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Abstract
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Chair of the Supervisory Committee:

Kevin Jamieson

Computer Science & Engineering

How should an agent interact with an unknown, dynamic environment in order to collect the

information necessary to accomplish its goals? This question is central to the operation of

any autonomous system, and answering it effectively is a prerequisite to the development of

safe, efficient, and flexible algorithmic agents. While existing work has made progress in

addressing this question, it is typically either limited to simple settings, or lacks guarantees

strong enough to establish what the most effective approaches are.

This thesis takes steps towards providing a rigorous theoretical answer to this question. In

particular, we focus on the setting of dynamic, long-horizon environments, where the actions

the agent takes influence not only their current observation, but also future observations. We

are interested in eliciting principles of exploration in such settings: what aspects of the

environment should an agent explore, and how can they best explore such aspects? We aim

to develop approaches that are active—that provide insights into how an agent can interact



with the environment, choosing their actions, to learn as quickly as possible.

We first seek to answer these questions in the setting of continuous control. Here we provide

novel algorithmic approaches that establish the instance-optimal rate for both system

identification—learning the system’s parameters—as well as a general formulation of

“decision making”—where the agent wants to learn some decision (e.g. a controller) to

minimize some loss. Our results apply to both linear dynamical systems as well as certain

classes of nonlinear dynamical systems. To the best of our knowledge, these are the first

results to establish the instance-optimal rates for active learning in continuous control.

We then turn to the reinforcement learning (RL) setting. Here our focus is on developing

instance-dependent bounds—bounds that adapt to the difficulty of any given instances—and

using these bounds to understand what approaches to exploration are most effective in

reinforcement learning. We establish novel complexity measures for both tabular and linear

RL, which we show can be significantly tighter than existing bounds, and show that existing

algorithmic principles are insufficient for achieving the optimal rates, and could be arbitrarily

suboptimal.

Finally, we seek to understand not only how we can optimally collect the information necessary

accomplish our goals, but how we can efficiently learn to collect this information. We argue

that answering this question is fundamental for achieving effective, practical approaches.

In a general function approximation setting, we establish novel measures of complexity

which quantify this cost of learning to explore, and algorithmic approaches which we show

achieve the optimal rate. Our results yield exponential improvements over existing bounds

in many cases, and provide a nearly complete theory of finite-time instance-optimal learning.
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Chapter 1

Introduction

From the vantage point of any individual agent, the world often exhibits a significant
amount of uncertainty. Rarely does one have complete knowledge of the environment at hand,
yet often, for an agent to accomplish a desired goal or objective, some amount of knowledge
is required; succeeding at a task of interest may require a sufficiently rich understanding of
how the world behaves. In such settings, to accomplish the desired goal, the agent must learn
about the environment, collecting information to reduce uncertainty enough to infer which
actions will achieve their goal.

Collecting sufficient information to determine how to act is a ubiquitous challenge
throughout our world, and addressing this challenge is central to developing effective, flexible,
and safe autonomous systems. From applications as diverse as robotics and control, scientific
discovery and drug design, and recommender systems and online platform optimization, many
real-world problems of interest fundamentally require learning how to act in uncertain settings.
While much work has been devoted to developing algorithmic solutions to these problems,
a common shortcoming of many existing approaches, greatly limiting their applicability to
real-world problems, is their large sample complexity—the number of environment interactions
they require in order to learn to accomplish the desired goal.

How can we reduce the sample complexity of learning, and develop effective real-world
solutions to such challenges? A naive solution to collecting the requisite information would
be to simply explore an environment uniformly, and use the collected observations to learn
to accomplish the desired task. This might be very wasteful, however—some aspects of the
environment may be much more relevant than others to accomplishing the desired task, and
we should therefore focus our exploration on these aspects. How can we identify which aspects
of an environment are most relevant, however? And given such knowledge, how can we most
effectively focus our exploration?

This thesis takes steps towards addressing these challenges, and developing a theoretically
rigorous understanding of both what aspects of an environment are most important to learn
about in order to accomplish a desired goal, as well as how we can effectively collect the
necessary information. We are particularly interested in interactive settings, where the agent
learns about the environment through interaction with it: the agent takes an action, the
environment responds in a particular way, and the agent then gains knowledge about how
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the environment behaves. Our focus will be on developing algorithmic principles that guide
the agent in how to effectively take actions to elicit useful information—methods for efficient
active learning. We will frame these questions in the context of “decision making”, where
our end objective is to learn a “decision” (for example, a mapping from states to actions,
a controller or policy) that enables an agent to accomplish a desired task. Our goal is to
acquire enough information about the environment in order to find such a decision, and to
do so as quickly—with the minimum number of environment interactions, minimum sample
complexity—as possible.

We will primarily consider stochastic, dynamic settings: stateful, long-horizon environ-
ments, where the agent’s actions influence not only their immediate observations but also
their state, and therefore what information they are able to acquire in the future. For example,
consider a setting where taking some action at point a causes the agent to move to point b;
they are now at point b, and can only make observations on aspects of an environment that
live in a neighborhood of point b. As we will see, such settings offer significant challenges
not addressed in the existing literature, which we will seek to address here. We emphasize
the ubiquity of such settings: the real world is inherently sequential, and understanding
sequential settings is therefore required for developing methods applicable to many real world
problems of interest.

On Quantifying Sample Complexity: Worst-Case vs Instance-Dependent
Guarantees

Our goal in this thesis will be to develop provably correct algorithms for the aforementioned
problem, give a precise quantification of their sample complexity, and use this quantification
to determine which algorithmic strategies are most effective. How should we think about
quantifying the sample complexity of learning, however? Before proceeding, we seek to
provide some perspective on this question, as it will frame much of the following discussion.

Historically, much of the work in the learning theory community has focused on obtaining
worst-case or minimax guarantees on sample complexity. Such guarantees are typically
formulated by considering some set of instances of interest M—for example, M might
correspond to all environments with at most S states and A actions, and which exhibit some
particular, amenable structure. The goal is then to (a) develop an algorithm such that, for
any instance M ∈ M, the sample complexity of the algorithm is bounded by some value
C(M), and (b) show that for some instance M ∈M and any algorithm, a sample complexity
of C(M) is necessary.

Showing (a) and (b) guarantee that our algorithm performs as well as possible on the
hardest instance within M—on this instance, it achieves a complexity of C(M), and any
algorithm must pay a complexity of C(M). Such guarantees allow us to show, first of all,
what classes of problems are efficiently learnable. If C(M) is “small”, it guarantees that any
instance inM can be tractably learned. Furthermore, such guarantees help us to see what
types of algorithms are effective and allow us to learn on instances inM.
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Are such guarantees sufficient for eliciting which strategies are most effective at collecting
the necessary information to accomplish a desired goal? A key contribution of this thesis is
showing that, in many settings, the answer to this is no. Indeed, as we will see, there are
settings where an algorithm that is minimax optimal onM may perform arbitrarily worse
than the best possible algorithm on any particular instance M⋆ ∈M. While a minimax-style
analysis can show that an algorithm is optimal on the worst-case instance withinM, there
may exist instances within M that are significantly “easier” than the worst-case instance,
and a minimax-style analysis says nothing about the optimality of a given approach on such
instances, leaving open the possibility that they are very suboptimal on such instances.

The world is rarely “worst-case”. When we deploy our algorithm on a given real-world
problem, almost certainly it is not as hard as the hardest possible instance, and if our
algorithm was designed for optimal performance on the hardest instance, it follows it could
be very suboptimal on the particular instance where we wish to deploy it. Ideally, therefore,
we might hope to design algorithms that are optimal on every particular instance. Given
this, much of this thesis will focus on obtaining instance-dependent guarantees: algorithms
whose performance provably adapts to the hardness of each particular instance, solving
“easy” instances in a smaller number of samples than “hard” instances. Critically, as we
will see, performing such a refined analysis will allow us to elicit key algorithmic principles
which a minimax analysis typically obscures, motivating algorithms with significantly better
performance.

Overview of this Thesis

This thesis covers seven of the author’s publications on exploration and active learning
in dynamic environments. We will frame our discussion primarily within the context of
continuous control and reinforcement learning, both canonical decision making settings. The
thesis is organized as follows.

First, in the remainder of this section, we outline the primary settings considered in this
thesis, provide several example illustrating key challenges of each setting, and highlight the
main contributions of the thesis. Next, Chapter 2 covers related work, and seeks to place this
thesis into its broader context within the literature.

In Part I we provide our results on learning and exploration for continuous control.
Chapter 3 considers the setting of linear dynamical systems and the problem of active
system identification, where the goal is to simply learn an accurate model of the unknown
system parameters. In Chapter 4 we take a brief detour from our main results by providing
some technical results necessary for Chapters 5 and 6, introducing what we refer to as the
martingale decision making setting, and providing a generic formulation of “smooth” decision
making. In Chapter 5 we instantiate the results of Chapter 4 in the linear dynamical systems
setting, providing instance-optimal guarantees on “smooth” decision making, which we show,
in particular, encompass the linear quadratic regulator problem. In Chapter 6 we show that
these results can be extended to certain classes of nonlinear systems, and derive similar results
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in such nonlinear systems. The results of Chapter 3 are originally due to Wagenmaker and
Jamieson [2020], Chapters 4 and 5 are due to Wagenmaker et al. [2021], and Chapter 6 are
due to Wagenmaker et al. [2024].

Part II covers the reinforcement learning setting, beginning in Chapter 7 with tabular
Markov Decision Processes (MDP), where we obtain some of the first instance-dependent
guarantees on the policy identification problem in reinforcement learning. Chapter 8 extends
the results of Chapter 7 to the function approximation setting, specifically the linear function
approximation setting, and in Chapter 9 we consider the reward-free problem in the linear
function approximation setting, providing the first optimal algorithm for reward-free RL with
function approximation. The results of Chapter 7 are originally from Wagenmaker et al.
[2022c], Chapter 8 covers the results of Wagenmaker and Jamieson [2022], and Chapter 9 is
due to Wagenmaker et al. [2022b].

Finally, in Part III, we consider the problem of learning to explore. As we will see, there
is an intrinsic cost to answering the “what” and “how” questions of exploration, and in order
to perform as effectively as possible, we must not only learn to achieve our goal as efficiently
as possible, we must learn to explore as efficiently as possible. These results, initially due to
Wagenmaker and Foster [2023], are outlined in Chapter 10, and consider a general function
approximation setting.

While we provide proofs for the key results in the main text, for the sake of readability,
we defer many of the more technical proofs to the appendix.

Mathematical Notation

We let R,C,N refer to real numbers, complex numbers, and natural numbers, respectively.
Sd−1 denotes the unit sphere in d dimensions. B generally denotes a ball, but will be specified
within context. Sd++ denotes the set of d-dimensional positive definite matrices, and Sd+ the
set of d-dimensional positive semi-definite matrices. Given a matrix A ∈ Rd1×d2 we let ∥A∥F
denote the Frobenius norm of A, and ∥A∥op denote its operator norm. vec(·) denotes the
vectorization of a matrix. △X denotes the simplex over X . We use standard big-oh notation,
which we denote with O(·), and let Õ(·) suppress logarithmic terms as well. We will use ≲
and ≳ in informal statements to denote inequality up to lower-order terms and potentially
other problem-dependent terms. Throughout, c and C denote universal constants. For n ∈ N,
n ≥ 1, we let [n] := {1, 2, . . . , n}. ι denotes the imaginary number.

1.1 Active Learning for Continuous Control

Continuous control typically studies the setting of dynamical systems with continuous states,
which we can denote generically as:

xt+1 = fθ⋆(xt, ut, wt) (1.1.1)
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for xt ∈ Rdx the state, ut ∈ Rdu the input, wt ∈ Rdw noise, fθ some parametric form, and
θ⋆ ∈ Rdθ the corresponding parameter of the true environment, which we assume is unknown.
We consider two particular instantiations of (1.1.1): where fθ is a linear dynamical system
(Chapters 3 and 5), and fθ a nonlinear dynamical system with observations linear in θ⋆
(Chapter 6). We assume the agent can choose ut at each timestep, in order to control the
evolution of the system, and observes the state xt.

We will quantify the end goal the agent hopes to achieve in terms of some loss Jθ⋆(a),
where a ∈ Rda is some decision. For example, a may correspond to parameters of a controller,
and Jθ⋆(a) the loss the controller will incur on the system θ⋆. With this formulation, the
objective of the agent is to find some a minimizing Jθ⋆(a)—this corresponds to the agent
achieving their goal. We assume the form of our loss Jθ⋆(a) is known but, as we do not
assume knowledge of θ⋆, the value of the true loss Jθ⋆(a) for any particular a is in general
unknown.

We consider the following interaction protocol:

1. Agent interacts with (1.1.1) for T steps, playing some exploration policy πexp in allowable
set of exploration policies Πexp (for example, policies with bounded power, or deemed
to be “safe”).

2. After T steps, agent proposes some decision âT .

3. Agent suffers loss Jθ⋆(âT ).

The goal of the agent is therefore to learn as much useful information about the true system
(1.1.1) as possible through the T steps of interaction, so that they may then propose a decision
âT which comes as close as possible to minimize the true loss.

1.1.1 Decision Making in Linear Dynamical Systems

In a (discrete-time) linear dynamical system, the dynamics (1.1.1) take the following form:

xt+1 = A⋆xt +B⋆ut + wt, x0 ≡ 0, (1.1.2)

for A⋆ ∈ Rdx×dx and B⋆ ∈ Rdx×du the system matrices, and θ⋆ = (A⋆, B⋆) the unknown
parameter. For simplicity we assume the process noise wt is distributed as wt ∼ N (0, σ2

w · I)
for some σw > 0. Linear dynamical systems are a canonical setting in the controls literature
and have been the subject of significant study for over 50 years, with many real-world
applications. Furthermore, settings that exhibit some amount of nonlinearity can typically
be linearized around a point of interesting, rendering (1.1.2) an accurate representation of
the dynamics locally. We are motivated by two particular formulations of our goal, Jθ⋆(a).

Example 1.1.1 (System Identification). In the system identification problem, the agent’s
goal is simply to produce an estimate of the system’s parameter θ⋆. We can represent this
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problem in the framework introduced above by setting our “decision” a to θ, and the loss
Jθ⋆(a) = ∥a− θ⋆∥op. Then finding some a which minimizes Jθ⋆(a) corresponds to estimating
θ⋆ as accurately as possible.

We consider the system identification setting in Chapter 3. While system identification
has a long history in the control theory and statistics communities, our results are some of
the first to develop provably efficient algorithms for the active system identification problem.
Our next example of interest is the classical linear quadratic regulator problem.

Example 1.1.2 (Linear Quadratic Regulator (Lqr)). In the Lqr problem, the agent’s
objective is to design a policy that minimizes the infinite-horizon cumulative cost, with losses
ℓ(x, u) := x⊤Rxx+ u⊤Ruu. The resultant cost function is:

JLqr,θ⋆ [π] := lim
T→∞

Eθ⋆,π

[
1

T

T∑
t=1

x⊤
t Rxxt + u⊤

t Ruut

]
.

It is well known that the optimal policies are of the form ut = Kxt where K ∈ Rdu×dx ; we
denote these policies πK , and let JLqr,θ(K) = JLqr,θ[π

K ]. Here our decision a is the controller
K and our loss Jθ is JLqr,θ.

The Lqr problem is perhaps the most canonical problem in linear control, and is broadly
applicable to a range of real-world settings. We consider the Lqr problem in Chapter 5, as
well as the setting of learning with general smooth losses J (which we show the Lqr problem
is a special case of).

Exploration in Linear Dynamical Systems. How does the information we gain in-
teracting with (1.1.2) help us choose a decision âT that minimizes our loss? And how can
we choose our exploration policy πexp to excite (1.1.2) in order to make the loss of âT as
small as possible? Folk wisdom in the controls community suggests that all that is necessary
is persistent excitation—consistently excite all “modes” of (1.1.2) through the T steps of
interaction, and use the observed data to estimate the system parameters and propose a
decision. Is this the entire story, however?

As an example, consider the following 2D Lqr instance:

xt+1 =

[
ρ 0
0 ρ

]
xt +

[
1 0
0 1

]
ut + wt, Rx =

[
κ 0
0 1

]
, Ru =

[
µ 0
0 µ

]
, (1.1.3)

for some ρ ∈ (0, 1), κ > 0, and µ > 0. We see that, in this system, the dynamics and input
cost behave identically in each coordinate. However, in the regime where κ≫ 1, the state
cost Rx is significantly larger in the first coordinate than the second.

Now consider the loss of a control policy designed to minimize this cost, where the
controller is synthesized on an estimate of the system parameters obtained from interaction
with the system. In this case, as the state cost is much larger in the first coordinate than
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the second, a small deviation from the optimal control sequence in the first coordinate could
be much costlier than a similar deviation in the second coordinate. As estimation error will
translate into deviation from the optimal control law, it follows that estimation error in the
first coordinate is significantly more costly than estimation error in the second coordinate.
This suggests that, while persistent excitation may indeed allow us to learn the parameters
of (1.1.3) eventually, and thereby propose a controller minimizing the cost, we may be able
to learn significantly more quickly by focusing on our exploration on learning the dynamics
in the first coordinate. Indeed, this can be achieved by increasing the input in the first
coordinate as much as our constraints allow.

This example suggests that some parameters of the system may be more important than
others and we should direct our exploration to quickly learn the most relevant parameters.
Indeed, we show in Chapters 3 and 5 that if we do not take into account this structure and,
for example, seek to excite all modes equally well, the rate at which we can learn a decision
minimizing Jθ⋆(a) could be arbitrarily worse than the optimal achievable rate.

How do we achieve this optimal rate? In Part I we provide a general characterization
of how uncertainty about the parameter θ⋆ translates into suboptimality in the decision we
propose, assuming our loss is “smooth” and we are using the certainty equivalence decision rule,
which sets âT to the optimal decision on the estimated system. In particular, we show that the
suboptimality of such a decision scales with estimation error in a particular, task-dependent
norm:

Jθ⋆(âT )−min
a
Jθ⋆(a) ≈ ∥θ̂T − θ⋆∥2H(θ⋆),

where θ̂T denotes the estimate of θ⋆, âT is the optimal decision on θ̂T , and H(θ⋆) measures the
curvature of the loss function Jθ⋆(a) in a neighborhood of the optimal decision. We then show
that ∥θ̂T − θ⋆∥2H(θ⋆)

can be minimized by choosing our inputs during exploration to minimize:

tr(H(θ⋆) · Λ̌−1
T ) for Λ̌T = Idx ⊗

T∑
t=1

[
xt
ut

] [
xt
ut

]⊤
.

We develop a general algorithmic procedure able to explore so as to minimize this objective,
and show that this procedure is computationally efficient, involving only the solution to
convex programs, and that it achieves the instance-optimal rate. Our results paint a nearly
complete picture of learning in linear dynamical systems. As originally motivated, they
provide a precise answer to how we should interact with our environment (in this case (1.1.2))
to collect the necessary information to learn to achieve some goal (in this case quantified by
the loss Jθ⋆(a)).
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1.1.2 Decision Making in Nonlinear Systems

While linear systems are able to model a range of real-world settings, many systems of
interest are inherently nonlinear, and attempting to represent them with linear dynamics
may eliminate key features, rendering such models ineffective for solving downstream tasks.
At the same time, considered in full generality, nonlinear systems are notoriously difficult to
work with, and are often both computationally and statistically intractable. In Chapter 6 we
consider a class of nonlinear systems that seeks to strike a balance between expressivity and
tractability. In particular, we consider systems of the form:

xt+1 = A⋆ϕ(xt, ut) + wt, (1.1.4)

where A⋆ ∈ Rdx×dϕ is the unknown system parameter, and ϕ : Rdx × Rdu → Rdϕ is a known,
potentially nonlinear, mapping. In this setting, we are interested in the same high-level goal
as the linear setting: finding some decision a that minimizes a loss Jθ⋆(a) for θ⋆ = A⋆.

Systems of the form (1.1.4) are amenable to analysis as the observations we receive—the
next state, xt+1—are a linear function of the unknown parameter, A⋆, allowing us to apply
results from linear estimation to argue about learning A⋆. At the same time, systems of
this form are very expressive and indeed, given a rich enough featurization ϕ, are capable
of representing any smooth nonlinear system up to arbitrary tolerance. Furthermore, such
systems have found recent applications in real-world control settings such as drone control
[O’Connell et al., 2022].

While bearing similarity to linear systems in how the unknown parameter relates to
the observations, from the perspective of exploration, nonlinear systems of the form (1.1.4)
introduce a variety of subtleties and challenges not found in the linear case. First, while
settings such as (1.1.3) show that in the linear case there may be a large asymmetry in which
parameters are most important, in the nonlinear case, we may have parameters that are
truly inactive, and have no impact on the dynamics near an equilibrium point of interest
whatsoever. For example, consider the following 1D system:

xt+1 = 0.8 · xt + ut − 3ϕ1(xt)− 3ϕ2(xt) + wt

where ϕ1(x) = max{1− 100(x− 10)2, 0} and ϕ2(x) = max{1− 100(x+ 10)2, 0}. Assume our
goal is to find some control policy which minimizes the cost

cost(x, u) = (x− 10)2 + 100−1 · u2.

Here we see that the nonlinearity ϕ1(x) is only active (nonzero) for x very close to 10, while
ϕ2(x) is only active for x very close to −10. As our cost is minimized for x = 10, the optimal
controller will attempt to steer the state to a neighborhood of x = 10. In this case, however,
ϕ2(x) is completely inactive and thus the behavior of ϕ2(x) is irrelevant to accomplishing
our goal. If we assume the coefficients of ϕ1 and ϕ2 are unknown and must be learned, this
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suggests that we should allocate no input energy to learning the coefficient of ϕ2. We see
then that, even more so in nonlinear than linear systems, it is critical that we determine
which parameters are most relevant to the goal at hand, and focus our exploration only on
learning these parameters.

A second challenge in nonlinear systems is how to realize an exploration strategy which
learns these relevant parameters. In the linear case our methods relied on the fact that, while
learning could be sped up by properly choosing our inputs, even “bad” inputs would provide
sufficient excitation to ensure something was learned. In contrast, in the nonlinear case, “bad”
inputs may provide no learning signal at all—for instance, in the example above, we can only
learn about the coefficients of ϕ1 by reaching x = 10, which takes a particular sequence of
inputs to achieve, and so much more careful planning is required to ensure the necessary
information is collected. To address this challenge, we develop a generic technique which
reduces the data collection problem (the experiment design problem) to policy optimization,
and then apply an off-the-shelf policy optimization procedure to solve it.

We present our full results in this setting in Chapter 6. While the nonlinear setting
introduces the aforementioned challenges not found in the linear case, and require differ-
ent algorithmic techniques, our results here bear much resemblance to those presented in
Chapter 5—we ultimately show that the suboptimality of our learned decision scales with
the estimation error of A⋆ in a similar task-dependent norm, ∥vec(Â− A⋆)∥2H(A⋆)

, and that
this suboptimality can be reduced by exploring so as to collect covariates Λ̌T minimizing
tr(H(θ⋆) · Λ̌−1

T ). We present an instance-dependent upper bound and matching lower bound
which, to the best of our knowledge, is the first statistically optimal guarantee for systems of
the form (1.1.4).

1.2 Exploration in Reinforcement Learning

We turn now to the reinforcement learning (RL) setting, the focus of Part II of this thesis.
While there is significant overlap between continuous control and RL, and indeed continuous
control can be seen as a particular RL problem, for the purposes of this thesis we make a
distinction between these settings, and when referring to RL typically refer to settings with
discrete states and actions.

The RL setting is primarily concerned with the study of Markov Decision Processes
(MDPs), a generic formulation of decision making in stochastic environments. In an MDP,
the agent operates in a state space S, taking actions in some set A. At step h, if the agent
is in state s and takes action a, they transition to s′ ∼ Ph(· | s, a), for Ph(·|s, a) ∈ △S the
transition kernel, and receive reward Rh(s, a). We will be concerned here with the episodic
setting, where the agent interacts with the MDP for H steps, at which points the process
resets and begins anew. We assume the dynamics {Ph}Hh=1 and rewards {Rh}Hh=1 are both
initially unknown, and the objective of the agent is to learn a policy π, a mapping from states
to actions, that achieves maximum expected reward. Here, then, the goal of the agent is
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quantified in the reward function, and it must learn to maximize this reward.
We can quantify the performance of a policy in terms of the value function, defined as

V π
h (s) := Eπ[

∑H
h′=hRh′(sh′ , ah′)|sh = s], the expected reward that will be achieved playing

policy π from step h and state s. Similarly, the Q-value function, Qπ
h(s, a), denotes the

expected reward that will be obtained if we are in state s at step h, play action a, and then
play policy π for the remainder of the episode; formally, Qπ

h(s, a) := Eπ[
∑H

h′=hRh′(sh′ , ah′)|sh =
s, ah = a]. The optimal value function is given by V ⋆

h (s) = supπ V
π
h (s) and optimal Q-value

function by Q⋆
h(s, a) = supπQ

π
h(s, a), where the suprema is taken over all policies. The value

of a policy is given by V π
0 = V π

1 (s1)—the expected reward policy π achieves over an entire
episode—and we say a policy π is optimal if V π

0 = V ⋆
0 .

PAC Reinforcement Learning. We consider a slightly different interaction protocol in
the RL setting as compared to the continuous control setting. While in the continuous control
setting we assume the agent interacts with the dynamics for some fixed amount of episodes
T , in the RL setting we assume instead that the agent is given two parameters ϵ ≥ 0 and
δ ∈ (0, 1), and is tasked with identifying a policy π̂ that is ϵ-optimal with probability at least
1− δ:

V ⋆
0 − V π̂

0 ≤ ϵ.

This is typically referred to as the PAC RL (Probably-Approximately-Correct) problem, and
has been the subject of much attention in the RL community. Given this, we consider the
following sequence of interactions:

1. Agent is given parameters ϵ ≥ 0 and δ ∈ (0, 1).

2. Agent interacts with MDP for some number of steps, choosing when to terminate.

3. Agent returns policy π̂ such that V ⋆
0 − V π̂

0 ≤ ϵ with probability at least 1− δ.

The goal of the agent is to do this as efficiently as possible—to find an ϵ-optimal policy (its
“decision”) using the smallest number of interactions with the environment possible.

Without imposing additional structure on the MDP, the RL problem is in general
intractable. In this thesis, we consider two particular tractable MDP formulations: tabular
and linear MDPs.

1.2.1 Instance-Dependent Tabular RL

In the tabular RL setting, the key assumption is that the state and action spaces are finite:
S := |S| <∞ and A := |A| <∞. We make no other assumptions on the MDP—for instance,
states and actions are completely unrelated and knowing the behavior at state s1 says nothing
about the behavior at state s2. As we assume the number of states and actions are finite,
however, there are a finite number of entities that must be learned, making learning tractable.
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While the tabular setting is somewhat limited in its ability to model real-world settings
of interest, it has received significant attention from the research community as a distillation
of more complex and realistic settings which preserves the salient features necessary for
understanding effective algorithmic principles. We therefore begin our study of RL here. The
majority of existing work in tabular PAC RL has focused on obtaining worst-case guarantees,
which in this setting scale with quantities such as S and A. While such bounds show that
learning is feasible in tabular RL, they do not offer clear insights into what features of an
environment are most important to learn or (as we will see) how we should explore.

If our goal is to learn to accomplish a task of interest, in this case quantified by the
reward function, how should we explore in order to quickly learn to do this? For inspiration,
we consider the special case of multi-armed bandits (MABs), where S = H = 1. In MABs, we
simply have A actions (“arms”) to choose from at each step—we choose an action, observe a
noisy realization of the reward mean, and repeat, with the goal of identifying the best action.
If we denote the reward mean for action a as r(a) := E[R(a)], and the gap for action a as
∆(a) := maxa′ r(a

′)− r(a)—the difference between the value of arm a and the value of the
best arm—then existing work in MAB shows that the optimal strategy is to pull arm a at
a rate proportional to 1

∆(a)2
. Intuitively, for an arm a that is suboptimal but very close to

optimal, it will take significantly more observations to distinguish its value from the value
of the optimal arm than it would to distinguish a very suboptimal arm, and we therefore
must pull it more. This is reflected in the 1

∆(a)2
rate—we pull suboptimal arms less as we

can quickly show they are suboptimal, and allocate the majority of our pulls to arms close
to optimal. Indeed, one can show that, to identify the best arm, it suffices to pull each arm
approximately 1

∆(a)2
times, leading to a final sample complexity on order

∑
a

1

∆(a)2
, (1.2.1)

which is known to be instance-optimal.
In the tabular RL setting, where S > 1 and H > 1, we can imagine running a similar

procedure: treating each state as a bandit, and allocating our samples based on the subopti-
mality of each action in that state. Yet this introduces several questions. First, how do we
quantify the suboptimality of an action, given that the return from playing a single action
depends not just on that action, but also on all subsequent actions played in the episode?
And second, if our goal is exploration, the actions we take affect which states we reach. While
we may know which actions we want to sample in a given state, how do we determine which
states we should aim to reach, and how do we actually reach these states?

For the first question, existing work has proposed a generalization of the notion of a
“gap” to the following [Simchowitz and Jamieson, 2019]:

∆h(s, a) := V ⋆
h (s)−Q⋆

h(s, a).
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That is, ∆h(s, a) measures the suboptimality of playing action a in (s, h), if we then play the
optimal policy. Given this, our exposition of bandits suggests we should play actions in state s
proportional to 1

∆h(s,a)2
. The challenging question, however, is the second: how do we handle

the dynamic nature of an MDP during exploration? Assume we are playing some exploration
policy πexp, and denote the probability of visiting state s at step h as wπexp

h (s) := Pπexp [sh = s].
Using the complexity given in (1.2.1) for solving the “bandit” at state s, we see that to “solve”
state s it will require running πexp for a total of

1

w
πexp
h (s)

·
∑
a

1

∆h(s, a)2
(1.2.2)

episodes, since on average it takes 1
w

πexp
h (s)

episodes to reach s once. If we wish to “solve”
each state, then playing the best-case exploration policy, we might hope to achieve a sample
complexity of:

min
πexp

max
s

1

w
πexp
h (s)

·
∑
a

1

∆h(s, a)2
. (1.2.3)

In Chapter 7, we show that this complexity is in fact achievable, and propose an algorithmic
procedure which achieves it. Furthermore, we show that, in some sense, it is unimprovable:
in general, we cannot obtain a smaller sample complexity on a particular instance. One
shortcoming of this complexity is that it corresponds to identifying the best policy (i.e. ϵ = 0),
while in general in RL we only care about identifying a good policy. To address this, we show
that this complexity, and our algorithm, can be generalized to the ϵ > 0 case as well.

s0

s2

s1

r(s0, a1) = 1

s1

a1

a2
r(s1, a2) = 1

s2

s3
P(s3 |s1, a2) = 1

P(s3 |s1, a1) = p

P(s2 |s1, a1) = 1 − p

a1

a2

r(s0, a2) = 0
P(s2 |s0, a2) = 1

P(s1 |s0, a1) = 1 − p

P(s2 |s0, a1) = p

r(s2, a1) = 0.5 + Δ2

r(s2, a2) = 0.5

r(s1, a1) = 0.5 + Δ1

r(s1, a2) = 0.5

Action a1
Action a2

Figure 1.1: A motivating example for
tabular RL

What does this say about how we should explore
in tabular MDPs? The majority of existing work
in tabular RL relies on the principle of optimism—
choosing actions that are the “best possible”, given the
current observations from the environment, leading
them to play “good” actions the majority of the time.
Such approaches are provably efficient, and are known
to be optimal in a worst-case sense. To understand if
these approaches are able to achieve the complexity
of (1.2.3), consider the MDP in Figure 1.1. In state
s0, action a1 is optimal and transitions to state s1
with probability 1 − p and state s2 with probability
p. Action a2 is suboptimal and transitions to state s2
with probability 1. To learn a good policy, we need
to identify the optimal action in both s1 and s2. An
optimistic algorithm will primarily play a1 in s0, as
this action is optimal, and it will therefore only reach
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s2 approximately O(pK) times, after K episode. It follows that a low-regret algorithm will
take at least Ω( 1

p∆2
2
) episodes to learn the optimal action in s2. In contrast, we could instead

play a2 in s0, collecting less reward but learning the optimal action in s2 in only Ω( 1
∆2

2
)

episodes, exactly the complexity reflected in (1.2.3). For small p, this could be arbitrarily
better.

This example shows that approaches—such as optimism—which are known to be optimal
in a worst-case sense are unable to achieve the complexity (1.2.3), and can in fact be very
suboptimal on particular instances, achieving a far worse rate. Instead, to achieve (1.2.3),
we must take maximally informative actions, in this case a2. We emphasize that only
by developing a precise understanding of the complexity of learning, e.g. (1.2.3), are we
able to arrive at such a conclusion. Our results, therefore, shed light not just on the best
achievable complexity, but also on what exploration procedures we should employ to realize
such complexities, and what strategies would be suboptimal.

1.2.2 Instance-Dependent Linear RL

While the tabular setting is helpful for eliciting fundamental algorithmic principles, its
applicability to real-world problems is limited. In practice, MDPs of interest often have very
large, yet highly structured, state spaces—for example, knowledge of the behavior of one
state tells how the MDP will behave in “adjacent” states. This has motivated a large amount
of work on RL with function approximation, which seeks to incorporate such structure into
provably efficient approaches.

In Chapter 8 and Chapter 9 we consider, in particular, the setting of RL with linear
function approximation. While several formulations for RL with linear function approximation
exist, we consider the linear MDP setting.

Definition 1.2.1 (Linear MDPs [Jin et al., 2020b]). We say that an MDP is a d-dimensional
linear MDP, if there exists some (known) feature map ϕ(s, a) : S ×A → Rd, H (unknown)
signed vector-valued measures µh ∈ Rd over S, and H (unknown) reward vectors θh ∈ Rd,
such that:

Ph(·|s, a) = ⟨ϕ(s, a),µh(·)⟩, rh(s, a) = ⟨ϕ(s, a),θh⟩.

We will assume ∥ϕ(s, a)∥2 ≤ 1 for all s, a; and for all h, ∥|µh|(S)∥2 = ∥
∫
s∈S |dµh(s)|∥2 ≤

√
d,

and ∥θh∥2 ≤
√
d.

Linear MDPs encompass, for example, tabular MDPs, but can also model more complex
settings, such as feature spaces corresponding to the simplex, or the linear bandit problem.
Critically, linear MDPs allow for infinite state-spaces, as well as generalization across states—
rather than learning the behavior in particular states, we can learn in the d-dimensional
feature space.
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Within the linear MDP setting, we consider the same PAC RL problem, and aim to
understand how, given the linear structure, what and how we should explore. In the tabular
setting, we aimed to solve each state (find a near-optimal action), yet this action-elimination
strategy is not possible to realize in the linear case as the number of states is potentially
infinite. Instead, we aim to learn over the space of policies. Given a set of possible policies Π,
we seek to gradually eliminate suboptimal policies in Π, focusing our exploration to learn
about the remaining “active” policies. We show that this allows us to refine where we explore
and focus our exploration only on the most relevant regions, the regions visited by good
policies. In Chapter 8 we obtain a complexity somewhat analogous to (1.2.3), but where the
gap between actions is replaced by the gap between policies.

Reward-Free RL in Linear MDPs. In Chapter 9, we also consider linear MDPs, but
with a slightly different objective. In both Chapter 7 and Chapter 8 the goal was to find a
policy that maximizes a single reward function. In some settings, however, one may not have
one reward function they wish to maximize, but instead may wish to learn a set of behaviors
that can optimize any given reward function. For example, rather than training an agent
to accomplish a particular task, we might want to train them to accomplish any task we
tell them to. This setting is typically known as the unsupervised or reward-free RL setting.
Formally, the objective is now to learn a map such that, given any reward function, this map
produces a policy that is ϵ-optimal for this reward function.

While the objective here is different, the fundamental questions remain very similar:
what and how should we explore in order to learn such a map as efficiently as possible? In
Chapter 9 we propose an exploration strategy very similar to that utilized in Chapter 7,
which aims to explore to maximize the information gain, and show that this exploration
strategy leads to a minimax-optimal sample complexity guarantee. Intuitively, one would
expect the reward-free RL setting to be harder than the reward-aware (PAC) RL setting—we
are learning a policy to maximize every possible reward, vs only one reward—and indeed,
this is known to be the case in tabular RL. Surprisingly, however, our results show that, given
an effective exploration strategy, this is not true in the linear MDP setting: reward-free RL
is no harder than reward-aware RL. We remark, though, that this conclusion only holds in a
minimax sense—the picture is less clear in an instance-dependent setting.

1.3 The Cost of Learning to Explore

In both the RL and continuous control settings, the key to achieving the aforementioned
results lies in learning effective exploration policies, policies that takes actions to efficiently
traverse the environment and collect informative observations. Yet there is a cost to learning
these exploration policies. As we will see in the precise statements of our results, in nearly
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every situation, our complexities behave like:

“leading-order” term︸ ︷︷ ︸
instance-optimal

+ “lower-order” term.︸ ︷︷ ︸
polynomial in problem parameters

Here the “leading-order” term is the instance-optimal rate, which we can show is unimprovable
on our particular instance, and typically scales as 1/T (in fixed-budget setting) or 1/ϵ2 (in
PAC setting). The “lower-order” term typically scales polynomially in problem parameters and
as 1/Tα for α > 1 or 1/ϵα for α < 2. This lower-order term is dominated by the leading-order
term for large values of T or small values of ϵ, but for small T or large ϵ, it may be larger
than the instance-optimal term.

Taking a closer look at the analysis, in nearly every case we find that the lower-order
term arises because the algorithm must pay some number of samples to learn an effective
exploration policy. A priori the algorithm does not know which actions will lead to informative
observations, and must take some number of interactions with the environment to determine
this. Consider, for example, the problem instance presented in Section 1.2.1 in the tabular RL
setting. Here, as we argued, the best exploration policy will play action a2 some fraction of the
time, as this will allow it to efficiently learn the optimal action in state s2. Yet initially, the
algorithm does not know that this action is informative and should be taken—to determine
this is a useful action to take, it must first explore the environment to find the useful actions.

While it is known that the instance-optimal term is unavoidable and any algorithm
must pay this, prior to the work of this thesis, it was unknown if such a lower-order term for
“learning to explore” was necessary and, if it is necessary, what the optimal lower-order term
might be. Answering this question is of paramount importance in understanding instance-
optimality in decision making. While the results presented in Part I and Part II of this
thesis exhibit lower-order terms at most polynomial in problem parameters, in the instance-
dependent literature more broadly, it is common to have “lower-order” terms which scale
exponentially with problem parameters. In such settings, the leading-order term dominates
only asymptotically, making such bounds (and the corresponding algorithms) impractical
for virtually all problems of interest. If such lower-order terms are necessary to achieve
instance-optimality, then instance-optimality is simply not a practical measure for most
problems of interest.

In Part III, we seek to understand this phenomenon, and provide a comprehensive theory
of learning to explore. We study these questions in as much generality as possible, and consider
the Decision Making with Structured Observations (DMSO) setting recently introduced by
Foster et al. [2021]. This setting provides a general framework for formalizing decision making,
and encompasses virtually all of bandits and RL (including function approximation settings).
We provide a precise definition of the setting in Chapter 10. In contrast to Parts I and II where
our goal was primarily to learn effective policies, in Part III we turn our focus to regret, where
the goal is to maximize the total reward collected during interaction with the environment.
While our objective changes, as we will make clear in Part III, when we are concerned with



16

instance-optimal regret, the fundamental challenge to achieving instance-optimality still lies
in learning an effective exploration policy (the primary difference, in this case, being that
this exploration policy must balance exploration with exploitation). Thus, the insights from
Part III apply to Parts I and II as well.

Intuitively, the instance-optimal rate quantifies the cost of distinguishing the true instance
from every instance with a different optimal decision. We show in Chapter 10 that this same
intuition applies to learning exploration policies: to explore optimally, one must distinguish
our true instance from every instance that has a different set of optimal exploration policies.
We quantify the cost necessary to learn this optimal exploration policy in a novel complexity
measure which we call the Allocation Estimation Coefficient (AEC). We show that, under
certain conditions, any algorithm that is instance-optimal must also have learned an optimal
exploration policy, and so therefore must have complexity which scales, in addition to the
leading-order instance-optimal term, with the AEC.

Inspired by this, we propose an algorithmic procedure which applies in the general DMSO
setting, and achieves regret bounded as:

“instance”-optimal term · log T + AEC · o(log T ),

achieving both the instance-optimal leading order term, and a lower-order term scaling with
the AEC. Together, our results show that, to achieve instance-optimality, one must also
pay for a term scaling as the AEC in order to learn the optimal allocation, and that our
algorithm is optimal, both in the leading-order and lower-order term. We further show that,
by instantiating our results in various concrete settings, the AEC in general scales at most
polynomially in problem parameters, implying that polynomial lower-order terms are indeed
possible in most settings of interest, and yielding an exponential improvement over existing
work in a variety of settings.

What do these results suggest about how we should think about exploration? The
results of Parts I and II focused on how to explore to learn near-optimal policies as quickly
as possible, and provided insights into how and where we should direct our exploration to
do this. The results of Part III suggest that, in addition to efficiently exploring to learn the
optimal policy, we also must efficiently explore to learn the best exploration policy, and that
there is a cost to learning this exploration policy. Thus, to return to our overarching goal of
understanding how agents should collect observations in unknown environments, an agent
must carefully take actions so as to provide information not just about how to accomplish
their end goal, but also to learn actions that will help them learn to accomplish their end
goal.
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Chapter 2

Related Work

Before moving on to the main contributions of this thesis, we seek to place it within the
broader literature.

2.1 Related Work in Continuous Control

We first focus on several directions of existing work in the continuous control setting, the
focus of Part I of this thesis.

2.1.1 System Identification

There is a large body of classical work in system identification [Ljung, 1998]. Of particular
relevance are works which seek to design inputs to excite the system to speed up estimation.
In particular, a variety of works aim to design inputs to maximize certain functionals of the
Fisher information matrix [Mehra, 1976, Goodwin and Payne, 1977, Jansson and Hjalmarsson,
2005, Gevers et al., 2009, Manchester, 2010, Hägg et al., 2013], or design inputs to meet certain
task-specific objectives [Hjalmarsson et al., 1996, Hildebrand and Gevers, 2002, Katselis et al.,
2012]. The optimal choice of inputs in general depends on the unknown parameters of the
system, and prior work rely on either robust experiment design [Rojas et al., 2007, 2011,
Larsson et al., 2012, Hägg et al., 2013] or adaptive experimental design [Lindqvist and
Hjalmarsson, 2001, Gerencsér and Hjalmarsson, 2005, Barenthin et al., 2005, Gerencsér et al.,
2007, 2009], the method of choice in this thesis, to address this challenge. Past results were
typically heuristic, however, and when rigorous bounds are given, they are asymptotic in
nature [Gerencsér et al., 2007, 2009]. In contrast, in this thesis we provide finite-time upper
and lower bounds which validate the optimality of our approach.

More recently, much attention has been given to obtaining finite-time learning-theoretic-
style bounds on the estimation of unknown parameters in a dynamical system, in particular
linear systems [Tu et al., 2017, Faradonbeh et al., 2018, Hazan et al., 2018, Hardt et al., 2018,
Simchowitz et al., 2018, Sarkar and Rakhlin, 2019, Oymak and Ozay, 2019, Simchowitz et al.,
2019, Sarkar et al., 2019, Tsiamis and Pappas, 2019]. While the results in Part I of this thesis
can be seen as building on this line of work in many respects, the focus of these works is the
passive setting, and no attempt is made to choose inputs to speed up estimation, one goal of
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this thesis. Beyond the linear setting, Foster et al. [2020a], Oymak [2019], and Sattar and
Oymak [2022] provide formal guarantees on system identification in several different classes of
nonlinear systems, yet they only consider noiseless systems, or systems that are significantly
easier to excite than systems of the form considered in Chapter 6 (rendering the problem of
exploration significantly easier). Of particular relevance to the results of Chapter 6 is Mania
et al. [2022], which proposes an active learning approach to identify unknown parameters in
(1.1.4), with the goal of minimizing the Euclidean distance in the parameter space. However,
as we show, learning a uniformly good model could be significantly worse than learning a
model with the goal task in mind, our primary focus. We also mention recent work applying
deep learning-based approaches to system identification [Shi et al., 2019, Nguyen-Tuong
and Peters, 2011, Brunke et al., 2022, Williams et al., 2017, Shi et al., 2021b], though such
approaches lack principled guarantees.

2.1.2 Learning for Control

While the majority of this thesis focuses on the setting where exploration is decoupled from
control, it is natural to also ask if we can simultaneously explore while controlling. That
is, given an unknown environment, if it is possible to, from the start, attempt to solve the
goal task while learning along the way. This is typically referred to as the “adaptive control”
problem, and has been studied extensively in the controls literature [Slotine et al., 1991,
Åström and Wittenmark, 2013, Feldbaum, 1960, Mesbah, 2018, Bristow et al., 2006, Richards
et al., 2021, O’Connell et al., 2022, Boffi et al., 2021]. This line of work typically focuses
on obtaining asymptotic results, and is primarily concerned with the stabilization problem,
while we are interested in finite-time results, and more general objectives.

More recently, attention has been given towards quantifying the finite-time performance
of online algorithms in terms of regret, comparing the online performance of an algorithm
to the best possible performer in hindsight, where the goal is to minimize some general
cost function. Much of the focus here has been on the Lqr problem [Abbasi-Yadkori and
Szepesvári, 2011, Dean et al., 2020, 2018, Mania et al., 2019, Dean et al., 2019, Cohen et al.,
2019, Yu et al., 2020, Ziemann and Sandberg, 2021], with Simchowitz and Foster [2020]
ultimately settling the minimax optimal regret in terms of dimension and time horizon. Others
have considered regret in online adversarial settings [Agarwal et al., 2019, Simchowitz et al.,
2020]. In the nonlinear setting, Kakade et al. [2020] study systems of the form considered in
Chapter 6, and obtain sublinear regret guarantees.

2.2 Related Work in Reinforcement Learning

Next we focus on related work in the reinforcement learning setting, considered in Part II, as
well as the general decision making setting considered in Part III.
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2.2.1 Multi-Armed Bandits

While the main focus of this thesis is in long-horizon decision making problems (H > 1),
many of our results build on, and are inspired by, the multi-armed bandits literature. The
multi-armed bandits problem is a special case of the general RL problem with H = 1 and
S = 1. At every step, the agent has A options (arms) available to them, chooses one of the A
arms, and observes a noisy realization of the reward from that arm. While seemingly simple,
the multi-armed bandit problem is applicable to a wide range of real-world problems, and has
inspired a vast body of work. See Lattimore and Szepesvári [2020] for a complete overview;
we highlight only works of particular relevance here.

A significant amount of attention has been devoted to obtaining instance-optimal PAC
guarantees in the bandits literature—typically referred to as best-arm identification—for
both multi-armed (tabular) and structured bandits [Kaufmann et al., 2016, Garivier and
Kaufmann, 2016, Russo, 2016, Degenne and Koolen, 2019, Degenne et al., 2019, 2020a]. While
many of these works are asymptotic in nature, in specialized settings such as multi-armed
bandits [Jamieson et al., 2014, Kaufmann et al., 2016] and linear bandits [Fiez et al., 2019,
Katz-Samuels et al., 2020], recent work has shown that the optimal rates are achievable in
finite-time.

In the regret minimization setting, the focus of Part III, a variety of minimax regret
guarantees have been obtained in settings such as tabular [Auer et al., 2002, Audibert
and Bubeck, 2009] and linear bandits [Dani et al., 2008, Abbasi-Yadkori et al., 2011]. For
instance-dependent guarantees, many works provide purely asymptotic instance-optimal
guarantees for settings such as multi-armed bandits [Lai and Robbins, 1985, Garivier et al.,
2016, Lattimore, 2018, Garivier et al., 2019], linear bandits [Lattimore and Szepesvari, 2017,
Hao et al., 2020], and general structured bandits [Burnetas and Katehakis, 1996, Magureanu
et al., 2014, Combes et al., 2017, Van Parys and Golrezaei, 2023, Degenne et al., 2020b].
While a small number of works [Tirinzoni et al., 2020, Jun and Zhang, 2020, Kirschner et al.,
2021] do provide finite-time instance-optimal regret guarantees, they specialize to particular
settings such as linear bandits, and it is not clear that their algorithmic approaches generalize.

We remark as well that a small amount of work in the bandits community has been
devoted to understanding the complexity of “learning to explore”, the focus of Part III of this
thesis. While to the best of our knowledge our work is the first to study this question in
the general function approximation setting, Simchowitz et al. [2017] and Chen et al. [2017]
consider a similar question in the setting of top-k bandits, and Marinov et al. [2022b,a]
consider this question in the graph bandits setting.

2.2.2 Tabular RL

Finite-time results on policy identification in tabular MDPs go back to at least the late
90s and early 2000s [Kearns and Singh, 1998, Kearns et al., 1999, Kearns and Singh, 2002,
Brafman and Tennenholtz, 2002]. A seminal early work in this area is that of Kakade
[2003], which establishes a variety of results, including the performance-difference lemma and
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polynomial sample complexities in both the generative and online settings. This work was
built upon and refined by a variety of other works over the following decade [Strehl et al.,
2006, Auer et al., 2008, Munos and Szepesvári, 2008, Strehl et al., 2009], leading up to works
such as [Lattimore and Hutter, 2012, Dann and Brunskill, 2015], which establish sample
complexity bounds of O(S2A · poly(H)/ϵ2). More recently, [Dann et al., 2017, 2019, Ménard
et al., 2021] have proposed algorithms which achieve the optimal dependence on S and A of
O(SA · poly(H)/ϵ2), with [Dann et al., 2019, Ménard et al., 2021] also achieving the optimal
H dependence, thereby effectively solving the problem of near-optimal policy identification in
the worst case.

The question of regret minimization is intimately related to that of policy identification.
Indeed, as shown in Jin et al. [2018], any low-regret algorithm can be used to obtain a near-
optimal policy via an online-to-batch conversion. Early examples of low-regret algorithms in
tabular MDPs are [Auer and Ortner, 2006, Auer et al., 2008, Azar et al., 2017]. Of note is the
work of Auer et al. [2008], which establishes a polynomial regret bound on average-reward
MDPs, but that scales with the diameter of the MDP—the maximum average number of
steps it will take to navigate from any state to any other state. A seminal recent work is
that of Zanette and Brunskill [2019], which proposes the Euler algorithm and establishes
diameter-free regret bounds scaling as O(

√
Q∗SAHK), for Q∗ the maximum variance in

next-state value function. Finally, the work of Zhang et al. [2021b] completely eliminates
the horizon dependence (assuming properly normalized rewards, and time-homogenous
transitions), obtaining regret guarantees which scale purely as O(

√
SAK). This scaling is

optimal, and essentially solves the problem of worst-case regret in tabular RL.
While the problem of obtaining worst-case optimal guarantees in tabular RL is nearly

closed, we are only beginning to understand what types of instance-dependent guarantees
are possible. In the setting of regret minimization, Ok et al. [2018] provide an algorithm
which achieves asymptotically optimal instance-dependent regret. Simchowitz and Jamieson
[2019] show that standard optimistic algorithms achieve regret bounded as O(

∑
s,a,h

logK
∆h(s,a)

),
reminiscent of the gap-dependent regret guarantees found in bandits. This result was later
refined by [Xu et al., 2021, Dann et al., 2021]. Obtaining instance-dependent guarantees for
policy identification has proved more difficult. While several works exist in this space [Zanette
et al., 2019, Jonsson et al., 2020, Marjani and Proutiere, 2020, Al Marjani et al., 2021], they
all exhibit crucial shortcomings, such as exponential dependence on H [Jonsson et al., 2020],
requiring access to a generative model [Zanette et al., 2019, Marjani and Proutiere, 2020], or
lacking finite time results and only handling best (ϵ = 0) policy identification [Al Marjani
et al., 2021]. In the special case of deterministic, tabular MDPs, Tirinzoni et al. [2022] show
matching instance-dependent upper and lower bounds; a result that the approach we propose
in Chapter 8 is essentially able to match.
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2.2.3 RL with Function Approximation

To generalize the tabular setting, the RL community has considered function approximation,
replacing the tabular model with more powerful models that allow for generalization across
states. Such settings have been considered in classical works [Baird, 1995, Bradtke and Barto,
1996, Sutton et al., 1999, Melo and Ribeiro, 2007], yet these works do not provide polynomial
sample complexities. More recently, there has been intense interest in obtaining polynomial
complexities for general function classes [Jiang et al., 2017, Du et al., 2021, Jin et al., 2021,
Foster et al., 2021, 2023], and, in particular, linear function classes [Yang and Wang, 2019,
Jin et al., 2020b, Wang et al., 2019, Du et al., 2019, Zanette et al., 2020a,b, Ayoub et al.,
2020, Jia et al., 2020, Weisz et al., 2021, Zhou et al., 2021a,b, Zhang et al., 2021c, Wang
et al., 2021].

Several works of particular note in this category are [Jin et al., 2020b, Zanette et al.,
2020b, Zhou et al., 2021a], which establish regret guarantees in the setting of linear MDPs (a
setting considered in this thesis) and the related setting of linear mixture MDPs. Jin et al.
[2020b] obtains regret scaling as O(

√
d3H4K), one of the first polynomial complexity bounds

in RL with function approximation, using a variant of Q-learning. Zanette et al. [2020b]
improves this to O(

√
d2H4K) in the slightly more general low inherent Bellman error setting,

though their algorithm is not computationally efficient. Via an online-to-batch conversion,
these algorithms achieve PAC complexities of O(d3H4/ϵ2) and O(d2H4/ϵ2), respectively.
While Zanette et al. [2020b] show a lower bound proving that Ω(

√
d2K) regret is necessary,

prior to the work of this thesis, no lower bounds for PAC RL existed in linear MDPs, and
the question of optimal PAC guarantees remained open. In the setting of linear mixture
MDPs, Zhou et al. [2021a] show a regret bound of O(

√
d2H3K) and a matching lower bound,

yielding one of the first provably tight and computationally efficient algorithms for RL with
function approximation.

In the setting of RL with function approximation, prior to the work of this thesis, only a
handful of existing works obtain guarantees that would be considered “instance-dependent”.
Wagenmaker et al. [2022a] (also by the author of this thesis) show a “first-order” regret
bound of O(

√
d3H3V ⋆

0 K), where V ⋆
0 is the value of the optimal policy on the particular MDP

under consideration. He et al. [2021] show that standard optimistic algorithms achieve regret
guarantees of O(d3H5 logK

∆min
) and O(d2H5 log3K

∆min
) in the settings of linear MDPs and linear mixture

MDPs, respectively, for ∆min the minimum value-function gap. While both these works
do obtain instance-dependent results, the instance-dependence is rather coarse, depending
on only a single parameter (V ⋆

0 or ∆min). One goal of this thesis (in particular Chapter 8)
will instead be to obtain more refined instance-dependent guarantees. Several works in the
general decision making framework considered in Part III, the DMSO framework, also obtain
instance-dependent bounds, but these are purely asymptotic [Komiyama et al., 2015, Dong
and Ma, 2022].

The focus of Chapter 9 is the reward-free RL setting. In the tabular setting, it is known
that the optimal rate for reward-free RL is Θ(S2A/ϵ2), a factor of S larger than the optimal
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rate for standard PAC RL [Jin et al., 2020a, Ménard et al., 2021, Zhang et al., 2020, Wu
et al., 2022]. In the linear MDP setting, existing works on reward-free RL [Zanette et al.,
2020c, Wang et al., 2020, Zhang et al., 2021a] achieve complexities of O(d3/ϵ2), though prior
to the work of this thesis, it was not known if this is tight, or if the same separation between
reward-free and PAC RL exists in the linear setting.

2.3 Related Work in Experiment Design

Experiment design is a well-developed subfield of statistics which seeks to understand how
one should make measurements in order to collect information on some parameter of interest.
Consider the basic linear regression setting:

z = ⟨θ⋆, x⟩+ w,

where we choose x ∈ X , observe z, and w is some noise. Denote the design matrix as A(λ) :=∑
x∈X λxxx

⊤, then experiment design optimizes over λ ∈ △X , and chooses measurements
x ∼ λ, to optimize some desired objective. Common experiment design criteria include:

• A-optimal design: minλ∈△X tr(A(λ)−1), minimizes the average variance of the estimate
of θ⋆.

• E-optimal design: maxλ∈△X λmin(A(λ)), minimizes the maximum prediction error in
the estimate of θ⋆.

• G-optimal design: minλ∈△X maxx∈X ∥x∥2A(λ)−1 , minimizes the maximum prediction
error for any direction X in the estimate of θ⋆.

• XY-optimal design: minλ∈△X maxy∈Y ∥y∥2A(λ)−1 , a variant of G-optimal design, mini-
mizes the maximum prediction error for any direction Y in the estimate of θ⋆.

A variety of other criteria exist, and in general these can be extended to nonlinear models as
well (with the design matrix replaced by the Fisher information matrix). See Pukelsheim
[2006] or Pronzato and Pázman [2013] for a complete overview.

Many of the methods proposed in this thesis can be viewed as experiment designs;
indeed, the very question this thesis seeks to answer can be seen as a question of experiment
design. In particular, in Chapter 3 we reduce the problem of linear system identification
to E-optimal design, Chapters 5 and 6 reduce decision making in dynamical systems to a
(weighted) A-optimal design, and Chapter 8 reduces policy learning in MDPs to an XY-design.

Our work deviates from the majority of the experiment design literature in several key
ways, however. First, we will be interested primarily with adaptive experiment designs—while
much of the experiment design literature focuses on static designs, which are fixed at the
beginning of environment interaction, our methods will rely on designs which change over
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time, as more information about the environment is collected. Second, the majority of work
on experiment design focuses on single-step settings, while our focus in this thesis is on
dynamic, long-horizon settings. Indeed, one contribution of this thesis is to generalize classical
experiment design techniques to long-horizon settings.

We highlight several works on experiment design in sequential environments that are
particularly relevant. First, the work of Fiez et al. [2019] achieves the instance-optimal
rate for best-arm identification in linear bandits and relies on an adaptive XY experiment
design-based. The approach of Fiez et al. [2019], as well as the related work of Soare et al.
[2014], provides inspiration for the algorithm proposed in Chapter 8—in some sense the
approach of Chapter 8 can be seen as a generalization of the Rage algorithm of Fiez et al.
[2019] to problems with horizon greater than 1. Concurrent to the publication of the results
of Chapter 8, this algorithm was also extended to the contextual bandit setting in Li et al.
[2022].

Also concurrent to the publication of the results of Chapter 8, the work of Mutny
et al. [2023] propose an approach to solving experiment design problems in MDPs. To our
knowledge, this is the only existing work that directly considers the problem of experiment
design in MDPs. However, they make the simplifying assumption that the transition dynamics
are known, which essentially reduces their problem to a computational one; in contrast, in this
thesis, we focus on unknown dynamics. We remark as well that the online experiment design
approach of Chapters 6 and 8 is somewhat related to several existing algorithms [Hazan et al.,
2019, Zahavy et al., 2021]. Finally, Chaudhuri et al. [2015] gives a non-asymptotic active
learning procedure for adaptive maximum likelihood estimation, again adapting the design
to the unknown parameter of interest; their setting does not address long-horizon settings,
however.
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Part I

Active Learning for Continuous Control
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Chapter 3

Active Identification of Linear Dynamical
Systems

We begin with the system identification problem in the linear dynamical system (LDS)
setting. In particular, in this chapter we will consider discrete-time linear dynamical systems
with fully observed state of the form:

xt+1 = A⋆xt +B⋆ut + wt, x0 ≡ 0 (3.0.1)

for A⋆ ∈ Rdx×dx the system matrix, B⋆ ∈ Rdx×du the control matrix, xt ∈ Rdx the state,
ut ∈ Rdu the input, and wt ∼ N (0, σ2

wI) process noise. We consider the single trajectory
setting: starting from state x0 = 0, we interact with (3.0.1) T steps without resetting. We
assume that B⋆ is known1 but that A⋆ is unknown, and our goal is to estimate, to identify,
A⋆ using the minimum number of interactions with (3.0.1) possible. In this chapter we are
particularly interested in the active identification problem: if we are able to control the input
ut, which inputs should we play in order to estimate A⋆ as accurately as possible after T
steps of interaction?

The estimation of the unknown parameters of a dynamical system typically falls under
the domain of system identification. System identification is an entire field unto itself, and
the problem of identification of linear dynamical systems has been studied for decades [Ljung,
1998]. Indeed, the particular question studied in this chapter—active system identification—
has been considered by many past works, going back to the 1970s [Mehra, 1974, 1976,
Goodwin and Payne, 1977, Jansson and Hjalmarsson, 2005, Gerencsér et al., 2007, 2009,
Gevers et al., 2009, Manchester, 2010, Katselis et al., 2012, Larsson et al., 2012, Hägg et al.,
2013]. These works, however, while providing a variety of different approaches to input design,
typically lack formal guarantees. As such, it has remained an open question what the optimal
achievable rate is for active identification of linear dynamical systems.

The results presented in this chapter are the first to answer this question, establishing
the optimal rate for LDS identification in the active setting, and proposing an algorithm

1All results in this chapter can be easily extended to the case where B⋆ is unknown as well—see Chapter 5
for an example of this.
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provably able to achieve this. Towards achieving this, the key technical contribution of this
chapter is a novel bound on the estimation error of A⋆ when ut is chosen to be a periodic
input.

3.1 Preliminaries for Linear Dynamical Systems

Before stating our results, we provide several definitions and assumptions in the LDS setting.
Defining ρ(A) as the spectral radius of A—the magnitude of the largest magnitude eigenvalue
of A—we make the following assumption on our dynamics:

Assumption 3.1. Let Θ denote the set of all stable θ: Θ := {θ = (A,B) : ρ(A) < 1}. We
assume θ⋆ ∈ Θ, for θ⋆ = (A⋆, B⋆).

Assumption 3.1 ensures that, in the absence of control, our dynamics (3.0.1) do not
explode. While this assumption is somewhat restrictive, we note that the learning problem is
somewhat trivial in the case where the system is unstable, as the exploding state causes the
signal-to-noise ratio to increase exponentially.

We also restrict the set of inputs the agent is allowed to play during exploration to those
that have bounded power. Without this assumption, the agent may inject inputs of arbitrarily
large magnitude into the system, again producing an arbitrarily large signal-to-noise ratio.
More importantly, however, in real-world settings, arbitrarily large inputs are typically either
impossible to realize, or introduce significant safety concerns. Formally:

Definition 3.1.1 (Power-Constrained Policies). In the linear dynamical system setting, we
allow the agent to play all exploration policies π such that Eπ[

∑T
t=1 u

⊤
t ut] ≤ Tγ2, for some

γ > 0. We denote the set of all such policies as Πγ2 .

The H∞-norm of a system quantifies the maximum gain of the system (i.e. the maximum
amplification of an input), and is a fundamental quantity in the controls literature. We
denote the H∞-norm of a system with parameter A as:

∥A∥H∞ := max
ω∈[0,2π]

∥(eιωI − A)−1∥op,

and, for θ = (A,B), also define:

∥θ∥H∞ := max
ω∈[0,2π]

∥(eιωI − A)−1B∥op.

Throughout, we will define β∞ as

β∞ := c ·
(
(1 + ∥B⋆∥2op)∥A⋆∥4H∞

)(√
dx log

T

δ
+ γ2∥A⋆∥2H∞

)
.

In general the setting of T and δ will be clear from context when using β∞.
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3.1.1 Least Squares Estimation

In this chapter our focus will be on the least squares estimator. Given some trajectory
τ = (x0, u0, x1, u1, . . . , uT , xT+1) generated from (3.0.1), the least squares estimate of A⋆ is
defined as:

Â = argmin
A

T∑
t=1

∥xt+1 − Axt −B⋆ut∥22. (3.1.1)

By standard analysis, we can write Â in closed form as Â = (
∑T

t=1 xtx
⊤
t )

−1xt(xt+1 −B⋆ut)
⊤.

Thus,

Â− A⋆ = (
∑T

t=1xtx
⊤
t )

−1xt(xt+1 −B⋆ut)
⊤ − A⋆

= (
∑T

t=1xtx
⊤
t )

−1xt(A⋆xt + wt)
⊤ − A⋆

= (
∑T

t=1xtx
⊤
t )

−1xtw
⊤
t .

(3.1.2)

Given this, we can bound the estimation error of Â as

∥Â− A⋆∥op = ∥(
∑T

t=1xtx
⊤
t )

−1xtw
⊤
t ∥op ≤ λmin(

∑T
t=1xtx

⊤
t )

−1/2︸ ︷︷ ︸
(a)

· ∥(
∑T

t=1xtx
⊤
t )

−1/2xtw
⊤
t ∥op︸ ︷︷ ︸

(b)

.

Our analysis relies on bounding each of these terms. To bound (b), we apply the following
now-standard self-normalized bound with zt ← xt and ηt ← wt.

Proposition 3.1 (Abbasi-Yadkori et al. [2011], Sarkar and Rakhlin [2019]). Let (Ft)∞t=1

be a filtration, ηt ∼ N (0, σ2Id), and (zt)
∞
t=1 a Rd-valued stochastic process. Denote VT :=∑T

t=1 xtx
⊤
t + V0 for some V0 ≻ 0. Then with probability at least 1− δ, for all T ≥ 1, we have:∥∥∥∥(∑T

t=1ztzt

)−1/2∑T
t=1ztη

⊤
t

∥∥∥∥
op

≤ σ

√
8 log

1

δ
+ 4 log det(VTV

−1
0 + I) + 8d log 5.

In order to estimate A⋆ as quickly as possible, the above decomposition then suggests
that we must choose our inputs to ensure that (a) is as small as possible—equivalently, that
the minimum eigenvalue of the covariates is as large as possible. The primary technical
challenge in our analysis comes from lower-bounding (a) when we are driving the system
(3.0.1) with some general input signal, u, and in showing that we can excite (3.0.1) with the
optimal input without perfect knowledge of A⋆. We present our solutions to these challenges
in Sections 3.2 and 3.3, but first provide some additional notation for the covariance matrices
and input signals.
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3.1.2 Frequency-Domain Representations and Covariance Matrices

We let bold vectors u = (ui)
k
i=1 ∈ Ckdu denote sequences of inputs. We say u is mean-zero if∑k

i=1 ui = 0, and denote the discrete-time Fourier transform (DFT) of u as:

ǔ = (ǔℓ)
k
ℓ=1 = F(u) ∈ Ckdu , where ǔℓ =

k∑
s=1

us exp

(
2πιs

k
· ℓ
)
. (3.1.3)

The mapping F is invertible, though in general F−1 : Ctdu → Ctdu . However, if our frequency-
domain representation is symmetric, we have that the inverse DFT is purely real.

Definition 3.1.2 (Symmetric Signal). We say that ǔ = (ǔℓ)
k
ℓ=1 ∈ Ckdu is symmetric if

ǔℓ = conj(ǔk−ℓ) for ℓ < k and ǔk is purely real, where conj(·) denotes the complex conjugate.

Fact 1. F−1(ǔ) is a vector with real coefficients if and only if ǔ is symmetric.

We now consider a convex relation of the outerproduct of this DFT. First, some prelim-
inaries. For a complex vector z ∈ Cd (resp. matrix A ∈ Cd1×d2), let zH (resp. AH) denote
its Hermitian adjoint; i.e., the complex conjugate of its transpose. We denote the set of
Hermitian matrices as Hd := {A ∈ Cd×d : AH = A}, and the set of positive-semidefinite
Hermitian matrices Hd

+ := {A ∈ Hd : zHAz ≥ 0, ∀z ∈ Cd}. Given ǔ = (ǔℓ)
k
ℓ=1 ∈ Ckdu , we

define its outerproduct as the sequence of complex-rank one Hermitian matrices, U = (Uℓ)
k
ℓ=1,

defined by

ǔ⊗ ǔ := U = (Uℓ)
k
ℓ=1, where Uℓ = ǔℓǔ

H
ℓ ∈ Hd

+.

We now define the following set, which relaxes outer products to matrix sequences of the
above form, with a total power constraint on their trace:

Uγ2,k :=

{
U = (Uℓ)

k
ℓ=1 : Uℓ ∈ Hd

+, U is symmetric,
k∑
ℓ=1

tr(Uℓ) ≤ k2γ2

}
.

Critically, Uγ2,k is convex. We also define U0
γ2,k to be the restriction of Uγ2,k to signals with

Uk = 0, corresponding to zero-mean signals. We generalize the definition of symmetric signals
here to matrices, defining it identically as we have defined symmetric vector signals. The
following class of sequences U are of particular importance.

Definition 3.1.3 (Rank One Relaxation). We say that U = {Uℓ : 1 ≤ ℓ ≤ k} ∈ Uγ2,k is rank
one if there exists a vector ǔ ∈ Ckdu such that U = ǔ⊗ ǔ.

Lastly, we define a frequency-domain covariance operator defined on U ∈ Uγ2,k, for
θ = (A,B):

Λfreq
k (θ,U ) :=

1

k

k∑
ℓ=1

(eι
2πℓ
k I − A)−1BUℓB

H(eι
2πℓ
k I − A)−H,
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Λfreq
t,k (θ,U ) :=

t

k
Λfreq
k (θ,U).

We will overload notation, defining

Λfreq
k (θ, ǔ) = Λfreq

k (θ, ǔ⊗ ǔ), Λfreq
t,k (θ, ǔ) = Λfreq

t,k (θ, ǔ⊗ ǔ)
Λfreq
k (θ,u) = Λfreq

k (θ, ǔ), Λfreq
t,k (θ,u) = Λfreq

t,k (θ, ǔ).

for u = F−1(ǔ). The following result shows that Λfreq
k (θ,u) corresponds to the steady-state

covariates of our system when an input u is played.

Proposition 3.2. Let U ∈ Uγ2,k be rank one, with U = ǔ⊗ ǔ, ǔ ∈ Ckdu. Let u = (ut)
k
t=1 =

F−1(ǔ). Define the extended inputs

uext
1:T = (uext

t )t≥1, where uext
t = umod(t,k).

Finally, let xu denote the evolution of (3.0.1) when executing the input uext
t , and with wt = 0

for all t. Then

1. 1
k
Λfreq
k (θ,U) = limT→∞

1
T

∑T−1
s=0 xus (x

u
s )

⊤ = limT→∞
1
T
Λin
T (θ,u

ext, x0).

2. Let k′ ≥ k be divisible by k. Let u′ = (uext
s )k

′
s=1, and define the frequency domain

quantities

ǔ′ = (ǔ′
ℓ)
k′

ℓ=1 = F(u′), U ′ = ǔ′ ⊗ ǔ′.

Then Λfreq
k′ (θ,U ′) = k′

k
Λfreq
k (θ,U).

Noise-Augmented Covariances. We shall also study the covariance matrix that arises
from exciting the system with white noise of covariance Λu, when the process noise has
covariance Λw:

Λnoise
t (θ,Λu) :=

t−1∑
s=0

AsΛw(A
s)⊤ +

t−1∑
s=0

AsBΛuB
⊤(As)⊤.

We will overload notation and set

Λnoise
t (θ, σu) := Λnoise

t (θ, σ2
uI).

We also define

λnoise(σu) := λmin(Λ
noise
dx (θ⋆, σu)), λnoise := λmin(Λ

noise
dx (θ⋆, γ/

√
2du))
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for θ⋆ = (A⋆, B⋆). Note that

λnoise(σu) = λmin

(
E
[
xdxx

⊤
dx | us ∼ N (0, σ2

uI), s = 0, . . . , t
])

so it follows that λnoise(σu) is the minimum eigenvalues of the covariates when we play isotropic
noise, and can be thought of as a measure of how easily the system can be excited.

Since the Fourier transform preserves Gaussianity, the relevant covariance matrices
become:

Λss
T,k(θ,U , σu) :=

1

k
Λfreq
k (θ,U ) +

1

T

T∑
t=1

Λnoise
t (θ, σu),

Λss
k (θ,U , σu) := Λss

k,k(θ,U , σu).

We will also overload notation and denote Λss
k (A,U , σu) := Λss

k ((A,B⋆),U , σu). If U is
rank one, then Proposition 3.2 implies that Λss

T,k(θ,U , σu) corresponds to the expected
steady-state covariates of the noisy system when playing inputs U . If U is not rank one,
then Λss

T,k(θ,U , σu) corresponds to the expected steady-state covariates of the noisy system
when playing a sequence of inputs formed by decomposing U into rank one inputs, as in
Algorithm 3.2.

3.2 Learning with Periodic Inputs in Linear Dynamical Systems

The primary technical contribution of this chapter is the following result, which quantifies
the scaling of the covariates in a particular direction v when (3.0.1) is being driven by some
periodic input signal u = (ut)

k
t=1, that is, when u is played repeatedly on (3.0.1).

Proposition 3.3. Consider any v ∈ Sd−1 and let xt evolve according to the dynamical system
(3.0.1) under mean-zero input u. Let Tss ≥ 0 be a value large enough that, for any T ≥ 0:∣∣∣∣∣

Tss+T+k∑
t=Tss+T+1

(v⊤xut − v⊤x̄uTss+T :k)
2 − v⊤Λfreq

k (A⋆,u)v

∣∣∣∣∣ ≤ 1

10
v⊤Λfreq

k (A⋆,u)v (3.2.1)

where x̄uT :k :=
1
k

∑T+k
t=T+1 x

u
t . Then we have that

P

[
Tss+T∑
t=Tss+1

(v⊤xt)
2 ≤ 2

81
⌊T/k⌋v⊤Λfreq

k (A⋆,u)v

]
≤ e−

2
81

⌊T/k⌋. (3.2.2)

The proof of Proposition 3.3 is somewhat technical, and we defer it to Section 3.4. Given
this result and a careful union bound, we obtain our main lower bound on the covariates,∑T

t=1xtx
⊤
t .
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Lemma 3.2.1. Let Tss be the time such that condition (3.2.1) in Proposition 3.3 is met for
all v ∈ V, where

V =

{
v ∈ Sd−1 : v⊤Λnoise

k (A⋆, σu)v ≤
1

k
v⊤Λfreq

k (A⋆,u)v

}
.

On the event that {
∑T

t=1 xtx
⊤
t ⪯ T Λ̄T} for some Λ̄T , as long as

T ≥ 2Tss + c · k
(
dx + log det(Λ̄TΛ

ss
k (A⋆,u, σu)

−1) + log
1

δ

)
, (3.2.3)

we have that, with probability less than δ:

T∑
t=1

xtx
⊤
t ̸⪰ c · TΛss

k (A⋆,u, σu).

By Lemma 3.2.1, Proposition 3.1, and our error decomposition of the least-squares
estimator in (3.1.2), we obtain the following result.

Theorem 3.1. Consider some mean-zero input u = (ut)
k
t=1 with period k and satisfying∑k

t=1 u
⊤
t ut ≤ kγ2. Consider playing u repeatedly on (3.0.1) for T steps, and let ÂT denote

the least-squares estimator of A⋆ as given in (3.1.1). Then, as long as

T ≥ 2Tss

(
1

10
λnoise(0), k,

√
β∞T

)
+ c · k

(
dx log

β∞

λnoise(0)
+ log

1

δ

)
,

we have that with probability at least 1− δ:

∥ÂT − A⋆∥op ≤ Cσw

√
log 1

δ
+ dx log

β∞
λnoise(0)

T · λmin(Λss
k (A⋆,u, 0))

.

We defer the full proof of this result to Section 3.4. Here, Tss(
1
10
λnoise(0), k,

√
β∞T ) =

O(∥A⋆∥2H∞ · log
kTβ∞
λnoise(0)

), which we show is a sufficiently large value to ensure that condition
(3.2.1) in Proposition 3.3 is met. Note, critically, the Λss

k (A⋆,u, 0) term in the denominator.
This term quantifies how the estimation error scales in terms of the interaction between
the input and the system—an input u which produces covariates with a larger minimum
eigenvalue will achieve a faster rate of estimation, according to Theorem 3.1.

3.3 Optimal Identification of Linear Dynamical Systems

The preceding section provides rates on estimating A⋆ when a fixed input u is played. In
order to identify A⋆ as quickly as possible, we wish to first determine, and then play, the best
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input; that is, the input which achieves the fastest rate of estimation. From Theorem 3.1, we
see that we can minimize the estimation error by choosing an input that induces covariates
with the maximum possible minimum eigenvalue. The challenge, however, is that, since
the system parameters are unknown a priori, we do not know how a given input will excite
the system. Our algorithmic approach, given in Algorithm 3.1, adapts the input as more
information is gained to ensure the system is optimally excited.

Algorithm 3.1 Optimal Active LDS Identification
1: Input: Input power γ2, initial epoch length Cinitdu (Cinit ∈ N)
2: T0 ← Cinitdu, k0 ← Cinit, T ← T0

3: Run system for T0 steps with ut ∼ N (0, γ
2

du
I)

4: for i = 1, 2, 3, ... do
5: Âi−1 ← argminA

∑T
t=1 ∥xt+1 − Axt −B⋆ut∥22

6: Ti ← T02
i, ki ← k02

⌊i/4⌋, T ← T + Ti

7: Compute input Ui ← argmaxU∈U0
γ2/2,ki

λmin

(
Λss
ki
(Âi−1,U , γ√

2du
)
)

8: (ũit)
Ti
t=1 ← ConstructTimeInput(Ui, Ti/du, ki)

9: Run system for Ti steps with ut = ũit + uwt , uwt ∼ N (0, γ2

2du
I)

Algorithm 3.1 proceeds in epochs, with epoch length increasing exponentially. At each
epoch it first obtains an estimate of A⋆ using the data collected at previous epochs, then,
given this estimate, computes the inputs which will produce the covariates with the largest
minimum eigenvalue on the estimated system. After computing these inputs, it plays them
for the full epoch and the true system, and the process repeats. We see that Algorithm 3.1
plays inputs from the set Uγ2/2,ki—that is, inputs with period ki at epoch i. As ki increases
with i, the inputs can be made increasingly expressive. We show that, for large enough ki,
the set Uγ2/2,ki contains an optimal input.

Computational Efficiency of Algorithm 3.1. Note that the set U0
γ2/2,k is convex, λmin(X)

is concave, and Λss
ki
(Âi−1,U , γ√

2du
) is affine in U . It follows that the input optimization on

Line 7 is a convex optimization problem, and can therefore be efficiently solved by standard
SDP solvers. As this is the primary computational burden of Algorithm 3.1, we conclude
that Algorithm 3.1 is computationally efficient.

The ConstructTimeInput Subroutine. For the constraint set Uγ2/2,k on the input design
problem of Line 7 to be convex, we allow our input set to contain inputs that are not rank
one. While this relaxation allows our input design problem to be efficiently solved, for a given
U ∈ Uγ2/2,k that is not rank one, it is not clear if U can be implemented in the time domain.
Indeed, Proposition 3.2 shows that, if U is rank one, there exists some time domain input
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u = (ut)
k
t=1 such that

1

k
Λfreq
k (θ,U) = lim

T→∞

1

T

T−1∑
t=0

xus (x
u
s )

⊤

which implies that we can approximately realize the response covariates Λss
T,k(θ,U , γ/

√
2du)

in the time domain, but this relationship no longer holds if U is not rank one. To remedy
this, we propose the following procedure, which decomposes an arbitrary, not necessarily rank
one, input U into a sequence of inputs that can be realized in the time domain.

Algorithm 3.2 ConstructTimeInput(U , T, k)
1: Denote eigendecompositions Uℓ =

∑du
j=1 λℓ,jvℓ,jv

H
ℓ,j, ℓ = 1, . . . , k, Uℓ ∈ U

2: ut = 0 ∈ Rdu for t = 1, . . . , duT
3: for j = 1, . . . , du do
4: ǔℓ,j ←

√
duλℓ,jvℓ,j for ℓ = 1, . . . , k

5: for n = 1, . . . , T/k do
6: u(j−1)T+(n−1)k+1, . . . , u(j−1)T+nk ← F−1(ǔ1,j, . . . , ǔk,j)

7: return u1, . . . , uduT

As the following result shows, ConstructTimeInput produces a time domain input which
realizes the response covariates Λfreq

k (θ,U) for arbitrary U .

Proposition 3.4. Let U ∈ Uγ2,k not necessarily rank one. Let um = (ut)
dumk
t=1 denote the

time-domain input returned by calling ConstructTimeInput(U ,mk, k) with m an integer.
Then

1

k
Λfreq
k (θ,U) = lim

m→∞

1

dumk

dumk∑
t=0

xum
t (xum

t )⊤

and, furthermore, the input satisfies
∑dumk

t=1 u⊤
t ut ≤ dumkγ2, where here xut denotes the

response of the noiseless dynamical system to input u.

Note that the power constraint on the time-domain realization of U given in Proposi-
tion 3.4 ensures that the inputs played by Algorithm 3.1 live in Πγ2 , thus satisfying the power
constraint given in Definition 3.1.1.
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3.3.1 Active Identification of Linear Dynamical Systems

Let:

λ⋆min := lim sup
k→∞

sup
U∈Uγ2,k

λmin(Λ
ss
k (A⋆,U , 0)).

That is, λ⋆min denotes the largest achievable steady-state minimum eigenvalue on (3.0.1), given
that we are playing inputs in the set Uγ2,k. We then have the following result.

Theorem 3.2. Assume that

T ≥ poly

(
γ2, σ2

w, ∥A⋆∥H∞ , ∥B⋆∥op,
1

λnoise

, log
1

δ

)
.

Then with probability at least 1 − δ, the estimate ÂT produced after T steps of running
Algorithm 3.1 satisfies:

∥ÂT − A⋆∥op ≤ C · σw

√
log 1/δ + dx log(β∞/λnoise + 1)

λ⋆min · T
,

and, furthermore, the inputs (ut)
T
t=1 played by Algorithm 3.1 satisfy

∑T
t=1 E[u⊤

t ut] ≤ Tγ2.

Theorem 3.2 states that Algorithm 3.1 estimates A⋆ at a rate which scales with λ⋆min,
the best possible minimum eigenvalue achievable under the desired input power constraint.
The proof of Theorem 3.2 is given in Section 3.5. While Theorem 3.2 achieves a rate scaling
with λ⋆min, we have not yet shown that this is necessary. We next show that this is indeed the
case—the rate of estimating A⋆ is fundamentally limited by λ⋆min. Towards formalizing this,
we introduce the following definition.

Definition 3.3.1 ((ϵ, δ)-Locally-Stable Algorithm). We call an algorithm (ϵ, δ)-locally-stable
in A if there exists a finite time Tϵδ such that for all t ≥ Tϵδ and all A′ ∈ B(A, 3ϵ): PA′

[∥Ât −
A′∥2 ≤ ϵ] ≥ 1 − δ, where here PA′ is the measure induced when the true matrix is A′,
B(A, 3ϵ) := {A′ ∈ Rd×d : ∥A−A′∥op ≤ 3ϵ}, and Ât is the estimate obtained by the algorithm
after t observations

Intuitively, a decision rule is (ϵ, δ)-locally stable in A if, for every A′ “near” A, our decision
rule is able to produce an estimate Ât close to A′—that is, for each A′, it can correctly solve
the estimation problem. We then have the following result.

Theorem 3.3. For any algorithm (ϵ, δ)-locally-stable in A⋆ and which plays inputs in Πγ2,
as long as ϵ, δ satisfy 1

ϵ2
· log 1

δ
≥ poly(dx, du, ∥A⋆∥H∞ , ∥B⋆∥op, 1

λ⋆min
, γ2, σ2

w), we must have:

Tϵδ ≥
1

λ⋆min

· σ2
w

32ϵ2
log

1

2.4δ
.
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Rearranging Theorem 3.2, we see that to ensure ∥ÂT − A⋆∥op ≤ ϵ with probability at
least 1− δ, it suffices if

T ≥ C

λ⋆min

· σ
2
w

ϵ2

(
log

1

δ
+ dx log(β∞/λnoise + 1)

)
.

Thus, for small enough δ, Theorem 3.2 requires only that T ≥ C
λ⋆min
· σ

2
w

ϵ2
log 1

δ
in order to produce

an ϵ-good estimate of A⋆, which, up to constants, precisely matches the rate of Theorem 3.3.
Therefore, for small enough δ and goal tolerance ϵ, Theorem 3.2 and therefore Algorithm 3.1
are unimprovable. Note that this optimality holds in a very strong instance-dependent sense.
For any system (A⋆, B⋆) satisfying Assumption 3.1, Theorem 3.3 provides a lower bound on
the sample complexity required to estimate A⋆ up to tolerance ϵ, and Theorem 3.2 matches
this complexity.

3.3.2 Interpreting the Results

Does active system identification yield an improvement over passive identification? To answer
this question, we consider the system with A⋆ = V ΓV ⊤ for orthogonal V , real, diagonal Γ ⪰ 0,
and B⋆ = I. Denote the eigenvalues of A⋆ as 1 > λ1 ≥ λ2 ≥ . . . ≥ λd and λ = [λ1, λ2, ..., λd].
For simplicity assume that γ2/dx ≥ σ2

w. The following result compares the performance of
Algorithm 3.1 with two approaches which rely on random noise to excite the system.

Corollary 3.4. Assume that δ is chosen so that log 1
δ
≳ dx. Then for ϵ small enough,

Algorithm 3.1 will obtain an estimate ÂT satisfying ∥ÂT − A⋆∥op ≤ ϵ with probability at least
1− δ for

T = O
(
∥1− λ∥22

γ2
· σ

2
w

ϵ2
· log 1

δ

)
.

In contrast, to achieve ∥ÂT − A⋆∥op ≤ ϵ with probability 1− δ playing input ut ∼ N (0, γ
2

dx
I),

we must have

T ≥ Ω

(
dx|1− λd|

γ2
· σ

2
w

ϵ2
· log 1

δ

)
,

and if playing ut ∼ N (0,Σ) for the optimal Σ ensuring our inputs are in Πγ2, we must have

T ≥ Ω

(
∥1− λ∥1

γ2
· σ

2
w

ϵ2
· log 1

δ

)
.

From Corollary 3.4, we see that active identification can indeed yield a significant
improvement over approaches which are passive, or excite the system with only noise. Indeed,
consider the case when λi = 1− 1/dx. Then ∥1− λ∥22 = 1

dx
, while dx|1− λd| = ∥1− λ∥1 = 1,
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so Algorithm 3.1 will yield an improvement of a factor of the dimensionality as compared
to passive approaches, or approaches which only excite the system via random noise (even
the optimal choice of random noise). Note that these approaches would still yield “persistent
excitation”, ensuring that all modes of the system are excited throughout the trajectory.
However, this result shows that, while persistent excitation may be sufficient for learning, it
can be far from optimal, and that to achieve the optimal rate we must instead tune our input
to optimally excite the system.

3.4 Proof of Theorem 3.1

We now prove Theorem 3.1, our main estimation error bound. We start with some additional
notation. Throughout this section we will consider inputs u = (ut)

k−1
t=0 of period k. For t > k,

we overload notation and let ut := umod(t,k). We will sometimes break up the state into the
portion driven by the input u, xut , and the portion driven by the noise, xwt . In particular, we
have

xut+1 = A⋆x
u
t +B⋆ut, xwt+1 = A⋆x

w
t + wt.

Due to linearity, xt = xut + xwt . We let xu,ss denote the steady-state response. That
is, xu,sst = limi→∞ xuik+mod(t,k), the response of (3.0.1) to playing u once the system has
fully mixed and forgotten the initial condition. Unless otherwise noted, we assume that u
satisfies the power constraint

∑k
t=1 u

⊤
t ut ≤ kγ2. Note that, by Parseval’s Theorem, we have

Λfreq
k (A⋆,u) =

∑k−1
t=0 x

u,ss
t (xu,sst )⊤. Furthermore, we have xut = xu,sst + At

⋆(x0 − xu,ss0 ), for x0

the initial state of (3.0.1) (when it is non-zero).
To control the transient behavior of (3.0.1), let:

τ(A, ρ) := sup{∥Ak∥opρ−k : k ≥ 0}.

τ(A, ρ) is therefore the smallest value such that ∥Ak∥op ≤ τ(A, ρ)ρk for all k, and controls
the rate at which the system “forgets”. We will define

ρ⋆ := max

{
1

2
,

2∥A⋆∥H∞∥A⋆∥op
1 + 2∥A⋆∥H∞∥A⋆∥op

}
, τ⋆ := τ(Ã⋆, ρ⋆) for Ã⋆ :=

[
A⋆ B⋆

0 0

]
.

The following result relates τ⋆ and 1
1−ρ⋆ to ∥A⋆∥H∞ and ∥B⋆∥op, which will aid in simplifying

our results.

Lemma 3.4.1. The following upper bounds hold:

1

1− ρ⋆
≤ 2 + 2∥A⋆∥2H∞ , τ⋆ ≤ 2(1 + 2∥B⋆∥op)∥A⋆∥H∞ .
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For initial state x0 not necessarily zero, we define

Tss(ζ, k, ∥x0∥2) :=
c

1− ρ⋆
· log

(
kγτ⋆∥A⋆∥H∞∥B⋆∥op(1 + ∥x0∥2)

ζ(1− ρ⋆)

)
. (3.4.1)

We have the following expanded version of Theorem 3.1.

Theorem 3.5. Consider some set of inputs (ui)
p
i=1, such that each ui has period k and

satisfies the power constraint
∑k

t=1 u
⊤
i,tui,t ≤ kγ2. Assume that we start from some initial

state x0 and play input u1 for T/p steps, then u2 for T/p steps, and so on, combined with
input noise distributed as N (0, σ2

u · I). Then on the event

E :=
{∑T

t=1xtx
⊤
t ⪯ T Λ̄T

}
,

and as long as

T

p
≥ 2Tss

(
1

10
λnoise(σu), k,

√
T∥Λ̄T∥op

)
+c·k

(
dx + log det(Λ̄T/λnoise(σu)) + log

p

δ

)
, (3.4.2)

we have that with probability at least 1− δ:

∥Â− A⋆∥op ≤ Cσw

√
log 1

δ
+ log det(Λ̄T/λnoise(σu) + I) + dx

T · λmin(Λss
k (A⋆,U , σu))

where U := 1
p

∑p
i=1 ǔi ⊗ ǔi.

Note that Theorem 3.1 is a directly corollary of this bound in the case when p = 1.

Proof of Theorem 3.5. First define the following events:

A :=

∥Â− A⋆∥op ≤ Cσw

√
log 1

δ
+ log det(Λ̄T/λnoise(σu) + I) + dx

T · λmin(Λss
k (A⋆,U , σu))


E1 :=

{
T∑
t=1

xtx
⊤
t ⪰ c1TΛ

ss
k (A⋆,U , σu)

}

E1,i :=


T i/p∑

t=T (i−1)/p

xtx
⊤
t ⪰ c1

T

p
Λss
k (A⋆,ui, σu)

 , i = 1, . . . , p,

E2 :=


∥∥∥∥∥∥
(

T∑
t=1

xtx
⊤
t

)−1/2 T∑
t=1

xtw
⊤
t

∥∥∥∥∥∥
op

≤ c2σw

√
log

1

δ
+ dx + log det(Λ̄T/λnoise(σu) + I)


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Our goal now is to bound P[Ac ∩ E ]. To achieve this, we aim to show that each of E1, E1,i,
and E2 hold with high probability, and that on these events A must hold. We have:

P[Ac ∩ E ] ≤ P[Ac ∩ E ∩ E1 ∩ E2] + P[E ∩ E1 ∩ Ec2 ] + P[E ∩ Ec1 ].

Note that on E , we can bound ∥xt∥2 ≤
√

T∥Λ̄T∥op for all t. By Lemma A.1.1, the burn-in
condition required by Lemma 3.2.1 will then be met when playing input ui if

T

p
≥ max

v∈Vi

2Tss

(
1

10k
v⊤Λfreq

k (A⋆,u)v, k,
√

T∥Λ̄T∥op
)
+ ck

(
dx + log det(Λ̄TΛ

ss
k (A⋆,ui, σu)

−1) + log p
δ

)
,

for Vi as defined in Lemma 3.2.1, with respect to input ui. By definition of Vi, for each v ∈ Vi
we have 1

k
v⊤Λfreq

k (A⋆,ui)v ≥ v⊤Λnoise
k (A⋆, σu)v ≥ λnoise(σu), so Tss(

1
10
λnoise(σu), k,

√
T∥Λ̄T∥op) ≥

Tss(
1

10k
v⊤Λfreq

k (A⋆,u)v, k,
√

T∥Λ̄T∥op). Furthermore, we have Λss
k (A⋆,ui, σu) ⪰ λnoise(σu) · I.

Together, this implies that the burn-in condition required by Lemma 3.2.1 will be met if

T

p
≥ 2Tss

(
1

10
λnoise(σu), k,

√
T∥Λ̄T∥op

)
+ c · k

(
dx + log det(Λ̄T/λnoise(σu)) + log

p

δ

)
.

As this is precisely the condition required by (3.4.2), by Lemma 3.2.1 it follows that P[E∩Ec1,i] ≤
δ/p. Union bounding over all i, we have that P[E ∩ (∪pi=1Ec1,i)] ≤ δ. Note that, by definition
of U , we have

Λfreq
k (A⋆,U , σu) =

1

p

p∑
i=1

Λfreq
k (A⋆,ui, σu),

which implies that Λss
k (A⋆,U , σu) = 1

p

∑p
i=1Λ

ss
k (A⋆,ui, σu). Thus, on ∩pi=1E1,i, we have∑T

t=1 xtx
⊤
t ⪰ c1TΛ

ss
k (A⋆,U , σu). It follows that E1 holds on ∩pi=1E1,i, so P[E ∩ Ec1 ] ≤ δ.

By Proposition 3.1 and since Λss
k (A⋆,U , σu) ⪰ λnoise(σu)·I, we have that P[E∩E1∩Ec2 ] ≤ δ.

By the error decomposition of the least-squares estimator given in (3.1.2), we see that
P[Ac ∩ E ∩ E1 ∩ E2] = 0. The result then follows after rescaling δ.

3.4.1 Lower Bounding Minimum Eigenvalue of Covariates

The key piece in proving Theorem 3.5 is a high-probability lower bound on the covariates
when playing a periodic input. Our main lower bound is encapsulated in Lemma 3.2.1, which
is itself a consequence of Proposition 3.3. We prove these results in this section.

Proof of Lemma 3.2.1. The proof of this follows Simchowitz et al. [2018] closely but replacing
Proposition 2.5 of Simchowitz et al. [2018] with our Proposition 3.3.

Let Ft denote the filtration generated by (3.0.1) for noise and inputs up to t. Take some
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s ≥ 0, then:
v⊤xs+t | Fs ∼ N

(
v⊤At

⋆xs + v⊤xus+t, v
⊤Λnoise

t−s (A⋆, σu)v
)
.

Given this, we have that xs+t satisfies the (2k,Λnoise
k (A⋆, σu), 3/20)-BMSB condition, as

defined in Simchowitz et al. [2018] (see Proposition 3.1 of Simchowitz et al. [2018] for a
justification of this). We can then apply Proposition 2.5 of Simchowitz et al. [2018] to get
that, for any v ∈ Sd−1:

P

[
T∑
t=1

(v⊤xt)
2 ≤ 9

3200
k⌊T/k⌋v⊤Λnoise

k (A⋆, σu)v

]
≤ e−

9
6400

⌊T/k⌋.

This further implies that

P

[
T∑
t=1

(v⊤xt)
2 ≤ 9

3200
k⌊T−Tss

k
⌋v⊤Λnoise

k (A⋆, σu)v

]
≤ e−

9
6400

⌊T−Tss
k

⌋.

By Proposition 3.3, for v ∈ V , we have that

P

[
T∑
t=1

(v⊤xt)
2 ≤ 2

81
⌊T−Tss

k
⌋v⊤Λfreq

k (A⋆,u)v

]
≤ P

[
T∑

t=Tss

(v⊤xt)
2 ≤ 2

81
⌊T−Tss

k
⌋v⊤Λfreq

k (A⋆,u)v

]

≤ e−
2
81

⌊T−Tss
k

⌋.

We see then that, for v ∈ V ,

P

[
T∑
t=1

(v⊤xt)
2 ≤ 9

6400
⌊T−Tss

k
⌋v⊤Λss

k (A⋆,u, σu)w

]
≤ P

[{
T∑
t=1

(v⊤xt)
2 ≤ 9

3200
k⌊T−Tss

k
⌋v⊤Λnoise

k (A⋆, σu)v

}

∪

{
T∑
t=1

(v⊤xt)
2 ≤ 2

81
⌊T−Tss

k
⌋v⊤Λfreq

k (A⋆,u)v

}]
≤ e−

9
6400

⌊T−Tss
k

⌋ + e−
2
81

⌊T−Tss
k

⌋

≤ 2e−
9

6400
⌊T−Tss

k
⌋.

For v ∈ Sd−1\V , we have v⊤Λss
k (A⋆,u, σu)v ≤ 2v⊤Λnoise

k (A⋆, σu)v, so that

P

[
T∑
t=1

(v⊤xt)
2 ≤ 9

6400
k⌊T−Tss

k
⌋v⊤Λss

k (A⋆,u, σu)v

]

≤ P

[
T∑
t=1

(v⊤xt)
2 ≤ 9

3200
k⌊T−Tss

k
⌋v⊤Λnoise

k (A⋆, σu)v

]
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≤ e−
9

6400
⌊T−Tss

k
⌋.

Following the proof of Theorem 2.4 of Simchowitz et al. [2018], let T be a 1/4-net in the norm
T Λ̄T of

{
v : 9

6400
k⌊T−Tss

k
⌋v⊤Λss

k (A⋆,u, σu)v = 1
}
. By Lemma D.1 of Simchowitz et al. [2018],

we have that |T | ≤ c · d+ log det(Λ̄TΛ
ss
k (A⋆,u, σu)

−1). Then by Lemma 4.1 of Simchowitz
et al. [2018] we have:

P

[
T∑
t=1

xtx
⊤
t ̸⪰

9

12800
k⌊T−Tss

k
⌋v⊤Λss

k (A⋆,u, σu)v,
T∑
t=1

xtx
⊤
t ⪯ T Λ̄T

]

≤ P

[
∃v ∈ T :

T∑
t=1

(v⊤xt)
2 <

9

6400
k⌊T−Tss

k
⌋v⊤Λss

k (A⋆,u, σu)v,
T∑
t=1

xtx
⊤
t ⪯ T Λ̄T

]

≤ 2 exp

(
−
9⌊T−Tss

k
⌋

6400
+ c · dx + log det(Λ̄TΛ

ss
k (A⋆,u, σu)

−1)

)
(a)

≤ 2 exp

(
−27(T − Tss)

25600k
+ c · dx + log det(Λ̄TΛ

ss
k (A⋆,u, σu)

−1)

)
(b)

≤ δ

where (a) holds so long as T ≥ Tss+4k, which will be true by (3.2.3), and (b) holds by (3.2.3).
Finally, if T ≥ Tss + 4k and (3.2.3) holds, we have k⌊T−Tss

k
⌋ ≥ c · T , which completes the

result.

Proof of Proposition 3.3. Denote α := v⊤Λfreq
k (A⋆,u)v =

∑k−1
t=0 (v

⊤xu,sst )2. Let

zt := v⊤xTss+t = v⊤(xuTss+t + xwTss+t), µt := v⊤xuTss+t − v⊤x̄uTss+⌊(t−1)/k⌋k:k.

Note that
∑k

t=1 µjk+t = 0 for any j ≥ 0, and that µt is a deterministic quantity. Also define

Bj := I

[
k∑
i=1

z2jk+i ≥ c1

k∑
i=1

µ2
jk+i

]

for some c1 to be specified. Then
∑k

i=1 z
2
jk+i ≥

(
c1
∑k

i=1 µ
2
jk+i

)
Bj . Let S = ⌊T/k⌋ and c2 be

some constant to be specified. Our goal is to bound P
[∑T

t=1 z
2
t ≤ c2

∑T
t=1 µ

2
t

]
. First,

P

[
T∑
t=1

z2t ≤ c2

T∑
t=1

µ2
t

]
≤ P

[
S−1∑
j=0

(
c1

k∑
i=1

µ2
jk+i

)
Bj ≤ c2

T∑
t=1

µ2
t

]
(3.4.3)
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≤ inf
λ<0

exp

{
−λc2

T∑
t=1

µ2
t

}
E

[
exp

{
λ

S−1∑
j=0

(
c1

k∑
i=1

µ2
jk+i

)
Bj

}]

where the last inequality is simply Chernoff’s bound. Next, let Fj denote the σ-field generated
by w0, ..., wTss+jk. We have that:

E[Bj|Fj] = P

[
k∑
i=1

z2jk+i ≥ c1

k∑
i=1

µ2
jk+i | Fj

]

= P

[
k∑
i=1

(
µjk+i + v⊤xwTss+jk+i + v⊤x̄uTss+jk

)2 ≥ c1

k∑
i=1

µ2
jk+i | Fj

]

= P

 k∑
i=1

(
µjk+i + v⊤

i−1∑
s=0

Ai−s−1
⋆ wTss+jk+s + v⊤Ai

⋆x
w
Tss+jk + v⊤x̄uTss+jk

)2

≥ c1

k∑
i=1

µ2
jk+i | Fj



where the last equality follows since

xwTss+jk+i = Ai
⋆x
w
Tss+jk +

i−1∑
s=0

Ai−s−1
⋆ wTss+jk+s.

Note that, conditioned on Fj , v⊤Ai
⋆x
w
Tss+jk

and v⊤x̄uTss+jk are deterministic. Further, since wt is
mean 0, v⊤

∑i−1
s=0A

i−s−1
⋆ wTss+jk+i will simply be a linear combination of mean 0 Gaussians and

so will itself be a mean 0 Gaussian. This implies that P[v⊤
∑i−1

s=0 A
i−s−1
⋆ wTss+jk+i ≥ 0] = 1/2.

Since we have constructed µt in such a way as to be mean zero over a block of length k,
for any fixed a:

k∑
i=1

(µjk+i + a)2 =
k∑
i=1

µ2
jk+i + a

k∑
i=1

µjk+i + a2 =
k∑
i=1

µ2
jk+i + a2 ≥

k∑
i=1

µ2
jk+i.

In particular then

k∑
i=1

(µjk+i + v⊤Ai
⋆x
w
Tss+jk + v⊤x̄uTss+jk)

2 | Fj ≥
k∑
i=1

µ2
jk+i | Fj, (3.4.4)

which implies

P

 k∑
i=1

(
µjk+i + v⊤

i−1∑
s=0

Ai−s−1
⋆ wTss+jk+s + v⊤Ai

⋆x
w
Tss+jk + v⊤x̄uTss+jk

)2

≥ c1

k∑
i=1

µ2
jk+i | Fj


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≥ P

 k∑
i=1

(
µjk+i + v⊤

i−1∑
s=0

Ai−s−1
⋆ wTss+jk+s + v⊤Ai

⋆x
w
Tss+jk + v⊤x̄uTss+jk

)2

≥ c1

k∑
i=1

(µjk+i + v⊤Ai
⋆x
w
Tss+jk + v⊤x̄uTss+jk)

2 | Fj

]

≥ P

[
k∑
i=1

(
µjk+i + v⊤Ai

⋆x
w
Tss+jk + v⊤x̄uTss+jk

)2 I[∣∣∣∣∣µjk+i + v⊤
i−1∑
s=0

Ai−s−1
⋆ wTss+jk+s

+v⊤Ai
⋆x
w
Tss+jk + v⊤x̄uTss+jk

∣∣ ≥ ∣∣µjk+i + v⊤Ai
⋆x
w
Tss+jk + v⊤x̄uTss+jk

∣∣ ]

≥ c1

k∑
i=1

(µjk+i + v⊤Ai
⋆x
w
Tss+jk + v⊤x̄uTss+jk)

2 | Fj

]
(a)

≥ 1/2− c1
1− c1

.

Here the last inequality follows by a reverse Markov inequality which states that, for any
random variable Z supported in [0, 1] almost surely and with E[Z] ≥ p ∈ (0, 1), for all
t ∈ [0, p], P[Z ≥ t] ≥ p−t

1−t [Simchowitz et al., 2018]. Noting that, since the noise is 0 mean
Gaussian, we have

E

[
k∑
i=1

(
µjk+i + v⊤Ai

⋆x
w
Tss+jk + v⊤x̄uTss+jk

)2 I[∣∣∣∣∣µjk+i + v⊤
i−1∑
s=0

Ai−s−1
⋆ wTss+jk+s + v⊤Ai

⋆x
w
Tss+jk

+v⊤x̄uTss+jk
∣∣ ≥ ∣∣µjk+i + v⊤Ai

⋆x
w
Tss+jk + v⊤x̄uTss+jk

∣∣ ] | Fj]

=
k∑
i=1

(
µjk+i + v⊤Ai

⋆x
w
Tss+jk + v⊤x̄uTss+jk

)2 P[∣∣∣∣∣µjk+i + v⊤
i−1∑
s=0

Ai−s−1
⋆ wTss+jk+s + v⊤Ai

⋆x
w
Tss+jk

+v⊤x̄uTss+jk
∣∣ ≥ ∣∣µjk+i + v⊤Ai

⋆x
w
Tss+jk + v⊤x̄uTss+jk

∣∣ | Fj]

=
1

2

k∑
i=1

(
µjk+i + v⊤Ai

⋆x
w
Tss+jk + v⊤x̄uTss+jk

)2
.

From this (a) follows by simple manipulations. Since we can choose c1 as we wish, we set it
equal to c1 = 1/4 and conclude that

E[Bj | Fj] ≥
1

3
.
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Returning to (3.4.3), we can now use this result to bound the expectation. Note that by the
tower property of conditional expectation we have

E

[
exp

{
λ
S−1∑
j=0

(
c1

k∑
i=1

µ2
jk+i

)
Bj

}]
= E

[
E

[
exp

{
λ
S−1∑
j=0

(
c1

k∑
i=1

µ2
jk+i

)
Bj

}
| FS−1

]]

= E

[
exp

{
λ

S−2∑
j=0

(
c1

k∑
i=1

µ2
jk+i

)
Bj

}
E

[
exp

{
λ

(
c1

k∑
i=1

µ2
(S−1)k+i

)
BS−1

}
| FS−1

]]
.

Then by what we just proved and applying Hoeffding’s Lemma, since λ < 0, we have

E

[
exp

{
λ

(
c1

k∑
i=1

µ2
(S−1)k+i

)
BS−1

}
| FS−1

]
≤ exp

λ

3

(
c1

k∑
i=1

µ2
(S−1)k+i

)
+

λ2

8

(
c1

k∑
i=1

µ2
(S−1)k+i

)2
 .

Repeating this procedure condition on each Fi, we get

E

[
exp

{
λ
S−1∑
j=0

(
c1

k∑
i=1

µ2
jk+i

)
Bj

}]
≤ exp

λ

3

S−1∑
j=0

(
c1

k∑
i=1

µ2
jk+i

)
+

λ2

8

S−1∑
j=0

(
c1

k∑
i=1

µ2
jk+i

)2


and so

P

[
T∑
t=1

z2t ≤ c2

T∑
t=1

µ2
t

]
≤ inf

λ<0
exp

{
−λc2

T∑
t=1

µ2
t

}
exp

λ

3

S−1∑
j=0

(
c1

k∑
i=1

µ2
jk+i

)
+

λ2

8

S−1∑
j=0

(
c1

k∑
i=1

µ2
jk+i

)2


= inf
λ<0

exp

λ
(c1
3
− c2

) S−1∑
j=0

(
k∑
i=1

µ2
jk+i

)
+

λ2

8

S−1∑
j=0

(
c1

k∑
i=1

µ2
jk+i

)2


(a)

≤ exp

−
2
((

c1
3
− c2

)∑S−1
j=0

∑k
i=1 µ

2
jk+i

)2
∑S−1

j=0

(
c1
∑k

i=1 µ
2
jk+i

)2


(b)
= exp

−C
(∑S−1

j=0

∑k
i=1 µ

2
jk+i

)2
∑S−1

j=0

(∑k
i=1 µ

2
jk+i

)2


where (a) follows from choosing the optimal λ < 0 (and assuming c2 chosen such that
c1/3− c2 is positive), and (b) uses constant C = 2(c1/3− c2)

2/c21. By (3.2.1), we have that
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∑k
i=1 µ

2
jk+i = α + αj for some |αj| ≤ α/10. Thus:

exp

−C
(∑S−1

j=0

∑k
i=1 µ

2
jk+i

)2
∑S−1

j=0

(∑k
i=1 µ

2
jk+i

)2
 = exp

−C
(∑S−1

j=0 α + αj

)2
∑S−1

j=0 (α + αj)2


≤ exp

−C
(∑S−1

j=0 9/10α
)2

∑S−1
j=0 (11/10)

2α2


= exp

{
−C 81

121
S

}
where the inequality holds from maximizing this expression over αj . Recalling that S = ⌊T/k⌋,
we conclude that

P

[
T∑
t=1

z2t ≤ c2

T∑
t=1

µ2
t

]
≤ exp

{
−C 81

121
⌊T/k⌋

}
.

It remains then to write this in form of (3.2.2). Plugging in our definitions of µt and zt, we
have that the above is equivalent to

P

[
Tss+T∑
t=Tss+1

(v⊤xt)
2 ≤ c2

T∑
t=1

(
v⊤xuTss+t − v⊤x̄uTss+⌊t/k−1⌋k:k

)2] ≤ e−C
81
121

⌊T/k⌋

(a)
=⇒ P

 Tss+T∑
t=Tss+1

(v⊤xt)
2 ≤ c2

2

⌊T/k⌋k∑
t=1

(
v⊤xu,ssTss+t

)2 ≤ e−C
81
121

⌊T/k⌋

(b)⇐⇒ P

[
T∑
t=1

(v⊤xt)
2 ≤ c2

2
⌊T/k⌋v⊤Λfreq

k (A⋆,u)v

]
≤ e−C

81
121

⌊T/k⌋

where (a) holds by our assumption on the power (3.2.1) and (b) follows by Parseval’s Theorem.
Choosing c2 to balance the constants, we get that

P

[
Tss+T∑
t=Tss+1

(v⊤xt)
2 ≤ 2

81
⌊T/k⌋v⊤Λfreq

k (A⋆,U)v

]
≤ e−

2
81

⌊T/k⌋,

which completes the proof.

3.5 Proof of Theorem 3.2

We now prove the main theorem of this chapter, Theorem 3.2. Given Theorem 3.5, our main
task is showing that the inputs played by Algorithm 3.1 are approximately optimal; that is,
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they approximately maximize the minimum eigenvalue of the covariates on the true system.
Fix an epoch i and let T =

∑i
j=0 Tj. Note that, by the definition of Ti, we will have

Ti =
1
2
(T + T0). Similarly, Ti−1 =

1
4
(T + T0). Define the following events:

E1 =

{
∥Âi−1 − A⋆∥op ≤ Cσw

√
log 1/δ + dx log(β∞/λnoise + 1)

Ti−1λnoise

=: ϵop,i−1

}

E2 =

{
∥Âi − A⋆∥op ≤ Cσw

√
log 1/δ + dx log(β∞/λnoise + 1)

Ti · λmin(Λss
ki
(A⋆,Ui,

γ√
2du

))

}

E3 :=

{
T∑
t=1

xtx
⊤
t ⪯ Tβ∞ · I

}
.

Events Ei hold. The following result shows that Algorithm 3.1 is an instance of a sequential
open-loop policy, denoted as Πsol

γ2 .

Lemma 3.5.1. Algorithm 3.1 is in Πsol
γ2 with σu =

γ√
2du

and n = O(log T ).

The definition of a sequential open-loop policy is deferred to Chapter 5, but in essence it
allows us to obtain a bound on estimation error of Âi−1 in the form given in E1. In particular,
by Lemma 5.4.1, Lemma 3.5.1 implies that Algorithm 3.1 satisfies Assumption 4.4 with

Tse := c1dx

(
(dx + du) log(β∞/λnoise + 1) + log

n

δ

)
, λ = c2λnoise, Λ̄T = β∞ · I.

Thus, as long as T ≥ Tse we will have that with probability at least 1−δ, λmin(ΣT ) ≥ c2λnoiseT
and

∑T
t=1 xtx

⊤
t ⪯ Tβ∞I. We can therefore apply Lemma C.3.2, our operator norm estimation

bound, to get that P[Ec1 ∪ Ec3 ] ≤ 2δ.
By Theorem 3.5 and given the form of the input returned by calling ConstructTimeInput

on Ui, on the event E3 and since λnoise = λnoise(
γ√
2du

) by definition, as long as

Ti
du
≥ 2Tss

(
1

10
λnoise, ki,

√
β∞T

)
+ c · ki

(
dx log

Tβ∞

λnoise

+ log
du
δ

)
we have that P[E2] ≤ δ. Note that ki ≤ T

1/4
i by construction, and furthermore that Tss

increases monotonically in ki. We see then that this condition is implied by

Ti ≥ 2duTss

(
1

10
λnoise, T,

√
β∞T

)
+ cd4/3u ·

(
dx log

Tβ∞

λnoise

+ log
du
δ

)4/3

.
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Using the definition of Tss given in (3.4.1), we can bound

Tss

(
1

10
λnoise, T,

√
β∞T

)
≤ c

1− ρ⋆
· log

(
γβ∞τ⋆∥A⋆∥H∞∥B⋆∥opT

λnoise(1− ρ⋆)

)
.

Altogether, then, it suffices that

Ti ≥
c · du
1− ρ⋆

· log
(
γβ∞τ⋆∥A⋆∥H∞∥B⋆∥opT

λnoise(σu)(1− ρ⋆)

)
+ cd4/3u ·

(
dx log

Tβ∞

λnoise

+ log
du
δ

)4/3

. (3.5.1)

Optimality of Inputs. We next wish to show that the inputs played at round i are nearly
optimal. The following result provides a bound on the suboptimaliy of the inputs obtained
on some Â, assuming Â is suffficiently close to A⋆.

Lemma 3.5.2. Assume that ∥Â− A⋆∥op ≤ ϵ for

ϵ ≤ c ·min

{
1− ρ⋆
τ⋆

,
1

∥A⋆∥H∞

,
1

γ2∥A⋆∥3H∞
∥B⋆∥2op

,
(1− ρ⋆)

2

σ2
w + σ2

u∥B⋆∥2op
,

1− ρ⋆
σ2
u∥B⋆∥opτ 2⋆

}
and that

k ≥ cmax

{
∥θ⋆∥H∞γ2

λnoise(σu)
,

1

∥θ⋆∥H∞

}
· ∥A⋆∥2H∞∥B⋆∥op +

c

1− ρ⋆
· log

(
σ2
wτ

2
⋆ + σ2

uτ
2
⋆ ∥B⋆∥2op

λnoise(σu)(1− ρ2⋆)

)
.

Then, for any k̄ ≥ dx, we have

λmin

(
1

k
Λfreq
k (A⋆, Û) +Λnoise

k (A⋆, σu)

)
≥ 1

8
· max
U∈Uγ2,k̄

λmin

(
1

k
Λfreq
k (A⋆,U) +Λnoise

k̄ (A⋆, 0)

)
for Û = argmaxU∈U0

γ2,k
λmin(

1
k
Λfreq
k (Â,U) +Λnoise

k (Â, σu)).

By Lemma 3.5.2 and given that Ui is formed identically to Û in Lemma 3.5.2 with
Â← Âi−1, on the event E1 and as long as Ti−1 is large enough that

ϵop,i−1 ≤ c ·min

{
1− ρ⋆
τ⋆

,
1

∥A⋆∥H∞

,
1

γ2∥A⋆∥3H∞
∥B⋆∥2op

,
(1− ρ⋆)

2

σ2
w + σ2

u∥B⋆∥2op
,

1− ρ⋆
σ2
u∥B⋆∥opτ 2⋆

}
(3.5.2)

and

ki ≥ max

{
16π∥θ⋆∥H∞γ2

λnoise(σu)
,

π

2∥θ⋆∥H∞

}
· ∥A⋆∥2H∞∥B⋆∥op +

1

2(1− ρ⋆)
· log

(
2(σ2

wτ
2
⋆ + σ2

uτ
2
⋆ ∥B⋆∥2op)

λnoise(σu)(1− ρ2⋆)

)
,

(3.5.3)
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we will have that

λmin(Λ
ss
ki
(A⋆,Ui,

γ√
2du

)) ≥ 1

8
· max
U∈Uγ2,k̄

λmin(Λ
ss
k̄ (A⋆,U , γ√

2du
))

for any k̄ ≥ dx. It follows that, if (3.5.3) and (3.5.3) hold:

λmin(Λ
ss
ki
(A⋆,Ui,

γ√
2du

)) ≥ 1

8
· lim sup

k̄→∞
max
U∈Uγ2,k̄

λmin(Λ
ss
k̄ (A⋆,U , 0)) =

1

8
· λ⋆min.

Thus, on the event E2 and if (3.5.3) and (3.5.3) hold:

∥Âi − A⋆∥op ≤ C ·

√
log 1/δ + dx log(β∞/λnoise + 1)

λ⋆min · Ti
.

To complete the proof, it suffices that we ensure i is large enough that (3.5.1), (3.5.3),
and (3.5.3) hold. Recall that Algorithm 3.1 uses Ti = Cinitdu2

i and ki = Cinit2
⌊i/4⌋. We then

have that
C

3/4
init

d
1/4
u

T
1/4
i ≥ Cinit2

i/4 ≥ ki ≥ Cinit2
i/4−1 =

C
3/4
init

2d
1/4
u

T
1/4
i

and Ti ≥ T/2. It follows that all above conditions will be met as long as

T ≥ poly

(
γ2, σ2

w, ∥A⋆∥H∞ , ∥B⋆∥op, τ⋆,
1

1− ρ⋆
,

1

λnoise

, log
1

δ

)
.

Finally, we apply Lemma 5.3.1 to bound τ⋆,
1

1−ρ⋆ ≤ poly(∥A⋆∥H∞ , ∥B⋆∥op). The bound on
∥Âi − A⋆∥op follows. The bound on the input power used by Algorithm 3.1 follows from the
following result.

Lemma 3.5.3. Running Algorithm 3.1, we will have 1
T

∑T
t=1 E[u⊤

t ut] ≤ γ2.

Proof. By Proposition 3.4, we have that
∑Ti

t=1(ũ
i
t)

⊤ũit ≤ Tiγ
2/2. Thus,

Ti∑
t=1

E[u⊤
t ut] ≤ Tiγ

2/2 +

Ti∑
t=1

E[(uwt )⊤uwt ] = Tiγ
2/2 +

Ti∑
t=1

γ2/2 = Tiγ
2

Thus, the average expected input power for a given epoch is bounded by γ2. It follows then
that, after running for i epochs,

1

T

T∑
t=1

E[u⊤
t ut] =

1

T

i∑
j=1

Tj∑
t=1

E[u⊤
t,jut,j] ≤

1

T

i∑
j=1

Tjγ
2 = γ2
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where the last equality follows since, by definition, T =
∑i

j=1 Tj.
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Chapter 4

Certainty Equivalent Decision Making

In the previous chapter, we considered the problem of identifying A⋆ in a linear dynamical
system. While some applications may call for learning a uniformly good estimate of A⋆, in
many applications, we want to identify the unknown parameters of our system for a specific
purpose—for example, we may wish to obtain a controller which can steer our system to
track a desired trajectory. In such settings, while we could learn A⋆ uniformly well and then
use our knowledge of A⋆ to design an effective controller, it may be more effective to focus
on learning only the portions of A⋆ that are relevant for control. In other words, we want
to explore in a task-dependent manner, focusing our exploration on the parameters of A⋆

relevant for our task.
In this chapter we lay the groundwork for a general theory of task-dependent exploration,

formalizing the setting presented in Section 1.1 for arbitrary smooth losses. We consider an
observation model somewhat more general than the linear dynamical system setting, and
assume that we have observations of the form:

yt = ⟨θ⋆, zt⟩+ wt, wt | Ft−1 ∼ N (0, σ2
w), zt is Ft−1-adapted, (4.0.1)

for θ⋆ ∈ Rdθ , a filtration (Ft)t≥1, and scalar observations yt. We allow the distribution
of the covariates zt to be arbitrary: for example, there may be some function f(. . . ) of
appropriate shape such that zt = f(t, z1:t−1, y1:t−1, w1:t, u1:t, θ⋆), for inputs of our choosing
u1:t. We emphasize the generality of this observation model: (4.0.1) encompasses essentially
any setting where we obtain linear observations of the parameter of interest. Indeed, beyond
standard linear regression, this setting encompasses linear dynamical systems (as we show in
Chapter 5), as well as more general nonlinear systems (Chapter 6).

Our goal in this setting is to learn some decision a ∈ Rda minimizing some loss Jθ⋆(a) :
Rda → R. For example, a may correspond to the parameters of a controller, and Jθ⋆(a) the
trajectory tracking error on the system with parameter θ⋆ achieved by playing controller a.
In general we assume we do not know θ⋆ a priori, and to find a decision a minimizing Jθ⋆(a),
must estimate relevant features of θ⋆. To this end, we consider the following interaction
protocol.

Task-Specific Pure Exploration Problem. The learner’s behavior is specified by an
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exploration policy πexp : (x1:t, u1:t−1) → ut and decision rule dec executed in the dynamics
(4.0.1) as follows:

1. For steps t = 1, . . . , T , the learner executes πexp and collects a trajectory τ =

(y1:T , z1:T , u1:T ), with inputs u1:T satisfying the constraint Eπexp [
∑T

t=1 ∥ut∥22] ≤ Tγ2.

2. The learner proposes a decision â = dec(τ) as a function of τ.

3. The learner suffers loss Jθ⋆(â).

Recall from Chapter 3 that we denote all exploration policies satisfying Eπexp [
∑T

t=1 ∥ut∥22] ≤
Tγ2 as Πγ2 . The focus of this chapter is on learning with a fixed exploration policy πexp—our
goal is to characterize the optimal decision rule dec given data generated by playing πexp on
(4.0.1).

Martingale Decision Making. Define the excess risk function induced by our loss as:

R(â; θ⋆) := Jθ⋆(a)− inf
a′
Jθ⋆(a′),

and the plug-in optimal decision as:

aopt(θ) := argmin
a
R(a; θ).

That is, aopt(θ) denotes the optimal decision on the model with parameter θ. In order to
ensure decision making is tractable, we require that the excess risk function R(·; ·), and the
plug-in optimal decision aopt(θ) are smooth in a certain sense:

Assumption 4.1 (Smooth Decision Making). There exist rquad(θ⋆) > 0 and constants µ > 0,
Lai, LRi, i ∈ {1, 2, 3}, and Lhess such that for any θ and a satisfying

∥θ − θ⋆∥2 ≤ rquad(θ⋆), ∥a− aopt(θ⋆)∥2 ≤ La1rquad(θ⋆), (4.0.2)

the following conditions hold:

• The optimal action aopt(θ) is unique, and moreover, there is a parameter µ such that
R(a′; θ) ≥ µ

2
∥a′ − aopt(θ)∥22 for all a′ ∈ Rda (not restricted to a′ satisfying (4.0.2)).

• ∥∇aR(a; θ)∥op ≤ LR1, ∥∇2
aR(a; θ)∥op ≤ LR2, and ∥∇3

aR(a; θ)∥op ≤ LR3.

• ∥∇θaopt(θ)∥op ≤ La1, ∥∇2
θaopt(θ)∥op ≤ La2, and ∥∇3

θaopt(θ)[δ, δ, δ]∥op ≤ La3 for all
δ ∈ Rdθ with ∥δ∥2 = 1.

• ∇2
aR(a; θ) is Lipschitz in θ with Lipschitz constant Lhess.
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We also define:

Lquad :=
1

6
(LR3L

3
a1 + 3LR2La2La1 + LR1La3), LH := 6Lquad + LR2La1 + LhessL

2
a1. (4.0.3)

We are now ready to formally define our general decision making setting.

Definition 4.0.1 (Martingale Decision Making (MDM)). Assume our excess risk R(â; θ⋆)
satisfies Assumption 4.1, our observations are generated by (4.0.1), and we follow the task-
specific pure exploration protocol stated above. Then we call the problem of choosing a
decision â to minimize R(â; θ⋆) martingale decision making (MDM).

We emphasize the generality of this set of decision making problems. While we will show
that the Lqr falls within the MDM setting, many other decision making problems can be
cast as an instance of MDM. For example, linear experiment design:

Example 4.0.1 (Linear Experimental Design). Assume that we may choose zt as we wish
in (4.0.1), then this is the standard linear regression setting, and our framework therefore
encompasses optimal linear experiment design in arbitrary smooth losses [Pukelsheim, 2006].
For example, with our decision a ← θ, we may consider the A-optimal objective Jθ⋆(θ) =
∥θ − θ⋆∥2M for some M ⪰ 0. Alternatively, we could minimize the negative log-likelihood
relative to some reference distribution ν so that Jθ⋆(θ) = EZ∼ν,Y∼p(·|Z,θ⋆)[− log(P (Y |Z, θ))]
where P (Y |Z, θ) is the likelihood of observations such that yt ∼ p(·|zt, θ⋆) [Chaudhuri and
Mykland, 1993, Chaudhuri et al., 2015, Pronzato and Pázman, 2013]. Non-smooth G-
optimal-like objectives such as Jθ⋆(θ) = maxx∈X ⟨x, θ − θ⋆⟩2 for some finite set X ⊂ Rdθ

can be captured in our framework by using an approximate smoothed objective such as
Jθ⋆(θ) = 1

λ
log
(∑

x∈X eλ⟨x,θ−θ⋆⟩
2
)

for large λ.

Certainty Equivalence Decision Rule. We are particularly interested in the certainty
equivalence decision rule [Theil, 1957, Simon, 1956]. Given a trajectory τ = (y1:T , z1:T , u1:T ),
the least squares estimator of θ⋆ is

θ̂ls(τ) = argmin
θ

T∑
t=1

∥yt − ⟨θ, zt⟩∥22.

We then define the certainty equivalence decision rule as follows.

Definition 4.0.2 (Certainty Equivalence Decision Rule). The certainty equivalence decision
rule selects the optimal decision for the least-squares estimate of the dynamics: ce(τ) :=

aopt(θ̂ls(τ)).

4.1 Upper and Lower Bounds on Martingale Decision Making

Our goal is to obtain upper and lower bounds on decision making in the MDM setting. The
key insight that lets us obtain such bounds is that, in our smooth decision making setting,
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the problem of learning a good decision can be reduced to estimation of θ⋆ in a particular,
task-dependent norm. Given this reduction, Theorems 4.3 and 4.4, our upper and lower
bounds on decision making, follow from novel upper and lower bounds on regression in
general norms, the key technical contribution of this chapter. In what follows, we outline the
reduction from decision making to estimation of θ⋆, state our bounds on estimating and θ⋆ in
general norms, and provide formal results on decision making in MDM.

4.1.1 From Decision Making to Regression

To begin, under Assumption 4.1, our key smoothness assumption, we have that the following
Lipschitz conditions hold.

Proposition 4.1. Assume that R, aopt satisfy Assumption 4.1. Then for any model θ ∈ Rdθ

and action a ∈ Rda satisfying (4.0.2), it holds that

• ∇(i)
a R(a; θ) is Lipschitz in the operator norm with Lipschitz constant LR(i+1) for i =

0, 1, 2

• ∇(i)
θ aopt(θ) is Lipschitz in the operator norm with Lipschitz constant La(i+1), for i = 0, 1.

In the above, we adopted the convention ∇(0)
x f(x) = f(x).

The next step is to relate smooth decision making to M -norm estimation. We begin by
introducing the relevant gradients and Hessians, and in particular, the model-task Hessian
H(θ).

Definition 4.1.1 (Key Gradients and Hessians). For some θ⋆ and function R, aopt, let:

• Ma(θ⋆) := ∇2
aR(a; θ⋆) at a = aopt(θ⋆).

• Ga(θ⋆) := ∇θaopt(θ) at θ = θ⋆.

• H(θ⋆) = ∇2
θR(aopt(θ); θ⋆) at θ = θ⋆. In particular, H(θ⋆) = Ga(θ⋆)

⊤Ma(θ⋆)Ga(θ⋆).

The following result utilizes Assumption 4.1 to guarantee that H(θ) is itself a smooth
map, and that the norm induced by H(θ⋆) can be used to approximate R(aopt(θ̂); θ⋆), both
of which are critical pieces in our analysis.

Proposition 4.2. Assume that R, aopt satisfy Assumption 4.1 and that θ̂ satisfies ∥θ̂−θ⋆∥2 ≤
rquad(θ⋆). Then the following hold:∣∣∣R(aopt(θ̂); θ⋆)− ∥θ̂ − θ⋆∥2H(θ⋆)

∣∣∣ ≤ Lquad · ∥θ̂ − θ⋆∥32, ∥H(θ⋆)−H(θ̂)∥op ≤ LH · ∥θ̂ − θ⋆∥2.

for Lquad and LH as given in (4.0.3).
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Note that this immediately implies an upper bound on decision making with the certainty-
equivalent decision rule:

R(aopt(θ̂); θ⋆) ≤ ∥θ̂ − θ⋆∥2H(θ⋆) + Lquad · ∥θ̂ − θ⋆∥32.

Thus, if we can control the estimation error in the H(θ⋆) norm, we can provide a bound on
the suboptimality of our decision. The argument for the lower bound is somewhat more
subtle, as we wish to obtain a lower bound on all possible decision rules, not just the certainty
equivalent rule. The following result shows that we can also lower bound the suboptimality
by the estimation error in the H(θ⋆) norm.

Lemma 4.1.1. Assume that the excess risk R and optimal-decision function aopt satisfy
Assumption 4.1. Let r > 0 be a radius parameter satisfying

r ≤ rquad(θ⋆)/4

and define the associated balls BT (θ⋆) := {θ : ∥θ − θ⋆∥2 ≤ r}. Then,

min
â

max
θ∈BT (θ⋆)

Eθ,πexp [R(â; θ)] ≥ min

{
min
θ̂

max
θ∈BT (θ⋆)

1

2
Eθ,πexp

[
∥θ̂ − θ∥2H(θ⋆)

]
− C1r

3, µL2
a1r

2

}

where we define the constant C1, for a universal numerical constant c1,

C1 = c1

(
La1La2LR2 + L3

a1LR3 + Lhess

)
.

Proof Sketch. Our goal is to show that Eθ,πexp [R(â; θ)] can be lower bounded by the estimation
error of θ in the ∥ · ∥H(θ⋆) norm. While Proposition 4.2, shows that this equivalence is true
when â is the certainty equivalence estimate, here we want to show that this is true for any
estimate. To this end, we define

δ⋆(â) := argmin
δ

∥Ma(θ⋆)
1/2 (â− aopt(θ⋆)−Ga(θ⋆)δ) ∥2

= (Ma(θ⋆)
1/2Ga(θ⋆))

†Ma(θ⋆)
1/2(â− aopt(θ⋆))

and define the induced estimate

θ̂(â) := θ⋆ + δ⋆(â)

Intuitively, we would expect θ̂(â) to be close to θ in an appropriate metric if our decision â
achieves a small excess risk, R(â; θ). By carefully Taylor expanding both R(â; θ) and aopt(θ),
we show that this is the case, writing the excess risk R(â; θ) as the sum of ∥θ̂(â)− θ∥2H(θ⋆)

and a O(r3) term. This implies that if R(â; θ) is small, ∥θ̂(â) − θ∥2H(θ⋆)
will also be small,

which reduces the problem of minimizing R(â; θ) to that of estimating θ in the ∥ · ∥H(θ⋆) norm.
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As θ̂(â) is a particular estimator of θ given our trajectory, it follows that the resulting loss
is lower bounded by minimizing over all estimators, θ̂, which gives the result. We defer the
details of this argument to Appendix B.1.1.

4.1.2 Upper and Lower Bounds on M-norm Regression

The above results show that in our decision making setting, both upper and lower bounds
on decision making scale with the estimation error of θ⋆ in the H(θ⋆)-norm. Obtaining
tight upper and lower bounds on decision making therefore reduces to obtaining tight upper
and lower bounds on regression in the H(θ⋆)-norm. In this section, we state our results on
regression in general norms. To the best of our knowledge, these results are the most general
bounds on linear regression in the literature.

We will consider the setting of regression in some general M -norm. That is, our aim is
to produce an estimator θ̂ ∈ Rdθ so as to minimize the following weighted estimation loss:

Rest(θ̂; θ) := ∥θ̂ − θ∥2M , M ⪰ 0. (4.1.1)

In this section, we state our upper and lower bounds on Rest(θ̂; θ). Throughout, we let Eθ
and Pθ denote probabilities and expectations with respect to (4.0.1) when θ⋆ = θ.

We will show that the least squares estimator

θ̂ls :=
(∑T

t=1 ztz
⊤
t

)−1∑T
t=1 ztyt (4.1.2)

is the optimal estimator of θ⋆ for the risk in (4.1.1), in a very strong, instance dependent
sense. Throughout, the central object of our analysis is the random covariance matrix:

ΣT :=
∑T

t=1 ztz
⊤
t .

Let us start with the lower bound. We will call an estimator θ̂ measurable if θ̂ is a
measurable function of the covariates and responses (yt, zt : 1 ≤ t ≤ T ), and possibly some
internal randomness.

Theorem 4.1. Let θ̂ be an arbitrary measurable estimator. Moreover, fix a covariance
parameter Λ ∈ Sdθ++, nominal instance θ0 ∈ Rdθ , and radius r ≥

√
5tr(Λ−1). Let B := {θ :

∥θ − θ0∥2 ≤ r} denote a Euclidean ball around θ0. Then, it holds that

inf
θ̂
max
θ∈B

Eθ[Rest(θ̂; θ)] ≥ σ2
w ·min

θ∈B
tr
(
M · (Eθ[ΣT ] +Λ)−1)−Ψ(r;Λ,M),

where Ψ(r;Λ,M) := 32∥M∥op
λmin(Λ)

exp(− r2

5
λmin(Λ)).

In our applications, we shall choose r sufficiently large and Λ sufficiently small so that



55

the lower bound reads

inf
θ̂
max
θ∈B

Eθ[Rest(θ̂; θ)] ≳ σ2
w ·min

θ∈B
tr
(
MEθ[ΣT ]

−1
)
; (4.1.3)

in other words, that the M -weighted trace of the inverse covariance matrix lower bounds
the risk. Even though the right-hand side considers the minimum over θ ∈ B, the radius
r of B can be chosen small enough that this quantity does not vary significantly, under
certain regularity conditions. For a sense of scaling Eθ[ΣT ] will typically scale like Ω(T ),
by choosing Λ ⪯ o(T ), and r2 ∝ tr(Λ−1) log2(T ), the term Ψ(r,Λ,M) vanishes as T−ω(1),
and the approximation (4.1.3) holds. Moreover, since this scaling of r vanishes at a rate of
log2 T/

√
T , r is small enough so as to ensure Eθ[ΣT ] does not vary significantly on B.

Remark 4.1.1 (Comparison to Previous Lower Bounds). Lower bounds for regression are
typically derived from the Cramer-Rao bound (e.g, in Chaudhuri et al. [2015]), which applies
only to unbiased estimators, and does not rule out more efficient estimation by allowing
bias. In contrast, our work provides an unconditional information theoretic lower bound,
derived from a closed-form computation of an expected Bayes risk in linear regression with a
Gaussian prior (Theorem 4.1). This technique is similar in spirit to the Van Trees inequality
[Gill et al., 1995] which was used in concurrent work to understand instance-optimal regret
in Lqr when A⋆ is known but B⋆ is not [Ziemann and Sandberg, 2021]. Another common
technique for adaptive estimation lower bounds is Assouad’s method [Arias-Castro et al.,
2012, Simchowitz and Foster, 2020], though this method typically yields worst-case (not sharp,
instance-dependent) lower bounds.

We turn now to our upper bound.

Theorem 4.2. Fix any matrices Λ ∈ Sdθ++,M ∈ Sdθ+ , with M ≠ 0. Given a parameter
β ∈ (0, 1/4), define the event

E := {∥ΣT −Λ∥op ≤ βλmin(Λ)} .

Then, if E holds, the following holds with probability 1− δ:

∥θ̂ls − θ⋆∥2M ≤ 5(1 + α) · σ2
w log

6dθ
δ
· tr(MΛ−1),

where α := 26β2λmax(Λ)tr(Λ−1).

Together, Theorem 4.1 and Theorem 4.2 provide nearly matching upper and lower bounds
on M -norm regression, with both scaling as tr(M ·Λ−1), for Λ behaving as the covariates.

4.1.3 Lower Bounds for Decision Making in MDM

We have shown that the upper and lower bounds on decision making in MDM scale with
∥θ̂ − θ⋆∥2H(θ⋆)

, and that ∥θ̂ − θ⋆∥2H(θ⋆)
scales as, approximately, tr(H(θ⋆) · Σ−1

T ), where ΣT
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denotes the covariance used to obtain θ̂. Given this, we are now ready to present our final
upper and lower bounds in the MDM setting.

Throughout this section, for a fixed exploration policy πexp, we let ΛT denote the expected
covariates obtained on (4.0.1):

ΛT (πexp; θ) :=
1

T
Eθ,πexp [ΣT ] .

We also define the idealized risk as follows.

Definition 4.1.2 (Idealized Risk). We define the idealized risk for policy πexp as:

ΦT (πexp; θ⋆) := tr(H(θ⋆)ΛT (πexp; θ⋆)
−1),

where we recall that H(θ⋆) := ∇ 2
θR(aopt(θ); θ⋆)

∣∣
θ=θ⋆

.

In proving our bounds, we assume we are playing a fixed exploration policy πexp. We
will state our lower bound in terms of the local minimax risk under πexp:

Definition 4.1.3 (Decision Making Local Minimax Risk). Let B denote a subset of instances.
The T -sample local minimax decision risk on B under exploration policy πexp is

Mπexp(R;B) := min
dec

max
θ∈B

Eτ∼θ,πexp [R(dec(τ); θ)]

where the minimization is over all maps from trajectories to decisions. Typically, we shall let
B take the form B2(r; θ⋆) := {θ : ∥θ − θ⋆∥2 ≤ r}.

By choosing B to contain only instances close to θ⋆, the local minimax risk captures the
difficulty of decision making on the specific instance θ⋆, yielding an effectively instance-specific
lower bound. For our lower bound to hold, the covariance matrices in question must satisfy
two rather mild regularity conditions.

Assumption 4.2 (Sufficient Excitation). For some λ > 0 independent of T , and under our
exploration policy πexp ∈ Πγ2:

λmin(ΛT (πexp; θ⋆)) ≥ λ.

In the special case of linear dynamical systems, Assumption 4.2 can be enforced by
adding a small amount of white noise to any exploration policy, and the budget constraint
can still be met by scaling down inputs by a constant factor.

Assumption 4.3 (Smooth Response). There exist parameters rcov(θ⋆) > 0, Lcov(θ⋆, γ
2) > 0,

Ccov > 0, ccov > 0, and α > 0 such that, under our exploration policy πexp ∈ Πγ2, for all θ
satisfying ∥θ − θ⋆∥2 ≤ rcov(θ⋆), we have:

ΛT (πexp; θ) ⪯ ccovΛT (πexp; θ⋆) +

(
Lcov(θ⋆, γ

2) · ∥θ − θ⋆∥2 +
Ccov

Tα

)
· I.
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Intuitively, Assumption 4.3 says that the covariance matrices do not vary too much in
the ground truth instances. Under these assumptions, we obtain the following lower bound.

Theorem 4.3. Assume we are in the MDM setting, that R satisfies Assumption 4.1, our
exploration policy πexp ∈ Πγ2 satisfies Assumption 4.2 and Assumption 4.3, and suppose that
the time horizon T satisfies

λT ≥ max

{(
80dθ

rquad(θ⋆)2

)6/5
,
(
σ2
wLR2

5µ

)6
,
(
Lcov(θ⋆,γ2)

√
5dθ

ccovλ

)12/5
,
(

2Ccov

ccovλ
1−α

)1/α
,
(

5dθ
rcov(θ⋆)2

)6/5}
Then, defining the localizing ball BT := {θ : ∥θ − θ⋆∥22 ≤ 5dθ/(λT )

5/6}, we have

Mπexp(R;BT ) = min
dec

max
θ∈BT

Eτ∼θ,πexp [R(dec(τ); θ)] ≥
σ2
w

1 + 2ccov
·ΦT (πexp; θ⋆)

T
− Clb

(λT )5/4

where Clb = c1((La1La2LR2 + L3
a1LR3 + Lhess)d

3/2
θ + L2

a1LR2) for a universal constant c1.

Theorem 4.3 shows that, for any decision rule, the loss of the learned decision scales, up
to constants, as at least σ2

w

T
· ΦT (πexp; θ⋆). This result is itself a corollary of a more general

result, Theorem 4.5, which provides a lower bound without Assumption 4.2 or Assumption 4.3.
We prove this result in Appendix B.1. We emphasize again the generality of this result:
Theorem 4.3 holds for any loss satisfying Assumption 4.1 so long as our observations follow
(4.0.1).

4.1.4 Upper Bounds for Certainty Equivalence Decision Making in MDM

We next consider upper bounds on decision making in the MDM setting when we are playing
a fixed exploration policy πexp. The following is a sufficient assumption on πexp to guarantee
the efficiency of certainty equivalence decision making. Recall that ΣT denotes the random
covariates.

Assumption 4.4 (Exploration Policy Regularity). We assume that the true instance θ⋆ and
policy πexp ∈ Πγ2 satisfy the following regularity conditions:

• There exists some time Tse(πexp) such that for any T ≥ Tse(πexp) the system is sufficiently
excited. That is, if T ≥ Tse(πexp):

Pθ⋆,πexp
[
λmin(ΣT ) ≥ λT,ΣT ⪯ T Λ̄T

]
≥ 1− δ

for deterministic λ > 0 and Λ̄T ⪰ 0.

• There exists some time Tcon(πexp) such that, for any T ≥ Tcon(πexp), the covariates have
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concentrated to their mean. That is, if T ≥ Tcon(πexp):

Pθ⋆,πexp
[
∥ΣT − Eθ⋆,πexp [ΣT ]∥op ≤ Ccon

Tα λmin(Eθ⋆,πexp [ΣT ])
]
≥ 1− δ

for deterministic Ccon > 0 and α > 0.

The following result precisely quantifies the loss of the certainty equivalence decision-
making rule under this assumption on the policy.

Theorem 4.4. Assume we are in the MDM setting with some loss R satisfying Assumption 4.1
and exploration policy πexp ∈ Πγ2 which satisfies Assumption 4.4 with minimal times Tcon(πexp)
and Tse(πexp) and covariance lower bound λ > 0. If

T > max

{
Tcon(πexp), Tse(πexp), (4Ccon)

1/α, c1(log(1/δ)+dθ+log det(Λ̄T /λ+I))
λrquad(θ⋆)2

}
(4.1.4)

then for δ ∈ (0, 1/2), with probability 1− δ, the certainty equivalence decision rule achieves
the following rate,

R(aopt(θ̂ls); θ⋆) ≤ 5σ2
w log

24dθ
δ
· ΦT (πexp; θ⋆)

T
+

Cce,1

T 3/2
+

Cce,2

T 1+2α

where we let c1, c2, c3 be universal numerical constants and set

Cce,1 :=
c2Lquad

λ3/2

(
log 1

δ
+ dθ + log det(Λ̄T/λ+ I)

)3/2
, Cce,2 :=

c3σ2
wC

2
condθtr(H(θ⋆))

λ
log

dθ
δ
.

Theorem 4.4 shows that, up to constants and log factors, the loss achieved by the
certainty equivalence decision rule scales as σ2

w

T
·ΦT (πexp; θ⋆). Note that this precisely matches

the lower bound given in Theorem 4.3. This shows that the certainty equivalence decision
rule is instance optimal for any decision making problem in the MDM setting.

The burn-in time (4.1.4) and lower-order terms have transparent interpretations. For
the burn-in, the requirement that T be larger than Tcon(πexp) and Tse(πexp) is necessary to
ensure that the concentration and excitation events stated in Assumption 4.4 hold with high
probability. The requirement that T be larger that (4Ccon)

1/α is necessary to ensure that
the covariates have concentrated enough for our M -norm estimation bound, Theorem 4.2, to
hold. Finally, the last term in the burn-in ensures that our estimate θ̂ls is in a ball of radius
rquad(θ⋆) around θ⋆, which allows us to approximate R(aopt(θ̂ls); θ⋆) by a quadratic. The lower
order terms similarly yield intuitive explanations. Cce,1/T

3/2 quantifies the additional loss
due to the error in our quadratic approximation of R(aopt(θ̂ls); θ⋆), while Cce,2/T

1+2α is due
to the lower order term given in our M -norm estimation bound, Theorem 4.2.
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4.2 Proof of Theorem 4.3 and Theorem 4.4

We next provide the proofs of Theorem 4.3 and Theorem 4.4.

4.2.1 Proof of Theorem 4.3

Theorem 4.3 is based on the following more general result, and indeed, can be derived as a
simple corollary of this result under Assumption 4.2 and Assumption 4.3

Theorem 4.5. Suppose the smoothness assumption Assumption 4.1 holds with its stated
smoothness parameters. In addition, fix a regularization parameter λ > 0, and suppose that T
satisfies

λT ≥ max

{(
80dθ

rquad(θ⋆)2

)6/5
,
(
σ2
wLR2

5µ

)6}
Finally, define the localizing ball BT := {θ : ∥θ − θ⋆∥22 ≤ 5dθ/(λT )

5/6}. Then, for any
θ0 ∈ BT (θ⋆),

min
â

max
θ∈BT

Eθ,πexp [R(â; θ)] ≥ σ2
w min
θ∈BT

tr
(
H(θ⋆)

(
Eθ,πexp [ΣT ] + λT · I

)−1
)
− C2

(λT )5/4
.

where we have defined the constant, for a universal numerical constant c2,

C2 = c2

(
(La1La2LR2 + L3

a1LR3 + Lhess)d
3/2
θ + L2

a1LR2

)
.

Proof. For simplicity, we shall write r2 = 5dθ/(λT )
5/6. The result follows by instantiating

Theorem 4.1 to lower bound:

min
θ̂

max
θ:∥θ−θ⋆∥2≤r

Eθ,πexp [∥θ̂ − θ∥2M(θ⋆)],

via the simplification provided by Lemma 4.1.1. Apply Theorem 4.1 with parameters
Λ = λT · I, so that tr(Λ−1) = dθ

λT
and λmin(Λ) = λT . Then, the remainder term Ψ from that

theorem is bounded by

Ψ(r;Λ,H(θ⋆)) ≤
32∥H(θ⋆)∥op

λT
exp

(
−1

5
r2λT

)
Selecting r2 = 5dθ/(λT )

5/6 yields

Ψ(r;Λ,H(θ⋆)) ≤
32∥H(θ⋆)∥op

λT
exp

(
−dθ(λT )1/6

)
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Noting that r2 ≥ 5tr(Λ), Theorem 4.1 yields that

min
θ̂

max
θ:∥θ−θ⋆∥2≤r

Eθ,πexp [∥θ̂ − θ∥2H(θ⋆)]

≥ σ2
w min
θ:∥θ−θ⋆∥2≤r

tr
(
H(θ⋆)

(
Eθ,πexp [ΣT ] + λT · I

)−1
)
− 32∥H(θ⋆)∥op

λT
exp

(
−dθ(λT )1/6

)
≥ σ2

w min
θ:∥θ−θ⋆∥2≤r

tr
(
H(θ⋆)

(
Eθ,πexp [ΣT ] + λT · I

)−1
)
− 32L2

a1LR2

λT
exp

(
−dθ(λT )1/6

)
,

where in the last line, we invoked Assumption 4.1 to obtain

∥H(θ⋆)∥op = ∥Ga(θ⋆)
⊤Ma(θ⋆)Ga(θ⋆)∥op ≤ L2

a1LR2

Now, observe that our condition on λT , namely λT ≥ (80dθ/rquad(θ⋆)
2)

6/5, implies that
r = (5dθ/(λT )

5/6)1/2 ≤ 1
4
rquad(θ⋆). Hence, we can apply Lemma 4.1.1 to obtain

min
â

max
θ:∥θ−θ⋆∥2≤r

E[R(â; θ)] ≥ min

{
5µL2

a1r
2, σ2

w min
θ∥θ−θ⋆∥2≤r

tr
(
H(θ⋆)

(
Eθ,πexp [ΣT ] + λTI

)−1
)

− C1r
3 − 32L2

a1LR2

λT
exp

(
−dθ(λT )1/6

)}

for C1 as in Lemma 4.1.1. To conclude, we consolidate

C1r
3 +

32L2
a1LR2

λT
exp

(
−dθ(λT )1/6

)
=

C1(5dθ)
3/2 + 32L2

a1LR2(λT )
1/4 exp

(
−dθ(λT )1/6

)
(λT )5/4

.

Observing that (λT )1/4 exp
(
−dθ(λT )1/6

)
is bounded above by a universal constant (since

dθ ≥ 1, and for all d ≥ 1, maxx≥0 xe
−dx ≤ maxx≥0 xe

−x is bounded), the above is at most

O

(
C1d

3/2
θ + L2

a1LR2

(λT )5/4

)
=

C2

(λT )5/4
,

for C2 as in the statement of the result. To conclude, it suffices to show that for our choice of
r, we have

5µL2
a1r

2 ≥ σ2
w min
θ∥θ−θ⋆∥2≤r

tr
(
H(θ⋆)

(
Eθ,πexp [ΣT ] + λTI

)−1
)
.

Lower bounding Eθ,πexp [ΣT ] + λTI ⪰ λTI, upper bounding tr(H(θ⋆)) ≤ dθ∥H(θ⋆)∥op ≤
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dθL
2
a1LR2, and substituting in the choice of r2, it is enough that

µL2
a1 · (5dθ/(λT )5/6) ≥ σ2

w

dθL
2
a1LR2

λT
⇐⇒ (λT )1/6 ≥ σ2

wLR2

5µ
,

which is satisfied for our choice of λ.

Proof of Theorem 4.3. We apply Theorem 4.5 with λ = λ, which is greater than 0 by
Assumption 4.2. Then,

tr
(
H(θ⋆)

(
Eθ,πexp [ΣT ] + λTI

)−1
)
≥ tr

(
H(θ⋆)

(
Eθ,πexp [ΣT ] + Eθ⋆,πexp [ΣT ]

)−1
)

Under Assumption 4.3, for any θ satisfying ∥θ − θ⋆∥22 ≤ 5dθ/(λT )
5/6 and as long as

5dθ/(λT )
5/6 ≤ rcov(θ⋆)

2, we have

Eθ,πexp [ΣT ] ⪯ ccovEθ⋆,πexp [ΣT ] +

(
Lcov(θ⋆, γ

2)
√
5dθT

7/12

λ5/12
+ CcovT

1−α
)
· I

Therefore, since our alternate instances, θ ∈ BT , do satisfy ∥θ − θ⋆∥22 ≤ 5dθ/(λT )
5/6, if T is

large enough that
Lcov(θ⋆, γ

2)
√
5dθT

7/12

λ5/12
+ CcovT

1−α ≤ ccovTλ

we will have, for all θ ∈ BT ,

Eθ,πexp [ΣT ] ⪯ ccovEθ⋆,πexp [ΣT ] +

(
Lcov(θ⋆, γ

2)
√
5dθT

7/12

λ5/12
+ CcovT

1−α
)
· I

⪯ ccovEθ⋆,πexp [ΣT ] + ccovTλ · I ⪯ 2ccovEθ⋆,πexp [ΣT ]

The result then follows from Theorem 4.5 and simple manipulations.

4.2.2 Proof of Theorem 4.4

We define the following events.

A =

{
R(aopt(θ̂ls); θ⋆) ≤ 5σ2

wtr(H(θ⋆)Eθ⋆,πexp [ΣT ]
−1) log

6dθ
δ

+
C1

T 3/2
+

C2

T 1+2α

}
(Good event)

E1 = {λmin(ΣT ) ≥ λT,ΣT ⪯ T Λ̄T} (Sufficient excitation)

E2 = {∥θ̂ls − θ⋆∥2 ≤ rquad(θ⋆)} (Quadratic approximation regime)
E3 = {∥ΣT − Eθ⋆,πexp [ΣT ]∥op ≤ Ccon

Tα λmin(Eθ⋆,πexp [ΣT ])} (Concentration of covariates)
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We would like to show that A holds with high probability. The following is trivial:

P[Ac] ≤ P[Ac ∩ E1 ∩ E2 ∩ E3] + P[Ec1 ] + P[E1 ∩ Ec2 ] + P[Ec3 ].

Events Ei hold with high probability. We now show that the events E1, E2, and E3
hold with high probability. Since πexp satisfies Assumption 4.4, we will have P[Ec1 ] ≤ δ and
P[Ec3 ] ≤ δ as long as

T ≥ Tse(πexp), T ≥ Tcon(πexp). (4.2.1)

By Lemma B.2.1, on the event E1, with probability at least 1− δ,

∥θ̂ls − θ⋆∥2 ≤ C

√
log(1/δ) + dθ + log det(Λ̄T/λ+ I)

λT
,

so as long as

T ≥ C(log(1/δ) + dθ + log det(Λ̄T/λ+ I))

λrquad(θ⋆)2
, (4.2.2)

we will have

∥θ̂ls − θ⋆∥2 ≤ C

√
log(1/δ) + dx + log det(Λ̄T/λ+ I)

λT
≤ rquad(θ⋆).

Thus, P[E1 ∩ Ec2 ] ≤ δ.

Events Ei imply good event holds. We now consider the event E1 ∩ E2 ∩ E3. By
Proposition 4.2, since R satisfies Assumption 4.1, on this event we have

R(aopt(θ̂ls); θ⋆) ≤ ∥θ̂ls − θ⋆∥2H(θ⋆) + Lquad∥θ̂ls − θ⋆∥32 ≤ ∥θ̂ls − θ⋆∥2H(θ⋆) + C1/T
3/2

where the last inequality follows by the bound on ∥θ̂ls − θ⋆∥2 shown above for

C1 := CLquad
(log(1/δ) + dθ + log det(Λ̄T/λ+ I))3/2

λ3/2
.

By Theorem 4.2, on the event E3 and if T is large enough so that

Ccon/T
α < 1/4 (4.2.3)
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and since ∥ΣT − Eθ⋆,πexp [ΣT ]∥op, with probability at least 1− δ:

∥θ̂ls − θ⋆∥2H(θ⋆) ≤ 5σ2
wtr(H(θ⋆)Eθ⋆,πexp [ΣT ]

−1) log
6dθ
δ

+
130σ2

wC
2
con

T 2α
λmin(Eθ⋆,πexp [ΣT ])tr(Eθ⋆,πexp [ΣT ]

−1)tr(H(θ⋆)Eθ⋆,πexp [ΣT ]
−1) log

6dθ
δ

≤ 5σ2
wtr(H(θ⋆)Eθ⋆,πexp [ΣT ]

−1) log
6dθ
δ

+
260σ2

wC
2
condθtr(H(θ⋆))
λT 1+2α

log
6dθ
δ

where the final inequality follows since

Eθ⋆,πexp [ΣT ] ⪰ Eθ⋆,πexp [I{E1}ΣT ] ≥ P[E1]λT · I ≥
1

2
λT · I

Thus, P[Ec ∩ E1 ∩ E2 ∩ E3] ≤ δ with

C2 :=
260σ2

wC
2
condθtr(H(θ⋆))

λ
log

6dθ
δ

so it follows that P[Ac] ≤ 4δ. The final result then follows by rescaling δ and so long as T is
large enough that (4.2.1), (4.2.2), and (4.2.3) hold, which will be the case if (4.1.4) holds.

4.3 Proof of Theorem 4.1 and Theorem 4.2

To conclude our discussion of the MDM setting, we provide proofs for our upper and lower
bounds on regression in general norms.

