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Advances in Model-agnostic Approaches
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David Whitney

Chair of the Supervisory Committee:
PhD Marco Carone
Department of Biostatistics

This dissertation focuses broadly on contributing to understanding the impact of incorrect
modeling assumptions on analyses and arguing for the use of methods for statistical inference
that are valid under weaker conditions than required for traditional approaches. By statistical
inference, we mean providing both a point estimate for the population value of a parameter
as well as valid confidence intervals and hypothesis tests. In settings involving coarsened data
or nuisance parameters that are difficult to estimate, model-based approaches to regression
can provide misleading results when the model fails to hold. Through the examples of the
partially linear additive model and Cox proportional hazards model, we provide guidance for
evaluating the properties of model-based regressions and illustrate alternative model-agnostic
approaches that avoid undesirable behaviors. We introduce a novel expansion of a remainder
term to derive a framework to obtain doubly robust inference for a broad class of parameters.
This work extends recent nonparametric methods to achieve doubly robust inference — rather
than simply doubly robust estimation — for the average treatment effect specifically. While
estimation of quantiles is not much more difficult than for means, construction of confidence
intervals presents greater challenges. Hence, we study and evaluate several model-agnostic

procedures to obtain confidence regions and hypothesis tests for quantiles.
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Chapter 1

INTRODUCTION

In public health, statistical analyses are often based on parametric or semiparametric
regression models. As these models may fail to hold in practice, it is of interest to understand
the behavior of model-based regressions in the context of potential misspecification. In
many cases, model-agnostic alternatives that avoid the limitations of model-based regression
approaches exist. For these model-agnostic approaches, we wish to provide valid statistical
inference under the weakest conditions possible. To distinguish between model-based results
for estimators, we will make reference to model-agnostic characteristics. By model-agnostic
characteristics, we mean properties of a particular estimator (e.g., consistency, sampling
distribution) when the model possibly fails to hold.

In section 1 of this chapter, we briefly outline the contributions of this dissertation. In the
remaining sections we provide background for relevant statistical concepts and recur throug-
hout the remainder. In section 2, we define the notions of model and parameter. In section
3, we review pathwise differentiability for parameter mappings and discuss the relevance of
this property for obtaining inference. In section 4, we discuss three frameworks for deriving
asymptotically linear estimators of pathwise differentiable parameters: M-estimators (and

Z-estimators), one-step estimators, and targeted minimum loss-based estimators (TMLE).

1.1 Contributions

The remaining chapters focus broadly on understanding the impact of incorrect modeling as-
sumptions on analyses and drawing statistical inference that is valid under weaker conditions
than required for traditional approaches. By statistical inference, we mean providing both a

point estimate for the population value of a parameter as well as valid confidence intervals



and hypothesis tests. In settings involving coarsened data or nuisance parameters that are
difficult to estimate, model-based approaches to regression can provide misleading results
when the model fails to hold. In Chapter 2, we provide guidance for evaluating the pro-
perties of model-based regressions and propose alternative model-agnostic approaches that
avoid these undesirable behaviors. In Chapter 3, we introduce a novel expansion of the esti-
mation remainder to derive a framework to obtain doubly robust inference for a broad class
of parameters. This work extends recent nonparametric methods to achieve doubly robust
inference — rather than simply doubly robust estimation — for the average treatment effect
specifically. As an illustration of our general results, we provide doubly robust inference for
quantile treatment effects. While estimation of quantiles is not much more difficult than
for means, inference remains challenging. In Chapter 4, we propose and evaluate several

procedures to obtain confidence regions and hypothesis tests for quantiles.
1.2 Parameters as mappings on statistical models

It is not uncommon for statements such as, “We fit a regression model of Y on X” to appear
in descriptions of statistical analyses. Such statements can muddle the relationship between
model and parameter. In our work, we will adopt broader definitions of model and parameter.
The model represents the set of data-generating distributions that are compatible with the
scientific knowledge about the experiment, whereas the parameter provides a summary of
the data-generating mechanism and is typically of scientific interest.

We denote a typical observed data unit by Z € Z C R? and denote the (statistical)
model by M. By the model for Z, we mean a collection (set) of probability measures, P,
defined on a common sigma field A of Z. Hence, for each P € M, the triple (Z, A, P) is
a probability space. We consider parameters as mappings ¥ : M — K, where K is often
of finite dimension (e.g. vector-valued parameters in R¢) but may be infinite dimensional
(e.g. function-valued parameters). Unless otherwise stated, we suppose that the population
value g = VU(Fp) is the target of statistical inference. Regression functions are a particular

class of parameters. For Z = (Y, X) ~ P, the conditional expectation of Y given X = «x,



denoted by Qp(z) = Ep(Y | X = x), is an example of a regression function. Depending
on the model M, regression functions may be completely unspecified, or perhaps (partially)

known except for a finite-dimensional index.

1.2.1 FExample: generalized linear model

We illustrate how these terms apply in a popular example. For Z = (Y, X), with Y € R and
X € R, the generalized linear model (GLM) with link function g : R — R and conditional

variance varp(Y|X = ) = o%(z) consists of all probability measures P such that

9(Qp(x)) = ap+z' Bp,

for ap € R and Bp = (Bp1,...,0pa)" € RE Here, the regression function Qp(z) has a
form that is known up to the value of W(P) = (ap,fp1,...,0p4)" € R Essentially,
this means that estimating the function Qp is no more difficult than estimating the vector
U(P). In a GLM, the fp component of W(P) may be of further interest as a measure of
association between variables in X with the outcome Y. In particular, for g the identity
function, the GLM reduces to the linear model and Sp; is interpretable as the difference
in the conditional mean of ¥ at X = z and X = 2’ where z = (21,...,2j,...,24) and

$,:($1,...,1’j+1,...,$d)2

ﬂpd‘:Qp(xl,...,l‘j—f-l,...,l’d)—Qp(Il,...,ZL‘j,...,ZEd)

where x1,...,x4 are arbitrary. Model-based regression estimators have been ubiquitous
across disciplines because of the interpretability of their parameters as well as the ease with
which statistical inference may be performed. In Chapter 2, we consider the impact on
inference when Py ¢ M, but model-based estimators that assume P, € M, have been

implemented.

1.3 Asymptotic linearity, pathwise differentiability, and efficiency

Even in cases in which Fy, is known to be in a regular parametric model indexed by )y,

and the maximum likelihood estimator (MLE) 1), is used, the exact sampling distribution



of 1, is commonly intractable at finite sample sizes. When F, belongs to a more complex
model, this difficulty remains. Hence, inference for 1y is often based on approximations to

the asymptotic sampling distribution of ,,.

1.3.1 Asymptotic linearity and Wald-based inference

For independent observations 71, ..., Z, identically distributed according to F,, an estimator
1, of population parameter v is asymptotically linear with influence function ¢p, if it admits

the expansion
1 n
n = - Zz —1/2
w % n ;1 ¢P0( ) + Op(n )7

for a function ¢p, : Z — K in Ly(FP), the space of mean-zero, square-integrable functions
with respect to the probability measure Fy. This expansion is desirable as it tells us that v,
behaves like a sample average and that confidence intervals and hypothesis tests based on a
normal approximation to the sampling distribution of 1, are asymptotically valid.

We denote weak convergence of a sequence X, to a tight limit Xy by X,, ~ Xy. A central
limit theorem-based argument leads to the conclusion that if v, is asymptotically linear at

wo, then
02 (b, — o) ~ Gpyop,

where Gp,¢p, = [ ¢p,(2)dGp,(2) is a Brownian bridge process applied to the influence
function ¢p,. Considering convergence of n'/?(1, — 1)) to a stochastic process is useful when
g is function-valued, such as the survival function or quantile function. If the parameter

values are vectors in K = R?, then we find that

nY2 (b, — 1hg) ~» L

where L is a d-dimensional multivariate normal random vector with mean zero and covariance
matrix given by ¥ = Ep {¢p,(Z)pp,(Z)"}. In this case, we write L ~ Ng(0,3). Note that

in this case, we can also say that the sequence n'/?(1), — 1) converges in distribution to L.



The convergence in distribution for asymptotically linear estimators of ¢ € R? suggests
the use of Wald-based inference, which approximates the sampling distribution of ,, at
fixed n by Ng(tho, n™'%,) with 3, = L 3" 6p (Z2)dp,(Z)". Letting a € R?, the two-sided

(1 — ) x 100% Wald confidence interval for a4, has limits given by the familiar formula

where z1_q/ is defined as the 1 — a/2 quantile of a N(0, 1) random variable.

In a nonparametric (unrestricted) model, any two regular asymptotically linear estimators
¥, and ! for ¢ have the same influence function ¢p,. Hence 9, and ], have the same
asymptotic sampling distribution. For general semiparametric and parametric models, there
exists an infinity of influence functions. This entails potentially different covariances for v,
and 1/, and motivates comparison of asymptotic relative efficiencies for these estimators. To
characterize the collection of influence functions requires a notion of differentiability for the

parameter mapping ¥V : M — K over the model M.

1.8.2  Tangent space, pathwise differentiability and the efficient influence function

We consider the set of maps € — P, that are differentiable in quadratic mean (van der Vaart
1998, Chapter 25), that is, which take ¢ € R to an element of M such that there exists a

function s : Z — K for which

1/2 /2 q 2
. Pe(2 po(z
lg% |: ( ) - 0( ) . 55(2)])0(2)1/2

dp(z) =0,

where p. and py are densities with respect to some common dominating measure p. The
collection of all functions s arising in this way is called the tangent set at F, in the model
M. We call the closed linear span of the tangent set the tangent space at Fy in M, denoted
by Tm(Fo). The tangent space can be interpreted as all possible score functions at € = 0 for
parametric submodels {P, : ¢} C M for which P, = P, when € = 0. As our interest pertains

to neighborhoods of € = 0, we index submodels by their score at zero, writing P, ; for a fixed

S € TM(P())



The parameter mapping ¥ : M — K is pathwise differentiable in the direction s if

d
— VU (P,
de ( )

_ / s(2)ho(2)dPo(2) (1.1)

e=0
for s € Tm(BR) and some hy € Lo(F). The Riesz representation guarantees holds
provided the mapping of s to the derivative on the left-hand side is a bounded linear
functional. The function hg is called a gradient and is not unique, in general. Equality
holds for any h' = hg + s, where st is orthogonal to all s € Ty (F) in Ly(FPp) so that
[ s(2)s(2)dPy(z) = 0. The canonical gradient ¢}, is defined as the unique gradient which
belongs to Ty (D).

We also call ¢p, the efficient influence function for estimating W(F/%) in the model M.

This is justified as:

1. the function ¢7 defines the score at ¢ = 0 in a least favorable parametric submodel
of M through Fp, hence defining the semiparametric efficiency bound (van der Vaart

1998, Lemma 25.19);

2. an estimator 1, is asymptotically efficient for 1y at P, relative to M if and only if
U — tho = 230 0% (Z;) + 0,(n?) (van der Vaart|[1998, Lemma 25.23).

In the remainder of this chapter, we discuss several common frameworks for constructing
asymptotically linear estimators. A fundamental result of Klaassen| (1987) tells us that, for
a given gradient hg of ¥ at F, in M, a consistent estimator of h( exists if and only if there
exists an asymptotically linear estimator of ¢y with influence function hy. Thus, we do not
find it surprising that the frameworks we consider typically involve estimation of the gradient

hg in the construction of an estimator ¢, of 1.

1.4 Estimating equations, one-step estimators, and TMLE

We make use of the following strategies for constructing estimators in later chapters.



1.4.1 FEstimating equations-based M- and Z-estimators

An estimating function ¢y, for 1y € R? is a function z + ¢y,(2) € R? such that
i q~5¢777p0 (2)dPy(z) = 0 has unique solution )y, where 1y = n(F) for some nuisance para-
meter 7 that is typically unknown. A Z-estimator v, of ¢y is defined as a solution in

to
LS G (Z) =0
ni:l o v

where 7, is an estimator of 1y. For arbitrary probability measure P and function f € Ly(P),
we will write Pf = [ f(z)dP(z). By P, we denote the probability measure placing mass n=*
on each observation and mass zero otherwise, so that P,f = %Z?:l f(Z;). Following the
notation of jvan der Vaart| (1998) Theorem 5.31, we define Vj, ,, to be the matrix of partial
derivatives of ) — Pygy,.n, evaluated at (¥g,7mp,). Under regularity conditions, it can be

shown that

Un = Yo = _VTZ)_O,lnPO (]P)n&dlomo + POéwomn) + Op(n_1/2 + HPOéwomnH) (1'2)

From this expansion, we find that 1, is an asymptotically linear estimator of ¥y with influence

function @wom provided the drift term Pogz;%mn is 0,(n=12).

1.4.2  One-step estimators

An alternate characterization of pathwise differentiability to that in ([1.1)) is described, for
example, by |Pfanzagl (1982)). We say that ¥ : M — K is pathwise differentiable with strong

gradient hp: if we have
U(P") = W(Ry) = —Fhp + R(P', ) (1.3)

where hpr € Lyo(P') and R(Py, P') = o(p(Py, P')) for a metric p defining distances between
elements of M. This formulation implies that the representation in (|1.1)) holds uniformly
over all possible scores at € = 0 for submodels through P,. We find ((1.3) useful as the basis

for proofs that an estimator v, is asymptotically linear.



If P, is an estimator of P, then we will call ¢, = W(P,) a plug-in or substitution
estimator for ¢y = W(F,). For pathwise differentiable U with strong gradient ¢p, relative to

M, we have the following expansion for the substitution estimator v, of 1:

n = o = Pnop, = Pudp, + (Pn — o) (dp, — ¢p,) + R(Fn, P) - (1.4)
~—— == ~ N ~ 2
linear bias empirical process remainder

For 1), to be asymptotically linear at 1)y with influence function ¢p,, we must verify that the
sum of the bias, empirical process, and remainder terms in is 0,(n~Y/2). Under regularity
conditions, if P, converges in an appropriate sense to Py at a fast enough rate, then it can
be argued that the remainder term R(P,, ) is 0,(n~/2). For the empirical process term
(P, — Py)(¢p, — ¢p,) to be 0,(n~Y/?) it suffices that ¢p, belongs to a Py-Donsker class of
functions with probability tending to one as n increases and that Py(¢p, — ¢p,)? = 0,(1)
(van der Vaart and Wellner||[1996)).

If the bias term P,¢p, is 0,(n~1/2), we say that 1, has the small-bias property. However,
P,¢p, is not typically op(nfl/ 2). One approach to account for this is to define an estimator
P! =1, +P,¢p,. Estimators constructed in this manner are called one-step or generalized
Newton-Raphson estimators for 1)y and have been discussed, for example, by |Pfanzagl| (1982).
Provided the remainder and empirical process terms are o,(n/2), ¢} is asymptotically linear
at 1y with influence function ¢p,.

We note, however, that ¢! is not itself a substitution estimator. For fixed n, this means
that ¢! may take values outside of the parameter space defined by the mapping ¥. In
Chapter 3, we will discuss an additional limitation of the one-step estimation framework
in the context of robustifying asymptotic linearity to inconsistent estimation of nuisance

parameters in certain missing data problems.

1.4.8 The TMLE framework

For a pathwise differentiable parameter ¥ : M — K, the targeted maximum likelihood

estimation and more general targeted minimum loss-based estimation (both referred to as



TMLE) frameworks proposed by van der Laan and Rubin| (2006) result in efficient substitu-
tion estimators of 1y that possess the small-bias property. The TMLE algorithm maps an
initial estimator P, of I to a targeted estimator P?. The resulting substitution estimator
Y, = V(Py;) is also called the TMLE. By construction of Py, the bias term P,,¢}. arising in
is op(n_l/ 2). Given appropriate regularity conditions hold, the remainder and empirical
process term are both o,(n~'/2), as well. We then conclude that 1, is an asymptotically
linear estimator of 1y with influence function given by the efficient influence function ¢p, .
Suppose that pl is an initial density estimator for the density py of Py with respect to

common dominating measure . The TMLE algorithm for estimating v is as follows:

1. Set k=1.

2. Define a parametric submodel pﬁ,e such that p’g’o = p¥ and % log pﬁ76‘6:0 = (b*P#
3. Set €, = argmax. + > logpl (Z;).

4. Define pit' = pj . and set k =k + 1.

5. If %Z?:l ¢*P,';(Zi) ~ 0, set pt = pk and ¢} = U(P*), where P is the probability

measure corresponding to the density p.

6. Otherwise, continue to step 2 and repeat until convergence.

In most semiparametric models, estimating the entire density function is undesirable. This
leads us to consider loss functions other than the negative log-likelihood in the TMLE pro-
cedure.

We suppose that W(P) depends on P only through a summary feature P — np defined
on the model M. In this case, we write W(P) = W(np) and call np a nuisance parameter for
the estimation of W(P). This suggests construction of a substitution estimator for ¢y based

on an initial nuisance estimator 7,, so that ¥, = ¥(n,). We suppose also that ¢} depends



10

on Py through np and some additional nuisance parameter 7p of P € M, so that we may
write ¢y . for given 1 and 7.
In this case, for ¢ € R we define 7. to be a fluctuation of n such that 7y = n and

2+ L, ~(z) aloss function such that
argmin Pyl,, -, = 1o
"

If n} is an initial estimator for the nuisance parameter value 7y and 7, is an estimator of 7,

then the TMLE algorithm for estimating v is as follows:

1. Set k = 1.

2. Define a fluctuation n* _ such that n* , = n* and 4/¢,, = ¢
’ ’ 0

de Mn,eTn — nk "
3. Set €, = argming = > |/ (Z;).

i=1 777,?1,,5771-71

4. Define nf™ =nk and set k =k + 1.

5. If % Yoy gbjﬂiﬂrn(ZD ~ 0, set 0t =k and ¢ = U(n?).

6. Otherwise, continue to step 2 and repeat until convergence.
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Chapter 2

MODELS AS DELIBERATE APPROXIMATIONS

A version of this chapter is being published as Whitney et al.| (in press). The concerns

raised herein motivate the challenges addressed in later chapters.

In public health, statistical analyses are often based on parametric or semiparametric
regression models. However, in many applications, assumptions such as linearity or propor-
tional hazards are not expected to hold. This inherent model misspecification motivates us to
consider the agnostic characteristics of popular model-based estimators. By agnostic charac-
teristics, we mean properties of the estimator (e.g. consistency, sampling distribution) when
the model possibly fails to hold. For maximum likelihood estimators (MLEs) in parametric
models, the story is clear. The work of [Huber| (1967) shows that, under misspecification,
MLEs converge in probability to a projection in terms of Kullback-Leibler divergence and
that they are asymptotically linear under certain regularity conditions. As more complex
statistical methods enter widespread use, it is important to understand the model-agnostic

properties of these methods so that scientific conclusions may be drawn appropriately.

Recent work by [Buja et al.| (2019a) and |Buja et al.| (2019b)) draws further attention to the
problem of model misspecification in regression and to the study of its ramifications. In their
work, the authors advocate for viewing model-based regression coefficients as non-parametric
functionals of the data-generating mechanism. This viewpoint has the advantage of clarifying
the definition of the estimand and formalizing how to perform model-robust inference based
upon influence functions. While this previous work covered settings of parametric models
in complete-data, the authors did not treat more general semi-parametric models. Here, we
continue the conversation along these lines. We wish to highlight additional considerations

that arise in the context of model misspecification in a broader range of scenarios.
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The structure of the chapter is as follows. In Section [2.1] we argue that the model-robust
interpretation of model-based estimands may not always be appealing, particularly when
there is significant model misspecification or the sampling scheme includes some form of
coarsening. In Section [2.2] we show that when the model fitting procedure involves data-
adaptive estimation of nuisances, model-robust valid inference may be much more difficult
to perform. We note in Section that these difficulties can be preempted by defining
deliberate projection parameters and using suitable non- or semi-parametric techniques for
inference. Section closes the chapter with a discussion of outstanding challenges in defi-

ning and estimating these (and other) parameters using non- or semi-parametric techniques.
2.1 Model-robust interpretation

Framing regression coefficients as indices for the ‘projection’ of the true regression function
onto the specified model is intuitively appealing. In our experience, most practitioners are
aware that this is implicitly what they are doing when fitting regression models. However,
it must be stressed that not all projections are useful projections. Below, we highlight that
model-based regression coefficients may have a poor interpretation when (a) the model used

is overly parsimonious, or (b) when the data are subject to some form of coarsening.

