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This dissertation presents a theory of the time-domain radar cross section (RCS) 

of large conducting objects in discrete random media. The time-domain formula 

is obtained by applying the inverse Fourier transform of the two-frequency 

mutual coherence function (MCF) which is derived from both the 2nd order 

Rytov approximation and the strong fluctuation theory. The general formulation 

contains the 4th order moment which includes the correlation between the 

forward and the backward waves. The 4th order moment can be reduced to the 

summation of the 2nd order moments by assuming the fields are circular 

complex Gaussian random variables. The stochastic Green’s function is 

simplified using the parabolic equation (PE) approximation, and the sizes of the 

conducting objects are large in terms of wavelength; therefore, the Kirchhoff 

approximation is applicable for calculating the surface fields. This theory 

includes both the backscattering enhancement and the time-domain shower 

curtain effect that are not normally considered in the conventional theory. 



 

Numerical examples of the time-domain RCS of a conducting square plate in a 

discrete random medium characterized by the Gaussian phase function are 

shown to highlight the random media effects on the time-domain waveforms 

including time delay and pulse broadening in terms of optical depth and random 

medium location. Numerical results show that both pulse arrival time and pulse 

broadening increase significantly when the random media is placed far away 

from the object. This degradation of the image quality, known as the shower 

curtain effect, can be explained by the characteristics of the incoherent 

component.
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Chapter 1 Introduction 

Extensive research has been conducted on time-domain imaging of objects located 

within a discrete random media [1-4]. Techniques to obtain time-domain imaging in 

clutter environment have also been proposed by using either polarization diversity [5] or 

early-time diffusion (ETD) signal [6-7]. However, it is observed that the previous 

studies of the effects of the random media on the radar cross section (RCS) were limited 

to the continuous wave (CW) case [8]. Since the radar systems working at millimeter-

wave (mm-wave) and infrared typically have a large bandwidth, it is desirable to 

characterize the random media effects in time-domain. In this study, we will give the 

definition and derive the formulas for the time-domain radar cross section (RCS) and 

apply the theory to study the random media effects on the time-domain RCS. The 

problem statement is visualized in Figure 1.1. An imaging system which can be either a 

radar or a lidar is located at the origin. The target is on the z-axis separated by a distance 

of 𝐿 from the imaging system. The target is assumed to be a large Dirichlet object with 

piecewise smooth surface. A discrete random medium is sitting in between the imaging 

system and the target. Its distances to the imaging system and to the target can be 

varied. 
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The most commonly used technique to solve the problem of scattering from a 

Dirichlet object in presence of the random medium is the stochastic surface integral 

equation method. In this method, the scattered field is determined from the equivalent 

surface current on the object which is generated by the incident field. For a Dirichlet 

object in the random medium, the induced surface current depends not only on the 

geometry of the object but also on the characteristics of the random medium. In general 

cases, the resulted stochastic integral equations are too complicated to be solved 

analytically. Therefore, some simplifications must be made. In this study, we assume 

that the object size and the surface radius of the curvature are both much greater than 

the center wavelength of the imaging system. Under this assumption, the Kirchhoff 

approximation is applicable to obtain the induced surface current. It is noticed that this 

assumption should be valid for a variety of targets at mm-wave frequencies. 

We start with the extended Huygens-Fresnel principle and the 2nd order Rytov 

approximation [1-4, 10] for the incident field and calculate the scattered field by using 

the reciprocity theory. Then the two-frequency RCS will be defined and computed. 

Finally, the time-domain RCS is found by taking the inverse Fourier transform of the 

two-frequency RCS. The formula of the time-domain RCS contains the 4th order 

moment which can be reduced to the summation of the 2nd order moments by assuming 

Figure 1.1 The geometry of the problem 
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that both incident and scattered fields are circular complex Gaussian random variables 

[1-3, 8-9]. The reduced expression includes the correlation between the incident and 

scattered fields which leads to results in the backscattering enhancement effect and 

shower curtain effect. The backscattering enhancement effect is important to correctly 

predict the RCS of an object in the random medium while the shower curtain effect 

gives correct dependence of RCS on the location of the random medium. The time 

dependent factor 𝑒𝑥𝑝(−𝑖𝜔𝑡) is assumed and suppressed in this study. 

The thesis is organized in the following way. First of all, we will derive the two-

frequency MCF using extended Huygens-Fresnel principle and the 2nd order Rytov 

approximation in Chapter 2. Secondly, we will discuss the correlation functions of the 

output signals of the imaging system in Chapter 3. Thirdly, we will extend the concept 

of the traditional frequency-domain RCS and give the formal definition of the time-

domain RCS in Chapter 4.  Fourthly, we will calculate the time-domain RCS using the 

strong fluctuation theory in Chapter 5. Fifthly, we will compute the time-domain RCS 

for different geometrical configurations.  By comparing the simulation results for those 

cases, the effects of the random medium on the time-domain RCS will be analysed. 

