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Abstract

A Theory of Active Learning in Dynamic Environments

Andrew Wagenmaker

Chair of the Supervisory Committee:
Kevin Jamieson

Computer Science & Engineering

How should an agent interact with an unknown, dynamic environment in order to collect the
information necessary to accomplish its goals? This question is central to the operation of
any autonomous system, and answering it effectively is a prerequisite to the development of
safe, efficient, and flexible algorithmic agents. While existing work has made progress in
addressing this question, it is typically either limited to simple settings, or lacks guarantees

strong enough to establish what the most effective approaches are.

This thesis takes steps towards providing a rigorous theoretical answer to this question. In
particular, we focus on the setting of dynamic, long-horizon environments, where the actions
the agent takes influence not only their current observation, but also future observations. We
are interested in eliciting principles of exploration in such settings: what aspects of the

environment should an agent explore, and how can they best explore such aspects? We aim

to develop approaches that are active—that provide insights into how an agent can interact



with the environment, choosing their actions, to learn as quickly as possible.

We first seek to answer these questions in the setting of continuous control. Here we provide
novel algorithmic approaches that establish the instance-optimal rate for both system
identification—Tlearning the system’s parameters—as well as a general formulation of
“decision making”—where the agent wants to learn some decision (e.g. a controller) to
minimize some loss. Our results apply to both linear dynamical systems as well as certain
classes of nonlinear dynamical systems. To the best of our knowledge, these are the first

results to establish the instance-optimal rates for active learning in continuous control.

We then turn to the reinforcement learning (RL) setting. Here our focus is on developing
instance-dependent bounds—bounds that adapt to the difficulty of any given instances—and
using these bounds to understand what approaches to exploration are most effective in
reinforcement learning. We establish novel complexity measures for both tabular and linear
RL, which we show can be significantly tighter than existing bounds, and show that existing
algorithmic principles are insufficient for achieving the optimal rates, and could be arbitrarily

suboptimal.

Finally, we seek to understand not only how we can optimally collect the information necessary
accomplish our goals, but how we can efficiently learn to collect this information. We argue
that answering this question is fundamental for achieving effective, practical approaches.

In a general function approximation setting, we establish novel measures of complexity
which quantify this cost of learning to explore, and algorithmic approaches which we show
achieve the optimal rate. Our results yield exponential improvements over existing bounds

in many cases, and provide a nearly complete theory of finite-time instance-optimal learning.
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Chapter 1

Introduction

From the vantage point of any individual agent, the world often exhibits a significant
amount of uncertainty. Rarely does one have complete knowledge of the environment at hand,
yet often, for an agent to accomplish a desired goal or objective, some amount of knowledge
is required; succeeding at a task of interest may require a sufficiently rich understanding of
how the world behaves. In such settings, to accomplish the desired goal, the agent must learn
about the environment, collecting information to reduce uncertainty enough to infer which
actions will achieve their goal.

Collecting sufficient information to determine how to act is a ubiquitous challenge
throughout our world, and addressing this challenge is central to developing effective, flexible,
and safe autonomous systems. From applications as diverse as robotics and control, scientific
discovery and drug design, and recommender systems and online platform optimization, many
real-world problems of interest fundamentally require learning how to act in uncertain settings.
While much work has been devoted to developing algorithmic solutions to these problems,
a common shortcoming of many existing approaches, greatly limiting their applicability to
real-world problems, is their large sample complexity—the number of environment interactions
they require in order to learn to accomplish the desired goal.

How can we reduce the sample complexity of learning, and develop effective real-world
solutions to such challenges? A naive solution to collecting the requisite information would
be to simply explore an environment uniformly, and use the collected observations to learn
to accomplish the desired task. This might be very wasteful, however—some aspects of the
environment may be much more relevant than others to accomplishing the desired task, and
we should therefore focus our exploration on these aspects. How can we identify which aspects
of an environment are most relevant, however? And given such knowledge, how can we most
effectively focus our exploration?

This thesis takes steps towards addressing these challenges, and developing a theoretically
rigorous understanding of both what aspects of an environment are most important to learn
about in order to accomplish a desired goal, as well as how we can effectively collect the
necessary information. We are particularly interested in interactive settings, where the agent
learns about the environment through interaction with it: the agent takes an action, the
environment responds in a particular way, and the agent then gains knowledge about how



the environment behaves. Our focus will be on developing algorithmic principles that guide
the agent in how to effectively take actions to elicit useful information—methods for efficient
active learning. We will frame these questions in the context of “decision making”, where
our end objective is to learn a “decision” (for example, a mapping from states to actions,
a controller or policy) that enables an agent to accomplish a desired task. Our goal is to
acquire enough information about the environment in order to find such a decision, and to
do so as quickly—with the minimum number of environment interactions, minimum sample
complexity—as possible.

We will primarily consider stochastic, dynamic settings: stateful, long-horizon environ-
ments, where the agent’s actions influence not only their immediate observations but also
their state, and therefore what information they are able to acquire in the future. For example,
consider a setting where taking some action at point a causes the agent to move to point b;
they are now at point b, and can only make observations on aspects of an environment that
live in a neighborhood of point b. As we will see, such settings offer significant challenges
not addressed in the existing literature, which we will seek to address here. We emphasize
the ubiquity of such settings: the real world is inherently sequential, and understanding
sequential settings is therefore required for developing methods applicable to many real world
problems of interest.

On Quantifying Sample Complexity: Worst-Case vs Instance-Dependent
Guarantees

Our goal in this thesis will be to develop provably correct algorithms for the aforementioned
problem, give a precise quantification of their sample complexity, and use this quantification
to determine which algorithmic strategies are most effective. How should we think about
quantifying the sample complexity of learning, however? Before proceeding, we seek to
provide some perspective on this question, as it will frame much of the following discussion.

Historically, much of the work in the learning theory community has focused on obtaining
worst-case or minimax guarantees on sample complexity. Such guarantees are typically
formulated by considering some set of instances of interest M—for example, M might
correspond to all environments with at most S states and A actions, and which exhibit some
particular, amenable structure. The goal is then to (a) develop an algorithm such that, for
any instance M € M, the sample complexity of the algorithm is bounded by some value
C'(M), and (b) show that for some instance M € M and any algorithm, a sample complexity
of C(M) is necessary.

Showing (a) and (b) guarantee that our algorithm performs as well as possible on the
hardest instance within M-—on this instance, it achieves a complexity of C'(M), and any
algorithm must pay a complexity of C'(M). Such guarantees allow us to show, first of all,
what classes of problems are efficiently learnable. If C'(M) is “small”, it guarantees that any
instance in M can be tractably learned. Furthermore, such guarantees help us to see what
types of algorithms are effective and allow us to learn on instances in M.



Are such guarantees sufficient for eliciting which strategies are most effective at collecting
the necessary information to accomplish a desired goal? A key contribution of this thesis is
showing that, in many settings, the answer to this is no. Indeed, as we will see, there are
settings where an algorithm that is minimax optimal on M may perform arbitrarily worse
than the best possible algorithm on any particular instance M* € M. While a minimax-style
analysis can show that an algorithm is optimal on the worst-case instance within M, there
may exist instances within M that are significantly “easier” than the worst-case instance,
and a minimax-style analysis says nothing about the optimality of a given approach on such
instances, leaving open the possibility that they are very suboptimal on such instances.

The world is rarely “worst-case”. When we deploy our algorithm on a given real-world
problem, almost certainly it is not as hard as the hardest possible instance, and if our
algorithm was designed for optimal performance on the hardest instance, it follows it could
be very suboptimal on the particular instance where we wish to deploy it. Ideally, therefore,
we might hope to design algorithms that are optimal on every particular instance. Given
this, much of this thesis will focus on obtaining instance-dependent guarantees: algorithms
whose performance provably adapts to the hardness of each particular instance, solving
“easy” instances in a smaller number of samples than “hard” instances. Critically, as we
will see, performing such a refined analysis will allow us to elicit key algorithmic principles
which a minimax analysis typically obscures, motivating algorithms with significantly better
performance.

Overview of this Thesis

This thesis covers seven of the author’s publications on exploration and active learning
in dynamic environments. We will frame our discussion primarily within the context of
continuous control and reinforcement learning, both canonical decision making settings. The
thesis is organized as follows.

First, in the remainder of this section, we outline the primary settings considered in this
thesis, provide several example illustrating key challenges of each setting, and highlight the
main contributions of the thesis. Next, Chapter 2 covers related work, and seeks to place this
thesis into its broader context within the literature.

In Part I we provide our results on learning and exploration for continuous control.
Chapter 3 considers the setting of linear dynamical systems and the problem of active
system identification, where the goal is to simply learn an accurate model of the unknown
system parameters. In Chapter 4 we take a brief detour from our main results by providing
some technical results necessary for Chapters 5 and 6, introducing what we refer to as the
martingale decision making setting, and providing a generic formulation of “smooth” decision
making. In Chapter 5 we instantiate the results of Chapter 4 in the linear dynamical systems
setting, providing instance-optimal guarantees on “smooth” decision making, which we show,
in particular, encompass the linear quadratic regulator problem. In Chapter 6 we show that
these results can be extended to certain classes of nonlinear systems, and derive similar results



in such nonlinear systems. The results of Chapter 3 are originally due to Wagenmaker and
Jamieson [2020], Chapters 4 and 5 are due to Wagenmaker et al. [2021], and Chapter 6 are
due to Wagenmaker et al. [2024].

Part II covers the reinforcement learning setting, beginning in Chapter 7 with tabular
Markov Decision Processes (MDP), where we obtain some of the first instance-dependent
guarantees on the policy identification problem in reinforcement learning. Chapter 8 extends
the results of Chapter 7 to the function approximation setting, specifically the linear function
approximation setting, and in Chapter 9 we consider the reward-free problem in the linear
function approximation setting, providing the first optimal algorithm for reward-free RL with
function approximation. The results of Chapter 7 are originally from Wagenmaker et al.
[2022¢|, Chapter 8 covers the results of Wagenmaker and Jamieson [2022], and Chapter 9 is
due to Wagenmaker et al. [2022b].

Finally, in Part III, we consider the problem of learning to explore. As we will see, there
is an intrinsic cost to answering the “what” and “how” questions of exploration, and in order
to perform as effectively as possible, we must not only learn to achieve our goal as efficiently
as possible, we must learn to explore as efficiently as possible. These results, initially due to
Wagenmaker and Foster [2023], are outlined in Chapter 10, and consider a general function
approximation setting.

While we provide proofs for the key results in the main text, for the sake of readability,
we defer many of the more technical proofs to the appendix.

Mathematical Notation

We let R, C, N refer to real numbers, complex numbers, and natural numbers, respectively.
S9! denotes the unit sphere in d dimensions. B generally denotes a ball, but will be specified
within context. Si + denotes the set of d-dimensional positive definite matrices, and Si the
set of d-dimensional positive semi-definite matrices. Given a matrix A € R“*% we let || Al|p
denote the Frobenius norm of A, and ||A||op, denote its operator norm. vec(-) denotes the
vectorization of a matrix. Ay denotes the simplex over X'. We use standard big-oh notation,
which we denote with O(-), and let O(-) suppress logarithmic terms as well. We will use <
and 2 in informal statements to denote inequality up to lower-order terms and potentially
other problem-dependent terms. Throughout, ¢ and C' denote universal constants. For n € N,
n > 1, welet [n] :=={1,2,...,n}. ¢ denotes the imaginary number.

1.1 Active Learning for Continuous Control

Continuous control typically studies the setting of dynamical systems with continuous states,
which we can denote generically as:

Tyy1 = fo, (T4, up, wy) (1.1.1)



for z; € R% the state, u;, € R% the input, w; € R% noise, fy some parametric form, and
0, € R% the corresponding parameter of the true environment, which we assume is unknown.
We consider two particular instantiations of (1.1.1): where fy is a linear dynamical system
(Chapters 3 and 5), and fp a nonlinear dynamical system with observations linear in 6,
(Chapter 6). We assume the agent can choose u; at each timestep, in order to control the
evolution of the system, and observes the state z;.

We will quantify the end goal the agent hopes to achieve in terms of some loss Jy, (a),
where a € R% is some decision. For example, a may correspond to parameters of a controller,
and Jp, (a) the loss the controller will incur on the system 6,. With this formulation, the
objective of the agent is to find some a minimizing Jp, (a)—this corresponds to the agent
achieving their goal. We assume the form of our loss Jp, (a) is known but, as we do not
assume knowledge of 6,, the value of the true loss Jp, (a) for any particular a is in general
unknown.

We consider the following interaction protocol:

1. Agent interacts with (1.1.1) for T steps, playing some exploration policy ey, in allowable
set of exploration policies L, (for example, policies with bounded power, or deemed
to be “safe”).

2. After T steps, agent proposes some decision ar.
3. Agent suffers loss Jp, (ar).

The goal of the agent is therefore to learn as much useful information about the true system
(1.1.1) as possible through the T steps of interaction, so that they may then propose a decision
ar which comes as close as possible to minimize the true loss.

1.1.1 Decision Making in Linear Dynamical Systems

In a (discrete-time) linear dynamical system, the dynamics (1.1.1) take the following form:
Tir1 = A*.Z't + B*Ut + Wy, Ty = 07 (112)

for A, € R%*d% and B, € R%*% the system matrices, and 6, = (A,, B,) the unknown
parameter. For simplicity we assume the process noise w; is distributed as w; ~ N(0,02 - I)
for some o, > 0. Linear dynamical systems are a canonical setting in the controls literature
and have been the subject of significant study for over 50 years, with many real-world
applications. Furthermore, settings that exhibit some amount of nonlinearity can typically
be linearized around a point of interesting, rendering (1.1.2) an accurate representation of
the dynamics locally. We are motivated by two particular formulations of our goal, Jp, (a).

Example 1.1.1 (System Identification). In the system identification problem, the agent’s
goal is simply to produce an estimate of the system’s parameter 6,. We can represent this



problem in the framework introduced above by setting our “decision” a to 8, and the loss
Jo.(a) = |la — 04]|op- Then finding some a which minimizes Jp, (a) corresponds to estimating
0, as accurately as possible.

We consider the system identification setting in Chapter 3. While system identification
has a long history in the control theory and statistics communities, our results are some of
the first to develop provably efficient algorithms for the active system identification problem.
Our next example of interest is the classical linear quadratic regulator problem.

Example 1.1.2 (Linear Quadratic Regulator (LQR)). In the LQR problem, the agent’s
objective is to design a policy that minimizes the infinite-horizon cumulative cost, with losses
{(z,u) := 2" Ryx + u' Ryu. The resultant cost function is:

It is well known that the optimal policies are of the form u;, = Kx; where K € R%*%: we
denote these policies 7%, and let Jpqr(K) = Jrone[m"]. Here our decision a is the controller
K and our loss Jp is Jrqr6-

The LQR problem is perhaps the most canonical problem in linear control, and is broadly
applicable to a range of real-world settings. We consider the LQR problem in Chapter 5, as
well as the setting of learning with general smooth losses J (which we show the LQR problem
is a special case of).

Exploration in Linear Dynamical Systems. How does the information we gain in-
teracting with (1.1.2) help us choose a decision ar that minimizes our loss? And how can
we choose our exploration policy ey, to excite (1.1.2) in order to make the loss of ar as
small as possible? Folk wisdom in the controls community suggests that all that is necessary
is persistent excitation—consistently excite all “modes” of (1.1.2) through the T steps of
interaction, and use the observed data to estimate the system parameters and propose a
decision. Is this the entire story, however?

As an example, consider the following 2D LQR instance:

0 10 0 0
Tl = {g ,0] Ty + [0 1] u +wy, Ry = {g 1] , Ry= {g HJ ) (1.1.3)

for some p € (0,1),x > 0, and g > 0. We see that, in this system, the dynamics and input
cost behave identically in each coordinate. However, in the regime where x > 1, the state
cost Ry is significantly larger in the first coordinate than the second.

Now consider the loss of a control policy designed to minimize this cost, where the
controller is synthesized on an estimate of the system parameters obtained from interaction
with the system. In this case, as the state cost is much larger in the first coordinate than



the second, a small deviation from the optimal control sequence in the first coordinate could
be much costlier than a similar deviation in the second coordinate. As estimation error will
translate into deviation from the optimal control law, it follows that estimation error in the
first coordinate is significantly more costly than estimation error in the second coordinate.
This suggests that, while persistent excitation may indeed allow us to learn the parameters
of (1.1.3) eventually, and thereby propose a controller minimizing the cost, we may be able
to learn significantly more quickly by focusing on our exploration on learning the dynamics
in the first coordinate. Indeed, this can be achieved by increasing the input in the first
coordinate as much as our constraints allow.

This example suggests that some parameters of the system may be more important than
others and we should direct our exploration to quickly learn the most relevant parameters.
Indeed, we show in Chapters 3 and 5 that if we do not take into account this structure and,
for example, seek to excite all modes equally well, the rate at which we can learn a decision
minimizing Jp, (a) could be arbitrarily worse than the optimal achievable rate.

How do we achieve this optimal rate? In Part I we provide a general characterization
of how uncertainty about the parameter 6, translates into suboptimality in the decision we
propose, assuming our loss is “smooth” and we are using the certainty equivalence decision rule,
which sets a7 to the optimal decision on the estimated system. In particular, we show that the
suboptimality of such a decision scales with estimation error in a particular, task-dependent
norm:

Jo. (@r) — min Ty, (a) = 01 — 0. 340,),

where §T denotes the estimate of 6,, ar is the optimal decision on @\T, and H(0,) measures the
curvature of the loss function Jp, (a) in a neighborhood of the optimal decision. We then show
that ||0r — 9*“34(9*) can be minimized by choosing our inputs during exploration to minimize:

tr(H(0,) - A;Y) for Ap =1, ® XT: {xt} {xt} T.

U

We develop a general algorithmic procedure able to explore so as to minimize this objective,
and show that this procedure is computationally efficient, involving only the solution to
convex programs, and that it achieves the instance-optimal rate. Our results paint a nearly
complete picture of learning in linear dynamical systems. As originally motivated, they
provide a precise answer to how we should interact with our environment (in this case (1.1.2))
to collect the necessary information to learn to achieve some goal (in this case quantified by

the loss Jp, (a)).



1.1.2 Decision Making in Nonlinear Systems

While linear systems are able to model a range of real-world settings, many systems of
interest are inherently nonlinear, and attempting to represent them with linear dynamics
may eliminate key features, rendering such models ineffective for solving downstream tasks.
At the same time, considered in full generality, nonlinear systems are notoriously difficult to
work with, and are often both computationally and statistically intractable. In Chapter 6 we
consider a class of nonlinear systems that seeks to strike a balance between expressivity and
tractability. In particular, we consider systems of the form:

Tir1 = A*¢)(l't, Ut) + Wy, (]_]_4)

where A, € R%*% is the unknown system parameter, and ¢ : R% x R% — R% is a known,
potentially nonlinear, mapping. In this setting, we are interested in the same high-level goal
as the linear setting: finding some decision a that minimizes a loss J, (a) for 0, = A,.

Systems of the form (1.1.4) are amenable to analysis as the observations we receive—the
next state, x;,1—are a linear function of the unknown parameter, A,, allowing us to apply
results from linear estimation to argue about learning A,. At the same time, systems of
this form are very expressive and indeed, given a rich enough featurization ¢, are capable
of representing any smooth nonlinear system up to arbitrary tolerance. Furthermore, such
systems have found recent applications in real-world control settings such as drone control
[O’Connell et al., 2022].

While bearing similarity to linear systems in how the unknown parameter relates to
the observations, from the perspective of exploration, nonlinear systems of the form (1.1.4)
introduce a variety of subtleties and challenges not found in the linear case. First, while
settings such as (1.1.3) show that in the linear case there may be a large asymmetry in which
parameters are most important, in the nonlinear case, we may have parameters that are
truly inactive, and have no impact on the dynamics near an equilibrium point of interest
whatsoever. For example, consider the following 1D system:

T = 0.8 x4 + up — 31 (1) — 3pa(r) + wy

where ¢ (r) = max{1 — 100(x — 10)?,0} and ¢o(z) = max{1 — 100(z + 10)?,0}. Assume our

goal is to find some control policy which minimizes the cost
cost(x,u) = (v — 10)* + 100" - ?.

Here we see that the nonlinearity ¢;(x) is only active (nonzero) for = very close to 10, while
¢2(x) is only active for = very close to —10. As our cost is minimized for x = 10, the optimal
controller will attempt to steer the state to a neighborhood of x = 10. In this case, however,
¢2(x) is completely inactive and thus the behavior of ¢,(z) is irrelevant to accomplishing
our goal. If we assume the coefficients of ¢; and ¢ are unknown and must be learned, this



suggests that we should allocate no input energy to learning the coefficient of ¢,. We see
then that, even more so in nonlinear than linear systems, it is critical that we determine
which parameters are most relevant to the goal at hand, and focus our exploration only on
learning these parameters.

A second challenge in nonlinear systems is how to realize an exploration strategy which
learns these relevant parameters. In the linear case our methods relied on the fact that, while
learning could be sped up by properly choosing our inputs, even “bad” inputs would provide
sufficient excitation to ensure something was learned. In contrast, in the nonlinear case, “bad”
inputs may provide no learning signal at all—for instance, in the example above, we can only
learn about the coefficients of ¢, by reaching x = 10, which takes a particular sequence of
inputs to achieve, and so much more careful planning is required to ensure the necessary
information is collected. To address this challenge, we develop a generic technique which
reduces the data collection problem (the experiment design problem) to policy optimization,
and then apply an off-the-shelf policy optimization procedure to solve it.

We present our full results in this setting in Chapter 6. While the nonlinear setting
introduces the aforementioned challenges not found in the linear case, and require differ-
ent algorithmic techniques, our results here bear much resemblance to those presented in
Chapter 5—we ultimately show that the suboptimality of our learned decision scales with
the estimation error of A, in a similar task-dependent norm, ||vec(A — A,) ||3_l( a,)» and that

this suboptimality can be reduced by exploring so as to collect covariates A7 minimizing
tr(H(6,) - A7"). We present an instance-dependent upper bound and matching lower bound
which, to the best of our knowledge, is the first statistically optimal guarantee for systems of
the form (1.1.4).

1.2 Exploration in Reinforcement Learning

We turn now to the reinforcement learning (RL) setting, the focus of Part II of this thesis.
While there is significant overlap between continuous control and RL, and indeed continuous
control can be seen as a particular RL problem, for the purposes of this thesis we make a
distinction between these settings, and when referring to RL typically refer to settings with
discrete states and actions.

The RL setting is primarily concerned with the study of Markov Decision Processes
(MDPs), a generic formulation of decision making in stochastic environments. In an MDP,
the agent operates in a state space S, taking actions in some set A. At step h, if the agent
is in state s and takes action a, they transition to s’ ~ P,(- | s,a), for Py(:|s,a) € As the
transition kernel, and receive reward Ry(s,a). We will be concerned here with the episodic
setting, where the agent interacts with the MDP for H steps, at which points the process
resets and begins anew. We assume the dynamics { P}/, and rewards { R}/, are both
initially unknown, and the objective of the agent is to learn a policy 7, a mapping from states
to actions, that achieves maximum expected reward. Here, then, the goal of the agent is
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quantified in the reward function, and it must learn to maximize this reward.

We can quantify the performance of a policy in terms of the value function, defined as
Vi (s) i= Ex[S 0 _, Ru(sn,an)|sn = s], the expected reward that will be achieved playing
policy 7 from step h and state s. Similarly, the Q-value function, Q7 (s, a), denotes the
expected reward that will be obtained if we are in state s at step h, play action a, and then
play policy 7 for the remainder of the episode; formally, Q7 (s, a) := Eﬂ[zg:h}%h/ (Shry an)|sp =
s,ap = a]. The optimal value function is given by V;*(s) = sup, V;"(s) and optimal @Q-value
function by Q5 (s, a) = sup, Q7 (s, a), where the suprema is taken over all policies. The value
of a policy is given by Vi = V[ (s1)—the expected reward policy 7 achieves over an entire
episode—and we say a policy 7 is optimal if V7 = V.

PAC Reinforcement Learning. We consider a slightly different interaction protocol in
the RL setting as compared to the continuous control setting. While in the continuous control
setting we assume the agent interacts with the dynamics for some fixed amount of episodes
T, in the RL setting we assume instead that the agent is given two parameters ¢ > 0 and
d € (0,1), and is tasked with identifying a policy 7 that is e-optimal with probability at least
1—94:

Vi =15 <e

This is typically referred to as the PAC RL (Probably-Approximately-Correct) problem, and
has been the subject of much attention in the RL community. Given this, we consider the
following sequence of interactions:

1. Agent is given parameters ¢ > 0 and 0 € (0, 1).
2. Agent interacts with MDP for some number of steps, choosing when to terminate.

3. Agent returns policy 7 such that Vy — V7 < € with probability at least 1 — 4.

The goal of the agent is to do this as efficiently as possible—to find an e-optimal policy (its
“decision”) using the smallest number of interactions with the environment possible.

Without imposing additional structure on the MDP, the RL problem is in general
intractable. In this thesis, we consider two particular tractable MDP formulations: tabular
and linear MDPs.

1.2.1 Instance-Dependent Tabular RL

In the tabular RL setting, the key assumption is that the state and action spaces are finite:
S :=|S] < 0o and A := | A| < co. We make no other assumptions on the MDP—for instance,
states and actions are completely unrelated and knowing the behavior at state s; says nothing
about the behavior at state s;. As we assume the number of states and actions are finite,
however, there are a finite number of entities that must be learned, making learning tractable.
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While the tabular setting is somewhat limited in its ability to model real-world settings
of interest, it has received significant attention from the research community as a distillation
of more complex and realistic settings which preserves the salient features necessary for
understanding effective algorithmic principles. We therefore begin our study of RL here. The
majority of existing work in tabular PAC RL has focused on obtaining worst-case guarantees,
which in this setting scale with quantities such as S and A. While such bounds show that
learning is feasible in tabular RL, they do not offer clear insights into what features of an
environment are most important to learn or (as we will see) how we should explore.

If our goal is to learn to accomplish a task of interest, in this case quantified by the
reward function, how should we explore in order to quickly learn to do this? For inspiration,
we consider the special case of multi-armed bandits (MABs), where S = H = 1. In MABs, we
simply have A actions (“arms”) to choose from at each step—we choose an action, observe a
noisy realization of the reward mean, and repeat, with the goal of identifying the best action.
If we denote the reward mean for action a as r(a) := E[R(a)], and the gap for action a as
A(a) := maxy r(a’) — r(a)—the difference between the value of arm a and the value of the
best arm—then existing work in MAB shows that the optimal strategy is to pull arm a at
a rate proportional to ﬁ. Intuitively, for an arm a that is suboptimal but very close to
optimal, it will take Signiécantly more observations to distinguish its value from the value
of the optimal arm than it would to distinguish a very suboptimal arm, and we therefore
must pull it more. This is reflected in the ﬁ rate—we pull suboptimal arms less as we
can quickly show they are suboptimal, and allocate the majority of our pulls to arms close
to optimal. Indeed, one can show that, to identify the best arm, it suffices to pull each arm

approximately m times, leading to a final sample complexity on order

;ﬁ, (1.2.1)

which is known to be instance-optimal.

In the tabular RL setting, where S > 1 and H > 1, we can imagine running a similar
procedure: treating each state as a bandit, and allocating our samples based on the subopti-
mality of each action in that state. Yet this introduces several questions. First, how do we
quantify the suboptimality of an action, given that the return from playing a single action
depends not just on that action, but also on all subsequent actions played in the episode?
And second, if our goal is exploration, the actions we take affect which states we reach. While
we may know which actions we want to sample in a given state, how do we determine which
states we should aim to reach, and how do we actually reach these states?

For the first question, existing work has proposed a generalization of the notion of a
“gap” to the following [Simchowitz and Jamieson, 2019|:

Ap(s,a) ==V (s) — Qx(s,a).
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That is, Ay (s, a) measures the suboptimality of playing action a in (s, h), if we then play the
optimal policy. Given this, our exposition of bandits suggests we should play actions in state s
1

proportional to INYCROER The challenging question, however, is the second: how do we handle

the dynamic nature of an MDP during exploration? Assume we are playing some exploration
policy Texp, and denote the probability of visiting state s at step h as w,“(s) := P [s), = .
Using the complexity given in (1.2.1) for solving the “bandit” at state s, we see that to “solve”

state s it will require running 7., for a total of

1 1
T 2 Bl o 2

episodes, since on average it takes episodes to reach s once. If we wish to “solve”

1
w, P (s)
each state, then playing the best-case exploration policy, we might hope to achieve a sample

complexity of:

) 1 1
mimmaxX —mw——— ; m (123)

Texp s w;lrexp (S)

In Chapter 7, we show that this complexity is in fact achievable, and propose an algorithmic
procedure which achieves it. Furthermore, we show that, in some sense, it is unimprovable:
in general, we cannot obtain a smaller sample complexity on a particular instance. One
shortcoming of this complexity is that it corresponds to identifying the best policy (i.e. € = 0),
while in general in RL we only care about identifying a good policy. To address this, we show
that this complexity, and our algorithm, can be generalized to the € > 0 case as well.

What does this say about how we should explore
in tabular MDPs? The majority of existing work

in tabular RL relies on the principle of optimism— Action a,
choosing actions that are the “best possible”, given the Action a, 3
. . . I \‘
current observations from the environment, leading rspa) =05+ 4,
them to play “good” actions the majority of the time. ~ F@lsw@) =1 :f“v
. o r(s;,a,) = 0.5
Such approaches are provably efficient, and are known IR

to be optimal in a worst-case sense. To understand if risp ap) =1

these approaches are able to achieve the complexity
of (1.2.3), consider the MDP in Figure 1.1. In state L AN

. . . o (s, a,) = 0 r(sy,a) =05+ A,
Sg, action a; is optimal and transitions to state s; P(sy | 590a) = 1 \O
with probability 1 — p and state sy with probability Fsma) = 0.5
p. Action ay is suboptimal and transitions to state s
with probability 1. To learn a good policy, we need Figure 1.1: A motivating example for
to identify the optimal action in both s; and s,. An  tabular RL
optimistic algorithm will primarily play a; in sg, as
this action is optimal, and it will therefore only reach

e
.
Yo, Plsyls0.a)) =p
.

O..A
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so approximately O(pK) times, after K episode. It follows that a low-regret algorithm will
take at least Q(Zﬁ) episodes to learn the optimal action in sy. In contrast, we could instead
2

play as in sg, collecting less reward but learning the optimal action in sy in only Q(é)
2

episodes, exactly the complexity reflected in (1.2.3). For small p, this could be arbitrarily
better.

This example shows that approaches—such as optimism—which are known to be optimal
in a worst-case sense are unable to achieve the complexity (1.2.3), and can in fact be very
suboptimal on particular instances, achieving a far worse rate. Instead, to achieve (1.2.3),
we must take maximally informative actions, in this case a;. We emphasize that only
by developing a precise understanding of the complexity of learning, e.g. (1.2.3), are we
able to arrive at such a conclusion. Our results, therefore, shed light not just on the best
achievable complexity, but also on what exploration procedures we should employ to realize
such complexities, and what strategies would be suboptimal.

1.2.2 Instance-Dependent Linear RL

While the tabular setting is helpful for eliciting fundamental algorithmic principles, its
applicability to real-world problems is limited. In practice, MDPs of interest often have very
large, yet highly structured, state spaces—for example, knowledge of the behavior of one
state tells how the MDP will behave in “adjacent” states. This has motivated a large amount
of work on RL with function approzimation, which seeks to incorporate such structure into
provably efficient approaches.

In Chapter 8 and Chapter 9 we consider, in particular, the setting of RL with linear
function approximation. While several formulations for RL with linear function approximation
exist, we consider the linear MDP setting.

Definition 1.2.1 (Linear MDPs [Jin et al., 2020b]). We say that an MDP is a d-dimensional
linear MDP, if there exists some (known) feature map ¢(s,a) : S x A — R% H (unknown)
signed vector-valued measures p;, € R? over S, and H (unknown) reward vectors ), € R,
such that:

Ph('|57a) = <¢(87a)v“h(')>7 rh(sva) = <¢(S7a)70h>'

We will assume ||¢(s,a)|l2 < 1 for all s,a; and for all h, [[|[pn](S)]l2 = || [,cs [dpn(s)]ll2 < Vd,
and |10y, < Vd.

Linear MDPs encompass, for example, tabular MDPs, but can also model more complex
settings, such as feature spaces corresponding to the simplex, or the linear bandit problem.
Critically, linear MDPs allow for infinite state-spaces, as well as generalization across states—
rather than learning the behavior in particular states, we can learn in the d-dimensional
feature space.
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Within the linear MDP setting, we consider the same PAC RL problem, and aim to
understand how, given the linear structure, what and how we should explore. In the tabular
setting, we aimed to solve each state (find a near-optimal action), yet this action-elimination
strategy is not possible to realize in the linear case as the number of states is potentially
infinite. Instead, we aim to learn over the space of policies. Given a set of possible policies II,
we seek to gradually eliminate suboptimal policies in II, focusing our exploration to learn
about the remaining “active” policies. We show that this allows us to refine where we explore
and focus our exploration only on the most relevant regions, the regions visited by good
policies. In Chapter 8 we obtain a complexity somewhat analogous to (1.2.3), but where the
gap between actions is replaced by the gap between policies.

Reward-Free RL in Linear MDPs. In Chapter 9, we also consider linear MDPs, but
with a slightly different objective. In both Chapter 7 and Chapter 8 the goal was to find a
policy that maximizes a single reward function. In some settings, however, one may not have
one reward function they wish to maximize, but instead may wish to learn a set of behaviors
that can optimize any given reward function. For example, rather than training an agent
to accomplish a particular task, we might want to train them to accomplish any task we
tell them to. This setting is typically known as the unsupervised or reward-free RL setting.
Formally, the objective is now to learn a map such that, given any reward function, this map
produces a policy that is e-optimal for this reward function.

While the objective here is different, the fundamental questions remain very similar:
what and how should we explore in order to learn such a map as efficiently as possible? In
Chapter 9 we propose an exploration strategy very similar to that utilized in Chapter 7,
which aims to explore to maximize the information gain, and show that this exploration
strategy leads to a minimax-optimal sample complexity guarantee. Intuitively, one would
expect the reward-free RL setting to be harder than the reward-aware (PAC) RL setting—we
are learning a policy to maximize every possible reward, vs only one reward—and indeed,
this is known to be the case in tabular RL. Surprisingly, however, our results show that, given
an effective exploration strategy, this is not true in the linear MDP setting: reward-free RL
is no harder than reward-aware RL. We remark, though, that this conclusion only holds in a
minimax sense—the picture is less clear in an instance-dependent setting.

1.3 The Cost of Learning to Explore

In both the RL and continuous control settings, the key to achieving the aforementioned
results lies in learning effective exploration policies, policies that takes actions to efficiently
traverse the environment and collect informative observations. Yet there is a cost to learning
these exploration policies. As we will see in the precise statements of our results, in nearly
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every situation, our complexities behave like:

“leading-order” term +  ‘lower-order” term,

~~ L. v
instance-optimal polynomial in problem parameters

Here the “leading-order” term is the instance-optimal rate, which we can show is unimprovable
on our particular instance, and typically scales as 1/T (in fixed-budget setting) or 1/€? (in
PAC setting). The “lower-order” term typically scales polynomially in problem parameters and
as 1/T* for a > 1 or 1/e* for a < 2. This lower-order term is dominated by the leading-order
term for large values of T" or small values of ¢, but for small T or large ¢, it may be larger
than the instance-optimal term.

Taking a closer look at the analysis, in nearly every case we find that the lower-order
term arises because the algorithm must pay some number of samples to learn an effective
exploration policy. A priori the algorithm does not know which actions will lead to informative
observations, and must take some number of interactions with the environment to determine
this. Consider, for example, the problem instance presented in Section 1.2.1 in the tabular RL
setting. Here, as we argued, the best exploration policy will play action ay some fraction of the
time, as this will allow it to efficiently learn the optimal action in state ss. Yet initially, the
algorithm does not know that this action is informative and should be taken—to determine
this is a useful action to take, it must first explore the environment to find the useful actions.

While it is known that the instance-optimal term is unavoidable and any algorithm
must pay this, prior to the work of this thesis, it was unknown if such a lower-order term for
“learning to explore” was necessary and, if it is necessary, what the optimal lower-order term
might be. Answering this question is of paramount importance in understanding instance-
optimality in decision making. While the results presented in Part I and Part II of this
thesis exhibit lower-order terms at most polynomial in problem parameters, in the instance-
dependent literature more broadly, it is common to have “lower-order” terms which scale
exponentially with problem parameters. In such settings, the leading-order term dominates
only asymptotically, making such bounds (and the corresponding algorithms) impractical
for virtually all problems of interest. If such lower-order terms are necessary to achieve
instance-optimality, then instance-optimality is simply not a practical measure for most
problems of interest.

In Part I1I, we seek to understand this phenomenon, and provide a comprehensive theory
of learning to explore. We study these questions in as much generality as possible, and consider
the Decision Making with Structured Observations (DMSO) setting recently introduced by
Foster et al. [2021]. This setting provides a general framework for formalizing decision making,
and encompasses virtually all of bandits and RL (including function approximation settings).
We provide a precise definition of the setting in Chapter 10. In contrast to Parts I and IT where
our goal was primarily to learn effective policies, in Part IIT we turn our focus to regret, where
the goal is to maximize the total reward collected during interaction with the environment.
While our objective changes, as we will make clear in Part III, when we are concerned with
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instance-optimal regret, the fundamental challenge to achieving instance-optimality still lies
in learning an effective exploration policy (the primary difference, in this case, being that
this exploration policy must balance exploration with exploitation). Thus, the insights from
Part III apply to Parts I and II as well.

Intuitively, the instance-optimal rate quantifies the cost of distinguishing the true instance
from every instance with a different optimal decision. We show in Chapter 10 that this same
intuition applies to learning exploration policies: to explore optimally, one must distinguish
our true instance from every instance that has a different set of optimal exploration policies.
We quantify the cost necessary to learn this optimal exploration policy in a novel complexity
measure which we call the Allocation Estimation Coefficient (AEC). We show that, under
certain conditions, any algorithm that is instance-optimal must also have learned an optimal
exploration policy, and so therefore must have complexity which scales, in addition to the
leading-order instance-optimal term, with the AEC.

Inspired by this, we propose an algorithmic procedure which applies in the general DMSO
setting, and achieves regret bounded as:

“Instance’™optimal term - log T + AEC - o(log T'),

achieving both the instance-optimal leading order term, and a lower-order term scaling with
the AEC. Together, our results show that, to achieve instance-optimality, one must also
pay for a term scaling as the AEC in order to learn the optimal allocation, and that our
algorithm is optimal, both in the leading-order and lower-order term. We further show that,
by instantiating our results in various concrete settings, the AEC in general scales at most
polynomially in problem parameters, implying that polynomial lower-order terms are indeed
possible in most settings of interest, and yielding an exponential improvement over existing
work in a variety of settings.

What do these results suggest about how we should think about exploration? The
results of Parts I and II focused on how to explore to learn near-optimal policies as quickly
as possible, and provided insights into how and where we should direct our exploration to
do this. The results of Part III suggest that, in addition to efficiently exploring to learn the
optimal policy, we also must efficiently explore to learn the best exploration policy, and that
there is a cost to learning this exploration policy. Thus, to return to our overarching goal of
understanding how agents should collect observations in unknown environments, an agent
must carefully take actions so as to provide information not just about how to accomplish
their end goal, but also to learn actions that will help them learn to accomplish their end
goal.
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Chapter 2

Related Work

Before moving on to the main contributions of this thesis, we seek to place it within the
broader literature.

2.1 Related Work in Continuous Control

We first focus on several directions of existing work in the continuous control setting, the
focus of Part I of this thesis.

2.1.1 System Identification

There is a large body of classical work in system identification [Ljung, 1998|. Of particular
relevance are works which seek to design inputs to excite the system to speed up estimation.
In particular, a variety of works aim to design inputs to maximize certain functionals of the
Fisher information matrix [Mehra, 1976, Goodwin and Payne, 1977, Jansson and Hjalmarsson,
2005, Gevers et al., 2009, Manchester, 2010, Hagg et al., 2013, or design inputs to meet certain
task-specific objectives [Hjalmarsson et al., 1996, Hildebrand and Gevers, 2002, Katselis et al.,
2012|. The optimal choice of inputs in general depends on the unknown parameters of the
system, and prior work rely on either robust experiment design [Rojas et al., 2007, 2011,
Larsson et al., 2012, Hagg et al., 2013] or adaptive experimental design |Lindqvist and
Hjalmarsson, 2001, Gerencsér and Hjalmarsson, 2005, Barenthin et al., 2005, Gerencsér et al.,
2007, 2009, the method of choice in this thesis, to address this challenge. Past results were
typically heuristic, however, and when rigorous bounds are given, they are asymptotic in
nature |Gerencseér et al., 2007, 2009]. In contrast, in this thesis we provide finite-time upper
and lower bounds which validate the optimality of our approach.

More recently, much attention has been given to obtaining finite-time learning-theoretic-
style bounds on the estimation of unknown parameters in a dynamical system, in particular
linear systems [Tu et al., 2017, Faradonbeh et al., 2018, Hazan et al., 2018, Hardt et al., 2018,
Simchowitz et al., 2018, Sarkar and Rakhlin, 2019, Oymak and Ozay, 2019, Simchowitz et al.,
2019, Sarkar et al., 2019, Tsiamis and Pappas, 2019]. While the results in Part I of this thesis
can be seen as building on this line of work in many respects, the focus of these works is the
passive setting, and no attempt is made to choose inputs to speed up estimation, one goal of
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this thesis. Beyond the linear setting, Foster et al. [2020a], Oymak [2019], and Sattar and
Oymak [2022] provide formal guarantees on system identification in several different classes of
nonlinear systems, yet they only consider noiseless systems, or systems that are significantly
easier to excite than systems of the form considered in Chapter 6 (rendering the problem of
exploration significantly easier). Of particular relevance to the results of Chapter 6 is Mania
et al. [2022], which proposes an active learning approach to identify unknown parameters in
(1.1.4), with the goal of minimizing the Euclidean distance in the parameter space. However,
as we show, learning a uniformly good model could be significantly worse than learning a
model with the goal task in mind, our primary focus. We also mention recent work applying
deep learning-based approaches to system identification [Shi et al., 2019, Nguyen-Tuong
and Peters, 2011, Brunke et al., 2022, Williams et al., 2017, Shi et al., 2021b], though such
approaches lack principled guarantees.

2.1.2 Learning for Control

While the majority of this thesis focuses on the setting where exploration is decoupled from
control, it is natural to also ask if we can simultaneously explore while controlling. That
is, given an unknown environment, if it is possible to, from the start, attempt to solve the
goal task while learning along the way. This is typically referred to as the “adaptive control”
problem, and has been studied extensively in the controls literature [Slotine et al., 1991,
Astrom and Wittenmark, 2013, Feldbaum, 1960, Mesbah, 2018, Bristow et al., 2006, Richards
et al., 2021, O’Connell et al., 2022, Boffi et al., 2021]. This line of work typically focuses
on obtaining asymptotic results, and is primarily concerned with the stabilization problem,
while we are interested in finite-time results, and more general objectives.

More recently, attention has been given towards quantifying the finite-time performance
of online algorithms in terms of regret, comparing the online performance of an algorithm
to the best possible performer in hindsight, where the goal is to minimize some general
cost function. Much of the focus here has been on the LQR problem [Abbasi-Yadkori and
Szepesvari, 2011, Dean et al., 2020, 2018, Mania et al., 2019, Dean et al., 2019, Cohen et al.,
2019, Yu et al., 2020, Ziemann and Sandberg, 2021]|, with Simchowitz and Foster [2020)]
ultimately settling the minimax optimal regret in terms of dimension and time horizon. Others
have considered regret in online adversarial settings [Agarwal et al., 2019, Simchowitz et al.,
2020]. In the nonlinear setting, Kakade et al. [2020] study systems of the form considered in
Chapter 6, and obtain sublinear regret guarantees.

2.2 Related Work in Reinforcement Learning

Next we focus on related work in the reinforcement learning setting, considered in Part II, as
well as the general decision making setting considered in Part III.
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2.2.1 Multi-Armed Bandits

While the main focus of this thesis is in long-horizon decision making problems (H > 1),
many of our results build on, and are inspired by, the multi-armed bandits literature. The
multi-armed bandits problem is a special case of the general RL problem with H = 1 and
S = 1. At every step, the agent has A options (arms) available to them, chooses one of the A
arms, and observes a noisy realization of the reward from that arm. While seemingly simple,
the multi-armed bandit problem is applicable to a wide range of real-world problems, and has
inspired a vast body of work. See Lattimore and Szepesvari [2020] for a complete overview;
we highlight only works of particular relevance here.

A significant amount of attention has been devoted to obtaining instance-optimal PAC
guarantees in the bandits literature—typically referred to as best-arm identification—for
both multi-armed (tabular) and structured bandits [Kaufmann et al., 2016, Garivier and
Kaufmann, 2016, Russo, 2016, Degenne and Koolen, 2019, Degenne et al., 2019, 2020a]. While
many of these works are asymptotic in nature, in specialized settings such as multi-armed
bandits [Jamieson et al., 2014, Kaufmann et al., 2016] and linear bandits [Fiez et al., 2019,
Katz-Samuels et al., 2020], recent work has shown that the optimal rates are achievable in
finite-time.

In the regret minimization setting, the focus of Part III, a variety of minimax regret
guarantees have been obtained in settings such as tabular [Auer et al., 2002, Audibert
and Bubeck, 2009] and linear bandits [Dani et al., 2008, Abbasi-Yadkori et al., 2011|. For
instance-dependent guarantees, many works provide purely asymptotic instance-optimal
guarantees for settings such as multi-armed bandits |Lai and Robbins, 1985, Garivier et al.,
2016, Lattimore, 2018, Garivier et al., 2019], linear bandits [Lattimore and Szepesvari, 2017,
Hao et al., 2020, and general structured bandits [Burnetas and Katehakis, 1996, Magureanu
et al., 2014, Combes et al., 2017, Van Parys and Golrezaei, 2023, Degenne et al., 2020b|.
While a small number of works [Tirinzoni et al., 2020, Jun and Zhang, 2020, Kirschner et al.,
2021] do provide finite-time instance-optimal regret guarantees, they specialize to particular
settings such as linear bandits, and it is not clear that their algorithmic approaches generalize.

We remark as well that a small amount of work in the bandits community has been
devoted to understanding the complexity of “learning to explore”, the focus of Part III of this
thesis. While to the best of our knowledge our work is the first to study this question in
the general function approximation setting, Simchowitz et al. [2017] and Chen et al. [2017]
consider a similar question in the setting of top-k bandits, and Marinov et al. [2022b,a]
consider this question in the graph bandits setting.

2.2.2 Tabular RL

Finite-time results on policy identification in tabular MDPs go back to at least the late
90s and early 2000s [Kearns and Singh, 1998, Kearns et al., 1999, Kearns and Singh, 2002,
Brafman and Tennenholtz, 2002]. A seminal early work in this area is that of Kakade
[2003], which establishes a variety of results, including the performance-difference lemma and
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polynomial sample complexities in both the generative and online settings. This work was
built upon and refined by a variety of other works over the following decade [Strehl et al.,
2006, Auer et al., 2008, Munos and Szepesvari, 2008, Strehl et al., 2009], leading up to works
such as |Lattimore and Hutter, 2012, Dann and Brunskill, 2015|, which establish sample
complexity bounds of O(S?A - poly(H)/€?). More recently, [Dann et al., 2017, 2019, Ménard
et al., 2021] have proposed algorithms which achieve the optimal dependence on S and A of
O(SA - poly(H)/e?), with [Dann et al., 2019, Ménard et al., 2021] also achieving the optimal
H dependence, thereby effectively solving the problem of near-optimal policy identification in
the worst case.

The question of regret minimization is intimately related to that of policy identification.
Indeed, as shown in Jin et al. [2018|, any low-regret algorithm can be used to obtain a near-
optimal policy via an online-to-batch conversion. Early examples of low-regret algorithms in
tabular MDPs are [Auer and Ortner, 2006, Auer et al., 2008, Azar et al., 2017|. Of note is the
work of Auer et al. [2008], which establishes a polynomial regret bound on average-reward
MDPs, but that scales with the diameter of the MDP—the maximum average number of
steps it will take to navigate from any state to any other state. A seminal recent work is
that of Zanette and Brunskill [2019], which proposes the EULER algorithm and establishes
diameter-free regret bounds scaling as O(v/Q*SAHK), for Q* the maximum variance in
next-state value function. Finally, the work of Zhang et al. [2021b] completely eliminates
the horizon dependence (assuming properly normalized rewards, and time-homogenous
transitions), obtaining regret guarantees which scale purely as O(v/ SAK). This scaling is
optimal, and essentially solves the problem of worst-case regret in tabular RL.

While the problem of obtaining worst-case optimal guarantees in tabular RL is nearly
closed, we are only beginning to understand what types of instance-dependent guarantees
are possible. In the setting of regret minimization, Ok et al. [2018| provide an algorithm
which achieves asymptotically optimal instance-dependent regret. Simchowitz and Jamieson
[2019] show that standard optimistic algorithms achieve regret bounded as O(3_, , , Alzg—sKa)),
reminiscent of the gap-dependent regret guarantees found in bandits. This result was iéter
refined by [Xu et al., 2021, Dann et al., 2021]. Obtaining instance-dependent guarantees for
policy identification has proved more difficult. While several works exist in this space |Zanette
et al., 2019, Jonsson et al., 2020, Marjani and Proutiere, 2020, Al Marjani et al., 2021|, they
all exhibit crucial shortcomings, such as exponential dependence on H [Jonsson et al., 2020],
requiring access to a generative model [Zanette et al., 2019, Marjani and Proutiere, 2020], or
lacking finite time results and only handling best (¢ = 0) policy identification [Al Marjani
et al., 2021]. In the special case of deterministic, tabular MDPs, Tirinzoni et al. [2022] show
matching instance-dependent upper and lower bounds; a result that the approach we propose
in Chapter 8 is essentially able to match.
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2.2.3 RL with Function Approximation

To generalize the tabular setting, the RL community has considered function approximation,
replacing the tabular model with more powerful models that allow for generalization across
states. Such settings have been considered in classical works [Baird, 1995, Bradtke and Barto,
1996, Sutton et al., 1999, Melo and Ribeiro, 2007], yet these works do not provide polynomial
sample complexities. More recently, there has been intense interest in obtaining polynomial
complexities for general function classes [Jiang et al., 2017, Du et al., 2021, Jin et al., 2021,
Foster et al., 2021, 2023], and, in particular, linear function classes |Yang and Wang, 2019,
Jin et al., 2020b, Wang et al., 2019, Du et al., 2019, Zanette et al., 2020a,b, Ayoub et al.,
2020, Jia et al., 2020, Weisz et al., 2021, Zhou et al., 2021a,b, Zhang et al., 2021c, Wang
et al., 2021].

Several works of particular note in this category are [Jin et al., 2020b, Zanette et al.,
2020b, Zhou et al., 2021a|, which establish regret guarantees in the setting of linear MDPs (a
setting considered in this thesis) and the related setting of linear mixture MDPs. Jin et al.
[2020Db| obtains regret scaling as O(vVd>H*K), one of the first polynomial complexity bounds
in RL with function approximation, using a variant of @)-learning. Zanette et al. [2020b]
improves this to O(Vd?H*K) in the slightly more general low inherent Bellman error setting,
though their algorithm is not computationally efficient. Via an online-to-batch conversion,
these algorithms achieve PAC complexities of O(d®*H?*/e?) and O(d*H*/€*), respectively.
While Zanette et al. [2020b] show a lower bound proving that Q(vd?K) regret is necessary,
prior to the work of this thesis, no lower bounds for PAC RL existed in linear MDPs, and
the question of optimal PAC guarantees remained open. In the setting of linear mixture
MDPs, Zhou et al. [2021a] show a regret bound of O(Vd?H3K') and a matching lower bound,
yielding one of the first provably tight and computationally efficient algorithms for RL with
function approximation.

In the setting of RL with function approximation, prior to the work of this thesis, only a
handful of existing works obtain guarantees that would be considered “instance-dependent”.
Wagenmaker et al. [2022a] (also by the author of this thesis) show a “first-order” regret
bound of O(y/d®H3VK), where Vi is the value of the optimal policy on the particular MDP
under consideration. He et al. [2021] show that standard optimistic algorithms achieve regret
guarantees of C’)(dslfﬂ) and O(ﬁl{zﬂ) in the settings of linear MDPs and linear mixture
MDPs, respectively,m?or Apmin the minimum value-function gap. While both these works
do obtain instance-dependent results, the instance-dependence is rather coarse, depending
on only a single parameter (Vj or Ap,). One goal of this thesis (in particular Chapter 8)
will instead be to obtain more refined instance-dependent guarantees. Several works in the
general decision making framework considered in Part III, the DMSO framework, also obtain
instance-dependent bounds, but these are purely asymptotic [Komiyama et al., 2015, Dong
and Ma, 2022|.

The focus of Chapter 9 is the reward-free RL setting. In the tabular setting, it is known
that the optimal rate for reward-free RL is ©(S?A/€?), a factor of S larger than the optimal
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rate for standard PAC RL [Jin et al., 2020a, Ménard et al., 2021, Zhang et al., 2020, Wu
et al., 2022]. In the linear MDP setting, existing works on reward-free RL |Zanette et al.,
2020c, Wang et al., 2020, Zhang et al., 2021a| achieve complexities of O(d?/€?), though prior
to the work of this thesis, it was not known if this is tight, or if the same separation between
reward-free and PAC RL exists in the linear setting.

2.3 Related Work in Experiment Design

Experiment design is a well-developed subfield of statistics which seeks to understand how
one should make measurements in order to collect information on some parameter of interest.
Consider the basic linear regression setting:

z = (0, ) +w,

where we choose x € X', observe z, and w is some noise. Denote the design matriz as A(X) :=
> sex Azzx |, then experiment design optimizes over A € Ay, and chooses measurements
x ~ A, to optimize some desired objective. Common experiment design criteria include:

e A-optimal design: minyca, tr(A(A)™!), minimizes the average variance of the estimate
of 4,.

e E-optimal design: maxyca, Amin(A(A)), minimizes the maximum prediction error in
the estimate of 6,.

e G-optimal design: minyca, max,cy H$H2A(,\)—17 minimizes the maximum prediction
error for any direction X in the estimate of 6,.

e XY-optimal design: minycx, max,cy HyH2A(/\)_1, a variant of G-optimal design, mini-
mizes the maximum prediction error for any direction ) in the estimate of 6,.

A variety of other criteria exist, and in general these can be extended to nonlinear models as
well (with the design matrix replaced by the Fisher information matrix). See Pukelsheim
[2006] or Pronzato and Pazman [2013] for a complete overview.

Many of the methods proposed in this thesis can be viewed as experiment designs;
indeed, the very question this thesis seeks to answer can be seen as a question of experiment
design. In particular, in Chapter 3 we reduce the problem of linear system identification
to E-optimal design, Chapters 5 and 6 reduce decision making in dynamical systems to a
(weighted) A-optimal design, and Chapter 8 reduces policy learning in MDPs to an XY-design.

Our work deviates from the majority of the experiment design literature in several key
ways, however. First, we will be interested primarily with adaptive experiment designs—while
much of the experiment design literature focuses on static designs, which are fixed at the
beginning of environment interaction, our methods will rely on designs which change over
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time, as more information about the environment is collected. Second, the majority of work
on experiment design focuses on single-step settings, while our focus in this thesis is on
dynamic, long-horizon settings. Indeed, one contribution of this thesis is to generalize classical
experiment design techniques to long-horizon settings.

We highlight several works on experiment design in sequential environments that are
particularly relevant. First, the work of Fiez et al. [2019] achieves the instance-optimal
rate for best-arm identification in linear bandits and relies on an adaptive XY experiment
design-based. The approach of Fiez et al. [2019], as well as the related work of Soare et al.
[2014], provides inspiration for the algorithm proposed in Chapter 8—in some sense the
approach of Chapter 8 can be seen as a generalization of the RAGE algorithm of Fiez et al.
[2019] to problems with horizon greater than 1. Concurrent to the publication of the results
of Chapter 8, this algorithm was also extended to the contextual bandit setting in Li et al.
[2022].

Also concurrent to the publication of the results of Chapter 8, the work of Mutny
et al. [2023] propose an approach to solving experiment design problems in MDPs. To our
knowledge, this is the only existing work that directly considers the problem of experiment
design in MDPs. However, they make the simplifying assumption that the transition dynamics
are known, which essentially reduces their problem to a computational one; in contrast, in this
thesis, we focus on unknown dynamics. We remark as well that the online experiment design
approach of Chapters 6 and 8 is somewhat related to several existing algorithms [Hazan et al.,
2019, Zahavy et al., 2021]. Finally, Chaudhuri et al. [2015] gives a non-asymptotic active
learning procedure for adaptive maximum likelihood estimation, again adapting the design
to the unknown parameter of interest; their setting does not address long-horizon settings,
however.
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Part 1

Active Learning for Continuous Control



25

Chapter 3

Active Identification of Linear Dynamical
Systems

We begin with the system identification problem in the linear dynamical system (LDS)
setting. In particular, in this chapter we will consider discrete-time linear dynamical systems
with fully observed state of the form:

Tiy1 = A*l’t + B*Ut +wy, Ty = 0 (301)

for A, € R%*% the system matrix, B, € R%*% the control matrix, z; € R% the state,
u; € R%™ the input, and w; ~ N(0,021) process noise. We consider the single trajectory
setting: starting from state o = 0, we interact with (3.0.1) T steps without resetting. We
assume that B, is known! but that A, is unknown, and our goal is to estimate, to identify,
A, using the minimum number of interactions with (3.0.1) possible. In this chapter we are
particularly interested in the active identification problem: if we are able to control the input
uy, which inputs should we play in order to estimate A, as accurately as possible after T'
steps of interaction?

The estimation of the unknown parameters of a dynamical system typically falls under
the domain of system identification. System identification is an entire field unto itself, and
the problem of identification of linear dynamical systems has been studied for decades |Ljung,
1998|. Indeed, the particular question studied in this chapter—active system identification—
has been considered by many past works, going back to the 1970s [Mehra, 1974, 1976,
Goodwin and Payne, 1977, Jansson and Hjalmarsson, 2005, Gerencsér et al., 2007, 2009,
Gevers et al., 2009, Manchester, 2010, Katselis et al., 2012, Larsson et al., 2012, Hagg et al.,
2013]. These works, however, while providing a variety of different approaches to input design,
typically lack formal guarantees. As such, it has remained an open question what the optimal
achievable rate is for active identification of linear dynamical systems.

The results presented in this chapter are the first to answer this question, establishing
the optimal rate for LDS identification in the active setting, and proposing an algorithm

LAll results in this chapter can be easily extended to the case where B, is unknown as well—see Chapter 5
for an example of this.
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provably able to achieve this. Towards achieving this, the key technical contribution of this
chapter is a novel bound on the estimation error of A, when u; is chosen to be a periodic
input.

3.1 Preliminaries for Linear Dynamical Systems

Before stating our results, we provide several definitions and assumptions in the LDS setting.
Defining p(A) as the spectral radius of A—the magnitude of the largest magnitude eigenvalue
of A—we make the following assumption on our dynamics:

Assumption 3.1. Let © denote the set of all stable 6: © := {0 = (A, B) : p(A) < 1}. We
assume 0, € ©, for 0, = (A, By).

Assumption 3.1 ensures that, in the absence of control, our dynamics (3.0.1) do not
explode. While this assumption is somewhat restrictive, we note that the learning problem is
somewhat trivial in the case where the system is unstable, as the exploding state causes the
signal-to-noise ratio to increase exponentially.

We also restrict the set of inputs the agent is allowed to play during exploration to those
that have bounded power. Without this assumption, the agent may inject inputs of arbitrarily
large magnitude into the system, again producing an arbitrarily large signal-to-noise ratio.
More importantly, however, in real-world settings, arbitrarily large inputs are typically either
impossible to realize, or introduce significant safety concerns. Formally:

Definition 3.1.1 (Power-Constrained Policies). In the linear dynamical system setting, we
allow the agent to play all exploration policies 7 such that 7[>, u u,] < T2, for some
v > 0. We denote the set of all such policies as IL,..

The H.-norm of a system quantifies the maximum gain of the system (i.e. the maximum
amplification of an input), and is a fundamental quantity in the controls literature. We
denote the H,,-norm of a system with parameter A as:

Al = wl— A)7!
Al 2= mace (€1 = 4 oy

)

and, for § = (A, B), also define:

0 = “wI — A7 Bllop.
110]]34. wren[(%(ﬂ (e ) [[op
Throughout, we will define (., as

T
o i= o (L 1B A ) (Vs log 5 971 AB.).

In general the setting of T" and § will be clear from context when using (...



27

3.1.1 Least Squares Estimation

In this chapter our focus will be on the least squares estimator. Given some trajectory

T = (29, ug, T1, Uy, . .., ur, Tr+1) generated from (3.0.1), the least squares estimate of A, is
defined as:
T
A= argminZHth — Az, — Baugf3. (3.1.1)
A

t=1

By standard analysis, we can write A in closed form as A = (ZL zer] ) ray(wey — Boug) T
Thus,

A= A= Oz ) a(wi — Baw) T — Ay
= (Zthlxth;r)_lxt(A*xt + wt)T — A, (3.1.2)

= (ZtT:lxtxtT)ilItth-

Given this, we can bound the estimation error of A as

1A = Adllop = (i) e llop < Amin(Cimyzea]) ™2 ()™ 2wy [op -
Vv NV
(a) (0)

Our analysis relies on bounding each of these terms. To bound (b), we apply the following
now-standard self-normalized bound with z; < x; and 7, < w;,.

Proposition 3.1 (Abbasi-Yadkori et al. [2011], Sarkar and Rakhlin [2019]). Let (F;):2,
be a filtration, n; ~ N(0,0%1;), and (2)2, a R¥-valued stochastic process. Denote Vp :=
Zle xx] + Vo for some Vo = 0. Then with probability at least 1 —§, for all T > 1, we have:

e

-1/2 _ o, -
thlztm

1
< 0\/8 log 5 + 4log det(Vy Vgt + 1) + 8dlog 5.
p

O

In order to estimate A, as quickly as possible, the above decomposition then suggests
that we must choose our inputs to ensure that (a) is as small as possible—equivalently, that
the minimum eigenvalue of the covariates is as large as possible. The primary technical
challenge in our analysis comes from lower-bounding (a) when we are driving the system
(3.0.1) with some general input signal, u, and in showing that we can excite (3.0.1) with the
optimal input without perfect knowledge of A,. We present our solutions to these challenges
in Sections 3.2 and 3.3, but first provide some additional notation for the covariance matrices
and input signals.
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3.1.2 Frequency-Domain Representations and Covariance Matrices

We let bold vectors u = (u;)¥_; € C*¥ denote sequences of inputs. We say u is mean-zero if
S u; = 0, and denote the discrete-time Fourier transform (DFT) of u as:

2
= (i)}, = F(u) € CF™  where 1, = Zus exp ( s E) (3.1.3)

The mapping § is invertible, though in general §—! : Ct% — C!'*. However, if our frequency-
domain representation is symmetric, we have that the inverse DF'T is purely real.

Definition 3.1.2 (Symmetric Signal). We say that w = (u,)5_, € CF is symmetric if
1y = conj(ty_g) for £ < k and @y, is purely real, where conj(-) denotes the complex conjugate.

Fact 1. () is a vector with real coefficients if and only if @ is symmetric.

We now consider a convex relation of the outerproduct of this DFT. First, some prelim-
inaries. For a complex vector z € C? (resp. matrix A € C1*%) let 2" (resp. AM) denote
its Hermitian adjoint; i.e., the complex conjugate of its transpose. We denote the set of
Hermitian matrices as H? := {A € C™*? : A" = A}, and the set of positive-semidefinite
Hermitian matrices H? := {A € H: z2"Az > 0, Vz € C?}. Given u = (u,)5_, € C*, we
define its outerproduct as the sequence of complex-rank one Hermitian matrices, U = (U,)}_,,
defined by

uRu:=U= (Ug)lgzl, where U, = ﬂgﬂ? € H‘i.

We now define the following set, which relaxes outer products to matrix sequences of the
above form, with a total power constraint on their trace:

k
Uy = {U = Uy}, : U e HY, U is symmetric, Ztr(Ug) < k‘272} :

Critically, U2 is convex. We also define USQ,k to be the restriction of U2, to signals with
Uy = 0, corresponding to zero-mean signals. We generalize the definition of symmetric signals
here to matrices, defining it identically as we have defined symmetric vector signals. The
following class of sequences U are of particular importance.

Definition 3.1.3 (Rank One Relaxation). We say that U = {Uy : 1 < ¢ < k} € U2, is rank
one if there exists a vector @ € CF¥% such that U = 4 ® 1.

Lastly, we define a frequency-domain covariance operator defined on U € U2y, for
0= (A, B):

271'/ 271'/

A9, U) = A 'BUB (e F T — A)7H

T =
Mw
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t
Afj;?(e, U) = EAZ“‘(@, U).

We will overload notation, defining

for w = §'(a). The following result shows that A[°Y(f,u) corresponds to the steady-state
covariates of our system when an input w is played.

Proposition 3.2. Let U € U,z be rank one, with U = a4 ®w, & € C*. Let u = (u;)f_; =
§1(@). Define the extended inputs

ext ext ext
uily = (ug™ )i>1, where u™ = Umod(t,k) -

Finally, let z* denote the evolution of (3.0.1) when executing the input u$**, and with w, =0

for all t. Then

1 IAT0,U) = limy oo = 30y #%(2%) T = limpoy oo A AR, u™, 29).

2. Let k' > k be divisible by k. Let w' = (u®)*_,, and define the frequency domain

s Js=1
quantities

w = (i), =Fw), U=uou
Then Aj9(0,U") = X A0, U).

Noise-Augmented Covariances. We shall also study the covariance matrix that arises
from exciting the system with white noise of covariance A,, when the process noise has
covariance A,:

t—1 t—1
AP0, A,) =) A'AL(A*)T + > ABA,BT(A%)T.
s=0 s=0
We will overload notation and set
Agoise(e, Ou) 1= A;loise(e, ai[).
We also define

)\noise(au> = )\min(Ardl;)ise<6*a Uu))a )\noise = )\min(AS:ise(e*a 7/ V 2du))
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for 0, = (A,, B,). Note that
Anoise(o-u) = Amin (E [Idll';i; | Ug ~ N(O, 0’5]), s=0,... ,t})

so it follows that Apeise(0,) is the minimum eigenvalues of the covariates when we play isotropic
noise, and can be thought of as a measure of how easily the system can be excited.

Since the Fourier transform preserves Gaussianity, the relevant covariance matrices
become:

T
ss 1 re 1 noise
2.0.U.0,) = EAZ "0.U) + > AP0, 04),
t=1

AY(0,U,0,) = Ay (0,U,0,).

We will also overload notation and denote AP(A,U,0,) := AP((A,By),U,0,). If U is
rank one, then Proposition 3.2 implies that AT, (0,U,0,) corresponds to the expected
steady-state covariates of the noisy system when playing inputs U. If U is not rank one,
then A7 w(0,U,0,) corresponds to the expected steady-state covariates of the noisy system

when playing a sequence of inputs formed by decomposing U into rank one inputs, as in
Algorithm 3.2.

3.2 Learning with Periodic Inputs in Linear Dynamical Systems

The primary technical contribution of this chapter is the following result, which quantifies
the scaling of the covariates in a particular direction v when (3.0.1) is being driven by some
periodic input signal w = (u;)F_,, that is, when w is played repeatedly on (3.0.1).

Proposition 3.3. Consider any v € S* ! and let z;, evolve according to the dynamical system
(8.0.1) under mean-zero input w. Let Ty > 0 be a value large enough that, for any T > 0:

Tss+T+k 1
Z (ot — o7 ) — 0T AYA )| < EUTAZEQ(A*,'U,)U (3.2.1)
t=Tes+T+1
where T, = k ;pr;ﬂ xyt. Then we have that
Tss+T 2
2
P [ > (wa)? < <[ T/k]v TAfreq(A*,u)v] < emmilT/k, (3.2.2)
t:Tss+1

The proof of Proposition 3.3 is somewhat technical, and we defer it to Section 3.4. Given
this result and a careful union bound, we obtain our main lower bound on the covariates,

Zthlxt37th-
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Lemma 3.2.1. Let Ty be the time such that condition (3.2.1) in Proposition 3.3 is met for
allv € V, where

. 1
Y = {v € ST wTAYS(A, o,)v < EUTAgeq(A*,’U,)U} :
On the event that {3} xx] < TAr} for some Ar, as long as

_ 1
T>2T+c-k (dx + log det (A7 AP (A, u,0,)"") + log 5) ) (3.2.3)

we have that, with probability less than §:
T
Z xtxtT % c: TASkS<A*> u, Uu)'
t=1

By Lemma 3.2.1, Proposition 3.1, and our error decomposition of the least-squares
estimator in (3.1.2), we obtain the following result.

Theorem 3.1. Consider some mean-zero input u = (u)*_, with period k and satisfying
Zle uf u; < ky?. Consider playing w repeatedly on (3.0.1) for T steps, and let Ay denote
the least-squares estimator of A, as given in (3.1.1). Then, as long as

1 B 1
T > 2Yﬂ’ss _/\noise ) k7 ooT -k dml N /N 1 NG
> <1O (0),k, /B ) +c ( og Moo (0) + log 5)

we have that with probability at least 1 — 9

log % + d, log —/\mfs":(o)

A\ _A* o <C w .
H T || p > L0 \/T')\min(Ais(A*a'uﬁO))

We defer the full proof of this result to Section 3.4. Here, TSS(%/\noise(O), kB T) =

O(|| A7, - log Aifﬂ "(%)), which we show is a sufficiently large value to ensure that condition
(3.2.1) in Proposition 3.3 is met. Note, critically, the A$(A,,u,0) term in the denominator.
This term quantifies how the estimation error scales in terms of the interaction between
the input and the system—an input w which produces covariates with a larger minimum

eigenvalue will achieve a faster rate of estimation, according to Theorem 3.1.

3.3 Optimal Identification of Linear Dynamical Systems

The preceding section provides rates on estimating A, when a fized input w is played. In
order to identify A, as quickly as possible, we wish to first determine, and then play, the best
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input; that is, the input which achieves the fastest rate of estimation. From Theorem 3.1, we
see that we can minimize the estimation error by choosing an input that induces covariates
with the maximum possible minimum eigenvalue. The challenge, however, is that, since
the system parameters are unknown a priori, we do not know how a given input will excite
the system. Our algorithmic approach, given in Algorithm 3.1, adapts the input as more
information is gained to ensure the system is optimally excited.

Algorithm 3.1 Optimal Active LDS Identification
1: Input: Input power 72, initial epoch length Ciid, (Cinit € N)
2: Ty < Chnitdy, ko < Cinie, T < Tj
3: Run system for Ty steps with u; ~ AN(0, %I)
4: for 1 =1,2,3,... do
5: A;_1 < argmin, Zthl |21 — Axy — Bougl|3
T, Tp2, ki  ko2UW/4, T« T + 1T,
Compute input U; < arg maeruSZ/Mi Amin <Aij (Ai-1, U, \/Q%Tu))

-~

6:
7

8: (u)}:, « ConstructTimeInput(U;, T;/d,, k;)

9: Run system for 7; steps with u, = u} + ul, ul ~ N(0, %I)

Algorithm 3.1 proceeds in epochs, with epoch length increasing exponentially. At each
epoch it first obtains an estimate of A, using the data collected at previous epochs, then,
given this estimate, computes the inputs which will produce the covariates with the largest
minimum eigenvalue on the estimated system. After computing these inputs, it plays them
for the full epoch and the true system, and the process repeats. We see that Algorithm 3.1
plays inputs from the set U,z /5 ;,—that is, inputs with period k; at epoch i. As k; increases
with ¢, the inputs can be made increasingly expressive. We show that, for large enough k;,
the set U2 /5 ), contains an optimal input.

Computational Efficiency of Algorithm 3.1. Note that the set Z/{32 Jo.1 1S CONVEX, Amin (X))

~

is concave, and Ay (A4;-1,U, \/Z%Tu) is affine in U. It follows that the input optimization on
Line 7 is a convex optimization problem, and can therefore be efficiently solved by standard
SDP solvers. As this is the primary computational burden of Algorithm 3.1, we conclude
that Algorithm 3.1 is computationally efficient.

The ConstructTimeInput Subroutine. For the constraint set U2/, on the input design
problem of Line 7 to be convex, we allow our input set to contain inputs that are not rank
one. While this relaxation allows our input design problem to be efficiently solved, for a given
U € U,25, that is not rank one, it is not clear if U can be implemented in the time domain.
Indeed, Proposition 3.2 shows that, if U is rank one, there exists some time domain input
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u = (u)F_, such that
1Afreq(H U)= lim — E zy
]{} k ’ T—>oo

which implies that we can approximately realize the response covariates A7, (0,U, v/ V2d,)
in the time domain, but this relationship no longer holds if U is not rank one. To remedy
this, we propose the following procedure, which decomposes an arbitrary, not necessarily rank
one, input U into a sequence of inputs that can be realized in the time domain.

Algorithm 3.2 ConstructTimeInput(U,T\ k)

1: Denote eigendecompositions U, = Z;lil )\g,jw,jvzj, (=1,.... kU eU
2:u,=0€R% fort=1,...,d,T

3 forj=1,...,d, do

4: ﬁgJ — du)\&jvaj fort=1,...,k

5 forn=1,...,T/k do

6 UG—1)T+(n—1)k+1) - - s Y(j—1)T+nk S_l(ﬂl,j, - ,ftlw-)

7: return uq, ..., uq,

As the following result shows, ConstructTimeInput produces a time domain input which
realizes the response covariates Ageq(ﬁ, U) for arbitrary U.

Proposition 3.4. Let U € U2, not necessarily rank one. Let w,, = (u) ™™ denote the

time-domain input returned by calling ConstructTimeInput(U,mk, k) with m an integer.
Then

dymk
1 freq 3 1 N Um (o Um T
EAk 0.U) = mlgréo dymk ; ' (@)

and, furthermore, the input satisfies f“Tk u)uy < dymky?, where here ¥ denotes the

response of the noiseless dynamical system to input u.

Note that the power constraint on the time-domain realization of U given in Proposi-
tion 3.4 ensures that the inputs played by Algorithm 3.1 live in II,2, thus satisfying the power
constraint given in Definition 3.1.1.
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3.3.1 Active Identification of Linear Dynamical Systems

Let:

*
)\min

=limsup sup Amin(AL(As,U,0)).

k—oc0 UGU,YQ’;C

That is, A%, denotes the largest achievable steady-state minimum eigenvalue on (3.0.1), given

min

that we are playing inputs in the set {42 . We then have the following result.
Theorem 3.2. Assume that

1 1
2 poly (202 Al Bl - log 5 ).
noise

Then with probability at least 1 — &, the estimate Ap produced after T steps of running
Algorithm 3.1 satisfies:

n 1 1/0 dccl 00 )\noise 1
||AT—A*HopsC-aw\/0g S T A

min

and, furthermore, the inputs (u;)L_, played by Algorithm 3.1 satisfy 31—, Bluu,] < T

Theorem 3.2 states that Algorithm 3.1 estimates A, at a rate which scales with A%, ,
the best possible minimum eigenvalue achievable under the desired input power constraint.
The proof of Theorem 3.2 is given in Section 3.5. While Theorem 3.2 achieves a rate scaling
with A}, we have not yet shown that this is necessary. We next show that this is indeed the
case—the rate of estimating A, is fundamentally limited by A*, . Towards formalizing this,

we introduce the following definition.

Definition 3.3.1 ((e, §)-Locally-Stable Algorithm). We call an algorithm (¢, ¢)-locally-stable
in A if there exists a finite time 7,5 such that for all ¢ > T.5 and all A’ € B(A, 3¢): PA'[|| 4, —
A'lly < €] > 1 — 6, where here P4 is the measure induced when the true matrix is A’
B(A,3¢) := {A € R : ||A—A'||op < 3¢}, and A, is the estimate obtained by the algorithm
after ¢ observations

Intuitively, a decision rule is (¢, d)-locally stable in A if, for every A’ “near” A, our decision

~

rule is able to produce an estimate A; close to A'—that is, for each A’, it can correctly solve
the estimation problem. We then have the following result.

Theorem 3.3. For any algorithm (e, §)-locally-stable in A, and which plays inputs in 11z,
as long as €,8 satisfy % -log 5 > poly(dy, du, || Axlle, || Bellops 57—> 7% 05), we must have:

w

1 o2 1
T, > cJw .
0= N 322 %0

min
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Rearranging Theorem 3.2, we see that to ensure ||//1\T — A, |lop < € with probability at
least 1 — ¢, it suffices if

C 2 1
T>— 2% (log = + d,log(Bse/Mnoise + 1) | -
)\:ﬂin 62 5
Thus, for small enough §, Theorem 3.2 requires only that 7" > /\9 ‘:—z” log % in order to produce

an e-good estimate of A,, which, up to constants, precisely matches the rate of Theorem 3.3.
Therefore, for small enough 0 and goal tolerance ¢, Theorem 3.2 and therefore Algorithm 3.1
are unimprovable. Note that this optimality holds in a very strong instance-dependent sense.
For any system (A,, B,) satisfying Assumption 3.1, Theorem 3.3 provides a lower bound on
the sample complexity required to estimate A, up to tolerance €, and Theorem 3.2 matches
this complexity.

3.3.2 Interpreting the Results

Does active system identification yield an improvement over passive identification? To answer
this question, we consider the system with A, = VI'V'T for orthogonal V, real, diagonal I > 0,
and B, = I. Denote the eigenvalues of A, as 1 > Ay > Xy > ... > Agand A = [\, Mg, ..., Ag]-
For simplicity assume that 2/d, > 02. The following result compares the performance of
Algorithm 3.1 with two approaches which rely on random noise to excite the system.

Corollary 3.4. Assume that ¢ is chosen so that log% 2 dy. Then for € small enough,
Algorithm 3.1 will obtain an estimate Ar satisfying ||Ar — Ayllop < € with probability at least

1—29¢ for
T 1= A3 of 1
O ( 72 = . 62 N 1()g .

In contrast, to achieve ||//1\T — Ayllop < € with probability 1 — 0 playing input uy ~ N (0, %]),
we must have

d$|1—/\d| 0'120 1

and if playing u, ~ N(0,X) for the optimal ¥ ensuring our inputs are in IL2, we must have
[ P 1
TEQ( " .6_2.10g5 ‘

From Corollary 3.4, we see that active identification can indeed yield a significant
improvement over approaches which are passive, or excite the system with only noise. Indeed,
consider the case when \; = 1 — 1/d,. Then [[1 — X||3 = 7, while d,[1 — A = [|[1 = A, = 1,
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so Algorithm 3.1 will yield an improvement of a factor of the dimensionality as compared
to passive approaches, or approaches which only excite the system via random noise (even
the optimal choice of random noise). Note that these approaches would still yield “persistent
excitation”, ensuring that all modes of the system are excited throughout the trajectory.
However, this result shows that, while persistent excitation may be sufficient for learning, it
can be far from optimal, and that to achieve the optimal rate we must instead tune our input
to optimally excite the system.

3.4 Proof of Theorem 3.1

We now prove Theorem 3.1, our main estimation error bound. We start with some additional
notation. Throughout this section we will consider inputs w = (u;)*= of period k. For t > k,
we overload notation and let u; := Umoqq,k). We will sometimes break up the state into the
portion driven by the input w, z}*, and the portion driven by the noise, z;”. In particular, we
have

u u w w
i = Ay + By, 1, = A 4w

Due to linearity, x; = z} 4+ x}°. We let 2% denote the steady-state response. That
is, %% = lim;_,e x;hmod(t?k), the response of (3.0.1) to playing w once the system has
fully mixed and forgotten the initial condition. Unless otherwise noted, we assume that u
satisfies the power constraint Zle u uy < ky?. Note that, by Parseval’s Theorem, we have
AFY(A, u) = S0 o ()T, Furthermore, we have o = 2™ + Al (zg — 23™), for g
the initial state of (3.0.1) (when it is non-zero).

To control the transient behavior of (3.0.1), let:
7(A, p) 1= sup{| A¥]lopp* : ks > O},

7(A, p) is therefore the smallest value such that ||A*||,, < 7(A, p)p” for all k, and controls
the rate at which the system “forgets”. We will define

U 2 Al [ Asllop A, B*].

Py 1= max < —, , TR =T g*,p* for A, := [
{2 1+2|\A*||HmuA*Hop} (4 0 0

The following result relates 7, and ﬁ to || Asll#., and || Byllop, Which will aid in simplifying
our results.

Lemma 3.4.1. The following upper bounds hold:

<2+ 20AdfRs 7 < 200+ 20 Bullop) | Al

*
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For initial state o not necessarily zero, we define

Ry Tl [ Al #100 l| Bllop (1 + HJJOHz)) _
C(l - p*)

We have the following expanded version of Theorem 3.1.

c
Ts(C, K, ||lzoll2) = T—, log ( (3.4.1)

Theorem 3.5. Consider some set of inputs (u;)%_;, such that each w; has period k and
satisfies the power constraint Zle uiT,tuiyt < kv%. Assume that we start from some initial
state xy and play input wy for T/p steps, then uy for T/p steps, and so on, combined with
input noise distributed as N'(0,02 - I). Then on the event

£ = {ZtT:lxtxtT =< T_/_XT},

and as long as

T 1 - _
2, <E)\noise(au), k, ,/T||AT||OP) tek (dw + log det (Ar/ Moise () + 1og§) , (3.4.2)

we have that with probability at least 1 — 9

log % —+ log det(AT/Anoise(gu) + [) + dx
T Auin(AP(ALL U, 0,))

1A = Aullop < C%\/

1P -
whereU.—E g U @ ;.

Note that Theorem 3.1 is a directly corollary of this bound in the case when p = 1.

Proof of Theorem 3.5. First define the following events:

log 3 + log det (Ar/Anoise(0u) + 1) + d
T- )\min(Ais(Ah U; O-u))

A= A= Ay < caw\/

T
£ = {thxj - clTAS,f(A*,U,au)}

t=1
Ti/p

T
Eii= > ma) ma—AP(ALune) . i=1,...,p,
t=T(—1)/p p
T -1/2 p 1
Ey = .z, T, <caw\/lo — +d, + logdet(Ar/ Moise () + I
2 (;tt> tzltt > G g5 gdet(Ar/ (o) )

op
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Our goal now is to bound P[A°N &]. To achieve this, we aim to show that each of &, &,
and & hold with high probability, and that on these events A must hold. We have:

PANE <PANENE NE+PIENE NE]+PIENE].

Note that on &, we can bound ||z¢||2 < v/T||Ar]op for all t. By Lemma A.1.1, the burn-in

condition required by Lemma 3.2.1 will then be met when playing input w; if

T re A A ss -
; > Ivnezli}}f 2T (kaUTAZ YA, u)v, k, \/T||AT||Op) + ck (d;E + log det(ArA$ (A, u;, 0,) ") + log %) ,

for V; as defined in Lemma 3.2.1, with respect to input ;. By definition of V;, for each v € V;
we have %UTAZeq(A*a 'U/Z‘)U Z UT{‘EOise(A*a UU)U Z )\noise(o-u)a SO Tss(%)Anoise(o-u)a ku V THATHop) Z
Tss(ﬁvTAgeq(A*, w)v, k, /T||Ar|op). Furthermore, we have A3*(A,, w;, 04) = Anoise(0w) - 1.
Together, this implies that the burn-in condition required by Lemma 3.2.1 will be met if

T 1 ~ . )
Lsor, <—)\noise(0u), k. ,/THATHOP) Yook (dm + 1og det(Ar /oo (7)) + log 5) .

P 10

As this is precisely the condition required by (3.4.2), by Lemma 3.2.1 it follows that P[ENET ;] <
¢ /p. Union bounding over all ¢, we have that P[€ N (U]_,Ef;)] < 6. Note that, by definition
of U, we have

1 p
AFYA, U, 0,) = ; D AR AL u,04),
i=1
which implies that AP(A,,U,0,) = % P AP(A,,u;,0,). Thus, on NY_ & ;, we have
S ma] = o TAP(A,, U, 0,). Tt follows that & holds on N2_ &, ;, so P[E N &S] < 6.
By Proposition 3.1 and since A$*(A,, U, 0,) = Anoise(0w) I, we have that P[ENE NES] < 4.

By the error decomposition of the least-squares estimator given in (3.1.2), we see that
PlA°NENE NE] =0. The result then follows after rescaling d. O

3.4.1 Lower Bounding Minimum Eigenvalue of Covariates

The key piece in proving Theorem 3.5 is a high-probability lower bound on the covariates
when playing a periodic input. Our main lower bound is encapsulated in Lemma 3.2.1, which
is itself a consequence of Proposition 3.3. We prove these results in this section.

Proof of Lemma 3.2.1. The proof of this follows Simchowitz et al. [2018] closely but replacing
Proposition 2.5 of Simchowitz et al. [2018] with our Proposition 3.3.

Let F; denote the filtration generated by (3.0.1) for noise and inputs up to ¢t. Take some
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s > 0, then: .

0 @y | Fos m N (0T Alzg + 02 v T AR (A,, 0, )0)
Given this, we have that x4, satisfies the (2k, A}**°(A,,0,),3/20)-BMSB condition, as
defined in Simchowitz et al. [2018| (see Proposition 3.1 of Simchowitz et al. [2018] for a

justification of this). We can then apply Proposition 2.5 of Simchowitz et al. [2018] to get
that, for any v € S 1

T
noise __9
e[S s ] s

This further implies that

T
J noise Tbs
P [;(vmp < ook T 0T A (A*,UU)U] < ool T

By Proposition 3.3, for v € V, we have that

T T

2 2

P [§ :<UTxt>2 < gLTkTSSJUTAZeq(A*7u>v] < P [ E :(UTxt)Z < gLT;TSSJUTAZeq(A*’ u>U]
t=1 t=Tss

I/\
Oo‘w
—
a
[

We see then that, for v € V,

T
{Zwm < shoh 5= JoT AT, >}

t=1

0 {ZMV < ét%JvTAzeq<A*,u>v}]

T
P [Z(v%)? < g | 52 TAZS(A*,u,aww] <P

t=1

—_

T
P [Z(vTxt)Q < 6400k3LT T°SJ TAZS(A*,u,au)v]

1
d 9
< T T—Ts |,,T A noise
<P [ g (v xt —3200k:L |v' A} (A*,O'u)l)]
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<e 6400|-T TSSJ‘

Following the proof of Theorem 2.4 of Simchowitz et al. [2018], let T be a 1/4-net in the norm
TArof {v : kaT_kTSSJvTAif(A*_, u,0,)v = 1}. By Lemma D.1 of Simchowitz et al. [2018],
we have that |T] < c¢-d+ logdet(ArA$(A,,u,0,)"'). Then by Lemma 4.1 of Simchowitz
et al. [2018] we have:

T T
P [Z nr) o —— 12800 AR JUTAZS(A*,U,,UU)U,;IM: < TAr

t=1

~

T
9 _
<P|3ve . T <—k} T-Ts TAss ‘/4*7 L0V, T_<TA
< [v T ;(U ) 6400L | o ( ua)v;xtxt_ T

9 T-Tss _
< 2Zexp <—% + ¢~ dy, +logdet(ArAP (A, u, O'u)_l)>

(a) 27(T — Ty
< 2exp (—g

. A ss ~1
sscoon ¢ e +logdet(ArAT (A u, ) >>

(0)
<9

where (a) holds so long as T > Ty + 4k, which will be true by (3.2.3), and (b) holds by (3.2.3).
Finally, if T > Ty + 4k and (3.2.3) holds, we have k|T=Es| > ¢ T, which completes the
result. ]
Proof of Proposition 3.3. Denote a :=vT AF*Y(A,, u)v = S50 (v 1*)2. Let
Rt = UT@"TSSH = UT(fEiﬁsH T ), M= UTJ?%/L;SH - UTfiIL“ssﬂ(t—n/ka:k-

Note that Zle tik+: = 0 for any j > 0, and that 1, is a deterministic quantity. Also define

k k

Bj =1 [Z ]k+z 2 Zﬂgk+z]
i=1 -1

for some ¢; to be specified. Then 375 | 2%, > <cl S /L?k+i) Bj. Let S = |T/k| and ¢, be
some constant to be specified. Our goal is to bound P [23:1 22 < ¢ Zthl ,u?] First,

T T
P[Scayi] <v
t=1 t=1

S—1 k
(cl Z“ﬂm) B; < ¢, Z“t] (3.4.3)

§=0 i=1
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T 5-1 k
< /i\n%exp {—/\CQZM?}E exp {)\ (CIZN?kH) BJ}
<
t=1 j:0 =1

where the last inequality is simply Chernoft’s bound. Next, let F; denote the o-field generated
by wo, ..., wr, k. We have that:

M k k
BB B[S 2> 0> i | fj]
| i=1 =1

[k k
_ T _w T=u 2 2
=P E (Mjk_i,-i TV Tr gy TV szs+jk) > § okt | ]:J]

[ i=1 =1

k i-1 2 k
o T i—s—1 T A7 w T=u 2
=P E Mijk+i + U E AT wr s tv AL U TR L | 2= a E Wikvi | Fi

=1 s=0 i=1

where the last equality follows since

i—1

w _ AW i—s—1 )
TP ik = AT et E AT W jhys
s=0

o . T Z w T_u . . . . .
Note that, conditioned on Fj, v’ Ajx ., and v’ Z7, , ;4 are deterministic. Further, since w; is

mean 0, v’ Zizo A5 g gy will simply be a linear combination of mean 0 Gaussians and
so will itself be a mean 0 Gaussian. This implies that Plv” S>'—p A7 lwr s > 0] = 1/2.

Since we have constructed j; in such a way as to be mean zero over a block of length £,
for any fixed a:

k k k k k
Z(Mjk+i +a)? = Z [y +a Z fjksi +a° = Z [ +a® > Z [k i
i=1 i=1 i=1 i=1 i=1
In particular then
k k
Z(Njk—l—i + UTAZ*x%s-s-jk + UTE%SSHk)Q | Fi = ZM?k+i | F5, (3.4.4)
i=1 i=1

which implies

k i-1 2 k
T i—s—1 T At _w T=u 2
P E Hjk+i + U E A W4 jk+s T U A*“?Tssﬂk TV I | Z2a E :Njkﬂ | Fj
=1

=1 s=0
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k i—1 2
T i—s—1 T p1 _w T=u
> P E Wi + U E AT wr s U ALTT e U T g
] s=0

k
T At w T=u 2
> E (Hjkri + v A*szerjk—i_U xTSSﬂ'k) “FJ]
i=1

i—1

T § i—s—1
H’]k-‘rl + v A* wTss+jk+5
s=0

k
> |

7

T At w T=u 2
(Njk+i+v A*szs+jk+v $Tss+jk) I[[
1

T At w T=u T At w T=u
+v Ay e v szs+jk‘ 2 ‘“J‘kﬂ' + v Ay e v szs+jk|]

k

> Z(Mjk—i—i +ol Al ot Th ) fj]
i=1

@ 1/2 —C1 '

- 1- C1

Here the last inequality follows by a reverse Markov inequality which states that, for any

random variable Z supported in [0, 1] almost surely and with E[Z] > p € (0,1), for all

t € [0,p], P[Z > t] > =% [Simchowitz et al., 2018]. Noting that, since the noise is 0 mean

Gaussian, we have

i—1
pikri + 0T > AT T w0 AL

s=0
5
i—1

T i—s—1 T gt w
Mik+i TV E Al W tjkts + 0 ALTy Ly
s=0

k
T gt w T-u 2
—1

(2

T-u T A1 w T-u
tv ZETSSHk‘ > ‘“J’kﬂ'"'“ Ay gt szs+jk‘

k
1=

T At w T=u 2
(Hjis + v Axr g+ v $Tss+jk) P[
1

T=u T At ,w T=u
+0 T TE | > |+ 0T AT+ 0T T |]:j]

k
1 ) 2

o o T A1 w T-u

=5 E :(Hakﬂ +ol A o T )

=1

From this (a) follows by simple manipulations. Since we can choose ¢; as we wish, we set it
equal to ¢; = 1/4 and conclude that

E[B; | Fj] =

W =
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Returning to (3.4.3), we can now use this result to bound the expectation. Note that by the
tower property of conditional expectation we have

5-2

2

Jj=0

- {

5—1 k
E |exp {)\Z <01 Z'u?kﬂ‘) B]}

k

(Cl ) u?/m) }

i=1

S () alin ]

exp (clz,us Mﬂ) Bs_ 1} | Fs— 1”

Then by what we just proved and applying Hoeffding’s Lemma, since A < 0, we have

E

k
exp {A (Cl Z“?snm) BS—I} | Fs—1
=1

A& g 2
< exp 3 (Cl ZN?Sl)kJri) + ) <Cl Z /“‘%Sl)kﬂ‘)
=1 =1

Repeating this procedure condition on each F;, we get

S—1

exp {

and so

Jj=0

= infexp ¢ A

A<0

(a)
< exp

p

\

)

T T
P [sz < @Zuf] < irigexp{ )\CQZut}
t=1 t=1

S—1 9 S—1

A
8

< exp

wl >

k 2
(Cl Z :U’?k—&—i)

=1

k
(Cl Z M?lm—i)

3=0 i=1

-1 S—1

[\

S
8

2
(Cl Z M?k—&-z)

=1

2
/\
3 (Cl Z /’Lj2k‘+l>

i=1

k
(zu)
Jj= =1

S—1

(3-)

Jj=0

2((3 @) Ty Sb 1H]k+z>2
> (Cl > M?k+i>2
(ST
o ()

S—1

(2] 355

=

where (a) follows from choosing the optimal A < 0 (and assuming ¢, chosen such that
c1/3 — ¢y is positive), and (b) uses constant C' = 2(c;/3 — ¢3)?/c}. By (3.2.1), we have that
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Zle 5 = @+ ay for some |oy] < /10, Thus:

exp s —C

2 91 2)
(S S k) (S5m o+ ay)
S—1 [k 2P S9N+ ay)?
> izo <Zi:1 M?k—i—i) j=0\* T

(35 9/100)
S (11/10)202

\ Vs

1
= exp {—C%S}

where the inequality holds from maximizing this expression over «;. Recalling that S = |T/k|,

we conclude that
P E 2’2 < E “2\ < exXp —|T/k
— t — C2 — t = { 0121 L / J}

[t remains then to write this in form of (3.2.2). Plugging in our definitions of u; and z;, we
have that the above is equivalent to

<exp{ —C

[ Tys+T T
P Z (vTa:t)2§022(vTx¥S i UTj%ss+Lt/k71Jk:k)2 <e —C | T/k)
Lt=Tss+1 t=1
[ Tt \T/k |k
Lrl Y @) <2 ()| < e
t=Tss+1 t=1
- T
L op D (w'm)? < ;LT/k JUTAgeq(A*,u)U] < o~ CirT/K]
t=1

where (a) holds by our assumption on the power (3.2.1) and (b) follows by Parseval’s Theorem.
Choosing ¢ to balance the constants, we get that

Tss"!‘T 2 )
P> 0T < o Tk TAWA*,U)] < eI,

t:Tss"!‘1

which completes the proof. O

3.5 Proof of Theorem 3.2

We now prove the main theorem of this chapter, Theorem 3.2. Given Theorem 3.5, our main
task is showing that the inputs played by Algorithm 3.1 are approximately optimal; that is,
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they approximately maximize the minimum eigenvalue of the covariates on the true system.
Fix an epoch ¢ and let T = Z;.:OT}. Note that, by the definition of T;, we will have
T, = %(T + To). Similarly, T, = i(T + Tp). Define the following events:

~ log 1/ + d, 108(Boo / Anoise + 1
gl - {HAZ—I - A*“op S Caw\/ & / g(ﬂ / ) =: 6op,i—l}

ﬂ—l /\noise

. log 1/3 + d; 10g(Boo/ Anoise + 1)
g - Az - A* o S CO'w _
2 {H lop \/ T; - Amin (A (AL, U, \/;Tu))

E; = {thxj jTﬁoo-[}.

t=1

Events & hold. The following result shows that Algorithm 3.1 is an instance of a sequential
open-loop policy, denoted as Hi%l.

Lemma 3.5.1. Algorithm 3.1 is in Hi%l with 0, = —4— and n = O(log T').

The definition of a sequential open-loop policy is deferred to Chapter 5, but in essence it
allows us to obtain a bound on estimation error of A;_; in the form given in &;. In particular,
by Lemma 5.4.1, Lemma 3.5.1 implies that Algorithm 3.1 satisfies Assumption 4.4 with

Tse = Cld:c(<d:v + du) log(ﬁoo/)\noise + 1) + lOg %)7 A = 02)\noise7 AT = 500 - 1.

Thus, as long as T' > Ty, we will have that with probability at least 1 —0, Apnin (X7) > c2Anoise ]’
and Zthl zyx] < TBsl. We can therefore apply Lemma C.3.2, our operator norm estimation
bound, to get that P[Ef U &S] < 24.

By Theorem 3.5 and given the form of the input returned by calling ConstructTimeInput
on Uj;, on the event &3 and since Ajoige = )\noise(ﬂ%Tu) by definition, as long as

T; 1 T
d_z Z 2T‘ss (E)\noisea kia V ﬁooT) +c- kz (dm 10g )\& + 1Og %)

we have that P[&;] < §. Note that k; < Til/ 4 by construction, and furthermore that Ty
increases monotonically in k;. We see then that this condition is implied by

1 43 TBs d,\"?
T’i > 2duT'ss E)\noise; T? V BOOT + Cdu : dx lOg =+ IOg F .

)\noise
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Using the definition of Ty given in (3.4.1), we can bound

’75007*||A*||Hoo ||B*||opT)
)\noise(l - p*)

1
Tss )\noise7 T7 BOOT S ‘ ' log
10 1 — py

Altogether, then, it suffices that

c-d, VBooTell Al | BellopT ’ T8 d.\""*
T, > —2% .1 > d*3 . d, 1 log —2 . (3.5.1
1 - Px o8 ( )\noise(au)(l - P*) e “ °8 )\noise * °8 6 ( )

Optimality of Inputs. We next wish to show that the inputs played at round i are nearly
optimal. The following result provides a bound on the suboptimaliy of the inputs obtained
on some A, assuming A is suffficiently close to A,.

Lemma 3.5.2. Assume that || A — Ayllop < € for

1 —ps 1 1 (1—p.)? L —ps }
T A PHANGNBAE, o + oallBull, " o3l BillopT?

€§C~min{

and that

[0ull27® 1 } > c ous + ourZ || Bl
kZCmaX{ = N ANF N Bsllop + — - log 2.
Ancise(0u) " [0l e Pol-p. Anoise (0u) (1 = p3)

Then, for any k > d,, we have

1 ~ . 1 1 i
Amin <EA£“Q(A*, U) + AEO‘SG(A*,au)) >~ max A (EAfjeq(A*, U) + AEO‘SG(A*,0)>

for U = arg HwLxUGL,S2 . )\min(%AfjW(ﬁ, U)+ Azoise(A\’ o).

By Lemma 3.5.2 and given that U; is formed identically to U in Lemma 3.5.2 with
A+ A;_1, on the event & and as long as T;_; is large enough that

fl=—po 1 1 (1—p.)? 1 —ps }
€ i—1 S C - min { ) ) ) ) (352>
v To A YVIANG N B, 02 + 02| Bll2,” 02| ByllopT?
and
167|0 2 T 1 2(o0 12 4+ oor?|| B.ll2,)
b max{ 10|34y 7 } AN Bellop + 57— - log ( 12+ Lop ) ,
/\noise(Uu) 2“9*”7-[00 2(1 P*) )‘noise<UU>(1 10*)

(3.5.3)
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we will have that

ss 1 ss
)\min(Aki( x5y Uiy m)) > g : Z/?J}Qik/\mm(A (A*a U, ))

for any k > d,. It follows that, if (3.5.3) and (3.5.3) hold:

—_

. Ss L0 - Ss I *
Amin (A% (A, Us, \/E)) > thUPUglL?X Amin (AT (A, U,0)) = 3 “ Ain-

oo

k—o0

Thus, on the event & and if (3.5.3) and (3.5.3) hold:

~ log1/6 + d; 10g(Boo/ Anoise + 1)
Ai - A* o S ' .
|| || P C \/ A?mn . TWZ
To complete the proof, it suffices that we ensure i is large enough that (3.5.1), (3.5.3),
and (3.5.3) hold. Recall that Algorithm 3.1 uses T} = Ciyd,2" and k; = Ciyii 24, We then
have that

init T1/4 > C1n1t21/4 >k > Cinit21/471 — ﬂj}l/ll
P 2y

and T; > T'/2. Tt follows that all above conditions will be met as long as

1 1 1
T > pol 2 02 |lA, B lop, sy ——, ——,log =] .
= poly (7 » Ow» H ||7‘[o<>7 || || Dy T 1 _p*u )\noise7 0g 5)

Finally, we apply Lemma 5.3.1 to bound 7, = - < poly (|| Ax[l#, | Billop). The bound on

HAl A, ||op follows. The bound on the input power used by Algorithm 3.1 follows from the
following result.

Lemma 3.5.3. Running Algorithm 3.1, we will have £ 31 Elulu,] < 42.
Proof. By Proposition 3.4, we have that >/, ()T < T;7%/2. Thus,
T, T, T,
D EBlufw] <Ty?/2+ Y El(w) uf] = T*/2+ ) 7°/2 =Ty
=1 =1 =1

Thus, the average expected input power for a given epoch is bounded by ~2. It follows then
that, after running for ¢ epochs,

T ‘ '
% Z_:E[uZut] = %Z ZE[UZjUt,j] < %ZTJ"Y2 =7’



where the last equality follows since, by definition, 7' = Z;Zl T;.
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Chapter 4

Certainty Equivalent Decision Making

In the previous chapter, we considered the problem of identifying A, in a linear dynamical
system. While some applications may call for learning a uniformly good estimate of A,, in
many applications, we want to identify the unknown parameters of our system for a specific
purpose—for example, we may wish to obtain a controller which can steer our system to
track a desired trajectory. In such settings, while we could learn A, uniformly well and then
use our knowledge of A, to design an effective controller, it may be more effective to focus
on learning only the portions of A, that are relevant for control. In other words, we want
to explore in a task-dependent manner, focusing our exploration on the parameters of A,
relevant for our task.

In this chapter we lay the groundwork for a general theory of task-dependent exploration,
formalizing the setting presented in Section 1.1 for arbitrary smooth losses. We consider an
observation model somewhat more general than the linear dynamical system setting, and
assume that we have observations of the form:

ye = 0., 2) +wy, wy | Fooy ~N(0,02),  z is F_i-adapted, (4.0.1)

for 0, € R%, a filtration (F;);>1, and scalar observations y;. We allow the distribution
of the covariates z; to be arbitrary: for example, there may be some function f(...) of
appropriate shape such that z, = f(t, 2141, Y1.0-1, W1, U1, 04), for inputs of our choosing
uy.;. We emphasize the generality of this observation model: (4.0.1) encompasses essentially
any setting where we obtain linear observations of the parameter of interest. Indeed, beyond
standard linear regression, this setting encompasses linear dynamical systems (as we show in
Chapter 5), as well as more general nonlinear systems (Chapter 6).

Our goal in this setting is to learn some decision a € R% minimizing some loss Jp, (a) :
R?% — R. For example, a may correspond to the parameters of a controller, and Jp, (a) the
trajectory tracking error on the system with parameter 6, achieved by playing controller a.
In general we assume we do not know 6, a priori, and to find a decision a minimizing Jp, (a),
must estimate relevant features of 6,. To this end, we consider the following interaction
protocol.

Task-Specific Pure Exploration Problem. The learner’s behavior is specified by an
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exploration policy Texp @ (1.4, U1:4—1) — u; and decision rule dec executed in the dynamics
(4.0.1) as follows:

1. For steps t = 1,...,T, the learner executes me, and collects a trajectory T =
(Y1:7, 21:7, ur.r), With inputs uy.p satisfying the constraint B, [Zthl lue||3] < TH2

2. The learner proposes a decision @ = dec(T) as a function of .

3. The learner suffers loss Jp, (a).

Recall from Chapter 3 that we denote all exploration policies satisfying Er., [Zthl lluel|3] <
T~ as IL2. The focus of this chapter is on learning with a fized exploration policy Tex,—our
goal is to characterize the optimal decision rule dec given data generated by playing ey, on
(4.0.1).

Martingale Decision Making. Define the excess risk function induced by our loss as:
R(a;0,) := To, (a) — inf Tp, (o),
and the plug-in optimal decision as:

Aopt (0) := argmin R(a; 0).

a

That is, agpt(f) denotes the optimal decision on the model with parameter ¢. In order to
ensure decision making is tractable, we require that the excess risk function R(+;-), and the
plug-in optimal decision a,;(#) are smooth in a certain sense:

Assumption 4.1 (Smooth Decision Making). There ezist rquaa(6x) > 0 and constants pn > 0,
Lai, Lri, 1 € {1,2,3}, and Lyess such that for any 6 and a satisfying

He - 9*”2 S Tquad(e*)a ||Cl - aopt(e*)HQ S Laquuad(e*)a (402)

the following conditions hold:

e The optimal action aqu(0) is unique, and moreover, there is a parameter jn such that
R(da;0) > Llla" — aope(0)|[3 for all o' € R (not restricted to o satisfying (4.0.2)).

o [IVaR(a;0)lop < L, [[VER(a;0)llop < Lz, and [[ViR(a;0)[lop < Lrs.

o [[Votopi(Dllop < Lar, [VEaopt(0)llop < Laz, and [[Viaos(0)[8,8,8]llep < Las for all
§ € R% with ||5]] = 1.

o V2R(a;0) is Lipschitz in 0 with Lipschitz constant Lyegs.
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We also define:
1
Lquad = E(LR3L§1 + 3LR2La2La1 + LRlLa3)a LH = 6Lquad + LR2Lu1 + Lhesngl- (403>

We are now ready to formally define our general decision making setting.

Definition 4.0.1 (Martingale Decision Making (MDM)). Assume our excess risk R(a;6,)
satisfies Assumption 4.1, our observations are generated by (4.0.1), and we follow the task-
specific pure exploration protocol stated above. Then we call the problem of choosing a
decision @ to minimize R(a;6,) martingale decision making (MDM).

We emphasize the generality of this set of decision making problems. While we will show
that the LQR falls within the MDM setting, many other decision making problems can be
cast as an instance of MDM. For example, linear experiment design:

Example 4.0.1 (Linear Experimental Design). Assume that we may choose z; as we wish
n (4.0.1), then this is the standard linear regression setting, and our framework therefore
encompasses optimal linear experiment design in arbitrary smooth losses [Pukelsheim, 2006].
For example, with our decision a < 6, we may consider the A-optimal objective Jp, (0) =
|60 — 0.]]3; for some M = 0. Alternatively, we could minimize the negative log-likelihood
relative to some reference distribution v so that Jp, (0) = Ezy~p(|z,0.)[— log(P(Y|Z,0))]
where P(Y'|Z,0) is the likelihood of observations such that y; ~ p(-|z, 6,) [Chaudhuri and
Mykland, 1993, Chaudhuri et al., 2015, Pronzato and Péazman, 2013]. Non-smooth G-
optimal-like objectives such as Jp, (0) = max,cx(z,0 — 0,)? for some finite set X C R%
can be captured in our framework by using an approximate smoothed objective such as

Jo,(0) = 1 log <er){€ (@,0-0x) ) for large \.

Certainty Equivalence Decision Rule. We are particularly interested in the certainty
equivalence decision rule [Theil, 1957, Simon, 1956]. Given a trajectory T = (y1.7, 21.7, U1.7),
the least squares estimator of 6, is

le = argmlnz e — (0, 2:) 13-

We then define the certainty equivalence decision rule as follows.

Definition 4.0.2 (Certainty Equivalence Decision Rule). The certainty equivalence decision
rule selects the optimal decision for the least-squares estimate of the dynamics: ce(t) :=

Aopt (015(T)).

4.1 Upper and Lower Bounds on Martingale Decision Making

Our goal is to obtain upper and lower bounds on decision making in the MDM setting. The
key insight that lets us obtain such bounds is that, in our smooth decision making setting,
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the problem of learning a good decision can be reduced to estimation of 8, in a particular,
task-dependent norm. Given this reduction, Theorems 4.3 and 4.4, our upper and lower
bounds on decision making, follow from novel upper and lower bounds on regression in
general norms, the key technical contribution of this chapter. In what follows, we outline the
reduction from decision making to estimation of ,, state our bounds on estimating and 6, in
general norms, and provide formal results on decision making in MDM.

4.1.1 From Decision Making to Regression

To begin, under Assumption 4.1, our key smoothness assumption, we have that the following
Lipschitz conditions hold.

Proposition 4.1. Assume that R, aoy satisfy Assumption 4.1. Then for any model 6 € R%
and action a € R satisfying (4.0.2), it holds that

° V‘(f)R(a; 0) is Lipschitz in the operator norm with Lipschitz constant Lriy1) for i =
0,1,2

° V((f) Qopt (0) is Lipschitz in the operator norm with Lipschitz constant Laq1y, fori =0, 1.

In the above, we adopted the convention V(wo)f(:v) = f(x).

The next step is to relate smooth decision making to M-norm estimation. We begin by
introducing the relevant gradients and Hessians, and in particular, the model-task Hessian

(0).

Definition 4.1.1 (Key Gradients and Hessians). For some 6, and function R, agpt, let:
o M,(0,) :=V2R(a;0,) at a = ap(0s).
o Gu(0,) := Vyap(0) at 6 = 0,.
o H(0,) = ViR(anp(0);0,) at 0 = 0,. In particular, H(6,) = Ga(0:) " Ma(6,)G(6,).

The following result utilizes Assumption 4.1 to guarantee that H(0) is itself a smooth
map, and that the norm induced by H(6,) can be used to approximate R(aqpt(6); 0,), both
of which are critical pieces in our analysis.

Proposition 4.2. Assume that R, aqp satisfy Assumption 4.1 and that 0 satisfies ||§— O]]2 <
Tquad(0+). Then the following hold:

R(aop(0); ) = 10 = Oullzuqo,) | < Lauaa - 10 = 0113, [[H(0.) — H(O)llop < Lag - [0 — O]

for Lqwaa and Ly as given in (4.0.3).
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Note that this immediately implies an upper bound on decision making with the certainty-
equivalent decision rule:

R(aopt (0); 0,) < 110 — 0,130, + Lauaa - 110 — 6.13.

Thus, if we can control the estimation error in the H(6,) norm, we can provide a bound on
the suboptimality of our decision. The argument for the lower bound is somewhat more
subtle, as we wish to obtain a lower bound on all possible decision rules, not just the certainty
equivalent rule. The following result shows that we can also lower bound the suboptimality
by the estimation error in the H(6,) norm.

Lemma 4.1.1. Assume that the excess risk R and optimal-decision function aqy, satisfy
Assumption 4.1. Let r > 0 be a radius parameter satisfying

r S Tquad<8*)/4

and define the associated balls Br(0,) := {0 : ||0 — 0,||2 < r}. Then,

1 N
i By,  [R(&:6)] > min{ mi "R, [9—92 ]—03,L22
min max T, e R0 )]_mm{mémggggggﬂ 0,70 | 116 — Oll30.) 177, el

where we define the constant Cy, for a universal numerical constant cq,
Ci=c (LalLu2LR2 + L3 Lz + Lhess>.

Proof Sketch. Our goal is to show that By . [R(a; )] can be lower bounded by the estimation
error of 6 in the || - ||3,) norm. While Proposition 4.2, shows that this equivalence is true
when @ is the certainty equivalence estimate, here we want to show that this is true for any
estimate. To this end, we define

6*(6) = argémin ||Ma(9*)1/2 (a - a0pt(9*) - Ga(e*)é) ||2
= (Ma(e*)l/QGa(e*))TMa(e*)l/Q(a — Aopt(04))
and define the induced estimate

0(a) := 0, + 5,(a)

~

Intuitively, we would expect 6(a) to be close to € in an appropriate metric if our decision @
achieves a small excess risk, R(a;6). By carefully Taylor expanding both R(a;6) and ayp(6),

~

we show that this is the case, writing the excess risk R(a;6) as the sum of ||f(a) — HH?LM*)

~

and a O(r?) term. This implies that if R(@;0) is small, [|0(a) — 0]3,,,, will also be small,
which reduces the problem of minimizing R(a; 6) to that of estimating 6 in the || - |5 ,) norm.
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As 6(a) is a particular estimator of § given our trajectory, it follows that the resulting loss

is lower bounded by minimizing over all estimators, §, which gives the result. We defer the
details of this argument to Appendix B.1.1. O

4.1.2 Upper and Lower Bounds on M-norm Regression

The above results show that in our decision making setting, both upper and lower bounds
on decision making scale with the estimation error of 6, in the H(f,)-norm. Obtaining
tight upper and lower bounds on decision making therefore reduces to obtaining tight upper
and lower bounds on regression in the H (6, )-norm. In this section, we state our results on
regression in general norms. To the best of our knowledge, these results are the most general
bounds on linear regression in the literature.

We will consider the setting of regression in some general M-norm. That is, our aim is
to produce an estimator € R% so as to minimize the following weighted estimation loss:

Res(0:0) =110 = 0]13,, M = 0. (4.1.1)

~

In this section, we state our upper and lower bounds on Rs(0;6). Throughout, we let E,
and Py denote probabilities and expectations with respect to (4.0.1) when 6, = 6.

We will show that the least squares estimator

R T N
O = (Et:l 22, ) D ey 2t (4.1.2)

is the optimal estimator of 6, for the risk in (4.1.1), in a very strong, instance dependent
sense. Throughout, the central object of our analysis is the random covariance matrix:

T T
Y= Zt:l RtZy -

Let us start with the lower bound. We will call an estimator § measurable if 0 is a
measurable function of the covariates and responses (y;, z; : 1 <t < T'), and possibly some
internal randomness.

Theorem 4.1. Let 0 be an arbitrary measurable estimator. Moreover, fix a covariance
parameter A € S%., nominal instance g € R%, and radius r > \/5tr(A=1). Let B := {0 :
|10 — 6ol|o < r} denote a Euclidean ball around 6y. Then, it holds that

. o > 2 . . -1y .
1%f rgleaé( E@ [Rest(ev 9)] Z Oy Ienelzr;l tr (M (EO[ET] + A) ) ‘I’(T, A7 M)7

where U(r; A, M) := %exp(—é/\mm(A)).

In our applications, we shall choose r sufficiently large and A sufficiently small so that



95

the lower bound reads

: 0. > 20 s —1\ .
1%fr§16aé<E9[ReSt(9,9)] o rﬂnellr%ltr (MEo[27]7"); (4.1.3)

in other words, that the M-weighted trace of the inverse covariance matrix lower bounds
the risk. Even though the right-hand side considers the minimum over § € B, the radius
r of B can be chosen small enough that this quantity does not vary significantly, under
certain regularity conditions. For a sense of scaling Ey[X7] will typically scale like Q(T),
by choosing A < o(T), and r? o tr(A~")log*(T), the term W(r, A, M) vanishes as T+,
and the approximation (4.1.3) holds. Moreover, since this scaling of r vanishes at a rate of
log® T/ VT, r is small enough so as to ensure Ey[X7] does not vary significantly on B.

Remark 4.1.1 (Comparison to Previous Lower Bounds). Lower bounds for regression are
typically derived from the Cramer-Rao bound (e.g, in Chaudhuri et al. [2015]), which applies
only to unbiased estimators, and does not rule out more efficient estimation by allowing
bias. In contrast, our work provides an unconditional information theoretic lower bound,
derived from a closed-form computation of an expected Bayes risk in linear regression with a
Gaussian prior (Theorem 4.1). This technique is similar in spirit to the Van Trees inequality
[Gill et al., 1995] which was used in concurrent work to understand instance-optimal regret
in LQR when A, is known but B, is not [Ziemann and Sandberg, 2021]. Another common
technique for adaptive estimation lower bounds is Assouad’s method [Arias-Castro et al.,
2012, Simchowitz and Foster, 2020], though this method typically yields worst-case (not sharp,
instance-dependent) lower bounds.

We turn now to our upper bound.

Theorem 4.2. Fiz any matrices A € Siﬁ,]\/[ € Si", with M # 0. Given a parameter
B € (0,1/4), define the event

€= {[%r = Allop < HAmin(A)} -

Then, if € holds, the following holds with probability 1 —§:

[~ 0.1 < 501+ ) - 7% log "< - x(MA),

where o := 263? Apax (A)tr(A1).

Together, Theorem 4.1 and Theorem 4.2 provide nearly matching upper and lower bounds
on M-norm regression, with both scaling as tr(M - A=1), for A behaving as the covariates.

4.1.3 Lower Bounds for Decision Making in MDM

We have shown that the upper and lower bounds on decision making in MDM scale with
16— 04ll3,0,), and that [|§ — 6,13, scales as, approximately, tr(H(6,) - .1, where 3
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denotes the covariance used to obtain . Given this, we are now ready to present our final
upper and lower bounds in the MDM setting.

Throughout this section, for a fixed exploration policy ey, we let Ap denote the expected
covariates obtained on (4.0.1):

1

A (Texp; 0) T

E@,ﬂexp [ET] .

We also define the idealized risk as follows.

Definition 4.1.2 (Idealized Risk). We define the idealized risk for policy ey, as:
CI)T(ﬂ—exp; 0*) = tr(H<0*)AT(7Texp; 0*)_1)7

where we recall that H(6,) := V7R (aop(0); 9*)|9:6 .

In proving our bounds, we assume we are playing a fixed exploration policy mey,. We
will state our lower bound in terms of the local minimaz risk under Teyp:

Definition 4.1.3 (Decision Making Local Minimax Risk). Let B denote a subset of instances.
The T-sample local minimax decision risk on B under exploration policy Teyp is

Mr.., (R; B) := minmax Er g .. [R(dec(T);0)]

dec 6eB

Texp

where the minimization is over all maps from trajectories to decisions. Typically, we shall let
B take the form By(r;60,) := {0 : |0 — 0|2 < r}.

By choosing B to contain only instances close to 6,, the local minimax risk captures the
difficulty of decision making on the specific instance 6,, yielding an effectively instance-specific
lower bound. For our lower bound to hold, the covariance matrices in question must satisfy
two rather mild regularity conditions.

Assumption 4.2 (Sufficient Excitation). For some A > 0 independent of T', and under our
exploration policy Texp € I12:

/\min(AT(ﬂ-exp; 0*)) 2 A

In the special case of linear dynamical systems, Assumption 4.2 can be enforced by
adding a small amount of white noise to any exploration policy, and the budget constraint
can still be met by scaling down inputs by a constant factor.

Assumption 4.3 (Smooth Response). There exist parameters Teop, (0,) > 0, Leoy(0x,7?) > 0,
Ceov > 0, Coov > 0, and o > 0 such that, under our exploration policy Texp, € 1ly2, for all 0
satisfying ||0 — O.|l2 < Teov(04), we have:

Ocov
AT(ﬂ—exp; 9) j CcovAT(ﬂ—exp; 9*) + (Lcov<9*a'72) . ||0 - 0*”2 + Ta ) : ]
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Intuitively, Assumption 4.3 says that the covariance matrices do not vary too much in
the ground truth instances. Under these assumptions, we obtain the following lower bound.

