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The study of probabilistic graphical models (PGMs) is an essential topic in statistics and

machine learning fields. Bayesian networks (BNs), arguably one of the most central classes

of PGMs, is frequently used to represent causal relations among a set of random variables

in complex systems. A Bayesian network (BN) is a PGM that consists of a labeled directed

acyclic graph (DAG) in which the vertices in the vertex set correspond to random variables

(nodes), and the edge set prescribe a decomposition of the joint probability distribution of

nodes such that the value of any node is a probabilistic function of the values of the nodes

which are its parents in the DAG. The edge set encodes Markov conditions on the nodes in

the sense that each node is conditionally independent of its non-descendents given its parents.

While statistical properties of BNs from continuous data have been extensively studied, the

development of efficient computational tools for learning an optimal DAG remains an open

challenge. The goal is to learn a DAG structure that maximizes a score function. One such

score metric is the posteriori probability of the DAG structure given data. Learning DAGs

from observational data is a computationally difficult task, because the number of possible

DAGs scales superexponentially with the number of nodes. In this work, we propose novel

discrete optimization formulations for learning DAGs for continuous variables.



Learning DAG from continuous data can be cast as a mixed-integer quadratic program-

ming (MIQP) with the objective function as the penalized negative log-likelihood (PNL) and

an `0 regularization penalty subject to linear constraints. There are two key challenges: (i)

imposing a set of constraints to remove cycles from a directed graph, (ii) enforcing tight

bounds on the semi-continuous optimization variables corresponding to the arc weights.

We tackle the first challenge by presenting a way to remove cycles which results in a

new MIQP formulation with linear constraints, referred to as a layered network (LN). We

establish that LN is a compact formulation and the objective value of its continuous relax-

ation is as tight as stronger but larger formulations under a mild condition. An additional

benefit of the LN formulation is that it effectively incorporates a prior structural knowledge

(super-structure) in order to reduce the set of possible candidate DAGs. Computational re-

sults indicate that the proposed formulation outperforms existing mathematical formulations

and scales better than available algorithms that can solve the same problem with only `1

regularization, especially in the presence of a sparse super-structure.

To model semi-continuous variables, a common practice is to use a standard “big-M

constraint” in a MIQP. This is commonly modeled using a standard “big-M constraint”

in the associated mixed-integer program. However, this strategy leads to a poor continuous

relaxation because there is no natural upper bound for the arc weights. To circumvent this de-

ficiency, we present a mixed-integer second-order cone program (MISOCP), which has tighter

continuous relaxation bounds than the existing formulations based on big-M constraints – in-

cluding the LN formulation. We show the promising performance of the MISOCP in terms of

reducing the optimality gap when compared to the best existing optimization formulations.

The performance of each formulation depends on the size and tightness of its continuous

relaxation. This work highlights that the best formulation applies LN constraints to remove

cycles to keep the size of the optimization problem small while using conic constraints to

tighten the semi-continuous variables.



The statistical properties of PNL with `0 regularization have been studied extensively in

the context of DAG structural learning. However, it is often difficult to prove optimality

of a solution from an optimization point of view, and there are no results which establish

the statistical properties of an approximate solution. We give an early stopping criterion

under which the branch-and-bound process can be terminated early. We establish that the

obtained solution under the propsoed stopping creterion asymptotically converges to the true

coefficients in DAG with high probability under proper conditions.
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Chapter 1

INTRODUCTION

With the deluge of data, the field of statistical learning has gained rapid prominence

and has grown in complexity by the problems that arise in science and industry. To cope

with the ever increasing complexity of statistical learning problems, the development of new

optimization models and efficient algorithms becomes imperative. Traditionally, continuous

optimization has received a lot of attention from the machine learning and statistics commu-

nities. However, in recent years, a body of works has emerged highlighting the importance

of discrete optimization in the field of statistical learning (see, e.g., [7, 8, 9]).

The study of Probabilistic Graphical Models (PGMs) is an essential topic in statistics and

machine learning fields [42]. A PGM is a rich framework that represents the joint probability

distribution and dependency structure among a set of random variables in the form of a

graph, see [42, 44] for comprehensive reviews of PGMs.

Two most common classes of PGMs are Markov networks (undirected graphical models)

and Bayesian networks (directed graphical models). A Bayesian Network (BN) is a PGM in

which the conditional probability relationships among random variables are represented in

the form of a Directed Acyclic Graph (DAG). A node in the DAG corresponds to a random

variable, and the edge set in DAG encodes the Markov condition on the nodes i.e., every node

is conditionally independent of its non-descendents given its parents. DAGs play a prominent

role in describing causal models [56, 68] and facilitating causal discovery from observational

data [14], and have a wide range of applications in biology [48], machine learning [42, 70],

and genetics [78].

Learning BNs, arguably one of the most central classes of probabilistic graphical models,

is an important task in modern artificial intelligence research [42]. An essential part of this
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problem entails learning the DAG structure of BN from observational data. Learning the

DAG which best explains observed data is an NP-hard problem [15]. Despite this negative

theoretical result, there has been interest in developing methods for learning DAGs in practice

[5, 16, 23, 24, 36, 53, 61].

There are two main approaches for learning DAGs from observational data: constraint-

based and score-based. In constraint-based methods, such as the well-known PC-Algorithm

[68], the goal is to learn a completed partially DAG (CPDAG) consistent with conditional

independence relations inferred from the data. Score-based methods, including the approach

in this dissertation, aim to find a DAG that maximizes a score that measures how well

the DAG fits the data. To establish the consistency of score-and-search methods, one does

not require the so-called (strong) faithfulness assumption in contrast with constraint-based

methods, see [58, 72].

Score-based methods for learning DAGs from discrete data typically involve a two-stage

learning process. In stage 1, the score for each node and its candidate parent set (CPS) is

computed. The parent set of a node v, denoted by pav, is the set of nodes pointing to v

in the DAG. In stage 2, a search algorithm is used to maximize the global score, so that

the resulting graph is acyclic. Both of these stages require exponential computation time,

see [74]. For stage 2, there exist elegant exact algorithms based on dynamic programming

[28, 40, 41, 54, 57, 66, 77], A? algorithm [76, 77], and integer-programming [4, 5, 21, 22, 23, 24].

The The A? algorithm identifies the optimal DAG by solving a shortest path problem in an

implicit state-space search graph. The integer-programing (IP) formulations for learning

DAG from discrete data rely on identifying the best parent set (i.e, pav) for each node v

in the network wherein each binary variable indicates whether or not a given parent set is

assigned to a node. Therefore, in essence, these formulations are exponential in the number

of variables (i.e., m2m−1 binary variables for m nodes). A common practice to circumvent

the exponential number of CPS is to limit the in-degree of each node (e.g., [5, 22, 24]) or

prune the CPS (e.g., [19, 43]). Another strategy, referred to as the hybrid approach, is to

use conditional independence test to construct a super-structure of a Bayesian network [71]
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or obtain an ordering among nodes [67] a priori to limit the DAG space before performing

the score-and-search algorithm.

A comprehensive empirical evaluation of A? algorithm and IP methods for discrete data

is conducted in [46]. The results show that the relative efficiency of these methods varies

due to the intrinsic differences between them. In particular, state-of-the-art IP methods can

solve instances up to 1,000 CPS per variable regardless of the number of nodes, whereas A?

algorithm works for problems with up to 30 nodes, even with tens of thousands of CPS per

node.

In principle, exact methods developed for discrete data can be applied to continuous

data, since they are compatible with arbitrary score functions. However, such an approach

results in exponentially sized formulations, which require advanced algorithms for efficient

computation. Alternatively, tailored formulations are possible for learning DAG from an

important class of BNs where the causal relations between continuous random variables is

encoded using linear structural equation models (SEMs), see Section 1.2. Such formulations

can be solved using off-the-shelf optimization solvers without the need to implement advanced

algorithms. To our knowledge, Park and Klabjan [53] and Xiang and Kim [74] provide the

only exact algorithms for learning medium to large DAGs from continuous data with linear

SEMs. An MIQP formulation using the topological ordering of variables is proposed in

[53]. An A?-lasso algorithm for learning an optimal DAG from continuous data with an

`1 regularization is developed in [74]. A?-lasso incorporates the lasso-based scoring method

within dynamic programming to avoid an exponential number of parent sets and uses the

A? algorithm to prune the search space of the dynamic programming method.

While statistical properties of exact algorithms can be rigorously analyzed [45, 72], it is

much harder to assess the statistical properties of approximate algorithms [1, 33, 36, 81] that

offer no optimality guarantees [40]. This gap becomes particularly noticeable in cases where

the statistical model is identifiable from observational data. In this case, the optimal score

from exact search algorithms is guaranteed to reveal the true underlying DAG with large

sample size, and causal structure learning from observational data becomes feasible [45, 58].
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In this work, we focus on developing new discrete optimization formulations to learn

an optimal DAG structure of a BNs when the causal relations between continuous random

variables can be encoded using linear structural equation models (SEMs).

1.1 Bayesian networks

A Bayesian Network (BN) provides an elegant yet intuitive graphical representation of the

joint probability distribution p(X1, . . . , Xm) across many variables X = (X1, . . . , Xm). Since

joint probability distribution contains all information about a set of random variables, it

is naturally of great importance to model it. By using chain rule, one can express joint

probability distribution as

p(X1, . . . , Xm) = p(X1)p(X2|X1)p(X3|X1, X2) . . . p(Xm−1|X1, . . . , Xm).

Despite this factorization, even in the simplest case where variables are binary-valued, a

joint distribution still requires the specification of 2m−1 numbers, i.e., the probabilities of the

2m different assignments of values x1, . . . , xm. By exploiting the conditional independence

among variables, one can cope with intractability by using fewer parameters and a compact

expression. Random variables X and Y are conditionally independent given another random

variable Z if

p(X = x|Y = y, Z = z) = p(X = x|Z = z) ∀x, y, z.

This definition is equivalent to

p(X = x, Y = y|Z = z) = p(X = x|Z = z)p(Y = y|Z = z) ∀x, y, z.

Conditional independence is fundamental to BNs. For each Xi, if we find a subset

paXi
⊆ {X1, ..., Xm} such that given paXi

, Xi is conditionally independent of all variables in

{X1, ..., Xm} \ paXi
, i.e.,

p(Xi|X1, . . . , Xm) = p(Xi|paXi
),
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where paXi
denotes the parent set of variables for Xi, then the joint probability distribution

can be concisely written as

p(X1, . . . , Xm) =
m∏
i=1

p(Xi|paXi
) (1.1)

which reduces the number of parameters substantially. The 2m − 1 dimensional joint distri-

bution is thus determined by merely 2m− 1 parameters in a binary case.

A BN represents this factorization of the joint probability distribution with a DAG. Given

a directed graph G0 = (V,E) where V denotes the set of nodes and E denotes the set of

arcs between the nodes in V . Each node represents a random variable. The arc set E then

comprises of ordered pairs (i, j) ∈ E that represent an arc pointing from i to j. Arcs in

a BN represent direct dependencies among variables. The parents of a node Xi, i.e., paXi
,

consist of all the nodes pointing at Xi. Similarly, Xi is their child. Therefore, a BN has two

components: a DAG and a set of conditional probability distributions of each node Xi given

its parents, i.e., p(Xi|paXi
). The first qualitative component is referred to as BN structure

while the second quantitative component is referred to as the BN parameters [11]. This BN

represents a unique joint probability distribution given by Equation (1.1).

1.2 Penalized DAG Estimation with Linear SEM

The causal effect of (continuous) random variables in a DAG G0 can be described by structural

equation models (SEMs) that represent each variable as a (nonlinear) function of its parents.

The general form of these models is given by Pearl [56]

Xk = fk
(
paG0

k , δk
)
, k = 1, . . . ,m, (1.2)

where Xk is the random variable associated with node k; paG0
k denotes the parents of node

k in G0, i.e., the set of nodes with arcs pointing to node k; m is the number of nodes; and

latent random variables, δk represent the unexplained variation node k, k = 1, . . . ,m.

An important class of SEMs is defined by linear functions, fk(·), which can be described
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by m linear regressions of the form

Xk =
∑

j∈paG0
k

βjkXj + δk, k = 1, . . . ,m, (1.3)

where βjk represents the effect of node j on k for j ∈ paG0
k . In the special case that the

random variables are Gaussian, Equations (1.2) and (1.3) are equivalent. In this case, βjk
are coefficients of the linear regression model of Xk on Xj, j ∈ paG0

k , and βjk = 0 for j /∈ paG0
k

[65]. However, estimation procedures proposed in this work are not limited to Gaussian

random variables and apply more generally to linear SEMs [45, 65].

Let M = (V,E) be an undirected and possibly cyclic super-structure graph with node

set V = {1, 2, . . . ,m} and edge set E ⊆ V × V . From M, generate a bi-directional graph
−→
M = (V,−→E ) where −→E = {(j, k), (k, j)|(j, k) ∈ E}. Throughout this work, we refer to

directed edges as arcs and to undirected edges as edges.

Consider n i.i.d. observations from the linear SEM (1.3). Let X = (X1, . . . ,Xm) be the

n × m data matrix with n rows representing i.i.d. samples, and m columns representing

random variables. The linear SEM (1.3) can be compactly written as

X = XB + ∆, (1.4)

where B = [β] ∈ Rm×m is a matrix with βkk = 0 for k = 1, . . . ,m and βjk = 0 for all

(j, k) /∈ −→E ; ∆ is the n ×m noise matrix. More generally, B defines a directed graph G(B)

on m nodes such that arc (j, k) appears in G(B) if and only if βjk 6= 0.

The negative log likelihood for linear SEMs is proportional to

l(β;X) = n

2 tr{(I −B)(I −B)TS}, (1.5)

where S is the empirical covariance matrix S = 1
n
X TX ; I is the identity matrix [58, 72]. The

minimizer of the loss l(β;X) provably recovers a true DAG with high probability on finite

samples and is consistent for Gaussian SEM [2, 58, 72]. Notably, these results imply that the

faithfulness assumption is not required in this setup [72].The statistical properties of l(β;X )

for non-Gaussian data in [45].
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Since we are interested in learning sparse DAGs in practice, we add an `0 regularization

term to obtain a sparse estimate. A Tikhonov regularization µ||β||2 for µ ≥ 0 could also

be added to the formulation to alleviate the effect of noise in the input data [9]. Note the

choice of Tikhonov regularization is not required in our setting similar to Dong et al. [27]

Thus, the optimization problem corresponding to the penalized negative log-likelihood with

super-structure M (PNLM) for learning sparse DAGs is equivalent to

PNLM min
B∈Rm×m

l(β;X) + λ

2 ||β||0 + µ

2 ||β||
2 (1.6a)

s.t., G(B) induces a DAG from−→M, (1.6b)

where the tuning parameters λ and µ control the degree of regularization. The constraint

(1.6b) stipulates that the resulting directed subgraph has to be an induced DAG from −→M.

When the super-structure is not known, M is taken as a complete graph, and PNLM

reduces to the classical PNL. The choice of `0 regularization is deliberate. Although `1 regu-

larization is well understood with attractive high-dimensional and computational properties

in regression [12], in the context of DAG structural learning many of these advantages dis-

appear [1, 33]. Peters and Bühlmann [58] and van de Geer and Bühlmann [72] study the

properties of the `0 regularization norm penalty and show that PNL estimator of a DAG

has about the same number of edges as the minimal-edge I-MAP (i.e., a DAG with minimal

number of edges representing the joint distribution), and establish the consistency of PNL

for learning sparse DAG from Gaussian data when λ = ln(n) which is equivalent to the

Bayesian Information Criterion (BIC) score. In this case, the consistency of sparse PNL for

DAG learning from Gaussian data with an `0 penalty follows from an analysis similar to

van de Geer and Bühlmann [72]. In particular, we have
m∑
j=1

m∑
k=1

[β̂jk − β0
jk]2 → Op(log(n)n−1) (n→∞),

pr(Ĝn = G0)→ 1 (n→∞).

where β̂jk and where Ĝn is the estimate of the true structure G0 with sample size n. Further,

Loh and Bühlmann [45] study the statistical properties of PNLM for non-Gaussian data.
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1.3 Exact DAG Recovery and Causal Inference

1.3.1 DAG Identifiability

Given the joint distribution p(X1, ..., Xm) from a structural equation model with DAG G0,

it is of interest to know under which conditions we can recover the graph G0. Since the joint

distribution p(X1, . . . , Xm) is Markov with respect to different DAGs, there are many possible

graphical models {G, p(X1, . . . , Xm)} for the same distribution p(X1, . . . , Xm). Hence, the

graph G0 is not identifiable in general.

