’s likelihood of joining a premium social

media platform. If treatment consists of offering a free trial, an individual’s outcome may depend not

only on their own assignment, but also on whether their friends receive free trials and subsequently

join the platform. Consequently, the outcomes from when all people in the social network are treated

and from when all people are assigned to control will be different from when there is an experiment

run where people are uniformly randomly assigned to treatment and control, due to the interference

Figure 5.1.1: Optimized treatment assignments under interference-homophily tradeoffs on
a synthetic network as homophily levels increase from left to right. See Appendix 5.B for
more details.



172

0 20 40 60

0

20

40

60

h=0

0 20 40 60

h=1

0 20 40 60

h=10

0 20 40 60

h=100

0 20 40 60

h=10000

1.0 0.5 0.0 0.5 1.0
Covariance

Figure 5.1.2: Optimal design covariance matrices under interference-homophily tradeoffs as
homophily increases from left to right. See Appendix 5.B for more details.

between friends who have different treatment assignments. Assigning tightly connected friends to the

same treatment group, whether treatment or control, reduces this discrepancy between the outcomes

in the experimental setting and in the full treatment and control settings.

However, networks are often homophilous: individuals tend to form connections with others

who are similar to themselves, a phenomenon first noted by Lazarsfeld et al. [1954] and commonly

summarized as “birds of a feather flock together” [McPherson et al., 2001]. Similarities along

socioeconomic, demographic, or behavioral dimensions [Jackson et al., 2023] increase the likelihood

of social connection, and these same dimensions may also drive heterogeneous treatment responses.

For example, younger and older individuals may respond differently to incentives for adopting new

technologies. When cluster-randomized designs align with such homophilous groupings, covariate

distributions can vary substantially across clusters, leading to unrepresentative treatment or control

samples [Ugander and Yin, 2023, Cortez-Rodriguez et al., 2024, Fatemi and Zheleva, 2020]. Some

covariate groups may be rarely or never exposed to treatment, inflating the imprecision of the

estimator. In the presence of homophily, one would perhaps, now contradictorily, be incentivized to

spread treatments across the network, to more effectively sample across different social groups. This

reflects the typical goal of covariate balancing, where estimation accuracy is improved by enforcing

similarity between treatment and control groups [Efron, 1971]. More broadly, causal effects estimation

on network data must often account both for dependence transmitted along network ties and for

dependence induced by latent similarities among connected nodes [Ogburn et al., 2024]. Finally, an

effective design is one that is robust to heterogeneous variation, i.e., differences in potential outcomes

poorly explained by the observed network structure. In Appendix 5.L.1, we simulate experiments
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using network data from villages in Karnataka, India, collected by Banerjee et al. [2013a], which

exhibit caste-based homophily. We observe that for large ranges of interference and heterogeneous

variation levels, our designs, in the worst-case, perform better than existing unit-level and cluster-level

randomization designs.

5.1.1 Our Contributions and Overview of Results

We formalize the trade-off between network interference and homophily, recovering well-studied

designs in limiting regimes, and show how this trade-off interacts with randomization to yield a

unifying three-way framework generalizing various results in the literature [Harshaw et al., 2024,

Viviano et al., 2023]. We focus on the Horvitz-Thompson estimator which is commonly used in

practice, and operate under the potential outcomes framework. We provide methods to solve for mean

squared error (MSE)-optimal designs under the worst-case potential outcomes within the subclass

χ(η, γ, κ) (made precise in Section 5.4.1), where homophily, interference, and heterogeneous variation

conditions are separately satisfied with parameters η, γ, and κ, respectively.

We consider the GATE, τ = 1
n ⟨1, Y (1)− Y (0)⟩ = 1

n ⟨1, ϕ⟩, where Y (z) is the outcome vector

observed under the treatment assignment vector z ∈ {0, 1}n, and ϕ is the vector of global treatment

effects. We focus on the vanilla Horvitz-Thompson estimator τ̂ =
〈
Y, zpn −

1−z
(1−p)n

〉
with uniform

treatment probability p across nodes, p = P(zi = 1) = P(zj = 1) for all i, j ∈ [n]. Let L be the graph

Laplacian1 underlying the interference structure, and L† its pseudoinverse. We can then characterize

the homophily, interference, and robustness trade-offs with parameters η, γ, and κ, respectively.

Theorem 5.1.1 (Informal version of Theorem 5.4.2). Let x ∈ {−1, 1}n by defining x := 2z − 1.

Define X := E[xxT ]. Then, for q ≥ 1,

sup
χ(η,γ,κ)

E[(τ̂ − τ)2] ≤ C

n2

{
Tr(11TX) + C1ηTr(L†X) + C2κ∥X∥q + C3γ Tr(LX)

}
,

for known constants C,C1, C2, C3 that depend on p.

We propose two complementary approaches. The first approach involves formulating a semidef-

inite program (SDP) and employing Gaussian rounding, in the spirit of the Goemans-Williamson

approximation algorithm [Goemans and Williamson, 1995] for MAXCUT. In particular, we cast the

1Here L := D − W , where D is the diagonal degree matrix and W is the edge-weight matrix; see
Sections 5.1.3 and 5.2 for details.
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optimal design problem as an optimization problem over X, the covariance matrix of the design.

Reparameterizing with γ̃,η̃, and κ̃, so that γ̃ := C3γ, η̃ := C1η, and κ̃ := C2κ, we can write an SDP

more explicitly in terms of the new trade-off parameters:

min
X∈Rn×n

η̃Tr(L†X) + γ̃Tr(LX) + κ̃∥X∥q + Tr(11TX) (5.1.1)

s.t. X ⪰ 0, diag(X) = 1.

To generate treatment assignments, we proceed with a Gaussian rounding procedure. As a second

approach, we adapt the Gram-Schmidt Walk [Harshaw et al., 2024], a vector balancing algorithm.

We uncover a natural interpretation of interference and homophily by viewing eigenvalue-scaled

Laplacian eigenvector embeddings as unit-level covariates, connecting the covariate balancing and

interference literatures.

Our tradeoff characterization recovers several familiar limiting regimes. When γ is large, our

design reduces to a min-cut type clustering. When η is large, it encourages dispersed treatment

assignments. Finally, when κ is large, it reduces to Bernoulli randomization. More broadly, our

framework is robust to heterogeneous variation, including that induced by noisy network observations.

We show that increasing randomization toward unit-level Bernoulli designs improves robustness

to such misspecifications. We demonstrate improvements over existing designs through various

experiments on simulated network data and a real village network dataset.

5.1.2 Related Work

Harshaw et al. [2024] propose the Gram-Schmidt Walk design that navigates trade-offs between

covariate balancing and robustness under a potential outcomes model. Our paper is of a similar

flavor as we study designs that trade off homophily, interference, and robustness to heterogeneous

variation. We adapt the Gram-Schmidt Walk algorithm to our setting as one approach, and

contrast its performance with an alternative method of solving an SDP followed by Gaussian

rounding. We also note a connection to Bhat et al. [2020], who study treatment-effect estimation,

under a different potential outcomes model, in a non-network setting with the goal of maximizing

precision. They derive an SDP relaxation for this maximization problem and directly apply the

Goemans–Williamson rounding scheme [Goemans and Williamson, 1995]. They further show that

their precision maximization admits a covariate balancing interpretation. Our framework is formulated
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instead through a quadratic-form minimization perspective, and our characterization of homophily and

covariate balancing reveals a natural conceptual bridge between these approaches, with connections

to Algorithms 2 and 4.

Optimization-based designs for network interference settings are well studied. Viviano et al.

[2023] propose an SDP to construct clusters for cluster-randomized designs by minimizing the MSE

of a difference-in-means estimator, but do not consider the effects of homophily. The work most

closely related to ours is Chen et al. [2024], who also minimize an MSE objective over the treatment

assignment covariance matrix. Their focus, however, is restricted to cluster randomization and does

not address homophily. They consider a non-convex formulation arising from Grothendieck’s identity

and propose a projected gradient method to find stationary points. In contrast, we adopt a convex

SDP formulation and apply a Gaussian rounding procedure that generalizes the rounding scheme for

the MAXCUT approximation of Goemans and Williamson [1995].

Bhat et al. [2020] study treatment-effect estimation and show that maximizing precision is related

to a covariate balancing objective. They derive an SDP relaxation for precision maximization and

apply the Goemans–Williamson rounding scheme, as in the MAXCUT approximation algorithm

[Goemans and Williamson, 1995]. Our quadratic-form characterization of homophily/covariate

balancing terms provides a bridge between this and vector balancing approaches such as Harshaw

et al. [2024], with natural connections to our Algorithms 2 and 4.

A common design approach with the goal of balancing covariates within a randomization scheme

is re-randomization [Morgan and Rubin, 2012, Li et al., 2018]. While we do not directly compare

our methods to re-randomization procedures, Harshaw et al. [2024] show superior trade-offs of their

method, which ours resemble under reparameterization, in comparison to re-randomization. Basse

and Airoldi [2018] study the re-randomization approach under homophily settings alone. Ugander

and Yin [2023] introduce randomized graph cluster randomization (RGCR) to address exponentially

small exposure probabilities arising in graph cluster randomization designs [Ugander et al., 2013].

They show that RGCR still exhibits large variance when the nodes in a ring graph are clustered into

a small number of large randomization units under a potential outcomes model with a homophily

drift, a phenomenon also observed more generally in simulations. Related observations on the tension

between homophily and cluster randomization appear in Ugander et al. [2012], Cortez-Rodriguez

et al. [2024].

Another strategy is a matched-pair design, where randomization is restricted to pre-specified
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pairs of similar units. Fatemi and Zheleva [2020] propose CMatch, a two-stage procedure that clusters

units via random walks on the graph and then matches clusters using a similarity measure to assign

treatments. Our framework does not rely on local assumptions about inherent similarities between

pairs of randomization units. We introduce a global optimization approach to address homophily,

interference, and robustness simultaneously.

Jagadeesan et al. [2020] study estimation of direct effects by constructing treatment assignments

that balance interference-related features between treated and control units. They introduce perfect

quasi-colorings, which eliminate interference bias by matching units with identical treated and control

neighborhood structure, and analyze the bias and variance of restricted randomization schemes

that approximate such colorings when they do not exist. Their design can be viewed as stratified

randomization based on node similarity, and they characterize the resulting MSE under various

settings, including models with homophily and network interference, showing improvements over

Bernoulli and complete randomization in some regimes.

Optimization-based designs in this setting include the approach of Fatemi and Zheleva [2023],

where the authors formulate a mixed-integer program to identify maximally independent node sets

for direct effect estimation. In a different application, Doudchenko et al. [2021] use a mixed-integer

program to jointly optimize design and weights in synthetic control settings. Solving mixed-integer

programs to optimality is not polynomial-time and does not scale; solving an SDP, as in our method,

is polynomial-time and admits efficient solvers that can be sped up by exploiting problem structure.

Bipartite networks arising from preference-based matching processes, such as those studied by

Gale and Shapley [1962], naturally induce homophily. Our framework therefore extends to bipartite

settings, including marketplaces, generalizing existing bias–variance and graph-cut characterizations

[Brennan et al., 2022, Holtz et al., 2025, Pouget-Abadie et al., 2018, Harshaw et al., 2023].

5.1.3 Finite-population setup and network structure

We consider a finite population of n units indexed by V = [n]. To represent possible pathways of

interference, as well as patterns of homophily among the units, we equip this population with an

undirected weighted network G = (V,E,W ), where E ⊆ V × V is the set of edges and W ∈ [0, 1]n×n

is a symmetric weight matrix. We take (i, j) ∈ E if and only if Wij > 0, so that an edge between units

i and j indicates that they are linked through a relationship relevant to interference or homophily,

while the magnitude of Wij reflects the strength of that relationship. We write di :=
∑n
j=1 Wij ,
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D := Diag(d), L := D −W , where di is the weighted degree of unit i, D is the diagonal degree

matrix, and L is the graph Laplacian. We let L† denote the Moore–Penrose pseudoinverse of L. Since

our framework is formulated relative to an underlying edge-weight matrix W encoding the relevant

interference and homophily structure, the main analysis does not require a stochastic model for how

the network was generated. Throughout most of the paper, for clarity of exposition, we assume

that the relevant interference/homophily network is observed without error. That is, the analyst

observes a network Gobs = (V,Eobs,Wobs) that coincides with the underlying network G = (V,E,W )

governing the dependence structure of interest.

In many applications, however, the relevant network is not directly observed and must instead

be constructed from a proxy. Examples include self-reported ties, administrative records, spatial

or infrastructural adjacency, digital interaction logs, and exposure records. Such proxies may be

subject to missingness, measurement error, thresholding, temporal mismatch, or other distortions, so

that the observed network need not coincide with the latent one. Within the network interference

literature, a small body of work has begun to examine the consequences of network and exposure

misspecification [Aronow and Samii, 2017, Sävje, 2024, Weinstein and Nevo, 2026]. In this spirit,

Section 5.2.2 develops our robustness framework for settings in which the observed network is a noisy

proxy for the underlying interference/homophily structure. In particular, we study a natural model

in which the observed edge weights are unbiased for the latent edge weights, E[(Wobs)ij ] = Wij . We

also discuss in Example 5.3.4 the setting in which the observed network is a first-order approximation

to a richer interference structure, for example when interference extends beyond immediate neighbors

and decays with distance. For ease of reference, a glossary containing a subset of key notation is

provided in Table 5.1 in the Appendix.

In a similar spirit to Jagadeesan et al. [2020], we focus on the design problem for point estimation

via worst-case MSE control in the finite population setting. Thus, we do not consider the problem of

inference in detail, although our bounds could in principle be combined with generic concentration

inequalities to yield conservative confidence intervals.

5.2 Homophily and Heterogeneous Variation

Network interference models how the outcome of units depend on the treatment assignments of

neighboring units in the network. With regards to the GATE, the bias arising from network

interference can be written as the component of the potential outcome model accounting for disparate
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treatments among units. As such, the bias notably vanishes in a graph where all units are treated

(respectively controlled). In this section, we focus on the terms that are left over, the baseline α,

and treatment effect ϕ. We discuss the interference terms in full detail in Section 5.3. Denote the

outcomes by Y := Y (z), with treatment assignment z ∈ {0, 1}n. We consider outcomes associated

with 0 and 1, the treatment assignment vectors of all 0s and 1s, respectively. We can express, for

each instance of the sampled network,

α := Y (0), α+ ϕ := Y (0) + [Y (1)− Y (0)] = Y (1). (5.2.1)

We decompose these vectors α = hα + εα, and ϕ = hϕ + εϕ, where hα, hϕ are homophilous

components, capturing smooth variation of the potential outcome coefficients with the graph structure.

We formalize this smoothness via a quadratic constraint, and define this formally in Definition 5.2.2.

The εα, εϕ terms are heterogeneous variation, components not explained by homophily and interference,

formalized by moment constraints. These are nothing but the residuals or model misspecifications,

terms more commonly seen in other literature, if we model the true generative (potential) outcomes

by just interference and homophily.

Remark 5.2.1. It is equivalent to write α = ᾱ+ hα + εα, and ϕ = ϕ̄+ hϕ + εϕ, where hα, hϕ, εα, εϕ

are mean-zero, and ᾱ, ϕ̄ are constant vectors. We note that the decompositions into hα + εα and

hϕ + εϕ are generally not unique. Our results below hold for any admissible decomposition satisfying

the stated homophily, interference, and heterogeneous-variation conditions. In Section 5.4.1, we

distinguish a particular admissible decomposition, which we call the min-min-max decomposition.

5.2.1 Homophily

We formalize the definition of homophily we consider. To our knowledge, the only other work that

has used a similar definition is Ugander and Yin [2023]. Informally, homophily captures the extent to

which similar nodes are strongly connected and dissimilar nodes are weakly connected. The quantity∑
(i,j)∈EWij(hi− hj)2 encapsulates this idea by aggregating the dissimilarities in potential outcomes

coefficients hi across edges. In a connected graph that is well-clusterable, high levels of homophily

could result in clusters of nodes that are very similar while being significantly dissimilar across

clusters. Large dissimilarities across clusters would result in a large value of
∑

(i,j)∈EWij(hi − hj)2.



179

Definition 5.2.2 (η-homophily). We say that the vector h satisfies (η, L)-homophily, or is (η, L)-

homophilous, if hTLh ≤ η, where L := D −W is the graph Laplacian. That is,
∑

(i,j)∈EWij(hi −

hj)2 ≤ η.

Figure 5.2.1: A real example of homophily: network of home visits between members of a
village (no.6), using data from Banerjee et al. [2013a]. Node colors indicate the caste of each
village member.

In such a setting, one natural design might be to have a spread out treatment assignment, to

diversify treatment samples across the natural clusters. In Section 5.4, we demonstrate how this

formalization leads to a design that distributes treatment assignments across the underlying graph

clusters, aligning with intuition.

Remark 5.2.3. Unless otherwise specified, we use η-homophily to refer throughout to homophily

defined with respect to the graph Laplacian L, and we suppress this dependence in the notation

for brevity. Other kernels may be more appropriate in certain applications; see, for example,

Remark 5.D.3. More generally, Appendix 5.F.1 treats (η,K)-homophily for an arbitrary similarity

kernel K, allowing the notion of homophily to capture, for example, spatial proximity or similarity in

other covariates.

5.2.2 Robustness to heterogeneous variation

Our model accounts for heterogeneous variation via the ε components, which we only constrain by

certain moment conditions. In its simplest form, this corresponds to an ℓ2 constraint on ε which
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leads to an operator norm as previously realized in Harshaw et al. [2024]. Indeed, let X = E[xxT ],

x = 2z − 1, then sup∥εf ∥2
2≤κ Tr(εTfXεf ) = κ∥X∥op, for f = α, ϕ.

Our framework encompasses heterogeneous variation arising both from unobserved subject

covariates and from unobserved dependence between units independent of treatment assignment.

In the latter case, κ bounds the second-moment magnitude of the dependence not captured by the

observed network used in the homophily and interference models, which can be viewed as analogous to

violations of conditional unconfoundedness. In works such as Li et al. [2021], the setting of interference

under noisy network observations has previously been considered, resulting in stochasticity of the

potential outcome model. The observed network is a sample from a super-population of possible

dependencies between the finite population of experimental units. In Example 5.3.4, we discuss how

this noisy interference is encapsulated by our generalized notion of network interference. Our notion

of robustness in the current section addresses the resulting correlation in the baseline α and treatment

effect ϕ in addition to that induced by unobserved subject covariates and homophily with respect to

the observed network. In particular, we allow for εf , f = α, ϕ, to act as a random effect, drawing

particular inspiration from the spatial statistics literature [Gaetan et al., 2010]. In our potential

outcomes framework, we place constraints on Σf := E[εfεTf ], and we discuss how different penalties

relate to inter-unit dependencies. This encompasses relationships between the outcomes that are not

restricted to the observed network encoded by homophily. We employ duality to relate this back to

the treatment design.

Example 5.2.4. A prominent example of stochastic heterogeneous variation is through the lens of

noisy network observations. Consider the setting where α (and similarly ϕ) is a fixed function of

the units in our finite population that is η-homophilous with respect to the graph G with Laplacian

L. Thus, we can express α = L†/2β for a coefficient vector β with length √η. Now consider the

observed network Gobs with corresponding Laplacian Lobs (see, for example, Figure 5.D.2). We can

decompose α = L†/2β = h + ε, h := L
†/2
obsβ, and ε := (L†/2 − L†/2

obs)β. In this decomposition, h is

η-homophilous with respect to the observed graph, and ε is a function of the randomly observed

graph structure. Imposing conditions on Σ := E[εεT ] imposes minimal moment constraints on the

extent of heterogeneous variation.

We can characterize worst-case bounds in terms of Schatten norms q⋆, which constrains Σ, and

q, which penalizes X. In particular, sup∥Σf ∥q⋆ ≤κ Tr(XΣf ) = κ∥X∥q. We write this out formally in

Section 5.4. When q∗ = 1, q =∞, we recover the previous operator-norm bound. When q∗ = q = 2,
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we get a bound in terms of the Frobenius norm of the covariance matrix, κ∥X∥F . This leads to a

novel connection to Viviano et al. [2023].

Concretely, these are realized as penalizations that encourage randomization in our designs,

with the extreme case being unit-level Bernoulli randomization, whenever q > 1. In this sense,

randomization yields robust designs that ensure a controlled worst-case MSE under minimal mo-

ment assumptions. This underscores the interpolation of the two extremes of randomization and

determinism. In principle, we uniformly independently randomize when we have no information and

assumptions at all. Conversely, if we had all the necessary information, i.e., all potential outcomes

were encoded through our notions of homophily and interference, then we can deterministically solve

for an optimal design.

The importance of randomization for robustness has a long history, and here we mention only a few

representative references most closely related to our perspective. Fisher [1925, 1935] first emphasized

this importance through the role of randomization in yielding unbiased estimates of experimental

error, which are vital for valid testing procedures. Wu [1981] further studied robustness from the

perspective of the worst-case mean squared error; showing that the Bernoulli randomized design is

minimax optimal over invariant sets of model violations, as is also reflected in our framework. The

paper also describes how efficiency can be gained with structured assignments aligned with particular

patterns of violations. More recently, Kallus [2018] showed that, without structural information on

how the outcomes depend on the particular covariates, Bernoulli randomization is minimax optimal

with respect to variance.

5.3 Potential Outcomes Model and Network Interference

Let z ∈ {0, 1}n denote the binary treatment assignment vector. We consider the following potential

outcome model

Yi(z) = αi + ϕizi + si(z), (5.3.1)

with zi ∈ {0, 1}, for all i ∈ [n]. The term s(z) denotes interference that vanishes under constant treat-

ment, i.e., z ∈ {1,0}, with α denoting the baseline, and ϕ the treatment effect (see Equation (5.2.1)).

Together with Equation (5.2.1), s(z) is uniquely determined.

Definition 5.3.1 (γ-interference). We say that the outcome component s satisfies (γ, L)-interference,
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or is (γ, L)-interferent, if supz∈{0,1}n s(z)TL†s(z) ≤ γ, where L† is the pseudoinverse graph Laplacian.

Remark 5.3.2. Similar to our definition of homophily (see Remark 5.2.3), unless otherwise specified,

we use γ-interference to refer to interference with respect to L, suppressing this dependence in the

notation for brevity. For a similar level of interference with respect to a different kernel K, we say

that such a vector s is (γ,K)-interferent.

Example 5.3.3 (Neighborhood Interference). A form of s(z) that is commonly studied in the

literature, such as in Chin [2019], Eckles et al. [2017], Harshaw et al. [2023], Yu et al. [2022], is the

linear neighborhood interference term, i.e., s(z) ∝ D−1Lz. This corresponds to a neighborhood

interference setting, where a unit’s outcome depends only on its own and its neighbors’ treatment

assignments, not on assignments beyond its neighborhood. Let the normalized graph Laplacian

L̃ := I−D−1W , i.e., L̃ = D−1L. A simple outcome model with such a (γ, L̃)-interferent s component

with a
√
n-scaling reminiscent of the local asymptotic framework [Viviano et al., 2023, Hirano and

Porter, 2009] is Yi = αi + βizi + γ√
n

∑
j

Wij∑
j
Wij

zj . Here, s(z) = − γ√
n
L̃z, i.e., s is (γ, L̃)-interferent.

Additionally, the normalized Laplacian term appropriately vanishes when the full population is

treated or assigned to control. We describe this in more detail in Example 5.D.5.

To capture settings with stochastically misspecified interference, we cannot use the approach from

Example 5.2.4, since the resulting misspecification would be correlated with treatment assignment,

complicating our later analysis. Instead, we rely on the intrinsic robustness of our constraint, which

allows generalization beyond neighborhood interference models.