Theorem 4.3. Assume we are in the MDM setting, that R satisfies Assumption 4.1, our
exploration policy Texp € 11,2 satisfies Assumption 4.2 and Assumption 4.3, and suppose that
the time horizon T satisfies

6/5 6 12/5 1 6/5
AT > max 80dg / 02 Lo Leov (05,72)v/5dg / 2Ceoy /o 5dy /
- - Tquad(e*)2 ’ 5,11 ) CCOVA ’ Ccovalia ’ Tcov(e*)z

Then, defining the localizing ball By = {0 : ||0 — 0,]|2 < 5dy/(AT)*®}, we have

2 ) 0,
(R; By) = min max Er_ . [R(dec(t);0)] > — 2 Or(Tepibs) o

M,
°xp dec 0eBr 14 2Ccov T (AT)E)/ZL

where Cy, = ¢1((Lgy Lo Lo + L3 Lrs + Lhess)dg/2 + L2, L) for a universal constant c; .

Theorem 4.3 shows that, for any decision rule, the loss of the learned decision scales, up
to constants, as at least % - Oy (Texp; 04). This result is itself a corollary of a more general
result, Theorem 4.5, which provides a lower bound without Assumption 4.2 or Assumption 4.3.
We prove this result in Appendix B.1. We emphasize again the generality of this result:
Theorem 4.3 holds for any loss satisfying Assumption 4.1 so long as our observations follow
(4.0.1).

4.1.4 Upper Bounds for Certainty Equivalence Decision Making in MDM

We next consider upper bounds on decision making in the MDM setting when we are playing
a fixed exploration policy mex,. The following is a sufficient assumption on 7ey, to guarantee
the efficiency of certainty equivalence decision making. Recall that 3, denotes the random
covariates.

Assumption 4.4 (Exploration Policy Regularity). We assume that the true instance 6, and
policy Texp € IL2 satisfy the following reqularity conditions:

o There exists some time Tye(Texp) such that for any T > Tye(Texp) the system is sufficiently
excited. That is, if T > Tye(Texp):

Py, ro | Amin(Zr) > AT, T < TAz| > 18

Texp

for deterministic A > 0 and Ay > 0.

o There exists some time Teon(Texp) such that, for any T > Teon(Texp), the covariates have
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concentrated to their mean. That is, if T > Teon(Texp):

]P)e*yﬂ'exp |:”ET - Eg*yﬂ'exp [ET] HOP S C’l?'gn min(Ee*yﬂ'exp [ET]) 2 1 - 5
for deterministic Ceon > 0 and o > 0.

The following result precisely quantifies the loss of the certainty equivalence decision-
making rule under this assumption on the policy.

Theorem 4.4. Assume we are in the MDM setting with some loss R satisfying Assumption 4.1
and exploration policy Texp € IL2 which satisfies Assumption 4.4 with minimal times Teon(Texp)
and Tye(Texp) and covariance lower bound A > 0. If

Arquad (0* )2

T > max {Tcon(ﬂ-exp)a Tse(ﬂ-exp)y (400011)1/04, c1(log(1/6)+d9+logdet(AT/)\—i-I))} (414>

then for 6 € (0,1/2), with probability 1 — ¢, the certainty equivalence decision rule achieves
the following rate,

24d9 (I)T(ﬂ—exp;e*) C’ce,l Cce,2
5 T T3/2 " Tlt2a

R<aopt<§ls>; 6*) S 50'120 log

where we let ¢y, ca, c3 be universal numerical constants and set

— 3/2 2 2 d
c2 Lgua c30 r " 0
Cre = L <log% +dg + log det(Ar /A + 1)) , Clop 1= B0uClonoi(H(E:)) 10 <
Theorem 4.4 shows that, up to constants and log factors, the loss achieved by the
2
certainty equivalence decision rule scales as %2 - ®p(7exp; 0). Note that this precisely matches
the lower bound given in Theorem 4.3. This shows that the certainty equivalence decision
rule is instance optimal for any decision making problem in the MDM setting.

The burn-in time (4.1.4) and lower-order terms have transparent interpretations. For
the burn-in, the requirement that 7" be larger than Teon(Texp) and Tie(7exp) 1S necessary to
ensure that the concentration and excitation events stated in Assumption 4.4 hold with high
probability. The requirement that 7" be larger that (4C..,)"* is necessary to ensure that
the covariates have concentrated enough for our M-norm estimation bound, Theorem 4.2, to
hold. Finally, the last term in the burn-in ensures that our _estimate 0 is in a ball of radius
Tquad (0x) around 6,, which allows us to approximate R(aopt(6s); 05) by a quadratic. The lower
order terms similarly yield intuitive explanations. Cee1/T 3/2 quantifies the additional loss
due to the error in our quadratic approximation of R(aopt(@\ls); 0,), while Ceeo /T ?* is due
to the lower order term given in our M-norm estimation bound, Theorem 4.2.
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4.2 Proof of Theorem 4.3 and Theorem 4.4

We next provide the proofs of Theorem 4.3 and Theorem 4.4.

4.2.1 Proof of Theorem 4.3

Theorem 4.3 is based on the following more general result, and indeed, can be derived as a
simple corollary of this result under Assumption 4.2 and Assumption 4.3

Theorem 4.5. Suppose the smoothness assumption Assumption 4.1 holds with its stated
smoothness parameters. In addition, fix a reqularization parameter X > 0, and suppose that T’

satisfies
AT > max 80dg 6/5 02 Lo 6
- rquad(e*)2 ’ 5.“'

Finally, define the localizing ball By = {0 : |0 — 0,]|2 < 5ds/(NT)%/%}. Then, for any
0 € Br(0,),

- C
. ~. > 2 . . 1 . —2
mﬁln gé%;{ Eeﬂrexp [R(Cl, ‘9)] Z Oy Qnellli’rgl« tr (H(Q*) (Eeﬂrexp {ET] + AT I) ) (/\T)5/4 :

where we have defined the constant, for a universal numerical constant cs,
Cs = (Lo Laa Lz + L Lws + Lness)dy” + Ly L ).

Proof. For simplicity, we shall write 72 = 5dy/(AT)>/6. The result follows by instantiating
Theorem 4.1 to lower bound:

: E 6—0|>
mém 9:H9r519%}||{2§r Zl O

via the simplification provided by Lemma 4.1.1. Apply Theorem 4.1 with parameters
A =)T -1, so that tr(A™") = £ and Ayu(A) = AT. Then, the remainder term ¥ from that
theorem is bounded by

32||H(0:)]op 15
U(r; A, H(6y)) \ exp 57“ AT

Selecting r? = 5dy/(AT)?/° yields

_ 32Ol

W(r; A, H(0L)) < ST

exp (—dg()\T)l/G)
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Noting that r? > 5tr(A), Theorem 4.1 yields that

- E 6 — 0|2
0 25, Bl 10 = O

 32([H(E:)llop
AT

3202 Lys

- S

>02  min tr (H(é’*) (Eo,rer, [X7] + AT - ])_1>

Y 0:010—0, |2 <r

exp (—dg(/\T)l/ﬁ)

>02  min tr (H(é’*) (Eo,rer, [27) + AT - ])71>

Y 0:0160—0,|]2<r

exp (—dg()\T)l/G) ,

where in the last line, we invoked Assumption 4.1 to obtain
||H<9*)||0p = ||Gu(9*)TMa<0*)Ga(0*)HOP < L§1L7&

Now, observe that our condition on A7, namely A\T" > (80dy /Tquad<0*>2)6/ ° implies that
r = (5dg/(AT)?/)"/? < Lr,aa(6,). Hence, we can apply Lemma 4.1.1 to obtain

. o . . _1
min 9;||9rzlea*}||<2grE[R<a; 6)] > min {5uLzlr2, o2 o tr (”H(H*) (Eo,re, [Z7] + ATT) >

e (ChOD)) }

for (' as in Lemma 4.1.1. To conclude, we consolidate

32L2 Lo

C1(5dg)®? 4 32L2 Lo (AT)V/* exp (—dp(AT)Y/%)
AT '

3
Cl’/’ + (/\T)5/4

exp (—dg()\T)l/G) =

Observing that (AT)Y*exp (—dp(AT)"/%) is bounded above by a universal constant (since
dgp > 1, and for all d > 1, max,>g re < max,>oxe * is bounded), the above is at most

o Cidy? + L2 Ly Oy
()\T)5/4 ()\T)5/47

for (5 as in the statement of the result. To conclude, it suffices to show that for our choice of
r, we have

5ul?r? > 02 min  tr (7—[(9*) (Epomn [S7] + ATJ)*) .

Y 0)10—0,|2<r

Lower bounding Eg . [37] + XTI = AT, upper bounding tr(H(6,)) < dgl|H(0:)|lop <
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dpL? Lys, and substituting in the choice of 72, it is enough that

d9L2 Lpo o2 Ly

L% - (5dy/(NT)?/6) > g2 el AT)1/6 > ZwZR2
P - (5 VT)°) 2 o2 (T 2 T,
which is satisfied for our choice of . O

Proof of Theorem 4.3. We apply Theorem 4.5 with A = ), which is greater than 0 by
Assumption 4.2. Then,

tr (H(0.) (B (1] + ATT) ) 2 11 (H(0.) (B [S1] + By [S1]) )

Under Assumption 4.3, for any 6 satisfying [|0 — 0,||2 < 5ds/(AT)*/ and as long as
5d9/(AT)5/6 S TCOV(H*)27 we have

Lcov(e*a ’72) V 5d9T7/12
)\5/12

]Ee’ﬂe"p [ET] = CCOVEe*vWexp [ET] + ( + Ccole_a) I

Therefore, since our alternate instances, § € By, do satisfy || — 0, |2 < 5dy/(AT)>/5, if T is

large enough that
Lcov(0*7 VQ) V 5d0T7/12

l—«
)\5/12 + CcovT S CCOVTA

we will have, for all 8 € Br,

Loy (0,72 /5d,T7/12
]EQ’WEXP [ET] = CCOVEH*,WeXp [ET] + ( ( 15>/12 -

j CCOVEQ*,T(exp [ET] + CcovT‘A -1 j QCCOVEQ*,WQXP [ET]

+ Ccolea) I

The result then follows from Theorem 4.5 and simple manipulations. O

4.2.2 Proof of Theorem 4.4

We define the following events.

e + T3/2 + T1+2a
(Good event
E = Pain(B7) > AT, S < TAr} (Sufficient excitation

~ d
A:{R(aoptwls);e*)s5aitr<H<e*>Ee*,mp[2T1—1>1og69 G 02}

E = {0 — b, < Tquad (0x) } (Quadratic approximation regime

Es = {IX7 — Eo, ey [27]|lop < %)\min(ﬂig* e 17)) } (Concentration of covariates

)
)
)
)
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We would like to show that A holds with high probability. The following is trivial:
PlAY] < P[A°NE NENE| + PIET] + P& N ES) + P&

Events & hold with high probability. We now show that the events &£, &, and &
hold with high probability. Since mey, satisfies Assumption 4.4, we will have P[Ef] < ¢ and
P[&S] < § as long as

T > Te(Texp)s 1T > Teon(Texp)- (4.2.1)

By Lemma B.2.1, on the event &, with probability at least 1 — ¢,

~ log(1/8) + dg + log det(Ap /A + 1)
— <
Hels ‘9*H2 > C\/ T )

so as long as

C(log(1/6) + dg + log det(Ar /X + 1))

T>
o Arquad (0* ) 2 ’

(4.2.2)

we will have

T S Tquad<9*)-

~ log(1/6) + d, + logdet(Ap /X + 1
Thus, P[&; N & < 6.

Events & imply good event holds. We now consider the event & N & N &. By
Proposition 4.2, since R satisfies Assumption 4.1, on this event we have

R (B); 0.) < 1hs = 0ull30.) + Lanaallfs = 04113 < 18 = Oulia,) + C1/ T
where the last inequality follows by the bound on |65 — 6, ]|» shown above for

log(1/6) + dg + log det(Ap /) + 1))3/?

Cl = CLquad< A3/2

By Theorem 4.2, on the event £ and if T is large enough so that

Cloon/T* < 1/4 (4.2.3)
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and since || X7 — Eq, .., [E7]|op, With probability at least 1 — 0:

~ 6d,
161 = 0. 136,y < B0 tr(H(0.)Eo, oy [Er] ) log =~

)
13002 C?

6d
o )\min (Ee*ﬂrexp [ET] )tr(Ee* ;Texp [ET} _l)tr(H (0*)E0*77rexp [ZT] _1) log _9

T2a 5
_ 6d9 2600’2 02 dgtr(H(Q )) 6d9
2 1 w ~ con *
< 50wtr( Hi(e*)Eg*mexp [ET] ) log T + ATH'?O‘ log T

where the final inequality follows since
1
Ee*yﬂ'cxp [ET] t Ee*gﬂ'cxp [H{gl}ET] Z P[Sl]AT ’ [ Z §AT ’ [

ThUS, P[EC N 51 N 52 N 53] S 0 with

) %75

2600'120030nd9t1"(7'[(¢9*)) 6d9
CQ = |

so it follows that P[.A¢] < 46. The final result then follows by rescaling ¢ and so long as 7" is
large enough that (4.2.1), (4.2.2), and (4.2.3) hold, which will be the case if (4.1.4) holds.

4.3 Proof of Theorem 4.1 and Theorem 4.2

To conclude our discussion of the MDM setting, we provide proofs for our upper and lower
bounds on regression in general norms.

4.3.1 Proof of M-norm Regression Lower Bound (Theorem 4.1)

We now prove Theorem 4.1. Without loss of generality, set 02 = 1. The proof of the lower
bound is a Gaussian-specialization of the Van Trees inequality (see, e.g. Gill et al. [1995]),
a Bayes-risk lower bound which considers the risk of estimating a quantity under a certain
prior. For our prior, we use a normal distribution, which we truncate to a radius r. In what
follows, we set

:=A"'e Sﬁiﬂr.

We let N, denote the following truncated normal distribution: the distribution of Z ~
N (0y,T), conditioned on the event ||Z — 6g|l2 < r. We further define the full data D7 :=
(yl:T, Zl:T); and let:

e Dii(Dr) denote the posterior of 6 given D7 and when the prior is N (6, T');

® Dyunc (D7) denote the distribution of 6 | 7.
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Throughout, we assume that our posited estimator 0 is a deterministic function of ®r; this is
without loss of generality for a Bayes-risk lower bound. Then, since the distribution N is
supported on the ball B := {6 : ||0 — 0||2 < r}, for any such estimator 6:

X By [Rese (6;0)] > Eg-n, Bo[Rest (6 6)] = Booni Boynol[0(D7) — 0113]

We can rewrite the above via the following lemma:

Lemma 4.3.1. Let XY be abstract random variables, with X ~ Px, Y ~ Py |x(- | X), and
let f(x,y) be an integrable function. Moreover, suppose that X | 'Y has density Pxy (- | Y).
Then

Ex~pxEyery c(10lf (X, V)] = Exery Evepy x (10 Eximp gy () [f (X Y]
By Lemma 4.3.1, the above is equal to
Eoi Eo[Rest (05 0)] = o, Eoy 0B pyune o) [10(D1) — 0'[[3]. (4.3.1)

Note that for a random vector Z and any fixed a, E[||Z — a|3,] > E[||Z — E[Z]||3,]. Denoting
the event & := {||0' — Oy||2 < r}, regardless of the choice of § we can lower bound (4.3.1) by

(431> Z EGNMrEQTNQEG,NDtrunC(QT) [”9/ - ]EelNDtrunC(QT) [9/] ||?\4]
2
= EeNMrEQTNGEQ,NDqu(QT) [Hel - E9’~Dfu11(®T)[9/ ’ S]HM ’ 8} .

To handle this expression, we use the following technical lemma:

Lemma 4.3.2. Consider a square-integrable random vector Z € R%, fized ;1 € R%, r > 0.
Define the event £ = {||Z — pl|la < r}. Then,

E[|Z —E[Z | €)%, | €] 2 El|Z — E[Z]]l},] — 4| Ml opE[{EHZ — plf3).
Instantiating Lemma 4.3.2 gives:

(4.3.1) > Eoni, EopntEoanp00) 10 — Egrpin @0 10"1113]
- 4”M||ngGNMrEDTNGEH’NDqu(QT)EH’NDfun(@T) [||9/ - 90”% : ]I{Hel - 6?OHS > TQH .

Hence, retracing our steps thus far, we have shown that for any é\,

max EyRest (0; 0) > Eponiy Eo B nppr) (10" = Egnppu@n ]3] (4.3.2)
(=)

— 4IMIS, - (Bo~nisBornoBoppu@y) (16" = Oolls - {10"— boll; > r°}]) .

.

®)
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Let us control the two resulting terms.
Controlling Term (a). First, we bound the dominant term (a):

Lemma 4.3.3. The following identity holds:

Eo-pon@r) 10 = Eorappu@n[0"113] = onte(M?(Sp + T 7)1 M Y2,
As a direct consequence of the above lemma, we find that

(a) = Eoonis EoynoBo npn@n Eo [ontr(MY2(Sr +T71) 7 MY?)]
= Eponi Eo [02tr(MY2(Sp + T M) (4.3.3)

where in the last line, we have invoked Lemma 4.3.1.

Controlling Term (b). Let p, := Pgupngy,r)[]|0 — 6ol > r] denote the probability that ¢
lies within the truncation region. Then, for any nonnegative function f(6) > 0,

1

B [f(0)] = 1 pTEGNN(ao,F) LF(0)-T{[|0 = Ooll < 7} = 7— .

Egnr(oo,0) [ f (0)].
Thus,

(b) = Eoi, EnysBonppnor) [10 — 6oll3 - I{16' — ol}3 > r*)]

1
1—p IE9~/\f(90 F)EQTNGEQINDfuII D) [”6/ 6)0”3 ) I[{HQ, - 90”% > T2H : (434>

<

By Lemma 4.3.1, we have

1
— BN oor) 16 = Ooll5 - I{]|0 — 6ol > r}] .

(4.3.4) =

We now bound the above. Note that § — 6y has the same distribution as I'’?g, where
g ~ N(0,1;). Hence, p, = Pg o, Id)[g I'g > r?]. For r? > 2tr(T'), Markov’s inequality
therefore implies p, < 1/2, so that ; - < 2. Moreover, by the same change of variables,

Eooor) [0 = 00ll3 - {16 — 0ol3 > r*}] = Egnon) [8'Tg - I{g ' Tg > 17}] .

Thus, for r? > 2tr(T") = 2tr(A~!) (which will be true since by assumption 7 > /5tr(A~1)),
it holds that

o0

(b) < 2Bgnory [8'Tg - 1{g Tg > r?}] =2 / Plg'T'g > 7]dr.

r2

We now invoke a coarse consequence of the Hanson-Wright inequality:
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Lemma 4.3.4. For any u > 4tr(T'), we have Plg' T'g > tr(T") + u] < e Mriop

Hence, under the assumption of the theorem, 72 > 5tr(A~!) = 5tr(T"), we may bound

(b)

IA

2/ Plg'T'g > 7]dr

2

2/ Plg'T'g > tr(T) + 7)dr

2—tr()
S _ u _'r27tr(l")
< 2/ e 4Tlop — 8||F||op6 4TTlop
r2—tr(T)
2
< 8| T'[|ope #TTor . (4.3.5)

Concluding the Proof. Combining (4.3.2), (4.3.3), and (4.3.5), we have

~ 7‘2
10 By R (00)] > B, By [0 tr(MY2 (S + T MY2)] = 32T oy M [ope” 55
€

Since I' = A™!, we have 32||I‘||0p||M||0pe_5ulc\|0p = %exp(_éAmin(A>) =: W(r; A, M).

Noting that X + tr(X!) is a convex function (on the domain of positive-definite matrices),
and since convexity is preserved under affine transformation, Jensen’s inequality gives that

Eoni Eo [ootr(MY2(Sp + T7) T MY2)] > Egns, [oote(MV2(Eg[Sr] + T M)

Substituting in A = I'"!, noting that the distribution N, is supported on the ball B, and
that the above holds for any deterministic estimator ¢ concludes the bound.

4.3.2 Proof of M-norm Regression Upper Bound (Theorem 4.2)

Let 8 be a parameter to be tuned, and set. Since M may not be full rank, we consider a
perturbation

N:=M+¢I, ¢=tr(MAY)/tr(A™),

where ¢ > 0 is to be chosen. We further define:

e Z € R7*% denote the matrix whose rows are z, .

e w € R” as the vector whose entries are w;.
o 0O, the least squares estimate of 6, defined in (4.1.2) .

e Welet vy, ...,vq be the eigenvectors of NY/2A7INY/2 and ), := \;(NY2A~'N'/?), which
we note are deterministic.
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The error of the least-squares estimate is then,
10 = 0113 = (27 2) " Z T w3,
Since € < A\pin(A)/4, we can apply Lemma C.3.1 to get

< € < 2¢
o= )\min(A)<)\min(A) - 6) )‘min(A)2 '

I(z72)~" — A7)

We now invoke the following lemma, controlling the relation of (weighted) squares of matrices
in the PSD order:

Lemma 4.3.5. Let A/ B,M =0 and C = A— B. Then, AMA+ 7TCMC > BMB/2.
Instantiating Lemma 4.3.5 with A = A™!, B=(Z"Z)7!, and M = N, we have

13[|V [lope®

AT'NA™!
* )\min(A)4

I=(Z"Z2)"'N(Z"Z)~".

Suppose that e is chosen sufficiently small that, for a constant « to be specified:

L3[| Nlope®

ATINATE >
“ B )\min(A)4 ’

(4.3.6)

we shall revisit this point at the end of the proof. Then,

(Z"2)"' 2 w3, < (Z7Z)7' 2 w3
=w'Z(Z'Z)'N(Z"Z)'Zw
<(1+a)Ww'ZA'NA'Z™w
= (1+a)|[NV?PAZ w3
d
= (1+a) 29:(U]TNl/zA—lNl/2N—1/2ZTW>2 (437)

J=1

dg
=(1+a)> XN/ N ZTw)

Jj=1

dg
= (1+a)) N(Z]w),
j=1
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where we define Z; := ZNfl/ij € RT. For any 7 > 0, we have

2

T 2 T T -2
~(Srm) = (Szeo) ((Szer)  Yam
t=1 t=1 t=1 t=1

it Wy

= (I1Z;115 + A7)

(Ciy Z3,4+ma )t

Applying Proposition 3.1 with a union bound over indices j € [dy], it holds with probability
1 — ¢ for all j € [dy] simultaneously and for any fixed 7 > 0:

do(|1Z;13 + 72,

+
(Zj ) < 207, w(1Z; ||2WL >‘ ) 7_/\;15

In addition, note that for any 7 > 3,
1Z,]|5 = v] NTVPZTZN V20, < o] NTV2(A + el)N 20,
< (14 B8)o] NTVPAN Py = (148N < (1+1)A
Hence, with probability 1 — § the following holds for all j € [dy]| simultaneously:

2(1 + 27’)0'3} log dg(T_l + 2) .

by 5

T2
(Z;w)” <

Then, combining with (4.3.7), we have that with probability 1 — ¢:

(ZTZ)'Z w2, <2(1+a)(1 + 7)o Z)\ log + )

do(77' +2)
J
Finally, we can simplify tr(NY2A"INY2) = tr(NA™Y) = tr((M + (I)A™1) < 2tr(MA™Y) for

our choice of ¢ = tr(MA™Y)/tr(A™1); thus, choosing 7 > 1/4 > 3 (recall the assumption,
B < 1/4), we have with probability at least 1 — ¢:

<2(1+a)(1+ 7)ol log tr(NY2ZAINY/?),

6d
(ZTZ) ' Z w2, < 502 (1 + a)log Te tr(MATY. (4.3.8)

To conclude, let us find a suitable constant « satisfying (4.3.6). Recall that we require
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aA"TNAL >~ % Since N = (- I, and € < BAnin(A), we want

min )

ag > 133%|[Nllop = 135%(| M [lop + €)

Recalling ¢ = tr(MA™1) /tr(A™1) < || M]|op, We can chose o > 26B2t||r124]\%§tf1(;‘71). In particular,
since tr(MA™Y) > [|M||opAmin(A™), we can take

_ 260%||M||optr(AT)

_ 2 4
| M | op Amin (A) 1 = 2682 Amax (A)tr(A ).
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Chapter 5

Task-Dependent Exploration in Linear Dy-
namical Systems

We return now to the linear dynamical system setting considered in Chapter 3, but,
rather than identifying A,, we consider the decision making objective of Chapter 4. In
particular, we study dynamics of the form

Tyl = A*.It + B*ut +wy, To = 07 (501)

and aim to find a decision a € R% that minimizes Jp, (a), for 6, = (A,, B,). We assume that
0, is unknown, and that Jp, (a) satisfies the smoothness assumptions given in Chapter 4. As
we will see, (5.0.1) is an instance of the general linear observation model of Chapter 4, (4.0.1),
allowing the results from Chapter 4 to be applied to linear dynamical systems. Formally, we
refer to this as the linear dynamical decision making (LDDM) setting:

Definition 5.0.1 (Linear Dynamical Decision Making (LDDM)). Assume our excess risk
R(a; 6,) satisfies Assumption 4.1 and that our observations are generated by a linear dynamical
system, (5.0.1). Then we call the problem of choosing a decision @ to minimize R(a; 6,) linear
dynamical decision making (LDDM).

The results of Chapter 4 show that the certainty equivalence decision rule is optimal in
a strong, instance-dependent sense when any fixed exploration policy 7eyp, is used to collect
data. While characterizing the optimal decision rule under a fized exploration policy, these
results fail to characterize the optimal exploration policy. In this chapter, we seek to fill
this gap, and provide a tight characterization of the optimal achievable rate for the best
decision rule and exploration policy. That is, we seek to understand how we can best excite
an unknown linear dynamical system if our end goal is not to identify the system, but to
learn a decision minimizing the given loss on the system.

While our setting is quite broad and encompasses a variety of settings of interest, a key
motivation is the problem of learning an effective controller to, for example, minimize some
cost on the system (5.0.1). In such settings, we let a denote the parameters of our controller,
and Jy, (a) denotes the cost of incurred by playing the controller with parameter a on the
system 6,. With this a and Jp, (a), our goal is to estimate 6, well enough so that we can
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learn a controller able to effectively control it. A key instance of this control problem which
our model captures is the LQR problem, as stated in Section 1.1. We recall the definition of
the LQR problem below.

Example 5.0.1 (Linear Quadratic Regulator (LQR)). In the LQR problem, the agent’s
objective is to design a policy that minimizes the infinite-horizon cumulative cost, with losses
{(z,u) := 2" Ryx + u' Ryu. The resultant cost function is:

It is well known that the optimal policies are of the form u;, = Kx; where K € R%*%: we
denote these policies 7%, and let Jpqr0(K) = JTrore[m"]. Here our decision a is the controller
K and our loss Jp is Jrqre-

In the following, we consider general smooth losses, but return the the LQR setting in
Section 5.2.

5.1 Optimal Decision Making in Linear Dynamical Systems

Unless otherwise noted, throughout the remainder of this chapter we adopt the LDS notation
from Chapter 3, and the decision making notation given in Chapter 4. We specialize the
covariance definitions given in Chapter 4 to linear dynamical systems as follows:

T T
> [
= Ut | | Ut
where ® denotes the Kronecker product. In the following, for any covariance matrix A defined
in Chapter 3 (e.g. A%), we let A :=I;, ® A denote the Kronecker product of A with 7, (e.g.
A% = 1; ® A®). As in Chapter 3, during exploration we require that our exploration policy

is in IL2, that is, Egm[th:l u/ u] < Tv?%, and also assume that our system’s dynamics are
stable.

Assumption 5.1. Let © denote the set of all stable §: © := {0 = (A, B) : p(A) < 1}. We
assume that 0, € O.

1
Arp(m;0) = fEH,ﬂ'

, Ap(m;0) = 15, @ Ap(m;0), (5.1.1)

Connection Between (5.0.1) and MDM Setting. In order to apply the results of Chapter 4
to the LDDM setting, we first argue that linear dynamical systems are a special case of the
observation model given in Chapter 4, (4.0.1). Recall that this observation model takes
the form (modifying several pieces of notation in (4.0.1) to avoid confusion with the LDDM
setting):

Yo = (W5, 26) + ey Mo | Foo1 ~ /\/(0,02), 2 18 Fy_1-adapted. (5.1.2)
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Now let p* = vec([A*,B*]T), and, for any t and i € [d.], let t = (¢,7) and 2z, =
[0(dy+du)(i=1)> Tt Uts O(dytdu)(do—i)] € R (detdu) where 04 denotes the zero vector of length
d. Then we see that

[xt+1}z‘ = <M*; Zt) + [wt]i~

Setting ¥, = [x441]; and 1y = [wy];, it is clear that this follows the observation model of the
MDM setting with d, = d,(d, + d,) and T = d, T, for T the time horizon in MDM. It is also
straightforward to see that the measurability assumptions of the MDM setting are satisfied
by this and, furthermore, we see that the definition of Ap given in (5.1.1) coincides with the
definition of A given in Chapter 5, with the above choice of z;. Given this, in the following,
we are able to apply results from Chapter 4 in the LDDM setting.

Optimal Complexity Measures in LDDM. From Chapter 4, we know that the decision
making loss when exploring with policy 7ey, is governed by

O (Texp; 0x) = tr(H(0x) - Ar(Texp; 0*)_1).

It stands to reason that the optimal choice of exploration policy procedure seeks to minimize
this quantity. Towards making this formal, we introduce several quantities describing the
optimal complexity.

Definition 5.1.1 (Optimal Risk). We define:

q)opt(vQ;H*) = liminf inf Oy (Texp; bs),

T—00 WQXPGH,YQ
the risk obtained by the policy minimizing the complexity @7 (mexp; by ).

Definition 5.1.2 (Exploration Local Minimax Risk). Let B C © denote a subset of instances.
The T-sample local minimax exploration risk on B with budget 72 is

M2(R; B) ;= min minmaxEr g .., [Re(dec(T))].

Texp GH,YQ dec 60eB

Given these measures of complexity, we are now ready to state our main results in the
LDDM setting.

5.1.1 Lower Bound for Optimal Decision Making in LDDM

In order to obtain a lower bound in the LDDM setting, we require that a certain level of
excitation of the system is possible. Similar to Chapter 3, here we define:

/\noisc(UU) '= min {)‘min <Ofu2§i§1Ai(Ai)T + UﬁziiﬁlAiB*Bj (Ai)T> ) 03}
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and Apoise := Anoise(7/V/2d,). We make the following assumption.

Assumption 5.2. 0, and o, are such that Aoise > 0. In particular, it suffices that o, > 0,
or the system is controllable.

We then have the following.

Theorem 5.1. Assume we are in the LDDM setting and consider a loss function Jp(a) :
R — R with induced excess risk R(a;0,) := Jp, (a) — infy Jp, (a'). Fiz a model 0, and time
horizon T'. Suppose that

e R satisfies the smoothness condition, Assumption 4.1.

e The model 0, satisfies the excitation assumption Assumption 5.2 with parameter Ayoise >
0.

. 6/5 6
e The time horizon satisfies T > max{ e <(A 80(d3+d1'd“)9 )2> , <M> }

noise)5/67’quad( S

Finally, define the localized ball of instances
Br = {||0 - 9*”12? < 5(di + dde>/(>‘noiseT5/6)}
Then, any decision rule dec(T) suffers the following lower bound :

U_?u . Dopt (721 64) Cip

T ()\noiseT)5/4 ’

M2(R; Br) = min minmaxEr g, [R(dec(T);0)] >

Texp€ll o dec O€Br 6

=~

where above:

Gt = poly (o, dus | Bullops | Arllpe 7%, 02, 5.1 0g T

noise

C]b =C ((LalLagLRQ + Li’ang -+ Lhess)(d?g + dxdu>3/2 -+ LzlLR2>-

We emphasize that this result lower bounds the achievable rate for any exploration policy
with bounded power, 7oy, € IL,2, and any decision rule. As such, it provides a lower bound
on optimal decision making in LDDM.

5.1.2 Optimal Decision Making in LDDM

With our lower bound Theorem 5.1 in hand, we turn now to obtaining an upper bound in
the LDDM setting. Before stating our upper bound, we first present our algorithm, TOPLE.
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Algorithm 5.1 Task OPtimaL. Experiment Design (TOPLE)
1: Input: Input power 72, initial epoch length Ciiid, (Cinit € N)
2: T() — Cinitdu; ]{?0 — Cinita T+ TO
3: Run system for Ty steps with u; ~ A(0, }u I)
4: for 1 =1,2,3,... do

9 1 <—argm1n9 Zt e — Oz w13
Ty « To2!, ki < ko2l T+ T+ T,

Compute input U; < arg ming o, 2y, U <’H(9 1) - A;? T/du( i1, U, v/vV2d,)~ >
(ui)[:, « ConstructTimeInput(U;, E/du, k;) (Algorithm 3.2)

Run system for T} steps with u; = @l + v, u ~ N(0, %[)

TOPLE proceeds in epochs. At each epoch it chooses a set of exploration inputs (an
exploration policy) that minimize the certainty-equivalence design objective, ®p(exp; /9\),
based on the estimate  of the system’s parameters produced in the previous epoch. As
the estimate of 6, is refined, the exploration policy is improved, and ultimately achieves
near-optimal excitation of the system for the task of interest. Note that the form of TOPLE
is extremely similar to Algorithm 3.1—indeed, they are identical except for the choice of
exploration inputs on Line 7.

Remark 5.1.1 (Computational Efficiency of TOPLE). Note that the set U2 is con-
vex, and that the objective is also convex, due to the convexity of tr(X~!) and since
AT, (,U,~/+/2d,) is affine in U. It follows that the optimization on Line 7 can be effi-
ciently solved with any SDP solver. The structure of U,z 5, however, allows for an even more
efficient solution. Note that any U can be projected onto U,z by computing the SVD of
each Uy € U, an operation which takes time O(kd>). Therefore, the optimization on Line 7

can be efficiently solved by running the following projected gradient descent update:

Ui < U;— nVUtr(’H(H) tt/d 9 Uj,v/v/2dy) )
Uj+1 < proj(UjH;U,yz/Q’k)

where proj(Uj;1;U,2/2;) denotes the projection of U1y onto Uyz/oy. It follows that TOPLE
is computationally efficient.

Main Upper Bound in LDDM. The following assumption quantifies how large 7" must be
to guarantee we achieve the optimal rate.

Assumption 5.3 (Sufficiently Large T). T is large enough that the burn-in time of Corol-
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lary 5.4, (5.4.1), is met with n = ¢1logT and Aoise(Tu) = Anoise, and

T > max CiopueV/da(03 1) Q(log% + d10g(Bo0/ Anoise + 1))
- )‘noise 7 min{rCOV(e*)Q’ dﬂzquuad<0*)27 /\ioiseLcov(Q*a 72)_2}/\noise
(5.1.3)

where .
Ciill“liotPLE = pOly (HA*H"Hoo’ HB*HOp: du772a 1Og 57 Cinit) )

Teov(0x) = CLL is defined as in Lemma 5.5.7 for some Cysys = poly (|| Axlls | Bellop), d =

Sys
d, + d,, and c1, cy are universal numerical constants.

Then we have the following theorem, upper bounding the loss achieved by TOPLE.

Theorem 5.2. Assume we are in the LDDM setting, that R satisfies Assumption 4.1,
d € (0,1/3), and that T is large enough for Assumption 5.3 to hold. Then with probability at
least 1 — 0, the estimate O produced by Algorithm 5.1 satisfies:

72(d§; + dxdu) . (bopt (72; 9*) + Cce,l + CTOPLE,]. 006,2 + CTOPLE,Z

R(aopt (é\T); 0,) < 48007 log S T T3/2 T2

and, furthermore, E[Zleu:ut] < T~?. Here Ceey and Ceen are defined as in Corollary 5.4,

2ty .
Crops = 1 (VELhigg o LG VeGOD ) fiog(1/5) + d10g (oo Mo + 1.

2 2
CTOPLE,Z = 02%<10g(1/5) + dlog(/ﬁoo/)\noise + 1))7

Leov(0,,7%) = C’sys(ai—kyz) 1s defined as in Lemma 5.5.7, d := d,+d,, and c1, co are universal
numerical constants.

We note that this upper bound matches the lower bound on LDDM decision making
given in Theorem 5.1, up to constants. The additional burn-in and lower-order terms are
required to quantify how close to optimal the inputs being played are. In particular, when
T satisfies (5.1.3), we are able to show that the inputs TOPLE plays achieve near-optimal
performance.

Together, Theorems 5.1 and 5.2 provide a complete instance-dependent characterization of
smooth decision making in linear dynamical systems. We emphasize that the only assumptions
needed for Theorems 5.1 and 5.2 to hold are that our system, 6,, is stable and sufficiently
excitable, and that the loss we are considering is sufficiently smooth. For any system and
any loss satisfying these minimal assumptions, Theorems 5.1 and 5.2 show that certainty
equivalence decision making is instance-wise optimal, and that TOPLE hits this optimal rate.
Furthermore, while TOPLE relies on an experiment design over open-loop inputs in order to
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compute the optimal exploration policy, its sample complexity is also optimal over algorithms
which incorporate feedback.

5.2 Instance-Optimal Linear Quadratic Regulator

We now return to the LQR example introduced in Example 5.0.1, giving a corollary to
Theorem 5.2 in this setting, and providing several examples showing that, in the LQR problem,
task-directed exploration yields a provable gain over more naive exploration strategies.

5.2.1 Instance-Optimal LQR Synthesis

Consider the pure exploration LQR problem stated in Example 5.0.1. We define
RLQR(K; 6*) = jLQR,Q* (K) - m}}n jLQR,O* (K)

where Jrqrp, (K) is given in Example 5.0.1. The discrete algebraic Ricatti equation, defined
for some (A, B), is given as:

P=A"PA— A"PB(R,+ B"PB)B'PA + R,.

If 6 is stabilizable and Ry, R, > 0, it is a well-known fact that this has a unique solution, P > 0.
We denote the solution for the instance 6, = (A, By) by Pk, and let ®pqp (7% 6,) := Popt (77 65)
in the case when our loss is the LQR loss, Jp, = Jrqre,. As we show in Theorem C.2, the
LQR problem satisfies Assumption 4.1. Given these definitions, the following corollary shows
the performance of TOPLE on the pure exploration LQR problem.

Corollary 5.3. As long as T > Cron(d,log® T + d2), with probability at least 1 — §, TOPLE
achieves the following rate for the LQR problem:
CDLQR(725 0.) ClLord?

RLQR(Ce<T); 9*) <C- 0-121; 10g(%) ’ T + T3/2 *

Furthermore, any algorithm must incur the following loss:

02 Pron(7?;6.) ;
M2 (Riaw Br) 2 G - — 75— — S

where Br is as in Theorem 5.1 and Cron = Cf ./ min{o8,~%/d3, 1} for C1, polynomial in
[ Pullops | Bxllop ||B*||gp17 | Al #00 ||Ru||0p’72= s, dy, loglog T, and log %'

As this result shows, TOPLE is instance-optimal for the LQR problem, with sample
complexity governed by the constant ®rq:(7%;0,). To the best of our knowledge, this is the
first (and only) algorithm provably instance-optimal for LQR—albeit in the pure-exploration
LQR setting.
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5.2.2 Task-Guided Exploration yields Provable Gains

We turn now to several examples which illustrate that taking into account the task of interest
when performing exploration yields provable gains over task-agnostic exploration schemes.
We focus on the LQR setting and compare against the following natural exploration baselines:

e System Identification in Operator Norm (Chapter 3): Let 7, denote the explo-
ration policy that is optimal for estimating 6, = (A,, B,) under the operator norm

16 — O |lop- Explicitly, mo, = arg MaX; ey , Amin (A7 (7;60,)).

e System Identification in Frobenius Norm: Let 7, denote the exploration pol-
icy that is optimal for estimating 6, = (A,, B,) under the Frobenius norm: mg, =
argmin, oy , tr(Aq(7; 0,)71).

vy

e Task-Optimal Gaussian Noise: Let 7, denote the exploration policy such that
Toise =: Tnoise(['x) Where mise(T'x) plays the inputs u, ~ N(0,T,) and

I, =arg min tr(H(e*)AT(WnoiSE(F>3 0.)7").

Ditr(T) <2

In stating our results, we overload notation and let Ryqr(Texp;0x) = Riqr(ce(T);0,) for
T ~ Texp, Ox. We are concerned primarily in how the complexity scales with the dimension,
d,, and 1%{) where p is the spectral radius of the system, and use O(-) and O(-) to suppress
lower order dependence on these terms. Our first example shows that, if (A,, B,) is properly
structured, TOPLE achieves a tighter scaling in 1%,; than all naive exploration approaches.

Proposition 5.1. Consider the system A, = peje], B, = bl, Ry = kI, and Ry = ul.
There exist values of b, k, u, and o, such that the loss of TOPLE, optimal operator norm
identification, optimal Frobenius norm identification, and optimally exciting Gaussian noise
have the following scalings:

TOPLE achieves the optimal scaling in %p and, as p — 1, will outperform other ap-
proaches by an arbitrarily large factor. In addition, we note that Frobenius norm identification
outperforms operator norm identification for this task. Intuitively, on this instance, the

first coordinate is easily excited and 7., and 7, will therefore devote the majority of their
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energy to reducing the uncertainty in the remaining coordinates. However, the LQR cost
will primarily be incurred in the first coordinate due to the same effect—this coordinate is
easily excited and therefore the first coordinate of the state grows at a much faster rate. As
such, the task-optimal allocation does the opposite of m,, and 7, and seeks to learn the first
coordinate more precisely than the remaining coordinates so as to mitigate this growth.

In our next example, our system behaves isotropically but our costs are non-isotropic.
As a result, certain directions incur greater cost than others, and the task-optimal allocation
seeks to primarily reduce uncertainty in these directions.

Proposition 5.2. Consider the system A, = pl, B, = I, Ry = [ +keje] and Ry = ul. Then
there exists a choice of u, Kk, and o, such that

We note that TOPLE improves on task-agnostic exploration by a factor of at least the
dimensionality. These examples make clear that, in the setting of a linear dynamical system,
when our goal is to perform a specific task, exploration agnostic to this task can be arbitrarily
suboptimal.

5.2.3 Suboptimality of Low-Regret Algorithms

In contrast to our pure-exploration setting, where we do not incur cost during exploration,
a significant body of work exists on regret-minimization for the online LQR problem with
unknown A,, B,. Here the goal is to choose a low regret policy ), so as to minimize

Regr := Eq, x, [ZtT:le(i% Ut)] =T H}}H T, (K)

for £(x¢,u;) as defined in Example 5.0.1. While our objectives differ, it would seem a natural
strategy to run a low-regret algorithm for 7" steps to obtain a controller Kj,, and then evaluate
the cost Jrqre, on this Kj,. The following result shows that there is a fundamental tradeoft
between regret and estimation; in particular, the optimal ©(v/T) (see Simchowitz and Foster
[2020]) regret translates to a (very suboptimal) Q(1/v/T) excess risk Ryon(Ki; 6, ).

Proposition 5.3 (Suboptimality of Low Regret, Informal). For sufficiently large T and
any regret bound R € [V'T,T), any policy m, with regret By o, [Regyp] < R which returns a
. . . d2d,
controller Ky, as a function of its trajectory must have Eg, . [Rpor(Kn; 0i)] = Q(=57).
In particular, Proposition 5.3 implies that popular low-regret strategies, such as optimism-
in-the-face-of-uncertainty [Abbasi-Yadkori and Szepesvari, 2011, Abeille and Lazaric, 2020|



79

or certainty equivalence online control [Mania et al., 2019, Simchowitz and Foster, 2020,
are highly suboptimal in our setting. The key intuition behind the proof is that low regret
algorithms converge to inputs u; ~ K,z; approaching the optimal control policy; in doing so,
they under-explore directions perpendicular to the hyperplane {(z,u) : w = K,z}, which are
necessary for identifying the optimal control policy.

5.3 Proof of Theorem 5.1

We next proceed to the proof of Theorem 5.1. Before proving Theorem 5.1, we introduce
additional notation used throughout the proofs of the results in Section 5.1.

5.3.1 Additional Notation for Linear Dynamical Systems

Covariance Notation. At the center of our analysis are the covariance matrices that
arise from excitation of the linear system with a certain input. For an input sequence
uw = (uy,...,u;) € R% we define the open loop input covariance

t—

A0, u, x0) := z%(2*)"  where a¥ = Az™ + Bu,, ¥ = .

—_

Il
o

s

We overload notation so that the above is also defined when w = (uy)’_, for ¢ > t, or even
infinite sequences u = (u,)s>1. In addition, if u = (us)!_, for ¢’ < t, we define A (6, u, )
to be the open loop covariance when playing w periodically: that is, the input u; = Umea(,¢)-
Recall that:

t—1
Anmse 9 F ZAS As +ZA5BF BT(AS)

s=0

and observe that we can equivalently define
AM=(9,T,) =E [xtx: | s RS- N(0,T,), ws LR N(0,Ty),s <t,xg=0

We also define the following, which corresponds to the total expected average covariates
starting from some state zy and playing any input u; = @; + u¥, where u = (u;)¥_, and
u? N0, 021 ):

T
1 .. 1 .
Ar(0,u,0,, 10) := ?Alﬁ(@,u,xo) + 5 E A0, 0,)
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We set:
Knoise N Ow Zt ; AS (AS) 2d Zt i ASB BT(‘AS) 0
b 0 270

Lifted Dynamical System. We set

= (AB), A= [§ ﬂ, B H (5.3.1)

and in particular 0, = (Z*, E*) Then consider the dynamical system:
Zt41 = A*Zt + B*ut_H + |: 0 :| (532)

Note that z; = [x4; us], where x; is the state of (5.0.1). It follows that

T T T T T
t=1

so a bound on the covariates of the system (5.3.2) can be directly applied to the state-input
covariates from (5.0.1). For subsequent results, we will use z; := [z uy).

Key Parameters in the Analysis. For any § = (A, B), the Ho, norm of 6 is defined as:

16]l3.c == max [|(e"] = A)™" Bllop.

€[0,2n]

Lemma 5.3.1. The following upper bound hold: ||0,|1.. <1+ (1 + || Bullop) | A2 -

Recall the definition of 7(6, p) given in Section 3.4. We can relate the value of 7 for a
lifted system 6 to the original system 6.

Lemma 5.3.2. Let A be defined as in (5.3.1). Then 7(A, p) < (1+ p~Y||B|lop)7(4, p).

We introduce the following constants to control the smoothness of the covariates:

Teov(fy) 1= min , 10,
0 =min P

3(03 + GBI 403(1Bully +
(1—p2)? L—=p3

Lemma 5.3.7 implies that, if

Leov(65,77%) = + 3497 | A3y, (1 Bullop + 1)%.

160 — Q*HOP < Teov (Bs),
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then for any u € U2, if T3 is divisible by k,
||A§§1,T2 (07 u, UU) - A%,Tg (9*7 u, UU)HOP S LCOV(H*’ ’72) : ||0 - Q*HOP'

This holds regardless of the loss R.

Finally, in our analysis it will be convenient to work with a slightly different definition of
the optimal risk, which we define as:

@SS

opt

(% 6,) := liminf min tr(H(H*)A%T(é;,u,O)_l)

T—00 ueuwg T

As the following result shows, ®,,; and @3, are equal up to absolute constants.

Lemma 5.3.3. &, (7% 6,) and &%

opt (72; 0,) are equal up to constants:

1
_(I)opt(72; 9*) S (I)SS (72; 9*) S 16(I)opt(72; 9*)

4 opt

5.3.2 Proof of Theorem 5.1

The outline of the proof is as follows:

1. Apply Theorem 4.5 to show that

i By  [R(dr:0)] > i E[t (’HQ* E,. [S )\T-I_1>]
mamgé%); o, e"p[ (aT )] - 9:H9—90||%§5(I;%dedu)/()\T5/6) r ( >( 9, exp[ T] - )

for a particular choice of .

2. Apply Lemma 5.3.5 to show that, for any policy mex, and any 6, there exists a periodic
policy 7/ such that

exp

EB,ﬂ*CXp [ET] j Ee,ngp [EclT] + Co.

3. Given that «/__ is periodic, apply Lemma 5.3.6 to show that we can upper bound the

exp
expected covariates by the expected steady-state covariates:

Eor [Serr] = Eomr [ATH(0,U)] + c5.

sexp exp

4. Use the frequency-domain representation to show that there exists a non-random input
U’ that meets the power constraint and achieves the same steady state covariates:

]EG !

1 exp

[AGT(O,U)) = Ag70.U").

5. Apply the perturbation bound for the steady state covariates given in Lemma 5.3.7
to show that, for any # in our set, we can upper bound the covariates on 6 by the
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covariates on 0,:

Age’;l(gv U/) = Aze:,(}(@;’ U/) + ¢4

6. Finally, we conclude the proof by optimizing over m,, to obtain a lower bound scaling
as Dopi (7% 6,).

Throughout the proof, we assume expectations are taken with respect to 6 and mey,, and
therefore write E[-] in place of Eg . [-]. As stated in Section 5.1, linear dynamical systems
are simply an instance of vector regression and we can therefore apply the results of Chapter 4
in this setting.

Applying Theorem 4.5: Define

1 -
Arinoo = limsup max ——A\uin(AT(60,,U,0)).

min, 00 T'—o00 U€U 2 1 107"

The following result gives a lower bound on this quantity.

Lemma 5.3.4. We have:

dy
min{ min ( ZAt (AT + aZZAiB*BI(Ai)T> ,ai} <limsup sup 2Amin(A5(0,,0)).

i—0 T—o0 UEUV27T

Under Assumption 5.2 and by Lemma 5.3.4, we will have that A}, ., > 0. Then the

first conclusion of Theorem 4.5 holds with A = AT, . That is, if T is la,rge enough that the
burn-in of Theorem 4.5 is met, we will have

min max Eg . [R(ar;0)] > min ]E[tr(?—[& E[X7] + AX. .[_lﬂ.
o ebr GG >]_0:\\9—90||2FS5(d§.+dxdu)/(>\* T5/6) (6.) (BEr] + Noin oo )

min,oco

Sufficiency of periodic policies: Our goal is to lower bound

6:/|0—60]|2 <5(d2+ddu) /(N oo T/9)

Fix some 6 such that [|6y — 0]|% < 5(d? + dudy) /(Moo T?/%), and consider the extended

mln o0
system 6, as defined in (5.3.1). Let z}* denote the component of the state of § driven by both
the random and deterministic components of the input and z;* the component driven by the
process noise. Then z; = z}* + 2, so

T T

T
Yoar =y (A )T 22) ()T + 20 (=0)T)

t=1 t=1 t=1
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Therefore,
T _w/_u T noise /)
E[Xr] 2 2B}, 2 (2 )T] + 2, A0, 0).

The following result shows that we can upper bound these covariates by some covariates
generated by a periodic input satisfying the same power constraint.

Lemma 5.3.5. Fiz some p > p(A), parameter e > 0, and let

= |lo «(1—p7) o an = 2
H, = [1 g (8||B||§p7'(A,,0)372T2> /1 gp—‘ d T.:=2H((d>+d,)/2+1). (5.3.3)

Consider some input {u;} 1" satisfying B[, uu] < Tv*. Then there exists an input
{a,}/=y" such that

E < TH?

Te—1
N
t=0

and extending to times t > T, — 1 via a periodic signal Uy = Umoac,1.), Where equality here
holds almost surely, satisfies

2T+3T. /2

E{éxf(mff] jE{ > xf‘(xf‘)T] + 5el,

t=1

where above, % are the states under the initial inputs (u;), and x® are the iterates under
(1), and where we take xff = 0 in both.

By the power constraint on u; and Lemma 5.3.5,

T 2T+Te 4T

EY 24z 2E D M) 5 2B 2 (2)" + 5el

t=1 t=1 t=1

for some input @ with period kg := T, = 2H((d?+d,)/2+1) satisfying B[S 4] ] < kg,

and
o e(1—p?) o
e {1 ° <8T(f~1, p)?’vQTQ) /! gp} '

The final inequality follows by upper bounding 7, < 27", which will hold by our definition of
H and assumption on the size of T'. Choosing € = \* T/5, we can upper bound

min,oco

4T
E[ 2t (w) T+ S A(0,0) S EDY 2 (=) + 2 AF(0,0) + Mmoo - 1

t=1
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From time domain to frequency domain: Next, the following result lets us move from
the time domain to the frequency domain.

Lemma 5.3.6. Let {u,}t=} be a signal with B[S \—) ufu;] < ky®. Consider playing u,
periodically for T steps on system 0 = (A, B) with no process noise, where we assume xo = 0
and set Uy = Umod(t,k) almost surely. Then,

T T
1 27t 27t
HEZ%@ ~ B > (T - ) Bl B e T - 4)
t=0

(0]
t:l P

(4, p)||9||HOOHB||op\/T+ Lk | 74, P)110113, 115,572
- 1—pk (1—pk)?

where (), =F ((ue)Ly)-

The conditions of Lemma 5.3.6 are met for the above @ with k < 2H ((d2 +d,)/2 + 1),
so it follows that

4T

EY 2 (=) < EALY(6, @)

t=1

. (7@47 P)RH (2 +do)/2+ D)WAT 1 | 7(A p)(2H((d2 + ) /2 + 1>>2> 72

1—pF (1—ph)?
Then if
7> L T(A, p) QH(( + d)/2+ D)WVAT +1 | 7(A, p)*(QH((d2 + da) /2 + 1)) TR
- )\ﬁﬂmoo 1—pk ™ (1 — pk)2 | HHOOV

(5.3.4)
we can upper bound

4T
EY 2 (2) |+ S AP (0,0) + Ny oo T-T X EAGTO, @)+ 21 AP (0,0) +2M,,0T - 1.

t=1

Sufficiency of deterministic inputs: Let ﬁ%kﬁ denote the set of inputs with average
expected power bounded by 72 and period k3. Then we have shown that

tr(H(O) (B[S7] + Ny oT- 1))
1
>
-2

1

>
-2

tr((0.) (BAL 0.9 + SLAP(0.0)+ 35T 1) )

min - t(H(0,) (EAR0.w) + L AP=0.0) + 3T 1))

Y
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By definition of A4 and for any u € Zjﬁkm using that w = §(u),

kz

e /T 4T 1 L 27t
E[AZTO‘(Q’U)] = E[k_ﬁk_ﬁ ;(6 kg [ — A) utu:'B (6 k~ I — A)
AT 1 &

= =S (R T — A BE[ugat) BY (¢ Fa 1 — A)

t=1

Define U; := E[u;a}']. By Parseval’s Theorem, and the power constraint on u, we have
S tr(Un) = BICE ] = Blka Yoo, w] < kgy®

Thus, optimizing over over the (possibly random) input w, is equivalent to optimizing over
PSD matrices U; that satisfy this trace constraint. Therefore,

5 min (300 (BAE0.u) + SLAPS0.0)+ 33,7 1) )

uGUWQ kg

1 min tr(?—[(@ ) (AZHTSS( ,u) + Et 1AnOISe(9 0) + 3)\;1111 ol [> _1)

2 ’ll;eu,\{Q,ka

> SLT uerg[nQn tr (7—[(9*) (AZST(@ u, 0) + 3\ im0 >1>

> 8iT  min tr(?—[(é*) (AZST(& U,0) + 3\ - )1)

where the constraint set in the second minimization is simply the set defined in (3.1.2), and
we can thus drop the expectation.

From 0 to 0,: We next want to show that, for 6 close enough to 6,, the covariates generated
on 6 are close to those generated on #,. The following result provides such a bound.

Lemma 5.3.7. For allU € U2, and all 0 with

. 1—p 1
0—0,|. < mm{ , ,1} =: Teov(0y), 5.3.5
16— 0.l < min { 5l . (5.35)

if Ty is divisible by k, then:

8(0-%0 + 0-73”‘B*||(2)p)7—(14*7p)3 + 40—3(”B*Hop + 1)7'(14*79)2

| AS 1,0, U,00) — AT 71, (0,U,04) ||lop < ( (1— p2)? 1 — p2

+349% [ AL, (1Bullop + 1)2> 10 = Oullop = Leow (04, 7°) - 10 = Ollop- (5.3.6)
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By assumption

16 = Ollop < 10— Ol < 16— Bolle + 160 — .l < 2/5(& + dodi)/ (/N o T/"2)

so if
2 \Y% 5(d% + divdu)/( \/ )\?nin,ooT5/12) S TCOV(Q*) (537)

we are in the domain of Lemma 5.3.7 and

||AZST(57 U,O) - AZST(@, UaO)HOp < Lcov(e*a'VQ) : ||5— a*||0p = LCOV(0*772) ' ”9 - 9*“0})
< Leoy (0x,7%)24/5(d2 + d,d.,)

B \V /\:nin,ooT5/12 7

It follows that as long as

Leoy (04, 7%)2+/5(d2 + d,d,)

Vi T2 = Anin oo (5.3.8)
then o o
AZST(07 U, O) = AZST<0*7 U, O) + /\fnin,oo -,
and thus,

min tr <7—[(9*) (AZST(@V? U,0) + 3, ' [) _1>

8T Ul 4y min,oo

> L i tr(?—[(e*) (AZST(@,U,O)HA* .1)_1).

- min,co
8T'Uel 2 4r

Concluding the lower bound: Next, the following lemmas show that for large enough
time horizon, the covariates can approximate the infinite-horizon covariates.

Lemma 5.3.8. Fiz any k and input U* € Uy j;. Then for any:

2
k> maX{ZmHQHH‘X”Y u } ( max ||(e*] — A)?Bnop)

€ ’ 2”9”7{00 we(0,27]

there exists an input U € U2y, such that:

1 1
H‘Afeq(é), U) - ZA0.U7)| <«

k

op
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Lemma 5.3.9. If

87(A, p)*(ou, + ol BlIZ,) 1 (1—p?)% 1
T = max 2)2 —log 2( (72 2 2
(1 - P ) € ST(Av p) (Uw + O-uHBHop) 210g[)

then, for any T' > T,

Tl

T
1 noise 1 noise
fZAt 0,0,) — T,ZA (0,0.)
t=1

<e.

op

By Lemma 5.3.8, so long as

8704|3072 ~
4T2max{ 6l 7 }(maX (e — A,)~ ?B.lop

(5.3.9)

N—

Minoo 2||0x]l2 | \welo2a]
then for any 7" > 4T and U* € U.2 47, there exists a U’ € U2 ;v such that

<y

H Air;q 6*7 Ul) A%?Q(gﬂ U*) min,oco”
op

T/

[\

Furthermore, by Lemma 5.3.9, if

167(A,, p)2(02 +~2/d,) (1= p*)* Masin.co 1
0 max{ (DT (167<A*7p> 202 +72/du>) 210%P}’ 10

mm o0

then, for any 7" > 47T,

<=5

min,oco*

1 4T . 1 T’ o
07 DA OV ) = o Y A0/ )
t=1 t=1

N —

op
By what we’ve just shown, for any 7" > 47"

A (0., U,0) 2 AR (0., U",0) + Ny oo - 1
Thus,

1

~ 5S -~ * 71
8_T Uen’ulglAT tr (H<0*) <A4T(9*7 Ua O) + 4)‘111111 ,00 I> )

1 . -1
> liminf — min tr (7—[(9*) (ASTS,(H*, U,0) + 5\ inee - I) ) :

T'—oo 8T Uel 2 1
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Let
Amin (ATSY(6,,U)).

A= inf max —
min T psrve s 4 10T

Note that by Lemma 5.3.8, so long as

870, |37 I
T > max 7l . ey : 7 ( max ||(e"] — A*)_QB*HOP) : (5.3.11)
Aminoo  2||6u|lpe. | \welo27]

then for any 7" > T and U* € U.2 1, there exists a U’ € U,2 1+ such that

*
Amin,oo'

<
op

1 ~ 1 ~
H—A?f“q(e*, U') — FAlef?‘l(e*, U”)

1
T 2

This implies that so long as T satisfies (5.3.11), we will have \* > 1)x By definition

min, 7 = 9 ‘min,c0* e
of Ajin.r for any 7" > T' there exists some input U” € U, 7 such that Awin (AT (0., U",0)) >
10Ax It follows that for any 7" > T,

min,T"*

o -1
min tr (H(e*)(ASTS,(e*,U,O)+5A;mnm.I> )

UEZ/{,YQ ,T/

. ~ -1
> min tr <’I—L(0*)(ASTS,(0*,U,O)+10/\jmn’T.I) )

UGU’YQ,T/

- ~ o ~ —1
> min tr (H(H*)(A?Z?,(@*,U,O)+A§§,(9*,Uu’0)> )

UEMWQ 7T/

> min tr (7—[(9*)<A§§,(5*,U,0)>_1)

UEUQ,YQ’T/

2% min  tr (H(G*)<A§§,(§*,U,O))_l).

UEZ/[,yQ ,T/

This implies that

1 L -1
liminf — min tr (7—[(9*) (A%S,(Q*, U,0) + 5\; . I) )

T'—»o0o 8T Ueld 2 1 e

. 1 . ASS () ! 1 ss .
> liminf — min tr (H(H*)<AT,(9*,U,O)> > = 16—T<I>Opt(72,9*).

T'—oco 16T Ueld 2 ¢

Putting everything together, Theorem 4.5 and what we have shown imply that as long as
T is large enough so that the burn-in of Theorem 4.5 is met, T > H((d? + d,)/2 + 1) and
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(5.3.4), (5.3.7), (5.3.8), (5.3.9), (5.3.10), and (5.3.11) hold, we will have

Cy
()\* T)5/4

mln [e.o]

min max E[R(a;6 o — P
q0:|0—00]2<5(d2+dpdu) /(N T5/6) [R(a:6)] 2 16T opt 7

min,oco

(7% 6,) —

where Cy = O((La1La2Lm + L3 Lrs + Lyess)(d? + dpd,)*? + Lgle). Finally we can lower
bound P (v%;6,) with ®yp(v%;6,)/4 by Lemma 5.3.3.

opt

Simplifying the Burn-In Time: It remains to simplify the bound. First, note that by
Lemma F.9 of Wagenmaker and Jamieson [2020], as long as 16 — 6, llop < c/H@ |20, we will
have that || and ||, ]|;.. are within a constant factor of each other. Next, note that
Proposition C.1 implies that, so long as [|§ — 0, ]op < €, [|A*||lop < 7(A,, p)(p + T(A,, p)e)*.
This implies that

(A, p+7(A,, p)e) = sup 1A [ op(p + T(As, p)e)F < 7(A,, ).

As long as € < (1 — p,)/(27(A,, p)) we can then choose p = p, + 7(A,, p,)e which will allow
us to upper bound

(A p)" _ er(Ap)”

(L—=pmp = (A =pp)p
As we have assumed || — 6ol|r, [|6. — follr < /5(d2 + dody)/(\/Ninal®/12), we can upper
bound ||0_0*||0p < |0-0,]|F < 24/5(d2 + d,d,)/( MT‘WQ . Some algebra, Lemma 5.3.2,

and the definition of Loy (04, 7?) and e, (6,) then gives that as long as

1 1
2 poly (e VBl e (Bl 703 52— g T )

mll’l o

these bounds on ||0]|.. and 7(A, p) will hold, T' > H((d? + d,)/2 + 1) and (5.3.4), (5.3.7),
(5.3.8), (5.3.9), (5.3.10), and (5.3.11) hold. Fmally, we use Lemma 5.3.4 to replace \*

with Apoise, and Lemma 5.3.1 to upper bound 7, :— - and 10|71 by poly (|| B. llops 1 Awl2.)-

mln e}

5.4 Proof of Theorem 5.2

Towards proving Theorem 5.2, we first specialize our results on certainty-equivalence decision
making from Chapter 4 to the LDDM setting. We then prove Theorem 5.2 in Section 5.4.2.
5.4.1 Certainty Equivalence Decision Making in LDDM

While Theorem 4.4 holds in a very general setting, our optimal decision making algorithm,
ToOPLE, applies only to the LDDM setting, and uses a highly structured set of policies. In
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order to facilitate the analysis of TOPLE, it is helpful to obtain a corollary of Theorem 4.4
in this more restricted setting. Towards making this precise, we introduce a set of policies
in the LDDM setting, sequential-open loop policies, which we show contains TOPLE. Before

formally defining these policies, we recall that

oo = (4 IBIAN. ) (VaTog £+ 22145 ).

By Lemma C.2.2, Ay := T3, -1 is a high probability upper bound on the covariates, assuming
that ey, € Hi%l, where we define Hi%l, the set of sequential open-loop policies, as:

Definition 5.4.1 (Sequential Open-Loop Policies). We define a sequential open-loop policy

to be an exploration policy 7ey, € 11,2 satisfying the following conditions:

e (Open-Loop Gaussian) There exist deterministic times {to, t1, ...

with tg = 0,¢, = T, t;41 > t;, such that, for t € {¢;,... ;41 — 1}
Ut|-7:£i NN(ataru,i>

for F;, measurable u; and I',; > 0 satisfying:

T-1
a:ﬁt S T727 tr(ru,z) S 727 )\min(ru,i) 2 o
t=0

[

u

almost surely, for deterministic o,.

o (Low-Switching) For any ¢, there exists some epoch i such that |{t, ...

{tiy... tiz1 — 1} > Tse(wexp) where

7En—17 En} g [T]

7tﬂ_T‘se(7Texp)}m

Tse<7roxp> = Cldm <(dm + du) 10g<6oo/)\noiso(0-u) + 1) + log g) .

In words, at least half of any length Ti.(7exp) interval is contained in a single epoch.

We make several comments on this definition.

e Any policy Texp € Hi%l satisfies Assumption 4.4, which we prove in Section 4.2.2.

e TOPLE, an optimal policy (up to constants), is in ny%l, with n = O(logT).

e The assumption that u, | Fr, be Gaussian is for simplicity of analysis, and in general is
not necessary—the noise could take different sub-Gaussian distributions if desired.

The following result instantiates Theorem 4.4 with any policy 7ex, € Hi%l

we are in the LDDM setting.

, and assuming
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Corollary 5.4. Assume we are in the LDDM setting and consider some loss R satisfying
Assumption 4.1, stable system 0,, and exploration policy Tex, € Hi%l. If

Cs Sn2 U'ilu 4 T Tw n
T 201< f\noisi(g:gz ) + Anoise(guc)quuad(g*)z + \/7 +n 4+ d ) <10g K + dlog(ﬂoo/)\noise(o-u) + 3))
(5.4.1)

then for § € (0,1/3), with probability 1 — ¢:

24((1520 + dxdu) . (bT(,/Texp; 9*) Cce,l + 006,2
5 T T3/2 T2

R(uopt(é\ls); 9*) S 50’120 log

where Csys = poly (|| Byllop, || Axl|n. ), d == dy + dy,, universal numerical constants ¢y, c2, and

3/2
C’CG’1 = __C2Lquad__ ( log% 4 dxdlog(ﬂoo/)\noise(au) + 3)) : C%e’2 — Csysai(cri‘u+74)tr(7;l(9*))d3n log2 dTn

Anoise(o'u)s/2 )\noise(au)

Proof. This is a direct consequence of Theorem 4.4 and the following result.

Lemma 5.4.1. Any policy Texp € Hi%l meets Assumption 4.4 on some system 0, with

so /T n
T (Texy) = c1ds ((dx + du) 108 (Boc [ Amin (AZ= (B, 7,)) + 1) + log S)
A = cohmin(AZ™(8,, 0,))

AT — ﬁoo -1
2(n +1)?
Teon(Texp) = max § Tee(Texp), (N + \/d 202 /7% log 5

o c372 (02 4+ +?) \/logﬁ—kdgﬂrdu
(1 = p.)3/2 A in (AR5, 0,)) 0

a=1/2

CCOII

for unwversal constants cy, cs, c3.

The stated results follows from some algebra to simplify terms and using Lemma 5.3.1
to upper bound poly(7,, = ) terms by poly (|| Bllop, [|Axll2.. ), and setting dp = d2 + d,d.,,
the dimensionality of (A, B ) O
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5.4.2 Proof of Theorem 5.2

Fix an epoch 7 and let T' = 23:07}. Note that, by the definition of T;, we will have
T, = %(T + To). Similarly, T, = i(T + Tp). Define the following events.

~ log(1/0) + (dy + dy,) 10g(Boo / Anoise + 1
51_{||ei_1—e*uopsc\/ B(1/) + (do + o) log(f >_}
i—1/\noise

0, 2
&y = {R(aopt(ei); 0.) < 502 (H(0,)Ee, [E7] ") log 24(d? + dpdy,)  Cp Oy }

5 52 T

47—372]{;12 A noi 2 ‘A noise 2
€3 = {||ZT—T1-||§ ST o +8 HA%O‘SG’H%lOgg + 8[| A7 lop log

for C, Cy as defined in Corollary 5.4.

Events & hold. By Lemma 3.5.1, we know that TOPLE € H?y%l. By Lemma 5.4.1, this
implies that TOPLE satisfies Assumption 4.4 with

n

T..(TOPLE) = c1d, ((dm + ) 108 (e Anose + 1) + log

>7 A = C2>\noise7 ]\T = ﬁoo -1
Thus, as long as
T > Ti(TOPLE) (5.4.2)

we will have that with probability at least 1 — &, Apin(37) > coAnoise]” and X < TG 1. We
can therefore apply Lemma C.3.2, our operator norm estimation bound, to get that P[Ef] < 4.
Furthermore, by Corollary 5.4, we will have, as long as T is large enough for the burn-in,
(5.4.1) to be met, that P[ES] < J§. To show that & occurs with high probability, we break
up the state into two components: z;*, the portion of the state driven by wu;, and z;*, the
portion of the state driven by the input noise and process noise. As the structure of TOPLE
is identical to that of the algorithm in Chapter 3, Lemma A.1.2 gives that

47(As, p)°k7?
(1= phi)?
and we choose p = p,. Crucially for subsequent steps, this scales as k? instead of T', which is

the scaling we would obtain applying Lemma C.2.7 would scale. Next, applying Lemma C.2.8
gives that, with probability 1 — ¢,

177,13 <

w A noi 2 ‘A noise 2
I 3 < 4y U= log 2 + 4]A] . log >
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Note that we can apply Lemma C.2.8 since the input noise variance is deterministically
fixed for all epochs, and by upper bounding the state bound for epochs ¢ > 1 by the state
bound that would hold if we always set the input noise to have variance v2/d,. This implies
P[ES] < 6. Altogether then, we have that P[E; NE N E] > 1 — 34.

Events &; imply optimal inputs. We now assume that & N & N & holds. The following
result shows that, for sufficiently large T; and 6;_; sufficiently accurate, the exploration inputs
played by Algorithm 5.1 are near-optimal.

Lemma 5.4.2. Fiz an epoch i of Algorithm 5.1 and let k; denote the discretization level of
the input set at that epoch, U2 soy,, and assume that T;/(d,k;) is an integer. Let k be any
value satisfying d, < k <T;/2 and take € € (0,1). Then, as long as

{Muff(% 2)((4 + 27)k; _1,|l2)) 1672(02 +/(2d,))

(1- pfi)2<1 — Px) Anoise€ ’ (1 = p2)*Anoise€
(Tfk?duny + T ki \/_72\/_) 16d, ||‘9 HHOO log < (1 - 1042k)2)‘1r10ise6 > 1
( )

1—pl)? 1—pl Anoise€ 1672(02 +42/(2d,)) ) 21og ps

T; > max

0, 2 ~
k; > max Y78} — (max (€T — A,)~ 2By|op),
Anoise€ 2||0* ||Hoo w€(0,2m

Tquad (9*) )\noise }
\/d_x 7 4Lcov(9*7 72> 7

||§i—1 - Q*HOp S Eop,i—l S min {Tcov(e*)7

we have, for any T' > T;:

i . C2m (H(e*)]\gﬁ,m((i, U,o)—l)
tr (H(Q*)(Eo*,m,n La, @ 1—p 7,77 ]) ) < 3 (1= epT) (-

where

/\noise )\2 ,Tz /\2 T'z

noise noise

o (4(d5/z + @22, Ly | BLoow (6. 7)ix(H(E, ))) Conimt , 8(d2 + dath) Loy (64,7) Liess €1
exp .

Assume that T; is large enough that

€op,i—1 S min{rcov(e Tquad /\/ xa)\nmse/ 4Lcov( x5 Y ))}

Then, as long as,

dullzr—z,|I} + & ki Ti + d24°K2 + 0

/\noise

1 ~
T; > poly (1 —, T, “0*”7-[00) : (5.4.3)

*
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0|l 02 -
i > max { Ol ® (max (€T — A,)~ 2By|op), (5.4.4)
Anoise 2”9* ||Hoo w€(0,2m

we can apply Lemma 5.4.2, which gives that the performance achieved by U; is nearly optimal.
That is, for any 7" > Tj,

tr(H(0,) (o, [B1]) 1) < tr(H(O) Eo.[la, © i g, 2%])7")

3tr <H(9*)A§§/,T/<5*ﬂ u, O)_1>

< min + 2Cexp
ueU 2 7 ,.Tz

for Cexp as above and we have chosen € such that 1/(1 —€)® = 3/2. Recall that Algorithm 5.1
uses T} = Ciiedy 2" and k; = Cipyii 2174 We then have that:

o3/t o3/t
imt T1/4 > Crnt22/4 > l{ > C t22/4 1 init 1—;1/4‘
d/* 24Vt

On event &;, which upper bounds ||zr_7,[|3, it follows that (5.4.3) and (5.4.4) hold as long as

[ init init

ol ( s Ty g* 00)
S poly { 1= D H H'H <d5/4 203/4T3/4+d3/2 203/2

)\noise

#0112 + 1A

log %)

. 807||0ullnny? 2dy/* (maxwe[o,zﬂ [(e] — A*)‘QBHop)
i ~ Imax , —~ .
Anoise 210490, o

init
We have then shown that, on the event & N &, N & and assuming 7' is large enough to meet
the burn-ins stated above, we have, for any 77,

18(d3 +dody) | C1 Oy
5 T3/2 - T2
_ 15 ) . tI‘ (H(e*)A?QT’(H*? ’U,, 0)71> 1 24((13; + dzdu) Cl 02
- Tw uer}/{liQT’ ,I‘z o J e T2
5 .

As this bound hold for any 7" > T;, we take liminf7/_,.,, to obtain

R(aopt(0:):0.) < 502 (H(0.)Eg, [E7] ") log

+ 100121} Cexp log

. 1502®% (7% 0.) . 24(d? +d.d,) C Gy 24(d3 + d,d,,)
R(aopi(0:); 6,) < ;j log i + 7oz + 7 + 1007 Coxp log —————=
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We can also upper bound Cbzspt(72; 0,) by 16®.p:(7?;6,) via Lemma 5.3.3. On & N & N &y,
it is easy to see Cexp = Cy/ T3/2 4 C4 /T? for some Cy,C5. The conclusion then follows by
rescaling 0, and since T; > T'/2. The fact that the average expected power of the inputs is

bounded by ~? follows by Lemma 3.5.3. Finally, some algebra shows that the burn-in times
stated above are all met as long as Assumption 5.3 holds.
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Chapter 6

Task-Dependent Exploration in Nonlinear
Dynamical Systems

The focus of this chapter is on decision making in nonlinear dynamical systems. In
particular, we consider again the decision making setting of Chapter 4 but, rather than
instantiating it in the setting of linear dynamical systems as in Chapter 5, we consider a
certain class of nonlinear dynamical systems parameterized as:

Tht1 = A*gb(xh,uh) + wy,. (601)

Here x5, € R% denotes the state of the system, uj, € U C R% the input, w, ~ N (0,02 - I)
random noise, ¢(-,-) € R% a (possibly nonlinear, known) feature map, and A, € R%*% the
(unknown) system parameter. As in Chapter 5, our goal in this setting will be to explore in a
task-dependent manner—to play inputs in (6.0.1) that allow us to learn the optimal decision
as quickly as possible.

While we restrict our dynamics to a particular parametric form (6.0.1), systems of this
form are able to model a variety of real-world settings that linear systems are not capable
of modeling, from drones to robotic systems, and more [Shi et al., 2021a, O’Connell et al.,
2022, Boffi et al., 2021, Song and Sun, 2021, Richards et al., 2021]. Indeed, we can model
any sufficiently regular, smooth nonlinear system f(x,u) in the form (6.0.1) by choosing ¢
to correspond to sufficiently expressive random features [Rahimi and Recht, 2008]. Critically,
however, despite its expressivity, we obtain linear observations of the unknown parameter
in (6.0.1), A,, which allows us to apply our results from the MDM setting of Chapter 4 to
quantify the statistical complexity of learning in (6.0.1).

To motivate the need for effective exploration in nonlinear systems, and highlight key
differences and challenges between linear and nonlinear systems, consider an expanded version
of the example from Section 1.1.2 with dynamics given by:

10

Thtl = AQ1Tp + Ao2Up, -+ Z CLH_QQZSZ-(JZ}L) + W,
i=1
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where ¢;(r) = max{1 — 100(z — ¢;)?,0} for some ¢;. We choose a; = 0.8,a; = 1, and
a3 =...=ajy = —3. We assume aj.15 are unknown, (qbi)}gl is known, and set

cost(x,u) = (v —¢;)* + 1007 - u?,

Our goal is to learn a controller which minimizes the cost on the true system. With this
choice of cost, the optimal controller will attempt to direct the state x to the equilibrium
point ¢; and maintain this position. Note that, with our choice of ¢;, ¢;(z) # 0 only when
x is very close to ¢;. This renders the parameters a4.12 irrelevant to learning the optimal
controller, since ¢, ..., @19 will be inactive if we are playing optimally, but learning as is
critical to performing optimally, as its value significantly changes the dynamics at the goal
state.

[oe]

We illustrate the result of running on
this system in Figure 6.1, comparing our pro-
posed task-dependent exploration approach
(Task-Driven Exploration, Algorithm 6.1)
to the approach which chooses uj, ~ N(0, 02)
(Random Exploration), and the approach
proposed in Mania et al. [2022] (Uniform
Exploration) which seeks to explore so as
to estimate aj.;2 uniformly well. As can be
seen, neither of these latter two approaches 30 40 50 60 70 80 90
are able to learn a good controller, while Number of Episodes
our approach easily finds a near-optimal con- Figure 6.1: Performance on Motivating Exam-
troller. The failure modes of each of these ap- ple
proaches is somewhat different. Here Random
Exploration fails since the chance of reaching the point x;, ~ c; is extremely small if the
input is random noise—reaching c¢; requires playing a particular sequence of actions which
are very unlikely to be played if uj is chosen randomly. The Uniform Exploration approach
does, in contrast, plan and, given enough time, is guaranteed to estimate all parameters
accurately. However, as it aims to estimate all parameters uniformly well, it will attempt to
estimate a4.1o accurately despite their irrelevance to control, which will slow down the rate at
which it is able to estimate a3. Only our approach, which both plans and takes into account
the cost while exploring, is able to reach a3 enough times to efficiently estimate it, and learn
a good controller.

~
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=@~ Random Exploration
=88 Uniform Exploration

o

Mean Excess Controller Loss
N W R !
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o

This example illustrates that it is critical both to explore efficiently, and also to let
the objective—Ilearning a good controller—guide this exploration. We emphasize that the
behavior in this example is only exhibited in nonlinear systems—though taking into account
the task while exploring in linear systems does yield provable improvements, as shown in
Chapter 5, even playing random noise allows every direction to be learned in such systems.
In nonlinear systems, however, this is not the case—one may fail to learn completely unless
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careful planning is performed.

6.1 Preliminaries for Nonlinear Dynamical Systems

In contrast with the previous chapters, in this chapter we consider the episodic setting, where
the learner interacts with the environment for H steps, at which point the system resets. We
assume each episode starts from a fixed start state x;. We also assume || A,||op < Ba for some
known B4 > 0.

We consider a particular form of the decision making setting of Chapter 4 where the goal
of the learner is to find a policy (controller) m = (), which achieves minimal cost on (6.0.1),
for the cost defined by some (known) function (costy(-,-))E,, with cost, : R x U — R
For a given policy 7, we then define the loss on the system with parameter A as

Z costp, (zp, uh)] .

h=1

Ja(m) :=Ea,

We consider an interaction protocol essentially identical to that considered in Chapters 4
and 5:

1. Learner interacts with system (6.0.1) for 7" episodes, at every episode playing an
exploration policy Texp € Hexp-

2. After T episodes, the learner proposes a policy mr € II*.
3. The learner suffers cost Ja, (7r).

The goal of the learner is therefore first to explore and, after T" episodes of exploration, to
propose its best guess at the optimal controller for (6.0.1), 7p. Here we take Il to be a
(known) set of admissible exploration policies (for example, we could have Iley, = II.2, policies
with bounded input power, but allow for more general policy classes), and II* a (known) set
of admissible control policies. We assume that II* has the following parametric form:

II* = {7" : a€R™}

where a denotes the parameters of the policy. Given this, we overload notation and denote
Ja(a) := Ja(m?), and in general use a and 7* interchangeably. We assume that policies in
IT* are deterministic—that is, they are deterministic mappings from histories to inputs—but
allow for randomized policies in Ile,. Policies may be either open- or closed-loop. Note that
we do not assume IT* = Il,—in general I, need not be equal to II*.
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Connection Between (6.0.1) and MDM Setting We next describe how (6.0.1) can be
mapped to the MDM setting of Chapter 4. Assume that we have run (6.0.1) for 7" episodes, and
collected observations {(z},ul, b, ..., x}, u}, 2}, )i Now let 6, := vec(A,). Furthermore,
for any ¢, h, and i € [d,], let t = (¢, h,4) and 2z = [04,(i-1), P(}, u},), Oa,(a,—i)] € R%% where
04 denotes the zero vector of length d. Then we see that

[whiali = (On, 20) + [whl:.

Setting y, = [2},,4]; and wy = [w}];, it is clear that this follows the observation model of
the MDM setting with dg = dgd, and T = d,TH. It is also straightforward to see that the
measurability assumptions of the setting of MDM are satisfied by this.

System Notation. Before proceeding, we introduce several additional pieces of notation.
First, we let 7 denote the space of all possible state-input trajectories, 7 C (R% x U)H x R,
and, for any T € T, let 1., denote the first A states and inputs in T. Second, for any policy
m, we denote

o
.
ri=Ean, E (@, up)P(zh, up)

h=1

the expected covariance induced by playing 7 on system A. In particular, we set A, := A4, ;.
We also denote A := I;, ® A the Kronecker product of I;, and A. Finally, we let €2 denote
the set of all possible covariance matrices induced by playing mixtures of policies in Ileyp:

Q= {]ENNW[AW] D wE Anexp} )

where Ay, denotes the set of distributions over Iy,

6.1.1 Regularity Assumptions

In order to make learning in (6.0.1) tractable, we need several regularity assumptions. We
first introduce assumptions on the boundedness of the feature map ¢, the boundedness of
the cost, and the achievable minimum eigenvalue.

Assumption 6.1 (Bounded Features). For all z € R% and u € U, we have ||p(x,u)||2 < Bg.

Assumption 6.2 (Bounded Cost). There ezists some Teost(Ayx) > 0 such that, for all
A € Brp(Ay;reost(Ay)) and all m € TI*, we have EA,W[(Zthl costy (zn, un))?] < Leost -

Assumption 6.3 (Uniform Feature Excitation). There exists w € A, such that

)\min(EﬂCXPNw [Aﬂ‘cxp]) Z 5\min

for some Amin > 0.
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We remark that these assumptions have appeared before in work on systems of the form
(6.0.1) [Mania et al., 2022, Kakade et al., 2020]. In order to precisely quantify the optimal
rates of learning, we require that our system satisfy certain smoothness assumptions. First,
we require that ¢(-,-) is differentiable in its second argument.

Assumption 6.4 (Smooth Nonlinearity). For all x € R% and u € U, ¢(z,u) is four-times
differentiable in w. Furthermore, |]V1(f)¢(x,u)H0p < Ly, Vie {1,2,3,4}, v € R, and u € U.

We assume that the parameterization of our policies, ¢, is smooth in the following sense:

Assumption 6.5 (Smooth Controller Class). 7} (T1.) is four-times differentiable in a for all
T €T and h € [H|. Furthermore, ||V§f)7rg('tl:h)||op < L, for Vi € {1,2,3,4}, a € R%, and
TeT.

Assumption 6.5 is satisfied for commonly considered classes of controllers, such as linear
controllers, but is also satisfied by more complex classes such as neural network controllers.
While the learner may propose any 7 € II*, we are particularly interested in the certainty
equivalence decision rule, where the controller parameters are chosen as:

~

topt (A) := arg min Jz(a). (6.1.1)

acRda

To ensure that agpt(A) is well-defined and sufficiently regular, we make the following assump-
tion.

Assumption 6.6 (Unique Optimal Controller). We assume that the global minimum of
T, (@), opi(AL), is unique, and that V2Ta,(a)]azaep(a,) > 0.

In settings where the globally optimal decision cannot be efficiently computed, (6.1.1)
can be replaced with a locally optimal decision, and Assumption 6.6 can be replaced by
assuming the differentiability of ayp(A) with respect to A for A near A,. For ease of
exposition, in this thesis we assume that Assumption 6.6 holds and that a.y(A) is defined
as in (6.1.1) (see Wagenmaker et al. [2024] for the extension). With these definitions and
under Assumptions 6.1, 6.2, 6.4 and 6.5, we can show that Ja, (a) is differentiable in a and,
combined with Assumption 6.6, that a,,(A) is differentiable in A, for A € Bp(A,;rqa(Ay))
and some 7,(A,) > 0. We let L., denote an upper bound on the norm of the derivatives of
aopt(A). We always take By, Leost, Ly, Lay Lr, > 1.

The above assumptions allow us to show that a (slightly relaxed) version of Assumption 4.1
holds in the setting of (6.0.1). As we will see, given this, and the above argument that (6.0.1)
maps to the observation model of the MDM setting, the complexity of learning in nonlinear
systems scales similarly to the complexities given in Chapters 4 and 5.
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6.2 Optimal Decision Making in Nonlinear Systems
Assume that we have collected observations {{(z},u!)}_,}L | and define the covariates

T H

= ZZQﬁ hy up) (2, up)

t=1 h=1

Let A denote the least-squares estimate of our unknown parameter:
2
= argmlnzz Hxh+1 B (), up)|l5-
t=1 h=1

By the results of Chapter 4, we can immediately bound the suboptimality of W*(A\) as

T (@opi(A)) = T, (aopi(AL) S 0% - tr(H(AL) - ALY,

where H(Ay) := V4T4, (Aopt(A))|a=a,. Just as in Chapter 5, this bound directly motivates
our algorithmic approach: explore to collect covariates A minimizing tr(H(A4,)A"). We
present our main algorithm in Algorithm 6.1.

Algorithm 6.1 Optimal Exploration in Nonlinear Systems

1: inputs: number of episodes to run 7', cost function (cost)L,, confidence §, control
policies IT*, exploration policies Ileyp

2. Al « anything, Uy < [log, T'/8]

3: for/=1,2,3,. ETdo

4: Al arg min 4 Zh 1 Z (@h1,un,@n)EDe1 |21 — Ad(zn, un)ll3

5 Tg(—?g 5@<—(S/12€2

6: I, < LEARNEXPII(H(AY), T}, 0y, eyp) (Algorithm D.2)

7: Rerun each policy in II, N, = [Ty/|I1,|] times, denote collected data D,

8

: return Ay < aop (A7)

Algorithm 6.1 proceeds in epochs of exponentially increasing length. At each epoch it
first approximates H(A,) by computing the model-task Hessian of the estimated system, AL
Using this approximation of H(A,), it seeks to explore to minimize tr(”H(AE)AT ). This explo-
ration routine is encapsulated in the LEARNEXPII function, an adaptive experiment-design
routine described in more detail in Section 6.3. LEARNEXPII returns a set of exploration
policies, II,, which we run to collect data ©,. As we will show, the collected covariates,

Ag = Zle Z(uh,xh)6©g ¢({L‘h, Uh)d)(l’h, Uh)T, satisfy

tr(H(ADA; ) STt mingeq tr(H(A)A),
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which implies that LEARNEXPII collects data minimizing tr(?—[(zzl\g)[&;l) at a near-optimal
rate. Given the data ©,, we form the least-squares estimate of A,, A“!, and the process

repeats. After running for 7" episodes, the certainty-equivalence controller on the last estimate
obtained, ar = oy (A7), is returned.

Note that, Whlle Algorithm 6.1 is similar in structure to the algorithmic approaches
presented in Chapter 3 and Chapter 5, it deviates significantly in the strategy employed
to compute effective exploration policies. In both Chapter 3 and Chapter 5, we chose the
inputs to be the inputs which would optimally excite the estimated system. The analysis
employed to show the effectiveness of this approach, however, relied critically on the linearity
assumption, and does not immediately extend to nonlinear systems. To circumvent this, in
the nonlinear setting we propose an exploration strategy which reduces exploration to policy
optimization, and is amenable to nonlinear systems. This is encapsulated in the LEARNEXPII
routine, described in more detail in Section 6.3.

The following result bounds the suboptimality of ar returned by Algorithm 6.1 as
compared to aopt(A,).

Theorem 6.1. Assume Assumptions 6.1 to 6.6 hold. Then if
T > Choty - max {1, Teost (As) 72, 7a(AL) 72}, (6.2.1)

with probability at least 1 — 0, Algorithm 6.1 plays exploration policies Texp, € ey, at every
episode, runs for at most T episodes, and the controller ar returned Algorithm 6.1 satisfies,
with probability at least 1 — §:

2
Tw
T

dxdd) C(lot
5 T

Ta,(ar) — T, (ope(A4)) < =7 min tr (H(A)A™!) - Clog

for C' a universal constant and
Coty = poly <d¢,dx,H Ba, By, Lgy Ly Loosts L, 0, 7 52 log 5>

Theorem 6.1 shows that Algorithm 6.1 is able to explore so as to optimally minimize the
exploration loss tr(H(A,)AL'), up to a lower-order term scaling as T~%/2 and polynomially
in system parameters.

Remark 6.2.1 (Computational Efficiency of Algorithm 6.1). The primary computational
burden of Algorithm 6.1 is in the computatlon of ’H(AE)—Whlch involves differentiating
aopt(A )—the computation of a, t(AZTH) and the LEARNEXPII subroutine. In general, if
we define aqpe(A) as in (6.1.1), it may not be efficiently computable, as it involves solving a
possibly non-convex optimization problem, but in certain cases may admit an efficient solution.
We discuss the computational efficiency of DYNAMICOED in more detail in Section 6.3, but
note that in general it may not be computationally efficient as it relies on calls to the LC3
algorithm of Kakade et al. [2020], which requires access to a computational oracle. Despite
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these computational challenges, in Section 6.4 we demonstrate that in practice, by making
several reasonable approximations, Algorithm 6.1 can be implemented efficiently, and that
this efficient implementation performs very well on realistic systems.

6.2.1 Lower Bounds on Learning Controllers

Our goal is to show that, up to constants and lower-order terms, the bound given in
Theorem 6.1 is not improvable, regardless of which controller estimate we use. To obtain
such lower bounds, we need several additional assumptions:

Assumption 6.7. There exists some r,(A,) > 0 such that, for all A € Bp(A,, m.(A))),
Aopt (A) s unique and, furthermore, there exists some p > 0 such that

Ta(@) > Ta(aopt(A)) + §lla — aope(A)]l2-

Assumption 6.7 will be satisfied in cases where Ja(a) is strongly convex in a, but may
hold even when this is not the case. Intuitively, it requires that our controller class is not
overparameterized—moving a away from its optimal value will cause the loss to increase.
We will additionally make the following regularity assumptions on policies in Il and their
induced covariates set, 2:

Assumption 6.8. There exists some A > 0 such that, for each A € Q, we have Ay (A) > A.

Assumption 6.8 requires that every exploration policy we consider excites all directions
in ¢ space (in contrast, Assumption 6.3 only assumes there exists some distribution over
policies in Ile, which excite all directions). We remark that this assumption is relatively
mild if Assumption 6.3 holds. As we show in Appendix D.3.1, under Assumption 6.3, a
mixture over policies, w, satisfying A\yin(Eruw|[Ax]) > 0 can be learned using only a number of
samples scaling polynomially in problem parameters. Given w, a policy class Il satisfying
Assumption 6.8 can be obtained by simply mixing w with every other exploration policy. We
are now ready to state our main lower bound.

Theorem 6.2. Under Assumptions 6.1, 6.2 and 6.4 to 6.8, as long as T > CY,, for any
Wexp € Ay, we have

< C
min 08X B A e, [Ta(@(D1)) = Talaope(A)] 2 oo - min tr(H(AJAT) — =74
for By = {A : ||A— Al < 5dody/(AdTH)®}, Bty ] = Ernniog [Enr~anll]
denotes the expectation over trajectories generated by running policies m drawn according to
Wexp 0N system A for T episodes, @ any mapping from observations to policies in IT*, and

R -1 1 1 1 1 1
Clb Cha p01y <d¢, dma H7 HA*Hopa quv L¢, Laa Lcosta Lw*a Ow, Oy 7z7 ﬁa Teost (Ax) ? Ta(Ax)? TH(A*)> .
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This result is an immediate corollary of Theorem 4.3. Note that this lower bound
holds for any A, and mapping ¢, as long as our assumptions are met. Up to constants
and lower-order terms, the scaling of Theorem 6.2 matches that of Theorem 6.1—both scale
with mingeq tr(#H(A,)A~')—which implies that Algorithm 6.1 is indeed optimal (under
certain additional regularity conditions). To the best of our knowledge, this is the first result
characterizing the optimal statistical rates for learning in nonlinear dynamical systems. We
emphasize that Theorem 6.2 holds for any decision rule a—it does not require that we use
the certainty equivalence decision rule. As Algorithm 6.1 does rely on certainty equivalence,
this result also implies that the certainty equivalence decision rule is optimal for (certain
classes of) nonlinear dynamical systems.

6.3 Optimal Experiment Design in Arbitrary Dynamical Systems

We turn now to the LEARNEXPII routine, which is the key algorithmic tool we use to
prove Theorem 6.1. LEARNEXPII itself relies on a separate routine, DYNAMICOED, which
is a general reduction from policy optimization to optimal experiment design in arbitrary
dynamical systems. We focus our discussion in this section on DYNAMICOED, as this is the
key algorithmic component—LEARNEXPII is a simple corollary of DYNAMICOED), and is
defined explicitly in Algorithm D.2.

To illustrate the generality of this reduction, in this section we consider the following
system:

Tht1 = fh(xh,uh,wh), h: 1,2,...,[‘[, (631)

where x;, € X denotes the state, u;, € U the input, and w, € W the noise. We take the
dynamics (f,)f_, to be unknown and arbitrary.

We assume there is some known featurization of our system that is of interest, ¥ :
7T — R% . and an experiment design objective on this featurization, ® : R%» — R.
We also define T = (X x U)? x X the space of possible state-input trajectories, T =
(zo, w0, T1,. .., Ty_1,upg—1,2H) € T, and assume that 1p can be decomposed additively as
P(t) = S0 b, up). Our goal is to collect some set of trajectories {t,}~; which
minimizes ®:

@ (£ ().

As an example, if ¥y, (24, up) = d(xn, up)P(xn, up) " for some @, and ®(A) = logdet(A), this
reduces to D-optimal design, and if ®(A) = tr(H - A~'), the setting considered in Section 6.2,
this reduces to weighted A-optimal design.

As before, we will be interested in defining optimal exploration with respect to some set
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of exploration policies, Iley,. Let

Qy = {Erw[Esr[¥(7)]] : we A}

denote the space of expected value of 4(T) for mixtures of policies in Il,. To distinguish
elements A € € from elements in Q,,, we will let T' = E,_,[Ef-[¢(T)]] refer to elements of
Qy, and in particular define I'; := E; - [¢(T)] (where it is assumed that the expectation is
collected over trajectories on (6.3.1)). We will usually denote unnormalized sums of features,
e.g ZtT:l ¥ (Ty), with 3. We also define ﬁd, to be the space of all possible combinations of

():
Qy = {Eeu[tp(1)] : wE A7}

To facilitate efficient experiment design in this setting, we will make the following assumption
on O.

Assumption 6.9 (Regularity of ®). We make the following assumptions:
1. @ is convex, differentiable, and 3-smooth in the norm || - ||:
IVr®(I) — Vp®(I)|. < B+ D —T'||, VLI € €y
for || - ||« the dual norm of || - ||.

2. There exists some M < oo satisfying

sup sup| (Ved(T), ()| < M.
Feﬁ"l’ TeT

The key algorithmic assumption we make is access to a regret minimization oracle on

(6.3.1).

Assumption 6.10 (Regret Minimization Oracle). Let cost,(T) = (Qn, ¥r(T)) for some
Qn € R?, and cost(t) = Zle costy (T) the total cost of trajectory ©. We assume we have
access to some learner Ag which, in the setting when |cost(T)| < 1 for all T € T, is able to
achieve low regret on {costy (-, )}, with respect to policy class Uey,. That is, with probability
at least 1 —9:

T

T
ZEf,m [cost(ty)] =T - inf Ej.[cost(T)] < Cg - logh? = To

—1 €Il lexp

for some Cr > 0, pr >0, and « € (0,1), and where 7, is the policy Ar plays at episode t.
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Note that the regret minimization algorithm satisfying Assumption 6.10 may be arbitrary.
For example, for linear systems, we could apply provably efficient algorithms for the Linear
Quadratic Regulator [Simchowitz and Foster, 2020, Mania et al., 2019]; for nonlinear systems
of the form (6.0.1) we could apply the LC? algorithm of [Kakade et al., 2020]; for more
general settings of reinforcement learning with function approximation, algorithms such as
BILIN-UCB [Du et al., 2021] or E2D [Foster et al., 2021| could be applied. In practice, though
they may not formally satisfy the guarantee of Assumption 6.10, deep RL approaches could
be used. We define DYNAMICOED, our main experiment design routine, in Algorithm 6.2.

Algorithm 6.2 Dynamic Optimal Experiment Design (DYNAMICOED)
1: input: objective ®, number of iterates IV, episodes per iterate K, confidence 9, regret
minimization algorithm Ag, exploration policies Ileyp
2: Play any policy Tey € Ilex, for K episodes, collect trajectories Dy = {T)}5 |, set

Ty K Zf:l P(T})
3: forn=1,2,...,N do

Set Yy ¢ 5
5: Run Az on cost
1 _ —
costy (T) M(:n,wh(:vh,uh)) for =, <« Vr®(T)|r=r,_,

for K episodes, collect trajectories @,, = {T2}X |, denote policies run as II,,
1K n
6: F — (1 — ’yn)I‘n 1+ 7n ! Zk 1 7/)<Tk)
7. return (N + 1)KTy, UY_ 1, UY_ D,

We have the following result.

Theorem 6.3. Let Assumption 6.9 hold, and assume that we have access to a learner
Agr satisfying Assumption 6.10. Fix N, K > 0. Then, with probability at least 1 — 9,
DYNAMICOED runs for at most (N + 1)K episodes, and collects a dataset satisfying ® =

{1l satisfying

N K
. BR2(log N + 1) ONK
_ < PR . a—
( KN +1 sz:1¢ ) o () = = v Crlog™ —5— K

n=

8log(4N/0)
B )

where R = Supp g, T —IV|.

Theorem 6.3 shows that, given access only to a regret minimization oracle, it is possible
to solve experiment design problems on arbitrary dynamical systems. Applying Theorem 6.3
with a proper setting of N and K in DYNAMICOED yields the following result.
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Corollary 6.4. Under Assumption 6.9, and assuming we have access to a learner Ax
satisfying Assumption 6.10 with o = 1/2, there exists settings of N and K such that
DYNAMICOED runs for T episodes on (6.3.1), and with probability at least 1 — § collects

data {T;}eepr) satisfying

T 12 T
1 _ BR*logT + M (Crlogh® £ +log'/* L)
. _ <C. .
(72 90) - iy 2O =0 7

6.3.1 Overview of DYNAMICOED Algorithm

Conceptually, DYNAMICOED runs a variant of conditional gradient descent on the objective
®(T'). At each iteration, n, it computes the gradient of the loss at the current iterate,
En < Vr®(D)|r=r, ,. To run a standard gradient descent algorithm on this objective, we
would simply update I',,_; by taking a step in the direction =,,. However, our objective is to
minimize ® over the constraint set, £2,,. Thus, rather than taking a step in the direction =,,
we wish to take a step in the direction of steepest descent within the constraint set.

The challenge is that the constraint set in our setting, €2, is unknown, as it depends on
the expectation over trajectories induced on the unknown dynamics (f;),, and therefore
we cannot directly compute this steepest descent direction. The key observation is that the
computation of this steepest descent direction is equivalent to solving:

H
argmin By, | Y dlan,un) " (Zn)plwn, un)

Texp eHexp h=1

This is simply a policy optimization problem, however, and can be solved approximately
by Az under Assumption 6.10. Thus, in the call to Az on Line 5, we approximate the
steepest descent direction, and on Line 6 update I',,_; in this direction. Convergence of this
procedure to the optimal value, minreq,, ®(T"), can then be shown by the standard analysis
of conditional gradient descent. We remark that, under Assumption 6.9 and Assumption 6.10,
this argument is completely generic and does not require that our system, (6.3.1), exhibit
any additional properties.

Overview of LEARNEXPII. Under certain conditions, it can be shown that, if the
exploration policies DYNAMICOED runs to collect ® are rerun, the newly collected data
satisfies a similar guarantee as Theorem 6.3. This lets us run DYNAMICOED to learn an
approximate solution of minpeq ®(T"), and then rerun the learned policies as many times
as desired to collect additional data approximately minimizing ®. In settings such as those
considered in Section 6.2, where we want to ultimately learn an accurate estimate of A,,
by rerunning these policies we can increase the amount of informative data we collect, and
improve our accuracy in the estimate of A,.

LEARNEXPII (Algorithm D.2) instantiates this procedure. In essence, LEARNEXPII
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repeatedly calls DYNAMICOED, gradually increasing the settings of N and K until certain
conditions are met which guarantee that the policies returned by DYNAMICOED will collect
sufficiently informative data when rerun. Once these conditions are reached, LEARNEXPII
returns these policies—the policies computed by DYNAMICOED—and terminates. We provide
a precise definition of DYNAMICOED in Appendix D.3.2.

6.3.2 From Corollary 6.4 to Theorem 6.1

In Algorithm 6.1, our goal is to collect covariates, A;@l, such that tr(?—[(;lé)[&;;) is as small
as possible. To achieve this, we apply LEARNEXPII, which relies on DYNAMICOED, to the
objective ®;(A) = tr(H(A)A~), with Assumption 6.10 instantiated by the LC? algorithm
of Kakade et al. [2020]. By the guarantee given in Corollary 6.4, after running for a number
of episodes N which scales polynomially in problem parameters, DYNAMICOED will collect
covariates Ay such that ®,(:Ay) < 2 - minpep ®¢(A), which implies tr(H(A)AL") <

2 - minpeq tr(?—[(;le)[&*l). By rerunning the policies DYNAMICOED used to collect this

Ay for T;/N additional times, we can ensure tr(?—[(ﬁf)[&il) S ie -minpeq tr(H(A)A?) as
desired.

We remark that the LC3 algorithm requires access to a computation oracle. As the
focus of this work is primarily statistical, we leave addressing this computational challenge
for future work. Furthermore, as we show in the following section, computationally efficient,
sampling-based implementations of our approach are very effective in practice. We remark as
well that the objective we ultimately care about minimizing is tr(H(A,)A™"). As we show, by
including a small amount of uniform exploration, we can ensure that H(A\e) is not too far from
H(A,), and so the suboptimality incurred optimizing tr(#(A)A=1) instead of tr(#(A,)A™1)
only contributes to the lower-order terms of the final guarantee in Theorem 6.1.

6.4 Experimental Results

Finally, we demonstrate the effectiveness of our proposed approach (Algorithm 6.1, the
Task-Driven Exploration method in Figures 6.1 to 6.3) on several systems motivated
by robotic applications. We compare Algorithm 6.1 with an approach that plays u, ~
N (0,02 - I) (Gaussian Exploration), and an approach inspired by Mania et al. [2022]
(Uniform Exploration), which seeks to estimate A, uniformly well, playing inputs that
reduce ||g — A ||op-

To benchmark the performance of these approaches, we consider an affine system with
dynamics corresponding to that of a simplified 3-D drone (i.e., 3-D double integrator with a
gravity term), and a nonlinear system with dynamics corresponding to that of a 2-D car. For
both systems, we choose H = 50, and plot the value of J4, (a;) — Ja, (dopi(Ay)) for 7, the
certainty-equivalence controller computed on the estimate of the system obtained at time
t. For the drone, we let II* be the class of linear-affine feedback controllers, and for the
car, II* is a set of nonlinear controllers with dimension 4. While the optimal controller for
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the drone can be computed in closed-form, for the car we rely on a sampling-based routine
to find an approximately optimal controller. The model-task hessian H(A*) is computed
via automatic differentiation. For the exploration policies of Task-Driven Exploration
and Uniform Exploration, I, we rely on MPC-style sampling based methods. For all
approaches, we require that B4 .. [S°7 lus[|2] < ~? for some 7% > 0 and all 7oy, € Mgy
On all examples, we implement DYNAMICOED with Ay a posterior sampling-inspired version
of the LC? of Kakade et al. [2020]. Figures 6.1 and 6.3 shows performance averaged over 100
trials, and Figure 6.2 over 200 trials.

As illustrated in Figures 6.1 to 6.3, our approach yields a non-trivial gain over existing
approaches on all systems. In particular, in Figures 6.2 and 6.3 it improves on the sample
complexity of existing approaches by roughly a factor of 2—for example, in the drone system,
reaching excess controller cost of 10 after less than 20 episodes, as compared to over 40
episodes for existing approaches.

6.5 Proof of Theorem 6.1

We proceed to the proof of Theorem 6.1. The following result provides estimation error
bounds on the estimate A produced at each epoch of Algorithm D.2, and is the starting point
of our analysis.

Lemma 6.5.1. Consider running Algorithm D.2 (LEARNEXPII) with weight matriz H,
parameter N, Ax the LC? algorithm of Kakade et al. [2020], and confidence &, and rerunning
each policy in Iy, the policies returned by LEARNEXPII, N < N times. Then, under
Assumptions 6.1 and 6.3, with probability at least 1 — 66
< 6d,.d
. mi 1) . 52 gg 229
NT.. min tr (HA ) o,,log 5

[vec(A — A,)|I3, <
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1 1 R 1
+ Poly <d¢7dx’ E’BA’ B¢710g O__wa H7 ”%Hop’log g) . m

where A denotes the least-squares estimate of A, obtained on the data generated by rerunning
Moue and Toy := |Hou|. In addition, we have

- 1 N
||A - A*HF S POly (dcﬁvdxa 5\_" BA7B¢7Uw7H7 IOg _> .

min 5

1
VN

and

1 1 N
Touwt < poly (dd,,dx, S Ba, By, log—, H,log —>

min O-’LU 6

and the total number of episodes collected by this procedure is bounded by NTuy + (16 +
2 1Og(Tout)) : Tout-

Let & denote that the good event of Lemma 6.5.1 holds at round ¢ which, by Lemma 6.5.1,
occurs with probability at least 1 —64,, since we call LEARNEXPII with confidence §, = §/12¢2.
By our setting of dy, we have that the total failure probability of & for all £ is bounded as

> 5
Z6-W§6.

/=1

Henceforth we assume that £ := M,&, holds. Let A= A\ET“, and A~ = Alr,

Bounding the Number of Episodes. Denote T2 = |II,|. Note that by construction we
always have N,T7°d > T,. By Lemma D.1.2; as long as (6.2.1) is met, we can bound the total
number of episodes collected up to and including round ¢ by 47, for ¢ € {{r,{7 — 1}. We
therefore, in the following, will make use of the fact that

C‘TSN@K@SC/-T

for ¢ € {{r,¢r — 1} and absolute constants ¢, ¢’. Furthermore, it also follows from this that
the total number of episodes run by Algorithm 6.1 is bounded by

AT, = 4 - 2N T8l < 3. % =T,

so Algorithm 6.1 runs for at most 7" episodes.

Approximating the Controller Loss. Let reg(A,) = min{l, reost(Ax), 7a(Ay)}, for
Teost (Ax) as in Assumption 6.2 and r4(A,) as in Assumption 6.6. By Lemma D.2.4, un-
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der Assumptions 6.1, 6.2 and 6.4 to 6.6, as long as A € Br(Ay; Test (Ay)), we have
T (@r) = Ta(ma(AL) < [[vec(A — A >||% (4
+ pOlY( Tx 9 ||A ||0p) L¢7 LCH LCOSt7 w 9 7d$) : HA - A*ng
Furthermore, we can bound
Ivec(A = A [3ya.y = lIvee(A — A2, 4, + vee(A = A) T(H(A,) = H(A))vee(A - A,)
< (A= A)THA A= A) + 1A = Al IH(A) = HA)[op.

Bounding the Hessian Estimation Error. On &, by Lemma 6.5.1 and as long as (6.2.1)

is met, we have (note that at the final epoch, the plug-in estimator H(A\*) is given as input
to LEARNEXPII):

60 ~ 6d,.d
2 VA1) . .2 zW¢
[vec(A — A iz <N N, T - min tr (H(A )A > o2 log
1 1 T 1
+ poly (d¢7dﬂc: S\minaBmBqﬁ,lOg o , H, ”H( )||op,10g 5T) 'N—EQT
C ~ 6d,d
<~ . mi - 71) bdzdg
< —-mintr (H(A)A™) - 02 log 752

1 1 ~ T\ 1
+ p01y (d¢7d967 j\mian/thﬁ?log avHa HH(A >H0p710g g) : 1T2

where the last line uses that Ny, Tp°? is within a constant of T', and that T2 can be bounded

by

1 1 T
pOIy (dd?v da:a 5\_’ BA7 B¢7 log 0 Ha 1Og _)
g

min w 5

by Lemma 6.5.1. We next wish to show that tr(#(A-)A~!) and tr(H(A,)A™") are close.
The following result shows that this is the case, assuming H(A~) and H(A,) are close.

Lemma 6.5.2. Under Assumption 6.3, for any H,H', we can bound

. - 2d,d
min tr(HA ™) < min 2tr(H A + =22 || — H' || op-
Ac Ac >\min
By Lemma 6.5.2 we can bound
2d,d g,

min tr (H(E*)Afl) < min 2tr (H(A*)Afl) 4+ =

AecQ AeQ Amin

NH(AL) = HA) |lop
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and by Lemma D.2.5, under Assumptions 6.1, 6.2 and 6.4 to 6.6, and as long as A- €
Br(Ay; Test (Ay)), we can bound

||H<A*) - %(A_)HOP < pOIY( Ty HA HOpﬁth LCHLCOS‘H O a >dx) ’ HA_ - A*”Op'

Let

1
Clot = pOlY (LTK'*7 BA7 B(ba L¢7 LCU Lcosta d:):a dq57 5\_7

min

T
s HL A o5 5

denote some lower-order constant, whose precise polynomial dependence may change from
line to line. On &£, by Lemma 6.5.1 we can bound

1
VT’

and so assuming the burn-in (6.2.1) is met, we can bound ||[A~ — A,||op < +rest(Ax) and
|A = Aullop < Lrest(A,). This then implies that

IA = Aullops 1A~ = Aullop < Clog - (6.5.1)

1

HA* _HA\i o SCO T —»
[H(A) = H(AT)[lop < Clot 7T

so in particular we can bound

1
oly | dg, dy, ——
P ( (o} hY

min

T
B B Hlog [ o 5 )

1 T
< poly (dou ey B B H. o [HCA g o5 5 )

We have therefore shown that

6d,dy

Ta, (1) — Ta, (1(A))) < % -mintr (H(A,)A™") - o2 log

AcQ2

~ 1
+clot~<|rA—A*|| FIA = A+ g A - A*Hop>

c . N o, 6d.dg Clot
< T inelgtr (H(A)ATY) - o2 log 5 + To2

The final result follows from using Lemma D.2.6 to bound

HH(A*)HOP < pOIY(HA*HOP’BCb’L@LmLCOS‘D’L oy H,d, )

Tx ) u}7
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6.6 Proof of Theorem 6.3

As noted, the DYNAMICOED algorithm is based on conditional gradient descent, also known
as the Frank-Wolfe algorithm [Frank and Wolfe, 1956]. In this section we first show that the
Frank-Wolfe algorithm can be run with the iterate only approximately the minimizer of the
gradient, and then in Section 6.6.2 use this to prove Theorem 6.3.

6.6.1 Approximate Frank-Wolfe

Algorithm 6.3 Approximate Frank-Wolfe

input: function to optimize g, number of iterations to run N, starting iterate x;
cfort=1,2,...,N do

Set v, n+r1

Choose y,, to be any point such that

L

Vg(zn)Tyn < min Vg(zn)Ty + €,
yeZ

o

Zn41 (1 - /Yn)zn + YnYn
6: return ry,

Lemma 6.6.1. Consider running Algorithm 6.3 with some convex function f that is [5-
smooth with respect to some norm || - ||, assume that y,, € Y for some Y and all n, and let
R:=sup, yezuy |2 — yll. Then for N > 2, we have

N

. BR*(log N +1) 1
- <
9(zv) —ming(2) < =y R > e

n=1

Proof. Let z* = argmin,.z g(z). Using that ¢ is f-smooth, the definition of y,, and the
convexity of g, we have that for any s,

9(z011) — 9(z:) < Vg(2) (s = 2) + Slzais — 2l

B
< 7. Vg(z.) (ys — 2z5) + 5%232

B
< sVg(zs) T (2% — 25) + Y565 + 57532

. B
< v5(g(2*) — g(2s)) + Vs€s + §7§R2-
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Letting 0s = g(zs) — g(2*), this implies that
B ﬁ 2 2
65—4—1 S (1 73)53 + Vses R
Unrolling this backwards gives

B
Oni1 < (1 —9N)on + ynen + —W?VRQ

< =9nv)—yn_1)0n—1+ (1 —yn)(Yv_1€n—1 + g’YN W R?) + yven + 57]\732
N N 3

SZ( IT = ) Tnén + 5Vl
n=1

We can write

N N
S n+1
H (1_78)_ H
s=n+1 s:n+18+1 N+1
SO
N N
B _2po n+1p 1 )
(1_78>> R = R
nz;l(s:l}ﬂ z‘IN+12(n+1)2
_ bR i 1
2N+ =n+l
< BR*(log N + 1)
- 2(N +1)
and

which proves the result.
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Lemma 6.6.2. When running Algorithm 6.3, we have

1 N
ZN+1 = N1 <;yn + Zl) .

Proof. We have:

s=n+1 s=1

_in+1 L N
TNt TN

ZN+41 = Z ( H (1 - '75)) VnYn + (H(l - 75)) z1

1 1
:N+1nz::1y”+N+1z1'

6.6.2 Proof of Theorem 6.3

Proof of Theorem 6.3. By our assumption on Ay, Assumption 6.10, we have that, at round
n, with probability at least 1 — §/2N,

K
2NK
> Er,fcost"(ti)] — K- inf Eq[cost”(t)] < Cr log?® L&

—1 mEllexp

where we have used that, under Assumption 6.9 and by the definition of cost}(T), |cost™(T)| < 1
for all T € 7. This implies that

1 « INK
7 2 En [0 ¢(m))] < M- inf B [cost”(T)] + MCr log™ —— - K.
k=1

mEllexp

Furthermore, by Azuma-Hoeffding and under Assumption 6.9, we have that, with probability
at least 1 — /2N,

%Z<Em¢(1’k)>_%ZEMKEna@b(Tk»] < \/8M210]g((4N/5)

k=1 k=1
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This implies that

K Wenexp K

K
! Z(En,z/)(rk)) < M- inf E,[cost™(T)]+ M - (C’R logf® ? CKYT
k=1

8 log(4N/5))

(6.6.1)
Note that

(En, ¥(t1)) = (Vr@(L)|r=r,, ¥ (1)),

and that for any I' € €2, we have

(Vr®(L)[r=r,, ) = Eru[E-[(VE®(T)|r=r,, ¥(T))]]

for some w. This implies that

inf (Vr®(L)|r=r,.T) = inf Ero[E-[(Vr®(T)[r=r,, ¥ (1))]]

FEQw weAn

= inf E.[(Z,,9(7))]

mE€llexp

=M - inf E,[cost"(T)].

TI'Echp

By (6.6.1) above, we have that

K

1
Ezib(’fk)

k=1
is an approximate minimizer of M - sup ey, Er[cost™(T)], with approximation tolerance

M (Cr logP®? % Ko 4 w). We can therefore apply Lemma 6.6.1 with

K
€, = M - | Cg logP? K Kol 4 8log(4N/4)
4] K
to get that
O(Tny1) — min ¢(T) < BR*(log N +1) M- | CnloeP? 2NK Kol 8log(4N/0)
N T S T OV ROETTS K |

The result then follows since I'n 1 = m SN L SF  (T}) by Lemma 6.6.2.
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In this work we are particularly interested in the case where ¥ () € Si‘/’. We encapsulate
this in the following assumption.

Assumption 6.11 (Matrix Experiment Design). We assume that ¥ () € Si’” and that, for
alteT, tr(¢p(t)) < D for some D > 0.

The following corollary instantiates Theorem 6.3 under Assumption 6.11 with objective
O(T) = tr (H(T + o)), the objective considered in Algorithm 6.1.

Corollary 6.5. Consider the objective
O(T) =tr (H-(T+To)™")

and assume that H = 0 and Assumption 6.10 holds with o = 1/2 and Assumption 6.11 holds.
Fiz N, K, let T := (N + 1)K, and consider running Algorithm 6.2 on this objective. Then
Algorithm 6.2 will run for at most T episodes, and, with probability at least 1 — &, will return
data satisfying

8D || M |op|I T 12,
T(N +1)

reQ

T -1
tr H (Z 'lp(’tt) + TF()) S % . min tr (H(F + Fo)il) +
P

N 8D|[Hllop | To " [l5 (log ™ i + Cr log™ )

VK

Proof. By Theorem 6.3, for any setting of N and K, we have that with probability at least
1—4:

tr | H (ﬁ Z Z Y(Ty) + 1"0) - %réigtr (H(T+To) ")

< BR%2log N  MCRlogl® % N 8log%

- N+1 K-« K
which implies
N K -1 .
minpegq tr (H(I' + Tp)™!)
tr | H 1)+ 1T —
(L5 +m) T

BR*log N  MCgrlogl® %

< + Lk [Blee
~ T(N+1) VK T K
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This gives

N K -1 . 1
P e I R

n=0 k
BR*logT  M(3log'? *L + O logP® 2L)
T(N +1) Tx/F '

It then remains to bound R, 3, and M. By Lemma F.4.6, we have that

Vrd(D)[T] = —tr (’H(I‘ 4 Ty) TN + ro)*l) .

We can then compute the second derivative as, using Lemma F.4.6:

Vie(D)[L.I] = - [

— tr (%(r o) 'D(T + L) 'T(T + 1“0)—1>

—tr (H(F + Ty + D) ' I + Ty + tf‘)‘l)]

+ tr (T +To) ' T(T + Tg) 'T(T +To) ")
Recall that M is any bound on

sup sup [(Vr®(T), 9(7))|.