The distribution p(X1, . . . , Xm) is faithful with respect to the DAG G0 if each conditional

independence found in p(X1, . . . , Xm) is implied by the Markov condition. If faithfulness

holds, one can ascertain the Markov equivalence graph of the true DAG G0 [68]. Nonethe-

less, the Markov equivalence class may be large. Moreover, faithfulness condition cannot

be tested from data [78]. Two graphs entailing the same conditional independences cannot

be distinguished from each other, because both the Markov condition and faithfulness only

restrict the conditional independences in the joint distribution.

Structural equation models use a different type of restriction. A general Gaussian struc-

tural equation model is equivalent to a Gaussian graphical model {G0, p(X1, X2, . . . , Xm)}

[72]. Thus, the structure G0 is not identifiable from p(X1, . . . , Xm). However, it has been

recently established that there are multiple cases where the DAG is identifiable: (i) if we

consider linear functions and non-Gaussian noise, the underlying DAG G0 can exactly be

recovered [64]; (ii) if one restricts the functions to be additive in the noise component and

excludes the linear Gaussian case along with a few other pathological function-noise combi-

nations, the DAG G0 is identifiable from p(X1, . . . , Xm) [59]; (iii) if one consider Gaussian

structural equation models where all functions are linear with normally distributed error

with equal variance, then DAG G0 is identifiable again [58]. The identifiability results of all

these cases require a condition called causal minimality which is weaker than the faithfulness

condition.
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1.3.2 Causal Bayesian Networks

A common approach for discovering causal structure is randomized experiments. However,

randomized experiments is in many cases too expensive, time-consuming, or even impossible.

Therefore, revealing causal information by analyzing purely observational data, known as

causal discovery, has received a great deal of attention [68]. The task is not possible if we

do not impose some assumptions that connect causal structure with statistical structure.

Spirtes et al. [68] and Pearl [56] used DAGs in causal inference. Their frameworks make

it possible to systematically connect DAGs to probability distributions. A DAG is causally

sufficient if all common causes of variables in the DAG are included in the DAG. Two

conditions are sufficient to create a mapping between a DAG and the probabilistic dependence

and independence among the variables in a probability distribution: (i) The Causal Markov

Condition (CMC), (ii) the Causal Faithfulness Condition.

Definition 1 Causal Markov Condition (CMC): Given a set of variables V whose

causal structure is represented by a DAG G0, every variable in V is probabilistically indepen-

dent of its non-descendants in G0 given its parents in G0.

Definition 2 Causal Faithfulness Condition (CFC): Given a set of variables V whose

true causal DAG is G0, the joint probability of V , i.e., p(v), is faithful to G0 in the sense that

p(V ) implies no conditional independence relations not already entailed by the CMC.

CMC states which variables will be probabilistically independent conditional on other

variables, whereas CFC specifies which variables will be probabilistically dependent. The

correct DAG will often be underdetermined by the probability distribution even if assuming

CMC and CFC [73]

To determine the sets of variables that are probabilistically independent according to

CMC, a graph concept known as d-separation is introduced. A path is d-separated by

variable set U in case: (1) the path has a triple i→ m→ j or i← m→ j such that m is in
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U , (2) The path has a collider i→ m← j such that m is not in U and no descendant of m

is in U [73].

Two variables are d-separated by U if and only if they are d-separated by U along all

paths. CMC implies that all variables that are d-separated in a DAG will be conditionally

independent, and CFC implies that only the variables that are d-separated in a DAG will be

independent (i.e., all others will be dependent) in the corresponding probability distribution

[73].

1.4 Research Scope and Outline

Given the state of existing algorithms for DAG learning from continuous data, there is

currently a gap between theory and computation. This dissertation focuses on learning DAG

corresponding to linear SEMs from continuous observational data.

In Chapter 2, we propose a new mixed-integer quadratic program (MIQP) with an `0

regularization to learn a sparse DAG from data with linear SEMs. The resulting LN for-

mulation uses an alternative way to remove cycles. The computational performance of an

MIQP usually depends on the size and tightness (strength) of its continuous relaxation. With

respect to size, the LN formulation entails the fewest number of variables among existing

models in the literature. In regard to the strength, we show that continuous relaxations of

existing models – including LN formulation – attain the same optimal objective function

value under a mild condition. To further improve the computational performance for large-

scale graphs, we initially learn an undirected and possibly cyclic graph (super-structure). An

important example of a super-structure is the moral graph of a DAG, because it can be con-

sistently estimated from observational data under proper assumptions by solving a convex

optimization optimization. One unique feature of LN formulation size is that its number of

binary variables and constraints solely depend on the number of edges in the super-structure

(e.g., moral graph). Our computational results show that LN formulation is computationally

far more efficient compared to existing formulations, especially in the presence of a sparse

super-structure.
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In Chapter 3, we focus on a key challenge in existing MIQP formulations which is to

enforce bounds on the continuous optimization variables corresponding to the arc weights

in the DAG structure. This is commonly modeled using a standard “big-M constraint” in

the associated MIQPs. However, this strategy leads to a poor continuous relaxation because

there is no natural upper bound for the arc weights. Therefore, LN formulation – as well

as all other “big-M” formulations – attain poor lower bounds. To circumvent this issue,

we present a perspective formulation for DAG structural learning problem. The resulting

formulation is a mixed-integer non-linear program (MINLP) which is computationally chal-

lenging to solve. Nonetheless, we present two different reformulations for this MINLP: (i) a

mixed-integer second-order conic program (MISOCP), (ii) a semi-infinite mixed-integer lin-

ear program (SIMILP). These formulations have tighter continuous relaxations compared

to the existing “big-M” formulations. Our experimental results demonstrate that MISOCP

improves the lower bound and reduces the optimality gap when compared with the LN for-

mulation whereas SIMILP is not computationally as competitive as LN. We further give

an early stopping criterion under which the branch-and-bound process can be terminated

early. We establish that the obtained solution under this stopping criterion asymptotically

converges to the true coefficients in DAG with high probability under proper conditions. Our

result leverages the statistical consistency results of the PNL estimate with `0 regularization

along with the unique structure of branch-and-bound wherein both lower and upper bound

values on the objective function are available [58, 72].

In Chapter 4, we share our conclusions and future research avenues.
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Chapter 2

MIXED INTEGER QUADRATIC PROGRAMMING (MIQP)

In this chapter, we present a way to remove cycles which results in a new MIQP formula-

tion for leaning DAG from continuous observational data. This chapter is based on Manzour

et al. [47].

2.1 Relevant Work

Prior to presenting existing mathematical formulations for solving PNLM, we discuss a

property of DAG learning from continuous data that distinguishes it from the corresponding

problem for discrete data. To present this property in Proposition 1, we need a new definition.

Definition 3 A tournament is a directed graph obtained by specifying a direction for each

edge in the super-structure graph M (see, Figure 2.1).

Proposition 1 There exists an optimal solution G(B) to PNLM (1.6) with an `0 (or an `1)

regularization that is a cycle-free tournament.

Proof. Let (β̂, ẑ) be an optimal solution for (1.6) with an optimal objective value F (β̂).

Let us refer to the DAG structure corresponding to this optimal solution by DAG(V, Ê→).

Suppose that for some (j, k), we have ẑjk + ẑkj = 0. To prove the proposition, we construct

an optimal solution which satisfies zjk + zkj = 1 for all pairs of (j, k) and meets the following

conditions: (i) this corresponding DAG (tournament) is cycle free (ii) this tournament has

the same objective value, i.e., F (β̂), as an optimal DAG.

Select a pair of nodes, say p, q ∈ M, p 6= q from DAG(V, Ê→) for which ẑpq + ẑqp = 0.

If there is a directed path from p to q (respectively q to p), then we can add the following

arc (p, q) (respectively, (q, p)). This arc does not create a cycle in the graph. If there is no
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Figure 2.1: A super-structure graphM (left) and a tournament (right) with six nodes which

does not contain any cycles.

directed path between p and q, we can add an arc in either direction. In all cases, set β value

corresponding to the added arc to zero. We repeat this process for all pairs of nodes with

ẑpq + ẑqp = 0.

We can add such arcs without creating any cycle. This is because if we cannot add an arc

in either direction, it implies that we should have a directed path from p to q and a directed

path from q to p in graph DAG(V, Ê→) which is a contradiction because it implies a directed

cycle in an optimal DAG. Note that in each step, we maintain a DAG. Hence, by induction

we conclude that condition (i) is satisfied. The pair of nodes can be chosen arbitrarily.

Since in the constructed solution we set β for the added arcs as zero, the objective value

does not change. This satisfies condition (ii), and completes the proof. �

Proposition 1 implies that for DAG learning from continuous variables, the search space

reduces to acyclic tournament structures. This is a far smaller search space when compared

with the super-exponential O
(
m!2(m

2 )
)

search space of DAGs for discrete variables. However,

one has to also identify the optimal β parameters simultaneously.

A solution method based on brute force enumeration of all tournaments requires C̄ ×m!

computational time whenM is complete, where C̄ denotes the computational time associated
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with solving PNLM given a known tournament structure. This is because when M is

complete, the total number of tournaments (equivalently the total number of permutations) is

m!. However, whenM is incomplete, the number of DAGs is fewer than m!. The topological

search space is m! regardless of the structure of M and several topological orderings can

correspond to the same DAG. The TO formulation is based on this search space.

In Section 2.2, we discuss a search space based on the layering of a DAG, which uniquely

identifies a DAG, and propose the corresponding Layered Network (LN) formulation, which

effectively utilizes the structure of M. We first discuss existing mathematical formulations

for the PNLM optimization problem (1.6) in the section 2.1.1. Given the desirable statistical

properties of `0 regularization [72] and the fact that existing mathematical formulations are

given for `1 regularization, we present the formulations for `0 regularization.

2.1.1 Existing Mathematical Models

We outline the necessary notation below.

Indices

V = {1, 2, . . . ,m}: index set of random variables

D = {1, 2, . . . , n}: index set of samples

Input

M = (V,E): an undirected super-structure graph (e.g., the moral graph)
−→
M = (V,−→E ): the bi-directional graph corresponding to the undirected graph M

X = (X1, . . . ,Xm), where Xv = (x1v, x2v, . . . , xnv)> and xdv denotes dth sample (d ∈ D) of

random variable Xv

λ : tuning parameter (penalty coefficient)

Continuous optimization variables

βjk: weight of arc (j, k) representing the regression coefficients ∀(j, k) ∈ −→E

Binary optimization variables

zjk = 1 if arc (j, k) exists in a DAG; otherwise 0, ∀(j, k) ∈ −→E
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gjk = 1 if βjk 6= 0; otherwise 0, ∀(j, k) ∈ −→E

In DAG structural learning, µ is assumed to be zero. We follow this convention in this

chapter. In the next chapter, we further study the choice of µ.

One source of difficulty in solving PNLM is due to the acyclic nature of DAG. There

are several ways to encode such a constraint. A popular technique for ensuring acyclicity is

to use cycle elimination constraints. Let C be the set of all possible cycles and CA ∈ C be

the set of arcs from a cycle and define F (β, g) := n−1∑
k∈V

∑
d∈D

(
xdk −

∑
(j,k)∈−→E βjkxdj

)2
+

λ
∑

(j,k)∈−→E gjk. Then, the `0-PNLM model can be formulated as

`0-CP min F (β, g) (2.1a)

−Mgjk ≤ βjk ≤Mgjk, ∀(j, k) ∈ −→E , (2.1b)∑
(j,k)∈CA

gjk ≤ |CA| − 1, ∀CA ∈ C, (2.1c)

gjk ∈ {0, 1}, ∀(j, k) ∈ −→E . (2.1d)

Following Park and Klabjan [53], the objective function (2.1a) is an expanded version of

ln(β) in PNLM (multiplied by 2n−1) with an `0 regularization. The constraints in (2.1b)

stipulate that βjk 6= 0 only if zjk = 1, whereM is a sufficiently large constant. The constraints

in (2.1c) rule out all cycles. Note that for |CA| = 2, constraints in (2.1c) ensure that at most

one arc exists among two nodes. The last set of constraints specifies the binary nature of

the decision vector g. Note that β variables are continuous and unrestricted; however, in

typical applications, they can be bounded by a finite number M . This formulation requires

|
−→
E | binary variables and an exponential number of constraints. A cutting plane method

(e.g., [50]) that adds the cycle elimination inequalities as needed is often used to solve this

problem. We refer to this formulation as the cutting plane (CP) formulation.

Note that removing cycles in a graph bears resemblance to removing subtours in a

Traveling Salesman Problem (TSP), which has been studied extensively [18]. For exam-

ple, similar to the cycle elimination constraint (2.1c) in the CP formulation, the subtour

elimination constraint in the Dantzig-Fulkerson-Johnson (DFJ) formulation [25] is given by
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∑
i∈Q

∑
j∈Q gij ≤ |Q| − 1 ∀Q ( {1, . . . ,m}, |Q| ≥ 2. However, this inequality is not valid for

constructing a DAG, because it assumes that there is exactly one incoming and one outgoing

arc to any node due to the TSP constraints.

The second formulation is based on a well-known combinatorial optimization problem,

known as linear ordering (LO), see [35]. Given a finite set S with q elements, a linear ordering

of S is a permutation P ∈ Sq where Sq denotes the set of all permutations with q elements.

In the LO problem, the goal is to identify the best permutation among m nodes. The “cost”

for a permutation P depends on the order of the elements in a pairwise fashion. Let j denote

the order of node j ∈ V in permutation P . Then, for two nodes j, k ∈ {1, . . . ,m}, the cost

is cjk if the order of node j precedes the order of node k (pj ≺ pk) and is ckj otherwise

(pj � pk). A binary variable wjk indicates whether pj ≺ pk. Because wjk + wkj = 1 and

wjj = 0, one only needs
(
p
2

)
variables to cast the LO problem as an MIQP formulation [35].

The LO formulation for DAG learning from continuous data has two noticeable differences

compared with the classical LO problem: (i) the objective function is quadratic, and (ii) an

additional set of continuous variables, i.e., βs, is added. Indeed, the DAG structural learning

reduces to classical LO problem once the β values are known.

The PNLM can then be formulated as (2.2) in which cycles are ruled out by directly

imposing the linear ordering constraints.

`0-LO min F (β, g), (2.2a)

−Mgjk ≤ βjk ≤Mgjk, ∀(j, k) ∈ −→E , (2.2b)

wjk + wkj = 1, ∀j, k ∈ V, j 6= k, (2.2c)

gjk ≤ wjk, ∀(j, k) ∈ −→E , (2.2d)

wij + wjk + wki ≤ 2, ∀i, j, k ∈ V, i 6= j 6= k, (2.2e)

wjk ∈ {0, 1}, ∀j, k ∈ V, j 6= k, (2.2f)

gjk ∈ {0, 1}, ∀(j, k) ∈ −→E . (2.2g)

The interpretation of constraints (2.2b)-(2.2c) are straightforward. The constraints in
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(2.2d) imply that if node j appears after node k in a linear ordering (wjk = 0), there should

not exist an arc from j to k (gjk = 0). The set of inequalities (2.2e) implies that if pi ≺ pj

and pj ≺ pk, then pi ≺ pk. This ensures the linear ordering of nodes and removes cycles.

The third approach to remove cycles is to impose a set of constraints such that the nodes

follow a topological ordering. A topological ordering is a linear ordering of the nodes of a

graph such that the graph contains an arc (j, k) if node j appears before node k in the linear

order. Define decision variables ors ∈ {0, 1} for all r, s ∈ {1, . . . ,m}. This variable takes

value 1 if topological order of node r (i.e., pr) equals s, and 0, otherwise. If a topological

ordering is known, the DAG structure can be efficiently learned in polynomial time [65], but

the problem remains challenging when the ordering is not known. The topological ordering

prevents cycles in the graph. This property is used by Park and Klabjan [53] to model

the problem of learning a DAG with `1 regularization. We extend their formulation to `0

regularization. The topological ordering (TO) formulation is given by

`0-TO min F (β, g), (2.3a)

−Mgjk ≤ βjk ≤Mgjk, ∀(j, k) ∈ −→E , (2.3b)

gjk ≤ zjk, ∀(j, k) ∈ −→E , (2.3c)

zjk + zkj ≤ 1, ∀(j, k) ∈ −→E , (2.3d)

zjk − pzkj ≤
∑
s∈V

s (oks − ojs), ∀(j, k) ∈ −→E , (2.3e)

∑
s∈V

ors = 1, ∀r ∈ V, (2.3f)

∑
r∈V

ors = 1, ∀s ∈ V, (2.3g)

zjk ∈ {0, 1}, ∀(j, k) ∈ −→E , (2.3h)

ors ∈ {0, 1}, ∀ r, s ∈ {1, 2, . . . ,m}, (2.3i)

gjk ∈ {0, 1}, ∀(j, k) ∈ −→E . (2.3j)

In this formulation, zjk is an auxiliary binary variable which takes value 1 if an arc exists

from node j to node k. Recall that, gjk = 1 if |βjk| > 0. The constraints in (2.3c) enforce the
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Figure 2.2: The role of the binary decision variables in `0 regularization: Using z (instead

of g) in the objective function creates a graph similar to (b) and counts the number of arcs

instead of the number of non-zero βs in (b).

correct link between gjk and zjk, i.e., gjk has to take value zero if zjk = 0. The constraints

in (2.3d) imply that there should not exist a bi-directional arc among two nodes. This

inequality can be replaced with equality (Corollary 1). The constraints in (2.3e) remove

cycles by imposing an ordering among nodes. The set of constraints in (2.3f)-(2.3g) assigns

a unique topological order to each node. The last two sets of constraints indicate the binary

nature of decision variables o and z.