Example 5.3.4 (Full Network Interference). Our interference characterization allows for “pertur-

bations” of the interference structure. Let L̃ be the graph Laplacian of the perturbed network,

and let L be the graph Laplacian underlying a neighborhood interference structure satisfying γ-

interference. If both the perturbed and unperturbed networks are connected, then the column and

row spaces of L and L̃ are equal, and hence L̃†/2L1/2L†/2 = L̃†/2, and L†/2L1/2L̃†/2 = L̃†/2. Thus,

if ∥L̃†L∥op ≤ c, and both the perturbed and unperturbed networks are connected, we can write

s(z)T L̃†s(z) = s(z)T (L̃†/2L1/2)L†(L1/2L̃†/2)s(z) ≤ cs(z)TL†s(z) ≤ cγ for all z ∈ {0, 1}n. In other

words, if L and L̃ are close in spectrum, i.e., ∥L̃†L∥op ≤ c, then s being (γ, L)-interferent implies

that s is (cγ, L̃)-interferent. For instance, if L̃ encapsulates a full-interference structure with decaying

interference (for example, Leung [2022a]) across nodes with longer distances such that L̃ is well
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approximated by the neighborhood interference Laplacian L, we can write c = 1 +O(ψ) for some

ψ ≪ 1. We describe this in more detail in Example 5.D.6.

5.4 Estimation and Trade-offs

5.4.1 GATE estimation

Definition 5.4.1 (Global Average Treatment Effect (GATE)). The Global Average Treatment Effect

(GATE) is defined to be

τ = 1
n
⟨1, Y (1)− Y (0)⟩ = 1

n
⟨1, ϕ⟩ .

Our primary focus is on the Horvitz-Thompson estimator with uniform treatment probability p

across nodes, p = P(zi = 1) = P(zj = 1) for all i, j ∈ [n]:

τ̂ =
〈
Y,

z

pn
− 1− z

(1− p)n

〉
.

For ease of exposition, we present our framework primarily in the symmetric setting, i.e., p = 1/2.

The general case is given in Appendix 5.C.

We note here that the particular Horvitz-Thompson estimator we focus on throughout the paper

is the vanilla one. In the literature on interference and cluster randomized designs, it is common to

pair Horvitz-Thompson estimators with neighborhood exposure mappings [Aronow and Samii, 2017,

Ugander et al., 2013, Leung, 2022b, Thiyageswaran et al., 2024, Eichhorn et al., 2024].

Under a correctly specified exposure mapping under network interference, the Horvitz-Thompson

estimator remains unbiased, albeit with high variance. In contrast, the vanilla Horvitz-Thompson

estimator is biased in the presence of interference, though it typically exhibits lower variance.

We focus on the vanilla estimator because it is much simpler, and our primary goal is to

study the tradeoffs that occur under varying levels of interference, homophily and heterogeneous

variation, for various designs. This includes settings without interference, where using a Horvitz-

Thompson estimator paired with a neighborhood exposure mapping would introduce unnecessary

variance. Moreover, applying exposure mappings requires specifying them correctly, and under more

general forms of interference beyond neighborhood interference, characterizing the correct exposure

mapping (and the imprecision that arises from a misspecified exposure mapping) becomes much more
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complicated. In Appendix 5.I we consider our framework with respect to the difference-in-means

estimator. In fact, our framework applies to more general estimators of the form τ̂ = ⟨Y,w⟩, with

general weights w.

This distinction is also important when interpreting MSE rates. In particular, under a correctly

specified full-neighborhood exposure mapping, bounded outcomes, and unit-level Bernoulli random-

ization, uniformly bounded degree implies that the exposure probabilities are uniformly bounded

away from zero. The corresponding exposure-based Horvitz–Thompson estimator is unbiased and

attains an (O(n−1)) variance. In what follows, we retain graph-dependent quantities appearing in

our MSE bounds rather than using bounded degree as the primary point of comparison.

The measure of precision of the estimator we focus on is the worst-case mean squared error (MSE)

suphf ,Σf ,s∈χ(η,γ,κ) E[(τ̂ − τ)2], with respect to the potential outcomes within the class χ(η, γ, κ) =

χq∗(η, γ, κ) = {hf , εf , s : ∥L1/2hf∥2 ≤ η, ∥Σf∥q∗ ≤ κ, ∥L†/2s(z)∥2 ≤ γ for all z ∈ {0, 1}n, for

f = α, ϕ}. Here q∗ denotes the Schatten exponent used to connstrain the exponent Σf , q denotes its

Hölder conjugate exponent, defined by 1/q∗ + 1/q = 1. Consequently, the dual penalty appearing in

the MSE bound is ∥X∥q.

When τ and τ̂ incorporate stochastic network misspecification, this expectation is understood to

be the iterated expectation E[E[(τ̂ − τ)2 | εf ]], f = α, ϕ, over the network misspecification residual

and the design, respectively.

We call χ(η, γ, κ) the min-min-max model class to reflect (η, γ, κ) chosen to minimize the resulting

worst-case MSE upper bound in Equation (5.4.1) among all admissible decompositions of α and ϕ. This

parameterization, arising from the corresponding trade-off-admissible min-min-max decomposition

of α and ϕ, yields the sharpest worst-case MSE control within our framework and is unique up to

alternative optimal tuples. Specifically, the components hα, hϕ and εα, εϕ optimally capture, relative

to the underlying graph structure, the homophily and heterogeneous variation present in α and ϕ,

by effectively separating graph-aligned low-Rayleigh-quotient variation from residual heterogeneous

variation; see also Remark 5.D.4.

Theorem 5.4.2 (MSE bound). Let p := P(zi = 1) = 1/2 for all i ∈ [n], a = ⟨α,1/n⟩, and

b = ⟨ϕ,1/n⟩. Let |⟨s(z),1/n⟩| ≤
√
δ for all z. Let also x ∈ {−1, 1}n by defining x := 2z − 1. Define

X := E[xxT ] and ∆ := (a+ b/2)2 + δ. Then, for q ≥ 1,

sup
χ(η,γ,κ)

E[(τ̂ − τ)2] ≤ 28
n2 {∆ Tr(11TX) + 5η

4 Tr(L†X) + 5κ
4 ∥X∥q + γ Tr(LX)}. (5.4.1)
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The bound in Equation (5.4.1) upper-bounds the worst-case MSE with terms linear in the

covariance matrix X. We later show that this relaxation of the problem makes it tractable for simple

optimization approaches. Thus, to control the worst-case MSE it suffices to minimize the right-hand

side in Equation (5.4.1) over the covariance matrix X. The proof of Theorem 5.4.2 is in Appendix 5.J.2.

We assume that the interference term is bounded in its center, i.e., supz ⟨s(z),1/n⟩ ≤
√
δ, and this is

implicitly adopted in later MSE bounds.

When η, γ, κ, q⋆ are fixed, the scaling in Theorem 5.4.2 is governed jointly by the graph, the design

covariance X, and the min-min-max decomposition through χ(η, γ, κ): the effective rate is O(n−2rn),

where rn = max{1⊤X1,Tr(LX),Tr(L†X), ∥X∥q}. For the naive Bernoulli unit-level randomization

where X = I, rn = O(n) for typical well-connected graph settings where Tr(L†) = O(n), like expander

graphs, as well as bounded average degree settings.

In Appendix 5.G, we discuss an alternative where we constrain the quadratic form s(z)T (δ11T +

L)−1s(z). If instead we were to constrain the quadratic form s(z)T (λI + L)−1s(z), we would arrive

at the same bound up to a constant additive factor without necessitating this assumption. There

are many alternatives that lead to fundamentally equivalent optimization problems, with another

alternative provided in Example 5.F.7.

Comparison of graph-dependent rates. The bound in Theorem 5.4.2 can also be expressed

in terms of standard graph quantities. Let λ2(Ln) denote the smallest nonzero eigenvalue of the

graph Laplacian and let dn := n−1 Tr(Ln) denote the average weighted degree. Since a balanced

design is feasible, the optimal worst-case objective is no larger than the value at a balanced feasible

design. For any such design covariance X, we have Tr(X) = n and 1⊤X1 = 0. Moreover,

Tr(L†
nX) ≤ ∥L†

n∥op Tr(X) = n

λ2(Ln) ,

and, for q ≥ 1,

∥X∥q ≤ ∥X∥1 = n.

Finally,

Tr(LnX) = E[x⊤Lnx] ≤ 4
∑

{i,j}∈En

Wij = 2ndn.
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Consequently,

sup
χ(ηn,γn,κn)

E
[
(τ̂ − τ)2] ≤ 28

n

{
5ηn

4λ2(Ln) + 5κn
4 + 2γndn

}
. (5.4.2)

Thus, the parametric O(n−1) rate follows whenever

ηn
λ2(Ln) + κn + γndn = O(1),

while consistency only requires this quantity to be o(n). In particular, bounded maximum degree is

not required: for graph sequences with λ2(Ln) bounded away from zero and bounded average degree,

the bound remains O(n−1) for bounded model-class parameters even when dmax,n grows with n.

This gives a direct comparison with the graph-dependent guarantees of Ugander and Yin [2023].

To avoid confusion with our heterogeneous-variation parameter κn, let ρn denote their restricted-

growth coefficient. Their Theorem 4.8 gives, under a correctly specified full-neighborhood exposure

model and bounded outcomes,

Var (τ̂RGCR) ≤ 2Y 2

n
(dmax,n + 1)2ρ4

n

{
p−1 + (1− p)−1} .

At p = 1/2, this becomes

Var (τ̂RGCR) ≤ 8Y 2

n
(dmax,n + 1)2ρ4

n.

Hence, the two bounds depend on different aspects of graph geometry: the guarantee from Ugander

and Yin [2023] is governed by worst-case degree and local metric growth, whereas (5.4.2) is governed

by average degree and algebraic connectivity. For example, if λ2(Ln) is bounded away from zero

and dn = O(1), our graph-dependent prefactor can remain bounded even when dmax,n increases.

Conversely, when λ2(Ln) is small, (5.4.2) may be conservative, and the original design-specific

quantities Tr(L†
nX) and Tr(LnX) in Theorem 5.4.2 provide a sharper characterization.

We note that the exposure-based Horvitz–Thompson estimator in Ugander and Yin [2023]

is unbiased under a correctly specified full-neighborhood exposure mapping, whereas our vanilla

estimator controls total MSE over the broader class χ(ηn, γn, κn).We therefore view the comparison

above as characterizing the different graph complexities governing the two approaches rather than as

a uniform dominance result.
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5.4.2 Trade-offs

Trade-off parameters

Our design flexibly navigates homophily, robustness, and interference trade-offs parameterized by

η, κ, γ ∈ R:

1. hαTLhα ≤ η, and hϕ
TLhϕ ≤ η (see also Remark 5.2.3 for a measure of homophily including

degree similarity)

2. ∥Σα∥q∗ ≤ κ, and ∥Σϕ∥q∗ ≤ κ

3. s(z)TL†s(z) ≤ γ for all z ∈ {0, 1}n

As is typical in conducting power analyses, our method depends on baseline and treatment effect

size, encapsulated by ∆. We dissect the three components in the trade-offs above.

5.4.2.1 Cut Minimization

If we fix the treatment vector x, then X = xxT . The term Tr(LX) = xTLx in the theorem statement

above is the same as the objective function in the cut minimization problem. Indeed, for L = D−W ,

and x ∈ {−1, 1}n, 1
4x

TLx =
∑
i∈S,j∈Sc Wij , where S and Sc make up the cut partition. Thus, this

xTLx term alone encourages a more “clustered” design. The term
∑
i∈S,j∈Sc Wij has previously

appeared in Brennan et al. [2022], Viviano et al. [2023].

5.4.2.2 Effective Resistance

Once again, if we fix the treatment vector x, then X = xxT . The term Tr(L†X) = xTL†x can be

expressed in terms of the effective resistances. Let R be the matrix of effective resistances across edges,

so that the (i, j)-th entry is the effective resistance Rij across edge (i, j). Then, for x ∈ {−1, 1}n,

xTL†x = − 1
2x

TΠTRΠx, where Π is the projection matrix to the subspace orthogonal to 1 (see

Fontan and Altafini [2021]). In the graph sparsification literature, Spielman and Srivastava [2008]

use effective resistances to sample network edges. Selecting a cut to minimize xTL†x corresponds to

selecting a treatment design “spread-out” in the graph. We see in our MSE bounds that this provides

a counterbalance to the xTLx term above that incentivizes clustered designs, and thus improves our

estimation procedure in the presence of homophilous outcomes.
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Figure 5.4.1: Optimized treatment assignments under interference-robustness tradeoffs
on a synthetic network as heterogeneous variation levels increase from left to right. See
Appendix 5.B for more details.
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Figure 5.4.2: Optimal design covariance matrices under interference-robustness tradeoffs as
heterogeneous variation levels increase from left to right. See Appendix 5.B for more details.

5.4.2.3 Randomization

We use Proposition 5.4.3 to bound the contribution of the heterogeneous variation εf to the MSE of

our estimator. Note that for deterministic εα, εϕ, Σf = εfε
T
f , and ∥Σf∥q∗ = ∥εf∥2

ℓ2
, f = α, ϕ.

Proposition 5.4.3 (Deterministic heterogeneous variation bound). For PSD matrices X ∈ Rn×n,

Σ = εfε
T
f ∈ Rn×n, f = α, ϕ and κ ∈ R, sup∥εf ∥2

ℓ2
≤κ Tr(XΣ) = sup∥εf ∥2

ℓ2
≤κ ε

T
fXεf = κλmax(X),

where λmax(X) is the maximum eigenvalue of X.

This recovers the operator-norm bound that is used as a robustness measure in Harshaw et al.

[2024]. We can generalize this further for the (uncentered) covariance matrix of the stochastic network

misspecification.

Proposition 5.4.4 (Bhatia, 2013, Exercise IV.2.12). Let ∥ · ∥q denote the Schatten q-norm of

a matrix. For symmetric positive semidefinite (PSD) matrices X ∈ Rn×n and Σ ∈ Rn×n, and



189

1/q∗ + 1/q = 1, sup∥Σ∥q⋆ ≤κ Tr(XΣ) = κ∥X∥q.

Particular choices of q∗ relate to existing trade-offs in the literature.

Corollary 5.4.5 (Worst-case bound over marginal variances). For PSD matrices X ∈ Rn×n and

Σ ∈ Rn×n, q⋆ = 1, q =∞, and κ ∈ R, sup∥Σ∥1≤κ Tr(XΣ) = κλmax(X).

As a practical consideration, it is worth noting that the above supremization places little constraint

on the off-diagonal of Σ. Indeed, the supremum is realized by a dense Σ, and as Σ is PSD, the

Schatten-1 norm corresponds to the trace, hence the marginal variances of ε are directly constrained.

However, in many circumstances, one may expect the coordinates of ε to be somewhat independent,

making q∗ = 1 an unrealistic modeling assumption.

In the other extreme Σ could be a diagonal matrix corresponding to independent heterogeneous

variation, with the off-diagonal entries being completely nullified. Such a Σ is achieved if we were to

instead supremize over the constraint ∥Σ∥∞ ≤ κ, and the resulting error would be κTr(X) = κn,

which is invariant with respect to the design. That is, if the (edge) misspecification was, for example,

i.i.d. across the nodes, then additional randomization to account for network misspecification would

be unnecessary, as this value κn is constant, independent of the chosen design. As a reasonable

compromise between these two extremes, we highlight the Frobenius norm, q∗ = 2.

Corollary 5.4.6 (Covariance structure worst-case bound). For PSD matrices X ∈ Rn×n and

Σ ∈ Rn×n, q∗ = q = 2, sup∥Σ∥2≤κ Tr(XΣ) = κ∥X∥2 = κ
√

Tr(X2) = κ
√∑n

i=1 λ
2
i (X). Additionally,

sup∥Σ∥2≤κ∥X∥2 Tr(XΣ) = κTr(X2) = κ
∑n
i=1 λ

2
i (X).

In the bounds in Corollary 5.4.6, the total covariance structure of (εi)ni=1 is constrained, rather

than just the marginal variances. By constraining the Frobenius norm, we bound the sum of the

squared entries of all of the elements of Σ, putting equal importance on on- and off-diagonal elements.

The distinction between the two bounds in Corollary 5.4.6 is that the latter allows the norm of Σ to

grow with X (and therefore n).

Under a cluster-level Bernoulli randomization design, the second part of Corollary 5.4.6 corresponds

to the dominant term in the variance presented in Viviano et al. [2023]. Indeed, consider X such

that Xij = 1 if nodes i, j are in the same cluster, and 0 otherwise. This matrix X is the assignment

covariance matrix for cluster-level Bernoulli randomization, where each cluster is independently

assigned a treatment with probability p. The eigenvalues of this matrix are given by the sizes of the
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clusters, |Ci|, hence Tr(X2) =
∑
i |Ci|2. This is exactly the dominating term in the variance observed

in Viviano et al. [2023, Theorem 3.2], hence the squared Frobenius norm generalizes this variance

to generic designs. Further, as it appears as a convex penalty in our objective, it allows for easy

computation. As unit-level clustering results in the smallest value of the Schatten q penalty, increases

to the penalization parameter κ will force the solution towards this covariance structure.

Proposition 5.4.7. Let x ∈ {−1, 1}n denote the treatment assignment under a Bernoulli randomiza-

tion design. Then, for fixed p = P(xi = 1), i ∈ [n], and q > 1, arg minX⪰0;
Xii=1

∥X∥q = 1
4p(1−p) Cov(x).

We note that the analogous result holds if x ∈ {−1, 1}n is the treatment assignment under a

complete randomization design and n1 = n0, with the optimization constraint X1 = 0. We present

this formally in Appendix 5.J.

Thus, large κ permits a more robust design. Indeed, κ penalizes the Schatten norm of X, driving

the design toward a Bernoulli randomization as κ→∞ for q > 1, as formalized in Proposition 5.4.7.

We illustrate this behavior in Figures 5.B.2 and 5.4.2, as the trade-off parameters in the SDP,

described in Section 5.5.1, are varied.

Remark 5.4.8. We use the term randomization in a specific sense: by increased randomization, we

refer to designs with smaller off-diagonal covariance elements, which lead to more robustness to

heterogeneous variation. This stands in contrast to trivial randomizations, such as randomly flipping

between fixed treatment and control assignment vectors, that preserve the covariance matrices and

lie on level sets of the objective function.

To further demonstrate the trade-offs in our framework, we generate designs for a variety of

trade-off parameters. Figure 5.1.2 illustrates the trade-offs of the minimum cut and minimum effective

resistance components against each other. It depicts a “clustered” block structure in the covariance

matrices on the left-end of the spectrum when γ > η, and a more “diffusive” covariance structure on

the right-end of the spectrum when γ < η. Figures 5.1.1 and 5.4.1 depict the trade-offs on a graph

generated from an SBM with equal cluster membership probability across five clusters. Figure 5.4.1

isolates the trade-offs between clustering and randomization. As the ratio κ/γ increases, the designs

interpolate from a clustered design to a design that resembles unit-level Bernoulli randomization.

Figure 5.1.1 isolates the trade-offs between clustering and effective resistance minimization. As the

ratio η/γ increases, the designs interpolate from a clustered design to a design that is maximally

spread-out.
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Remark 5.4.9. The term Tr(11TX) in the bound encourages solutions that are orthogonal to 11T as

∆→∞. Since the constant vector lies in the kernel of both the graph Laplacian and its pseudoinverse,

this term encourages non-degenerate solutions.

5.4.3 Comparisons with Randomized Saturation Designs

Another popular approach in the literature is randomized saturation designs. In this class of designs,

clusters are randomly assigned saturation levels, and each unit within a cluster is assigned to treatment

independently with probability equal to the saturation level. We consider the subclass in which the

saturation levels are independent across clusters and have a common mean and variance. As we show

below, this class interpolates, at the covariance level, between unit-level Bernoulli randomization and

cluster-level Bernoulli randomization.

Let πRSD(c) ∈ [0, 1] denote the random saturation assigned to cluster c, with

E[πRSD(c)] = p.

Conditional on πRSD(c), treatment assignments within the cluster are independent:

zi | πRSD(c) ∼ Bernoulli(πRSD(c)) , i ∈ c.

For two distinct units i, j ∈ c, the law of total covariance gives

Cov(zi, zj) = E
[
Cov

(
zi, zj | πRSD(c)

)]
+ Cov(E[zi | πRSD(c)],E[zj | πRSD(c)])

= Var(πRSD(c)) ,

where the first term vanishes by conditional independence. Moreover,

P(zi = 1) = E
[
P
(
zi = 1 | πRSD(c)

)]
= E[πRSD(c)] = p,

so marginally zi ∼ Bernoulli(p) and therefore

Var(zi) = p(1− p).
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Hence the induced correlation between two distinct treatment assignments in the same cluster is

ρ := Corr(zi, zj) = Cov(zi, zj)√
Var(zi) Var(zj)

= Var(πRSD(c))
p(1− p) .

Equivalently,

Var(πRSD(c)) = ρp(1− p). (5.4.3)

Since πRSD(c) ∈ [0, 1] and E[πRSD(c)] = p,

0 ≤ Var(πRSD(c)) ≤ p(1− p),

and consequently ρ ∈ [0, 1].

We now express this interpolation in terms of the covariance matrix used in our design formulation.

Let

x := 2z − 1,

and denote by

XRSD(ρ) := Cov(x)

the covariance matrix induced by the randomized saturation design with within-cluster treatment

correlation ρ. Let Xclust denote the covariance matrix of x under independent cluster-level Bernoulli(p)

randomization on the same collection of clusters. Define the corresponding normalized covariance

matrices by

X̄RSD(ρ) := XRSD(ρ)
4p(1− p) , X̄clust := Xclust

4p(1− p) .

For distinct units i, j in the same cluster,

Cov(xi, xj) = 4 Cov(zi, zj) = 4ρp(1− p),

whereas

Var(xi) = 4 Var(zi) = 4p(1− p).

For units in different clusters, the covariance is zero by independence of the cluster saturation levels.
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It follows that the normalized covariance matrix has diagonal entries equal to one, within-cluster

off-diagonal entries equal to ρ, and between-cluster entries equal to zero. Therefore,

X̄RSD(ρ) = ρX̄clust + (1− ρ)I. (5.4.4)

The two extreme cases recover unit-level and cluster-level Bernoulli randomization. If ρ = 0, then

Var(πRSD(c)) = 0,

so πRSD(c) = p almost surely. Thus, conditional treatment assignment reduces to i.i.d. Bernoulli(p)

randomization at the unit level, and

XRSD(0) = 4p(1− p)I, X̄RSD(0) = I.

At the other extreme, if ρ = 1, then the saturation variance achieves its maximum possible value

p(1− p). This is attained by

πRSD(c) =


1, with probability p,

0, with probability 1− p,

independently across clusters. In this case all units within a cluster receive the same treatment

assignment, which is exactly cluster-level Bernoulli(p) randomization. Hence

XRSD(1) = Xclust, X̄RSD(1) = X̄clust.

Thus, as ρ varies from zero to one, randomized saturation designs trace the line segment between

unit-level and cluster-level Bernoulli randomization in the space of normalized treatment-assignment

covariance matrices.

Since minX⪰0,Xii=1 J(X) ≤ minρ∈[0,1] J(XRSD(ρ)), at the second-moment/covariance level, our

design generalizes randomized saturation designs.

The simulations below demonstrate this behavior on a stochastic block model graph of four clusters

of equal size. The probablity of edges connecting nodes within a cluster is 0.1 , while the probability

of edges connecting nodes across a cluster is 0.0005. Figure 5.4.3 illustrates the interpolation behavior
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formalized in Equation (5.4.4). Figures 5.4.4 and 5.4.5 illustrate argminρ∈[0,1] J(X),minρ∈[0,1] J(X)

for different ratios of κ/γ. Figure 5.4.6 demonstrates that randomized saturation designs (with the

optimal saturation levels) interpolate between cluster and unit-level Bernoulli randomizations, in

their objective functions as well. Additionally, the SDP relaxation solution uniformly dominates

the randomized saturation designs in performance, indicating the generalization above. The SDP

together with the Gaussian rounding for p = 1/2 is shown to closely follow the optimized randomized

saturation designs.
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Figure 5.4.3: Covariance matrices of randomized saturation designs as saturation correlation
levels ρ is varied.
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5.4.4 Beyond second moments

Our approach is to relax the problem by upper-bounding the worst-case MSE with terms linear in

the design covariance matrix X, so that it is amenable to optimization approaches. In reality, the

true worst-case MSE may consist of terms with higher moments. To illustrate this concept, we can
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consider as example the randomized saturation designs from the previous subsection. For this class of

designs, while we can capture the covariance matrix behavior in Equation (5.4.4), different saturation

designs with different higher order moments may share the same covariance matrix. Indeed, take for

example, the setting where

πRSD,1(c) =


0.25 w.p. 0.5,

0.75 w.p. 0.5.

and

πRSD,2(c) =


0 w.p. 0.125,

0.5 w.p. 0.75,

1 w.p. 0.125.