4.3.1 Proof of M-norm Regression Lower Bound (Theorem 4.1)

We now prove Theorem 4.1. Without loss of generality, set σ2
w = 1. The proof of the lower

bound is a Gaussian-specialization of the Van Trees inequality (see, e.g. Gill et al. [1995]),
a Bayes-risk lower bound which considers the risk of estimating a quantity under a certain
prior. For our prior, we use a normal distribution, which we truncate to a radius r. In what
follows, we set

Γ := Λ−1 ∈ Sdθ++.

We let Ntr denote the following truncated normal distribution: the distribution of Z ∼
N (θ0,Γ), conditioned on the event ∥Z − θ0∥2 ≤ r. We further define the full data DT :=
(y1:T , z1:T ), and let:

• Dfull(DT ) denote the posterior of θ given DT and when the prior is N (θ0,Γ);

• Dtrunc(DT ) denote the distribution of θ | DT .



64

Throughout, we assume that our posited estimator θ̂ is a deterministic function of DT ; this is
without loss of generality for a Bayes-risk lower bound. Then, since the distribution Ntr is
supported on the ball B := {θ : ∥θ − θ0∥2 ≤ r}, for any such estimator θ̂:

max
θ∈B

Eθ[Rest(θ̂; θ)] ≥ Eθ∼NtrEθ[Rest(θ̂; θ)] = Eθ∼NtrEDT∼θ[∥θ̂(DT )− θ∥22].

We can rewrite the above via the following lemma:

Lemma 4.3.1. Let X, Y be abstract random variables, with X ∼ PX , Y ∼ PY |X(· | X), and
let f(x, y) be an integrable function. Moreover, suppose that X | Y has density PX|Y (· | Y ).
Then

EX∼PX
EY∼PY |X(·|X)[f(X, Y )] = EX∼PX

EY∼PY |X(·|X)EX′∼PX|Y (·|Y )[f(X
′, Y )].

By Lemma 4.3.1, the above is equal to

Eθ∼NtrEθ[Rest(θ̂; θ)] = Eθ∼NtrEDT∼θEθ′∼Dtrunc(DT )[∥θ̂(DT )− θ′∥2M ]. (4.3.1)

Note that for a random vector Z and any fixed a, E[∥Z − a∥2M ] ≥ E[∥Z −E[Z]∥2M ]. Denoting
the event E := {∥θ′ − θ0∥2 ≤ r}, regardless of the choice of θ̂ we can lower bound (4.3.1) by

(4.3.1) ≥ Eθ∼NtrEDT∼θEθ′∼Dtrunc(DT )[∥θ′ − Eθ′∼Dtrunc(DT )[θ
′]∥2M ]

= Eθ∼NtrEDT∼θEθ′∼Dfull(DT )

[∥∥θ′ − Eθ′∼Dfull(DT )[θ
′ | E ]

∥∥2
M
| E
]
.

To handle this expression, we use the following technical lemma:

Lemma 4.3.2. Consider a square-integrable random vector Z ∈ Rdθ , fixed µ ∈ Rdθ , r ≥ 0.
Define the event E := {∥Z − µ∥2 ≤ r}. Then,

E[∥Z − E[Z | E ]∥2M | E ] ≥ E[∥Z − E[Z]∥2M ]− 4∥M∥opE[I{Ec}∥Z − µ∥22].

Instantiating Lemma 4.3.2 gives:

(4.3.1) ≥ Eθ∼NtrEDT∼θEθ′∼Dfull(DT )

[
∥θ′ − Eθ′′∼Dfull(DT )[θ

′′]∥2M
]

− 4∥M∥2opEθ∼NtrEDT∼θEθ′∼Dfull(DT )Eθ′∼Dfull(DT )

[
∥θ′ − θ0∥22 · I{∥θ′ − θ0∥22 > r2}

]
.

Hence, retracing our steps thus far, we have shown that for any θ̂,

max
θ∈B

EθRest(θ̂; θ) ≥ Eθ∼NtrEDT∼θEθ′∼Dfull(DT )

[
∥θ′ − Eθ′∼Dfull(DT )[θ

′]∥2M
]︸ ︷︷ ︸

(a)

(4.3.2)

− 4∥M∥2op ·
(
Eθ∼NtrEDT∼θEθ′∼Dfull(DT )

[
∥θ′ − θ0∥22 · I{∥θ′ − θ0∥22 > r2}

])︸ ︷︷ ︸
(b)

.
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Let us control the two resulting terms.

Controlling Term (a). First, we bound the dominant term (a):

Lemma 4.3.3. The following identity holds:

Eθ′∼Dfull(DT )

[
∥θ′ − Eθ′′∼Dfull(DT )[θ

′′]∥2M
]
= σ2

wtr(M
1/2(ΣT + Γ−1)−1M1/2).

As a direct consequence of the above lemma, we find that

(a) = Eθ∼NtrEDT∼θEθ′∼Dfull(DT )Eθ′
[
σ2
wtr(M

1/2(ΣT + Γ−1)−1M1/2)
]

= Eθ∼NtrEθ
[
σ2
wtr(M

1/2(ΣT + Γ−1)−1M1/2)
]
, (4.3.3)

where in the last line, we have invoked Lemma 4.3.1.

Controlling Term (b). Let pr := Pθ∼N (θ0,Γ)[∥θ − θ0∥ > r] denote the probability that θ
lies within the truncation region. Then, for any nonnegative function f(θ) ≥ 0,

Eθ∼Ntr [f(θ)] =
1

1− pr
Eθ∼N (θ0,Γ)[f(θ) · I{∥θ − θ0∥ ≤ r}] ≤ 1

1− pr
Eθ∼N (θ0,Γ)[f(θ)].

Thus,

(b) = Eθ∼NtrEDT∼θEθ′∼Dfull(DT )

[
∥θ′ − θ0∥22 · I{∥θ′ − θ0∥22 > r2}

]
≤ 1

1− pr
Eθ∼N (θ0,Γ)EDT∼θEθ′∼Dfull(DT )

[
∥θ′ − θ0∥22 · I{∥θ′ − θ0∥22 > r2}

]
. (4.3.4)

By Lemma 4.3.1, we have

(4.3.4) =
1

1− pr
Eθ∼N (θ0,Γ)

[
∥θ − θ0∥22 · I{∥θ − θ0∥22 > r}

]
.

We now bound the above. Note that θ − θ0 has the same distribution as Γ1/2g, where
g ∼ N (0, Id). Hence, pr = Pg∼N (0,Id)[g

⊤Γg > r2]. For r2 ≥ 2tr(Γ), Markov’s inequality
therefore implies pr ≤ 1/2, so that 1

1−pr ≤ 2. Moreover, by the same change of variables,

Eθ∼N (θ0,Γ)

[
∥θ − θ0∥22 · I{∥θ − θ0∥22 > r2}

]
= Eg∼N (0,Id)

[
g⊤Γg · I{g⊤Γg > r2}

]
,

Thus, for r2 ≥ 2tr(Γ) = 2tr(Λ−1) (which will be true since by assumption r ≥
√

5tr(Λ−1)),
it holds that

(b) ≤ 2Eg∼N (0,Id)

[
g⊤Γg · I{g⊤Γg > r2}

]
= 2

∫ ∞

r2
P[g⊤Γg > τ ]dτ.

We now invoke a coarse consequence of the Hanson-Wright inequality:
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Lemma 4.3.4. For any u ≥ 4tr(Γ), we have P[g⊤Γg > tr(Γ) + u] ≤ e
− u

4∥Γ∥op .

Hence, under the assumption of the theorem, r2 ≥ 5tr(Λ−1) = 5tr(Γ), we may bound

(b) ≤ 2

∫ ∞

r2
P[g⊤Γg > τ ]dτ

= 2

∫ ∞

r2−tr(Γ)

P[g⊤Γg > tr(Γ) + τ ]dτ

≤ 2

∫ ∞

r2−tr(Γ)

e
− u

4∥Γ∥op = 8∥Γ∥ope
− r2−tr(Γ)

4∥Γ∥op

≤ 8∥Γ∥ope
− r2

5∥Γ∥op . (4.3.5)

Concluding the Proof. Combining (4.3.2), (4.3.3), and (4.3.5), we have

max
θ∈B

Eθ[Rest(θ̂; θ)] ≥ Eθ∼NtrEθ
[
σ2
wtr(M

1/2(ΣT + Γ−1)−1M1/2)
]
− 32∥Γ∥op∥M∥ope

− r2

5∥Γ∥op .

Since Γ = Λ−1, we have 32∥Γ∥op∥M∥ope
− r2

5∥Γ∥op = 32∥M∥op
λmin(Λ)

exp(− r2

5
λmin(Λ)) =: Ψ(r;Λ,M).

Noting that X 7→ tr(X−1) is a convex function (on the domain of positive-definite matrices),
and since convexity is preserved under affine transformation, Jensen’s inequality gives that

Eθ∼NtrEθ
[
σ2
wtr(M

1/2(ΣT + Γ−1)−1M1/2)
]
≥ Eθ∼Ntr

[
σ2
wtr(M

1/2(Eθ[ΣT ] + Γ−1)−1M1/2)
]
.

Substituting in Λ = Γ−1, noting that the distribution Ntr is supported on the ball B, and
that the above holds for any deterministic estimator θ̂ concludes the bound.

4.3.2 Proof of M-norm Regression Upper Bound (Theorem 4.2)

Let β be a parameter to be tuned, and set. Since M may not be full rank, we consider a
perturbation

N := M + ζI, ζ = tr(MΛ−1)/tr(Λ−1),

where ζ > 0 is to be chosen. We further define:

• Z ∈ RT×dθ denote the matrix whose rows are z⊤t .

• w ∈ RT as the vector whose entries are wt.

• θ̂ls the least squares estimate of θ⋆ defined in (4.1.2) .

• We let v1, . . . , vd be the eigenvectors of N1/2Λ−1N1/2 and λj := λj(N
1/2Λ−1N1/2), which

we note are deterministic.
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The error of the least-squares estimate is then,

∥θ̂ls − θ⋆∥2M = ∥(Z⊤Z)−1Z⊤w∥2M .

Since ϵ < λmin(Λ)/4, we can apply Lemma C.3.1 to get

∥(Z⊤Z)−1 −Λ−1∥op ≤
ϵ

λmin(Λ)(λmin(Λ)− ϵ)
<

2ϵ

λmin(Λ)2
.

We now invoke the following lemma, controlling the relation of (weighted) squares of matrices
in the PSD order:

Lemma 4.3.5. Let A,B,M ⪰ 0 and C = A−B. Then, AMA+ 7CMC ⪰ BMB/2.

Instantiating Lemma 4.3.5 with A = Λ−1, B = (Z⊤Z)−1, and M = N , we have

Λ−1NΛ−1 +
13∥N∥opϵ2

λmin(Λ)4
I ⪰ (Z⊤Z)−1N(Z⊤Z)−1.

Suppose that ϵ is chosen sufficiently small that, for a constant α to be specified:

αΛ−1NΛ−1 ⪰ 13∥N∥opϵ2

λmin(Λ)4
; (4.3.6)

we shall revisit this point at the end of the proof. Then,

∥(Z⊤Z)−1Z⊤w∥2M ≤ ∥(Z⊤Z)−1Z⊤w∥2N
= w⊤Z(Z⊤Z)−1N(Z⊤Z)−1Z⊤w

≤ (1 + α)w⊤ZΛ−1NΛ−1Z⊤w

= (1 + α)∥N1/2Λ−1Z⊤w∥22

= (1 + α)

dθ∑
j=1

(v⊤j N
1/2Λ−1N1/2N−1/2Z⊤w)2

= (1 + α)

dθ∑
j=1

λ2
j(v

⊤
j N

−1/2Z⊤w)2

= (1 + α)

dθ∑
j=1

λ2
j(Z

⊤
j w)2,

(4.3.7)
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where we define Zj := ZN−1/2vj ∈ RT . For any τ > 0, we have

(Z⊤
j w)2 =

(
T∑
t=1

Zjtwt

)2

=

(
T∑
t=1

Z2
jt + τλ−1

j

)( T∑
t=1

Z2
jt + τλ−1

j

)−1/2

·
T∑
t=1

Zjtwt

2

= (∥Zj∥22 + τλ−1
j ) ·

∥∥∥∥∥
T∑
t=1

Zjtwt

∥∥∥∥∥
2

(
∑T

t=1 Z
2
jt+τλ

−1
j )−1

.

Applying Proposition 3.1 with a union bound over indices j ∈ [dθ], it holds with probability
1− δ for all j ∈ [dθ] simultaneously and for any fixed τ > 0:

(Z⊤
j w)2 ≤ 2σ2

w(∥Zj∥22 + τλ−1
j ) log

dθ(∥Zj∥22 + τλ−1
j )

τλ−1
j δ

.

In addition, note that for any τ ≥ β,

∥Zj∥22 = v⊤j N
−1/2Z⊤ZN−1/2vj ≤ v⊤j N

−1/2(Λ+ ϵI)N−1/2vj

≤ (1 + β)v⊤j N
−1/2ΛN−1/2vj = (1 + β)λ−1

j ≤ (1 + τ)λ−1
j .

Hence, with probability 1− δ the following holds for all j ∈ [dθ] simultaneously:

(Z⊤
j w)2 ≤ 2(1 + 2τ)σ2

w

λj
log

dθ(τ
−1 + 2)

δ
.

Then, combining with (4.3.7), we have that with probability 1− δ:

∥(Z⊤Z)−1Z⊤w∥2M ≤ 2(1 + α)(1 + τ)σ2
w

dθ∑
j=1

λj log
dθ(τ

−1 + 2)

δ

≤ 2(1 + α)(1 + τ)σ2
w log

dθ(τ
−1 + 2)

δ
· tr(N1/2Λ−1N1/2).

Finally, we can simplify tr(N1/2Λ−1N1/2) = tr(NΛ−1) = tr((M + ζI)Λ−1) ≤ 2tr(MΛ−1) for
our choice of ζ = tr(MΛ−1)/tr(Λ−1); thus, choosing τ ≥ 1/4 ≥ β (recall the assumption,
β ≤ 1/4), we have with probability at least 1− δ:

∥(Z⊤Z)−1Z⊤w∥2M ≤ 5σ2
w(1 + α) log

6dθ
δ
· tr(MΛ−1). (4.3.8)

To conclude, let us find a suitable constant α satisfying (4.3.6). Recall that we require
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αΛ−1NΛ−1 ⪰ 13∥N∥opϵ2
λmin(Λ)4

. Since N ⪰ ζ · I, and ϵ ≤ βλmin(Λ), we want

αζ ≥ 13β2∥N∥op = 13β2(∥M∥op + ζ)

Recalling ζ = tr(MΛ−1)/tr(Λ−1) ≤ ∥M∥op, we can chose α ≥ 26β2∥M∥optr(Λ−1)

tr(MΛ−1)
. In particular,

since tr(MΛ−1) ≥ ∥M∥opλmin(Λ
−1), we can take

α =
26β2∥M∥optr(Λ−1)

∥M∥opλmin(Λ)−1
= 26β2λmax(Λ)tr(Λ−1).
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Chapter 5

Task-Dependent Exploration in Linear Dy-
namical Systems

We return now to the linear dynamical system setting considered in Chapter 3, but,
rather than identifying A⋆, we consider the decision making objective of Chapter 4. In
particular, we study dynamics of the form

xt+1 = A⋆xt +B⋆ut + wt, x0 ≡ 0, (5.0.1)

and aim to find a decision a ∈ Rda that minimizes Jθ⋆(a), for θ⋆ = (A⋆, B⋆). We assume that
θ⋆ is unknown, and that Jθ⋆(a) satisfies the smoothness assumptions given in Chapter 4. As
we will see, (5.0.1) is an instance of the general linear observation model of Chapter 4, (4.0.1),
allowing the results from Chapter 4 to be applied to linear dynamical systems. Formally, we
refer to this as the linear dynamical decision making (LDDM) setting:

Definition 5.0.1 (Linear Dynamical Decision Making (LDDM)). Assume our excess risk
R(â; θ⋆) satisfies Assumption 4.1 and that our observations are generated by a linear dynamical
system, (5.0.1). Then we call the problem of choosing a decision â to minimize R(â; θ⋆) linear
dynamical decision making (LDDM).

The results of Chapter 4 show that the certainty equivalence decision rule is optimal in
a strong, instance-dependent sense when any fixed exploration policy πexp is used to collect
data. While characterizing the optimal decision rule under a fixed exploration policy, these
results fail to characterize the optimal exploration policy. In this chapter, we seek to fill
this gap, and provide a tight characterization of the optimal achievable rate for the best
decision rule and exploration policy. That is, we seek to understand how we can best excite
an unknown linear dynamical system if our end goal is not to identify the system, but to
learn a decision minimizing the given loss on the system.

While our setting is quite broad and encompasses a variety of settings of interest, a key
motivation is the problem of learning an effective controller to, for example, minimize some
cost on the system (5.0.1). In such settings, we let a denote the parameters of our controller,
and Jθ⋆(a) denotes the cost of incurred by playing the controller with parameter a on the
system θ⋆. With this a and Jθ⋆(a), our goal is to estimate θ⋆ well enough so that we can
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learn a controller able to effectively control it. A key instance of this control problem which
our model captures is the Lqr problem, as stated in Section 1.1. We recall the definition of
the Lqr problem below.

Example 5.0.1 (Linear Quadratic Regulator (Lqr)). In the Lqr problem, the agent’s
objective is to design a policy that minimizes the infinite-horizon cumulative cost, with losses
ℓ(x, u) := x⊤Rxx+ u⊤Ruu. The resultant cost function is:

JLqr,θ⋆ [π] := lim
T→∞

Eθ⋆,π

[
1

T

T∑
t=1

x⊤
t Rxxt + u⊤

t Ruut

]
.

It is well known that the optimal policies are of the form ut = Kxt where K ∈ Rdu×dx ; we
denote these policies πK , and let JLqr,θ(K) = JLqr,θ[π

K ]. Here our decision a is the controller
K and our loss Jθ is JLqr,θ.

In the following, we consider general smooth losses, but return the the Lqr setting in
Section 5.2.

5.1 Optimal Decision Making in Linear Dynamical Systems

Unless otherwise noted, throughout the remainder of this chapter we adopt the LDS notation
from Chapter 3, and the decision making notation given in Chapter 4. We specialize the
covariance definitions given in Chapter 4 to linear dynamical systems as follows:

ΛT (π; θ) :=
1

T
Eθ,π

[
T∑
t=1

[
xt
ut

] [
xt
ut

]⊤]
, Λ̌T (π; θ) := Idx ⊗ΛT (π; θ), (5.1.1)

where ⊗ denotes the Kronecker product. In the following, for any covariance matrix Λ defined
in Chapter 3 (e.g. Λss), we let Λ̌ := Idx ⊗Λ denote the Kronecker product of Λ with Idx (e.g.
Λ̌ss := Idx ⊗Λss). As in Chapter 3, during exploration we require that our exploration policy
is in Πγ2 , that is, Eθ⋆,π[

∑T
t=1 u

⊤
t ut] ≤ Tγ2, and also assume that our system’s dynamics are

stable.

Assumption 5.1. Let Θ denote the set of all stable θ: Θ := {θ = (A,B) : ρ(A) < 1}. We
assume that θ⋆ ∈ Θ.

Connection Between (5.0.1) and MDM Setting. In order to apply the results of Chapter 4
to the LDDM setting, we first argue that linear dynamical systems are a special case of the
observation model given in Chapter 4, (4.0.1). Recall that this observation model takes
the form (modifying several pieces of notation in (4.0.1) to avoid confusion with the LDDM
setting):

yt = ⟨µ⋆, zt⟩+ ηt, ηt | Ft−1 ∼ N (0, σ2), zt is Ft−1-adapted. (5.1.2)
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Now let µ⋆ = vec(
[
A⋆, B⋆

]⊤
), and, for any t and i ∈ [dx], let t = (t, i) and zt =

[0(dx+du)(i−1), xt, ut,0(dx+du)(dx−i)] ∈ Rdx(dx+du) where 0d denotes the zero vector of length
d. Then we see that

[xt+1]i = ⟨µ⋆, zt⟩+ [wt]i.

Setting yt = [xt+1]i and ηt = [wt]i, it is clear that this follows the observation model of the
MDM setting with dµ = dx(dx + du) and T = dxT , for T the time horizon in MDM. It is also
straightforward to see that the measurability assumptions of the MDM setting are satisfied
by this and, furthermore, we see that the definition of Λ̌T given in (5.1.1) coincides with the
definition of ΛT given in Chapter 5, with the above choice of zt. Given this, in the following,
we are able to apply results from Chapter 4 in the LDDM setting.

Optimal Complexity Measures in LDDM. From Chapter 4, we know that the decision
making loss when exploring with policy πexp is governed by

ΦT (πexp; θ⋆) = tr(H(θ⋆) · Λ̌T (πexp; θ⋆)
−1).

It stands to reason that the optimal choice of exploration policy procedure seeks to minimize
this quantity. Towards making this formal, we introduce several quantities describing the
optimal complexity.

Definition 5.1.1 (Optimal Risk). We define:

Φopt(γ
2; θ⋆) := lim inf

T→∞
inf

πexp∈Πγ2

ΦT (πexp; θ⋆),

the risk obtained by the policy minimizing the complexity ΦT (πexp; θ⋆).

Definition 5.1.2 (Exploration Local Minimax Risk). Let B ⊂ Θ denote a subset of instances.
The T -sample local minimax exploration risk on B with budget γ2 is

Mγ2(R;B) := min
πexp∈Πγ2

min
dec

max
θ∈B

Eτ∼θ,πexp [Rθ(dec(τ))].

Given these measures of complexity, we are now ready to state our main results in the
LDDM setting.

5.1.1 Lower Bound for Optimal Decision Making in LDDM

In order to obtain a lower bound in the LDDM setting, we require that a certain level of
excitation of the system is possible. Similar to Chapter 3, here we define:

λnoise(σu) := min
{
λmin

(
σ2
w

∑dx−1
s=0 As

⋆(A
s
⋆)

⊤ + σ2
u

∑dx−1
s=0 As

⋆B⋆B
⊤
⋆ (A

s
⋆)

⊤
)
, σ2

u

}
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and λnoise := λnoise(γ/
√
2du). We make the following assumption.

Assumption 5.2. θ⋆ and σw are such that λnoise > 0. In particular, it suffices that σw > 0,
or the system is controllable.

We then have the following.

Theorem 5.1. Assume we are in the LDDM setting and consider a loss function Jθ(a) :
Rda → R with induced excess risk R(a; θ⋆) := Jθ⋆(a)− infa′ Jθ⋆(a′). Fix a model θ⋆ and time
horizon T . Suppose that

• R satisfies the smoothness condition, Assumption 4.1.

• The model θ⋆ satisfies the excitation assumption Assumption 5.2 with parameter λnoise >
0.

• The time horizon satisfies T ≥ max

{
C init

lb ,
(

80(d2x+dxdu)

(λnoise)5/6rquad(θ⋆)2

)6/5
,
(
σ2
wLR2

5µ

)6}
.

Finally, define the localized ball of instances

BT := {∥θ − θ⋆∥2F ≤ 5(d2x + dxdu)/(λnoiseT
5/6)}

Then, any decision rule dec(τ) suffers the following lower bound :

Mγ2(R;BT ) = min
πexp∈Πγ2

min
dec

max
θ∈BT

Eτ∼θ,πexp [R(dec(τ); θ)] ≥
σ2
w

64
· Φopt(γ

2; θ⋆)

T
− Clb

(λnoiseT )5/4
,

where above:

C init
lb := poly

(
dx, du, ∥B⋆∥op, ∥A⋆∥H∞ , γ2, σ2

w,
1

λnoise
, log T

)
,

Clb := c1

(
(La1La2LR2 + L3

a1LR3 + Lhess)(d
2
x + dxdu)

3/2 + L2
a1LR2

)
.

We emphasize that this result lower bounds the achievable rate for any exploration policy
with bounded power, πexp ∈ Πγ2 , and any decision rule. As such, it provides a lower bound
on optimal decision making in LDDM.

5.1.2 Optimal Decision Making in LDDM

With our lower bound Theorem 5.1 in hand, we turn now to obtaining an upper bound in
the LDDM setting. Before stating our upper bound, we first present our algorithm, Tople.
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Algorithm 5.1 Task OPtimaL Experiment Design (Tople)
1: Input: Input power γ2, initial epoch length Cinitdu (Cinit ∈ N)
2: T0 ← Cinitdu, k0 ← Cinit, T ← T0

3: Run system for T0 steps with ut ∼ N (0, γ
2

du
I)

4: for i = 1, 2, 3, ... do
5: θ̂i−1 ← argminθ

∑T
t=1 ∥xt+1 − θ[xt;ut]∥22

6: Ti ← T02
i, ki ← k02

⌊i/4⌋, T ← T + Ti

7: Compute input Ui ← argminU∈Uγ2/2,ki

tr
(
H(θ̂i−1) · Λ̌ss

Ti,Ti/du
(θ̂i−1,U , γ/

√
2du)

−1
)

8: (ũit)
Ti
t=1 ← ConstructTimeInput(Ui, Ti/du, ki) (Algorithm 3.2)

9: Run system for Ti steps with ut = ũit + uwt , uwt ∼ N (0, γ2

2du
I)

Tople proceeds in epochs. At each epoch it chooses a set of exploration inputs (an
exploration policy) that minimize the certainty-equivalence design objective, ΦT (πexp; θ̂),
based on the estimate θ̂ of the system’s parameters produced in the previous epoch. As
the estimate of θ⋆ is refined, the exploration policy is improved, and ultimately achieves
near-optimal excitation of the system for the task of interest. Note that the form of Tople
is extremely similar to Algorithm 3.1—indeed, they are identical except for the choice of
exploration inputs on Line 7.

Remark 5.1.1 (Computational Efficiency of Tople). Note that the set Uγ2,k is con-
vex, and that the objective is also convex, due to the convexity of tr(X−1) and since
Λss
t,t/du

(θ̂,U , γ/
√
2du) is affine in U . It follows that the optimization on Line 7 can be effi-

ciently solved with any SDP solver. The structure of Uγ2,k, however, allows for an even more
efficient solution. Note that any U can be projected onto Uγ2,k by computing the SVD of
each Uℓ ∈ U , an operation which takes time O(kd3u). Therefore, the optimization on Line 7
can be efficiently solved by running the following projected gradient descent update:

Uj+1 ← Uj − η∇U tr
(
H(θ̂) ·Λss

t,t/du(θ̂,Uj, γ/
√

2du)
−1
)

Uj+1 ← proj(Uj+1;Uγ2/2,k)

where proj(Uj+1;Uγ2/2,k) denotes the projection of Uj+1 onto Uγ2/2,k. It follows that Tople
is computationally efficient.

Main Upper Bound in LDDM. The following assumption quantifies how large T must be
to guarantee we achieve the optimal rate.

Assumption 5.3 (Sufficiently Large T ). T is large enough that the burn-in time of Corol-
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lary 5.4, (5.4.1), is met with n = c1 log T and λnoise(σu) = λnoise, and

T ≥ max

{
C init

Tople

√
dx(σ

2
w + 1)

λnoise

,
c2(log

1
δ
+ d log(β∞/λnoise + 1))

min{rcov(θ⋆)2, d−1
x rquad(θ⋆)2, λ2

noiseLcov(θ⋆, γ2)−2}λnoise

}
(5.1.3)

where
C init

Tople = poly

(
∥A⋆∥H∞ , ∥B⋆∥op, du, γ2, log

1

δ
, Cinit

)
,

rcov(θ⋆) = C−1
sys is defined as in Lemma 5.3.7 for some Csys = poly(∥A⋆∥H∞ , ∥B⋆∥op), d =

dx + du, and c1, c2 are universal numerical constants.

Then we have the following theorem, upper bounding the loss achieved by Tople.

Theorem 5.2. Assume we are in the LDDM setting, that R satisfies Assumption 4.1,
δ ∈ (0, 1/3), and that T is large enough for Assumption 5.3 to hold. Then with probability at
least 1− δ, the estimate θ̂T produced by Algorithm 5.1 satisfies:

R(aopt(θ̂T ); θ⋆) ≤ 480σ2
w log

72(d2x + dxdu)

δ
· Φopt(γ

2; θ⋆)

T
+

Cce,1 + CTople,1

T 3/2
+

Cce,2 + CTople,2

T 2

and, furthermore, E[
∑T

t=1u
⊤
t ut] ≤ Tγ2. Here Cce,1 and Cce,2 are defined as in Corollary 5.4,

CTople,1 := c1

(√
dxd2Lhess

(λnoise)3/2
+ Lcov(θ⋆,γ2)tr(H(θ⋆))

(λnoise)5/2

)√
log(1/δ) + d log(β∞/λnoise + 1),

CTople,2 := c2
d2Lcov(θ⋆,γ2)Lhess

(λnoise)3

(
log(1/δ) + d log(β∞/λnoise + 1)

)
,

Lcov(θ⋆, γ
2) = Csys(σ

2
w+γ2) is defined as in Lemma 5.3.7, d := dx+du, and c1, c2 are universal

numerical constants.

We note that this upper bound matches the lower bound on LDDM decision making
given in Theorem 5.1, up to constants. The additional burn-in and lower-order terms are
required to quantify how close to optimal the inputs being played are. In particular, when
T satisfies (5.1.3), we are able to show that the inputs Tople plays achieve near-optimal
performance.

Together, Theorems 5.1 and 5.2 provide a complete instance-dependent characterization of
smooth decision making in linear dynamical systems. We emphasize that the only assumptions
needed for Theorems 5.1 and 5.2 to hold are that our system, θ⋆, is stable and sufficiently
excitable, and that the loss we are considering is sufficiently smooth. For any system and
any loss satisfying these minimal assumptions, Theorems 5.1 and 5.2 show that certainty
equivalence decision making is instance-wise optimal, and that Tople hits this optimal rate.
Furthermore, while Tople relies on an experiment design over open-loop inputs in order to
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compute the optimal exploration policy, its sample complexity is also optimal over algorithms
which incorporate feedback.

5.2 Instance-Optimal Linear Quadratic Regulator

We now return to the Lqr example introduced in Example 5.0.1, giving a corollary to
Theorem 5.2 in this setting, and providing several examples showing that, in the Lqr problem,
task-directed exploration yields a provable gain over more naive exploration strategies.

5.2.1 Instance-Optimal LQR Synthesis

Consider the pure exploration Lqr problem stated in Example 5.0.1. We define

RLqr(K; θ⋆) := JLqr,θ⋆(K)−min
K
JLqr,θ⋆(K)

where JLqr,θ⋆(K) is given in Example 5.0.1. The discrete algebraic Ricatti equation, defined
for some (A,B), is given as:

P = A⊤PA− A⊤PB(Ru +B⊤PB)B⊤PA+Rx.

If θ is stabilizable and Rx, Ru ≻ 0, it is a well-known fact that this has a unique solution, P ⪰ 0.
We denote the solution for the instance θ⋆ = (A⋆, B⋆) by P⋆, and let ΦLqr(γ

2; θ⋆) := Φopt(γ
2; θ⋆)

in the case when our loss is the Lqr loss, Jθ⋆ = JLqr,θ⋆ . As we show in Theorem C.2, the
Lqr problem satisfies Assumption 4.1. Given these definitions, the following corollary shows
the performance of Tople on the pure exploration Lqr problem.

Corollary 5.3. As long as T ≥ CLqr(dx log
2 T + d2x), with probability at least 1− δ, Tople

achieves the following rate for the Lqr problem:

RLqr(ce(τ); θ⋆) ≤ C · σ2
w log(

dx
δ
) · ΦLqr(γ

2; θ⋆)

T
+ CLqrd

5
x

T 3/2 .

Furthermore, any algorithm must incur the following loss:

Mγ2(RLqr;BT ) ≥
σ2
w

64
· ΦLqr(γ

2; θ⋆)

T
− CLqrd

5
x

T 5/4

where BT is as in Theorem 5.1 and CLqr = C ′
Lqr/ min{σ6

w, γ
6/d3u, 1} for C ′

Lqr polynomial in
∥P⋆∥op, ∥B⋆∥op, ∥B⋆∥−1

op , ∥A⋆∥H∞ , ∥Ru∥op, γ2, σ2
w, du, log log T , and log 1

δ
.

As this result shows, Tople is instance-optimal for the Lqr problem, with sample
complexity governed by the constant ΦLqr(γ

2; θ⋆). To the best of our knowledge, this is the
first (and only) algorithm provably instance-optimal for Lqr—albeit in the pure-exploration
Lqr setting.
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5.2.2 Task-Guided Exploration yields Provable Gains

We turn now to several examples which illustrate that taking into account the task of interest
when performing exploration yields provable gains over task-agnostic exploration schemes.
We focus on the Lqr setting and compare against the following natural exploration baselines:

• System Identification in Operator Norm (Chapter 3): Let πop denote the explo-
ration policy that is optimal for estimating θ⋆ = (A⋆, B⋆) under the operator norm
∥θ̂ − θ⋆∥op. Explicitly, πop = argmaxπ∈Πγ2

λmin(ΛT (π; θ⋆)).

• System Identification in Frobenius Norm: Let πfro denote the exploration pol-
icy that is optimal for estimating θ⋆ = (A⋆, B⋆) under the Frobenius norm: πfro =
argminπ∈Πγ2

tr(ΛT (π; θ⋆)
−1).

• Task-Optimal Gaussian Noise: Let πnoise denote the exploration policy such that
πnoise =: πnoise(Γ⋆) where πnoise(Γ⋆) plays the inputs ut ∼ N (0,Γ⋆) and

Γ⋆ = arg min
Γ:tr(Γ)≤γ2

tr(H(θ⋆)Λ̌T (πnoise(Γ); θ⋆)
−1).

In stating our results, we overload notation and let RLqr(πexp; θ⋆) = RLqr(ce(τ); θ⋆) for
τ ∼ πexp, θ⋆. We are concerned primarily in how the complexity scales with the dimension,
dx, and 1

1−ρ where ρ is the spectral radius of the system, and use Θ(·) and O(·) to suppress
lower order dependence on these terms. Our first example shows that, if (A⋆, B⋆) is properly
structured, Tople achieves a tighter scaling in 1

1−ρ than all naive exploration approaches.

Proposition 5.1. Consider the system A⋆ = ρe1e
⊤
1 , B⋆ = bI, Rx = κI, and Ru = µI.

There exist values of b, κ, µ, and σw such that the loss of Tople, optimal operator norm
identification, optimal Frobenius norm identification, and optimally exciting Gaussian noise
have the following scalings:

RLqr(Tople; θ⋆) = O
(

d2x
(1−ρ)2

σ2
w

γ2T

)
RLqr(πfro; θ⋆) = Θ

((
d2x

(1−ρ)2 +
dx

(1−ρ)5/2

)
σ2
w

γ2T

)
RLqr(πop; θ⋆) = Θ

((
d2x

(1−ρ)2 +
dx

(1−ρ)3

)
σ2
w

γ2T

)
RLqr(πnoise; θ⋆) = Θ

((
(1−ρ)−1+d4x(1−ρ)

(1−ρ)2

)
σ2
w

γ2T

)
.

Tople achieves the optimal scaling in 1
1−ρ and, as ρ → 1, will outperform other ap-

proaches by an arbitrarily large factor. In addition, we note that Frobenius norm identification
outperforms operator norm identification for this task. Intuitively, on this instance, the
first coordinate is easily excited and πop and πfro will therefore devote the majority of their
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energy to reducing the uncertainty in the remaining coordinates. However, the Lqr cost
will primarily be incurred in the first coordinate due to the same effect—this coordinate is
easily excited and therefore the first coordinate of the state grows at a much faster rate. As
such, the task-optimal allocation does the opposite of πop and πfro and seeks to learn the first
coordinate more precisely than the remaining coordinates so as to mitigate this growth.

In our next example, our system behaves isotropically but our costs are non-isotropic.
As a result, certain directions incur greater cost than others, and the task-optimal allocation
seeks to primarily reduce uncertainty in these directions.

Proposition 5.2. Consider the system A⋆ = ρI,B⋆ = I, Rx = I+κe1e
⊤
1 and Ru = µI. Then

there exists a choice of µ, κ, and σw such that

RLqr(Tople; θ⋆) = O
(

1
(1−ρ)4

σ2
w

γ2T

)
RLqr(πop; θ⋆) = RLqr(πfro; θ⋆) = Θ

(
dx

(1−ρ)4
σ2
w

γ2T

)
RLqr(πnoise; θ⋆) = Θ

(
d2x

(1−ρ)4
σ2
w

γ2T

)
.

We note that Tople improves on task-agnostic exploration by a factor of at least the
dimensionality. These examples make clear that, in the setting of a linear dynamical system,
when our goal is to perform a specific task, exploration agnostic to this task can be arbitrarily
suboptimal.

5.2.3 Suboptimality of Low-Regret Algorithms

In contrast to our pure-exploration setting, where we do not incur cost during exploration,
a significant body of work exists on regret-minimization for the online Lqr problem with
unknown A⋆, B⋆. Here the goal is to choose a low regret policy πlr so as to minimize

RegT := Eθ⋆,πlr
[∑T

t=1ℓ(xt, ut)
]
− T ·min

K
JLqr,θ⋆(K)

for ℓ(xt, ut) as defined in Example 5.0.1. While our objectives differ, it would seem a natural
strategy to run a low-regret algorithm for T steps to obtain a controller Klr, and then evaluate
the cost JLqr,θ⋆ on this Klr. The following result shows that there is a fundamental tradeoff
between regret and estimation; in particular, the optimal Θ(

√
T ) (see Simchowitz and Foster

[2020]) regret translates to a (very suboptimal) Ω(1/
√
T ) excess risk RLqr(Klr; θ⋆).

Proposition 5.3 (Suboptimality of Low Regret, Informal). For sufficiently large T and
any regret bound R ∈ [

√
T , T ], any policy πlr with regret Eπlr,θ⋆ [RegT ] ≤ R which returns a

controller Klr as a function of its trajectory must have Eθ⋆,πlr [RLqr(Klr; θ⋆)] = Ω(d
2
udx
R

).

In particular, Proposition 5.3 implies that popular low-regret strategies, such as optimism-
in-the-face-of-uncertainty [Abbasi-Yadkori and Szepesvári, 2011, Abeille and Lazaric, 2020]



79

or certainty equivalence online control [Mania et al., 2019, Simchowitz and Foster, 2020],
are highly suboptimal in our setting. The key intuition behind the proof is that low regret
algorithms converge to inputs ut ≈ K⋆xt approaching the optimal control policy; in doing so,
they under-explore directions perpendicular to the hyperplane {(x, u) : u = K⋆x}, which are
necessary for identifying the optimal control policy.

5.3 Proof of Theorem 5.1

We next proceed to the proof of Theorem 5.1. Before proving Theorem 5.1, we introduce
additional notation used throughout the proofs of the results in Section 5.1.

5.3.1 Additional Notation for Linear Dynamical Systems

Covariance Notation. At the center of our analysis are the covariance matrices that
arise from excitation of the linear system with a certain input. For an input sequence
u := (u1, . . . , ut) ∈ Rtdu , we define the open loop input covariance

Λin
t (θ,u, x0) :=

t−1∑
s=0

xus (x
u
s )

⊤ where xus+1 = Axus +Bus, xu0 = x0.

We overload notation so that the above is also defined when u = (us)
t′
s=1 for t′ ≥ t, or even

infinite sequences u = (us)s≥1. In addition, if u = (us)
t′
s=1 for t′ < t, we define Λin

t (θ,u, x0)
to be the open loop covariance when playing u periodically: that is, the input ut = umod(t,t′).
Recall that:

Λnoise
t (θ,Γu) :=

t−1∑
s=0

AsΓw(A
s)⊤ +

t−1∑
s=0

AsBΓuB
⊤(As)⊤

and observe that we can equivalently define

Λnoise
t (θ,Γu) = E

[
xtx

⊤
t | us

i.i.d.∼ N (0,Γu), ws
i.i.d.∼ N (0,Γw), s ≤ t, x0 = 0

]
We also define the following, which corresponds to the total expected average covariates
starting from some state x0 and playing any input ut = ũt + uwt , where u = (ũt)

k
t=1 and

uwt
i.i.d.∼ N (0, σ2

uI):

ΛT (θ,u, σu, x0) :=
1

T
Λin
T (θ,u, x0) +

1

T

T∑
t=1

Λnoise
t (θ, σu)



80

We set:

Λ̃noise
t :=

[
σ2
w

∑t−1
s=0A

s
⋆(A

s
⋆)

⊤ + γ2

2du

∑t−1
s=0A

s
⋆B⋆B

⊤
⋆ (A

s
⋆)

⊤ 0

0 γ2

2du
I

]
.

Lifted Dynamical System. We set

θ̃ := (Ã, B̃), Ã :=

[
A B
0 0

]
, B̃ :=

[
0
I

]
(5.3.1)

and in particular θ̃⋆ := (Ã⋆, B̃⋆). Then consider the dynamical system:

zt+1 = Ã⋆zt + B̃⋆ut+1 +

[
wt
0

]
(5.3.2)

Note that zt = [xt;ut], where xt is the state of (5.0.1). It follows that

ΣT :=
T∑
t=1

ztz
⊤
t =

T∑
t=1

[
xt
ut

] [
xt
ut

]⊤
so a bound on the covariates of the system (5.3.2) can be directly applied to the state-input
covariates from (5.0.1). For subsequent results, we will use zt := [xt;ut].

Key Parameters in the Analysis. For any θ = (A,B), the H∞ norm of θ is defined as:

∥θ∥H∞ := max
ω∈[0,2π]

∥(eιωI − A)−1B∥op.

Lemma 5.3.1. The following upper bound hold: ∥θ̃⋆∥H∞ ≤ 1 + (1 + ∥B⋆∥op)∥A⋆∥H∞.

Recall the definition of τ(θ, ρ) given in Section 3.4. We can relate the value of τ for a
lifted system θ̃ to the original system θ.

Lemma 5.3.2. Let Ã be defined as in (5.3.1). Then τ(Ã, ρ) ≤ (1 + ρ−1∥B∥op)τ(A, ρ).

We introduce the following constants to control the smoothness of the covariates:

rcov(θ⋆) := min

{
1− ρ⋆
2τ⋆

,
1

2∥A⋆∥H∞

, 1

}
,

Lcov(θ⋆, γ
2) :=

8(σ2
w + σ2

u∥B⋆∥2op)τ 3⋆
(1− ρ2⋆)

2
+

4σ2
u(∥B⋆∥op + 1)τ⋆

1− ρ2⋆
+ 34γ2∥A⋆∥3H∞(∥B⋆∥op + 1)2.

Lemma 5.3.7 implies that, if
∥θ − θ⋆∥op ≤ rcov(θ⋆),
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then for any u ∈ Uγ2,k, if T2 is divisible by k,

∥Λ̌ss
T1,T2

(θ, u, σu)− Λ̌ss
T1,T2

(θ⋆, u, σu)∥op ≤ Lcov(θ⋆, γ
2) · ∥θ − θ⋆∥op.

This holds regardless of the loss R.
Finally, in our analysis it will be convenient to work with a slightly different definition of

the optimal risk, which we define as:

Φss
opt(γ

2; θ⋆) := lim inf
T→∞

min
u∈Uγ2,T

tr
(
H(θ⋆)Λ̌ss

T,T (θ̃⋆, u, 0)
−1
)

As the following result shows, Φopt and Φss
opt are equal up to absolute constants.

Lemma 5.3.3. Φopt(γ
2; θ⋆) and Φss

opt(γ
2; θ⋆) are equal up to constants:

1

4
Φopt(γ

2; θ⋆) ≤ Φss
opt(γ

2; θ⋆) ≤ 16Φopt(γ
2; θ⋆).

5.3.2 Proof of Theorem 5.1

The outline of the proof is as follows:

1. Apply Theorem 4.5 to show that

min
â

max
θ∈BT

Eθ,πexp [R(âT ; θ)] ≥ min
θ:∥θ−θ0∥2F≤5(d2x+dxdu)/(λT

5/6)
E
[
tr
(
H(θ⋆)

(
Eθ,πexp [ΣT ] + λT · I

)−1
)]

for a particular choice of λ.

2. Apply Lemma 5.3.5 to show that, for any policy πexp and any θ, there exists a periodic
policy π′

exp such that
Eθ,πexp [ΣT ] ⪯ Eθ,π′

exp
[Σc1T ] + c2.

3. Given that π′
exp is periodic, apply Lemma 5.3.6 to show that we can upper bound the

expected covariates by the expected steady-state covariates:

Eθ,π′
exp

[Σc1T ] ⪯ Eθ,π′
exp

[Λfreq
c1T

(θ̃,U)] + c3.

4. Use the frequency-domain representation to show that there exists a non-random input
U ′ that meets the power constraint and achieves the same steady state covariates:

Eθ,π′
exp

[Λfreq
c1T

(θ̃,U )] = Λfreq
c1T

(θ̃,U ′).

5. Apply the perturbation bound for the steady state covariates given in Lemma 5.3.7
to show that, for any θ in our set, we can upper bound the covariates on θ by the
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covariates on θ⋆:
Λfreq
c1T

(θ̃,U ′) ⪯ Λfreq
c1T

(θ̃⋆,U
′) + c4.

6. Finally, we conclude the proof by optimizing over π′
exp to obtain a lower bound scaling

as Φopt(γ
2; θ⋆).

Throughout the proof, we assume expectations are taken with respect to θ and πexp, and
therefore write E[·] in place of Eθ,πexp [·]. As stated in Section 5.1, linear dynamical systems
are simply an instance of vector regression and we can therefore apply the results of Chapter 4
in this setting.

Applying Theorem 4.5: Define

λ⋆min,∞ := lim sup
T ′→∞

max
U∈Uγ2,T ′

1

10T ′λmin(Λ
ss
T ′(θ̃⋆,U , 0)).

The following result gives a lower bound on this quantity.

Lemma 5.3.4. We have:

min

{
λmin

(
σ2
w

dx∑
t=0

At
⋆(A

t
⋆)

⊤ + σ2
u

dx∑
t=0

At
⋆B⋆B

⊤
⋆ (A

t
⋆)

⊤

)
, σ2

u

}
≤ lim sup

T→∞
sup

U∈Uγ2,T

2λmin(Λ
ss
T (θ̃⋆,U)).

Under Assumption 5.2 and by Lemma 5.3.4, we will have that λ⋆min,∞ > 0. Then the
first conclusion of Theorem 4.5 holds with λ = λ⋆min,∞. That is, if T is large enough that the
burn-in of Theorem 4.5 is met, we will have

min
â

max
θ∈BT

Eθ,πexp [R(âT ; θ)] ≥ min
θ:∥θ−θ0∥2F≤5(d2x+dxdu)/(λ

⋆
min,∞T 5/6)

E
[
tr
(
H(θ⋆)

(
E[ΣT ] + λ⋆min,∞T · I

)−1
)]

.

Sufficiency of periodic policies: Our goal is to lower bound

min
θ:∥θ−θ0∥2F≤5(d2x+dxdu)/(λ

⋆
min,∞T 5/6)

E
[
tr
(
H(θ⋆)

(
E[ΣT ] + λ⋆min,∞T · I

)−1
)]

.

Fix some θ such that ∥θ0 − θ∥2F ≤ 5(d2x + dxdu)/(λ
⋆
min,∞T 5/6), and consider the extended

system θ̃, as defined in (5.3.1). Let zut denote the component of the state of θ̃ driven by both
the random and deterministic components of the input and zwt the component driven by the
process noise. Then zt = zut + zwt , so

T∑
t=1

ztz
⊤
t =

T∑
t=1

(zut + zwt )(z
u
t + zwt )

⊤ ⪯ 2
T∑
t=1

(
zut (z

u
t )

⊤ + zwt (z
w
t )

⊤)
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Therefore,
E[ΣT ] ⪯ 2E[

∑T
t=1z

u
t (z

u
t )

⊤] + 2
∑T

t=1Λ
noise
t (θ̃, 0).

The following result shows that we can upper bound these covariates by some covariates
generated by a periodic input satisfying the same power constraint.

Lemma 5.3.5. Fix some ρ ≥ ρ(A), parameter ϵ > 0, and let

Hϵ :=

⌈
log

(
ϵ(1− ρ2)

8∥B∥2opτ(A, ρ)3γ2T 2

)
/ log ρ

⌉
and Tϵ := 2Hϵ((d

2
x + dx)/2 + 1). (5.3.3)

Consider some input {ut}T−1
t=0 satisfying E[

∑T−1
t=0 u⊤

t ut] ≤ Tγ2. Then there exists an input
{ũt}Tϵ−1

t=0 such that

E

[
Tϵ−1∑
t=0

ũ⊤
t ũt

]
≤ Tϵγ

2

and extending to times t ≥ Tϵ − 1 via a periodic signal ũt = ũmod(t,Tϵ), where equality here
holds almost surely, satisfies

E
[ T∑
t=1

xut (x
u
t )

⊤
]
⪯ E

[ 2T+3Tϵ/2∑
t=1

xũt (x
ũ
t )

⊤
]
+ 5ϵI,

where above, xu are the states under the initial inputs (ut), and xũ are the iterates under
(ũt), and where we take xu0 = 0 in both.

By the power constraint on ut and Lemma 5.3.5,

E
T∑
t=1

zut (z
u
t )

⊤ ⪯ E
2T+Tϵ∑
t=1

zũt (z
ũ
t )

⊤ + 5ϵI ⪯ E
4T∑
t=1

zũt (z
ũ
t )

⊤ + 5ϵI

for some input ũ with period kũ := Tϵ = 2H((d2x+dx)/2+1) satisfying E[
∑kũ−1

t=0 ũ⊤
t ũt] ≤ kũγ

2,
and

H =

⌈
log

(
ϵ(1− ρ2)

8τ(Ã, ρ)3γ2T 2

)
/ log ρ

⌉
.

The final inequality follows by upper bounding Tϵ ≤ 2T , which will hold by our definition of
H and assumption on the size of T . Choosing ϵ = λ⋆min,∞T/5, we can upper bound

E[
∑T

t=1z
u
t (z

u
t )

⊤] +
∑T

t=1Λ
noise
t (θ̃, 0) ⪯ E

4T∑
t=1

zũt (z
ũ
t )

⊤ +
∑T

t=1Λ
noise
t (θ̃, 0) + λ⋆min,∞T · I
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From time domain to frequency domain: Next, the following result lets us move from
the time domain to the frequency domain.

Lemma 5.3.6. Let {ut}k−1
t=0 be a signal with E[

∑k−1
t=0 u

⊤
t ut] ≤ kγ2. Consider playing ut

periodically for T steps on system θ = (A,B) with no process noise, where we assume x0 = 0
and set ut = umod(t,k) almost surely. Then,

∥∥∥E T∑
t=0

xtx
⊤
t − E

1

T

T∑
t=1

(eι
2πt
T I − A)−1Bǔtǔ

H
t B

H(eι
2πt
T I − A)−H

∥∥∥
op

≤
τ(A, ρ)∥θ∥2H∞∥B∥op

√
T + 1kγ2

1− ρk
+

τ(A, ρ)2∥θ∥2H∞∥B∥
2
opk

2γ2

(1− ρk)2
.

where (ǔt)
T
t=1 = F−1((ut)

T
t=1).

The conditions of Lemma 5.3.6 are met for the above ũ with k ← 2H((d2x + dx)/2 + 1),
so it follows that

E
4T∑
t=1

zũt (z
ũ
t )

⊤ ⪯ EΛfreq
4T (θ̃, ũ)

+

(
τ(Ã, ρ)(2H((d2x + dx)/2 + 1))

√
4T + 1

1− ρk
+

τ(Ã, ρ)2(2H((d2x + dx)/2 + 1))2

(1− ρk)2

)
∥θ̃∥2H∞γ2 · I.

Then if

T ≥ 1

λ⋆min,∞

(
τ(Ã, ρ)(2H((d2x + dx)/2 + 1))

√
4T + 1

1− ρk
+

τ(Ã, ρ)2(2H((d2x + dx)/2 + 1))2

(1− ρk)2

)
∥θ̃∥2H∞γ2,

(5.3.4)
we can upper bound

E
4T∑
t=1

zũt (z
ũ
t )

⊤+
∑T

t=1Λ
noise
t (θ̃, 0)+λ⋆min,∞T ·I ⪯ EΛfreq

4T (θ̃, ũ)+
∑T

t=1Λ
noise
t (θ̃, 0)+2λ⋆min,∞T ·I.

Sufficiency of deterministic inputs: Let Ũγ2,kũ denote the set of inputs with average
expected power bounded by γ2 and period kũ. Then we have shown that

tr
(
H(θ⋆)(E[ΣT ] + λ⋆min,∞T · I)−1

)
≥ 1

2
tr
(
H(θ⋆)

(
EΛ̌in,ss

4T (θ̃, ũ) +
∑T

t=1Λ̌
noise
t (θ̃, 0) + 3λ⋆min,∞T · I

)−1 )
≥ 1

2
min

u∈Ũγ2,kũ

tr
(
H(θ⋆)

(
EΛ̌in,ss

4T (θ̃,u) +
∑T

t=1Λ̌
noise
t (θ̃, 0) + 3λ⋆min,∞T · I

)−1 )
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By definition of Λfreq and for any u ∈ Ũγ2,kũ , using that ǔ = F(u),

E[Λfreq
4T (θ̃,u)] = E

[
4T

kũ

1

kũ

kũ∑
t=1

(e
ι 2πt
kũ I − Ã)−1B̃ǔtǔ

H
t B̃

H(e
ι 2πt
kũ I − Ã)−H

]

=
4T

kũ

1

kũ

kũ∑
t=1

(e
ι 2πt
kũ I − Ã)−1B̃E[ǔtǔH

t ]B̃
H(e

ι 2πt
kũ I − Ã)−H.

Define Ut := E[ǔtǔH
t ]. By Parseval’s Theorem, and the power constraint on u, we have∑kũ

t=1tr(Ut) = E[
∑kũ

t=1ǔtǔ
H
t ] = E[kũ

∑kũ
t=0u

⊤
t ut] ≤ k2

ũγ
2.

Thus, optimizing over over the (possibly random) input u, is equivalent to optimizing over
PSD matrices Ut that satisfy this trace constraint. Therefore,

1

2
min

u∈Ũγ2,kũ

tr
(
H(θ⋆)

(
EΛ̌in,ss

4T (θ̃,u) +
∑T

t=1Λ̌
noise
t (θ̃, 0) + 3λ⋆min,∞T · I

)−1 )
≥ 1

2
min

u∈Uγ2,kũ

tr
(
H(θ⋆)

(
Λ̌in,ss

4T (θ̃,u) +
∑T

t=1Λ̌
noise
t (θ̃, 0) + 3λ⋆min,∞T · I

)−1 )
≥ 1

8T
min

u∈Uγ2,kũ

tr
(
H(θ⋆)

(
Λ̌ss

4T (θ̃,u, 0) + 3λ⋆min,∞ · I
)−1 )

≥ 1

8T
min

U∈Uγ2,4T

tr
(
H(θ⋆)

(
Λ̌ss

4T (θ̃,U , 0) + 3λ⋆min,∞ · I
)−1 )

where the constraint set in the second minimization is simply the set defined in (3.1.2), and
we can thus drop the expectation.

From θ to θ⋆: We next want to show that, for θ close enough to θ⋆, the covariates generated
on θ are close to those generated on θ⋆. The following result provides such a bound.

Lemma 5.3.7. For all U ∈ Uγ2,k and all θ with

∥θ − θ⋆∥op ≤ min

{
1− ρ

2τ(A⋆, ρ)
,

1

2∥A⋆∥H∞

, 1

}
=: rcov(θ⋆), (5.3.5)

if T2 is divisible by k, then:

∥Λ̌ss
T1,T2

(θ,U , σu)− Λ̌ss
T1,T2

(θ⋆,U , σu)∥op ≤

(
8(σ2

w + σ2
u∥B⋆∥2op)τ(A⋆, ρ)

3

(1− ρ2)2
+

4σ2
u(∥B⋆∥op + 1)τ(A⋆, ρ)

2

1− ρ2

+ 34γ2∥A⋆∥3H∞(∥B⋆∥op + 1)2

)
∥θ − θ⋆∥op =: Lcov(θ⋆, γ

2) · ∥θ − θ⋆∥op. (5.3.6)
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By assumption

∥θ − θ⋆∥op ≤ ∥θ − θ⋆∥F ≤ ∥θ − θ0∥F + ∥θ0 − θ⋆∥F ≤ 2
√

5(d2x + dxdu)/(
√
λ⋆min,∞T 5/12)

so if
2
√
5(d2x + dxdu)/(

√
λ⋆min,∞T 5/12) ≤ rcov(θ⋆) (5.3.7)

we are in the domain of Lemma 5.3.7 and

∥Λ̌ss
4T (θ̃,U , 0)− Λ̌ss

4T (θ̃⋆,U , 0)∥op ≤ Lcov(θ⋆, γ
2) · ∥θ̃ − θ̃⋆∥op = Lcov(θ⋆, γ

2) · ∥θ − θ⋆∥op

≤
Lcov(θ⋆, γ

2)2
√

5(d2x + dxdu)√
λ⋆min,∞T 5/12

,

It follows that as long as

Lcov(θ⋆, γ
2)2
√

5(d2x + dxdu)√
λ⋆min,∞T 5/12

≤ λ⋆min,∞ (5.3.8)

then
Λ̌ss

4T (θ̃,U , 0) ⪯ Λ̌ss
4T (θ̃⋆,U , 0) + λ⋆min,∞ · I,

and thus,

1

8T
min

U∈Uγ2,4T

tr
(
H(θ⋆)

(
Λ̌ss

4T (θ̃,U , 0) + 3λ⋆min,∞ · I
)−1 )

≥ 1

8T
min

U∈Uγ2,4T

tr
(
H(θ⋆)

(
Λ̌ss

4T (θ̃⋆,U , 0) + 4λ⋆min,∞ · I
)−1 )

.

Concluding the lower bound: Next, the following lemmas show that for large enough
time horizon, the covariates can approximate the infinite-horizon covariates.

Lemma 5.3.8. Fix any k̄ and input U ⋆ ∈ Uγ2,k̄. Then for any:

k ≥ max

{
4π∥θ∥H∞γ2

ϵ
,

π

2∥θ∥H∞

}(
max
ω∈[0,2π]

∥(eιωI − A)−2B∥op
)

there exists an input U ∈ Uγ2,k such that:∥∥∥∥1kΛfreq
k (θ,U)− 1

k̄
Λfreq

k̄
(θ,U ⋆)

∥∥∥∥
op

≤ ϵ.
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Lemma 5.3.9. If

T ≥ max

{
8τ(A, ρ)2(σ2

w + σ2
u∥B∥2op)

(1− ρ2)2
1

ϵ
, log

(
(1− ρ2)2ϵ

8τ(A, ρ)2(σ2
w + σ2

u∥B∥2op)

)
1

2 log ρ

}
then, for any T ′ ≥ T ,∥∥∥∥∥ 1T

T∑
t=1

Λnoise
t (θ, σu)−

1

T ′

T ′∑
t=1

Λnoise
t (θ, σu)

∥∥∥∥∥
op

≤ ϵ.

By Lemma 5.3.8, so long as

4T ≥ max

{
8π∥θ̃⋆∥H∞γ2

λ⋆min,∞
,

π

2∥θ̃⋆∥H∞

}(
max
ω∈[0,2π]

∥(eιωI − Ã⋆)
−2B̃⋆∥op

)
, (5.3.9)

then for any T ′ ≥ 4T and U ⋆ ∈ Uγ2,4T , there exists a U ′ ∈ Uγ2,T ′ such that∥∥∥∥ 1

4T
Λfreq

4T (θ̃⋆,U
′)− 1

T ′Λ
freq
T ′ (θ̃⋆,U

⋆)

∥∥∥∥
op

≤ 1

2
λ⋆min,∞.

Furthermore, by Lemma 5.3.9, if

4T ≥ max

{
16τ(Ã⋆, ρ)

2(σ2
w + γ2/du)

(1− ρ2)2λ⋆min,∞
, log

(
(1− ρ2)2λ⋆min,∞

16τ(Ã⋆, ρ)2(σ2
w + γ2/du)

)
1

2 log ρ

}
, (5.3.10)

then, for any T ′ ≥ 4T ,∥∥∥∥∥ 1

4T

4T∑
t=1

Λnoise
t (θ̃⋆, γ/

√
du)−

1

T ′

T ′∑
t=1

Λnoise
t (θ̃⋆, γ/

√
du)

∥∥∥∥∥
op

≤ 1

2
λ⋆min,∞.

By what we’ve just shown, for any T ′ ≥ 4T :

Λ̌ss
4T (θ̃⋆,U

′, 0) ⪯ Λ̌ss
T ′(θ̃⋆,U

⋆, 0) + λ⋆min,∞ · I.

Thus,

1

8T
min

U∈Uγ2,4T

tr

(
H(θ⋆)

(
Λ̌ss

4T (θ̃⋆,U , 0) + 4λ⋆min,∞ · I
)−1
)

≥ lim inf
T ′→∞

1

8T
min

U∈Uγ2,T ′
tr

(
H(θ⋆)

(
Λ̌ss
T ′(θ̃⋆,U , 0) + 5λ⋆min,∞ · I

)−1
)
.
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Let
λ⋆min,T := inf

T ′≥T
max

U∈Uγ2,T ′

1

10T ′λmin(Λ
freq
T ′ (θ̃⋆,U)).

Note that by Lemma 5.3.8, so long as

T ≥ max

{
8π∥θ̃⋆∥H∞γ2

λ⋆min,∞
,

π

2∥θ̃⋆∥H∞

}(
max
ω∈[0,2π]

∥(eιωI − Ã⋆)
−2B̃⋆∥op

)
, (5.3.11)

then for any T ′ ≥ T and U ⋆ ∈ Uγ2,T , there exists a U ′ ∈ Uγ2,T ′ such that∥∥∥∥ 1TΛfreq
T (θ̃⋆,U

′)− 1

T ′Λ
freq
T ′ (θ̃⋆,U

⋆)

∥∥∥∥
op

≤ 1

2
λ⋆min,∞.

This implies that so long as T satisfies (5.3.11), we will have λ⋆min,T ≥ 1
2
λ⋆min,∞. By definition

of λ⋆min,T , for any T ′ ≥ T there exists some input U ′′ ∈ Uγ2,T ′ such that λmin(Λ
ss
T ′(θ̃⋆,U

′′, 0)) ≥
10λ⋆min,T . It follows that for any T ′ ≥ T ,

min
U∈Uγ2,T ′

tr

(
H(θ⋆)

(
Λ̌ss
T ′(θ̃⋆,U , 0) + 5λ⋆min,∞ · I

)−1
)

≥ min
U∈Uγ2,T ′

tr

(
H(θ⋆)

(
Λ̌ss
T ′(θ̃⋆,U , 0) + 10λ⋆min,T · I

)−1
)

≥ min
U∈Uγ2,T ′

tr

(
H(θ⋆)

(
Λ̌ss
T ′(θ̃⋆,U , 0) + Λ̌ss

T ′(θ̃⋆,U
′′, 0)

)−1
)

≥ min
U∈U2γ2,T ′

tr

(
H(θ⋆)

(
Λ̌ss
T ′(θ̃⋆,U , 0)

)−1
)

≥ 1

2
min

U∈Uγ2,T ′
tr

(
H(θ⋆)

(
Λ̌ss
T ′(θ̃⋆,U , 0)

)−1
)
.

This implies that

lim inf
T ′→∞

1

8T
min

U∈Uγ2,T ′
tr

(
H(θ⋆)

(
Λ̌ss
T ′(θ̃⋆,U , 0) + 5λ⋆min,∞ · I

)−1
)

≥ lim inf
T ′→∞

1

16T
min

U∈Uγ2,T ′
tr

(
H(θ⋆)

(
Λ̌ss
T ′(θ̃⋆,U , 0)

)−1
)

=
1

16T
Φss

opt(γ
2; θ⋆).

Putting everything together, Theorem 4.5 and what we have shown imply that as long as
T is large enough so that the burn-in of Theorem 4.5 is met, T ≥ H((d2x + dx)/2 + 1) and



89

(5.3.4), (5.3.7), (5.3.8), (5.3.9), (5.3.10), and (5.3.11) hold, we will have

min
â

max
θ:∥θ−θ0∥22≤5(d2x+dxdu)/(λ

⋆
min,∞T 5/6)

E[R(â; θ)] ≥ σ2
w

16T
Φss

opt(γ
2; θ⋆)−

C1

(λ⋆min,∞T )5/4

where C2 = O
(
(La1La2LR2 + L3

a1LR3 + Lhess)(d
2
x + dxdu)

3/2 + L2
a1LR2

)
. Finally we can lower

bound Φss
opt(γ

2; θ⋆) with Φopt(γ
2; θ⋆)/4 by Lemma 5.3.3.

Simplifying the Burn-In Time: It remains to simplify the bound. First, note that by
Lemma F.9 of Wagenmaker and Jamieson [2020], as long as ∥θ̃ − θ̃⋆∥op ≤ c/∥θ̃⋆∥H∞ , we will
have that ∥θ̃∥H∞ and ∥θ̃⋆∥H∞ are within a constant factor of each other. Next, note that
Proposition C.1 implies that, so long as ∥θ̃ − θ̃⋆∥op ≤ ϵ, ∥Ãk∥op ≤ τ(Ã⋆, ρ)(ρ + τ(Ã⋆, ρ)ϵ)

k.
This implies that

τ(Ã, ρ+ τ(Ã⋆, ρ)ϵ) = sup
k
∥Ãk∥op(ρ+ τ(Ã⋆, ρ)ϵ)

−k ≤ τ(Ã⋆, ρ).

As long as ϵ < (1− ρ⋆)/(2τ(Ã⋆, ρ)) we can then choose ρ = ρ⋆ + τ(Ã⋆, ρ⋆)ϵ which will allow
us to upper bound

τ(Ã, ρ)n

(1− ρm)p
≤ cτ(Ã⋆, ρ⋆)

n

(1− ρm⋆ )
p
.

As we have assumed ∥θ − θ0∥F , ∥θ⋆ − θ0∥F ≤
√

5(d2x + dxdu)/(
√

λ⋆min,∞T 5/12), we can upper
bound ∥θ̃−θ̃⋆∥op ≤ ∥θ−θ⋆∥F ≤ 2

√
5(d2x + dxdu)/(

√
λ⋆min,∞T 5/12). Some algebra, Lemma 5.3.2,

and the definition of Lcov(θ⋆, γ
2) and rcov(θ⋆) then gives that as long as

T ≥ poly

(
1

1− ρ⋆
, τ⋆, ∥B⋆∥op, dx, du, ∥θ̃⋆∥H∞ , γ2, σ2

w,
1

λ⋆min,∞
, log T

)
,

these bounds on ∥θ̃∥H∞ and τ(Ã, ρ) will hold, T ≥ H((d2x + dx)/2 + 1) and (5.3.4), (5.3.7),
(5.3.8), (5.3.9), (5.3.10), and (5.3.11) hold. Finally, we use Lemma 5.3.4 to replace λ⋆min,∞

with λnoise, and Lemma 5.3.1 to upper bound τ⋆,
1

1−ρ⋆ and ∥θ̃⋆∥H∞ by poly(∥B⋆∥op, ∥A⋆∥H∞).

5.4 Proof of Theorem 5.2

Towards proving Theorem 5.2, we first specialize our results on certainty-equivalence decision
making from Chapter 4 to the LDDM setting. We then prove Theorem 5.2 in Section 5.4.2.

5.4.1 Certainty Equivalence Decision Making in LDDM

While Theorem 4.4 holds in a very general setting, our optimal decision making algorithm,
Tople, applies only to the LDDM setting, and uses a highly structured set of policies. In
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order to facilitate the analysis of Tople, it is helpful to obtain a corollary of Theorem 4.4
in this more restricted setting. Towards making this precise, we introduce a set of policies
in the LDDM setting, sequential-open loop policies, which we show contains Tople. Before
formally defining these policies, we recall that

β∞ := c
(
(1 + ∥B⋆∥2op)∥A⋆∥4H∞

)(√
dx log

T

δ
+ γ2∥A⋆∥2H∞

)
.

By Lemma C.2.2, Λ̄T := Tβ∞ ·I is a high probability upper bound on the covariates, assuming
that πexp ∈ Πsol

γ2 , where we define Πsol
γ2 , the set of sequential open-loop policies, as:

Definition 5.4.1 (Sequential Open-Loop Policies). We define a sequential open-loop policy
to be an exploration policy πexp ∈ Πγ2 satisfying the following conditions:

• (Open-Loop Gaussian) There exist deterministic times {t̄0, t̄1, . . . , t̄n−1, t̄n} ⊆ [T ]
with t̄0 = 0, t̄n = T, t̄i+1 ≥ t̄i, such that, for t ∈ {t̄i, . . . , t̄i+1 − 1}:

ut|Ft̄i ∼ N (ũt,Γu,i)

for Ft̄i measurable ũt and Γu,i ⪰ 0 satisfying:

T−1∑
t=0

ũ⊤
t ũt ≤ Tγ2, tr(Γu,i) ≤ γ2, λmin(Γu,i) ≥ σ2

u

almost surely, for deterministic σu.

• (Low-Switching) For any t, there exists some epoch i such that |{t, . . . , t+Tse(πexp)}∩
{t̄i, . . . , t̄i+1 − 1}| ≥ 1

2
Tse(πexp) where

Tse(πexp) := c1dx

(
(dx + du) log(β∞/λnoise(σu) + 1) + log

n

δ

)
.

In words, at least half of any length Tse(πexp) interval is contained in a single epoch.

We make several comments on this definition.

• Any policy πexp ∈ Πsol
γ2 satisfies Assumption 4.4, which we prove in Section 4.2.2.

• Tople, an optimal policy (up to constants), is in Πsol
γ2 , with n = O(log T ).

• The assumption that ut | FTi be Gaussian is for simplicity of analysis, and in general is
not necessary—the noise could take different sub-Gaussian distributions if desired.

The following result instantiates Theorem 4.4 with any policy πexp ∈ Πsol
γ2 , and assuming

we are in the LDDM setting.
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Corollary 5.4. Assume we are in the LDDM setting and consider some loss R satisfying
Assumption 4.1, stable system θ⋆, and exploration policy πexp ∈ Πsol

γ2 . If

T ≥c1
(
Csysn2(σ4

w+γ4)

λnoise(σu)2
+ dx

λnoise(σu)rquad(θ⋆)2
+

√
dxσ2

w

γ2
+ n+ dx

)(
log n

δ
+ d log(β∞/λnoise(σu) + 3)

)
(5.4.1)

then for δ ∈ (0, 1/3), with probability 1− δ:

R(aopt(θ̂ls); θ⋆) ≤ 5σ2
w log

24(d2x + dxdu)

δ
· ΦT (πexp; θ⋆)

T
+

Cce,1

T 3/2
+

Cce,2

T 2

where Csys = poly(∥B⋆∥op, ∥A⋆∥H∞), d := dx + du, universal numerical constants c1, c2, and

Cce,1 :=
c2Lquad

λnoise(σu)3/2

(
log 1

δ
+ dxd log(β∞/λnoise(σu) + 3)

)3/2
, Cce,2 :=

Csysσ2
w(σ4

w+γ4)tr(H(θ⋆))d3n

λnoise(σu)3
log2 dn

δ
.

Proof. This is a direct consequence of Theorem 4.4 and the following result.

Lemma 5.4.1. Any policy πexp ∈ Πsol
γ2 meets Assumption 4.4 on some system θ⋆ with

Tse(πexp) = c1dx

(
(dx + du) log(β∞/λmin(Λ

noise
dx (θ̃⋆, σu)) + 1) + log

n

δ

)
λ = c2λmin(Λ

noise
dx (θ̃⋆, σu))

Λ̄T = β∞ · I

Tcon(πexp) = max

{
Tse(πexp), (n+

√
dxσ

2
w/γ

2) log
2(n+ 1)2

δ

}
Ccon = n

c3τ
3
⋆ (σ

2
w + γ2)

(1− ρ⋆)5/2λmin(Λnoise
dx

(θ̃⋆, σu))

√
log

n

δ
+ dx + du

α = 1/2

for universal constants c1, c2, c3.

The stated results follows from some algebra to simplify terms and using Lemma 5.3.1
to upper bound poly(τ⋆,

1
1−ρ⋆ ) terms by poly(∥B⋆∥op, ∥A⋆∥H∞), and setting dθ = d2x + dxdu,

the dimensionality of (A,B).
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5.4.2 Proof of Theorem 5.2

Fix an epoch i and let T =
∑i

j=0 Tj. Note that, by the definition of Ti, we will have
Ti =

1
2
(T + T0). Similarly, Ti−1 =

1
4
(T + T0). Define the following events.

E1 =

{
∥θ̂i−1 − θ⋆∥op ≤ C

√
log(1/δ) + (dx + du) log(β∞/λnoise + 1)

Ti−1λnoise

=: ϵop,i−1

}

E2 =
{
R(aopt(θ̂i); θ⋆) ≤ 5σ2

w

(
H(θ⋆)Eθ⋆ [ΣT ]

−1
)
log

24(d2x + dxdu)

δ
+

C1

T 3/2
+

C2

T 2

}
E3 =

{
∥zT−Ti∥22 ≤

4τ 2⋆ γ
2k2
i

1− ρki⋆
+ 8

√
∥Λ̃noise

T ∥2F log
2

δ
+ 8∥Λ̃noise

T ∥op log
2

δ

}

for C1, C2 as defined in Corollary 5.4.

Events Ei hold. By Lemma 3.5.1, we know that Tople ∈ Πsol
γ2 . By Lemma 5.4.1, this

implies that Tople satisfies Assumption 4.4 with

Tse(Tople) = c1dx

(
(dx + du) log(β∞/λnoise + 1) + log

n

δ

)
, λ = c2λnoise, Λ̄T = β∞ · I

Thus, as long as

T ≥ Tse(Tople) (5.4.2)

we will have that with probability at least 1− δ, λmin(ΣT ) ≥ c2λnoiseT and ΣT ⪯ Tβ∞I. We
can therefore apply Lemma C.3.2, our operator norm estimation bound, to get that P[Ec1 ] ≤ δ.
Furthermore, by Corollary 5.4, we will have, as long as T is large enough for the burn-in,
(5.4.1) to be met, that P[Ec2 ] ≤ δ. To show that E3 occurs with high probability, we break
up the state into two components: zut , the portion of the state driven by ũt, and zwt , the
portion of the state driven by the input noise and process noise. As the structure of Tople
is identical to that of the algorithm in Chapter 3, Lemma A.1.2 gives that

∥zuT−Ti∥
2
2 ≤

4τ(Ã⋆, ρ)
2k2
i γ

2

(1− ρki)2

and we choose ρ = ρ⋆. Crucially for subsequent steps, this scales as k2
i instead of T , which is

the scaling we would obtain applying Lemma C.2.7 would scale. Next, applying Lemma C.2.8
gives that, with probability 1− δ,

∥zwT−Ti∥
2
2 ≤ 4

√
∥Λ̃noise

T ∥2F log
2

δ
+ 4∥Λ̃noise

T ∥op log
2

δ
.
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Note that we can apply Lemma C.2.8 since the input noise variance is deterministically
fixed for all epochs, and by upper bounding the state bound for epochs i ≥ 1 by the state
bound that would hold if we always set the input noise to have variance γ2/du. This implies
P[Ec3 ] ≤ δ. Altogether then, we have that P[E1 ∩ E2 ∩ E3] ≥ 1− 3δ.

Events Ei imply optimal inputs. We now assume that E1 ∩ E2 ∩ E3 holds. The following
result shows that, for sufficiently large Ti and θ̂i−1 sufficiently accurate, the exploration inputs
played by Algorithm 5.1 are near-optimal.

Lemma 5.4.2. Fix an epoch i of Algorithm 5.1 and let ki denote the discretization level of
the input set at that epoch, Uγ2/2,ki, and assume that Ti/(duki) is an integer. Let k be any
value satisfying dx ≤ k ≤ Ti/2 and take ϵ ∈ (0, 1). Then, as long as

Ti ≥ max

{
2duτ

3
⋆ (2kiγ + ∥zT−Ti∥2)((4 + 2τ⋆)kiγ + τ⋆∥zT−Ti∥2))

(1− ρki⋆ )2(1− ρ⋆)λnoiseϵ
,
16τ 2⋆ (σ

2
w + γ2/(2du))

(1− ρ2⋆)
2λnoiseϵ(

τ 2⋆ k
2
i duγ

2

(1− ρki⋆ )2
+

τ⋆ki
√
duγ

2
√
Ti

1− ρki⋆

)
16du∥θ̃⋆∥2H∞

λnoiseϵ
, log

(
(1− ρ2⋆)

2λnoiseϵ

16τ 2⋆ (σ
2
w + γ2/(2du))

)
1

2 log ρ⋆

}
,

ki ≥ max

{
8π∥θ̃⋆∥H∞γ2

λnoiseϵ
,

π

2∥θ̃⋆∥H∞

}(
max
ω∈[0,2π]

∥(eιωI − Ã⋆)
−2B̃∥op

)
,

∥θ̂i−1 − θ⋆∥op ≤ ϵop,i−1 ≤ min

{
rcov(θ⋆),

rquad(θ⋆)√
dx

,
λnoise

4Lcov(θ⋆, γ2)

}
,

we have, for any T ′ ≥ Ti:

tr
(
H(θ⋆)(Eθ⋆,Ui,Ti [Idx⊗

∑T
t=T−Tiztz

⊤
t ])

−1
)
≤ min
U∈Uγ2,T ′

2tr
(
H(θ⋆)Λ̌ss

T ′,T ′(θ̃⋆,U , 0)−1
)

(1− ϵ)3Ti
+

Cexp

(1− ϵ)2

where

Cexp =

(
4(d

5/2
x + d

3/2
x du)Lhess

λnoise

+
8Lcov(θ⋆, γ

2)tr(H(θ⋆))
λ2
noise

)
ϵop,i−1

Ti
+

8(d2x + dxdu)Lcov(θ⋆, γ
2)Lhess

λ2
noise

ϵ2op,i−1

Ti
.

Assume that Ti is large enough that

ϵop,i−1 ≤ min{rcov(θ⋆), rquad(θ⋆)/
√
dx, λnoise/(4Lcov(θ⋆, γ

2))}.

Then, as long as,

Ti ≥ poly

(
1

1− ρ⋆
, τ⋆, ∥θ̃⋆∥H∞

)
du∥zT−Ti∥22 + d

3/2
u γ2ki

√
Ti + d2uγ

2k2
i + σ2

w

λnoise

, (5.4.3)
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ki ≥ max

{
80π∥θ̃⋆∥H∞γ2

λnoise

,
π

2∥θ̃⋆∥H∞

}(
max
ω∈[0,2π]

∥(eιωI − Ã⋆)
−2B̃∥op

)
, (5.4.4)

we can apply Lemma 5.4.2, which gives that the performance achieved by Ui is nearly optimal.
That is, for any T ′ ≥ Ti,

tr(H(θ⋆)(Eθ⋆ [ΣT ])
−1) ≤ tr(H(θ⋆)(Eθ⋆ [Idx ⊗

∑T
t=T−Tiztz

⊤
t ])

−1)

≤ min
u∈Uγ2,T ′

3tr
(
H(θ⋆)Λ̌ss

T ′,T ′(θ̃⋆,u, 0)
−1
)

Ti
+ 2Cexp

for Cexp as above and we have chosen ϵ such that 1/(1− ϵ)3 = 3/2. Recall that Algorithm 5.1
uses Ti = Cinitdu2

i and ki = Cinit2
⌊i/4⌋. We then have that:

C
3/4
init

d
1/4
u

T
1/4
i ≥ Cinit2

i/4 ≥ ki ≥ Cinit2
i/4−1 =

C
3/4
init

2d
1/4
u

T
1/4
i .

On event E3, which upper bounds ∥zT−Ti∥22, it follows that (5.4.3) and (5.4.4) hold as long as

Ti ≥
poly

(
1

1−ρ⋆ , τ⋆, ∥θ̃⋆∥H∞

)
λnoise

(
d5/4u γ2C

3/4
initT

3/4
i + d3/2u γ2C

3/2
init

√
Ti

+ σ2
w +

√
∥Λnoise

T−Ti∥
2
F log

2

δ
+ ∥Λnoise

T−Ti∥op log
2

δ

)

T
1/4
i ≥ max

{
80π∥θ̃⋆∥H∞γ2

λnoise

,
π

2∥θ̃⋆∥H∞

}
2d

1/4
u

(
maxω∈[0,2π] ∥(eιωI − Ã⋆)

−2B̃∥op
)

C
3/4
init

.

We have then shown that, on the event E1 ∩ E2 ∩ E3 and assuming T is large enough to meet
the burn-ins stated above, we have, for any T ′,

R(aopt(θ̂i); θ⋆) ≤ 5σ2
w

(
H(θ⋆)Eθ⋆ [ΣT ]

−1
)
log

18(d2x + dxdu)

δ
+

C1

T 3/2
+

C2

T 2

≤ 15σ2
w min
u∈Uγ2,T ′

tr
(
H(θ⋆)Λ̌ss

T ′,T ′(θ̃⋆,u, 0)
−1
)

Ti
log

24(d2x + dxdu)

δ
+

C1

T 3/2
+

C2

T 2

+ 10σ2
wCexp log

24(d2x + dxdu)

δ
.

As this bound hold for any T ′ ≥ Ti, we take lim infT ′→∞, to obtain

R(aopt(θ̂i); θ⋆) ≤
15σ2

wΦ
ss
opt(γ

2; θ⋆)

Ti
log

24(d2x + dxdu)

δ
+

C1

T 3/2
+

C2

T 2
+ 10σ2

wCexp log
24(d2x + dxdu)

δ
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We can also upper bound Φss
opt(γ

2; θ⋆) by 16Φopt(γ
2; θ⋆) via Lemma 5.3.3. On E1 ∩ E2 ∩ E4,

it is easy to see Cexp = C4/T
3/2 + C5/T

2 for some C4, C5. The conclusion then follows by
rescaling δ, and since Ti ≥ T/2. The fact that the average expected power of the inputs is
bounded by γ2 follows by Lemma 3.5.3. Finally, some algebra shows that the burn-in times
stated above are all met as long as Assumption 5.3 holds.
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Chapter 6

Task-Dependent Exploration in Nonlinear
Dynamical Systems

The focus of this chapter is on decision making in nonlinear dynamical systems. In
particular, we consider again the decision making setting of Chapter 4 but, rather than
instantiating it in the setting of linear dynamical systems as in Chapter 5, we consider a
certain class of nonlinear dynamical systems parameterized as:

xh+1 = A⋆ϕ(xh, uh) + wh. (6.0.1)

Here xh ∈ Rdx denotes the state of the system, uh ∈ U ⊆ Rdu the input, wh ∼ N (0, σ2
w · I)

random noise, ϕ(·, ·) ∈ Rdϕ a (possibly nonlinear, known) feature map, and A⋆ ∈ Rdx×dϕ the
(unknown) system parameter. As in Chapter 5, our goal in this setting will be to explore in a
task-dependent manner—to play inputs in (6.0.1) that allow us to learn the optimal decision
as quickly as possible.

While we restrict our dynamics to a particular parametric form (6.0.1), systems of this
form are able to model a variety of real-world settings that linear systems are not capable
of modeling, from drones to robotic systems, and more [Shi et al., 2021a, O’Connell et al.,
2022, Boffi et al., 2021, Song and Sun, 2021, Richards et al., 2021]. Indeed, we can model
any sufficiently regular, smooth nonlinear system f(x, u) in the form (6.0.1) by choosing ϕ
to correspond to sufficiently expressive random features [Rahimi and Recht, 2008]. Critically,
however, despite its expressivity, we obtain linear observations of the unknown parameter
in (6.0.1), A⋆, which allows us to apply our results from the MDM setting of Chapter 4 to
quantify the statistical complexity of learning in (6.0.1).

To motivate the need for effective exploration in nonlinear systems, and highlight key
differences and challenges between linear and nonlinear systems, consider an expanded version
of the example from Section 1.1.2 with dynamics given by:

xh+1 = a1xh + a2uh +
10∑
i=1

ai+2ϕi(xh) + wh
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where ϕi(x) = max{1 − 100(x − ci)
2, 0} for some ci. We choose a1 = 0.8, a2 = 1, and

a3 = . . . = a12 = −3. We assume a1:12 are unknown, (ϕi)10i=1 is known, and set

cost(x, u) = (x− c1)
2 + 100−1 · u2.

Our goal is to learn a controller which minimizes the cost on the true system. With this
choice of cost, the optimal controller will attempt to direct the state x to the equilibrium
point c1 and maintain this position. Note that, with our choice of ϕi, ϕi(x) ̸= 0 only when
x is very close to ci. This renders the parameters a4:12 irrelevant to learning the optimal
controller, since ϕ2, . . . ,ϕ10 will be inactive if we are playing optimally, but learning a3 is
critical to performing optimally, as its value significantly changes the dynamics at the goal
state.

Figure 6.1: Performance on Motivating Exam-
ple

We illustrate the result of running on
this system in Figure 6.1, comparing our pro-
posed task-dependent exploration approach
(Task-Driven Exploration, Algorithm 6.1)
to the approach which chooses uh ∼ N (0, σ2

u)
(Random Exploration), and the approach
proposed in Mania et al. [2022] (Uniform
Exploration) which seeks to explore so as
to estimate a1:12 uniformly well. As can be
seen, neither of these latter two approaches
are able to learn a good controller, while
our approach easily finds a near-optimal con-
troller. The failure modes of each of these ap-
proaches is somewhat different. Here Random
Exploration fails since the chance of reaching the point xh ∼ c1 is extremely small if the
input is random noise—reaching c1 requires playing a particular sequence of actions which
are very unlikely to be played if uh is chosen randomly. The Uniform Exploration approach
does, in contrast, plan and, given enough time, is guaranteed to estimate all parameters
accurately. However, as it aims to estimate all parameters uniformly well, it will attempt to
estimate a4:12 accurately despite their irrelevance to control, which will slow down the rate at
which it is able to estimate a3. Only our approach, which both plans and takes into account
the cost while exploring, is able to reach a3 enough times to efficiently estimate it, and learn
a good controller.

This example illustrates that it is critical both to explore efficiently, and also to let
the objective—learning a good controller—guide this exploration. We emphasize that the
behavior in this example is only exhibited in nonlinear systems—though taking into account
the task while exploring in linear systems does yield provable improvements, as shown in
Chapter 5, even playing random noise allows every direction to be learned in such systems.
In nonlinear systems, however, this is not the case—one may fail to learn completely unless
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careful planning is performed.

6.1 Preliminaries for Nonlinear Dynamical Systems

In contrast with the previous chapters, in this chapter we consider the episodic setting, where
the learner interacts with the environment for H steps, at which point the system resets. We
assume each episode starts from a fixed start state x1. We also assume ∥A⋆∥op ≤ BA for some
known BA > 0.

We consider a particular form of the decision making setting of Chapter 4 where the goal
of the learner is to find a policy (controller) π = (πh)

H
h=1 which achieves minimal cost on (6.0.1),

for the cost defined by some (known) function (costh(·, ·))Hh=1, with costh : Rdx × U → R+.
For a given policy π, we then define the loss on the system with parameter A as

JA(π) := EA,π

[
H∑
h=1

costh(xh, uh)

]
.

We consider an interaction protocol essentially identical to that considered in Chapters 4
and 5:

1. Learner interacts with system (6.0.1) for T episodes, at every episode playing an
exploration policy πexp ∈ Πexp.

2. After T episodes, the learner proposes a policy π̂T ∈ Π⋆.

3. The learner suffers cost JA⋆(π̂T ).

The goal of the learner is therefore first to explore and, after T episodes of exploration, to
propose its best guess at the optimal controller for (6.0.1), π̂T . Here we take Πexp to be a
(known) set of admissible exploration policies (for example, we could have Πexp = Πγ2 , policies
with bounded input power, but allow for more general policy classes), and Π⋆ a (known) set
of admissible control policies. We assume that Π⋆ has the following parametric form:

Π⋆ = {πa : a ∈ Rda},

where a denotes the parameters of the policy. Given this, we overload notation and denote
JA(a) := JA(πa), and in general use a and πa interchangeably. We assume that policies in
Π⋆ are deterministic—that is, they are deterministic mappings from histories to inputs—but
allow for randomized policies in Πexp. Policies may be either open- or closed-loop. Note that
we do not assume Π⋆ = Πexp—in general Πexp need not be equal to Π⋆.
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Connection Between (6.0.1) and MDM Setting We next describe how (6.0.1) can be
mapped to the MDM setting of Chapter 4. Assume that we have run (6.0.1) for T episodes, and
collected observations {(xt1, ut1, xt2, . . . , xth, uth, xth+1)}Tt=1. Now let θ⋆ := vec(A⋆). Furthermore,
for any t, h, and i ∈ [dx], let t = (t, h, i) and zt = [0dϕ(i−1),ϕ(x

t
h, u

t
h), 0dϕ(dx−i)] ∈ Rdxdϕ where

0d denotes the zero vector of length d. Then we see that

[xth+1]i = ⟨θ⋆, zt⟩+ [wt
h]i.

Setting yt = [xth+1]i and wt = [wt
h]i, it is clear that this follows the observation model of

the MDM setting with dθ = dϕdx and T = dxTH. It is also straightforward to see that the
measurability assumptions of the setting of MDM are satisfied by this.

System Notation. Before proceeding, we introduce several additional pieces of notation.
First, we let T denote the space of all possible state-input trajectories, T ⊆ (Rdx×U)H×Rdx ,
and, for any τ ∈ T , let τ1:h denote the first h states and inputs in τ. Second, for any policy
π, we denote

ΛA,π := EA,π

[
H∑
h=1

ϕ(xh, uh)ϕ(xh, uh)
⊤

]

the expected covariance induced by playing π on system A. In particular, we set Λπ := ΛA⋆,π.
We also denote Λ̌ := Idx ⊗Λ the Kronecker product of Idx and Λ. Finally, we let Ω denote
the set of all possible covariance matrices induced by playing mixtures of policies in Πexp:

Ω :=
{
Eπ∼ω[Λπ] : ω ∈ △Πexp

}
,

where △Πexp denotes the set of distributions over Πexp.

6.1.1 Regularity Assumptions

In order to make learning in (6.0.1) tractable, we need several regularity assumptions. We
first introduce assumptions on the boundedness of the feature map ϕ, the boundedness of
the cost, and the achievable minimum eigenvalue.

Assumption 6.1 (Bounded Features). For all x ∈ Rdx and u ∈ U , we have ∥ϕ(x, u)∥2 ≤ Bϕ.

Assumption 6.2 (Bounded Cost). There exists some rcost(A⋆) > 0 such that, for all
A ∈ BF(A⋆; rcost(A⋆)) and all π ∈ Π⋆, we have EA,π[(

∑H
h=1 costh(xh, uh))

2] ≤ Lcost.

Assumption 6.3 (Uniform Feature Excitation). There exists ω ∈ △Πexp such that

λmin(Eπexp∼ω[Λπexp ]) ≥ λ̄min

for some λ̄min > 0.
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We remark that these assumptions have appeared before in work on systems of the form
(6.0.1) [Mania et al., 2022, Kakade et al., 2020]. In order to precisely quantify the optimal
rates of learning, we require that our system satisfy certain smoothness assumptions. First,
we require that ϕ(·, ·) is differentiable in its second argument.

Assumption 6.4 (Smooth Nonlinearity). For all x ∈ Rdx and u ∈ U , ϕ(x, u) is four-times
differentiable in u. Furthermore, ∥∇(i)

u ϕ(x, u)∥op ≤ Lϕ, ∀i ∈ {1, 2, 3, 4}, x ∈ Rdx, and u ∈ U .

We assume that the parameterization of our policies, πa, is smooth in the following sense:

Assumption 6.5 (Smooth Controller Class). πa
h(τ1:h) is four-times differentiable in a for all

τ ∈ T and h ∈ [H]. Furthermore, ∥∇(i)
a πa

h(τ1:h)∥op ≤ La for ∀i ∈ {1, 2, 3, 4}, a ∈ Rda, and
τ ∈ T .

Assumption 6.5 is satisfied for commonly considered classes of controllers, such as linear
controllers, but is also satisfied by more complex classes such as neural network controllers.
While the learner may propose any π̂T ∈ Π⋆, we are particularly interested in the certainty
equivalence decision rule, where the controller parameters are chosen as:

aopt(Â) := argmin
a∈Rda

JÂ(a). (6.1.1)

To ensure that aopt(A) is well-defined and sufficiently regular, we make the following assump-
tion.

Assumption 6.6 (Unique Optimal Controller). We assume that the global minimum of
JA⋆(a), aopt(A⋆), is unique, and that ∇2

aJA⋆(a)|a=aopt(A⋆) ≻ 0.

In settings where the globally optimal decision cannot be efficiently computed, (6.1.1)
can be replaced with a locally optimal decision, and Assumption 6.6 can be replaced by
assuming the differentiability of aopt(A) with respect to A for A near A⋆. For ease of
exposition, in this thesis we assume that Assumption 6.6 holds and that aopt(A) is defined
as in (6.1.1) (see Wagenmaker et al. [2024] for the extension). With these definitions and
under Assumptions 6.1, 6.2, 6.4 and 6.5, we can show that JA⋆(a) is differentiable in a and,
combined with Assumption 6.6, that aopt(A) is differentiable in A, for A ∈ BF(A⋆; ra(A⋆))
and some ra(A⋆) > 0. We let Lπ⋆ denote an upper bound on the norm of the derivatives of
aopt(A). We always take Bϕ, Lcost, Lϕ, La, Lπ⋆ ≥ 1.

The above assumptions allow us to show that a (slightly relaxed) version of Assumption 4.1
holds in the setting of (6.0.1). As we will see, given this, and the above argument that (6.0.1)
maps to the observation model of the MDM setting, the complexity of learning in nonlinear
systems scales similarly to the complexities given in Chapters 4 and 5.
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6.2 Optimal Decision Making in Nonlinear Systems

Assume that we have collected observations {{(xth, uth)}Hh=1}Tt=1 and define the covariates

ΛT =
T∑
t=1

H∑
h=1

ϕ(xth, u
t
h)ϕ(x

t
h, u

t
h)

⊤.

Let Â denote the least-squares estimate of our unknown parameter:

Â = argmin
A

T∑
t=1

H∑
h=1

∥xth+1 − Aϕ(xth, u
t
h)∥22.

By the results of Chapter 4, we can immediately bound the suboptimality of π⋆(Â) as:

JA⋆(aopt(Â))− JA⋆(aopt(A⋆)) ≲ σ2
w · tr(H(A⋆) · Λ̌−1

T ),

where H(A⋆) := ∇2
AJA⋆(aopt(A))|A=A⋆ . Just as in Chapter 5, this bound directly motivates

our algorithmic approach: explore to collect covariates ΛT minimizing tr(H(A⋆)Λ̌
−1
T ). We

present our main algorithm in Algorithm 6.1.

Algorithm 6.1 Optimal Exploration in Nonlinear Systems
1: inputs: number of episodes to run T , cost function (costh)

H
h=1, confidence δ, control

policies Π⋆, exploration policies Πexp

2: Â1 ← anything, ℓT ← ⌈log2 T/8⌉
3: for ℓ = 1, 2, 3, . . . , ℓT do
4: Âℓ ← argminA

∑H
h=1

∑
(xh+1,uh,xh)∈Dℓ−1

∥xh+1 − Aϕ(xh, uh)∥22
5: Tℓ ← 2ℓ, δℓ ← δ/12ℓ2

6: Πℓ ← LearnExpΠ(H(Âℓ), Tℓ, δℓ,Πexp) (Algorithm D.2)
7: Rerun each policy in Πℓ Nℓ = ⌈Tℓ/|Πℓ|⌉ times, denote collected data Dℓ

8: return âT ← aopt(Â
ℓT+1)

Algorithm 6.1 proceeds in epochs of exponentially increasing length. At each epoch it
first approximates H(A⋆) by computing the model-task Hessian of the estimated system, Âℓ.
Using this approximation of H(A⋆), it seeks to explore to minimize tr(H(Âℓ)Λ̌−1

T ). This explo-
ration routine is encapsulated in the LearnExpΠ function, an adaptive experiment-design
routine described in more detail in Section 6.3. LearnExpΠ returns a set of exploration
policies, Πℓ, which we run to collect data Dℓ. As we will show, the collected covariates,
Λℓ :=

∑H
h=1

∑
(uh,xh)∈Dℓ

ϕ(xh, uh)ϕ(xh, uh)
⊤, satisfy

tr(H(Âℓ)Λ̌−1
ℓ ) ≲ T−1

ℓ ·minΛ∈Ω tr(H(Âℓ)Λ̌−1),
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which implies that LearnExpΠ collects data minimizing tr(H(Âℓ)Λ̌−1
ℓ ) at a near-optimal

rate. Given the data Dℓ, we form the least-squares estimate of A⋆, Âℓ+1, and the process
repeats. After running for T episodes, the certainty-equivalence controller on the last estimate
obtained, âT = aopt(Â

ℓT+1), is returned.
Note that, while Algorithm 6.1 is similar in structure to the algorithmic approaches

presented in Chapter 3 and Chapter 5, it deviates significantly in the strategy employed
to compute effective exploration policies. In both Chapter 3 and Chapter 5, we chose the
inputs to be the inputs which would optimally excite the estimated system. The analysis
employed to show the effectiveness of this approach, however, relied critically on the linearity
assumption, and does not immediately extend to nonlinear systems. To circumvent this, in
the nonlinear setting we propose an exploration strategy which reduces exploration to policy
optimization, and is amenable to nonlinear systems. This is encapsulated in the LearnExpΠ
routine, described in more detail in Section 6.3.

The following result bounds the suboptimality of âT returned by Algorithm 6.1 as
compared to aopt(A⋆).

Theorem 6.1. Assume Assumptions 6.1 to 6.6 hold. Then if

T ≥ Cpoly ·max
{
1, rcost(A⋆)

−2, ra(A⋆)
−2
}
, (6.2.1)

with probability at least 1− δ, Algorithm 6.1 plays exploration policies πexp ∈ Πexp at every
episode, runs for at most T episodes, and the controller âT returned Algorithm 6.1 satisfies,
with probability at least 1− δ:

JA⋆(âT )− JA⋆(aopt(A⋆)) ≤
σ2
w

T
·min
Λ∈Ω

tr
(
H(A⋆)Λ̌

−1
)
· C log

dxdϕ
δ

+
Clot

T 3/2

for C a universal constant and

Cpoly := poly
(
dϕ, dx, H,BA, Bϕ, Lϕ, La, Lcost, Lπ⋆ , σw, σ

−1
w , 1

λ̄min
, log T

δ

)
.

Theorem 6.1 shows that Algorithm 6.1 is able to explore so as to optimally minimize the
exploration loss tr(H(A⋆)Λ̌

−1
T ), up to a lower-order term scaling as T−3/2 and polynomially

in system parameters.

Remark 6.2.1 (Computational Efficiency of Algorithm 6.1). The primary computational
burden of Algorithm 6.1 is in the computation of H(Âℓ)—which involves differentiating
aopt(Â

ℓ)—the computation of aopt(ÂℓT+1), and the LearnExpΠ subroutine. In general, if
we define aopt(A) as in (6.1.1), it may not be efficiently computable, as it involves solving a
possibly non-convex optimization problem, but in certain cases may admit an efficient solution.
We discuss the computational efficiency of DynamicOED in more detail in Section 6.3, but
note that in general it may not be computationally efficient as it relies on calls to the LC3

algorithm of Kakade et al. [2020], which requires access to a computational oracle. Despite
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these computational challenges, in Section 6.4 we demonstrate that in practice, by making
several reasonable approximations, Algorithm 6.1 can be implemented efficiently, and that
this efficient implementation performs very well on realistic systems.

6.2.1 Lower Bounds on Learning Controllers

Our goal is to show that, up to constants and lower-order terms, the bound given in
Theorem 6.1 is not improvable, regardless of which controller estimate we use. To obtain
such lower bounds, we need several additional assumptions:

Assumption 6.7. There exists some rµ(A⋆) > 0 such that, for all A ∈ BF(A⋆, rµ(A⋆)),
aopt(A) is unique and, furthermore, there exists some µ > 0 such that

JA(a) ≥ JA(aopt(A)) + µ
2
∥a− aopt(A)∥22.

Assumption 6.7 will be satisfied in cases where JA(a) is strongly convex in a, but may
hold even when this is not the case. Intuitively, it requires that our controller class is not
overparameterized—moving a away from its optimal value will cause the loss to increase.
We will additionally make the following regularity assumptions on policies in Πexp and their
induced covariates set, Ω:

Assumption 6.8. There exists some λ > 0 such that, for each Λ ∈ Ω, we have λmin(Λ) ≥ λ.

Assumption 6.8 requires that every exploration policy we consider excites all directions
in ϕ space (in contrast, Assumption 6.3 only assumes there exists some distribution over
policies in Πexp which excite all directions). We remark that this assumption is relatively
mild if Assumption 6.3 holds. As we show in Appendix D.3.1, under Assumption 6.3, a
mixture over policies, ω, satisfying λmin(Eπ∼ω[Λπ]) > 0 can be learned using only a number of
samples scaling polynomially in problem parameters. Given ω, a policy class Πexp satisfying
Assumption 6.8 can be obtained by simply mixing ω with every other exploration policy. We
are now ready to state our main lower bound.

Theorem 6.2. Under Assumptions 6.1, 6.2 and 6.4 to 6.8, as long as T ≥ Clb, for any
ωexp ∈ △Πexp, we have

min
â

max
A∈BT

EDT∼A,ωexp [JA(â(DT ))− JA(aopt(A))] ≥
σ2
w

3T
·min
Λ∈Ω

tr(H(A⋆)Λ̌
−1)− Clb

T 5/4

for BT := {A : ∥A − A⋆∥2F ≤ 5dxdϕ/(λdxTH)5/6}, EDT∼A,ωexp [·] = Eπ∼ωexp [EDT∼A,π[·]]
denotes the expectation over trajectories generated by running policies π drawn according to
ωexp on system A for T episodes, â any mapping from observations to policies in Π⋆, and

Clb := poly
(
dϕ, dx, H, ∥A⋆∥op, Bϕ, Lϕ, La, Lcost, Lπ⋆ , σw, σ

−1
w , 1

λ
, 1
µ
, 1
rcost(A⋆)

, 1
ra(A⋆)

, 1
rµ(A⋆)

)
.
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This result is an immediate corollary of Theorem 4.3. Note that this lower bound
holds for any A⋆ and mapping ϕ, as long as our assumptions are met. Up to constants
and lower-order terms, the scaling of Theorem 6.2 matches that of Theorem 6.1—both scale
with minΛ∈Ω tr(H(A⋆)Λ̌

−1)—which implies that Algorithm 6.1 is indeed optimal (under
certain additional regularity conditions). To the best of our knowledge, this is the first result
characterizing the optimal statistical rates for learning in nonlinear dynamical systems. We
emphasize that Theorem 6.2 holds for any decision rule â—it does not require that we use
the certainty equivalence decision rule. As Algorithm 6.1 does rely on certainty equivalence,
this result also implies that the certainty equivalence decision rule is optimal for (certain
classes of) nonlinear dynamical systems.

6.3 Optimal Experiment Design in Arbitrary Dynamical Systems

We turn now to the LearnExpΠ routine, which is the key algorithmic tool we use to
prove Theorem 6.1. LearnExpΠ itself relies on a separate routine, DynamicOED, which
is a general reduction from policy optimization to optimal experiment design in arbitrary
dynamical systems. We focus our discussion in this section on DynamicOED, as this is the
key algorithmic component—LearnExpΠ is a simple corollary of DynamicOED, and is
defined explicitly in Algorithm D.2.

To illustrate the generality of this reduction, in this section we consider the following
system:

xh+1 = fh(xh, uh, wh), h = 1, 2, . . . , H, (6.3.1)

where xh ∈ X denotes the state, uh ∈ U the input, and wh ∈ W the noise. We take the
dynamics (fh)

H
h=1 to be unknown and arbitrary.

We assume there is some known featurization of our system that is of interest, ψ :
T → Rdψ , and an experiment design objective on this featurization, Φ : Rdψ → R.
We also define T = (X × U)H × X the space of possible state-input trajectories, τ =
(x0, u0, x1, . . . , xH−1, uH−1, xH) ∈ T , and assume that ψ can be decomposed additively as
ψ(τ) =

∑H
h=1ψh(xh, uh). Our goal is to collect some set of trajectories {τt}Tt=1 which

minimizes Φ:

Φ
(

1
T

∑T
t=1ψ(τt)

)
.

As an example, if ψh(xh, uh) = ϕ(xh, uh)ϕ(xh, uh)⊤ for some ϕ, and Φ(Λ) = log det(Λ), this
reduces to D-optimal design, and if Φ(Λ) = tr(H ·Λ−1), the setting considered in Section 6.2,
this reduces to weighted A-optimal design.

As before, we will be interested in defining optimal exploration with respect to some set
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of exploration policies, Πexp. Let

Ωψ := {Eπ∼ω[Ef,π[ψ(τ)]] : ω ∈ △Π}

denote the space of expected value of ψ(τ) for mixtures of policies in Πexp. To distinguish
elements Λ ∈ Ω from elements in Ωψ, we will let Γ = Eπ∼ω[Ef,π[ψ(τ)]] refer to elements of
Ωψ, and in particular define Γπ := Ef,π[ψ(τ)] (where it is assumed that the expectation is
collected over trajectories on (6.3.1)). We will usually denote unnormalized sums of features,
e.g.

∑T
t=1ψ(τt), with Σ. We also define Ω̂ψ to be the space of all possible combinations of

ψ(τ):

Ω̂ψ := {Eτ∼ω[ψ(τ)] : ω ∈ △T }.

To facilitate efficient experiment design in this setting, we will make the following assumption
on Φ.

Assumption 6.9 (Regularity of Φ). We make the following assumptions:

1. Φ is convex, differentiable, and β-smooth in the norm ∥ · ∥:

∥∇ΓΦ(Γ)−∇Γ′Φ(Γ′)∥∗ ≤ β · ∥Γ− Γ′∥, ∀Γ,Γ′ ∈ Ω̂ψ

for ∥ · ∥∗ the dual norm of ∥ · ∥.

2. There exists some M <∞ satisfying

sup
Γ∈Ω̂ψ

sup
τ∈T
|⟨∇ΓΦ(Γ),ψ(τ)⟩| ≤M.

The key algorithmic assumption we make is access to a regret minimization oracle on
(6.3.1).

Assumption 6.10 (Regret Minimization Oracle). Let costh(τ) = ⟨Qh,ψh(τ)⟩ for some
Qh ∈ Rd, and cost(τ) =

∑H
h=1 costh(τ) the total cost of trajectory τ. We assume we have

access to some learner AR which, in the setting when |cost(τ)| ≤ 1 for all τ ∈ T , is able to
achieve low regret on {costh(·, ·)}Hh=1 with respect to policy class Πexp. That is, with probability
at least 1− δ:

T∑
t=1

Ef,πt [cost(τt)]− T · inf
π∈Πexp

Ef,π[cost(τ)] ≤ CR · logpR
T

δ
· Tα

for some CR > 0, pR > 0, and α ∈ (0, 1), and where πt is the policy AR plays at episode t.
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Note that the regret minimization algorithm satisfying Assumption 6.10 may be arbitrary.
For example, for linear systems, we could apply provably efficient algorithms for the Linear
Quadratic Regulator [Simchowitz and Foster, 2020, Mania et al., 2019]; for nonlinear systems
of the form (6.0.1) we could apply the LC3 algorithm of [Kakade et al., 2020]; for more
general settings of reinforcement learning with function approximation, algorithms such as
BiLin-UCB [Du et al., 2021] or E2D [Foster et al., 2021] could be applied. In practice, though
they may not formally satisfy the guarantee of Assumption 6.10, deep RL approaches could
be used. We define DynamicOED, our main experiment design routine, in Algorithm 6.2.

Algorithm 6.2 Dynamic Optimal Experiment Design (DynamicOED)
1: input: objective Φ, number of iterates N , episodes per iterate K, confidence δ, regret

minimization algorithm AR, exploration policies Πexp

2: Play any policy πexp ∈ Πexp for K episodes, collect trajectories D0 = {τ0
k}Kk=1, set

Γ0 ← K−1
∑K

k=1ψ(τ
0
k)

3: for n = 1, 2, . . . , N do
4: Set γn ← 1

n+1

5: Run AR on cost

costnh(τ)←
1

M
⟨Ξn,ψh(xh, uh)⟩ for Ξn ← ∇ΓΦ(Γ)|Γ=Γn−1

for K episodes, collect trajectories Dn = {τnk}Kk=1, denote policies run as Πn

6: Γn ← (1− γn)Γn−1 + γnK
−1
∑K

k=1ψ(τ
n
k)

7: return (N + 1)KΓN , ∪Nn=0Πn, ∪Nn=0Dn

We have the following result.

Theorem 6.3. Let Assumption 6.9 hold, and assume that we have access to a learner
AR satisfying Assumption 6.10. Fix N,K > 0. Then, with probability at least 1 − δ,
DynamicOED runs for at most (N + 1)K episodes, and collects a dataset satisfying D =
{{τnk}Kk=1}Nn=0 satisfying

Φ

(
1

K(N + 1)

N∑
n=0

K∑
k=1

ψ(τnk)

)
− min

Γ∈Ωψ
Φ(Γ) ≤ βR2(logN + 1)

2(N + 1)
+M ·

(
CR logpR

2NK

δ
·Kα−1

+

√
8 log(4N/δ)

K

)
where R = supΓ,Γ′∈Ω̂ψ ∥Γ− Γ′∥.

Theorem 6.3 shows that, given access only to a regret minimization oracle, it is possible
to solve experiment design problems on arbitrary dynamical systems. Applying Theorem 6.3
with a proper setting of N and K in DynamicOED yields the following result.
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Corollary 6.4. Under Assumption 6.9, and assuming we have access to a learner AR
satisfying Assumption 6.10 with α = 1/2, there exists settings of N and K such that
DynamicOED runs for T episodes on (6.3.1), and with probability at least 1 − δ collects
data {τt}t∈[T ] satisfying

Φ

(
1

T
·

T∑
t=1

ψ(τt)

)
− min

Γ∈Ωψ
Φ(Γ) ≤ C ·

βR2 log T +M(CR logpR T
δ
+ log1/2 T

δ
)

T 1/3
.

6.3.1 Overview of DynamicOED Algorithm

Conceptually, DynamicOED runs a variant of conditional gradient descent on the objective
Φ(Γ). At each iteration, n, it computes the gradient of the loss at the current iterate,
Ξn ← ∇ΓΦ(Γ)|Γ=Γn−1 . To run a standard gradient descent algorithm on this objective, we
would simply update Γn−1 by taking a step in the direction Ξn. However, our objective is to
minimize Φ over the constraint set, Ωψ. Thus, rather than taking a step in the direction Ξn,
we wish to take a step in the direction of steepest descent within the constraint set.

The challenge is that the constraint set in our setting, Ωψ, is unknown, as it depends on
the expectation over trajectories induced on the unknown dynamics (fh)

H
h=1, and therefore

we cannot directly compute this steepest descent direction. The key observation is that the
computation of this steepest descent direction is equivalent to solving:

argmin
πexp∈Πexp

Ef,πexp

[
H∑
h=1

ϕ(xh, uh)
⊤(Ξn)ϕ(xh, uh)

]
.

This is simply a policy optimization problem, however, and can be solved approximately
by AR under Assumption 6.10. Thus, in the call to AR on Line 5, we approximate the
steepest descent direction, and on Line 6 update Γn−1 in this direction. Convergence of this
procedure to the optimal value, minΓ∈Ωψ Φ(Γ), can then be shown by the standard analysis
of conditional gradient descent. We remark that, under Assumption 6.9 and Assumption 6.10,
this argument is completely generic and does not require that our system, (6.3.1), exhibit
any additional properties.

Overview of LearnExpΠ. Under certain conditions, it can be shown that, if the
exploration policies DynamicOED runs to collect D are rerun, the newly collected data
satisfies a similar guarantee as Theorem 6.3. This lets us run DynamicOED to learn an
approximate solution of minΓ∈ΩΦ(Γ), and then rerun the learned policies as many times
as desired to collect additional data approximately minimizing Φ. In settings such as those
considered in Section 6.2, where we want to ultimately learn an accurate estimate of A⋆,
by rerunning these policies we can increase the amount of informative data we collect, and
improve our accuracy in the estimate of A⋆.

LearnExpΠ (Algorithm D.2) instantiates this procedure. In essence, LearnExpΠ
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repeatedly calls DynamicOED, gradually increasing the settings of N and K until certain
conditions are met which guarantee that the policies returned by DynamicOED will collect
sufficiently informative data when rerun. Once these conditions are reached, LearnExpΠ
returns these policies—the policies computed by DynamicOED—and terminates. We provide
a precise definition of DynamicOED in Appendix D.3.2.

6.3.2 From Corollary 6.4 to Theorem 6.1

In Algorithm 6.1, our goal is to collect covariates, Λ̌−1
Tℓ

, such that tr(H(Âℓ)Λ̌−1
Tℓ
) is as small

as possible. To achieve this, we apply LearnExpΠ, which relies on DynamicOED, to the
objective Φℓ(Λ) = tr(H(Âℓ)Λ̌−1), with Assumption 6.10 instantiated by the LC3 algorithm
of Kakade et al. [2020]. By the guarantee given in Corollary 6.4, after running for a number
of episodes N which scales polynomially in problem parameters, DynamicOED will collect
covariates ΛN such that Φℓ(

1
N
ΛN) ≤ 2 · minΛ∈ΩΦℓ(Λ), which implies tr(H(Âℓ)Λ̌−1

N ) ≤
2
N
· minΛ∈Ω tr(H(Âℓ)Λ̌−1). By rerunning the policies DynamicOED used to collect this

ΛN for Tℓ/N additional times, we can ensure tr(H(Âℓ)Λ̌−1
Tℓ
) ≲ 1

Tℓ
·minΛ∈Ω tr(H(Âℓ)Λ̌−1) as

desired.
We remark that the LC3 algorithm requires access to a computation oracle. As the

focus of this work is primarily statistical, we leave addressing this computational challenge
for future work. Furthermore, as we show in the following section, computationally efficient,
sampling-based implementations of our approach are very effective in practice. We remark as
well that the objective we ultimately care about minimizing is tr(H(A⋆)Λ̌

−1). As we show, by
including a small amount of uniform exploration, we can ensure that H(Âℓ) is not too far from
H(A⋆), and so the suboptimality incurred optimizing tr(H(Âℓ)Λ̌−1) instead of tr(H(A⋆)Λ̌

−1)
only contributes to the lower-order terms of the final guarantee in Theorem 6.1.

6.4 Experimental Results

Finally, we demonstrate the effectiveness of our proposed approach (Algorithm 6.1, the
Task-Driven Exploration method in Figures 6.1 to 6.3) on several systems motivated
by robotic applications. We compare Algorithm 6.1 with an approach that plays uh ∼
N (0, σ2

u · I) (Gaussian Exploration), and an approach inspired by Mania et al. [2022]
(Uniform Exploration), which seeks to estimate A⋆ uniformly well, playing inputs that
reduce ∥Â− A⋆∥op.

To benchmark the performance of these approaches, we consider an affine system with
dynamics corresponding to that of a simplified 3-D drone (i.e., 3-D double integrator with a
gravity term), and a nonlinear system with dynamics corresponding to that of a 2-D car. For
both systems, we choose H = 50, and plot the value of JA⋆(ât) − JA⋆(aopt(A⋆)) for π̂t the
certainty-equivalence controller computed on the estimate of the system obtained at time
t. For the drone, we let Π⋆ be the class of linear-affine feedback controllers, and for the
car, Π⋆ is a set of nonlinear controllers with dimension 4. While the optimal controller for



109

Figure 6.2: Performance on Drone Figure 6.3: Performance on Car

the drone can be computed in closed-form, for the car we rely on a sampling-based routine
to find an approximately optimal controller. The model-task hessian H(Âℓ) is computed
via automatic differentiation. For the exploration policies of Task-Driven Exploration
and Uniform Exploration, Πexp, we rely on MPC-style sampling based methods. For all
approaches, we require that EA,πexp [

∑H
h=1 ∥uh∥22] ≤ γ2 for some γ2 > 0 and all πexp ∈ Πexp.

On all examples, we implement DynamicOED with AR a posterior sampling-inspired version
of the LC3 of Kakade et al. [2020]. Figures 6.1 and 6.3 shows performance averaged over 100
trials, and Figure 6.2 over 200 trials.

As illustrated in Figures 6.1 to 6.3, our approach yields a non-trivial gain over existing
approaches on all systems. In particular, in Figures 6.2 and 6.3 it improves on the sample
complexity of existing approaches by roughly a factor of 2—for example, in the drone system,
reaching excess controller cost of 10 after less than 20 episodes, as compared to over 40
episodes for existing approaches.

6.5 Proof of Theorem 6.1

We proceed to the proof of Theorem 6.1. The following result provides estimation error
bounds on the estimate Â produced at each epoch of Algorithm D.2, and is the starting point
of our analysis.

Lemma 6.5.1. Consider running Algorithm D.2 (LearnExpΠ) with weight matrix H,
parameter Ñ , AR the LC3 algorithm of Kakade et al. [2020], and confidence δ, and rerunning
each policy in Πout, the policies returned by LearnExpΠ, N ≤ Ñ times. Then, under
Assumptions 6.1 and 6.3, with probability at least 1− 6δ:

∥vec(Â− A⋆)∥2H ≤
60

NTout

·min
Λ∈Ω

tr
(
HΛ̌−1

)
· σ2

w log
6dxdϕ

δ
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+ poly

(
dϕ, dx,

1

λ̄min

, BA, Bϕ, log
1

σw
, H, ∥H∥op, log

Ñ

δ

)
· 1

N2

where Â denotes the least-squares estimate of A⋆ obtained on the data generated by rerunning
Πout and Tout := |Πout|. In addition, we have

∥Â− A⋆∥F ≤ poly

(
dϕ, dx,

1

λ̄min

, BA, Bϕ, σw, H, log
Ñ

δ

)
· 1√

N

and

Tout ≤ poly

(
dϕ, dx,

1

λ̄min

, BA, Bϕ, log
1

σw
, H, log

Ñ

δ

)

and the total number of episodes collected by this procedure is bounded by NTout + (16 +
2 log(Tout)) · Tout.

Let Eℓ denote that the good event of Lemma 6.5.1 holds at round ℓ which, by Lemma 6.5.1,
occurs with probability at least 1−6δℓ, since we call LearnExpΠ with confidence δℓ = δ/12ℓ2.
By our setting of δℓ, we have that the total failure probability of Eℓ for all ℓ is bounded as

∞∑
ℓ=1

6 · δ

12ℓ2
≤ δ.

Henceforth we assume that E := ∩ℓEℓ holds. Let Â := ÂℓT+1, and Â− := ÂℓT .

Bounding the Number of Episodes. Denote T oed
ℓ = |Πℓ|. Note that by construction we

always have NℓT
oed
ℓ ≥ Tℓ. By Lemma D.1.2, as long as (6.2.1) is met, we can bound the total

number of episodes collected up to and including round ℓ by 4Tℓ for ℓ ∈ {ℓT , ℓT − 1}. We
therefore, in the following, will make use of the fact that

c · T ≤ NℓKℓ ≤ c′ · T

for ℓ ∈ {ℓT , ℓT − 1} and absolute constants c, c′. Furthermore, it also follows from this that
the total number of episodes run by Algorithm 6.1 is bounded by

4TℓT = 4 · 2⌈log T/8⌉ ≤ 8 · T
8
= T,

so Algorithm 6.1 runs for at most T episodes.

Approximating the Controller Loss. Let rest(A⋆) := min{1, rcost(A⋆), ra(A⋆)}, for
rcost(A⋆) as in Assumption 6.2 and ra(A⋆) as in Assumption 6.6. By Lemma D.2.4, un-
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der Assumptions 6.1, 6.2 and 6.4 to 6.6, as long as Â ∈ BF(A⋆; rest(A⋆)), we have

JA⋆(π̂T )− JA⋆(π⋆(A⋆)) ≤ ∥vec(Â− A⋆)∥2H(A⋆)

+ poly(Lπ⋆ , ∥A⋆∥op, Lϕ, La, Lcost, σ
−1
w , H, dx) · ∥Â− A⋆∥3op.

Furthermore, we can bound

∥vec(Â− A⋆)∥2H(A⋆) = ∥vec(Â− A⋆)∥2H(Â−)
+ vec(Â− A⋆)

⊤(H(A⋆)−H(Â−))vec(Â− A⋆)

≤ (Â− A⋆)
⊤H(Â−)(Â− A⋆) + ∥Â− − A⋆∥2op∥H(A⋆)−H(Â−)∥op.

Bounding the Hessian Estimation Error. On E , by Lemma 6.5.1 and as long as (6.2.1)
is met, we have (note that at the final epoch, the plug-in estimator H(Â−) is given as input
to LearnExpΠ):

∥vec(Â− A⋆)∥2H(Â−)
≤ 60

NℓTT
oed
ℓT

·min
Λ∈Ω

tr
(
H(Â−)Λ̌−1

)
· σ2

w log
6dxdϕ

δ

+ poly

(
dϕ, dx,

1

λ̄min

, BA, Bϕ, log
1

σw
, H, ∥H(Â−)∥op, log

TℓT
δ

)
· 1

N2
ℓT

≤ C

T
·min
Λ∈Ω

tr
(
H(Â−)Λ̌−1

)
· σ2

w log
6dxdϕ

δ

+ poly

(
dϕ, dx,

1

λ̄min

, BA, Bϕ, log
1

σw
, H, ∥H(Â−)∥op, log

T

δ

)
· 1

T 2

where the last line uses that NℓTT
oed
ℓT

is within a constant of T , and that T oed
ℓT

can be bounded
by

poly

(
dϕ, dx,

1

λ̄min

, BA, Bϕ, log
1

σw
, H, log

T

δ

)
by Lemma 6.5.1. We next wish to show that tr(H(Â−)Λ̌−1) and tr(H(A⋆)Λ̌

−1) are close.
The following result shows that this is the case, assuming H(Â−) and H(A⋆) are close.

Lemma 6.5.2. Under Assumption 6.3, for any H,H′, we can bound

min
Λ̌∈Ω

tr(HΛ̌−1) ≤ min
Λ̌∈Ω

2tr(H′Λ̌−1) +
2dxdϕ
λ̄min

· ∥H −H′∥op.

By Lemma 6.5.2 we can bound

min
Λ∈Ω

tr
(
H(Â−)Λ̌−1

)
≤ min

Λ∈Ω
2tr
(
H(A⋆)Λ̌

−1
)
+

2dxdϕ
λ̄min

· ∥H(A⋆)−H(Â−)∥op
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and by Lemma D.2.5, under Assumptions 6.1, 6.2 and 6.4 to 6.6, and as long as Â− ∈
BF(A⋆; rest(A⋆)), we can bound

∥H(A⋆)−H(Â−)∥op ≤ poly(Lπ⋆ , ∥A⋆∥op, Lϕ, La, Lcost, σ
−1
w , H, dx) · ∥Â− − A⋆∥op.

Let

Clot := poly

(
Lπ⋆ , BA, Bϕ, Lϕ, La, Lcost, dx, dϕ,

1

λ̄min

, σw, σ
−1
w , H, ∥H(A⋆)∥op, log

T

δ

)
denote some lower-order constant, whose precise polynomial dependence may change from
line to line. On E , by Lemma 6.5.1 we can bound

∥Â− A⋆∥op, ∥Â− − A⋆∥op ≤ Clot ·
1√
T
, (6.5.1)

and so assuming the burn-in (6.2.1) is met, we can bound ∥Â− − A⋆∥op ≤ 1
2
rest(A⋆) and

∥Â− A⋆∥op ≤ 1
2
rest(A⋆). This then implies that

∥H(A⋆)−H(Â−)∥op ≤ Clot ·
1√
T
,

so in particular we can bound

poly

(
dϕ, dx,

1

λ̄min

, BA, Bϕ, H, log
1

σw
, ∥H(Â−)∥op, log

T

δ

)
≤ poly

(
dϕ, dx,

1

λ̄min

, BA, Bϕ, H, log
1

σw
, ∥H(A⋆)∥op, log

T

δ

)
.

We have therefore shown that

JA⋆(π̂T )− JA⋆(π⋆(A⋆)) ≤
C

T
·min
Λ∈Ω

tr
(
H(A⋆)Λ̌

−1
)
· σ2

w log
6dxdϕ

δ

+ Clot ·
(
∥Â− A⋆∥3op + ∥Â− − A⋆∥3op +

1

T 2
+

1

T
· ∥Â− − A⋆∥op

)
≤ C

T
·min
Λ∈Ω

tr
(
H(A⋆)Λ̌

−1
)
· σ2

w log
6dxdϕ

δ
+

Clot

T 3/2
,

The final result follows from using Lemma D.2.6 to bound

∥H(A⋆)∥op ≤ poly(∥A⋆∥op, Bϕ, Lϕ, La, Lcost, Lπ⋆ , σ
−1
w , H, dx).
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6.6 Proof of Theorem 6.3

As noted, the DynamicOED algorithm is based on conditional gradient descent, also known
as the Frank-Wolfe algorithm [Frank and Wolfe, 1956]. In this section we first show that the
Frank-Wolfe algorithm can be run with the iterate only approximately the minimizer of the
gradient, and then in Section 6.6.2 use this to prove Theorem 6.3.

6.6.1 Approximate Frank-Wolfe

Algorithm 6.3 Approximate Frank-Wolfe
1: input: function to optimize g, number of iterations to run N , starting iterate x1

2: for t = 1, 2, . . . , N do
3: Set γn ← 1

n+1

4: Choose yn to be any point such that

∇g(zn)⊤yn ≤ min
y∈Z
∇g(zn)⊤y + ϵn

5: zn+1 ← (1− γn)zn + γnyn

6: return xN+1

Lemma 6.6.1. Consider running Algorithm 6.3 with some convex function f that is β-
smooth with respect to some norm ∥ · ∥, assume that yn ∈ Y for some Y and all n, and let
R := supz,y∈Z∪Y ∥z − y∥. Then for N ≥ 2, we have

g(zN+1)−min
z∈Z

g(z) ≤ βR2(logN + 1)

2(N + 1)
+

1

N + 1

N∑
n=1

ϵn.

Proof. Let z⋆ = argminz∈Z g(z). Using that g is β-smooth, the definition of ys, and the
convexity of g, we have that for any s,

g(zs+1)− g(zs) ≤ ∇g(zs)⊤(zs+1 − zs) +
β

2
∥zs+1 − zs∥2

≤ γs∇g(zs)⊤(ys − zs) +
β

2
γ2
sR

2

≤ γs∇g(zs)⊤(z⋆ − zs) + γsϵs +
β

2
γ2
sR

2

≤ γs(g(z
⋆)− g(zs)) + γsϵs +

β

2
γ2
sR

2.
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Letting δs = g(zs)− g(z⋆), this implies that

δs+1 ≤ (1− γs)δs + γsϵs +
β

2
γ2
sR

2.

Unrolling this backwards gives

δN+1 ≤ (1− γN)δN + γNϵN +
β

2
γ2
NR

2

≤ (1− γN)(1− γN−1)δN−1 + (1− γN)(γN−1ϵN−1 +
β

2
γ2
N−1R

2) + γNϵN +
β

2
γ2
NR

2

≤
N∑
n=1

(
N∏

s=n+1

(1− γs)

)
(γnϵn +

β

2
γ2
nR

2).

We can write

N∏
s=n+1

(1− γs) =
N∏

s=n+1

s

s+ 1
=

n+ 1

N + 1

so

N∑
n=1

(
N∏

s=n+1

(1− γs)

)
β

2
γ2
nR

2 =
N∑
n=1

n+ 1

N + 1

β

2

1

(n+ 1)2
R2

=
βR2

2(N + 1)

N∑
n=1

1

n+ 1

≤ βR2(logN + 1)

2(N + 1)

and

N∑
n=1

(
N∏

s=n+1

(1− γs)

)
γnϵn =

N∑
n=1

n+ 1

N + 1

1

n+ 1
ϵn

=
1

N + 1

N∑
n=1

ϵn

which proves the result.
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Lemma 6.6.2. When running Algorithm 6.3, we have

zN+1 =
1

N + 1

(
N∑
n=1

yn + z1

)
.

Proof. We have:

zN+1 =
N∑
n=1

(
N∏

s=n+1

(1− γs)

)
γnyn +

(
N∏
s=1

(1− γs)

)
z1

=
N∑
n=1

n+ 1

N + 1

1

n+ 1
yt +

1

N + 1
z1

=
1

N + 1

N∑
n=1

yn +
1

N + 1
z1.

6.6.2 Proof of Theorem 6.3

Proof of Theorem 6.3. By our assumption on AR, Assumption 6.10, we have that, at round
n, with probability at least 1− δ/2N ,

K∑
k=1

Eπk [cost
n(τk)]−K · inf

π∈Πexp

Eπ [costn(τ)] ≤ CR logpR
2NK

δ
·Kα

where we have used that, under Assumption 6.9 and by the definition of costnh(τ), |costn(τ)| ≤ 1
for all τ ∈ T . This implies that

1

K

K∑
k=1

Eπk [⟨Ξn,ψ(τk)⟩] ≤M · inf
π∈Πexp

Eπ [costn(τ)] +MCR logpR
2NK

δ
·Kα−1.

Furthermore, by Azuma-Hoeffding and under Assumption 6.9, we have that, with probability
at least 1− δ/2N ,∣∣∣∣∣ 1K

K∑
k=1

⟨Ξn,ψ(τk)⟩ −
1

K

K∑
k=1

Eπk [⟨Ξn,ψ(τk)⟩]

∣∣∣∣∣ ≤
√

8M2 log(4N/δ)

K
.
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This implies that

1

K

K∑
k=1

⟨Ξn,ψ(τk)⟩ ≤M · inf
π∈Πexp

Eπ [costn(τ)] +M ·

(
CR logpR

K

δ
·Kα−1 +

√
8 log(4N/δ)

K

)
.

(6.6.1)

Note that

⟨Ξn,ψ(τk)⟩ = ⟨∇ΓΦ(Γ)|Γ=Γn ,ψ(τ)⟩,

and that for any Γ ∈ Ωψ, we have

⟨∇ΓΦ(Γ)|Γ=Γn ,Γ⟩ = Eπ∼ω[Eπ[⟨∇ΓΦ(Γ)|Γ=Γn ,ψ(τ)⟩]]

for some ω. This implies that

inf
Γ∈Ωψ

⟨∇ΓΦ(Γ)|Γ=Γn ,Γ⟩ = inf
ω∈△Π

Eπ∼ω[Eπ[⟨∇ΓΦ(Γ)|Γ=Γn ,ψ(τ)⟩]]

= inf
π∈Πexp

Eπ[⟨Ξn,ψ(τ)⟩]

= M · inf
π∈Πexp

Eπ[costn(τ)].

By (6.6.1) above, we have that

1

K

K∑
k=1

ψ(τk)

is an approximate minimizer of M · supπ∈Πexp
Eπ[costn(τ)], with approximation tolerance

M(CR logpR 2NK
δ
·Kα−1 +

√
8 log(4N/δ)

K
). We can therefore apply Lemma 6.6.1 with

ϵn = M ·

(
CR logpR

K

δ
·Kα−1 +

√
8 log(4N/δ)

K

)

to get that

Φ(ΓN+1)− min
Γ∈Ωψ

Φ(Γ) ≤ βR2(logN + 1)

2(N + 1)
+M ·

(
CR logpR

2NK

δ
·Kα−1 +

√
8 log(4N/δ)

K

)
.

The result then follows since ΓN+1 =
1

K(N+1)

∑N
n=0

∑K
k=1ψ(τ

n
k) by Lemma 6.6.2.
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In this work we are particularly interested in the case where ψ(τ) ∈ Sdψ+ . We encapsulate
this in the following assumption.

Assumption 6.11 (Matrix Experiment Design). We assume that ψ(τ) ∈ Sdψ+ and that, for
all τ ∈ T , tr(ψ(τ)) ≤ D for some D > 0.

The following corollary instantiates Theorem 6.3 under Assumption 6.11 with objective
Φ(Γ) = tr (H(Γ+ Γ0)

−1), the objective considered in Algorithm 6.1.

Corollary 6.5. Consider the objective

Φ(Γ) = tr
(
H · (Γ+ Γ0)

−1
)

and assume that H ⪰ 0 and Assumption 6.10 holds with α = 1/2 and Assumption 6.11 holds.
Fix N,K, let T := (N + 1)K, and consider running Algorithm 6.2 on this objective. Then
Algorithm 6.2 will run for at most T episodes, and, with probability at least 1− δ, will return
data satisfying

tr

H( T∑
t=1

ψ(τt) + TΓ0

)−1
 ≤ 1

T
· min
Γ∈Ωψ

tr
(
H(Γ+ Γ0)

−1
)
+

8D4∥H∥op∥Γ−1
0 ∥3op

T (N + 1)

+
8D∥H∥op∥Γ−1

0 ∥2op(log1/2 4T
δ
+ CR logpR 2T

δ
)

T
√
K

.

Proof. By Theorem 6.3, for any setting of N and K, we have that with probability at least
1− δ:

tr

H( 1

K(N + 1)

N∑
n=0

K∑
k=1

ψ(τnk) + Γ0

)−1
−min

Γ∈Ω
tr
(
H(Γ+ Γ0)

−1
)

≤ βR2 logN

N + 1
+

MCR logpR 2NK
δ

K1−α +M

√
8 log 4N

δ

K

which implies

tr

H( N∑
n=0

K∑
k=1

ψ(τnk) + TΓ0

)−1
− minΓ∈Ω tr (H(Γ+ Γ0)

−1)

T

≤ βR2 logN

T (N + 1)
+

MCR logpR 2NK
δ

T
√
K

+M
1

T

√
8 log 4N

δ

K
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This gives

tr

H( N∑
n=0

K∑
k=1

ψ(τnk) + TΓ0

)−1
 ≤ minΓ∈Ω tr (H(Γ+ Γ0)

−1)

T

+
βR2 log T

T (N + 1)
+

M(3 log1/2 4T
δ
+ CR logpR 2T

δ
)

T
√
K

.

It then remains to bound R, β, and M . By Lemma F.4.6, we have that

∇ΓΦ(Γ)[Γ̃] = −tr
(
H(Γ+ Γ0)

−1Γ̃(Γ+ Γ0)
−1
)
.

We can then compute the second derivative as, using Lemma F.4.6:

∇2
ΓΦ(Γ)[Γ̃, Γ̄] =

d

dt

[
−tr

(
H(Γ+ Γ0 + tΓ̄)−1Γ̃(Γ+ Γ0 + tΓ̄)−1

)]
= tr

(
H(Γ+ Γ0)

−1Γ̄(Γ+ Γ0)
−1Γ̃(Γ+ Γ0)

−1
)

+ tr
(
H(Γ+ Γ0)

−1Γ̃(Γ+ Γ0)
−1Γ̄(Γ+ Γ0)

−1
)
.

Recall that M is any bound on

sup
Γ∈Ω̂ψ

sup
τ∈T
|⟨∇ΓΦ(Γ),ψ(τ)⟩|.

By the above computation of the gradient, we can bound this as

sup
Γ∈Ω̂ψ

sup
τ∈T
|⟨∇ΓΦ(Γ),ψ(τ)⟩| ≤ sup

Γ∈Ω̂ψ
sup
τ∈T

∣∣tr (H(Γ+ Γ0)
−1ψ(τ)(Γ+ Γ0)

−1
)∣∣

≤ ∥H∥op∥Γ−1
0 ∥2op · sup

τ∈T
tr(ψ(τ))

≤ D∥H∥op∥Γ−1
0 ∥2op.

(6.6.2)

To bound β, by the Mean Value Theorem it suffices to bound the operator norm of ∇2
ΓΦ(Γ).

Using the expression above, we can bound this as

sup
Γ̃,Γ̄∈Ω̂ψ

|∇2
ΓΦ(Γ)[ψ(τ1),ψ(τ2)]| ≤ 2∥H∥op∥Γ−1

0 ∥3op · sup
Γ̃,Γ̄∈Ω̂ψ

tr(Γ̃Γ̄)

≤ 2D2∥H∥op∥Γ−1
0 ∥3op.

Finally, it’s straightforward to bound R ≤ 2D. Putting all of this together gives the result.
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Part II

Exploration in Reinforcement Learning



120

Chapter 7

Instance-Dependent Tabular Reinforcement
Learning

We turn our attention now from settings with continuous states and actions, the focus of
Part I, to settings with discrete states and actions. We first consider the simplest possible
discrete state-action setting: tabular Markov Decision Processes (MDPs). In tabular MDPs,
we assume there are a finite number of states, S, and actions, A, but that states and actions
are otherwise unrelated (i.e. knowledge of the behavior of the environment at state s1
provides no information about the behavior at state s2). Our goal is to find a policy π—a
mapping from states to actions—which maximizes some reward when played on the true
environment. We focus on the pure exploration or PAC, setting, where the agent first explores
the environment for some number steps and then uses the collect observations to determine
an effective reward-maximizing policy.

In Part I we provided a precise characterization of a similar problem—learning an optimal
decision—in the continuous control setting. There we obtained complexities that scaled with
instance-dependent measures, quantifying the complexity in terms of the relationship between
the curvature of our particular loss of interest, H(θ⋆), and the covariates realizable on
our particular system. More importantly, however, by developing a precise understanding
of the complexity of learning, we were able to show which approaches were optimal (e.g.
task-dependent exploration) and which weren’t (e.g. persistent excitation).

We pursue a similar direction in the RL setting. We aim to obtain instance-dependent
bounds on the complexity of learning, and use this characterization to elicit which learning
strategies are most effective. While the RL setting, and particularly the tabular RL setting,
has been given a significant amount of attention in the literature, prior to the work presented
in this chapter, obtaining such instance-dependent bounds has proved elusive. Instead, the
majority of the work has focused on obtaining minimax, worst-case complexity bounds which,
in tabular RL, typically scale with S, A, and H, the horizon. In this chapter we present
some of the first instead-dependent bounds on pure-exploration RL, and argue that existing
minimax characterizations are insufficient for fully characterizing which approaches to learning
in MDPs are optimal.
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7.1 Preliminaries for Markov Decision Processes

We study finite-horizon, time inhomogeneous Markov Decision Processes denoted by the
tuple M = (S,A, H, {Ph}Hh=1, P0, {Rh}Hh=1). Here S is the set of states (S := |S|), A the
set of actions (A := |A|), H the horizon, Ph : S × A → △(S) the transition kernel at
step h, P0 ∈ △(S) the initial state distribution, and Rh : S × A → △([0, 1]) the reward
distribution, with rh(s, a) = E[Rh(s, a)]. We assume that {Ph}Hh=1, P0, and {Rh}Hh=1 are all
initially unknown to the learner, and denote the true instance as M⋆.

An episode is a trajectory of state-action-reward triples, {(sh, ah, Rh)}Hh=1, where s1 ∼ P0,
sh+1 ∼ Ph(·|sh, ah), and Rh ∼ Rh(sh, ah). After H steps of interaction, the MDP restarts and
the process repeats. A policy π is a mapping from states to actions: π : S × [H]→ △(A).
πh(a|s) denotes the probability that π chooses a at (s, h). If for all (s, h), πh(a|s) = 1 for
some a, we say π is a deterministic policy and denote πh(s) the action it chooses at (s, h).
Otherwise we say π is a stochastic policy.

Given a policy π, the Q-value function, Qπ : S ×A× [H]→ [0, H], denotes the expected
reward obtained by playing action a in state s at time h, and then playing π for all subsequent
time. Formally, it is defined as

Qπ
h(s, a) := Eπ

[
H∑

h′=h

Rh′(sh′ , ah′)|sh = s, ah = a

]
.

We also define the value function, V π : S × [H]→ [0, H], as V π
h (s) := Ea∼πh(s)[Qπ

h(s, a)]. The
Q-function satisfies the Bellman equation:

Qπ
h(s, a) = rh(s, a) +

∑
s′

Ph(s
′|s, a)V π

h+1(s
′).

We let V π
H+1(s) = 0 and Qπ

H+1(s, a) = 0. We define the optimal Q-function as Q⋆
h(s, a) :=

supπQ
π
h(s, a), V ⋆

h (s) := supπ V
π
h (s), and let π⋆ denote an optimal policy. V π

0 :=
∑

s P0(s)V
π
1 (s)

denotes the value of a policy, the expected reward it will obtain, and V ⋆
0 := supπ V

π
0 .

Optimal Actions and Effective Gap. Critical to our analysis is the concept of a
suboptimality gap. In particular, we will define the suboptimality gap as:

∆h(s, a) := V ⋆
h (s)−Q⋆

h(s, a).

In words, ∆h(s, a) denotes the suboptimality of taking action a instead of an optimal
action in (s, h), and then playing the optimal policy henceforth. We also let ∆π

h(s, a) :=
maxa′ Q

π
h(s, a

′)−Qπ
h(s, a).

We say a is optimal at (s, h) if ∆h(s, a) = 0 (at least one such action is guaranteed to
exist). We say a is the unique optimal action at (s, h) if ∆h(s, a) = 0, but ∆h(s, a

′) > 0 for
all other a ̸= a′, and say a is a non-unique optimal action if there exists another a′ for which



122

∆h(s, a) = ∆h(s, a
′) = 0. We say M has unique optimal actions if, for all (s, h), there is a

unique optimal action a.
We now construct an effective gap ∆̃h(s, a) which coincides with ∆h(s, a) for suboptimal

actions, but is possibly non-zero if the optimal action is unique. Formally, at a particular
(s, h), we denote the minimum non-zero gap as

∆min(s, h) := min
a:∆h(s,a)>0

∆h(s, a).

The effective gap is then defined as follows:

∆̃h(s, a) :=


∆h(s, a) ∆h(s, a) > 0

∆min(s, h) a is the unique action at s, h for which ∆h(s, a) = 0

0 a is a non-unique action at s, h for which ∆h(s, a) = 0.

Finally, we introduce the idea of a state-action visitation distribution. We define

wπ
h(s, a) := Pπ[sh = s, ah = a], wπ

h(s) := Pπ[sh = s].

Note that wπ
h(s, a) = πh(a|s)wπ

h(s). We denote the maximum reachability of a state s at time
h by:

Wh(s) := sup
π

wπ
h(s).

In words, Wh(s) is the maximum probability with which we could hope to reach s at time h.

PAC Reinforcement Learning Problem. The pure exploration setting considered in this
chapter is typically referred to as PAC RL (probably approximately correct RL). Formally, in
PAC RL, the goal is to, with probability 1− δ, identify a policy π̂ such that

V ⋆
0 − V π̂

0 ≤ ϵ (7.1.1)

using as few episodes as possible. We say that a policy satisfying (7.1.1) is ϵ-optimal and
that an algorithm which returns a policy satisfying (7.1.1) with probability at least 1− δ is
(ϵ, δ)-PAC. Note that our goal is to find a single policy not a distribution over policies.

7.2 Near-Optimal Policy Identification in Tabular MDPs

Before stating our main result, we introduce our new notion of sample complexity for MDPs.

Definition 7.2.1 (Gap-Visitation Complexity). For a given MDP M , we define the gap-
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visitation complexity as:

C(M, ϵ) :=
H∑
h=1

inf
π
max
s,a

min

{
1

wπ
h(s, a)∆̃h(s, a)2

,
Wh(s)

2

wπ
h(s, a)ϵ

2

}
+

H2|OPT(ϵ)|
ϵ2

.

where the infimum is over all policies, both deterministic and stochastic, and:

OPT(ϵ) :=
{
(s, a, h) : ϵ ≥ Wh(s)∆̃h(s, a)/3

}
.

In the special case when M has unique optimal actions, we define the best-policy gap-visitation
complexity as:

C⋆(M) :=
H∑
h=1

inf
π
max
s,a

1

wπ
h(s, a)∆h(s, a)2

.

Since wπ
h(s, a) = πh(a|s)wπ

h(s), as long as wπ
h(s) > 0 for some π, we can always choose our

policy such that all actions are supported and wπ
h(s, a) > 0 for all a1. Recall that we have

defined ∆̃h(s, a) so that ∆̃h(s, a) > 0 for all a as long as (s, h) has a unique optimal action.
This implies that as ϵ→ 0, if M has unique optimal actions, |OPT(ϵ)| → 0. Given this new
notion of complexity, we are now ready to state our main result.

Theorem 7.1. There exists an (ϵ, δ)-PAC algorithm, Moca, which, with probability at least
1− δ, terminates after running for at most

C(M⋆, ϵ) ·H2cϵ log
1
δ
+ Clot(ϵ)

ϵ

episodes and returns an ϵ-optimal policy, for lower-order term Clot(ϵ) = poly(S,A,H, log 1
ϵ
, log 1

δ
)

and cϵ = poly log(SAH/ϵ). Furthermore, if

ϵ < ϵ⋆ := min{min
s,a,h

Wh(s)∆h(s, a)/3, 2H
2Smin

s,h
Wh(s)}

and M⋆ has unique optimal actions, Moca terminates after at most

C⋆(M⋆) ·H2cϵ⋆ log
1
δ
+ Clot(ϵ⋆)

ϵ⋆

episodes and returns π⋆, the optimal policy, with probability 1− δ.

In addition, Moca is computationally efficient with computational cost scaling polynomially
in problem parameters. We provide a proof of Theorem 7.1 and outline of the Moca algorithm
in Section 7.4.

1Here, we adopt the convention that, in the trivial case Wh(s) = 0 (and thus wπ
h(s, a) = 0), Wh(s)

2

wπ
h(s,a)ϵ2

evaluates to 0.
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7.2.1 Interpreting the Complexity

Intuitively, the first term in the gap-visitation complexity quantifies how quickly we can
eliminate all actions at least ϵ/Wh(s)-suboptimal for all s and h, given that we must explore
in our particular MDP. For a given s and h, if we play policy π for K episodes, we will
reach (s, h) on average wπ

h(s)K times. Thus, if we imagine that there is a bandit at (s, h), to
eliminate action a will require that we run for at least 1

wπ
h(s,a)∆h(s,a)2

episodes. The following
result makes this rigorous—up to H factors, a complexity of O(C⋆(M⋆) · log 1/δ), which
Moca achieves, cannot be improved on in general for best-policy identification.

Proposition 7.1. Fix some S > 1, A > 1, H > 1, h̄ ∈ [H], transition kernels {Ph}h̄−1
h=1, and

gaps {gap(s, a)}s∈[S],a∈[A−1] ⊆ (0, 1/2)SA. Then there exists some MDP M⋆ with S states, A
actions, horizon H, transition kernel Ph for h ≤ h̄− 1, and gaps

∆h̄(s, a) = gap(s, a), ∀s ∈ S, a ∈ A, a ̸= π⋆h̄(s), ∆h(s, a) ≥ 1, ∀s ∈ S, a ∈ A, h ̸= h̄,

such that any (0, δ)-PAC algorithm with stopping time Kδ requires:

EM⋆ [Kδ] ≳ inf
π
max
s,a

1

wπ
h̄
(s, a)∆h̄(s, a)

2
· log 1

2.4δ
.

In this instance, as ∆h(s, a) ≥ 1 for h ̸= h̄, assuming {Ph}h̄−1
h=1 is chosen such that Wh(s) is

not too small for each s and h ≤ h̄, we will have that C⋆(M⋆) = O(infπmaxs,a
1

wπ
h̄
(s,a)∆h̄(s,a)

2 ),
so Proposition 7.1 implies that we must have EM⋆ [Kδ] ≥ Ω(C⋆(M⋆) · log 1/δ), matching the
upper bound given in Theorem 7.1 up to H factors.

The second term in C(M⋆, ϵ), H2|OPT(ϵ)|/ϵ2, captures the complexity of ensuring that,
after eliminating ϵ/Wh(s)-suboptimal actions, sufficient exploration is performed to guarantee
the returned policy is ϵ-optimal. While this will be no worse than H3SA/ϵ2, it could be much
better, if in our MDP the number of (s, a, h) with ∆̃h(s, a) ≲ ϵ/Wh(s) is small (note that in
the case when M⋆ has unique optimal actions, since ∆̃h(s, a) ≥ ∆min(s, h) by definition for
all (s, a, h), OPT(ϵ) will only contain states for which the minimum non-zero gap is less than
ϵ/Wh(s)). We next obtain the following bounds on C(M⋆, ϵ), providing an interpretation of
C(M⋆, ϵ) in terms of the maximum reachability, and illustrating C(M⋆, ϵ) is no larger than the
minimax optimal complexity. This implies Moca is nearly worst-case optimal, matching the
lower bound of Ω(SAH2

ϵ2
· log 1/δ) from Dann and Brunskill [2015] up to H and log factors2.

Proposition 7.2. The following bounds hold:

1. C(M⋆, ϵ) ≤ H3SA
ϵ2

2This lower bound is for the stationary setting. As noted in Ménard et al. [2021], one would expect a
lower bound of Ω(SAH3

ϵ2 · log 1/δ) in the non-stationary setting, implying Moca is H2 off the lower bound.
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2. C(M⋆, ϵ) ≤
∑H

h=1

∑
s,amin{ 1

Wh(s)∆̃h(s,a)2
, Wh(s)

ϵ2
}+ H2|OPT(ϵ)|

ϵ2

3. C(M⋆, ϵ) ≤
∑H

h=1

∑
s,a

1

ϵmax{∆̃h(s,a),ϵ}
+ H2|OPT(ϵ)|

ϵ2
.

In the special case of multi-armed and contextual bandits, the gap-visitation complexity
simplifies considerably.

Proposition 7.3. If M⋆ is a multi-armed bandit, then

C(M⋆, ϵ) =
∑
a

min

{
1

∆̃(a)2
,
1

ϵ2

}
, C⋆(M⋆) =

∑
a:∆(a)>0

1

∆(a)2
.

Furthermore, if M⋆ is a contextual bandit, then

C⋆(M⋆) = max
s

1

W (s)

∑
a

1

∆(s, a)2
.

The values given here are known to be the optimal problem-dependent constants for both best
arm identification and (ϵ, δ)-PAC for multi-armed bandits [Kaufmann et al., 2016, Degenne
and Koolen, 2019]. To our knowledge, the lower bound for best-policy identification in
contextual bandits has never been formally stated, yet it is obvious it will take the form of
C⋆(M⋆) given here. It follows that in the special cases of multi-armed bandits and contextual
bandits, Moca is instance-optimal, up to logarithmic factors and lower-order terms.

Several additional interpretations of the gap-visitation complexity are given in Ap-
pendix E.1.1. The above results show that the gap-visitation complexity cleanly interpolates
between the worst-case optimal rate for (ϵ, δ)-PAC, and, in certain MDPs, the instance-optimal
rate for best-policy identification. In between these extremes, it captures an intuitive sense of
instance-dependence. As we will show in the following section, this instance-dependence can
offer significant improvements over worst-case optimal approaches.

7.3 Low-Regret Algorithms are Suboptimal for PAC RL

Obtaining instance-dependent complexity guarantees of the form Theorem 7.1 typically
requires exploring near-optimally—collecting maximally informative observations from the
environment as quickly as possible. In this section, we seek to understand what implications
Theorem 7.1 has on thinking about exploration in tabular RL.

Much of the existing literature on tabular RL relies on the principle of optimism—at
every episode, actions are played which have the “best possible” value, given the current
observations one has acquired. This approach is known to achieve sublinear regret and, via an
online-to-batch conversion, can learn an ϵ-optimal policy at the minimax optimal rate. In this
section, we seek to understand if such an approach is instance-optimal. Can it achieve the
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same complexity as Theorem 7.1, and existing analysis is simply loose? Or is it fundamentally
unable to achieve this measure?

Formally, we consider the family of all low-regret algorithms (optimistic algorithms, and
beyond).

Definition 7.3.1 (Low-Regret Algorithm). We say an algorithm R is a low-regret algorithm
if it has expected regret bounded as Regret(K) =

∑K
k=1 ER[V

⋆
0 − V πk

0 ] ≤ C1K
α + C2, for

some constants C1, C2, α ∈ (0, 1), and where πk is the policy R plays at episode k.

Protocol 7.3.1 (Low-Regret to PAC). We consider the following procedure:

1. Learner runs low-regret algorithm R satisfying Definition 7.3.1 for K episodes, collects
data DR(K).

2. Using DR(K) any way it wishes, the learner proposes a (possibly stochastic) policy π̂.

s0

s2

s1

r(s0, a1) = 1

s1

a1

a2
r(s1, a2) = 1

s2

s3
P(s3 |s1, a2) = 1

P(s3 |s1, a1) = p

P(s2 |s1, a1) = 1 − p

a1

a2

r(s0, a2) = 0
P(s2 |s0, a2) = 1

P(s1 |s0, a1) = 1 − p

P(s2 |s0, a1) = p

r(s2, a1) = 0.5 + Δ2

r(s2, a2) = 0.5

r(s1, a1) = 0.5 + Δ1

r(s1, a2) = 0.5

Action a1
Action a2

Figure 7.1: A motivating example

As a first example, consider the MDP in Fig-
ure 7.1. In state s0, action a1 is optimal and transi-
tions to state s1 with probability 1 − p and state s2
with probability p. Action a2 is suboptimal and tran-
sitions to state s2 with probability 1. To learn a good
policy, we need to identify the optimal action in both
s1 and s2. An optimistic or low-regret algorithm will
primarily play a1 in s0, as this action is optimal, and
it will therefore only reach s2 approximately O(pK)
times. It follows that a low-regret algorithm will take
at least Ω( 1

p∆2
2
) episodes to learn the optimal action

in s2. In contrast, we could instead play a2 in s0,
collecting less reward but learning the optimal action
in s2 in only Ω( 1

∆2
2
) episodes. For small p, this could

be arbitrarily better. The following result makes this
formal, illustrating that for identifying good policies
in MDPs, existing low-regret and optimistic approaches can be highly suboptimal, and more
intentional exploration procedures are needed.

Proposition 7.4 (Informal). On the example in Figure 7.1, any algorithm following Proto-
col 7.3.1 must run for at least K ≥ Ω

( log 1/δ
∆2

1
+ log 1/δ

p∆2
2

)
episodes to identify the optimal policy,

while Moca will terminate and output the optimal policy after only K ≤ O
( log 1/δ

∆2
1

+ log 1/δ

∆2
2

)
episodes.

Proposition 7.4 formally shows that, in this example, any low-regret algorithm is unable
to achieve the complexity given in Theorem 7.1. We next consider a second example, to show
that this effect extends to cases where ϵ > 0.
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Instance Class 7.3.1. Given a number of states S ∈ N, consider an MDP with horizon
H = 2, S states, and S + 1 actions, defined as in Figure 7.2.

s0

s1

Action a⋆

Action ai

s2

sS

P(s1 |s0, a1) = 1

P(s1 |s0, a⋆) = 2−1

1 − 2S

P(s2 |s0, a⋆) = 2−2

1 − 2S

P(sS |s0, a⋆) = 2−S

1 − 2S

P(s2 |s0, a2) = 1

P(sS |s0, aS) = 1
r(s0, ai) = 0, i ∈ [S]

r(sj, ai) = 0.1, i, j ∈ [S]

r(s0, a⋆) = 1

r(sj, a⋆) = 0.9, j ∈ [S]

Figure 7.2: MDP from Instance
Class 7.3.1

Similar to the example considered in Proposition 7.4,
here a⋆ is the optimal action in every state, yet in state
s0, taking action ai is much more informative. The
following result shows that this structure results in poor
performance for low-regret algorithms.

Proposition 7.5 (Informal). For the MDP in Instance
Class 7.3.1 with S states and small enough ϵ, to find
an ϵ-optimal policy with probability 1 − δ any learner
executing Protocol 7.3.1 with a low-regret algorithm sat-
isfying Definition 7.3.1 must collect at least Ω(S log 1/δ

ϵ
)

episodes. In contrast, on this example C⋆(M⋆) = O(S2)
and ϵ⋆ = 1/3, so, for ϵ ≤ 1/3, with probability 1 − δ,
Moca terminates and output π⋆ in Õ(poly(S)) episodes.

