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Let X be a projective variety over a field. In this paper, we will construct a moduli
space of very ample line bundles on X. In doing so, we develop a generalization of Fitting
ideals to complexes of sheaves on X. We give other applications of these Fitting ideals such
as constructing Brill-Noether spaces for higher dimensional varieties and giving a scheme

structure to the locus where the projective dimension of a module jumps up.
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1 Introduction

Let X be a projective variety over a field. A very ample line bundle £ on X is a line
bundle where the associated rational map ¢, : X — P(H°(X, L)) is an embedding. In
this way, all embeddings of X into projective space are determined by a choice of very
ample line bundle (and possibly a projection to a hyperplane). Very ample line bundles
are of great importance in algebraic geometry as they allow one to use the benefits of
having an embedding into projective space without having to worry about working in
coordinates. In this paper, we construct a moduli space for very ample line bundles on
X.

To do this, we need to first define what families our moduli space should parameterize.
In section 6.1 we show that the naive definition for the moduli functor does not produce
a moduli space. In section 4.1, we define what it means for a family of line bundles to
have liftable sections and in section 5.2, we explain why this is a natural condition to put
on families of very ample line bundles. Put imprecisely, a family of line bundles L over T
has liftable sections if the associated rational maps ¢, deform in a family over T" as well.

Our main result is the following;:

Theorem 6.8. Let X be a projective variety. There exists a scheme VAx representing

the functor
T — {L € Picx(T) : Vt € T, L; is very ample and L has liftable sections over T'}

Moreover, the natural map

VAX — PiCX
is a locally closed embedding on the connected components of VAx.

The main technical tool in our proof is a generalization of Fitting ideals for chain
complexes. Given a bounded above complex £° of locally free sheaves on X, for each
i,k € 7 we define the Fitting ideal of £°, Fitt}(£*), to be the ideal locally generated by
the (x; — k) X (x; — k) minors of d* where y; is the alternating sum of the ranks of the
&I for j > i. For a more precise definition, see Section 3.3. The crucial fact about these

Fitting ideals is the following,

Theorem 3.9. Let £° — W* be a quasi-isomorphism of bounded above complexes of



locally free sheaves on X . Then Fitt, (£*) = Fitt,(W*) for all i,k € Z.

This allows us to define Fitting ideals for any element of D_, (X) (the bounded above
derived category with coherent cohomology) as the Fitting ideals of a locally free resolu-
tion. This generalization of Fitting ideals is useful in defining natural scheme structures

on certain closed subsets of X. One notable example is the following:

Corollary 3.16. Let R be a commutative noetherian ring and M an R-module of rank
k. The Fitting ideal Fitt‘(i__ll)d,lk(M) defines a natural determinantal scheme structure on
the set

{p € Spec R| pd(M,) > d}

Our main application of these Fitting ideals is in constructing a generalization of clas-
sical Brill-Noether varieties which in turn we use to prove Theorem 6.8.

Let C' be a smooth projective curve of genus g over an algebraically closed field. The
Brill-Noether varieties are the locus W7 C Picl, of line bundles of degree d whose space of
global sections has dimension at least » + 1 inside the Picard scheme of C'. These spaces
come with natural scheme structures derived as degeneracy loci of a certain map of vector
bundles. See [ACGHS85| for more details on this beautiful subject.

For higher dimensional X, semicontinuity tells us that {£ € Picyx : i%(X, L) > k + 1}
is closed. For our application to proving Theorem 6.8, it will be crucial that we give this
closed subset the correct scheme structure. In recent years, there has been some success
in generalizing Brill-Noether theory to higher dimensional varieties and to more general
moduli spaces of coherent sheaves, see [CHN24| for a survey of these results on surfaces
and [CMR10] for some results in any dimension. In addition to many other results, these
papers give natural scheme structures to the Brill-Noether loci similarly to how they are
done for curves, which requires one to assume that H (X, F) = 0 for all i > 2 and all F in
the given moduli space. We introduce a new construction, which generalizes the existing
ones and does not require the assumption on cohomology vanishing. Our main result is

the following;:

Corollary 5.1. Let X be a projective variety and let Picx be the Picard scheme of X

(see 2.2). Then there exist closed subschemes W& C Picy such that

Supp W = {£ € Picx : h°(X, L) > k + 1}



and

U ZW)’; \ W5 represents the functor
re

T — {L € Picx(T) : L has liftable sections over 7'}

We prove a more general version that can be applied to any moduli space of coherent
sheaves in Theorems 4.2 and 4.7.
Just like in the curve case, there is a map of vector bundles whose degeneracy loci give

us the W¥. This can be used to prove relations between them, for example:
WEF C Sing(W%)

See 3.3.

In Corollary 4.9, we show that our construction agrees with the classical Brill-Noether
varieties in the case X is a smooth curve. We also show that our construction agrees with
the Brill-Noether loci defined in [CMR10] and [CHN24] in the case where they are both
defined.

In Chapter 3, we define Fitting ideals for objects of D_, (X) and give some applications
of them. In Chapter 4 we give a general construction for scheme-theoretic Brill-Noether
loci that applies in particular to any moduli of coherent sheaves. In Section 4.1 we
show that these Brill-Noether loci produce a stratification with the universal property
that parameterizes families of sheaves with liftable sections. In Chapter 5, we apply the
construction from the previous section to the Picard scheme. In Chapter 6, we prove our
main result, constructing a moduli space of very ample line bundles. In the brief Chapter
7 we describe the small changes to the argument required to construct a moduli space for

basepoint free line bundles.

2 Preliminaries

2.1 Notation and Conventions

Throughout this paper, all schemes are defined over a fixed algebraically closed field x
of characteristic 0. Most of our results generalize to all fields but require adjustments to
the assumptions so for the sake of simplicity, we leave this to the interested reader. A

variety will mean an integral scheme of finite type over k.



Given morphisms X — Y and T'— Y, we denote X é T by Xpr. If F is a sheaf on X
and g : X7 — X is the projection, then we denote g*F by Fr. In particular, ify € Y is a
point then the fiber of X — Y at y is denoted X, and F restricted to X, is denoted F,,.
We denote the projection from X7 to 1" as mp.

We denote dim H (X, F) by hi(X,F).

Given a scheme X, we denote its Picard functor as Picy and its Picard scheme as Picx
(see section 2.2).

We denote Qx/, by Qx.

When working with complexes of sheaves we use the standard cochain complex notation
of

Fo— F1— F

but in section 3.3, when we are working with complexes of modules over a ring, we use
chain complex notation,

M2—>M1—>MO

2.2 The Picard Scheme

The Picard group of a scheme X is the group of all line bundles (or invertible sheaves)
on X. Like many objects in algebraic geometry, it can be given the structure of a scheme
itself (under mild conditions) where it parameterizes families of line bundles. In this
section, we review the definition and basic properties of the Picard scheme. For more
information and proofs of these properties, see [Sta23, Tag 0BIR| for the case of a curve
or [Kle05] for the general case.

Let X be a projective variety. For any scheme T, we let mp : X x T — T be the

projection map.

Definition 2.1. We define the Picard functor Picx : Sch/k — Set by
Picx(T') = Pic(X x T') /7y Pic(T)

In general, to obtain a representable functor, one should take the sheafification of this
functor in the étale topology but in the case that X has a k-point (trivial in our case

since k is algebraically closed) it turns out that Picy is already representable.


https://stacks.math.columbia.edu/tag/0B9R

Theorem 2.2 ([Kle05, 4.8]). Let X be a projective variety. Then Picx is represented by

a locally noetherian scheme Picy, whose connected components are quasi-projective.