FE§¢. TeT
By the above computation of the gradient, we can bound this as

sup sup [(Vr®(T), ¢ (7))| < sup sup ‘tr( H(T +I‘0)*1¢(T)(F+I‘O)f1)‘

reQ, 7 reQ, €7
< [ Hlop 1T 113, - sup tr(¢(7)) (6.6.2)
< DI[H]loplI T 115,-

To bound f3, by the Mean Value Theorem it suffices to bound the operator norm of V4®(T).
Using the expression above, we can bound this as

sup [VER(T)[9h(1), (2] < 2l|Hop|ITo (5, - _sup tr(TT)
F,FEQ,(p I‘FGQII,

< 2D2||7‘[||op||rall|op

Finally, it’s straightforward to bound R < 2D. Putting all of this together gives the result. [J
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Part 11

Exploration in Reinforcement Learning
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Chapter 7

Instance-Dependent Tabular Reinforcement
Learning

We turn our attention now from settings with continuous states and actions, the focus of
Part I, to settings with discrete states and actions. We first consider the simplest possible
discrete state-action setting: tabular Markov Decision Processes (MDPs). In tabular MDPs,
we assume there are a finite number of states, S, and actions, A, but that states and actions
are otherwise unrelated (i.e. knowledge of the behavior of the environment at state s;
provides no information about the behavior at state s;). Our goal is to find a policy m—a
mapping from states to actions—which maximizes some reward when played on the true
environment. We focus on the pure exploration or PAC, setting, where the agent first explores
the environment for some number steps and then uses the collect observations to determine
an effective reward-maximizing policy.

In Part I we provided a precise characterization of a similar problem—Ilearning an optimal
decision—in the continuous control setting. There we obtained complexities that scaled with
instance-dependent measures, quantifying the complexity in terms of the relationship between
the curvature of our particular loss of interest, H(6,), and the covariates realizable on
our particular system. More importantly, however, by developing a precise understanding
of the complexity of learning, we were able to show which approaches were optimal (e.g.
task-dependent exploration) and which weren’t (e.g. persistent excitation).

We pursue a similar direction in the RL setting. We aim to obtain instance-dependent
bounds on the complexity of learning, and use this characterization to elicit which learning
strategies are most effective. While the RL setting, and particularly the tabular RL setting,
has been given a significant amount of attention in the literature, prior to the work presented
in this chapter, obtaining such instance-dependent bounds has proved elusive. Instead, the
majority of the work has focused on obtaining minimax, worst-case complexity bounds which,
in tabular RL, typically scale with S, A, and H, the horizon. In this chapter we present
some of the first instead-dependent bounds on pure-exploration RL, and argue that existing
minimax characterizations are insufficient for fully characterizing which approaches to learning
in MDPs are optimal.
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7.1 Preliminaries for Markov Decision Processes

We study finite-horizon, time inhomogeneous Markov Decision Processes denoted by the
tuple M = (S, A, H,{ P}, Py, { Ry }!1|). Here S is the set of states (S := |S|), A the
set of actions (A := |A|), H the horizon, P, : § x A — A(S) the transition kernel at
step h, Py € A(S) the initial state distribution, and Ry, : S x A — A([0,1]) the reward
distribution, with 7,(s,a) = E[Ry(s,a)]. We assume that {P,}/_,, Py, and {Ry,}/_, are all
initially unknown to the learner, and denote the true instance as M*.

An episode is a trajectory of state-action-reward triples, {(sp, an, Ry)}_,, where s; ~ B,
Spe1 ~ Pu(:|sp,an), and Ry, ~ Ry(sn,ap). After H steps of interaction, the MDP restarts and
the process repeats. A policy 7 is a mapping from states to actions: 7 : S x [H] — A(A).
mn(als) denotes the probability that m chooses a at (s,h). If for all (s, h), mp(als) =1 for
some a, we say 7 is a deterministic policy and denote 7,(s) the action it chooses at (s, h).
Otherwise we say 7 is a stochastic policy.

Given a policy 7, the @-value function, Q™ : § x A x [H| — [0, H|, denotes the expected
reward obtained by playing action a in state s at time h, and then playing = for all subsequent
time. Formally, it is defined as

H
Qrn(s,a) :=E, Z Ry (spyap)|sp = s,an = a
h'=h
We also define the value function, V™ : S x [H] — [0, H], as V[T (5) := Equn, (5@ (5, a)]. The
Q-function satisfies the Bellman equation:

Qni(s,a) = ra(s,a) + Y Pals'ls, ) Vil ().

E)

We let Vi (s) =0 and QF (s, a) = 0. We define the optimal Q-function as Qj(s,a) :=
sup, Q7 (s, a), Vi (s) :=sup, V;7(s), and let 7 denote an optimal policy. V7 := > Py(s)V{"(s)
denotes the value of a policy, the expected reward it will obtain, and VS := sup, V.

Optimal Actions and Effective Gap. Critical to our analysis is the concept of a
suboptimality gap. In particular, we will define the suboptimality gap as:

An(s; a) = Vii(s) = Qi (s, a),

In words, Ay(s,a) denotes the suboptimality of taking action a instead of an optimal
action in (s, h), and then playing the optimal policy henceforth. We also let AT (s, a) :=
maxy Q7 (s,a') — Q% (s, a).

We say a is optimal at (s, h) if Ap(s,a) = 0 (at least one such action is guaranteed to
exist). We say a is the unique optimal action at (s, h) if Ap(s,a) =0, but Ay(s,a’) > 0 for
all other a # d/, and say a is a non-unique optimal action if there exists another a’ for which
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Ap(s,a) = Ap(s,a’) = 0. We say M has unique optimal actions if, for all (s, h), there is a
unique optimal action a.

We now construct an effective gap &h(s, a) which coincides with Ay (s, a) for suboptimal
actions, but is possibly non-zero if the optimal action is unique. Formally, at a particular
(s,h), we denote the minimum non-zero gap as

Apin(s,h) == min  Ap(s,a).

a:Ap(s,a)>0
The effective gap is then defined as follows:
Ap(s,a)  Ap(s,a) >0

Eh(s, a) = ¢ Anin(s,h) a is the unique action at s, h for which Ap(s,a) =0

0 a is a non-unique action at s, h for which Ay(s,a) = 0.

Finally, we introduce the idea of a state-action visitation distribution. We define
w;{(s,(l) = Pw[sh = S,ap = CLL wg(s) = Pﬂ—[sh = S].

Note that w] (s, a) = m(als)wf(s). We denote the mazimum reachability of a state s at time
h by:

Wh(s) := supwj (s).

In words, W(s) is the maximum probability with which we could hope to reach s at time h.

PAC Reinforcement Learning Problem. The pure exploration setting considered in this
chapter is typically referred to as PAC' RL (probably approximately correct RL). Formally, in
PAC RL, the goal is to, with probability 1 — §, identify a policy 7 such that

Vo — Vg <e (7.1.1)

using as few episodes as possible. We say that a policy satisfying (7.1.1) is e-optimal and
that an algorithm which returns a policy satisfying (7.1.1) with probability at least 1 — d is
(¢,9)-PAC. Note that our goal is to find a single policy not a distribution over policies.

7.2 Near-Optimal Policy Identification in Tabular MDPs

Before stating our main result, we introduce our new notion of sample complexity for MDPs.

Definition 7.2.1 (Gap-Visitation Complexity). For a given MDP M, we define the gap-
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visitation complexity as:

C(Me) := iinfmaxmin{ E Wi(s)” } + w

e | (s, a)Ba(s, @) wil(s, @) &

where the infimum is over all policies, both deterministic and stochastic, and:
OPT(e) := {(s,a,h) : e> Wh(s)ﬁh(s,a)/?)}.

In the special case when M has unique optimal actions, we define the best-policy gap-visitation
complexity as:

H
1
C*(M) = inf max :
( ) ; T s,a wz(S,CL)Ah<S7a)2

Since wj (s, a) = mp(als)w}(s), as long as wj(s) > 0 for some 7, we can always choose our
policy such that all actions are supported and wf(s,a) > 0 for all a'. Recall that we have

defined Ay (s, a) so that Ax(s,a) > 0 for all a as long as (s, h) has a unique optimal action.
This implies that as € — 0, if M has unique optimal actions, |OPT(¢)| — 0. Given this new
notion of complexity, we are now ready to state our main result.

Theorem 7.1. There exists an (¢,0 )-PAC algorithm, MOCA, which, with probability at least
1 =9, terminates after running for at most

C(M*,¢) - H*c log L + Gerld

€

episodes and returns an e-optimal policy, for lower-order term Co.(€) = poly(S, A, H, log ,log 5)
and c. = polylog(SAH/e€). Furthermore, if

€ < ¢ := min{min W, (s)An(s,a)/3,2H>S mihn Wh(s)}

s,a,h
and M™* has unique optimal actions, MOCA terminates after at most
q P s

C*(M*) - Hg log  + Cent)

episodes and returns 7, the optimal policy, with probability 1 — 6.
In addition, MOCA is computationally efficient with computational cost scaling polynomially

in problem parameters. We provide a proof of Theorem 7.1 and outline of the MOCA algorithm
in Section 7.4.

W;L(s)2

w} (s,a)e?

'Here, we adopt the convention that, in the trivial case Wj,(s) = 0 (and thus w} (s,a) = 0),
evaluates to 0.
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7.2.1 Interpreting the Complexity

Intuitively, the first term in the gap-visitation complexity quantifies how quickly we can
eliminate all actions at least €/W},(s)-suboptimal for all s and h, given that we must explore
in our particular MDP. For a given s and h, if we play policy 7 for K episodes, we will
reach (s, h) on average wj(s)K times. Thus, if we imagine that there is a bandit at (s, h), to
eliminate action a will require that we run for at least m episodes. The following
result makes this rigorous—up to H factors, a complexity of O(C*(M*) - log1/d), which
MoOCA achieves, cannot be improved on in general for best-policy identification.

Proposition 7.1. Fiz some S > 1,A > 1,H > 1, h € [H], transition kernels {Ph}ﬁ;i, and
gaps {gap(s, a)}seisacia—1 C (0,1/2)%4. Then there exists some MDP M* with S states, A
actions, horizon H, transition kernel P, for h < h — 1, and gaps

Aj(s,a) = gap(s,a), Vse€ S,a€ Aja+#mi(s), Au(s,a)>1, VseS,ac€ A h+#h,

such that any (0,9)-PAC algorithm with stopping time Ky requires:

1
Ep+[Ks| 2 inf max

T sa wi’:(s, a)Ay,

(5.0 -log ﬁ.

In this instance, as Ay, (s, a) > 1 for h # h, assuming { P, }!'_1 is chosen such that W}, (s) is
not too small for each s and h < h, we will have that C*(M*) = O(inf, max,, m),
so Proposition 7.1 implies that we must have E«[Ks] > Q(C*(M*) - log 1/§), matching the
upper bound given in Theorem 7.1 up to H factors.

The second term in C(M*,€), H*|OPT(€)|/€?, captures the complexity of ensuring that,
after eliminating e/W)(s)-suboptimal actions, sufficient exploration is performed to guarantee
the returned policy is e-optimal. While this will be no worse than H3SA/€?, it could be much
better, if in our MDP the number of (s, a, h) with A, (s, a) < €/Wy(s) is small (note that in
the case when M™* has unique optimal actions, since ﬁh(s, a) > Apin(s, h) by definition for
all (s,a,h), OPT(e) will only contain states for which the minimum non-zero gap is less than
€/Wh(s)). We next obtain the following bounds on C(M*, €), providing an interpretation of
C(M™, €) in terms of the maximum reachability, and illustrating C(M™, €) is no larger than the
minimax optimal complexity. This implies MOCA is nearly worst-case optimal, matching the
lower bound of Q(%QH2 -log 1/4) from Dann and Brunskill [2015] up to H and log factors®.

Proposition 7.2. The following bounds hold:

1. C(M*,e) < 254

2This lower bound is for the stationary setting. As noted in Ménard et al. [2021], one would expect a

lower bound of Q( SéQH °. log 1/§) in the non-stationary setting, implying Moca is H? off the lower bound.
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2. ( ) < Zh lzs a mlIl{ (s a)2’ } + H2|OPT(€)‘

* H H?|OPT(e
3. C(M*,¢) < thlzs,aemax{zlh(s,a),e} + & I (0]

In the special case of multi-armed and contextual bandits, the gap-visitation complexity
simplifies considerably.

Proposition 7.3. If M™* is a multi-armed bandit, then

1 I 1
Zml { 2 62} C*(M*) = Aa)?
a:A(a)>0

Furthermore, if M* is a contextual bandit, then

C*(M*) = max o ZA .4

The values given here are known to be the optimal problem-dependent constants for both best
arm identification and (e, §)-PAC for multi-armed bandits [Kaufmann et al., 2016, Degenne
and Koolen, 2019]. To our knowledge, the lower bound for best-policy identification in
contextual bandits has never been formally stated, yet it is obvious it will take the form of
C*(M™) given here. It follows that in the special cases of multi-armed bandits and contextual
bandits, MOCA is instance-optimal, up to logarithmic factors and lower-order terms.

Several additional interpretations of the gap-visitation complexity are given in Ap-
pendix E.1.1. The above results show that the gap-visitation complexity cleanly interpolates
between the worst-case optimal rate for (¢, 0)-PAC, and, in certain MDPs, the instance-optimal
rate for best-policy identification. In between these extremes, it captures an intuitive sense of
instance-dependence. As we will show in the following section, this instance-dependence can
offer significant improvements over worst-case optimal approaches.

7.3 Low-Regret Algorithms are Suboptimal for PAC RL

Obtaining instance-dependent complexity guarantees of the form Theorem 7.1 typically
requires exploring near-optimally—collecting maximally informative observations from the
environment as quickly as possible. In this section, we seek to understand what implications
Theorem 7.1 has on thinking about exploration in tabular RL.

Much of the existing literature on tabular RL relies on the principle of optimism—at
every episode, actions are played which have the “best possible” value, given the current
observations one has acquired. This approach is known to achieve sublinear regret and, via an
online-to-batch conversion, can learn an e-optimal policy at the minimax optimal rate. In this
section, we seek to understand if such an approach is instance-optimal. Can it achieve the
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same complexity as Theorem 7.1, and existing analysis is simply loose? Or is it fundamentally
unable to achieve this measure?

Formally, we consider the family of all low-regret algorithms (optimistic algorithms, and
beyond).

Definition 7.3.1 (Low-Regret Algorithm). We say an algorithm R is a low-regret algorithm
if it has expected regret bounded as Regret(K) = S.n  Eg[Vi — Vi*] < C1K® + Cy, for
some constants C, Cy, o € (0,1), and where 7, is the policy R plays at episode k.

Protocol 7.3.1 (Low-Regret to PAC). We consider the following procedure:

1. Learner runs low-regret algorithm R satisfying Definition 7.3.1 for K episodes, collects

data D (K).
2. Using D (K) any way it wishes, the learner proposes a (possibly stochastic) policy 7.

As a first example, consider the MDP in Fig-
ure 7.1. In state sg, action a; is optimal and transi-

tions to state s; with probability 1 — p and state s Action a,
with probability p. Action ay is suboptimal and tran- | Action a, 3
] :* r(s;,a;) = 05+ A,

sitions to state sy with probability 1. To learn a good
policy, we need to identify the optimal action in both
s1 and so. An optimistic or low-regret algorithm will o*

P(s|spa) =1 —p“v
R

* r(s;,a,) = 0.5

primarily play a; in sg, as this action is optimal, and rspa) =1
it will therefore only reach s, approximately O(pK)
times. It follows that a low-regret algorithm will take
at least Q(}fg) episodes to learn the optimal action
in so. In contrast, we could instead play as in sg,
collecting less reward but learning the optimal action
in s, in only Q(Aig) episodes. For small p, this could

L

e
Yo, Prlspa) =p
L2

O..A

\“ p—
r(sy,a) = 0.5+ A,
‘O

r(sy,a,) = 0.5

r(sg, ay) =0
P(sy | s, ay) =1

Figure 7.1: A motivating example

be arbitrarily better. The following result makes this

formal, illustrating that for identifying good policies

in MDPs, existing low-regret and optimistic approaches can be highly suboptimal, and more
intentional exploration procedures are needed.

Proposition 7.4 (Informal). On the example in Figure 7.1, any algorithm following Proto-

col 7.3.1 must run for at least K > Q(M 4 L 1/6) episodes to identify the optimal policy,

A7 pAg
while MOCA will terminate and output the optimal policy after only K < O(bgA—lg/(s + 1ogA_12/5)
1 2

episodes.

Proposition 7.4 formally shows that, in this example, any low-regret algorithm is unable
to achieve the complexity given in Theorem 7.1. We next consider a second example, to show
that this effect extends to cases where € > 0.
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Instance Class 7.3.1. Given a number of states S € N, consider an MDP with horizon
H =2, S states, and S + 1 actions, defined as in Figure 7.2.

Similar to the example considered in Proposition 7.4,

s 'O here a* is the optimal action in every state, yet in state

Plsilsa™) =15 .° S0, taking action a; is much more informative. The

R ekl - following result shows that this structure results in poor

\O performance for low-regret algorithms.

s, |50, 0") = —— ‘vo Proposition 7.5 (Informal). For the MDP in Instance

........... Tﬁs ‘L,-}O Class 7.53.1 with S states and small enough €, to find

" — \O an e-optimal policy with probability 1 — 6 any learner

2T executing Protocol 7.3.1 with a low-regret algorithm sat-

9-5 isfying Definition 7.3.1 must collect at least Q(Sl%l/é)

L0 ) =T 'O episodes. In contrast, on this example C*(M*) = O(S?)

........... = yo and € = 1/3, so, for e < 1/3, with probability 1 — 6,

P(sg| 5o, a5) = 1 . Moca terminates and output 7™ in O(poly(S)) episodes.
Fspa) =0, i € [S] \0

— s.a%) =09, j € [S] In'particular,' this example shows that thel're is an ex-

LELEY r(spa) = 0.1, 4, j € [S] ponential separation between low-regret algorithms and

Action 4 MoOCA. For exponentially small €, learning the optimal

policy following Protocol 7.3.1 takes 2(2°) samples, yet

Figure 7.2: MDP from Instance MocA finds the optimal policy in O(poly(S)) samples.
Class 7.3.1 Proposition 7.5, as well as Proposition 7.4, imply

that the true complexity of finding a good policy is

often much smaller than the complexity of finding a
good policy given that we explore to minimize regret. As noted, the key piece in this example,
and the example of Proposition 7.4, is that the optimal action in the initial state is very
uninformative—if we want to learn the optimal action in a subsequent state, we should not
take the optimal action in the initial state, but should instead take an action that leads us
to the subsequent state with high probability. Nearly all existing works rely on algorithms
which play policies which converge to a good policy. For instance-dependent PAC RL, instead
of playing good policies, our examples show that an algorithm ought to explore efficiently,
possibly taking very suboptimal actions in the process, and ultimately recommending a good
policy. This shortcoming of greedy algorithms motivates our design of MOCA, where we seek
to incorporate this insight.

While it is known that low-regret algorithms are minimax optimal for PAC RL, these
instances show that running a low-regret algorithm and then an online-to-batch procedure is
suboptimal by an arbitrarily large factor for PAC RL. We conclude that minimax optimality
is far from being the complete story for PAC RL, and that if our goal is to simply identify a
good policy, we can do much better than running a low-regret algorithm.
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7.4 Algorithm and Proof of Theorem 7.1

We turn now to the definition of our algorithm, MocCA, and provide a proof of Theorem 7.1.
We first provide some intuition for MOCA in Section 7.4.1 and give an overview of our core
exploration procedure in Section 7.4.2, before stating the full definition of MOCA and giving
the proof of Theorem 7.1 in Section 7.4.3. Omitted technical details from the proof are
deferred to Appendix E.2.

7.4.1 Algorithm Intuition

At a high level, MOCA operates by treating every state as an individual bandit, and running
an action elimination-style algorithm at each state [Even-Dar et al., 2006]. Unlike low-regret
algorithms, MOCA aggressively directs its exploration to reach uncertain states as quickly
as possible. The sequential structure of an MDP introduces several unique challenges, upon
which we expand below.

Compounding Errors. In a standard bandit, from the perspective of the learner, the
value of a particular action is determined solely by the environment. However, in an MDP,
the value of an action a at state s and time A depends not only on the environment, but also
on the actions the learner chooses to play in subsequent steps. If we run some policy 7 after
reaching (s, h), though we may be able to identify the optimal action to play at (s,h) given
that we then play 7, if T is suboptimal, this action may also be suboptimal. The following
result, a direct consequence of the celebrated performance-difference lemma [Kakade, 2003,
is a key piece in our analysis, allowing us to effectively handle the compounding nature of
errors, and may be of independent interest.

Proposition 7.6. Assume that for each h and s, T plays an action which satisfies max, QZ\(S, a)—
Q7 (s,7n(s)) < en(s). Then the suboptimality of T is bounded as:

H
Vi =V < sup Y wi(s)en(s),
h=1 T s

In particular, if €,(s) < ¢/H for all s and h, then we guarantee Vj — V¥ < e. Propo-
sition 7.6 in fact holds with wf(s) replaced by wi(s), the visitation probability under the
optimal policy. We choose to work instead with the (looser) bound stated in Proposition 7.6
as we do not in general know 7* and, as we will see, can more easily control the visitations
under this “worst-case” policy.

Intuitively, Proposition 7.6 says that it is sufficient to learn an action in each state
that performs well as compared to the best action one could take given that T is played in
subsequent steps. This motivates the basic premise of our algorithm. We proceed backwards,
first learning near-optimal actions in every (s, H), which gives us 7. We then continue on to
level H — 1 where, after playing an action a, we play 7wy. This gives us an unbiased estimate
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of QF,_,(s,a), and allows us to determine actions that are near-optimal at stage H — 1 if
we play 7 at stage H. We repeat this process backwards: at stage h, after playing action
a, we play {7p }i_,,. 1, yielding an unbiased estimate of Q7 (s, a), the “reward” of action a,
and allowing us to eliminate actions that are suboptimal, given that we play 7 in subsequent
steps.

Our approach relies on a Monte Carlo estimate of the value of a particular action a
at a given (s, h). Rather than attempting to compute this value using knowledge of the
MDP, or relying on a bootstrapped estimator, we simply play the policy and observe the
reward obtained. As the rewards are bounded, concentration applies, allowing us to efficiently
estimate Q7 (s, a), and turning the learning problem at a given (s, h) into nothing more than
a bandit problem. We note that the Monte Carlo technique has previously proven useful for
attaining refined gap-dependent guarantees in the regret setting [Xu et al., 2021].

Balancing Suboptimality and Reachability. To perform the above procedure efficiently,
we must guarantee that we can reach every (s, h) enough times to eliminate suboptimal actions.
Bear in mind the weighting of each suboptimality, €;(s), in Proposition 7.6: for a given (s, h),
knowing an €(s)-optimal action in (s, k) will only add at most sup, wf (s)en(s) =: Wp(s)en(s)
to the total suboptimality. Thus, we only need to learn good actions in each state in proportion
to how easily that state may be reached.

In particular, if we play the policy achieving wj (s) = W(s) for K episodes, we will reach
(s,h) Wi(s)K times on average. By standard bandit sample complexities, we would expect it
to take on order ﬁ samples to learn an €, (s)-optimal action at (s, h), so it follows that

the total number of episodes we would need to run would be K Ok However, if we

>__ A
~ Whp(s)en

set en(s) ~ pe/Wh(s), which will ensure that the suboptimality of our policy is proportional
to € and does not scale with the reachability, we will only require K 2 A?;—’;gs). We see then
that the difficulty of reaching a state to explore it is balanced by the fact that such a state

does not contribute significantly to the total suboptimality.

Navigating the MDP by Grouping States. Naively performing the above strategy
could result in a sample complexity very suboptimal in its dependence on S. Indeed, to
ensure our final policy is e-suboptimal, we would need to choose 3 ~ (SH)™!, since in this
case we can only bound the suboptimality term from Proposition 7.6 as

H
Z sup » wy(s)en(s) S SHpe.
h=1 T s

This would give us a sample complexity scaling as a suboptimal S3. To overcome this,
we propose an exploration procedure which groups states—instead of exploring each state
individually, in a given rollout it seeks to reach any number of states which are “nearby”, in
the sense that a single policy may reach any of them with similar probability.

To make this practical, we take inspiration from the algorithm of Zhang et al. [2020]—
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designed for the so-called “reward-free” learning setting [Jin et al., 2020a], where the agent
seeks merely to learn policies which traverse all reachable states—which is itself inspired by
the classical RMAX algorithm [Brafman and Tennenholtz, 2002|. We modify the true reward
function, giving a reward of “1” to any (s, a, h) pair we wish to visit, and otherwise setting
the reward to “0”. We then run a (variance-sensitive) regret minimizing algorithm, EULER
[Zanette and Brunskill, 2019], on this modified reward function to generate a set of policies
that can effectively traverse the MDP to visit the desired states. Critically, we show that the
complexity of generating these policies amounts to a lower-order term—it is easier to learn to
explore an MDP than to learn a good policy on it. Furthermore, grouping states allows us to
obtain the optimal worst-case dependence on S and A.

7.4.2 Efficiently Exploring and Eliminating Actions

Before describing our main algorithm MoOCA, we first outline the key sub-routines it utilizes.

7.4.2.1 Learn2Explore QOuverview

Our key exploration procedure is the Learn2Explore routine. Learn2Explore implements
the navigation procedure described in Section 7.4.1. In particular, it takes as input a set
X C S x A, and returns a partition {X;};, X; C X, set of policies {II;},, and values {N;,};.
These sets satisfy the following property.

Theorem 7.2 (Performance of Learn2Explore, informal). With high probability, the partition
{X;}; returned by Learn2Explore satisfies

su wy < 97iHl
Wp Z h(sa CL) —= )
(s,a)€X]

Moreover, the policy classes 11; are such that, by executing a single trajectory of each m € 1I;
once, we visit every (s,a) € X; at least %Nj times, where

23|11, |
N = O )+ MUl = Kty ) = OIS log'1/5) (1)
g'=1"j’

Furthermore, if Learn2Explore is run with tolerance € 5, it will terminate after running for
at most poly(S, A, H,log 1/5,1og 1/ 5) - ﬁ episodes.

In other words, the sets &; are groupings of “nearby” states that are increasingly difficult
to reach, and the sets II; give a policy cover which navigates to each (s,a) € &;. In addition,
as N; = O(277|1L,|/|X\ U;:,_:ll Xj|), if we wish to collect n samples from each (s,a) € &}, it
will only require running for

O | |- : = O (YIX\WL X on) <O (2SAn
<| 4 2_j|Hj|/W\U§-;11Xj'|> A\ Ayl -n) <O )
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Algorithm 7.1 Learn2Explore

1: function Learn2Explore(active set X C S x A, step h, confidence §, sampling confidence

Jdsamp, tolerance € o)

2 if |X| =0 then return {(0,0,0 0)}[1og(1/q25ﬂ

3 for j =1,. ﬂog(l/eLzEﬂ do

4 K < K (m;ésamp) as defined in (741), MJ — |X|, N] < Kj/(4|X| : 2J)

5: X;,11; < FindExplorableSets(X, h, 0, K;, N;)
6: X — X\
7
8
9

return {(X;, I1;, N;, M;)}1os/«e)]

: function FindExplorableSets(active set X C S X A, step h, confidence ¢, epochs to
run K, samples to collect V)
10: Set 7 (s,a) < 1 for (s,a) € X and 0 otherwise, N(s,a,h) <= 0, Y < 0, I« 0, j < 1
11: for k=1,2,..., K do
// Euler is as defined in Zanette and Brunskill [2019]

12: Run EULER on reward function 77, get trajectory {(sf,af, h)}iL, and policy
13: N(sF,af) < N(sf,af)+1, 1 + [T U T

14: if N(sk,af) > N, (sf,af) € X, and (s},a}) ¢ Y then

15: Y+ YU(sh, afl)

16: 171 (s,a) « 1 for (s,a) € X\Y and 0 otherwise

17: j—g+1

18: Restart EULER

19: return )/, II

episodes. Thus, if we choose n so that it is proportional to the reachability of X;—for
example, n ~ 277 /e2—the total number of episodes that must be run to collect n samples
is no more than O(2£) (this can tightened to a term behaving in some cases as O('f—;'))
As we noted in Section 7.4.1, it suffices to collect samples from every state in proportion
with its reachability, which, combined with this fact, allows our exploration to be performed
efficiently. Learn2Explore is the backbone of our sample collection procedure and is called
both in Line 4 of Moca-SE as well as in CollectSamples. We provide the full statement of
Theorem 7.2 in Appendix E.3.

7.4.2.2  Helper Function Descriptions

We next turn to two additional functions utilized by MocA—CollectSamples, which calls
Learn2Explore in order to collect observations from the MDP, and EliminateActions, which
takes as input the collected data and eliminates suboptimal actions.
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Algorithm 7.2 MocA Helper Functions

}[log 1/ecs] , step h, pohcy %, toler-

1: function CollectSamples(active set X, allocation {n;
ance dcs, precision €cs)

2 {(x;, 115, Nj)}]D:o%l/ecJ <+ Learn2Explore(X, h, dcs, Mm, €cs), D « ()

3 for j=1,...,[log1/es| do

4 for 7 € II; do

5: Run 7 for T' = [2n,/N;] times up to level h, then play T

6 Collect reward rollouts ® « D U {s}, al, Q7' (s}, at) :== Sop_, RLIL,

7

8

9:

return O, {X }ﬂogl/&s]

function EliminateActions(active set X, partition {X;}¥_,, dataset D, active actions
{An(s)}sez, level h, thresholds {v;}%_))
10: for (s,a) € X do

11: Nh(S a) < Z(5h7ah QZ t(sh al))ed H{(Sl;l, Cll;l) = (S, G)}
o7t
12: Qh(s a) Nh(ls a) Z(sh’ah’Qh (sh,(l ))E@ H{(S}{L’ a’ﬁl) = (s’ a)} ’ Qh (527 az)
13: for j=1,...,k do
14: for s s.t. Ja with (s,a) € &; do
15: j(s) < argmax; j' s.t. 3, (s,a’) € Xy
16: An(s) = {a € An(s) : maxgea, s Qf(s,a') — Qh(s,a) < v}

17: return {A,(s)}sez

Description of CollectSamples. CollectSamples takes as input a set X C S x A, an allo-
cation {n,};, a timestep h, and a policy 7. In short, CollectSamples first calls Learn2Explore
on X to obtain a partition {X};};, and then reruns the policies returned by Learn2Explore
enough times to ensure that every (s,a) € & is reached at least n; times at timestep h.
After reaching (s,a, h), 7 is played, to obtain a Monte Carlo estimate Qi’t(s, a) of Q7 (s, a).
CollectSamples then returns the data collected and the partition returned by Learn2Explore.

Description of EliminateActions. EliminateActions takes as input aset X C S x A, a
partition of this set {X}};, a dataset © generated by CollectSamples, a set of active actions
{An(s)}s, a timestep h, and a threshold {v,};. For each (s,a) € X, it forms an estimate of
Q7 (s,a) from the rollouts in ©. Given these estimates, for s such that there exists a with
(s,a) € X}, it removes actions from Aj(s) that are more than v;(,)-suboptimal.

7.4.3 Detailed Algorithm Description and Proof of Theorem 7.1

Finally, we outline our main algorithm MOCA and provide a proof of Theorem 7.1. We
will argue the correctness of MOCA on two events: &, which is the event that every call
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to Learn2Explore succeeds, and &, which is the event that the estimates calculated in
EliminateActions are accurate. We can think of &, as the event on which we explore
successfully—we reach every state the desired number of times—and &, the event on which
we estimate correctly—our Monte Carlo estimates of Q7 (s,a) concentrate. The following
lemma shows that these events hold with high probability.

Lemma 7.4.1. If we run MOCA, P[Eexp N Eest] > 1 — ol

We formally define these events in Appendix E.2, and provide proofs to the lemmas in
this section.

7.4.3.1 Moca-SE OQuverview

Given this description of Learn2Explore, we are ready to describe the Moca-SE (single-epoch
MocA) procedure. Assume that we run Moca-SE with tolerance ¢ and confidence §. We
begin by calling Learn2Explore on Line 4, which allows us to form an estimate of W(s),
the maximum reachability of (s, ). This in turn allows us to determine which states are
efficiently reachable. We let Z;, denote the set of all such efficiently reachable states at stage
h: Wi(s) > 525, Vs € Zp,. All other states have little effect on the performance of any policy
and can henceforth be ignored. The following claim shows that our estimate of W, (s) is in
fact accurate for s € Z,.

Claim 1. If running Moca-SE, on Eest N Eexp we have /Wh(s) < Wi(s) < 32Wh(s) for all
S € Zh-

We then proceed to our main loop over & in Line 7. For a fixed h, we loop over i and form
the partition Z; which contains all s € Z;, with Wj,(s) ~ 27% Given Zj;, we next loop over
¢, and for each ¢ aim to eliminate actions from Zj; that are more than e, = H2“-suboptimal.
We define Zf, C S x A as the set of (s,a) for s € Z;, and a we have not yet determined
are €;_1 /W (s)-suboptimal. To collect a sufficient number of samples from each (s,a) € Z;,
in order to eliminate suboptimal actions, we run CollectSamples on Z/, and seek to collect
nt; = O(H?/(2%€})) = O(H*W,,(s)?/€}) from each (s,a) € Zj,.

Note that every (s,a) € Zf, has similar maximum reachability, W} (s) ~ 2%, determined
by index i. Nevertheless, as outlined in Section 7.4.1, to obtain the proper scaling in S, we
may still need to group states in a way that allows nearby states to be explored effectively.
Calling Learn2Explore in CollectSamples does just this, efficiently traversing the MDP to
guarantee enough samples are collected from all states in tandem.

After running CollectSamples, we run EliminateActions to eliminate suboptimal
actions, yielding a set of candidate ¢,/W,(s)-suboptimal actions for each (s, h), denoted
At (s). The following result shows that this procedure does indeed winnow out sufficiently
suboptimal actions.
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Algorithm 7.3 Monte Carlo Action Elimination - Single Epoch (Moca-SE(e, ¢, FinalRound))
1: input: tolerance €, confidence 9, final round flag FinalRound
2: initialize eog < 5775, Zn < 0, exp = [log L]
3: for each (s,h) do // loop over all s, h to learn maximum reachability
4: {(Xh TIM N3}t < Learn2Explore({(s, a)} h, 2=, 3, €exp) for arbitrary a € A

5: if X" = {(s,a)} for j € [Gexp| then Wh(s) — Zn + Z,U{s}

€exp

N:
2|H§.h| 16 27

5AH<E(£ +1)

6: set ¢ < [log 551, < < log , le < [log 2], m,(s) < arbitrary action,

AV (s) + A.
7. for h=H, H — ,1do // loop over horizon
8: for ¢ = 1,2, e ,g6 do/\ // loop over estimated maximum reachability
9: Zpi {S € Z Wh(S) S [27i,27i+1]}
10: for /=1,...,¢. do // loop over tolerance ¢,
11: € H27', Z[, « {(s,a) : s€ Zp,ac A (s), AT (s)| > 1}
12: n@ — 2128212;5, ’yfj z 6‘ forj=1,...,¢
13: hl,{X}f “ L CollectSamples(Zﬁl,{n S b T i SR)
14: {AL (s )}sezm <—E11m1nateAct10ns(ZﬁZ,{X,fzj .0 AT (8) Yeezs By {VE)e
15: if FinalRound is true then // ensure T e-optimal
16: Zitl o {(s,a) @ s € Zpa € Ae(s), | Al (s)] > 1}
. H4cc292(—j+1) .
17: n§+1(—%,75+1<—mf0r]_1
18: Dt {Xe t1}s | < CollectSamples(Z;™' {n g“}] L %, £, )
19: {Alt(s )}S€Z£5+l + EliminateActions(Z, ' {1 Dyt
A5 ()} sz, b (201 )
20: else
21: ALt (s) « Abe(s) for all s € 2,
22: Set 7, (s) to any action in Al (s) for all s € Z,

23: return 7, max, |A5 T (s)]

Lemma 7. 4 2. On the event Eest N Eexp, if Moca-SE is run with tolerance €, for any h € [H|
and £ € [l + 1], if |[AL(s)] = 1, then for a € A%(s),

maa;X QZ(Sa (I,) - Qg(sa a) = 0.

Furthermore, if |A4(s)] > 1, £ < L., and s € Zy; for some i, then any a € Al(s) satisfies

3€g
A < .
h<87 a) _ 2Wh<8)

“1)
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Finally, if |A% ™ (s)| > 1 and s € 2, then any a € Al (s) satisfies

7 €
Ails0) < oo

where j(s) = argmax; j s.t. 3, (s,a’) € X,f;“.

The guarantee follows by verifying that our exploration collects enough samples to ensure
the confidence intervals on Q7 (s, a) have width O(e,/W),(s)). Furthermore, using properties of
Learn2Explore given in Theorem 7.2, we can bound the sample complexity of this procedure,

which yields a dominant term reminiscent of our sample complexity measure, C(M*, ¢€) in
Definition 7.2.1.

Lemma 7.4.3. On the event o N Eexp, for a given h and i, the loop over £ on Line 10 of
Moca-SE will take at most

1 W, 2
cH?¢s6?(, inf max max min — — n(s) y
T ooCE e wi(s,a)An(s, a)? Wi (s,a)e

episodes. Furthermore, the total complexity of calling Moca-SE with FinalRound = False s
bounded by:

1 Wi (s)? } N poly(S, A, H,log 1/¢,log 1/6)

H
H? CSsS: 3¢, . inf max min —
; T sa wi(s,a)An(s, a)? wi(s,a)e? €

for a universal constant c.

Proof Sketch of Lemma 7.4.3. In order to collect at least n ; samples from each (s,a) € X,fij,
Theorem 7.2 ensures that it suffices to run for O(|IL;|n{;/N; ) O(27|X;;Ini;) episodes; thus,
we can collect nf; samples from each (s, a) € Zj; with only o0, 2| hm|n ) episodes.

Theorem 7.2 also shows that X/

nij Satisfies

sup min |X; |w](s,a) < su w3a<2jJrl
wp(sa)EX | h2]| h( ) p Z h )

T
hij (s, a)EXﬁU

)4

which upper bounds the O(3_ ;27 | Xk |nt;) episodes required by O(3_; infr max(, g xe ¢ ),

ij Wi (s,a)

As all (s,a), (s',a') € Ay, satisfy Wi (s) = Wi (s') by construction, nf; = O(H*Wi(s ) /€2) for
‘ W(s)?

any (s,a) € & 7)

hijs sa)EXf;“ wh(s a)eé .

Finally, since actions in stage ¢ are only active if their gap is less than Wj,(s)/es, we obtain
Lemma 7.4.3. [

so the sample complexity reduces to O(H?* i mf7r max
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The FinalRound flag. Single-epoch MOCA is called multiple times by our main algorithm
(Algorithm 7.4), each with geometrically decreasing tolerance €. For all but the smallest such
€, Moca-SE is run with FinalRound = False, and terminates after the previously described
loop over h, i, ¢ terminates. The last call to Moca-SE constitutes the “final round”, where we
set FinalRound = True; this calls CollectSamples and EliminateActions one more time for
each h.

While the loop with the FinalRound = False is able to eliminate suboptimal actions,
it does not shrink the action set enough to guarantee that the returned policy is e-optimal.
In particular, while each (s,h) pair upon entering this final-round loop is sub-optimal
by at most €,(s) = O(e/Wy(s)), Proposition 7.6 suggests that we actually need €,(s) <
O(e/H -sup, > cpwi(s')). To remedy this, FinalRound = True invokes a final step to
ensure the latter bound holds. Critically, while in the previous step we only sampled (s,a) in
proportion with W}, (s)?, the individual maximum reachability of that state, in this step we
sample each (s, a) in proportion with the reachability of the partition containing (s,a). This
subtlety is indispensable for attaining our instance-dependent sample complexity.

In other words, after forming our set Z,?H of active states and actions corresponding to
the minimal error-resolution index ¢ = ¢, (from the previous argument, this will only contain

states we have not determined the optimal action for and actions that satisfy Ay (s, a) < #;(s))

and partitioning it into {X)5"'}; by calling Learn2Explore, we seek to collect O(H*27% /%)
from every (s,a) € X,f;“. By Theorem 7.2, X,f;“ satisfies sup, > Jexlett wi(s,a) <
J

s,a
27771 so sampling (s,a) O(H*27% /€?) times means we sample it in proportion to its group
reachability squared. By the final conclusion of Lemma 7.4.2, we can cleanly bound the
suboptimality of actions remaining after this step and, as the following lemma shows, the
number of samples used by this procedure.

Lemma 7.4.4. On the event Eest N Eexp, if Moca-SE is called with FinalRound = True, the
procedure within the if statement on Line 15 will terminate after collecting at most

cH*Gs562 20+ 4 poly(S, A, H,log1/d,log 1/€)
€2 h

€

episodes. Furthermore, the total complexity of calling Moca-SE with FinalRound = True is
bounded by:

poly(S, A, H,log1/¢,log1/0)

H?cgs620 - C(M*,€) + ;

for a universal constant c.

Critically, as noted above, Z£€+1 will only contain near-optimal actions and unsolved
states, so its cardinality could be much less than SA. Finally, a simple calculation combining
Lemma 7.4.2 and Proposition 7.6 gives the following result.



137

Lemma 7.4.5. On the event Eey N Eexp, if Moca-SE is run with tolerance € and FinalRound
= true, then the policy T returned by Moca-SE is e-suboptimal.

7.4.3.2  Putting everything together: MOCA and proving Theorem 7.1

Algorithm 7.4 MOnte Carlo Action Elimination (MOCA)

1: input: tolerance €, confidence d.

2: AY(s) + Afor all s,h

3: form=1,...,[log(H/€e)] —1 do

4: €tol(m) H27™, (5t01(m) — 3232’112

5: 7™, Max0pt < Moca-SE(€toi(m); Otol(m), false)
6
7
8
9

if MaxOpt = 1 then
: return 7™
: T,Max0pt <— Moca-SE(é, MW, true)
: return 7

We turn now to our main algorithm, MOCA. MOCA takes as input a tolerance €,
and confidence dy,. Were our goal simply to find an e-optimal policy, from the above
argument we could call Moca-SE with tolerance €y, and FinalRound = True. However, if €
is small enough that Moca-SE identifies the optimal action in every state, this may result
in overexploring—since once we have identified the optimal action in every state we can
terminate and output the optimal policy. To remedy this, we instead call Moca-SE with
exponentially decreasing tolerance and FinalRound = False. If it returns a set of actions
for every s, h with | Ay(s)] = 1, we can guarantee we have identified the optimal policy, and
simply terminate without overexploring. Note also in this stage, since FinalRound = False,
we do not pay for the O(Ij—; Z£6+1|) term. If this condition is never met, we simply call
Moca-SE a final time at the end with FinalRound = True to ensure the policy we return is
€ro-optimal. A formal proof of Theorem 7.1 follows directly from this argument.

Proof of Theorem 7.1. Note that P[Eest N Eexp] > 1 — by Lemma 7.4.1. We will assume for
the remainder of the proof that this event holds.

Case 1: €, > min{min,,, Wh(s)gh(s,a)/& 2H?S ming;, W,(s)}. In this case, that the
policy returned is €y -optimal is guaranteed by Lemma 7.4.5 since the final call to Moca-SE is
run with FinalRound = true. To bound the sample complexity, we can then simply combine
Lemma 7.4.3 and Lemma 7.4.4, which gives that the total sample complexity is bounded as
(using that €ioi(m) > €0 and that dieim) > o1/ (36[log H /€1 ]?) =: 0'):

[log H/eto1]—1 H { 1 Wh($)2 }

E H?egs ¢3 14 . E inf max min
tol(m) Y€tol(m) €tol(m) N ) s 2
o wr(s,a)An(s,a)? Wi (S, Q)€ m

T  sa

m=1 h=1
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H
1 W, (s)?
+ Hzcgfstol(M)gStolgEtol : Z inf max min _ ,— n(s) -
= w;{(s, a)Anp(s,a)? Wy (s, &)Etol
+ CH4g5t01g€2tol |OPT(6tOl)| + ﬂog H/6t01—| ) pOlY(Sa A7 Ha 1Og 1/€t017 log ]-/5‘501)

2
Etol €tol

This can be upper bounded as

d 1 Wh(s)?
log H /€01 'H26§5/§€3 e, - E inf max min — , h
( / t —‘ tol ~ €tol — T sa w}{(s,a)Ah(s,a)? wZ(s)a)e?ol

N cH's<2 |OPT (€1l N poly (S, A, H,log 1 /€1, 10g 1/6:01)

€tol

E1?01 €tol
This and the definition of C(M™*, €) gives the first conclusion of Theorem 7.1.

Case 2: ¢, < min{ming,y Wh(s)ﬁh(s,a)/?), 2H%S min, , W,(s)}.  As we showed in the
proof of Lemma 7.4.4, we will have that Z;<™' C OPT(e,h). Therefore, if for all (s,a),
An(s,a) > 3¢/Wi(s), we will have that |Zi<!| = 0, which implies that for every s € 2,
| A (s)| = 1. Furthermore, on Eug,, we will have that 2, = S x A if 255 < min, Wy (s). If
each of these conditions hold for all A, then the returned sets A%t (s) will satisfy [ A5 (s)]
for all s and h.

It follows then that if €, < min{ming,y Wh(s)ﬁh(s, a)/3,2H?S ming;, Wj(s)}, either
Etol(m) < Min{ming,p Wh(s)ﬁh(s,a)/3,2H28 ming , W,(s)} for some m, in which case the
above condition will be met, and the termination criteria on Line 6 of MOCA will be satisfied,

or
Etol(m) = min{grbi% Wi(s)An(s,a)/3,2H>S rguhn Wh(s)},

and MOCA will reach the final call of Moca-SE with FinalRound = True. In the former case,
letting m denote the value of m at which MOCA terminates, the total sample complexity will
be bounded as, using the same argument as in Case 1,

g H
m H2 3 / Z inf . 1 Wh(8)2
Cg(stol('rh) g€tol(m) €tol(m) . 1nr max min 5
1

= wi (s, a)An(s,a)2” Wi (s @)y

+ m - P01Y<S; A? H7 log 1/€tol(ﬁl)7 log 1/6t01(m))

m=

€tol(mn)
H
. . 1 Wh S 2
< mH2C§5tol<m)§iol(m)€%1(m) : E inf max min = - — ( )2
h=1 o U};{(S, a)Ah(SJ CL) wh(s’ a)etol(fn)

+ POl}’(S, A7 Ha lOg 1/€tol(m)7 log 1/5tol(m))

€tol(n)
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and note that €y1(m—1) > min{min, 4, Wh(s)ﬁh(s, a)/3,2H%S min, ,, W,,(s) }, since we did not

terminate at round m—1, implying that eoim) > 2 min{min, q , Wi (s)An(s, a)/3, 2H>S ming , Wi (s)}.

Note also that dioi(m) = T r—— so we can also bound
€tol(m

log 1/601(m) < O(log 1/041 + loglog(2 min{mi% Wi(s)Au(s,a)/3,2H%S mihn Wi(s)}))-

Together these give the bound stated in Theorem 7.1.

In the latter case, when we do not terminate early at Line 6, the same sample com-
plexity bound applies but with €. replaced by €, since if |Zf;€+1| = 0, the final call to
CollectSamples in Line 18 of Moca-SE will not collect any samples. As before, in this case
we can lower bound

€rol > 2min{mi% Wh(s)gh(s, a)/3,2H*S mihn Wi(s)}

from which the bound follows.

It remains to show that 7 = 7*. This follows inductively from Lemma 7.4.2 since
if |A%(s)| = 1, this implies that for a € A%(s), a = 73(s). Then if we assume that
7w (s) = 75 (s) for all s and W' > h, if | Af(s)] = 1 this implies that for a € A%(s), a = 77 (s)
since, by Lemma 7.4.2, in this case

mé}XQZ\(S,a/) - QZ(‘S?CL) =0

but Q7 (s, a") = Q% (s,a"). Thus, it follows that 7 = 7*, which completes the proof.
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Chapter 8

Instance-Dependent Linear Reinforcement
Learning

While a canonical setting in the reinforcement learning literature, tabular MDPs are
severely limited in what real-world environments they can conveniently represent. In real-
world settings, it is rarely the case that states and actions are completely unrelated—more
often, there is sufficient structure in the problem that knowing the behavior at one state
provides information on the behavior at another state. Ignoring this information-sharing,
as the tabular assumption does, results in sample complexities significantly larger than we
might otherwise achieve.

Inspired by this, much work has been done over the last several years to move beyond
the tabular assumption and develop sample efficient RL algorithms in settings that require
function approximation [Jiang et al., 2017, Jin et al., 2020b, Zhou et al., 2021a, Du et al., 2021,
Jin et al., 2021, Foster et al., 2021]. A particular setting that has received significant attention
is that of MDPs with linear function approximation—where it is assumed that the MDP
can be parametrized linearly in some featurization of the state-action space [Yang and Wang,
2019, Jin et al., 2020b, Wang et al., 2019, Du et al., 2019, Zanette et al., 2020a,b, Ayoub et al.,
2020, Jia et al., 2020, Weisz et al., 2021, Zhou et al., 2021a,b, Zhang et al., 2021c, Wang et al.,
2021]. In such settings, the number of states could be infinite—making learning in a tabular
representation of such an MDP intractable—yet the linear structure allows information
to be shared between states, making learning tractable when this structure is taken into
account. While significant progress has been made understanding the worst-case complexity
of RL with linear function approximation, little progress has been made understanding the
instance-dependent complexity of learning.

In this chapter we provide the first significant results in this direction, extending the
results of Chapter 7 to MDPs with linear function approximation. As in Chapter 7 we
consider the PAC setting, where the goal is to identify an e-optimal policy in the minimum
amount of samples possible. While there exist several formulations of MDPs with linear
function approximation, we consider in particular the linear MDP setting of Jin et al. [2020Db].
As we will see, though our results are similar in spirit to that of Chapter 7, the algorithmic
techniques are significantly different—relying, in fact, on the same online experiment design



141

techniques as in Chapter 6—and the final complexity differs significantly as well.

8.1 Reinforcement Learning with Linear Function Approximation

Unless otherwise noted, we adopt the same MDP notation in this chapter as in Chapter 7,
though we make a slight modification to the setting of Chapter 7 by assuming that each
episode begins from the same fixed state instead of being drawn from some distribution. Here
we consider MDPs with linear structure, defined as follows.

Definition 8.1.1 (Linear MDPs [Jin et al., 2020b]). We say that an MDP is a d-dimensional
linear MDP, if there exists some (known) feature map ¢(s,a) : S x A — R? H (unknown)
signed vector-valued measures p;, € R? over S, and H (unknown) reward vectors 6;, € RY,
such that:

Bi(ls, a) = (@(s,a), pn(-)),  E[Ra(s, a)] = (¢(s, a), On).

We will assume ||@(s,a)||s < 1 for all s,a; and for all h, |||pn](S)]]2 = || stS |dpen(s)|]]2 < Vd
and |02 < Vd.

Linear MDPs encompass, for example, tabular MDPs, but can also model more complex
settings, such as feature spaces corresponding to the simplex [Jin et al., 2020b], or the
linear bandit problem. Critically, linear MDPs allow for infinite state-spaces, as well as
generalization across states—rather than learning the behavior in particular states, we can
learn in the d-dimensional feature space. Note that the standard definition of linear MDPs,
for example as given in Jin et al. [2020b], assumes the rewards are deterministic, while we
assume the rewards are random but that their means are linear. We still assume, however,
that the random rewards, ry(s, a), are contained in [0, 1] almost surely.

For a given policy 7, we define the feature-visitation at step h, the expected feature vector
policy 7 encounters at step h, as ¢ 5 := E;[p(sn, ap)]. Note that this is a direct generalization
of state-visitations in tabular RL—if our MDP is in fact tabular, [y p)sa = Prlsn = s,an = al,
so the feature visitation vector corresponds directly to the state visitations. Note also that
we can write the value of a policy as V7 = Zle(quh,eh) Denote the average feature
vector induced by 7 in a particular state s as @ u(s) = Equr,(|s)[@(s,a)]. We also let
Onr = @d(Spr,an,) denote the feature vector encountered at step h of episode 7 (and
similarly define Ry, ;). We define A, := E.[d(sn, an)P(sn, an) '], the expected covariance of
policy 7 at step h, S\min,h = Sup, Amin(Ar ) the largest achievable minimum eigenvalue at
step h, and Api, = miny, j\min7h~ We will make the following assumption.

Assumption 8.1 (Full Rank Covariates). In our MDP, Amin > 0.

We remark that Assumption 8.1 is analogous to other explorability assumptions found in the
RL with function approximation literature [Zanette et al., 2020c, Hao et al., 2021, Agarwal
et al., 2021].
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To reduce uncertainty in directions of interest, we will be interested in optimizing over
the set of all realizable covariance matrices on our particular MDP. To this end, define

Q= {EreoArs] © weE Q) (8.1.1)

for Q, the set of all valid distributions over Markovian policies (both deterministic and
stochastic). €2, is, then, the set of all covariance matrices realizable by distributions over
policies at step h.

While in Chapter 7 we consider state-action gaps, in this chapter the more relevant
notion of a gap is that of a policy gap. For some set of policies IT (which may not contain an
optimal policy), we let Vj(II) := max ey V7. We then define the minimum policy gap as:

min °

AT {%*(H)—maxwen:vokvg(n) Ve fme Vg = V() =1
0 0.W.

That is, All. is the gap between the values of the best policy and next best policy in II if

min
the best policy in II is unique, and otherwise 0.

8.2 Near-Optimal Policy Identification in Linear MDPs
We are now ready to state our algorithm, PEDEL.

PEDEL Description. PEDEL is a policy-elimination-style algorithm. It takes as input
some set of policies, II, and proceeds in epochs, maintaining a set of active policies, II,, such
that all m € II, are guaranteed to satisfy Vg > Vj*(I1) — 4e, for ¢, = 27¢. After running for
[log ‘—ﬂ epochs, it returns any of the remaining active policies, which will be guaranteed to
have value at least V7 (II) — e.

Similar to Chapter 7, in order to ensure I, only contains 4¢,~-optimal policies, sufficient
exploration must be performed at every epoch to refine the estimate of each policy’s value.
In particular, one can show that, if we have collected some covariates Ay, ¢, the uncertainty in
our estimate of the value of policy 7 at step h scales as ||$frh\| AL, for ggfrh the estimated
feature-visitation for policy 7 at epoch £. To reduce our uncertainty at each round, we would
therefore like to collect covariates such that ||¢ all AL < €. Collecting covariates which
satisfy this using the minimum number of episodes of exploratlon possible involves solving
the experiment design:

inf max||¢ h||ie_x1p. (8.2.1)

Aexpénh 7T€

Note that this design has the form of an XY-experiment design [Soare et al., 2014]. Solving
(8.2.1) will produce covariance Aqy, which reduces uncertainty in relevant feature directions.
However, to solve this design we require knowledge of which covariance matrices are realizable
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Algorithm 8.1 Policy Learning via Experiment Design in Linear MDPs (PEDEL)
1: input: tolerance ¢, confidence 9, policy set II
2: EO «— ﬂogz -‘ HZO < H ¢ — anm \s1)[¢(517 CL)],VTF ell
3: for ( = EO,EO +1,. [log 4] do

b 2t by G log 102
5: for h=1,2,...,H do
6: Solve (8.2.1) by running procedure of Theorem 8.5 with parameters
2 2 2
oxp =, 0 ——, Alog————, P« Oy, = cmell
in order to collect data {(sn,, anr, Rh s, sh+177)}f 1, satisfying
Kh,e 1
< f A <~ T T T T T -1
max ||¢ ﬁ or Ay Z O (Shry Q7 )P(Shrs Gnr)  + y
7: for 7 € 1I, do // Estimate feature-visitations for active policies
~ K S\~
8: ¢fr Al < "y b, h+1(8h+177)¢;7'Ahé> ¢fr,h
9: 04 — AM ) thTrhT // Estimate reward vectors
10: // Remove provably suboptimal policies from active policy set
Iy Hg\{ﬂ' ell, : ‘70” < sup XA/O’T/ — 26@} for Zh (@ 7T,L,0€>
' €lly
11: if [I;41] = 1 then return 7 € I,

12: return any 7 € I,

on our particular MDP. In general we do not know the MDP’s dynamics, and therefore do
not have access to this knowledge. To overcome this and solve (8.2.1), we apply a technique
very similar to the DYNAMICOED technique employed in Chapter 6.

Estimating Feature-Visitations. We remark briefly on the estimation of the feature-
visitations on Line 8. If we assume that {¢y -}, ¥t is fixed and that all randomness is due
to sp+1.7, then it is easy to see that, using the structure present in linear MDPs as given in
Definition 8.1.1,

E[S " s (541.:) 00 At = Sms ([ bt (5)dpen(s) dnr) b Asr s
—f¢wh+1 dﬂ/h(s)-
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By Definition 8.1.1, we have ¢ 11 = (f¢7r7h+1(s)dy,h(s)T)¢mh. Comparing these, we see
that our estimator of ¢, 11 on Line 8 is (conditioned on {th,T}f:h’f) unbiased, assuming

(bf;,h ~ ¢7r,h'

8.2.1 Main Results

We have the following result on the performance of PEDEL.

Theorem 8.1. Consider running PEDEL with some set of Markovian policies 11 on any
linear MDP satisfying Definition 8.1.1 and Assumption 8.1. Then with probability at least
1 — 6, PEDEL outputs a policy © € I1 such that Vi > Vi (I1) — €, and runs for at most

it S e Irals
: a
0 Aegleﬂh Tren max{ Vg (IT) — VF, All. ¢

min?

1
)

7 (log|H| + log ) +C4

episodes, with Cy = log% - poly log(H, log %), C, = poly(d, H, le,log %, log %, log |H]), and

Qy, the set of covariance matrices realizable on our MDP, as defined in (8.1.1).

The proof of Theorem 8.1 is given in Section 8.3. Theorem 8.1 quantifies, in a precise
instance-dependent way, the complexity of identifying a policy 7 with value at most a factor
of € from the value of the optimal policy in II. At a high level, the complexity measure can be
thought of as quantifying the difficulty of exploring the MDP so as to eliminate suboptimal
policies. ||@x 4|l AZL quantifies the difficulty of collecting data necessary to eliminate policy
7 (in particular, ¢, is the direction we need to explore to learn about the performance of
policy 7, and Agxlp quantifies how easily we can reach directions in the MDP to do this),
while Vf(II) — V7 quantifies how suboptimal policy 7 is, and therefore how many samples are
needed to distinguish it from the optimal policy in the class. Thus, rather than scaling only
with factors such as d and €, our complexity scales with instance-dependent quantities—the
covariance matrices we can obtain and the feature vectors we expect to observe on our
particular MDP, and the policy gaps on our MDP. Our complexity measure has a close
resemblance to the complexity measure for best-arm identification in linear bandits found
in Fiez et al. [2019], but generalizes it to problems with long horizon where navigation is
required.

Theorem 8.1 holds for an arbitrary set of policies, yet, in general, we are interested in
learning a policy which has value within a factor of € of the value of the optimal policy on
the MDP, V{f. Such a guarantee is immediately attainable by applying Theorem 8.1 with a
policy set II such that sup,c Vi > Vi — €. The following result shows that it is possible to
construct such a set of policies, and therefore learn a globally near-optimal policy.

Corollary 8.2. There exists a set of policies 11, such that log |IL.| < O(dH -log1/€) and,
for any linear MDP satisfying Definition 8.1.1, sup, ¢, Vi© > Vi — €. If we run PEDEL with
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I1 < I, then with probability at least 1 — &, it returns a policy @ such that Vi > Vi — 2e,
and runs for at most

CoH* S int [9-allhc, dH +1log L) + C
0 'ZAcg}eﬂh weli max{Vg — V7, €}? ' ( log 5> e

episodes, for Cy = polylog(d, H,1).

Note that the policy set constructed in Corollary 8.2, II., is guaranteed to contain an e-
optimal policy for any linear MDP. Thus, this result states that without any prior knowledge
of our MDP, PEDEL can be applied to find an e-optimal policy. While Theorem 8.1 and
Corollary 8.2 quantify the instance-dependent complexity of learning, it is natural to ask
what the worst-case complexity of PEDEL is. The following result provides such a bound.

¢7r,hHi—1 S
d, so the sample complezity of Algorithm 8.1 when run with 11 < 11, is no larger than ’

_ 5
5 (dH (dH + log 1/6) +01) |

Corollary 8.3. For any linear MDP satisfying Definition 8.1.1, infa_,_ cq, maXzern,

€2

Corollary 8.3 shows that PEDEL has worst-case optimal dimension dependence, matching
the lower bound of Q(d?H?/€*) which we will see in Chapter 9, up to H and log factors.

8.2.2 Low-Regret Algorithms are Suboptimal for PAC RL in Large State-Spaces

Similar to Chapter 7, we next seek to understand what our instance-dependent analysis
implies about how we should learn in RL with function approximation. We first show that
there are problems on which the instance-dependent complexity of PEDEL improves on the
worst-case lower bound shown in Chapter 9, thereby demonstrating that we do indeed obtain
favorable complexities on “easy” instances.

Proposition 8.1. For any d > 2, there exists a d-dimensional linear MDP with H = 2 such
that with probability 1 — 0, PEDEL identifies an e-optimal policy on this MDP after running
for only O(bi—g/(s + poly(d, log %, log %)) episodes.

The complexity given in Proposition 8.1 is a factor of d* better than the worst-case
lower bound of Q(d?/e?). While this shows that PEDEL yields a significant improvement over
existing worst-case lower bounds on favorable instances, it is natural to ask whether the same
complexity is attainable with existing algorithms, perhaps by applying a tighter analysis.
Towards answering this, we consider the same online-to-batch learning protocol as Chapter 7.

Definition 8.2.1 (Low-Regret Algorithm). We say that an algorithm is a low-regret algorithm
if its expected regret is bounded as, for all K:

E[Rk] = S E[Vy — Vi*] < CK® + Gy
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for some constants C;,Cs, and a € (0, 1).

Protocol 8.2.1 (Online-to-Batch Learning). The online-to-batch protocol proceeds as follows:
1. The learner plays a low-regret algorithm satisfying Definition 8.2.1 for K episodes.

2. The learner stops at a (possibly random) time K, and, using the observations it has
collected in any way it wishes, outputs a policy 7 it believes is e-optimal.

In general, by applying online-to-batch learning, one can convert a regret guarantee
of C;K* + Cy to a PAC complexity of (9((%1)ﬁ + &) [Jin et al., 2018], allowing low-
regret algorithms such as that of Zanette et al. [2020b] to obtain the minimax-optimal PAC
complexity of O(d?*H*/e?). The following result shows, however, that this protocol is unable
to obtain the instance-optimal rate.

Proposition 8.2. On the instance of Proposition 8.1, for small enough €, any learner that is
(€,0)-PAC on the set of linear MDPs satisfying Definition 8.1.1 and following Protocol 8.2.1
with stopping time K must have E[K] > Q(d'l%;/é).

Together, Proposition 8.1 and Proposition 8.2 show that running a low-regret algorithm
to learn a near-optimal policy in a linear MDP is provably suboptimal—at least a factor of d
worse than the instance-dependent rate obtained by PEDEL. This result complements the
results presented in Section 7.3, showing that in settings of RL with function approximation,
low-regret algorithms are insufficient for obtaining optimal PAC sample complexity. As
standard optimistic algorithms are also low-regret, this result implies that all such optimistic
algorithms are also suboptimal.

8.2.3 Tabular and Deterministic MDPs

The following result shows that the complexity PEDEL obtains on tabular MDPs and the
gap-visitation complexity from Chapter 7 do not have a clear ordering.

Proposition 8.3. Fiz any € € (0,1/2) and S > logy(1/€). Then there exist tabular MDPs
My and Ma, each with H = 2, S states, and O(S) actions, such that:

e On My, the complexity bound of PEDEL given in Theorem 8.1 scales as poly(S,log1/J),
while the gap-visitation complexity scales as Q(1/€%).

e On My, the complexity bound of PEDEL given in Theorem 8.1 scales as Q(1/€*), while the
gap-visitation complezity scales as poly(S,log1/9).

The lack of ordering between the two complexity measures arises because, on some
problem instances, it is easier to learn in policy-space (as PEDEL does), while on other instances,
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it is easier to learn near-optimal actions on individual states directly, and then synthesize
these actions into a near-optimal policy (the approach MOCA takes). This difference arises
because, in the former instance, the minimum policy gap is large (Vg — V7 = Q(1) for every
deterministic policy m # 7*), while in the latter instance, the minimum policy gap is small, but
all value-function gaps are large, satisfying Ay(s,a) = (1) for all a # argmax, 4 Q} (s, a)
and all s and h. Thus, on the former instance, it is much easier to learn over the space of
policies, while on the latter it is much easier to learn optimal actions in individual states®.
Resolving this discrepancy with an algorithm able to achieve the “best-of-both-worlds” is an
interesting direction for future work.

Deterministic MDPs. Finally, we turn to the simplified setting of tabular, deterministic
MDPs. Here, for each (s,a,h), there exists some s’ such that P,(s'|s,a) = 1. We still allow
the rewards to be random, however, so the agent must still learn in order to find a near-
optimal policy. Following the same notation as the recent work of Tirinzoni et al. [2022], let
Ion = {m deterministic : s} = s,a} = a}, where s} and af are the state and action policy
7 will be in at step h (note that these quantities are well-defined quantities for deterministic
policies). Also define the deterministic return gap as Ay(s,a) := V§" — maxyen,,, Vo, and let
Apin = ming , j.A, (s,a)>0 Ay (s,a) in the case when there exists a unique optimal deterministic
policy, and Amm := 0 otherwise. We obtain the following.

Corollary 8.4. In the setting of tabular, deterministic MDPs, PEDEL outputs an e-optimal
policy with probability at least 1 — 0, and has sample complexity bounded as

<H4 ZZ max{A,(s a) Amin, €12 - (H +log %) + poly (S, A H, 1Og%710g 9)

h=1 s,a

Up to H and log factors and lower-order terms, the rate given in Corollary 8.4 matches
the instance-dependent lower bound given in Tirinzoni et al. [2022]. Thus, we conclude that,
in the setting of tabular, deterministic MDPs, PEDEL is (nearly) instance-optimal. While
Tirinzoni et al. [2022| also obtain instance-optimality in this setting, their algorithm and
analysis are specialized to tabular, deterministic MDPs—in contrast, PEDEL requires no
modification from its standard operation.

8.3 Proof of Theorem 8.1

We next provide a proof of Theorem 8.1. Towards proving Theorem 8.1, in Section 8.3.1 we
first establish some bounds on the estimation error of the feature-visitations, ¢, 5. Using these
bounds, in Section 8.3.2 we show that with high probability the policy-elimination procedure

We remark that, in Proposition 8.3, M is a deterministic MDP, which PEDEL takes advantage of to
obtain a tighter complexity. It is unclear if a similar result can be shown to hold for M a stochastic MDP.
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of PEDEL succeeds in producing an e-optimal policy, and provide per-epoch bounds on the
number of samples collected. Section 8.3.3 then combines these results to prove Theorem 8.1.

Throughout this section, assuming we have run for some number of episodes K, we let
(F,)E | the filtration on this, with F, the filtration up to and including episode 7. We also
let F, ), denote the filtration on all episodes 7/ < 7, and on steps A’ =1,...,h of episode 7.

8.3.1 Estimating Feature-Visitations and Rewards

Define:
T = / o (5)dgn ().

Note that ¢, = Trn@rn—1. Our estimator of ¢, relies on estimating 7 5. The following
result bounds the estimation error of 7 5, which is critical to obtaining an estimation error
bound on ¢ .

Lemma 8.3.1. Assume that we have collected some data {(Sp_1.r+,an_1.+,5ns) 2, where,
for each T, sp.|Fn1, ts independent of {(Sh—1.r,an-17+s5hr)}rtr. Denote ¢p_1, =
O (Sh—1,ryan-1,) and Ap_y = Zle ¢h—1,7¢271,r + M. Fiz m and let

K
Tan = (Z ¢ﬂ,h(3h,7>¢2—1,r> Ai_zil'
=1

Fiz v € R? satisfying |v" ¢ pn(s)| < 1 for all s and w € RY. Then with probability at least
1 —9, we can bound
log2/6

min h—l)

0 (Ton = Ten)ul < <2 log2/6 + + \/XHﬁTthz) Nulla;,-

Proof. Let ® = {(sp_1.,an_1,)}5;, our data collected at step h — 1. Then by our as-
sumption on the independence of s, ., we have that s, .|F,_1, has the same distribution as
Shor|(Frhe1,7,®). Conditioning on ®, the ¢,_; , vectors are fixed, so A,_; is also fixed. Note
that

Ton = / () (5)
K
= /ﬁ‘bw,h(s)duhl(S)T (Z ¢h1,T¢;—177) Ayl + )‘/(bﬂ,h(S)duhl(S)TAhil
T=1

K
= Z </ ¢7r,h(3)d,u'h—1(5)—r¢h—l,r) ¢Z_177Aﬁil + A/fbn,h(s)duh—l(S)TAﬁil
T=1
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K
= Elrn(sne)| Fu-rsldh 1ALl + A / G (s)dpn-1(s) AL

T=1
K

= Elrn(sn )| Fnore]dn 1Al + ATen A

T=1

SO

K
S 0" (Bl (o)l Fir.r] = brnlon)) Aty + o Ta ]

=1

~- ®)
> (®)

Conditioned on @, (a) is simply the sum of mean 0 random variables, where the 7th random
variable has magnitude bounded as

0" (El@rn(sn,)| Fi-1r] = Grnlsnr)) bporArliul < 200, ALyl

< 2 pn-rrllar lully-:.

< 2||’U’HA;11/ V Amin(Ah—l)

Furthermore, the variance of each term in (a) is bounded as

Var [’UT (E[¢7r,h($h,'r)"’t.h—l,7'] - ¢7r,h(3h77)) ¢Z—1,7Ai_zi1u“/rh_1]

_ 2
= B[ (0 Blnn(50.0)1Fa 1] = brnlon) s A yw) 1]
<u'A proin A .

It follows that, by Bernstein’s Inequality, we can bound, with probability at least 1 — §
conditioned on ®:

(@) <2 i A Gp T Al log 2 4+ 2/|ufla-r, g 2
a u 170, N, log — + —————— - log —
a =1 P, o g5 )\min(Ah—l) g5
log2/§
<2(y10g2/6 + ————=) - ||u||,— -
R L
In other words,
log2/0

P |(a) > 2(v/10g 2/5 + )l 19| <6

AInin(‘/xh—l)
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so, by the law of total probability, for any distribution F' over D,

2(v/1og 2/6 + min{1, A"} log 2/6) - ||u||A;i1]
:/ ) > 2(y/loa2/5 + min{1, A"} og2/) - |lull -+ 9] dF (D)

sa/ F(9D)

We can also bound
(0) < VAl p 1 [ Tohollo:
Combining these gives the result. O]
Lemma 8.3.2. Fix 7w and let
$w,h = ﬁ,hﬁr,hq . ~7\;r,27A;r,1¢7r,0-

Fiz u € 8% or w a valid reward vector as defined by Definition 8.1.1. Then with probability
at least 1 —9:

. h ]
[(w, B — B Z( 1og oy w—) |Grillar-

mln

Proof. Note that

Grp — $7r,h = Ten®rh-1— 7A?r,h$7r,h—1
= Ton(Grn—1 — Grp—1) + (Tap — Top) Prh—1.

Thus, unrolling this all the way back, we get

h 2
G — Prp = < ) — T h—i) P i1
=0 j=h—i+1
where we order the product H] heivt Trg = Ten Tt Tep—iz1. It follows that

h—2
(u, Prp — Prp)| < Z u'
i—0

h
( 1T ﬂ) (Ten—i = Trh—i)Pri1] -
j=h—i+1
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Denote v; :=u " <H? heii1 T, ) By Lemma F.1.3 and our assumption on w, we can bound

lvi]l2 < V/d and also have that for all s, a, |v,} @(s,a)| < 1, which implies

Zv ¢ (s, a)m(als) <Z7Tha| ) =1

acA acA

|v;r¢)7w )| =

We can therefore apply Lemma 8.3.1 to get that, with probability at least 1 — 9, for all i,

0 (Tani — Tani)Brni1| <

—1

2H log 2 -
< ( log =~ \/T + VAT, hvz||2> N brn—i-alla;z,
mln h—1i 1

By Lemma F.1.3, the definition of v;, and our assumption on w, we can bound || 7.7, v;||2 < V.
Summing over ¢ proves the result.

8.3.2 Correctness and Sample Complexity of PEDEL

Using the above estimation error bounds, we now seek to show the correctness of PEDEL; that
with high probability it succeeds in producing an e-optimal policy. The following results define
several “good events™—that we estimate the expected feature vectors and rewards accurately,
and that we explore effectively—and some implications of these good events. Lemma 8.3.7
then shows that on these good events, PEDEL indeed produces an e-optimal policy.

Lemma 8.3.3. Let £ denote the event on which, for all m € 1l,:

est

h AH? |11, |02
-~ / 417(2|Hg|e2 log == ~
9 3 fr - Y + . fT’L -1,
[(On+1, @ h+1 ) ,h+1 § ( 5 /\min(Az‘,z) 1o ; HA“Z

2d|T1, |62
4H2d|Hg]€2 log ZAIIAZ N -

B & = d + 5 ' frz -1,
1L pir — sz E ( (A [ ill a2

A A2 |2 log HHERAE -

Y4 4

.0, —0,)] < | 24/lo || @

(@7 s O — 61)] ( 85 Amm(Au) 17 nll A

Then P[(EL)] < 52

est QH/Z "

Proof. The result follows by Lemma 8.3.2, Lemma F.3.1, and Lemma F.3.2, and setting
A=1/d. O

Lemma 8.3.4. Let E4" denote the event on which:

exp
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e The exploration procedure on Line 6 terminates after running for at most

2

ian Q, MaXpcdp (b”2 -1 14 1
. €y, dEPy p H A(A) + poly (d, H, log—,)\—,log\ﬂg\)

6?/5@

5 min

episodes.

e The covariates returned by Line 6 for any (h,l), Ay, satisfy

2 2 2
) €2 AH?|T1,|¢
max [|@|2 1 < £, Amim(Ane) > log —
Do (|8l < 5 (Ape) = log

Then P[(E5R)e N ELLT N (NPEL )] < o2

exp est exp 2H/(? "

Proof. By Lemma 8.3.5, on the event 57" N (N}=€% ) we can bound ||¢" b — Grnlle <

est i=1 Yexp T, —
de;/2H. By Lemma F.1.1, we can lower bound ||@x 4]l > 1/v/d. By the reverse triangle
inequality,

1G5 nlls > Drnllz = 1Bhs — Prnlls > 1/Vd — dee/2H.

It follows that as long as ¢, < H/d*?, that we can lower bound ||q/5f;h||2 > 1/(2V/d). Since
we start £ at £ = [log, %1, we will have that ¢, = 27¢ < H/d%/?.
The result then follows by applying Theorem 8.5 with our chosen parameters and

e + 1/(2Vd).
[l

Lemma 8.3.5. On the event ELF N (N, E4L), for all w € TI,:

est exp

|(On41, $fr,h+1 — Grny1)| < €/2H,
“(:bi',thl - ¢7r,h+1||2 < d65/2H,
(B 1y O — On)| < er/2H.

Proof. On &%

exp» W€ can lower bound

AH?|T1,|¢?
5

AH2|IT,|¢? 1ng AH2|IT,|¢?
34/1lo + g <44 /log ————.
s 5 )\min(Ai,Z) N s 5

Amin(Ai,Z) Z log

which implies
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Furthermore, on £4 | . Since B; = 64H*1og 2 ‘HM ,on £ we can then
exp A g —%s est

upper bound

h AH?|T1,|¢?
" 4H?|II |02 log —5— ~
Ot @ per — Prni) <D [ 3410 + B
[(Ons1, @r i1 = Prnin)| < ZZI ( 2 5 Mo (Arr) ¢, ||AM
[ AH?|IL,|¢?
< H44/log | e
o VP

S Eg/QH.

The same calculation gives the bounds on ||q/5fr n— Prnll2 and |< . 6, — 0:)|. O

Lemma 8.3.6. Define Euyy = Ny Ny ELL and Euge = Mo Ny 2. Then P[Eogt N Euxp) > 1 — 20

exp

and on Ees N Eexp, for all b, L, and m € T,

(e ¢7r 1 — @, ni1)| < €/2H,
H¢7r i1 — Orniall2 < deg/2H,
(L 1, 01 — 04)] < e/2H.

Proof. Clearly,

[logd/e] H
c Zh
est U gexp U U gest gfx}f)) )
{=ly h=1
[logd/e] H [logd/e] H
Zh 0, h— ) c
U U gest ( gest 1) ( h 1 gegxp > U U gfxlz)
{=ly h=1 {=ly h=1
[logd/e] H [log4/e] H
- U UErn(eanuzies)u U Uekr
{=ly h=1 {=ly h=1

The first conclusion follows by Lemma 8.3.3, Lemma 8.3.4, and since we can bound

H

ZZQ 2H£2 _€5<25

¢ h=1

The second conclusion follows by Lemma 8.3.5. [

Lemma 8.3.7. On the event Ees; N Eexp, for all { > {y, every policy m € 11, satisfies
Vi (IT) = Vi < 4ep and T € 11y, for 7 = argmax, i V-
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Proof. The value of a policy 7 is given by

H

Z(eha ¢7r,h>'

h=1

By Lemma 8.3.6, for all = € II, we can bound

(B, D) = (O )| < (B = Oy B 1) + (00, By — Brn)| < e0/2H + €0/2H = e/ H.

Thus,

H o H
Z<0fw )= (Bn, )| < e
h=1 h=1
We will only include 7 € I, if 7 € I, and
H
Z< Fh,ee > Sup Z /h,eh 6[.
h=1 el jy

Using the estimation error given above, this implies that for any 7= € Il,

H
Vi = (01, pr) > sup Z O, P ) — deg = sup Vi — dey.
h=1 7' €lly h=1 7' €lly

Both claims then follow if we can show 7* is always contained in the active set. Assume
that 7 € II,. Then

Mm

Tr*mez >Vo — €, SUPZ ’hueh ) < SUPZ¢w'h79h>+€Z—VO + €.

h:1 WEH@h 1 ﬂ'GH[h 1

Rearranging this gives

Mm

W*h,OZ > sup Z cﬁg,hﬁh

h=1 melly =

so € Iyiq. O

8.3.3 Proof of Theorem 8.1

Finally, we combine the above results in Lemma 8.3.8 to obtain a proof of Theorem 8.1.

Lemma 8.3.8. With probability at least 1 — 20, Algorithm 8.1 will terminate after collecting
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at most

CH4Z Z infacq, MaXrer(ae,) || @rnla-1 Nog H|TI(4e;)|log

€2 )
h=1 ¢=fy+1 ¢

H .
1 1 f - wnllA- HI|II| log(1
log S,log|H|,log —) +CH* g infacq, maxren [Gralla-t -log 11} log(1/e)
€

2
h=1

ly|d, H,—
+pOY( Y 7)\min’ 6[0 5

episodes for ¢ := min{[log 27,log ~—== A } and will output a policy T such that

V > max V" — ¢,
well

where here I(4e,) = {m € Il : VJ > max,en V5 — 4e}.

Proof. By Lemma 8.3.6 the event st NEexp 0ccurs with probability at least 1 —2¢. Henceforth
we assume we are on this event.

Correctness follows by Lemma 8.3.7, since upon termination, II, will only contain policies
7 satisfying V7 > max,en V" — € (and will contain at least 1 policy since 7 € II, for all
¢). Furthermore, by Lemma 8.3.7, if 4¢, < Apin(II), we must have that I, = {7*}, and will
therefore terminate on Line 11 since |II,| = 1. Thus, we can bound the number of number of
epochs by

¢ := min{[log 41 log Amj( )}

By Lemma 8.3.4, the total number of episodes collected is bounded by

H < inf max ol
Z o A, ;jdg,h I HA(A) poly (d H, log 5 X log|H| log — )
h=1 ¢=1 ¢/t
S i 0 C’ ‘ inAEQh maX(ﬁE@e,h ||¢||12A(A)71 3 H4 log H|HZ’ log(l/E)
2 )
h=1 ¢=1 ¢
1 1 1
+ poly d,H,logg,j\ _ 710g|H‘710gg :

On €t N Eexp, by Lemma 8.3.6, for each 7 € II,, we have ||$f;h — ¢rnllz < dey/2H. As
Oy = {Eﬁfr’h . € I}, it follows that we can upper bound

28, Jngx 191 = inf, e 100 lacn

<A1é1§fz maX(2||¢7rh||A(A) 1 +2||¢ ¢7r,h||2A(A)—1)
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d*e?
< AA)- :
< ol maxCldnalaw+ + 57z — Ay
d2 2
<
Jnf max4||¢7rh||A -1 +inf H2,\mm(A(A))
d2
< 7@
A, e A omalacs s
SO
infacq, MmaXeed, ,, H‘bHQA(A)—l < infacq, max e, 4||¢7r,h||ifl d?
€ - € H i

Note also that, by Lemma 8.3.7, for £ > ¢y, every policy w € II, will be 4¢, optimal, so
we therefore have

I, C{ncll : V7>V —4e) = TI(4e).

Putting this together, we can upper bound the complexity by

H .
Z <Zo C. lanth MaXrell(4ey) ||¢7r,h||i—1 L log H|H(4€g>| log(l/e)

6% )
h=1 f=fo+1

+ poly (d H, log5 )\ log|H! log — )—l—C"

infacq, H'log H|| log(l/e).

2
€ )

0

[]

Proof of Theorem 8.1. By the definition of I1(4¢,), for each 7 € T1(4¢,) we have
1 * ™
& = ¢ (G = V) v (da)?).
We can therefore upper bound

<o

3 inf e, MaXreri(e,) | PrnllA-: Nog H|TI(4e,)|log £

P, € )
=lo+1
SO 2 1
[ prnlla H [T (4¢0)[ log ¢
<C f ’ . e
SC 2 e W o veve T
1 allA H||log *
< (Clog - - inf max [ 6rnlls-s -log il %

¢ " Aeq, mell (Vg (ID) — VIV €2V A (I1)2 5



157

Furthermore, since ¢, = [log, d*/?/H7, using Lemma F.3.3 we can also bound

. infacq, maxren ||¢7r,h||3x*1

2
6[0

H|II|log(1/e)
cHAlog LA
og 5

< poly (d, H,log 1/6,1og [II],log 1/e) .
The result then follows by Lemma 8.3.8. m

8.4 XY-Optimal Design

Key to achieving the rate of Theorem 8.1 is efficiently collecting data to ensure the condition

o~ 2
on Line 6 of Algorithm 8.1, maxyen, |#% ;13 -+ < 3 is met by collecting the minimal amount
’ h,t g
of samples possible. In this section we argue that this can be achieved by applying the
DyYNAMICOED algorithm of Chapter 6 to this problem.

In particular, we consider running the following procedure, which relies on the DYNAMI-
COED algorithm of Chapter 6 to minimize a sequence of objective (f;);.

Algorithm 8.2 Collect Optimal Covariates (OPTCOV)
1: input: functions to optimize (f;);, constraint tolerance €, confidence ¢
2: fori=1,2,3,... do
3: N; + 20 K; < 2%

// Force algorithm from Wagenmaker et al. [2022a], Il.., all possible policies on linear MDP

4 A;,D; < DYNAMICOED (f;, N; — 1, K;, 227, FORCE, Ily,,) (Algorithm 6.2)
6: return A;, K;N;, D,

The following result shows that this procedure succeeds, for a generic set of objectives
satisfying Assumption 6.9.

Lemma 8.4.1. Let (f;); denote some sequence of functions which satisfy Assumption 6.9 with
constants (3;, M;) and assume f; > 1. Let (5, M) be some values such that 5; < B, M; < M
for al i, and let f be some function such that f;(A) < f(A) for all i and A > 0. Denote fin
a lower bound on all f;: min;infacq fi(A) > fuin-

Then, if we run Algorithm 8.2 on (f;); with constraint tolerance ¢ and confidence §, we
have that with probability at least 1 — ¢, it will run for at most

19- minAeg f(A)
€

1
+p01y (B7R7 M7daH7 fr;11151710g5>

episodes, and will return data {¢,}1_, with covariance f]T = 23:1 ¢-p! such that

F(T'87) < Te,
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where i is the iteration on which OPTCOV terminates.
Optimally collecting data at each epoch can be thought of as optimizing the function

XYopt(A) = I(l;eaq))( H¢||12A(A)*1 fOI‘ A(A) = A + AO

for A € 2 and with Ay > 0 some fixed regularizer. We refer to this as an XY-Optimal Design.
We would like to apply Lemma 8.4.1 to optimally collect covariates minimizing this objective.
XY opt (A), however, is not smooth, as required by Lemma 8.4.1, so we relax it to the following:

— 1
XY opt (A) := LogSumExp <{€77H¢”2A<A>71}¢e<1>;77) = —log < E enq&”iwl) . (8.4.1)
U
ped

We show in Appendix F.4.1 that XY opt (A) satisfies the smoothness conditions required in
Lemma 8.4.1, and that for properly chosen n the relaxation does not significantly affect
the minimization of the original objective. Given this, we then instantiate OPTCOV and
Lemma 8.4.1 to minimize the precise objective required by PEDEL.

Theorem 8.5. Consider running OPTCOV with some €qy, and functions
fz(A> < ﬁopt<A)

for Ay + (T, K;)7'3; =: A; and
2 _ _ _
= (1 + [[Aillop) -log @], B = 2 AT, (1 4+ mll A o), Mi = [[ATHZ,

where Yo = MaxXges ||@P|l2 and X; is the matriz returned by running the procedure of
Lemma F.4.7 with parameters N < T;K;, § < §/(2i?), and some A\ > 0, in order to
collect full-rank covariates. Then with probability 1 — 20, this procedure will collect at most

0 infaco MaXges ||¢H,24(A)—1

1 1 1 1
+p01y (d7H710g575\ ] 77—¢),A710g|q)‘710g6 )
min exp

1 A\
A(A) = A+ poly (d,—,H,log:) -,

€exp

episodes, where

>\min 5

and will produce covariates S+ 3 such that

) -
Iggg ”¢H(§3+2@-)*1 < bexp  aNd  Apin(E + X;) > max{dlog1/0, A}.

Proof. Note that the total failure probability of our calls to the procedure of Lemma F.4.7 is
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at most

For the remainder of the proof, we will then assume that we are on the success event defined
in Lemma F.4.7.

By Lemma F.4.5, f;(A) satisfies Assumption 6.9 with constants
Bi =2 AT o (L mill AT lop), M = [IAHG,

for A; (Tle)_lzl
By Lemma F.4.7, on the success event of Lemma F.4.7 we have that

)\min (Az )

+ max{dlog 1/, \} /(T K;)

— [

)\min

for C§ = poly (d, ., H,log %, z) Assume that the termination condition of OPTCOV for

0 satisfying

~ 1 1 1
i < log (poly (—,d, H,log 1/, ) ,—, A, log |®]) ) (8.4.2)

exp min P
NS

~~
=<

We assume this holds and justify it at the conclusion of the proof. Then given this bound on
i and lower bound on Apin(A;), we can bound, for all i:

min

1 1
Miaﬂi S POly (da H7 IOg 1/5a 5\ 7_7A7 IOg ’(I)’> = M>6
Yo

Now take f(A) < )/(\?Opt(A;n,Ao) with Ay < 1/poly(d, ﬁ,H, log %) - I and n « 21%@‘ :
(14 [|[Aollop)- Note that in this case, we have ||Ag|lop < Amin(A;) for all i, so Ag < A; and
n < n;. By the construction of )&Opt and Lemma F.4.2, it follows that f(A) > fi(A) for all
A > 0, so this is a valid choice of f, as required by Lemma 8.4.1. Furthermore, we can set
R =2, since ||E(s o)nw[@(s, a)@(s,a)T]|lr < 1 for all w € Agya.

To apply Lemma 8.4.1, it remains only to find a suitable value of f.;n. By Lemma F.4.1
and Lemma F.4.3, we can lower bound f; by HHZX% By Lemma F.4.7, we can lower bound

7o > T
L+ [|Aillop — 2+ poly(d, x—, H,log 5,)’

We then take this as our choice of fi,.
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We can now apply Lemma 8.4.1 and get that with probability at least 1 — 4, OpTCOV
will terminate in

S 19 ianGQ f(A)

€exp

1 1

1
N +p01y (d,H,lOgS,)\ 77?Aalog‘¢‘)
min [

episodes, and will return (time-normalized) covariates A such that

F(A) < Neep.

2

By Lemma F.4.4, our choice of  and Ay, we can upper bound

inf f(A) <2 inf maXH(bHQA(A),l

AeQ AeQ ped

where here A(A) = A + Ay. Furthermore, by Lemma F.4.1 we have

2 "
max [ ¢l%5 1 < R)

The final upper bound on the number of episodes collected and the lower bound on the
minimum eigenvalue of the covariates follows from Lemma F.4.7.

It remains to justify our bound on i, (8.4.2). Note that by definition of OpPTCoV, if
we run for a total of N episodes, we can bound i < %logQ(N ). However, we see that the
bound on 7 given in (8.4.2) upper bounds 3 log,(N) for N the upper bound on the number of
samples collected by OPTCOV stated above. Thus, our bound on 7 is valid. O
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Chapter 9

Optimal Reward-Free Reinforcement Learn-
ing

The previous two chapters have considered the problem of finding a policy to maximize a
fixed reward function. In many scenarios, however, we may not have a single reward we wish
to maximize, but may wish to learn enough about the environment to be able to maximize
any reward function presented to the agent at deployment. In such settings, our goal, instead
of learning a single policy , is to learn a mapping which takes as input a reward function r,
and outputs a policy 7(r) maximizing this reward.

We call the former, single-reward setting the reward-aware setting, while the latter
setting we call the reward-free setting. In the reward-aware setting, as we saw with the
algorithmic approaches of Chapter 7 and Chapter 8, we could focus our exploration on regions
most relevant to the particular reward of interest. In contrast, in the reward-free setting,
we must explore the entire space sufficiently such that, if some region of the space were to
become relevant under some reward r, we would know how to behave there.

We consider again the linear MDP setting. Instead of focusing on obtaining instance-
dependent guarantees, however, we will be satisfied with minimax guarantees. Our goal will
be to understand the relationship between the reward-aware and reward-free setting, and
the role of exploration in achieving tight bounds in reward free RL. As we will see, while the
reward-aware and reward-free settings differ in where we should focus our exploration, the
key to achieving tight bounds in each setting is to explore efficiently. Indeed, the exploration
procedure proposed in this chapter is very similar to that considered in Chapter 7.

The reward-free setting has been considered in both tabular and linear MDPs in the
past. In the tabular setting, it is widely known that the optimal minimax sample complexity
for reward-free RL is (ignoring horizon factors) ©(S?A/e?) [Jin et al., 2018]. In contrast, in
the reward-aware setting, the optimal minimax sample complexity scales as O(SA/€*) [Dann
et al., 2019, Ménard et al., 2021], a factor of S less than the optimal reward-free setting. This
implies that, in tabular RL, reward-aware RL is easiter than reward-free RL—it is easier to
learn a policy maximizing a single reward than to learn a policy maximizing any number of
yet-to-be-revealed rewards. In the linear MDP setting, while a variety of works have studied
the reward-free problem, and obtained sample complexities scaling polynomially in d, H, and
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1/€ |Zanette et al., 2020c, Wang et al., 2020, Zhang et al., 2021a], prior to the results given
in this chapter, the optimal rate was unknown. In this chapter we seek to close this gap, and
determine the optimal rate for reward-free RL in linear MDPs.

We formally define the reward-free RL setting as follows.

Reward Free RL. The reward-free RL setting stands in contrast to the reward-aware RL
setting in that the learner does not observe the rewards (or have any access to the reward
function) while exploring. The reward-free RL setting proceeds in two phases:

1. Given (¢, d), without observing any rewards, the learner explores an MDP for K episodes,
where K is of the learner’s choosing, collecting trajectories

{(sl,ka al,ku 82,k7 aQ,k) ) SH,ka aH,k)}i(:l'

2. The learner outputs a map 7(-) which takes as input a reward function and outputs a

policy such that Vi (r) — Vf(r)(r) < € for all valid reward functions r simultaneously,
with probability at least 1 — 9.

As in reward-aware RL, the goal is to obtain a procedure able to provide the above guarantee
with probability at least 1 — §, and do so using as few episodes as possible.

For simplicity, in this chapter, we assume all reward functions are deterministic, and
denote reward functions by r. We state our main results on reward-free RL in Section 9.2
but first describe our exploration procedure, which is the key tool in achieving tight bounds
on reward-free RL.

9.1 Efficient Exploration in Linear MDPs

Our main algorithmic technique is an exploration procedure able to efficiently generate
“covering trajectories” in linear MDPs. Before presenting our MDP covering algorithm,
CoVERTRAJ, we describe its key subroutine, EGS.

Explore Goal Set (EGs) Subroutine. EGS takes as input a target set X to be explored;
we fix X in what follows. It then creates an “exploration reward function”—which places a
high reward on regions of X for which we have large uncertainty—and then runs a regret
minimization algorithm on this reward function to direct exploration to these regions. More
specifically, we define the reward function

Lo ol > e X
(@A) « q llola oA <% deX. (9.1.1)
0 b¢ X
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Algorithm 9.1 Explore Goal Set (EGS)
1: input: goal set X C R? step h, number of episodes K, collection tolerance ~?2, regret
minimization algorithm REGMIN
2: Run REGMIN for K episodes, using reward r¥(s, a) := r(¢(s,a); Ay r_1) at episode k, for
r defined as in (9.1.1), Aps_1 = + 302 @y, and rf,(s,a) = 0 for B # h

3: Collect transitions observed at step h

D < {(Shors Qhry Shrrr) oy

4: return {p € X : q&TA,:}(qb <~*}, D, Anx

At the kth episode, we instantiate our reward as 75 (s, a) := r(¢(s,a); Apg_1), where Ajj_1 =
I+ Zi: q’)hﬁq’)ZJ are the covariates collected on the first £ — 1 episodes. This captures the
fact that we have collected some information over the first £ — 1 episodes, so our uncertainty

in direction ¢ scales as ||@|| a7t - By choosing our reward function to increase as ||@|| AL

increases (for ¢ € X'), we incentive exploring directions in ¢ € X with large uncertainty.
EGS also takes as input a scalar tolerance 42 and, after running for K episodes, returns the
set of ¢ € X which have been explored up to tolerance ~2.

In order to efficiently collect data, we require a regret-minimization algorithm which
achieves low regret with respect to a time-varying reward function, 7*. We define regret with
respect to such a reward function as

Ric = Y [Ve () = Vo™ (r4)].

To achieve the optimal scaling in d, REGMIN must attain first order regret in the following
sense.

Definition 9.1.1 (First-Order Regret Minimization Algorithm). Consider a time-varying
reward function 7% that is Fj_;-measurable, satisfies 77 (s, a) € [0, 1], and is non-increasing in
k (that is, 7F(s,a) < ry'(s,a) for all s,a, h, k). Then we call a regret minimization algorithm
REGMIN a first-order regret minimization algorithm if it achieves regret bounded as, with
probability at least 1 — 9,

Ry < V/CViF(r)K -logP (HK/6) + CylogP? (HK/6)
for constants Cy, Cs, p1, p2 which do not depend on K.

In general, we can think of C; and Cs as poly(d, H) and p; and py as absolute constants.
The following definition will be helpful in quantifying how easily a set of directions are to
reach.
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Definition 9.1.2 (Set Visitation). For any X C R? and policy 7, we let
wh (X) = Prld(sh, an) € X]

denote the probability of visiting X under 7 at step h. Furthermore, we will say that X" is
c-unreachable if sup, wj(X) < c.

We are now ready to present our main exploration algorithm, COVERTRAJ, in Algo-
rithm 9.2.

Algorithm 9.2 Collect Covering Trajectories (COVERTRAJ)

. input: step h, confidence §, number of epochs m, tolerance vector 42 € [0, 1]™, regret
minimization algorithm REGMIN (default: FORCE, see Section 9.1.1)

2: X « B¢

3: forv=1,2,...,m do

4: Set K; as in (9.1.2)
5
6
7

—

Xia Di7 AZ — EGS(X, h, KZ‘, ’722, REGMIN)
: return {(X;, D;, A) Y,

COVERTRAJ Algorithm. COVERTRAJ partitions the feature space by repeatedly calling
EGS while exponentially increasing the number of episodes EGS is run for. As the number of
episodes EGS is run for increases, EGS is able to reach harder and harder to reach feature
directions, while ensuring easier to reach directions have been explored up to their desired
tolerance 2. Specifically, at each epoch i, EGS runs for

e d o
K; + (9(2“ - max {? log %,Cl(mpl)pl log! %, Co(mpo)P? log!™ %}) (9.1.2)

episodes. COVERTRAJ enjoys the following guarantee.

Theorem 9.1. Fiz h € [H|, 6 > 0, m > 1, and set v* € [0,1]™ to desired tolerances.
Consider running COVERTRAJ with a regret minimization algorithm REGMIN satisfying Def-
inition 9.1.1, and let {(X;, D;, A;)}™, denote the arguments returned. Then, with probability
at least 1 — 0, for each i € [m] simultaneously:

supw () <277 and @TAT'G <P Ve € X,

™

and, on the same event, it also holds that

sup w}{(Bd\ Unr, ;) <27m.
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Furthermore, COVERTRAJ terminates after at most Y .-, K; episodes, for K; as in (9.1.2).

Theorem 9.1 shows that COVERTRAJ partitions the feature space into sets X; such
that &; is 27" -unreachable, and where we have learned every ¢ € X; up to tolerance ~?2:

||q1,’)|]i,1 < ~2. Furthermore, it takes roughly 2° - % episodes of exploration to accomplish this,

which is the intuitively correct rate, as the follovx;ing example illustrates.

Example 9.1.1 (Tabular MDPs). Consider a tabular MDP with H = 2, state space S with
|S| < 0o, and A actions (we think of A < |S| as an absolute constant). Assume we always
start in state so and can break the state space into sets Sy, ..., S4 such that |S;| = O(|S|/A)
and where, if we take action a;, we will end up in S; with probability 27 (with equal probability
of being in any particular state within &;), and sy with probability 1 — 27*. Representing this
as a linear MDP, we have d = A|S| and ¢(s,a) = ey, a standard basis vector. As such, A,
the covariates collected over K episodes, is diagonal with [Ak]ss = N(s,a) the number of
visits to s, a.

Now assume we want to ensure that ¢(s,a)" A ¢(s,a) < ~2 for some 42, each s € S,
and all a € [A]. For any given s € §;, if we take action a; in state sp, we will arrive in state s
with probability 27/|S;|. Thus, in expectation, to collect N samples from s, we must run for
at least

s = 2ISIN
episodes. It follows that to collect N samples from each s € S; and all a € [A], it will take
at least 2'|S;|AN episodes. Furthermore, by the above observation that [Ak]s. = N(s,a),
achieving ¢(s,a) " A @(s,a) < +2 is equivalent to setting N = 1/~42. Since each S; can only
be reached independently of the other S;, j # ¢, this implies that to meet our objective we
must run for at least

Z?:l 2t L?;.‘?A - O(Z?:l 2t %)

episodes. This recovers the complexity COVERTRAJ gets as given in Theorem 9.1 (for ~2
sufficiently small).

9.1.1 Instantiating COVERTRAJ with FORCE

A recent work, Wagenmaker et al. [2022a], provides a first-order regret minimization algorithm
for linear MDPs, FORCE. The following result shows the complexity of COVERTRAJ when
instantiated with FORCE.

Corollary 9.2. When running COVERTRAJ with REGMIN set to the computationally efficient
version of FORCE [Wagenmaker et al., 2022a/, all the guarantees of Theorem 9.1 hold, and
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the sample complexity can be bounded as

20 1
(22’ max{ log —2,d4H3m3 log7/2 —})
v; i 0

where the (5() hides absolute constants and logarithmic terms. Furthermore, when run with
FORCE, COVERTRAJ is computationally efficient with computational cost scaling polynomially
i problem parameters.

Thus, COVERTRAJ may be instantiated in a computationally efficient way. We make
several additional comments on the computational complexity of this approach.

Computational Complexity. Note that the primary computational cost of COVERTRAJ
is incurred in running REGMIN, and in evaluating the reward function. As the sets X; can
be parameterized as ellipsoids, it can be efficiently checked if a given ¢ € R? is in &}, which
makes evaluating the reward function efficient. Furthermore, FORCE only needs access to the
reward function at points encountered on each trajectory, so it only need evaluate the reward
at polynomially many points. As noted, a computationally efficient version of FORCE exists
(assuming |A| is not too large), which is what we employ here, making the entire procedure
computationally efficient.

9.2 Worst-Case Optimal Reward-Free RL

We next present our main upper bound on reward-free RL, and then provide a lower bound
on reward-aware RL—giving a lower bound on reward-free RL as an immediate corollary.

9.2.1 Upper Bounds on Reward Free RL in Linear MDPs

We present our main algorithm, RFLIN-EXPLORE, as Algorithm 9.3.

Algorithm 9.3 Reward Free Linear RL: Exploration (RFLIN-EXPLORE)
: input: tolerance €, confidence
Kax < poly(1/e,d, H,log1/0)
ﬁ — cH+/dlog(1 + dH Knax) + log H/6
< [logy(48H/€)]

72 € R with 42 < 22"
for h=1,...,H do

{( A, Dm, Ap)}se, < COVERTRAI(h, &, % <)
D« {{(Xhi,Dhi,Ahi) g i
return RFLIN-PLAN(- ;¢,§,9)

MHZW for ¢ S [§e].
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RFLIN-EXPLORE explores by calling COVERTRAJ for each h, with tolerance set to
~; = O(2%). RFLIN-EXPLORE returns RFLIN-PLAN(- ;¢,d,D) which defines a mapping
from reward functions to policies. This mapping is parameterized by the data returned by
COVERTRAJ and, given a reward function as input, outputs a policy it believes is near-optimal
for this reward function. RFLIN-PLAN itself runs a simple least squares value iteration
procedure to compute the policy. We define RFLIN-PLAN in Algorithm 9.4.

Algorithm 9.4 Reward Free Linear RL: Planning (RFLIN-PLAN)

1: input: reward functions r

2: parameters: tolerance €, confidence 6, data {{(Xn;, Dni, Ani) }io, o,

3: Kiax < poly(1/e,d, H,log1/4)

4: B+ cH+/dlog( 1 + dHKmaX) +log H/d

5: for h=H,H — ,1do

6: Wy < argmin,, j 1 Zfl ('wT b = Th(Shyr @) — Vh+1(32+1,7))2 + [lwlf3
& Ap=1+ Z ZT 1 ( )T

8 @n(s0) mlﬂ{( () wh> +/3H¢( MNa-, H}

9: Vh() < Imax, Qh( ) )

10: 7h(+) < argmax, Qn(+, a)

return {7, }1 |

We then have the following result.

Theorem 9.3. Consider running RFLIN-EXPLORE with tolerance ¢ > 0 and confidence
d > 0, and let RFLIN-PLAN(-) denote its output. Then with probability at least 1 — 0,
for an arbitrary number of deterministic reward functions r satisfying Definition 8.1.1,
RFLIN-PLAN(r) returns a policy T which is e-optimal with respect to r. Furthermore, this
procedure collects at most

5 (dH5(d+ log 1/0) N d*? HS 10g4(1/5)>

2

€ €

episodes, where O(-) hides absolute constants and terms poly log(d, H,1/€) and poly log log(1/).

For € sufficiently small, exploring via RFLIN-EXPLORE and planning via RFLIN-PLAN
learns an e-optimal policy for an arbitrarily large number of reward functions using only
(’)(dGH ) episodes. This improves on both existing reward-free algorithms for linear MDPs by
a factor of d [Zanette et al., 2020c, Wang et al., 2020].

Remark 9.2.1 (Computational Efficiency). In MDPs with a finite number of actions, both
RFLIN-EXPLORE and RFLIN-PLAN are computationally efficient, with computational cost
scaling polynomially in d, H, 1/¢,log 1/§, and |A|. The primary computational cost of RFLIN-
EXPLORE is due to COVERTRAJ, which is computationally efficient, while the computational
cost of RFLIN-PLAN is due primarily to solving a least-squares problem.




168

9.2.1.1 Deriving Theorem 9.3 from COVERTRAJ

We briefly sketch out how one may apply COVERTRAJ to obtain Theorem 9.3 and defer the
full proof to Section 9.4. Consider running RFLIN-EXPLORE and then calling RFLIN-PLAN.
Let V} denote the estimates maintained by RFLIN-PLAN. We first apply the following
self-normalized bound.

Lemma 9.2.1. With high probability,

Se K;
Z Z ¢7;L,T[Vh+1<8§l+l,7') - Eh[Vthl](S;l,T? a’;’L,T)] < CH\/d lOg(l + dHKmaX) + lOg H/(S = ﬁ

i=1 7=1

-1
Ah

Critically, in contrast to the self-normalized bound used in Jin et al. [2020b], ours scales
as O(H+/d) instead of O(Hd). As our exploration procedure explores each h € [H] separately,
Vi1 is uncorrelated with {{(s}, ., a} ., sh,1.,) iy 35y, and we can avoid the union bound

over Ay, that is necessary in Jin et al. [2020b], saving us a factor of v/d.
Given Lemma 9.2.1, using an argument similar to Jin et al. [2020b], one can show that

Vi(sn) < rnlsn, Ta(sn)) + En[Viga](sn, Thlsn)) + 281 (sn, Tnsn)) a2

and, furthermore, that V5 > V. Some algebra shows that we can then bound the subopti-
mality of 7, the policy returned by RFLIN-PLAN, as

H
Ve =V < Vo= Vi <28 Exlll@(sn, Tulsn))lla ]

h=1

However, it is easy to see that

ZE @ (sn, Ta(sn)la-1] <ZSUPE @ (sn, an)llo-1]

H Se+1

< ZZ sup H¢||A 1 SupE I{p(sn,an) € Xpni}].

h=1 i=1 PEXhi

Recall that RFLIN-EXPLORE calls COVERTRAJ for each h € [H] with tolerances ;] =
(’)(%;;f) Applying Theorem 9.1, we then have that sup, E;[I{¢(sp, an) € X }] = sup, wf (X)) <

27" and sup ey, quHA 1 < /42 = O(2ie/v/dH?). Thus, since 8 = O(v/dH), we can bound
the total suboptimality as

H
Vo = Vg <28 Exlll@(sn Talsn))lla; ]

h=1
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<OWdH) -y gi: O(2'e/VdH?) - 2711

= O(e)

so it follows that 7 is e-optimal.

We remark briefly on our choice of 4. Note that as 7 increases, the probability of reaching
X, decreases exponentially in 4, sup, E[I{¢(sn, an) € Xni}] = sup, wi(X;) < 277, Thus,
if our “uncertainty” over Xj,; scales as O(2'), the net contribution of Xj; to the suboptimality
scales as O(1). As we can bound our uncertainty over Xj; as supgey,, [|@| At SV ~2, our

choice of 4?7 = O(?;Hif ) results in a contribution to the suboptimality of O(e/v/dH?) for
X,i—our choice of 2 cancels the contribution of how easily Xj; can be reached. In other
words, we only need to decrease uncertainty for a given X},; in proportion to how easily that

A,; can be reached.

Furthermore, our choice of 42 allows us to efficiently collect the samples necessary to
reduce uncertainty. The leading-order term in the complexity given in Corollary 9.2 scales as,
given our choice of

~ (< 2id ~ (< d2H* ~ (d*H*
o(X%)=0(X5a) =" )

=1

Repeated for each h this yields the complexity given in Theorem 9.3. The key property we
exploit here is that COVERTRAJ collects samples from a given Aj,; at a rate inversely propor-
tional to how easily Aj; can be reached—it takes on order O(2¢) episodes for COVERTRAJ to
collect a sample from X},;, while the probability of reaching X}; (for any algorithm) is at most
on order 2. Thus, as our choice of 47 only guarantees that we reduce uncertainty for Xj,;
in proportion with how easily A}; can be reached, we have that the complexity of collecting
the necessary samples is not prohibitively large, and in particular does not scale with the
difficulty of reaching Aj,;.

Remark 9.2.2 (Necessity of First-Order Regret). Suppose that we instantiate COVERTRAJ
with a regret minimization algorithm which only achieves minimax regret, Ry < 6(\/ C1K),
rather than first-order regret. In order to guarantee sup, wy(Xiy1) < 2772 we must show
that O(27'K;) > Rp,, which ensures we have reached the “difficult to reach” states. Using a
minimax regret algorithm we therefore need K; > 5(22iC1), while for a first-order algorithm,
assuming sup, wi(X;) < 27" our choice of reward function gives Vi (r!) < O(27), so we
need O(27'K;) > O(C127K;) <= K; > O(2iC;). This makes a critical difference when
applying COVERTRAJ to reward-free RL in RFLIN-EXPLORE, since in RFLIN-EXPLORE
we set m = ¢. = O(log(v/dH?/€)). With this choice of m, a non-first-order algorithm would
have complexity O(37", 2% - C;) = O(22™ - C;) = O(C;LA). As the best known minimax
).

regret algorithm has C; = d?H*, we obtain a (very suboptimal) final complexity of O (
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On the other hand, a first-order algorithm attains O(>"7",2°-C;) = O(2™ - C1) = O(C dH?y

€

9.2.2 Lower Bounds on Reward-Aware RL in Linear MDPs

To our knowledge, Theorem 9.3 is the first result to show that computationally efficient d?
complexity is possible in linear MDPs for any of the reward-free, reward-aware, or regret
minimization settings. We next show a somewhat surprising result: reward-free RL is no
harder than reward-aware RL in linear MDPs, up to horizon factors. To this end, we show a
lower bound on reward-aware RL in linear MDPs.

Theorem 9.4. Fize >0,d> 1, H> 1, and K > d*. Consider running a (possibly adaptive)
algorithm for K episodes in a (d + 1)-dimensional linear MDP with horizon H, which stops
at (a possibly random stopping time) T and outputs a guess at an e-optimal policy, 7. Let €
be the event

E:={r < K and 7 is e-optimal}.

Then there is a universal constant ¢ > 0 such that unless

d’H?

K>c ——,

€

there exists a linear MDP M for which Ppy[E¢] > 1/10.

As Theorem 9.4 shows, a Q(d*H?/e?) dependence is necessary for learning an e-optimal
policy in linear MDPs. Note that this lower bound holds for learning a single policy given
access to the reward function during exploration (indeed, it holds in the case when the learner
has oracle access to the rewards)—the reward-aware RL setting.

In contrast, Theorem 9.3 shows that we can learn e-optimal policies for all valid reward
Junctions simultaneously, without having access to the reward functions during exploration,
using only O(d*H?®/e?) episodes. In other words, up to H factors, in a worst-case sense,
reward-free RL is no harder than reward-aware RL in linear MDPs. This is in contrast to
the tabular setting, where it is well known that the optimal rate for reward-aware RL is
O(SA/€?) while the optimal rate for reward-free RL is ©(S?A/e?).

9.3 Proof of Theorem 9.1

We next provide the proof of Theorem 9.1. Here, instead of setting Ay, y—1 = 1 +Z’:;} (;bh,T(ﬁ,IT

as in EGS, we prove the result for the setting of Aj 1 = A\ + Zﬁ;i thﬁqb;ﬁ in Eas, for
some A > 0 (for convenience we also assume A < max{Cy, Cs, 1}, though this can be relaxed
if desired).
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In COVERTRAUJ, the precise setting of K; is:

. 20712, mC H 207pomCoH . 24d . 48 - 2'd/\
[zl-max{zwclp? log” (F—H), 2ol log (), Ty log = /

The key piece in proving Theorem 9.1 is the following result.

Lemma 9.3.1. Consider running Algorithm 9.1 with v € (0, 1] and some regret-minimization
algorithm REGMIN satisfying Definition 9.1.1, and with input set X satisfying

supwi(X) <27

T

Assume also that K is chosen to satisfy

K > {21‘ - max {1024C1 - (2p1)P" logP* -[4096 - 2'p1C1 H /6],
(9.3.1)
16Cy - (2p2)P? log?? -[64 - 2'pyCy H /6]

24d . 48 -2
2 log " } .

Let X C R denote the set returned by Algorithm 9.1 defined as
X={pecX : ¢"Ad<~").
Then, with probability at least 1 — 0,

sup wi (X\X) < 271,

Proof. First note that the reward sequence used in Algorithm 9.1 satisfies the conditions of
Definition 9.1.1. Thus, we have that, with probability at least 1 — 9,

V() = VI (r®)] < V/CLVE (r) K - logP (HK/6) + Co logP?(HK/6). (9.3.2)

]~

i

1

For simplicity we will assume that Cy,Cq, p1,p2 > 1 (since if this is not true, for example if
C1 < 1, (9.3.2) still holds with C; replaced by max{Cy,1}).

Relating "1 | V7™ (r*) to Random Reward. Note that rf(s,a) < 1 for all s,a, and
since the reward is non-zero only at step h, E, [r¥(sF, af)] = Vo™ (r*) and Vg™ (ry) < 1. Then,
since the reward is non-increasing,

E[(rh(sh, ap) — Vo™ (")) Fioa] < 205 (%) < 2V ().

il
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By Freedman’s inequality, Lemma F.1.13, it follows that with probability at least 1 — 9,

K
Z[Tﬁ(sivaﬁ Vi (r®)]| < /8Vg(rt) K log 1/8 + log 1/6.
k=1

Thus, union bounding over this event and the event of (9.3.2), we have with probability 1 — ¢
that

K
(s, ap) >
k=1 k

— 8V (r) K log2/6 —log2/§

Mw

1

Ve () — \/16C, Vg (1)K - log” (2HK/3) — 2C, - log?” (2HK/5) (9.3.3)

]~

>

b
Il

1

where we have used that Cy,Cs, p1,p2 > 1 to group terms.

Proof by Contradiction. Our goal is use (9.3.4) to reach a contradiction and show that, for
our choice of K, Vi (r®) < 2771 To set up the argument, assume for the sake of contradiction
that V5 (r%) > 2771 Since r* is non-increasing, this implies that Vi (r*) > 2771 for all
k € [K]. Then we can lower bound (9.3.3) as

(9.3.3) > K271 — \/16C, Vi (r1) K - logP (2HK/6) — 2C, - logP (2HK /6). (9.3.4)

Upper Bounding the Reward. We next upper bound the total reward that can be
obtained:

Mx

ACHS me{l vl B(sh a)lla-: 3 H{B(sh, ap) € X}

k=1 k=1

1 :

< LS min{L loeh B, ) Ik € 2)
Tk | (9.3.5)
1 K
— 3 k kY2

<o o min{LI9Ghably )
1

<3 2dlog(1 + K/d\)

where we have used that v < 1, and where the last inequality follows by the Elliptic Potential
Lemma, Lemma G.1.1, since ||¢(sF,a¥)||2 < 1 by assumption, and we normalize Ay, ; by AI.
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Lower Bounding the Reward. By assumption, we have that sup, w7 (X) < 27%. This
implies that

Vo (r') = sup Ex[r (s, an)] < sup Ex[[{e(sn, an) € X}] <27

™

where the last inequality follows since sup, E,[I{¢(sp, an) € X'} = sup, wi(X') by definition.
Then,

(9.3.4) > K277 — /271 . 16C, K - log" (2H K /§) — 2C, - log* (2H K /6). (9.3.6)
Assume that K is chosen such that
K > 1024 - 2'Cy(2p1)P* log?* [4096 - 2'p,C1 H /6] (9.3.7)

then by Lemma G.1.2 we will have

1 .. :
ZKT"I — /271 16C, K -log" (2HK /6) > 0

Similarly, if
K > 16 - 2'Cy(2p2)P? log™?[64 - 2'pyCo H /) (9.3.8)
then

1 .
ZKQ—H —2Cy - log”(2HK/8) > 0

As (9.3.1) requires that K is chosen so as to satisfy both (9.3.7) and (9.3.8), it follows that

1 .
(9.3.6) > 5K2—2—1.

However, (9.3.1) also gives that K > 2244 log 2i'482d/’\. Lemma G.1.2 then implies that
¥ ¥

% Z 12d

log(2K/\)
so that, stringing together the above inequalities,

1 3d
ri(sk,af) > (9.3.3) > (9.3.4) > (9.3.6) > §K2‘Z‘1 > ?log(QK//\). (9.3.9)

Mx

k=1
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Concluding the Proof. Combining Equations (9.3.5) and (9.3.9), we have shown that
2d d
7—10g( + K/d)\) > Zrh st ak) > (9.3.6) > %log@K/)\)
k=1

This is a contradiction, since ,QY—Z log(1+ K/d\) < _?;—‘Ql log(2K/A). Thus, with probability 1 — 4,

we must have that V;*(r) < 27!, The conclusion that sup,_ wT(X\X) < 27! follows on
this event since

Vi (r®) = SHPE [[{p(sn,an)" ﬁ}(_lﬁb(sh,ah) > %, (s, an) € XY
Ex[y 2@ (s, an) " Ag 1D (sns an) - (s, an) Ay 1 @(sn,an) <, s, an) € X}
> SUPE [[{&(sn, ah)TAh «P(sn,an) > %, P(sn, an) € X}]
= sup B [I[{(s1, an) € X\X}]

where the final equality follows by definition of X.
O

Proof of Theorem 9.1. Theorem 9.1 is a direct consequence of Lemma 9.3.1. For ¢ = 1, it is
clearly the case that

supwj(X) <27 =1,

™

so Lemma 9.3.1 and our choice of K gives that with probability at least 1 — d/m,

supwi (X\X) <277 and @ AP <47,V € AL

Now assume that for some i,

sup wp (X) < 27,

™

then again Lemma 9.3.1 and our choice of K; gives that with probability at least 1 — §/m,

supwy (X\X;) <270 and ¢'A; ' <ALV € A

The result follows by union bounding over the success event of Lemma 9.3.1 holding for each
i € [m]. The final conclusion holds since after epoch m, X = B\ U, X;. O
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9.4 Proof of Theorem 9.3

Let us first establish notation. Recall the episode magnitudes K; from Algorithm 9.2. We
define

Se
€
Kot = ZK“ where ¢, 1= [log2(4ﬁH)]
i=1

We assume that our parameters K,,,, and (3 are chosen such that

B> B :=cH\/dlog(l + dHKy) +log H/8, Kpax > Ko

Throughout this section we will consider an arbitrary reward function satisfying Defini-
tion 8.1.1, and will let V*, V™ Q*, Q™ denote the value functions for 7* and =, respectively,
with respect to r. Similarly, we will let V' and @ refer to the value function estimates
maintained by RFLIN-PLAN when run with r as an input.

Proof of Theorem 9.3. First we establish e-suboptimality, then we address sample complexity.

e-suboptimality. Fix some reward function r satisfying Definition 8.1.1. Let 7 denote the
policy returned by RFLIN-PLAN(7). As noted above, let V* V™ V Q* Q7, Q refer to the
value functions with respect to r.

Let &g denote the high-probability event from Lemma G.2.4 (the full version of Lemma 9.2.1),
which holds with probability at least 1 — 9. The following two results establish that on &g Vj
is an optimistic estimate of V¥, and shows a bounds on the estimation error of wy,.