In particular, this example shows that there is an ex-
ponential separation between low-regret algorithms and
Moca. For exponentially small ϵ, learning the optimal
policy following Protocol 7.3.1 takes Ω̃(2S) samples, yet
Moca finds the optimal policy in Õ(poly(S)) samples.

Proposition 7.5, as well as Proposition 7.4, imply
that the true complexity of finding a good policy is
often much smaller than the complexity of finding a

good policy given that we explore to minimize regret. As noted, the key piece in this example,
and the example of Proposition 7.4, is that the optimal action in the initial state is very
uninformative—if we want to learn the optimal action in a subsequent state, we should not
take the optimal action in the initial state, but should instead take an action that leads us
to the subsequent state with high probability. Nearly all existing works rely on algorithms
which play policies which converge to a good policy. For instance-dependent PAC RL, instead
of playing good policies, our examples show that an algorithm ought to explore efficiently,
possibly taking very suboptimal actions in the process, and ultimately recommending a good
policy. This shortcoming of greedy algorithms motivates our design of Moca, where we seek
to incorporate this insight.

While it is known that low-regret algorithms are minimax optimal for PAC RL, these
instances show that running a low-regret algorithm and then an online-to-batch procedure is
suboptimal by an arbitrarily large factor for PAC RL. We conclude that minimax optimality
is far from being the complete story for PAC RL, and that if our goal is to simply identify a
good policy, we can do much better than running a low-regret algorithm.
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7.4 Algorithm and Proof of Theorem 7.1

We turn now to the definition of our algorithm, Moca, and provide a proof of Theorem 7.1.
We first provide some intuition for Moca in Section 7.4.1 and give an overview of our core
exploration procedure in Section 7.4.2, before stating the full definition of Moca and giving
the proof of Theorem 7.1 in Section 7.4.3. Omitted technical details from the proof are
deferred to Appendix E.2.

7.4.1 Algorithm Intuition

At a high level, Moca operates by treating every state as an individual bandit, and running
an action elimination-style algorithm at each state [Even-Dar et al., 2006]. Unlike low-regret
algorithms, Moca aggressively directs its exploration to reach uncertain states as quickly
as possible. The sequential structure of an MDP introduces several unique challenges, upon
which we expand below.

Compounding Errors. In a standard bandit, from the perspective of the learner, the
value of a particular action is determined solely by the environment. However, in an MDP,
the value of an action a at state s and time h depends not only on the environment, but also
on the actions the learner chooses to play in subsequent steps. If we run some policy π̂ after
reaching (s, h), though we may be able to identify the optimal action to play at (s, h) given
that we then play π̂, if π̂ is suboptimal, this action may also be suboptimal. The following
result, a direct consequence of the celebrated performance-difference lemma [Kakade, 2003],
is a key piece in our analysis, allowing us to effectively handle the compounding nature of
errors, and may be of independent interest.

Proposition 7.6. Assume that for each h and s, π̂ plays an action which satisfies maxaQ
π̂
h(s, a)−

Qπ̂
h(s, π̂h(s)) ≤ ϵh(s). Then the suboptimality of π̂ is bounded as:

V ⋆
0 − V π̂

0 ≤
H∑
h=1

sup
π

∑
s

wπ
h(s)ϵh(s).

In particular, if ϵh(s) ≤ ϵ/H for all s and h, then we guarantee V ⋆
0 − V π̂

0 ≤ ϵ. Propo-
sition 7.6 in fact holds with wπ

h(s) replaced by w⋆
h(s), the visitation probability under the

optimal policy. We choose to work instead with the (looser) bound stated in Proposition 7.6
as we do not in general know π⋆ and, as we will see, can more easily control the visitations
under this “worst-case” policy.

Intuitively, Proposition 7.6 says that it is sufficient to learn an action in each state
that performs well as compared to the best action one could take given that π̂ is played in
subsequent steps. This motivates the basic premise of our algorithm. We proceed backwards,
first learning near-optimal actions in every (s,H), which gives us π̂H . We then continue on to
level H − 1 where, after playing an action a, we play π̂H . This gives us an unbiased estimate
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of Qπ̂
H−1(s, a), and allows us to determine actions that are near-optimal at stage H − 1 if

we play π̂ at stage H. We repeat this process backwards: at stage h, after playing action
a, we play {π̂h′}Hh′=h+1, yielding an unbiased estimate of Qπ̂

h(s, a), the “reward” of action a,
and allowing us to eliminate actions that are suboptimal, given that we play π̂ in subsequent
steps.

Our approach relies on a Monte Carlo estimate of the value of a particular action a
at a given (s, h). Rather than attempting to compute this value using knowledge of the
MDP, or relying on a bootstrapped estimator, we simply play the policy and observe the
reward obtained. As the rewards are bounded, concentration applies, allowing us to efficiently
estimate Qπ̂

h(s, a), and turning the learning problem at a given (s, h) into nothing more than
a bandit problem. We note that the Monte Carlo technique has previously proven useful for
attaining refined gap-dependent guarantees in the regret setting [Xu et al., 2021].

Balancing Suboptimality and Reachability. To perform the above procedure efficiently,
we must guarantee that we can reach every (s, h) enough times to eliminate suboptimal actions.
Bear in mind the weighting of each suboptimality, ϵh(s), in Proposition 7.6: for a given (s, h),
knowing an ϵh(s)-optimal action in (s, h) will only add at most supπ wπ

h(s)ϵh(s) =: Wh(s)ϵh(s)
to the total suboptimality. Thus, we only need to learn good actions in each state in proportion
to how easily that state may be reached.

In particular, if we play the policy achieving wπ
h(s) = Wh(s) for K episodes, we will reach

(s, h) Wh(s)K times on average. By standard bandit sample complexities, we would expect it
to take on order A

ϵh(s)2
samples to learn an ϵh(s)-optimal action at (s, h), so it follows that

the total number of episodes we would need to run would be K ≳ A
Wh(s)ϵh(s)2

. However, if we
set ϵh(s) ∼ βϵ/Wh(s), which will ensure that the suboptimality of our policy is proportional
to ϵ and does not scale with the reachability, we will only require K ≳ AWh(s)

β2ϵ2
. We see then

that the difficulty of reaching a state to explore it is balanced by the fact that such a state
does not contribute significantly to the total suboptimality.

Navigating the MDP by Grouping States. Naively performing the above strategy
could result in a sample complexity very suboptimal in its dependence on S. Indeed, to
ensure our final policy is ϵ-suboptimal, we would need to choose β ∼ (SH)−1, since in this
case we can only bound the suboptimality term from Proposition 7.6 as

H∑
h=1

sup
π

∑
s

wπ
h(s)ϵh(s) ≲ SHβϵ.

This would give us a sample complexity scaling as a suboptimal S3. To overcome this,
we propose an exploration procedure which groups states—instead of exploring each state
individually, in a given rollout it seeks to reach any number of states which are “nearby”, in
the sense that a single policy may reach any of them with similar probability.

To make this practical, we take inspiration from the algorithm of Zhang et al. [2020]—
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designed for the so-called “reward-free” learning setting [Jin et al., 2020a], where the agent
seeks merely to learn policies which traverse all reachable states—which is itself inspired by
the classical Rmax algorithm [Brafman and Tennenholtz, 2002]. We modify the true reward
function, giving a reward of “1” to any (s, a, h) pair we wish to visit, and otherwise setting
the reward to “0”. We then run a (variance-sensitive) regret minimizing algorithm, Euler
[Zanette and Brunskill, 2019], on this modified reward function to generate a set of policies
that can effectively traverse the MDP to visit the desired states. Critically, we show that the
complexity of generating these policies amounts to a lower-order term—it is easier to learn to
explore an MDP than to learn a good policy on it. Furthermore, grouping states allows us to
obtain the optimal worst-case dependence on S and A.

7.4.2 Efficiently Exploring and Eliminating Actions

Before describing our main algorithm Moca, we first outline the key sub-routines it utilizes.

7.4.2.1 Learn2Explore Overview

Our key exploration procedure is the Learn2Explore routine. Learn2Explore implements
the navigation procedure described in Section 7.4.1. In particular, it takes as input a set
X ⊆ S ×A, and returns a partition {Xj}j,Xj ⊆ X , set of policies {Πj}j, and values {Nj}j.
These sets satisfy the following property.

Theorem 7.2 (Performance of Learn2Explore, informal). With high probability, the partition
{Xj}j returned by Learn2Explore satisfies

sup
π

∑
(s,a)∈Xj

wπ
h(s, a) ≤ 2−j+1,

Moreover, the policy classes Πj are such that, by executing a single trajectory of each π ∈ Πj

once, we visit every (s, a) ∈ Xj at least 1
2
Nj times, where

Nj = O
(

2−j|Πj|
|X\ ∪j−1

j′=1 Xj′|

)
, |Πj| = Kj(

δ
⌈log(1/ϵL2E)⌉ , δsamp) = O(2jS3A2H4 log3 1/δ) (7.4.1)

Furthermore, if Learn2Explore is run with tolerance ϵL2E, it will terminate after running for
at most poly(S,A,H, log 1/δ, log 1/ϵL2E) · 1

ϵL2E
episodes.

In other words, the sets Xj are groupings of “nearby” states that are increasingly difficult
to reach, and the sets Πj give a policy cover which navigates to each (s, a) ∈ Xj . In addition,
as Nj = O(2−j|Πj|/|X\ ∪j−1

j′=1 Xj′|), if we wish to collect n samples from each (s, a) ∈ Xj, it
will only require running for

O

(
|Πj| ·

n

2−j|Πj|/|X\ ∪j−1
j′=1 Xj′|

)
= O

(
2j|X\ ∪j−1

j′=1 Xj′ | · n
)
≤ O

(
2jSAn

)
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Algorithm 7.1 Learn2Explore

1: function Learn2Explore(active set X ⊆ S×A, step h, confidence δ, sampling confidence
δsamp, tolerance ϵL2E)

2: if |X | = 0 then return {(∅, ∅, 0, 0)}⌈log(1/ϵL2E)⌉j=1

3: for j = 1, . . . , ⌈log(1/ϵL2E)⌉ do
4: Kj ← Kj(

δ
⌈log(1/ϵL2E)⌉ , δsamp) as defined in (7.4.1), Mj ← |X |, Nj ← Kj/(4|X | · 2j)

5: Xj,Πj ← FindExplorableSets(X , h, δ,Kj, Nj)
6: X ← X\Xj
7: return {(Xj,Πj, Nj,Mj)}⌈log(1/ϵL2E)⌉j=1

8:
9: function FindExplorableSets(active set X ⊆ S × A, step h, confidence δ, epochs to

run K, samples to collect N)
10: Set r1h(s, a)← 1 for (s, a) ∈ X and 0 otherwise, N(s, a, h)← 0, Y ← ∅, Π← ∅, j ← 1
11: for k = 1, 2, . . . , K do

// Euler is as defined in Zanette and Brunskill [2019]
12: Run Euler on reward function rjh, get trajectory {(skh, akh, h)}Hh=1 and policy πk
13: N(skh, a

k
h)← N(skh, a

k
h) + 1, Π← Π ∪ πk

14: if N(skh, a
k
h) ≥ N , (skh, akh) ∈ X , and (skh, a

k
h) ̸∈ Y then

15: Y ← Y ∪ (skh, a
k
h)

16: rj+1
h (s, a)← 1 for (s, a) ∈ X\Y and 0 otherwise

17: j ← j + 1
18: Restart Euler
19: return Y ,Π

episodes. Thus, if we choose n so that it is proportional to the reachability of Xj—for
example, n ∼ 2−j/ϵ2—the total number of episodes that must be run to collect n samples
is no more than O(SA

ϵ2
) (this can tightened to a term behaving in some cases as O( |Xj |

ϵ2
)).

As we noted in Section 7.4.1, it suffices to collect samples from every state in proportion
with its reachability, which, combined with this fact, allows our exploration to be performed
efficiently. Learn2Explore is the backbone of our sample collection procedure and is called
both in Line 4 of Moca-SE as well as in CollectSamples. We provide the full statement of
Theorem 7.2 in Appendix E.3.

7.4.2.2 Helper Function Descriptions

We next turn to two additional functions utilized by Moca—CollectSamples, which calls
Learn2Explore in order to collect observations from the MDP, and EliminateActions, which
takes as input the collected data and eliminates suboptimal actions.
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Algorithm 7.2 Moca Helper Functions
1: function CollectSamples(active set X , allocation {nj}⌈log 1/ϵcs⌉j=1 , step h, policy π̂, toler-

ance δcs, precision ϵcs)
2: {(Xj,Πj, Nj)}⌈log 1/ϵcs⌉j=1 ← Learn2Explore(X , h, δcs, δcs

⌈log 1/ϵcs⌉maxj nj
, ϵcs), D← ∅

3: for j = 1, . . . , ⌈log 1/ϵcs⌉ do
4: for π ∈ Πj do
5: Run π for T = ⌈2nj/Nj⌉ times up to level h, then play π̂

6: Collect reward rollouts D← D ∪ {sth, ath, Q̊
π̂,t
h (sth, a

t
h) :=

∑H
h′=hR

t
h′}Tt=1

7: return D, {Xj}⌈log 1/ϵcs⌉j=1

8:
9: function EliminateActions(active set X , partition {Xj}kj=1, dataset D, active actions
{Ah(s)}s∈Z , level h, thresholds {γj}kj=1)

10: for (s, a) ∈ X do
11: Nh(s, a)←

∑
(sth,a

t
h,Q̊

π̂,t
h (sth,a

t
h))∈D

I{(sth, ath) = (s, a)}
12: Q̂π̂

h(s, a)← 1
Nh(s,a)

∑
(sth,a

t
h,Q̊

π̂,t
h (sth,a

t
h))∈D

I{(sth, ath) = (s, a)} · Q̊π̂,t
h (sth, a

t
h)

13: for j = 1, . . . , k do
14: for s s.t. ∃a with (s, a) ∈ Xj do
15: j(s)← argmaxj′ j

′ s.t. ∃a′, (s, a′) ∈ Xj′
16: Ah(s)← {a ∈ Ah(s) : maxa′∈Ah(s) Q̂

π̂
h(s, a

′)− Q̂π̂
h(s, a) ≤ γj(s)}

17: return {Ah(s)}s∈Z

Description of CollectSamples. CollectSamples takes as input a set X ⊆ S×A, an allo-
cation {nj}j , a timestep h, and a policy π̂. In short, CollectSamples first calls Learn2Explore
on X to obtain a partition {Xj}j, and then reruns the policies returned by Learn2Explore
enough times to ensure that every (s, a) ∈ Xj is reached at least nj times at timestep h.
After reaching (s, a, h), π̂ is played, to obtain a Monte Carlo estimate Q̊π̂,t

h (s, a) of Qπ̂
h(s, a).

CollectSamples then returns the data collected and the partition returned by Learn2Explore.

Description of EliminateActions. EliminateActions takes as input a set X ⊆ S ×A, a
partition of this set {Xj}j , a dataset D generated by CollectSamples, a set of active actions
{Ah(s)}s, a timestep h, and a threshold {γj}j. For each (s, a) ∈ X , it forms an estimate of
Qπ̂
h(s, a) from the rollouts in D. Given these estimates, for s such that there exists a with

(s, a) ∈ Xj, it removes actions from Ah(s) that are more than γj(s)-suboptimal.

7.4.3 Detailed Algorithm Description and Proof of Theorem 7.1

Finally, we outline our main algorithm Moca and provide a proof of Theorem 7.1. We
will argue the correctness of Moca on two events: Eexp, which is the event that every call
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to Learn2Explore succeeds, and Eest, which is the event that the estimates calculated in
EliminateActions are accurate. We can think of Eexp as the event on which we explore
successfully—we reach every state the desired number of times—and Eest the event on which
we estimate correctly—our Monte Carlo estimates of Qπ̂

h(s, a) concentrate. The following
lemma shows that these events hold with high probability.

Lemma 7.4.1. If we run Moca, P[Eexp ∩ Eest] ≥ 1− δtol.

We formally define these events in Appendix E.2, and provide proofs to the lemmas in
this section.

7.4.3.1 Moca-SE Overview

Given this description of Learn2Explore, we are ready to describe the Moca-SE (single-epoch
Moca) procedure. Assume that we run Moca-SE with tolerance ϵ and confidence δ. We
begin by calling Learn2Explore on Line 4, which allows us to form an estimate of Wh(s),
the maximum reachability of (s, h). This in turn allows us to determine which states are
efficiently reachable. We let Zh denote the set of all such efficiently reachable states at stage
h: Wh(s) ≥ ϵ

2H2S
,∀s ∈ Zh. All other states have little effect on the performance of any policy

and can henceforth be ignored. The following claim shows that our estimate of Wh(s) is in
fact accurate for s ∈ Zh.

Claim 1. If running Moca-SE, on Eest ∩ Eexp we have Ŵh(s) ≤ Wh(s) ≤ 32Ŵh(s) for all
s ∈ Zh.

We then proceed to our main loop over h in Line 7. For a fixed h, we loop over i and form
the partition Zhi which contains all s ∈ Zh with Ŵh(s) ∼ 2−i. Given Zhi, we next loop over
ℓ, and for each ℓ aim to eliminate actions from Zhi that are more than ϵℓ = H2−ℓ-suboptimal.
We define Zℓhi ⊆ S × A as the set of (s, a) for s ∈ Zhi, and a we have not yet determined
are ϵℓ−1/Wh(s)-suboptimal. To collect a sufficient number of samples from each (s, a) ∈ Zℓhi
in order to eliminate suboptimal actions, we run CollectSamples on Zℓhi and seek to collect
nℓij = O(H2/(22iϵ2ℓ)) = O(H2Wh(s)

2/ϵ2ℓ) from each (s, a) ∈ Zℓhi.
Note that every (s, a) ∈ Zℓhi has similar maximum reachability, Wh(s) ∼ 2−i, determined

by index i. Nevertheless, as outlined in Section 7.4.1, to obtain the proper scaling in S, we
may still need to group states in a way that allows nearby states to be explored effectively.
Calling Learn2Explore in CollectSamples does just this, efficiently traversing the MDP to
guarantee enough samples are collected from all states in tandem.

After running CollectSamples, we run EliminateActions to eliminate suboptimal
actions, yielding a set of candidate ϵℓ/Wh(s)-suboptimal actions for each (s, h), denoted
Aℓh(s). The following result shows that this procedure does indeed winnow out sufficiently
suboptimal actions.
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Algorithm 7.3 Monte Carlo Action Elimination - Single Epoch (Moca-SE(ϵ, δ, FinalRound))
1: input: tolerance ϵ, confidence δ, final round flag FinalRound
2: initialize ϵexp ← ϵ

2H2S
, Zh ← ∅, ςexp = ⌈log 1

ϵexp
⌉

3: for each (s, h) do // loop over all s, h to learn maximum reachability
4: {(X sh

j ,Πsh
j , N sh

j )}ςexpj=1 ← Learn2Explore({(s, a)}, h, δ
SH

, 1
2
, ϵexp) for arbitrary a ∈ A

5: if X sh
j = {(s, a)} for j ∈ [ςexp] then Ŵh(s)←

Nsh
j

2|Πsh
j | =

1
16·2j , Zh ← Zh ∪ {s}

6: set ςϵ ← ⌈log 64
H2Sϵ
⌉, ςδ ← log SAHςϵ(ℓϵ+1)

δ
, ℓϵ ← ⌈log H

ϵ
⌉, π̂h(s) ← arbitrary action,

A0
h(s)← A.

7: for h = H,H − 1, . . . , 1 do // loop over horizon
8: for i = 1, 2, . . . , ςϵ do // loop over estimated maximum reachability
9: Zhi ← {s ∈ Zh : Ŵh(s) ∈ [2−i, 2−i+1]}

10: for ℓ = 1, . . . , ℓϵ do // loop over tolerance ϵℓ
11: ϵℓ ← H2−ℓ, Zℓhi ← {(s, a) : s ∈ Zhi, a ∈ Aℓ−1

h (s), |Aℓ−1
h (s)| > 1}

12: nℓij ← 218H2ςδ
22iϵ2ℓ

, γℓij ← 2iϵℓ
28

for j = 1, . . . , ςϵ

13: Dℓ
hi, {X ℓ

hij}
ςϵ
j=1 ← CollectSamples(Zℓhi, {nℓij}

ςϵ
j=1, h, π̂,

δ
Hςϵℓϵ

, ϵexp
32

)
14: {Aℓh(s)}s∈Zhi

← EliminateActions(Zℓhi, {X ℓ
hij}

ςϵ
j=1,D

ℓ
hi, {Aℓ−1

h (s)}s∈Zhi
, h, {γℓij}ςϵj=1)

15: if FinalRound is true then // ensure π̂ ϵ-optimal
16: Zℓϵ+1

h ← {(s, a) : s ∈ Zh, a ∈ Aℓϵh (s), |A
ℓϵ
h (s)| > 1}

17: nℓϵ+1
j ← 64H4ςδς

2
ϵ 2

2(−j+1)

ϵ2
, γℓϵ+1

j ← ϵ
4Hςϵ2−j+1 for j = 1, . . . , ςϵ

18: Dℓϵ+1
h , {X ℓϵ+1

hj }
ςϵ
j=1 ← CollectSamples(Zℓϵ+1

h , {nℓϵ+1
j }ςϵj=1, h, π̂,

δ
H
, ϵexp

32
)

19: {Aℓϵ+1
h (s)}s∈Zℓϵ+1

h
← EliminateActions(Zℓϵ+1

h , {X ℓϵ+1
hj }

ςϵ
j=1,D

ℓϵ+1
h ,

{Aℓϵh (s)}s∈Zℓϵ+1
h

, h, {γℓϵ+1
j }ςϵj=1)

20: else
21: Aℓϵ+1

h (s)← Aℓϵh (s) for all s ∈ Zh
22: Set π̂h(s) to any action in Aℓϵ+1

h (s) for all s ∈ Zh
23: return π̂, maxs,h |Aℓϵ+1

h (s)|

Lemma 7.4.2. On the event Eest ∩ Eexp, if Moca-SE is run with tolerance ϵ, for any h ∈ [H]
and ℓ ∈ [ℓϵ + 1], if |Aℓh(s)| = 1, then for a ∈ Aℓh(s),

max
a′

Qπ̂
h(s, a

′)−Qπ̂
h(s, a) = 0.

Furthermore, if |Aℓh(s)| > 1, ℓ ≤ ℓϵ, and s ∈ Zhi for some i, then any a ∈ Aℓh(s) satisfies

∆h(s, a) ≤
3ϵℓ

2Wh(s)
.
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Finally, if |Aℓϵ+1
h (s)| > 1 and s ∈ Zh, then any a ∈ Aℓϵ+1

h (s) satisfies

∆π̂
h(s, a) ≤

ϵ

2Hςϵ · 2−j(s)+1

where j(s) = argmaxj j s.t. ∃a′, (s, a′) ∈ X ℓϵ+1
hj .

The guarantee follows by verifying that our exploration collects enough samples to ensure
the confidence intervals on Qπ̂

h(s, a) have width O(ϵℓ/Wh(s)). Furthermore, using properties of
Learn2Explore given in Theorem 7.2, we can bound the sample complexity of this procedure,
which yields a dominant term reminiscent of our sample complexity measure, C(M⋆, ϵ) in
Definition 7.2.1.

Lemma 7.4.3. On the event Eest ∩ Eexp, for a given h and i, the loop over ℓ on Line 10 of
Moca-SE will take at most

cH2ςδς
2
ϵ ℓϵ inf

π
max
s∈Zhi

max
a

min

{
1

wπ
h(s, a)∆̃h(s, a)2

,
Wh(s)

2

wπ
h(s, a)ϵ

2

}

episodes. Furthermore, the total complexity of calling Moca-SE with FinalRound = False is
bounded by:

H2cςδς
3
ϵ ℓϵ ·

H∑
h=1

inf
π
max
s,a

min

{
1

wπ
h(s, a)∆̃h(s, a)2

,
Wh(s)

2

wπ
h(s, a)ϵ

2

}
+

poly(S,A,H, log 1/ϵ, log 1/δ)

ϵ

for a universal constant c.

Proof Sketch of Lemma 7.4.3. In order to collect at least nℓij samples from each (s, a) ∈ X ℓ
hij ,

Theorem 7.2 ensures that it suffices to run for O(|Πj|nℓij/Nj) ≈ O(2j|X ℓ
hij|nℓij) episodes; thus,

we can collect nℓij samples from each (s, a) ∈ Zℓhi with only O(
∑

j 2
j|X ℓ

hij|nℓij) episodes.
Theorem 7.2 also shows that X ℓ

hij satisfies

sup
π

min
(s,a)∈X ℓ

hij

|X ℓ
hij|wπ

h(s, a) ≤ sup
π

∑
(s,a)∈X ℓ

hij

wπ
h(s, a) ≤ 2−j+1,

which upper bounds theO(
∑

j 2
j|X ℓ

hij|nℓij) episodes required byO(
∑

j infπmax(s,a)∈X ℓ
hij

nℓ
ij

wπ
h(s,a)

).
As all (s, a), (s′, a′) ∈ X ℓ

hij satisfy Wh(s) ≈ Wh(s
′) by construction, nℓij = O(H2Wh(s)

2/ϵ2ℓ) for
any (s, a) ∈ X ℓ

hij, so the sample complexity reduces to O(H2
∑

j infπmax(s,a)∈X ℓ
hij

Wh(s)
2

wπ
h(s,a)ϵ

2
ℓ
).

Finally, since actions in stage ℓ are only active if their gap is less than Wh(s)/ϵℓ, we obtain
Lemma 7.4.3.
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The FinalRound flag. Single-epoch Moca is called multiple times by our main algorithm
(Algorithm 7.4), each with geometrically decreasing tolerance ϵ. For all but the smallest such
ϵ, Moca-SE is run with FinalRound = False, and terminates after the previously described
loop over h, i, ℓ terminates. The last call to Moca-SE constitutes the “final round”, where we
set FinalRound = True; this calls CollectSamples and EliminateActions one more time for
each h.

While the loop with the FinalRound = False is able to eliminate suboptimal actions,
it does not shrink the action set enough to guarantee that the returned policy is ϵ-optimal.
In particular, while each (s, h) pair upon entering this final-round loop is sub-optimal
by at most ϵh(s) = O(ϵ/Wh(s)), Proposition 7.6 suggests that we actually need ϵh(s) ≤
O(ϵ/H · supπ

∑
s′∈X wπ

h(s
′)). To remedy this, FinalRound = True invokes a final step to

ensure the latter bound holds. Critically, while in the previous step we only sampled (s, a) in
proportion with Wh(s)

2, the individual maximum reachability of that state, in this step we
sample each (s, a) in proportion with the reachability of the partition containing (s, a). This
subtlety is indispensable for attaining our instance-dependent sample complexity.

In other words, after forming our set Zℓϵ+1
h of active states and actions corresponding to

the minimal error-resolution index ℓ = ℓϵ (from the previous argument, this will only contain
states we have not determined the optimal action for and actions that satisfy ∆h(s, a) ≤ 3ϵ

2Wh(s)
)

and partitioning it into {X ℓϵ+1
hj }j by calling Learn2Explore, we seek to collect O(H42−2j/ϵ2)

from every (s, a) ∈ X ℓϵ+1
hj . By Theorem 7.2, X ℓϵ+1

hj satisfies supπ
∑

(s,a)∈X ℓϵ+1
hj

wπ
h(s, a) ≤

2−j+1, so sampling (s, a) O(H42−2j/ϵ2) times means we sample it in proportion to its group
reachability squared. By the final conclusion of Lemma 7.4.2, we can cleanly bound the
suboptimality of actions remaining after this step and, as the following lemma shows, the
number of samples used by this procedure.

Lemma 7.4.4. On the event Eest ∩ Eexp, if Moca-SE is called with FinalRound = True, the
procedure within the if statement on Line 15 will terminate after collecting at most

cH4ςδς
2
ϵ

ϵ2
|Zℓϵ+1

h |+ poly(S,A,H, log 1/δ, log 1/ϵ)

ϵ

episodes. Furthermore, the total complexity of calling Moca-SE with FinalRound = True is
bounded by:

H2cςδς
3
ϵ ℓϵ · C(M⋆, ϵ) +

poly(S,A,H, log 1/ϵ, log 1/δ)

ϵ

for a universal constant c.

Critically, as noted above, Zℓϵ+1
h will only contain near-optimal actions and unsolved

states, so its cardinality could be much less than SA. Finally, a simple calculation combining
Lemma 7.4.2 and Proposition 7.6 gives the following result.
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Lemma 7.4.5. On the event Eest ∩ Eexp, if Moca-SE is run with tolerance ϵ and FinalRound
= true, then the policy π̂ returned by Moca-SE is ϵ-suboptimal.

7.4.3.2 Putting everything together: Moca and proving Theorem 7.1

Algorithm 7.4 MOnte Carlo Action Elimination (Moca)
1: input: tolerance ϵtol, confidence δtol
2: A0

h(s)← A for all s, h
3: for m = 1, . . . , ⌈log(H/ϵtol)⌉ − 1 do
4: ϵtol(m) ← H2−m, δtol(m) ← δtol

36m2

5: π̂m, MaxOpt← Moca-SE(ϵtol(m), δtol(m), false)
6: if MaxOpt = 1 then
7: return π̂m

8: π̂, MaxOpt← Moca-SE(ϵtol,
δtol

36⌈log(H/ϵtol)⌉2
, true)

9: return π̂

We turn now to our main algorithm, Moca. Moca takes as input a tolerance ϵtol
and confidence δtol. Were our goal simply to find an ϵtol-optimal policy, from the above
argument we could call Moca-SE with tolerance ϵtol and FinalRound = True. However, if ϵtol
is small enough that Moca-SE identifies the optimal action in every state, this may result
in overexploring—since once we have identified the optimal action in every state we can
terminate and output the optimal policy. To remedy this, we instead call Moca-SE with
exponentially decreasing tolerance and FinalRound = False. If it returns a set of actions
for every s, h with |Ah(s)| = 1, we can guarantee we have identified the optimal policy, and
simply terminate without overexploring. Note also in this stage, since FinalRound = False,
we do not pay for the Õ(H4

ϵ2
|Zℓϵ+1

h |) term. If this condition is never met, we simply call
Moca-SE a final time at the end with FinalRound = True to ensure the policy we return is
ϵtol-optimal. A formal proof of Theorem 7.1 follows directly from this argument.

Proof of Theorem 7.1. Note that P[Eest ∩ Eexp] ≥ 1− δ by Lemma 7.4.1. We will assume for
the remainder of the proof that this event holds.

Case 1: ϵtol ≥ min{mins,a,hWh(s)∆̃h(s, a)/3, 2H
2Smins,hWh(s)}. In this case, that the

policy returned is ϵtol-optimal is guaranteed by Lemma 7.4.5 since the final call to Moca-SE is
run with FinalRound = true. To bound the sample complexity, we can then simply combine
Lemma 7.4.3 and Lemma 7.4.4, which gives that the total sample complexity is bounded as
(using that ϵtol(m) ≥ ϵtol and that δtol(m) ≥ δtol/(36⌈logH/ϵtol⌉2) =: δ′):

⌈logH/ϵtol⌉−1∑
m=1

H2cςδtol(m)
ς3ϵtol(m)

ℓϵtol(m)
·
H∑
h=1

inf
π
max
s,a

min

{
1

wπ
h(s, a)∆̃h(s, a)2

,
Wh(s)

2

wπ
h(s, a)ϵ

2
tol(m)

}
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+H2cςδtol(m)
ς3ϵtolℓϵtol ·

H∑
h=1

inf
π
max
s,a

min

{
1

wπ
h(s, a)∆̃h(s, a)2

,
Wh(s)

2

wπ
h(s, a)ϵ

2
tol

}

+
cH4ςδtolς

2
ϵtol
|OPT(ϵtol)|

ϵ2tol
+
⌈logH/ϵtol⌉ · poly(S,A,H, log 1/ϵtol, log 1/δtol)

ϵtol
.

This can be upper bounded as

⌈logH/ϵtol⌉ ·H2cςδ′ς
3
ϵtol

ℓϵtol ·
H∑
h=1

inf
π
max
s,a

min

{
1

wπ
h(s, a)∆̃h(s, a)2

,
Wh(s)

2

wπ
h(s, a)ϵ

2
tol

}

+
cH4ςδ′ς

2
ϵtol
|OPT(ϵtol)|
ϵ2tol

+
poly(S,A,H, log 1/ϵtol, log 1/δtol)

ϵtol
.

This and the definition of C(M⋆, ϵ) gives the first conclusion of Theorem 7.1.

Case 2: ϵtol < min{mins,a,hWh(s)∆̃h(s, a)/3, 2H
2Smins,hWh(s)}. As we showed in the

proof of Lemma 7.4.4, we will have that Zℓϵ+1
h ⊆ OPT(ϵ, h). Therefore, if for all (s, a),

∆̃h(s, a) > 3ϵ/Wh(s), we will have that |Zℓϵ+1
h | = 0, which implies that for every s ∈ Zh,

|Aℓϵh (s)| = 1. Furthermore, on Eexp, we will have that Zh = S ×A if ϵ
2H2S

< minsWh(s). If
each of these conditions hold for all h, then the returned sets Aℓϵ+1

h (s) will satisfy |Aℓϵ+1
h (s)|

for all s and h.
It follows then that if ϵtol < min{mins,a,hWh(s)∆̃h(s, a)/3, 2H

2Smins,hWh(s)}, either
ϵtol(m) < min{mins,a,hWh(s)∆̃h(s, a)/3, 2H

2Smins,hWh(s)} for some m, in which case the
above condition will be met, and the termination criteria on Line 6 of Moca will be satisfied,
or

ϵtol(m) ≥ min{min
s,a,h

Wh(s)∆̃h(s, a)/3, 2H
2Smin

s,h
Wh(s)},

and Moca will reach the final call of Moca-SE with FinalRound = True. In the former case,
letting m̄ denote the value of m at which Moca terminates, the total sample complexity will
be bounded as, using the same argument as in Case 1,

m̄∑
m=1

H2cςδtol(m̄)
ς3ϵtol(m̄)

ℓϵtol(m̄)
·
H∑
h=1

inf
π
max
s,a

min

{
1

wπ
h(s, a)∆̃h(s, a)2

,
Wh(s)

2

wπ
h(s, a)ϵ

2
tol(m)

}

+
m̄ · poly(S,A,H, log 1/ϵtol(m̄), log 1/δtol(m̄))

ϵtol(m̄)

≤ m̄H2cςδtol(m̄)
ς3ϵtol(m̄)

ℓϵtol(m̄)
·
H∑
h=1

inf
π
max
s,a

min

{
1

wπ
h(s, a)∆̃h(s, a)2

,
Wh(s)

2

wπ
h(s, a)ϵ

2
tol(m̄)

}

+
poly(S,A,H, log 1/ϵtol(m̄), log 1/δtol(m̄))

ϵtol(m̄)
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and note that ϵtol(m̄−1) ≥ min{mins,a,hWh(s)∆̃h(s, a)/3, 2H
2Smins,hWh(s)}, since we did not

terminate at round m̄−1, implying that ϵtol(m̄) ≥ 2min{mins,a,hWh(s)∆̃h(s, a)/3, 2H
2Smins,hWh(s)}.

Note also that δtol(m̄) =
δ

36 log2 ϵtol(m̄)
, so we can also bound

log 1/δtol(m̄) ≤ O(log 1/δtol + log log(2min{min
s,a,h

Wh(s)∆̃h(s, a)/3, 2H
2Smin

s,h
Wh(s)})).

Together these give the bound stated in Theorem 7.1.
In the latter case, when we do not terminate early at Line 6, the same sample com-

plexity bound applies but with ϵtol(m̄) replaced by ϵtol, since if |Zℓϵ+1
h | = 0, the final call to

CollectSamples in Line 18 of Moca-SE will not collect any samples. As before, in this case
we can lower bound

ϵtol ≥ 2min{min
s,a,h

Wh(s)∆̃h(s, a)/3, 2H
2Smin

s,h
Wh(s)}

from which the bound follows.
It remains to show that π̂ = π⋆. This follows inductively from Lemma 7.4.2 since

if |AℓH(s)| = 1, this implies that for a ∈ AℓH(s), a = π⋆H(s). Then if we assume that
π̂h′(s) = π⋆h′(s) for all s and h′ > h, if |Aℓh(s)| = 1 this implies that for a ∈ Aℓh(s), a = π⋆h(s)
since, by Lemma 7.4.2, in this case

max
a′

Qπ̂
h(s, a

′)−Qπ̂
h(s, a) = 0

but Qπ̂
h(s, a

′′) = Q⋆
h(s, a

′′). Thus, it follows that π̂ = π⋆, which completes the proof.
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Chapter 8

Instance-Dependent Linear Reinforcement
Learning

While a canonical setting in the reinforcement learning literature, tabular MDPs are
severely limited in what real-world environments they can conveniently represent. In real-
world settings, it is rarely the case that states and actions are completely unrelated—more
often, there is sufficient structure in the problem that knowing the behavior at one state
provides information on the behavior at another state. Ignoring this information-sharing,
as the tabular assumption does, results in sample complexities significantly larger than we
might otherwise achieve.

Inspired by this, much work has been done over the last several years to move beyond
the tabular assumption and develop sample efficient RL algorithms in settings that require
function approximation [Jiang et al., 2017, Jin et al., 2020b, Zhou et al., 2021a, Du et al., 2021,
Jin et al., 2021, Foster et al., 2021]. A particular setting that has received significant attention
is that of MDPs with linear function approximation—where it is assumed that the MDP
can be parametrized linearly in some featurization of the state-action space [Yang and Wang,
2019, Jin et al., 2020b, Wang et al., 2019, Du et al., 2019, Zanette et al., 2020a,b, Ayoub et al.,
2020, Jia et al., 2020, Weisz et al., 2021, Zhou et al., 2021a,b, Zhang et al., 2021c, Wang et al.,
2021]. In such settings, the number of states could be infinite—making learning in a tabular
representation of such an MDP intractable—yet the linear structure allows information
to be shared between states, making learning tractable when this structure is taken into
account. While significant progress has been made understanding the worst-case complexity
of RL with linear function approximation, little progress has been made understanding the
instance-dependent complexity of learning.

In this chapter we provide the first significant results in this direction, extending the
results of Chapter 7 to MDPs with linear function approximation. As in Chapter 7 we
consider the PAC setting, where the goal is to identify an ϵ-optimal policy in the minimum
amount of samples possible. While there exist several formulations of MDPs with linear
function approximation, we consider in particular the linear MDP setting of Jin et al. [2020b].
As we will see, though our results are similar in spirit to that of Chapter 7, the algorithmic
techniques are significantly different—relying, in fact, on the same online experiment design
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techniques as in Chapter 6—and the final complexity differs significantly as well.

8.1 Reinforcement Learning with Linear Function Approximation

Unless otherwise noted, we adopt the same MDP notation in this chapter as in Chapter 7,
though we make a slight modification to the setting of Chapter 7 by assuming that each
episode begins from the same fixed state instead of being drawn from some distribution. Here
we consider MDPs with linear structure, defined as follows.

Definition 8.1.1 (Linear MDPs [Jin et al., 2020b]). We say that an MDP is a d-dimensional
linear MDP, if there exists some (known) feature map ϕ(s, a) : S ×A → Rd, H (unknown)
signed vector-valued measures µh ∈ Rd over S, and H (unknown) reward vectors θh ∈ Rd,
such that:

Ph(·|s, a) = ⟨ϕ(s, a),µh(·)⟩, E[Rh(s, a)] = ⟨ϕ(s, a),θh⟩.

We will assume ∥ϕ(s, a)∥2 ≤ 1 for all s, a; and for all h, ∥|µh|(S)∥2 = ∥
∫
s∈S |dµh(s)|∥2 ≤

√
d

and ∥θh∥2 ≤
√
d.

Linear MDPs encompass, for example, tabular MDPs, but can also model more complex
settings, such as feature spaces corresponding to the simplex [Jin et al., 2020b], or the
linear bandit problem. Critically, linear MDPs allow for infinite state-spaces, as well as
generalization across states—rather than learning the behavior in particular states, we can
learn in the d-dimensional feature space. Note that the standard definition of linear MDPs,
for example as given in Jin et al. [2020b], assumes the rewards are deterministic, while we
assume the rewards are random but that their means are linear. We still assume, however,
that the random rewards, rh(s, a), are contained in [0, 1] almost surely.

For a given policy π, we define the feature-visitation at step h, the expected feature vector
policy π encounters at step h, as ϕπ,h := Eπ[ϕ(sh, ah)]. Note that this is a direct generalization
of state-visitations in tabular RL—if our MDP is in fact tabular, [ϕπ,h]s,a = Pπ[sh = s, ah = a],
so the feature visitation vector corresponds directly to the state visitations. Note also that
we can write the value of a policy as V π

0 =
∑H

h=1⟨ϕπ,h,θh⟩. Denote the average feature
vector induced by π in a particular state s as ϕπ,h(s) = Ea∼πh(·|s)[ϕ(s, a)]. We also let
ϕh,τ := ϕ(sh,τ , ah,τ ) denote the feature vector encountered at step h of episode τ (and
similarly define Rh,τ ). We define Λπ,h := Eπ[ϕ(sh, ah)ϕ(sh, ah)⊤], the expected covariance of
policy π at step h, λ̄min,h = supπ λmin(Λπ,h) the largest achievable minimum eigenvalue at
step h, and λ̄min = minh λ̄min,h. We will make the following assumption.

Assumption 8.1 (Full Rank Covariates). In our MDP, λ̄min > 0.

We remark that Assumption 8.1 is analogous to other explorability assumptions found in the
RL with function approximation literature [Zanette et al., 2020c, Hao et al., 2021, Agarwal
et al., 2021].
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To reduce uncertainty in directions of interest, we will be interested in optimizing over
the set of all realizable covariance matrices on our particular MDP. To this end, define

Ωh := {Eπ∼ω[Λπ,h] : ω ∈ Ωπ} (8.1.1)

for Ωπ the set of all valid distributions over Markovian policies (both deterministic and
stochastic). Ωh is, then, the set of all covariance matrices realizable by distributions over
policies at step h.

While in Chapter 7 we consider state-action gaps, in this chapter the more relevant
notion of a gap is that of a policy gap. For some set of policies Π (which may not contain an
optimal policy), we let V ⋆

0 (Π) := maxπ∈Π V π
0 . We then define the minimum policy gap as:

∆Π
min :=

{
V ⋆
0 (Π)−maxπ∈Π:V π

0 <V
⋆
0 (Π) V

π
0 |{π ∈ Π : V π

0 = V ⋆
0 (Π)}| = 1

0 o.w.

That is, ∆Π
min is the gap between the values of the best policy and next best policy in Π if

the best policy in Π is unique, and otherwise 0.

8.2 Near-Optimal Policy Identification in Linear MDPs

We are now ready to state our algorithm, Pedel.

Pedel Description. Pedel is a policy-elimination-style algorithm. It takes as input
some set of policies, Π, and proceeds in epochs, maintaining a set of active policies, Πℓ, such
that all π ∈ Πℓ are guaranteed to satisfy V π

0 ≥ V ⋆
0 (Π)− 4ϵℓ, for ϵℓ = 2−ℓ. After running for

⌈log 4
ϵ
⌉ epochs, it returns any of the remaining active policies, which will be guaranteed to

have value at least V ⋆
0 (Π)− ϵ.

Similar to Chapter 7, in order to ensure Πℓ only contains 4ϵℓ-optimal policies, sufficient
exploration must be performed at every epoch to refine the estimate of each policy’s value.
In particular, one can show that, if we have collected some covariates Λh,ℓ, the uncertainty in
our estimate of the value of policy π at step h scales as ∥ϕ̂ℓπ,h∥Λ−1

h,ℓ
, for ϕ̂ℓπ,h the estimated

feature-visitation for policy π at epoch ℓ. To reduce our uncertainty at each round, we would
therefore like to collect covariates such that ∥ϕ̂ℓπ,h∥Λ−1

h,ℓ
≲ ϵℓ. Collecting covariates which

satisfy this using the minimum number of episodes of exploration possible involves solving
the experiment design:

inf
Λexp∈Ωh

max
π∈Πℓ

∥ϕ̂ℓπ,h∥2Λ−1
exp

. (8.2.1)

Note that this design has the form of an XY-experiment design [Soare et al., 2014]. Solving
(8.2.1) will produce covariance Λexp which reduces uncertainty in relevant feature directions.
However, to solve this design we require knowledge of which covariance matrices are realizable
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Algorithm 8.1 Policy Learning via Experiment Design in Linear MDPs (Pedel)
1: input: tolerance ϵ, confidence δ, policy set Π
2: ℓ0 ← ⌈log2 d3/2

H
⌉, Πℓ0 ← Π, ϕ̂1

π,1 ← Ea∼π1(·|s1)[ϕ(s1, a)], ∀π ∈ Π
3: for ℓ = ℓ0, ℓ0 + 1, . . . , ⌈log 4

ϵ
⌉ do

4: ϵℓ ← 2−ℓ, βℓ ← 64H4 log 4H2|Πℓ|ℓ2
δ

5: for h = 1, 2, . . . , H do
6: Solve (8.2.1) by running procedure of Theorem 8.5 with parameters

ϵexp ←
ϵ2ℓ
βℓ
, δ ← δ

2Hℓ2
, λ← log

4H2|Πℓ|ℓ2

δ
, Φ← Φh,ℓ := {ϕ̂ℓπ,h : π ∈ Πℓ}

in order to collect data {(sh,τ , ah,τ , Rh,τ , sh+1,τ )}
Kh,ℓ

τ=1 , satisfying

max
π∈Πℓ

∥ϕ̂ℓπ,h∥2Λ−1
h,ℓ
≤ ϵ2ℓ

βℓ
for Λh,ℓ ←

Kh,ℓ∑
τ=1

ϕ(sh,τ , ah,τ )ϕ(sh,τ , ah,τ )
⊤ +

1

d
· I

7: for π ∈ Πℓ do // Estimate feature-visitations for active policies

8: ϕ̂ℓπ,h+1 ←
(∑Kh,ℓ

τ=1 ϕπ,h+1(sh+1,τ )ϕ
⊤
h,τΛ

−1
h,ℓ

)
ϕ̂ℓπ,h

9: θ̂ℓh ← Λ−1
h,ℓ

∑Kh,ℓ

τ=1 ϕh,τrh,τ // Estimate reward vectors

10: // Remove provably suboptimal policies from active policy set

Πℓ+1 ← Πℓ\
{
π ∈ Πℓ : V̂ π

0 < sup
π′∈Πℓ

V̂ π′

0 − 2ϵℓ

}
for V̂ π

0 :=
∑H

h=1⟨ϕ̂
ℓ
π,h, θ̂

ℓ
h⟩

11: if |Πℓ+1| = 1 then return π ∈ Πℓ+1

12: return any π ∈ Πℓ+1

on our particular MDP. In general we do not know the MDP’s dynamics, and therefore do
not have access to this knowledge. To overcome this and solve (8.2.1), we apply a technique
very similar to the DynamicOED technique employed in Chapter 6.

Estimating Feature-Visitations. We remark briefly on the estimation of the feature-
visitations on Line 8. If we assume that {ϕh,τ}

Kh,ℓ

τ=1 is fixed and that all randomness is due
to sh+1,τ , then it is easy to see that, using the structure present in linear MDPs as given in
Definition 8.1.1,

E[
∑Kh,ℓ

τ=1ϕπ,h+1(sh+1,τ )ϕ
⊤
h,τΛ

−1
h,ℓ] =

∑Kh,ℓ

τ=1

(∫
ϕπ,h+1(s)dµh(s)

⊤ϕh,τ
)
ϕ⊤
h,τΛ

−1
h,ℓ

=
∫
ϕπ,h+1(s)dµh(s)

⊤.
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By Definition 8.1.1, we have ϕπ,h+1 =
(∫
ϕπ,h+1(s)dµh(s)

⊤)ϕπ,h. Comparing these, we see
that our estimator of ϕπ,h+1 on Line 8 is (conditioned on {ϕh,τ}

Kh,ℓ

τ=1 ) unbiased, assuming
ϕ̂ℓπ,h ≈ ϕπ,h.

8.2.1 Main Results

We have the following result on the performance of Pedel.

Theorem 8.1. Consider running Pedel with some set of Markovian policies Π on any
linear MDP satisfying Definition 8.1.1 and Assumption 8.1. Then with probability at least
1− δ, Pedel outputs a policy π̂ ∈ Π such that V π̂

0 ≥ V ⋆
0 (Π)− ϵ, and runs for at most

C0H
4 ·

H∑
h=1

inf
Λexp∈Ωh

max
π∈Π

∥ϕπ,h∥2Λ−1
exp

max{V ⋆
0 (Π)− V π

0 ,∆
Π
min, ϵ}2

·
(
log |Π|+ log

1

δ

)
+ C1

episodes, with C0 = log 1
ϵ
· poly log(H, log 1

ϵ
), C1 = poly

(
d,H, 1

λ̄min
, log 1

δ
, log 1

ϵ
, log |Π|

)
, and

Ωh the set of covariance matrices realizable on our MDP, as defined in (8.1.1).

The proof of Theorem 8.1 is given in Section 8.3. Theorem 8.1 quantifies, in a precise
instance-dependent way, the complexity of identifying a policy π̂ with value at most a factor
of ϵ from the value of the optimal policy in Π. At a high level, the complexity measure can be
thought of as quantifying the difficulty of exploring the MDP so as to eliminate suboptimal
policies. ∥ϕπ,h∥Λ−1

exp
quantifies the difficulty of collecting data necessary to eliminate policy

π (in particular, ϕπ,h is the direction we need to explore to learn about the performance of
policy π, and Λ−1

exp quantifies how easily we can reach directions in the MDP to do this),
while V ⋆

0 (Π)−V π
0 quantifies how suboptimal policy π is, and therefore how many samples are

needed to distinguish it from the optimal policy in the class. Thus, rather than scaling only
with factors such as d and ϵ, our complexity scales with instance-dependent quantities—the
covariance matrices we can obtain and the feature vectors we expect to observe on our
particular MDP, and the policy gaps on our MDP. Our complexity measure has a close
resemblance to the complexity measure for best-arm identification in linear bandits found
in Fiez et al. [2019], but generalizes it to problems with long horizon where navigation is
required.

Theorem 8.1 holds for an arbitrary set of policies, yet, in general, we are interested in
learning a policy which has value within a factor of ϵ of the value of the optimal policy on
the MDP, V ⋆

0 . Such a guarantee is immediately attainable by applying Theorem 8.1 with a
policy set Π such that supπ∈Π V π

0 ≥ V ⋆
0 − ϵ. The following result shows that it is possible to

construct such a set of policies, and therefore learn a globally near-optimal policy.

Corollary 8.2. There exists a set of policies Πϵ such that log |Πϵ| ≤ Õ(dH · log 1/ϵ) and,
for any linear MDP satisfying Definition 8.1.1, supπ∈Πϵ

V π
0 ≥ V ⋆

0 − ϵ. If we run Pedel with
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Π← Πϵ, then with probability at least 1− δ, it returns a policy π̂ such that V π̂
0 ≥ V ⋆

0 − 2ϵ,
and runs for at most

C0H
4 ·

H∑
h=1

inf
Λexp∈Ωh

max
π∈Πϵ

∥ϕπ,h∥2Λ−1
exp

max{V ⋆
0 − V π

0 , ϵ}2
·
(
dH + log

1

δ

)
+ C1

episodes, for C0 = poly log(d,H, 1
ϵ
).

Note that the policy set constructed in Corollary 8.2, Πϵ, is guaranteed to contain an ϵ-
optimal policy for any linear MDP. Thus, this result states that without any prior knowledge
of our MDP, Pedel can be applied to find an ϵ-optimal policy. While Theorem 8.1 and
Corollary 8.2 quantify the instance-dependent complexity of learning, it is natural to ask
what the worst-case complexity of Pedel is. The following result provides such a bound.

Corollary 8.3. For any linear MDP satisfying Definition 8.1.1, infΛexp∈Ωh
maxπ∈Πϵ ∥ϕπ,h∥2Λ−1

exp
≤

d, so the sample complexity of Algorithm 8.1 when run with Π← Πϵ is no larger than

Õ
(
dH5(dH + log 1/δ)

ϵ2
+ C1

)
.

Corollary 8.3 shows that Pedel has worst-case optimal dimension dependence, matching
the lower bound of Ω(d2H2/ϵ2) which we will see in Chapter 9, up to H and log factors.

8.2.2 Low-Regret Algorithms are Suboptimal for PAC RL in Large State-Spaces

Similar to Chapter 7, we next seek to understand what our instance-dependent analysis
implies about how we should learn in RL with function approximation. We first show that
there are problems on which the instance-dependent complexity of Pedel improves on the
worst-case lower bound shown in Chapter 9, thereby demonstrating that we do indeed obtain
favorable complexities on “easy” instances.

Proposition 8.1. For any d > 2, there exists a d-dimensional linear MDP with H = 2 such
that with probability 1− δ, Pedel identifies an ϵ-optimal policy on this MDP after running
for only Õ

( log d/δ
ϵ2

+ poly(d, log 1
δ
, log 1

ϵ
)
)

episodes.

The complexity given in Proposition 8.1 is a factor of d2 better than the worst-case
lower bound of Ω(d2/ϵ2). While this shows that Pedel yields a significant improvement over
existing worst-case lower bounds on favorable instances, it is natural to ask whether the same
complexity is attainable with existing algorithms, perhaps by applying a tighter analysis.
Towards answering this, we consider the same online-to-batch learning protocol as Chapter 7.

Definition 8.2.1 (Low-Regret Algorithm). We say that an algorithm is a low-regret algorithm
if its expected regret is bounded as, for all K:

E[RK ] =
∑K

k=1E[V
⋆
0 − V πk

0 ] ≤ C1Kα + C2
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for some constants C1, C2, and α ∈ (0, 1).

Protocol 8.2.1 (Online-to-Batch Learning). The online-to-batch protocol proceeds as follows:

1. The learner plays a low-regret algorithm satisfying Definition 8.2.1 for K episodes.

2. The learner stops at a (possibly random) time K, and, using the observations it has
collected in any way it wishes, outputs a policy π̂ it believes is ϵ-optimal.

In general, by applying online-to-batch learning, one can convert a regret guarantee
of C1Kα + C2 to a PAC complexity of O((C1

ϵ
)

1
1−α + C2

ϵ
) [Jin et al., 2018], allowing low-

regret algorithms such as that of Zanette et al. [2020b] to obtain the minimax-optimal PAC
complexity of O(d2H4/ϵ2). The following result shows, however, that this protocol is unable
to obtain the instance-optimal rate.

Proposition 8.2. On the instance of Proposition 8.1, for small enough ϵ, any learner that is
(ϵ, δ)-PAC on the set of linear MDPs satisfying Definition 8.1.1 and following Protocol 8.2.1
with stopping time K must have E[K] ≥ Ω

(d·log 1/δ
ϵ2

)
.

Together, Proposition 8.1 and Proposition 8.2 show that running a low-regret algorithm
to learn a near-optimal policy in a linear MDP is provably suboptimal—at least a factor of d
worse than the instance-dependent rate obtained by Pedel. This result complements the
results presented in Section 7.3, showing that in settings of RL with function approximation,
low-regret algorithms are insufficient for obtaining optimal PAC sample complexity. As
standard optimistic algorithms are also low-regret, this result implies that all such optimistic
algorithms are also suboptimal.

8.2.3 Tabular and Deterministic MDPs

The following result shows that the complexity Pedel obtains on tabular MDPs and the
gap-visitation complexity from Chapter 7 do not have a clear ordering.

Proposition 8.3. Fix any ϵ ∈ (0, 1/2) and S ≥ log2(1/ϵ). Then there exist tabular MDPs
M1 and M2, each with H = 2, S states, and O(S) actions, such that:

• On M1, the complexity bound of Pedel given in Theorem 8.1 scales as poly(S, log 1/δ),
while the gap-visitation complexity scales as Ω(1/ϵ2).

• On M2, the complexity bound of Pedel given in Theorem 8.1 scales as Ω(1/ϵ2), while the
gap-visitation complexity scales as poly(S, log 1/δ).

The lack of ordering between the two complexity measures arises because, on some
problem instances, it is easier to learn in policy-space (as Pedel does), while on other instances,



147

it is easier to learn near-optimal actions on individual states directly, and then synthesize
these actions into a near-optimal policy (the approach Moca takes). This difference arises
because, in the former instance, the minimum policy gap is large (V ⋆

0 − V π
0 = Ω(1) for every

deterministic policy π ̸= π⋆), while in the latter instance, the minimum policy gap is small, but
all value-function gaps are large, satisfying ∆h(s, a) = Ω(1) for all a ̸= argmaxa∈AQ⋆

h(s, a)
and all s and h. Thus, on the former instance, it is much easier to learn over the space of
policies, while on the latter it is much easier to learn optimal actions in individual states1.
Resolving this discrepancy with an algorithm able to achieve the “best-of-both-worlds” is an
interesting direction for future work.

Deterministic MDPs. Finally, we turn to the simplified setting of tabular, deterministic
MDPs. Here, for each (s, a, h), there exists some s′ such that Ph(s

′|s, a) = 1. We still allow
the rewards to be random, however, so the agent must still learn in order to find a near-
optimal policy. Following the same notation as the recent work of Tirinzoni et al. [2022], let
Πsah = {π deterministic : sπh = s, aπh = a}, where sπh and aπh are the state and action policy
π will be in at step h (note that these quantities are well-defined quantities for deterministic
policies). Also define the deterministic return gap as ∆̄h(s, a) := V ⋆

0 −maxπ∈Πsah
V π
0 , and let

∆̄min := mins,a,h:∆̄h(s,a)>0 ∆̄h(s, a) in the case when there exists a unique optimal deterministic
policy, and ∆̄min := 0 otherwise. We obtain the following.

Corollary 8.4. In the setting of tabular, deterministic MDPs, Pedel outputs an ϵ-optimal
policy with probability at least 1− δ, and has sample complexity bounded as

Õ

(
H4 ·

H∑
h=1

∑
s,a

1

max{∆̄h(s, a), ∆̄min, ϵ}2
· (H + log 1

δ
) + poly

(
S,A,H, log 1

δ
, log 1

ϵ

))
.

Up to H and log factors and lower-order terms, the rate given in Corollary 8.4 matches
the instance-dependent lower bound given in Tirinzoni et al. [2022]. Thus, we conclude that,
in the setting of tabular, deterministic MDPs, Pedel is (nearly) instance-optimal. While
Tirinzoni et al. [2022] also obtain instance-optimality in this setting, their algorithm and
analysis are specialized to tabular, deterministic MDPs—in contrast, Pedel requires no
modification from its standard operation.

8.3 Proof of Theorem 8.1

We next provide a proof of Theorem 8.1. Towards proving Theorem 8.1, in Section 8.3.1 we
first establish some bounds on the estimation error of the feature-visitations, ϕπ,h. Using these
bounds, in Section 8.3.2 we show that with high probability the policy-elimination procedure

1We remark that, in Proposition 8.3,M1 is a deterministic MDP, which Pedel takes advantage of to
obtain a tighter complexity. It is unclear if a similar result can be shown to hold forM1 a stochastic MDP.
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of Pedel succeeds in producing an ϵ-optimal policy, and provide per-epoch bounds on the
number of samples collected. Section 8.3.3 then combines these results to prove Theorem 8.1.

Throughout this section, assuming we have run for some number of episodes K, we let
(Fτ )Kτ=1 the filtration on this, with Fτ the filtration up to and including episode τ . We also
let Fτ,h denote the filtration on all episodes τ ′ < τ , and on steps h′ = 1, . . . , h of episode τ .

8.3.1 Estimating Feature-Visitations and Rewards

Define:

Tπ,h :=
∫
ϕπ,h(s)dµh−1(s)

⊤.

Note that ϕπ,h = Tπ,hϕπ,h−1. Our estimator of ϕπ,h relies on estimating Tπ,h. The following
result bounds the estimation error of Tπ,h, which is critical to obtaining an estimation error
bound on ϕπ,h.

Lemma 8.3.1. Assume that we have collected some data {(sh−1,τ , ah−1,τ , sh,τ )}Kτ=1, where,
for each τ ′, sh,τ ′ |Fh−1,τ ′ is independent of {(sh−1,τ , ah−1,τ , sh,τ )}τ ̸=τ ′. Denote ϕh−1,τ =

ϕ(sh−1,τ , ah−1,τ ) and Λh−1 =
∑K

τ=1ϕh−1,τϕ
⊤
h−1,τ + λI. Fix π and let

T̂π,h =

(
K∑
τ=1

ϕπ,h(sh,τ )ϕ
⊤
h−1,τ

)
Λ−1
h−1.

Fix v ∈ Rd satisfying |v⊤ϕπ,h(s)| ≤ 1 for all s and u ∈ Rd. Then with probability at least
1− δ, we can bound

|v⊤(Tπ,h − T̂π,h)u| ≤

(
2
√

log 2/δ +
log 2/δ√
λmin(Λh−1)

+
√
λ∥T ⊤

π,hv∥2

)
· ∥u∥Λ−1

h−1
.

Proof. Let D = {(sh−1,τ , ah−1,τ )}Kτ=1, our data collected at step h − 1. Then by our as-
sumption on the independence of sh,τ , we have that sh,τ |Fh−1,τ has the same distribution as
sh,τ |(Fh−1,τ ,D). Conditioning on D, the ϕh−1,τ vectors are fixed, so Λh−1 is also fixed. Note
that

Tπ,h =
∫
ϕπ,h(s)dµh−1(s)

⊤

=

∫
ϕπ,h(s)dµh−1(s)

⊤

(
K∑
τ=1

ϕh−1,τϕ
⊤
h−1,τ

)
Λ−1
h−1 + λ

∫
ϕπ,h(s)dµh−1(s)

⊤Λ−1
h−1

=
K∑
τ=1

(∫
ϕπ,h(s)dµh−1(s)

⊤ϕh−1,τ

)
ϕ⊤
h−1,τΛ

−1
h−1 + λ

∫
ϕπ,h(s)dµh−1(s)

⊤Λ−1
h−1
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=
K∑
τ=1

E[ϕπ,h(sh,τ )|Fh−1,τ ]ϕ
⊤
h−1,τΛ

−1
h−1 + λ

∫
ϕπ,h(s)dµh−1(s)

⊤Λ−1
h−1

=
K∑
τ=1

E[ϕπ,h(sh,τ )|Fh−1,τ ]ϕ
⊤
h−1,τΛ

−1
h−1 + λTπ,hΛ−1

h−1

so

|v⊤(Tπ,h − T̂π,h)u| ≤
∣∣∣ K∑
τ=1

v⊤ (E[ϕπ,h(sh,τ )|Fh−1,τ ]− ϕπ,h(sh,τ ))ϕ⊤
h−1,τΛ

−1
h−1u

∣∣∣︸ ︷︷ ︸
(a)

+
∣∣∣λv⊤Tπ,hΛ−1

h−1u
∣∣∣︸ ︷︷ ︸

(b)

.

Conditioned on D, (a) is simply the sum of mean 0 random variables, where the τth random
variable has magnitude bounded as

|v⊤ (E[ϕπ,h(sh,τ )|Fh−1,τ ]− ϕπ,h(sh,τ ))ϕ⊤
h−1,τΛ

−1
h−1u| ≤ 2|ϕ⊤

h−1,τΛ
−1
h−1u|

≤ 2∥ϕh−1,τ∥Λ−1
h−1
∥u∥Λ−1

h−1

≤ 2∥u∥Λ−1
h−1

/
√
λmin(Λh−1)

Furthermore, the variance of each term in (a) is bounded as

Var
[
v⊤ (E[ϕπ,h(sh,τ )|Fh−1,τ ]− ϕπ,h(sh,τ ))ϕ⊤

h−1,τΛ
−1
h−1u|Fh−1

]
= E

[(
v⊤ (E[ϕπ,h(sh,τ )|Fh−1,τ ]− ϕπ,h(sh,τ ))ϕ⊤

h−1,τΛ
−1
h−1u

)2 |Fh−1

]
≤ u⊤Λ−1

h−1ϕh−1,τϕ
⊤
h−1,τΛ

−1
h−1u.

It follows that, by Bernstein’s Inequality, we can bound, with probability at least 1 − δ
conditioned on D:

(a) ≤ 2

√√√√ K∑
τ=1

u⊤Λ−1
h−1ϕh−1,τϕ⊤

h−1,τΛ
−1
h−1u · log

2

δ
+

2∥u∥Λ−1
h−1√

λmin(Λh−1)
· log 2

δ

≤ 2(
√

log 2/δ +
log 2/δ√
λmin(Λh−1)

) · ∥u∥Λ−1
h−1

.

In other words,

P

[
(a) ≥ 2(

√
log 2/δ +

log 2/δ√
λmin(Λh−1)

) · ∥u∥Λ−1
h−1
|D

]
≤ δ
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so, by the law of total probability, for any distribution F over D,

P
[
(a) ≥ 2(

√
log 2/δ +min{1, λ−1} log 2/δ) · ∥u∥Λ−1

h−1

]
=

∫
P
[
(a) ≥ 2(

√
log 2/δ +min{1, λ−1} log 2/δ) · ∥u∥Λ−1

h−1
|D
]
dF (D)

≤ δ

∫
dF (D)

= δ.

We can also bound

(b) ≤
√
λ∥u∥Λ−1

h−1
∥T ⊤

π,hv∥2.

Combining these gives the result.

Lemma 8.3.2. Fix π and let

ϕ̂π,h = T̂π,hT̂π,h−1 . . . T̂π,2T̂π,1ϕπ,0.

Fix u ∈ Sd−1 or u a valid reward vector as defined by Definition 8.1.1. Then with probability
at least 1− δ:

|⟨u,ϕπ,h − ϕ̂π,h⟩| ≤
h−1∑
i=1

(
2

√
log

2H

δ
+

log 2H
δ√

λmin(Λi)
+
√
dλ

)
· ∥ϕ̂π,i∥Λ−1

i
.

Proof. Note that

ϕπ,h − ϕ̂π,h = Tπ,hϕπ,h−1 − T̂π,hϕ̂π,h−1

= Tπ,h(ϕπ,h−1 − ϕ̂π,h−1) + (Tπ,h − T̂π,h)ϕ̂π,h−1.

Thus, unrolling this all the way back, we get

ϕπ,h − ϕ̂π,h =
h−2∑
i=0

(
h∏

j=h−i+1

Tπ,j

)
(Tπ,h−i − T̂π,h−i)ϕ̂π,h−i−1

where we order the product
∏h

j=h−i+1 Tπ,j = Tπ,hTπ,h−1 . . . Tπ,h−i+1. It follows that

|⟨u,ϕπ,h − ϕ̂π,h⟩| ≤
h−2∑
i=0

∣∣∣∣∣u⊤

(
h∏

j=h−i+1

Tπ,j

)
(Tπ,h−i − T̂π,h−i)ϕ̂π,h−i−1

∣∣∣∣∣ .
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Denote vi := u⊤
(∏h

j=h−i+1 Tπ,j
)
. By Lemma F.1.3 and our assumption on u, we can bound

∥vi∥2 ≤
√
d and also have that for all s, a, |v⊤i ϕ(s, a)| ≤ 1, which implies

|v⊤i ϕπ,j(s)| =

∣∣∣∣∣∑
a∈A

v⊤i ϕ(s, a)πh(a|s)

∣∣∣∣∣ ≤∑
a∈A

πh(a|s) = 1.

We can therefore apply Lemma 8.3.1 to get that, with probability at least 1− δ, for all i,

∣∣∣v⊤i (Tπ,h−i − T̂π,h−i)ϕ̂π,h−i−1

∣∣∣ ≤ (2√log
2H

δ
+

log 2H
δ√

λmin(Λh−i−1)
+
√
λ∥T ⊤

π,hvi∥2

)
· ∥ϕ̂π,h−i−1∥Λ−1

h−i−1

By Lemma F.1.3, the definition of vi, and our assumption on u, we can bound ∥T ⊤
π,hvi∥2 ≤

√
d.

Summing over i proves the result.

8.3.2 Correctness and Sample Complexity of Pedel

Using the above estimation error bounds, we now seek to show the correctness of Pedel; that
with high probability it succeeds in producing an ϵ-optimal policy. The following results define
several “good events”—that we estimate the expected feature vectors and rewards accurately,
and that we explore effectively—and some implications of these good events. Lemma 8.3.7
then shows that on these good events, Pedel indeed produces an ϵ-optimal policy.

Lemma 8.3.3. Let E ℓ,hest denote the event on which, for all π ∈ Πℓ:

|⟨θh+1, ϕ̂
ℓ
π,h+1 − ϕπ,h+1⟩| ≤

h∑
i=1

(
3

√
log

4H2|Πℓ|ℓ2
δ

+
log 4H2|Πℓ|ℓ2

δ√
λmin(Λi,ℓ)

)
· ∥ϕ̂ℓπ,i∥Λ−1

i,ℓ
,

∥ϕ̂ℓπ,h+1 − ϕπ,h+1∥2 ≤ d
h∑
i=1

(
3

√
log

4H2d|Πℓ|ℓ2
δ

+
log 4H2d|Πℓ|ℓ2

δ√
λmin(Λi,ℓ)

)
· ∥ϕ̂ℓπ,i∥Λ−1

i,ℓ
,

|⟨ϕ̂ℓπ,h, θ̂h − θh⟩| ≤

(
2

√
log

4H2|Πℓ|ℓ2
δ

+
log 4H2|Πℓ|ℓ2

δ√
λmin(Λh,ℓ)

)
· ∥ϕ̂ℓπ,h∥Λ−1

h,ℓ
.

Then P[(E ℓ,hest )
c] ≤ δ

2Hℓ2
.

Proof. The result follows by Lemma 8.3.2, Lemma F.3.1, and Lemma F.3.2, and setting
λ = 1/d.

Lemma 8.3.4. Let E ℓ,hexp denote the event on which:
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• The exploration procedure on Line 6 terminates after running for at most

C ·
infΛ∈Ωh

maxϕ∈Φℓ,h
∥ϕ∥2A(Λ)−1

ϵ2ℓ/βℓ
+ poly

(
d,H, log

ℓ2

δ
,

1

λ̄min

, log |Πℓ|
)

episodes.

• The covariates returned by Line 6 for any (h, ℓ), Λh,ℓ, satisfy

max
ϕ∈Φℓ,h

∥ϕ∥2
Λ−1

h,ℓ
≤ ϵ2ℓ

βℓ
, λmin(Λh,ℓ) ≥ log

4H2|Πℓ|ℓ2

δ
.

Then P[(E ℓ,hexp)
c ∩ E ℓ,h−1

est ∩ (∩h−1
i=1 E ℓ,iexp)] ≤ δ

2Hℓ2
.

Proof. By Lemma 8.3.5, on the event E ℓ,h−1
est ∩ (∩h−1

i=1 E ℓ,iexp) we can bound ∥ϕ̂ℓπ,h − ϕπ,h∥2 ≤
dϵℓ/2H. By Lemma F.1.1, we can lower bound ∥ϕπ,h∥2 ≥ 1/

√
d. By the reverse triangle

inequality,

∥ϕ̂ℓπ,h∥2 ≥ ∥ϕπ,h∥2 − ∥ϕ̂ℓπ,h − ϕπ,h∥2 ≥ 1/
√
d− dϵℓ/2H.

It follows that as long as ϵℓ ≤ H/d3/2, that we can lower bound ∥ϕ̂ℓπ,h∥2 ≥ 1/(2
√
d). Since

we start ℓ at ℓ = ⌈log2 d3/2

H
⌉, we will have that ϵℓ = 2−ℓ ≤ H/d3/2.

The result then follows by applying Theorem 8.5 with our chosen parameters and
γΦ ← 1/(2

√
d).

Lemma 8.3.5. On the event E ℓ,hest ∩ (∩hi=1E ℓ,iexp), for all π ∈ Πℓ:

|⟨θh+1, ϕ̂
ℓ
π,h+1 − ϕπ,h+1⟩| ≤ ϵℓ/2H,

∥ϕ̂ℓπ,h+1 − ϕπ,h+1∥2 ≤ dϵℓ/2H,

|⟨ϕ̂ℓπ,h, θ̂h − θh⟩| ≤ ϵℓ/2H.

Proof. On E ℓ,iexp, we can lower bound

λmin(Λi,ℓ) ≥ log
4H2|Πℓ|ℓ2

δ

which implies

3

√
log

4H2|Πℓ|ℓ2
δ

+
log 4H2|Πℓ|ℓ2

δ√
λmin(Λi,ℓ)

≤ 4

√
log

4H2|Πℓ|ℓ2
δ

.
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Furthermore, on E ℓ,iexp, ∥ϕ̂ℓπ,i∥Λ−1
i,ℓ
≤ ϵℓ√

βℓ
. Since βℓ = 64H4 log 4H2|Πℓ|ℓ2

δ
, on E ℓ,hest , we can then

upper bound

|⟨θh+1, ϕ̂
ℓ
π,h+1 − ϕπ,h+1⟩| ≤

h∑
i=1

(
3

√
log

4H2|Πℓ|ℓ2
δ

+
log 4H2|Πℓ|ℓ2

δ√
λmin(Λi,ℓ)

)
· ∥ϕ̂ℓπ,i∥Λ−1

i,ℓ

≤ H4

√
log

4H2|Πℓ|ℓ2
δ

ϵℓ√
βℓ

≤ ϵℓ/2H.

The same calculation gives the bounds on ∥ϕ̂ℓπ,h − ϕπ,h∥2 and |⟨ϕ̂ℓπ,h, θ̂h − θh⟩|.

Lemma 8.3.6. Define Eexp = ∩ℓ ∩h E ℓ,hexp and Eest = ∩ℓ ∩h E ℓ,hest . Then P[Eest ∩ Eexp] ≥ 1− 2δ
and on Eest ∩ Eexp, for all h, ℓ, and π ∈ Πℓ,

|⟨θh+1, ϕ̂
ℓ
π,h+1 − ϕπ,h+1⟩| ≤ ϵℓ/2H,

∥ϕ̂ℓπ,h+1 − ϕπ,h+1∥2 ≤ dϵℓ/2H,

|⟨ϕ̂ℓπ,h, θ̂h − θh⟩| ≤ ϵℓ/2H.

Proof. Clearly,

Ecest ∪ Ecexp =

⌈log 4/ϵ⌉⋃
ℓ=ℓ0

H⋃
h=1

((E ℓ,hest )
c ∪ (E ℓ,hexp)

c)

=

⌈log 4/ϵ⌉⋃
ℓ=ℓ0

H⋃
h=1

(E ℓ,hest )
c\
(
(E ℓ,h−1

est )c ∪ (∪h−1
i=1 (E ℓ,iexp)

c)
)
∪

⌈log 4/ϵ⌉⋃
ℓ=ℓ0

H⋃
h=1

(E ℓ,hexp)
c

=

⌈log 4/ϵ⌉⋃
ℓ=ℓ0

H⋃
h=1

(E ℓ,hest )
c ∩
(
E ℓ,h−1
est ∩ (∪h−1

i=1 E ℓ,iexp)
)
∪

⌈log 4/ϵ⌉⋃
ℓ=ℓ0

H⋃
h=1

(E ℓ,hexp)
c.

The first conclusion follows by Lemma 8.3.3, Lemma 8.3.4, and since we can bound

∑
ℓ

H∑
h=1

2 · δ

2Hℓ2
≤ π2

6
δ ≤ 2δ.

The second conclusion follows by Lemma 8.3.5.

Lemma 8.3.7. On the event Eest ∩ Eexp, for all ℓ > ℓ0, every policy π ∈ Πℓ satisfies
V ⋆
0 (Π)− V π

0 ≤ 4ϵℓ and π̃⋆ ∈ Πℓ, for π̃⋆ = argmaxπ∈Π V π
0 .
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Proof. The value of a policy π is given by

H∑
h=1

⟨θh,ϕπ,h⟩.

By Lemma 8.3.6, for all π ∈ Πℓ we can bound

|⟨θ̂h, ϕ̂ℓπ,h⟩ − ⟨θh,ϕπ,h⟩| ≤ |⟨θ̂h − θh, ϕ̂ℓπ,h⟩|+ |⟨θh, ϕ̂ℓπ,h − ϕπ,h⟩| ≤ ϵℓ/2H + ϵℓ/2H = ϵℓ/H.

Thus, ∣∣∣∣∣
H∑
h=1

⟨θ̂ℓh, ϕ̂ℓπ,h⟩ −
H∑
h=1

⟨θh,ϕπ,h⟩

∣∣∣∣∣ ≤ ϵℓ.

We will only include π ∈ Πℓ+1 if π ∈ Πℓ and

H∑
h=1

⟨ϕ̂ℓπ,h, θ̂ℓh⟩ ≥ sup
π′∈Πℓ

H∑
h=1

⟨ϕ̂ℓπ′,h, θ̂
ℓ
h⟩ − 2ϵℓ.

Using the estimation error given above, this implies that for any π ∈ Πℓ,

V π
0 =

H∑
h=1

⟨θh,ϕπ,h⟩ ≥ sup
π′∈Πℓ

H∑
h=1

⟨θh,ϕπ′,h⟩ − 4ϵℓ = sup
π′∈Πℓ

V π′

0 − 4ϵℓ.

Both claims then follow if we can show π̃⋆ is always contained in the active set. Assume
that π̃⋆ ∈ Πℓ. Then

H∑
h=1

⟨ϕ̂ℓπ̃⋆,h, θ̂
ℓ
h⟩ ≥ V π̃⋆

0 − ϵℓ, sup
π′∈Πℓ

H∑
h=1

⟨ϕ̂ℓπ′,h, θ̂
ℓ
h⟩ ≤ sup

π′∈Πℓ

H∑
h=1

⟨ϕπ′,h,θh⟩+ ϵℓ = V π̃⋆

0 + ϵℓ.

Rearranging this gives

H∑
h=1

⟨ϕ̂ℓπ̃⋆,h, θ̂
ℓ
h⟩ ≥ sup

π′∈Πℓ

H∑
h=1

⟨ϕ̂ℓπ′,h, θ̂
ℓ
h⟩ − 2ϵℓ

so π̃⋆ ∈ Πℓ+1.

8.3.3 Proof of Theorem 8.1

Finally, we combine the above results in Lemma 8.3.8 to obtain a proof of Theorem 8.1.

Lemma 8.3.8. With probability at least 1− 2δ, Algorithm 8.1 will terminate after collecting
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at most

CH4

H∑
h=1

ς0∑
ℓ=ℓ0+1

infΛ∈Ωh
maxπ∈Π(4ϵℓ) ∥ϕπ,h∥2Λ−1

ϵ2ℓ
· log

H|Π(4ϵℓ)| log 1
ϵ

δ

+ poly

(
d,H,

1

λ̄min

, log
1

δ
, log |Π|, log 1

ϵ

)
+ CH4

H∑
h=1

infΛ∈Ωh
maxπ∈Π ∥ϕπ,h∥2Λ−1

ϵ2ℓ0
· log H|Π| log(1/ϵ)

δ

episodes for ς0 := min{⌈log 4
ϵ
⌉, log 4

∆min(Π)
}, and will output a policy π̂ such that

V π̂
0 ≥ max

π∈Π
V π
0 − ϵ,

where here Π(4ϵℓ) = {π ∈ Π : V π
0 ≥ maxπ∈Π V π

0 − 4ϵℓ}.

Proof. By Lemma 8.3.6 the event Eest∩Eexp occurs with probability at least 1−2δ. Henceforth
we assume we are on this event.

Correctness follows by Lemma 8.3.7, since upon termination, Πℓ will only contain policies
π satisfying V π

0 ≥ maxπ∈Π V π
0 − ϵ (and will contain at least 1 policy since π̃⋆ ∈ Πℓ for all

ℓ). Furthermore, by Lemma 8.3.7, if 4ϵℓ < ∆min(Π), we must have that Πℓ = {π̃⋆}, and will
therefore terminate on Line 11 since |Πℓ| = 1. Thus, we can bound the number of number of
epochs by

ς0 := min{⌈log 4

ϵ
⌉, log 4

∆min(Π)
}.

By Lemma 8.3.4, the total number of episodes collected is bounded by

H∑
h=1

ς0∑
ℓ=1

C ·
infΛ∈Ωh

maxϕ∈Φℓ,h
∥ϕ∥2A(Λ)−1

ϵ2ℓ/βℓ
+ poly

(
d,H, log

1

δ
,

1

λ̄min

, log |Π|, log 1

ϵ

)

≤
H∑
h=1

ς0∑
ℓ=1

C ·
infΛ∈Ωh

maxϕ∈Φℓ,h
∥ϕ∥2A(Λ)−1

ϵ2ℓ
·H4 log

H|Πℓ| log(1/ϵ)
δ

+ poly

(
d,H, log

1

δ
,

1

λ̄min

, log |Π|, log 1

ϵ

)
.

On Eest ∩ Eexp, by Lemma 8.3.6, for each π ∈ Πℓ, we have ∥ϕ̂ℓπ,h − ϕπ,h∥2 ≤ dϵℓ/2H. As
Φℓ,h = {ϕ̂ℓπ,h : π ∈ Πℓ}, it follows that we can upper bound

inf
Λ∈Ωh

max
ϕ∈Φℓ,h

∥ϕ∥2A(Λ)−1 = inf
Λ∈Ωh

max
π∈Πℓ

∥ϕ̂ℓπ,h∥2A(Λ)−1

≤ inf
Λ∈Ωh

max
π∈Πℓ

(2∥ϕπ,h∥2A(Λ)−1 + 2∥ϕ̂ℓπ,h − ϕπ,h∥2A(Λ)−1)
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≤ inf
Λ∈Ωh

max
π∈Πℓ

(2∥ϕπ,h∥2A(Λ)−1 +
d2ϵ2ℓ

2H2λmin(A(Λ))
)

≤ inf
Λ∈Ωh

max
π∈Πℓ

4∥ϕπ,h∥2A(Λ)−1 + inf
π

d2ϵ2ℓ
H2λmin(A(Λ))

≤ inf
Λ∈Ωh

max
π∈Πℓ

4∥ϕπ,h∥2Λ−1 +
d2ϵ2ℓ

H2λ̄min

so

infΛ∈Ωh
maxϕ∈Φℓ,h

∥ϕ∥2A(Λ)−1

ϵ2ℓ
≤

infΛ∈Ωh
maxπ∈Πℓ

4∥ϕπ,h∥2Λ−1

ϵ2ℓ
+

d2

H2λ̄min

.

Note also that, by Lemma 8.3.7, for ℓ > ℓ0, every policy π ∈ Πℓ will be 4ϵℓ optimal, so
we therefore have

Πℓ ⊆ {π ∈ Π : V π
0 ≥ V π̃⋆

0 − 4ϵℓ} =: Π(4ϵℓ).

Putting this together, we can upper bound the complexity by

H∑
h=1

ς0∑
ℓ=ℓ0+1

C ·
infΛ∈Ωh

maxπ∈Π(4ϵℓ) ∥ϕπ,h∥2Λ−1

ϵ2ℓ
·H4 log

H|Π(4ϵℓ)| log(1/ϵ)
δ

+ poly

(
d,H, log

1

δ
,

1

λ̄min

, log |Π|, log 1

ϵ

)
+ C ·

infΛ∈Ωh
maxπ∈Π ∥ϕπ,h∥2Λ−1

ϵ2ℓ0
·H4 log

H|Π| log(1/ϵ)
δ

.

Proof of Theorem 8.1. By the definition of Π(4ϵℓ), for each π ∈ Π(4ϵℓ) we have

ϵ2ℓ =
1

16

(
(V ⋆

0 (Π)− V π
0 )

2 ∨ (4ϵℓ)
2
)
.

We can therefore upper bound

ς0∑
ℓ=ℓ0+1

infΛ∈Ωh
maxπ∈Π(4ϵℓ) ∥ϕπ,h∥2Λ−1

ϵ2ℓ
· log

H|Π(4ϵℓ)| log 1
ϵ

δ

≤ C

ς0∑
ℓ=ℓ0+1

inf
Λ∈Ωh

max
π∈Π(4ϵℓ)

∥ϕπ,h∥2Λ−1

(V ⋆
0 (Π)− V π

0 )
2 ∨ ϵ2ℓ

· log
H|Π(4ϵℓ)| log 1

ϵ

δ

≤ C log
1

ϵ
· inf
Λ∈Ωh

max
π∈Π

∥ϕπ,h∥2Λ−1

(V ⋆
0 (Π)− V π

0 )
2 ∨ ϵ2 ∨∆min(Π)2

· log
H|Π| log 1

ϵ

δ
.
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Furthermore, since ℓ0 = ⌈log2 d3/2/H⌉, using Lemma F.3.3 we can also bound

C ·
infΛ∈Ωh

maxπ∈Π ∥ϕπ,h∥2Λ−1

ϵ2ℓ0
·H4 log

H|Π| log(1/ϵ)
δ

≤ poly (d,H, log 1/δ, log |Π|, log 1/ϵ) .

The result then follows by Lemma 8.3.8.

8.4 XY-Optimal Design

Key to achieving the rate of Theorem 8.1 is efficiently collecting data to ensure the condition
on Line 6 of Algorithm 8.1, maxπ∈Πℓ

∥ϕ̂ℓπ,h∥2Λ−1
h,ℓ

≤ ϵ2ℓ
βℓ

, is met by collecting the minimal amount
of samples possible. In this section we argue that this can be achieved by applying the
DynamicOED algorithm of Chapter 6 to this problem.

In particular, we consider running the following procedure, which relies on the Dynami-
cOED algorithm of Chapter 6 to minimize a sequence of objective (fi)i.

Algorithm 8.2 Collect Optimal Covariates (OptCov)
1: input: functions to optimize (fi)i, constraint tolerance ϵ, confidence δ
2: for i = 1, 2, 3, . . . do
3: Ni ← 2i, Ki ← 22i

// Force algorithm from Wagenmaker et al. [2022a], Πexp all possible policies on linear MDP

4: Λ̂i,Di ← DynamicOED (fi, Ni − 1, Ki,
δ
2i2

,Force,Πexp) (Algorithm 6.2)
5: if fi(Λ̂i) ≤ KiNiϵ then
6: return Λ̂i, KiNi, Di

The following result shows that this procedure succeeds, for a generic set of objectives
satisfying Assumption 6.9.

Lemma 8.4.1. Let (fi)i denote some sequence of functions which satisfy Assumption 6.9 with
constants (βi,Mi) and assume βi ≥ 1. Let (β,M) be some values such that βi ≤ β,Mi ≤M
for al i, and let f be some function such that fi(Λ) ≤ f(Λ) for all i and Λ ⪰ 0. Denote fmin

a lower bound on all fi: mini infΛ∈Ω fi(Λ) ≥ fmin.
Then, if we run Algorithm 8.2 on (fi)i with constraint tolerance ϵ and confidence δ, we

have that with probability at least 1− δ, it will run for at most

19 ·minΛ∈Ω f(Λ)

ϵ
+ poly

(
β,R,M, d,H, f−1

min, log
1

δ

)
episodes, and will return data {ϕτ}Tτ=1 with covariance Σ̂T =

∑T
τ=1ϕτϕ

⊤
τ such that

f̂i(T
−1Σ̂T ) ≤ Tϵ,
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where î is the iteration on which OptCov terminates.

Optimally collecting data at each epoch can be thought of as optimizing the function

XYopt(Λ) = max
ϕ∈Φ
∥ϕ∥2A(Λ)−1 for A(Λ) = Λ+Λ0

for Λ ∈ Ω and with Λ0 ≻ 0 some fixed regularizer. We refer to this as an XY-Optimal Design.
We would like to apply Lemma 8.4.1 to optimally collect covariates minimizing this objective.
XYopt(Λ), however, is not smooth, as required by Lemma 8.4.1, so we relax it to the following:

X̃Yopt(Λ) := LogSumExp
(
{eη∥ϕ∥

2
A(Λ)−1}ϕ∈Φ; η

)
=

1

η
log

(∑
ϕ∈Φ

e
η∥ϕ∥2

A(Λ)−1

)
. (8.4.1)

We show in Appendix F.4.1 that X̃Yopt(Λ) satisfies the smoothness conditions required in
Lemma 8.4.1, and that for properly chosen η the relaxation does not significantly affect
the minimization of the original objective. Given this, we then instantiate OptCov and
Lemma 8.4.1 to minimize the precise objective required by Pedel.

Theorem 8.5. Consider running OptCov with some ϵexp and functions

fi(Λ)← X̃Yopt(Λ)

for Λ0 ← (TiKi)
−1Σi =: Λi and

ηi =
2

γΦ
· (1 + ∥Λi∥op) · log |Φ|, βi = 2∥Λ−1

i ∥3op(1 + ηi∥Λ−1
i ∥op), Mi = ∥Λ−1

i ∥2op

where γΦ := maxϕ∈Φ ∥ϕ∥2 and Σi is the matrix returned by running the procedure of
Lemma F.4.7 with parameters N ← TiKi, δ ← δ/(2i2), and some λ ≥ 0, in order to
collect full-rank covariates. Then with probability 1− 2δ, this procedure will collect at most

40 ·
infΛ∈Ω maxϕ∈Φ ∥ϕ∥2A(Λ)−1

ϵexp
+ poly

(
d,H, log

1

δ
,

1

λ̄min

,
1

γΦ
, λ, log |Φ|, log 1

ϵexp

)
episodes, where

A(Λ) = Λ+ poly

(
d,

1

λ̄min

, H, log
λ

δ

)−1

· I,

and will produce covariates Σ̂+Σi such that

max
ϕ∈Φ
∥ϕ∥2

(Σ̂+Σi)−1 ≤ ϵexp and λmin(Σ̂+Σi) ≥ max{d log 1/δ, λ}.

Proof. Note that the total failure probability of our calls to the procedure of Lemma F.4.7 is
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at most
∞∑
i=1

δ

2i2
=

π2

12
δ ≤ δ.

For the remainder of the proof, we will then assume that we are on the success event defined
in Lemma F.4.7.

By Lemma F.4.5, fi(Λ) satisfies Assumption 6.9 with constants

βi = 2∥Λ−1
i ∥3op(1 + ηi∥Λ−1

i ∥op), Mi = ∥Λ−1
i ∥2op

for Λi ← (TiKi)
−1Σi.

By Lemma F.4.7, on the success event of Lemma F.4.7 we have that

λmin(Λi) ≥
1

Ci
λmin

+max{d log 1/δ, λ}/(TiKi)

for Ci
λmin

= poly
(
d, 1

λ̄min
, H, log λ

δ
, i
)
. Assume that the termination condition of OptCov for

î satisfying

î ≤ log

(
poly

(
1

ϵexp
, d,H, log 1/δ,

1

λ̄min

,
1

γΦ
, λ, log |Φ|

)
︸ ︷︷ ︸

=:ς

)
. (8.4.2)

We assume this holds and justify it at the conclusion of the proof. Then given this bound on
î and lower bound on λmin(Λi), we can bound, for all i:

Mi, βi ≤ poly

(
d,H, log 1/δ,

1

λ̄min

,
1

γΦ
, λ, log |Φ|

)
=: M,β.

Now take f(Λ) ← X̃Yopt(Λ; η,Λ0) with Λ0 ← 1/poly(d, 1
λ̄min

, H, log λ
δ
) · I and η ← 2 log |Φ|

γΦ
·

(1 + ∥Λ0∥op). Note that in this case, we have ∥Λ0∥op ≤ λmin(Λi) for all i, so Λ0 ⪯ Λi and
η ≤ ηi. By the construction of X̃Yopt and Lemma F.4.2, it follows that f(Λ) ≥ fi(Λ) for all
Λ ⪰ 0, so this is a valid choice of f , as required by Lemma 8.4.1. Furthermore, we can set
R = 2, since ∥E(s,a)∼ω[ϕ(s, a)ϕ(s, a)

⊤]∥F ≤ 1 for all ω ∈ △S×A.
To apply Lemma 8.4.1, it remains only to find a suitable value of fmin. By Lemma F.4.1

and Lemma F.4.3, we can lower bound fi by γΦ
1+∥Λi∥op . By Lemma F.4.7, we can lower bound

γΦ
1 + ∥Λi∥op

≥ γΦ
2 + poly(d, 1

λ̄min
, H, log 1

δ
, λ)

.

We then take this as our choice of fmin.
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We can now apply Lemma 8.4.1 and get that with probability at least 1− δ, OptCov
will terminate in

N ≤ 19 infΛ∈Ω f(Λ)

ϵexp
+ poly

(
d,H, log

1

δ
,

1

λ̄min

,
1

γΦ
, λ, log |Φ|

)
episodes, and will return (time-normalized) covariates Λ̂ such that

f̂i(Λ̂) ≤ Nϵexp.

By Lemma F.4.4, our choice of η and Λ0, we can upper bound

inf
Λ∈Ω

f(Λ) ≤ 2 inf
Λ∈Ω

max
ϕ∈Φ
∥ϕ∥2A(Λ)−1

where here A(Λ) = Λ+Λ0. Furthermore, by Lemma F.4.1 we have

max
ϕ∈Φ
∥ϕ∥2

(Σ̂+Λ0)−1 ≤ f̂i(Λ̂).

The final upper bound on the number of episodes collected and the lower bound on the
minimum eigenvalue of the covariates follows from Lemma F.4.7.

It remains to justify our bound on î, (8.4.2). Note that by definition of OptCov, if
we run for a total of N̄ episodes, we can bound î ≤ 1

3
log2(N̄). However, we see that the

bound on î given in (8.4.2) upper bounds 1
3
log2(N̄) for N̄ the upper bound on the number of

samples collected by OptCov stated above. Thus, our bound on î is valid.
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Chapter 9

Optimal Reward-Free Reinforcement Learn-
ing

The previous two chapters have considered the problem of finding a policy to maximize a
fixed reward function. In many scenarios, however, we may not have a single reward we wish
to maximize, but may wish to learn enough about the environment to be able to maximize
any reward function presented to the agent at deployment. In such settings, our goal, instead
of learning a single policy π, is to learn a mapping which takes as input a reward function r,
and outputs a policy π(r) maximizing this reward.

We call the former, single-reward setting the reward-aware setting, while the latter
setting we call the reward-free setting. In the reward-aware setting, as we saw with the
algorithmic approaches of Chapter 7 and Chapter 8, we could focus our exploration on regions
most relevant to the particular reward of interest. In contrast, in the reward-free setting,
we must explore the entire space sufficiently such that, if some region of the space were to
become relevant under some reward r, we would know how to behave there.

We consider again the linear MDP setting. Instead of focusing on obtaining instance-
dependent guarantees, however, we will be satisfied with minimax guarantees. Our goal will
be to understand the relationship between the reward-aware and reward-free setting, and
the role of exploration in achieving tight bounds in reward free RL. As we will see, while the
reward-aware and reward-free settings differ in where we should focus our exploration, the
key to achieving tight bounds in each setting is to explore efficiently. Indeed, the exploration
procedure proposed in this chapter is very similar to that considered in Chapter 7.

The reward-free setting has been considered in both tabular and linear MDPs in the
past. In the tabular setting, it is widely known that the optimal minimax sample complexity
for reward-free RL is (ignoring horizon factors) Θ(S2A/ϵ2) [Jin et al., 2018]. In contrast, in
the reward-aware setting, the optimal minimax sample complexity scales as O(SA/ϵ2) [Dann
et al., 2019, Ménard et al., 2021], a factor of S less than the optimal reward-free setting. This
implies that, in tabular RL, reward-aware RL is easier than reward-free RL—it is easier to
learn a policy maximizing a single reward than to learn a policy maximizing any number of
yet-to-be-revealed rewards. In the linear MDP setting, while a variety of works have studied
the reward-free problem, and obtained sample complexities scaling polynomially in d,H, and
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1/ϵ [Zanette et al., 2020c, Wang et al., 2020, Zhang et al., 2021a], prior to the results given
in this chapter, the optimal rate was unknown. In this chapter we seek to close this gap, and
determine the optimal rate for reward-free RL in linear MDPs.

We formally define the reward-free RL setting as follows.

Reward Free RL. The reward-free RL setting stands in contrast to the reward-aware RL
setting in that the learner does not observe the rewards (or have any access to the reward
function) while exploring. The reward-free RL setting proceeds in two phases:

1. Given (ϵ, δ), without observing any rewards, the learner explores an MDP for K episodes,
where K is of the learner’s choosing, collecting trajectories

{(s1,k, a1,k, s2,k, a2,k, . . . , sH,k, aH,k)}Kk=1.

2. The learner outputs a map π̂(·) which takes as input a reward function and outputs a
policy such that V ⋆

0 (r)− V
π̂(r)
0 (r) ≤ ϵ for all valid reward functions r simultaneously,

with probability at least 1− δ.

As in reward-aware RL, the goal is to obtain a procedure able to provide the above guarantee
with probability at least 1− δ, and do so using as few episodes as possible.

For simplicity, in this chapter, we assume all reward functions are deterministic, and
denote reward functions by r. We state our main results on reward-free RL in Section 9.2
but first describe our exploration procedure, which is the key tool in achieving tight bounds
on reward-free RL.

9.1 Efficient Exploration in Linear MDPs

Our main algorithmic technique is an exploration procedure able to efficiently generate
“covering trajectories” in linear MDPs. Before presenting our MDP covering algorithm,
CoverTraj, we describe its key subroutine, Egs.

Explore Goal Set (Egs) Subroutine. Egs takes as input a target set X to be explored;
we fix X in what follows. It then creates an “exploration reward function”—which places a
high reward on regions of X for which we have large uncertainty—and then runs a regret
minimization algorithm on this reward function to direct exploration to these regions. More
specifically, we define the reward function

r(ϕ;Λ)←


1 ∥ϕ∥2Λ−1 > γ2,ϕ ∈ X

1
γ2∥ϕ∥2Λ−1 ∥ϕ∥2Λ−1 ≤ γ2,ϕ ∈ X

0 ϕ ̸∈ X
. (9.1.1)
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Algorithm 9.1 Explore Goal Set (Egs)
1: input: goal set X ⊆ Rd, step h, number of episodes K, collection tolerance γ2, regret

minimization algorithm RegMin
2: Run RegMin for K episodes, using reward rkh(s, a) := r(ϕ(s, a);Λh,k−1) at episode k, for

r defined as in (9.1.1), Λh,k−1 = I +
∑k−1

τ=1ϕh,τϕ
⊤
h,τ , and rkh′(s, a) = 0 for h′ ̸= h

3: Collect transitions observed at step h

D ← {(sh,τ , ah,τ , sh+1,τ )}Kτ=1

4: return {ϕ ∈ X : ϕ⊤Λ−1
h,Kϕ ≤ γ2}, D, Λh,K

At the kth episode, we instantiate our reward as rkh(s, a) := r(ϕ(s, a);Λh,k−1), where Λh,k−1 =

I +
∑k−1

τ=1ϕh,τϕ
⊤
h,τ are the covariates collected on the first k − 1 episodes. This captures the

fact that we have collected some information over the first k − 1 episodes, so our uncertainty
in direction ϕ scales as ∥ϕ∥Λ−1

h,k−1
. By choosing our reward function to increase as ∥ϕ∥Λ−1

h,k−1

increases (for ϕ ∈ X ), we incentive exploring directions in ϕ ∈ X with large uncertainty.
Egs also takes as input a scalar tolerance γ2 and, after running for K episodes, returns the
set of ϕ ∈ X which have been explored up to tolerance γ2.

In order to efficiently collect data, we require a regret-minimization algorithm which
achieves low regret with respect to a time-varying reward function, rk. We define regret with
respect to such a reward function as

RK :=
∑K

k=1[V
⋆
0 (r

k)− V πk
0 (rk)].

To achieve the optimal scaling in d, RegMin must attain first order regret in the following
sense.

Definition 9.1.1 (First-Order Regret Minimization Algorithm). Consider a time-varying
reward function rk that is Fk−1-measurable, satisfies rkh(s, a) ∈ [0, 1], and is non-increasing in
k (that is, rkh(s, a) ≤ rk−1

h (s, a) for all s, a, h, k). Then we call a regret minimization algorithm
RegMin a first-order regret minimization algorithm if it achieves regret bounded as, with
probability at least 1− δ,

RK ≤
√
C1V ⋆

0 (r
1)K · logp1(HK/δ) + C2 logp2(HK/δ)

for constants C1, C2, p1, p2 which do not depend on K.

In general, we can think of C1 and C2 as poly(d,H) and p1 and p2 as absolute constants.
The following definition will be helpful in quantifying how easily a set of directions are to
reach.
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Definition 9.1.2 (Set Visitation). For any X ⊆ Rd and policy π, we let

wπ
h(X ) := Pπ[ϕ(sh, ah) ∈ X ]

denote the probability of visiting X under π at step h. Furthermore, we will say that X is
c-unreachable if supπ wπ

h(X ) ≤ c.

We are now ready to present our main exploration algorithm, CoverTraj, in Algo-
rithm 9.2.

Algorithm 9.2 Collect Covering Trajectories (CoverTraj)
1: input: step h, confidence δ, number of epochs m, tolerance vector γ2 ∈ [0, 1]m, regret

minimization algorithm RegMin (default: Force, see Section 9.1.1)
2: X ← Bd
3: for i = 1, 2, . . . ,m do
4: Set Ki as in (9.1.2)
5: Xi,Di,Λi ← Egs(X , h,Ki,γ

2
i ,RegMin)

6: X ← X\Xi
7: return {(Xi,Di,Λi)}mi=1

CoverTraj Algorithm. CoverTraj partitions the feature space by repeatedly calling
Egs while exponentially increasing the number of episodes Egs is run for. As the number of
episodes Egs is run for increases, Egs is able to reach harder and harder to reach feature
directions, while ensuring easier to reach directions have been explored up to their desired
tolerance γ2

i . Specifically, at each epoch i, Egs runs for

Ki ← Õ
(
2i ·max

{
d

γ2
i

log 2i

γ2
i
, C1(mp1)

p1 logp1 1
δ
, C2(mp2)

p2 logp2 1
δ

})
(9.1.2)

episodes. CoverTraj enjoys the following guarantee.

Theorem 9.1. Fix h ∈ [H], δ > 0, m ≥ 1, and set γ2 ∈ [0, 1]m to desired tolerances.
Consider running CoverTraj with a regret minimization algorithm RegMin satisfying Def-
inition 9.1.1, and let {(Xi,Di,Λi)}mi=1 denote the arguments returned. Then, with probability
at least 1− δ, for each i ∈ [m] simultaneously:

sup
π

wπ
h(Xi) ≤ 2−i+1 and ϕ⊤Λ−1

i ϕ ≤ γ2
i ,∀ϕ ∈ Xi

and, on the same event, it also holds that

sup
π

wπ
h(Bd\ ∪mi=1 Xi) ≤ 2−m.
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Furthermore, CoverTraj terminates after at most
∑m

i=1Ki episodes, for Ki as in (9.1.2).

Theorem 9.1 shows that CoverTraj partitions the feature space into sets Xi such
that Xi is 2−i+1-unreachable, and where we have learned every ϕ ∈ Xi up to tolerance γ2

i :
∥ϕ∥2

Λ−1
i

≤ γ2
i . Furthermore, it takes roughly 2i · d

γ2
i

episodes of exploration to accomplish this,
which is the intuitively correct rate, as the following example illustrates.

Example 9.1.1 (Tabular MDPs). Consider a tabular MDP with H = 2, state space S with
|S| <∞, and A actions (we think of A≪ |S| as an absolute constant). Assume we always
start in state s0 and can break the state space into sets S1, . . . ,SA such that |S1| = O(|S|/A)
and where, if we take action ai, we will end up in Si with probability 2−i (with equal probability
of being in any particular state within Si), and s0 with probability 1− 2−i. Representing this
as a linear MDP, we have d = A|S| and ϕ(s, a) = esa, a standard basis vector. As such, ΛK ,
the covariates collected over K episodes, is diagonal with [ΛK ]sa = N(s, a) the number of
visits to s, a.

Now assume we want to ensure that ϕ(s, a)⊤Λ−1
K ϕ(s, a) ≤ γ2

i for some γ2
i , each s ∈ Si,

and all a ∈ [A]. For any given s ∈ Si, if we take action ai in state s0, we will arrive in state s
with probability 2−i/|Si|. Thus, in expectation, to collect N samples from s, we must run for
at least

N
2−i/|Si| = 2i|Si|N

episodes. It follows that to collect N samples from each s ∈ Si and all a ∈ [A], it will take
at least 2i|Si|AN episodes. Furthermore, by the above observation that [ΛK ]sa = N(s, a),
achieving ϕ(s, a)⊤Λ−1

K ϕ(s, a) ≤ γ2
i is equivalent to setting N = 1/γ2

i . Since each Si can only
be reached independently of the other Sj, j ̸= i, this implies that to meet our objective we
must run for at least ∑A

i=1 2
i · |Si|A

γ2
i

= O
(∑A

i=1 2
i · d

γ2
i

)
episodes. This recovers the complexity CoverTraj gets as given in Theorem 9.1 (for γ2

i

sufficiently small).

9.1.1 Instantiating CoverTraj with Force

A recent work, Wagenmaker et al. [2022a], provides a first-order regret minimization algorithm
for linear MDPs, Force. The following result shows the complexity of CoverTraj when
instantiated with Force.

Corollary 9.2. When running CoverTraj with RegMin set to the computationally efficient
version of Force [Wagenmaker et al., 2022a], all the guarantees of Theorem 9.1 hold, and
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the sample complexity can be bounded as

Õ
( m∑

i=1

2i ·max

{
d

γ2
i

log
2i

γ2
i

, d4H3m3 log7/2
1

δ

})

where the Õ(·) hides absolute constants and logarithmic terms. Furthermore, when run with
Force, CoverTraj is computationally efficient with computational cost scaling polynomially
in problem parameters.

Thus, CoverTraj may be instantiated in a computationally efficient way. We make
several additional comments on the computational complexity of this approach.

Computational Complexity. Note that the primary computational cost of CoverTraj
is incurred in running RegMin, and in evaluating the reward function. As the sets Xi can
be parameterized as ellipsoids, it can be efficiently checked if a given ϕ ∈ Rd is in Xi, which
makes evaluating the reward function efficient. Furthermore, Force only needs access to the
reward function at points encountered on each trajectory, so it only need evaluate the reward
at polynomially many points. As noted, a computationally efficient version of Force exists
(assuming |A| is not too large), which is what we employ here, making the entire procedure
computationally efficient.

9.2 Worst-Case Optimal Reward-Free RL

We next present our main upper bound on reward-free RL, and then provide a lower bound
on reward-aware RL—giving a lower bound on reward-free RL as an immediate corollary.

9.2.1 Upper Bounds on Reward Free RL in Linear MDPs

We present our main algorithm, RFLin-Explore, as Algorithm 9.3.

Algorithm 9.3 Reward Free Linear RL: Exploration (RFLin-Explore)
1: input: tolerance ϵ, confidence δ
2: Kmax ← poly(1/ϵ, d,H, log 1/δ)
3: β ← cH

√
d log(1 + dHKmax) + logH/δ

4: ςϵ ← ⌈log2(4βH/ϵ)⌉
5: γ2 ∈ Rςϵ with γ2

i ← 22i · ϵ2

64H2ς2ϵ β
2 for i ∈ [ςϵ].

6: for h = 1, . . . , H do
7: {(Xhi,Dhi,Λhi)}ςϵi=1 ← CoverTraj(h, δ

H
,γ2, ςϵ)

8: D← {{(Xhi,Dhi,Λhi)}ςϵi=1}Hh=1

9: return RFLin-Plan(· ; ϵ, δ,D)
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RFLin-Explore explores by calling CoverTraj for each h, with tolerance set to
γi = O(2iϵ). RFLin-Explore returns RFLin-Plan(· ; ϵ, δ,D) which defines a mapping
from reward functions to policies. This mapping is parameterized by the data returned by
CoverTraj and, given a reward function as input, outputs a policy it believes is near-optimal
for this reward function. RFLin-Plan itself runs a simple least squares value iteration
procedure to compute the policy. We define RFLin-Plan in Algorithm 9.4.

Algorithm 9.4 Reward Free Linear RL: Planning (RFLin-Plan)
1: input: reward functions r
2: parameters: tolerance ϵ, confidence δ, data {{(Xhi,Dhi,Λhi)}ςϵi=1}Hh=1

3: Kmax ← poly(1/ϵ, d,H, log 1/δ)
4: β ← cH

√
d log(1 + dHKmax) + logH/δ

5: for h = H,H − 1, . . . , 1 do
6: ŵh ← argminw

∑ςϵ
i=1

∑Ki

τ=1

(
w⊤ϕih,τ − rh(s

i
h,τ , a

i
h,τ )− Vh+1(s

i
h+1,τ )

)2
+ ∥w∥22

7: Λh = I +
∑ςϵ

i=1

∑Ki

τ=1ϕ
i
h,τ (ϕ

i
h,τ )

⊤

8: Qh(·, ·)← min{⟨ϕ(·, ·), ŵh⟩+ β∥ϕ(·, ·)∥Λ−1
h
, H}

9: Vh(·)← maxaQh(·, a)
10: π̂h(·)← argmaxaQh(·, a)

return {π̂h}Hh=1

We then have the following result.
Theorem 9.3. Consider running RFLin-Explore with tolerance ϵ > 0 and confidence
δ > 0, and let RFLin-Plan(·) denote its output. Then with probability at least 1 − δ,
for an arbitrary number of deterministic reward functions r satisfying Definition 8.1.1,
RFLin-Plan(r) returns a policy π̂ which is ϵ-optimal with respect to r. Furthermore, this
procedure collects at most

Õ
(
dH5(d+ log 1/δ)

ϵ2
+

d9/2H6 log4(1/δ)

ϵ

)
episodes, where Õ(·) hides absolute constants and terms poly log(d,H, 1/ϵ) and poly log log(1/δ).

For ϵ sufficiently small, exploring via RFLin-Explore and planning via RFLin-Plan
learns an ϵ-optimal policy for an arbitrarily large number of reward functions using only
Õ(d2H5

ϵ2
) episodes. This improves on both existing reward-free algorithms for linear MDPs by

a factor of d [Zanette et al., 2020c, Wang et al., 2020].
Remark 9.2.1 (Computational Efficiency). In MDPs with a finite number of actions, both
RFLin-Explore and RFLin-Plan are computationally efficient, with computational cost
scaling polynomially in d,H, 1/ϵ, log 1/δ, and |A|. The primary computational cost of RFLin-
Explore is due to CoverTraj, which is computationally efficient, while the computational
cost of RFLin-Plan is due primarily to solving a least-squares problem.
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9.2.1.1 Deriving Theorem 9.3 from CoverTraj

We briefly sketch out how one may apply CoverTraj to obtain Theorem 9.3 and defer the
full proof to Section 9.4. Consider running RFLin-Explore and then calling RFLin-Plan.
Let Vh denote the estimates maintained by RFLin-Plan. We first apply the following
self-normalized bound.

Lemma 9.2.1. With high probability,∥∥∥∥ ςϵ∑
i=1

Ki∑
τ=1

ϕih,τ [Vh+1(s
i
h+1,τ )− Eh[Vh+1](s

i
h,τ , a

i
h,τ )]

∥∥∥∥
Λ−1

h

≤ cH
√
d log(1 + dHKmax) + logH/δ = β.

Critically, in contrast to the self-normalized bound used in Jin et al. [2020b], ours scales
as Õ(H

√
d) instead of Õ(Hd). As our exploration procedure explores each h ∈ [H] separately,

Vh+1 is uncorrelated with {{(sih,τ , aih,τ , sih+1,τ )}
Ki
τ=1}ςϵi=1, and we can avoid the union bound

over Λh+1 that is necessary in Jin et al. [2020b], saving us a factor of
√
d.

Given Lemma 9.2.1, using an argument similar to Jin et al. [2020b], one can show that

Vh(sh) ≤ rh(sh, π̂h(sh)) + Eh[Vh+1](sh, π̂h(sh)) + 2β∥ϕ(sh, π̂h(sh))∥Λ−1
h

and, furthermore, that V0 ≥ V ⋆
0 . Some algebra shows that we can then bound the subopti-

mality of π̂, the policy returned by RFLin-Plan, as

V ⋆
0 − V π̂

0 ≤ V0 − V π̂
0 ≤ 2β

H∑
h=1

Eπ̂[∥ϕ(sh, π̂h(sh))∥Λ−1
h
].

However, it is easy to see that

H∑
h=1

Eπ̂[∥ϕ(sh, π̂h(sh))∥Λ−1
h
] ≤

H∑
h=1

sup
π

Eπ[∥ϕ(sh, ah)∥Λ−1
h
]

≤
H∑
h=1

ςϵ+1∑
i=1

sup
ϕ∈Xhi

∥ϕ∥Λ−1
h
· sup

π
Eπ[I{ϕ(sh, ah) ∈ Xhi}].

Recall that RFLin-Explore calls CoverTraj for each h ∈ [H] with tolerances γ2
i =

O(22iϵ2
dH4 ). Applying Theorem 9.1, we then have that supπ Eπ[I{ϕ(sh, ah) ∈ Xhi}] = supπ w

π
h(Xhi) ≤

2−i+1 and supϕ∈Xhi
∥ϕ∥Λ−1

h
≤
√
γ2
i = O(2iϵ/

√
dH2). Thus, since β = Õ(

√
dH), we can bound

the total suboptimality as

V ⋆
0 − V π̂

0 ≤ 2β
H∑
h=1

Eπ̂[∥ϕ(sh, π̂h(sh))∥Λ−1
h
]
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≤ Õ(
√
dH) ·

H∑
h=1

ςϵ+1∑
i=1

O(2iϵ/
√
dH2) · 2−i+1

= Õ(ϵ)

so it follows that π̂ is ϵ-optimal.
We remark briefly on our choice of γ2

i . Note that as i increases, the probability of reaching
Xhi decreases exponentially in i, supπ Eπ[I{ϕ(sh, ah) ∈ Xhi}] = supπ w

π
h(Xhi) ≤ 2−i+1. Thus,

if our “uncertainty” over Xhi scales as O(2i), the net contribution of Xhi to the suboptimality
scales as O(1). As we can bound our uncertainty over Xhi as supϕ∈Xhi

∥ϕ∥Λ−1
h
≤
√
γ2
i , our

choice of γ2
i = O(22iϵ2

dH4 ) results in a contribution to the suboptimality of O(ϵ/
√
dH2) for

Xhi—our choice of γ2
i cancels the contribution of how easily Xhi can be reached. In other

words, we only need to decrease uncertainty for a given Xhi in proportion to how easily that
Xhi can be reached.

Furthermore, our choice of γ2
i allows us to efficiently collect the samples necessary to

reduce uncertainty. The leading-order term in the complexity given in Corollary 9.2 scales as,
given our choice of γ2

i :

Õ
( m∑

i=1

2id

γ2
i

)
= Õ

( m∑
i=1

d2H4

2i · ϵ2

)
= Õ

(
d2H4

ϵ2

)
,

Repeated for each h this yields the complexity given in Theorem 9.3. The key property we
exploit here is that CoverTraj collects samples from a given Xhi at a rate inversely propor-
tional to how easily Xhi can be reached—it takes on order O(2i) episodes for CoverTraj to
collect a sample from Xhi, while the probability of reaching Xhi (for any algorithm) is at most
on order 2−i. Thus, as our choice of γ2

i only guarantees that we reduce uncertainty for Xhi
in proportion with how easily Xhi can be reached, we have that the complexity of collecting
the necessary samples is not prohibitively large, and in particular does not scale with the
difficulty of reaching Xhi.

Remark 9.2.2 (Necessity of First-Order Regret). Suppose that we instantiate CoverTraj
with a regret minimization algorithm which only achieves minimax regret, RK ≤ Õ(

√
C1K),

rather than first-order regret. In order to guarantee supπ w
π
h(Xi+1) ≤ 2−i+2, we must show

that O(2−iKi) ≥ RKi
, which ensures we have reached the “difficult to reach” states. Using a

minimax regret algorithm we therefore need Ki ≥ Õ(22iC1), while for a first-order algorithm,
assuming supπ w

π
h(Xi) ≤ 2−i+1, our choice of reward function gives V ⋆

0 (r
1) ≤ O(2−i), so we

need O(2−iKi) ≥ Õ(
√
C12−iKi) ⇐⇒ Ki ≥ Õ(2iC1). This makes a critical difference when

applying CoverTraj to reward-free RL in RFLin-Explore, since in RFLin-Explore
we set m = ςϵ = O(log(

√
dH2/ϵ)). With this choice of m, a non-first-order algorithm would

have complexity Õ(
∑m

i=1 2
2i · C1) = Õ(22m · C1) = Õ(C1 d

2H4

ϵ2
). As the best known minimax

regret algorithm has C1 = d2H4, we obtain a (very suboptimal) final complexity of Õ(d4H8

ϵ2
).



170

On the other hand, a first-order algorithm attains Õ(
∑m

i=1 2
i · C1) = Õ(2m · C1) = Õ(C1 dH

2

ϵ
).

9.2.2 Lower Bounds on Reward-Aware RL in Linear MDPs

To our knowledge, Theorem 9.3 is the first result to show that computationally efficient d2

complexity is possible in linear MDPs for any of the reward-free, reward-aware, or regret
minimization settings. We next show a somewhat surprising result: reward-free RL is no
harder than reward-aware RL in linear MDPs, up to horizon factors. To this end, we show a
lower bound on reward-aware RL in linear MDPs.

Theorem 9.4. Fix ϵ > 0, d > 1, H > 1, and K ≥ d2. Consider running a (possibly adaptive)
algorithm for K episodes in a (d+ 1)-dimensional linear MDP with horizon H, which stops
at (a possibly random stopping time) τ and outputs a guess at an ϵ-optimal policy, π̂. Let E
be the event

E := {τ ≤ K and π̂ is ϵ-optimal}.

Then there is a universal constant c > 0 such that unless

K ≥ c · d
2H2

ϵ2
,

there exists a linear MDP M for which PM[Ec] ≥ 1/10.

As Theorem 9.4 shows, a Ω(d2H2/ϵ2) dependence is necessary for learning an ϵ-optimal
policy in linear MDPs. Note that this lower bound holds for learning a single policy given
access to the reward function during exploration (indeed, it holds in the case when the learner
has oracle access to the rewards)—the reward-aware RL setting.

In contrast, Theorem 9.3 shows that we can learn ϵ-optimal policies for all valid reward
functions simultaneously, without having access to the reward functions during exploration,
using only Õ(d2H5/ϵ2) episodes. In other words, up to H factors, in a worst-case sense,
reward-free RL is no harder than reward-aware RL in linear MDPs. This is in contrast to
the tabular setting, where it is well known that the optimal rate for reward-aware RL is
Θ(SA/ϵ2) while the optimal rate for reward-free RL is Θ(S2A/ϵ2).

9.3 Proof of Theorem 9.1

We next provide the proof of Theorem 9.1. Here, instead of setting Λh,k−1 = I+
∑k−1

τ=1ϕh,τϕ
⊤
h,τ

as in Egs, we prove the result for the setting of Λh,k−1 = λI +
∑k−1

τ=1ϕh,τϕ
⊤
h,τ in Egs, for

some λ > 0 (for convenience we also assume λ ≤ max{C1, C2, 1}, though this can be relaxed
if desired).



171

In CoverTraj, the precise setting of Ki is:⌈
2i ·max

{
210+p1C1pp11 logp1(

2i+12p1mC1H
δ

), 24+p2C2pp22 logp2(
2i+6p2mC2H

δ
),
24d

γ2
i

log
48 · 2id/λ
γ2
i

}⌉
.

The key piece in proving Theorem 9.1 is the following result.

Lemma 9.3.1. Consider running Algorithm 9.1 with γ ∈ (0, 1] and some regret-minimization
algorithm RegMin satisfying Definition 9.1.1, and with input set X satisfying

sup
π

wπ
h(X ) ≤ 2−i.

Assume also that K is chosen to satisfy

K ≥
⌈
2i ·max

{
1024C1 · (2p1)p1 logp1 ·[4096 · 2ip1C1H/δ],

16C2 · (2p2)p2 logp2 ·[64 · 2ip2C2H/δ],
24d

γ2
log

48 · 2id
γ2

}⌉
.

(9.3.1)

Let X̃ ⊆ Rd denote the set returned by Algorithm 9.1 defined as

X̃ = {ϕ ∈ X : ϕ⊤Λ−1
h,Kϕ ≤ γ

2}.

Then, with probability at least 1− δ,

sup
π

wπ
h(X\X̃ ) ≤ 2−i−1.

Proof. First note that the reward sequence used in Algorithm 9.1 satisfies the conditions of
Definition 9.1.1. Thus, we have that, with probability at least 1− δ,

K∑
k=1

[V ⋆
0 (r

k)− V πk
0 (rk)] ≤

√
C1V ⋆

0 (r
1)K · logp1(HK/δ) + C2 logp2(HK/δ). (9.3.2)

For simplicity we will assume that C1, C2, p1, p2 ≥ 1 (since if this is not true, for example if
C1 < 1, (9.3.2) still holds with C1 replaced by max{C1, 1}).

Relating
∑K

k=1 V
πk
0 (rk) to Random Reward. Note that rkh(s, a) ≤ 1 for all s, a, and

since the reward is non-zero only at step h, Eπk [rkh(skh, akh)] = V πk
0 (rk) and V πk

0 (rk) ≤ 1. Then,
since the reward is non-increasing,

E[(rkh(skh, akh)− V πk
0 (rk))2|Fk−1] ≤ 2V πk

0 (rk) ≤ 2V ⋆
0 (r

1).
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By Freedman’s inequality, Lemma F.1.13, it follows that with probability at least 1− δ,∣∣∣∣∣
K∑
k=1

[rkh(s
k
h, a

k
h)− V πk

0 (rk)]

∣∣∣∣∣ ≤√8V ⋆
0 (r

1)K log 1/δ + log 1/δ.

Thus, union bounding over this event and the event of (9.3.2), we have with probability 1− δ
that

K∑
k=1

rkh(s
k
h, a

k
h) ≥

K∑
k=1

V πk
0 (rk)−

√
8V ⋆

0 (r
1)K log 2/δ − log 2/δ

≥
K∑
k=1

V ⋆
0 (r

k)−
√

16C1V ⋆
0 (r

1)K · logp1(2HK/δ)− 2C2 · logp2(2HK/δ) (9.3.3)

where we have used that C1, C2, p1, p2 ≥ 1 to group terms.

Proof by Contradiction. Our goal is use (9.3.4) to reach a contradiction and show that, for
our choice of K, V ⋆

0 (r
K) ≤ 2−i−1. To set up the argument, assume for the sake of contradiction

that V ⋆
0 (r

K) > 2−i−1. Since rk is non-increasing, this implies that V ⋆
0 (r

k) > 2−i−1 for all
k ∈ [K]. Then we can lower bound (9.3.3) as

(9.3.3) > K2−i−1 −
√

16C1V ⋆
0 (r

1)K · logp1(2HK/δ)− 2C2 · logp2(2HK/δ). (9.3.4)

Upper Bounding the Reward. We next upper bound the total reward that can be
obtained:

K∑
k=1

rkh(s
k
h, a

k
h) =

K∑
k=1

min{1,γ−2∥ϕ(skh, akh)∥2Λ−1
h,k−1
} · I{ϕ(skh, akh) ∈ X}

≤ 1

γ2
·
K∑
k=1

min{1, ∥ϕ(skh, akh)∥2Λ−1
h,k−1
} · I{ϕ(skh, akh) ∈ X}

≤ 1

γ2
·
K∑
k=1

min{1, ∥ϕ(skh, akh)∥2Λ−1
h,k−1
}

≤ 1

γ2
· 2d log(1 +K/dλ)

(9.3.5)

where we have used that γ ≤ 1, and where the last inequality follows by the Elliptic Potential
Lemma, Lemma G.1.1, since ∥ϕ(skh, akh)∥2 ≤ 1 by assumption, and we normalize Λh,k by λI.
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Lower Bounding the Reward. By assumption, we have that supπ w
π
h(X ) ≤ 2−i. This

implies that

V ⋆
0 (r

1) = sup
π

Eπ[r1h(sh, ah)] ≤ sup
π

Eπ[I{ϕ(sh, ah) ∈ X}] ≤ 2−i

where the last inequality follows since supπ Eπ[I{ϕ(sh, ah) ∈ X}] = supπ w
π
h(X ) by definition.

Then,

(9.3.4) ≥ K2−i−1 −
√

2−i · 16C1K · logp1(2HK/δ)− 2C2 · logp2(2HK/δ). (9.3.6)

Assume that K is chosen such that

K ≥ 1024 · 2iC1(2p1)p1 logp1 [4096 · 2ip1C1H/δ] (9.3.7)

then by Lemma G.1.2 we will have

1

4
K2−i−1 −

√
2−i · 16C1K · logp1(2HK/δ) ≥ 0.

Similarly, if

K ≥ 16 · 2iC2(2p2)p2 logp2 [64 · 2ip2C2H/δ] (9.3.8)

then

1

4
K2−i−1 − 2C2 · logp2(2HK/δ) ≥ 0.

As (9.3.1) requires that K is chosen so as to satisfy both (9.3.7) and (9.3.8), it follows that

(9.3.6) ≥ 1

2
K2−i−1.

However, (9.3.1) also gives that K ≥ 2i·24d
γ2 log 2i·48d/λ

γ2 . Lemma G.1.2 then implies that

K ≥ 2i · 12d
γ2

log(2K/λ)

so that, stringing together the above inequalities,

K∑
k=1

rkh(s
k
h, a

k
h) ≥ (9.3.3) > (9.3.4) ≥ (9.3.6) ≥ 1

2
K2−i−1 ≥ 3d

γ2
log(2K/λ). (9.3.9)
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Concluding the Proof. Combining Equations (9.3.5) and (9.3.9), we have shown that

2d

γ2
log(1 +K/dλ) ≥

K∑
k=1

rkh(s
k
h, a

k
h) > (9.3.6) ≥ 3d

γ2
log(2K/λ).

This is a contradiction, since 2d
γ2 log(1 +K/dλ) ≤ 3d

γ2 log(2K/λ). Thus, with probability 1− δ,
we must have that V ⋆

1 (r
K) ≤ 2−i−1. The conclusion that supπ w

π
h(X\X̃ ) ≤ 2−i−1 follows on

this event since

V ⋆
0 (r

K) = sup
π

Eπ[I{ϕ(sh, ah)⊤Λ−1
h,K−1ϕ(sh, ah) > γ

2,ϕ(sh, ah) ∈ X}]

+ Eπ[γ−2ϕ(sh, ah)
⊤Λ−1

h,K−1ϕ(sh, ah) · I{ϕ(sh, ah)
⊤Λ−1

h,K−1ϕ(sh, ah) ≤ γ
2,ϕ(sh, ah) ∈ X}]

≥ sup
π

Eπ[I{ϕ(sh, ah)⊤Λ−1
h,Kϕ(sh, ah) > γ

2,ϕ(sh, ah) ∈ X}]

= sup
π

Eπ[I{ϕ(sh, ah) ∈ X\X̃}]

where the final equality follows by definition of X̃ .

Proof of Theorem 9.1. Theorem 9.1 is a direct consequence of Lemma 9.3.1. For i = 1, it is
clearly the case that

sup
π

wπ
h(X ) ≤ 2−i+1 = 1,

so Lemma 9.3.1 and our choice of K1 gives that with probability at least 1− δ/m,

sup
π

wπ
h(X\X1) ≤ 2−i and ϕ⊤Λ−1

1 ϕ ≤ γ2
1 ,∀ϕ ∈ X1.

Now assume that for some i,

sup
π

wπ
h(X ) ≤ 2−i+1,

then again Lemma 9.3.1 and our choice of Ki gives that with probability at least 1− δ/m,

sup
π

wπ
h(X\Xi) ≤ 2−i and ϕ⊤Λ−1

i ϕ ≤ γ2
i ,∀ϕ ∈ Xi.

The result follows by union bounding over the success event of Lemma 9.3.1 holding for each
i ∈ [m]. The final conclusion holds since after epoch m, X = Bd\ ∪mi=1 Xi.
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9.4 Proof of Theorem 9.3

Let us first establish notation. Recall the episode magnitudes Ki from Algorithm 9.2. We
define

Ktot :=
ςϵ∑
i=1

Ki, where ςϵ := ⌈log2(
ϵ

4βH
)⌉

We assume that our parameters Kmax and β are chosen such that

β ≥ β̃ := cH
√

d log(1 + dHKtot) + logH/δ, Kmax ≥ Ktot.

Throughout this section we will consider an arbitrary reward function satisfying Defini-
tion 8.1.1, and will let V ⋆, V π, Q⋆, Qπ denote the value functions for π⋆ and π, respectively,
with respect to r. Similarly, we will let V and Q refer to the value function estimates
maintained by RFLin-Plan when run with r as an input.

Proof of Theorem 9.3. First we establish ϵ-suboptimality, then we address sample complexity.

ϵ-suboptimality. Fix some reward function r satisfying Definition 8.1.1. Let π̂ denote the
policy returned by RFLin-Plan(r). As noted above, let V ⋆, V π, V,Q⋆, Qπ, Q refer to the
value functions with respect to r.

Let EQ denote the high-probability event from Lemma G.2.4 (the full version of Lemma 9.2.1),
which holds with probability at least 1− δ. The following two results establish that on EQ V0

is an optimistic estimate of V ⋆
0 , and shows a bounds on the estimation error of ŵh.

Lemma 9.4.1. On the event EQ and assuming that β ≥ β̃, it holds that Qh(s, a) ≥ Q⋆
h(s, a)

for all s, a, h.

Lemma 9.4.2. On the event EQ, for all s, a, h and all r satisfying Definition 8.1.1,

|⟨ϕ(s, a), ŵh⟩ − rh(s, a)− Eh[Vh+1](s, a)| ≤ β̃∥ϕ(s, a)∥Λ−1
h

where β̃ = cH
√

d log(1 + dHKtot) + logH/δ.

By Lemma 9.4.1 and the choice of parameter β ≥ β̃, the following holds on EQ:

V ⋆
0 − V π̂

0 ≤ V0 − V π̂
0 .

Moreover, by Lemma 9.4.2 and, again using β ≥ β̃, we have

|⟨ϕ(s, a), ŵh⟩ − rh(s, a)− Eh[Vh+1](s, a)| ≤ β̃∥ϕ(s, a)∥Λ−1
h
≤ β∥ϕ(s, a)∥Λ−1

h
.
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Thus, by definition of Q, we have

Vh(sh) = Qh(sh, π̂h(sh)) ≤ ⟨ϕ(sh, π̂h(sh)), ŵh⟩+ β∥ϕ(sh, π̂h(sh))∥Λ−1
h

≤ rh(sh, π̂h(sh)) + Eh[Vh+1](sh, π̂h(sh)) + 2β∥ϕ(sh, π̂h(sh))∥Λ−1
h
.

Similarly, by the Bellman Equation, we have

V π̂
h (sh) = Qπ̂

h(sh, π̂h(sh)) = rh(sh, π̂h(sh)) + Eh[V π̂
h+1](sh, π̂h(sh)).

It follows that

Vh(sh)− V π̂
h (sh) ≤ Eh[Vh+1 − V π̂

h+1](sh, π̂h(sh)) + 2β∥ϕ(sh, π̂h(sh))∥Λ−1
h
.

Thus, unrolling this backwards gives (since π̂ is deterministic):

V0 − V π̂
0 ≤ E1[V2 − V π̂

2 ](s1, π̂1(s1)) + 2β∥ϕ(s1, π̂1(s1))∥Λ−1
1

≤ E1[E2[V3 − V π̂
3 ](s2, π̂2(s2)](s1, π̂1(s1)) + 2βE1[∥ϕ(s2, π̂2(s2))∥Λ−1

2
](s1, π̂1(s1))

+ 2β∥ϕ(s1, π̂1(s1))∥Λ−1
1

= Eπ̂[V3(s3)− V π̂
3 (s3)] + 2β

2∑
h=1

Eπ̂[∥ϕ(sh, π̂h(sh))∥Λ−1
h
]

...

≤ 2β
H∑
h=1

Eπ̂[∥ϕ(sh, π̂h(sh))∥Λ−1
h
].

We then upper bound

2β
H∑
h=1

Eπ̂[∥ϕ(sh, π̂h(sh))∥Λ−1
h
] ≤ 2β

H∑
h=1

sup
π

Eπ[∥ϕ(sh, ah)∥Λ−1
h
]

≤ 2β
H∑
h=1

ςϵ+1∑
i=1

sup
π

Eπ[∥ϕ(sh, ah)∥Λ−1
h
· I{ϕ(sh, ah) ∈ Xh,i}]

≤ 2β
H∑
h=1

ςϵ+1∑
i=1

sup
ϕ∈Xh,i

∥ϕ∥Λ−1
h
· sup

π
Eπ[I{ϕ(sh, ah) ∈ Xh,i}].

By Theorem 9.1 and a union bound over H, we will have that, with probability at least 1− δ,
for all h ∈ [H] and i ∈ [ςϵ] simultaneously,

sup
π

Eπ[I{ϕ(sh, ah) ∈ Xh,i}] = sup
π

wπ
h(Xh,i) ≤ 2−i+1.
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Furthermore, Theorem 9.1 also gives

sup
ϕ∈Xh,i

∥ϕ∥Λ−1
h
≤ sup
ϕ∈Xh,i

∥ϕ∥Λ−1
h,i
≤
√
γ2
i =

2iϵ

8Hςϵβ

where the final equality follows by our setting of γ2
i =

22iϵ2

64H2ς2ϵ β
2 . Finally, one last invocation

of Theorem 9.1, followed by the choice of ςϵ, gives that

sup
π

Eπ[I{ϕ(sh, ah) ∈ Xh,ςϵ+1}] = sup
π

wπ
h(Xh,ςϵ+1) ≤ 2−ςϵ ≤ ϵ

4βH

Lastly, observe that supϕ∈Xh,ςϵ+1
∥ϕ∥Λ−1

h
≤ 1 always holds, since Λh ⪰ I and ∥ϕ∥2 ≤ 1. This

gives that

2β
H∑
h=1

ςϵ+1∑
i=1

sup
ϕ∈Xh,i

∥ϕ∥Λ−1
h
· sup

π
Eπ[I{ϕ(sh, ah) ∈ Xh,i}] ≤ 2β

H∑
h=1

ςϵ∑
i=1

2−i+1 2iϵ

8Hςϵβ
+

ϵ

2

=
ϵ

2
+

ϵ

2
= ϵ

so our policy π̂ is ϵ-optimal for the reward function r. However, since r was arbitrary, the
above holds for all r satisfying Definition 8.1.1.

Sample Complexity. It remains to bound the sample complexity. We note that we ran
for a total of

∑H
h=1

∑ςϵ
i=1 Ki = HKtot episodes, where again we recall

Ki =

⌈
2i ·max

{
1024C1(2p1)p1 logp1 [4096 · 2ip1ςϵC1H2/δ],

16C2(2p2)p2 logp2 [64 · 2ip2ςϵC2H2/δ],
24d

γ2
i

log
48 · 2id
γ2
i

}⌉
.

As we use Force as our regret minimization algorithm, using the values of C1, C2, p1, p2 given
in Lemma G.1.4 we can bound (for a universal constant c)

Ki ≤ c2id4H3 log3/2(
√
d/γ2

i )i
3 log7/2

(
ςϵdH log3/2(

√
d/γ2

i )/δ
)
+ 2i

24d

γ2
i

log
48 · 2id
γ2
i

≤ 2id4H3 log7/2(1/δ) · poly log(d,H, 1/ϵ, log 1/δ) +
2id

γ2
i

· poly log(d,H, 1/ϵ, log 1/δ)

where the last inequality follows by our choice of γ2
i = 22i · ϵ2

64H2ς2ϵ β
2 and ςϵ = ⌈log2(4βH/ϵ)⌉,

and upper bounding poly(i) factors by poly(ςϵ). Let ς = poly log(d,H, 1/ϵ, log 1/δ) (the
precise setting of which may change from line to line). Then we can bound the sample



178

complexity by:

H∑
h=1

ςϵ∑
i=1

Ki ≤ ςH

ςϵ∑
i=1

(
2id4H3 log7/2(1/δ) +

2id

γ2
i

)
≤ ςH

ςϵ∑
i=1

(
2id4H3 log7/2(1/δ) +

2idH2β2

22iϵ2

)
≤ d4H5β log7/2(1/δ)ς

ϵ
+

dH3β2ς

ϵ2

≤ d9/2H6 log4(1/δ)ς

ϵ
+

dH5(d+ log 1/δ)ς

ϵ2
.

Selecting β. It remains to show that Kmax ≥ Ktot, which will imply that our setting of
β in RFLin-Plan satisfies β ≥ β̃. However, this follows directly by the above complexity
bound, which is polynomial in all arguments, justifying our choice of Kmax.

9.5 Proof of Theorem 9.4

We first establish a lower bound on adaptive linear regression, then show that this implies
a lower bound on PAC policy identification in linear bandits, and finally argue that linear
MDPs can represent linear bandits, giving a lower bound on PAC policy identification in
linear MDPs.

Theorem 9.5 (Lower Bound on Adaptive Linear Regression). Let Φ = Sd−1 and Θ =
{−µ, µ}d for some µ ∈ (0, 1

20
√
d
]. Consider the query model where at every step t = 1, . . . , T

we choose some ϕt ∈ Φ, and observe

yt ∼ Bernoulli(1/2 + ⟨θ,ϕt⟩) (9.5.1)

for θ ∈ Θ. Then

inf
θ̂,π

max
θ∈Θ

Eθ[∥θ − θ̂∥22] ≥
dµ2

2

(
1−

√
20Tµ2

d

)
.

where the infimum is over all measurable estimators θ̂ and measurable (but possibly adaptive)
query rules π, and Eθ[·] denotes the expectation over the randomness in the observations and
decision rules if θ is the true instance. In particular, if T ≥ d2, choosing µ =

√
d/700T , we

get

inf
θ̂,π

max
θ∈Θ

Eθ[∥θ − θ̂∥22] ≥ 0.00059 · d2/T.
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Proof. The proof of this result follows closely the proof of Theorem 3 of Shamir [2013].
Clearly,

max
θ∈Θ

Eθ[∥θ − θ̂∥22] ≥ Eθ∼unif(Θ)Eθ[∥θ − θ̂∥22]

= Eθ∼unif(Θ)Eθ

[
d∑
i=1

(θi − θ̂i)2
]

≥ Eθ∼unif(Θ)Eθ

[
µ2

d∑
i=1

I{θiθ̂i < 0}

]
.

As in Shamir [2013], we assume that the query strategy is deterministic conditioned on
the past: ϕt is a deterministic function of y1, . . . , yt−1,ϕ1, . . . ,ϕt−1, which is without loss of
generality. We then need the following result.

Lemma 9.5.1 (Lemma 4 of Shamir [2013]). Let θ be a random vector, none of whose
coordinates is supported on 0, and let y1, y2, . . . , yT be a sequence of query values obtained
by a deterministic strategy returning a point θ̂ (that is, ϕt is a deterministic function of
y1, . . . , yt−1,ϕ1, . . . ,ϕt−1, and θ̂ is a deterministic function of y1, . . . , yT ). Then we have

Eθ∼unif(Θ)Eθ

[
d∑
i=1

I{θiθ̂i < 0}

]
≥ d

2

1−

√√√√1

d

d∑
i=1

T∑
t=1

Ut,i


where

Ut,i = sup
θj ,j ̸=i

KL
(
P(yt|θi > 0, {θj}j ̸=i, {ys}t−1

s=1)||P(yt|θi < 0, {θj}j ̸=i, {ys}t−1
s=1)

)
.

In our setting, yt is distributed as in (9.5.1). Thus, we have that

Ut,i = sup
θj ,j ̸=i

KL
(
Bernoulli(1/2 +

∑
j ̸=i

θjϕt,j + µϕt,i)||Bernoulli(1/2 +
∑
j ̸=i

θjϕt,j − µϕt,i)
)
.

Note that:

Lemma 9.5.2 (Lemma 2.7 of Tsybakov [2009]).

KL(Bernoulli(p)||Bernoulli(q)) ≤ (p− q)2

q(1− q)
.
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Thus, by Lemma 9.5.2, we can bound

Ut,i ≤
(2µϕt,i)

2

(1/2 +
∑

j ̸=i θjϕt,j − µϕt,i)(1− 1/2−
∑

j ̸=i θjϕt,j + µϕt,i)
≤ 20µ2ϕ2

t,i

where the last inequality follows by our assumption that µ ≤ 1
20

√
d

and since ϕt ∈ Sd−1, which
implies that 1/2 +

∑
j ̸=i θjϕt,j − µϕt,i ≥ 9/20 and 1− 1/2−

∑
j ̸=i θjϕt,j + µϕt,i ≥ 9/20.

By Lemma 9.5.1 and this calculation, we can lower bound

Eθ∼unif(Θ)Eθ

[
µ2

d∑
i=1

I{θiθ̂i < 0}

]
≥ dµ2

2

1−

√√√√1

d

d∑
i=1

T∑
t=1

Ut,i


≥ dµ2

2

1−

√√√√1

d

d∑
i=1

T∑
t=1

20µ2ϕ2
t,i


=

dµ2

2

(
1−

√
20Tµ2

d

)

where the final equality follows since ϕt ∈ Sd−1. This proves the first conclusion. The second
conclusion follows by our choice of µ.

9.5.1 Lower Bounds on Linear Bandits

Definition 9.5.1 (Linear Bandits and ϵ-Optimal Arms). Consider the linear bandit setting
parameterized by some θ ∈ Rd and Φ ⊆ Rd, where at every step k the learner chooses ϕk ∈ Φ
and observes

yk ∼ Bernoulli(⟨θ,ϕk⟩+ 1/2).

We say an arm ϕ ∈ Φ is ϵ-optimal if

⟨θ,ϕ⟩+ 1/2 ≥ sup
ϕ′∈Φ
⟨θ,ϕ′⟩+ 1/2− ϵ

and a policy π ∈ △Φ is ϵ-optimal if

Eϕ∼π[⟨θ,ϕ⟩] + 1/2 ≥ sup
ϕ′∈Φ
⟨θ,ϕ′⟩+ 1/2− ϵ.

Lemma 9.5.3. Fix ϵ > 0, d > 1, and K ≥ d2. Let θ ∈ Θ = {−
√
d/700K,

√
d/700K}d and

Φ = Sd−1. Consider running a (possibly adaptive) algorithm in the linear bandit setting of
Definition 9.5.1 which stops at (a possibly random stopping time) τ and outputs a guess at
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an ϵ-optimal policy, π̂ ∈ △Φ. Let E be the event

E := {τ ≤ K and π̂ is ϵ-optimal}.

Then unless K ≥ c · d2
ϵ2

for a universal c > 0, there exists θ ∈ Θ for which Pθ[Ec] ≥ 1/10; i.e.,
with constant probability either π̂ is not ϵ-optimal or more than K samples are collected.

Proof. We consider the setting of instances in Theorem 9.5 with Φ = Sd−1 and Θ = {−µ, µ}d.
We first show how estimation error relates to finding ϵ-good arms. Let ϕ⋆(θ) denote the
optimal arm for θ. Clearly, ϕ⋆(θ) = θ/∥θ∥2 = θ/(

√
dµ) and ϕ⋆(θ)⊤θ =

√
dµ. Now consider

a distribution π ∈ △Φ. By definition, we have that π is ϵ-optimal if

Eϕ∼π[θ⊤ϕ] = θ⊤Eϕ∼π[ϕ] ≥
√
dµ− ϵ.

For a policy π, let ϕπ := Eϕ∼π[ϕ]. Note that by the convexity of norms and Jensen’s
inequality:

∥ϕπ∥22 ≤ Eϕ∼π[∥ϕ∥22] = 1.

Write ϕπ = ϕ⋆(θ) + ∆. Then,

1 ≥ ∥ϕ⋆(θ) + ∆∥22 = 1 + ∥∆∥22 + 2ϕ⋆(θ)⊤∆ =⇒ ϕ⋆(θ)⊤∆ ≤ −1

2
∥∆∥22

=⇒ θ⊤∆ ≤ −
√
dµ

2
∥∆∥22.

However, ϕ⊤
π θ = ϕ⋆(θ)⊤θ +∆⊤θ, so if π is ϵ-optimal, we have ∆⊤θ ≥ −ϵ which implies

−
√
dµ

2
∥∆∥22 ≥ −ϵ.

In other words, if π is ϵ-optimal for θ, then ϕπ = ϕ⋆(θ) +∆ for some ∆ with ∥∆∥22 ≤ 2ϵ√
dµ

, so

ϕπ = ϕ⋆(θ) + ∆ =
θ√
dµ

+∆ =⇒ θ =
√
dµ(ϕπ −∆).

Now assume that we have a π̂ which is ϵ-optimal, and denote ϕ̂ := ϕπ̂. Let θ =√
dµ(ϕ̂−∆) as above. Define the following estimator

θ̂ =

{
θ′ if ∃θ′ ∈ Θ with θ′ =

√
dµ(ϕ̂−∆′) for some ∆′ ∈ Rd, ∥∆′∥22 ≤ 2ϵ√

dµ

any θ′ ∈ Θ otherwise
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If ϕ̂ is actually ϵ-optimal for some θ ∈ Θ, then the first condition is met and

∥θ̂ − θ∥2 = ∥
√
dµ(ϕ̂−∆′)−

√
dµ(ϕ̂−∆)∥2 ≤ 2

√
dµ

√
2ϵ√
dµ

=

√
8
√
dµϵ.

Thus, if we can find an ϵ-good arm for θ, we can estimate θ up to tolerance
√

8
√
dµϵ.

Now set µ =
√

d/700K. Let θ̂ denote the estimator constructed from ϕ̂ as outlined
above. Let E be the event that ϕ̂ is ϵ-good for θ and note that regardless of whether or not
we are on E , ∥θ̂∥2 ≤ d/

√
700K. Thus,

Eθ[∥θ̂ − θ∥22] = Eθ[∥θ̂ − θ∥22 · I{E}+ ∥θ̂ − θ∥22 · I{Ec}]

≤ 8dϵ√
700K

+
4d2

700K
Pθ[Ec]

where the first inequality follows by our observation above that any ϵ-good ϕ̂ yields an

estimate of θ up to tolerance
√

2dϵ/
√
K.

However, by what we have shown above, there exists some θ such that if we collect (no
more than) K samples,

Eθ[∥θ̂ − θ∥22] ≥ 0.00059 · d2/K.

This is a contradiction unless

8dϵ√
700K

+
4d2

700K
Pθ[Ec] ≥ 0.00059

d2

K
⇐⇒ Pθ[Ec] ≥ 0.10325− 2

√
700ϵ
√
K

d
.

It follows that if

0.10325− 2
√
700ϵ
√
K

d
≥ 0.1 ⇐⇒ (

0.00325

2
√
700

)2 · d
2

ϵ2
≥ K

we have that Pθ[Ec] ≥ 0.1.

9.5.2 Mapping to Linear MDPs

We next show that the linear bandit instance of Lemma 9.5.3 with parameter θ (for θ ∈ Θ as
in Lemma 9.5.3) can be mapped to a linear MDP with state space S = {s0, s1, s̄2, . . . , s̄d+1},
action space A = Sd−1 ∪ {ed+1/2}, parameters

θ1 = 0, θh = e1, h ≥ 2
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µ1(s1) = [2θ, 1], µ1(s̄i) =
1

d
[−2θ, 1], µh(si) = ei, h ≥ 2

and feature vectors

ϕ(s0, ed+1/2) = ed+1/2, ϕ(s0, ϕ̃) = [ϕ̃/2, 1/2], ∀ϕ̃ ∈ Sd−1

ϕ(s1, ϕ̃) = e1, ϕ(s̄i, ϕ̃) = ei, i ≥ 2, ∀ϕ̃ ∈ A.

Note that, if we take action ϕ̃ in state s0, our expected episode reward is

P1(s1|s0, ϕ̃) ·H +
d+1∑
i=2

P1(s̄i|s0, ϕ̃) · 0 = H(⟨θ, ϕ̃⟩+ 1/2)

since we always acquire a reward of 1 in any state s1, and a reward of 0 in any state s̄i, and
the reward distribution is Bernoulli.

Lemma 9.5.4. The MDP constructed above is a valid linear MDP as defined in Defini-
tion 8.1.1.

Proof. For ϕ̃ ∈ Sd−1 we have,

P1(s1|s0, ϕ̃) = ⟨ϕ(s0, ϕ̃),µ1(s1)⟩ = ⟨θ, ϕ̃⟩+ 1/2 ≥ 0

P1(s̄i|s0, ϕ̃) = ⟨ϕ(s0, ϕ̃),µ1(s̄i)⟩ =
1

d
(−⟨θ, ϕ̃⟩+ 1/2) ≥ 0

where the inequality follows since |⟨θ, ϕ̃⟩| ≤ O(1/d) for all ϕ̃ ∈ Sd−1, by the choice of θ in
Lemma 9.5.3, and our condition that K ≥ d2. In addition,

P1(s1|s0, ϕ̃) +
d+1∑
i=2

P1(s̄i|s0, ϕ̃) = ⟨θ⋆, ϕ̃⟩+ 1/2 + d · 1
d
(−⟨θ⋆, ϕ̃⟩+ 1/2) = 1.

Thus, P1(·|s0, ϕ̃) is a valid probability distribution for ϕ̃ ∈ Sd−1. A similar calculation shows
the same for action ed+1/2. It is obvious that Ph(·|s, ϕ̃) is a valid distribution for all s and
ϕ̃ ∈ A.

It remains to check the normalization bounds. Clearly, by our construction of the feature
vectors, ∥ϕ(s, a)∥2 ≤ 1 for all s and a. It is also obvious that ∥θ1∥2 ≤

√
d and ∥θh∥2 ≤

√
d.

Finally,

∥|µ1(S)|∥2 =

∥∥∥∥∥∥
∑
s∈S\s0

|µ1(s)|

∥∥∥∥∥∥
2

= ∥[2θ, 1] + d · 1
d
[2θ, 1]∥2 ≤

√
d.

Thus, all normalization bounds are met, so this is a valid linear MDP.
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Lower bounding the performance of low-regret algorithms. Assume that we have
access to the linear bandit instance constructed in Lemma 9.5.3. That is, at every timestep t
we can choose an arm ϕ̃t ∈ Sd−1 and obtain and observe reward yt ∼ Bernoulli(⟨θ, ϕ̃t⟩+1/2).
Using the mapping above, we can use this bandit to simulate a linear MDP as follows:

1. Start in state s0 and choose any action ϕ̃t ∈ A

2. Play action ϕ̃t in our linear bandit. If reward obtained is yt = 1, then in the MDP
transition to any of the states s1. If the reward obtained is yt = 0 transition to any of
the states s̄2, . . . , s̄d+1, each with probability 1/d. If the chosen action was ϕ̃t = ed+1/2,
then play any action in the linear bandit and transition to state s1 with probability 1/2
and s̄2, . . . , s̄d+1 with probability 1/2d, regardless of yt

3. For the next H − 1 steps, take any action in the state in which you end up, transition
back to the same state with probability 1, and receive reward of 1 if you are in s1, and
reward of 0 if you are in s̄2, . . . , s̄d+1.

Note that this MDP has precisely the transition and reward structure as the MDP constructed
above.

Lemma 9.5.5. Assume π is ϵ-optimal in the MDP constructed above. Then π1(·|s0) is
ϵ/H-optimal on the linear bandit instance with parameter θ and action set Sd−1.

Proof. Note that the value of π in the linear MDP is given by

V π
0 = H ·

 ∑
ϕ̃∈Sd−1

π1(ϕ̃|s0)(⟨ϕ̃,θ⟩+
1

2
) +

1

2
π1(ed+1/2|s0)

 = H ·

 ∑
ϕ̃∈Sd−1

π1(ϕ̃|s0)⟨ϕ̃,θ⟩+
1

2


and the optimal policy is π1(a

⋆|s0) = 1, for a⋆ = argmaxϕ̃∈Sd−1⟨ϕ̃,θ⟩, and has value V ⋆
0 =

⟨a⋆,θ⋆⟩+ 1/2. It follows that if π is ϵ-optimal, then

H ·

 ∑
ϕ̃∈Sd−1

π1(ϕ̃|s0)⟨ϕ̃,θ⟩+ 1/2

 ≥ H · (⟨a⋆,θ⟩+ 1/2)− ϵ

⇐⇒
∑

ϕ̃∈Sd−1

π1(ϕ̃|s0)⟨ϕ̃,θ⟩+ 1/2 ≥ ⟨a⋆,θ⟩+ 1/2− ϵ/H

This implies that π1(·|s0) is ϵ/H-optimal for the linear bandit with parameter θ and action
set Sd−1 (note that any mass π(·|s0) places on arm ed+1/2 can be instead allocated to any
arm in Sd−1 without changing this result).



185

Proof of Theorem 9.4. Consider running the above procedure for some number of steps. By
Lemma 9.5.5, if we can identify an ϵ-optimal policy in this MDP, we can use it to determine
an ϵ/H-optimal policy on our bandit instance. As we have used no extra information other
than samples from the linear bandit to construct this, it follows that to find an ϵ/H-optimal
policy in the MDP, we must take at least the number of samples prescribed by Lemma 9.5.3
for ϵ← ϵ/H.
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Part III

Learning to Explore
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Chapter 10

Towards a Non-Asymptotic Theory of
Instance-Optimality in Decision Making

In Parts I and II we, broadly, focused on obtaining instance-dependent guarantees on
the sample complexity of linear near-optimal policies in various settings. In each example, we
saw that the key to obtaining tight sample complexity bounds lay in exploring efficiently:
identifying which aspects of the environment were most important to explore, and how we
could explore these regions most efficiently.

In each of these examples, while we were able to obtain leading-order instance-dependent
complexity terms which were optimal or nearly optimal, our complexity bounds also exhibited
potentially large lower-order terms scaling polynomially in problem parameters. While these
terms are truly lower-order for T large enough or ϵ small enough, for small T or large ϵ
they may dominate the complexity. In every case, these lower-order terms arose because our
approaches required that we learn to explore. In order to achieve the instance-optimal rate,
we must collect the most informative observations as quickly as possible, but we must learn
which observations are most informative and how to collect these observations, which requires
some amount of interaction with the environment.

While the approaches proposed in Parts I and II were carefully designed to ensure that
these lower-order terms were not too large—truly lower-order for reasonable settings of T
and ϵ—in the broader literature on instance-optimal decision making, this is not the case.
Similar “lower-order” terms, while perhaps lower-order in terms of T , can be exponentially
large in problem parameters, leading them to dominate the complexity bounds in all regimes
of practical interest.

The focus of this chapter is in understanding this phenomenon. Is the cost to “learning-
to-explore” necessary if we wish to obtain instance-optimality? If so, what is the minimum
amount of interactions required to learn how to explore and thereby achieve the instance-
optimal rate; what is the best-case “lower-order” term? We consider these questions in the
regret minimization setting rather than the policy identification setting of Parts I and II, yet
the insights developed here extend to the settings of Parts I and II as well. We also move
to a general interactive decision making setting, first proposed in Foster et al. [2021], which
encompasses both bandit and RL settings, including those with function approximation.
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This chapter proceeds as follows. In Section 10.1, we introduce our general decision
making setting, provide a concrete example illustrating that the cost of learning to explore is
necessary, and introduce a novel notion of complexity, the AEC, which quantifies this cost of
learning to explore. In Section 10.2 we present our main algorithm and upper bound, and
in Section 10.3 instantiate this upper bound in a variety of settings of interest, providing
polynomial lower-order terms in all cases (in some cases yielding an exponential improvement
over existing results). Finally, in Section 10.4 we provide lower bounds on the cost of learning
to explore, and argue that the complexity we achieve is essentially unimprovable in both its
leading-order and lower-order terms.