We call Picx the Picard scheme of X. By plugging Spec x into the definition of the

Picard functor, we obtain

Picx (k) = Pic(X)

In other words, there is a one to one correspondance between isomorphism classes of
line bundles on X and the closed points of Picy. By plugging X into the definition of

the Picx we obtain the following,

Proposition 2.3. There exists a (non-unique) line bundle U on X x Picx such that for
any scheme T along with a line bundle L on X xXT', there exists a morphism f : T — Picy
such that

L1 fUTN

where N is some line bundle on T.

We call U a universal line bundle. We can see from the definition of the Picard functor
that a universal line bundle is unique up to tensor with the pullback of a line bundle on
Picy.

Now let Pic% be the connected component of Picy that contains the identity (the
trivial line bundle Ox). For any £ € Pic%, multiplication by £ gives an isomorphism
between the connected component containing £ and Pic%. We define the Néron-Severi
group as

NS(X) = Picx(r)/Pic% (k)

By the previous paragraph, this can be thought of as the group of connected components

of Picx. The following is a fundamental result,

Theorem 2.4 (Theorem of the Base). NS(X) is finitely generated, therefore it is iso-

morphic to Z" & T for some n and some finite abelian group T .

Therefore, for a projective variety X, we have a short exact sequence,
0 — Pic% — Picx — NS(X) — 0

breaking the Picard group of X into a discrete part and a continuous part.
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To summarize, Picx has countably many connected components, one for each element
of NS(X), and all of the connected components are isomorphic to Pic%. The rank of
NS(X) is called the Picard number of X and is an important invariant.

[t turns out, many fundamental properties of line bundles can be determined on N.S(X).
In particular, a line bundle is ample (resp. nef, resp. big) if and only if its image in N.S(X)
is ample (resp. nef, resp. big). We say these properties are deformation invariant. Some
important properties, however, do not behave this way. In particular, being very ample
(resp. basepoint free) is not a deformation invariant property. Because of this, it becomes
more interesting to study the locus of very ample (resp. basepoint free) line bundles in
Picy.

In the case of a smooth curve C', the Néron—Severi group is isomorphic to Z, where a

line bundle gets mapped to its degree. So we have a decomposition:
Picc = | J Pict,

where the points of Pic% correspond to the line bundles of degree d. Each Pic is a

projective variety which is isomorphic to the Jacobian of C'.

2.3 The Derived Category

Let X be a scheme. Let D(X) be the derived category of X. Roughly speaking,
D(X) is the category obtained from Mod(X), the category of complexes of Oy-modules,
by inverting the quasi-isomorphisms. For definitions and basic properties of the derived
category, see [Sta23, Tag 05QI].

We let D°(X) (resp. D~ (X)) denote the derived category of bounded (resp. bounded
above) complexes. If R is a commutative ring, we let D(R) = D(Spec R) and define
D*(R) and D~ (R) similarly.

We let D.on(X) € D(X) be the subcategory of objects whose cohomology sheaves are
coherent. We define D__, (X) and D?,

oh oo (X)) similarly.
Given a left (resp. right) exact covariant functor F' : Mod(Ox) — Mod(Oy), we denote
the right (resp. left) derived functor of F' as RF' (resp. LF'). Given K € D(X), we denote

R'F(K) = h(RF(K)).

11
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2.4 Moduli of Sheaves

Let C be a class of coherent sheaves on a variety X. To simplify things, we will define
a moduli space of sheaves for C to be a locally noetherian scheme M along with a
coherent sheaf U on X x M that is flat over M such that for each F € C, there exists a
unique closed point y € M such that U, = F. We call U the universal sheaf. Because
of this, we can refer to F as a point of M without confusion. Usually one would require
M and U to satisfy some universal property in some sense that applies to the moduli
problem at hand, but we have no need for this here. For a proper treatment of moduli of
sheaves, see the book |[HL10| by Huybrechts and Lehn.

The main example of a moduli of sheaves to keep in mind is the Picard scheme of a
projective variety, see Proposition 2.2.

Now let us look at the case of degree d line bundles on a smooth curve C. The moduli
space in this case is Pic%, and we have a universal line bundle L on C' x Pic%,. Classical
Brill-Noether theory uses L to construct a natural determinantal scheme structure on the

set

Wh={LecPick : h°(C,L) >k +1}

In Corollary 4.8 we generalize this to any moduli space of sheaves.

2.5 Gonality of a Curve

Let C' be a smooth curve. The gonality of C is defined to be the smallest number ~
such that there exists a non-constant morphism C' — P! of degree . The following is a

famous theorem of Max Noether:
Theorem 2.5 (|[Noe82|). A smooth plane curve of degree d has gonality d — 1.

Using the techniques of Brill-Noether theory, one can compute the gonality of a general

curve of genus g,
Theorem 2.6 ([ACGHS5, V,1.5]). A general curve of genus g has gonality [ 252].
We will require only the following simple property of gonality.

Lemma 2.7. Let C' be a curve of gonality ~v. Let Dy and Dy be linearly equivalent divisors

of degree less than ~v. Then Dy = D,.

12



Proof. Suppose that Dy # D,. Since they are linearly equivalent, dim|D;| > 1. There-
fore, we may choose a 1 dimensional linear system inside |D;| and (after removing base-
points) obtain a morphism C' — P! of degree at most deg D;. This is a contradiction

since deg D < 7. [

3 Higher Fitting Ideals

In this section we generalize the notion of Fitting ideals to an object of the derived
category. For this section, we will be working mostly algebraically but we also mention
how they generalize to the scheme setting. For this reason we fix a commutative noetherian

ring R throughout this section.

3.1 Ideals of Minors and Determinantal Schemes

The results of this section all rely on ideals of minors of maps of vector bundles so we
will review their basic properties here.

Let RE" 4 R®™ we can represent ¢ as a n by m matrix with entries in R. We denote
the ideal of R that is generated by the k& x k& minors of ¢ as I(o).

Let X be a scheme. Given a map of vector bundles on X, £ LA W, we can glue together
the ideals of minors that we get on local trivializations of £ and W to obtain a sheaf of

ideals Ij(¢)). We let X% (1)) denote the scheme defined by Ij,1(¢)).

Proposition 3.1. Let X be a scheme and £ LA W a map of vector bundles on X. Then

Supp Xi(¢) ={p € X : rk(¢),) < k}

Proof. Let p € X. Let ¢ be locally represented by the matrix (r;;). Then the map
Y, € k(p) = W ® k(p) is represented by the matrix (r;;(p)). The map 1), has rank
< k if and only if all the (k4 1) x (k+ 1) minors of (r;(p)) vanish which happens if and
only if p € I 1(¢). O
Proposition 3.2. Let f: Y — X be a morphism of schemes. Let &£ LW be a morphism
of vector bundles on X. Then f~'I;(¢) = I.(f*).

Proof. If 1 is locally represented by the matrix (r;;) then f*i is locally represented by
(f*7ij). [

13



The following is well known to experts but we give a proof for convenience.