Then, their marginal probabilities are equal E[πRSD,1(c)] = 1/8 + 3/8 = 1/2, and E[πRSD,2(c)] =

0 · 1/8 + 3/8 + 1/8 = 1/2. Now, we check that the covariances are also equal. We begin by the

variance calculation,

Var(πRSD,1(c)) = 5
16 −

1
8 = 1

16 ,

and similarly,

Var(πRSD,2(c)) = 5
16 −

1
8 = 1

16 .

Consider units i, j in the same cluster. Then, from the previous subsection, for both designs,

Cov(zi, zj) = Var(πRSD,1(c)) = 1
16 .

Since the saturation probabilities are independent across clusters, Cov(zi, zj) = 0, if i, j are in

different clusters.

Thus, these different randomized saturation designs share the same marginal treatment prob-

abilities, as well as the same covariance structure. They differ in their fourth moments; a simple
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calculation shows that

E[πRSD,1(c)4] = 1
2 ·
(

1
4

)4
+ 1

2 ·
(

3
4

)4
= 41

256 ,

while

E[πRSD,2(c)4] = 1
8 · (0)4 + 3

4 ·
(

1
2

)4
+ 1

8 · (1)4 = 44
256 .

Thus, the covariance matrix may not necessarily characterize any particular design, and there

may be multiple designs corresponding to the optimal covariance matrix we solve for.

5.5 Experimental Design

We describe the two design approaches we propose. To keep ideas simple and clear, in what follows

we write the robustness trade-off terms only with general Schatten norms, rather than particular

special cases.

5.5.1 MSE-minimizing SDP relaxation and Gaussian Rounding

Let ∆ = (a + b/2)2 + δ. Reparameterizing the right-hand side of Theorem 5.4.2 with γ̃,η̃, and κ̃,

so that γ̃ := γ
∆ , η̃ := 5η

4∆ , and κ̃ := 5κ
4∆ , we can write an SDP more explicitly in terms of the new

trade-off parameters:

min
X∈Rn×n

η̃Tr(L†X) + γ̃Tr(LX) + κ̃∥X∥q + Tr(11TX) (5.5.1)

s.t. X ⪰ 0

diag(X) = 1

The non-symmetric setting is presented in Appendix 5.C. We generate our treatment assignment

vector ζ using Algorithm 2, drawing ideas from Goemans and Williamson [1995].

5.5.2 Adapted Gram-Schmidt Walk algorithm

As a second approach, we adapt the Gram-Schmidt Walk algorithm [Harshaw et al., 2024], a vector

balancing procedure, to our problem. In particular, by specializing the robustness hyperparameter λ,
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Algorithm 2 GaussianRounding at p = 1/2.
Require: Parameters: q, γ̃, η̃,κ̃, and marginal assignment probability p ▷ P(xi = 1) = p for

all i ∈ [n]
1: Solve the SDP in Equation (5.5.1) with parameters q, γ̃,η̃, and κ̃; let the solution be
XSDP

2: Sample ξ ∼ N (0, XSDP) ▷ Multivariate Gaussian with covariance matrix XSDP
3: for each i ∈ [n] do
4: x′

i ← sgn(ξi)
5: end for
6: return ζ

we provide an alternative algorithm that yields a guarantee for the worst-case MSE.

Focusing for simplicity on the homophily term xTL†x in our MSE expression, we can write

xTL†x = xTATAx, with A = √ηL†/2, or A = √ηΛ1/2V T , where Λ is the matrix of eigenvalues of L†,

V is the matrix of the corresponding eigenvectors. We then use the Gram-Schmidt Walk algorithm

[Harshaw et al., 2024] on the augmented covariate matrix B with columns Bi = [ei Ai]T where ei

are standard basis vectors, and randomization parameter λ =
√
κn1/q√

ω2
A
n+

√
κn1/q

in Algorithm 4, where

ωA = maxi∈[n] ∥Ai∥.

5.5.3 Comparing the two approaches

Both proposed methods extend to more general kernels, since the final optimization objective function

retains the same form after replacing the Laplacian (see Appendix 5.F.1).

In the adapted Gram-Schmidt Walk algorithm, the bounds grow with n (see also discussion

after Theorem 5.6.3), since this procedure is tailored to the minimization of the operator norm. By

contrast, we can directly specify the Schatten-q norm penalties, via an SDP for common choices of

q (e.g. q ∈ {1, 2,∞}), or via convex optimization more broadly, leading to finer control. However,

the computational efficiency of the SDP significantly drops for larger n, making vector balancing

a practical alternative. We incorporate our trade-off formulation into the Gram-Schmidt Walk

algorithm [Harshaw et al., 2024] in Algorithm 4, line 3.

Our application of the Gram-Schmidt Walk algorithm reduces to controlling Tr(ATAX) and

κ̃∥X∥q, where ATA := η̃L† + γ̃L+ 11T . This casts worst-case MSE control as a covariate balancing

problem, where the relevant covariates are induced by a choice of factor A of ATA. One natural

choice is the spectral factor arising from an eigendecomposition of ATA. Other valid choices include
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A := (η̃L† + γ̃L+ 11T )1/2, or AT := [η̃1/2L†/2 γ̃1/2L1/2 11T 1/2]. This framing would allow one

to think about clustering as part of the covariate balancing problem, the original focus of Harshaw

et al. [2024].

The SDP followed by Gaussian rounding described in Section 5.5.1 is specialized to uniform

treatment probabilities, whereas the Gram-Schmidt Walk approach allows direct specification of non-

uniform treatment probabilities: let p = (p1, p2, . . . , pn) denote the vector of treatment probabilities,

and set the initial vector z1 ← 2p− 1 in Algorithm 4, line 6. On the other hand, the SDP formulation

makes it straightforward to add additional convex constraints (see also Appendix 5.I).

5.6 Theoretical guarantees

Theorem 5.6.2 provides worst-case MSE approximation bounds for the SDP solution paired with

the Gaussian Rounding procedure. In Theorem 5.6.3, we provide worst-case MSE bounds for the

Gram-Schmidt Walk algorithm by applying results from Harshaw et al. [2024]. The proofs are

presented in Appendix 5.K.

5.6.1 SDP followed by Gaussian Rounding

Our proof of Theorem 5.6.2 utilizes the seminal ideas underlying the approximation bound for

MAXCUT, as introduced in Goemans and Williamson [1995] (see Appendix 5.K.1 for more details).

Our problem is similar in flavour, except we look at the minimization problem instead of maximization,

and as such we would like an inequality in the opposite direction for a meaningful approximation

bound.

We derive geometric identities associated with Algorithm 2. When p := P(ζi = 1) = 1/2, we

have Grothendieck’s identity, as derived in Goemans and Williamson [1995]. That is, E[ζiζj ] =
2
π arcsin ⟨vi, vj⟩, where vi is the i-th column vector of X1/2

SDP, and XSDP is the solution to the SDP in

Section 5.5.1. Indeed, when p = 1/2, it is equivalent to setting ζi = 1 whenever ⟨ξ, vi⟩ > 0, i ∈ [n].

This is because P(⟨vi, ξ⟩ > 0) = 1/2. This identity allows us to compare the covariance matrix of the

rounded assignment to the SDP solution, and hence to compare the resulting worst-case MSE bound

after rounding.

Define J(X) := 28
n2 {∆ Tr(11TX) + 5η

4 Tr(L†X) + 5κ
4 ∥X∥q + γ Tr(LX)}, the worst-case MSE

upper bound given by the right-hand side of Equation (5.4.1). Let X∗ denote the optimal achievable

covariance matrix, i.e., one minimizing J(X) over all covariance matrices achievable by a design. Let
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Ξ := Cov(ζ) be the covariance matrix of the rounded assignment returned by Algorithm 2.

Theorem 5.6.1 (Gaussian rounding MSE approximation bound). Let J(X) = Tr(AX) + κ̃n∥X∥q,

i.e., A = 28
n2 {∆11T + 5η

4 L
† + γL}, and κ̃n = 35κ

n2 . Let q∗ be dual to q, so that 1/q∗ + 1/q = 1. Then,

we get J(Ξ) ≤ cJ(X∗), where

1 ≤ c ≤ min
(

1 + ∥A∥q
∗

κ̃n
,
λmax(A)
λmin(A)

)
,

whenever A ≻ 0.

The result above bounds the approximation factor between the worst-case MSE upper-bound

evaluated at the rounded design covariance and the minimum such upper-bound over all covariance

matrices achievable by binary designs. We see that when there is more randomization, i.e., when κ̃n is

larger relative to the interference, homophily, and non-degeneracy components, then the approximation

factor bound is closer to one. Indeed, in this robustness-dominated regime, κ̃n ≫ ∥A∥q, and the

“cost” of converting the SDP solution to a binary randomized design becomes small. On the other

hand, if ∥A∥q∗ = Θ(κ̃)n, then c = O(1). If the underlying network is highly clusterable, and λ2(L) is

small, then unless κ̃n grows correspondingly, the upper-bound on the approximation factor might be

large.

Theorem 5.6.2 (Gaussian hyperplane rounding MSE approximation bound). Assume the symmetric

setting p = 1/2. Let Ξ := Cov(ζ) be the covariance matrix of the rounded assignment returned by

Algorithm 2, and let XSDP be the solution to the SDP in 5.5.1. Assume that XSDP is non-degenerate,

i.e., XSDP ⪰ δκI, δκ > 0. Let cκ :=
(

2
π + 2ψκ

πδκ
+ 1−2/π

δκ

)
, ψκ = nα3

κ, where ακ is the maximum

off-diagonal entry of XSDP in absolute value. Then, for the estimator τ̂ζ under the design associated

with ζ, supχ(η,γ,κ) E[(τ̂ζ − τ)2] ≤ J(Ξ) ≤ cκJ(X∗).

In the proof, we make use of the Taylor expansion of arcsin (X), following Nesterov [1997] in

the MAXCUT problem. The resulting bounds depend on the tradeoff parameter κ: as κ→∞, the

factor ψκ → 0 while δκ → 1. To encourage non-degeneracy of X, the design parameters must be

appropriately balanced. In particular, for clusterable graphs, the small Laplacian eigenvalues can

lead to heavy penalization of the corresponding inverse Laplacian eigenvectors.

When κ is large, the rounding procedure closely approximates the optimal design covariance; in

the limiting Bernoulli randomized design, ακ = 0. For a complete randomized design, ακ = 1/(n− 1).
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Our results allow for ακ = Θ(1/n1/3), far more correlation than Bernoulli or complete randomizations,

while maintaining a constant level of error. In contrast, when κ is very small, we can optimally solve

the problem deterministically.

5.6.2 Adapted Gram-Schmidt Walk algorithm

We leverage Harshaw et al. [2024, Theorem 6.4] (see also Proposition 5.K.5) and its proof. In

particular, we use the fact that the Gram-Schmidt Walk algorithm yields treatment assignments

x that satisfy (1) Cov(x) ⪯ λ−1I, and (2) Cov(Ax) ⪯ ω2
A(1 − λ)−1I. We state the results when

p = 1/2 formally below. The general version (incorporating non-symmetric designs) is presented in

Appendix 5.K (Theorem 5.K.6).

Theorem 5.6.3 (Adapted Gram-Schmidt Walk error bound). Fix q, p′ ∈ [1,∞], where ∥ · ∥p′ denotes

the Schatten-p′ norm. Let A := (η̃L† + γ̃L + ∆̃11T )1/2, where η̃ = 5η/n2, γ̃ = 4γ/n2, κ̃ = 5κ/n2,

and ∆̃ = 4{(a+ b/2)2 + δ}/n2, a = ⟨α,1/n⟩, b = ⟨ϕ,1/n⟩. The Gram-Schmidt Walk algorithm, with

randomization parameter λ, returns an assignment vector x such that ∥Cov(Ax)∥p′ ≤ ω2
A/(1−λ)∥I∥p′ ,

and ∥Cov(x)∥q ≤ ∥I∥q/λ = n1/q/λ, for ωA := maxi∈n ∥Ai∥, Ai the ith column of A. Let X :=

Cov(x). Thus, for q ≥ 1,

sup
χ(η,γ,κ)

E[(τ − τ̂)2] ≤ 7
[
E[∥A(x− µ)∥2] + κ̃∥X∥q

]
≤ 7

[
ω2
An

1− λ + κ̃
n1/q

λ

]
,

where µi = E[xi], for all i ∈ [n]. This is minimized for λ =
√
κ̃n1/q√

ω2
A
n+

√
κ̃n1/q

, so that supχ(η,γ,κ) E[(τ −

τ̂)2] ≤ 7(ωAn1/2 + κ̃1/2n1/2q)2.

The asymptotic results in Harshaw et al. [2024] require the trade-off parameter λ→ 1. That is,

their asymptotic results require that κ/η, κ/γ, κ/∆→∞ under q =∞, mirroring the improvement

in the approximation error bounds in Theorem 5.6.2.

For fixed γ, κ, η, appropriate choice of q, q∗, baselines, and treatment effects, the bound above

is governed by the term ωAn
1/2. Indeed, the appropriate choice of the dual Schatten classes (q⋆, q)

depends on the form of the heterogeneous variation being modeled, as discussed in Section 5.4.2.3.

The corresponding robustness parameter κ = κn then has a natural scaling with n. In bounded degree,

well-connected graphs such as expander graphs, for which maxi(L†)ii = O(1) and maxi(L)ii = O(1)

one has ωA = O(n−1), yielding an O(n−1) worst-case MSE bound.
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The results in Theorems 5.6.1 and 5.6.2 and Theorem 5.6.3 are notably different. In Theorems 5.6.1

and 5.6.2, we prove that rounding yields comparable MSE control to the optimal SDP solution.

In contrast, in Theorem 5.6.3 we directly bound the worst-case MSE resulting from the adapted

Gram-Schmidt Walk design. See also Section 5.5.3 where we discuss how the design from the

Gram-Schmidt Walk algorithm compares to the design from the SDP followed by Gaussian rounding.

In theory, we expect the bounds from the Gram-Schmidt Walk algorithm to be loose when n is larger,

and q is smaller.

5.7 Discussion

We develop a novel framework to understand the three-way trade-off between homophily, network

interference, and robustness to heterogeneous variation, recovering existing designs in extreme cases

within the trade-off. Along the way, we generalize several existing results and designs in related

literature. We demonstrated the complementary behaviors of our two proposed approaches, solving

an SDP followed by Gaussian Rounding, and the adapted Gram-Schmidt Walk algorithm. In

proving approximation guarantees via the SDP approach, we leveraged and generalized ideas utilized

in proving approximation guarantees for the MAXCUT problem. This generalization may be of

independent interest.

While we focus on the Horvitz–Thompson estimator for GATE estimation, our framework

naturally extends to more general estimators and estimands, which we leave for future work. In this

paper, we study optimal designs under known bounds η, κ, and γ. Such bounds may be informed by

domain expertise or learned from prior experiments and historical network data, and our approach

makes explicit how this information can be incorporated. An important direction for future work

is extending the framework to online settings, where treatments are assigned sequentially and the

parameters η, κ, and γ are learned adaptively. This paper focuses on the design problem for point

estimation through worst-case MSE control in the finite-population setting. Developing accompanying

inferential procedures, as well as identifying structural assumptions governing the sequence of networks

as n→∞ under which consistency and sharp asymptotic guarantees hold, are natural directions for

future work. Finally, for large-scale graphs, algorithms exploiting problem-specific structure could be

used to accelerate the SDP, though this lies beyond the scope of the present work.
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Code Availability
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Supplement to “Optimal Design under Interference, Homophily, and
Robustness Trade-offs”

5.A Glossary of notation

Table 5.1: Selected glossary of notation used throughout the paper.

Term / symbol Meaning

Population and network setup

L = D −W Graph Laplacian.

L† Moore–Penrose pseudoinverse of the graph Laplacian.

L̃ = I −D−1W Normalized graph Laplacian used in neighborhood-interference

examples.

Potential outcomes

x = 2z − 1 Rademacher recoding of the treatment assignment, so x ∈ {−1, 1}n.

α Baseline vector, defined by α = Y (0).

φ Treatment-effect vector, defined by α+ φ = Y (1), equivalently

φ = Y (1)− Y (0).

s(z) Interference component in the model Yi(z) = αi + φizi + si(z); it

vanishes under constant treatment.

hα, hφ Homophilous components of α and φ.

εα, εφ Heterogeneous-variation / residual components of α and φ.

Homophily, interference, robustness

η Homophily trade-off parameter.

γ Interference trade-off parameter.

κ Robustness trade-off parameter.

Σf = E[εfε⊤
f ] Covariance matrix of heterogeneous variation, for f ∈ {α, φ}.

q∗ Schatten exponent used to constrain Σf .
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Term / symbol Meaning

q Hölder-conjugate exponent to q∗, defined by 1/q∗ + 1/q = 1; it appears

in the penalty ∥X∥q.

∥ · ∥q Schatten-q norm of a matrix.

χ(η, γ, κ) = χq∗(η, γ, κ) Model class of potential outcomes satisfying the homophily,

interference, and heterogeneous-variation constraints.

γ̃ Rescaling; γ/∆ in symmetric-case and γβ2
1 in general

η̃ Rescaling; 5η/(4∆) in symmetric-case and η(β2
1 + β2

2) in general

κ̃ Rescaling; 5κ/(4∆) in symmetric-case and κ(β2
1 + β2

2) in general

Estimand, estimator, MSE quantities and design covariance

p Marginal treatment probability, p = P(zi = 1), taken uniform across

nodes in the main development.

a Average baseline level, a = ⟨α,1/n⟩.

b Average treatment-effect level, b = ⟨φ,1/n⟩.

δ Quantity controlling the average / centered interference contribution,

via |⟨s(z),1/n⟩| ≤
√
δ.

∆ Combined scale parameter: in the symmetric case, ∆ = (a+ b/2)2 + δ;

in general, ∆ = (aβ1 + bβ2)2 + β2
1δ

X = Cov(x) Design covariance matrix of the assignment.

X∗ Optimal achievable covariance matrix of a design.

XSDP SDP solution matrix used in the Gaussian-rounding algorithm.

β1 Constant in the general MSE bound, β1 = 1/(2np(1− p)).

β2 Constant in the general MSE bound, β2 = 1/(2np).

Gaussian rounding and adapted Gram–Schmidt Walk notation

ξ Gaussian sample drawn as ξ ∼ N (0, X∗).

ζ Final rounded {±1}n assignment returned by Gaussian rounding.
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Term / symbol Meaning

Ξ = Cov(ζ) Covariance matrix of the rounded assignment.

λ Randomization parameter in GSW balancing robustness against

covariate balance.

ωA In the GSW analysis, ωA = maxi ∥Ai∥, i.e. the maximum column norm

of A.

µ Mean assignment vector, with entries µi = E[xi].

5.B More illustrations
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Figure 5.B.1: An SBM graph with four underlying clusters, and its adjacency matrix (with
dark blue representing the presence of an edge, and light blue representing absence of an
edge).
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Figure 5.B.2: Solutions of the SDPs described in Section 5.5.1 on the graph in Figure 5.B.1
trading-off 10 Tr(L†X) + k∥X∥F + 10 Tr(11TX). k ranges between (0, 100, 10, 102, 104) from
left to right.

In Figure 5.1.1, the treatment assignments are generated by Gaussian rounding. The panels vary

the trade-off parameter ratio η/γ: Left: η = 10, γ = 100, κ = 1, q = 2; Center: η = 1000, γ = 100, κ =

1, q = 2; Right: η = 10000, γ = 10, κ = 1, q = 2.

Similarly, in Figure 5.4.1, the treatment assignments are generated by Gaussian rounding. The

panels vary the trade-off parameter ratio κ/γ: Left: η = 0, γ = 1000, κ = 1, q = 2; Center:

η = 0, γ = 1, κ = 1, q = 2; Right: η = 0, γ = 1, κ = 1000, q = 2.

In Figure 5.1.2, we display solutions of the SDPs described in Section 5.5.1, on the graph

in Figure 5.B.1, trading-off 10 Tr(LX) + hTr(L†X) + 10 Tr(11TX). Here, h ranges between

(0, 100, 10, 102, 104) from left to right.

Similarly, in Figure 5.B.2, we display solutions of the SDPs described in Section 5.5.1, on the

graph in Figure 5.B.1. This formulation explicitly trades off homophily and robustness by minimizing

the objective 10 Tr(L†X) + k∥X∥F + 10 Tr(11TX). Here, k ranges between (0, 100, 10, 102, 104) from

left to right.

In Figure 5.4.2, we display solutions of the SDPs described in Section 5.5.1, on the graph in

Figure 5.B.1. This time, the formulation explicitly trades off interference and robustness by minimizing

the objective 10 Tr(LX) + k∥X∥F + 10 Tr(11TX). Here, k ranges between (0, 100, 10, 102, 104) from

left to right.

5.C Non-symmetric Case

We now consider the non-symmetric case, i.e., when P(zi = 1) ̸= P(zi = 0). We assume that the

treatment probability p is uniform across nodes, i.e., p = P(zi = 1) = P(zj = 1) for all i, j ∈ [n].
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As before, our goal is to relax this problem to the minimization of a quadratic form xTQx plus a

penalization term to encourage randomization, which can then be optimized via an SDP or the

adapted Gram-Schmidt Walk vector balancing approach.

Theorem 5.C.1 (Non-symmetric MSE bound). Let p := P(zi = 1) for all i ∈ [n], β1 := 1/(2np(1−p)),

β2 := 1/(2np), a = ⟨α,1/n⟩, b = ⟨ϕ,1/n⟩, and ⟨s(z),1/n⟩ ≤
√
δ for all z. Let also x ∈ {−1, 1}n by

defining x := 2z − 1. Define X := Cov(x). Then, for q ≥ 1,

E[(τ̂ − τ)2] ≤ 7{Tr((γβ2
1L+ η[β2

1 + β2
2 ]L†)X) + κ[β2

1 + β2
2 ]∥X∥q

+ ([aβ1 + bβ2]2 + β2
1δ) Tr(11TX)}. (5.C.1)

We display the proof in Appendix 5.J.2.

Let ∆ = (aβ1 + bβ2)2 + β2
1δ. Reparameterizing with γ̃,η̃, and κ̃ so that γ̃ := γβ2

1
∆ , η̃ :=

η[β2
1 +β2

2 ]
∆ , and κ̃ := κ[β2

1 +β2
2 ]

∆ , we can write an SDP more explicitly in terms of the new trade-off

parameters:

min
X∈Rn×n

η̃Tr(L†X) + γ̃Tr(LX) + κ̃∥X∥q + Tr(11TX) (5.C.2)

s.t. X ⪰ 0,

diag(X) = 1.

Figure 5.E.2 presents the covariance matrices of the design across different treatment assignment

probabilities p, generated from applying Algorithm 2 to the corresponding SDP solutions in Fig-

ure 5.E.1.

In the adapted Gram-Schmidt Walk, we can take A := (η̃L† + γ̃L+ 11T )1/2. Then, we can take

the robustness parameter to be λ =
√
κ̃n1/q√

ω2
A
n+

√
κ̃n1/q

, where ωA := maxi∈n ∥Ai∥. Alternatively, one

could append the vectors so ATi = [η̃1/2L
†/2
i γ̃1/2L

1/2
i 11T 1/2

i ].