Finally, we will discuss our future work. 
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Chapter 2 Two-frequency Mutual Coherence Function for Random 

Discrete Scatters  

The two-frequency mutual coherence function (MCF) describes the correlation 

of fields at two points on a plane transverse to the direction of propagation of the waves 

at two frequencies.  It has been shown that the two-frequency MCF is critical in 

studying the pulse propagation through random medium [1-4].  

From the literature, two analytic techniques are most commonly used to evaluate 

the two-frequency MCF in a random medium. The first one is the parabolic equation 

method [4, 12-23].  The second one is the extended Huygens-Fresnel principle [1-4, 24-

35]. In the parabolic equation method, the differential equation for the MCF is formed 

first. Then the Fourier transform method is applied to solve the differential equation. 

Combining with the proper boundary condition, the MCF can be finally determined. It 

has been shown that this method is applicable for both strong and weak cases of 

fluctuations. In the extended Huygens-Fresnel principle, the correlation between fields 

is given by the Huygens-Fresnel principle. Next the cumulent expansion is applied to 

calculate the statistical moments. Subsequently, the MCF is determined by combining 

the corresponding 1st order and 2nd order statistical moments. It is known that this 

method is only valid for the case of weak fluctuations. It is should be noticed that both 

methods are originally developed to study the line-of-sight propagation of optical waves 

through random medium. However, as pointed out in [39], the resulted derived for the 

optical case should also be valid at mm-wave.  

In this chapter, we will derive the two-frequency MCF using the extended 

Huygens-Fresnel principle and the 2nd order Rytov approximation. We choose the 
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extended Huygens-Fresnel principle because it is mathematically more convenient than 

the parabolic equation method for the problem under consideration. More specifically, 

the effects on the two-frequency MCF caused by varying the location of the random 

medium can be easily taken into account. This will be explained in details later. 

To derive the two-frequency MCF for the random medium contains discrete 

scatters, we will use following steps. Frist, the formula of the two-frequency MCF for a 

continuous medium with random refractive index fluctuations is found by using the 

extended Huygens-Fresnel principle and the 2nd order Rytov approximation. Second, the 

relationship between the covariance function of the refractive index fluctuations and the 

scattering cross section of the discrete scatter is established. Finally, the two-frequency 

MCF is obtained for the random medium containing discrete scatters with Gaussian   

angular scattering characteristics. 

2.1 Wave Equations in a Random Medium 

We will derive the two-frequency mutual coherence function (MCF) by starting with 

the Maxwell’s equations [3-4] 

 ∇ × 𝐸̅(𝑟̅) = iω𝜇0𝐻̅(𝑟̅)   (2.1) 

 ∇ × 𝐻̅(𝑟̅) = −iω𝜀0𝜀𝑟(𝑟̅)𝐸̅(𝑟̅)   (2.2) 

where  𝜀0 is the free-space permittivity, 𝜇0 is the free-space permeability and 𝜀𝑟(𝑟̅) is 

the dielectric constant which is a random function of position 𝑟̅ = 𝑥𝑥̂ + 𝑦𝑦̂ + 𝑧𝑧̂. 

Combining (2.1) and (2.2) gives 

 ∇ × ∇ × 𝐸̅(𝑟̅) − 𝜔2𝜀0𝜀𝑟(𝑟̅)𝜇0𝐸̅(𝑟̅) = 0   (2.3) 

Applying Gauss’s law 
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 ∇ ∙ (𝜀0𝜖𝑟(𝑟̅)𝐸̅(𝑟̅)) = 𝜀0𝜀𝑟(𝑟̅)∇ ∙ 𝐸̅(𝑟̅) + 𝜀0𝐸̅(𝑟̅) ∙ ∇𝜀𝑟(𝑟̅) = 0   (2.4) 

According to (2.4), the divergence of the electric field can be written as 

 ∇ ∙ 𝐸̅(𝑟̅) = −
𝐸̅(𝑟̅)∙∇𝜀𝑟(𝑟̅)

𝜀𝑟(𝑟̅)
   (2.5) 

Applying the vector calculus identity 

 ∇ × ∇ × 𝐸̅(𝑟̅) = −∇2𝐸̅(𝑟̅) + ∇(∇ ∙ 𝐸̅(𝑟̅))   (2.6) 