2.1.1 Targeted versus indiscriminate parsimony

A key reason for the popularity of regression models is their ability to summarize parsimoni-
ously key relationships. However, parsimony can have several impacts on the interpretation
of regression coefficients. For example, it can mask effect modification — this occurs if the
portion of the model pertaining to the exposure of interest is parsimonious. This may be
desirable if the goal is to succinctly summarize population-averaged relationships. This tar-
geted form of parsimony is what renders regression models attractive. However, parsimony
could also result in poor confounding control — this occurs when the portion of the model
that involves potential confounders is too inflexible to allow sufficient deconfounding. This

is an example of indiscriminate parsimony, which is both unnecessary — it can often be mi-
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tigated by the use of regression models with parsimonious exposure involvement but flexible

confounding adjustment — and possibly harmful.

2.1.2  Example: ordinary least squares can result in indiscriminate parsimony

As an illustration, we expand upon a simple example stemming from the discussion found
in Section 10 of Buja et al. (2019a)). There, the authors note that when the underlying
associations exhibit symmetry, there may be little to no linear trend. To be concrete, sup-
pose that the data unit consists of the triple (W, X,Y), including a continuous outcome Y,
exposure of interest X, and confounder W, generated from data-generating distribution P.
Ordinary least-squares (OLS) regression may often be used in this context, with exposure
and confounder both included as main terms, and reported upon with the appropriate caveat
that the model coefficients represent indices of the least-squares projection. We show with a
numerical example that the resulting estimand may not be particularly useful. Specifically,

we consider P to be specified by W ~ U(-2, 2),
X|W ~NObxW* 1) and Y[(X, W) ~N(X +byW? 1) .

Coefficients by and by control the strength of the exposure-confounder and (nonlinear)
outcome-confounder relationships, respectively. In this example, the deconfounded linear
relationship between Y and X is unambiguous: the regression slope equals one. However,
the OLS estimand has explicit form

1/ 7680byby
Oovs(bx,by) =1+ = | so—s | 5
os(bx,by) =1+ - (225+4096b§<>’

a range of numerical values are displayed in Figure for various bx and by values. Depen-
ding on the strength of the underlying associations, the resulting estimand can be stronger
or weaker, and of possibly the opposite sign as the true slope. This emphasizes that not all
projections are useful — in fact, when the postulated regression model is strongly misspeci-
fied, there is a risk of inadequate deconfounding, and the regression functional may not be

reflective of the underlying association of interest.
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Figure 2.1: Exposure-specific OLS regression functional value when the true regression model
follows a partially linear additive model. The line ors = 1 (black) denotes the exposure-
specific regression coefficient for the true data-generating mechanism. The other lines re-
present the value of the OLS regression functional for different strengths of the exposure-

confounder relationship.

In the particular example considered, inclusion of polynomial confounder terms of suffi-
cient degree in the linear model would have resolved the issue. However, this would likely
not have been known a priori. The issue may have been discovered in a post-fit diagnostic
analysis, but model revisions based on diagnostics are known to render calibrated inference
difficult to perform. As an alternative, it would have been possible to consider a model with
more flexible confounding control. In other words, a model without unnecessary (and possi-
bly harmful) parsimony could have been used instead. For instance, as a flexible alternative
to the linear model-based regression functionals, the partially linear additive model (PLAM)

specifying that Ep(Y | X = 2, W = w) = 6z + g(w) for some scalar § and univariate
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real-valued function g could be considered. The estimand would then be the index 6, of the
least-squares projection of the true regression function onto the PLAM.

This simple example underscores that more flexible semi-parametric models can lead to
estimands with a more useful interpretation than provided by restrictive parametric models,
without sacrificing parsimony relative to the association of interest. Nevertheless, this im-
proved model-robust interpretation can come at a cost, as more involved procedures may be
required to achieve valid inference. Indeed, performing calibrated model-robust inference re-
quires additional considerations when data-adaptive techniques are used in the construction

of the regression coefficient estimator. We discuss these challenges in Section 3.

2.1.3 The impact of coarsening in the data collection mechanism

In many applications, the observed data consist of a coarsening of the full data, for instance,
due to missingness or censoring. Regression models are typically imposed on the full data
distribution, since it is a feature of this distribution that is generally of scientific interest.
Although in this context estimands resulting from misspecified models can still be interpreted
as projections, the latter generally involve the coarsening mechanism.

As an illustration, it is instructive to consider the use of maximum likelihood (ML)
with coarsened data. When the full data are available, the ML approach is known to yield
consistent estimators of the index of the model element closest to the true data-generating
distribution in a Kullback-Leibler sense. When instead the data are subject to coarsening,
we must distinguish between the space of distributions for the observed versus full data.
The ML approach in this case will identify the member of the model for the observed data
(as induced by the model for the full data and the coarsening mechanism) closest to the
true distribution of the observed data (as induced by the true distribution for the full data
and the coarsening mechanism). As such, in these settings, model-based estimators often
correspond to regression functionals that depend not only on the full data distribution but
also the coarsening mechanism.

This phenomenon generalizes the notion of miss/well-specification introduced by the aut-
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hors to include the distribution of coarsening variables in addition to that of regressors. Ho-
wever, the coarsening mechanism is usually a study-specific nuisance rather than an inherent
feature of the population of interest. As such, dependence of the regression functional on
the coarsening mechanism is particularly troublesome. Indeed, two investigators studying
the same population and fitting the same regression models may be estimating very different

quantities simply because of differences in the coarsening affecting their study samples.

2.1.4 FExample: relationship between the proportional hazards regression estimator and con-

ditional censoring distribution

As a concrete illustration of this phenomenon, it is informative to consider the case of
proportional hazards (PH) regression under right-censoring. In the simplest of scenarios,
where the full data consist of observations on the time-to-event variable 7" and a single
binary covariate X, the PH model stipulates that the conditional hazard function h, of the

distribution of T" given X = x satisfies
hy(t) = ho(t) exp(fz) for all t > 0 ,

where hg is an unspecified baseline hazard and 6 is the scalar regression coefficient of interest.
Instead of complete observations, it is common to observe possibly right-censored event times.
When the censoring variable is conditionally independent of T" given X, and the PH model
indeed holds, the maximizer of the partial likelihood is known to be a consistent estimator
of the true regression coefficient.

When instead the PH model is misspecified, one may hope that the resulting regression
functional perhaps represents an average of the time-varying hazard ratio (on a logarithmic
scale). It has been shown that this is indeed approximately true, though the limit in pro-
bability 6, of the maximum partial likelihood estimator (MPLE) depends not only on the
conditional time-to-event and marginal covariate distributions but also on the conditional
censoring distribution (Struthers and Kalbfleisch|[1986) in a complicated manner. The fact

that the censoring distribution defines the estimand is particularly alarming. In commenting
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on this finding, (O’Quigley| (2008) states that the partial likelihood-based regression functional
is not itself particularly useful nor interpretable — we agree with this viewpoint.

To emphasize this point numerically, we may consider the hazard functions hy(t) := at*!
for arbitrary o > 1 and hy(t) := 1. In such case, the PH model holds if and only if & = 1. The
further « is from this value, the more time-varying the hazard ratio hi(t)/ho(t) becomes,
thereby increasingly violating the PH model assumption. In Figure 2.2 we display the
value 6, of the partial likelihood regression functional as a function of a for various censoring
distributions. For simplicity, we have considered exponential distributions for the conditional
censoring distribution, with exposure-specific rate parameters 7o,y € {0.2,1.1,2.0}. As is
readily apparent, the dependence of 6, on the censoring distribution increases with a.

Noting this dependence, under differing independence assumptions, | Xu and O’Quigley
(2000)), Schemper et al. (2009) and Hattori and Henmi| (2012) have studied weighted partial
likelihood-based estimators whose corresponding estimands do not depend on the censoring
distribution. Nevertheless, their estimands represent interpretable weighted averages of log-
hazard ratios only in an approximate sense. In Section 4, we propose a novel estimator

exactly targeting a weighted average log-hazard ratio.
2.2 Valid inference in the presence of irregular nuisances

In Buja et al.| (2019b)), the authors define the regression functional broadly as the solution
of (a set of) population-level model-derived estimating equation(s), possibly arising from
the minimization of a risk function. For the examples explicitly considered, the estimating
function is entirely parametric, being indexed by a vector including the parameter of interest
and possibly nuisance parameters. In such cases, under regularity conditions, the resulting
estimator can be shown to be asymptotically linear using a standard Taylor expansion; thus,
asymptotic normality at the parametric rate holds, even when the model is misspecified. In
contrast, in the context of certain semi-parametric models, some of the indexing nuisances
may be infinite-dimensional and irregular, in the sense that they are not estimable at the

parametric rate without strong (e.g., parametric) assumptions. The asymptotic linearity of
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Figure 2.2: The model-robust interpretation of the partial likelihood regression functional
depends on the censoring distribution. For a binary covariate, the population hazard ratio
at time ¢ is assumed to be at® !, with larger « values corresponding to greater departures
from the PH model. The exposure group-specific censoring distributions are exponential

with rates v and ~;.

model-based estimators may in such cases rely on correct specification of the model. This
happens because the nuisance estimator may not contribute in first order to the behavior of
the regression functional estimator when the model is correctly specified, but indeed does so
when the model is misspecified. In the latter case, the regression functional estimator may
inherit the slow convergence rate of the nuisance estimator, and fail to be asymptotically

normal at the parametric rate, thereby rendering inference difficult.
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2.2.1 Large sample behavior in the estimating equations framework

For concreteness, suppose that an estimating function v is available for the parametric index
0 of a semi-parametric regression model. Suppose further that this estimating function is
indexed by an infinite-dimensional nuisance 7. To simplify notation, we consider € to be
scalar. Suppose that n, is a consistent estimator of the true nuisance value 7, defined
unambiguously when the semi-parametric model holds, and that 7, tends to some 7,(P)
in general, where P denotes the data-generating distribution. If P is in the model, then
N«(P) = no. In this case, the model-robust regression functional is the solution 6,(P) of the
population equation Ep{1(0,n.(P);Z)} = 0. In practice, any solution 6, of the empirical

equation

1 n

- Z Y(0,n0n; Zi) =0

n -

=1

may be taken as estimator of 0,(P). In what follows, we will simply write 6, and 7., dropping
the explicit dependence on P for convenience. As before, under regularity conditions, a Taylor
expansion results in the first-order approximation

0

0,0, ~—|=
00

Ep{y(0,n.; Z)}

_1 n
|23 vtonaz) + 2|
0=0, n i=1

where @ is the functional n — [ (0., n; 2)dP(z). If ®(n,) is asymptotically negligible in the
sense that ®(n,) = op(n~/2), then 6, is an asymptotically linear estimator with influence
function proportional to the estimating function. Otherwise, n'/2(6,—6,) may fail to converge
in law to a non-degenerate limit.

If ® is sufficiently smooth, we may use the first-order approximation

q)<77n) = (I)(nn> - qD(ﬁ*) ~ (I’(U*ﬂ?n - 77*) )

where the expression on the right-hand side denotes the Gateaux derivative of ® at 1,
in the direction of 1, — n,. If h — ®(n,;h) is identically zero for h ranging in a set in
which 7, — 1, concentrates, then ®(1,) can be expected to be op(n~'/?) provided 5, — 1.

vanishes quickly enough, as may be needed to guarantee the asymptotic linearity of 6,. In
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such case, the estimating function is said to be orthogonalized with respect to the nuisance
1. In contrast, if the estimating function is not orthogonalized, then @(n*;nn — 1, will
generally contribute in first-order to the behavior of 8,, — .. Since nonparametric estimators
of nuisance parameters often have a rate of convergence that is slower than the parametric
rate, convergence of n'/2(f, — 6,) to a nondegenerate limit distribution cannot be expected,
at least with standard tuning of the involved data-adaptive nuisance estimators.

The above discussion relates to key ideas in efficiency theory. In that literature, influ-
ence functions often serve as estimating functions, in part because they are typically pre-
orthogonalized relative to the nuisances involved — see, e.g., Lemma 1.3 of van der Laan
and Robins| (2003) for results in the finite-dimensional case. However, this orthogonalization
generally only holds in the model under which the influence function is derived. As such, it
may well be that ®(n,) is a higher-order term when the semi-parametric regression model

holds but is a first-order term otherwise.

2.2.2  Example: agnostic and model-specific behavior of estimators based on the PLAM

We highlight the above phenomenon in the context of an example. Suppose that we wish
to evaluate the association between outcome Y and binary exposure X adjusting for W,
and we denote the data unit by Z := (W, X,Y). We focus on the coefficient 6, in the
PLAM Ep(Y | X = 2,W = w) = 6yz + go(w) mentioned in Section 2.1.1] Defining
mo(w) := Ep(X | W = w), we consider model-based estimation approaches built upon two

candidate estimating functions

(0,75 2) := {x = m(w)}y — Ox) and (0, g, 7; 2) := {x — (W) H{y — 0z — g(w)}.

It can be shown that 1 is proportional to the efficient influence function for 6, in the PLAM
under homoscedasticity, but that 1y is not even an influence function (Yu and van der
Laan|2003). These estimating functions require estimation of my and gg. The nuisance mg is
defined irrespective of whether the PLAM holds and can be estimated using a non-parametric

estimator m,. This allows us to define the model-based estimator 6, based on 1y and ,,
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namely

b o S YA =m0V}
i XX - m (W)}
with corresponding model-robust estimand 0, := Ep[Y{X — mo(W)}]/Ep[X{X — m(W)}].
The nuisance gq is only well-defined under the PLAM. Two different estimators of gy con-
sistent under the PLAM, say ¢, , and g,,, may each converge to distinct limits g; . and go .
outside the PLAM. Noting that g .(w) := Ep(Y | X =0, W = w) = go(w) under the PLAM,
any non-parametric estimator g; ,(w) of g1 .(w) could be used as estimator of go(w). Alterna-
tively, we may consider the more elaborate back-fitting approach of Buja et al.| (1989)), setting
g2.n»(w) to be a non-parametric estimator of the regression of Y —6y ,, X onto W evaluated at w.
We note that g2, (w) is then a consistent estimator of gs .(w) := Ep(Y | W = w) — 0.1 (w),
which also coincides with go(w) under the PLAM. The resulting model-based estimators of
6y based on ¢ and (7, g;,) are then
2 iz {Yi = gin(Wi) H{X — ma (W)}

> i X Xi — ma(Wi) }

for j =1,2. Both 6,, and 6, also tend to 6, outside the PLAM.

Hjm =

The respective (first-order) nuisance contributions of (7, g;,) when using v, and 1 are
Oy(my,) =~ — /{Wn(w) —7mo(w)}Ep(Y — 0, X | W =w)dP(w) and
O(mn, gjn) ~ /{Wn(w) = mo(w)Hgj«(w) = Ep(Y = 0.X | W = w)}dP(w) .

We provide the details of these approximation in Appendix [2.C] It is clear that, irrespective
of whether the PLAM holds, ®¢(7,) makes a first-order contribution to the behavior of
6o.» —0.. This fact is not surprising since vy is not orthogonalized relative to 7. If the PLAM
holds, then Ep(Y — 0,.X | W = w) = Ep(Y — 00X | W = w) = go(w) and the first-order
approximation of ®(m,, g,) is zero with g, taken to be either g, ,, or ga,,. If instead the PLAM
does not hold, the situation is more complex. In general, g; ,(w)—Ep(Y —0,.X | W = w) # 0,
whereas go .(w) — Ep(Y — 0,X | W = w) = 0 for each w. Thus, when the PLAM does not

hold, the nuisance estimator will make a first-order contribution to the behavior of 0, ,, — 0,
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Figure 2.3: Empirical bias and standard error of model-based estimators 6, ,,, 61, and 05,
scaled by n'/? for sample sizes n € {500, 1000, 2000, 3000, 5000} computed using 5000 simu-

lated datasets for each sample size under correct and incorrect model specifications.

but not to that of 05, —0,. In other words, valid model-robust inference can be easily carried

out using 65, but not 0, ,,.

2.2.8  Simulation study

We illustrate this phenomenon in a simulation study. We set W ~ U(-2,2), X|W ~
Bernoulli(mg(W)) with mo(w) = expit (0.5+2w—w?), and Y |(W, X) ~ N(u(X, W), 1), where
p(z,w) = 0.2z +w? or pu(xr,w) = (2z—1)w to simulate a valid versus misspecified PLAM, re-
spectively. We generated 5000 datasets for each sample size n € {500, 1000, 2000, 3000, 5000}
and computed estimators 6y, 61, and 65, with Nadaraya-Watson kernel estimator (with
cross-validated bandwidth selection) used for nuisance estimation whenever non-parametric
regression was required. Results are depicted in Figure [2.3]

This simulation study confirms the expected behavior of the estimators considered. The
bias of 6y, does not tend to zero sufficiently fast to allow convergence of nt/ 2(0o., — 04) to a

nondegenerate distribution regardless of whether the PLAM holds — this occurs because v is
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not orthogonalized, and so, the behavior of the kernel regression estimator dominates. When
the PLAM holds, the bias of both 6, ,, and 6, tends to zero faster than n~Y2. However, only
the bias of 05, remains small when the PLAM is misspecified. These results demonstrate
the importance of estimating function orthogonality when evaluating the model-agnostic
sampling behavior of regression model-based estimators. Additionally, they highlight that
if a model-based procedure is not suitably orthogonalized, it does not suffice to devise an
improved variance estimator — bias that does not vanish quickly enough results in the lack

of a nondegenerate distribution at the parametric rate.

2.3 Deliberate model-agnostic parameter extensions

In Buja et al.| (2019b), the authors focus on regression functionals that arise as the limit of
model-based procedures, and propose strategies for model-robust inference. As an alterna-
tive, it may be fruitful to first define a model-agnostic parameter extension (or projection)
based on the considered regression model, and then develop robust inferential procedures
for this estimand. By deliberately defining the projection of interest rather than letting it
be dictated by some model-based estimator, issues pertaining to parameter interpretation,
as highlighted in Section [2.1], can largely be circumvented. Furthermore, by using non- or
semi-parametric tools, valid inference can be performed for this projection parameter while
avoiding the potentially poor behavior of model-based procedures in the presence of irregular

nuisances and model misspecification, as discussed in Section [2.2]

To illustrate what we mean by model-agnostic parameter extension, we return to the
proportional hazards model — we refer interested readers to|Chambaz et al.| (2012), Graham

and Pinto (2018) and references therein for a treatment of projections onto the PLAM.



24

2.3.1 Example: an agnostic parameter extension for PH regression

Under proportional hazards, the regression coefficient 6y is the (constant) hazard ratio value.

A natural summary of a time-varying hazard ratio is

0,, = /log {Z;g; } v(dt)

where h, is the true hazard function corresponding to X = x, and v represents a weight

function, possibly dependent on components of the data-generating distribution. If the PH
model holds, 0,, coincides with the usual PH regression coefficient 6,. If the PH model
does not hold, #,, remains a transparent and interpretable estimand. While the usual Cox
estimand is often claimed to represent a quantity such as 6,, when the PH model fails to hold,
we see from Figure that the weight function depends to a large extent on the interplay
between the censoring distribution and degree of model misspecification.