Lemma 9.4.1. On the event &g and assuming that 3 > B, it holds that Qn(s,a) > Qr(s,a)
for all s,a, h.

Lemma 9.4.2. On the event &g, for all s,a, h and all r satisfying Definition 8.1.1,

[((s,a), @) — rals,a) = En[Visa](s,a)| < Bl (s, a)llx

where f = cH/dlog(1 + dH K) + log H/$.
By Lemma 9.4.1 and the choice of parameter g > E , the following holds on &g:
Ve — VE <V — V.
Moreover, by Lemma 9.4.2 and, again using 3 > B, we have

[((s,a), @) — rals, @) = En[Visa)(s,a)| < Bll@(s.a)llar < Blld(s,a)| ;-



176

Thus, by definition of (), we have

Vi(sn) = Qn(sn, Th(sn)) < (@(sn, Th(sn)), Wa) + Bl (sn, Ta(sn)) -1
< 7n(sn, T(sn)) + En[Vaa](sn, Th(sn)) + 28]/ @(sn, Th(sn))l| a1

Similarly, by the Bellman Equation, we have
Vir (1) = Q (s, Ta(sn)) = ra(sn, Ta(sn)) + EalViii] (sn, T (sn)).
It follows that
Vi(sn) = Vi () < En[Vasr — Vil (sn: Ta(sn)) + 2681 d(sn: Tulsn))l| 51
Thus, unrolling this backwards gives (since 7 is deterministic):

Vo = Vi <EVa = V5T](s1,@1(s1)) + 28] (51, T1 (1)) | 5
< By [Bs[Vs — V5] (52, Ta(s2)] (51, T (s1)) + 28Ea[[| @52, Fa(52)) | o] (51, 1 (51))
+ 28]l (s1, 1 (51)) | a2

= Ex[Vs(ss) = Vi (s9)] +28 ) Exlll (s, Tulsn))lla; 1]

<28 Exlllp(sn Thlsn))lla; ]

We then upper bound

H H
20 Eallld(sn Tnlsn)lla 1] <28 supExllld(sn, an)llx 1]
h=1 h;l .
<28) > supEq[[[¢(sn, an)l[ a1 - {p(sn, an) € Xni}]
h=1i=1 T
H c+1

<28 > sup [pllar - sup Ex[l{e(sn, an) € Xi}].

h=1 i=1 PEXni

By Theorem 9.1 and a union bound over H, we will have that, with probability at least 1 — 9,
for all h € [H] and i € [¢.] simultaneously,

sup EW[H{¢(3h7 ah) S Xh,i}] = sup w}T{(Xh,z) < 2—1'—‘,—1.
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Furthermore, Theorem 9.1 also gives

2le
sup [[@lla;0 < sup (|l <4/ = S

¢€h PEX h,i

2 Z

m Finally, one last invocation

where the final equality follows by our setting of 47 =
of Theorem 9.1, followed by the choice of ¢, gives that

€
= 1B

sup Ex[[{e(sn, an) € Xne41}] = SUp Wi (X 1) <27

Lastly, observe that supgey, . ., ||gz_’>||A 1 < 1 always holds, since Ay, = I and ||@||o < 1. This
gives that

H ¢+1 ’L

ATS €
28 3 sup [l 51 Sup]E [{(sn, an) € X}l <2B§ E 27 + =
h=1 i—1 PEXn.i hlzl 8HeS 2
€
—5t5=

so our policy 7 is e-optimal for the reward function r. However, since r was arbitrary, the
above holds for all r satisfying Definition 8.1.1.

Sample Complexity. It remains to bound the sample complexity. We note that we ran
for a total of Zthl Y | Ki = HK,o episodes, where again we recall

K; = {21‘ - max {1024C1(2p1)p1 log?* [4096 - 2'pys.Ci H? /5],

24d, 482
16Cs(2ps )72 logP2[64 - 2'pac.Co H? /0], 7 los— H

As we use FORCE as our regret minimization algorithm, using the values of Cy, Cs, p1, p2 given
in Lemma G.1.4 we can bound (for a universal constant c)

A ) . 24d 48 - 2id
K; < 2'd"H? 1og®?(Vd/~4?)i% log™? <§€dH logs/Q(\/a/'yf)/cS) +2 7 log ">

“d
5 - poly log(d, H,1/¢,log1/0)

i

< 2'd*H®1og™?(1/6) - poly log(d, H,1/e,log 1/8) +

where the last inequality follows by our choice of v = 2% . ﬁ and ¢, = [log,(48H/¢€)],
and upper bounding poly(i) factors by poly(s.). Let ¢ = polylog(d, H,1/¢,log1/d) (the
precise setting of which may change from line to line). Then we can bound the sample
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complexity by:

H < Se ' 2
>N Ki<HY (2’d4H3 log™?(1/8) + —2)
h=1 i=1 i=1 Vi
Se . QidHQBQ
<GHY (2 d*H?1og™?(1/6) + W)
i=1
4 175 7/2 392
< d*H®3log (1/6)g+dH5g
- € €2
_ d*?Hlog"(1/6)s N dH®(d +log 1/6)s
- € €2 '

Selecting 3. It remains to show that K. > Ko, which will imply that our setting of
£ in RFLIN-PLAN satisfies 8 > . However, this follows directly by the above complexity
bound, which is polynomial in all arguments, justifying our choice of K .x.

O

9.5 Proof of Theorem 9.4

We first establish a lower bound on adaptive linear regression, then show that this implies
a lower bound on PAC policy identification in linear bandits, and finally argue that linear
MDPs can represent linear bandits, giving a lower bound on PAC policy identification in
linear MDPs.

Theorem 9.5 (Lower Bound on Adaptive Linear Regression). Let ® = S ! and © =
{—p, u}¢ for some u € (0, m]. Consider the query model where at every stept =1,...,T
we choose some ¢y € ®, and observe

y: ~ Bernoulli(1/2 + (0, ¢¢)) (9.5.1)

for @ € ©. Then

. ~ dp? 207 142
2
g}fréleang[HO 0|l5] 5 (1 )

where the infimum is over all measurable estimators 0 and measurable (but possibly adaptive)
query rules w, and Eq[-] denotes the expectation over the randomness in the observations and

decision rules if 0 is the true instance. In particular, if T > d?, choosing u = \/d/700T, we
get

inf max Eo[||6 — 8]3] > 0.00059 - d*/T.
c

0,



179

Proof. The proof of this result follows closely the proof of Theorem 3 of Shamir [2013].
Clearly,

max Eq |6 — 8]3] > Eonumit(e)Eol|6 — 6]

d
= Egunit@)Eo Z(ez — 0i)2]

i=1

d
> Egunit(e)Ee s ZH{@@ < 0}] )
I

As in Shamir [2013], we assume that the query strategy is deterministic conditioned on

the past: ¢, is a deterministic function of y1,...,y4_1, @1, ..., @1, which is without loss of
generality. We then need the following result.

Lemma 9.5.1 (Lemma 4 of Shamir [2013]). Let 8 be a random vector, none of whose
coordinates is supported on 0, and let y1,ya, ..., yr be a sequence of query values obtained
by a deterministic strategy returning a point @ (that is, ¢, is a deterministic function of
Yis- - Y1, D1y .-, Op_1, and 0 is a deterministic function of yi,...,yr). Then we have

Eﬂwunif(e)) EB

SIS d

i=1

where

Usi = sup KL(P(yel0: > 0, 0, (DIl 0: < 0,46} {sHD) ).
3§ )7

In our setting, y; is distributed as in (9.5.1). Thus, we have that

U, = sup KL <Bernoulli(1 2+ 0,0, + nhe)||Bernoulli(1/2 + 3" 0,615 — ;upm-)).
05,71 i i
Note that:
Lemma 9.5.2 (Lemma 2.7 of Tsybakov [2009]).

)2
KL(Bernoulli(p)||Bernoulli(q)) < (p—q) :
q
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Thus, by Lemma 9.5.2, we can bound

(2uepr)?
(1/2+ Zj;ﬁi O;brj — pei)(1—1/2 — Zj;éi 0,0 + ;)

Ui < < 20p° 7,

where the last inequality follows by our assumption that p < % f and since ¢, € S, which

implies that 1/2+ 3, 0;¢; — p; > 9/20 and 1 —1/2 = 3.0, + pipy; > 9/20
By Lemma 9.5.1 and this calculation, we can lower bound

&IH

Eewunif(G)EO

M2;H{0i§i<0}] zd% 1—\ Z;

i=1 t=

L BN T2022
=5 —\C—ZZ; [lory

du? 20T 2
=
2 d

where the final equality follows since ¢, € S¢~!. This proves the first conclusion. The second
conclusion follows by our choice of . [

9.5.1 Lower Bounds on Linear Bandits

Definition 9.5.1 (Linear Bandits and e-Optimal Arms). Consider the linear bandit setting
parameterized by some @ € R? and ® C R¢, where at every step k the learner chooses ¢, € ®
and observes

yr ~ Bernoulli((@, ¢y.) + 1/2).

We say an arm ¢ € P is e-optimal if

(0,6) +1/2> sup(6,¢) +1/2 — ¢

e

and a policy m € Ag is e-optimal if

Egr[(0, )] +1/2 > sup(0,¢') +1/2 — e.
d'ed

Lemma 9.5.3. Fize>0,d>1, and K > d*. Let € © = {—/d/700K,/d/T00K }¢ and
¢ = S4L. Consider running a (possibly adaptive) algorithm in the linear bandit setting of
Definition 9.5.1 which stops at (a possibly random stopping time) T and outputs a guess at
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an e-optimal policy, T € Ng. Let € be the event
E:={r < K and 7 is e-optimal}.

Then unless K > c- f—; for a universal ¢ > 0, there ezists @ € © for which Pg|E¢] > 1/10; i.e.,
with constant probability either T is not e-optimal or more than K samples are collected.

Proof. We consider the setting of instances in Theorem 9.5 with ® = S ! and © = {—p, u}?.
We first show how estimation error relates to finding e-good arms. Let ¢*(€) denote the
optimal arm for 8. Clearly, ¢*(0) = 6/||0|2 = 8/(v/du) and ¢*(0)T0 = \/dyu. Now consider
a distribution m € Ag. By definition, we have that 7 is e-optimal if

Egrl07¢) = 0 Egrldt] > Vil —c.

For a policy 7, let ¢, := E4r[¢p]. Note that by the convexity of norms and Jensen’s
inequality:

1112 < Epenrlllll2] =
Write ¢, = ¢*(60) + A. Then,

1
1> [|¢*(0) + Al = 1+ A5 +207(6) A = ¢"(0)"A < —[|All3

fu

= 0'A < ———|AlL.

However, ¢ 0 = ¢*(0)"0 + A"0, so if 7 is e-optimal, we have AT > —e which implies

\/_M
—— 1Al > -

In other words, if 7 is e-optimal for 8, then ¢, = ¢*(0) + A for some A with ||A[|2 < 25 , SO

Or =" (0) + A= +A = 0=Vdu(p,—A).

\/_u

Now assume that we have a 7 which is e-optimal, and denote $ = ¢z. Let 6 =
Vdu(¢p — A) as above. Define the following estimator

0 = e

0’ if 36’ € © with 8’ = \/E,u(c,g— A’ for some A’ € R4, ||A/]|2 <
any @' € © otherwise
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If $ is actually e-optimal for some @ € O, then the first condition is met and

!@—Wb—WQM$—N%ﬂﬂM$—MMS2%hM;i—w%¢@a

Thus, if we can find an e-good arm for 8, we can estimate 6 up to tolerance /8v/de.

Now set u = /d/700K. Let 6 denote the estimator constructed from gg as outlined

above. Let & be the event that $ is e-good for @ and note that regardless of whether or not
we are on &, ||0]]s < d/v/700K. Thus,

Eo[|6 — 0|2 = Eo[||6 — 0]2 - 1{E} + |6 — 0] - 1{&°}]
8de 4>
< +
V700K TO0K

where the first inequality follows by our observation above that any e-good (E yields an
estimate of @ up to tolerance 4/2de/vV K.

However, by what we have shown above, there exists some 6 such that if we collect (no
more than) K samples,

Po[E°]

Eo[||6 — 0]|2] > 0.00059 - d?/K.

This is a contradiction unless

e A a 2/ 700eVE
PelE°] = 0. — P,[E1>0.10325 — Y~ — Y
o | To0K elE7] = 0-00059 7 o[£ > 0.10325 :

It follows that if

2\/700e VK 0.00325 ., d?
0.10325 — Y2V S 01 = P LK
d 27000 €
we have that P[E¢] > 0.1. O

9.5.2 Mapping to Linear MDPs

We next show that the linear bandit instance of Lemma 9.5.3 with parameter 6 (for 6 € © as
in Lemma 9.5.3) can be mapped to a linear MDP with state space S = {sg, $1, 52, -, Sat1},
action space A = S 1 U {ey.1/2}, parameters

01:0, Gh:el,hZQ
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1
pa(st) = 20,1], pa(s:) = 5[=20,1], pn(si) = e, h > 2
and feature vectors

D(50,€411/2) = eqy1/2,  d(s0, 65) = [5/27 1/2], V(Z e st
b(s1,0) =€, ¢Gnd)=eni>2, YoeA

Note that, if we take action $ in state sg, our expected episode reward is

d+1

Pi(silso, @) H+ Y Pi(5ils0. ) - 0= H((0,¢) + 1/2)

=2

since we always acquire a reward of 1 in any state s;, and a reward of 0 in any state s;, and
the reward distribution is Bernoulli.

Lemma 9.5.4. The MDP constructed above is a valid linear MDP as defined in Defini-
tion 8.1.1.

Proof. For ¢ € 84! we have,
Py(s1s0, ) = (p(s0, ), (1)) = (6, ) +1/2> 0
Pi(5i150. @) = (950, @), i (50)) = 5(~(6,8) +1/2) > 0

where the inequality follows since (8, ¢)| < O(1/d) for all ¢ € S, by the choice of 6 in
Lemma 9.5.3, and our condition that K > d?. In addition,
d+1
~ 1 -
51‘807 Zpl 51’507 <0*7¢>+1/2+dE<_<H*7¢>+1/2):1

Thus, Py (+|so, QZ) is a valid probability distribution for 5 € 84!, A similar calculation shows
the same for action egy1/2. It is obvious that Py (:|s, @) is a valid distribution for all s and
b e A

It remains to check the normalization bounds. Clearly, by our construction of the feature
vectors, ||¢(s,a)|l; < 1 for all s and a. It is also obvious that |||z < v/d and ||6y]], < V4d.
Finally,

ISz = || Y lpa(s)l|| =[26,1] +d- _[29 1ll» < V.

s€8\s0 9

Thus, all normalization bounds are met, so this is a valid linear MDP. m
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Lower bounding the performance of low-regret algorithms. Assume that we have
access to the linear bandit instance constructed in Lemma 9.5.3. That is, at every timestep ¢
we can choose an arm ¢, € %! and obtain and observe reward 1, ~ Bernoulh((@ b)) +1/2).
Using the mapping above, we can use this bandit to simulate a linear MDP as follows:

1. Start in state sg and choose any action (Zt cA

2. Play action ($t in our linear bandit. If reward obtained is 3, = 1, then in the MDP
transition to any of the states s;. If the reward obtained is y; = 0 transition to any of
the states S, ..., 5441, each with probability 1/d. If the chosen action was ¢; = e441/2,
then play any action in the linear bandit and transition to state s; with probability 1/2
and Sa, ..., 5441 with probability 1/2d, regardless of v,

3. For the next H — 1 steps, take any action in the state in which you end up, transition
back to the same state with probability 1, and receive reward of 1 if you are in sy, and
reward of 0 if you are in So, ..., S441.

Note that this MDP has precisely the transition and reward structure as the MDP constructed
above.

Lemma 9.5.5. Assume m is e-optimal in the MDP constructed above. Then mi(-|sg) is
¢/H-optimal on the linear bandit instance with parameter 8 and action set S1.

Proof. Note that the value of 7 in the linear MDP is given by

Vi=H- | Y m(@lso)(6) +5)+ gmlean/2so) | =H- [ 3 m(Blso)(.6) +

c;ESd* 1 $€Sd71

and the optimal policy is m (a*|sg) = 1, for a* = arg max(;esd_l(%, 0), and has value V" =
(a*,0,) 4+ 1/2. It follows that if 7 is e-optimal, then

He| > m(lso)(e,0)+1/2 | > H-((a*,0)+1/2) — ¢
(gesd—l
— Z W1<$’80)<€570>+1/22 <a’*70>+1/2_€/H
%esd—l
This implies that 7 (+|so) is €/ H-optimal for the linear bandit with parameter 6 and action

set S9! (note that any mass 7(-|so) places on arm egy1/2 can be instead allocated to any
arm in S without changing this result). ]
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Proof of Theorem 9.4. Consider running the above procedure for some number of steps. By
Lemma 9.5.5, if we can identify an e-optimal policy in this MDP, we can use it to determine
an €/ H-optimal policy on our bandit instance. As we have used no extra information other
than samples from the linear bandit to construct this, it follows that to find an e/ H-optimal
policy in the MDP, we must take at least the number of samples prescribed by Lemma 9.5.3
for e < €¢/H. O
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Part 111

Learning to Explore
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Chapter 10

Towards a Non-Asymptotic Theory of
Instance-Optimality in Decision Making

In Parts I and II we, broadly, focused on obtaining instance-dependent guarantees on
the sample complexity of linear near-optimal policies in various settings. In each example, we
saw that the key to obtaining tight sample complexity bounds lay in exploring efficiently:
identifying which aspects of the environment were most important to explore, and how we
could explore these regions most efficiently.

In each of these examples, while we were able to obtain leading-order instance-dependent
complexity terms which were optimal or nearly optimal, our complexity bounds also exhibited
potentially large lower-order terms scaling polynomially in problem parameters. While these
terms are truly lower-order for T large enough or e small enough, for small 7" or large €
they may dominate the complexity. In every case, these lower-order terms arose because our
approaches required that we learn to explore. In order to achieve the instance-optimal rate,
we must collect the most informative observations as quickly as possible, but we must learn
which observations are most informative and how to collect these observations, which requires
some amount of interaction with the environment.

While the approaches proposed in Parts I and II were carefully designed to ensure that
these lower-order terms were not too large—truly lower-order for reasonable settings of T’
and e—in the broader literature on instance-optimal decision making, this is not the case.
Similar “lower-order” terms, while perhaps lower-order in terms of 7', can be exponentially
large in problem parameters, leading them to dominate the complexity bounds in all regimes
of practical interest.

The focus of this chapter is in understanding this phenomenon. Is the cost to “learning-
to-explore” necessary if we wish to obtain instance-optimality? If so, what is the minimum
amount of interactions required to learn how to explore and thereby achieve the instance-
optimal rate; what is the best-case “lower-order” term? We consider these questions in the
regret minimization setting rather than the policy identification setting of Parts I and II, yet
the insights developed here extend to the settings of Parts [ and II as well. We also move
to a general interactive decision making setting, first proposed in Foster et al. [2021], which
encompasses both bandit and RL settings, including those with function approximation.
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This chapter proceeds as follows. In Section 10.1, we introduce our general decision
making setting, provide a concrete example illustrating that the cost of learning to explore is
necessary, and introduce a novel notion of complexity, the AEC, which quantifies this cost of
learning to explore. In Section 10.2 we present our main algorithm and upper bound, and
in Section 10.3 instantiate this upper bound in a variety of settings of interest, providing
polynomial lower-order terms in all cases (in some cases yielding an exponential improvement
over existing results). Finally, in Section 10.4 we provide lower bounds on the cost of learning
to explore, and argue that the complexity we achieve is essentially unimprovable in both its
leading-order and lower-order terms.

10.1 Formal Setting and Background

We first formally introduce the general decision making setting we consider in Section 10.1.1,
then present an overview of the key concepts for defining instance optimal regret in Sec-
tion 10.1.2. In Section 10.1.3 we provide a motivating example, illustrating that there is
indeed a cost for learning-to-explore, and in Section 10.1.4 introduce a novel complexity
measure, the AEC, which quantifies the cost of learning to explore.

10.1.1 Interactive Decision Making

We adopt the Decision Making with Structured Observations (DMSO) framework of Foster
et al. [2021], which is a general setting for interactive decision making that encompasses bandit
problems (structured, contextual, and so forth) and reinforcement learning with function
approximation.

The DMSO framework is specified by a decision space 11, reward space R C R, and
observation space O. The learner is given access to a (known) model class M C (II = Arxo),
and it is assumed there exists some true model M* € M, unknown to the learner, which
represents the underlying environment. Formally, we make the following assumption.

Assumption 10.1 (Realizability). The learner has access to a model class M containing
the true model M™.

The learning protocol consists of 7" rounds. For each round t =1,...,T"
1. The learner selects a decision ©* € II.

2. The learner receives a reward r* € R and observation o' € O sampled via (rf,0') ~
M*(7"), and observes (1!, o").

We can think of the model class M as representing the learner’s prior knowledge
about the decision making problem, and it allows one to appeal to estimation and function
approximation. For structured bandit problems, for example, models correspond to reward
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distributions, and M encodes structure in the reward landscape. For reinforcement learning
problems, models correspond to Markov decision processes (MDPs), and M typically encodes
structure in value functions or transition probabilities. We refer the reader to Section 10.3.1
and Section 10.3.2 for concrete examples of how standard decision making settings can
be instantiated within the DMSO framework, and refer to Foster et al. [2021] for further
background.

For a model M € M, E™"[.] denotes the expectation under the process (r,0) ~ M(x),
fM(m) == E"™[r] denotes the mean reward function, m,, € argmax, . f* () denotes any
optimal decision, and m,, = argmax . f"(7) denotes the set of all optimal decisions.
Similarly, when the algorithm is clear from context, EM[-] and P*]-] refer to the expectation
and probability measure, respectively, induced over histories, H' = (7!, rt ot), ... (7', 7!, 0"),
on M. We overload notation somewhat and use P""[-] to refer to the conditional density
over R x O induced by M. While we do not assume the random rewards are strictly bounded
(allowing, for example, Gaussian rewards), we make the following assumption on the reward

means.

Assumption 10.2 (Bounded Reward Means). For each M € M and m € II, we have
fM(m) €10,1].

Throughout this work, we also make the following assumption on the uniqueness of the
optimal action of M™.

Assumption 10.3 (Unique Optimal Action). For the ground truth model M* € M, the
optimal action e 1S unique.

Note that the latter assumption is standard in the literature on instance-optimality. We
measure performance in terms of regret, which is given by

T
Reg(T) = Y Baep [f (ma) = [ ()], (10.1.1)

where p' is the learner’s randomization distribution for round ¢. In addition, we define
AM(m) = fM(my) — fM(m) as the suboptimality gap function for model M and decision T,
and the minimum suboptimality gap as

AV inf e an(mys0 AY (), 7, is unique, (10.1.2)

i 0, otherwise.
Since by assumption 7+ is unique, we have A > 0. Throughout, we replace dependence
on M* with “*” when the meaning is clear from context, for example: AX. = AM'

X (7)== fM (), or T, = My
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Further Notation. We let M™ ={M : I — Arxo | f*(7) € [0, 1]} denote the space of
all possible models M with rewards in R and f"(7) € [0, 1]. We use Ay to refer to the set
of probability distributions over any X'. Throughout, we often abbreviate E,,[-] with E,[-].

10.1.2 Background: Asymptotic Instance-Optimality

Our aim is to develop algorithms that are instance-optimal in a strong sense: for every model
M* € M, the regret of the algorithm under M™* is at least as good as that of any consistent
algorithm; here, an algorithm is said to be “consistent” if it ensures that E” [Reg(T")] = o(T)
for all M € M. Instance-optimality is a powerful notion of performance: no algorithm—
even one designed specifically with M* in mind—can achieve lower regret on M* without
giving up consistency. For multi-armed bandits, a long line of work initiated by Lai and
Robbins [1985] characterizes the instance-optimal regret as a function of the instance M*,
and provides efficient algorithms that attain instance-optimality in finite time |Garivier et al.,
2016, Kaufmann et al., 2016, Lattimore, 2018, Garivier et al., 2019]. For the general decision
making setting we consider, the forward-looking work of Graves and Lai [1997] (see Dong and
Ma [2022] for a contemporary treatment) introduced a complexity measure we refer to as the
Graves-Lai Coefficient, which asymptotically characterizes the instance-optimal performance
as a function of the instance M* and model class M. Define the Kullback-Leibler divergence
by

[log(45)dP P<Q
D P — d@ Y Y
< (PlQ) { ~+00, otherwise.
For any class M and model M € M, the Graves-Lai Coefficient is the value of the program
| M) f AM(7) | YM' € MM ( D M'(m)) > 1
glc(M, nler&H{an )|V M Z?%r k(M () || M () = }7
well well
(10.1.3)

where, for M with unique optimal decision 7,,, we define
Malt(M) = {M/ eM ‘ T s ¢ 77M’}, (10.1.4)

the set of “alternative” models—the models M’ € M that disagree with M on the optimal
decision'. When M is clear from context, we will abbreviate g := glc(M, M) (and
g = glc(M, M*)). We also denote any solution to (10.1.3) by n™—mnote that this is not in
general unique. The characterization of [Graves and Lai, 1997] is as follows.

Proposition 10.1 (|Graves and Lai, 1997, Dong and Ma, 2022]). For any model class M

YFor M € M such that 7,, is not unique, we define M2(M) := {M' € M | w,, N7, = @}, and define
glc(M, M) as in (10.1.3), with respect to this M?*(M). We also define M?!* (1) = {M € M |7 & m,}.
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with |II| < 0o, any algorithm that is consistent with respect to M must have

EM [Reg(T)] > glc(M, M*) - log(T) — o(log(T)) (10.1.5)

for any M* € M, and there exists an algorithm which achieves®

EM [Reg(T)] < glc(M, M*) - log(T) + o(log(T)) (10.1.6)
for any M* € M satisfying Assumption 10.35.

The interpretation of the Graves-Lai Coefficient of M* with respect to M, glc(M, M*),
is simple. It asks, if M* is known to the learner (to be clear, M* is not known a-priori),
what is the minimum regret that must be incurred to gather enough information to rule
out all possible alternatives M’ € M which do not have 7+ as an optimal decision (i.e.,
Tar € )7 In other words, it aims to certify that m,+ is indeed the optimal decision while
incurring the minimum regret possible. This intuition is explicitly encoded in (10.1.3): the
objective, Y n(m)A" () denotes the regret that an allocation € RI will incur on the
true instance M*, while the constraint ) __; n(7) Dk (M*(m) || M'(7)) > 1 ensures that M~
and M’ are statistically distinguishable under the allocation 7, for all M’ € M&t(M*).

As a simple example, for the finite-armed bandit problem where IT = [A] and M =
{M(m) = N(f(n),1) | f € R*}, a straightforward calculation shows that

gle(M, M*) oc Y AM*

AT >

and any optimal allocation has n™" () o W for m # . In this case, Proposition 10.1
recovers the well-known gap-dependent logarithmic regret bound

log(T')

EY [Reg(T)] < A ()

TAT pr*

of Lai and Robbins [1985|, and shows that it is instance-optimal. Note that this bound can
offer significant improvement over the minimax rate @(\/ AT ) when 7' is large.

The Graves-Lai Coefficient characterization is appealing in its simplicity, but the catch—
at least when one moves beyond finite-armed bandits—is hiding in the lower-order terms,
particularly for the upper bound (10.1.6). For general model classes, the best known finite-time
regret bounds [Dong and Ma, 2022| take the form

EM [Reg(T)] < glc(M, M*) - log(T) + poly(|TT], (A2 )~1) - log" (T (10.1.7)

min

2To be precise, rather than scaling directly with glc(M, M*), the upper bound given by Dong and Ma
[2022] scales with a quantity glc, (M, M*) such that gle, (M, M*) =1 gle(M, M™).
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where ¢ > 0 is a universal constant. While this indeed leads to instance-optimality as
T — o0, the “lower-order” term in (10.1.7) scales with the size of the decision space, which
is intractably large for most problems of interest. As an example, consider the problem of
tabular reinforcement learning in an episodic MDP with S states, A actions, and horizon
H. Here, we typically have glc(M, M*) = poly(S, A, H) (in particular, the Graves-Lai
Coefficient can be bounded in terms of suboptimality gaps for the optimal value function
and reachability for states of interest [Simchowitz and Jamieson, 2019, Dann et al., 2021,
Wagenmaker et al., 2022c|), yet |II| = A”9. Consequently, the Graves-Lai Coefficient does
not become the dominant term in (10.1.7) until > exp(exp(S)). That is, for realistic time
horizons, asymptotic instance-optimality does not tell the full story.

Learning an optimal allocation. Given knowledge of an optimal Graves-Lai allocation
n™" solving (10.1.3), a learner could simply take actions as specified by ™", and would achieve
the instance-optimal rate given in Proposition 10.1. However, this is typically infeasible,
as the optimal allocation itself depends strongly upon the ground truth model M*, and is
therefore unknown to the learner. In light of this challenge, the approach taken by essentially
all existing algorithms [Burnetas and Katehakis, 1996, Graves and Lai, 1997, Magureanu
et al., 2014, Komiyama et al., 2015, Lattimore and Szepesvari, 2017, Combes et al., 2017,
Hao et al., 2020, Van Parys and Golrezaei, 2023, Degenne et al., 2020b, Tirinzoni et al., 2020,
Kirschner et al., 2021, Dong and Ma, 2022] is to first learn an estimate for a Graves-Lai
allocation 7™", and then take actions as specified by this estimate. In addition to being
natural, this approach is necessary in a certain (weak) sense: for any algorithm that achieves
instance-optimality, the expected decision frequencies must converge to an approximately
optimal allocation as T' grows (cf. Lemma 10.4.1).3

The presence of the lower-order term scaling with |II| in (10.1.6) (and in similar regret
bounds from most existing work) reflects the sample complexity required to learn an optimal
Graves-Lai allocation through uniform exploration. Specifically, one can estimate an allocation
by uniformly exploring the decision space to gather data, and then solving an empirical
approximation to the Graves-Lai program (10.1.3). Naive exploration of this type inevitably
results in Q(|II]) sample complexity, and it is natural to ask whether a more deliberate
exploration strategy, perhaps by exploiting the structure of the class M, could lead to better
finite-time regret bounds. For the setting of linear bandits, where IT C R? and the mean
reward function w — f"(7) is linear, this is indeed the case: a recent line of work [Tirinzoni
et al., 2020, Kirschner et al., 2021| provides regret bounds of the form

E"" [Reg(T)] < glc(M, M*) - log(T') + poly(d, (Ag;,) ") - log' (7).
This bound replaces the size of the decision space in the lower-order term by the dimension d,
reflecting the fact that there are only d “effective” directions in which exploration is required.

3The connection between instance-optimal regret and learning an optimal allocation has many subtleties;
we refer ahead to Section 10.4 for extensive discussion.
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While this is an encouraging start, the techniques used in these works are specialized to
linear bandits, and it is unclear how to generalize them beyond this setting. Recently, some
progress has been made in understanding more general structured bandit problems [Jun and
Zhang, 2020], yet a complete understanding of such problems remains lacking, and even less
is known in complex decision making problems such as reinforcement learning.

10.1.3 A Motivating Example

As discussed in the prequel, for finite-armed bandits and linear bandits, it is possible to
achieve instance-optimal regret bounds where the lower-order terms scale with reasonable
problem-dependent quantities of interest: the number of actions A for bandits, and the
dimension d for linear bandits. Informally, these quantities reflect the amount of exploration
required to learn a near-optimal Graves-Lai allocation for the underlying model M*. One
might be tempted to ask whether this phenomenon is universal. That is, can we always learn
a near-optimal allocation with sample complexity no larger than, say, the minimax rate for
M? The starting point for our work is to recognize that in general, the answer is no: existing
notions of statistical complexity—including those proposed in the minimax framework |[Foster
et al., 2021, 2022, 2023] and the Graves-Lai Coefficient itself—are insufficient to capture the
complexity of learning the Graves-Lai allocation in finite time. To highlight this, consider the
following simple example.

Example 10.1.1 (Searching for an informative arm). Let A, N > 2 and § € (0,1) be
parameters, and consider the class M of all models defined as follows. First, IT = [A]JU{7} };c[n1;
decisions in [A] are “bandit arms”, and decisions in {7} };c(n) are “informative” (or, revealing)
arms. Each model M has a unique optimal decision 7,,, and the following structure, with

O =[AJU{L}.

e For each bandit arm k € [A] we have r ~ N (f*(k),1) for f* € [0,1]. There are no
observations, i.e. 0 =1 almost surely.

e All informative arms 7y give 0 reward almost surely. There exists a unique informative
arm 75, € {7 }iciv) associated with M, so that if we play any 7}, we receive an
observation

oo { L) T
ﬁ]IWM + (1 - 5)Un1f([A])’ T = Ty

We take M to consist of all possible models with this structure. The interpretation here is as
follows. Suppose for concreteness that 5 = 9/10. If one were to ignore the revealing arms
{73 }icrn), this would be a standard finite-armed bandit problem. In particular, if we were to
consider a model M* with f*"(7) = £ + Al{r = i} for i € [A], a standard calculation would
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yield

w A

AN (10.1.8)
However, the presence of the informative arms makes the problem substantially easier. With
B =9/10 (for concreteness), one can see that for the model M, pulling the informative arm
75 will give 0o = 7y« with probability at least 9/10, meaning that we can identify that .«
is optimal with high probability by pulling 7%,. a constant number of times. It follows that
the optimal allocation is to ignore the bandit arms and set n*" (7) oc I{w = 7%,. }. This gives
g"" < O(1), which is substantially better than g"" oc 4 if A is small or A is large.

If one is only concerned with asymptotic rates, this is the end of the story, but for
non-asymptotic rates, we need to consider the amount of exploration required to learn the
optimal allocation. In particular, in order to identify the informative arm 7%,., which is
necessary to learn the optimal allocation, it is clear that in the worst case, any algorithm
needs to try all of the revealing arms, leading to

E[Reg(T)] = Q(N).

This shows that while the complexity of learning the optimal allocation is washed away by

an asymptotic analysis:

. O(1)-log(T)+ N _
711—1330 log(T) = o),

it cannot be ignored for finite T'. In addition, the (V) factor cannot be explained away by
standard complexity measures:

e By the argument above, sup,,c 8" = O(1), so the Graves-Lai Coeflicient—even in a
worst-case sense—does not reflect the complexity of learning an optimal allocation n*”.

e The minimax rate for this problem is always bounded by O(v/AT) (since we can treat
it as a multi-armed bandit instance), which does not scale with N. Yet, Q(A) sample
complexity does not suffice to learn an optimal allocation. As a result, existing complex-
ity measures such as the Decision-Estimation Coefficient [Foster et al., 2021], Eluder
dimension [Russo and Van Roy, 2013], and information ratio [Russo and Van Roy, 2018],
which are tailored to the minimax setting, cannot explain away the (V) factor above.

Example 10.1.1 shows that if we want to achieve instance-optimality in finite time, new
notions of problem complexity for the class M are required. This motivates the following
central questions:

1. Can we develop algorithms for general model classes M that achieve non-asymptotic
instance-optimal regret bounds of the form

EM [Reg(T)] < glc(M, M*) - log(T) 4 comp(M) - log" (T, (10.1.9)
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where comp(M) is a complexity measure that reflects the intrinsic difficulty of explo-
ration for M—in particular, the difficulty of exploring to learn a Graves-Lai optimal
allocation for? Ideally, such a complexity measure should be small for standard classes
of interest, generalizing what is already known for finite-armed and linear bandits.

2. Can we understand when the presence of such lower-order terms is necessary?

10.1.4 The Allocation-Estimation Coeflicient

To answer these questions and capture the statistical complexity of learning an optimal Graves-
Lai allocation in finite time, we provide a new complexity measure, the Allocation-Estimation
Coefficient (AEC). To describe the AEC, let us introduce some additional notation. For a
model M € M and parameter ¢ € [0, 1], we define

Y(M;e) = {A € A 3n € R, st B,y [AY(n)] < %
(10.1.10)

1—e¢
inf  E.o\[Dk(M M’ >
i B D (M) [0 )] 2
the set of (normalized) allocations A € A which are e-optimal for the Graves-Lai program

gle(M, M) in (10.1.3)—both in terms of achieving the optimal objective value and satisfying
the information constraint. In addition, for a distribution A € Ay, we define

MEN) ={M e M| XeY(M;e)}. (10.1.11)

Informally, M2 () represents the set of models for which the (normalized allocation) A € Ay
is e-optimal for the Graves-Lai program glc(M, M).

For a reference model M : T1 — Aryo (not necessarily in M) and parameter ¢ > 0, the
Allocation-Estimation Coefficient is given by

_ 1
aec.(M, M) = inf — , 10.1.12
(M, M) = inf e Aj‘\lﬁgl(k){Ew (D (M(r) || M(r))] } ( )

where we adopt the convention that the value is 0 if M#(\) = M. In addition, letting co(M)
denote the convex hull for M, we define aec.(M) := supgzcqo) @€c=(M, M).

The Allocation-Estimation Coefficient is a game between a min-player choosing A\, w € Ap
and a max-player choosing a model M € M (with the restriction that M ¢ M2 ())). Let us
interpret the value. First:

e The distribution A € Ay represents a normalized Graves-Lai allocation, while w € Ap
is an exploration distribution used to gather information.
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e The reference model M should be interpreted as a guess for the underlying model

M* e M.

When X € Ay is fixed, the value

1
inf sup —
WEATL pre M\ME () { Ere [DKL (M(W) I M(W))] }

represents the time required to gather enough information to distinguish between the reference
model M and all alternative models M ¢ M2 ()) for which ) is not an e-optimal Graves-Lai
allocation—provided that we explore optimally by minimizing over w € Ay. For intuition,
consider the case when M € M. In this case, A must be chosen so that M € M&(}) (i.e.,
A must be a Graves-Lai optimal allocation for M), as otherwise the value of the AEC will
be infinite, since Er.,[Dyy (M (r) || M(7))] = 0 for all w. Therefore, in such cases, the AEC
reflects the difficulty of distinguishing M from models that have different Graves-Lai optimal
allocations. In particular, such models might have the same optimal decision as M but, if our
goal is to play a Graves-Lai optimal allocation for M, we must still distinguish M from such
models. The value aec.(M, M) then reflects the least possible time required to distinguish
such models, which is achieved by minimizing over the best possible (normalized) Graves-Lai
allocation, A € Aq.

The Allocation-Estimation Coefficient plays a natural role for deriving both upper and
lower bounds on the time required to learn an optimal allocation. For lower bounds, the
significance of the AEC is somewhat immediate: it precisely quantifies the time required to
acquire enough information to learn an e-optimal allocation for the best possible exploration
strategy, and thus leads to a lower bound on time required to learn such an allocation for any
algorithm. Notably, the AEC serves as a lower bound for all possible model classes M, and
hence may be thought of as an intrinsic structural property of the class M.

For upper bounds, the Allocation-Estimation Coefficient acts as a mechanism to drive
exploration. Given an estimate M® for M*, if we select the decision 7 € II using an
appropriate mixture of the distributions (\,w) that attain the value of aec.(M, M"), we are
guaranteed that one of two good outcomes occurs. Either:

1. the normalized allocation A\ € Ay is e-optimal for glc(M, M*), so that by playing A the
learner matches the performance of the optimal allocation (up to a tolerance ¢), thereby

incurring the minimum amount of regret needed to gain information that allows it to
distinguish M* from M € M (M*), or

2. M* ¢ M8&(X) (that is, A is not an e-optimal Graves-Lai allocation), in which case—from
the definition of the Allocation-Estimation Coefficient—playing w € A will allow us
to better distinguish M* from M?.
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As long as we can perform estimation in a consistent, online fashion, this reasoning will allow
us to argue that M* € M2 ()\) the majority of the time, and that the total regret incurred
through the learning process will scale with aec.(M).

Generalized Allocation-Estimation Coefficient. For certain results, we make use of the
following, slightly more general variant of the AEC. For a reference model M : Il — Agryo
and subset of models My C M, we define

o 1
aec (Mo, M) = inf su — )
€ ( 0 ) AWEATYT MEMo\Ij/(gl(A) { Eﬂ'Nw [DKL (M(ﬂ—> H M(,/T))} }

where we adopt the convention that the value is 0 if M\ M8 (\) = @. Here M, denotes the
set we take the supremum over, while M denotes the set that M8'(\) is defined with respect
to (i.e., the set with respect to which the Graves-Lai allocation is defined). When My = M,
we recover the AEC as defined in (10.1.12): aec.(M, M) = aec™(M, M).

(10.1.13)

10.2 Non-Asymptotic Upper Bounds on Instance-Optimal Regret

This section presents our main algorithm and regret bounds. We begin by introducing the
most basic variant of our algorithm, AE?, and using it to provide instance-optimal regret
bounds for simple settings (Sections 10.2.2 and 10.2.3); with preliminaries in Section 10.2.1.
We then give a refined variant of the algorithm, AE?, which adapts to the minimum gap
A, and leads to regret bounds under relaxed regularity conditions (Section 10.2.4 and
Section 10.2.5). We conclude with an overview of our analysis in Section 10.2.6. For all

results in this section, we assume that Assumptions 10.1 to 10.3 hold.

10.2.1 Regularity Conditions

To present our algorithm and results, we first introduce several regularity conditions for the
model class M.

Likelihood ratios. We next make two assumptions concerning smoothness of KL, diver-
gences and behavior of log-likelihood ratios.

Assumption 10.4 (Smooth KL). There ezists Lx. > 0 such that for all M, M', M" € M
and 7w € 11,

| D (M () || M"(m)) = D (M () || M" ()] < Lw v/ D (M () [| M ().

Assumption 10.5 (Sub-Gaussian Log-Likelihood). There exists Vi, > 0 such that for all
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M, M' M" e M and w € 11,

P’ (r,0)
M (7", O)

IP)IM',W(T/’ 0/)

1 N S
0g ]P)]\/I”JT (r/’ 0/)

P(r,o)NM(w) [ — E(r’,o’)NM(Tr) |:10g :| ‘ Z ZE:| S 2exp(—x2/vj\24)

for all x > 0.

Assumption 10.4 and Assumption 10.5 facilitate finite-sample estimation guarantees
with respect to the KL divergence. Both assumptions are met by standard problem classes,
including general structured bandit problems with Gaussian noise. Existing works that
consider general model classes make similar assumptions [Dong and Ma, 2022].

Estimation. To provide estimation guarantees that accommodate infinite classes M, we
assume certain covering properties. We will consider the following notion of a cover.

Definition 10.2.1 ((p, 1)-Cover). We say that a set Mo, € M is a (p, p)-cover of M if
there exists some event £ such that:*

L. sup e SUPe P 7(E°) < p.
2. For each M € M, there exists some M’ € M., such that
‘log P (1, 0) — log PM"™ (r, 0)‘ <p
for all (r,0) € R x O with sup e P ™ (r,0| £) > 0.
We denote the size of the smallest such cover by Neoy (M, p, 11).

Definition 10.2.1 states that the log-likelihoods are “covered” under some good event £
which occurs with high probability: for any model in the class, we can find some model in
the cover with log-likelihoods that are “close” on £. We assume that the covering number for
the model class M is bounded, and has reasonable (“parametric”) growth.

Assumption 10.6 (Bounded Covering Number). For some parameters deoy, > 1,Ceoy > 1,
we have

10% Ncov(Ma P, M) S dcov : 10g (CCOV> .
i

Note that the rate of growth of the covering number required by Assumption 10.6 is
the standard rate of growth for parametric (e.g., linear) classes. Our results easily extend to
accommodate general growth rates, but we adopt Assumption 10.6 because it suffices for all
of the examples we will consider, and simplifies presentation.

4Note that we require that Mcoy C M, i.e. that Mo, is a proper cover.
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Information content of optimal decisions. As noted in the introduction, the Graves-Lai
Coefficient g* = glc(M, M*) can be thought of as the minimal regret needed to distinguish
M™* from all possible models with different optimal decisions. As playing the optimal decision,
T4, incurs no regret, any allocation 1 which is optimal for the Graves-Lai program, (10.1.3),
will still be optimal if we increase the number of plays of 7, arbitrarily. As we are interested
in finite-time behavior in this work, it is undesirable to consider allocations for which the
number of pulls of optimal decisions are arbitrarily large. Instead, we would like to consider
allocations which play optimal decisions only as long as they still provides useful information
about models in the alternate set. The following definition gives a formal quantification of
this.

Definition 10.2.2 (Information Content of Optimal Decision). Fix e € (0,1/2]. For a model
M € M, we define n > 0 as the minimum value such that, for any allocation n € R
satisfying

(1+e)g” =) n(m)A(r) and inf N () D (M(7) | M/ (7)) > 1 -,

el M’EM"‘M M) eIl
we have
_inf > (@)D (M(7) | M'(7)) + D n¥ Dy (M(m) | M'(m)) > 1 — 2.
MreM (M) mell,nm s TET N

Mo M
We denote n* := sup,,c N}

Intuitively, any allocation which is e-optimal for the Graves-Lai program (10.1.3) need
not play any optimal decision 7, € 7, more than n) times. Therefore, for model M,
nl" can be thought of as a quantification of the extent to which playing optimal decisions
provides useful information—no additional useful information can be acquired on models in
the alternate set M®*(M) by playing optimal decisions more than nM times. As we will see,

n} is bounded polynomially in problem parameters for many classes of interest.

Uniformly regular classes. We refer to a class as uniformly reqular if n}* < oo, and the
following assumption on the minimum gaps holds.

Assumption 10.7 (Lower-Bounded Minimum Gap). We have infyens AM. > 0. We denote
by Amin > 0 a (known) lower bound on infyrep AN, .

Note that Assumption 10.7 implies that for all M € M, m,, is unique. For the results
concerning the most basic version of our algorithm, AE? (Sections 10.2.2 and 10.2.3), we
assume for expositional purposes that the class M is uniformly regular. Our more general
algorithm, AE? (Section 10.2.5), achieves guarantees similar to those of AE%, but without
uniform regularity. In particular, AE? replaces dependence on A, with the minimum gap

* . M M 5r7 * o aM*
Ax. =AM for the true model, and replaces dependence on n™ with n* := n". We note,
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however, that in cases where a lower bound A on the minimum gap A% of the true model is

known a-priori, Assumption 10.7 can be satisfied by restricting the model class to models
with minimum gap at least A.

10.2.2 The AE? Algorithm

We now present the most basic variant of our main algorithm, AE? (Algorithm 10.1). This will
serve as the starting point for the most general version of our algorithm, AE? (Section 10.2.5).
To describe the algorithm, we first introduce the primitive of an online estimation oracle
[Foster and Rakhlin, 2020, Foster et al., 2021].

Estimation oracles. Algorithm 10.1 makes use of an online estimation oracle, denoted by
Algy , which is an algorithm that, given knowledge of the class M, estimates the underlying
model M* € M from data in a sequential fashion. When invoked at step s € N with the data

(mtrt o), .. (w71 r571 0°71) observed so far, the estimation oracle builds an estimate

—~

M = Algy ({(',1",0)})))

which aims to approximate the true model M*. Following [Foster et al., 2021, Chen et al.,
2022, Foster et al., 2024], we make use of randomized estimation oracles that, at each step
produces &° = Algy ({(", 7", 01)}5;11 ), where £ € Ay is a randomization distribution, and
draw M ~ &°. We measure the oracle’s performance in terms of cumulative estimation error,
defined as follows.

Definition 10.2.3 (Cumulative Estimation Error). Consider the process where, for each
round 7 € N, given (7,71, 0%),... (7"71, 771 o71) with 7° ~ p" and (1%, 0%) ~ M*(n"), the
estimation oracle returns &' = Algy (7!, 7%, o), ..., (71, r"71 0'1)). For any s € N, we
define the oracle’s cumulative KL estimation error under this process as:

Esty (s) == imﬁwg {]E,mpi [DKL( M) | M(w))ﬂ .

=1

Algorithm 10.1 can be invoked with any off-the-shelf algorithm for estimation, but our
main results make use of the fact that under Assumption 10.5 and Assumption 10.6, there
exists an estimation oracle Algy, (Algorithm H.4 in Appendix H.3.3) which ensures that
with probability at least 1 — ¢, for all s € N:

Estii(s) S Vi - deoy - log™? (C(S : S). (10.2.1)

That is, the estimation oracle ensures that the KL divergence between the true model M™* and
the estimates returned scales at most poly-logarithmically in the exploration horizon. Note
that on its own, this guarantee does not necessarily imply that M* = E;es[M] — M*—low
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Algorithm 10.1 Allocation Estimation via Adaptive Exploration (AE?)
1: input: optimality tolerance €, model class M.

e 1 4nmax+eg™ .
2: Initialize s <= 1, Npax < Nmax(M,€/6), and q < ﬁ for g™ := inf e prgms0 8-

3: Compute ' + Algy, ({o}) and M+ Enrer [M].
4: fort=1,2,3,... do o
5. if 3mge € e st VM € M (), S0 B log 27 000) | > 16g(¢log t) then

M~gi PM, 7" (pi o)
6: Play myzs. // Exploit
7: else // Explore
8: Set p* <— gA\° + (1 — q)w?* for
. 1
A’ w® = arg min sup — . (10.2.2)
AwEAT MeM\ME  (Ainmar) Ei7 e [Erw [Du (M (m) || M(7))]]

9: Draw 7% ~ p® and observe reward r* and observation o°. -
10: Compute estimate '« Algy ({(7*,77,0')};_;) and M** =Eg ..., [M] .
11: s s+ 1.

online estimation error only requires that M* is on average close to M™* on the decisions we
have actually played.

Algorithm overview. We are now ready to give an overview of Algorithm 10.1. The
algorithm alternates between exploit steps and explore steps, tracking the number of explore
steps that have been performed with a counter s € N. For each step ¢ € N, the algorithm
makes use of an estimator M°® = Effoes [M], where &5 = Algy ({(=*,77, ol)}:;ll) is computed
by calling the estimation oracle with data gathered at previous explore steps. Given the
estimator, AE? performs a test based on likelihood ratios (Line 5) to check whether it has
collected enough information to rule out all models for which 73;s € 737 is not an optimal
decision. If so, it exploits, and plays my= (Line 6), as in this case w3+ = m, with high probability.
If the test fails, the algorithm must gather more information to eliminate alternatives, and it
explores (Line 8). The key component of the explore phase is the choice of the exploration
distribution in (10.2.2), which is based on the Allocation-Estimation Coefficient program, but
incorporates some small modifications: 1) First, M is randomized according to the distribution
€%, 2) Second, the set M* € M8 ()\) is replaced with a smaller set M* € M8 (\; npay), which
requires that A obeys certain normalization constraints; this is detailed below. Using the
distributions A\* (representing a normalized allocation) and w® (representing an exploration
distribution) returned in (10.2.2), the algorithm computes a mixture p* = gA°* + (1 — q)w?,
where ¢ € (0, 1) is a carefully chosen parameter, and plays 7* ~ p® (Line 9). The reward and
observation (r°, 0°) that result from playing 7° are then used to update the estimation oracle
for subsequent rounds (Line 10).
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To understand the intuition behind the explore phase and why the Allocation-Estimation
Coefficient plays a useful role here, we can consider two cases. In the first case, if \* is
an e-optimal Graves-Lai allocation for M* (that is, M* € Mfl/ﬁ()\s; Nmax)), then playing \*
will optimize the tradeoff between minimizing regret on M* and collecting information that
allows one to distinguish M* from M € Mt (M*), and will therefore match the optimal

performance prescribed by the Graves-Lai Coefficient, incurring regret scaling as g*.

In the second case, if A is not an e-optimal Graves-Lai allocation for M*, we have
M* ¢ Mfl/6()\s; Nmax ), SO by the definition of the AEC (10.2.2), w® will place mass on actions

that ensure Eg; . [Ex[Drxo (]/\/[\(W) | M*(m))]] is large; exactly how large this quantity is
will be quantified by the value of the AEC. Since p* plays w® with constant probability, the
quantity

Enres [Epmps [Dic (M*(7) || M ()]

will also be large, but if the estimation oracle is consistent in the sense of Definition 10.2.3, this
can only happen a small number of times. In particular, if (10.2.1) holds, the number of times
in which we encounter this second case is at most logarithmic in the number of exploration
rounds. As such, we can show that A* must be a near-optimal Graves-Lai allocation for M*
on all but a logarithmic number of exploration rounds, and that AE? achieves the optimal
rate on such rounds.

Critically, rather than exploring in a naive fashion (e.g., by sampling decisions uniformly),
AE? explores only to the extent necessary to learn a Graves-Lai allocation for M*. There may
exist instances M # M* which differ significantly from M* but have a similar Graves-Lai
allocations—AE? will make no effort to distinguish such instances since, as long as it knows
that one of these instances is correct, it can simply play their shared Graves-Lai allocation.
This notion of exploration, which is targeted toward distinguishing instances that have
different Graves-Lai allocations, is precisely the notion captured by the Allocation-Estimation
Coefficient.

Normalization factor for allocations. As noted in Section 10.2.1, while an optimal
Graves-Lai allocation may place an arbitrarily large number of pulls on an optimal decision,
for finite-time guarantees it is useful to restrict to allocations which place only finite mass on
optimal decisions. To this end, AE? restricts the optimization problem based on the AEC in
(10.2.2) to only consider normalized allocations A for which the normalization factor is at
most

64 1
Nmax(M, €) == AT (E + VMné”> - nax g". (10.2.3)

where the normalization factor refers to the value n in the definition of Y(M;e) (see (10.1.10)).
In particular, to enforce this restriction, the optimization problem in (10.2.2) restricts the

max-player to M € ./\/l\/\/lfl/G()\; Nmax ), Where Npay = Npax (M, €/6) and /\/lfl/G()\; Nmax) 18
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defined identically to /\/lfl/ﬁ()\) in (10.1.11), but with n restricted to n < nyax. As we show
in Lemma H.2.4, for ny,«(M, ¢) defined as in (10.2.3), the optimal value in (10.2.2) can be
bounded by the AEC.

Computational efficiency. The primary computational burden in AE? lies in solving the
optimization problem (10.2.2) to compute the exploration distributions. In general there is
little hope of solving this efficiently (i.e., in time sublinear in |II| and |M|)—indeed, in some
cases it may be that to even determine whether M € M&#()\) will require enumerating the
model class M. However, for nicely structured problems, we anticipate that this program can
be solved, or at least approximated, efficiently. As the focus of our work is primarily statistical,
we leave further exploration as to when the algorithm can be implemented efficiently to future
work.

Simplicity. We emphasize the simplicity of AE%. Most existing algorithms which achieve
instance-optimality are quite complex, even in specialized settings such as linear bandits.
In contrast, AE? is very simple and intuitive, and relies only on three basic components:
an explore-exploit test, an estimation oracle, and a single optimization to compute the
exploration distributions. Despite its simplicity, as we show, AE? obtains comparable or
better performance over existing approaches.

Relation to existing approaches. At a very high level, AE? bears some similarity to
the E2D algorithm of Foster et al. [2021], which achieves the minimaz optimal rate for
general classes M in the DMSO framework. Both algorithms rely on online estimation
algorithms, and both solve min-max programs based on the output of the estimator to
determine which allocations to play. However, the algorithm design and analysis principles
for the two algorithms, and in particular the motivation for the min-max programs they solve,
differ significantly.

10.2.3 AE? Algorithm: Regret Bound for Uniformly Regular Classes

We present upper bounds for AE? in the setting where our class M is uniformly regular:
Assumption 10.7 holds and n}* < oo; these assumptions are relaxed by the AE? algorithm in
the sequel. To state the regret bound for AE? in the tightest form possible, we introduce the
following variant of the Allocation-Estimation Coefficient, which incorporates randomized
estimators £ € A

1
aec (Mo, &) := inf sup — : (10.2.4)
A e v g () Bz (B[ Dit (M(W) | M(W))H
with 3ec. (M, §) := aec'(M,§) and aec.(M) := supgcp ,, aec.(M,§). Note that one can
always bound aec.(M) < aec.(M) due to the convexity of the KL divergence. In fact, these
definitions are equivalent up to dependence on problem-dependent parameters in Section 10.2.1
(indeed, our lower bounds in Section 10.4 scale with the latter quantity), but the former can
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be simpler to bound for some of the examples we consider.

Our main theorem concerning the performance of AE? is as follows.

Theorem 10.1 (Regret Bound for AE?). For any ¢ € (0,1/2], there exists a choice for the
estimation oracle Algy, such that for all T € N, under Assumptions 10.4 to 10.7 and if
g* > 0, the expected regret of AE? is bounded by

EM [Reg(T)] < (14 ¢)g* - log(T) + aec./12(M) - Caec - 10g3/2(10g T) + Ciow - logl/Q(T)7
(10.2.5)

where

Vj\2/1 dcov 1Og(cvcov) s Maxyre m gM
eA3

min

anc =cC (5_1 + VMHQ//IG) . log(CloW)7

for a universal numerical constant ¢ > 0, and Cloy s a lower-order constant given by
. 2 3/2
Clow = lin (]\r}lgﬁ gM,aeci;m(/\/l), 2 ﬁ, n;‘%,LQKL, 13/ , deov,10g(Ceoy ), log log T> ,

where lin(+) denotes a function multi-linear and poly-logarithmic in its arguments.

We prove Theorem 10.1 in Appendix H.3.1, and give a proof sketch in Section 10.2.6.
Theorem 10.1 shows that AE? achieves the asymptotically optimal Graves-Lai rate for M*, as
given in Proposition 10.1, up to a (1 4 ¢) approximation factor. In more detail, if we label
the terms in (10.2.5) as

EM [Reg(T)] < (14 ¢)g* - log(T) +aec./12(M) - Chec - 1og3/2(10g T)+ Clow - logl/Q(T),

M an (1)

the regret bound can be seen to consist of:

e The leading-order term (I) = (1+¢)g* -log(T"). This is the only term that scales linearly

EY [Re()] 12?&%@” < (1 + ¢)g*, which matches

the instance-optimal rate given in Proposition 10.1 up to a factor of (1 + ¢).

with log(7), as a consequence we have limg_, o,

o A lower-order term (IT) = 3€C. /19(M) - Cyec - log®*(log T), which is polylogarithmic in
log(7T"), and scales with aec.;12(M), as well as regularity parameters from Section 10.2.1.

e A second lower-order term (III) = Cloy, - logl/ 2T. This term scales with logl/ T =
o(log(T)) and, like the term (II), scales with the AEC and regularity parameters from
Section 10.2.1. Compared to (II), this term has worse dependence on log(7"), but enjoys

sublinear ﬁi;i(M) scaling with the AEC.
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Critically, both of the o(logT") lower-order terms above do not scale with (often exponentially
large) terms such as |II| or |[M] found in prior work, and instead scale principally with
3ec.(M), which, as we will show in Section 10.4, is unavoidable in a certain sense. In
particular, note that once T is large enough that

log(T') > ’Q+<ﬁa/12(M))a

the leading-order term (I) = (14 ¢)g* - log(T) term in Theorem 10.1 will dominate the regret.
This is precisely the time horizon given by the lower bound in Theorem 10.10, which is
necessary for an algorithm to learn a near-optimal allocation for the Graves-Lai program. We
offer a more thorough comparison of Theorem 10.1 with our lower bounds in Section 10.4.4.
Below, we discuss the lower-order terms and asymptotic performance in greater detail.

Remark 10.2.1 (Additional Lower-Order Terms). The lower-order terms in Theorem 10.1
depend on the model class M through the regularity, covering, and smoothness assumptions,
as well as the minimum gap (Section 10.2.1). For many of the examples we consider, the
Allocation-Estimation Coefficient will dominate these other terms, yet there may exist classes
where this is not the case. Resolving the optimal dependence on these problem-dependent
parameters in the lower-order terms, as well as understanding when these parameters are
necessary, remains an interesting direction for future work.

In addition, let us mention that while both lower-order terms scale with o(logT") (note
that the scaling is no larger than O(y/log T - polyloglog T')), it is not clear what the optimal
dependence on T should be for the lower-order terms. For example, one might hope to
replace the dependence on log"/*(T') with log®(T’) for some constant a < 1/2, or even with
polylog(log(T")). Precisely characterizing the optimal log(7") scaling for lower-order terms
remains an interesting open question. To this end, we remark that Jun and Zhang [2020)]
show that in some cases, an Q(loglogT)) term is indeed necessary.

Remark 10.2.2 (Asymptotic Performance). Asymptotically, as T — oo, the regret of AE?
scales with (14 ¢)g* -log(7"), which is a factor of (1 + ¢) off from the asymptotic lower bound
in Proposition 10.1. For any fixed T' € N of interest, as long as aec.(M) = poly(e~!), one can
obtain an asymptotic constant of 1 by choosing ¢ = 1/1log®(T") for a sufficiently small constant
a > 0. For example, when |II| < oo, it is always possible to bound aec.(M) < poly(|I1])/e*
(see Proposition 10.2 below), so choosing € as above ensures that the lower-order terms scale
o(log T), while the leading-order term scales as g* - log(T") asymptotically.

10.2.3.1  Example: Searching for an Informative Arm

We next provide an example of a uniformly regular class in order to illustrate a case where
Theorem 10.1 holds. In particular, we revisit the informative arm setting described in
the introduction (Example 10.1.1). Recall that we exhibited a model class for which the
complexity of learning the Graves-Lai allocation is not governed by existing complexity
measures, and can be larger than the minimax optimal rate for learning with M. In what
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follows, we show that on this example the Allocation-Estimation Coefficient correctly adapts
to the complexity of this model class. We emphasize that the main applications of our results,
which take advantage of the more general AE? algorithm, will be given in Section 10.3.1 and
Section 10.3.2, and we also present additional examples of uniformly regular classes in Section
H.4.2.1.

Example 10.2.1 (Searching for an Informative Arm (revisited)). Let M denote the model
class constructed in Example 10.1.1, with parameters A, N > 5 and § € [4/A,9/10]. We
additionally discretize the space so that, for each M € M and 7 € [A], we have f¥(7) €
{0, Anin, 2Amin, - - -, Lﬁj Anin},”> and furthermore restrict M so that it does not include

instances with multiple optimal arms. For this class, one can show that Assumptions 10.4
to 10.7 hold with Lk, Vi < O(log A) and deey = O(A), Ceoy = O(N) (see Appendix H.4.4).

Furthermore, we can bound n}* < A; , and
64N 16A
aece(./\/l) S 7 + AT

As a result, for this class, AE? has expected regret bounded as

E" [Reg(T)] < (14 ¢)g* - log(T) + N - poly(A4, 1, ﬁ, log N, loglog T) - log"/*(T).
Note that here the only term that scales linearly with N is the Allocation-Estimation
Coefficient—every other class-dependent term appearing in the regret bound scales at most
logarithmically in N. We are particularly interested in situations where the cost of finding the
correct informative arm is much larger than any existing complexity measures for the problem:
that is, when [ is constant and N > A, ﬁ. In this case, we have aec.(M) < O(N), and
the Allocation-Estimation Coefficient correctly captures the intuitive complexity of learning
the optimal allocation. In particular, the dependence on N reflects the fact that we need to
test each informative arm at least once. Furthermore, as we show in Example 10.4.1, we can
lower bound aec.(M) > Q(N) as well, so in the regime where N > A, ﬁ, the AEC is the

dominant lower-order term.

See Appendix H.4.2 for the proof of this example.

10.2.4 The AE? Algorithm

While it may be reasonable to assume that the minimum gap of M*, A%. . is bounded

away from 0, and that the amount of useful information playing m, provides is also bounded

5The discretization is required to satisfy the uniform regularity assumption—we include it here to provide
a concrete example of a uniformly regular class. However, it can be shown that, without this discretization
assumption, Theorem 10.2 applies to the original formulation given in Example 10.1.1 with the AEC again
scaling as O(N).
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Algorithm 10.2 Adaptive Exploration for Allocation Estimation for classes without uniform
regularity (AE?)
1: input: Optimality tolerance e, estimation oracle Algy,, growth parameters oy, oy,
A A Z 0.

2: oo ¢© 1 —s7%, n® <= s,
3: Compute &' + Algy, ({@}) and M« Epser [M].
4: fort=1,2,3,... do
5: if s> 2¢ then // Form active set and cover
6: 0+ 1.
7 A < argmings oA st aecg,(My 1) < s™M.
8: ME%MAz’ﬁﬂ{MEMZ M—i-A%n—f‘m‘i‘ M+AI]¥][1H5<\/_}
9: ME < (pe, pe)-cover of M for py < 275 iy + 275 Dt « &,
10 f 3 € e st VM € MO (), S0 By | log W] > log(log t) then
11: Play 7. // Exploit
12: else // Explore
13: Set p* < ¢°\° + (1 — ¢°)w?® for
S S 3 1
A, w® 4= arg min sup — . (10.2.6)
ettt pemOME ne) Exf s Erne[ D (M (m) || M (m))]]

14: Draw 7* ~ p, observe 7°,0°, set D <~ D U {(7*,7%,0°)}.
15: Compute estimate 5+ Algy (D, M- ) and Mt = Epy g1 [M].
16: 54 s+ 1.

on M*, assuming that this is true for every model in the model class (as in the prequel)
is a significantly stronger assumption. For example, if we let M denote the space of all
multi-armed bandits with means in [0, 1], the only possible value of A, is 0, as we can always
find some instance with minimum gap arbitrarily close to 0. In this section, we dispense with
the uniform regularity assumption: we relax Assumption 10.7, and additionally prove that it
suffices if only n* := n2" (as opposed to n*) is bounded.

Our main algorithm for this section, AE2, is given in Algorithm 10.2. It is very similar
to AE? but to remove the requirement of uniform regularity, the algorithm avoids solving
(10.2.2) over the entire model class M, and instead solves it over a carefully restricted model
class. For x,y > 0, define

My ={MeM : Ay, >zl <y} (10.2.7)

min

AE? breaks its explore rounds into doubling epochs. For each epoch ¢, (10.2.6) in Algo-
rithm 10.2 solves an AEC-like optimization problem over a restricted class M‘ C M4, 1
N
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which is chosen in Line 9 to explicitly ensure that the value of the optimization problem in
(10.2.6), is bounded; this is guaranteed by the definition of A’ in Line 8. Similar to AE?, the
value of the optimization in (10.2.6) quantifies how much information we are gaining about
the Graves-Lai allocation of M*, and the regret of the explore phase can be bounded in terms
of the value of this optimization. By restricting M’ so that the value of (10.2.6) is always
bounded, we can therefore ensure that the regret during the exploration phase is bounded.

Intuitively, this restriction of M reduces the space of models we must distinguish M*
from in order to identify its Graves-Lai allocation: rather than distinguishing M* from all
models in M, we must only distinguish it from models in M?¢, which could be significantly
easier. The caveat is that, since we do not know the value of n¥ or AY. . M* may not always
be in M*. In such cases, little can be said about the exploration phase—we are not able to
provide any meaningful guarantees on how much information \* and w?® acquire about M™*.
To mitigate this, as s increases we gradually relax the criteria for inclusion in M?*, ensuring
that for large enough s, M* will be in M¥. In particular, one can show that the number of
exploration rounds needed to guarantee M* € M? scales with aec*(M*), for

M*::{MEM AM

min

> Al <1/A} for A, i=min{A};,, 1/nf/56}. (10.2.8)
That is, M* is the restriction of M to models with gap at least min{A7;, 1/nf .} (implying
all models in M™* have a unique optimal decision), and for which the information content of
the optimal decision is at most max{1/Af;,, nZ 3}

Estimation oracle. While AE? simply requires that the estimation oracle Alg, returns
randomized estimators supported on A, for AEZ, we wish to ensure that the estimators
produced are instead only supported on M*. To this end, we restrict the estimator to M¢__,
the (py, p1e)-cover of M*. We denote the resulting estimation oracle with Algy, (D¢ M- ),
where the first argument represents the set of available observations, and the second argument

the set over which the estimation oracle must return an estimate.

Computational efficiency of AE2. Similar to AE?, it is not clear how to solve the main
optimization required by AE2, (10.2.6), in general. In addition, unlike AE?, AE? maintains
a version space of models, M¢, which could increase the computational burden further.
We emphasize that the focus of this work is primarily statistical, and leave addressing the
computational challenges for future work.

10.2.5 AE? Algorithm: Regret Bound without Uniform Regularity

The following theorem provides the main guarantee for AE2.

Theorem 10.2 (Regret Bound for AE2). For any e € (0,1/2], if Assumptions 10.4 to 10.6
hold and g* > 0, AE> (Algorithm 10.2) ensures that for all T € N, the expected regret is
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bounded as
3
EM [Reg(T)] < (1 +¢)g* - log(T) + (ﬁgu(/\/l*)) - Chee - 10g%2(log T) + Clow - 10g® (T,

where

C.. = 6 (Vf; (VM + LKL) * deoy 10g<CCOV))
aec - — AF )

min

and Cloy 15 a lower-order constant given by
Ciow = POLy (£, 5 M52 1, Vit It e, 108 Ceon, Tog 10g T)

The proof of Theorem 10.2 is given in Appendix H.3.2. As Theorem 10.2 illustrates, at the
expense of a slightly larger polynomial dependence on the Allocation-Estimation Coefficient,
and slightly larger lower-order terms, we can obtain near instance-optimal regret—matching
the instance-optimal lower bound given in Proposition 10.1 up to a factor of (1 + &)—without
requiring any assumption on the minimum gap, or boundedness of n}*. Rather than scaling
with the minimum gap for the entire class, A, Theorem 10.2 scales only with the minimum
gap of the ground truth model, A’ . which could be substantially larger than Ap;,. An
additional advantage of Theorem 10.2 is that it scales with aec(M™*) as opposed to aec.(M);
for the examples we consider in the sequel, the former quantity enjoys better dependence
on problem-dependent parameters. For example, we show in Section 10.4 that for standard
classes, aec.(M) can scale with the minimum gap amongst all models in the class. On the
other hand aec(M*) typically scales with A%, .
*

We emphasize that AE? requires no prior knowledge of A
the minimum gap and regularity of the underlying model.

or nz—it is able to adapt to

Remark 10.2.3 (Dependence on n). As we show in the following examples, n} is typically
bounded polynomially in standard problem parameters, though in practice this needs to
be verified for each problem instance. We remark that some scaling in terms of n} seems
unavoidable—if there is a significant amount of information to be gained playing the optimal
decision, any algorithm which is nearly instance-optimal will play the optimal decision at
least nZ times, and therefore the “effective horizon” to eliminate alternate instances scales
with nf. As we are the first to formalize this notion of how informative the optimal decision
is, we believe more research in this direction is required.

10.2.6 Overview of Analysis

To close this section we briefly sketch the proof of the regret bound for AE? (Theorem 10.1);
the proof of the regret bound for AE2 (Theorem 10.2) builds on these ideas, but is slightly
more involved. See Appendix H.3 for full proofs.
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Let us refer to the exploit phase as the subset of rounds ¢ in which Line 6 of AE? is
reached, and refer to the explore phase as the subset of rounds in which Line 8 is reached. We
focus on bounding the regret in the explore phase—it can be shown (Lemma H.3.1) that in
the exploit phase, where the if statement on Line 6 is true, mz= = 7, for all but O(loglogT)
rounds, so that the regret incurred in this phase is at most O(loglogT').

Let s7 denote the total number of rounds in the explore phase up to time 7. Fix an
explore round s € [s7]. We bound the regret A*(p®) by considering three cases.

Case 1: M* € M\Mfl/G()\s; Nmax). 10 this case, A\ is not an optimal (normalized) allocation
for M*, but we can use the AEC to argue that the information gained by the algorithm is
large. In particular, since p® plays w® with probability at least 1 — ¢, we can bound

1
E 7o [Brp [Die (M(7) || M*())]]
1 1
T 10 Eg g [Ers (D (M(a) || M*(m) ]
(@) 1 1

IN

—— - min sup —
L—q awebn o M Qi) B s [Ermaor [Di (M (7) || M(m))]]

1
< : M
ST aec./12(M)

as long as Ny is chosen appropriately; here, (a) follows because M* € M\ M8 (A% nyay) by
assumption in this case, and by the choice of A* and w® given in (10.2.2). Rearranging this
gives

139 : -3 12(M) - Eg g [Baeps [P (M () | M7())]

This reflects that, when M* € ./\/l\/\/lfl/ﬁ()\s; Nmax ), our choice of p® ensures that M ~ &8
and M* can be distinguished, with the amount of information gained lower bounded by
O(aec./12(M) ™)

Adding and subtracting %} -aeC./12(M) - Egz_eo[Ennps [Dir (M\(w) | M*(7))]] to A*(p*),
and using that A*(p®) < 1 always, we then have that the instantaneous regret in this case is
bounded by

A*(pY) = A (") = —— - 3 a(M) - Egy_g.[Eope (D (M () || M ()]
+ s 3 a(M) - By B [Dia (3T | 21°() ]
< 14 8 a(M) B By D (V) | M1°()])
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Summing over s, it follows that the total regret in this case is bounded by

ST

: ﬁs/lz(M) : EStKL(ST) — ZH{S in Case 1}

s=1

ST
ZA*(pS) -I{s in Case 1} < -
s=1

Furthermore, since regret is always non-negative—that is, A*(p) > 0 for all p—rearranging
this inequality leads to a bound on the total number of times this case can occur:

ST 2
Z]I{S in Case 1} S 1 . ﬁa/lg(/u) : EStKL(ST).
—q

s=1

Critically, as given in (10.2.1), Estk,(sr) scales at most poly-logarithmically in sp. Thus,
as long as sy is at most O(logT'), the total regret incurred in this case (as well as the total
number of times this case can occur), will be at most O(aec. /12(M) - loglog T).

Case 2: M* € Mfl/6()\s; Nmax) and 7, € wys. In this case, we have that \* is a Graves-Lai
optimal allocation for M*. Thus, it follows that

A*(X*) < (1+¢/6)g"/n*  and inf B [Drc (M*(x) | M(x))] > (1 — £/6)/n*

MeMale(M)
for some n* < nya,. This implies that, for any M € M2 (M*), we can bound
A*(p®) = A" (p°) — (1 + €)g" Enmps [Di (M* () || M(7))] + (1 + €)8 Ennps [Dic (M* () || M ()]
S(A+e/6)g"/n* — (1+¢)(1 —¢/6)g"/n" + (1 + €)g" Ennps [Di (M*(7) || M ()]
S —eg"/n" 4 (1 + €)g" Erps [Dn (M () || M ()]
< —eg" /Mmax + (1 + €)g Brps [D (M*(7) || M (7))]

Since this bound holds uniformly for all M € M (M*), it follows that the total regret in
this case can be bounded as

A*(p*)-T{sin C 21 < (1 . inf E. [ Dg (M* M I, € s
Z (p*) - I{s in Case 2} < (1+2)g ;M@;g%) pr D (M () | M (7)) - T, € 7oz}

3

* ST
g Z]I{s in Case 2}.
s=1

n max

To bound this, the key observation is that, if we explore at round s, then it must be the case
that, for all 757+ € 7y, there exists some M € M (7g) such that 35~/ E7. eillog P (o)) <

log(T'log T'). Using Assumption 10.4 and Assumption 10.5 to move from M ~ £ to M* and
to relate the observed log-likelihood ratios to the KL divergence, we can furthermore show
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that

inf ZEmp (D (M (70) || M ()] - {m € 70 }

MeMaIt (M)
< inf ZEJ\?~§S [log M—SOS) + /s7 - Esty (s7) Slog(T'logT) 4 /st - Estgy (s7).
MeMali (M) £ P27 (15, 0%)
This allows us to bound
s
(I+e)g" ; Me/\igf(M*)Emps [Di (M* () || M ()] - I{m, € 750}

S(1+e)g” - logT + g*\/sr - Este(sr).

Thus, as long as s7 = O(log T'), we can bound the total regret incurred in Case by (1 + ¢)g* -
log T 4 o(log T). Using that regret is always lower bounded by 0 in the same fashion as Case
1, we can further use this to bound the total number of times that Case 2 occurs by

ST

Z]I{s in Case 2} < ng%;x (g* logT + g*\/st - EstKL(sT)>.

s=1

The intuition for this case is that, since we are playing a Graves-Lai allocation for M*, the
regret will scale with g*, the instance-optimal rate, and, furthermore, the allocation will allow
us to distinguish M™* from alternatives M € M (M*). Using that the total estimation error
is bounded, and that we only enter the explore phase if there exists some M € M2t (M*)
that we cannot distinguish from M™*, this ultimately implies that the total number of times
this phase occurs, and therefore the total regret incurred by this phase, is bounded.

Case 3: M* € /\/lfbﬁ(/\s Nmax) and 7, € mwys. In this case, we bound A*(p®) by adding

and subtracting Eg; ., [Exps (D (M (7r) | M*(m))]] in the same fashion as Case 1. Since
T, &€ Tizs, it can be shown that £ must place Q(Ay;,) probability mass on M € M (M*),
allowing us to lower bound Eg; . [Erp: [Die (M () || M*(r))]] using the same reasoning as in

Case 2. In total, we can show that the regret in this case is bounded by O(z&— - Estxi(s7)),
and the number of times this case can occur is at most O EstKL(sT))

Concluding the Proof. Combining all three cases, we have shown that the regret of the
explore phase is bounded by

*

~ 1
(1 + €)g* . IOgT + O(l By : ﬁg/lg(./\/l) . EStKL(ST) + g*\/sT . EStKL(ST> + . EStKL(ST)) .

min
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Furthermore, using our bounds on the number of times each case can occur, one can show
that sy = O(logT). Since Estg,(sr) is at most polylogarithmic in sp, it follows that the
regret is bounded as

(14¢)g* - logT + 5(ﬁ5/12(/\/l) + mij;(M) -log!/? T) :

as stated in Theorem 10.1.

10.3 Examples: Non-Asymptotic Instance-Optimal Regret

We now instantiate Theorem 10.2 to give regret bounds for AE? in standard settings of interest,
bounding the Allocation-Estimation Coefficient for each setting. We begin by focusing on
structured bandit settings and contextual bandits (Section 10.3.1), then turn to tabular
reinforcement learning in the sequel (Section 10.3.2).

10.3.1 Application: Structured and Contextual Bandits

We recall that, to map bandit problems to the DMSO framework, we take the decision space
IT to be the set of “arms”, the observation space O = {@}, and the reward space R to be the
rewards from the bandit (while we do not explicitly include the rewards in the observation
space, we assume they are observed). We defer proofs for all examples to Appendix H.4.

10.3.1.1  The Uniform Exploration Coefficient

For the main examples we consider, we proceed by first bounding the Allocation-Estimation
Coefficient in terms of another, somewhat simpler parameter we refer to as the uniform
exploration coefficient.

Definition 10.3.1 (Uniform Exploration Coefficient). For a randomized estimator £ € Ay,
we define the uniform exploration coefficient with respect to & at scale € > 0 as the value of
the following program:

€y o : . maxamearnry Exge[Ennp[Di (M (7) || M (7))]] < &
Con(e) : CGRT;%AH{C ’ VM A e M e ny By D (M () | M) < & [

We define pgxp(e) as any minimizing distribution for this program, and let

Coxp(M, &) := sup C%,_ ()

Ny exp
denote the uniform exploration constant for class M.

Intuitively, the uniform exploration coefficient characterizes the extent to which it is
possible to explore by uniformly covering the decision space. In particular, one can always
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choose p to be uniform over II, which gives Cexp (M, €) < |I1] /€, but in cases where information
is shared between actions, the parameter is significantly smaller, as we will show for familiar
examples below. For example, in the case of linear bandits with dimension d, we have
Cop(M,2) < O(H81E),

The following result shows that the Allocation-Estimation Coefficient can be bounded in
terms of the uniform exploration coefficient.

Proposition 10.2 (Informal). For My C M, we can bound aect'(My) < Cexp(Mo, d) for
any

\/_ 1 AM. e AM.
5 < . . . min . min .
= pento mm{81LKL’34VM} 28" /AN, T s’ 3

min

The full statement of Proposition 10.2 is given in Lemma H.2.6. Using Proposition 10.2,
we obtain guarantees for AE? on several familiar classes, beginning with several bandit
settings. We remark that Proposition 10.2 is not in general tight—it simply shows that the
Allocation-Estimation Coefficient is bounded by a simple, general, and interpretable notion
of how easily a class can be explored. As, such the bounds on the Allocation-Estimation
Coefficient in the following examples can almost certainly be improved using more specialized
tools.

10.83.1.2 Finite-Armed Bandits

We first consider the simplest bandit setting: multi-armed bandits with finite arms.

Example 10.3.1 (Finite-Armed Bandit). Fix A > 0, and consider the class of finite-armed
bandits with A arms and unit-variance Gaussian noise:

M= {M(r) = N(f"(m),1) | f* € [0,1]}.

It is straightforward to verify that Assumptions 10.4 to 10.6 hold with L.,V < 4 and
deov = O(A),Ceoy = O(1), and it can also be shown that, as long as f¥"(7,) < 1, we can
bound nf < c¢- ﬁ. In addition, we can bound Ceyp(M*, e) < 4A/¢, so Proposition 10.2
gives the following result.

Proposition 10.3. For the finite-armed bandit problem with A actions, there exists a universal
constant ¢ > 0 such that

A15
aecM(M*) < ¢ B (10.3.1)

SO AL

min

We immediately obtain the following corollary to Theorem 10.2.
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Corollary 10.3. For finite-armed bandits with Gaussian noise, as long as f" (w,) < 1, AE?
has regret bounded by

EM [Reg(T)] < (1+¢)g* - log(T) + poly(A, %, ﬁ, loglogT) - 10g6/7(T).

With more refined analyses, various works have achieved instance-optimal regret bounds
for finite-armed bandits with tighter lower-order terms than Corollary 10.3 [Garivier et al.,
2016, Kaufmann et al., 2016, Lattimore, 2018, Garivier et al., 2019]. We emphasize that
Corollary 10.3 is a special case of a much more general result. In particular, we proved the
bound on the Allocation-Estimation Coefficient, (10.3.1), using tools which hold for general
classes (e.g. Proposition 10.2). An analysis of AE? specialized to finite-armed bandits would
likely yield a tighter result.

10.5.1.8 Structured Bandits

Many bandit problems exhibit richer structure than the multi-armed bandit setting, and the
study of these settings has been the focus of much of the recent work on instance-optimal
learning. We next consider one such setting, that of structured bandits with bounded eluder
dimension [Russo and Van Roy, 2013].

Example 10.3.2 (Structured Bandits with Bounded Eluder Dimension). Consider a bandit
problem with unit-variance Gaussian noise but where the means are now given by a general
function class F mapping from II to [0, 1]:

M = {M(x) = N(f(r),1) | f € F}. (10.3.2)

For such general settings, we might hope to capture the complexity of learning in terms
of generalized notions of dimension for F. We consider one such notion here: the eluder
dimension.

Definition 10.3.2 (Eluder Dimension [Russo and Van Roy, 2013]). Let dg(F,€’) denote the
length of the longest sequence of actions {7, ..., 74} such that, for each n < d, there exist
functions f, f' € F with \/Z:.le(f(m) — fi(m))? <& but f(m,) — f'(m,) > €. The eluder

dimension of function class F at scale ¢ is then defined as dg(F, <) = sup./>. dg(F,€") v 1.

The eluder dimension can be thought of as quantifying how easily a function class can be
“explored”™ evaluating a pair of functions on dg(F,€) points allows one to determine whether
they are nearly identical over the entire space. It is known to be bounded for many standard
classes—for example, for linear function classes with dimension d, dg(F,e) < O(d -log1/e)—
and is also closely related to the disagreement coefficient [Foster et al., 2020b|. Furthermore,
it can be shown to be a sufficient condition for bounded (worst-case) regret in general bandit
problems [Russo and Van Roy, 2013]. The following result shows that the eluder dimension
bounds the Allocation-Estimation Coefficient.
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Proposition 10.4. For the structured bandit class M considered in (10.3.2), we have

16dg(F,V6/2)
; :

Coxp(M*,0) <
This implies that

16dg(F,V/5/2)
)

AN

S5~M * < e
e (M) < di (F, 3A.)

for scale 6 = ¢ -

and A, = min{Afnim 1/”;/36}7

where ¢ > 0 is a universal constant.

Proposition 10.4 highlights the ability of the Allocation-Estimation Coefficient to adapt to
the inherent complexity of “exploring” for the model class under consideration. We henceforth
abbreviate dg 1= dg(F,V5/2).

It is straightforward to show that Assumptions 10.4 and 10.5 are met in this setting with
Lki, Vi <4 (see Appendix H.4.2). Furthermore, Assumption 10.6 can be shown to hold with
deov scaling with the covering number of F in the distance d(f, f') = sup,cy | f(7) — f'(7)]
and Ce, = O(1). In general, it must be shown that n? is bounded for each M* and class of
interest; as we show in the following examples, it is bounded for standard structured bandit
settings such as linear bandits. We have the following corollary to Theorem 10.2.

Corollary 10.4. In the structured bandit setting with bounded eluder dimension considered
above, AE? has regret bounded as

E" [Reg(T)] < (14 ¢)g* - log(T) + poly(dg, deov, 1, ﬁ, n%/56,loglog T') - log®™"(T').

To the best of our knowledge, Corollary 10.4 is the first result to show that it is possible
to obtain the instance-optimal rate in classes with bounded eluder dimension, with lower-order
terms scaling only polynomially in the eluder dimension. More generally, Corollary 10.4
illustrates that AE? can adapt to the structural properties of the given model class, and
achieve regret scaling with existing notions of intrinsic dimension.

We next consider two examples of structured bandits where it is known that the eluder
dimension is bounded: linear bandits and generalized linear models. While these results are
immediate given Corollary 10.4, the additional structure present in these settings allows us
to obtain somewhat more explicit results.

Example 10.3.3 (Linear Bandits). Consider the class of linear bandits with unit-variance
Gaussian noise defined as

M={M(m)=N({0,2,),1) | 6 € O},

where © C R? is some convex set with ¢, diameter O(1) and X := {x, : 7 € I} C R? is the
arm set, which we assume has ||z ||o < 1 forall 7 € II. Asin Example 10.3.2, Assumptions 10.4
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and 10.5 are met in this setting with Lk, V, < 4; furthermore, Assumption 10.6 is also met
with deoy = O(d) and Ceo, = O(1). We then have the following bound on the AEC.

Proposition 10.5. For the linear bandit class M defined above, we have

B @ (1 .
aecaM(M*) <c- ; . (AT -+ n5/36) . polylog(d, %a ﬁa n5/36>

for a universal constant ¢ > 0.

Using Proposition 10.5, we obtain the following corollary to Theorem 10.2.

Corollary 10.5. In the linear bandit setting defined above, AE? has regret bounded as

E" [Reg(T)] < (1+¢)g* - log(T) + poly(d, L, ﬁ n 56, loglog T) - log®™(T').

Corollary 10.6 has lower-order terms scaling similarly to the best known lower-order
terms in the linear bandit setting [Tirinzoni et al., 2020, Kirschner et al., 2021]. These
works, however, develop algorithms which are specialized to the linear bandit setting, while
Corollary 10.6 is the instantiation of a more general result designed for arbitrary general
decision making settings.

The following result shows that under general conditions, we can bound the parameter
nt for linear bandits.

Proposition 10.6 (Informal). For linear bandits satisfying certain regularity conditions, n*
is bounded by a polynomial function of problem parameters and a geometry-dependent term
scaling with the structure of X and ©.

The full statement of Proposition 10.6 is given in Proposition H.4. The regularity
condition for Proposition 10.6 requires primarily that 6* lies sufficiently far within the interior
of © (see Section H.4.2.4 for further details). We remark that the guarantees given in both
Tirinzoni et al. [2020] and Kirschner et al. [2021] scale with geometric parameters very similar
to nZ.

Example 10.3.4 (Generalized Linear Models). In the generalized linear model setting, we
take the model class to be

M ={M(m) = N(g((0,2x)),1) | 0 € O},

where © and & are as in Example 10.3.3, and ¢(-) is a known link function which is increasing
and Lipschitz, but potentially nonlinear. Let gy.x and gnin denote upper and lower bounds
on the derivative of g, respectively:

max -— a ' 07 and min = ' ' 97 :
g 966{5655)()()9« z)) and g eeeﬁlé&p«)g« z))
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As in the linear bandit setting, we can show that Assumptions 10.4 and 10.5 are both met
with Lk, Vy, <4, and that Assumption 10.6 is also met with deo, = O(d) and Ceoy = O(Gmax)-
Furthermore, under the same conditions as for linear bandits, n} can be bounded for generalized
linear models exactly as for linear bandits, but with an additional scaling of (Z:ﬁ)? We then
have the following.

Proposition 10.7. For the generalized linear model class M defined above, we have

d393 1 8 L
aec'(M*) <c- 829??’( ' (A* + ”2/36) 'POlleg(d, oA ”2/36)

for a universal constant ¢ > 0.
Using Proposition 10.5, we obtain the following corollary to Theorem 10.2.

Corollary 10.6. In the generalized linear model setting defined above, AE> has regret bounded
as

E" [Reg(T)] < (1 +¢)g" - log(T) + poly(d, 222, 1, - n% 5, loglog T) - 1og®*(T).

To the best of our knowledge, this is the first result to obtain finite-time instance-
optimality for generalized linear models with lower-order terms polynomial in problem
parameters.

10.53.1.4 Contextual Bandits

The previous examples illustrate that AE? is able to learn efficiently in a variety of structured
bandit settings. We now show that it leads to new guarantees for finite-action contextual
bandits with general function approximation.

Example 10.3.5 (Contextual Bandits with Finitely Many Arms). Consider the contextual
bandit setting with context set X (which could be arbitrarily large) and action set A such
that A :=|A| < co. Let px denote the context distribution, which we assume is known to
the learner. The learning protocol is then, for step t =1,2,3, .. .:

1. Environment samples context z! ~ py.

2. Learner chooses action a' € A, receives reward 7.

We assume that rf = f*(zf,a’) + w' for w' ~ N(0,1), for some f*: X x A — [0,1]. We
assume as well that the learner is given access to a set of functions F such that f* € F.

To view this setting as a special case of the DMSO framework, we take the decision
space to be the set IT = (X — A) of all policies mapping from X" to A, and take O = X as
the observation space. The learner’s decision at round ¢ is a policy 7, and they receive a
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reward-observation pair (!, 0') = (7%, 2') under the process ! ~ py, r* ~ N(f*(a!, 7*(x")), 1).
The model class M is the set of all instances of this form for f* € F.

The following result shows that the Allocation-Estimation Coefficient is be bounded
by the number of actions A, and is independent of the size of the context space. See
Appendix H.4.3 for a proof.

Proposition 10.8. For the contextual bandit setting, we can bound

4A
Cexp(M*ag) S ?7
which implies that
s A3 1 0\
aec'(M*) <ec- = (me + na/%) ,

for a universal constant ¢ > 0.

As in the cases of bandits with bounded eluder dimension, nf must be bounded for each M*
and class F of interest. It is straightforward to show, however, that Assumptions 10.4 and 10.5
are met in this setting with Lk, V. <4, and, furthermore, that Assumption 10.6 is also met
with dee, scaling as the covering number of F in the distance d(f, f') = sup,cy qes |f(z,a) —
f'(z,a)|, and Ceoy = O(1). We then have the following corollary.

Corollary 10.7. In the finit-action contextual bandit setting considered above, AE> has regret
bounded as

E" [Reg(T)] < (14 ¢)g* - log(T) + poly(A, deoy, =, Nz /36, loglog T) - 1og®7(T).

To the best of our knowledge, Corollary 10.7 is the first instance-optimal guarantee in
the contextual bandit setting with general function approximation that obtains lower-order
term scaling polynomially in problem parameters. Notably, the lower-order term scales
independently of the size of the context space, |X|. We anticipate that extending this result
to contextual bandit settings that have large action spaces, but which exhibit additional
structure allowing for efficient exploration (e.g., linearity), will be straightforward.

10.3.2 Application: Tabular Reinforcement Learning

As a final application of our results, we turn to the setting of episodic tabular reinforcement
learning.

Episodic Markov decision processes. Recall that episodic reinforcement learning is a
special case of the DMSO framework in which each model M € M is an episodic Markov
Decision Process (MDP) given by the tuple M = (S, A, H, {PM ML {RM}ML  's;). Here S
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is a set of states, A a set of actions, H the horizon, P} : § x A — Ag the probability
transition kernel at step h, R} : § x A — Apg the reward distribution at step h, and s; a
deterministic initial state, which we take to be fixed across models. We assume that R}’ (s, a)
is unit-variance Gaussian, and that E, _ gy, q)[ra] € [0,1/H].°

The decision space II consists of non-stationary policies # = (my,...,7y), where 7, :
S — A. For a fixed policy 7, an episode proceeds in an MDP M proceeds as follows. First,
beginning from the initial state s;, we take action a; ~ m(s1), receive reward r; ~ R} (s, a1),
and transition to ss ~ PM(- | s1,a1). This continues for H steps at which point the episode
terminates and the process repeats. We define f"(r) := E"~ [Zthl rp,] as the expected
reward achieved over the entire episode under this process.

Each round ¢ € [T] in the DMSO framework corresponds to an episode in the underlying
MDP M*. At each round, the learner selects a policy 7, and receives reward r* = Zthl rh
and o' = (st al,rt, ... sy, aly, ), where (st al,rl, ... shy, aly, rl,) is the trajectory that
results from executing 7* in M* for a single episode.

Tabular model class. In the tabular RL setting, it is assumed that S := |S| and A := | A|
are both finite, and we take II to be the set of all deterministic policies. In addition to
assuming that M consists of tabular MDPs, we restrict to the following subclass:

Mtab(Pmin) = {M - (87"4’ H, {P]’]L\/I}{L_I=17 {R;\f}hH:h 81) : miph Pf?(‘gl | Sva) > Pmin}‘
(10.3.3)

While the assumption that ming, g, P (s | s,a) > Puin may be seen as restrictive, the
guarantees we provide scale only with log 52—, so P, can be taken to be extremely small

Rnin
without affecting the result significantly.

Note that when our results are specialized to reinforcement learning, A*. denotes the
gap between the performance of the optimal policy, and the next-best deterministic policy.
This quantity can be lower bounded in terms of other standard quantities including gaps in

the rewards at each state and the transition probabilities.

Toward instantiating Theorem 10.2 in this tabular RL setting, we first provide a bound
on the Allocation-Estimation Coefficient, which we establish by first bounding the Uniform
Exploration Coefficient.

5This assumption only serves to ensure that () € [0,1], in line with the convention for the rest of the
paper. Our results continue to hold up to poly(H) factors if B, gu (sa)lra] € [0,1].
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Proposition 10.9. For M < M., (Puin), we can bound’

SAH? - log® H

2

CH (M*e)<c

exp

for a universal constant ¢ > 0, which implies that

aa~M * <
aec'(M*) <c¢ A

4
€ min

SPASH™ . 1og'® H ( 1
Pmin

24

for a universal constant ¢ > 0.

Next, it can be shown that Assumptions 10.4 to 10.6 hold for M <+ Mp(Ppin) with
constants (see Appendix H.4.5):

Lt = Vo = O(H -10g 1/ Puin), deov = O(S?AH), Ceoy = O(H/Ppin).

We then obtain the following corollary to Theorem 10.2.
Corollary 10.8. For M  M.,(Puin) and &, AE? has regret bounded by

E" [Reg(T)] < (14 ¢)g* - log(T) + poly(S, A, H, 1, ﬁ, log ﬁ, nZ /36, log log(T)) - 1og®7(T).

To our knowledge, Corollary 10.8 is the first guarantee for tabular RL that achieves
the instance-optimal rate while obtaining lower-order terms that scale only polynomially in
problem parameters. As noted previously, existing approaches to instance-optimal regret
in tabular RL [Ok et al., 2018, Dong and Ma, 2022] have lower-order terms that scale

exponentially in problem parameters, and as a result are truly asymptotic in nature.

While Corollary 10.8 is stated in terms of n for the sake of generality, as we show in
Appendix H.4.5, if M* has rewards that are sufficiently small (in particular, if it satisfies
[rn] < 1/H? for all (s,a,h)), then we can bound

rhNRﬁ/f* (s,a)

x g g
ise g (1 )
In this case, Corollary 10.8 scales polynomially in all standard problem parameters.

Let us remark that the prior work of Dong and Ma [2022] does not require that P (s" |
s,a) > Pun as we do (the work of Ok et al. [2018] only holds for ergodic MDPs, itself a
very strong assumption). However, the lower-order term obtained in Dong and Ma [2022]
scales polynomially in the inverse probability of observing the trajectory that occurs with

"Here C_ denote the uniform exploration coefficient as defined in Definition 10.3.1, but with Dy (- -)

exp

replaced with DZ(-,-). To prove Proposition 10.9, we show that a variant of Proposition 10.2 still holds
with this alternate definition of Ceyxp, (M, €).
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minimum (non-zero) probability. In general, this will scale exponentially in H, and inversely
with the probability of the transition with minimum (non-zero) probability occurring, that is
s1s.ay=0 D' (8’8, @). Thus, while we must impose the stronger condition that all
transitions occur with some probability P,;,, our bounds only scale logarithmically in this
quantity, and polynomially in S, A, and H, a significant improvement over Dong and Ma
[2022]. Understanding whether it is possible to remove the additional restrictions we impose
while still obtaining reasonable finite-time performance is an interesting direction for future
work.

mlns,a,s/,h:P,]LM(

As far as we are aware, there is no prior work on instance-optimal algorithms for RL
settings with general function approximation. While we have only instantiated Theorem 10.2
and AE? in the tabular RL setting, the tools we have developed can also be applied to RL
with general model classes. Exploring the application of AE? to, for example, bilinear classes
[Du et al., 2021] is an exciting avenue for future work.

10.4 Lower Bounds for Learning the Optimal Exploration
Allocation

The AE? algorithm achieves instance-optimal regret by explicitly learning an e-optimal
Graves-Lai allocation for the underlying model M*. In this section, we introduce an abstract
formulation for the problem of learning an optimal allocation (Section 10.4.1), and provide
lower bounds which show that the Allocation-Estimation Coefficient is a fundamental limit
for this task (Section 10.4.2). We then present several examples illustrating lower bounds
on the Allocation-Estimation Coefficient (Section 10.4.3), and discuss how our lower bounds
relate to the problem of minimizing regret (Section 10.4.4).

Additional Notation. Throughout this section we will also make use of the following
definition:
(1+¢)g™

Y (M; e, Npax) 1= {/\ € A : 3n € (0, npay) st AY(N) < — (10.4.1)

it el D (M) 3 ()] 2 25

M'e MaIt (M) n

That is, T(M;e, npax) denotes the set of normalized allocations that are Graves-Lai optimal
for M with tolerance €, and have normalization factor at most ny,... Unless otherwise stated,
the results in this section do not make use of Assumption 10.3 or Assumption 10.7.

10.4.1 Learning the Optimal Allocation: Minimax Formulation

We consider the following protocol, which captures the task of learning an optimal Graves-Lai
allocation for an unknown model M*.
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e Fort=1,...,T, sample 7" ~ p' and observe (r*,0").

e Based on the entire history HT = (z!,71,0),..., (x7,rT 0o"), output a normalized
allocation A € Ap. The allocation may be randomized according to a distribution
qc AAH-

We formalize an algorithm for this task as a pair A = (p, q), where ¢(- | HT) is the distribution
over A given the history, and p = {pt}tem is a sequence of exploration distributions of the
form p'(- | H71). We let P-4(.) denote the law of HT when M is the underlying model and
A is the algorithm, and let E*[] denote the corresponding expectation. The goal of the
algorithm is to ensure that ) is an g-optimal allocation for M™* with high probability, i.e.

]P’M**A@ e T(M*;e, nmax)) >1-6

for some failure probability 6 > 0 and normalization factor ny,, > 0

Intuitively, learning an optimal Graves-Lai allocation is closely related to achieving
instance-optimal regret, but there are some subtle technical differences which we discuss in
detail in the sequel. We study the former task because we find it to be more amenable to
non-asymptotic lower bounds, and because it captures the behavior of “natural” algorithms
such as AE? and essentially every existing asymptotically optimal algorithm we are aware of.

Minimax framework. To provide lower bounds on the complexity of learning an optimal
Graves-Lai allocation, we consider a minimax framework. Our main quantity of interest will

be:

TE(M; 2, N, §) = i%finf{T EN| IP’M*AO e T(M;e, nmax)> >1-06 VM e M}.

(10.4.2)
This represents the earliest time 1" € N for which there exists an algorithm that learns an
g-optimal allocation with probability at least 1 — 0, and does so uniformly for all M € M.
Recall that for our upper bounds (Theorem 10.1), the Allocation-Estimation Coefficient gives
a bound on the lower-order terms in the regret (reflecting the time required to learn an
e-optimal allocation) that holds uniformly for all models in the class M. To understand
the optimality of uniform bounds of this type, a minimax framework is natural. This
framework also naturally complements recent non-asymptotic algorithms for linear models
such as |Tirinzoni et al., 2020, Kirschner et al., 2021|, where the complexity of exploration is
captured by problem-dependent quantities such as the feature dimension, which are bounded
uniformly for all models in the class. Nonetheless, exploring other notions of optimality
(for example, instance-dependent complexity) for learning the Graves-Lai allocation is an
interesting direction for future research.

Note that the quantity (10.4.2) does not place any constraint on the regret of the
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algorithm under consideration. It will also be useful to consider the notion
T#(M; &, N, 6, R) = inf in {T EN| ]P’M’AO € Y(M;e, nmax)> >1-34,
E"*[Reg(T)] < R -log(T), VM € M}, (10.4.3)

which captures the minimax complexity of learning the Graves-Lai allocation, subject to the
constraint that the algorithm achieves logarithmic regret throughout the learning process.
This notion is particularly well suited to complement the upper bounds achieved by algorithms
such as AE?2,

We remark that the restriction to allocations with normalization factor no more than
Nmax in the definitions above is natural for several reasons. First, without such a restriction,
the returned allocation can place an arbitrarily small amount of mass on informative actions,
and an arbitrarily large amount of mass on the optimal action, since any Graves-Lai optimal
allocation is still Graves-Lai optimal if the amount of mass on the optimal action is increased
arbitrarily. While technically Graves-Lai optimal, such allocations do not reflect an allocation
one could play over a finite time horizon in order to certify the optimal decision 7,—as any
algorithm with finite-time guarantees must do—and therefore do not reflect the cost such an
algorithm must pay to learn an allocation. Second, given knowledge of the optimal action,
any Graves-Lai optimal allocation which has a normalization factor larger than ny,,, can be
transformed into a Graves-Lai optimal allocation with normalization factor ny., by adjusting
the mass on the optimal action, assuming ny,.y is taken to be sufficiently large (in particular,
as large as nyax(M,¢); cf. (10.2.3)). Therefore, if we restrict our attention to the task to
learning the Graves-Lai allocation for a subclass of models which agree on the optimal action
(as we do in Theorem 10.10), any lower bound for learning an allocation with normalization
Nmax als0 applies to learning an unrestricted allocation, for large enough ny.. Finally, AE?
itself plays allocations with bounded normalization, which as we note in Section 10.2.2; does
not affect the optimality of its performance—allocations with bounded normalization are
always sufficient.

10.4.2 Main Result

We state two lower bounds. The first scales with the version of the Allocation-Estimation
Coefficient appearing in our upper bound (Theorem 10.1), but leads to a lower bound on T,
while the second lower bound scales with the AEC for a restriction M, but is exponentially
stronger in the sense that it provides a similar lower bound on log(7®'). We remark briefly
that the regularity conditions of Section 10.2.1 are not required to hold here, unless otherwise
stated.

Theorem 10.9 (Main lower bound—weak variant). Let ¢ > 0, nyay > 0, and My C M be
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£

gwen, and set 0 := 3

min{1, infyre vy 8Y/Nimax - Unless

4] —
T >-- sup aecy' (Mg, M),
8 Mem+

any algorithm must have, for some M € Mj:
MoA Y 0
PYAIN & T (M; e, Npay) 26.

Stated equivalently, Theorem 10.9 implies that for any ¢ > 0, if we set 6 = ¢ - ¢ -
inf e, 8" /Nmax for sufficiently small numerical constant ¢, then

T (M€, Nimax, 6) > 0 - sup  aecy. (Mg, M).
Mem+

Remark 10.4.1 (Choice of My). Theorem 10.9 is stated with respect to an arbitrary subset,
My, of M. While one could simply choose My < M, in some cases it is advantageous
to choose My C M. In particular, note that our lower bound scale with infyen, g". For
classes M where inf ;-1 g" = 0—which will be the case, for example, if M corresponds to a
model class where reward means form a compact set—it is advantageous to restrict Mg so
that it corresponds only to instances with g > 0.

We remark as well that the restriction of the lower bound to M, is somewhat analogous
to our upper bound Theorem 10.2, which provides guarantees in terms of the AEC of a
restriction of M, M*. We may therefore choose My <— M* to obtain lower bounds matching
the scaling of Theorem 10.2. In the following section we provide several examples of how M
can be chosen to yield intuitive lower bounds.

Lastly, let us mention that M, may also be chosen to yield lower bounds that have
a more instance-dependent flavor. For example, given some instance M*, we could choose
M to correspond to all instances identical to M™* up to a permutation of the decisions, in
which case Theorem 10.9 is will yield lower bounds on the performance of any algorithm on a
permutation of M*, rather than over the entire class.

Remark 10.4.2. The lower bound in Theorem 10.9, for My = M, scales with the quantity

sup aec.(M,M) > sup aec.(M,M) > sup aec.(M,¢) = aec.(M),
Mem+ Meco(M) el m

which at first glance might appear to be larger than the version of the AEC appearing in our
upper bounds. However, there is no contradiction, because these quantities can be shown
to be equivalent (up to problem-dependent parameters) under the assumptions with which
Theorem 10.1 is proven.

Our second lower bound yields a lower bound on log(T®') as opposed to T#—a significantly
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stronger result—but scales with the AEC for a restricted class. To state the result, for

M € M* and My C M, define
Mopt {MGMo‘T&'MgTFM, DKL( ( )”M( )):O VWETFM}.

This represents the set of models M where 1) the optimal decisions for M are also optimal
for M and 2) playing the an optimal decision reveals no information that can distinguish
M and M. Our second lower bound scales with the AEC for MgP (M), and is restricted to
algorithms with low regret.

Theorem 10.10 (Main lower bound—strong variant). Let ¢ > 0, nyay > 0, and My C M
be given, and define 6 = 5 - min{1,infarer, 8" /Nmax}. Unless

M

sup log(T) > Q(6?%) - sup aecy' (M (M), M),

M
MeMog Amm MeMm+

there 1s no algorithm that simultaneously ensures that

1. EM*Reg(T)] <2-g"log(T), YM € M,.

2. P AN ¢ Y(Mie, nma) | <, VM € M.

127

Equivalently, Theorem 10.10 implies that for any e > 0, if we set 0 = c-e- infyre py 8 /Nimax
for a sufficiently small numerical constant ¢, then for R := 2sup,c, 8",

1 52 ' infMGJ\/lo A%in opt 7
log(T%(M; e, Npax, 0, R)) > sup aecy! (Mg (M), M).
R Mem+

10.4.3 Examples

As we discuss in the sequel, the dependence on the Allocation-Estimation Coefficient in our
lower bounds (particularly Theorem 10.10) qualitatively matches the dependence on the AEC
in our main upper bounds, Theorems 10.1 and 10.2. We defer a detailed discussion comparing
our upper and lower bounds for a moment, and make matters concrete by considering three
examples: the informative arm example from the introduction (Example 10.1.1), multi-
armed bandits, and tabular reinforcement learning. We defer proofs for all examples to
Appendix H.5.4.

Example 10.4.1 (Searching for an Informative Arm (revisited)). Let M be the class
constructed in Example 10.1.1 with parameters N, A € N and 5 € (0,1/2). Let M, denote
the restriction of M to models with AM. > A for some A € (0,1/6) (so that 7, is unique),

min



227

and f(m,) < 1. Aslong as N > 16 and Slog(1+ SA) > 2A /(A — 1), we have

— N
sup aec™(MP(M), M) > —. (10.4.4)
MeM+ 46
For this construction, we have AY. > A and Q(1) < g¥ < O(B™7!) for all M € M. Thus,
Theorem 10.10 implies that any algorithm with E**[Reg(T)] < 2g" log(T) for all M € M,
must fail to learn an e-optimal allocation with probability 0 = €(¢/nyayx) unless

g]\/l 62 N
2> oe(T) > L
RSV S )

which implies that log(T® (Mo; €, Nmax, 6, R)) = €2/n2, - N for R = 2sup,cp g™ = O(B71).
Any Graves-Lai allocation need only take at most O(57!) pulls to eliminate alternative
instances, so an appropriate choice of ny. is O(871), yielding log(T8(My; €, Nyax, 0, R)) =
B%¢? . N. While the dependence on the parameter nyax, €, A > 0 here is certainly loose, this
formalizes the intuition sketched in the introduction: any algorithm that learns an optimal
allocation must explore (N) times, yet any algorithm that achieves near-instance-optimal
regret E"*[Reg(T)] < 2g"log(T) < S~ 'log(T) can play a sub-optimal decision no more
than roughly 8~'log(T)/A times, leading to the constraint that

log(T) > N.

We can also apply Theorem 10.9 to show that any algorithm must fail to learn an e-optimal

allocation with probability § = Q(g/nyax) unless 7' 2 €/npax - %

Example 10.4.2 (Finite-Armed Bandit). Let A > 6 and A € (0,1/2) be given and set
IT = [A]. Let M be the set of all multi-armed bandit instances with Gaussian noise:

M= {M(w) — N(f™(m),1/2) | f¥ € [0, 1]A} (10.4.5)

and let Mg ={M e M : |my,| = 1,AY(7) € [A,2A] for 7 # 7y, f¥(my) < 1} denote
the set of all bandit instances where suboptimal arms have gaps on order A. Then for all
e €(0,1/32),

P — L, A
sup aec(MPY (M), M) >c-e7%. el (10.4.6)
MeMm
where ¢ > (0 is an absolute constant.

It can be shown that, by the construction of My, g" = O(A/A) for all M € M,, so
J x ¢ - min{1, ﬁm}. Theorem 10.9 then implies that any algorithm must fail to learn an
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e-optimal allocation with probability § = (e - min{1, ﬁ}) unless

: A A
T2z mm{l7 Anmax} AT

Any Graves-Lai allocation need only take O(%) pulls to eliminate all alternate instances,
so a reasonable choice of ny. 1s therefore O(%). With this choice of np.., we have

Te(M; &, Nax, 0) = A We remark that the scaling on all parameters here is natural.

Intuitively, we Wouldagxpect that we need to pull each arm at least once to learn a near-
optimal allocation, yielding an Q(A) scaling. In addition, note that for multi-armed bandits,
the optimal allocation places mass o é on arms with gap A. To correctly estimate this
proportion requires an accurate estimate of A, which becomes increasingly difficult as A
becomes smaller, yielding an Q(i) scaling. Finally, as we decrease e, we require that the
returned allocation becomes closer to a truly optimal allocation, and we would therefore
expect an Q(%) scaling.

Note that the result derived by applying Theorem 10.9 above only gives a lower bound
on T. To obtain a lower bound on log(7"), we combine Theorem 10.10 and (10.4.6) with
Nmax = O(£%) as above, which implies that any algorithm with E*"*[Reg(T)] < 2g™ log(T) for
all M € M, must fail to learn an e-optimal allocation with probability § = Q(e-min{1, ﬁm})

unless
M

sup —— - log(T) 2 A,
MeMo Amin
or equivalently log(T®(M; e, Npax, 0, R)) 2 A w— for R = 2supy;cqrg8". To see

~ SupMEMO g]W/Amin
why such scaling is natural, note that any algorithm which has E**[Reg(T)] < 2g" log(T")
for each instance M can afford to explore (that is, play a suboptimal decision) at most

2§TN; log(T') times, or their regret could exceed 2g™ log(7T). However, no algorithm has any

min

hope of learning an optimal allocation unless they play every arm at least once, so taking at
least A pulls of suboptimal arms seems unavoidable, and we therefore would expect that we

M

must have 2-&;
AM

min

We make two remarks on this log(7") lower bound. First, note that due to the presence of
the 6% term in (10.4.6) (which we believe to be loose), the lower bound we derive by applying
Theorem 10.10 does not scale with the parameter 7!, as one might hope. Second, as noted,
for M € M, for M, chosen as in Example 10.4.2, we have g™ = Q(A/A), in which cases the
dependence on A cancels, and the lower bound becomes trivial. Note that this is somewhat
to be expected. Theorem 10.10 will give a trivial lower bound whenever sup,c, g" is
much larger than the AEC. Recall that in our upper bound, Theorem 10.2, the leading order
g* -logT term will dominate the lower-order terms once

log(T') 2 A, which is precisely the necessary scaling shown here.

g -logT 2 Q(aec.(M)).
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Therefore, if g* is much larger than the AEC, Theorem 10.2 simply gives an upper bound
scaling as approximately g* - logT, as long as log7 = €(1). The interpretation in this
setting is that the complexity of learning the Graves-Lai allocation is dominated by the
regret incurred by playing the Graves-Lai allocation, which we know is necessary from
Proposition 10.1, and therefore we would not expect lower-order terms to be significant
components of the regret, as reflected by Theorem 10.2. However, as we have already shown,
In settings such as Example 10.4.1 where this is not the case and the AEC is much larger
than g*, Theorem 10.10 will give a non-trivial lower bound which reflects the difficulty of
learning the optimal allocation.

Example 10.4.3 (Tabular Reinforcement Learning). Let S; A, H € N and A € (0,1/2) be
given, and assume that SA > 24 and H > log,(S/2). Let M be the set of all tabular MDPs
with 1) |S| = S, |A| = A and horizon H, and 2) Gaussian rewards with variance 0% = 1/2 (cf.
Section 10.3.2). Let My be the result of restricting M in the same fashion as Example 10.4.2.
Then for all € € (0,1/32),

— SA
sup aec' (M (M), M) > c-e72

- —, (10.4.7)
MeMm A?

where ¢ > ( is an absolute constant.

It can be shown that, by the construction of My, g > Q(SA/A) for all M € M,. Thus,
analogous to the multi-armed bandit example, Theorem 10.9 and (10.4.7) imply that any
algorithm must fail to learn an e-optimal allocation with probability § = Q(e - min{1, Af :ax )
unless

szin{l, 54 } 54

CeAZ

n max

Choosing Ny = O(%) gives T8 (M e, Nypax, 0) 2 f—’:. With this same choice of np.y,

Theorem 10.10 implies that any algorithm with E**[Reg(T)] < 2g™ log(T) for all M € M,
must fail to learn an e-optimal allocation with probability § = Q(¢A) unless

M

su - log(T) = SA,
b A g(T) 2
or equivalently log(T® (M; e, Nyax, 3, R)) = 54 for R = 2supy,cpq, 8"

M
~ Sup]WGMO gJw/Amin

10.4.4 Discussion and Interpretation

Our lower bounds show that the Allocation-Estimation Coefficient serves as a fundamental
limit on the sample complexity required to learn an approximate Graves-Lai allocation. In
particular, they capture phenomena such as the necessity of searching for an informative
arm in Example 10.1.1 that are missed by purely asymptotic analyses. To the best of
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our knowledge, our lower bounds represent the first attempt to systematically understand
the sample complexity of learning the Graves-Lai allocation in a general decision making
framework. As such, they are somewhat coarse (in particular, the dependence on parameters
such as €, Npayx, and AM. s almost certainly loose), and they are best thought of as a starting
point for further research. In what follows, we provide additional interpretation of the results,
and highlight some of the most interesting remaining questions.

Regret versus learning the optimal allocation. Theorems 10.9 and 10.10 lower bound
the sample complexity required to learn an e-optimal Graves-Lai allocation. Intuitively, this
task is closely related to achieving instance-optimal regret. Our analysis of AE? shows that it
is sufficient, and many prior works aim to directly estimate the optimal allocation as well.
However, it is unclear to what extent learning the optimal allocation is necessary to achieve
instance-optimal regret.

In more detail, it is quite straightforward to show that if an algorithm achieves instance-
optimal regret, its empirical frequencies act as an optimal allocation in expectation.

Lemma 10.4.1. Let € € (0,2), and suppose that Assumption 10.7 holds. Fiz T € N and
consider an algorithm A such that for all M € M,

E"*[Reg(T)] < (1+¢)g" - log(T).

For each M € M, define n™ € RY via n™(7) = E"* [%] , where T(m) denotes the number

of pulls of decision 7, and define \™ =n/||[n™||,. Then if

M
log(T) > 9log( sup ——- -log(T)>,
€ mem A,
we have that for all M € M,
A e T(M;e). (10.4.8)

This result gives a guarantee on the expected frequencies of any instance-optimal
algorithm, but does not give any guarantee for the realized frequencies. As such, without
further assumptions on the algorithm under consideration, it is unclear whether instance-
optimal regret implies that it is possible to learn an optimal allocation with high or even
constant probability. We cannot currently rule out the existence of pathological algorithms
for which n" is optimal in expectation, yet the empirical arm frequencies deviate from the
mean with moderate probability. Nonetheless, if one is willing to make stronger assumptions
on the algorithm under consideration—in particular, that the second moment of regret is
controlled—then it is possible to derive lower bounds on regret directly.

Theorem 10.11 (Simplified version of Theorem H.6). Let the time horizon T € N and
e € (0,1/2) be given, and suppose that Assumptions 10.5 and 10.7 hold. Suppose there exists
an algorithm A with the property that for all M € M: 1) E**[Reg(T)] < (1+¢)g" log(T), 2)
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VE"*[(Reg(T))?] < 2g™log(T), and 3) for all w € T, if EM*[T(x)] # 0, then EM *[T ()] >
1. Then if we define 6 = e - min{1,inf yre g, ?,gM/A++n/\4}7 it must be the case that

2
log®(T) > o sup aec)! (MO (M), M).
MeM+

M 2 log(6—1
for C < O((supMeM o ) VMlggz( )).

See Appendix H.5.5 for a full statement and details. The idea behind the proof is to 1)
show (via robust mean estimation) that any instance-optimal algorithm with well-behaved
tails can be used to estimate the optimal allocation with high probability (with a small blowup
in time horizon), and then 2) appeal to Theorem 10.10. More work is required to understand
whether 1) we can prove lower bounds on regret directly, and 2) whether it is possible to
show that low regret and learning the optimal allocation are equivalent in a stronger sense.