10.1 Formal Setting and Background

We first formally introduce the general decision making setting we consider in Section 10.1.1,
then present an overview of the key concepts for defining instance optimal regret in Sec-
tion 10.1.2. In Section 10.1.3 we provide a motivating example, illustrating that there is
indeed a cost for learning-to-explore, and in Section 10.1.4 introduce a novel complexity
measure, the AEC, which quantifies the cost of learning to explore.

10.1.1 Interactive Decision Making

We adopt the Decision Making with Structured Observations (DMSO) framework of Foster
et al. [2021], which is a general setting for interactive decision making that encompasses bandit
problems (structured, contextual, and so forth) and reinforcement learning with function
approximation.

The DMSO framework is specified by a decision space Π, reward space R ⊆ R, and
observation space O. The learner is given access to a (known) model class M⊂ (Π→△R×O),
and it is assumed there exists some true model M⋆ ∈ M, unknown to the learner, which
represents the underlying environment. Formally, we make the following assumption.

Assumption 10.1 (Realizability). The learner has access to a model class M containing
the true model M⋆.

The learning protocol consists of T rounds. For each round t = 1, . . . , T :

1. The learner selects a decision πt ∈ Π.

2. The learner receives a reward rt ∈ R and observation ot ∈ O sampled via (rt, ot) ∼
M⋆(πt), and observes (rt, ot).

We can think of the model class M as representing the learner’s prior knowledge
about the decision making problem, and it allows one to appeal to estimation and function
approximation. For structured bandit problems, for example, models correspond to reward
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distributions, andM encodes structure in the reward landscape. For reinforcement learning
problems, models correspond to Markov decision processes (MDPs), andM typically encodes
structure in value functions or transition probabilities. We refer the reader to Section 10.3.1
and Section 10.3.2 for concrete examples of how standard decision making settings can
be instantiated within the DMSO framework, and refer to Foster et al. [2021] for further
background.

For a model M ∈M, EM,π[·] denotes the expectation under the process (r, o) ∼M(π),
fM(π) := EM,π[r] denotes the mean reward function, πM ∈ argmaxπ∈Π fM(π) denotes any
optimal decision, and πM = argmaxπ∈Π fM(π) denotes the set of all optimal decisions.
Similarly, when the algorithm is clear from context, EM [·] and PM [·] refer to the expectation
and probability measure, respectively, induced over histories, Ht = (π1, r1, o1), . . . , (πt, rt, ot),
on M . We overload notation somewhat and use PM,π[·] to refer to the conditional density
over R×O induced by M . While we do not assume the random rewards are strictly bounded
(allowing, for example, Gaussian rewards), we make the following assumption on the reward
means.

Assumption 10.2 (Bounded Reward Means). For each M ∈ M and π ∈ Π, we have
fM(π) ∈ [0, 1].

Throughout this work, we also make the following assumption on the uniqueness of the
optimal action of M⋆.

Assumption 10.3 (Unique Optimal Action). For the ground truth model M⋆ ∈ M, the
optimal action πM⋆ is unique.

Note that the latter assumption is standard in the literature on instance-optimality. We
measure performance in terms of regret, which is given by

Reg(T ) :=
T∑
t=1

Eπt∼pt
[
fM⋆

(πM⋆)− fM⋆
(πt)

]
, (10.1.1)

where pt is the learner’s randomization distribution for round t. In addition, we define
∆M(π) = fM(πM) − fM(π) as the suboptimality gap function for model M and decision π,
and the minimum suboptimality gap as

∆M

min :=

{
infπ∈Π:∆M (π)>0∆

M(π), πM is unique,
0, otherwise.

(10.1.2)

Since by assumption πM⋆ is unique, we have ∆M⋆

min > 0. Throughout, we replace dependence
on M⋆ with “⋆” when the meaning is clear from context, for example: ∆⋆

min := ∆M⋆

min,
f ⋆(π) := fM⋆

(π), or π⋆ = πM⋆ .
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Further Notation. We letM+ = {M : Π→△R×O | fM(π) ∈ [0, 1]} denote the space of
all possible models M with rewards in R and fM(π) ∈ [0, 1]. We use △X to refer to the set
of probability distributions over any X . Throughout, we often abbreviate Eπ∼p[·] with Ep[·].

10.1.2 Background: Asymptotic Instance-Optimality

Our aim is to develop algorithms that are instance-optimal in a strong sense: for every model
M⋆ ∈M, the regret of the algorithm under M⋆ is at least as good as that of any consistent
algorithm; here, an algorithm is said to be “consistent” if it ensures that EM [Reg(T )] = o(T )
for all M ∈ M. Instance-optimality is a powerful notion of performance: no algorithm—
even one designed specifically with M⋆ in mind—can achieve lower regret on M⋆ without
giving up consistency. For multi-armed bandits, a long line of work initiated by Lai and
Robbins [1985] characterizes the instance-optimal regret as a function of the instance M⋆,
and provides efficient algorithms that attain instance-optimality in finite time [Garivier et al.,
2016, Kaufmann et al., 2016, Lattimore, 2018, Garivier et al., 2019]. For the general decision
making setting we consider, the forward-looking work of Graves and Lai [1997] (see Dong and
Ma [2022] for a contemporary treatment) introduced a complexity measure we refer to as the
Graves-Lai Coefficient, which asymptotically characterizes the instance-optimal performance
as a function of the instance M⋆ and model classM. Define the Kullback-Leibler divergence
by

DKL(P ∥Q) =

{ ∫
log
(
dP
dQ

)
dP, P≪ Q,

+∞, otherwise.

For any classM and model M ∈M, the Graves-Lai Coefficient is the value of the program

glc(M,M) := inf
η∈RΠ

+

{∑
π∈Π

ηπ∆
M(π) | ∀M ′ ∈Malt(M) :

∑
π∈Π

ηπDKL(M(π) ∥M ′(π)) ≥ 1

}
,

(10.1.3)

where, for M with unique optimal decision πM , we define

Malt(M) := {M ′ ∈M | πM ̸∈ πM′}, (10.1.4)

the set of “alternative” models—the models M ′ ∈M that disagree with M on the optimal
decision1. When M is clear from context, we will abbreviate gM := glc(M,M) (and
g⋆ := glc(M,M⋆)). We also denote any solution to (10.1.3) by ηM—note that this is not in
general unique. The characterization of [Graves and Lai, 1997] is as follows.

Proposition 10.1 ([Graves and Lai, 1997, Dong and Ma, 2022]). For any model class M

1For M ∈M such that πM is not unique, we define Malt(M) := {M ′ ∈M | πM ∩ πM′ = ∅}, and define
glc(M,M) as in (10.1.3), with respect to thisMalt(M). We also defineMalt(π) = {M ∈M | π ̸∈ πM}.
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with |Π| <∞, any algorithm that is consistent with respect to M must have

EM⋆

[Reg(T )] ≥ glc(M,M⋆) · log(T )− o(log(T )) (10.1.5)

for any M⋆ ∈M, and there exists an algorithm which achieves2

EM⋆

[Reg(T )] ≤ glc(M,M⋆) · log(T ) + o(log(T )) (10.1.6)

for any M⋆ ∈M satisfying Assumption 10.3.

The interpretation of the Graves-Lai Coefficient of M⋆ with respect toM, glc(M,M⋆),
is simple. It asks, if M⋆ is known to the learner (to be clear, M⋆ is not known a-priori),
what is the minimum regret that must be incurred to gather enough information to rule
out all possible alternatives M ′ ∈ M which do not have πM⋆ as an optimal decision (i.e.,
πM⋆ ̸∈ πM′)? In other words, it aims to certify that πM⋆ is indeed the optimal decision while
incurring the minimum regret possible. This intuition is explicitly encoded in (10.1.3): the
objective,

∑
π∈Π η(π)∆M⋆

(π) denotes the regret that an allocation η ∈ RΠ
+ will incur on the

true instance M⋆, while the constraint
∑

π∈Π η(π)DKL(M
⋆(π) ∥M ′(π)) ≥ 1 ensures that M⋆

and M ′ are statistically distinguishable under the allocation η, for all M ′ ∈Malt(M⋆).
As a simple example, for the finite-armed bandit problem where Π = [A] and M ={

M(π) = N (f(π), 1) | f ∈ RA
}
, a straightforward calculation shows that

glc(M,M⋆) ∝
∑

π ̸=πM⋆

1

∆M⋆(π)

and any optimal allocation has ηM⋆
(π) ∝ 1

(∆M⋆
(π))2

for π ≠ πM⋆ . In this case, Proposition 10.1
recovers the well-known gap-dependent logarithmic regret bound

EM⋆

[Reg(T )] ≲
∑

π ̸=πM⋆

log(T )

∆M⋆(π)

of Lai and Robbins [1985], and shows that it is instance-optimal. Note that this bound can
offer significant improvement over the minimax rate Θ

(√
AT
)

when T is large.
The Graves-Lai Coefficient characterization is appealing in its simplicity, but the catch—

at least when one moves beyond finite-armed bandits—is hiding in the lower-order terms,
particularly for the upper bound (10.1.6). For general model classes, the best known finite-time
regret bounds [Dong and Ma, 2022] take the form

EM⋆

[Reg(T )] ≤ glc(M,M⋆) · log(T ) + poly(|Π|, (∆M⋆

min)
−1) · log1−c(T ) (10.1.7)

2To be precise, rather than scaling directly with glc(M,M⋆), the upper bound given by Dong and Ma
[2022] scales with a quantity glcT (M,M⋆) such that glcT (M,M⋆)→T glc(M,M⋆).
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where c > 0 is a universal constant. While this indeed leads to instance-optimality as
T →∞, the “lower-order” term in (10.1.7) scales with the size of the decision space, which
is intractably large for most problems of interest. As an example, consider the problem of
tabular reinforcement learning in an episodic MDP with S states, A actions, and horizon
H. Here, we typically have glc(M,M⋆) = poly(S,A,H) (in particular, the Graves-Lai
Coefficient can be bounded in terms of suboptimality gaps for the optimal value function
and reachability for states of interest [Simchowitz and Jamieson, 2019, Dann et al., 2021,
Wagenmaker et al., 2022c]), yet |Π| = AHS. Consequently, the Graves-Lai Coefficient does
not become the dominant term in (10.1.7) until ≥ exp(exp(S)). That is, for realistic time
horizons, asymptotic instance-optimality does not tell the full story.

Learning an optimal allocation. Given knowledge of an optimal Graves-Lai allocation
ηM⋆ solving (10.1.3), a learner could simply take actions as specified by ηM⋆ , and would achieve
the instance-optimal rate given in Proposition 10.1. However, this is typically infeasible,
as the optimal allocation itself depends strongly upon the ground truth model M⋆, and is
therefore unknown to the learner. In light of this challenge, the approach taken by essentially
all existing algorithms [Burnetas and Katehakis, 1996, Graves and Lai, 1997, Magureanu
et al., 2014, Komiyama et al., 2015, Lattimore and Szepesvari, 2017, Combes et al., 2017,
Hao et al., 2020, Van Parys and Golrezaei, 2023, Degenne et al., 2020b, Tirinzoni et al., 2020,
Kirschner et al., 2021, Dong and Ma, 2022] is to first learn an estimate for a Graves-Lai
allocation ηM⋆ , and then take actions as specified by this estimate. In addition to being
natural, this approach is necessary in a certain (weak) sense: for any algorithm that achieves
instance-optimality, the expected decision frequencies must converge to an approximately
optimal allocation as T grows (cf. Lemma 10.4.1).3

The presence of the lower-order term scaling with |Π| in (10.1.6) (and in similar regret
bounds from most existing work) reflects the sample complexity required to learn an optimal
Graves-Lai allocation through uniform exploration. Specifically, one can estimate an allocation
by uniformly exploring the decision space to gather data, and then solving an empirical
approximation to the Graves-Lai program (10.1.3). Naive exploration of this type inevitably
results in Ω(|Π|) sample complexity, and it is natural to ask whether a more deliberate
exploration strategy, perhaps by exploiting the structure of the classM, could lead to better
finite-time regret bounds. For the setting of linear bandits, where Π ⊆ Rd and the mean
reward function π 7→ fM(π) is linear, this is indeed the case: a recent line of work [Tirinzoni
et al., 2020, Kirschner et al., 2021] provides regret bounds of the form

EM⋆

[Reg(T )] ≤ glc(M,M⋆) · log(T ) + poly(d, (∆M⋆

min)
−1) · log1−c(T ).

This bound replaces the size of the decision space in the lower-order term by the dimension d,
reflecting the fact that there are only d “effective” directions in which exploration is required.

3The connection between instance-optimal regret and learning an optimal allocation has many subtleties;
we refer ahead to Section 10.4 for extensive discussion.



193

While this is an encouraging start, the techniques used in these works are specialized to
linear bandits, and it is unclear how to generalize them beyond this setting. Recently, some
progress has been made in understanding more general structured bandit problems [Jun and
Zhang, 2020], yet a complete understanding of such problems remains lacking, and even less
is known in complex decision making problems such as reinforcement learning.

10.1.3 A Motivating Example

As discussed in the prequel, for finite-armed bandits and linear bandits, it is possible to
achieve instance-optimal regret bounds where the lower-order terms scale with reasonable
problem-dependent quantities of interest: the number of actions A for bandits, and the
dimension d for linear bandits. Informally, these quantities reflect the amount of exploration
required to learn a near-optimal Graves-Lai allocation for the underlying model M⋆. One
might be tempted to ask whether this phenomenon is universal. That is, can we always learn
a near-optimal allocation with sample complexity no larger than, say, the minimax rate for
M? The starting point for our work is to recognize that in general, the answer is no: existing
notions of statistical complexity—including those proposed in the minimax framework [Foster
et al., 2021, 2022, 2023] and the Graves-Lai Coefficient itself—are insufficient to capture the
complexity of learning the Graves-Lai allocation in finite time. To highlight this, consider the
following simple example.

Example 10.1.1 (Searching for an informative arm). Let A,N ≥ 2 and β ∈ (0, 1) be
parameters, and consider the classM of all models defined as follows. First, Π = [A]∪{π◦

i }i∈[N ];
decisions in [A] are “bandit arms”, and decisions in {π◦

i }i∈[N ] are “informative” (or, revealing)
arms. Each model M has a unique optimal decision πM , and the following structure, with
O = [A] ∪ {⊥}.

• For each bandit arm k ∈ [A] we have r ∼ N (fM(k), 1) for fM ∈ [0, 1]. There are no
observations, i.e. o =⊥ almost surely.

• All informative arms π◦
k give 0 reward almost surely. There exists a unique informative

arm π◦
M ∈ {π◦

i }i∈[N ] associated with M , so that if we play any π◦
k, we receive an

observation

o ∼
{

Unif([A]), π◦
k ̸= π◦

M ,
βIπM + (1− β)Unif([A]), π◦

k = π◦
M .

We takeM to consist of all possible models with this structure. The interpretation here is as
follows. Suppose for concreteness that β = 9/10. If one were to ignore the revealing arms
{π◦

i }i∈[N ], this would be a standard finite-armed bandit problem. In particular, if we were to
consider a model M⋆ with fM⋆

(π) = 1
2
+∆I{π = i} for i ∈ [A], a standard calculation would
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yield

gM⋆ ∝ A

∆
. (10.1.8)

However, the presence of the informative arms makes the problem substantially easier. With
β = 9/10 (for concreteness), one can see that for the model M , pulling the informative arm
π◦

M⋆ will give o = πM⋆ with probability at least 9/10, meaning that we can identify that πM⋆

is optimal with high probability by pulling π◦
M⋆ a constant number of times. It follows that

the optimal allocation is to ignore the bandit arms and set ηM⋆
(π) ∝ I{π = π◦

M⋆}. This gives
gM⋆ ≤ O(1), which is substantially better than gM⋆ ∝ A

∆
if ∆ is small or A is large.

If one is only concerned with asymptotic rates, this is the end of the story, but for
non-asymptotic rates, we need to consider the amount of exploration required to learn the
optimal allocation. In particular, in order to identify the informative arm π◦

M⋆ , which is
necessary to learn the optimal allocation, it is clear that in the worst case, any algorithm
needs to try all of the revealing arms, leading to

E[Reg(T )] = Ω(N).

This shows that while the complexity of learning the optimal allocation is washed away by
an asymptotic analysis:

lim
T→∞

O(1) · log(T ) +N

log(T )
= O(1),

it cannot be ignored for finite T . In addition, the Ω(N) factor cannot be explained away by
standard complexity measures:

• By the argument above, supM∈M gM = O(1), so the Graves-Lai Coefficient—even in a
worst-case sense—does not reflect the complexity of learning an optimal allocation ηM⋆ .

• The minimax rate for this problem is always bounded by O(
√
AT ) (since we can treat

it as a multi-armed bandit instance), which does not scale with N . Yet, Ω(A) sample
complexity does not suffice to learn an optimal allocation. As a result, existing complex-
ity measures such as the Decision-Estimation Coefficient [Foster et al., 2021], Eluder
dimension [Russo and Van Roy, 2013], and information ratio [Russo and Van Roy, 2018],
which are tailored to the minimax setting, cannot explain away the Ω(N) factor above.

Example 10.1.1 shows that if we want to achieve instance-optimality in finite time, new
notions of problem complexity for the class M are required. This motivates the following
central questions:

1. Can we develop algorithms for general model classesM that achieve non-asymptotic
instance-optimal regret bounds of the form

EM⋆

[Reg(T )] ≤ glc(M,M⋆) · log(T ) + comp(M) · log1−c(T ), (10.1.9)
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where comp(M) is a complexity measure that reflects the intrinsic difficulty of explo-
ration forM—in particular, the difficulty of exploring to learn a Graves-Lai optimal
allocation for? Ideally, such a complexity measure should be small for standard classes
of interest, generalizing what is already known for finite-armed and linear bandits.

2. Can we understand when the presence of such lower-order terms is necessary?

10.1.4 The Allocation-Estimation Coefficient

To answer these questions and capture the statistical complexity of learning an optimal Graves-
Lai allocation in finite time, we provide a new complexity measure, the Allocation-Estimation
Coefficient (AEC). To describe the AEC, let us introduce some additional notation. For a
model M ∈M and parameter ε ∈ [0, 1], we define

Υ(M ; ε) =

{
λ ∈ △Π |∃n ∈ R+ s.t. Eπ∼λ[∆M(π)] ≤ (1 + ε)gM

n
,

inf
M ′∈Malt(M)

Eπ∼λ[DKL(M(π) ∥M ′(π))] ≥ 1− ε

n

} (10.1.10)

the set of (normalized) allocations λ ∈ △Π which are ε-optimal for the Graves-Lai program
glc(M,M) in (10.1.3)—both in terms of achieving the optimal objective value and satisfying
the information constraint. In addition, for a distribution λ ∈ △Π, we define

Mgl
ε (λ) = {M ∈M | λ ∈ Υ(M ; ε)}. (10.1.11)

Informally,Mgl
ε (λ) represents the set of models for which the (normalized allocation) λ ∈ △Π

is ε-optimal for the Graves-Lai program glc(M,M).
For a reference model M : Π→△R×O (not necessarily inM) and parameter ε > 0, the

Allocation-Estimation Coefficient is given by

aecε(M,M) = inf
λ,ω∈△Π

sup
M∈M\Mgl

ε (λ)

{
1

Eπ∼ω
[
DKL

(
M(π) ∥M(π)

)]}, (10.1.12)

where we adopt the convention that the value is 0 ifMgl
ε (λ) =M. In addition, letting co(M)

denote the convex hull forM, we define aecε(M) := supM∈co(M) aecε(M,M).
The Allocation-Estimation Coefficient is a game between a min-player choosing λ, ω ∈ △Π

and a max-player choosing a model M ∈M (with the restriction that M /∈Mgl
ε (λ)). Let us

interpret the value. First:

• The distribution λ ∈ △Π represents a normalized Graves-Lai allocation, while ω ∈ △Π

is an exploration distribution used to gather information.
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• The reference model M should be interpreted as a guess for the underlying model
M⋆ ∈M.

When λ ∈ △Π is fixed, the value

inf
ω∈△Π

sup
M∈M\Mgl

ε (λ)

{
1

Eπ∼ω
[
DKL

(
M(π) ∥M(π)

)]}

represents the time required to gather enough information to distinguish between the reference
model M and all alternative models M /∈Mgl

ε (λ) for which λ is not an ε-optimal Graves-Lai
allocation—provided that we explore optimally by minimizing over ω ∈ △Π. For intuition,
consider the case when M ∈ M. In this case, λ must be chosen so that M ∈ Mgl

ε (λ) (i.e.,
λ must be a Graves-Lai optimal allocation for M), as otherwise the value of the AEC will
be infinite, since Eπ∼ω

[
DKL

(
M(π) ∥M(π)

)]
= 0 for all ω. Therefore, in such cases, the AEC

reflects the difficulty of distinguishing M from models that have different Graves-Lai optimal
allocations. In particular, such models might have the same optimal decision as M but, if our
goal is to play a Graves-Lai optimal allocation for M , we must still distinguish M from such
models. The value aecε(M,M) then reflects the least possible time required to distinguish
such models, which is achieved by minimizing over the best possible (normalized) Graves-Lai
allocation, λ ∈ △Π.

The Allocation-Estimation Coefficient plays a natural role for deriving both upper and
lower bounds on the time required to learn an optimal allocation. For lower bounds, the
significance of the AEC is somewhat immediate: it precisely quantifies the time required to
acquire enough information to learn an ε-optimal allocation for the best possible exploration
strategy, and thus leads to a lower bound on time required to learn such an allocation for any
algorithm. Notably, the AEC serves as a lower bound for all possible model classes M, and
hence may be thought of as an intrinsic structural property of the classM.

For upper bounds, the Allocation-Estimation Coefficient acts as a mechanism to drive
exploration. Given an estimate M̂ t for M⋆, if we select the decision πt ∈ Π using an
appropriate mixture of the distributions (λ, ω) that attain the value of aecε(M, M̂ t), we are
guaranteed that one of two good outcomes occurs. Either:

1. the normalized allocation λ ∈ △Π is ε-optimal for glc(M,M⋆), so that by playing λ the
learner matches the performance of the optimal allocation (up to a tolerance ε), thereby
incurring the minimum amount of regret needed to gain information that allows it to
distinguish M⋆ from M ∈Malt(M⋆), or

2. M⋆ /∈Mgl
ε (λ) (that is, λ is not an ε-optimal Graves-Lai allocation), in which case—from

the definition of the Allocation-Estimation Coefficient—playing ω ∈ △Π will allow us
to better distinguish M⋆ from M̂ t.
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As long as we can perform estimation in a consistent, online fashion, this reasoning will allow
us to argue that M⋆ ∈Mgl

ε (λ) the majority of the time, and that the total regret incurred
through the learning process will scale with aecε(M).

Generalized Allocation-Estimation Coefficient. For certain results, we make use of the
following, slightly more general variant of the AEC. For a reference model M : Π→△R×O
and subset of models M0 ⊆M, we define

aecMε (M0,M) = inf
λ,ω∈△Π

sup
M∈M0\Mgl

ε (λ)

{
1

Eπ∼ω
[
DKL

(
M(π) ∥M(π)

)]}, (10.1.13)

where we adopt the convention that the value is 0 ifM0\Mgl
ε (λ) = ∅. HereM0 denotes the

set we take the supremum over, whileM denotes the set thatMgl
ε (λ) is defined with respect

to (i.e., the set with respect to which the Graves-Lai allocation is defined). WhenM0 =M,
we recover the AEC as defined in (10.1.12): aecε(M,M) = aecMε (M,M).

10.2 Non-Asymptotic Upper Bounds on Instance-Optimal Regret

This section presents our main algorithm and regret bounds. We begin by introducing the
most basic variant of our algorithm, AE2, and using it to provide instance-optimal regret
bounds for simple settings (Sections 10.2.2 and 10.2.3); with preliminaries in Section 10.2.1.
We then give a refined variant of the algorithm, AE2

⋆, which adapts to the minimum gap
∆⋆

min and leads to regret bounds under relaxed regularity conditions (Section 10.2.4 and
Section 10.2.5). We conclude with an overview of our analysis in Section 10.2.6. For all
results in this section, we assume that Assumptions 10.1 to 10.3 hold.

10.2.1 Regularity Conditions

To present our algorithm and results, we first introduce several regularity conditions for the
model classM.

Likelihood ratios. We next make two assumptions concerning smoothness of KL diver-
gences and behavior of log-likelihood ratios.

Assumption 10.4 (Smooth KL). There exists LKL > 0 such that for all M,M ′,M ′′ ∈ M
and π ∈ Π,

|DKL(M(π) ∥M ′′(π))−DKL(M
′(π) ∥M ′′(π))| ≤ LKL

√
DKL(M(π) ∥M ′(π)).

Assumption 10.5 (Sub-Gaussian Log-Likelihood). There exists VM > 0 such that for all
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M,M ′,M ′′ ∈M and π ∈ Π,

P(r,o)∼M(π)

[∣∣∣∣log PM′,π(r, o)

PM′′,π(r, o)
− E(r′,o′)∼M(π)

[
log

PM′,π(r′, o′)

PM′′,π(r′, o′)

]∣∣∣∣ ≥ x

]
≤ 2 exp(−x2/V 2

M)

for all x ≥ 0.

Assumption 10.4 and Assumption 10.5 facilitate finite-sample estimation guarantees
with respect to the KL divergence. Both assumptions are met by standard problem classes,
including general structured bandit problems with Gaussian noise. Existing works that
consider general model classes make similar assumptions [Dong and Ma, 2022].

Estimation. To provide estimation guarantees that accommodate infinite classesM, we
assume certain covering properties. We will consider the following notion of a cover.

Definition 10.2.1 ((ρ, µ)-Cover). We say that a set Mcov ⊆ M is a (ρ, µ)-cover of M if
there exists some event E such that:4

1. supM∈M supπ∈Π PM,π(Ec) ≤ µ.

2. For each M ∈M, there exists some M ′ ∈Mcov such that∣∣logPM,π(r, o)− logPM′,π(r, o)
∣∣ ≤ ρ

for all (r, o) ∈ R×O with supM ′′∈M PM′′,π(r, o | E) > 0.

We denote the size of the smallest such cover by Ncov(M, ρ, µ).

Definition 10.2.1 states that the log-likelihoods are “covered” under some good event E
which occurs with high probability: for any model in the class, we can find some model in
the cover with log-likelihoods that are “close” on E . We assume that the covering number for
the model classM is bounded, and has reasonable (“parametric”) growth.

Assumption 10.6 (Bounded Covering Number). For some parameters dcov ≥ 1, Ccov ≥ 1,
we have

logNcov(M, ρ, µ) ≤ dcov · log
(
Ccov

ρµ

)
.

Note that the rate of growth of the covering number required by Assumption 10.6 is
the standard rate of growth for parametric (e.g., linear) classes. Our results easily extend to
accommodate general growth rates, but we adopt Assumption 10.6 because it suffices for all
of the examples we will consider, and simplifies presentation.

4Note that we require that Mcov ⊆M, i.e. thatMcov is a proper cover.
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Information content of optimal decisions. As noted in the introduction, the Graves-Lai
Coefficient g⋆ = glc(M,M⋆) can be thought of as the minimal regret needed to distinguish
M⋆ from all possible models with different optimal decisions. As playing the optimal decision,
π⋆, incurs no regret, any allocation η which is optimal for the Graves-Lai program, (10.1.3),
will still be optimal if we increase the number of plays of π⋆ arbitrarily. As we are interested
in finite-time behavior in this work, it is undesirable to consider allocations for which the
number of pulls of optimal decisions are arbitrarily large. Instead, we would like to consider
allocations which play optimal decisions only as long as they still provides useful information
about models in the alternate set. The following definition gives a formal quantification of
this.

Definition 10.2.2 (Information Content of Optimal Decision). Fix ϵ ∈ (0, 1/2]. For a model
M ∈ M, we define nM

ε > 0 as the minimum value such that, for any allocation η ∈ RΠ
+

satisfying

(1 + ε)gM ≥
∑
π∈Π

η(π)∆M(π) and inf
M ′∈Malt(M)

∑
π∈Π

η(π)DKL(M(π) ∥M ′(π)) ≥ 1− ε,

we have

inf
M ′∈Malt(M)

∑
π∈Π,π ̸∈πM

η(π)DKL(M(π) ∥M ′(π)) +
∑
π∈πM

nM

ε DKL(M(π) ∥M ′(π)) ≥ 1− 2ε.

We denote nM
ε := supM∈M nM

ε .

Intuitively, any allocation which is ε-optimal for the Graves-Lai program (10.1.3) need
not play any optimal decision πM ∈ πM more than nM

ε times. Therefore, for model M ,
nM
ε can be thought of as a quantification of the extent to which playing optimal decisions

provides useful information—no additional useful information can be acquired on models in
the alternate setMalt(M) by playing optimal decisions more than nM

ε times. As we will see,
nM
ε is bounded polynomially in problem parameters for many classes of interest.

Uniformly regular classes. We refer to a class as uniformly regular if nM
ε <∞, and the

following assumption on the minimum gaps holds.

Assumption 10.7 (Lower-Bounded Minimum Gap). We have infM∈M ∆M
min > 0. We denote

by ∆min > 0 a (known) lower bound on infM∈M∆M
min.

Note that Assumption 10.7 implies that for all M ∈M, πM is unique. For the results
concerning the most basic version of our algorithm, AE2 (Sections 10.2.2 and 10.2.3), we
assume for expositional purposes that the classM is uniformly regular. Our more general
algorithm, AE2

⋆ (Section 10.2.5), achieves guarantees similar to those of AE2, but without
uniform regularity. In particular, AE2

⋆ replaces dependence on ∆min with the minimum gap
∆⋆

min := ∆M⋆

min for the true model, and replaces dependence on nM
ε with n⋆ε := nM⋆

ε . We note,
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however, that in cases where a lower bound ∆ on the minimum gap ∆⋆
min of the true model is

known a-priori, Assumption 10.7 can be satisfied by restricting the model class to models
with minimum gap at least ∆.

10.2.2 The AE2 Algorithm

We now present the most basic variant of our main algorithm, AE2 (Algorithm 10.1). This will
serve as the starting point for the most general version of our algorithm, AE2

⋆ (Section 10.2.5).
To describe the algorithm, we first introduce the primitive of an online estimation oracle
[Foster and Rakhlin, 2020, Foster et al., 2021].

Estimation oracles. Algorithm 10.1 makes use of an online estimation oracle, denoted by
AlgKL, which is an algorithm that, given knowledge of the classM, estimates the underlying
model M⋆ ∈M from data in a sequential fashion. When invoked at step s ∈ N with the data
(π1, r1, o1), . . . , (πs−1, rs−1, os−1) observed so far, the estimation oracle builds an estimate

M̂ s = AlgKL

({
(πi, ri, oi)

}s−1

i=1

)
which aims to approximate the true model M⋆. Following [Foster et al., 2021, Chen et al.,
2022, Foster et al., 2024], we make use of randomized estimation oracles that, at each step
produces ξs = AlgKL

(
{(πi, ri, oi)}s−1

i=1

)
, where ξs ∈ △M is a randomization distribution, and

draw M̂ ∼ ξs. We measure the oracle’s performance in terms of cumulative estimation error,
defined as follows.

Definition 10.2.3 (Cumulative Estimation Error). Consider the process where, for each
round i ∈ N, given (π1, r1, o1), . . . , (πi−1, ri−1, oi−1) with πi ∼ pi and (ri, oi) ∼ M⋆(πi), the
estimation oracle returns ξi = AlgKL((π

1, r1, o1), . . . , (πi−1, ri−1, oi−1)). For any s ∈ N, we
define the oracle’s cumulative KL estimation error under this process as:

EstKL(s) :=
s∑
i=1

EM̂∼ξi

[
Eπ∼pi

[
DKL

(
M⋆(π) ∥ M̂(π)

)]]
.

Algorithm 10.1 can be invoked with any off-the-shelf algorithm for estimation, but our
main results make use of the fact that under Assumption 10.5 and Assumption 10.6, there
exists an estimation oracle AlgKL (Algorithm H.4 in Appendix H.3.3) which ensures that
with probability at least 1− δ, for all s ∈ N:

EstKL(s) ≲ VM · dcov · log3/2
(
Ccov · s

δ

)
. (10.2.1)

That is, the estimation oracle ensures that the KL divergence between the true model M⋆ and
the estimates returned scales at most poly-logarithmically in the exploration horizon. Note
that on its own, this guarantee does not necessarily imply that M̂ s = EM∼ξs [M ]→M⋆—low



201

Algorithm 10.1 Allocation Estimation via Adaptive Exploration (AE2)
1: input: optimality tolerance ε, model classM.
2: Initialize s← 1, nmax ← nmax(M, ε/6), and q ← 4nmax+εgM

4nmax+2εgM
for gM := infM∈M:gM>0 g

M .

3: Compute ξ1 ← AlgKL({∅}) and M̂1 ← EM∼ξ1 [M ].
4: for t = 1, 2, 3, . . . do
5: if ∃πM̂s ∈ πM̂s s.t. ∀M ∈Malt(πM̂s),

∑s−1
i=1 EM̂∼ξi

[
log PM̂,πi

(ri,oi)

PM,πi (ri,oi)

]
≥ log(t log t) then

6: Play πM̂s . // Exploit

7: else // Explore

8: Set ps ← qλs + (1− q)ωs for

λs, ωs ← argmin
λ,ω∈△Π

sup
M∈M\Mgl

ε/6
(λ;nmax)

1

EM̂∼ξs
[
Eπ∼ω

[
DKL

(
M̂(π) ∥M(π)

)]] . (10.2.2)

9: Draw πs ∼ ps and observe reward rs and observation os.
10: Compute estimate ξs+1 ← AlgKL({(πi, ri, oi)}si=1) and M̂ s+1 = EM̂∼ξs+1 [M̂ ] .
11: s← s+ 1.

online estimation error only requires that M̂ s is on average close to M⋆ on the decisions we
have actually played.

Algorithm overview. We are now ready to give an overview of Algorithm 10.1. The
algorithm alternates between exploit steps and explore steps, tracking the number of explore
steps that have been performed with a counter s ∈ N. For each step t ∈ N, the algorithm
makes use of an estimator M̂ s = EM̂∼ξs [M̂ ], where ξs = AlgKL

({
(πi, ri, oi)

}s−1

i=1

)
is computed

by calling the estimation oracle with data gathered at previous explore steps. Given the
estimator, AE2 performs a test based on likelihood ratios (Line 5) to check whether it has
collected enough information to rule out all models for which πM̂s ∈ πM̂s is not an optimal
decision. If so, it exploits, and plays πM̂s (Line 6), as in this case πM̂s = π⋆ with high probability.
If the test fails, the algorithm must gather more information to eliminate alternatives, and it
explores (Line 8). The key component of the explore phase is the choice of the exploration
distribution in (10.2.2), which is based on the Allocation-Estimation Coefficient program, but
incorporates some small modifications: 1) First, M̂ is randomized according to the distribution
ξs, 2) Second, the set M⋆ ∈Mgl

ε (λ) is replaced with a smaller set M⋆ ∈Mgl
ε (λ; nmax), which

requires that λ obeys certain normalization constraints; this is detailed below. Using the
distributions λs (representing a normalized allocation) and ωs (representing an exploration
distribution) returned in (10.2.2), the algorithm computes a mixture ps = qλs + (1− q)ωs,
where q ∈ (0, 1) is a carefully chosen parameter, and plays πs ∼ ps (Line 9). The reward and
observation (rs, os) that result from playing πs are then used to update the estimation oracle
for subsequent rounds (Line 10).
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To understand the intuition behind the explore phase and why the Allocation-Estimation
Coefficient plays a useful role here, we can consider two cases. In the first case, if λs is
an ε-optimal Graves-Lai allocation for M⋆ (that is, M⋆ ∈Mgl

ε/6(λ
s; nmax)), then playing λs

will optimize the tradeoff between minimizing regret on M⋆ and collecting information that
allows one to distinguish M⋆ from M ∈ Malt(M⋆), and will therefore match the optimal
performance prescribed by the Graves-Lai Coefficient, incurring regret scaling as g⋆.

In the second case, if λs is not an ε-optimal Graves-Lai allocation for M⋆, we have
M⋆ ̸∈ Mgl

ε/6(λ
s; nmax), so by the definition of the AEC (10.2.2), ωs will place mass on actions

that ensure EM̂∼ξs [Eπ∼ω[DKL

(
M̂(π) ∥M⋆(π)

)
]] is large; exactly how large this quantity is

will be quantified by the value of the AEC. Since ps plays ωs with constant probability, the
quantity

EM∼ξs [Eπ∼ps [DKL(M
⋆(π) ∥M(π))]]

will also be large, but if the estimation oracle is consistent in the sense of Definition 10.2.3, this
can only happen a small number of times. In particular, if (10.2.1) holds, the number of times
in which we encounter this second case is at most logarithmic in the number of exploration
rounds. As such, we can show that λs must be a near-optimal Graves-Lai allocation for M⋆

on all but a logarithmic number of exploration rounds, and that AE2 achieves the optimal
rate on such rounds.

Critically, rather than exploring in a naive fashion (e.g., by sampling decisions uniformly),
AE2 explores only to the extent necessary to learn a Graves-Lai allocation for M⋆. There may
exist instances M ̸= M⋆ which differ significantly from M⋆ but have a similar Graves-Lai
allocations—AE2 will make no effort to distinguish such instances since, as long as it knows
that one of these instances is correct, it can simply play their shared Graves-Lai allocation.
This notion of exploration, which is targeted toward distinguishing instances that have
different Graves-Lai allocations, is precisely the notion captured by the Allocation-Estimation
Coefficient.

Normalization factor for allocations. As noted in Section 10.2.1, while an optimal
Graves-Lai allocation may place an arbitrarily large number of pulls on an optimal decision,
for finite-time guarantees it is useful to restrict to allocations which place only finite mass on
optimal decisions. To this end, AE2 restricts the optimization problem based on the AEC in
(10.2.2) to only consider normalized allocations λ for which the normalization factor is at
most

nmax(M, ε) :=
64

∆2
min

·
(
1

ε
+ VMnM

ε

)
· max
M∈M

gM . (10.2.3)

where the normalization factor refers to the value n in the definition of Υ(M ; ε) (see (10.1.10)).
In particular, to enforce this restriction, the optimization problem in (10.2.2) restricts the
max-player to M ∈ M\Mgl

ε/6(λ; nmax), where nmax := nmax(M, ε/6) and Mgl
ε/6(λ; nmax) is
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defined identically to Mgl
ε/6(λ) in (10.1.11), but with n restricted to n ≤ nmax. As we show

in Lemma H.2.4, for nmax(M, ε) defined as in (10.2.3), the optimal value in (10.2.2) can be
bounded by the AEC.

Computational efficiency. The primary computational burden in AE2 lies in solving the
optimization problem (10.2.2) to compute the exploration distributions. In general there is
little hope of solving this efficiently (i.e., in time sublinear in |Π| and |M|)—indeed, in some
cases it may be that to even determine whether M ∈Mgl

ε (λ) will require enumerating the
model classM. However, for nicely structured problems, we anticipate that this program can
be solved, or at least approximated, efficiently. As the focus of our work is primarily statistical,
we leave further exploration as to when the algorithm can be implemented efficiently to future
work.

Simplicity. We emphasize the simplicity of AE2. Most existing algorithms which achieve
instance-optimality are quite complex, even in specialized settings such as linear bandits.
In contrast, AE2 is very simple and intuitive, and relies only on three basic components:
an explore-exploit test, an estimation oracle, and a single optimization to compute the
exploration distributions. Despite its simplicity, as we show, AE2 obtains comparable or
better performance over existing approaches.

Relation to existing approaches. At a very high level, AE2 bears some similarity to
the E2D algorithm of Foster et al. [2021], which achieves the minimax optimal rate for
general classes M in the DMSO framework. Both algorithms rely on online estimation
algorithms, and both solve min-max programs based on the output of the estimator to
determine which allocations to play. However, the algorithm design and analysis principles
for the two algorithms, and in particular the motivation for the min-max programs they solve,
differ significantly.

10.2.3 AE2 Algorithm: Regret Bound for Uniformly Regular Classes

We present upper bounds for AE2 in the setting where our class M is uniformly regular:
Assumption 10.7 holds and nM

ε <∞; these assumptions are relaxed by the AE2
⋆ algorithm in

the sequel. To state the regret bound for AE2 in the tightest form possible, we introduce the
following variant of the Allocation-Estimation Coefficient, which incorporates randomized
estimators ξ ∈ △M:

aecMε (M0, ξ) := inf
λ,ω∈△Π

sup
M∈M\Mgl

ε (λ)

1

EM∼ξ[Eπ∼ω[DKL

(
M(π) ∥M(π)

)
]]
, (10.2.4)

with aecε(M, ξ) := aecMε (M, ξ) and aecε(M) := supξ∈△M
aecε(M, ξ). Note that one can

always bound aecε(M) ≤ aecε(M) due to the convexity of the KL divergence. In fact, these
definitions are equivalent up to dependence on problem-dependent parameters in Section 10.2.1
(indeed, our lower bounds in Section 10.4 scale with the latter quantity), but the former can
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be simpler to bound for some of the examples we consider.
Our main theorem concerning the performance of AE2 is as follows.

Theorem 10.1 (Regret Bound for AE2). For any ε ∈ (0, 1/2], there exists a choice for the
estimation oracle AlgKL such that for all T ∈ N, under Assumptions 10.4 to 10.7 and if
g⋆ > 0, the expected regret of AE2 is bounded by

EM⋆
[Reg(T )] ≤ (1 + ε)g⋆ · log(T ) + aecε/12(M) · Caec · log3/2(log T ) + Clow · log1/2(T ),

(10.2.5)

where

Caec := c · V
2
Mdcov log(Ccov) ·maxM∈M gM

ε∆3
min

·
(
ε−1 + VMnM

ε/6

)
· log(Clow),

for a universal numerical constant c > 0, and Clow is a lower-order constant given by

Clow := lin

(
max
M∈M

gM , aec
1/2
ε/12(M), 1

ε2
, 1
∆3

min
, nM

ε/6, L
2
KL, V

13/2
M , dcov, log(Ccov), log log T

)
,

where lin(·) denotes a function multi-linear and poly-logarithmic in its arguments.

We prove Theorem 10.1 in Appendix H.3.1, and give a proof sketch in Section 10.2.6.
Theorem 10.1 shows that AE2 achieves the asymptotically optimal Graves-Lai rate for M⋆, as
given in Proposition 10.1, up to a (1 + ε) approximation factor. In more detail, if we label
the terms in (10.2.5) as

EM⋆
[Reg(T )] ≤ (1 + ε)g⋆ · log(T )︸ ︷︷ ︸

(I)

+ aecε/12(M) · Caec · log3/2(log T )︸ ︷︷ ︸
(II)

+Clow · log1/2(T )︸ ︷︷ ︸
(III)

,

the regret bound can be seen to consist of:

• The leading-order term (I) = (1+ ε)g⋆ · log(T ). This is the only term that scales linearly
with log(T ), as a consequence we have limT→∞

EM⋆
[Reg(T )]
log(T )

≤ (1 + ε)g⋆, which matches
the instance-optimal rate given in Proposition 10.1 up to a factor of (1 + ε).

• A lower-order term (II) = aecε/12(M) · Caec · log3/2(log T ), which is polylogarithmic in
log(T ), and scales with aecε/12(M), as well as regularity parameters from Section 10.2.1.

• A second lower-order term (III) = Clow · log1/2 T . This term scales with log1/2(T ) =
o(log(T )) and, like the term (II), scales with the AEC and regularity parameters from
Section 10.2.1. Compared to (II), this term has worse dependence on log(T ), but enjoys
sublinear aec

1/2
ε/12(M) scaling with the AEC.
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Critically, both of the o(log T ) lower-order terms above do not scale with (often exponentially
large) terms such as |Π| or |M| found in prior work, and instead scale principally with
aecε(M), which, as we will show in Section 10.4, is unavoidable in a certain sense. In
particular, note that once T is large enough that

log(T ) ≥ Ω̃+(aecε/12(M)),

the leading-order term (I) = (1 + ε)g⋆ · log(T ) term in Theorem 10.1 will dominate the regret.
This is precisely the time horizon given by the lower bound in Theorem 10.10, which is
necessary for an algorithm to learn a near-optimal allocation for the Graves-Lai program. We
offer a more thorough comparison of Theorem 10.1 with our lower bounds in Section 10.4.4.
Below, we discuss the lower-order terms and asymptotic performance in greater detail.

Remark 10.2.1 (Additional Lower-Order Terms). The lower-order terms in Theorem 10.1
depend on the model classM through the regularity, covering, and smoothness assumptions,
as well as the minimum gap (Section 10.2.1). For many of the examples we consider, the
Allocation-Estimation Coefficient will dominate these other terms, yet there may exist classes
where this is not the case. Resolving the optimal dependence on these problem-dependent
parameters in the lower-order terms, as well as understanding when these parameters are
necessary, remains an interesting direction for future work.

In addition, let us mention that while both lower-order terms scale with o(log T ) (note
that the scaling is no larger than O(

√
log T · polylog log T )), it is not clear what the optimal

dependence on T should be for the lower-order terms. For example, one might hope to
replace the dependence on log1/2(T ) with loga(T ) for some constant a < 1/2, or even with
polylog(log(T )). Precisely characterizing the optimal log(T ) scaling for lower-order terms
remains an interesting open question. To this end, we remark that Jun and Zhang [2020]
show that in some cases, an Ω(log log T ) term is indeed necessary.

Remark 10.2.2 (Asymptotic Performance). Asymptotically, as T →∞, the regret of AE2

scales with (1 + ε)g⋆ · log(T ), which is a factor of (1 + ε) off from the asymptotic lower bound
in Proposition 10.1. For any fixed T ∈ N of interest, as long as aecε(M) = poly(ε−1), one can
obtain an asymptotic constant of 1 by choosing ε = 1/ loga(T ) for a sufficiently small constant
a > 0. For example, when |Π| <∞, it is always possible to bound aecε(M) ≲ poly(|Π|)/ε4
(see Proposition 10.2 below), so choosing ε as above ensures that the lower-order terms scale
o(log T ), while the leading-order term scales as g⋆ · log(T ) asymptotically.

10.2.3.1 Example: Searching for an Informative Arm

We next provide an example of a uniformly regular class in order to illustrate a case where
Theorem 10.1 holds. In particular, we revisit the informative arm setting described in
the introduction (Example 10.1.1). Recall that we exhibited a model class for which the
complexity of learning the Graves-Lai allocation is not governed by existing complexity
measures, and can be larger than the minimax optimal rate for learning withM. In what
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follows, we show that on this example the Allocation-Estimation Coefficient correctly adapts
to the complexity of this model class. We emphasize that the main applications of our results,
which take advantage of the more general AE2

⋆ algorithm, will be given in Section 10.3.1 and
Section 10.3.2, and we also present additional examples of uniformly regular classes in Section
H.4.2.1.

Example 10.2.1 (Searching for an Informative Arm (revisited)). LetM denote the model
class constructed in Example 10.1.1, with parameters A,N ≥ 5 and β ∈ [4/A, 9/10]. We
additionally discretize the space so that, for each M ∈ M and π ∈ [A], we have fM(π) ∈
{0,∆min, 2∆min, . . . , ⌊ 1

∆min
⌋∆min},5 and furthermore restrict M so that it does not include

instances with multiple optimal arms. For this class, one can show that Assumptions 10.4
to 10.7 hold with LKL, VM ≤ O(logA) and dcov = O(A), Ccov = O(N) (see Appendix H.4.4).
Furthermore, we can bound nM

ε ≤ 2
∆2

min
, and

aecε(M) ≤ 64N

β2
+

16A

∆2
min

.

As a result, for this class, AE2 has expected regret bounded as

EM⋆
[Reg(T )] ≤ (1 + ε)g⋆ · log(T ) +N · poly(A, 1

ε
, 1
∆min

, logN, log log T ) · log1/2(T ).

Note that here the only term that scales linearly with N is the Allocation-Estimation
Coefficient—every other class-dependent term appearing in the regret bound scales at most
logarithmically in N . We are particularly interested in situations where the cost of finding the
correct informative arm is much larger than any existing complexity measures for the problem:
that is, when β is constant and N ≫ A, 1

∆min
. In this case, we have aecε(M) ≤ O(N), and

the Allocation-Estimation Coefficient correctly captures the intuitive complexity of learning
the optimal allocation. In particular, the dependence on N reflects the fact that we need to
test each informative arm at least once. Furthermore, as we show in Example 10.4.1, we can
lower bound aecε(M) ≥ Ω(N) as well, so in the regime where N ≫ A, 1

∆min
, the AEC is the

dominant lower-order term.

See Appendix H.4.2 for the proof of this example.

10.2.4 The AE2
⋆ Algorithm

While it may be reasonable to assume that the minimum gap of M⋆, ∆⋆
min, is bounded

away from 0, and that the amount of useful information playing π⋆ provides is also bounded

5The discretization is required to satisfy the uniform regularity assumption—we include it here to provide
a concrete example of a uniformly regular class. However, it can be shown that, without this discretization
assumption, Theorem 10.2 applies to the original formulation given in Example 10.1.1 with the AEC again
scaling as O(N).
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Algorithm 10.2 Adaptive Exploration for Allocation Estimation for classes without uniform
regularity (AE2

⋆)
1: input: Optimality tolerance ε, estimation oracle AlgKL, growth parameters αq, αn,

αM ≥ 0.
2: s← 1, ℓ← 1, δ ← ε

4+2ε
, qs ← 1− s−αq , ns ← sαn .

3: Compute ξ1 ← AlgKL({∅}) and M̂1 ← EM∼ξ1 [M ].
4: for t = 1, 2, 3, . . . do
5: if s ≥ 2ℓ then // Form active set and cover

6: ℓ← ℓ+ 1.
7: ∆ℓ ← argmin∆≥0∆ s.t. aecMδ/2(M∆, 1

∆
) ≤ sαM .

8: Mℓ ←M∆ℓ, 1

∆ℓ
∩
{
M ∈M : nM

ε + 1
∆M

min
+ 4gM

∆M
min

+ 2nMε
gM

+ 4
∆M

minδ
≤
√
ns
}
.

9: Mℓ
cov ← (ρℓ, µℓ)-cover ofMℓ for ρℓ ← 2−ℓ, µℓ ← 2−5ℓ, Dℓ ← ∅.

10: if ∃πM̂s ∈ πM̂s s.t. ∀M ∈Malt(πM̂s),
∑s−1

i=1 EM̂∼ξi

[
log PM̂,πi

(ri,oi)

PM,πi (ri,oi)

]
≥ log(t log t) then

11: Play πM̂s . // Exploit

12: else // Explore

13: Set ps ← qsλs + (1− qs)ωs for

λs, ωs ← argmin
λ,ω∈△Π

sup
M∈Mℓ\Mgl

ε (λ;ns)

1

EM̂∼ξs [Eπ∼ω[DKL

(
M̂(π) ∥M(π)

)
]]
. (10.2.6)

14: Draw πs ∼ ps, observe rs, os, set Dℓ ← Dℓ ∪ {(πs, rs, os)}.
15: Compute estimate ξs+1 ← AlgKL(D

ℓ,Mℓ
cov) and M̂ s+1 = EM∼ξs+1 [M ].

16: s← s+ 1.

on M⋆, assuming that this is true for every model in the model class (as in the prequel)
is a significantly stronger assumption. For example, if we let M denote the space of all
multi-armed bandits with means in [0, 1], the only possible value of ∆min is 0, as we can always
find some instance with minimum gap arbitrarily close to 0. In this section, we dispense with
the uniform regularity assumption: we relax Assumption 10.7, and additionally prove that it
suffices if only n⋆ε := nM⋆

ε (as opposed to nM
ε ) is bounded.

Our main algorithm for this section, AE2
⋆, is given in Algorithm 10.2. It is very similar

to AE2 but to remove the requirement of uniform regularity, the algorithm avoids solving
(10.2.2) over the entire model classM, and instead solves it over a carefully restricted model
class. For x, y > 0, define

Mx,y := {M ∈M : ∆M

min ≥ x, nM

ε ≤ y}. (10.2.7)

AE2
⋆ breaks its explore rounds into doubling epochs. For each epoch ℓ, (10.2.6) in Algo-

rithm 10.2 solves an AEC-like optimization problem over a restricted classMℓ ⊆M∆ℓ, 1

∆ℓ
,
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which is chosen in Line 9 to explicitly ensure that the value of the optimization problem in
(10.2.6), is bounded; this is guaranteed by the definition of ∆ℓ in Line 8. Similar to AE2, the
value of the optimization in (10.2.6) quantifies how much information we are gaining about
the Graves-Lai allocation of M⋆, and the regret of the explore phase can be bounded in terms
of the value of this optimization. By restrictingMℓ so that the value of (10.2.6) is always
bounded, we can therefore ensure that the regret during the exploration phase is bounded.

Intuitively, this restriction ofMℓ reduces the space of models we must distinguish M⋆

from in order to identify its Graves-Lai allocation: rather than distinguishing M⋆ from all
models inM, we must only distinguish it from models inMℓ, which could be significantly
easier. The caveat is that, since we do not know the value of n⋆ε or ∆⋆

min, M⋆ may not always
be inMℓ. In such cases, little can be said about the exploration phase—we are not able to
provide any meaningful guarantees on how much information λs and ωs acquire about M⋆.
To mitigate this, as s increases we gradually relax the criteria for inclusion inMℓ, ensuring
that for large enough s, M⋆ will be inMℓ. In particular, one can show that the number of
exploration rounds needed to guarantee M⋆ ∈Mℓ scales with aecMε (M⋆), for

M⋆ :=
{
M ∈M : ∆M

min ≥ ∆⋆, n
M

ε/36 ≤ 1/∆⋆

}
for ∆⋆ := min{∆⋆

min, 1/n
⋆
ε/36}. (10.2.8)

That is,M⋆ is the restriction ofM to models with gap at least min{∆⋆
min, 1/n

⋆
ε/36} (implying

all models in M⋆ have a unique optimal decision), and for which the information content of
the optimal decision is at most max{1/∆⋆

min, n
⋆
ε/36}.

Estimation oracle. While AE2 simply requires that the estimation oracle AlgKL returns
randomized estimators supported on △M, for AE2

⋆, we wish to ensure that the estimators
produced are instead only supported onMℓ. To this end, we restrict the estimator toMℓ

cov,
the (ρℓ, µℓ)-cover ofMℓ. We denote the resulting estimation oracle with AlgKL(D

ℓ,Mℓ
cov),

where the first argument represents the set of available observations, and the second argument
the set over which the estimation oracle must return an estimate.

Computational efficiency of AE2
⋆. Similar to AE2, it is not clear how to solve the main

optimization required by AE2
⋆, (10.2.6), in general. In addition, unlike AE2, AE2

⋆ maintains
a version space of models, Mℓ, which could increase the computational burden further.
We emphasize that the focus of this work is primarily statistical, and leave addressing the
computational challenges for future work.

10.2.5 AE2
⋆ Algorithm: Regret Bound without Uniform Regularity

The following theorem provides the main guarantee for AE2
⋆.

Theorem 10.2 (Regret Bound for AE2
⋆). For any ε ∈ (0, 1/2], if Assumptions 10.4 to 10.6

hold and g⋆ > 0, AE2
⋆ (Algorithm 10.2) ensures that for all T ∈ N, the expected regret is
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bounded as

EM⋆
[Reg(T )] ≤ (1 + ε)g⋆ · log(T ) +

(
aecMε/12(M⋆)

)3
· Caec · log3/2(log T ) + Clow · log6/7(T ),

where

Caec := Õ

(
V 3

M(VM + LKL) · dcov log(Ccov)

ε∆⋆
min

)
,

and Clow is a lower-order constant given by

Clow := poly
(
g⋆, 1

∆⋆
min

, n⋆ε/6,
1
ε
, VM, LKL, dcov, logCcov, log log T

)
.

The proof of Theorem 10.2 is given in Appendix H.3.2. As Theorem 10.2 illustrates, at the
expense of a slightly larger polynomial dependence on the Allocation-Estimation Coefficient,
and slightly larger lower-order terms, we can obtain near instance-optimal regret—matching
the instance-optimal lower bound given in Proposition 10.1 up to a factor of (1 + ε)—without
requiring any assumption on the minimum gap, or boundedness of nM

ε . Rather than scaling
with the minimum gap for the entire class, ∆min, Theorem 10.2 scales only with the minimum
gap of the ground truth model, ∆⋆

min, which could be substantially larger than ∆min. An
additional advantage of Theorem 10.2 is that it scales with aecMε (M⋆) as opposed to aecε(M);
for the examples we consider in the sequel, the former quantity enjoys better dependence
on problem-dependent parameters. For example, we show in Section 10.4 that for standard
classes, aecε(M) can scale with the minimum gap amongst all models in the class. On the
other hand aecMε (M⋆) typically scales with ∆⋆

min.
We emphasize that AE2

⋆ requires no prior knowledge of ∆⋆
min or n⋆ε—it is able to adapt to

the minimum gap and regularity of the underlying model.

Remark 10.2.3 (Dependence on n⋆ε). As we show in the following examples, n⋆ε is typically
bounded polynomially in standard problem parameters, though in practice this needs to
be verified for each problem instance. We remark that some scaling in terms of n⋆ε seems
unavoidable—if there is a significant amount of information to be gained playing the optimal
decision, any algorithm which is nearly instance-optimal will play the optimal decision at
least n⋆ε times, and therefore the “effective horizon” to eliminate alternate instances scales
with n⋆ε. As we are the first to formalize this notion of how informative the optimal decision
is, we believe more research in this direction is required.

10.2.6 Overview of Analysis

To close this section we briefly sketch the proof of the regret bound for AE2 (Theorem 10.1);
the proof of the regret bound for AE2

⋆ (Theorem 10.2) builds on these ideas, but is slightly
more involved. See Appendix H.3 for full proofs.
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Let us refer to the exploit phase as the subset of rounds t in which Line 6 of AE2 is
reached, and refer to the explore phase as the subset of rounds in which Line 8 is reached. We
focus on bounding the regret in the explore phase—it can be shown (Lemma H.3.1) that in
the exploit phase, where the if statement on Line 6 is true, πM̂s = π⋆ for all but O(log log T )
rounds, so that the regret incurred in this phase is at most O(log log T ).

Let sT denote the total number of rounds in the explore phase up to time T . Fix an
explore round s ∈ [sT ]. We bound the regret ∆⋆(ps) by considering three cases.

Case 1: M⋆ ∈M\Mgl
ε/6(λ

s; nmax). In this case, λs is not an optimal (normalized) allocation
for M⋆, but we can use the AEC to argue that the information gained by the algorithm is
large. In particular, since ps plays ωs with probability at least 1− q, we can bound

1

EM̂∼ξs [Eπ∼ps [DKL

(
M̂(π) ∥M⋆(π)

)
]]

≤ 1

1− q
· 1

EM̂∼ξs [Eπ∼ωs [DKL

(
M̂(π) ∥M⋆(π)

)
]]

(a)

≤ 1

1− q
· min
λ,ω∈△Π

sup
M∈M\Mgl

ε/6
(λ;nmax)

1

EM̂∼ξs [Eπ∼ωs [DKL

(
M̂(π) ∥M(π)

)
]]

≲
1

1− q
· aecε/12(M)

as long as nmax is chosen appropriately; here, (a) follows because M⋆ ∈M\Mgl
ε (λ

s; nmax) by
assumption in this case, and by the choice of λs and ωs given in (10.2.2). Rearranging this
gives

1 ≲
1

1− q
· aecε/12(M) · EM̂∼ξs [Eπ∼ps [DKL

(
M̂(π) ∥M⋆(π)

)
]].

This reflects that, when M⋆ ∈ M\Mgl
ε/6(λ

s; nmax), our choice of ps ensures that M̂ ∼ ξs

and M⋆ can be distinguished, with the amount of information gained lower bounded by
O(aecε/12(M)−1)

Adding and subtracting 2
1−q · aecε/12(M) · EM̂∼ξs [Eπ∼ps [DKL

(
M̂(π) ∥M⋆(π)

)
]] to ∆⋆(ps),

and using that ∆⋆(ps) ≤ 1 always, we then have that the instantaneous regret in this case is
bounded by

∆⋆(ps) = ∆⋆(ps)− 2

1− q
· aecε/12(M) · EM̂∼ξs [Eπ∼ps [DKL

(
M̂(π) ∥M⋆(π)

)
]]

+
2

1− q
· aecε/12(M) · EM̂∼ξs [Eπ∼ps [DKL

(
M̂(π) ∥M⋆(π)

)
]]

≤ −1 + 2

1− q
· aecε/12(M) · EM̂∼ξs [Eπ∼ps [DKL

(
M̂(π) ∥M⋆(π)

)
]].
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Summing over s, it follows that the total regret in this case is bounded by

sT∑
s=1

∆⋆(ps) · I{s in Case 1} ≤ 2

1− q
· aecε/12(M) · EstKL(sT )−

sT∑
s=1

I{s in Case 1}.

Furthermore, since regret is always non-negative—that is, ∆⋆(p) ≥ 0 for all p—rearranging
this inequality leads to a bound on the total number of times this case can occur:

sT∑
s=1

I{s in Case 1} ≤ 2

1− q
· aecε/12(M) · EstKL(sT ).

Critically, as given in (10.2.1), EstKL(sT ) scales at most poly-logarithmically in sT . Thus,
as long as sT is at most O(log T ), the total regret incurred in this case (as well as the total
number of times this case can occur), will be at most O(aecε/12(M) · log log T ).

Case 2: M⋆ ∈Mgl
ε/6(λ

s; nmax) and π⋆ ∈ πM̂s. In this case, we have that λs is a Graves-Lai
optimal allocation for M⋆. Thus, it follows that

∆⋆(λs) ≤ (1 + ε/6)g⋆/n⋆ and inf
M∈Malt(M⋆)

Eπ∼λs [DKL(M
⋆(π) ∥M(π))] ≥ (1− ε/6)/n⋆

for some n⋆ ≤ nmax. This implies that, for any M ∈Malt(M⋆), we can bound

∆⋆(ps) = ∆⋆(ps)− (1 + ε)g⋆Eπ∼ps [DKL(M
⋆(π) ∥M(π))] + (1 + ε)g⋆Eπ∼ps [DKL(M

⋆(π) ∥M(π))]

≲ (1 + ε/6)g⋆/n⋆ − (1 + ε)(1− ε/6)g⋆/n⋆ + (1 + ε)g⋆Eπ∼ps [DKL(M
⋆(π) ∥M(π))]

≲ −εg⋆/n⋆ + (1 + ε)g⋆Eπ∼ps [DKL(M
⋆(π) ∥M(π))]

≤ −εg⋆/nmax + (1 + ε)g⋆Eπ∼ps [DKL(M
⋆(π) ∥M(π))]

Since this bound holds uniformly for all M ∈ Malt(M⋆), it follows that the total regret in
this case can be bounded as
sT∑
s=1

∆⋆(ps) · I{s in Case 2} ≲ (1 + ε)g⋆ ·
sT∑
s=1

inf
M∈Malt(M⋆)

Eπ∼ps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s}

− εg⋆

nmax

sT∑
s=1

I{s in Case 2}.

To bound this, the key observation is that, if we explore at round s, then it must be the case
that, for all πM̂s ∈ πM̂s , there exists some M ∈Malt(πM̂s) such that

∑s−1
i=1 EM̂∼ξi [log

PM̂,πi
(ri,oi)

PM,πi (ri,oi)
] ≤

log(T log T ). Using Assumption 10.4 and Assumption 10.5 to move from M̂ ∼ ξi to M⋆ and
to relate the observed log-likelihood ratios to the KL divergence, we can furthermore show
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that

inf
M∈Malt(M⋆)

sT∑
s=1

Eπ∼ps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s}

≲ inf
M∈Malt(M⋆)

sT∑
s=1

EM̂∼ξs

[
log

PM̂,πs
(rs, os)

PM,πs(rs, os)

]
+
√
sT · EstKL(sT ) ≲ log(T log T ) +

√
sT · EstKL(sT ).

This allows us to bound

(1 + ε)g⋆ ·
sT∑
s=1

inf
M∈Malt(M⋆)

Eπ∼ps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s}

≲ (1 + ε)g⋆ · log T + g⋆
√
sT · EstKL(sT ).

Thus, as long as sT = O(log T ), we can bound the total regret incurred in Case by (1 + ε)g⋆ ·
log T + o(log T ). Using that regret is always lower bounded by 0 in the same fashion as Case
1, we can further use this to bound the total number of times that Case 2 occurs by

sT∑
s=1

I{s in Case 2} ≤ nmax

εg⋆

(
g⋆ · log T + g⋆

√
sT · EstKL(sT )

)
.

The intuition for this case is that, since we are playing a Graves-Lai allocation for M⋆, the
regret will scale with g⋆, the instance-optimal rate, and, furthermore, the allocation will allow
us to distinguish M⋆ from alternatives M ∈Malt(M⋆). Using that the total estimation error
is bounded, and that we only enter the explore phase if there exists some M ∈ Malt(M⋆)
that we cannot distinguish from M⋆, this ultimately implies that the total number of times
this phase occurs, and therefore the total regret incurred by this phase, is bounded.

Case 3: M⋆ ∈ Mgl
ε/6(λ

s; nmax) and π⋆ ̸∈ πM̂s. In this case, we bound ∆⋆(ps) by adding
and subtracting EM̂∼ξs [Eπ∼ps [DKL

(
M̂(π) ∥M⋆(π)

)
]] in the same fashion as Case 1. Since

π⋆ ̸∈ πM̂s , it can be shown that ξs must place Ω(∆min) probability mass on M ∈Malt(M⋆),
allowing us to lower bound EM̂∼ξs [Eπ∼ps [DKL

(
M̂(π) ∥M⋆(π)

)
]] using the same reasoning as in

Case 2. In total, we can show that the regret in this case is bounded by O( g⋆

∆min
· EstKL(sT )),

and the number of times this case can occur is at most O( nmax

ε∆min
· EstKL(sT )).

Concluding the Proof. Combining all three cases, we have shown that the regret of the
explore phase is bounded by

(1 + ε)g⋆ · log T + Õ

(
1

1− q
· aecε/12(M) · EstKL(sT ) + g⋆

√
sT · EstKL(sT ) +

g⋆

∆min

· EstKL(sT )
)
.
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Furthermore, using our bounds on the number of times each case can occur, one can show
that sT = O(log T ). Since EstKL(sT ) is at most polylogarithmic in sT , it follows that the
regret is bounded as

(1 + ε)g⋆ · log T + Õ
(
aecε/12(M) + aec

1/2
ε/12(M) · log1/2 T

)
,

as stated in Theorem 10.1.

10.3 Examples: Non-Asymptotic Instance-Optimal Regret

We now instantiate Theorem 10.2 to give regret bounds for AE2
⋆ in standard settings of interest,

bounding the Allocation-Estimation Coefficient for each setting. We begin by focusing on
structured bandit settings and contextual bandits (Section 10.3.1), then turn to tabular
reinforcement learning in the sequel (Section 10.3.2).

10.3.1 Application: Structured and Contextual Bandits

We recall that, to map bandit problems to the DMSO framework, we take the decision space
Π to be the set of “arms”, the observation space O = {∅}, and the reward space R to be the
rewards from the bandit (while we do not explicitly include the rewards in the observation
space, we assume they are observed). We defer proofs for all examples to Appendix H.4.

10.3.1.1 The Uniform Exploration Coefficient

For the main examples we consider, we proceed by first bounding the Allocation-Estimation
Coefficient in terms of another, somewhat simpler parameter we refer to as the uniform
exploration coefficient.

Definition 10.3.1 (Uniform Exploration Coefficient). For a randomized estimator ξ ∈ △M,
we define the uniform exploration coefficient with respect to ξ at scale ε > 0 as the value of
the following program:

Cξ
exp(ε) := min

C∈R+,p∈△Π

{
C
∣∣∣ ∀M,M ′ ∈M :

maxM ′′∈{M,M ′} EM∼ξ[Eπ∼p[DKL

(
M(π) ∥M ′′(π)

)
]] ≤ 1

C

=⇒ maxp′∈△Π
Eπ∼p′ [DKL(M(π) ∥M ′(π))] ≤ ε

}
.

We define pξexp(ε) as any minimizing distribution for this program, and let

Cexp(M, ε) := sup
ξ∈△M

Cξ
exp(ε)

denote the uniform exploration constant for classM.

Intuitively, the uniform exploration coefficient characterizes the extent to which it is
possible to explore by uniformly covering the decision space. In particular, one can always



214

choose p to be uniform over Π, which gives Cexp(M, ε) ≲ |Π|/ε, but in cases where information
is shared between actions, the parameter is significantly smaller, as we will show for familiar
examples below. For example, in the case of linear bandits with dimension d, we have
Cexp(M, ε) ≤ Õ(d·log 1/ε

ε
).

The following result shows that the Allocation-Estimation Coefficient can be bounded in
terms of the uniform exploration coefficient.

Proposition 10.2 (Informal). For M0 ⊆M, we can bound aecMε (M0) ≤ Cexp(M0, δ) for
any

√
δ ≤ min

M∈M0

min

{
min

{
1

81LKL
,
∆M

min

34VM

}
· ε

2gM/∆M
min + nM

ε/36

,
∆M

min

3

}
.

The full statement of Proposition 10.2 is given in Lemma H.2.6. Using Proposition 10.2,
we obtain guarantees for AE2

⋆ on several familiar classes, beginning with several bandit
settings. We remark that Proposition 10.2 is not in general tight—it simply shows that the
Allocation-Estimation Coefficient is bounded by a simple, general, and interpretable notion
of how easily a class can be explored. As, such the bounds on the Allocation-Estimation
Coefficient in the following examples can almost certainly be improved using more specialized
tools.

10.3.1.2 Finite-Armed Bandits

We first consider the simplest bandit setting: multi-armed bandits with finite arms.

Example 10.3.1 (Finite-Armed Bandit). Fix A > 0, and consider the class of finite-armed
bandits with A arms and unit-variance Gaussian noise:

M =
{
M(π) = N (fM(π), 1) | fM ∈ [0, 1]A

}
.

It is straightforward to verify that Assumptions 10.4 to 10.6 hold with LKL, VM ≤ 4 and
dcov = O(A), Ccov = O(1), and it can also be shown that, as long as fM⋆

(π⋆) < 1, we can
bound n⋆ε ≤ c · A2

ε(∆⋆
min)

4 . In addition, we can bound Cexp(M⋆, ε) ≤ 4A/ε, so Proposition 10.2
gives the following result.

Proposition 10.3. For the finite-armed bandit problem with A actions, there exists a universal
constant c > 0 such that

aecMε (M⋆) ≤ c · A15

ε8(∆⋆
min)

24
. (10.3.1)

We immediately obtain the following corollary to Theorem 10.2.
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Corollary 10.3. For finite-armed bandits with Gaussian noise, as long as fM⋆
(π⋆) < 1, AE2

⋆

has regret bounded by

EM⋆
[Reg(T )] ≤ (1 + ε)g⋆ · log(T ) + poly(A, 1

ε
, 1
∆⋆

min
, log log T ) · log6/7(T ).

With more refined analyses, various works have achieved instance-optimal regret bounds
for finite-armed bandits with tighter lower-order terms than Corollary 10.3 [Garivier et al.,
2016, Kaufmann et al., 2016, Lattimore, 2018, Garivier et al., 2019]. We emphasize that
Corollary 10.3 is a special case of a much more general result. In particular, we proved the
bound on the Allocation-Estimation Coefficient, (10.3.1), using tools which hold for general
classes (e.g. Proposition 10.2). An analysis of AE2

⋆ specialized to finite-armed bandits would
likely yield a tighter result.

10.3.1.3 Structured Bandits

Many bandit problems exhibit richer structure than the multi-armed bandit setting, and the
study of these settings has been the focus of much of the recent work on instance-optimal
learning. We next consider one such setting, that of structured bandits with bounded eluder
dimension [Russo and Van Roy, 2013].

Example 10.3.2 (Structured Bandits with Bounded Eluder Dimension). Consider a bandit
problem with unit-variance Gaussian noise but where the means are now given by a general
function class F mapping from Π to [0, 1]:

M = {M(π) = N (f(π), 1) | f ∈ F}. (10.3.2)

For such general settings, we might hope to capture the complexity of learning in terms
of generalized notions of dimension for F . We consider one such notion here: the eluder
dimension.

Definition 10.3.2 (Eluder Dimension [Russo and Van Roy, 2013]). Let ďE(F , ε′) denote the
length of the longest sequence of actions {π1, . . . , πd} such that, for each n ≤ d, there exist

functions f, f ′ ∈ F with
√∑n−1

i=1 (f(πi)− f ′(πi))2 ≤ ε′ but f(πn)− f ′(πn) > ε′. The eluder
dimension of function class F at scale ε is then defined as dE(F , ε) = supε′≥ε ďE(F , ε′) ∨ 1.

The eluder dimension can be thought of as quantifying how easily a function class can be
“explored”: evaluating a pair of functions on dE(F , ε) points allows one to determine whether
they are nearly identical over the entire space. It is known to be bounded for many standard
classes—for example, for linear function classes with dimension d, dE(F , ε) ≤ Õ(d · log 1/ε)—
and is also closely related to the disagreement coefficient [Foster et al., 2020b]. Furthermore,
it can be shown to be a sufficient condition for bounded (worst-case) regret in general bandit
problems [Russo and Van Roy, 2013]. The following result shows that the eluder dimension
bounds the Allocation-Estimation Coefficient.
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Proposition 10.4. For the structured bandit class M considered in (10.3.2), we have

Cexp(M⋆, δ) ≤ 16dE(F ,
√
δ/2)

δ
.

This implies that

aecMε (M⋆) ≤ 16dE(F ,
√
δ/2)

δ
for scale δ = c · ε2∆8

⋆

dE(F , 12∆⋆)2
and ∆⋆ := min

{
∆⋆

min, 1/n
⋆
ε/36

}
,

where c > 0 is a universal constant.

Proposition 10.4 highlights the ability of the Allocation-Estimation Coefficient to adapt to
the inherent complexity of “exploring” for the model class under consideration. We henceforth
abbreviate dE := dE(F ,

√
δ/2).

It is straightforward to show that Assumptions 10.4 and 10.5 are met in this setting with
LKL, VM ≤ 4 (see Appendix H.4.2). Furthermore, Assumption 10.6 can be shown to hold with
dcov scaling with the covering number of F in the distance d(f, f ′) = supπ∈Π |f(π)− f ′(π)|
and Ccov = O(1). In general, it must be shown that n⋆ε is bounded for each M⋆ and class of
interest; as we show in the following examples, it is bounded for standard structured bandit
settings such as linear bandits. We have the following corollary to Theorem 10.2.

Corollary 10.4. In the structured bandit setting with bounded eluder dimension considered
above, AE2

⋆ has regret bounded as

EM⋆
[Reg(T )] ≤ (1 + ε)g⋆ · log(T ) + poly(dE, dcov,

1
ε
, 1
∆⋆

min
, n⋆ε/36, log log T ) · log6/7(T ).

To the best of our knowledge, Corollary 10.4 is the first result to show that it is possible
to obtain the instance-optimal rate in classes with bounded eluder dimension, with lower-order
terms scaling only polynomially in the eluder dimension. More generally, Corollary 10.4
illustrates that AE2

⋆ can adapt to the structural properties of the given model class, and
achieve regret scaling with existing notions of intrinsic dimension.

We next consider two examples of structured bandits where it is known that the eluder
dimension is bounded: linear bandits and generalized linear models. While these results are
immediate given Corollary 10.4, the additional structure present in these settings allows us
to obtain somewhat more explicit results.

Example 10.3.3 (Linear Bandits). Consider the class of linear bandits with unit-variance
Gaussian noise defined as

M = {M(π) = N (⟨θ, xπ⟩, 1) | θ ∈ Θ},

where Θ ⊆ Rd is some convex set with ℓ2 diameter O(1) and X := {xπ : π ∈ Π} ⊆ Rd is the
arm set, which we assume has ∥xπ∥2 ≤ 1 for all π ∈ Π. As in Example 10.3.2, Assumptions 10.4
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and 10.5 are met in this setting with LKL, VM ≤ 4; furthermore, Assumption 10.6 is also met
with dcov = O(d) and Ccov = O(1). We then have the following bound on the AEC.

Proposition 10.5. For the linear bandit class M defined above, we have

aecMε (M⋆) ≤ c · d
3

ε2
·
(

1

∆⋆
min

+ n⋆ε/36

)8

· polylog
(
d, 1

ε
, 1
∆⋆

min
, n⋆ε/36

)
for a universal constant c > 0.

Using Proposition 10.5, we obtain the following corollary to Theorem 10.2.

Corollary 10.5. In the linear bandit setting defined above, AE2
⋆ has regret bounded as

EM⋆
[Reg(T )] ≤ (1 + ε)g⋆ · log(T ) + poly(d, 1

ε
, 1
∆⋆

min
, n⋆ε/36, log log T ) · log6/7(T ).

Corollary 10.6 has lower-order terms scaling similarly to the best known lower-order
terms in the linear bandit setting [Tirinzoni et al., 2020, Kirschner et al., 2021]. These
works, however, develop algorithms which are specialized to the linear bandit setting, while
Corollary 10.6 is the instantiation of a more general result designed for arbitrary general
decision making settings.

The following result shows that under general conditions, we can bound the parameter
n⋆ε for linear bandits.

Proposition 10.6 (Informal). For linear bandits satisfying certain regularity conditions, n⋆ε
is bounded by a polynomial function of problem parameters and a geometry-dependent term
scaling with the structure of X and Θ.

The full statement of Proposition 10.6 is given in Proposition H.4. The regularity
condition for Proposition 10.6 requires primarily that θ⋆ lies sufficiently far within the interior
of Θ (see Section H.4.2.4 for further details). We remark that the guarantees given in both
Tirinzoni et al. [2020] and Kirschner et al. [2021] scale with geometric parameters very similar
to n⋆ε.

Example 10.3.4 (Generalized Linear Models). In the generalized linear model setting, we
take the model class to be

M = {M(π) = N (g(⟨θ, xπ⟩), 1) | θ ∈ Θ},

where Θ and X are as in Example 10.3.3, and g(·) is a known link function which is increasing
and Lipschitz, but potentially nonlinear. Let gmax and gmin denote upper and lower bounds
on the derivative of g, respectively:

gmax := max
θ∈Θ,x∈co(X )

g′(⟨θ, x⟩) and gmin := min
θ∈Θ,x∈co(X )

g′(⟨θ, x⟩).
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As in the linear bandit setting, we can show that Assumptions 10.4 and 10.5 are both met
with LKL, VM ≤ 4, and that Assumption 10.6 is also met with dcov = O(d) and Ccov = O(gmax).
Furthermore, under the same conditions as for linear bandits, n⋆ε can be bounded for generalized
linear models exactly as for linear bandits, but with an additional scaling of (gmax

gmin
)2. We then

have the following.

Proposition 10.7. For the generalized linear model class M defined above, we have

aecMε (M⋆) ≤ c · d
3g3max

ε2g3min

·
(

1

∆⋆
min

+ n⋆ε/36

)8

· polylog
(
d, 1

ε
, 1
∆⋆

min
, n⋆ε/36

)
for a universal constant c > 0.

Using Proposition 10.5, we obtain the following corollary to Theorem 10.2.

Corollary 10.6. In the generalized linear model setting defined above, AE2
⋆ has regret bounded

as

EM⋆
[Reg(T )] ≤ (1 + ε)g⋆ · log(T ) + poly(d, gmax

gmin
, 1
ε
, 1
∆⋆

min
, n⋆ε/36, log log T ) · log6/7(T ).

To the best of our knowledge, this is the first result to obtain finite-time instance-
optimality for generalized linear models with lower-order terms polynomial in problem
parameters.

10.3.1.4 Contextual Bandits

The previous examples illustrate that AE2
⋆ is able to learn efficiently in a variety of structured

bandit settings. We now show that it leads to new guarantees for finite-action contextual
bandits with general function approximation.

Example 10.3.5 (Contextual Bandits with Finitely Many Arms). Consider the contextual
bandit setting with context set X (which could be arbitrarily large) and action set A such
that A := |A| <∞. Let pX denote the context distribution, which we assume is known to
the learner. The learning protocol is then, for step t = 1, 2, 3, . . .:

1. Environment samples context xt ∼ pX .

2. Learner chooses action at ∈ A, receives reward rt.

We assume that rt = f ⋆(xt, at) + wt for wt ∼ N (0, 1), for some f ⋆ : X × A → [0, 1]. We
assume as well that the learner is given access to a set of functions F such that f ⋆ ∈ F .

To view this setting as a special case of the DMSO framework, we take the decision
space to be the set Π = (X → A) of all policies mapping from X to A, and take O = X as
the observation space. The learner’s decision at round t is a policy πt, and they receive a
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reward-observation pair (rt, ot) = (rt, xt) under the process xt ∼ pX , rt ∼ N (f ⋆(xt, πt(xt)), 1).
The model classM is the set of all instances of this form for f ⋆ ∈ F .

The following result shows that the Allocation-Estimation Coefficient is be bounded
by the number of actions A, and is independent of the size of the context space. See
Appendix H.4.3 for a proof.

Proposition 10.8. For the contextual bandit setting, we can bound

Cexp(M⋆, ε) ≤ 4A

ε
,

which implies that

aecMε (M⋆) ≤ c · A
3

ε2
·
(

1

∆⋆
min

+ n⋆ε/36

)8

,

for a universal constant c > 0.

As in the cases of bandits with bounded eluder dimension, n⋆ε must be bounded for each M⋆

and class F of interest. It is straightforward to show, however, that Assumptions 10.4 and 10.5
are met in this setting with LKL, VM ≤ 4, and, furthermore, that Assumption 10.6 is also met
with dcov scaling as the covering number of F in the distance d(f, f ′) = supx∈X ,a∈A |f(x, a)−
f ′(x, a)|, and Ccov = O(1). We then have the following corollary.

Corollary 10.7. In the finit-action contextual bandit setting considered above, AE2
⋆ has regret

bounded as

EM⋆
[Reg(T )] ≤ (1 + ε)g⋆ · log(T ) + poly(A, dcov,

1
ε
, 1
∆⋆

min
, n⋆ε/36, log log T ) · log6/7(T ).

To the best of our knowledge, Corollary 10.7 is the first instance-optimal guarantee in
the contextual bandit setting with general function approximation that obtains lower-order
term scaling polynomially in problem parameters. Notably, the lower-order term scales
independently of the size of the context space, |X |. We anticipate that extending this result
to contextual bandit settings that have large action spaces, but which exhibit additional
structure allowing for efficient exploration (e.g., linearity), will be straightforward.

10.3.2 Application: Tabular Reinforcement Learning

As a final application of our results, we turn to the setting of episodic tabular reinforcement
learning.

Episodic Markov decision processes. Recall that episodic reinforcement learning is a
special case of the DMSO framework in which each model M ∈ M is an episodic Markov
Decision Process (MDP) given by the tuple M = (S,A, H, {PM

h }Hh=1, {RM
h }Hh=1, s1). Here S



220

is a set of states, A a set of actions, H the horizon, PM
h : S × A → △S the probability

transition kernel at step h, RM
h : S × A → △R the reward distribution at step h, and s1 a

deterministic initial state, which we take to be fixed across models. We assume that RM
h (s, a)

is unit-variance Gaussian, and that Erh∼RM
h (s,a)[rh] ∈ [0, 1/H].6

The decision space Π consists of non-stationary policies π = (π1, . . . , πH), where πh :
S → A. For a fixed policy π, an episode proceeds in an MDP M proceeds as follows. First,
beginning from the initial state s1, we take action a1 ∼ π1(s1), receive reward r1 ∼ RM

1 (s1, a1),
and transition to s2 ∼ PM

1 (· | s1, a1). This continues for H steps at which point the episode
terminates and the process repeats. We define fM(π) := EM,π

[∑H
h=1 rh

]
as the expected

reward achieved over the entire episode under this process.
Each round t ∈ [T ] in the DMSO framework corresponds to an episode in the underlying

MDP M⋆. At each round, the learner selects a policy πt, and receives reward rt =
∑H

h=1 r
t
h

and ot = (st1, a
t
1, r

t
1, . . . , s

t
H , a

t
H , r

t
H), where (st1, a

t
1, r

t
1, . . . , s

t
H , a

t
H , r

t
H) is the trajectory that

results from executing πt in M⋆ for a single episode.

Tabular model class. In the tabular RL setting, it is assumed that S := |S| and A := |A|
are both finite, and we take Π to be the set of all deterministic policies. In addition to
assuming thatM consists of tabular MDPs, we restrict to the following subclass:

Mtab(Pmin) :=

{
M = (S,A, H, {PM

h }Hh=1, {RM

h }Hh=1, s1) : min
s,a,s′,h

PM

h (s′ | s, a) ≥ Pmin

}
.

(10.3.3)

While the assumption that mins,a,s′,h P
M
h (s′ | s, a) ≥ Pmin may be seen as restrictive, the

guarantees we provide scale only with log 1
Pmin

, so Pmin can be taken to be extremely small
without affecting the result significantly.

Note that when our results are specialized to reinforcement learning, ∆⋆
min denotes the

gap between the performance of the optimal policy, and the next-best deterministic policy.
This quantity can be lower bounded in terms of other standard quantities including gaps in
the rewards at each state and the transition probabilities.

Toward instantiating Theorem 10.2 in this tabular RL setting, we first provide a bound
on the Allocation-Estimation Coefficient, which we establish by first bounding the Uniform
Exploration Coefficient.

6This assumption only serves to ensure that fM(π) ∈ [0, 1], in line with the convention for the rest of the
paper. Our results continue to hold up to poly(H) factors if Erh∼RM

h (s,a)[rh] ∈ [0, 1].
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Proposition 10.9. For M←Mtab(Pmin), we can bound7

CH
exp(M⋆, ε) ≤ c · SAH

2 · log2H
ε2

for a universal constant c > 0, which implies that

aecMε (M⋆) ≤ c · S
5A5H14 · log10H

ε4
·
(

1

∆⋆
min

+ n⋆ε/36

)24

· log4 1

Pmin

for a universal constant c > 0.

Next, it can be shown that Assumptions 10.4 to 10.6 hold for M←Mtab(Pmin) with
constants (see Appendix H.4.5):

LKL = VM = O(H · log 1/Pmin), dcov = O(S2AH), Ccov = O(H/Pmin).

We then obtain the following corollary to Theorem 10.2.

Corollary 10.8. For M←Mtab(Pmin) and ε, AE2
⋆ has regret bounded by

EM⋆
[Reg(T )] ≤ (1 + ε)g⋆ · log(T ) + poly(S,A,H, 1

ε
, 1
∆⋆

min
, log 1

Pmin
, n⋆ε/36, log log(T )) · log6/7(T ).

To our knowledge, Corollary 10.8 is the first guarantee for tabular RL that achieves
the instance-optimal rate while obtaining lower-order terms that scale only polynomially in
problem parameters. As noted previously, existing approaches to instance-optimal regret
in tabular RL [Ok et al., 2018, Dong and Ma, 2022] have lower-order terms that scale
exponentially in problem parameters, and as a result are truly asymptotic in nature.

While Corollary 10.8 is stated in terms of n⋆ε for the sake of generality, as we show in
Appendix H.4.5, if M⋆ has rewards that are sufficiently small (in particular, if it satisfies
Erh∼RM⋆

h (s,a)[rh] < 1/H2 for all (s, a, h)), then we can bound

n⋆ε ≤ c · g⋆

∆⋆
min

·
(
1 +

g⋆

ε(∆⋆
min)

2

)
.

In this case, Corollary 10.8 scales polynomially in all standard problem parameters.
Let us remark that the prior work of Dong and Ma [2022] does not require that PM

h (s′ |
s, a) ≥ Pmin as we do (the work of Ok et al. [2018] only holds for ergodic MDPs, itself a
very strong assumption). However, the lower-order term obtained in Dong and Ma [2022]
scales polynomially in the inverse probability of observing the trajectory that occurs with

7Here CH
exp denote the uniform exploration coefficient as defined in Definition 10.3.1, but with DKL(· ∥ ·)

replaced with D2
H(·, ·). To prove Proposition 10.9, we show that a variant of Proposition 10.2 still holds

with this alternate definition of Cexp(M, ε).
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minimum (non-zero) probability. In general, this will scale exponentially in H, and inversely
with the probability of the transition with minimum (non-zero) probability occurring, that is
mins,a,s′,h:PM

h (s′|s,a)>0 P
M
h (s′|s, a). Thus, while we must impose the stronger condition that all

transitions occur with some probability Pmin, our bounds only scale logarithmically in this
quantity, and polynomially in S,A, and H, a significant improvement over Dong and Ma
[2022]. Understanding whether it is possible to remove the additional restrictions we impose
while still obtaining reasonable finite-time performance is an interesting direction for future
work.

As far as we are aware, there is no prior work on instance-optimal algorithms for RL
settings with general function approximation. While we have only instantiated Theorem 10.2
and AE2

⋆ in the tabular RL setting, the tools we have developed can also be applied to RL
with general model classes. Exploring the application of AE2

⋆ to, for example, bilinear classes
[Du et al., 2021] is an exciting avenue for future work.

10.4 Lower Bounds for Learning the Optimal Exploration
Allocation

The AE2 algorithm achieves instance-optimal regret by explicitly learning an ε-optimal
Graves-Lai allocation for the underlying model M⋆. In this section, we introduce an abstract
formulation for the problem of learning an optimal allocation (Section 10.4.1), and provide
lower bounds which show that the Allocation-Estimation Coefficient is a fundamental limit
for this task (Section 10.4.2). We then present several examples illustrating lower bounds
on the Allocation-Estimation Coefficient (Section 10.4.3), and discuss how our lower bounds
relate to the problem of minimizing regret (Section 10.4.4).

Additional Notation. Throughout this section we will also make use of the following
definition:

Υ(M ; ε, nmax) :=

{
λ ∈ △Π : ∃n ∈ (0, nmax] s.t. ∆M(λ) ≤ (1 + ε)gM

n
, (10.4.1)

inf
M ′∈Malt(M)

Eπ∼λ[DKL(M(π) ∥M ′(π))] ≥ 1− ε

n

}
.

That is, Υ(M ; ε, nmax) denotes the set of normalized allocations that are Graves-Lai optimal
for M with tolerance ε, and have normalization factor at most nmax. Unless otherwise stated,
the results in this section do not make use of Assumption 10.3 or Assumption 10.7.

10.4.1 Learning the Optimal Allocation: Minimax Formulation

We consider the following protocol, which captures the task of learning an optimal Graves-Lai
allocation for an unknown model M⋆.
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• For t = 1, . . . , T , sample πt ∼ pt and observe (rt, ot).

• Based on the entire history HT = (π1, r1, o1), . . . , (πT , rT , oT ), output a normalized
allocation λ̂ ∈ △Π. The allocation may be randomized according to a distribution
q ∈ △△Π

.

We formalize an algorithm for this task as a pair A = (p, q), where q(· | HT ) is the distribution
over λ̂ given the history, and p = {pt}t∈[T ] is a sequence of exploration distributions of the
form pt(· | Ht−1). We let PM,A(·) denote the law of HT when M is the underlying model and
A is the algorithm, and let EM,A[·] denote the corresponding expectation. The goal of the
algorithm is to ensure that λ̂ is an ε-optimal allocation for M⋆ with high probability, i.e.

PM⋆,A
(
λ̂ ∈ Υ(M⋆; ε, nmax)

)
≥ 1− δ

for some failure probability δ > 0 and normalization factor nmax > 0

Intuitively, learning an optimal Graves-Lai allocation is closely related to achieving
instance-optimal regret, but there are some subtle technical differences which we discuss in
detail in the sequel. We study the former task because we find it to be more amenable to
non-asymptotic lower bounds, and because it captures the behavior of “natural” algorithms
such as AE2 and essentially every existing asymptotically optimal algorithm we are aware of.

Minimax framework. To provide lower bounds on the complexity of learning an optimal
Graves-Lai allocation, we consider a minimax framework. Our main quantity of interest will
be:

T gl(M; ε, nmax, δ) = inf
A
inf
{
T ∈ N | PM,A

(
λ̂ ∈ Υ(M ; ε, nmax)

)
≥ 1− δ, ∀M ∈M

}
.

(10.4.2)
This represents the earliest time T ∈ N for which there exists an algorithm that learns an
ε-optimal allocation with probability at least 1− δ, and does so uniformly for all M ∈ M.
Recall that for our upper bounds (Theorem 10.1), the Allocation-Estimation Coefficient gives
a bound on the lower-order terms in the regret (reflecting the time required to learn an
ε-optimal allocation) that holds uniformly for all models in the class M. To understand
the optimality of uniform bounds of this type, a minimax framework is natural. This
framework also naturally complements recent non-asymptotic algorithms for linear models
such as [Tirinzoni et al., 2020, Kirschner et al., 2021], where the complexity of exploration is
captured by problem-dependent quantities such as the feature dimension, which are bounded
uniformly for all models in the class. Nonetheless, exploring other notions of optimality
(for example, instance-dependent complexity) for learning the Graves-Lai allocation is an
interesting direction for future research.

Note that the quantity (10.4.2) does not place any constraint on the regret of the
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algorithm under consideration. It will also be useful to consider the notion

T gl(M; ε, nmax, δ, R) = inf
A
inf
{
T ∈ N | PM,A

(
λ̂ ∈ Υ(M ; ε, nmax)

)
≥ 1− δ,

EM,A[Reg(T )] ≤ R · log(T ), ∀M ∈M
}
, (10.4.3)

which captures the minimax complexity of learning the Graves-Lai allocation, subject to the
constraint that the algorithm achieves logarithmic regret throughout the learning process.
This notion is particularly well suited to complement the upper bounds achieved by algorithms
such as AE2.

We remark that the restriction to allocations with normalization factor no more than
nmax in the definitions above is natural for several reasons. First, without such a restriction,
the returned allocation can place an arbitrarily small amount of mass on informative actions,
and an arbitrarily large amount of mass on the optimal action, since any Graves-Lai optimal
allocation is still Graves-Lai optimal if the amount of mass on the optimal action is increased
arbitrarily. While technically Graves-Lai optimal, such allocations do not reflect an allocation
one could play over a finite time horizon in order to certify the optimal decision π⋆—as any
algorithm with finite-time guarantees must do—and therefore do not reflect the cost such an
algorithm must pay to learn an allocation. Second, given knowledge of the optimal action,
any Graves-Lai optimal allocation which has a normalization factor larger than nmax can be
transformed into a Graves-Lai optimal allocation with normalization factor nmax by adjusting
the mass on the optimal action, assuming nmax is taken to be sufficiently large (in particular,
as large as nmax(M, ε); cf. (10.2.3)). Therefore, if we restrict our attention to the task to
learning the Graves-Lai allocation for a subclass of models which agree on the optimal action
(as we do in Theorem 10.10), any lower bound for learning an allocation with normalization
nmax also applies to learning an unrestricted allocation, for large enough nmax. Finally, AE2

itself plays allocations with bounded normalization, which as we note in Section 10.2.2, does
not affect the optimality of its performance—allocations with bounded normalization are
always sufficient.

10.4.2 Main Result

We state two lower bounds. The first scales with the version of the Allocation-Estimation
Coefficient appearing in our upper bound (Theorem 10.1), but leads to a lower bound on T gl,
while the second lower bound scales with the AEC for a restrictionM, but is exponentially
stronger in the sense that it provides a similar lower bound on log(T gl). We remark briefly
that the regularity conditions of Section 10.2.1 are not required to hold here, unless otherwise
stated.

Theorem 10.9 (Main lower bound—weak variant). Let ε > 0, nmax > 0, and M0 ⊆M be



225

given, and set δ := ε
2
·min{1, infM∈M0 g

M/nmax}. Unless

T >
δ

8
· sup
M∈M+

aecM2ε(M0,M),

any algorithm must have, for some M ∈M0:

PM,A
[
λ̂ /∈ Υ(M ; ε, nmax)

]
≥ δ

6
.

Stated equivalently, Theorem 10.9 implies that for any ε > 0, if we set δ = c · ε ·
infM∈M0 g

M/nmax for sufficiently small numerical constant c, then

T gl(M; ε, nmax, δ) ≥ δ · sup
M∈M+

aec2ε(M0,M).

Remark 10.4.1 (Choice ofM0). Theorem 10.9 is stated with respect to an arbitrary subset,
M0, of M. While one could simply choose M0 ← M, in some cases it is advantageous
to choose M0 ⊊M. In particular, note that our lower bound scale with infM∈M0 g

M . For
classesM where infM∈M gM = 0—which will be the case, for example, ifM corresponds to a
model class where reward means form a compact set—it is advantageous to restrictM0 so
that it corresponds only to instances with gM > 0.

We remark as well that the restriction of the lower bound toM0 is somewhat analogous
to our upper bound Theorem 10.2, which provides guarantees in terms of the AEC of a
restriction ofM,M⋆. We may therefore chooseM0 ←M⋆ to obtain lower bounds matching
the scaling of Theorem 10.2. In the following section we provide several examples of howM0

can be chosen to yield intuitive lower bounds.
Lastly, let us mention that M0 may also be chosen to yield lower bounds that have

a more instance-dependent flavor. For example, given some instance M⋆, we could choose
M0 to correspond to all instances identical to M⋆ up to a permutation of the decisions, in
which case Theorem 10.9 is will yield lower bounds on the performance of any algorithm on a
permutation of M⋆, rather than over the entire class.

Remark 10.4.2. The lower bound in Theorem 10.9, forM0 =M, scales with the quantity

sup
M∈M+

aecε(M,M) ≥ sup
M∈co(M)

aecε(M,M) ≥ sup
ξ∈△M

aecε(M, ξ) = aecε(M),

which at first glance might appear to be larger than the version of the AEC appearing in our
upper bounds. However, there is no contradiction, because these quantities can be shown
to be equivalent (up to problem-dependent parameters) under the assumptions with which
Theorem 10.1 is proven.

Our second lower bound yields a lower bound on log(T gl) as opposed to T gl—a significantly
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stronger result—but scales with the AEC for a restricted class. To state the result, for
M ∈M+ andM0 ⊆M, define

Mopt
0 (M) =

{
M ∈M0 | πM ⊆ πM , DKL

(
M(π) ∥M(π)

)
= 0 ∀π ∈ πM

}
.

This represents the set of models M where 1) the optimal decisions for M are also optimal
for M and 2) playing the an optimal decision reveals no information that can distinguish
M and M . Our second lower bound scales with the AEC forMopt

0 (M), and is restricted to
algorithms with low regret.

Theorem 10.10 (Main lower bound—strong variant). Let ε > 0, nmax > 0, and M0 ⊆M
be given, and define δ = ε

2
·min{1, infM∈M0 g

M/nmax}. Unless

sup
M∈M0

gM

∆M
min

· log(T ) ≥ Ω(δ2) · sup
M∈M+

aecM2ε(M
opt
0 (M),M),

there is no algorithm that simultaneously ensures that

1. EM,A[Reg(T )] ≤ 2 · gM log(T ), ∀M ∈M0.

2. PM,A
[
λ̂ /∈ Υ(M ; ε, nmax)

]
≤ δ

12
, ∀M ∈M0.

Equivalently, Theorem 10.10 implies that for any ε > 0, if we set δ = c·ε· infM∈M0 g
M/nmax

for a sufficiently small numerical constant c, then for R := 2 supM∈M0
gM ,

log(T gl(M; ε, nmax, δ, R)) ≥ δ2 · infM∈M0 ∆
M
min

R
· sup
M∈M+

aecM2ε(M
opt
0 (M),M).

10.4.3 Examples

As we discuss in the sequel, the dependence on the Allocation-Estimation Coefficient in our
lower bounds (particularly Theorem 10.10) qualitatively matches the dependence on the AEC
in our main upper bounds, Theorems 10.1 and 10.2. We defer a detailed discussion comparing
our upper and lower bounds for a moment, and make matters concrete by considering three
examples: the informative arm example from the introduction (Example 10.1.1), multi-
armed bandits, and tabular reinforcement learning. We defer proofs for all examples to
Appendix H.5.4.

Example 10.4.1 (Searching for an Informative Arm (revisited)). Let M be the class
constructed in Example 10.1.1 with parameters N,A ∈ N and β ∈ (0, 1/2). LetM0 denote
the restriction ofM to models with ∆M

min ≥ ∆ for some ∆ ∈ (0, 1/6) (so that πM is unique),
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and fM(πM) < 1. As long as N ≥ 16 and β log(1 + βA) ≥ 2∆/(A− 1), we have

sup
M∈M+

aecMε (Mopt
0 (M),M) ≥ N

4β
. (10.4.4)

For this construction, we have ∆M
min ≥ ∆ and Ω(1) ≤ gM ≤ O(β−1) for all M ∈ M0. Thus,

Theorem 10.10 implies that any algorithm with EM,A[Reg(T )] ≤ 2gM log(T ) for all M ∈M0

must fail to learn an ε-optimal allocation with probability δ = Ω(ε/nmax) unless

sup
M∈M

gM

∆M
min

· log(T ) ≳ ε2

n2max

· N
β
,

which implies that log(T gl(M0; ε, nmax, δ, R)) ≳ ε2/n2max ·N for R = 2 supM∈M gM = O(β−1).
Any Graves-Lai allocation need only take at most O(β−1) pulls to eliminate alternative
instances, so an appropriate choice of nmax is O(β−1), yielding log(T gl(M0; ε, nmax, δ, R)) ≳
β2ε2 ·N . While the dependence on the parameter nmax, ε,∆ > 0 here is certainly loose, this
formalizes the intuition sketched in the introduction: any algorithm that learns an optimal
allocation must explore Ω(N) times, yet any algorithm that achieves near-instance-optimal
regret EM,A[Reg(T )] ≤ 2gM log(T ) ≲ β−1 log(T ) can play a sub-optimal decision no more
than roughly β−1 log(T )/∆ times, leading to the constraint that

log(T ) ≳ N.

We can also apply Theorem 10.9 to show that any algorithm must fail to learn an ε-optimal
allocation with probability δ = Ω(ε/nmax) unless T ≳ ε/nmax · Nβ .

Example 10.4.2 (Finite-Armed Bandit). Let A ≥ 6 and ∆ ∈ (0, 1/2) be given and set
Π = [A]. LetM be the set of all multi-armed bandit instances with Gaussian noise:

M =
{
M(π) = N (fM(π), 1/2) | fM ∈ [0, 1]A

}
(10.4.5)

and let M0 = {M ∈ M : |πM | = 1,∆M(π) ∈ [∆, 2∆] for π ̸= πM , f
M(πM) < 1} denote

the set of all bandit instances where suboptimal arms have gaps on order ∆. Then for all
ε ∈ (0, 1/32),

sup
M∈M

aecMε (Mopt
0 (M),M) ≥ c · ε−2 · A

∆2
, (10.4.6)

where c > 0 is an absolute constant.
It can be shown that, by the construction of M0, gM = Θ(A/∆) for all M ∈ M0, so

δ ∝ ε ·min{1, A
∆nmax

}. Theorem 10.9 then implies that any algorithm must fail to learn an
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ε-optimal allocation with probability δ = Ω(ε ·min{1, A
∆nmax

}) unless

T ≳ min

{
1,

A

∆nmax

}
· A

ε∆2
.

Any Graves-Lai allocation need only take O( A
∆2 ) pulls to eliminate all alternate instances,

so a reasonable choice of nmax is therefore O( A
∆2 ). With this choice of nmax, we have

T gl(M; ε, nmax, δ) ≳ A
ε∆

. We remark that the scaling on all parameters here is natural.
Intuitively, we would expect that we need to pull each arm at least once to learn a near-
optimal allocation, yielding an Ω(A) scaling. In addition, note that for multi-armed bandits,
the optimal allocation places mass ∝ 1

∆2 on arms with gap ∆. To correctly estimate this
proportion requires an accurate estimate of ∆, which becomes increasingly difficult as ∆
becomes smaller, yielding an Ω( 1

∆
) scaling. Finally, as we decrease ε, we require that the

returned allocation becomes closer to a truly optimal allocation, and we would therefore
expect an Ω(1

ε
) scaling.

Note that the result derived by applying Theorem 10.9 above only gives a lower bound
on T . To obtain a lower bound on log(T ), we combine Theorem 10.10 and (10.4.6) with
nmax = O( A

∆2 ) as above, which implies that any algorithm with EM,A[Reg(T )] ≤ 2gM log(T ) for
all M ∈M0 must fail to learn an ε-optimal allocation with probability δ = Ω(ε·min{1, A

∆nmax
})

unless
sup

M∈M0

gM

∆M
min

· log(T ) ≳ A,

or equivalently log(T gl(M; ε, nmax, δ, R)) ≳ A
supM∈M0

gM/∆M
min

for R = 2 supM∈M gM . To see
why such scaling is natural, note that any algorithm which has EM,A[Reg(T )] ≤ 2gM log(T )
for each instance M can afford to explore (that is, play a suboptimal decision) at most
2 gM

∆M
min

log(T ) times, or their regret could exceed 2gM log(T ). However, no algorithm has any
hope of learning an optimal allocation unless they play every arm at least once, so taking at
least A pulls of suboptimal arms seems unavoidable, and we therefore would expect that we
must have 2 gM

∆M
min

log(T ) ≳ A, which is precisely the necessary scaling shown here.

We make two remarks on this log(T ) lower bound. First, note that due to the presence of
the δ2 term in (10.4.6) (which we believe to be loose), the lower bound we derive by applying
Theorem 10.10 does not scale with the parameter ε−1, as one might hope. Second, as noted,
for M ∈M0 forM0 chosen as in Example 10.4.2, we have gM = Ω(A/∆), in which cases the
dependence on A cancels, and the lower bound becomes trivial. Note that this is somewhat
to be expected. Theorem 10.10 will give a trivial lower bound whenever supM∈M0

gM is
much larger than the AEC. Recall that in our upper bound, Theorem 10.2, the leading order
g⋆ · log T term will dominate the lower-order terms once

g⋆ · log T ≳ Ω(aecε(M)).
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Therefore, if g⋆ is much larger than the AEC, Theorem 10.2 simply gives an upper bound
scaling as approximately g⋆ · log T , as long as log T = Ω(1). The interpretation in this
setting is that the complexity of learning the Graves-Lai allocation is dominated by the
regret incurred by playing the Graves-Lai allocation, which we know is necessary from
Proposition 10.1, and therefore we would not expect lower-order terms to be significant
components of the regret, as reflected by Theorem 10.2. However, as we have already shown,
In settings such as Example 10.4.1 where this is not the case and the AEC is much larger
than g⋆, Theorem 10.10 will give a non-trivial lower bound which reflects the difficulty of
learning the optimal allocation.

Example 10.4.3 (Tabular Reinforcement Learning). Let S,A,H ∈ N and ∆ ∈ (0, 1/2) be
given, and assume that SA ≥ 24 and H ≥ log2(S/2). LetM be the set of all tabular MDPs
with 1) |S| = S, |A| = A and horizon H, and 2) Gaussian rewards with variance σ2 = 1/2 (cf.
Section 10.3.2). LetM0 be the result of restrictingM in the same fashion as Example 10.4.2.
Then for all ε ∈ (0, 1/32),

sup
M∈M

aecMε (Mopt
0 (M),M) ≥ c · ε−2 · SA

∆2
, (10.4.7)

where c > 0 is an absolute constant.
It can be shown that, by the construction ofM0, gM ≥ Ω(SA/∆) for all M ∈M0. Thus,

analogous to the multi-armed bandit example, Theorem 10.9 and (10.4.7) imply that any
algorithm must fail to learn an ε-optimal allocation with probability δ = Ω(ε ·min{1, SA

∆nmax
})

unless

T ≳ min

{
1,

SA

∆nmax

}
· SA
ε∆2

.

Choosing nmax = O(SA
∆2 ) gives T gl(M; ε, nmax, δ) ≳ SA

ε∆
. With this same choice of nmax,

Theorem 10.10 implies that any algorithm with EM,A[Reg(T )] ≤ 2gM log(T ) for all M ∈M0

must fail to learn an ε-optimal allocation with probability δ = Ω(ε∆) unless

sup
M∈M0

gM

∆M
min

· log(T ) ≳ SA,

or equivalently log(T gl(M; ε, nmax, δ, R)) ≳ SA
supM∈M0

gM/∆M
min

for R = 2 supM∈M0
gM .

10.4.4 Discussion and Interpretation

Our lower bounds show that the Allocation-Estimation Coefficient serves as a fundamental
limit on the sample complexity required to learn an approximate Graves-Lai allocation. In
particular, they capture phenomena such as the necessity of searching for an informative
arm in Example 10.1.1 that are missed by purely asymptotic analyses. To the best of
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our knowledge, our lower bounds represent the first attempt to systematically understand
the sample complexity of learning the Graves-Lai allocation in a general decision making
framework. As such, they are somewhat coarse (in particular, the dependence on parameters
such as ε, nmax, and ∆M

min is almost certainly loose), and they are best thought of as a starting
point for further research. In what follows, we provide additional interpretation of the results,
and highlight some of the most interesting remaining questions.

Regret versus learning the optimal allocation. Theorems 10.9 and 10.10 lower bound
the sample complexity required to learn an ε-optimal Graves-Lai allocation. Intuitively, this
task is closely related to achieving instance-optimal regret. Our analysis of AE2 shows that it
is sufficient, and many prior works aim to directly estimate the optimal allocation as well.
However, it is unclear to what extent learning the optimal allocation is necessary to achieve
instance-optimal regret.

In more detail, it is quite straightforward to show that if an algorithm achieves instance-
optimal regret, its empirical frequencies act as an optimal allocation in expectation.

Lemma 10.4.1. Let ε ∈ (0, 2), and suppose that Assumption 10.7 holds. Fix T ∈ N and
consider an algorithm A such that for all M ∈M,

EM,A[Reg(T )] ≤ (1 + ε)gM · log(T ).

For each M ∈M, define ηM ∈ RΠ
+ via ηM(π) = EM,A

[
T (π)
log(T )

]
, where T (π) denotes the number

of pulls of decision π, and define λM = ηM/∥ηM∥1. Then if

log(T ) ≥ 6

ε
log

(
sup
M∈M

2gM

∆M
min

· log(T )
)
,

we have that for all M ∈M,
λM ∈ Υ(M ; ε). (10.4.8)

This result gives a guarantee on the expected frequencies of any instance-optimal
algorithm, but does not give any guarantee for the realized frequencies. As such, without
further assumptions on the algorithm under consideration, it is unclear whether instance-
optimal regret implies that it is possible to learn an optimal allocation with high or even
constant probability. We cannot currently rule out the existence of pathological algorithms
for which ηM is optimal in expectation, yet the empirical arm frequencies deviate from the
mean with moderate probability. Nonetheless, if one is willing to make stronger assumptions
on the algorithm under consideration—in particular, that the second moment of regret is
controlled—then it is possible to derive lower bounds on regret directly.

Theorem 10.11 (Simplified version of Theorem H.6). Let the time horizon T ∈ N and
ε ∈ (0, 1/2) be given, and suppose that Assumptions 10.5 and 10.7 hold. Suppose there exists
an algorithm A with the property that for all M ∈M: 1) EM,A[Reg(T )] ≤ (1+ε)gM log(T ), 2)



231

√
EM,A[(Reg(T ))2] ≤ 2gM log(T ), and 3) for all π ∈ Π, if EM,A[T (π)] ̸= 0, then EM,A[T (π)] ≥

1. Then if we define δ = ε ·min{1, infM∈M0

gM

3gM/∆M
min+nMε

}, it must be the case that

log3(T ) ≥ δ2

C
· sup
M∈M+

aecM4ε(Mopt(M),M).

for C ≤ O
(
(supM∈M

gM

∆M
min

)4 · V
2
M log(δ−1)

ε2

)
.

See Appendix H.5.5 for a full statement and details. The idea behind the proof is to 1)
show (via robust mean estimation) that any instance-optimal algorithm with well-behaved
tails can be used to estimate the optimal allocation with high probability (with a small blowup
in time horizon), and then 2) appeal to Theorem 10.10. More work is required to understand
whether 1) we can prove lower bounds on regret directly, and 2) whether it is possible to
show that low regret and learning the optimal allocation are equivalent in a stronger sense.

Comparing upper and lower bounds. Keeping the differences between regret minimiza-
tion and learning the optimal allocation in mind, let us highlight that the lower bound on T
provided by Theorem 10.10 seems to qualitatively match the upper bound from Theorems 10.1
and 10.2. In particular, ignoring problem-dependent parameters and polylogarithmic factors,
the upper bound Theorem 10.1 scales, for every model M ∈M, as

EM [Reg(T )] ≤ (1 + ε)gM log(T ) + Õ+(aecε(M)).

In order for this bound to simplify to, say,

EM [Reg(T )] ≤ (1 + 2ε)gM log(T ),

we need

gM · log(T ) ≥ Ω̃+(1) · aecε(M)

ε
,

which has similar scaling to the lower bound

log(T ) ≳ Ω̃+(1) · sup
M∈M+

aecMε (Mopt
0 (M),M)

from Theorem 10.10. As discussed in the prequel, the former result is concerned with
regret, while the latter considers the task of learning the optimal allocation, but the scaling
log(T ) ≳ aecε(M) seems to be fundamental for both. Of course, beyond the gap between
regret and learning the allocation, there is still much room to improve the dependence on
problem-dependent parameters in both results.
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Comparing Theorem 10.9 and Theorem 10.10. Theorem 10.9 and Theorem 10.10
exhibit an interesting dichotomy: Theorem 10.9 places no constraints on the regret of the al-
gorithm under consideration, and gives a lower of the form T ≳ Ω̃+(1)·supM∈M+ aecMε (M0,M),
while Theorem 10.10 gives a lower bound of the form log(T ) ≳ Ω̃+(1)·supM∈M+ aecMε (Mopt

0 (M),M),
or equivalently T ≳ exp(Ω̃+(1) · supM∈M+ aecε(Mopt

0 (M),M)); the latter lower bound is ex-
ponentially stronger, with the caveat that 1) the class M0 is replaced with the subclass
Mopt

0 (M) and 2) Theorem 10.10 assumes that the algorithm achieve nearly-instance optimal
regret for every model in M0 (EM,A[Reg] ≤ 2 · gM log(T )). In what follows, we argue that
this tradeoff is fundamental.

• First, let us consider the role of the assumption EM,A[Reg] ≤ 2 ·gM log(T ). Without this
assumption, the lower bound from Theorem 10.9 is qualitatively tight: if the algorithm
explores optimally for every round t ∈ [T ], it gains roughly (supM∈M+ aecMε (M0,M))−1

units of information per round, which is sufficient to identify an optimal allocation as
soon as T ≳ supM∈M+ aecMε (M0,M).

• On the other hand, if the require that EM,A[Reg] ≤ 2 ·gM log(T ), then for each M ∈M0,
the algorithm can afford to explore (i.e., play a non-optimal action) at most 2· gM

∆M
min

log(T )

times. This changes the “effective” time horizon for exploration to T ′ = 2· gM

∆M
min

log(T ), but
only if we restrict to models for which playing an optimal decision gives no information.
This is precisely what the subclass Mopt

0 (M) captures: models M ∈ M0 for which
decisions that are optimal for M lead to no information. Combining these insights
leads to the lower bound T ′ ≈ gM

∆M
min

log(T ) ≳ Ω(1) · supM∈M+ aecMε (Mopt
0 (M),M) in

Theorem 10.10.

We remark in passing that the definition of Mopt
0 (M), which places the constraint that

DKL

(
M(π) ∥M(π)

)
= 0, ∀π ∈ πM is somewhat coarse. We expect that both Theorem 10.10

and Theorem 10.1/Theorem 10.2 can be improved to scale with

Mopt
0 (M ;α) =

{
M ∈M0 | πM ⊆ πM , DKL

(
M(π) ∥M(π)

)
≤ α2 ∀π ∈ πM

}
for α ≈ 1/

√
T ; the intuition is that we get Ω(T ) rounds worth of information on πM for “free”,

which facilitates accurate estimation.

Minimax versus instance-dependent lower bounds. As mentioned in the prequel, our
lower bounds have a (constrained) minimax flavor. Specifically, Theorem 10.10 shows that
if T is not sufficiently large, then for any algorithm, there must exist a “worst-case” model
M ∈M for which the algorithm either 1) fails to achieve (approximately) instance-optimal
regret or 2) fails to learn an ε-optimal Graves-Lai allocation. While this is quite different from
a classical minimax analysis, and certainly is closely connected to instance-optimality, an
interesting direction for future work is to develop a fully instance-dependent understanding
of the complexity of learning Graves-Lai allocations.
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Appendix A

Deferred Proofs from Chapter 3

A.1 Deferred Proofs from Section 3.4

Lemma A.1.1. If T ′ ≥ Tss(ζ, k, ∥x0∥2) for Tss(ζ, k, ∥x0∥2) as defined in (3.4.1), we have
that:
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If we can ensure that T ′ is large enough that this is bounded as kζ, the result will follow. By
Lemma A.1.2, we can upper bound
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H
ℓ B

H
⋆ (e

ι 2πℓ
k I − A⋆)

−H

∥∥∥∥∥
op

≤ 1

k

(
max
ℓ=1,...,k

∥(eι
2πℓ
k I − A⋆)

−1B⋆∥22
) k∑

ℓ=1

ǔH
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Note that, for t ∈ [0, 1], we have log(1 − t) ≤ −t, which implies that log 1
ρ⋆
≥ 1 − ρ⋆.

Using this and some algebra, we see that each of these conditions on T ′ hold as long as
T ′ ≥ Tss(ζ, k, ∥x0∥) for Tss as defined the statement of result.
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kℓ is in epoch i. However, since k is doubled at each epoch, this sum will contain an
integer multiple of the period of the input regardless what the value of ℓ is, so we see that
this inequality will hold for all values of ℓ. This implies that for all ℓ,
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A.2 Deferred Proofs from Section 3.5

Proof of Lemma 3.5.1. This follows directly by the formal definition of Algorithm 3.1. In
particular, we see that at each epoch i, Algorithm 3.1 plays open-loop inputs ũt that are
Ft̄i measurable. Furthermore, t̄i and Γu,i are deterministically specified at the start of the
algorithm, tr(Γu,i) ≤ γ2, λmin(Γu,i) ≥ γ2/(2du), and Lemma 3.5.3 gives

∑T−1
t=0 ũ⊤

t ũt ≤ γ2

deterministically. The fact that n = O(log T ) follows since we increase the epoch length
exponentially. Finally, the low-switching condition follows since the length of the epochs
increase exponentially—once T is large enough that T ≥ Tse(πexp), we will have that at least
half the initial interval is contained in the final epoch. Then for subsequent epochs, any
interval of length Tse(πexp) will contain at most one epoch boundary.

Proof of Lemma 3.5.2. Optimality of Inputs. We apply Lemmas A.2.1 and A.2.3 which
give that∣∣∣∣λmin
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By our condition on ϵ and k, we therefore have that
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Furthermore, by Lemma A.2.4, as long as
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where the second inequality follows since Λnoise
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Lemma A.2.1. Assuming that ∥A⋆ − Â∥op ≤ ϵ for ϵ satisfying ϵ ≤ 1
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Proof. Consider some functions f(x), g(x), and assume that |f(x)− g(x)| ≤ ϵ for all x. Let
xf = argminx∈X f(x). Then
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g(x)− 2ϵ.

Since g(xf ) ≤ maxx∈X g(x) by definition, we have |g(xf )−maxx∈X g(x)| ≤ 2ϵ. Now consider
any matrices X, Y ⪰ 0, and let v and u denote the minimum eigenvalues of X and Y ,
respectively. Assume without loss of generality that λmin(X) ≥ λmin(Y ), and note that
u⊤Xu ≥ v⊤Xv = λmin(X).
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M̂ , g(U ) = λmin(X(U )), and f(U ) = λmin(Y (U )). The above observations give that, for any
U ∈ Uγ2,k:

|g(U )− f(U )| ≤ sup
v∈Sd−1

∣∣∣∣v⊤(1

k
Λfreq
k (A⋆,U) +M

)
v − v⊤

(
1

k
Λfreq
k (Â,U) + M̂

)
v

∣∣∣∣
≤ 16γ2∥A⋆∥3H∞∥B⋆∥2op · ϵ+ ∥M − M̂∥op

where the last inequality follows from Lemma A.2.2. The result follows.

Lemma A.2.2. If ∥A⋆−Â∥op ≤ ϵ for ϵ satisfying ϵ ≤ 1
2∥A⋆∥H∞

, we have that for any v ∈ Sd−1

and U ∈ Uγ2,k:∣∣∣v⊤Λfreq
k (A⋆,U)v − v⊤Λfreq

k (Â,U)v
∣∣∣ ≤ 16kγ2∥A⋆∥3H∞∥B⋆∥2op · ϵ.

Proof. To bound
∣∣∣v⊤Λfreq

k (A⋆,U)v − v⊤Λfreq
k (Â,U)v

∣∣∣, we calculate the directional derivative

of v⊤Λfreq
k (A,U)v with respect to A and use this to bound the Lipschitz constant of the

function v⊤Λfreq
k (A,U)v at A← A⋆. The directional derivative is given by, for ∆ ∈ Rdx×dx ,

∥∆∥op = 1:

D[v⊤Λfreq
k (A⋆,U)v][∆] = lim

δ→0

v⊤Λfreq
k (A⋆ + δ∆,U )v − v⊤Λfreq

k (A⋆,U)v

|δ|

Lemma A.4.1 gives that, for small enough δ:

(eιωI − A⋆ − δ∆)−1 =
∞∑
s=0

(eιωI − A⋆)
−1(δ∆(eιωI − A⋆)

−1)s

so:

v⊤Λfreq
k (A⋆ + δ∆,U)v =

1

k
· v⊤

(
k∑
ℓ=1

(eι
2πℓ
k I − A⋆ − δ∆)−1B⋆UℓB

H
⋆ (e

ι 2πℓ
k I − A⋆ − δ∆)−H

)
v

=
1

k
· v⊤

(∑
ℓ=1

(eι
2πℓ
k I − A⋆)

−1B⋆UℓB
H
⋆ (e

ι 2πℓ
k I − A⋆)

−H

)
v

+
1

k
· 2δv⊤

(
k∑
ℓ=1

(eι
2πℓ
k I − A⋆)

−1∆(eι
2πℓ
k I − A⋆)

−1B⋆UℓB
H
⋆ (e

ι 2πℓ
k I − A⋆)

−H

)
v

+O(δ2)
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and thus:

lim
δ→0

v⊤Λfreq
k (A⋆ + δ∆,U )v − v⊤Λfreq

k (A⋆,U)v

|δ|

=
1

k
· 2v⊤

(
k∑
ℓ=1

(eι
2πℓ
k I − A⋆)

−1∆(eι
2πℓ
k I − A⋆)

−1B⋆UℓB
H
⋆ (e

ι 2πℓ
k I − A⋆)

−H

)
v.

By the Mean Value Theorem, and since ∥A⋆ − Â∥op ≤ ϵ by assumption, we then have∣∣∣v⊤Λfreq
k (A⋆,U)v − v⊤Λfreq

k (Â,U)v
∣∣∣

≤ max
δ∈[0,ϵ]

∆∈Rdx×dx

∥∆∥op=1

2ϵ

k

∣∣∣∣∣v⊤
(

k∑
ℓ=1

(eι
2πℓ
k I − A⋆ − δ∆)−1∆(eι

2πℓ
k I − A⋆ − δ∆)−1B⋆UℓB

H
⋆ (e

ι 2πℓ
k I − A⋆ − δ∆)−H

)
v

∣∣∣∣∣ .
Bounding the Gradient Magnitude. For any v ∈ Sd−1 and U ∈ Uγ2,k, we can bound∣∣∣∣∣v⊤

(
k∑
ℓ=1

(eι
2πℓ
k I − A⋆ − δ∆)−1∆(eι

2πℓ
k I − A⋆ − δ∆)−1B⋆UℓB

H
⋆ (e

ι 2πℓ
k I − A⋆ − δ∆)−H

)
v

∣∣∣∣∣
≤

k∑
ℓ=1

∥(eι
2πℓ
k I − A⋆ − δ∆)−1∥32∥B⋆∥22∥Uℓ∥op

≤
(
max
ℓ∈[k]
∥(eι

2πℓ
k I − A⋆ − δ∆)−1∥32∥B⋆∥22

)
·

k∑
ℓ=1

tr(Uℓ)

≤ max
ℓ∈[k]

k2γ2∥(eι
2πℓ
k I − A⋆ − δ∆)−1∥32∥B⋆∥22

By Lemma A.4.1 and our condition on ϵ we have that:

(eιωI − A⋆ − δ∆)−1 =
∞∑
s=0

(eιωI − A⋆)
−1(δ∆(eιωI − A⋆)

−1)s.

Thus, for δ ∈ [0, ϵ] and ∆ with ∥∆∥op = 1, we have

∥(eιωI − A⋆ − δ∆)−1∥2 ≤ ∥(eιωI − A⋆)
−1∥op ·

∞∑
s=0

ϵs∥(eιωI − A⋆)
−1∥sop

≤ ∥(eιωI − A⋆)
−1∥op ·

∞∑
s=0

1

2s

= 2∥(eιωI − A⋆)
−1∥op
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where the second inequality follows from the assumption that ϵ ≤ 1
2∥A⋆∥H∞

. Combining this
with the above yields the result.

Lemma A.2.3. For any U ∈ Uγ2,k and θ = (A,B) with ρ(A) < 1, there exists some
U ′ ∈ U0

γ2,k such that∥∥∥∥1kΛfreq
k (A,U ′)− 1

k
Λfreq
k (A,U)

∥∥∥∥
op

≤ ∥θ∥H∞∥A∥2H∞∥B∥opγ
2 · 1

k
.

Proof. Let U ′ be defined as

U ′
1 = U1 +

1

2
Uk, U ′

k−1 = Uk−1 +
1

2
Uk, U ′

ℓ = Uℓ, 1 < ℓ < k − 1.

Clearly, U ′ ∈ U0
γ2,k. We then have

1

k
Λfreq
k (A,U ′)− 1

k
Λfreq
k (A,U) =

1

k2

1

2
(eι

2π(k+1)
k I − A)−1BUkB

H(eι
2π(k+1)

k I − A)−H

+
1

k2

1

2
(eι

2π(k−1)
k I − A)−1BUkB

H(eι
2π(k−1)

k I − A)−H − 1

k2
(eι2πI − A)−1BUkB

H(eι2πI − A)−H

where we have used that eι
2π(k+1)

k = eι
2π
k . We can bound the operator norm of this difference

as (
∥(eι

2π(k+1)
k I − A)−1B − (eι2πI − A)−1B∥op

+ ∥(eι
2π(k−1)

k I − A)−1B − (eι2πI − A)−1B∥op
)
∥A∥H∞∥B∥op∥Uk∥op

k2
.

Since U ∈ Uγ2,k, we have ∥Uk∥op ≤ k2γ2. By Lemma A.4.2, we have

∥(eι
2π(k+1)

k I − A)−1B − (eι2πI − A)−1B∥op ≤ ∥A∥H∞∥θ∥H∞ ·
1

k
,

∥(eι
2π(k−1)

k I − A)−1B − (eι2πI − A)−1B∥op ≤ ∥A∥H∞∥θ∥H∞ ·
1

k

for θ = (A,B). Putting this together gives the result.

Lemma A.2.4. As long as k ≥ 1
2(1−ρ⋆) · log(

2(σ2
wτ

2
⋆+σ

2
uτ

2
⋆∥B⋆∥2op)

λnoise(σu)(1−ρ2⋆)
), we have, for any k̄ ≥ 0:

Λnoise
k (A⋆, σu) ⪰

1

2
·Λnoise

k̄ (A⋆, σu).
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Proof. The result is trivial for k ≤ k, so we assume k̄ > k. We have

∥
k−1∑
t=0

(At
⋆)(A

t
⋆)

⊤ −
k̄−1∑
t=0

(At
⋆)(A

t
⋆)

⊤∥op = ∥
k̄−1∑
t=k

(At
⋆)(A

t
⋆)

⊤∥op ≤
k̄−1∑
t=k

∥At
⋆∥2op ≤

k̄−1∑
t=k

τ 2⋆ · ρ2t⋆ ≤ τ 2⋆ ·
ρ2k⋆

1− ρ2⋆
.

Similarly,

∥
k−1∑
t=0

(At
⋆)B⋆B

⊤
⋆ (A

t
⋆)

⊤ −
k̄−1∑
t=0

(At
⋆)(A

t
⋆)

⊤∥op ≤ τ 2⋆ ∥B⋆∥2op ·
ρ2k⋆

1− ρ2⋆
.

We also have

k−1∑
t=0

[
σ2
w(A

t
⋆)(A

t
⋆)

⊤ + σ2
u(A

t
⋆)B⋆B

⊤
⋆ (A

t
⋆)

⊤] ⪰ λnoise(σu) · I

by definition. It follows that if k is large enough that

σ2
wτ

2
⋆ ·

ρ2k⋆
1− ρ2⋆

+ σ2
uτ

2
⋆ ∥B⋆∥2op ·

ρ2k⋆
1− ρ2⋆

≤ 1

2
λnoise(σu),

then the conclusion holds. The result follows by rearranging this and noting that log 1
ρ⋆
≥

1− ρ⋆.

A.2.1 Proof of Corollary 3.4

Proof. Calculation of λ⋆min. The stated rate can be attained by the input u defined as:

ut =
dx∑
i=1

aivi cos

(
2πi

k
t

)

for k ≥ O
(
maxi=1,...,dx

i
1−λi

)
and some ai to be specified satisfying

∑d
i=1 a

2
i = γ2. To see this,

note that with this input we have

Λfreq
k (A⋆,u) =

dx∑
i=1

a2i (e
ι 2πi

k I − A⋆)
−1viv

⊤
i (e

ι 2πi
k I − A⋆)

−H

= V

[
dx∑
i=1

a2i

(eι
2πi
k − λi)(e

−ι 2πi
k − λi)

eie
⊤
i

]
V ⊤.
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Note that

(eι
2πi
k − λi)(e

−ι 2πi
k − λi) = 1 + λ2

i − λi

(
e−ι

2πi
k + eι

2πi
k

)
= 1 + λ2

i − 2λi cos
2πi

k
≈ 1 + λ2

i − 2λi

(
1− 2π2i2

k2

)
= (1− λi)

2 +
4λiπ

2i2

k2
= O

(
(1− λi)

2
)

where the last equality will hold as long as 2
√
λiπi

1−λi ≤ k. Assume that k satisfies this and
choose a2i =

γ2

∥1−λ∥22
(1− λi)

2, then

Λfreq
k (A⋆,u) = O

(
γ2

∥1− λ∥22
V

[
d∑
i=1

eie
⊤
i

]
V ⊤

)
= O

(
γ2

∥1− λ∥22
I

)
,

and the energy constraint will be satisfied since
∑d

i=1 a
2
i =

γ2

∥1−λ∥22

∑d
i=1(1− λi)

2 = γ2. Thus,

we have that λmin(Λ
freq
k (A⋆,u)) = O( γ2

∥1−λ∥22
). Since we have constructed a feasible input with

minimum eigenvalue O( γ2

∥1−λ∥22
), it follows that λ⋆min ≥ O(

γ2

∥1−λ∥22
).

Calculation of Minimum Eigenvalue with Isotropic Noise. It is straightforward to see
that, when playing isotropic noise, ut ∼ N (0, γ

2

dx
I), we have λmin(Λ

noise
k (A⋆,

γ2

dx
)) = O(γ

2/dx
1−λd

).

Calculation of Minimum Eigenvalue for Optimal Noise. Consider now playing input
ut ∼ N (0,Σ), for some Σ. First, note that satisfying the power constraint in this setting is
equivalent to tr(Σ) ≤ γ2. Under this constraint, the optimal noise covariance can be obtained
by solving:

max
Σ⪰0

λmin

(
σ2
∑k

t=0A
t
⋆(A

t
⋆)

⊤ +
∑k

t=0A
t
⋆B⋆ΣB

⊤
⋆ (A

t
⋆)

⊤
)

s.t. tr(Σ) ≤ γ2.

In our setting, with γ2 ≫ σ2, solving this is approximately equivalent to solving

max
Σ̃⪰0

λmin

(∑k
t=0Γ

tΣ̃Γt
)

s.t. tr(Σ̃) ≤ γ2

where Σ̃ = V ⊤ΣV . Let Σ̃⋆ be the optimal diagonal solution, and note that, in this case, we
have

k∑
t=0

ΓtΣ̃⋆Γt =
γ2∑d

i=1
1−λ2i
1−λ2ki

I.
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To see this, note that for any diagonal Σ̃ with ith element γ2
i :[

k∑
t=0

ΓtΣ̃Γt

]
ii

=
γ2
i (1− λ2k

i )

1− λ2
i

.

The optimal solution will clearly be the solution that balances the energy in every diagonal
element, that is

γ2
i (1− λ2k

i )

1− λ2
i

=
γ2
j (1− λ2k

j )

1− λ2
j

.

for all i, j ∈ [d], so combining this constraint with the trace constraint yields

γ2
j (1− λ2k

j )

1− λ2
j

d∑
i=1

1− λ2
i

1− λ2k
i

= γ2 =⇒ γ2
j =

1− λ2
j

1− λ2k
j

γ2∑d
i=1

1−λ2i
1−λ2ki

,

and thus the jth diagonal element will be γ2/(
∑d

i=1
1−λ2i
1−λ2ki

). Consider now some other matrix
∆ that is not necessarily diagonal. Note then that

λmin

(∑k
t=0Γ

t(Σ̃⋆ +∆)Γt
)
= λmin

(∑k
t=0Γ

tΣ̃⋆Γt +
∑k

t=0Γ
t∆Γt

)
= λmin

(
γ2 · (

∑d
i=1

1− λ2
i

1− λ2k
i

)−1 · I +
∑k

t=0Γ
t∆Γt

)
= γ2 · (

∑d
i=1

1− λ2
i

1− λ2k
i

)−1 + λmin

(∑k
t=0Γ

t∆Γt
)

For Σ̃⋆ +∆ to be in the constraint set, we must have that tr(Σ̃⋆ +∆) = γ2 + tr(∆) ≤ γ2 =⇒
tr(∆) ≤ 0. To have that

γ2∑d
i=1

1−λ2i
1−λ2ki

+ λmin

(∑k
t=0Γ

t∆Γt
)
≥ γ2∑d

i=1
1−λ2i
1−λ2ki

we must have that
∑k

t=0 Γ
t∆Γt is positive definite. However, this is not possible since the

diagonal elements of
∑k

t=0 Γ
t∆Γt are the sum of non-negative scalings of the diagonal elements

of ∆, and since ∆ must have at least one non-positive element on the diagonal to meet
the constraint tr(∆) ≤ 0, it follows that

∑k
t=0 Γ

t∆Γt has at least one non-positive diagonal
element. Since the diagonal elements of every positive definite matrix are positive,

∑k
t=0 Γ

t∆Γt

cannot be positive definite, so we cannot increase the value of λmin

(∑k
t=0 Γ

t(Σ̃⋆ +∆)Γt
)

with such a ∆. By convexity of the constraint set, it follows that the directional derivative
in the direction of any other point in our constraint set is negative. Since this is a concave
function, it follows that Σ̃⋆ is optimal.



261

Thus, the optimal noise will yield a covariance with minimum eigenvalue γ2∑d
i=1

1−λ2
i

1−λ2k
i

. For

k sufficiently large, we have

γ2∑d
i=1

1−λ2i
1−λ2ki

= Θ

(
γ2

∥1− λ∥1

)
.

Concluding the Proof. By our lower bound on λ⋆min, Theorem 3.2 immediately gives
the rate Algorithm 3.1 is claimed to achieve. The lower bound on the performance of the
other strategies follows as a consequence of Lemma A.3.1, some algebra, and their respective
minimum eigenvalue calculations.

A.3 Proof of Theorem 3.3

The starting point of our lower bound is the following result, originally due to Jedra and
Proutiere [2019].

Lemma A.3.1. For any matrix A⋆, for all ϵ > 0, δ ∈ (0, 1), the sample complexity Tϵδ of
any (ϵ, δ)-locally-stable algorithm in A⋆ satisfies:

λmin

(
EA⋆

[
Tϵδ∑
t=1

xtx
⊤
t

])
≥ σ2

w

2ϵ2
log

1

2.4δ

Proof. The proof of this result is essentially identical to the proof of Theorem 1 in Jedra and
Proutiere [2019] and we omit it here.

By Lemma A.3.1 we have that

λmin

(
EA⋆,πexp

[
Tϵδ∑
t=1

xtx
⊤
t

])
≥ σ2

w

2ϵ2
· log 1

2.4δ
(A.3.1)

for Tϵδ the sample complexity of any (ϵ, δ)-locally-stable algorithm in A⋆. Note that

Tϵδ∑
t=1

xtx
⊤
t ⪯ 2

Tϵδ∑
t=1

[xut (x
u
t )

⊤ + xwt (x
w
t )

⊤].

For any input (ut), we see that

∥xut ∥2 =

∥∥∥∥∥
t−1∑
s=0

At−s−1
⋆ B⋆us

∥∥∥∥∥
2

≤ τ⋆∥B⋆∥op
t−1∑
s=0

ρt−s−1
⋆ ∥us∥2 ≤ τ⋆∥B⋆∥op

t−1∑
s=0

∥us∥2.
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This implies that

∥xut ∥22 ≤ τ 2⋆ ∥B⋆∥2op ·

(
t−1∑
s=0

∥us∥2

)2

≤ τ 2⋆ ∥B⋆∥2opt ·
t−1∑
s=0

∥us∥22.

Thus,

EA⋆,πexp

∥∥∥∥∥
Tϵδ∑
t=1

xut (x
u
t )

⊤

∥∥∥∥∥
op

≤ τ 2⋆ ∥B⋆∥2op ·
Tϵδ∑
t=1

t · EA⋆,πexp

t−1∑
s=0

∥us∥22 ≤ τ 2⋆ ∥B⋆∥2opγ2T 3
ϵδ,

where we have used that πexp ∈ Πγ2 . Note also that EA⋆,πexp [xwt (x
w
t )

⊤] = Λnoise
t (A⋆, 0), and

we can bound

∥Λnoise
t (A⋆, 0)∥op ≤

σ2
wτ

2
⋆

1− ρ⋆
.

Altogether then, we must have

2τ 2⋆ ∥B⋆∥2opγ2T 3
ϵδ +

2σ2
wτ

2
⋆Tϵδ

1− ρ⋆
≥ σ2

w

2ϵ2
· log 1

2.4δ
.

It follows then that, if ϵ and δ are such that 1
ϵ2
·log 1

δ
≥ poly(dx, du, ∥A⋆∥H∞ , ∥B⋆∥op, 1

λ⋆min
, γ2, σ2

w),
then we have that Tϵδ ≥ poly(dx, du, ∥A⋆∥H∞ , ∥B⋆∥op, 1

λ⋆min
, γ2, σ2

w). The following result shows
that, under this assumption, we can upper bound (A.3.1) by the best possible covariates.

Lemma A.3.2. For T ≥ poly
(
dx, du, ∥A⋆∥H∞ , ∥B⋆∥op, 1

λ⋆min
, γ2, σ2

w

)
, we have

sup
πexp∈Πγ2

λmin

(
EA⋆,πexp

[
T∑
t=1

xtx
⊤
t

])
≤ 16T · lim sup

T ′→∞
sup

U∈Uγ2,T ′

λmin (Λ
ss
T ′(A⋆,U , 0)) = 16T · λ⋆min.

Proof. The proof of this result follows by the same sequence of steps as are used to prove
Theorem 5.1. As such, we omit it for the sake of brevity.

By Lemma A.3.2, if Tϵδ ≥ poly(dx, du, ∥A⋆∥H∞ , ∥B⋆∥op, 1
λ⋆min

, γ2, σ2
w, log T ), we can bound

λmin

(
EA⋆,πexp

[
Tϵδ∑
t=1

xtx
⊤
t

])
≤ 16Tϵδ · λ⋆min.

The result follows by rearranging.
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A.4 Technical Results

Lemma A.4.1. For δ < 1
∥(eιωI−A)−1∥op and ∆ ∈ Rdx×dx with ∥∆∥op = 1, we have

(eιωI − A− δ∆)−1 =
∞∑
s=0

(eιωI − A)−1(δ∆(eιωI − A)−1)s

Proof. To see that this is true, we can simply multiply the right hand side above by (eιωI −
A− δ∆) and observe that the result is I. In particular, we wish to show that(

∞∑
s=0

(eιωI − A)−1(δ∆(eιωI − A)−1)s

)
(eιωI − A− δ∆) = I.

Consider, for fixed n:∥∥∥∥∥
(

n∑
s=0

(eιωI − A)−1(δ∆(eιωI − A)−1)s

)
(eιωI − A− δ∆)− I

∥∥∥∥∥
op

=

∥∥∥∥∥I − δ(eιωI − A)−1∆+
n∑
s=1

(eιωI − A)−1
(
δ∆(eιωI − A)−1

)s−1 (
δ∆− δ2∆(eιωI − A)−1∆

)
− I

∥∥∥∥∥
op

=

∥∥∥∥∥I − δ(eιωI − A)−1∆+
n∑
s=1

δ(eιωI − A)−1
( (

δ∆(eιωI − A)−1
)s−1 −

(
δ∆(eιωI − A)−1

)s )
∆− I

∥∥∥∥∥
op

=
∥∥I − δ(eιωI − A)−1

(
δ∆(eιωI − A)−1

)n
∆− I

∥∥
op

≤ δn+1∥(eιωI − A)−1∥n+1
op .

Since δ < 1
∥(eιωI−A)−1∥op by assumption, we can make δn+1∥(eιωI − A)−1∥n+1

op arbitrarily small
by making n large. Thus, for any ϵ > 0, we can find an N such that for all n ≥ N :∥∥∥∥∥

(
n∑
s=0

(eιωI − A)−1(δ∆(eιωI − A)−1)s

)
(eιωI − A− δ∆)− I

∥∥∥∥∥
2

≤ ϵ.

This implies that

lim
n→∞

(
n∑
s=0

(eιωI − A)−1(δ∆(eιωI − A)−1)s

)
(eιωI − A− δ∆)

=

(
∞∑
s=0

(eιωI − A)−1(δ∆(eιωI − A)−1)s

)
(eιωI − A− δ∆) = I.
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Lemma A.4.2. Assume that ρ(A) < 1. Then for any ω1, ω2 and B, we have that

∥(eιω1I − A)−1B − (eιω2I − A)−1B∥2 ≤
(

max
ω∈[0,2π]

∥(eιωI − A)−2B∥2
)
|ω1 − ω2|.

Proof. Noting that, since we assume ρ(A) < 1, using the identity that (I + A)−1 = I − A+
A2 − A3 + ..., we have

(eιωI − A)−1 =
(
e−ιωI + e−j2θA+ e−j3θA2 + ...

)
.

Thus,

d

dω
(eιωI − A)−1B =

∞∑
ℓ=0

−ι(ℓ+ 1)e−ι(ℓ+1)ωAℓ ·B.

For any matrix A with ρ(A) < 1 we have

(I + 2A+ 3A2 + 4A3 + ...)(I − A)2 = (I + A+ A2 + A3 + ...)(I − A) = I

=⇒ (I + 2A+ 3A2 + 4A3 + ...)−1 = (I − A)−2,

which implies

∞∑
ℓ=0

−ι(ℓ+ 1)e−ι(ℓ+1)ωAℓB = −ιe−ιω
∞∑
ℓ=0

(ℓ+ 1)(e−ιωA)ℓB = −je−ιω(I − e−ιωA)−2B.

The result follows from the Mean Value Theorem and since

max
ω∈[0,2π]

∥ − je−ιω(I − e−ιωA)−2B∥op ≤ max
ω∈[0,2π]

∥(eιωI − A)−2B∥op.

Proof of Proposition 3.4. Fix some m and j ∈ [du] and consider the segment of um, ujm :=
(ut)

jkm
t=(j−1)km+1. By construction, this is a signal with period k. Assume we play this input

starting from some state x0 not necessarily equal to 0. Let xu
j
m

t denote the response generated
on the noiseless system. By Parseval’s Theorem and Proposition 3.2, it follows that

1

k
Λfreq
k (θ,uj1) = lim

m→∞

1

km

km∑
t=0

xu
j
m

t (xu
j
m

t )⊤
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Furthermore, by the construction of uj1 given in ConstructTimeInput, we have

1

k
Λfreq
k (θ,uj1) =

du
k2

k∑
ℓ=1

λℓ,j(e
ι 2πℓ

k I − A)−1Bvℓ,jv
H
ℓ,jB

H(eι
2πℓ
k I − A)−H

Now note that, if we play the entire sequence of inputs um, we will have

dukm∑
t=0

xum
t (xum

t )⊤ =
du∑
j=1

jkm∑
t=(j−1)km+1

xu
j
m

t (xu
j
m

t )⊤

where the starting state, xu
j
m

(j−1)km+1, is equal to the final state produced when playing the

previous input, xu
j−1
m

(j−1)km. Note that, as we assume the system is stable and the input

has bounded energy and is of period k, the norm of xu
j−1
m

(j−1)km will scale sublinearly m (see
Appendix C.2.3). It follows that,

lim
m→∞

1

dumk

dumk∑
t=0

xum
t (xum

t )⊤ = lim
m→∞

1

dumk

du∑
j=1

jkm∑
t=(j−1)km+1

xu
j
m

t (xu
j
m

t )⊤

=
1

du

du∑
j=1

lim
m→∞

1

mk

jkm∑
t=(j−1)km+1

xu
j
m

t (xu
j
m

t )⊤

=
1

du

du∑
j=1

1

k
Λfreq
k (θ,uj1)

=
1

k2

k∑
ℓ=1

du∑
j=1

(eι
2πℓ
k I − A)−1B(λℓ,jvℓ,jv

H
ℓ,j)B

H(eι
2πℓ
k I − A)−H

=
1

k2

k∑
ℓ=1

(eι
2πℓ
k I − A)−1BUℓB

H(eι
2πℓ
k I − A)−H

=
1

k
Λfreq
k (θ,U)

where the second to last inequality follows by the definition of λℓ,j, vℓ,j given in ConstructTimeInput.
To see that the power constraint holds, note that, by Parseval’s Theorem and the construction
of the input,

dumk∑
t=1

u⊤
t ut =

du∑
j=1

jkm∑
t=(j−1)km+1

u⊤
t ut =

du∑
j=1

m

k

k∑
ℓ=1

duλj,ℓv
⊤
j,ℓvj,ℓ =

du∑
j=1

m

k

k∑
ℓ=1

dutr(λj,ℓvj,ℓv
⊤
j,ℓ)



266

=
mdu
k

k∑
ℓ=1

tr(Uℓ) ≤ mdukγ
2

where the final inequality holds since U ∈ Uγ2,k.

Proof of Proposition 3.2. 1. Follows by Parseval’s Theorem and simple manipulations. For
2., take some ℓ such that ℓ

k′
= n

k
for some integer n. Then,

ǔ′
ℓ =

k′∑
s=1

use
−ι 2πℓs

k′ =
k′∑
s=1

use
−ι 2πns

k =
k′∑
s=1

ũmod(s,k)e
−ι 2πnmod(s,k)

k =
k′

k

k∑
s=1

ũse
−ι 2πns

k =
k′

k
ǔn

Furthermore, if ℓ
k′
̸= n

k
for all integers n, we will have

ǔ′
ℓ =

k′∑
s=1

use
−ι 2πℓs

k′ =
k∑
r=1

ũr

k′/k−1∑
s=0

e−ι
2πℓ(ks+r)

k′ =
k∑
r=1

ũre
−ι 2πℓr

k′

k′/k−1∑
s=0

e−ι
2πℓks

k′ = 0

Plugging this into the expression for Λfreq
k′ (θ,u′), the conclusion follows.
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Appendix B

Deferred Proofs from Chapter 4

B.1 Deferred Proofs from Section 4.1.1

Here we provide the formal proofs of the results stated in Section 4.1.1. For the remainder of
Appendix B.1, unless otherwise stated we assume the expectation is taken with respect to θ
and some fixed exploration policy πexp. Hence, we write E[·] in place of Eθ,πexp [·].

B.1.1 Proof of Lemma 4.1.1

Our strategy is to show that an action a with low excess risk can be used to produce an
estimate of a parameter θ with low error in the task hessian norm ∥ · ∥2H(θ). Specifically, we
define the perturbation term

δ⋆(â) = argmin
δ

∥Ma(θ⋆)
1/2 ((â− aopt(θ⋆))−Ga(θ⋆)δ) ∥2

= (Ma(θ⋆)
1/2Ga(θ⋆))

†Ma(θ⋆)
1/2(â− aopt(θ⋆))

and define the induced estimate

θ̂(â) = θ⋆ + δ⋆(â)

Ensuring â close aopt(θ⋆): We first want to restrict the lower bound to being only over â
close aopt(θ⋆). To this end, note that

min
â

max
θ:∥θ−θ⋆∥22≤r(T )

E[R(â; θ)] = min

{
min

â:∥â−aopt(θ⋆)∥22≤r2a
max

θ:∥θ−θ⋆∥22≤r2
E[R(â; θ)],

min
â:∥â−aopt(θ⋆)∥22>r2a

max
θ:∥θ−θ⋆∥22≤r2

E[R(â; θ)]

}

where we are free to choose ra as we wish but our choice will satisfy ra ≥ La1r. Now:

∥â− aopt(θ⋆)∥2 ≤ ∥â− aopt(θ)∥2 + ∥aopt(θ)− aopt(θ⋆)∥2
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≤ ∥â− aopt(θ)∥2 + La1∥θ − θ⋆∥2
≤ ∥â− aopt(θ)∥2 + La1r

By the argument above, ∥â− aopt(θ⋆)∥22 > ra(T ) then implies that:

R(â; θ) ≥ µ

2
∥â− aopt(θ)∥22 ≥

µ

2
(∥â− aopt(θ⋆)∥2 − La1r)

2 ≥ µ

2
(ra − La1r)

2

Choosing ra = (1 +
√
2)La1r,

min
â:∥â−aopt(θ⋆)∥22>r2a

max
θ:∥θ−θ⋆∥22≤r2

E[R(â; θ)] ≥ µL2
a1r

2

Thus, definining the constant

Ca := (1 +
√
2)La1,

So ultimately we have:

min
â

max
θ:∥θ−θ⋆∥22≤r(T )

E[R(â; θ)] ≥ min

{
min

â:∥â−aopt(θ⋆)∥22≤C2
ar2

max
θ:∥θ−θ⋆∥22≤r2

E[R(â; θ)], µL2
a1r

2

}
(B.1.1)

We now proceed to lower bound the first term in the above expression. In particular,
throughout we assume that

∥â− aopt(θ⋆)∥2 ≤ Car, Ca := (1 +
√
2)La1, (B.1.2)

Taylor expansions: Fix a t ∈ [0, 1], parameter θ, estimated action â, and define the
interpolations

ât = tâ+ (1− t)aopt(θ), θt := tθ + (1− t)θt

Throughout, we will let â′ and θ′ denote certain values of ât and θt for some interpolation
parameters t′, t′′ ∈ [0, 1] chosen so as to satisfy the application of Taylor’s theorem to follow.

First, by Taylor’s theorem,

R(â; θ) = R(aopt(θ); θ) +
d

dt
R(ât; θ)|t=0 +

1

2

d2

dt2
R(ât; θ)|t=0 +

1

6

d3

dt3
R(ât; θ)|t=t′

= R(aopt(θ); θ) + (∇aR(a; θ)|a=aopt(θ))
⊤(â− aopt(θ))

+
1

2
(aopt(θ)− â)⊤(∇2

aR(a; θ)|a=aopt(θ))(aopt(θ)− â)

+
1

6
∇3

aR(a; θ)|a=a′ [â− aopt(θ), â− aopt(θ), â− aopt(θ)]
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where t′ ∈ [0, 1], a′ = ât′ . The second equality follows by the chain rule and since d
dt
ât =

â− aopt(θ). Since aopt(θ) minimizes the excess risk, we have

R(aopt(θ); θ) = 0, ∇aR(a; θ)|a=aopt(θ) = 0

Thus, we may simplify

R(â; θ) = 1

2
(aopt(θ)− â)⊤(∇2

aR(a; θ)|a=aopt(θ))(aopt(θ)− â)

+
1

6
∇3

aR(a; θ)|a=a′ [â− aopt(θ), â− aopt(θ), â− aopt(θ)]

We can similarly Taylor expand aopt to get:

aopt(θ) = aopt(θ⋆) +Ga(θ⋆)(θ − θ⋆) +∇2
θaopt(θ)|θ=θ′ [θ − θ⋆, θ − θ⋆],

where again we set θ′ = t′′θ + (1− t′′)θ⋆ for some t′′ ∈ [0, 1]. Recall the definitions

δ⋆ = argmin
δ

∥Ma(θ⋆)
1/2 ((â− aopt(θ⋆))−Ga(θ⋆)δ) ∥2

= (Ma(θ⋆)
1/2Ga(θ⋆))

†Ma(θ⋆)
1/2(â− aopt(θ⋆))

θ̂(â) = θ⋆ + δ⋆

Writing â = aopt(θ⋆) +Ga(θ⋆)δ⋆ + δâ for some δâ and denoting δθ = θ − θ⋆, we then have:

R(â; θ) = 1

2
(δθ − δ⋆)

⊤Ga(θ⋆)
⊤Ma(θ⋆)Ga(θ⋆)(δθ − δ⋆)

+
1

2
δ⊤â Ma(θ⋆)δâ︸ ︷︷ ︸

(a1)

− δ⊤â Ma(θ⋆)(∇2
θaopt(θ)|θ=θ′ [δθ, δθ])︸ ︷︷ ︸

(a2)

+
1

2
(∇2

θaopt(θ)|θ=θ′ [δθ, δθ])⊤Ma(θ⋆)(∇2
θaopt(θ)|θ=θ′ [δθ, δθ])︸ ︷︷ ︸

(a3)

+ (δθ − δ⋆)
⊤Ga(θ⋆)

⊤Ma(θ⋆)(∇2
θaopt(θ)|θ=θ′ [δθ, δθ])︸ ︷︷ ︸

(a4)

− (δθ − δ⋆)
⊤Ga(θ⋆)

⊤Ma(θ⋆)δâ︸ ︷︷ ︸
(a5)

+
1

2
(aopt(θ)− â)⊤

(
∇2

aR(a; θ)|a=aopt(θ) −Ma(θ⋆)
)
(aopt(θ)− â)︸ ︷︷ ︸

(a6)

+
1

6
∇3

aR(a; θ)|a=a′ [â− aopt(θ), â− aopt(θ), â− aopt(θ)]︸ ︷︷ ︸
(a7)
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Controlling the Taylor Expansion through norm bounds: We verify thatwe are in
the regime where Assumption 4.1 holds.

Claim 2. For a satisfying (B.1.2), it holds that

∥θ′ − θ⋆∥2 ≤ ∥θ − θ⋆∥2 ≤ rquad(θ⋆) (B.1.3)
max{∥â− aopt(θ⋆)∥, ∥a′ − aopt(θ⋆)∥2, ∥aopt(θ)− aopt(θ⋆)∥} ≤ La1rquad(θ⋆) (B.1.4)

Proof of Claim 2. By assumption, we have,

r ≤ 1

4
rquad(θ⋆) (B.1.5)

Now recall that θ′ = t′θ + (1− t′)θ⋆, for some t′ ∈ [0, 1], so

∥θ′ − θ⋆∥2 ≤ ∥θ − θ⋆∥2 ≤ r

From this and trivial manipulations of ∥θ − θ⋆∥op, ∥θ0 − θ⋆∥op, it follows that (B.1.5) implies
(B.1.3).