Corollary 1, which is a direct consequence of Proposition 1, implies that we can use

zjk = 1− zkj for all j < k and reduce the number of binary variables.

Corollary 1 The constraints in (2.3d) can be replaced by zjk + zkj = 1, ∀(j, k) ∈ −→E .

In constraints (2.3b)-(2.3i), both variables z and g are needed to correctly model the

`0 regularization term in the objective function (see, Figure 2.2a). This is because the

constraints (2.3e) satisfy the transitivity property: if zij = 1 for (i, j) ∈ −→E and zjk = 1 for

(j, k) ∈ −→E , then zik = 1 for (i, k) ∈ −→E , since zij = 1 implies that ∑s∈V s(ojs − ois) ≥ 1;
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similarly, zjk = 1 implies ∑s∈V s (oks − ojs) ≥ 1. If we sum both inequalities, we have∑
s∈V s (oks−ois) ≥ 2, which enforces zik = 1. Such a transitivity relation, however, need not

hold for the decision vector g. In other words, the decision variable gjk is used to keep track

of the number of non-zero weights βjk associated with the arc (j, k), and the decision vector z

is used to remove cycles via the set of constraints in (2.3e) by creating an acyclic tournament

on the super-structureM. A tournament on super-structureM assigns a direction for each

edge in an undirected super-structure M. In other words, if we were to let gij = zij for

(i, j) ∈ −→E and hence use the decision variable z in the objective, then we would be counting

the number of edges, equal to |E|, instead of number of non-zero β values.

2.1.2 Contributions

In this section, we develop tailored exact DAG learning methods for continuous data from

linear SEMs, and make the following contributions:

– We develop a mathematical framework that can naturally incorporate prior structural

knowledge, when available. Prior structural knowledge can be supplied in the form of an

undirected and possibly cyclic graph (super-structure). An example is the skeleton of

the DAG, obtained by removing the direction of all edges in a graph. Another example

is the moral graph of the DAG, obtained by adding an edge between pairs of nodes with

common children and removing the direction of all edges [68]. The skeleton and moral

graphs are particularly important cases, because they can be consistently estimated

from observational data under proper assumptions [39, 45]. Such prior information

limits the number of possible DAGs and improves the computational performance.

– We propose a new mathematical formulation to learn an optimal DAG from continuous

data, the layered network (LN) formulation, and establish that other DAG learning

formulations entail a smaller continuous relaxation feasible region compared to that of

the continuous relaxation of the LN formulation (Propositions 3 and 4). Nonetheless,

all formulations attain the same optimal continuous relaxation objective function value
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under a mild condition (Propositions 5 and 6). Notably, the number of binary variables

and constraints in the LN formulation solely depend on the number of edges in the

super-structure (e.g., moral graph). Thus, the performance of the LN formulation

substantially improves in the presence of a sparse super-structure. The LN formulation

has a number of other advantages; it is a compact formulation in contrast to the CP

formulation; its relaxation can be solved much more efficiently compared with the

LO formulation; and it requires fewer binary variables and explores fewer branch-and-

bound nodes than the TO formulation. Our empirical results affirm the computational

advantages of the LN formulation. They also demonstrate that the LN formulation

can find a graph closer to the true underlying DAG. These improvements become more

noticeable in the presence of a prior super-structure (e.g., moral graph).

– We compare the MIQP formulation and the A?-lasso algorithm for the case of `1 regu-

larization. As noted earlier in the introduction, there is no clear winner among A?-style

algorithms and IP formulations for DAG learning from discrete data [46]. Thus, a wide

range of approaches based on dynamic programming, A? algorithm, and IP-based for-

mulations have been proposed for discrete data. In contrast, for DAG learning from

continuous data with complete super-structure, the LN formulation remains compet-

itive with the state-of-art A?-lasso algorithm for small graphs, whereas it performs

better for larger problems. Moreover, LN performs substantially better when a sparse

super-structure is available. This is mainly because the LN formulation directly defines

the variables based on the super-structure, whereas the A?-lasso algorithm cannot take

advantage of the prior structural knowledge as effectively as the LN formulation.

2.2 A New Mathematical Model: The Layered Network (LN) Formulation

As an alternative to the existing mathematical formulations, we propose a new formulation

for imposing acyclicity constraints that is motivated by the layering of nodes in DAGs [37].

More specifically, our formulation ensures that the resulting graph is a layered network, in
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the sense that there exists no arc from a layer v to layer u, where u < v. Let ψk be the layer

value for node k. One may interpret ψk as ∑m
s=1 s oks for all k ∈ V , where the variables oks

are as defined in the TO formulation. However, note that the notion of ψk is more general

because ψk need not be integer. Figure 2.3 depicts the layered network encoding of a DAG.

With this notation, our layered network (LN) formulation can be written as

min F (β, g), (2.4a)

−Mgjk ≤ βjk ≤Mgjk, ∀(j, k) ∈ −→E , (2.4b)

gjk ≤ zjk, ∀(j, k) ∈ −→E , (2.4c)

zjk + zkj = 1, ∀(j, k) ∈ −→E , (2.4d)

zjk − (p− 1)zkj ≤ ψk − ψj, ∀(j, k) ∈ −→E , (2.4e)

zjk ∈ {0, 1}, ∀(j, k) ∈ −→E , (2.4f)

1 ≤ ψk ≤ m, ∀k ∈ V, (2.4g)

gjk ∈ {0, 1}, ∀(j, k) ∈ −→E . (2.4h)

The interpretation of the constraints (3.3b)-(2.4d) is straightforward. The constraints in

(2.4e) ensure that the graph is a layered network. The last set of constraints indicates the

continuous nature of the decision variable ψ and gives the tightest valid bound for ψ. It

suffices to consider any real number for layer values ψ as long as layer values of any two

nodes differ by at least one if there exists an arc between them. Additionally, LN uses a

tighter inequality compared to TO, by replacing m with parameter m − 1 in (2.4e). This

is because the difference between the layer values of two nodes can be at most m − 1 for a

DAG with m nodes. The next proposition establishes the validity of the LN formulation.

Proposition 2 An optimal solution to (3.4) is an optimal solution to (1.6).

Proof. First we prove that (2.4e) removes all cycles. Suppose, for contradiction, that

a cycle of size p ≥ 2 is available and represented by (1, 2, . . . , p, 1). This implies zj+1,j =
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Figure 2.3: Layered Network encoding of a DAG.

0 and zj,j+1 = 1, ∀j = {1, . . . , p− 1}, and zp,1 = 1, z1,p = 0. Then,

1 = z12 −mz21 ≤ ψ2 − ψ1,

1 = z23 −mz32 ≤ ψ3 − ψ2,

...

1 = zp−1,p −mzp,p−1 ≤ ψp − ψ1,

1 = zp,1 −mz1,p ≤ ψ1 − ψp.

We sum the above inequalities and conclude p ≤ 0, a contradiction.

To complete the proof, we also need to prove that any DAG is feasible for the LN

formulation. To this end, we know that each DAG has a topological ordering. For all the

existing arcs in the DAG, substitute zjk = 1 and assign a topological ordering number to the

variables ψk, k ∈ V in LN. Then, the set of constraints in (2.4e) is always satisfied. �

The LN formulation highlights a desirable property of the layered network representation

of a DAG in comparison to the topological ordering representation. Let us define nodes in

layer 1 as the set of nodes that have no incoming arcs in the DAG, nodes in layer 2 as the

set of nodes that have incoming arcs only from nodes in the layer 1, layer 3 as the set of

nodes that have incoming arcs from layer 2 (and possibly layer 1), etc. (see, Figure 2.3). The
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minimal layer number of a node is the length of the longest directed path from any node in

layer 1 to that node. For a given DAG, there is a unique minimal layer number, but not a

unique topological order. As an example, Figure 2.2a has three valid topological orders: (i)

1,2,4,3, (ii) 1,4,2,3, and (iii) 4,1,2,3. In contrast, it has a unique layer representation, 1,2,3,1.

There is a one-to-one correspondence between minimal layer numbering and a DAG.

However, the solutions of the LN formulation, i.e., ψ variables (layer values), do not neces-

sarily correspond to the minimal layer numbering. This is because the LN formulation does

not impose additional constraints to enforce a minimal numbering and can output solutions

that are not minimally numbered. However, because branch-and-bound does not branch on

continuous variables, alternative (non-minimal) feasible solutions for the ψ variables do not

impact the branch-and-bound process. On the contrary, we have multiple possible represen-

tations of the same DAG with topological ordering because TO is a symmetric formulation

i.e., its variables can be permuted without changing the structure of the problem. Because

topological ordering variables are binary, the branch-and-bound method applied to the TO

formulation explores multiple identical DAGs as it branches on the topological ordering vari-

ables. This enlarges the size of the branch-and-bound tree and increases the computational

burden.

Layered network representation also has an important practical implication: Using this

representation, the search space can be reduced to the total number of ways we can layer a

network (or equivalently the total number of possible minimal layer numberings) instead of

the total number of topological orderings. When the super-structure M is complete, both

quantities are the same, and equal to m!. Otherwise, a brute-force search for finding the

optimal DAG has computational time LC̄, where L denotes the total number of minimal

layered numberings, and C̄ is the computational complexity of solving PNLM given a known

tournament structure.

We close this sub-section by noting that a related set of constraints (2.4e) appear in the

Miller-Tucker-Zemlin (MTZ) formulation for asymmetric TSP [18, 49, 63]. In this context,

constraints (2.4e), along with the TSP constraints that ensure that each node has one in-



24

1

2

3

4

(a)

1

2

3

4

(b)

Figure 2.4: Illustration of the Layered Network formulation: (a) nodes 1, 2, 3, 4 are placed in

layers 1, 2, 3, 1, respectively; (b) nodes 1, 2, 3, 4 are placed in layers 1, 2, 3, 2, respectively.

coming and one outgoing arc, result in distinct ψ values that correspond to the order a node

is visited in the TSP tour. In contrast, in LN formulation for DAG learning, the ψ values

are not necessarily distinct and we provide their interpretation as layers of a DAG. Strong

valid inequalities for MTZ formulation are proposed for asymmetric TSP [6, 26]; however,

they are not valid for DAG structural learning, because they are derived using the TSP

constraint that there must be one incoming and one outgoing arc to every node. In addition,

a set of constraints similar to (2.4e) is introduced in [21] for learning DAG with discrete

data. However, the formulation in [21] requires an exponential number of variables. In more

recent work on DAGs for discrete data, Cussens and colleagues have focused on a tighter

formulation for removing cycles, known as cluster constraints [22, 23, 24]. To represent the

set of cluster constraints, variables have to be defined according to the parent set choice

leading to an exponential number of variables. Thus, such a representation is not available

in the space of arcs.

Both TSP and DAG structural learning with discrete data have a linear objective func-
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tion. For mixed-integer linear programs, with linear objective functions, it is known that

stronger formulations attain better computational performance, see e.g., [51] for a compar-

ative analysis in the TSP context. This is because the problem is solved as successive linear

programs, and it is known that there exists an optimal solution to a linear program that is

an extreme point of the associated feasible set. Therefore, a stronger formulation that better

approximates the convex hull of a mixed-integer linear program generally provides better

lower bounds from relaxations and faster convergence. In contrast, DAG structural learning

for continuous variables with linear SEMs is cast as a mixed-integer quadratic optimization

(MIQO) model. Due to the quadratic objective, an optimal solution may not be at an ex-

treme point of the convex hull of feasible points and stronger formulations do not necessarily

guarantee better lower bounds. Later in Propositions 5 and 6, we shed light on why LN

formulation performs well for learning DAG from continuous data with Linear SEMs.

2.2.1 Layered Network with `1 regularization

Because of its convexity, the structure learning literature has utilized the `1-regularization

for learning DAGs from continuous variables [36, 53, 65, 74, 81]. The LN formulation with

`1-regularization can be written as

min 1
n

∑
i∈I

∑
k∈V

(xik −
∑

(j,k)∈E→
βjkxij)2 + λ

∑
(j,k)∈−→E

|βjk|, (2.5a)

−Mzjk ≤ βjk ≤Mzjk ∀(j, k) ∈ −→E , (2.5b)

(2.4e)− (2.4g).

In the next remark, we state a property which only holds for a complete super-structure.

Remark 1 For a complete super-structure M, ψk = ∑
j∈V \k zjk ∀k ∈ V . Thus, the LN

formulations (both `0 and `1) can be encoded without ψ variables by writing (2.4e) as

zjk − (p− 1)zkj ≤
∑
j∈V \k

zjk −
∑
k∈V \j

zkj ∀ j, k ∈ V j 6= k.
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Table 2.1: The number of binary variables and the number of constraints

Incomplete (moral) M Complete (moral) M

CP LO TO LN CP LO TO LN

# Binary Vars (`0) |
−→
E | |

−→
E |+

(
p
2

)
p2 + |E|+ |−→E | |E|+ |−→E | 2

(
p
2

) (
p
2

)
p2 + 3

(
p
2

)
3
(

p
2

)
# Binary Vars (`1) |E|

(
p
2

)
p2 + |E| |E|

(
p
2

) (
p
2

)
p2 +

(
p
2

) (
p
2

)
# Constraints

(both `0 and `1) Exp 2
(

p
3

)
|
−→
E |+ 2p |

−→
E | 2

(
p
3

)
2
(

p
3

) (
p
2

)
+ 2p

(
p
2

)

Remark 2 CP and LO formulations reduce to the same formulation for `1 regularization

when the super-structure M is complete by letting wij = gij in formulation (2.2) for all

(j, k) ∈ −→E .

An advantage of the `1-regularization for DAG learning is that all models (CP, LO, TO

and LN) can be formulated without decision variables gjk, since counting the number of

non-zero βjk is no longer necessary.

Table 2.1 shows the number of binary variables and the number of constraints associated

with cycle prevention constraints in each model. Evidently, `0 models require additional

binary variables compared to the corresponding `1 models. Note that the number of binary

variables and constraints for the LN formulation solely depend on the number of edges in

the super-structureM. This property is particularly desirable when the super-structureM

is sparse. The LN formulation requires the fewest number of constraints among all models.

The LN formulation also requires fewer binary variables than the TO formulation. More

importantly, different topological orders for the same DAG are symmetric solutions to the

associated TO formulation. Consequently, branch-and-bound requires exploring multiple

symmetric formulations as it branches on fractional TO variables. As for the LO formulation,

the number of constraints is O(m3) which makes its continuous relaxation cumbersome to

solve in the branch-and-bound process. The LN formulation is compact, whereas the CP
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formulation requires an exponential number of constraints for incomplete super-structure

M. The CP formulation requires fewer binary variables for `0 formulation than LN; both

formulations need the least number of binary variables for `1 regularization.

In the next section, we discuss the theoretical strength of these mathematical formulations

and provide a key insight on why the LN formulation performs well for learning DAGs from

continuous data.

2.3 Continuous Relaxation

One of the fundamental concepts in IP is relaxations, wherein some or all constraints of a

problem are relaxed. Relaxations are used to obtain a sequence of easier to solve problems

resulting bounds and approximate, not necessarily feasible, solutions for the original problem.

Continuous relaxation is a common relaxation obtained by relaxing the binary variables of

the original mixed-integer quadratic program (MIQP) and allowing them to take real values.

Continuous relaxation is at the heart of branch-and-bound methods for solving MIQPs. An

important concept when comparing different MIQP formulations is the strength of their

continuous relaxations.

Definition 4 A formulation A is said to be stronger than formulation B if R(A) ⊂ R(B)

where R(A) and R(B) correspond to the feasible regions of continuous relaxations of A and

B, respectively.

Proposition 3 The LO formulation is stronger than the LN formulation, i.e., R(LO) ⊂

R(LN).

Proof. The LO formulation is in w-space whereas LN is in (z, ψ)-space. Hence, we first

construct a mapping between these decision variables.