Comparing upper and lower bounds. Keeping the differences between regret minimiza-
tion and learning the optimal allocation in mind, let us highlight that the lower bound on T’
provided by Theorem 10.10 seems to qualitatively match the upper bound from Theorems 10.1
and 10.2. In particular, ignoring problem-dependent parameters and polylogarithmic factors,
the upper bound Theorem 10.1 scales, for every model M € M, as

E"[Reg(T)] < (14 ¢)g" log(T) + O* (aec.(M)).
In order for this bound to simplify to, say,
EY[Reg(T)] < (1 + 2¢)g" log(T),

we need

~aec.(M)

g log(T) = (1) - 2=

which has similar scaling to the lower bound

log(T) 2 Q*(1) - sup aec(M*(M), M)
Mem+

from Theorem 10.10. As discussed in the prequel, the former result is concerned with
regret, while the latter considers the task of learning the optimal allocation, but the scaling
log(T) Z aec.(M) seems to be fundamental for both. Of course, beyond the gap between
regret and learning the allocation, there is still much room to improve the dependence on
problem-dependent parameters in both results.
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Comparing Theorem 10.9 and Theorem 10.10. Theorem 10.9 and Theorem 10.10
exhibit an interesting dichotomy: Theorem 10.9 places no constraints on the regret of the al-
gorithm under consideration, and gives a lower of the form 7" 2 Q*(1)-supze o+ aec (Mo, M),

while Theorem 10.10 gives a lower bound of the form log(7") 2 Q*(l)-sup]qe/vﬁ aecM (M (M), M),
or equivalently T > exp(€2+(1) - SUP g7+ 3. (MEP' (M), M)); the latter lower bound is ex-
ponentially stronger, with the caveat that 1) the class M, is replaced with the subclass
MY (M) and 2) Theorem 10.10 assumes that the algorithm achieve nearly-instance optimal
regret for every model in M, (E**[Reg] < 2-g"log(T)). In what follows, we argue that

this tradeoff is fundamental.

e First, let us consider the role of the assumption E**[Reg| < 2-g* log(T"). Without this
assumption, the lower bound from Theorem 10.9 is qualitatively tight: if the algorithm
explores optimally for every round ¢ € [T, it gains roughly (supgzc .+ aec' (Mo, M)~
units of information per round, which is sufficient to identify an optimal allocation as
soon as T 2 supjreq+ aec (Mo, M).

e On the other hand, if the require that E"**[Reg] < 2-g" log(T), then for each M € M,,

the algorithm can afford to explore (i.e., play a non-optimal action) at most 2- AgM log(T")
times. This changes the “effective” time horizon for exploration to 7" = 2- 2 log( ), but

min

only if we restrict to models for which playing an optimal decision gives no information.
This is precisely what the subclass M (M) captures: models M € M, for which
decisions that are optimal for M lead to no information. Combining these insights
leads to the lower bound T" ~ log(T) 2 Q(1) - supgre s aec (M (M), M) in
Theorem 10.10.

AJ\/I

We remark in passing that the definition of Mgpt(M ), which places the constraint that
Dy (M(m) || M()) =0, Vr € 7y is somewhat coarse. We expect that both Theorem 10.10
and Theorem 10.1/Theorem 10.2 can be improved to scale with

Mopt( {MEMO ’ Ty © T, DKL( ( )H M( )) SOZQ Vﬂ'ET&'M}

for a & 1/+/T’; the intuition is that we get Q(T') rounds worth of information on 7, for “free”,
which facilitates accurate estimation.

Minimax versus instance-dependent lower bounds. As mentioned in the prequel, our
lower bounds have a (constrained) minimax flavor. Specifically, Theorem 10.10 shows that
if T' is not sufficiently large, then for any algorithm, there must exist a “worst-case” model
M € M for which the algorithm either 1) fails to achieve (approximately) instance-optimal
regret or 2) fails to learn an e-optimal Graves-Lai allocation. While this is quite different from
a classical minimax analysis, and certainly is closely connected to instance-optimality, an
interesting direction for future work is to develop a fully instance-dependent understanding
of the complexity of learning Graves-Lai allocations.
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Appendix A

Deferred Proofs from Chapter 3

A.1 Deferred Proofs from Section 3.4
Lemma A.1.1. If T" > T (C, k, ||xo||2) for Ts(C, k, ||zoll2) as defined in (3.4.1), we have

that:
S
z Z (0" 2%)? — T ATYA, u)v| < (.
(=T
Proof. First note that, for any ¢ty > 0, vTAJ*Y(A,, u)v = E‘J:J;f_l(vT +°%)2. Thus:
T/ k-1
Z (0T 2%)? — T AT (A, u)v
t=T"
T/ k-1 ,
= Z (0T 4+ 0T Al (zg — 2™))” — v ATY(A,, u)v
t=T"
T'+k—1 T' k-1
— Z (0T Al(zg — zg™)) 212 Z (v'z) (v Al(x O—xgss))|
t=T" t=T"
T/ +k—1 ) T/ k-1 T/ k-1
< D (T Alwo —ag™)) "+ 24| Do @TEr) | Y (T Az — ap™))’
t=T1" =T t=T1"
T/ k-1 ) T/ +k—1
= 3 (AL — ) 4 2 oTAR A woy | S (0T AL (g — )
t=T1" t=T"
T k-1 T/ +k—1
<llwo =g ™[5 Y 1AL + 2llw0 — 2515 \/UTAl;req(Amu)v > lALE
t=T" =T

< Jlao — o3 fpzT’Zp T 2 — 2 lampT o T AR A, )




251

o — 22272027 2||zo — g SS||27'*\/UTAfreq(A*,u)vpfl
N 1 - p* V I p*

If we can ensure that 7" is large enough that this is bounded as k¢, the result will follow. By
Lemma A.1.2, we can upper bound

27, || B, 27, || B,
||I,61,,SS||2 < T H Hik’y < T H H2k7
L —=pg 1 —ps

so it follows that

lvo — 2 (37202 _ 72 27| Bullaky\* o
- < —— (llaollo + == ¥
p* p*

and so we can bound this all by k(/2 as long as

1 2 72 27, || Bel|2ky \ 2
T > -1 x _—
“2lg L ° [k( 1— (”xo’b Ly

Next, we can bound:

k
vTA (A u)v < HAZ”‘*(A*,u) > (e 1= Ay Beagaf B e F T - A)H

v Kk

op

.....

< kVQIIA*IIHOOIIB*Hop

where we have used that, by our assumption that Z o ut u; < k% and Parseval’s Theorem,
Soh_ iy < k242, Tt follows then that

,SS fre 4
2|z — zg” IIQT*\/UTAk (A, w)vp! = 2nVEY | Al | Bellop <H I +2T*||19*|12/<;7> -
. ./L‘ —_— .
\/l—pz B \/1_[)* ol 1_p*

We can bound all of this by k£(/2 as long as

*

1 1. 1_p*

1 2 27'*\/E7||A*||H | B.|| 27 || B[ 2k
T >_— ] . > opP il L LSt 1 I
log —- " [’fC VI—ps oll> +
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Note that, for t € [0, 1], we have log(1 —¢) < —t, which implies that log— > 1 — ps.
Using this and some algebra, we see that each of these conditions on 7" hold as long as

T > Tx(C, k, ||zo]]) for Ty as defined the statement of result. O
. u Tx || B || 2k
Lemma A.1.2. For allt >0, if zg = 0: ||z}]]2 < %

Proof. We have:

|2 =

t—1 —
Z A" Baug S Tl Bellop Y 2" lus o

[t/k]— k(€+1)—1 "

< Tl[ Bellop Z P sl il Bullop D luslle

s=kt s=([t/k]-1)k

By construction, we will have that Zs 6&1 |lus||3 < k+? so long as /£ is large enough that

k¢ is in epoch i. However, since k is doubled at each epoch, this sum will contain an
integer multiple of the period of the input regardless what the value of ¢ is, so we see that

this inequality will hold for all values of ¢. This implies that for all /, Z’g“&l |lusll2 <
k(¢
VEVERGD sl < k. so
[t/k]—2 k(6+1)—1 ¢
7l [ Billop Z PN gl + il Bullop DS luslle
s=kt s=([t/k]-1)k

t/k]—2

< Tl Billopky D ATV 4 | Bulopky
=0
k

pit m — Px
= || Bsllopky 2 + Tl Bl opky

pe 1=k

k

RTR=ET Pt

= el Bullophy = ——=— + 7l Bullopky
Pk
Tl Bllopky
< *1_—Op + Tl Bellopky
< 27—*||B*||f;€pk7
1- Px

where the last inequality holds since if ¢ is divisible by k, k[t/k] —t+1 =1 so % <1,
Ps
and if ¢ is not divisible by k, k[t/k] —t+1 < k(t/k+1)—t+1 = k+1, and since k[t/k] —t+1
is an integer, it follows that % <1
Ps
O
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A.2 Deferred Proofs from Section 3.5

Proof of Lemma 3.5.1. This follows directly by the formal definition of Algorithm 3.1. In
particular, we see that at each epoch i, Algorithm 3.1 plays open-loop inputs u; that are
Fi, measurable. Furthermore, ¢; and I',; are deterministically specified at the start of the
algorithm, tr(T',:) < 72 Amin(Tui) > 7%/(2d,), and Lemma 3.5.3 gives Y, ' @ @ < 2
deterministically. The fact that n = O(logT') follows since we increase the epoch length
exponentially. Finally, the low-switching condition follows since the length of the epochs
increase exponentially—once 7T is large enough that T' > Ty (exp), we will have that at least
half the initial interval is contained in the final epoch. Then for subsequent epochs, any
interval of length Ti.(7exp,) Will contain at most one epoch boundary. O

Proof of Lemma 3.5.2. Optimality of Inputs. We apply Lemmas A.2.1 and A.2.3 which
give that

1
k

1 )
/\min (—Age(l(A*, U*) + Azmse(A*a Uu)) - )\min (

- Al;;eq(A*, ﬁ) + Agoise(A*’ Uu))'

16l 1| Ax 13 | Billop®
p .

< 3297 Al NI BAllS, - € + 20 AR (A o) — AR (A, o) [lop +

Furthermore, by Lemma C.1.1, we can bound

- o 8(02 + 02| B|l?)™2  402||B,||opT2 20272
A (4 00) ~ AP (A, o)l < (TR Ay | 20

u ' * 62
(1—p3)? 1—p} 1—p}
By our condition on € and k, we therefore have that

10xlls [ Al | Bullop® _ 1
k =2

32672”A*“§-Lw HB*”CZ)p + 2||A20ise(A*a Ju) - AEOise(Aa UU)HOP + Anoise(au)-

As Apin (%Ageq(A*, U) + A (A,, Uu)> > Moise(0y) for any U, we therefore have

1

1 PN . 1
)\min (—Ageq(A*, U) + AEOISG(AM O_U)) 2 5 +Inax )\min <>\min (k

freq noise
k Ueuw2,k Ak (A*7 U) + Ak; (A*, O'u))) .

Infinite-Horizon Approximation. By Lemma 5.3.8, as long as

167]6, 2
l{f Z max{ 7T|| ||Hoo,y T } < max ||<6Lw.[ — A*)_QB*HOP) )

/\noise(au) ’ 2”0*”’}-[00 we(0,27]
then for any k and input U € U2 f, we have that there exists an input U’ € U,2; such that

1 1
7 Af]‘;eq(A*a U) - ZAnoise(O—u) : [

kAfjeq(A*, U =

T
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Furthermore, by Lemma A.2.4, as long as

1 2(c272 + o272|| B, ||
S ( I 2|| p>)’
2(1 — ,0*) )\noise<0-u)(1 - p*)

we have that ALS¢(A, o,) = %AEOise(A*, 0,). This implies that, for any k > d,:

1 freq noise
Urenliﬁk Amin (%Ak (A,,U) + AP (A,, au))
> Ami 1Afreq(A U) - D e (0u) - I+ 1A9°ise(A )
-_ Uré%/{a’;};:’k min l_f ];: * 9 4 noise O-’LL 2 k * 9 O-U
1. 1

> ) Z Alreq — A hoise
> Ulglbi);,; Amin (k:Ak (A, U) + 4Ak (A*,O'u))

1 1 .
> . ) Z Afreq noise
> 2 UIélZz};% Amin <k;Ak (A, U) + AL (A*,O'u))

where the second inequality follows since Ag"ise(A*, 0u) = Anoise(0y) - 1. The result then
follows since AZ™°(A,,0,) = A (A,,0), and bounding max,ejo2q || (€] — A)7?Byllop <
[ Al | Bellop- U

Lemma A.2.1. Assuming that || A, — fAl||Op < ¢ for € satisfying € < m, then we have:

1
k

1 N —~
Amin (EAfjeq(A*, U*)+ M) ~ Amin ( AF(ALU) + M) ‘ < 3297 AL IIBLZ, - €+ 2| M — M|l
where U* = argmaxyey , )\min(%Ageq(A*, U)+M) andU = arg maXpyey , )\min(%Afjeq(fl, U)+
M).
Proof. Consider some functions f(z), g(z), and assume that |f(z) — g(z)| < € for all . Let
xy = argmin . f(z). Then

> —€> — 2e.

g(xy) = max f(z) — e > max g(z) — 2e
Since g(zf) < max,ex g(x) by definition, we have |g(zf) — max,ecx g(x)| < 2e. Now consider
any matrices X, Y > 0, and let v and u denote the minimum eigenvalues of X and Y,

respectively. Assume without loss of generality that Ay, (X) > Anin(Y), and note that
u' Xu > v Xv = A\pin(X).

Mmin(X) = dmin(V) | = 0" Xv — v Yu <u'Xu—u'Yu < sup [v" (X —Y)ol.

veSI-1

We now instantiate the above with X (U) = LA*Y(A,, U)+M and Y (U) = %Ageq(;l, U)+
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M, g(U) = Anin(X(U)), and f(U) = Apnin(Y(U)). The above observations give that, for any
U € Z/{’yQ,k:

9(U) = f(U)] < sup

veSI—1

< 167 (| A5 1Belley - € + 1M — Ml

1 1 . _
v’ (EA;TBQ(A*, U) + M) v—uv' (EAgeq(A, U) + M) v

where the last inequality follows from Lemma A.2.2. The result follows. O]

Lemma A.2.2. If HA*—EHOP < € for e satisfying e <
and U € Uy j;:

m, we have that for any v € S1

‘UTAf;eq(A*, U — vTAgeq(A\, U)v‘ < 16/’4}72||A*||§1£oo ||B*||gp - €.

Proof. To bound [vTAFI(A, U)o — v T A4, U)w

of vTAfkmq(A, U)v with respect to A and use this to bound the Lipschitz constant of the
function vTAJ°YA, U)v at A + A,. The directional derivative is given by, for A € R%>%
[Alop = 1:

DlvT AT A, U)o][A] = lim oA (AL + A, U)o — v A(A, U)o
2 50 6]

Lemma A.4.1 gives that, for small enough 9:

[e.e]

(eLw[—A*—(SA)_l :Z(eLwI_A*>—1(5A<€LwI_A*)—1)s
s=0
SO:
1 I~
Afreq(A —|—(5A U) E ’UT (Z( " ] — A _5A) 1B UgBH( I—A*—(SA)_H) v
/=1
1 2mt 2mt
Z;'”T<Z< [—A)'BUBN e » I — A~ )
(=1
k z . .
+— 260" (Z H O F T — A) T BUB (e T — A )

+ 0(6%)
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and thus:
lim VT AT A, 4 0, U — v AFY(A,, U
6—0 ‘(5’

k
— 5w (Z(e I A)IAEFT - A) IB*Uer(eL%”J—A*)_H) "

/=1

By the Mean Value Theorem, and since |4, — A lop < € by assumption, we then have

VTAT A, U)o — 0T A4, U)v‘

k
2 21 27 27
< max f " <§ (@ F T — A, — 6A) T A( T — A, — SA) ' BUBY (T T — A, — 5A)‘H> v
Agﬂi‘[%i]dm =1
1Allop=1

Bounding the Gradient Magnitude. For any v € S and U € U2, we can bound

k
o7 (Z(eﬂ“f — A, = SA)IA(e T — A, — SA) ' BUBY (e T — A, — 6A)” )

(=1

27l

< e I = A= 0A) MBI BN Uellop

M»

1

~
I

IN

mas (51— 4.~ 5 8.3 - Ztr (v
< maxk:272||(eL%[— A, — 0N BB
Le(k]

By Lemma A.4.1 and our condition on € we have that:

(€] — Ay = 0A) ™" = (e — A)THA(eT =AY

s=0
Thus, for 0 € [0, €] and A with [|All,, = 1, we have

(T — Ay = 68) Ml < (1€ = A) Mlop - D €*ll(e“T — A3,
s=0
Lw —1 - 1
<= A) e D 5
s=0

=2[|(e“T = A) " lop
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where the second inequality follows from the assumption that ¢ < m. Combining this
with the above yields the result.

]

Lemma A.2.3. For any U € Uy and 0 = (A, B) with p(A) < 1, there exists some
U' €U, such that

1
< 16l AR N Bl - 3

op

1 1
HEAfjeq(A, U') - EAZ“’Q(A, U)

Proof. Let U’ be defined as
1 1
U{:U1+§Uk, U1;_1:Uk—1‘|’§Uk:a Ué:Ug,1<€<k‘—1.

Clearly, U’ € u,\?g,k. We then have

1 1 11 27r(k+1) 27r(k+1)

_Afreq A / Afreq A I — A lB BH T — A
FAIA,TY) — L ARYAT) = (e ) BUBH (¢ )
1 1 (k=1 s 1
+ p5(6L2 - AT BULBM (e T — A)H — S5(e7 T = A BUBN e - A)H
where we have used that ¢ % = ¢*¥. We can bound the operator norm of this difference

as

(H< T A) B — (2T — A) By
o [Allpe | Bllop Ui o

(e e

[—A)'B— (e — A)lBHOp) |

Since U € U2, we have |Uy|lop < k*v%. By Lemma A.4.2, we have

,2m(k+1) -~ o _ 1
(e F 1 = A) 7B — (€71 = A) ' Bllop < || Al 6]l - 7
L27‘r(k71) _ 27 _ 1
(™51 = A) "B — (€71 = A) ' Bllop < [[Allae 0l - 7
for 0 = (A, B). Putting this together gives the result. O

( 2052 +oar2l BAllsp)

Lemma A.2.4. As long as k > o (@) (1=p2)

2(1;*) -log ), we have, for any k > 0:

noise 1 noise
A Ay 0) = 3 A(A, 00).
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Proof. The result is trivial for k¥ < k, so we assume k > k. We have

k—1 k—1 k—1 k—1
1) S(ADADT =Y (A AD lop = 11D (AD(AD) lop < Z A2, <> 2t <72
t=0 =0 t=k t=k
Similarly,
k—1 k-1 ka
T T T 2 2 n
| ;(Ai)B*B* (A" - ;(Ai)(fli) lop = TN Bulloy - 17 ol
We also have
k-1

[Ui(Ai)(Ai)T + UZ(ADB*B*T(ADT} = )‘noise(UU) -

t

Il
=)

by definition. It follows that if £k is large enough that

2k
2, P

-~ p‘k <1
1—p2

2

+O- Ty HB ||op 1— )\noise(au)a

*

then the conclusion holds. The result follows by rearranging this and noting that log pi* >
1 — ps.

A.2.1 Proof of Corollary 3.4

Proof. Calculation of )\, . The stated rate can be attained by the input w defined as:
do .
E 2
U = ;1 a;v; COS (%t)

= 2. To see this,

i
=L Y zlz

note that with this input we have

AT A, ) = Za T — A o] (e T — A

dy 2
[

=V

1—p2



259

Note that

(¢ F =A™ F = X) =1+ =\ < Fhe 2“)

271 222
:1+)\§—2)\icos%2%1+)\?—2)\,-(1— T )

L2
4)\1'7T2i2

where the last equality will hold as long as @ < k. Assume that k satisfies this and

choose a? = T /\”2(1 — \i)?, then

DT

i=1

ATYA, u) = O
’ (II1 —All3

2
o{iZ)
) [FESYE

and the energy constraint will be satisfied since ZZ La; = ﬁ Zle(l — X\i)? =~2. Thus,
2

we have that Amm(AF(A,,u)) = O(W) Since we have constructed a feasible input with

min —

minimum eigenvalue (’)(” ik E 5 ), it follows that A% ; O( = ,\||2>

Calculation of Minimum Eigenvalue with Isotropic Noise. It is straightforward to see

that, when playing isotropic noise, u; ~ N (0, g[ ), we have Ay, (ARS(A,, 3—)) O(%).

Calculation of Minimum Eigenvalue for Optimal Noise. Consider now playing input
u, ~ N(0,%), for some X. First, note that satisfying the power constraint in this setting is
equivalent to tr(X) < 2 Under this constraint, the optimal noise covariance can be obtained
by solving;:

max Ay (a2zf:0Ai(A§)T + ZfzoAiB*EB*T(Ai)T) st te(D) < A2

In our setting, with 42 > o2, solving this is approximately equivalent to solving

mMAX Amin (zfzortirt) st te(S) < A2

-0 -

where ¥ = VTXV. Let 3* be the optimal diagonal solution, and note that, in this case, we

have
2

tyt o
Zzll)\%
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To see this, note that for any diagonal 3> with ith element V2

k 2 2k
tt 7 (1= NY)
[;r EFL_ T
The optimal solution will clearly be the solution that balances the energy in every diagonal
element, that is
(A=A (=N
1—X 1-X

for all 4, j € [d], so combining this constraint with the trace constraint yields

d
732(1_)‘?k)z 11—\ 2 2 1_)‘32‘ 7
)2 2k T 1 )2k )20
1=X7 —=1-X 1= S ﬁ
and thus the jth diagonal element will be +?/ (Z?Zl %) Consider now some other matrix

A that is not necessarily diagonal. Note then that

A (ST (55 + ATY) = A (Sl TS TY 4+ S04 TATY)
122
= Amin <v2 : (2?:11_—W) LT+ ZfortArt>

d 1— )‘12 — k
= 2. (Zi=11——A§k) '+ Ain <Zt:0FtAFt>

For * + A to be in the constraint set, we must have that tr(3* + A) = 42 + tr(A) < 42 =
tr(A) < 0. To have that

2 2

g k 2
7 Tow T Amin <Zt:0FtAFt> 20 W
Zi:l 1_)\§k i=1 1_/\121k

we must have that Zf:o AT is positive definite. However, this is not possible since the
diagonal elements of Zf:o AT are the sum of non-negative scalings of the diagonal elements
of A, and since A must have at least one non-positive element on the diagonal to meet

the constraint tr(A) < 0, it follows that > 5 T*AT* has at least one non-positive diagonal
element. Since the diagonal elements of every positive definite matrix are positive, Zf:o AT

cannot be positive definite, so we cannot increase the value of Ay, (Zf:o Ft(i* + A)Ft>

with such a A. By convexity of the constraint set, it follows that the directional derivative
in the direction of any other point in our constraint set is negative. Since this is a concave
function, it follows that ¥* is optimal.
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2

Thus, the optimal noise will yield a covariance with minimum eigenvalue ﬁ For

2
i=1 732k
1

k sufficiently large, we have

7—2_@<7—2)
PPy 1= A/

i=1 1-X\2F
Concluding the Proof. By our lower bound on A} , Theorem 3.2 immediately gives
the rate Algorithm 3.1 is claimed to achieve. The lower bound on the performance of the
other strategies follows as a consequence of Lemma A.3.1, some algebra, and their respective
minimum eigenvalue calculations.

]

A.3 Proof of Theorem 3.3

The starting point of our lower bound is the following result, originally due to Jedra and
Proutiere [2019].

Lemma A.3.1. For any matriz A, for all e > 0,§ € (0,1), the sample complexity T.s of
any (€, d)-locally-stable algorithm in A, satisfies:

Les o2 1
Ay E : w
>\min (E £ xtxt ) 2 ? lOg m

Proof. The proof of this result is essentially identical to the proof of Theorem 1 in Jedra and
Proutiere [2019] and we omit it here. O

By Lemma A.3.1 we have that

Ay Texp < T O-'LQIJ 1 A
/\min E Z Ty Z @ . log m ( 31)

t=1

for T.s the sample complexity of any (e, §)-locally-stable algorithm in A,. Note that
Tes Tes
dow) 22 [wit (@) +a(ap)].
t=1 =1

For any input (u;), we see that

t—1
5 Ai_s_lB*us
s=0

[ |2 =

t—1 i—1
< Tl Bullop D A7 sl < 7ull Bellop Y llusl2-
2 s=0 s=0
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This implies that

t—1 2 t—1
lzil3 < 721 BAlI2, <Z H%Hz) < 2 Bll2t - ) Nl
s=0 s=0
Thus,

A e < 72||B.I2, Zt B e Z ludlly < 721 B3

op

Tes
BEACHE
t=1

where we have used that ey, € I1,2. Note also that EA«Tex [z (z%)T] = APBe( A, 0), and
we can bound

noise 0121)T2
A5 (A Oy < 72
Altogether then, we must have
202 712T.s o? 1
272|| B, T3 4 =20 > Y Jog ——.
T Bullopr* T + o, T2 %oy

It follows then that, if € and 6 are such that %-log 3 > poly(dx, Aoy 1A 1o s [ Billops /\%, 2, 02),
then we have that T.; > poly(dy, du, || Ao, || Bsllops = 3 ,7?,02). The following result shows

that, under this assumption, we can upper bound (A. 3. 1) by the best possible covariates.

Lemma A.3.2. For T > poly <dx, du, || Adll#ee s | Bellops 57— 7% ai), we have

sup )\mm (EA* Texp

Texp ell 2

thxt ]) <167 -limsup sup  Amin (AT/(A,,U,0)) = 16T - AL,

=1 T =00 UGUWQ7T/

Proof. The proof of this result follows by the same sequence of steps as are used to prove
Theorem 5.1. As such, we omit it for the sake of brevity. m

By Lemma A.3.2, if T,5 > poly(dy, du, || Axl|2e, | Bellops 1= ™ ;7% 02 logT), we can bound

Te5
Amin (EA*’““" [Z ] D < 16T - Ny

The result follows by rearranging.
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A.4 Technical Results
Lemma A.4.1. Ford < m and A € R¥=>% with |Allop = 1, we have

(€] — A —§A)" = i(e“"] — ALY GA(e ] — A)L)

s=0

Proof. To see that this is true, we can simply multiply the right hand side above by (e*I —
A — 0A) and observe that the result is I. In particular, we wish to show that

(i(ew — A)Y(SA(eT — A)‘1)5> (€] — A— 6A) =

s=0

Consider, for fixed n:

= |[I —6(e“l — AT A+ Y (el — A) 7 (6A(e“] — A) )T (0A — PA (el — A)IA) — 1

<i<ew — A)N(SA(e] — A)1)5> (] — A—6A) —

s=0

op

op

==t - Ay s Y s - Ay (68T - 4)) T (T - ) )A - 1

s=1

op

= |1 =61 — A (AT — A7) AT
5n+1”< wr _ A) 1||n+1‘

1||n+1

Since § < m by assumption, we can make 6" !||(e“ I — A)~ arbitrarily small

by making n large. Thus, for any € > 0, we can find an /N such that for all n > N:

l

This implies that

< e.

<i(e“"[ — AU SA(e T — A)l)s) (€] — A —§A) — I

s=0

2

lim (Z (eI — AL (6A(e“T — A)—l)s) (e — A —0A)

=0

(i (eI — A)TH (oA (e ] — A)‘1)8> (] — A—§A) =

s=0
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Lemma A.4.2. Assume that p(A) < 1. Then for any wy,ws and B, we have that
[(e“" ] — A)™'B — (e“?I — A)'Bl|; < ( II[laX] l|(eT — A)_2B||2) w1 — wa.
we|0,27

Proof. Noting that, since we assume p(A) < 1, using the identity that (I + A)™' =1 — A+
A? — A3 + .., we have

(eI —A)" = (e“I+e 7 A+e A+ ).

Thus,
d(LUJ] A lB:i E—i‘ )—L(Z—H)wAZ
dw p

For any matrix A with p(A) < 1 we have

(I 4+2A+3A%7 4+ 443+ NI - AP =T+ A+ A2+ A2+ . )I - A) =
— ([ +2A+3A%7 4443+ ) =(1- A2,

which implies

Z —L(f + 1)6—L(Z+1)UJAZB —w Z (+ 1 —LwA je—Lw(I . e—LwA)—2
=0 =0

The result follows from the Mean Value Theorem and since

max || —je (I —e “A)” 2B”Op < max |[[(e”] —A)” 2BHOp

we[0,27] wel0,27]
O
Proof of Proposition 3.4. Fix some m and j € [d,] and consider the segment of w,,, ul =
(ut)gir(';_l) pm41- BY construction, this is a signal with period k. Assume we play this input

starting from some state x not necessarily equal to 0. Let x;‘z" denote the response generated
on the noiseless system. By Parseval’s Theorem and Proposition 3.2, it follows that

km

1 fre j . 1 ugn U'Zn
EAk 40, u1) = n}gnoo th ()"

km
t=0
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Furthermore, by the construction of 'u,{ given in ConstructTimeInput, we have

1 Afreq

- ul) = kQZAM — A) 1 Bug ol B (e F T — A)H

Now note that, if we play the entire sequence of inputs u,,, we will have

du km du ka

Saprar) =% > apn(a)T
t=0

J=1 t=(j—1)km+1

where the starting state xy is equal to the final state produced when playing the

(J 1)km+1?

Note that, as we assume the system is stable and the input

—1
previous input, x(J 1k

has bounded energy and is of period k, the norm of xz;g":ll)km will scale sublinearly m (see
Appendix C.2.3). It follows that,

dymk jkm

mh—rgo d, mk; Z & m'—>oo d, mk: Z Z x:ﬂn (xfg”)T

=1 t=(j—1)km+1

Jjkm

Zn{g{; % PR AACHON

t=(j—1)km+1
R T :
= L3 AL )
dy =k

kod
1 = 274 _ 27r£
= DD (e F T = AT B ) B (e T — A)TH
(=1 j=1
1 k 271'2 1 H 271'2
:EZ( 1 — A)7'BUBM (e F T — A7
=1
1 freq
= LA(0.U)
where the second to last inequality follows by the definition of A ;, vy ; given in ConstructTimeInput.
To see that the power constraint holds, note that, by Parseval’s Theorem and the construction
of the input,

dy Jjkm

dymk
Zu:ut Z Z u, w = Z Zd Aj.ev; evﬂ—z Zd tr( ]gUJgUJ€>
t=1

J=1 t=(j—1)km+1 Jj=1 Jj=1
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k
d
= mk“ Ztr(Ug) < md, kv
=1

where the final inequality holds since U € U2 . n

Proof of Proposition 3.2. 1. Follows by Parseval’s Theorem and simple manipulations. For

2., take some ¢ such that % = 7 for some integer n. Then,

K K K k
o/ _L27rls _L27T’ﬂ5 ~ _L27\'TLmOd(SJ€) k/ ~ _L27rns kJ o
Uy = g TR a— E uge R = E Unod(s,k)€ % =7 E use R = ?un
s=1 s=1 s=1

Furthermore, if % # ¢ for all integers n, we will have

K’ k K /k—1 k k' /k—1
. _, 2mls ~ _ 2ml(ks+r) ~ _,2mer _ 27lks
uéziusebk’zgur el W :Eure‘k’ E e W =0
s=1 r=1 s=0 r=1 s=0

Plugging this into the expression for A; %(6,u’), the conclusion follows. O
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Appendix B

Deferred Proofs from Chapter 4

B.1 Deferred Proofs from Section 4.1.1

Here we provide the formal proofs of the results stated in Section 4.1.1. For the remainder of
Appendix B.1, unless otherwise stated we assume the expectation is taken with respect to 6
and some fixed exploration policy 7ey,. Hence, we write E[-] in place of Eg . []-

B.1.1 Proof of Lemma 4.1.1

Our strategy is to show that an action a with low excess risk can be used to produce an
estimate of a parameter 6 with low error in the task hessian norm || - ngz(e)- Specifically, we
define the perturbation term

5,(d) = arg min 1Ma(0.)" (8 = ope (62)) = Ga(6:)8) ||2
= (Mq(0,)"2Ga(0,)) Mo (6.)2(@ — agpe(6,))
and define the induced estimate
0(@) = 0, + 5.(a)

Ensuring a close a.(f,): We first want to restrict the lower bound to being only over @
close aopt(fx). To this end, note that

min  max E[R(a;0)] = min{ min max E[R(a;6)],

a 0:|0—0.]3<r(T) @:[[a—aops (0x)[13<r 0:]10—04[3<r?

max E[R(a; 9)]}

@:|[d—daopt (04)||3>72 0:]|0—04||3<r2
where we are free to choose r, as we wish but our choice will satisfy r, > L. Now:

@ — aope (0)[l2 < [[@ = aope(0) |2 + [|@opt (6) — aopt (6|2



268

By the argument above, ||@ — aopi(65) (|3 > 7(T") then implies that:

R(@:0) > 518~ au (O]} > 5 (18— a6} 2 = Larr)* = 5 (ra = Lar)
Choosing 7 = (14 v/2)La7,
min max E[R(a;0)] > uL?r?
@|[@—aopt (0x) |3>72 0:]|0—04|3<r2 [ ( )] = Hla
Thus, definining the constant
Cu = (1 + \/§>La17
So ultimately we have:
min  max  E[R(a;6)] > min { min max E[R(a;6)], ,uL§17’2}
@ 600, |3<r(T) TG opt (64 3<C2r2 0:0—0. |3 <12

(B.L.1)

We now proceed to lower bound the first term in the above expression. In particular,
throughout we assume that

18 = aopt () ||l2 < Car,  Cy:= (14 V2) Ly, (B.1.2)

Taylor expansions: Fix a ¢t € [0,1], parameter 0, estimated action @, and define the
interpolations

o =ta+ (1 —t)aee(d), 6,:=t0+ (1—1)6,

Throughout, we will let @’ and ¢ denote certain values of a; and 6, for some interpolation
parameters t',t"” € [0, 1] chosen so as to satisfy the application of Taylor’s theorem to follow.

First, by Taylor’s theorem,
1 d? 1d?

~ d __ . - ~
R(a;0) = R(aop(0);0) + %R(at; 0)] =0 + 5@73(% 0)i=o0 + E%R(at; 0)] =

= R(aopt (0); 0) + (VaR(;0)|azac,(6)) | (@ — aopt ()
(Aopt (0) — @) T (VR 0)la—aype(6)) (Gopt (0) — @)

+

N | —

1 — —~ ~
+ gviR(W 0)]a=a[a — Gopt (0), @ — aope(6), @ — aOPt(Q)]
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where ¢’ € [0,1],a’ = @y. The second equality follows by the chain rule and since 4
@ — aopt(F). Since agp(0) minimizes the excess risk, we have

at ==
R(aopt(e); 9) =0, VaR(a; ‘9)|a=aopt(€) =0

Thus, we may simplify
R(80) = 5 (0o (0) = 8) (VIR0 0) e ) (e (0) )
+ VIR0 e [ — e (0), — e (6), — e (0)
We can similarly Taylor expand a,p; to get:
Gopt (0) = aopt (04) + Go(0,)(0 — 0,) + Viaop: (0)]o=e [0 — 04,0 — 6,],
where again we set 0’ = ¢"6 + (1 — t")0, for some t” € [0,1]. Recall the definitions
o, = argémin [ Ma(0.)"% (@ = aope(02)) — Ga(6.)8) |2

= (Mu(‘g*)1/2Gu<9*))TMu<0*)1/2(a — opt(6s))
0(a) =6, + 5,
Writing @ = aopi(05) + Ga(6,)0, + 85 for some &z and denoting 8y = 6 — 6, we then have:
. 1
R(a;0) = 5(69 — 5*)TGQ(9*)TMG(9*)GQ(9*)(59 —8,)

1
+ §6gMu(0*)6ﬁ - ?;—Ma(g*)(vzaom(@) lo—or [0, 69])1

-

(al) (a2)
(Vo aopt (0)]o—a: (86, 86]) " Ma(6.) (Vg aopt (6)]9—o: [Sa, 86])

J/

|

+

(o] —

-

(a3)
+ (89 — 8.) " Gal0x) " Ma(6.) (Vi tops (0) lo=0 80, 80]) — (89 — 8.) " Ga(6.) " Ma(0.)85

. J/ N

~\~ NV

(ad) (ab)

(a0pt(0) = @) " (VAR (a5 6)lamaupe(e) = Ma(0s)) (Aope(0) — 3)

s

+

(DO | —

(ab)

1 ~ ~ ~
+ 5 VaR(# 0)lo=ar[8 = aopi (6), @ = aop: (), @ — aopi (0)

(. J/

-

(a7)
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Controlling the Taylor Expansion through norm bounds: We verify thatwe are in
the regime where Assumption 4.1 holds.

Claim 2. For a satisfying (B.1.2), it holds that

16" = 0.ll2 < 1160 = 012 < Tquaa(6) (B.1.3)
max{[[a — aopt (0:) |, 16" = aopt (0:) |2, [|dopt (0) = Gopt (B[} < Lar7quaa (65)

Proof of Claim 2. By assumption, we have,

1
r S quuad(e*) (B15>

Now recall that ¢ =t'0 + (1 — t')6,, for some ¢’ € [0, 1], so
10" = Oull2 < (160 = Oufl2 <

From this and trivial manipulations of ||§ — 04]|op, ||fo — Ox||op, it follows that (B.1.5) implies
(B.1.3).

To verify (B.1.4), recall that a’ = ¢"a + (1 — t")acp () for some t” € [0, 1]. Hence,

max{[[a — aopt (0.), |8 — aopt(64) 2, [laopt (0) — aope ()1}
< [lo = aope (Gl + llaape (6) — aope (6]
From (B.1.2), it holds that ||a— agp(6,)|| < (1++/2)7Lqy; moreover, since |0 —0,|| < 7quad(6,),
the smoothness condition, Assumption 4.1, implies that that ||acpt(6x) — Aopt(0)]] < La1||0x —
6| < rLg. Hence,

max{[[a — aopt (6 )], |0 = aope (64) 12 [[aopt (6) — aope ()1}
< (24 V2)Lar < 4Lgr

Thus, (B.1.5) implies (B.1.4) holds.

The following bounds will be useful.
e By assumption: |[a@ — aqp(64)]|3 < Cor,

1801l = 116 — 6.]15

e We have that

1Ma(0.)' 2 Ga(0.)8. |2 < I1Ma(0.)'*(@ — aope ()2 < | Ma(02)'?lopCar
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This follows since, recalling the definition of 8, and letting ULV T = M,(60,)Y/2G,4(0,), we
have || M, (0,)Y2Gq(0,)84 |2 = [|[ZXTU T My (0,)2(8 — agpi(6,))]]2 and since | 23|, < 1.

. HM(< )))1|\/26A||2§ 1M (0.)2(@ = ot (0)) |2+ | Ma(0.) /2 Ga(02)8. 12 < 2[[ Ma(6,) (@~
aopt 2

e By Assumption 4.1, so long as (B.1.3) holds: [|Ga(0))lop < Lat, | Vaaops (0)]o=o |lop <
Lgo.

e By Assumption 4.1, so long as (B.1.4) holds: ||[V3R(a;0)|e=a|lop < Lr3-

o [[Ma(0)llop = V/[[Ma(0)llop = /TTVZR(@; 04) lazaopi (@) lop < VLo To see why the
first equahty holds, note that for any PSD M = UZUT M2 ||0p = 152 ]|op =

max; 1/0; = y/max; 0; = /|| M||op-

Lower bounding the excess risk R(a;60): Throughout the remainder of the proof, we let
¢ denote a universal numerical constant which may change from line to line. From the above
observations

(a2) = cLqy LgoCyr®

By the bounds given above:

(a4) = cLay(La1 + Cy) Lrar®
To bound (a6), we can apply Proposition 4.1 to get that, when (B.1.4) holds,

IVaR(0;0)lazaopi(0) = VaR (5 0)aaops (0 lop < Lrslltopt () — dopt (0.) |2 < LraLarr
Using that [|aop(6) — @l < [|aopt(8) — topt(64) |2 + [[aopt (0x) — @l < (La1 + Car), we have:
(a6) = ¢(Lar + Ca)*(Lr3La1 + Lpess)r”

This same bound on ||a.y(6) — @l gives:

(a7) = cLrs(La + Cq)r3/?
It remains to bound (a5). Recall that

8, = argmin || My (0,)%(@ — aopi(05) — Ga(6,)8)]]2
5
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s0 8, is the projection of My(6,)Y/2(a — auy(6,)) onto the image of M,(6,)Y2G,4(6,). Tt follows
that:

Mq(0.)"%(@ = aope(6:) — Ga(0.)8,) = Mq(6,)"/?8z L image(Ma(60,)"*Ga(6.))
which implies
(a5) = — (89 — 8,) ' Ga(6,) " M,(0,)85 =0

Combining everything, we’ve shown that:

R(@:0) > = (89 — 8,)TGa(6,) T Ma(6,)Ga(6,) (86 — 8,) + (al) + (a3) — o(cﬂﬁ)

N —

for
Cy = 2L Log Ly + 8L3 Lgs + 4Ly

However, M,(0,) is PSD so (al), (a3) > 0, giving:

R(@;0) > = (89 — 8,) ' Gol0,) T Mo(0,)G(6,) (89 — 8,) — cCy1?

N | —

Completing the proof: By definition, 55—5, = 6—0(@) and Ga(6,) " Ma(60,)Ga(6,) = H(6,),
SO
(60 - 5*)TGa(0*)TMu(9*>Ga<9*)(50 - 6*) = ||0 - 6(@”3{(0*)

Putting things together, we then have that

min max E[R(a;6)]

:[[a—dopt (04 ) [[2<Clar 6:||0—04||2<r

1 ~
> min max [E [§||9 — Q(a)Hi(@*)} — cCyr?

- E:llﬁ—aopt(e*)\\ggcur 0:“0—9*“2§T

-~

Given knowledge of 6,, 6(a) is simply an estimator of 6, so it follows that from (B.1.1)
that

1, o~ I
min max )Ek“&—&(a)]\?{(g*)]zmin max )E[gHG—@H?M]

a:|[d—aopt (0x)|2<Car(T) 6:]|0—04|13<r(T 8 0:]|0—0,|3<r(T

This concludes the proof. ]
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B.1.2 Proof of Proposition 4.1 and Proposition 4.2

Proof of Proposition 4.1. We prove this for a generic function f : R* — R™. Fix some
xz,y € R" and let x; = tx + (1 — t)y. Then, by Taylor’s Theorem,

£(@) = F) + o F@)lee

for some ¢’ € [0,1]. By the chain rule, £ f(z;) = V, f(@)|sms, - 22 = Vo f (2)]oma, - (z — ).
So:

Hf(x) - f(y)HOp < Hv:cf(x”x:xt/ ||Op : ||:E - yHOp

The result follows in our setting using the norm bounds given in Assumption 4.1. O]
Proof of Proposition 4.2. Let 6, = 10 + (1 —t)0,. Note that for any ¢, by Proposition 4.1,
||aopt(9t) - aopt(e*)”Q S La1||9t - 9*”2 S LalHé\_ 9*“2 S Laquuad(g*)

where the last inequality follows by Assumption 4.1. We are therefore in the regime where
the norm bounds given in Assumption 4.1 hold, which we will make use of throughout the
proof. By Taylor’s Theorem:

~ d 1 d?
R(aopt(0); 04) = R(opt(01); 64) = R(aops(6o); ) + ER(aopt(Ht) =0+ 5 5 dth(aopt(et)§ 0.)] =0
d3
+ E%R(aopt(et); I
where t' € [0, 1]. Assumption 4.1 gives that R(apt(60); 0x) = R(aopt(04); 65) = 0. Furthermore,

LR (Aopt (01); 0.) [1=0 = VaR(a; 04)acaop: (00) * Voopt () lo=s, * L0i=o, Eut by Assumption 4.1,
VaR(a;0,)|azaoy(80) = 0. Finally, by the chain rule and since £6, = 6 — 0,:

d2

2R Gope(00); 6.0 = (0 = 0.) T V3R (opu (0): 61 oo (0 = 6.) = (0 = 6.)TH(0.)(6 - 0.)

d3
dt3
It then follows that,

R(aopt(gt); 0*) = ng(uopt( ) )|9 01 [9 0*, 0 ‘9*7 9 9*]

. 1~ 1
Roaopi(0):0:) = 5110 = Oulliso.) | < 5l VoR(aopi(0); 0:)lo= 0,00 = 0,0 = 6,,6 = 0.]||o,

The chain rule gives,

~

VAR (aopt (8); 0,)[0 — 6,,6 — 6,.6 — 6,]



= V3R (ot (6): 0.) [Votopt (0)[0 — 0], Voaop: (0)[0 — 0.], Voao: (6)[0 — 6.]]
+ 3V2R(opt (0); 0) [V2a0pt (0)[0 — 6., 0 — 6., Vtaops (0)[0 — 6,]]

~

+ VR (aopt (0); 0,) [Viaop (0)[0 — 6,,6 — 6,,0 — 6,]]

S0,
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||Vg (aopt (6); 05) o= 9t,[9 9*,9 9*,9 Oilllop < (LR3La1+3LR2La2La1+LR1La3)||9 9||

which proves the first inequality. For the second inequality, recall that by definition,

H(0.) = ViR (aopt (0); 0. )lo—.

so, by Taylor’s Theorem,

H(60.) = VR (Gupu(0): 0]y + ViR (Gupe(0):6.) e

for ¢ € [0, 1]. However,

d

d
EV3R<aopt<0t) izt = VaR(aopt (6); 05) lo=s,, - pric

Thus,

1H(6,) — VAR (a0 (8); 04) | y_gllop < (LraLl; + 3LroLasLar + LriLas) [0 — 642

By the chain rule,

VgR(“Opt(e)Q 0') = VER(C‘? ‘9,)|a=aopt(0) (Voo (0), Voaop (0)] + VaR(a; 9/)|a:aopt(9) : Vg%pt(e)

So, by Definition 4.1.1, since V R(a;0')|a=a,,. 6"y = 0, we have:

V2R (opt(8); 0|y — V2R (opt (6); 0) gl op

= [|VaR(a; e*ﬂa:aopt(e) [Votopt (0)lg—g: Vottopt (0)lp_g] + VaR(a; 6*)|a:aopt(§) : Vg%ptwnezé\

— V2R (a; 0)],_ e @) [V 0%0pt (0) | 5—5: Voaopt (6) 5] llop
< LheSSHVOClopt( )‘9 §Hc2)pH9 - 9 HQ + HvalR’<a? 0 )‘a a pt(9 Vgaopt(e)ygzé\Hop
< LhCSSL21||0 O,ll2 + Lazl| VaR(a;6,)]

a:uopt(@\) HOp

However, V,R(a;6,)| a—aop(9) 18 Lipschitz continuous so, since VR (5 0,) | a=aop: (62)

IVaR(a; 6,)] IVaR(a; 6,)] 5) — VaR(0;6)lazagp (9. llop

a=dopt (¢ ”Op a=dopt(0)

=0,
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~

< Lpa|laopt (0) — aopt(64) |2
< LraLa||0 — 04]|2
Since H(f) = VR (aopt(6); /9\)|9:§, we’ve shown that:
||H(6*) - H(é\)Hop S (LR3L21 + SLRQLcQLal + LRZLal + L’RlLa?; + Lhesngl)He* - é\”2

which proves the second inequality. O

B.2 Deferred Proofs from Section 4.2

Lemma B.2.1. Assume our data is generated according to (4.0.1) and let

T
O 1= mainz lye — 0" 23
=1

Then on the event
&= {)\min(ET) >N Y = TAT}

with probability at least 1 —

~ log(1/8) + dg + log det(Ap /A + 1)
— <
||915 Q*HQ — C’\/ AT

Proof. Define the following events:

A= L 116; = 0.2 < O\/log(l/(” + d +i3§ det(A/A + 1)

&

T —1/2
1 _
<Z ztz;) Z ztth < o0y \/log 5 + dy + logdet(Ap/A+ 1)

t=1 t=1
op
Our goal is to show that P[A°N E] < 6. The following is trivial.

PlA°NE] <PANENE]+PIENES]

As 515 is the least squares estimate, we will have that @\15 = (Zthl z2 ) Zthl 24y =
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(Zt T 2% )T Zt L zw, . Given this, the error can be decomposed as:

T -Lor T —1/2 T -1/2 o
|6is — Oi|2 = (Z ztth> Z ztw: < <Z ztth> (Z ztth> Z ztwt
=1

t=1 t=1 t=1 =1
2 op 2

T -1/2 7 T
= (Z ztth> Z 2w, || /x| Amin (Z ztth>
=1 =1 =1

2

It follows that, on the event £NE, the error bound given in A holds. Thus, P[A°NENE;| =0
Proposition 3.1 implies that P[€ N Ef] < §, so P[A°NE] < 6. O

B.3 Deferred Proofs from Section 4.3

Proof of Lemma 4.53.1. By Fubini’s theorem and Bayes’ rule,
Exv-r Byt FC V)] = [ [ 1000 Prix(y | 2)Px(e)dyds
= ///f(ﬂf,y)quy(x/ | v)Pyx(y | 2)Px(z)dz'dydx

= [ [ [ e P ety )Pty

:///f(a:,y)IP’X|y(:c|y)]P’y|X(y|1:)IP’X/(x’)d:c’dyda:

=///ﬂmWWMMMMM@M@WMWﬂ
- EX/NIPX’EYNPY\X('|X/)EXN]PX\Y('|Y) (X, Y)]

Relabeling gives the result. O]
Proof of Lemma 4.5.2 .

EZ-EZ &l | €] > E[{e} - |Z - E[Z | €]]]
=E[|Z -E[Z | £]ll,] - E[{e} - |12 - E[Z | €]]1%]

A\
Vv N

(@) (i2)

Next, we lower bound (i) = E[||Z — E[Z | £]|3,] > E[|Z — E[Z]||3,]. Thus, it remains to
upper bound (i7):

(ii) =B [{e} - |12 —B[Z | €]ly] < 2B [{E}- (12 = pllar + Il —BIZ | €]113)]
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< 2E [I{E} - (I1Z — pll s + 7211 M lop)]
< 2E [{&E} - (I1Z — pll3lIM [lop + 72| M [|op)]

where in the second line, we use that, under &, || Z—pl|s < r. Moreover, under £¢, ||Z—pul|3 > r,
so that || Z — pl3 + 7% < 2||Z — 3. Hence, (ii) < 4[| M||pE[I{E}Z — p|3]. Thus,

E[|Z —E[Z | £]I3, | €] > E|Z — E[Z]|[3, — 41 Ml opBI{EMNZ — pll3],
as needed. O

Proof of Lemma 4.3.3. Due to the fact that we have gaussian likelihoods, we we

T
1
dP(®7 | 0) o exp(— 557 Z (0,2))%) x exp(——HTETQ + —QT Z zy, )

wot=1 w t=1
On the other hand, for any given 6, dP() o« exp(—36"T''6). Hence,

T
1 1
dP(6 | D7) exp(—FQT(ZT +I7H0 + U—QeT >z

w t=1

Thus, 6 | D7 is conditionally Gaussian with covariance o2 (X7 + T'"')~1. It follows that:

Ep~ppn@r) 10" = Eorapp @) [071134]
=tr (Ml/ EQ’NDfuu(’DT) [(‘9 - EG”NDfuu(@T) [6”])@/ - ]E9”~Dfun(©T) [6”])T] M1/2>
— o2t (MY2(Sg 4+ 71102

]

Proof of Lemma /.3.4 . From Proposition 1.1. in Hsu et al. [2012], we have ¢ > 0, it holds
that Plg'T'g > tr(T) + 2V1||T|[r + 2||T|lopt] < et In particular, if V#[|T|lop > [|TlF,
then Plg'T'g > tr(T') + 4¢||T'||op) < e7!. Reparametrizing u = 4¢||T||,p, we have that
if \/ul|[T[lop/2 > |IT||r, then Plg'Tg > tr([) 4+ u] < e %/4Iler Lastly, the condition
VU Tlop/2 < ||T]|F is equivalent to u > 4[|T||&/||T||op- Since ||T||% < tr(T)||T|op, it suffices
that w > 4tr(I"). This concludes the proof. O

Proof of Lemma 4.3.5. Clearly, AMA = BMB+CMC+BMC+CMB. Since CMC,BMB »
0:

BMC +CMB = BMC + CMB — ACMC — BMB/4
—(B/2 —2C)M(B/2 — 2C)
—2(BMB/4 +4CMC)
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— —BMB/2 — 8CMC

Thus,
AMA > BMB+ CMC — BMB/2—-8CMC = BMB/2—-TCMC.
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Appendix C

Deferred Proofs from Chapter 5

C.1 Deferred Proofs from Section 5.3

C.1.1 Linear Dynamical Systems Notation Proofs

Proof of Lemma 3.4.1 and Lemma 5.3.1. We have that

~ v (A0 BI\ [0
1Oull2ee = max, (6 1—{0 OD _I}

A, B\
< wr * *

For each w, set A(w) := (eI — A,)~!. Then, using the block matrix inverse formula,

(el -0 e

op

op

0 0 0 e I

Thus,

< max

we(0,27]

max
we[0,27]

47 ]

ST+ (1+|[Bilop) max [[A(w)]lop
wel(0,27]

=14 (1 + [ Bullop) [ Acll -

w A* B* -
(=[5 %))
op

In the case of scalar A,, Lemma 4.1 Tu et al. [2017] shows that [|Af[lop < [|3 A3 0" In

the case when d, > 1, we can apply their proof to the sequence u' A*v for some u,v with
llu|l2 = ||v||2 = 1. Doing so, we obtain

RS YN
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As this holds for all u and v, we have ||A¥||,, < ||%A*||Hoopk. As 7(A,, p) is the smallest value
satisfying || A¥||op < 7(As, p)p” for all k, it follows that 7(A,, p) < ||%A*||Hoo. We next wish
to upper bound ||%A*||’Hw by || A3, for some choice of p. Lemma F.9 of Wagenmaker and
Jamieson [2020] gives that

1
A, — lA op L ————— — lA* op < 2| A
|| * P *H p = 2” 4*”7'100 ||p ” p = ” *”Hoo

A sufficient condition to meet this is

> 2[[ Aulloc [[ Aulop
— L 2| Al [ Aellop

As p, satisfies this, it follows that 7(A,, ps) < ||pi*A*||Hoo < 2||A||#., - Combining this with
Lemma 5.3.2, we conclude that

< L+ 1 Bullop)7(Ax, i) < 201+ o [ Bullop) [ Al < 2(1 + 2 Bullop) | Axll e

Finally, by definition of p, it follows

1—p < max{l + 2[| Aufla | Acllops 2} < 24 2[| Aulloes [ Asllop

We then upper bound ||A,||op < [|As]|#.. to obtain the final result. O

Proof of Lemma 5.5.2. Note that:

— Ak Akle
k _
S
Thus,
~ A AF1B _
1% = s [ 20| = w4t B, < 14 L
veSdt+r—1 op veSd+r—1

so, for any p > 0,

1A lopp™ < A llopp™ + 1 Bllop | A lopp™ < T(A, p) + p~ [ Bllop | 4™ [lopp™* Y
< (4o 1Bllop)7(A, p).

O

Proof of Lemma 5.5.3. Fix some T'. In the proof of Theorem 5.1 we showed that, for some
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6y satisfying |0, — Oo||F < 5(d2 + d,dy)/ (N}

min,oco

7°/),

. * - 1 SS _1
min tr (7‘[(90) (EG*J[ET] + Aninoo L I) 1) 2 16_T(I)0pt(72; 0,) -0 (T17/12)

7T€H,Y2

Following the proof of Theorem 5.1, we can use Proposition 4.2 to show that

min tr (H(Ho) (Eg. x (7] + Mmoo T - I)_1>

min,co
m€Ell 2 ’

< min tr (H(G*) (Bo, [S0] + Mmoo T - 1)*1) +O ( ! )

mell T17/12

< amin 0 (H(0) B o[20) ™) + O (s )

WEH,YQ T17/12

Renormalizing by T, it follows that for any 7'
inf ®7(0,;7) = min tr (H(6,) (Eg, [X /T])_l) > iQ)SS (v 6,) — O L
el o o el AT em =76 ept\ TP T5/12

Taking lim infr_,., of both sides proves the first inequality.

For the second inequality, some trivial manipulations of (C.3.1) in the proof of Lemma 5.4.2
shows that, for sufficiently large T,

min tr (H(6) (EQ*J[ET])A) < 4 min tr (H(H*)A?T(é;,u, 0)_1>

mell 2 T ueld 2 1
Renormalizing by T" and taking lim infy_,, of both sides gives the result. m
Proof of Lemma 5.3.4. Fix T and consider playing the input u; ~ A(0,02 - I). By definition,

zxmw]

t=1

T T

ZA?oise(aﬂo_u) _ ZA?Oise(a*,O) +E

t=1 t=1

By Lemma 5.3.5, it follows that there exists some input @ = (u;)¥-} with average expected
power bounded by 72 such that

T
> ap(ad)’
t=1

2T+k

> afah)”

t=1

E <K + 51
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where k := T, = 2H((d* + d,)/2 + 1) and

1—p?
H=|lo = lo =0O(logT
{ g<87(A*7p)372T2>/ gp} (log ')

By Lemma 5.3.6,

2T+k

E

(A )P VITTRFThY? | (A, pP 0.1

AN

t=1

-/ =)

< EAG (0 @) + (
By definition of A4 and for any U € Zlﬁ,k,

k
-~ 4T 1 Tt ~. ~ ~ Tt ~
EAy (0, U) =E——2 > (e F 1 — A)~' By B (e F 1 — A) ™"
t=1

AT
k

?rl»—k

k
Z A)~'BE[uyal' | BY (e 5 T — A)"

Define U, := E[u;i!']. By Parseval’s Theorem, and the power constraint on u, we have
S tr(Us) = B '] = EIRY.Zgu) u < k7

It follows that there exists some U € U2, such that EAgr;erk(g*, u) = Ag;‘ik(é;, U). Putting
this together, we have that

A (Z A0,y 7/ /) ) < Nuin (27 + F)A374(0.,0)) + O(VT log T + poly log T)

).1

< sup Amin <(2T + k)A;ST+k(5*, U)> + O(VTlog T + polylog T)

UEZ/{ 2 20T 4k

Dividing through by 7" and taking the lim sup,_, ., we have

T
1 o~ ~
lim sup —Amin Z A0, 0,) | <limsup sup 2Auin(A%(60,,U))
T—o0 T —1 T—o0 Ueuyz’T

Finally, we see that by definition and some algebra that

T [e'¢) 0
1 . - e e~
lim sup T/\min (Z AP0, au)> = Amin (03, Z AL(ADT 4 o2 Z AiB*B:(Ai)T>

T—oo =1 =0 =0
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—min{ m( ZAt (AT aiZAiB*B*T(Ai)T> ,ag}

t=0

Noting that

00 00 dg
- (azzAzw+azzAzB*B:<Az>T) ( zAt AT +azzAzB*B:<Az>T)

t=0 t=0 +=0

completes the proof. O

C.1.2 Periodicity of Optimal Inputs

Proof of Lemma 5.5.5. In what follows, we regard € > 0 as fixed, and write H + H..

We consider the response on the system with no process noise starting from zy = 0.
Given some input {u;}; ' € U,z, the state evolves as

t—1

xy = Z A5 B

s=0

We will use G to denote the Markov parameters for this system:
G,:=[B,AB,...,A"*B, A" 'B]
and will define the extended input, u,, and truncated extended input, u, g as:

Up = U Uy UL W)y We i= [Ues Upm1s o5 Upe g2 Ut F 1]

Ift < H—1, we define u_; = 0 for all s > 0. Then the state can be written as z}* = Gyu;_;.
We can approximate the state using the last H inputs as xyy = Gpui—1.z. The following
result bounds the error in such an approximation.

Claim 3. Fiz some input u; with B> w/ ] < Ty* and assume we start from z = 0.

e(1— p)

SBIZ, (A, 7)/ log p, we will have

Then, under our choice of H > log(

Ellzy ()" — xZH(wlfH)Tllop <e

Proof of Claim 3. We first bound the state difference:

t—H—-1 t—H-1

ot — e = | > AT B, < ATy | 30 AT B, < (4 00"




284

By Jensen’s inequality, we can bound E|z}||s as

< [|Bllop(A; p) (Zpt . 1||us||2)

t—1

ZAt s— 1BuS

s=0

Ellzll2 =

2

t—1 t—1
< HBHopT(A,P)\ D IR, Y w3
s=0 s=0

t—1 T-1
< [|BlopT (4, P)\ Zp%tfsfl) EZ s |3
s=0 s=0

< IBllop7 (4, py VT
< -

Thus, E||z}y — P2 < HB”""I% .£)*7V2T pH. Thus, by the triangle inequality and what we have
’ —p?

just shown,

2| Bll5p (A, p)°+*T
1—p?

Ell2i(zi)" — 23 (@iin) llop < B[]z + lztinll2)ll2i — 2itg ] <

where the last inequality follows by noting that our above argument also applies to bounding
E[lz¢gll2- The conclusion follows by some algebra. O

Fix H = Hog(SHBH <(—p") 5772)/ 10g pl, then, by Claim 3,

T(A,p)3
T [T/H Hj [T/H]
EY af(ap) 2R Z Z ra) 2E ) Z wpy (i) + el

=1 j=1 t=H(j—1)+1 J=1 t=H(j—1)+1

Now consider a realization of (u;) in our probability space.
Defining
Hj
Uj;H = Z ut_l;HutT_l;H (C.l.l)
t=H(j—1)+1

we can rewrite the covariates in terms of the Markov parameters as

[T/H] [T/H] Hj [T/H]

> Z l“?fH(iEZfH)T: > Gu > wowwl oy | Gh= ) GuUnGj

j=1 t=H(j—-1)+ j=1 t=H(j—1)+1 Jj=1



285

We will define the set of normalized covariance matrices as

2H
My = {GHUGIT{ : U of form (C.1.1) for input {ﬂt}?fl,Zﬂ:ﬂt = 1}

t=1
The following result will allow us to express this in a more convenient form.
Claim 4. Consider any n and some {U} 517, U}y € Mp. Let p; € [0,1],5°7_ p; = 1.

Then there exists some set of matriz inputs {U”H} d2+d 2+ , Ul € My, and some set of
weights q; € [0, 1], Z(d s tds) /241 q; = 1 such that

7=1
n du(du“l‘l)/z‘i‘l
> pGuVinGh= Y ¢GuUjuGr.
j=1 j=1

Proof. This is a direct consequence of Caratheodory’s Theorem. By definition, M C Sfﬁx.
The dimension of 8% is (d2 4 d,)/2 so the points in M can be thought of as living in a
(d% + d,)/2-dimensional space. Caratheodory’s Theorem then gives that, for any point, z,
that is a convex combination of elements of M, x can also be written as a convex combination
of at most dim(M) + 1 points in M. Taking z =37, p;GuV).; Gy, it follows that there
exists (d2 + d,)/2 + 1 points U} ;; € M and set of weights ¢; € [0,1], """, ¢; = 1 such that

T = Z(d%-}—dx)/Q—f—l G U//HGT N

7j=1
We shall use the following definition going forward:

Definition C.1.1. For a given U;.p, let v2[U;. ;7] denote the power of the input corresponding
to U;.i. That is, if U5 is formed according to (C.1.1),

Hj—1

VlUjal = Y ulw (C.1.2)

t=H(j—2)+1

Note then that Uj,g = 7*[Uju] - U} for some U} € My.
Instantiating Claim 4 with
[T/H]
U < Usn /7 Usn], and p; = 2*[Usm]/( D *[Usnl),

i=1

(d2+dz)/2+1

we have that there exists some set of matrices {lNJj;[j(}j:1 C Mg and some set of
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weights ¢; such that

[T/H] [T/H] (d3+dz) /241 .
> GuUnGy = ) ¥[Uis] Y. 4GuUnGy (C.1.3)
j=1 i=1 j=1

For future reference, we denote

[T/H]
-3
1=1

Note that while Oj; € My, the associate covariates may not be realizable in only H((d? +
d;)/2 + 1) steps, because u; for a given ¢ will be present in both blocks U;. 5z and U1,
these blocks cannot be chosen independently. However, this response can be realized in
2H((d? + d,)/2 + 1) steps, which we recall is precisely our definition of 7.

For a given j € {1,. (24 dy) /2 + 1} let {u.;}7%" be the set of inputs for which
(C.1.1) is satisfied for Uj.p, and such that S 27 a7 Uy = 1. Let {@,}]=,, denote the sequence

of inputs formed by concatenating {4/ 272¢; T us; }iog - for all j. That is, set

= \/ 532 Ty, where j'=[t/j] + 1.t =t~ (' —1)2H

Finally, extend u; to all ¢ via U = Umoa,r.), Where the equality holds almost surely. Then,

2Hj

T~ 0 u_ (A
LeGnUmGlh = > iyl (C.1.4)

t=2Hj—H+1

172
T

SO Z 2+da)/241 T:;fy q;G P ;.G ; corresponds to half of the input response, and thus

(d2+dz)/2+1 (d2+dz)/2+1 2Hj

DY CJjGHOj;HGITf:T/Q Z 2. winlain)’

j=1 t=2Hj—H+1
(d2+d, )/2+1 2Hj

= [T/Z-‘ Z > aluleiy)’
[ 5 | (( d2+dz )/241) 9H

t=2Hj—H+1
j=1 t=2Hj—H+1

~

~
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2H [ 755 | (d2+ds) /2+1)

t=1
2T+Te
=3 abulat)
— t,H\""t;H
t=1

where (a) holds because, by construction, we will have 2%, =

(0)
=

T joH (A2 +dy) /241, TOT ANY 7,
since the input is T,-periodic, and (b) follows as we are simply including more PSD terms in

the sum. As this holds pointwise in our probability space, it follows that

[T/H] (d3+d)/2+1 2T+T.

E Z Z wt;H(xf;H)T = E7? Z QjGHOj;HGII =E Z w?H(fo)T
t=1

Jj=1 t=H(;-1)+ Jj=1

The input sequence {u, }.<, satisfies

Te—1 (d2+dz)/2+1  2H-1

E2~T~_ T/Qﬁz. Z %Zﬂgj&t;j
=0

Jj=1
2
/2 B (d2+4dy)/2+1
T Y Z qj
7j=1
T./2
— 29 "REA2
T 8
(b) 5
< Ty

where (a) follows since 271 5] jUt,; = 1 almost surely, and (b) follows since

[T/H] [T/H]  Hi-1

EY* = E Z 7(Uig) =E Z Z u) up < 2T
i=1

i=1 t=H(i—2)+1

Thus, wu; satisfies the power constraint E ZtTEOl u, u; < T.y?, which implies it also satisfies the

constraint E Zthl u, 1, < T2, By Claim 3, given our choice of H and this power constraint

2T4T. 2T4T.
E Z x;‘H(:EZ‘H)T <E Z T8 (a7t del
t=1

t=1
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Finally, note that for any s, we can bound

Te+s—1
E Y wlu <27

t=s
since the sum can be contained by at most two periods of the input. The conclusion
follows. o
C.1.3 Frequency Domain Approximation

Proof of Lemma 5.3.6. Define G(e*) := (e*’I — A)™'B and let (i), = § '((x;)L,) denote
the T point DFT of x;. Then, by Parseval’s Theorem,

1 & 1 &
2rt 2rt
S daf - ) Gl T uif Glet T )M

T T
1 27 . L 2mt
thx: —7 Z G(eLTt)atufG(e )
=0

T T
t=1 op t=1 t=1 op
T
1 L2mt . . 27t
STEHaeﬂw—MWMM+W@TWM)
t=1
By Taylor expanding,
(o)
G(eLw> _ E e—Lw(s-l—l)AsB
s=0
By definition of a DF'T, and since xo = 0,
T-1 T-1t-1 T-1 [T—s—2
_,2xt _u2mly p o _,2xt _, 2t
By = eLTtIt: GLTtAtSIBUSIE eLT(t+1)At eLTsBus
t=0 t=1 s=0 s=0 t=0
T-1
_, 27
g = g et T by,
t=0
Therefore,
T-1 0o T—1 [T—s-2
2t _,2mt _,2nt _,2mt _,2nt
Ge" ™)y — Ty = E e T AL ) o= T By, — E E et T D AL ) o=4T 5 By,
s=0 t=0 s=0 t=0
T-1 00
2me _,2mt
_ E e LT (t—i—l)At e VT SBUS

00
_ e—L%(T—s—l)AT—s—l (E :6_L2;£(t+1)At) e—LL;ZZsBuS
t=0



T-1
—LM(T 1)ZAT 5— lG( QM)BUS

s=0

Thus, since us; = usy ) by assumption,

T-1
1G (e F it — el < 7(A, )10 | Bllop D 27— a2
s=0
[T/k] k-1
(A, )0l 1Bllop D 07D lluslla
7=0 s=0

[T/k]

Z us]13 Z P

7(A4, 9)10]l34.. | Bllop VR

7(A, )10l || Bllop VE
1—pk

By Parseval’s Theorem, and again since us; = sy,

T T-1 k—1
S a3 =7 " fuell3 < TT/E]D  [luel3
t=1 t=0

So,
3 1 r
Z Ut_xtH HG( )utHQ = ZHG Ut—iEtHQ ZHUtHQ
=1 t=1
1B | (A 020]2 wanz = =
< T e 2 ey T/ X
t=0

r(A,p) ||0||Hm||B||opW Z” wll

1—pF

Again by Parseval’s theorem, and by the same calculation as was performed above,

ZthHz _TZH$tH2_TZ ZAt "~ Bu,

t=1 || s=0

Tr(A, p)?||B||2 k =2
<T( p\H

= = Z s 3

289

<TZ (A, 0)%1BII2, (Zpt - 1Hust>
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So,

T

27rt ~
ZHG iy — @2 X (7)) <% ZIIG e T ity — El34| Y 1113
t=1

(4, p)? ||9||H(,<,IIB||2 ke T4, IIBII2 ke

0 op op
Phe |7755205 >ty i 2

7(A, p)? ||«9||71¢(,<,||B||2 k

(1 > Z” tHQ

IN

It follows that

Z G 2” ( L%)H
op

7(A )01 | Bllop v/ FTT/F] - 7(A, p)?[|0]l N||B||o
& : EZH wll3 + = . EZH w3

- 1—pk (1-
(A, )05, NI BllopV'T + 1kv? N (A, p)? 10115 N BIZ, k2 2
- 1—pF (1= pk)?
and the conclusion follows. O

C.1.4 Smoothness of Covariates

Proof of Lemma 5.3.7. For convenience denote € = ||6 — 0,op. As A$: 1,(6,U,0,) = I, ®
A§§17T2 (97 U7 O-U)7

HA?:[,TQ (87 U7 UU) - A’%%,TQ (9*7 U7 UU)||OP - ‘|A§§1,T2 (67 U7 UU) - AZ—S‘l,TQ (9*7 U7 UU)HOP

By definition, when 75 is divisible by &,

T
ss 1 re 1 noise
A3 5, (0,U,0,) = EAfT;(e, U)+ 7 > A0, o)

271'2

k
A0, U) = %% D (I A BUBN T T~ A)H
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t—1 t—1
A?oise(e’o_u) _ O_iZAs(As)T + UiZASBBT(AS)T
5=0 s=0

Thus,

||A§—S‘1,TQ (97 U’ UU) - AZ—S'LTQ (9*7 U7 UU)HOP
Th

1 Te Te 1 noise noise
< —[[AENO,U) = A5 00, U)lop+ 7 > IIAF(6, 0u) — AP (0., 0) [lop
T T

N

(@ ~~

(0)

J/

Lemma C.1.2 gives that, when (5.3.5) holds,

(@) < (_max 22T = A) 2] Bullop (1611(eT = A opll Bullop +2) )

we(0,27]

+ (max 2T = A) 2,620 — A apl Bullop +2))

we(0,27]

+ ( max 1672||(e“I — A*)Ang)eg

w€(0,27]

< (_max 34921 = A) 3, (1Bullop +1)%) e

— \welo,27]

while Lemma C.1.1 gives that, when (5.3.5) holds,

(b) < 8(0121; + O’ZHB*Hﬁp)T(A*,p)?’ 4 40_3||B*||0p7_(14*710)2 + QUZT(A*”O)Q 2
— 1 — 2\2 1— 2 € 1 — 2 €
(1—p?) P p
< (BlontoulBllop)r(Ap) | 45i(|Bulop + V(A 0
- (1—p?)? 1—p?

The result follows. O

Lemma C.1.1. Assume that ||[A, B] — [A, é]Hop <€ and that € < ﬁ%, then

t t
3" (o2 AK(AM)T + 02 AFBBT(AF)T) — (agﬁ’f(ﬁkﬂ + agﬁkﬁéwﬁ’fﬂ)
k=0 k=0

op
< 8@1+0ﬂﬁméﬁ@%m3+4dNBMML&pV oy 20uT(A )" o
(1= p?)? 1—p? 1—p?

Proof. First note that ||[A, B] — [A\, J§]||Op < ¢ implies ||A — EHOP <e¢l|B - §||Op <e We
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will denote A = A + A4, where |A4llop < €. We can upper bound

t t
3 (02 AHA)T + o2 AFBBT(AR)T) = Y <o— AR(AMT 4+ agﬁkéﬁ(ﬁkﬁ)

k=0 k=0

op

< 02 3 IAMAYT = (A+ A (A+ A0y

t
+ o5 ) A*BBT(AY)T — (A+ A0 BBT((A+A24)") o
k=0

By the triangle inequality,

| AR(AR)T—(A+ A0 (A +A4)") lop
< [AMAN T = AN(A+ADN T+ AN(A+ADN T = (A+ DDA+ D45 op
< (”AkHOP + ||<A + AA)kHOP)HAk - (A + AA>k||0p

By Proposition C.1,
1A+ A0)"[lop < 7(A, p)(p+7(A, p)e)*
and
I(A+Ax)" = AMlop < kT(A,0)*(p + T(A, p)e)* e
Combining all of this we have
IAR(AS) T = (A + A0 (A + 22)) lop < kT(A, p)° (0" + (0 + 7(A, p)e)*) (p+7(A, p)e)* e

Denote p; := p + 7(A, p)e. Since we have assumed that ¢ < (A oy P2 = % + %p. Then it
follows:

wZIIA’“ (AT = (A+ A0 (A+ 22" op < Zk pp2)* + p3*)

< 03}7 A p 3¢ ( p + P2 )
Ao\ Ty T = 3

2027 (A, p)’e
(1—p3)?

803 7(A, p)’e
(1—p?)?
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where the last inequality follows since 1 — p3 > %(1 — p?). Denoting B=B+A B, and using

what we have already shown, we have
|A*BBT(AF)T — (A+ Ax)*BBT((A+ A0)") [lop
= HA’“BBT(A’LC)T —(A+ AA)’“BBT((A + AA)’“)T —(A+ AA)’“ABBT((A + AA)]“)T
—(A+ A4 BAT(A+ A" T = (A+ A" AAsT (A4 A4)") lop
<|[|A*BBT(AM)T — A*BBT((A+A4)")" + A*BBT((A+ A4)")" = (A+ AL BB ((A+ A" op
2| BllopT(A, p)*(p + 7(A, p)e)? e + (A, p)*(p + (A, p)e)** e’
< IBIZ, (1A [lop + (A + Aa)*[lop) [ 4* = (A + Ax)* [lop + 2] BllopT (A, p)*(p + T(A, p)e)**
(A, p)*(p + 7(A, p)e)*e?
< IBIGRT(A, p)* (0" + p5)p5 e + 2| BllopT (A, p)*pi"e + (A, p)?pite®

Thus,

t
02 [|A*BBT(AF)T — (A+ AL BB (A + A4 lop
k=0

t t
< onlIBIE,T(A, p)°e Y k(0" + 5ok + 202 BllopT(A, p)%€ Y p3F + 0oT(A, )’ > pi
k=0 k=0 k=0

8au | BllapT(A, p)’e 02| BllopT(A, p)*e n 2027(A, p)*e®
(1—p?)? 1—p? 1—p?

The conclusion follows. O

Lemma C.1.2. Assume that ||[A, B] — [A, B]||op < €, € < (maxucppan 2] (€T — A) " |op) ™",
and Uy = 0, ZIZ=1 tr(Uy) < k*42, then:

k

Z (eI — A)"'BU,BR ("I — A)~ (eI — A)'BU,B" (e T — A)™

Mw

—1 é:l op
< ( max BPIET = A7 1B lop (16T = A) opl| Bllop +2) )«
+ (e 21T = 4) 33201 = A) opll Bllop +2))

+< max 16k~> || (e L“I—A)_1||§p>€3

we(0,27]
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Proof. Note first that ||[/Al, §] — [A, Bl||lop < € implies ||121\— Allop <, ||§ — Bl|op < € since:

A, Bl—[A, B|lo, = T([A, B|-[A, B])v > T([A, B|—[A, B])v = ||[A-A],
[[A, B]—[A, Blllop uES$?§$d+Pu ([4, B]-[A, B])v > U€S2d123j<1;2d:0 u ([A, B]-[A, B])v = | [lop
UESd+p,Ud+1;d+p=0

If we denote A = A + AA,E = B + Ap, then:

k k
Z (€] — A) ' BUBM (e ] — A)™ = (] — A) "' BUBM (e T — A) ™"

/=1

op
k
< |3 (w1 — A BUBM (e T — A)~
— 4=1

)
k k
Z (eI — Ay BU B (e ] — A)™M = (e 1 — A) ' BU B (e ] — A)~"

— =1

(i2)

(eI — A)"'BU,B" ("I — A)~H

Mw

op

[\

op

By Lemma A.2.2:

(i) € max 16K2|(e“T — A) ™ opll(€] — A) B2

w€(0,27]
< max 16k*y|[(e] — A) 7[5, (1 Bllop + €)%
we(0,27]
Note that these lemmas assume that U, are rank 1, but a trivial modification extends the
results to arbitrary U, = 0 satisfying Zlgzl tr(U,) < k*y2. Further:

k
+ D (e — AT ARUARH (e T — A)H

/=1

k
2|1 (eI — A) AU B (e T — A)”
/=1

op op

k
< @8l Bl + 18813) (e 167 = )71, ) Y- 10y
(=1

< K22(2€]| Bllop + €2) ( max [|(e] — A)- 1||zp)

€[0,2n]
The result is then immediate. O

Proposition C.1. Assume that || A¥||op < 79" for all k > 0 and that |Allep < €. Then, for
k> 1,

I(A+2) lop < 7(p+ 7€)%, [I(A+A)* = A¥| < 7(p+76)" —7p" <k7(p+7e)" e
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Proof. If A and A were scalars, the Binomial Theorem would give:
"k
A A k_ Ak—s AS
arar=3(()

As matrix multiplication does not commute, we cannot simply apply the Binomial Theorem.
However, we note that, for a fixed s, we will have (];) terms of the form

APTATATEAT AT AT ATt

where 37" n; = k — 5,327, m; = s. Critically, there will be at most s A terms in this
product. Then, using our assumption on ||A*|,,, we have
Op)

s+1 s
HAm A™LAPZA™Z AT AT AT+ H op < (H HAm ) <H HAmZ
=1

(i) (11

— 7_s-i—lpk SES

As this bound does not depend on the specific values of n;, m;, we will have

k
4+ 8 < 3 (£)ttse = 7o+ 7ot
s=0

where the final equality holds by the Binomial Theorem. Similarly, note that ||(A+A)*— A¥|,,
will behave identically, except that the A* term will be removed from the expansion of (A+A)~.
Thus,

(A + A Ak”op < Z ( ) TphTe = T(p""Te)k —7p"

To show the final conclusion, note that, for k& > 1, the derivative of (a + z)* is £ (a 4 2)" =
k(a + x)*~1. By the Mean Value Theorem,

a-ta)t = (a+ ) < (mos b+ 27 ) o=
zE€[z,y

Applying this observation in our setting gives that

z€[0,7¢€]

T(p+re) —1pF <1 ( max k(p + z)k_l) Te < k% (p + 1) e
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C.1.5 Infinite-Horizon Approximation

Proof of Lemma 5.3.8. For simplicity denote Gy ¢ = (e*™/*1 — A)™'B. _Consider some k and,
given ¢ € [1,k], let £x(¢) € [1,k] be the index such that |¢x(¢)/k — ¢/k| is minimized. Let
A0 {1, k} — 2% return the set of indices that map to £. Then:

A k
Te * 1 * 1
FAO.U") = 55 30 Grli G = 15 2 (Cristo + AV (G + 20
=1 =1
k 1 k
(AL DO P )

vet;
Set Uy = 75 Zmé;l(z) U}, denote § := maxyeqr, g [|A¢l2, and note that ||0]|#,, > |Gy, for
all k, /. Then:

k
Z (erk é)UkZAE +A4U;6Gk£ "‘AEU]:gAe)

=1

ZﬂWHHw-%5 x
E:W&Mw

?wl —_

1 re: ]‘ re: *
H%A}; 19,U) — EA% 1Yo, U™)

op op

20||0 52
21Vl +° Zt i)
< <25Heuﬂw oo

where the final equality holds since ﬁ,—: , 1s a feasible input and so must meet the power
constraint. By Lemma A.4.2:

(G = Gl < 2alefi = 00w 16T = 2Bl

Using this we can bound:

€0,27 €[0,27]

1Gie—Craniolls < 2710/R—tu(0) /K] ( mas [T — 4)" 2Buop) < n/k ( max || — A)" ZBHOP)
since any x € [0,1] is at most 1/(2k) from the nearest fraction ¢/k. This implies

d<m/k ( maX ||( “I—A)” 2BHOp)

w€e[0,2
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SO:

1 re 1 re *
|3arm0.0) - 0.0

2 0
7TH HHoo (max H LUJ[ A) 2BHOP)
we[0,27)

op 2 2
m wr_— A)72B
+ 12 (we[g]ﬂ( )~ ||0p)
47TH9HH ’72 )
< ——=" | m el —A)°B
< 0 ( max €T = 4) 2B,

where the last inequality holds so long as k > grm— (maxyepo,2q [|(€] — A)72Bl|op). To
make this less than €, we must choose:

4 2
g s Ol ( max {[|(e*] — A) 23||0p)

€ we(0,27]
Finally, note that the input ﬁk,g is feasible since:
k r(Ug, tr( ) < 1 E (U7
The conclusion follows immediately. O]

Proof of Lemma 5.3.9. By definition of Aeise,

1 < 1 &
T ZAHOISQ(Q’ u) T/ ZAnome(@ Uu)
t=1 t=1 op
1 T t—1 1 T -1
= 7222 (oA (A)T + oA BBT(AN)T) = 5 3 Y (0, A%(A")| + o A"BBT(A%)T)
t=1 s=0 i—1 s—0 op
1 T—1
=7 (02(T — $)A*(A*) " + o2(T — s)A*BB' (A%)T)
s=0
- = Z — 8)A*(A*)T 4 o2(T" — 5)A*BBT(A%)")
op
T—-1 s S
_ 2 _ 2 s s\ T 2 _ 2 s T s\ T
= | X (e - )T+l - A BETAYT)
T -1 s s
-y <a;(1 — AT 4021 - F)ASBBT(AS)T)
s=0 op
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[E G e carsar)

- Z (0200 = Z)A"(A) + 021 = ) ABBT(A)])

< T = T (A, p) (0% + 2N BIE) S 597 + (0% + 02 BIZ)T(A, p)2 3 (1 = 5/T')p?

s=0 =T

—_

vl

2 2742
_ _ pe+p T
< =T 7 (A, p)* (07, + UZHBng)W
pQT/+2 +p2T+2T+p2TTI
(1 —p?)*T"

+7(A, p)*(oy, + o2l Bllsy)
_ 47(A (0% + 021 Bl3,)
- (1—p?)?
If we set T' large enough such that

41(A, p)*(on +oallBlIZ,) 41(A, p)*(os +aallBlIZ,)
(1—p?)? (1—p?)?

the desired bound will hold. Rearranging these gives the result. O

(T—l + pQT)

T <e€/2, Pl <e/2

C.2 Deferred Proofs from Section 5.4.1
C.2.1 Sequential Open-Loop Policies Satisfy Assumption 4.4
Proof of Lemma 5.4.1. Let:

t;—1

tl

T . o T

= E 2z, ,0=1,...,n, Dy = E ZsZg
t=t;_1 s=t

Sufficient Excitation: We first show that the sufficient excitation condition is met by
Texp- First, note that by Lemma C.2.2 and some algebra, for any time ¢, ¥; <X T8I with
probability at least 1 — d/n. Fix a time ¢ > Ty (Texp) Where Tio(Texp) is defined as above.
Since Texp € ny%l, the low-switching condition implies that there exists some set of epochs

{i1,...,im} C [n], such that for j € [m], t;, 11 —t;; > %Tse(ﬂexp), ti41 <t, and

m

Z(Eij+l - EZJ) Z

j=1

t

DN | —
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This follows directly from the fact that for any to, there exists some epoch ¢ € [n] such that
{to, to + Tee(Texp) — 1} N {ts, ... tiy1 — 1} > Tse(ﬂ'exp). Now consider some j € [m]. By
Lemma C.2.1, if

fiyir — B, 2 erde ((de + ) g (Boo/ M (A0, T) + 1) + log ) (C.2.1)
we will have that, with probability at least 1 — §/n, for some ¢y,
Et_i]. :t_,-]._,_l = C2(tz +1 tz ))\mm(Anmse(e*, Fuz )))

However, by definition of A" and since by assumption )\min(l“wj) > o2 we will have
Amin (A57%(0,, Ty i) > Anoise(0w), which implies that

log(ﬁoo/)\noise(o'u) + 1) Z log(ﬁoo/)\min(AggiSC(é;? Fu,ij)) + 1)

As we know that ¢;, 41 —t;; > %Tse(wexp), it follows that (C.2.1) is met, so we conclude that
with probability at least 1 — d/n,
Zf #i41 i CQ(tZ +1 — 'E >/\n01se(0u)

Y3

Union bounding over this event holding for each j € [m], it follows that with probability at
least 1 — 4,

m m ¢
Et = Z Efi].: ti. Z 02 z]Jrl 2 )\noise<au> > Et)\noise(o'u)
— =

By proper choice of constants, we will then have that the sufficient excitation condition of
Assumption 4.4 is met with

o n
Tse(ﬂ—exp) - Cldac ((dac + du) log(/Boo/)\min(Agjlse(e*y Ju)) + 1) + 1Og S)
A - C2>\min (Agzise(é;, Uu))

Concentration of Covariates: We define the following events for some ¢; to be specified.

€= {HET — Eo, sTexp [ET] ||0p < Ccon /\mln(EO*,wexp [ET])} (GOOd eV@Ht)
& = { an(Br) > CQAmin(Agglse(H*, ou))T} (Sufficient excitation)
Eai = {1125 — Eo, 7y [ i llop < €} (Concentration of covariates)
Esi= {HZtil 2 < Cfff} (Bounded states)
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We would like to show that £ holds with high probability. The following is trivial.

P[E] < PIE°NE N (M1 E24) N (M1 E,)] + PIETT + Y PlEi N &5+ Y PIES]

i=1 i=1

We first show that &, &, £, hold with high probability.

Note first that, by what we have just shown, P[Ef] < § as long as T' > To(Texp). By
Lemma C.2.7, since Teyp € Hi%l and Definition 5.4.1, we will have that P[€5,] < § as long as

T > (n+ \/dyo? /7%) log @ (C.2.2)

Next, we show that P[€3; N E5,] < 6. Setting

ti—ti1+

(A G Ty | (VT + EEPTI )
Z L—p. (1 —p)?

max{oy, HFuHop}>

cs max{o2, || Tullop } 72 1
v (log = + d, + dy)
(1—ps)?

)
Lemma C.2.3 with p = p, implies directly that P[5, N &5,;] < 6. For future convenience, we

can upper bound ¢; by
037' 0 + ’y \/_
1 _ 5/2

1
-\/logg—i-dx—kdu—l—

+d +d,

as long as

1
T > log 5 +d, +d, (C.2.3)

On the event & N (N7_1&2,) N (N,E5,), we have

HET - EQ* ﬂ'exp ET ”Op - H ZE ZEG* Tl'exp
637' 0 +’y \/_\/

1 _ 5/2

n
= Z I = Eo, mey [Zilllop < Y s
=1

—+d, +d,

and

e 1 .
B, ronp | 27] 2 Bp s [[{E1} Br] 2 PlEC2Mnin (A2 (O 0u)) T 1 2 5 Munin (A (O o)) T - 1
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ThUS, P[EC N 81 N (m?zngi) N (m?:153,i)] =0 with a = ]_/2 and

1
Ceon =1 7 (0y + 1) \/log—+dx+du
(1= )2 A (AL (0, 0,)) g

Thus, P[E°] < 2n + 1. Rescaling § and setting i, (Texp) to guarantee (C.2.2) and (C.2.3)
hold gives the result.

]

C.2.2 Concentration of Covariates

Lemma C.2.1 (Lemma E.3 of Wagenmaker and Jamieson [2020]). Assume that our system
0 is driven by some input u; = Uy + uy’ where U, is deterministic and uy’ ~ N(0,T,). Then
on the event that Zthl 22) < TAr, for some Ar, choosing k so that:

2 2 _ ) 1
T > —5267()0k (Z(dg; +d,)log % + log det(AT(A};mSe)*l) + log 5) (C.2.4)

we will have with probability less than 6:

[M] =

ZtZt % mTAnmse(e r )

t=1

Lemma C.2.2. Assume that we are playing a policy Texp € HS% and that 6 € (0,1/3). Then
with probability at least 1 — &, and assuming we start from some state xo = 0,

T
Zztz;j *,p (\/ log ) I
—p
< cT(<1 + ||B*||zp>uA*||;zw) (m log = + 7|4, ) 1

2

Proof. Note that we can break the state into the portion driven by the conditionally non-
random input, wu;, and the process noise and random input. We denote these components as
z* and z{’. Then

T
| o=
t=1

Note that the input u; will almost surely satisfy Zz:ol u, u; < Tv% We can then apply

T T
e Do ll=ls <2 (=5 + l1=2113)
t=1 t=1
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Lemma C.2.6 to get that

d w2 47—(;{*’ p)Q’YzT
Dol < —F = —
— (1-0p)

To bound the component 3"/, ||z%(|3, we apply Lemma C.2.7 with 4> = 0, union bounding
over all T" steps. We simplify the bound by upper bounding n by 7" and using that § € (0,1/3)
implies logT'/6 > 1. The second bound follows by Lemma 5.3.1. ]

Lemma C.2.3. Consider the system
Ty = Axy + Buy + F}Uﬂwt

where A € R4 w, ~ N(0,1) and u; is deterministic and satisfies Zthl ufuy < T2 Assume
that we start from some state xo. Then we will have that, with probability at least 1 — o

T T
csl|TwllonT (A, p)? 1
D S e e TS
=0 t=0 P P
art(A, p) [ AF™(0,0)]op ca(A, p)* (VT [IBllop + llzoll2) 1
T Tullo log -~ +d

for universal constants c1, cs, c3.
Proof. Consider the systems
u u w w 1/2
vy, = Axy + By, x5, = Az’ + T/ w,

and note that z; = x}* + x°. Therefore,

T T T T T T T

T T T T T T
E Ty, = g x' Ty +E (2’ + a} )—i-g 'z, E g T, = E zixy +E g )z
=0 =0 =0 t=0 t=0 t=0 t=0

The second equality is true as z¥ is deterministic and x¥ is mean 0. Fix some v € S, By
Lemma C.2.4 and Lemma C.2.5, we’ll have, simultaneously with probability 1 — 9:

T T ;
20(A, p) |30, 0)lop [ 4 8ICullop™(A,p)? 4
T, w\2 T, w\2 ) T ) P P )
—E < T log — log —
;(U xt ) ;(U mt ) — 1 o p2 Og 5 + (1 . p)2 Og 5
T
A, )2 (4T B o 4
STt o| < D OYTBl 1) [y
— (1-0p) o
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Which implies that

T T

Zv ) —EZU )
t=1

t=1

27 (A, p)[|AF™(0,0)lop | 8||F lopT (A, p)* 4
=2 T log 5 (1— )2 log(S
27(A, p)2(4VTH||Blop + ||z / 4

+ ( p) ( (1 ij)Jl P H OHQ) 2HFwHOp10gS

Note that if M is symmetric ||M||op = sup,egi-1 |v" Mv|. Fix v to be a vector for which this
equality is attained. Let 7 be an e-net of S%!. Then we can then find some vy € T such
that ||[v — vg||2 < €, and thus,

Tu,wT

2l +2 UItIt

lv" Mv — vy Mug| < |v'" Mv — vy Mo| + |vg Mo —vg M| < 2||M ||opllve — vz < 2€|| M ||op

Therefore,
[vg Mug| > |v" Mu| — |v" Mv — vy Mug| < (1 — 2€)||M||op
S0 || M||op < 155 maxyer [v" M|, Applying this in our setting and choosing € = 1/2, gives
T T T
wpwl EZ:L‘:UIE;DT < 2rlr)1€a7>_< Z v x’) ;(UT.CE;")Q

op

By Corollary 4.2.13 of Vershynin [2018|, we will have |T] < 5¢. Using our high probability
bound on

T w T w
‘Zt:l (UTmt )2 —E Zt:l(UTxt )2

with probability at least 1 — 9

T T
E vz, —E g zx]
t=0 t=0

’

27 (A, p) AT, 0)lop
1—p?

4
\/T(log 5 + dlogb)

op

8||Fw||0pT(A> p)z
(1—p)?

27(A, p)2(AVTH|| Bllop + ||o]l2)
(1—p)?

4 4
(log 5t dlogh) + \/2||Fw||0p(log 5T dlogh).

0
Lemma C.2.4. Consider the system
Ti41 = A.It + Fivﬂwt

where A € R4 w;, ~ N(0,1), and assume xo = 0. Then, for any v € S¥1, we’ll have that,
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with probability at least 1 — o

T

T .
27(A, p)|A7>(0, 0) [, 2 8|LullopT(A,p)*, 2
T 2 T 2 ) T ’ p p )
;:1 (v'z)"—E E (v )| < - Tlogg + (1— ) logg.

t=1

Proof. This is a direct consequence of the Hanson-Wright Inequality. Note that,

t—1
Ty = Z Atisiqulu/lws = Gtmt

s=0

where we have defined G; := [At*IF}U/Q,At*ZF%U/Q, AT T 0, ,0] € Ry =
[wg ,w, ... wp 5, wp 4]". So,

(v )% = w,.G v G oy
and,

T T
Z(’UTﬁtY = Z m;GtTvaGtmT = m;GTmT
t=1

t=1

where G := Zthl G/ vv" G;. The Hanson-Wright inequality then immediately gives that,

For a fixed 9, rearranging gives

|

We proceed to bound ||Gr||op and ||Gr||%. Consider some u € S¥~! and note that, if we

write u = [ug,u{ ..., up_o,up 4], where u; € R using the definition of G; given above,

we have:

T T

Z(UTxtf —-E Z(vTxt)2

t=1 t=1

T

Z(UT:vt)Q —E Z(UTast)Q

t=1

> 2,/1Gll3 1og(2/6) + 2| Grop log<2/6>] <6

t—1
Giu = Z AtSITY 2y =
s=0
where z} is the state of the system with matrix A when the input u is played and there is no
noise. Thus,

T T

T
u' Gpu = Z(UTGtU)Q = Z(UT:Uf)z < Amax <Z a:}fa:;‘T>
t=1

t=1 t=1
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Then, invoking Lemma C.2.6 with v = ||T',||op and B = I, we can bound,

T PPIL|
Amae | D apap’ | < Z 3 < 7
— ( —p)
As this does not depend on wu, it is a valid bound on ||Gr||op:

47 (A, P)2||Fw||op

GT op < C.2.5
[Grllp < L (©25)
To bound ||Grl|/%, we can write,
T T T T T T
|Gr[lf = tr(GrGr) = Y Y tr(Glow GGl Gy =) ) (0T GGl <Y ) NIGGL,
t=1 s=1 t=1 s=1 t=1 s=1
From the definition of G, we have,
min{¢,s} - - -
GtG;r _ Amax{tfs,O} Z Akr\ Ak Amax{s t,0} Amax{t s, O}Aﬁﬁlr?et s}(e, O)Amax{sft,O}
k=0

S0,

”GtG;—HOP < ||AmaX{t_S’0}||0p||AmaX{S_t’O}||0p||AEloii§?t,s}(970)||0p < T(Avp)p‘t_slnAno‘ise (6,0)lop

mln{t,s}

which implies

T T T T
D D IGGLIZ, < 7(A p)2 | AF™(0,0)[2,> ) p

t=1 s=1 t=1 s=1

L= pYT + 29T+ —2p° _ 7(A, p)* | AF™(0,0)[[5,T

— (4, AR (0, 02, L < 1= )

Combining everything, we have shown that, for any v € S¢1,

T T .
27 (A, p)|[A7™(0,0) ] 4 8lTwllop7(A, pP. 2
—ES (T > R A5 Dlen, [y b log =
[Zl v .’L't ;(U xt) - 2 g 5 (1 . ,0)2 0og 6

1—p
Lemma C.2.5. Consider the systems

]

u u wo w 1/2
vy = Axy + Buy, x5, = Ax® + T/ w,
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where A € R4 w; ~ N(0,1) and u; a deterministic signal with Zthl u)ug < T2 Assume
that 2 = 0. Then, for any v € 841, we will have that, with probability at least 1 — &

w0 T(A,p)2(4\/Tvl|Bllo + 125 1l2) 2
ZUTxt Ly T (1 . p)g . ‘ 2HFwHOP 10g S

Proof. We adopt the same notation as in the proof of Lemma C.2.4. Defining

G :=[A™'B A™2B, ... AB,B,0,...,00 € R™"T " wp=(ug,ul,... up o up 4] € R™T

we have
= Glup + Az, 2 =Gy

which implies
T T T
Z v g Ty = ( Z G oo Gy 4 28’ Z AtTvaGt) oy =g oy ~N(0,g'g)
t=1 t=1 t=1

By standard Gaussian concentration results, we then have that

T
2
> vlapa o) > [2gTglog S| <0
t=1
It remains to bound g'g. To this end, note that
T T 2
g'g< ( u;Z(fo)TvaGt + ngZAtTvaGt )
t=1 9 t=1 9
We can bound || Ao, < 7(A, p)p' and,
t—1 -1 1/2
s < It || (4, p)
Gl < I 3 14T < I, ) 3 7 ol
s=0 s=0
S0,
T T 1/2 2
T i F o T A €T Fw onT A’
TS A6 < EzdlP H H p7 (A, p)? Z < =gl II(1 _H;))Q( p)
t=1 2 =1
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Furthermore, letting G}, = [A"™!, A"™2 ... A, I,0,...,0], we have

T
Z G/ TU’UTG/

< Jlurll2ll Bllop T2 lop
2

< Jlurllzl| Bllop T llop | G llop

T
up > (Gy) o' G,
t=1

2

where G4 = S0 (G)Tov G, By (C.2.5), [|Ghllop < 47(A, p)?/(1 — p)2. Since we have
assumed that Zthl u uy < T2, we also have |jup||; < v/Ty. Combining everything, we have
shown that

2
ANTY||BlopT (A, p)? %27 (A, p)?
ng< ||Pw||op< ” H P ( ) H 0“2 ( )

(1—p)? (1—p)?
Thus,
T e, T(A,p)2(4\/77\|3||op+||x6‘||2) / 2|
[ x -y 2||Tw]|op log 51 = )

C.2.3 State Norm Bounds

Lemma C.2.6. Consider the system
Tir1 = Al’t + But

and assume that we start at state xo = 0. Then if Zfz_ol u) uy < T2, we will have

7(A, p)?[IBll5,*T
ZH t||2 ( _p)g

Proof. By definition zp = Z Y AT=s=1By,. so

T T /t-1 2 T /-1 2
S ollmlz <> (Z HAH_lHopHBHopHust> <7(Ap)IBI%D <Z pt’s_lllust>
t=1 t=1 \s=0

t=1 s=0

Letting p; = pt, v, = ||lugl2, we define y, = 3221 p=*|uslla = (p * v)[t], where % denotes
convolution. By Parseval’s Theorem,

T /t-1 2 T 1
> () =3t 5 o
t=1 k=1

t=1

where Y}, denotes the DFT of ;. As convolution in the time domain is multiplication in the
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frequency domain, we will have Y, = P,Vy where Py is the DFT of p; and Vj is the DFT of
v;. We can explicitly calculate P as:

T-1 _
¢ _L27rkt 1 (& 2rk )T
Pk = E p € _L27'rk:
t=0 l—e™"r

I llllS,
T T
1 2 1 e L27rka )

k=1

Note that, also by Parseval’s Theorem, the constraint Y, [|u]|3 < 72 translates to
%25:1 |Vk‘2 < 72' SO?

1<l —c¢ *LQ“’“TQ ) T 1_6L27rkT2
T - Vel < max _ 2
T Zl 1 —e” %P 0 Zlalli<T2y? Zl 1—e LQTkP
o 9 1 _ e—LQﬂ'kjpT 4")/2T
=7“T max — < -
kJE{l, 7T} ]_ — e_L T IO (1 — p)
The conclusion follows. 0

Lemma C.2.7. Assume that we are playing a policy Texp € H?y%l. Then with probability at
least 1 — 0, assuming zy = 0,

ot < T o (ot VTt s 2D 1 (02 10 20

and if

2 1
T > (n+ Vd.oo /7 log%

this bound can be simplified to

2 CT(AVM p)272T
[2¢]l2 < —1_ g
=P
Proof. By Definition 5.4.1, for s in epoch j, we can always write the input ug as us = us + u?,
where u; is Fy, measurable and u? ~ N (0,T, ;). Given this, we break the state up into the
component driven by u,, which we denote as z;*, and the component driven by the process
noise and Y, which we denote as z;’. By linearity, we will have that z; = z}* + z}*, so

23 < 201213 + 20127112
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We can easily bound ||z}||3 as:

t—1 " 9 t—
203 = || D2 A B, |, < 7(Auup (Zpt Huls)
s=0 =0
t—1 t—1 ~
T 2 2(t—s—1) 2 7(A,, p)*y°T
< 7(A..p) (SZO p )(; Jusl) < =

where the final inequality follows since, by assumption, Zt_l lug||3 < Tv? almost surely. We
now bound ||z{°||3. Note that due to the possible correlations between T',; and previous
epochs, we cannot naively apply Gaussian concentration. We first upper bound ||z} ||3 as

% ||2—H2At Bl +w,)

<2HZAtSIB*u Atsl

~ 2 ~ 2

<or(A () 42 A
s=0 s=0

" t—1 t—1 t—1 " 9

< 2r(A (D0 P ) (D Iul) 42 30 A
s=0 s=0 s=0

We note that || 3202} At=s=1y |2 is simply the norm of the the state of a dynamical system

driven by noise ws. We can therefore apply Lemma C.2.8 to get that with probability at least
1—9,

t—1 - ) 9
| A,
s=0

ise () 2 noise ()
" <y U= B 0) g 2 + A1AT(D,,0) o

We can upper bound

t—1 t—1
s I - A, p)
AR(0,,0) o :aqu AL(ADTI < o?7(A,, p)? o o TuT (s
AP0 0l = o3| S AT < okrlA o < BT

1A (0., 0)|I7 < du|| A7 (6., 0)]2

Hop

To bound $"'_{ [[u¥||? we can apply Hanson-Wright to some epoch j to get that

E]+1 1 £J+1 1

y » 2 2
Z lugll; <E Z g ||2+2\/( tie1 = 1) Va7 10g 5 + 2[Tujllop log
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Ljy1—1

_ _ 2 2
= > wr(Tuy) + 2\/(75j+1 — )Tl log 5T 2[|Tjllop log 5

s=t;

2 2
< (11— 1)y° +2\/( tip — ;)7 10g5+27 log

Assume that ¢ occurs in epoch 7. Then if this bound holds for all epoch 7 <7, we can bound

. 2 2 [ 2 2
ZHU 12 < ty? +Z\/ (tj1 —tj)y logé—l—Qz'leoga < ty? + zt'y410g5+2wzlog5

Union bounding over all n epochs and the bound on the process noise, we then have that
with probability at least 1 — 9,

o = T (4 (it 4 i) o 2 )10 20 D)

The result the follows by combining this with our bound on ||2¥||%, and upper bounding ¢ by
T and i by n. The simplified bound holds by noting that for large enough 7', we can upper
bound the two lower order terms in the bound on ||2/||5 by (d.c2 + )T O

Lemma C.2.8. Consider the system
xt+1 = A,Tt + Fqlﬂ/2wt

where wy ~ N(0,1) and assume that we start at state xo = 0. Then, with probability at least
1—96

i 2 noise 2
o3 < 2\/HA%‘”S€(9, 0)[I7 log 5 + 2[|A7(6, 0) lop log .

Proof. Using the same notation as in the proof of Lemma C.2.4 and C.2.5, we will have that
xr = Grwor. Applying Hanson-Wright then gives that, with probability at least 1 — ¢,

2 2
|a:TTq;T — tr(G;GT)‘ < 2\/HG;GT||% log 5 + 2||G7Gr|op log 5

By definition of G1 we have that
ZFI/Q As TAsF1/2 G GT _ ZAS s A%oise(evo)

So,

IG7Grllop = 1GTGrllop = IAF™(0,0)lop, |G Grli: = tr(GrGrGrGr) = | AF™(6,0)||%
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This concludes the proof. O

Theorem C.1 (Hanson-Wright Inequality, Vershynin [2018]). Let X € R? be a random vector
with independent, mean-zero, sub-Gaussian coordinates. Let A € R¥9. Then, for every e > 0,
we have

2
PXTAX —EXTAX| > €] < 2exp <—cmin{ < })
[ ] KA K2[ 4],

where K = max; || X;]|y, -

Recall that, if X; is gaussian with variance o2, || X;|y, < Coy.

C.3 Deferred Proofs from Section 5.4.2

Lemma C.3.1 (Matrix Perturbation Bound). Assume A,B € S, |A — Bllop < €, and
€ < Amin(B). Then

€

)\min(B) (Amin<B> - 6)

Proof. Denote A = A — B. By the matrix inversion lemma:

JA™ — B lop <

A= (B+A)'=B ' =B YB'+A B!

SO:
A" =B op = [B™H (B + A" 'B™ |
<|BTHZINB™ + A o
B 1
)\min(B)zad(Bfl + Afl)
However:

1 . 1 _ )‘min(B) — HAHOP
||A||0p )‘min(B) /\min(B)HAHOP

ca(BP+ A >04AY — 0 (BT =
Since we have assumed € < A\yin(B) and since [|A|lop < €, this lower bound on o4(B~' + A1)
will be positive, so:

1 o AuBALy Ao
Aain(BY27a( B+ A7) = Nia (B e B) — [8]ep) ~ Ain(B) in(B) — [ A]op)

The result follows since ||Alop < €. O
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C.3.1 Operator Norm Estimation
Lemma C.3.2. Let

T
~ B B )
O = 12%1; |zt — Azy — Buell;
Then on the event
£ = {)\min(ET) >N Y = T]\T}

with probability at least 1 —

~ log(1/6) + d, + logdet(Aqp /A + 1)
, — <
||915 H*HOP = C\/ AT

Proof. Define the following events:

A= 110: = 0.lop < 0\/108?(1/5) +do +A1<;gdet(AT/A 1)

t=1 t=1

T 12 7
1 _
& = (Z Zﬂj) Zztw: < CQO’w\/IOgS +d, + logdet(Ar/A+ 1)

op

Our goal is to show that P[,A°NE] < §. The following is trivial.
PA°NE <PANENE] +PENE]]

As é\ls is the least squares estimate, we will have that @\g = (Zthl 22 )7 th:1 Zt:vtll =

T T V-1 T T ; ; .
0, + (O i—p_p 2% )7 Dy 2w, . Given this, the error can be decomposed as:

T -1 7 T -1/2 T —1/2
0 _ T T T T T
|6s — Olop = ( E 22, ) g Zyw, < ( g 22, > ( E 212, ) g Zyw,
t=1 t=1 on t=1 op || \1=1 t=1 on

t=1 t=1 t=1

T -1/2 p T
= (Z ztth> Z thtT /4 | Amin (Z ztth>
op

It follows that, on the event £NE;, the error bound given in A holds. Thus, P[A°NENE;] = 0.
Proposition 3.1 implies that P[€ N Ef] < §, so P[A°NE] < 6. O
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C.3.2 Optimality of Inputs

Proof of Lemma 5.4.2. We will show that the following set of inequalities hold for large
enough T and arbitrary 7" > T"

tr(H(0) (Bp, v 1o, © S g 1,22 )7 (C.3.1)
(a) 1 . ~
< - - Ss : —1 :
S 0=, tr <’H(6*) T/ d 0., U;,v//2dy) > (Steady-state)
(b) 1 .
< 3 - SS exp
> Uegilf/lzm (1- €>2Titf (’H(H*) Ti,Ti/du 9*7 U,v/v2d.) ) — )2

(Optimal inputs)

(o) 1 . ~ C
< : - SS/ (6, / B —1 exp
= UE{{I};I/Z,T/ (1 N 6)3Titr (H(e*)AT T (9 7U7’7/ 2d ) ) + (1 . 6)2

(Infinite horizon)
(d) 2

< min ——tr (H(G*)AS'TS,,T,(@,U,O)“)Jr

Noiseless input
Ul g (1 —¢€)3T; (Noiseless inputs)

Steady-state: By definition,

Eo,v.mlla, ® Y _r_pzz | = TiAr, (6, Ui, v/ 2d, 201,

Note that the inputs played by Algorithm 5.1 are constructed as in Lemma C.3.3. It follows
then that, by Lemma C.3.3, as long as,

s maX{2duT(g*,p)3(2k' o) (4 + 27 (A, p)kiy + (A, p)lzrm [l2)
B (1 - pki)Q(l - )Amln(A%o}S;( *77/@)) ’
(A, p)2k2dy? (A, p)kidiy? /T, 16,10, 13,
(1) = ph N (A5 0.7/ /20

we will have

A (9*7 UZ?’}// V 2duazT T i (1 - 6)QIXT T/du *7 UlafY/ V 2du)

This implies that

A (6*7 UZ?’}// V 2duazT T i (1 - 6)QIXT T/du *7 UlafY/ V 2du)

from which (a) follows.
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Optimal inputs: We next apply Lemma C.3.4, which bounds the suboptimality of certainty
equivalent experiment design, to show (b). We instantiate Lemma C.3.4 with

A - Amin(AZOise(é;u ’7/ V 2du))/27 A(ea U) - A ;’S’i,Ti/du (07 U7 ’7/ V 2du)

Note that Lemma 5.3.7 gives that the smoothness condition (C.3.3) holds for Lee, (6,,~?)
as defined in (5.3.6). Furthermore, it is clear that, as long as T; > 2k, we will have

Amin(A(0,,U)) > A for all U. To apply Lemma C.3.4, we need

||§7L—1_‘9*||0p S min{rcov(e ) )\mln Anolse *77/ V 2d 4Lcov *772))}a ||@—1_9*||F S rquad(e*)

where we choose to instantiate Lemma C.3.4 in the operator norm, and since the matrix
Frobenius norm coincides with the vector 2-norm. The condition on ||6;—; — 640, Will hold

as long as our assumption on €., ;1 holds. Since 6; — 0, is at most rank d,, we have

16:-1 — 0,1 F < Vdo||Bir — Bullop < Tquaa(fs)

where the last inequality again holds so long as our assumption on €,p;—1 holds. Then, since

we design the input U; on the estimate @_1, the conditions of Lemma C.3.4 are met for Uj,
SO

e (HOIAT 10, 0 U7/ V2407 ) = min b (H(0)AT, 1,0, (0 U, 7/v/2d,) )

U2 sk,

Hl=

4\/£<d;% + dxdu)Lhess)\min(AZOise(é;m 7/@) + 8LCOV<H*7 72)tr<H(9*)> €op,i—1
( )\min(Anoise(N* V/M)Q ) I-IL
X 8(d2 + d d )LCOV(Q )Lhess gp’L 1
)\mm (Ano1se( 77/\/ﬁ) TZL

= C’exp
and thus (b) holds.

Infinite horizon: Now,

re 1 noise
o 0o U2/ Vo) = AR, B 0) + ZA @.7/V/2d,)

If U €Uy oy, since T;/(d,k;) is an integer,

271'2

% — A)UBUBT (¢ T — A,)H

Eqw

AT (@, U)

Ti/du

Zz:
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Then, by Lemma 5.3.8, as long as

o o
b2 max SO (a1 — 2B
M AL (0,7 380 ))e 20 |\t

then for any 7" > k; and U* € U,2/5 7+, there exists a feasible U’ € U,2 /5, such that

1

Furthermore, by Lemma 5.3.9, if

T >max{ 167(11 p)? (02 ++2/(2d,)) 1o ((1_p2>2’f\min(A20ise(§*7ry/\/%))€> 1 }
o (1= 02)* Auain (A (0, 7/V/2d,) )e 167(A,, p)2(02 +72/(2d,)) 21og p

then, for any 7" > T;,

d re 1 req /) * € noise /9’
AL (0,U") - ﬁAgzq(9*,U = 5Amin(AF (00 /v2du))
op

T, T;/du

ﬂ ZAnmse *,’Y/\/ﬁ ZAnmse *,’Y/\/ﬁ

€ o~
< 5)‘min(Agmse(6*77/ V Qdu))

op

Now note that, by definition,

min tr(H(G*)VS’TS“Ti/du 0., U, 7/\/2ds)" ><tr< 9)VSTi,Ti/du(é*,U’,y/\/zdu)*l)

UEZ/[,YQ /27]%_

By what we’ve just shown, for any 7" > T;

A §§ T/du 5*7 U,7 7/ V 2d
= A?FS/ T’(9*> U*afy/ \% 2d mm An01se *77/ \% 2d

i (1 - 6)[X?/’T/ (5*) U*77/ \% 2du) 2T/ ZAHOISQ *77/ \% 2d IIllIl Anmse *J’Y/ V 2d

= (1= A (0, U, v/\/2d,) + §Amm B (0 v/ 2d4)) - T — ~Amin(AF™(0,,7//2d.,))
= (]‘ - E)A?’,T’(féﬂ U*77/ V 2du)
From this (¢) follows directly.

Noiseless inputs: Finally, since

A3 (0, U v/\/2d,) = A (6, U*,0)
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we can bound

: Vss/ , N* -1 < . X Vss/ /~ -1
vt tr (H(H*)AT (06U, v/v/2dy) ) <y tr (H(9 JAT (04, U, 0) )

<2 min tr <H(0*)ASTS,7T,(5*,U,O)_1>

UEZ/{72,T,

which proves (d). Finally, to simplify the bound, we note that A (A2 (6,,7/v/2d,)) >
Anoise; and we choose p = p,. O

Lemma C.3.3. Fiz an input U € U2y, and consider a system 0 = (A, B). If we start from
some state xo and play the time domain input u; = ConstructTimeInput(U,T/d,, k) where
ConstructTimeInput is defined in Algorithm 3.2 then, so long as T/d, is divisible by k, and

7> mas ) 28T (A ) 2l Bllopky + [[oll2) (4 + 27(A, p)) | Blloph + 7(A, p)oll2))
B (1= p*)2(1 = p)Aumin (M550, 7/ V/2du) e ’

(A, p)’k*dy* | T(A p)kdy*\/T/d, 16d.,|101%..
(1 - pk)2 I- /Ok >\m1n<A;(;lgse< 77/\/ Qdu))G

we will have

r(0,U,v/\/2dy, x9) = (1 — € QATT/du 0,U,~v//2d,).

Proof. Let iy; be defined as in Algorithm 3.2 for this U, and denote U; = (i)}

Let u;, denote the time domain version of {1 ;}5_,, as is specified in Algorithm 3.2. Since
U € U, y, some algebra shows that

k
1 ~
E Z j t+sUjt+s < 2du72

for any s > 0. We break up the sum of the response based on which input is being played:

T 3T/ du
ST Y et
t=1 §=1 t=(j—1)T/dy~+1
which gives:
Ar(0,U,~/+/2d,,0) = 52 > Z o9,/ /2d,)
=1 t=(j—1)T/dy+1 =1

T
1 noise /

Uop=1
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If we start from some initial state 2/,

t=0 t=0
Now,
T T
TN < latyryallz D 1A ol T2 < lats-syzja, (A 0) D AlITE 2
27(A, p) 2 _1yz/a, 2l Bllopky
= - A 1—p)

where the last inequality follows by Lemma A.1.2, which gives:

_ 27(A, p)|| Bllopk

1—pk
Furthermore,
d [Ede 137 (A, p)?
u,0/ u,0 1)T/d, 112
Dot @ < letoyrya, HQZHAtHop_ b= T
t=0 op P
Therefore,
1 T
T/d (9, Uj,x = 1)T/du) + i ZA?OISG(HW/\/ 2d,,)
Uot=1

= AR, (0.U;,0) + - ZA“OISQ@ v/\/2dy)

(A, p)? ”x(j—l)T/du||2(4||B||opk7 +(1- pk)HxE;'—l)T/duHQ)
(1 =) (1 =p)

’7/\/ 2d mln %(}IQSG 7/\/ 2d

= (1— AR, (6.U;.0)
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(A, p)? |2t yyp a2 (A Bllopky + (1 — p) |2ty 1yp 4, 1l2)
(1 —pF)(1—p)

ZAnmse ,Y/\/ﬁ

= (1—¢)A; T/d (0,U;,0) +

u

where the last inequality holds as long as

_— 2d, (A, p)* N2 1y r a, 24l Bllopky + (L= pM)|2F _yy7a, l12)
N (1 - p )(1 - ))‘mln(A%c}IZSe( 7/\/ 2d ))

(C.3.2)

By Proposition 3.2, since T'/d, is divisible by k, we will have that

27rl 27l

(e 71— A)'BU UYB (" T 1 —A)"

M’ﬂ

d
fre u

(=1

where {U;,}/_, = §(Ujp,--.,Ujr/a,). Then, by Lemma 5.3.6, we will have,

A4, (6,U;,0) = A% (8,U;)|op

87(A, p)?k2d,v*  87(A, p)kd,?*\/T/d, s
< wI—-—A)"'B
_( LR | SO max (eI — A)BJ,

we(0,27]
T
< o Amin (AR (6,7/V/2d,)

where the last inequality is true so long as

. 87(A, p)?k%d, % 87(A, p)kd,y?\/T/dy \ 2dy - max,efooq [|(e“] — A)7'B||3,
o g Moia (B0, 1/
Thus,

T

i 1 noise
lﬂzl/du (97 Uj7 O) + d_ Z At (07 ’7/ V 2du)

Uog=1

= Az, (0.U)) + — ZAW (0.7/V/2u) = o Aunin (AF5°(60,7/V/211)) -

1 —
= (1 AL (0,U)) ‘ ZA 0, 7/v/2dy)
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It follows that if (C.3.2) holds for each j,

2 du 2 T
1— .
Ar(6.U.~/v/2d,,0) = ZAzfjg 0.0 + LS Ae(.9//20)
Jj= t=1
(1 - 6) freq (1 - 6)2 d noise
= = A, (0.U) + S Y A(0,7/V/2d,)
t=1

(1 - 6)2‘ATT/d 67 U?’}// V Zdu)

It remains to ensure that (C.3.2) holds by bounding [|z;_ 74, ll2. Again by Lemma A.1.2,
we have

u 27(4, p)||B||o g (A, p) 2| Bllopky + ||zol|2)
G- 1yr/a,ll2 < S G > (A, p)pU I | < —
1—pk 1—0p
Some algebra gives the result. m

C.3.3 Certainty Equivalence Experiment Design

Lemma C.3.4. Fiz a nominal instance 0, and let 0 be some instance such that 160, — @\Ho < €,
for o € {op,2}. Let A(0,U) € S be a map that satisfies, for all U € U,> and all § with
10 = Oullo < Teov(0y),

IA0.T) = A0.,U)llgp < Loow(04,7%) - 10 — O] (C.3.3)

Assume that for allU € Uyz g, Amin(A(05, U)) > X and that €, < min{reoy (0x), A/ (2Lcov (0, 7?)) }, €2 <
Tquad (0x). Let:

U = arg min tr (7{(5)1&(5, U)_1> , U*=argmintr (H(0.)A(0,,U)"")

UEZ/{,"/QJC UEZ/{,YQ,k
Then, under Assumption 4.1, we have:
2d@Lhess 4Lcov<0*> 72>tr(7—[(6*>>
h € + AQ €o
4d9Lcov(‘9*7 72)Lhess
A2

tr (HO)A0, U ) =t (HO)A0,, 0) )| <

€0€9.