To verify (B.1.4), recall that a′ = t′′â+ (1− t′′)aopt(θ) for some t′′ ∈ [0, 1]. Hence,

max{∥â− aopt(θ⋆)∥, ∥a′ − aopt(θ⋆)∥2, ∥aopt(θ)− aopt(θ⋆)∥}
≤ ∥â− aopt(θ⋆)∥+ ∥aopt(θ)− aopt(θ⋆)∥

From (B.1.2), it holds that ∥â−aopt(θ⋆)∥ ≤ (1+
√
2)rLa1; moreover, since ∥θ−θ⋆∥ ≤ rquad(θ⋆),

the smoothness condition, Assumption 4.1, implies that that ∥aopt(θ⋆)− aopt(θ)∥ ≤ La1∥θ⋆ −
θ∥ ≤ rLa1. Hence,

max{∥â− aopt(θ⋆)∥, ∥a′ − aopt(θ⋆)∥2, ∥aopt(θ)− aopt(θ⋆)∥}
≤ (2 +

√
2)La1r ≤ 4La1r

Thus, (B.1.5) implies (B.1.4) holds.

The following bounds will be useful.

• By assumption: ∥â− aopt(θ⋆)∥22 ≤ Car,

∥δθ∥22 = ∥θ − θ⋆∥22

• We have that

∥Ma(θ⋆)
1/2Ga(θ⋆)δ⋆∥2 ≤ ∥Ma(θ⋆)

1/2(â− aopt(θ⋆))∥2 ≤ ∥Ma(θ⋆)
1/2∥opCar
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This follows since, recalling the definition of δ⋆ and letting UΣV ⊤ = Ma(θ⋆)
1/2Ga(θ⋆), we

have ∥Ma(θ⋆)
1/2Ga(θ⋆)δ⋆∥2 = ∥ΣΣ†U⊤Ma(θ⋆)

1/2(â− aopt(θ⋆))∥2 and since ∥ΣΣ†∥op ≤ 1.

• ∥Ma(θ⋆)
1/2δâ∥2 ≤ ∥Ma(θ⋆)

1/2(â−aopt(θ⋆))∥2+∥Ma(θ⋆)
1/2Ga(θ⋆)δ⋆∥2 ≤ 2∥Ma(θ⋆)

1/2(â−
aopt(θ⋆))∥2

• By Assumption 4.1, so long as (B.1.3) holds: ∥Ga(θ⋆)∥op ≤ La1, ∥∇2
θaopt(θ)|θ=θ′∥op ≤

La2.

• By Assumption 4.1, so long as (B.1.4) holds: ∥∇3
aR(a; θ)|a=a′∥op ≤ LR3.

• ∥Ma(θ⋆)
1/2∥op =

√
∥Ma(θ⋆)∥op =

√
∥∇2

aR(a; θ⋆)|a=aopt(θ⋆)∥op ≤
√
LR2. To see why the

first equality holds, note that for any PSD M = UΣU⊤, ∥M1/2∥op = ∥Σ1/2∥op =
maxi

√
σi =

√
maxi σi =

√
∥M∥op.

Lower bounding the excess risk R(â; θ): Throughout the remainder of the proof, we let
c denote a universal numerical constant which may change from line to line. From the above
observations

(a2) = cLa2LR2Car
3

By the bounds given above:

(a4) = cLa2(La1 + Ca)LR2r
3

To bound (a6), we can apply Proposition 4.1 to get that, when (B.1.4) holds,

∥∇2
aR(a; θ)|a=aopt(θ) −∇2

aR(a; θ)|a=aopt(θ⋆)∥op ≤ LR3∥aopt(θ)− aopt(θ⋆)∥2 ≤ LR3La1r

Using that ∥aopt(θ)− â∥2 ≤ ∥aopt(θ)− aopt(θ⋆)∥2 + ∥aopt(θ⋆)− â∥2 ≤ (La1 + Car), we have:

(a6) = c(La1 + Ca)
2(LR3La1 + Lhess)r

3

This same bound on ∥aopt(θ)− â∥2 gives:

(a7) = cLR3(La1 + Ca)
3r3/2

It remains to bound (a5). Recall that

δ⋆ = argmin
δ

∥Ma(θ⋆)
1/2(â− aopt(θ⋆)−Ga(θ⋆)δ)∥2
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so δ⋆ is the projection of Ma(θ⋆)
1/2(â− aopt(θ⋆)) onto the image of Ma(θ⋆)

1/2Ga(θ⋆). It follows
that:

Ma(θ⋆)
1/2(â− aopt(θ⋆)−Ga(θ⋆)δ⋆) = Ma(θ⋆)

1/2δâ ⊥ image(Ma(θ⋆)
1/2Ga(θ⋆))

which implies

(a5) = −(δθ − δ⋆)
⊤Ga(θ⋆)

⊤Ma(θ⋆)δâ = 0

Combining everything, we’ve shown that:

R(â; θ) ≥ 1

2
(δθ − δ⋆)

⊤Ga(θ⋆)
⊤Ma(θ⋆)Ga(θ⋆)(δθ − δ⋆) + (a1) + (a3)−O

(
C1r

3
)

for

C1 = 2La1La2LR2 + 8L3
a1LR3 + 4Lhess

However, Ma(θ⋆) is PSD so (a1), (a3) ≥ 0, giving:

R(â; θ) ≥ 1

2
(δθ − δ⋆)

⊤Ga(θ⋆)
⊤Ma(θ⋆)Ga(θ⋆)(δθ − δ⋆)− cC1r

3

Completing the proof: By definition, δθ−δ⋆ = θ−θ̂(â) and Ga(θ⋆)
⊤Ma(θ⋆)Ga(θ⋆) = H(θ⋆),

so
(δθ − δ⋆)

⊤Ga(θ⋆)
⊤Ma(θ⋆)Ga(θ⋆)(δθ − δ⋆) = ∥θ − θ̂(â)∥2H(θ⋆)

Putting things together, we then have that

min
â:∥â−aopt(θ⋆)∥2≤Car

max
θ:∥θ−θ⋆∥2≤r

E[R(â; θ)]

≥ min
â:∥â−aopt(θ⋆)∥2≤Car

max
θ:∥θ−θ⋆∥2≤r

E
[
1

2
∥θ − θ̂(â)∥2H(θ⋆)

]
− cC1r

3

Given knowledge of θ⋆, θ̂(â) is simply an estimator of θ, so it follows that from (B.1.1)
that

min
â:∥â−aopt(θ⋆)∥22≤Car(T )

max
θ:∥θ−θ⋆∥22≤r(T )

E
[
1

2
∥θ − θ̂(â)∥2H(θ⋆)

]
≥ min

θ̂
max

θ:∥θ−θ⋆∥22≤r(T )
E
[
1

2
∥θ − θ̂∥2H(θ⋆)

]
This concludes the proof.
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B.1.2 Proof of Proposition 4.1 and Proposition 4.2

Proof of Proposition 4.1. We prove this for a generic function f : Rn → Rm. Fix some
x, y ∈ Rn and let xt = tx+ (1− t)y. Then, by Taylor’s Theorem,

f(x) = f(y) +
d

dt
f(xt)|t=t′

for some t′ ∈ [0, 1]. By the chain rule, d
dt
f(xt) = ∇xf(x)|x=xt · ddtxt = ∇xf(x)|x=xt · (x− y).

So:
∥f(x)− f(y)∥op ≤ ∥∇xf(x)|x=xt′∥op · ∥x− y∥op

The result follows in our setting using the norm bounds given in Assumption 4.1.

Proof of Proposition 4.2. Let θt = tθ̂ + (1− t)θ⋆. Note that for any t, by Proposition 4.1,

∥aopt(θt)− aopt(θ⋆)∥2 ≤ La1∥θt − θ⋆∥2 ≤ La1∥θ̂ − θ⋆∥2 ≤ La1rquad(θ⋆)

where the last inequality follows by Assumption 4.1. We are therefore in the regime where
the norm bounds given in Assumption 4.1 hold, which we will make use of throughout the
proof. By Taylor’s Theorem:

R(aopt(θ̂); θ⋆) = R(aopt(θ1); θ⋆) = R(aopt(θ0); θ⋆) +
d

dt
R(aopt(θt); θ⋆)|t=0 +

1

2

d2

dt2
R(aopt(θt); θ⋆)|t=0

+
1

6

d3

dt3
R(aopt(θt); θ⋆)|t=t′

where t′ ∈ [0, 1]. Assumption 4.1 gives thatR(aopt(θ0); θ⋆) = R(aopt(θ⋆); θ⋆) = 0. Furthermore,
d
dt
R(aopt(θt); θ⋆)|t=0 = ∇aR(a; θ⋆)|a=aopt(θ0) · ∇θaopt(θ)|θ=θ0 · ddtθt|t=0, but by Assumption 4.1,
∇aR(a; θ⋆)|a=aopt(θ0) = 0. Finally, by the chain rule and since d

dt
θt = θ̂ − θ⋆:

d2

dt2
R(aopt(θt); θ⋆)|t=0 = (θ̂ − θ⋆)

⊤∇2
θR(aopt(θ); θ⋆)|θ=θ0(θ̂ − θ⋆) = (θ̂ − θ⋆)

⊤H(θ⋆)(θ̂ − θ⋆)

d3

dt3
R(aopt(θt); θ⋆) = ∇3

θR(aopt(θ); θ⋆)|θ=θt′ [θ̂ − θ⋆, θ̂ − θ⋆, θ̂ − θ⋆]

It then follows that,∣∣∣∣R(aopt(θ̂); θ⋆)− 1

2
∥θ̂ − θ⋆∥2H(θ⋆)

∣∣∣∣ ≤ 1

6
∥∇3

θR(aopt(θ); θ⋆)|θ=θt′ [θ̂ − θ⋆, θ̂ − θ⋆, θ̂ − θ⋆]∥op

The chain rule gives,

∇3
θR(aopt(θ); θ⋆)[θ̂ − θ⋆, θ̂ − θ⋆, θ̂ − θ⋆]
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= ∇3
aR(aopt(θ); θ⋆)[∇θaopt(θ)[θ̂ − θ⋆],∇θaopt(θ)[θ̂ − θ⋆],∇θaopt(θ)[θ̂ − θ⋆]]

+ 3∇2
aR(aopt(θ); θ⋆)[∇2

θaopt(θ)[θ̂ − θ⋆, θ̂ − θ⋆],∇θaopt(θ)[θ̂ − θ⋆]]

+∇aR(aopt(θ); θ⋆)[∇3
θaopt(θ)[θ̂ − θ⋆, θ̂ − θ⋆, θ̂ − θ⋆]]

so,

∥∇3
θR(aopt(θ); θ⋆)|θ=θt′ [θ̂− θ⋆, θ̂− θ⋆, θ̂− θ⋆]∥op ≤ (LR3L

3
a1 +3LR2La2La1 +LR1La3)∥θ̂− θ⋆∥3op

which proves the first inequality. For the second inequality, recall that by definition,

H(θ⋆) = ∇2
θR(aopt(θ); θ⋆)|θ=θ⋆

so, by Taylor’s Theorem,

H(θ⋆) = ∇2
θR(aopt(θ); θ⋆)|θ=θ̂ +

d

dt
∇2
θR(aopt(θt); θ⋆)|t=t′

for t′ ∈ [0, 1]. However,

d

dt
∇2
θR(aopt(θt); θ⋆)|t=t′ = ∇3

θR(aopt(θ); θ⋆)|θ=θt′ ·
d

dt
θt

Thus,

∥H(θ⋆)−∇2
θR(aopt(θ); θ⋆)|θ=θ̂∥op ≤ (LR3L

3
a1 + 3LR2La2La1 + LR1La3)∥θ̂ − θ⋆∥2

By the chain rule,

∇2
θR(aopt(θ); θ′) = ∇2

aR(a; θ′)|a=aopt(θ)[∇θaopt(θ),∇θaopt(θ)] +∇aR(a; θ′)|a=aopt(θ) · ∇2
θaopt(θ)

So, by Definition 4.1.1, since ∇aR(a; θ′)|a=aopt(θ′) = 0, we have:

∥∇2
θR(aopt(θ); θ⋆)|θ=θ̂ −∇

2
θR(aopt(θ); θ̂)|θ=θ̂∥op

= ∥∇2
aR(a; θ⋆)|a=aopt(θ̂)

[∇θaopt(θ)|θ=θ̂,∇θaopt(θ)|θ=θ̂] +∇aR(a; θ⋆)|a=aopt(θ̂)
· ∇2

θaopt(θ)|θ=θ̂
−∇2

aR(a; θ̂)|a=aopt(θ̂)
[∇θaopt(θ)|θ=θ̂,∇θaopt(θ)|θ=θ̂]∥op

≤ Lhess∥∇θaopt(θ)|θ=θ̂∥
2
op∥θ̂ − θ⋆∥2 + ∥∇aR(a; θ⋆)|a=aopt(θ̂)

· ∇2
θaopt(θ)|θ=θ̂∥op

≤ LhessL
2
a1∥θ̂ − θ⋆∥2 + La2∥∇aR(a; θ⋆)|a=aopt(θ̂)

∥op

However, ∇aR(a; θ⋆)|a=aopt(θ̂)
is Lipschitz continuous so, since ∇aR(a; θ⋆)|a=aopt(θ⋆) = 0,

∥∇aR(a; θ⋆)|a=aopt(θ̂)
∥op = ∥∇aR(a; θ⋆)|a=aopt(θ̂)

−∇aR(a; θ⋆)|a=aopt(θ⋆)∥op
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≤ LR2∥aopt(θ̂)− aopt(θ⋆)∥2
≤ LR2La1∥θ̂ − θ⋆∥2

Since H(θ̂) = ∇2
θR(aopt(θ); θ̂)|θ=θ̂, we’ve shown that:

∥H(θ⋆)−H(θ̂)∥op ≤ (LR3L
3
a1 + 3LR2La2La1 + LR2La1 + LR1La3 + LhessL

2
a1)∥θ⋆ − θ̂∥2

which proves the second inequality.

B.2 Deferred Proofs from Section 4.2

Lemma B.2.1. Assume our data is generated according to (4.0.1) and let

θ̂ls := min
θ

T∑
t=1

∥yt − θ⊤zt∥22

Then on the event

E :=
{
λmin(ΣT ) ≥ λT,ΣT ⪯ T Λ̄T

}
with probability at least 1− δ:

∥θ̂ls − θ⋆∥2 ≤ C

√
log(1/δ) + dθ + log det(Λ̄T/λ+ I)

λT
.

Proof. Define the following events:

A =

∥θ̂i − θ⋆∥2 ≤ C

√
log(1/δ) + dθ + log det(Λ̄T/λ+ I)

λT


E1 =


∥∥∥∥∥∥
(

T∑
t=1

ztz
⊤
t

)−1/2 T∑
t=1

ztw
⊤
t

∥∥∥∥∥∥
op

≤ c2σw

√
log

1

δ
+ dθ + log det(Λ̄T/λ+ I)


Our goal is to show that P[Ac ∩ E ] ≤ δ. The following is trivial.

P[Ac ∩ E ] ≤ P[Ac ∩ E ∩ E1] + P[E ∩ Ec1 ]

As θ̂ls is the least squares estimate, we will have that θ̂ls = (
∑T

t=1 ztz
⊤
t )

−1
∑T

t=1 ztyt =
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θ⋆ + (
∑T

t=T−Ti ztz
⊤
t )

−1
∑T

t=1 ztw
⊤
t . Given this, the error can be decomposed as:

∥θ̂ls − θ⋆∥2 =

∥∥∥∥∥∥
(

T∑
t=1

ztz
⊤
t

)−1 T∑
t=1

ztw
⊤
t

∥∥∥∥∥∥
2

≤

∥∥∥∥∥∥
(

T∑
t=1

ztz
⊤
t

)−1/2
∥∥∥∥∥∥
op

∥∥∥∥∥∥
(

T∑
t=1

ztz
⊤
t

)−1/2 T∑
t=1

ztw
⊤
t

∥∥∥∥∥∥
2

=

∥∥∥∥∥∥
(

T∑
t=1

ztz
⊤
t

)−1/2 T∑
t=1

ztw
⊤
t

∥∥∥∥∥∥
2

/

√√√√λmin

(
T∑
t=1

ztz⊤t

)

It follows that, on the event E ∩E1, the error bound given in A holds. Thus, P[Ac∩E ∩E1] = 0.
Proposition 3.1 implies that P[E ∩ Ec1 ] ≤ δ, so P[Ac ∩ E ] ≤ δ.

B.3 Deferred Proofs from Section 4.3

Proof of Lemma 4.3.1. By Fubini’s theorem and Bayes’ rule,

EX∼PX
EY∼PY |X(·|X)[f(X, Y )] =

∫ ∫
f(x, y)PY |X(y | x)PX(x)dydx

=

∫ ∫ ∫
f(x, y)PX′|Y (x

′ | y)PY |X(y | x)PX(x)dx′dydx

=

∫ ∫ ∫
f(x, y)

PY |X′(y | x′)PX′(x′)

PY (y)
PY |X(y | x)PX(x)dx′dydx

=

∫ ∫ ∫
f(x, y)PX|Y (x|y)PY |X(y | x)PX′(x′)dx′dydx

=

∫ ∫ ∫
f(x, y)PX|Y (x|y)PY |X(y | x)PX′(x′)dxdydx′

= EX′∼PX′EY∼PY |X(·|X′)EX∼PX|Y (·|Y )[f(X, Y )]

Relabeling gives the result.

Proof of Lemma 4.3.2 .

E
[
∥Z − E[Z | E ]∥2M | E

]
≥ E

[
I{E} · ∥Z − E[Z | E ]∥2M

]
= E[∥Z − E[Z | E ]∥2M ]︸ ︷︷ ︸

(i)

−E
[
I{Ec} · ∥Z − E[Z | E ]∥2M

]︸ ︷︷ ︸
(ii)

Next, we lower bound (i) = E[∥Z − E[Z | E ]∥2M ] ≥ E[∥Z − E[Z]∥2M ]. Thus, it remains to
upper bound (ii):

(ii) = E
[
I{Ec} · ∥Z − E[Z | E ]∥2M

]
≤ 2E

[
I{Ec} ·

(
∥Z − µ∥2M + ∥µ− E[Z | E ]∥2M

)]
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≤ 2E
[
I{Ec} ·

(
∥Z − µ∥2M + r2∥M∥op

)]
≤ 2E

[
I{Ec} ·

(
∥Z − µ∥22∥M∥op + r2∥M∥op

)]
,

where in the second line, we use that, under E , ∥Z−µ∥2 ≤ r. Moreover, under Ec, ∥Z−µ∥22 ≥ r,
so that ∥Z − µ∥22 + r2 ≤ 2∥Z − µ∥22. Hence, (ii) ≤ 4∥M∥opE[I{Ec}∥Z − µ∥22]. Thus,

E[∥Z − E[Z | E ]∥2M | E ] ≥ E ∥Z − E[Z]∥2M − 4∥M∥opE[I{Ec}∥Z − µ∥22],

as needed.

Proof of Lemma 4.3.3. Due to the fact that we have gaussian likelihoods, we we

dP(DT | θ) ∝ exp(− 1

2σ2
w

T∑
t=1

(yt − ⟨θ, zt⟩)2) ∝ exp(− 1

2σ2
w

θ⊤ΣT θ +
1

σ2
w

θ⊤
T∑
t=1

zty
⊤
t )

On the other hand, for any given θ, dP(θ) ∝ exp(−1
2
θ⊤Γ−1θ). Hence,

dP(θ | DT ) ∝ exp(− 1

2σ2
w

θ⊤(ΣT + Γ−1)θ +
1

σ2
w

θ⊤
T∑
t=1

zty
⊤
t )

Thus, θ | DT is conditionally Gaussian with covariance σ2
w(ΣT + Γ−1)−1. It follows that:

Eθ′∼Dfull(DT )

[
∥θ′ − Eθ′′∼Dfull(DT )[θ

′′]∥2M
]

= tr
(
M1/2Eθ′∼Dfull(DT )

[
(θ′ − Eθ′′∼Dfull(DT )[θ

′′])(θ′ − Eθ′′∼Dfull(DT )[θ
′′])⊤

]
M1/2

)
= σ2

wtr
(
M1/2(ΣT + Γ−1)−1M1/2

)
.

Proof of Lemma 4.3.4 . From Proposition 1.1. in Hsu et al. [2012], we have t > 0, it holds
that P[g⊤Γg > tr(Γ) + 2

√
t∥Γ∥F + 2∥Γ∥opt] ≤ e−t. In particular, if

√
t∥Γ∥op ≥ ∥Γ∥F,

then P[g⊤Γg > tr(Γ) + 4t∥Γ∥op] ≤ e−t. Reparametrizing u = 4t∥Γ∥op, we have that
if
√
u∥Γ∥op/2 ≥ ∥Γ∥F, then P[g⊤Γg > tr(Γ) + u] ≤ e−u/4∥Γ∥op . Lastly, the condition√

u∥Γ∥op/2 ≤ ∥Γ∥F is equivalent to u ≥ 4∥Γ∥2F/∥Γ∥op. Since ∥Γ∥2F ≤ tr(Γ)∥Γ∥op, it suffices
that u ≥ 4tr(Γ). This concludes the proof.

Proof of Lemma 4.3.5. Clearly, AMA = BMB+CMC+BMC+CMB. Since CMC,BMB ⪰
0:

BMC + CMB ⪰ BMC + CMB − 4CMC −BMB/4

= −(B/2− 2C)M(B/2− 2C)

⪰ −2(BMB/4 + 4CMC)
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= −BMB/2− 8CMC

Thus,
AMA ⪰ BMB + CMC −BMB/2− 8CMC = BMB/2− 7CMC.
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Appendix C

Deferred Proofs from Chapter 5

C.1 Deferred Proofs from Section 5.3

C.1.1 Linear Dynamical Systems Notation Proofs

Proof of Lemma 3.4.1 and Lemma 5.3.1. We have that

∥θ̃⋆∥H∞ = max
ω∈[0,2π]

∥∥∥∥∥
(
eιωI −

[
A⋆ B⋆

0 0

])−1 [
0
I

]∥∥∥∥∥
op

≤ max
ω∈[0,2π]

∥∥∥∥∥
(
eιωI −

[
A⋆ B⋆

0 0

])−1
∥∥∥∥∥
op

For each ω, set A(ω) := (eιωI − A⋆)
−1. Then, using the block matrix inverse formula,(

eιωI −
[
A⋆ B⋆

0 0

])−1

=

[
A(ω) −A(ω)e−ιωB⋆

0 e−ιωI

]
Thus,

max
ω∈[0,2π]

∥∥∥∥∥
(
eιωI −

[
A⋆ B⋆

0 0

])−1
∥∥∥∥∥
op

≤ max
ω∈[0,2π]

∥∥∥∥[A(ω) −A(ω)e−ιωB⋆

0 e−ιωI

]∥∥∥∥
≤ 1 + (1 + ∥B⋆∥op) max

ω∈[0,2π]
∥A(ω)∥op

= 1 + (1 + ∥B⋆∥op)∥A⋆∥H∞ .

In the case of scalar A⋆, Lemma 4.1 Tu et al. [2017] shows that ∥Ak
⋆∥op ≤ ∥1ρA⋆∥H∞ρk. In

the case when dx > 1, we can apply their proof to the sequence u⊤Ak
⋆v for some u, v with

∥u∥2 = ∥v∥2 = 1. Doing so, we obtain

u⊤Ak
⋆v ≤ ∥1ρA⋆∥H∞ρk
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As this holds for all u and v, we have ∥Ak
⋆∥op ≤ ∥1ρA⋆∥H∞ρk. As τ(A⋆, ρ) is the smallest value

satisfying ∥Ak
⋆∥op ≤ τ(A⋆, ρ)ρ

k for all k, it follows that τ(A⋆, ρ) ≤ ∥1ρA⋆∥H∞ . We next wish
to upper bound ∥1

ρ
A⋆∥H∞ by ∥A⋆∥H∞ for some choice of ρ. Lemma F.9 of Wagenmaker and

Jamieson [2020] gives that

∥A⋆ − 1
ρ
A⋆∥op ≤

1

2∥A⋆∥H∞

=⇒ ∥1
ρ
A⋆∥op ≤ 2∥A⋆∥H∞

A sufficient condition to meet this is

ρ ≥ 2∥A⋆∥H∞∥A⋆∥op
1 + 2∥A⋆∥H∞∥A⋆∥op

As ρ⋆ satisfies this, it follows that τ(A⋆, ρ⋆) ≤ ∥ 1
ρ⋆
A⋆∥H∞ ≤ 2∥A⋆∥H∞ . Combining this with

Lemma 5.3.2, we conclude that

τ⋆ ≤ (1 + ρ−1
⋆ ∥B⋆∥op)τ(A⋆, ρ⋆) ≤ 2(1 + ρ−1

⋆ ∥B⋆∥op)∥A⋆∥H∞ ≤ 2(1 + 2∥B⋆∥op)∥A⋆∥H∞

Finally, by definition of ρ⋆ it follows

1

1− ρ⋆
≤ max{1 + 2∥A⋆∥H∞∥A⋆∥op, 2} ≤ 2 + 2∥A⋆∥H∞∥A⋆∥op

We then upper bound ∥A⋆∥op ≤ ∥A⋆∥H∞ to obtain the final result.

Proof of Lemma 5.3.2. Note that:

Ãk =

[
Ak Ak−1B
0 0

]
Thus,

∥Ãk∥op = sup
v∈Sd+p−1

∥∥∥∥[Ak Ak−1B
0 0

]
v

∥∥∥∥
op

= sup
v∈Sd+p−1

∥∥Akv1 + Ak−1Bv2
∥∥
op
≤ ∥Ak∥op+∥Ak−1B∥op

so, for any ρ > 0,

∥Ãk∥opρ−k ≤ ∥Ak∥opρ−k + ∥B∥op∥Ak−1∥opρ−k ≤ τ(A, ρ) + ρ−1∥B∥op∥Ak−1∥opρ−(k−1)

≤ (1 + ρ−1∥B∥op)τ(A, ρ).

Proof of Lemma 5.3.3. Fix some T . In the proof of Theorem 5.1 we showed that, for some
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θ0 satisfying ∥θ⋆ − θ0∥2F ≤ 5(d2x + dxdu)/(λ
⋆
min,∞T 5/6),

min
π∈Πγ2

tr
(
H(θ0)

(
Eθ⋆,π[ΣT ] + λ⋆min,∞T · I

)−1
)
≥ 1

16T
Φss

opt(γ
2; θ⋆)−O

(
1

T 17/12

)
Following the proof of Theorem 5.1, we can use Proposition 4.2 to show that

min
π∈Πγ2

tr
(
H(θ0)

(
Eθ⋆,π[ΣT ] + λ⋆min,∞T · I

)−1
)

≤ min
π∈Πγ2

tr
(
H(θ⋆)

(
Eθ⋆,π[ΣT ] + λ⋆min,∞T · I

)−1
)
+O

(
1

T 17/12

)
≤ min

π∈Πγ2

tr
(
H(θ⋆) (Eθ⋆,π[ΣT ])

−1)+O( 1

T 17/12

)
Renormalizing by T , it follows that for any T

inf
π∈Πγ2

ΦT (θ⋆; π) = min
π∈Πγ2

tr
(
H(θ⋆) (Eθ⋆,π[ΣT/T ])

−1) ≥ 1

16
Φss

opt(γ
2; θ⋆)−O

(
1

T 5/12

)
Taking lim infT→∞ of both sides proves the first inequality.

For the second inequality, some trivial manipulations of (C.3.1) in the proof of Lemma 5.4.2
shows that, for sufficiently large T ,

min
π∈Πγ2

tr
(
H(θ0) (Eθ⋆,π[ΣT ])

−1) ≤ 4

T
min

u∈Uγ2,T

tr
(
H(θ⋆)Λss

T,T (θ̃⋆, u, 0)
−1
)

Renormalizing by T and taking lim infT→∞ of both sides gives the result.

Proof of Lemma 5.3.4. Fix T and consider playing the input ut ∼ N (0, σ2
u · I). By definition,

T∑
t=1

Λnoise
t (θ̃⋆, σu) =

T∑
t=1

Λnoise
t (θ̃⋆, 0) + E

[
T∑
t=1

xut (x
u
t )

⊤

]

By Lemma 5.3.5, it follows that there exists some input ũ = (ũt)
k−1
t=0 with average expected

power bounded by γ2 such that

E

[
T∑
t=1

xut (x
u
t )

⊤

]
⪯ E

[
2T+k∑
t=1

xũt (x
ũ
t )

⊤

]
+ 5I
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where k := T1 = 2H((d2x + dx)/2 + 1) and

H =

⌈
log

(
1− ρ2

8τ(Ã⋆, ρ)3γ2T 2

)
/ log ρ

⌉
= O(log T )

By Lemma 5.3.6,

E

[
2T+k∑
t=1

xũt (x
ũ
t )

⊤

]
⪯ EΛfreq

2T+k(θ̃⋆, ũ) +

(
τ(Ã⋆, ρ)∥θ̃⋆∥2H∞

√
2T + k + 1kγ2

1− ρk
+

τ(Ã⋆, ρ)
2∥θ̃⋆∥2H∞k2γ2

(1− ρk)2

)
· I

By definition of Λfreq and for any U ∈ Ũγ2,k,

EΛfreq
2T+k(θ̃,U ) = E

4T

k

1

k

k∑
t=1

(eι
2πt
k I − Ã)−1B̃ǔtǔ

H
t B̃

H(eι
2πt
k I − Ã)−H

=
4T

k

1

k

k∑
t=1

(eι
2πt
k I − Ã)−1B̃E[ǔtǔH

t ]B̃
H(eι

2πt
k I − Ã)−H

Define Ut := E[ǔtǔH
t ]. By Parseval’s Theorem, and the power constraint on ũ, we have∑k

t=1tr(Ut) = E[
∑k

t=1ǔ
H
t ǔt] = E[k

∑k−1
t=0 u

⊤
t ut] ≤ k2γ2

It follows that there exists some Ũ ∈ Uγ2,k such that EΛfreq
2T+k(θ̃⋆, ũ) = Λfreq

2T+k(θ̃⋆, Ũ ). Putting
this together, we have that

λmin

(
T∑
t=1

Λnoise
t (θ̃⋆, γ/

√
du)

)
≤ λmin

(
(2T + k)Λss

2T+k(θ̃⋆, Ũ)
)
+O(

√
T log T + poly log T )

≤ sup
U∈Uγ2,2T+k

λmin

(
(2T + k)Λss

2T+k(θ̃⋆,U)
)
+O(

√
T log T + poly log T )

Dividing through by T and taking the lim supT→∞, we have

lim sup
T→∞

1

T
λmin

(
T∑
t=1

Λnoise
t (θ̃⋆, σu)

)
≤ lim sup

T→∞
sup

U∈Uγ2,T

2λmin(Λ
ss
T (θ̃⋆,U ))

Finally, we see that by definition and some algebra that

lim sup
T→∞

1

T
λmin

(
T∑
t=1

Λnoise
t (θ̃⋆, σu)

)
= λmin

(
σ2
w

∞∑
t=0

Ãt
⋆(Ã

t
⋆)

⊤ + σ2
u

∞∑
t=0

Ãt
⋆B̃⋆B̃

⊤
⋆ (Ã

t
⋆)

⊤

)
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= min

{
λmin

(
σ2
w

∞∑
t=0

At
⋆(A

t
⋆)

⊤ + σ2
u

∞∑
t=0

At
⋆B⋆B

⊤
⋆ (A

t
⋆)

⊤

)
, σ2

u

}

Noting that

λmin

(
σ2
w

∞∑
t=0

At
⋆(A

t
⋆)

⊤ + σ2
u

∞∑
t=0

At
⋆B⋆B

⊤
⋆ (A

t
⋆)

⊤

)
≥ λmin

(
σ2
w

dx∑
t=0

At
⋆(A

t
⋆)

⊤ + σ2
u

dx∑
t=0

At
⋆B⋆B

⊤
⋆ (A

t
⋆)

⊤

)

completes the proof.

C.1.2 Periodicity of Optimal Inputs

Proof of Lemma 5.3.5. In what follows, we regard ϵ > 0 as fixed, and write H ← Hϵ.
We consider the response on the system with no process noise starting from xu0 = 0.

Given some input {ut}T−1
t=0 ∈ Uγ2 , the state evolves as

xut =
t−1∑
s=0

At−s−1Bus

We will use Gt to denote the Markov parameters for this system:

Gt := [B,AB, . . . , At−2B,At−1B]

and will define the extended input, ut, and truncated extended input, ut;H as:

ut := [ut;ut−1; . . . ;u1;u0], ut;H := [ut;ut−1; . . . ;ut−H+2;ut−H+1]

If t < H − 1, we define u−s = 0 for all s > 0. Then the state can be written as xut = Gtut−1.
We can approximate the state using the last H inputs as xut;H = GHut−1;H . The following
result bounds the error in such an approximation.

Claim 3. Fix some input ut with E[
∑T−1

t=0 u⊤
t ut] ≤ Tγ2 and assume we start from xu0 = 0.

Then, under our choice of H ≥ log( ϵ(1−ρ2)
2∥B∥2opτ(A,ρ)3γ2T

)/ log ρ, we will have

E∥xut (xut )⊤ − xut;H(x
u
t;H)

⊤∥op ≤ ϵ

Proof of Claim 3. We first bound the state difference:

∥xut;H − xut ∥2 =
∥∥∥ t−H−1∑

s=0

At−s−1Bus

∥∥∥
2
≤ ∥AH∥op

∥∥∥ t−H−1∑
s=0

At−H−s−1Bus

∥∥∥
2
≤ τ(A, ρ)ρH∥xut−H∥2
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By Jensen’s inequality, we can bound E∥xut ∥2 as

E∥xut ∥2 = E

∥∥∥∥∥
t−1∑
s=0

At−s−1Bus

∥∥∥∥∥
2

≤ ∥B∥opτ(A, ρ)E

(
t−1∑
s=0

ρt−s−1∥us∥2

)

≤ ∥B∥opτ(A, ρ)

√√√√ t−1∑
s=0

ρ2(t−s−1)E

√√√√ t−1∑
s=0

∥us∥22

≤ ∥B∥opτ(A, ρ)

√√√√ t−1∑
s=0

ρ2(t−s−1)

√√√√E
T−1∑
s=0

∥us∥22

≤ ∥B∥opτ(A, ρ)γ
√
T√

1− ρ2

Thus, E∥xut;H −xut ∥2 ≤
∥B∥opτ(A,ρ)2γ

√
2T√

1−ρ2
ρH . Thus, by the triangle inequality and what we have

just shown,

E∥xut (xut )⊤ − xut;H(x
u
t;H)

⊤∥op ≤ E[(∥xut ∥2 + ∥xut;H∥2)∥xut − xut;H∥2] ≤
2∥B∥2opτ(A, ρ)3γ2T

1− ρ2
ρH

where the last inequality follows by noting that our above argument also applies to bounding
E∥xut;H∥2. The conclusion follows by some algebra.

Fix H = ⌈log( ϵ(1−ρ2)
8∥B∥2opτ(A,ρ)3γ2T 2 )/ log ρ⌉, then, by Claim 3,

E
T∑
t=1

xut (x
u
t )

⊤ ⪯ E
⌈T/H⌉∑
j=1

Hj∑
t=H(j−1)+1

xut (x
u
t )

⊤ ⪯ E
⌈T/H⌉∑
j=1

Hj∑
t=H(j−1)+1

xut;H(x
u
t;H)

⊤ + ϵI

Now consider a realization of (ut) in our probability space.
Defining

Uj;H :=

Hj∑
t=H(j−1)+1

ut−1;Hu
⊤
t−1;H (C.1.1)

we can rewrite the covariates in terms of the Markov parameters as

⌈T/H⌉∑
j=1

Hj∑
t=H(j−1)+1

xut;H(x
u
t;H)

⊤ =

⌈T/H⌉∑
j=1

GH

 Hj∑
t=H(j−1)+1

ut−1;Hu
⊤
t−1;H

G⊤
H =

⌈T/H⌉∑
j=1

GHUj;HG
⊤
H
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We will define the set of normalized covariance matrices as

MH :=

{
GHUG⊤

H : U of form (C.1.1) for input {ūt}2Ht=1,
2H∑
t=1

ū⊤
t ūt = 1

}

The following result will allow us to express this in a more convenient form.

Claim 4. Consider any n and some {U′
j;H}nj=1, U

′
j;H ∈ MH . Let pj ∈ [0, 1],

∑n
j=1 pj = 1.

Then there exists some set of matrix inputs {U′′
j;H}

(d2x+dx)/2+1
j=1 , U′′

j;H ∈MH , and some set of
weights qj ∈ [0, 1],

∑(d2x+dx)/2+1
j=1 qj = 1 such that

n∑
j=1

pjGHU
′
j;HG

⊤
H =

du(du+1)/2+1∑
j=1

qjGHU
′′
j;HG

⊤
H .

Proof. This is a direct consequence of Caratheodory’s Theorem. By definition, M ⊆ Sdx+ .
The dimension of Sdx+ is (d2x + dx)/2 so the points in M can be thought of as living in a
(d2x + dx)/2-dimensional space. Caratheodory’s Theorem then gives that, for any point, x,
that is a convex combination of elements ofM, x can also be written as a convex combination
of at most dim(M) + 1 points inM. Taking x =

∑n
j=1 pjGHU

′
j;HG

⊤
H , it follows that there

exists (d2x + dx)/2 + 1 points U′′
j;H ∈M and set of weights qj ∈ [0, 1],

∑m
j=1 qj = 1 such that

x =
∑(d2x+dx)/2+1

j=1 qjGHU
′′
j;HG

⊤
H .

We shall use the following definition going forward:

Definition C.1.1. For a given Uj;H , let γ2[Uj;H ] denote the power of the input corresponding
to Uj;H . That is, if Uj;H is formed according to (C.1.1),

γ2[Uj;H ] :=

Hj−1∑
t=H(j−2)+1

u⊤
t ut (C.1.2)

Note then that Uj;H = γ2[Uj;H ] ·U′
j;H for some U′

j;H ∈MH .
Instantiating Claim 4 with

U′
j;H ← Uj;H/γ

2[Uj;H ], and pj = γ2[Uj;H ]/(

⌈T/H⌉∑
i=1

γ2[Ui;H ]),

we have that there exists some set of matrices {Ũj;H}(d
2
x+dx)/2+1

j=1 ⊆ MH and some set of
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weights qj such that

⌈T/H⌉∑
j=1

GHUj;HG
⊤
H =

⌈T/H⌉∑
i=1

γ2[Ui;H ]

 (d2x+dx)/2+1∑
j=1

qjGHŨj;HG
⊤
H (C.1.3)

For future reference, we denote

γ̃2 :=

⌈T/H⌉∑
i=1

γ2[Ui;H ]

Note that while Ũj;H ∈MH , the associate covariates may not be realizable in only H((d2x +
dx)/2 + 1) steps, because ūt for a given t will be present in both blocks Uj;H and Uj+1;H—
these blocks cannot be chosen independently. However, this response can be realized in
2H((d2x + dx)/2 + 1) steps, which we recall is precisely our definition of Tϵ.

For a given j ∈ {1, . . . , (d2x + dx)/2 + 1}, let {ũt;j}2H−1
t=0 be the set of inputs for which

(C.1.1) is satisfied for Ũj;H , and such that
∑2H−1

t=0 ũ⊤
t;jũt;j = 1. Let {ũt}Tϵt=0 denote the sequence

of inputs formed by concatenating {
√

1
T
γ̃2qjTϵũt;j}2H−1

t=0 for all j. That is, set

ũt =
√

1
T
γ̃2qjTϵũt′,j′ where j′ = ⌊t/j⌋+ 1, t′ = t− (j′ − 1)2H

Finally, extend ũt to all t via ũt = ũmod(t,Tϵ), where the equality holds almost surely. Then,

1

T

γ̃2qjTϵ
2

GHŨj;HG
⊤
H =

2Hj∑
t=2Hj−H+1

xũt;H(x
ũ
t;H)

⊤ (C.1.4)

so
∑(d2x+dx)/2+1

j=1
Tϵ
2T
γ̃2qjGHŨj;HG

⊤
H corresponds to half of the input response, and thus

γ̃2

(d2x+dx)/2+1∑
j=1

qjGHŨj;HG
⊤
H =

T

Tϵ/2

(d2x+dx)/2+1∑
j=1

2Hj∑
t=2Hj−H+1

xũt;H(x
ũ
t;H)

⊤

⪯
⌈

T

Tϵ/2

⌉ (d2x+dx)/2+1∑
j=1

2Hj∑
t=2Hj−H+1

xũt;H(x
ũ
t;H)

⊤

(a)
=

⌈ T
Tϵ/2
⌉((d2x+dx)/2+1)∑

j=1

2Hj∑
t=2Hj−H+1

xũt;H(x
ũ
t;H)

⊤
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(b)

⪯
2H⌈ T

Tϵ/2
⌉((d2x+dx)/2+1)∑
t=1

xũt;H(x
ũ
t;H)

⊤

⪯
2T+Tϵ∑
t=1

xũt;H(x
ũ
t;H)

⊤

where (a) holds because, by construction, we will have xũt;H = xũt+j2H((d2x+dx)/2+1);H for any j,
since the input is Tϵ-periodic, and (b) follows as we are simply including more PSD terms in
the sum. As this holds pointwise in our probability space, it follows that

E
⌈T/H⌉∑
j=1

Hj∑
t=H(j−1)+1

xut;H(x
u
t;H)

⊤ = Eγ̃2

(d2x+dx)/2+1∑
j=1

qjGHŨj;HG
⊤
H ⪯ E

2T+Tϵ∑
t=1

xũt;H(x
ũ
t;H)

⊤

The input sequence {ũt}Tϵt=0 satisfies

E
Tϵ−1∑
t=0

ũ⊤
t ũt = E

Tϵ/2

T
· γ̃2 ·

(d2x+dx)/2+1∑
j=1

qj

2H−1∑
t=0

ũ⊤
t;jũt;j

(a)
= E

Tϵ/2

T
· γ̃2 ·

(d2x+dx)/2+1∑
j=1

qj

=
Tϵ/2

T
Eγ̃2

(b)

≤ Tϵγ
2

where (a) follows since
∑2H−1

t=0 ũ⊤
t;jũt;j = 1 almost surely, and (b) follows since

Eγ̃2 = E
⌈T/H⌉∑
i=1

γ2(Ui;H) = E
⌈T/H⌉∑
i=1

Hi−1∑
t=H(i−2)+1

u⊤
t ut ≤ 2Tγ2

Thus, ũt satisfies the power constraint E
∑Tϵ−1

t=0 ũ⊤
t ũt ≤ Tϵγ

2, which implies it also satisfies the
constraint E

∑T
t=1 ũ

⊤
t ũt ≤ Tγ2. By Claim 3, given our choice of H and this power constraint,

E
2T+Tϵ∑
t=1

xũt;H(x
ũ
t;H)

⊤ ⪯ E
2T+Tϵ∑
t=1

xũt (x
ũ
t )

⊤ + 4ϵI
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Finally, note that for any s, we can bound

E
Tϵ+s−1∑
t=s

ũ⊤
t ũt ≤ 2Tϵγ

2

since the sum can be contained by at most two periods of the input. The conclusion
follows.

C.1.3 Frequency Domain Approximation

Proof of Lemma 5.3.6. Define G(eιω) := (eιωI −A)−1B and let (x̌t)Tt=1 = F−1((xt)
T
t=1) denote

the T point DFT of xt. Then, by Parseval’s Theorem,∥∥∥∥∥
T∑
t=0

xtx
⊤
t −

1

T

T∑
t=1

G(eι
2πt
T )ǔtǔ

H
t G(eι

2πt
T )H

∥∥∥∥∥
op

=

∥∥∥∥∥ 1T
T∑
t=1

x̌tx̌
H
t −

1

T

T∑
t=1

G(eι
2πt
T )ǔtǔ

H
t G(eι

2πt
T )H

∥∥∥∥∥
op

≤ 1

T

T∑
t=1

∥G(eι
2πt
T )ǔt − x̌t∥2(∥x̌t∥2 + ∥G(eι

2πt
T )ǔt∥2)

By Taylor expanding,

G(eιω) =
∞∑
s=0

e−ιω(s+1)AsB

By definition of a DFT, and since x0 = 0,

x̌ℓ =
T−1∑
t=0

e−ι
2πℓ
T
txt =

T−1∑
t=1

t−1∑
s=0

e−ι
2πℓ
T
tAt−s−1Bus =

T−1∑
s=0

(
T−s−2∑
t=0

e−ι
2πℓ
T

(t+1)At

)
e−ι

2πℓ
T
sBus

ǔs =
T−1∑
t=0

e−ι
2πℓ
T
tut

Therefore,

G(eι
2πℓ
T )ǔℓ − x̌ℓ =

T−1∑
s=0

(
∞∑
t=0

e−ι
2πℓ
T

(t+1)At

)
e−ι

2πℓ
T
sBus −

T−1∑
s=0

(
T−s−2∑
t=0

e−ι
2πℓ
T

(t+1)At

)
e−ι

2πℓ
T
sBus

=
T−1∑
s=0

(
∞∑

t=T−s−1

e−ι
2πℓ
T

(t+1)At

)
e−ι

2πℓ
T
sBus

=
T−1∑
s=0

e−ι
2πℓ
T

(T−s−1)AT−s−1

(
∞∑
t=0

e−ι
2πℓ
T

(t+1)At

)
e−ι

2πℓ
T
sBus
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= e−ι
2πℓ
T

(T−1)

T−1∑
s=0

AT−s−1G(eι
2πℓ
T )Bus

Thus, since us = us+k by assumption,

∥G(eι
2πℓ
T )ǔℓ − x̌ℓ∥2 ≤ τ(A, ρ)∥θ∥H∞∥B∥op

T−1∑
s=0

ρT−s−1∥us∥2

≤ τ(A, ρ)∥θ∥H∞∥B∥op
⌈T/k⌉∑
j=0

ρkj
k−1∑
s=0

∥us∥2

≤ τ(A, ρ)∥θ∥H∞∥B∥op
√
k

√√√√k−1∑
s=0

∥us∥22
⌈T/k⌉∑
j=0

ρkj

≤ τ(A, ρ)∥θ∥H∞∥B∥op
√
k

1− ρk

√√√√k−1∑
s=0

∥us∥22

By Parseval’s Theorem, and again since us = us+k,

T∑
t=1

∥ǔt∥22 = T
T−1∑
t=0

∥ut∥22 ≤ T ⌈T/k⌉
k−1∑
t=0

∥ut∥22

So,

1

T

T∑
t=1

∥G(eι
2πt
T )ǔt − x̌t∥2∥G(eι

2πt
T )ǔt∥2 ≤

∥θ∥H∞

T

√√√√ T∑
t=1

∥G(eι
2πt
T )ǔt − x̌t∥22

√√√√ T∑
t=1

∥ǔt∥22

≤ ∥θ∥H∞

T

√√√√T
τ(A, ρ)2∥θ∥2H∞

∥B∥2opk
(1− ρk)2

k−1∑
s=0

∥us∥22

√√√√T ⌈T/k⌉
k−1∑
t=0

∥ut∥22

=
τ(A, ρ)∥θ∥2H∞∥B∥op

√
k⌈T/k⌉

1− ρk

k−1∑
t=0

∥ut∥22

Again by Parseval’s theorem, and by the same calculation as was performed above,

T∑
t=1

∥x̌t∥22 = T

T−1∑
t=1

∥xt∥22 = T

T−1∑
t=1

∥∥∥∥∥
t−1∑
s=0

At−s−1Bus

∥∥∥∥∥
2

2

≤ T
T−1∑
t=1

τ(A, ρ)2∥B∥2op

(
t−1∑
s=0

ρt−s−1∥us∥2

)2

≤
Tτ(A, ρ)2∥B∥2opk

(1− ρk)2

k−1∑
s=0

∥us∥22
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So,

1

T

T∑
t=1

∥G(eι
2πt
T )ǔt − x̌t∥2∥X(eι

2πt
T )∥2 ≤

1

T

√√√√ T∑
t=1

∥G(eι
2πt
T )ǔt − x̌t∥22

√√√√ T∑
t=1

∥x̌t∥22

≤ ∥θ∥H∞

T

√√√√T
τ(A, ρ)2∥θ∥2H∞

∥B∥2opk
(1− ρk)2

k−1∑
s=0

∥us∥22

√√√√Tτ(A, ρ)2∥B∥2opk
(1− ρk)2

k−1∑
s=0

∥us∥22

=
τ(A, ρ)2∥θ∥2H∞∥B∥

2
opk

(1− ρk)2

k−1∑
t=0

∥ut∥22

It follows that

E

∥∥∥∥∥
T∑
t=0

xtx
⊤
t −

1

T

T∑
t=1

G(eι
2πt
T )ǔtǔ

H
t G(eι

2πt
T )H

∥∥∥∥∥
op

≤
τ(A, ρ)∥θ∥2H∞∥B∥op

√
k⌈T/k⌉

1− ρk
E
k−1∑
t=0

∥ut∥22 +
τ(A, ρ)2∥θ∥2H∞∥B∥

2
opk

(1− ρk)2
E
k−1∑
t=0

∥ut∥22

≤
τ(A, ρ)∥θ∥2H∞∥B∥op

√
T + 1kγ2

1− ρk
+

τ(A, ρ)2∥θ∥2H∞∥B∥
2
opk

2γ2

(1− ρk)2

and the conclusion follows.

C.1.4 Smoothness of Covariates

Proof of Lemma 5.3.7. For convenience denote ϵ = ∥θ − θ⋆∥op. As Λ̌ss
T1,T2

(θ,U , σu) = Idx ⊗
Λss
T1,T2

(θ,U , σu),

∥Λ̌ss
T1,T2

(θ,U , σu)− Λ̌ss
T1,T2

(θ⋆,U , σu)∥op = ∥Λss
T1,T2

(θ,U , σu)−Λss
T1,T2

(θ⋆,U , σu)∥op

By definition, when T2 is divisible by k,

Λss
T1,T2

(θ,U , σu) =
1

T2

Λfreq
T2

(θ,U) +
1

T1

T1∑
t=1

Λnoise
t (θ, σu)

Λfreq
T2

(θ,U) =
T2

k

1

k

k∑
ℓ=1

(eι
2πℓ
k I − A)−1BUℓB

H(eι
2πℓ
k I − A)−H
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Λnoise
t (θ, σu) = σ2

w

t−1∑
s=0

As(As)⊤ + σ2
u

t−1∑
s=0

AsBB⊤(As)⊤

Thus,

∥Λss
T1,T2

(θ,U , σu)−Λss
T1,T2

(θ⋆,U , σu)∥op

≤ 1

T2

∥Λfreq
T2

(θ,U)−Λfreq
T2

(θ⋆,U)∥op︸ ︷︷ ︸
(a)

+
1

T1

T1∑
t=1

∥Λnoise
t (θ, σu)−Λnoise

t (θ⋆, σu)∥op︸ ︷︷ ︸
(b)

Lemma C.1.2 gives that, when (5.3.5) holds,

(a) ≤
(

max
ω∈[0,2π]

γ2∥(eιωI − A⋆)
−1∥2op∥B⋆∥op

(
16∥(eιωI − A⋆)

−1∥op∥B⋆∥op + 2
) )

ϵ

+
(

max
ω∈[0,2π]

γ2∥(eιωI − A⋆)
−1∥2op(32∥(eιωI − A⋆)

−1∥op∥B⋆∥op + 2)
)
ϵ2

+
(

max
ω∈[0,2π]

16γ2∥(eιωI − A⋆)
−1∥3op

)
ϵ3

≤
(

max
ω∈[0,2π]

34γ2∥(eιωI − A⋆)
−1∥3op(∥B⋆∥op + 1)2

)
ϵ

while Lemma C.1.1 gives that, when (5.3.5) holds,

(b) ≤
(
8(σ2

w + σ2
u∥B⋆∥2op)τ(A⋆, ρ)

3

(1− ρ2)2
+

4σ2
u∥B⋆∥opτ(A⋆, ρ)

2

1− ρ2

)
ϵ+

2σ2
uτ(A⋆, ρ)

2

1− ρ2
ϵ2

≤
(
8(σ2

w + σ2
u∥B⋆∥2op)τ(A⋆, ρ)

3

(1− ρ2)2
+

4σ2
u(∥B⋆∥op + 1)τ(A⋆, ρ)

2

1− ρ2

)
ϵ

The result follows.

Lemma C.1.1. Assume that ∥[A,B]− [Â, B̂]∥op ≤ ϵ and that ϵ ≤ 1−ρ
2τ(A,ρ)

, then∥∥∥∥∥
t∑

k=0

(
σ2
wA

k(Ak)⊤ + σ2
uA

kBB⊤(Ak)⊤
)
−

t∑
k=0

(
σ2
wÂ

k(Âk)⊤ + σ2
uÂ

kB̂B̂⊤(Âk)⊤
)∥∥∥∥∥

op

≤
(
8(σ2

w + σ2
u∥B∥2op)τ(A, ρ)3

(1− ρ2)2
+

4σ2
u∥B∥opτ(A, ρ)2

1− ρ2

)
ϵ+

2σ2
uτ(A, ρ)

2

1− ρ2
ϵ2.

Proof. First note that ∥[A,B] − [Â, B̂]∥op ≤ ϵ implies ∥A − Â∥op ≤ ϵ, ∥B − B̂∥op ≤ ϵ. We
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will denote Â = A+∆A, where ∥∆A∥op ≤ ϵ. We can upper bound∥∥∥∥∥
t∑

k=0

(
σ2
wA

k(Ak)⊤ + σ2
uA

kBB⊤(Ak)⊤
)
−

t∑
k=0

(
σ2
wÂ

k(Âk)⊤ + σ2
uÂ

kB̂B̂⊤(Âk)⊤
)∥∥∥∥∥

op

≤ σ2
w

t∑
k=0

∥Ak(Ak)⊤ − (A+∆A)
k((A+∆A)

k)⊤∥op

+ σ2
u

t∑
k=0

∥AkBB⊤(Ak)⊤ − (A+∆A)
kB̂B̂⊤((A+∆A)

k)⊤∥op

By the triangle inequality,

∥Ak(Ak)⊤−(A+∆A)
k((A+∆A)

k)⊤∥op
≤ ∥Ak(Ak)⊤ − Ak((A+∆A)

k)⊤ + Ak((A+∆A)
k)⊤ − (A+∆A)

k((A+∆A)
k)⊤∥op

≤ (∥Ak∥op + ∥(A+∆A)
k∥op)∥Ak − (A+∆A)

k∥op

By Proposition C.1,

∥(A+∆A)
k∥op ≤ τ(A, ρ)(ρ+ τ(A, ρ)ϵ)k

and

∥(A+∆A)
k − Ak∥op ≤ kτ(A, ρ)2(ρ+ τ(A, ρ)ϵ)k−1ϵ

Combining all of this we have

∥Ak(Ak)⊤ − (A+∆A)
k((A+∆A)

k)⊤∥op ≤ kτ(A, ρ)3(ρk + (ρ+ τ(A, ρ)ϵ)k)(ρ+ τ(A, ρ)ϵ)k−1ϵ

Denote ρ2 := ρ + τ(A, ρ)ϵ. Since we have assumed that ϵ ≤ 1−ρ
2τ(A,ρ)

, ρ2 ≤ 1
2
+ 1

2
ρ. Then it

follows:

σ2
w

t∑
k=0

∥Ak(Ak)⊤ − (A+∆A)
k((A+∆A)

k)⊤∥op ≤
σ2
wτ(A, ρ)

3ϵ

ρ2

t∑
k=0

k((ρρ2)
k + ρ2k2 )

≤ σ2
wτ(A, ρ)

3ϵ

(
ρ

(1− ρρ2)2
+

ρ2
(1− ρ22)

2

)
≤ 2σ2

wτ(A, ρ)
3ϵ

(1− ρ22)
2

≤ 8σ2
wτ(A, ρ)

3ϵ

(1− ρ2)2



293

where the last inequality follows since 1− ρ22 ≥ 1
2
(1− ρ2). Denoting B̂ = B +∆B, and using

what we have already shown, we have

∥AkBB⊤(Ak)⊤ − (A+∆A)
kB̂B̂⊤((A+∆A)

k)⊤∥op
= ∥AkBB⊤(Ak)⊤ − (A+∆A)

kBB⊤((A+∆A)
k)⊤ − (A+∆A)

k∆BB
⊤((A+∆A)

k)⊤

− (A+∆A)
kB∆B

⊤((A+∆A)
k)⊤ − (A+∆A)

k∆B∆B
⊤((A+∆A)

k)⊤∥op
≤ ∥AkBB⊤(Ak)⊤ − AkBB⊤((A+∆A)

k)⊤ + AkBB⊤((A+∆A)
k)⊤ − (A+∆A)

kBB⊤((A+∆A)
k)⊤∥op

2∥B∥opτ(A, ρ)2(ρ+ τ(A, ρ)ϵ)2kϵ+ τ(A, ρ)2(ρ+ τ(A, ρ)ϵ)2kϵ2

≤ ∥B∥2op(∥Ak∥op + ∥(A+∆A)
k∥op)∥Ak − (A+∆A)

k∥op + 2∥B∥opτ(A, ρ)2(ρ+ τ(A, ρ)ϵ)2kϵ

+ τ(A, ρ)2(ρ+ τ(A, ρ)ϵ)2kϵ2

≤ ∥B∥2opkτ(A, ρ)3(ρk + ρk2)ρ
k−1
2 ϵ+ 2∥B∥opτ(A, ρ)2ρ2k2 ϵ+ τ(A, ρ)2ρ2k2 ϵ2

Thus,

σ2
u

t∑
k=0

∥AkBB⊤(Ak)⊤ − (A+∆A)
kB̂B̂⊤((A+∆A)

k)⊤∥op

≤ σ2
u∥B∥2opτ(A, ρ)3ϵ

t∑
k=0

k(ρk + ρk2)ρ
k−1
2 + 2σ2

u∥B∥opτ(A, ρ)2ϵ
t∑

k=0

ρ2k2 + σ2
uτ(A, ρ)

2ϵ2
t∑

k=0

ρ2k2

≤
8σ2

u∥B∥2opτ(A, ρ)3ϵ
(1− ρ2)2

+
4σ2

u∥B∥opτ(A, ρ)2ϵ
1− ρ2

+
2σ2

uτ(A, ρ)
2ϵ2

1− ρ2

The conclusion follows.

Lemma C.1.2. Assume that ∥[Â, B̂]− [A,B]∥op ≤ ϵ, ϵ ≤ (maxω∈[0,2π] 2∥(eιωI − A)−1∥op)−1,
and Uℓ ⪰ 0,

∑k
ℓ=1 tr(Uℓ) ≤ k2γ2, then:

1

k

∥∥∥∥∥
k∑
ℓ=1

(eιωℓI − Â)−1B̂UℓB̂
H(eιωℓI − Â)−H −

k∑
ℓ=1

(eιωℓI − A)−1BUℓB
H(eιωℓI − A)−H

∥∥∥∥∥
op

≤
(

max
ω∈[0,2π]

kγ2∥(eιωI − A)−1∥2op∥B∥op
(
16∥(eιωI − A)−1∥op∥B∥op + 2

) )
ϵ

+
(

max
ω∈[0,2π]

kγ2∥(eιωI − A)−1∥2op(32∥(eιωI − A)−1∥op∥B∥op + 2)
)
ϵ2

+
(

max
ω∈[0,2π]

16kγ2∥(eιωI − A)−1∥3op
)
ϵ3
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Proof. Note first that ∥[Â, B̂]− [A,B]∥op ≤ ϵ implies ∥Â− A∥op ≤ ϵ, ∥B̂ −B∥op ≤ ϵ since:

∥[Â, B̂]−[A,B]∥op = max
u∈S2d,v∈Sd+p

u⊤([Â, B̂]−[A,B])v ≥ max
u∈S2d,ud+1:2d=0

v∈Sd+p,vd+1:d+p=0

u⊤([Â, B̂]−[A,B])v = ∥Â−A∥op

If we denote Â = A+∆A, B̂ = B +∆B, then:∥∥∥∥∥
k∑
ℓ=1

(eιωℓI − Â)−1B̂UℓB̂
H(eιωℓI − Â)−H −

k∑
ℓ=1

(eιωℓI − A)−1BUℓB
H(eιωℓI − A)−H

∥∥∥∥∥
op

≤

∥∥∥∥∥
k∑
ℓ=1

(eιωℓI − Â)−1B̂UℓB̂
H(eιωℓI − Â)−H −

k∑
ℓ=1

(eιωℓI − A)−1B̂UℓB̂
H(eιωℓI − A)−H

∥∥∥∥∥
op︸ ︷︷ ︸

(i)

+

∥∥∥∥∥
k∑
ℓ=1

(eιωℓI − A)−1B̂UℓB̂
H(eιωℓI − A)−H −

k∑
ℓ=1

(eιωℓI − A)−1BUℓB
H(eιωℓI − A)−H

∥∥∥∥∥
op︸ ︷︷ ︸

(ii)

By Lemma A.2.2:

(i) ≤ max
ω∈[0,2π]

16k2γ2∥(eιωI − A)−1∥op∥(eιωI − A)−1B̂∥2opϵ

≤ max
ω∈[0,2π]

16k2γ2∥(eιωI − A)−1∥3op(∥B∥op + ϵ)2ϵ

Note that these lemmas assume that Uℓ are rank 1, but a trivial modification extends the
results to arbitrary Uℓ ⪰ 0 satisfying

∑k
ℓ=1 tr(Uℓ) ≤ k2γ2. Further:

(ii) ≤ 2

∥∥∥∥∥
k∑
ℓ=1

(eιωℓI − A)−1∆BUℓB
H(eιωℓI − A)−H

∥∥∥∥∥
op

+

∥∥∥∥∥
k∑
ℓ=1

(eιωℓI − A)−1∆BUℓ∆B
H(eιωℓI − A)−H

∥∥∥∥∥
op

≤ (2∥∆B∥op∥B∥op + ∥∆B∥2op)
(

max
ω∈[0,2π]

∥(eιωI − A)−1∥2op
) k∑

ℓ=1

∥Uℓ∥op

≤ k2γ2(2ϵ∥B∥op + ϵ2)

(
max
ω∈[0,2π]

∥(eιωI − A)−1∥2op
)

The result is then immediate.

Proposition C.1. Assume that ∥Ak∥op ≤ τρk for all k ≥ 0 and that ∥∆∥op ≤ ϵ. Then, for
k ≥ 1,

∥(A+∆)k∥op ≤ τ(ρ+ τϵ)k, ∥(A+∆)k − Ak∥ ≤ τ(ρ+ τϵ)k − τρk ≤ kτ 2(ρ+ τϵ)k−1ϵ
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Proof. If A and ∆ were scalars, the Binomial Theorem would give:

(A+∆)k =
k∑
s=0

(
k

s

)
Ak−s∆s

As matrix multiplication does not commute, we cannot simply apply the Binomial Theorem.
However, we note that, for a fixed s, we will have

(
k
s

)
terms of the form

An1∆m1An2∆m2 . . . Ans∆msAns+1

where
∑s+1

i=1 ni = k − s,
∑s

i=1mi = s. Critically, there will be at most s ∆ terms in this
product. Then, using our assumption on ∥Ak∥op, we have

∥An1∆m1An2∆m2 . . . Ans∆msAns+1∥op ≤

(
s+1∏
i=1

∥Ani∥op

)(
s∏
i=1

∥∆mi∥op

)

≤ τ s+1

(
s+1∏
i=1

ρni

)(
s∏
i=1

ϵmi

)
= τ s+1ρk−sϵs

As this bound does not depend on the specific values of ni,mi, we will have

∥(A+∆)k∥op ≤
k∑
s=0

(
k

s

)
τ s+1ρk−sϵs = τ(ρ+ τϵ)k

where the final equality holds by the Binomial Theorem. Similarly, note that ∥(A+∆)k−Ak∥op
will behave identically, except that the Ak term will be removed from the expansion of (A+∆)k.
Thus,

∥(A+∆)k − Ak∥op ≤
k∑
s=1

(
k

s

)
τ s+1ρk−sϵs = τ(ρ+ τϵ)k − τρk

To show the final conclusion, note that, for k ≥ 1, the derivative of (a+ x)k is d
dx
(a+ x)k =

k(a+ x)k−1. By the Mean Value Theorem,

|(a+ x)k − (a+ y)k| ≤
(
max
z∈[x,y]

k|(a+ z)k−1|
)
|x− y|

Applying this observation in our setting gives that

τ(ρ+ τϵ)k − τρk ≤ τ

(
max
z∈[0,τϵ]

k(ρ+ z)k−1

)
τϵ ≤ kτ 2(ρ+ τϵ)k−1ϵ
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C.1.5 Infinite-Horizon Approximation

Proof of Lemma 5.3.8. For simplicity denote Gk,ℓ = (eι2πℓ/kI −A)−1B. Consider some k and,
given ℓ ∈ [1, k̄], let ℓk(ℓ) ∈ [1, k] be the index such that |ℓk(ℓ)/k − ℓ/k̄| is minimized. Let
ℓ−1
k (ℓ) : {1, . . . , k} → 2{1,...,k̄} return the set of indices that map to ℓ. Then:

1

k̄
Λfreq

k̄
(θ,U ⋆) =

1

k̄2

k̄∑
ℓ=1

Gk̄,ℓU
⋆
k̄,ℓG

H
k̄,ℓ =

1

k̄2

k̄∑
ℓ=1

(Gk,ℓk(ℓ) +∆ℓ)U
⋆
k̄,ℓ(Gk,ℓk(ℓ) +∆ℓ)

H

=
k∑
ℓ=1

Gk,ℓ

(
1

k̄2

∑
ℓ′∈ℓ−1

k (ℓ)

U⋆
k̄,ℓ′

)
GH
k,ℓ +

1

k̄2

k̄∑
ℓ=1

(
Gk,ℓk(ℓ)U

⋆
k̄,ℓ∆

H
ℓ +∆ℓU

⋆
k̄,ℓG

H
k,ℓk(ℓ)

+∆ℓU
⋆
k̄,ℓ∆

H
ℓ

)

Set Uk,ℓ = 1
k̄2

∑
ℓ′∈ℓ−1

k (ℓ) U
⋆
k̄,ℓ′

, denote δ := maxℓ∈[1,...,k̄] ∥∆ℓ∥2, and note that ∥θ∥H∞ ≥ ∥Gk,ℓ for
all k, ℓ. Then:∥∥∥∥1kΛfreq

k (θ,U)− 1

k̄
Λfreq

k̄
(θ,U ⋆)

∥∥∥∥
op

≤

∥∥∥∥∥ 1

k̄2

k̄∑
ℓ=1

(
Gk,ℓk(ℓ)U

⋆
k̄,ℓ∆

H
ℓ +∆ℓU

⋆
k̄,ℓG

H
k,ℓk(ℓ)

+∆ℓU
⋆
k̄,ℓ∆

H
ℓ

)∥∥∥∥∥
op

≤ 2δ∥θ∥H∞ + δ2

k̄2

k̄∑
ℓ=1

∥U⋆
k̄,ℓ∥op

≤ 2δ∥θ∥H∞ + δ2

k̄2

k̄∑
ℓ=1

tr(U⋆
k̄,ℓ)

≤ (2δ∥θ∥H∞ + δ2)γ2

where the final equality holds since Ũ⋆
k̄,ℓ

is a feasible input and so must meet the power
constraint. By Lemma A.4.2:

∥Gk,ℓ −Gk′,ℓ′∥2 ≤ 2π|ℓ/k − ℓ′/k′|
(

max
ω∈[0,2π]

∥(eιωI − A)−2B∥op
)

Using this we can bound:

∥Gk̄,ℓ−Gk,ℓk(ℓ)∥2 ≤ 2π|ℓ/k̄−ℓk(ℓ)/k|
(

max
ω∈[0,2π]

∥(eιωI − A)−2B∥op
)
≤ π/k

(
max
ω∈[0,2π]

∥(eιωI − A)−2B∥op
)

since any x ∈ [0, 1] is at most 1/(2k) from the nearest fraction i/k. This implies

δ ≤ π/k

(
max
ω∈[0,2π]

∥(eιωI − A)−2B∥op
)
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so: ∥∥∥∥1kΛfreq
k (θ,U)− 1

k̄
Λfreq

k̄
(θ,U ⋆)

∥∥∥∥
op

≤ 2π∥θ∥H∞γ2

k

(
max
ω∈[0,2π]

∥(eιωI − A)−2B∥op
)

+
π2γ2

k2

(
max
ω∈[0,2π]

∥(eιωI − A)−2B∥op
)2

≤ 4π∥θ∥H∞γ2

k

(
max
ω∈[0,2π]

∥(eιωI − A)−2B∥op
)

where the last inequality holds so long as k ≥ π
2∥θ∥H∞

(
maxω∈[0,2π] ∥(eιωI − A)−2B∥op

)
. To

make this less than ϵ, we must choose:

k ≥ 4π∥θ∥H∞γ2

ϵ

(
max
ω∈[0,2π]

∥(eιωI − A)−2B∥op
)

Finally, note that the input Ũk,ℓ is feasible since:

k∑
ℓ=1

tr(Uk,ℓ) =
1

k̄2

k∑
ℓ=1

∑
ℓ′∈ℓ−1

k (ℓ)

tr(U⋆
k̄,ℓ′) ≤

1

k̄2

k̄∑
ℓ=1

tr(U⋆
k̄,ℓ) ≤ γ2

The conclusion follows immediately.

Proof of Lemma 5.3.9. By definition of Λnoise
t ,∥∥∥∥∥ 1T

T∑
t=1

Λnoise
t (θ, σu)−

1

T ′

T ′∑
t=1

Λnoise
t (θ, σu)

∥∥∥∥∥
op

=

∥∥∥∥∥ 1T
T∑
t=1

t−1∑
s=0

(
σ2
wA

s(As)⊤ + σ2
uA

sBB⊤(As)⊤
)
− 1

T ′

T ′∑
t=1

t−1∑
s=0

(
σ2
wA

s(As)⊤ + σ2
uA

sBB⊤(As)⊤
)∥∥∥∥∥

op

=

∥∥∥∥∥ 1T
T−1∑
s=0

(
σ2
w(T − s)As(As)⊤ + σ2

u(T − s)AsBB⊤(As)⊤
)

− 1

T ′

T ′−1∑
s=0

(
σ2
w(T

′ − s)As(As)⊤ + σ2
u(T

′ − s)AsBB⊤(As)⊤
) ∥∥∥∥∥

op

=

∥∥∥∥∥
T−1∑
s=0

(
σ2
w(1−

s

T
)As(As)⊤ + σ2

u(1−
s

T
)AsBB⊤(As)⊤

)
−

T ′−1∑
s=0

(
σ2
w(1−

s

T ′ )A
s(As)⊤ + σ2

u(1−
s

T ′ )A
sBB⊤(As)⊤

)∥∥∥∥∥
op
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=

∥∥∥∥∥
T−1∑
s=0

(( s

T ′ −
s

T

)
(σ2

wA
s(As)⊤ + σ2

uA
sBB⊤(As)⊤)

)
−

T ′−1∑
s=T

(
σ2
w(1−

s

T ′ )A
s(As)⊤ + σ2

u(1−
s

T ′ )A
sBB⊤(As)⊤

)∥∥∥∥∥
op

≤ |T ′−1 − T−1|τ(A, ρ)2(σ2
w + σ2

u∥B∥2op)
T−1∑
s=0

sρ2s + (σ2
w + σ2

u∥B∥2op)τ(A, ρ)2
T ′−1∑
s=T

(1− s/T ′)ρ2s

≤ |T ′−1 − T−1|τ(A, ρ)2(σ2
w + σ2

u∥B∥2op)
ρ2 + ρ2T+2T

(1− ρ2)2

+ τ(A, ρ)2(σ2
w + σ2

u∥B∥2op)
ρ2T

′+2 + ρ2T+2T + ρ2TT ′

(1− ρ2)2T ′

≤
4τ(A, ρ)2(σ2

w + σ2
u∥B∥2op)

(1− ρ2)2
(
T−1 + ρ2T

)
If we set T large enough such that

4τ(A, ρ)2(σ2
w + σ2

u∥B∥2op)
(1− ρ2)2

T−1 ≤ ϵ/2,
4τ(A, ρ)2(σ2

w + σ2
u∥B∥2op)

(1− ρ2)2
ρ2T ≤ ϵ/2

the desired bound will hold. Rearranging these gives the result.

C.2 Deferred Proofs from Section 5.4.1

C.2.1 Sequential Open-Loop Policies Satisfy Assumption 4.4

Proof of Lemma 5.4.1. Let:

Σi :=

t̄i−1∑
t=t̄i−1

ztz
⊤
t , i = 1, . . . , n, Σt:t′ :=

t′∑
s=t

zsz
⊤
s

Sufficient Excitation: We first show that the sufficient excitation condition is met by
πexp. First, note that by Lemma C.2.2 and some algebra, for any time t, Σt ⪯ Tβ∞I with
probability at least 1 − δ/n. Fix a time t ≥ Tse(πexp) where Tse(πexp) is defined as above.
Since πexp ∈ Πsol

γ2 , the low-switching condition implies that there exists some set of epochs
{i1, . . . , im} ⊆ [n], such that for j ∈ [m], t̄ij+1 − t̄ij ≥ 1

2
Tse(πexp), t̄ij+1 ≤ t, and

m∑
j=1

(t̄ij+1 − t̄ij) ≥
1

2
t
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This follows directly from the fact that, for any t0, there exists some epoch i ∈ [n] such that
|{t0, t0 + Tse(πexp) − 1} ∩ {t̄i, . . . , t̄i+1 − 1}| ≥ 1

2
Tse(πexp). Now consider some j ∈ [m]. By

Lemma C.2.1, if

t̄ij+1 − t̄ij ≥ c1dx

(
(dx + du) log(β∞/λmin(Λ

noise
dx (θ̃⋆,Γu,ij) + 1) + log

n

δ

)
(C.2.1)

we will have that, with probability at least 1− δ/n, for some c2,

Σt̄ij :t̄ij+1
⪰ c2(t̄ij+1 − t̄ij)λmin(Λ

noise
dx (θ̃⋆,Γu,ij)))

However, by definition of Λnoise and since by assumption λmin(Γu,ij) ≥ σ2
u, we will have

λmin(Λ
noise
dx

(θ̃⋆,Γu,ij) ≥ λnoise(σu), which implies that

log(β∞/λnoise(σu) + 1) ≥ log(β∞/λmin(Λ
noise
dx (θ̃⋆,Γu,ij)) + 1).

As we know that tij+1 − tij ≥ 1
2
Tse(πexp), it follows that (C.2.1) is met, so we conclude that

with probability at least 1− δ/n,

Σt̄ij :t̄ij+1
⪰ c2(t̄ij+1 − t̄ij)λnoise(σu)

Union bounding over this event holding for each j ∈ [m], it follows that with probability at
least 1− δ,

Σt ⪰
m∑
j=1

Σt̄ij :t̄ij+1
⪰

m∑
j=1

c2(t̄ij+1 − t̄ij)λnoise(σu) ≥
c2
2
tλnoise(σu)

By proper choice of constants, we will then have that the sufficient excitation condition of
Assumption 4.4 is met with

Tse(πexp) = c1dx

(
(dx + du) log(β∞/λmin(Λ

noise
dx (θ̃⋆, σu)) + 1) + log

n

δ

)
λ = c2λmin(Λ

noise
dx (θ̃⋆, σu)).

Concentration of Covariates: We define the following events for some ϵi to be specified.

E = {∥ΣT − Eθ⋆,πexp [ΣT ]∥op ≤ Ccon

Tα λmin(Eθ⋆,πexp [ΣT ])} (Good event)

E1 = {λmin(ΣT ) ≥ c2λmin(Λ
noise
dx (θ̃⋆, σu))T} (Sufficient excitation)

E2,i = {∥Σi − Eθ⋆,πexp [Σi]∥op ≤ ϵi} (Concentration of covariates)

E3,i =
{
∥zt̄i−1

∥2 ≤
√

cτ2⋆γ
2T

1−ρ2⋆

}
(Bounded states)
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We would like to show that E holds with high probability. The following is trivial.

P[Ec] ≤ P[Ec ∩ E1 ∩ (∩ni=1E2,i) ∩ (∩ni=1E3,i)] + P[Ec1 ] +
n∑
i=1

P[E3,i ∩ Ec2,i] +
n∑
i=1

P[Ec3,i]

We first show that E1, E2,i, E3,i hold with high probability.
Note first that, by what we have just shown, P[Ec1 ] ≤ δ as long as T ≥ Tse(πexp). By

Lemma C.2.7, since πexp ∈ Πsol
γ2 and Definition 5.4.1, we will have that P[Ec3,i] ≤ δ as long as

T ≥ (n+
√

dxσ
2
w/γ

2) log
2(n+ 1)

δ
(C.2.2)

Next, we show that P[E3,i ∩ Ec2,i] ≤ δ. Setting

ϵi =

(
c3τ⋆∥Λnoise

T (θ̃⋆,Γu,i)∥op
1− ρ⋆

√
t̄i − t̄i−1 +

c4τ
2
⋆ (
√
Tγ +

√
(cτ 2⋆ γ

2T )(1− ρ2))

(1− ρ⋆)2
max{σw,

√
∥Γu∥op}

)

·
√
log

1

δ
+ dx + du +

c5max{σ2
w, ∥Γu∥op}τ 2⋆

(1− ρ⋆)2
(log

1

δ
+ dx + du)

Lemma C.2.3 with ρ = ρ⋆ implies directly that P[E3,i ∩ Ec2,i] ≤ δ. For future convenience, we
can upper bound ϵi by

c3τ
3
⋆ (σ

2
w + γ2)

√
T

(1− ρ⋆)5/2

√
log

1

δ
+ dx + du

as long as

T ≥ log
1

δ
+ dx + du (C.2.3)

On the event E1 ∩ (∩ni=1E2,i) ∩ (∩ni=1E3,i), we have

∥ΣT − Eθ⋆,πexp [ΣT ]∥op =
∥∥∥ n∑
i=1

Σi −
n∑
i=1

Eθ⋆,πexp [Σi]
∥∥∥
op
≤

n∑
i=1

∥Σi − Eθ⋆,πexp [Σi]∥op ≤
n∑
i=1

ϵi

≤ n
c3τ

3
⋆ (σ

2
w + γ2)

√
T

(1− ρ⋆)5/2

√
log

1

δ
+ dx + du

and

Eθ⋆,πexp [ΣT ] ⪰ Eθ⋆,πexp [I{E1}ΣT ] ≥ P[E1]c2λmin(Λ
noise
dx (θ̃⋆, σu))T · I ≥

1

2
λmin(Λ

noise
dx (θ̃⋆, σu))T · I
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Thus, P[Ec ∩ E1 ∩ (∩ni=1E2,i) ∩ (∩ni=1E3,i)] = 0 with α = 1/2 and

Ccon := n
c3τ

3
⋆ (σ

2
w + γ2)

(1− ρ⋆)5/2λmin(Λnoise
dx

(θ̃⋆, σu))

√
log

1

δ
+ dx + du

Thus, P[Ec] ≤ 2n + 1. Rescaling δ and setting Tcon(πexp) to guarantee (C.2.2) and (C.2.3)
hold gives the result.

C.2.2 Concentration of Covariates

Lemma C.2.1 (Lemma E.3 of Wagenmaker and Jamieson [2020]). Assume that our system
θ is driven by some input ut = ũt + uwt where ũt is deterministic and uwt ∼ N (0,Γu). Then
on the event that

∑T
t=1 ztz

⊤
t ⪯ T Λ̄T , for some Λ̄T , choosing k so that:

T ≥ 25600

27
k

(
2(dx + du) log

200

3
+ log det(Λ̄T (Λ

noise
k )−1) + log

1

δ

)
(C.2.4)

we will have with probability less than δ:

T∑
t=1

ztz
⊤
t ̸⪰

27

25600
TΛnoise

k (θ,Γu).

Lemma C.2.2. Assume that we are playing a policy πexp ∈ Πsol
γ2 and that δ ∈ (0, 1/3). Then

with probability at least 1− δ, and assuming we start from some state x0 = 0,

T∑
t=1

ztz
⊤
t ⪯ T

cτ(Ã⋆, ρ)
2

1− ρ

(√
dx log

T

δ
+

γ2

1− ρ

)
· I

⪯ cT
(
(1 + ∥B⋆∥2op)∥A⋆∥4H∞

)(√
dx log

T

δ
+ γ2∥A⋆∥2H∞

)
· I.

Proof. Note that we can break the state into the portion driven by the conditionally non-
random input, ũt, and the process noise and random input. We denote these components as
zut and zwt . Then

∥∥∥ T∑
t=1

ztz
⊤
t

∥∥∥
op
≤

T∑
t=1

∥zt∥22 ≤ 2
T∑
t=1

(∥zut ∥22 + ∥zwt ∥22)

Note that the input ũt will almost surely satisfy
∑T−1

t=0 ũ⊤
t ũt ≤ Tγ2. We can then apply
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Lemma C.2.6 to get that

T∑
t=1

∥zut ∥22 ≤
4τ(Ã⋆, ρ)

2γ2T

(1− ρ)2

To bound the component
∑T

t=1 ∥zwt ∥22, we apply Lemma C.2.7 with γ2 = 0, union bounding
over all T steps. We simplify the bound by upper bounding n by T and using that δ ∈ (0, 1/3)
implies log T/δ ≥ 1. The second bound follows by Lemma 5.3.1.

Lemma C.2.3. Consider the system

xt+1 = Axt +But + Γ1/2
w wt

where A ∈ Rd×d, wt ∼ N (0, I) and ut is deterministic and satisfies
∑T

t=1 u
⊤
t ut ≤ Tγ2. Assume

that we start from some state x0. Then we will have that, with probability at least 1− δ

∥∥∥ T∑
t=0

xtx
⊤
t − E

T∑
t=0

xtx
⊤
t

∥∥∥
op
≤ c3∥Γw∥opτ(A, ρ)2

(1− ρ)2
(log

1

δ
+ d)

+

(
c1τ(A, ρ)∥Λnoise

T (θ, 0)∥op
1− ρ

√
T +

c2τ(A, ρ)
2(
√
Tγ∥B∥op + ∥x0∥2)
(1− ρ)2

√
∥Γw∥op

)√
log

1

δ
+ d

for universal constants c1, c2, c3.

Proof. Consider the systems

xut+1 = Axut +But, xwt+1 = Axwt + Γ1/2
w wt

and note that xt = xut + xwt . Therefore,

T∑
t=0

xtx
⊤
t =

T∑
t=0

xut x
u
t
⊤+

T∑
t=0

(
xut x

w
t
⊤ + xwt x

u
t
⊤)+ T∑

t=0

xwt x
w
t
⊤, E

T∑
t=0

xtx
⊤
t =

T∑
t=0

xut x
u
t
⊤+E

T∑
t=0

xwt x
w
t
⊤

The second equality is true as xut is deterministic and xwt is mean 0. Fix some v ∈ Sd−1. By
Lemma C.2.4 and Lemma C.2.5, we’ll have, simultaneously with probability 1− δ:∣∣∣∣∣

T∑
t=1

(v⊤xwt )
2 − E

T∑
t=1

(v⊤xwt )
2

∣∣∣∣∣ ≤ 2τ(A, ρ)∥Λnoise
T (θ, 0)∥op

1− ρ2

√
T log

4

δ
+

8∥Γw∥opτ(A, ρ)2

(1− ρ)2
log

4

δ∣∣∣∣∣
T∑
t=1

v⊤xut x
w
t
⊤v

∣∣∣∣∣ ≤ τ(A, ρ)2(4
√
Tγ∥B∥op + ∥xu0 ∥2)
(1− ρ)2

√
2∥Γw∥op log

4

δ
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Which implies that∣∣∣∣∣
T∑
t=0

(v⊤xt)
2 − E

T∑
t=0

(v⊤xt)
2

∣∣∣∣∣ ≤
∣∣∣∣∣
T∑
t=1

(v⊤xwt )
2 − E

T∑
t=1

(v⊤xwt )
2

∣∣∣∣∣+ 2

∣∣∣∣∣
T∑
t=1

v⊤xut x
w
t
⊤v

∣∣∣∣∣
≤ 2τ(A, ρ)∥Λnoise

T (θ, 0)∥op
1− ρ2

√
T log

4

δ
+

8∥Γw∥opτ(A, ρ)2

(1− ρ)2
log

4

δ

+
2τ(A, ρ)2(4

√
Tγ∥B∥op + ∥x0∥2)

(1− ρ)2

√
2∥Γw∥op log

4

δ

Note that if M is symmetric ∥M∥op = supv∈Sd−1 |v⊤Mv|. Fix v to be a vector for which this
equality is attained. Let T be an ϵ-net of Sd−1. Then we can then find some v0 ∈ T such
that ∥v − v0∥2 ≤ ϵ, and thus,

|v⊤Mv − v⊤0 Mv0| ≤ |v⊤Mv − v⊤0 Mv|+ |v⊤0 Mv − v⊤0 Mv0| ≤ 2∥M∥op∥v0 − v∥2 ≤ 2ϵ∥M∥op

Therefore,
|v⊤0 Mv0| ≥ |v⊤Mv| − |v⊤Mv − v⊤0 Mv0| ≤ (1− 2ϵ)∥M∥op

so ∥M∥op ≤ 1
1−2ϵ

maxv∈T |v⊤Mv|. Applying this in our setting and choosing ϵ = 1/2, gives∥∥∥∥∥
T∑
t=0

xwt x
w
t
⊤ − E

T∑
t=0

xwt x
w
t
⊤

∥∥∥∥∥
op

≤ 2max
v∈T

∣∣∣∣∣
T∑
t=1

(v⊤xwt )
2 − E

T∑
t=1

(v⊤xwt )
2

∣∣∣∣∣
By Corollary 4.2.13 of Vershynin [2018], we will have |T | ≤ 5d. Using our high probability
bound on∣∣∣∑T

t=1(v
⊤xwt )

2 − E
∑T

t=1(v
⊤xwt )

2
∣∣∣ given above, and union bounding over T , we conclude that,

with probability at least 1− δ∥∥∥∥∥
T∑
t=0

xtx
⊤
t − E

T∑
t=0

xtx
⊤
t

∥∥∥∥∥
op

≤ 2τ(A, ρ)∥Λnoise
T (θ, 0)∥op

1− ρ2

√
T (log

4

δ
+ d log 5)

+
8∥Γw∥opτ(A, ρ)2

(1− ρ)2
(log

4

δ
+ d log 5) +

2τ(A, ρ)2(4
√
Tγ∥B∥op + ∥x0∥2)

(1− ρ)2

√
2∥Γw∥op(log

4

δ
+ d log 5).

Lemma C.2.4. Consider the system

xt+1 = Axt + Γ1/2
w wt

where A ∈ Rd×d, wt ∼ N (0, I), and assume x0 = 0. Then, for any v ∈ Sd−1, we’ll have that,
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with probability at least 1− δ∣∣∣∣∣
T∑
t=1

(v⊤xt)
2 − E

T∑
t=1

(v⊤xt)
2

∣∣∣∣∣ ≤ 2τ(A, ρ)∥Λnoise
T (θ, 0)∥op

1− ρ2

√
T log

2

δ
+

8∥Γw∥opτ(A, ρ)2

(1− ρ)2
log

2

δ
.

Proof. This is a direct consequence of the Hanson-Wright Inequality. Note that,

xt =
t−1∑
s=0

At−s−1Γ1/2
w ws = Gtwt

where we have defined Gt := [At−1Γ
1/2
w , At−2Γ

1/2
w , . . . , AΓ

1/2
w ,Γ

1/2
w , 0, . . . , 0] ∈ Rd×dT , wT :=

[w⊤
0 , w

⊤
1 , . . . , w

⊤
T−2, w

⊤
T−1]

⊤. So,

(v⊤xt)
2 = w⊤

TG
⊤
t vv

⊤GtwT

and,
T∑
t=1

(v⊤xt)
2 =

T∑
t=1

w⊤
TG

⊤
t vv

⊤GtwT = w⊤
TGTwT

where GT :=
∑T

t=1 G
⊤
t vv

⊤Gt. The Hanson-Wright inequality then immediately gives that,

P

[∣∣∣∣∣
T∑
t=1

(v⊤xt)
2 − E

T∑
t=1

(v⊤xt)
2

∣∣∣∣∣ ≥ ϵ

]
≤ 2 exp

(
−cmin

{
ϵ2

∥GT∥2F
,

ϵ

∥GT∥op

})
For a fixed δ, rearranging gives

P

[∣∣∣∣∣
T∑
t=1

(v⊤xt)
2 − E

T∑
t=1

(v⊤xt)
2

∣∣∣∣∣ ≥ 2
√
∥GT∥2F log(2/δ) + 2∥GT∥op log(2/δ)

]
≤ δ

We proceed to bound ∥GT∥op and ∥GT∥2F . Consider some u ∈ SdT−1 and note that, if we
write u = [u⊤

0 , u
⊤
1 , . . . , u

⊤
T−2, u

⊤
T−1]

⊤, where ui ∈ Rd, using the definition of Gt given above,
we have:

Gtu =
t−1∑
s=0

At−s−1Γ1/2
w us = xut

where xut is the state of the system with matrix A when the input u is played and there is no
noise. Thus,

u⊤GTu =
T∑
t=1

(v⊤Gtu)
2 =

T∑
t=1

(v⊤xut )
2 ≤ λmax

(
T∑
t=1

xut x
u
t
⊤

)
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Then, invoking Lemma C.2.6 with γ2 = ∥Γw∥op and B = I, we can bound,

λmax

(
T∑
t=1

xut x
u
t
⊤

)
≤

T∑
t=1

∥xut ∥22 ≤
4τ(A, ρ)2∥Γw∥op

(1− ρ)2

As this does not depend on u, it is a valid bound on ∥GT∥op:

∥GT∥op ≤
4τ(A, ρ)2∥Γw∥op

(1− ρ)2
(C.2.5)

To bound ∥GT∥2F , we can write,

∥GT∥2F = tr(G⊤
TGT ) =

T∑
t=1

T∑
s=1

tr(G⊤
t vv

⊤GtG
⊤
s vv

⊤Gs) =
T∑
t=1

T∑
s=1

(v⊤GtG
⊤
s v)

2 ≤
T∑
t=1

T∑
s=1

∥GtG
⊤
s ∥2op

From the definition of G, we have,

GtG
⊤
s = Amax{t−s,0}

min{t,s}∑
k=0

AkΓwA
k⊤

Amax{s−t,0}⊤ = Amax{t−s,0}Λnoise
min{t,s}(θ, 0)A

max{s−t,0}⊤

so,

∥GtG
⊤
s ∥op ≤ ∥Amax{t−s,0}∥op∥Amax{s−t,0}∥op∥Λnoise

min{t,s}(θ, 0)∥op ≤ τ(A, ρ)ρ|t−s|∥Λnoise
min{t,s}(θ, 0)∥op

which implies

T∑
t=1

T∑
s=1

∥GtG
⊤
s ∥2op ≤ τ(A, ρ)2∥Λnoise

T (θ, 0)∥2op
T∑
t=1

T∑
s=1

ρ2|t−s|

= τ(A, ρ)2∥Λnoise
T (θ, 0)∥2op

(1− ρ4)T + 2ρ2(T+1) − 2ρ2

(1− ρ2)2
≤

τ(A, ρ)2∥Λnoise
T (θ, 0)∥2opT

(1− ρ2)2

Combining everything, we have shown that, for any v ∈ Sd−1,

P

[∣∣∣∣∣
T∑
t=1

(v⊤xt)
2 − E

T∑
t=1

(v⊤xt)
2

∣∣∣∣∣ ≥ 2τ(A, ρ)∥Λnoise
T (θ, 0)∥op

1− ρ2

√
T log

2

δ
+

8∥Γw∥opτ(A, ρ)2

(1− ρ)2
log

2

δ

]
≤ δ

Lemma C.2.5. Consider the systems

xut+1 = Axut +But, xwt+1 = Axwt + Γ1/2
w wt
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where A ∈ Rd×d, wt ∼ N (0, I) and ut a deterministic signal with
∑T

t=1 u
⊤
t ut ≤ Tγ2. Assume

that xw0 = 0. Then, for any v ∈ Sd−1, we will have that, with probability at least 1− δ∣∣∣∣∣
T∑
t=1

v⊤xut x
w
t
⊤v

∣∣∣∣∣ ≤ τ(A, ρ)2(4
√
Tγ∥B∥op + ∥xu0 ∥2)
(1− ρ)2

√
2∥Γw∥op log

2

δ
.

Proof. We adopt the same notation as in the proof of Lemma C.2.4. Defining

Gu
t := [At−1B,At−2B, . . . , AB,B, 0, . . . , 0] ∈ Rd×duT , uT := [u⊤

0 , u
⊤
1 , . . . , u

⊤
T−2, u

⊤
T−1]

⊤ ∈ RduT

we have
xut = Gu

t uT + Atxu0 , xwt = GtwT

which implies

T∑
t=1

v⊤xut x
w
t
⊤v =

(
u⊤T

T∑
t=1

(Gu
t )

⊤vv⊤Gt + xu0
⊤

T∑
t=1

At⊤vv⊤Gt

)
wT =: g⊤wT ∼ N (0,g⊤g)

By standard Gaussian concentration results, we then have that

P

[∣∣∣∣∣
T∑
t=1

v⊤xut x
w
t
⊤v

∣∣∣∣∣ ≥
√

2g⊤g log
2

δ

]
≤ δ

It remains to bound g⊤g. To this end, note that

g⊤g ≤

(∥∥∥∥∥u⊤T
T∑
t=1

(Gu
t )

⊤vv⊤Gt

∥∥∥∥∥
2

+

∥∥∥∥∥xu0 ⊤
T∑
t=1

At⊤vv⊤Gt

∥∥∥∥∥
2

)2

We can bound ∥At∥op ≤ τ(A, ρ)ρt and,

∥Gt∥op ≤ ∥Γ1/2
w ∥op

t−1∑
s=0

∥As∥op ≤ ∥Γ1/2
w ∥opτ(A, ρ)

t−1∑
s=0

ρs ≤ ∥Γ
1/2
w ∥opτ(A, ρ)

1− ρ

so, ∥∥∥∥∥xu0 ⊤
T∑
t=1

At⊤vv⊤Gt

∥∥∥∥∥
2

≤ ∥x
u
0 ∥2∥Γ

1/2
w ∥opτ(A, ρ)2

1− ρ

T∑
t=1

ρt ≤ ∥x
u
0 ∥2∥Γ

1/2
w ∥opτ(A, ρ)2

(1− ρ)2
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Furthermore, letting G′
t = [At−1, At−2, . . . , A, I, 0, . . . , 0], we have∥∥∥∥∥u⊤T

T∑
t=1

(Gu
t )

⊤vv⊤Gt

∥∥∥∥∥
2

≤ ∥uT∥2∥B∥op∥Γ1/2
w ∥op

∥∥∥∥∥
T∑
t=1

(G′
t)

⊤vv⊤G′
t

∥∥∥∥∥
2

≤ ∥uT∥2∥B∥op∥Γ1/2
w ∥op∥G′

T∥op

where G′
T =

∑T
t=1(G

′
t)

⊤vv⊤G′
t. By (C.2.5), ∥G′

T∥op ≤ 4τ(A, ρ)2/(1 − ρ)2. Since we have
assumed that

∑T
t=1 u

⊤
t ut ≤ Tγ2, we also have ∥uT∥2 ≤

√
Tγ. Combining everything, we have

shown that

g⊤g ≤ ∥Γw∥op

(
4
√
Tγ∥B∥opτ(A, ρ)2

(1− ρ)2
+
∥xu0 ∥2τ(A, ρ)2

(1− ρ)2

)2

Thus,

P

[∣∣∣∣∣
T∑
t=1

v⊤xut x
w
t
⊤v

∣∣∣∣∣ ≥ τ(A, ρ)2(4
√
Tγ∥B∥op + ∥xu0 ∥2)
(1− ρ)2

√
2∥Γw∥op log

2

δ

]
≤ δ

C.2.3 State Norm Bounds

Lemma C.2.6. Consider the system

xt+1 = Axt +But

and assume that we start at state x0 = 0. Then if
∑T−1

t=0 u⊤
t ut ≤ Tγ2, we will have

T∑
t=1

∥xt∥22 ≤
4τ(A, ρ)2∥B∥2opγ2T

(1− ρ)2
.

Proof. By definition xT =
∑T−1

s=0 AT−s−1Bus, so

T∑
t=1

∥xt∥22 ≤
T∑
t=1

(
t−1∑
s=0

∥At−s−1∥op∥B∥op∥us∥2

)2

≤ τ(A, ρ)2∥B∥2op
T∑
t=1

(
t−1∑
s=0

ρt−s−1∥us∥2

)2

Letting ρt = ρt, vt = ∥ut∥2, we define yt =
∑t−1

s=0 ρ
t−s−1∥us∥2 = (ρ ∗ v)[t], where ∗ denotes

convolution. By Parseval’s Theorem,

T∑
t=1

(
t−1∑
s=0

ρt−s−1∥us∥2

)2

=
T∑
t=1

y2t =
1

T

T∑
k=1

|Yk|2

where Yk denotes the DFT of yt. As convolution in the time domain is multiplication in the
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frequency domain, we will have Yk = PkVk where Pk is the DFT of ρt and Vk is the DFT of
vt. We can explicitly calculate Pk as:

Pk =
T−1∑
t=0

ρte−ι
2πkt
T =

1− e−ι2πkρT

1− e−ι
2πk
T ρ

Thus,
1

T

T∑
k=1

|Yk|2 =
1

T

T∑
k=1

∣∣∣∣1− e−ι2πkρT

1− e−ι
2πk
T ρ

∣∣∣∣2 |Vk|2
Note that, also by Parseval’s Theorem, the constraint

∑T
t=1 ∥ut∥22 ≤ γ2 translates to

1
T

∑T
k=1 |Vk|2 ≤ γ2. So,

1

T

T∑
k=1

∣∣∣∣1− e−ι2πkρT

1− e−ι
2πk
T ρ

∣∣∣∣2 |Vk|2 ≤ max
z:∥z∥1≤T 2γ2

1

T

T∑
k=1

∣∣∣∣1− e−ι2πkρT

1− e−ι
2πk
T ρ

∣∣∣∣2 zk
= γ2T max

k∈{1,...,T}

∣∣∣∣1− e−ι2πkρT

1− e−ι
2πk
T ρ

∣∣∣∣2 ≤ 4γ2T

(1− ρ)2

The conclusion follows.

Lemma C.2.7. Assume that we are playing a policy πexp ∈ Πsol
γ2 . Then with probability at

least 1− δ, assuming z0 = 0,

∥zt∥22 ≤
cτ(Ã⋆, ρ)

2

1− ρ2

(
γ2T + (

√
dxσ

2
w +
√
nTγ2)

√
log

2(n+ 1)

δ
+ (σ2

w + nγ2) log
2(n+ 1)

δ

)
and if

T ≥ (n+
√

dxσ
2
w/γ

2) log
2(n+ 1)

δ

this bound can be simplified to

∥zt∥22 ≤
cτ(Ã⋆, ρ)

2γ2T

1− ρ2
.

Proof. By Definition 5.4.1, for s in epoch j, we can always write the input us as us = ũs+uws ,
where ũs is Ft̄j measurable and uws ∼ N (0,Γu,j). Given this, we break the state up into the
component driven by ũs, which we denote as zut , and the component driven by the process
noise and uws , which we denote as zwt . By linearity, we will have that zt = zut + zwt , so

∥zt∥22 ≤ 2∥zut ∥22 + 2∥zwt ∥22
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We can easily bound ∥zut ∥22 as:

∥zut ∥22 =
∥∥∥ t−1∑
s=0

Ãt−s−1
⋆ B̃⋆us

∥∥∥2
2
≤ τ(Ã⋆, ρ)

2
( t−1∑
s=0

ρt−s−1∥us∥2
)2

≤ τ(Ã⋆, ρ)
2
( t−1∑
s=0

ρ2(t−s−1)
)( t−1∑

s=0

∥us∥22
)
≤ τ(Ã⋆, ρ)

2γ2T

1− ρ2

where the final inequality follows since, by assumption,
∑t−1

s=0 ∥us∥22 ≤ Tγ2 almost surely. We
now bound ∥zwt ∥22. Note that due to the possible correlations between Γu,j and previous
epochs, we cannot naively apply Gaussian concentration. We first upper bound ∥zwt ∥22 as

∥zwt ∥22 =
∥∥∥ t−1∑
s=0

Ãt−s−1
⋆ (B̃⋆u

w
s + ws)

∥∥∥2
2
≤ 2
∥∥∥ t−1∑
s=0

Ãt−s−1
⋆ B̃⋆u

w
s

∥∥∥2
2
+ 2
∥∥∥ t−1∑
s=0

Ãt−s−1
⋆ ws

∥∥∥2
2

≤ 2τ(Ã⋆, ρ)
2
( t−1∑
s=0

ρt−s−1∥uws ∥2
)2

+ 2
∥∥∥ t−1∑
s=0

Ãt−s−1
⋆ ws

∥∥∥2
2

≤ 2τ(Ã⋆, ρ)
2
( t−1∑
s=0

ρ2(t−s−1)
)( t−1∑

s=0

∥uws ∥22
)
+ 2
∥∥∥ t−1∑
s=0

Ãt−s−1
⋆ ws

∥∥∥2
2

We note that ∥
∑t−1

s=0 Ã
t−s−1
⋆ ws∥22 is simply the norm of the the state of a dynamical system

driven by noise ws. We can therefore apply Lemma C.2.8 to get that with probability at least
1− δ,

∥∥∥ t−1∑
s=0

Ãt−s−1
⋆ ws

∥∥∥2
2
≤ 4

√
∥Λnoise

t (θ̃⋆, 0)∥2F log
2

δ
+ 4∥Λnoise

t (θ̃⋆, 0)∥op log
2

δ

We can upper bound

∥Λnoise
t (θ̃⋆, 0)∥op = σ2

w

∥∥∥ t−1∑
s=0

Ãt
⋆(Ã

t
⋆)

⊤
∥∥∥
op
≤ σ2

wτ(Ã⋆, ρ)
2

t−1∑
s=0

ρ2t ≤ σ2
wτ(Ã⋆, ρ)

2

1− ρ2

∥Λnoise
t (θ̃⋆, 0)∥2F ≤ dx∥Λnoise

t (θ̃⋆, 0)∥2op

To bound
∑t−1

s=0 ∥uws ∥22 we can apply Hanson-Wright to some epoch j to get that

t̄j+1−1∑
s=t̄j

∥uws ∥22 ≤ E
t̄j+1−1∑
s=t̄j

∥uws ∥22 + 2

√
(t̄j+1 − t̄j)∥Γu,j∥2F log

2

δ
+ 2∥Γu,j∥op log

2

δ
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=

t̄j+1−1∑
s=t̄j

tr(Γu,j) + 2

√
(t̄j+1 − t̄j)∥Γu,j∥2F log

2

δ
+ 2∥Γu,j∥op log

2

δ

≤ (t̄j+1 − t̄j)γ
2 + 2

√
(t̄j+1 − t̄j)γ4 log

2

δ
+ 2γ2 log

2

δ

Assume that t occurs in epoch i. Then if this bound holds for all epoch j ≤ i, we can bound

t−1∑
s=0

∥uws ∥22 ≤ tγ2 +
i∑

j=0

√
(t̄j+1 − t̄j)γ4 log

2

δ
+ 2iγ2 log

2

δ
≤ tγ2 +

√
itγ4 log

2

δ
+ 2iγ2 log

2

δ

Union bounding over all n epochs and the bound on the process noise, we then have that
with probability at least 1− δ,

∥zwt ∥22 ≤
cτ(Ã⋆, ρ)

2

1− ρ2

(
γ2t+ (

√
dxσ

2
w +
√
itγ2)

√
log

2(n+ 1)

δ
+ (σ2

w + iγ2) log
2(n+ 1)

δ

)
The result the follows by combining this with our bound on ∥zut ∥22, and upper bounding t by
T and i by n. The simplified bound holds by noting that for large enough T , we can upper
bound the two lower order terms in the bound on ∥zwt ∥22 by (dxσ

2
w + γ)T .

Lemma C.2.8. Consider the system

xt+1 = Axt + Γ1/2
w wt

where wt ∼ N (0, I) and assume that we start at state x0 = 0. Then, with probability at least
1− δ

∥xT∥22 ≤ 2

√
∥Λnoise

T (θ, 0)∥2F log
2

δ
+ 2∥Λnoise

T (θ, 0)∥op log
2

δ
.

Proof. Using the same notation as in the proof of Lemma C.2.4 and C.2.5, we will have that
xT = GTwT . Applying Hanson-Wright then gives that, with probability at least 1− δ,

∣∣xT⊤xT − tr(G⊤
TGT )

∣∣ ≤ 2

√
∥G⊤

TGT∥2F log
2

δ
+ 2∥G⊤

TGT∥op log
2

δ

By definition of GT we have that

G⊤
TGT =

T−1∑
s=0

Γ1/2
w (As)⊤AsΓ1/2

w , GTG
⊤
T =

T−1∑
s=0

AsΓw(A
s)⊤ = Λnoise

T (θ, 0)

So,

∥G⊤
TGT∥op = ∥GTG

⊤
T ∥op = ∥Λnoise

T (θ, 0)∥op, ∥G⊤
TGT∥2F = tr(GTG

⊤
TGTG

⊤
T ) = ∥Λnoise

T (θ, 0)∥2F
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This concludes the proof.

Theorem C.1 (Hanson-Wright Inequality, Vershynin [2018]). Let X ∈ Rd be a random vector
with independent, mean-zero, sub-Gaussian coordinates. Let A ∈ Rd×d. Then, for every ϵ ≥ 0,
we have

P
[
|X⊤AX − EX⊤AX| ≥ ϵ

]
≤ 2 exp

(
−cmin

{
ϵ2

K4∥A∥2F
,

ϵ

K2∥A∥op

})
where K = maxi ∥Xi∥ψ2.

Recall that, if Xi is gaussian with variance σ2
w, ∥Xi∥ψ2 ≤ Cσw.

C.3 Deferred Proofs from Section 5.4.2

Lemma C.3.1 (Matrix Perturbation Bound). Assume A,B ∈ Sd++, ∥A − B∥op ≤ ϵ, and
ϵ < λmin(B). Then

∥A−1 −B−1∥op ≤
ϵ

λmin(B)(λmin(B)− ϵ)

Proof. Denote ∆ = A−B. By the matrix inversion lemma:

A−1 = (B +∆)−1 = B−1 −B−1(B−1 +∆−1)−1B−1

so:

∥A−1 −B−1∥op = ∥B−1(B−1 +∆−1)−1B−1∥op
≤ ∥B−1∥2op∥(B−1 +∆−1)−1∥op

=
1

λmin(B)2σd(B−1 +∆−1)

However:

σd(B
−1 +∆−1) ≥ σd(∆

−1)− σ1(B
−1) =

1

∥∆∥op
− 1

λmin(B)
=

λmin(B)− ∥∆∥op
λmin(B)∥∆∥op

Since we have assumed ϵ < λmin(B) and since ∥∆∥op ≤ ϵ, this lower bound on σd(B
−1 +∆−1)

will be positive, so:

1

λmin(B)2σd(B−1 +∆−1)
≤ λmin(B)∥∆∥op

λmin(B)2(λmin(B)− ∥∆∥op)
≤ ∥∆∥op

λmin(B)(λmin(B)− ∥∆∥op)

The result follows since ∥∆∥op ≤ ϵ.
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C.3.1 Operator Norm Estimation

Lemma C.3.2. Let

θ̂ls = min
A,B

T∑
t=1

∥xt+1 − Axt −But∥22

Then on the event

E :=
{
λmin(ΣT ) ≥ λT,ΣT ⪯ T Λ̄T

}
with probability at least 1− δ:

∥θ̂ls − θ⋆∥op ≤ C

√
log(1/δ) + dx + log det(Λ̄T/λ+ I)

λT
.

Proof. Define the following events:

A =

∥θ̂i − θ⋆∥op ≤ C

√
log(1/δ) + dx + log det(Λ̄T/λ+ I)

λT


E1 =


∥∥∥∥∥∥
(

T∑
t=1

ztz
⊤
t

)−1/2 T∑
t=1

ztw
⊤
t

∥∥∥∥∥∥
op

≤ c2σw

√
log

1

δ
+ dx + log det(Λ̄T/λ+ I)


Our goal is to show that P[Ac ∩ E ] ≤ δ. The following is trivial.

P[Ac ∩ E ] ≤ P[Ac ∩ E ∩ E1] + P[E ∩ Ec1 ]

As θ̂ls is the least squares estimate, we will have that θ̂⊤ls = (
∑T

t=1 ztz
⊤
t )

−1
∑T

t=1 ztx
⊤
t+1 =

θ⊤⋆ + (
∑T

t=T−Ti ztz
⊤
t )

−1
∑T

t=1 ztw
⊤
t . Given this, the error can be decomposed as:

∥θ̂ls − θ⋆∥op =

∥∥∥∥∥∥
(

T∑
t=1

ztz
⊤
t

)−1 T∑
t=1

ztw
⊤
t

∥∥∥∥∥∥
op

≤

∥∥∥∥∥∥
(

T∑
t=1

ztz
⊤
t

)−1/2
∥∥∥∥∥∥
op

∥∥∥∥∥∥
(

T∑
t=1

ztz
⊤
t

)−1/2 T∑
t=1

ztw
⊤
t

∥∥∥∥∥∥
op

=

∥∥∥∥∥∥
(

T∑
t=1

ztz
⊤
t

)−1/2 T∑
t=1

ztw
⊤
t

∥∥∥∥∥∥
op

/

√√√√λmin

(
T∑
t=1

ztz⊤t

)

It follows that, on the event E ∩E1, the error bound given in A holds. Thus, P[Ac∩E ∩E1] = 0.
Proposition 3.1 implies that P[E ∩ Ec1 ] ≤ δ, so P[Ac ∩ E ] ≤ δ.
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C.3.2 Optimality of Inputs

Proof of Lemma 5.4.2. We will show that the following set of inequalities hold for large
enough T and arbitrary T ′ ≥ T :

tr
(
H(θ⋆)(Eθ⋆,Ui,Ti [Idx ⊗

∑T
t=T−Tiztz

⊤
t ])

−1
)

(C.3.1)

(a)

≤ 1

(1− ϵ)2Ti
tr
(
H(θ⋆)Λ̌ss

Ti,Ti/du
(θ̃⋆,Ui, γ/

√
2du)

−1
)

(Steady-state)

(b)

≤ min
U∈Uγ2/2,ki

1

(1− ϵ)2Ti
tr
(
H(θ⋆)Λ̌ss

Ti,Ti/du
(θ̃⋆,U , γ/

√
2du)

−1
)
+

Cexp

(1− ϵ)2

(Optimal inputs)
(c)

≤ min
U∈Uγ2/2,T ′

1

(1− ϵ)3Ti
tr
(
H(θ⋆)Λ̌ss

T ′,T ′(θ̃⋆,U , γ/
√

2du)
−1
)
+

Cexp

(1− ϵ)2

(Infinite horizon)
(d)

≤ min
U∈Uγ2,T ′

2

(1− ϵ)3Ti
tr
(
H(θ⋆)Λ̌ss

T ′,T ′(θ̃⋆,U , 0)−1
)
+

Cexp

(1− ϵ)2
(Noiseless inputs)

Steady-state: By definition,

Eθ⋆,Ui,Ti [Idx ⊗
∑T

t=T−Tiztz
⊤
t ] = TiΛ̌Ti(θ̃⋆,Ui, γ/

√
2du, zT−Ti)

Note that the inputs played by Algorithm 5.1 are constructed as in Lemma C.3.3. It follows
then that, by Lemma C.3.3, as long as,

Ti ≥ max

{
2duτ(Ã⋆, ρ)

3(2kiγ + ∥zT−Ti∥2)((4 + 2τ(Ã⋆, ρ))kiγ + τ(Ã⋆, ρ)∥zT−Ti∥2))
(1− ρki)2(1− ρ)λmin(Λnoise

Ti/2
(θ̃⋆, γ/

√
2du))ϵ

,(
τ(Ã⋆, ρ)

2k2
i duγ

2

(1− ρki)2
+

τ(Ã⋆, ρ)kiduγ
2
√
Ti/du

1− ρki

)
16du∥θ̃⋆∥2H∞

λmin(Λnoise
Ti/2

(θ⋆, γ/
√
2du))ϵ

}

we will have

ΛTi(θ̃⋆,Ui, γ/
√

2du, zT−Ti) ⪰ (1− ϵ)2Λss
Ti,Ti/du

(θ̃⋆,Ui, γ/
√

2du)

This implies that

Λ̌Ti(θ̃⋆,Ui, γ/
√

2du, zT−Ti) ⪰ (1− ϵ)2Λ̌ss
Ti,Ti/du

(θ̃⋆,Ui, γ/
√

2du)

from which (a) follows.
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Optimal inputs: We next apply Lemma C.3.4, which bounds the suboptimality of certainty
equivalent experiment design, to show (b). We instantiate Lemma C.3.4 with

λ = λmin(Λ
noise
k (θ̃⋆, γ/

√
2du))/2, Λ(θ,U) = Λ̌ss

Ti,Ti/du
(θ,U , γ/

√
2du)

Note that Lemma 5.3.7 gives that the smoothness condition (C.3.3) holds for Lcov(θ⋆, γ
2)

as defined in (5.3.6). Furthermore, it is clear that, as long as Ti ≥ 2k, we will have
λmin(Λ(θ̃⋆,U)) ≥ λ for all U . To apply Lemma C.3.4, we need

∥θ̂i−1−θ⋆∥op ≤ min{rcov(θ⋆), λmin(Λ
noise
k (θ̃⋆, γ/

√
2du))/(4Lcov(θ⋆, γ

2))}, ∥θ̂i−1−θ⋆∥F ≤ rquad(θ⋆)

where we choose to instantiate Lemma C.3.4 in the operator norm, and since the matrix
Frobenius norm coincides with the vector 2-norm. The condition on ∥θ̂i−1 − θ⋆∥op will hold
as long as our assumption on ϵop,i−1 holds. Since θ̂i − θ⋆ is at most rank dx, we have

∥θ̂i−1 − θ⋆∥F ≤
√

dx∥θ̂i−1 − θ⋆∥op ≤ rquad(θ⋆)

where the last inequality again holds so long as our assumption on ϵop,i−1 holds. Then, since
we design the input Ui on the estimate θ̂i−1, the conditions of Lemma C.3.4 are met for Ui,
so

1

Ti

∣∣∣∣∣tr(H(θ⋆)Λ̌ss
Ti,Ti/du

(θ̃⋆,Ui, γ/
√

2du)
−1
)
− min
U∈Uγ2/2,ki

tr
(
H(θ⋆)Λ̌ss

Ti,Ti/du
(θ̃⋆,U , γ/

√
2du)

−1
)∣∣∣∣∣

≤

(
4
√
dx(d

2
x + dxdu)Lhessλmin(Λ

noise
k (θ̃⋆, γ/

√
2du) + 8Lcov(θ⋆, γ

2)tr(H(θ⋆))
λmin(Λnoise

k (θ̃⋆, γ/
√
2du)2

)
ϵop,i−1

Ti

+
8(d2x + dxdu)Lcov(θ⋆, γ

2)Lhess

λmin(Λnoise
k (θ̃⋆, γ/

√
2du)2

ϵ2op,i−1

Ti

=: Cexp

and thus (b) holds.

Infinite horizon: Now,

Λss
Ti,Ti/du

(θ̃⋆,U , γ/
√

2du) =
du
Ti

Λfreq
Ti/du

(θ̃⋆,U) +
1

Ti

Ti∑
t=1

Λnoise
t (θ̃⋆, γ/

√
2du)

If U ∈ Uγ2/2,ki , since Ti/(duki) is an integer,

Λfreq
Ti/du

(θ̃⋆,U) =
Ti

duk2
i

ki∑
ℓ=1

(e
ι 2πℓ

ki I − Ã⋆)
−1B̃⋆UℓB̃

⊤
⋆ (e

ι 2πℓ
ki I − Ã⋆)

−H
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Then, by Lemma 5.3.8, as long as

ki ≥ max

{
8π∥θ̃⋆∥H∞γ2

λmin(Λnoise
k (θ̃⋆, γ/

√
2du))ϵ

,
π

2∥θ̃⋆∥H∞

}(
max
ω∈[0,2π]

∥(eιωI − Ã⋆)
−2B̃∥op

)
then for any T ′ ≥ ki and U ⋆ ∈ Uγ2/2,T ′ , there exists a feasible U ′ ∈ Uγ2/2,ki such that∥∥∥∥duTiΛfreq

Ti/du
(θ̃⋆,U

′)− 1

T ′Λ
freq
T ′ (θ̃⋆,U

⋆)

∥∥∥∥
op

≤ ϵ

2
λmin(Λ

noise
k (θ̃⋆, γ/

√
2du))

Furthermore, by Lemma 5.3.9, if

Ti ≥ max

{
16τ(Ã⋆, ρ)

2(σ2
w + γ2/(2du))

(1− ρ2)2λmin(Λnoise
k (θ̃⋆, γ/

√
2du))ϵ

, log

(
(1− ρ2)2λmin(Λ

noise
k (θ̃⋆, γ/

√
2du))ϵ

16τ(Ã⋆, ρ)2(σ2
w + γ2/(2du))

)
1

2 log ρ

}

then, for any T ′ ≥ Ti,∥∥∥∥∥ 1

Ti

Ti∑
t=1

Λnoise
t (θ̃⋆, γ/

√
2du)−

1

T ′

T ′∑
t=1

Λnoise
t (θ̃⋆, γ/

√
2du)

∥∥∥∥∥
op

≤ ϵ

2
λmin(Λ

noise
k (θ̃⋆, γ/

√
2du))

Now note that, by definition,

min
U∈Uγ2/2,ki

tr
(
H(θ⋆)Λ̌ss

Ti,Ti/du
(θ̃⋆,U , γ/

√
2du)

−1
)
≤ tr

(
H(θ⋆)Λ̌ss

Ti,Ti/du
(θ̃⋆,U

′, γ/
√

2du)
−1
)

By what we’ve just shown, for any T ′ ≥ Ti

Λ̌ss
Ti,Ti/du

(θ̃⋆,U
′, γ/

√
2du)

⪰ Λ̌ss
T ′,T ′(θ̃⋆,U

⋆, γ/
√

2du)−
ϵ

2
λmin(Λ

noise
k (θ̃⋆, γ/

√
2du)) · I

⪰ (1− ϵ)Λ̌ss
T ′,T ′(θ̃⋆,U

⋆, γ/
√

2du) + ϵ
1

2T ′

T ′∑
t=1

Λnoise
t (θ̃⋆, γ/

√
2du)−

ϵ

2
λmin(Λ

noise
k (θ̃⋆, γ/

√
2du)) · I

⪰ (1− ϵ)Λ̌ss
T ′,T ′(θ̃⋆,U

⋆, γ/
√
2du) +

ϵ

2
λmin(Λ

noise
T ′/2 (θ̃⋆, γ/

√
2du)) · I −

ϵ

2
λmin(Λ

noise
k (θ̃⋆, γ/

√
2du)) · I

⪰ (1− ϵ)Λ̌ss
T ′,T ′(θ̃⋆,U

⋆, γ/
√
2du)

From this (c) follows directly.

Noiseless inputs: Finally, since

Λ̌ss
T ′,T ′(θ̃⋆,U

⋆, γ/
√

2du) ⪰ Λ̌ss
T ′,T ′(θ̃⋆,U

⋆, 0)
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we can bound

min
U∈Uγ2/2,T ′

tr
(
H(θ⋆)Λ̌ss

T ′,T ′(θ̃⋆,U , γ/
√

2du)
−1
)
≤ min
U∈Uγ2/2,T ′

tr
(
H(θ⋆)Λ̌ss

T ′,T ′(θ̃⋆,U , 0)−1
)

≤ 2 min
U∈Uγ2,T ′

tr
(
H(θ⋆)Λ̌ss

T ′,T ′(θ̃⋆,U , 0)−1
)

which proves (d). Finally, to simplify the bound, we note that λmin(Λ
noise
k (θ̃⋆, γ/

√
2du)) ≥

λnoise, and we choose ρ = ρ⋆.

Lemma C.3.3. Fix an input U ∈ Uγ2,k and consider a system θ = (A,B). If we start from
some state x0 and play the time domain input ut = ConstructTimeInput(U , T/du, k) where
ConstructTimeInput is defined in Algorithm 3.2 then, so long as T/du is divisible by k, and

T ≥ max

{
2duτ(A, ρ)

3(2∥B∥opkγ + ∥x0∥2)((4 + 2τ(A, ρ))∥B∥opkγ + τ(A, ρ)∥x0∥2))
(1− ρk)2(1− ρ)λmin(Λnoise

T/2 (θ, γ/
√
2du))ϵ

,(
τ(A, ρ)2k2duγ

2

(1− ρk)2
+

τ(A, ρ)kduγ
2
√

T/du
1− ρk

)
16du∥θ∥2H∞

λmin(Λnoise
T/2 (θ, γ/

√
2du))ϵ

}

we will have
ΛT (θ,U , γ/

√
2du, x0) ⪰ (1− ϵ)2Λss

T,T/du(θ,U , γ/
√

2du).

Proof. Let ǔℓ,j be defined as in Algorithm 3.2 for this U , and denote Uj = (ǔℓ,jǔ
H
ℓ,j)

k
ℓ=1.

Let ũj,t denote the time domain version of {ǔℓ,j}kℓ=1, as is specified in Algorithm 3.2. Since
U ∈ Uγ2,k, some algebra shows that

1

k

k∑
t=1

ũ⊤
j,t+sũj,t+s ≤ 2duγ

2

for any s ≥ 0. We break up the sum of the response based on which input is being played:

T∑
t=1

xut (x
u
t )

⊤ =
du∑
j=1

jT/du∑
t=(j−1)T/du+1

xut (x
u
t )

⊤

which gives:

ΛT (θ,U , γ/
√
2du, 0) =

1

T

du∑
j=1

jT/du∑
t=(j−1)T/du+1

xut (x
u
t )

⊤ +
1

T

T∑
t=1

Λnoise
t (θ, γ/

√
2du)

=
1

T

du∑
j=1

(
Λin
T/du(θ,Uj, x

u
(j−1)T/du) +

1

du

T∑
t=1

Λnoise
t (θ, γ/

√
2du)

)
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If we start from some initial state x′,

xut = Atx′ +
t−1∑
s=0

At−s−1Bus =: xu,0t + x̃ut

then,

Λin
T/du(θ,Uj, x

u
(j−1)T/du) =

T∑
t=0

xut (x
u
t )

⊤ =
T∑
t=0

[
x̃ut (x̃

u
t )

⊤ + x̃ut (x
u,0
t )⊤ + xu,0t (x̃ut )

⊤ + xu,0t (xu,0t )⊤
]

Now,∥∥∥∥∥
T∑
t=0

xu,0t (x̃ut )
⊤

∥∥∥∥∥
op

≤ ∥xu(j−1)T/du∥2
T∑
t=0

∥At∥op∥x̃ut ∥2 ≤ ∥xu(j−1)T/du∥2τ(A, ρ)
T∑
t=0

ρt∥x̃ut ∥2

≤
2τ(A, ρ)2∥xu(j−1)T/du

∥2∥B∥opkγ
(1− ρk)(1− ρ)

where the last inequality follows by Lemma A.1.2, which gives:

∥x̃ut ∥2 ≤
2τ(A, ρ)∥B∥opkγ

1− ρk

Furthermore,∥∥∥∥∥
T∑
t=0

xu,0t (xu,0t )⊤

∥∥∥∥∥
op

≤ ∥xu(j−1)T/du∥
2
2

T∑
t=0

∥At∥2op ≤
∥xu(j−1)T/du

∥22τ(A, ρ)2

1− ρ

Therefore,

Λin
T/du(θ,Uj, x

u
(j−1)T/du) +

1

du

T∑
t=1

Λnoise
t (θ, γ/

√
2du)

⪰ Λin
T/du(θ,Uj, 0) +

1

du

T∑
t=1

Λnoise
t (θ, γ/

√
2du)

−
τ(A, ρ)2∥xu(j−1)T/du

∥2(4∥B∥opkγ + (1− ρk)∥xu(j−1)T/du
∥2)

(1− ρk)(1− ρ)

⪰ (1− ϵ)Λin
T/du(θ,Uj, 0) +

1− ϵ

du

T∑
t=1

Λnoise
t (θ, γ/

√
2du) +

ϵT

2du
λmin(Λ

noise
T/2 (θ, γ/

√
2du)) · I
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−
τ(A, ρ)2∥xu(j−1)T/du

∥2(4∥B∥opkγ + (1− ρk)∥xu(j−1)T/du
∥2)

(1− ρk)(1− ρ)

⪰ (1− ϵ)Λin
T/du(θ,Uj, 0) +

1− ϵ

du

T∑
t=1

Λnoise
t (θ, γ/

√
2du)

where the last inequality holds as long as

T ≥
2duτ(A, ρ)

2∥xu(j−1)T/du
∥2(4∥B∥opkγ + (1− ρk)∥xu(j−1)T/du

∥2)
(1− ρk)(1− ρ)λmin(Λnoise

T/2 (θ, γ/
√
2du))ϵ

(C.3.2)

By Proposition 3.2, since T/du is divisible by k, we will have that

Λfreq
T/du

(θ,Uj) =
du
T

T∑
ℓ=1

(eι
2πℓ
T I − A)−1BUj,ℓU

H
j,ℓB

H(eι
2πℓ
T I − A)−H

where {Uj,ℓ}Tℓ=1 = F(ũj,0, . . . , ũj,T/du). Then, by Lemma 5.3.6, we will have,

∥Λin
T/du(θ,Uj, 0)−Λfreq

T/du
(θ,Uj)∥op

≤

(
8τ(A, ρ)2k2duγ

2

(1− ρk)2
+

8τ(A, ρ)kduγ
2
√

T/du
1− ρk

)(
max
ω∈[0,2π]

∥(e−ιωI − A)−1B∥2op
)

≤ ϵT

2du
λmin(Λ

noise
T/2 (θ, γ/

√
2du))

where the last inequality is true so long as

T ≥

(
8τ(A, ρ)2k2duγ

2

(1− ρk)2
+

8τ(A, ρ)kduγ
2
√

T/du
1− ρk

)
2du ·maxω∈[0,2π] ∥(eιωI − A)−1B∥2op

λmin(Λnoise
T/2 (θ, γ/

√
2du))ϵ

Thus,

Λin
T/du(θ,Uj, 0) +

1

du

T∑
t=1

Λnoise
t (θ, γ/

√
2du)

⪰ Λfreq
T/du

(θ,Uj) +
1

du

T∑
t=1

Λnoise
t (θ, γ/

√
2du)−

ϵT

2du
λmin(Λ

noise
T/2 (θ, γ/

√
2du)) · I

⪰ (1− ϵ)Λfreq
T/du

(θ,Uj) +
1− ϵ

du

T∑
t=1

Λnoise
t (θ, γ/

√
2du)
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It follows that if (C.3.2) holds for each j,

ΛT (θ,U , γ/
√

2du, 0) ⪰
(1− ϵ)2

T

du∑
j=1

Λfreq
T/du

(θ,Uj) +
(1− ϵ)2

T

T∑
t=1

Λnoise
t (θ, γ/

√
2du)

=
du(1− ϵ)2

T
Λfreq
T/du

(θ,U) +
(1− ϵ)2

T

T∑
t=1

Λnoise
t (θ, γ/

√
2du)

= (1− ϵ)2Λss
T,T/du(θ,U , γ/

√
2du)

It remains to ensure that (C.3.2) holds by bounding ∥xu(j−1)T/du
∥2. Again by Lemma A.1.2,

we have

∥xu(j−1)T/du∥2 ≤
2τ(A, ρ)∥B∥opkγ

1− ρk
I{j > 1}+τ(A, ρ)ρ(j−1)T/du∥x0∥2 ≤

τ(A, ρ)(2∥B∥opkγ + ∥x0∥2)
1− ρk

Some algebra gives the result.

C.3.3 Certainty Equivalence Experiment Design

Lemma C.3.4. Fix a nominal instance θ⋆ and let θ̂ be some instance such that ∥θ⋆− θ̂∥◦ ≤ ϵ◦,
for ◦ ∈ {op, 2}. Let Λ(θ,U) ∈ Sdθ+ be a map that satisfies, for all U ∈ Uγ2 and all θ with
∥θ − θ⋆∥◦ ≤ rcov(θ⋆),

∥Λ(θ,U)−Λ(θ⋆,U)∥op ≤ Lcov(θ⋆, γ
2) · ∥θ − θ⋆∥◦ (C.3.3)

Assume that for all U ∈ Uγ2,k, λmin(Λ(θ⋆,U )) ≥ λ and that ϵ◦ < min{rcov(θ⋆), λ/(2Lcov(θ⋆, γ
2))}, ϵ2 ≤

rquad(θ⋆). Let:

Û = argmin
U∈Uγ2,k

tr
(
H(θ̂)Λ(θ̂,U)−1

)
, U ⋆ = argmin

U∈Uγ2,k

tr
(
H(θ⋆)Λ(θ⋆,U)−1

)
Then, under Assumption 4.1, we have:∣∣∣tr (H(θ⋆)Λ(θ⋆,U

⋆)−1
)
− tr

(
H(θ⋆)Λ(θ⋆, Û )−1

)∣∣∣ ≤ 2dθLhess

λ
ϵ2 +

4Lcov(θ⋆, γ
2)tr(H(θ⋆))
λ2 ϵ◦

+
4dθLcov(θ⋆, γ

2)Lhess

λ2 ϵ◦ϵ2.

Proof. By Proposition 4.2, under Assumption 4.1 and since ∥θ⋆ − θ̂∥2 ≤ rquad(θ⋆), we have

∥H(θ⋆)−H(θ̂)∥op ≤ Lhess∥θ⋆ − θ̂∥2
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Furthermore, by Lemma C.3.1, (C.3.3), and since ϵ◦ < λ/(2Lcov(θ⋆, γ
2)),

∥Λ(θ̂,U)−1 −Λ(θ⋆,U)−1∥op ≤
∥Λ(θ̂,U)−Λ(θ⋆,U)∥op
λ(λ− Lcov(θ⋆, γ2)ϵ◦)

≤ 2Lcov(θ⋆, γ
2)ϵ◦

λ2

Thus, denoting ∆H = H(θ̂)−H(θ⋆) and ∆Σ−1 = Λ(θ⋆,U )−1 −Λ(θ̂,U )−1, the above bounds
and Von Neumann’s trace inequality imply:∣∣∣tr(H(θ̂)Λ(θ̂,U)−1

)
− tr

(
H(θ⋆)Λ(θ⋆,U)−1

)∣∣∣
≤ |tr

(
∆HΛ(θ⋆, u)

−1
)
|+ |tr(H(θ⋆)∆Σ−1)|+ |tr(∆H∆Σ−1)|

≤ Lhesstr
(
Λ(θ⋆,U)−1

)
ϵ2 +

2Lcov(θ⋆, γ
2)tr(H(θ⋆))
λ2 ϵ◦ +

2dθLcov(θ⋆, γ
2)Lhess

λ2 ϵ◦ϵ2

≤ dθLhess

λ
ϵ2 +

2Lcov(θ⋆, γ
2)tr(H(θ⋆))
λ2 ϵ◦ +

2dθLcov(θ⋆, γ
2)Lhess

λ2 ϵ◦ϵ2

=: f(ϵ)

Assume that tr
(
H(θ̂)Λ(θ̂, Û)−1

)
> tr (H(θ⋆)Λ(θ⋆,U

⋆)−1), then:∣∣∣tr (H(θ⋆)Λ(θ⋆,U
⋆)−1

)
− tr

(
H(θ⋆)Λ(θ⋆, Û)−1

)∣∣∣
≤
∣∣∣tr (H(θ⋆)Λ(θ⋆,U

⋆)−1
)
− tr

(
H(θ̂)Λ(θ̂, Û)−1

)∣∣∣+ ∣∣∣tr(H(θ̂)Λ(θ̂, Û)−1
)
− tr

(
H(θ⋆)Λ(θ⋆, Û)−1

)∣∣∣
≤
∣∣∣tr (H(θ⋆)Λ(θ⋆,U

⋆)−1
)
− tr

(
H(θ̂)Λ(θ̂,U ⋆)−1

)∣∣∣+ ∣∣∣tr(H(θ̂)Λ(θ̂, Û)−1
)
− tr

(
H(θ⋆)Λ(θ⋆, Û)−1

)∣∣∣
≤ 2f(ϵ)

where the second inequality holds because Û is the minimizer of tr
(
H(θ̂)Λ(θ̂,U )−1

)
. If

instead tr
(
H(θ̂)Λ(θ̂, Û)−1

)
≤ tr (H(θ⋆)Λ(θ⋆,U

⋆)−1), we can replace tr (H(θ⋆)Λ(θ⋆,U
⋆)−1)

with tr
(
H(θ⋆)Λ(θ⋆, Û)−1

)
in the above calculation to get the same result. The conclusion

follows.

C.4 Proof of Corollary 5.3

The following result shows that the Lqr problem satisfies all assumptions required by the
LDDM setting, allowing us to state Corollary 5.3 as a direct corollary of Theorem 5.2.

Theorem C.2. If θ⋆ is stabilizable and Ru, Rx ⪰ I, Assumption 4.1 is satisfied for RLqr

with:
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1. µ = 2.

2. rquad(θ⋆) = min
{

1
150Ψ5

P⋆

, 1
240ΨB⋆Ψ

5
P⋆

,
ΨB⋆

2

}
.

3. LR1 = c1dxΨB⋆

√
ΨP⋆ +

c2dxΨRu (1+1/ΨB⋆ )√
ΨP⋆

, LR2 = c3dx

(
Ψ2
B⋆
Ψ2
P⋆

+ΨRu(1 + ΨB⋆)ΨP⋆

)
,

LR3 = c4dx

(
Ψ3
B⋆
Ψ

7/2
P⋆

+ΨRuΨB⋆(1 + ΨB⋆)Ψ
5/2
P⋆

)
.

4. La1 = 8Ψ
7/2
P⋆

, La2 = poly(ΨP⋆), La3 = poly(ΨP⋆ ,ΨB⋆).

5. Lhess = dxpoly(ΨP⋆ ,ΨRu ,ΨB⋆ , 1/ΨB⋆) + d2x

(
Ψ2
B⋆
Ψ4
P⋆

+ (1 + ΨB⋆)ΨRuΨ
3
P⋆

+
ΨRuΨP⋆

ΨB⋆

)
.

for universal constants c1, c2, c3, c4.

Proof. The proof of Theorem C.2 is quite technical, and somewhat tangential to the main
focus of this thesis. As such, we omit it here and refer the reader to Section J and Theorem
J.1 of Wagenmaker et al. [2021] for a complete proof.

The proofs of Proposition 5.1, Proposition 5.2, and Proposition 5.3 are similarly rather
technical, and we omit them from this thesis as well. For the proofs of Proposition 5.1 and
Proposition 5.2, please refer to Section K of Wagenmaker et al. [2021], and for Proposition 5.3
see Section B.7 of Wagenmaker et al. [2021].
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Appendix D

Deferred Proofs from Chapter 6

D.1 Deferred Proofs from Section 6.5

Lemma D.1.1. Under Assumptions 6.1 and 6.3, the system (6.0.1) satisfies Assumptions 6.11
and D.1 with

ψ(τ)← Idx ⊗
H∑
h=1

ϕ(xτ
h, u

τ
h)ϕ(x

τ
h, u

τ
h)

⊤, D = dxHB2
ϕ,

dψ ← dϕdx, and where xτ
h (resp. uτ

h) denotes the state (resp. input) at step h of trajectory τ.
Furthermore, it satisfies Assumption 6.10 with AR instantiated with the LC3 algorithm of
Kakade et al. [2020] and

CR = C ·H
√
dϕ(dϕ + dx +BA) · log(1 +BϕH/σw), pR = 3/2, α = 1/2

for a universal constant C.

Proof. That Assumption D.1 is satisfied is immediate under Assumption 6.3. It is clear that
ψ(τ) ∈ Sdϕdx+ . To obtain a bound on D, we only need to bound the trace of ψ(τ):

tr(ψ(τ)) =
H∑
h=1

tr(Idx) · tr(ϕ(xτ
h, u

τ
h))ϕ(x

τ
h, u

τ
h))

⊤)

= dx

H∑
h=1

∥ϕ(xτ
h, u

τ
h))∥22

≤ dxHB2
ϕ

where the inequality holds under Assumption 6.1.
To show that Assumption 6.10 is satisfied in this setting, we have by Lemma D.1.3 that

with probability at least 1− δ, LC3 has regret bounded as (using that cmax ≤ 1 in the setting
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of Assumption 6.10):

RT ≤ C ·H
√

dϕ · (dϕ + dx +BA + log
1

δ
) · T · log (1 +BϕHT/σw)

for C a universal constant. We can therefore take α = 1/2, pR = 3/2, and

CR = C ′ ·H
√

dϕ(dϕ + dx +BA) · log(1 +BϕH/σw).

Lemma D.1.2. Let T̄ℓ denote the total number of episodes collected by Algorithm 6.1 at
round ℓ. For

Tℓ ≥ poly

(
dϕ, dx,

1

λ̄min

, BA, Bϕ, log
1

σw
, H, log

Tℓ
δ

)
, (D.1.1)

on the success event of Lemma 6.5.1, we have 2Tℓ ≥ T̄ℓ and

2Tℓ ≥
ℓ−1∑
i=1

T̄i.

Proof. Recall that Tℓ = 2ℓ and Nℓ = ⌈Tℓ/T oed
ℓ ⌉ for T oed

ℓ = |Πℓ|. By Lemma 6.5.1, T̄ℓ can be
bounded as

T̄ℓ ≤ NℓT
oed
ℓ + (16 + 2 log T oed

ℓ )T oed
ℓ

and T oed
ℓ can be bounded as

T oed
ℓ ≤ poly

(
dϕ, dx,

1

λ̄min

, BA, Bϕ, log
1

σw
, H, log

Tℓ
δ

)
. (D.1.2)

Note that we can bound

T̄i ≤ NiT
oed
i + (16 + 2 log T oed

i )T oed
i

≤ Ti + (17 + 2 log T oed
i )T oed

i

≤ Ti + poly

(
dϕ, dx,

1

λ̄min

, BA, Bϕ, log
1

σw
, H, log

Tℓ
δ

)
.

From this it is immediately obvious that 2Tℓ ≥ T̄ℓ as long as (D.1.1) is satisfied.
To show the second conclusion note that, by our choice of Ti = 2i, we have that
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Tℓ ≥
∑ℓ−1

i=1 Ti, so it therefore remains to show that

Tℓ ≥
ℓ−1∑
i=1

poly

(
dϕ, dx,

1

λ̄min

, BA, Bϕ, log
1

σw
, H, log

Ti
δ

)
.

However, we can bound

ℓ−1∑
i=1

poly
(
dϕ, dx,

1
λ̄min

, BA, Bϕ, log
1
σw

, H, log Ti
δ

)
≤ poly

(
dϕ, dx,

1
λ̄min

, BA, Bϕ, log
1
σw

, H, log Tℓ
δ

)
· log Tℓ,

so a sufficient condition is

Tℓ ≥ poly

(
dϕ, dx,

1

λ̄min

, BA, Bϕ, log
1

σw
, H, log

Tℓ
δ

)
· log Tℓ

which we see is met when (D.1.1) holds.

Lemma D.1.3. Consider running the LC3 algorithm of Kakade et al. [2020] modified so
that the parameter βt in the definition of Ballt is given by

βt :=
√
λBA +

√
8dx log 5 + 8 log(T det(Σt) det(Σ0)−1/δ)

for Σt the covariates obtained running LC3 for t episodes. Then with regret defined as

RT (Π) :=
T∑
t=1

JA⋆(π
t)− T ·min

π∈Π
JA⋆(π),

and assuming cost(τ) ≤ cmax for all trajectories τ, with any policy class Π, LC3 has regret
bounded as, with probability at least 1− δ:

RT (Π) ≤ C · cmaxH

√
dϕ · (dϕ + dx +BA + log

1

δ
) · T · log (1 +BϕHT/σw)

for a universal constant C.

Proof. The proof of this result is a small modification from the proof of the main LC3 regret
bound given in Kakade et al. [2020]. We refer the reader to Theorem 6 of Wagenmaker et al.
[2024] for a full proof.

Proof of Lemma 6.5.1. By Lemma D.1.1, the assumptions of Lemma D.3.4 and Lemma D.3.5
are met, so we can therefore apply these results in our setting. By Lemma D.3.4, the event
Eexp occurs with probability at least 1− δ. Throughout the remainder of the proof we union
bound over the success event of Lemma D.3.5 and Eexp, which together occur with probability
at least 1− 4δ.
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Let

Λ̃ :=
NTout∑
t=1

ψ(τt) = Idx ⊗
NTout∑
t=1

H∑
h=1

ϕ(xth, u
t
h)ϕ(x

t
h, u

t
h)

⊤

denote the features returned by rerunning every policy in Πout N times. By Lemma D.3.5,
we then have that:

∥∥∥Λ̃−N ·
∑

π∈Πout
Λ̌π

∥∥∥
op
≤

√
Tout ·

√
8dϕdx log(1 + 8

√
NTout) + 8 log 1/δ

√
N · 6272dϕdx log 68Ñ

δ︸ ︷︷ ︸
=:β

·λmin

(
N ·

∑
π∈Πout

Λ̌π

)
.

Applying Theorem 4.2 with E the event that the above conclusion holds and Γ := N ·∑
π∈Πout

Λ̌π, we obtain that, with probability at least 1 − δ (using the mapping to the
martingale regression setting described in Section 6.1):

∥vec(Â− A⋆)∥2H ≤ 5(1 + ζ) · σ2
w log

6dxdϕ
δ
· tr(HΓ−1)

for ζ = 26β2λmax(Γ)tr(Γ
−1) and β as defined above. Since ∥ϕ(x, u)∥2 ≤ Bϕ under Assump-

tion 6.1, we have ∥Λ̌π∥2 ≤ B2
ϕ, so we can upper bound λmax(Γ) ≤ NToutB

2
ϕ. By Lemma D.3.5,

we can also bound (using that D = dxHB2
ϕ by Lemma D.1.1):

tr(Γ−1) ≤ 1

N · 6272dxHB2
ϕ log

68Ñ
δ

.

Combining these and using that

Tout ≤ poly

(
dϕ, dx,

1

λ̄min

, BA, Bϕ, log
1

σw
, H, log

Ñ

δ

)
(D.1.3)

as shown in Lemma D.3.6 (and using our bounds on CR and pR in Lemma D.1.1), we can
therefore bound

ζ ≤ poly

(
dϕ, dx,

1

λ̄min

, BA, Bϕ, log
1

σw
, H, log

Ñ

δ

)
· 1
N
.

Using that tr(HΓ−1) ≤ ∥H∥op · tr(Γ−1), and the bound on tr(Γ−1) given above, it follows
that

∥vec(Â− A⋆)∥2H ≤ 5σ2
w log

6dxdϕ
δ
· tr(HΓ−1) + poly

(
dϕ, dx,

1
λ̄min

, BA, Bϕ, log
1
σw

, H, ∥H∥op, log Ñ
δ

)
· 1

N2
.
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Finally, by Lemma D.3.5, we can bound

tr(HΓ−1) ≤ 12

NTout

·min
Λ∈Ω

tr(HΛ̌−1).

By Lemma D.3.6, we can bound the total number of episodes collected by Algorithm D.2 by
(16 + 2 log(Tout)) · Tout.

Bound on Frobenius Norm Error. By Lemma D.3.5, we can lower bound

λmin(Λ̃) ≥ N · 6272dxdϕHB2
ϕ log

68Ñ

δ
.

Furthermore, since ∥ϕ(x, u)∥2 ≤ Bϕ, we always have ∥Λ̃∥op ≤ NToutB
2
ϕ, which implies

Λ̃ ⪯ NToutB
2
ϕ · I. By Lemma B.2.1, we then have that with probability at least 1− δ (again

using the mapping to the martingale regression setting described in Section 6.1):

∥Â− A⋆∥F ≤ C · σw

√√√√√ log 1/δ + dxdϕ + log det( Tout

6272dxdϕH log 68Ñ
δ

· I + I)

N · 6272dxdϕHB2
ϕ log

68Ñ
δ

≤ poly

(
dϕ, dx,

1

λ̄min

, BA, Bϕ, σw, H, log
Ñ

δ

)
· 1√

N
.

Proof of Lemma 6.5.2. We have

min
Λ̌∈Ω

tr(HΛ̌−1) = min
Λ̌∈Ω

tr(H′Λ̌−1) + tr((H−H′)Λ̌−1)

≤ min
Λ̌∈Ω

tr(H′Λ̌−1) + ∥H −H′∥op · tr(Λ̌−1)

Under Assumption 6.3, we know that there exists some Λ̌′ ∈ Ω such that λmin(Λ̌
′) ≥ λ̄min.

We can then bound

min
Λ̌∈Ω

tr(H′Λ̌−1) + ∥H −H′∥op · tr(Λ̌−1)

≤ min
Λ̌∈Ω

tr(H′(
1

2
Λ̌+

1

2
Λ̌′)−1) + ∥H −H′∥op · tr((

1

2
Λ̌+

1

2
Λ̌′)−1)

≤ min
Λ̌∈Ω

2tr(H′Λ̌−1) + 2∥H −H′∥op ·
dxdϕ
λ̄min

which proves the result.
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D.2 Proof of Theorem 6.2

Proof of Theorem 6.2. This proof follows immediately from Lemma D.2.1, by lower bounding
the right-hand side of (D.2.1) by the min over all policies in Π.

Lemma D.2.1. Under Assumptions 6.1, 6.2 and 6.4 to 6.8 and if aopt is defined as in (6.1.1),
as long as

T ≥ poly(∥A⋆∥op, Lϕ, La, Lπ⋆ , Lcost, σw, σ
−1
w , Bϕ, H, dx, dϕ, λ

−1, µ−1, rcost(A⋆)
−1, ra(A⋆)

−1, rµ(A⋆)
−1),

for any ωexp ∈ △Π, we have

min
â

max
A∈BT

EDT∼A,ωexp [JA(â(DT ))− JA(aopt(A))] ≥
σ2
w

3T
· tr(H(A⋆)Eπ∼ωexp [Λ̌π]

−1)− Clb

T 5/4

(D.2.1)

for BT := {A : ∥A − A⋆∥2F ≤ 5dxdϕ/(λTH)5/6}, where EDT∼A,ωexp [·] = Eπ∼ωexp [EDT∼A,π[·]]
denotes the expectation over trajectories generated by running policies π drawn according to
ωexp on system A for T episodes, and

Clb := poly(∥A⋆∥op, Lϕ, La, Lπ⋆ , Lcost, σw, σ
−1
w , Bϕ, H, dx, dϕ, λ

−1, µ−1, rcost(A⋆)
−1, ra(A⋆)

−1, rµ(Ast)
−1).

Proof. This result is a direct consequence of Theorem 4.3—to obtain the result we must only
verify that the assumptions of this result are met. We verify each assumption below.

Verifying Assumption 4.1. Part 1 of Assumption 4.1 is met by Assumption 6.7 within
diameter rµ(A⋆). Furthermore, under Assumptions 6.1, 6.2 and 6.4 to 6.6 and by Lemma D.2.7,
the additional parts of Assumption 4.1 are also met with diameter min{rcost(A⋆), ra(A⋆)} and
smoothness constant poly(∥A⋆∥op, Lϕ, La, Lπ⋆ , Lcost, σ

−1
w , H, dx).

Verifying Assumptions 4.2 and 4.3. Assumption 4.2 is immediately met by Assump-
tion 6.8. Furthermore, Assumption 4.3 is met by Lemma D.2.2 with ccov = 1, Lcov(θ⋆, γ

2) =
H2B3

ϕ

σ2
w
· poly(dx), and Ccov = 0.

Given that these assumptions are met, the result follows noting that, if we run for T
episodes, then the effective horizon is dxTH (using the mapping from the setting of (6.0.1) to
the martingale regression setting described in Section 6.1). Note that the final bound scales
with 1

T
instead of 1

dxTH
as we are able to bring the dxH factor into the Λ̌πexp term, since Λπexp

is not normalized by dxH.

Lemma D.2.2. Under Assumption 6.1, for any policy distribution ω ∈ △Πexp and A,A′, we
have

Eπ∼ω[ΛA,π] ⪯ Eπ∼ω[ΛA′,π] +
H2B3

ϕ

σ2
w

· poly(dx) · ∥A− A′∥F · I.
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Proof. We will prove that the desired bound follows for a particular π ∈ Πexp, which
immediately implies that it holds for ω ∈ △Πexp . By definition we have

ΛA,π =

∫ ( H∑
h=1

ϕ(xτ
h, u

τ
h)ϕ(x

τ
h, u

τ
h)

⊤

)
· fA,π(τ)dτ

and

fA,π(τ) =
H∏
h=1

fA(x
τ
h+1 | xτ

h, u
τ
h)πh(u

τ
h | xτ

h).

Fix some v ∈ Sdϕ−1, and note that, given the expression above, we have

v⊤ΛA,πv =

∫ H∑
h=1

(v⊤ϕ(xτ
h, u

τ
h))

2 · fA,π(τ)dτ.

It follows that

∇Av
⊤ΛA,πv =

∫ H∑
h=1

(v⊤ϕ(xτ
h, u

τ
h))

2 · ∇AfA,π(τ)dτ

=

∫ H∑
h=1

(v⊤ϕ(xτ
h, u

τ
h))

2 · fA,π(τ)∇A log fA,π(τ)dτ.

We can show (see e.g. the proof of Lemma D.1 in Wagenmaker et al. [2024]), we have, for
any ∆,

∇A log fA,π(τ)[∆] =
H∑
h=1

1

σ2
w

(xτ
h+1 − Aϕ(xτ

h, u
τ
h)) ·∆ϕ(xτ

h, u
τ
h),

so we can bound

∥∇A log fA,π(τ)∥op ≤
Bϕ
σ2
w

H∑
h=1

∥xτ
h+1 − Aϕ(xτ

h, u
τ
h)∥2.

Furthermore, we can also bound (v⊤ϕ(xτ
h, u

τ
h))

2 ≤ B2
ϕ. We therefore have

∥∇Av
⊤ΛA,πv∥op ≤ HB3

ϕ

∫ H∑
h=1

∥xτ
h+1 − Aϕ(xτ

h, u
τ
h)∥2 · fA,π(τ)dτ
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≤
H2B3

ϕ

σ2
w

· poly(dx)

where the last inequality follows from Lemma D.2.3. It follows from the Mean Value Theorem
that

|v⊤ΛA,πv − v⊤ΛA′,πv| ≤
H2B3

ϕ

σ2
w

· poly(dx) · ∥A− A′∥F.

As this holds for all v ∈ Sd−1, it follows that

∥ΛA,π −ΛA′,π∥op ≤
H2B3

ϕ

σ2
w

· poly(dx) · ∥A− A′∥F.

Lemma D.2.3. Let wi ∼ N (0, Idx) for all i ∈ {1, 2, . . . , n}. Then,

E

[(
n∑
i=1

∥wi∥2

)c]
≤ n2 · poly(dx).

for c an absolute constant.

Proof. We first bound

(
n∑
i=1

∥wi∥2)c ≤ n ·max
i
∥wi∥c2 ≤ n ·

∑
i

∥wi∥c2.

The result then follows since we can bound the E[∥wi∥c2] ≤ poly(d) for wi ∼ N (0, I) and c an
absolute constant.

D.2.1 Smooth Nonlinear Systems

The following result shows that under Assumption 6.6, aopt is differentiable.

Proposition D.1. Under, Assumptions 6.1, 6.2 and 6.4 to 6.6, there exists some ra(A⋆) > 0
and Lπ⋆ <∞ such that, for all A ∈ BF(A⋆; ra(A⋆)), aopt(A) satisfies:

• ∇aJA(πa)|a=aopt(A) = 0,

• aopt(A) is three-times differentiable in A, and we can bound ∥∇(i)
A aopt(A)∥op ≤ Lπ⋆ for

some Lπ⋆ > 0 and i ∈ {1, 2, 3}.

We then have the following results, analogous to the results of Chapter 4.
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Lemma D.2.4. Under Assumptions 6.1, 6.2 and 6.4 to 6.6, for Â ∈ BF(A⋆; min{rcost(A⋆), ra(A⋆)}),
we have

JA⋆(aopt(Â))− JA⋆(aopt(A⋆)) ≤ vec(Â− A⋆)
⊤H(A⋆)vec(Â− A⋆) +M [Â− A⋆, Â− A⋆, Â− A⋆].

for some tensor M such that

∥M [Â− A⋆, Â− A⋆, Â− A⋆]∥op ≤ poly(Lπ⋆ , ∥A⋆∥op, Bϕ, Lϕ, La, Lcost, σ
−1
w , H, dx) · ∥Â− A⋆∥3op.

Lemma D.2.5. Under Assumptions 6.1, 6.2 and 6.4 to 6.6, and if Â ∈ BF(A⋆; min{rcost(A⋆), ra(A⋆)}),
we can bound

∥H(A⋆)−H(Â)∥op ≤ poly(Lπ⋆ , ∥A⋆∥op, Bϕ, Lϕ, La, Lcost, σ
−1
w , H, dx) · ∥Â− A⋆∥op.

Lemma D.2.6. Under Assumptions 6.1, 6.2 and 6.4 to 6.6, for all A ∈ BF(A⋆; min{rcost(A⋆), ra(A⋆)}),
we can bound

∥H(A)∥op ≤ poly(∥A⋆∥op, Bϕ, Lϕ, La, Lcost, Lπ⋆ , σ
−1
w , H, dx)

Lemma D.2.7. Under Assumptions 6.1, 6.2, 6.4 and 6.5, for any A satisfying A ∈
BF(A⋆; ra(A⋆)), the controller loss JA(a) is four-times differentiable in a and A. Furthermore,
we can bound

∥∇(i)
A ∇

(j)
a JA(a)∥op ≤ poly(∥A∥op, Bϕ, Lϕ, La, Lcost, σ

−1
w , H, dx)

for i, j ∈ {0, 1, 2, 3, 4} satisfying 1 ≤ i+ j ≤ 3.

The proofs of these results are somewhat technical and tangential to the main focus of
this thesis. As such, we omit them and refer the reader to Appendix D of Wagenmaker et al.
[2024].

D.3 Deferred Proofs from Section 6.6

D.3.1 Collecting Full-Rank Data

In this section, we consider the setting where ψ(τ) ∈ Sdψ+ , and our goal is to collect {τt}Tt=1

such that ψ( 1
T

∑T
t=1ψ(τt)) > 0. For this to be achievable, we need the following assumption,

a generalization of Assumption 6.3.

Assumption D.1 (Full-Rank Data). Consider ψ(τ) such that ψ(τ) ∈ Sdψ+ . Then we have
supΓ∈Ωψ λmin(Γ) ≥ λ̄min for some λ̄min > 0.

Throughout this section we also assume that Assumption 6.10 is satisfied with α = 1/2
(though all results generalize in a straightforward way for α ≠ 1/2). We have the following
result.
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Algorithm D.1 Minimum Eigenvalue Maximization (MinEig)
1: input: scale N , confidence δ, regret minimization algorithm AR, exploration policies

Πexp

2: for j = 1, 2, 3, . . . do
3: Nj ← ⌈2j/3⌉ − 1, Kj ← ⌈22j/3⌉, Tj ← (Nj + 1)Kj, λj ← T

−1/18
j , δj ← δ

4j2

4: Σj,Πj ← DynamicOED(Φ, Nj, Kj, δj,AR,Πexp) for Φ(Γ) = tr((Γ+ λj · I)−1)

5: if λmin(Σj) ≥ 12544Ddψ log
2N(2+32Tj)

δ
then

6: break
7: return Πj

Lemma D.3.1. Under Assumptions 6.10, 6.11 and D.1, running Algorithm D.1 we have
that with probability at least 1− δ, it will terminate after collecting at most

2|Π| ≤ poly

(
dψ,

1

λ̄min

, D,CR, log
pR

N

δ

)
episodes, and return policy set Π such that

λmin

(∑
π∈ΠΓπ

)
≥ 6272Ddψ log

68N

δ
.