Proof. Given a feasible solution wjk for all j, k ∈ V, j 6= k in the LO formulation, we

define zjk = wjk, (j, k) ∈ −→E and ψj = ∑
`∈V \{j}w`j, j ∈ V . Let 1(x ≥ 0) be a function which

takes value 1 if x ≥ 0 and 0 otherwise. Given zjk for all (j, k) ∈ −→E and ψj for j ∈ V in the



28

•

•

•

•

•

•

•

•

••

•

•

• •

•

•

•

•

•

•

•

•

• •

•

•

•

•

Figure 2.5: Continuous relaxation regions of three IP models. The tightest model (convex

hull) is represented by the black polygon strictly inside other polygons. The blue and red

polygons represent valid yet weaker formulations. The black points show the feasible integer

points for all three formulations.

LN formulation, we map wjk = zjk for all (j, k) ∈ −→E and wjk = 1(ψk − ψj + 1 ≥ 0) for all

(j, k) /∈ −→E . Note that w-space is defined for all pair of nodes whereas z-space is defined for

the set of arcs in −→E . In every correct mapping, we have wjk = zjk, ∀(j, k) ∈ −→E .

Fixing j and k for each (j, k) ∈ −→E and summing the left hand-side of inequalities (2.2e)

over i ∈ V \ {j, k} we obtain

(m− 2)wjk +
∑

i∈V \{k,j}
wki +

∑
i∈V \{j,k}

wij ≤ m− 2

≡ (m− 2)wjk +
∑

i∈V \{k,j}
wki +

∑
i∈V \{j,k}

(1− wji) ≤ m− 2

≡ mwjk − 1 +
∑

i∈V \{k}
wki −

∑
i∈V \{j}

wji ≤ m− 2

≡ mwjk − 1−
∑

i∈V \{k}
wik +

∑
i∈V \{j}

wij ≤ m− 2

≡ mwjk −m+ 1 ≤
∑

i∈V \{k}
wik −

∑
i∈V \{j}

wij,

where the equivalences follow from constraints (2.2c). Given our mapping, zjk = wjk for all
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(j, k) ∈ −→E and ψj = ∑
`∈V \{j}w`j for j ∈ V , the above set of constraints can be written as

zjk − (m− 1)zkj ≤ ψk − ψj ∀ (j, k) ∈ −→E ,

which satisfies (2.4e) in the LN formulation. This impliesR(LO) ⊆ R(LN) for `1-regularization.

For `0-regularization, we need to add that gjk ≤ wjk = zjk,∀(j, k) ∈ E→. This implies

R(LO) ⊆ R(LN) for `0 regularization.

To show strict containment, we give a point that is feasible to the LN formulation that

cannot be mapped to any feasible point in the LO formulation. Consider m = 3, z13 =

1, z31 = 0, z32 = 0.5 + ε, z23 = 0.5 − ε, z12 = z21 = 0.5, ψ = (1, 2, 2), for 0 < ε < 1
6 , with

an appropriate choice of β. It is easy to check that this is a feasible solution to the LN

formulation. Because we must have wij = zij,∀(i, j) ∈
−→
E , we have w13 + w32 + w21 > 2.

Therefore, the corresponding point is infeasible to the LO formulation and this completes

the proof.

Note that the given feasible point to the continuous relaxation of LN is not a feasible

point for the continuous relaxation of the MTZ formulation for TSPs because we do not

have the constraint that there is on incoming and one outgoing arc to each node. Hence the

strength results do not immediately follow from similar results established for TSP.

�

Consider (2.2c)-(2.2e) in the linear ordering formulation given by

wjk + wkj = 1 ∀ (j, k) ∈ −→E ,

wij + wjk + wki ≤ 2 ∀(i, j), (j, k), (k, i) ∈ −→E .
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Fixing j and k for each (j, k) ∈ −→E and summing over all i ∈ V we obtain

(m− 2)wjk +
∑

i∈V \{k,j}
wki −

∑
i∈V \{j,k}

wji ≤ m− 2

= mwjk − wjk + wkj − 1 +
∑

i∈V \{k,j}
wki −

∑
i∈V \{j,k}

wji ≤ m− 2

= mwjk − 1 +
∑

i∈V \{k}
wki −

∑
i∈V \{j}

wji ≤ m− 2

= mwjk − 1−
∑

i∈V \{k}
wik +

∑
i∈V \{j}

wij ≤ m− 2

= mwjk −m+ 1 ≤ +
∑

i∈V \{k}
wik −

∑
i∈V \{j}

wij

Given our mapping, zjk = wjk for all (j, k) ∈ −→E and ψj = ∑
`∈V w`j for j ∈ V , the above set

of constraints can be written as

zjk − (m− 1)zkj ≤ ψk − ψj ∀ (j, k) ∈ −→E ,

which satisfies (2.4e) in the LN formulation. This impliesR(LO) ⊆ R(LN) for `1-regularization.

For `0-regularization, we need to add that gjk ≤ wjk = zjk,∀(j, k) ∈ E→. This implies

R(LO) ⊆ R(LN) for `0 regularization. �

Proposition 4 When the parameter m in (2.3e) is replaced with m−1, the TO formulation

is stronger than the LN formulation, that is, R(TO) ⊂ R(LN).

Proof. This proof is for TO formulation when the parameter m on (2.3e) is replaced

with m− 1.

In the TO formulation, define the term ∑
s∈V soks as ψk and the term ∑

s∈V sojs as ψj.

Further, remove the set of constraints in (2.3f), (2.3g), and (2.3i). This implies thatR(TO) ⊆

R(LN). To see strict containment, consider the point described in the proof of Proposition

3, which is feasible to the LN formulation. For this point, there can be no feasible assignment

of the decision matrix o such that ψj = ∑
s∈V sojs, hence R(TO) ⊂ R(LN).

�
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These propositions are somewhat expected because the LN formulation uses the fewest

number of constraints. Hence, the continuous relaxation feasible region of the LN formulation

is loosened compared to the other formulations. Related strength results are also established

for MTZ formulation for TSPs, see e.g., [52, 55]. However, even though one of the constraints

is common in LN formulation for DAG learning and MTZ formulation for TSP, because the

polyhedron we study is different, we establish the strength results given in Propositions 3

and 4 for completeness.

Proposition 5 Let β?jk denote the optimal coefficient associated with an arc (j, k) ∈ −→E from

(1.6). For both `0 and `1 regularizations, the initial continuous relaxations of the LN formu-

lation attain as tight an optimal objective function value as the LO, CP, TO formulations if

M ≥ 2 max
(j,k)∈−→E

|β?jk|.

Proof. Let F̄ (β?X) denote the optimal objective value associated with the continuous

relaxation of model X ∈ {CO,LO,LN}.

Part A. F̄ (β?LO) = F̄ (β?LN).

Case 1. `1 regularization

Suppose (β?LN , z?) is an optimal solution associated with the continuous relaxation of the LN

formulation (3.3a)-(2.4g) and (β?LO, w?) is an optimal solution associated with continuous

relaxation of the LO formulation with `1-regularization.

Given Proposition 3, we conclude that F̄ (β?LN) ≤ F̄ (β?LO). We prove that F̄ (β?LN) ≥

F̄ (β?LO) also holds in an optimal solution. To this end, we map an optimal solution in

continuous relaxation of the `1-LN formulation to a feasible solution in continuous relaxation

of the `1-LO formulation with the same objective function. This implies F̄ (β?LN) ≥ F̄ (β?LO).

Given an optimal solution (β?LN , z?) to the continuous relaxation of the `1-LN formulation,

we construct a feasible solution (βLO, w) to the continuous relaxation of the LO formulation

as
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wjk = wkj =


1
2 , z?jk > 0, (i, j) ∈ −→E ,

0, otherwise,

and let βLO = β∗LN .

We now show that this mapping is always valid for the `1-LO formulation. Recall that

for the `1 regularization, we do not have the decision vector g in the formulation. Three set

of constraints have to be satisfied in the `1-LO formulation.

|βjk| ≤Mwjk, ∀(j, k) ∈ −→E (2.2b)

wjk + wkj = 1, ∀(j, k) ∈ −→E (2.2c)

wij + wjk + wki ≤ 2, ∀(i, j), (j, k), (k, i) ∈ −→E i 6= j 6= k. (2.2e)

The set of constraints (2.2b) is trivially satisfied because we set M ≥ 2 max
(j,k)∈−→E

|β?jk|.

The set of constraints (2.2c) is trivially satisfied. The set of constraints (2.2e) is satisfied

because the left hand side of inequality can take at most 3
2 given this mapping. Therefore,

F̄ (β?LO) ≤ F̄ (βLO) = F̄ (β?LN). This completes this part of the proof.

Case 2. `0 regularization

Suppose (β?LN , g?LN , z?) is an optimal solution associated with a continuous relaxation of the

`0-LN formulation, and (β?LO, g?LO, w?) is an optimal solution associated with a continuous

relaxation of the `0-LO formulation.

Given Proposition 3, F̄ (β?LN , g?LN) ≤ F̄ (β?LO, g?LO). We now prove that, in an optimal

solution F̄ (β?LN , g?LN) ≥ F̄ (β?LO, g?LO) also holds.

Given an optimal solution (β?LN , g?LN , z?) for the continuous relaxation of the `0-LN for-

mulation, we construct a feasible solution (βLO, gLO, w) for the continuous relaxation of the

`0-LO formulation as

wjk = wkj =


1
2 , z?jk > 0, (j, k) ∈ −→E ,

0, otherwise,

and let βLO = β∗LN and gLO = g?LN .

We now show that this mapping is always valid for the LO formulation. Four sets of
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constraints have to be satisfied in the LO formulation.

|βjk| ≤Mgjk, ∀(j, k) ∈ −→E , (2.2b)

gjk ≤ wkj, ∀(j, k) ∈ −→E (2.2d)

wjk + wkj = 1, ∀(j, k) ∈ −→E (2.2c)

wij + wjk + wki ≤ 2, ∀i, j, k ∈ V, i 6= j 6= k, (2.2e)

The set of constraints in (2.2c) is satisfied similar to `1 case. The proof that constraints

(2.2b), (2.2d), and (2.2e) are also met is more involved. If the `0-LN formulation attains a

solution for which g?ij = g?jk = g?ki = 1 (we dropped subscript LN), then our mapping leads to

an infeasible solution to the `0-LO formulation, because it forces wij + wjk + wki ≥ 2 for `0-

LO. Next we show that this will not be the case and that our mapping is valid. To this end,

we show that in an optimal solution for the continuous relaxation of `0-LN, we always have

g?jk ≤ 1
2 , ∀(j, k) ∈ −→E . Note that in the LN formulation, we have |βjk| ≤ Mgjk, ∀(j, k) ∈ E→

and gjk ≤ zjk (we dropped the subscript LN). Suppose that g?jk ≥ 1
2 . In this case, the objec-

tive function forces g?jk to be at most 1
2 . Note that the objective function can reduce g?jk up

to 1
2 and decreases the regularization term without any increase on the loss function. This

is because βjk ≤ Mgjk,∀(j, k) ∈ E→ can be replaced by βjk ≤ M 1
2 ,∀(j, k) ∈ E→ without

any restriction on β because M ≥ 2 max
(j,k)∈−→E

|β?jk|. Therefore, our mapping is valid and implies

that F̄ (β?LO, g?LO) ≤ F̄ (βLO, gLO) = F̄ (β?LN , g?LN).

Part B. F̄ (β?TO) = F̄ (β?LN).

Case 1. `1 regularization

Given Proposition 4, we conclude that F (β?LN) ≤ F (β?TO). We now prove that F̄ (β?LN) ≥

F̄ (β?TO) also holds in an optimal solution. We map an optimal solution in continuous relax-

ation of the `1-LN formulation to a feasible solution in continuous relaxation of the `1-TO

formulation with the same objective value. This implies F̄ (β?LN) ≥ F̄ (β?TO).
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Next we construct a feasible solution (βTO, zTO, o) to the TO formulation. Given an

optimal solution (β?LN , z?LN , ψ?) for a continuous relaxation of the LN formulation, rank the

ψ?j in non-descending order. Ties between ψ values can be broken arbitrarily in this ranking.

Then, for each variable j ∈ {1, . . . ,m}, ojr = 1 where r denotes the rank of ψj in a non-

descending order (the first element is ranked 0). This mapping satisfies the two assignment

constraints (2.3f)-(2.3g). Let βTO = β∗LN , zTO = z∗LN . This gives a feasible solution for the

TO formulation. Thus, F̄ (β?LN) ≥ F̄ (β?TO).

Case 2. `0 regularization

Define g?LN = gTO. The rest of the proof is similar to the previous proofs.

Part C. F̄ (β?CP ) = F̄ (β?LN).

To prove this, we first prove the following Lemma.

Lemma. The LO formulation is at least as strong as the CP formulation, that is R(LO) ⊆

R(CP ).

Proof. Consider (2.2c)-(2.2e) in the linear ordering formulation given by

wjk + wkj = 1 ∀ (j, k) ∈ −→E ,

wij + wjk + wki ≤ 2 ∀(i, j), (j, k), (k, i) ∈ −→E .

Consider the set of constraints in CP given by (2.1c) as

∑
(j,k)∈CA

gjk ≤ |CA| − 1 ∀CA ∈ C,

Consider the same mapping as in Proposition 3. Select an arbitrary constraint from

(2.1c). Without loss of generality, consider g1,2 +g2,3 + · · ·+gp−1,p+gp,1 ≤ p−1. We arrange
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the terms in (2.2c)-(2.2e) as

w1,2 + w2,3 + w3,1 ≤ 2

w1,3 + w3,4 + w4,1 ≤ 2

w1,4 + w4,5 + w5,1 ≤ 2
...

w1,p−2 + wp−2,p−1 + wp−1,1 ≤ 2

w1,p−1 + wp−1,p + wp,1 ≤ 2

Summing the above set of inequalities and substituting wij = 1−wji, when appropriate,

gives w1,2 + w2,3 + w3,4 + · · ·+ wp,1 ≤ p− 1. Thus, we conclude that R(LO) ⊆ R(CP ). �

Given this lemma and Proposition 3, we conclude that F̄ (β?LN) ≥ F̄ (β?TO). �

Proposition 5 states that although the LO and TO formulations are tighter than the LN

formulation with respect to the feasible region of their continuous relaxations, the continuous

relaxation of all models attain the same objective function value (root relaxation).

Proposition 6 For branching on the same variable (i.e., the binary variables associated

with the same arc) in the branch-and-bound process, the continuous relaxations of the LN

formulation for both `0 and `1 regularizations attain as tight an optimal objective function

value as LO, CP and TO, if M ≥ 2 max
(j,k)∈−→E

|β?jk|.

Proof. This is a generalization of Proposition 5. Suppose we have branched on vari-

able wjk in the LO formulation or correspondingly on variable zjk in the LN formulation.

If wjk = 0, then βjk = 0. In this case, it is as if we now need to solve the original model

with (j, k) /∈
−→
E . Thus, Proposition 5 (Part A) implies that both models attain the same

continuous relaxation. On the other hand, if wjk = 1 in LO (or correspondingly zjk = 1 in

LN), we define our mapping as
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wjk = wkj =



1
2 , z?jk > 0, (j, k) ∈ −→E ,

1, (j, k) ∈ B

0, otherwise,
where B is the set of (j, k) for which zjk = 1. The rest of the proof follows from Proposition

5 (Part A).

The proofs for the TO and CP formulations are almost identical with Proposition 5.

Suppose we have branched on variable zjk on any of the models (CP, LO, TO). If zjk = 0,

then βjk = 0. In this case, it is as if we now need to solve the original model with (j, k) /∈ −→E .

If zjk = 1, one defines the mapping in Proposition 5. The proof follows from Proposition 5

parts B and C, respectively. �

Proof. Let (β?, g?) be the optimal solution to the continuous relaxation of MIQPM where

M →∞. In such a solution, g?jk has to take value β?
jk

M
. Otherwise, we can reduce the value of

decision variable g without violating any constraints while reducing the objective function.

This implies that g? = β?

M
. Thus, the objective function reduces to `1 regularization with the

coefficient λ||β||1
2M . �

Proposition 6 is at the crux of this section. It shows that not only does the tightness of

the optimal objective function value of the continuous relaxation hold for the root relaxation,

but it also holds throughout the branch-and-bound process under the specified condition on

M , if the same branching choices are made. Thus, the advantages of the LN formulation are

due to the fact that it is a compact formulation that entails the fewest number of constraints,

while attaining the same optimal objective value of continuous relaxation as tighter models.