Substituting (2.5)-(2.6) into (2.3), we obtain 

 ∇2𝐸̅(𝑟̅) + 𝜔2𝜀0𝜀𝑟(𝑟̅)𝜇0𝐸̅(𝑟̅) + ∇ (
∇𝜀𝑟(𝑟̅)

𝜀𝑟(𝑟̅)
∙ 𝐸̅(𝑟̅)) = 0   (2.7) 

The dielectric constant is related to the refractive index through 

 𝜀𝑟(𝑟̅) = 𝑛2(𝑟̅)   (2.8) 

Combining (2.7) and (2.8) gives 

 ∇2𝐸̅(𝑟̅) + 𝑘0
2𝜀𝑟(𝑟̅)𝐸̅(𝑟̅) + ∇(

∇𝑛2(𝑟̅)

𝑛2(𝑟̅)
∙ 𝐸̅(𝑟̅)) = 0 

 ∇2𝐸̅(𝑟̅) + 𝑘0
2𝜀𝑟(𝑟̅)𝐸̅(𝑟̅) + 2∇(

∇𝑛(𝑟̅)

𝑛(𝑟̅)
∙ 𝐸̅(𝑟̅)) = 0 

 ∇2𝐸̅(𝑟̅) + 𝑘0
2𝜀𝑟(𝑟̅)𝐸̅(𝑟̅) + 2∇ (∇ln(𝑛(𝑟̅)) ∙ 𝐸̅(𝑟̅)) = 0   (2.9) 

where 𝑘0 is the free-space wavenumber.  

The refractive index is a random function which contains the average and the 

fluctuation components 
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 n(𝑟̅) = 〈n(𝑟̅)〉 + 𝑛1(𝑟̅) = 1 + 𝑛1(𝑟̅)   (2.10) 

where the angle brackets symbol denotes the ensemble average.  〈n(𝑟̅)〉  is the mean 

refractive index which is assumed to be 1. 𝑛1(𝑟̅) is the refractive index fluctuation 

which satisfies 〈𝑛1(𝑟̅)〉 = 0.  

If we assume the random medium is both statistically homogeneous and delta correlated 

in the direction of propagation and consider the direction of propagation is the positive-

z axis, the covariance function of refractive index fluctuation may be written as 

 〈𝑛1(𝑟̅1)𝑛1(𝑟̅2)〉 = 𝐵𝑛(𝑟̅1 − 𝑟̅2) = 𝛿(𝑧1 − 𝑧2)𝐴𝑛(𝜌̅1 − 𝜌̅2)   (2.11) 

where 𝐴𝑛(𝜌̅1 − 𝜌̅2) is the two-dimensional covariance function and 𝜌̅ = 𝑥𝑥̂ + 𝑦𝑦̂ is the 

position vector in the plane transverse to the direction of propagation. Because of the 

statistically homogeneous property, the covariance function 𝐴𝑛(𝜌̅1 − 𝜌̅2) only depends 

on spatial difference 𝜌̅1 − 𝜌̅2. 

When the correlation distance of the refractive index fluctuation is much larger than the 

wavelength, the last term in equation (2.9) may be neglected and the mathematical 

complexity of derivations will be greatly reduced [4, 10-13, 36-38]. However, by 

dropping the last term in (2.9), we will neglect the depolarization effect at the same 

time. We should emphasise that this will not introduce noticeable errors in the analysis. 

Considering the practical situations, the change of polarization state of an 

electromagnetic wave is caused primarily by the reflection from the object surface 

rather than the propagation of the wave through the random medium. Moreover, since 

the Kirchhoff approximation is applied to calculate the surface field, only co-polarized 

component of the scattered field can be obtained. In other words, our model for the 

surface reflection is not able to predict the cross-polarized component of the scattered 

field. Because the polarization information has already been excluded when calculating 
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the scattered field from the object surface, we do not need to include depolarization 

term in the equation. Therefore, we verify the conclusion made before. 

By neglecting the depolarization effect, the equation (2.9) becomes 

 ∇2𝐸̅(𝑟̅) + 𝑘0
2𝜀𝑟(𝑟̅)𝐸̅(𝑟̅) = 0   (2.12) 

The equation (2.12) can be further reduced to a scalar wave equation. Let 𝑈(𝑟̅) be either 

𝑥  or y components of the electric field, that is, 𝑈(𝑟̅) = 𝐸𝜉(𝑟̅), 𝜉 = 𝑥, 𝑦 . The scalar 

stochastic Helmholtz equation may be written as 

 ∇2𝑈(𝑟̅) + 𝑘0
2𝑛2(𝑟̅)𝑈(𝑟̅) = 0   (2.13) 

In weak fluctuation region, we can use the approximation 

 𝑛2(𝑟̅) = (1 + 𝑛1(𝑟̅))
2
≈ 1 + 2𝑛1(𝑟̅)   (2.14) 

where the refractive index fluctuation satisfies |𝑛1(𝑅̅)| ≪ 1. 