Proposition 3.3. Let & %W be a map of vector bundles on a variety X. Suppose that
Xr1(¥) # X. Then
Xy (¥) C Sing Xi+1(¥)

Proof. Let n be the rank of £ and m be the rank of W. Let M = A™ be the space of
n X m matrices. Working locally, we may assume both vector bundles are trivial and we

obtain a map

AN X —> M

that maps a point p to the matrix v,. The k'™ generic determinantal variety, My, is
defined by the vanishing of the (k + 1) x (k + 1) minors in the coordinates of M. We see
that Xx(¢) is the scheme theoretic preimage of Mj, under A.

It follows from the discussion in [ACGHS5, I1.2| that given a point A € My, the tangent

space of My, is nm—dimensional. In other words,
Ta(Mjs1) = Ta(M)
Translating this back to X, we have that given a point x € Xj(¢),
To(Xir1(0)) = To(X)

So if Xy11(¢) # X, then x is singular in Xy41(¢). ]

Another fact that we obtain through this same method is that if X.(¢) # & then it has
codimension at most (n — k)(m — k).

See [ACGHS5, 11| for more details on determinantal subschemes.

3.2 Classical Fitting Ideals

First let us review the classical theory of Fitting ideals originally introduced in [Fit36].

Let M be an finitely generated R-module and let

FA R 5 M—0
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be a free presentation of M. We define the k™ Fitting ideal, Fitty(M), to be I,_x(¢).
That is, Fitt, (M) is the ideal of (n — k) x (n — k) minors of ¢. So the Fitting ideals form

an increasing sequence,

0 = Fitt_y(M) C Fitto(M) C Fitt, (M) C ...Fitt,(M) = R

where r is the number of generators for M used in the free presentation. Note that
Fitt, (M) can equal R even if M cannot be generated by k elements. The crucial fact

about Fitting ideals is that they are independent of the choice of free resolution.

Theorem 3.4 ([Sta23, Section 07Z6]|). Fitty(M) is independent of the choice of free

resolution of M.

Fitting ideals commute with base change since the pullback of a free presentation is a
free presentation, therefore we can glue together fitting ideals for an arbitrary coherent

sheaf F on a scheme X. More precisely, Fitty(F) is the sheaf of ideals where

(U, Fitty(F)) = Fitt(I'(U, F))

for any open affine U C X. One useful property of Fitting ideals is that they characterize

when a sheaf is locally free.

Proposition 3.5 ([Sta23, Tag 07ZD]). A coherent sheaf F on a noetherian scheme X is
locally free of rank k if and only if Fitty(F) = Ox and Fitt,_1(F) = 0.

Fitting ideals are useful for giving a natural scheme structure to certain closed subsets
of schemes. For example, given a finite type scheme X of pure dimension n, we can give
the singular locus of X a natural scheme structure as follows. Consider a local embedding
of X into A™ where the ideal of X is generated by fi,..., f,n. The Jacobian criterion for
smoothness says that X is singular at a point x if the n —d x n — d minors of the Jacobian

matrix,

of of1
ox1 T Oxn
Ofm Ofm
oz te OTn

15
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all vanish at x. So it is natural to define Sing(X) as the closed subscheme of X defined
by these minors. A priori, this depends on the embedding but we can use Fitting ideals

to show that the scheme structure is independent of the embedding.

Proposition 3.6. Let X be a scheme of finite type and pure dimension d. Then the
subscheme defined by Fitty(Qx) has support equal to the non-smooth locus of X.

Proof. Recall that for any point p € X, dim Qx ® k(p) > d with equality if and only if X

is smooth at p. We take a presentations of {2y,
E'5E 5y -0
with 7 = rk €% Then we see that the locus where dim Qy ® k(p) > d is the locus where

the rank of ¢ is less than r — d which is exactly the locus cut out by Fitty(Qx). O

We define the singular set of X, Sing(X) to be the subscheme defined by Fitty(2x).

Note that given a local embedding of X into A", we get a finite presentation for Qx
Og’?m i) QA”|X — QX — 0

where J is the Jacobian matrix. So our new definition for Sing(X) agrees with our

intuitive one in the discussion above.

Example 3.7. Consider the quadric cone z? — zy = 0 in A3. The Jacobian is

[—y —T 22]
So the singular locus will be z = y = 2z = 0, the reduced origin. Now consider the cusp

y? — 23 = 0 in A?. Its Jacobian is

S

So the singular locus will be the non-reduced scheme whose ideal is (z2,y). As we can
see, the geometry of the singular locus can give information about how bad the singularity

is even when it is just a single point.
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3.3 Definition and Basic Properties of Higher Fitting Ideals

In this section, we define Fitting ideals for a bounded above complex of R-modules.
See [BW17] for a different way of generalizing Fitting ideals to complexes which they call
cohomology jump ideals.

Given a bounded above complex K, we can always take a free resolution, that is, we
can find a bounded above complex of free R-modules F' and a quasi-isomorphism F' — K.
The main result of this section is that the ideals of minors of the maps in F' depend only
on K. That is, if we took a different free resolution we would get the same ideals of
minors. In the case where K is a single module concentrated in degree 0 and F' is a free
resolution of K, ideals of minors of the first map in F' are exactly the classical Fitting
ideals of K. Just like in the classical case, we need to keep track of the ranks of the
modules in F' to obtain a precise statement.

Notation: In this section, we use chain complex notation instead of cochain complex
notation which is used in the rest of the paper. This is because it is much cleaner when
working with bounded above objects and projective resolutions.

Now consider a bounded above complex of free R-modules

dN+3 dn 42 dni1
—)FN+2—>FN+1 )FN

~
)

Define
r; = rank F;

i—1

Xi = Z(_1>i—j—17’j =71 —Ti—g+ -+ (_1)i—N—1TN
j=N

Note that if F', is an exact complex of vector spaces then y; = rank d; so we may think

of x; as the "expected rank" of d;. Now we make our main definition.

Definition 3.8. Define the Fitting ideals of F. to be
Fitt, (F.) = I, (d;)

We define these for bounded above cochain complezes the same way with Fittl (F.) =

I,_x(d"), where x; is the alternating sum of the ranks of the modules above F*.

Geometrically, these ideals cut out the points where the rank of d; drops below its

17



expected rank by at least k. Our main result in this section is that Fitting ideals are

invariant under quasi-isomorphisms.

Theorem 3.9. Leta: F. — F be a quasi-isomorphism of bounded above complexes of

free R-modules. Then Fitts(F.) = Fitti(F.) for all i and k.

For convenience, let us assume F. and F. both vanish past degree zero. So we have a

quasi-isomorphism,

ds da dy

>F2 )Fl >F0

ol

& o= b o= 4 =
‘s B 2 B —— Fy > 0

2\
e}

To simplify notation, we will use 1 and 0 to denote the identity and zero maps respec-
tively. We define

B; =im di;,
C; = F;/B;

and E, @ for F. similarly.
Since all of the modules are free, a has a homotopy inverse, b : F. — F. (see |Har66,

I, Lemma 4.5]). This means in particular that there is a map s : Fy — Fy such that

cjls:l—ab.

Lemma 3.10. With the notation as above, the following morphism of complexes is a

quasi-isomorphism

da )Fg ds y Fy d2®0> Fl@ﬁ0—>0
N [
da )ﬁg ds )ﬁg 0®d2> Fg@ﬁ1—>0
dy —b
where A =
a S

Proof. Since a is a quasi-isomorphism, we only need to check that
Cl b ﬁo L) FO I, 61

is an isomorphism.