5.D More examples

5.D.1 Homophily

Figure 5.D.1 depicts a concrete real example of homophily.
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Figure 5.D.1: A real example of homophily. The map from Best Neighborhoods [n.d.]
depicts majority race by geographic area in the Chicago region, based on self-identification
on the US census. Darker shades indicate a larger racial majority. This spatial map can be
modeled as a network, where nodes represent geographic areas and edge weights are inversely
proportional to the distance between them. This network exhibits a high level of homophily,
as racial composition varies smoothly across neighboring areas in the graph.

Example 5.D.1. One natural interpretation of homophily is via the latent space framework [Athreya

et al., 2018, Hoff et al., 2002], where we identify a homophilous vector h with a smooth function of

common latent variables that determine the graph weights Wij . As a concrete example, each node

may be associated to a latent vector ui, and for U := [u1, . . . , un]T , there is some β ∈ Rd such that

h = Uβ, and Wij ∝ exp(−∥ui − uj∥2).

Remark 5.D.2. The quadratic form gTLg = ⟨g, Lg⟩ℓ2 directly quantifies the smoothness of the

function g with respect to the graph structure. Its continuous analogue, replacing the discrete graph

with a manifold or a domain equipped with a measure µ, is the quadratic form ⟨g,∆µg⟩L2(µ) =
´
g∆µg dµ =

´
∥∇g∥2 dµ, where ∆µ is the Laplacian operator with respect to µ, and ∇g is the

gradient of a sufficiently smooth function g supported on µ.

Remark 5.D.3. To define homophily with respect to similarity in node degrees di, a natural approach

is to use the symmetric normalized Laplacian Lsym := I−D−1/2WD−1/2 and say that the vector h is

(η, Lsym)-homophilous if hTLsymh ≤ η. This formulation incorporates an appropriate normalization

of the edge weights by the square roots of the degrees of the corresponding nodes. Explicitly,

hTLsymh =
∑

(i,j)∈EWij

(
hi√
di
− hj√

dj

)2
≤ η captures the smoothness of h when degree similarity is

taken into account.

Remark 5.D.4. Our notion of homophily is consistent with the classical view that homophily is

associated with cluster formation in networks [McPherson et al., 2001, Currarini et al., 2009, Jackson



210

et al., 2023, Jackson, 2025]. In our setting, this is captured by the Rayleigh quotient of the graph

Laplacian hTLh/∥h∥2, the ratio η′/κ′ of the homophily and heterogeneity of a centered vector h.

When this ratio is small, the potential outcomes h have little discrepancy between neighbors in the

graph compared to the variation of the vector. Equivalently, the variations in h are primarily inter-

cluster rather than intra-cluster, and this can be characterized spectrally as h lying predominantly in

the span of the eigenvectors associated with the smallest eigenvalues of the graph Laplacian. This is

most insightful in our decomposition of α and ϕ into homophilous and heterogeneous components hf

and εf , where f ∈ {α, ϕ}, respectively. As will become apparent in bounds such as Theorem 5.4.2, this

decomposition will be particularly effective numerically when hf is selected so that the corresponding

ratio η′/κ′ is minimal, and vice versa for εf , f ∈ {α, ϕ}, thus aligning these two notions of homophily.

In other words, if the outcomes associated with all the units in the population are highly heterogeneous

and not driven by the underlying network structure, then a larger share of the variation in the

outcomes can be attributed to ε (and hence κ) rather than h (and hence η).

5.D.2 Interference

Figure 5.D.2: Example of noisy network observation. Left panel: True network, G. Right
panel: Noisy observation Gobs of the network with grey edges preserved and newly added
dark blue edges. The orange edges depict missing edges.
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Example 5.D.5 (Neighborhood Interference). A simple outcome model with a linear neighborhood

interference term with a (γ, L̃)-interferent s component paired with a
√
n-scaling reminiscent of

the local asymptotic framework [Viviano et al., 2023, Hirano and Porter, 2009] is Yi = αi + βiZi +
γ√
n

∑
j

Wij∑
j
Wij

zj . Indeed, the equation above can be rewritten as Yi = αi+ϕizi− γ√
n
eTi (I−D−1W )z,

where ϕi := βi + γ/
√
n, D = diag(d) for the vector d ∈ Rn of degrees of the nodes di =

∑
j∈N(i) Wij ,

W ∈ Rn×n is the matrix of the edge weights {Wij}i,j , and α, ϕ are vectors with entries αi, ϕi,

respectively, for i = 1, 2, ..., n. Let the normalized graph Laplacian L̃ := I −D−1W , i.e., L̃ = D−1L,

and L̃† to be the pseudoinverse of the normalized Laplacian. In matrix-vector form, Y = α +

Diag(ϕ)z − γ√
n
L̃z. Here, s(z) = − γ√

n
L̃z, i.e., s is (γ, L̃)-interferent. The normalized Laplacian term

appropriately vanishes when the full population is treated or assigned to control.

Example 5.D.6 (Full Network Interference). Take for example an instance of the weak-dependence

model [Leung, 2022a] adapting α-mixing spatial processes (see, for example, Jenish and Prucha

[2009]) to path lengths ρn in the network, where
∑n
m=2 M

∂
mθ̃m = o(ψ1), for some ψ1 ≪ 1, M∂

m :=
1
n

∑n
i=1 |N ∂(i,m)|, N ∂(i,m) := {j ∈ [n] : ρn(i, j) = m}, and correlation between outcomes θ̃m → 0,

as m→∞. That is, the correlation θ̃ between outcomes of units decay over (path length) distances

ρn. Here L̃ can be taken to be the graph Laplacian of a complete graph, modeling a full interference

structure, with edge weights θ̃ corresponding to the correlation under path lengths in the original

path length weak-dependence structure (see, for example, Figure 5.D.3). Under the setting with

such a θ̃ decaying quickly, we have that the full degree matrix D̃ = D + diag(δ), and full adjacency

matrix W̃ = W + ϵ, where δi =
∑
j∈[n] ϵij , for all i = 1, 2, . . . , n. Then, writing Lres := diag(δ)− ϵ,

L̃ = L+Lres. The spectrum of Lres are upper-bounded by some ψ2 ≪ 1, such that ∥L̃†L∥op ≤ 1+O(ψ),

for ψ ≪ 1. Then, our worst-case MSE bound would consist of the perturbed bound, γ(1 + O(ψ))

instead of just γ.

Example 5.D.7. We note the distinction between our model of interference and a generalized version

of the previous example when the interference term s(z) is γ√
n
L̃z, where γi,γj are not necessarily

equal for any (i, j) pair. A somewhat similar interference structure encapsulated by our model is one

where s(z) = L1/2 Diag(γ/
√

2dmaxn)L1/2z, where dmax is the maximum degree of the nodes in the

graph. Then, if ∥γ∥2
∞ ≤ γ, indeed we have

s(z)TL†s(z) = zTL1/2 Diag(γ/
√
n)L1/2L†L1/2 Diag(γ/

√
n)L1/2z



212

Figure 5.D.3: Full interference example. Left panel: First-order (neighborhood) interference,
where outcomes depend only on treatments of immediate neighbors. Right panel: Full network
interference induced by the same underlying graph, allowing interference to propagate along
paths of increasing length, with strength decaying in path length. Darker edges indicate
stronger (shorter-path) interference effects.

= zTL1/2 Diag(γ/
√

2dmaxn)P Diag(γ/
√

2dmaxn)L1/2z

≤ zTLz

2dmaxn
∥γ∥2

∞ ≤ γ,

where P is the orthogonal projection matrix onto the column space of L. Thus, s is (γ, L)-interferent.

5.E More on the experimental designs

5.E.1 Gaussian Rounding on the SDP solutions

5.E.1.1 Randomized hyperplane rounding

Algorithm 3 converts the SDP solution XSDP into a treatment assignment by first sampling a Gaussian

vector with covariance XSDP. The entries of this vector are then rounded coordinatewise to obtain

a binary assignment vector. In the symmetric case p = 1/2, this reduces to sign rounding; more

generally, the rounding step is calibrated so that each unit has marginal treatment probability p.

Thus, Gaussian rounding provides a practical way to pass from the continuous SDP relaxation to an

implementable randomized binary design while retaining much of the covariance structure selected
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Algorithm 3 GaussianRounding with treatment probability p ≤ 1/2
Require: SDP solution XSDP ∈ En, treatment probability p, rounding rule R ∈ {HR,TR}

1: Sample ξ ∼ N (0, XSDP).
2: if R = HR then ▷ Randomized hyperplane rounding
3: for i = 1, . . . , n do
4: x′

i ← 1{ξi ≥ 0}
5: if x′

i = 1 then
6: Draw ζi ∼ Rademacher(2p) ▷ P(ζi = 1 | x′

i = 1) = 2p
7: else
8: ζi ← −1
9: end if

10: end for
11: else if R = TR then ▷ Thresholding
12: tp ← Φ−1(1− p)
13: for i = 1, . . . , n do
14: ζi ← 21{ξi ≥ tp} − 1
15: end for
16: end if
17: return ζ

by the SDP.
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Figure 5.E.1: SDP solutions on the graph from Figure 5.B.1, with trade-off parameters
γ = 10, η = 1, κ = 1, and a = b = 1, across varying treatment assignment probabilities p.
Here p ranges between (0.1, 0.2, 0.3, 0.4, 0.5) from left to right. The probabilities p scale each
trade-off component of the SDP via β1 and β2, and thus the SDP solutions exhibit only
slight variation across values of p.
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Figure 5.E.2: Covariance matrices of our designs by applying Algorithm 2 to the SDP
solutions in Figure 5.E.1, across treatment assignment probabilities p ranging between
(0.1, 0.2, 0.3, 0.4, 0.5) from left to right.

5.E.1.2 Thresholding

One can also consider what we call “Thresholding”, which is equivalent to Gaussian rounding when

p = 1/2. Generally, thresholding for p ≤ 1/2 is simply the procedure of selecting the threshold tp(i)

for the rounding of ξ ∼ N (0, XSDP), ξ ∈ Rn to ζ ∈ {−1, 1}n based on the quantiles of ξi. That is, we

take tp(i) =
√
XSDPii · Φ−1(1− p) = Φ−1(1− p), and let ζi = 1 if ξi ≥ tp(i), and ζi = −1 otherwise.

5.E.2 Adapted Gram-Schmidt Walk algorithm

We include the Gram-Schmidt Walk algorithm adapted to our trade-off problem in Algorithm 4.

Algorithm 4 applies the Gram-Schmidt Walk to the augmented covariate matrix B, constructed from

a factor A satisfying

A⊤A = η̃L† + γ̃L+ 11⊤,

together with scaled standard basis vectors used to incorporate the robustness term. The algorithm

is initialized at z = 2p− 1, ensuring the target marginal treatment probabilities p are satisfied. At

each iteration, it computes an update direction that seeks to preserve balance in the span of the

active columns of B, and then moves along this direction until one or more active coordinates hit

±1. These coordinates are subsequently fixed, and the procedure repeats on the remaining active

coordinates. When the algorithm terminates, all entries lie in {±1}, yielding a treatment assignment

that balances the induced covariates while preserving the desired level of randomization.
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Algorithm 4 (Adapted) Gram-Schmidt Walk (adaptation of Harshaw et al. [2024]; see also
Section 5.5.2)
Require: q, η, γ, κ,p

1: Define Ai as the i-th column of Λ1/2V ⊤, where V ΛV ⊤ = η̃L† + γ̃L+ 11⊤

(Alternatively, use the appended matrix A; see discussion above)
2: Define ωA ← maxi∈[n] ∥Ai∥
3: Set λ← κn1/q

ηω2
An+κn1/q

4: Define
[
B
]

i
← b⃗i ←

[ √
λ ei

ω−1
A

√
1− λAi

]
5: Initialize iteration counter t← 1
6: Initialize assignment vector z⃗1 ← 2p− 1
7: Select pivot index ipiv ∼ Uniform([n])
8: while z⃗t /∈ {±1}n do
9: Define active set A ← {i ∈ [n] : |z⃗t(i)| < 1}

10: if ipiv /∈ A then
11: Resample pivot ipiv ∼ Uniform(A)
12: end if
13: Compute step direction:

u⃗t ← argmin
u⃗∈Rn

∥
[
B
]
u⃗∥2 s.t. u(ipiv) = 1, u(i) = 0 ∀i /∈ A

14: Define feasible step sizes:

∆← {δ ∈ R : z⃗t + δu⃗t ∈ [−1, 1]n}

15: Set δ+ ← |max ∆|, δ− ← |min ∆|
16: Randomly sample step size:

δt ←
{

δ+ with probability δ−

δ++δ−

−δ− with probability δ+

δ++δ−

17: Update assignment: z⃗t+1 ← z⃗t + δtu⃗t

18: Increment t← t+ 1
19: end while
20: return Final assignment vector z⃗t ∈ {±1}n
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5.F Generalizations and a special case

5.F.1 General Similarity Kernels and Stochastic Misspecification

We use the term “homophily” in a broad sense. Although it technically refers to similarity in social

ties, we adopt it here to encompass similarities that may arise in contexts beyond social networks. If

the practitioner, for instance, were to include some other likeness measure such as spatial positioning

or geography, then a different similarity kernel, rather than or in addition to the Laplacian L, can be

used. For example, under a similarity kernel K, we can write our homophily formulation as gTKg ≤ η.

That is, g is (η,K)-homophilous.

This leads to a more general potential outcomes model,

Y =
Nα∑
i=1

hiα +
N ′

α∑
i=1

εiα + z ·

Nϕ∑
i=1

diag(hiϕ) +
N ′

ϕ∑
i=1

diag(εiϕ)

 (5.F.1)

where hif , f ∈ {α, ϕ}, satisfy quadratic constraints hif
TKifhif ≤ ηif , Kif a kernel/psd matrix, and the

misspecifications εif , f ∈ {α, ϕ}, satisfy Schatten-norm constraints ∥Σi
f∥qi

f
⋆ := ∥E[εifεif

T ∥qi
f

⋆ ≤ κif .

Defining η := [ηα, ηϕ], κ := [κα, κϕ] for ηf := (ηif )Nf

i=1, κf := (κif )N
′
f

i=1, where f ∈ {α, ϕ}, and

N := Nα +Nϕ +N ′
α +N ′

ϕ, this is summarized by the constraint set

χ(η,κ) := {hif , εif : hif
TKifhif ≤ ηif , ∥Σif∥qi

f
∗ ≤ κif}.

Our framework extends to the following bound.

Theorem 5.F.1. (General MSE) Let p := P(zi = 1) for all i ∈ [n], a = ⟨α,1/n⟩, b = ⟨ϕ,1/n⟩, and

β1 := 1/(2np(1− p)), β2 := 1/(2np). Let also x ∈ {−1, 1}n by defining x := 2z − 1, X := Cov(x).

Then, for qif ≥ 1, i ∈ [N ′
f ],

sup
χ(η,γ,κ)

E[(τ̂ − τ)2] ≤ (N + 1){(aβ1 + bβ2)2 Tr(11TX)

+
∑

f∈{α,ϕ}

β2
f

Nf∑
i=1

ηif Tr((Kif )†X) +
N ′

f∑
i=1

κif∥X∥qi
f
}.

Before exploring the utility of this framework, let’s first see how this corresponds to the basic

structure established previously in the paper.
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Example 5.F.2. If we set K1
α = K1

ϕ = L†, K2
α = L, ηα = [η, γ], ηϕ = η, qα = qϕ = q, and

κα = κϕ = κ, then we arrive at the constraint set χ(η, γ, κ). Indeed, this gives us a potential outcome

model

Y = h1
α + h2

α + ε1
α + z ·

(
h1
ϕ + ε1

ϕ

)
= (h1

α + ε1
α) + z ·

(
h1
ϕ + ε1

ϕ

)
+ h2

α =: α+ z · ϕ+ s(z).

We note that s(z) = h2
α may or may not explicitly depend on the assignment z in this framework, as

we only specify that it satisfies a quadratic constraint. Adversarially selecting this term to maximize

the MSE bound results in a typical graph interference setting.

Our extended framework provides a convenient means to incorporate information from other

sources besides the graph and correlation motivated objectives discussed earlier.

Example 5.F.3. Of key importance in practice is the incorporation of covariates into the potential

outcome model beyond the graph adjacency. In its most basic form, this is a covariate balancing

problem, where one would like to penalize the squared discrepancy xTCCTx, for C the design

matrix/matrix of additional covariates. In our framework, this corresponds to a potential outcome

component satisfying a quadratic constraint with respect to (CCT )−1, with the typical example

being a linear model Cβ. More general potential outcomes can be captured by kernel gram matrices

K := [k(ci, cj)]ni,j=1, ci, cj the covariates of units i and j. This provides particular utility for designs

on disconnected graphs, which we discuss in more detail in Appendix 5.F.2.

Another point of theoretical importance is the disaggregation of the heterogeneous variation

components in the model.

Example 5.F.4. For the majority of the paper, we streamlined our presentation by presenting

different heterogeneous variation, such as deterministic residuals and stochastic network effects, as

mutually exclusive modeling choices made by the practitioner. This is of course unnecessary, as our

general MSE demonstrates, as both of these terms can be separately included. This is particularly

important for large graphs, as the Schatten-q, q <∞, norm of X may grow rapidly with the sample

size. Thus, it may be desirable to model these components separately: deterministic residuals with

bounded average squared magnitude, ∥εdet
n ∥2

2 = O(n), whose worst-case contribution is governed by

the operator norm of X, and stochastic network misspecification with bounded covariance operator

norm, ∥Σstoch
n ∥op = O(1), whose worst-case contribution is proportional to Tr(X). In other words,
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as the graph grows, we expect the homophily and interference terms to capture the majority of the

correlation structure.

5.F.2 Disconnected Components in the Graph

We have assumed, so far, that the graph is connected. In the following, we consider the worst-case

bounds if the graph had T connected components instead.

Let Π be the projection to the null-space of the Laplacian matrix.

Theorem 5.F.5 (Disconnected MSE bound). Let p := P(zi = 1) for all i ∈ [n], β1 := 1/(2np(1−p)),

β2 := 1/(2np). Let also x ∈ {−1, 1}n by defining x := 2z − 1, and X := Cov(X). Then,

E[(τ̂ − τ)2] ≤ 6{Tr((γβ2
1L+ η[β2

1 + β2
2 ]L†)X)

+ κ[β2
1 + β2

2 ]∥X∥q + ∥Π(β1α+ β2ϕ)∥2 Tr(ΠX)}.

Proof. We decompose α = Πα+ (I −Π)α, ϕ = Πϕ+ (I −Π)ϕ. For the latter terms orthogonal to

the kernel of L, the same analysis as applied to the mean 0 residuals in Theorem 5.C.1 is applicable,

hence it suffices to bound the projected terms. Following the proof of Theorem 5.C.1, we compute

E[(⟨Πα, z/(np)− (1− z)/(n(1− p))⟩+ ⟨Πϕ, z/(np)− 1/n⟩)2]

= Var(⟨Πα, z/(np)− (1− z)/(n(1− p))⟩+ ⟨Πϕ, z/(np)− 1/n⟩)

= Var(⟨Πα, β1(x− µ)⟩+ ⟨Πϕ, β2(x− µ)⟩)

= Tr(Π(β1α+ β2ϕ)(β1α+ β2ϕ)TΠX)

≤ ∥Π(β1α+ β2ϕ)∥2 Tr(ΠX).

■

5.F.3 Quadratic Penalization of X

So far in this paper, we have restricted our MSE optimization to first order terms linear in the design

covariance matrix X, either via a trace inner-product Tr(AX) or norm penalties. However, there are

many natural examples where higher-order dependence is a more appropriate model.
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Example 5.F.6. A simple and practical model for the interference is s(z) = Lz. We can easily

compute

(Lz)TL†(Lz) = zTLz,

thus Lz is zTLz-interferent. In the MSE, this results in an objective ∝ (xTLx)2 for the Rademacher

assignment variables x. This quadratic dependence on the cut is exactly because both the level of

interference and the extent to which interference impedes the quality of our estimator are both linear

xTLx.

Thus, assuming xTLx interference requires optimization of E[(xTLx)2], and this may similarly

be of interest for other kernels K. One strategy to deal with this is to uniformly upper-bound xTLx,

reducing this to a linear optimization. However, this is quite loose, and fails to capture the desired

behavior of the assumed outcome model.

Within the framework of Gaussian Rounding, Algorithm 2, we relax the Rademacher assignment

vectors x to a multivariate Gaussian distribution. This allows us to apply Isserlis’s theorem (also

commonly known as Wick’s probability theorem) [Isserlis, 1918], to yield

E[(xTLx)2] = Tr(LX)2 + 2 Tr([LX]2) = Tr(LX)2 + 2∥L1/2XL1/2∥2
F .

This is convex in X, and thus amenable to our optimization routine.

Example 5.F.7. Quadratic dependencies also naturally appear when considering alternative models

for the interference. As a simple example, we may consider a typical setting where si(z) is linear in

the exposure fraction of treated neighbors adjacent to the vertex i (see, for example, Thiyageswaran

et al. [2024]; see also Example 5.3.3). In other words, s(1)−s(z) = LD−1W [1−z] = L/2W [x]+L/21

where D is the degree matrix and W is the graph adjacency. When considering the treatment effect,

we may decompose

⟨1/n, s(1)⟩ − ⟨z/np− (1− z)/np, s(z)⟩ =

⟨1/n− [z/np− (1− z)/np], s(1)⟩ − ⟨z/np− (1− z)/np, s(z)− s(1)⟩,

so that the first term can be bounded by our typical error analysis, with some moment restrictions
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placed on the vector s(1). For the remaining term, its contribution can be bounded by

⟨z/np− (1− z)/np, s(z)− s(1)⟩ = L/2β1x
TD−1Wx+ L/2xT1 + L/2c1n.

In other words, in general settings, we can evaluate the quantity

⟨z/np− (1− z)/np, s(z)− s(1)⟩

= ⟨β1x+ c11, s(z)− s(1)⟩

= 2β1⟨z − 1, s(z)− s(1)⟩+ (c1 − β1)⟨1, s(z)− s(1)⟩,

and similar control of the MSE is achieved if we assume a quadratic domination |⟨z−1, s(z)−s(1)⟩| ≤

(z − 1)TA(z − 1), as well as a linear bound ⟨1, s(z) − s(1)⟩ ≤ |vT (1 − z)|, for some matrix A and

vector v. A similar analysis reduces the baseline s(0) into suitable terms for our SDP, falling within

the framework of Theorem 5.F.1.

5.G An alternative approach to the interference term

Instead of using the bound ∥⟨s(z),1⟩∥ ≤
√
δ, one could also treat the interference term in the following

manner. Suppose that s is (γ, L+ δ11T )-interferent, where δ > 0. Then,

sup
⟨s(z),(L+δ11T )†s(z)⟩≤γ

⟨x, s(z)⟩

= sup
⟨s(z),(L+δ11T )†s(z)⟩≤γ

〈
x, (L+ δ11T )1/2(L+ δ11T )†/2s(z)

〉
= sup

⟨s(z),(L+δ11T )†s(z)⟩≤γ

〈
(L+ δ11T )1/2x, (L+ δ11T )†/2s(z)

〉
.

Therefore, by Cauchy-Schwarz,

sup
⟨s(z),(L+δ11T )†s(z)⟩≤γ

E[⟨x, s(z)⟩2] = γ Tr((L+ δ11T )X),

and the results follow.
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5.H A practical consideration on trade-off parameters

Our framework allows practitioners to use historical experiments, pilot studies, pre-treatment

measurements, and domain knowledge to calibrate the trade-off parameters η, γ, κ, and δ. These

quantities define the model class used in our worst-case MSE bounds. In practice, a convenient way

to calibrate them is to fit a working potential-outcome model and then evaluate the same quadratic

and norm quantities that appear in the definitions of the uncertainty class.

A working model. Suppose that R historical experiments have been conducted on the same

population and network. Let z(r) ∈ {0, 1}n and Y (r) ∈ Rn denote the treatment assignment and

observed outcome vector in experiment r, for r = 1, . . . , R. Let V ∈ Rn×d denote a matrix of

pre-treatment covariates. Define the random-walk Laplacian

L̃ := I −D−1W.

As a simple working interference model, take

s(z) = ρL̃z.