Proof. By Proposition 4.2, under Assumption 4.1 and since |6, — |5 < Tquad (6% ), we have

1#(0,) = HO)llop < Lues 10 = 012



320

Furthermore, by Lemma C.3.1, (C.3.3), and since €, < A/(2Lcoy (04, 7%)),

~

IAB,U) = A(Bs, Ullop _ 2Leov(07%)6o
A( _Lcov(6*772)€o) o A2

IAG,U)™ = A6, U) op <

Thus, denoting Ay = H(0) — H(6,) and Ag-1 = A(0,,U)~' — A(6,U)", the above bounds

and Von Neumann’s trace inequality imply:

tr (H(é)A(é, U)‘1> — tr (H(0,)A(6,, U)™)
< Jtr (A A(By, u) ™) | + [tr(H(0) Apr)| + [tr(AgAx)|
2Lcov (0, 7*)tr(H(6,)) . 2dp Leov (0, 7?) Liess

S Lhesstr (A(H*, U)_1> €9 + )\2 o )\2 €Ec€o
doLness  2Leon (B y?)0(H(6,))  2dpLeoy(0si7?) Lnes

¢ s, oo VYU, DO Pl

=: f(e)

Assume that tr (H(@)A(@, ﬁ)_l) > tr (H(0,)A(0,,U*)1), then:

+

tr (HBAG0)™) - tr (H(6.)A0.. 0) )

+ i (HOAG.O) ) - tr (W(0.)A(60..0))

)A(@, U)*1>. If
instead tr <7—[(§)A(§, ﬁ)*1> < tr (H(0,)A(6,,U*)™1), we can replace tr (H(0,)A(6,,U*)™1)

where the second inequality holds because U is the minimizer of tr ('H(

with tr (H(Q*)A(H*, ﬁ)_1> in the above calculation to get the same result. The conclusion
follows.
[

C.4 Proof of Corollary 5.3

The following result shows that the LQR problem satisfies all assumptions required by the
LDDM setting, allowing us to state Corollary 5.3 as a direct corollary of Theorem 5.2.

Theorem C.2. If 0, is stabilizable and Ry, Ry = I, Assumption 4.1 is satisfied for Ripqr
with:
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1. p=2.

. v
2.7 0,) = min { L L o } .
auad (6+) 15093, 7 24005, U5, 2

3. Lpy = cidyUp, /Tp, + 2e¥n ﬁ:”%*)v Lo = c3d, (\IPB*\IJ%* + Vg, (1+ \IfBJ\IfP*)?

4. Lo = 8‘1’;:/*2, Loy = POl}’(‘I’P*), Loz = poly(\IJp*, \IJB*)-

v

. Lhess = dZPOIY(\IJP*, \:DRU7 \IJBH 1/\113*) + di <\IIQB*‘I]%D* + (1 + \I]B*)\IJR“\I]?I’D* + qj}fl’u—;pp*) ’

*

for unwversal constants cy, cs, c3,Cy4.

Proof. The proof of Theorem C.2 is quite technical, and somewhat tangential to the main
focus of this thesis. As such, we omit it here and refer the reader to Section J and Theorem
J.1 of Wagenmaker et al. [2021] for a complete proof. O

The proofs of Proposition 5.1, Proposition 5.2, and Proposition 5.3 are similarly rather
technical, and we omit them from this thesis as well. For the proofs of Proposition 5.1 and
Proposition 5.2, please refer to Section K of Wagenmaker et al. [2021], and for Proposition 5.3
see Section B.7 of Wagenmaker et al. [2021].
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Appendix D

Deferred Proofs from Chapter 6

D.1 Deferred Proofs from Section 6.5

Lemma D.1.1. Under Assumptions 6.1 and 6.3, the system (6.0.1) satisfies Assumptions 6.11
and D.1 with

H
(1) I, ® Y p(af,uf)(af,uf)', D=d,HBj,

h=1

dy < dpd,, and where . (resp. uy) denotes the state (resp. input) at step h of trajectory <.
Furthermore, it satisfies Assumption 6.10 with Ag instantiated with the LC® algorithm of
Kakade et al. [2020] and

CR:CH\/dq;,(dqﬁ—Fdx—i-BA)10g(1—|—B¢H/O'w), pR:?)/Q, a:1/2
for a universal constant C.

Proof. That Assumption D.1 is satisfied is immediate under Assumption 6.3. It is clear that
P(T) € Si‘bdg”. To obtain a bound on D, we only need to bound the trace of ¥(T):

H

tr(p(v)) = Y tr(la,) - tr(p(af, up))p(af, uf)T)

h=1
H
= d. > bl up)Ii
h=1
< d,HB}

where the inequality holds under Assumption 6.1.

To show that Assumption 6.10 is satisfied in this setting, we have by Lemma D.1.3 that
with probability at least 1 — §, LC? has regret bounded as (using that ¢, < 1 in the setting
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of Assumption 6.10):

1
RTSC-H\/d¢~(d¢+dz+BA+log5)-T-log(1+B¢HT/0w)

for C' a universal constant. We can therefore take o = 1/2, pg = 3/2, and

Cr = C'- HyJdg(dg + d, + Ba) - log(1 + ByH/0,).
O

Lemma D.1.2. Let T, denote the total number of episodes collected by Algorithm 6.1 at
round {. For

1 1 T,
T, > poly (d¢,dx,)\—,BA,B¢,log—,H, log f) (D.1.1)
min Ow

on the success event of Lemma 6.5.1, we have 2T, > T, and

Proof. Recall that T, = 2 and N, = [T,/TY] for Tged = |II;|. By Lemma 6.5.1, T, can be
bounded as

T'g S Ng%oed—}—(16+210gT€06d)T€OBd

and Tlf’ed can be bounded as

1 1 T
T2 < poly (dd,,d:p, 3 ,Ba, Bg,log —, H,log %) : (D.1.2)
min Ow

Note that we can bound
,-fz' Nijvioed + (16 + 210g jwioed)zwioed

<
< T+ (17 + 2log To) 17

1 1 T,
S 7_; + pOly (ddhdl‘a 5\ 7BA7 Bd)vlog_a H7 IOg _g) .
3 g

min w 5

From this it is immediately obvious that 27, > T} as long as (D.1.1) is satisfied.

To show the second conclusion note that, by our choice of T; = 2!, we have that
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T, > Zf;i T;, so it therefore remains to show that

/-1 1 1 T,Z
Tf Z ZPOIY d¢adw75\_7BA7B¢710g0__7H710g_ .
i=1

min w 5

However, we can bound

/-1
Zpoly (d¢,,dw,A \Ba, By, log =, H,log %) < poly (dqb,dm,A \Ba, By, log 2, H,log %) Nog Ty,

so a sufficient condition is

1 1 Ty
TE > pOly (d¢7dwa X_aBAqub)lOg H IOg 5 ) IOng
which we see is met when (D.1.1) holds. O

Lemma D.1.3. Consider running the LC® algorithm of Kakade et al. [2020] modified so
that the parameter B¢ in the definition of BALL' is given by

= VB4 + v/8d, log5 + 8log(T det(X,) det(X)~1/0)

for X, the covariates obtained running LC® for t episodes. Then with regret defined as

ZJA* A mmJA*( ),

and assuming cost(T) < cmax for all trajectories T, with any policy class I, LC® has regret
bounded as, with probability at least 1 — J:

1
Re(Il) < C- cmaxH\/d¢, (dg + dy + Ba + log 5) T -log(1+ BeHT/0,)

for a universal constant C.

Proof. The proof of this result is a small modification from the proof of the main LC? regret
bound given in Kakade et al. [2020]. We refer the reader to Theorem 6 of Wagenmaker et al.
[2024] for a full proof. O

Proof of Lemma 6.5.1. By Lemma D.1.1, the assumptions of Lemma D.3.4 and Lemma D.3.5
are met, so we can therefore apply these results in our setting. By Lemma D.3.4, the event
Eexp Occurs with probability at least 1 — d. Throughout the remainder of the proof we union
bound over the success event of Lemma D.3.5 and &y, which together occur with probability
at least 1 — 44.
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Let

NTout NTout H

A= D () =la® Y > ok )l )

t=1 h=1

denote the features returned by rerunning every policy in I, N times. By Lemma D.3.5,
we then have that:

_ VT /Bl log(1 + 8y/NTowe) + 8log 1/6
o VN - 6272dyd, log BY
:;5

HK - N- Zﬂ'EHoutAﬂ-

Amin (N 2 e, Ar) -

Applying Theorem 4.2 with £ the event that the above conclusion holds and T" := N -
> rer,, Ax, we obtain that, with probability at least 1 — ¢ (using the mapping to the
martingale regression setting described in Section 6.1):

- 6 d
[vec(A — A5, < 5(1+¢) - o3, log == - tx(HI™)

for ¢ = 263 Apax(T)tr(T' ") and 3 as defined above. Since ||¢(z, u)||2 < Bg under Assump-
tion 6.1, we have ||A,||2 < B3, so we can upper bound Apax(I') < NToyBj. By Lemma D.3.5,
we can also bound (using that D = d,H B} by Lemma D.1.1):

1

tr(F1) <
N - 6272d, H B3 log 5% 68N

Combining these and using that

1 1 N
Tout S pOly (d(f)) dm7 5\_7 BAa Bd)a 1Og s H7 log _> (D13>
a.

min w 5

as shown in Lemma D.3.6 (and using our bounds on Ck and pgr in Lemma D.1.1), we can
therefore bound

1 1 N\ 1
< poly | dg,d,, ——, B4, Bg,log —, H,log — | - —.
C_p0y<¢, v Da ¢0g% 0g5> N

Using that tr(HT ™) < ||H]lop - tr(T7!), and the bound on tr(I'™!) given above, it follows
that

vec(A — A2, < 502 log 6 dey
H w 5

1
tI'(HF_ ) + Poly (dq')ada:a *n BA7B¢’710g H ||;L[||0p710g 6) m
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Finally, by Lemma D.3.5, we can bound

: -1
T min tr(HA™).

tr(HI 1) <

By Lemma D.3.6, we can bound the total number of episodes collected by Algorithm D.2 by
(16 + 2log(Tout)) - Tout-

Bound on Frobenius Norm Error. By Lemma D.3.5, we can lower bound

~ 68V
Amin(A) > N - 6272d,dg H B log —
Furthermore, since ||¢(z,u)||2 < By, we always have |Allop < NTouB2, which implies

A <N Touth, - I. By Lemma B.2.1, we then have that with probability at least 1 — § (again
using the mapping to the martingale regression setting described in Section 6.1):

log1/d + d,dg + log det(6272d dﬁglog@ I +1)
x S

N - 6272d,dgH B3 log %N

|4 Alr < C 0w

N
7BA7 B¢7 Ow, Ha lOg ~

1 N 1
S Poly (d(l)adxa ] 5 > . \/_N

>~

Proof of Lemma 6.5.2. We have

min tr(HA™) = mintr(H'A™") + tr(H — H)A™)

AeQ AcQ

< min tr(H A + | H = H'||op - tr(A7Y)
AeQ

Under Assumption 6.3, we know that there exists some A’ € Q such that )\min(A’ ) > Ammin -
We can then bound

min tr(H' A + |H — H ||op - tr(A™)

AcQ
1. 1. 1. 1.
<mintr(H' (A + SA) ) + |7 = Hllop - tr((FA + 5 A) )
Ae 2 2 2 2
< min 2tr(H' A + 2| H — H'||op - %
AcQ min

which proves the result. O
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D.2 Proof of Theorem 6.2

Proof of Theorem 6.2. This proof follows immediately from Lemma D.2.1, by lower bounding
the right-hand side of (D.2.1) by the min over all policies in II. O

Lemma D.2.1. Under Assumptions 6.1, 6.2 and 6.4 to 6.8 and if aop is defined as in (6.1.1),
as long as

T Z pOIY(HA*Hop) L¢> La: Lw*a Lcost: Ow, 0,;1’ B¢, H> dx7 d¢, A_1> #—1’ Tcost(A*)_la Ta(A*)_la r,u(A*)_l)>

for any wex, € Ap, we have

; 5 o A o1- Chp
maln Igré%?; EQTNAawexp [jA(a(QT)) - jA(aOpt(A))] Z 3_T . tr(H(A*)]Eﬂ'Nwexp [Aﬂ] 1) - TTM
(D.2.1)

for Br:={A : |A = A} < 5dyde/(ATH)Y®}, where Eppma e[| = Enmey Eogmanl ]
denotes the expectation over trajectories generated by running policies m drawn according to
Wexp 0N system A for T episodes, and

Ci, := poly (| Aullop, L Las Lar, s Leosts Tws T s By Hy diey dgy A0 117 Teost (i) ma(A) 7 mu(Ast) ).

Proof. This result is a direct consequence of Theorem 4.3—to obtain the result we must only
verify that the assumptions of this result are met. We verify each assumption below.

Verifying Assumption 4.1. Part 1 of Assumption 4.1 is met by Assumption 6.7 within
diameter 7,(A,). Furthermore, under Assumptions 6.1, 6.2 and 6.4 to 6.6 and by Lemma D.2.7,
the additional parts of Assumption 4.1 are also met with diameter min{r.os;(As), 7a(As)} and
smoothness constant poly (|| Axllops Ly Lay Ly s Leosts 0ty H, dy).

Verifying Assumptions 4.2 and 4.3. Assumption 4.2 is immediately met by Assump-
tion 6.8. Furthermore, Assumption 4.3 is met by Lemma D.2.2 with ceoy = 1, Leoy (05, 72) =
7% - poly(d,), and Cop, = 0.

Given that these assumptions are met, the result follows noting that, if we run for 7'
episodes, then the effective horizon is d,TH (using the mapping from the setting of (6.0.1) to
the martingale regression setting described in Section 6.1). Note that the final bound scales
with % instead of —— as we are able to bring the d, H factor into the A , term, since A

d.TH
is not normalized by d, H. O

Tex Texp

Lemma D.2.2. Under Assumption 6.1, for any policy distribution w € Ay, and A, A’, we
have

23

2 poly(d,) - |A— Al - I.

Eﬂ'Nw [AA,W] j ]Ewww [AA’,W] + 0_2
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Proof. We will prove that the desired bound follows for a particular m € I, which
immediately implies that it holds for w € Ap,, . By definition we have

- / (Z d)(IZ,uZ)(ﬁ(IZ,UE)T) ’ fAﬂT(T)dT

and

H

Fan(®) = [ ] falafos | aF, ui)mn(uf | 25).

h=1

Fix some v € S%~! and note that, given the expression above, we have

TAAW’U—/Z ‘rh7uh fA,Tr(T)dT

It follows that
VA’U AAW’U = /Z xh,uh VAfAJT(T)dT

/ Z AT ur))? - fan(T)Valog far(T)dT.

We can show (see e.g. the proof of Lemma D.1 in Wagenmaker et al. [2024]), we have, for
any A,

H
1
Va log fA7r Z 0__2 xh+1 (ﬁﬂi)) ’ Ad)(Izau;)?
h=1 W
so we can bound
H
IV a10g far(T)lop < = Z 51 — A (a, uf)l2-
Tw =

Furthermore, we can also bound (v’ ¢(zf, uf))? < Bj. We therefore have

H
IVav ' Aszvllop < HBZL/Z 251 — Ap(ay, up)ll2 - fax(T)dT
h=1
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HB}
< — poly(d.)

w

where the last inequality follows from Lemma D.2.3. It follows from the Mean Value Theorem
that

H*B;
07 Asv — 0" Az < = poly(dy) - | A~ Ar.

2
w

As this holds for all v € 8?1, it follows that

283

? . poly(d,) - [|A — A'llr.

HAA,ﬂ' - AA/,ﬂ'HOp S 0_121)

Lemma D.2.3. Let w; ~ N(0,1;,) for alli € {1,2,...,n}. Then,

<ZHwng> ] < n?- poly(dy).

E

for ¢ an absolute constant.

Proof. We first bound

n
(D Mwill2)® < n-max Juglls < n- Y [lwills.
i=1 i

(2

The result then follows since we can bound the E[||w;||5] < poly(d) for w; ~ N(0,I) and ¢ an
absolute constant. ]

D.2.1 Smooth Nonlinear Systems

The following result shows that under Assumption 6.6, a,p is differentiable.

Proposition D.1. Under, Assumptions 6.1, 6.2 and 6.4 to 6.6, there exists some T4(A,) > 0
and L,, < oo such that, for all A € Br(A,;14(AL)), aopt(A) satisfies:

b vajA(WaNa:aopt(A) =0,

o a,,i(A) is three-times differentiable in A, and we can bound ||Vg)aopt(A)||Op < L, for
some L,, >0 and 1 € {1,2,3}.

We then have the following results, analogous to the results of Chapter 4.
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Lemma D.2.4. Under Assumptions 6.1, 6.2 and 6./ to 6.6, for A € Br(A; min{reost (As), ra(A4x) }),
we have

o~

T, (Gope(A)) — Ta, (aope(AL)) < vec(A — A)TH(A ) vec(A — A) + M[A— A, A— A, A— A,
for some tensor M such that
HM[A\ - A*a 1/4\ - A*> 1/4\ - A*] Hop § pOIy( Tx s ”A Hopa B¢, L¢, Laa Lcost7 Ow 7 7dx) : ”1/4\ - A*Hip

Lemma D.2.5. Under Assumptions 6.1, 6.2 and 6.4 to 6.6, and if A € Bp(A,; min{res (AL), ra(AL)}),
we can bound

1#(A) = H(A)llop < pOly (L, | Adllops Bes Leps Loy Lieosts 075 Hy i) - | A = Aulop-

Lemma D.2.6. Under Assumptions 6.1, 6.2 and 6./ to 6.6, for all A € Bp(A; min{res(Ay), ra(4x)}),

we can bound

IH(A)lop < POly (|| Adllops Bs: L, Las Leosts L, 0", H, )

T w7

Lemma D.2.7. Under Assumptions 6.1, 6.2, 6.4 and 6.5, for any A satisfying A €
Br(Ay;1mq(Ay)), the controller loss Ja(a) is four-times differentiable in a and A. Furthermore,
we can bound

VOV Ta(0)lop < PO (| Allops Bas Ly Las Leosts 0y H, )

fori,j€{0,1,2,3,4} satisfying 1 <i+ j < 3.

The proofs of these results are somewhat technical and tangential to the main focus of
this thesis. As such, we omit them and refer the reader to Appendix D of Wagenmaker et al.
[2024].

D.3 Deferred Proofs from Section 6.6
D.3.1 Collecting Full-Rank Data

In this section, we consider the setting where 1 (T) € Si‘p, and our goal is to collect {T;}L,

such that (F S 9(T)) > 0. For this to be achievable, we need the following assumption,
a generalization of Assumption 6.3.

Assumption D.1 (Full-Rank Data). Consider ¥ () such that () € Si"’. Then we have
SUPregq,, Amin (L) > Amin for some Apin > 0.

Throughout this section we also assume that Assumption 6.10 is satisfied with o = 1/2
(though all results generalize in a straightforward way for o # 1/2). We have the following
result.
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Algorithm D.1 Minimum Eigenvalue Maximization (MINEIG)
1: input: scale N, confidence ¢, regret minimization algorithm Ag, exploration policies
Hexp
2: for j=1,2,3,...do
3 N« [23] —1,K; « [227/31,T- (N + DK N < T 05+ 5
4: ¥, II; + DYNAMICOED(®, N;, K;,0;, Ag, o) for ®(T) =tr((T+ X; - 1))
5
6
7

if Amin(25) > 12544 Ddy, log 2N2+32T> then
break
: return II;

Lemma D.3.1. Under Assumptions 6.10, 6.11 and D.1, running Algorithm D.1 we have
that with probability at least 1 — 0, it will terminate after collecting at most

1
2|I1] < poly (d¢, S

min

N
D> CR7 IngR g)

episodes, and return policy set I1 such that

68N
Amin (3 e Lx) > 6272Ddy, log —

Furthermore, if we rerun each policy in 11 once, the resulting features 3 will satisfy, with
probability at least 1 — 0 /N :

68N
)

Proof. By Lemma D.3.2 and our choice of N; and Kj in Algorithm D.1, we have that if
A< %‘;” and

Amin (2) > 6272Ddy log

~ 1 Ao
1/3 92 3y —1 min

then Apin(X;) > 3 ’\m”‘ - T; with probability at least 1 — ¢,. It follows that, with probability at

least 1 — ¢, the if statement on Line 5 will be true once A\; < 2\1‘;1“, (D.3.1) holds, and

Amin IN(2 + 32T
LT > 12544Ddy log IN@+32T) (D.3.2)

b )

1/18

, a sufficient condition to ensure \; < Awin. (D.3.1), and (D.3.2)

By our choice of \; =T} T
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is

~ dy \"* (D*Auin\° L A\ Dy NT
T, >Q = — DCg -logh® — . -2 -1 J .

Since T; = [2//3][2%/3] € [27,4 - 27], it follows that the if statement on Line 5 will be met
after running for at most

5 dy \'** (D Xin )" 1 dan\”? D& N
O — e DCr - logP? — . -1 D.3.3
(max { ()\min> ) ( d¢ ) R - 10g 5]’ d'z/; ) )\mm og — 5 ( )

episodes.

By Lemma D.3.3, if )\min(E ) > 12544Dd¢, log # and we rerun all policies in

I1,, then we will collect data > such that )\mm(E) > lAmin(Ej), with probability at least
1 —0/2N. As the if statement on Line 5 will only be true once this is met, it follows that,
with probability at least 1 — §/2N, rerunning all policies in II; once, we will collect data X
which satisfies

2N(2+32T;) 68N

N | —

The lower bound on Apin(D oy I'x) follows analogously from Lemma D.3.3.

The result then follows noting that the failure probability of running DYNAMICOED is
at most

<0
2 37 =0

D.3.1.1 Supporting Lemmas

Lemma D.3.2. Under Assumptions 6.10, 6.11 and D.1, consider running DYNAMICOED
on the objective

O) =tr((T+A-1)71)
with N = [2/3] — 1 and K = [2%/%], for some A > 0 and i. Let T := (N + 1)K. Then if
A< %;‘ and

~ 1 min
T1/3 >0 ((D)\_2<D3/\_1 +Cr - 1ngR 5)) . )\d ) , (D34>
P
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with probability at least 1 — 9,

>~

T
>\min (; /l/)(Tt)) Z 421“1 : T

WP

Proof. Applying Corollary 6.5 with H = I and I'y = A - I, we have that, with probability at
least 1 — §:

tr (i () +TA- 1)

1 D*A3 8DA%(log'? L + Crlogh* L
< —-mintr(T+X-1)7") + : log ™ 5 + Cr log™ 5)

T reQy ] (N + ]_) TVEK
1 24DAN\3 24D)\_2(log1/2 L4 Crlogh® 1)
=T lgglrib tr(C+A-1)7) + 73 e

where the second inequality follows since
T — [Qi/S‘I [22i/3‘| <4 2i

which implies N + 1 = [2¥/3] > T3 /413 and K = [2%/3] > T?/3/4%/3_ If T satisfies (D.3.4),
then we can bound

24D\ 24D *(log!? T + Crlog™ F) _ 1 dy

Tis T+ T4/3 T Nuin

Furthermore, under Assumption 6.3 there exists some I' € €2,, such that I' = Amin - 1, 80 we
can upper bound

d
. . _1 < - 11[’
min (DA 1)) <
and we can lower bound
T -1 )
(tzl Amin (O, ¥(T0)) + TA

Thus,

T _
1 1 2 T A
Amin(Ztﬁ 't,b('l't)) + T\ T Amin t=1 2
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It follows that if A < %‘;”, then we have

T —
Ao
)\min Z w(’ct)> Z T e
<t:1 Ady

which proves the result. O

Lemma D.3.3. Consider running some policies <7TT>Z:1, for m, F,_1-measurable, and col-

lecting covariance Xp = Ele (7). Then under Assumption 6.11, as long as

2+ 32T
Ain(S7) > 12544 Ddly log =

with probability at least 1 — ¢, if we rerun each (7,;)I_,, we will collect features o such that
= 1
)\min(ET> Z iAmin(2T>-

Furthermore,

T
1
)\min <Z I‘7r.r> Z 5)\min(2T)-
T=1

Proof. This follows from applying Lemma D.7 of Wagenmaker and Jamieson [2022] to the
matrix 537. Note that while Wagenmaker and Jamieson [2022] considers the setting of
linear MDPs, the proof of Lemma D.7 of Wagenmaker and Jamieson [2022] does not make use
of the linear MDP assumption, and the proof therefore extends immediately to our setting.
Furthermore, though it is not explicitly stated, the lower bound on )‘min(ZZﬂ I', ) is also
proved in Lemma D.7 of Wagenmaker and Jamieson [2022]. []

D.3.2 Rerunning Policies (LEARNEXPII)

In this section, we build on the analysis of the DYNAMICOED algorithm to show that, not
only do the features collected by DYNAMICOED approximately minimize ®, but that, under
certain conditions, if we rerun the policies that DYNAMICOED ran to collect this data, we
will collect a new set of features which also approximately minimizes ®.

In particular, we specialize this argument to objectives of the form ®(T') = tr(HI' ™).
LEARNEXPII (Algorithm D.2) proceeds by first calling MINEIG to collect full-rank data,
using this data as a regularizer of ®(I"), and the running DYNAMICOED on this objective.
After meeting a certain termination criteria, it terminates, and returns the policies it has run
over its operation.

Lemma D.3.4. Let £, denote the event that, for all i = 1,2,3,..., the success event of
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Algorithm D.2 Learn Minimizing Exploration Policies (LEARNEXPII)

1: input: H, iterates bound N , confidence ¢, regret minimization algorithm Az, exploration
policies ITey,
2: fort=1,2,3,... do

3 Ny [23] — 1, K; < [22/3], T + (N; + 1)K, 0; < 6 /43
40 Iyame < MINEIG(NT;, 6;, Ag, Tleyp)
5. Run policies in T, g0 [Ti/Minee|] times, set T to collected features
6:  O(T) « tr(H(T +T;,'TH™)
7: I, I, < DYNAMICOED(®, N;, K;, 6, A, Ilexp)
8: if
'HllaX‘ |Hi/[INEIG| S T'% (D35)
j=1,..., A
16D H]|op | (Z;"To) 113, N L6D|[H]|op|I(Z; ' To) |3, (log"* 4 + Cr log™ %)
LN+ 1) VK
< tr (H (T}, +T5) ) (D.3.6)
2 . L
tr(H) - Dy/2T7/8dy log(1 + 8/2T5) + 8log 1/5 - S <u(H (T Ty
Amin (Fllfw + FB)
(D.3.7)
1 ) .
D\/QTZ-\/de log(1 + 8+/2T;) +8log1/d < §Amm (T, + 1) (D.3.8)
9: then
10: Fout — I‘%w + FB? HOHt — H%\/IINEIG U (Ug’—'zil/IHMINEIGH H%w)
11: return 'y, [

MINEIG (Lemma D.3.1) and DYNAMICOED occur, and

. . N
Mo (T5) 2 T3/ T4,/ - 6272Dddy log

Then if Assumptions 6.10, 6.11 and D.1 hold, P[€ex,] > 1 — 6.

Lemma D.3.5. Consider rerunning each policy in Iy N < N times, and let T denote the
obtained features. Then, if Assumptions 6.10, 6.11 and D.1 hold, with probability at least
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1 — 30, on the event Eexp:

- Vot - /80 10g(1 + 8V NTour) + 8log 1/
HF B N ' Zﬂ'enoutI‘\7r < '

)\min (N : Zﬂenoutrﬂ) )

op VN - 6272dy log BN
(D.3.9)
68N _
N - 6272Ddy log -~ < min {Amm (NS T), Amin(I‘)} , (D.3.10)
and
tr (H > r )‘1> <22 hinw (HT1) (D.3.11)
m€llous™ T — Tout reQ

fOT Tout = ‘Hout’-

Lemma D.3.6. On the event Euyp, under Assumptions 6.10, 6.11 and D.1, we can bound

1 N
Tout S POIY (d'gba 5\_7 Da CRa IngR F) .

min

Furthermore, the total number of episodes collected by Algorithm D.2 is bounded by (16 +
2 log(Tout>> : Tout'

D.3.2.1 Supporting Lemmas and Proofs for LEARNEXPII
Lemma D.3.7. Under Assumption 6.11, for any I' = Er.,[¥(T)] and H = 0 we can bound

tr(HT ™) > D71 tr(H).
Proof. By Von Neumann’s Trace Inequality we can lower bound

tr(HT ™) > A\pin(T71) - tr(H) = T - tr(H).

op
By our assumption that tr((t)) < D, we can bound ||T'||op < D, which proves the result. [

Lemma D.3.8. Assume tr(¢(7)) < D for all . Let T'x denote the time-normalized features
obtained by playing policies {m }H_,, where 7y, is Fy_1-measurable. Then, with probability at
least 1 — 90,

- D\/&@, log(1 4+ 8VK) + 8log1/§
< I .

1 K
72 Tr — Tk
k=1

op
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Proof. This follows from an argument identical to the proof of Lemma C.4 of Wagenmaker
and Jamieson [2022]. While Wagenmaker and Jamieson [2022] considers the setting of linear
MDPs, we note that the proof of Lemma C.4 of Wagenmaker and Jamieson [2022] nowhere
relies on the linear MDP assumption. The result stated here then follows identically as
Lemma C.4 of Wagenmaker and Jamieson [2022], after normalizing (t) by D. O

Proof of Lemma D.3.J. By Lemma D.3.1, the failure probability of running MINEIG at round
i is 0; = 0/8i%, and by Corollary 6.5 the failure probability of DYNAMICOED at round i is
also bounded by d§; = §/8i%. Tt follows that the total failure probability of running MINEIG
and DYNAMICOED is bounded by

) )
257 Sy

=1

| S

Furthermore, by Lemma D.3.1, we have that rerunning all policies in [T}, ., we will obtain
features I' satisfying, with probability at least 1 — ¢;/NT;:

68N

Ausin (T) 2 6272Ddys log =

Repeating this [T} /| pe|| times and union bounding, we have that

68N
i

)‘min(ré) > I_E/|H’i\/IINEIG|-| : 6272Dd'¢ log

with probability at least 1 — 8 /NT; - [T,/ [Tl yums]] = 1 — 6/N. O

Proof of Lemma D.3.5. Let vk, Lo, Hiw, I denote the policies and features obtained on
the round at which Algorithm D.2 terminates. Let T, = |Il,| denote the number of episodes
of DYNAMICOED on the terminating round, and N, K, the corresponding values of IV;
and K;. Throughout the proof we make use of the fact that at termination of Algorithm D.2,
all of (D.3.5)-(D.3.8) are met.

Proof of (D.3.9) and (D.3.10). By Lemma D.3.8 we have that, with probability at least
1—9:

Hf - N Zﬂ'Gnouc]:‘ﬂ'

< Dy/NToy - \/8d¢ log(1 + 8y/NTyy) + 8log 1/4.
op

On &exp, by Lemma D.3.1, we can bound

min

1 NT,,
|HMINEIG| < poly <d¢, 5\_-’ D7 OR, long : t>
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and, furthermore, we can lower bound

68N
Amin (X rertyp, Ir) = 6272Ddy log

Since Iyingie € Hout, it follows that

N
Amin (N - > en. . Tx) = N - 6272Ddy, log %

Combining these, we therefore have that, with probability at least 1 — o:

VNTows - \/de log(1 + 8v/NTow) + 8log 1/0
S .

op N - 6272dy, log N

Hf - N- Zﬂ'Enou‘n]:‘7r /\min (N ) Zﬂ'enoutrﬁ) :

In addition, also by Lemma D.3.1, we have that with probability at least 1—4/ N Tow N > 1-9,
that

~ N
Amin(T) > N - 6272Dd,; log %

Proof of (D.3.11). By Corollary 6.5, on Eep, we have that:

i tr (H(T + T'Ty) !
B(Tp,) = tr (H (T + Tp) ) < —ie? r (H(T + T To) )

wa
8D*||Hllopll (T, To) " II5; N 8DI|H op||(T5 To) ||, (log!/* 2= 4+ C logP™ 2 )
TfW<NfW + 1) wa V wa .

Since T, satisfies (D.3.6), we can bound

8D Hlop(Tiy' To) M 12, 8D Hlopll (15, To) 7|12, (log"? e + O logP® i) < 1(1)@ )
wa(NfW + 1) TfW\/ wa -2 fw
It follows that
i tr (H(T 4+ T;.'Ty) ! 1
B(Tgy) < —re? (UL + T, To) ) + =®(Tg)
Tt 2
i tr (H(T + T,.'Ty) !

— B(Tp,) < 2. LR r (I + T4 To) ) (D.3.12)

Thw
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By Lemma D.3.8, we have that, with probability at least 1 — ¢:

13 rertyu Ir = (T + Do)l < D\/Tout\/8d¢ log(1 + 8v/Tyut) + 8log 1/4.

Since (D.3.8) is satisfied and |4, g| < T3, we have

D\/Tout\/8d¢ 10g(1 + 8v/Tou) + 8log 1/6 <

By Lemma C.3.1 it follows that

)\min (Ffw + FO) .

DN | —

2
min (Ffw + F0)2 '

|(CrenT) " = T+ 1) v V/8dy log(1 + 8y/Tow) + 8log 1/6 ;

o

This implies that

tr (M (Soen,T) ) < tr (T + o))

- t0(H) - Dy/Tow /8y log(1 + 8y/Tons) + Slog 1/6 -

2
min (Ffw + F0)2 .

Now if

2 _
tr(H)-D\/Tout\/delog(l+8\/Tout)+8log1/6- Mo (T £ 1) <tr (H (Tr +To) ),
(D.3.13)

we can bound this all by

-1 4 . -1 -1
< 2tr (H (T +Tp) ) < 7 in (H(T +T,'To)™)

where the last inequality follows from (D.3.12). However, note that (D.3.13) since (D.3.7)
holds. Finally, note that

Tout = wa + [wa/|HMINEIG|—| |HMINEIG| S 2wa + |HMINEIG| S 3wa

where the last inequality follows since (D.3.5) holds. We can therefore upper bound % < A2
Putting this together proves the result.

Proof of Lemma D.3.6. To bound Ty, it suffices to show that (D.3.5)-(D.3.8) are satisfied
for sufficiently large T;.
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On &Eexp, by Lemma D.3.1, we can bound

A 1 NT;
|H7i\/[INEIG| < p01y (d'(,lh /—\_'7 D> CR? IngR 5 ) )

min

so to ensure (D.3.5) is met it suffices that

1 N
E > p01y (dl,ba 5\_7 D>CR>10ng g) :

min
On Eexp, we have

, . . . 68N
/\min<réw + FB) > )‘mln(rz)) > (E/H_HVIINEIGH ' 6272Dd’¢’ log T

Which also implies

T, T 1 o My

Amin(T5) = [T3/Mimial | 6272Ddy log 88~ 6272 Ddy, log &N

INE1G|

(T T0)  lop =

Furthermore, by Lemma D.3.7 we can lower bound

tr(H) - tr(H)
D(Tl + ’Vﬂ/‘Hi\/IINEIGH ’HiAINEIG|> N 3DT‘Z '

tr (H (T, + 1)) >

Combining these and using that N; = (’)(Til/?’) and K; = (’)(Tf/g), it is easy to see that
(D.3.6)-(D.3.8) will be met once

1

N
E Z POly (d’l/»w 5\_7 D7OR710ng g) .

The bound on T, then follows since T; = [27/3][2%/3] € [2¢,4 - 2], so it can be at most a
constant larger than the sufficient condition before terminating.

Let 7* denote the round that Algorithm D.2 terminates on. Note that at round 7, MINEIG
runs for at most |11y, g/, DYNAMICOED runs for at most 7; episodes, and we run for an
additional [T /| wmel ] [TTwEe] €pisodes on Line 5. In total, then, the number of episodes
Algorithm D.2 runs for is bounded by

* *

Z(II‘Z + |]'_‘[f{\/[INEIG| + I_E/|H§\/[INEIG|-| ) |H§\/[INEIG|) S 2 Z(T; + |H§\/IINEIG|)

i=1 i=1
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*

< 16E* +2 Z |H§\/IINEIG|

=1

where the last inequality follows since T; € [2,4 - 2']. Now note that, since Algorithm D.2
only terminates once (D.3.5) is met, we will have max;—; |l ume| < Tiv. This implies
that 250 | [Tl mel < 20T < 21log(Ts) - Tie. Bounding Tx < Ty gives the result.

[]
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Appendix E

Deferred Proofs from Chapter 7

E.1 Deferred Proofs from Section 7.2.1 and Section 7.3

E.1.1 Interpreting the Gap-Visitation Complexity
Proposition E.1. The gap-visitation complezity, C(M,€), satisfies
H

: 1 . 1 Wh(s)? H?|OPT(e)|
C(M,e) = E inf ma E min { = , + .
( 6) X - {Ah(s,a)2 2 2

h=1 TS w2(5> € €

Furthermore, when M has unique optimal actions, the best-policy gap-visitation complexity,
C*(M), satisfies

Proof. Consider the optimization

min max a,/\;.
AEA(X) zEX

It is easy to see that

g a, = min maxa,/A\;

AEA(X) zeX
zeX

and the optimal A is

P
Y= .
Zx’eX g

For any policy 7, we will have that ) mj(a|s) = 1, and 7 (a|s) must be a valid distribution
over a. This implies that w] (s, a) = wf(s)m(a|s). Now fix 7 for steps ' = 1,...,h — 1, then
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it follows that

. . 1 Wh(s)2 ) 1 1 ) 1 T/Vh(s)2
inf max min = inf max —— max ————— min .

Th 5 wg(s,a)ﬁh(s,a)Q’71117;(37@)62 ™ s wh(s) o mals) Ap(s,a)?’ €

Now for a given s, we can use that w7 (s) is independent of 7, and apply our above calculation
to get that

2 2
inf ﬂl max L min ¢ = ! ,Wh(;) = ﬂl Zmin — ! ,Wh(;) .
™ wi(s) a mpy(als) Ap(s,a)? € wi(s) - An(s,a)? €

As the maximum over s is over a finite set and 7, (+|s) can be chosen independently of m(-|s’)
for any s # s’, we have that

: 1 1 . 1 Wi (s)? 1 _ 1 Wi (s)?
inf max —-— max ———min { = 5 = max —— Z min { = 5 .
™ s wi(s) a mp(als) An(s,a)? € s wi(s) - Ap(s,a)? €

Since taking an inf over 7 is equivalent to taking an inf over {Wh/}z,_:ll and 7, we can take
the inf of this over {my }I,_, to get

1 2 1 1 g
inf max min — , I;Vh () 5 ¢ = infmax — Z min { = , Wi (28) .
T sa wi (s, a)Ap(s,a)? Wi (s, a)e T s wi(s) 4 Ap(s,a)?> €

The same line of reasoning can be used to obtain the expression for C*(M). ]

Proof of Proposition 7.2. Let m*" denote the policy that achieves w™ (s) = Wi(s). Consider
the state visitation distribution:

ﬂ—S’h . . 1 Wh(s/)
= Zs/ wy, (3) Za 1111 { Wh(s’)ﬁh(s’,a)w e }

min . Wis')
S W) B

wh(s)

Since the set of state visitations realizable on a given MDP is convex and for any realizable
state distribution there exists a policy with that state distribution by Proposition E.4, and
since wj, is a convex combination of state visitation distributions, it follows that there exists
some policy 7 such that wj},(s) = wi(s). Furthermore, by definition,

. 1 Wh(s)
2 mm{wh<s>£h(s,a>2’ e }

. 1 Wi(s) |
min =
s',a { Wi (s)Ap(s',a)2" €

ﬂ,sh . Wi (s
_ Wy, (S) ) Za min {Wh(s)ﬁlh(s,aﬁ’ :2( )

wr(s) >
HOE =t LR
s',a Wi(s")Ap(s',a)2’ €

} = Wh(s) -

Thus, since 7 is a feasible policy, using the expression for C(M*, €) given in Proposition E.1,
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it follows that

H
| 1 : 1 Wi(s)?| | H?|OPT(e)]
C(M*,e) = inf max —— min { = 7 Il bl 24
( ) hZ:; T s w,’{(S) za: {Ah(s’a)g €2 &2
u 2
< Z Zmin Nl 7 WhQ(S) + H‘LQT(E”
h=1 sa Wi(s)Ap(s,a)? € €

To obtain the first bound, we use the second bound to get

HW(s) _ H*SA

C(M*,e) <)

€2
s,a,h

€2

and use that |OPT (&) < SAH. O

Proof of Proposition 7.3. This follows directly from Proposition E.1. ]

E.1.2 Proof of Proposition 7.4

Instance Class E.1.1. Given gap parameters A, Ay > 0 and transition probability p €
(0,1/2), consider an MDP with H = § = A = 2 which always starts in state sy and has
rewards and transitions defined as (where we drop the horizon subscript for simplicity):

P(si|sg,a1) =1 —p, P(s2[so,a1) =p, P(s1]s0,a2) =0, P(sas0,a2) =1
R(sg,a1) ~ Bernoulli(1), R(sg,as) ~ Bernoulli(0)
R(s;,a1) ~ Bernoulli(0.5 + 4;), R(s;,as) ~ Bernoulli(0.5),7 € {1, 2}

At h = 2, we can then think of each state as simply a two-armed bandit with gap A;. We
assume that p < 1/2, so that 1 —p can be thought of as a constant. This instance is illustrated
in Figure 7.1.

Proposition E.2 (Formal Statement of Proposition 7.4). Given any MDP in Instance
Class F.1.1, any learner executing Protocol 7.3.1 which computes an optimal policy with
probability at least 1 — 0 must collect at least

log1/§ log1/d
K >Q
= ( A2 TpAS

1
episodes, as long as OgAQ/ > cmax{Cy, C| “pi-a}, for a universal constant c. However, on
2

this instance,

1 1
(i* ]\j* < __|__
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and so, with probability 1 — &, MocA will terminate in at most K < O(C*(M*) - log1/6)
episodes and return the optimal policy.

Proof of Proposition 7.4. To get the complexity bound of MOCA, we apply Theorem 7.1 and
Proposition E.1. The stated complexity follows since Wy(s1) =1 —p > 1/2 and Wa(sq) = 1,
from which the stated complexity follows directly.

Complexity of Low-Regret Algorithms. The expected regret of any algorithm is given
by

Ni(so,a2) + A1 Na(s1,a2) + AgNa(s2, az)

where we let Nj(s;,a;) denote the expected number of times action a; is taken in state s; at
timestep h. Our assumption on the regret implies that Ny(sq,as) < C1K* 4+ Cs.

From standard lower bounds on bandits (Theorem 4 of Kaufmann et al. [2016]), and
using that for small A KL(Bernoulli(0.5)||Bernoulli(0.5 + A)) = ©(A?), to solve the bandit
in s; with probability at least 1 — ¢, we must have that No(s;) > clogl/d

N
log1/6
A3

Note that Na(s1) = (1 — p)Ni(s0,a1) and Na(se) = pNi(se,a1) + Ni(se,az), and that
the total number of episodes run is Ni(sg,a1) + Ni(So,az). This implies that we must have

and similarly, to

solve the bandit in sy, we must have that Ny(sy) > ¢ for an absolute constant c.

clog1/§

clog1/é
Nl(So,CLl) > 8 / A—%

~ (1-pAy pNi(s0, ar) + Ni(so, az) >
1

However, since Ni(sg,as) < C1K* + Cy, Ni(so,a;) must at least satisfy

log1/6 1 (clogl/d
5 = > (TR0

le(so,a1)+C’1K°‘+022 —ClKa—Cg) .

Thus, we need

clogl/o 1 [clogl/d
K = Ni(s0,a1) + Ni(s0, a2) = Ni(s0, a1) = maX{(l _gp)/A%’]_g ( i%/ — 1K — Cz) }

Assume that 2819 > 2C5, then

A3
1 (clogl/o N
Kz (T ome )

implies

clogl/é

1 log1/6
K> - (C og 1/ — C’lKO‘) — 2max{pK,C1 K"} > —5—.
p 273

N
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The second expression is equivalent to

. [clogl/d clogl/d. y,
> 03
h= mm{ a7 aoay)

clog1/8
4pA%
result follows. O

o,
and we will have that the minimizer of this is as long as bgA—lz/‘S > JdC} “pia. The
2

E.1.3 Proof for Instance Class 7.3.1

Instance Class E.1.2 (Formal Definition of Instance Class 7.3.1). Given a number of states
S € N, consider MDP with horizon H = 2, S states, and S+ 1 actions. We assume we always
start in state sy and define our transition kernel and reward function as follows:

2—2’
P(s;]s0,a*) = T35 P(s;|s0,a;) =1,i € [S]
R(sg,a*) ~ Bernoulli(1), R(so,a;) ~ Bernoulli(0),i € [S]
Vi: R(s;,a*) ~ Bernoulli(0.9), R(s;,a;) ~ Bernoulli(0.1), 5 € [S].
Note that a* is the optimal action in every state.

Proposition E.3 (Formal Statement of Proposition 7.5). For the MDP in Instance Class E.1.2
with S states, and any

e €275, cmin{C; % (Slog1/8) =", C; ' Slog 1/8}]

where ¢ is an absolute constant, to find an e-optimal policy with probability 1 — 0 any learner
executing Protocol 7.53.1 with a low-regret algorithm satisfying Definition 7.53.1 must collect at

least
Q (Slog 1/(5)
€
episodes. In contrast, on this example C*(M*) = O(S?) and e =1/3, so, fore e [275,1/3],
with probability 1 — 6, MOCA will terminate and output 7 in O(C,o(1/3)) episodes.

Randomized to deterministic policies. Assume we are given some randomized policy
7 which for every (s,h) choose action a with probability m,(als). Then we define the
deterministic policy 7 given this randomized policy as

7h(s) = arg max mp(als).

We will use this mapping in our lower bound.



347

Proof of Proposition E.3. The complexity for Algorithm 7.4 follows directly from Theorem 7.1
and Proposition E.1 and since in this example we will have Ws(s) = 1 for each s and so
¢* = 1/3. Furthermore, C*(M*) = O(S?). The stated complexity follows.

Complexity of Low-Regret Algorithms. Let Aky, := KL(Bernoulli(0.1)||Bernoulli(0.9)) ~
1.76 denote the KL divergence between the reward distributions of the optimal and suboptimal
actions at any state for h = 2, and A := 0.9 — 0.1 the suboptimality gap.

Assume that a policy 7 takes action a* in so. Then, the total suboptimality of the policy
is given by

271'
Z 1— 2—562(5“71—)

where €5(s;, ) denotes the suboptimality of policy 7 in s;,7 € [S]. In particular, for any i,
to guarantee our policy is e-good we need
9ic

T g5, m <€

By the structure of the reward in any state s;_, the total suboptimality in this state will be

S
€2(si,m) = (1 — Z@(%\Sie))ﬁ

It follows that if es(s;,m) < A/4, then we will have that 7r2(sZ ) = a*, where 7 is the
deterministic policy derived from 7. Choose i, = | —logy(2¢(1 —27%)/A) —1]. Then it follows
that,

*

; S S
g-ic
s - > malaglsi))A > de(1 =Y ma(aglsi,))
j=1 =1

and thus, for the policy to be e-optimal, we must have that (1 — Zle mo(a;]s;.)) < 1/4.
This implies that my(s;,) = a*, so we have therefore derived a deterministic policy from our
stochastic one that is optimal in (s;_,2). By Theorem 4 of Kaufmann et al. [2016], to identify

the optimal action in state s;, with probability 1 — 0 we must have that

where Ny(s;.) is the expected number of samples collected in s;, at h = 2. As we have
deterministically derived 7 from 7, and since 7 will play the optimal action in s; for any
e-optimal 7, it follows that this lower bound on Ns(s;.) applies here.
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If our low-regret algorithm has regret bounded as C K“ + (5, then we must have that
s
ZNI(SI; CL1'> S ClKa + CQ
i=1

since every time action a; # a* is taken we will incur a loss of 1. This implies that

No(s:) < CLEK® + Cy+ —— K

since if action a* is taken in state s;, we will only reach state s;, with probability 12_7?
Combining these, to ensure that the optimal action is learned in s; , we will need that

(S+1) 1 9ic 4e

1 < CO,K*+C K<CK*+Cy+ —K
Ao, o S Cut Tt o st Gt 1

where the second inequality follows by our choice of i.. It follows that we need

Af(S+1), 1 (S + 1) log 1/2.46
> = — O K — > O R
K= 1 ( A B~ OF 02) = 12¢ GE" =
S (S+1)logl/2.45 LK

- 24¢

where the final inequality holds as long as W > 2(C'y. This implies

(S+1)log1/2.46
24¢

2max{K,C1 K“} >

which is equivalent to

K > min { (S +1)log 1/2-457 ((S +1)log 1/2.45>1/a} |

48¢ 48016
For
e<O (c;l/“(smg 1/5)1?7“)

we will have that the minimizer is the first term, and

K>0 <Slog1/(5) ‘

€
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E.1.4 Lower Bounds on Best Policy Identification

Lemma E.1.1. Consider MDPs M and M' with the same state space S, actions space
A, horizon H, and initial state distribution Py. Fix some (s,h) € S x [H], and for any
a € A let vy(s,a) denote the law of the joint distribution of (s', R) where s ~ Py(+|s,a) and
R ~ Ry(s,a). Define the law vy, (s,a) analogously with respect to M'. For any almost-sure
stopping time T with respect to (Fy,),

ZEM[N;(Sa a)]KL<Vh(37a>7V;L($7a)) > sup d(]P)M<5>7]P>M’(5))

s.ah EeFr

where d(z,y) = zlog I + (1 — z)log ﬁ and N7 (s,a) denotes the number of visits to (s, a,h)
i the T episodes.

Proof. This is the MDP analogue of Lemma 1 of Kaufmann et al. [2016] and its proof follows
identically. n

Definition E.1.1. We say an algorithm is d-correct if, for any MDP M € 91, we have that
M terminates at some (possibly random) episode K; and outputs 7*, with probability at
least 1 — 4.

E.1.4.1 Proof of Proposition 7.1

MDP Construction. Fix some h € [H], gaps {gap(s,a)}se(s)acia—1 € (0,1/2)%4, and
arbitrary transition kernels {Ph}],;;%. For each s, fix a single a and set gap(s,a) = 0. Let M*
denote the MDP with transitions {P,}'_], and for h > h define

Py (sl]s,a) =1, Vae€ A.

Then let the rewards be defined as follows. For all i > h and all s, choose any o’ and set
Ry(s,a’) =1, and Rp(s,a) =0 for all a # a’. For h = h, set

Ry(s,a) ~ Bernoulli(3/4 — gap(s, a)).

For h < h, let

i (s) = arg maXZ Pu(s'|s, a)Vii4(s")

where V', (s) is the optimal value function at step h + 1 (note that the MDP is now fully
specified for A" > h so this is well-defined). Then set R, (s, 7} (s)) = 1 and Ry(s,a) = 0
for a # 77 (s) (if 77 (s) is not unique, simply choose some 7* out of all 7}(s) arbitrarily, set
Ry(s,7) =1, and all other Ry(s,a) = 0).
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Note that we could have just as easily encoded the gaps in the transition function and
set the rewards to be, for example, deterministic at level h.

Lemma E.1.2. The MDP constructed above has gaps which satisfy

Aj(s,a) = gap(s,a), Vse S,ae€ A a#m(s)
Ap(s,a)>1, Vs€S,ac A h#h

Furthermore, for each s and h > h, we have Wy,(s) = Wj(s).

Proof. We begin with level h. Since the action take at (s,h) does not effect the outgoing
transition, we have that, for a # 77 (s),

Aj(s,a) = max Qy(s, a') — Qj(s,a) = 3/4 = (3/4 — gap(s, a)) = gap(s, a).

For h > h, we again have that the outgoing transition is not effected by the action taken, so
it follows that the gap depends exclusively on the reward function at this state. Since the
reward is set to 1 for a single action and 0 otherwise, it follows that the gaps are all 1.

For h < h, we will have that
Ah<87 CL) = m@X QZ(Sa a/) - Q?L(S? a)
= 1 max 3 Pals]s, Vi () = D0 Puls'ls, )V ()

S

> 1.

Finally, that W),(s) = Wj(s) for all s and h > h follows since for all steps after h, state
s transitions to state s with probability 1. O

Lemma E.1.3. On this example,

1 SAH
C*(M*) < inf .
) < e ) An (s T o W(s)
Proof. By definition,
- 1
C*(M*) = Zinf max

1 T sa wZ(S,a)Ah(S,a)Q'

By Lemma E.1.2, we can bound

1 1
inf max < inf max )
% T sa wi(s,a)A(s,a)? i wi(s,a)
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Consider the policy 7’ which is the mixture over the policies 7" where w™" (s) = Wj(s).
Then,

SA SAH
inf max < max ———— < max < max ——.
Z g s,a w Z S,a ’U) Z Wh( ) S Wh(‘S)

h#h h#h h#h

Lemma E.1.4. On the MDP constructed above, any d-correct algorithm will have

1 1
En+[Ks) > inf -1
v (K] = Ea 6wr (s,a)Ax(s,a)? *® 546
SAH

245 sk Wa(s)

2 CH(M) -log 5—=

Proof. We will apply Lemma E.1.1 on our MDP, M*, and MDP M’ which is identical to
M* except that, for some (s, a), a # 75 (s), we set Rj(s,a) ~ Bernoulli(3/4 + «) for small a.
Note that in this case we have that the optimal policy on M* and M’ differ at (s,h). Since
M* and M’ are identical at all points but this one, we have

ZEM* (s,a)|KL(v4(s,a),v, (s, a))

s,a,h

= E+ [V} (s, a)]KL(Bernoulli(3/4 — gap(s, a)), Bernoulli(3/4 + o).

Let 7*(M*) denote the optimal policy on M*, and 7 denote the policy returned by our
algorithm. Let & = {7 = 7*(M™*)}. Since we assume our algorithm is d-correct, and since
the optimal policies on M* and M’ differ, we have Py« (£) > 1 — 9 and Py () < 6. By
Kaufmann et al. [2016], we can then lower bound

A(Brr-(€), Pao(€)) > log

Thus, by Lemma E.1.1, we have shown that, for any (s, a), a # 77(s),

1 1

Tog ——.
KL (Bernoulli(3/4 — gap(s, a)), Bernoulli(3/4 + «)) *® 546

En+ [N (s,a)] >

For small o, we can bound (see e.g. Lemma 2.7 of Tsybakov [2009])

KL (Bernoulli(3/4 — gap(s, a)), Bernoulli(3/4 4+ a)) < 6(gap(s,a) — a).
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Taking o — 0, we have

1 1

B [NT > -1 .
we [Ny (s, 0)] 2 6gap(s,a)? BWY;

We can write Ex« [N (s, a)] = Ep+[D 2, wi*(s, a)] where 7 denotes the policy our algorithm

played at episode k. Note that all state-visitation distributions lie in a convex set in [0, 1]°4
and that for any valid state-visitation distribution, there exists some policy that realizes it,
by Proposition E.4. By Caratheodory’s Theorem, it follows that there exists some set of
policies IT with |II] < SA + 1 such that, for any 7 and all s,a, wj(s,a) = > )\,r/wg'(s, a),
for some A € Ap. Letting A\* denote this distribution satisfying the above inequality for 7y,

it follows that

T

Eps+ [Z wik(s,a)] = Ep- [Z Z Mo (s, a)]

= Z E [Z Mwr (s, a)

mwell k=1

= Epp+[7] Z —EM*IE[J%*k[:i M) wi (s, a).

mell

NOte that Zﬂ'EH ]EM* [Z;—:l )\f;_] = EM* [2221 Z )\k] — ]EM* [7_] SO lt fOHOWS that (IEM* [22:1 Afr] )ﬂ'EH c

well ' Ep+[7]
Arq. Thus, a d-correct algorithm must satisfy, for all s,a and some A € Ay,

1 1
> -1 .
~ 6gap(s,a)? - > o Aw (s, a) BYE

E (7]

Since the set of state visitation distributions is convex, and since for any state-visitation
distribution we can find some policy realizing that distribution, for any A € Ay, it follows
that there exists some 7’ such that, for all s,a, > g A wi(s,a) = wg'(s, a). So, we need,
for all s, a

1 1
En[1] > - log ——.
welr] 2 6gap(s,a)? - wy (s,a) & 546
It follows that every d-correct algorithm must satisfy
1 1
Eps+[r] > inf max -1

m sa 6gap(s,a)?- wi(s,a) DY

from which the first inequality follows. The second follows from Lemma E.1.3. O
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E.2 Deferred Proofs from Section 7.4
In this section we provide the missing proofs from Section 7.4.

Notation. Throughout the proof, we let €, denote the tolerance and d;, the confidence
given as an input to MOCA, and € = €o1() and 0 = dio1(m) the tolerance and confidence given
as an input to Moca-SE at epoch m of MOCA, respectively. For convenience, we will also
define ¢y = H. For a single call of Moca-SE, we will use the following notation:

e For a given h, 7, and ¢, consider the call to CollectSamples on Line 13, and let {X,fij S

denote the partition returned by calling Learn2Explore on Line 2 of CollectSamples.
Similarly, let {II},;}5=, and {Ny,;;}5, denote the policies and minimum number of
samples returned by Learn2Explore, respectively.

e For a given h, consider the call to CollectSamples on Line 18, and let {X,f] 52, denote
the partition returned by calling Learn2Explore on Line 2 of CollectSamples. As
before, let {Hf;;rl ;;1 and {Nﬁ;“ §E=1 denote the policies and minimum number of
samples.

Good Events. We next define the good events, which we will assume hold throughout the
remainder of the proof.

First, let £, be the event on which, for all calls to Moca-SE simultaneously:

e Forevery h=1,....,H,i=1,...,¢,{=1,...,{, we collect at least nf, samples from
cach (s,a) € Zj,;. Furthermore, U5, X}, = Z;, and X} satisfy

su wy < 97t
7rp Z h<S7 (l) ~
(s,a)EX}fi].

e For every h = 1,..., H, if Moca-SE is run with FinalRound = True, then we collect
at least ni**' samples from each (s, a) € Xyt Furthermore, US_, X;s™ = Zpe*! and
X,f;“ satisfies

sup Z wi(s,a) <279,

¢
(s,a)e./\’h;"'1

o /Wh(s) < Wh(s) < 32Wh(s) for all s € Z;,.
e Following Line 7 of Moca-SE, Z,, satisfies, for all h,

sup max wy, (s) < -
T SE€EZP 2H?2S
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Next, let . be the event on which, for all calls to Moca-SE,

o~ # H?2gs _

|QFo(s5,a) — Qp(s,a)| < N5, a)’ V(s,a) € Z;,Yh € [H]i € [¢], € € [¢]
h )

7 7 H?2g; ‘.

|Qh,£6+1(8,a) —Qr(s,a)| < m, V(s,a) € Z,5,Vh € [H]

where @}f,g(s, a) is the estimate of Q7 (s, a) formed on Line 12 of EliminateActions, NJ%(s, a)
is the number of samples collected from (s,a, h) at iteration (h,i,¢), and @\Z&H(s, a) and

N}]Z(EEH)(S, a) are the analogous quantities for the sampling done if FinalRound = True.

E.2.1 Correctness of Moca-SE.

Proof of Lemma 7.4.2. We first claim that the optimal action with respect to 7 must always
be active.

Claim 5. On the event EeyNEexp, for any h, s, and { € [(.+1], we will have that @} (s) € Aj(s)
where @5 (s) = argmax, Q7 (s, a).

We prove this claim in Appendix E.2.3. By construction, we will always have that
|AL(s)] > 1. If JAL(s)| = 1, from Claim 5 it follows that Af(s) = {@;(s)}, and thus
max, Q7 (s,a’) — Q7 (s,a) = 0.

Assume then that |Af(s)] > 1, £ < /., and s € Z;. The result is trivial when ¢ = 0,
since in this case ¢, = H, and we will always have Ap(s,a) < H,Wj(s) < 1. On the event
Eexp, for all i € [¢] we will collect at least nf, = 2'8 - 272 H2¢;/e2 samples from (s, a) for each
a € Al (s), and on Eu we will then have that

0 7 [H%¢s
|Qhe(s,a) = Qp(s,a)| < = 2'¢r/2°.
il

Thus, for any a € A%(s), we have

max Qf (s,0') — Q7 (s,0) > max Qf(s,d) — Qf(s,a) — 2-2e/2°
a’€AL(s) ’ ’ a’€AL(s)

- mE/LX Qi(sv CLI) - Qg(sv CL) -2 2i6€/29
where the equality follows since @} (s) € Aj(s). It follows that if

Af(s,0) = max @ (s, ) — Qf(s,0) > 4 2'er/2"
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then

max @ié(sa CLI) - Q\;:rf(sa CI,) >2- 2i65/29'
a’GAfL(s) ’ ’

so the exit condition on Line 16 for EliminateActions is met for our choice of vfj = 2'€, /2%
(note that in this case, since 7;; is the same for all ¢, Line 15 has no effect), and therefore
a & Al (s). Thus, any a € A4 (s) must satisfy

AT (s,a) < 2%¢/27.

By construction, we will have that W, (s) € [27,277] and on Eup, Wa(s) < Wi(s) <

32/I/I7h(s). Thus, we can upper bound

~ . 2€p 32 - 2¢y €
AT(s,a) < 2%€,/27 < — < = )
M) S 2al2 s o S W2 aWh(s)

Finally, the following claim, proved in Appendix E.2.3, allows us to relate A7 (s, a) to Ax(s, a):

Claim 6. On the event g N Eexp, for any (s,a,h), we will have |AT(s,a) — Ap(s,a)| <
e/Wh(s).

Applying Claim 6, we can lower bound AZ(s,a) > Ay(s,a) — ¢/Wi(s) > An(s,a) —
eo/Wh(s). Rearranging this gives the second conclusion.

The argument for the third conclusion is similar to the preceding argument. However,
we now have the extra subtlety that for a # o' with a,a’ € Al(s), we may collect a
different number of samples from (s,a) and (s, a’) since it’s possible that (s,a) € Xf;“ and

(s,a') € X,f;frl for j # j'. Denote

](5) — arg man s.t. Ela? (87 CL) € X}f;-i_l'
J

Note that, on Eu,, we are guaranteed that there exists some j € [¢] such that (s,a) € X}f;.“
so j(s) is always well-defined. We can repeat the above argument, but now we can only

guarantee that
/\% T < H2§5 _ €
|Qhet1(s,a) — Qi(s,a)| < ”f(:)l T 8H¢. 2941

since we can only guarantee we collect nfs(j)l samples from each (s,a),a € Ak (s). Tt again
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follows that if

= €
Ails,a) 24 g S

then

— e €
max QT s,a') — Q7 s,a) > 2 ————.
aleAiﬁ (s) Qh,fs—‘rl( ) Qh,ee-i-l( ) = 8H<€2,](5)+1

As this is precisely the elimination criteria used in EliminateActions, it follows that a will
be eliminated. Thus, all @ € A (s) must satisfy

€

Aj(s,a) < 4'm

which gives the third conclusion.
]
Proof of Lemma 7.4.5. Proposition 7.6 gives that, if 7 satisfies max, Q7 (s, a) — Q7 (s, Tn(s)) <

en(s) for all h and s, then 7 is at most

Z sup » wy(s)en(s) (E.2.1)

™

suboptimal. When running Algorithm 7.3, for a particular h every state s can be classified in
one of three ways:

o s & Z,: In this case, on &, we will have sup, wi(s) < ¢/(2H%S) and €,(s) < H.

e s € 2, and |A}(s)| = 1: In this case, by Lemma 7.4.2, since 7 only takes actions
that are in A "(s), we will have €,(s) = max, QF (s, a) — Q7 (s, Tn(s)) = 0.

o sEZp, |Af;+1(s)| > 1: Then we can apply Lemma 7.4.2 to get

7 Tl = €
en(s) = max @y (s, a) = Qj (s, Ta(s)) < e oI+

Let )?J ={s : j(s) = j} and note that {s € 2, : |A¥T!(s)] > 1} C U§;1)a since, on Eeyp,
for every s satisfying s € 2y, | A" (s)| > 1, we will have (s,a) € Zi™! for some a, so we
must have that (s, a) € Xf;“ for some j € [¢.]. Furthermore, by definition of j(s), if s € &},
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then (s,a) € X,f;“ for some a. Then, plugging all of this into (E.2.1), on Eep,

ZSUPth s)en(s upZth s)en(s +HZSUPth

TMm

= j=1 seX SEZC
H
< Z upZth )29() —i—HZsuprh
€ h=1 Jj= 1s€X T SEZ}
%) ZZZJ ! Z wy (s, a) +HZSUPth
 h=1 j=1 (sa)eXZ?'H i s€Z;
< Qng ;ZQJ lo—j+1 | HZ z:c SH7S
j=1 h=1 s€Z§
<e

where (a) holds since for s € .5('/]-, j(s) = j, and since we can always choose 7 so that m,(s) = a
so wi(s,a) = wj(s). It follows that 7 is at most e-suboptimal. O

E.2.2 Sample Complexity

Lemma E.2.1. CollectSamples(Z;,, {n};}_, h,7, HCJ , 52 ) terminates in at most
cH? §5§5 poly(S A, H, log1/d,1og1/e)
27 Wi(
> Y ;
J=1 (s, a)eXfU
episodes and CollectSamples(Zyt {n' Y h T, £, 52 ) terminates in at most

cH* §5§ poly(S, A, H,log1/d,log 1/€)

€

’ZZ e+1 ‘
episodes.

Proof. Recall that €ep, = 5775. The complexity of CollectSamples(Zy;,nf, h,T, %&, 775
can be bounded by the sum of the complexity of calling Learn2Explore to learn a set of
exploration policies, and the complexity of playing these policies to collect samples. By

Theorem E.1, we can bound the complexity of calling Learn2Explore by

256 H?S
CK(%&? 5samp7 ge>—
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) 1 dep
Hgele  gemaxjn Z — 217H3<§<24

poly(S, A, H,log1/¢,log 1/5), so this entire term is ReY(SAAlogl/clog1/0)

€

where dgamp =

As shown in Appendix E.3, CK(%&, dsamp> Se) 18

. . o . 4
Since rerunning the policies in IT};;
¢

X ﬁij, if we desire n;; samples from each (s,a), the complexity of running the policies returned
by Learn2Explore in order to collect the desired samples is clearly given by

yields at least N,fij /2 samples from each (s,a) in

Z |thg 2nfj/N}fij-| .

By the construction of ITj,;; and definition of Nj,; given in Learn2Explore, we have that

hij
[T
. hij
L. | = 27Cx (5, 6, ), N, =-—7_,
hij K\Hcr.> samp».J ) hij 13
4Mh”21
l _ Get1 4 l l Se l Se 4
where My, = > 500 [ Xy | and Xy, () = Z3,\ Uiz, Xyi;o As we are on Eegy, Zp; = Ui X,

SO ]X,fi(gs +1)| = 0. It follows that the complexity can be upper bounded as

Se Se
Z |Hh1] 2”53‘/]\[5@‘]‘1 <8 Z 2]M/€ijnfj + Z QJOK(%JQ Osamp; J)

Jj=1 Jj=1
Se
ingl ol .
<8 2 Mjnl; + 2 O (727, Ssamps )
7j=1
217H2 Se
— e+1
-3 i ZzﬂMh” + 2 Cr (524, Ssamps Se)

The term 2§€+1CK(H§L€, samps Se) 18 p°1Y(S’A7H’1‘Zg1/ clog1/9) by definition of ¢, and Cy. Further-
more,

Se

Z 2jM£U Z 2 Z |Xh23 | S S Z QJ‘X’”J

Jj=1 Jj'=j

We can therefore bound

2T H 6 & cHgs6. 2
222€[ Z 2J Mhl] — Eg Z 2] |Xh7,]|
7j=1
Finally, using that on e, Wi(s) > Wh(s), and that all (s,a) € X}fij have a value of Wh(s)
within a factor of 2 of every other, we can upper bound 2% < 4W,,(s) for any (s,a) € X,
This completes the proof of the first claim.
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The second claim follows similarly. By the same argument as above, we can upper bound

the sample complexity of calling CollectSamples(Zi™, {n' YT L SR as

Z |Hf e+1 2 é-6+1/N£€~+1 + pOIy(Sa A> H, IOg 1/67 log 1/6)
] J €

< 8223M€ 1 e 1 poly(S, A, H,log1/e,log1/6)
€

(@ ci s ZTJM}%H N poly(S, A, H, lsgl/e,log 1/9)
j=1

poly(S, A, H,log1/e,1og 1/6)

€

(0) a2
cH*gs¢; Le+1
< S22 A+

where (a) follows by our setting of ng <1 and (b) follows since M,%.H < |Zf™|. The second
conclusion follows. L

Proof of Lemma 7.4.3. With FinalRound = False , the complexity of Moca-SE is given by
the complexity incurred calling Learn2Explore on Line 4 and calling CollectSamples on
Line 13. By Theorem E.1 and since we call Learn2Explore at most SH times, we can bound
the complexity of calling Learn2Explore by

poly(S, A, H,log1/e,log1/6)

€

Next, we turn to upper bounding the sample complexity of Learn2Explore. We can lower
bound

| hl]\sup min  wj (s,a) < sup Z wy (s, a).
T (sa)eXh” ™ (s.0)ex

hij

80, 0Nl Eexp, 27 < 2(| X | sup, ming, ayext. Wi (s, a))~!. Plugging this into the bound given in
) ij

Lemma E.2.1, we can bound the leading term in the sample complexity of a single call to

CollectSamples as

cH?gss, cH S56. 1
‘“sz > Wals) < ‘“Z ; S Wis
€ | X | sup, min L wi(s,a)
(s,0)EX, hu {4 hij ™ (s,a)e h (s,a)€X, hu
@ cH?G6e N ; Wi (s)?
< inf max ————
6% =1 T (s, a)EX’ TUZ(S, a)
cH?gs67 Wi(s)?
< 25 S inf max max —Wh( )
€ 7 el (sa)ext,, wi(s, a)
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where (a) holds since all s € Xj,; have values of /Wh(s) within a constant factor of each other,
and since on Eeyp ﬁ/\h(s) < Wi(s) < 32/1/[7h(5), which together imply that

max Wy (s) < ¢ min Wy(s).

L £
sEXMj sGXhij

If (s,a) € Xj,;, then we must have that (s,a) € Zj, since Xy, C Z,, and, by the definition
of Z{,, a € A;7'(s) and |AL(s)| > 1. Lemma 7.4.2 gives that any a € A\ *(s) satisfies
An(s,a) < 3e_1/(2Wp(s)). Since AL (s)| > 1, it follows there exists a,a’, a # a’, such that
Ap(s,a) <3e1/(2Wh(s)) and Ap(s,a’) < 3ei1/(2Wh(s)).
- ¢ 1 _ 1 9 11 9 :

'ThU_S7 if (S,CL) c Xhij7 Q = E S W and Q = E S m, which
implies é < wap max{Ahg(s,a)2,Ah(s,a')2}' Note that max{A(s,a)? An(s,a’)*} > Au(s,a)?
since if Ay (s,a) = 0, we will have max{A(s,a)?, An(s,a’)?} = Ap(s,a’)?, so either a is the
unique optimal action at (s, h), in which case Ap(s,a’) > Anin(s, h) = Ap(s,a), or there are
multiple optimal actions, in which case Ap(s,a’) > 0= Ay(s,a). Thus,

cH?¢s62 . Wh(s)?
inf max max —————
wi(s,a)

2 . 14
Ef ™ ]6{17-"7<€} (87a)eXhij

< cH?¢¢?inf max  max min {
w

T jE{l,....6c} (&@exfij

1 Wi(s)? }

;11-(87 a)zh(sa a)Q’ w;{(s’ a)E?

1 Wh(s)?
< cH?*g6?inf max min e : ﬂh(s) 5 (-
T (s,a)€Zy, wi(s,a)Ap(s,a)? Wi (s, a)e

Summing over ¢ and using that for all (s,a) € Z;,, s € Z;, proves the first conclusion.
Summing over ¢, and h gives

H g
» 1 W (s)?
cH?¢s6?(, inf max min{ n(s) }
T SEZpi,a

h=1 i=1 wg(s,a)zh(s,a)27 wi(s,a)e?

H
1 2
§0H2§5§€3€€E inf max min — , I:th(s) >0
T s w(s,a)An(s,a)? Wi (s, a)e

h=1

This proves the result. [

Proof of Lemma 7.4.4. The only additional samples taken when running Moca-SE with
FinalRound = True as compared to running it with FinalRound = False is incurred by
calling CollectSamples on Line 18 of Moca-SE. Thus, the total complexity can be bounded
by adding the complexity bound from Lemma 7.4.3 to this additional cost.
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In particular, by Lemma E.2.1, this additional call of CollectSamples will require at
most

cH*s562 ]Z&“\ n poly(S, A, H,log1/d,log 1/€)
h

€2 €

episodes to terminate, from which the first conclusion follows. We can repeat the argument
from the proof of Lemma 7.4.3 to get that Zi™" C W™ where we define Wi< := {(s,a) :
s € Zp,3d # a,max{Ap(s,a), An(s,a’)} < 3ep._1/(2W4(s))}. However, note that ¢, 1 < 2e,
and the condition Ja’ # a, max{A(s,a), An(s,a')} < 3eq_1/(2Wi(s)) implies Ay(s,a) <
3er,—1/(2Wh(s)). It follows that

Wit ¢ {(s,a) . An(s,a) < 36/Wh(s)} —: OPT(e, h)

Summing over h gives the result.

E.2.3 Proofs of Additional Lemmas and Claims

Proof of Lemma 7.4.1. Ee holds. That g holds with probability 1 — dy /2 follows directly
from Hoeffding’s inequality and a union bound, since @Z’t(sz, at) < H almost surely. In
particular, note that for any given call to Moca-SE, we will form at most SAH¢ (¢ + 1)
estimates of Q7(s,a). By Hoeffding’s inequality and our choice of g5, that each of these
estimates concentrates as given on & then holds with probability

5
L= SAH( 4+ 1) gy = 10

With our choice of dyo1(m) = 32;“,’;27 union bounding over this holding for each call to Moca-SE,

we then have that & holds with probability at least

[log H/€]

which is the desired result.

Eexp holds.  We show that the desired events hold for a single call of Moca-SE, then union
bound over all calls to Moca-SE to get the final result. Let £ denote the event on which all
conditions of &, hold for the mth call to Moca-SE.

Assume that we run Moca-SE with tolerance €y(,) and confidence dioim). Let Eh
denote the success event of calling Learn2Explore on Line 4, 4! denote the success event
of calling Learn2Explore in the call to CollectSamples at iteration (h,,¢) on Line 13, and
ERe the success event of calling Learn2Explore in the call to CollectSamples on Line 18.
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By Theorem E.1 and the confidence with which we call Learn2Explore, we have that
PIE] > 1 — i)/ SH, PIES] 2 1~ Sy /(). and BIEl] > 1 — Sy /H. Union
bounding over these events, and using that there are at most H¢/, indices (h,1i, ), we get
that the event

(ms,thséLE) N (thzl mgezl mg;lg&%) N (thzlthzE)

holds with probability at least 1 — 3d¢o1(m)-
That

sup Z wi(s,a) <2711

T
(s,a)GX,‘fij

for j € [, is a direct consequence of £ holding, and similarly that
sup Z wi(s,a) < 27711

(s,a)eX,f;'H
holds for j € [¢], is a direct consequence of Ec. In addition, that

- €
Sup max wi(8) < 5
holds for all A is immediate on N, ,EL.

On the event ML if we run the policies returned by Learn2Explore for some j €
{1,...,¢}, Hiij, Theorem E.1 and our choice of dgump gives that we will collect at least
5NV);; samples from each (s,a) € X, with probability at least 1 — dwoim)/(Hs2lenf;). As
CollectSamples runs each policy [2nf, /Nj, ] times, it follows that we will collect at least
[2nf,/N},;1 - $Ni;; > niy samples from each (s,a) € Ay, with probability at least 1 —
Otol(m) /[ (HZLenfy) - [2n8; /Ny 1 > 1 = 3dioimy/ (Hs2Le). Union bounding over this for each
h,i,0 and j € [¢] gives that with probability at least 1 — 3dtol(m), We collect at least nfl
samples from each (s,a) € X}fij. The same argument gives that with probability at least

1 — 3dt01(m) We collect at least n‘™! samples from each (s, a) € X,f;“, j=1,...,¢,h €[H].

J
Relating /Wh(s) to Wy(s). It remains to show that /Wh(s) < Wi(s) < 32/T/I7h(s) for all
$ € Zp, U;E:1X}fij = 2}, and U§€:1Xi§§'+1 = Zil;EH-

We first show Wh(s) < Whi(s) < 32Wh(s). Consider running Learn2Explore with
X = {(s,a)} for arbitrary a and assume that X" is the returned partition containing (s, a).
By Theorem E.1, on £ we will have that

Wh(s) < 9—Jt1
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and, furthermore, that with probability at least 1/2, if we rerun all policies in H;h returned
by Learn2Explore, we will obtain at least N;"/2 = |II5"|/(8|X|27) = [II5"] /(8 - 27) samples
from (s, a, h).

Let X be a random variable which is the count of total samples collected in (s, a, h)
when running 7 € Hj-h. Then Markov’s inequality and the above property of Hjh gives

1 . OE[X _ 2| |
5 SPIX > N5h/2] < Sh Nsh > wi(s,a) < <~ Wals) = 8- 2/Wi(s).
.7 ﬂ_enah J
Rearranging this and recalling that we set /Wh(s) = 1a57, We have that /Wh(s) < Whi(s).

However, we also have
Wi(s) < 2771 = 321, (s).

This proves that Wh(s) < Whi(s) < 32/I/I7h(s).
Now note that any s € Z;, has /Wh(s) > ;t;[l};"s, which, combined with the above, implies

that Wy(s) > ;;};—(’;; Fix (h,1,¢), and note that the call to Learn2Explore in the call to

CollectSamples for index (h,i,¢) uses input tolerance ;Z’gg‘g. Theorem E.1 then gives that,
on &ML we will have

- €tol(m
sup Z wh(87 CL) < 64]';2»)5’

™
(s,a)eé,’f“.\(uge Xfw

However, as Wi,(s") < sup, >, o 2L, AL, )wh(s a) for any (s',a) € Z;\(U5, Xy,;), w

will have that any (s,a) € Zp,\ (U5, X},

i) has Wi(s) < 2elim) - This is a contradiction since

64H?2S

we know W (s) > g2 for any (s, a) € Z;,;. Thus, we must have that Zj,\ (U2, X)) = 0
so US, X = Z5,;. The same argument shows that Uj;l)(}f;ﬂ = Zﬁeﬂ.
Completing the proof. We have therefore shown that P[Sg;p] > 1 — 9d01(m). Union
bounding over all m, by our choice of do1(m) = 3‘23:;2, we have that
[log H/€]
P[Eexp] = PN flogH/dgemXp > Z 9 tol > 1 — 61 /2.
Union bounding over £q, and &g then gives the result. O

Proof of Claim 5. We proceed by induction. Consider some s € Z;;. The base case is trivial

as A)(s) = A. Fix some ¢ < (. and assume that a}(s) € Ai_l(s) and |A;7'(s)| > 1. Then,

on &Eep, we can guarantee that we will collect at least 22211{ > samples from (s, a) for each
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a € Aﬁ_l. On the event &, it then follows that for each a € Af;_l(s),
Q7 o(s,0) = Qi (s,a)| < 2'er/2°.
Thus, since by assumption @i (s) € AL *(s),

max  Q ,(s,a) — Q7,(s,@(s) < max Qf(s,a) — Qn(5,(s)) +2- 2'e/2°
ac Ay (s) ac A1 (s)
< 2-2%/2°
for any j, so the exit condition on Line 16 of EliminateActions is not met for @ (s), and

thus @ (s) € A% (s). The result follows analogously if £ = ¢, + 1, in which case we simply use
the different values of n and ~.

Now if (s,a) € Z}, for all a, that means we will never remove arms from A} (s) again.
However, by the above inductive argument, if ¢ is the last round such that (s,a) € Zf;; for
some a, we will have that @ (s) € Af (s), so it follows that s € Af(s).

Finally, if s € Zj,, then we will never remove an arm from A?(s), and since A%(s) = A,
the conclusion follows trivially. O]

Proof of Claim 6. In Lemma 7.4.5, we showed that the local suboptimality bounds of 7, € (s),
satisfy

H

Zsup wr (s)en(s) < e.

h=1 T

By Lemma E.2.2, it follows that for any 7’ and any h,

S uF () (9) = Vi) < D sup > wf(s)en(s) < e

The result then follows from Lemma E.2.3. OJ

Lemma E.2.2. Assume that for each h and s, T plays an action which satisfies
max Q7 (s,a) — QF (s, 7n(s)) < en(s). (E.2.2)

Then for any h and 7',

Y wi () (Vir(s) = Vii(s) < D sup > wi(s)ew(s).
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Proof. We proceed by backwards induction. The base case, h = H, is trivial. Assume that at
level h, for any T,

H

Z wp (s Vh (s)) < Z Sup Z wg;(sl)eh’(sl)

n=h T g

and that at level h — 1, for each s (E.2.2) holds. By definition,

Vi (8) = Vili(s) = Qi (5, Ty (8)) — Qha (5, na(s))

= Qh_1(8,m_1(8)) — Qh_1(5,m_1(8)) + QZ—l(syﬂ*(S» - mngi_l(s,a)
+mx QL (5,) = QL (5, R (5).

Clearly, QF_, (s, 7*(s))—max, @F (s, ) < 0 and by assumption max, Qf (s, a)—~Qf (s, Fur(5)) <
€n—1(s). Furthermore,

Q1 (s, m-1(5)) — Qh_1 (57754 ( ZPh 18], w721 () (Vi (') = Vi ().
Then, for any T,
th 1(8) (Vi (s) = ViLy(9))
<D wisi(s)ena(s) + Z Z Wiy (8)Paa(s']s, 51 () (Vi (') = VT (s)
Ziwﬁl(S)% 1 +th ~ Vi (s))

H

< Z su/prZ,,(s’)eh/(s’)

W=h-1 T &

where the last inequality follows by the inductive hypothesis and we have used that
D w1 (9)Paa (815, mia(s)) = wf ().

where 7}, (s) = mp(s) for all A’ < h — 2 and 7},(s) = 7}, (s) for B’ > h — 1. The conclusion
then follows. O

E.2.4 MDP Technical Results

Proof of Proposition 7.6. This result follows from the Performance-Difference Lemma. We
give the full proof for completeness. The following is the standard proof of the Performance-
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Difference Lemma:

H
* ™ E
% - % = IE1:’7T“780~Po Th(sh’ ah)

Lh=1
[ H
= Ew*,smpo Z Th(Sh, ah) + Vhﬂ(sh) - Vhﬂ(sh)
Lh=1
[ H

_VE)”

_VE)T"

(]

= Ers so~pp Th(Sh, an) + Vh11(8h+1> — Vir(sn)

h=1

=Er soop, ra(Sh, an) + B[V (8")|sn, an] — Vi (sn)

M= -

Qp(snyan) — Vi (sn)

=Eq ,50~Fo

>
Il

1

=5 wf (s, 0)(Qf (s, a) — Vi (s)).

h=1 s,a

In the case when 7 is deterministic, we have V" (s) = Qf (s, mn(s)). Furthermore, we can
upper bound the above by

> wh (s,a)(max Qf(s.a') — Qf(s,mu(s)) = D D wpy (s)en(s)-

The result follows by upper bounding the visitation under 7* by the visitation under the
worst-case policy. O

Lemma E.2.3. Assume that

sup Y wii(s)(Vir(s) = Vi (s)) S e and  sup Y wp () (Vi (s') = Vi (s)) < e

s

Then, for any s,
[An(s, a) — Aj(s, a)| < e/Wa(s).
Proof. By definition,
|An(s, a) = Af(s, a)] = Vi (s) — Qh(s,0) — (max Qf(s, o) — Qf(s, a))|
< max{| V' (s) — max Qx(s, a')], | @ (s, @) — Qj(s,a)[}.
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where the last inequality follows since

Vii(s) = Qi(s,0) — (max Qf(s, a') — Qi(s, ) < V;i(s) — max Qi (s, a')
and

—(Vii(s) = Qi(s,0) — (max Qf(s, a') — Q5(s,a))) < Qh(s,a) — Q(s,a).
Now,

Vh*(s) - IH;,LX Qi(s, CL/) = V,:(S) - Qi(sa /ﬁh<8)) + Qg(S, /ﬁh<8)) - maf%X Q§<S7 a,)
< Vii(s) = Vil (s)

where the inequality follows since, by definition, V;7(s) = Q7 (s,74(s)) and Q7 (s, 7 (s)) —
max, Q7 (s,a’) < 0. By assumption,

sup Y uf () () = V() <

and furthermore, for any s,

sup Y wpi(s) (Vi (s') = Vi (') = Wi(s) (Vi (s) = Vi (s))

so it follows that |V;*(s) — V7 (s)| < ¢/W),(s). By definition,
Qi(s,a) = Qi(s,0) ZPh 15, a) (Vi () = Vil ()
50
Wi(s)(Q3(s,a) — Q7 (s, a) ZPh I, a)Wi(s) (Vi (8') = Vi (1)

< sup Z wi () (Vi (s') — Vh%+1(5/))

where the inequality follows since V;* ;(s') > V%, (), and since
Pu(s'|s,a)Wi(s) = Plspy1 = §'|sp = s,ap = a]Pr[sp = s] = Prspi1 = 8, 50 = 8] < Por[spy1]
where 7 denotes the policy achieving P, [s, = s] = W),(s) and 7’ plays 7 up to h and then

m,(s) = a. Thus, if sup, >, wi () (Vi1 (s') — Vi1 (s')) < €, rearranging the inequalities
gives the result.
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Proposition E.4. Fiz some MDP M. Then:
1. The set of valid state-action visitation distributions on M is convex.

2. For any valid state-action visitation distribution on M, there exists some policy which
realizes it.

Proof. The set of valid state-action visitation distributions, W, is defined as

W::{we[O,l]SAH : dr eIl s.t. wy(s,a) = m(als) ZPh (88", a w1 (s',a"),Vh > 1,

sa

wo(s,a) = mo(als)Po(s), th(s,a) =1,Yh > O}

where here IT = A(A)%H

Fix some state-action visitation distributions w,w’ € W, and let m and 7’ denote their
correponding policies as above. Furthermore, denote wy(s) = >, wx(s,a) (and similarly for
w'). Our goal is to show that for any ¢ € [0, 1], w = (1 — t)w + tw’ € W. First, we show that
there exists some policy 7 such that

(1 — t)wo(s, a) + twy(s,a) = To(als)Po(s).
Note that we can take my(als) = (1 — t)mo(als) + tmj(als), since
(1 = t)mo(als) + tmy(als)) Po(s) = (1 — t)wo(s,a) + twy(s, a).
By construction, for any A > 1,
= wp(s,a) = (1 —1)Y wils,a) +t Y wh(s,a) = (1 — t)wn(s) + tw)(s).
Furthermore, since w is a valid state-action distribution,

wp(s) = Z Py _1(s|s,a)wy_1(s',d")
and similarly for w'. Let 7 (als) = wy(s,a)/wn(s) (where we define 0/0 = 0), and note that
this is a valid distribution since by definition ) wp(s,a) = wy(s). Then,

wr(s,a) —Wh(a!S) n(s)
Ta(als)((1 = t)wn(s) + twy(s))
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= 7n(als) Z Py_1(sls’,a) (1 = wp_1(s',d") + tw,_, (s, a"))

= m(als) Z Py_1(s|s', a )ywy_1(s,a")

s’ ,a’

where the last equality follows by the definition of w;,_;. The other constraints are trivial to
verity, so w € W. This proves the first result.

For the second result, take some w € W, and let m,(a|s) = wy(s, a)/wy(s). By definition
this is a valid distribution. Furthermore, it trivially holds that w{(s,a) = wy(s,a). Assume
that w]_;(s,a) = wp_1(s, a) for all (s,a). By definition and the inductive hypothesis,

wj(s,a) = m(als) Z Py_1(s|s',a)wy_((s',d")

s',a’

= 7, (als) Z Py_1(s|s', a)wp_1(s,a)

s',a’
= m(als)wp(s)

= 'th(S, CL),

which proves the second result. O

E.3 Proof of Theorem 7.2

Define the following value:

2SAH
5 )

K(6, Ssamp) = {21' max {288c§u52A2H(z‘ + 3) log(576¢e, SAH (i + 3)), 288¢2,5* A% H log

4SAH

samp

204852 A% log ,256Ce, SPAZH (i + 9)* log® (512¢es SAH (i + 9)),

(E.3.1)

2SAH 4
128¢.u S A2 H* 1og? 55 +8H10g5}w

= QZCK((S, 5samp7 Z)

and note that Ck (6, dsamp, ?) = poly(S, A, H,log 1/4,10g 1/0samp, ©)-

Theorem E.1 (Formal Statement of Theorem 7.2). Consider running Learn2Explore with
tolerance € ¢ < € and confidence § and obtaining a partition X; C S x A and policies 11;,
ie{1,2,...,[log(1/e)]}. Let E 4 be the event on which, for all i simultaneously:
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1. Sets X; satisfy:

sup Z wi(s,a) <2707V
i (s,a)EX;

2. For any i, if all policies in I1; are each rerun once, we will collect 1N samples from each
(s,a) € X; with probability 1 — dsamp, where we recall N; = K; (5/ [log(1/€)], dsamp)/(4 -
24\ Ui ).

3. The remaining states, X\ (U; e VeﬂX)

sup Z wp (s,a) <e.

(s.)€(X\(UE/ ) x,))

satisfy,

Then P[E ] > 1 — 0. Furthermore, Algorithm 7.1 takes at most

episodes to terminate.

Proof. This directly follows by induction and Lemma E.3.1. For ¢ = 1, it will clearly be the
case that

sup Z wi(s,a) <2700 =1
T (s,a)eX

since ), wi(s,a) =1 for any 7 and h. Now consider an epoch ¢ and assume that
sup Z wy (s, a) < 27(=1),
(s,a)eXx

By Lemma E.3.1, running FindExplorableSets will produce a set X; and policies II; such
that

sup Z wi(s,a) <270V sup Z wi(s,a) <27
T (sa)ex; T (5,0)EX\X;

and rerunning every policy in II; at once will allow us to collect at least %Ni samples from
each (s,a) € &;. As X < X\A;, the hypothesis will then be met at the next epoch, i + 1.
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Union bounding over epochs completes the first part of the proof. That

sup Z wp(s,a) <e€

s
(s,a)e(X\(U]EH/ T a))

follows on this same event by Lemma E.3.1 and since we run until ¢ = [log(1/€)] which
implies 2-M1°8(1/91 < ¢ Union bounding over each i gives the result.

The sample complexity bound follows by bounding

[log(1/€)]

Z KZ((S/ Dog 1/€—|;55amp> S C(K (ma 5sampv ﬂog 1/6]) Z 2i

< O (g B oz 1/6])

Lemma E.3.1. Assume that X satisfies

sup Z wi(s,a) < 27070,
4 (s,a)eX

Then, if FindExplorableSets(X, h,d, K;, N;) returns partition X; and policies I1;, with prob-
ability 1 — 0 the returned partition X; will satisfy

suprhsa)<211, sup Z )y <27

& (s,0)€X; (s,a)EX\X;

Furthermore, if all policies in I1; are each rerun once, we will collect %Ni samples from each
(s,a,h) € X; with probability 1 — dsamp-

Proof. The structure of this proof takes inspiration from the proof presented in Zhang et al.
[2020]. The first conclusion is trivial since X; C X and by our assumption on X.

We will simply denote K; := K;(0, dsamp) throughout the proof. In addition, we will let
K;; denote the total number of epochs taken for fixed j, and will let m; denote the total
number of times j is incremented. Therefore,

j=1

Let Vo*’ij denote the optimal value function on the reward function ri at stage j of epoch i.
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By our assumption on X and the definition of our reward function we can bound

V*” < sup]E [I{(sn,an) € X} = Sl;p Z wp (s, a) <27 . (E.3.2)
(s,a)eX

As FindExplorableSets runs EULER, by Lemma E.3.4 we will have, with probability at least
1 —9, for any fixed K and 7,

SAHK

K K
g g A SAHK
<Z Vo = Z VOIW> | Fj-1 < Ceu\/SAHVO*’ZlK log 5 + cenSZAH 10g?
k=1 k=1
(E.3.3)

where F;_; denotes the filtration of up to iteration j, and we have used that V;"" < Vg°"!
for all 7 since the reward function can only decrease as j increases. FindExplorableSets
terminates and restarts EULER if the condition on Line 14 is met, but this is a random
stopping condition. As such, to guarantee that (E.3.3) holds for any possible value of this
stopping time, we union bound over all values. Since FindExplorableSets runs for at most
K; epochs, it suffices to union bound over K; stopping times. We then have that

K K
. . . 2SAHK, s 2SAHK,;
( > Ve =) VO’W) | Fj-1 < 2ceu\/ SAHV;" K log ST + 8¢euS?AH" log ST
k=1 k=1

with probability at least 1 — 52 for all K € [1, K;] simultaneously. Since m; < SA, union
bounding over all j we then have that, with probability at least 1 — /2,

m; K K i
_ k=1 J=1

J=1

2SAHK;
)

2SAHK;

+ 8¢ouSP A2 H* log? 5

< 2y \/ S2A2HV" K log

where the final inequality follows from Jensen’s inequality. Using the same calculation as in
the proof of Lemma E.3.4, we can bound

H
w7 Ri(so ) = V)] < 4V
h=1

By (E.3.2), 4V)"7 < 4/2"-1, so we can apply Lemma E.3.5 with 02 = 4/20"1, to get that,
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with probability at least 1 — §/2,
m; Kzg H mg Kij 4 4
k,ij —i
D22 RS A = D Ve < /326K:2 7 log 5 + 2H log .
j=1 k=1 h=1 j=1 k=1

Putting this together and union bounding over these events, we have that with probability at
least 1 — 4,

m;  Kij
ZZZR Sh ’ah = gz 0*’ij - \/W— QCeu\/SQAQHVO*’“Ki log QSAfKi B

where we denote

2SAHK;

Cr = 8¢y S2 A% H* log3 5 ' +2H log %

Assume that VO*’im" > 27", Using that the reward decreases monotonically so VO*’imi < VE)*’ij
for any j < m,;, we can lower bound the above as

‘ / , 4 ~ 2SAHK;
Z 2_ZK7; — 64K7127Z log g — 2Ceu\/S2A2H‘/O*7ZlKi log T - CR

2SAHK;
)

> 27K, — 3ceu\/ S2A2H2-1K; log —Cr

where the second inequality follows by (E.3.2) and since /64K;27 log§ will then be domi-
nated by the regret term, cq, \/SQAQHVO*’“Ki log %. Lemma E.3.2 gives

K; > 2' max {4CR, 144¢2 S? A*H log

QSAHKZ}
)

which implies

1 .
“07K, — Cr >0
4
and
1. ‘ 2SAHK;
12—% - 3ceu\/ S2A2H2- K, log —
2. 144¢2 S2A2H log 28AHK; . 92SAHK; . 2SAHK,
N 2 A 0g =255 — 3Cen SQAZHQ—’IogTZ-22144c§uS2A2HlogTz

Cr
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=0.

Thus, we can lower bound the above as

2SAHK; 1

2_iKi - SCeu\/SzAQHQ_iKi 10g S - OR Z 52_1}(1

Note that we can collect a total reward of at most |X|N;. However, by our choice of
N; = K;/(4|X] - 2%), we have that

1 1
4.2 2.2
This is a contradiction. Thus, we must have that Vo*’im" < 1/2°. The second conclusion
follows from this by definition of V;™"".

For the third conclusion, we can apply Lemma E.3.3. By construction, we will only add
some (s,a,h) to X; if we visit N; times. It follows by Lemma E.3.3 that, with probability
1 — Ssamp/ (SAH), if we rerun all policies, we will collect at least

4SAH 4. ASAH

— -1
6samp 3 o8 (ssamp

N; — \/SKi max wpk (s, a)log

samples from (s, a, h). Note that max; w;*(s,a) < 27* by our assumption on X. Given our
choice of N;, we can then guarantee that we will collect at least

- , 2
Alx)2 2 % Sy 30

5samp

K, \/8KZH 1, ASAH 4, 4SAH

samples. Since K; > 204852 A? log %, and |X| < SA, we will have that

N;

K, \/8KZH ASAH 4. 4SAH _ K, 1

- ey 5 -
AX2 2 8 o 3% Samy — 8|X[21 2

The third conclusion follows by union bounding over every (s,a,h) € X;. O

E.3.1 Technical Lemmas

Lemma E.3.2. We will have that

3 QSAHK:S(dy 6samp) + 8H log %17

K;(0, Osamp) > 2" max {3QCeuS3A2H4 log
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144¢2 S*A?H log

25 AHK;(6)
e

Proof. Note that for any i,j > 0 and C' > 0, if 2 > C'(i + 3j)/ log’(C(i + 3j)), then
x > C'log’ x since

C'log’ & = C'log? [C(i + 3j) log? (C(i + 37))] < C*log? [C™ (i + 35)*]
C'(i + 35) log[C(i + 37)]

=X

VARVAN

and, furthermore, %y’yzci+j(max{i+j72j})2j = 1, while

Cilog’ 1y

) |y=Citi (maxtir2ip < 1

d i y
d_yc 10g” Y|y=ci+i (max{iti 22 =

and since the derivative of poly log functions decreases monotonically.
It follows that

Ki(3, Ssamp) > 2"+ 256¢6uS* A2H* log® K;(6, Ssamp)

as long as
Ki(8, Ssamp) > 2"+ 2566, S* A2H* (i 4 9) log® (512¢e, SAH (i + 9))
So
Ki(6, Ogamp) > 2 - 2- max{128¢4,S* A2H* log® K;(6, Ssamp), 128¢cuS® A2H* log® 25AH + 8H log %1}
> 21(32¢euS* A H* log? QSAHK?(S’ Osamp) + 8H log %l)
if
Ki(3, Ssamp) > max{2" - 256¢.,S* A2H*(i + 9)* log® (512¢u SAH (i + 9)),
128¢,, S A H* 1og® % +8H log %}.
Similarly,

2SAHK;

K;(0, Osamp) > 2"+ 144¢2,S* A*H log i
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if

. 2SAH
K;(6, Osamp) > max{2" - 288¢2 S*A*H (i + 3) log(576ceaSAH (i + 3)), 288¢2,5*A* H log & 5 }.

The result then follows recalling the definition of K;(0, dsamp) given in (E.3.1). O

Lemma E.3.3. Consider a set of policies {my}5_ . Assume that running each of these
policies once, we collect at least N samples from some (s,a,h). Then, if we rerun each of
these policies once, we will collect, with probability 1 — ¢, at least

N — \/8ngwa’“(3,@) log4/d —4/3log4/d

samples from (s,a,h).

Proof. Note that when running 7, the expected number of visits to (s, a, h) is w;"(s,a). By
Bernstein’s inequality, and using that I{(s},a}) = (s,a)} ~ Bernoulli(w};*(s,a)), we then

have that, with probability at least 1 — ¢,

K K

Y wit(sia) = Y H(shap) = (s,0)}

k=1 k=1

< \/QKmkaxw;{k(s,a) log2/6 +2/3log2/6

As our first draw from the policies yielded a value of at least NV, we can apply Proposition E.5,
which gives that, with probability at least 1 — 26,

]~

I{(s},af) = (s,a)} > N — 2\/2Kmkaxw2k(s,a) log2/§ —4/3log2/§
k=1

The result follows. O

Lemma E.3.4 (Lemma 3.4 of Jin et al. [2020a]). If 7 is non-zero for at most one h per
episode, the regret of EULER [Zanette and Brunskill, 2019] will be bounded, with probability at
least 1 — 9, as

K K
AHK
DVE =D Wt < ca \/ SAHV; Klog TR | 524110

)
k=1 k=1

s SAHK
5

for some absolute constant Ce,.

Proof. The proof of this is identical to the proof of Lemma 3.4 in Jin et al. [2020a] but we
include it for completeness. We therefore repeat their analysis, using an alternative upper
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bound for equation (156) in Zanette and Brunskill [2019]:

H

K K H
1 = 2 u
LS, [ o] < 25w [ vy
k=1 h=1 k=1 h=1
W o9 XK H
< = D B [ D0V
KH = h=1
) 2 & d .
SKHZEW Zri+%k
k=1 h=1
K
4 -
“KH Z Vo©
k=1
<4Vy/H

where (a) follows since 7} is nonzero for at most one h and (b) follows since r¥ < 1. Thus,

we can replace G2 in Theorem 1 of Zanette and Brunskill [2019] with 4V, As Zanette and
Brunskill [2019] assume a stationary MDP while ours is non-stationary, we must replace S in
their bound with SH. This gives the result.

]

Lemma E.3.5. Consider some set of policies {Wk}le where m;, 1s Fr_1 measurable. Let
S RE denote the (random) reward obtained running my on the MDP My, and let V¥ denote
the value function of running m, on M. Assume that

H
B, () RE = VE)?|Fiea] < o7

h=1

for all k and constant oi- which is Fo-measurable. Then, with probability at least 1 — 4,

s 2 2
> Ry - g,/gKUQVlogngzHlogg.

k=1 h=1
Proof. By definition, V¥ = E[>>2 | RE|Fi 1] and | 37, RF — Vi¥| < H almost surely. The
result then follows directly from Freedman’s Inequality [Freedman, 1975].

‘/Ok

K
k=1

[
Proposition E.5. Consider some distribution P and assume that Py plz € [p—c,u+¢]] >

1=6. Then P ia o> a2’ —2c] > 1 —26.
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Proof.
sz,“d.P[l‘ 2 .Z'/ — 20] = anf;/i‘i\?dp[x/ — [1, —|— ILL — X S 26]
> P gpllt’ —pl+ 1 — x| <2
Z ledeH,u — QJ‘ S C]Px/i';\',d'PHxl — /,l,| S C]
> (1-4)?
>1—26.
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Appendix F

Deferred Proofs from Chapter 8

F.1 Properties of Linear MDPs

Lemma F.1.1. For any linear MDP satisfying Definition 8.1.1, we must have that ||@(s, a)||2 >
1/Vd for all s and a, and ||¢xull2 > 1/V/d for all w and h.

Proof. By Definition 8.1.1, we know that P,(-|s,a) = (@(s,a), ux(+)) forms a valid probability
distribution, and that || [ |dpa(s)]l2 < Vd. Tt follows that

= /S ((5,0), dpan(5)) < ||(s. )]l | /S dpn()]l2 < Vall (s, a)]l2

from which the first result follows.
For the second result, using that 1 = [(¢p(s,a),dps(s)), we get

[ e dan(s)) = [ Bl (o)

~ & | [Gnam(s))

= EW[l]
=1

where we can exchange the order of integration by Fubini’s Theorem since the integrand is
absolutely integrable, by Definition 8.1.1. As above, we then have

= / (s dbtn(s)) < Valbrale
S
so the second result follows. O]

F.1.1 Feature-Visitations in Linear MDPs
Lemma F.1.2. ¢7T,h = 7;,h¢ﬂ-,h,1 = ...= 7;7}1 R 7;,1@57“0.
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Proof. By the linear MDP assumption, we have:

¢7rh = [¢(Shaah)]
(S, an)| Fr-1]]

=E,| //qb s, a)dmy(als)dpn_1(s ) D (Sh—1, an—1)]
:E,,[/ G n(5)dptn-1(5)" P(sn-1,an-1)]

N /¢7r,h(s)dll'h—1(S)TEW[Q{)(Sh—l? ap-1)]
- 7;1',h¢7r,h71-

This yields the first equality. Repeating this calculation h — 1 more times yields the final
equality. O]

Lemma F.1.3. Fiz some h and i < h, and consider the vector
T T T T
V= 7;r,i+1 T2 7;r7h—17;r,hu

Assume that either uw = 6y, for some 6, which is a valid reward vector as defined in Defi-
nition 8.1.1, or w € 841, In either case, we have that, for any s,a, |[v' ¢(s,a)| < 1, and

lvll2 < V.
Proof. By the linear MDP structure (see Proposition 2.3 of Jin et al. [2020b]), for any j,
Q7 (s, a) = (P(s, a), w])
— (§(5..6) + [ Vi ()duy(s) o5,0)
— (95,0000 + [ (W], B0y () Bl 0
= <¢( ) 0 + T ]+1w]+1>
so in general,
=S 7
h'=i j=1+1

where we order the product HJ it TT T Z+17;Ti+1 7; b -

Case 1: u = 60,. We first consider the case where u = 6, for some 6, which is a valid
reward satisfying Definition 8.1.1. Assume that the reward in our MDP is set such that for
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h' # h, 8, = 0. In this case, we then have that
T T T
wi =T Triva- - Tenbh =v.

In this case, we know that the trajectory rewards are always bounded by 1, so it follows that
Q7 (s,a) < 1. Thus,

1> QI (s,a) = (¢(s,a),w]) = (P(s,a),v)

and this holds for any s, a. Since Q-values are always positive, it also holds that (¢(s,a),v) >
0.

To bound the norm of v, we note that by the Bellman equation and the calculation
above,

[vlla = flwl2 = ||9i+/ i1 () dpi (') |2

< [16:l2 + H/\ViL(S’)\dui(S’)Hz

< [ gt
<Vd

where we have used that |V;7,(s')| < 1 since the total episode return is at most 1 on our
augmented reward function, and the linear MDP assumption.

Case 2: u € 8%'. We can repeat the argument above in the case where we only assume
u € 841, Since ||¢(s,a)|2 < 1, it follows that with the reward vector at level h set to u,
the reward will still be bounded in [—1, 1]. Thus, essentially the same argument can be used,
with the slight modification to handle @)-values that are negative. O]

Lemma F.1.4. The set €2, 1s convexr and compact.

Proof. Take Ay, Ay € ,. By definition, Ay = E p, [Arn], Ao = Erwy[Arn]. It follows that,
for any t € [0,1], tAy + (1 —t)Ag = Erpu 4 (1—t)ws [Ar ). For twy 4 (1 —t)w, the mixture of w;
and wy. As twy + (1 —t)ws is a valid mixture over policies, it follows that tA; + (1 —¢)As € 2,
which proves convexity.

Compactness follows since [|¢(s,a)|l2 < 1 for all s,a, so [[Azpllep < 1, which implies
[Allop < 1 for any A € €. Furthermore, the set €2, is clearly closed, which proves
compactness.

]
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F.1.2 Constructing the Policy Class

Lemma F.1.5 (Lemma B.1 of Jin et al. [2020b]). Let w} denote the set of weights such that
Q7 (s,a) = (¢p(s,a), wr). Then |wf|, < 2HV4.

Lemma F.1.6. For any 6 > 0 there exists sets of actions (,Zs)seg, A, C A, such that
|Ay| < (1+8HVd/5)* for all s and, for alla € A, s, h, and any 7, there exists some @ € A,
such that

Qh(s,a) = Qi(s,a)| <6, [ru(s,a) = ru(s,a)] < 4.

Proof. Let N be a 0/(4H+/d) cover of the unit ball. By Lemma F.1.10 we can bound
IN| < (1 + 8HVd/6)?. Take any s and let A, = 0. Then for each ¢ € N, choose any
a at random from the set {a € A : ||p(s,a) — ¢|ls < 6/2} and set A, « A, U {a}.
With this construction, we claim that for all a € A, there exists some a € A, such that
(s, a) — ¢(s,a)||2 < 6/(2H\/d). To see why this is, note that by construction of N, there
always exists some ¢ € N such that || (s, a) — ¢||2 < 8/(4H+/d). Since A, will contain some
@ such that ||¢(s,a@) — @|2 < 6/(4H+/d), the claim follows by the triangle inequality.

By Lemma F.1.5, we have that for any 7, ||[w7|]s < 2H+v/d. Take a € A and let @ € A,
be the action such that ||¢(s, a) — ¢(s,a)||2 < 8/(2HV/d). Then

’QZ(S,CL) - QZ(S,&)‘ = |<¢(8,CL> - q’)(s,’d),w}m < QH\/EH(ﬁ(S,CL) - (:b(sva)”? < 0.

The bound on |ry,(s,a) — ry(s, a)| follows analogously, since we assume our rewards are linear,

and that ||6]], < V4d. O

Definition F.1.1 (Linear Softmax Policy). We say a policy is a linear softmaz policy with
parameters n and {wy, }H | if it can be written as

6"7<¢(87a)7'wh>
(é(s,a"),wp)

mh(als) = 5

a’cA e
for some w = {w;, }1 ;. We will denote such a policy as 7.

Definition F.1.2 (Restricted-Action Linear Softmax Policy). We say a policy is a restricted-

action linear softmaz policy with parameters 1, {wy, H. |, and (A,).es if it can be written
as

6n<¢(57a)vwh> . H{a c »’Z(s}
S endlsaden)

mn(als) =

for some w = {wy,}}_,. We will denote such a policy as 7.
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Lemma F.1.7. For any restricted-action linear softmaz policies 7 and 7 with identical
restricted sets (As)ses, we can bound

H

V™ (s1) = Vi (s0)] < 2dHn ) [[wn — 2.
h=1

Proof. Note that for any policy 7, the value of the policy can be expressed as

H
Z Oha ¢TI’ h
h=1

Thus,

H
Ve (s1) = Vi (s < [(On, Prwn — )]

So it suffices to bound (0, @rw p, — P p)|. Using the same decomposition as in the proof of
Lemma 8.3.2, we have

h—1 h
Grwpp — Prup = Z ( H 7;‘",3') (Trw p—i — Trw p—i) P i1«
’ J

By definition,

Trw h—i — ﬁu,h—z‘ = /(d)ww,h—i(s) - ¢7ru,h—z‘(3))duh—i—1(3)T
where

Prwi(s) = Y (s, a)mei(als).
zzG.Zs
Our goal is to bound ||¢rw p—i($) — Prup—_i($)|l2. Let w' =tw + (1 — t)u, and ¢y p_i(s) :=

Gt jy_i(8). Then [|@rw p—i(s) — Grun—i(s)ll2 = [[d1,n-i(s) — Pon-i(s)|l2- By the Mean Value
Theorem, we can bound

|@1,h—i(s) — Pon—i(5)]2 < max ||—¢th i(8)]e=e[l2 - [1 = 0].

t'€[0,1]
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Some calculation shows that

1

d s,a s,a’
a¢t7h_i(8) - - 677<¢(8,a’)='wz>)2 |: Z 77¢(37 a) |:€77<¢( 7 )’wz><¢(sa CL), Wh—; — uh_i> ) Z 6n<¢( i)

(Za’EAS
S S T |

a’€A,

aEAVs alejs

Since [|¢(s,a)||2 < 1, we can then bound

d 277 S(Z’LU Sa'w
Ig 8-l < =G {Ze” Y e h].nwhi—umb
a’€As '

=20 ||wh—; — Wp—i|2-

a€As /€A,

It follows that

|Prw h—i(5) = Prup—i(9)|l2 < 21 - |wn—i — Wp—i||2-

With Definition 8.1.1, this implies that
T s — Tounsllon < / Imoni(5) — o s(8) | datn_i () 1o < 2V/nl|wn_s — wni]]>

By Lemma F.1.3, we can bound |6, <HJ heig1 Trw, ) l2. Thus, returning to the error

decomposition given above, we have

H h—1 h
Vi (s1) — Vi (s1)] < ZZ ( H ﬁw}j) (Taw pi — Tow i) e i1
h=1 i=0 j=h—i+1
H h-1
< \/gz Z Hﬁ"’ h—i = 7;r"7h—i||0p||¢7ru,h—z‘—1||2
h=1 i=0
H h—1
< 2dnz |wn—i — wn_ill2
h=1 i=0
H
<2 Z ws, — o

]

Lemma F.1.8. Let w* denote the weights such that Q% (s,a) = (¢(s,a),w}), and ©" the
restricted-action linear softmaz policy with action sets (Ag)ses as defined in Lemma F.1.6
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with § = ﬁ Then

Ve (s1) = Vg (s1)] < e
as long as n > 30dH log(1+ 120Hd/e) - L.

Proof. We prove this by induction. Assume that at step h, for all s, we have |V*(s) —
Vim (s)| < 8y, for some p,. Then,

|@ﬁxa@—«x4@ﬂn=L/wf“@s—vxw»w%4w|a@

< 1) = VNP 5.0

< 0y, - /dPh_1(3' | s,a)
< b

Thus,

*

(s Zaels grPloalura) Q"1 (s, a)
S g P
Y e i, € IQE” (s, a)
>, €M1

> Zaeﬂs enQLl(S’G)szl@a a)
= Z ~ eNQh_1(s:0)

aEAs

— Op.
By Lemma F.1.11, as long as n > H log |J‘Ts|/5h, we can lower bound

TGl N
Lac ) Qi (s0) - (14 1/H)5,

Zaeﬂs e (o) a€A,

Furthermore, by Lemma F.1.6 and our choice of JZS, we have

€
2H - e2

max Q4 (s.0) — (1+ L/H), > max Qi (s.a) — (1+ 1/H)3,
acAs a
€

= Vili(s) = (L4 1/H)oy = .
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Define recursively 0,1 = (1 +2/H)d;, and 6y = 5. Then 6, = (1 +2/H)""5 > 5 so

Via(s) = (L4 1/H)S, — oot > Vi () — (L 1/H)8, — 6/ H = Vi y(s) — B,

€

2H -e

So |V (s) — Vh”w* (s)] < 6p—1 for all s, which proves the inductive step.
For the base case, we have

Zae.ﬁs enQ;{(&a) VH(Sv CL)
Zaej en@i(s,a)

> max vg(s,a) — maxvy(s,a) — g /2
a€As a

> —oy

VE" (s) — Vir(s) =

—maxvy(s,a)
a

where the first inequality holds by Lemma F.1.11 as long as n > 2log ],Zs] /dm, and the second
inequality holds by Lemma F.1.6 and our choice of A, and §;. This proves the base case,
since V;}w*(s) < Vi(s).

Recursing this all the way back, we conclude that

Ve (s1) 2 Vg'(s1) — 6
for 6o = (1 + 2/H)" 65 < € since (1 +2/x)® < e? for all .
For this argument to hold, we must choose 7 > 2log|A,|/dx and n > H log |A,|/d) for
all s and h. By Lemma F.1.6 and our choice of A,, we can bound

|A,| < (1+16e>H*Vd/e)* < (14 120Hd/e)*

s0, since 6 = €/e* < 8, it suffices that we take n > 30dH log(1 + 120Hd/¢) - L.
0

Lemma F.1.9. Let n = 30dH log(1 + 120Hd/¢) - + and W an Tairz; et of BY2H/d). Let

II denote the set of restricted-action linear softmaz policy with vectors w € WH | parameter
n, and action sets (As)ses as defined in Lemma F.1.6 with § = 5—. Then for any MDP
and reward function, there exists some m € 11 such that |V — V7| <, and

N 480 H*d/? log(1 + 120Hd/e)>dH
€2 )

m < (1

Proof. Consider some MDP and reward function, and let {w}}_, denote the optimal Q-
function linear representation: Q% (s,a) = (¢(s,a), w;). Let w denote the vector in WH such
that Zle |lwy — wy||2 is minimized. Then by Lemma F.1.7 and Lemma F.1.8, as long as
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n > 30dH log(1 + 120Hd/¢) - 1, we have

Vo™ (s1) = Ve (s)l S IV (1) = Vg (s + V5 (s1) = V(1)
H
< 2dHn Y [lwj; — w2 + €/2.
=1

The first conclusion then follows as long as we can find some w such that

H
20Hy Sy, — @ < €/2.
h=1
However, by Lemma F.1.5, we can bound ||w} ||y < 2H+/d. Therefore, since W is a Taiz; et
of B4(2H+/d), for each h there will exist some @), € W such that ||w} —wy ||, < Tairz;» which
implies that we can find w € W*? such that
H
2dHn Y ||lwj, — wll2 < €/2,
h=1
which gives the first conclusion.
To bound the size of II, we apply Lemma F.1.10 and our choice of 1 to bound
16 H3d%/? 480H*d** log(1 + 120Hd /¢
The bound on |II| follows since |II| = [W|X.
0

F.1.3 Technical Results

Lemma F.1.10 (Vershynin [2010]). For any e > 0, the e-covering number of the Fuclidean
ball BYR) := {x € R? : ||z||s < R} with radius R > 0 in the Euclidean metric is upper
bounded by (1+ 2R /€)%,

Lemma F.1.11 (McSherry and Talwar [2007], Epasto et al. [2020]). Consider some (x;)?;.
Then if n > log(n)/d, we have

n x;
o 677 in
%+ > maxz; — 0.
D ey € i€l

Lemma F.1.12 (Azuma-Hoeffding). et Fy C F; C ... C Fr be a filtration and let
X1, X, ..., Xr be real random wvariables such that X; is Fy-measurable, E[X;|F;—1] = 0,
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and | X;| < b almost surely. Then for any § € (0,1), we have with probability at least 1 — 6,

T
> X
t=1

Lemma F.1.13 (Freedman’s Inequality [Freedman, 1975|). Let Fo C F; C ... C Fr be
a filtration and let X1, Xs, ..., X7 be real random variables such that X; is F;-measurable,
E[X;|Fi1] =0, |X;| < b almost surely, and 3. BE[X2|Fi_1] <V for some fized V > 0 and
b > 0. Then for any 6 € (0,1), we have with probability at least 1 — 9,

< +/8b%log2/s.

T
> X, <2/Viog1/s + blog1/s.
t=1

F.2 Deferred Proofs from Section 8.2.2
F.2.1 Linear Bandit Construction

In the linear bandit setting, at each time step t, the learner chooses some z; € Z, and observes
y;. We will consider the case when the noise is Bernoulli so that y; ~ Bernoulli((0,, z;) +1/2),
and will set

0, =e;, Z={ej, ey ...,eq,—C€1,—€9,...,—€q,Xa,..., x4}, x;=(—A)e;+ve;
for some £ and A to be chosen. In this setting, the optimal arm is 2* = ey, and A(e;) =

We will assume:

¢C, 2006Cy A2

1
¥ > ¢ > max{y/Vd,VA}, maX{C = (d/200A7)1 + g ,A} <~? (F.2.1)

We provide explicit values for £, A, and v that satisfy this in Lemma F.2.2.

Definition F.2.1 ((¢,0)-correct Stopping Rule). We say a stopping rule 7 is (e, §)-correct
over O if for all 8 € ©, Pg[0"E.5.[2] > max,cz0'z — ¢ > 1 —§, where @, € Az is a
distribution over arms recommended at time 7.

We will say that some w € Az is e-optimal for 8 if 6TE,_,[2z] > max,cz 0"z —e. We
have the following.

Lemma F.2.1. Consider running some low-regret algorithm satisfying Definition 8.2.1 on
the linear bandit instance described above and let T be some stopping rule. Then if T is (€,0)-
correct on the set of instances O, := {0 € R : [0 < 3(Vd —2),[(0, 2)| < 1/2,Vz € Z}
for § € (0,1/10), ¢ < min{A/2,£}, d > 2116, and where £,7y, and A are chosen as in
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Lemma F.2.2, we must have that

d 1
> . .
Bo. 7] = 55087 198555

Proof. This proof follows closely the proof of Theorem 1 of Fiez et al. [2019] and relies on
the Transportation Lemma of Kaufmann et al. [2016].