In practice, finding a tight value for M is difficult. Our computational results show that

the approach suggested in [53] to obtain a value of M , which is explained in Section 2.4 and

used in our computational experiments, always satisfies the condition in Proposition 6 across

all generated instances.
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2.4 Experiments

We present numerical results comparing the proposed LN formulation with existing ap-

proaches. Experiments are performed on a cluster operating on UNIX with Intel Xeon

E5-2640v4 2.4GHz. All MIQP formulations are implemented in the Python programming

language. Gurobi 8.0 is used as the MIQP solver. A time limit of 50m (in seconds), where

m denotes the number of nodes, is imposed across all experiments after which runs are ter-

minated. Unless otherwise stated, an MIQP optimality gap of 0.001 is imposed across all

experiments; the gap is calculated by UB−LB
UB

where UB denotes the objective value associ-

ated with the best feasible integer solution (incumbent) and LB represents the best obtained

lower bound during the branch-and-bound process.

For CP, instead of incorporating all constraints given by (2.1c), we begin with no con-

straint of type (2.1c). Given an integer solution with cycles, we detect a cycle and impose

a new cycle prevention constraint to remove the detected cycle. Depth First Search (DFS)

can detect a cycle in a directed graph with complexity O(|V |+ |E|). Gurobi Lazy Callback

is used, which allows adding cycle prevention constraints in the branch-and-bound process,

whenever an integer solution with cycles is obtained. The same approach is used by Park

and Klabjan [53]. Note that Gurobi solver follows a branch-and-cut implementation and

adds many general-purpose and special-purpose cutting planes.

To select the M parameter in all formulations we use the proposal of Park and Klabjan

[53]. Specifically, given λ, we solve each problem without cycle prevention constraints. We

then use the upper bound M = 2 max
(j,k)∈−→E

|βjk|. The results provided in [53] computationally

confirm that this approach gives a large enough value of M . We also confirmed the validity

of this choice across all our test instances.

2.4.1 Synthetic datasets

We use the R package pcalg to generate random Erdős-Rényi graphs. Firstly, we create

a DAG using randomDAG function and assign random arc weights (i.e., β) from a uniform
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distribution, U [0.1, 1]. This ground truth DAG is used to assess the quality of estimates.

Next, the resulting DAG and random coefficients are input to the rmvDAG function, that

applies linear regression as the underlying model, to generate multivariate data (columns of

matrix X ) with the standard normal error distribution.

We consider m ∈ {10, 20, 30, 40} nodes and n ∈ {100, 1000} samples. The average

outgoing degree of each node, denoted by d, is set to 2. We generate 10 random graphs for

each setting (m, n, d). The raw observational data, X , for the datasets with n = 100 is the

same as first 100 rows of the datasets with n = 1000.

We consider two types of problem instances: (i) a set of instances for which the moral

graph corresponding to the true DAG is available; (ii) a set of instances with a complete undi-

rected graph, i.e., assuming no prior knowledge. The first class of problems is referred to as

moral instances, whereas the second class is called complete instances. The raw observational

data, X , for moral and complete instances are the same. The function moralize(graph) in

the pcalg R-package is used to generated the moral graph from the true DAG. The moral

graph can also be (consistently) estimated from data using penalized estimation procedures

with polynomial complexity [39, 45]. However, since the quality of the moral graph equally

affects all optimization models, the true moral graph is used in our experiments.

We use the following IP-based metrics to measure the quality of a solution: Optimal-

ity gap (MIQP GAP), computation time in seconds (Time), Upper Bound (UB), Lower

Bound (LB), computational time of root continuous relaxation (Time LP), and the number

of explored nodes in the branch-and-bound tree.

We also evaluate the quality of the estimated DAGs by comparing them with the ground

truth. To this end, we use the average structural Hamming distance (SHD), as well as true

positive (TPR) and false positive rates (FPR). These criteria evaluate different aspects of the

quality of the estimated DAGs: SHD counts the number of differences (addition, deletion,

or arc reversal) required to transform predicted DAG to the true DAG; TPR is the number

of correctly identified arcs divided by the total number of true arcs, P ; FPR is the number

of incorrectly identified arcs divided by the total number of negatives (non-existing arcs), N .
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For brevity, TPR and FPR plots are presented in Appendix A.

2.4.2 Comparison of `0 MIQPs

Figure 2.6 reports the average metrics across 10 random graphs for `0 formulations with

n = 1000. The LO formulation fails to attain a reasonable solution for one graph (out of

10) with m = 40 and λ ∈ {0.1, 1}. This is due to the large computation time for solving its

continuous relaxation. We excluded these two instances from LO results.

Figure 2.6(a) shows that the LN formulation outperforms other formulations in terms of

the average optimality gap across all number of nodes m ∈ {10, 20, 30, 40} and regularization

parameters, λ ∈ {0.1, 1}. The difference becomes more pronounced for moral instances. For

moral instances, the number of binary variables and constraints for LN solely depends on

the size of moral graph. Figure 2.6(b) also indicates that the LN formulation requires the

least computational time for small instances, whereas all models hit the time limit for larger

instances.

Figures 2.6(c)-(d) show the performance of all methods in terms of their upper and

lower bounds. For easier instances (e.g., complete instances with m ∈ {10, 20} and moral

instances), all methods attain almost the same upper bound. Nonetheless, LN performs

better in terms of improving the lower bound. For more difficult instances, LN outperforms

other methods in terms of attaining a smaller upper bound (feasible solution) and a larger

lower bound.

Figures 2.6(e)-(f) show the continuous relaxation time of all models, and the number of

explored nodes in the branch-and-bound tree, respectively. The fastest computational time

for the continuous relaxation is for the TO formulation followed by the LN formulation.

However, the number of explored nodes provides more information about the performance

of mathematical formulations. In small instances, i.e., m = 10, where an optimal solution

is attained, the size of the branch-and-bound tree for the LN formulation is smaller than

the TO formulation. This is because the TO formulation has a larger number of binary

variables, leading to a larger branch-and-bound tree. On the other hand, for large instances,
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the number of explored nodes in the LN formulation is larger than the TO formulation.

This implies that the LN formulation explores more nodes in the branch-and-bound tree

given a time limit. This may be because continuous relaxations of the LN formulation

are easier to solve in comparison to the continuous relaxations of the TO formulation in

the branch-and-bound process. As stated earlier, the branch-and-bound algorithm needs to

explore multiple symmetric formulations in the TO formulation as it branches on fractional

topological ordering variables. This degrades the performance of the TO formulation. The

LO formulation is very slow because its continuous relaxation becomes cumbersome as the

number of nodes, m, increases. Thus, we can see a substantial decrease in the number of

explored nodes in branch-and-bound trees associated with the LO formulation. The CP

formulation is implemented in a cutting-plane fashion. Hence, its number of explored nodes

is not directly comparable with other formulations.

Figures 2.6(a)-(f) show the importance of incorporating available structural knowledge

(e.g., moral graph). The average optimality gap and computational time are substantially

lower for moral instances compared to complete instances. Moreover, the substantial differ-

ence in the optimality gap elucidates the importance of incorporating structural knowledge.

Similar results are obtained for n = 100 samples; see Appendix II.

We next discuss the performance of different methods in terms of estimating the true

DAG. The choice of tuning parameter λ, the number of samples n, and the quality of the

best feasible solution (i.e., upper bound) influence the resulting DAG. Because our focus in

this dissertation is on computational aspects, we fixed the values of λ for a fair comparison

between the formulations, and used λ = 0.1 based on results in preliminary experiments.

Thus, we focus on the impact of sample size as well as the quality of the feasible solution in

the explanation of our results.

Figures 2.7(a)-(b) show the SHDs for all formulations for n = 1000 and n = 100, re-

spectively. Comparing Figure 2.7(a) with Figure 2.7(b), we observe that the SHD tends to

increase as the number of samples decreases. As discussed earlier, when n → ∞, penalized

likelihood likelihood estimate with an `0 regularization ensures identifiability in our setting



41

[58, 72]. However, for a finite sample size, identifiability may not be guaranteed. More-

over, the appropriate choice of λ for n = 100 may be different than the corresponding λ for

n = 1000.

Figure 2.7(a) shows that all methods learn the true DAG with λ = 0.1, and given a moral

graph for m ∈ {10, 20, 30}. In addition, SHD is negligible for LN and CP formulations for

m = 40. However, we observe a substantial increase in SHD (e.g., from 0.2 to near 10 for

LN) for complete graphs. These figures indicate the importance of incorporating available

structural knowledge (e.g., a moral graph) for better estimation of the true DAG.

While, in general, LN performs well compared with other formulations, we do not expect

to see a clear dominance in terms of accuracy of DAG estimation either due to finite samples

or the fact that none of the methods could attain a global optimal solution for larger instances.

On the contrary, we retrieve the true DAG for smaller graphs for which optimal solutions

are obtained. As pointed out in [53], a slight change in the objective function value could

significantly alter the estimated DAG. Our results corroborate this observation.

2.4.3 Comparison of `1 MIQPs

Figure 2.8 shows various average metrics across 10 random graphs for `1 regularization with

n = 1000 samples. Figure 2.8(a) shows that the LN formulation clearly outperforms other for-

mulations in terms of average optimality gap across all number of nodes, m ∈ {10, 20, 30, 40},

and regularization parameters, λ ∈ {0.1, 1}. Moreover, Figure 2.8(b) shows that the LN for-

mulation requires significantly less computational time in moral instances, and in complete

instances with m ∈ {10, 20} compared to other methods. In complete instances, all meth-

ods hit the time limit for m ∈ {30, 40}. Figures 2.8(c)-(f) can be interpreted similar to

the Figures 2.6(c)-(f) for `0 regularization. Similar to `0 regularization, Figures 2.8(a)-(b)

demonstrate the importance of incorporating structural knowledge (e.g., a moral graph) for

`1 regularization. Similar results are observed for n = 100 samples; see Appendix II.

As expected, the DAG estimation accuracy with `1 regularization is inferior to the `0 reg-

ularization. This is in part due to the bias associated with the `1 regularization, which could
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Figure 2.6: Optimization-based measures for MIQPs for `0 regularization with the number

of samples n = 1000.
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Figure 2.7: Structural Hamming Distance (SHD) of MIQP estimates for `0 regularization.

be further controlled with, for example, adaptive `1-norm regularization [82]. Nonetheless,

formulations for `1 regularization require less computational time and are easier to solve than

the corresponding formulations for `0 regularization.

2.4.4 Comparison with the A?-lasso algorithm

In this section, we compare the LN formulation with A?-lasso [74], using the MATLAB code

made available by the authors. For this comparison, the same true DAG structures are taken

from [74] and the strength of arcs (β) are chosen from U [−1,−0.1] ∪ U [0.1, 1]. The number

of nodes in the 10 true DAGs varies from m = 6 to m = 27 (see Table 2.2). The true DAG

and resulting random β coefficients are used to generate n = 500 samples for each column

of data matrix X .

A time limit of six hours is imposed across all experiments after which runs are termi-

nated. In addition, for a fairer comparison with A?-lasso, we do not impose an MIQP gap

termination criterion of 0.001 for LN and use the Gurobi default optimality gap criterion of

0.0001.

Similar to synthetic data described in Section 2.4.1, we consider two cases: (i) moral
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Figure 2.8: Optimization-based measures for MIQPs for `1 regularization with the number

of samples n = 1000.
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Figure 2.9: Structural Hamming Distance (SHD) of MIQP estimates for `1 regularization.

instances and (ii) complete instances. For the former case, the moral graph is constructed

from the true DAG as done in Section 2.4.1. The raw observational data (i.e., X ) for moral

and complete instances are the same.

We compare the LN formulation with A?-lasso using `1 regularization. Note that A?-

lasso cannot solve the model with `0 regularization. Furthermore, the original A?-lasso

algorithm assumes no super-structure. Therefore, to enhance its performance, we modified

the MATLAB code for A?-lasso in order to incorporate the moral graph structure, when

available.

In this section, our focus is to evaluate the computational performance of these ap-

proaches. We consider λ = 0.1 for our comparison. Table 2.2 shows the solution times (in

seconds) of A?-lasso versus the LN formulation for complete and moral instances. For the LN

formulation, if the algorithm cannot prove optimality within the 6-hour time limit, we stop

the algorithm and report, in parentheses, the optimality gap at termination. For complete

instances, the results highlight that for small instances A?-algorithm and LN are competi-

tive, whereas the LN formulation outperforms A?-lasso for larger instances. In particular,

we see that the LN formulation attains the optimal solution for the Cloud and Galaxy data
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sets in less than one second and it obtains a feasible solution that is provably within 96.9%

and 0.99% of the optimal objective value for Insurance and Factors data sets. For moral

instances, we observe significant improvement in the computational performance of the LN

formulation, whereas the improvement in A?-lasso is marginal in comparison. This obser-

vation highlights the fact that dynamic programming-based approaches cannot effectively

utilize the super-structure knowledge, whereas an IP-based approach, particularly the LN

formulation, can significantly reduce the computational times. For instance, LN’s computa-

tional time for the Insurance data reduces from more than 6 hours to less than 13 seconds

when the moral graph is provided. Both algorithms attain optimal solutions for the first six

data sets, whereas A? does not attain a feasible solution for the last four data sets, which

implies we cannot obtain a DAG from A? solution for these instances.

For DAG learning from discrete data, an IP-based model, see e.g., [38], outperforms A?

algorithms when a cardinality constraint on the number of the parent set for each node is

imposed; A? tends to perform better if such constraints are not enforced. This is mainly

because an IP-based model for discrete data requires an exponential number of variables

which becomes cumbersome if such cardinality constraints are not permitted. In contrast,

for DAG learning from continuous data with linear SEMs, our results show that an IP-based

approach does not have such a limitation because variables are encoded in the space of arcs

(instead of parent sets). That is why LN performs well even for complete instances (i.e., no

restriction on the cardinality of parent set).

There are several fundamental advantages of IP-based modeling, particularly the LN for-

mulation, compared to A?-lasso: (i) The variables in IP-based models (i.e., TO, LN, and

CP) depend on the super-structure. Therefore, these IP-based models can effectively utilize

the prior knowledge to reduce the search space, whereas A?-lasso cannot utilize the super-

structure information as effectively. This is particularly important for the LN formulation,

as the number of variables and constraints depend only on the super-structure; (ii) all IP-

based models can incorporate both `0 and `1 regularizations, whereas A?-lasso can solve the

problem only with `1 regularization; (iii) all IP-based methods in general enjoy the versatility
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to incorporate a wide variety of structural constraints, whereas A?-lasso and dynamic pro-

gramming approaches cannot accommodate many structural assumptions. For instance, a

modeler may prefer restricting the number of arcs in the DAG, this is achievable by imposing

a constraint on an IP-based model, whereas one cannot impose such structural knowledge on

A?-lasso algorithm; (iv) A?-lasso is based on dynamic programming; therefore, one cannot

abrupt the search with the aim of achieving a feasible solution. On the other hand, one can

impose a time limit or an optimality gap tolerance to stop the search process in a branch-

and-bound tree. The output is then a feasible solution to the problem, which provides an

upper bound as well as a lower bound which guarantees the quality of the feasible solution;

(v) algorithmic advances in integer optimization alone (such as faster continuous relaxation

solution, heuristics for better upper bounds, and cutting planes for better lower bounds)

have resulted in 29,000 factor speedup in solving IPs [9] using a branch-and-bound process.

Many of these advances have been implemented in powerful state-of-the-art optimization

solvers (e.g., Gurobi), but they cannot be used in dynamic programming methods, such as

A?-lasso.

Figure 2.10 illustrates the progress of upper bound versus lower bound in the branch-and-

bound process for the Insurance dataset and highlights an important practical implication

of an IP-based model: such models often attain high quality upper bounds (i.e., feasible

solutions) in a short amount of time whereas the rest of the time is spent to close the

optimality gap by increasing the lower bound.
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Table 2.2: Computational performance of LN versus A?-algorithm with `1 for λ = 0.1

Moral λ = 0.1 Complete λ = 0.1
Graphs (Data sets) m |M| A?-lasso LN A?-lasso LN
dsep 6 16 0.455 0.025 0.429 0.108
Asia 8 40 0.195 0.071 0.191 0.319
Bowling 9 36 0.417 0.225 0.489 0.291
Insurancesmall 15 76 2.694 1.135 3.048 0.531
Rain 14 70 51.737 0.632 69.404 3.502
Cloud 16 58 1066.08 0.426 2230.035 7.249
Funnel 18 62 6 hrs 0.395 6 hrs 3.478
Galaxy 20 76 6 hrs 0.740 6 hrs 9.615
Insurance 27 168 6 hours 12.120 6 hrs 6 hrs (.031)
Factors 27 310 6 hours 55.961 6 hrs 6 hrs (.01)
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Figure 2.10: The progress of upper bound versus lower bound in the branch-and-bound tree

for the LN formulation with λ = 0.1 for complete super-structure M, for the Insurance

dataset.
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Chapter 3

STRENGTHENED MIXED-INTEGER QUADRATIC
PROGRAMMING

In this chapter, we present another MIQP formulation for leaning DAG from continuous

observational data. This chapter focuses on tightening the big-M constraints corresponding

to the arc weights in the DAG structure.