18



Define a map B : By & fo — P EO by the matrix,

1 —b
a 1—ab

B =

Now one can check that the following diagram of short exact sequences commutes

0 —— W(F) — i Fy 225 By By —— 0

J» | |
0 —— hl(ﬁ.) E— F()@él idl) Fg@éo — 0

The left map is an isomorphism since a is assumed to be a quasi-isomorphism and B is

an isomorphism because it has the inverse

1 1—ba b
—a 1
Therefore A is an isomorphism by the 5-lemma. [

Lemma 3.11. With the notation as above, Fitt}(F.) = Fitt,(F.).

Proof. We have exact sequences

di

Fy

Lo

~ Jl ~ ~

F1 > FO > hO(F.> — 0

=
=

o
5
e}

where the right vertical arrow is an isomorphism. Therefore, Fitt)(F.) = Fitt,(h°(F.)) =
Fitt, (hO(F.)) = Fitt}(F.) where the middle equality holds by Proposition 3.4. O

We can combine these two lemmas to prove our theorem.

Proof of Theorem 3.9. The i = 1 case is Lemma 3.11. It is easy to see that Ij(ds ® 0) =
It(ds), therefore by applying Lemma 3.11 to the complex obtained from Lemma 3.10 we
get that

Ly sro-i(ds) = Iryirg—i(do)

Since this holds for all k, we can replace k with k — (ro 4+ 79) on both sides and obtain,

Irl—To—k’(dQ) = 1?1—70—’6(52)
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This is exactly the i = 2 case. We can now apply Lemma 3.10 again for the ¢ = 3 case

and so on. [

Given a bounded complex of free R-modules, it is sometimes useful for our alternating
sum of ranks to come from the other direction. Because of this, we define a variation as

follows,

Definition 3.12. Let F* be a bounded cochain complex of free R-modules with notation

as above. Assume F' =0 fori < N. Let

and as before, we define,

Fitt} (F*) = I, _(d')

Corollary 3.13. Let

0

g

s By~ R y F,
> ﬁo ﬁl > ﬁn
be a quasi-isomorphism of bounded cochain complexes of finite free R-modules. Then

Fitt},(F) = Fitt} (F")

do .
7 e e

0 > 0

Proof. Let x(F*) = 327 o(—=1)r;. Then x(F*) = x(F") since they are quasi-isomorphic.
Now the corollary follows from applying Theorem 3.9,

MZ(F) = Fittl('fl)i—lx(F')Jrk(F.) = Fitté_l)iflx(ﬁ-)_‘_k(F.) - M%(F) [

Note that Fitt?(F*) = I,,_1(do) as this will be useful later when defining Brill-Noether
ideals.

Thanks to Theorem 3.9, we can define the Fitting ideals for any object of D_, (R), the
bounded above derived category with coherent cohomology. Indeed, for any K € D_, (R),
we can choose a bounded below complex of finite free modules FE. ~ K and define
Fitt} (K) = Fitt} (E.). Theorem 3.9 says that this is well-defined. q

To show that we can glue fitting ideals together on a scheme, we need to show that they
commute with localization. More generally, we show that they commute with flat base

change.
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Lemma 3.14. Let A. be a bounded above complex of R-modules and let R — S be a flat
morphism. Then

Fitt; (A. ®r S) = FittL(A.) ®@r S

Proof. Let F. be a bounded above complex of free R-modules that is quasi-isomorphic to

A.. Since R — S is flat, F. ®p S is quasi-isomorphic to A. ®g S. Therefore,
Fitti (A, ®g S) = Fitt, (F. ®g S) = Fitt}(F.) ® S = Fitt,(A.) ®g S O

Using this, we can define the Fitting ideals for any object in D_,(X), the derived
category of bounded above complexes with coherent cohomology on a locally noetherian
scheme X. We can also define Fitt} (K) for perfect objects in D%, (X) which are those

that are locally quasi-isomorphic to a bounded complex of finite free modules. Now we

prove the following generalization of 3.14,

Proposition 3.15. Let X be a locally noetherian scheme, K € D_,(X) and g : X' = X
any morphism. Then

g ' Fitt} (K) = Fitt, (Lg*K)

Proof. The statement is local so we assume K is quasi-isomorphic to a complex of finite

free sheaves F'. Then ¢*F = Lg*K and the lemma follows from Lemma 3.2. O]

Looking at the argument in Lemma 3.11, we see that if M is a finite R-module (thought
of as a complex concentrated in degree zero), then Fitty (M) = Fitty(M). As a first
application, we show how the higher Fitting ideals of M measure the projective dimension

of M.

Corollary 3.16. Let R be a reduced noetherian ring and M a finite R-module of rank k
(has dimension k when localized at each minimal prime). Let Z C Spec R be the closed

subscheme defined by Fitt! |\, , (M). Then

(1)

Supp Z = {p € Spec R| pd(M,) > d}

Proof. Construct a free resolution of M,

> I >FO > M > 0
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Let K4 be the kernel of the map ¢ : F;_y — F;_5. Then pd(M) < d if and only if K is
projective (see [Wei94, 4.1.6]). By localizing, we see that at each minimal prime, K, has
rank yq + (—1)%k. Therefore, the points p € Spec R where K, is not projective are the
points where ¢ has rank less than ry_; — (x4 + (—1)%) = x4-1+ (—1)*"'k which is exactly
the locus cut out by I,

M, therefore Fitt?:ll)d_lk(M) = Fittgjj)d_lk(F.) =L, (ni-1(9). O

(—1)a-1x(¢). Since F. is a resolution, it is quasi-isomorphic to

3.4 Application to Singular Varieties

Much like classical Fitting ideals, we can use higher Fitting ideals to study the singular
locus of a variety. Let X be a reduced finite type scheme of pure dimension d.

For each i, let Sing’(X) be the closed subscheme defined by Fittéj)i_l 4(Qx). By Corol-

lary 3.16, We know that set theoretically,
-+ C Supp Sing'(X) C Supp Sing?(X) = Sing(X)

so it is natural to ask if this containment holds as subschemes.

Question 3.17. Let X be a reduced finite type scheme of pure dimension d. Is

Fitt(Z}yi14(Qx) C Fitt(_y):4(2x)?

In fact, some examples have seemed to suggest that Fitt’('j)i,ld(QX) C Fitté_l)id_l(ﬂx).

Note the extra —1 on the right hand side. This would have the pleasant consequence that
Sing’™ (X)) C Sing(Sing’ (X))

by Proposition 3.3.

Example 3.18. Let X be the three coordinate axes in A3 defined by zy = 22 = yz = 0.

We obtain a free resolution of {2y,
B n3 A 3
0—=0x =>0%x =>0% = Qx =0

where
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Yy xr oz T

A=z 0 «x B= |y

0 z y z

The scheme Sing(X) is defined by the ideal generated by the 2 by 2 minors of A,
therefore Sing(X) is defined by

In other words, it is the fat point. The ideal Fitt! ,(Qx) is generated by the 1 x 1 minors
of B, therefore Sing'(X) is the reduced point z =y = z = 0.

Next we show that the higher Fitting ideals vanish for a locally complete intersection.
This gives further evidence that the scheme structure on these higher singular loci reflects

the geometry of the singularity.

Proposition 3.19. Let X be a reduced, finite type scheme. If X is locally a complete

intersection, then Sing'(X) = @ for alli > 0.