Combining (2.13) and (2.14) gives 

 ∇2𝑈(𝑟̅) + 𝑘0
2(1 + 2𝑛1(𝑟̅))𝑈(𝑟̅) = 0   (2.15) 

where 𝑘0 is the free-space wavenumber and 𝑛1(𝑟̅) is the refractive index fluctuation.  

Under weak fluctuation condition, the scalar stochastic Helmholtz equation (2.15) can 

be solved by using the perturbation method. More specifically, we will write the 

solution in terms of series expansion. By substituting the lower-order terms into the 

equation (2.15), the succeeding higher-order terms can be calculated.  By repeating the 

process, each term in the series can be determined. Depending on the perturbation series 

used in the iterative processes, we may have either Born solution or Rytov solution. We 

will discuss these two solutions and the relation between them in details later. 
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2.2 Covariance Function of Refractive Index Fluctuation 

For a lossless random medium, the refractive index fluctuation 𝑛1(𝑟̅) is a real function. 

And we can write [4, 10, 21] 

 𝐵𝑛(𝑟̅1 − 𝑟̅2) = 〈𝑛1(𝑟̅1)𝑛1
∗(𝑟̅2)〉 = 〈𝑛1(𝑟̅1)𝑛1(𝑟̅2)〉   (2.16) 

For the statistically homogeneous random fluctuations, the covariance function can be 

written as, 

 𝐵𝑛(𝑟̅1 − 𝑟̅2) = ∭𝑑𝐾̅Φ𝑛(𝐾̅)𝑒𝑥𝑝(𝑖𝐾̅ ∙ (𝑟̅1 − 𝑟̅2))   (2.17) 

where Φ𝑛(𝐾̅) is the three-dimensional spatial power spectrum of the refractive index 

fluctuations. Because of the statistically homogeneity, the covariance function 𝐵𝑛(𝑟̅1 −

𝑟̅2) only depends on spatial difference 𝑟̅1 − 𝑟̅2. 

It is convenient to separate the three-dimensional vectors into the component along with 

the direction of propagation and the component transverse to the direction of 

propagation, 𝑟̅ = 𝜌̅ + 𝑧𝑧̂ and 𝐾̅ = 𝜅̅ + 𝐾𝑧𝑧̂. 

We have 

 𝐾̅ ∙ (𝑟̅1 − 𝑟̅2) = 𝜅̅ ∙ (𝜌̅1 − 𝜌̅2) + 𝐾𝑧(𝑧1 − 𝑧2)   (2.18) 

Substituting (2.18) into (2.17), we obtain 

 𝐵𝑛(𝑟̅1 − 𝑟̅2) = ∭𝑑𝐾̅Φ𝑛(𝐾̅)𝑒𝑥𝑝(𝑖𝜅̅ ∙ (𝜌̅1 − 𝜌̅2) + 𝑖𝐾𝑧(𝑧1 − 𝑧2))   (2.19) 

Using the Fourier transform identity 

 2π𝛿(𝑧1 − 𝑧2) = ∫ 𝑒𝑥𝑝(𝑖𝐾𝑧(𝑧1 − 𝑧2))𝑑𝐾𝑧
+∞

−∞
   (2.20) 

Combining (2.19) and (2.20) gives 
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 𝐵𝑛(𝑟̅1 − 𝑟̅2) = ∫ 𝑒𝑥𝑝(𝑖𝐾𝑧 ∙ (𝑧1 − 𝑧2))𝑑𝑘𝑧∬Φ𝑛(𝜅̅, 0)𝑒𝑥𝑝(𝑖𝜅̅ ∙ (𝜌̅1 − 𝜌̅2))𝑑𝜅̅ 

 = 2π𝛿(𝑧1 − 𝑧2)∬Φ𝑛(𝜅̅, 0)𝑒𝑥𝑝(𝑖𝜅̅ ∙ (𝜌̅1 − 𝜌̅2))𝑑𝜅̅   (2.21) 

Combining (2.11) and (2.21) gives 

 𝐵𝑛(𝜌̅1 − 𝜌̅2, 𝑧1 − 𝑧2) = 2π𝛿(𝑧1 − 𝑧2)∬Φ𝑛(𝜅̅, 0)𝑒𝑥𝑝(𝑖𝜅̅ ∙ (𝜌̅1 − 𝜌̅2))𝑑𝜅̅ 

 = 𝛿(𝑧1 − 𝑧2)𝐴𝑛(𝜌̅1 − 𝜌̅2)   (2.22) 

We have 

 𝐴𝑛(𝜌̅) = 2π∬Φ𝑛(𝜅̅, 0)𝑒𝑥𝑝(𝑖𝜅̅ ∙ 𝜌̅)𝑑𝜅̅   (2.23) 

where 𝜌̅ = 𝜌̅1 − 𝜌̅2. 