Consider n independent triples Z; := (Y;, A;, X;), where Y; is the follow-up time, A;
the event indicator, and X; the exposure group indicator for study participant 7. Suppose
that the right-censoring mechanism is uninformative within exposure groups. In that case,
under identification conditions, #,, represents a pathwise differentiable parameter of the
data-generating distribution. A regular and asymptotically linear estimator of 6,, can thus
be constructed. For example, for the important case in which v is the marginal time-to-event

distribution, we may consider the one-step bias-corrected estimator
1 n
Oosn = | On(t)F,(dt) + — w(Zi)
osn = [ OFa0) + 3 ()

where 6,,(t) := loghy,(t) — log ho,(t) with h,, a non-parametric estimator of h,, F,, :=
(1—m,) Fon+m,F , is a non-parametric estimator of the marginal time-to-event distribution
function, F}, is the Kaplan-Meier estimator of the distribution function corresponding to
X = z, and 7, is the proportion of study participants with X = 1. Here, ¢, is a plug-in

estimator of the (non-parametric) efficient influence function of 6., when the weight function
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is considered fixed:

On(2) = (: ) Yim(y, 6) — (11__: ) Yoy, 6)

5e£p{—$9n(y>}Qn(y) B | 1 u
Rx,n(y) /ugy Rq n(u) Fn(d )

Qn(y) = (1= m){1 = Fou(y)} + m{l — Fiu(y)} exp{0.(y)}

1 n
Renly) = — > 1Y 2 y)
=1

Vx,n(ya 5) =

It can be shown (see Appendix [2.D) that n'/?(6pg, — 0..) tends to a mean-zero Gaussian

variable under regularity conditions and rate conditions on A, ,,.

2.3.2  Simulation study

A simulation study was conducted to evaluate the finite-sample behavior of this estimator.
We generated exposure X ~ Bernoulli(2/3) and time-to-event 7| X ~ Weibull(1, 1 + aX/2),
with a € {0,1} yielding correct and incorrect PH specifications. Censoring time C' ~
exponential(0.2) was generated independently of (7, X). For each scenario, we generated
5000 datasets of size n € {500,1000,2000,3000,5000}, and evaluated the empirical bias
(relative to the projection estimand) and standard error of fps,, and of the maximum par-
tial likelihood estimator Oypri,. Hazard functions were estimated with kernel regression.
Results are displayed in Figure [2.4] Under correct PH specification, both estimators have
negligible bias; interestingly, they also have similar standard errors. When the PH assump-

tion fails, only fpg, tends to the projection parameter. It also has bias tending to zero

1/2 1

faster than n~"/¢ and variance stabilizing at rate n~". In contrast to the Cox estimand,
the projection parameter is an interpretable summary of the hazard ratio invariant to the

censoring distribution.

2.4 Discussion

The simple example above highlights that it is possible to define deliberate model-agnostic

extensions of regression coefficients, and to construct (non-parametric efficient) estimators
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that minimize the need for unrealistic assumptions about the data-generating mechanism.
We emphasize that if knowledge on the data-generating distribution is available (e.g., known
moment conditions or conditional independences), it should be incorporated into the infe-
rential process. In such case, the efficient influence function used to construct the estimator
of the regression functional should be relative to this greater state of knowledge. While we
used the simple one-step construction in our illustration, more recent strategies with pos-
sibly improved performance also exist — see, e.g., van der Laan and Rose (2011). These
strategies naturally allow the use of flexible, data-adaptive tools (e.g., machine learning) for
nuisance estimation yet allow valid inference for the deliberate target of scientific interest.
A potential challenge is the reliance of these strategies on analytic objects whose derivation
requires specialized skills, though there have been recent efforts to overcome this difficulty
using computational tools (Carone et al|in press). In addition to better understanding the
ramifications of regression model misspecification, and devising model-robust inferential pro-
cedures for available estimators, as Buja and co-authors have done, we hope to see further
efforts to develop and vet estimators of natural model-agnostic parameter extensions based

upon common regression models.
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Figure 2.4: Empirical bias and standard error of estimators f\ipri,, and 0os,, scaled by nt/?

for sample sizes n € {500, 1000, 2000, 3000, 5000} computed using 5000 simulated datasets

for each sample size under correct and incorrect model specifications.
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APPENDIX
2.A Computing the OLS slopes for Figure (2.1

In Figure , the data unit is (W, X,Y), with data-generating distribution P. Specifically,
we consider P to be specified by W ~ U(—2, 2),

X|W ~ N(bxW* 1) and Y[(X, W) ~N(X + by W2 1) .

Coefficients by and by control the strength of the exposure-confounder and (nonlinear)
outcome-confounder relationships, respectively. Let (Wi, Xq,Y7),..., (W,, X,,,Y,) denote

an iid sample of size n from P. We define the design matrix

1 X5 W

1 X, W,

We assume that Z' Z is non-singular, so that the OLS estimator for the regression of ¥ on X
and Wis (Z7Z)"1Z7Y. We then define Oorsn to be the coefficient for X. We are interested
in the value of the limit (in probability) of fors,, corresponding to the OLS regression
functional. The following theorem establishes the OLS regression functional as a function of

bx and by, as displayed in the figure.

Theorem 2.1. The OLS estimator Oors,, converges in probability to

1 [ 7680bxby
Oors(bx,by) =1+ = [ ——— XY )
ors(bx; by) =147 (225 +4096b§(>

Proof. Without loss of generality, assume that the data have been centered. We have

0

ToA\-17Ty _ | cova(X,Y)covn (W,W)—covy (W,X)cov, (W,Y)
(Z Z) z'Y covp (X, X )covp (W, W)—covy (X, )2 !
covp (WY )covy (X, X)—covy (W, X)covy, (X,Y)
covp (X, X )covp (W, W) —covy (X, )2
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where cov,(a,b) := 13"  a;b; is the sample covariance for (centered) vectors a,b € R™.

From this, we see that the estimated coefficient for X is

covy, (X, Y)cov, (W, W) — cov,, (W, X )cov,(W,Y)
covp (X, X)cov, (W, W) — cov, (X, W)?

Oorsn =

By the law of large numbers and the continuous mapping theorem, Oors, — ors,« with

covp(X,Y)covp(W, W) — covp(W, X)covp(W.Y)

Oors s =
OLS, covp(X, X)covp(W, W) — covp(X, W)?

Since the density of W is symmetric, we have covp(W, X) = 0 for all bx and by. This yields

the simplification Oors » = covp(X,Y)/covp(X, X). Standard moment calculations lead to

covp(X,Y) = 1+ b5{Ep(W®) — Ep(W*)?} + bxby {Ep(W®) — Ep(W?)Ep(W*)};
covp(X, X) = 1+b5{Ep(W®) — Ep(W*)?}.

The even moments of W are given by Ep(W?*) = [ g

(W [4)dw = 4% /(2k + 1) for each

positive integer k. Setting k € {1,2, 3,4}, we compute the required moments

4 16 64
Ep(W?) = 3’ Ep(W*) = =5 Ep(W°) = = Ep(W*®) =

256
7

Combining the above calculations with our expression for fors «, we find that

covp(X,Y)
covp(X,X)
bxby {Ep(W°) — Ep(W?)Ep(W*)}
L+ B {Ep(W®) — Bp(W1)?)
(512/105)bx by
1 4 (4096/225)b3%

1 [ 7680bxby
R e e
7 \ 225 + 409602

boLs« =

= 1+

Setting fors(bx, by ) := oLs« completes the proof.
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2.B Solving the partial likelihood equations for Figure

In this setting, Struthers and Kalbfleisch! (1986) showed that 6, is the solution to the popu-

lation estimating equation
t) o (t) Ra ()
(t

/OM{Z;—EQ_QO}{G_W;}% )+ 7R, (e }dt=0-

For the example in Figure 2.2 we take ho(t) := 1 and hy(¢) := at®~'. This corresponds
to T'|X = x ~ Weibull(1, o). The censoring distributions were taken to be C|X = z ~
exponential(y, ), where 7, > 0 is the hazard parameter. Under this specification, R, (t) =
exp{— (7.t + t'7%)}. Substituting these quantities and solving the population estimating

equation numerically yields the values of 6, displayed in the figure.

2.C Details of the PLAM nuisance contributions

We define @ : m — [ ¢)o(b.,m;2)dP(z) and @ : (g, 7) — [ (04, g, 7; 2)dP(2).
Theorem 2.2. The following approximations hold up to second-order remainder terms:

1. ®(m,) = — [{mp(w) — mo(w)}Ep(Y — 0, X | W = w)dP(z);

2. O(mp, gjn) = [{mn(w) — mo(w) Hgj(w) — Ep(Y — 0, X | W = w)}dP(z).

Proof. 1. Set me,, := mo + €(m, — mo). A first-order Taylor expansion yields

d

(I)O(’/Te,n”e:l = (I)O(’/Te,n)|€=0 + _(I)0<7T5,n)

e +r,

e=0

for a second-order remainder term r,. The Gateaux derivative is

d

(i)O(ﬂ'O; Ty — 7"0) = _(I)O(T‘-e n)

_ /{x T (W)} (y — 0.2)dP(2)

e=0

_ /{Wn(w) (W)} Ep(Y — 0.X | W = w)dP(=),

where the last equality follows by taking conditional expectations. Noting that ®q(7,,)

Do(me)|e=1 and Py(my) = Po(7e)|e=0 = 0, we obtain the desired approximation.
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2. Define the vector of nuisance parameters n = (g, 7). Set gen = gj« + €(gjn — gj«) SO
that we may take 7, = (gen,Ten) to be a single (partitioned) nuisance parameter.
The Gateaux derivative is

. d
(I)(TI*???TL - 77*) = _(I)(ﬂ-e nuge n)

_ / (2 — mon <y 0.0 — gen(w))dP(2)
— [tz = m@)Hga(w) - g1 ()}dPE
- [{malw) = mowHy = 6.2 = g5 (w)}aP(2)
= 0 [{ma(w) ~ mw)Hy — 6.0~ g3 (w)}dP()
_ / (W) — 70 (w) Hgsm(w) — Ep(Y — 0.X | W = w)}dP(=).

e=0

The last two equalities follow by taking conditional expectations inside the respective
integrals. As above, substituting the relevant quantities into a first-order Taylor ex-

pansion of ®(n,) at € = 0 yields the desired approximation.

2.D Sampling distribution of the one-step estimator

As 0,, is the difference of two integrals, it suffices for us to consider explicit results for
B,(h1) = [loghi(t)v(dt) only (nearly identical results hold for the X = 0 integral). We
first derive the (non-parametric) efficient influence function of g,(h;). Then, we derive an
asymptotically linear one-step estimator. We conclude by detailing construction of valid
Wald confidence intervals for the summary of interest, 0,..

In addition to the assumption that right-censoring is uninformative within stratum defi-
ned by X, identification of 5,(h;) requires the (standard) technical assumption that no mass
is placed beyond the support of the observation times. We define 7 := min, inf, {y : R,(y) =
0}, which is equivalently the least upper bound for the support of the conditional observed

time distribution. For the remainder of this section, we consider all integrals to be taken
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over the time interval (0, 7). This identification condition can be viewed as a requirement

on the weight function v that zero mass be placed beyond time 7.

Theorem 2.3. The non-parametric efficient influence function for 5,(hy) for fized v > 0 is

D0 i L

where v(dy) denotes either the jump v(y) — v(y—) at y or the density with respect to an

appropriate dominating measure, if v is continuous at y.

Proof. Suppose that the observation times are discrete. The extension to continuous time
follows by a limiting argument similar to that employed by |Chamberlain (1987). In discrete
time (provided the aforementioned identification assumptions are met), we may estimate

hq(t) consistently from the observed data with the plug-in estimator

hin(t) = Z?:l XiAil(Y; = 1) o %Z?:l XN I(Y; =)
TN XY =) I X (Y > )

Since the numerator of hy ,,(t) is the mean of a fixed function, it is an asymptotically linear

estimator of E{XAI(Y =)} =7P(Y =t,A =1| X = 1) with influence function
DY@z adl(y=1t)—7P(Y =t,A=1| X =1).

Similarly, the denominator of h;,(t) is an asymptotically linear estimator of E{XI(Y >
t)} =7P(Y >t | X =1) with influence function

DA#):z—al(y>t)—aP(Y >t| X =1).

By the delta method for influence functions, hy ,(t) is an asymptotically linear estimator of
h1(t) with influence function

xl(y>t)
™ Ri(t)

for each t such that P(Y > ¢,A =1| X = 1) > 0. Similarly, logh;,(t) is asymptotically

D(3)(t) D2 {01y =1) — hi(t)},

linear with influence function

DO 2 EIWZD iy .

m hl (t)Rl (t)



33

To complete the proof, we note that [ loghy,(u)v(du) satisfies the linearization

/{log hyn(u) —log hy(u) b (du) Z/ DW (u; Z;)v(du) + 0,(n~/?).
From the above linearization, we have that the influence function for f,(h;) is

6 () : 2 / D (o 2)v(du)

oz v(du) "
=2 | i 1 = = )

:ﬂ <>(Ry1)<y>_/ yRiL(Z;]

For the non-parametric model considered, gb,(,l)(hl) is the only influence function for 3, (hq).

In particular, it is the nonparametric efficient influence function. O

In the case where v = F'; the marginal time-to-event distribution, we must estimate the
weight function from the observed data. This estimation of F' alters the efficient influence

function. We define o — m ( ) for k € {1,2,3}, z € {0,1} and h a fixed, positive function:

M) = g loeh() - [ logh(u)F(du)
mf,)l(z) = ;{x;(;)/wylogh(u)]?x(du);

i) = [ Culuny)loghtu)Fulau),

where G,(t) == P(C <t | X = z) and C,(t) := [, _, Go(du)/R,(u—). The functions mik,)l

arise as terms in the influence function of Kaplan—Meler integrals (Stute [1995)).

Theorem 2.4. Let v := F be estimated from the data, where F' is the marginal time-to-event

distribution function. The non-parametric efficient influence function for Br(hy) is

3
oW (hy; 2) == gzbg)(hl; z) + Z x mglf,zl(z).
k=1

Proof. We will again conduct the proof in the setting of discrete observation times. First,

we define F), := (1 — m,) Fy, + m,F1, to be an estimator of F'. Here, we take F , to be the
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Kaplan-Meier estimator of the distribution function corresponding to X = x, and 7, to be
the proportion of study participants with X = 1. For an estimator h; , that is consistent for

hy, the plug-in estimator
Br, (h1n) = /log hy o (w) F, (du)

can be expanded as

Br, (hu) — Br(hn) = / {log b n(ur) — log b ()} F(du)

where Gy, := [{loghi,(u) — loghy(u)}{F,(du) — F(du)}. For now, we assume G, =
op(nfl/ 2). This assumption certainly holds when plug-in estimators are utilized in a discrete-
time setting (as both hy, and F,, are root-n consistent). By Theorem , the first integral
contributes (b,(,l)(hl) to the influence function; we will set formal conditions for asymptotic

linearity below. For the second integral, we find
[ 1oghaw) ()~ Fia)
- / log () { Fun(dut) — Fi(du)} + (1 — ) / log iy (1){ Fon(dut) — Fo(du)}

=7 / log hy (u){F1n(du) — Fi(du)} + (1 — ) /log hy (u){ Fo,n(du) — Fo(du)} 4 0,(n~1/?)

n 3 n 3
S T2+ (=Y S (20 + o
n T 1L,hy \ 2 n 1— 0,hq \ %4 D
=1 k=1 =1 k=1
n 3
S (2 + o)
o n Xi,h1 \ P ’
1=1 k=1

where we applied the linearization of Stute| (1995) to the stratum-specific Kaplan-Meier
integrals of h; (which is fixed in this expansion). Adding the components of the influence

function, we find that the non-parametric efficient influence function of Sp(hy) is ¢V (hy). O

Having derived the (non-parametric) efficient influence function for Sg(hy), we turn to

construction of efficient estimators. For initial hazard estimator h, ,, pathwise differentiabi-
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lity of Br(hy) permits us to write

/ log hu n(t) Fa(dt) — / log hn (£) F(dt) = — / 5D (hy s 2)dP(2) + rD
= LS00 2) — BO + GO 4
n
i=1
with 7} a second-order remainder, B = %Z?:l gzg(l)(hlm; Z;) a first-order bias, and
1l e~ ~ ~ ~ ~
G = =D {0W (i Zi) = 0 (h; Z0)} — / {00 (hin; 2) = 60 (hu s 2)}dP(2).
i=1

We define the one-step bias corrected estimator Bsz)s = [log hy,(t)F,(dt) + B, The
following result provides one set of conditions under which BS())S is an asymptotically linear

estimator of Sg(hy).

Theorem 2.5. Suppose that we observe n independent triples Z; = (Yi, A;, X;), where
Y; = min{T;, C;} is the observation time, A; = I(T; < C;) is the event indicator, and
X; € {0,1} denotes the exposure group for study participant i. Suppose that the right-
censoring mechanism is uninformative within exposure groups: T; 1L C; | X;. Suppose we
have constructed estimators, hy,(t) and Ry, (t) of the conditional hazard function, hi(t),

and conditional observation time distribution function Ry(t) for the X =1 stratum and that

1. the (estimated) influence functions have [{dM(h1n;z) — ¢M(hy;2)}2dP(z) = o0,(1)

and the maps qg(l)(hl,n) belong to a P-Donsker class with probability increasing to one,

2. the nuisance parameter estimators converge sufficiently fast:
J Bt = RO F) = 0,07 7) and [ {haa(t) = b)) = 0,077
and the maps hi,, belong to a P-Donsker class with probability increasing to one.
Then, the one-step estimator is consistent asymptotically normal,
nt2 {8,105 = Br(h)} ~ N(0,03)

with 0% = [ ¢W(hy n; 2)2dP(2).
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Proof. We start with the expansion

n

1 ~
Bros = Br(h) = — > 00 (hi: Z) + G + 1),

i=1
Condition [1] ensures that G = 0,(n~Y2), by a standard result in the theory of empirical

processes (van der Vaart||1998, Lemma 19.24). To study the remainder term, we recall that

BFn hl n 6F( )

(2.1)
/ {log hy,(u) — log hy(u) } F(du) + / log ha(w){Fy(du) — F(du)} + G,

where Gy, := [ {log hn(u)—log ha (u) H{ Fo(du)— F(du) }. We again have G5}, = 0,(n~"/2) by

(1) 1) (1)

standard empirical process results. Using this representation, we will write 7, =, 1 + 1,3

for remainders 7“7(1%1 and Tn’2 defined by expansion of the integrals on the right-hand side

of @1). First, we have [{loghi,(u) —loghi(u)}F(du) = — [ ¢% (hin; 2)dP(2) + i) by
pathwise differentiability of §,(h;) for fixed v. Rearranging terms, we find

= / {log by (u) — log hy(u)}F(du) + / O (hyp; 2)dP(2). (2.2)

We use a first-order expansion around a = 1 for a + log(a) for the first term of (2.2)):

() R T e

with ay,(u) a value between 1 and hy ,(u)/hi(u). Expanding the second term of (2.2), we

find that
e = |5 e ~ L ) 0
~ [ |t~ L At 7O
- [ [

_ Ri(y)h(y) y _ Ri(u )V U
-/ R () ()” ) / R ()

= [ i Ly o
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Y]

n,1l»

= [ (e - H 1o~ [ () 1)

Under the rates of Condition rgi = 0,(n"Y2). We now consider the second term of (2.1]).