Proof. Embed X into a smooth scheme Y. Since X is locally a complete intersection, its

conormal sheaf Z/Z? is locally free. Now consider the sequence,
I/I2—>Qy®OX—>QX—>O

Since X is reduced and Z/Z? is locally free, the first map is injective. We can use this
free resolution to compute our higher fitting ideals and see that Fittéj)i_l 4(Qx) = 0 for

k> 1. O

4 Brill-Noether Ideals

We now turn our attention to constructing generalizations of the classical Brill-Noether
spaces. Recall that given a smooth curve C', the Brill-Noether space W consists of line
bundles of degree d whose space of global sections has dimension at least r + 1. The
space W] parameterizes families of degree d line bundles L, that satisfy the homological

condition that Fitt, 4., R'm.L = 0. Written more precisely, we have that W} represents
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the functor,

Y = {L € Pick/4(Y) : Fitty_gr(R'm, L) = 0}

We wish to generalize this to an arbitrary scheme. To do this requires two steps, first
we need to remove the dependence on degree since this is only a good notion for curves.
We do this by considering the locus W% of line bundles whose space of global sections has
dimension at least k41 all at once rather than breaking it up by component of Picx. This
will give us a scheme that is not noetherian since it will live on infinitely many components
of Picy but this is not an issue as the connected components are noetherian. The second
step is to find the right generalization of the homological condition Fitt, g, (R'm, L) = 0.
This is made more difficult by the fact that we no longer have a notion of degree and
we have more than two cohomology groups to deal with, so we must generalize this a

different way. This is where we use our higher Fitting ideals.

Definition 4.1. Let f : X — Y be a proper morphism of locally noetherian schemes and
let F be a coherent sheaf on X, flat over Y. We define the Brill-Noether ideals of F
as,

BN*(F) = Fitt)(Rf.F)

We define the Brill-Noether loct of F as the closed subschemes determined by BJ\/k(F)
and denote it W*(F).

We suppress the dependence on f as the morphism is usually clear from context. We
will denote them BA%(F) and WF(F) if the morphism is not clear. Now we show that

these Brill-Noether loci are supported on the same set as in the case of curves.

Theorem 4.2. Let f : X — Y be a proper morphism of locally noetherian schemes and
let F be a coherent sheaf on X, flat over Y. Then

Supp W*(F) = {y € Y|h°(X,, F,) > k + 1}

Proof. This is local so we may assume Y is affine. By [Mum?70, 5|, we may choose a

bounded complex of locally free sheaves on Y,
go gt d 0 en (4.1)
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that is quasi-isomorphic to Rf.F. By cohomology and base change (see [Sta23, Tag
071M]) &€* has the following property:
For any morphism 7" — Y,
R(fr).Fr = W(&;) (4.2)

In particular, for any point y € Y, we have that

H°(X,, F,) = ker &, (4.3)

Let ry = rank £°. By definition, BN*(F) = I,,_1(6°). Therefore, W*(F) is the locus
where the rank of §° is at strictly less than ro — k. By 4.3, this is the locus where

hO(X,, Fy) >k + 1. 0O

It follows from the property 4.2 that Brill-Noether ideals commute with arbitrary base
change. Note the difference from higher fitting ideals that only commute with flat base

change.

Corollary 4.3. Let f : X — Y be a proper morphism of locally noetherian schemes and
let F be a coherent sheaf on X, flat over Y. Let g : T — X be any morphism. Then

g 'BN*(F) = BN*(g" F)

As a sanity check, we calculate BN*(F) in the simplest possible case.

Example 4.4. Let f : X — Y be a proper morphism of locally noetherian schemes and
let F be a coherent sheaf on X, flat over Y. Assume Y is connected. Suppose that
HY(X,,F,) =0forall i >0 and all y € Y. Since Y is connected and F is flat over Y,
the Euler characteristic of F is constant which implies that h°(X,, F,) is the same for all
y € Y (call this value N). Cohomology and base change [Har77, I11.12.11] implies that
Rf.F = f,F and f,F is locally free of rank N. Now we can easily calculate that

(F) = Fitty (f.F) =
0 k>N
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4.1 Families of Sheaves with Liftable Sections

Let f : X — Y be a proper morphism of locally noetherian schemes and let F be
a coherent sheaf on X, flat over Y. Given an open subset U C Y and a section s €
HY(X, f~Y(U)), we may restrict s to a section of H%(X,,F,) for any y € U. In this
section, we are interested in when a section of H°(X,, F,) can be lifted to a section on

f~HU) for some U.

Definition 4.5. With notation as above, we say that F has liftable sections over Y if

the natural map

[ F @ k(y) — H(X,, Fy)
15 surjective for all y.

We show how the Brill-Noether ideals characterize the property of having liftable sec-

tions.

Proposition 4.6. Let f : X — Y be a proper morphism of locally noetherian schemes
and let F be a coherent sheaf on X, flat over Y. Assume that Y is connected. The

following are equivalent:

1. F has liftable sections over'Y .
2. There is some k such that BN*(F) = 0 and BN*™(F) = Oy

Furthermore, if these conditions hold then f.F s locally free of rank k+1 and ¢, is an

1somorphism for all y.

Proof. We work locally on Y so we may choose a complex £ of finite locally free sheaves
on Y that is quasi-isomorphic to Rf.F as in 4.1. Let W be the cokernel of the map
E0— &Y

E'—=E =W —0

It follows from [Har77, III, 12.4] and [Har77, III, 12.5] that ¢, is surjective for all y if
and only if W is locally free. The Brill-Noether ideals are also the fitting ideals of W, so
the equivalence of 1 and 2 follows from [Sta23, Tag 07ZD].

Now assume the conditions hold. Then 1 implies, using cohomology and base change
[Har77, III, 12.11], that ¢, is an isomorphism for all y and f,F is locally free of rank
k. O
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This proposition, along with Corollary 4.3, implies that if T" is connected and we have
a morphism 7" — Y such that Fy, has liftable sections over 7', then 7" — Y must factor

through W*(F) \ W*TL(F) for some k. Putting this all together, we obtain:

Theorem 4.7. Let f : X — Y be a proper morphism of locally noetherian schemes and

let F be a coherent sheaf on X, flat over Y. Then
UkeZWk(f) \ W**L(F) represents the functor

T — {T — Y : Fr has liftable sections over T'}

This along with Theorem 4.2 allow us to construct Brill-Noether spaces for any moduli

space of sheaves.

Corollary 4.8. Let X be a projective scheme and let M be a moduli space of sheaves on

X with universal sheaf U. Then
Supp WHFU) = {F € M|h°(X, F) > k + 1}

and

UkeZWk(L{ )\ W*(U) represents the functor

T — {T — M : Uy has liftable sections over T'}

Note that even if we do not have a universal sheaf (e.g. Picx when X has no rational
points), we can still obtain this result by descent since Brill-Noether ideals commute with

base change. We choose to omit the details of this for the sake of simplicity.

4.2 Comparison to the Classical Case

Our main application of Theorem 4.2 is to moduli spaces of sheaves on a fixed variety.
Let M be a moduli space of sheaves on a variety X with universal sheaf &/ on M x X.

Consider the space W¥(U). By Theorem 4.2,
Supp W*(U) = {F € M|h°(X,F) > k+ 1}

In the case where X is a smooth curve and M = Picdc, the classical Brill-Noether loci,

WP, are defined by the ideal Fitt,_, (R'7.) where x = d — g + 1. By Riemann-Roch, x
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is equal to the Euler characteristic of £ for any £ € Picdc. Our next result implies that
WHU) = Wk in this case.