3.1 Relevant Work

Let F (β, g) = 1
2
∑
k∈V

∑
d∈D

(
xdk −

∑
(j,k)∈−→E βjkxdj

)2
+ µ

2
∑

(j,k)∈−→E β
2
jk + λ

2
∑

(j,k)∈−→E gjk. The

PNLM can be cast as the following optimization problem:

min F (β, g), (3.1a)

G(B) induces a DAG from−→M, (3.1b)

βjk(1− gjk) = 0, ∀(j, k) ∈ −→E, (3.1c)

gjk ∈ {0, 1}, ∀(j, k) ∈ −→E . (3.1d)

The objective function (3.1a) is an expanded version of l(β;X ) in PNLM where we used

the indicator variable gjk to encode the `0 regularization. The constraints in (3.1b) rule out

cycles. The constraints in (3.1c) are non-linear and stipulate that βjk 6= 0 only if gjk = 1.

There are two sources of difficulty in solving (3.1a)-(3.1d): (i) the acyclic nature of DAG

imposed by the constraint in (3.1b), (ii) the set of non-linear constraints in (3.1c) encoding

the semi-continuous variable βjk which stipulates that βjk 6= 0 only if there exists an arc

(j, k) in G(B). In the previous chapter, we discussed existing formulations to address the

former. Next, we present relevant studies for the latter.
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3.1.1 Convex encodings of non-convex constraints (3.1c)

The nonconvexity of the set of constraints (3.1c) causes challenges in obtaining provably

optimal solutions with existing optimization packages. Therefore, we consider convex rep-

resentations of this set of constraints. First, we consider a linear representation of the con-

straints in (3.1c). Although the formulations discussed in Chapter 1 differ in their approach

to rule out cycles, one major commonality among them is that they replace the non-linear

constraint (3.1c) by the so called big-M constraints given by

−Mgjk ≤ βjk ≤Mgjk,∀(j, k) ∈ −→E , (3.2)

for a large enough M . Unfortunately, these big-M constraints (3.2) are poor approximations

of (3.1c), especially in this problem, because no natural and tight value for M exist. It is

worth noting that there are a few techniques to obtain big-M parameter for sparse regression

problem [8, 34]. However, these big-M parameters are often too large in practice. Further,

finding a tight big-M parameter itself is a difficult problem to solve for DAG structure

learning.

3.1.2 Quadratic optimization with semi-continuous variables

Problem (3.1) is a mixed-integer convex quadratic optimization (MICQP) problem with semi-

continuous variables, a class of problems which has received a fair amount of attention from

the operations research community over the last decade e.g., [29, 30, 31, 32, 34]. There has

also been recent interest in leveraging these developments to solve the sparse regression with

`0 regularization, see e.g., [60, 69, 27, 75, 3].

We herein review applications of MIQPs with semi-continuous variables for solving sparse

regression with `0 regularization. Frangioni et al. [32] develop a so-called projected per-

spective relaxation method, to solve the perspective relaxation of mixed-integer nonlinear

programming problems with a convex objective function and semi-continuous variables. This

reformulation requires that the corresponding binary variables are not involved in other con-

straints. Therefore, it is suitable for `0 sparse regression whereas it cannot be applied for
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DAG structure learning problem. Pilanci et al. [60] show how a broad class of `0-regularized

problems, including sparse regression as a special case, can be formulated exactly as opti-

mization problems. The authors use the Tikhonov regularization term µ
2 ||β||

2
2 and convex

analysis to construct an improved convex relaxation using the reverse Huber penalty. In a

similar vein, Bertsimas and Van Parys [8] exploit the Tikhonov regularization and develop

an efficient algorithm by reformulating the sparse regression mathematical formulation as

a saddle-point optimization problem with an outer linear integer optimization problem and

an inner dual quadratic optimization which is capable of solving high-dimensional sparse

regression. Xie and Deng [75] apply the perspective formulation to the Tikhonov regular-

ization µ
2 ||β||

2
2 of sparse regression optimization problem with `0 regularization. The authors

establish that the relaxation of perspective formulation is equivalent to the continuous re-

laxation of the formulation given by Bertsimas and Van Parys [8]. Dong et al. [27] propose

perspective relaxation for `0 sparse regression optimization formulation and establish that

the popular sparsity-inducing concave penalty function known as the reverse Huber penalty

and the minimax concave penalty [79] [60] can be obtained as special cases of the perspective

relaxation– thus the relaxations of formulations by Zhang et al. [79], Pilanci et al. [60], Bert-

simas and Van Parys [8], Xie and Deng [75] are equivalent. The authors further pursue to

obtain an optimal perspective relaxation that is no weaker than any perspective relaxation.

Among the related approaches, the optimal perspective relaxation by Dong et al. [27] is the

only one that does not explicitly require the use of the Tikhonov regularization, i.e., µ
2 ||β||

2
2.

The perspective formulation, which in essence is a fractional non-linear program, can

be cast either as a mixed integer second-order cone program (MISOCP) or a semi-infinite

mixed integer linear programming (SIMILP). Both formulations can directly be solved by

the state-of-the-art optimization packages. Nevertheless, directly solving this problem has

not been assessed for sparse regression. Instead, authors solve the continuous relaxation and

then use a heuristic approach (e.g., rounding techniques) to obtain an upper bound, e.g.,

see [3, 27]. In this paper, we directly solve the MISOCP and SIMILP formulations of sparse

DAG structural learning.
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3.1.3 Contributions

The main contributions of this paper are twofold.

• In spite of recent progress, a key challenge in DAG learning corresponding to linear

SEMs is enforcing bounds on the arc weights. This is commonly modeled using the

standard “big-M constraint” approach [47, 53]. As shown by Manzour et al. [47], this

strategy leads to poor continuous relaxations for this problem, which in turn results in

slow lower bound improvement in the branch-and-bound tree. In particular, Manzour

et al. [47] establish that all existing big-M formulations achieve the same continuous

relaxation objective function under a mild condition (see Propositions 5 and 6). To

overcome this issue, we present a mixed-integer second-order cone program (MISOCP)

which gives a provably tighter continuous relaxation than existing big-M formulations.

This formulation can be solved by powerful state-of-the-art optimization packages. Our

numerical results show the superior performance of MISOCP compared to the existing

big-M formulations in terms of improving the lower bound and reducing the optimality

gap.

• The statistical properties of optimal PNL with `0 regularization have been studied

extensively [45, 72]. However, it is often difficult to prove optimality of a solution,

and there are no results which establish the statistical properties of an approximate

solution. In this paper, we give an early stopping criterion under which the branch-

and-bound process can be terminated early. We establish that the obtained solution

asymptotically converges to the true coefficients in DAG with high probability under

proper conditions. Our result leverages the statistical consistency results of the PNL

estimate with `0 regularization along with the unique structure of branch-and-bound

wherein both lower and upper bound values on the objective function are available

[58, 72].
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3.2 A New Mathematical Formulation: The Mixed-integer Conic Program

In this section, we discuss mathematical formulations for learning DAG structure of a BN.

3.2.1 Big-M formulation

Consider (2.1a)-(2.1d) by substituting (2.1b) by the linear big-M constraints (3.2) and writing

the objective function in a matrix form. We denote the resulting formulation by MIQP.

MIQP min 1
2Tr[(I −B)(I −B)>X>X ] + µ

2 Tr[BB>] + λ

2
∑

(j,k)∈−→E

gjk (3.3a)

(2.1c),

−Mgjk ≤ βjk ≤Mgjk ∀(j, k) ∈ −→E , (3.3b)

gjk ∈ {0, 1} ∀(j, k) ∈ −→E . (3.3c)

Depending on which types of constraints are used instead of (2.1c) to remove cycles,

as explained the previous chapter, MIQP results in different formulations: MIQP+LN,

MIQP+TO, and MIQP+CP.

Proposition 7, adapted from Dong et al. [27] for DAG structure learning problem, shows

that `1-regularization (i.e., ‖β‖1 = ∑
(j,k)∈−→E |βjk|) is a special continuous relaxation of MIQP.

This motivates us to consider tighter continuous relaxation for MIQP.

Let (β?, g?) be the optimal solution to the continuous relaxation of MIQP.

Proposition 7 For M ≥ 2 max
(j,k)∈−→E

|β?jk|, a continuous relaxation of MIQP , where the binary

variables are relaxed, is equivalent to `1-regularization with penalty parameter λ̂ = λ
2M .

Proof. For M ≥ 2 max
(j,k)∈−→E

|β?jk|, the value g?jk has to be β?
jk

M
. Otherwise, we can reduce the

value of the decision variable g without violating any constraints while reducing the objective

function. Note that since M ≥ max
(j,k)∈−→E

|β?jk|, we have g?
jk

M
≤ 1, ∀(j, k) ∈ −→E . Thus, the set

of constraints in (2.1c) is satisfied. To show this, we consider the set of CP constraints. In

this case, the set of constraints (2.1c), i.e., ∑(j,k)∈CA

β?
jk

M
≤ |CA| − 1, ∀CA ∈ C is because
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M ≥ 2 max
(j,k)∈−→E

|β?jk|. This implies that g?
jk

M
is the optimal solution. Thus, the objective function

reduces to `1 regularization with the coefficient λ
2M .

Proposition 5 establishes that for M ≥ 2 max
(j,k)∈−→E

|β?jk|, the objective function value of the

continuous relaxation of CP, LN and TO is equivalent. This implies that the continuous

relaxations of all formulations are equivalent. This completes the proof. �

3.2.2 Perspective formulation

In this section, we present how perspective formulation can be suitably applied for DAG

structure learning with `0 regularization. We further cast the problem in the form of a

MISOCP and SIMILP.

We now present a derivation of the perspective formulation for MIQP. To this end, we

express the objective function (3.3a) in the following way:

1
2Tr[(I −B)(I −B)>X>X ] + µ

2 Tr[BB>] + λ

2
∑

(j,k)∈−→E

gjk (3.4a)

= 1
2Tr[(I −B −B>)X>X +BB>(X>X + µI)] + λ

2
∑

(j,k)∈−→E

gjk. (3.4b)

Let δ ∈ Rm+ be a vector and µ ≥ 0 a scalar such that X>X + µI − Dδ � 0, where Dδ =

diag(δ1, . . . , δm) and A � 0 denotes that matrix A is positive semi-definite. By splitting the

quadratic term X>X + µI = (X>X + µI − Dδ) + Dδ in (3.4b), the objective function can

be expressed as

1
2Tr[(I −B −B>)X>X +BB>(X>X + µI −Dδ)] + 1

2Tr(BB>Dδ) + λ

2
∑

(j,k)∈−→E

gjk. (3.5)

Let Q = X>X + µI − Dδ. Then, Cholesky decomposition can be applied to decompose Q

as q>q (note Q � 0). As a result, Tr(BB>Q) = Tr(BB>q>q) = ∑m
i=1

∑m
j=1(∑(`,j)∈−→E β`jqi`)

2.

The separable component can also be expressed as Tr(BB>Dδ) = ∑m
j=1

∑
(j,k)∈−→E δjβ

2
jk. Using
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this notation, the objective (3.5) can be written as

1
2Tr

[
(I −B −B>)X>X +BB>Q

]
+ 1

2

m∑
j=1

∑
(j,k)∈−→E

δjβ
2
jk + λ

2
∑

(j,k)∈−→E

gjk.

The Perspective Reformulation (PRef) of MIQP is then given by

PRef min 1
2Tr

[
(I −B −B>)X>X +BB>Q

]
+ (3.6a)

1
2

m∑
j=1

∑
(j,k)∈−→E

δj
β2
jk

gjk
+ λ

2
∑

(j,k)∈−→E

gjk,

(2.1c), (3.3b)− (3.3c). (3.6b)

We remark that the objective function (3.6a) is formally undefined when some gjk = 0.

More precisely, we use the convention that β2
jk

gjk
= 0 when βjk = gjk = 0 and β2

jk

gjk
= +∞

when βjk 6= 0 and gjk = 0, see [31]. The continuous relaxation of PRef, referred to as the

Perspective Relaxation (PRel), is much stronger than the continuous relaxation of MIQP,

see [60]. However, an issue with PRef is that the objective function is nonlinear due to

the fractional term. There are two ways to reformulate PRef. One as a mixed-integer

second-order conic program (MISOCP), and the other as a semi-infinite mixed-integer linear

program (SIMILP).
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Mixed integer second-order conic program

We introduce additional variables sjk to represent β2
jk. Then, the MISOCP formulation is

given by

MISOCP min 1
2Tr

[
(I −B −B>)X>X +BB>Q

]
+ (3.7a)

1
2

m∑
j=1

∑
(j,k)∈−→E

δjsjk + λ

2
∑

(j,k)∈−→E

gjk,

sjkgjk ≥ β2
jk (j, k) ∈ −→E , (3.7b)

0 ≤ sjk ≤M2gjk (j, k) ∈ −→E , (3.7c)

(2.1c), (3.3b)− (3.3c).

where the second-order conic constraints (3.7b) imply that βjk 6= 0 only when zjk = 1.

The constraints in (3.7b) are conic representable because they can be written in the form

of
√

4β2
jk + (sjk − gjk)2 ≤ sjk + gjk. The set of constraints (3.7c) is valid since βjk ≤ Mgjk

implies β2
jk ≤ M2g2

jk = M2g2
jk and g2

jk = gjk for g ∈ {0, 1}. The set of constraints in (3.7c)

is not required, yet they improve the computational efficiency especially when we restrict

the big-M value. Xie and Deng [75] report similar behavior for sparse regression. When we

relax g ∈ {0, 1} and let it be [0, 1], we obtain the continuous relaxation of MISOCP. Let us

denote the feasible region of continuous relaxation of MISOCP and MIQP by RMISOCP

and RMIQP, and the objective function values by OFV(RMISOCP) and OFV(RMIQP),

respectively. For a more general problem than ours, Cui et al. [20] give a detailed proof

establishing that the feasible region of the former is contained in the feasible region of latter

i.e., RMISOCP ⊂ RMIQP . This implies that OFV(RMISOCP) 	 OFV(RMIQP) where

OFV denotes the objective function value..

Semi-infinite mixed-integer integer linear program

An alternative approach to reformulate PRef is via perspective cuts developed by Frangioni

and Gentile [29, 30]. To apply perspective cuts properly, we use the reformulation idea first
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proposed in [29] by introducing dummy decision matrix D to distinguish the separable and

non-separable part of the objective function and add the additional constraint d = β where

djk is (j, k) element of matrix D and β is the decision variable in the optimization problem.

Applying perspective cuts, the problem MIQP can be reformulated as a SIMILP as

MISILP min 1
2Tr

[
(I −B −B>)X>X +DD>Q

]
+ (3.8a)

1
2

m∑
j=1

∑
(j,k)∈−→E

δjvjk + λ

2
∑

(j,k)∈−→E

gjk,

djk = βjk (j, k) ∈ −→E , (3.8b)

vjk ≥ 2β̄jkβjk − β̄2
jkgjk ∀β̄jk ∈ [−M,M ] ∀(j, k) ∈ −→E , (3.8c)

(3.3b)− (3.3c), (3.8d)

vjk ≥ 0, (j, k) ∈ −→E . (3.8e)

The set of constraints in (3.8c) are known as perspective cuts. Note that there are

infinitely many such constraints. Although this problem cannot be solved directly, it is

suitable for a delayed cut generation approach whereby a (small) finite subset of (3.8c) cuts

are maintained, the current solution (β?, g?, v?) of the relaxation is obtained, and all the

violated inequalities for the relaxation solution are added for β̄jk = β?
jk

g?
jk

(assuming 0
0 = 0)

are added. This process is repeated until termination criteria are met. This procedure can

be implemented using Callback function available by off-the-shelf solvers such as Gurobi or

CPLEX.

3.2.3 Selecting δ

In MISOCP and MISILP, one important question is how to identify a valid δ. A natural

choice is diag(δ) = (λmin− ε)e where λmin is the minimum eigenvalue value of X>X , ε > 0 is

a sufficiently small number to avoid to numerical instability of estimating eigenvalues, and

e is the all-one column vector. The issue with this approach is that if λmin = 0, then diag(δ)

becomes a trivial 0 matrix. Frangioni and Gentile [30] present an effective way to obtain a
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valid δ by solving the following semidefinite program (SDP) as

{max
∑
i∈V

δi|X>X + µI − diag(δ) � 0, δi ≥ 0}. (3.9a)

The above formulation can attain a non-zero Dδ even if λmin = 0. Numerical results by

Frangioni and Gentile [30] show that this method favorably compares with the minimum

eigenvalue approach. Zheng et al. [80] propose an SDP approach which obtains Dδ such that

the continuous relaxation corresponding to the SOCP formulation of perspective formulation

is as tight as possible.