Bounding the number of pulls to {t+e,,...,te;}. By assumption, we collect data with
a low-regret algorithm satisfying Definition 8.2.1. Every time we pull +e;,7 > 2, we incur a
loss of ¢&. Thus, we can lower bound

d

E[Vy — V"] 2 €Y EPy[{z = e} U{z = —e}]]

=2
so, letting 7T'(e;) denote the total number of pulls to e;, we have

d
CK“+Cy >

tﬁﬂx

=1 k=1 1=2 1=2

(F.2.2)

Applying the Transportation Lemma. Let O, C Oy, denote the set of 8 vectors such
that the set of e-optimal distributions on @ is disjoint from that on 6,. By the Transportation
Lemma of Kaufmann et al. [2016] (Lemma 1 of Kaufmann et al. [2016]), for any 6 € Oy,
assuming our stopping rule is (¢, d)-correct, we then have

1
g E[T(z)]KL( > S
V@ z||V9z) 10g245
zeZ

Combining this with our constraint (F.2.2), it follows that > - E[T(z)] > >, - t. for any
(t.).cz that is a feasible solution to

d
minth s.t. IIllIl Zt KL(ve, 2||ve.2) > log Zt 4+ Cy > fZ(tei +t )
i=2

I
zeZ at

(F.2.3)

We can rearrange the second constraint to

§Cy N §Co 22:2(?5 +1_e ,)'

(Zzez ty)i=e Zzez tz 2czlz

V2 €)Y EPnl{z=e}U{z = —e}| =€) E[T(e)+T(-

e,)]
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Assume that the optimal solution to (F.2.3) satisfies >, 5 t» > 35557, then this constraint
can be weakened to
(e S 2006CA° _ Yy e,
@208 T4 S St

It follows then that if the optimal value to

d
AN
min E t, s.t. emén t.KL(vp, »||vez) > log ,C > ZZ:% 14; ) (F.2.4)
zEZ SOl ez z€Z 7%

is at least 55 AQ, then the optimal value to (F.2.3) is also at least so our assumption

that ), -t, > 200A2 will be justified.
For z # z*, let 0, (e, t) denote the instance

200A2 ’

(y] 6, +20)A(t) Ly,

0, — _
yiA(t) 'y

fory, =2z*—2z, A(t) =Y., szT—l-dlag([ﬁ y2/d,...,7?/d]). Note that y] 0,(e,t) =
—2¢ < 0. Since € < A/2 by assumption, any e-optimal distribution w for 6, must place
mass strictly more than 1/2 on z*. Since y]0.(e,t) = —2¢, any e-optimal distribution on
0. (e, t) must place mass less than or equal to 1/2 on z*. Thus, it follows that the e-optimal
distributions on 8, and 0,(e, t) are disjoint. Furthermore, we have:

Claim 7. For all z € {xs,..., x4} and t, assuming that ¢ < A and & and A are chosen
as in Lemma F.2.2, we can bound ||0,(¢e,t)||2 < 11. Furthermore, for any v € Z, we have

(0. (e, t),v)| < 1/4.

Since we have chosen Oy, = {6 € R? : |0,
assumed d > 2116, we have that 0,(¢,t) € Oy,, so

Claim 8. For all z,v € Z and t,

(Vd—2),1(0,2)| <1/2,¥z € Z} and

<1
=7
0.(¢,t) € O,. We can also bound:

iAo A0y,

KL(VO*,vHVGZ(e,t),v) S 16(3/29* + )
(YT A(t)1y.)?

This implies that, for any t,

TAMW) v A(t) Ly,
>t KL(ve, ol [Ve.(et)w) < 16Y _ to(yl 0, +¢) 2Y (t)~ 1)y

vEZ vEZ (szA(t)ilyZ)Q
TA(+\—1 t TYA (4\—1
YA T D pez s vv )A(D) Ny,
=16ty (y16. +¢)’ € vzl
vez (Y A(t)'y.)?
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<163 b, (y]6, + )2yzA(> A()A() Y.

vEZ (yz A(t)_lyz>2
-y 16(y, 6, + ¢)°
v’ 2
= 1215 )
Thus
1 S (e, +te,)
F.2.4) > min t, sS.t. min toKL(veo, »||Ve. (e > lo (> ==l .
(F24) 2 1; o wd}z 0.0/|V0-(c0.0) 2 log 575, > ez bo
ly=11%,, 1 S (te, + t—e,)
> mj ty st ty > ——= _ log —, Lt
—mmé” ° ;”—ze{ﬁi,md} 16(y 0*+e) %515t 2 > ez to
ly=l% - 1
— inf  max —— T 0g ——

AeA z€{®1,...; x4} 16(y;0* + 6)2 2.46

where A(\) = > ez X2z and A={\elz : (> S (Ne, + Ae,)}. We can further
lower bound this by

> inf max i wZHQN -log !
rer 22 16((z* — il’,‘Z)TG —|— e) 2.4
) |Aer — ’Yei”_,g(k)_l 1

B S T NS CREL D W

By Lemma F.2.3, we have

inf max |Ae; —
AeA 122

-1
> inf max(Ae, —ve;)" <2§26161T + 2max{(, v’} \ese; + diag([€2,42/d, . .. ,72/d])> (Ae; — ve;)

)\EAd ’L>2

’Yei”%()\)4

2

1
2 f max ——
= 3 L o 1d

where in the final equality we have used that ¢ < ~2. However, this is clearly minimized by
choosing \; = 1/(d — 1), which gives a lower bound of
1 d—1
>
2/(d—1)+1/d — 3

Putting all of this together, we have shown that any feasibly solution (t,).cz to (F.2.3) must
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satisfy

Zt> d—1 -lo 1 > d -10L
*ZU8(A e %245 < 200A2 %245

zeZ

where the second inequality uses that ¢ < A and d > 2116. Using that any feasible solution
to (F.2.3) lower bounds ), . E[T(z)] and noting that our lower bound has justified our
assumption that Y _-¢, > d/200A?, gives the result. ]

Lemma F.2.2. Toke some A > 0 satisfying:

1 1 1 1 e
A < mi
= T { 100004*” \/ 4-10816C,” v/200 (10816d%’1> }

and set

1 !
52 5ovd

Then this choice of &,,0 satisfies (F.2.1) and, furthermore, ||z||s <1 for all z € Z.

&=

Proof. We first fix ¢ = ==. To satisfy (F.2.1), it then suffices to choose v and A satisfying

52d°
y 1 1 Cl 4CZA2 2 2
— < — A< < A < 7.
Va = 52d’ VA< o 52d(dj200A) i« T @ =0 BT
Thus, if
1 [ 1 1 1 )
A< —— A<y — A<
~ 100004*’ — V 4-10816C,’ ~ /200 (10816d°‘Cl> ’
some algebra shows that it suffices that we take v = m. The norm bound follows by our
choice of £ and since & > ’y/\/a > VA, O

F.2.1.1 Additional Proofs

Proof of Claim 7. We first show that |(0.(¢,t),v)| < 1/4 for all z € {zs,..., 24} and v € Z.
Let A={Ae Az : (> Zfﬁ()\ei + A_e,)}. By Lemma F.2.3,

Yo A1)y > inf y] (23" Awdiag([(2')7]) + diag([€%,72/d, ..., 7 /d])>_1yz

z'eZ

-1
> y] (26%1e] +2max{(, 1 }eie] + diag([§,7%/d, ..., 4*/d)) s
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,y2

)3,
& " amax{(, %) +12/d

Vv
>

v
Wl =

where the last inequality follows from our assumption that ¢ < 2. We can also upper bound

~ A 2
oA My, < v ding(12,72/d, .. A d) My < 5+ < 2
S
This gives an upper bound of
6d 12dA
0.(c,t),v)| <&+ (A4¢e)— <€+ —— < 13dE.
(O-(e.) )| SE+(A+092 <64

By our assumption that £ < =, it follows that |(0(e,t),v)| < 1/4 for all v € Z.

To prove the norm bound on 6,(¢,t), consider v = e;, i # 1. Similar to the above
calculation, we have

(0=(¢, 1), v)| = [[02(e, D)li] < (A +¢)- 67d < 12dVA

where the last inequality follows by taking € < A, and using that by assumption v > v/A.
Now letting v = £e; € Z, we have

(8=(c, 1), v)| = &[[B=(e, )| < € + 12dVA.

Thus, it follows that

1= (e, £)[|2 =

< /2 + 288d2A /€2 + 144d3A)
<V2+ g\/288A + d*2V/144A.

Now, if £ and A are chosen as in Lemma F.2.2, we have

102 (e, 1)]|2 < V2 + 52d*V288A + d*/?\/144A

< V2 4 524/288/10000 + /144,/10000
< 11.
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Proof of Claim 8. By Lemma 2.7 of Tsybakov [2009], as long as (0. (e, t),v)+1/2 € (0,1) and
(0,,v)+1/2 € (0, 1), which will be the case by the definition of 8, and since |(0,(¢,t),v)| < 1/4
as noted above, we have

(0,(e,t) — 0,,v)?
((0=(e, 1), v) +1/2)(1/2 = (0:(c, 1), v))
Using what we have just shown, we can upper bound this as

(0, (e, t) — 0,,v)? < (0, (e, t) — 0,,v)?

((6=(e,),v) +1/2)(1/2 = (B:(e, 1),v)) — (=1/4+1/2)(1/2 - 1/4)
= 16(0.(¢,t) — 0,,v)>.

KL(VG*,UHVOZ(e,t),v) S

By our choice of 6,(¢, ), this is equal to:

Y, K(t)‘jvvﬂ(t)‘lyz
(Y A(t)y.)?

which completes the proof. ]

16(sz0* + 6)2

Lemma F.2.3.

Z Azz| <2 Z A diag(z?)

z€Z zeZ
Proof. This follows since every z € Z has at most two non-zero entries, and since (ax +
by)(ax + by)" < 2a°zx " + 20%yy". O
F.2.2 Mapping to Linear MDPs

We can map this linear bandit (with parameters chose as in Lemma F.2.2) to a linear MDP
with state space S = {so, s1, 82, - - ., 5411}, action space A = Z U {eyy1/2}, parameters

01:0, 92261

(o) = [20.1], pua(s) = 2[20,1]

for some @ (in particular, we are interested in @ = 6,), and feature vectors

®(s0; €a1) = €4+1/2,  P(s0,2) = [2/2,1/2], Vz€Z
(]5(81,2):61, ¢(§i7z):ei7i227 VZGA
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Note that, if we take action z in state sg, our expected episode reward is

d+1

Pi(s1]s0, 2) 1+ZP1 Sils0,z)-0=(0,2) +1/2

since we always acquire a reward of 1 in any state s;, and a reward of 0 in any state 5;, and
the reward distribution is Bernoulli.

Lemma F.2.4. For any 8 € Oy, the MDP constructed above is a valid linear MDP as
defined in Definition 8.1.1.

Proof. For z € Z we have,

Py(s1s0,z) = (@(s0, 2), pa(s1)) = (0,2) +1/2 =0
Pi(8ils0, 2) = (@(s0, 2), p1(5i)) = é(—<9,2> +1/2) >0

where the inequality follows since |(0, z)| < 1/2 for all z € Z by the definition of ©y,. In
addition,

d+1

Rlsibn=) + 3 Pisln=) = (6.2 1172 d-(-(0.2) +1/2) = 1

Thus, Pi(-|so, z) is a valid probability distribution for z € Z. A similar calculation shows the
same for z = egy1/2.

It remains to check the normalization bounds. Clearly, by our construction of Z,
lp(s,a)|2 < 1 for all s and a. It is also obvious that ||@||; < v/d and ||y < V/d. Finally,

e Slla = || D ()| = 1126,1] +d- 2[29, L2 < 4)6l2 +2 < Vd

s€8\so 9

where the last inequality follows from the definition of ©y,. Thus, all normalization bounds
are met, so this is a valid linear MDP. O]

Proof of Proposition 8.1. If we assume that the learner has prior access to the feature vectors,
and also knows this is a linear MDP, then, even with no knowledge of the dynamics, we can
guarantee an optimal policy is contained in the set of policies 7% defined as:

!/ ’

777 (s0) = 2,757 (s0) = 2,757 (51) = Eer, 17 (5) = e

This holds because in states s; and §;, the performance of each action is identical since the
feature vectors are identical, so it doesn’t matter which action we choose in these states. In
this case, we can bound [II| < |Z|* < 4d?,



396

Now, for z € A, z # ey1/2, we have

e = [2/2,1/2]
Pty = (01, 2) +1/2)er + d( (6..2) +1/2) ) e

i>2

and if z = eg41/2, Drzet | = eqi1/2, Drzet o = el/2+ ﬁ > s €. Let Ty, be the policy that
plays action es in state sg at step h = 1. Then,

Arpp2 = 6161 —|— — E e; e

z>3

Since (0,,z) < O(1/d) and [z]; < O(1/d) for all z by construction, it follows that we can
bound, for all z, 2/,

||¢7rzz 2||A 1 .2 _O <1+Zd2 ) > _O(l)

1>2

SO

1r2]l5-1

f Toxp.2 1
;gp e max{ Vg — V{, mm,e}Q < 0(1/€).

Now let mey, be the policy that, at step h =1, plays £ey with probability 1/4, e4q with
probability 1/4, and plays e; with probability ; d @D for i > {2,...,d}. In this setting, we
have

1 1 1
Arpt = geerel + qeanean & gy D, el

Note that V- — vgf"’z' =& — (04, 2),s0 for z =ey,...,eq1, we have V' — Voﬂz‘z/ =¢=
O(1/d), while for z = ey, T, ..., T4, we have V' — Voﬁz’zl = A.

It’s easy to see that for z = es,...,e4.1, we have H(ﬁﬂz,Z/JHA;elx . < O(d), and for
z=~¢e, Xy, ..., Ty, H(ﬁﬂz,zngA;elpr < O(1+dvy?) = O(1). Combining these bounds with the

gap values, we conclude that

1r1 1151

f wexpl 1 1
e v AT e < O/ + poly(d).

The result then follows by Lemma 8.3.8 and Lemma F.2.4. [
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Lower bounding the performance of low-regret algorithms. Assume that we have
access to the linear bandit instance constructed in Appendix F.2.1 with parameters chosen as
in Lemma F.2.2. That is, at every timestep ¢ we can choose an arm z; € Z and obtain and
observe reward y; ~ Bernoulli((6,, z;) + 1/2). Using the mapping up, we can use this bandit
to simulate a linear MDP as follows:

1. Start in state so and choose any action z; € A

2. Play action z; in our linear bandit. If reward obtained is 3, = 1, then in MDP transition
to any of the states s;. If reward obtained is y; = 0 transition to any of the states
S9,..., 8441, each with probability 1/d. If the chosen action was z; = e441/2, then play
any action in the linear bandit and transition to state s; with probability 1/2 and
S9,..., 8441 With probability 1/2d, regardless of y,

3. Take any action in the state in which you end up, and receive reward of 1 if you are in
s1, and reward of 0 if you are in 5o, ..., 54.1.

Note that this MDP has precisely the transition and reward structure as the MDP constructed
above.

Lemma F.2.5. Any algorithm that is (e,8)-PAC for linear MDPs satisfying Definition 8.1.1
is also (€,0)-PAC for linear bandits constructed as above, for any 6 € Oy.

Proof. Consider some policy 7 that is e-optimal on the linear MDP constructed as above.
Note that, for all 8, we have max,cz(z,0) > 0, so that the optimal action in the linear MDP
is never ey, 1/2. If 7 is e-optimal in the linear MDP, this then implies that

> milzls0)((2,0) +1/2) + mi(ear1/2]50) /2 > max(z,0) +1/2 ¢

z€Z
Zm z|s)z,0) > rgleaé((z 0) —
zeZ

Thus, it follows that the distribution 7 (z|sg) is e-optimal for the linear bandit with parameter
0, implying that any policy e-optimal on the linear MDP constructed above can be used to
identify an e-optimal solution to the linear bandit.

By Lemma F.2.4, for any @ € Oy, the linear MDP constructed above with parameter 6
is a linear MDP satisfying Definition 8.1.1. Thus, it follows that any algorithm (¢, §)-PAC on
linear MDPs satisfying Definition 8.1.1 must also be (¢, 0)-PAC on our linear bandit.

]

Proof of Proposition 8.2. By Lemma F.2.5, we know that any algorithm which is (¢, 0)-PAC
for linear MDPs satisfying Definition 8.1.1 is also (e, )-PAC on the set of linear bandit
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instances with arm set Z as constructed above, and parameter in ©y,. As the lower bound
given in Lemma F.2.1 applies to any algorithm that is (¢,§)-PAC on linear bandits with
parameters in Oy, it follows that it also applies to a (€, §)-PAC linear MDP algorithm, which
proves the result. O

F.3 Deferred Proofs from Section 8.3

Lemma F.3.1. With probability at least 1 — 0:

1Bn — ol <dh§f(2 log 224 Toe 75 +¢dA) 1Bl
mh — Prhll2 > 0og . mh || A
h'=1 5 Amll’l(A—h/) h

Proof. We have:

d d
prn — Grillz < D — Grlli = D N brili — [drilil =D 1€, P — D).
=1 i=1

Since e; € S, we can apply Lemma 8.3.2 to bound, with probability 1 — §/d,

h—1 (2 2oHd log 2Hd

|<ei7 $7r,h - ¢7r,h>| < log + 5

h'=1
Summing over ¢ gives the result. O]

+ \/d)\> : |y$ﬁ,h,||A;,1.

Lemma F.3.2. Assume we have collected data {p(sp.r,anr), Ru(Shr,anr) 5, and that for
each 7', Rp(Shr, anr)|(Shrrs an ) is independent of {(spr,anr)}rer. Let

K
0, = argemin Z(Rh,T — (P, 0))* + X605
T=1

and fiz u € R? that is independent of {@(sh+,anr), Rn(Shryan.)}5 . Then with probability
at least 1 — 0

~ log2/§
u, 0, —0,)| < log2/) + ————= 4+ VdA | - ||u|[,-1.
(2.6~ 01 ( §20+ Bl 4 ) lulla;
Proof. Let ® = {(shr,an-)}~ ;. Then by our assumption on the independence of Ry, ., we
have that Ry ;|(sh.r,an-) has the same distribution as 7, .|®. Conditioning on ®, the ¢y,
vectors are fixed, so A, is also fixed.
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By construction we have

K
6, = A,* Z Onr B,
T=1

Furthermore:

K
O = Ay A8, = AL B[Ry Fuors] + AAL 6,

T=1

Thus,

K
|<U> 0, — 9h>| < Z uTA}:1¢h,T(Rh,T - ]E[Rhﬂ"‘rh—l,ﬂ']) + P\’UJTA;_Lth‘ .
N ——

T=1
. y (®)

@

Since Ry, . € [0, 1] almost surely, we can bound

' Ay G (R = ElRnr | Frorr])] < ullat | @nrllac < lllla-1/ v/ Amin(An).

Furthermore, we can bound

Var [u' A, @ (Bur — E[Ry | Fio1,])|D]
=E [(u" Ay bnr(Bir — E[Ry | Fio14]))?|D]
<u'A o 0 AL

By Bernstein’s inequality, we then have, with probability at least 1 — ¢ conditioned on 2:

EK:UTA—% o7 At logays o ar1082/0
h Phr¥Phridn ’
=1 >\min<Ah>

log 2
L/(S) o
Amin(Ah) h

Applying the Law of Total Probability as in Lemma 8.3.1, we obtain

(a)

IN

< (y/log2/6 +

log2/§

P (a) Z( 10g2/5+m

) -lluflp | <6
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By Definition 8.1.1, we can also bound
() < Vlully 1[04 ]l2 < VaNjully 1.
Combining these proves the result. O

Proof of Corollary 8.2. By Lemma F.1.9, we can choose I, to be the restricted-action linear
softmax policy set constructed in Lemma F.1.9. Lemma F.1.9 shows that II. will contain an
e-optimal policy for any MDP and reward function, and that

AR0H*d5/? log(1 + 120Hd/e)>dH
- .

< (1+

€

Combining this with the guarantee of Theorem 8.1 shows that Vi* > Vg — 2¢ and that
Vi (IT) — VT is within a factor of € of Vi — V7. To bound the complexity of this procedure,
we apply the bound given in Theorem 8.1 with the bound on the cardinality of II, given
above. ]

F.3.1 Interpreting the Complexity

Lemma F.3.3. For any set of policies 11, we can bound

inf 2 <d.
Jnf igg\lqbﬂ,hHA 1 <

Proof. By Jensen’s inequality, for any v € R¢, we have
v Arpv = Eo[(v" é1)?] 2 (Erfv " é1))* = (v ).
It follows that, for any ,
Avp = Prpnby .
Take A € Q. Then,

A =Eri[Arp] = Erei[rnbr 1]

It follows that we can upper bound

. 2_ < 2 _
228, SV Prallacs = 0 supldeallaoy

where A(A) =30 Ar¢rnod, . By Kiefer-Wolfowitz [Lattimore and Szepesvari, 2020], this is
upper bounded by d. O

Proof of Corollary 8.5. This follows directly from Lemma F.3.3 and Corollary 8.2, by upper
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bounding:

2 2

o) - ¢ - d
inf max I &nnlfa-s < inf max—” willp-s < —.
A, melle max{ Vg — V', e}?2 = Aeq, nell €2 €2

F.8.1.1 Tabular MDPs

Proof of Proposition 8.3. We begin with an example where PEDEL has complexity smaller
than the Gap-Visitation Complexity, and then turn to an example where the reverse is true.

PEDEL Improves on Gap-Visitation Complexity. Consider the tabular MDP with
|S| = |A| = N, and where

Pu(s1|s1,a1) =1, wvp(s1,a1) = 1,Vh € [H]
Py(s1]s1,a5) =0, wvp(s1,a;) =0,Vh e [H],j #1
Py (s1]si,a;) =0,Yh € [H],j € [N],i # 1
Py(si|sj,a;) =1,Vh € [H],j € [N],i # 1

Ay

n(si,a1) =€, Vh € [H],i # 1, Rp(s;,a;) =0,Yh e [H],j#1,i#1.

In this MDP, the optimal policy simply plays action a; H times and is always in state s;.
The total reward it collects is H.

Note that, since the MDP is deterministic, we can choose II as in Corollary 8.4, to be
simply the set of policies which play a deterministic sequences of actions. It follows that any
policy in II that does not play a; H consecutive times has optimality gap of at least 1 —e. In
this case, then, we have A, (I1) =1 —e.

By Theorem 8.1, we can therefore upper bound the complexity of the leading-order term
by O(poly(S, A, H,log1/4)), so PEDEL will identify the optimal policy (since Il contains an
optimal policy). Thus, the total complexity of PEDEL is O(poly(S, A, H,log 1/4)).

On this example, in every state s;, 7 # 1, action a; still collects a reward of e. Thus, we
have that Aj(s;,a;) =€ for j # 1. The Gap-Visitation complexity is given by

i inf max min ! Wi(s)"
T sa wi(s,a)Ap(s,a)?” € '

h=1

Since W,(s) = 1 for each s, we conclude that
H

. . 1 Wi(s)? 1
; >S5 2
ZII; H;.%X min {w;;.(s7 G)Ah(57 a)Q’ 62 - ; 62

h=1
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Thus, for small €, the Gap-Visitation complexity can be arbitrarily worse than the complexity
of PEDEL.

The Gap-Visitation Complexity Improves on PEDEL. To show that the Gap-Visitation
Complexity improves on the complexity of PEDEL, we consider the example in Instance
Class 7.3.1. As shown in Proposition 7.5 on this example, for any ¢, the Gap-Visitation
Complexity is O(poly(95)).

To bound the complexity of PEDEL on this example, we consider the complexity given
in Lemma 8.3.8 with II the set of all deterministic policies. Take ¢ > 27°. Then, on this
example, it follows that A (IT) < O(e), since we can find a policy 7 which is optimal
on every state s; at step h = 2 for i = O(log1/¢€), which will give it a policy gap of O(e).
Furthermore, any near-optimal policy will have [@r 2]s, .0, = W5 (s1,a1) = O(1), so we always
have infaco, Max emn(se) |@rnlla-1 > Q(1). It follows that the complexity of PEDEL is lower
bounded by Q(1/¢?).

O

F.3.1.2 Deterministic, Tabular MDPs
Lemma F.3.4. In the deterministic MDP setting,

0 e [Re:eN Z
Aeqy, mell (Vi — V)2V er — Ay (s, a2\/e2

Proof. Note that ¢y slsrar = 1, and otherwise, for (s,a) # (s},a}), [@rnlsa = 0. Fur-
thermore, A, 5, will always be dlagonal, with diagonal elements w7 (s,a). We then have

2 et T
16xllazs,, = wreetap: =
2
S ||¢7rh||i L < inf max H(ﬁﬂ-’hHA;clxp,h
AeQy, well (V* Vﬂ)2 Ve — Texp mEIL (V* ‘/07r)2 \ €2

Texp 1

_ w, P (sT,aT)”
—inf h \Sh) @
Ty mell (Vg —=V7)2ve

Tex —1
a) . wy, 1’(32’@7};)
= inf max max
Texp S,Q Wensah (V Vﬂ—)Q \/ 62
T —
| wf (s, )1
= inf max max
mexp 8,0 w€llian (Vg — V)2 V €2

1

wp (s, a)”

= inf max
%W)Q \Vi 62

Texp S,Q (VE)* - maXﬂ-eH

sah
Texp

c wy ™ (s,a)7!
= inf max ———""~
Texp saX Ah(S a)Q V €2
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where (a) follows since II = U Il ., (b) follows since by definition, for any 7 € L,
(st,a}) = (s,a), and (c) follows by the definition of Ay(s,a).
Let 7** denote any policy such that (s},a}) = (s,a). Set
max{A(s,a),e} 2
zs,ﬂ, max{Ay,(s’,a’),e}~2

Note that this is a valid distribution. Let ex, = >, , Arsam®, then wpo®(s,a) = Agsa, SO

)\ﬂ—sa ==

Texp —1 -1
. w, (s, a) Arsa
infmax =—2~—"" _ <max———2""
mexp 50 Ap(s,a)2V €2 T sa Ap(s,a)? Ve

1
< _—
- SZ; Ap(s,a)? Ve

which proves the result. O

Proof of Corollary 8.4. As in tabular MDPs, we can set II to correspond to the set of all
deterministic policies. However, since our MDP is also deterministic, at any given h, we only
need to specify m,(s) for a single s—the state we will end up in at step h with probability 1.
Thus, we can take IT to be a set of cardinality |II| = A”. The result then follows directly
from Lemma F.3.4 and Theorem 8.1. O

F.4 Deferred Proofs from Section 8.4

Throughout this section, we will denote Vg := maxgeq ||@||2 and let f(A) := XY opt (A).

F.4.1 Approximating Non-Smooth Optimal Design with Smooth Optimal
Design

Lemma F.4.1.
log ||

XY ope(A) = XY o (A)] < - XYopt(A) < XYopi(A).

Proof. This result is standard but we include the proof for completeness. We prove it for
some generic sequence (a;)",. Take n > 0. Clearly,

exp(maxna;) < exp(na;) < nexp(maxna;)
=1
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SO
max na; < log (Z exp(nai)> < logn + maxna;.
i=1
The result follows by rearranging and dividing by 7. O
Lemma F.4.2. If 1> 7 > 0, then XYope(A; 1) < XYop(A; 7).
Proof. We will prove this for some generic sequence (a;)", a; > 0. Note that,

d1 1 1 1
——log e | = ——log e |+ — : a;e.
b (o) =B (e ) Ly

) )

We are done if we can show this is non-positive. Note that,

log (Z 6"‘“) > maxlog (¢") = maxna;

i

SO
1 1 1 1 1 1
—— log e | + — . a;e’ < ——maxa; + — - - a;e
por(Z) it Do ot
1
< ——maxa; + —maxa;
no no
=0.
The result follows since XY opt has this form. O
Lemma F.4.3. We have,
. Yo
inf XYoot (A) > ————.
AZ0,[[Allop<1 ()2 5 + ([ Aollop
Proof. Note that [|A(A)|lop < 1+ || Aolop, SO
. 2 . 2 maXgea || |2
inf maxl|¢”A(A)—1 2 inf ”¢||A(A)—1 Z =

A0, Allop<1 ¢EP T AS0,|Allop <1+ Acllop 1+ || Aollop

Lemma F.4.4. Assume that we set n > %(1 + || Aollop) - log |®|. Then

Ry < . ] 2 —1.
min XYop(A)) < 2 minmax || ¢/ 5 a)-



405

Proof. Denote f(A) < LogSumExp ({en”d)Him)*l Yoca: n). By Lemma F.4.1 and Lemma F.4.3,

we have

log!@| < Yo

1
2 oo — (A< < i —f(A
‘rgeaq}fu(pHA(A) 1 f( )‘ = n = 2(1 + HA0H0p> = AtO,rﬁlliﬁopgl 2f( )
< 2 L.
= f(A) < 2%2§”¢HA(A) 1
The result follows. O

F.4.2 Bounding the Smoothness
Lemma F.4.5. f(A) = )f(?opt(A) satisfies all conditions of Algorithm 8.2 with

B=2/Ag &0 +nllAg lop), M = [[AG'[IE,

-1
VAf(A) _ (Z en”(bi(A)—l) . Z Gan)”i(A)_l A(A>—1¢¢TA(A)—1 =: 24

pcd pcd

Proof. Using Lemma F.4.6, the gradient of f(A) with respect to A;; is

-1
vAwf(A) _ (Z 677(15”1(,\)_1) i Z 677||¢||2A(A>_1 ¢)TA<A)_1€Z‘€;A(A)_1¢)

PP ped

from which the expression for V f(A) follows directly.
To bound M, we see that

-1
sup tr(Vf(A)TA)| < (Z eW”iW) 37 RN AA) T, 1A o

A K0 Aflop <1 Allop<1 pyert peert
< [[Ag llop

where the last inequality follows since A(A) = Ag for all A.

To bound the smoothness, again by the Mean Value Theorem it suffices to bound the
operator norm of the Hessian. Standard calculus gives that, using V2f(A)[A, A] to denote

the Hessian of f in direction (A, A):

-1
V%f(A)[K, A] — _% (Z en||¢||2A(A+tA)1> . Z en‘|¢“2A(A+tf\)*1 ¢TA(A 4 tA)—lKA(A 4 tA)—Id)
Ped Ped
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-2
= (Z €n||¢”i(A)1> <Z 677“45”3‘(‘\)71 (bTA(A)_lAA(A)_ld))

Pped Ped

. <Z 677\\¢||2A<A)71 (ﬁTA(A)lKA(A)lq’))

ped

. (Z enll¢|lf\(,\>_1> : 3 A (T A(A)TAA(A) ) (¢TA(A)—17\A(A)—1¢>

¢ed Ped

-1
n (Z enl|¢>lli(,\)_1> S a1 pTA(A)TAA(A) TAA(A) 1o

Ped Ped
-1
+ (Z 677||¢||2A(A)1> Z 677||¢||2A(A)71 (ﬁTA(A)iljf{A(A)ill_XA(A)ilqb
oIS Pcd
We can bound this as
sup [V2F(A)[A,A]] < 20| A1, + 21| Ag 12,

AA A0 Allop<1,[|A[lop<1,[|Allop<1

Convexity of f(A) follows since it is the composition of a convex function with a strictly
increasing convex function, so it is itself convex. O]

Lemma F.4.6. For A invertible, £ (A +te;e] )™' = —Ae;e] A7

Proof. We can compute the gradient as

d o . (A teie;-r)_l — A1
ai A teer) = g : ‘

By the Sherman-Morrison formula,

tAle;el A1
(At tee))™ = A7 — o
soast— 0,

(A + teiejT)_1 — AT — zfA_leiejTA_1
Thus,

A+teel )P — AT At —tAle;el A7 — AL
( ) = lim ! = —Aeje] AT
t—0 t t—0 t J
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F.4.3 Data Collection via Online Frank-Wolfe

Proof of Lemma 8.4.1. Note that by Lemma 6.6.2, if fZ(Kz) < K;Nje then this implies that
fl(ﬁil) < K;N;e, where f]l are the actual observed covariates at round ¢. Thus, upon
termination the desired conclusion of Lemma 8.4.1 will be met. It then remains to find a
setting of ¢ large enough to guarantee that the termination criteria is met.

To show this, we first argue that the FORCE algorithm of Wagenmaker et al. [2022a]
satisfies Assumption 6.10. By Theorem 5 of Wagenmaker et al. [2022a], we have that with
probability at least 1 — d, FORCE has regret bounded after K episodes as:

o \/ d*HAK -log®(HK/§) + cod'H* log"*(HK /8) < esd*H'1og*(K/6) - VK.

It follows that FORCE satisfies Assumption 6.10 with Cr = c3d*H*, pr = 7/2, and o = 1/2.
By Theorem 6.3, we then have with probability at least 1 — §/24%:

~ , BiR*(log N; + 1) doras 70 MENK, 1 8log(8i2N;/6)
(A;) < (A Md*H*log"? =20 . | — 4 My —=—
Jilhe) < pig M)+ =5, gy TeMAH s e g K,

By assumption, we have minacq f;(A) > fuin- By our choice N; = 2! and K; = 2% we see
that we can bound

BR*(log N; + 1) ot e AN [T 8 log(8i2N; /4)
M H lop7/? 2200 1y, |20 O/0) e
aN+1) ¢ °8 5 K K, s/

as long as

i > c-logmax{f, M,d, H, f..\ log %}
for a universal constant c. Thus, for i satisfying this, we have fz(.&) < 2minpegq fi(A). So
to ensure that fl(j/iz) < K;Nie it suffices that 2mingcq fi(A) < K;N;e. It then suffices that
2.minpeq fi(A) < 2%. Since we assume f(A) > fi(A), this is implied by 2-minpcq f(A) < 2%
As the failure probability of the success event of Theorem 6.3 at round ¢ is bounded by
/242, the total failure probability is bounded by "7, §/2i < 4. On this success event, it
suffices that we will terminate after round 7 for any/z'\ satisfying

~ 1 s 2
i > c-logmax{B, R, M,d, H, f,.\  log 5}, 23 > = &mg f(A). (F.4.1)
€ Ae
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If we terminate at epoch /i\, the total complexity will be bounded by

i=1 =1

Since we will have terminated as soon as i satisfies (F.4.1), it follows that

~ 1 - 2
> ' -1 i 3Gi-1) _ 2 .
i—1<c-logmax{fs,R,M,d, H, f_..log 5} or 2 < ; Hlégf(A)

This implies that

-~ ~ 16 1
3 _ g .93(i-1) < Cm -1 -
27 =82 < — gnégf(A) + poly (B,R, M,d, H, f ., log 5) :

The result follows. O

Lemma F.4.7. There exists a procedure which takes as input parameter N, \,d and with
probability at least 1 — 0 terminates after at most

1 N
N + pOly (dv X_a H7 log_aé)

min 5

episodes, and returns covariates X such that

Amin(X) > CL + max{dlog1/5,\}

min

for Cy_, = poly (d, /—\%, H, log NTM), and

1 N
||E||0p S N+ POIY (dv X_aH)log_7A> .

min 5

Proof. Applying Lemma D.3.1, we have that the MINEIG algorithm with scale N + A,
confidence 9, and FORCE as the regret minimization algorithm, will return some set of policies
IT such that, rerunning each policy in II once, with probability at least 1 — §/(N + A/d), we
will collect covariates ¥ such that

68(N + A)

Amin () > 6272d log 5

Furthermore, MINEIG will run for at most

1 N+ A
2|H‘ S pOly (d) X_7H7 ]'Og _I__) = O>\min

min 5
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episodes. This implies that, rerunning each policy N/|II| + A/d + 1 times, we have that the
covariates returned X satisfy, with probability at least 1 — §:

N N
Amin (%) > m 6272d log M + max{dlog1/4, \}
N+ A
> - 6272d log 68NV +4) + max{dlog1/8, \}.
)\min

Note that the total number of episodes collected by this procedure is bounded by
N 1 N+ A

The bound on the operator norm of 3 follows from this and since each ¢ has norm at most
1. O
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Appendix G

Deferred Proofs from Chapter 9

G.1 Deferred Proofs from Section 9.3

Lemma G.1.1 (Elliptic Potential Lemma, Lemma 11 of Abbasi-Yadkori et al. [2011]).
Consider a sequence of vectors (), x; € R, and assume that ||z||» < a for all t. Let
V, =M+ zx] for some X > 0. Then we will have that

T
> “minf1, [|la,]3, 1 } < 2dlog(1 + a*T/(dN)).
t—1

t=1

Furthermore, if X > max{1, a®},

T
Y lladly s < 2dlog(1+a’T/(dN)).
t=1

Lemma G.1.2. If z > C(2n)"log"(2nCB) for n,C,B > 1, then x > C'log"(Bxz).
Proof. If x = C(2n)"log"(2nCB), then
Clog"(Bz) = Clog" [C(2n)" log" (2nCB)]
< Clog" [C™"(2n)*"B"]
S C’log" [CQn(Qn)QnBQn}
< C(2n)"log" [2nCB|

=X.

The result then follows since x increases more quickly than C'log"(Bz). O

G.1.1 FORCE satisfies Definition 9.1.1

We invoke Theorem 8 of Wagenmaker et al. [2022a]. To do so, we need to control an
appropriate covering number. Recall the ball BY := {¢ € R? : ||¢|| < 1}. Given a class of
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functions .Z denote a set of functions f : B? — R, we define the distance on fi, fo € .#

disto (f1, f2) :== sup |fi(@) — fa(@)].

peBd

Lemma G.1.3. Consider the class of functions

d N =R
= {r: B SR (@)= 2eli. [Blh <vipex AxT
0 beXx

for some 42 >0 and X C RY. Then

2vd
N(Z, dists, €) < d*log <1 + \/_> :

Ye
Proof. Consider 1,79 € #Z parameterized by A1, As. Then,

16l — 1l

. 1
disteo(71,72) = sup [r1(@) — r2(@)| < sup —
peBd peBd Y

The inequality follows easily by noting that in every possible case, we can bound

1
(@) =)l < g |19l ~ 91,
Now note that

=" (AT" = AT < AT = A op < AT — AL Jp.

Let A be an ~2€ cover of {A € R . ||Allr < Vd}. Then by Lemma F.1.10, log|N| <
d?log(1 + 2v/d/(~%)). Furthermore, for any A > I, we can find some A € N such that
A7 — Allr < ~%. Let

1 l@lA-r > peX
Vi=qr() (@) =q7779la  lola <v*dedX AcNy,
0 bdX
then it follows that 7 is an e-net of Z in the dist,, norm, and that log|¥| < d*log(1 +
2v/d/(~%€)). The result follows. O

Lemma G.1.4. Let v* be as defined in EGS. Then FORCE satisfies Definition 9.1.1 with

C, = d*H?log(e + Vd/~v?), pi=3
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Co = d'H?log®?(e + Vd/~¥?), py=17/2

Proof. This follows directly from Theorem 8 of Wagenmaker et al. [2022a] by noting that 7
is non-increasing in k, Fj,_;-measurable, 7¥ € %, and using the covering number for % given
in Lemma G.1.3. [

G.2 Deferred Proofs from Section 9.4
G.2.1 Concentration of Least Squares Estimates

Lemma G.2.1 (Lemma B.2 of Jin et al. [2020b]). When running RFLIN-PLAN, for all h,
w2 < 2H\/ dK o

Proof. Note that our construction of 1wy, is identical to the construction of w} in Jin et al.
[2020b], so we can apply Lemma B.2 of Jin et al. [2020b]. O

Lemma G.2.2. Consider the function class
F(A.0) = {V() =min fmaxw, o0 a)) + Bl#C. 0l ] ol < o

for some fized A >~ 0 and B >0, a>0. Then
N(Z (A, «),dists, €) < dlog(1l + 2a/e).

Proof. Take some Vi, Vy € Z(A,a). Since both min{-, H} and max, are contraction maps,
and ¢(s,a) € B? for all s,a,

sup [Vi(s) — Va(s)| < sup [{(w; — wa, @)| < [Jwy — wslf.
s peBd

Let N denote an e-cover of the a-ball, BY(a). By Lemma F.1.10, log |N| < dlog(1 + 2a/e).
By the above, we then have that for any V € % (A, ), there exists some V' € N such that
disteo (V, V') < €, which completes the proof. ]

Lemma G.2.3 (Lemma D.4 of Jin et al. [2020b]). Let {s,}>°, be a stochastic process on
state space S with corresponding filtration {F,}>°,. Let {¢,}°, be an R¥-valued stochastic
process where ¢, € Fr_1 and ||d-||2 < 1. Let Ay =1+ 21;1 ¢-p!. Then for any § > 0,
with probability at least 1 — 9, for all k > 0, and any V € .F so that sup, |V (s)| < H, we
have:

2
d f
< 4H? (5 log(1 + k) + log |N|) + 8k*¢?

J

AP 60 (Visy) —E[V ()| Fra))
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where N, is the e-covering of F with respect to dists,

Lemma G.2.4 (Full version of Lemma 9.2.1). Let &, denote the event that, for all h € [H]
and V € Fp11 simultaneously,

< cHy/dlog(1 + dHK ) +log H/o
2

se K
A;1/2 Z Z (ZS;'L,T [V(S;L-I-lﬂ') — Eh[V](Sz,Ta a;’L,T)}

i=1 =1

for a universal constant ¢ and where Koy = Y :o) K; and Fpi1 = F(Apy1, 2HVdK o).
Then PEg] > 1 —9.

Proof. This is a consequence of Lemma G.2.2 and Lemma G.2.3. Fix some €, then by
Lemma G.2.2 we have

N(y}H,l, diStoo, 6) S leg(l + 2H\/ thOt/E)

and by Lemma G.2.3, with probability 1 — 4, for all V' € .}, 1 simultaneously,

2

HA_1/2 Z Z Gho [V (Shirs) = EnlV(s) 7 a5, )]

i=1 =1

d N.
< 4H? ( log(1 4 Kiot) + log | ; ') + 8K €

2H \/ tot

2

d 1
< 4H? ( log(1 4+ Kiot) + dlog(l + ———=) + 6) + 8K, €.

Note also that, due to our data collection procedure collecting samples independently for
cach h, we have that Ay and {{(&}, ., s} ,1. )} Y are uncorrelated with Ay, so, unlike

in Jin et al. [2020b], no union bound over possible Ay, is needed. Choosing € = Slf(—gd, we
can bound this as
1
< cH? (dlog(l + dHK) + log 5)
for a universal constant c¢. The result follows by a union bound over all h. ]

G.2.2 Optimism

As noted above, throughout this section we will let V*, V™ Q*, Q™ denote value functions
defined with respect to a generic reward function r, and V, ) the value function estimates
maintained by RFLIN-PLAN when called with reward function 7.

Proof of Lemma 9.4.2. First, note that for any r satisfying Definition 8.1.1, by Lemma G.2.1,
we will have that Vj, € .%),, where %, is defined as in Lemma G.2.4. Therefore, on &y, we



have for any r,

1/2 Z Z d) Vh+1 8h+1 7') Eh[vh+1] (32777 a;lﬂ'):|

i=1 =1

2

By definition:

Se Kz
W, =A@ () ah ) + Vi (s ,)-

i=1 7=1

Furthermore, we recall that (s}, ., aj, .) = (O, @, ). Thus,

e K;
<¢<S7 a)v ﬁsh> - <¢(S7 a)v Afjl Z Z ¢§L,T (T(S;L,T’ aiz;) + Vh+1 (S;L“rlﬂ')))

=1 =1
Sa A ZZQ’)}LT d)hTTOh
i=1 =1
(a)
e K
+ ¢<57 a)u Aizl Z Z ¢2,T(Vh+1(8§1+1,‘r) - E[Vh-Fl](s;z,T’ az,r)»
=1 7=1
(b)
K;
S a 7Ahlzz¢hTE Vh+1 Sh77ah‘r)> :
=1 7=1

©

Now,

(a) = <¢(37 CL), 0h> - <¢(87 a>’ A}_Lleh> = Th(S, CL) - <¢(S’ a’)? A;10h>

and, using the linear MDP assumption, Definition 8.1.1,

(©) = (3(5.0). A DS i (6h)T [ Vi)

i=1 7=1

— ($(s,0), / Vieer () dpan(5)) — (b(s. a), A / Vi (s)dpan(s))

=Ep[Vinil(s,a) — a), Ay 1/Vh+1 Jdpn(s))-

414

<3 (G.2.1)
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Thus,
(s, ), Bn) — (s, @) — BalViar)(s,0)] < () + | (6(s, @), A 164)]

¥ \<¢<s,a>,Agl / vh+1<s'>duh<s'>>].

By Cauchy-Schwartz and (G.2.1):

Se KZ
A}Zl/2 Z Z ¢2,T(Vh+1(52+1,7) - Eh[VhH] (Sﬁw’ aﬁlf))

i=1 =1

(b) < llp(s, a)| < Bllp(s,a)|. -

2

Furthermore, we can bound
($(s, ), Ay 64| <Vl d(s, )5+

and

\<¢<s,a>,A,;l / vh+1<s'>duh<s’>>' < 1606, agt 187l [ Vi ()pn(5)]
< HVl|p(5,0) 5.

where the final inequality uses the linear MDP assumption, Definition 8.1.1, and that A, = I.
The result follows by combining these bounds. O]

Proof of Lemma 9.4.1. We will prove this by induction, starting at step H. Since the value
function at H + 1 is 0 by definition, Q7 (s,a) = rg(s,a). Thus, Lemma 9.4.2 gives

(b(s,a), Bu) — Qiy(s,a)| < Bllep(s, )] o,1-
It follows that, since 5 > E ,
Qp(s,a) < min{(¢(s, a), wp) + B ¢(s;a)l[s;1, H} = Qu(s, a).
Now assume that Qx11(s,a) > Q. (s, a) for all s,a. By the Bellman equation,

Qr(s,a) = ra(s, a) + Ep[Vii](s, a).

Thus, Lemma 9.4.2 gives

[(P(s,a), wn) — Q}(s,a) = En[Vipr — Viip](s, )] < Bl@(s, a)l[5--
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By the inductive assumption, Ej, Vi1 — V7 ](s,a) > 0, so we can rearrange this to get

QZ(S,G) < min{<¢<sva’)>'lﬁh> + 3H¢<Sva)”AglvH} = Qh(57a)'
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Appendix H

Deferred Proofs from Chapter 10

H.1 Additional Notation

Divergences. For probability distributions P and Q over a measurable space (2, %) with
a common dominating measure, we define the total variation distance as

Drv(B.Q) = suplP(4) - Q(4)| = ; [ IdP - dg)

AesF

and (squared) Hellinger distance as
) 2
D2(P,Q) = /(\/dIP— Md@) .

Interactive decision making. We formalize probability spaces in the same fashion as
[Foster et al., 2021, 2022]. Decisions are associated with a measurable space (II, &), rewards
are associated with the space (R, %), and observations are associated with the space (O, ©0).
The history after round ¢ is denoted by H' = (7!, r!,0),... (7t ,r! o). We define

t
O =]JM@xRx0), and F'= @@@%@ﬁ
=1

i=1

so that H' is associated with the space (2, .Z7).

When the algorithm is clear from context, we let PM denote the law it induces on H” when
M : I = Agrxo is the underlying model, and let E*[-] denote the corresponding expectation.
We will also overload notation somewhat and let P* ™ the density of (r,0) ~ M ().

Notation for complexity measures and allocations. We let T'(7) denote the number
of times decision 7 is taken up to time 7. For n € RY, we define

Pl M) = et S D (M) | M (7)), (H.L1)

M’ Malt
7r6H
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so that we can write glc(M, M*) = infneRE{Znenn(W)AM*(W) | I (g; M) > 1}. We ab-
breviate I"(n) = I"(n; M) whenever the class M is clear from context. We will occa-

sionally overload notation and write A () = > _;n(m)AY(w) for n € RY. We also let
= MAY(M*) and

ME (X Do) = {M €M+ X € T(M;e, nnax)}- (H.1.2)

Recall the definition

Y(M;e) = {A € An|3n € R, st By [AY(m)] < LE8"

n

1—c¢
inf E x| Dk (M M > .
M/eiﬂlan(M) red Dk (M (1) || (m)] > n }

For a given A € T(M;¢), we refer to the n € R, which realizes

1 M 1 —
UVEE™ d inf Eea D (M(m) | M) > 225
n M/eMalt(M) n

Era[AY(m)] <

as the normalization factor of \.

General divergences. While in the main text we have focused on results that hold for the
KL divergence, throughout the appendix we will consider more general divergences D( - )
In particular, rather than fixing the divergence in (10.2.2) to the KL divergence, we utilize
divergence D. We also perform online estimation with respect to D rather than with respect
to the KL divergence. While D could be an arbitrary non-negative function, we make the
following assumptions on it.

First, we replace Assumption 10.4 with the following more general assumption.

Assumption H.1. For all M, M', M" € M, and 7 € 11, there exists some L. such that

| De (M () || M" (7)) = D (M () || M"(m))]| < LKL\/D(M(W) I M/ ().

Note that, by Jensen’s inequality, Assumption H.1 immediately implies that, for £ €
A(M),

| D (M (70) || M" (7)) = Bz [Dur (M (m) || M" (70))]| < LKL\/EMNg[D(M(W) | M())].

We in addition make the following assumption, which we note is met for the KL
divergence.
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Assumption H.2. For all M, M' € co(M), and w, we have
D{(M (), M'(w)) < D(M(m) || M'(m)).
Furthermore, D( - ) s convex in its second argument.

A direct consequence of this assumption is that, when rewards are observed and bounded
in [0, 1], we have

£ () = £ ()] </ D(M () || M (m)).

Throughout the appendix, we assume that Assumption H.1 and Assumption H.2 hold for our
divergence D.

We also generalize the definition of the Allocation-Estimation Coefficient to account for
general divergences as

o 1
aec?’( M, M) := mf su —

(H.1.3)

and

1
aeco(M;¢€) ;== inf sup

L , (H.1.4)
AwWEAY MEM\Mgl( A) EMN& [Enww[D (M(ﬂ-) || M(ﬂ—))]]

Other variants of the AEC are generalized similarly with a superscript D. Our guarantees
will also depend on a notion of estimation error for general divergences, given by

Estp(s Z]EM i [Brei [D(M*(m) || M (x))]]. (H.1.5)

It will also be convenient to work with the following notion of estimation error:

Estp(s ZEMN& wpt [D (M () || M*())])- (H.1.6)

H.2 Technical Tools

H.2.1 Online Learning

In this section, we state online estimation guarantees for variants of the Tempered Aggregation
algorithm of Chen et al. [2022]. Throughout the section we abbreviate E; 1[-] = E[- |
HIL pt €Y. We recall that PY™(r, 0) denotes the density over rewards and observations (r, 0)

under M ()
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Algorithm H.1 Tempered Aggregation
input: Finite class M.
Initialize &' < Unif(M).
fort=1,2,3,... do

Receive (7%, 1!, o).

Update estimator:

EMH (M) o (M) - exp (% log P (1, ot)) VM € M.

Proposition H.1 (Tempered Aggregation, Finite Class Setting). Assume |M| < oo and
M* € M. Then Algorithm H.1 produces estimates (£')L_, which satisfy, with probability at
least 1 — 90,

3" Bt Barny DO (), M) < 210g 1

t=1

Proof of Proposition H.1. We follow closely the proof of Theorem C.1 of Chen et al. [2022].

Define the random variable
]PM,wt (T’t, Ot)
exp (B log P (o) (7. o) .

oo L1og 220
2 ]P)]W*,Trt (Tt, Ot)
[ 1 PM, wt(rt Ot)
_ t
= ]\Z;Ag (M)Et—l exp (5 IOg m

[ /IP)M mt Tt Ot
= Z gt(M>Etfl EONM*(TFt)[ ]P)A/[* ﬂ.t Tt Ot ]
MeM

= 5 n - (1= e DOr (), ()

MeM

A= —log Eper

We have

Et_l[exp(—At)] = Et—l Ewat

where the last equality holds by the definition of the Hellinger distance. This implies that

1~ Eoafexp(~A)] = S Baregs [Enpe[DA (M (), M ()]
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By Lemma A.4 of Foster et al. [2021], we have that with probability at least 1 — 0,
T 1 T
Al 4 log = > —logE,_;[exp(—A"
; gé_z gy 1[exp(—A")]

(1 — E;_1[exp(— At)])

Mﬂ

1

= 5 2 Bareg [Bon DR (), M)

-+
I

l\:)lr—t

We turn to upper bounding Zthl At. Following the proof of Theorem C.1 of Chen et al.
[2022|, we have

T . . T 1 IP)M,frt(,r,t Ot)
;A = —log Z 5 (M) exp Zélog ]P)M*th(?"t,Ot) )

MeM t=1

Since M* € M, we can then bound

T * ot
1 P (rt ot)
t * ’ o
Combining these expressions gives the result. O]

Proposition H.2 (Tempered Aggregation, Infinite Class Setting). Let Mo, denote a (p, p1)-
cover of M with covering number Neoy (M, p, ). If we apply Algorithm H.1 to Moy, we have
that whenever M* € M, with probability at least 1 — 9§ — T'p,

> Errnet By [DR(M (), M (m))]] < 210g M

t=1

+Tp.

Proof of Proposition H.2. Defining A® as in Proposition H.1, the first part of the proof is
identical to that of Proposition H.1, and we conclude that, with probability at least 1 — 9,

ZAmogg > Bt Brvp [ DR(M (7). M ()]

l\')l»—t

and

T . . T 1 IED]M,Wt (Tt 0t>
A= —1 M ~log ———F+—"-+% )
tzl ) Z 5 ( ) exp Z 2 0g IEDM*,ﬂ't (Tt, Ot)

MeMcov t=1
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Let £ denote the event associated with M.y, as defined in Definition 10.2.1, which satisfies
SUp e pg SUp, P (E | ) < . Let M € Mo, denote the element in the cover which satisfies

PM*™ (1, 0)

P (r,0) = ’logIP’M (r,0) — log P*™ (r, o)| < p,

log

for all (r,0,7) with sup e P ™ (r,0 | €) > 0. We then have
PM, Trt t t PM, ﬂ't< t Ot) M7t (7“ Ot)
St ) = 3 o B+ )
t=1 ’

so we can bound

P (1t of)
t b
ZA < log [ Meoy| + = Zlogm

which gives that with probability at least 1 — 9,

d ) 1 < P (1t of)
ZEMNE [Ereropt [Diy (M (), M (m))]] < 2log [Meoe| 4 21og 5 + ; log W-

t=1

Let & denote the event that & occurs at step t. Denote the event & = NI & and

T
1
E = {ZEMNgt[EWNPt [DE(M* (), M(m))]] < 2log |Meoy| + 2log5 + Tp} :

t=1

Then
PV [&s] < P [EaN &+ P [E1].

By definition of & and a union bound we have P*"[£f] < T'u. Furthermore, on the event &
we can bound, for each t < T,

P (1t o)

log ————"—> < p.
& Pt (1t oty =P

P (1t o) < Tp, which implies that P [£, N &] < 4.

Thus, it follows that on &, Zle log P S

The result follows.
O
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H.2.2 Properties of Graves-Lai Program

In this section, we establish some basic properties of the Graves-Lai coefficient g =

glc(M, M). Through out the section, we omit dependence on the class M for various
quantities of interest whenever it is clear from context. Throughout, we will use the fact that

whenever AY. > 0, 7, is unique.

H.2.2.1 Basic Properties of Graves-Lai Program
Lemma H.2.1. For any M € M and n > 0, we have

8" {AM()\) TN > 1}.

N — AeAn n
Proof of Lemma H.2.1. Assume the contrary. Then there exists some X such that
AM(X) <g”/n and IY(X)>1/n.
However, since both AM(\) and I (\) are linear in rescaling of A, this implies that
AY(nX) < g” and IY(n)X) > 1
By definition we have

g" = inf AY(n) st. I"(n) > 1.

nGRH
This is a contradiction, so the desired conclusion follows. O

Lemma H.2.2. For any M € M™ with AYX. >0, we can bound

min

g" < Cip(1(Am)?)

for & =1)y,.

Proof of Lemma H.2.2. By definition we have

Let £ € Ay denote the distribution with (M) = 1. Let and let pey, := pf,,(¢) denote the
uniform exploration distribution defined with respect to £, and ngp( ¢) the corresponding
uniform exploration coefficient, for some ¢ to be chosen.
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Consider some M" € M**(M). Since Egz_¢[Erp[Die (M (7) || M"(7))]] = Eqp[Dr (M (7) || M"(7))]
for all M” and Dy (M (m) || M (7)) = 0 for all 7, it follows from the definition of the uniform
exploration coefficient that

Epo [DkL(M (7) || M (7))] < 1/CE(2) = sup Ey[Dy (M () || M'(m))] <

PEAT

or, alternatively,

sup B, [Dy (M (m) [| M'(7))] > & = B, [De(M(7) | M'(7))] > 1/C&q (2)-

STANGS

If M" € M2 (M), then it follows that 7,, & m,. Take some 7, € m,. By definition we
have fM(m,,) > fM(my) + AM and f' (m,) > fM (7). Thus,

min

Afin < () = M () + fM,(WM’) - fMl (7ar)
< | fM(mu) — fM/(WM)’ + |fMl(7TM/) — ()

< /DM () || M (m3,)) + ) D(M () | M (o).

This implies that there exists some 7 such that D (M (7) | M'(7)) > (AY,./2)?, so we can
lower bound

(Ami)”.

min

»-I>I>—‘

sup By [Dy (M () || M'(x))] =

pEAD

Thus, setting & = +(AN;,)?, we have that

min

By [DkL (M (7) || M (7))] > 1/Cly (3(Ain)?)-

It follows that the allocation n = C8 (5 (A)?) - Pexp realizes

exp min
! : ¢ (1 M !
MY /l\fllaf;“(M) 277 DKL ) H M ( )) M'e/l\flléif;t( )Cexp(4<Am1n) ) Epé\){p [DKL(M(T() H M (ﬂ-))] Z 17
which proves the result. O
Lemma H.2.3. Assume g" > 0, Ay, > 0, and ny), < oo. Then it must be the case that
gl\f > AM . 1

max e m,rent D (M () || M'(7))
Proof of Lemma H.2.3. Recall that

g¥ = inf AY(n) st inf Zn YDk (M (m) || M' (7)) > 1.

WERH M'eMalt (M
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By the definition of n},, for any allocation n € R satisfying inf ype pgare (ary D 7(m) D (M () || M (7)) >
3/4, the allocation 7 deﬁned as 1j(m) = n(m) for 7 # my, and 7(my,) = ny), satisfies

inf )D M’ >1/2
B ) ST Dra (M) | 3 (7) 2 /2

and furthermore A™(n) = A™(7). It follows that

M > inf AM : f E m)D M’ > 3/4
& nlerll&ﬂ () st M’e/lgtlalt(M) n(m) D (M) || M) 2 3/
M / M
anergnA (n) st M,Egafu(M) E n(m) D (M (m) || M'(m)) = 1/2, n(my) < njjy.

If for all M' € M (M) we have Dx (M (m,,) || M'(7y)) > 0, this implies that we can
distinguish M from M’ by playing only ,,. Furthermore, by what we have just shown, this can
be achieved by playing m,, at most Qnﬁ4 times. It follows that, if Dg (M (my) || M' (7)) > 0
for all M" € M (M), then g™ = 0. Thus, if g" > 0, there must exist some M’ € M3 (M)
such that Dy (M (my) || M'(my)) = 0.

We then have

g¥ > inf AY(n) st. Y n(m) D (M(r) | M'(7)) > 1

nERH
TETM

= inf  AM(p) st Y p(m)De(M(m) || M(7) > 1

R =0
neRL n(mar) AL

> inf ARl st max Dy (M() [| M'(7)) - [Infh = 1
neRL,n(ma)= ™

— AM 1
™ max, Dy (M () || M/ (7))

The result follows. O

H.2.2.2  Properties of the Information Content of Optimal Decisions

Lemma H.2.4. Let ¢ € [0,1/2) and d > 0 be given. We can bound, for any function g(w, M)
and My C M with infppepq, AN >0,

inf sup g(w, M) < inf sup g(w, M)
wW,AEAL MEMO\M (/\;ﬁ) w,AEATT MEMO\Mgl( )

as long as

n > max max{n

o 4g1\/f 2gM
MeMoy ’

5 ’Z&M’ ’CZXM

min min
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where

M M
) . g AM. ¢
(:= min min TS
MeMg:gM>0

gM +2nM" 4

Proof of Lemma H.2.J. Note that each of these expressions only depend on A through
MBEL(\; 1) and ME(N), respectively. To prove the result, it therefore suffices to show that,
for every A € Ay, there exists X' € Ay such that Mo N ME(X) € Mo N MEL(N: 7).

Fix A € Ap. Consider M € My N M8(X). By definition we have that there exists some
n > 0 such that

AYN) < (1+¢e)g"/n and IY(\) > (1—¢)/n,
where here I"(\) = I"(\; M). We consider two cases.

Case 1: A =1, for some 7 € II. First, suppose that 7 # m,,. Then we have

AV <AYAN) < (1+¢e)g"/n = n< (1+¢e)g" /AL

min min*

It follows that as long as i > (1 +¢)g™/AM.  then M € M&(\;n).

Now, suppose that m = m,,. In this case, by the definition of n), we immediately have
that it suffices to take n = n. Thus, for A = I, we have M& (\) = M&(\; ) as long as

n > max{nY, (1 +¢)g"/AN.}.

Case 2a: A\ # 1, for any 7 € II. Fix some ¢ € (0,1/2) to be chosen. Suppose that there

exists some 7’ such that A\(7") > 1 — (, and note that there can exist at most one such =’
Define X as

¢

N(ry=1-¢ N(r) = 1_—)\(7T/)

Am), Vr#£7

and note that \' € Ap. Our goal is to show that M8&(\) C M%L(X; n).
Suppose that 7,, = 7’. Then

AN =1 i(w') AT = 1T i(w) R

Denote n’ := (#(ﬂ/) - 1)=1 Since I™(X) > (1 — ¢)/n, we have I™(n\) > 1 — e. Then, by the

definition of n’; we have

el 2 PP M)+ 02 D (M) | M ) 2 1= 22



427

However, note that

P =t ST S A D (M) M)+ (1 = O D (M) | M ()
AL M
= it ST @D (M) | M) + L QU AT ) ) 0 ()

M'eMAIt(M) ¢

THAT N

= el 2 PP )M () 4 0 D (M ) | ()

S

1—2¢
where (a) follows as long as

(1 — C)(l — )‘(ﬂ-l))n > nM
¢ -

and (b) follows from what we have just shown. Rearranging, we have that (H.2.1) is equivalent
to

(H.2.1)

(1 = A(@))n

7T./
(L= A(@))n + 0¥

> ¢
Note that by Lemma H.2.1 and the definition of A, we have

Ucle o {AM@ YU _g} < AY,

n XEAH n

which implies that
(1—e)g" <AM(N)-n<(1—Amy)) - n.

As the function 757 is increasing in z, a sufficient choice of ¢ for this M is then
£

M

min{ 3/8} > ¢

gM + 2né\4’

Thus, for such a ¢, we have that M € M8 ()X;n’), which implies that M € M%la()\’; n’). Note
that (1 — A(7))n < (1 +¢)g™ /AN in this case, so we have that M € ME(X: i) as long as

min

M

2g
CAIW. '

min

n>
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Consider now the case where 7,, # 7. In this case, defining \" as before, we can bound

AY(N) < ¢+ (1= QAY() < (4 AT)AY () < (+ AY(A) < (+ (1 +€)g"/n.

Furthermore,
P = et S M) D (M) | (7)) + (1= O Dr (M) | M)
> nf D0 (1= OAmD (M) | M(7)) + (1= QA D (M () || M (7))
e

(1=QI"(A)
> (1= —=¢)/n

Since 7’ # ,,, we can lower bound AM(\) > (1 — ()AM. | so

(1+)g” _ dg”
M - M
(1=0ay, =2

min min

(1= QAM, <AY(N) < (1+e)g"/n = n<

min

We can therefore bound ¢ < g™ /n as long as

AM.
< mln
(< 4
Consider ¢ that satisfies this inequality. Then AM (N) < (1+2¢)g™/n. We can also lower

bound (1 —¢)(1 —¢) > (1 —2¢) as long as ¢ < ;== < e. Thus, as long as

AM. 4 M
¢ < min{l, %} - and Azm,

we have that M € MEL(X;7).

Case 2b: )\ #1; for any 7 € [I. Finally, it remains to handle the case then there does
not exist 7’ such that A\(7") > 1 — . In this case, we can always lower bound

1+¢)g"
Bl < 8% < (142" = 0 LZIEL
so as long as n > (CAJL we have M € M&(\;i).

Since we are in the regime where A # I, it must be the case that if M € My N ME(N),
then g" > 0. Thus, a sufficient choice of ( is

M AM
(= min min & , min® |
MeMo:gM>0 gM+2nM" 4
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Concluding the Proof. To show the result, we need that n is large enough for each
M € M. The argument above shows that it suffices to take

w AgM 2gM }

n > max max{n

MeMo ° AI]ﬁin7 CA%in
for
M AJ\/I. c
(:= min min & ,—— b
MeMo:gM>0 gt +2nM" 4
This proves the result. [

Lemma H.2.5. For every M € M with AY, > 0, there exists some X € Y(M;e) with
normalization factor n satisfying

nSgZVI/AM +ng[,

i.e., we have M € M&()\;n).
Proof of Lemma H.2.5. Consider some allocation 7 € R such that

AY(n) <g" and I"Y(n) > 1. (H.2.2)

Let 1’ denote the allocation satisfying #'(7) = n(w) for m # 7, and /(7,;) = 0. Note that
AM(n) > AM_||7'|l1, which implies that

in|

7'l < g"/An

min*

Let n” denote the allocation satisfying n”(7) = n(r) for 7 # m,, and n”’(my) = nY. Then
by definition of n}, and since 7 satisfies (H.2.2), we have ™ (n”) > 1 — e. Furthermore, it

is straightforward to see that AM(n”) < g". This implies that n"/||n"|1 € YT(M;e) with
normalization factor ||n”||;. However, we can bound

"1l = NIl + nd" < g™/ Ay, + 2.

This proves the result. [

H.2.2.3 Bounding Allocation-FEstimation Coefficient via Uniform Exploration Coefficient

In this section we prove a generalized version of Proposition 10.2. In particular, rather than
specializing to the KL divergence, we consider a general divergence D. We define the uniform
exploration coefficient with respect to D as follows.

Definition H.2.1 (Uniform Exploration Coefficient, General Divergences). For a randomized
estimator £ € Ay, and divergence D( - ), we define the uniform exploration coefficient
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with respect to ¢ at scale € > 0 as the value of the following program:

CP%(e):= min {C ‘ VM, M' e M :

P CERJF 7peAH

max e, mry Eipog[Ernp[D(M () | M"(7))]] < 1/0}
= maXpyecay ]E,Wp/[D(M(W) [ M’(W))] <e ’

We define p2£(¢) as the minimizing distribution for this program, and let

CP (M,e) = sup C2%(e)

exp exp
EEAM

denote the uniform exploration constant for class M.

Lemma H.2.6 (Formal version of Proposition 10.2). Let ¢ € [0,1/2) and M, C M
be given, and assume that infyrep, g > 0,infrrenmo Afin > 0, SUDPyep, n]1‘§4 < 00, and

min

Assumptions 10.5, H.1 and H.2 hold. Then for any & € Apy,, we can bound

1
min sup <CP

— ex (M()’ 5>
MEB pre g\t () Bt B[ D (M () || M ()] ’

for any 6 > 0 satisfying

\/S < . . . 1 Ar]gin € A%in
min min<{ min : '
= MeMo 81LkL 34V ) 2gM/ANM. + ”5367 3

min

Proof of Lemma H.2.6. Let 6 > 0 be some tolerance to be chosen. Let M denote some
M € Mg such that Egz ([E,,, [D (M(7) || M(m))]] < 1/Cexp, where we abbreviate Cey, :=
Cgp (Mo, 8) and peyp, == pO5(9) is a distribution that achieves the value of C3 (Mo, d) for

exp

& if such an M does not exist, we let M = arg min e gy Bz g [Epe, [D (M(m) || M(m))]]. Let

—~

¢’ > 0 be some value to be chosen, and let A € T(]Tf/; ¢’) denote the allocation in Y (M;e')
with smallest normalizing factor n. Let n denote the value of this normalizing factor, then:

AY(N) < (1+&)g"/m and () > (1—¢)/A.

We can bound:

—_

1
min min sup — < sup —
AeAnwedn yre pgs(yernto EizeelBu[D (M () | M(m))]] ™ srems yermto Eie[Epe, [D (M (m) | M ()]

c wp BB, [DOV(m) | M(m)]) < 1/Coy}
Twemtevy BBy, [D(M(m) || M(r))]]

+ Coexp, (H.2.3)

where here we take § = 0. If Ey;_([E,,.[D(M(x)|| M(ﬂ'))“ > 1/Cexp, then by definition of
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M, for all M € M, we have

E 57 [Epe [D (M () || M(7))]] > 1/ Coesp,
so we can simply bound (H.2.3) < Cep. Going forward, we assume this is not the case, so
that By _e[Ep,, [D(M () | M(ﬂ'))]] < 1/Cexp. Our goal is to show that, for small enough
8, A € T(M;e) for every other M € My with Egz [y, [D(M(r) || M(7))]] < 1/Cexp, s0
that M € Ms()). This will imply that there does not exist M € ME(N)° N Mg with
Es7 e Epee, [D (M(m) || M(7))]] < 1/Cexp, which further implies that (H.2.3) < Cexp.

Fix any M € My. We note that by the definition of peyp,, if Exz. ¢ [Ep,,, [D (M(m) || M(m))]] <
1/Cexp, then

sup E,[D(M(r) || M(m))] <4,

pPEAT
This implies in particular that, for each , D(M(ﬂ) | M (7)) <.

Step 1: Ey; (B, [D(M(m) || M(n))]] < 1/Ceyp implies m,, = 7. As noted, if

E e [Epe, [D (M () || M(7))]] < 1/Cxp,

we have D (M ( )| M(m)) < éforall w. Assume that 7, # 75 (note that since inf yre vy AN, >

0 by assumption, all M € M, have unique optimal). By definition we have () >
FY () + Ay, and f () > Y (75). Thus,
A%m < fﬁ(ﬂﬁ) - fM(WM) + () = 7 (w)
< ’fﬁ(ﬂﬁ) — ()| + [ () — fM(WM)’

< \/D M (m3z) || M( 7TM \/D M (my,) M(?TM)).

This implies that there exists some 7 such that D (M M(7) || M(m )) > (AN, /2)%. Assuming

§ < min (AY /3)2 (H.2.4)

T MeMy
this is a contradiction. Thus, it must be the case that m,, = 73, as long as (H.2.4) is satisfied.

Step 2: Ez7 ([E,,,[D (M(m) || M(m))]] < 1/Cexp implies X € T(M:e). Under Assump-
tion H.2, we can bound, Vr € II,

() = ()| < \/D(M () || M () < V5.



This implies that, for any A € Ay,

[AY(A) = A < |7 () = ()| + D Ael () = Y ()] < 4V

In addition, under Assumption H.1, we have

DM () || M'(x)) = D (M () || M'(m)) = Licer/ D(M () || M ()
> Dy (M(7) || M’(ﬂ)) — 2Lk V0.

This implies, for any A € Ay,

()= inf Z)\ ) D (M () || M (7))

M’EMalt(M

inf ZA ) Dyt (M (m) || M'(7)) — 2L V&

M/eMalt

=T1"()\) — 2LKL\/_
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where the final equality uses that, given what we have already shown, m,, = 7, so that
MA(M) = M (M). Repeating the calculation in the other direction, we get that |I*(\) —

I(\)| < 2Lk V3.
We next relate g to g. By definition we have
(1+&)g"/m> inf AM(N) st IM(N\)>(1—£)/n.

AEAD

Applying our perturbation bounds we can lower bound this as

> inf AY(N) =4V st I\ > (1—¢)/f— 2LV

NEA
gﬁ
= (1= &) /f — 2Lk Vo)1 e

where the last inequality follows from Lemma H.2.1. This implies that

& < (1= <)/~ 2L V8) (14 &) - Eo b 4((1 = &)/ - 2Ly VB) VG,

Assuming that

/

g —2(¢')?
<
\/S - 2(1 + 28/)LKL?{’

(H.2.5)



433

some algebra shows that
(H.2.5) < (1+2¢")2g™ + 4(1 + 2¢)aVe.
Now we can bound

AM(N) < AY(N) + 4V5
< (1 +€’)gﬂ/ﬁ+4\/g
< (142638 M+ 4(1 4 2') V6 + 4V6

and
M) > IM(N) — 2Lk V6 > (1 — &) /i — 2Lk V.
If ¢ and § are small enough so that
(1+2)2 <14+¢/2 and 4(1+2¢")2V6 +4V0 < eg/2n
and
1—¢ >1—¢/2 and 2L Vo <e/2m,

then AM(X) < (1 +¢)g™/f and I(X) > (1 — £)/f, which implies that A € T(M;e) with
scaling factor n.

Step 3: Condition on 0. Altogether, we have assumed that ¢ satisfies (H.2.4) and, that
for some M € Mg with Egz_¢[E,,,, [D(M(7) || M(7))]] < 1/Cexp, we have

g —2(¢')? o o N
= <eg" < 2

and
(1+2)P <1+¢/2, 1—-€>1-¢/2.

Some algebra shows that, as long as ¢ < 1, it suffices to take ¢/ = £/36 to satisfy the latter
two conditions. Furthermore, some calculation shows that a sufficient condition for (H.2.6)
to be met is that

\/5 < mi 1 -
in > 5.
- 81Ly. 17

J{I m
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By Lemma H.2.5 and our choice of n, we can bound

m:

n<2g" /AN + ”536
so it suffices that we take
1 g QgM —
5 < 1 - . D——— M
\/__mm{SlLKL’N} E(AM +n€)

min

-1

As M was chosen to an arbitrary model in M with E 37 e [Epe, [D (M () | M(ﬂ'))“ < 1/Clxp,
we take it to minimize g over this constraint. It suffices then that

— — ~1
' 1 g 2g ™ B
\/Sﬁmln{81LKL,1—7}'6<AT+n£J/36) .

min

Finally, by Lemma H.3.13 (under Assumption 10.5) and Lemma H.2.3, we can lower bound
g" > AN /2V,,. Combining this condition with (H.2.4) gives the result.

]

H.3 Deferred Proofs from Section 10.2

Organization of Appendix H.3. In this section we prove the main results from Sec-
tion 10.2. We consider a slightly generalized version of the setting in Section 10.2, where we
allow for divergences other than just the KL divergence, as described below. This section is
organized as follows.

e First, in Appendix H.3.1, we give the proof of our main result, Theorem 10.1. We
break this proof into two principle components: bounding the regret of AE? in the
exploit phase (Section H.3.1.1), and explore phase (Section H.3.1.2). The key results in
this section are Lemma H.3.3, which formalizes the key algorithm intuition given in
Section 10.2, showing that exploring via the AEC yields low regret, and Lemma H.3.4,
which shows that, to enter the explore phase, the total “information gain” must be
bounded as O(logT'), which ultimately yields the optimal leading-order scaling. We
combine these results with our estimation guarantees in Appendix H.3.1.3, where we
give the proof of Theorem 10.1.

e In Appendix H.3.2, we extend AE? and Theorem 10.1 to the case where we assume
no lower bound on the minimum gap over the model class, first presenting our main
algorithm in this setting, Algorithm H.3, and then giving a proof of Theorem 10.2. The
structure of this section is similar to Appendix H.3.1—the primary difference being
a slightly different argument to handle the need to adapt to the minimum gap of the
ground truth instance.
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e Finally, in Appendix H.3.3 we present our estimation routine with covering, and prove
that it achieves low estimation error, and in Appendix H.3.4 we provide the proofs of
miscellaneous results used throughout Appendix H.3.

H.3.1 Regret Bound for Uniformly Regular Classes (Theorem 10.1)

In this section we prove Theorem H.1, which generalizes Theorem 10.1. To do so, we analyze
Algorithm H.2, wich generalizes Algorithm 10.1 to allow for general divergences.

Throughout, we define

M.=  min M

g
- MeM:gM>0

Algorithm H.2 Allocation Estimation via Adaptive Exploration (AE?, general divergences)

1: input: Optimality tolerance 9, model class M, estimation oracle Alg,.
4nmax+5gM
4nmax+2(§gM :

2: Initialize s <— 1, £ « ﬁ, Nmax <= Nmax (M, €),q
3: Compute ¢! < Alg,({o}) and M+ Epser[M].

4: fort=1,2,3,... do -
5. if Iy € wye st VM € M (s, 00 B | log w] > log(tlogt) then

PM .7 (yi oi

// Exploit
6: Play mys.
7: else // Explore
8: Set p* <= g\* + (1 — q)w® for
. 1
A% w® < arg min sup — . (H.3.1)
AWEAT (e M\ME (Asnmax) EJ\7~§S [EWM«J [D (M(ﬂ') H M(”))H

9: Draw 7% ~ p®, observe r?, o0°. -
10: Compute estimate &1« Alg,({(7%,r",0")}5_,) and let M* = Epes[M].
11: s <45+ 1.

H.3.1.1 Bounding Regret of Fxploit Phase

We refer to the exploit phase as the subset of rounds ¢ in which Line 6 is reached, and refer
to the explore phase as the subset of rounds in which Line 8 is reached.

Lemma H.3.1. The total expected regret incurred by the exploit phase of Algorithm H.2 is
bounded by 2loglogT + 3.
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Proof of Lemma H.3.1. Let & denote the event that we exploit at round ¢, and that w5 # m,.
Then, since we can incur suboptimality of at most 1 at each round, the total expected regret
incurred by the exploit phase is bounded by

T

> EMHEY.

t=1

Let gt denote the event

& = {Vszl : ZEvagZ

By Lemma H.3.2, we have P [I{€¢}] < Togi- and we can bound

]P)M* 7r’( i z)

IP)I\IT( 7 i
log G : )] <log(tlogt)}.

E™ [I{&}] < B [I{& N &Y + EM [I{&}] < EM[I{E N &Y + @

Let s; denote the exploration round at round ¢. If we exploit at round ¢, this implies that for
all M € M (), we have

St—l

> B

i=1

Pﬂ,wi (Tz" oi)

0g PMm,m (7“2, Ol)

] > log(tlogt). (H.3.2)

If T5s # 7y, then M* GMalt(WMs) so (H.3.2) must hold for M < M*. This contradicts &,
however, so EM"[I{& N &} = 0. Thus, Y [[{&}] <

— tlogt’ SO
T T
> EMI{E} <3 Z / —dt =3+ 2loglogT.
t=1 t=3

Lemma H.3.2. For {(r’, 0", ") };_, generated as in Algorithm H.2, we have that

IP)M* El > PMW( ) —€
s>1 : ZEMél log————=| >¢| <e°.

Pm, 7l (?”l OZ)
Proof of Lemma H.3.2. Denote

Xs :=exp (i B e

Pﬁ,ni<rz‘ Oi)
log————=| |.
08 IP)JVI*,TK‘Z<7~Z’ 02)] )



437

We first show that X is a supermartingale. Letting Fs_; denote the filtration up to s — 1,

we have
s—1 TR M.S
. ]P>M,7r (’I“l OZ) . ]P)M,7r (,r,s Os)
M — — N S A .M — N S S
EV'[X, | For] = exp (;EMNg log et o) ) E [exp(Ews [bg P oy ) | T

. ]Pyﬁ,ws (,,ﬂs’ OS)
=X,_1- EM [exp (EMN@ [log m]) | ]:3_1:|
(a) . ]P)ﬁ,ﬂ's (7,3’ OS)
< Xs—l .EM |:E]/\4\~§5 |:eXp (10g PM*J"S—(TS,OS))] | .F31:|
E— . [P"™ (1% 0°
- [P 0%, 0) f]

Pa*,ms (T’S, 08)

o 1 ]E]\/[*
= o

= As—1

where (a) holds by Jensen’s inequality, and the final equality holds since Eg7_. [P (., )] is a
valid distribution over R x O. Thus, X, is a supermartingale. Ville’s Maximal Inequality
then immediately gives that

]EM* [Xl]

PEs>1: X, >e€ <
66

To complete the proof, using the same calculation as above, we bound
Pﬁ,wl 1 1 Pzﬁ,wl 1 1
log # exp | log #
PM*m (Tl,Ol) Pym*m (7.1701)

O

EM'[X,] = EM <EM |E

M~gl

|

exp (Eﬂ%l

H.3.1.2 Bounding Regret of Explore Phase

Lemma H.3.3 (Main Explore Phase Regret Bound). Let s denote the total number of
exploration rounds (which is a random variable), and assume that 6 € [0,1/2). Then running
Algorithm H.2, if g© > 0, we can bound

24nr2nax -+ 8nmanM 12nmax

Elsr] < — gy e0a(M) - ElBsto(sr)] + o - ElBstia (sr)
6nmaX or . *
+ 5 E[Z Me/\ilg{(M*) Eps [De (M*(7) || M (7))] - {mr, € 7wgs }

s=1
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and the regret during exploration rounds is bounded as

< * 8nmax + 2gM = 2 ]. + 5 *
]E{ E A <7TS):| S (Sg—M_ ' aeCS/Q(M) . E[EStD(ST)] + % . E[EStKL(ST)]
s=1 =2 min

sT

+(1+0)g" E{ZMGA%W*)EPS [Dw(M*(m) || M(7))] - {7 € mwys } -

Proof of Lemma H.3.3. The expected regret during exploration can be written as E[> 07, A*(7®%)] =
E[> " E,[A*(m)]]. By definition, for exploration rounds, we have p® <= ¢\* + (1 — ¢)w®.
For each s < sy, we consider three cases to bound the instantaneous expected regret,

E,[A*(r)] = A*(p?).

Case 1: M* € M\M&(X\*;ny.y). Denote such rounds as S _. Write

A*(p) = [A (") = 1B ge [Bp [D(M () | M*(m)]] ] + 7B [Bpe [D (M () || M7 ()]
for

_1+4 1
1=4 Eg_[Eu [D(M(r) | M*(r))]]

S

v

(H.3.3)

M~es

In this case we have that

Y Epces [Bpe [D (M () | M*()) ]
1496 1 .
- . r E]\/ZN s Eps D(M(m) || M*(m
1=q E..[Eg._.[D(M(x) | M(x)] " [Eps[D(M () || M*())]]
140 -
2 ar EM\NsEpSDM’]T M*(m
B E]/\ZNgs[EpS[D(M<7T) | M*(W))H € [Epe ( (m) | ( ))H
=1+0.

Thus, since the suboptimality gap is always bounded by 1, we can bound

A*(p) = Y Ege [Bye [D (M () | M* ()] < 1= 7By [Bpe [D(M () || M*(m))]| < —o.

So,

A*(p") < =0 +7"Egpgs [Epe [D(M(m) || M*(m))]|.
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Case 2: M* € M&(X\*;npay), T € Tis. Denote such rounds as SZ,, and write

A(p*) = [A"(p°) = (1 +0)g" - Eps [Dir (M* () || M ()] + (1 + 0)g" - By [Dict (M () || M ()]

for any M € M3,. In this case, since M* € ME (A% nyax), we have that A* € T(M*;¢). This
then implies that

A*(N) < (L+e)g*/n* and  inf By [Dw (M*(x) | M(x))] > (1 —¢)/n*

MEMalt

for some n* < npyay. Since M € MY, it follows that Eys[Dy (M*(7) || M(7))] > (1 — &) /n*.
Thus,

A (p") = (1 + 0)g Bye [Dc (M* () | M(m))] < q[A"(X) = (1 + 8)g"Exs[De (M* () || M(m))]] +1 - g
a[(1+2)g"/n" = (1+8)(1 - )g*/n] +1 - g
—q2e—d(1-e)- S 4+1-q

<
<

(@ 08
@ TS L
2 n* N 1
5 *
< _LE - q
2 Nmax
(0) *
v g
o 4 nmaX
where (a) follows from our choice of € = % and setting of n*, and (b) follows from our setting
Nmax M .
of g = ﬁ, since g* > 0, and some algebra. Thus,
* S * * 6 g*
A'(p*) = (1 + 0)g"Eps [ D (M7 (7) | M(m))] = 7~
max

As this holds for every M € M, we therefore have

A () < inf (14 8)g By D (M*(r) | M())] — 2 -8

MeMZ,, 4 Nmax

Case 3: M* ¢ ./\/lgl(/\s; Nmax ), Tx & Tis.  Denote such rounds as ngp, and write

*fos wprsy 21 +0)g"
A*(p") = A(p)—%

. % ‘Ege: [Epe [Dree (M* () | M(m))]].

+Eg7ge [Bpe [Die (M*(w) || M ()]
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Since M* € M8 ()\%;npay), we have that A\* € T(M*;¢). This then implies that for any
M e MZy:

A*(X) < (1+e)g/n* and  inf By [Dy (M*(m) || M(m))] > (1 —e)/n*

MeM?%,

for some n* < np.. By Lemma H.3.9, since 7, € 755, we can lower bound ]Ez\?~gs []I{]\//T €
M} > 2Awmin. Thus, we have

LD g o B D (04°() | FFm)
> A g (B D (04 () | 7)) HOT € M)
RS
This implies that
8 - 2L g 8 D (M) | () )
< al(1+2)g /0t = (14 8)1 - g/ +1 - g
g
T Anga

where the final inequality follows by the same argument as in Case 2. Thus,

o g*
4 nmax ‘

<SR B By (D (M (m) || M(m)]] -

og |
4nmax

Completing the Proof. In total we have
S USapl + Y VB [Eps[D(M(r) | M*(m))]]
seS

E[me} < E[ SISl -
s=1 exp

+(1+0)g" > inf By [De (M*(m) || M(x))]

MeMz,
s€SZ, &
2(1+0)g ) —~
+ (A .)_ > Egpe By [D (M (7) HM(W))]]}
e sess

exp

_ g
e ) 5o 'aecE/Q(M) - Estp(sr) + A - Estyy (s7)

6* 8”max+2M - 2]_ (5
E{_ g N g (1+9)
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P40 Y] it Ep[Di (M) | M(r))] - I{m, € 7}
s—=1 alt

where the last inequality follows from Lemma H.3.10, which bounds

8nmax + 2gM
rys S - =
ogM

’ ﬁ?ﬂ(M)?

and also using that for any s € ngp we have 7, € . Upper bounding — 425; s <0

proves the second claim in the lemma statement.
For the first claim, as regret is always nonnegative, it follows that
dg* 8Nimax + 2™

g o —
0 < E|: — 4nmax - ST + (Sg—M . aecE/Q(/\/l) : EStD(ST) +

2(1+9)g"
%-EstKL(ST)

FA+0E Y inf B [Da (M (x) | M(m)]- I, € o }]

s=1

which implies

2(14+9)g*

<
]E[ST] Amin

= e

4 max 8nm&X + 2 ™
n -E |: g . EStKL(ST)

Sg =— - 3ec.;y(M) - Estp(sr) +
S-S it By D (M () | M) € ).

s=1 alt

OJ

Lemma H.3.4. When running both Algorithm H.2 and Algorithm H.3, for all a € [0,1), we
have

El;MeﬂiIa}l{K(M*) Sa . ]Eps [DKL<M*<7T) H M(ﬂ'))] . I[{ﬂ'* e 7Tﬂs}j|

< E[s3]logT +E [VMS;/ e /1344d o, - 10g(128C oy s7)

1/24a/2 ST

+ (Vi + L) <4 Ty e By (B [D(M(r) | M*(w))]])}

11—«

+ E[s]loglog T + 7V,,.

Proof of Lemma H.3.J. Let sy denote the final exploration round for which m, € 7r5s. Then,
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upper bounding the KL divergence by 2V, via Lemma H.3.13, we have
sT sr—1

> inf By [De (M*(m) || M(7)] - I{m, € s} <57 ) Mé&lﬁ*l Eps [D (M*(70) || M (7))] 4 2V, 55.

Under Assumption H.1 and via Jensen’s inequality and AM-GM, we have, for any a, > 0
and M € M,

Eps [Dicw (M* () | M(m))] < Eg_.[Eps[Dict (M () | M(m ))]]+LKL\/EA7N53[Eps[D(J\7(7T) | ()]

< B B D (V) | M) + i (5 + i Ep D(FTm) ()]

We now wish to bound
B[5 3, iut. e B D () | M)

Let M, denote an (p;, uj)-cover of M%), and &; the corresponding event at step s < 27,
for some p; and p; to be chosen. Let & := N,<:&;. By definition P+ [E7] > 1 — py, so

. J
Py« [E;] > 1 —27p;. Define an event

M, (,r,z’ Oi)

A {vs<21MeMgOV: (s 1) ZEM B[P (3T | M)
~ S—|—1 ZEM ~gi IOgW

+vM.< 51+_1a Z“ Efl ,wpi[p(ﬁ(w)||M*(7r))]>}

sfor some d; to be chosen. By invoking Lemma H.3.12 with 3; = i%/2*%/2 /(s +1)® and a union
bound, we have P[A;] > 1 — ¢, (while Lemma H.3.12 does not contain the (s + 1) term,
the bound in the expression for A; simply gives the bound from Lemma H.3.12 multiplied
through with (s + 1)®, which is non-random, so this is admissible). We can decompose

0

J

1 27N X Py [
+ V(s + 1)2+a\/5610g cor (M. 0j 14)

E{%’%z; inf B [Ep[Di (M() || M(m))]]

] MeMg,
[log T Sr—1
= Z [ Méﬂlﬁ* ZEM e [Bpe [Dr (M M () || M ( N -Isr e [2271,27), AN €}
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[log T sp—1
© 3 Effie g, 3 B ol D () | M) 5 < 27 2). 45085

We bound these terms separately. We can bound the second term as

[log T Sr—1
~a . - N L ) )
[log T

< Z 2V 2% (P[AS] + PES])

[logT1 ’ .
< ) 2Vu2%(5; + 2 py)

J=1

where the first inequality follows by bounding Lemma H.3.13, and sp < < 27, and the second
follows by our bound on the probability of A;. Letting d; = %, Wy = 24], thls term can be
bounded by 4V,,. We turn now to the first term. Fix j € [[log T']]. By definition of the event
Aj, and since 57 < 27, plugging in our choice of §; we can bound, for any M € M

cov?

[ST 1nf Z EM {s DKL( ( ) || M( ))H . H{:SVT & [Qj_l, 2j),Aj N 5]}:|

<E

S 1 T S S
5% . inf i: E— .. |log —M (", 0") +V, ~1/2+a\/56 10g(2% Neoy (ME, Pjs 115))
T MeMy, “— M~gs pM,ms ( s ) mS cov alty Pis Mg

~1/2+a/2 ST e 4 '
e <4ST — 2 B By [D(M () | M*(w))n> ) I{Er e [, 2), ej}]
s=1

<E

5. inf S l]E log 27, 07) v~1/2+“\/1681 857Ny (M, p;, L
ST'MgAl/l* Z M~es Ogm + Vs 08(857Neov (M, 055 7))

alt s=1

§1/2+a/2 st _— . .
+ Vi - (4 ”{_ —+ D S POPE G (B [D(M () | M*(@)]]) > I3, € [2%&2]),@-}]

s=1

(H.3.4)

where the second inequality follows since, if 57 € [2/7127), then we can bound 27 < 237.

Since sp is an exploration round by definition, we know that for all 755, € 75, , there
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exists some M’ € M*(75,) such that

s7—1 M,7S (,r,s Os)

s=1 O)

By assumption we have 7, € 7gs,, so it follows that there exists some (random) M’ € My,
such that the above inequality holds. Let M” € MJ_ denote the model in MJ_ such that

cov cov

7

P57 (7, 0)

B (1,0 |

— ‘logIPM (1, 0) — log PM"™ (7, o)| < pj,

for all (r,0,7) for which supgz P (r, o | &) > 0, which is guaranteed to exist by Defini-
tion 10.2.1. Note that by definition of MJ_ , we have M” € M?,. We then have

cov)

S S

sr—1
—~ P (r*, 0 ~ L
5% inf E Eies {log W} {5r € 2771, 29), &5}

MeMy, < 0%)
sp—1

P00 ] e et
Y B 8 g | 16 € 2726

sp—1

. pMT (7,,87 OS) IP)M’,7r5< Os)
=5 3 [ o Wl o8 oy | W € 277,2).8)
s=1 )
< 3% log(TlogT) + p; - 357°,
where the inequality holds since on &;, we can ensure that log —]f]?j,,;((rsos)) < pj. Therefore,

choosing p; = 27% we have

(H.3.4) <E

—4
( log(TlogT) + pj - 357 + VM~1/2+a \/168§T 10g(8Neov (Mg 5 7))

g1/2+a/2 ST - ) .
Vo (4 Tt )R B [D(M () | M*<w>>n) ) IEr e 27, 2ﬂ>}]

~—4

< E j ~a+1/2 ST3 Sp-
sy log(TlogT) 4+ 277 + Vsy 168 1og (857 Neoy (M, =5, )

f§1/2+a/2 ST . ' ‘
+ Vo (4 Lt 3 s By B [D(W ()| M*<w>)n) ) e 2])}] |

As this holds for each j, and the events {57 € [277!,27)} are disjoint, we can sum over j to
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bound
Mog 7T Sr—1 | |
; E{g%Mér}ﬁ ZEM e (B [Dic (M (m) || M (m))]] - 137 € [23‘1,2J),Ajmgj}}
<E|stlog(TlogT)+ 1+ VM“O‘+1/2\/168 10g(837-Neoy (M, 'g,g?’, %))

~1/24a/2 st
3 o — *
+ Vi - (4 Tt D PR (B [D(M(7) | M (”))“)]'

Finally, under Assumption 10.6 and Lemma H.3.15 we can bound

573 5 53 54
log(857Neoy (M, =< 71T_6>) < log(8s7) + log Neoy (M, - ,1T—6)
< log(8s7) + deoy - log(128CcovsT)
< 8oy - 10g(128C oy ST).

The result follows. O

H.3.1.3 Completing the Proof

Theorem H.1 (Full version of Theorem 10.1). For any § < 1/2, if we set D(- || -) = Do (- || -)
and instantiate Alg, with Algorithm H.J, under Assumptions 10.1 to 10.7 and if g* > 0, the
expected regret of Algorithm H.2 is bounded by

E [Reg(T)] < (14 0)g* - log T + Chec - 38C./2(M) - log®?(log T) + lin (Clow> V1og T, log*?(log T)) ,

for
1
C'Iow = lin (g*a ]\I/I[léi/}é( gM 13/2 LE(La dc0v7 IOg Ccov7 527 A3 n§767 aec&/Q(M)>
VZdeoy 10g(Ceoy) - maxprem 8Y - (671 + Viundly)
Chec == - — SAT. /% 10g(Clow)

and where lin(-) denotes a function linear and poly-logarithmic in its arguments and ¢ > 0 is
a universal constant.

Proof of Theorem H.1. Letting Texploir denote the exploitation rounds, we can bound the
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total expected regret as

T sT sT
SEA () =E| > A +E | A(r*)| <2loglogT+3+E | Y A*(z*)],
t=1 tETexploit s=1 s=1

where the inequality follows from Lemma H.3.1. It remains to bound the regret in the
exploration rounds. By Lemma H.3.3, we can bound this as

2(1+9)g"

Amin . E[EStKL(ST)]

o7 8Npmax + 2™ _
E|: E A*(’ﬂ's):| S (Sg—M_ . aecg/z(./\/l) . E[EStD(ST)] +
s=1 =2

F+ 0 B[St BpD (40 | M) K € )]

s=1

Applying Lemma H.3.4 with o = 0, we can bound

sT

E{Z ot By (D (M () || M(m))] - I{m, € ms}l <logT +E {VM V/1344d 0,57 - 10g(128C 0y 57)
eMyy,

s=1

+ (Vi + Lko) (4\/5 + XT: Vs - Eifees [Ennps [D(M\(ﬂ) | M*(ﬂ))]])] +loglog T + 7V,

<log T + Vy/1344d o, E[s7] - 1og(128Ceo E[s7])

+ (VM + LKL) (4\/ E[ST] + E

S V5 By B [D(V () | M* (7))

) + loglog T + 7V,
(H.3.5)

where the last inequality follows from Lemma H.3.16—applied with o« = 5 = 1/2, a = 128Cco,—
and the concavity of y/z. Note that the condition of Lemma H.3.16 is met here since we
assume Cgo, > 1. It follows from Lemma H.3.7 that

E

S Vi Eg e Baye [D(M(m) | M*<w>)n] (1.3.6)

<E [(2 4 6V, (20deoy - 10g(64Cousy) + 1) - 51/ 287 1og(2sT)]
+ E[32(1 + Vi) log(sr)] + 8

< (2 + 6V,)(20deoy - 10g(64C0 E[s7]) + 1) - 51/2E[s7] log(2E[s])
+32(1 + V) logE[sr] + 8

~0 (decov log(CeovE[s7])/E[s7] log(E[s7]) + Vi \/E{ST]), (H.3.7)
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where the last inequality follows from Lemma H.3.16. Similarly, by Lemma H.3.8, we can
bound both E[Estp(s7)] and E[Estk.(s7)] as
E[Bsto(sr)], EEsti (s7)] < E[(2 +5V,)(20deoy - 10g(64Ceoys7) + 1) - /log(257)|

+ E[32(1 + V) log(sr)] + 8
< (24 5Vy)(20dcoy - log(64C o E[s7]) + 1) - v/log(2E[s7])

+ 32(1 + Vi) log(E[sr]) + 8

~0 (decov log(CeovEls7]) /102 (E[57]) + Vie log(]E[sT])> ,
(H.3.8)

where the second inequality follows from Lemma H.3.16 and Jensen’s inequality, which lets
us pass the expectation through. Together this gives a regret bound of

E{Z A*(ﬂs)]
< (1+0)g" -logT + (14 6)g*Va/1344d o E[s7] - 10g(128C o E[s7]) + (1 + 6)g*(loglog T + 7V,
4+ (1+0)g" (Vag + L) - O (\/E[ST] + Videow - 10g(CoovEls7]) VE[s7] Iog(E[s7]) + Vi log E[ST])

+ M : aeC?/2 (M> ’ O(VMdcov log(ccovE[STD IOg(E[ST]) + VM 1Og(E[ST])>

ogM
4 2LEVE (1, ey Lo ConElr]) v IB(ELS7]) + Vi los(Elsr])

By Lemma H.3.3 we can bound the total number of exploration rounds by

24n12nax + 8nmanM . - 12nmax
— aecE/Q(M) : E[EStD(ST)] + . E[EStKL(ST)]

Elsr] < (55" -
+ Gn}n = E{é ik, Ev [Dr (M7 () [| M (7))] - I{m, € ms}}
24n?m}(((;§— j)n;nang 362 5 (M) - O(VMdcov 10g(CeorE[57]) v/ 108(E[57]) + Vi 1Og(E[ST])>
+ fA": : O(VMdcov log(CeovE[s7])/10g(E[s7]) + Vi 10g(E[ST])>
N Gn;ax - (log T + Viur/1344d o, E[s7] - 10g(128C oy E[s7]) + loglog T + 7V,,)
+ Gn;aX(VM + L) (4V/Efs7] + O(Vaudeoy 10g(CeosE 7)) v/ Els] Iog(Elsz]) + Vauy/Elsr] ) )
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where the second inequality follows from Equations (H.3.5), (H.3.7) and (H.3.8). Using
Lemma H.3.17 and bounding g** < nyay, we can solve this for E[s7] to get

~ [ Nmax VM dcov 108; CYcov : n2 —0bD Nmax VM dcov log Ccov
< . max
E[sr] < O( 5 log T + (5g)? aec.p(M) + A
+ n?ﬂax(VM + LKL)2(VA2Ad20v 10g2 C(cov + V.A%t))
0?2 '

Finally, by Lemma H.3.13 and Lemma H.2.3 we can lower bound g** > Ay, /2V,,. Plugging
this into the above expression and using that

32 6
Nmax = nmax(Ma 6/6) = AT : (5 + 2VMH3\76) . ]I\4n3_/\}§l gM,

min

gives the result, after simplifying.

H.3.2 Regret Bound without Uniform Regularity (Theorem 10.2)

In this section, we prove Theorem 10.2 (as well as a more general result, Theorem H.2), which
gives regret bounds for a variant of AE?, Algorithm H.3, AE2, which does not require uniform
regularity, and adapts to the gap A%, := AM' for the underlying model M*. Algorithm H.3
is a slightly more general version of Algorithm 10.2, incorporating general divergences D.

Throughout this section, we let s* denote the first exploration round s such that M* € M*
in Algorithm 10.2. Note that s* is a deterministic quantity (though, the first round ¢ in which
s = s* is not deterministic).

We remark briefly that, to bound (H.3.9) by a restriction of the AEC, it is critical
that our estimator produced at each exploration round s, £°, is only supported on M*. To
accomplish this, we explicitly generate a cover of M*, M?_ . and run an estimation procedure
on this cover. As Algorithm H.4, the estimation procedure used to prove Theorem 10.1,
directly covers all of M, to prove Theorem 10.2 we do not appeal directly to this algorithm,
yet we note that the covering and estimation procedure employed by AE? are essentially

identical to that in Algorithm H.4, modulo the choice of which set is being covered.

H.3.2.1 Bounding Regret of Explore Phase
Lemma H.3.5. We have

1 2
. o\ 4gr | 2nf 4
8* S (aec;’/ﬁ;(,/\/l >> B + (n: * A?nin * A:nin - g*6 - A?nine) .
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Algorithm H.3 Adaptive Exploration for Allocation Estimation for classes without uniform
regularity (AE?)

1: input: Optimality tolerance 9, divergence D, estimation oracle Alg,, growth parameters
g, Oy, QM.

20 541, 01, e<—4+25
3 q° —1—57% n’® ¢ s,
1: Compute &' + Alg,({@}) and M* < Ey 1 [M].
5. fort=1,2.3,... do
6: if s > 25 then // Form active set and cover
T C— 0+ 1.
8: Af < argminyso A st ED’/;(MA 1) < SO‘M
9: MEFMAAﬁm{MEM : M+AM + + 1u _'_AI” <\/F}
10: ME . (pe, pe)-cover of M for py < 2~ K,/Lg — 27 5 , D 2.
11: if I € s 8.6, VM € MM (), S0 IEMN& log ﬁ] > log(tlogt) then
// Exploit
12: Play myzs.
13: else // Explore
14: Set p® + ¢*\* + (1 — ¢*)w* for
: 1
A%, w® « arg min sup — : (H.3.9)
Awedt aremme (i) Exp e [Brew[D (M () || M())]]

15: Draw 7% ~ p®, observe r*, 0°, set D¢ «+— D U {(7%,r°,0%)}.
16: Compute estimate £« Alg, (D4, ML) and M*T! = Ejyeon [M].
17: 54 s+ 1.

Proof of Lemma H.3.5. We will have M* € M* as soon as M* € M’ and M* € M" for

1 4g™ 2nM 4 ya
Mo (U E M g SV M My

where

0 . ~——D,M «
A" = arigémA s.t. aec); (MA%) < sTM.

Note that if this occurs for some ¢, then the first exploration round s such that M* € M¥ is
s =21, From the definition n? " = 22~ we have M* € M’ as soon as

N 1 4g*  2n: 4
V2en(t=1) > n* 4 A + —= A + +A*

min min m1n
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-1 dge omr 4\
=272 (0t i ta P e Ta )

To have M* € M", we need A* < A%, and nf < 17, which will be the case once

1
ﬁ?/;(/\/{*) S 2(6—1)&,\4 — (ﬁg/;(./\/l*)> M S 26—1'

The result then follows by combining these bounds. O

Lemma H.3.6. Let sy denote the total number of exploration rounds. For § < 1/2, running
Algorithm H.3, we can almost surely bound bound

st < (5 (Z 2Saq+aMEﬁN£S [E [D(]/\Z(ﬂ') H M*(ﬂ'))]

s=s*

+ ZSO‘“-Qg inf By [Du (M* () || M(7))] - I{m, € 7575}

= MeM?,
<A 3an/2 * * 7 w8 \oton *
+ > Ag By [y (D (M () | M(m))]] + dg* (35) 7 | + 5™

In addition, the regret during exploration rounds is bounded as

53 a0 <B[ Y- 2 emg o[, (00T ()

+) (1+3)g" -Mgg Bps [Du (M (m) || M (m))] - {7, € 750 }

sT
oy 1
+ Y s Ag By (B [Di (M () | M(7))]]| + 4" (55) 0.

s=s*

Proof of Lemma H.3.6. We first prove the bound on the regret during the exploration rounds,
then use this result to prove the bound on s7.

Recall that by definition, for exploration rounds, we have p® < ¢°A* + (1 — ¢*)w®. We
consider three cases to bound the instantaneous expected regret, A*(p®), for each s > s*.

Case 1: M* € M“\M#&(X*;n%). Denote such rounds as S . This case follows identically
to Case 1 in Lemma H.3.3 with

1+ g 1
o180, ~ . (H.3.10)

L+ Eg_olEus [D(M(m) || M*(r))]




451

We therefore omit the proof and conclude that
A*(p*) < —°0 + V" Egj e [Bps [D (M (7) || M*())]
< Y Egp e [Ep [D (M () || M*())].

As regret is always lower-bounded by 0, we have A*(p*) > 0, so for rounds s € S}

expy WE Can
also write

g0 < VEg . [Bpe [D(M(m) | M*(m))]. (H.3.11)

Case 2: M* € M&()\;n®), m, € wg=. Denote such rounds as S2

epy and write

A(p*) = [A(p°) = (1 +0)g" - Bps [Dier (M™ () || M ()] + (1 + 0)g" - Byps [Dict (M (m) || M ()]

for an arbitrary model M € M?,. In this case, since M* € M8 (N*;n*), we have that
A® € T(M*;¢e). This implies that

AN) < (L +e)g’/ng and | inf By [Di (M7(m) || M(m))] = (1 = 2)/ng

for some n} < n®.
Since M € My, it follows that Eys[Dg (M*(7) || M (7))] > (1 —¢°)/n%. Thus,

A*(ps)—(1+5)g*Eps[DKL(M*(7T)HM(W))] ¢*[AT(X°) = (1 + 6)g"Ens [D (M* () || M ()] + 1 — ¢°
)

Cl1+e)g/ni—(1+0)(1—e)g"/ni]+1-¢°

¢ 26 — (1 —¢)] - g—+1—q

= 2 —Qq
2 n: T
®) [s7@ s < (?g%)l/a"
< _ dg* s > (ﬂ)l/aq
4n% — \ig*
9 ()™
) | s 5§ < (55)aon
e i
g s s 2 ()
d * 8 VYag—an 1 __ 1 * —Qn
< 2g"[{s < (55) %} 45g s
where (a) follows from our choice of ¢ = % and ¢°® = 1 — s, (b) follows from some

algebra, (c) uses that n¥ < n® and n® = s, and (d) follows since we will always have
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§7% < 2gF — iég* -5~ Thus:

A*(p*) < (1+ 0)g"Eps [D (M (m) || M (m))] + 2¢"{s < (

< (14 0)g Eps [D (M™ () || M ()] + 2g"T{s < (

1 1 -~
52*)“‘1’“” I Zég* "8
1
57) T}

As this holds for all M € M, we have

A*(p*) < (1+8)g" - inf Eps[Dy (M* () | M(m))] +28"T{s < ()7 }.

MeM?,

Since A*(p®) > 0, this also implies that for s € S2_:

exp”
yaran )

1
) T )
(H.3.12)

1 * Qin * * _Qln
108 <52 it By (D (M () || M ()] + 28" T(s < (35

< s%-2g7- it B[ Dy (M7 () | M(7))] + 28" (52) ™ - T{s < (

alt

Case 3: M* € M&(\%;n®), m, & wzs. Denote such rounds as S?

oopy and write

A(p) = [A°() — 201 + )V - By [Eye (D (M () | T ()]
+2(1+6)g"Vn* - By, (B (D (M () || M ()]
Since M* € M8&(X?), we have that \* € Y(M*;¢). This implies that for any M € Mg,

ATX) = (I+e)g’/ny and  inf B [D (M7 () || M(m))] = (1 =€) /ng
alt
for some n¥ < n®. Assume that we are at epoch ¢. By construction we have that, for

M € M{ A}/f < \/n2é = AM > \/1_ Since n° is increasing in s, this implies that
min I"IQZ
AN

M . As & s only supported on M*, since 7, € 7+, Lemma H.3.9 implies that
Epsoes [H{M e M.}t > . Thus, we have

2(1+ 8)g*V® - By [Exs [ D (M* () || M(m))]]

> 2(1 + 6)g*Vn* - Emgs [Exs [Di (M* () | M (m)) - T{M € M5 }]
>2(146)g"Vn® - N_n*

S (1+0)(1—e)g* '

- *
nS




453

This implies that
A*(p*) = 2(1 + 8)g"Vn* - Egp . [Epe [ Dy (M* () || M ()]
S @l(1+e)g/ni = (1+0)(1—e)g"/n]+1—-¢
1 1., _
o)) g s

< 2g"I{s < (

where the final inequality follows by the same argument as in Case 2. Thus,

S*)Ti‘”“} - 15g* -s”
_ 1

= 52 9(1 + 6)g By oo [Byr [Dice (M () || M(m))]] + 28" I{s < ()70 o0 } 108" s
7)amen .

Just as in Case 2, using that A*(p®) > 0, this also implies that for s € S2_:

exp”

A*(p*) < 2(1 4 8)g*v/n® - Efes [Eps [ Do (M*(m) || M\(ﬂ))]] +2g"{s < (5

< 7% 2(1+ 0)g By g [Bpe [ D (M* () || M(m))]] + 28" I{s < (32

1 « o * « — « _an 1
108 < 2 2(1 4 0)g By o [Epe [Dict (M* () || M (m))]] + 28" (55) %= - I{s < (55)7 " }.

(H.3.13)

Completing the Proof. In total we have

YA Y VEp e Bp[D(M() | MA ()] + Y (1+3)g* - in By (D (M7 () [| M (7))]

MeMz,
s=s* SGS&XP Sesegxp

2 204 ) B By D (M () W(w))nwgw%)ﬁ.

s€S3

exp

By Lemma H.3.11, for s € S}

oxp> We can bound 7 < (1 + g*d) - s*F*M. This gives an upper
bound on the above of

< Z(l +g°)s" T MEG . [Ep [D(]\//AT(W) | M*(m))]

F2 (40 inf By [De (M () | M) T, € i)

+ ) s™?Ag By [Ep [Dy (M* () || M(m))]] + 4g” (5g) =,
which proves the regret bound.

We now bound the number of exploration rounds. Since for every s € Selxp (H.3.11)
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holds, for every s € §2_ (H.3.12) holds, and for every s € S _ (H.3.13) holds, combining

exp €xXp
these inequalities gives

1 *| el 2 3
Zég |Sexp U Sexp YU Sinp

exp exp
< Y YEgoelBp [D(M(x) || M* ()] + D s .2g*.Mjer}\f[;ltEps[DKL(M*(w)HM(W))]
SESP}XP Se’stgxp
o~ 1+an
+ > S Ag By By (D (M* () || M())]] + 4g" (555) %o
s€83,

<3 (1 +g)s T ME g . [Ey [D(M () || M*(m))]

s=s*

st
£ sme2g it By (D (MY ()| M(m)] - . € e}

5T o~ 1+an
+ Y Ag By B [Di (M* () | M ()] + 48" (55 ) 20
Using that |Sl, U SZ%, US2,| = sr — s* and rearranging gives the bound on sy.

H.3.2.2 Completing the Proof

Theorem H.2 (Full version of Theorem 10.2). Consider Algorithm H.3, and suppose we set
6<1/2, D(- || -) =Dl ]|), am =1/2, ac = 1/8, and oy = 1/4, and instantiate Algy,
with Algorithm H.1. Then if Assumptions 10.1 to 10.6 hold and g* > 0, the expected regret of
15 bounded by

3
EM [Reg(T)] < (1+6)g*logT + Caec - <ﬁ?/;(/\/l*)) 10g®?1og T + Ciow - log®™ T

for e ﬁ,
C.. = 5 (VM + LKL)V_/adcov 10g<0c0v)
- 5D |
and

~ 1 1
C’Iow =0 (pOIY <VM> LKL7 n; dcow log C'cov; g*7 AT, S, lOg IOg T)) .

min

Proof of Theorem H.2. The bound on the regret incurred in the exploit phase follows identi-
cally to Theorem H.1, since the exploit test is the same. We turn to bounding the regret in
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the explore phase. First, since we can incur regret of at most 1 at every round, we bound

sT ST
E ZAM* (ps) < E Z A]W* (ps) + s*
s=1 s=s*
By Lemma H.3.6, we can bound
ST ST /\
o [ 3 A*(FS)} <E [ S (14 g1)s M E gy [y [D (M () || M¥ ()]

+3 (0 int By (D (M) | M ()] I € )

st
— 1
+ Z son/2. 4g*]E]\7N€S [Eps [DL (M*<7T) | M(W))]] + 4g*<%)aq_an

<E [ S (14 g™ M E g (B [D(F(r) || M ()

s=s*

+) (1+6)g* Mief}\ﬁ*l Eps [De (M*(7) || M(7))] - {7, € Tr3s}

1
) ag—an

b3 B B D () | T +

s=8*

Applying Lemma H.3.4 with a = 0, we have

sT
E{Z inf B [Dp (M*(70) | M())] - I{m, € s }} <logT +E {VMslT/ ?. \/1344d.g, - 10g(128Ccoy57)

s MeM?%,

ST
+ (Vi + L) (43;/2 + 57 B i [Ermpe [D(M(m) | M*(w))]})} +loglog T + 7V,

s=1

Note that for s > s*, our estimator is applied to a cover of a set containing M*. Furthermore,
note that the estimation procedure used in Algorithm H.3 is, other than the different choice
of set to cover, identical to that used in Algorithm H.4. It follows that the analysis of
Algorithm H.4 can be applied to the estimation procedure of Algorithm H.3, with only the
mild modification accounting for the difference in the size of the cover (as we are covering
M? instead of M). However, as we can upper bound the size of the cover of M* by the size
of the cover of M via Lemma H.3.15, this change is inconsequential. Thus, by Lemma H.3.7,
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we can bound

E Z 23"‘1+0‘MEA7N55 [E,:[D (]\/4\(”) | M*(W))]]
<0 (E |:VMdCOV lOg(CcovST)S;q+aM IOg(ST)] )
<0 (decov 10g(CronE[s7] ) E[s7] oM log(E[sTD) , (H.3.14)

where the second inequality uses Jensen’s inequality and Lemma H.3.16 to pass the expectation
through, which holds as long as 1/100 < «a, + a, < 3/4. Similarly,

E Z son/2. 4g*]E]\A4N§S [Eps [DkL (M*(W) 1 M(W))H]
< O(&Videas 08 CenEls2] Bzl Tog B ). (H3.15)

where we have again used Jensen’s inequality and Lemma H.3.16 to pass the expectation
through, which holds as long 1/100 < «a,,/2 < 3/4. For s < s*, we do not have M* € M*, and
therefore the estimation guarantees are vacuous. In this regime, using that the KL divergence

is always bounded by 2V, (Lemma H.3.13), we can simply upper bound the estimation error
by 2V,,. Thus,

E

> 5% B g [Banye [D(M () | M*(W))]]]

s=1

ST

> 52 By [Een [D(3(7) | M ()]

§=8*

< o(Vdev log(Cco\,E[sT])E[sT]l/zs/log(E[sﬂ)) OV (572,

<E + 2V (s7)*?

which gives, applying Lemma H.3.16 again:

E{Z Mér}\ft;h Eps [Du (M*(7) || M(m))] - {7, € 75 }} <logT + O (VME[ST]1/2 \/dcov -log(CeovE[s7))

s=1

+ (Vo + L) (Els2]"? + Viadeon log(CeosEl 1) E[s1]? 1og<E[sT]>))

+ 2V (s*)*% 4 loglog T + TV),. (H.3.16)
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Combining Eqgs. (H.3.14) to (H.3.16), we have

E { Z A*(T(s):| <(1+46)g*logT + O (VM Vo B[s7] 10g(Ceo E[s7])

+ (VM + LKL)VMdcov log(ocov]E[ST])E[ST]l/2 log(E[ST])
+ Viudeoy 10g(Ceo Els7]) v/ 10g E[s7] (1 4 g*)E[sp] oM + eg*E[sp]*/?)

1
+g"(557) 7 +loglog T + VM(S*)g/Z) :

To control this, it remains to bound sy. By Lemma H.3.6 we have the following almost sure
bound:

ST<

< o (S g E g B, (D(F(n) | 3

s=s5*
NS >

(@

sT
i _Z e M‘ier/l\fl;u Eps [De (M* () || M ()] - {7, € s}

(. /
~~

()

ST — 1+an
+ Z §3an/2. 48" E7 es [Eps [Dii (M*(7) || M ())]] +4g*(%) %‘“") + s*.
s=1

i

4

(

8}
=

We bound the expectation of term (a) as in (H.3.14). To bound term (b), we apply
Lemma H.3.4 with a@ = a, to get

E[(b)] < E[s3]logT + E {VMS;/ o /1344d, - 10g(128C 0y s7)

1/24an/2 ST
S am —_ *
+ (Vi + L) (4{_—a + Y s B (B [D(M () || M (w))]])}
n s=1

+ E[s7"] loglog T + TV,.

Again applying Lemma H.3.7 and Lemma H.3.16, we have

B[(€)) < O(g Vasdeos 08 CensElsr] Elsg ">/ log(Els])
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and

E Z 31/2+an/2 . EM’\{S [Eﬂ'wps [D(M(W) ” M*(W))H]
s=1
< O<V/\Adcov 1Og(CCOVE[3T])E[ST]1/2+an/2 log(E[sﬂ)) + 2V, (S*)3/2+a”/2,

as long as 1/100 < «a, < 1/4. We therefore have (using Lemma H.3.16 to pass the expectation
through):

1
Blsr] < o +O(Elorl™ 05T + VoBlor] /oy ToR(ConBIoa] + (Vi + L) B4

(VM + LKL)VMdcov 1Og(ccov]E[3T])E[ST]1/2+QH/2 log(]E[ST])
+ Viudeoy 10g(Ceo Els7]) (1 + g")E[s7]* M /log(E[s7])

A1+taon
+ g Vudeoy 10g(CeovElsr] ) E[s7] 3‘J‘"/Z\/log [s7]) + g (55 ) “a—n + V(s )3/2“""/2).

We now set oy = 1/2, oy, = 1/8, and «, = 1/4, and note that all of the preceding parameter
restrictions are satisfied for these choices. Furthermore, this parameter choice implies that—
using Lemma H.3.17 to handle log factors—we have

~ 1 8/7 11 VM(S )3/2+an/2
E[ST] S O((ag*)8/7 IOg T + pOly (V/\m dcov7 IOg C(cova LKL7 g, 57 E) + 5g* .

Plugging this into the regret bound given above, we have

11
[Z A*(m } (1+9)g*logT + O(poly <VM,dco\,710g Ceovs Lki, g8 ¥t loglogT) 1og®TT
X (1+1/g") (Vi + LKL);//adcov 10g(Ceov) + Vi C(s%)32. log®/2 logT).