Since L̃1 = 0, this specification satisfies

s(0) = s(1) = 0.

We fit the working model

Y (r) = α+ diag
(
z(r)
)
τ + ρL̃z(r) + e(r), r = 1, . . . , R,

where α ∈ Rn and τ ∈ Rn denote the unit-specific baseline and treatment-effect vectors. For example,

these parameters may be estimated by least squares:

(α̂, τ̂ , ρ̂) ∈ arg min
α,τ,ρ

R∑
r=1

∥∥∥Y (r) − α− diag
(
z(r)
)
τ − ρL̃z(r)

∥∥∥2

2
.

This estimation requires sufficient variation across historical treatment assignments to distinguish
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direct treatment effects from neighborhood exposure effects. In particular, historical experiments

with different treatment saturation levels can provide useful variation for estimating ρ. If the number

of historical experiments is small, additional parametric structure or regularization can instead be

imposed on α and τ .

Decomposing homophilous and heterogeneous variation. We next use the observed

covariates to decompose the estimated baseline and treatment-effect vectors into graph-structured

and residual components. Let

M := I − 1
n

11T , Vc := MV,

and define

PV := Vc
(
V Tc Vc

)†
V Tc ,

the orthogonal projection onto the column space of the centered covariates. Let

â := 1
n

1T α̂, b̂ := 1
n

1T τ̂ .

We define the fitted homophilous components by

ĥα := PVMα̂, ĥτ := PVMτ̂,

and the remaining heterogeneous components by

ε̂α := Mα̂− ĥα, ε̂τ := Mτ̂ − ĥτ .

Calibrating η. A natural plug-in calibration of the homophily parameter is

η̂ := max
{
ĥTαLĥα, ĥ

T
τ Lĥτ

}
.

Thus, η̂ is the largest graph-smoothness quadratic form among the fitted baseline and treatment-effect

components.
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Calibrating γ. Under the fitted interference model,

ŝ(z) = ρ̂ L̃z.

For a collection of assignments Z, define

γ̂(Z) := sup
z∈{0,1}n

ŝ(z)TL†ŝ(z).

Equivalently,

γ̂(Z) = ρ̂ 2 sup
z∈{0,1}n

zT L̃TL†L̃z.

A simple conservative upper bound is

γ̂ ≤ ρ̂ 2nλmax

(
L̃TL†L̃

)
,

since ∥z∥2
2 ≤ n for every z ∈ {0, 1}n.

Calibrating δ. The parameter δ controls the mean component of the interference through the

condition ∣∣∣∣ 1n1T s(z)
∣∣∣∣ ≤ √δ.

Accordingly, a fitted value is

δ̂(Z) := sup
z∈Z

(
1
n

1T ŝ(z)
)2

.

For the working model above,

δ̂ = ρ̂ 2

4n2

∥∥∥L̃T1
∥∥∥2

1
.

To see this, let

c := L̃T1.

Since L̃1 = 0, we have 1T c = 0, and hence

sup
z∈{0,1}n

|cT z| = 1
2∥c∥1.
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If instead the working interference model is s(z) = ρLz, then 1T s(z) = 0 for every z, and therefore

δ = 0.

Calibrating κ. If the heterogeneous components are treated as deterministic residual variation, a

direct calibration is

κ̂ := max
{
∥ε̂α∥2

2, ∥ε̂τ∥2
2
}
.

This corresponds to the deterministic heterogeneous-variation formulation and induces the operator-

norm robustness penalty on the design covariance matrix.

Alternatively, the heterogeneous components may be modeled as random effects. Suppose that

Ωα := E
[
εαε

T
α

]
, Ωτ := E

[
ετε

T
τ

]
denote the second-moment matrices of the residual baseline and treatment-effect components, respec-

tively. The stochastic robustness condition in our framework takes the form

∥Ωα∥q⋆ ≤ κ, ∥Ωτ∥q⋆ ≤ κ.

Thus, if these second-moment matrices can be estimated from historical data, a natural plug-in

calibration is

κ̂ := max
{
∥Ω̂α∥q⋆ , ∥Ω̂τ∥q⋆

}
.

One setting in which this is possible is when several comparable historical realizations of the

residual components are available. Suppose, for example, that the fitting procedure yields residual

baseline vectors

ε̂(1)
α , . . . , ε̂(R)

α

from R comparable historical populations or experimental settings. Assuming that these residual

vectors are mean zero and may be regarded as comparable realizations of the same stochastic

component, one may estimate

Ω̂α := 1
R

R∑
r=1

ε̂(r)
α ε̂(r)T

α .
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Similarly, if residual treatment-effect vectors

ε̂(1)
τ , . . . , ε̂(R)

τ

are available, one may estimate

Ω̂τ := 1
R

R∑
r=1

ε̂(r)
τ ε̂(r)T

τ .

The Schatten norms of these estimated matrices can then be used to calibrate κ. This approach

requires historical data that contains enough variation to separately recover the residual baseline

and treatment-effect components, and enough comparable realizations to learn their dependence

structure.

When repeated realizations are not available, a more parsimonious alternative is to impose a

structured model on the residual second-moment matrix. For example, one may posit

Ωα = σ2
αI + ραK,

where K is a prespecified positive semidefinite kernel encoding a plausible source of residual depen-

dence, such as spatial proximity, network similarity, or shared observed characteristics. With σ2
α ≥ 0

and ρα ≥ 0, this specification is positive semidefinite. The finite-dimensional parameters σ2
α and ρα

can then be estimated from historical residuals using, for example, likelihood-based or moment-based

procedures. For example, under the working model

εf ∼ N
(
0, σ2

fI + ρfK
)
,

Gaussian maximum likelihood based on a single residual realization ε̂f gives

(σ̂ 2
f , ρ̂f ) ∈ arg min

σ2
f
>0, ρf ≥0

{
log det

(
σ2
fI + ρfK

)
+ ε̂Tf

(
σ2
fI + ρfK

)−1
ε̂f

}
.

If R independent or approximately independent historical residual realizations ε̂(1)
f , . . . , ε̂

(R)
f are

available, the corresponding criterion becomes

R log det
(
σ2
fI + ρfK

)
+

R∑
r=1

ε̂
(r)T
f

(
σ2
fI + ρfK

)−1
ε̂

(r)
f .
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Restricted maximum likelihood may similarly be used when the mean and covariance components

are estimated jointly.

A simpler method-of-moments calibration follows from

E
[
εTf εf

]
= nσ2

f + ρf Tr(K),

and

E
[
εTfKεf

]
= σ2

f Tr(K) + ρf Tr(K2).

For

m1,f := ε̂Tf ε̂f , m2,f := ε̂TfKε̂f ,

matching these empirical and theoretical moments yields, provided K is not proportional to the

identity,

σ̂ 2
f = m1,f Tr(K2)−m2,f Tr(K)

nTr(K2)− Tr(K)2 ,

and

ρ̂f = nm2,f − Tr(K)m1,f

nTr(K2)− Tr(K)2 .

With several historical residual vectors, the moments m1,f and m2,f can be averaged across realizations.

In finite samples, one may instead impose the constraints σ2
f , ρf ≥ 0 directly when fitting the moment

equations.

Applying either procedure to f = α and f = τ gives estimated second-moment matrices

Ω̂f = σ̂ 2
f I + ρ̂fK, f ∈ {α, τ}.

The stochastic robustness radius can then be calibrated as

κ̂ := max
{
∥Ω̂α∥q⋆ , ∥Ω̂τ∥q⋆

}
.

This calibration remains model dependent. In particular, a single historical realization cannot

nonparametrically identify an unrestricted residual covariance matrix. The choice of kernel K and

covariance family therefore represents a substantive modeling assumption, and sensitivity analysis

over plausible kernels or variance-component values provides a natural way to assess the robustness
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of the resulting choice of κ.

Calibrating ∆. Finally, in the symmetric setting considered in the main text, the coefficient

multiplying the constant-direction term is

∆ =
(
a+ b

2

)2
+ δ.

Thus, after calibrating the preceding quantities, we use

∆̂ :=
(
â+ b̂

2

)2

+ δ̂.

This working model therefore yields a concrete calibration of the quantities entering our design

objective:

η̂, γ̂, κ̂, δ̂, ∆̂.

The particular linear specification above is intended only as an illustrative working model. Other

covariate models or exposure-response specifications may be used, after which the trade-off parameters

can be obtained by evaluating the same quadratic and norm constraints defining the model class.

Additionally, rather than relying on a single estimate (η̂, γ̂, κ̂, ∆̂), the practitioner may specify a

plausible region

P = [η−, η+]× [γ−, γ+]× [κ−, κ+],×[∆−,∆+],

solve the design problem across this region, and examine the resulting covariance matrices and

worst-case MSE bounds. If the same or similar designs remain optimal throughout a large portion of

P, then precise calibration of the parameters is relatively unimportant. Conversely, if small changes

to the parameters lead to qualitatively different designs, this indicates that the associated modeling

assumptions are consequential and deserve additional empirical or substantive investigation. One can

also choose a single design robustly by solving

min
X

sup
(η,γ,κ,∆)∈P

J (X; η, γ, κ,∆),

where J denotes the corresponding worst-case MSE upper bound.

Ultimately, the strength of our framework lies in its adaptability. Much like the Gram-Schmidt
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Walk algorithm in Harshaw et al. [2024], our approach does not prescribe a rigid estimation protocol.

Instead, it provides a structured yet flexible methodology that practitioners can tailor to their

specific experimental context, whether by refining parameter estimates through machine learning,

incorporating alternative homophily metrics, or integrating auxiliary data sources. This adaptability

ensures that domain experts can efficiently explore trade-offs and arrive at designs that balance

interference, homophily, and robustness in a principled manner.

5.I Difference-in-Means estimator with Fixed Treatment Groups Sizes

In this section, we consider our proposed framework applied to the difference-in-means estimator. Let

n1 :=
∑n
i=1 zi, and n0 := n− n1, i.e., the number of treated and control units respectively. Then,

τ̂DiM = 1
n1
⟨z, Y ⟩ − 1

n0
⟨1− z, Y ⟩

= 1
n1
⟨z, α+ Diag(ϕ)z − s(z)⟩ − 1

n0
⟨1− z, α+ Diag(ϕ)z − s(z)⟩

=
〈
z

n1
− 1− z

n0
, α− s(z)

〉
+
〈
z

n1
, ϕ

〉
.

Therefore,

τ̂DiM − τ =
〈
z

n1
− 1− z

n0
, α− s(z)

〉
+
〈
z

n1
− 1
n
, ϕ

〉
.

Theorem 5.I.1 (MSE bound). Let x ∈ {−1, 1}n by defining x := 2z − 1. Define X := E[xxT ]. Let

1TX1− 1TµµT1 = 0, where µ = n1−n0
n 1, and let β1 := n/(2n1n0), and β2 := 1/(2n1). Then, for

q ≥ 1,

E[(τ̂DiM − τ)2] ≤ 7{Tr((γβ2
1L+ η[β2

1 + β2
2 ]L†)X) + κ[β2

1 + β2
2 ]∥X∥q}.

The proof is in Appendix 5.J.4.

Corollary 5.I.2 (MSE bound (Symmetric case)). For the symmetric case, i.e., when n1 = n0 = n/2,

let x ∈ {−1, 1}n by defining x := 2z − 1. Let 1TX1 = 0. Define X := E[xxT ]. Then, for q ≥ 1,

E[(τ̂DiM − τ)2] ≤ 5
n2 {Tr((4γL+ 5ηL†)X) + 5κ∥X∥q}.
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Let µ = n1−n0
n 1. Reparameterizing with γ̃ and η̃ so that

γ̃ := γβ2
1

κ[β2
1 + β2

2 ] and η̃ := η

κ
,

we can write an SDP more explicitly in terms of the new trade-off parameters:

min
X∈Rn×n

η̃Tr(L†X) + γ̃Tr(LX) + ∥X∥q (5.I.1)

s.t. X ⪰ 0

diag(X) = 1

1X1 = 1TµµT1

Let X∗ be the solution to the SDP above. Finally, we generate our treatment assignment vector

x∗ by running Algorithm 2 on X∗.

Remark 5.I.3. When κ = 0, we can proceed with a matrix lifting and a SDP relaxation as previously

demonstrated, or solve the problem more exactly with a mixed-integer program as described below.

We note however that solving an SDP is polynomial-time with efficient solvers that can be sped

up by exploiting problem structure. This is not true for the mixed-integer programs. From the

calculations in the proof of Theorem 5.I.1, when κ = 0, and γ̃ := γβ2
1

[β2
1 +β2

2 ] and η̃ := η[β2
1 + β2

2 ], we

have the following MIP problem:

min
x∈Rn

η̃xTL†x+ γ̃xTLx (5.I.2)

s.t. xi = ±1 ∀i (5.I.3)

xT1 = 1Tµ (5.I.4)

5.I.1 Gaussian Rounding

One approach to proving theoretical guarantees of this approximation procedure is by leveraging and

adapting results from [Raghavendra and Tan, 2012] who provide approximation guarantees to the

min-bisection problem. For convenience, we restate the min-bisection problem followed by the main

result of [Raghavendra and Tan, 2012].
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Recall that the min-bisection problem is:

minimize
x∈Rn

1
2
∑
i<j

wij(1− xi · xj)

s.t. xi ∈ {−1, 1} ∀i∑
i

xi = 0

The SDP relaxation is given by,

minimize E
[∑
i<j

wij(vi − vj)2]
s.t. ∥vi∥2 = 1 ∀i ∈ V∑

i

vi = 0

or

minimize
X∈Rn×n

Tr(LX)

s.t. Xii = 1 ∀i ∈ V

1TX1 = 0

X ⪰ 0

For this min-bisection problem, Raghavendra and Tan [2012] propose an algorithm and provide a

corresponding approximation error bound.

Theorem 5.I.4 (Raghavendra and Tan, 2012, Theorem 1.2). For every δ > 0, there exists an

algorithm, which given a graph with a bisection cutting ϵ-fraction of the edges, finds a bisection cutting

at most O(
√
ϵ) + δ-fraction of edges with high probability.

Their algorithm comprises of two parts. First, they lift the problem through the Lasserre hierarchy

and iteratively solve by conditioning on assignments of a subset of nodes, until a pre-specified α-level

of independence is achieved between the solutions across the nodes. The second part of their approach,

given this α-independence solution, is a rounding procedure reminiscent of [Goemans and Williamson,

1995]. Finally, to meet the cardinality constraints, they flip the assignments of the nodes with the
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smallest degrees on the larger side of the cut.

In proving their guarantees from this rounding, they leverage the α-independence conditioning.

While their α-conditioning in the first-part of their procedure does not apply to our setting, one could

adapt their ideas to proving guarantees in our setting under a ακ-independence level, dependent

on the randomization tuning parameter κ as per Proposition 5.4.7. To adapt their final “flipping”

procedure to achieve cardinality constraints to our settings, we propose targeting the nodes with the

smallest ai with ai corresponding to the columns vectors of the matrix A, instead of the nodes of the

smallest degrees. Then, one could prove analogous results for this difference-in-means setting.

5.I.2 Adapted Gram Schmidt Walk algorithm

As a heuristic, one could use the adapted Gram Schmidt Walk algorithm as in the Horvitz-Thompson

section, followed by the assignment “flipping” procedure targeting the nodes, on the larger side of

the cut, with the smallest Qii corresponding to columns vectors in the matrix Q. We also refer to

[Harshaw et al., 2024, S8.4]. In particular, the authors describe how appending a constant vector to

the covariate matrix helps make the treatment group sizes, n1, n0 closer to equal. A variant proposed

by Harshaw et al. [2024, S8.4] is by adding a cardinality constraint within the Gram-Schmidt Walk

algorithm. This variant, however, does not inherit the theoretical results from the Bernoulli rounding

procedures in [Harshaw et al., 2024] due to violation of orthogonality of updates between pivot phases

in the algorithm.

5.J Proofs to trade-off results

5.J.1 Proof to Proposition 5.4.7

We restate Proposition 5.4.7 and prove it below.

Proposition 5.4.7. Let r ∈ {−1, 1}n denote the treatment assignment under a Bernoulli random-

ization design. Then, for fixed p = P(ri = 1) for all i ∈ [n], and q > 1

arg min
X⪰0;
Xii=1

∥X∥q = 1
4p(1− p) Cov(r).

Proof. Let X∗ := I. Then, X∗ has n non-zero eigenvalues which are all equal to 1. We first show that

X∗ is the unique minimizer of ∥X∥qq over X ∈ C := {X : X ⪰ 0, Xii = 1}, and then we show that
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X∗ = 1
4p(1−p) Cov(r). It is easy to see that X∗ ∈ C. For q > 1, and any X ∈ C, with eigenvalues λi,

∥X∥qq = (n)× 1
n

n∑
i=1

λqi ≥ (n)× ( 1
n

n∑
i=1

λi)q = (n)× 1 = ∥X∗∥qq,

as f : x→ xq is convex on x ≥ 0, and
∑
i λi =

∑
iXii = n. That X∗ is the unique minimizer follows

from the strict convexity of ∥·∥qq on C for q > 1. Indeed, if we express ∥X∥qq = g(λ1, . . . , λn) =
∑n
i=1 λ

q
i ,

then

∇2g = q(q − 1)



λq−2
1 0 . . . 0

0 λq−2
2 . . . 0

...
...

. . .
...

0 0 . . . λq−2
n


,

which is positive definite at X∗ with its n eigenvalues λi = 1 for i = 1, 2, ..., n.

It is now sufficient to show that this matrix X∗ is equivalent to the 1
4p(1−p) Cov(r) under

Bernoulli randomization with uniform treatment assignment probability. We begin by observing that

Cov(r) = E[rrT ]− E[r]E[r]T . Therefore, since r ∈ {−1, 1} with P(ri = 1) = p for all i, we have that

Cov(r)ii = 4p(1− p). Recall that unit-level Bernoulli randomization is a randomization scheme where

each unit is independently assigned to treatment or control. Therefore, Cov(r)ij = 0 for all j ≠ i. ■

We state below the analogous result for complete randomization.

Proposition 5.J.1. Let r ∈ {−1, 1}n denote the treatment assignment under a complete randomiza-

tion design. Then, for fixed n1 = n0, i.e., rT1 = 0, and q > 1

arg min
X1=0;
X⪰0;
Xii=1

∥X∥q = Cov(r).

Proof. Let X∗ := (1 + 1
n−1 )I − 1

n−111T = n
n−1I −

n
n−1 (1/

√
n)(1/

√
n)T . Then, X∗ has n − 1 non-

zero eigenvalues which are all equal to n
n−1 , and one zero eigenvalue. Indeed, the first term has

n eigenvalues that are equal to n
n−1 , while the second term has one eigenvalue that is equal to

n
n−1 , and n − 1 eigenvalues that are equal to 0, and as they share the same eigenvectors, their

difference has the desired property. We first show that X∗ is the unique minimizer of ∥X∥qq over

X ∈ C := {X : X1 = 0, X ⪰ 0, Xii = 1}, and then we show that X∗ = Cov(r). It is easy to see that
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X∗ ∈ C. For q > 1, and any X ∈ C, with eigenvalues λi,

∥X∥qq = (n− 1)× 1
n− 1

n∑
i=1

λqi ≥ (n− 1)× ( 1
n− 1

n∑
i=1

λi)q

= (n− 1)× ( n

n− 1)q = ∥X∗∥qq,

as f : x→ xq is convex on x ≥ 0, and
∑
i λi =

∑
iXii = n. That X∗ is the unique minimizer follows

from the strict convexity of ∥ · ∥qq on C for q > 1. Indeed, if we express ∥X∥qq = g(λ1, . . . , λn−1) =∑n−1
i=1 λ

q
i , then

∇2g = q(q − 1)



λq−2
1 0 . . . 0

0 λq−2
2 . . . 0

...
...

. . .
...

0 0 . . . λq−2
n−1


,

which is positive definite at X∗ with its first n− 1 eigenvalues λi = n
n−1 for i = 1, 2, ..., n− 1.

It is now sufficient to show that this matrix X∗ is equivalent to the Cov(r) under complete

randomization, with equal number of treated and control units, i.e., rT1 = 0. We begin by observing

that Cov(r) = E[rrT ], and that Cov(r)1 = E[rrT1] = 0. Therefore, since r ∈ {−1, 1} with equal

probability, we have that Cov(r)ii = 1, and that the row sums of Cov(r) = 0. This must imply

that
∑
j ̸=i Cov(r)ij = −1, for all i ∈ [n]. Recall that unit-level complete randomization is a uniform

randomization process. Therefore, Cov(r)ij = Cov(r)ik for all j ≠ k ≠ i. Therefore, this together

with
∑
j ̸=i Cov(r)ij = −1 imply that Cov(r)ij = − 1

n−1 for all j ̸= i, for every i. ■

5.J.2 Proof to Theorem 5.C.1

We first state and prove lemmas we use to prove Theorem 5.C.1.

Lemma 5.J.2. Suppose that h is η-homophilous, ⟨h,1⟩ = 0, and X := E[xxT ], then

E[⟨x, h⟩2] ≤ ηTr(L†X).

Proof. Observe, as h is orthogonal to the kernel of L, and L is PSD,

sup
⟨h,Lh⟩≤η

⟨x, h⟩ = sup
⟨h,Lh⟩≤η

〈
x, L†/2L1/2h

〉
= sup

⟨h,Lh⟩≤η

〈
L†/2x, L1/2h

〉
.
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Therefore, by Cauchy-Schwarz,

sup
⟨h,Lh⟩≤η

E[⟨x, h⟩2] = ηTr(L†X).

■

Lemma 5.J.3. Suppose that s is γ-interferent, ⟨s(z),1/n⟩ = 0 for all z, and X := E[xxT ], then

E[⟨x, s(z)⟩2] ≤ γ Tr(LX).

Proof. Observe, as s(z) is orthogonal to the kernel of L, and L is PSD,

sup
⟨s(z),L†s(z)⟩≤γ

⟨x, s(z)⟩ = sup
⟨s(z),L†s(z)⟩≤γ

〈
x, L1/2L†/2s(z)

〉
= sup

⟨s(z),L†s(z)⟩≤γ

〈
L1/2x, L†/2s(z)

〉
.

Therefore, by Cauchy-Schwarz,

sup
⟨s(z),L†s(z)⟩≤γ

E[⟨x, s(z)⟩2] = γ Tr(LX).

■

Lemma 5.J.4. Suppose that ε is independent of x and Σ := E[εεT ] is such that ∥Σ∥q∗ ≤ κ,

1/q∗ + 1/q = 1. Let X := E[xxT ]. Then,

E[⟨x, ε⟩2] ≤ κ∥X∥q.

Proof. We begin by writing

E[⟨x, ε⟩2] = Tr(E[εεT ]E[xxT ]) = Tr(ΣX).

Then, the proof follows from Proposition 5.4.4. ■

In fact, the results in Lemma 5.J.2 can be tightened. We write this formally in the following

lemma.
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Lemma 5.J.5. Suppose that h is η-homophilous, ⟨h,1⟩ = 0, and X := E[xxT ], then

E[⟨x, h⟩2] ≤ η λmax(L†/2XL†/2).

Proof. Observe, as h is orthogonal to the kernel of L, and L is PSD,

sup
⟨h,Lh⟩≤η

E[⟨x, h⟩2] = sup
⟨h,Lh⟩≤η

hTXh = sup
∥L1/2h∥≤η1/2

hTL1/2L†/2XL†/2L1/2h

= sup
∥w∥≤1

ηwTL†/2XL†/2w

= η∥L†/2XL†/2∥op.

■

We restate Theorem 5.C.1 below.

Theorem 5.C.1 ((General) MSE bound). Let p := P(zi = 1) for all i ∈ [n], β1 := 1/(2np(1− p)),

β2 := 1/(2np), a = ⟨α,1/n⟩, b = ⟨ϕ,1/n⟩, and ⟨s(z),1/n⟩ ≤
√
δ for all z. Let also x ∈ {−1, 1}n by

defining x := 2z − 1. Define X := E[xxT ]− µµT , µ := E[x]. Then,

E[(τ̂ − τ)2] ≤ 7{Tr((γβ2
1L+ η[β2

1 + β2
2 ]L†)X)

+ κ[β2
1 + β2

2 ]∥X∥q + ([aβ1 + bβ2]2 + β2
1δ) Tr(11TX)}.