Furthermore, if we rerun each policy in Π once, the resulting features Σ will satisfy, with
probability at least 1− δ/N :

λmin (Σ) ≥ 6272Ddψ log
68N

δ
.

Proof. By Lemma D.3.2 and our choice of Nj and Kj in Algorithm D.1, we have that if
λj ≤ λ̄min

4dψ
and

T
1/3
j ≥ Ω̃

((
Dλ−2

j (D3λ−1
j + CR · logpR

1

δj
)

)
· λ̄min

dψ

)
, (D.3.1)

then λmin(Σj) ≥ λ̄min

4dψ
· Tj with probability at least 1− δj. It follows that, with probability at

least 1− δj, the if statement on Line 5 will be true once λj ≤ λ̄min

4dψ
, (D.3.1) holds, and

λ̄min

4dψ
· Tj ≥ 12544Ddψ log

2N(2 + 32Tj)

δ
. (D.3.2)

By our choice of λj = T
−1/18
j , a sufficient condition to ensure λj ≤ λ̄min

4dψ
, (D.3.1), and (D.3.2)
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is

Tj ≥ Ω̃

(
max

{(
dψ
λ̄min

)18

,

(
D4λ̄min

dψ

)6

,

(
DCR · logpR

1

δj
· λ̄min

dψ

)9/2

,
Dd2ψ
λ̄min

· log NTj
δ

})
.

Since Tj = ⌈2j/3⌉⌈22j/3⌉ ∈ [2j, 4 · 2j], it follows that the if statement on Line 5 will be met
after running for at most

Õ

(
max

{(
dψ
λ̄min

)18

,

(
D4λ̄min

dψ

)6

,

(
DCR · logpR

1

δj
· λ̄min

dψ

)9/2

,
Dd2ψ
λ̄min

· log N

δ

})
(D.3.3)

episodes.
By Lemma D.3.3, if λmin(Σj) ≥ 12544Ddψ log

2N(2+32Tj)

δ
and we rerun all policies in

Πj, then we will collect data Σ̃ such that λmin(Σ̃) ≥ 1
2
λmin(Σj), with probability at least

1− δ/2N . As the if statement on Line 5 will only be true once this is met, it follows that,
with probability at least 1− δ/2N , rerunning all policies in Πj once, we will collect data Σ
which satisfies

λmin(Σ) ≥ 1

2
λmin(Σj) ≥ 6272Ddψ log

2N(2 + 32Tj)

δ
≥ 6272Ddψ log

68N

δ
.

The lower bound on λmin(
∑

π∈Π Γπ) follows analogously from Lemma D.3.3.
The result then follows noting that the failure probability of running DynamicOED is

at most
∞∑
j=1

δ

4j2
≤ δ/2.

D.3.1.1 Supporting Lemmas

Lemma D.3.2. Under Assumptions 6.10, 6.11 and D.1, consider running DynamicOED
on the objective

Φ(Γ) = tr((Γ+ λ · I)−1)

with N = ⌈2i/3⌉ − 1 and K = ⌈22i/3⌉, for some λ > 0 and i. Let T := (N + 1)K. Then if
λ ≤ λ̄min

4dψ
and

T 1/3 ≥ Ω̃

((
Dλ−2(D3λ−1 + CR · logpR

1

δ
)

)
· λ̄min

dψ

)
, (D.3.4)
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with probability at least 1− δ,

λmin

(
T∑
t=1

ψ(τt)

)
≥ λ̄min

4dψ
· T.

Proof. Applying Corollary 6.5 with H = I and Γ0 = λ · I, we have that, with probability at
least 1− δ:

tr

( T∑
t=1

ψ(τt) + Tλ · I

)−1


≤ 1

T
· min
Γ∈Ωψ

tr((Γ+ λ · I)−1) +
8D4λ−3

T (N + 1)
+

8Dλ−2(log1/2 T
δ
+ CR logpR T

δ
)

T
√
K

≤ 1

T
· min
Γ∈Ωψ

tr((Γ+ λ · I)−1) +
24D4λ−3

T 4/3
+

24Dλ−2(log1/2 T
δ
+ CR logpR T

δ
)

T 4/3

where the second inequality follows since

T = ⌈2i/3⌉⌈22i/3⌉ ≤ 4 · 2i

which implies N + 1 = ⌈2i/3⌉ ≥ T 1/3/41/3 and K = ⌈22i/3⌉ ≥ T 2/3/42/3. If T satisfies (D.3.4),
then we can bound

24D4λ−3

T 4/3
+

24Dλ−2(log1/2 T
δ
+ CR logpR T

δ
)

T 4/3
≤ 1

T
· dψ
λ̄min

.

Furthermore, under Assumption 6.3 there exists some Γ ∈ Ωψ such that Γ ⪰ λ̄min · I, so we
can upper bound

min
Γ∈Ωψ

tr((Γ+ λ · I)−1) ≤ dψ
λ̄min

and we can lower bound

tr

( T∑
t=1

ψ(τt) + Tλ · I

)−1
 ≥ 1

λmin(
∑T

t=1ψ(τt)) + Tλ
.

Thus,

1

λmin(
∑T

t=1ψ(τt)) + Tλ
≤ 1

T
· 2dψ
λ̄min

=⇒ λmin

(
T∑
t=1

ψ(τt)

)
≥ T λ̄min

2dψ
− Tλ.
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It follows that if λ ≤ λ̄min

4dψ
, then we have

λmin

(
T∑
t=1

ψ(τt)

)
≥ T · λ̄min

4dψ

which proves the result.

Lemma D.3.3. Consider running some policies (πτ )
T
τ=1, for πτ Fτ−1-measurable, and col-

lecting covariance ΣT =
∑T

t=1ψ(τt). Then under Assumption 6.11, as long as

λmin(ΣT ) ≥ 12544Ddψ log
2 + 32T

δ

with probability at least 1− δ, if we rerun each (πτ )
T
τ=1, we will collect features Σ̃T such that

λmin(Σ̃T ) ≥
1

2
λmin(ΣT ).

Furthermore,

λmin

(
T∑
τ=1

Γπτ

)
≥ 1

2
λmin(ΣT ).

Proof. This follows from applying Lemma D.7 of Wagenmaker and Jamieson [2022] to the
matrix 1

D
ΣT . Note that while Wagenmaker and Jamieson [2022] considers the setting of

linear MDPs, the proof of Lemma D.7 of Wagenmaker and Jamieson [2022] does not make use
of the linear MDP assumption, and the proof therefore extends immediately to our setting.
Furthermore, though it is not explicitly stated, the lower bound on λmin(

∑T
τ=1 Γπτ ) is also

proved in Lemma D.7 of Wagenmaker and Jamieson [2022].

D.3.2 Rerunning Policies (LearnExpΠ)

In this section, we build on the analysis of the DynamicOED algorithm to show that, not
only do the features collected by DynamicOED approximately minimize Φ, but that, under
certain conditions, if we rerun the policies that DynamicOED ran to collect this data, we
will collect a new set of features which also approximately minimizes Φ.

In particular, we specialize this argument to objectives of the form Φ(Γ) = tr(HΓ−1).
LearnExpΠ (Algorithm D.2) proceeds by first calling MinEig to collect full-rank data,
using this data as a regularizer of Φ(Γ), and the running DynamicOED on this objective.
After meeting a certain termination criteria, it terminates, and returns the policies it has run
over its operation.

Lemma D.3.4. Let Eexp denote the event that, for all i = 1, 2, 3, . . ., the success event of
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Algorithm D.2 Learn Minimizing Exploration Policies (LearnExpΠ)

1: input: H, iterates bound Ñ , confidence δ, regret minimization algorithm AR, exploration
policies Πexp

2: for i = 1, 2, 3, . . . do
3: Ni ← ⌈2i/3⌉ − 1, Ki ← ⌈22i/3⌉, Ti ← (Ni + 1)Ki, δi ← δ/4i2

4: Πi
MinEig ←MinEig(ÑTi, δi,AR,Πexp)

5: Run policies in Πi
MinEig ⌈Ti/|Πi

MinEig|⌉ times, set Γi0 to collected features
6: Φ(Γ)← tr(H(Γ+ T−1

i Γi0)
−1)

7: Γifw,Π
i
fw ← DynamicOED(Φ, Ni, Ki, δ,AR,Πexp)

8: if

max
j=1,...,i

|Πj
MinEig| ≤ Ti (D.3.5)

16D4∥H∥op∥(T−1
i Γ0)

−1∥3op
Ti(Ni + 1)

+
16D∥H∥op∥(T−1

i Γ0)
−1∥2op(log1/2 4Ti

δ
+ CR logpR 2Ti

δ
)

Ti
√
Ki

≤ tr
(
H
(
Γifw + Γi0

)−1
)

(D.3.6)

tr(H) ·D
√
2Ti

√
8dψ log(1 + 8

√
2Ti) + 8 log 1/δ · 2

λmin (Γifw + Γi0)
2 ≤ tr

(
H
(
Γifw + Γi0

)−1
)

(D.3.7)

D
√

2Ti

√
8dψ log(1 + 8

√
2Ti) + 8 log 1/δ ≤ 1

2
λmin

(
Γifw + Γi0

)
(D.3.8)

9: then
10: Γout ← Γifw + Γi0,Πout ← Πi

MinEig ∪ (∪⌈Ti/|ΠMinEig|⌉
j=1 Πi

fw)
11: return Γout,Πout

MinEig (Lemma D.3.1) and DynamicOED occur, and

λmin(Γ
i
0) ≥ ⌈Ti/|Πi

MinEig|⌉ · 6272Ddψ log
68Ñ

δ
.

Then if Assumptions 6.10, 6.11 and D.1 hold, P[Eexp] ≥ 1− δ.

Lemma D.3.5. Consider rerunning each policy in Πout N ≤ Ñ times, and let Γ̃ denote the
obtained features. Then, if Assumptions 6.10, 6.11 and D.1 hold, with probability at least
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1− 3δ, on the event Eexp:

∥∥∥Γ̃−N ·
∑

π∈Πout
Γπ

∥∥∥
op
≤

√
Tout ·

√
8dψ log(1 + 8

√
NTout) + 8 log 1/δ

√
N · 6272dψ log 68Ñ

δ

· λmin

(
N ·

∑
π∈Πout

Γπ
)
,

(D.3.9)

N · 6272Ddψ log
68Ñ

δ
≤ min

{
λmin

(
N ·

∑
π∈Πout

Γπ
)
, λmin(Γ̃)

}
, (D.3.10)

and

tr
(
H
(∑

π∈Πout
Γπ
)−1
)
≤ 12

Tout

·min
Γ∈Ω

tr
(
HΓ−1

)
(D.3.11)

for Tout := |Πout|.

Lemma D.3.6. On the event Eexp, under Assumptions 6.10, 6.11 and D.1, we can bound

Tout ≤ poly

(
dψ,

1

λ̄min

, D,CR, log
pR

Ñ

δ

)
.

Furthermore, the total number of episodes collected by Algorithm D.2 is bounded by (16 +
2 log(Tout)) · Tout.

D.3.2.1 Supporting Lemmas and Proofs for LearnExpΠ

Lemma D.3.7. Under Assumption 6.11, for any Γ = Eτ∼ω[ψ(τ)] and H ⪰ 0 we can bound

tr(HΓ−1) ≥ D−1 · tr(H).

Proof. By Von Neumann’s Trace Inequality we can lower bound

tr(HΓ−1) ≥ λmin(Γ
−1) · tr(H) = ∥Γ∥−1

op · tr(H).

By our assumption that tr(ψ(τ)) ≤ D, we can bound ∥Γ∥op ≤ D, which proves the result.

Lemma D.3.8. Assume tr(ψ(τ)) ≤ D for all τ. Let ΓK denote the time-normalized features
obtained by playing policies {πk}Kk=1, where πk is Fk−1-measurable. Then, with probability at
least 1− δ, ∥∥∥∥∥ 1

K

K∑
k=1

Γπk − ΓK

∥∥∥∥∥
op

≤ D

√
8dψ log(1 + 8

√
K) + 8 log 1/δ

K
.
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Proof. This follows from an argument identical to the proof of Lemma C.4 of Wagenmaker
and Jamieson [2022]. While Wagenmaker and Jamieson [2022] considers the setting of linear
MDPs, we note that the proof of Lemma C.4 of Wagenmaker and Jamieson [2022] nowhere
relies on the linear MDP assumption. The result stated here then follows identically as
Lemma C.4 of Wagenmaker and Jamieson [2022], after normalizing ψ(τ) by D.

Proof of Lemma D.3.4. By Lemma D.3.1, the failure probability of running MinEig at round
i is δi = δ/8i2, and by Corollary 6.5 the failure probability of DynamicOED at round i is
also bounded by δi = δ/8i2. It follows that the total failure probability of running MinEig
and DynamicOED is bounded by

∞∑
i=1

2 · δ
8i2
≤ δ

2
.

Furthermore, by Lemma D.3.1, we have that rerunning all policies in Πi
MinEig, we will obtain

features Γ satisfying, with probability at least 1− δi/ÑTi:

λmin(Γ) ≥ 6272Ddψ log
68Ñ

δi
.

Repeating this ⌈Ti/|Πi
MinEig|⌉ times and union bounding, we have that

λmin(Γ
i
0) ≥ ⌈Ti/|Πi

MinEig|⌉ · 6272Ddψ log
68Ñ

δi

with probability at least 1− δ/ÑTi · ⌈Ti/|Πi
MinEig|⌉ ≥ 1− δ/Ñ .

Proof of Lemma D.3.5. Let ΠMinEig,Γ0,Πfw,Γfw denote the policies and features obtained on
the round at which Algorithm D.2 terminates. Let Tfw = |Πfw| denote the number of episodes
of DynamicOED on the terminating round, and Nfw, Kfw the corresponding values of Ni

and Ki. Throughout the proof we make use of the fact that at termination of Algorithm D.2,
all of (D.3.5)-(D.3.8) are met.

Proof of (D.3.9) and (D.3.10). By Lemma D.3.8 we have that, with probability at least
1− δ: ∥∥∥Γ̃−N ·

∑
π∈Πout

Γπ

∥∥∥
op
≤ D

√
NTout ·

√
8dψ log(1 + 8

√
NTout) + 8 log 1/δ.

On Eexp, by Lemma D.3.1, we can bound

|ΠMinEig| ≤ poly

(
dψ,

1

λ̄min

, D,CR, log
pR

ÑTout

δ

)
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and, furthermore, we can lower bound

λmin

(∑
π∈ΠMinEig

Γπ
)
≥ 6272Ddψ log

68Ñ

δ
.

Since ΠMinEig ⊆ Πout, it follows that

λmin

(
N ·

∑
π∈Πout

Γπ
)
≥ N · 6272Ddψ log

68Ñ

δ
.

Combining these, we therefore have that, with probability at least 1− δ:

∥∥∥Γ̃−N ·
∑

π∈Πout
Γπ

∥∥∥
op
≤

√
NTout ·

√
8dψ log(1 + 8

√
NTout) + 8 log 1/δ

N · 6272dψ log 68Ñ
δ

· λmin

(
N ·

∑
π∈Πout

Γπ
)
.

In addition, also by Lemma D.3.1, we have that with probability at least 1−δ/ÑTout·N ≥ 1−δ,
that

λmin(Γ̃) ≥ N · 6272Ddψ log
68Ñ

δ
.

Proof of (D.3.11). By Corollary 6.5, on Eexp we have that:

Φ(Γfw) = tr
(
H (Γfw + Γ0)

−1) ≤ minΓ∈Ω tr
(
H(Γ+ T−1

fw Γ0)
−1
)

Tfw

+
8D4∥H∥op∥(T−1

fw Γ0)
−1∥3op

Tfw(Nfw + 1)
+

8D∥H∥op∥(T−1
fw Γ0)

−1∥2op(log1/2 4Tfw
δ

+ CR logpR 2Tfw
δ
)

Tfw

√
Kfw

.

Since Tfw satisfies (D.3.6), we can bound

8D4∥H∥op∥(T−1
fw Γ0)

−1∥3op
Tfw(Nfw + 1)

+
8D∥H∥op∥(T−1

fw Γ0)
−1∥2op(log1/2 4Tfw

δ
+ CR logpR 2Tfw

δ
)

Tfw

√
Kfw

≤ 1

2
Φ(Γfw).

It follows that

Φ(Γfw) ≤
minΓ∈Ω tr

(
H(Γ+ T−1

fw Γ0)
−1
)

Tfw

+
1

2
Φ(Γfw)

=⇒ Φ(Γfw) ≤ 2 ·
minΓ∈Ω tr

(
H(Γ+ T−1

fw Γ0)
−1
)

Tfw

. (D.3.12)
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By Lemma D.3.8, we have that, with probability at least 1− δ:∥∥∑
π∈Πout

Γπ − (Γfw + Γ0)
∥∥
op
≤ D

√
Tout

√
8dψ log(1 + 8

√
Tout) + 8 log 1/δ.

Since (D.3.8) is satisfied and |Πi
MinEig| ≤ Ti, we have

D
√

Tout

√
8dψ log(1 + 8

√
Tout) + 8 log 1/δ ≤ 1

2
λmin (Γfw + Γ0) .

By Lemma C.3.1 it follows that∥∥∥(∑π∈Πout
Γπ
)−1 − (Γfw + Γ0)

−1
∥∥∥
op
≤ D

√
Tout

√
8dψ log(1 + 8

√
Tout) + 8 log 1/δ · 2

λmin (Γfw + Γ0)
2 .

This implies that

tr
(
H
(∑

π∈Πout
Γπ
)−1
)
≤ tr

(
H (Γfw + Γ0)

−1)
+ tr(H) ·D

√
Tout

√
8dψ log(1 + 8

√
Tout) + 8 log 1/δ · 2

λmin (Γfw + Γ0)
2 .

Now if

tr(H) ·D
√

Tout

√
8dψ log(1 + 8

√
Tout) + 8 log 1/δ · 2

λmin (Γfw + Γ0)
2 ≤ tr

(
H (Γfw + Γ0)

−1) ,
(D.3.13)

we can bound this all by

≤ 2tr
(
H (Γfw + Γ0)

−1) ≤ 4

Tfw

·min
Γ∈Ω

tr
(
H(Γ+ T−1

fw Γ0)
−1
)

where the last inequality follows from (D.3.12). However, note that (D.3.13) since (D.3.7)
holds. Finally, note that

Tout = Tfw + ⌈Tfw/|ΠMinEig|⌉|ΠMinEig| ≤ 2Tfw + |ΠMinEig| ≤ 3Tfw

where the last inequality follows since (D.3.5) holds. We can therefore upper bound 4
Tfw
≤ 12

Tout
.

Putting this together proves the result.

Proof of Lemma D.3.6. To bound Tout, it suffices to show that (D.3.5)-(D.3.8) are satisfied
for sufficiently large Ti.
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On Eexp, by Lemma D.3.1, we can bound

|Πi
MinEig| ≤ poly

(
dψ,

1

λ̄min

, D, CR, log
pR

ÑTi
δ

)
,

so to ensure (D.3.5) is met it suffices that

Ti ≥ poly

(
dψ,

1

λ̄min

, D,CR, log
pR

Ñ

δ

)
.

On Eexp, we have

λmin(Γ
i
fw + Γi0) ≥ λmin(Γ

i
0) ≥ ⌈Ti/|Πi

MinEig|⌉ · 6272Ddψ log
68Ñ

δ
.

Which also implies

∥(T−1
i Γi0)

−1∥op =
Ti

λmin(Γi0)
≤ Ti
⌈Ti/|Πi

MinEig|⌉
· 1

6272Ddψ log 68Ñ
δ

≤ |Πi
MinEig|

6272Ddψ log 68Ñ
δ

Furthermore, by Lemma D.3.7 we can lower bound

tr
(
H
(
Γifw + Γi0

)−1
)
≥ tr(H)

D(Ti + ⌈Ti/|Πi
MinEig|⌉|Πi

MinEig|)
≥ tr(H)

3DTi
.

Combining these and using that Ni = O(T 1/3
i ) and Ki = O(T 2/3

i ), it is easy to see that
(D.3.6)-(D.3.8) will be met once

Ti ≥ poly

(
dψ,

1

λ̄min

, D,CR, log
pR

Ñ

δ

)
.

The bound on Tout then follows since Ti = ⌈2i/3⌉⌈22i/3⌉ ∈ [2i, 4 · 2i], so it can be at most a
constant larger than the sufficient condition before terminating.

Let i⋆ denote the round that Algorithm D.2 terminates on. Note that at round i, MinEig
runs for at most |Πi

MinEig|, DynamicOED runs for at most Ti episodes, and we run for an
additional ⌈Ti/|Πi

MinEig|⌉ · |Πi
MinEig| episodes on Line 5. In total, then, the number of episodes

Algorithm D.2 runs for is bounded by

i⋆∑
i=1

(Ti + |Πi
MinEig|+ ⌈Ti/|Πi

MinEig|⌉ · |Πi
MinEig|) ≤ 2

i⋆∑
i=1

(Ti + |Πi
MinEig|)
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≤ 16Ti⋆ + 2
i⋆∑
i=1

|Πi
MinEig|

where the last inequality follows since Ti ∈ [2i, 4 · 2i]. Now note that, since Algorithm D.2
only terminates once (D.3.5) is met, we will have maxj=1,...,i⋆ |Πj

MinEig| ≤ Ti⋆ . This implies
that 2

∑i⋆

i=1 |Πi
MinEig| ≤ 2i⋆Ti⋆ ≤ 2 log(Ti⋆) · Ti⋆ . Bounding Ti⋆ ≤ Tout gives the result.
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Appendix E

Deferred Proofs from Chapter 7

E.1 Deferred Proofs from Section 7.2.1 and Section 7.3

E.1.1 Interpreting the Gap-Visitation Complexity

Proposition E.1. The gap-visitation complexity, C(M, ϵ), satisfies

C(M, ϵ) =
H∑
h=1

inf
π
max
s

1

wπ
h(s)

∑
a

min

{
1

∆̃h(s, a)2
,
Wh(s)

2

ϵ2

}
+

H2|OPT(ϵ)|
ϵ2

.

Furthermore, when M has unique optimal actions, the best-policy gap-visitation complexity,
C⋆(M), satisfies

C⋆(M) =
H∑
h=1

inf
π
max
s

1

wπ
h(s)

∑
a:∆h(s,a)>0

1

∆h(s, a)2
.

Proof. Consider the optimization

min
λ∈△(X)

max
x∈X

ax/λx.

It is easy to see that ∑
x∈X

ax = min
λ∈△(X)

max
x∈X

ax/λx

and the optimal λ is

λ∗
x =

ax∑
x′∈X ax′

.

For any policy π, we will have that
∑

a πh(a|s) = 1, and πh(a|s) must be a valid distribution
over a. This implies that wπ

h(s, a) = wπ
h(s)πh(a|s). Now fix π for steps h′ = 1, . . . , h− 1, then
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it follows that

inf
πh

max
s,a

min

{
1

wπ
h(s, a)∆̃h(s, a)2

,
Wh(s)

2

wπ
h(s, a)ϵ

2

}
= inf

πh
max
s

1

wπ
h(s)

max
a

1

πh(a|s)
min

{
1

∆̃h(s, a)2
,
Wh(s)

2

ϵ2

}
.

Now for a given s, we can use that wπ
h(s) is independent of πh and apply our above calculation

to get that

inf
πh

1

wπ
h(s)

max
a

1

πh(a|s)
min

{
1

∆̃h(s, a)2
,
Wh(s)

2

ϵ2

}
=

1

wπ
h(s)

∑
a

min

{
1

∆̃h(s, a)2
,
Wh(s)

2

ϵ2

}
.

As the maximum over s is over a finite set and πh(·|s) can be chosen independently of πh(·|s′)
for any s ̸= s′, we have that

inf
πh

max
s

1

wπ
h(s)

max
a

1

πh(a|s)
min

{
1

∆̃h(s, a)2
,
Wh(s)

2

ϵ2

}
= max

s

1

wπ
h(s)

∑
a

min

{
1

∆̃h(s, a)2
,
Wh(s)

2

ϵ2

}
.

Since taking an inf over π is equivalent to taking an inf over {πh′}h−1
h′=1 and πh, we can take

the inf of this over {πh′}h−1
h′=1 to get

inf
π
max
s,a

min

{
1

wπ
h(s, a)∆̃h(s, a)2

,
Wh(s)

2

wπ
h(s, a)ϵ

2

}
= inf

π
max
s

1

wπ
h(s)

∑
a

min

{
1

∆̃h(s, a)2
,
Wh(s)

2

ϵ2

}
.

The same line of reasoning can be used to obtain the expression for C⋆(M).

Proof of Proposition 7.2. Let πsh denote the policy that achieves wπsh

h (s) = Wh(s). Consider
the state visitation distribution:

w′
h(s) =

∑
s′ w

πs′h

h (s) ·
∑

amin
{

1

Wh(s′)∆̃h(s′,a)2
, Wh(s

′)
ϵ2

}
∑

s′,amin
{

1

Wh(s′)∆̃h(s′,a)2
, Wh(s′)

ϵ2

} .

Since the set of state visitations realizable on a given MDP is convex and for any realizable
state distribution there exists a policy with that state distribution by Proposition E.4, and
since w′

h is a convex combination of state visitation distributions, it follows that there exists
some policy π̃ such that w′

h(s) = wπ̃
h(s). Furthermore, by definition,

wπ̃
h(s) ≥

wπsh

h (s) ·
∑

amin
{

1

Wh(s)∆̃h(s,a)2
, Wh(s)

ϵ2

}
∑

s′,amin
{

1

Wh(s′)∆̃h(s′,a)2
, Wh(s′)

ϵ2

} = Wh(s) ·

∑
amin

{
1

Wh(s)∆̃h(s,a)2
, Wh(s)

ϵ2

}
∑

s′,amin
{

1

Wh(s′)∆̃h(s′,a)2
, Wh(s′)

ϵ2

} .
Thus, since π̃ is a feasible policy, using the expression for C(M⋆, ϵ) given in Proposition E.1,
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it follows that

C(M⋆, ϵ) =
H∑
h=1

inf
π
max
s

1

wπ
h(s)

∑
a

min

{
1

∆̃h(s, a)2
,
Wh(s)

2

ϵ2

}
+

H2|OPT(ϵ)|
ϵ2

≤
H∑
h=1

∑
s,a

min

{
1

Wh(s)∆̃h(s, a)2
,
Wh(s)

ϵ2

}
+

H2|OPT(ϵ)|
ϵ2

.

To obtain the first bound, we use the second bound to get

C(M⋆, ϵ) ≤
∑
s,a,h

H2Wh(s)

ϵ2
≤ H3SA

ϵ2

and use that |OPT(ϵtol)| ≤ SAH.

Proof of Proposition 7.3. This follows directly from Proposition E.1.

E.1.2 Proof of Proposition 7.4

Instance Class E.1.1. Given gap parameters ∆1,∆2 > 0 and transition probability p ∈
(0, 1/2), consider an MDP with H = S = A = 2 which always starts in state s0 and has
rewards and transitions defined as (where we drop the horizon subscript for simplicity):

P (s1|s0, a1) = 1− p, P (s2|s0, a1) = p, P (s1|s0, a2) = 0, P (s2|s0, a2) = 1

R(s0, a1) ∼ Bernoulli(1), R(s0, a2) ∼ Bernoulli(0)
R(si, a1) ∼ Bernoulli(0.5 + ∆i), R(si, a2) ∼ Bernoulli(0.5), i ∈ {1, 2}

At h = 2, we can then think of each state as simply a two-armed bandit with gap ∆i. We
assume that p < 1/2, so that 1−p can be thought of as a constant. This instance is illustrated
in Figure 7.1.

Proposition E.2 (Formal Statement of Proposition 7.4). Given any MDP in Instance
Class E.1.1, any learner executing Protocol 7.3.1 which computes an optimal policy with
probability at least 1− δ must collect at least

K ≥ Ω

(
log 1/δ

∆2
1

+
log 1/δ

p∆2
2

)

episodes, as long as log 1/δ

∆2
2
≥ cmax{C2, C

1
1−α

1 p
−α
1−α}, for a universal constant c. However, on

this instance,

C⋆(M⋆) ≤ O
(

1

∆2
1

+
1

∆2
2

)
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and so, with probability 1 − δ, Moca will terminate in at most K ≤ Õ(C⋆(M⋆) · log 1/δ)
episodes and return the optimal policy.

Proof of Proposition 7.4. To get the complexity bound of Moca, we apply Theorem 7.1 and
Proposition E.1. The stated complexity follows since W2(s1) = 1− p ≥ 1/2 and W2(s2) = 1,
from which the stated complexity follows directly.

Complexity of Low-Regret Algorithms. The expected regret of any algorithm is given
by

N1(s0, a2) + ∆1N2(s1, a2) + ∆2N2(s2, a2)

where we let Nh(si, aj) denote the expected number of times action aj is taken in state si at
timestep h. Our assumption on the regret implies that N1(s1, a2) ≤ C1K

α + C2.
From standard lower bounds on bandits (Theorem 4 of Kaufmann et al. [2016]), and

using that for small ∆ KL(Bernoulli(0.5)||Bernoulli(0.5 + ∆)) = Θ(∆2), to solve the bandit
in s1 with probability at least 1− δ, we must have that N2(s1) ≥ c log 1/δ

∆2
1

, and similarly, to

solve the bandit in s2, we must have that N2(s2) ≥ c log 1/δ
∆2

2
, for an absolute constant c.

Note that N2(s1) = (1 − p)N1(s0, a1) and N2(s2) = pN1(s0, a1) + N1(s0, a2), and that
the total number of episodes run is N1(s0, a1) +N1(s0, a2). This implies that we must have

N1(s0, a1) ≥
c log 1/δ

(1− p)∆2
1

, pN1(s0, a1) +N1(s0, a2) ≥
c log 1/δ

∆2
2

.

However, since N1(s0, a2) ≤ C1K
α + C2, N1(s0, a1) must at least satisfy

pN1(s0, a1) + C1K
α + C2 ≥

log 1/δ

∆2
2

=⇒ N1(s0, a1) ≥
1

p

(
c log 1/δ

∆2
2

− C1K
α − C2

)
.

Thus, we need

K = N1(s0, a1) +N1(s0, a2) ≥ N1(s0, a1) ≥ max

{
c log 1/δ

(1− p)∆2
1

,
1

p

(
c log 1/δ

∆2
2

− C1K
α − C2

)}
.

Assume that c log 1/δ

∆2
2
≥ 2C2, then

K ≥ 1

p

(
c log 1/δ

∆2
2

− C1K
α − C2

)
implies

K ≥ 1

p

(
c log 1/δ

2∆2
2

− C1K
α

)
=⇒ 2max{pK,C1K

α} ≥ c log 1/δ

2∆2
2

.
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The second expression is equivalent to

K ≥ min

{
c log 1/δ

4p∆2
2

, (
c log 1/δ

4C1∆2
2

)1/α
}

and we will have that the minimizer of this is c log 1/δ

4p∆2
2

as long as log 1/δ

∆2
2
≥ c′C

1
1−α

1 p
−α
1−α . The

result follows.

E.1.3 Proof for Instance Class 7.3.1

Instance Class E.1.2 (Formal Definition of Instance Class 7.3.1). Given a number of states
S ∈ N, consider MDP with horizon H = 2, S states, and S+1 actions. We assume we always
start in state s0 and define our transition kernel and reward function as follows:

P (si|s0, a⋆) =
2−i

1− 2−S
, P (si|s0, ai) = 1, i ∈ [S]

R(s0, a
⋆) ∼ Bernoulli(1), R(s0, ai) ∼ Bernoulli(0), i ∈ [S]

∀i : R(si, a
⋆) ∼ Bernoulli(0.9), R(si, aj) ∼ Bernoulli(0.1), j ∈ [S].

Note that a⋆ is the optimal action in every state.

Proposition E.3 (Formal Statement of Proposition 7.5). For the MDP in Instance Class E.1.2
with S states, and any

ϵ ∈ [2−S, cmin{C−1/α
1 (S log 1/δ)

1−α
α , C−1

2 S log 1/δ}]

where c is an absolute constant, to find an ϵ-optimal policy with probability 1− δ any learner
executing Protocol 7.3.1 with a low-regret algorithm satisfying Definition 7.3.1 must collect at
least

Ω

(
S log 1/δ

ϵ

)
episodes. In contrast, on this example C⋆(M⋆) = O(S2) and ϵ⋆ = 1/3, so, for ϵ ∈ [2−S, 1/3],
with probability 1− δ, Moca will terminate and output π⋆ in Õ(Clot(1/3)) episodes.

Randomized to deterministic policies. Assume we are given some randomized policy
π which for every (s, h) choose action a with probability πh(a|s). Then we define the
deterministic policy π̃ given this randomized policy as

π̃h(s) = argmax
a

πh(a|s).

We will use this mapping in our lower bound.
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Proof of Proposition E.3. The complexity for Algorithm 7.4 follows directly from Theorem 7.1
and Proposition E.1 and since in this example we will have W2(s) = 1 for each s and so
ϵ⋆ = 1/3. Furthermore, C⋆(M⋆) = O(S2). The stated complexity follows.

Complexity of Low-Regret Algorithms. Let ∆KL := KL(Bernoulli(0.1)||Bernoulli(0.9)) ≈
1.76 denote the KL divergence between the reward distributions of the optimal and suboptimal
actions at any state for h = 2, and ∆ := 0.9− 0.1 the suboptimality gap.

Assume that a policy π takes action a⋆ in s0. Then, the total suboptimality of the policy
is given by

S∑
i=1

2−i

1− 2−S
ϵ2(si, π)

where ϵ2(si, π) denotes the suboptimality of policy π in si, i ∈ [S]. In particular, for any iϵ,
to guarantee our policy is ϵ-good we need

2−iϵ

1− 2−S
ϵ2(siϵ , π) ≤ ϵ.

By the structure of the reward in any state siϵ , the total suboptimality in this state will be

ϵ2(siϵ , π) = (1−
S∑
j=1

π2(aj|siϵ))∆

It follows that if ϵ2(siϵ , π) < ∆/4, then we will have that π̃2(siϵ) = a⋆, where π̃ is the
deterministic policy derived from π. Choose iϵ = ⌊− log2(2ϵ(1−2−S)/∆)−1⌋. Then it follows
that,

2−iϵ

1− 2−S
(1−

S∑
j=1

π2(aj|siϵ))∆ ≥ 4ϵ(1−
S∑
j=1

π2(aj|siϵ))

and thus, for the policy to be ϵ-optimal, we must have that (1 −
∑S

j=1 π2(aj|siϵ)) ≤ 1/4.
This implies that π̃2(siϵ) = a⋆, so we have therefore derived a deterministic policy from our
stochastic one that is optimal in (siϵ , 2). By Theorem 4 of Kaufmann et al. [2016], to identify
the optimal action in state siϵ with probability 1− δ we must have that

N2(siϵ) ≥
(S + 1)

∆KL

log
1

2.4δ

where N2(siϵ) is the expected number of samples collected in siϵ at h = 2. As we have
deterministically derived π̃ from π, and since π̃ will play the optimal action in siϵ for any
ϵ-optimal π, it follows that this lower bound on N2(siϵ) applies here.
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If our low-regret algorithm has regret bounded as C1K
α + C2, then we must have that

S∑
i=1

N1(s1, ai) ≤ C1K
α + C2

since every time action ai ̸= a⋆ is taken we will incur a loss of 1. This implies that

N2(siϵ) ≤ C1K
α + C2 +

2−iϵ

1− 2−S
K

since if action a⋆ is taken in state s1, we will only reach state siϵ with probability 2−iϵ

1−2−S .
Combining these, to ensure that the optimal action is learned in siϵ , we will need that

(S + 1)

∆KL

log
1

2.4δ
≤ C1K

α + C2 +
2−iϵ

1− 2−S
K ≤ C1K

α + C2 +
4ϵ

∆
K

where the second inequality follows by our choice of iϵ. It follows that we need

K ≥ ∆

4ϵ

(
(S + 1)

∆KL

log
1

2.4δ
− C1K

α − C2

)
≥ (S + 1) log 1/2.4δ

12ϵ
− C1K

α − C2

≥ (S + 1) log 1/2.4δ

24ϵ
− C1K

α

where the final inequality holds as long as (S+1) log 1/2.4δ
12ϵ

≥ 2C2. This implies

2max{K,C1K
α} ≥ (S + 1) log 1/2.4δ

24ϵ

which is equivalent to

K ≥ min

{
(S + 1) log 1/2.4δ

48ϵ
,

(
(S + 1) log 1/2.4δ

48C1ϵ

)1/α
}
.

For

ϵ ≤ O
(
C

−1/α
1 (S log 1/δ)

1−α
α

)
we will have that the minimizer is the first term, and

K ≥ Ω

(
S log 1/δ

ϵ

)
.
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E.1.4 Lower Bounds on Best Policy Identification

Lemma E.1.1. Consider MDPs M and M ′ with the same state space S, actions space
A, horizon H, and initial state distribution P0. Fix some (s, h) ∈ S × [H], and for any
a ∈ A let νh(s, a) denote the law of the joint distribution of (s′, R) where s′ ∼ PM (·|s, a) and
R ∼ RM(s, a). Define the law ν ′

h(s, a) analogously with respect to M ′. For any almost-sure
stopping time τ with respect to (Fk),∑

s,a,h

EM [N τ
h (s, a)]KL(νh(s, a), ν

′
h(s, a)) ≥ sup

E∈Fτ

d(PM(E),PM ′(E))

where d(x, y) = x log x
y
+ (1− x) log 1−x

1−y and N τ
h (s, a) denotes the number of visits to (s, a, h)

in the τ episodes.

Proof. This is the MDP analogue of Lemma 1 of Kaufmann et al. [2016] and its proof follows
identically.

Definition E.1.1. We say an algorithm is δ-correct if, for any MDP M ∈M, we have that
M terminates at some (possibly random) episode Kδ and outputs π⋆, with probability at
least 1− δ.

E.1.4.1 Proof of Proposition 7.1

MDP Construction. Fix some h̄ ∈ [H], gaps {gap(s, a)}s∈[S],a∈[A−1] ⊆ (0, 1/2)SA, and
arbitrary transition kernels {Ph}h̄−1

h=1. For each s, fix a single a and set gap(s, a) = 0. Let M⋆

denote the MDP with transitions {Ph}h̄−1
h=1, and for h ≥ h̄ define

Ph(s|s, a) = 1, ∀a ∈ A.

Then let the rewards be defined as follows. For all h > h̄ and all s, choose any a′ and set
Rh(s, a

′) = 1, and Rh(s, a) = 0 for all a ̸= a′. For h = h̄, set

Rh(s, a) ∼ Bernoulli(3/4− gap(s, a)).

For h < h̄, let

π⋆h(s) = argmax
a

∑
s′

Ph(s
′|s, a)V ⋆

h+1(s
′)

where V ⋆
h+1(s

′) is the optimal value function at step h+ 1 (note that the MDP is now fully
specified for h′ > h so this is well-defined). Then set Rh(s, π

⋆
h(s)) = 1 and Rh(s, a) = 0

for a ̸= π⋆h(s) (if π⋆h(s) is not unique, simply choose some π⋆ out of all π⋆h(s) arbitrarily, set
Rh(s, π

⋆) = 1, and all other Rh(s, a) = 0).
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Note that we could have just as easily encoded the gaps in the transition function and
set the rewards to be, for example, deterministic at level h̄.

Lemma E.1.2. The MDP constructed above has gaps which satisfy

∆h̄(s, a) = gap(s, a), ∀s ∈ S, a ∈ A, a ̸= π⋆h(s)

∆h(s, a) ≥ 1, ∀s ∈ S, a ∈ A, h ̸= h̄

Furthermore, for each s and h > h̄, we have Wh(s) = Wh̄(s).

Proof. We begin with level h̄. Since the action take at (s, h̄) does not effect the outgoing
transition, we have that, for a ̸= π⋆h(s),

∆h̄(s, a) = max
a′

Q⋆
h̄(s, a

′)−Q⋆
h̄(s, a) = 3/4− (3/4− gap(s, a)) = gap(s, a).

For h > h̄, we again have that the outgoing transition is not effected by the action taken, so
it follows that the gap depends exclusively on the reward function at this state. Since the
reward is set to 1 for a single action and 0 otherwise, it follows that the gaps are all 1.

For h ≤ h̄, we will have that

∆h(s, a) = max
a′

Q⋆
h(s, a

′)−Q⋆
h(s, a)

= 1 + max
a′

∑
s′

Ph(s
′|s, a′)V ⋆

h+1(s
′)−

∑
s′

Ph(s
′|s, a)V ⋆

h+1(s
′)

≥ 1.

Finally, that Wh(s) = Wh̄(s) for all s and h > h̄ follows since for all steps after h̄, state
s transitions to state s with probability 1.

Lemma E.1.3. On this example,

C⋆(M⋆) ≤ inf
π
max
s,a

1

wπ
h̄
(s, a)∆h(s, a)2

+max
s,h

SAH

Wh(s)
.

Proof. By definition,

C⋆(M⋆) =
H∑
h=1

inf
π
max
s,a

1

wπ
h(s, a)∆h(s, a)2

.

By Lemma E.1.2, we can bound∑
h̸=h̄

inf
π
max
s,a

1

wπ
h(s, a)∆h(s, a)2

≤
∑
h̸=h̄

inf
π
max
s,a

1

wπ
h(s, a)

.
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Consider the policy π′ which is the mixture over the policies πsh where wπsh

h (s) = Wh(s).
Then, ∑

h̸=h̄

inf
π
max
s,a

1

wπ
h(s, a)

≤
∑
h̸=h̄

max
s,a

1

wπ′
h (s, a)

≤
∑
h̸=h̄

max
s

SA

Wh(s)
≤ max

s

SAH

Wh(s)
.

Lemma E.1.4. On the MDP constructed above, any δ-correct algorithm will have

EM⋆ [Kδ] ≥ inf
π
max
s,a

1

6wπ
h̄
(s, a)∆h̄(s, a)

2
· log 1

2.4δ

≳ C⋆(M⋆) · log 1

2.4δ
−max

s,h

SAH

Wh(s)
.

Proof. We will apply Lemma E.1.1 on our MDP, M⋆, and MDP M ′ which is identical to
M⋆ except that, for some (s, a), a ̸= π⋆

h̄
(s), we set Rh̄(s, a) ∼ Bernoulli(3/4 + α) for small α.

Note that in this case we have that the optimal policy on M⋆ and M ′ differ at (s, h̄). Since
M⋆ and M ′ are identical at all points but this one, we have∑

s,a,h

EM⋆ [N τ
h (s, a)]KL(νh(s, a), ν

′
h(s, a))

= EM⋆ [N τ
h̄ (s, a)]KL

(
Bernoulli(3/4− gap(s, a)),Bernoulli(3/4 + α)

)
.

Let π⋆(M⋆) denote the optimal policy on M⋆, and π̂ denote the policy returned by our
algorithm. Let E = {π̂ = π⋆(M⋆)}. Since we assume our algorithm is δ-correct, and since
the optimal policies on M⋆ and M ′ differ, we have PM⋆(E) ≥ 1 − δ and PM ′(E) ≤ δ. By
Kaufmann et al. [2016], we can then lower bound

d(PM⋆(E),PM ′(E)) ≥ log
1

2.4δ
.

Thus, by Lemma E.1.1, we have shown that, for any (s, a), a ̸= π⋆
h̄
(s),

EM⋆ [N τ
h̄ (s, a)] ≥

1

KL
(
Bernoulli(3/4− gap(s, a)),Bernoulli(3/4 + α)

) · log 1

2.4δ
.

For small α, we can bound (see e.g. Lemma 2.7 of Tsybakov [2009])

KL
(
Bernoulli(3/4− gap(s, a)),Bernoulli(3/4 + α)

)
≤ 6(gap(s, a)− α)2.
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Taking α→ 0, we have

EM⋆ [N τ
h̄ (s, a)] ≥

1

6gap(s, a)2
· log 1

2.4δ
.

We can write EM⋆ [N τ
h̄
(s, a)] = EM⋆ [

∑τ
k=1w

πk
h̄
(s, a)] where πk denotes the policy our algorithm

played at episode k. Note that all state-visitation distributions lie in a convex set in [0, 1]SA

and that for any valid state-visitation distribution, there exists some policy that realizes it,
by Proposition E.4. By Caratheodory’s Theorem, it follows that there exists some set of
policies Π with |Π| ≤ SA+ 1 such that, for any π and all s, a, wπ

h̄
(s, a) =

∑
π′∈Π λπ′wπ′

h̄
(s, a),

for some λ ∈ △Π. Letting λk denote this distribution satisfying the above inequality for πk,
it follows that

EM⋆ [
τ∑
k=1

wπk
h̄
(s, a)] = EM⋆ [

τ∑
k=1

∑
π∈Π

λkπw
π
h̄(s, a)]

=
∑
π∈Π

EM⋆ [
τ∑
k=1

λkπ]w
π
h̄(s, a)

= EM⋆ [τ ]
∑
π∈Π

EM⋆ [
∑τ

k=1 λ
k
π]

EM⋆ [τ ]
wπ
h̄(s, a).

Note that
∑

π∈Π EM⋆ [
∑τ

k=1 λ
k
π] = EM⋆ [

∑τ
k=1

∑
π∈Π λkπ] = EM⋆ [τ ] so it follows that (EM⋆ [

∑τ
k=1 λ

k
π ]

EM⋆ [τ ]
)π∈Π ∈

△Π. Thus, a δ-correct algorithm must satisfy, for all s, a and some λ ∈ △Π,

EM⋆ [τ ] ≥ 1

6gap(s, a)2 ·
∑

π∈Π λπwπ
h̄
(s, a)

· log 1

2.4δ
.

Since the set of state visitation distributions is convex, and since for any state-visitation
distribution we can find some policy realizing that distribution, for any λ ∈ △Π, it follows
that there exists some π′ such that, for all s, a,

∑
π∈Π λπw

π
h̄
(s, a) = wπ′

h̄
(s, a). So, we need,

for all s, a

EM⋆ [τ ] ≥ 1

6gap(s, a)2 · wπ′

h̄
(s, a)

· log 1

2.4δ
.

It follows that every δ-correct algorithm must satisfy

EM⋆ [τ ] ≥ inf
π
max
s,a

1

6gap(s, a)2 · wπ
h̄
(s, a)

· log 1

2.4δ
,

from which the first inequality follows. The second follows from Lemma E.1.3.
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E.2 Deferred Proofs from Section 7.4

In this section we provide the missing proofs from Section 7.4.

Notation. Throughout the proof, we let ϵtol denote the tolerance and δtol the confidence
given as an input to Moca, and ϵ = ϵtol(m) and δ = δtol(m) the tolerance and confidence given
as an input to Moca-SE at epoch m of Moca, respectively. For convenience, we will also
define ϵ0 = H. For a single call of Moca-SE, we will use the following notation:

• For a given h, i, and ℓ, consider the call to CollectSamples on Line 13, and let {X ℓ
hij}

ςϵ
j=1

denote the partition returned by calling Learn2Explore on Line 2 of CollectSamples.
Similarly, let {Πℓ

hij}
ςϵ
j=1 and {N ℓ

hij}
ςϵ
j=1 denote the policies and minimum number of

samples returned by Learn2Explore, respectively.

• For a given h, consider the call to CollectSamples on Line 18, and let {X ℓϵ
hj}

ςϵ
j=1 denote

the partition returned by calling Learn2Explore on Line 2 of CollectSamples. As
before, let {Πℓϵ+1

hj }
ςϵ
j=1 and {N ℓϵ+1

hj }
ςϵ
j=1 denote the policies and minimum number of

samples.

Good Events. We next define the good events, which we will assume hold throughout the
remainder of the proof.

First, let Eexp be the event on which, for all calls to Moca-SE simultaneously:

• For every h = 1, . . . , H, i = 1, . . . , ςϵ, ℓ = 1, . . . , ℓϵ, we collect at least nℓi1 samples from
each (s, a) ∈ Zℓhi. Furthermore, ∪ςϵj=1X ℓ

hij = Zℓhi and X ℓ
hij satisfy

sup
π

∑
(s,a)∈X ℓ

hij

wπ
h(s, a) ≤ 2−j+1.

• For every h = 1, . . . , H, if Moca-SE is run with FinalRound = True, then we collect
at least nℓϵ+1

j samples from each (s, a) ∈ X ℓϵ+1
hj . Furthermore, ∪ςϵj=1X

ℓϵ+1
hj = Zℓϵ+1

h and
X ℓϵ+1
hj satisfies

sup
π

∑
(s,a)∈X ℓϵ+1

hj

wπ
h(s, a) ≤ 2−j+1.

• Ŵh(s) ≤ Wh(s) ≤ 32Ŵh(s) for all s ∈ Zh.

• Following Line 7 of Moca-SE, Zh satisfies, for all h,

sup
π

max
s∈Zc

h

wπ
h(s) ≤

ϵ

2H2S
.
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Next, let Eest be the event on which, for all calls to Moca-SE,

|Q̂π̂
h,ℓ(s, a)−Qπ̂

h(s, a)| ≤

√
H2ςδ

Nhiℓ
h (s, a)

, ∀(s, a) ∈ Zℓhi,∀h ∈ [H], i ∈ [ςϵ], ℓ ∈ [ℓϵ]

|Q̂π̂
h,ℓϵ+1(s, a)−Qπ̂

h(s, a)| ≤
√

H2ςδ

N
h(ℓϵ+1)
h (s, a)

, ∀(s, a) ∈ Zℓϵh ,∀h ∈ [H]

where Q̂π̂
h,ℓ(s, a) is the estimate of Qπ̂

h(s, a) formed on Line 12 of EliminateActions, Nhiℓ
h (s, a)

is the number of samples collected from (s, a, h) at iteration (h, i, ℓ), and Q̂π̂
h,ℓϵ+1(s, a) and

N
h(ℓϵ+1)
h (s, a) are the analogous quantities for the sampling done if FinalRound = True.

E.2.1 Correctness of Moca-SE.

Proof of Lemma 7.4.2. We first claim that the optimal action with respect to π̂ must always
be active.

Claim 5. On the event Eest∩Eexp, for any h, s, and ℓ ∈ [ℓϵ+1], we will have that â⋆h(s) ∈ Aℓh(s)
where â⋆h(s) = argmaxaQ

π̂
h(s, a).

We prove this claim in Appendix E.2.3. By construction, we will always have that
|Aℓh(s)| ≥ 1. If |Aℓh(s)| = 1, from Claim 5 it follows that Aℓh(s) = {â⋆h(s)}, and thus
maxa′ Q

π̂
h(s, a

′)−Qπ̂
h(s, a) = 0.

Assume then that |Aℓh(s)| > 1, ℓ ≤ ℓϵ, and s ∈ Zhi. The result is trivial when ℓ = 0,
since in this case ϵℓ = H, and we will always have ∆h(s, a) ≤ H,Wh(s) ≤ 1. On the event
Eexp, for all i ∈ [ςϵ] we will collect at least nℓi1 = 218 · 2−2iH2ςδ/ϵ

2
ℓ samples from (s, a) for each

a ∈ Aℓh(s), and on Eest we will then have that

|Q̂π̂
h,ℓ(s, a)−Qπ̂

h(s, a)| ≤

√
H2ςδ
nℓi1

= 2iϵℓ/2
9.

Thus, for any a ∈ Aℓh(s), we have

max
a′∈Aℓ

h(s)
Q̂π̂
h,ℓ(s, a

′)− Q̂π̂
h,ℓ(s, a) ≥ max

a′∈Aℓ
h(s)

Qπ̂
h(s, a

′)−Qπ̂
h(s, a)− 2 · 2iϵℓ/29

= max
a′

Qπ̂
h(s, a

′)−Qπ̂
h(s, a)− 2 · 2iϵℓ/29

where the equality follows since â⋆h(s) ∈ Aℓh(s). It follows that if

∆π̂
h(s, a) = max

a′
Qπ̂
h(s, a

′)−Qπ̂
h(s, a) ≥ 4 · 2iϵℓ/29
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then

max
a′∈Aℓ

h(s)
Q̂π̂
h,ℓ(s, a

′)− Q̂π̂
h,ℓ(s, a) ≥ 2 · 2iϵℓ/29.

so the exit condition on Line 16 for EliminateActions is met for our choice of γℓij = 2iϵℓ/2
8

(note that in this case, since γℓij is the same for all ℓ, Line 15 has no effect), and therefore
a ̸∈ Aℓ+1

h (s). Thus, any a ∈ Aℓ+1
h (s) must satisfy

∆π̂
h(s, a) ≤ 2iϵℓ/2

7.

By construction, we will have that Ŵh(s) ∈ [2−i, 2−i+1] and on Eexp, Ŵh(s) ≤ Wh(s) ≤
32Ŵh(s). Thus, we can upper bound

∆π̂
h(s, a) ≤ 2iϵℓ/2

7 ≤ 2ϵℓ

Ŵh(s)27
≤ 32 · 2ϵℓ

Wh(s)27
=

ϵℓ
2Wh(s)

.

Finally, the following claim, proved in Appendix E.2.3, allows us to relate ∆π̂
h(s, a) to ∆h(s, a):

Claim 6. On the event Eest ∩ Eexp, for any (s, a, h), we will have |∆π̂
h(s, a) − ∆h(s, a)| ≤

ϵ/Wh(s).

Applying Claim 6, we can lower bound ∆π̂
h(s, a) ≥ ∆h(s, a) − ϵ/Wh(s) ≥ ∆h(s, a) −

ϵℓ/Wh(s). Rearranging this gives the second conclusion.
The argument for the third conclusion is similar to the preceding argument. However,

we now have the extra subtlety that for a ̸= a′ with a, a′ ∈ Aℓϵh (s), we may collect a
different number of samples from (s, a) and (s, a′) since it’s possible that (s, a) ∈ X ℓϵ+1

hj and
(s, a′) ∈ X ℓϵ+1

hj′ for j ̸= j′. Denote

j(s) = argmax
j

j s.t. ∃a, (s, a) ∈ X ℓϵ+1
hj .

Note that, on Eexp, we are guaranteed that there exists some j ∈ [ςϵ] such that (s, a) ∈ X ℓϵ+1
hj

so j(s) is always well-defined. We can repeat the above argument, but now we can only
guarantee that

|Q̂π̂
h,ℓϵ+1(s, a)−Qπ̂

h(s, a)| ≤
√

H2ςδ

nℓϵ+1
j(s)

=
ϵ

8Hςϵ2−j(s)+1
.

since we can only guarantee we collect nℓϵ+1
j(s) samples from each (s, a), a ∈ Aℓϵh (s). It again
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follows that if

∆π̂
h(s, a) ≥ 4 · ϵ

8Hςϵ2−j(s)+1

then

max
a′∈Aℓϵ

h (s)
Q̂π̂
h,ℓϵ+1(s, a

′)− Q̂π̂
h,ℓϵ+1(s, a) ≥ 2 · ϵ

8Hςϵ2−j(s)+1
.

As this is precisely the elimination criteria used in EliminateActions, it follows that a will
be eliminated. Thus, all a ∈ Aℓϵ+1

h (s) must satisfy

∆π̂
h(s, a) ≤ 4 · ϵ

8Hςϵ2−j(s)+1

which gives the third conclusion.

Proof of Lemma 7.4.5. Proposition 7.6 gives that, if π̂ satisfies maxaQ
π̂
h(s, a)−Qπ̂

h(s, π̂h(s)) ≤
ϵh(s) for all h and s, then π̂ is at most

H∑
h=1

sup
π

∑
s

wπ
h(s)ϵh(s) (E.2.1)

suboptimal. When running Algorithm 7.3, for a particular h every state s can be classified in
one of three ways:

• s ̸∈ Zh: In this case, on Eexp we will have supπ w
π
h(s) ≤ ϵ/(2H2S) and ϵh(s) ≤ H.

• s ∈ Zh and |Aℓϵ+1
h (s)| = 1: In this case, by Lemma 7.4.2, since π̂ only takes actions

that are in Aℓϵ+1
h (s), we will have ϵh(s) = maxaQ

π̂
h(s, a)−Qπ̂

h(s, π̂h(s)) = 0.

• s ∈ Zh, |Aℓϵ+1
h (s)| > 1: Then we can apply Lemma 7.4.2 to get

ϵh(s) = max
a′

Qπ̂
h(s, a

′)−Qπ̂
h(s, π̂h(s)) ≤

ϵ

2Hςϵ · 2−j(s)+1

Let X̃j = {s : j(s) = j} and note that {s ∈ Zh : |Aℓϵ+1
h (s)| > 1} ⊆ ∪ςϵj=1X̃j since, on Eexp,

for every s satisfying s ∈ Zh, |Aℓϵ+1
h (s)| > 1, we will have (s, a) ∈ Zℓϵ+1

h for some a, so we
must have that (s, a) ∈ X ℓϵ+1

hj for some j ∈ [ςϵ]. Furthermore, by definition of j(s), if s ∈ X̃j,
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then (s, a) ∈ X ℓϵ+1
hj for some a. Then, plugging all of this into (E.2.1), on Eexp,

H∑
h=1

sup
π

∑
s

wπ
h(s)ϵh(s) ≤

H∑
h=1

sup
π

ςϵ∑
j=1

∑
s∈X̃j

wπ
h(s)ϵh(s) +H

H∑
h=1

sup
π

∑
s∈Zc

h

wπ
h(s)

≤ ϵ

2Hςϵ

H∑
h=1

sup
π

ςϵ∑
j=1

∑
s∈X̃j

wπ
h(s)2

j(s)−1 +H
H∑
h=1

sup
π

∑
s∈Zc

h

wπ
h(s)

(a)

≤ ϵ

2Hςϵ

H∑
h=1

ςϵ∑
j=1

2j−1 sup
π

∑
(s,a)∈X ℓϵ+1

hj

wπ
h(s, a) +H

H∑
h=1

sup
π

∑
s∈Zc

h

wπ
h(s)

≤ ϵ

2Hςϵ

H∑
h=1

ςϵ∑
j=1

2j−12−j+1 +H
H∑
h=1

∑
s∈Zc

h

ϵ

2H2S

≤ ϵ

where (a) holds since for s ∈ X̃j , j(s) = j, and since we can always choose π so that πh(s) = a
so wπ

h(s, a) = wπ
h(s). It follows that π̂ is at most ϵ-suboptimal.

E.2.2 Sample Complexity

Lemma E.2.1. CollectSamples(Zℓhi, {nℓij}
ςϵ
j=1, h, π̂,

δ
Hςϵℓϵ

, ϵexp
32

) terminates in at most

cH2ςδςϵ
ϵ2ℓ

ςϵ∑
j=1

2j
∑

(s,a)∈X ℓ
hij

Wh(s)
2 +

poly(S,A,H, log 1/δ, log 1/ϵ)

ϵ

episodes and CollectSamples(Zℓϵ+1
h , {nℓϵ+1

j }ςϵj=1, h, π̂,
δ
H
, ϵexp

32
) terminates in at most

cH4ςδς
2
ϵ

ϵ2
|Zℓϵ+1

h |+ poly(S,A,H, log 1/δ, log 1/ϵ)

ϵ

episodes.

Proof. Recall that ϵexp = ϵ
2H2S

. The complexity of CollectSamples(Zℓhi, nℓi , h, π̂, δ
Hςϵℓϵ

, ϵ
64H2S

)
can be bounded by the sum of the complexity of calling Learn2Explore to learn a set of
exploration policies, and the complexity of playing these policies to collect samples. By
Theorem E.1, we can bound the complexity of calling Learn2Explore by

CK(
δ

Hςϵℓϵ
, δsamp, ςϵ)

256H2S

ϵ
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where δsamp = δ
Hςϵℓϵ

· 1
ςϵ maxj nℓ

ij
≤ δϵ2ℓ

217H3ςδς2ϵ ℓϵ
. As shown in Appendix E.3, CK( δ

Hςϵℓϵ
, δsamp, ςϵ) is

poly(S,A,H, log 1/ϵ, log 1/δ), so this entire term is poly(S,A,H,log 1/ϵ,log 1/δ)
ϵ

.
Since rerunning the policies in Πℓ

hij yields at least N ℓ
hij/2 samples from each (s, a) in

Xℓ
hij , if we desire nℓij samples from each (s, a), the complexity of running the policies returned

by Learn2Explore in order to collect the desired samples is clearly given by

ςϵ∑
j=1

|Πℓ
hij|⌈2nℓij/N ℓ

hij⌉.

By the construction of Πℓ
hij and definition of N ℓ

hij given in Learn2Explore, we have that

|Πℓ
hij| = 2jCK(

δ
Hςϵℓϵ

, δsamp, j), N ℓ
hij =

|Πℓ
hij|

4M ℓ
hij2

j
.

where M ℓ
hij =

∑ςϵ+1
j′=j |X ℓ

hij′ | and X ℓ
hi(ςϵ+1) = Zℓhi\ ∪

ςϵ
j=1 X ℓ

hij . As we are on Eexp, Zℓhi = ∪
ςϵ
j=1X ℓ

hij ,
so |X ℓ

hi(ςϵ+1)| = 0. It follows that the complexity can be upper bounded as

ςϵ∑
j=1

|Πℓ
hij|⌈2nℓij/N ℓ

hij⌉ ≤ 8
ςϵ∑
j=1

2jM ℓ
hijn

ℓ
ij +

ςϵ∑
j=1

2jCK(
δ

Hςϵℓϵ
, δsamp, j)

≤ 8
ςϵ∑
j=1

2jM ℓ
hijn

ℓ
ij + 2ςϵ+1CK(

δ
Hςϵℓϵ

, δsamp, ςϵ)

= 8
217H2ςδ
22iϵ2ℓ

ςϵ∑
j=1

2jM ℓ
hij + 2ςϵ+1CK(

δ
Hςϵℓϵ

, δsamp, ςϵ)

The term 2ςϵ+1CK(
δ

Hςϵℓϵ
, δsamp, ςϵ) is poly(S,A,H,log 1/ϵ,log 1/δ)

ϵ
by definition of ςϵ and CK . Further-

more,

ςϵ∑
j=1

2jM ℓ
hij =

ςϵ∑
j=1

2j
ςϵ∑
j′=j

|X ℓ
hij′ | ≤ ςϵ

ςϵ∑
j=1

2j|X ℓ
hij|.

We can therefore bound

217H2ςδ
22iϵ2ℓ

ςϵ∑
j=1

2jM ℓ
hij ≤

cH2ςδςϵ
ϵ2ℓ

ςϵ∑
j=1

2j−2i|X ℓ
hij|.

Finally, using that on Eexp Wh(s) ≥ Ŵh(s), and that all (s, a) ∈ X ℓ
hij have a value of Ŵh(s)

within a factor of 2 of every other, we can upper bound 2−i ≤ 4Wh(s) for any (s, a) ∈ X ℓ
hij.

This completes the proof of the first claim.
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The second claim follows similarly. By the same argument as above, we can upper bound
the sample complexity of calling CollectSamples(Zℓϵ+1

h , {nℓϵ+1
j }ςϵj=1, h, π̂,

δ
H
, ϵexp

32
) as

ςϵ∑
j=1

|Πℓϵ+1
hj |⌈2n

ℓϵ+1
j /N ℓϵ+1

hj ⌉+
poly(S,A,H, log 1/ϵ, log 1/δ)

ϵ

≤ 8
ςϵ∑
j=1

2jM ℓϵ+1
hj nℓϵ+1

j +
poly(S,A,H, log 1/ϵ, log 1/δ)

ϵ

(a)
= cH4ςδς

2
ϵ

ϵ2

ςϵ∑
j=1

2−jM ℓϵ+1
hj +

poly(S,A,H, log 1/ϵ, log 1/δ)

ϵ

(b)

≤ cH4ςδς
2
ϵ

ϵ2
|Zℓϵ+1

h |+ poly(S,A,H, log 1/ϵ, log 1/δ)

ϵ

where (a) follows by our setting of nℓϵ+1
j and (b) follows since M ℓϵ+1

hj ≤ |Zℓϵ+1
h |. The second

conclusion follows.

Proof of Lemma 7.4.3. With FinalRound = False , the complexity of Moca-SE is given by
the complexity incurred calling Learn2Explore on Line 4 and calling CollectSamples on
Line 13. By Theorem E.1 and since we call Learn2Explore at most SH times, we can bound
the complexity of calling Learn2Explore by

poly(S,A,H, log 1/ϵ, log 1/δ)

ϵ
.

Next, we turn to upper bounding the sample complexity of Learn2Explore. We can lower
bound

|X ℓ
hij| sup

π
min

(s,a)∈X ℓ
hij

wπ
h(s, a) ≤ sup

π

∑
(s,a)∈X ℓ

hij

wπ
h(s, a).

so, on Eexp, 2j ≤ 2(|X ℓ
hij| supπmin(s,a)∈X ℓ

hij
wπ
h(s, a))

−1. Plugging this into the bound given in
Lemma E.2.1, we can bound the leading term in the sample complexity of a single call to
CollectSamples as

cH2ςδςϵ
ϵ2ℓ

ςϵ∑
j=1

2j
∑

(s,a)∈X ℓ
hij

Wh(s)
2 ≤ cH2ςδςϵ

ϵ2ℓ

ςϵ∑
j=1

1

|X ℓ
hij| supπmin(s,a)∈X ℓ

hij
wπ
h(s, a)

∑
(s,a)∈X ℓ

hij

Wh(s)
2

(a)

≤ cH2ςδςϵ
ϵ2ℓ

ςϵ∑
j=1

inf
π

max
(s,a)∈X ℓ

hij

Wh(s)
2

wπ
h(s, a)

≤ cH2ςδς
2
ϵ

ϵ2ℓ
inf
π

max
j∈{1,...,ςϵ}

max
(s,a)∈X ℓ

hij

Wh(s)
2

wπ
h(s, a)
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where (a) holds since all s ∈ X ℓ
hij have values of Ŵh(s) within a constant factor of each other,

and since on Eexp Ŵh(s) ≤ Wh(s) ≤ 32Ŵh(s), which together imply that

max
s∈X ℓ

hij

Wh(s) ≤ c min
s∈X ℓ

hij

Wh(s).

If (s, a) ∈ X ℓ
hij, then we must have that (s, a) ∈ Zℓhi since X ℓ

hij ⊆ Zℓhi, and, by the definition
of Zℓhi, a ∈ Aℓ−1

h (s) and |Aℓ−1
h (s)| > 1. Lemma 7.4.2 gives that any a ∈ Aℓ−1

h (s) satisfies
∆h(s, a) ≤ 3ϵℓ−1/(2Wh(s)). Since |Aℓ−1

h (s)| > 1, it follows there exists a, a′, a ̸= a′, such that

∆h(s, a) ≤ 3ϵℓ−1/(2Wh(s)) and ∆h(s, a
′) ≤ 3ϵℓ−1/(2Wh(s)).

Thus, if (s, a) ∈ X ℓ
hij,

1
4ϵ2ℓ

= 1
ϵ2ℓ−1
≤ 9

4Wh(s)2∆h(s,a)2
and 1

4ϵ2ℓ
= 1

ϵ2ℓ−1
≤ 9

4Wh(s)2∆h(s,a′)2
, which

implies 1
4ϵ2ℓ
≤ 9

4Wh(s)2 max{∆h(s,a)2,∆h(s,a′)2}
. Note that max{∆h(s, a)

2,∆h(s, a
′)2} ≥ ∆̃h(s, a)

2

since if ∆h(s, a) = 0, we will have max{∆h(s, a)
2,∆h(s, a

′)2} = ∆h(s, a
′)2, so either a is the

unique optimal action at (s, h), in which case ∆h(s, a
′) ≥ ∆min(s, h) = ∆̃h(s, a), or there are

multiple optimal actions, in which case ∆h(s, a
′) ≥ 0 = ∆̃h(s, a). Thus,

cH2ςδς
2
ϵ

ϵ2ℓ
inf
π

max
j∈{1,...,ςϵ}

max
(s,a)∈X ℓ

hij

Wh(s)
2

wπ
h(s, a)

≤ cH2ςδς
2
ϵ inf

π
max

j∈{1,...,ςϵ}
max

(s,a)∈X ℓ
hij

min

{
1

wπ
h(s, a)∆̃h(s, a)2

,
Wh(s)

2

wπ
h(s, a)ϵ

2
ℓ

}

≤ cH2ςδς
2
ϵ inf

π
max

(s,a)∈Zℓ
hi

min

{
1

wπ
h(s, a)∆̃h(s, a)2

,
Wh(s)

2

wπ
h(s, a)ϵ

2
ℓ

}
.

Summing over ℓ and using that for all (s, a) ∈ Zℓhi, s ∈ Zhi, proves the first conclusion.
Summing over i, and h gives

H∑
h=1

ςϵ∑
i=1

cH2ςδς
2
ϵ ℓϵ inf

π
max
s∈Zhi,a

min

{
1

wπ
h(s, a)∆̃h(s, a)2

,
Wh(s)

2

wπ
h(s, a)ϵ

2

}

≤ cH2ςδς
3
ϵ ℓϵ

H∑
h=1

inf
π
max
s,a

min

{
1

wπ
h(s, a)∆̃h(s, a)2

,
Wh(s)

2

wπ
h(s, a)ϵ

2

}
.

This proves the result.

Proof of Lemma 7.4.4. The only additional samples taken when running Moca-SE with
FinalRound = True as compared to running it with FinalRound = False is incurred by
calling CollectSamples on Line 18 of Moca-SE. Thus, the total complexity can be bounded
by adding the complexity bound from Lemma 7.4.3 to this additional cost.
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In particular, by Lemma E.2.1, this additional call of CollectSamples will require at
most

cH4ςδς
2
ϵ

ϵ2
|Zℓϵ+1

h |+ poly(S,A,H, log 1/δ, log 1/ϵ)

ϵ

episodes to terminate, from which the first conclusion follows. We can repeat the argument
from the proof of Lemma 7.4.3 to get that Zℓϵ+1

h ⊆ Wℓϵ+1
h , where we define Wℓϵ

h := {(s, a) :
s ∈ Zh,∃a′ ̸= a,max{∆h(s, a),∆h(s, a

′)} ≤ 3ϵℓϵ−1/(2Wh(s))}. However, note that ϵℓϵ−1 ≤ 2ϵ,
and the condition ∃a′ ≠ a,max{∆h(s, a),∆h(s, a

′)} ≤ 3ϵℓϵ−1/(2Wh(s)) implies ∆̃h(s, a) ≤
3ϵℓϵ−1/(2Wh(s)). It follows that

Wℓϵ+1
h ⊆

{
(s, a) : ∆̃h(s, a) ≤ 3ϵ/Wh(s)

}
=: OPT(ϵ, h)

Summing over h gives the result.

E.2.3 Proofs of Additional Lemmas and Claims

Proof of Lemma 7.4.1. Eest holds. That Eest holds with probability 1− δtol/2 follows directly
from Hoeffding’s inequality and a union bound, since Q̊π̂,t

h (sth, a
t
h) ≤ H almost surely. In

particular, note that for any given call to Moca-SE, we will form at most SAHςϵ(ℓϵ + 1)
estimates of Qπ̂

h(s, a). By Hoeffding’s inequality and our choice of ςδ, that each of these
estimates concentrates as given on Eest then holds with probability

1− SAHςϵ(ℓϵ + 1) · δ

SAHςϵ(ℓϵ + 1)
= 1− δ.

With our choice of δtol(m) =
δtol
36m2 , union bounding over this holding for each call to Moca-SE,

we then have that Eest holds with probability at least

1−
⌈logH/ϵ⌉∑
m=1

δtol
36m2

≥ 1− δtol
2
,

which is the desired result.

Eexp holds. We show that the desired events hold for a single call of Moca-SE, then union
bound over all calls to Moca-SE to get the final result. Let Emexp denote the event on which all
conditions of Eexp hold for the mth call to Moca-SE.

Assume that we run Moca-SE with tolerance ϵtol(m) and confidence δtol(m). Let EshL2E
denote the success event of calling Learn2Explore on Line 4, EhiℓL2E denote the success event
of calling Learn2Explore in the call to CollectSamples at iteration (h, i, ℓ) on Line 13, and
EhL2E the success event of calling Learn2Explore in the call to CollectSamples on Line 18.
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By Theorem E.1 and the confidence with which we call Learn2Explore, we have that
P[EshL2E] ≥ 1 − δtol(m)/SH, P[EhiℓL2E] ≥ 1 − δtol(m)/(Hςϵℓϵ), and P[EhL2E] ≥ 1 − δtol(m)/H. Union
bounding over these events, and using that there are at most Hςϵℓϵ indices (h, i, ℓ), we get
that the event

(∩s,hEshL2E) ∩ (∩Hh=1 ∩ςϵi=1 ∩
ℓϵ
ℓ=1E

hiℓ
L2E) ∩ (∩Hh=1EhL2E)

holds with probability at least 1− 3δtol(m).
That

sup
π

∑
(s,a)∈X ℓ

hij

wπ
h(s, a) ≤ 2−j+1

for j ∈ [ςϵ], is a direct consequence of EhiℓL2E holding, and similarly that

sup
π

∑
(s,a)∈X ℓϵ+1

hj

wπ
h(s, a) ≤ 2−j+1

holds for j ∈ [ςϵ], is a direct consequence of EhL2E. In addition, that

sup
π

max
s∈Zc

h

wπ
h(s) ≤

ϵ

2H2S

holds for all h is immediate on ∩s,hEshL2E.
On the event EhiℓL2E, if we run the policies returned by Learn2Explore for some j ∈

{1, . . . , ςϵ}, Πℓ
hij, Theorem E.1 and our choice of δsamp gives that we will collect at least

1
2
N ℓ
hij samples from each (s, a) ∈ X ℓ

hij with probability at least 1 − δtol(m)/(Hς2ϵ ℓϵn
ℓ
i1). As

CollectSamples runs each policy ⌈2nℓi1/N ℓ
hij⌉ times, it follows that we will collect at least

⌈2nℓi1/N ℓ
hij⌉ · 1

2
N ℓ
hij ≥ nℓi1 samples from each (s, a) ∈ X ℓ

hij with probability at least 1 −
δtol(m)/(Hς2ϵ ℓϵn

ℓ
i1) · ⌈2nℓ1i/N ℓ

hij⌉ ≥ 1 − 3δtol(m)/(Hς2ϵ ℓϵ). Union bounding over this for each
h, i, ℓ and j ∈ [ςϵ] gives that with probability at least 1 − 3δtol(m), we collect at least nℓi1
samples from each (s, a) ∈ X ℓ

hij. The same argument gives that with probability at least
1− 3δtol(m) we collect at least nℓϵ+1

j samples from each (s, a) ∈ X ℓϵ+1
hj , j = 1, . . . , ςϵ, h ∈ [H].

Relating Ŵh(s) to Wh(s). It remains to show that Ŵh(s) ≤ Wh(s) ≤ 32Ŵh(s) for all
s ∈ Zh, ∪ςϵj=1X ℓ

hij = Zℓhi, and ∪ςϵj=1X
ℓϵ+1
hj = Zℓϵ+1

h .

We first show Ŵh(s) ≤ Wh(s) ≤ 32Ŵh(s). Consider running Learn2Explore with
X = {(s, a)} for arbitrary a and assume that X sh

j is the returned partition containing (s, a).
By Theorem E.1, on EshL2E we will have that

Wh(s) ≤ 2−j+1
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and, furthermore, that with probability at least 1/2, if we rerun all policies in Πsh
j returned

by Learn2Explore, we will obtain at least N sh
j /2 = |Πsh

j |/(8|X |2j) = |Πsh
j |/(8 · 2j) samples

from (s, a, h).
Let X be a random variable which is the count of total samples collected in (s, a, h)

when running πk ∈ Πsh
j . Then Markov’s inequality and the above property of Πsh

j gives

1

2
≤ P[X ≥ N sh

j /2] ≤ 2E[X]

N sh
j

=
2

N sh
j

∑
π∈Πsh

j

wπ
h(s, a) ≤

2|Πsh
j |

N sh
j

Wh(s) = 8 · 2jWh(s).

Rearranging this and recalling that we set Ŵh(s) = 1
16·2j , we have that Ŵh(s) ≤ Wh(s).

However, we also have

Wh(s) ≤ 2−j+1 = 32Ŵh(s).

This proves that Ŵh(s) ≤ Wh(s) ≤ 32Ŵh(s).
Now note that any s ∈ Zh has Ŵh(s) ≥

ϵtol(m)

32H2S
, which, combined with the above, implies

that Wh(s) ≥
ϵtol(m)

32H2S
. Fix (h, i, ℓ), and note that the call to Learn2Explore in the call to

CollectSamples for index (h, i, ℓ) uses input tolerance ϵtol(m)

64H2S
. Theorem E.1 then gives that,

on EhiℓL2E, we will have

sup
π

∑
(s,a)∈Zℓ

hi\(∪
ςϵ
j=1X ℓ

hij)

wπ
h(s, a) ≤

ϵtol(m)

64H2S
.

However, as Wh(s
′) ≤ supπ

∑
(s,a)∈Zℓ

hi\(∪
ςϵ
j=1X ℓ

hij)
wπ
h(s, a) for any (s′, a) ∈ Zℓhi\(∪

ςϵ
j=1X ℓ

hij), we
will have that any (s, a) ∈ Zℓhi\(∪

ςϵ
j=1X ℓ

hij) has Wh(s) ≤
ϵtol(m)

64H2S
. This is a contradiction since

we know Wh(s) ≥
ϵtol(m)

32H2S
for any (s, a) ∈ Zℓhi. Thus, we must have that Zℓhi\(∪

ςϵ
j=1X ℓ

hij) = ∅
so ∪ςϵj=1X ℓ

hij = Zℓhi. The same argument shows that ∪ςϵj=1X
ℓϵ+1
hj = Zℓϵ+1

h .

Completing the proof. We have therefore shown that P[Emexp] ≥ 1 − 9δtol(m). Union
bounding over all m, by our choice of δtol(m) =

δtol
36m2 , we have that

P[Eexp] = P[∩⌈logH/ϵ⌉m=1 Emexp] ≥ 1−
⌈logH/ϵ⌉∑
m=1

9
δtol
36m2

≥ 1− δtol/2.

Union bounding over Eexp and Eest then gives the result.

Proof of Claim 5. We proceed by induction. Consider some s ∈ Zhi. The base case is trivial
as A0

h(s) = A. Fix some ℓ ≤ ℓϵ and assume that â⋆h(s) ∈ Aℓ−1
h (s) and |Aℓ−1

h (s)| > 1. Then,
on Eexp, we can guarantee that we will collect at least 218H2ςδ

22iϵ2ℓ
samples from (s, a) for each
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a ∈ Aℓ−1
h . On the event Eest, it then follows that for each a ∈ Aℓ−1

h (s),

|Q̂π̂
h,ℓ(s, a)−Qπ̂

h(s, a)| ≤ 2iϵℓ/2
9.

Thus, since by assumption â⋆h(s) ∈ Aℓ−1
h (s),

max
a∈Aℓ−1

h (s)
Q̂π̂
h,ℓ(s, a)− Q̂π̂

h,ℓ(s, â
⋆
h(s)) ≤ max

a∈Aℓ−1
h (s)

Qπ̂
h(s, a)−Qπ̂

h(s, â
⋆
h(s)) + 2 · 2iϵℓ/29

≤ 2 · 2iϵℓ/29

= γℓij

for any j, so the exit condition on Line 16 of EliminateActions is not met for â⋆h(s), and
thus â⋆h(s) ∈ Aℓh(s). The result follows analogously if ℓ = ℓϵ + 1, in which case we simply use
the different values of n and γ.

Now if (s, a) ̸∈ Zℓhi for all a, that means we will never remove arms from Aℓh(s) again.
However, by the above inductive argument, if ℓ′ is the last round such that (s, a) ∈ Zℓ′hi for
some a, we will have that â⋆h(s) ∈ Aℓ

′

h (s), so it follows that s ∈ Aℓh(s).
Finally, if s ̸∈ Zh, then we will never remove an arm from A0

h(s), and since A0
h(s) = A,

the conclusion follows trivially.

Proof of Claim 6. In Lemma 7.4.5, we showed that the local suboptimality bounds of π̂, ϵh(s),
satisfy

H∑
h=1

sup
π

∑
s

wπ
h(s)ϵh(s) ≤ ϵ.

By Lemma E.2.2, it follows that for any π′ and any h,

∑
s

wπ′

h (s)(V
⋆
h (s)− V π̂

h (s)) ≤
H∑

h′=h

sup
π

∑
s

wπ
h′(s)ϵh′(s) ≤ ϵ.

The result then follows from Lemma E.2.3.

Lemma E.2.2. Assume that for each h and s, π̂ plays an action which satisfies

max
a

Qπ̂
h(s, a)−Qπ̂

h(s, π̂h(s)) ≤ ϵh(s). (E.2.2)

Then for any h and π′,

∑
s

wπ′

h (s)(V
⋆
h (s)− V π̂

h (s)) ≤
H∑

h′=h

sup
π

∑
s

wπ
h′(s)ϵh′(s).
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Proof. We proceed by backwards induction. The base case, h = H, is trivial. Assume that at
level h, for any π,

∑
s

wπ
h(s)(V

⋆
h (s)− V π̂

h (s)) ≤
H∑

h′=h

sup
π′

∑
s′

wπ′

h′ (s
′)ϵh′(s

′)

and that at level h− 1, for each s (E.2.2) holds. By definition,

V ⋆
h−1(s)− V π̂

h−1(s) = Q⋆
h−1(s, π

⋆
h−1(s))−Qπ̂

h−1(s, π̂h−1(s))

= Q⋆
h−1(s, π

⋆
h−1(s))−Qπ̂

h−1(s, π
⋆
h−1(s)) +Qπ̂

h−1(s, π
⋆(s))−max

a
Qπ̂
h−1(s, a)

+ max
a

Qπ̂
h−1(s, a)−Qπ̂

h−1(s, π̂h−1(s)).

Clearly, Qπ̂
h−1(s, π

⋆(s))−maxaQ
π̂
h−1(s, a) ≤ 0 and by assumption maxaQ

π̂
h−1(s, a)−Qπ̂

h−1(s, π̂h−1(s)) ≤
ϵh−1(s). Furthermore,

Q⋆
h−1(s, π

⋆
h−1(s))−Qπ̂

h−1(s, π
⋆
h−1(s)) =

∑
s′

Ph−1(s
′|s, π⋆h−1(s))(V

⋆
h (s

′)− V π̂
h (s

′)).

Then, for any π,∑
s

wπ
h−1(s)(V

⋆
h−1(s)− V π̂

h−1(s))

≤
∑
s

wπ
h−1(s)ϵh−1(s) +

∑
s

∑
s′

wπ
h−1(s)Ph−1(s

′|s, π⋆h−1(s))(V
⋆
h (s

′)− V π̂
h (s

′))

=
∑
s

wπ
h−1(s)ϵh−1(s) +

∑
s

wπ′

h (s)(V
⋆
h (s)− V π̂

h (s))

≤
H∑

h′=h−1

sup
π′

∑
s′

wπ′

h′ (s
′)ϵh′(s

′)

where the last inequality follows by the inductive hypothesis and we have used that∑
s

wπ
h−1(s)Ph−1(s

′|s, π⋆h−1(s)) = wπ′

h (s
′).

where π′
h′(s) = πh′(s) for all h′ ≤ h− 2 and π′

h′(s) = π⋆h′(s) for h′ ≥ h− 1. The conclusion
then follows.

E.2.4 MDP Technical Results

Proof of Proposition 7.6. This result follows from the Performance-Difference Lemma. We
give the full proof for completeness. The following is the standard proof of the Performance-
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Difference Lemma:

V ⋆
0 − V π

0 = Eπ⋆,s0∼P0

[
H∑
h=1

rh(sh, ah)

]
− V π

0

= Eπ⋆,s0∼P0

[
H∑
h=1

rh(sh, ah) + V π
h (sh)− V π

h (sh)

]
− V π

0

= Eπ⋆,s0∼P0

[
H∑
h=1

rh(sh, ah) + V π
h+1(sh+1)− V π

h (sh)

]

= Eπ⋆,s0∼P0

[
H∑
h=1

rh(sh, ah) + E[V π
h+1(s

′)|sh, ah]− V π
h (sh)

]

= Eπ⋆,s0∼P0

[
H∑
h=1

Qπ
h(sh, ah)− V π

h (sh)

]

=
H∑
h=1

∑
s,a

wπ⋆

h (s, a)(Qπ
h(s, a)− V π

h (s)).

In the case when π is deterministic, we have V π
h (s) = Qπ

h(s, πh(s)). Furthermore, we can
upper bound the above by

H∑
h=1

∑
s,a

wπ⋆

h (s, a)(max
a′

Qπ
h(s, a

′)−Qπ
h(s, πh(s))) =

H∑
h=1

∑
s

wπ⋆

h (s)ϵh(s).

The result follows by upper bounding the visitation under π⋆ by the visitation under the
worst-case policy.

Lemma E.2.3. Assume that

sup
π

∑
s′

wπ
h(s

′)(V ⋆
h (s

′)− V π̂
h (s

′)) ≤ ϵ and sup
π

∑
s′

wπ
h+1(s

′)(V ⋆
h+1(s

′)− V π̂
h+1(s

′)) ≤ ϵ.

Then, for any s,

|∆h(s, a)−∆π̂
h(s, a)| ≤ ϵ/Wh(s).

Proof. By definition,

|∆h(s, a)−∆π̂
h(s, a)| = |V ⋆

h (s)−Q⋆
h(s, a)− (max

a′
Qπ̂
h(s, a

′)−Qπ̂
h(s, a))|

≤ max{|V ⋆
h (s)−max

a′
Qπ̂
h(s, a

′)|, |Qπ̂
h(s, a)−Q⋆

h(s, a)|}.
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where the last inequality follows since

V ⋆
h (s)−Q⋆

h(s, a)− (max
a′

Qπ̂
h(s, a

′)−Qπ̂
h(s, a)) ≤ V ⋆

h (s)−max
a′

Qπ̂
h(s, a

′)

and

−(V ⋆
h (s)−Q⋆

h(s, a)− (max
a′

Qπ̂
h(s, a

′)−Qπ̂
h(s, a))) ≤ Q⋆

h(s, a)−Qπ̂
h(s, a).

Now,

V ⋆
h (s)−max

a′
Qπ̂
h(s, a

′) = V ⋆
h (s)−Qπ̂

h(s, π̂h(s)) +Qπ̂
h(s, π̂h(s))−max

a′
Qπ̂
h(s, a

′)

≤ V ⋆
h (s)− V π̂

h (s)

where the inequality follows since, by definition, V π̂
h (s) = Qπ̂

h(s, π̂h(s)) and Qπ̂
h(s, π̂h(s)) −

maxa′ Q
π̂
h(s, a

′) ≤ 0. By assumption,

sup
π

∑
s′

wπ
h(s

′)(V ⋆
h (s

′)− V π̂
h (s

′)) ≤ ϵ

and furthermore, for any s,

sup
π

∑
s′

wπ
h(s

′)(V ⋆
h (s

′)− V π̂
h (s

′)) ≥ Wh(s)(V
⋆
h (s)− V π̂

h (s))

so it follows that |V ⋆
h (s)− V π̂

h (s)| ≤ ϵ/Wh(s). By definition,

Q⋆
h(s, a)−Qπ̂

h(s, a) =
∑
s′

Ph(s
′|s, a)(V ⋆

h+1(s
′)− V π̂

h+1(s
′))

so

Wh(s)(Q
⋆
h(s, a)−Qπ̂

h(s, a)) =
∑
s′

Ph(s
′|s, a)Wh(s)(V

⋆
h+1(s

′)− V π̂
h+1(s

′))

≤ sup
π

∑
s′

wπ
h+1(s

′)(V ⋆
h+1(s

′)− V π̂
h+1(s

′))

where the inequality follows since V ⋆
h+1(s

′) ≥ V π̂
h+1(s

′), and since

Ph(s
′|s, a)Wh(s) = P[sh+1 = s′|sh = s, ah = a]Pπ[sh = s] = Pπ′ [sh+1 = s′, sh = s] ≤ Pπ′ [sh+1]

where π denotes the policy achieving Pπ[sh = s] = Wh(s) and π′ plays π up to h and then
π′
h(s) = a. Thus, if supπ

∑
s′ w

π
h+1(s

′)(V ⋆
h+1(s

′)− V π̂
h+1(s

′)) ≤ ϵ, rearranging the inequalities
gives the result.
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Proposition E.4. Fix some MDP M . Then:

1. The set of valid state-action visitation distributions on M is convex.

2. For any valid state-action visitation distribution on M , there exists some policy which
realizes it.

Proof. The set of valid state-action visitation distributions, W , is defined as

W :=
{
w ∈ [0, 1]SAH : ∃π ∈ Π s.t. wh(s, a) = πh(a|s) ·

∑
s′,a′

Ph−1(s|s′, a′)wh−1(s
′, a′),∀h ≥ 1,

w0(s, a) = π0(a|s)P0(s),
∑
s,a

wh(s, a) = 1,∀h ≥ 0
}

where here Π = △(A)SH .
Fix some state-action visitation distributions w,w′ ∈ W, and let π and π′ denote their

correponding policies as above. Furthermore, denote wh(s) =
∑

awh(s, a) (and similarly for
w′). Our goal is to show that for any t ∈ [0, 1], w̃ = (1− t)w + tw′ ∈ W . First, we show that
there exists some policy π̃ such that

(1− t)w0(s, a) + tw′
0(s, a) = π̃0(a|s)P0(s).

Note that we can take π̃0(a|s) = (1− t)π0(a|s) + tπ′
0(a|s), since

((1− t)π0(a|s) + tπ′
0(a|s))P0(s) = (1− t)w0(s, a) + tw′

0(s, a).

By construction, for any h ≥ 1,

w̃h(s) =
∑
a

w̃h(s, a) = (1− t)
∑
a

wh(s, a) + t
∑
a

w′
h(s, a) = (1− t)wh(s) + tw′

h(s).

Furthermore, since w is a valid state-action distribution,

wh(s) =
∑
s′,a′

Ph−1(s|s′, a′)wh−1(s
′, a′)

and similarly for w′. Let π̃h(a|s) = w̃h(s, a)/w̃h(s) (where we define 0/0 = 0), and note that
this is a valid distribution since by definition

∑
a w̃h(s, a) = w̃h(s). Then,

w̃h(s, a) = π̃h(a|s)w̃h(s)
= π̃h(a|s)((1− t)wh(s) + tw′

h(s))
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= π̃h(a|s)
∑
s′,a′

Ph−1(s|s′, a′)((1− t)wh−1(s
′, a′) + tw′

h−1(s
′, a′))

= π̃h(a|s)
∑
s′,a′

Ph−1(s|s′, a′)w̃h−1(s
′, a′)

where the last equality follows by the definition of w̃h−1. The other constraints are trivial to
verity, so w̃ ∈ W . This proves the first result.

For the second result, take some w ∈ W , and let πh(a|s) = wh(s, a)/wh(s). By definition
this is a valid distribution. Furthermore, it trivially holds that wπ

0 (s, a) = w0(s, a). Assume
that wπ

h−1(s, a) = wh−1(s, a) for all (s, a). By definition and the inductive hypothesis,

wπ
h(s, a) = πh(a|s)

∑
s′,a′

Ph−1(s|s′, a′)wπ
h−1(s

′, a′)

= πh(a|s)
∑
s′,a′

Ph−1(s|s′, a′)wh−1(s, a)

= πh(a|s)wh(s)
= wh(s, a),

which proves the second result.

E.3 Proof of Theorem 7.2

Define the following value:

Ki(δ, δsamp) =

⌈
2imax

{
288c2euS

2A2H(i+ 3) log(576ceuSAH(i+ 3)), 288c2euS
2A2H log

2SAH

δ
,

2048S2A2 log
4SAH

δsamp

, 256ceuS
3A2H4(i+ 9)3 log3 (512ceuSAH(i+ 9)) ,

(E.3.1)

128ceuS
3A2H4 log3

2SAH

δ
+ 8H log

4

δ

}⌉
=: 2iCK(δ, δsamp, i)

and note that CK(δ, δsamp, i) = poly(S,A,H, log 1/δ, log 1/δsamp, i).

Theorem E.1 (Formal Statement of Theorem 7.2). Consider running Learn2Explore with
tolerance ϵL2E ← ϵ and confidence δ and obtaining a partition Xi ⊆ S × A and policies Πi,
i ∈ {1, 2, . . . , ⌈log(1/ϵ)⌉}. Let EL2E be the event on which, for all i simultaneously:
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1. Sets Xi satisfy:

sup
π

∑
(s,a)∈Xi

wπ
h(s, a) ≤ 2−(i−1)

2. For any i, if all policies in Πi are each rerun once, we will collect 1
2
Ni samples from each

(s, a) ∈ Xi with probability 1− δsamp, where we recall Ni = Ki(δ/⌈log(1/ϵ)⌉, δsamp)/(4 ·
2i|X\ ∪i−1

i′=1 Xi′|).

3. The remaining states, X\(∪⌈log(1/ϵ)⌉i=1 Xi) satisfy,

sup
π

∑
(s,a)∈(X\(∪⌈log(1/ϵ)⌉

i=1 Xi))

wπ
h(s, a) ≤ ϵ.

Then P[EL2E] ≥ 1− δ. Furthermore, Algorithm 7.1 takes at most

CK

(
δ

⌈log 1/ϵ⌉
, δsamp, ⌈log 1/ϵ⌉

)
4

ϵ

episodes to terminate.

Proof. This directly follows by induction and Lemma E.3.1. For i = 1, it will clearly be the
case that

sup
π

∑
(s,a)∈X

wπ
h(s, a) ≤ 2−(i−1) = 1

since
∑

s,aw
π
h(s, a) = 1 for any π and h. Now consider an epoch i and assume that

sup
π

∑
(s,a)∈X

wπ
h(s, a) ≤ 2−(i−1).

By Lemma E.3.1, running FindExplorableSets will produce a set Xi and policies Πi such
that

sup
π

∑
(s,a)∈Xi

wπ
h(s, a) ≤ 2−(i−1), sup

π

∑
(s,a)∈X\Xi

wπ
h(s, a) ≤ 2−i

and rerunning every policy in Πi at once will allow us to collect at least 1
2
Ni samples from

each (s, a) ∈ Xi. As X ← X\Xi, the hypothesis will then be met at the next epoch, i + 1.
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Union bounding over epochs completes the first part of the proof. That

sup
π

∑
(s,a)∈(X\(∪⌈log(1/ϵ)⌉

i=1 Xi))

wπ
h(s, a) ≤ ϵ

follows on this same event by Lemma E.3.1 and since we run until i = ⌈log(1/ϵ)⌉ which
implies 2−⌈log(1/ϵ)⌉ ≤ ϵ. Union bounding over each i gives the result.

The sample complexity bound follows by bounding

⌈log(1/ϵ)⌉∑
i=1

Ki(δ/⌈log 1/ϵ⌉, δsamp) ≤ CK

(
δ

⌈log 1/ϵ⌉
, δsamp, ⌈log 1/ϵ⌉

) ⌈log(1/ϵ)⌉∑
i=1

2i

≤ CK

(
δ

⌈log 1/ϵ⌉
, δsamp, ⌈log 1/ϵ⌉

)
4

ϵ
.

Lemma E.3.1. Assume that X satisfies

sup
π

∑
(s,a)∈X

wπ
h(s, a) ≤ 2−(i−1).

Then, if FindExplorableSets(X , h, δ,Ki, Ni) returns partition Xi and policies Πi, with prob-
ability 1− δ the returned partition Xi will satisfy

sup
π

∑
(s,a)∈Xi

wπ
h(s, a) ≤ 2−(i−1), sup

π

∑
(s,a)∈X\Xi

wπ
h(s, a) ≤ 2−i.

Furthermore, if all policies in Πi are each rerun once, we will collect 1
2
Ni samples from each

(s, a, h) ∈ Xi with probability 1− δsamp.

Proof. The structure of this proof takes inspiration from the proof presented in Zhang et al.
[2020]. The first conclusion is trivial since Xi ⊆ X and by our assumption on X .

We will simply denote Ki := Ki(δ, δsamp) throughout the proof. In addition, we will let
Kij denote the total number of epochs taken for fixed j, and will let mi denote the total
number of times j is incremented. Therefore,

Ki =

mi∑
j=1

Kij.

Let V ⋆,ij
0 denote the optimal value function on the reward function rjh at stage j of epoch i.
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By our assumption on X and the definition of our reward function we can bound

V ⋆,ij
0 ≤ sup

π
Eπ[I{(sh, ah) ∈ X}] = sup

π

∑
(s,a)∈X

wπ
h(s, a) ≤ 2−(i−1). (E.3.2)

As FindExplorableSets runs Euler, by Lemma E.3.4 we will have, with probability at least
1− δ, for any fixed K and j,

( K∑
k=1

V ⋆,ij
0 −

K∑
k=1

V k,ij
0

)
|Fj−1 ≤ ceu

√
SAHV ⋆,i1

0 K log
SAHK

δ
+ ceuS

2AH4 log3
SAHK

δ

(E.3.3)

where Fj−1 denotes the filtration of up to iteration j, and we have used that V ⋆,ij
0 ≤ V ⋆,i1

0

for all j since the reward function can only decrease as j increases. FindExplorableSets
terminates and restarts Euler if the condition on Line 14 is met, but this is a random
stopping condition. As such, to guarantee that (E.3.3) holds for any possible value of this
stopping time, we union bound over all values. Since FindExplorableSets runs for at most
Ki epochs, it suffices to union bound over Ki stopping times. We then have that

( K∑
k=1

V ⋆,ij
0 −

K∑
k=1

V k,ij
0

)
|Fj−1 ≤ 2ceu

√
SAHV ⋆,i1

0 K log
2SAHKi

δ
+ 8ceuS

2AH4 log3
2SAHKi

δ

with probability at least 1− δ
2SA

for all K ∈ [1, Ki] simultaneously. Since mi ≤ SA, union
bounding over all j we then have that, with probability at least 1− δ/2,

mi∑
j=1

( Kij∑
k=1

V ⋆,ij
0 −

Kij∑
k=1

V k,ij
0

)
≤

mi∑
j=1

2ceu

√
SAHV ⋆,i1

0 Kij log
2SAHKi

δ
+ 8ceuS

3A2H4 log3
2SAHKi

δ

≤ 2ceu

√
S2A2HV ⋆,i1

0 Ki log
2SAHKi

δ
+ 8ceuS

3A2H4 log3
2SAHKi

δ

where the final inequality follows from Jensen’s inequality. Using the same calculation as in
the proof of Lemma E.3.4, we can bound

Eπk [(
H∑
h=1

Rj
h(sh, ah)− V k,ij

0 )2] ≤ 4V k,ij
0

By (E.3.2), 4V k,ij
0 ≤ 4/2i−1, so we can apply Lemma E.3.5 with σ2

V = 4/2i−1, to get that,
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with probability at least 1− δ/2,∣∣∣∣∣∣
mi∑
j=1

Kij∑
k=1

H∑
h=1

Rj
h(s

j,k
h , aj,kh )−

mi∑
j=1

Kij∑
k=1

V k,ij
0

∣∣∣∣∣∣ ≤
√

32Ki2−i log
4

δ
+ 2H log

4

δ
.

Putting this together and union bounding over these events, we have that with probability at
least 1− δ,

mi∑
j=1

Kij∑
k=1

H∑
h=1

Rj
h(s

j,k
h , aj,kh ) ≥

mi∑
j=1

Kij∑
k=1

V ⋆,ij
0 −

√
64Ki2−i log

4

δ
− 2ceu

√
S2A2HV ⋆,i1

0 Ki log
2SAHKi

δ
− CR

where we denote

CR := 8ceuS
3A2H4 log3

2SAHKi

δ
+ 2H log

4

δ
.

Assume that V ⋆,imi
0 > 2−i. Using that the reward decreases monotonically so V ⋆,imi

0 ≤ V ⋆,ij
0

for any j ≤ mi, we can lower bound the above as

≥ 2−iKi −
√

64Ki2−i log
4

δ
− 2ceu

√
S2A2HV ⋆,i1

0 Ki log
2SAHKi

δ
− CR

≥ 2−iKi − 3ceu

√
S2A2H2−iKi log

2SAHKi

δ
− CR

where the second inequality follows by (E.3.2) and since
√
64Ki2−i log

4
δ

will then be domi-

nated by the regret term, ceu
√

S2A2HV ⋆,i1
0 Ki log

2SAHKi

δ
. Lemma E.3.2 gives

Ki ≥ 2imax

{
4CR, 144c

2
euS

2A2H log
2SAHKi

δ

}
which implies

1

4
2−iKi − CR ≥ 0

and

1

4
2−iKi − 3ceu

√
S2A2H2−iKi log

2SAHKi

δ

≥
2i · 144c2euS2A2H log 2SAHKi

δ

4 · 2i
− 3ceu

√
S2A2H2−i log

2SAHKi

δ
· 2i144c2euS2A2H log

2SAHKi

δ
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= 0.

Thus, we can lower bound the above as

2−iKi − 3ceu

√
S2A2H2−iKi log

2SAHKi

δ
− CR ≥

1

2
2−iKi.

Note that we can collect a total reward of at most |X |Ni. However, by our choice of
Ni = Ki/(4|X | · 2i), we have that

|X |Ni =
1

4 · 2i
Ki <

1

2 · 2i
Ki.

This is a contradiction. Thus, we must have that V ⋆,imi
0 ≤ 1/2i. The second conclusion

follows from this by definition of V ⋆,imi
0 .

For the third conclusion, we can apply Lemma E.3.3. By construction, we will only add
some (s, a, h) to Xi if we visit Ni times. It follows by Lemma E.3.3 that, with probability
1− δsamp/(SAH), if we rerun all policies, we will collect at least

Ni −

√
8Kimax

k
wπk
h (s, a) log

4SAH

δsamp

− 4

3
log

4SAH

δsamp

samples from (s, a, h). Note that maxk w
πk
h (s, a) ≤ 2−i by our assumption on X . Given our

choice of Ni, we can then guarantee that we will collect at least

Ki

4|X |2i
−

√
8KiH

2i
log

4SAH

δsamp

− 4

3
log

4SAH

δsamp

samples. Since Ki ≥ 2048S2A2 log 4SAH
δsamp

, and |X | ≤ SA, we will have that

Ki

4|X |2i
−

√
8KiH

2i
log

4SAH

δsamp

− 4

3
log

4SAH

δsamp

≥ Ki

8|X |2i
=

1

2
Ni

The third conclusion follows by union bounding over every (s, a, h) ∈ Xi.

E.3.1 Technical Lemmas

Lemma E.3.2. We will have that

Ki(δ, δsamp) ≥ 2imax

{
32ceuS

3A2H4 log3
2SAHKi(δ, δsamp)

δ
+ 8H log

4

δ
,
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144c2euS
2A2H log

2SAHKi(δ)

δ

}
.

Proof. Note that for any i, j > 0 and C > 0, if x ≥ Ci(i + 3j)j logj(C(i + 3j)), then
x ≥ Ci logj x since

Ci logj x = Ci logj[Ci(i+ 3j)j logj(C(i+ 3j))] ≤ Ci logj[Ci+j(i+ 3j)2j]

≤ Ci(i+ 3j)j log[C(i+ 3j)]

= x

and, furthermore, d
dy
y|y=Ci+j(max{i+j,2j})2j = 1, while

d

dy
Ci logj y|y=Ci+j(max{i+j,2j})2j =

Ci logj−1 y

y
|y=Ci+j(max{i+j,2j})2j ≤ 1

and since the derivative of poly log functions decreases monotonically.
It follows that

Ki(δ, δsamp) ≥ 2i · 256ceuS3A2H4 log3Ki(δ, δsamp)

as long as

Ki(δ, δsamp) ≥ 2i · 256ceuS3A2H4(i+ 9)3 log3 (512ceuSAH(i+ 9))

So

Ki(δ, δsamp) ≥ 2 · 2imax{128ceuS3A2H4 log3Ki(δ, δsamp), 128ceuS
3A2H4 log3

2SAH

δ
+ 8H log

4

δ
}

≥ 2i(32ceuS
3A2H4 log3

2SAHKi(δ, δsamp)

δ
+ 8H log

4

δ
)

if

Ki(δ, δsamp) ≥ max{2i · 256ceuS3A2H4(i+ 9)3 log3 (512ceuSAH(i+ 9)) ,

128ceuS
3A2H4 log3

2SAH

δ
+ 8H log

4

δ
}.

Similarly,

Ki(δ, δsamp) ≥ 2i · 144c2euS2A2H log
2SAHKi

δ
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if

Ki(δ, δsamp) ≥ max{2i · 288c2euS2A2H(i+ 3) log(576ceuSAH(i+ 3)), 288c2euS
2A2H log

2SAH

δ
}.

The result then follows recalling the definition of Ki(δ, δsamp) given in (E.3.1).

Lemma E.3.3. Consider a set of policies {πk}Kk=1. Assume that running each of these
policies once, we collect at least N samples from some (s, a, h). Then, if we rerun each of
these policies once, we will collect, with probability 1− δ, at least

N −
√

8Kmax
k

wπk
h (s, a) log 4/δ − 4/3 log 4/δ

samples from (s, a, h).

Proof. Note that when running πk, the expected number of visits to (s, a, h) is wπk
h (s, a). By

Bernstein’s inequality, and using that I{(skh, akh) = (s, a)} ∼ Bernoulli(wπk
h (s, a)), we then

have that, with probability at least 1− δ,∣∣∣∣∣
K∑
k=1

wπk
h (s, a)−

K∑
k=1

I{(skh, akh) = (s, a)}

∣∣∣∣∣ ≤√2Kmax
k

wπk
h (s, a) log 2/δ + 2/3 log 2/δ

As our first draw from the policies yielded a value of at least N , we can apply Proposition E.5,
which gives that, with probability at least 1− 2δ,

K∑
k=1

I{(skh, akh) = (s, a)} ≥ N − 2
√

2Kmax
k

wπk
h (s, a) log 2/δ − 4/3 log 2/δ

The result follows.

Lemma E.3.4 (Lemma 3.4 of Jin et al. [2020a]). If rkh is non-zero for at most one h per
episode, the regret of Euler [Zanette and Brunskill, 2019] will be bounded, with probability at
least 1− δ, as

K∑
k=1

V ⋆
0 −

K∑
k=1

V πk
0 ≤ ceu

√
SAHV ⋆

0 K log
SAHK

δ
+ ceuS

2AH4 log3
SAHK

δ

for some absolute constant ceu.

Proof. The proof of this is identical to the proof of Lemma 3.4 in Jin et al. [2020a] but we
include it for completeness. We therefore repeat their analysis, using an alternative upper
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bound for equation (156) in Zanette and Brunskill [2019]:

1

KH

K∑
k=1

Eπk

[
(
H∑
h=1

rkh − V πk
0 )2

]
≤ 2

KH

K∑
k=1

Eπk

[
(
H∑
h=1

rkh)
2 + (V πk

0 )2

]
(a)

≤ 2

KH

K∑
k=1

Eπk

[
H∑
h=1

(rkh)
2 + V πk

0

]
(b)

≤ 2

KH

K∑
k=1

Eπk

[
H∑
h=1

rkh + V πk
0

]

=
4

KH

K∑
k=1

V πk
0

≤ 4V ⋆
0 /H

where (a) follows since rkh is nonzero for at most one h and (b) follows since rkh ≤ 1. Thus,
we can replace G2 in Theorem 1 of Zanette and Brunskill [2019] with 4V ⋆

0 . As Zanette and
Brunskill [2019] assume a stationary MDP while ours is non-stationary, we must replace S in
their bound with SH. This gives the result.

Lemma E.3.5. Consider some set of policies {πk}Kk=1 where πk is Fk−1 measurable. Let∑H
h=1 R

k
h denote the (random) reward obtained running πk on the MDP Mk, and let V k

0 denote
the value function of running πk on Mk. Assume that

Eπk [(
H∑
h=1

Rk
h − V k

0 )
2|Fk−1] ≤ σ2

V

for all k and constant σ2
V which is F0-measurable. Then, with probability at least 1− δ,∣∣∣∣∣

K∑
k=1

H∑
h=1

Rk
h −

K∑
k=1

V k
0

∣∣∣∣∣ ≤
√

8Kσ2
V log

2

δ
+ 2H log

2

δ
.

Proof. By definition, V k
0 = E[

∑H
h=1R

k
h|Fk−1] and |

∑H
h=1R

k
h − V k

0 | ≤ H almost surely. The
result then follows directly from Freedman’s Inequality [Freedman, 1975].

Proposition E.5. Consider some distribution P and assume that Px∼P[x ∈ [µ− c, µ+ c]] ≥
1− δ. Then P

x,x′
i.i.d.∼ P

[x ≥ x′ − 2c] ≥ 1− 2δ.
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Proof.

P
x,x′

i.i.d.∼ P
[x ≥ x′ − 2c] = P

x,x′
i.i.d.∼ P

[x′ − µ+ µ− x ≤ 2c]

≥ P
x,x′

i.i.d.∼ P
[|x′ − µ|+ |µ− x| ≤ 2c]

≥ P
x
i.i.d.∼ P

[|µ− x| ≤ c]P
x′

i.i.d.∼ P
[|x′ − µ| ≤ c]

≥ (1− δ)2

≥ 1− 2δ.
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Appendix F

Deferred Proofs from Chapter 8

F.1 Properties of Linear MDPs

Lemma F.1.1. For any linear MDP satisfying Definition 8.1.1, we must have that ∥ϕ(s, a)∥2 ≥
1/
√
d for all s and a, and ∥ϕπ,h∥2 ≥ 1/

√
d for all π and h.

Proof. By Definition 8.1.1, we know that Ph(·|s, a) = ⟨ϕ(s, a),µh(·)⟩ forms a valid probability
distribution, and that ∥

∫
S |dµh(s)|∥2 ≤

√
d. It follows that

1 =

∫
S
⟨ϕ(s, a), dµh(s)⟩ ≤ ∥ϕ(s, a)∥2∥

∫
S
|dµh(s)|∥2 ≤

√
d∥ϕ(s, a)∥2

from which the first result follows.
For the second result, using that 1 =

∫
S⟨ϕ(s, a), dµh(s)⟩, we get∫

S
⟨ϕπ,h, dµh(s)⟩ =

∫
S
⟨Eπ[ϕh], dµh(s)⟩

= Eπ
[∫

S
⟨ϕh, dµh(s)⟩

]
= Eπ[1]
= 1

where we can exchange the order of integration by Fubini’s Theorem since the integrand is
absolutely integrable, by Definition 8.1.1. As above, we then have

1 =

∫
S
⟨ϕπ,h, dµh(s)⟩ ≤

√
d∥ϕπ,h∥2

so the second result follows.

F.1.1 Feature-Visitations in Linear MDPs

Lemma F.1.2. ϕπ,h = Tπ,hϕπ,h−1 = . . . = Tπ,h . . . Tπ,1ϕπ,0.
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Proof. By the linear MDP assumption, we have:

ϕπ,h = Eπ[ϕ(sh, ah)]
= Eπ[E[ϕ(sh, ah)|Fh−1]]

= Eπ[
∫ ∫

ϕ(s, a)dπh(a|s)dµh−1(s)
⊤ϕ(sh−1, ah−1)]

= Eπ[
∫
ϕπ,h(s)dµh−1(s)

⊤ϕ(sh−1, ah−1)]

=

∫
ϕπ,h(s)dµh−1(s)

⊤Eπ[ϕ(sh−1, ah−1)]

= Tπ,hϕπ,h−1.

This yields the first equality. Repeating this calculation h − 1 more times yields the final
equality.

Lemma F.1.3. Fix some h and i < h, and consider the vector

v := T ⊤
π,i+1T ⊤

π,i+2 . . . T ⊤
π,h−1T ⊤

π,hu.

Assume that either u = θh for some θh which is a valid reward vector as defined in Defi-
nition 8.1.1, or u ∈ Sd−1. In either case, we have that, for any s, a, |v⊤ϕ(s, a)| ≤ 1, and
∥v∥2 ≤

√
d.

Proof. By the linear MDP structure (see Proposition 2.3 of Jin et al. [2020b]), for any j,

Qπ
j (s, a) = ⟨ϕ(s, a),wπ

j ⟩

= ⟨ϕ(s, a),θj⟩+
∫

V π
j+1(s

′)dµj(s
′)⊤ϕ(s, a)

= ⟨ϕ(s, a),θj⟩+
∫
⟨wπ

j+1,ϕj+1,π(s
′)⟩dµj(s′)⊤ϕ(s, a)

= ⟨ϕ(s, a),θj + T ⊤
π,j+1w

π
j+1⟩

so in general,

wπ
i =

H∑
h′=i

(
h′∏

j=i+1

T ⊤
π,j)θh′

where we order the product
∏h′

j=i+1 T ⊤
π,j = T ⊤

π,i+1T ⊤
π,i+1 . . . T ⊤

π,h′ .

Case 1: u = θh. We first consider the case where u = θh for some θh which is a valid
reward satisfying Definition 8.1.1. Assume that the reward in our MDP is set such that for



381

h′ ̸= h, θh′ = 0. In this case, we then have that

wπ
i = T ⊤

π,i+1T ⊤
π,i+2 . . . T ⊤

π,hθh = v.

In this case, we know that the trajectory rewards are always bounded by 1, so it follows that
Qπ
i (s, a) ≤ 1. Thus,

1 ≥ Qπ
i (s, a) = ⟨ϕ(s, a),wπ

i ⟩ = ⟨ϕ(s, a),v⟩

and this holds for any s, a. Since Q-values are always positive, it also holds that ⟨ϕ(s, a),v⟩ ≥
0.

To bound the norm of v, we note that by the Bellman equation and the calculation
above,

∥v∥2 = ∥wπ
i ∥2 = ∥θi +

∫
V π
i+1(s

′)dµi(s
′)∥2

≤ ∥θi∥2 + ∥
∫
|V π
i+1(s

′)|dµi(s′)∥2

≤ ∥
∫
|dµi(s′)|∥2

≤
√
d

where we have used that |V π
i+1(s

′)| ≤ 1 since the total episode return is at most 1 on our
augmented reward function, and the linear MDP assumption.

Case 2: u ∈ Sd−1. We can repeat the argument above in the case where we only assume
u ∈ Sd−1. Since ∥ϕ(s, a)∥2 ≤ 1, it follows that with the reward vector at level h set to u,
the reward will still be bounded in [−1, 1]. Thus, essentially the same argument can be used,
with the slight modification to handle Q-values that are negative.

Lemma F.1.4. The set Ωh is convex and compact.

Proof. Take Λ1,Λ2 ∈ Ωh. By definition, Λ1 = Eπ∼ω1 [Λπ,h],Λ2 = Eπ∼ω2 [Λπ,h]. It follows that,
for any t ∈ [0, 1], tΛ1+(1− t)Λ2 = Eπ∼tω1+(1−t)ω2 [Λπ,h]. For tω1+(1− t)ω2 the mixture of ω1

and ω2. As tω1+(1− t)ω2 is a valid mixture over policies, it follows that tΛ1+(1− t)Λ2 ∈ Ωh,
which proves convexity.

Compactness follows since ∥ϕ(s, a)∥2 ≤ 1 for all s, a, so ∥Λπ,h∥op ≤ 1, which implies
∥Λ∥op ≤ 1 for any Λ ∈ Ωh. Furthermore, the set Ωh is clearly closed, which proves
compactness.
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F.1.2 Constructing the Policy Class

Lemma F.1.5 (Lemma B.1 of Jin et al. [2020b]). Let wπ
h denote the set of weights such that

Qπ
h(s, a) = ⟨ϕ(s, a),wπ

h⟩. Then ∥wπ
h∥2 ≤ 2H

√
d.

Lemma F.1.6. For any δ > 0 there exists sets of actions (Ãs)s∈S, Ãs ⊆ A, such that
|Ãs| ≤ (1 + 8H

√
d/δ)d for all s and, for all a ∈ A, s, h, and any π, there exists some ã ∈ Ãs

such that

|Qπ
h(s, a)−Qπ

h(s, ã)| ≤ δ, |rh(s, a)− rh(s, ã)| ≤ δ.

Proof. Let N be a δ/(4H
√
d) cover of the unit ball. By Lemma F.1.10 we can bound

|N | ≤ (1 + 8H
√
d/δ)d. Take any s and let Ãs = ∅. Then for each ϕ ∈ N , choose any

a at random from the set {a ∈ A : ∥ϕ(s, a) − ϕ∥2 ≤ δ/2} and set Ãs ← Ãs ∪ {a}.
With this construction, we claim that for all a ∈ A, there exists some ã ∈ Ãs such that
∥ϕ(s, a)− ϕ(s, ã)∥2 ≤ δ/(2H

√
d). To see why this is, note that by construction of N , there

always exists some ϕ ∈ N such that ∥ϕ(s, a)−ϕ∥2 ≤ δ/(4H
√
d). Since Ãs will contain some

ã such that ∥ϕ(s, ã)− ϕ∥2 ≤ δ/(4H
√
d), the claim follows by the triangle inequality.

By Lemma F.1.5, we have that for any π, ∥wπ
h∥2 ≤ 2H

√
d. Take a ∈ A and let ã ∈ Ãs

be the action such that ∥ϕ(s, a)− ϕ(s, ã)∥2 ≤ δ/(2H
√
d). Then

|Qπ
h(s, a)−Qπ

h(s, ã)| = |⟨ϕ(s, a)− ϕ(s, ã), wπ
h⟩| ≤ 2H

√
d∥ϕ(s, a)− ϕ(s, ã)∥2 ≤ δ.

The bound on |rh(s, a)− rh(s, ã)| follows analogously, since we assume our rewards are linear,
and that ∥θh∥2 ≤

√
d.

Definition F.1.1 (Linear Softmax Policy). We say a policy is a linear softmax policy with
parameters η and {wh}Hh=1 if it can be written as

πh(a|s) =
eη⟨ϕ(s,a),wh⟩∑

a′∈A eη⟨ϕ(s,a′),wh⟩

for some w = {wh}Hh=1. We will denote such a policy as πw.

Definition F.1.2 (Restricted-Action Linear Softmax Policy). We say a policy is a restricted-
action linear softmax policy with parameters η, {wh}Hh=1, and (Ãs)s∈S if it can be written
as

π̃h(a|s) =
eη⟨ϕ(s,a),wh⟩ · I{a ∈ Ãs}∑

a′∈Ãs
eη⟨ϕ(s,a′),wh⟩

for some w = {wh}Hh=1. We will denote such a policy as π̃w.
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Lemma F.1.7. For any restricted-action linear softmax policies πw and πu with identical
restricted sets (Ãs)s∈S , we can bound

|V πw

0 (s1)− V πu

0 (s1)| ≤ 2dHη
H∑
h=1

∥wh − uh∥2.

Proof. Note that for any policy π, the value of the policy can be expressed as

V π
0 (s1) =

H∑
h=1

⟨θh,ϕπ,h⟩.

Thus,

|V πw

0 (s1)− V πu

0 (s1)| ≤
H∑
h=1

|⟨θh,ϕπw,h − ϕπu,h⟩|.

So it suffices to bound |⟨θh,ϕπw,h −ϕπu,h⟩|. Using the same decomposition as in the proof of
Lemma 8.3.2, we have

ϕπw,h − ϕπu,h =
h−1∑
i=0

(
h∏

j=h−i+1

Tπw,j

)
(Tπw,h−i − Tπu,h−i)ϕπu,h−i−1.

By definition,

Tπw,h−i − Tπu,h−i =
∫
(ϕπw,h−i(s)− ϕπu,h−i(s))dµh−i−1(s)

⊤

where

ϕπw,h−i(s) =
∑
a∈Ãs

ϕ(s, a)πwh−i(a|s).

Our goal is to bound ∥ϕπw,h−i(s)− ϕπu,h−i(s)∥2. Let wt = tw + (1− t)u, and ϕt,h−i(s) :=
ϕπwt ,h−i(s). Then ∥ϕπw,h−i(s)−ϕπu,h−i(s)∥2 = ∥ϕ1,h−i(s)−ϕ0,h−i(s)∥2. By the Mean Value
Theorem, we can bound

∥ϕ1,h−i(s)− ϕ0,h−i(s)∥2 ≤ max
t′∈[0,1]

∥ d
dt
ϕt,h−i(s)|t=t′∥2 · |1− 0|.
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Some calculation shows that

d

dt
ϕt,h−i(s) =

1

(
∑

a′∈Ãs
eη⟨ϕ(s,a

′),wt
h⟩)2

[ ∑
a∈Ãs

ηϕ(s, a)
[
eη⟨ϕ(s,a),w

t
h⟩⟨ϕ(s, a),wh−i − uh−i⟩ ·

∑
a′∈Ãs

eη⟨ϕ(s,a
′),wt

h⟩

− eη⟨ϕ(s,a),w
t
h⟩ ·

∑
a′∈Ãs

eη⟨ϕ(s,a
′),wt

h⟩⟨ϕ(s, a′),wh−i − uh−i⟩
]]
.

Since ∥ϕ(s, a)∥2 ≤ 1, we can then bound

∥ d
dt
ϕt,h−i(s)∥2 ≤

2η

(
∑

a′∈Ãs
eη⟨ϕ(s,a

′),wt
h⟩)2

[ ∑
a∈Ãs

eη⟨ϕ(s,a),w
t
h⟩ ·

∑
a′∈Ãs

eη⟨ϕ(s,a
′),wt

h⟩
]
· ∥wh−i − uh−i∥2

= 2η · ∥wh−i − uh−i∥2.

It follows that

∥ϕπw,h−i(s)− ϕπu,h−i(s)∥2 ≤ 2η · ∥wh−i − uh−i∥2.

With Definition 8.1.1, this implies that

∥Tπw,h−i − Tπu,h−i∥op ≤
∫
∥ϕπw,h−i(s)− ϕπu,h−i(s)∥2∥dµh−i−1(s)∥2 ≤ 2

√
dη∥wh−i − uh−i∥2.

By Lemma F.1.3, we can bound ∥θ⊤h
(∏h

j=h−i+1 Tπw,j
)
∥2. Thus, returning to the error

decomposition given above, we have

|V πw

0 (s1)− V πu

0 (s1)| ≤
H∑
h=1

h−1∑
i=0

∣∣∣∣∣θ⊤h
(

h∏
j=h−i+1

Tπw,j

)
(Tπw,h−i − Tπu,h−i)ϕπu,h−i−1

∣∣∣∣∣
≤
√
d

H∑
h=1

h−1∑
i=0

∥Tπw,h−i − Tπu,h−i∥op∥ϕπu,h−i−1∥2

≤ 2dη
H∑
h=1

h−1∑
i=0

∥wh−i − uh−i∥2

≤ 2dHη

H∑
h=1

∥wh − uh∥2.

Lemma F.1.8. Let w⋆ denote the weights such that Q⋆
h(s, a) = ⟨ϕ(s, a),w⋆

h⟩, and πw
⋆ the

restricted-action linear softmax policy with action sets (Ãs)s∈S as defined in Lemma F.1.6
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with δ = ϵ
2H·e2 . Then

|V πw
⋆

0 (s1)− V ⋆
0 (s1)| ≤ ϵ

as long as η ≥ 30dH log(1 + 120Hd/ϵ) · 1
ϵ
.

Proof. We prove this by induction. Assume that at step h, for all s, we have |V ⋆
h (s) −

V πw
⋆

h (s)| ≤ δh for some δh. Then,

|Qπw
⋆

h−1(s, a)−Q⋆
h−1(s, a)| =

∣∣∣∣∫ (V πw
⋆

h (s′)− V ⋆
h (s

′))dPh−1(s
′ | s, a)

∣∣∣∣
≤
∫
|V πw

⋆

h (s′)− V ⋆
h (s

′)|dPh−1(s
′ | s, a)

≤ δh ·
∫

dPh−1(s
′ | s, a)

≤ δh.

Thus,

V πw
⋆

h−1 (s) =

∑
a∈Ãs

eη⟨ϕ(s,a),w
⋆
h−1⟩Qπw

⋆

h−1(s, a)∑
a∈Ãs

eη⟨ϕ(s,a),w
⋆
h−1⟩

=

∑
a∈Ãs

eηQ
⋆
h−1(s,a)Qπw

⋆

h−1(s, a)∑
a∈Ãs

eηQ
⋆
h−1(s,a)

≥
∑

a∈Ãs
eηQ

⋆
h−1(s,a)Q⋆

h−1(s, a)∑
a∈Ãs

eηQ
⋆
h−1(s,a)

− δh.

By Lemma F.1.11, as long as η ≥ H log |Ãs|/δh, we can lower bound∑
a∈Ãs

eηQ
⋆
h−1(s,a)Q⋆

h−1(s, a)∑
a∈Ãs

eηQ
⋆
h−1(s,a)

− δh ≥ max
a∈Ãs

Q⋆
h−1(s, a)− (1 + 1/H)δh.

Furthermore, by Lemma F.1.6 and our choice of Ãs, we have

max
a∈Ãs

Q⋆
h−1(s, a)− (1 + 1/H)δh ≥ max

a∈A
Q⋆
h−1(s, a)− (1 + 1/H)δh −

ϵ

2H · e2

= V ⋆
h−1(s)− (1 + 1/H)δh −

ϵ

2H · e2
.
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Define recursively δh−1 = (1 + 2/H)δh and δH = ϵ
e2

. Then δh = (1 + 2/H)H−h ϵ
e2
≥ ϵ

e2
, so

V ⋆
h−1(s)− (1 + 1/H)δh −

ϵ

2H · e2
≥ V ⋆

h−1(s)− (1 + 1/H)δh − δh/H = V ⋆
h−1(s)− δh−1.

So |V ⋆
h (s)− V πw

⋆

h (s)| ≤ δh−1 for all s, which proves the inductive step.
For the base case, we have

V πw
⋆

H (s)− V ⋆
H(s) =

∑
a∈Ãs

eηQ
⋆
H(s,a)νH(s, a)∑

a∈Ãs
eηQ

⋆
H(s,a)

−max
a

νH(s, a)

≥ max
a∈Ãs

νH(s, a)−max
a

νH(s, a)− δH/2

≥ −δH

where the first inequality holds by Lemma F.1.11 as long as η ≥ 2 log |Ãs|/δH , and the second
inequality holds by Lemma F.1.6 and our choice of Ãs and δH . This proves the base case,
since V πw

⋆

H (s) ≤ V ⋆
H(s).

Recursing this all the way back, we conclude that

V πw
⋆

0 (s1) ≥ V ⋆
0 (s1)− δ0

for δ0 = (1 + 2/H)HδH ≤ ϵ since (1 + 2/x)x ≤ e2 for all x.
For this argument to hold, we must choose η ≥ 2 log |Ãs|/δH and η ≥ H log |Ãs|/δh for

all s and h. By Lemma F.1.6 and our choice of Ãs, we can bound

|Ãs| ≤ (1 + 16e2H2
√
d/ϵ)d ≤ (1 + 120Hd/ϵ)2d

so, since δH = ϵ/e2 ≤ δh, it suffices that we take η ≥ 30dH log(1 + 120Hd/ϵ) · 1
ϵ
.

Lemma F.1.9. Let η = 30dH log(1 + 120Hd/ϵ) · 1
ϵ

and W an ϵ
4dH2η

-net of Bd(2H
√
d). Let

Π denote the set of restricted-action linear softmax policy with vectors w ∈ WH , parameter
η, and action sets (Ãs)s∈S as defined in Lemma F.1.6 with δ = ϵ

2H·e2 . Then for any MDP
and reward function, there exists some π ∈ Π such that |V π

0 − V ⋆
0 | ≤ ϵ, and

|Π| ≤
(
1 +

480H4d5/2 log(1 + 120Hd/ϵ)

ϵ2

)dH
.

Proof. Consider some MDP and reward function, and let {w⋆
h}Hh=1 denote the optimal Q-

function linear representation: Q⋆
h(s, a) = ⟨ϕ(s, a),w⋆

h⟩. Let w̃ denote the vector in WH such
that

∑H
h=1 ∥w⋆

h − w̃h∥2 is minimized. Then by Lemma F.1.7 and Lemma F.1.8, as long as
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η ≥ 30dH log(1 + 120Hd/ϵ) · 1
ϵ
, we have

|V πw̃

0 (s1)− V ⋆
0 (s1)| ≤ |V πw̃

0 (s1)− V πw
⋆

0 (s1)|+ |V πw
⋆

0 (s1)− V ⋆
0 (s1)|

≤ 2dHη

H∑
h=1

∥w⋆
h − w̃h∥2 + ϵ/2.

The first conclusion then follows as long as we can find some w̃ such that

2dHη

H∑
h=1

∥w⋆
h − w̃h∥2 ≤ ϵ/2.

However, by Lemma F.1.5, we can bound ∥w⋆
h∥2 ≤ 2H

√
d. Therefore, since W is a ϵ

4dH2η
-net

of Bd(2H
√
d), for each h there will exist some w̃h ∈ W such that ∥w⋆

h− w̃h∥2 ≤ ϵ
4dH2η

, which
implies that we can find w̃ ∈ Wd such that

2dHη
H∑
h=1

∥w⋆
h − w̃h∥2 ≤ ϵ/2,

which gives the first conclusion.
To bound the size of Π, we apply Lemma F.1.10 and our choice of η to bound

|W| ≤ (1 +
16H3d3/2η

ϵ
)d ≤ (1 +

480H4d5/2 log(1 + 120Hd/ϵ)

ϵ2
)d.

The bound on |Π| follows since |Π| = |W|H .

F.1.3 Technical Results

Lemma F.1.10 (Vershynin [2010]). For any ϵ > 0, the ϵ-covering number of the Euclidean
ball Bd(R) := {x ∈ Rd : ∥x∥2 ≤ R} with radius R > 0 in the Euclidean metric is upper
bounded by (1 + 2R/ϵ)d.

Lemma F.1.11 (McSherry and Talwar [2007], Epasto et al. [2020]). Consider some (xi)
n
i=1.

Then if η ≥ log(n)/δ, we have ∑n
i=1 e

ηxixi∑n
i=1 e

ηxi
≥ max

i∈[n]
xi − δ.

Lemma F.1.12 (Azuma-Hoeffding). et F0 ⊂ F1 ⊂ . . . ⊂ FT be a filtration and let
X1, X2, . . . , XT be real random variables such that Xt is Ft-measurable, E[Xt|Ft−1] = 0,
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and |Xt| ≤ b almost surely. Then for any δ ∈ (0, 1), we have with probability at least 1− δ,∣∣∣∣∣
T∑
t=1

Xt

∣∣∣∣∣ ≤√8b2 log 2/δ.

Lemma F.1.13 (Freedman’s Inequality [Freedman, 1975]). Let F0 ⊂ F1 ⊂ . . . ⊂ FT be
a filtration and let X1, X2, . . . , XT be real random variables such that Xt is Ft-measurable,
E[Xt|Ft−1] = 0, |Xt| ≤ b almost surely, and

∑T
t=1 E[X2

t |Ft−1] ≤ V for some fixed V > 0 and
b > 0. Then for any δ ∈ (0, 1), we have with probability at least 1− δ,

T∑
t=1

Xt ≤ 2
√
V log 1/δ + b log 1/δ.

F.2 Deferred Proofs from Section 8.2.2

F.2.1 Linear Bandit Construction

In the linear bandit setting, at each time step t, the learner chooses some zt ∈ Z, and observes
yt. We will consider the case when the noise is Bernoulli so that yt ∼ Bernoulli(⟨θ⋆, zt⟩+1/2),
and will set

θ⋆ = e1, Z = {ξe1, e2, . . . , ed,−ξe1,−e2, . . . ,−ed,x2, . . . ,xd}, xi = (ξ −∆)e1 + γei

for some ξ and ∆ to be chosen. In this setting, the optimal arm is z⋆ = ξe1, and ∆(ei) =
ξ, i ≥ 2, ∆(xi) = ∆.

We will assume:

1

52d
≥ ξ ≥ max{γ/

√
d,
√
∆}, max

{
ζ :=

ξC1
(d/200∆2)1−α

+
200ξC2∆2

d
,∆

}
≤ γ2. (F.2.1)

We provide explicit values for ξ,∆, and γ that satisfy this in Lemma F.2.2.

Definition F.2.1 ((ϵ, δ)-correct Stopping Rule). We say a stopping rule τ is (ϵ, δ)-correct
over Θ if for all θ ∈ Θ, Pθ[θ⊤Ez∼ω̂τ [z] ≥ maxz∈Z θ

⊤z − ϵ] ≥ 1 − δ, where ω̂τ ∈ △Z is a
distribution over arms recommended at time τ .

We will say that some ω ∈ △Z is ϵ-optimal for θ if θ⊤Ez∼ω[z] ≥ maxz∈Z θ
⊤z − ϵ. We

have the following.

Lemma F.2.1. Consider running some low-regret algorithm satisfying Definition 8.2.1 on
the linear bandit instance described above and let τ be some stopping rule. Then if τ is (ϵ, δ)-
correct on the set of instances Θlb := {θ ∈ Rd : ∥θ∥2 ≤ 1

4
(
√
d− 2), |⟨θ, z⟩| ≤ 1/2,∀z ∈ Z}

for δ ∈ (0, 1/10), ϵ < min{∆/2, ξ}, d ≥ 2116, and where ξ, γ, and ∆ are chosen as in
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Lemma F.2.2, we must have that

Eθ⋆ [τ ] ≥
d

200∆2
· log 1

2.4δ
.

Proof. This proof follows closely the proof of Theorem 1 of Fiez et al. [2019] and relies on
the Transportation Lemma of Kaufmann et al. [2016].

Bounding the number of pulls to {±e2, . . . ,±ed}. By assumption, we collect data with
a low-regret algorithm satisfying Definition 8.2.1. Every time we pull ±ei, i ≥ 2, we incur a
loss of ξ. Thus, we can lower bound

E[V ⋆
0 − V πk

0 ] ≥ ξ
d∑
i=2

E[Pπk [{zk = ei} ∪ {zk = −ei}]]

so, letting T (ei) denote the total number of pulls to ei, we have

C1Kα + C2 ≥
K∑
k=1

E[V ⋆
0 − V πk

0 ] ≥ ξ
K∑
k=1

d∑
i=2

E[Pπk [{zk = ei} ∪ {zk = −ei}]] = ξ
d∑
i=2

E[T (ei) + T (−ei)].

(F.2.2)

Applying the Transportation Lemma. Let Θalt ⊆ Θlb denote the set of θ vectors such
that the set of ϵ-optimal distributions on θ is disjoint from that on θ⋆. By the Transportation
Lemma of Kaufmann et al. [2016] (Lemma 1 of Kaufmann et al. [2016]), for any θ ∈ Θalt,
assuming our stopping rule is (ϵ, δ)-correct, we then have∑

z∈Z

E[T (z)]KL(νθ⋆,z||νθ,z) ≥ log
1

2.4δ
.

Combining this with our constraint (F.2.2), it follows that
∑
z∈Z E[T (z)] ≥

∑
z∈Z tz for any

(tz)z∈Z that is a feasible solution to

min
∑
z∈Z

tz s.t. min
θ∈Θalt

∑
z∈Z

tzKL(νθ⋆,z||νθ,z) ≥ log
1

2.4δ
, C1(

∑
z∈Z

tz)
α + C2 ≥ ξ

d∑
i=2

(tei + t−ei).

(F.2.3)

We can rearrange the second constraint to

ξC1
(
∑
z∈Z tz)1−α

+
ξC2∑
z∈Z tz

≥
∑d

i=2(tei + t−ei)∑
z∈Z tz

.
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Assume that the optimal solution to (F.2.3) satisfies
∑
z∈Z tz ≥ d

200∆2 , then this constraint
can be weakened to

ζ :=
ξC1

(d/200∆2)1−α
+

200ξC2∆2

d
≥
∑d

i=2 txi∑
z∈Z tz

.

It follows then that if the optimal value to

min
∑
z∈Z

tz s.t. min
θ∈Θalt

∑
z∈Z

tzKL(νθ⋆,z||νθ,z) ≥ log
1

2.4δ
, ζ ≥

∑d
i=2(tei + t−ei)∑

z∈Z tz
(F.2.4)

is at least d
200∆2 , then the optimal value to (F.2.3) is also at least d

200∆2 , so our assumption
that

∑
z∈Z tz ≥ d

200∆2 will be justified.
For z ̸= z⋆, let θz(ϵ, t) denote the instance

θ⋆ −
(y⊤
z θ⋆ + 2ϵ)Ã(t)−1yz

y⊤
z Ã(t)−1yz

for yz = z⋆−z, Ã(t) =
∑
z∈Z

tz∑
z′∈Z tz′

zz⊤+diag([ξ2, γ2/d, . . . , γ2/d]). Note that y⊤
z θz(ϵ, t) =

−2ϵ < 0. Since ϵ < ∆/2 by assumption, any ϵ-optimal distribution ω for θ⋆ must place
mass strictly more than 1/2 on z⋆. Since y⊤

z θz(ϵ, t) = −2ϵ, any ϵ-optimal distribution on
θz(ϵ, t) must place mass less than or equal to 1/2 on z⋆. Thus, it follows that the ϵ-optimal
distributions on θ⋆ and θz(ϵ, t) are disjoint. Furthermore, we have:

Claim 7. For all z ∈ {x2, . . . ,xd} and t, assuming that ϵ < ∆ and ξ and ∆ are chosen
as in Lemma F.2.2, we can bound ∥θz(ϵ, t)∥2 ≤ 11. Furthermore, for any v ∈ Z, we have
|⟨θz(ϵ, t),v⟩| ≤ 1/4.

Since we have chosen Θlb = {θ ∈ Rd : ∥θ∥2 ≤ 1
4
(
√
d− 2), |⟨θ, z⟩| ≤ 1/2,∀z ∈ Z} and

assumed d ≥ 2116, we have that θz(ϵ, t) ∈ Θlb, so θz(ϵ, t) ∈ Θalt. We can also bound:

Claim 8. For all z,v ∈ Z and t,

KL(νθ⋆,v||νθz(ϵ,t),v) ≤ 16(y⊤
z θ⋆ + ϵ)2

y⊤
z Ã(t)−1vv⊤Ã(t)−1yz

(y⊤
z Ã(t)−1yz)2

.

This implies that, for any t,

∑
v∈Z

tvKL(νθ⋆,v||νθz(ϵ,t),v) ≤ 16
∑
v∈Z

tv(y
⊤
z θ⋆ + ϵ)2

y⊤
z Ã(t)−1vv⊤Ã(t)−1yz

(y⊤
z Ã(t)−1yz)2

= 16
∑
v∈Z

tv · (y⊤
z θ⋆ + ϵ)2

y⊤
z Ã(t)−1(

∑
v∈Z

tv∑
v′∈Z tv′

vv⊤)Ã(t)−1yz

(y⊤
z Ã(t)−1yz)2
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≤ 16
∑
v∈Z

tv · (y⊤
z θ⋆ + ϵ)2

y⊤
z Ã(t)−1Ã(t)Ã(t)−1yz

(y⊤
z Ã(t)−1yz)2

=
∑
v∈Z

tv ·
16(y⊤

z θ⋆ + ϵ)2

∥yz∥2Ã(t)−1

Thus:

(F.2.4) ≥ min
∑
v∈Z

tv s.t. min
z∈{x1,...,xd}

∑
v∈Z

tvKL(νθ⋆,v||νθz(ϵ,t),v) ≥ log
1

2.4δ
, ζ ≥

∑d
i=2(tei + t−ei)∑

v∈Z tv

≥ min
∑
v∈Z

tv s.t.
∑
v∈Z

tv ≥ max
z∈{x1,...,xd}

∥yz∥2Ã(t)−1

16(y⊤
z θ⋆ + ϵ)2

· log 1

2.4δ
, ζ ≥

∑d
i=2(tei + t−ei)∑

v∈Z tv

= inf
λ∈△̃

max
z∈{x1,...,xd}

∥yz∥2Ã(λ)−1

16(y⊤
z θ⋆ + ϵ)2

· log 1

2.4δ

where Ã(λ) =
∑
z∈Z λzzz

⊤ and △̃ = {λ ∈ △Z : ζ ≥
∑d

i=2(λei + λ−ei)}. We can further
lower bound this by

≥ inf
λ∈△̃

max
i≥2

∥z⋆ − xi∥2Ã(λ)−1

16((z⋆ − xi)⊤θ⋆ + ϵ)2
· log 1

2.4δ

= inf
λ∈△̃

max
i≥2

∥∆e1 − γei∥2Ã(λ)−1

16(∆ + ϵ)2
· log 1

2.4δ
.

By Lemma F.2.3, we have

inf
λ∈△̃

max
i≥2
∥∆e1 − γei∥2Ã(λ)−1

≥ inf
λ∈△d

max
i≥2

(∆e1 − γei)
⊤
(
2ξ2e1e

⊤
1 + 2max{ζ, γ2}λieie⊤i + diag([ξ2, γ2/d, . . . , γ2/d])

)−1

(∆e1 − γei)

≥ ∆2

3ξ2
+ inf

λ∈△d

max
i≥2

1

2λi + 1/d

where in the final equality we have used that ζ ≤ γ2. However, this is clearly minimized by
choosing λi = 1/(d− 1), which gives a lower bound of

1

2/(d− 1) + 1/d
≥ d− 1

3
.

Putting all of this together, we have shown that any feasibly solution (tz)z∈Z to (F.2.3) must
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satisfy ∑
z∈Z

tz ≥
d− 1

48(∆ + ϵ)2
· log 1

2.4δ
≥ d

200∆2
· log 1

2.4δ

where the second inequality uses that ϵ ≤ ∆ and d ≥ 2116. Using that any feasible solution
to (F.2.3) lower bounds

∑
z∈Z E[T (z)] and noting that our lower bound has justified our

assumption that
∑
z∈Z tz ≥ d/200∆2, gives the result.

Lemma F.2.2. Take some ∆ > 0 satisfying:

∆ ≤ min

{
1

10000d4
,

√
1

4 · 10816C2
,

1√
200

(
1

10816dαC1

) 1
2(1−α)

}

and set

ξ =
1

52d
, γ =

1

52
√
d
.

Then this choice of ξ, γ, δ satisfies (F.2.1) and, furthermore, ∥z∥2 ≤ 1 for all z ∈ Z.

Proof. We first fix ξ = 1
52d

. To satisfy (F.2.1), it then suffices to choose γ and ∆ satisfying

γ√
d
≤ 1

52d
,
√
∆ ≤ 1

52d
,

C1
52d(d/200∆2)1−α

+
4C2∆2

d2
≤ γ2, ∆ ≤ γ2.

Thus, if

∆ ≤ 1

10000d4
, ∆ ≤

√
1

4 · 10816C2
, ∆ ≤ 1√

200

(
1

10816dαC1

) 1
2(1−α)

,

some algebra shows that it suffices that we take γ = 1
52

√
d
. The norm bound follows by our

choice of ξ and since ξ ≥ γ/
√
d ≥
√
∆.

F.2.1.1 Additional Proofs

Proof of Claim 7. We first show that |⟨θz(ϵ, t),v⟩| ≤ 1/4 for all z ∈ {x2, . . . , xd} and v ∈ Z.
Let △̃ = {λ ∈ △Z : ζ ≥

∑d
i=2(λei + λ−ei)}. By Lemma F.2.3,

y⊤
z Ã(t)−1yz ≥ inf

λ∈△̃
y⊤
z

(
2
∑
z′∈Z

λz′diag([(z
′)2]) + diag([ξ2, γ2/d, . . . , γ2/d])

)−1

yz

≥ y⊤
z

(
2ξ2e1e

⊤
1 + 2max{ζ, γ2}eie⊤i + diag([ξ2, γ2/d, . . . , γ2/d])

)−1

yz
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≥ ∆2 3

ξ2
+

γ2

2max{ζ, γ2}+ γ2/d

≥ 1

3

where the last inequality follows from our assumption that ζ ≤ γ2. We can also upper bound

v⊤Ã(t)−1yz ≤ v⊤diag([ξ2, γ2/d, . . . , γ2/d])−1yz ≤
∆

ξ2
+

dγ

γ2
≤ 2d

γ
.

This gives an upper bound of

|⟨θz(ϵ, t),v⟩| ≤ ξ + (∆ + ϵ)
6d

γ
≤ ξ +

12d∆√
∆
≤ 13dξ.

By our assumption that ξ ≤ 1
52d

, it follows that |⟨θz(ϵ, t),v⟩| ≤ 1/4 for all v ∈ Z.
To prove the norm bound on θz(ϵ, t), consider v = ei, i ̸= 1. Similar to the above

calculation, we have

|⟨θz(ϵ, t),v⟩| = |[θz(ϵ, t)]i| ≤ (∆ + ϵ) · 6d
γ
≤ 12d

√
∆

where the last inequality follows by taking ϵ < ∆, and using that by assumption γ ≥
√
∆.

Now letting v = ξe1 ∈ Z, we have

|⟨θz(ϵ, t),v⟩| = ξ|[θz(ϵ, t)]1| ≤ ξ + 12d
√
∆.

Thus, it follows that

∥θz(ϵ, t)∥2 =

√√√√ 2∑
i=1

[θz(ϵ, t)]2i

≤
√
2 + 288d2∆/ξ2 + 144d3∆)

≤
√
2 +

d

ξ

√
288∆ + d3/2

√
144∆.

Now, if ξ and ∆ are chosen as in Lemma F.2.2, we have

∥θz(ϵ, t)∥2 ≤
√
2 + 52d2

√
288∆ + d3/2

√
144∆

≤
√
2 + 52

√
288/10000 +

√
144/10000

≤ 11.
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Proof of Claim 8. By Lemma 2.7 of Tsybakov [2009], as long as ⟨θz(ϵ, t),v⟩+1/2 ∈ (0, 1) and
⟨θ⋆,v⟩+1/2 ∈ (0, 1), which will be the case by the definition of θ⋆ and since |⟨θz(ϵ, t),v⟩| ≤ 1/4
as noted above, we have

KL(νθ⋆,v||νθz(ϵ,t),v) ≤
⟨θz(ϵ, t)− θ⋆,v⟩2

(⟨θz(ϵ, t),v⟩+ 1/2)(1/2− ⟨θz(ϵ, t),v⟩)
.

Using what we have just shown, we can upper bound this as

⟨θz(ϵ, t)− θ⋆,v⟩2

(⟨θz(ϵ, t),v⟩+ 1/2)(1/2− ⟨θz(ϵ, t),v⟩)
≤ ⟨θz(ϵ, t)− θ⋆,v⟩2

(−1/4 + 1/2)(1/2− 1/4)

= 16⟨θz(ϵ, t)− θ⋆,v⟩2.

By our choice of θz(ϵ, t), this is equal to:

16(y⊤
z θ⋆ + ϵ)2

y⊤
z Ã(t)−1vv⊤Ã(t)−1yz

(y⊤
z Ã(t)−1yz)2

which completes the proof.

Lemma F.2.3. ∑
z∈Z

λzzz
⊤ ⪯ 2

∑
z∈Z

λzdiag(z
2).

Proof. This follows since every z ∈ Z has at most two non-zero entries, and since (ax +
by)(ax+ by)⊤ ⪯ 2a2xx⊤ + 2b2yy⊤.

F.2.2 Mapping to Linear MDPs

We can map this linear bandit (with parameters chose as in Lemma F.2.2) to a linear MDP
with state space S = {s0, s1, s̄2, . . . , s̄d+1}, action space A = Z ∪ {ed+1/2}, parameters

θ1 = 0, θ2 = e1

µ1(s1) = [2θ, 1], µ1(s̄i) =
1

d
[−2θ, 1],

for some θ (in particular, we are interested in θ = θ⋆), and feature vectors

ϕ(s0, ed+1) = ed+1/2, ϕ(s0, z) = [z/2, 1/2], ∀z ∈ Z
ϕ(s1, z) = e1, ϕ(s̄i, z) = ei, i ≥ 2, ∀z ∈ A.
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Note that, if we take action z in state s0, our expected episode reward is

P1(s1|s0, z) · 1 +
d+1∑
i=2

P1(s̄i|s0, z) · 0 = ⟨θ, z⟩+ 1/2

since we always acquire a reward of 1 in any state s1, and a reward of 0 in any state s̄i, and
the reward distribution is Bernoulli.
Lemma F.2.4. For any θ ∈ Θlb, the MDP constructed above is a valid linear MDP as
defined in Definition 8.1.1.

Proof. For z ∈ Z we have,

P1(s1|s0, z) = ⟨ϕ(s0, z),µ1(s1)⟩ = ⟨θ, z⟩+ 1/2 ≥ 0

P1(s̄i|s0, z) = ⟨ϕ(s0, z),µ1(s̄i)⟩ =
1

d
(−⟨θ, z⟩+ 1/2) ≥ 0

where the inequality follows since |⟨θ, z⟩| ≤ 1/2 for all z ∈ Z by the definition of Θlb. In
addition,

P1(s1|s0, z) +
d+1∑
i=2

P1(s̄i|s0, z) = ⟨θ, z⟩+ 1/2 + d · 1
d
(−⟨θ, z⟩+ 1/2) = 1

Thus, P1(·|s0, z) is a valid probability distribution for z ∈ Z. A similar calculation shows the
same for z = ed+1/2.

It remains to check the normalization bounds. Clearly, by our construction of Z,
∥ϕ(s, a)∥2 ≤ 1 for all s and a. It is also obvious that ∥θ0∥2 ≤

√
d and ∥θ1∥2 ≤

√
d. Finally,

∥|µ1(S)|∥2 =

∥∥∥∥∥∥
∑
s∈S\s0

|µ1(s)|

∥∥∥∥∥∥
2

= ∥[2θ, 1] + d · 1
d
[2θ, 1]∥2 ≤ 4∥θ∥2 + 2 ≤

√
d

where the last inequality follows from the definition of Θlb. Thus, all normalization bounds
are met, so this is a valid linear MDP.

Proof of Proposition 8.1. If we assume that the learner has prior access to the feature vectors,
and also knows this is a linear MDP, then, even with no knowledge of the dynamics, we can
guarantee an optimal policy is contained in the set of policies πz,z

′ defined as:

πz,z
′

1 (s0) = z, π
z,z′

2 (s0) = z
′, πz,z

′

h (s1) = ξe1, π
z,z′

h (s̄i) = ξe1

This holds because in states s1 and s̄i, the performance of each action is identical since the
feature vectors are identical, so it doesn’t matter which action we choose in these states. In
this case, we can bound |Π| ≤ |Z|2 ≤ 4d2.
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Now, for z ∈ A, z ̸= ed+1/2, we have

ϕπz,z′ ,1 = [z/2, 1/2]

ϕπz,z′ ,2 = (⟨θ⋆, z⟩+ 1/2)e1 +
1

d
(−⟨θ⋆, z⟩+ 1/2)

∑
i≥2

ei

and if z = ed+1/2, ϕπz,z′ ,1 = ed+1/2, ϕπz,z′ ,2 = e1/2 +
1
2d

∑
i≥2 ei. Let πexp be the policy that

plays action e2 in state s0 at step h = 1. Then,

Λπexp,2 =
1

2
e1e1 +

1

2d

∑
i≥3

eie
⊤
i .

Since ⟨θ⋆, z⟩ ≤ O(1/d) and [z]1 ≤ O(1/d) for all z by construction, it follows that we can
bound, for all z, z′,

∥ϕπz,z′ ,2∥2Λ−1
πexp,2

= O

(
1 +

∑
i≥2

1

d2
· d

)
= O(1)

so

inf
πexp

max
π∈Π

∥ϕπ,2∥2Σ−1
πexp,2

max{V ⋆
0 − V π

0 ,∆
Π
min, ϵ}2

≤ O(1/ϵ2).

Now let πexp be the policy that, at step h = 1, plays ξe1 with probability 1/4, ed+1 with
probability 1/4, and plays ei with probability 1

4(d−1)
for i ≥ {2, . . . , d}. In this setting, we

have

Λπexp,1 =
1

4
ξ2e1e

⊤
1 +

1

4
ed+1ed+1 +

1

4(d− 1)

∑
i∈{2,...,d}

eie
⊤
i .

Note that V ⋆
0 − V πz,z

′

0 = ξ − ⟨θ⋆, z⟩, so for z = e2, . . . , ed+1, we have V ⋆
0 − V πz,z

′

0 = ξ =

O(1/d), while for z = ξe1,x2, . . . ,xd, we have V ⋆
0 − V πz,z

′

0 = ∆.
It’s easy to see that for z = e2, . . . , ed+1, we have ∥ϕπz,z′ ,1∥Λ−1

πexp,1
≤ O(d), and for

z = ξe1,x2, . . . ,xd, ∥ϕπz,z′ ,1∥Λ−1
πexp,1

≤ O(1 + dγ2) = O(1). Combining these bounds with the
gap values, we conclude that

inf
πexp

max
π∈Π

∥ϕπ,1∥2Σ−1
πexp,1

max{V ⋆
0 − V π

0 ,∆
Π
min, ϵ}2

≤ O(1/ϵ2 + poly(d)).

The result then follows by Lemma 8.3.8 and Lemma F.2.4.
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Lower bounding the performance of low-regret algorithms. Assume that we have
access to the linear bandit instance constructed in Appendix F.2.1 with parameters chosen as
in Lemma F.2.2. That is, at every timestep t we can choose an arm zt ∈ Z and obtain and
observe reward yt ∼ Bernoulli(⟨θ⋆, zt⟩+ 1/2). Using the mapping up, we can use this bandit
to simulate a linear MDP as follows:

1. Start in state s0 and choose any action zt ∈ A

2. Play action zt in our linear bandit. If reward obtained is yt = 1, then in MDP transition
to any of the states s1. If reward obtained is yt = 0 transition to any of the states
s̄2, . . . , s̄d+1, each with probability 1/d. If the chosen action was zt = ed+1/2, then play
any action in the linear bandit and transition to state s1 with probability 1/2 and
s̄2, . . . , s̄d+1 with probability 1/2d, regardless of yt

3. Take any action in the state in which you end up, and receive reward of 1 if you are in
s1, and reward of 0 if you are in s̄2, . . . , s̄d+1.

Note that this MDP has precisely the transition and reward structure as the MDP constructed
above.

Lemma F.2.5. Any algorithm that is (ϵ, δ)-PAC for linear MDPs satisfying Definition 8.1.1
is also (ϵ, δ)-PAC for linear bandits constructed as above, for any θ ∈ Θlb.

Proof. Consider some policy π that is ϵ-optimal on the linear MDP constructed as above.
Note that, for all θ, we have maxz∈Z⟨z,θ⟩ ≥ 0, so that the optimal action in the linear MDP
is never ed+1/2. If π is ϵ-optimal in the linear MDP, this then implies that∑

z∈Z

π1(z|s0)(⟨z,θ⟩+ 1/2) + π1(ed+1/2|s0)/2 ≥ max
z∈Z
⟨z,θ⟩+ 1/2− ϵ

=⇒ ⟨
∑
z∈Z

π1(z|s0)z,θ⟩ ≥ max
z∈Z
⟨z,θ⟩ − ϵ.

Thus, it follows that the distribution π1(z|s0) is ϵ-optimal for the linear bandit with parameter
θ, implying that any policy ϵ-optimal on the linear MDP constructed above can be used to
identify an ϵ-optimal solution to the linear bandit.

By Lemma F.2.4, for any θ ∈ Θlb, the linear MDP constructed above with parameter θ
is a linear MDP satisfying Definition 8.1.1. Thus, it follows that any algorithm (ϵ, δ)-PAC on
linear MDPs satisfying Definition 8.1.1 must also be (ϵ, δ)-PAC on our linear bandit.