From our simplification of the terms in r, 1, we conclude that this remainder is

By pathwise differentiability, this term will also contribute a second-order term 7“7(11% to the
remainder. This contribution arises in a similar expansion. In practice, (asymptotically
linear) Kaplan-Meier estimators will be used to construct F),, so this remainder will be

expected to be 0,(n"1/2) as well. Thus, we conclude that

ﬁ BF hl Z (b hb + Op( 1/2)7

completing the proof by application of Slutsky’s theorem and the central limit theorem. [J

Entirely similar results can be established for the one-step estimator of Sr(hg). Hence,

we can write

IR W a0
= F — Z;) = —
Bos.n /Hn(t) n(dt) + - ;:1 n(Zi) = By 08 — Bn.os:

with ¢p(z) = ¢%3(h17n; z)— ¢g(ho,n; z). Note that, due to the use of the Kaplan-Meier esti-
mator in construction of F,, the sum n=" 37 373 mg];i)vhl’n(Zi) = 0. This is a well-known
property of non-parametric maximum likelihood estimators. Wald confidence intervals can
be constructed for 6,, based on the standard error estimator

n 1/2
> {6V (h; Zi) = 6O (ho; Z:) Y
=1

2.E Sample R code for computing PLAM estimators

library(SuperLearner)

library(np)



# Small sample library of density estimators to select from by cross-

validation

bwList <- exp(seq(log(.05), log(20), length=5))

SL.npreg <- function (Y, X, newX,
family = gaussian(),
obsWeights = rep(1, length(Y)), bwx = 1,
rangeThresh = 1e-07, ...) {
options(np.messages = FALSE)
if (abs(diff(range(Y))) <= rangeThresh) {

thisMod <- glm(Y ~ 1, data = X)
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} else {
thisMod <- npreg(as.formula(paste(’Y 7’, paste(names(X), collapse = ’+’)
)),
data = X, newdata = X, bws = bwx*1.06*sd(Y)*length(Y)
°-.2,
remin = FALSE)
}

pred <- predict(thisMod, newdata = newX)
fit <- list(object = thisMod)

class(fit) <- ’SL.npreg’

out <- list(pred = pred, fit = fit)

return(out)

create.Learner("SL.npreg", tune = list(bwx = bwList))

SL.lib <- pasteO("SL.npreg_", seq_along(bwList))
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# One run of the simulations described in Section 2.2 of the chapter
do.one <- function(n, PLAM=TRUE){

# Generate a set of observations

w <- runif(n, min=-2, max=2)

x <- rbinom(n, size = 1, prob=plogis(.5 + 2%w - .5%w"2))

if ('1PLAM) y <- xxw + (1-x)*(-w) + rnorm(n)

if (PLAM) y <- .2%x + w”2 + rnorm(n)

# Estimators of X-W regression function
g.n <- SuperLearner(Y=x, X=data.frame(X=w), SL.library=SL.1lib, cvControl=
list (V=5L))

g.n$est <- g.n$SL.predict

x.g <- x-g.n$est

# Modelbased estimator of nonparametric function

QO0.n <- SuperLearner(Y=y[x==0], X=data.frame(X=w[x==0]), newX=data.frame(X
=w), SL.library=SL.lib, cvControl=1ist(V=5L))

QO0.n$est <- QO0.n$SL.predict

# Initial estimator
XX.g <= X.g*X
B.g <- mean(x.g*y)/mean(xx.g)

y-g <~ yB.gkx

# Backfit estimator of nonparametric function



Qe.g <- SuperLearner(Y=y.g, X=data.frame(X=w), SL.library=SL.lib,
cvControl=1ist(V=5L))

Qe.g$est <- Qe.g$SL.predict

phi.Q0.g <- x.gx(y.g - Q0.n$est)/mean(xx.g) # EIF based on QO
phi.Qe.g <- x.gx(y.g - Qe.gPest)/mean(xx.g) # EIF based on eta

# One-step estimators
B.Q0.g <- B.g+mean(phi.Q0.g)
B.Qe.g <- B.g+mean(phi.Qe.g)

return(c(B.g = B.g , B.Q0.g = B.Q0.g , B.Qe.g = B.Qe.g))

set.seed(21082019)
do.one(n=100)

# B.g B.Q0.g B.Qe.g
# 0.3631308 0.2951544 0.5406715

2.F Sample R code for computing the one-step estimator

library(survival)

library (muhaz)

# One run of the simulations described in Section 2.3
do.one <- function(n, pi=2/3, MISSPEC=TRUE, censoRate=.2){
x <- rbinom(size = 1, prob = pi, n = n)
if (MISSPEC){

t.event <- rweibull(n, scale=1, shape=1+.5%x)

40
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} else {

t.event <- rweibull(n, scale=1, shape=1)

t.cens <- rexp(n, rate = censoRate)
y <- pmin(t.event, t.cens)

d <- t.event <= t.cens

tauX <- c(max(y[x==0 & d==1]), max(y[x==0 & d==0]),
max (y[x==1 & d==1]), max(y[x==1 & d==0]))
tau <- min(tauX[c(1,3)])

tau <- min(tauX)

## Estimating the difference in log-hazards
haz0 <- muhaz(y, d, subset={x==0},

min.time=min(y),

max.time=tau,

n.est.grid=length(y[d==1]))
hazl <- muhaz(y, d, subset={x==1},

min.time=min(y),

max.time=tau, n.est.grid=length(y[d==1]))
beta.n <- approxfun(x=hazO$est.grid, y=log(hazl$haz.est)-log(hazO$haz.est)

)

beta.fitted <- beta.n(y)
beta.fitted[is.na(beta.fitted)] <- 0

beta.fitted[is.infinite(beta.fitted)] <- 0
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## Estimating the censoring distributions

cens <- survfit(Surv(y,1-d)~x)

censO.n <- with(cens[1], approxfun(x=time, y=surv, method = "constant",
yleft = 1, yright = 0))

censl.n <- with(cens[2], approxfun(x=time, y=surv, method = "constant",
yleft = 1, yright = 0))

GO.fitted <- censO.n(y)

Gl.fitted <- censl.n(y)

GO.stable <- ifelse(GO.fitted>0, 1/GO.fitted, 0)*(y<=tau) #Average over
support of distributions only

Gl.stable <- ifelse(Gl.fitted>0, 1/Gl.fitted, 0)*(y<=tau)

## Initial estimators
psi.n <- mean((d * ((1-x)*GO.stable+x*Gl.stable) * beta.fitted)*(y<=tau))

#est beta

cox.n <- coef (coxph(Surv(y,d) "x))

## Estimating the event distributions

evnt <- survfit(Surv(y,d) x)

evntO.n <- with(evnt[1], approxfun(x=time, y=surv, method = "constant",
yleft = 1, yright = 0))

evntl.n <- with(evnt[2], approxfun(x=time, y=surv, method = "constant",
yleft = 1, yright = 0))

SO.fitted <- evntO.n(y)*(y<=tau)

S1.fitted <- evntl.n(y)*(y<=tau)



## Estimating the observed time distributions

H <- survfit(Surv(y, rep(l, length(y))) x)

HO.n <- with(H[1], approxfun(x=time, y=surv, method = "constant", yleft
1, yright = 0))

Hl.n <- with(H[2], approxfun(x=time, y=surv, method = "constant", yleft
1, yright = 0))

HO.fitted <- HO.n(y)

Hi.fitted <- H1.n(y)

HO.stable <- ifelse(HO.fitted>0, 1/HO.fitted, 0)*(y<=tau) #Average over
support of distributions only

Hl.stable <- ifelse(H1.fitted>0, 1/H1.fitted, 0)*(y<=tau)

## Computing EIC terms

gamma0.0 <- dxbeta.fitted*GO.stablex(1-x)*{y<=tau}

gamma0.1l <- dxbeta.fitted*Gl.stablexx*{y<=tau}

yO <= y1 <- y2 <-y

gammal.0 <- (1-x)*(1-d)*HO.stable * sapply(yO, function(t) {
mean ({t<=pmin(y,tau) }*d*{x==0}*beta.fitted*GO.stable) / (1-pi)

}

)

gammal.l <- x*x(1-d)+*H1.stable * sapply(y0O, function(t) {

mean ({t<=pmin(y,tau) }xd*{x==1}*beta.fitted*Gl.stable) / pi

43
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gamma2.0 <- (1-x)*sapply(y, function(t) {
mean (d*x{x==0}*G0.stablexbeta.fitted*
sapply(
y1, function(u) {
mean ( (1-d) *{x==0}*{y2<pmin(u,pmin(t, tau))}*HO0.stable"2)
}
))/((1-pi)~2)
}
)
gamma2.1 <- x*sapply(y, function(t) {
mean (dx{x==1}*G1.stablexbeta.fitted*
sapply (
yl, function(u) {
mean ((1-d) *{x==1}*{y2<pmin(u,pmin(t, tau))}*H1l.stable"2)
}
))/(pi~2)

gamma3.0 <- —{x==0}x*(
d+HO.stablex{pi*S1.fitted*exp(beta.fitted)+(1-pi)*S0.fitted}-
sapply(y, function(t){
mean (d*{{x==1}*G1.stable+{x==0}*G0.stable}*HO.stablex{pmin(tau,t)>=
yo})
)
)/ (1-pi)
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gamma3.1 <- {x==1}*(
dxH1.stablex{pi*S1.fitted+(1-pi)*S0.fitted*exp(-beta.fitted)}-
sapply(y, function(t){
mean (d*{{x==1}*G1.stable+{x==0}*G0.stable}*H1.stablex{pmin(tau,t)>=
yo})
H
)/pi

influence <- (gammaO.O0+gammal.O-gamma2.0+gamma3.0)+
(gammal.1+gammal.l-gamma2.1l+gamma3.1) - psi.n
# influence <- (gamma0.0+gamma3.0)+

# (gammal.l+gamma3.1) - psi.n

b.n <- mean(influence)

names (cox.n) <- NULL

c(init=psi.n, one_step=psi.n+b.n, Cox=cox.n)

set.seed(21082019)

do.one(n = 500, MISSPEC = TRUE, censoRate = .2)
# init  one_step Cox

# 0.11891482 0.06355955 0.09371771
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Chapter 3

A GENERAL APPROACH TO DOUBLY ROBUST
INFERENCE

3.1 Introduction

The study of doubly robust estimators is an area of great interest in the causal inference
literature. An estimator is said to be doubly robust if it remains consistent for the target
parameter provided at least one of two nuisance parameters involved in its construction
is consistently estimated. Doubly robust estimators often arise in the pursuit of efficient
estimators (van der Laan and Robins(2003). In such cases, when both nuisances are estimated
consistently, the doubly robust estimator is efficient. That is, the estimator is regular and
asymptotically linear with variance equal to the variance of the efficient influence function
evaluated at an observation. Asymptotic linearity of the estimator ensures that standard
Wald methods of inference based on a normal approximation to the sampling distribution

will be asymptotically valid.

Unfortunately, the notion of double robustness discussed so far does not typically confer
doubly robust asymptotic linearity. When data-adaptive nuisance estimators (e.g. nonpa-
rametric regression) are used in construction of the estimator, inconsistent estimation of
one nuisance results in non-negligible first order contributions to the sampling distribution.
These terms contribute bias with respect to the target parameter that invalidates the use of
standard Wald inference. We will call an estimator consistent asymptotically normal doubly
robust (CANDoR) if it is both consistent and asymptotically linear for the target parame-
ter provided at least one of two nuisance parameters is estimated consistently. Hence, a
CANDoR estimator provides us with both doubly robust estimation (i.e., consistency) and

inference (based on asymptotic normality). As quantifying uncertainty about point estima-
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tes is of paramount importance, the construction of CANDoR estimators represents a key
development in causal inference and other research areas in which doubly robust estimators.

Pioneering work by van der Laan| (2014) and |Benkeser et al.| (2017) detailed and evaluated
the construction of CANDoR estimators for the average treatment effect. Their estimators
are based on linearizations of a remainder term arising from an expansion for pathwise
differentiable parameters. This approach has also been successfully applied to estimate the
average treatment effect in randomized trials with outcomes missing at random (Diaz and
van der Laan [2017) and observational studies of survival with informative right-censoring
(Diaz{[2019). Notably, each of these target parameters and the associated remainder terms
have a closed form that simplifies the analysis.

Many parameters (and doubly robust estimators) are defined implicitly as solutions to
optimization problems or sets of equations, potentially prohibiting direct study of the esti-
mation remainder. Examples include quantile treatment effects and the coefficients from the
nonparametric projection onto a marginal structural model (Neugebauer and van der Laan
2007)). For such parameters, one may ask whether a similar approach may be used to con-
struct a CANDoR estimator. The primary contribution of this chapter is to demonstrate that
the answer is affirmative for a large class of parameters. Our approach first requires a tool
for deriving a tractable closed-form first-order approximation to the estimation remainder.

In Diaz and van der Laan (2017) and Diaz| (2019), the authors note that the linearization
of the remainder term in van der Laan (2014) and Benkeser et al.| (2017) is equivalent to a
first-order approximation of the so-called “drift” term arising in expansions for estimating
equations-based estimators (van der Vaart|[1998). While the drift term need not be more
tractable than the aforementioned remainder, we may (as in Chapter 2) study the drift
through first-order expansion based on a particular Gateaux derivative. In this article,
we introduce a representation for the estimation remainder that instead leverages pathwise
differentiability of the target parameter. We show that this term is equal in first-order to
the expansion of the drift term using Gateaux derivatives. Having replaced the implicitly-

defined remainder with a closed form approximation, we return to the problem of constructing
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CANDOoR estimators.

We utilize our novel representation to linearize the remainder for doubly robust estimators
in terms of score functions that depend on additional nuisance parameters. We derive a
general result that applies to target parameters when observations are generated subject to
missingness at random. In this setting, we detail the implementation of targeted minimum
loss-based estimators that update a set of initial nuisance estimators (van der Laan and
Rubin|2006)). The resulting nuisance estimators solve additional score equations defined by
terms in our linearization of the remainder. We show that, under weak conditions, the plug-in
estimator of the target parameter based on the updated nuisance estimators is asymptotically
linear with known influence function provided at least one of the two nuisance parameters
is estimated consistently. Hence, our estimators lead naturally to doubly robust inference in
the form of valid Wald confidence intervals and hypothesis tests. We illustrate our proposed
methodology in simulation studies for counterfactual quantiles, which can be utilized to

define quantile treatment effects.

3.2 Doubly robustness

3.2.1  Doubly robust estimation

In this section we formally define what we mean by a doubly robust estimator and discuss
the commonly used one-step and targeted minimum loss-based approaches for constructing
such an estimator.

Let Py denote the probability measure for observed data unit Z. We suppose that F is
contained in a nonparametric model M. We wish to estimate the evaluation 1y := W(F) of
a pathwise differentiable parameter ¥ : M — K, where K may be a Euclidean or function
space. In the remainder, we focus on Euclidean parameters explicitly, taking K = R?. We
further suppose that 1)y depends on Py only through a nuisance parameter Qg := Q(F) and
write U(Qq) instead of W(F).

In the nonparametric model under consideration, all regular asymptotically linear estima-
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tors of 1y have the same (efficient) influence function (van der Vaart|1998). We suppose that
the efficient influence function, ¢57g, depends on Py only through Qy and an additional (vari-
ation independent) nuisance parameter gy := g(Fp). For such parameters, it is often the case
that the efficient influence function is doubly robust so that Poog = i gbag(z)dPg(z) =0
provided either Q = Qy or g = go (almost surely-P,). We will continue to use the notation
Pf = [ f(2)dP(z) and || f||7,p) = P(f?) throughout the remainder of the chapter. Many
examples of parameters with doubly robust influence functions arise in coarsening at random
models and closely related causal inference settings (van der Laan and Robins 2003)).

We now review standard methods to construct doubly robust estimators of parameters
with doubly robust influence functions. To start, we suppose that @, and g, are estimators
of the nuisance parameters Qo and g, and define the plug-in estimator ¥, pryan = V(Qy).

Following [Ptanzagl| (1982)), pathwise differentiability leads to the asymptotic expansion

wn,PLUGIN — o = _P0¢gn7gn + RQn»gn

= P"(bg*,g* - ]P)n(b%n,gn + (]P)n - P0)<¢>énagn - ¢E*,g*) + RQH»Qn’

(3.1)

where @, and g, are limits of the nuisance estimators such that [|Q, — Q*\]%2( py = op(1)
and ||g, — g*||%2(PO) = 0,(1), and Ry, ,. is a remainder term that is o(p((Qn, gn), (Qo, 90)))
for an appropriate distance p defined on the nuisance parameter space. We wish to use (3.1])
to derive an asymptotically linear estimator of ¢y with influence function ¢’é*7g*, so that the
estimator is equal to 1y +Pagp  + 0,(n"1/2).

The term ]P’nqungn is a first-order bias that may preclude 1, pryev from being regular and
asymptotically linear. Adjustment for this bias commonly proceeds by one of two methods
of updating the initial plug-in estimator. In particular, we consider replacing the initial
plug-in estimator v, pryciy i the expansion by a one-step or targeted maximum likelihood
estimator. The one-step bias-correction ¥, 15rmp 1= Vn pLucin +Pn¢2—2mgn is obtained by adding
the bias term to the plug-in estimator. Alternatively, one may utilize the targeted maximum
likelihood estimation framework (van der Laan and Rubin!2006)) to replace @Q,, by a targeted

version Q* that solves the score equation ]P’ng%* i 0, thereby annihilating the bias term.
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The targeted maximum likelihood estimator ¥, s := \I/(QZ) is then a plug-in estimator of

Yo-

Returning to the expansion, the term (P,,—Fp)( ) can be studied by empirical

gb@’ﬂ yIn o ng* 3G

process methods. If, for instance, ngan o (bé* o belongs (asymptotically) almost surely-Fy

to a Fy-Donsker class and [|¢f, — —¢f iQ(PO) = 0,(1), then, by Lemma 19.24 in van der
Vaart| (1998), we have that (P, — Po)(¢p, , — &g ,) = 0,(n~'/?). Rather than imposing
conditions on the class of functions containing gz%mgn — gz%*’g*, cross-fitting techniques that
ensure this term is op(nfl/ 2) may be used in the construction of the one-step or targeted
maximum likelihood estimator (van der Vaart| 1998, Zheng and van der Laan|2011]).

The remainder term Rg, . = ¥nprven — Yo + P0¢Z}n,gn will play a key role in later

sections of the chapter. For a large class of problems with doubly robust influence functions,

the remainder takes the product form

RQn,gn = PO{Sab(an - aO)(bn - bO)}) (32)

where a,, := a(Q,), ap := a(Qo), b, := B(g,), and by := B(go) for mappings o and 3 of the
nuisance parameters, and s, is a known function from Z to R, where Z is the support of Z
under Py (Rotnitzky et al.[2019). This structure occurs naturally in many important causal
inference applications. When the remainder has this product form, some notable properties

follow:

Proposition 3.1. If the remainder takes the product form (3.2)), the following implications
hold:

1. if either Q. = Qo or g. = go, then Ro, 4. = 0p(1); and

2 if 1Qn = QollZ,ry) = ll9n = 90llZ, () = 0p(n772), then R, 4, = 0p(n"/?).

The first part of this proposition allows us to conclude that both v, 15rer = 10 + 0,(1)
and ¥y, ;s = Yo + 0,(1) provided either Q. = Qo or g. = go. That is, the one-step and

targeted maximum likelihood estimators are doubly robust estimators of ¢y. Moreover, if
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both nuisance parameters are estimated consistently at an appropriate rate, and the empirical
process term is negligible, then the second part of Proposition tells us that one-step and
targeted maximum likelihood estimators are asymptotically efficient estimators of . In
particular, 1y, 15mer — Yo = P”¢Z?O,go + op(nfl/Q) and ¢y rve — Yo = P”¢Z)o,go + op(nfl/z),
so that both estimator sequences are regular asymptotically linear with influence function
equal to the efficient influence function. Hence, normal-based inference wherein the sampling
distribution of either estimator is estimated by N (1g,n"'3) is valid for sufficiently large

sample sizes, where the asymptotic covariance matrix is given by 3 := F {qb’éo % QSZ—?TO go}.