The covariance function of the refractive index fluctuation is 

 𝐵𝑛(𝜌̅, 𝑧) = 𝛿(𝑧)𝐴𝑛(𝜌̅) = 2π𝛿(𝑧)∬Φ𝑛(𝜅̅, 0)𝑒𝑥𝑝(𝑖𝜅̅ ∙ 𝜌̅)𝑑𝜅̅   (2.24) 

where 𝑧 = 𝑧1 − 𝑧2 and 𝜌̅ = 𝜌̅1 − 𝜌̅2. 

The refractive index fluctuation can also be expressed in terms of the two-dimensional 

Riemann-Stieltjes integral 

 𝑛1(𝑟̅) = 𝑛1(𝑠̅, 𝑧) = ∬𝑒𝑥𝑝(𝑖𝜅̅ ∙ 𝜌̅)𝑑𝑣(𝜅̅, 𝑧)   (2.25) 

where 𝜌̅ = 𝑥𝑥̂ + 𝑦𝑦̂ , 𝜅̅ = 𝜅𝑥𝑥̂ + 𝜅𝑦𝑦̂ , and 𝑑𝑣(𝜅̅, 𝑧)  is the random amplitude of the 

refractive index fluctuations. 

The random amplitude of the refractive index fluctuations satisfies 

 〈𝑑𝑣(𝜅̅, 𝑧)〉 = 0   (2.26a) 

 〈𝑑𝑣(𝜅̅, 𝑧)𝑑𝑣∗(𝜅̅′, 𝑧′)〉 = 𝐹𝑛(𝜅̅, 𝑧 − 𝑧
′)𝛿(𝜅̅ − 𝜅̅′)𝑑𝜅̅𝑑𝜅̅′   (2.26b) 
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where  𝐹𝑛(𝜅̅, 𝑧) is the two-dimensional spectral density. 

Combining (2.25) and (2.26) gives 

 𝐵𝑛(𝑟̅1 − 𝑟̅2) = 〈∬𝑒𝑥𝑝(𝑖𝜅̅ ∙ 𝜌̅1)𝑑𝑣(𝜅̅, 𝑧1)∬𝑒𝑥𝑝(−𝑖𝜅̅′ ∙ 𝜌̅2)𝑑𝑣
∗(𝜅̅′, 𝑧2)〉 

 = ∬∬𝑒𝑥𝑝(𝑖𝜅̅ ∙ 𝜌̅1 − 𝑖𝜅̅
′ ∙ 𝜌̅2)〈𝑑𝑣(𝜅̅, 𝑧1)𝑑𝑣

∗(𝜅̅′, 𝑧2)〉 

 = ∬𝐹𝑛(𝜅̅, 𝑧1 − 𝑧2)𝑒𝑥𝑝(𝑖𝜅̅ ∙ (𝜌̅1 − 𝜌̅2))𝑑𝜅̅   (2.27) 

The covariance function of the refractive index fluctuation is 

 𝐵𝑛(𝜌̅, 𝑧) = ∬𝐹𝑛(𝜅̅, 𝑧)𝑒𝑥𝑝(𝑖𝜅̅ ∙ 𝜌̅)𝑑𝜅̅   (2.28) 

The three-dimensional spectral density is the inverse Fourier transform of the three-

dimensional covariance function 

 Φ𝑛(𝐾̅) =
1

(2𝜋)3
∭𝑑𝑅̅𝐵𝑛(𝑟̅)𝑒𝑥𝑝(−𝑖𝐾̅ ∙ 𝑟̅)   (2.29) 

Similarly, the two-dimensional spectral density can be written as 

 𝐹𝑛(𝜅̅, 𝑧) =
1

(2𝜋)2
∬𝑑𝜌̅𝐵𝑛(𝜌̅, 𝑧)𝑒𝑥𝑝(−𝑖𝜅̅ ∙ 𝜌̅)   (2.30) 

Combining (2.29) and (2.30) gives 

 Φ𝑛(𝐾̅) =
1

2𝜋
∫ 𝑒𝑥𝑝(−𝑖𝐾𝑧𝑧)𝐹𝑛(𝜅̅, 𝑧)𝑑𝑧
+∞

−∞
   (2.31) 