Proof of Proposition 8.2. By Lemma F.2.5, we know that any algorithm which is (ϵ, δ)-PAC
for linear MDPs satisfying Definition 8.1.1 is also (ϵ, δ)-PAC on the set of linear bandit
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instances with arm set Z as constructed above, and parameter in Θlb. As the lower bound
given in Lemma F.2.1 applies to any algorithm that is (ϵ, δ)-PAC on linear bandits with
parameters in Θlb, it follows that it also applies to a (ϵ, δ)-PAC linear MDP algorithm, which
proves the result.

F.3 Deferred Proofs from Section 8.3

Lemma F.3.1. With probability at least 1− δ:

∥ϕ̂π,h − ϕπ,h∥2 ≤ d

h−1∑
h′=1

(
2

√
log

2Hd

δ
+

log 2Hd
δ√

λmin(Λh′)
+
√
dλ

)
· ∥ϕ̂π,h′∥Λ−1

h′
.

Proof. We have:

∥ϕ̂π,h − ϕπ,h∥2 ≤ ∥ϕ̂π,h − ϕπ,h∥1 =
d∑
i=1

|[ϕ̂π,h]i − [ϕπ,h]i| =
d∑
i=1

|⟨ei, ϕ̂π,h − ϕπ,h⟩|.

Since ei ∈ Sd−1, we can apply Lemma 8.3.2 to bound, with probability 1− δ/d,

|⟨ei, ϕ̂π,h − ϕπ,h⟩| ≤
h−1∑
h′=1

(
2

√
log

2Hd

δ
+

log 2Hd
δ√

λmin(Λh′)
+
√
dλ

)
· ∥ϕ̂π,h′∥Λ−1

h′
.

Summing over i gives the result.

Lemma F.3.2. Assume we have collected data {ϕ(sh,τ , ah,τ ), Rh(sh,τ , ah,τ )}Kτ=1 and that for
each τ ′, Rh(sh,τ ′ , ah,τ ′)|(sh,τ ′ , ah,τ ′) is independent of {(sh,τ , ah,τ )}τ ̸=τ ′. Let

θ̂h = argmin
θ

K∑
τ=1

(Rh,τ − ⟨ϕh,τ ,θ⟩)2 + λ∥θ∥22

and fix u ∈ Rd that is independent of {ϕ(sh,τ , ah,τ ), Rh(sh,τ , ah,τ )}Kτ=1. Then with probability
at least 1− δ:

|⟨u, θ̂h − θh⟩| ≤

(√
log 2/δ +

log 2/δ√
λmin(Λh)

+
√
dλ

)
· ∥u∥Λ−1

h
.

Proof. Let D = {(sh,τ , ah,τ )}Kτ=1. Then by our assumption on the independence of Rh,τ , we
have that Rh,τ |(sh,τ , ah,τ ) has the same distribution as rh,τ |D. Conditioning on D, the ϕh,τ
vectors are fixed, so Λh is also fixed.
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By construction we have

θ̂h = Λ−1
h

K∑
τ=1

ϕh,τRh,τ .

Furthermore:

θh = Λ−1
h Λhθh = Λ−1

h

K∑
τ=1

ϕh,τE[Rh,τ |Fh−1,τ ] + λΛ−1
h θh.

Thus,

|⟨u, θ̂h − θh⟩| ≤

∣∣∣∣∣
K∑
τ=1

u⊤Λ−1
h ϕh,τ (Rh,τ − E[Rh,τ |Fh−1,τ ])

∣∣∣∣∣︸ ︷︷ ︸
(a)

+
∣∣λu⊤Λ−1

h θh
∣∣︸ ︷︷ ︸

(b)

.

Since Rh,τ ∈ [0, 1] almost surely, we can bound

|u⊤Λ−1
h ϕh,τ (Rh,τ − E[Rh,τ |Fh−1,τ ])| ≤ ∥u∥Λ−1

h
∥ϕh,τ∥Λ−1

h
≤ ∥u∥Λ−1

h
/
√

λmin(Λh).

Furthermore, we can bound

Var
[
u⊤Λ−1

h ϕh,τ (Rh,τ − E[Rh,τ |Fh−1,τ ])|D
]

= E
[
(u⊤Λ−1

h ϕh,τ (Rh,τ − E[Rh,τ |Fh−1,τ ]))
2|D
]

≤ u⊤Λ−1
h ϕh,τϕ

⊤
h,τΛ

−1
h u.

By Bernstein’s inequality, we then have, with probability at least 1− δ conditioned on D:

(a) ≤

√√√√ K∑
τ=1

u⊤Λ−1
h ϕh,τϕ

⊤
h,τΛ

−1
h u · log 2/δ +

∥u∥Λ−1
h
· log 2/δ√

λmin(Λh)

≤ (
√
log 2/δ +

log 2/δ√
λmin(Λh)

) · ∥u∥Λ−1
h
.

Applying the Law of Total Probability as in Lemma 8.3.1, we obtain

P

[
(a) ≥ (

√
log 2/δ +

log 2/δ√
λmin(Λh)

) · ∥u∥Λ−1
h

]
≤ δ.
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By Definition 8.1.1, we can also bound

(b) ≤
√
λ∥u∥Λ−1

h
∥θh∥2 ≤

√
dλ∥u∥Λ−1

h
.

Combining these proves the result.

Proof of Corollary 8.2. By Lemma F.1.9, we can choose Πϵ to be the restricted-action linear
softmax policy set constructed in Lemma F.1.9. Lemma F.1.9 shows that Πϵ will contain an
ϵ-optimal policy for any MDP and reward function, and that

|Πϵ| ≤
(
1 +

480H4d5/2 log(1 + 120Hd/ϵ)

ϵ2

)dH
.

Combining this with the guarantee of Theorem 8.1 shows that V π̂
0 ≥ V ⋆

0 − 2ϵ and that
V ⋆
0 (Π)− V π

0 is within a factor of ϵ of V ⋆
0 − V π

0 . To bound the complexity of this procedure,
we apply the bound given in Theorem 8.1 with the bound on the cardinality of Πϵ given
above.

F.3.1 Interpreting the Complexity

Lemma F.3.3. For any set of policies Π, we can bound

inf
Λ∈Ωh

sup
π∈Π
∥ϕπ,h∥2Λ−1 ≤ d.

Proof. By Jensen’s inequality, for any v ∈ Rd, we have

v⊤Λπ,hv = Eπ[(v⊤ϕh)2] ≥ (Eπ[v⊤ϕh])2 = (v⊤ϕπ,h)
2.

It follows that, for any π,

Λπ,h ⪰ ϕπ,hϕ⊤
π,h.

Take Λ ∈ Ωh. Then,

Λ = Eπ∼ω[Λπ,h] ⪰ Eπ∼ω[ϕπ,hϕ⊤
π,h].

It follows that we can upper bound

inf
Λ∈Ωh

sup
π∈Π
∥ϕπ,h∥2Λ−1 ≤ inf

λ∈△Π

sup
π∈Π
∥ϕπ,h∥2A(λ)−1

where A(λ) =
∑

π λπϕπ,hϕ
⊤
π,h. By Kiefer-Wolfowitz [Lattimore and Szepesvári, 2020], this is

upper bounded by d.

Proof of Corollary 8.3. This follows directly from Lemma F.3.3 and Corollary 8.2, by upper
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bounding:

inf
Λ∈Ωh

max
π∈Πϵ

∥ϕπ,h∥2Λ−1

max{V ⋆
0 − V π

0 , ϵ}2
≤ inf

Λ∈Ωh

max
π∈Πϵ

∥ϕπ,h∥2Λ−1

ϵ2
≤ d

ϵ2
.

F.3.1.1 Tabular MDPs

Proof of Proposition 8.3. We begin with an example where Pedel has complexity smaller
than the Gap-Visitation Complexity, and then turn to an example where the reverse is true.

Pedel Improves on Gap-Visitation Complexity. Consider the tabular MDP with
|S| = |A| = N , and where

Ph(s1|s1, a1) = 1, νh(s1, a1) = 1, ∀h ∈ [H]

Ph(s1|s1, aj) = 0, νh(s1, aj) = 0,∀h ∈ [H], j ̸= 1

Ph(s1|si, aj) = 0,∀h ∈ [H], j ∈ [N ], i ̸= 1

Ph(si|sj, ai) = 1,∀h ∈ [H], j ∈ [N ], i ̸= 1

Rh(si, a1) = ϵ,∀h ∈ [H], i ̸= 1, Rh(si, aj) = 0,∀h ∈ [H], j ̸= 1, i ̸= 1.

In this MDP, the optimal policy simply plays action a1 H times and is always in state s1.
The total reward it collects is H.

Note that, since the MDP is deterministic, we can choose Π as in Corollary 8.4, to be
simply the set of policies which play a deterministic sequences of actions. It follows that any
policy in Π that does not play a1 H consecutive times has optimality gap of at least 1− ϵ. In
this case, then, we have ∆min(Π) = 1− ϵ.

By Theorem 8.1, we can therefore upper bound the complexity of the leading-order term
by Õ(poly(S,A,H, log 1/δ)), so Pedel will identify the optimal policy (since Π contains an
optimal policy). Thus, the total complexity of Pedel is O(poly(S,A,H, log 1/δ)).

On this example, in every state si, i ̸= 1, action a1 still collects a reward of ϵ. Thus, we
have that ∆h(si, aj) = ϵ for j ̸= 1. The Gap-Visitation complexity is given by

H∑
h=1

inf
π
max
s,a

min

{
1

wπ
h(s, a)∆h(s, a)2

,
Wh(s)

2

ϵ2

}
.

Since Wh(s) = 1 for each s, we conclude that

H∑
h=1

inf
π
max
s,a

min

{
1

wπ
h(s, a)∆h(s, a)2

,
Wh(s)

2

ϵ2

}
≥

H∑
h=1

1

ϵ2
.
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Thus, for small ϵ, the Gap-Visitation complexity can be arbitrarily worse than the complexity
of Pedel.

The Gap-Visitation Complexity Improves on Pedel. To show that the Gap-Visitation
Complexity improves on the complexity of Pedel, we consider the example in Instance
Class 7.3.1. As shown in Proposition 7.5 on this example, for any ϵ, the Gap-Visitation
Complexity is Õ(poly(S)).

To bound the complexity of Pedel on this example, we consider the complexity given
in Lemma 8.3.8 with Π the set of all deterministic policies. Take ϵ ≥ 2−S. Then, on this
example, it follows that ∆min(Π) ≤ O(ϵ), since we can find a policy π which is optimal
on every state si at step h = 2 for i = O(log 1/ϵ), which will give it a policy gap of O(ϵ).
Furthermore, any near-optimal policy will have [ϕπ,2]s1,a1 = wπ

2 (s1, a1) = O(1), so we always
have infΛ∈Ω2 maxπ∈Π(4ϵℓ) ∥ϕπ,h∥2Λ−1 ≥ Ω(1). It follows that the complexity of Pedel is lower
bounded by Ω(1/ϵ2).

F.3.1.2 Deterministic, Tabular MDPs

Lemma F.3.4. In the deterministic MDP setting,

inf
Λ∈Ωh

max
π∈Π

∥ϕπ,h∥2Λ−1

(V ⋆
0 − V π

0 )
2 ∨ ϵ2

≤
∑
s,a

1

∆̄h(s, a)2 ∨ ϵ2
.

Proof. Note that [ϕπ,h]sπh ,aπh = 1, and otherwise, for (s, a) ̸= (sπh, a
π
h), [ϕπ,h]s,a = 0. Fur-

thermore, Λπexp,h will always be diagonal, with diagonal elements wπ
h(s, a). We then have

∥ϕπ,h∥2Λ−1
πexp,h

= 1
w

πexp
h (sπh ,a

π
h)

, so

inf
Λ∈Ωh

max
π∈Π

∥ϕπ,h∥2Λ−1

(V ⋆
0 − V π

0 )
2 ∨ ϵ2

≤ inf
πexp

max
π∈Π

∥ϕπ,h∥2Λ−1
πexp,h

(V ⋆
0 − V π

0 )
2 ∨ ϵ2

= inf
πexp

max
π∈Π

w
πexp
h (sπh, a

π
h)

−1

(V ⋆
0 − V π

0 )
2 ∨ ϵ2

(a)
= inf

πexp
max
s,a

max
π∈Πsah

w
πexp
h (sπh, a

π
h)

−1

(V ⋆
0 − V π

0 )
2 ∨ ϵ2

(b)
= inf

πexp
max
s,a

max
π∈Πsah

w
πexp
h (s, a)−1

(V ⋆
0 − V π

0 )
2 ∨ ϵ2

= inf
πexp

max
s,a

w
πexp
h (s, a)−1

(V ⋆
0 −maxπ∈Πsah

V π
0 )

2 ∨ ϵ2

(c)
= inf

πexp
max
s,a

w
πexp
h (s, a)−1

∆̄h(s, a)2 ∨ ϵ2
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where (a) follows since Π = ∪s,aΠsah, (b) follows since by definition, for any π ∈ Πsah,
(sπh, a

π
h) = (s, a), and (c) follows by the definition of ∆̄h(s, a).
Let πsa denote any policy such that (sπh, a

π
h) = (s, a). Set

λπsa =
max{∆̄h(s, a), ϵ}−2∑

s′,a′ max{∆̄h(s′, a′), ϵ}−2
.

Note that this is a valid distribution. Let πexp =
∑

s,a λπsaπsa, then w
πexp
h (s, a) = λπsa , so

inf
πexp

max
s,a

w
πexp
h (s, a)−1

∆̄h(s, a)2 ∨ ϵ2
≤ max

s,a

λ−1
πsa

∆̄h(s, a)2 ∨ ϵ2

≤
∑
s,a

1

∆̄h(s, a)2 ∨ ϵ2

which proves the result.

Proof of Corollary 8.4. As in tabular MDPs, we can set Π to correspond to the set of all
deterministic policies. However, since our MDP is also deterministic, at any given h, we only
need to specify πh(s) for a single s—the state we will end up in at step h with probability 1.
Thus, we can take Π to be a set of cardinality |Π| = AH . The result then follows directly
from Lemma F.3.4 and Theorem 8.1.

F.4 Deferred Proofs from Section 8.4

Throughout this section, we will denote γΦ := maxϕ∈Φ ∥ϕ∥2 and let f(Λ) := X̃Yopt(Λ).

F.4.1 Approximating Non-Smooth Optimal Design with Smooth Optimal
Design

Lemma F.4.1.

|XYopt(Λ)− X̃Yopt(Λ)| ≤ log |Φ|
η

, XYopt(Λ) ≤ X̃Yopt(Λ).

Proof. This result is standard but we include the proof for completeness. We prove it for
some generic sequence (ai)

n
i=1. Take η > 0. Clearly,

exp(max
i

ηai) ≤
n∑
i=1

exp(ηai) ≤ n exp(max
i

ηai)
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so

max
i

ηai ≤ log

(
n∑
i=1

exp(ηai)

)
≤ log n+max

i
ηai.

The result follows by rearranging and dividing by η.

Lemma F.4.2. If η ≥ η̃ ≥ 0, then X̃Yopt(Λ; η) ≤ X̃Yopt(Λ; η̃).

Proof. We will prove this for some generic sequence (ai)
n
i=1, ai ≥ 0. Note that,

d

dη

1

η
log

(∑
i

eηai

)
= − 1

η2
log

(∑
i

eηai

)
+

1

η

1∑
i e
ηai
·
∑
i

aie
ηai .

We are done if we can show this is non-positive. Note that,

log

(∑
i

eηai

)
≥ max

i
log (eηai) = max

i
ηai

so

− 1

η2
log

(∑
i

eηai

)
+

1

η

1∑
i e
ηai
·
∑
i

aie
ηai ≤ −1

η
max
i

ai +
1

η

1∑
i e
ηai
·
∑
i

aie
ηai

≤ −1

η
max
i

ai +
1

η
max
i

ai

= 0.

The result follows since X̃Yopt has this form.

Lemma F.4.3. We have,

inf
Λ⪰0,∥Λ∥op≤1

XYopt(Λ) ≥ γΦ
1 + ∥Λ0∥op

.

Proof. Note that ∥A(Λ)∥op ≤ 1 + ∥Λ0∥op, so

inf
Λ⪰0,∥Λ∥op≤1

max
ϕ∈Φ
∥ϕ∥2A(Λ)−1 ≥ inf

Λ⪰0,∥Λ∥op≤1+∥Λ0∥op
∥ϕ∥2A(Λ)−1 ≥

maxϕ∈Φ ∥ϕ∥2
1 + ∥Λ0∥op

.

Lemma F.4.4. Assume that we set η ≥ 2
γΦ
(1 + ∥Λ0∥op) · log |Φ|. Then

min
Λ∈Ω

X̃Yopt(Λ)) ≤ 2 ·min
Λ∈Ω

max
ϕ∈Φ
∥ϕ∥2A(Λ)−1 .
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Proof. Denote f(Λ)← LogSumExp
(
{eη∥ϕ∥

2
A(Λ)−1}ϕ∈Φ; η

)
. By Lemma F.4.1 and Lemma F.4.3,

we have

|max
ϕ∈Φ
∥ϕ∥2A(Λ)−1 − f(Λ)| ≤ log |Φ|

η
≤ γΦ

2(1 + ∥Λ0∥op)
≤ min

Λ⪰0,∥Λ∥op≤1

1

2
f(Λ)

=⇒ f(Λ) ≤ 2max
ϕ∈Φ
∥ϕ∥2A(Λ)−1 .

The result follows.

F.4.2 Bounding the Smoothness

Lemma F.4.5. f(Λ) = X̃Yopt(Λ) satisfies all conditions of Algorithm 8.2 with

β = 2∥Λ−1
0 ∥3op(1 + η∥Λ−1

0 ∥op), M = ∥Λ−1
0 ∥2op

∇Λf(Λ) =

(∑
ϕ∈Φ

e
η∥ϕ∥2

A(Λ)−1

)−1

·
∑
ϕ∈Φ

e
η∥ϕ∥2

A(Λ)−1A(Λ)−1ϕϕ⊤A(Λ)−1 =: ΞΛ.

Proof. Using Lemma F.4.6, the gradient of f(Λ) with respect to Λij is

∇Λij
f(Λ) = −

(∑
ϕ∈Φ

e
η∥ϕ∥2

A(Λ)−1

)−1

·
∑
ϕ∈Φ

e
η∥ϕ∥2

A(Λ)−1ϕ⊤A(Λ)−1eie
⊤
j A(Λ)−1ϕ

from which the expression for ∇Λf(Λ) follows directly.
To bound M , we see that

sup
Λ,Λ̃⪰0,∥Λ∥op≤1,∥Λ̃∥op≤1

|tr(∇f(Λ)⊤Λ̃)| ≤

(∑
ϕ∈Φ

e
η∥ϕ∥2

A(Λ)−1

)−1

·
∑
ϕ∈Φ

e
η∥ϕ∥2

A(Λ)−1∥A(Λ)−1∥2op∥Λ̃∥op

≤ ∥Λ−1
0 ∥2op

where the last inequality follows since A(Λ) ⪰ Λ0 for all Λ.
To bound the smoothness, again by the Mean Value Theorem it suffices to bound the

operator norm of the Hessian. Standard calculus gives that, using ∇2f(Λ)[Λ̃, Λ̄] to denote
the Hessian of f in direction (Λ̃, Λ̄):

∇2f(Λ)[Λ̃, Λ̄] = − d

dt

(∑
ϕ∈Φ

e
η∥ϕ∥2

A(Λ+tΛ̄)−1

)−1

·
∑
ϕ∈Φ

e
η∥ϕ∥2

A(Λ+tΛ̄)−1ϕ⊤A(Λ+ tΛ̄)−1Λ̃A(Λ+ tΛ̄)−1ϕ
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= −η

(∑
ϕ∈Φ

e
η∥ϕ∥2

A(Λ)−1

)−2(∑
ϕ∈Φ

e
η∥ϕ∥2

A(Λ)−1ϕ⊤A(Λ)−1Λ̄A(Λ)−1ϕ

)

·

(∑
ϕ∈Φ

e
η∥ϕ∥2

A(Λ)−1ϕ⊤A(Λ)−1Λ̃A(Λ)−1ϕ

)

+ η

(∑
ϕ∈Φ

e
η∥ϕ∥2

A(Λ)−1

)−1∑
ϕ∈Φ

e
η∥ϕ∥2

A(Λ)−1
(
ϕ⊤A(Λ)−1Λ̄A(Λ)−1ϕ

) (
ϕ⊤A(Λ)−1Λ̃A(Λ)−1ϕ

)

+

(∑
ϕ∈Φ

e
η∥ϕ∥2

A(Λ)−1

)−1∑
ϕ∈Φ

e
η∥ϕ∥2

A(Λ)−1ϕ⊤A(Λ)−1Λ̄A(Λ)−1Λ̃A(Λ)−1ϕ

+

(∑
ϕ∈Φ

e
η∥ϕ∥2

A(Λ)−1

)−1∑
ϕ∈Φ

e
η∥ϕ∥2

A(Λ)−1ϕ⊤A(Λ)−1Λ̃A(Λ)−1Λ̄A(Λ)−1ϕ.

We can bound this as

sup
Λ,Λ̃,Λ̄⪰0,∥Λ∥op≤1,∥Λ̃∥op≤1,∥Λ̄∥op≤1

|∇2f(Λ)[Λ̃, Λ̄]| ≤ 2η∥Λ−1
0 ∥4op + 2∥Λ−1

0 ∥3op.

Convexity of f(Λ) follows since it is the composition of a convex function with a strictly
increasing convex function, so it is itself convex.

Lemma F.4.6. For Λ invertible, d
dt
(Λ+ teie

⊤
j )

−1 = −Λ−1eie
⊤
j Λ

−1.

Proof. We can compute the gradient as

d

dt
(Λ+ teie

⊤
j )

−1 = lim
t→0

(Λ+ teie
⊤
j )

−1 −Λ−1

t
.

By the Sherman-Morrison formula,

(Λ+ teie
⊤
j )

−1 = Λ−1 −
tΛ−1eie

⊤
j Λ

−1

1 + te⊤j Λ
−1ei

so as t→ 0,

(Λ+ teie
⊤
j )

−1 → Λ−1 − tΛ−1eie
⊤
j Λ

−1

Thus,

lim
t→0

(Λ+ teie
⊤
j )

−1 −Λ−1

t
= lim

t→0

Λ−1 − tΛ−1eie
⊤
j Λ

−1 −Λ−1

t
= −Λ−1eie

⊤
j Λ

−1.
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F.4.3 Data Collection via Online Frank-Wolfe

Proof of Lemma 8.4.1. Note that by Lemma 6.6.2, if fi(Λ̂i) ≤ KiNiϵ then this implies that
fi(

1
KiNi

Σ̂i) ≤ KiNiϵ, where Σ̂i are the actual observed covariates at round i. Thus, upon
termination the desired conclusion of Lemma 8.4.1 will be met. It then remains to find a
setting of i large enough to guarantee that the termination criteria is met.

To show this, we first argue that the Force algorithm of Wagenmaker et al. [2022a]
satisfies Assumption 6.10. By Theorem 5 of Wagenmaker et al. [2022a], we have that with
probability at least 1− δ, Force has regret bounded after K episodes as:

c1

√
d4H4K · log3(HK/δ) + c2d

4H3 log7/2(HK/δ) ≤ c3d
4H4 log7/2(K/δ) ·

√
K.

It follows that Force satisfies Assumption 6.10 with CR = c3d
4H4, pR = 7/2, and α = 1/2.

By Theorem 6.3, we then have with probability at least 1− δ/2i2:

fi(Λ̂i) ≤ min
Λ∈Ω

fi(Λ) +
βiR

2(logNi + 1)

2(Ni + 1)
+ cMd4H4 log7/2

4i2NiKi

δ
·
√

1

Ki

+M

√
8 log(8i2Ni/δ)

Ki

.

By assumption, we have minΛ∈Ω fi(Λ) ≥ fmin. By our choice Ni = 2i and Ki = 22i, we see
that we can bound

βR2(logNi + 1)

2(Ni + 1)
+ cMd4H4 log7/2

4i2NiKi

δ
·
√

1

Ki

+M

√
8 log(8i2Ni/δ)

Ki

≤ fmin

as long as

i ≥ c · logmax{β,M, d,H, f−1
min, log

1

δ
}

for a universal constant c. Thus, for i satisfying this, we have fi(Λ̂i) ≤ 2minΛ∈Ω fi(Λ). So
to ensure that fi(Λ̂i) ≤ KiNiϵ it suffices that 2minΛ∈Ω fi(Λ) ≤ KiNiϵ. It then suffices that
2
ϵ
·minΛ∈Ω fi(Λ) ≤ 24i. Since we assume f(Λ) ≥ fi(Λ), this is implied by 2

ϵ
·minΛ∈Ω f(Λ) ≤ 23i.

As the failure probability of the success event of Theorem 6.3 at round i is bounded by
δ/2i2, the total failure probability is bounded by

∑∞
i=1 δ/2i

2 ≤ δ. On this success event, it
suffices that we will terminate after round î for any î satisfying

î ≥ c · logmax{β,R,M, d,H, f−1
min, log

1

δ
}, 23̂i ≥ 2

ϵ
·min
Λ∈Ω

f(Λ). (F.4.1)
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If we terminate at epoch î, the total complexity will be bounded by

∑
i=1

NiKi =
î∑
i=1

23i ≤ 8

7
· 23̂i.

Since we will have terminated as soon as î satisfies (F.4.1), it follows that

î− 1 < c · logmax{β,R,M, d,H, f−1
min, log

1

δ
} or 23(̂i−1) <

2

ϵ
·min
Λ∈Ω

f(Λ).

This implies that

23̂i = 8 · 23(̂i−1) ≤ 16

ϵ
·min
Λ∈Ω

f(Λ) + poly

(
β,R,M, d,H, f−1

min, log
1

δ

)
.

The result follows.

Lemma F.4.7. There exists a procedure which takes as input parameter N, λ, δ and with
probability at least 1− δ terminates after at most

N + poly

(
d,

1

λ̄min

, H, log
N

δ
, λ

)
episodes, and returns covariates Σ such that

λmin(Σ) ≥ N

Cλmin

+max{d log 1/δ, λ}

for Cλmin
= poly

(
d, 1

λ̄min
, H, log N+λ

δ

)
, and

∥Σ∥op ≤ N + poly

(
d,

1

λ̄min

, H, log
N

δ
, λ

)
.

Proof. Applying Lemma D.3.1, we have that the MinEig algorithm with scale N + λ,
confidence δ, and Force as the regret minimization algorithm, will return some set of policies
Π such that, rerunning each policy in Π once, with probability at least 1− δ/(N + λ/d), we
will collect covariates Σ such that

λmin(Σ) ≥ 6272d log
68(N + λ)

δ
.

Furthermore, MinEig will run for at most

2|Π| ≤ poly

(
d,

1

λ̄min

, H, log
N + λ

δ

)
=: Cλmin
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episodes. This implies that, rerunning each policy N/|Π|+ λ/d+ 1 times, we have that the
covariates returned Σ satisfy, with probability at least 1− δ:

λmin(Σ) ≥ N

|Π|
· 6272d log 68(N + λ)

δ
+max{d log 1/δ, λ}

≥ N

Cλmin

· 6272d log 68(N + λ)

δ
+max{d log 1/δ, λ}.

Note that the total number of episodes collected by this procedure is bounded by

|Π| · N
|Π|

+ |Π| · λ/d+ |Π| ≤ N + poly

(
d,

1

λ̄min

, H, log
N + λ

δ
, λ

)
.

The bound on the operator norm of Σ follows from this and since each ϕ has norm at most
1.
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Appendix G

Deferred Proofs from Chapter 9

G.1 Deferred Proofs from Section 9.3

Lemma G.1.1 (Elliptic Potential Lemma, Lemma 11 of Abbasi-Yadkori et al. [2011]).
Consider a sequence of vectors (xt)

T
t=1,xt ∈ Rd, and assume that ∥xt∥2 ≤ a for all t. Let

Vt = λI +
∑t

s=1 xsx
⊤
s for some λ > 0. Then we will have that

T∑
t=1

min{1, ∥xt∥2V−1
t−1
} ≤ 2d log(1 + a2T/(dλ)).

Furthermore, if λ ≥ max{1, a2},

T∑
t=1

∥xt∥2V−1
t−1
≤ 2d log(1 + a2T/(dλ)).

Lemma G.1.2. If x ≥ C(2n)n logn(2nCB) for n,C,B ≥ 1, then x ≥ C logn(Bx).

Proof. If x = C(2n)n logn(2nCB), then

C logn(Bx) = C logn
[
C(2n)n logn(2nCB)

]
≤ C logn

[
C1+n(2n)2nBn

]
≤ C logn

[
C2n(2n)2nB2n

]
≤ C(2n)n logn

[
2nCB

]
= x.

The result then follows since x increases more quickly than C logn(Bx).

G.1.1 Force satisfies Definition 9.1.1

We invoke Theorem 8 of Wagenmaker et al. [2022a]. To do so, we need to control an
appropriate covering number. Recall the ball Bd := {ϕ ∈ Rd : ∥ϕ∥ ≤ 1}. Given a class of
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functions F denote a set of functions f : Bd → R, we define the distance on f1, f2 ∈ F

dist∞(f1, f2) := sup
ϕ∈Bd

|f1(ϕ)− f2(ϕ)|.

Lemma G.1.3. Consider the class of functions

R :=

r : Bd → R : r(ϕ) =


1 ∥ϕ∥2Λ−1 > γ2,ϕ ∈ X

γ−2∥ϕ∥2Λ−1 ∥ϕ∥2Λ−1 ≤ γ2,ϕ ∈ X
0 ϕ ̸∈ X

,Λ ⪰ I


for some γ2 > 0 and X ⊆ Rd. Then

N(R, dist∞, ϵ) ≤ d2 log

(
1 +

2
√
d

γ2ϵ

)
.

Proof. Consider r1, r2 ∈ R parameterized by Λ1,Λ2. Then,

dist∞(r1, r2) = sup
ϕ∈Bd

|r1(ϕ)− r2(ϕ)| ≤ sup
ϕ∈Bd

1

γ2

∣∣∣∥ϕ∥2Λ−1
1
− ∥ϕ∥2

Λ−1
2

∣∣∣ .
The inequality follows easily by noting that in every possible case, we can bound

|r1(ϕ)− r2(ϕ)| ≤
1

γ2

∣∣∣∥ϕ∥2Λ−1
1
− ∥ϕ∥2

Λ−1
2

∣∣∣ .
Now note that∣∣∣∥ϕ∥2Λ−1

1
− ∥ϕ∥2

Λ−1
2

∣∣∣ = ∣∣ϕ⊤(Λ−1
1 −Λ−1

2 )ϕ
∣∣ ≤ ∥Λ−1

1 −Λ−1
2 ∥op ≤ ∥Λ−1

1 −Λ−1
2 ∥F.

Let N be an γ2ϵ cover of {A ∈ Rd×d : ∥A∥F ≤
√
d}. Then by Lemma F.1.10, log |N | ≤

d2 log(1 + 2
√
d/(γ2ϵ)). Furthermore, for any Λ ⪰ I, we can find some A ∈ N such that

∥Λ−1 −A∥F ≤ γ2ϵ. Let

V :=

r(·) : r(ϕ) =


1 ∥ϕ∥2A−1 > γ2,ϕ ∈ X

γ−2∥ϕ∥2A ∥ϕ∥2A ≤ γ2,ϕ ∈ X
0 ϕ ̸∈ X

,A ∈ N

 ,

then it follows that V is an ϵ-net of R in the dist∞ norm, and that log |V | ≤ d2 log(1 +
2
√
d/(γ2ϵ)). The result follows.

Lemma G.1.4. Let rk be as defined in Egs. Then Force satisfies Definition 9.1.1 with

C1 = d4H3 log(e+
√
d/γ2), p1 = 3
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C2 = d4H3 log3/2(e+
√
d/γ2), p2 = 7/2

Proof. This follows directly from Theorem 8 of Wagenmaker et al. [2022a] by noting that rkh
is non-increasing in k, Fk−1-measurable, rkh ∈ R, and using the covering number for R given
in Lemma G.1.3.

G.2 Deferred Proofs from Section 9.4

G.2.1 Concentration of Least Squares Estimates

Lemma G.2.1 (Lemma B.2 of Jin et al. [2020b]). When running RFLin-Plan, for all h,

∥ŵh∥2 ≤ 2H
√
dKtot.

Proof. Note that our construction of ŵh is identical to the construction of wK
h in Jin et al.

[2020b], so we can apply Lemma B.2 of Jin et al. [2020b].

Lemma G.2.2. Consider the function class

F (Λ, α) :=

{
V (·) = min

{
max
a∈A
⟨w,ϕ(·, a)⟩+ β̃∥ϕ(·, a)∥Λ−1 , H

}
, ∥w∥2 ≤ α

}
for some fixed Λ ≻ 0 and β̃ > 0, α > 0. Then

N(F (Λ, α), dist∞, ϵ) ≤ d log(1 + 2α/ϵ).

Proof. Take some V1, V2 ∈ F (Λ, α). Since both min{·, H} and maxa are contraction maps,
and ϕ(s, a) ∈ Bd for all s, a,

sup
s
|V1(s)− V2(s)| ≤ sup

ϕ∈Bd

|⟨w1 −w2,ϕ⟩| ≤ ∥w1 −w2∥2.

Let N denote an ϵ-cover of the α-ball, Bd(α). By Lemma F.1.10, log |N | ≤ d log(1 + 2α/ϵ).
By the above, we then have that for any V ∈ F (Λ, α), there exists some V ′ ∈ N such that
dist∞(V, V ′) ≤ ϵ, which completes the proof.

Lemma G.2.3 (Lemma D.4 of Jin et al. [2020b]). Let {sτ}∞τ=1 be a stochastic process on
state space S with corresponding filtration {Fτ}∞τ=0. Let {ϕτ}∞τ=0 be an Rd-valued stochastic
process where ϕτ ∈ Fτ−1 and ∥ϕτ∥2 ≤ 1. Let Λk = I +

∑k
τ=1ϕτϕ

⊤
τ . Then for any δ > 0,

with probability at least 1 − δ, for all k ≥ 0, and any V ∈ F so that sups |V (s)| ≤ H, we
have:∥∥∥∥∥Λ−1/2

k

k∑
τ=1

ϕτ (V (sτ )− E[V (sτ )|Fτ−1])

∥∥∥∥∥
2

≤ 4H2

(
d

2
log(1 + k) + log

|Nϵ|
δ

)
+ 8k2ϵ2



413

where Nϵ is the ϵ-covering of F with respect to dist∞.

Lemma G.2.4 (Full version of Lemma 9.2.1). Let EQ denote the event that, for all h ∈ [H]
and V ∈ Fh+1 simultaneously,∥∥∥∥∥Λ−1/2

h

ςϵ∑
i=1

Ki∑
τ=1

ϕih,τ
[
V (sih+1,τ )− Eh[V ](sih,τ , a

i
h,τ )
]∥∥∥∥∥

2

≤ cH
√
d log(1 + dHKtot) + logH/δ

for a universal constant c and where Ktot =
∑ςϵ

i=1Ki and Fh+1 := F (Λh+1, 2H
√
dKtot).

Then P[EQ] ≥ 1− δ.

Proof. This is a consequence of Lemma G.2.2 and Lemma G.2.3. Fix some ϵ, then by
Lemma G.2.2 we have

N(Fh+1, dist∞, ϵ) ≤ d log(1 + 2H
√
dKtot/ϵ)

and by Lemma G.2.3, with probability 1− δ, for all V ∈ Fh+1 simultaneously,∥∥∥∥Λ−1/2
h

ςϵ∑
i=1

Ki∑
τ=1

ϕih,τ [V (sih+1,τ )− Eh[V ](sih,τ , a
i
h,τ )]

∥∥∥∥2
2

≤ 4H2

(
d

2
log(1 +Ktot) + log

|Nϵ|
δ

)
+ 8K2

totϵ
2

≤ 4H2

(
d

2
log(1 +Ktot) + d log(1 +

2H
√
dKtot

ϵ
) + log

1

δ

)
+ 8K2

totϵ
2.

Note also that, due to our data collection procedure collecting samples independently for
each h, we have that Λh and {{(ϕih,τ , sih+1,τ )}

Ki
τ=1}ςϵi=1 are uncorrelated with Λh+1, so, unlike

in Jin et al. [2020b], no union bound over possible Λh+1 is needed. Choosing ϵ =
√

H2d
8K2

tot
, we

can bound this as

≤ cH2

(
d log(1 + dHKtot) + log

1

δ

)
for a universal constant c. The result follows by a union bound over all h.

G.2.2 Optimism

As noted above, throughout this section we will let V ⋆, V π, Q⋆, Qπ denote value functions
defined with respect to a generic reward function r, and V,Q the value function estimates
maintained by RFLin-Plan when called with reward function r.

Proof of Lemma 9.4.2. First, note that for any r satisfying Definition 8.1.1, by Lemma G.2.1,
we will have that Vh ∈ Fh, where Fh is defined as in Lemma G.2.4. Therefore, on EQ, we
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have for any r,∥∥∥∥∥Λ−1/2
h

ςϵ∑
i=1

Ki∑
τ=1

ϕih,τ
[
Vh+1(s

i
h+1,τ )− Eh[Vh+1](s

i
h,τ , a

i
h,τ )
]∥∥∥∥∥

2

≤ β̃. (G.2.1)

By definition:

ŵh = Λ−1
h

ςϵ∑
i=1

Ki∑
τ=1

ϕih,τ (r(s
i
h,τ , a

i
h,τ ) + Vh+1(s

i
h+1,τ )).

Furthermore, we recall that rh(s
i
h,τ , a

i
h,τ ) = ⟨θh,ϕih,τ ⟩. Thus,

⟨ϕ(s, a), ŵh⟩ = ⟨ϕ(s, a),Λ−1
h

ςϵ∑
i=1

Ki∑
τ=1

ϕih,τ (r(s
i
h,τ , a

i
h,τ ) + Vh+1(s

i
h+1,τ ))⟩

= ⟨ϕ(s, a),Λ−1
h

ςϵ∑
i=1

Ki∑
τ=1

ϕih,τ (ϕ
i
h,τ )

⊤θh⟩︸ ︷︷ ︸
(a)

+ ⟨ϕ(s, a),Λ−1
h

ςϵ∑
i=1

Ki∑
τ=1

ϕih,τ (Vh+1(s
i
h+1,τ )− E[Vh+1](s

i
h,τ , a

i
h,τ ))⟩︸ ︷︷ ︸

(b)

+ ⟨ϕ(s, a),Λ−1
h

ςϵ∑
i=1

Ki∑
τ=1

ϕih,τE[Vh+1](s
i
h,τ , a

i
h,τ )⟩︸ ︷︷ ︸

(c)

.

Now,

(a) = ⟨ϕ(s, a),θh⟩ − ⟨ϕ(s, a),Λ−1
h θh⟩ = rh(s, a)− ⟨ϕ(s, a),Λ−1

h θh⟩

and, using the linear MDP assumption, Definition 8.1.1,

(c) = ⟨ϕ(s, a),Λ−1
h

ςϵ∑
i=1

Ki∑
τ=1

ϕih,τ (ϕ
i
h,τ )

⊤
∫

Vh+1(s
′)dµh(s

′)⟩

= ⟨ϕ(s, a),
∫

Vh+1(s
′)dµh(s

′)⟩ − ⟨ϕ(s, a),Λ−1
h

∫
Vh+1(s

′)dµh(s
′)⟩

= Eh[Vh+1](s, a)− ⟨ϕ(s, a),Λ−1
h

∫
Vh+1(s

′)dµh(s
′)⟩.
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Thus,

|⟨ϕ(s, a), ŵh⟩ − rh(s, a)− Eh[Vh+1](s, a)| ≤ (b) +
∣∣⟨ϕ(s, a),Λ−1

h θh⟩
∣∣

+

∣∣∣∣⟨ϕ(s, a),Λ−1
h

∫
Vh+1(s

′)dµh(s
′)⟩
∣∣∣∣ .

By Cauchy-Schwartz and (G.2.1):

(b) ≤ ∥ϕ(s, a)∥Λ−1
h

∥∥∥∥∥Λ−1/2
h

ςϵ∑
i=1

Ki∑
τ=1

ϕih,τ (Vh+1(s
i
h+1,τ )− Eh[Vh+1](s

i
h,τ , a

i
h,τ ))

∥∥∥∥∥
2

≤ β̃∥ϕ(s, a)∥Λ−1
h
.

Furthermore, we can bound∣∣⟨ϕ(s, a),Λ−1
h θh⟩

∣∣ ≤ √d∥ϕ(s, a)∥Λ−1
h

and ∣∣∣∣⟨ϕ(s, a),Λ−1
h

∫
Vh+1(s

′)dµh(s
′)⟩
∣∣∣∣ ≤ ∥ϕ(s, a)∥Λ−1

h
∥Λ−1/2

h ∥op∥
∫

Vh+1(s
′)dµh(s

′)∥2

≤ H
√
d∥ϕ(s, a)∥Λ−1

h

where the final inequality uses the linear MDP assumption, Definition 8.1.1, and that Λh ⪰ I.
The result follows by combining these bounds.

Proof of Lemma 9.4.1. We will prove this by induction, starting at step H. Since the value
function at H + 1 is 0 by definition, Q⋆

H(s, a) = rH(s, a). Thus, Lemma 9.4.2 gives

|⟨ϕ(s, a), ŵH⟩ −Q⋆
H(s, a)| ≤ β̃∥ϕ(s, a)∥Λ−1

H
.

It follows that, since β ≥ β̃,

Q⋆
H(s, a) ≤ min{⟨ϕ(s, a), ŵH⟩+ β∥ϕ(s, a)∥Λ−1

H
, H} = QH(s, a).

Now assume that Qh+1(s, a) ≥ Q⋆
h+1(s, a) for all s, a. By the Bellman equation,

Q⋆
h(s, a) = rh(s, a) + Eh[V ⋆

h+1](s, a).

Thus, Lemma 9.4.2 gives

|⟨ϕ(s, a), ŵh⟩ −Q⋆
h(s, a)− Eh[Vh+1 − V ⋆

h+1](s, a)| ≤ β∥ϕ(s, a)∥Λ−1
h
.
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By the inductive assumption, Eh[Vh+1 − V ⋆
h+1](s, a) ≥ 0, so we can rearrange this to get

Q⋆
h(s, a) ≤ min{⟨ϕ(s, a), ŵh⟩+ β̃∥ϕ(s, a)∥Λ−1

h
, H} = Qh(s, a).
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Appendix H

Deferred Proofs from Chapter 10

H.1 Additional Notation

Divergences. For probability distributions P and Q over a measurable space (Ω,F ) with
a common dominating measure, we define the total variation distance as

DTV(P,Q) = sup
A∈F
|P(A)−Q(A)| = 1

2

∫
|dP− dQ|

and (squared) Hellinger distance as

D2
H(P,Q) =

∫ (√
dP−

√
dQ
)2
.

Interactive decision making. We formalize probability spaces in the same fashion as
[Foster et al., 2021, 2022]. Decisions are associated with a measurable space (Π,P), rewards
are associated with the space (R,R), and observations are associated with the space (O,O).
The history after round t is denoted by Ht = (π1, r1, o1), . . . , (πt, rt, ot). We define

Ωt =
t∏
i=1

(Π×R×O), and F t =
t⊗
i=1

(P ⊗R ⊗ O)

so that Ht is associated with the space (Ωt,F t).
When the algorithm is clear from context, we let PM denote the law it induces onHT when

M : Π→△R×O is the underlying model, and let EM [·] denote the corresponding expectation.
We will also overload notation somewhat and let PM,π the density of (r, o) ∼M(π).

Notation for complexity measures and allocations. We let T (π) denote the number
of times decision π is taken up to time T . For η ∈ RΠ

+, we define

IM(η ;M) = inf
M ′∈Malt(M)

∑
π∈Π

η(π)DKL(M(π) ∥M ′(π)), (H.1.1)
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so that we can write glc(M,M⋆) = infη∈RΠ
+

{∑
π∈Π η(π)∆M⋆

(π) | IM⋆
(η;M) ≥ 1

}
. We ab-

breviate IM(η) = IM(η;M) whenever the class M is clear from context. We will occa-
sionally overload notation and write ∆M(η) =

∑
π∈Π η(π)∆M(π) for η ∈ RΠ

+. We also let
M⋆

alt :=Malt(M⋆) and

Mgl
ε (λ; nmax) := {M ∈M : λ ∈ Υ(M ; ε, nmax)}. (H.1.2)

Recall the definition

Υ(M ; ε) =

{
λ ∈ △Π | ∃n ∈ R+ s.t. Eπ∼λ[∆M(π)] ≤ (1 + ε)gM

n
,

inf
M ′∈Malt(M)

Eπ∼λ[DKL(M(π) ∥M ′(π))] ≥ 1− ε

n

}
.

For a given λ ∈ Υ(M ; ε), we refer to the n ∈ R+ which realizes

Eπ∼λ[∆M(π)] ≤ (1 + ε)gM

n
and inf

M ′∈Malt(M)
Eπ∼λ[DKL(M(π) ∥M ′(π))] ≥ 1− ε

n

as the normalization factor of λ.

General divergences. While in the main text we have focused on results that hold for the
KL divergence, throughout the appendix we will consider more general divergences D

(
· ∥ ·

)
.

In particular, rather than fixing the divergence in (10.2.2) to the KL divergence, we utilize
divergence D. We also perform online estimation with respect to D rather than with respect
to the KL divergence. While D could be an arbitrary non-negative function, we make the
following assumptions on it.

First, we replace Assumption 10.4 with the following more general assumption.

Assumption H.1. For all M,M ′,M ′′ ∈M, and π ∈ Π, there exists some LKL such that

|DKL(M(π) ∥M ′′(π))−DKL(M
′(π) ∥M ′′(π))]| ≤ LKL

√
D
(
M(π) ∥M ′(π)

)
.

Note that, by Jensen’s inequality, Assumption H.1 immediately implies that, for ξ ∈
△(M),∣∣DKL(M(π) ∥M ′′(π))− EM∼ξ[DKL

(
M(π) ∥M ′′(π)

)
]
∣∣ ≤ LKL

√
EM∼ξ[D

(
M(π) ∥M(π)

)
].

We in addition make the following assumption, which we note is met for the KL
divergence.
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Assumption H.2. For all M,M ′ ∈ co(M), and π, we have

D2
H(M(π),M ′(π)) ≤ D

(
M(π) ∥M ′(π)

)
.

Furthermore, D
(
· ∥ ·

)
is convex in its second argument.

A direct consequence of this assumption is that, when rewards are observed and bounded
in [0, 1], we have

|fM(π)− fM′
(π)| ≤

√
D
(
M(π) ∥M ′(π)

)
.

Throughout the appendix, we assume that Assumption H.1 and Assumption H.2 hold for our
divergence D.

We also generalize the definition of the Allocation-Estimation Coefficient to account for
general divergences as

aecDε(M,M) := inf
λ,ω∈△Π

sup
M∈M\Mgl

ε (λ)

1

Eπ∼ω[D
(
M(π) ∥M(π)

)
]

(H.1.3)

and

aecDε(M; ξ) := inf
λ,ω∈△Π

sup
M∈M\Mgl

ε (λ)

1

EM∼ξ[Eπ∼ω[D
(
M(π) ∥M(π)

)
]]
. (H.1.4)

Other variants of the AEC are generalized similarly with a superscript D. Our guarantees
will also depend on a notion of estimation error for general divergences, given by

EstD(s) :=
s∑
i=1

EM̂∼ξi [Eπ∼pi [D
(
M⋆(π) ∥ M̂(π)

)
]]. (H.1.5)

It will also be convenient to work with the following notion of estimation error:

ÊstD(s) :=
s∑
i=1

EM̂∼ξi [Eπ∼pi [D
(
M̂(π) ∥M⋆(π)

)
]]. (H.1.6)

H.2 Technical Tools

H.2.1 Online Learning

In this section, we state online estimation guarantees for variants of the Tempered Aggregation
algorithm of Chen et al. [2022]. Throughout the section we abbreviate Et−1[·] = E[· |
Ht−1, pt, ξt]. We recall that PM,π(r, o) denotes the density over rewards and observations (r, o)
under M(π)
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Algorithm H.1 Tempered Aggregation
1: input: Finite classM.
2: Initialize ξ1 ← Unif(M).
3: for t = 1, 2, 3, . . . do
4: Receive (πt, rt, ot).
5: Update estimator:

ξt+1(M) ∝ ξt(M) · exp
(
1

2
logPM,πt

(rt, ot)

)
∀M ∈M.

Proposition H.1 (Tempered Aggregation, Finite Class Setting). Assume |M| ≤ ∞ and
M⋆ ∈M. Then Algorithm H.1 produces estimates (ξt)Tt=1 which satisfy, with probability at
least 1− δ,

T∑
t=1

EM∼ξt [Eπ∼pt [D2
H(M

⋆(π),M(π))]] ≤ 2 log
|M|
δ

.

Proof of Proposition H.1. We follow closely the proof of Theorem C.1 of Chen et al. [2022].
Define the random variable

At := − logEM∼ξt

[
exp

(
β log

PM,πt
(rt, ot)

PM⋆,πt(rt, ot)

)]
.

We have

Et−1[exp(−At)] = Et−1

[
EM∼ξt

[
exp

(
1

2
log

PM,πt
(rt, ot)

PM⋆,πt(rt, ot)

)]]

=
∑
M∈M

ξt(M)Et−1

[
exp

(
1

2
log

PM,πt
(rt, ot)

PM⋆,πt(rt, ot)

)]

=
∑
M∈M

ξt(M)Et−1

[
Eo∼M⋆(πt)

[√
PM,πt(rt, ot)

PM⋆,πt(rt, ot)

]]

=
∑
M∈M

ξt(M) ·
(
1− 1

2
Eπ∼pt [D2

H(M
⋆(π),M(π))]

)
where the last equality holds by the definition of the Hellinger distance. This implies that

1− Et−1[exp(−At)] =
1

2
EM∼ξt

[
Eπ∼pt [D2

H(M
⋆(π),M(π))]

]
.
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By Lemma A.4 of Foster et al. [2021], we have that with probability at least 1− δ,

T∑
t=1

At + log
1

δ
≥

T∑
t=1

− logEt−1[exp(−At)]

≥
T∑
t=1

(
1− Et−1[exp(−At)]

)
=

1

2

T∑
t=1

EM∼ξt
[
Eπ∼pt [D2

H(M
⋆(π),M(π))]

]
.

We turn to upper bounding
∑T

t=1A
t. Following the proof of Theorem C.1 of Chen et al.

[2022], we have

T∑
t=1

At = − log

(∑
M∈M

ξ1(M) exp

(
T∑
t=1

1

2
log

PM,πt
(rt, ot)

PM⋆,πt(rt, ot)

))
.

Since M⋆ ∈M, we can then bound

T∑
t=1

At ≤ − log

(
ξ1(M⋆) exp

(
T∑
t=1

1

2
log

PM⋆,πt
(rt, ot)

PM⋆,πt(rt, ot)

))
= log |M|.

Combining these expressions gives the result.

Proposition H.2 (Tempered Aggregation, Infinite Class Setting). Let Mcov denote a (ρ, µ)-
cover ofM with covering number Ncov(M, ρ, µ). If we apply Algorithm H.1 toMcov, we have
that whenever M⋆ ∈M, with probability at least 1− δ − Tµ,

T∑
t=1

EM∼ξt [Eπ∼pt [D2
H(M

⋆(π),M(π))]] ≤ 2 log
Ncov(M, ρ, µ)

δ
+ Tρ.

Proof of Proposition H.2. Defining At as in Proposition H.1, the first part of the proof is
identical to that of Proposition H.1, and we conclude that, with probability at least 1− δ,

T∑
t=1

At + log
1

δ
≥ 1

2

T∑
t=1

EM∼ξt [Eπ∼pt [D2
H(M

⋆(π),M(π))]]

and

T∑
t=1

At = − log

( ∑
M∈Mcov

ξ1(M) exp

(
T∑
t=1

1

2
log

PM,πt
(rt, ot)

PM⋆,πt(rt, ot)

))
.
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Let E denote the event associated withMcov, as defined in Definition 10.2.1, which satisfies
supM ′∈M supπ PM′

(E | π) ≤ µ. Let M̃ ∈Mcov denote the element in the cover which satisfies∣∣∣∣log PM⋆,π(r, o)

PM̃,π(r, o)

∣∣∣∣ = ∣∣logPM⋆,π(r, o)− logPM̃,π(r, o)
∣∣ ≤ ρ,

for all (r, o, π) with supM ′∈M PM′,π(r, o | E) > 0. We then have

T∑
t=1

log
PM,πt

(rt, ot)

PM⋆,πt(rt, ot)
=

T∑
t=1

(
log

PM,πt
(rt, ot)

PM̃,πt(rt, ot)
+ log

PM̃,πt
(rt, ot)

PM⋆,πt(rt, ot)

)

so we can bound

T∑
t=1

At ≤ log |Mcov|+
1

2

T∑
t=1

log
PM⋆,πt

(rt, ot)

PM̃,πt(rt, ot)

which gives that with probability at least 1− δ,

T∑
t=1

EM∼ξt [Eπ∼pt [D2
H(M

⋆(π),M(π))]] ≤ 2 log |Mcov|+ 2 log
1

δ
+

T∑
t=1

log
PM⋆,πt

(rt, ot)

PM̃,πt(rt, ot)
.

Let Et denote the event that E occurs at step t. Denote the event E1 := ∩Tt=1Et and

E2 :=

{
T∑
t=1

EM∼ξt [Eπ∼pt [D2
H(M

⋆(π),M(π))]] ≤ 2 log |Mcov|+ 2 log
1

δ
+ Tρ

}
.

Then

PM⋆
[E2] ≤ PM⋆

[E2 ∩ E1] + PM⋆
[Ec1 ].

By definition of Et and a union bound we have PM⋆
[Ec1 ] ≤ Tµ. Furthermore, on the event E1

we can bound, for each t ≤ T ,

log
PM⋆,πt

(rt, ot)

PM̃,πt(rt, ot)
≤ ρ.

Thus, it follows that on E1,
∑T

t=1 log
PM⋆,πt

(rt,ot)

PM̃,πt (rt,ot)
≤ Tρ, which implies that PM⋆

[E2 ∩ E1] ≤ δ.
The result follows.
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H.2.2 Properties of Graves-Lai Program

In this section, we establish some basic properties of the Graves-Lai coefficient gM ≡
glc(M,M). Through out the section, we omit dependence on the class M for various
quantities of interest whenever it is clear from context. Throughout, we will use the fact that
whenever ∆M

min > 0, πM is unique.

H.2.2.1 Basic Properties of Graves-Lai Program

Lemma H.2.1. For any M ∈M and n > 0, we have

gM

n
≤ inf

λ∈△Π

{
∆M(λ) : IM(λ) ≥ 1

n

}
.

Proof of Lemma H.2.1. Assume the contrary. Then there exists some λ̃ such that

∆M(λ̃) < gM/n and IM(λ̃) ≥ 1/n.

However, since both ∆M(λ) and IM(λ) are linear in rescaling of λ, this implies that

∆M(nλ̃) < gM and IM(nλ̃) ≥ 1.

By definition we have

gM = inf
η∈RΠ

+

∆M(η) s.t. IM(η) ≥ 1.

This is a contradiction, so the desired conclusion follows.

Lemma H.2.2. For any M ∈M+ with ∆M
min > 0, we can bound

gM ≤ Cξ
exp(

1
4
(∆M

min)
2)

for ξ = IM .

Proof of Lemma H.2.2. By definition we have

gM = inf
η∈RΠ

+

∆M(η) s.t. inf
M ′∈Malt(M)

∑
π

η(π)DKL(M(π) ∥M ′(π)) ≥ 1

≤ inf
η∈RΠ

+

∥η∥1 s.t. inf
M ′∈Malt(M)

∑
π

η(π)DKL(M(π) ∥M ′(π)) ≥ 1.

Let ξ ∈ △M denote the distribution with ξ(M) = 1. Let and let pexp := pξexp(ε) denote the
uniform exploration distribution defined with respect to ξ, and Cξ

exp(ε) the corresponding
uniform exploration coefficient, for some ε to be chosen.
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Consider some M ′ ∈Malt(M). Since EM∼ξ[Eπ∼p[DKL

(
M(π) ∥M ′′(π)

)
]] = Eπ∼p[DKL(M(π) ∥M ′′(π))]

for all M ′′ and DKL(M(π) ∥M(π)) = 0 for all π, it follows from the definition of the uniform
exploration coefficient that

Epexp [DKL(M(π) ∥M ′(π))] ≤ 1/Cξ
exp(ε) =⇒ sup

p∈△Π

Ep[DKL(M(π) ∥M ′(π))] ≤ ε

or, alternatively,

sup
p∈△Π

Ep[DKL(M(π) ∥M ′(π))] > ε =⇒ Epexp [DKL(M(π) ∥M ′(π))] > 1/Cξ
exp(ε).

If M ′ ∈ Malt(M), then it follows that πM ̸∈ πM′ . Take some πM′ ∈ πM′ . By definition we
have fM(πM) ≥ fM(πM′) + ∆M

min and fM′
(πM′) ≥ fM′

(πM). Thus,

∆M

min ≤ fM(πM)− fM(πM′) + fM′
(πM′)− fM′

(πM)

≤ |fM(πM)− fM′
(πM)|+ |fM′

(πM′)− fM(πM′)|

≤
√

D
(
M(πM) ∥M ′(πM)

)
+
√

D
(
M(πM′) ∥M ′(πM′)

)
.

This implies that there exists some π such that D
(
M(π) ∥M ′(π)

)
≥ (∆M

min/2)
2, so we can

lower bound

sup
p∈△Π

Ep[DKL(M(π) ∥M ′(π))] ≥ 1

4
(∆M

min)
2.

Thus, setting ε = 1
4
(∆M

min)
2, we have that

Epexp [DKL(M(π) ∥M ′(π))] > 1/Cξ
exp(

1
4
(∆M

min)
2).

It follows that the allocation η = Cξ
exp(

1
4
(∆M

min)
2) · pexp realizes

inf
M ′∈Malt(M)

∑
π

η(π)DKL(M(π) ∥M ′(π)) = inf
M ′∈Malt(M)

Cξ
exp(

1
4
(∆M

min)
2) · EpMexp [DKL(M(π) ∥M ′(π))] ≥ 1,

which proves the result.

Lemma H.2.3. Assume gM > 0,∆M
min > 0, and nM

1/4 <∞. Then it must be the case that

gM ≥ ∆M

min ·
1

maxM ′∈M,π∈ΠDKL(M(π) ∥M ′(π))
.

Proof of Lemma H.2.3. Recall that

gM = inf
η∈RΠ

+

∆M(η) s.t. inf
M ′∈Malt(M)

∑
π

η(π)DKL(M(π) ∥M ′(π)) ≥ 1.
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By the definition of nM

1/4, for any allocation η ∈ RΠ
+ satisfying infM ′∈Malt(M)

∑
π η(π)DKL(M(π) ∥M ′(π)) ≥

3/4, the allocation η̃ defined as η̃(π) = η(π) for π ̸= πM , and η̃(πM) = nM

1/2 satisfies

inf
M ′∈Malt(M)

∑
π

η̃(π)DKL(M(π) ∥M ′(π)) ≥ 1/2,

and furthermore ∆M(η) = ∆M(η̃). It follows that

gM ≥ inf
η∈RΠ

+

∆M(η) s.t. inf
M ′∈Malt(M)

∑
π

η(π)DKL(M(π) ∥M ′(π)) ≥ 3/4

≥ inf
η∈RΠ

+

∆M(η) s.t. inf
M ′∈Malt(M)

∑
π

η(π)DKL(M(π) ∥M ′(π)) ≥ 1/2, η(πM) ≤ nM

1/4.

If for all M ′ ∈ Malt(M) we have DKL(M(πM) ∥M ′(πM)) > 0, this implies that we can
distinguish M from M ′ by playing only πM . Furthermore, by what we have just shown, this can
be achieved by playing πM at most 2nM

1/4 times. It follows that, if DKL(M(πM) ∥M ′(πM)) > 0

for all M ′ ∈Malt(M), then gM = 0. Thus, if gM > 0, there must exist some M ′ ∈Malt(M)
such that DKL(M(πM) ∥M ′(πM)) = 0.

We then have

gM ≥ inf
η∈RΠ

+

∆M(η) s.t.
∑
π ̸=πM

η(π)DKL(M(π) ∥M ′(π)) ≥ 1

= inf
η∈RΠ

+,η(πM )=0
∆M(η) s.t.

∑
π ̸=πM

η(π)DKL(M(π) ∥M ′(π)) ≥ 1

≥ inf
η∈RΠ

+,η(πM )=0
∆M

min · ∥η∥1 s.t. max
π

DKL(M(π) ∥M ′(π)) · ∥η∥1 ≥ 1

= ∆M

min ·
1

maxπDKL(M(π) ∥M ′(π))
.

The result follows.

H.2.2.2 Properties of the Information Content of Optimal Decisions

Lemma H.2.4. Let ε ∈ [0, 1/2) and n > 0 be given. We can bound, for any function g(ω,M)
and M0 ⊆M with infM∈M0 ∆

M
min > 0,

inf
ω,λ∈△Π

sup
M∈M0\Mgl

2ε(λ;n)

g(ω,M) ≤ inf
ω,λ∈△Π

sup
M∈M0\Mgl

ε (λ)

g(ω,M)

as long as

n ≥ max
M∈M0

max

{
nM

ε ,
4gM

∆M
min

,
2gM

ζ∆M
min

}
,



426

where

ζ := min
M∈M0:gM>0

min

{
gM

gM + 2nM
ε

,
∆M

minε

4

}
.

Proof of Lemma H.2.4. Note that each of these expressions only depend on λ through
Mgl

2ε(λ; n) andMgl
ε (λ), respectively. To prove the result, it therefore suffices to show that,

for every λ ∈ △Π, there exists λ′ ∈ △Π such thatM0 ∩Mgl
ε (λ) ⊆M0 ∩Mgl

2ε(λ
′; n).

Fix λ ∈ △Π. Consider M ∈M0 ∩Mgl
ε (λ). By definition we have that there exists some

n > 0 such that

∆M(λ) ≤ (1 + ε)gM/n and IM(λ) ≥ (1− ε)/n,

where here IM(λ) = IM(λ;M). We consider two cases.

Case 1: λ = Iπ for some π ∈ Π. First, suppose that π ̸= πM . Then we have

∆M

min ≤ ∆M(λ) ≤ (1 + ε)gM/n =⇒ n ≤ (1 + ε)gM/∆M

min.

It follows that as long as n ≥ (1 + ε)gM/∆M
min, then M ∈Mgl

ε (λ; n).
Now, suppose that π = πM . In this case, by the definition of nM

ε , we immediately have
that it suffices to take n = nM

ε . Thus, for λ = Iπ, we haveMgl
2ε(λ) =Mgl

ε (λ; n) as long as

n ≥ max{nM

ε , (1 + ε)gM/∆M

min}.

Case 2a: λ ̸= Iπ for any π ∈ Π. Fix some ζ ∈ (0, 1/2) to be chosen. Suppose that there
exists some π′ such that λ(π′) ≥ 1 − ζ, and note that there can exist at most one such π′.
Define λ′ as

λ′(π′) = 1− ζ, λ′(π) =
ζ

1− λ(π′)
λ(π), ∀π ̸= π′

and note that λ′ ∈ △Π. Our goal is to show thatMgl
ε (λ) ⊆M

gl
2ε(λ

′; n).
Suppose that πM = π′. Then

∆M(λ′) =
ζ

1− λ(π′)
·∆M(λ) ≤ ζ

1− λ(π′)
· (1 + ε)gM

n
.

Denote n′ := ( ζ
1−λ(π′)

· 1
n
)−1. Since IM(λ) ≥ (1− ε)/n, we have IM(nλ) ≥ 1− ε. Then, by the

definition of nM
ε , we have

inf
M ′∈Malt(M)

∑
π ̸=πM

nλ(π)DKL(M(π) ∥M ′(π)) + nM

ε DKL(M(πM) ∥M ′(πM)) ≥ 1− 2ε.
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However, note that

IM(n′λ′) = inf
M ′∈Malt(M)

∑
π ̸=πM

ζn′

1− λ(πM)
λ(π)DKL(M(π) ∥M ′(π)) + n′(1− ζ)DKL(M(πM) ∥M ′(πM))

= inf
M ′∈Malt(M)

∑
π ̸=πM

nλ(π)DKL(M(π) ∥M ′(π)) +
(1− ζ)(1− λ(π′))n

ζ
·DKL(M(πM) ∥M ′(πM))

(a)

≥ inf
M ′∈Malt(M)

∑
π ̸=πM

nλ(π)DKL(M(π) ∥M ′(π)) + nM

ε DKL(M(πM) ∥M ′(πM))

(b)

≥ 1− 2ε

where (a) follows as long as

(1− ζ)(1− λ(π′))n

ζ
≥ nM

ε , (H.2.1)

and (b) follows from what we have just shown. Rearranging, we have that (H.2.1) is equivalent
to

(1− λ(π′))n

(1− λ(π′))n+ nM
ε

≥ ζ.

Note that by Lemma H.2.1 and the definition of λ, we have

(1− ε)gM

n
≤ inf

λ̃∈△Π

{
∆M(λ̃) : IM(λ̃) ≥ 1− ε

n

}
≤ ∆M(λ),

which implies that

(1− ε)gM ≤ ∆M(λ) · n ≤ (1− λ(πM)) · n.

As the function x
x+nMε

is increasing in x, a sufficient choice of ζ for this M is then

min{ gM

gM + 2nM
ε

, 3/8} ≥ ζ

Thus, for such a ζ, we have that M ∈Mgl
ε (λ

′; n′), which implies that M ∈Mgl
2ε(λ

′; n′). Note
that (1− λ(π′))n ≤ (1 + ε)gM/∆M

min in this case, so we have that M ∈Mgl
2ε(λ

′; n) as long as

n ≥ 2gM

ζ∆M
min

.
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Consider now the case where πM ̸= π′. In this case, defining λ′ as before, we can bound

∆M(λ′) ≤ ζ + (1− ζ)∆M(π′) ≤ ζ + λ(π′)∆M(π′) ≤ ζ +∆M(λ) ≤ ζ + (1 + ε)gM/n.

Furthermore,

IM(λ′) = inf
M ′∈Malt(M)

∑
π ̸=π′

ζ

1− λ(π′)
λ(π)DKL(M(π) ∥M ′(π)) + (1− ζ)DKL(M(π′) ∥M ′(π′))

≥ inf
M ′∈Malt(M)

∑
π ̸=π′

(1− ζ)λ(π)DKL(M(π) ∥M ′(π)) + (1− ζ)λ(π′)DKL(M(π′) ∥M ′(π′))

= (1− ζ)IM(λ)

≥ (1− ζ)(1− ε)/n.

Since π′ ̸= πM , we can lower bound ∆M(λ) ≥ (1− ζ)∆M
min, so

(1− ζ)∆M

min ≤ ∆M(λ) ≤ (1 + ε)gM/n =⇒ n ≤ (1 + ε)gM

(1− ζ)∆M
min

≤ 4gM

∆M
min

We can therefore bound ζ ≤ εgM/n as long as

ζ ≤ ∆M
min · ε
4

.

Consider ζ that satisfies this inequality. Then ∆M(λ′) ≤ (1 + 2ε)gM/n. We can also lower
bound (1− ζ)(1− ε) ≥ (1− 2ε) as long as ζ ≤ ε

1−ε ≤ ε. Thus, as long as

ζ ≤ min{1, ∆
M
min

4
} · ε and n ≥ 4gM

∆M
min

,

we have that M ∈Mgl
2ε(λ

′; n).

Case 2b: λ ̸= Iπ for any π ∈ Π. Finally, it remains to handle the case then there does
not exist π′ such that λ(π′) ≥ 1− ζ. In this case, we can always lower bound

ζ∆M

min ≤ ∆M(λ) ≤ (1 + ε)gM/n =⇒ n ≤ (1 + ε)gM

ζ∆M
min

,

so as long as n ≥ (1+ε)gM

ζ∆M
min

, we have M ∈Mgl
2ε(λ; n).

Since we are in the regime where λ ̸= Iπ, it must be the case that if M ∈M0 ∩Mgl
ε (λ),

then gM > 0. Thus, a sufficient choice of ζ is

ζ = min
M∈M0:gM>0

min

{
gM

gM + 2nM
ε

,
∆M

minε

4

}
.
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Concluding the Proof. To show the result, we need that n is large enough for each
M ∈M0. The argument above shows that it suffices to take

n ≥ max
M∈M0

max

{
nM

ε ,
4gM

∆M
min

,
2gM

ζ∆M
min

}
for

ζ := min
M∈M0:gM>0

min

{
gM

gM + 2nM
ε

,
∆M

minε

4

}
.

This proves the result.

Lemma H.2.5. For every M ∈ M with ∆M
min > 0, there exists some λ ∈ Υ(M ; ε) with

normalization factor n satisfying

n ≤ gM/∆M

min + nM

ε ,

i.e., we have M ∈Mgl
ε (λ; n).

Proof of Lemma H.2.5. Consider some allocation η ∈ RΠ
+ such that

∆M(η) ≤ gM and IM(η) ≥ 1. (H.2.2)

Let η′ denote the allocation satisfying η′(π) = η(π) for π ≠ πM , and η′(πM) = 0. Note that
∆M(η) ≥ ∆M

min∥η′∥1, which implies that

∥η′∥1 ≤ gM/∆M

min.

Let η′′ denote the allocation satisfying η′′(π) = η(π) for π ̸= πM and η′′(πM) = nM
ε . Then

by definition of nM
ε , and since η satisfies (H.2.2), we have IM(η′′) ≥ 1 − ε. Furthermore, it

is straightforward to see that ∆M(η′′) ≤ gM . This implies that η′′/∥η′′∥1 ∈ Υ(M ; ε) with
normalization factor ∥η′′∥1. However, we can bound

∥η′′∥1 = ∥η′∥1 + nM

ε ≤ gM/∆M

min + nM

ε .

This proves the result.

H.2.2.3 Bounding Allocation-Estimation Coefficient via Uniform Exploration Coefficient

In this section we prove a generalized version of Proposition 10.2. In particular, rather than
specializing to the KL divergence, we consider a general divergence D. We define the uniform
exploration coefficient with respect to D as follows.

Definition H.2.1 (Uniform Exploration Coefficient, General Divergences). For a randomized
estimator ξ ∈ △M and divergence D

(
· ∥ ·

)
, we define the uniform exploration coefficient
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with respect to ξ at scale ε > 0 as the value of the following program:

CD,ξ
exp(ε) := min

C∈R+,p∈△Π

{
C
∣∣∣ ∀M,M ′ ∈M :

maxM ′′∈{M,M ′} EM∼ξ[Eπ∼p[D
(
M(π) ∥M ′′(π)

)
]] ≤ 1/C

=⇒ maxp′∈△Π
Eπ∼p′ [D

(
M(π) ∥M ′(π)

)
] ≤ ε

}
.

We define pD,ξexp(ε) as the minimizing distribution for this program, and let

CD
exp(M, ε) := sup

ξ∈△M

CD,ξ
exp(ε)

denote the uniform exploration constant for classM.

Lemma H.2.6 (Formal version of Proposition 10.2). Let ε ∈ [0, 1/2) and M0 ⊆ M
be given, and assume that infM∈M0 g

M > 0, infM∈M0 ∆
M
min > 0, supM∈M0

nM

1/4 < ∞, and
Assumptions 10.5, H.1 and H.2 hold. Then for any ξ ∈ △M0, we can bound

min
λ,ω∈△Π

sup
M∈M0\Mgl

ε (λ)

1

EM∼ξ[Eω[D
(
M(π) ∥M(π)

)
]]
≤ CD

exp(M0, δ)

for any δ > 0 satisfying

√
δ ≤ min

M∈M0

min

{
min

{
1

81LKL
,
∆M

min

34VM

}
· ε

2gM/∆M
min + nM

ε/36

,
∆M

min

3

}
.

Proof of Lemma H.2.6. Let δ > 0 be some tolerance to be chosen. Let M̃ denote some
M ∈ M0 such that EM∼ξ[Epexp [D

(
M(π) ∥M(π)

)
]] ≤ 1/Cexp, where we abbreviate Cexp :=

CD
exp(M0, δ) and pexp := pD,ξexp(δ) is a distribution that achieves the value of CD

exp(M0, δ) for
ξ; if such an M̃ does not exist, we let M̃ = argminM∈M0

EM∼ξ[Epexp [D
(
M(π) ∥M(π)

)
]]. Let

ε′ > 0 be some value to be chosen, and let λ̃ ∈ Υ(M̃ ; ε′) denote the allocation in Υ(M̃ ; ε′)
with smallest normalizing factor n. Let ñ denote the value of this normalizing factor, then:

∆M̃(λ̃) ≤ (1 + ε′)gM̃/ñ and IM̃(λ̃) ≥ (1− ε′)/ñ.

We can bound:

min
λ∈△Π

min
ω∈△Π

sup
M∈Mgl

ε (λ)c∩M0

1

EM∼ξ[Eω[D
(
M(π) ∥M(π)

)
]]
≤ sup

M∈Mgl
ε (λ̃)c∩M0

1

EM∼ξ[Epexp [D
(
M(π) ∥M(π)

)
]]

≤ sup
M∈Mgl

ε (λ̃)c∩M0

I{EM∼ξ[Epexp [D
(
M(π) ∥M(π)

)
]] ≤ 1/Cexp}

EM∼ξ[Epexp [D
(
M(π) ∥M(π)

)
]]

+ Cexp, (H.2.3)

where here we take 0
0
= 0. If EM∼ξ[Epexp [D

(
M(π) ∥ M̃(π)

)
]] > 1/Cexp, then by definition of
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M̃ , for all M ∈M0 we have

EM∼ξ[Epexp [D
(
M(π) ∥M(π)

)
]] > 1/Cexp,

so we can simply bound (H.2.3) ≤ Cexp. Going forward, we assume this is not the case, so
that EM∼ξ[Epexp [D

(
M(π) ∥ M̃(π)

)
]] ≤ 1/Cexp. Our goal is to show that, for small enough

δ, λ̃ ∈ Υ(M ; ε) for every other M ∈ M0 with EM∼ξ[Epexp [D
(
M(π) ∥ M̃(π)

)
]] ≤ 1/Cexp, so

that M ∈ Mgl
ε (λ̃). This will imply that there does not exist M ∈ Mgl

ε (λ̃)
c ∩ M0 with

EM∼ξ[Epexp [D
(
M(π) ∥ M̃(π)

)
]] ≤ 1/Cexp, which further implies that (H.2.3) ≤ Cexp.

Fix any M ∈M0. We note that by the definition of pexp, if EM∼ξ[Epexp [D
(
M(π) ∥M(π)

)
]] ≤

1/Cexp, then

sup
p∈△Π

Ep[D
(
M̃(π) ∥M(π)

)
] ≤ δ,

This implies in particular that, for each π, D
(
M̃(π) ∥M(π)

)
≤ δ.

Step 1: EM∼ξ[Epexp [D
(
M(π) ∥M(π)

)
]] ≤ 1/Cexp implies πM = πM̃ . As noted, if

EM∼ξ[Epexp [D
(
M(π) ∥M(π)

)
]] ≤ 1/Cexp,

we have D
(
M̃(π) ∥M(π)

)
≤ δ for all π. Assume that πM ̸= πM̃ (note that since infM∈M0 ∆

M
min >

0 by assumption, all M ∈ M0 have unique optimal). By definition we have f M̃(πM̃) ≥
f M̃(πM) + ∆M̃

min and fM(πM) ≥ fM(πM̃). Thus,

∆M̃

min ≤ f M̃(πM̃)− f M̃(πM) + fM(πM)− fM(πM̃)

≤ |f M̃(πM̃)− fM(πM̃)|+ |fM(πM)− f M̃(πM)|

≤
√

D
(
M̃(πM̃) ∥M(πM̃)

)
+

√
D
(
M̃(πM) ∥M(πM)

)
.

This implies that there exists some π such that D
(
M̃(π) ∥M(π)

)
≥ (∆M̃

min/2)
2. Assuming

δ ≤ min
M∈M0

(∆M̃

min/3)
2, (H.2.4)

this is a contradiction. Thus, it must be the case that πM = πM̃ , as long as (H.2.4) is satisfied.

Step 2: EM∼ξ[Epexp [D
(
M(π) ∥M(π)

)
]] ≤ 1/Cexp implies λ̃ ∈ Υ(M ; ϵ). Under Assump-

tion H.2, we can bound, ∀π ∈ Π,

|f M̃(π)− fM(π)| ≤
√
D
(
M̃(π) ∥M(π)

)
≤
√
δ.
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This implies that, for any λ ∈ △Π,

|∆M̃(λ)−∆M(λ)| ≤ |f M̃(πM)− fM(πM)|+
∑
π

λπ|f M̃(π)− fM(π)| ≤ 4
√
δ.

In addition, under Assumption H.1, we have

DKL(M(π) ∥M ′(π)) ≥ DKL

(
M̃(π) ∥M ′(π)

)
− LKL

√
D
(
M̃(π) ∥M(π)

)
≥ DKL

(
M̃(π) ∥M ′(π)

)
− 2LKL

√
δ.

This implies, for any λ ∈ △Π,

IM(λ) = inf
M ′∈Malt(M)

∑
π

λ(π)DKL(M(π) ∥M ′(π))

≥ inf
M ′∈Malt(M)

∑
π

λ(π)DKL

(
M̃(π) ∥M ′(π)

)
− 2LKL

√
δ

= IM̃(λ)− 2LKL

√
δ

where the final equality uses that, given what we have already shown, πM = πM̃ , so that
Malt(M) =Malt(M̃). Repeating the calculation in the other direction, we get that |IM(λ)−
IM̃(λ)| ≤ 2LKL

√
δ.

We next relate gM to gM̃ . By definition we have

(1 + ε′)gM/ñ ≥ inf
λ∈△Π

∆M(λ) s.t. IM(λ) ≥ (1− ε′)/ñ.

Applying our perturbation bounds we can lower bound this as

≥ inf
λ∈△Π

∆M̃(λ)− 4
√
δ s.t. IM̃(λ) ≥ (1− ε′)/ñ− 2LKL

√
δ

≥ gM̃

((1− ε′)/ñ− 2LKL

√
δ)−1

− 4
√
δ

where the last inequality follows from Lemma H.2.1. This implies that

gM̃ ≤ ((1− ε′)/ñ− 2LKL

√
δ)−1(1 + ε′) · g

M

ñ
+ 4((1− ε′)/ñ− 2LKL

√
δ)−1
√
δ. (H.2.5)

Assuming that

√
δ ≤ ε′ − 2(ε′)2

2(1 + 2ε′)LKLñ
,
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some algebra shows that

(H.2.5) ≤ (1 + 2ε′)2gM + 4(1 + 2ε′)ñ
√
δ.

Now we can bound

∆M(λ̃) ≤ ∆M̃(λ̃) + 4
√
δ

≤ (1 + ε′)gM̃/ñ+ 4
√
δ

≤ (1 + 2ε′)3gM/ñ+ 4(1 + 2ε′)2
√
δ + 4

√
δ

and

IM(λ̃) ≥ IM̃(λ̃)− 2LKL

√
δ ≥ (1− ε′)/ñ− 2LKL

√
δ.

If ε′ and δ are small enough so that

(1 + 2ε′)3 ≤ 1 + ε/2 and 4(1 + 2ε′)2
√
δ + 4

√
δ ≤ εgM/2ñ

and

1− ε′ ≥ 1− ε/2 and 2LKL

√
δ ≤ ε/2ñ,

then ∆M(λ̃) ≤ (1 + ε)gM/ñ and IM(λ̃) ≥ (1 − ε)/ñ, which implies that λ̃ ∈ Υ(M ; ε) with
scaling factor ñ.

Step 3: Condition on δ. Altogether, we have assumed that δ satisfies (H.2.4) and, that
for some M ∈M0 with EM∼ξ[Epexp [D

(
M(π) ∥M(π)

)
]] ≤ 1/Cexp, we have

√
δ ≤ ε′ − 2(ε′)2

2(1 + 2ε′)LKLñ
, 4(1 + 2ε′)2

√
δ + 4

√
δ ≤ εgM/2ñ, 2LKL

√
δ ≤ ε/2ñ (H.2.6)

and

(1 + 2ε′)3 ≤ 1 + ε/2, 1− ε′ ≥ 1− ε/2.

Some algebra shows that, as long as ε ≤ 1, it suffices to take ε′ = ε/36 to satisfy the latter
two conditions. Furthermore, some calculation shows that a sufficient condition for (H.2.6)
to be met is that

√
δ ≤ min

{
1

81LKL
,
gM

17

}
· ε
ñ
.
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By Lemma H.2.5 and our choice of ñ, we can bound

ñ ≤ 2gM̃/∆M̃

min + nM̃

ε/36

so it suffices that we take

√
δ ≤ min

{
1

81LKL
,
gM

17

}
· ε
(

2gM̃

∆M̃
min

+ nM̃

ε

)−1

.

As M̃ was chosen to an arbitrary model inM0 with EM∼ξ[Epexp [D
(
M(π) ∥ M̃(π)

)
]] ≤ 1/Cexp,

we take it to minimize gM̃ over this constraint. It suffices then that

√
δ ≤ min

{
1

81LKL
,
gM̃

17

}
· ε
(

2gM̃

∆M̃
min

+ nM̃

ε/36

)−1

.

Finally, by Lemma H.3.13 (under Assumption 10.5) and Lemma H.2.3, we can lower bound
gM̃ ≥ ∆M̃

min/2VM. Combining this condition with (H.2.4) gives the result.

H.3 Deferred Proofs from Section 10.2

Organization of Appendix H.3. In this section we prove the main results from Sec-
tion 10.2. We consider a slightly generalized version of the setting in Section 10.2, where we
allow for divergences other than just the KL divergence, as described below. This section is
organized as follows.

• First, in Appendix H.3.1, we give the proof of our main result, Theorem 10.1. We
break this proof into two principle components: bounding the regret of AE2 in the
exploit phase (Section H.3.1.1), and explore phase (Section H.3.1.2). The key results in
this section are Lemma H.3.3, which formalizes the key algorithm intuition given in
Section 10.2, showing that exploring via the AEC yields low regret, and Lemma H.3.4,
which shows that, to enter the explore phase, the total “information gain” must be
bounded as O(log T ), which ultimately yields the optimal leading-order scaling. We
combine these results with our estimation guarantees in Appendix H.3.1.3, where we
give the proof of Theorem 10.1.

• In Appendix H.3.2, we extend AE2 and Theorem 10.1 to the case where we assume
no lower bound on the minimum gap over the model class, first presenting our main
algorithm in this setting, Algorithm H.3, and then giving a proof of Theorem 10.2. The
structure of this section is similar to Appendix H.3.1—the primary difference being
a slightly different argument to handle the need to adapt to the minimum gap of the
ground truth instance.
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• Finally, in Appendix H.3.3 we present our estimation routine with covering, and prove
that it achieves low estimation error, and in Appendix H.3.4 we provide the proofs of
miscellaneous results used throughout Appendix H.3.

H.3.1 Regret Bound for Uniformly Regular Classes (Theorem 10.1)

In this section we prove Theorem H.1, which generalizes Theorem 10.1. To do so, we analyze
Algorithm H.2, wich generalizes Algorithm 10.1 to allow for general divergences.

Throughout, we define

gM := min
M∈M:gM>0

gM .

Algorithm H.2 Allocation Estimation via Adaptive Exploration (AE2, general divergences)
1: input: Optimality tolerance δ, model classM, estimation oracle AlgD.
2: Initialize s← 1, ε← δ

4+2δ
, nmax ← nmax(M, ε), q ← 4nmax+δgM

4nmax+2δgM
.

3: Compute ξ1 ← AlgD({∅}) and M̂1 ← EM∼ξ1 [M ].
4: for t = 1, 2, 3, . . . do
5: if ∃πM̂s ∈ πM̂s s.t. ∀M ∈Malt(πM̂s),

∑s−1
i=1 EM̂∼ξi

[
log PM̂,πi

(ri,oi)

PM,πi (ri,oi)

]
≥ log(t log t) then

// Exploit

6: Play πM̂s .
7: else // Explore

8: Set ps ← qλs + (1− q)ωs for

λs, ωs ← argmin
λ,ω∈△Π

sup
M∈M\Mgl

ε (λ;nmax)

1

EM̂∼ξs
[
Eπ∼ω

[
D
(
M̂(π) ∥M(π)

)]] . (H.3.1)

9: Draw πs ∼ ps, observe rs, os.
10: Compute estimate ξs+1 ← AlgD({(πi, ri, oi)}si=1) and let M̂ s = EM∼ξs [M ].
11: s← s+ 1.

H.3.1.1 Bounding Regret of Exploit Phase

We refer to the exploit phase as the subset of rounds t in which Line 6 is reached, and refer
to the explore phase as the subset of rounds in which Line 8 is reached.

Lemma H.3.1. The total expected regret incurred by the exploit phase of Algorithm H.2 is
bounded by 2 log log T + 3.
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Proof of Lemma H.3.1. Let Et denote the event that we exploit at round t, and that πM̂s ̸= π⋆.
Then, since we can incur suboptimality of at most 1 at each round, the total expected regret
incurred by the exploit phase is bounded by

T∑
t=1

EM⋆
[I{Et}].

Let Ẽt denote the event

Ẽt :=

{
∀s ≥ 1 :

s∑
i=1

EM̂∼ξi

[
log

PM̂,πi
(ri, oi)

PM⋆,πi(ri, oi)

]
< log(t log t)

}
.

By Lemma H.3.2, we have PM⋆
[I{Ẽct }] ≤ 1

t log t
, and we can bound

EM⋆
[I{Et}] ≤ EM⋆

[I{Et ∩ Ẽt}] + EM⋆
[I{Ẽct }] ≤ EM⋆

[I{Et ∩ Ẽt}] +
1

t log t
.

Let st denote the exploration round at round t. If we exploit at round t, this implies that for
all M ∈Malt(πM̂s), we have

st−1∑
i=1

EM̂∼ξi

[
log

PM̂,πi
(ri, oi)

PM,πi(ri, oi)

]
≥ log(t log t). (H.3.2)

If πM̂s ̸= π⋆, then M⋆ ∈Malt(πM̂s), so (H.3.2) must hold for M ←M⋆. This contradicts Ẽt,
however, so EM⋆

[I{Et ∩ Ẽt}] = 0. Thus, EM⋆
[I{Et}] ≤ 1

t log t
, so

T∑
t=1

EM⋆
[I{Et}] ≤ 3 +

T∑
t=3

1

t log t
≤ 3 + 2

∫ T

e

1

t log t
dt = 3 + 2 log log T.

Lemma H.3.2. For {(ri, oi, ξi)}si=1 generated as in Algorithm H.2, we have that

PM⋆

[
∃s ≥ 1 :

s∑
i=1

EM̂∼ξi

[
log

PM̂,πi
(ri, oi)

PM⋆,πi(ri, oi)

]
≥ ε

]
≤ e−ε.

Proof of Lemma H.3.2. Denote

Xs := exp

(
s∑
i=1

EM̂∼ξi

[
log

PM̂,πi
(ri, oi)

PM⋆,πi(ri, oi)

])
.
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We first show that Xs is a supermartingale. Letting Fs−1 denote the filtration up to s− 1,
we have

EM⋆
[Xs | Fs−1] = exp

(
s−1∑
i=1

EM̂∼ξi

[
log

PM̂,πi
(ri, oi)

PM⋆,πi(ri, oi)

])
· EM⋆

[
exp

(
EM̂∼ξs

[
log

PM̂,πs
(rs, os)

PM⋆,πs(rs, os)

])
| Fs−1

]
= Xs−1 · EM⋆

[
exp

(
EM̂∼ξs

[
log

PM̂,πs
(rs, os)

PM⋆,πs(rs, os)

])
| Fs−1

]
(a)

≤ Xs−1 · EM⋆

[
EM̂∼ξs

[
exp

(
log

PM̂,πs
(rs, os)

PM⋆,πs(rs, os)

)]
| Fs−1

]
= Xs−1 · EM⋆

[
EM̂∼ξs [P

M̂,πs
(rs, os)]

PM⋆,πs(rs, os)
| Fs−1

]
= Xs−1

where (a) holds by Jensen’s inequality, and the final equality holds since EM̂∼ξs [P
M̂,π(·, ·)] is a

valid distribution over R×O. Thus, Xs is a supermartingale. Ville’s Maximal Inequality
then immediately gives that

PM⋆
[∃s ≥ 1 : Xs ≥ eε] ≤ EM⋆

[X1]

eε
.

To complete the proof, using the same calculation as above, we bound

EM⋆
[X1] = EM⋆

[
exp

(
EM̂∼ξ1

[
log

PM̂,π1
(r1, o1)

PM⋆,π1(r1, o1)

])]
≤ EM⋆

[
EM̂∼ξ1

[
exp

(
log

PM̂,π1
(r1, o1)

PM⋆,π1(r1, o1)

)]]
≤ 1.

H.3.1.2 Bounding Regret of Explore Phase

Lemma H.3.3 (Main Explore Phase Regret Bound). Let sT denote the total number of
exploration rounds (which is a random variable), and assume that δ ∈ [0, 1/2). Then running
Algorithm H.2, if g⋆ > 0, we can bound

E[sT ] ≤
24n2max + 8nmaxg

M

(δgM)2
· aecDε/2(M) · E[ÊstD(sT )] +

12nmax

δ∆min

· E[EstKL(sT )]

+
6nmax

δ
· E
[ sT∑
s=1

inf
M∈Malt(M⋆)

Eps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s}

]
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and the regret during exploration rounds is bounded as

E
[ sT∑
s=1

∆⋆(πs)

]
≤

8nmax + 2gM

δgM
· aecDε/2(M) · E[ÊstD(sT )] +

2(1 + δ)g⋆

∆min

· E[EstKL(sT )]

+ (1 + δ)g⋆ · E
[ sT∑
s=1

inf
M∈Malt(M⋆)

Eps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s}

]
.

Proof of Lemma H.3.3. The expected regret during exploration can be written as E[
∑sT

s=1 ∆
⋆(πs)] =

E[
∑sT

s=1 Eps [∆⋆(π)]]. By definition, for exploration rounds, we have ps ← qλs + (1 − q)ωs.
For each s ≤ sT , we consider three cases to bound the instantaneous expected regret,
Eps [∆⋆(π)] = ∆⋆(ps).

Case 1: M⋆ ∈M\Mgl
ε (λ

s; nmax). Denote such rounds as S1
exp. Write

∆⋆(ps) =
[
∆⋆(ps)− γsEM̂∼ξs

[
Eps [D

(
M̂(π) ∥M⋆(π)

)
]
]]

+ γsEM̂∼ξs

[
Eps [D

(
M̂(π) ∥M⋆(π)

)
]
]

for

γs :=
1 + δ

1− q
· 1

EM̂∼ξs [Eωs [D
(
M̂(π) ∥M⋆(π)

)
]]
. (H.3.3)

In this case we have that

γsEM̂∼ξs [Eps [D
(
M̂(π) ∥M⋆(π)

)
]]

=
1 + δ

1− q
· 1

Eωs [EM̂∼ξs [D
(
M̂(π) ∥M⋆(π)

)
]]
EM̂∼ξs [Eps [D

(
M̂(π) ∥M⋆(π)

)
]]

≥ 1 + δ

EM̂∼ξs [Eps [D
(
M̂(π) ∥M⋆(π)

)
]]
EM̂∼ξs [Eps [D

(
M̂(π) ∥M⋆(π)

)
]]

= 1 + δ.

Thus, since the suboptimality gap is always bounded by 1, we can bound

∆⋆(ps)− γsEM̂∼ξs

[
Eps [D

(
M̂(π) ∥M⋆(π)

)
]
]
≤ 1− γsEM̂∼ξs

[
Eps [D

(
M̂(π) ∥M⋆(π)

)
]
]
≤ −δ.

So,

∆⋆(ps) ≤ −δ + γsEM̂∼ξs

[
Eps [D

(
M̂(π) ∥M⋆(π)

)
]
]
.
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Case 2: M⋆ ∈Mgl
ε (λ

s; nmax), π⋆ ∈ πM̂s. Denote such rounds as S2
exp, and write

∆⋆(ps) = [∆⋆(ps)− (1 + δ)g⋆ · Eps [DKL(M
⋆(π) ∥M(π))]] + (1 + δ)g⋆ · Eps [DKL(M

⋆(π) ∥M(π))]

for any M ∈M⋆
alt. In this case, since M⋆ ∈Mgl

ε (λ
s; nmax), we have that λs ∈ Υ(M⋆; ε). This

then implies that

∆⋆(λs) ≤ (1 + ε)g⋆/n⋆ and inf
M∈M⋆

alt

Eλs [DKL(M
⋆(π) ∥M(π))] ≥ (1− ε)/n⋆

for some n⋆ ≤ nmax. Since M ∈ M⋆
alt, it follows that Eλs [DKL(M

⋆(π) ∥M(π))] ≥ (1− ε)/n⋆.
Thus,

∆⋆(ps)− (1 + δ)g⋆Eps [DKL(M
⋆(π) ∥M(π))] ≤ q [∆⋆(λs)− (1 + δ)g⋆Eλs [DKL(M

⋆(π) ∥M(π))]] + 1− q

≤ q [(1 + ε)g⋆/n⋆ − (1 + δ)(1− ε)g⋆/n⋆] + 1− q

= q [2ε− δ(1− ε)] · g
⋆

n⋆
+ 1− q

(a)
= −qδ

2

g⋆

n⋆
+ 1− q

≤ −qδ

2

g⋆

nmax

+ 1− q

(b)

≤ −δ

4

g⋆

nmax

,

where (a) follows from our choice of ε = δ/2
2+δ

and setting of n⋆, and (b) follows from our setting

of q = 4nmax+δgM

4nmax+2δgM
, since g⋆ > 0, and some algebra. Thus,

∆⋆(ps) ≤ (1 + δ)g⋆Eps [DKL(M
⋆(π) ∥M(π))]− δ

4

g⋆

nmax

.

As this holds for every M ∈M⋆
alt, we therefore have

∆⋆(ps) ≤ inf
M∈M⋆

alt

(1 + δ)g⋆Eps [DKL(M
⋆(π) ∥M(π))]− δ

4

g⋆

nmax

.

Case 3: M⋆ ∈Mgl
ε (λ

s; nmax), π⋆ ̸∈ πM̂s. Denote such rounds as S3
exp, and write

∆⋆(ps) =

[
∆⋆(ps)− 2(1 + δ)g⋆

∆min

· EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]]

]
+

2(1 + δ)g⋆

∆min

· EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]].
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Since M⋆ ∈ Mgl
ε (λ

s; nmax), we have that λs ∈ Υ(M⋆; ε). This then implies that for any
M ∈M⋆

alt:

∆⋆(λs) ≤ (1 + ε)g⋆/n⋆ and inf
M∈M⋆

alt

Eλs [DKL(M
⋆(π) ∥M(π))] ≥ (1− ε)/n⋆

for some n⋆ ≤ nmax. By Lemma H.3.9, since π⋆ ̸∈ πM̂s , we can lower bound EM̂∼ξs [I{M̂ ∈
M⋆

alt}] ≥ 1
2
∆min. Thus, we have

2(1 + δ)g⋆

∆min

EM̂∼ξs [Eλs [DKL

(
M⋆(π) ∥ M̂(π)

)
]]

≥ 2(1 + δ)g⋆

∆min

EM̂∼ξs [Eλs [DKL

(
M⋆(π) ∥ M̂(π)

)
· I{M̂ ∈M⋆

alt}]]

≥ (1 + δ)(1− ε)g⋆

n⋆
.

This implies that

∆⋆(ps)− 2(1 + δ)g⋆

∆min

· EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]]

≤ q[(1 + ε)g⋆/n⋆ − (1 + δ)(1− ε)g⋆/n⋆] + 1− q

≤ −δ

4

g⋆

nmax

,

where the final inequality follows by the same argument as in Case 2. Thus,

∆⋆(ps) ≤ 2(1 + δ)g⋆

∆min

· EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]]− δ

4

g⋆

nmax

.

Completing the Proof. In total we have

E
[ sT∑
s=1

∆⋆(ps)

]
≤ E

[
− δ|S1

exp| −
δg⋆

4nmax

|S2
exp ∪ S3

exp|+
∑
s∈S1

exp

γsEM̂∼ξs [Eps [D
(
M̂(π) ∥M⋆(π)

)
]]

+ (1 + δ)g⋆
∑
s∈S2

exp

inf
M∈M⋆

alt

Eps [DKL(M
⋆(π) ∥M(π))]

+
2(1 + δ)g⋆

∆min

∑
s∈S3

exp

EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]]

]

≤ E
[
− δg⋆

4nmax

· sT +
8nmax + 2gM

δgM
· aecDε/2(M) · ÊstD(sT ) +

2(1 + δ)g⋆

∆min

· EstKL(sT )
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+ (1 + δ)g⋆
sT∑
s=1

inf
M∈M⋆

alt

Eps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s}

]
where the last inequality follows from Lemma H.3.10, which bounds

γs ≤
8nmax + 2gM

δgM
· aecDε/2(M),

and also using that for any s ∈ S2
exp we have π⋆ ∈ πM̂s . Upper bounding − δg⋆

4nmax
· sT ≤ 0

proves the second claim in the lemma statement.
For the first claim, as regret is always nonnegative, it follows that

0 ≤ E
[
− δg⋆

4nmax

· sT +
8nmax + 2gM

δgM
· aecDε/2(M) · ÊstD(sT ) +

2(1 + δ)g⋆

∆min

· EstKL(sT )

+ (1 + δ)g⋆ ·
sT∑
s=1

inf
M∈M⋆

alt

Eps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s}

]
which implies

E[sT ] ≤
4nmax

δg⋆
· E
[
8nmax + 2gM

δgM
· aecDε/2(M) · ÊstD(sT ) +

2(1 + δ)g⋆

∆min

· EstKL(sT )

+ (1 + δ)g⋆ ·
sT∑
s=1

inf
M∈M⋆

alt

Eps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s}

]
.

Lemma H.3.4. When running both Algorithm H.2 and Algorithm H.3, for all α ∈ [0, 1), we
have

E
[ sT∑
s=1

inf
M∈Malt(M⋆)

sα · Eps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s}

]
≤ E[sαT ] log T + E

[
VMs

1/2+α
T

√
1344dcov · log(128CcovsT )

+ (VM + LKL)

(
4
s
1/2+α/2
T

1− α
+

sT∑
s=1

s1/2+α/2 · EM̂∼ξs [Eπ∼ps [D
(
M̂(π) ∥M⋆(π)

)
]]

)]
+ E[sαT ] log log T + 7VM.

Proof of Lemma H.3.4. Let s̃T denote the final exploration round for which π⋆ ∈ πM̂s . Then,
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upper bounding the KL divergence by 2VM via Lemma H.3.13, we have

sT∑
s=1

inf
M∈M⋆

alt

sαEps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s} ≤ s̃αT

s̃T−1∑
s=1

inf
M∈M⋆

alt

Eps [DKL(M
⋆(π) ∥M(π))] + 2VMsαT .

Under Assumption H.1 and via Jensen’s inequality and AM-GM, we have, for any αs > 0
and M ∈M,

Eps [DKL(M
⋆(π) ∥M(π))] ≤ EM̂∼ξs [Eps [DKL

(
M̂(π) ∥M(π)

)
]] + LKL

√
EM̂∼ξs [Eps [D

(
M̂(π) ∥M⋆(π)

)
]]

≤ EM̂∼ξs [Eps [DKL

(
M̂(π) ∥M(π)

)
]] + LKL

(
1

αs
+ αsEM̂∼ξs [Eps [D

(
M̂(π) ∥M⋆(π)

)
]]

)
,

We now wish to bound

E
[
s̃αT

s̃T−1∑
s=1

inf
M∈M⋆

alt

EM̂∼ξs [Eps [DKL

(
M̂(π) ∥M(π)

)
]]

]
.

Let Mj
cov denote an (ρj, µj)-cover of M⋆

alt and Esj the corresponding event at step s ≤ 2j,
for some ρj and µj to be chosen. Let Ej := ∩s≤2jEsj . By definition PM⋆ [Esj ] ≥ 1 − µj, so
PM⋆ [Ej] ≥ 1− 2jµj. Define an event

Aj :=

{
∀s ≤ 2j,M ∈Mj

cov : (s+ 1)α
s∑
i=1

EM̂∼ξi [Epi [DKL

(
M̂(π) ∥M(π)

)
]]

≤ (s+ 1)α
s∑
i=1

EM̂∼ξi

[
log

PM̂,πi
(ri, oi)

PM,πi(ri, oi)

]
+ VM(s+ 1)

1
2
+α

√
56 log

2jNcov(M⋆
alt, ρj, µj)

δj

+ VM ·

(
4
(s+ 1)

1+α
2

1− α
+

s∑
i=1

i
1+α
2 · EM̂∼ξi [Eπ∼pi [D

(
M̂(π) ∥M⋆(π)

)
]

)}

sfor some δj to be chosen. By invoking Lemma H.3.12 with βi = i1/2+α/2/(s+1)α and a union
bound, we have P[Aj] ≥ 1 − δj (while Lemma H.3.12 does not contain the (s + 1)α term,
the bound in the expression for Aj simply gives the bound from Lemma H.3.12 multiplied
through with (s+ 1)α, which is non-random, so this is admissible). We can decompose

E
[
s̃αT

s̃T−1∑
s=1

inf
M∈M⋆

alt

EM̂∼ξs [Eps [DKL

(
M̂(π) ∥M(π)

)
]]

]

≤
⌈log T ⌉∑
j=1

E
[
s̃αT · inf

M∈M⋆
alt

s̃T−1∑
s=1

EM̂∼ξs [Eps [DKL

(
M̂(π) ∥M(π)

)
]] · I{s̃T ∈ [2j−1, 2j), Aj ∩ Ej}

]
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+

⌈log T ⌉∑
j=1

E
[
s̃αT · inf

M∈M⋆
alt

s̃T−1∑
s=1

EM̂∼ξs [Eps [DKL

(
M̂(π) ∥M(π)

)
]] · I{s̃T ∈ [2j−1, 2j), Ac

j ∪ Ecj }
]
.

We bound these terms separately. We can bound the second term as

⌈log T ⌉∑
j=1

E
[
s̃αT · inf

M∈M⋆
alt

s̃T−1∑
s=1

EM̂∼ξs [Eps [DKL

(
M̂(π) ∥M(π)

)
]] · I{s̃T ∈ [2j−1, 2j), Ac

j ∪ Ecj }
]

≤
⌈log T ⌉∑
j=1

2VM22j(P[Ac
j] + P[Ecj ])

≤
⌈log T ⌉∑
j=1

2VM22j(δj + 2jµj)

where the first inequality follows by bounding Lemma H.3.13, and s̃T ≤ 2j, and the second
follows by our bound on the probability of Aj. Letting δj =

1
23j

, µj =
1
24j

, this term can be
bounded by 4VM. We turn now to the first term. Fix j ∈ [⌈log T ⌉]. By definition of the event
Aj, and since s̃T ≤ 2j, plugging in our choice of δj we can bound, for any M ∈Mj

cov,

E
[
s̃αT · inf

M∈M⋆
alt

s̃T−1∑
s=1

EM̂∼ξs [Eps [DKL

(
M̂(π) ∥M(π)

)
]] · I{s̃T ∈ [2j−1, 2j), Aj ∩ Ej}

]

≤ E

[(
s̃αT · inf

M∈M⋆
alt

s̃T−1∑
s=1

EM̂∼ξs

[
log

PM̂,πs
(rs, os)

PM,πs(rs, os)

]
+ VMs̃

1/2+α
T

√
56 log(23jNcov(M⋆

alt, ρj, µj))

+ VM ·

(
4
s̃
1/2+α/2
T

1− α
+

s̃T∑
s=1

s1/2+α/2EM̂∼ξs [Eπ∼ps [D
(
M̂(π) ∥M⋆(π)

)
]]

))
· I{s̃T ∈ [2j−1, 2j), Ej}

]

≤ E

[(
s̃αT · inf

M∈M⋆
alt

s̃T−1∑
s=1

EM̂∼ξs

[
log

PM̂,πs
(rs, os)

PM,πs(rs, os)

]
+ VMs̃

1/2+α
T

√
168 log(8s̃TNcov(M⋆

alt, ρj,
s̃−4
T

16
))

+ VM ·

(
4
s̃
1/2+α/2
T

1− α
+

s̃T∑
s=1

s1/2+α/2EM̂∼ξs [Eπ∼ps [D
(
M̂(π) ∥M⋆(π)

)
]]

))
· I{s̃T ∈ [2j−1, 2j), Ej}

]
(H.3.4)

where the second inequality follows since, if s̃T ∈ [2j−1, 2j), then we can bound 2j ≤ 2s̃T .
Since s̃T is an exploration round by definition, we know that for all πM̂s̃T ∈ πM̂s̃T , there
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exists some M ′ ∈Malt(πM̂s̃T ) such that

s̃T−1∑
s=1

EM̂∼ξs

[
log

PM̂,πs
(rs, os)

PM′,πs(rs, os)

]
≤ log(T log T ).

By assumption we have π⋆ ∈ πM̂s̃T , so it follows that there exists some (random) M ′ ∈M⋆
alt

such that the above inequality holds. Let M ′′ ∈Mj
cov denote the model inMj

cov such that∣∣∣∣log PM′,π(r, o)

PM′′,π(r, o)

∣∣∣∣ = ∣∣logPM′,π(r, o)− logPM′′,π(r, o)
∣∣ ≤ ρj,

for all (r, o, π) for which supM̃∈M PM̃,π(r, o | Ej) > 0, which is guaranteed to exist by Defini-
tion 10.2.1. Note that by definition ofMj

cov, we have M ′′ ∈M⋆
alt. We then have

s̃αT · inf
M∈M⋆

alt

s̃T−1∑
s=1

EM̂∼ξs

[
log

PM̂,πs
(rs, os)

PM,πs(rs, os)

]
· I{s̃T ∈ [2j−1, 2j), Ej}

≤ s̃αT

s̃T−1∑
s=1

EM̂∼ξs

[
log

PM̂,πs
(rs, os)

PM′′,πs(rs, os)

]
· I{s̃T ∈ [2j−1, 2j), Ej}

= s̃αT

s̃T−1∑
s=1

[
EM̂∼ξs

[
log

PM̂,πs
(rs, os)

PM′,πs(rs, os)

]
+ log

PM′,πs
(rs, os)

PM′′,πs(rs, os)

]
· I{s̃T ∈ [2j−1, 2j), Ej}

≤ s̃αT log(T log T ) + ρj · s̃1+αT ,

where the inequality holds since on Ej, we can ensure that log PM′,πs
(rs,os)

PM′′,πs (rs,os)
≤ ρj. Therefore,

choosing ρj = 2−3j, we have

(H.3.4) ≤ E

[(
s̃αT log(T log T ) + ρj · s̃1+αT + VMs̃

1/2+α
T

√
168s̃T log(8Ncov(M⋆

alt, ρj,
s̃−4
T

16
))

+ VM ·

(
4
s̃
1/2+α/2
T

1− α
+

s̃T∑
s=1

s1/2+α/2EM̂∼ξs [Eπ∼ps [D
(
M̂(π) ∥M⋆(π)

)
]]

))
· I{s̃T ∈ [2j−1, 2j)}

]

≤ E

[(
s̃αT log(T log T ) + 2−j + VMs̃

α+1/2
T

√
168 log(8s̃TNcov(M⋆

alt,
s̃−3
T

8
,
s̃−4
T

16
))

+ VM ·

(
4
s̃
1/2+α/2
T

1− α
+

s̃T∑
s=1

s1/2+α/2EM̂∼ξs [Eπ∼ps [D
(
M̂(π) ∥M⋆(π)

)
]]

))
· I{s̃T ∈ [2j−1, 2j)}

]
.

As this holds for each j, and the events {s̃T ∈ [2j−1, 2j)} are disjoint, we can sum over j to
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bound

⌈log T ⌉∑
j=1

E
[
s̃αT · inf

M∈M⋆
alt

s̃T−1∑
s=1

EM̂∼ξs [Eps [DKL

(
M̂(π) ∥M(π)

)
]] · I{s̃T ∈ [2j−1, 2j), Aj ∩ Ej}

]

≤ E

[
s̃αT log(T log T ) + 1 + VMs̃

α+1/2
T

√
168 log(8s̃TNcov(M⋆

alt,
s̃−3
T

8
,
s̃−4
T

16
))

+ VM ·

(
4
s̃
1/2+α/2
T

1− α
+

s̃T∑
s=1

s1/2+α/2EM̂∼ξs [Eπ∼ps [D
(
M̂(π) ∥M⋆(π)

)
]]

)]
.

Finally, under Assumption 10.6 and Lemma H.3.15 we can bound

log(8s̃TNcov(M⋆
alt,

s̃−3
T

8
,
s̃−4
T

16
)) ≤ log(8s̃T ) + logNcov(M,

s̃−3
T

8
,
s̃−4
T

16
)

≤ log(8s̃T ) + dcov · log
(
128Ccovs̃

7
T

)
≤ 8dcov · log(128Ccovs̃T ).

The result follows.

H.3.1.3 Completing the Proof

Theorem H.1 (Full version of Theorem 10.1). For any δ ≤ 1/2, if we set D
(
· ∥ ·

)
= DKL(· ∥ ·)

and instantiate AlgD with Algorithm H.4, under Assumptions 10.1 to 10.7 and if g⋆ > 0, the
expected regret of Algorithm H.2 is bounded by

EM⋆
[Reg(T )] ≤ (1 + δ)g⋆ · log T + Caec · aecε/2(M) · log3/2(log T ) + lin

(
Clow,

√
log T , log3/2(log T )

)
,

for

Clow := lin

(
g⋆, max

M∈M
gM , V

13/2
M , L2

KL, dcov, logCcov,
1

δ2
,

1

∆3
min

, nM
δ/6,
√

aecε/2(M)

)
Caec := c ·

V 2
Mdcov log(Ccov) ·maxM∈M gM · (δ−1 + VMnM

δ/6)

δ∆3
min

· log(Clow)

and where lin(·) denotes a function linear and poly-logarithmic in its arguments and c > 0 is
a universal constant.

Proof of Theorem H.1. Letting Texploit denote the exploitation rounds, we can bound the
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total expected regret as

T∑
t=1

E[∆⋆(πt)] = E

 ∑
t∈Texploit

∆⋆(πt)

+ E

[
sT∑
s=1

∆⋆(πs)

]
≤ 2 log log T + 3 + E

[
sT∑
s=1

∆⋆(πs)

]
,

where the inequality follows from Lemma H.3.1. It remains to bound the regret in the
exploration rounds. By Lemma H.3.3, we can bound this as

E
[ sT∑
s=1

∆⋆(πs)

]
≤

8nmax + 2gM

δgM
· aecDε/2(M) · E[ÊstD(sT )] +

2(1 + δ)g⋆

∆min

· E[EstKL(sT )]

+ (1 + δ)g⋆ · E
[ sT∑
s=1

inf
M∈M⋆

alt

Eps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s}

]
.

Applying Lemma H.3.4 with α = 0, we can bound

E
[ sT∑
s=1

inf
M∈M⋆

alt

Eps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s}

]
≤ log T + E

[
VM

√
1344dcovsT · log(128CcovsT )

+ (VM + LKL)

(
4
√
sT +

sT∑
s=1

√
s · EM̂∼ξs [Eπ∼ps [D

(
M̂(π) ∥M⋆(π)

)
]]

)]
+ log log T + 7VM

≤ log T + VM

√
1344dcovE[sT ] · log(128CcovE[sT ])

+ (VM + LKL)

(
4
√

E[sT ] + E

[
sT∑
s=1

√
s · EM̂∼ξs [Eπ∼ps [D

(
M̂(π) ∥M⋆(π)

)
]]

])
+ log log T + 7VM

(H.3.5)

where the last inequality follows from Lemma H.3.16—applied with α = β = 1/2, a = 128Ccov—
and the concavity of

√
x. Note that the condition of Lemma H.3.16 is met here since we

assume Ccov ≥ 1. It follows from Lemma H.3.7 that

E

[
sT∑
s=1

√
s · EM̂∼ξs [Eπ∼ps [D

(
M̂(π) ∥M⋆(π)

)
]]

]
(H.3.6)

≤ E
[
(2 + 6VM)(20dcov · log(64CcovsT ) + 1) · 5

√
2sT log(2sT )

]
+ E[32(1 + VM) log(sT )] + 8

≤ (2 + 6VM)(20dcov · log(64CcovE[sT ]) + 1) · 5
√

2E[sT ] log(2E[sT ])
+ 32(1 + VM) logE[sT ] + 8

= O
(
VMdcov log(CcovE[sT ])

√
E[sT ] log(E[sT ]) + VM

√
E[sT ]

)
, (H.3.7)
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where the last inequality follows from Lemma H.3.16. Similarly, by Lemma H.3.8, we can
bound both E[ÊstD(sT )] and E[EstKL(sT )] as

E[ÊstD(sT )],E[EstKL(sT )] ≤ E
[
(2 + 5VM)(20dcov · log(64CcovsT ) + 1) ·

√
log(2sT )

]
+ E[32(1 + VM) log(sT )] + 8

≤ (2 + 5VM)(20dcov · log(64CcovE[sT ]) + 1) ·
√
log(2E[sT ])

+ 32(1 + VM) log(E[sT ]) + 8

= O
(
VMdcov log(CcovE[sT ])

√
log(E[sT ]) + VM log(E[sT ])

)
,

(H.3.8)

where the second inequality follows from Lemma H.3.16 and Jensen’s inequality, which lets
us pass the expectation through. Together this gives a regret bound of

E
[ sT∑
s=1

∆⋆(πs)

]
≤ (1 + δ)g⋆ · log T + (1 + δ)g⋆VM

√
1344dcovE[sT ] · log(128CcovE[sT ]) + (1 + δ)g⋆(log log T + 7VM)

+ (1 + δ)g⋆(VM + LKL) ·O
(√

E[sT ] + VMdcov · log(CcovE[sT ])
√
E[sT ] log(E[sT ]) + VM logE[sT ]

)
+

8nmax + 2gM

δgM
· aecDε/2(M) ·O

(
VMdcov log(CcovE[sT ])

√
log(E[sT ]) + VM log(E[sT ])

)
+

2(1 + δ)g⋆

∆min

·O
(
VMdcov log(CcovE[sT ])

√
log(E[sT ]) + VM log(E[sT ])

)
By Lemma H.3.3 we can bound the total number of exploration rounds by

E[sT ] ≤
24n2max + 8nmaxg

M

(δgM)2
· aecDε/2(M) · E[ÊstD(sT )] +

12nmax

δ∆min

· E[EstKL(sT )]

+
6nmax

δ
· E
[ sT∑
s=1

inf
M∈M⋆

alt

Eps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s}

]
≤

24n2max + 8nmaxg
M

(δgM)2
· aecDε/2(M) ·O

(
VMdcov log(CcovE[sT ])

√
log(E[sT ]) + VM log(E[sT ])

)
+

12nmax

δ∆min

·O
(
VMdcov log(CcovE[sT ])

√
log(E[sT ]) + VM log(E[sT ])

)
+

6nmax

δ
· (log T + VM

√
1344dcovE[sT ] · log(128CcovE[sT ]) + log log T + 7VM)

+
6nmax

δ
(VM + LKL)

(
4
√

E[sT ] +O
(
VMdcov log(CcovE[sT ])

√
E[sT ] log(E[sT ]) + VM

√
E[sT ]

))
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where the second inequality follows from Equations (H.3.5), (H.3.7) and (H.3.8). Using
Lemma H.3.17 and bounding gM ≤ nmax, we can solve this for E[sT ] to get

E[sT ] ≤ Õ

(
nmax

δ
· log T +

VMdcov logCcov · n2max

(δgM)2
· aecDε/2(M) +

nmaxVMdcov logCcov

δ∆min

+
n2max(VM + LKL)

2(V 2
Md2cov log

2Ccov + V 2
M)

δ2

)
.

Finally, by Lemma H.3.13 and Lemma H.2.3 we can lower bound gM ≥ ∆min/2VM. Plugging
this into the above expression and using that

nmax = nmax(M, δ/6) :=
32

∆2
min

·
(
6

δ
+ 2VMnM

δ/6

)
· max
M∈M

gM ,

gives the result, after simplifying.

H.3.2 Regret Bound without Uniform Regularity (Theorem 10.2)

In this section, we prove Theorem 10.2 (as well as a more general result, Theorem H.2), which
gives regret bounds for a variant of AE2, Algorithm H.3, AE2

⋆, which does not require uniform
regularity, and adapts to the gap ∆⋆

min := ∆M⋆

min for the underlying model M⋆. Algorithm H.3
is a slightly more general version of Algorithm 10.2, incorporating general divergences D.

Throughout this section, we let s⋆ denote the first exploration round s such that M⋆ ∈Mℓ

in Algorithm 10.2. Note that s⋆ is a deterministic quantity (though, the first round t in which
s = s⋆ is not deterministic).

We remark briefly that, to bound (H.3.9) by a restriction of the AEC, it is critical
that our estimator produced at each exploration round s, ξs, is only supported onMℓ. To
accomplish this, we explicitly generate a cover ofMℓ,Mℓ

cov, and run an estimation procedure
on this cover. As Algorithm H.4, the estimation procedure used to prove Theorem 10.1,
directly covers all ofM, to prove Theorem 10.2 we do not appeal directly to this algorithm,
yet we note that the covering and estimation procedure employed by AE2

⋆ are essentially
identical to that in Algorithm H.4, modulo the choice of which set is being covered.

H.3.2.1 Bounding Regret of Explore Phase

Lemma H.3.5. We have

s⋆ ≤
(
aecD,M

ε/2 (M
⋆)
) 1

αM +

(
n⋆ε +

1

∆⋆
min

+
4g⋆

∆⋆
min

+
2n⋆ε
g⋆

+
4

∆⋆
minε

) 2
αn

.
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Algorithm H.3 Adaptive Exploration for Allocation Estimation for classes without uniform
regularity (AE2

⋆)
1: input: Optimality tolerance δ, divergence D, estimation oracle AlgD, growth parameters

αq, αn, αM.
2: s← 1, ℓ← 1, ε← δ

4+2δ
.

3: qs ← 1− s−αq , ns ← sαn .
4: Compute ξ1 ← AlgD({∅}) and M̂1 ← EM∼ξ1 [M ].
5: for t = 1, 2, 3, . . . do
6: if s ≥ 2ℓ then // Form active set and cover

7: ℓ← ℓ+ 1.
8: ∆ℓ ← argmin∆≥0∆ s.t. aecD,M

ε/2 (M∆, 1
∆
) ≤ sαM .

9: Mℓ ←M∆ℓ, 1

∆ℓ
∩
{
M ∈M : nM

ε + 1
∆M

min
+ 4gM

∆M
min

+ 2nMε
gM

+ 4
∆M

minε
≤
√
ns
}
.

10: Mℓ
cov ← (ρℓ, µℓ)-cover ofMℓ for ρℓ ← 2−ℓ, µℓ ← 2−5ℓ, Dℓ ← ∅.

11: if ∃πM̂s ∈ πM̂s s.t. ∀M ∈Malt(πM̂s),
∑s−1

i=1 EM̂∼ξi

[
log PM̂,πi

(ri,oi)

PM,πi (ri,oi)

]
≥ log(t log t) then

// Exploit

12: Play πM̂s .
13: else // Explore

14: Set ps ← qsλs + (1− qs)ωs for

λs, ωs ← argmin
λ,ω∈△Π

sup
M∈Mℓ\Mgl

ε (λ;ns)

1

EM̂∼ξs [Eπ∼ω[D
(
M̂(π) ∥M(π)

)
]]
. (H.3.9)

15: Draw πs ∼ ps, observe rs, os, set Dℓ ← Dℓ ∪ {(πs, rs, os)}.
16: Compute estimate ξs+1 ← AlgD(D

ℓ,Mℓ
cov) and M̂ s+1 = EM∼ξs+1 [M ].

17: s← s+ 1.

Proof of Lemma H.3.5. We will have M⋆ ∈Mℓ as soon as M⋆ ∈M′ and M⋆ ∈M′′ for

M′ ←
{
M ∈M : nM

ε +
1

∆M
min

+
4gM

∆M
min

+
2nM

ε

gM
+

4

∆M
minε

≤
√

n2ℓ−1

}
, M′′ ←M∆ℓ, 1

∆ℓ

where

∆ℓ = argmin
∆≥0

∆ s.t. aecD,M
ε/2 (M∆, 1

∆
) ≤ sαM .

Note that if this occurs for some ℓ, then the first exploration round s such that M⋆ ∈Mℓ is
s = 2ℓ−1. From the definition n2

ℓ−1
= 2αn(ℓ−1), we have M⋆ ∈M′ as soon as

√
2αn(ℓ−1) ≥ n⋆ε +

1

∆⋆
min

+
4g⋆

∆⋆
min

+
2n⋆ε
g⋆

+
4

∆⋆
minε
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⇐⇒ 2ℓ−1 ≥
(
n⋆ε +

1

∆⋆
min

+
4g⋆

∆⋆
min

+
2n⋆ε
g⋆

+
4

∆⋆
minε

)2/αn

.

To have M⋆ ∈M′′, we need ∆ℓ ≤ ∆⋆
min and n⋆ε ≤ 1

∆ℓ , which will be the case once

aecD,M
ε/2 (M

⋆) ≤ 2(ℓ−1)·αM ⇐⇒
(
aecD,M

ε/2 (M
⋆)
) 1

αM ≤ 2ℓ−1.

The result then follows by combining these bounds.

Lemma H.3.6. Let sT denote the total number of exploration rounds. For δ ≤ 1/2, running
Algorithm H.3, we can almost surely bound bound

sT ≤
4

δg⋆

( sT∑
s=s⋆

2sαq+αMEM̂∼ξs [Eps [D
(
M̂(π) ∥M⋆(π)

)
]

+

sT∑
s=s⋆

sαn · 2g⋆ · inf
M∈M⋆

alt

Eps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s}

+

sT∑
s=s⋆

s3αn/2 · 4g⋆EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]] + 4g⋆( 8

δg⋆
)

1+αn
αq−αn

)
+ s⋆.

In addition, the regret during exploration rounds is bounded as

E
[ sT∑
s=s⋆

∆⋆(πs)

]
≤ E

[ sT∑
s=s⋆

2sαq+αMEM̂∼ξs [Eps [D
(
M̂(π) ∥M⋆(π)

)
]

+

sT∑
s=s⋆

(1 + δ)g⋆ · inf
M∈M⋆

alt

Eps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s}

+

sT∑
s=s⋆

sαn/2 · 4g⋆EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]]

]
+ 4g⋆( 8

δg⋆
)

1
αq−αn .

Proof of Lemma H.3.6. We first prove the bound on the regret during the exploration rounds,
then use this result to prove the bound on sT .

Recall that by definition, for exploration rounds, we have ps ← qsλs + (1− qs)ωs. We
consider three cases to bound the instantaneous expected regret, ∆⋆(ps), for each s ≥ s⋆.

Case 1: M⋆ ∈Mℓ\Mgl
ε (λ

s; ns). Denote such rounds as S1
exp. This case follows identically

to Case 1 in Lemma H.3.3 with

γs =
1 + g⋆δ

1 + qs
· 1

EM̂∼ξs [Eωs [D
(
M̂(π) ∥M⋆(π)

)
]
. (H.3.10)
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We therefore omit the proof and conclude that

∆⋆(ps) ≤ −g⋆δ + γsEM̂∼ξs [Eps [D
(
M̂(π) ∥M⋆(π)

)
]

≤ γsEM̂∼ξs [Eps [D
(
M̂(π) ∥M⋆(π)

)
].

As regret is always lower-bounded by 0, we have ∆⋆(ps) ≥ 0, so for rounds s ∈ S1
exp, we can

also write

g⋆δ ≤ γsEM̂∼ξs [Eps [D
(
M̂(π) ∥M⋆(π)

)
]. (H.3.11)

Case 2: M⋆ ∈Mgl
ε (λ

s; ns), π⋆ ∈ πM̂s. Denote such rounds as S2
exp, and write

∆⋆(ps) = [∆⋆(ps)− (1 + δ)g⋆ · Eps [DKL(M
⋆(π) ∥M(π))]] + (1 + δ)g⋆ · Eps [DKL(M

⋆(π) ∥M(π))]

for an arbitrary model M ∈ M⋆
alt. In this case, since M⋆ ∈ Mgl

ε (λ
s; ns), we have that

λs ∈ Υ(M⋆; ε). This implies that

∆⋆(λs) ≤ (1 + ε)g⋆/n⋆s and inf
M∈M⋆

alt

Eλs [DKL(M
⋆(π) ∥M(π))] ≥ (1− ε)/n⋆s

for some n⋆s ≤ ns.
Since M ∈M⋆

alt, it follows that Eλs [DKL(M
⋆(π) ∥M(π))] ≥ (1− εs)/n⋆s. Thus,

∆⋆(ps)− (1 + δ)g⋆Eps [DKL(M
⋆(π) ∥M(π))] ≤ qs [∆⋆(λs)− (1 + δ)g⋆Eλs [DKL(M

⋆(π) ∥M(π))]] + 1− qs

≤ qs [(1 + ε)g⋆/n⋆s − (1 + δ)(1− ε)g⋆/n⋆s] + 1− qs

= qs [2ε− δ(1− ε)] · g
⋆

n⋆s
+ 1− qs

(a)
= −(1− s−αq)δ

2
· g

⋆

n⋆s
+ s−αq

(b)

≤

{
s−αq s < (8n

⋆
s

δg⋆
)1/αq

− δg⋆

4n⋆s
s ≥ (8n

⋆
s

δg⋆
)1/αq

(c)

≤

{
s−αq s < ( 8

δg⋆
)

1
αq−αn

−1
4
δg⋆ · s−αn s ≥ ( 8

δg⋆
)

1
αq−αn

(d)

≤ 2g⋆I{s < ( 8
δg⋆

)
1

αq−αn } − 1

4
δg⋆ · s−αn

where (a) follows from our choice of ε = δ/2
2+δ

and qs = 1 − s−αq , (b) follows from some
algebra, (c) uses that n⋆s ≤ ns and ns = sαn , and (d) follows since we will always have
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s−αq ≤ 2g⋆ − 1
4
δg⋆ · s−αn . Thus:

∆⋆(ps) ≤ (1 + δ)g⋆Eps [DKL(M
⋆(π) ∥M(π))] + 2g⋆I{s < ( 8

δg⋆
)

1
αq−αn } − 1

4
δg⋆ · s−αn

≤ (1 + δ)g⋆Eps [DKL(M
⋆(π) ∥M(π))] + 2g⋆I{s < ( 8

δg⋆
)

1
αq−αn }.

As this holds for all M ∈M⋆
alt, we have

∆⋆(ps) ≤ (1 + δ)g⋆ · inf
M∈M⋆

alt

Eps [DKL(M
⋆(π) ∥M(π))] + 2g⋆I{s < ( 8

δg⋆
)

1
αq−αn }.

Since ∆⋆(ps) ≥ 0, this also implies that for s ∈ S2
exp:

1

4
δg⋆ ≤ sαn · 2g⋆ · inf

M∈M⋆
alt

Eps [DKL(M
⋆(π) ∥M(π))] + 2g⋆sαnI{s < ( 8

δg⋆
)

1
αq−αn }

≤ sαn · 2g⋆ · inf
M∈M⋆

alt

Eps [DKL(M
⋆(π) ∥M(π))] + 2g⋆( 8

δg⋆
)

αn
αq−αn · I{s < ( 8

δg⋆
)

1
αq−αn }.

(H.3.12)

Case 3: M⋆ ∈Mgl
ε (λ

s; ns), π⋆ ̸∈ πM̂s. Denote such rounds as S3
exp, and write

∆⋆(ps) =
[
∆⋆(ps)− 2(1 + δ)g⋆

√
ns · EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]]
]

+ 2(1 + δ)g⋆
√
ns · EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]].

Since M⋆ ∈Mgl
ε (λ

s), we have that λs ∈ Υ(M⋆; ε). This implies that for any M ∈M⋆
alt:

∆⋆(λs) ≤ (1 + ε)g⋆/n⋆s and inf
M∈M⋆

alt

Eλs [DKL(M
⋆(π) ∥M(π))] ≥ (1− ε)/n⋆s

for some n⋆s ≤ ns. Assume that we are at epoch ℓ. By construction we have that, for
M ∈ Mℓ, 1

∆M
min
≤
√
n2ℓ ⇐⇒ ∆M

min ≥ 1√
n2ℓ

. Since ns is increasing in s, this implies that

∆M
min ≥ 1√

ns
. As ξs is only supported on Mℓ, since π⋆ ̸∈ πM̂s , Lemma H.3.9 implies that

EM∼ξs [I{M ∈M⋆
alt}] ≥ 1

2
√
ns

. Thus, we have

2(1 + δ)g⋆
√
ns · EM̂∼ξs [Eλs [DKL

(
M⋆(π) ∥ M̂(π)

)
]]

≥ 2(1 + δ)g⋆
√
ns · EM̂∼ξs [Eλs [DKL

(
M⋆(π) ∥ M̂(π)

)
· I{M ∈M⋆

alt}]]

≥ 2(1 + δ)g⋆
√
ns · 1− ε

2
√
nsn⋆s

≥ (1 + δ)(1− ε)g⋆

n⋆s
.
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This implies that

∆⋆(ps)− 2(1 + δ)g⋆
√
ns · EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]]

≤ qs[(1 + ε)g⋆/n⋆s − (1 + δ)(1− ε)g⋆/n⋆s] + 1− qs

≤ 2g⋆I{s < ( 8
δg⋆

)
1

αq−αn } − 1

4
δg⋆ · s−αn ,

where the final inequality follows by the same argument as in Case 2. Thus,

∆⋆(ps) ≤ 2(1 + δ)g⋆
√
ns · EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]] + 2g⋆I{s < ( 8

δg⋆
)

1
αq−αn } − 1

4
δg⋆ · s−αn

= sαn/2 · 2(1 + δ)g⋆EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]] + 2g⋆I{s < ( 8

δg⋆
)

1
αq−αn } − 1

4
δg⋆ · s−αn

≤ sαn/2 · 2(1 + δ)g⋆EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]] + 2g⋆I{s < ( 8

δg⋆
)

1
αq−αn }.

Just as in Case 2, using that ∆⋆(ps) ≥ 0, this also implies that for s ∈ S3
exp:

1

4
δg⋆ ≤ s3αn/2 · 2(1 + δ)g⋆EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]] + 2g⋆( 8

δg⋆
)

αn
αq−αn · I{s < ( 8

δg⋆
)

1
αq−αn }.

(H.3.13)

Completing the Proof. In total we have

sT∑
s=s⋆

∆⋆(ps) ≤
∑
s∈S1

exp

γsEM̂∼ξs [Eps [D
(
M̂(π) ∥M⋆(π)

)
] +

∑
s∈S2

exp

(1 + δ)g⋆ · inf
M∈M⋆

alt

Eps [DKL(M
⋆(π) ∥M(π))]

+
∑
s∈S3

exp

sαn/2 · 2(1 + δ)g⋆EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]] + 4g⋆( 8

δg⋆
)

1
αq−αn .

By Lemma H.3.11, for s ∈ S1
exp, we can bound γs ≤ (1 + g⋆δ) · sαq+αM . This gives an upper

bound on the above of

≤
sT∑
s=s⋆

(1 + g⋆)sαq+αMEM̂∼ξs [Eps [D
(
M̂(π) ∥M⋆(π)

)
]

+

sT∑
s=s⋆

(1 + δ)g⋆ · inf
M∈M⋆

alt

Eps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s}

+

sT∑
s=s⋆

sαn/2 · 4g⋆EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]] + 4g⋆( 8

δg⋆
)

1
αq−αn ,

which proves the regret bound.
We now bound the number of exploration rounds. Since for every s ∈ S1

exp (H.3.11)
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holds, for every s ∈ S2
exp (H.3.12) holds, and for every s ∈ S3

exp (H.3.13) holds, combining
these inequalities gives

1

4
δg⋆|S1

exp ∪ S2
exp ∪ S3

exp|

≤
∑
s∈S1

exp

γsEM̂∼ξs [Eps [D
(
M̂(π) ∥M⋆(π)

)
] +

∑
s∈S2

exp

sαn · 2g⋆ · inf
M∈M⋆

alt

Eps [DKL(M
⋆(π) ∥M(π))]

+
∑
s∈S3

exp

s3αn/2 · 4g⋆EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]] + 4g⋆( 8

δg⋆
)

1+αn
αq−αn

≤
sT∑
s=s⋆

(1 + g⋆)sαq+αMEM̂∼ξs [Eps [D
(
M̂(π) ∥M⋆(π)

)
]

+

sT∑
s=s⋆

sαn · 2g⋆ · inf
M∈M⋆

alt

Eps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s}

+

sT∑
s=s⋆

s3αn/2 · 4g⋆EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]] + 4g⋆( 8

δg⋆
)

1+αn
αq−αn .

Using that |S1
exp ∪ S2

exp ∪ S3
exp| = sT − s⋆ and rearranging gives the bound on sT .

H.3.2.2 Completing the Proof

Theorem H.2 (Full version of Theorem 10.2). Consider Algorithm H.3, and suppose we set
δ ≤ 1/2, D

(
· ∥ ·

)
= DKL(· ∥ ·), αM = 1/2, αζ = 1/8, and αq = 1/4, and instantiate AlgD

with Algorithm H.1. Then if Assumptions 10.1 to 10.6 hold and g⋆ > 0, the expected regret of
is bounded by

EM⋆
[Reg(T )] ≤ (1 + δ)g⋆ log T + Caec ·

(
aecD,M

ε/2 (M
⋆)
)3
· log3/2 log T + Clow · log6/7 T

for ε← δ
4+2δ

,

Caec := Õ

(
(VM + LKL)V

3
Mdcov log(Ccov)

δ∆⋆
min

)
,

and

Clow := Õ

(
poly

(
VM, LKL, n

⋆
ε, dcov, logCcov, g

⋆,
1

∆⋆
min

,
1

δ
, log log T

))
.

Proof of Theorem H.2. The bound on the regret incurred in the exploit phase follows identi-
cally to Theorem H.1, since the exploit test is the same. We turn to bounding the regret in
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the explore phase. First, since we can incur regret of at most 1 at every round, we bound

E

[
sT∑
s=1

∆M⋆
(ps)

]
≤ E

[
sT∑
s=s⋆

∆M⋆
(ps)

]
+ s⋆

By Lemma H.3.6, we can bound

E
[ sT∑
s=s⋆

∆⋆(πs)

]
≤ E

[ sT∑
s=s⋆

(1 + g⋆)sαq+αMEM̂∼ξs [Eps [D
(
M̂(π) ∥M⋆(π)

)
]

+

sT∑
s=s⋆

(1 + δ)g⋆ · inf
M∈M⋆

alt

Eps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s}

+

sT∑
s=s⋆

sαn/2 · 4g⋆EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]]

]
+ 4g⋆( 8

δg⋆
)

1
αq−αn

≤ E
[ sT∑
s=s⋆

(1 + g⋆)sαq+αMEM̂∼ξs [Eps [D
(
M̂(π) ∥M⋆(π)

)
]

+

sT∑
s=1

(1 + δ)g⋆ · inf
M∈M⋆

alt

Eps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s}

+

sT∑
s=s⋆

sαn/2 · 4g⋆EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]]

]
+ 4g⋆( 8

δg⋆
)

1
αq−αn .

Applying Lemma H.3.4 with α = 0, we have

E
[ sT∑
s=1

inf
M∈M⋆

alt

Eps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s}

]
≤ log T + E

[
VMs

1/2
T ·

√
1344dcov · log(128CcovsT )

+ (VM + LKL)

(
4s

1/2
T +

sT∑
s=1

s1/2 · EM̂∼ξs [Eπ∼ps [D
(
M̂(π) ∥M⋆(π)

)
]]

)]
+ log log T + 7VM.

Note that for s ≥ s⋆, our estimator is applied to a cover of a set containing M⋆. Furthermore,
note that the estimation procedure used in Algorithm H.3 is, other than the different choice
of set to cover, identical to that used in Algorithm H.4. It follows that the analysis of
Algorithm H.4 can be applied to the estimation procedure of Algorithm H.3, with only the
mild modification accounting for the difference in the size of the cover (as we are covering
Mℓ instead ofM). However, as we can upper bound the size of the cover ofMℓ by the size
of the cover ofM via Lemma H.3.15, this change is inconsequential. Thus, by Lemma H.3.7,
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we can bound

E

[
sT∑
s=s⋆

2sαq+αMEM̂∼ξs [Eps [D
(
M̂(π) ∥M⋆(π)

)
]

]
≤ O

(
E
[
VMdcov log(CcovsT )s

αq+αM
T

√
log(sT )

])
≤ O

(
VMdcov log(CcovE[sT ])E[sT ]αq+αM

√
log(E[sT ])

)
, (H.3.14)

where the second inequality uses Jensen’s inequality and Lemma H.3.16 to pass the expectation
through, which holds as long as 1/100 ≤ αq + αM ≤ 3/4. Similarly,

E

[
sT∑
s=s⋆

sαn/2 · 4g⋆EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]]

]
≤ O

(
g⋆VMdcov log(CcovE[sT ])E[sT ]αn/2

√
log(E[sT ])

)
, (H.3.15)

where we have again used Jensen’s inequality and Lemma H.3.16 to pass the expectation
through, which holds as long 1/100 ≤ αn/2 ≤ 3/4. For s ≤ s⋆, we do not have M⋆ ∈Mℓ, and
therefore the estimation guarantees are vacuous. In this regime, using that the KL divergence
is always bounded by 2VM (Lemma H.3.13), we can simply upper bound the estimation error
by 2VM. Thus,

E

[
sT∑
s=1

s1/2 · EM̂∼ξs [Eπ∼ps [D
(
M̂(π) ∥M⋆(π)

)
]]

]

≤ E

[
sT∑
s=s⋆

s1/2 · EM̂∼ξs [Eπ∼ps [D
(
M̂(π) ∥M⋆(π)

)
]]

]
+ 2VM(s⋆)3/2

≤ O
(
VMdcov log(CcovE[sT ])E[sT ]1/2

√
log(E[sT ])

)
+ 2VM(s⋆)3/2,

which gives, applying Lemma H.3.16 again:

E
[ sT∑
s=1

inf
M∈M⋆

alt

Eps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s}

]
≤ log T +O

(
VME[sT ]1/2

√
dcov · log(CcovE[sT ])

+ (VM + LKL)
(
E[sT ]1/2 + VMdcov log(CcovE[sT ])E[sT ]1/2

√
log(E[sT ])

))
+ 2VM(s⋆)3/2 + log log T + 7VM. (H.3.16)
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Combining Eqs. (H.3.14) to (H.3.16), we have

E
[ sT∑
s=s⋆

∆⋆(πs)

]
≤(1 + δ)g⋆ log T +O

(
VM

√
dcovE[sT ] log(CcovE[sT ])

+ (VM + LKL)VMdcov log(CcovE[sT ])E[sT ]1/2
√
log(E[sT ])

+ VMdcov log(CcovE[sT ])
√
logE[sT ]((1 + g⋆)E[sT ]αq+αM + εg⋆E[sT ]αn/2)

+ g⋆( 1
δg⋆

)
1

αq−αn + log log T + VM(s⋆)3/2
)
.

To control this, it remains to bound sT . By Lemma H.3.6 we have the following almost sure
bound:

sT ≤
4

δg⋆

( sT∑
s=s⋆

(1 + g⋆)sαq+αMEM̂∼ξs [Eps [D
(
M̂(π) ∥M⋆(π)

)
]︸ ︷︷ ︸

(a)

+

sT∑
s=s⋆

sαn · 2g⋆ · inf
M∈M⋆

alt

Eps [DKL(M
⋆(π) ∥M(π))] · I{π⋆ ∈ πM̂s}︸ ︷︷ ︸

(b)

+

sT∑
s=1

s3αn/2 · 4g⋆EM̂∼ξs [Eps [DKL

(
M⋆(π) ∥ M̂(π)

)
]]︸ ︷︷ ︸

(c)

+4g⋆( 4
δg⋆

)
1+αn
αq−αn

)
+ s⋆.

We bound the expectation of term (a) as in (H.3.14). To bound term (b), we apply
Lemma H.3.4 with α = αn to get

E[(b)] ≤ E[sαn
T ] log T + E

[
VMs

1/2+αn

T ·
√
1344dcov · log(128CcovsT )

+ (VM + LKL)

(
4
s
1/2+αn/2
T

1− αn
+

sT∑
s=1

s1/2+αn/2 · EM̂∼ξs [Eπ∼ps [D
(
M̂(π) ∥M⋆(π)

)
]]

)]
+ E[sαn

T ] log log T + 7VM.

Again applying Lemma H.3.7 and Lemma H.3.16, we have

E[(c)] ≤ O
(
g⋆VMdcov log(CcovE[sT ])E[sT ]3αn/2

√
log(E[sT ])

)
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and

E

[
sT∑
s=1

s1/2+αn/2 · EM̂∼ξs [Eπ∼ps [D
(
M̂(π) ∥M⋆(π)

)
]]

]
≤ O

(
VMdcov log(CcovE[sT ])E[sT ]1/2+αn/2

√
log(E[sT ])

)
+ 2VM(s⋆)3/2+αn/2,

as long as 1/100 ≤ αn ≤ 1/4. We therefore have (using Lemma H.3.16 to pass the expectation
through):

E[sT ] ≤
1

δg⋆
·O
(
E[sT ]αn log T + VME[sT ]1/2+αn

√
dcov log(CcovE[sT ]) + (VM + LKL)E[sT ]1/2+αn/2

+ (VM + LKL)VMdcov log(CcovE[sT ])E[sT ]1/2+αn/2
√
log(E[sT ])

+ VMdcov log(CcovE[sT ])(1 + g⋆)E[sT ]αq+αM
√

log(E[sT ])

+ g⋆VMdcov log(CcovE[sT ])E[sT ]3αn/2
√
log(E[sT ]) + g⋆( 1

δg⋆
)

1+αn
αq−αn + VM(s⋆)3/2+αn/2

)
.

We now set αM = 1/2, αn = 1/8, and αq = 1/4, and note that all of the preceding parameter
restrictions are satisfied for these choices. Furthermore, this parameter choice implies that—
using Lemma H.3.17 to handle log factors—we have

E[sT ] ≤ Õ

(
1

(δg⋆)8/7
log8/7 T + poly

(
VM, dcov, logCcov, LKL, g

⋆,
1

δ
,
1

g⋆

)
+

VM(s⋆)3/2+αn/2

δg⋆

)
.

Plugging this into the regret bound given above, we have

E
[ sT∑
s=s⋆

∆⋆(πs)

]
≤ (1 + δ)g⋆ log T + Õ

(
poly

(
VM, dcov, logCcov, LKL, g

⋆,
1

δ
,
1

g⋆
, log log T

)
· log6/7 T

+
(1 + 1/g⋆)(VM + LKL)V

2
Mdcov log(Ccov) + VM

δ
· (s⋆)3/2 · log3/2 log T

)
.

Finally, by Lemma H.3.5, we can bound s⋆ as

s⋆ ≤
(
aecD,M

ε/2 (M
⋆)
) 1

αM +

(
n⋆ε +

1

∆⋆
min

+
4g⋆

∆⋆
min

+
2n⋆ε
g⋆

+
4

∆⋆
minε

) 2
αn

,

and, by Lemma H.2.3 and Lemma H.3.13, we can lower bound g⋆ ≥ ∆⋆
min/2VM. Plugging

this in gives the final bound.
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Algorithm H.4 Estimation with Adaptive Covering
1: input: ClassM.
2: ℓ← 1, Dℓ ← ∅.
3: Mℓ

cov ← (ρℓ, µℓ)-cover ofM for ρℓ ← 2−ℓ, µℓ ← 2−5ℓ.
4: Initialize TemperedAggregationℓ as an instance of Algorithm H.1 withMℓ

cov.
5: for s = 1, 2, 3, . . . do
6: Receive (πs, rs, os), Dℓ ← Dℓ ∪ {(πs, rs, os)}.
7: ξs ← TemperedAggregationℓ(Dℓ), M̂ s ← EM∼ξs [M ]
8: if s ≥ 2ℓ then.
9: ℓ← ℓ+ 1, Dℓ ← ∅.

10: Mℓ
cov ← (ρℓ, µℓ)-cover ofM for ρℓ ← 2−ℓ, µℓ ← 2−5ℓ.

11: Initialize TemperedAggregationℓ as an instance of Algorithm H.1 withMℓ
cov.

H.3.3 Estimation Guarantees

In this section, we analyze Algorithm H.4, which is a variant of the Tempered Aggregation
algorithm (Algorithm H.1) designed for infinite classes. This algorithm is used within
Algorithm H.2 in order to prove Theorem H.1.

Algorithm H.4 simply applies Algorithm H.1 to a sequence of covers for the classM on a
doubling epoch schedule. In particular, at every epoch ℓ, Algorithm H.4 restarts the Tempered
Aggregation algorithm (Algorithm H.1), clearing the Tempered Aggregation instance from
the previous epoch from memory. We denote the ℓth instantiation of Tempered Aggregation
as TemperedAggregationℓ.

Lemma H.3.7. Let τ denote some stopping time with respect to the filtration (F t)Tt=1

such that τ ≤ T almost surely, and let α ∈ (0, 1). When running Algorithm H.4 under
Assumption 10.6, we have

E

[
τ∑
s=1

sα · EM∼ξs [Eπ∼ps [D2
H(M

⋆(π),M(π))]]

]
≤ E

[
(20dcov · log(64Ccovτ) + 1) · 22α

2α − 1
τα
]
+ 4.

In addition, if Assumption 10.5 also holds, then

E

[
τ∑
s=1

sα · EM∼ξs [Eπ∼ps [DKL(M
⋆(π) ∥M(π))]]

]

≤ E
[
(2 + 6VM)(20dcov · log(64Ccovτ) + 1) · 22α

2α − 1
τα
√

log(2τ)

]
+ E[32(1 + VM) log(τ)] + 8 (H.3.17)
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and

E

[
τ∑
s=1

sα · EM∼ξs [Eπ∼ps [DKL(M(π) ∥M⋆(π))]]

]

≤ E
[
(2 + 6VM)(20dcov · log(64Ccovτ) + 1) · 22α

2α − 1
τα
√

log(2τ)

]
+ E[32(1 + VM) log(τ)] + 8. (H.3.18)

Proof of Lemma H.3.7. Let Sk denote the set of s values for which ℓ = k and note that
Sk = {2k−1 + 1, 2k−1 + 2, . . . , 2k}. We can bound

E

[
τ∑
s=1

sαEM∼ξs [Eπ∼ps [D2
H(M

⋆(π),M(π))]]

]

≤
⌈log2 T ⌉∑
k=1

E

[∑
s∈Sk

sα · EM∼ξs [Eπ∼ps [D2
H(M

⋆(π),M(π))]] · I{s ≤ τ}

]

≤
⌈log2 T ⌉∑
k=1

2αk · E

[∑
s∈Sk

EM∼ξs [Eπ∼ps [D2
H(M

⋆(π),M(π))]] · I{s ≤ τ}

]
(H.3.19)

since we have that ℓ ≤ ⌈log2 T ⌉ by construction, and since s ≤ 2k for s ∈ Sk. Let Ak denote
the event

Ak :=

{
∀s ∈ Sk :

s∑
i=2k−1

EM∼ξi [Eπ∼pi [D2
H(M

⋆(π),M(π))]] ≤ 2 log
2kNcov(M, ρk, µk)

δk
+ 2kρk

}
.

By Proposition H.2 and a union bound, P[Ak] ≥ 1− δk − 22kµk. Since the Hellinger distance
is always bounded by 2 and |Sk| ≤ 2k, we can upper bound

(H.3.19) ≤
⌈log2 T ⌉∑
k=1

2αk

(∑
s∈Sk

E
[
EM∼ξs [Eπ∼ps [D2

H(M
⋆(π),M(π))]] · I{s ≤ τ, Ak}

]
+ 2 · 2kE[I{Ac

k}]

)
.

Choosing δk = 2−3k and since µk = 2−5k, we have

⌈log2 T ⌉∑
k=1

2αk · 2k+1E[I{Ac
k}] ≤

⌈log2 T ⌉∑
k=1

22k+1 · (δk + 22kµk) =

⌈log2 T ⌉∑
k=1

22k+1 · 2 · 2−3k ≤ 4.

Note that for s ∈ Sk, if s ≤ τ , this implies that 2k−1 ≤ τ . On the event Ak, for ρk = 2−k,
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when α > 0 we can bound

⌈log2 T ⌉∑
k=1

2αk
∑
s∈Sk

E
[
EM∼ξs [Eπ∼ps [D2

H(M
⋆(π),M(π))]] · I{s ≤ τ, Ak}

]
≤ E

⌈log2 T ⌉∑
k=1

2αk
(
2 log

2kNcov(M, 2−k, 2−5k)

2−3k
+ 1

)
· I{2k−1 ≤ τ}


≤ E

[(
2 log

Ncov(M, τ−1/2, τ−5/32)

τ−4/16
+ 1

)
·max

k
(

2α

2α − 1
2αk · I{2k−1 ≤ τ})

]
≤ E

[(
2 log

Ncov(M, τ−1/2, τ−5/32)

τ−4/16
+ 1

)
· 22α

2α − 1
τα
]

(H.3.20)

where the final two inequalities follow since 2k ≤ 2τ . Under Assumption 10.6 we have

log
Ncov(M, τ−1/2, τ−5/32)

τ−4/16
≤ 10dcov · log(64Ccovτ),

which gives the first result.

Bound on KL Estimation Error. By Lemma H.3.14, for any x > 0 we have

DKL

(
M(π) ∥ M̃(π)

)
≤ (2 + 2VM + x) ·D2

H

(
M(π), M̃(π)

)
+ 32(1 + V 2

M/x+ V 3
M/x2) · exp(−x2/8V 2

M).

In particular choosing x = VM

√
8 log s2, we have

DKL

(
M(π) ∥ M̃(π)

)
≤ (2 + 2VM + VM

√
8 log s) ·D2

H

(
M(π), M̃(π)

)
+ 32(1 + VM)/s.

Repeating this for each step s, we can therefore bound

E

[
τ∑
s=1

sαEM∼ξs [Eπ∼ps [DKL(M
⋆(π) ∥M(π))]]

]

≤ (2 + 6VM) · E

[
τ∑
s=1

sα
√

log sEM∼ξs [Eπ∼ps [D2
H(M

⋆(π),M(π))]]

]
+ 32(1 + VM) · E[log τ ].

The result in (H.3.17) then follows from a calculation nearly identical to our above bound on
Hellinger estimation error. Applying Lemma H.3.14 in a similar fashion with the arguments
flipped gives (H.3.18).

In the following, we extend Lemma H.3.7 to the case when α = 0.
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Lemma H.3.8. Let τ denote some stopping time with respect to the filtration (F t)Tt=1 such
that τ ≤ T almost surely. When running Algorithm H.4, under Assumption 10.6, we have

E

[
τ∑
s=1

EM∼ξs [Eπ∼ps [D2
H(M

⋆(π),M(π))]]

]
≤ E[(20dcov · log(64Ccovτ) + 1) · (2 log τ + 1)] + 4.

In addition, if Assumption 10.5 also holds,

E

[
τ∑
s=1

EM∼ξs [Eπ∼ps [DKL(M
⋆(π) ∥M(π))]]

]
≤ E

[
(2 + 5VM)(20dcov · log(64Ccovτ) + 1)(2 log τ + 1) ·

√
log(2τ)

]
+ E[32(1 + VM) log(τ)] + 8

and

E

[
τ∑
s=1

EM∼ξs [Eπ∼ps [DKL(M(π) ∥M⋆(π))]]

]
≤ E

[
(2 + 5VM)(20dcov · log(64Ccovτ) + 1)(2 log τ + 1) ·

√
log(2τ)

]
+ E[32(1 + VM) log(τ)] + 8.

Proof of Lemma H.3.8. This follows identically to Lemma H.3.7 but replacing (H.3.20) with

⌈log2 T ⌉∑
k=1

2αk
∑
s∈Sk

E
[
EM∼ξs [Eπ∼ps [D2

H(M
⋆(π),M(π))]] · I{s ≤ τ, Ak}

]
≤ E

⌈log2 T ⌉∑
k=1

(
2 log

2kNcov(M, 2−k, 2−5k)

2−3k
+ 1

)
· I{2k−1 ≤ τ}


≤ E

[(
2 log

Ncov(M, τ−1/2, τ−5/32)

τ−4/16
+ 1

)
· (2 log τ + 1)

]
.

The bound on the KL estimation error also follows from the same reasoning as in
Lemma H.3.7.

H.3.4 Supporting Lemmas

Lemma H.3.9. Consider running either Algorithm H.2 or Algorithm H.3. Assume that
π⋆ ̸∈ πM̂s and that minM∈M : ξs(M)>0∆

M
min ≥ ∆. Then EM∼ξs [I{M ∈M⋆

alt}] ≥ 1
2
∆.
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Proof of Lemma H.3.9. Recall that M̂ s = EM∼ξs [M ], so π ∈ πM̂s implies that

π ∈ argmax
π′∈Π

EM∼ξs [f
M(π′)].

If π⋆ ̸∈ πM̂s , then there exists some π̃ such that EM∼ξs [f
M(π̃)] > EM∼ξs [f

M(π⋆)]. Since
fM(π) ∈ [0, 1], this implies that

0 < EM∼ξs [f
M(π̃)− fM(π⋆)] ≤ EM∼ξs [I{M ∈M⋆

alt}]− EM∼ξs [(f
M(π⋆)− fM(π̃)) · I{M ̸∈ M⋆

alt}].

For M ̸∈ M⋆
alt, we have fM(π⋆)− fM(π̃) ≥ ∆M

min ≥ ∆. Thus, the above implies

0 < EM∼ξs [I{M ∈M⋆
alt}]−∆ · EM∼ξs [I{M ̸∈ M⋆

alt}]
⇐⇒ ∆ · (1− EM∼ξs [I{M ∈M⋆

alt}]) < EM∼ξs [I{M ∈M⋆
alt}].

Rearranging gives EM∼ξs [I{M ∈M⋆
alt}] ≥ ∆

1+∆
≥ 1

2
∆.

Lemma H.3.10. When running Algorithm H.2, on rounds s for which M⋆ ∈M\Mgl
ε (λ

s; nmax),
we have

γs ≤
(1 + δ)(4nmax + 2δgM)

δgM
· aecDε/2(M),

for γs as defined in (H.3.3).

Proof of Lemma H.3.10. Recall that ωs and λs are chosen to minimize

sup
M∈M\Mgl

ε (λs;nmax)

1

EM̂∼ξs [Eω[D
(
M̂(π) ∥M(π)

)
]
.

Since M⋆ ∈M\Mgl
ε (λ

s; nmax), we can therefore bound

1

EM̂∼ξs [Eωs [D
(
M̂(π) ∥M⋆(π)

)
]]
≤ inf

ω∈△Π

sup
M∈M\Mgl

ε (λs;nmax)

1

EM̂∼ξs [Eω[D
(
M̂(π) ∥M(π)

)
]]

= inf
λ,ω∈△Π

sup
M∈M\Mgl

ε (λ;nmax)

1

EM̂∼ξs [Eω[D
(
M̂(π) ∥M(π)

)
]
.

Recall that we set

nmax =

(
1

∆minε
+

2VMnM
ε

∆min

)
· max
M∈M

32gM

∆min

.

By Lemma H.3.13, under Assumption 10.5, we can bound DKL(M(π) ∥M ′(π)) ≤ 2VM for all
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M,M ′ ∈M and π ∈ Π. It follows from Lemma H.2.3 that

2VM

∆min

≥ 1

minM∈M:gM>0 gM
,

so

nmax ≥
(

1

∆minε
+

nM
ε

minM∈M:gM>0 gM

)
· max
M∈M

32gM

∆min

.