3.2.2  Doubly robust inference

The second guarantee from Proposition no longer holds when merely one of Qy and g is
estimated consistently. Heuristically, this is because the remainder Ry, , then inherits the
convergence rate of the consistent nuisance estimator. This precludes the n'/?-consistency
of the one-step and targeted maximum likelihood estimators, leading to complex sampling
distributions, and significantly complicating inference beyond point estimation. In such cases,
one may wonder whether and when it is possible to construct a CANDoR estimator, say
Un.canor, Provided the nuisance estimators converge fast enough to their limits. When such
a construction is possible, and provided at least one of Qo and gy is estimated consistently,

then the hypothetical estimator satisfies

nl/Q(wn,CANDR - wo) ~ N(07 2*)

for some covariance matrix 3, that depends upon the limits @, and g, of the nuisance
estimators.

The doubly robust asymptotic normality of such an estimator has immediate practical
implications for inference. Suppose interest lies in 7(¢)g) for some differentiable function
7 : RP — R. If one of Qy and gy is estimated consistently, and the analyst constructs a

consistent estimator X,, of 3, then standard Wald-type (1 —a) x 100% confidence intervals



o2

defined by the limits

1 . ‘ 1/2
T(wn,CANDR) T Z1—a/2 {ET<wn,CANDR)TEnT(wn,CANDR)}

will be asymptotically valid. This follows readily from the delta method and Slutsky’s lemma.
In the above display, 7 denotes the gradient of 7 and 2,_4/2 is the (1 — a/2)-quantile of the
standard normal distribution. Similarly, a-level Wald hypothesis tests based on 1, canpr are
valid — the type I error rate of these tests will not exceed their nominal a-level asymptotically.

Hence, the extension from doubly robust estimators to CANDoR estimators has impor-
tant ramifications beyond point estimation. In particular, such estimators maintain the
validity of standard inferential techniques even when one of the nuisance parameters is esti-
mated inconsistently.

Having reviewed the desirable properties of CANDoR estimators, we now turn to ex-
panding upon the current examples of such estimators. The existing constructions typically
require identifying and approximating the first-order behavior of the estimation remainder
Rg, 4.- We first review current approaches for obtaining such approximations and then

propose a novel expression for the remainder.

3.3 Approximating estimation remainders

3.3.1 FEuxisting, direct approach to approximation

If only one of the nuisance estimators is consistent in the above sense, then the remainder
Ry, 4, Will comprise both first-order contributions Rngn and higher-order contributions

Iéngn. In the analysis of the average treatment effect, one such decomposition
RQnygn = RQn:gn + RQn,gn (33)

was derived by van der Laan| (2014). Similar, explicit decompositions feature in the consistent
asymptotically normal doubly robust estimator constructions of Benkeser et al.| (2017)), Diaz
and van der Laan (2017)), and |Diaz (2019). Common to each of the settings considered is a

closed-form expression for the estimation remainder and also for RQn,gn and I%ngn.
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To illustrate this direct approach in some generality, we suppose for the moment that
Rg, 4. is of the product form (3.2)), and that either Q. = Qo or g, = go. In this setting,

R, 4., can be expressed as a sum as in (3.3)) with

RQn,gn = Po{sap(asx — ao)(by, — b))} + Po{Sap(an — ax) (b — bo) } (3.4)
RQMH = Po{sa(an — as)(b, — bs)}. (3.5)

We note that at most one of the terms in RQn,gn will be nonzero. Moreover, when both nuis-
ance parameters are estimated consistently, Rngn = 0 and RQM“ = Rgy, 4,- In close ana-
logy to the second part of Proposition , we have that ||Q,, — Q*|]%2(PO) = ||gn — g*H%Q(PO) =
0,(n~1/%) implies that the second-order remainder Rngn also converges to zero in probabi-
lity at n'/?-rate. Thus, we have a firm grasp on both the first- and second-order remainder

terms.

3.3.2  Approximations based on Gateaux derivatives

The direct approach above is applicable whenever a closed-form expression for the estimation
remainder exists. However, many parameters are defined only as the population solution to
optimization problems or systems of estimating equations. This leads naturally to the use of
M-estimators and Z-estimators, respectively. In either paradigm, estimators of the implicitly-
defined parameters, as well as the corresponding remainder term, are not typically available
in closed form. This necessitates more general approaches to achieving the decomposition
in . One possible strategy has been hinted at by Diaz and van der Laan| (2017). There,
the authors note that the approximations derived by van der Laan| (2014) are equivalent
to linearizing the so-called “drift” term that arises in standard asymptotic analysis of Z-
estimators (as in Theorem 5.31 of van der Vaart (1998))).

Suppose that an unbiased estimating function ¢(¢; z) is available for the parameter .
We note that (un-normalized) influence functions often serve as estimating functions. Here,
we consider the case that ¢(1¢;2) = ¢¢4(; %) is proportional to the doubly robust ef-

ficient influence function ¢, ,(z). This implies that ¢q4(3;2) is an unbiased estimating
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function provided either Q, = Qg or ¢g. = ¢o. Thus, v is the unique solution in 7 to
Ep {0, 5.(0; Z)} =0 if Q. = Qo or g. = go. Of course, Qy and gy are estimated by Q,, and

gn in practice. Any solution 1, of the equation
BN ) ~1/2
~ D 00,4, (V1 Zi) = 0p(n V%)
i=1

may be taken as an estimator of ¢)y. Under the empirical process and rate conditions of the

previous section, a Taylor expansion results in the first-order approximation

Un —tho ==V %Z%*,g* (0: Zi) + D(Qns 9n) | +0p(n 2 + (P 90)])
=1

where @ is the functional (Q, g) — [ ¢g 4(¢o; 2)dPo(z) and

0
V = %EPO {¢Q*7g* (¢7 Z)}

=10

denotes the (non-singular) matrix of partial derivatives. The drift term referenced by Diaz

and van der Laan| (2017) and [van der Vaart| (1998) is given by the value ®(Q,, g,) above.
If ® is sufficiently smooth, and the nuisance parameters are contained in a convex set,

we may approximate the drift term in first-order by

(I)(Qnagn) - ‘P(Q*,g*) = (I)Q(Q*,g*y Qn - Q*) + Ci)g(@*;g*;gn - g*) + RQn,gn )

where the first two terms on the right-hand side denote the partial Gateaux derivatives of ®
at (Q., g») in the directions Q,, — Q, and g, — g, respectively, and Rngn is a second-order
remainder term. In this case, Rngn = @Q(Q*, Ge; Qn—Q.) + Cbg(Q*, Jx; gn — g«) denotes the
first-order contribution to the remainder. When Q, = Q, and g, = gy, we typically expect a
Neyman orthogonality property (van der Laan and Robins 2003, Chernozhukov et al.|2018))
for ¢g,.4, such that

d)Q(Qo,go; Qn - Qo) = (i)g(ngo;gn - go) =0.

When just one of the nuisance estimators is consistent, this orthogonality will tend to fail

for directions involving the consistent nuisance estimator. In such case, we expect that the
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consistent nuisance estimator will make a first-order contribution to the estimation remain-
der.

It is often possible to evaluate the required Gateaux derivatives using standard derivati-
ves. If ¢ , depends on Q and g only through their values Q(z) and g(z), and the regularity
conditions of Newey| (1994) hold, then

Q(2)=Qx(

o(Qurgi On — O.) = / %@mm 2) QORI

{9n(2) — g.(2)}dPo(z) . (3.7)

9(2)=gx(2)

o B
‘I’g(Q*,g*;gn—g*):/m%*,g(%ﬂ)

Here, we see that Neyman orthogonality of ¢, ,. is equivalent to orthogonality of the paths
defined by (Q,, — Q.) and (g, — g.) to the respective partial derivatives, where orthogonality
is defined with respect to the covariance inner-product, (f1, fo)p, := Po(f1/f2)-

To illustrate how this orthogonality fails under inconsistent estimation of only one nuis-
ance parameter, we consider the class of mixed-bias parameters studied by [Rotnitzky et al.

(2019). For this class of parameters, the influence function is given by
gbao,bo(z) = Sab(Z)CL()(Z>b0<Z) + ml(Z, CL[)) + mQ(Z, bg) + So(Z) — \I/(P())

where s, and sy are known maps, and m; and my are known up the nuisance parameters ag
and by. We let a,, and b, be estimators of ag and by that are consistent for limits a, and b,

respectively. Then, under the conditions of their Theorem 1,

Ci)a(ao, b*; An — (10) = PO{Sab(an - aO)(b* - bO)}7

and, similarly

(Db(a*a bo; by, — bo) = PO{Sab<a* - @o)(bn - bO)}v

with @a(ao, by;a, — ag) = 0 if b, = by and i)b(a*,bo; b, —by) = 0 if a, = ag. This finding is

in agreement with the direct calculations at the end of the previous section.
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3.8.8  Approximations requiring only pathwise differentiability

We now consider an alternative approach to decomposing the remainder into its first-order
and higher-order components. This method will utilize only the definition of pathwise dif-
ferentiability of the target parameter, requiring no further functional derivatives. We first
define the submodels Mg, = {P € M : Q(P) = Qo} and My, = {P € M : g(P) = go}. In
particular, Fy is an element of the intersection model Mg, ,, = Mg, N M, and an element
P, € (Mg, UM,,) \ Mg, 4, has either Q. = Qo or g, = go, but not both. We continue to
assume that ¥ is pathwise differentiable as a function of the nuisance parameter Q(P) with
doubly robust efficient influence function gbag.

Let P, € (Mg, UM,g,) \ Mg, 4 be arbitrary. Denote the nuisance parameter values at
P, by Q(P*) =(, and g(P.) = g«. We consider a smooth submodel

{Pt : t} C (MQO U Mgo) \MQ0790

with nuisance values Q(P,) = Q, and g(P,) = g;, such that Q, — Q, and g, — g, ast — 0 (in
Py-norm). By pathwise differentiability of W, we have W(P,) -V (F) = —FPoog, , +Rg, g and
U(F)-VY(P.) = —P.gp, ., + R, 4 Under these conditions, Rg, o, := V(1) =V (F)+F oo,
is not strictly a second-order remainder term since only one of the nuisance parameters
converges to its corresponding value at Fy. However, Rg, ,, := V(F;,) — ¥(FP,) + P@Z—th
is second-order by construction since both nuisance parameters converge by definition to
their value at P,. This observation is a simple consequence of pathwise differentiability, but
provides additional insight into the first-order remainder. We encapsulate this insight in the

following result.

Theorem 3.1. Let P,, Py, Q., Q+, ¢, gs, Rg, 4, and RQM be defined as above. Then,

RQt,gt = RQt,gt + Rtht where Rtht = (PO - P*)(¢*Qt:gt - ¢E*,g*) :

The proof is remarkably simple, relying only on the definition of pathwise differentiability
and the fact that the efficient influence function of the map ¥ is doubly robust. In spite of
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this simplicity, this result demonstrates the remarkable fact that the first-order contributions
to the remainder can always be represented as a difference-in-differences. This representation
for the first-order remainder can be related immediately to Neyman orthogonality of gz% g by

noting that if Py < P,, then

(Po — P.)dg, 4 = / D100 (2 (d—PO( ) — 1) dPy(z) .

As noted in the proof of Lemma 1.8 of van der Laan and Robins| (2003), we can interpret
the function dP,/dPy — 1 as a nuisance score with respect to estimation of 1. Hence, we
again conclude that Rtht = 0 provided that gzﬁag is suitably orthogonalized to particular
paths for the nuisance parameters.

In fact, knowledge of which nuisance parameter is consistently estimated (while not usu-
ally known in practice, outside of controlled experiments) tells us more about the nature of
the first-order contribution. Invoking Lemma 1.8 of van der Laan and Robins| (2003)), we can
anticipate that q%w* remains orthogonalized for paths involving g, only. This implies that,
provided @, is consistent for @y, the inconsistent nuisance estimator g, will not contribute
to the asymptotic distribution of the estimator of 1y. However, no such theoretical guaran-
tees exist for orthogonality of (b’f@o’g* to paths involving Q. Similar considerations apply for
gbZ—z*’gO. In summary, when just one nuisance parameter is consistently estimated, we expect
that the first-order contribution Rngn of the estimation remainder will correspond to the

nuisance parameter that is consistently estimated. This is, of course, in agreement with what

was demonstrated in the preceding subsections.

3.4 Achieving doubly robust inference under missingness at random

3.4.1  Remainder from doubly robust estimation when outcomes are missing at random

We are now prepared to describe a general framework for CANDoR estimation when outco-
mes are coarsened according to a missingness at random mechanism. Consider a full data
unit of the form Z* = (W, X,Y) distributed according to Fy belonging to some model F,

where W is a vector of covariates, X € {0,1} is a binary missingness indicator, and Y
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is an outcome of interest. Instead of directly observing Z*, we suppose that we observe
Z = (W, X, XY) distributed according to some probability measure Fy. Hence, we only
observe the value of Y when X = 1. In this section, the only restriction we place on the
model for the distribution of Z is that the outcomes are missing at random, in the sense
that Y and X are independent given W. In other words, given W, the conditional proba-
bility of observing Y does not depend on the value of Y. We denote this probability by
gow) =FP((X=1|Y=yW=w)=FR(X=1|W=uw).

We may equivalently consider the binary point-treatment counterfactual framework of
causal inference. For this setting, we suppose that a typical observation is Z = (W, X,Y)
where W € R? remains a vector of covariates, X € {0, 1} now represents a binary treatment
variable, and Y denotes a univariate outcome of interest. Here, we rely on the consistency,

randomization and positivity assumptions, which state that

e the observation unit is (W, X,Y) = (W, X, Y (X)), where Y (0) and Y (1) are potential

outcomes;

e the potential outcomes Y (0) and Y (1) are independent of X conditional on W, and
the propensity score go(W) = Py(X = 1| W) depends only on W;

e the propensity score go(W) € {0, 1} almost surely, but is otherwise unrestricted.

An observation Z can then be thought of as a coarsened version of the full, unobservable,
data unit (W, X, Y (0),Y (1)) having distribution Fj, in an otherwise unrestricted model F.
The results about missingness at random models below can then be interpreted as applying
to functionals of the marginal distribution of Y'(1).

Let I" : F — RP be a pathwise differentiable parameter at each F' in F with efficient
influence function 7. If ' is identifiable in the observed data model M, then there exists
amap ¥ : M — RP such that the value V(F)) = I'(F;). Then, it follows from results in

van der Laan and Robins (2003) that in the missingness at random model, ¥ is a pathwise
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differentiable mapping on the observed data model M with efficient influence function

I(x=1)

Yanan(*) = go(w)

75 (2) + (1 — (@) Qo(w) (3.8)

I(z = 1)) ~
where Qo(w) := Ep {15(2) | X = 1,W = w} is a second nuisance parameter. Note that we
can frequently re-parametrize Qo depending on the particular form of Th,» @s in the following

example.

Example: Mean of an outcome missing at random If the target parameter is the mean
outcome I'(Fy) = Eg, (Y), then 73 (%) = y — I'(Fy). Since Ep {75:(2) | X = 1,W = w} =
Ep(Y | X = 1,W = w) — ¥(F), it suffices to define the nuisance parameter @y as the
observed outcome regression w — Ep (Y | X = 1,W = w). We can then write the efficient
influence function in the observed data model as

() = B = Ty = () + (1= =) Qo) - W)
While this re-parametrization for Qy(w) is convenient in specific cases, we will state our

primary results in terms of the former — more general — definition.

We also note that 7z, may itself involve additional nuisance parameters of Fy beyond go
and Qy. To simplify the writing, we will continue to suppress this in our notation (unless
otherwise stated) and assume that any such nuisance parameters are either known or can be
estimated at an appropriate rate. For instance, it is often the case ¢Eo,go also depends on
Py through the marginal distribution of W. However, estimating Py(W < w) consistently
at n'/?-rate is trivial, as the nonparametric maximum likelihood estimator for this nuisance

parameter is just the empirical cumulative distribution function.

It is well-known that ¢’f@0 % is a doubly robust influence function. This follows by a



60

standard conditioning argument. Assuming that either Q, = Qo or g, = go, we have

Er (6., (2)} = En{dsy., (2)— 60, . (2)}
_ By, {QO(W)Q[)(W) Qo) + {1 - QO(W)} @(W)}

g-(W) = i g.(W)
_p, { (90 — 9+)Qo n (9« — go)Q*}
_p { (90 —g;*)(Qo - Q.) }J*
Gx
=0.

Hence, we may apply Theorem 3.1l For estimators @,, and g,, similar manipulations as in
the above verification of doubly robustness lead to

P, { (90 — 92)(Qo — Qn)} _p {(9* — 92)(Qx — Qn)}

(Fo — P)og, 4, = p p

for any P, € (Mg, UMy,) \ Mg, 4- Since Qo and gy are variationally independent of the
marginal distribution of W, we may take P,(W < w) = FPy(W < w). Then, we have

)(QO - Qn) B (9* - gn)(@* - Qn)}

(Fo — P*)¢Z?n,gn - Po{(go —n

_n{@ g*)EE?o ~a) ., {<gog - 100=0))

This provides us with a representation of the first-order remainder contributions for es-
timation of 1y by standard one-step or targeted maximum likelihood approaches. Had
we instead taken the Gateaux derivative of ® in the direction defined by @, — Q. and
Gn — Gx, we would have identified the first-order term Rngn = Py {(90 — 9+)(Qo — Qn)/9: } +
Py {(g90 — 9.)(Qo — Q+)/ g }. These forms for the first-order estimation remainder are readily

seen to be equal up to a second-order term, so we may use either expression freely.

3.4.2  Consistent asymptotically normal doubly robust estimators

Now taking Rngn =5 {(go —3.)(Qo — Qn)/g*}+P0 {(gg —gn)(Qo — Q*)/g*}, our interest

lies in linearizing this first-order term. We will see that this amounts to re-orthogonalization
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of qbe* . with respect to fluctuations involving the consistently estimated nuisance parameter.
We define Ry, , = Py {(90 — 9:)(Qo — Qu)/g.} and Rg_,. = Po {(g0 — 9n)(Qo — Q) /9:},
so that Rngn = Rng* + RQ*,gn' Linearizing these two terms separately is justified since
Rng* = 0 when g, = go and Rthn =0 when Q. = Q.

We introduce the following nuisance parameters, which are immediately seen to generalize

the three univariate regressions of Benkeser et al.| (2017)):

. (90(0)) = Er{ry — Gu(IW) | X = 1, go(WW) = go(u)} 3.9
w1 (Qofw) = By{X = 1] GolIW) = Go(u)} (3.10)
. @utu) = B { X900 Qum) = ot | (3.11)
We also define functions
5 2) = =22 s (2) - Qv (312
50 (7= —1UWD) (3.13)

Q.91

Let fi,,, T1n, and 7y, be estimators of the regressions g, , m1, and w4, above, based on the
estimators @,, and ¢,. From the following lemma, we find that 5809 S and 5%09“ play the

role of influence functions in the linear expansion of RQM* and Rthn respectively.

Lemma 3.1. If conditions - in the Appendiz hold, then

o3 _ D 5. _ Q Q —~1/2
B9 = Baug. — Roug. = _]P)néQ:)hgnﬂrln,TQn T ]P)”(SQ:)),g*,mmrz,g* +op(n / ) (3.14)
RQ*ygn = RQ*ygn - RQ*yQO = _Pnégn’gn’“n + Pn(sg)*7g07ué* + Op(n_1/2> : (315)

In tandem with the asymptotic expansion for v,, — 1)y studied in (3.1]), Lemma esta-
blishes the following result.