Proof. The relevant quantities of interest are

τ̂ = 1
n
⟨Y, z/p− (1− z)/(1− p)⟩ = 1

n
⟨α+ s(z), z/p− (1− z)/(1− p)⟩ (5.J.1)

+ 1
n
⟨ϕ, z/p⟩ , (5.J.2)

τ = ⟨ϕ,1/n⟩ , (5.J.3)

τ̂ − τ = ⟨α+ s(z), z/(np)− (1− z)/(n(1− p))⟩+ ⟨ϕ, z/(np)− 1/n⟩ . (5.J.4)

Notice that we can re-write

z/(np)− (1− z)/(n(1− p))

=
[
z/(np)− (1− z)/(n(1− p))− 1

2(1/(np)− 1/(n(1− p)))1
]
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+ 1
2(1/(np)− 1/(n(1− p)))1

=: β1x+ c11

where c1 := 1
2 (1/(np)− 1/(n(1− p))). Similarly,

z/(np)− 1/n = [z/(np)− 1/n− (1/(2np)− 1/n)1] + (1/(2np)− 1/n)1

=: β2x+ c21

where c2 := (1/(2np) − 1/n). Before proceeding, we first center α, ϕ, decomposing them as α =

ᾱ+ α′, ϕ = ϕ̄+ ϕ′, ᾱ, ϕ̄ denoting the projection onto the constant vector for each term respectively.

Similarly, we decompose s(z) = s̄(z) + s̃(z). Then, we can write,

E[(τ̂ − τ)2]

= E[(⟨α+ s(z), z/(np)− (1− z)/(n(1− p))⟩+ ⟨ϕ, z/(np)− 1/n⟩)2]

= 7E[(⟨ᾱ, z/(np)− (1− z)/(n(1− p))⟩+
〈
ϕ̄, z/(np)− 1/n

〉
)2

+ ⟨s̄(z), z/(np)− (1− z)/(n(1− p))⟩2

+ ⟨hα, β1(x− µ)⟩2 + ⟨s̃(z), β1(x− µ)⟩2 + ⟨εα, β1(x− µ)⟩2

+ ⟨hϕ, β2(x− µ)⟩2 + ⟨εϕ, β2(x− µ)⟩2],

where the last two lines on the right-hand-side come from the mean-zero components of α, s(z), and

ϕ. Indeed, as these are orthogonal to 1 we can drop the c1 terms from the expression, and add the µ

terms. Thus, we can write

⟨α′ + s̃(z), z/(np)− (1− z)/(n(1− p))⟩+ ⟨ϕ′, z/(np)− 1/n⟩

= ⟨hα, β1(x− µ)⟩+ ⟨s̃(z), β1(x− µ)⟩+ ⟨εα, β1(x− µ)⟩

+ ⟨hϕ, β2(x− µ)⟩+ ⟨εϕ, β2(x− µ)⟩.

We can upper-bound the contribution of the terms in the first two lines, as we notice that by the

definition of our marginal probabilities,

E[⟨ᾱ, z/(np)− (1− z)/(n(1− p))⟩] = 0 = E[⟨ϕ̄, z/(np)− 1/n⟩],
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hence,

E[(⟨ᾱ, z/(np)− (1− z)/(n(1− p))⟩+ ⟨ϕ̄, z/(np)− 1/n⟩)2]

= Var(⟨ᾱ, z/(np)− (1− z)/(n(1− p))⟩+ ⟨ϕ̄, z/(np)− 1/n⟩)

= Var(⟨ᾱ, β1(x− µ)⟩+ ⟨ϕ̄, β2(x− µ)⟩)

= Var([β1a+ β2b]⟨1, (x− µ)⟩) + Var(⟨s̄(z), (x− µ)⟩)

= (β1a+ β2b)2 Tr(11TX),

for X := E[xxT ]− µµT , µ := E[x], a = ⟨α,1/n⟩, b = ⟨ϕ,1/n⟩.

Similarly,

E[⟨s̄(z), z/(np)− (1− z)/(n(1− p))⟩2]

≤ δE[⟨1, z/(np)− (1− z)/(n(1− p))⟩2]

= δVar(⟨1, z/(np)− (1− z)/(n(1− p))⟩)

= δVar(⟨1, β1(x− µ)⟩)

≤ β2
1δTr(11TX).

Thus, by Lemmas 5.J.2 to 5.J.4, we get

E[(τ̂ − τ)2] ≤ Tr((γβ2
17L+ η[β2

1 + β2
2 ]7L†)X)

+ κ[β2
1 + β2

2 ]7∥X∥q + ([aβ1 + bβ2]2 + β2
1δ)7 Tr(11TX).

■

5.J.3 Tighter bounds

In Theorem 5.C.1, we relied on the inequality from Lemma 5.J.2. If we, instead, used the tighter

inequality from Lemma 5.J.5, we obtain the following worst-case bound.

Theorem 5.J.6 ((Tighter) MSE bound). Let p := P(zi = 1) for all i ∈ [n], β1 := 1/(2np(1− p)),

β2 := 1/(2np), a = ⟨α,1/n⟩, b = ⟨ϕ,1/n⟩, and ⟨s(z),1/n⟩ ≤
√
δ for all z. Let also x ∈ {−1, 1}n by
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defining x := 2z − 1. Define X := E[xxT ]− µµT , µ := E[x]. Then, for q ≥ 1,

E[(τ̂ − τ)2] ≤ 7{γβ2
1 Tr(LX) + η[β2

1 + β2
2 ]λmax(L†/2XL†/2)

+ κ[β2
1 + β2

2 ]∥X∥q + ([aβ1 + bβ2]2 + β2
1δ) Tr(11TX)}.

However, writing this as an SDP introduces an additional PSD constraint, and the resulting

optimization problem is much more computationally intensive.

5.J.4 Proof to Theorem 5.I.1

We restate Theorem 5.I.1 below.

Theorem 5.I.1 (MSE bound). Let x ∈ {−1, 1}n by defining x := 2z − 1. Define X := E[xxT ]. Let

1TX1− 1TµµT1 = 0, where µ = n1−n0
n 1, and let β1 := n/(2n1n0), and β2 := 1/(2n1). Then, for

q ≥ 1,

E[(τ̂DiM − τ)2] ≤ 7{Tr((γβ2
1L+ η[β2

1 + β2
2 ]L†)X) + κ[β2

1 + β2
2 ]∥X∥q}.

Proof. The relevant quantities of interest are

τ̂DiM = ⟨Y, z/n1 − (1− z)/n0⟩ = ⟨α+ s(z), z/n1 − (1− z)/n0⟩+ ⟨ϕ, z/n1⟩ , (5.J.5)

τ = ⟨ϕ,1/n⟩ , (5.J.6)

τ̂DiM − τ = ⟨α+ s(z), z/n1 − (1− z)/n0⟩+ ⟨ϕ, z/n1 − 1/n⟩ . (5.J.7)

Notice that we can re-write

z/n1 − (1− z)/n0

=
[
z/n1 − (1− z)/n0 −

1
2(1/n1 − 1/n0)1

]
+ 1

2(1/n1 − 1/n0)1

=: β1x+ c11

where c1 := 1
2 (1/n1 − 1/n0). Similarly,

z/n1 − 1/n = [z/n1 − 1/n− (1/(2n1)− 1/n)1] + (1/(2n1)− 1/n)1
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=: β2x+ c21

where c2 := (1/(2n1) − 1/n). Before proceeding, we first center α, ϕ, decomposing them as α =

ᾱ+ α′, ϕ = ϕ̄+ ϕ′, ᾱ, ϕ̄ denoting the projection onto the constant vector for each term respectively.

Similarly, we decompose s(z) = s̄(z) + s̃(z). Then, we can write

E[(τ − τ̂DiM)2]

= 7E[(⟨ᾱ, z/n1 − (1− z)/n0⟩+
〈
ϕ̄, z/n1 − 1/n

〉
)2

+ ⟨s̄(z), z/n1 − (1− z)/n0⟩2

+ ⟨hα, β1x⟩2 + ⟨s̃(z), β1x⟩2 + ⟨εα, β1x⟩2 + ⟨hϕ, β2x⟩2 + ⟨εϕ, β2x⟩2],

where the terms in the second line of the right-hand-side come from the mean-zero components of

α, s(z), and ϕ. Indeed, as these are orthogonal to 1 we can drop the c1 terms from the expression.

Thus, we can write

⟨α′ + s̃(z), z/n1 − (1− z)/n0⟩+ ⟨ϕ′, z/n1 − 1/n⟩

= ⟨hα, β1x⟩+ ⟨s̃(z), β1x⟩+ ⟨εα, β1x⟩

+ ⟨hϕ, β2x⟩+ ⟨εϕ, β2x⟩.

We can upper-bound the contribution of the terms in the first line, as we notice that by the definition

of our marginal probabilities,

E[⟨ᾱ, z/n1 − (1− z)/n0)⟩] = 0 = E[⟨ϕ̄, z/n1 − 1/n⟩],

hence,

E[(⟨ᾱ, z/n1 − (1− z)/n0⟩+ ⟨ϕ̄, z/n1 − 1/n⟩)2]

= Var(⟨ᾱ, z/n1 − (1− z)/n0)⟩+ ⟨ϕ̄, z/n1 − 1/n⟩)

= Var(⟨ᾱ, β1x⟩+ ⟨ϕ̄, z/n1 − 1/n⟩)

= (β1a+ β2b)2 Tr(11T [X − µµT ])
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for X := E[xxT ], µ := E[x], a = ⟨α,1/n⟩, b = ⟨ϕ,1/n⟩.

By our constraints 1TX1− 1TµµT1 = 0,

E[(⟨ᾱ, z/n1 − (1− z)/n0⟩+ ⟨ϕ̄, z/n1 − 1/n⟩)2] = 0.

Similarly,

E[⟨s̄(z), z/n1 − (1− z)/n0⟩2] ≤ δE[⟨1, z/n1 − (1− z)/n0⟩2]

= δVar(⟨1, z/n1 − (1− z)/n0⟩)

= δVar(⟨1, β1x⟩)

= β2
1δTr(11T [X − µµT ]),

which is constrained to be zero by our constraints 1TX1− 1TµµT1 = 0.

Thus, by Lemmas 5.J.2 to 5.J.4, we get

E[(τ − τ̂DiM)2] ≤ Tr((γβ2
17L+ η[β2

1 + β2
2 ]7L†)X) + κ[β2

1 + β2
2 ]7∥X∥q.

■

5.K Proofs to Theoretical Guarantees

Our proof of Theorem 5.K.4 utilizes the seminal ideas underlying the approximation bound for

MAXCUT, as introduced in Goemans and Williamson [1995]. For convenience, we reiterate the

MAXCUT problem in the following subsection.

5.K.1 The MAXCUT problem

maximize
x∈Rn

1
2
∑
i<j

wij(1− xi · xj)

s.t.: xi ∈ {−1, 1} ∀i ∈ V
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The SDP relaxation is given by

maximize
X∈Rn×n

Tr(LX)

s.t.: Xii = 1 ∀i ∈ V

X ⪰ 0

Let ζ = sign(ξ), ξ ∼ N (0, X∗), where X∗ is the solution to the SDP relaxation of MAXCUT

above. Goemans and Williamson [1995] proved that

EζTLζ ≥ 0.878 max
x∈{−1,1}n

xTLx,

by leveraging Grothendieck’s identity

π

2E[ζiζj ] = arcsin(X∗
i,j).

We now prove our results generalizing Grothendieck’s identity when p ≠ 1/2, in Lemma 5.K.1.

When p = 1/2, the special case of Grothendieck’s identity is recovered.

Lemma 5.K.1. Let p := P(xi = 1), and X be the SDP solution to 5.C.2. Let also vi, i = 1, 2, . . . , n

be the column vectors of X1/2. Denote the vector returned by Algorithm 3 by ζ. Then,

Cov(ζi, ζj) = 8p2

π
arcsin ⟨vi, vj⟩,

for i ̸= j.

Proof. Write piξ := P(ζi = 1| ⟨vi, ξ⟩ > 0). Since P(⟨vi, ξ⟩ > 0) = 0.5, and since P(ζi = 1| ⟨vi, ξ⟩ ≤ 0) =

0, we know that

p := P(ζi = 1) = P(ζi = 1| ⟨vi, ξ⟩ > 0)P(⟨vi, ξ⟩ > 0)

+ P(ζi = 1| ⟨vi, ξ⟩ ≤ 0)P(⟨vi, ξ⟩ ≤ 0)

= piξ/2.

Therefore, we have that piξ = 2p for all i. Define θ to be the angle corresponding to the region of vectors
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{vk, vl} such that ⟨vk, ξ⟩ > 0, and ⟨vl, ξ⟩ > 0, i.e., θ := {maxu,v arccos ⟨u, v⟩ : ⟨u, ξ⟩ > 0, ⟨v, ξ⟩ > 0, ξ ∈

Unif(Sn−1)}, where Sn−1 is the (n− 1)-dimensional sphere. Then, θ = π − arccos ⟨vi, vj⟩, and

P(ζi ̸= ζj) = 4p(π − θ) + 4p(1− 2p)θ
2π

= 2p
π

(π − θ + (1− 2p)θ))

= 2p
π

[arccos ⟨vi, vj⟩+ (1− 2p)(π − arccos ⟨vi, vj⟩)] .

Thus,

E[ζiζj ] = 1− 2P(ζi ̸= ζj)

= 1− 4p
π

[arccos ⟨vi, vj⟩+ (1− 2p)(π − arccos ⟨vi, vj⟩)]

= π(1− 4p(1− 2p))− 8p2 arccos ⟨vi, vj⟩
π

.

Cov(ζi, ζj) = π(1− 4p(1− 2p))− 8p2 arccos ⟨vi, vj⟩
π

− (2p− 1)2

= 8p2

π
arcsin ⟨vi, vj⟩.

■
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Figure 5.K.1: The relationship between Cov(ζi, ζj) and vector inner-products vi, vj in the
SDP relaxation for various treatment assignment probabilities p.
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Figure 5.K.1 displays this relationship for various treatment assignment probabilities p.

We first prove Theorem 5.6.1.

Lemma 5.K.2 (Schatten-norm contraction under rounding). Let

En :=
{
X ∈ Rn×n : X ⪰ 0, diag(X) = 1

}
,

and let X ∈ En. Fix p ∈ (0, 1/2] and q ∈ [1,∞]. Let ζ ∈ {−1, 1}n be generated from X using either

1. randomized hyperplane rounding, or

2. thresholding,

with marginal treatment probability

P(ζi = 1) = p, i ∈ [n].

Let

Ξ := Cov(ζ)

denote the covariance matrix of the rounded assignment, and define its normalized covariance by

Ξ := 1
4p(1− p)Ξ.

Then

Ξ ∈ En

and, for every Schatten q-norm,

∥Ξ∥q ≤ ∥X∥q. (5.K.1)

Proof. We first consider the symmetric setting, where p = 1/2.

5.K.1.0.1 Symmetric setting Let Ck := X◦(2k). Then, Ck ⪰ 0, and (Ck)ii = X2k
ii = 1, for

all i. Therefore, for q ∈ [1,∞],

∥Ck ◦X∥q ≤ ∥X∥q,
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We can write

∥X◦(2k+1)∥q = ∥Ck ◦X∥q ≤ ∥X∥q.

From Lemma 5.K.1, we know that

Ξ = 2
π

arcsin(X) = 2
π

( ∞∑
k=0

(2k
k

)
4k(2k + 1)X

◦(2k+1)

)
.

Then, by the triangle inequality, we get

∥Ξ∥q =

∥∥∥∥∥ 2
π

( ∞∑
k=0

(2k
k

)
4k(2k + 1)X

◦(2k+1)

)∥∥∥∥∥
q

≤ 2
π

∞∑
k=0

(2k
k

)
4k(2k + 1)∥X

◦(2k+1)∥q ≤
2
π

∞∑
k=0

(2k
k

)
4k(2k + 1)∥X∥q = ∥X∥q.

For p < 1/2, we consider two approaches. The first being the randomized hyperplane rounding,

and the second being thresholding-based Gaussian rounding.

5.K.1.0.2 Randomized hyperplane rounding Now suppose that p < 1/2. Define, as

above,

G(X) := 2
π

arcsin[X].

From Lemma 5.K.1, for i ≠ j, the covariance identity for the randomized hyperplane procedure gives

Cov(ζi, ζj) = 4p2G(X)ij = 8p2

π
arcsin(Xij).

On the diagonal,

Var(ζi) = 4p(1− p).

Therefore, at the matrix level,

Ξ = 4p2G(X) + 4p(1− 2p)I. (5.K.2)

After normalizing,

Ξ = p

1− pG(X) + 1− 2p
1− p I. (5.K.3)
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The coefficients in (5.K.3) are nonnegative and sum to one. It remains to note that

∥I∥q ≤ ∥X∥q. (5.K.4)

Indeed, if λ1, . . . , λn are the eigenvalues of X, then λi ≥ 0 and

n∑
i=1

λi = Tr(X) = n.

For q <∞, Jensen’s inequality gives

∥X∥qq =
n∑
i=1

λqi ≥ n

(
1
n

n∑
i=1

λi

)q
= n = ∥I∥qq.

For q =∞,

∥X∥∞ = max
i
λi ≥

1
n

n∑
i=1

λi = 1 = ∥I∥∞.

Combining the symmetric-case contraction ∥G(X)∥q ≤ ∥X∥q with (5.K.3) and (5.K.4), we obtain

∥Ξ∥q ≤
p

1− p∥G(X)∥q + 1− 2p
1− p ∥I∥q

≤
(

p

1− p + 1− 2p
1− p

)
∥X∥q

= ∥X∥q.

5.K.1.0.3 Gaussian threshold rounding. Let

tp := Φ−1(1− p)

and define the centered, standardized threshold function

fp(u) := 1{u ≥ tp} − p√
p(1− p)

.

If {hk}k≥0 denotes the orthonormal Hermite basis of L2(N (0, 1)), then

fp(u) =
∞∑
k=1

bk,phk(u),
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where the constant coefficient, i.e., when k = 0, vanishes because E[fp(g)] = 0 for g ∼ N (0, 1). See,

for example, O’Donnell [2014][Definition 11.34]. Since E[fp(g)2] = 1, Plancherel’s/Parseval’s identity

(see, for example, O’Donnell [2014][Proposition 11.36]) yields

∞∑
k=1

b2
k,p = 1. (5.K.5)

For jointly standard Gaussian random variables (g1, g2) with correlation ρ, orthogonality (see, for

example, O’Donnell [2014][Proposition 11.31]) gives

E[hk(g1)hℓ(g2)] = 1{k = ℓ}ρk.

Consequently,
Hp(ρ) := E[fp(g1)fp(g2)]

=
∞∑
k=1

b2
k,pρ

k.
(5.K.6)

Equivalently,

Hp(ρ) = Φ2(tp, tp; ρ)− p2

p(1− p) ,

where

Φ2(tp, tp; ρ) := P(g1 ≥ tp, g2 ≥ tp).

Under threshold rounding,
ζi − E[ζi]

2
√
p(1− p)

= fp(ξi).

It follows that

Ξij = Hp(Xij),

and hence, by (5.K.6),

Ξ = Hp[X] =
∞∑
k=1

b2
k,pX

◦k. (5.K.7)

For every k ≥ 1, define

Dk−1 := X◦(k−1),
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with the convention D0 = 11⊤. By the Schur product theorem,

Dk−1 ∈ En,

and

X◦k = Dk−1 ◦X.

Thus, by Lemma 5.K.2,

∥X◦k∥q ≤ ∥X∥q.

Using (5.K.5) and (5.K.7),

∥Ξ∥q ≤
∞∑
k=1

b2
k,p∥X◦k∥q

≤
∞∑
k=1

b2
k,p∥X∥q

= ∥X∥q.

The Hermite expansion is first obtained for correlations ρ ∈ (−1, 1); the cases ρ = ±1 follow by

continuity. This completes the proof for both rounding procedures. ■

Theorem 5.K.3 (Approximation bound). Fix p ∈ (0, 1/2] and define

Cn,p :=
{

Cov(ζ)
4p(1− p) : ζ ∈ {−1, 1}n, P(ζi = 1) = p for every i

}
.

Define

En :=
{
X ∈ Sn+ : Xii = 1 for all i ∈ [n]

}
=
{
X ∈ Rn×n : X = X⊤, X ⪰ 0, diag(X) = 1n

}
,

(5.K.8)

Then

Cn,p ⊆ En.

Let An ⪰ 0 and κ̃n > 0, and define

Jn(X) := Tr(AnX) + κ̃n∥X∥q,
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where q⋆ denotes the Schatten dual exponent:

1
q

+ 1
q⋆

= 1.

In the design problem considered here, one may take, for example,

An = η̃nL
† + γ̃nL+ 11⊤.

Let

XSDP ∈ arg min
X∈En

Jn(X),

and let

X⋆ ∈ arg min
X∈Cn,p

Jn(X)

be an optimal achievable normalized design covariance. Apply either randomized hyperplane rounding

with marginal adjustment or Gaussian threshold rounding to XSDP, and let

ΞR := Cov(ζR), ΞR := ΞR
4p(1− p) .

Define the approximation factor

cR := Jn(ΞR)
Jn(XSDP) .

Then

Jn(ΞR) ≤ cRJn(X⋆), (5.K.9)

and

1 ≤ cR ≤ 1 + ∥An∥q
⋆

κ̃n
. (5.K.10)

If, in addition, An ≻ 0, then

cR ≤
nλmax(An) + κ̃n∥XSDP∥q
nλmin(An) + κ̃n∥XSDP∥q

≤ λmax(An)
λmin(An) . (5.K.11)

Consequently,

cR ≤ min
{

1 + ∥An∥q
⋆

κ̃n
,
λmax(An)
λmin(An)

}
,
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whenever An ≻ 0. Equivalently, if

Σ⋆ := 4p(1− p)X⋆

denotes the corresponding unnormalized optimal covariance, then

Jn(ΞR) ≤ cRJn(Σ⋆).

Proof. Because every normalized covariance matrix with marginal treatment probability p is positive

semidefinite and has unit diagonal,

Cn,p ⊆ En.

Moreover, by construction,

ΞR ∈ Cn,p.

Optimality of XSDP over En therefore gives

Jn(XSDP) ≤ Jn(ΞR),

and hence cR ≥ 1. Since X⋆ ∈ Cn,p ⊆ En, SDP optimality also gives

Jn(XSDP) ≤ Jn(X⋆).

It follows that
Jn(ΞR) = cRJn(XSDP)

≤ cRJn(X⋆),

which proves (5.K.9).

Next, Hölder inequality gives

Tr
(
AnΞR

)
≤ ∥An∥q⋆∥ΞR∥q.

By Lemma 5.K.2,

∥ΞR∥q ≤ ∥XSDP∥q.
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Therefore,
Jn(ΞR) = Tr

(
AnΞR

)
+ κ̃n∥ΞR∥q

≤ (∥An∥q⋆ + κ̃n) ∥XSDP∥q.

On the other hand,

Jn(XSDP) ≥ κ̃n∥XSDP∥q.

Consequently,

cR = Jn(ΞR)
Jn(XSDP)

≤ (∥An∥q⋆ + κ̃n) ∥XSDP∥q
κ̃n∥XSDP∥q

= 1 + ∥An∥q
⋆

κ̃n
.

This proves (5.K.10). For the second bound, suppose that An ≻ 0. Since both ΞR and XSDP belong

to En,

Tr(ΞR) = Tr(XSDP) = n.

Therefore,

Tr
(
AnΞR

)
≤ nλmax(An),

whereas

Tr (AnXSDP) ≥ nλmin(An).

Using again

∥ΞR∥q ≤ ∥XSDP∥q,

we obtain

Jn(ΞR) ≤ nλmax(An) + κ̃n∥XSDP∥q

and

Jn(XSDP) ≥ nλmin(An) + κ̃n∥XSDP∥q.