More generally, in [CMR10], the authors define Brill-Noether loci for moduli of stable
vector bundles on an arbitrary variety with the additional condition that H (X, E) = 0
for ¢ > 2 for all vector bundles E in the moduli space. They also define them with the
ideals Fitty_, (m.f) where x is the Euler characteristic of any F in the moduli space. The
following result shows that W*(U) agrees with the Brill-Noether loci defined in [CMR10]

as well.

Corollary 4.9. Let f : X — Y be a proper morphism of locally noetherian schemes,
F a coherent sheaf on X, flat over Y and assume H'(X,,F,) = 0 for all i > 2 and
all y € Y. Assume further that x(F,) is the same for all y, call this value x. Then
BN*(F) = Fitty_ (R f.F).

Proof. 1t follows from our assumption that R'f,F = 0 for i > 2. Then it follows from
the proof of Lemma 1 in [Mum?70, 5] that we can choose our complex £* (that we use to

define BN*(F)) to be 0 for i > 2. So we end up with a complex with only two nonzero

terms,
0 ,y g0 0, gt > 0
therefore the cokernel of §° is R'f,F. So
Flttk—X(le*F) = T‘lf(k*)()<50) = 7”0—]€(50) = BN}C(‘F) D

5 Brill-Noether Loci in the Picard Scheme

For a smooth curve C of genus g, the classical Brill-Noether variety W# has support
Supp W§ = {£ € Pict, : h°(C, L) > k + 1}
and represents the functor
Y — {L € Pic/(Y) : Fitt_(R'm.L) = 0}

where 7 : C'xY — Y is the projection and x = g —d+ 1. See [ACGHS5, IV.3] for details.
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Our next result is a direct generalization of this for higher dimensional varieties where

the fitting ideal is replaced with the Brill-Noether ideal.

Corollary 5.1. Let X be a projective variety. Let m: X x Picx — Picx be the projection

and let U be a universal line bundle on X x Picx. Then

Supp W*(U) = {£ € Picx : h°(X, L) > k + 1}

and
UkeZWk (U) \ WL (U) represents the functor
T — {L € Picx(T) : L has liftable sections over 7'}
Proof. This follows directly from Theorem 4.8 applied to Picx and U. [

Because of this, we define W¥ to be W*(U) from this corollary.
Remark 5.2. Corollary 4.9 shows that W} = |J, W¥ in the case X is a smooth curve.

There is also a relative version of Brill-Noether varieties. Let p : C' — S be a projective
smooth family of curves that admits a section. Then there exist relative Brill-Noether va-
rieties W¥(p) — Y such that the fiber of W4(p) at s is W} for the curve Cs. Furthermore,

WX represents the functor,
Y — {L € Pic{, (V) : Fitty_\ (R'py.L) = 0}

See [ACGL11] for details.
Now let f : X — S be a projective morphism of noetherian schemes that admits a
section. Then by [Kle05], the relative Picard scheme Picy s exists and there is a universal

line bundle ¢ on X x sPicx/s. Define W¥(f) = W*(U). Then by Theorem 4.2, we obtain

Corollary 5.3. The fiber of WE(f) at s is W)’“( and it represents the functor

Y — {L € Picys(Y) : BN*(L) = 0}

5.1 Brill-Noether Loci of a Product

Suppose, for the moment, that we have two projective varieties X and Y such that

Pic(X xY) = Pic(X) x Pic(Y). In other words, assume that every line bundle on X x Y
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is isomorphic to one of the form 7% £, ® 7} Lo where £1 € Pic(X) and L2 € Pic(Y'). Then
the Kiinneth formula tells us that

H0<X X Y7 7Tj;(£1 02y W;‘CZ) = HO(X7 Ll) ® HO(Y7 'CQ)
Therefore, it is clear that as sets,

k _ a—1 b—1
Wiy = |J Wi xwy
ab>k+1

In this section, we work out the scheme structure on W%, ... The trick will be computing
the necessary Brill-Noether ideals using a more general version of the Kiinneth formula.
Without our initial assumption that Pic(X x Y') = Pic(X) x Pic(Y'), we can still use this
method to understand what happens on many components of the Picard scheme. First,

some notation.

Definition 5.4. Let X and Y be projective varieties. Given line bundles L1 on X and
Ly on'Y, the box product of L1 and Ly is the line bundle on X XY defined as

,Cl X [,2 B W}El X W;EQ

Given objects K1 and Ky in the derived categories of X and 'Y respectively, we define

the derived box product as
L L
Kl X K2 == LW}Kl X LW;KQ
Sending a pair of line bundles to their box product defines a natural map,
® : Picy x Picy — Picyyy

To be more formal, we define this map on the associated functors. Given families of

line bundles, L; on X x B and Ly on Y X B, we obtain the family
71-;(XBLI ® 7T-;</><BL2

on X XY x B.
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Proposition 5.5. ® is a closed immersion.

Proof. We will show & is a closed immersion by defining a map for which ® is a section.

Let z € X and y € Y. Now we define a map
FLy : PiCXXy — PiCX X PiCY

by defining what it does on families. Let B be a scheme. Let s,: X x B - X XY x B
be the section that maps X x B to X x {y} x B. We define s, similarly. Now given a
line bundle L € Picxxy(B), we define

F,,(L) = (s;L, siL)

One can easily check that F' o ® is the identity, therefore ® is a closed immersion. [

The Kiinneth formula tells us that H'(X x Y, Oxxy) = H (X, Ox)® H (Y, Oy). Thus
in characteristic 0, Picyyy and Picy x Picy are smooth of the same dimension and ® is
just the inclusion of some connected components. The map ® is not an isomorphism in
general, for example given an elliptic curve E, the line bundle associated to the diagonal
in £ x E cannot be represented as a box product. One notable example where ® is an
isomorphism is when X and Y are general smooth curves. Another example is when
HY(X,0x)=0or H(Y,Oy) =0 by [Har77, II1.Ex.12.6].

We will now identify Picx x Picy with its image under ®.

Now let Ux and Uy be the universal line bundles for X and Y respectively. Then the
universal line bundle of X x Y restricts to Ux KUy on X X Y x Picx x Picy. So to
compute the Brill-Noether loci in Picx x Picy, we want to compute the Brill-Noether

ideals of Ux XUy over Picx x Picy.

Theorem 5.6. With notation as above,

BN*(Ux RUty) = [ mxBN ' (Us) + 75 BN (Uy)

ab>k+1

Proof. Consider the following diagram,
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X x Y x Picx x Picy

— T

X x PiCX X PiCy f Y x PiCX X PiCY

\ /

PiCX X PiCY

Applying the Kiinneth formula [Sta23, Tag OFLQ] (and that cohomology commutes

with flat base change) to this diagram, we obtain,
L
Rf* (Z/{X X Z/{y) = Rp*UX X RC]*UY

where p : X x Picx — Picx and ¢ : Y x Picy — Picy are the projections.

Now we express Rp.Ux and Rq.Uy as complexes of locally free sheaves,
RpUx 20 =& — ... = E" =0

Ry 20—-G°— ... =G =0

Note that the Fitting ideals of these two complexes are the Brill-Noether ideals of Ux
and Z/ly.
Now, putting this together, we have that

Rf.(Ux RUy) =EKG"
>0 ERG = (E°RGH e (E'RGY) — ...