Similar to Dong et al. [27], our formulation does not require adding a Tikhonov regu-

larization. However, if µ = 0 then PRef is effective when X>X is sufficiently diagonally

dominant. Note even if the minimum eigenvalue is zero, it does not imply that diag(δ) is a

zero matrix because (3.9a) could still give a solution which is a non-zero matrix. If diag(δ)

turns out to be a zero matrix, then MISOCP formulation reduces to the big-M formulation.

When n ≥ m and each row of X is independent, then X>X is guaranteed to be a positive

semi-definite matrix [27]. On the other hand, when n < m, X>X is not full-rank. Therefore,

a sufficiently large µ should be provided to make X>X + µI � 0.

From a computational standpoint, we expect that for larger µ values the performance

of MISOCP improves because the set of conic constraints (3.7b) tightens the formulation

and increases the term 1
2
∑m
j=1

∑
(j,k)∈−→E δj

β2
jk

gjk
in the objective function of RMISOCP. Our

numerical results demonstrate this behavior clearly.

3.3 Exact recovery of DAG Structure

In this section, we first briefly review the exact recovery in sparse regression.

3.3.1 Exact recovery for sparse regression

Given a random {yi, xi1, . . . , xim}ni=1, of n statistical units, a linear regression model assumes

that the relationship between the n dependent variables y = {yi}ni=1 and the data matrix

X = {xi1, . . . , xim}ni=1 in the form y = X>β0+ε, where ε ∈ Rn is a noise vector with Gaussian
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distribution, ε = N (0, σ2In×n). Given the pair (y,X ), our aim is to estimate the unknown

regression vector β0 ∈ Rm.

In a regime where m � n, it is straightforward to see that without further constraints

on β0, the statistical model y = Xβ0 + δ is not identifiable i.e., there exist many vectors β?

that are consistent with the observations y and X even in a noiseless setting where δ = 0.

In the following, we review the conditions required for exact recovery of β0 in sparse

linear regression. Interested reader can refer to [13, 17, 62] for further details.

Define the set C(S;α) := {τ ∈ Rm | ‖τ cS‖1 ≤ α‖τS‖1} for a given subset S ⊂ {1, ...,m}

and constant α ≥ 1. For a given sparsity index k ≤ m, the matrix X satisfies the restricted

nullspace (RN) condition of order k if null(X )∩C(S; 1) = {0} for all subsets S of cardinality

k, see [17, 62].

In the noiseless setting, the basis pursuit estimate [13, 62] exactly recovers any vector

k-sparse vector β0 if and only if X meets the restricted nullspace property of order k.

In the noisy setting, exact recovery of β0 is not possible. Instead, a more natural criterion

is to bound the `2-error between β0 and an estimate β? i.e., ‖β?−β0‖2
2. The least restrictive

condition to establish such a bound is the restricted eigenvalue (RE) condition [10]. Raskutti

et al. [62] propose an equivalent condition to the RE condition which is describe in the next

definition [10].

Definition. The m×m sample covariance matrix X>X
n

satisfies the restricted eigenvalue

(RE) condition over S with parameters (α, γ) ∈ [1,∞)× [0,∞) if we have

1
n
θ>X>X θ = 1

n
‖X θ‖2

2 ≥ γ2‖θ‖2
2, ∀θ ∈ C(S;α).

If this condition is true for all subsets S with cardinality k, then X>X
n

satisfies a restricted

eigenvalue condition of order k with parameters (α, γ).

The RE condition is essential because it provides guarantees on the `2-error of any lasso

estimate of β?. Raskutti et al. [62] present the following result which we use in the next

section to establish our main result.
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Proposition 8 (Raskutti et al. [62]) Suppose that X>X
n

meets the RE condition of order k

with parameters (α, γ). Then, for any Gaussian random variable design X ∈ Rn×m with i.i.d

N (0,Σ) rows, there are universal positive constants c, c′ such that

‖X v‖2
2

n
≥

γ4 − 9(1 + α)ρ(Σ)
√
k ln(m)

n

 ‖v‖2
2, ∀v ∈ Rm (3.10)

with probability at least 1− c′e−cn where ρ2(Σ) = max{j=1,...,m}Σjj.

3.3.2 Statement of main result

Despite the desirable properties of `1 regularization in high-dimensional sparse regression

[12, 62], many of these properties disappear in DAG structural learning [1, 33]. Peters and

Bühlmann [58] and van de Geer and Bühlmann [72] study the properties of an optimal

solution to PNL with an `0 regularization norm penalty, i.e., β?. They establish that `2-error

bound, ‖β0 − β?‖2
2 � O( ln(n)

n
s0) where s0 is the number of arcs in the true DAG.

In this section, we establish conditions to ensure the asymptotic consistency of an ap-

proximate solution, β̂, to the true values of parameters, β0, i.e., ‖β̂− β0‖ � O( ln(n)
n
s0). This

result is obtained by leveraging an important property of branch-and-bound process for inte-

ger programming that provides both lower and upper bounds on the objective function upon

early stopping as well as the consistency results of PNL estimate with `0 regularization.

Let LB and UB denote the lower and upper bound obtained from solving (1.6) with µ = 0

under an early stopping criterion (i.e., the obtained solution is not necessarily optimal),

respectively. We define the absolute difference between upper bound and lower bound as

GAP i.e., GAP = |UB−LB|. Let Ĝ, β̂ denote the structure of DAG and coefficients of arcs

from optimization model (1.6) under this early stopping condition with sample size n and

regularization parameter λ. Let G?, β? denote the DAG structure and coefficients of arcs

obtained from the optimal solution of (1.6) without Tikhonov regularization (µ = 0), and

G0, β0 represent the DAG structure and coefficient of arcs corresponding to the true DAG.

We denote the number of arcs in Ĝ, G0, and Ĝ by ŝ, s0, and ŝ, respectively. The score
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value in (1.6a) of each solution is denoted by Score(φ) where φ ∈ {β?, β̂, β0}. We first state

Theorem 5.1 in [72] in the next proposition.

Proposition 9 (Theorem 5.1 by van de Geer and Bühlmann [72]) Assume conditions 3.1

and 3.2 and conditions 5.1 and 5.2 in [72]. Let α0 := min{ 4
m
, 0.05}. Then for λ = O( ln(n)

n
s0),

it holds with probability at least 1− α0, that

‖β? − β0‖2
2 + λs? = O(λs0).

Next, we present our main result.

Proposition 10 Suppose that X>X
n

satisfies the RE condition of order k with parame-

ters (α, γ) and conditions 3.1 and 3.2 and conditions 5.1 and 5.2 in [72] hold. Let α0 =

min{ 4
m
, 0.05}. Then, for any Gaussian random variable design X ∈ Rn×m with i.i.d N (0,Σ)

rows and λ = ln(n)
n

, the branch-and-bound process can be terminated early with stopping crite-

rion GAP � O( ln(n)
n
s0). This results ‖β̂− β0‖2

2 � O( ln(n)
n
s0) with probability min{1−α0, 1−

c′e−cn}.

Proof.

Let σmax(X ) be the maximal singular value and λmax(X TX ) be the maximal eigenvalue, and

λ1c1 = λ. Then

‖β̂ − β0‖2
2 ≤ c1‖X (β̂ − β0)‖2

2 ≤ c1‖X (β̂ − β0)‖2
2 + λŝ (3.11a)

= c1‖X (β̂ − β? + β? − β0)‖2
2 + λŝ− λs? + λs?

≤ c1‖X (β̂ − β?)‖2
2 + c1‖X (β? − β0)‖2

2 + λ(ŝ− s?) + λs?

= c1‖X (β̂ − β?)‖2
2 + λ(ŝ− s?) + c1‖X (β? − β0)‖2

2 + λs?

= c1‖X (β̂ − β?)‖2
2 + λ1c1(ŝ− s?) + c1‖X (β? − β0)‖2

2 + λs?

≤ c1|Score(β̂)− Score(β?)|+ c1‖X (β? − β0)‖2
2 + λs?

≤ c1|Score(β̂)− Score(β?)|+ c1σmax(X )‖β? − β0‖2
2 + λs?︸ ︷︷ ︸

O(λs0)

(3.11b)

≤ c1GAP +O(λs0). (3.11c)
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Therefore, GAP � O(λs0) implies ‖β̂ − β0‖2
2 � O( ln(n)

n
s0) �

Inequality (3.11a) holds because by assumption 1
n
X>X satisfies the RE of order k with

parameters (α, γ). Therefore, the inequality (3.11a) holds by substituting β? − β0 in (3.10).

In this case, c1 = n−1
{
γ
4 − 9(1 + α)ρ(Σ)

√
k ln(m)
n

}−1
. Note if we are not in the m� n regime,

then we can define c1 = ‖(X>X )−1X>‖2
2. The inequality (3.11b) holds because for a matrix

X and vector B, we have ‖XB‖2
2 ≤ ‖X‖‖B‖2

2 where ‖X‖ denotes the spectral norm of X

and we have ‖X‖ = σmax(X ) =
√
λmax(X TX ). The second term in (3.11b) is because of the

result by (3.3.2). The inequality (3.11c) holds because Score(β̂) and Score(β?) lie between

LB and UB based on the definition of GAP.

The value for s0 is not known; however, one can find an upper bound by using s0 ≤ 2sm
where sm denotes the number of edges in the moral graph.

3.4 Experiments

In this section, we report numerical results comparing the MIQP, MISOCP, and SIMILP

formulations. Experiments are performed on a cluster operating on UNIX with Intel Xeon

E5-2640v4 2.4GHz. All formulations are implemented in the Python programming language.

Gurobi 8.1 is used as the solver. Unless otherwise stated, a time limit of 50m (in seconds),

where m denotes the number of nodes, and an MIQP optimality gap of 0.01 are imposed

across all experiments after which runs are terminated. The optimality gap is calculated

by UB(X)−LB(X)
UB(X) where UB(X) denotes the objective value associated with the best feasible

integer solution (incumbent) and LB(X) represents the best obtained lower bound during

the branch-and-bound process for the formulation X ∈ {MIQP, SIMILP,MISOCP}.

We assume λ = ln(n) which corresponds to the BIC score and let µ = 0 unless otherwise

stated. The classical PNLM for DAG structural learning assumes µ = 0 [2, 53, 65, 72].

However, sparse linear regression has been studied with µ ≥ 0 [3, 8, 27]. Due to computa-

tional instability, if the minimum eigenvalue of X>X is a negligible negative number, one

can set µ as the absolute value of the smallest eigenvalue of X>X to ensure X>X + µI is
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a positive semi-definite matrix. In our instances, the minimum eigenvalue of X>X across

all instances is 3.26 and the maximum eigenvalue is 14.21. To select the big-M parameter,

M , in all formulations we use the proposal of Park and Klabjan [53]. Specifically, given λ,

we solve each problem without cycle prevention constraints and obtain β0. We then use the

upper bound M = 2 max
(j,k)∈−→E

|β0
jk|. Although this value does not guarantee an upper bound for

M , the results provided in [53, 47] computationally confirm that this approach gives a large

enough value of M .

We use the following MIQP-based metrics to measure the quality of a solution: opti-

mality gap (MIQP GAP), computation time in seconds (Time), Upper Bound (UB), Lower

Bound (LB), objective function value (OFV) of the continuous relaxation, and the number

of explored nodes in the branch-and-bound tree (# BB)

3.4.1 Comparison of MIQP formulations

We first test the MIQP formulations on synthetic dataset as explained in 2.4.1. For the set

of constraints (2.1c), we use LN, TO, and CP constraints discussed in the previous chapter

resulting in three formulations denoted as MIQP+LN, MIQP+TO, MIQP+CP, respectively.

In this setting, the objective function is not normalized (i.e., we multiplied the objective with

n). Figure 3.1a demonstrates that MIQP+LN outperforms other formulations in terms of

optimality gap. Figure 3.1b shows that all MIQP formulations attain the same continuous

relaxation objective function value (see, Proposition 5).

The main reason for the promising performance of MIQP+LN formulation can be at-

tributed to three factors: (1) MIQP+LN has fewer binary variables and constraints than

MIQP+TO, (2) MIQP+LN is a compact (polynomial-sized) formulation in contrast to

MIQP+CP which has an exponential number of constraints.
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Figure 3.1: Optimization-based measures of MIQP formulations with n = 100, µ = 0, and

λ = ln(n).
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3.4.2 Comparison of MISOCP formulations

We next experiment with MISOCP formulations. For the set of constraints in (2.1c), we use

LN, TO, and CP constraints discussed in previous chapter resulting in three formulations

denoted as MISOCP+LN, MISOCP+TO, MISOCP+CP, respectively. MISOCP+TO fails

to find a feasible solution for several complete instances with the number of nodes 30 and

40. For sparse instances, the optimality gap for MISOCP+TO are 0.000 and 0.021 for

the number of nodes 10 and 20 respectively; for complete instances, the optimality gap

for MISOCP+TO formulation are 0.009 and 0.272 for the number of nodes 10 and 20,

respectively. The MISCOP+TO formulation fails to find a feasible solution for instances

with 30 and 40 nodes, see Table 3.1. Moreover, Table 3.1 illustrates that MISOCP+LN

performs better that MISOCP+TO for even small instances (i.e., 10 and 20 nodes).

Table 3.1: Optimality gaps between MISOCP+TO and MISOCP+LN formulations

Sparse Complete

m MISOCP + TO MISOCP + LN MISOCP + TO MISOCP + LN

10 0.000 0.000 0.009 0.008

20 0.021 0.006 0.272 0.195

30 - 0.010 - 0.195

40 - 0.042 - 0.436
“-” denotes that no feasible solution, i.e., UB, obtained, so optimality gap cannot be com-

puted.

For MISOCP+CP, given an integer solution with cycles, we detect a cycle and impose a

new cycle prevention constraint to remove the detected cycle. Depth First Search (DFS) can

detect a cycle in a directed graph with complexity O(|V | + |E|). Gurobi Lazy Callback is

used, which allows adding cycle prevention constraints in the branch-and-bound algorithm,

whenever an integer solution with cycles is obtained. The same approach is used by [53].
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Note that Gurobi solver follows a branch-and-cut implementation and adds many general-

purpose and special-purpose cutting planes.

Figures 3.2a and 3.2b show that MISOCP+LN outperforms MIQP+CP in terms of op-

timality gap and computational time. In addition, MISOCP+LN attains better upper and

lower bounds that MIQP+CP (see, Figures 3.2c and 3.2d). We do not illustrate the MIS-

OCP+TO results in Figure 3.2.

MISOCP+CP requires the solution of a second-order cone program (SOCP) after each

cut, which reduces its computational efficiency and results in higher optimality gaps than

MISOCP+LN. MISOCP+TO requires many binary variables which makes the problem very

inefficient when the network becomes denser and larger.

3.4.3 Comparison of MISOCP versus SIMILP

Our computational experiments show that SIMILP generally performs poorly when com-

pared to MISOCP+LN as well as MIQP+LN in terms of optimality gap, upper bound, and

computational time. We report the results for SIMILP+LN, MISOCP+LN, and MIQP+LN

formulations in Figure 3.3.

Figures 3.3a and 3.3b show the optimality gaps and computational times for these three

formulations. Figures 3.3c and 3.3d demonstrate that SIMILP+LN attains competitive

lower bounds with other two formulations. In particular, for complete instances with large

number of nodes, SIMILP+LN attains better lower bounds than MIQP+LN. Nonetheless,

SIMILP+LN fails to obtain good upper bounds. Therefore, the optimality gap increases

drastically for SIMILP+LN.

The reason for poor performance of SIMILP+LN might be because state-of-the-art op-

timization packages (e.g., Gurobi, CPLEX) use many heuristics to obtain a good feasible

solution (i.e., upper bound) at the root note for a compact formulation. In contrast, SIM-

ILP is not a compact formulation, and we build the SIMILP gradually by adding new cuts.

Hence, many of those built-in heuristic features may not be as effect as heuristic solutions

applied on a compact formulation. Moreover, the optimization solvers capable of solving
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Figure 3.2: Optimization-based measures of MISOCP versus MIQP formulations with n =

100, µ = 0, and λ = ln(n).
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Figure 3.3: Optimization-based measures of MISOCP+LN, MIQP+LN, and SIMILP+LN

formulations with n = 100, µ = 0, and λ = ln(n).