Given this, straightforward calculation shows that nmax meets the condition required by
Lemma H.2.4, so Lemma H.2.4 implies

inf
λ,ω∈△Π

sup
M∈M\Mgl

ε (λ;nmax)

1

EM̂∼ξs [Eω[D
(
M̂(π) ∥M(π)

)
]
≤ inf

λ,ω∈△Π

sup
M∈M\Mgl

ε/2
(λ)

1

EM̂∼ξs [Eω[D
(
M̂(π) ∥M(π)

)
]

= aecDε/2(M; ξs)

≤ aecDε/2(M).

By our choice of q we have 1
1−q =

4nmax+2δgM

δgM
. We can then bound

γs =
1 + δ

1− q
· 1

EM̂∼ξs [Eωs [D
(
M̂(π) ∥M⋆(π)

)
]
≤

(1 + δ)(4nmax + 2δgM)

δgM
· aecDε/2(M).

Lemma H.3.11. Consider running Algorithm H.3. Then on rounds s for which M⋆ ∈
Mℓ\Mgl

ε (λ
s; ns), we have

γs ≤ (1 + g⋆δ) · sαq+αM

for γs as defined in (H.3.10), and αq, αM parameters of Algorithm H.3.

Proof of Lemma H.3.11. Assume we are at epoch ℓ. Recall that ωs and λs minimize

sup
M∈Mℓ\Mgl

ε (λs;ns)

1

EM̂∼ξs [Eω[D
(
M̂(π) ∥M(π)

)
]
.

Since M⋆ ∈Mℓ\Mgl
ε (λ

s; ns), we have can therefore bound

1

EM̂∼ξs [Eωs [D
(
M̂(π) ∥M⋆(π)

)
]]
≤ inf

ω∈△Π

sup
M∈Mℓ\Mgl

ε (λs;ns)

1

EM̂∼ξs [Eω[D
(
M̂(π) ∥M(π)

)
]]

= inf
λ,ω∈△Π

sup
M∈Mℓ\Mgl

ε (λ;ns)

1

EM̂∼ξs [Eω[D
(
M̂(π) ∥M(π)

)
]
.
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By construction, for every M ∈Mℓ, we have

nM

ε +
1

∆M
min

+
4gM

∆M
min

+
2nM

ε

gM
+

4

∆M
minε

≤
√
ns.

This implies that

ζ := min
M∈Mℓ

min

{
gM

gM + 2nM
ε

,
∆M

minε

4

}
≥ 1√

ns

and

max
M∈Mℓ

max

{
nM

ε ,
4gM

∆M
min

}
≤
√
ns,

which together imply that

max
M∈Mℓ

max

{
nM

ε ,
4gM

∆M
min

,
2gM

ζ∆M
min

}
≤ ns

By Lemma H.2.4 and sinceMℓ is constructed such that infM∈Mℓ ∆M
min > 0, we can therefore

bound

inf
λ,ω∈△Π

sup
M∈Mℓ\Mgl

ε (λ;ns)

1

EM̂∼ξs [Eω[D
(
M̂(π) ∥M(π)

)
]
≤ inf

λ,ω∈△Π

sup
M∈Mℓ\Mgl

ε/2
(λ)

1

EM̂∼ξs [Eω[D
(
M̂(π) ∥M(π)

)
]

≤ aecD,M
ε/2 (M∆ℓ, 1

∆ℓ
; ξs)

where the last inequality holds by the definition ofMℓ and ∆ℓ. Note that by construction,
ξs is only supported on Mℓ, so we can bound aecD,M

ε/2 (M∆ℓ, 1

∆ℓ
; ξs) ≤ aecD,M

ε/2 (M∆ℓ, 1

∆ℓ
). By

construction, we also have aecD,M
ε/2 (M∆ℓ, 1

∆ℓ
) ≤ 2ℓαM ≤ sαM . Lastly, by our choice for qs we

have 1
1−qs = sαq . We can then bound

γs =
1 + g⋆δ

1− qs
· 1

EM̂∼ξs [Eωs [D
(
M̂(π) ∥M⋆(π)

)
]
≤ (1 + δ) · sαq+αM .

H.3.4.1 Likelihood Ratios

Lemma H.3.12. Consider running either Algorithm H.2 or Algorithm H.3. Under As-
sumption 10.5, with probability at least 1 − δ, we can bound, for any M ∈ M, s, and
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βi > 0,

s∑
i=1

EM̂∼ξi [Eπ∼pi [DKL

(
M̂(π) ∥M(π)

)
]] ≤

s∑
i=1

EM̂∼ξi

[
log

PM̂,πi
(ri, oi)

PM,πi(ri, oi)

]
+ VM

√
56s log 1/δ

+ VM ·

(
s∑
i=1

1/βi +
s∑
i=1

βiEM̂∼ξi [Eπ∼pi [D
(
M̂(π) ∥M⋆(π)

)
]]

)
.

Proof of Lemma H.3.12. By Theorem 2 of Shamir [2011], under Assumption 10.5 we have
that with probability at least 1− δ,

s∑
i=1

E(r,o)∼M⋆

[
EM̂∼ξi

[
log

PM̂,π(r, o)

PM,π(r, o)

]
| Hi−1

]
≤

s∑
i=1

EM̂∼ξi

[
log

PM̂,πi
(ri, oi)

PM,πi(ri, oi)

]
+ VM

√
56s log 1/δ.

(H.3.21)

Note that

E

[
EM̂∼ξi

[
log

PM̂,πi
(ri, oi)

PM,πi(ri, oi)

]
| Hi−1

]
= Eπ∼pi

[
E(r,o)∼M⋆(π)

[
EM̂∼ξi

[
log

PM̂,π(r, o)

PM,π(r, o)

]]]
= Eπ∼pi

[
EM̂∼ξi

[
E(r,o)∼M⋆(π)

[
log

PM̂,π(r, o)

PM,π(r, o)

]]]
By Lemma B.4 of Foster et al. [2022], we can bound, for any M̂ ∈M,∣∣∣∣E(r,o)∼M⋆(π)

[
log

PM̂,π(r, o)

PM,π(r, o)

]
− E(r,o)∼M̂(π)

[
log

PM̂,π(r, o)

PM,π(r, o)

]∣∣∣∣
≤

√
1

2

(
E(r,o)∼M⋆(π)

[
log2

PM̂,π(r, o)

PM,π(r, o)

]
+ E(r,o)∼M̂(π)

[
log2

PM̂,π(r, o)

PM,π(r, o)

])
·D2

H

(
M⋆(π), M̂(π)

)
≤
√

2V 2
M ·D2

H

(
M⋆(π), M̂(π)

)
where the second inequality follows under the subgaussian assumption, Assumption 10.5. It
follows that for any M̂ ∈M,

Eπ∼pi
[
E(r,o)∼M⋆(π)

[
log

PM̂,π(r, o)

PM,π(r, o)

]]
≥ Eπ∼pi

[
E(r,o)∼M̂(π)

[
log

PM̂,π(r, o)

PM,π(r, o)

]]
−
√

2V 2
M · Eπ∼pi [D2

H

(
M⋆(π), M̂(π)

)
]

(a)
= Eπ∼pi [DKL

(
M̂(π) ∥M(π)

)
]−
√
2V 2

M · Eπ∼pi [D2
H

(
M⋆(π), M̂(π)

)
]
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(b)

≥ Eπ∼pi [DKL

(
M̂(π) ∥M(π)

)
]− V 2

M · (βEπ∼pi [D2
H

(
M⋆(π), M̂(π)

)
] + 1/β)

where (a) follows by the definition of KL divergence, and (b) from AM-GM for any β > 0.
Since this bound holds uniformly for all M̂ ∈M, this implies that

E

[
EM̂∼ξi

[
log

PM̂,πi
(ri, oi)

PM,πi(ri, oi)

]
| Hi−1

]
≥ EM̂∼ξi [Eπ∼pi [DKL

(
M̂(π) ∥M(π)

)
]]

− V 2
M · (βEM̂∼ξi [Eπ∼pi [D

2
H

(
M⋆(π), M̂(π)

)
]] + 1/β).

Combining this with (H.3.21), and using Assumption H.2 proves the result.

Lemma H.3.13. Under Assumption 10.5, we have, for any M,M ′ ∈M,

DKL(M
′(π) ∥M(π)) ≤ 2VM, ∀π ∈ Π.

Proof of Lemma H.3.13. We have

DKL(M
′(π) ∥M(π)) = E(r,o)∼M ′(π)

[
log

PM′,π(r, o)

PM,π(r, o)

]
≤ E(r,o)∼M ′(π)

[∣∣∣∣log PM′,π(r, o)

PM,π(r, o)

∣∣∣∣] ≤ 2VM

where the last inequality holds under Assumption 10.5.

Lemma H.3.14. Under Assumption 10.5, for any x > 0 and M, M̃ ∈M, we have

DKL

(
M(π) ∥ M̃(π)

)
≤ (2 + 2VM + x) ·D2

H

(
M(π), M̃(π)

)
+ 32(1 + V 2

M/x+ V 3
M/x2) · exp(−x2/8V 2

M).

Proof of Lemma H.3.14. Fix π. Define

E :=

{∣∣∣∣log PM,π(r, o)

PM̃,π(r, o)
−DKL

(
M(π) ∥ M̃(π)

)∣∣∣∣ ≤ x

}
and for j ∈ N,

Ej :=
{
ej−1 · x <

∣∣∣∣log PM,π(r, o)

PM̃,π(r, o)
−DKL

(
M(π) ∥ M̃(π)

)∣∣∣∣ ≤ ej · x
}
.

Note that E , (Ej)∞j=1 form a partition of the probability space. Furthermore, since DKL

(
M(π) ∥ M̃(π)

)
=

Eo∼M(π)[log
PM,π(r,o)

PM̃,π(r,o)
], under Assumption 10.5 we have that PM,π(Ej) ≤ 2 exp(−x2e2(j−1)/V 2

M)

and PM,π(Ec) ≤ 2 exp(−x2/V 2
M). Now,

DKL

(
M(π) ∥ M̃(π)

)
=

∫
log

PM,π(r, o)

PM̃,π(r, o)
dPM,π(r, o)
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=

∫
E
log

PM,π(r, o)

PM̃,π(r, o)
dPM,π(r, o) +

∞∑
j=1

∫
Ej
log

PM,π(r, o)

PM̃,π(r, o)
dPM,π(r, o).

Using that DKL

(
M(π) ∥ M̃(π)

)
≤ 2VM by Lemma H.3.13, we can bound

∞∑
j=1

∫
Ej
log

PM,π(r, o)

PM̃,π(r, o)
dPM,π(r, o) ≤

∞∑
j=1

(ejx+ 2VM) ·
∫
Ej
dPM,π(r, o)

=
∞∑
j=1

(ejx+ 2VM) · PM,π(Ej)

≤
∞∑
j=1

(ejx+ 2VM) · 2 exp(−x2e2(j−1)/V 2
M)

≤
∫ ∞

0

(ejx+ 2VM) · 2 exp(−x2e2(j−1)/V 2
M)dj

≤ 4(x+ VM)

∫ ∞

0

ej exp(−ej · x2e−2/V 2
M)dj

= 4(x+ VM)V 2
Me2 exp(−x2e−2/V 2

M)/x2

≤ 32(V 2
M/x+ V 3

M/x2) · exp(−x2/8V 2
M).

We turn now to the first term. Note that we can write∫
E
log

PM,π(r, o)

PM̃,π(r, o)
dPM,π(r, o)

=

∫
E,PM̃,π(r,o)>PM,π(r,o)

(
log

PM,π(r, o)

PM̃,π(r, o)
+

PM̃,π(r, o)

PM,π(r, o)
− 1

)
dPM,π(r, o)− PM̃,π(Ec)

+

∫
E,PM̃,π(r,o)≤PM,π(r,o)

(
PM(o | π)
PM̃,π(r, o)

log
PM,π(r, o)

PM̃,π(r, o)
+ 1− PM,π(r, o)

PM̃,π(r, o)

)
dPM̃,π(r, o) + PM,π(Ec)

Following the proof of Lemma 4 of Yang and Barron [1998] and using that log PM,π(r,o)

PM̃,π(r,o)
≤

DKL

(
M(π) ∥ M̃(π)

)
+ x ≤ 2VM + x on E , we can bound this as

≤ (2 + 2VM + x)

∫
E
(
√

dPM,π(r, o)−
√
dPM̃,π(r, o))2 + PM,π(Ec)

≤ (2 + 2VM + x)

∫
(
√

dPM,π(r, o)−
√

dPM̃,π(r, o))2 + PM,π(Ec)

≤ (2 + 2VM + x) ·D2
H

(
M(π), M̃(π)

)
+ 2 exp(−x2/V 2

M).
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H.3.4.2 Covering Numbers

Lemma H.3.15. For any subset M′ ⊆M, there exists some (ρ, µ)-cover M′
cov ⊆M′ for

M′ such that |M′
cov| ≤ Ncov(M, ρ/2, µ).

Proof of Lemma H.3.15. LetMcov denote a (ρ/2, µ)-cover ofM with event E . Throughout
the proof we use the shorthand (r, o, π) ∈ E to denote that there exists M ∈ M such that
PM,π(r, o | E) > 0. By definition, it follows that for any M ∈ M, there exists M ′ ∈ Mcov

such that

sup
r,o,π : (r,o,π)∈E

∣∣∣∣log PM,π(r, o)

PM′,π(r, o)

∣∣∣∣ ≤ ρ/2. (H.3.22)

LetM′
cov = ∅ and consider running the following procedure for every M ′ ∈Mcov:

1. Choose a single M ∈ M′ such that supr,o,π:(r,o,π)∈E

∣∣∣log PM,π(r,o)

PM′,π(r,o)

∣∣∣ ≤ ρ/2 (if such an M

exists).

2. If there exists an M ∈M′ in step 1, setM′
cov ←M′

cov∪{M}. OtherwiseM′
cov remains

unchanged.

By constructionM′
cov ⊆M′, and |M′

cov| ≤ |Mcov|. We claim thatM′
cov is a (ρ, µ)-cover of

M′. To see why, take some M ∈ M′. Let M ′ ∈ Mcov denote the point realizing (H.3.22)
for M . Let M ′′ denote the point chosen in the above procedure for M ′. Note that there
must exist some M ′′ chosen for this M ′ since (H.3.22) holds for M , so in particular M ∈M′

satisfies the condition of step 1 in the above procedure. Then,

sup
r,o,π : (r,o,π)∈E

∣∣∣∣log PM,π(r, o)

PM′′(o|π)

∣∣∣∣ = sup
r,o,π : (r,o,π)∈E

∣∣∣∣log PM,π(r, o)

PM′,π(r, o)
+ log

PM′,π(r, o)

PM′′(o|π)

∣∣∣∣
≤ sup

r,o,π : (r,o,π)∈E

∣∣∣∣log PM,π(r, o)

PM′,π(r, o)

∣∣∣∣+ sup
r,o,π : (r,o,π)∈E

∣∣∣∣log PM′′
(o|π)

PM′,π(r, o)

∣∣∣∣
≤ ρ/2 + ρ/2 = ρ

where the last inequality follows by our choice of M ′ and the definition of M ′′. Thus, it
follows thatM′

cov is a (ρ, µ)-cover ofM′.

H.3.4.3 Further Lemmas

Lemma H.3.16. For a > 0, α ≤ [0, 3/4], and β > 0, the function xα logβ(ax) is concave

in x for x ≥ 1
a
exp
(
4β
α

)
when β ≤ 1, and for x ≥ max

{
1
a
exp

(√
8(β−1)β

α

)
, 1
a
exp
(
4β
α

)}
when

β > 1.
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Proof of Lemma H.3.16. By some calculation, we have

d2

d2x

(
xα logβ(ax)

)
= (−1 + β)βx−2+α logβ−2(ax) + (−β + 2αβ)x−2+α logβ−1(ax)

+ (−1 + α)αx−2+α logβ(ax).

If we restrict to x ≥ 1/a, then to show that the function is concave it then suffices to show
that

(−1 + β)β log−2(ax) + (−β + 2αβ) log−1(ax) + (−1 + α)α ≤ 0

which, since α ≤ 3/4, is implied by

(−1 + β)β log−2(ax) +
1

2
β log−1(ax) ≤ 1

4
α

which is further implied by

(−1 + β)β log−2(ax) ≤ 1

8
α and

1

2
β log−1(ax) ≤ 1

8
α.

The former condition is met for x > 1/a for all β ∈ (0, 1]. For β > 1, it is met as long as

8(β − 1)β

α
≤ log2(ax) ⇐⇒ x ≥ 1

a
exp

(√
8(β − 1)β

α

)
.

The latter condition is met for

x ≥ 1

a
exp

(
4β

α

)
.

Lemma H.3.17. For all B,C, n ≥ 1, if x ≤ C logn(Bx), then x ≤ C(2n)n logn(2nBC).

Proof of Lemma H.3.17. This is a direct consequence of Lemma G.1.2.

H.4 Deferred Proofs from Section 10.3

In this section, we provide proofs for the examples given in Section 10.2. We begin in
Appendix H.4.1 by introducing a condition which implies nM⋆

ε is bounded, and is easy to verify
for many classes of interest. Next, in Appendix H.4.2, we consider a variety of structured
bandit settings, and in Appendix H.4.3 extend this to contextual bandits with finitely many
arms. In Appendix H.4.4, we provide proofs for the informative arm example of Section 10.1.3.
Finally, in Appendix H.4.5, we consider tabular MDPs.
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H.4.1 Preliminaries: Regular Models

To bound the quantity n⋆ε = nM⋆

ε for the examples we consider, it will be helpful to introduce
the following notion of a regular model.

Definition H.4.1 (Regular Model). We say instance M ∈M is a regular model if there exists
some constant LM

M > 0 such that, for any M ′ ∈ Malt(M) with DKL(M(πM) ∥M ′(πM)) > 0,
there exists M ′′ ∈Malt(M) such that DKL(M(πM) ∥M ′′(πM)) = 0 and, for all π ∈ Π,

|DKL(M(π) ∥M ′(π))−DKL(M(π) ∥M ′′(π))| ≤
√
LM

MDKL(M(πM) ∥M ′(πM))

+ LM

MDKL(M(πM) ∥M ′(πM)).
(H.4.1)

Our definition of a regular model is a direct generalization of existing notions of class
regularity found in the literature [Degenne et al., 2020b]. As we will see, for a variety of
standard bandit classes (including multi-armed bandits, linear bandits, and Lipschitz bandits),
as well as tabular MDPs, one can show thatM⋆ is a regular model with L⋆M = LM⋆

M bounded
by a polynomial function of problem parameters. Intuitively, M⋆ will be a regular model if,
for any instance M ′ ∈ Malt(M⋆) for which it is sufficient to pull π⋆ in order to distinguish
M⋆ and M ′ (thereby ruling out M ′ while incurring no regret), then there exists some other
instance M ′′ ∈ Malt(M⋆) which is “close” to M ′ in a certain sense, and which cannot be
distinguished from M⋆ by simply pulling π⋆. As the following result shows, the quantity n⋆ε
can be bounded whenever M⋆ is a regular model.

Proposition H.3. If M is a regular model with ∆M
min > 0, we can bound

nM

ε ≤
2gM

∆M
min

·
(
1 + LM

M +
2gM

ε∆M
min

· LM

M

)
.

Given Proposition H.3, for many of the examples in this section, rather than bounding
n⋆ε directly, we first show that M⋆ is a regular model with L⋆M well-bounded, and then use
Proposition H.3 to obtain a bound on n⋆ε.

Proof of Proposition H.3. To prove this result, it suffices to show that, for every normalized
allocation λ ∈ Υ(M, ε) with normalization factor n, there exists some allocation η ∈ RΠ

+

such that 1) η(π) = nλ(π) for π ̸= πM , and η(πM) ≤ n for some well-bounded n, and 2)
∆M(η) ≤ (1 + 2ε)gM and IM(η) ≥ 1− 2ε.

Fix some λ ∈ Υ(M, ε) with normalization factor n > 0. Note that if M is a regular
model, then IM(IπM ) = 0. Since λ ∈ Υ(M, ε), this implies that λ(πM) < 1. Let λ′ denote the
allocation λ′(πM) = 1− ζ and λ′(π) = ζ

1−λ(πM )
λ(π) for π ̸= πM , for some ζ to be chosen.

We have

∆M(λ′) =
ζ

1− λ(πM)
∆M(λ) ≤ ζ

1− λ(πM)
(1 + ε)gM/n. (H.4.2)
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Take M ′ ∈ Malt(M) such that DKL(M(πM) ∥M ′(πM)) > 0 and let M ′′ ∈ Malt(M) denote
the instance guaranteed to exist under Definition H.4.1. We then have that, for any π,

DKL(M(π) ∥M ′(π)) ≥ DKL(M(π) ∥M ′′(π))−
√
LM

MDKL(M(πM) ∥M ′(πM))− LM

MDKL(M(πM) ∥M ′(πM))

≥ DKL(M(π) ∥M ′′(π))− (1 + α)LM

MDKL(M(πM) ∥M ′(πM))−
1

α

where the last inequality follows for any α > 0 by AM-GM. Then∑
π

λ′(π)DKL(M(π) ∥M ′(π))

=
∑
π ̸=πM

ζ

1− λ(πM)
λ(π)DKL(M(π) ∥M ′(π)) + (1− ζ)DKL(M(πM) ∥M ′(πM))

≥
∑
π ̸=πM

ζλ(π)

1− λ(πM)

(
DKL(M(π) ∥M ′′(π))− (1 + α)LM

MDKL(M(πM) ∥M ′(πM))−
1

α

)
+ (1− ζ)DKL(M(πM) ∥M ′(πM))

=
∑
π ̸=πM

ζ

1− λ(πM)
λ(π)DKL(M(π) ∥M ′′(π)) +

(
(1− ζ)− (1 + α)LM

Mζ
)
DKL(M(πM) ∥M ′(πM))−

ζ

α
.

We have M ′′ ∈Malt(M), so by definition∑
π

λ(π)DKL(M(π) ∥M ′′(π)) ≥ (1− ε)/n.

However, DKL(M(πM) ∥M ′′(πM)) = 0 by assumption, so it follows that∑
π ̸=πM

ζ

1− λ(πM)
λ(π)DKL(M(π) ∥M ′′(π)) ≥ ζ

1− λ(πM)
· 1− ε

n
.

By assumption, ∆M(λ) ≤ (1+ε)gM/n, and we can also lower bound ∆M(λ) ≥ (1−λ(πM))∆M
min.

Rearranging these implies that

(1− λ(πM))n ≤ (1 + ε)gM/∆M

min.

Set α = (1+ε)gM

ε∆M
min

, then we have

ζ

1− λ(πM)
· 1− ε

n
− ζ

α
=

ζ

1− λ(πM)
· 1− ε

n
− ζε

(1 + ε)gM/∆M
min

≥ ζ

1− λ(πM)
· 1− ε

n
− ζε

(1− λ(πM))n
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=
ζ

1− λ(πM)
· 1− 2ε

n
.

Furthermore, with this choice of α, if

ζ ≤ 1

1 + (1 + α)LM
M

=
1

1 + (1 + (1 + ε)gM/ε∆M
min)L

M
M

,

we have (
(1− ζ)− (1 + α)LM

Mζ
)
DKL(M(πM) ∥M ′(πM)) ≥ 0.

We therefore have that, for any M ′ ∈Malt(M) with DKL(M(πM) ∥M ′(πM)) > 0, that∑
π

λ′(π)DKL(M(π) ∥M ′(π)) ≥ ζ

1− λ(πM)
· 1− 2ε

n
.

Now consider M ′ ∈Malt(M) with DKL(M(πM) ∥M ′(πM)) = 0. In this case we have∑
π

λ′(π)DKL(M(π) ∥M ′(π)) =
ζ

1− λ(πM)
·
∑
π

λ(π)DKL(M(π) ∥M ′(π)) ≥ ζ

1− λ(πM)
· 1− ε

n

where the inequality follows since λ ∈ Υ(M, ε) with normalization factor n by assumption.
Together these bounds then imply that:

IM(λ′) ≥ ζ

1− λ(πM)
· 1− 2ε

n
.

Combining this with our bound on ∆M(λ′) in (H.4.2) implies that λ′ ∈ Υ(M ; 2ε) with
parameter n′ = 1−λ(πM )

ζ
· n.

To conclude, define the allocation η := n′λ′. Then for π ̸= πM :

η(π) =
1− λ(πM)

ζ
· nλ′(π) = nλ(π)

and

η(πM) =
1− λ(πM)

ζ
· nλ′(πM) ≤

1− λ(πM)

ζ
· n

It follows then that ∆M(η) = n∆M(λ) ≤ (1+ ε)gM , and IM(η) ≥ n′IM(λ′) ≥ 1−2ε. Therefore,
η satisfies the desired condition. Since λ ∈ Υ(M, ε), we have

∆M(λ) ≤ (1 + ε)gM/n =⇒ (1− λ(πM))n ≤ (1 + ε)gM/∆M

min,
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and thus

η(πM) ≤
(1 + ε)gM

∆M
min · ζ

≤ 2gM(1 + (1 + 2gM/ε∆M
min)L

⋆
M)

∆M
min

.

which proves the result.

H.4.2 Structured Bandits with Gaussian Noise

In this section, we consider the problem of structured bandits with Gaussian noise, in which
O = {∅}, and the mean reward functions belong to a given function class F . Concretely, we
consider the model class

M =
{
M(π) = N (f(π), σ2) : f ∈ F

}
.

We set

D
(
M(π) ∥M(π)

)
← DKL

(
M(π) ∥M(π)

)
=

1

2σ2
(fM(π)− fM(π))2 (H.4.3)

for D the divergence used by AE2
⋆. In general in the following examples we take σ = 1 for

simplicity.
We begin by verifying that the basic regularity conditions required by our results are

satisfied for generic classes F , then provide bounds on the AEC for specific classes of interest.

Lemma H.4.1. For bandits with Gaussian noise:

1. For D ← DKL, Assumptions 10.5, H.1 and H.2 hold with parameters

LKL = VM =
2
√
2

σ
.

2. We can bound Ncov(M, ρ, µ) by the covering number of M in the distance d(M,M ′) :=

supπ∈Π |fM(π) − fM′
(π)| at tolerance σ2·ρ

2+
√

2σ2 log(2/µ)
. Furthermore, it suffices to take

E := {|r| ≤ 1 +
√

2σ2 log(2/µ)}.

Proof of Lemma H.4.1. In this setting, we have that for any M,M ′ ∈M and any π ∈ Π,

DKL(M(π) ∥M ′(π)) =
1

2σ2
(fM(π)− fM′

(π))2.

For M ∈M, we therefore have∣∣DKL(M(π) ∥M ′(π))−DKL

(
M(π) ∥M ′(π)

)∣∣ = 1

2σ2

∣∣(fM(π)− fM′
(π))2 − (fM(π)− fM′

(π))2
∣∣
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≤ 2

σ2
|fM(π)− fM(π)|

=
2
√
2

σ

√
D
(
M(π) ∥M(π)

)
,

where the inequality follows from the Mean Value Theorem and the assumption that fM(π) ∈
[0, 1] for all π ∈ Π. This verifies that Assumption H.1 holds with LKL =

2
√
2

σ
.

To show that Assumption 10.5 is met, we note that for all M,M,M ′ ∈M,

log
PM,π(r, o)

PM,π(r, o)
=

1

2σ2
(r − fM(π))2 − 1

2σ2
(r − fM(π))2

=
1

2σ2

[
fM(π)2 + fM(π)2 − 2r(fM(π)− fM(π))

]
=

1

2σ2

[
fM(π)2 + fM(π)2 − 2fM′

(π)(fM(π)− fM(π)) + 2(fM′
(π)− r)(fM(π)− fM(π))

]
= E(r,o)∼M ′(π)

[
log

PM,π(r, o)

PM,π(r, o)

]
+

1

σ2
(fM′

(π)− r)(fM(π)− fM(π)).

It follows that

log
PM,π(r, o)

PM,π(r, o)
− E(r,o)∼M ′(π)

[
log

PM,π(r, o)

PM,π(r, o)

]
is sub-gaussian with parameter Er∼M ′(π)[(

1
σ2 (f

M′
(π) − r)(fM(π) − fM(π)))2] ≤ 4

σ2 , which
verifies Assumption 10.5 with V 2

M = 8
σ2 .

Finally, we bound the covering number. Let E := {|r| ≤ 1+
√

2σ2 log(2/µ)}. Elementary
manipulations show that PM,π(Ec) ≤ µ for any M ∈M and π. Using the same calculation as
above, we have

log
PM,π(r, o)

PM′,π(r, o)
=

1

2σ2
(r − fM(π))2 − 1

2σ2
(r − fM′

(π))2 ≤ 1 + |r|
σ2

· |fM(π)− fM′
(π)|

where the inequality follows from the Mean Value Theorem. We therefore have that for any
M,M ′ ∈M,

sup
r,o,π : |r|≤1+

√
2σ2 log(2/µ)

∣∣∣∣log PM,π(r, o)

PM′,π(r, o)

∣∣∣∣ ≤ 2 +
√

2σ2 log(2/µ)

σ2
· sup

π
|fM(π)− fM′

(π)|.

It follows that if we can form a σ2·ρ
2+
√

2σ2 log(2/µ)
-cover of M in the distance d(M,M ′) =

supπ∈Π |fM(π)− fM′
(π)|, this will serve as an (ρ, µ) cover ofM.
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H.4.2.1 Discrete Structured Bandits

As a first example of bandits with Gaussian noise, we present an additional class that satisfies
the uniformly regular assumption.

Example H.4.1 (Discrete Structured Bandits). Fix ∆min > 0, and consider a discrete
reward space R ⊆ [0, 1] satisfying minr,r′∈R |r − r′| ≥ ∆min. Consider any function class
F ⊆ (Π→ R) defined such that each f ∈ F has a unique optimal decision. Let our model
class be defined as

M = {M(π) = N (f(π), 1) | f ∈ F}.

I t is straightforward to show that Assumption 10.4 and Assumption 10.5 are met with
LKL, VM ≤ 4, and that Assumption 10.6 is satisfied with dcov scaling with the log-covering
number of F in the distance d(f, f ′) = supπ∈Π |f(π)− f ′(π)|, and Ccov = O(1). Furthermore,
Assumption 10.7 is satisfied by construction of R and F , and we can bound nM

ε ≤ 2
∆2

min
.1 We

thus have the following corollary to Theorem 10.1.

Corollary H.3. In the discrete structured bandits setting considered above, if g⋆ > 0, the
regret of AE2 is bounded as

EM⋆
[Reg(T )] ≤ (1 + ε)g⋆ · log(T ) + aecε/12(M) · poly

(
max
M∈M

gM , dcov,
1
ε
, 1
∆min

, log log T

)
· log1/2(T )

As we show in Example 10.3.2, the AEC in this setting can be bounded in terms of the
eluder dimension of F .

Proof for Example H.4.1. We provide calculations for the discrete structured bandits setting
of Example H.4.1. First, note that Assumptions 10.4 to 10.6 all hold by Lemma H.4.1. To
bound nM, consider M ∈M and M ′ ∈Malt(M). Note that either DKL(M(πM) ∥M ′(πM)) = 0,
in which case there is no advantage to playing πM , or, due to the discretization of the means,
DKL(M(πM) ∥M ′(πM)) ≥ 1

2
∆2

min. Thus for any allocation η ∈ RΠ
+, as long as η(πM) ≥ 2

∆2
min

,
we have η(πM)DKL(M(πM) ∥M ′(πM)) ≥ 1. It follows that there is no advantage to choosing
η(πM) larger than 2

∆2
min

, so we can bound nM ≤ 2
∆2

min
.

H.4.2.2 Multi-Armed Bandits (Example 10.3.1)

In this section we prove the result in Example 10.3.1. First, note that for any M ∈M, we
have gM ≤ A/∆M

min. Assumptions 10.5, H.1 and H.2 are met due to Lemma H.4.1, and with
constants LKL, VM ≤ 4, dcov = O(A), and Ccov = O(1). By Lemma H.4.2—stated and proven

1It is not difficult to see that, given the construction of R, once the optimal arm has been played 2
∆2

min

times, no additional information can be extracted from playing it.
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below—M⋆ is a regular model with L⋆M =
√
2 as long as fM⋆

(π⋆) < 1. It remains to bound
the AEC.

Proof of Proposition 10.3. It is immediate to see that Cexp(M, ε) ≤ O(A
ε
) by choosing the

exploration distribution to be uniform over A. By Lemma H.2.6, we then

aecMε (M⋆) ≤ c1 ·
A3

ε2∆6
⋆

for a universal constant c1. By Proposition H.3, we have

n⋆ε/36 ≤ c2 ·
g⋆

∆⋆
min

·
(
1 +

g⋆

ε∆⋆
min

)
≤ c2 ·

A2

ε(∆⋆
min)

4
,

for a universal constant c2, so we can lower bound ∆⋆ ≥ c3ε(∆
⋆
min)

4/A2, giving

aecMε (M⋆) ≤ c4 ·
A15

ε8(∆⋆
min)

24
.

Lemma H.4.2. In the multi-armed bandit setting of Example 10.3.1, any model M⋆ ∈M is
a regular model with L⋆M =

√
3 as long as fM⋆

(π⋆) < 1.

Proof of Lemma H.4.2. Let M ′ ∈Malt(M⋆) and assume that DKL(M
⋆(π⋆) ∥M ′(π⋆)) > 0.

Case 1: fM′
(πM′) + fM⋆

(π⋆)− fM′
(π⋆) ≤ 1. Let M ′′ denote the Gaussian bandit instance

given by fM′′
(π) = fM′

(π) + fM⋆
(π⋆) − fM′

(π⋆); by our assumption, M ′′ ∈ M, and M ′′ ∈
Malt(M⋆). Furthermore, fM′′

(π⋆) = fM⋆
(π⋆) which implies DKL(M

⋆(π⋆) ∥M ′′(π⋆)) = 0 as
desired. Finally, for any π, we have

fM′
(π)− fM′′

(π) = fM⋆
(π⋆)− fM′

(π⋆).

This implies that for all π, since all models in M have unit Gaussian rewards, using the
expression for the KL divergence given in (H.4.3):

|DKL(M
⋆(π) ∥M ′(π))−DKL(M

⋆(π) ∥M ′′(π))| ≤ |fM⋆
(π⋆)− fM′

(π⋆)| =
√

2DKL(M⋆(π⋆) ∥M ′(π⋆))

which implies the condition of Definition H.4.1 is met with L⋆M =
√
2.

Case 2: fM′
(πM′) + fM⋆

(π⋆) − fM′
(π⋆) > 1. For this case the model M ′′ constructed in

Case 1 will not be inM. Assume first that fM⋆
(π⋆) ≥ fM′

(πM′) and in this case define M ′′
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to be the instance

fM′′
(π) =

{
min{fM⋆

(π⋆), f
M′
(π) + fM⋆

(π⋆)− fM′
(π⋆)} π ̸= πM′

fM⋆
(π⋆) + δ π = πM′

or some δ > 0 such that fM⋆
(π⋆) + δ < 1 (note that such a δ exists since we have assumed

fM⋆
(π⋆) < 1). Note that we now have M ′′ ∈M, and fM′′

(π) < fM′′
(πM′) for all π ̸= πM′ , so

M ′′ ∈ Malt(M⋆). Furthermore, we have fM′′
(π⋆) = fM⋆

(π⋆), so DKL(M
⋆(π⋆) ∥M ′′(π⋆)) = 0.

For π ̸= πM′ , if min{fM⋆
(π⋆), f

M′
(π) + fM⋆

(π⋆)− fM′
(π⋆)} = fM⋆

(π⋆), this implies that

fM⋆
(π⋆) ≤ fM′

(π) + fM⋆
(π⋆)− fM′

(π⋆) =⇒ fM⋆
(π⋆)− fM′

(π) ≤ fM⋆
(π⋆)− fM′

(π⋆).

Since we have assumed fM⋆
(π⋆) ≥ fM′

(πM′), this implies that

|fM′′
(π)− fM′

(π)| = |fM⋆
(π⋆)− fM′

(π)| ≤ |fM⋆
(π⋆)− fM′

(π⋆)|

So by the expression given for the KL divergence in (H.4.3), we have

|DKL(M
⋆(π) ∥M ′(π))−DKL(M

⋆(π) ∥M ′′(π))| ≤
√
3DKL(M⋆(π⋆) ∥M ′(π⋆)). (H.4.4)

For π ̸= πM′ with min{fM⋆
(π⋆), f

M′
(π) + fM⋆

(π⋆)− fM′
(π⋆)} = fM′

(π) + fM⋆
(π⋆)− fM′

(π⋆),
the bound on |DKL(M

⋆(π) ∥M ′(π))−DKL(M
⋆(π) ∥M ′′(π))| follows identically to Case 1. For

π = πM′ , since we have assumed that fM⋆
(π⋆) ≥ fM′

(πM′) we have

|fM′′
(πM′)− fM′

(πM′)| = fM⋆
(π⋆)− fM′

(πM′) + δ ≤ fM⋆
(π⋆)− fM′

(π⋆) + δ.

For small enough δ, this implies that (H.4.4) is satisfied for π = πM′ as well.
Consider now the case where fM⋆

(π⋆) < fM′
(πM′). In this case define M ′′ by

fM′′
(π) =

{
min{fM′

(πM′)− δ, fM′
(π) + fM⋆

(π⋆)− fM′
(π⋆)} π ̸= πM′

fM′
(πM′) π = πM′

for δ > 0 small enough that fM′
(πM′)− δ > fM⋆

(π⋆). Note that M ′′ and M ′′ ∈Malt(M⋆) by
construction, and that fM′′

(π⋆) = fM⋆
(π⋆) by our choice of δ, so DKL(M

⋆(π⋆) ∥M ′′(π⋆)) = 0.
For π ̸= πM′ , if min{fM′

(πM′)− δ, fM′
(π) + fM⋆

(π⋆)− fM′
(π⋆)} = fM′

(πM′)− δ, then we have

|fM′′
(π)− fM′

(π)| = |fM′
(πM′)− δ − fM′

(π)|
≤ fM′

(πM′)− fM′
(π) + δ

≤ |fM⋆
(π⋆)− fM′

(π⋆)|+ δ

where for the final inequality we have used that min{fM′
(πM′)−δ, fM′

(π)+fM⋆
(π⋆)−fM′

(π⋆) =
fM′

(πM′)− δ. It follows that (H.4.4) is satisfied for this π for sufficiently small δ. If we instead
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have min{fM′
(πM′)− δ, fM′

(π) + fM⋆
(π⋆)− fM′

(π⋆)} = fM′
(π) + fM⋆

(π⋆)− fM′
(π⋆), then the

bound on |DKL(M
⋆(π) ∥M ′(π))−DKL(M

⋆(π) ∥M ′′(π))| follows identically to Case 1.
For π = πM′ , we have |fM′′

(πM′)− fM′
(πM′)| = 0. This proves the result.

H.4.2.3 Structured Bandits with Bounded Eluder Dimension (Example 10.3.2)

In this section, we give generic bounds on the uniform exploration coefficient and Allocation-
Estimation Coefficient for structured bandit classes with bounded eluder dimension (cf.
Definition 10.3.2). These result are used by subsequent examples, including linear bandits.

Lemma H.4.3. Let M{M(π) = N (f(π), 1) | f ∈ F}. Then for all ε > 0, we have

Cexp(M, ε) ≤ 16dE(F ,
√
ε/2)

ε
.

Proof of Lemma H.4.3. Let ξ ∈ △(M). Recall the expression for KL divergence between
Gaussians of unit variance:

EM∼ξ[Ep[DKL

(
M(π) ∥M(π)

)
]] =

1

2
EM∼ξ[Ep[(f

M(π)− fM(π))2]].

Abbreviate dE := dE(F ,
√
ε/2) and let {π1, . . . , πdE} denote a maximal sequence of ε-

independent points. By the definition of the eluder dimension, for any π ∈ Π and any
M,M ∈M, we have:√√√√ dE∑

i=1

(fM(πi)− fM(πi))2 ≤
√
ε/2 =⇒ |fM(π)− fM(π)| ≤

√
ε/2.

Now, set p to be the uniform distribution over {π1, . . . , πdE}. Assume that M,M ′ ∈M are
such that

max
M ′′∈{M,M ′}

EM∼ξ Ep[DKL

(
M(π) ∥M ′′(π)

)
] =

1

2
max

M ′′∈{M,M ′}
EM∼ξ Ep[(f

M′′
(π)−fM(π))2] ≤ ε/(16dE),

Markov’s inequality implies that for each M ′′ ∈ {M,M ′}, with probability at least 3/4 over
the draw of M ∼ ξ,

Ep[(fM′′
(π)− fM(π))2] ≤ ε/(2dE).

Taking a union bound, we conclude that with probability at least 1/2 over the draw of M ∼ ξ,

max
M ′′∈{M,M ′}

Ep[(fM′′
(π)− fM(π))2] ≤ ε/(2dE). (H.4.5)

Going forward, let M ∈M be any model such that (H.4.5) holds; we have just proven that
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such a model exists. It follows from the maximality of π1, . . . , πdE and the definition of p that
for all π̃ ∈ Π, and M ′′ ∈M,

Ep[(fM′′
(π)− fM(π))2] ≤ ε/(2dE) =⇒ (fM′′

(π̃)− fM(π̃))2 ≤ ε/2.

In particular, since this holds for both M ∈ {M ′,M ′′}, and since (H.4.5) holds, we have that
for all π,

DKL(M
′(π) ∥M ′′(π)) =

1

2
(fM′

(π)− fM′′
(π))2

≤ (fM′
(π)− fM(π))2 + (fM(π)− fM′′

(π))2

≤ ε.

As this is the condition required by Definition 10.3.1, it suffices to take Cξ
exp(ε) = 16dE(F ,

√
ε/2)/ε.

Since this bound holds uniformly for all choices of ξ, the result follows.

Proof of Proposition 10.4. The bound

Cexp(M⋆, δ) ≤ 16dE(F ,
√
δ/2)

δ
.

follows from Lemma H.4.3, since dE(F ′, δ) ≤ dE(F , δ) for all F ′ ⊆ F .
By Lemma H.2.6 we can bound aecMε (M⋆):

aecMε (M⋆) ≤ Cexp(M⋆, δ) for δ = min
M∈M⋆

min

{
min

{
1

81LKL
,
∆M

min

34VM

}
· ε

2gM/∆M
min + nM

ε/36

,
∆M

min

3

}2

.

Lemma Lemma H.2.2 implies that for all M ∈M⋆,

gM ≤ Cexp(M⋆, 1
4
(∆M

min)
2) ≤

64dE(F , 12∆
M
min)

(∆M
min)

2
≤

64dE(F , 12∆⋆)

∆2
⋆

where we have used that the eluder dimension increases as its scale ε decreases; by Lemma H.4.1,
it suffices to take LKL = VM = 2. A sufficient value for δ is therefore

δ = c · ε2∆8
⋆

dE(F , 12∆⋆)2

The result follows.
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H.4.2.4 Linear Bandits (Example 10.3.3)

Proof of Proposition 10.5. The result follows directly from Proposition 10.4, since it is known
that linear bandits have eluder dimension which scales as dE(F , ε) = O(d · log 1/ε) [Russo
and Van Roy, 2013].

In what follows, we prove Proposition 10.6, providing sufficient conditions under which
it is possible to bound the regularity constant L⋆M (and hence n⋆ε) for linear bandits.

We begin with an geometric assumption on Θ, X , and θ⋆, which we will show ensures
that M⋆(π) = N (⟨xπ, θ⋆⟩, 1) is a regular model. To state our condition, we denote, for any
vectors x and y, we define xy and xȳ to be unique vectors satisfying x = xy + xȳ for xy ∥ y
and xȳ ⊥ y.

Assumption H.3 (Regular Linear Bandits). The sets Θ,X and model parameter θ⋆ satisfy:

1. Θ is a convex polytope.

2. For all θ ∈ Θ, we have that there exists some δθ > 0 such that {θ′ ∈ Rd : ∥θ′ − θ∥2 ≤
δθ} ⊆ Θ.

3. Letting x⋆ ∈ X denote the optimal action for θ⋆, we have{
θ ∈ Rd : ∥θ − θ⋆∥2 ≤ max

x∈X ,x ̸=x⋆
∆⋆(x)/∥xx̄⋆∥2

}
⊆ Θ.

The first two points above are quite mild. The primary restriction of Assumption H.3
is Point 3, which requires that θ⋆ is located sufficiently far within the interior of Θ. Using
Assumption H.3 we can state the full version of Proposition 10.6.

Proposition H.4 (Full Version of Proposition 10.6). If Θ,X , and θ⋆ satisfy Assumption H.3,
then n⋆ε is bounded by a polynomial function of d, 1/∆⋆

min, 1/ε, g
⋆, and a geometry-dependent

term scaling with the structure of X and Θ.

Remark H.4.1 (Comparison to Existing Work). We remark that Assumption H.3 is similar
to the conditions required by existing works which achieve instance-optimality in linear
bandits with polynomial lower-order terms [Tirinzoni et al., 2020, Kirschner et al., 2021].
Though neither of these works explicitly states such a condition, closer inspection of their
analysis reveals it is indeed required. In particular, the proof of Lemma 1 of Tirinzoni et al.
[2020] relies on a result from Degenne et al. [2020b] which shows that a condition analogous to
Definition H.4.1 is met for linear bandits. However, the proof given in Degenne et al. [2020b]
appears to only hold when Θ is unbounded, or a condition such as Assumption H.3 holds.
As Tirinzoni et al. [2020] assumes that Θ is bounded, their results therefore only appear to
hold if a condition similar to Assumption H.3 also holds. Similarly, in the proof of Lemma
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10 of Kirschner et al. [2021], it is assumed that for every arm x ≠ xπ⋆ , there exists some
instance in the alternate set with optimal arm x. To satisfy this condition, it appears that an
assumption similar to Assumption H.3 is required.

Thus, while not stated explicitly in the existing literature, it therefore seems that all
existing results which obtain reasonable lower-order terms require an assumption similar to
Assumption H.3. Removing this assumption (or showing it is necessary) is an interesting
direction for future work.

Proof of Proposition H.4. Under Assumption H.3, this follows directly from Lemma H.4.4
and Proposition H.3.

Lemma H.4.4. Under Assumption H.3, the linear bandit model M⋆ is regular for some
L⋆M <∞ whose value depends on the geometry of Θ and X .

Proof of Lemma H.4.4. Fix some θ⋆ ∈ Θ and let x⋆ denote its optimal arm. Let Θalt(θ⋆) ⊆ Θ
denote parameters with optimal arm x ̸= x⋆. Assume there exists some θ ∈ Θalt(θ⋆) such
that ⟨θ − θ⋆, x⋆⟩ ≠ 0 (if this is not the case, M⋆ immediately satisfies Definition H.4.1 and
we are done). Let Θx = {θ ∈ Θ : ⟨x, θ⟩ ≥ ⟨x⋆, θ⟩}, Θ⋆ = {θ ∈ Rd : ⟨θ − θ⋆, x⋆⟩ = 0}, and
Θ⋆
x = Θx ∩ Θ⋆. We first show that, under Assumption H.3, Θ⋆

x ̸= ∅ for all x ∈ X , x ̸= x⋆.
We then use this to show that M⋆(π) = N (⟨xπ, θ⋆⟩, 1) is a regular model.

Part 1: Θ⋆
x ≠ ∅. Fix some x ∈ X with x ̸= x⋆. Consider θ = θ⋆ + axx̄⋆ for some a ∈ R

to be chosen. By construction we have ⟨θ, x⋆⟩ = ⟨θ⋆, x⋆⟩, which implies that θ ∈ Θ⋆ for all
a ∈ R. We wish to choose a large enough that ⟨θ, x⟩ ≥ ⟨θ, x⋆⟩. Note that

⟨θ, x⟩ = ⟨θ⋆, x⟩+ a⟨xx̄⋆ , xx̄⋆ + xx⋆⟩ = ⟨θ⋆, x⟩+ a∥xx̄⋆∥22

and ⟨θ, x⋆⟩ = ⟨θ⋆, x⋆⟩. Thus, to satisfy ⟨θ, x⟩ ≥ ⟨θ, x⋆⟩, we need

a∥xx̄⋆∥22 ≥ ⟨θ⋆, x⋆ − x⟩ ⇐⇒ a ≥ ∆⋆(x)/∥xx̄⋆∥22.

Let a = ∆⋆(x)/∥xx̄⋆∥22, then it follows that ⟨θ, x⟩ ≥ ⟨θ, x⋆⟩. Furthermore, we can bound

∥θ − θ⋆∥2 ≤ a∥xx̄⋆∥2 = ∆⋆(x)/∥xx̄⋆∥2.

Under Assumption H.3, it follows that θ ∈ Θ.

Part 2: M⋆ is a Regular Model. Let Θx = {θ − θ⋆ : θ ∈ Θx}. Note that, since Θ is a
convex polytope, and Θx simply adds a linear inequality constraint, Θx is also convex. Let
Θ
⋆

x = {ϕ ∈ Θx : ⟨ϕ, x⋆⟩ = 0}. From Part 1, we have Θ
⋆

x ̸= ∅. Lemma 23 of Kirschner et al.
[2021] then gives that there exists a geometry-dependent constant C(Θ,X ) such that, for all
ϕ ∈ Θx:

min
ϕ′∈Θ⋆

x

∥ϕ− ϕ′∥2 ≤ C(Θ,X ) · |⟨ϕ, x⋆⟩|.
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This implies that for all θ ∈ Θx, we have:

min
θ′∈Θ⋆

x

∥θ − θ′∥2 ≤ C(Θ,X ) · |⟨θ − θ⋆, x⋆⟩|.

Now consider some θ ∈ Θalt(θ⋆), and assume that ⟨θ − θ⋆, x⋆⟩ ≠ 0 (by assumption such a θ
exists). Assume that θ has optimal arm x, which implies that θ ∈ Θx. By what we have just
shown, we know that there exists some θ′ ∈ Θ with ⟨θ′, x⟩ > ⟨θ′, x⋆⟩ so that θ′ ∈ Θalt(θ⋆),
⟨θ′ − θ⋆, x⋆⟩ = 0, and

∥θ − θ′∥2 ≤ C(Θ,X ) · |⟨θ − θ⋆, x⋆⟩|.

Note that, for any x′ ∈ X , we have

|DKL(θ
⋆(x′) ∥ θ(x′))−DKL(θ

⋆(x′) ∥ θ′(x′))| = 1

2
|⟨θ⋆ − θ, x′⟩2 − ⟨θ⋆ − θ′, x′⟩2|

≤ 2max
θ′′∈Θ
|⟨θ′′, x′⟩| · |⟨θ − θ′, x′⟩|

≤ 2max
θ′′∈Θ
∥θ′′∥2∥x′∥22 · ∥θ − θ′∥2.

Furthermore, note that √
DKL(θ⋆(x⋆) ∥ θ(x⋆)) =

1√
2
|⟨θ⋆ − θ, x⋆⟩|,

so

|DKL(θ
⋆(x′) ∥ θ(x′))−DKL(θ

⋆(x′) ∥ θ′(x′))|

≤
(
2
√
2C(Θ,X ) max

θ′′∈Θ,x′′∈X
∥θ′′∥2∥x′′∥22

)
·
√
DKL(θ⋆(x⋆) ∥ θ(x⋆)).

As θ ∈ Θ⋆(θ⋆) was arbitrary, we have therefore shown that M⋆ is a regular model with

L⋆M =

(
2
√
2 · C(Θ,X ) · max

θ′′∈Θ,x′′∈X
∥θ′′∥2∥x′′∥22

)2

.

H.4.2.5 Generalized Linear Models (Example 10.3.4)

Proof Sketch for Example 10.3.4. The bound on the AEC follows as in Proposition 10.5, using
that the eluder dimension for generalized linear models is bounded as O(d · (gmax

gmin
)2 · log gmax

ε
)

[Russo and Van Roy, 2013]. For the other regularity assumptions, note that by the Mean
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Value Theorem, we have

|DKL(M(π) ∥M ′(π))−DKL(M(π) ∥M ′′(π))| = 1

2
|(g(⟨θ, x⟩)− g(⟨θ′, x⟩))2 − (g(⟨θ, x⟩)− g(⟨θ′′, x⟩))2|

≤ 2gmax|⟨θ′ − θ′′, x⟩|

and √
DKL(M(π) ∥M ′(π)) =

1√
2
|g(⟨θ, x⟩)− g(⟨θ′, x⟩)| ≥ gmin√

2
|⟨θ − θ′, x⟩|.

In light of these inequalities, bounds on all relevant regularity parameters for generalized
linear bandits follow from similar reasoning to the proofs for linear bandits. In particular,
the conclusion of Lemma H.4.4 holds for generalized linear bandits under Assumption H.3,
with L⋆M as in Lemma H.4.4, but scaled by (gmax

gmin
)2).

H.4.3 Contextual Bandits with Finitely Many Actions (Example 10.3.5)

In this setting we take D
(
M(π) ∥M(π)

)
← DKL

(
M(π) ∥M(π)

)
for D the divergence employed

by AE2
⋆. Note that we have

DKL

(
M(π) ∥M(π)

)
=

1

2
Ex∼pX [Ea∼π(x)[(f

M(x, a)− fM(x, a))2]].

Lemma H.4.5. In the contextual bandits setting of Example 10.3.5:

1. Assumptions 10.5, H.1 and H.2 hold with parameters

LKL = VM = 2
√
2

and D
(
· ∥ ·

)
= DKL(· ∥ ·).

2. We can bound Ncov(M, ρ, µ) by the covering number of M in the distance d(M,M ′) =

supx∈X ,a∈A |fM(x, a)− fM′
(x, a)| at tolerance σ2·ρ

2+
√

2 log(2/µ)
. Furthermore, it suffices to

take E := {|r| ≤ 1 +
√

2 log(2/µ)}.

Proof of Lemma H.4.5. Using the expression for the KL divergence given above, for any
M,M ′,M ∈M and π ∈ Π, we have∣∣DKL(M(π) ∥M ′(π))−DKL

(
M(π) ∥M ′(π)

)∣∣
=

1

2

∣∣Ex∼pX [Ea∼π(x)[(fM(x, a)− fM′
(x, a))2]]− Ex∼pX [Ea∼π(x)[(f

M(x, a)− fM′
(x, a))2]]

∣∣
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≤ 1

2
Ex∼pX

[
Ea∼π(x)

[∣∣(fM(x, a)− fM′
(x, a))2 − (fM(x, a)− fM′

(x, a))2
∣∣]]

≤ 2Ex∼pX
[
Ea∼π(x)

[∣∣fM(x, a)− fM(x, a)
∣∣]]

≤ 2

√
Ex∼pX

[
Ea∼π(x)

[
(fM(x, a)− fM(x, a))2

]]
= 2
√
2
√

DKL

(
M(π) ∥M(π)

)
.

This verifies Assumption H.1 holds with LKL = 2
√
2. Assumption H.2 is immediate.

To show that Assumption 10.5 is met, we note that

log
PM,π(r, o)

PM,π(r, o)
= log

PM,π(r | o)PM,π(o)

PM,π(r | o)PM,π(o)
= log

PM,π(r | o)
PM,π(r | o)

,

where the second equality holds because the context distribution is identical for all models.
As the reward likelihoods conditioned on the context are Gaussian, a calculation similar to
Lemma H.4.1 shows that Assumption 10.5 with VM = 2

√
2. The covering number bound also

follows from the same reasoning as Lemma H.4.1.

Lemma H.4.6. For the contextual bandit setting described above, we can bound

Cexp(M, ε) ≤ 4A

ε
.

Proof of Lemma H.4.6. Fix some ξ ∈ △M and let πexp be uniform over A for each context.
Then, for any p′ ∈ △Π, we have

Eπ∼p′ [DKL(M(π) ∥M ′(π))]

=
1

2
Eπ∼p′ [Ex∼pX [Ea∼π(x)[(f

M(x, a)− fM′
(x, a))2]]]

≤ EM∼ξ[Eπ∼p′ [Ex∼pX [Ea∼π(x)[(f
M(x, a)− fM(x, a))2 + (fM(x, a)− fM′

(x, a))2]]]]

≤
∑
a∈A

EM∼ξ[Ex∼pX [(f
M(x, a)− fM(x, a))2 + (fM(x, a)− fM′

(x, a))2]]

= AEM∼ξ[Ex∼pX [Ea∼pexp(x)[(f
M(x, a)− fM(x, a))2 + (fM(x, a)− fM′

(x, a))2]]]

≤ 2AEM∼ξ[DKL

(
M(πexp) ∥M(πexp)

)
+DKL

(
M(πexp) ∥M ′(πexp)

)
].

It follows that if

EM∼ξ[DKL

(
M(πexp) ∥M(πexp)

)
] ≤ ε

4A
and EM∼ξ[DKL

(
M(πexp) ∥M ′(πexp)

)
] ≤ ε

4A
,

then we can bound Eπ∼p′ [DKL(M(π) ∥M ′(π))] ≤ ε. Thus, choosing pexp ∈ △(Π) to place
probability mass 1 on πexp, a sufficient bound on Cexp(M, ε) is 4A/ε.
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Proof of Proposition 10.8. The bound on Cexp(M⋆, ε) follows from Lemma H.4.6. Hence, by
Lemma H.2.6 we can bound aecMε (M⋆) as:

aecMε (M⋆) ≤ 4A

δ
for δ = min

M∈M⋆
min

{
min

{
1

81LKL
,
∆M

min

34VM

}
· ε

2gM/∆M
min + nM

ε/36

,
∆M

min

3

}2

.

By Lemma H.2.2, we have that for all M ∈M⋆,

gM ≤ Cexp(M⋆,
1

4
(∆M

min)
2) ≤ 16A

∆2
⋆

.

By Lemma H.4.5, we can take LKL = VM = 2
√
2. A sufficient choice for δ is therefore

δ = c · ε
2∆8

⋆

A2
.

The result follows.

H.4.4 Informative Arms (Example 10.2.1)

In this section, we provide calculations for the bandits with informative arms setting in
Example 10.2.1. We first show that Assumptions 10.4 to 10.6 are satisfied.

• Lemma H.4.1 If π ∈ [A], then the response is simply Gaussian, so by Lemma H.4.1, the
condition of Assumption 10.4 is met with LKL = 2. If π = π◦

i , then by the Mean Value
Theorem we have∣∣DKL(M(π) ∥M ′(π))−DKL

(
M(π) ∥M ′(π)

)∣∣
=

∣∣∣∣∣∣
∑
a∈[A]

PM,π(a) log
PM,π(a)

PM′,π(a)
−
∑
a∈[A]

PM,π(a) log
PM,π(a)

PM′,π(a)

∣∣∣∣∣∣
≤
(
1 + max

a∈[A]
max

{∣∣∣∣log PM,π(a)

PM′,π(a)

∣∣∣∣ , ∣∣∣∣log PM,π(a)

PM′,π(a)

∣∣∣∣}) ·∑
a∈[A]

|PM,π(a)− PM,π(a)|

=

(
1 + max

a∈[A]
max

{∣∣∣∣log PM,π(a)

PM′,π(a)

∣∣∣∣ , ∣∣∣∣log PM,π(a)

PM′,π(a)

∣∣∣∣}) ·DTV

(
PM,π,PM,π

)
≤
(
1 + max

a∈[A]
max

{∣∣∣∣log PM,π(a)

PM′,π(a)

∣∣∣∣ , ∣∣∣∣log PM,π(a)

PM′,π(a)

∣∣∣∣}) ·
√

1

2
DKL(PM,π ∥PM,π).

Using the bound on the log-likelihood ratio given above, this verifies that Assump-
tion 10.4 holds with LKL = max{2, 1 + log A

1−β}.

• If π ∈ [A], then the since the response is Gaussian, by Lemma H.4.1, the condition
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of Assumption 10.5 is met with VM = 2. If π = π◦
i , then for M ∈ M, either the

observation is distributed as 1/A, so PM,π(r, o) = 1/A for all o ∈ [A], or i is the
informative arm for instance M , in which case PM,π(r, o) = (1− β)/A for o ̸= πM , and
PM,π(r, o) = β + (1− β)/A for o = πM (note that we can disregard o =⊥ since it occurs
with probability 0 if an informative arm is pulled). The log-likehood ratio is then at
most

log
β + (1− β)/A

(1− β)/A
≤ log

A

1− β
.

Thus, Assumption 10.5 is satisfied with VM = max{2, log A
1−β}.

• Using Lemma H.4.1, it is easy to see that Assumption 10.6 is met with dcov = O(A)
and Ccov = O(1).

To bound the parameter nM, consider M ∈ M and M ′ ∈ Malt(M). Note that either
DKL(M(πM) ∥M ′(πM)) = 0, in which case there is no advantage to playing πM , or, due to
the discretization of the means, DKL(M(πM) ∥M ′(πM)) ≥ 1

2
∆2

min. Thus, for any allocation
η ∈ RΠ

+, as long as η(πM) ≥ 2
∆2

min
, we have η(πM)DKL(M(πM) ∥M ′(πM)) ≥ 1. It follows that

there is no advantage to choosing η(πM) larger than 2
∆2

min
, so we can bound nM ≤ 2

∆2
min

.

H.4.4.1 Bounding the Allocation-Estimation Coefficient

We begin with some basic observations. First, since we restrictM to only contain instances
with a single optimal decision, if fM(πM) = ⌊ 1

∆min
⌋∆min for some M ∈M, this implies that

fM(π) < ⌊ 1
∆min
⌋∆min for all π ̸= πM . Fix some M ∈ M satisfying fM(πM) = ⌊ 1

∆min
⌋∆min.

It follows that, for every M ′ ∈ Malt(M), it must be the case that fM′
(πM) < ⌊ 1

∆min
⌋∆min.

Therefore, since M and M ′ have different reward means at πM , and since this holds for all
M ′ ∈ Malt(M), M can be distinguished from every M ′ ∈ Malt(M) by playing πM . In this
case, then, gM = 0, so any ε-optimal Graves-Lai allocation must put all its mass on πM ,
implying Υ(M, ε) = {IπM}. Denote such instances M with fM(πM) = ⌊ 1

∆min
⌋∆min as M.

Note that for M with fM(πM) < ⌊ 1
∆min
⌋∆min, we have Iπ◦

M
∈ Υ(M, ε).

We proceed to bound the value of the Fix M ∈ co(M). For a first case, assume that
that fM(πM) ≤ ⌊ 1

∆min
⌋∆min − 1

2
∆min and let k = argmaxi∈[N ] PM,π◦

i (o = πM) denote the
index of the most informative arm for M . Let λ = Iπ◦

k
, and note thatMgl

ε (λ) contains only
instances inM that have informative arm k. LetM′ = {M ∈M : π◦

M ≠ π◦
k} ∪M. Then

M\Mgl
ε (λ) ⊆M′. Let ω = 1

2
Unif({π◦

i }i∈[N ]) +
1
2
Unif([A]). Then,

aecε(M,M) ≤ sup
M∈M′

1

Eπ∼ω[DKL

(
M(π) ∥M(π)

)
]
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≤ sup
M∈M,π◦

M ̸=π◦
k

2N∑N
i=1DKL

(
M(π◦

i ) ∥M(π◦
i )
) + sup

M∈M

2A∑
π∈[A] DKL

(
M(π) ∥M(π)

)
If π◦

M ̸= π◦
k , this implies that o ∼ M(π◦

i ) is uniform on [A] for π◦
i ≠ π◦

M , and o ∼ M(π◦
i ) is

distributed as βIπM +(1−β)Unif([A]) for π◦
i = π◦

M . Note that since k = argmaxi∈[N ] PM,π◦
i (o =

πM) and M ∈ co(M), we can have at most PM,π◦
i (o) ≤ 1/A+ β/2 for all o if i ̸= k, since if

this were not the case, then i must be k. It follows from Pinsker’s inequality that for M with
π◦

M ̸= π◦
k :

DKL

(
M(π◦

M) ∥M(π◦
M)
)
≥ 2DTV

(
M(π◦

M),M(π◦
M)
)2

≥ 2|PM,π◦
M (o = πM)− PM,π◦

M (o = πM)|2

= 2|β − 1/A− β/2|2

≥ 2|β/4|2

where the last inequality uses our assumption that β ≥ 4/A. For M ∈M, since fM(πM) ≤
⌊ 1
∆min
⌋∆min − 1

2
∆min, we have that

DKL

(
M(π) ∥M(π)

)
≥ 1

8
∆2

min.

Thus, we can bound

aecε(M,M) ≤ 64N

β2
+

16A

∆2
min

.

Now, consider the second case where M has fM(πM) > ⌊ 1
∆min
⌋∆min − 1

2
∆min. Note that

in this case we must have |πM | = 1. Set λ = IπM . Then we have thatMgl
ε (λ) contains every

instance except the single instance with fM(πM) = ⌊ 1
∆min
⌋∆min. Let ω = IπM . Note that for

any instance with fM(πM) < ⌊ 1
∆min
⌋∆min, i.e. every instance inM\Mgl

ε (λ), we have

DKL

(
M(πM) ∥M(πM)

)
≥ 1

8
∆2

min.

It follows that with such an M , we can bound

aecε(M,M) ≤ 8

∆2
min

.

H.4.5 Tabular Reinforcement Learning (Section 10.3.2)

In this section, we prove all of the claims in Section 10.3.2 concerning tabular reinforcement
learning.
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Throughout this section we let Msh(a) denote the joint distribution of the next state
and reward if we play action a in state s at step h on MDP M ∈M. We also define

wM,π
h (s, a) = PM,π(sh = s, ah = a)

as the state-action visitation probabilities on MDP M under policy π (and define wM,π
h (s)

analogously). We let rM
h (s, a) = Er∼RM

h (s,a)[r] denote the mean reward on MDP M at
(s, a, h), and let rh(sh, ah) the denote the realized (random reward) at step h. We let
r := (r1(s1, a1), . . . , rH(sH , aH)) denote the vector of all random rewards in a given episode.
τ = (s1, . . . , sH) denotes a trajectory of states, and τh = sh the hth state in the trajectory.
We denote the Q-value function on M for policy π by

QM,π
h (s, a) = EM,π

[
H∑

h′=h

rh′(sh′ , ah′) | sh = s, ah = a

]

and the value function by V M,π
h (s) = Ea∼πh(s)[Q

M,π
h (s, a)]. We denote the value of a policy by

V M,π
1 := V M,π

1 (s1). For any function V : S → R we denote

PM

h [V ](s, a) = Es′∼PM
h (·|s,a)[V (s′)].

For all results in this section concerning general divergences, we take D
(
· ∥ ·

)
← DKL(· ∥ ·).

Proof of Proposition 10.9. To bound the AEC, we first move from KL divergence to Hellinger
distance. Since we always have DKL

(
M(π) ∥M(π)

)
≥ D2

H

(
M(π),M(π)

)
, we upper bound

aecMε (M⋆) ≤ sup
ξ∈△M

inf
λ,ω∈△Π

sup
M∈M⋆\Mgl

ε (λ)

1

EM∼ξ[Eω[D2
H

(
M(π),M(π)

)
]]
.

We then apply Lemma H.2.6 to bound this by CD
exp(M⋆, δ), with D

(
· ∥ ·

)
← D2

H(·, ·). The
bound on CD

exp(M⋆, ε) then follows directly from Lemma H.4.10, and gives

aecMε (M⋆) ≤ SAH2 · log2H
δ2

for δ = min
M∈M⋆

min

{
min

{
1

81LKL
,
∆M

min

34VM

}
· ε

2gM/∆M
min + nM

ε/36

,
∆M

min

3

}2

.

By Lemma H.4.8, we have that Assumptions 10.5 and H.1 hold with

LKL = VM = 4H + max
M,M ′∈M

max
π∈Π

max
τ∈T

∣∣∣∣log PM′,π(τ)

PM,π(τ)

∣∣∣∣ .
As we assume every transition has probability at least Pmin, we can lower bound PM,π(τ) ≥
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PH
min, so it suffices to take

LKL = VM = H(4 + log 1/Pmin).

By Lemma H.2.2, for M ∈M⋆ we can bound

gM ≤ Cexp(M⋆, 1
4
(∆M

min)
2) ≤ c · SAH

2 · log2H
∆4
⋆

.

A sufficient choice of δ is therefore

δ = c · ε2∆12
⋆

S2A2H6 · log4H · log2 1/Pmin

.

H.4.5.1 Tabular MDPs are Regular Classes

Lemma H.4.7. If M⋆ is such that rM⋆

h (s, a) ∈ [0, 1/H2) for all (s, a, h), then in the setting
of M←Mtab(Pmin), M⋆ is a regular model with constant

L⋆M =
96

∆⋆
min

Proof of Lemma H.4.7. Take some MDP M ′ ∈Malt(M⋆) such that DKL(M
⋆(π⋆) ∥M ′(π⋆)) >

0. Let M ′′ be such that

DKL(M
⋆
sh(π⋆(s, h)) ∥M ′′

sh(π⋆(s, h))) = 0, ∀s, h

and

DKL(M
′
sh(a) ∥M ′′

sh(a)) = 0, ∀s, h, a ̸= π⋆(s, h),

so that M ′′ is the MDP which is identical to M⋆ on optimal actions, and identical to M ′

on suboptimal actions (recall that optimal actions for M⋆ are unique). By construction, we
have that DKL(M

⋆(π⋆) ∥M ′′(π⋆)) = 0. Furthermore, it is not difficult to see that M ′′ ∈ M.
In particular, to verify that PM′′

h (s′ | s, a) ≥ Pmin for each (s, a, h, s′), we note that since
M⋆,M ′ ∈ M, for every (s, a, h, s′), we have PM⋆

h (s′ | s, a) ≥ Pmin and PM′
h (s′ | s, a) ≥ Pmin.

By construction, we have that PM′′
h (· | s, a) is identical to either PM⋆

h (· | s, a) or PM′
h (· | s, a)

for each (s, a, h), so it follows that PM′′
h (s′ | s, a) ≥ Pmin. The remaining conditions for

inclusion inM are immediate. We consider two cases.
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Case 1: M ′′ ∈Malt(M⋆). For π ∈ Π, by Lemma H.4.15 we have

DKL(M
⋆(π) ∥M ′(π)) =

∑
s,a,h

wM⋆,π
h (s, a)DKL(M

⋆
sh(a) ∥M ′

sh(a)),

and

DKL(M
⋆(π) ∥M ′′(π)) =

∑
s,a,h

wM⋆,π
h (s, a)DKL(M

⋆
sh(a) ∥M ′′

sh(a))

=
∑
s,a,h

wM⋆,π
h (s, a)DKL(M

⋆
sh(a) ∥M ′

sh(a)) · I{a ̸= π⋆(s, h)}

so that

|DKL(M
⋆(π) ∥M ′(π))−DKL(M

⋆(π) ∥M ′′(π))|

=
∑
s,h

wM⋆,π
h (s, π⋆(s, h))DKL(M

⋆
sh(π⋆(s, h)) ∥M ′

sh(π⋆(s, h)))

≤ sup
s,h

wM⋆,π
h (s, π⋆(s, h))

wM⋆,π⋆
h (s, π⋆(s, h))

·DKL(M
⋆(π⋆) ∥M ′(π⋆))

≤ sup
s,h

1

wM⋆,π⋆
h (s)

·DKL(M
⋆(π⋆) ∥M ′(π⋆))

≤ 1

∆⋆
min

·DKL(M
⋆(π⋆) ∥M ′(π⋆))

where the last inequality follows from Lemma H.4.13. Thus, in this case, M⋆ is a regular
model with

L⋆M =
1

∆⋆
min

.

Case 2: M ′′ ̸∈ Malt(M⋆). Let (s̃, ã, h̃) be such that QM′,π⋆

h̃
(s̃, ã) > QM′,π⋆

h̃
(s̃, π⋆(s̃, h̃)), and

note that such a tuple is guaranteed to exist by Lemma H.4.11 since M ′ ∈ Malt(M⋆). Let
M̃ ′′ denote an MDP that is identical to M ′′ everywhere except for at (s̃, h̃, ã), where we set
rM̃′′

h̃
(s̃, ã) so that

QM̃′′,π⋆

h̃
(s̃, ã) = QM̃′′,π⋆

h̃
(s̃, π⋆(s̃, h̃)) + δ (H.4.6)

for some δ > 0 to be chosen. This will ensure ã is the optimal action in (s̃, h̃), so πM̃′′ ̸= π⋆.
By construction we have that M⋆ and M̃ ′′ behave identically on π⋆, which implies that
QM̃′′,π⋆

h̃
(s̃, π⋆(s̃, h̃)) = QM⋆,π⋆

h̃
(s̃, π⋆(s̃, h̃)). Furthermore, by assumption we have rM⋆

h (s, a) <

1/H2 for all (s, a, h), which implies QM⋆,π⋆

h̃
(s̃, π⋆(s̃, h̃)) < 1/H. As QM̃′′,π⋆

h̃
(s̃, ã) = rM̃′′

h̃
(s̃, ã) +
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PM̃′′

h̃
[V M̃′′,π⋆

h̃+1
](s̃, ã) ≥ rM̃′′

h̃
(s̃, ã), it follows that for small enough δ, we can ensure (H.4.6) is met

with rM̃′′

h̃
(s̃, ã) < 1/H, so that M̃ ′′ ∈M.

If we can show that, for all π, |DKL(M
⋆(π) ∥M ′(π))−DKL

(
M⋆(π) ∥ M̃ ′′(π)

)
| is bounded

by some function of DKL(M
⋆(π⋆) ∥M ′(π⋆)), we are then done. We proceed to show this. First,

note that, similar to Case 1:

|DKL(M
⋆(π) ∥M ′(π))−DKL

(
M⋆(π) ∥ M̃ ′′(π)

)
|

=
∣∣∣∑
s,h

wM⋆,π
h (s, π⋆(s, h))DKL(M

⋆
sh(π⋆(s, h)) ∥M ′

sh(π⋆(s, h)))
∣∣∣

+ wM⋆,π

h̃
(s̃, ã)

∣∣∣DKL

(
M⋆

s̃h̃
(ã) ∥M ′

s̃h̃
(ã)
)
−DKL

(
M⋆

s̃h̃
(ã) ∥ M̃ ′′

s̃h̃
(ã)
)∣∣∣

≤ sup
s,h

1

wM⋆,π⋆
h (s)

·DKL(M
⋆(π⋆) ∥M ′(π⋆))

+
1

2
wM⋆,π

h̃
(s̃, ã)

∣∣∣(rM⋆

h̃
(s̃, ã)− rM′

h̃
(s̃, ã))2 − (rM⋆

h̃
(s̃, ã)− rM̃′′

h̃
(s̃, ã))2

∣∣∣
(H.4.7)

where the inequality follows by what we showed in Case 1, and since M ′ and M̃ ′′ have
identical transitions at (s̃, ã, h̃), so the contribution to the KL divergence from the transitions
cancels, leaving only the KL divergence between unit-variance Gaussians. By the Mean Value
Theorem and since rewards are in [0, 1/H], we have

1

2

∣∣∣(rM⋆

h̃
(s̃, ã)− rM′

h̃
(s̃, ã))2 − (rM⋆

h̃
(s̃, ã)− rM̃′′

h̃
(s̃, ã))2

∣∣∣ ≤ 1

H
|rM′

h̃
(s̃, ã)− rM̃′′

h̃
(s̃, ã)|.

Thus, it suffices to bound |rM′

h̃
(s̃, ã)− rM̃′′

h̃
(s̃, ã)|.

By assumption QM′,π⋆

h̃
(s̃, ã) > QM′,π⋆

h̃
(s̃, π⋆(s̃, h̃)). We can then ensure

QM̃′′,π⋆

h̃
(s̃, ã)−QM̃′′,π⋆

h̃
(s̃, π⋆(s̃, h̃)) ≤ QM′,π⋆

h̃
(s̃, ã)−QM′,π⋆

h̃
(s̃, π⋆(s̃, h̃))

for δ sufficiently small. This is equivalent to, abbreviating ãM⋆ := π⋆(s̃, h̃):

rM̃′′

h̃
(s̃, ã) + PM̃′′

h̃
[V M̃′′,π⋆

h̃+1
](s̃, ã)− rM̃′′

h̃
(s̃, ãM⋆)− PM̃′′

h̃
[V M̃′′,π⋆

h̃+1
](s̃, ãM⋆)

≤ rM′

h̃
(s̃, ã) + PM′

h̃
[V M′,π⋆

h̃+1
](s̃, ã)− rM′

h̃
(s̃, ãM⋆)− PM′

h̃
[V M′,π⋆

h̃+1
](s̃, ãM⋆).

By construction we have that V M̃′′,π⋆
h (s) = V M⋆,π⋆

h (s) for all (s, h), rM̃′′

h̃
(s̃, ãM⋆) = rM⋆

h̃
(s̃, ãM⋆),

and PM̃′′

h̃
[V M̃′′,π⋆

h̃+1
](s̃, ãM⋆) = PM⋆

h̃
[V M⋆,π⋆

h̃+1
](s̃, ãM⋆), since M̃ ′′ behaves identically to M on actions

taken by π⋆. Furthermore, we have PM̃′′

h̃
[V M̃′′,π⋆

h̃+1
](s̃, ã) = PM′

h̃
[V M⋆,π⋆

h̃+1
](s̃, ã) since M̃ ′′ behaves

identically to M ′ on actions not taken by π⋆, other than the reward at (s̃, ã, h̃). Using these
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simplifications and rearranging, we get

|rM̃′′

h̃
(s̃, ã)− rM′

h̃
(s̃, ã)|

≤ |rM′

h̃
(s̃, ãM⋆)− rM⋆

h̃
(s̃, ãM⋆)|+ |PM⋆

h̃
[V M⋆,π⋆

h̃+1
](s̃, ãM⋆)− PM′

h̃
[V M′,π⋆

h̃+1
](s̃, ãM⋆)|

+ |PM′

h̃
[V M⋆,π⋆

h̃+1
](s̃, ã)− PM′

h̃
[V M′,π⋆

h̃+1
](s̃, ã)|

≤ |rM′

h̃
(s̃, ãM⋆)− rM⋆

h̃
(s̃, ãM⋆)|+ |PM⋆

h̃
[V M⋆,π⋆

h̃+1
](s̃, ãM⋆)− PM′

h̃
[V M⋆,π⋆

h̃+1
](s̃, ãM⋆)|

+ |PM′

h̃
[V M⋆,π⋆

h̃+1
](s̃, ãM⋆)− PM′

h̃
[V M′,π⋆

h̃+1
](s̃, ãM⋆)|+ |PM′

h̃
[V M⋆,π⋆

h̃+1
](s̃, ã)− PM′

h̃
[V M′,π⋆

h̃+1
](s̃, ã)|.

Since rewards are unit-variance Gaussian, we have

|rM′

h̃
(s̃, ãM⋆)− rM⋆

h̃
(s̃, ãM⋆)| ≤

√
2DKL

(
M⋆

h̃,s̃
(ãM⋆) ∥M ′

h̃,s̃
(ãM⋆)

)
≤
√

2

wM⋆,π⋆

h̃
(s̃)

DKL(M⋆(π⋆) ∥M ′(π⋆)).

Since V M⋆,π⋆

h̃+1
∈ [0, 1], we have

|PM⋆

h̃
[V M⋆,π⋆

h̃+1
](s̃, ãM⋆)− PM′

h̃
[V M⋆,π⋆

h̃+1
](s̃, ãM⋆)| ≤

∑
s′

|PM

h̃
(s′ | s̃, ãM⋆)− PM′

h̃
(s′ | s̃, ãM⋆)|

≤ 2DTV

(
PM

h̃
(· | s̃, ãM⋆), PM′

h̃
(· | s̃, ãM⋆)

)
≤
√
2DKL

(
PM

h̃
(· | s̃, ãM⋆) ∥PM′

h̃
(· | s̃, ãM⋆)

)
≤
√

2

wM⋆,π⋆

h̃
(s̃)

DKL

(
PM

h̃
(· | s̃, ãM⋆) ∥PM′

h̃
(· | s̃, ãM⋆)

)
≤
√

2

wM⋆,π⋆

h̃
(s̃)

DKL(M⋆(π⋆) ∥M ′(π⋆)).

By Lemma H.4.12 we have

|PM′

h̃
[V M⋆,π⋆

h̃+1
](s̃, ãM⋆)− PM′

h̃
[V M′,π⋆

h̃+1
](s̃, ãM⋆)| ≤

∑
s′

PM′

h̃
(s′ | s̃, ãM⋆)|V M⋆,π⋆

h̃+1
(s′)− V M′,π⋆

h̃+1
(s′)|

≤
∑
s′

PM′

h̃
(s′ | s̃, ãM⋆) ·

√
8H

wM⋆,π⋆

h̃+1
(s′)
·DKL(M⋆(π⋆) ∥M ′(π⋆))

≤ sup
s

√
8H

wM⋆,π⋆

h̃+1
(s)
·DKL(M⋆(π⋆) ∥M ′(π⋆))
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and similarly

|PM′

h̃
[V M⋆,π⋆

h̃+1
](s̃, ã)− PM′

h̃
[V M′,π⋆

h̃+1
](s̃, ã)| ≤ sup

s

√
8H

wM⋆,π⋆

h̃+1
(s)
·DKL(M⋆(π⋆) ∥M ′(π⋆)).

Altogether then:

|rM̃′′

h̃
(s̃, ã)− rM′

h̃
(s̃, ã)| ≤

(√
8

wM⋆,π⋆

h̃
(s̃)

+ sup
s

√
32H

wM⋆,π⋆

h̃+1
(s)

)
·
√
DKL(M⋆(π⋆) ∥M ′(π⋆))

≤ sup
s,h

√
96H

wM⋆,π⋆
h (s)

·
√
DKL(M⋆(π⋆) ∥M ′(π⋆)).

Combining this with (H.4.7), we have

|DKL(M
⋆(π) ∥M ′(π))−DKL

(
M⋆(π) ∥ M̃ ′′(π)

)
|

≤ sup
s,h

1

wM⋆,π⋆
h (s)

·DKL(M
⋆(π⋆) ∥M ′(π⋆)) + sup

s,h

√
96

HwM⋆,π⋆
h (s)

·
√
DKL(M⋆(π⋆) ∥M ′(π⋆))

≤ 1

∆⋆
min

·DKL(M
⋆(π⋆) ∥M ′(π⋆)) +

√
96

H∆⋆
min

·
√

DKL(M⋆(π⋆) ∥M ′(π⋆))

where the second inequality uses Lemma H.4.13. Thus, in this case M⋆ is a regular model
with

L⋆M =
96

∆⋆
min

.

H.4.5.2 Tabular MDPs Satisfy Basic Assumptions

Lemma H.4.8. Tabular MDPs with unit-variance Gaussian rewards satisfy Assumptions 10.5,
H.1 and H.2 with

LKL = VM = 8H + max
M,M ′∈M

max
π∈Π

max
τ∈T

∣∣∣∣log PM′,π(τ)

PM,π(τ)

∣∣∣∣ ,
and D

(
· ∥ ·

)
= DKL(· ∥ ·), where T := SH and PM,π(τ) denotes the probability of observing

state sequence τ ∈ T on M when playing policy π.

Proof of Lemma H.4.8. We verify each assumption separately.
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Verifying Assumption H.1. Fix some M,M ′,M ∈M. Our goal is to bound∣∣DKL(M(π) ∥M ′(π))−DKL

(
M(π) ∥M ′(π)

)∣∣ .
Let M̃ denote the MDP with transitions identical to M but rewards identical to M . Then∣∣DKL(M(π) ∥M ′(π))−DKL

(
M(π) ∥M ′(π)

)∣∣ ≤ ∣∣∣DKL(M(π) ∥M ′(π))−DKL

(
M̃(π) ∥M ′(π)

)∣∣∣
+
∣∣∣DKL

(
M̃(π) ∥M ′(π)

)
−DKL

(
M(π) ∥M ′(π)

)∣∣∣
We bound these terms separately. First, by Lemma H.4.15 we have

DKL(M(π) ∥M ′(π)) =
∑
s,a,h

wM,π
h (s, a)DKL(Msh(π(s, h)) ∥M ′

sh(π(s, h)))

=
∑
s,a,h

wM,π
h (s, a)

[
1

2
(rM

h (s, a)− rM′

h (s, a))2 +DKL

(
PM

h (· | s, π(s, h)) ∥PM′

h (· | s, π(s, h))
)]

and, given our definition of M̃ ,

DKL

(
M̃(π) ∥M ′(π)

)
=
∑
s,a,h

wM,π
h (s, a)

[
1

2
(rM

h (s, a)− rM′

h (s, a))2 +DKL

(
PM

h (· | s, π(s, h)) ∥PM′

h (· | s, π(s, h))
)]
.

Thus, ∣∣∣DKL(M(π) ∥M ′(π))−DKL

(
M̃(π) ∥M ′(π)

)∣∣∣
=

∣∣∣∣∣12∑
s,a,h

wM,π
h (s, a)

[
(rM

h (s, a)− rM′

h (s, a))2 − (rM

h (s, a)− rM′

h (s, a))2
]∣∣∣∣∣

(a)

≤
∑
s,a,h

wM,π
h (s, a)|rM

h (s, a)− rM

h (s, a)|

≤
∑
s,a,h

wM,π
h (s, a)

√
2DKL

(
Msh(a) ∥M sh(a)

)
≤
√

2H ·
∑
s,a,h

wM,π
h (s, a)DKL

(
Msh(a) ∥M sh(a)

)
=
√

2H ·DKL

(
M(π) ∥M(π)

)
,
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where (a) holds by the Mean Value Theorem and the assumption that reward means are in
[0, 1], and the final equality holds by Lemma H.4.15.

We turn now to bounding the second term. Let T = SH denote the space of all possible
state trajectories. Let PM,π(τ = ·) denote the probability of observing τ ∈ T when playing
policy π on M . We then have

DKL

(
M̃(π) ∥M ′(π)

)
=

∫
log

PM̃,π(r, τ)

PM′,π(r, τ)
dPM̃,π(r, τ)

=

∫ ∫
log

PM,π(r | τ)PM,π(τ)

PM′,π(r | τ)PM′,π(τ)
dPM,π(r | τ)dPM,π(τ)

=

∫
log

PM,π(τ)

PM′,π(τ)
dPM,π(τ) +

∫ (∫
log

PM,π(r | τ)
PM′,π(r | τ)

dPM,π(r | τ)
)
dPM,π(τ)

=
∑
τ∈T

PM,π(τ) log
PM,π(τ)

PM′,π(τ)
+
∑
τ∈T

PM,π(τ)DKL

(
PM,π(r | τ) ∥PM′,π(r | τ)

)
.

It follows that ∣∣∣DKL

(
M̃(π) ∥M ′(π)

)
−DKL

(
M(π) ∥M ′(π)

)∣∣∣
≤

∣∣∣∣∣∑
τ∈T

PM,π(τ) log
PM,π(τ)

PM′,π(τ)
−
∑
τ∈T

PM,π(τ) log
PM,π(τ)

PM′,π(τ)

∣∣∣∣∣
+
∑
τ∈T

|PM,π(τ)− PM,π(τ)|DKL

(
PM,π(r | τ) ∥PM′,π(r | τ)

)
.

Note that, since rewards at each state are independent,

DKL

(
PM,π(r | τ) ∥PM′,π(r | τ)

)
=

H∑
h=1

DKL

(
PM,π(rh | τ) ∥PM′,π(rh | τ)

)
≤ H,

since rewards have means are in [0, 1] and are unit Gaussian. This implies∑
τ∈T

|PM,π(τ)− PM,π(τ)|DKL

(
PM,π(r | τ) ∥PM′,π(r | τ)

)
≤ H

∑
τ∈T

|PM,π(τ)− PM,π(τ)|

= HDTV

(
M(π),M(π)

)
≤ H

√
1

2
DKL

(
M(π) ∥M(π)

)
.
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Note that d
dx
x log x

y
= 1 + log x

y
, so by the Mean Value Theorem we have∣∣∣∣PM,π(τ) log

PM,π(τ)

PM′,π(τ)
− PM,π(τ) log

PM,π(τ)

PM′,π(τ)

∣∣∣∣
≤
(
1 + max

{∣∣∣∣log PM,π(τ)

PM′,π(τ)

∣∣∣∣ , ∣∣∣∣log PM,π(τ)

PM′,π(τ)

∣∣∣∣}) · |PM,π(τ)− PM,π(τ)|

≤
(
1 + max

M ′∈M
max
τ ′∈T

∣∣∣∣log PM′,π(τ ′)

PM′,π(τ ′)

∣∣∣∣) · |PM,π(τ)− PM,π(τ)|.

It follows that∣∣∣∣∣∑
τ∈T

PM,π(τ) log
PM,π(τ)

PM′,π(τ)
−
∑
τ∈T

PM,π(τ) log
PM,π(τ)

PM′,π(τ)

∣∣∣∣∣
≤
(
1 + max

M ′∈M
max
τ ′∈T

∣∣∣∣log PM′,π(τ ′)

PM′,π(τ ′)

∣∣∣∣) ·∑
τ∈T

|PM,π(τ)− PM,π(τ)|

=

(
1 + max

M ′∈M
max
τ ′∈T

∣∣∣∣log PM′,π(τ ′)

PM′,π(τ ′)

∣∣∣∣) ·DTV

(
M(π),M(π)

)
≤
(
1 + max

M ′∈M
max
τ ′∈T

∣∣∣∣log PM′,π(τ ′)

PM′,π(τ ′)

∣∣∣∣) ·
√

1

2
DKL

(
M(π) ∥M(π)

)
.

This verifies Assumption H.1 with

LKL = 1 +
√
2H +H + max

M ′∈M,M ′∈M
max
π∈Π

max
τ∈T

∣∣∣∣log PM′,π(τ)

PM′,π(τ)

∣∣∣∣ .
Verifying Assumption H.2. That D2

H

(
M(π),M ′(π)

)
≤ D

(
M(π) ∥M ′(π)

)
is immediate,

since KL always upper bounds Hellinger squared.

Verifying Assumption 10.5. We have

log
PM,π(r, o)

PM,π(r, o)
= log

PM,π(τ)

PM,π(τ)
+ log

PM,π(r | τ)
PM,π(r | τ)

= log
PM,π(τ)

PM,π(τ)
+

H∑
h=1

log
PM,π(rh | τ)
PM,π(rh | τ)

.

Using the same calculation as in Lemma H.4.1, we have that log PM,π(rh|τ)
PM,π(rh|τ)

is 8-subgaussian,

since rewards are unit-variance Gaussian. As log PM,π(rh|τ)
PM,π(rh|τ)

and log
PM,π(rh′ |τ)
PM,π(rh′ |τ)

are independent

for h ̸= h′, it follows that log PM,π(r|τ)
PM,π(r|τ) is 8H-subgaussian.
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Furthermore, bounding

log
PM,π(τ)

PM,π(τ)
≤ sup

M,M∈M
sup
π∈Π

sup
τ∈T

∣∣∣∣log PM,π(τ)

PM,π(τ)

∣∣∣∣ =: VT ,

we have that log PM,π(τ)
PM,π(τ)

is V 2
T -subgaussian. Since the sum of subgaussian random variables is

subgaussian, it follows that log PM,π(r,o)
PM,π(r,o)

= log PM,π(τ)
PM,π(τ)

+ log PM,π(r|τ)
PM,π(r|τ) is (V 2

T + 8H)-subgaussian,
which verifies Assumption 10.5.

Lemma H.4.9. Let Pmin := infM∈M infh,s′,s,a P
M
h (s′ | s, a) and assumeM is such that Pmin >

0. We can construct a (ρ, µ)-cover ofM with respect to E := {|rh| ≤ 1+
√

2 log(2H/µ),∀h ∈
[H]}, with

Ncov(M, ρ, µ) ≤ 1

min{ρPmin

4H
, 2Pmin}S2AH

·
(2H(2 +

√
log(H/µ)))SAH

ρSAH
.

Proof of Lemma H.4.9. Throughout this proof, we use M = {(PM
h )Hh=1, (r

M
h )

H
h=1} ∈ M to

denote the MDP in M with RM
h (s, a) = N (rM

h (s, a), 1); for brevity, we S, A, and s1 to be
fixed and the dependence on them.

Observe that for any models M,M ′ ∈M, we have∣∣∣∣log PM,π(r, o)

PM′,π(r, o)

∣∣∣∣ ≤ ∣∣∣∣log PM,π(τ)

PM′,π(τ)

∣∣∣∣+ ∣∣∣∣log PM,π(r | τ)
PM′,π(r | τ)

∣∣∣∣
=

H∑
h=1

∣∣∣∣log PM
h (τh+1 | τh, π(τh, h))

PM′
h (τh+1 | τh, π(τh, h))

∣∣∣∣+ H∑
h=1

∣∣∣∣log PM,π(rh | τ)
PM′,π(rh | τ)

∣∣∣∣ .
Let Iε = {ε, 2ε, . . . , ⌊1/ε⌋ε}, so that |Iε| ≤ 1/ε. Let Pε denote an ε cover of △S in the
ℓ∞-norm, so that for any P ∈ △S , there exists some P ′ ∈ Pε such that sups∈S |Ps − P ′

s| ≤ ε.
It suffices to choose Pε = ISε ∩△S , so we can bound |Pε| ≤ 1/εS. Let

Mcov =
{
M = {(PM

h )Hh=1, (r
M

h )
H
h=1} : PM

h (· | s, a) ∈ Pε1 , rM

h (s, a) ∈ Iε2 , ∀s, a, h
}

for parameters ε1, ε2 > 0 to be chosen. Then

Mcov = (|Pε1||Iε2|)SAH ≤
1

εS
2AH

1

· 1

εSAH2

.

We will show thatMcov is a (ρ, µ)-cover ofM for appropriately chosen E and ε1, ε2 > 0.
Let E := {|rh| ≤ 1 +

√
2 log(2H/µ),∀h ∈ [H]}. As we assume rewards are unit-variance

Gaussian and have means in [0, 1], it is straightforward to see that P[Ec] ≤ µ. Fix M and let
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M ′ ∈Mcov denote the instance such that

|rM

h (s, a)− rM′

h (s, a)| ≤ ε2 and sup
s′∈S
|PM

h (s′ | s, a)− PM′

h (s′ | s, a)| ≤ ε1, ∀s, a, h.

Note that such an instance is guaranteed to exist by definition ofMcov.
By a similar argument as in Lemma H.4.1, we can bound, on E ,

H∑
h=1

∣∣∣∣log PM,π(rh | τ)
PM′,π(rh | τ)

∣∣∣∣ ≤ H∑
h=1

(1 + |rh|) · sup
s,a
|rM

h (s, a)− rM′

h (s, a)|

≤ H(2 +
√

2 log(2H/µ)) · sup
s,a,h
|rM

h (s, a)− rM′

h (s, a)|

≤ H(2 +
√

2 log(2H/µ)) · ε2.

We also have

H∑
h=1

∣∣∣∣log PM
h (τh+1 | τh, π(τh, h))

PM′
h (τh+1 | τh, π(τh, h))

∣∣∣∣ ≤ H · sup
h,s′,s,a

∣∣∣∣log PM
h (s′ | s, a)

PM′
h (s′ | s, a)

∣∣∣∣
≤ H · sup

|x|≤ε1
sup
h,s′,s,a

∣∣∣∣log PM
h (s′ | s, a)

PM
h (s′ | s, a)− x

∣∣∣∣
≤ H · sup

h,s′,s,a

ε1
PM
h (s′ | s, a)− ε1

where the last inequality holds as long as infh,s′,s,a P
M
h (s′ | s, a)− ε1 > 0. Denoting Pmin :=

infM∈M infh,s′,s,a P
M
h (s′ | s, a), forMcov to be a (ρ, µ)-cover, it therefore suffices that

H(2 +
√

2 log(2H/µ)) · ε2 ≤ ρ/2,
2Hε1
Pmin

≤ ρ/2, and Pmin ≥ ε1/2

so it suffices to take

ε1 = min{ρPmin

4H
, 2Pmin} and ε2 =

ρ

2H(2 +
√
log(H/µ))

.

The result now follows from our bound on |Mcov|.

H.4.5.3 Tabular MDPs have Bounded Uniform Exploration Coefficient

Lemma H.4.10. For the tabular MDP class M in (10.3.3), we can bound, for all ε > 0,

CD
exp(M, ε) ≤ 320000SAH2 · log2H

ε2
.
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for D
(
· ∥ ·

)
← D2

H(·, ·).

Proof of Lemma H.4.10. Let ξ ∈ ∆(M) be given. Define

pexp = argmin
p∈△Π

max
q∈△Π

∑
s,a,h

Eπ∼q

[
EM∼ξ

[
(wM,π

h (s, a))2

Eπ′∼p[w
M,π′

h (s, a)]

]]
.

We first show that, for any M ∈M and any π,

EM∼ξ[D
2
H

(
M(π),M(π)

)
] ≤

√
SAH2 · EM∼ξ[Eπ∼pexp [D2

H

(
M(π),M(π)

)
]].

Consider any policy π. We can bound

EM∼ξ[D
2
H

(
M(π),M(π)

)
]

(a)

≤ 100 log(H) ·
∑
s,a,h

EM∼ξ

[
wM,π
h (s, a)D2

H

(
M sh(a),Msh(a)

)]
(b)

≤ 100 log(H) ·

√√√√∑
s,a,h

EM∼ξ

[
wM,π
h (s, a)2

Eπ′∼pexp [w
M,π′

h (s, a)]

]

·
√∑

s,a,h

Eπ′∼pexp

[
EM∼ξ

[
wM,π′

h (s, a)D4
H

(
M sh(a),Msh(a)

)]]
(c)

≤ 200 log(H) ·

√√√√∑
s,a,h

EM∼ξ

[
wM,π
h (s, a)2

Eπ′∼pexp [w
M,π′

h (s, a)]

]

·
√∑

s,a,h

Eπ′∼pexp

[
EM∼ξ

[
wM,π′

h (s, a)D2
H

(
M sh(a),Msh(a)

)]]
where (a) follows from Lemma A.13 of Foster et al. [2021], (b) follows from Cauchy-Schwarz
and Jensen’s inequality, and (c) follows because the Hellinger distance is always bounded by
2. Now note that, by definition of pexp, we have

∑
s,a,h

EM∼ξ

[
wM,π
h (s, a)2

Eπ′∼pexp [w
M,π′

h (s, a)]

]
≤ min

p∈△Π

max
q∈△Π

∑
s,a,h

Eπ∼q

[
EM∼ξ

[
(wM,π

h (s, a))2

Eπ′∼p[w
M,π′

h (s, a)]

]]

and by the minimax theorem, we can bound

min
p∈△Π

max
q∈△Π

∑
s,a,h

Eπ∼q

[
EM∼ξ

[
(wM,π

h (s, a))2

Eπ′∼p[w
M,π′

h (s, a)]

]]
= max

q∈△Π

min
p∈△Π

∑
s,a,h

Eπ∼q

[
EM∼ξ

[
(wM,π

h (s, a))2

Eπ′∼p[w
M,π′

h (s, a)]

]]



501

≤ max
q∈△Π

∑
s,a,h

Eπ∼q

[
EM∼ξ

[
(wM,π

h (s, a))2

Eπ′∼q[w
M,π′

h (s, a)]

]]

≤ max
q∈△Π

∑
s,a,h

Eπ∼q

[
EM∼ξ

[
wM,π
h (s, a)

Eπ′∼q[w
M,π′

h (s, a)]

]]
= SAH.

By Lemma A.9 of Foster et al. [2021], since µM(s, a, h) := 1
H
wM,π′

h (s, a) forms a valid distribu-
tion on S ×A× [H], we can upper bound∑

s,a,h

wM,π′

h (s, a)D2
H

(
M sh(a),Msh(a)

)
≤ HD2

H

(
M(π′),M(π′)

)
.

Altogether then, we have shown that for all π ∈ Π,

EM∼ξ[D
2
H

(
M(π),M(π)

)
] ≤ 200 log(H) ·

√
SAH2 · EM∼ξ[Eπ∼pexp [D2

H

(
M(π),M(π)

)
]]

as desired. Since the Hellinger distance is a metric and satisfies the triangle inequality, this
in particular implies that, for any M,M ′,

D2
H(M(π),M ′(π)) ≤ 2EM∼ξ[D

2
H

(
M(π),M(π)

)
] + 2EM∼ξ[D

2
H

(
M(π),M ′(π)

)
]

≤ 400 logH ·
√
SAH2 · EM∼ξ[Eπ∼pexp [D2

H

(
M(π),M(π)

)
]]

+ 400 logH
√

SAH2 · EM∼ξ[Eπ∼pexp [D2
H

(
M(π),M ′(π)

)
]].

Thus, if

EM∼ξ[Eπ∼pexp [D
2
H

(
M(π),M ′′(π)

)
]] ≤ ε2

320000SAH2 · log2H

for both M ′′ ∈ {M,M ′}, then D2
H(M(π),M ′(π)) ≤ ε. It follows that a sufficient choice for

CD
exp is 320000SAH2 log2H/ε2.

H.4.5.4 Supporting Lemmas

Lemma H.4.11. If M has a unique optimal policy πM and M ′ ∈Malt(M), then there exists
some (s̃, ã, h̃) such that

QM′,πM
h̃

(s̃, ã) > V M′,πM
h̃

(s̃).
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Proof of Lemma H.4.11. Assume that this is not the case, i.e. that for all (s, a, h),

QM′,πM
h (s, a) ≤ V M′,πM

h (s) = QM′,πM
h (s, πM(s, h)).

Our goal is to show that in this case πM′ = πM , which contradicts the fact that M ′ ∈Malt(M).
We proceed by induction.

Base Case. Let h = H and assume that for all (s, a),

QM′,πM
H (s, a) ≤ QM′,πM

H (s, πM(s, h)).

This contradicts the assumption that πM is unique.

Inductive Case. Assume that πM′(s, h′) = πM(s, h′) for all s and h′ > h. This then implies
that V M′,πM

h+1 (s) = V
M′,π

M′
h+1 (s) for all s. It follows that for all a

QM′,πM
h (s, a) = rM′

h (s, a) + PM′

h [V M′,πM
h+1 ](s, a) = rM′

h (s, a) + PM′

h [V
M′,π

M′
h+1 ](s, a) = Q

M′,π
M′

h (s, a)

so in particular QM′,πM
h (s, πM(s, h)) = Q

M′,π
M′

h (s, πM(s, h)). Since we have assumed that for
all (s, a)

QM′,πM
h (s, a) ≤ QM′,πM

h (s, πM(s, h))

we have

Q
M′,π

M′
h (s, πM′(s, h)) ≤ Q

M′,π
M′

h (s, πM(s, h)).

However, since each M ∈M has a unique optimal action at each state, this is a contradiction
unless πM′(s, h) = πM(s, h), which proves the inductive hypothesis. The result follows.

Lemma H.4.12. For MDPs M,M ′ with unit variance Gaussian rewards, we have

V M′,π
h (s)− V M,π

h (s) ≤

√
8H

wM,π
h (s)

·DKL(M(π) ∥M ′(π)).

Proof of Lemma H.4.12. In the Gaussian reward setting, we have

rM′

h′ (s
′, a′)− rM

h′(s
′, a′) ≤

√
(rM′
h′ (s

′, a′)− rM

h′(s
′, a′))2 ≤

√
2DKL

(
Mh′,s′(a′) ∥M ′

h′,s′(a
′)
)
.

Furthermore, since V M′,π
h′+1 (s

′) ∈ [0, 1], we have

PM′

h′ [V
M′,π
h′+1 ](s

′, a′)− PM

h′ [V
M′,π
h′+1 ](s

′, a′) ≤
∑
s′′

|PM′

h′ (s
′′ | s′, a′)− PM

h′ (s
′′ | s′, a′)|
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= 2DTV

(
PM′

h′ (· | s′, a′), PM

h′ (· | s′, a′)
)

≤
√

2DKL

(
PM′
h′ (· | s′, a′) ∥PM

h′ (· | s′, a′)
)

≤
√

2DKL

(
Mh′,s′(a′) ∥M ′

h′,s′(a
′)
)
.

By Lemma H.4.14, Jensen’s inequality, and Lemma H.4.15, it follows that

V M′,π
h (s)− V M,π

h (s) ≤
H∑

h′=h

∑
s′,a′

wM,π
h′ (s′, a′ | sh = s) · 2

√
2DKL

(
Mh′,s′(a′) ∥M ′

h′,s′(a
′)
)

≤ 2

√√√√2H
H∑

h′=h

∑
s′,a′

wM,π
h′ (s′, a′ | sh = s)DKL

(
Mh′,s′(a′) ∥M ′

h′,s′(a
′)
)

≤ 2

√√√√ 2H

wM,π
h (s)

·
H∑

h′=h

∑
s′,a′

wM,π
h′ (s′, a′)DKL

(
Mh′,s′(a′) ∥M ′

h′,s′(a
′)
)

≤ 2

√
2H

wM,π
h (s)

DKL(M(π) ∥M ′(π))

where we have used that, for h < h′,

wM,π
h′ (s′, a′) =

∑
s′′

wM,π
h′ (s′, a′ | sh = s′′)wM

π (s
′′, h) ≥ wM,π

h′ (s′, a′ | sh = s)wM,π
h (s).

Lemma H.4.13. For any M ∈M for which πM is unique, we have

∆M

min ≤ min
s,h

wM,πM
h (s).

Proof of Lemma H.4.13. Let π̃ denote the policy that differs from policy πM only at the state
s̃ and layer h̃ given by (s̃, h̃) = argmins,hw

M,πM
h (s). Note that this implies, in particular,

that wM,πM

h̃
(s̃) = wM,π̃

h̃
(s̃) since π̃ and πM take identical actions up to step h̃. By the

Performance-Difference Lemma [Kakade, 2003], we have

V M,πM
1 − V M,π̃

1 =
H∑
h=1

∑
s,a

wM,π̃
h (s, a)(V M,πM

h (s)−QM,πM
h (s, a))

(a)
= wM,π̃

h̃
(s̃, π̃(s̃, h̃))(V M,πM

h̃
(s̃)−QM,πM

h̃
(s̃, π̃(s̃, h̃)))

= wM,πM

h̃
(s̃)(V M,πM

h̃
(s̃)−QM,πM

h̃
(s̃, π̃(s̃, h̃)))
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≤ wM,πM

h̃
(s̃)

where (a) holds since V M,πM
h (s) = QM,πM

h (s, a) for all (s, a, h) with wM,π̃(s, a, h) > 0 other
than at (s̃, h̃). By assumption, the optimal policy is unique, so V M,πM

1 − V M,π̃
1 > 0, and thus

∆M

min = min
π∈Π : V

M,πM
1 −VM,π

1 >0

V M,πM
1 − V M,π

1 ≤ V M,πM
1 − V M,π̃

1 ≤ wM,πM

h̃
(s̃) = min

s,h
wM,πM
h (s).

Lemma H.4.14 (Lemma E.15 of Dann et al. [2017]). For MDPs M,M ′ and policy π, we
have

V M′,π
h (s)− V M,π

h (s) =
H∑

h′=h

∑
s′,a′

wM,π
h′ (s′, a′ | sh = s)·

[
rM′

h′ (s
′, a′)− rM

h′(s
′, a′) + PM′

h′ [V
M′,π
h′+1 ](s

′, a′)

− PM

h′ [V
M′,π
h′+1 ](s

′, a′)
]
.

Lemma H.4.15. For MDPs M,M ′ and policy π, we have

DKL(M(π) ∥M ′(π)) =
H∑
h=1

∑
s,a

wM,π
h (s, a)DKL(Mhs(a) ∥M ′

hs(a)).

Proof of Lemma H.4.15. This is a standard calculation; see e.g. [Simchowitz and Jamieson,
2019, Tirinzoni et al., 2021].

H.5 Deferred Proofs from Section 10.4

H.5.1 Technical Lemmas

Throughout this section, when the classM is clear from context, we define

Υ(M ; ε, n) := {λ ∈ △Π : ∃n ≤ n s.t. ∆M(λ) ≤ (1 + ε)gM/n, IM(λ;M) ≥ (1− ε)/n}.
(H.5.1)

Lemma H.5.1 (Derandomization). Let n > 0 be given. For any p ∈ △(△(Π)), defining
λp = Eλ∼p[λ] ∈ ∆(Π), we have that for all M ∈M,

I
{
λp /∈ Υ(M ; ε, n)

}
≤ δ−1 · Pλ∼p[λ /∈ Υ(M ; ε/2, n)],

where δ := ε
2
· min

{
1, g

M

n

}
.

Proof of Lemma H.5.1. Let M ∈ M be fixed and abbreviate IM(λ) = IM(λ;M). Fix
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p ∈ △(△(Π)). For any λ ∈ Υ(M ; ε/2, n), let nλ > 0 denote the least n > 0 such that

∆M(λ) ≤ (1 + ε/2)gM/n, and IM(λ;M) ≥ (1− ε/2)/n.

Define

n =

(
Eλ∼p

[
1

nλ
| λ ∈ Υ(M ; ε/2, n)

])−1

,

and note that by Jensen’s inequality,

n ≤ Eλ∼p[nλ | λ ∈ Υ(M ; ε/2, n)] ≤ n.

We first observe that since ∆M ∈ [0, 1],

∆M(λp) ≤ Eλ∼p[∆M(λ) | λ ∈ Υ(M ; ε/2, n)] + Pλ∼p[λ /∈ Υ(M ; ε/2, n)]

≤ (1 + ε/2)gM · Eλ∼p
[
1

nλ
| λ ∈ Υ(M ; ε/2, n)

]
+ Pλ∼p[λ /∈ Υ(M ; ε/2, n)]

= (1 + ε/2)
gM

n
+ Pλ∼p[λ /∈ Υ(M ; ε/2, n)].

Next, note that the map λ 7→ IM(λ) is concave and non-negative (it is an infimum over
non-negative linear functions), so we have

IM(λp) ≥ Eλ∼p[IM(λ)]

≥ Eλ∼p[IM(λ) | λ ∈ Υ(M ; ε/2, n)] · Pλ∼p[λ ∈ Υ(M ; ε/2, n)]

≥ (1− ε/2)Eλ∼p
[
1

nλ
| λ ∈ Υ(M ; ε/2, n)

]
· Pλ∼p[λ ∈ Υ(M ; ε/2, n)]

= (1− ε/2)
1

n
· Pλ∼p[λ ∈ Υ(M ; ε/2, n)]

= (1− ε/2)
1

n
· (1− Pλ∼p[λ /∈ Υ(M ; ε/2, n)]).

It follows that as long as

Pλ∼p[λ /∈ Υ(M ; ε/2, n)] ≤ δ :=
ε

2
·min

{
1,

gM

n

}
≤ ε

2
·min

{
1,

gM

n

}
,

we have
∆M(λp) ≤ (1 + ε)gM/n, and IM(λp;M) ≥ (1− ε)/n,

so that λp ∈ Υ(M ; ε, n) ⊆ Υ(M ; ε, n). We conclude that

I
{
λp /∈ Υ(M ; ε, n)

}
≤ I{Pλ∼p[λ /∈ Υ(M ; ε/2, n)] > δ} ≤ δ−1 · Pλ∼p[λ /∈ Υ(M ; ε/2, n)].



506

Lemma H.5.2. Let M ∈M be given, and suppose Assumption 10.7 holds. Fix T ∈ N and
consider an algorithm A such that for all M ′ ∈Malt(M) ∪ {M},

EM′,A[Reg(T )] ≤ RM′ · log(T ).

for some bound RM ≥ 2. Define ηM ∈ RΠ
+ via

ηM(π) = EM,A

[
T (π)

log(T )

]
.

Then if

log(T ) ≥ 6

ε
log

(
sup

M ′∈Malt(M)∪{M}

RM′

∆M′
min

· log(T )

)
,

we must have
IM(ηM ;M) ≥ (1− ε).

Proof of Lemma H.5.2. Throughout this proof we will use that πM is uniquely defined for all
M ∈M by Assumption 10.7. Note that

EM,A[Reg(T )] ≤ RM log T =⇒
∑
π ̸=πM

EM,A[T (π)] ≤ RM log T

∆M
min

.

Fix some M ′ ∈Malt(M). Then πM ̸= πM′ (recall that under Assumption 10.7, each M ∈M
has a unique optimal), so

EM,A[T (πM′)] ≤ RM log T

∆M
min

, EM′,A[T (πM′)] ≥ T − RM′
log T

∆M′
min

.

By Lemma H.1 of Simchowitz and Jamieson [2019], we have that for any HT -measurable
variable Z ∈ [0, 1], that∑

π

EM,A[T (π)]DKL(M(π),M ′(π)) ≥ d(EM,A[Z],EM′,A[Z])

for d(x, y) = x log x
y
+ (1− x) log 1−x

1−y . Choosing Z = T (πM′)/T , and using that

d(x, y) ≥ (1− x) log
1

1− y
− log 2,
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we have∑
π

EM,A[T (π)]DKL(M(π),M ′(π)) ≥
(
1− RM log T

∆M
minT

)
log

T

T − (T − RM′
log T

∆M′
min

)
− log 2

=

(
1− RM log T

∆M
minT

)(
log T − log

RM′
log T

∆M′
min

)
− log 2.

Now, if

log(T ) ≥ 2

ε
log

(
supM ′∈Malt(M)∪{M}R

M′
log T

∆M′
min

∨ 2

)
,

we have log(2) ≤ ε log(T ),

log T − log

(
RM′

log T

∆M′
min

)
≥ (1− ε) log(T ),

and 1− RM log T
∆M

minT
≥ (1− ε), so we can lower bound∑

π

EM,A[T (π)]DKL(M(π),M ′(π)) ≥
(
(1− ε)2 − ε

)
log(T ) ≥ (1− 3ε) log(T ).

As this is true for every M ′ ∈Malt(M), the result follows.

Lemma 10.4.1. Let ε ∈ (0, 2), and suppose that Assumption 10.7 holds. Fix T ∈ N and
consider an algorithm A such that for all M ∈M,

EM,A[Reg(T )] ≤ (1 + ε)gM · log(T ).

For each M ∈M, define ηM ∈ RΠ
+ via ηM(π) = EM,A

[
T (π)
log(T )

]
, where T (π) denotes the number

of pulls of decision π, and define λM = ηM/∥ηM∥1. Then if

log(T ) ≥ 6

ε
log

(
sup
M∈M

2gM

∆M
min

· log(T )
)
,

we have that for all M ∈M,
λM ∈ Υ(M ; ε). (10.4.8)

Proof of Lemma 10.4.1. Immediate consequence of Lemma H.5.2.

H.5.2 Proof of Theorem 10.9

Theorem H.4 (Full Statement of Theorem 10.9). Let ε > 0 and M0 ⊆ M be given.
Let {nM}M∈M0 be a collection of non-negative scalars indexed by M0, and set δ := ε

2
·
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min
{
1, infM∈M0

gM

nM

}
. Unless

T >
δ

8
· sup
M∈M+

aecM2ε(M0,M),

any algorithm must have, for some M ∈M0:

PM,A
[
λ̂ /∈ Υ(M ; ε, nM)

]
≥ δ

6
.

Proof of Theorem H.4. Fix ε > 0, and let an algorithm A be given. For any M ∈M+, define
qM = PM,A(λ̂ = ·) ∈ △(△(Π)), and let ωM := EM,A

[
1
T

∑T
t=1 p

t
]
∈ △(Π).

Fix α > 0 and M ∈M+ be fixed. Define

M = argmax
M∈M0

{
Pλ∼qM [λ /∈ Υ(M ; ε, nM)] | Eπ∼ωM

[
DKL

(
M(π) ∥M(π)

)]
≤ α2

}
;

we assume that such an M ∈M0 does exist, as otherwise the claim we will prove is trivial.
It is immediate from this definition that we have

PM,A
[
λ̂ /∈ Υ(M ; ε, nM)

]
= Pλ∼qM [λ /∈ Υ(M ; ε, nM)]

= sup
M∈M0

{
Pλ∼qM [λ /∈ Υ(M ; ε, nM)] | Eπ∼ωM

[
DKL

(
M(π) ∥M(π)

)]
≤ α2

}
≥ inf

q∈△(△(Π)),ω∈△(Π)
sup

M∈M0

{
Pλ∼q[λ /∈ Υ(M ; ε, nM)] | Eπ∼ω

[
DKL

(
M(π) ∥M(π)

)]
≤ α2

}
=: opt,

with the convention that this value is zero if the set
{
M ∈M0 | Eπ∼ω

[
DKL

(
M(π) ∥M(π)

)]
≤ α2

}
is empty. In addition, we have

Eπ∼ωM

[
DKL

(
M(π) ∥M(π)

)]
≤ α2. (H.5.2)

Now, define δ := ε
2
· min

{
1, infM∈M0

gM

nM

}
, and let λq := Eλ∼q[λ]. By Lemma H.5.1, we

have

opt = inf
q∈△(△(Π)),ω∈△(Π)

sup
M∈M0

{
Pλ∼q[λ /∈ Υ(M ; ε, nM)] | Eπ∼ω

[
DKL

(
M(π) ∥M(π)

)]
≤ α2

}
≥ δ · inf

q∈△(△(Π)),ω∈△(Π)
sup

M∈M0

{
I
{
λq /∈ Υ(M ; 2ε, nM)

}
| Eπ∼ω

[
DKL

(
M(π) ∥M(π)

)]
≤ α2

}
≥ δ · inf

λ∈△(Π),ω∈△(Π)
sup

M∈M0

{
I{λ /∈ Υ(M ; 2ε, nM)} | Eπ∼ω

[
DKL

(
M(π) ∥M(π)

)]
≤ α2

}
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≥ δ · inf
λ∈△(Π),ω∈△(Π)

sup
M∈M0

{
I{λ /∈ Υ(M ; 2ε)} | Eπ∼ω

[
DKL

(
M(π) ∥M(π)

)]
≤ α2

}
= δ · I

{
α2 ≥

(
aecM2ε(M0,M)

)−1
}
. (H.5.3)

We conclude that

PM,A
[
λ̂ /∈ Υ(M ; ε, nM)

]
≥ δ · I

{
α2 ≥

(
aecM2ε(M0,M)

)−1
}
. (H.5.4)

To proceed, using Lemma A.11 of [Foster et al., 2021], we have

PM,A
[
λ̂ /∈ Υ(M ; ε, nM)

]
≥ 1

3
PM,A

[
λ̂ /∈ Υ(M ; ε, nM)

]
− 4

3
DKL(PM,A ∥PM,A)

≥ δ

3
I
{
α2 ≥

(
aecM2ε(M0,M)

)−1
}
− 4

3
DKL(PM,A ∥PM,A).

Using (H.5.2) gives

DKL(PM,A ∥PM,A) = EM,A

[
T∑
t=1

Eπ∼pt DKL

(
M(π) ∥M(π)

)]
= T ·Eπ∼ωM

[
DKL

(
M(π) ∥M(π)

)]
≤ α2T,

so we have

PM,A
[
λ̂ /∈ Υ(M ; ε, nM)

]
≥ δ

3
I
{
α2 ≥

(
aecM2ε(M0,M)

)−1
}
− 4

3
α2T.

We set α2 = δ
8T

, so that

PM,A
[
λ̂ /∈ Υ(M ; ε, nM)

]
≥ δ

6
· I
{
α2 ≥

(
aecM2ε(M0,M)

)−1
}

=
δ

6
· I
{
T ≤ δ

8
· aecM2ε(M0,M)

}
.

By taking the supremum over all possible choices for M ∈M+, we conclude that unless

T >
δ

8
· sup
M∈M+

aecM2ε(M0,M),

the algorithm must have PM,A
[
λ̂ /∈ Υ(M ; ε, nM)

]
≥ δ

6
.
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H.5.3 Proof of Theorem 10.10

Recall that for M ∈M+ we define

πM = argmax
π∈Π

fM(π)

as the set πM ⊆ Π of all optimal decisions π with fM(π) = maxπ′∈Π fM(π′). Unless otherwise
stated, the results in this subsection do not make use of Assumption 10.7. For M ∈M+ and
M0 ⊆M, we define

Mopt
0 (M) =

{
M ∈M0 | πM ⊆ πM , DKL

(
M(π) ∥M(π)

)
= 0 ∀π ∈ πM

}
.

For a subset Π′ ⊆ Π, let
N¬Π′ =

∣∣{t ∈ [T ] | πt /∈ Π′}∣∣.
Note that for all M ∈Mopt

0 (M), since πM ⊆ πM , we have

N¬πM
≤ N¬πM

.

Theorem 10.10 (Main lower bound—strong variant). Let ε > 0, nmax > 0, and M0 ⊆M
be given, and define δ = ε

2
·min{1, infM∈M0 g

M/nmax}. Unless

sup
M∈M0

gM

∆M
min

· log(T ) ≥ Ω(δ2) · sup
M∈M+

aecM2ε(M
opt
0 (M),M),

there is no algorithm that simultaneously ensures that

1. EM,A[Reg(T )] ≤ 2 · gM log(T ), ∀M ∈M0.

2. PM,A
[
λ̂ /∈ Υ(M ; ε, nmax)

]
≤ δ

12
, ∀M ∈M0.

Proof of Theorem 10.10. For each M ∈M, if EM,A[Reg(T )] ≤ 2gM log(T ), then EM,A[N¬πM
] ≤

2 gM

∆M
min

log(T ). The result now follows by appealing to Theorem H.5 with nM = nmax and

R = 2 supM∈M0

gM

∆M
min

log(T ).

Theorem H.5. Let T ∈ N, ε > 0, R ≥ 1, and M0 ⊆ M be given. Let {nM}M∈M0 be a
collection of non-negative scalars indexed byM0. Define δ = ε

2
·min

{
1, infM∈M0

gM

nM

}
. Unless

R ≥ δ2

192
· sup
M∈M+

aecM2ε(M
opt
0 (M),M),

there is no algorithm that simultaneously ensures that
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1. EM,A[N¬πM
] ≤ R, ∀M ∈M0.

2. PM,A
[
λ̂ /∈ Υ(M ; ε, nM)

]
≤ δ

12
, ∀M ∈M0.

Proof of Theorem H.5. Let ε > 0 be fixed. To prove the result, it suffices to lower bound the
constrained minimax value

fM := sup
M∈M+

inf
A

{
sup

M∈Mopt
0 (M)

PM,A
[
λ̂ /∈ Υ(M ; ε, nM)

]
| EM′,A[N¬π

M′ ] ≤ R ∀M ′ ∈Mopt
0 (M)

}
.

(H.5.5)

We begin by appealing to the following technical lemma.

Lemma H.5.3. Let M ∈ M+ and T ∈ N be given. Consider any algorithm A with the
property that for all M ∈Mopt

0 (M),

EM,A[N¬πM
] ≤ R

for some R ≥ 1. For any β ∈ (0, 1), there exists a modified algorithm A′ with the following
properties:

• PM,A′
[
N¬πM

> ⌈R
β
⌉
]
= 0 for all models M ∈M+.

• For all M ∈Mopt
0 (M),

PM,A
[
λ̂ /∈ Υ(M ; ε, nM)

]
≥ PM,A′

[
λ̂ /∈ Υ(M ; ε, nM)

]
− β.

By Lemma H.5.3, for any β ∈ (0, 1), we have

fM ≥ sup
M∈M+

inf
A

{
sup

M∈Mopt
0 (M)

PM,A
[
λ̂ /∈ Υ(M ; ε, nM)

]
| PM′,A

[
N¬πM

>

⌈
R

β

⌉]
= 0 ∀M ′ ∈M+

}
− β.

Now, consider an arbitrary choice for M above. We lower bound the minimax value using
another technical lemma.

Lemma H.5.4. Let T ∈ N and ε > 0 be given. Let {nM}M∈M be a collection of non-negative
scalars indexed by M. Consider any algorithm A with the property that

PM,A
[
N¬πM

> R
]
= 0
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for some R ≥ 1. For any M ∈M+, if we set δ := ε
2
· min

{
1, infM∈Mopt

0 (M)
gM

nM

}
, then unless

R >
δ

8
· aecM2ε(M

opt
0 (M),M),

the algorithm must have

sup
M∈Mopt

0 (M)

PM,A
[
λ̂ /∈ Υ(M ; ε, nM)

]
≥ δ

6
.

Bounding
⌈
R
β

⌉
≤ 2R

β
, it follows from Lemma H.5.4 that unless

2R

β
>

δ

8
· aecM2ε(M

opt
0 (M),M),

where δ := ε
2
· min

{
1, infM∈Mopt

0 (M)
gM

nM

}
, we have

fM ≥ inf
A

{
sup

M∈Mopt
0 (M)

PM,A
[
λ̂ /∈ Υ(M ; ε, nM)

]
| PM′,A

[
N¬πM

>

⌈
R

β

⌉]
= 0 ∀M ′ ∈M+

}
− β ≥ δ

6
− β.

To conclude, we set β = δ
12

and maximize over M ∈M+.

Proof of Lemma H.5.3. Fix β ∈ (0, 1) and let C := ⌈R
β
⌉. Fix A = (p, q) and consider the

algorithm A′ = (p′, q′) defined implicitly as follows. For t = 1, . . . , T :

• Sample πt ∼ pt(· | Ht−1).

• If |{i ≤ t | πi /∈ πM}| = C, break and play an arbitrary decision π ∈ πM until round T .

Return λ̂ ∼ q(· | HT ).
It is immediate from this construction that A′ = (p′, q′) has N¬πM

≤ C almost surely
under all possible models M ∈ M+. We now focus on bounding the performance. Let
T0 be the greatest value of t for which |{i ≤ t | πi /∈ πM}| ≤ C. First, observe that for all
M ∈Mopt

0 (M), since the algorithms behave identically in law whenever T0 = T ,

PM,A′
[
λ̂ ∈ Υ(M ; ε, nM)

]
≥ PM,A′

[
λ̂ ∈ Υ(M ; ε, nM) ∧ T0 = T

]
= PM,A

[
λ̂ ∈ Υ(M ; ε, nM) ∧ T0 = T

]
= PM,A

[
λ̂ ∈ Υ(M ; ε, nM) ∧N¬πM

≤ C
]
.
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By the union bound, we have

PM,A
[
λ̂ ∈ Υ(M ; ε, nM) ∧N¬πM

≤ C
]
≥ PM,A

[
λ̂ ∈ Υ(M ; ε, nM)

]
− PM,A

[
N¬πM

> C
]
.

Finally, we observe that by Markov’s inequality we have

PM,A
[
N¬πM

> C
]
≤

EM,A
[
N¬πM

]
C

≤ EM,A[N¬πM
]

C
≤ β,

where we have used that N¬πM
≤ N¬πM

, since πM ⊆ πM . Rearranging, we obtain

PM,A
[
λ̂ /∈ Υ(M ; ε, nM)

]
≥ PM,A′

[
λ̂ /∈ Υ(M ; ε, nM)

]
− β.

Proof of Lemma H.5.4. Fix ε > 0, and let an algorithm A be given. For any M ∈ M+,
define qM = PM,A(λ̂ = ·) ∈ △(△(Π)), and let ωM := EM,A

[
1

N¬π
M

∑
t:πt /∈πM

pt
]
∈ △(Π), with

the convention that the value inside the expectation is zero whenever N¬πM
= 0.2

Fix α > 0 and M ∈M+ be fixed. Define

M = argmax
M∈Mopt

0 (M)

{
Pλ∼qM [λ /∈ Υ(M ; ε, nM)] | Eπ∼ωM

[
DKL

(
M(π) ∥M(π)

)]
≤ α2

}
;

we assume that such an M ∈ Mopt
0 (M) does exist, as otherwise the claim we will prove is

trivial. It is immediate from this definition that we have

PM,A
[
λ̂ /∈ Υ(M ; ε, nM)

]
= Pλ∼qM [λ /∈ Υ(M ; ε, nM)]

= sup
M∈Mopt

0 (M)

{
Pλ∼qM [λ /∈ Υ(M ; ε, nM)] | Eπ∼ωM

[
DKL

(
M(π) ∥M(π)

)]
≤ α2

}
≥ inf

q∈△(△(Π)),ω∈△(Π)
sup

M∈Mopt
0 (M)

{
Pλ∼q[λ /∈ Υ(M ; ε, nM)] | Eπ∼ω

[
DKL

(
M(π) ∥M(π)

)]
≤ α2

}
=: opt,

with the convention that this value is zero if the set
{
M ∈Mopt

0 (M) | Eπ∼ω
[
DKL

(
M(π) ∥M(π)

)]
≤ α2

}
is empty. In addition, we have

Eπ∼ωM

[
DKL

(
M(π) ∥M(π)

)]
≤ α2. (H.5.6)

2If N¬πM
= 0 almost surely under M , we can take R = 0, in which case the statement of the lemma is

vacuous.
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Now, define δ := ε
2
· min

{
1, infM∈Mopt

0 (M)
gM

nM

}
, and let λq := Eλ∼q[λ]. By Lemma H.5.1,

we have

opt = inf
q∈△(△(Π)),ω∈△(Π)

sup
M∈Mopt

0 (M)

{
Pλ∼q[λ /∈ Υ(M ; ε, nM)] | Eπ∼ω

[
DKL

(
M(π) ∥M(π)

)]
≤ α2

}
≥ δ · inf

q∈△(△(Π)),ω∈△(Π)
sup

M∈Mopt
0 (M)

{
I
{
λq /∈ Υ(M ; 2ε, nM)

}
| Eπ∼ω

[
DKL

(
M(π) ∥M(π)

)]
≤ α2

}
≥ δ · inf

λ∈△(Π),ω∈△(Π)
sup

M∈Mopt
0 (M)

{
I{λ /∈ Υ(M ; 2ε, nM)} | Eπ∼ω

[
DKL

(
M(π) ∥M(π)

)]
≤ α2

}
≥ δ · inf

λ∈△(Π),ω∈△(Π)
sup

M∈Mopt
0 (M)

{
I{λ /∈ Υ(M ; 2ε)} | Eπ∼ω

[
DKL

(
M(π) ∥M(π)

)]
≤ α2

}
= δ · I

{
α2 ≥

(
aecM2ε(M

opt
0 (M),M)

)−1
}
. (H.5.7)

Hence, we have

PM,A
[
λ̂ /∈ Υ(M ; ε, nM)

]
≥ δ · I

{
α2 ≥

(
aecM2ε(M

opt
0 (M),M)

)−1
}
. (H.5.8)

To proceed, using Lemma A.11 of [Foster et al., 2021], we have

PM,A
[
λ̂ /∈ Υ(M ; ε, nM)

]
≥ 1

3
PM,A

[
λ̂ /∈ Υ(M ; ε, nM)

]
− 4

3
DKL(PM,A ∥PM,A)

≥ δ

3
I
{
α2 ≥

(
aecM2ε(M

opt
0 (M),M)

)−1
}
− 4

3
DKL(PM,A ∥PM,A).

Now, recall that from the definition, we have that for all M ∈Mopt
0 (M),

DKL(PM,A ∥PM,A) = EM,A

 ∑
t:πt /∈πM

Eπ∼pt DKL

(
M(π) ∥M(π)

)
= EM,A

N¬πM

N¬πM

∑
t:πt /∈πM

Eπ∼pt DKL

(
M(π) ∥M(π)

)
≤ R · EM,A

 1

N¬πM

∑
t:πt /∈πM

Eπ∼pt DKL

(
M(π) ∥M(π)

)
= R · Eπ∼ωM

[
DKL

(
M(π) ∥M(π)

)]
≤ α2R,

where the first inequality uses that PM,A
[
N¬πM

> R
]
= 0, and the second inequality uses

(H.5.6).
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With this, we have

PM,A
[
λ̂ /∈ Υ(M ; ε, nM)

]
≥ δ

3
I
{
α2 ≥

(
aecM2ε(M

opt
0 (M),M)

)−1
}
− 4

3
α2R.

We set α2 = δ
8R

, so that

PM,A
[
λ̂ /∈ Υ(M ; ε, nM)

]
≥ δ

6
· I
{
α2 ≥

(
aecM2ε(M

opt
0 (M),M)

)−1
}

=
δ

6
· I
{
R ≤ δ

8
· aecM2ε(M

opt
0 (M),M)

}
.

We conclude that unless

R >
δ

8
· sup
M∈M+

aecM2ε(M
opt
0 (M),M),

the algorithm must have PM,A
[
λ̂ /∈ Υ(M ; ε, nM)

]
≥ δ

6
.

H.5.4 Proofs for Lower Bound Examples

Proof of Example 10.4.2. Let ∆ ∈ (0, 1) and A ≥ 2 be given and set

M =
{
M(π) = N (fM(π), 1/2) | fM ∈ [0, 1]A

}
and

M0 = {M ∈M : ∆M

min ≥ ∆/2}

Define M ∈M via fM(π) = ∆I{π = A}. Fix ε ∈ (0, 1/2) and define a subclass

M′ = {M} ∪ {Mi}i∈[A−1]

via
fMi(π) = ∆I{π = A}+ ε ·∆I{π = i}.

Since ε ≤ 1/2, we haveM′ ⊆Mopt(M) andM′ ⊆M0. In addition, we have

DKL

(
M(π) ∥Mi(π)

)
= (fM(π)− fMi(π))2.
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LetM′′ ⊆M denote the set of instances such that, for M ′ ∈M′′, DKL(Mi(A) ∥M ′(A)) = 0,
and M ′ ∈Malt(Mi), for all i ∈ [A− 1]. Then,

IMi(λ;M) = inf
M ′∈Malt(Mi)

Eπ∼λ[DKL(Mi(π) ∥M ′(π))]

≤ inf
M ′∈M′′

Eπ∼λ[DKL(Mi(π) ∥M ′(π))]

= min
j∈[A−1]

{
λi · (1− ε)2∆2I{j = i}+ λj ·∆2I{j ̸= i}

}
.

(H.5.9)

We also have that
gMi = g :=

(A− 2)

∆
+

1

(1− ε)∆
,

where we have used again that ε ≤ 1/2.
Fix any pair λ, ω ∈ △Π and consider the value

sup
M∈M′\Mgl

ε (λ)

{
1

Eπ∼ω
[
DKL

(
M(π) ∥M(π)

)]}.
Pick δ ≤ ε/32, and let J ⊆ [A− 1] be the set of models i for which λ ∈ Υ(Mi; δ). For each
such model, by definition, there exists ni > 0 such that

∆Mi(λ) ≤ (1 + δ)
g

ni
, and IMi(λ;M) ≥ (1− δ)

1

ni
.

Define n = maxi∈J ni and n = mini∈J ni. Using (H.5.9), it is immediate that for all j ∈ [A−1],
λj ≥ (1− δ)∆

−2

n
, and that for all i ∈ J ,

λi ≥ (1− δ)
(1− ε)−2∆−2

ni
.

In particular, this implies that for all i ∈ J ,

(1− δ)
(A− 2)∆−1

n
+ (1− δ)

(1− ε)−1∆−1

ni
≤ ∆Mi(λ)

≤ (1 + δ)
g

ni

= (1 + δ)
(A− 2)∆−1

ni
+ (1 + δ)

(1− ε)−1∆−1

ni
,

or by rearranging,

(1− δ)
(A− 2)∆−1

n
≤ (1 + δ)

(A− 2)∆−1

ni
+ 2δ

(1− ε)−1∆−1

ni
,
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≤ (1 + δ)
(A− 2)∆−1

ni
+ 4δ

∆−1

ni
,

≤ (1 + 2δ)
(A− 2)∆−1

ni

as long as A ≥ 6. Since this holds uniformly for all i ∈ J , rearranging once more gives

n ≤ (1 + 2δ)

1− δ
n ≤ (1 + 2δ)2n ≤ (1 + 8δ)n,

where we have used that δ ≤ 1/2.
Now, observe that for all i ∈ J , we have

∆Mi(λ) ≥ (1− δ)(A− |J | − 1)
1

∆n
+ (1− δ)|J | 1

(1− ε)2∆n
+ (1− δ)

1

(1− ε)∆ni
,

≥ (1− δ)(A− |J | − 1)
1

∆n
+

(1− δ)

1 + 8δ
|J | 1

(1− ε)2∆n
+ (1− δ)

1

(1− ε)∆ni
,

≥ (1− δ)

∆n

(
(A− |J | − 1) + |J | 1− 8δ

(1− ε)2

)
+ (1− δ)

1

(1− ε)∆ni
,

≥ (1− δ)

∆n

(
(A− |J | − 1) + |J | 1

(1− ε)

)
+ (1− δ)

1

(1− ε)∆ni
,

where we have used that 1
1+x
≥ 1− x, and that δ ≤ ε/8. Suppose that |J | ≥ A

2
. Then we

have

(A− |J | − 1) + |J | 1

(1− ε)
≥ A

2

(
1 +

1

1− ε

)
− 1 ≥ (1 + ε/2)A− 1

≥ (1 + ε/2)(A− 1),

so that

∆Mi(λ) ≥ (1− δ)(1 + ε/2)

∆n
(A− 1) + (1− δ)

1

(1− ε)∆ni
.

Noting that n ≤ ni and δ ≤ ε/8, we further have

∆Mi(λ) ≥ (1 + ε/4)
A− 1

∆

1

ni
+ (1− δ)

1

(1− ε)∆ni
.

Observe that the right-hand side above is greater than (1 + δ) g
ni

if and only if

(1 + ε/4)(A− 1) > (1 + δ)(A− 1) +
2δ

1− ε
,
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which is satisfied if δ ≤ ε/32. In this case, we have

∆Mi(λ) > (1 + δ)
g

ni
,

which contradicts the assumption that i ∈ J . It follows that we must have |J | < A/2.
Now, to conclude, select i = argmini∈[A−1]\J ωi, and consider the value

sup
M∈M′\Mgl

ε (λ)

{
1

Eπ∼ω
[
DKL

(
M(π) ∥M(π)

)]} ≥ 1

Eπ∼ω
[
DKL

(
M(π) ∥Mi(π)

)] = 1

ωi · ε2∆2
,

where the first inequality follows because λ /∈ Υ(Mi; δ) by definition, and the equality follows
from the construction of M and Mi. Since

∑
i∈[A−1]\J ωi ≤ 1 and |[A− 1] \ J | ≥ A

2
, we must

have ωi ≤ 2
A
, so that

1

ωi · ε2∆2
≥ A

2ε2∆2

as desired. To complete the proof, note that this holds uniformly for all choices for λ and ω,
and that

aecMε (M0,M) = inf
λ,ω∈△Π

sup
M∈M0\Mgl

ε (λ)

{
1

Eπ∼ω
[
DKL

(
M(π) ∥M(π)

)]}

≥ inf
λ,ω∈△Π

sup
M∈M′\Mgl

ε (λ)

{
1

Eπ∼ω
[
DKL

(
M(π) ∥M(π)

)]}.
To obtain the parameter setting in the theorem statement, we rescale ∆ ← 2∆ and ε ←
32ε.

Proof of Example 10.4.3. We reduce the lower bound to that of multi-armed bandits via a
standard tree construction [Osband and Van Roy, 2016, Domingues et al., 2021]; as the
argument is standard, we only sketch the approach. Assume without loss of generality that
H is a multiple of 2. Set H = log2(S/2). Consider a sub-classM′ ⊆M defined as follows.
All models M ∈ M′ have identical, deterministic dynamics given by a binary tree. Each
layer h has 2h−1 states, so that layer H has S/4 states, and the total number of states is
S − 1. The agent begins from a root state s1 deterministically. For h ≤ H − 1, there are two
available actions, left and right. Choosing left leads to the left successor for the current layer,
and right leads to the right successor for the current layer. There are no rewards for layer
h ≤ H − 1. For layer H, there are A available actions, and rewards are arbitrary, subject to
the constraint that the mean lies in [0, 1] and the noise follows N (0, 1/2).

It is clear that the classM′ is equivalent to the class of multi-armed bandit instances
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with SA/4 actions. As a consequence, the lower bound follows from Example 10.4.2.

Proof of Example 10.4.1. Let ∆ ∈ (0, 1/6), β ∈ (0, 1), and A,N ≥ 2 be given. Consider the
reference model M ∈M+ defined as follows:

• For each bandit arm k ∈ [A], we have fM(k) = 1
2
+∆I{k = A} and r ∼ N (fM(k), 1).

There are no observations, i.e. o =⊥ almost surely.

• For each revealing arm π◦
k, we receive zero reward almost surely (so fM(π◦

k) = 0) and
o ∼ Unif([A]).

We define a subclass

M′ = {Mj}j∈[N ] ⊂Mopt
0 (M)

as follows

• For each bandit arm k ∈ [A], we have fMj(k) = 1
2
+∆I{k = A} and r ∼ N (fMj(k), 1).

There are no observations, i.e. o =⊥ almost surely.

• For each revealing arm π◦
k, we receive zero reward almost surely (so fMj(π◦

k) = 0). We
have

o ∼
{

Unif([A]), k ̸= j,
βIi + (1− β)Unif([A]), k = j.

Note thatM′ ⊆M0. For all j ∈ [N ], a direct calculation gives

DKL

(
M(π◦

j ) ∥Mj(π
◦
j )
)
=

A− 1

A
log

(
1

1− β

)
+

1

A
log

(
1

1 + β(A− 1)

)
=: α

and

DKL

(
M(π) ∥Mj(π)

)
= α · I{π = π◦

j}. (H.5.10)

In addition, it is straightforward to see that α ≤ 2β whenever β ≤ 1/2. Next we calculate
that for any j ∈ [N ] and M ∈M with π◦

M = π◦
j , and πM ̸= A,

DKL

(
Mj(π

◦
j ) ∥M(π◦

j )
)
= β log

(
1 +

βA

1− β

)
=: γ,
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which has γ ≤ O(β) whenever β ≤ 1/A and γ ≥ β log(1 + βA). Lastly, we have that for all
i ∈ [A], all M,M ′ ∈M have

DKL(M(i) ∥M ′(i)) =
1

2
(fM(i)− fM′

(i))2.

LetM′′ denote the set of instances such that for M ′ ∈M′′, πM′ ̸= A, and fM′
(A) = 1

2
+∆,

so that DKL(Mj(A) ∥M ′(A)) = 0 and M′′ ⊆ Malt(Mj) for all j ∈ [N ]. Using the above
calculations and the definition of IMj(λ;M), we can then compute, for all j ∈ [N ],

IMj(λ;M) ≤ inf
M ′∈M′′

Eλ[DKL(Mj(π) ∥M ′(π))] =
∆2

2
· min
k∈[A−1]

λk + γ · λπ◦
j

(H.5.11)

and
gMj = g := min

{
2
A− 1

∆
,

(
1

2
+ ∆

)
1

γ

}
=

(
1

2
+ ∆

)
1

γ

whenever γ ≥ ∆/2(A− 1).
Fix any pair λ, ω ∈ △Π and consider the value

sup
M∈M′\Mgl

1/2
(λ)

{
1

Eπ∼ω
[
DKL

(
M(π) ∥M(π)

)]}.
Let J ⊆ [N ] be the set of models j for which λ ∈ Υ(Mj; 1/2). For each such model, by
definition, there exists nj > 0 such that

∆Mj(λ) ≤ (1 + 1/2)
g

nj
≤ 1

γnj
, and IMj(λ;M) ≥ 1

2nj
.

Define n = maxj∈J nj and n = minj∈J nj. Let us begin with some basic observations.

• Since ∆Mj = ∆M for all j, we have ∆Mj(λ) ≤ 1
γnj′

for all j, j′ ∈ J , and hence

∆Mj(λ) ≤ 1

γn
. (H.5.12)

• Any j ∈ J must have

λπ◦
j
γ ≥ 1

4nj
≥ 1

4n
. (H.5.13)

To see this, observe that if it were not the case, we would need mini∈[A−1] λi
∆2

2
≥ 1

4nj
to

satisfy the constraint that IMj (λ;M) ≥ 1
2nj

(by (H.5.11)). But if this were to occur, we
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would have

A− 1

2∆nj
≤ ∆Mj(λ) ≤ 1

γnj
,

which would contradict the assumption that γ ≥ 2∆/(A− 1).

Combing the inequalities (H.5.12) and (H.5.13), it follows that any j ∈ J must have

|J |
8γnj

≤ 1

2

∑
k∈J

λπ◦
k
≤ ∆Mj(λ) ≤ 1

γnj
,

which implies that |J | ≤ 8. Hence, as long as N ≥ 16, we have |[N ] \ J | ≥ N/2.
To conclude, select k = argminj∈[N ]\J ωπ◦

j
, and consider the value

sup
M∈M′\Mgl

1/2
(λ)

{
1

Eπ∼ω
[
DKL

(
M(π) ∥M(π)

)]} ≥ 1

Eπ∼ω
[
DKL

(
M(π) ∥Mk(π)

)] = 1

ωπ◦
k
· α

,

where the first inequality follows because λ /∈ Υ(Mk; 1/2) by definition, and the equality
follows from (H.5.10). Since

∑
j∈[N ]\J ωπ◦

j
≤ 1 and |[N ] \ J | ≥ N

2
, we must have ωπ◦

k
≤ 2

N
, so

that

1

ωπ◦
k
· α
≥ N

2α
.

as desired. Since this holds uniformly for all choices for λ and ω, the proof is completed.

H.5.5 Lower Bound on Regret for Algorithms with Well-Behaved Tails

In this section, we present an additional result, Theorem H.6, which shows that for algorithms
for which the tail behavior is “well-behaved” in a certain sense, the Allocation-Estimation
Coefficient directly leads to lower bounds on the least possible value of T for which any
algorithm can achieve (approximate) instance-optimality.

Theorem H.6. Let the time horizon T ∈ N, ε ∈ (0, 1/2), and M0 ⊆M be given. Suppose
that there exists an algorithm A with the property that for all M ∈M0,

1. EM,A[Reg(T )] ≤ (1 + ε)gM log(T ).

2. For all π ∈ Π, if EM,A[T (π)] ̸= 0, then EM,A[T (π)] ≥ 1.

3.
√
EM,A[(Reg(T ))2] ≤ 2gM log(T ).
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In addition, assume that 1) gM ≥ 1 for all M ∈M0, 2) Assumption 10.7 holds, 3) Assump-
tion 10.5 holds with parameter VM ≥ 1, and 4) that

log(T ) ≥ 12

ε
log

(
sup
M∈M

2gM

∆M
min

· log(T )
)
.

Then if we define δ = ε ·min{1, infM∈M0

gM

3gM/∆M
min+nMε

}, it must be the case that

log3(T ) ≥ δ2

C
· sup
M∈M+

aecM4ε(M
opt
0 (M),M),

for C ≤ O
(
(supM∈M

gM

∆M
min

)4 · V
2
M log(δ−1)

ε2

)
.

We prove Theorem H.6 by combining Theorem 10.10 with an another technical result,
Proposition H.5 (stated and proven in the sequel), which shows that for algorithms that
satisfy the assumptions of Theorem H.6, it is possible to use the empirical decision frequencies
to compute an allocation that is approximately optimal with high probability.

Proof of Theorem H.6. Define nM = 3 gM

∆M
min

+ nM
ε , and set

δ := ε ·min

{
1, inf

M∈M0

gM

nM

}
.

Assume that
log(T ) ≥ 12

ε
log

(
sup
M∈M

2gM

∆M
min

· log(T )
)
.

Let A be the algorithm in the statement of the proposition, and let A′ be the modified
algorithm created through Proposition H.5 with parameter δ. By assumption, we have
that

√
EM,A[N¬πM

] ≤ R := 2 supM∈M
gM

∆M
min

log(T ). We define n = c · log(24δ
−1)

ε2
· R

3V 2
M

log(T )
for a

sufficiently large numerical constant c and T ′ = T · n. Proposition H.5 implies that for time
T ′, the algorithm A′ satisfies √

EM,A′ [N¬πM
] ≤ R′ := R · n

and
PM,A′

[
λ̂ ∈ Υ(M ; 2ε, nM)

]
≥ 1− δ

24
.

On the other hand, since the precondition of Theorem H.5 is now satisfied with parameter
R′, we have that unless

R′ ≥ δ2

192
· sup
M∈M+

aecM4ε(M
opt
0 (M),M), (H.5.14)
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the algorithm must have

PM,A′
[
λ̂ ∈ Υ(M ; 2ε, nM)

]
≤ 1− δ

12
.

As δ
12

> δ
24

, this is a contradiction unless (H.5.14) holds.

Proposition H.5. Let the time horizon T ∈ N andM0 ⊆M be given. Let A be an algorithm
with the property that for all M ∈M0,

1. EM,A[Reg(T )] ≤ (1 + ε)gM log(T ) for some ε ∈ (0, 1).

2. For all π ∈ Π, if EM,A[T (π)] ̸= 0, then EM,A[T (π)] ≥ 1.

3.
√

EM,A
[
N2

¬πM

]
≤ R for some R ≥ 2.

In addition, assume that 1) gM ≥ 1 for all M ∈M0, 2) Assumption 10.7 holds, 3) Assump-
tion 10.5 holds with parameter VM ≥ 1, and 4) that

log(T ) ≥ 12

ε
log

(
sup
M∈M

2gM

∆M
min

· log(T )
)
.

Then for any δ ∈ (0, e−1), if we define n = c · log(δ
−1)

ε2
· R

3V 2
M

log(T )
for a sufficiently large numerical

constant c, there exists an algorithm A′ that, using T ′ := T · n rounds, returns a normalized
allocation λ̂ ∈ △Π such that

PM,A′
[
λ̂ ∈ Υ(M ; 2ε, nM)

]
≥ 1− δ,

for nM ≤ 3 gM

∆M
min

+ nM
ε and that

√
EM,A′

[
N2

¬πM

]
≤ R · n and

EM,A′ [Reg(T ′)] ≤ (1 + ε)gM log(T ) · n

for all M ∈M0.

Proof of Proposition H.5. We first state a technical lemma regarding robust mean estimation.

Lemma H.5.5. Let X ∈ Rd be a random variable with µ := E[X]. Assume that ∥µ∥0 ≤ s,
where s is a known upper bound. For any δ ≤ e−1, there exists an estimator µ̂n that, given n
independent samples from X, ensures that with probability at least 1− δ,

∥µ̂n − µ∥1 ≤ 24

√
2s · E∥X − µ∥22 · log(δ−1)

n
.
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In addition, ∥µ̂n∥0 ≤ s with probability 1.

Throughout, we will use that since Assumption 10.7 holds, πM is unique for all M ∈M.
Fix M ∈M0. Let η̂ ∈ RΠ

+ denote the vector of empirical decision frequencies when A is run
with horizon T , i.e. η̂(π) = T (π). Let

ηM = EM,A[η̂].

For parameters n ∈ N and δ ≤ e−1 we define A′ as follows:

• Run A a total of n times independently (so that T ′ = T · n), and let η̂1, . . . , η̂n be the
empirical decision frequencies.

• Apply the algorithm from Lemma H.5.5 to η̂1, . . . , η̂n with parameters δ and s = 2R,
and let η̌ ∈ RΠ

+ be the resulting vector (note that we can take η̌ to have non-negative
entries without loss of generality).

• Set π̂ = argmaxπ∈Π η̌, and set η̃(π) = η̌(π)I{π ̸= π̂} and η̃(π̂) = nM
ε · log T (note that

nM
ε is a class-dependent quantity, and so is known to the learner).

• Set λ̂ = η̃/∥η̃∥1.

It is immediate that this construction satisfies
√

EM,A′
[
N2

¬πM

]
≤ R · n and

EM,A′ [Reg(T ′)] ≤ (1 + ε)gM log(T ) · n,

so it remains to show that λ̂ is a near-optimal allocation with high probability when n is
chosen appropriately.

We start by applying Lemma H.5.5. To do so, we carry out some prerequisite calculations.
First, by assumption, we have ηM(π) ≥ 1 if ηM ̸= 0. Using this, along with Assumption 10.7,
we have

∥ηM∥0 ≤ 1 +
∑
π ̸=πM

ηM(π) ≤ 1 + EM,A[N¬πM ] ≤ 1 +R ≤ 2R.

Second,

EM,A∥η̂ − ηM∥22 ≤ EM,A
[
(η̂(πM)− ηM(πM))

2
]
+
∑
π ̸=πM

EM,A
[
η̂(π)2

]
≤ EM,A

[
(η̂(πM)− ηM(πM))

2
]
+ EM,A

[
N2

¬πM

]
.
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Furthermore,

EM,A
[
(η̂(πM)− ηM(πM))

2
]
= EM,A

(∑
π ̸=πM

η̂(π)−
∑
π ̸=πM

ηM(π)

)2


≤ EM,A

(∑
π ̸=πM

η̂(π)

)2


= EM,A
[
N2

¬πM

]
.

so that

EM,A∥η̂ − ηM∥22 ≤ 2EM,A
[
N2

¬πM

]
≤ 2R2.

As a result, Lemma H.5.5 implies that with probability 1− δ,

∥η̌ − ηM∥1 ≤
√

C1
log(δ−1)

n
=: εstat (H.5.15)

where C1 = O(R3).
Next, we appeal to Lemma H.5.2, which implies that as long as

log(T ) ≥ 12

ε
log

(
sup
M∈M

2gM

∆M
min

· log(T )
)
, (H.5.16)

we have

∆M(ηM) ≤ (1 + ε/2)gM log(T ), and IM(ηM ;M) ≥ (1− ε/2) log(T ).

Applying (H.5.15) and using that ∆M ∈ [0, 1] and DKL(M(π) ∥M ′(π)) ≤ 2VM by Lemma H.3.13,
we have

∆M(η̌) ≤ (1 + ε/2)gM log(T ) + εstat, and IM(η̌;M) ≥ (1− ε/2) log(T )− εstat · 2VM.

Thus, as long as

εstat ≤
1

2
ε · min

{
gM log(T ), (2VM)−1 log(T )

}
,

we have

∆M(η̌) ≤ (1 + ε)gM log(T ), and IM(η̌;M) ≥ (1− ε) log(T ). (H.5.17)

Next, we claim that π̂ = πM . To see this, note that since EM,A[Reg(T )] ≤ 2gM log(T ), we
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have

ηM(πM) ≥ T − 2
gM

∆M
min

log(T )

T
≥ 3

4
T

as long as T > 8 gM

∆M
min

log(T ), which is implied by the condition (H.5.16). Hence, as long as
εstat ≤ T

4
, we have

η̌(πM) >
T

2
,

which implies that π̂ = πM . By definition of nM
ε , and since η̌ satisfies (H.5.17) above, we

then have that setting η̌(π̂) = nM
ε log(T ) does not affect the regret, and only decreases the

information gain by a factor of ε log(T ). It follows that

∆M(η̃) ≤ (1 + ε)gM log(T ), and IM(η̃;M) ≥ (1− 2ε) log(T ).

We conclude that λ̂ ∈ Υ(M ; 2ε, n) for

n = ∥η̃∥1/ log(T ).

To wrap up, we compute that

∥η̃∥1 ≤
∑
π ̸=πM

ηM(π) + εstat + nM
ε log(T ) ≤ 2

gM

∆M
min

log(T ) + εstat + nM
ε log(T )

≤ 3
gM

∆M
min

log(T ) + nM
ε log(T )

whenever εstat ≤ gM log(T ).

Proof of Lemma H.5.5. From Proposition 1 of [Lugosi and Mendelson, 2019], we have that
for any δ ≤ e−1, there exists an estimator µ̃n that, given n independent samples of X, ensures
that with probability at least 1− δ,

∥µ̃n − µ∥2 ≤ 12

√
E∥X − µ∥22 · log(δ−1)

n
.

Given µ̃n, we define µ̂n = argminu∈Rd:∥u∥0≤s∥u− µ̃n∥2. Since ∥µ∥0 ≤ s, we have ∥µ̃n − µ̂n∥2 =
minu:∥u∥0≤s∥µ̃n − u∥2 ≤ ∥µ̃n − µ∥2. It follows that

∥µ̂n − µ∥2 ≤ ∥µ̃n − µ̂n∥2 + ∥µ̃n − µ∥ ≤ 2∥µ̃n − µ∥2.

Finally, we note that since µ̂n and µ are both s-sparse, ∥µ̂n − µ∥1 ≤
√
2s∥µ̂n − µ∥2.
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