Now a local calculation proves the theorem. O

5.2 Deforming Embeddings

Let £ be a line bundle on a scheme X. Then £ naturally defines a rational map,
¢ X - P(HY(X, L))

Given a family of line bundles L € Picx(7T), it is natural to ask if the maps ¢, form a
family as well. It turns out that this happens if and only if L has liftable sections over T
Assume that L has liftable sections over T'. Then 7, L is locally free by Proposition 4.6.

32


https://stacks.math.columbia.edu/tag/0FLQ

The adjunction map 77 L — L induces a natural rational map
®: X XT --»P(rpi L)

Given a point t € T, we see that ®x, : X; --» PV is the rational map to projective

space determined by the linear system
Im[r. L ® k(t) — H°(X,, L;)]

Since L has liftable sections, ®x, = ¢r,. It is clear that if L does not have liftable
sections, then there is no way to form a family with the ¢, in this way.

Being very ample or basepoint-free depends entirely on the map ¢, so it makes sense
to consider families with liftable sections when considering families of very ample or

basepoint-free line bundles.

6 Moduli of Very Ample Line Bundles

In this section, we will construct a moduli space for very ample line bundles on a variety.
A natural place to start is by looking at the set of points of Picx that correspond to very
ample line bundles and see if we can give it the structure of a subscheme. It turns out
this cannot happen, in section 6.1 we show that the locus of very ample line bundles need
not be locally closed even in the case where X is a smooth curve. The next best thing
we could hope for is that the locus of very ample line bundles is a union of finitely many
subschemes, with each one naturally parameterizing families of very ample line bundles
with some extra property. This is what we do in Theorem 6.8 using Theorem 5.1.

First, let us define the very ample locus of a family of line bundles. Let f: X — Y be

a morphism and L a line bundle on X. We define,
VA(f,L)={y €Y : L, is very ample}

Let U be a universal line bundle on X x Picy and 7 be the projection X xPicx — Picy.
We define VA(X) = VA(m,U). We see that the closed points of VA(X) are exactly the

locus of line bundles £ € Picx such that £ is very ample. If X is projective then it follows
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from Corollary 6.5 that VA(X) is constructible. Therefore, if VA(X) is not locally closed,
then there is no subscheme of Picy whose closed points correspond to the locus of very
ample line bundles in Picy.

Similarly, we define the basepoint free locus of f as,

BF(f,L)={y €Y : L, is basepoint free}

6.1 Important Counterexample

In this section we show that for a non-hyperelliptic smooth curve C' of genus at least
5, VA(C) is not locally closed. We show that V.A(C') is not locally closed in any neigh-
borhood of the canonical bundle by showing that a general deformation of K¢ is very
ample then writing an explicit deformation of K that is not very ample. The picture to
have in mind for what V.A(C') looks like is the plane with the x and y axes removed but
the origin added back in, where the origin corresponds to the canonical bundle and the

removed axes correspond to the special deformations.

Theorem 6.1. Let C' be a non-hyperelliptic curve of genus at least 5. Then VA(C) is

not locally closed.

Proof. We will show that Picy"> N VA(C) is not locally closed. Since 29 — 2 > d + 3,
it follows from [Har77, IV.6.1] that a general member of Pic¥”? is very ample. Thus to
prove the claim, it suffices to show Pic¥ > N VA(C) is not open. To do this, we write
down a specific family of degree 2g — 2 line bundles whose special member is very ample
but whose general member is not.

Let x be a point of C. Consider the family of line bundles L on C' x C' whose fiber over
apoint t € C'is O(K¢ +a —t). At t =z, we get O(K¢) which is very ample since C is
non-hyperelliptic. We will show that for t # x, O(K¢ + x — t) is not very ample (in fact
it is not even basepoint free) which proves our claim.

So assume t # x. By [Har77, IV.3.1] and Riemann-Roch, O(K¢ + = — t) is basepoint
free if and only if h°(C,O(t — z + P)) = h°(C,O(t — z)) for all P € C. For P = z, we
have h°(C,O(t — x + P)) = h°(C,O(t)) = 1 while h°(C,O(t — x)) = 0. O

Using the same idea, we can give a very explicit family on line bundles whose very ample

locus is not locally closed.
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Example 6.2. Let C' be a smooth curve of gonality at least 6 and let B = C'x C. We will
construct an explicit line bundle L on C' x B such that VA(mwg, L) is not locally closed.

Before constructing the family, let us remark on the gonality assumption. First, this
implies that the canonical divisor of C', K¢, is very ample. This is because K¢ is not
very ample if and only if C' has genus 0, 1 or is hyperelliptic [Har77, V,5.2] and in all of
these cases, the gonality of C' is at most 2. More importantly, this gonality assumption
implies that if D; and Dy are linearly equivalent effective divisors of degree less than 6
then Dy = Dy by Lemma 2.7.

Now let P be a point of C. For any x,y € C, we define the divisor

D,,=3P—2x—y

Claim. K¢ — D, is very ample if and only if P ¢ {z,y} or x =y = P.

Proof of Claim. By [Har77, IV ,3.1], K¢ — D, is very ample if and only if
r°(C,O(K¢ — D,y — A— B) = h°(C,O(K¢ — D) — 2
for all A, B € C. By Riemann-Roch [Har77, V,1.3|, this is equivalent to
h(C,O(Dqy + A+ B)) = h’(C,O(D.,)) (6.1)

forall A,B € C.
Since D, , has degree 0, h°(C,O(D,,)) = 0 unless D, , ~ 0. This happens if and only
if © =y = P (we are using Lemma 2.7 here) in which case K¢ — D, , = K¢ and is thus

very ample.
Now we consider the case where h°(C, O(D,,)) = 0. Suppose that h°(C,O(D,, + A+
B)) > 1. The divisor D, , + A + B has degree 2 so there must exist ), R € C such that

D,y+A+B~Q+R
Rearranging, we obtain

3P+A+B~Q+R+2x+y
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By Lemma 2.7, this implies that

3P+ A+B=Q+R+2r+y

So x or y must equal P. In other words, if both = and y are not P, then K¢ — D, is
very ample.

So the only case that remains is when h°(C,O(K¢ — D,,)) = 0 and P € {z,y}. In
this case, setting A = B = P shows (using 6.1) that Ko — D, , is not very ample. This

concludes the proof of the claim. n

Now we construct a line bundle L on C' x B such that

Ly = O(Kc — Dy))

Let m¢ : C'x B — C be the projection and let T' = 7/ (K¢ —3P). Let A; be the section of
7 defined by f; x idg where f; : B — C' is the it" projection map. Then O(T +2A; + Ay)
gives the desired line bundle.

Now by our claim, L, ) is very ample if and only if P ¢ {z,y} or + =y = P. Thus
to obtain VA(mpg, L), we remove two primes divisors from B (the points where x = P or
y = P) then add back in the point (P, P). This set is dense, so to be locally closed it

must be open, but it is clearly not open.

6.2 Very Ampleness in Families

As we showed in the previous section, very ampleness is not an open property even in
proper flat families. In this section, we prove that very ampleness is an open property if
we impose additional restraints on the family. In particular, we prove that very ampleness
is open if the dimension of the space of global sections is constant on the fibers or if the
first cohomology groups of the line bundles in the family vanish. This will be enough for
constructing our moduli space in Theorem 6.8.

The proof we give is motivated by the proof of Proposition B.2.10 in the the unpublished
notes on Stacks and Moduli by Jarod Alper which can be found at
https://sites.math.washington.edu/~jarod, .