Hence

cR ≤
nλmax(An) + κ̃n∥XSDP∥q
nλmin(An) + κ̃n∥XSDP∥q

≤ nλmax(An)
nλmin(An) .

Finally,

Jn(ΞR) = 4p(1− p)Jn(ΞR)
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and

Jn(Σ⋆) = 4p(1− p)Jn(X⋆).

Multiplying (5.K.9) by 4p(1− p) proves the corresponding unnormalized statement.

■

We now prove Theorem 5.K.4.

Theorem 5.K.4 (Approximation bound). Let Ξ = Cov(ζ) be the covariance matrix of the associated

Rademacher random variables. Let X be the SDP solution. We assume that X is non-degenerate, i.e.,

X ⪰ δI, δ > 0. For cκ =
(

8p2

π + 8p2ψκ

πδ + 4p(1−p)−8p2/π
δ

)
for ψκ = nα3

κ, where ακ is the maximum

off-diagonal entry of X,

Ξ ⪯ cκX.

Proof. Recall that for Rademacher random variables ζi ∈ {−1, 1} with P(ζi = 1), Var(ζi) = 4p(1− p).

Therefore, we know that Ξii = 4p(1− p), and what is left is to consider the off-diagonals. From our

derivation above for (i, j) pairs, we know that for the off-diagonals,

Ξ = E[ζζT ]− µµT = 8p2

π
arcsin (X),

where arcsin (X) is written to be the entry-wise function on the matrix X, with Taylor expansion,

arcsin (X) = X +
∞∑
k=1

(2k
k

)
4k(2k + 1)X

◦(2k+1).

Let ακ be the maximum entry in the off-diagonals X − I. Here we note the dependence on κ; by

Proposition 5.4.7, as κ increases in the objective function relative to the other tradeoff parameters γ,

η, ακ decreases. Let also f(X) :=
∑∞
k=1

(2k
k )

4k(2k+1)X
◦(2k+1), where X◦β denotes all entries of X being

raised to the power of β.

Denote the off-diagonal matrix of X by R̃. Therefore,

Ξ = 8p2

π
(arcsin (X)) + 4p(1− 2p)I

= 4p2(( 2
π

arcsin (X)− I) + I) + 4p(1− 2p)I
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= 8p2

π
(R̃+O(R̃◦3)) + 4p(1− p)I,

= 8p2

π
X + 8p2

π
O(R̃◦3) + (4p(1− p)− 8p2

π
)I.

Let ψκ = nα3
κ, then ∥O(R̃◦3)∥op ≤ ψκ, and R̃◦3 ⪯ ψκ

δ X. In particular, for κ large, if ακ =

O(n−1/3), then ψκ = O(1). It is easy to then see that

(
8p2

π
+ 8p2ψκ

πδ
+ 4p(1− p)− 8p2/π

δ

)
X ⪰ Ξ.

■

We now prove Theorem 5.6.2 as a corollary. First, we restate it below for general p.

Theorem 5.6.2 (Gaussian hyperplane rounding MSE approximation bound). Let Ξ := Cov(ζ) be

the covariance matrix of the rounded assignment returned by Algorithm 3 with R = HR, and let XSDP

be the solution to the SDP in 5.C.2. Assume that XSDP is non-degenerate, i.e., XSDP ⪰ δκI, δκ > 0.

Let cκ = 1
4p(1−p)

(
8p2

π + 8p2ψκ

πδκ
+ 4p(1−p)−8p2/π

δκ

)
, ψκ = nα3

κ, where ακ is the maximum off-diagonal

entry of XSDP in absolute value. Define

J(X) := 7{Tr((γβ2
1L+ η[β2

1 + β2
2 ]L†)X) + κ[β2

1 + β2
2 ]∥X∥q

+ ([aβ1 + bβ2]2 + β2
1δ) Tr(11TX)},

i.e., the right-hand side of Equation (5.C.1). Let X∗ denote the optimal achievable covariance matrix,

i.e., one minimizing J(X) over all covariance matrices achievable by a design. Then, for the estimator

τ̂ζ under the design associated with ζ, supχ(η,γ,κ) E[(τ̂ζ − τ)2] ≤ J(Ξ) ≤ cκJ(X∗).

Proof. We see that L,L†,11T are PSD. It is enough to notice that for PSD matrices A,B,C, with

B ⪰ C, Tr(A(B − C)) ≥ 0. Finally, notice that by Theorem 5.K.4, for X = 4p(1− p)XSDP, we have

J(Ξ) ≤ cκJ(X∗). ■

Proposition 5.K.5 (Harshaw et al., 2024, Theorem 6.4). The Gram-Schmidt Walk design with param-

eter λ ∈ [0, 1] provides balance-robustness guarantee ∥Cov(Ax)∥∞ ≤
maxi∈[n] ∥xi∥2

2
1−λ and ∥Cov(x)∥∞ ≤

1
λ .

We now state and prove the general version of Theorem 5.6.3, allowing for p ̸= 1/2.
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Theorem 5.K.6. Let A := (η̃L† + γ̃L+ ∆11T )1/2, where η̃ = η[β2
1 + β2

2 ], γ̃ = γβ2
1 , κ̃ = κ[β2

1 + β2
2 ],

and ∆ = (aβ1 + bβ2)2. The Gram-Schmidt Walk algorithm, with randomization parameter λ, returns

an assignment x such that ∥Cov(Ax)∥p′ ≤ ω2
A/(1− λ)∥I∥p′ , and ∥Cov(x)∥q ≤ ∥I∥q/λ = n1/q/λ, for

ωA := maxi∈n ∥Ai∥, Ai the column i of the matrix A. Thus, for q ≥ 1,

sup
χ(η,γ,κ)

E[(τ − τ̂)2] ≤ 7
[
E[∥A(x− µ)∥2] + κ̃∥X∥q

]
≤ 7

[
ω2
An

1− λ + κ̃
n1/q

λ

]
,

where µi = E[xi], for all i ∈ [n]. This is minimized for λ =
√
κ̃n1/q√

ω2
A
n+

√
κ̃n1/q

.

Proof. From Theorem 5.C.1, we have

sup
χ(η,γ,κ)

E[(τ − τ̂)2] ≤ 7
[
Tr(XAAT ) + κ̃∥X∥q

]
= 7

[
E[∥A(x− µ)∥2 + κ̃∥X∥q

]
From the proof of Harshaw et al. [2024, Theorem 6.4], Cov(x) ⪯ λ−1I, and (2) Cov(Ax) ⪯

ω2
A(1 − λ)−1I. Thus, from (1) we have ∥X∥q ≤ λ−1∥I∥q = λ−1n1/q. From (2), Tr(XAAT ) ≤

ω2
A(1− λ)−1 I = ω2

A(1− λ)−1n. Therefore,

7
[
Tr(XAAT ) + κ̃∥X∥q

]
≤ 7

[
ω2
An

(1− λ) + κ̃
n1/q

λ

]
.

Next, to minimize the right-hand side above, we take the derivative with respect to λ and set it

equal to zero. Let m = ω2
An(1− λ)−1 + κ̃n1/qλ−1. Then,

dm

dλ
= ω2

An

(1− λ)2 −
κ̃n1/q

λ2 = 0

λ =
√
κ̃n1/q

√
κ̃n1/q ±

√
ω2
An

.

Since λ ∈ [0, 1], λ =
√
κ̃n1/q

√
κ̃n1/q+

√
ω2

A
n
. Additionally, since ω2

An(1− λ)−1 + κ̃n1/qλ−1 is convex in λ,

λ =
√
κ̃n1/q

√
κ̃n1/q+

√
ω2

A
n

is its minimizer, yielding the claim. ■

The result above also holds when AT := [η̃1/2L†/2 γ̃1/2L1/2 ∆1/211T 1/2].
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Table 5.2: Key of designs compared in this paper.

Design Description

SDP SDP solution XSDP

SDP + GaussRound SDP followed by Gaussian rounding
SDP + QuantRound SDP followed by quantile rounding (see Sec-

tion 5.E.1.2)
GSW Adapted Gram–Schmidt Walk design [Harshaw

et al., 2024]
GSW + covariates Adapted Gram–Schmidt Walk design [Harshaw

et al., 2024] using covariate encoding directly in-
stead of L†

Louvain Cluster-randomization with default Python imple-
mentation of the Louvain clustering algorithm

ϵ-net Cluster-randomization under (ϵ=1)-net clustering
[Ugander et al., 2013]

Spectral Cluster-randomization under spectral clustering
Causal Cluster-randomization under Causal clustering

[Viviano et al., 2023] with a grid-search for optimal
hyperparameters

Bernoulli Uniform Bernoulli randomization
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(a) (b) (c) (d) (e)

Figure 5.L.1: From left to right: Graphs generated from (a): SBM (within cluster connection
probability 20/n, across connection probability 0.1

n ), with two clusters of equal membership
assignment probability; (b): SBM (within cluster connection probability 20/n, across
connection probability 0.1

n ) with four clusters of equal membership assignment probability;
(c): SBM (within cluster connection probability 20/n, across connection probability 0.1

n )
with four clusters of membership assignment probabilities 0.7, 0.1, 0.1, 0.1; (d): Barabasi-
Albert (preferential-attachment) with initial n/10 (=10) nodes connected according to the
Erdös-Rényi model with connection probability 10/n; Graph 5: Erdös-Rényi with connection
probability 2/n.

5.L Simulations

5.L.1 Real Data

Figure 5.2.1 illustrates a single village network in rural Karnataka, South India [Banerjee et al.,

2013a,b]. For context, Banerjee et al. [2013a] collected network data from 75 villages before the

introduction of financial services in these villages by a microfinance institute. In particular, in 2006,

six months before the microfinance institute began their work, Banerjee et al. [2013a] conducted

surveys on subsamples of villagers gathering demographic information. The survey included a portion

on social network data along 12 dimensions. In Figure 5.2.1, we display Village No.6 which we had

randomly selected. In this network, the nodes represent village members, and an edge between any

pair of nodes is present if the corresponding villagers visit each other’s homes. In this figure, the

nodes in the network are colored according to the castes of the corresponding villagers, illustrating

homophily in the network, as members of the same caste are more connected.

In Figure 5.L.2, we illustrate treatment assignments under various cluster-randomized designs,

depicting almost complete overlap with the underlying homophily structure. In the worst case

where the distinct homophilous groups have heterogeneous treatment effects, such cluster-randomized

designs can lead to imprecise estimates of the GATE. Generally, this imprecision worsens as the

number of distinct homophilous groups increases for a fixed population size.
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Figure 5.L.2: Assignments under various cluster randomization designs. Top (left to right):
ϵ = 1-net, causal cluster randomizations. Bottom (left to right): Louvain, and spectral
cluster randomizations.
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In the comparisons of the worst-case MSE bounds on this network data in Figures 5.L.3 and 5.L.5,

we compare the bounds derived in Theorem 5.C.1 using covariance matrices from various designs. We

describe the different designs we compare in Table 5.2. We note that the different cluster-randomized

designs were also considered in [Viviano et al., 2023].

We also compare the MSEs by combining synthetic worst-case potential outcomes with the real

network data together with the caste information. We generate the homophily components in the

potential outcomes, hα and hϕ from a random effects model across the castes. That is, we generate

potential outcomes associated with each caste j

νjf ∼ N (µf , σ2
f ),

for some µf . Then, for each node i that belongs to caste j,

hif = νjf ,

for all j, and f = α, ϕ. In our simulations, we take µα = 2, µϕ = 3, and σ2
f = 3, f = α, ϕ. Then, we

take η = hf
TLhf .

To generate the heterogeneous variation components ϵf , for f = α, ϕ, for q∗ = 2, we take

Σ ∼ N (0, 1)n×n,

X = Σ/∥Σ∥2,

z ∼ N (0, In),

ϵf =
√
κX1/2z.

If q∗ =∞ instead, we replace X with X = vvT , where v is the leading eigenvector of Σ.

To generate the interference component for each treatment assignment vector x = 2z−1 generated

from X from the corresponding covariance matrix, we take

s(z) =
√
γLx

∥xTL1/2∥2
,

s(z) = s(z)−
〈
s(z), 1

n

〉
1.
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We detail in Appendix 5.L.3 why these generative models appropriately capture worst-case

potential outcomes.

In Figure 5.L.4, we compare the MSEs across various designs, under the generated worst-case

potential outcomes, for various levels of γ and κ.

In Figure 5.L.5, in addition to the comparisons with the adapted Gram-Schmidt Walk design

using the worst-case bounds with η = hf
TLhf , we also compare with the adapted Gram-Schmidt

Walk design directly using a one-hot encoding of caste information (see the plotted line labeled “GSW

+ covariates”), with potential outcomes generated according to the worst-case models described above.

Specifically, let J be the number of different covariate groups. In our village data example, J is the

number of castes. Given the random effects model above we can write the homophily component of

the MSE as

E[(hTx)2] = E


 J∑
j=1

( ∑
i:xi=1

1{i ∈ Castej} −
∑

i:xi=−1
1{i ∈ Castej}

)
νj

2


= E


 J∑
j=1

(n1j − n0j) νj

2


=
J∑
j=1

(n1j − n0j)2 Var(νj) = σ2
J∑
j=1

(n1j − n0j)2.

Then, in this setting, we define η = σ2, and take our pre-augmented covariate matrix A ∈

R(J+2n)×n to be such that its i-th column,

ATi = [η̃1/2ξji γ̃1/2L
1/2
i (11T )1/2

i ]T ,

where ξji is column vector with entry 1 in row j if unit i belongs to caste j and zero otherwise, and

the parameters η̃, γ̃, κ̃ defined as before. Then, the worst case MSE bound can be written in the

previous form

E[(τ̂ − τ)2] ≤ 7∆[E[∥Ax∥2
2] + κ̃∥X∥q].
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Figure 5.L.3: Comparisons of the worst-case MSE bounds across various designs, for different
levels of γ and κ, with the average (over 1000 trials) η ≈ 196. Error bars represent the
standard error.
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Figure 5.L.4: Comparisons of the MSEs across various designs, for different levels of γ and
κ, with the average (over 1000 trials) η ≈ 196. Error bars represent the standard error.

5.L.2 Worst-case MSE bounds comparisons on simulated networks

Throughout this subsection and the next, we compare the performance of our designs against various

designs from the literature. We describe the different designs we compare in Table 5.2. We note that

the different cluster-randomized designs were also considered in [Viviano et al., 2023].

In Figures 5.L.6 to 5.L.10, we compare the worst-case bounds by plugging into the bound in

Theorem 5.C.1 the covariance matrices from various designs. We compare the worst-case MSE

bounds for five different graph generation models, as described in Figure 5.L.1, averaged across 1000

graph instances of each graph model. For procedures where we cannot directly compute the design
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Figure 5.L.5: Comparisons of the worst-case MSE bounds across various designs, with the
average (over 1000 trials) η ≈ 196. Error bars represent the standard error.

covariance, we generate the sample covariance matrices of the designs over 1000 instances of the

design vectors for each graph instance. We note that the gap between the optimal solution from

solving the SDP and the other designs are due to unattainability of the optimal SDP solution given

that the SDP formulation is a relaxation of the problem. In these settings, we set the fixed tradeoff

parameters to be 1.
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Figure 5.L.6: Comparison of worst-case MSE bounds between our designs, cluster random-
ization designs (with various clusterings) and Bernoulli randomization averaged over graphs
generated from an SBM (within cluster connection probability 20/n, across connection
probability 0.1

n ), with two clusters of equal membership assignment probability (see Graph 1
in Figure 5.L.1). The other two trade-off parameters are set to one. Error bars represent the
standard error.

Figures 5.L.11 to 5.L.15 compare worst-case MSE bounds using our SDP approach followed by

Gaussian rounding, and our adapted Gram-Schmidt Walk approach, across various n. Here, we set

κ = 100, η = 250, γ = 1000, q = 2, and ∆ = 0.01γ. We observe that the adapted Gram-Schmidt



261

100 101 102 103 104 105

100

101

102

103

104

105

W
or

st
-c

as
e 

M
SE

SDP+GaussRound
Louvain
-Net

Spectral
Causal
Bernoulli

100 101 102 103 104 105

100

101

102

103

104

105

106

W
or

st
-c

as
e 

M
SE

SDP+GaussRound
Louvain
-Net

Spectral
Causal
Bernoulli

100 101 102 103 104 105

100

101

102

103

104

W
or

st
-c

as
e 

M
SE

SDP+GaussRound
Louvain
-Net

Spectral
Causal
Bernoulli

Figure 5.L.7: Comparison of worst-case MSE bounds between our designs, cluster random-
ization designs (with various clusterings) and Bernoulli randomization averaged over graphs
generated from an SBM (within cluster connection probability 20/n, across connection
probability 0.1

n ), with four clusters of equal membership assignment probability (see Graph 2
in Figure 5.L.1). The other two trade-off parameters are set to one. Error bars represent the
standard error.
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Figure 5.L.8: Comparison of worst-case MSE bounds between our designs, cluster random-
ization designs (with various clusterings) and Bernoulli randomization averaged over graphs
generated from an SBM (within cluster connection probability 20/n, across connection
probability 0.1

n ) with four clusters of membership assignment probability (0.70, 0.1, 0.1, 0.1)
(see Graph 3 in Figure 5.L.1). The other two trade-off parameters are set to one. Error bars
represent the standard error.
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Figure 5.L.9: Comparison of worst-case MSE bounds between our designs, cluster random-
ization designs (with various clusterings) and Bernoulli randomization averaged over graphs
generated from a Barabasi-Albert (preferential-attachment) model with initial n/10 (=10)
nodes connected according to the Erdös-Rényi model with connection probability 10/n (see
Graph 4 in Figure 5.L.1). The other two trade-off parameters are set to one. Error bars
represent the standard error.

100 101 102 103 104 105

100

101

102

103

104

105

W
or

st
-c

as
e 

M
SE

SDP+GaussRound
Louvain
-Net

Spectral
Causal
Bernoulli

100 101 102 103 104 105

100

101

102

103

104

105

W
or

st
-c

as
e 

M
SE

SDP+GaussRound
Louvain
-Net

Spectral
Causal
Bernoulli

100 101 102 103 104 105

100

101

102

103

104

W
or

st
-c

as
e 

M
SE

SDP+GaussRound
Louvain
-Net

Spectral
Causal
Bernoulli

Figure 5.L.10: Comparison of worst-case MSE bounds between our designs, cluster ran-
domization designs (with various clusterings) and Bernoulli randomization averaged over
graphs generated from an Erdös-Rényi model with connection probability 2/n (see Graph 5
in Figure 5.L.1). The other two trade-off parameters are set to one. Error bars represent the
standard error.
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Walk designs have comparable worst-case error bounds to the SDP solutions, for n ranging between

200 and 400. The SDP solutions followed by Gaussian rounding perform worse than the adapted

Gram-Schmidt Walk designs for settings of types Graphs 2 – 5 in Figure 5.L.1, while in settings of

type Graph 1 in Figure 5.L.1, the Gaussian rounding procedure almost perfectly approximates the

SDP solution.
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Figure 5.L.11: Comparisons with adapted Gram-Schmidt algorithm averaged over graphs
generated from an SBM (within cluster connection probability 20/n, across connection
probability 0.1

n ), with two clusters of equal membership assignment probability (see Graph 1
in Figure 5.L.1), for different n. Error bars represent the standard error.

For completeness, we also compare the MSEs under simulated worst-case potential outcomes on

various graphs. We present the results of these experiments in the next section.

5.L.3 MSE comparisons under synthetic worst-case potential outcomes

In Figures 5.L.16 to 5.L.20, we display the MSE using simulated potential outcomes across various

designs, namely our design, cluster-randomization under the default Python implementation of

the Louvain clustering, (ε = 1)-net clustering [Ugander et al., 2013], Spectral clustering, Causal

Clustering [Viviano et al., 2023], and Bernoulli Randomization. We compare the MSEs for five

different graph generation models, averaged across 1000 graph instances of each graph model, as

described in Figure 5.L.1. In these settings, we set the fixed tradeoff parameters to be 1, and

a, b = 0.01γ. We display the results in Figures 5.L.16 to 5.L.20.

The worst-case potential outcomes were generated according to the following model. For given
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Figure 5.L.12: Comparisons with adapted Gram-Schmidt algorithm averaged over graphs
generated from an SBM (within cluster connection probability 20/n, across connection
probability 0.1

n ), with four clusters of equal membership assignment probability (see Graph 2
in Figure 5.L.1), for different n. Error bars represent the standard error.

L,L†, η, γ, κ, and randomly generated baselines α0, ϕ0 (and, thus, ∆), we compute the covariance

matrices X corresponding to the different designs described above. Then, adversarially, for the

worst-case, we compute the potential outcome components. We describe this in detail in the following:

To generate the homophily components hf , f ∈ {α, ϕ},

v = max eigenvector(L†/2XL†/2),

hf = √ηL†/2v,

hf = hf −
〈
hf ,

1
n

〉
1

In the above, we leverage the proof to the bounds in Lemma 5.J.5 to generate the

worst-case homophily components. Indeed, let w = L1/2hf/
√
η, then, the hf that achieves

sup∥L1/2hf ∥2
2≤η hf

TL1/2L†/2XL†/2L1/2hf is the same as the √ηL†/2w for the w that achieves

sup∥w∥2
2≤1 w

TL†/2XL†/2w, which is simply the maximum eigenvector of L†/2XL†/2.

To generate the heterogeneous variation components ϵf , f ∈ {α, ϕ} q∗ = 2, we take

Σ = κX/∥X∥F ,

z ∼ N (0, In),
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Figure 5.L.13: Comparisons with adapted Gram-Schmidt algorithm averaged over graphs
generated from an SBM (within cluster connection probability 20/n, across connection
probability 0.1

n ) with four clusters of membership assignment probability (0.70, 0.1, 0.1, 0.1)
(see Graph 3 in Figure 5.L.1), for different n. Error bars represent the standard error.

ϵf = Σ1/2z.

If q∗ = 1 instead, we replace Σ above with Σ = κvvT , where v is the leading eigenvector of X.

Indeed, it is not difficult to see that these are the ϵf that achieve the bounds in Lemma 5.J.4

and Proposition 5.4.4.

Finally, let α̃ = hα + ϵα, and ϕ̃ = hϕ + ϵϕ. Recall that here a =
〈
α0,

1
n

〉
, and b =

〈
ϕ0,

1
n

〉
. We

take α = a1 + (α̃−
〈
α̃, 1

n

〉
1) and ϕ = b1 + (ϕ̃−

〈
ϕ̃, 1

n

〉
1).

To generate the interference component for each treatment assignment vector x = 2z−1 generated

from X from the corresponding covariance matrix, we take

s(z) =
√
γLx

∥xTL1/2∥2
,

s(z) = s(z)−
〈
s(z), 1

n

〉
1.

Indeed, through the proof the Cauchy-Schwarz inequality, it is not difficult to see that the s(z)

that achieves sup∥L†/2s(z)∥2
2≤γ E[⟨x, s(z)⟩2], must satisfy L†/2s(z) = γ1/2L1/2x/∥L1/2x∥2.
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Figure 5.L.14: Comparisons with adapted Gram-Schmidt algorithm averaged over graphs
generated from a Barabasi-Albert (preferential-attachment) model with initial n/10 (=10)
nodes connected according to the Erdös-Rényi model with connection probability 10/n (see
Graph 4 in Figure 5.L.1), for different n . Error bars represent the standard error.

5.L.4 Priors and Worst-Case

We take this opportunity to illustrate how our framework allows for the incorporation of priors in the

bounds to improve the performance of the design otherwise tailored to the worst-case setting. Indeed,

if the practitioner strongly believed that the homophily components of the potential outcomes followed

a certain type of distribution, then we can refine the trade-off parameter bounds. In particular, if the

practitioner believed that the homophily components followed a uniform distribution on a sphere,

much like in the data generation procedure in the previous paragraph, we can replace the η parameter

by η/n. Indeed, if h ∼ L†1/2Unif(Sηn−1) where Sηn is the (n− 1)-sphere of radius √η, i.e., the scaled

normalized gaussians in the previous paragraph, then,

E[(hTx)2] = Tr(XE[L†1/2
vvTL†1/2])

= Tr(XL†1/2E[vvT ]L†1/2)

= η

n
Tr(XL†).