Theorem 3.2. Suppose that either Q, = Qo or g. = go. If the nuisance estimators

Qs G5 T, T and i, satisfy

= |P,6%° | = |P,6% | =o,(n"'?) (3.16)

Q;kl7g;kz7ﬂ1n77r2n Q;‘z:gﬁzﬂn

’P"¢5%,gz
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where |v| denotes the Fuclidean norm, and if the empirical process and second-order remain-
der conditions — in the Appendiz are met, then the plug-in estimator Yy canor =
Qo

Q0,9%,T1,T2, g,

U (Qr) is asymptotically linear at 1y with influence function (5@*,9* = gz%* ot )

n

5%0 ot Hence, 1y canor 45 consistent and asymptotically normal with
*IDFQ

n1/2<¢n,CANDR - @ZJO) ~ N(O, E*) Jor X, = PO(Q;QMQ*&g*,g*) )

This theorem generalizes the constructions of [van der Laan| (2014)) and Benkeser et al.
(2017) to allow for consistent asymptotically normal doubly robust estimators of any pathwise
differentiable parameter in the missingness at random setting. The proof of the result is
left to the Appendix. We note that the statement of Theorem is well-suited to con-
struction of plug-in estimators based on the targeted minimum loss-based framework. We
detail an algorithm for updating initial nuisance parameter estimators such that they satisfy
the “small-bias” condition in the Theorem. First, we suppose that 0 < 77 < 1. Then,

we implement the following iterative scheme to construct targeted nuisance estimators.

Step 1. Set k= 0. Let Q% and ¢° denote initial estimates of Qo and go.

Step 2. Fit a logistic regression on the subset of data having X = 1 with outcome 77, (Z), no
intercept, a single covariate X/gf(W) and offset logit Q%(W). Define € to be the
estimated coefficient and set Q*05(W) := expit{logit Q% (W) + & X/gk(W)}.

Step 3. Let 7% and 7}, be estimates of m (Qo(w;)) and ma . (Qo(w;)) based on gF and QF+05.

Step 4. Fit a logistic regression on the subset of data having X = 1 with outcome 75, (Z2),
no intercept, a single covariate X5 (W)/7¥ (W) and offset logit Q**%5(W). De-
fine €5, to be the estimated coefficient and set Q™1 (W) := expit{logit Q*T05(W) +
ek, Xk, (W) /b, (W)},

Step 5. Let p be an estimate of yg, (go(w)) based on gF and QFF.
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Step 6. Fit a logistic regression with outcome X, no intercept, a single covariate p* (W) /g*(W)
and offset logit ¢*(W). Define €& to be the estimated coefficient and set gF™1(W) :=
expit{logit g, (W) + €5, 11;: (W) /g (W)}

Step 7. Set k = k + 1 and repeat Steps 2-6 until £ = k* such that (3.16)) holds. Then, define
the targeted nuisance estimators QF = QF ¢* = ¢*" m, = 75 1, = 75 and

fin = 13, -

The targeted minimum loss-based estimator ¢, canpr := V(Q}) is an asymptotically linear
estimator of ¥y by Theorem [3.2] The asymptotic covariance matrix 3, can be consistently
estimated by the plug-in estimator ¥, := Pn(ggngzq) for ¢, == q%;’g; +5g§,g;;,mmm +(%O;1,g;;,un'

The above requirement that 0 < Tr, < 1 is necessary in order to use logistic regression
in the algorithm. However, this condition can be circumvented for bounded 77, by linearly
mapping the space of possible values for 77, into the interval [0, 1], as described in Chapter
7 of van der Laan and Rose (2011)). After the above algorithm converges, the transformed
values are mapped back to their original scale.

We note that, here, one-step estimators are no longer a suitable alternative to targeted
minimum loss-based estimators. In Benkeser et al.| (2017)) it is argued that one-step consis-
tent asymptotically normal doubly robust estimators are only justified theoretically in the
(typically) unrealistic setting where it is known which nuisance parameter is being estima-
ted consistently. If does not hold for the nuisance estimators, the one-step estimator
U(Q*) + P, ¢, contains an extra term that is not generally o,(n~/2). When holds, the
above one-step construction is asymptotically equivalent to the targeted minimum loss-based
estimator (and will typically rely on a similar algorithm to that above). Hence, to obtain

valid inference for 1)y, we generally suggest using targeted minimum loss-based estimation.

3.4.3 FExamples

Example: Quantiles of an outcome missing at random. It is natural to define the

quantiles in terms of the underlying distribution function. First, we define Hp, (t,w) =
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P(Y <t]| X =1,W = w) to be the conditional distribution function of Y. Hence, the
marginal distribution function is Fy(t) := Ep,{Hp,(t,W)}. The ¢-th quantile is then

Up(q) :=inf{y : ¢ < Fo(y)}.

The efficient influence function for estimating Wg, (¢) in the missing at random model is

1 T
fo(Wr,(q)) Lgo(w)

where fj is the density function of Fj.

qb}’o(z;t) = {I(y < t) - HPo(tv w)} + HPo(t>w> - Fo(t) )

In the following examples, we consider the binary point-treatment counterfactual frame-
work reviewed above using our results to develop consistent asymptotically normal doubly ro-
bust estimators for treatment effect parameters. We encourage readers interested specifically
in consistent asymptotically normal doubly robust estimators of the average treatment effect
(ATE), Er, (Y!' — YY), to read the motivating works by van der Laan| (2014) and Benkeser
et al| (2017). Below, unless otherwise stated, we take Qq(z,z) := Ep,(Y | X = 2, W = w),
while go(w) continues to denote Py(X =1 | W = w).

Example: Average treatment effect on the treated (ATT). The ATT defined by
[(Fo) = Er (Y (1) =Y((0) [ X = 1)

is often of interest in observational studies. Under the causal assumptions discussed above,

the ATT is identified from the observed data distribution by the functional

ATT(R) = arg mwin Ep,[{Y — Qo(0, W) — X9}?] = by [X{};P_{?(O}(O’ W)}

The ATT is pathwise differentiable with (nonparametric) efficient influence function

c (). Yo(w) . l-w O — T
Yona?) = FL XY Hgow) 1—90(w)}{y Qo0.w)} ~ TS ATT(R)

It is easily verified that (b’f@o % is a doubly robust influence function and that plug-in estimators
can be based on estimates of Qy(0,-) and gy only. See, e.g., [Hahn (1998) or [Hirano et al.
(2003) for a detailed treatment of these properties.
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The first-order estimation remainder for the ATT is readily seen to be

Rgpgn = Po [{@0(0.) = Qo(0, )} (g* - g°>] + Py {{Qo((% )= Q.(0,-)) (g° - g)} ,

1—g. 1 —go
which is equivalent to the expression found by Benkeser et al.| (2017)) for the estimation
remainder corresponding to the mean of Y'(0). This immediately implies that any nuisance
estimators Q7 , g, i, Mo, and p,, that satisfy the conditions of Theorem for Ep{Y(0)}

will also ensure that the plug-in estimator

_ "L XY — Qa0
ATT(@;, ) = i XAl = G0}
=17

is a consistent asymptotically normal doubly robust estimator of the ATT. The influence

function of ATT(Q%, g*) is

* Q g
(bQo,go <Z) + 5@279*»ﬂ1,7f2,g* (Z) + 55)*7907/‘(2* <z> ’

where
Qo 2) = _WQ,Q*(QO([)?UJ)) . A w
6@0,9*771'1,772,%( o Wl(@o(o,w)) (1 ){y QO(Oa )}
and
90 ~ 1g.(1 = go(w))
6@»”907#@* <Z) - Ql N go(w) {gﬂ(w) - ZE} .

Example: V-smoothed average treatment effects (VV-ATE). It is often desired to eva-
luate the ATE among relevant sub-populations defined by a subset of the covariate vector,

say V. Conditioning on V', the V-adjusted ATE is
ATE(v; By) == Ep{Qo(1, W) — Qo(0, W) | V = v} .

For a general V' (possibly not strictly discrete), ATE(v; FPy) is not pathwise differentiable
in a nonparametric model. As an alternative to making strong assumptions on the form of
ATE(v; Py) (e.g., that it belongs to a sufficiently low-dimensional parametric model), we
consider the class of projection parameters defined by van der Laan (2006)). In particular,

let mp(v) denote a working parametric model indexed by 8 € REm(V) We define

B(Py) := arg mingcgamv) Ep { ATE(V; Fy) — mg(V)}Q )



66

Hence, we can interpret By := B(Fp) as the least-squares projection of ATE(v; Fy) onto the
working model mg(V') and mg, (V') can be interpreted as a V-smoothed average treatment
effect. In jvan der Laan| (20006), it was shown that P +— §(P) is pathwise differentiable at P

with efficient influence function

¢Z}0790 (Z) = _Cil(P(J) mﬁo (/U){SQLLQO(Z) — Mg, (U)} )

where

X _ 1l—x
go(w) {y - QO(L w)} - 1 — 90(w>

5@0790(2) = QO(L w) - QU(va) + {y - QO(()?w)}?

and
c(Po) := Po{iinsy (€geg0 — Mpo)} — Poliigyring,)
with 75, and g, denoting, respectively, the gradient and Hessian of mg evaluated at .
The random variable {5, , (Z) can be interpreted as a doubly robust pseudo-outcome, as
P&, 4. = ATE(R), provided either Q. = Qg or g. = go. Note that &5, 4 (2) — ATE(F) is
in fact the efficient influence function of the ATE. Indeed, if a constant is used as the working
model, mg = 8 € R!, then we find 5y = ATE(F) as a special (and, perhaps, trivial) case of
V-smoothed average treatment effect.
It follows from Theorem that the first-order remainder for estimating 5(FP,) is

Raa, == (0P (ny [{Qu(D) = Qu() (2 ) — 12,000 - Gol0} ($=2) )

g I —g.

— N (R)R (mﬂo [{Q*(l) -~ Qo(1)} (gg_o go) —{Q0) = GO} (go - g)D |

1 —go

Using this expression, we can prove the following corollary of Theorem [3.2]

Corollary 3.1. Suppose that either Q. = Qo or g. = go. If the estimators Q% , g, Tin, Ton
and p, satisfy ([3.16)) for estimation of ATE(Fy), and mg is such that |c(Py) ™' Pyrng,| < oo,

then B(QF) is a CANDoR estimator of f3.

n

This result means that nuisance estimators that have been targeted for the ATE are also
sufficiently targeted for the vector-valued parameter y. This drastically simplifies estimation

and inference for V-smoothed treatment effects.



67

3.5 Discussion

We note that the Donsker conditions, such as [A2] can be considerably weakened. For ex-
ample, we may utilize various sample-splitting and cross-fitting techniques as discussed by

Zheng and van der Laan| (2011) and (Chernozhukov et al. (2018)).

The influence function arising in Theorem merits additional comment. In particular,
the influence function g%th* is now orthogonalized in the sense that (i) the Gateaux derivative
of g — POQEQW at go in the direction g, — go is zero, and (ii) the Gateaux derivative of
Q — POQBQQ* at Qq in the direction @, — Qo is zero. It is important to note that although
gzg@,g* exhibits a property similar to the Neyman orthogonality of ¢2§0,g0= it is not generally
the case that ¥, canpr 1S a regular estimator. This follows immediately from the fact that any
regular asymptotically linear estimator of ¥y in a nonparametric model must have influence
function equal to the efficient influence function, q%o’go. By inspection, the influence function
of Y caxpr Only equals the efficient influence function when both nuisance parameters are
consistently estimated, so that Q. = Qo and ¢, = go. Further exploring the irregular nature
of the estimators when one nuisance estimator is inconsistent remains an important direction

for future work.

We note, as did Benkeser et al.| (2017), that when Q, = Qo and g, # go, 58?9?7”7”2
not the only possible influence function for which Lemma holds. See, for example, the
influence function based on the bivariate regression parameter of van der Laan| (2014)). That
we can exhibit multiple influence functions for Rng* in a non-parametric model implies that

the asymptotic relative efficiency of the resulting estimators may vary.

While we detailed the construction of consistent asymptotically normal doubly robust
estimators for general parameters when outcomes are missing at random, similar results
can easily be derived for other forms of coarsening. However, our method of construction
still relies on having an expression for the efficient influence function in order to study
the remainder. It is often the case for more complex observed data structures that the

efficient influence function is not available in closed form (van der Laan and Robins 2003).
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While various methods, such as (Carone et al. (in press), may be implemented to evaluate
the influence function without a closed form, how to linearly approximate the first-order
remainder in such settings remains an open question.

Throughout this chapter, we have assumed that the limits Q, and g, exist in the sense
that the norms ||Q, — Qx| 1o(py) a0d || gn — gl 1o(my) converge to zero in probability sufficiently
fast. In practice, this is an assumption that requires careful thought. If the second-order
partial derivatives of f : RP — R exist, an optimistic rate for nonparametric estimation of f
by fn (e.g., a kernel regression estimator) is || f, — f||z,(r) = 0p(n~%“FP)) (Wasserman 2006)).
This suggests that for p > 4 covariates W, one or both of ||Q, — Qx| 1,(r) and ||gn — g«ll 2o(r)
may fail to be 0,(n~%/2). Hence, care needs to be taken when using our methods due to the
curse of dimensionality.

Even so, there has been a recent sustained interest in utilizing doubly robust estimators
in high-dimensional data settings. Work by authors such as Dukes et al.| (2018), Tan/ (2018)),
Ning et al.| (2018), Smucler et al.| (2019)), and [Bradic et al. (2019)) study a variant of doubly
robust inference that arises when there is a large number of covariates. In their work,
the authors study several approaches to inference for parameters (such as the ATE) that
are doubly robust to misspecification of the sparsity of the nuisance estimators. However,
the specific estimators considered by these authors typically make strong assumptions (e.g.,
linearity) about the functional form of the nuisance parameters. It will therefore be of great
interest to reconcile their approach to doubly robust inference with the targeted learning

approach we have extended in the present article.
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APPENDIX
3.A Proof of Theorem [3.1]

As an immediate consequence of pathwise differentiability, ¥(F) —W(Fy) = —Fodp, , +Rg, 4
and V(F,) — V(P,) = —P.¢p, , + RQt,gt’ Combining these equalities, we have

Rngt = ‘I]<P*) - \IJ<P0) + (PO - P*)(bz?t,gt + RQt,gt :

To conclude the proof we argue that since either @), = Qg or g, = go, and qﬁ’ég is a doubly
robust influence function, it follows that W(P,) — W(FRy) = —Fgy, = (P — Po)og, -

3.B Proof of Lemma [3.1]

We linearize Rng* and RQ*,gn separately, as discussed in the main body of the chapter.
Starting with RQn)g*, we suppose that Q, = Qp while g, # go and define the bivariate

regressions
m(QW), Q' (W)) = Ep{X | Q(W),Q (W)}
/ 2 ~/ _ X — g*(W 2 ~/ w
T QN Q) = B { T2 JQm,

noting that the univariate regressions (3.10)) and (3.11]) are recovered by taking Q = Q' = Qo

above, respectively. Then, letting x : Z — X denote the coordinate map for X, we can write

this first-order remainder term as:

R, = B{ (22 (@u- G0}
a{(2)e-o

= — Py {7, (Qo, Qn)(Qo — Qn) }
- {M< . @n>} |

7T/1 (QOa Qn)
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Letting 71, and 79, be consistent estimators of (3.10]) and (3.11)), respectively, we define

Mn = PO { ( 73(@07 Qn) Tin (QO Qn)g() .

We now have Rng* = —Poégzﬁgmmnmn + M. Then, defining
Qo ._ _ Qo _ 5Qo
G =P (63, % ),
we have that RQ*,gn = —Pnég&gnmnmn + Pnégg,g*,m,m,g* + G + M. Now, we introduce

regularity conditions to ensure the terms G,‘go and Mf?o are 0,(n"1/2). We suppose that:

Condition A1l. The convergence rates of the estimators mi,, T, and Q, are such that

ﬂ-é,g*(QOa Qn) @

_ A A B 12
ﬂJl(@O;Qn) Tin 1Qn QOHLz(Po) = Op(n ! ) .

La(Fo)
Condition A2. The functions 59 and §2° belong to a Py-Donsker class
Qn,gn T1n,T2n Q0,9%,T1,72, gy
Q Q _
and H5Qi,gn,7r1n,7r2n o 6@(())79*77"1771'2,9* ”L2(P0) - Op(l)'

Then, applying the Cauchy-Schwartz inequality with , we find that Mf;? = 0,(n"1/2).
In conjunction with Lemma 19.24 of van der Vaart| (1998), the assumption ensures that
G = 0,(n~"/?). Then, we have the desired result:

R4,9. = Rayg. = Bapg. = —Pudey + P09 +o0,(n7?) .

Qn,gn,Tin,T2n n QO»g*yﬂ'l,ﬂ'Z,g*

We note that the condition can be considerably weakened, for example, by utilizing
various sample-splitting and cross-fitting techniques as discussed by [Zheng and van der Laan
(2011)) and |Chernozhukov et al.| (2018).

To linearize RQ*’gn, we suppose that Q, # Qo while g, = go and define the bivariate

regression

1. (9W).g' (W) = Ep {7, (Z) = Qu(2) | X = 1,g(W),g' (W)},
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noting that xg, (90(W)) = pg_(90(W), go(W)). Again letting  : Z + X denote the coordi-

nate map for X, we can write this first-order remainder term as:

Ry = 1o (222 @ - Qo))
(S
5

Letting p,(W) be a consistent estimator of i, (go(W)) we define the second-order term

M = —Po[{MIQ* (90, 9n) — b} (90 — )/ 90] + Podptn(gn — 90)°/ (g0gn)} -

S . _
We now have Ry, , = —PO(SQ‘JMMM” + Mg, Then, defining
g0 . _ 90 _ 590
Gn T (Pn PO) <6angml~"n 5Q*7907MQ*> ’
S o g g . .
we have that R, o, = —Pndg +P"5Q()*,go,u@* + G9% 4+ M9 . Now, we introduce regularity

conditions to ensure the terms G and M are o,(n~'/2). We suppose that:

Condition A3. The convergence rates of the estimators i, and g, are such that

”M/Q* (907971) - ,unHLz(Po) Hgn - gUHLz(Po) = Op(n_l/z) and Hgn - gOHL2(P0) - Op(n_1/4)'

i i 4. jhE funCticnS ép a/n/d (Sgp _ belOTLg to a P()—DO’]’LSk@? CZGSS and
Qn,gn,fin Q*,go,,u,Q*
| Q_O’“g’“lhb Qo*ag(),MQ* ||L2(1 0) P(l)

Then, applying the Cauchy-Schwartz inequality with , we find that M7 = op(nfl/ 2).
In conjunction with Lemma 19.24 of van der Vaart| (1998), the assumption ensures that

G% = 0,(n"'/?). Then, we have the desired result:

> _ _ D S _ g g —1/2
RQ*»gn - RQ*;QH - RQ*»QO - _Pn(sQo,ug,,“un + Pnéé]*7go,uc—2* + Op<n ) :

As before, we note that the condition [A4] can be considerably weakened. O]
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3.C Proof of Theorem
Defining G}, := (P, — Fo)(¢5. .. — @5, ,.), We have from (3.1) that
Vn,canor — Yo = anbé*,g* - Pnﬁbﬁj@%g; + G+ RQ;,g* .

n

By application of Theorem [3.1] and Lemma [3.1], we find

n

Yn,canor — Yo = ]P)ngbz}*,g* - ]P)nsz};N% + G:z + RQ%Q% + RQ?}Q*

= Pudq.. = Pudiyy g — Padgy —Pndg + G+ Rgs g + 0p(n'?)

n-'9n n Qn,gn,T1n,T2n n QneruNn

=Pudg, 4. + G+ Rgs g +0,(n7?)
where the last equality holds by assumption . We suppose that:
Condition A5. The convergence rates of estimators Q¥ and g satisfy
197, = Qullacre) 195 = 9ellairy) = 0p(n~"?) .

Condition A6. The functions ¢’f@* g and q%* . belong to a Py-Donsker class and

H¢5;kng:; o (bz?*g* L2(P0) = Op(]‘) .

Then, applying the Cauchy-Schwartz inequality with , we find that RQM; = 0,(n"1/2).
In conjunction with Lemma 19.24 of jvan der Vaart| (1998), condition ensures that G}, =

0,(n"1/%). Then, we have the desired result:

nl/z(wn,mm — ) = nl/zpné()*g* +0,(1) ~ N(0,%,) for X, := PO(CEQ*,g*Q;QT)*,g*) .