Finally, by Lemma H.3.5, we can bound s* as

2

" 1 dgn  onf 4\
s*§<ﬁ§f;(/\/{*)> M+(n*+ & n€+ ) ,

ANSY Ar. Ar .

min min mll’l

and, by Lemma H.2.3 and Lemma H.3.13, we can lower bound g* > AZ. /2V,,. Plugging
this in gives the final bound. O
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Algorithm H.4 Estimation with Adaptive Covering
1: input: Class M.
20— 1,9« @.
3: M., <+ (pe, pe)-cover of M for py < 27, pp + 275
4: Initialize TemperedAggregation® as an instance of Algorithm H.1 with M
5: for s =1,2,3,... do
6 Receive (7%, 7, 0%), D <~ DU {(7%, 7%, 0%) }.
7: ¢ « TemperedAggregation‘(D*), M Epfmgs [M]
8.
9

¢
cov*

if s > 2¢ then.
: (041,90 « o.
10: ME < (pe, pe)-cover of M for py « 27, py < 275

11: Initialize TemperedAggregation’ as an instance of Algorithm H.1 with MY

cov’

H.3.3 Estimation Guarantees

In this section, we analyze Algorithm H.4, which is a variant of the Tempered Aggregation
algorithm (Algorithm H.1) designed for infinite classes. This algorithm is used within
Algorithm H.2 in order to prove Theorem H.1.

Algorithm H.4 simply applies Algorithm H.1 to a sequence of covers for the class M on a
doubling epoch schedule. In particular, at every epoch ¢, Algorithm H.4 restarts the Tempered
Aggregation algorithm (Algorithm H.1), clearing the Tempered Aggregation instance from
the previous epoch from memory. We denote the ¢th instantiation of Tempered Aggregation
as TemperedAggregation®.

Lemma H.3.7. Let 7 denote some stopping time with respect to the filtration (F')L,

such that 7 < T almost surely, and let o € (0,1). When running Algorithm H.J under
Assumption 10.6, we have

22a

E
20 _ 1"

> 5% Epggs [Bps [DA(M* (), M ()]

s=1

<E [(QOdCOV 1log(64Co,7) + 1) - O‘] + 4.

In addition, if Assumption 10.5 also holds, then

E

Z §% - Eppegs [Ermps [D (M*(70) || M(W))H]

s=1
2a

90— 1Ta\/m]

+ E[32(1 4 V) log(7)] + 8 (H.3.17)

<E {(2 - 6V,) (20dcoy - 10g(64C0,7) + 1)
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and

E Z 5% - Eppegs [Ermps [Dre (M (7) || M*(W))H]
<E [(2 - 6V,)(20dey - 10g(64C,0y) + 1) - Qfg_a 1Ta\/1og<27)}
+ E[32(1 + V) log(7)] + 8. (H.3.18)

Proof of Lemma H.3.7. Let S* denote the set of s values for which ¢/ = k and note that
Sk ={2k1 1,21+ 2 ... 2F} We can bound

E

S S By [Eppe [DA (M (), M(w»n]

s=1

[logy T
<> E Z3“'EM%s[Emps[Dﬁ(M*(ﬂ)’M(W))H-H{SST}]
[logy T']
< > 2t E ZEMwss[Emps[Dﬁ(M*(W)aM(W))H']I{SST}] (H.3.19)

since we have that ¢ < [log, T'| by construction, and since s < 2% for s € S*. Let A;, denote
the event

& 2"Neov (M, pr,
Ay = {Vs €8+ S Enees[Erop[DA(M* (), M())]] < 2log ( 5 Pis ) +2’fpk}.

i=2k—1

By Proposition H.2 and a union bound, P[A] > 1 — §; — 2%y, Since the Hellinger distance
is always bounded by 2 and |S*| < 2%, we can upper bound

[logy T
(H3.19) < Y 2 (Z E[Enres [Ermps [DE(M*(), M(7))]] - I{s < 7, A }] +2- 2kE[H{A;}]).

k=1 seSk

Choosing 6, = 273 and since p;, = 27°F, we have

[logy 17 [logy 17 [log, T
Z 2ak . 2k+1E[H{A2}] S Z 22k+1 . ((5k 4 22k/fl’k) — Z 22k+1 .9. 2*3]6 S 4.
k=1 k=1 k=1

Note that for s € S*, if s < 7, this implies that 2¥=! < 7. On the event Ay, for p, = 27%,
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when « > 0 we can bound

[logy T
S 2% 3 EfEarags By [D(M* (), M(m))]) - s < 7, A4)]
k=1 s€Sk
[ log, T k —k 9—5k
2N 272
<E j{: 2ak<210g mejvﬁgk ’ )4—1) IRt < )
st 2 (H.3.20)
Ncov(Ma 7_71/27 7—75/32) 2% k k—1
< . _~ 9ok, -1 <
_E_(Qlog 116 +1 mgx(Qa_12 I{2" " <7}
[ N —1/2,775/32 220
<E|(2log COV(M’T4/ 7 /32) 1) - T¢
i 774/16 20 — 1

where the final two inequalities follow since 2* < 27. Under Assumption 10.6 we have

Neov(M, 771/2,775/32)

1
8 7-1/16

< 10dcov : log(64ccov7—)v

which gives the first result.
Bound on KL Estimation Error. By Lemma H.3.14, for any = > 0 we have
Dy (M () | M()) < (24 2V + ) - DA(M(7), M(m)) + 32(1 + V2 /x + V3 /2?) - exp(—2?/8V2).

In particular choosing z = V,,1/8log s2, we have

Dy (M () || M(7)) < (24 2V + Vi/8log s) - DA (M (), M (7)) + 32(1 + Vi) /5.

Repeating this for each step s, we can therefore bound

E|Y " 8" Eargs [Enmps [Di (M* () | M(7))]
< (24 6Viy) E| D s*\log sEasegs [Ermpe [DR(M* (), M (w))]]]

+32(1 + V) - E[log 7].

The result in (H.3.17) then follows from a calculation nearly identical to our above bound on
Hellinger estimation error. Applying Lemma H.3.14 in a similar fashion with the arguments
flipped gives (H.3.18). O

In the following, we extend Lemma H.3.7 to the case when a = 0.
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Lemma H.3.8. Let 7 denote some stopping time with respect to the filtration (F')L_, such

that 7 < T almost surely. When running Algorithm H.J, under Assumption 10.6, we have

E|>  Enees [Ermps [DA(M* (), M(7))]]

s=1

< B[(20dcoy - 10g(64Ce0,7) + 1) - (2log 7+ 1)] + 4.

In addition, if Assumption 10.5 also holds,

E

Z ]EM~§S [EWNpS [DKL(M* (77) ” M<7T))H]

< E[(Z + 5V)(20dcoy - 10g(64CoyT) + 1)(2log T + 1) - 10g(27’)}
+ E[32(1 4 V) log(T)] + 8

and

E

Z ]EM~£5 []EFNPS [DKL(M(W) H M*(TF))]]]

<E [(2 4 5V3)(20dcoy - log(64Co,7) + 1)(2log T + 1) - 1og(27)}
+E[32(1 + Vi) log()] + 8.

Proof of Lemma H.3.8. This follows identically to Lemma H.3.7 but replacing (H.3.20) with

[logy T']
> 2% E[EueeEany [DAM (), M(m)]] - Is < 7, A1)

[logy T'] k —k o-5k
2 Ncov 72 72 _
<E| ) (210g (M )+1)-]I{2’“ L<r}

92—3k
k=1

1 -5
SE[(QlogNCOV(./\/l,T /2,77°/32)

/16 +1) -(210g7'+1)}

The bound on the KL estimation error also follows from the same reasoning as in
Lemma H.3.7.

]

H.3.4 Supporting Lemmas

Lemma H.3.9. Consider running either Algorithm H.2 or Algorithm H.3. Assume that
Ty g s and that IIliIlMeM : €5(M)>0 Ar]\r{in Z A. Then ]EMNgs [H{M S M;lt}] Z %A
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Proof of Lemma H.3.9. Recall that Me = Epres[M], so m € mys implies that

7 € argmax Eyoes [fM (7))
' ell

If 7, & mys, then there exists some 7 such that Epue[f*(T)] > Eppes[f(7)]. Since
fY(m) € [0, 1], this implies that

0 < Enngs [FY(7) = [ ()] < Eagnge [[{M € MGy 3] — Enrees [(fY () — fY(7) - I{M & M-
For M ¢ M3, we have f"(m,) — f(7) > AY,, > A. Thus, the above implies

min

0< Engs [H{M eM lt}] A - EMNSS []I{M € M lt}]
— A- (1 — ]EMwﬁs [H{M eM lt}D < Engs [H{M eM lt}]

Rearranging gives Ey/es [I{M € M7} > A > 1A, O

Lemma H.3.10. When running Algorithm H.2, on rounds s for which M* € M\M&(X*; npay),
we have

(14 0)(4nmax + 20g™)
ogM

,ys < m?/2('/\/1)7

for v as defined in (H.3.3).

Proof of Lemma H.3.10. Recall that w® and A\* are chosen to minimize

1
sup — .
MEMME (\einme) 7o [Boo[D (M () || M () )]

Since M* € M\ME(A*; nyax), we can therefore bound

/1\ < inf sup /1\
E i go Bus [D(M () [| M*(m))]] <S40 pe a8 (\rinunan) Ege B[ D (M () || M (7)))]
: 1
= inf sup

MOEAT M MWME (i) Bi7 s [Bo[D (M () || M () )] |

Recall that we set

1 n 2Vyun" 32g"
Nmax = - ImaXx
Amin8 Amin MeM Arnln

By Lemma H.3.13, under Assumption 10.5, we can bound Dk (M (7) || M' (7)) < 2V, for all
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M, M € M and 7 € II. It follows from Lemma H.2.3 that

2V, 1
> — —,
Amin MM pre m:gM >0 &
SO
1 n 32gM
Nmax = + — - | - max .
Apin€é  Minp/epgh=o 8 MeM Ain

Given this, straightforward calculation shows that n.., meets the condition required by
Lemma H.2.4, so Lemma H.2.4 implies

1 1

inf sup — < inf sup —
MBI e MME (i) g B D (M () [| M(m))] ~ A2 prennaeet, 00 Eps [Bu[D(M(m) | M(m))]

= ﬁg/Q(Mfs)
< aec;jp(M).

4nmax+2§gM

By our choice of ¢ we have 1%(1 =g — We can then bound
1446 1 1+ 0)(4npax + 20g™
7821+ ' == S( ! SgM : )'ﬁ?ﬂ(M)'
4 Efpee [Eys[D (M(?T) I M*(ﬂ'))] g

O

Lemma H.3.11. Consider running Algorithm H.3. Then on rounds s for which M* &€
MOME(N;n®), we have

75 S (1 +g*5) . SoquraM
for ~* as defined in (H.3.10), and «a, cn parameters of Algorithm H.3.

Proof of Lemma H.3.11. Assume we are at epoch ¢. Recall that w® and \* minimize

1
sup — .
MemAME i) Exp o [Bu[D (M () || M ()]

Since M* € MY\ M8 (X% n*), we have can therefore bound

/1\ < inf sup /1\
Ef s [Bos [D(M () | M*(m))]] — “E21 premo ' (aosne) Bip s [Eu[D (M () || M ())]]
1

= inf sup == :
)\,WGAH MEMZ\Mgl(AvnS) ]E]/\ZNES [Ew [D (M(Tr> H M<7T))]
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By construction, for every M € M, we have

1 4g™  2nM 4
;M+ A]\l + AM

min min

n

This implies that

and

which together imply that

max max{ n

M M
MeMmt

57AM ’CAM

min min

By Lemma H.2.4 and since M* is constructed such that inf ey AM. > 0, we can therefore
bound

1 1
inf sup < inf sup

MBI e nge e () B o B[ D (M () || M(m))] ™~ 2280 e v g, ) B o [Euo[D (M () || M () )]

< aecjy (Mar, 15 €%)

Al

where the last inequality holds by the definition of M’ and A*. Note that by construction,

£ is only supported on M*, so we can bound ﬁ?’/;(/\/lﬂ 158%) < ﬁ?’/; (Mae, ). By
A A

construction, we also have aec?/; (Mpe %) < 2fem < gem . Lastly, by our choice for ¢* we
TA
1

have = 5% . We can then bound

1—q®
,ys:l‘i‘gs(; L §(1+(s)'$aq+aM~
L=0  Eg_.[E.[D(M(r)|| M+(r))]

H.3.4.1 Likelthood Ratios

Lemma H.3.12. Consider running either Algorithm H.2 or Algorithm H.3. Under As-
sumption 10.5, with probability at least 1 — &, we can bound, for any M € M, s, and
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BZ'>07

]WTI' 7

(r',0)
EE )

%W@<§)mﬁ§ymmgmww@memwm)

Proof of Lemma H.3.12. By Theorem 2 of Shamir [2011], under Assumption 10.5 we have
that with probability at least 1 — ¢,

+ V/b6slog1/0

Z%emﬂM(MW <Z%a

s P (r 0)] | ™ (r', o')
S Eg ot {Emgi [log W} H 1} ZEMNSZ 108 B o) | Vyu\/565log 1/6.
i=1
(H.3.21)
Note that
Pﬁ’ﬂi(r" o%) i1 IP”‘?’”(T, 0)
E ]E]/\/I\Ngi log m] | H = ]Eﬂ-wpi [E(T,O)NM*(W) |:E]/\/[\N§i |:10g —PMJ(T, O)
Pﬁ’”(r, 0)
= EWNpi |:E]\//TN§Z' |:E(r,o)~M*(7r) |:10g —PMJT(’)” 0>:|:|:|

By Lemma B.4 of Foster et al. [2022], we can bound, for any Me M,

PM7 (1, 0) BY(r,0)
E ~M*(m 1 E 1 P (r, 0)
e

—

< \/% (E,,ONM* log? EZ:—H +Ef, o)) [IOg %D - D (M*(m), M())

< \/2v2 D? (M*(w),M( )

where the second inequality follows under the subgaussian assumption, Assumption 10.5. Tt
follows that for any M € M,

A
Jﬁ
Q

oy [E<TO>NM* (m) [log ﬁii H
o] i

Y By (D (V) | M ()] — /2VE - Egys D3 (M (), M ()

> ET"NPi [E(T,O)NM( |}Og PM, W(T’ 0
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2 B D (M () | M(m))] = V2 - (BB D3 (M (), FE(m))] + 1/5)

where (a) follows by the definition of KL divergence, and (b) from AM-GM for any 5 > 0.
Since this bound holds uniformly for all M € M, this implies that

Pﬁ’”i(ri, Oi) - -
E Eﬁ%i log IP)M,ﬂi(Ti’ 0') | H > ]ET\ZNgi [Ewp" [DkL (M(W) I M(”))H
Combining this with (H.3.21), and using Assumption H.2 proves the result. O

Lemma H.3.13. Under Assumption 10.5, we have, for any M, M' € M,
Dy (M (7) || M (7)) < 2V, Vrmell

Proof of Lemma H.53.13. We have

PM'™ (1, 0) PM'™ (1, 0)
Dy (M M =E¢ovorr(m [log ————2| < Epovorrin | |log ————21| < 2V,
LM ()| M) = B 18 et | < Bormarte 108 g || < 2V
where the last inequality holds under Assumption 10.5. O

Lemma H.3.14. Under Assumption 10.5, for any x > 0 and M, M e M, we have
Dy (M (7) || M(n)) < (2 + 2V, + ) - D} (M(ﬁ), M(w)) +32(1+ V2 /o + V2 /2?) - exp(—2®/8V2).

Proof of Lemma H.3.14. Fix 7. Define

P (r, 0) ~
and for 7 € N,
i M (1, 0) —~ .
gj = {@J 1‘.’1}< IOgW—DKL(M(W)||M<7T)) Se].x .

Note that £, (&;)32, form a partition of the probability space. Furthermore, since Dy (M () | M (7)) =
Eonr () [log PLT(ro)) ynder Assumption 10.5 we have that PMm(E;) < 2exp(—a2e2V /V2)

Pﬁv"(r,o)

and PM™(E°) < 2exp(—x?/V}). Now,

P (r, 0)

D (M) | (7)) = [ 108 2B 1.0
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]P)M7r( ) 7r T
/logPM (r.0) APY" (1, 0 —1—2/ logPM IP’M (r,0).

Using that Dy (M () || M(ﬂ')) < 2V, by Lemma H.3.13, we can bound

o0

Z/ logPMﬂ dIP’M“ (r0) <> ( eﬂx+2VM)-/ AP (r, 0)

=1 &

g

= Z(ejx +2Vy) - PY7(E))

j=1

8

<) (edx +2V),) - 2exp(—22e2UV V2)
j=1

(e'z 4 2V, - 2exp(—2220=Y /V2)dj
0

<A4(x+ VM)/ el exp(—el - x%e 7 /V2)dj
0

=4(x + VM)VfAeQ exp(—:zze_z/Vf,l)/:E2
<32(V2/w + V32 /2?) - exp(—2?/8V2).

IN

A\

We turn now to the first term. Note that we can write

PM7(r; 0)
log ———<2dPM7™
/g 08 P¥r(r, o) (r,0)

PM.m IP)M,W .
_ / (10g — (T‘, 0) + (’I”, O) . 1> dpM (’f’, O) _ M (50)
S,Pﬁﬂ“(r,o)>PM7“(r,o) P ,71-(7‘7 O) IP)MJ(n O)

PY(o|m), P (r o) P (r, 0) o
— 1 - 1 — ——>=<|dP"" Pr(Ee
- /EIP’M 7 (r,0)<PM.7 (r,0) (]P)Mﬂr (Tv O) o8 P (’I", 0) - ]P)M"r(?”, 0) <T, O) " ( )

Following the proof of Lemma 4 of Yang and Barron [1998| and using that log = T ﬁgr O; <
Dy (M () | M(ﬂ')) + a2 <2V, 4z on &, we can bound this as

§(2+2VM—|—$ / 1/ ]P)Mﬂ'ro A/ ]P)J\IWTO ]P)M7r gc
§(2+2VM+‘T/\/ PMWT’O A/ d PMWT’O ]P)J\/ITK'EC

< (2+2Vy+x) - DE(M(x ), M(m )) + 2exp(—2*/V2).
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H.3.4.2 Covering Numbers

Lemma H.3.15. For any subset M’ C M, there exists some (p, u)-cover M., C M’ for

M such that |M | < Neoy(M, p/2, ).

Proof of Lemma H.3.15. Let Mo, denote a (p/2, u)-cover of M with event £. Throughout
the proof we use the shorthand (r,0,7) € £ to denote that there exists M € M such that
PY7(r 0| £) > 0. By definition, it follows that for any M € M, there exists M' € Mo,
such that

sup
ro,m : (r,0,m)€E

P (r, 0)
log —— 1\ < o, H.3.22
T (13.22)

Let M’

rv = @ and consider running the following procedure for every M’ € M oy:

< p/2 (if such an M

1 P]W,Tr
og pM’ ™

1. Choose a single M € M’ such that sup, , .¢.omee

(r,0)
. (r,0)
exists).

2. If there exists an M € M’ in step 1, set M_ , < M.
unchanged.

U{M}. Otherwise M., remains

cov

By construction M., C M’, and |IM. | < | Mco|. We claim that M., is a (p, pt)-cover of
M. To see why, take some M € M'. Let M’ € Mo, denote the point realizing (H.3.22)
for M. Let M" denote the point chosen in the above procedure for M'. Note that there
must exist some M" chosen for this M’ since (H.3.22) holds for M, so in particular M € M’

satisfies the condition of step 1 in the above procedure. Then,

l o M’W(T’, 0) 1 o ]P)Mﬂr(r’ 0) N 1 . ]P>M/77r<7n7 0)
sup 0g ——F| = sup 0 - 0 -
ro,m ¢ (ro,m)EE P (O|7T) ro,m : (r,o,m)€E P J(T? O) P <0| )
MT () 0) PM" (o|7)
< sup log ——~| + sup log —
ro,m @ (ro,m)€E P 7ﬂ'(r7 0) ro,m = (r,o,m)EE P Jr(T? )

<p/2+p/2=p

where the last inequality follows by our choice of M’ and the definition of M”. Thus, it
follows that M., is a (p, u)-cover of M'. O

cov

H.3.4.3 Further Lemmas

Lemma H.3.16. Fora >0, a < [0,3/4], and 8 > 0, the function z*log”(az) is concave
in x forx > %exp(%) when B < 1, and for x > max{iexp( W),%exp(%)} when
6 >1.
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Proof of Lemma H.3.16. By some calculation, we have

%( e logﬁ(ax)) = (—1 + B)ﬁx_2+a 10g5—2<ax) + (_ﬂ + 2a6)x—2+a logﬁ_l(ax)
+ (=1 + a)az > log” (ax).

If we restrict to > 1/a, then to show that the function is concave it then suffices to show
that

(—1+ 8)Blog*(az) + (= + 2a8)log ™" (ax) + (—1+ @) < 0

which, since o < 3/4, is implied by

«

] =

(1 + B)Blog*(ax) + 5 flog ™ (ar) <

which is further implied by

(=1 4+ B)Blog*(ax) < %a and %ﬁlogl(ax) < —a.

| =

The former condition is met for x > 1/a for all 5 € (0,1]. For g > 1, it is met as long as

8(5—1)8 aﬂ—mﬁ)

1
— <L log2(ax) = > —exp(
o} a «

The latter condition is met for

x> 1exp<%>.

a a
O
Lemma H.3.17. For all B,C,n > 1, if x < Clog"(Bz), then x < C(2n)"log" (2nBC).
Proof of Lemma H.3.17. This is a direct consequence of Lemma G.1.2. O]

H.4 Deferred Proofs from Section 10.3

In this section, we provide proofs for the examples given in Section 10.2. We begin in
Appendix H.4.1 by introducing a condition which implies n" is bounded, and is easy to verify
for many classes of interest. Next, in Appendix H.4.2, we consider a variety of structured
bandit settings, and in Appendix H.4.3 extend this to contextual bandits with finitely many
arms. In Appendix H.4.4, we provide proofs for the informative arm example of Section 10.1.3.

Finally, in Appendix H.4.5, we consider tabular MDPs.
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H.4.1 Preliminaries: Regular Models

To bound the quantity n* = n2" for the examples we consider, it will be helpful to introduce
the following notion of a reqular model.

Definition H.4.1 (Regular Model). We say instance M € M is a regular model if there exists
some constant LY > 0 such that, for any M’ € M (M) with Dx (M (my) || M’ (7)) > 0,
there exists M"” € M**(M) such that Dy (M () || M" (7)) = 0 and, for all 7 € 11,

| D (M () || M (m)) — Dy (M () || M" ()] < /L, D (M (o) || M (7)) (H.A1)
£ LD (M) | M ().

Our definition of a regular model is a direct generalization of existing notions of class
regularity found in the literature [Degenne et al., 2020b]. As we will see, for a variety of
standard bandit classes (including multi-armed bandits, linear bandits, and Lipschitz bandits),
as well as tabular MDPs, one can show thatM* is a regular model with L*, = L bounded
by a polynomial function of problem parameters. Intuitively, M* will be a regular model if,
for any instance M’ € M (M*) for which it is sufficient to pull 7, in order to distinguish
M* and M’ (thereby ruling out M’ while incurring no regret), then there exists some other
instance M” € M (M*) which is “close” to M’ in a certain sense, and which cannot be
distinguished from M* by simply pulling 7. As the following result shows, the quantity n}
can be bounded whenever M* is a regular model.

Proposition H.3. If M is a regular model with A

> 0, we can bound

2gM 2g™M

Given Proposition H.3, for many of the examples in this section, rather than bounding
n: directly, we first show that M* is a regular model with L}, well-bounded, and then use
Proposition H.3 to obtain a bound on nZ.

Proof of Proposition H.3. To prove this result, it suffices to show that, for every normalized
allocation A € Y(M,¢e) with normalization factor n, there exists some allocation n € R
such that 1) n(7) = n\(x) for m # m,, and n(m,) < n for some well-bounded n, and 2)
AM(n) < (14 2¢)g" and IM(n) > 1 — 2e.

Fix some A € T(M,e) with normalization factor n > 0. Note that if M is a regular
model, then I"(L,,,) = 0. Since A € T(M, ¢), this implies that A\(7,,) < 1. Let X' denote the

allocation X(my) =1 — ¢ and N (7) = m)\(ﬂ) for m # m,,, for some ( to be chosen.
We have
¢ ¢
A" N)= —AY"N) < ——(1 +¢)g"/n. H.4.2
() = T3 A0 € T (L oe) (H42)
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Take M’ € M (M) such that Dy (M (my,) || M' (7)) > 0 and let M” € M (M) denote
the instance guaranteed to exist under Definition H.4.1. We then have that, for any ,

Dy (M (m) | M'(m)) = D (M () || M"(7)) — /L D (M (mar) [| M (1)) = L3 Diee (M () || M (1))
y 1

> Dy (M () | M”(?T)) — (L @) LG D (M () [| M (1)) = —~
where the last inequality follows for any o > 0 by AM-GM. Then

Z)\ ) D (M () || M'())

=2 f(? SATDL(M () [ M() + (1= O D (M () || M ()
TETM M
- ;M % (D (M () || M" (7)) = (1 + @) L3 D (M () || M () — é)

+ (1= Q) D (M () || M (7))

> %MMDKL(M(@HM"WH (1= 0) — (1 + @) L) D (M) | M () — >

TET

We have M" € M3t (M), so by definition

}:A ) D (M (m) || M" (7)) > (1 —€)/n.

However, Dx (M (my,) || M" (7)) = 0 by assumption, so it follows that

C " C 1—¢
2 T PPN ) 2y

By assumption, A () < (1+4¢)g"/n, and we can also lower bound AM(X) > (1—A(my,))AM, .
Rearranging these implies that

(1=Amy))n < (14¢e)g"/AY

min*

Set a = & then we have

eAmin
¢ l—e ¢ ¢ 1—¢ Ce
1 — Xmu) n a 1- A7) " n (1 +2)g" /Afin
¢ 1—e¢ Ce

ST ) n 0= A
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B ¢ 1—2¢
S

Furthermore, with this choice of «, if

1 1

< —
S TrAra)ly 1+ 0+ (1 +og" /AN )L,

we have
((1=0) = (1 + Q) L2C) Die(M () || M () 2 0.

We therefore have that, for any M’ € M (M) with Dy (M (my) || M'(7,,)) > 0, that

¢ 1—2¢

2 ANEDM@ M) 2 T3 —

Now consider M’ € M (M) with Dy (M (my,) || M'(7,,)) = 0. In this case we have

> V() D (M) | M D = 15 2 A @D M) | M (x S R

where the inequality follows since A € T (M, €) with normalization factor n by assumption.
Together these bounds then imply that:

M (\/ C I—2¢
I > . .
R v R

Combining this with our bound on AY()\) in (H.4.2) implies that X' € YT (M;2¢e) with

1-A
parameter n’ = % - n.

To conclude, define the allocation 1 := n’\. Then for 7 # m,,:

o) = 27 () = mia)
and
n(my) = %OTM) -\ (my,) < %(WM) ‘n

It follows then that A™(n) = nAM(\) < (1+¢)g", and I"(n) > n'IM(XN') > 1 —2¢e. Therefore,
n satisfies the desired condition. Since A € T(M, ), we have

AYA) < (T+e)g"/n = (1= Almu))n < (1 +2)g" /A,

min?
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and thus
o (Ate)g” _ 2g"(1+ (1+2¢"/eAN,) L)
77(7TM) = AM_ . C — AM. :
which proves the result. O

H.4.2 Structured Bandits with Gaussian Noise

In this section, we consider the problem of structured bandits with Gaussian noise, in which
O = {2}, and the mean reward functions belong to a given function class F. Concretely, we
consider the model class

M= {M(x) = N(f(x).0?) : [ e F}.

We set

D(M(x) | () Do (M(m) | () = 5 (f" () - [7(x) (HA3)

202

for D the divergence used by AE2. In general in the following examples we take o = 1 for
simplicity.

We begin by verifying that the basic regularity conditions required by our results are
satisfied for generic classes F, then provide bounds on the AEC for specific classes of interest.

Lemma H.4.1. For bandits with Gaussian noise:

1. For D < Dg, Assumptions 10.5, H.1 and H.2 hold with parameters

22
LKL — VM — T

2. We can bound Neoy (M, p, 1) by the covering number of M in the distance d(M, M') :=
o2p

M M :
SUpery | fY () — f(7)| at tolerance WYy Furthermore, it suffices to take

E={|r| <14 /20%log(2/p)}.

Proof of Lemma H.4.1. In this setting, we have that for any M, M’ € M and any 7 € II,
1 )
D (M(m) || M'(m)) = 55 (f*(7) = f** (m))".
For M € M, we therefore have

| D (M () || M (7)) — Do (M () || M'(m)) | = 2%2 |(fY () = £ ()% = (f7 () = £ ()]
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< 217 () — 17 ()]
MW) o) | 7 ().

where the inequality follows from the Mean Value Theorem and the assumption that f¥(7) €
0,1] for all 7 € II. This verifies that Assumption H.1 holds with Ly, = 2‘[

To show that Assumption 10.5 is met, we note that for all M, M, M’ e M,

P 1 1 —
108 e ) = o7 = PR = (= )’

= o [FV(@) + £Y(m) = 2r(f(m) = (7))
— 2%2 [P ()2 + fY () = 2 () (Y () = f7 () + 20 () — ) (fY () —
} i2(fM (1) = r)(f(m) = f()).

M (r o)

= E(r o)NM’ |:10g W

It follows that

]P’M’W IP)M,TK'
o EX(r0) (r 0)}

— = —E 2 log ——~=
M, (r, 0) (r,0)~M'(x { 08 ]P’JW,ﬂ'(/ra’ 0)

is sub-gaussian with parameter ]ETNM, [(%(fM (m) — r)(fM(7) — f™(m)))?] < %, which
verifies Assumption 10.5 with V2 = =
Finally, we bound the covering number. Let £ := {|r| < 1++/202log(2/u)}. Elementary

manipulations show that P (£¢) < y for any M € M and 7. Using the same calculation as
above, we have

PY7(r,0) 1
PM'w(r 0) 202

log

where the inequality follows from the Mean Value Theorem. We therefore have that for any
M, M e M,

P (r, 0 24 /202 log(2/p) /
sup log PM,J((T O)) < = -sup | fY(m) = [ (7).
ro,m ¢ |r|<14+4/202 log(2/p) ’ i
It follows that if we can form a — 22— cover of M in the distance d(M,M'") =

2++/202log(2/ )

SUp,ep | () — ()], this will serve as an (p, u1) cover of M. O
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H.4.2.1 Discrete Structured Bandits

As a first example of bandits with Gaussian noise, we present an additional class that satisfies
the uniformly regular assumption.

Example H.4.1 (Discrete Structured Bandits). Fix Ay, > 0, and consider a discrete
reward space R C [0, 1] satisfying min, ver |r — /| > Apn. Consider any function class
F C (IT — R) defined such that each f € F has a unique optimal decision. Let our model
class be defined as

M ={M(x) =N(f(m), 1) | f € F}.

I t is straightforward to show that Assumption 10.4 and Assumption 10.5 are met with
Ly, Vy < 4, and that Assumption 10.6 is satisfied with d.,, scaling with the log-covering
number of F in the distance d(f, f') = sup,cr | f(7) — f'(7)], and Ceoy = O(1). Furthermore,

Assumption 10.7 is satisfied by construction of R and F, and we can bound n2* < Agi.l We

min

thus have the following corollary to Theorem 10.1.

Corollary H.3. In the discrete structured bandits setting considered above, if g* > 0, the
regret of AE? is bounded as
M Amin

EM [Reg(T)] < (1 +¢)g* - log(T) + aec. /12(M) - poly(majfl g", deov, £, x—, loglog T) -log?(T)
S

As we show in Example 10.3.2, the AEC in this setting can be bounded in terms of the
eluder dimension of F.

Proof for Example H.j.1. We provide calculations for the discrete structured bandits setting
of Example H.4.1. First, note that Assumptions 10.4 to 10.6 all hold by Lemma H.4.1. To
bound n™, consider M € M and M’ € M (M). Note that either Dy (M () || M’ (7)) = 0,
in which case there is no advantage to playing m,,, or, due to the discretization of the means,
D (M (7my) || M () > $A2,,. Thus for any allocation 7 € R, as long as n(m,) > t2—,
we have n(m,, ) Dk (M () || M'(7y,)) > 1. It follows that there is no advantage to choos?rllr:g
n(my) larger than —2—, so we can bound n** < AQQ ) O

Az .
min min

H.4.2.2  Multi-Armed Bandits (Example 10.5.1)

In this section we prove the result in Example 10.3.1. First, note that for any M € M, we
have g™ < A/AM. . Assumptions 10.5, H.1 and H.2 are met due to Lemma H.4.1, and with

min*

constants Lxp, Vi <4, deoy = O(A), and Ce, = O(1). By Lemma H.4.2—stated and proven

Tt is not difficult to see that, given the construction of R, once the optimal arm has been played AQL_
times, no additional information can be extracted from playing it.
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below—M™ is a regular model with L}, = V2 as long as f*"(m,) < 1. It remains to bound
the AEC.

Proof of Proposition 10.3. It is immediate to see that Ceyp(M,e) < O(f) by choosing the
exploration distribution to be uniform over A. By Lemma H.2.6, we then

A3
Ss~M *
aec'(M*) < ¢ - NN,

for a universal constant ¢;. By Proposition H.3, we have

< Co - g* 1+ — * < Co - A2
"o Az 5A* = (ALY

min min min

for a universal constant ¢y, so we can lower bound A, > cze(A%. )4/A? giving

min

A15
e3(A%n)*

min

aec'(M*) < ¢y -

]

Lemma H.4.2. In the multi-armed bandit setting of Example 10.3.1, any model M* € M is
a regular model with L*, = /3 as long as " (m,) < 1.

Proof of Lemma H.4.2. Let M' € M (M*) and assume that Dy (M*(m,) || M'(m,)) > 0.

) — f¥(m,) <1. Let M"” denote the Gaussian bandit instance
given by fM"(7) = fM(7) + fM*( ) — f*(x,); by our assumption, M” € M, and M" €
M (M*). Furthermore, fM"(m,) = f™"(r,) which implies Dy (M*(r,) || M"(7,)) = 0 as
desired. Finally, for any 7T, we have

Pm) = () = () = ().

This implies that for all 7, since all models in M have unit Gaussian rewards, using the
expression for the KL divergence given in (H.4.3):

Case 1: fM' (7)) + f* (7,
)

| D (M*(m0) || M (7)) = Dy (M*(m) | M"(m))| < [/ (m) = [ ()| = /2D (M*(m,) || M ()
which implies the condition of Definition H.4.1 is met with L}, = V2.

Case 2: fM(myy) + fM (7)) — fM(m,) > 1. For this case the model M” constructed in
Case 1 will not be in M. Assume first that f*"(m,) > f™'(m,-) and in this case define M”
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to be the instance

M _ min{fM* (W*)a fM/(ﬂ-) + fM* (77*) - fM/(ﬂ-*)} T # T
P = :
f (W*) + 5 ™ = Tyt

or some ¢ > 0 such that f*"(m,) + 4 < 1 (note that such a § exists since we have assumed
M (m,) < 1). Note that we now have M” € M, and f"(7) < fM" () for all 7 # m,, sO
M" € M (M*). Furthermore, we have f*"(m,) = f*" (x,), so D, (M*(x,) || M"(x,)) = 0.
For 7 % 7y, if min{ f¥" (m,), f (7) + fM" (7)) — ' (7)} = " (m,), this implies that

F () < P A () = () = T () = () < P () = ().
Since we have assumed f¥"(m,) > f™'(7,), this implies that

() = S = P () = L < U () = £ ()

So by the expression given for the KL divergence in (H.4.3), we have

D (M*() | M/ () = Dy (M () | M"(m)] < /3D (M () [ (). (H.AA)

For 7 # mye with min{ " (r,), f () + F (m.) — F (m)} = £'(7) + £ (m) — £ (7,),
the bound on |Dg (M*(7) || M'(7)) — D (M*(m) || M”())| follows identically to Case 1. For
T = T, since we have assumed that f"(7,) > f*'(m,) we have

P (o) = £ ()| = £ (1) = £ () +6 < () = £ () + .

For small enough 4, this implies that (H.4.4) is satisfied for 7 = m,, as well.
Consider now the case where f*"(m,) < f™ (7). In this case define M” by

wrg oy _ Jmin{ 7 (m) = 6, () + f () = f ()} T T
f (ﬂ-) - /
fM (WM/) T = T/
for § > 0 small enough that f*'(m,) — & > ™" (m,). Note that M” and M" € M (M*) by

construction, and that f*”(x,) = f"(r,) by our choice of &, so Dy (M*(,) || M"(x,)) = 0.
For 7 # 7y, if min{ f* (my) — 8, £ (1) + f" (7)) — f (7))} = f (7,) — 6, then we have

[F () = f )l = 1 () = 6 = [ ()]
< () = f (1) + 6
<) = ()] + 6

where for the final inequality we have used that min{ f*' (7,,/) =6, f' (7)+ fM" (7)) — f*' (7,) =
M (ma) — 6. Tt follows that (H.4.4) is satisfied for this 7 for sufficiently small 6. If we instead



479

have min{ £ () — 8, F () + " (m.) = £ (ma)} = () + £ (7) — (), then the
bound on |Dg(M*(7) || M' (7)) — Dx(M*(m) || M”())| follows identically to Case 1.

For m = 7y, we have |f" (m,) — f* (7y)| = 0. This proves the result.

H.4.2.3 Structured Bandits with Bounded Eluder Dimension (Ezample 10.3.2)

In this section, we give generic bounds on the uniform exploration coefficient and Allocation-
Estimation Coefficient for structured bandit classes with bounded eluder dimension (cf.
Definition 10.3.2). These result are used by subsequent examples, including linear bandits.

Lemma H.4.3. Let M{M(n) = N(f(n),1) | f € F}. Then for all e > 0, we have
16dp(F, V/2/2)

3

Cexp<M7 5) S

Proof of Lemma H.4.3. Let & € A(M). Recall the expression for KL divergence between
Gaussians of unit variance:

E 17 [Bp[ D (M () [| M ()] = ; E 7 [Bp[(f ¥ () — £ ())7])-

Abbreviate dg := dg(F,+/¢/2) and let {m,...,ma,} denote a maximal sequence of e-
independent points. By the definition of the eluder dimension, for any = € II and any
M, M € M, we have:

dg

S (M(m) = [T (m))2 < ez = | (x) - ()] < Vel

i=1

Now, set p to be the uniform distribution over {7, ..., 74, }. Assume that M, M’ € M are
such that

max Ey K, [DKL< (m) | M" (= ))] =

M"e{M,M"'}

max By E,[(f*" (1)~ f"(m))*] < ¢/(16dx),

1
2 M"e{M,M"}

Markov’s inequality implies that for each M" € {M, M'}, with probability at least 3/4 over
the draw of M ~ ¢,

E,[(f*"(m) — f™(m))") < ¢/ (2dw).
Taking a union bound, we conclude that with probability at least 1/2 over the draw of M ~ &,

max  E,[(f*"(r) — f¥(m))*] < ¢/(2dg). (H.4.5)

M"e{M,M"}

Going forward, let M € M be any model such that (H.4.5) holds; we have just proven that
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such a model exists. It follows from the maximality of 7, ..., 74, and the definition of p that
for all 7 € II, and M"” € M,

E,[(f*" (r) = f"(m))’] < e/(2de) = (F"(7) — f7(7))* < /2.

In particular, since this holds for both M € {M’, M"}, and since (H.4.5) holds, we have that
for all ,

D (M' () || M () = (/' () = 1" (m))?

2
(' () = f7(m)? + (f7 () = f ()

E.

IAINA

As this is the condition required by Definition 10.3.1, it suffices to take CS_ (g) = 16dg(F, //2)/¢.

exp
Since this bound holds uniformly for all choices of £, the result follows. n

Proof of Proposition 10.4. The bound

16dg(F, V0/2)
)

follows from Lemma H.4.3, since dg(F',0) < dg(F,0) for all 7/ C F.
By Lemma H.2.6 we can bound aec2(M*):

Coxp(M”,0) <

2

1 A4 € it
——M ) < * = ] i i e ) 5 '
aec (M) < Coxp(M*,0) for & Mﬂgﬁ*mm{mm{glLKL’gwM} 2" /A, + s’ 3 }

Lemma Lemma H.2.2 implies that for all M € M*,

64dy(F, 3A%,) _ 64ds(F,3A,)

(A%in)2 N A2

*

gM S Cexp(-/\/l*? %(AM

min

)?) <

where we have used that the eluder dimension increases as its scale € decreases; by Lemma H.4.1,
it suffices to take Lk, = V,, = 2. A sufficient value for ¢ is therefore
AW

§—c.
©ds(F. IA,)?

The result follows.
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H.4.2./ Linear Bandits (Example 10.5.3)

Proof of Proposition 10.5. The result follows directly from Proposition 10.4, since it is known
that linear bandits have eluder dimension which scales as dg(F,c) = O(d - log1/¢) [Russo
and Van Roy, 2013|. ]

In what follows, we prove Proposition 10.6, providing sufficient conditions under which
it is possible to bound the regularity constant L*, (and hence n*) for linear bandits.

We begin with an geometric assumption on ©, X', and 6*, which we will show ensures
that M*(7) = N ({x,,6*),1) is a regular model. To state our condition, we denote, for any
vectors x and y, we define x, and z; to be unique vectors satisfying = = z, + x; for z, || y
and zy; L y.

Assumption H.3 (Regular Linear Bandits). The sets ©, X and model parameter 0* satisfy:

1. © is a convex polytope.

2. For all § € ©, we have that there exists some g > 0 such that {6/ € R? : ||§/ — || <
b} C O.

3. Letting x* € X denote the optimal action for 8*, we have

{0 cRY : |0 -6, < max A*(q:)/”xx*HQ} C o.

rEX xFT*

The first two points above are quite mild. The primary restriction of Assumption H.3
is Point 3, which requires that 6* is located sufficiently far within the interior of ©. Using
Assumption H.3 we can state the full version of Proposition 10.6.

Proposition H.4 (Full Version of Proposition 10.6). If ©, X, and 0* satisfy Assumption H.3,
then n¥ is bounded by a polynomial function of d,1/AL.,1/e, g, and a geometry-dependent
term scaling with the structure of X and ©.

Remark H.4.1 (Comparison to Existing Work). We remark that Assumption H.3 is similar
to the conditions required by existing works which achieve instance-optimality in linear
bandits with polynomial lower-order terms [Tirinzoni et al., 2020, Kirschner et al., 2021].
Though neither of these works explicitly states such a condition, closer inspection of their
analysis reveals it is indeed required. In particular, the proof of Lemma 1 of Tirinzoni et al.
[2020] relies on a result from Degenne et al. [2020b] which shows that a condition analogous to
Definition H.4.1 is met for linear bandits. However, the proof given in Degenne et al. [2020b]
appears to only hold when © is unbounded, or a condition such as Assumption H.3 holds.
As Tirinzoni et al. [2020] assumes that © is bounded, their results therefore only appear to
hold if a condition similar to Assumption H.3 also holds. Similarly, in the proof of Lemma
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10 of Kirschner et al. [2021], it is assumed that for every arm x # x,,, there exists some
instance in the alternate set with optimal arm x. To satisfy this condition, it appears that an
assumption similar to Assumption H.3 is required.

Thus, while not stated explicitly in the existing literature, it therefore seems that all
existing results which obtain reasonable lower-order terms require an assumption similar to
Assumption H.3. Removing this assumption (or showing it is necessary) is an interesting
direction for future work.

Proof of Proposition H.j. Under Assumption H.3, this follows directly from Lemma H.4.4
and Proposition H.3. O

Lemma H.4.4. Under Assumption H.3, the linear bandit model M* is regqular for some
L%, < oo whose value depends on the geometry of © and X.

Proof of Lemma H.J.4. Fix some §* € © and let 2* denote its optimal arm. Let ©2(6*) C ©
denote parameters with optimal arm z # z*. Assume there exists some 6 € ©2!¢(§*) such
that (0 — 0*,2*) # 0 (if this is not the case, M* immediately satisfies Definition H.4.1 and
we are done). Let ©, ={0 €O : (x,0) > (z*,0)}, ©* = {0 € R? : (§ — 0* 2*) = 0}, and
Or = 0, N O*. We first show that, under Assumption H.3, OF # @ for all x € X', x # 2*.
We then use this to show that M*(7) = N ((z,,60*),1) is a regular model.

Part 1: ©f # @. Fix some v € X with x # 2*. Consider = 0* 4+ azz- for some a € R
to be chosen. By construction we have (0, z*) = (0*, z*), which implies that § € ©* for all
a € R. We wish to choose a large enough that (0, z) > (6, 2*). Note that

(0,2) = (0, 2) + alwge, Tgr + Tpe) = (0%, ) + al|z2+||3
and (0, x*) = (0*, 2*). Thus, to satisfy (0, z) > (0, x*), we need
allzz |z > (0%,2" — @) <= a> A (2)/|lva 3.
Let a = A*(z)/||zz+||3, then it follows that (6, z) > (6, 2*). Furthermore, we can bound
10 = 0%z < allwz[la = A (2) /|22 2-
Under Assumption H.3, it follows that 6 € ©.

Part 2: M* is a Regular Model. Let ©, = {6 —6* : 0 € ©,}. Note that, since © is a
convex polytope, and O, simply adds a linear inequality constraint, ©, is also convex. Let
0, ={p€O, : (¢,2*) =0}. From Part 1, we have ©, # @. Lemma 23 of Kirschner et al.
[2021] then gives that there exists a geometry-dependent constant C'(©, X') such that, for all

¢ € O,

min (|6 — ¢'ll: < C(O, &) - |(6,27)].
€0,
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This implies that for all § € ©,, we have:

min |0 — 0|, < C(O,X) - (0 — 6%, ).
0'cOx

Now consider some 6§ € ©(6*), and assume that (6 — 0*, 2*) # 0 (by assumption such a 6
exists). Assume that ¢ has optimal arm x, which implies that § € ©,. By what we have just
shown, we know that there exists some ' € © with (¢, z) > (¢, 2*) so that §' € ©¢(9*),
(0" —6*,2*) =0, and

10 =&l < C(6,X) - [0 — 07, 27)].

Note that, for any 2’ € X', we have

| D (07 (") || 6(2)) — D (0" (2") || 6" ("))| = %|<9* —0,2')* — (0" - ¢, 2)?|

< 2max (0", 2')| - (6 — 0/,
0”66

<2 o" M2. 116 = @'ll,.

< 2max 0" L1310 — 0]

Furthermore, note that

1 * *
V Do (0%(2%) [ 6(a)) = EW —0,27)],

D (6°() ]| 0(2')) — D (6*(2') | (2"))
< (Mc<@,x> i ue"\|2|rx"r|§) DO @) [0@).

00,0 X

As 6 € ©*(0*) was arbitrary, we have therefore shown that M* is a regular model with

2
1= (22 c@R) e 101:15"18)

H.4.2.5 Generalized Linear Models (Example 10.5.4)

Proof Sketch for Example 10.3.4. The bound on the AEC follows as in Proposition 10.5, using
that the eluder dimension for generalized linear models is bounded as O(d - (?“4)2 - log fmex)
[Russo and Van Roy, 2013|. For the other regularity assumptions, note that by the Mean
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Value Theorem, we have

| Dew (M () || M'(m)) = Do (M () [| M ()| = %!(9((9,@) —g((0', 2)))* = (9({0, z)) — g((0", 2)))"|
< 20max (0" — 0", )|

and

1 gmln
—=19((0,2)) — g({#', )| = ==[(0 — 0, z)|.
V2 V2
In light of these inequalities, bounds on all relevant regularity parameters for generalized
linear bandits follow from similar reasoning to the proofs for linear bandits. In particular,
the conclusion of Lemma H.4.4 holds for generalized linear bandits under Assumption H.3,
with L}, as in Lemma H.4.4, but scaled by (£=2x)2).

VD (M () || M'(m)) =

]

H.4.3 Contextual Bandits with Finitely Many Actions (Example 10.3.5)

In this setting we take D (M (x) || M(r)) < Dy (M (7) || M(x)) for D the divergence employed
by AE2. Note that we have

Dy (M () || M (7)) = %Ewm [Eamna) [(f(2,0) = (2, a))]].
Lemma H.4.5. In the contextual bandits setting of Example 10.3.5:
1. Assumptions 10.5, H.1 and H.2 hold with parameters
Lx = Vi = 2V2
and D( -] ) = Dpxr(+]+)-

2. We can bound Neoy (M, p, 1) by the covering number of M in the distance d(M, M') =
’ 2.
SUP ey aca |f (2, a) — [ (x,a)| at tolerance " o_p

2log(2/p)
take € == {|r| <14 /2log(2/p)}.

Proof of Lemma H.4.5. Using the expression for the KL divergence given above, for any
M, M',M € M and = € II, we have

. Furthermore, it suffices to

| D (M () || M (7)) — D (M () || M ()|

1

- 5 |E1NPX [EGNW(m)[(fM(xa a) - fM (l’, a))Q]] - ExNPX [EGNW(fB)[(fM(xa a) - fM/ (ZL', a))2m
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VAN

%wa [Eomno [|(f¥ (@,0) = [ (2,0))* = (f (2, 0) = £ (2,0))?|]]
2Bepy [Barnie) [/ (2, 0) = (2, a)|]]

<2 \/EMX [anm [( £ (x,a) — fﬂ(x,a))zﬂ
— 2V2\/ D (M (x) | M()).

IN

This verifies Assumption H.1 holds with Lk, = 2v/2. Assumption H.2 is immediate.
To show that Assumption 10.5 is met, we note that

P71, 0) P (1 | 0)PM7™(0) PM7(r | 0)
log ————= = =log ——
B(ro) T B[0P T(0) P(r [o)

where the second equality holds because the context distribution is identical for all models.
As the reward likelihoods conditioned on the context are Gaussian, a calculation similar to

Lemma H.4.1 shows that Assumption 10.5 with V,, = 2v/2. The covering number bound also
follows from the same reasoning as Lemma H.4.1. O

Lemma H.4.6. For the contextual bandit setting described above, we can bound

4A
Cexp(M,e) < —

3

Proof of Lemma H.4.6. Fix some £ € Ay and let 7y, be uniform over A for each context.
Then, for any p’ € Ay, we have

Erp [DrL(M (1) || M'(7))]
= I By [Bannio [ (o,

5 a) = [ (z, )]
< Expee[Ernp [Eanpy [Banm(a) (/7 (2, ) Fi @) + (f(,a) = f (2, a)]]]
<D EireeBonp [(F(2,0) = fY(,0)) + (f¥(x,0) = [ (2, 0))7]]

acA
= AB 7 ¢ [Bompr [Bapony 0 (7 (,0) = [ (2,))? + (f (2, a) = [ (2, a))?]
< 2AE57 ¢ [Dr (M (Texp) | M (Texp) ) + Dt (M (Texp) | M (exsp) ) -

It follows that if

Ef e Dt (M (Texp) | M (7exp))] < i and  Eg7 e[ Dt (M (Texp) | M (Tep))] < i,

then we can bound E,._,[DkL(M () || M'(7))] < e. Thus, choosing pex, € A(II) to place
probability mass 1 on 7eyp, a sufficient bound on Cey,(M, €) is 44 /. H
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Proof of Proposition 10.8. The bound on Cey,(M*, €) follows from Lemma H.4.6. Hence, by
Lemma H.2.6 we can bound aec(M*) as

2
A 1 AM. € AM.
*)< == for &= min min{ mi o3 3 ([
aec!(M*) < 5 for A mm{mm{glLKL 34VM} 2gM /AN + Yy 3 }

By Lemma H.2.2, we have that for all M € M*,

16 A
J— A2 .

*

min

8" < Coxp(M, (AM )?) <

By Lemma H.4.5, we can take Lyx. =V, = 2v/2. A sufficient choice for § is therefore
52 A8
AZ
The result follows. O

0=c-

H.4.4 Informative Arms (Example 10.2.1)

In this section, we provide calculations for the bandits with informative arms setting in
Example 10.2.1. We first show that Assumptions 10.4 to 10.6 are satisfied.

e Lemma H.4.1 If 7 € [A], then the response is simply Gaussian, so by Lemma H.4.1, the
condition of Assumption 10.4 is met with Lk, = 2. If 7 = 77, then by the Mean Value
Theorem we have

| D (M () || M’ () — DKL( (m) || M (7)) |

PMs 7r IEDM,TI‘ (CL)
— ]P)]M 7T 1 ]P)]\[ 7T
D> P (a)log Z o

a€lA] prer & pu (a)
< | 1 + maxmax log (a) lOg (CL) Z ”P)JVI 7r _ P 7r( )‘
=\ P[5 e <
. ]PM ﬂ(a) ]P)M ﬂ(a) . -
o <1 T gé?;ﬁ max{ 1 ]PDJM’ W(CL) ) 1 ]P>M’ ”(a) - Dtv (P ;IP )

P (a) P (a) \/1 _

< 1 1 1 . _D IP)M,W ]P)M,ﬂ .
= ( _’_flré[aﬁmax{ ]P)Nj/ﬂ,(a) 9 PMITF(G,) 2 KL( || )

Using the bound on the log-likelihood ratio given above, this verifies that Assump-
tion 10.4 holds with Lk = max{2, 1 + log t25}.

o If m € [A], then the since the response is Gaussian, by Lemma H.4.1, the condition
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of Assumption 10.5 is met with V,, = 2. If 7 = 77, then for M € M, either the
observation is distributed as 1/A, so P"7"(r,0) = 1/A for all o € [A], or i is the
informative arm for instance M, in which case P (r,0) = (1 — 8)/A for o # m,,, and
PY7™(r,0) = f+ (1 — §)/A for o = 1), (note that we can disregard o =L since it occurs
with probability 0 if an informative arm is pulled). The log-likehood ratio is then at
most

(1-p)/A 1-p

Thus, Assumption 10.5 is satisfied with V), = max{2, log ﬁ}

log

e Using Lemma H.4.1, it is easy to see that Assumption 10.6 is met with de, = O(A)
and Ceo, = O(1).

To bound the parameter n™, consider M € M and M’ € M**(M). Note that either
Dy (M (my,) || M'(my,)) = 0, in which case there is no advantage to playing 7, or, due to
the discretization of the means, Dy (M (my) || M’ () > 5A2;,. Thus, for any allocation

min*

n € RY, as long as n(m,) > 53—, we have 7(my ) Deo (M (my) || M'(7,,)) > 1. Tt follows that
there is no advantage to choosing 7(m,,) larger than A%, so we can bound n™ < 3

H.4.4.1 Bounding the Allocation-FEstimation Coefficient

We begin with some basic observations. First, since we restrict M to only contain instances
with a single optimal decision, if f"(m,) = | A,{,inJAmin for some M € M, this implies that
M(r) < LﬁJAmm for all 7 # m,,. Fix some M € M satisfying f"(m,,) = LﬁjAmin.
It follows that, for every M’ € M®*(M), it must be the case that f'(r,,) < Lﬁj Amin-
Therefore, since M and M’ have different reward means at 7,,, and since this holds for all
M' € M (M), M can be distinguished from every M’ € M**(M) by playing 7,,. In this
case, then, g" = 0, so any ec-optimal Graves-Lai allocation must put all its mass on m,,,
implying Y (M,e) = {I,,,}. Denote such instances M with f"(m,) = LﬁJAmin as M.
Note that for M with f"(m,) < LﬁJAmm, we have L. € T(M,e¢).

We proceed to bound the value of the Fix M € co(M). For a first case, assume that
that fY(75) < LAiinJAmi“ - %Amm and let & = argmax;c |y, P (0 = 7y) denote the
index of the most informative arm for M. Let A = Lo, and note that M&()) contains only
instances in M that have informative arm k. Let M'={M e M : 7%, # 77} UM. Then

MA\ME(X) C M. Let w = SUnif({n} },en]) + $Unif([A]). Then,

o 1
(M, < su V3
dec M M) < o D (1) [ M (7))



488

< sup 2N + sup 24
ey Doty Do (M () | (7)) wem Sneay D (M () || M())

If w5, # 7, this implies that o ~ M (x}) is uniform on [A] for 70 # x$,, and 0 ~ M(7?) is
dlstrlbuted as B, +(1—B)Unif ([A]) for 77 = m5,. Note that since k = arg max;cy; P (0 =
73z) and M € co(M), we can have at most P (0) < 1/A + 3/2 for all o if i # k, since if
this were not the case, then ¢ must be k. It follows from Pinsker’s inequality that for M with

Tou 7 Ty

D (M (72,) || M(x5,)) = 2Dry (M(x5,), M(x5,))
> 2[PM i (0 = m,,) — P (0 = my,)|?
= 2|6~ 1/A— g2
> 2|3/4)?

where the last inequality uses our assumption that 3 > 4/A. For M € M, since f(ry) <
| = | Amin — 3Amin, We have that

D V() | M(m) > L2,

8 min-*
Thus, we can bound
— 64N 16A
aec.(M, M) < 52 :

Now, consider the second case where M has f*(my) > | =] Amin — 3Amin. Note that

in this case we must have |75| = 1. Set A = I . Then we have that M&()) contains every
instance except the single instance with f"(7y) = [ALJ Apin- Let w = 1. Note that for
any instance with f*(my) < | x—|Amin, i.e. every instance in M\ME(X), we have

Dy (M () || M (57)) = <A

2 1 .
It follows that with such an M, we can bound

aec.(M, M) < Ai

H.4.5 Tabular Reinforcement Learning (Section 10.3.2)

In this section, we prove all of the claims in Section 10.3.2 concerning tabular reinforcement
learning.
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Throughout this section we let M, (a) denote the joint distribution of the next state
and reward if we play action a in state s at step h on MDP M € M. We also define

w,""(s,a) = P"7" (s, = s,a, = a)

as the state-action visitation probabilities on MDP M under policy 7 (and define w," " (s)
analogously). We let r}/(s,a) = E, gy (sq[r] denote the mean reward on MDP M at
(s,a,h), and let r,(sp,an) the denote the realized (random reward) at step h. We let
r = (ri(s1,a1),...,7a(sm,an)) denote the vector of all random rewards in a given episode.

= (s1,...,sm) denotes a trajectory of states, and 7, = s;, the hth state in the trajectory.
We denote the Q)-value function on M for policy 7 by

H

2177((5,0/) :EM,TI' Zrh/(sh/’ah/) ’ Sy, =8,ap = a
h'=h

and the value function by V""" (s) = Equn, (5)[@; " (s, a)]. We denote the value of a policy by
VT = V""" (s1). For any function VS — R we denote

]P)}];I [V](Sv CL) = ]ES’NPAMHS,&) [V(S/)]
For all results in this section concerning general divergences, we take D (- || -) < Dgc(- [ -).

Proof of Proposition 10.9. To bound the AEC, we first move from KL divergence to Hellinger
distance. Since we always have Dy (M () | M( )) > DE(M(w), M(r)), we upper bound

—_

aec'(M*) < sup inf sup — :
EEAMAMWEDT pre A\ ME (V) EM~§ [E., [Dﬁ (M(W)a M(W))H

We then apply Lemma H.2.6 to bound this by CD_(M*,4), with D( - || -) < Dj(-,-). The
bound on CP_(M*,¢) then follows directly from Lemma H.4.10, and gives

exp

——M ) < for 6 = 1 i i win 3 )
aec, (M ) > 52 or MHelﬂ* e {81LKL 34VM } 2gM/Amln + n<£/1/36 3

By Lemma H.4.8, we have that Assumptions 10.5 and H.1 hold with

()

log ——2~
)

L, =V, =4H + max maxmax
M,Mem Tl €T

As we assume every transition has probability at least Py, we can lower bound P> (1) >
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H
Pmin7

so it suffices to take
LKL = VM = H(4 + 10g ]—/Pmin)-
By Lemma H.2.2, for M € M* we can bound

. SAH? -log* H
gM S C(exp(-/\/l ai(AM : A4 .

min

)!) <ec

A sufficient choice of § is therefore
g2 Al

©S2AZHS log' H 102 1/ Ponn

H.4/.5.1 Tabular MDPs are Regular Classes

Lemma H.4.7. If M* is such that " (s,a) € [0,1/H?) for all (s,a,h), then in the setting
of M <= Miap(Puin), M* is a regular model with constant

.96
L= 5

Proof of Lemma H.4.7. Take some MDP M’ € M™*(M*) such that Dy (M*(7,) || M'(7,)) >
0. Let M" be such that

Dy (M, (7. (s, h)) | MJ, (7. (s,h))) =0, Vs, h
and
Dy (M, (a) | M{,(a)) =0, Vs, h,a# 7.(s,h),

so that M" is the MDP which is identical to M* on optimal actions, and identical to M’
on suboptimal actions (recall that optimal actions for M* are unique). By construction, we
have that Dg (M*(m,) || M" (7)) = 0. Furthermore, it is not difficult to see that M” € M.
In particular, to verify that P} (s’ | s,a) > Pu for each (s,a,h,s’), we note that since
M* M' € M, for every (s,a,h,s'), we have P (s' | 5,a) > Py, and PM (s' | s,a) > Puin.
By construction, we have that P} (- | s,a) is identical to either PM"(- | s,a) or PM'(- | s,a)
for each (s,a,h), so it follows that P} (s’ | s,a) > Puin. The remaining conditions for
inclusion in M are immediate. We consider two cases.



491

Case 1: M" € M (M*). For m € II, by Lemma H.4.15 we have

Dy (M () || M(m)) = hwﬁf*’ (s, a) D (M, (a) || Mg, (a)),
and H
Dy (M*(m) || M () = hwf (s, a) D (M, (a) || M, (a))
—:’:hw?f (s, a) D (M, (a) | MG (a)) - T{a # me(s, h)}
so that

| D (M () [| M (7)) — D (M* () || M" ()|

= th (5, (5, 1) D (M, (7. (5, B)) | M, (. (s, 1))
- w7 (s, (s, )

= stL)w;LW (s, me(s, h))

- D (M () || M (7))

+ D (M* () || M (7))

< sup T
show, (s)

+ D (M* () || M (7))

_A*

min

where the last inequality follows from Lemma H.4.13. Thus, in this case, M™* is a regular
model with

.1
L= 5o

Case 2: M" & M™(M*). Let (5,a,h) be such that QM (3, a) > QM ™ (5,m,.(3,h)), and
note that such a tuple is guaranteed to exist by Lemma H.4.11 since M "€ MAY(M™). Let

M" denote an MDP that is identical to M” everywhere except for at ('sv,ﬁ,Zi), where we set
7"%4”(5 a) so that

Q" EE) = @ (B k) + 6 (H.46)

for some 0 > 0 to be chosen. This will ensure @ is the optimal action in (s, ﬁ), SO Ty F Ty
By Constructlon we have that M* and M" behave identically on m,, which implies that
Q}Avf (5,75, h)) = Qi” (3, m.(5,h)). Furthermore, by assumption we have r}'" (s,a) <

1/H? for all (s, a,h), which implies Q" = (s, (s, h)) < 1/H. As QM ™ (5,a) = 7‘7;1‘2”('5,5) +
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]P’g” [Viﬁ ™(s,a) > TJN (s,a), it follows that for small enough ¢, we can ensure (H.4.6) is met
with 72 (5,a) < 1 /H, so that M” € M.

If we can show that, for all 7, | Dx (M*(x) || M' (7)) — D (M*(7) || MH(W)N is bounded
by some function of Dg (M*(m,) || M'(7,)), we are then done. We proceed to show this. First,
note that, similar to Case 1:

D (M () || M' () = D (M () || 7))
= | 3 w5, ) Dra (M a5, ) | M2 (5, )|

+ w7 (5, )

Dy (M@ || My (@)) — D (MZ5@) || M5(@) |

<sup ﬁ D (M*(.) || M'(.))

i, 0|2 (5,7) = (5,0)7 — (3 (5.@) - v (5.@)?)

2 h h h
(H.4.7)

where the inequality follows by what we showed in Case 1, and since M’ and M" have
identical transitions at (S, a, h), so the contribution to the KL divergence from the transitions
cancels, leaving only the KL divergence between unit-variance Gaussians. By the Mean Value
Theorem and since rewards are in [0,1/H], we have

L (rf*(gﬁ) — r%fl(g, @))? — (r%f*(s a) — T}]:Ill(g,~)) < —|7"M/(§ a) — rihw(g,ﬁﬂ.

Thus, it suffices to bound [} "(5,a) — TJE”” (s,a)l.
By assumption QM ™ (s,a) > QM ™ (5, 7,(5, h)). We can then ensure
QY™ (3,a) — QY™ (3, m (5. h) < QY™ (3,@) — Q™ (5, mu(3, b))
for 0 sufficiently small. This is equivalent to, abbreviating @, := m(gﬁ):
G+ B IED — )~ B R )
<7y (5,a) + PM, [anqw*](:i a) - T%I/(Sa apr) — P%ﬂ [th\j—f*](‘s Q).
By construction we have that V;"" ™ (s) = V"™ (s) for all (s, h), P2 (5, Ay ) = 12 (5, ),

and ]P’M” [V]‘i/i (s an) =P ’ [Vi‘:lﬂ](g, Gar+ ), since M” behaves identically to M on actions

taken by . Furthermore, we have IP’%T' [V}Z‘il’w*](s, a) = IP’M' [V;ﬁf*](s a) since M M" behaves

identically to M’ on actions not taken by 7, other than the reward at (s, a, h). Using these
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simplifications and rearranging, we get

|r,§4"’ (3,a) — r,ﬂj’ (3,a)

S |7”»]«V11(,§ ,dM*) . Ty*(g 5M*)| + |IP;M*[ M* W*](§75M*> . P%/[/[VM W*](S aM*)|

" het1 ht1
+ [P V21(6, ) - B VT 6.a)
< I3 (@) = G )| + B 1V ™)6 @) = B V)5 )
P2 (VT (3, ) — B (V) (3, e )|+ B3 [V (5, ) — B (V25 ) .

Since rewards are unit-variance Gaussian, we have

’T%/I’(g, HM*) — r£4* (g, 5M*)] < \/QDKL (Mig(fdM*) H Mé,'g(&/M*)) < \/UJMTDKL(M*UT*) H M/(ﬂ'*))-

. M* 7,
Since V" ™ € [0,1], we have

[P [V (3 e ) = PV (5 G )| < ) 1P (S' | 8, ) — BT | 5|

S/

< 2D7v (P (- | 8, a0 ), P2 (- | 5,G00))

< 2D (P 5 ae) | P2 (] 5 e)

h

2 , —
D (P | ) | P2 (- | B
g\/ ot D (B |5 | PR

2
* DKLM*W* M/'ﬂ-* .
s\/w%m@ (M) || M(x,)

By Lemma H.4.12 we have

LA TR e G S T CR e t]

' ~~ 8H
<D B 15an)- \/ i D (M) | M ()

E+1<>

< sup \/ wMS—H() D (M+(x.) | M(x)
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and similarly

[P [V (5 @) — By [V (5, @) < sup \/L - Dy (M () || M (7).

*
s w%irf* (s)

Altogether then:

ATl f o~ ! fo A~ 8 32H
Irat (ssa) =i (5,a)| < | [ = +sup W -/ Dy (M*(m,) || M ()
wr () s Vg T (s)
< sup H M TN \/DKL 7T* | M/(ﬂ-*))
s,h wy,

Combining this with (H.4.7), we have

| D (M () || M (7)) — Dy (M* () || M"(m)))|

1 *
< sup ——— D (M*(m,) || M' () + sup Tﬂ* v D (M* () || M/ ()
s,h wh (S) s,h Hwh

< o Do (M () || MY (7)) + HA* -/ D (M*(m,) | M (m,))

min min

where the second inequality uses Lemma H.4.13. Thus, in this case M* is a regular model
with

.9
L= 50

H.4.5.2 Tabular MDPs Satisfy Basic Assumptions

Lemma H.4.8. Tabular MDPs with unit-variance Gaussian rewards satisfy Assumptions 10.5,
H.1 and H.2 with

log

L. =V, =8H 4+ max maxmax
M,Mem m€l €T

and D(- || -) = Duo(-||-), where T := S and P (1) denotes the probability of observing
state sequence T € T on M when playing policy 7.

Proof of Lemma H.J.8. We verify each assumption separately.
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Verifying Assumption H.1. Fix some M, M’', M € M. Our goal is to bound
| D (M () || M'(w)) — D (M () || M(m)) |-
Let M denote the MDP with transitions identical to M but rewards identical to M. Then
| D (M () | M (7)) = Dy (VE(m) | M'(m))| < [ D (M () || M'()) = D (M () || M ()|
+ | P (M () 1| () = D (M () | ()|

We bound these terms separately. First, by Lemma H.4.15 we have

Do (M(m) | M'(m)) = Y wy"" (s, a) Dk (Man(7(s, 1)) || M, (7 (s, 1))

s,a,h

= 3w (s, v~ 1 (5.0 D (B (o) Y )

s,a,h

and, given our definition of M ,

Dyt (M () || M'(w))
= wllldﬂr(s’a) {%(rf(s,a) - leyl(s?a))Q + DKL<P}1M<' | S’W(*S?h)) H Pfivﬂ< | S’W(*S?h)))}'

s,a,h

Thus,

| D (M () | M' (7)) = D (M) || M'(x)|

1 / - /
= 2 wzlﬂ-<87a) [(rljy(&a) - rfly (S,CL))2 - (r;\L/I(SJ CL) - 7’}];/1 (S,G))Q}
s,a,h
< Zw”” s,a)|r)(s,a) —ri(s,a)|
s,a,h

< Z wy " (s, a) \/QDKL(Msh(a) I M gp(a))

s,a,h

< \/2H~ wy"" (s, a) DL (Man (@) || Man(a))

— \/ZH - Dy (M () || M (7)),
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where (a) holds by the Mean Value Theorem and the assumption that reward means are in
[0, 1], and the final equality holds by Lemma H.4.15.
We turn now to bounding the second term. Let 7 = S denote the space of all possible

state trajectories. Let P*7(7 = ) denote the probability of observing 7 € 7 when playing
policy m on M. We then have

D (V) [ ') = [ g o B ap 1.7

= [ e P ””PM””) AP (1 | )P (1)

Py (| )P (7)

_ / log IEMW(( ))d]P’M”(r)Jr / ( / log—gM/ ((7“ || T))dIP’M”(HT))d]P’M’”(T)

]\47‘(’

_Z]P;MW IOg]P)M/ 77—_ +Z]P)M7T DKL ]P)MTF(T|’7') ||I[DM 7r(r|7_)>
TET TeT

It follows that

| D (M () || M () — DKL< (m) | M (x >>\

IEDM 71' ]PM’W(T)
M, M 7r
S Z P (T) 1 IP)JW/ Z P IP)M/,W(T)
TET
+ ) [PYT(r) — P (r )\DKL(PM”T(T [ 7) [P (r | 7).
TET

Note that, since rewards at each state are independent,
H
D (P | )| P ([ 7)) = 3 D (B (o | 7) [P (| 7)) < H,
h=1

since rewards have means are in [0, 1] and are unit Gaussian. This implies

S B (7) — B (D (B | 1) | B | 7)) < HY B () — B (7))
TET TET

—HDTV ( ) M(ﬂ'))

<H\/ Dy (M (m) || M(x)).
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Note that %x logg =1+ log %, so by the Mean Value Theorem we have

I[])MJr(T) _ ]P)M’”(T)
]P)MJT 1 _ PMJT 1
(7)log P () (m)log P ()
puar) | | B -
< (1 —|—max{ logW , ogm }) PMT(r) — P ()|
IP)I\I’ (7_/) - —
(1 + max max 10gm ) - [PYT(T) = PY(T)]

It follows that

T;Pm(ﬂ log % _ ; P (1) log %
= (”13?%92% log%) T;“P’M“ — P77 (7))
B <1 e e k’g% ) - Drv (M (r), M(r))
= (”A‘}“Mmfr 1%—“)%?( (m) || M ()

This verifies Assumption H.1 with

PM' (1)
P ()|

Ly =1+vV2H+ H + max  maxmax

log ——+—=
M'eM, M emM €Il T€T

Verifying Assumption H.2. That D} (M (), M'(x)) < D(M(x) || M'(r)) is immediate,
since KL always upper bounds Hellinger squared.

Verifying Assumption 10.5. We have

P71, 0) P77 (7)
P (1) 0) P (7)

PM7(r | 7) (1) )
1 =1 1
+ log P (r | 1) og ) + Z og

log = log

Using the same calculation as in Lemma H.4.1, we have that log H is 8-subgaussian,
7)

)

M
since rewards are unit-variance Gaussian. As log W and log W}) are independent

for h # B, it follows that log W is 8 H-subgaussian.
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Furthermore, bounding

PM7(7)
P (7)

IP)M , T
(7) < sup supsup =:Vr,

P, W(T) - M,MeMmmel TeT

log log

we have that log PIT, :E is V2 subgauss1an Since the sum of subgaussian random variables is

™(r,0)

subgaussian, it follows that log = W = log = BT, W(T) + log = BT, "E : is (V2 + 8H)-subgaussian,
which verifies Assumption 10.5.

]

Lemma H.4.9. Let Py, := infyrepminfy, o 50 P (s | s,a) and assume M is such that Py, >

0. We can construct a (p, p)-cover of M with respect to € == {|ry| < 14 +/2log(2H/p),Vh €
[H]}, with

1 (2H (2 + /log(H /u)))"AH
Neov(M, p, ) <

Pmm 2 SAH
min{ 278 2P0 S AH p

Proof of Lemma H.4.9. Throughout this proof, we use M = {(PM)_ (rM)L 1 € M to
denote the MDP in M with R}/ (s,a) = N (1} (s,a), 1); for brevity, we S, A, and s; to be
fixed and the dependence on them.

Observe that for any models M, M’ € M, we have

P (r, 0) P (7) P (r | 7)
1 < {log ———= + |1
8 B (r0)| = | B PA(ry| T | B (7’ \ 7)
H H
P M ]P)]\/I Iy
D > e g 1 rul7) |
h=1 P (Th+1 | Th, T Th7 h’ —1 P ‘ T)

Let Z. = {e,2¢,...,|1/e]e}, so that |Z.| < 1/e. Let P. denote an ¢ cover of Ag in the
(~-norm, so that for any P € Ag, there exists some P’ € P. such that sup,.g|Ps — P.| < e.
It suffices to choose P. = 2 N Ag, so we can bound |P.| < 1/¢%. Let

MCOV = {M = {(PFILM)hH:D (ng)le} : Pliw( ‘ S a) S 7)517 (3 a) S I€27 ‘v’s,a,h}

for parameters 1,5 > 0 to be chosen. Then

1 1
SQAH ) SSAH
2

Moy = (|P€1||Iaz|)SAH <

We will show that M., is a (p, u)-cover of /\/1 for appropriately chosen £ and €1, > 0.

Let & := {|r] <1+ +/2log(2H/n),Vh € [H]}. As we assume rewards are unit-variance
Gaussian and have means in [0, 1], it is straightforward to see that P[€¢] < p. Fix M and let
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M’ € M., denote the instance such that
rM(s,a) —ri(s,a)] <e; and  sup|PY(s' | s,a) — PM(s' | s,a)| <e1, Vs, a,h.

s'eS
Note that such an instance is guaranteed to exist by definition of M., .
By a similar argument as in Lemma H.4.1, we can bound, on &,

P (1), | 7)

= (1+!7“h|) SUP\T;ZY(S a) =1y (s, a)|

2—|— V2log(2H /) - sup |ri (s, a) — ri"' (s, a)|

s,a,h

< H(2+ /2log(2H/ ) - 3

Q“Mm

We also have
PM(s'"| s,a)
P (s" | s,a)

Py (s'| s,a)
PM(s'| s,a) —x

log

h Th+1|7—h7 ( h:h)) ‘ < H- sup
PM, Th+1 ’ Th, T ( h,h)) B h,s’,s,a

h=

< H - sup sup

|z|<ei h,s’,s,a

€1
< H- su
= P (s ] 5, a) — e

log

where the last inequality holds as long as inf), y 5, P (s’ | s,a) —e; > 0. Denoting P, =
infpreminfy g 50 P (8" | s,a), for Moy to be a (p, p)-cover, it therefore suffices that

2H
H(2+ 210gH]n) 2 < /2, = L < p/2, and P > 21/2

min

so it suffices to take

g1 = min{ mein,ZPmin} and ey = p .
4 H(2+ \/log(H/ 1))
The result now follows from our bound on | M.y|. O

H.4.5.3 Tabular MDPs have Bounded Uniform Exploration Coefficient
Lemma H.4.10. For the tabular MDP class M in (10.3.3), we can bound, for all € > 0,

3200005 AH? - log> H
g2 '

CRp(M,e) <

exp




for D(- || ) < Di(,).

Proof of Lemma H.4.10. Let £ € A(M) be given. Define

(wy " (s,a))’ ”
Enveopluy ™ (s, )

Dexp = argminmax » K.,

q€An EMN&
pELT s,a,h

We first show that, for any M € M and any ,

Exr..e D (M (m), M(m)] < \/SAH? - By _e[Enmp, [DF (M (), M(x))]].

Consider any policy 7. We can bound
EIWN{[DQ (M( )7 M<7T))]

(< 100 log(H ZEM~§ [wh (s,a)D}, (Msh(a), Msh(a))]

s,a,h

(b)
< 100log(H) - | Y Egr.e

s,a,h

3 Ervep [ [0 (. 0) Dy (M), M)

s,a,h

wl'"(s,0)?
E_

T ~Pexp [w}]?’ﬂ-/ (87 a)]

(<)
< 200log(H) - | > Egroe

s,a,h

3 B [Espee 117 (,0) D3 (o) Mar()

s,a,h

Wi (s, a)? ]

Eﬂ'/'\’pcxp [w}?’ﬂ-/ (57 a)]
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where (a) follows from Lemma A.13 of Foster et al. [2021], (b) follows from Cauchy-Schwarz
and Jensen’s inequality, and (c) follows because the Hellinger distance is always bounded by

2. Now note that, by definition of pey,, we have

< min max Erg

(wy, " (5,0))”

wﬁ’”(s a)?
> Eire ’

s,a,h EW'”PeXp [wijy 7" (87 a)]

pEAT ¢EAN
s,a,h

and by the minimax theorem, we can bound

min max Ernq

Eﬂ’Np[wlj?m,(& a)]”

(wy, " (5,0))?

= max min [
qENN pEAT
s,a,h

E— E—
pEAT €A o M~¢ M~g
S,a

Ennplwy ™ (5,0)]

(wy"" (s, a))? ”

Enrnplwy” i

(s,a)]

|
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(wy " (s,0))?

s,a,h L _]Eﬂ'/’“q [wll?,ﬂ—/(‘% CL)] d4

< max E ., | E=

= o mg | Lopf~g
M,

wy, " (s, a)

s,a,h L _]EW/NQ [wil\?ﬂrl(g’ CL)] d4

= SAH.

< max E ., | E-
= ens mreq | SR~

By Lemma A.9 of Foster et al. [2021], since u*(s,a, h) := %w;?’”/(s, a) forms a valid distribu-

tion on § X A x [H]|, we can upper bound

wp™ (s,a) DY (M gn(a), My (a)) < HDZ(M(x'), M(x")).

s,a,h

Altogether then, we have shown that for all 7 € II,

EMNADa (M (), M())] < 200log(H) - \/SAH2 Bzt Brmpen [Df (M (), M(m))]]

as desired. Since the Hellinger distance is a metric and satisfies the triangle inequality, this
in particular implies that, for any M, M’,

DR (M (), M'(7)) < 2Eg5_[DF (VT (). M (m) + 2By, [ D (W (), M ()]
< 400log H -/ SAH? - Exy._([Envy,, [D3 (M (), M(m))]]

+400log H/SAH? - Eg_ [y, [DF (W (), M ()]

Thus, if

52

< 2
320000SAH? - log® H

E 57 e [Brpeny [Di (M (), M" () )]

T~ Pexp

for both M" € {M, M'}, then D3(M(x), M'(7)) < e. Tt follows that a sufficient choice for
CP is 3200005 AH?log® H/e2. O

exp

H.4.5.4 Supporting Lemmas

Lemma H.4.11. If M has a unique optimal policy m,, and M’ € M (M), then there exists
some (S, a, h) such that

Q%I/’ﬂ-M (g, Zi) > VﬁM/’ﬂM (g)
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Proof of Lemma H.J.11. Assume that this is not the case, i.e. that for all (s, a,h),
Q™ (s.0) SV, (s) = Q)™ (s, ma (5, ).

Our goal is to show that in this case 7, = m,,, which contradicts the fact that M’ € Mt (M).
We proceed by induction.

Base Case. Let h = H and assume that for all (s, a),
M (s,a) < Q™ (s, (s, h)).
This contradicts the assumption that m,, is unique.

Inductive Case. Assume that m,.(s,h') = (s, h') for all s and A’ > h. This then implies

that th‘fl’ﬂM(s) = Vhﬁlﬂ (s) for all s. It follows that for all a

Q™ (s,a) = i (s, a) + BY V™ (s, @) = 7 (s,0) + BY V] (s.0) = Q™ (s,0)

so in particular QM M (s, (s, h)) = sz "M (s (s, h)). Since we have assumed that for
all (s,a)

Q1™ (s,a) < Qp ™ (s, (s, )
we have

f/’wM'(s, T (s, h)) < Qf/mM'(s, (s, h)).

However, since each M € M has a unique optimal action at each state, this is a contradiction
unless 7, (s, h) = my,(s, k), which proves the inductive hypothesis. The result follows. [

Lemma H.4.12. For MDPs M, M’ with unit variance Gaussian rewards, we have

V() — Vi (s) < \/ S D (M(m) || MY ().

wy, " (s)

Proof of Lemma H.4.12. In the Gaussian reward setting, we have

(s d) — (s al) < \/(7’%/(8/, a’) — (s a))? < \/QDKL (M o (a') | M}, ().
Furthermore, since V,)'\7(s') € [0, 1], we have

Py VT a) = PRIVLTI(S o) Z\Ph”f (s" | &',a') = BY(s" | &', )
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= 2DTV(P}?’4/(' | S,va/)v P}y( | Slaa,))
< 2D (Y (| s'.a) || (| ')

< \/QDKL(M,L/,S,(@ | M, (a)).

By Lemma H.4.14, Jensen’s inequality, and Lemma H.4.15, it follows that

H

VhMIJ(S) - VhM’ﬂ(S) < Z w;\fﬂ(sl, a | Sp = 5) ) 2\/2DKL (Mhﬂs/(a/) H M/’,s’<a’/)>
h'=h s’,a’

=h s',a’

S 2\ 2H Z ZUJMTr s’ CL/ | Sp = S)DKL(Mh/’s/(CL/> H M,/7S/((l/))

S 2 ZZU}MW 8/ CL/ DKL(Mh’ /( /)HM’,’S,(a’))

=h s',a’

< 2\/ %mew) | M ()

where we have used that, for h < b/,

wy " (s, ad) = wy " (s, | sy = ") wM(s" h) > w (s d | sp = s)wy " (s).

5”

Lemma H.4.13. For any M € M for which m,, is unique, we have

M M, T p\f
AN < mlhn w, ™ (s).

Proof of Lemma H.4.13. Let 7 denote the policy that differs from policy m,, only at the state

5 and layer h given by (5, h) = argmin,, w, ™ (s). Note that this implies, in particular,

that w%f’“M (s) = w»g 7(3) since 7 and m,, take identical actions up to step h. By the
Performance-Difference Lemma [Kakade, 2003|, we have

‘/iMJrM - ‘/1M,7T _ Z ZwMW Mﬂ'M(S) . 24,7rM(S7 CL))

h=1 s,a
L TERE )G E) - QR EG )
= Wl ™) (™) - Q™ (. FGR)
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M,
< wy M(s)
where (a) holds since V;""™ (s) = Q;"™ (s,a) for all (s,a,h) with w7 (s,a,h) > 0 other

than at (3,h). By assumption, the optimal policy is unique, so V;""™ — V™™ > 0, and thus

. M M M M, M . M
A= min T PR g (5) = minw) " (s),
rell « VMM _y Mo s,h

]

Lemma H.4.14 (Lemma E.15 of Dann et al. [2017]). For MDPs M, M’ and policy m, we
have

VM () — VM (s Z Zwm s'a | sy =s)-|ri (s, d) —ri(s, ) + P VYT)(S d)

=h s’,a’
AV ).
Lemma H.4.15. For MDPs M, M’ and policy 7, we have
Dy (M () || M' (7 ZZWMW 8, @) D (Mns(a) || Mjq(a)).
h=1 s,a

Proof of Lemma H.4.15. This is a standard calculation; see e.g. [Simchowitz and Jamieson,
2019, Tirinzoni et al., 2021]. ]

H.5 Deferred Proofs from Section 10.4

H.5.1 Technical Lemmas

Throughout this section, when the class M is clear from context, we define

YT(M;e,n):={AeAn : In<nst. AYN) < (1 +e)g"/n, I (AMM)>(1—¢)/n}.
(HL.5.1)

Lemma H.5.1 (Derandomization). Let i > 0 be given. For any p € A(A(IT)), defining
A = Exp[A] € A(ID), we have that for all M € M,

H{S\p §§ T(M;&“,ﬁ)} < 6t ']P)AN;D[)‘ §§ T(M35/2’ﬁ)]7

i M
€. minq1, & ;.
2 ' n

Proof of Lemma H.5.1. Let M € M be fixed and abbreviate [*(\) = I"(\; M). Fix

where § =
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p € A(A(IT)). For any A € T(M;e/2,n), let ny > 0 denote the least n > 0 such that

AY(N) < (1+¢/2)g"/n, and IY(A\M) > (1—¢/2)/n.

n = (EAN,, L% 1) e T(M;g/Q,ﬁ)D_l,

and note that by Jensen’s inequality,

Define

n< Exolna | A€ T(M;e/2,n)] <n.
We first observe that since A € [0, 1],

AM(R,) < Eag[AY(N) | X € T(M;£/2,7)] + Pany A & T(M; /2,7)

1
< (1+¢/2)8" - Baep| — | A € T(M;2/2,7)| + Pany A ¢ T(M;2/2,7)
A

M

= (1+/2) 5+ PaylA ¢ T(M;2/2,7)]

Next, note that the map A — I™(\) is concave and non-negative (it is an infimum over
non-negative linear functions), so we have

1"(%) = Byl (V)
> B[ I17(N) | A € T(M;2/2,7)] - Paoy [ € Y(M;e/2,7)]

> (1-¢/2)Eye ni | A€ T(M;e/2,7)| - Proy[\ € T(M;e/2,7)]
=(1—-¢/2)
=(1-¢/2)

Paoyh € T(M;e/2,7)]

S|—>S| -

(1= Pasp[A € T(M;e/2,0)]).

It follows that as long as

Proylh ¢ Y(52/2m) < 6 = 5 min 1. £} <

DN ™
=)
B

—N—
\.H
(0]

——

we have
AM(S\) (1+¢)g”/n, and IY(A;M) > (1—¢)/n,
n) <

so that \, € T(M Y(M;e,n). We conclude that

I{\, ¢ T(M;e,n)} <IH{Prp[A ¢ T(M;e/2,70)] > 6} <6 Paoy[X ¢ T(M;e/2,1)].
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O

Lemma H.5.2. Let M € M be given, and suppose Assumption 10.7 holds. Fiz T € N and
consider an algorithm A such that for all M' € M (M) U {M},

EM*[Reg(T)] < R™ - log(T).

for some bound R™ > 2. Define n™ € RE via

T { T(r) ]

log(T') |
Then if

6 g
log(T) = - log( Sup A log(T)> ,
M’'e M2 (MYU{M} —min

we must have
Mn"s M) = (1—¢).

Proof of Lemma H.5.2. Throughout this proof we will use that 7, is uniquely defined for all
M € M by Assumption 10.7. Note that

RYlogT
AM

min

E"*[Reg(T)] < RMlogT = Y E"*[T(m)] <

TETM

Fix some M’ € M (M). Then 7,, # m, (recall that under Assumption 10.7, each M € M
has a unique optimal), so

RMlogT , RM log T
EM,A[T(']T]\J/)] S A—]\f, EM 7A[T(7TM’)] Z T _ A—leg

By Lemma H.1 of Simchowitz and Jamieson [2019], we have that for any H’-measurable
variable Z € [0, 1], that

> EVAT(m)] D (M (m), M'(m)) = d(EM 2], E*[Z])

for d(z,y) = zlog { + (1 — z)log }%2 Choosing Z = T'(m,)/T, and using that

1
d(w,9) = (1~ 2)log ;

—log 2,
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we have
R log T T
M, A !
ZE ™)) D (M (), M’ (7)) > (1 ~ AV T ) log P T log 2
S
RlogT R log T
= (1 — AMOg ) (logT— log T?'g> — log 2.
Now, if

A]W/

min

2 SUP 37 pqalt RM' log T
log(T) > —10g< Parremate(Myu{a} & \/2>,
g

we have log(2) < elog(T),

RM log T
log T — log<T) > (1—¢)log(T),

min

M
and 1 — RAA}(’gTT > (1 —¢), so we can lower bound

min

ZEM MT ()] D (M (), M (7)) > ((1 = £)? — ) log(T) > (1 — 3¢) log(T).

As this is true for every M’' € M (M), the result follows. O

Lemma 10.4.1. Let ¢ € (0,2), and suppose that Assumption 10.7 holds. Fix T € N and
consider an algorithm A such that for all M € M,

E"*[Reg(T)] < (1 +¢€)g" - log(T).

For each M € M, define n™ € RY via n™(7) = E** [log(&))] , where T(m) denotes the number

of pulls of decision 7, and define N =n™/||n™||,. Then if

6 M
log(T) = —log ( o e 10g(T)),
we have that for all M € M,
AM € T(M:e). (10.4.8)
Proof of Lemma 10.4.1. Immediate consequence of Lemma H.5.2. m

H.5.2 Proof of Theorem 10.9
Theorem H.4 (Full Statement of Theorem 10.9). Let ¢ > 0 and My C M be given.

Let {?"}aprea, be a collection of non-negative scalars indexed by My, and set § = § -
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]\/I
mm{l infarenm, nM}' Unless

" _
sup aecjy: (Mo, M),
MeM+

Co| &>

T >

any algorithm must have, for some M € My:

- 5
pMA [ ¢ T(M;g,ﬁM)] > 2.

Proof of Theorem H.J. Fix e > 0, and let an algorithm A be given. For any M € M, define
¢ =P\ =) € A(A(IT)), and let w™ = ]EM’A[% Zlept} e A(II).
Fix o > 0 and M € M™ be fixed. Define

M = argmax{ By s\ ¢ Y(M;2,1)] | By s [D (M) | M(m)] < o

we assume that such an M € M, does exist, as otherwise the claim we will prove is trivial.
It is immediate from this definition that we have

PN ¢ T(Mse, )|
=P, A & T(M;e,n")]
= sup {P)\Nqﬂ[/\ ¢ T(M7€7ﬁM)] | ]E’]TNQ)M [DKL(M<7T) || M(ﬂ->)] < 042}

MeMoy

1 2
2 ool S0 {Pong[d € (M2, 8] | B [Dic (M) | M(m))] < 07}

=: opt,

with the convention that this value is zero if the set {M € Mo | Erne, [Dr (M (7) || M(7))] < 02}
is empty. In addition, we have

E, i [De (M(m) | M())] < o (H.5.2)

Now, define § := § - min{l,infMeMO %}, and let \, := Ey.,[\]. By Lemma H.5.1, we

have

_ : L =M 7 2
Pt qu(A(llIr)l)f,weA(H) MSSEO{PA”‘][A ¢ Y(M;e,0")] | Ere[Di (M () || M(m))] < 0}
. ] 2
= qu(A(%[r)l)fweA(n)Angao{H{A ¢ T(M;2e,0" } | EWW[DKL( (m )”M(W)ﬂ S }
>0 - inf sup {I{\ ¢ T(M;2e,0")} | Ep [Dio (M(7) || M(7))] < o?}

AEA(I),weA(ID) pre My
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20y 2o (A E Y260} | B [ Dia (M () || M(m))] < o7}
=9 - ]I{Oé Z (aecgg(/\/lo, ))_1}. (H53)

We conclude that

W*A[X ¢ T(M;s,ﬁM)} > 5. ]I{OF > (aecs! (M, 1\7))’1}. (H.5.4)

To proceed, using Lemma A.11 of [Foster et al., 2021], we have

~ 1 4 B
PM,A [)\ ¢ T(M; g, ﬁM)] > 5 [)\ ¢ T(M c —M)} o gDKL(PMYA ” IEDMA)
0 4 _
= gﬂ{a > (aecy: (Mo, M)) - 1} — 3 D (P P).

Using (H.5.2) gives

Dy (P || PY#) = E** =TE,_w[Dx(M(m) || M(7))] < T,

ZEWNptDKL( () || M (7))

t=1

so we have

>

PM[X ¢ T(M;g,ﬁM)} > gﬂ{az > (aecgg(Mo,M))‘l} - gcﬁT.

We set o? ST, so that

]P’M’A[X ¢ T(M;a,ﬁM)] > .]I{of > (aecgg(/\/lo,]\_/[))_l}

~]I{T < g : aecQQ(Mo,]W)}.

D3 DI

By taking the supremum over all possible choices for M € M™, we conclude that unless

%) _
T>-- sup aecy!(Mo, M),
MeMm+

the algorithm must have PM:* [X ¢ Y (M;e, ﬁM)] > %. [
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H.5.3 Proof of Theorem 10.10
Recall that for M € M™ we define

7, = arg max f(7)
well

as the set m,, C II of all optimal decisions 7 with f"(7) = max ey f* (7). Unless otherwise

stated, the results in this subsection do not make use of Assumption 10.7. For M € M* and
My C M, we define

Mopt {MEM0|7TMC7TM, DKL( ( )HM( )):OVWETFM}.

For a subset II' C I1, let
NﬂH/:Hte |7T ¢H/}|

Note that for all M € MOpt( ), since m,, C 75, we have
N. <N

Ty — M

Theorem 10.10 (Main lower bound—strong variant). Let ¢ > 0, nya > 0, and Mg C M

be given, and define § = 5 - min{1,infarea, 8" /Nmax}. Unless
M — —
sup log(T) > Q(6°) - sup aecy! (M (M), M),

M -
MeMy Amm Memt

there is no algorithm that simultaneously ensures that
1. E"*Reg(T)] <2-g"log(T), VM € M.

2. PMt N ¢ T(Mie,npax)| < &, VM € M.

127

Pmof of Theorem 10.10. For each M € M, if E**[Reg(T)] < 2g" log(T'), then E**[N_,,] <

2 AgJVI

min

M
R = 2sup e, soar log(T). O

log(T"). The result now follows by appealing to Theorem H.5 with i = ny,, and

Theorem H.5. Let T € N, e > 0, R > 1, and My C M be given. Let {7} e, be a

collection of non-negative scalars indexed by My. Define § = 5 'min{l, infarer, %} Unless

52 — =
R>——- sup ang;(Mgpt(M), M)7
192 fepm+

there is no algorithm that simultaneously ensures that
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1. E"*[N | <R, YM € M.

2, ]P’M’A[X ¢ T(M;g,ﬁM)} <YM e M,

127

Proof of Theorem H.5. Let € > 0 be fixed. To prove the result, it suffices to lower bound the
constrained minimax value

ﬂ'M’

= sup inf{ sup PM*A[XgéT(M;a,ﬁM)] | EM"4[N,
MeMm+ MeMGP* (M)

<R VM € Mgpt(M)}.
(H.5.5)

We begin by appealing to the following technical lemma.
Lemma H.5.3. Let M € M* and T € N be given. Consider any algorithm A with the

property that for all M € MJP'(M),
E]M7A|:N_‘7T]W] S R

for some R > 1. For any 8 € (0,1), there exists a modified algorithm A’ with the following
properties:

o PM.A [Nﬁw > (%}] =0 for all models M € M™.

e For all M € M (M),

Pt [X ¢ T(M;e, ﬁM)] > PM# [X ¢ T(M;e, ﬁM)] ~B.

By Lemma H.5.3, for any 8 € (0,1), we have

> sup i%f{ sup ]P’M’A\[X ¢ T(M;g,ﬁM)] | IP’M"A[]\L,,M > {E-H =0 VM' e M+} - B.

Memt A | aremertain g

Now, consider an arbitrary choice for M above. We lower bound the minimax value using
another technical lemma.

Lemma H.5.4. Let T € N and € > 0 be given. Let {n™}yrenm be a collection of non-negative
scalars indexed by M. Consider any algorithm A with the property that

PY"*[Nom_ > R] =0
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for some R > 1. For any M € M*, if we set § := 5" min{l,infMeMgpt(M) %}, then unless

) —
R> g ’ aecé‘;‘(Mgpt(M), M)7
the algorithm must have

sup  PM4|X ¢ Y(Mie, )| >
MeEMEPY (M)

>

Bounding [%-‘ < %, it follows from Lemma H.5.4 that unless

2R

25> £ aectt (MY (), 1),

M
. E . . . g
where § 1= £ mln{l,meeMgpt(M) —ﬁM}, we have

™M > igf{ sup IP’M’A[/): ¢ T(M;s,ﬁM)} | IP’M,’A{]\L,,M > [R

MeMZPH (M) B

Hzo ‘V’M'GM+}—BZg—B.

To conclude, we set § = 1‘5—2 and maximize over M € M™. O

Proof of Lemma H.5.3. Fix § € (0,1) and let C := (%] Fix A = (p,q) and consider the
algorithm A’ = (p/, ¢’) defined implicitly as follows. For ¢t =1,... T"

e Sample 7 ~ pf(- | HI71).
o If |{i <t|n'¢ w5} =C, break and play an arbitrary decision 7 € 73 until round 7.

Return A ~ q(- | HT).

It is immediate from this construction that A" = (p',¢') has N__ < C almost surely
under all possible models M € M™*. We now focus on bounding the performance. Let
Ty be the greatest value of ¢ for which [{i <t |7’ ¢ 7y }| < C. First, observe that for all
M € MZP' (M), since the algorithms behave identically in law whenever Ty = T,

P N e Y(M;e, ﬁM)} > P [X € Y(M:e,d) ATy = T}
=P X € T(Mie, i) ATy = T

— it [X € T(M;e, ") A Ny < c].
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By the union bound, we have

PY* (X € T(M;e, i) A N < (J} > PM[X e T(M;s,ﬁM)} — P4 [N, > C].

T
Finally, we observe that by Markov’s inequality we have

B [Norg] B Nom] _
C - C -

PY*[N_r_ > C] <
where we have used that ]\L,,M < N_pr,,, since w,, C 7. Rearranging, we obtain
PN g T(Mie, )] > P (X g T(M;e, )] - 8.
O

Proof of Lemma H.5.4. Fix ¢ > 0, and let an algorithm A be given. For any M € M™,
define ¢" = P™+(\ = ) € A(A(ID)), and let W™ = E*[ e DA p} e A(ID), with
the convention that the value inside the expectation is zero Whenever N =0. 2

Fix a > 0 and M € M™ be fixed. Define

M = argmax {IP’ANqM[)\ ¢ Y(M;e,a")] | E___u[Du (M(m) | M(m))] < az};
MEMEP (M)

we assume that such an M € M (M) does exist, as otherwise the claim we will prove is
trivial. It is immediate from this definition that we have

PR ¢ Y (0,0
=P, ul\ ¢ Y(M;e,n")]

= (Bl T ]| B [P (7)) < )
> inf sup  {Pag[A ¢ T(M;e,0")] | Epew[Du (M(7) || M(7))] < &®} =: opt,

qGA(A(H)),wEA(H) MeMgpt (M)

with the convention that this value is zero if the set { M € MPUM) | Epss [Di (M (7) || M(m))] < o?}
is empty. In addition, we have

Bt [DKL( () [| M ( ))] <a’. (H.5.6)

21f N_z_ = 0 almost surely under M, we can take R = 0, in which case the statement of the lemma is
vacuous.
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Now, define § := § - min{l,infMeMgpt(M) %}, and let )\, := Ey_,[\]. By Lemma H.5.1,

we have

OPE= eaiadimeam MEZ%R(M){PANQ[A ¢ T(M;e,n")] | B [Di (M() || M(7))] < o}
20 ol senm S8 o (A € YOL26 W)} | B [Dra (M) | M(m)] < o)
20 e 28 (U € TO2500} | B [P () | M ()] < o)
20 enm S o THA # TOL 29} | B [Di (M) | M ()] < 0}
= 5-1{a? > (aecy! (M (31).30)) " }. (H.5.7)

Hence, we have
IPM’A[Xgé YT (M;e, n )] >4 - ]I{a > (aecy (M (M), ]\7))71}. (H.5.8)

To proceed, using Lemma A.11 of [Foster et al., 2021], we have

PN ¢ T (M, )| > > Lpw g (e ) - %DKL(]P’M’A | P-4)

. _ 4 _
> —]I{Oé > (aeCQE(Mopt( ) M)) 1} _ gDKL(PM,A”]P;M,A)_

S W

w

Now, recall that from the definition, we have that for all M € M (M),

Dy (P™* || PY4) = B Z Erpt Dt (M(70) || M (7))

ity

x S Evey Dia (BT(r) || M()

S
M
Lty

— M. A

< R-EM* Z Byt D (M (7) || M (1))

Non
t
M ¢ty

=R-E__ w[De(M(m) || M(m)] < o’R,

where the first inequality uses that P []\L,,M > R} = 0, and the second inequality uses
(H.5.6).



With this, we have

PM’A[X ¢ T(M;e,ﬁM)} > g]l{aQ > (aeci (MY (M), M))‘l} — Za?R.

We set a? = &, so that

]P’M’A\[X ¢ T(M;s,ﬁ“)] >

We conclude that unless

R > sup aecy! (M (M), M),

Mem+

ol ™

the algorithm must have P*-* [X ¢ Y (M;e, ﬁM)] > 8.

H.5.4 Proofs for Lower Bound Examples
Proof of Example 10.4.2. Let A € (0,1) and A > 2 be given and set
M= {M(x) = N (F(x),1/2) | £ € 0,1}
and
Mo={MeM : Al >A/2}
Define M € M via f¥(r) = Al{r = A}. Fix € € (0,1/2) and define a subclass
M = {M}U{M;};c14 4

via
fMi(r) = Al{m = A} + e - Al{mw = i}.
Since £ < 1/2, we have M’ C M°P*(M) and M’ C M. In addition, we have

Dy (M () || My(m)) = (f(m) — f*i(m))*.

015
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Let M"” C M denote the set of instances such that, for M’ € M”, D (M;(A) || M'(A)) =0,
and M’ € M (M), for all i € [A — 1]. Then,
IMi(\; = inf Eroa| Dk (M; M’
KM=t By D) | M)
< inf  Eroa[Di (Ms(m) || M'(7))] (H.5.9)

M'eM"
= min {N\ - (1—e)’A%I{j =i} + \; - A’I{j #i}}.
JEJA—1]
We also have that
gMiIg'I(A_Q)—i— 1
' A (1—e)A’

where we have used again that ¢ < 1/2.

Fix any pair \,w € Ay and consider the value

1
Mej\j/l\l_/l\)/lgl(,\){ B [Du (M (7) || M (7)) ] }

Pick § <¢/32, and let J C [A — 1] be the set of models ¢ for which A € T(M;;0). For each
such model, by definition, there exists n; > 0 such that

AMi(\) < (1+ 5)%, and T M) > (1—8)—.

7 n;

Define i = max;c 7 n; and n = min;e 7 n;. Using (H.5.9), it is immediate that for all j € [A—1],
A; > (1—6)2= and that for all i € 7,

n

1—¢)2A72
A > (1 5)L-
n;
In particular, this implies that for all i € 7,
_ -1 )L A-L
- A28 ) ED R Ay
< (1+ 5)%
A—2)A™! 1—¢e) 1At
TR L ST R L i
n; n;
or by rearranging,
_ -1 _ -1 -1 A-L
(1— 5)% <1+ 5)% X qu,

n n; n;
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_ -1 -1
(A=A | oA
n; n;

(A—2)A!

n;

< (149)

< (1+20)

as long as A > 6. Since this holds uniformly for all 7 € 7, rearranging once more gives

(1 + 26)
1-0

< n < (1+426)°n < (1+80)n,

where we have used that § < 1/2.

Now, observe that for all 7 € 7, we have

AY(N) > (1= 6)(A - |T] - 1)Aiﬂ + (1= 5>|‘7’m - 5)m’
> (104 =171 =D g+ T s + (-9
> <1A—ﬂ5> ((A —171-1)+ m%) +(1- 5>M’

(1-9) ! 1

((4=191- 0+ 19125 ) + 0 - D5

where we have used that l—i-Lz > 1 — x, and that § < £/8. Suppose that |J| > 4. Then we
have

(A—\J|—1)+\J|(1i8> zé(wl—ig) —1>(1+¢/2)A—1

>(1+¢/2)(A-1),
so that

(1=06)(1+4¢/2) 1

AMi()\) > An (A—1)+(1—6)m.

Noting that n < n; and § < ¢/8, we further have

AN > (1 *5/4)%% La- 5)@.

Observe that the right-hand side above is greater than (1 + )£ if and only if

ng

20

(L+e/A-1) > 1+6)(A-1) + 17—,




018

which is satisfied if 6 < £/32. In this case, we have

AM()) > (1 +5)§,

(2

which contradicts the assumption that ¢ € J. It follows that we must have | J| < A/2.
Now, to conclude, select ¢ = arg min;e4_q)\ 7 wi, and consider the value

1 1 1
M@f}@gm{ﬁw (D (M () | M(m)] } = By [Dr () | Mi(m)] s~ 227

where the first inequality follows because A ¢ T(M;;6) by definition, and the equality follows
from the construction of M and M;. Since }-, (4 ) ywi < 1and |[[A =1\ J| > 4, we must

have w; < %, so that

1 S A
w; - €2A2% T 2e2A2

as desired. To complete the proof, note that this holds uniformly for all choices for A and w,
and that

L 1
aec (Mo, M) = inf su Vi
€ ( 0 ) AwEAT MEMO\IXA?(A){ ETK’NW [DKL (M(’YT) || M<7T))} }

> inf sup { _ }
T A\w€eAn MGM’\M%I()\) ETA’NW [DKL (M(ﬂ.) “ M(ﬂ-))} .

To obtain the parameter setting in the theorem statement, we rescale A < 2A and € <
32¢. 0

Proof of Example 10.4.3. We reduce the lower bound to that of multi-armed bandits via a
standard tree construction [Osband and Van Roy, 2016, Domingues et al., 2021]; as the
argument is standard, we only sketch the approach. Assume without loss of generality that
H is a multiple of 2. Set H = log,(5/2). Consider a sub-class M’ C M defined as follows.
All models M € M’ have identical, deterministic dynamics given by a binary tree. Each
layer h has 2"~! states, so that layer H has S/4 states, and the total number of states is
S — 1. The agent begins from a root state s; deterministically. For h < H — 1, there are two
available actions, left and right. Choosing left leads to the left successor for the current layer,
and right leads to the right successor for the current layer. There are no rewards for layer
h < H — 1. For layer H, there are A available actions, and rewards are arbitrary, subject to
the constraint that the mean lies in [0, 1] and the noise follows N (0, 1/2).

It is clear that the class M’ is equivalent to the class of multi-armed bandit instances
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with SA/4 actions. As a consequence, the lower bound follows from Example 10.4.2.

O

Proof of Example 10.4.1. Let A € (0,1/6), 8 € (0,1), and A, N > 2 be given. Consider the
reference model M € M™ defined as follows:

e For each bandit arm k € [A], we have (k) = 1 + AI{k = A} and r ~ N'(f(k), 1).
There are no observations, i.e. o =1 almost surely.

e For each revealing arm 7}, we receive zero reward almost surely (so f¥(7;) = 0) and
o ~ Unif([A]).

We define a subclass
= {M;}jeiny © MG (M)
as follows

e For each bandit arm k € [A], we have f*i(k) = 1 + AI{k = A} and r ~ N(f*(k), 1).
There are no observations, i.e. o =1 almost surely.

e For each revealing arm 7, we receive zero reward almost surely (so f*i (7)) = 0). We
have

ON{ Unif([A]), k#J,
AL + (1 — B)Unif([4]), k=

Note that M’ C M. For all j € [N], a direct calculation gives

D (3151135 (s5)) = “ o 125 ) + o=y ) =

and
DKL( () || M;(m )) =a-l{r =77} (H.5.10)

In addition, it is straightforward to see that o« < 23 whenever § < 1/2. Next we calculate
that for any j € [N] and M € M with 7}, = 75, and 7, # A,

D () 1 00() = p1og(1+ ) =+,
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which has v < O(f) whenever g < 1/A and v > fBlog(1 + SA). Lastly, we have that for all
i € [A], all M, M’ € M have

D (M) | M) = 5(76) = (@)

Let M” denote the set of instances such that for M’ € M”, s # A, and f'(A) =1+ A,
so that Dy (M;(A) || M'(A)) = 0 and M” C M (M;) for all j € [N] Using the above
calculations and the definition of I"i(\; M), we can then compute, for all j € [N],

2

A
PO M) < | inf B (D (My(m) || M'(m)] = 5 min A7 A (H.5.11)

A—-1 /(1 1 1 1
Mj fry = 1 2— — A —_ — p— A J—
s 8 mm{ A ’<2+ )’Y} (2+ )7
whenever v > A/2(A —1).
Fix any pair \,w € Ay and consider the value

and

—_

sup

MeM'\Ml/Q( ){Eﬂw [DKL<M(7T) | M(”))] }

Let J C [N] be the set of models j for which A € YT(M;;1/2). For each such model, by
definition, there exists n; > 0 such that

AMi()\) < (1+1/2)n—<%, and I"i(A\ M) > QL
j n;

Define i = max;jec s n; and n = minje 7 n;. Let us begin with some basic observations.

e Since AMi = AM for all j, we have AMi()\) < # for all 7,7 € J, and hence

1
AYi(N) < —. (H.5.12)

i

e Any j € J must have
1 1

Aoy > — > —_—. H.5.13
7= 4, < 4 ( )
To see this, observe that if it were not the case, we would need min;epa—q) )\Z 5 > 4 - to

satisfy the constraint that I*(A\; M) > 5 (by (H.5.11)). But if this were to occur, we
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would have
A—-1 1
<A < —,
QAnj vnj

which would contradict the assumption that v > 2A/(A — 1).

Combing the inequalities (H.5.12) and (H.5.13), it follows that any j € J must have

My ",
—<§Z)\ﬂ-0 SA J()\)S

1
87nj a keJ ' fYnj,

which implies that | 7| < 8. Hence, as long as N > 16, we have |[N]\ J| > N/2.
To conclude, select k = argmin ¢y 7 Wre, and consider the value

1 1

1
MeM?FEm{EM [Drcc (W) [ M ()] } = B Dk (3T0) [ My ()]~ o0

where the first inequality follows because A ¢ Y(Mj;1/2) by definition, and the equality
follows from (H.5.10). Since Zje[N]\j wre <1 and |[N]\ J| > %, we must have wyo < %, SO
that

1 N

>
Wro * QY 200

as desired. Since this holds uniformly for all choices for A and w, the proof is completed. [

H.5.5 Lower Bound on Regret for Algorithms with Well-Behaved Tails

In this section, we present an additional result, Theorem H.6, which shows that for algorithms
for which the tail behavior is “well-behaved” in a certain sense, the Allocation-Estimation
Coefficient directly leads to lower bounds on the least possible value of 17" for which any
algorithm can achieve (approximate) instance-optimality.

Theorem H.6. Let the time horizon T € N, ¢ € (0,1/2), and My C M be given. Suppose
that there exists an algorithm A with the property that for all M € M,

1. E"*Reg(T)] < (1 +¢)g" log(T).

2. For all m € 11, if EM*[T ()] # 0, then E**[T ()] > 1.

3. VE""[(Reg(T))?] < 2g" log(T).
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In addition, assume that 1) g > 1 for all M € My, 2) Assumption 10.7 holds, 3) Assump-
tion 10.5 holds with parameter Vi, > 1, and 4) that

M

12
log(T) > —1
our) 2 2 voe{ g, 3

log(T)) .

Then if we define § = ¢ - min{1, inf yye a4, M++n,\4}, it must be the case that

2
log}(T) > % - sup aeci (MG (7F), 7).
MeM+

2 —1
for C' < O((SUpMeM 5\\; )t i lng(é )>-

We prove Theorem H.6 by combining Theorem 10.10 with an another technical result,
Proposition H.5 (stated and proven in the sequel), which shows that for algorithms that
satisfy the assumptions of Theorem H.6, it is possible to use the empirical decision frequencies
to compute an allocation that is approximately optimal with high probability.

Proof of Theorem H.6. Define n™ = 35;1 + n, and set

min

gl\/f
d:i=c¢- min{l, inf —}
MeMy nM

Assume that

12 2g™
log(T) > ?log< sup LN -log(T)).

Let A be the algorithm in the statement of the proposition, and let A’ be the modified

algorithm created through Proposition H 5 with parameter §. By assumption, we have
o —1 R3V2

that \/E"*[N_r,,] < R := 2supepm = AM log(T"). We define n = ¢ - ! g@f ). log({ﬁ) for a

sufficiently large numerical constant ¢ and 7' = T - n. Proposition H.5 implies that for time
T', the algorithm A’ satisfies

EM,A’[N_W ]SR, :Rn

M

and 5
P [X e T(M;2e, ﬁM)] -2
24

On the other hand, since the precondition of Theorem H.5 is now satisfied with parameter

R, we have that unless

2

R' > To7 ~ Sup aec) (MY (M), M), (H.5.14)
MeM+
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the algorithm must have

P4 [X € T(M; 25,ﬁM)] <1- 1%.

As % > 2%, this is a contradiction unless (H.5.14) holds.

]

Proposition H.5. Let the time horizon T € N and My C M be given. Let A be an algorithm
with the property that for all M € M,

1. E™*Reg(T)] < (1 +¢)g"log(T) for some e € (0,1).

2. For all m € 11, if EM*[T ()] # 0, then E**[T ()] > 1.

3. W/EM’A[NEMI] < R for some R > 2.

In addition, assume that 1) g™ > 1 for all M € My, 2) Assumption 10.7 holds, 3) Assump-
tion 10.5 holds with parameter V, > 1, and 4) that

12 2gM
log(T) > — log< sup — 5 - log(T)).
MeM Snpin

Then for any 6 € (0,e71), if we definen = c- logg_l) . f);‘(% for a sufficiently large numerical

constant c, there exists an algorithm A’ that, using T' := T - n rounds, returns a normalized
allocation N € A such that

P [X e T(M; 2, ﬁM)] >1-4

for aM < 35—5 + n and that EM* [NE,,M] < R-n and

E"*[Reg(T")] < (1+¢)g" log(T) - n
for all M € M.
Proof of Proposition H.5. We first state a technical lemma regarding robust mean estimation.
Lemma H.5.5. Let X € R? be a random variable with i := E[X]. Assume that ||ullo < s,

where s is a known upper bound. For any § < e~ !, there exists an estimator [i, that, given n
independent samples from X, ensures that with probability at least 1 — 6,

25 - E||X — pff3 - log(5~")
; :

I — sl < 24/
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In addition, ||fi,]|o < s with probability 1.

Throughout, we will use that since Assumption 10.7 holds, m,, is unique for all M € M.
Fix M € M,. Let € RE denote the vector of empirical decision frequencies when A is run
with horizon T', i.e. 7)(w) =T (7). Let

=BG

1

For parameters n € N and § < e~ we define A’ as follows:

e Run A a total of n times independently (so that 7" =T - n), and let !, ..., 7" be the
empirical decision frequencies.

e Apply the algorithm from Lemma H.5.5 to 7',...,n" with parameters § and s = 2R,
and let 77 € RY be the resulting vector (note that we can take 7 to have non-negative
entries without loss of generality).

e Set T = argmax_ 7, and set 7(w) = N(m)[{r # 7} and (7)) = n}* - logT" (note that
n* is a class-dependent quantity, and so is known to the learner).

o Set A =7/l

It is immediate that this construction satisfies |/E™* (N2, ] <R-nand

E""[Reg(T")] < (1 +¢)g" log(T) - n,

so0 it remains to show that \ is a near-optimal allocation with high probability when n is
chosen appropriately.

We start by applying Lemma H.5.5. To do so, we carry out some prerequisite calculations.
First, by assumption, we have n"(m) > 1 if n* # 0. Using this, along with Assumption 10.7,
we have

1" lg <1+ D n"(m) <1+E" 4N, ] <1+ R<2R.
TETM
Second,

B 7 =03 < B () — 0 (m))’] + S0 B f(n)?]

TETM

< B[ (m) =0 (ma))?] + EMA (N2 ).

T A
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Furthermore,
2
B[ (@) — 0 ()] = B (Z TGRS 77M(7T)>
AT TETM
2
< EM (Z ﬁ(w))
TETM
= EM’A [NEWAJ :
so that

EM*7— 0|5 < 2B *[N?_ ] < 2R

-

As a result, Lemma H.5.5 implies that with probability 1 — 9,

log(6—1)
n

17 =", <4/Ch =! Egtat (H.5.15)

where C; = O(R?).
Next, we appeal to Lemma H.5.2, which implies that as long as

log(T) > 221 28" og(T) (H.5.16)
0g(T) = —log ]\3161/13/‘ A og , 5.

we have
AM() < (1+2/2)g" log(T), and  I¥(5"; M) > (1 — 2/2) log(T).

Applying (H.5.15) and using that A™ € [0, 1] and Dy (M (7) || M’ (7)) < 2V, by Lemma H.3.13,
we have

AY() < (1+¢2/2)g" 10g(T) + €star,  and IY(77; M) = (1 —/2)10g(T) — &stat - 2V

Thus, as long as
1
Estat S 55 : min{gM IOg(T), (2VM)_1 IOg(T)},

we have
AM(n) < (14¢e)g™log(T), and IM(; M) > (1 —¢)log(T). (H.5.17)

Next, we claim that T = 7,,. To see this, note that since E*"*[Reg(T)] < 2g" log(T), we
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have
g" log(T) _ 3
nM(my) > T — QA%m T > ZT

as long as T' > 8% log(T'), which is implied by the condition (H.5.16). Hence, as long as

Estat < %, we have

N | N

() >

Y

which implies that 7 = 7,,. By definition of n*, and since 7 satisfies (H.5.17) above, we

then have that setting 77(7) = n2*log(7") does not affect the regret, and only decreases the
information gain by a factor of log(7"). It follows that
AY() < (1+e)g"log(T), and I (1; M) = (1 —2¢)log(T).
We conclude that \ € Y (M;2¢e,n) for
n = [|7ll,/1og(T).

To wrap up, we compute that

M

7l < 3 0" () + s + 2 10g(T) < 2-2—1og(T) + Exvar + 0 log(T)

M
TET N Amin
<38 log(T) + nlog(T)
— AM g £ g

min

whenever e,y < g™ log(T).
]

Proof of Lemma H.5.5. From Proposition 1 of [Lugosi and Mendelson, 2019|, we have that
for any § < e™!, there exists an estimator /1, that, given n independent samples of X, ensures
that with probability at least 1 — ¢,

. 2, —1
ol < 12y X = - B0,

Given fi,, we define /i, = arg min, cga.,) </l — fnlly- Since [|ufl, < s, we have ||z, — fin |l =
i, ufocs i — ll2 < i — pll. Tt follows that

[7n = plly < [Fn = Tinlly + ([0 = pll < 2[00 = pll-

Finally, we note that since fi, and p are both s-sparse, ||fi, — pll; < V2|, — |2 O
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