If the random fluctuation is isotropic, we can express the two-dimensional integral in 

the polar coordinate system 

 ∬𝑑𝜅̅ = ∫ 𝜅𝑑𝜅 ∫ 𝑑𝜃
2𝜋

0

∞

0
   (2.32) 
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Combining (2.23) and (2.24) gives 

 𝐴𝑛(𝜌̅) = 2π∫ 𝜅𝑑𝜅 ∫ 𝑑𝜃
2𝜋

0
Φ𝑛(𝜅̅, 0)𝑒𝑥𝑝(𝑖𝜅𝜌𝑐𝑜𝑠(𝜃))

∞

0
 

 = 2π∫ 𝜅𝑑𝜅Φ𝑛(𝜅̅, 0) ∫ 𝑑𝜃
2𝜋

0
𝑒𝑥𝑝(𝑖𝜅𝜌𝑐𝑜𝑠(𝜃))

∞

0
   (2.33) 

Employing the integral identity 

 ∫ 𝑑𝜃
2𝜋

0
𝑒𝑥𝑝(±𝑖𝑥𝑐𝑜𝑠(𝜃)) = 2𝜋𝐽0(𝑥)   (2.34) 

where 𝐽0(𝑥) is Bessel function of the first kind of order zero. 

Then the two-dimensional covariance function becomes 

 𝐴𝑛(𝜌̅) = 4π2 ∫ 𝜅Φ𝑛(𝜅̅, 0)𝐽0(𝜅𝜌)𝑑𝜅
∞

0
   (2.35) 

Therefore, for the statistically homogeneous and isotropic random fluctuations, we have 

 Φ𝑛(𝐾) =
1

2𝜋
∫ 𝑒𝑥𝑝(−𝑖𝐾𝑧𝑧)𝐹𝑛(𝜅, |𝑧|)𝑑𝑧
+∞

−∞
   (2.36) 

where  𝐾 = |𝐾̅| and 𝜅 = |𝜅̅|.  

Since (2.36) should hold for arbitrary 𝐾𝑧, we can set 𝐾𝑧 = 0 and obtain 

 2𝜋Φ𝑛(𝐾) = ∫ 𝐹𝑛(𝜅, |𝑧|)𝑑𝑧
+∞

−∞
   (2.37) 

It should be noticed that (2.37) is applicable to statistically homogeneous and isotropic 

random fluctuations. 

2.3 Born Approximation 

In Born approximation, we write 𝑈(𝑟̅) in forms of the expansion [3-4, 10, 21] 

 𝑈(𝑟̅) = 𝑈0(𝑟̅) + 𝑈1(𝑟̅) + 𝑈2(𝑟̅) + ⋯   (2.38) 
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where 𝑈0(𝑟̅) is the field in absence of the random medium, 𝑈𝑗(𝑟̅), 𝑗 = 1,2,⋯ is jth 

order scattering field caused by the random fluctuations.  

The convergence of the series expansion requires that 

  |𝑈0(𝑟̅)| ≪ |𝑈1(𝑟̅)| ≪ |𝑈2(𝑟̅)| ≪ ⋯   (2.39) 

Substituting (2.38) into (2.15), we have 

 ∇2(𝑈0(𝑟̅) + 𝑈1(𝑟̅) + 𝑈2(𝑟̅) + ⋯ ) 

 +𝑘2(1 + 2𝑛1(𝑅̅))(𝑈0(𝑟̅) + 𝑈1(𝑟̅) + 𝑈2(𝑟̅) + ⋯ ) = 0   (2.40) 

Equating terms of equal order to zero and writing down equations up to 2nd order, we 

obtain 

 ∇2𝑈0(𝑟̅) + 𝑘
2𝑈0(𝑟̅) = 0   (2.41a) 

 ∇2𝑈1(𝑟̅) + 𝑘
2𝑈1(𝑟̅) = −2𝑘

2𝑛1(𝑟̅)𝑈0(𝑟̅)   (2.41b) 

 ∇2𝑈2(𝑟̅) + 𝑘
2𝑈2(𝑟̅) = −2𝑘2𝑛1(𝑟̅)𝑈1(𝑟̅)   (2.41c) 

The inhomogeneous scalar wave equations (2.41a)-(2.41c) can be converted into the 

integral equations using the Green’s function.  

The 1st order scattered field is written as 

 𝑈1(𝑟̅) = ∭𝐺(𝑟̅, 𝑟̅′)[2𝑘2𝑛1(𝑟̅
′)𝑈0(𝑟̅

′)]𝑑𝑟̅′   (2.42) 

where 𝐺(𝑟̅, 𝑟̅′) is the free-space Green’s function.  