MISOCP formulations have witnessed noticeable improvement due to theoretical develop-

ments in this field. In particular, Gurobi reports 20% and 38% faster solvers for their v8 and

v8.1, respectively. In particular, Gurobi v8.1 reports over 4 times faster solution times than

CPLEX for solving MISOCP on their benchmark instances.
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3.4.4 Comparison of MISOCP versus MIQP formulations

In this section, we compare the two top performing methods: MISOCP+LN and MIQP+LN.

Figures 3.4a and 3.4b show that the MISOCP+LN performs better than MIQP+LN in

terms of the average optimality gap across all number of nodes m ∈ {10, 20, 30, 40}. The

only exception is m = 40 for sparse graphs for which MIQP+LN performs better than

MISOCP+LN. Nonetheless, we observe that MISOCP+LN clearly outperforms MIQP+LN

for complete instances which are more difficult to solve.

Figures 3.4c and 3.4d show the performance of both formulations in terms of the resulting

upper and lower bounds on the objective function. We observe that MISOCP+LN attains

better lower bounds especially for complete instances. However, MISOCP+LN cannot always

obtain a better upper bound. In other words, MISOCP+LN is more effective in improving

the lower bound instead of the upper bound. This is expected because MISOCP+LN attains

tighter relaxation which is more advantageous in terms of improving the lower bound.

Figures 3.4e and 3.4f show that MISOCP+LN achieves noticeably higher continuous

relaxation values and uses fewer branch-and-bound nodes than MIQP+LN.

3.4.5 Analysis on λ, µ, and M

So far, we have experimented with a setting which is more in favor of MIQP+LN instead of

MISOCP+LN formulation because we fixed µ = 0. We now experiment on different values

for λ, µ, and M to assess the effects of these parameters on the performance of MISOCP+LN

and MIQP+LN. First, we change λ ∈ {ln (n), 2 ln(n), 4 ln(n)} while keeping the values of µ

and M the same (i.e., µ = 0 and M = 2 max
(j,k)∈−→E

|β?jk|). Table 3.2 shows that as λ increases,

MISOCP+LN consistently performs better than MIQP+LN in terms of optimality gap,

computational time, number of branch and bound nodes, and continuous relaxation objective

function. Indeed, the difference becomes even more pronounced for more difficult cases (i.e.,

complete instances). For instance, for λ = 2 ln(n) = 18.4, the optimality gap reduces from

0.465 to 0.374, an over 24% improvement.
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Figure 3.4: Optimization-based measures of MISOP+LN, MIQP+LN formulations with n =

100, µ = 0, and λ = ln(n).
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We next vary µ ∈ {0, ln(n), 2 ln(n)} while keeping the values of λ = ln(n) and M the

same as before. Table 3.3 demonstrates that for all instances with µ > 0, MISOCP+LN

outperforms MIQP+LN. For instance, for m = 40 and µ = 18.4, MISOCP+LN improves

the optimality gap from 0.445 to 0.366, and over 21% improvement. The reason for this

improvement is that µ > 0 makes the matrix more diagonally dominant; therefore, it makes

the conic constraints more effective in tightening the formulation and obtaining a better

optimality gap.

Finally, we study the influence of the big-M parameter. Instead of a coefficient γ = 2 in

[53] proposal, we experiment with M = γ max
(j,k)∈−→E

|β0
jk| for γ ∈ {2, 5, 10} in Table 3.4, where

|β0
jk| denotes the optimal solution of each optimization problem without the constraints

to remove cycles. The larger the big-M parameter, the smaller the effectiveness of both

models. However, MISOCP+LN tightens the formulation using the conic constraints whereas

MIQP+LN does not have any means to tighten the formulation instead of big-M constraints

which have poor relaxation. For M > 2 max
(j,k)∈−→E

|β?jk|, MISOCP+LN outperforms MIQP+LN

in all measures.

Table 3.2: Computational results for different values of λ

Sparse Complete

Instances GAP Time # nodes Relaxation OFV GAP Time # nodes Relaxation OFV

m λ MISOCP MIQP MISOCP MIQP MISOCP MIQP MISOCP MIQP MISOCP MIQP MISOCP MIQP MISOCP MIQP MISOCP MIQP

10 4.6 * * 3 2 1306 3715 738.7 664.9 * * 65 74 38850 114433 724.4 629.3

10 9.2 * * 4 3 1116 2936 784.6 693.5 * * 31 39 15736 55543 772.5 662.2

10 18.4 * * 3 2 1269 2457 857.0 747.5 * * 26 29 18223 41197 844.5 720.2

20 4.6 * * 69 51 46513 76261 1474.2 1325.8 0.195 0.275 1000 1000 101509 238765 1404.9 1144.5

20 9.2 * * 26 27 10695 31458 1589.6 1406.8 0.152 0.250 1000 1000 152206 274514 1526.9 1238.6

20 18.4 * * 24 36 9574 33788 1763.7 1552.7 0.113 0.208 944 1000 159789 277687 1697.1 1395.0

30 4.6 0.010 0.011 378 527 121358 514979 2230.1 2037.7 0.298 0.441 1500 1500 38474 64240 2024.0 1569.7

30 9.2 * * 104 291 33371 248190 2392.4 2168.5 0.239 0.395 1500 1500 59034 71475 2217.5 1741.5

30 18.4 * * 48 74 15649 57909 2608.3 2383.8 0.215 0.318 1500 1500 74952 96586 2449.2 2006.9

40 4.6 0.042 0.037 1551 1615 664496 2565247 2979.3 2748.6 0.436 0.545 2000 2000 23083 49050 2582.0 1946.3

40 9.2 0.024 0.036 1125 1336 353256 1347702 3200.7 2923.5 0.397 0.473 2000 2000 29279 73917 2869.9 2216.9

40 18.4 0.024 0.035 1099 1375 434648 1137666 3521.8 3225.4 0.374 0.465 2000 2000 31298 60697 3240.1 2633.1

* indicates that the problem is solved to the optimality tolerance.
Better MIQP GAP are in bold.
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Table 3.3: Computational results for different values of µ

Sparse Complete

Instances GAP Time # nodes Relaxation OFV GAP Time # nodes Relaxation OFV

m µ MISOCP MIQP MISOCP MIQP MISOCP MIQP MISOCP MIQP MISOCP MIQP MISOCP MIQP MISOCP MIQP MISOCP MIQP

10 0 * * 3 2 1306 3715 738.7 664.9 * * 65 74 38850 114433 724.4 629.3

10 4.6 * * 4 2 1043 2758 802.0 708.5 * * 69 72 38778 119825 789.3 675.7

10 9.2 * * 4 2 1067 2231 858.0 748.1 * * 72 74 36326 114383 843.2 712.3

20 0 * * 69 51 46513 76261 1474.2 1325.8 0.195 0.2752 1000 1000 101509 238765 1404.9 1144.5

20 4.6 * * 45 45 15111 55302 1604.1 1426.5 0.1666 0.2416 1000 1000 102467 249490 1551.7 1267.1

20 9.2 * * 43 55 15384 62297 1716.8 1515.7 0.1422 0.2228 1000 1000 94360 258194 1668.3 1355.1

30 0 0.010 0.011 378 527 121358 514979 2230.1 2037.7 0.298 0.4408 1500 1500 38474 64240 2024.0 1569.7

30 4.6 0.008 0.011 310 392 76668 358544 2432.5 2187.7 0.2368 0.387 1500 1500 45473 69258 2286.4 1788.5

30 9.2 0.009 0.010 67 377 12410 320632 2612.6 2311.4 0.2092 0.3666 1500 1500 41241 68661 2484.3 1915.7

40 0 0.042 0.037 1551 1615 664496 2565247 2979.3 2748.6 0.4364 0.5452 2000 2000 23083 49050 2582.0 1946.3

40 4.6 0.027 0.029 1331 1620 422654 1303301 3281.6 2972.8 0.3538 0.4708 2000 2000 13209 30995 2985.4 2261.3

40 9.2 0.020 0.028 870 1507 239214 1762210 3575.4 3165.3 0.3668 0.4454 2000 2000 13884 54638 3321.7 2468.7

* indicates that the problem is solved to the optimality tolerance.
Better MIQP GAP are in bold.

Table 3.4: Computational results for different values of γ

Sparse Complete

Instances GAP Time # nodes Relaxation OFV GAP Time # nodes Relaxation OFV

m γ MISOCP MIQP MISOCP MIQP MISOCP MIQP MISOCP MIQP MISOCP MIQP MISOCP MIQP MISOCP MIQP MISOCP MIQP

10 2 * * 3 2 1306 3715 738.7 664.9 * * 65 74 38850 114433 724.4 629.3

10 5 * * 5 2 1433 3026 717.9 647.1 * * 81 82 42675 130112 705.1 607.8

10 10 * * 5 2 1523 2564 712.5 641.1 * * 74 100 35576 174085 699.8 600.3

20 2 * * 69 51 46513 76261 1474.2 1325.8 0.195 0.275 1000 1000 101509 238765 1404.9 1144.5

20 5 * * 103 156 65951 209595 1438.2 1274.2 0.211 0.308 1000 1000 97940 225050 1375.3 1080.9

20 10 * * 215 207 150250 349335 1427.7 1256.6 0.230 0.310 1000 1000 90864 257998 1366.3 1058.2

30 2 0.010 0.011 378 527 121358 514979 2230.1 2037.7 0.298 0.441 1500 1500 38474 64240 2024.0 1569.7

30 5 0.011 0.014 571 620 164852 527847 2173.9 1950.3 0.336 0.474 1501 1500 33120 64339 1969.4 1448.4

30 10 0.024 0.014 630 638 202635 585234 2156.5 1919.6 0.349 0.480 1500 1500 30579 77100 1951.2 1404.0

40 2 0.042 0.037 1551 1615 664496 2565247 2979.3 2748.6 0.436 0.545 2000 2000 23083 49050 2582.0 1946.3

40 5 0.045 0.047 1643 1634 638323 1347868 2895.6 2635.0 0.579 0.580 2000 2000 12076 30858 2488.0 1751.7

40 10 0.056 0.057 1639 1632 599281 1584187 2869.2 2595.6 0.585 0.594 2000 2000 11847 30222 2456.1 1679.6

* indicates that the problem is solved to the optimality tolerance.
Better MIQP GAP are in bold.
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3.4.6 Structural Hamming Distance

In this section, we evaluate the quality of estimated DAGs obtained from MISOCP+LN by

comparing with the ground truth DAG. To this end, we use the average structural Hamming

distance (SHD) which counts the number of differences (addition, deletion, or arc reversal)

required to transform predicted DAG to the true DAG. We run our experiments with MIQP

GAP ≤ ε where ε ∈ {0.01, lnn
n
} as our termination criterion. A large time limit of 250m

is imposed to ensure that the termination is due to MIQP GAP. Nonetheless, we may not

still hit the time limit for difficult instances. Table 3.5 shows the numerical results for the

average SHD for MISOCP across 10 runs for sparse instances. In parenthesis, we specify

the standard deviation of SHD numbers. As for complete instances, MISOCP+LN cannot

hit the MIQP GAP of 0.01 or ln(n)
n

given the time limit. Hence, we observe almost identical

average SHD measure for both stopping conditions.

Table 3.5 indicates that the average SHD for sparse instances are very similar with ε = lnn
n

when compared with our default MIQP GAP of 0.01 in practice. Note that a lower MIQP

GAP does not necessarily lead to a better SHD score. To achieve a consistent estimate, we

can set the MIQP GAP as ln(n)
n

as n increases, see Proposition 10. From a computational

standpoint, we can observe that by changing the stopping criterion from 0.01 to ln(n)
n

, we

reduce the computational time about 46% whereas the SHD numbers for both stopping

criteria are very close to each other.
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Table 3.5: SHD results for early stopping with λ = ln(n) and MIQP GAP ≤ ε for sparse

instances

ε = 0.01 ε = ln(n)
n

m |M| Time MIQP GAP SHD (std) Time MIQP GAP SHD (std) Improvement

10 19 3.3 0.000 0.0 (0.00) 3.2 0.017 0.3 (0.58) 3%

20 58 96.9 0.007 1.6 (1.73) 29.67 0.038 2.0 (2.08) 69%

30 109 2603.2 0.012 3.6 (3.06) 95.33 0.045 3.3 (3.51) 96%

40 138 7988.4 0.035 3.3 (2.52) 6503.73 0.047 2.6 (1.53) 18%
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Chapter 4

CONCLUSION AND FUTURE WORK

In this work, we study the problem of learning an optimal DAG from continuous obser-

vational data using a score function, where the causal effect among the random variables

is linear. We cast the problem as a mathematical program and use a penalized negative

log-likelihood score function with both `0 and `1 regularizations. The mathematical pro-

gramming framework can naturally incorporate a wide range of structural assumptions. For

instance, it can incorporate a super-structure (e.g., skeleton or moral graph) in the form of

an undirected and possibly cyclic graph. Such super-structures can be estimated from obser-

vational data. We review three mathematical formulations: cutting plane (CP), topological

ordering (TO), and Linear Ordering (LO), and propose a new mixed-integer quadratic pro-

gram (MIQP) formulation, referred to as the layered network (LN) formulation. We establish

that the continuous relaxations of all models attain the same optimal objective function value

under a mild condition. Nonetheless, the LN formulation is a compact formulation in con-

trast to CP, its relaxation can be solved much more efficiently compared to LO, and enjoys

a fewer number of binary variables and traces a fewer number of branch-and-bound nodes

than TO.

We tackle another issue in DAG structural learning problem. That is, to enforce bounds

on the continuous optimization variables corresponding to the arc weights in the DAG struc-

ture. This is commonly modeled using a standard “big-M constraint” in the associated

MIQPs. However, this strategy leads to a poor continuous relaxation because there is no

natural upper bound for the arc weights. Therefore, LN formulation – as well as all other

“big-M” formulations – attain poor lower bounds. To cope with this difficulty, we present

a perspective formulation for DAG structural learning problem. The resulting formulation
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is a mixed-integer non-linear program (MINLP) which becomes computationally challenging

to solve. Nonetheless, we give two different reformulations for this MINLP: (i) a mixed-

integer second-order conic program (MISOCP), (ii) a semi-infinite mixed-integer linear pro-

gram (SIMILP). We establish that both formulations have tighter continuous relaxations

compared to the existing “big-M” formulations. Our experimental results demonstrate that

MISOCP improves the lower bound and reduces the optimality gap compared to the LN

formulation whereas SIMILP is not computationally as competitive as LN. We also establish

an early stopping criterion under which the branch-and-bound process can be terminated

early. We show that the obtained solution asymptotically converges to the true coefficients

in DAG with high probability under proper conditions.

As for future research direction, it is of interest to develop more efficient techniques to

solve large-scale problems. One way to approach this challenge is to use the continuous

relaxation of MISOCP to obtain an initial solution and a lower bound for this problem.

Then, this solution can be modified to obtain an upper bound. To obtain an optimality

guarantee for such a solutions remains an open challenge.

In many real-world applications, the random variables possess hierarchical structures.

Hence, it is naturally of great interest to learn a DAG such that it satisfies the hierarchy

among different groups of random variables. This problem has important applications in

discovering the genetic basis of common genetic diseases (e.g., asthma, diabetes, atheroscle-

rosis).

Lastly, data quality varies based on the nature of the collected data. It is very common

that observational data is inaccurate or there is missing data. It is of natural importance to

develop robust DAG structural learning that directly addresses errors and incompleteness in

the data.
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Figure A.1: Optimization-based measures for MIQPs for `0 model with number of samples

n = 100.
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Figure A.2: Graph metrics for the MIQPs for `0 regularization. Plots a, c (left) show graph

metrics with the number of samples n = 1000 and plots b, d (right) show the graph metrics

with the number of samples n = 100.
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Figure A.3: Optimization-based measures for MIQPs for `1 model with the number of samples

n = 100.
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(c) False Positive Rate (FPR) for MIQPs
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(d) False Positive Rate (FPR) for MIQPs

Figure A.4: Graph metrics for MIQPs for `1 regularization. Plots a, c (left) show graph

metrics with the number of samples n = 1000. Plots b, d (right) show the graph metrics

with the number of samples n = 100.


	List of Figures
	List of Tables
	Introduction
	Bayesian networks
	Penalized DAG Estimation with Linear SEM
	Exact DAG Recovery and Causal Inference
	Research Scope and Outline

	Mixed Integer Quadratic Programming (MIQP)
	Relevant Work
	A New Mathematical Model: The Layered Network (LN) Formulation
	Continuous Relaxation
	Experiments

	Strengthened Mixed-integer Quadratic Programming
	Relevant Work
	A New Mathematical Formulation: The Mixed-integer Conic Program
	Exact recovery of DAG Structure
	Experiments

	Conclusion and Future Work
	