Similarly, if the practitioner believed that the interference s(z) followed a uniform distribution

on the sphere, we can replace γ by γ/n. Indeed, if s(z) ∼ L1/2Unif(Sγn−1), where Sγn−1 is the
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Figure 5.L.15: Comparisons with adapted Gram-Schmidt algorithm averaged over graphs
generated from an Erdös-Rényi model with connection probability 2/n (see Graph 5 in
Figure 5.L.1), for different n. Error bars represent the standard error.

(n− 1)−sphere of radius √γ, then,

E[(s(z)Tx)2] = Tr(XE[L1/2vvTL1/2])

= Tr(XL1/2E[vvT ]L1/2)

= γ

n
Tr(XL).

5.L.5 Comparisons between SDP and adapted Gram-Schmidt Walk designs

In Figures 5.L.11 to 5.L.15, we compare the worst-case bounds of the designs produced by the SDP

and adapted Gram-Schmidt Walk algorithms for n ∈ {200, 250, 300, 350}. As expected, the SDP

solutions yield uniformly smaller worst-case bounds, since the SDP directly optimizes the worst-case

objective. However, over this range of n, we do not observe a clear trend in the gap between the SDP-

and Gram–Schmidt-Walk-based bounds that would reflect the predicted looseness of the adapted

Gram–Schmidt Walk bound at large n. This is likely because we only consider a limited range of n,

as solving the SDP becomes computationally prohibitive for larger n. Finally, for all the simulated

networks besides the SBM graphs with two equal-membership clusters, the adapted Gram–Schmidt

Walk algorithm yields smaller bounds than Gaussian rounding applied to the SDP solutions.
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Figure 5.L.16: Comparison of MSEs between our designs, cluster randomization designs
(with various clusterings) and Bernoulli randomization averaged over graphs generated from
an SBM (within cluster connection probability 20/n, across connection probability 0.1

n ), with
two clusters of equal membership assignment probability (see Graph 1 in Figure 5.L.1). The
other two trade-off parameters are set to one. Error bars represent the standard error.
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Figure 5.L.17: Comparison of MSEs between our designs, cluster randomization designs
(with various clusterings) and Bernoulli randomization averaged over graphs generated from
an SBM (within cluster connection probability 20/n, across connection probability 0.1

n ), with
four clusters of equal membership assignment probability (see Graph 2 in Figure 5.L.1). The
other two trade-off parameters are set to one. Error bars represent the standard error.
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Figure 5.L.18: Comparison of MSEs between our designs, cluster randomization designs
(with various clusterings) and Bernoulli randomization averaged over graphs generated from
an SBM (within cluster connection probability 20/n, across connection probability 0.1

n )
with four clusters of membership assignment probability (0.7, 0.1, 0.1, 0.1) (see Graph 3 in
Figure 5.L.1). The other two trade-off parameters are set to one. Error bars represent the
standard error.
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Figure 5.L.19: Comparison of MSEs between our designs, cluster randomization designs
(with various clusterings) and Bernoulli randomization averaged over graphs generated from
a Barabasi-Albert (preferential-attachment) model with initial n/10 (=10) nodes connected
according to the Erdös-Rényi model with connection probability 10/n (see Graph 4 in
Figure 5.L.1). The other two trade-off parameters are set to one. Error bars represent the
standard error.
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Figure 5.L.20: Comparison of MSEs between our designs, cluster randomization designs
(with various clusterings) and Bernoulli randomization averaged over graphs generated from
an Erdös-Rényi model with connection probability 2/n (see Graph 5 in Figure 5.L.1). The
other two trade-off parameters are set to one. Error bars represent the standard error.
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Chapter 6

DISCUSSION

This dissertation studies statistical problems that arise when the units in a population are

dependent, with a particular focus on settings where this dependence is represented by a network.

The chapters consider different parts of the statistical problem: obtaining asymptotic inference

under dependent observations, detecting whether interference is present, estimating treatment effects

when the interference structure is not completely known, and designing experiments to account for

interference and other network structure before the outcomes are observed.

Dependence is both a complication and a source of information. If the dependence is ignored,

procedures developed for independent observations may no longer provide valid inference or accurate

treatment effect estimates. At the same time, when something is known about the structure generating

this dependence, this information can be used to improve the statistical procedure. The results in

this dissertation explore different angles of this idea.

Chapter 2 takes the most general and fundamental perspective. Rather than requiring dependence

to vanish outside of a fixed neighborhood, the affinity-set framework separates relatively strong and

weak dependence and places conditions directly on the resulting covariance quantities. Chapters 3–5

use more problem-specific network information. Chapter 3 uses the graph to select focal units that

are more informative for testing interference. Chapter 4 uses network exposures together with the

observed outcomes to adaptively select an exposure threshold. Finally, Chapter 5 uses the graph

before the experiment to construct treatment assignment distributions that account for interference,

homophily, and heterogeneous variation.

There are several broader lessons and open questions that come from considering these problems

together.

6.1 Using Network Structure without Assuming it is Complete

Throughout the dissertation, the network is useful because it provides information about how units

are related. At the same time, in most applications it would be unrealistic to assume that the
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observed graph completely characterizes the dependence among the units.

This distinction appears in different forms across the chapters. In Chapter 2, observations outside

of an affinity set are not required to be independent. Thus, an affinity set is not intended to identify

all dependence associated with a particular observation. Instead, it should capture enough of the

relatively strong dependence that what remains outside of the set is small in aggregate. This makes

it possible, for example, to consider diffusion processes where every pair of infection indicators may

be correlated at finite n.

A similar issue appears more directly in the interference setting. Exposure mappings simplify the

dependence of a potential outcome on the full treatment assignment by mapping the assignment to a

lower-dimensional exposure. Such a mapping is necessarily an approximation unless the interference

mechanism is known exactly. Chapter 4 addresses one part of this uncertainty by allowing the

exposure threshold itself to be selected from the data. Rather than specifying in advance exactly

how much neighboring treatment is required before a unit should be regarded as treated-exposed, the

procedure estimates the bias–variance trade-off associated with different choices.

Chapter 5 takes a different approach. Instead of trying to learn the full potential outcome

model, the unknown structure is divided into components that can be associated with homophily,

interference, and heterogeneous variation. The heterogeneous variation component is especially

important in this interpretation. It represents the part of the potential outcomes that is not explained

by the graph-based structure used to construct the design. Increasing the corresponding robustness

parameter encourages additional randomization, moving the design away from one that relies strongly

on the observed network.

There are two extremes that are generally unattractive. On one end, ignoring the network throws

away information that can substantially improve statistical performance. On the other end, assuming

that the observed network and the chosen exposure model exactly describe the underlying dependence

can lead to procedures that are very sensitive to misspecification. The methods in this dissertation

instead use the observed structure while allowing, in different ways, for some dependence or variation

to remain outside of it.

An important future direction is to make this treatment of network uncertainty more explicit.

For example, if several candidate networks are available, it would be useful to develop procedures

that adapt across them rather than committing to one network before analysis. A similar problem

arises when edge weights are estimated from historical interactions or when the observed network
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is a noisy version of a latent interference network. In such settings, the uncertainty in the network

could be incorporated directly into the inferential, estimation, or design objective.

6.2 Optimization across the Experimental Pipeline

Another recurring perspective in this dissertation is that optimization provides a natural framework

for thinking about statistical decision-making under network dependence and interference. Once a

statistical goal, such as maximizing power or minimizing mean squared error for a particular problem

setting, is formalized, choices about which observations to use, how to construct an estimator, or

how to assign treatments can be viewed as optimization problems.

In Chapter 3, the experiment has already been run and the goal is testing. The choice is which

units should be focal units in a conditional randomization test. The power analysis shows that this

selection should account not only for the number of focal units, but also for the amount of residualized

exposure variation induced by rerandomizing the auxiliary units. This essentially turns focal selection

into an effective sample size maximization problem.

In Chapter 4, both the assignments and outcomes have already been observed. Here, the statistical

decision is the exposure threshold used by the estimator. Increasing the threshold reduces the bias

induced by interference but also reduces exposure probabilities and increases variance. Thus, the

appropriate optimization objective is the estimated MSE over the candidate thresholds.

Chapter 5 moves this decision before the experiment. The treatment assignment mechanism

itself is chosen to minimize a worst-case MSE bound. In this setting, the optimization is over

the covariance matrix of the design. The different components of the objective encode different

statistical considerations: interference favors more correlated treatment assignments among nearby

units, homophily favors assignments that are spread across the graph, and heterogeneous variation

favors additional randomization.

Viewed together, these chapters suggest a broader point: design and analysis under interference

should not necessarily be treated as completely separate problems. A design determines the exposure

distribution observed by the estimator, and the estimator determines which features of the exposure

distribution are useful. Similarly, a design that makes interference easier to estimate may also

make it easier to detect. For example, Chapter 4 can be loosely viewed as adapting the analysis to

the exposure variation produced by a fixed design, while Chapter 5 adapts the design so that the

resulting outcomes are easier to estimate with a fixed estimator. A natural extension would be to
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optimize these two objects jointly. One could, for example, choose a treatment design together with

an exposure mapping or threshold to minimize the resulting worst-case MSE.

A related direction is to connect the testing problem in Chapter 3 to the design problem in

Chapter 5. If the primary goal of an initial experiment is to determine whether meaningful interference

exists, the optimal design for that experiment may differ substantially from one optimized for GATE

estimation. One could first design an experiment to maximize power for detecting interference and

then, depending on the result, use a second experiment designed for treatment effect estimation.

More generally, this suggests sequential designs in which information about the interference structure

is learned and then used to update future randomizations.

6.3 Robustness and the Amount of Structure to Use

The gains from using network structure depend on how accurately that structure represents the

data-generating process. This creates a recurring tension between efficiency and robustness.

Chapter 3 gives one relatively clean separation between these two goals. The linear interference

model motivates the focal-set criterion and therefore affects the power of the procedure. It is

not, however, needed for the finite-sample validity of the conditional randomization test. Thus, a

misspecified model may result in a focal set that is not power-optimal, while leaving the test valid.

This is an attractive form of model-assisted inference: the model is used to improve performance

without being required for the basic guarantee.

In Chapter 4, the role of the working model is somewhat stronger. The exposure regression is

used to estimate how the bias changes as the threshold changes. Nevertheless, the linear model is

used as a first-order approximation rather than assumed to be the exact potential outcome model.

The simulation results with nonlinear exposure functions, together with the local linear extensions,

illustrate how the same basic procedure can be useful outside of the exact linear setting.

In Chapter 5, this uncertainty is incorporated directly into the optimization problem. If the exper-

imenter has strong information about the homophily and interference structure, a more structured and

potentially nearly deterministic design can perform well. If there is substantial heterogeneous variation

not explained by this structure, randomization becomes more important. Thus, randomization can

be interpreted as the price paid for robustness to what is not known.

This raises the practical question of how much confidence should be placed in the available

structural information. In Chapter 5 this is summarized through the parameters η, γ, and κ. Similar
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unknown quantities appear implicitly in the other chapters: the appropriate size of affinity sets in

Chapter 2, the strength and functional form of interference used for power analysis in Chapter 3, and

the accuracy of the exposure-response approximation in Chapter 4.

In practice, the amount of robustness and structural information that should be incorporated

into these procedures is generally not known a priori. Chapter 5 gives several practical approaches

for calibrating these quantities from historical experiments, pilot studies, and pre-experiment data.

For example, previous experiments at different treatment saturation levels can be used to estimate

the effective spillover strength γ. The heterogeneous variation parameter κ can be informed by the

covariance structure of residuals from historical outcomes, while the homophily parameter η can

be estimated by measuring the graph smoothness of baseline outcomes or of outcome components

predicted from observed covariates. More generally, Chapter 5 proposes fitting historical outcomes

using network exposures and covariates, and using the fitted and residual components to calibrate

the corresponding interference, homophily and heterogeneous-variation parameters.

These approaches provide practical methods for choosing the trade-off parameters, but are

still largely heuristic. An important direction is therefore to develop a more systematic statistical

framework for learning these quantities from previous data. For example, one could study estimators

η̂, γ̂, and κ̂ obtained from one or several historical experiments, characterize their estimation error,

and determine how this error propagates through the optimization problem to the performance of

the resulting design.

The same idea applies more broadly across the experimentation pipeline. Historical experiments

could be used to learn plausible interference strengths or exposure-response relationships before

selecting focal units in Chapter 3. For the estimation problem in Chapter 4, previous experiments

could provide information about the exposure-response function and the size of the approximation

error used in estimating the bias, and therefore a more appropriate exposure threshold as it interpolates

between structure and uncertainty. Repeated experiments could also provide information about how

stable these quantities are across networks or populations, allowing the procedure to distinguish

between uncertainty arising from limited data within one experiment and genuine variation across

experimental settings.

Thus, a useful extension of the methods in this dissertation would be to move from user-specified

or heuristically calibrated uncertainty levels toward principled and data-adaptive ones. Historical

experiments, pilot studies, and repeated observations of related networks could be used to learn
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how much structural information should be trusted, and therefore how much robustness should be

incorporated at each stage of testing, estimation, and experimental design.

6.4 Connecting Covariate Balancing and Interference-Aware Design

Chapter 5 develops a connection between the covariate-balancing and network interference literatures.

A standard covariate-balancing objective can often be written as

∥C⊤x∥2
2 = x⊤CC⊤x,

where C is a matrix of unit-level covariates and x denotes the treatment assignment. More generally,

whenever a positive semidefinite component of a statistical objective can be written as

x⊤Qx = ∥Ax∥2
2, Q = A⊤A,

the columns of A can be interpreted as transformed unit-level covariates to be balanced by the

treatment assignment. This gives a useful way to translate certain network-design objectives into

covariate-balancing problems.

The graph-based quantities arising in Chapter 5 have exactly this structure. In particular,

x⊤Lx = ∥L1/2x∥2
2, x⊤L†x = ∥L†/2x∥2

2.

The two choices induce different design incentives. Balancing the covariates associated with L1/2

is equivalent to reducing treatment disagreements across edges and therefore encourages clustered

assignments, which helps control interference in GATE estimation. Balancing those associated

with L†/2 instead encourages treatment to be spread across the large-scale graph structure relevant

to homophily. Chapter 5 combines these graph-induced covariates, together with robustness to

heterogeneous variation, within the Gram–Schmidt Walk framework.

This representation suggests that other methods developed for covariate balancing could potentially

be extended to network interference settings when the relevant statistical objective admits a similar

form. For example, rerandomization procedures could use acceptance criteria involving both observed

baseline covariates and graph-induced covariates. Matching or stratification procedures could similarly

use both observed characteristics and appropriate graph representations. Conversely, interference-
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aware objectives that can be written, or tightly approximated, as quadratic forms in the treatment

assignment could potentially be combined with ordinary covariate-balancing objectives within a

common framework. This could provide a way to construct designs that account jointly for network

interference and covariate imbalance, rather than addressing the two considerations separately.

At the level of a randomized design, quadratic objectives satisfy

E[x⊤Qx] = Tr(QX), X = E[xx⊤],

and therefore depend only on the second moment of the treatment assignment. More broadly, it

would be interesting to characterize which interference and network-based objectives admit useful

covariate-balancing representations, and which do not.

6.5 Sequential Network Observation and Adaptive Methods

Throughout this dissertation, the network structure is generally treated as observed before the

statistical procedure is carried out. In many applications, however, this information may instead

become available sequentially. New units may enter the population over time, new edges may be

observed as interactions occur, or an initially partially observed network may become increasingly

complete. An interesting extension of the methods in this dissertation is therefore to adaptive settings

where statistical decisions are updated as the network is observed.

One way to formalize such a setting is to let Gt = (Vt, Et) denote the network observed at time t,

with

G1 ⊆ G2 ⊆ · · · ⊆ GT ,

where either new nodes, new edges, or both are revealed over time. At each time t, the statistician

makes a decision using only the currently observed graph and the data available up to that point.

This is different from simply applying the procedures in this dissertation repeatedly: earlier decisions

cannot generally be changed once additional network information is observed, and those decisions

may themselves affect the outcomes used to make later decisions.

There are natural versions of this problem for each of the settings studied in the dissertation.

For the central limit theorem in Chapter 2, the sequential setting raises the question of whether

asymptotic normality continues to hold when the dependence structure evolves with the observed

network. Let Gt denote the network available at time t, and let A(t)
i denote affinity sets appropriate for
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the corresponding dependent observations. One could ask for conditions under which the covariance

bounds of Chapter 2 hold uniformly or asymptotically along this evolving sequence, yielding a central

limit theorem for estimators constructed from sequentially arriving observations. A further challenge

arises when A(t)
i is constructed from only the currently observed portion of the network: dependence

induced by edges that have not yet been observed must then be controlled through the outside-affinity

terms.

For interference detection in Chapter 3, focal-unit selection could similarly be carried out

sequentially. As new nodes and edges are observed, the focal set could be updated to preserve or

increase the amount of useful exposure variation. The optimization problem would then become

an online version of the focal-selection problem: at each stage, one selects focal units based on the

currently observed graph without knowing the future network. This raises a natural comparison

between the power obtained by such a sequential procedure and the power of the offline procedure

that observes the complete graph before selecting the focal set.

Chapter 4 is already adaptive in the sense that the exposure threshold is selected from the

observed outcomes and exposures. A sequential version would allow this threshold to change as

additional network information and outcomes become available. For example, one could maintain an

estimate ĥt of the MSE-optimal threshold based on Gt and the observations up to time t, updating the

estimated bias–variance trade-off as the distribution of exposures changes. This may be particularly

useful when the initially observed network provides a poor approximation to the eventual exposure

structure.

The design problem in Chapter 5 provides perhaps the most direct motivation for this extension.

The current framework assumes that the network, together with bounds on homophily, interference,

and heterogeneous variation, is available before the treatment assignment is constructed. In an

adaptive version, these quantities could instead be learned sequentially. At time t, one could use

the currently observed network Gt and estimates η̂t, γ̂t, κ̂t to determine the treatment assignment

distribution for newly arriving units. As more of the graph and more outcomes are observed, these

estimates could be updated and later assignments could place greater weight on the learned structure.

This leads naturally to an exploration–exploitation trade-off. Early in the experiment, when little

is known about the interference or homophily structure, additional randomization may be valuable for

robustness and for learning the relevant parameters. As information accumulates, future assignments

could increasingly exploit the observed graph structure. This gives a sequential interpretation of
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the robustness trade-off in Chapter 5: the amount of randomization need not be fixed before the

experiment, but could decrease or otherwise adapt as uncertainty about the underlying structure is

reduced. Indeed, Chapter 5 already suggests an online extension in which treatments are assigned

sequentially while η, γ, and κ are learned from previous experiments or observations.

There are several additional difficulties that do not arise in the static setting. In particular, a

unit may be assigned treatment before all of its eventual neighbors are known. Consequently, an

assignment that is optimal with respect to Gt may perform poorly after additional edges are revealed.

The mechanism through which nodes and edges are observed may itself also be informative; for

example, highly active units may reveal more edges earlier. Thus, it may be necessary to model both

uncertainty in the unobserved portion of the graph and uncertainty in the potential outcomes.

A useful theoretical objective in this setting would be to compare an adaptive procedure to an

oracle that observes the complete graph in advance. For the testing problem this comparison could

be made in terms of power, while for estimation and design it could be made in terms of MSE or

worst-case MSE. One could then ask whether the additional cost of observing the network sequentially

vanishes as more of the graph is revealed, or characterize the regret relative to the corresponding

offline optimum.

More broadly, this direction would combine the main ideas developed throughout the dissertation:

learning the structure of dependence, using that structure in an optimization problem, and retaining

additional robustness when the available structural information is incomplete.

6.6 Scaling through Network Structure

The optimization frameworks developed in Chapters 3 and 5 are deliberately general, in the sense

that they can be applied to broad classes of networks without requiring a particular graph structure.

For sufficiently large networks, solving the corresponding mixed-integer or semidefinite optimization

problems with generic solvers may no longer be practical. In these settings, an important direction is

to tailor the optimization procedure to the underlying network and problem structure.

For focal-unit selection in Chapter 3, the exact combinatorial optimization problem becomes

difficult as the number of nodes grows. However, the objective is itself induced by the network: the

relevant information depends on the exposure variation generated through focal–auxiliary relationships

and, under local interference, on relatively local portions of the graph. For sparse or highly structured

networks, this suggests exploiting graph decompositions, separators, community structure, or restricted
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candidate sets before applying the optimization procedure. For particular graph classes, such as

graphs with bounded degree or other restricted structural complexity, more specialized algorithms

may also be possible. The power characterization in Chapter 3 remains useful in this setting because

it provides a statistical objective against which these more scalable procedures can be evaluated.

This issue is even more pronounced for the design problem in Chapter 5. The SDP optimizes over

an n× n treatment-assignment covariance matrix, and therefore becomes computationally expensive

when n is large. The adapted Gram–Schmidt Walk provides one more scalable alternative, but there

remains substantial room for algorithms that exploit the particular structure of the graph-based

objective. For example, the interference and homophily terms are determined by the graph Laplacian

L and its pseudoinverse L†. Although L† may be dense even when the original graph is sparse,

these quantities have strong spectral structure. This suggests approaches based on low-rank spectral

approximations, approximate Laplacian solves, graph partitioning, or decomposition across weakly

connected portions of the network. One could also replace the full SDP with lower-dimensional or

factorized optimization problems that retain the graph directions most relevant to the objective.

More generally, different network classes may call for different computational approaches. On

graphs with clear community structure, one could first optimize at the level of communities and

then refine assignments within them. On sparse graphs, one may be able to exploit locality in the

interference structure. On graphs whose relevant Laplacian structure is approximately low-rank,

the optimization may be carried out in a much lower-dimensional spectral representation. Thus,

rather than seeking a single scalable algorithm for arbitrary graphs, it may be more useful to develop

algorithms whose computational complexity adapts to the structural complexity of the network.

This also suggests theoretical questions that are different from generic worst-case approximation

analysis. In addition to asking how the approximation error depends on n, one could characterize

it in terms of graph quantities such as degree, spectral structure, effective rank, clusterability, or

separator size. Such guarantees would make explicit when the general optimization formulations in

Chapters 3 and 5 can be substantially simplified without losing much statistical efficiency.

From this perspective, the general optimization problems developed in this dissertation can be

viewed as statistical targets rather than necessarily the final computational procedures. They identify

the quantities that should be optimized for power or mean squared error. For large-scale networks,

the next step is to use the specific structure of the application to approximate these targets efficiently.
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6.7 Conclusion

The problems considered in this dissertation arise from a simple difficulty: once units interact, the

statistical analysis can no longer be separated from the structure relating those units. Dependence

affects asymptotic inference, interference affects which comparisons identify treatment effects, and

the network affects the information generated by an experiment.

The main perspective developed here is to use this structure. Covariance structure can be used

to establish central limit theorems even when dependence is not strictly local. Network structure can

be used to select more informative focal units for detecting interference. Observed exposures can

be used to adaptively trade off bias and variance when estimating treatment effects. Finally, the

network can be incorporated before an experiment to choose treatment assignments that account

jointly for interference, homophily, and uncertainty about the potential outcomes.

At the same time, the structure available to the researcher is rarely complete. This motivates

the role of robustness throughout the dissertation: allowing weak dependence outside of affinity sets,

using models to improve power without requiring them for test validity, treating exposure models

as approximations, and retaining randomization when the observed network does not explain all

heterogeneous variation.

There remains substantial room to connect these ideas more closely. In particular, jointly opti-

mizing design and analysis, learning the relevant interference and robustness parameters from earlier

experiments, developing inference after adaptive procedures, and constructing scalable optimization

methods for large networks are natural next steps. More broadly, these problems suggest that

statistical methods for interacting populations should account simultaneously for what is known

about the dependence structure and for what remains unknown.
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