The 2nd order scattered field is written as 
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 𝑈2(𝑟̅) = ∭𝐺(𝑟̅, 𝑟̅′)[2𝑘2𝑛1(𝑟̅
′)𝑈2(𝑟̅

′)]𝑑𝑟̅′   (2.43) 

where 𝐺(𝑟̅, 𝑟̅′) is the free-space Green’s function. 

The free-space Green’s function 𝐺(𝑟̅, 𝑟̅′) is given by 

 𝐺(𝑟̅, 𝑟̅′) =
𝑒𝑥𝑝(𝑖𝑘|𝑟̅−𝑟̅′|)

4𝜋|𝑟̅−𝑟̅′|
   (2.44a) 

 |𝑟̅ − 𝑟̅′| = √|𝜌̅ − 𝜌̅′|2 + (𝑧 − 𝑧′)2   (2.44b) 

where 𝜌̅ = 𝑥𝑥̂ + 𝑦𝑦̂ . Because the longitudinal distance between the source and the 

observation point |𝑧 − 𝑧′| is much larger than the lateral distance |𝜌̅ − 𝜌̅′|, the term 

|𝑟̅ − 𝑟̅′| may be expanded in a binomial series [4, 10-11, 21].  

Therefore, we have 

 𝐺(𝑟̅, 𝑝̅) ≈
1

4𝜋(𝐿−𝑧)
𝑒𝑥𝑝 (𝑖𝑘(𝐿 − 𝑧) +

𝑖𝑘(𝜌̅−𝑠̅)∙(𝜌̅−𝑠̅)

2(𝐿−𝑧)
)   (2.45a) 

 𝑟̅ = 𝜌̅ + 𝐿𝑧̂, 𝑝̅ = 𝑠̅ + 𝑧𝑧̂   (2.45b) 

where 𝑟̅ denotes the observation point, 𝑝̅ denotes the source and 𝐿 is the longitudinal 

distance between the observation point and the source.  

Combining (2.42) and (2.45), we obtain the 1st order scattered field 

 𝑈1(𝜌̅, 𝐿) =
𝑘2

2𝜋
∫ 𝑑𝑧
𝐿

0
∬𝑑𝑠̅𝑒𝑥𝑝 (𝑖𝑘(𝐿 − 𝑧) +

𝑖𝑘(𝜌̅−𝑠̅)∙(𝜌̅−𝑠̅)

2(𝐿−𝑧)
)
𝑛1(𝑠̅,𝑧)𝑈0(𝑠̅,𝑧)

𝐿−𝑧
  (2.46) 

Taking the ensemble average of (2.46) gives 

 〈𝑈1(𝜌̅, 𝐿)〉 = 〈
𝑘2

2𝜋
∫ 𝑑𝑧
𝐿

0
∬𝑑𝑠̅𝑒𝑥𝑝 (𝑖𝑘(𝐿 − 𝑧) +

𝑖𝑘(𝜌̅−𝑠̅)∙(𝜌̅−𝑠̅)

2(𝐿−𝑧)
)
𝑛1(𝑠̅,𝑧)𝑈0(𝑠̅,𝑧)

𝐿−𝑧
〉 
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 =
𝑘2

2𝜋
∫ 𝑑𝑧
𝐿

0
∬𝑑𝑠̅𝑒𝑥𝑝 (𝑖𝑘(𝐿 − 𝑧) +

𝑖𝑘(𝜌̅−𝑠̅)∙(𝜌̅−𝑠̅)

2(𝐿−𝑧)
)
〈𝑛1(𝑠̅,𝑧)〉𝑈0(𝑠̅,𝑧)

𝐿−𝑧
= 0   (2.47) 

It is observed that the mean of the 1st order scattered field is zero. 

Combine (2.43) and (2.45), we obtain the 2nd order scattered field 

 𝑈2(𝜌̅, 𝐿) =
𝑘2

2𝜋
∫ 𝑑𝑧
𝐿

0
∬𝑑𝑠̅𝑒𝑥𝑝 (𝑖𝑘(𝐿 − 𝑧) +

𝑖𝑘(𝜌̅−𝑠̅)∙(𝜌̅−𝑠̅)

2(𝐿−𝑧)
)
𝑛1(𝑠̅,𝑧)𝑈1(𝑠̅,𝑧)

𝐿−𝑧
  (2.48) 

Taking the ensemble average of (2.48) gives 

 〈𝑈2(𝜌̅, 𝐿)〉 = 〈
𝑘2

2𝜋
∫ 𝑑𝑧
𝐿

0
∬𝑑𝑠̅𝑒𝑥𝑝 (𝑖𝑘(𝐿 − 𝑧) +

𝑖𝑘(𝜌̅−𝑠̅)∙(𝜌̅−𝑠̅)