As before, we note that condition [A6| can be relaxed by utilizing cross-fitting techniques in

the construction of 1, caxpr- O
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Chapter 4
ROBUST INFERENCE FOR QUANTILES

Quantile functions are often of scientific interest. For instance, in time to event analyses,
the median survival time is a common measure of survivorship used to compare exposure
groups. In epidemiology and econometric applications, counterfactual quantiles offer alter-
natives to mean-based causal inference. While there has been extensive work on estimation
of quantiles, in both areas comparatively less attention has been paid to deriving valid and
robust inference. In this chapter, we compare several model-agnostic approaches to statisti-
cal inference for quantiles and related functionals. We apply and evaluate these approaches
in the context of the important application of estimation of counterfactual quantile contrasts
in the potential outcomes framework.

Specifically, we consider the following three proposals for the construction of valid (1 —

a) x 100% confidence regions for generalized quantiles:
1. pointwise Wald-based confidence intervals;

2. pointwise confidence intervals for quantiles based on inverting pointwise confidence

intervals for the underlying distribution function;

3. pointwise Wald and percentile confidence intervals based on resampling quantiles using

influence function-based multiplier bootstrap samples.

The construction of pointwise Wald-based (1 — «) x 100% confidence intervals for a fixed
quantile or contrasts of quantiles is intuitively simplest and likely most familiar, but requires
accurately estimating the standard error of the quantile(s) of interest. In practice, this entails

estimating a density function at the desired quantile, itself an involved estimation problem.
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As a first alternative, we consider a formulation for pointwise (1 — a) x 100% confidence
intervals for fixed quantiles that leverages the fact that the distribution function and quantile
functions are inverse mappings. Unlike the Wald-based approach, these inversion intervals
circumvent estimation of additional nuisances, such as density values. We show, through an
argument similar to that in [Brookmeyer and Crowley (1982)), that the inversion procedure
results in valid confidence intervals for the quantile of interest. However, we note that this
procedure for pointwise intervals can not readily be used to construct intervals for contrasts
of quantiles, as may be of interest in practice.

This motivates us to consider a further alternative, again based on first constructing an
asymptotically linear estimator for the distribution function. We then repeatedly resample
this distribution function estimator using the multiplier bootstrap (van der Vaart and Wellner
1996), and for each resample, we compute the quantiles of interest. We then apply a Wald
or percentile approach to construct an interval for the quantile or contrast of quantiles of
interest. The validity of this approach is based on results described in [Hsu| (2016)). Unlike
the inversion construction, the multiplier bootstrap approach naturally allows for contrasts
of quantiles.

We will establish the theoretical validity of each of these inferential methods and evaluate

their finite sample performance in simulation studies.

4.1 Efficiency theory for quantile estimators

4.1.1  Pathwise differentiable distribution function parameters

To study efficient estimation of general quantile parameters, we find it useful to first consider
the corresponding distribution function parameters. We suppose a typical observation Z €
Z is distributed according to P, in the observed data model M. We consider parameter
mappings F' : M — D that map elements of M to the space D of cadlag functions I :
R — [0,1] that satisfy I'(t) — 0 as t — —oo and I'(t) — 1 as t — oo. Typically, the

value F'(P) = Fp can be considered a distribution function. In our motivating example, we
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are interested in quantiles derived from the full data event time distribution. However, the
observed data units are subject to coarsening. Hence, we restrict our attention to parameters
F that are identifiable and pathwise differentiable at every ¢ in a set 7 C R at each P € M.
We let 75 : ZxT — R denote the efficient influence curve of F' at P relative to the observed
data model M.

Before continuing our discussion of quantile parameters, we first provide the efficient
influence curve for the distribution function of an event time in several common settings. In

particular, we consider nonparametric models for data structures of varying complexity.

Example 1: Complete data in a nonparametric model. We first consider the fami-
liar case where we observe i.i.d. real-valued random variables 7, ..., Z, with distribution
function Fy(z) = Po(Z < z). In an unrestricted model for F, we have that any regular

asymptotically linear estimator F}, of Fy has influence curve 7 (2;t) = I(z <t) — Fy(1).
The next example is the classic time-to-event setting with non-informative right-censoring.

Example 2: Observations subject to independent right-censoring. We now consi-
der full data units (T,C'), where T is the true event time and C' is the right-censoring
time. We suppose that C' is independent of T" and let Fy := F(F,) denote the distribution
function of T, and define Sp,(t) := 1 — Fy(t) and Gp,(t) := Py(C > t). The observed data
units of the form Z = (Y, A) = (min(7,C), (T < C)).

We consider estimation of Fy(t), restricting attention to times¢ € T := {t : 0 <t < tyax},
where t,.x is defined such that Gp, (tmax) is bounded away from 0.

In this setting, the survival curve 1 — Fy(t) is pathwise differentiable in an otherwise
unrestricted (i.e. nonparametric) model with efficient influence curve

Iy<t /m<> dAp,(u)
y) 0 7

Th(2:t) = =Sp (¢) {5 Gre ()5 ( Gp,(W)Sp, ()

where Ap, (y) is the cumulative hazard function of 7" at time y. Thus, the efficient influence

curve for Fy(t) is 75, = —75,.
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Example 3: Observation times missing at random. We suppose that the observed data
unit is Z = (W, X, XY'), where W is a vector of covariates and X is a binary indicator of
observing the time-to-event of interest Y. Hence, we only observe the value of Y when
X = 1. In this example, the only restriction we place on the model for the distribution
of Z is that the outcomes are missing at random, in the sense that Y and X are inde-
pendent given W. In other words, given W, the conditional probability of observing Y
does not depend on the value of Y. We denote this probability by go(w) := Fy(X =1 |
Y =y W =w)=F(X =1| W =w). We define the conditional distribution function
Hp,(t,w) = Py(Y <t| X =1,W = w). The efficient influence function for estimating the
marginal distribution function Fy(t) := Ep,{Hp,(t, W)} in this setting is

go(w)

T;O(Z; t) = {](y S t) - HPo(t7w)} + HP()(t? w) - FO(t)'

The following example covers more general time-to-event settings for causal inference in
which the event times are right-censored and the censoring is possibly informative unless we

condition on baseline covariates.

Example 4: Observed times are right-censored in a causal model. We consider ob-
servations of the form Z = (W, X, Y, A). Here W is a vector of baseline covariates and X is
a binary indicator of exposure. The observation times Y are right-censored, so that (Y, A) =
(min(7,C), I(T < C)), where the uncensored event time is 7' = X7T'(1) + (1 — X)T'(0) for
potential outcome event times 7'(1) and 7'(0), and C' is the censoring time. We suppose
T and C' are discrete random variables and that, given W, X and T are independent and,
given X and W, C' and T are independent. Then, we may write gp,(W) := Py(X =1| Z) =
Py(X =1|W). We assume that gp, (W) is bounded away from both zero and one Py-almost
surely. We let Fy := F(Fp) denote the marginal distribution function of 7°(1), and define
Sp,(t, W):=FP(T>t| X =1,W) and Gp,(t, W) := B(C >t | X =1, W).

We consider estimation of Fy(t), restricting attention to times t € T := {0, 1, ..., tmax },

where ¢, is defined such that Gp, (tmax, W) is bounded away from 0 Pp-almost surely.



7

In this setting, van der Laan and Rubin| (2007) show that the marginal survival curve
1 — Fy(t) is pathwise differentiable in an otherwise unrestricted (i.e. nonparametric) model

with efficient influence curve

](X — 1) Z I<t > y)I<Y > y)SPo(tv W)
gpry (W) GPO (yv W)SPO (y7 W)

+5p (6, W) = {1 = Fo(1)}

Th(Z;t) =~

{A[<Y = y) - )‘Po(ana W)}
yeT

where A\p, (v, X, W) := P(Y =y,A=1]Y >y, X,W) reduces to the conditional hazard of
T given X and W at time y. Thus, the efficient influence curve for Fy(t) is 75, = —75,. We
note that this setting can be extended to cover continuous time variables.

Note that to obtain the efficient influence function for the marginal distribution function

of T'(0), we need only replace all instances of X = 1 in the previous definitions of gp,, Sp,,

Gp,, and Tj;o by X = 0.

4.1.2  Differentiability of the quantile function

Our present interest is in estimating a the quantile function or contrasts of quantiles corre-
sponding to a distribution function Fp, rather than Fp itself. The quantile function ¥ of
I' € D is defined as the inverse

Wi(q) = inf{g <T(H)} .

Under weak conditions, the inverse map is Hadamard differentiable. Through application of
the functional delta method, this differentiability implies that the quantile function ¥, (q)
is itself pathwise differentiable at P in the model M with efficient influence curve

_T;)(Z; Ve <Q))

where fp is the density function corresponding to Fp. Formally, we have the following

proposition.
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Proposition 4.1 (Lemma 3.9.23 (van der Vaart and Wellner||1996))). Let D;|a,b] be the set
of all restrictions of distribution functions on R to an interval [a,b], and let Dy C Dsla, b

be the collection of distribution functions for probability measures on interval (a,bl.

(1) Let 0 < p1 < pa < 1, and let F' be continuously differentiable on the interval |a,b] =
[F~Y(p1) — €, F~Y(p2) + €] for some € > 0, with derivative f > 0. Then the inverse
map G — G~ as a mapping from Dila,b] — (*°[p1, pa] is Hadamard differentiable at
F tangentially to Cla,b], the space of continuous functions from [a,b] to R.

(ii) Let F' have compact support [a,b] and be continuously differentiable on its support with
derivative f > 0. Then the inverse map G — G~ as a mapping from Dy — £°°(0, 1)
is Hadamard differentiable at F' tangentially to Cla,b].

For both cases, the derivative is the mapping ¢ : h > —(h/f) o F~1.

4.1.8  Standard approaches to estimating quantiles

In light of the above result, an important consequence of the functional delta method is that

it F,, is any asymptotically linear estimator of F{ with influence function 7p, so that
n!P{F,(t) — Fo(t)} ~ Gopy (1)

as a process indexed by ¢ € T, then the plug-in estimator of the quantile function Vg (q) is

itself asymptotically linear with influence function z — ¢p,(z; q), and

n'*{ U, (¢) = Vi, (9)} ~ Godr,(q) -

Hence, one natural approach to estimating the quantile function is to first obtain an estimator
of the distribution function on the region 7.
Alternatively, we may formulate 1)o(q) as the solution to an optimization problem. Let

L,(t) = t{g — I(t < 0)} denote the tilted absolute value loss function. We define the
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corresponding complete data risk function to be Ry(1) = [- Ly(t —¢)dFy(t). Then, the g-th

quantile is
o(g) = argmin R, (1)

suggesting that an estimator v,,(¢) can be constructed by minimizing an estimator R, ,(¢)
of R,(¢). The sampling behavior of 1,(q) can be studied subsequently using standard
techniques in the theory of M-estimation (van der Vaart||1998). In the presence of data that
are subject to censoring, missingness or other forms of coarsening, the methods of jvan der
Laan and Robins| (2003)) can be used to obtain a suitable loss function for the observed data.

Regardless of how it is constructed, 1, is an asymptotically efficient estimator of ¢y =
Vg, if

Po

n1/2{¢n<Q) - %(Q)} = n1/2Pn¢};0 (Q) + OP<1) ~ GPo(éj?o

where 0,(1) holds uniformly in ¢ and the limiting process Gp, ¢}, is a Po-Brownian bridge
that has covariance function (qu, ¢,) = Po{®p,(qu)9p,(qw)} for 0 < gy, ¢, < 1. In particular,
for the go-th quantile, an efficient estimator ¢, (qo) of ¥o(qo) satisfies

n2 {4 (q0) — Po(q0)} —a N0, Vg (q0)) , (4.1)

where Vi (q0) = Po{¢p,(90)*}. This convergence in distribution provides the basis for the
theoretical validity of the methods for constructing confidence intervals described in the

following section.

4.2 Methods for obtaining pointwise confidence intervals for a fixed quantile

4.2.1 Pointwise Wald confidence intervals for the quantile

For an efficient estimator v,,(qo) of 1o(qo), an approximate (1 — «) x 100% Wald confidence

interval is given by the limits
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In practice, V5 (qo) is replaced by any consistent estimator, such as V*(q) = Pn{¢%(q0)*}
with
_T}én(wn(qo))

fo (Wnlq0))

where 75 is the efficient influence function for the distribution function Fp, evaluated at

b (qo) =

some estimator P, of F, and f, is an estimator of the density corresponding to Fp,. The

approximate Wald confidence limits based on this standard error estimator are

Vi (@) }/

n

Un(qo) £ 21-a/2 {

While asymptotically valid, in practice, constructing a consistent estimator f,, (1, (qo)) of
fr,(¥o(qo)) often depends on the particular data-generating mechanism. A natural choice is

to construct a kernel density estimator of the form

Funtintan) = [ 5 (S ) aro)

where K is a second-order kernel function and h > 0 is the bandwidth tuning parameter.
Selection of h by cross-validation is straightforward in full data models, but is made compli-
cated when the observed data units are subject to coarsening. In such case, selection of the
bandwidth h depends on constructing an appropriate loss function specific to the setting.
For example, |[Padgett and McNichols| (1984)) and Marron et al. (1987) study density function

estimation in the presence of independent right-censoring.

4.2.2  Inverting pointwise Wald confidence intervals for the distribution function

Whereas direct construction of pointwise Wald confidence intervals for 1y(q) requires estima-
ting the density fp,(10(¢q)) as an additional nuisance parameter, the Wald intervals for the
distribution function do not. An approximate (1 — a)) x 100% Wald confidence interval for

the distribution function Fp at a fixed point ¢ € R is given by [F,,(t), F}7,(t)], with limits

n

* 21y 1/2
FE () = Fo(t) & 21-0)2 {w} .
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Here, we suppose that F), is an efficient estimator of Fy. Now, for any 0 < ¢ < 1 we define

Tula,q) = {t€T:F.(t) <q<EfL (1)}
Vnale) = infTp(e,q), and

t(@) = supT(a,q) .

We note that T,(a,q) C T is the collection of values ¢ so that the (1 — «) x 100% Wald
confidence interval for Fy(t) contains q. Then, we define the approximate (1 — ) x 100%

inversion confidence interval for 1(go) to be [¥, (), %) ,(q)].

Theorem 4.1. The (1 —a) x 100% inversion confidence interval for 1o(qo) is asymptotically

valid; the interval has coverage probability that is asymptotically 1 — .

Proof. By definition, we may write the coverage probability of the inversion interval as

Po{tr,.0(q) < tho(q) < ¥ya(@)} = Po{tho(q) € Tula, @)}

no(@)} and {Yo(q) € Ta(a,q)} differ by a set of

(@) <
€ To(a, q)} is equivalent to {F,, ,(v0(q)) < ¢q < Fn,a(%((]))}-
q < FF,(¢o(q))} is exactly the coverage probability for the

since the events {1, ,(q) < o
measure zero. The event {y(q)
However, Po{F, ,(¢o(q)) <
approximate (1 —«) x 100% Wald confidence interval for the distribution function at ¢y(q).
Since F,, is an efficient estimator of Fy, we certainly have

{F(t) — Q}2 52
Pu{r (0]

— Pr(xi < zf_,,)=1-a.

Po{F, ,(¥o(q)) < q < F (1ol(q)} = Py [n
]

This approach mirrors that of Brookmeyer and Crowley| (1982)), who inverted a sign test
based on the Kaplan-Meier estimator of the distribution function. We expect that any si-
milar confidence region for a quantile that is determined by inverting tests/intervals for the
distribution function will avoid the need to estimate the density function fp, (10(q)). Ho-

wever, this complicates matters if we wish to subsequently estimate a contrast of quantiles
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across multiple groups (e.g. quantile treatment effects). Inverting intervals for the distribu-
tion function does not (or, at least, does not obviously) facilitate inference on contrasts of

quantile estimators.

4.2.83  Multiplier bootstrap confidence intervals

An alternative to inverting confidence intervals for an asymptotically linear estimator of
the distribution function is to instead bootstrap F,, and use the samples to estimate the
desired quantile(s). The use of bootstrap methods is often suggested as an alternative to
Wald-based inference when estimating the standard error of an estimator is challenging. The
most familiar version of the bootstrap takes the empirical distribution of the observations
as estimator of the data-generating mechanism. We refer to this as the nonparametric
bootstrap. Practical implementations of the nonparametric bootstrap typically proceed by
drawing i.i.d. samples Zfb), ceey 7 from the original data Zy,...,Z,, withb=1,... B for
some large integer B. For each of the bootstrap samples, the estimator Qﬁs’) is computed.
Inference is then reported based on the empirical distribution of the @/Jﬁ?.

To obtain nonparametric bootstrap inference for quantile or contrast of quantiles in a
general setting, we do not advocate for the bootstrap that samples from the observations
directly. There are both computational and theoretical reasons for this, particularly when
the estimator F), of the underlying distribution function is based on flexible nonparametric
estimators. Computationally, construction of F,, may be quite demanding. This demand
often depends on both the number and complexity of nuisance parameters involved in the
construction of F;,. For instance, in the missing data setting of Example 3, an asymptotically
efficient estimator F, of the distribution function Fj requires estimating both the propensity
score and conditional distribution function. Even if sufficient computing resources are avai-
lable to implement the nonparametric bootstrap, it has only been shown to be theoretically
justified in settings where the estimator F}, is a smooth transformation of the empirical dis-
tribution of 71, ..., Z,. Nuisance estimators often involve techniques such as cross-validation

to select among candidate tuning parameters, so that F; is not a smooth function of the
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empirical distribution.

In light of the above considerations for the nonparametric bootstrap, we instead pro-
ceed by generating B multiplier bootstrap sample quantiles 1#511), e ,wle) by perturbing F,
and computing the quantile function of the perturbation FY .= F, + %Z?:l T(Lb)T;n(ZZ-).
Here, éb), ceey ® can be arbitrary independent random variables that are independent of
Ziy.. oy Zy with E(§) = 0, var(§) = 1 and F(£T®) < oo for some o > 0. The perturbation
random variables g@, ey ® are commonly taken to be generated from a standard normal
or Rademacher distribution. Following this, percentile or Wald-based bootstrap confidence
intervals may be constructed from the bootstrap quantile realizations wﬁ}’, e ,wﬁlB).

The wild or multiplier bootstrap can refer to a number of procedures relating to conditio-
nal multiplier central limit theorems such as those found in Chapter 2.9 of van der Vaart and
Wellner (1996)). In the remainder of this section, we provide an overview of the developments
that apply to drawing inference about quantiles in an arbitrary model.

First, we introduce some standard notation. For a set F, we let (>°(F) be the space
of all bounded functions [ : 7 — R and adopt the norm |||z = sup;c# |I(f)]. We denote
by BL; the collection of bounded Lipschitz-1 functions h : (*°(F) — [0,1]. Hence, for any
h € BL;, we have |h(ly) — h(ls)| < ||li — l2||z. We suppose that the empirical process
G, = n7 V23" (62, — Py) ~ G in (>(F), where dz, is the dirac measure at Z; and the
limiting process G is a Brownian bridge. We re-state a version of the “in probability”

multiplier central limit theorem in the next proposition.

Proposition 4.2 (Theorem 2.9.6 of van der Vaart and Wellner, 1996). Let F be a class of
measurable functions. Let &, ..., &, be i.i.d. random variables with E¢(&1) = 0, vare(§1) = 1,

and E(|&]*1*) < oo for some > 0, independent of Zy, ..., Zy. Let Ge,, =n~ Y23 &(07,—
Py). Then, F is Donsker if and only if

sup |Ech(Gen) — ER(G)| — 0

heBIL4

in outer probability, and the sequence G, is asymptotically measurable so that

E*h(Gg¢,,) — E(Geyp) — 0, forallh € BL; .
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The convergence supy,cgy,, |Eeh(Gen) — ER(G)| — 0 in the above proposition is equivalent
to the weak convergence G¢,, ~» G (van der Vaart and Wellner|[1996). We are interested in
using this result to approximate the asymptotic process G¢p, (q) corresponding to an efficient
estimator of the quantile function. However, both G¢ ,, and ¢p, involve unknown parameters.