Lemma 6.3. Let f : X — Y be a proper flat morphism of locally noetherian schemes
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and let L be a line bundle on X such that h°(X,, L,) is constant for ally € Y. Then
BF(f,L) is open.

Proof. We can start by base changing to make Y reduced since that will not change any

of the fibers. Then, by Grauert’s Theorem, f.L is locally free and the natural map
fiL @ k(y) — H°(X,, L)

is an isomorphism for all y € Y. Let yo € Y be such that L, is basepoint free. We
can shrink Y so that f,L is free with generators, sy,...,s, € H°(X, L). These sections
restrict to a basis of H%(X,, L,) for each y € Y. Let Z be the intersection of the zero sets
of the s;. Then f(Z) is closed and its complement is exactly the locus of y € Y such that

L, is basepoint free. [

Theorem 6.4. Let f : X — Y be a proper flat morphism of locally noetherian schemes
and let L be a line bundle on X such that h°(X,, L,) is constant for all y € Y. Then
VA(f, L) is open. In particular if L has liftable sections then VA(f, L) is open.

Proof. Let yo € Y be such that L,, is very ample. As in Lemma 6.3, we pick a basis
S0, - - Sn for fi(L) that restricts to a basis for each H°(X,, L,). We can shrink Y so that
Y is affine, noetherian and the s; generate L by Lemma 6.3. Now we can look at the
morphism determined by the s;, ¢ : X — P{.. Note that on a fiber of f, ¢ restricts to
the morphism determined by a basis of H(X,, L,), thus L, is very ample if and only if
¢ restricts to a closed immersion on X,,.

By semicontinuity of fiber dimension, we may shrink Y further and assume ¢ is quasi-
finite which implies that ¢ is finite since it is proper. The map on structure sheaves,
Opr. — ¢.(Ox) has coherent cokernel, which is zero along X,,. Thus we can shrink YV’
so that Opn — ¢.(Ox) is surjective, making ¢ a closed immersion. This means that for
all y in this neighborhood, the morphism determined by a basis of H(X,, L,) is a closed

immersion, which is exactly what it means to be very ample. O

Corollary 6.5. Let f : X — Y be a proper morphism of locally noetherian schemes and
let L be a line bundle on X. Then BF(f,L) and VA(f,L) are constructible.

Proof. Like in the previous proofs, we may assume Y is reduced. We may assume f is
flat by generic flatness. We may assume h°(X,, L,) is constant by semicontinuity. Now

the corollary follows from 6.3 and 6.4. [
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The proof of 6.4 can be easily modified to prove the same result in the case where
h'(Xy, L,) = 0 but we don’t assume h°(X,, L,) is constant. We just replace Grauert’s
Theorem with cohomology and base change. We provide a different proof, which came
from a conversation with Nathan Chen. This proof highlights how the first cohomology
group is acting as an obstruction. Furthermore, this proof easily generalizes to the k-very
ample case so we do that as well.

A line bundle £ on a projective scheme X is called k-very ample if for every 0-
dimensional subscheme ¢ such that h°(¢, O¢) = k + 1, the restriction map H°(X, L) —
HO(&, L) is surjective. Note that O-very ample is equivalent to basepoint free and 1-very
ample is equivalent to very ample. Let Hilb*"!(X) be the Hilbert scheme of 0-dimensional

subschemes of X of length k£ + 1.

Lemma 6.6. Let X be a projective scheme and L a line bundle on X. Assume that
HYX,L) = 0. Then L is k-very ample if and only if HY(X,L ® Z;) = 0 for every
€ € Hilbk1(X).

Proof. Consider the short exact sequence,
0=Ze@L—+L—=L:—0

The lemma follows from the long exact sequence we get from taking cohomology,

HY(X,L) — H& Le) — H(X, LR L) — 0 O

Proposition 6.7. Let f : X — Y be a proper flat morphism of locally noetherian schemes
and let L be a line bundle on X . Suppose that Ly, is k-very ample and H'(X,,, L,,) =0
for some yo € Y. Then there is an open neighborhood U of yy such that L, is k-very
ample for all y € U.

Proof. By semicontinuity, we may assume that h'(X,,L,) = 0 for all y € Y. Let
Hilb**1(X/Y) be the relative Hilbert scheme parameterizing 0-dimensional, length & + 1
subschemes contained in the fibers of f. So the points of Hilb*"(X/Y) are of the form
(y,€) where y € Y and £ € Hilb"™(X,). Then we have a fiber square,
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X x Hilbl""Y(X)Y) —— X
Y

b
Hil*+ (X)Y) ——— Y

Let Z = X xy Hilb*™'(X/Y). Let U be the universal subscheme in Z and 7, its ideal

sheaf. The sheaf Ly ® Zp, is flat over Hilb*™1(X/Y) so we can use semicontinuity with

respect to f’ to see that the points (y, &) € Hilb"™(X/Y) such that H'(X,, L, ® Z¢) # 0

is closed. The image of this closed set in Y is closed and its complement is the open set

we desired by Lemma 6.6. [

6.3 The Moduli Functor

Let X be a projective variety. We define the moduli functor for very ample line bundles

on X as the functor VAx : Sch — Set defined by
VAx(T) = {L € Picx(T) : Vt € T, L; is very ample and L has liftable sections over T'}

Recall that Picx(7) = Pic(X x T) /75 Pic(T), so L € Picx(T) is a family of line
bundles on X. Note that VAx is a subfunctor of Picx so there is a natural map of
functors VAx — Picy.

In Section 5.2, we showed that a family has liftable sections over T if and only if the
maps ¢y, deform in a family over 7. When considering a family of very ample line bundles,
it makes sense to require it to have liftable sections since being very ample is a property
dependent on the map ¢r,. Note that closed points of VA are the (isomorphism classes

of) very ample line bundles on X.

6.4 Constructing the Moduli Space

Theorem 6.4 allows us to use the Brill-Noether loci of Picx to prove that V Ay is

representable.

Theorem 6.8. Let X be a projective variety. The functor VAx is representable by a

scheme. Moreover, the natural map
VAX — PiCX
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is a locally closed embedding on the connected components of VAx.

Proof. Let U be a universal line bundle on Picx x X. By Corollary 5.1,
UkeZW’“ (U) \ W*L(l{) represents the functor

T — {L € Picx(T) : L has liftable sections over 7'}

Now it follows from Theorem 6.4 that V. Ay is represented by an open subscheme of

UkeZWk U) \ W*L(l{). Since the natural map
. k k+1 .
UkGZW (U) \ W (U) — Picy

is a locally closed immersion on connected components, the theorem follows. O
Corollary 6.9. Let C' be a general smooth curve of genus at least 2. Then V. A¢ is smooth.

Proof. This follows from the fact that for a general smooth curve of genus at least 2,

Wk Wt is smooth for all d and k, see [ACG11, XXI|. O

7 Moduli of Basepoint Free Line Bundles

We can use the exact same method to construct a moduli space for basepoint free line

bundles. We define our moduli functor
BF x(T) ={L € Picx(T) : ¥Vt € T, L, is basepoint free and L has liftable sections over7'}

Lemma 6.3 proves that BF x is an open subscheme of UkeZWk(L{ )\ WH*L(U), therefore

we have,

Theorem 7.1. Let X be a projective variety. The functor BF x is representable by a

scheme. Moreover, the natural map
B.FX — PiCX

is a locally closed embedding on the connected components of VAx.
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