A natural estimator of the process G¢ ,¢5,(¢) is given by

Genp, (@) =12 e{dp (Zi3q) — Pud, (a)} .

i=1
We note, however, that the conditional multiplier central limit theorem does not apply
directly to the process Gg,nqﬁ}n(q).

The multiplier bootstrap first appears in the literature as the wild bootstrap of |Liu
et al.| (1988)), based on ideas due to Wu et al| (1986) and the discussion of Beran| (1986).
In these original articles, the wild bootstrap was applied to obtain valid inference for the
coefficients of heteroskedastic linear regression models. Kline and Santos| (2012) studied a
score bootstrap for M-estimators more generally. The class of estimators treated by |[Kline
and Santos| (2012), however, is restricted to finite-dimensional parameters that do not require
data-adaptive estimation of nuisance parameters to evaluate the score (and hence, influence)
function. These limitations are addressed in the technical report of Hsu| (2016). We state
the following weaker version of Theorem 3.1 of [Hsu| (2016) as a proposition below.

In the following proposition, we use the definition of manageability given in Pollard
(1990). Let a - b denote the Hadamard (element-wise) product of two vectors. Then, we
say that {75 (Z;;t) : i =1,...,n, t € T} is manageable with respect to the sequence of
envelopes M, if there is a deterministic function A such that (i) fol \/Wdu < oo and

(ii) the random packing number
D(xlv- My (2)|,v-{1p (Zist):i=1,....n, t € T}) < \x)

for any 0 < x <1 and all z € Z, for any v € R™ with non-negative entries.

The proposition depends on the following conditions:
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Condition A1l. Suppose that Zy, ..., Z, are i.i.d. random variables taking values in Z and
distributed according to Py. Let F,,(t) be an asymptotically linear estimator of the distribution

function parameter Fy(t) with influence function 7, (t) such that
n'2{E(t) — Fo(t)} = Guth, +05(1)
where the o,(1) term holds uniformly in t.

Condition A2. Suppose further that there exists an envelope function My such that |7p, (z;t)| <
My(z) for all z € Z and all't € T, the set {75 (Z;;t) :i=1,...,n, t € T} is manageable

with respect to My, and that there exists a value o > 0 such that POMO2+O‘ < 00.

Condition A3. Let &y, ..., &, bei.i.d. random variables, independent of Z, ..., Z,. Suppose
that E¢(&1) =0, varg(&1) = 1, and E(|&[*T) < oo for the same « as above.

Condition A4. Let 75, (t) be an estimator of 75, (t) with envelope M,, and suppose that the
{5 (Z;t) i =1,...,n, t € T} are manageable with respect to the M, . Suppose that
sup_[Py7p, (61)7p, (t2) — Pop, (t1)7p, (t2)] = 0,(1),
t1,t2€T

and that there exists 0 < o < « such that
]P)n(Mg - MOZ) = ]P)n(Ms—m/ - M(?—m/) = Op(l) .

The first condition requires that F,, is asymptotically linear at Fy. Conditions (2A) and
(4A) require that the true influence function and the estimators 77 are not overly complex.
Condition (3A) ensures that the sequence of perturbation random variables &, . . ., &, satisfy

the requirements of the conditional multiplier central limit theorem.

Proposition 4.3 (Theorem 3.1 of Hsu, 2016). Suppose that conditions (A1)-(A4) hold. Let
Gentp, (8) = n 2 00 &dmh, (Zis ) =Purh, (D}, Then, supyepy, |Eeh(Genth, )= E(Gor,)| —
0 wn outer probability, and the sequence Ggynﬁ;n s asymptotically measurable. Moreover,

G&nT};n (t) ~ GoTp, (t) in probability, conditionally on the sample path Zy,. .., Z,.
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Under the conditions of Proposition 4.3, we find that a perturbed distribution function

estimator F\” = F, + 1 Ly 1£n 75, (Z;) satisfies
n'HED (1) — Fu(1)} = Geatp, (1) ~ Gorp, (1),

in probability, conditionally on the sample path Zi,..., Z,. For the quantile process, we find
by application of the functional delta method that

n' 2 {0 (q) — ()} ~ Gog, (1)

in probability, conditionally on the sample path 71, ..., Z,. Hence, both Wald and percentile
bootstrap confidence intervals constructed from w,(ll)(q), . ,¢£B)(q) are asymptotically valid,
and avoid having to construct an estimator of the density function. Moreover, implementa-
tion of the multiplier bootstrap avoids the need to repeat the estimation procedure used in
construction of F,, itself.

A potential issue with this approach in finite samples is that the perturbed distribution

function estimators Féb)

may fail to be monotone. Such an estimator is not contained in the
parameter space. When this occurs, the corresponding quantile value is not well-defined.
We consider two possible remedies for defining the w,(})(q). First, we consider correction of
FY to enforce monotonicity. In particular, Westling et al. (2018) demonstrate that under
weak conditions, projection of Fflb) onto the space of non—decreasing functions via isotonic
regression does not change the limiting process. Denoting by FY) the isotonic projection

of Fy(Lb), we then define the b-th quantile estimator to be ¢n71(q) = V:u)(q). The second

method we consider is to define the b-th quantile estimator as the average

o) = 5 (infla < FO) + supla = AV -1} )

teT

As B is typically a step-function, we note that in this case wnb '1(q) is simply the average
of the first time index and last time index at which the graph of t = F, (b)( t) crosses q. The
length of this interval, sup,c{q > Jaig) (t—)} —infier{q < F ( )}, will tend in probability
to zero at faster than n~'/2 rate, so taking its midpoint as the quantile is asymptotically

valid.



87

A ] B 0.251
1.00 (617, .23)
0.20-
0.75-
= < 015
~= 0.501 (.617, .5) =
W “© 0.10
0.25- 0.05
0.001 — 0.00
4 2 0 2 4 6 4 2 0 2 4 6
y y

Figure 4.1: (A) The marginal distribution function Fy and (B) marginal density f, for YV

implied by the data-generating mechanism. The median of Y is plotted in each panel.

4.3 Simulations

In this section, we evaluate the construction of the Wald, inversion, and multiplier bootstrap
confidence intervals for the median in the setting of our example 3, in which the outcomes

are missing at random.

4.3.1 Data generation

For n € {100,200, 500, 1000,2000}, we generated i.i.d. observations Z; = (W;, X;,Y;) for
i = 1,...,n. The covariates W; = (Wy;, Wy;) are such that Wy; is independent of Wy,
Wi ~ Uniform(—2,2) and Wy; ~ Uniform(0,1). The outcomes Y; = Qo(W;) + ¢;, where
Qo(w) := w? + (wy — .5)(wy — .2)wy — exp(—wy) + sin(w;) exp(—ws), and ¢; ~ N(0,1). The
marginal distribution function of Y is Fy(t) := Py(Y < t) = Ep{Ho(t,W)}, where the
conditional distribution function Hy(t,w) := ®(t — Q(W)) with ® denoting the distribution

function of a standard normal random variable. For this data-generating mechanism, the

median is 1(1/2) ~ 0.617. We plot Fp, its density fo, and 19(1/2) in Figure [1.1]
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4.3.2  Notes on construction of estimators and confidence intervals

Initial nuisance estimators Q,, and g,, were constructed using bivariate kernel regression, with
all bandwidths selected by cross-validation. Then, to estimate the conditional distribution

function Hy(t,w), we defined €, :=Y; — Q,(W;) and set
1 & _
H,(t, = I(€,; <t —Qyp
()= 3 3 e <1 Qulw)

to be the empirical distribution function of the €, ; evaluated at t — Q,,(w). Our estimator

of Fj is the augmented inverse probability Weighted (AIPTW) estimator

Xi

For a given sample, we define a uniformly—spaced mesh min(Y;) = t; <ty < ... < t, =

max(Y;). We evaluate F,,(t1),..., F,(t,) and compute v, (1/2) = inf{¢; : 1/2 < F,,(¢;)}.

We then construct 95% Wald confidence intervals for the median in two ways, varying the
estimator of the density function. First, similar to above, we compute the conditional density
h,(t,w) by estimating the density function of the €,, by kernel density estimation (with
bandwidth selected by cross-validation) and evaluate the density estimator at t —Q,,(w). We
then set f,(t) :=n~' D" h,(t,W;) as an estimator of fo. We refer to the Wald intervals
based on f,(t) as Wald-KDE intervals. An alternative estimator of the density is the to

approximate the derivative of F,,(¢) by a difference quotient. We define

fn(l/}n(l/Q)) = F;:a( ”f) _ F?Ea(w;,a) 7

n,o n,o

where o, ¥, FL(WF,), and F (¢, ,) are as defined above in the description of the
inversion confidence intervals. We refer to the Wald intervals based on this difference quotient
as Wald-D() intervals.

The inversion confidence intervals are based on ¢, ¥, F  (¥F,), and F (¢, ,)
computed based on the mesh.

We implemented the multiplier bootstrap by drawing the perturbation random varia-

bles £ from a N(0,1) distribution and computing both zﬂ,(f’)l(l /2) and wgll(l /2) for b =
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1,...,2000. Then, we used the B = 2000 bootstrap samples for each method to compute
95% Wald and percentile confidence intervals for the median. We refer to the multiplier
bootstrap intervals based on djﬁlb)](l /2) as MBS-1I, Wald intervals and MBS-I, % intervals,
respectively. Similarly, we refer to the intervals based on wflbll(l /2) as MBS-A, Wald and
MBS-A, % intervals.

4.3.83  Results

We repeated the data generation and confidence interval construction in 1000 independent
simulation replicates, and plot the empirical coverage and length of the 95% confidence
intervals in Figure [£.2l We find that the coverage of both the Wald-KDE and inversion
confidence intervals outperformed the Wald-DQ and multiplier bootstrap estimators at lower
sample sizes. However, all of the methods for interval construction approach the nominal
95% coverage as the sample size increases. Of interest is that the confidence interval lengths
tended to increase with the coverage probability. The performance of the multiplier bootstrap
confidence intervals did not appear sensitive to the use of isotonic regression or the averaging
procedure for defining the median. However, we do note that the multiplier bootstrap-based
Wald confidence intervals appear to outperform the percentile multiplier bootstrap intervals.
We might expect this performance gap to shrink as the number of bootstrap replicates
increases. That the performance of the Wald-DQ confidence intervals is competitive with
the multiplier bootstrap confidence intervals is also of interest, as the difference quotient is

typically considered to be a poor estimator of the density function.
4.4 Discussion

We have shown evidence that there are several methods for constructing valid confidence
intervals for quantiles and related quantities. In our simulation study, we found that the
Wald-KDE and inversion intervals had stronger performance at lower sample sizes. However,
we were able to leverage the known regression structure in this problem to ease estimation

of the density function. In other complex data settings, this exact method may not be jus-
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Figure 4.2: Empirical coverage and length of approximate 95% confidence intervals for sample

sizes n € {100, 200, 500, 1000, 2000} computed using 1000 simulated datasets.

tifiable. In such cases, potentially complex cross-validation procedures are often required
in order to select from among candidate density estimators, which may push the analyst
toward using a different approach. If contrasts of quantiles are of interest, the multiplier
bootstrap approach to confidence interval construction appears promising, though it may be
more computationally intensive. Unlike the nonparametric bootstrap, multiplier bootstrap
confidence intervals are based on resampling the (estimated) influence function for the pa-
rameter of interest. Hence, it is not clear how the higher order behavior of the multiplier
bootstrap compares to other procedures. A possible direction towards this understanding
may stem from arguments similar to those in |Kline and Santos| (2012)) where it is shown that,
in terms of Edgworth expansions of studentized statistics, the score and wild bootstrap are
equivalent to higher-order than the wild bootstrap and standard Wald confidence interval.
Showing the equivalence of the multiplier bootstrap to another method for constructing con-
fidence intervals may facilitate theoretical comparisons to the inversion and Wald methods

of interval construction.



APPENDIX

4.A Sample R code for constructing confidence intervals

## Helper function to perturb cdf using multiplier bootstrap
a_wild_cdf_appears <- function(cdf, influence.curve, dist = rnorm) {

n <- nrow(influence.curve)

M <- ncol(influence.curve)

U <- dist(n)

U.mat <- matrix(U, nrow = n, ncol = M, byrow = T)

wild_process <- apply(U * influence.curve, 2, mean)

wild_cdf <- cdf + wild_process

return(wild_cdf)

## If an estimated cdf is non-monotone ("wiggly"), either
## (1) compute its monotone projection via isotonic regression
#i# and then compute the quantile; or
## (2) check the first and last time the wiggly curve crosses
#i#t the corresponding probability, define the quantile as
#i# the average of the abscissae
wiggly_quant <- function(mesh, wiggly, prob=0.5){

# Quantile from isotonic regression fit

iso_wiggly <- isoreg(x = mesh, y = wiggly)

quant_iso <- inv(mesh, iso_wiggly$yf, p = prob)

91
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# Quantile as average of first/last crossing of prob

first_ab <- mesh[which(mesh == min(mesh[wiggly >= probl))] #First crossing

last_ab <- mesh[which(mesh == max(mesh[wiggly < prob]l)) + 1] #Last
crossing

quant_avg <- (first_ab + last_ab) / 2

out <- c("quant_iso"=quant_iso, '"quant_avg'"=quant_avg)

return(out)

## Generate empirical multiplier bootstrap quantile draws
bs_quantile <- function(mesh, cdf, influence.curve, dist = rnorm, B=200,
prob = 0.5){
replicate(B, expr = {
wcdf <- a_wild_cdf_appears(cdf, influence.curve, dist)
wiggly_quant (mesh, wcdf, prob)
D

## Quantile confidence intervals

# cdf -- a vector of the (non-decreasing!) cdf values on a mesh of length M
# influence.function -- an n x M matrix with each row denoting an
observation and each column denoting that observation’s influence

function evaluation at a distinct value of the mesh for cdf



gcdf <- function(mesh, cdf, influence.curve, q = 0.50, alpha = 0.05, reps

500,

pdf=NULL) {

n <- nrow(influence.curve)

M <- length(cdf)

if( M !'= ncol(influence.curve) ) warning("length of mesh implied by cdf

and influence.function differ!")

if( M != length(mesh) ) warning("length of mesh implied by mesh and cdf

differ!")

## Target quantile, point estimate

g_index <- max(which(cdf <= q))

quant <- mesh[q_index]

inv_time <-

system. time ({

## Compute Wald confidence intervals for cdf at each point of mesh

n <- nrow(influence.curve)

z_a <- abs(qnorm(p = alpha/2))

cdf.SE <-
cdf.lo <-

cdf.up <-

# Compute

sqrt (colSums(influence.curve”2)) / n
cdf - z_a * cdf.SE

cdf + z_a *x cdf.SE

mesh point for quantile and

# which mesh point has first/last cdf interval to include quantile

lo <- max(which(cdf.up <= q))

up <- min(which(cdf.lo >= q))
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## Inversion-based confidence interval for g-th quantile
inv.lo <- mesh[lo]
inv.up <- mesh [up]

)

## Wald-based confidence interval for g-th quantile

slope <- diff(cdf[c(lo,up)]) / diff(mesh[c(lo,up)]) # naive density
estimate at g-th quantile

wald.lo <- quant - z_a * cdf.SE[q_index] / slope

wald.up <- quant + z_a * cdf.SE[q_index] / slope

if (1is.null (pdf)){
# pdf should be a list with vectors pdf and mesh, mesh should be
# the same as the mesh used elsewhere in this function and pdf
# consists of estimates of the pdf at each point in mesh
gpdf <- pdf[q_index]
wald.f.lo <- quant - z_a * cdf.SE[q_index] / qpdf

wald.f.up <- quant + z_a * cdf.SE[q_index] / qpdf

## Multiplier-bootstrap confidence intervals for gq-th quantile
bs_time <- system.time({

# generating the bootstrap quantiles

bs_quants <- bs_quantile(mesh, cdf, influence.curve,

dist = rnorm, B = reps, prob = q)

# 1: Percentile bootstrap confidence interval



bs_iso.pct.lo <- quantile(bs_quants[1,], probs

bs_iso.pct.up <- quantile(bs_quants[1,], probs
F)

bs_avg.pct.lo <- quantile(bs_quants[2,], probs

bs_avg.pct.up <- quantile(bs_quants[2,], probs
F)

# 2: Wald bootstrap confidence interval
bs_iso_SE <- sd(bs_quants[1,])
bs_iso.wald.lo <- quant - z_a * bs_iso_SE

bs_iso.wald.up <- quant + z_a * bs_iso_SE

bs_avg_SE <- sd(bs_quants[2,])
bs_avg.wald.lo <- quant - z_a * bs_avg_SE
bs_avg.wald.up <- quant + z_a * bs_avg_SE
i9)
if (is.null(pdf)){

out <- c(wald.dq.lo = wald.lo, wald.dq.up = wald.up,

inverse.lo = inv.lo, inverse.up = inv.up,

bs.iso.pct.lo = bs_iso.pct.lo, bs.iso.pct.up

bs.avg.pct.lo = bs_avg.pct.lo, bs.avg.pct.up

bs.iso.wald.lo = bs_iso.wald.lo, bs.iso.wald.

up,

bs.avg.wald.lo = bs_avg.wald.lo, bs.avg.wald.
up)

} else {

up

bs_

bs_

alpha / 2, names = F)

1 - alpha / 2, names

alpha / 2, names = F)
1 - alpha / 2, names

iso.pct.up,

avg.pct.up,
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bs_iso.wald.

bs_avg.wald.



out <- c(wald.dq.lo = wald.lo, wald.dq.up = wald.up,

wald.f.lo = wald.f.lo, wald.f.up = wald.f.up,

inverse.lo = inv.lo, inverse.up = inv.up,

bs.iso.pct.lo = bs_iso.pct.lo, bs.iso.pct.up = bs_iso.pct.up,

bs.avg.pct.lo = bs_avg.pct.lo, bs.avg.pct.up = bs_avg.pct.up,
bs.iso.wald.lo = bs_iso.wald.lo, bs.iso.wald.up = bs_iso.wald.
up,
bs.avg.wald.lo = bs_avg.wald.lo, bs.avg.wald.up = bs_avg.wald.
up)
+
attr(out, "times") <- c(wald = attr(pdf, "pdf_time")["elapsed"], inv=
inv_time["elapsed"], bs=bs_time["elapsed"])

return(out)

# Function to check length and coverage of one realization of CIs
ci.eval <- function(ci, param=0, pdf=TRUE){
if (pdf==TRUE){
rnames <- c("Wald-DiffQuo", "Wald-pdf", "Inverse",
"BS-Iso-Pct", "BS-Avg-Pct",
"BS-Iso-Wald", "BS-Avg-Wald")

} else {
rnames <- c("Wald-DiffQuo", "Inverse",
"BS-Iso-Pct", "BS-Avg-Pct",
"BS-Iso-Wald", "BS-Avg-Wald")
}

ci.mat <- matrix(ci, ncol=2, byrow = TRUE,
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dimnames = list(rnames,
c("Lower", "Upper")))
len <- ci.mat[,"Upper"]-ci.mat[,"Lower"]
cov <- ci.mat[,"Lower"] <= param & param <= ci.mat[,"Upper"]
out <- c(Length = len, Coverage = cov)

return(out)

set.seed(2019)

n <- 100

X <- rnorm(n)

mesh <- seq(min(X), max(X), by = 1/n)

cdf <- ecdf (X) (mesh)

influence.curve <- t(sapply(X, FUN = function(x) {(x <= cdf) - cdf}))
plot(mesh, cdf, type="1")

CI <- qcdf(mesh, cdf, influence.curve, reps = 5e2)

ci.eval(CI)
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