2(𝐿−𝑧)
)
𝑛1(𝑠̅,𝑧)𝑈1(𝑠̅,𝑧)

𝐿−𝑧
〉 

 =
𝑘2

2𝜋
∫ 𝑑𝑧
𝐿

0
∬𝑑𝑠̅𝑒𝑥𝑝 (𝑖𝑘(𝐿 − 𝑧) +

𝑖𝑘(𝜌̅−𝑠̅)∙(𝜌̅−𝑠̅)

2(𝐿−𝑧)
)
〈𝑛1(𝑠̅,𝑧)𝑈1(𝑠̅,𝑧)〉

𝐿−𝑧
≠ 0   (2.49) 

It is observed that the mean of the 2nd order scattered field is not zero.  

2.4 Rytov Approximation for Random Fluctuations 

In Rytov approximation, we write 𝑈(𝑟̅) in the form [3-4, 10, 21] 

 𝑈(𝑟̅) = 𝑈0(𝑟̅)𝑒𝑥𝑝(ψ(𝑟̅))   (2.50) 

where ψ(𝑟̅), the complex phase perturbation, takes an expansion of the form 

 ψ(𝑟̅) = ψ1(𝑟̅) + ψ2(𝑟̅) + ⋯   (2.51) 

where ψ𝑗(𝑟̅), 𝑗 = 1, 2,⋯ is the jth order perturbation.  

It is known that terms in expansion of the complex phase perturbation can be related to 

corresponding terms in Born approximation [10, 24, 31]. In order to do so, it is 

convenient to define the normalized Born approximation 

 Φ𝑗(𝑟̅) =
𝑈𝑗(𝑟̅)

𝑈0(𝑟̅)
, 𝑗 = 1, 2, ⋯   (2.52) 
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Equating the 1st order Rytov and 1st order Born approximations, we obtain 

 𝑈0(𝑟̅)𝑒𝑥𝑝(ψ1(𝑟̅)) = 𝑈0(𝑟̅) + 𝑈1(𝑟̅) = 𝑈0(𝑟̅)(1 + Φ1(𝑟̅))   (2.53) 

Applying Taylor series expansion 

 𝑈0(𝑟̅)𝑒𝑥𝑝(ψ1(𝑟̅)) ≈ 𝑈0(𝑟̅)(1 + ψ1(𝑟̅))   (2.54) 

Combining (2.53) into (2.54) gives 

 ψ1(𝑟̅) ≈ Φ1(𝑟̅)   (2.55) 

It shows that the 1st order Rytov approximation is equal to the 1st order normalized Born 

approximation. 

Then the 1st order normalized Born approximation can be written as 

 Φ1(𝜌̅, 𝐿) =
𝑘2

2𝜋
∫ 𝑑𝑧
𝐿

0
∬𝑑𝑠̅

1

𝐿−𝑧
𝑒𝑥𝑝 (𝑖𝑘(𝐿 − 𝑧) +

𝑖𝑘(𝜌̅−𝑠̅)∙(𝜌̅−𝑠̅)

2(𝐿−𝑧)
) 

 ×
𝑛1(𝑠̅,𝑧)

𝐿−𝑧

𝑈0(𝑠̅,𝑧)

𝑈0(𝜌̅,𝐿)
   (2.56) 

Equating the 2nd order Rytov and the 2nd Born approximations gives 

 𝑈0(𝑟̅)𝑒𝑥𝑝(ψ1(𝑟̅) + ψ2(𝑟̅)) = 𝑈0(𝑟̅) + 𝑈1(𝑟̅) + 𝑈2(𝑟̅) 

 = 𝑈0(𝑟̅)(1 + Φ1(𝑟̅) + Φ2(𝑟̅))   (2.57) 

For mathematical convenience, a dummy variable 𝜖 is introduced to represent the order 

of each term in the perturbation series. 

Applying Taylor series expansion 

 𝑈0(𝑟̅)𝑒𝑥𝑝(𝜖ψ1(𝑟̅) + 𝜖
2ψ2(𝑟̅)) = 𝑈0(𝑟̅)(1 + 𝜖Φ1(𝑅̅) + 𝜖

2Φ2(𝑟̅)) 
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 1 + 𝜖ψ1(𝑟̅) + 𝜖
2ψ2(𝑟̅) +

1

2
(𝜖ψ1(𝑟̅) + 𝜖

2ψ2(𝑟̅))
2
= 1 + 𝜖Φ1(𝑟̅) + 𝜖

2Φ2(𝑟̅) 

 ψ1(𝑟̅) + ψ2(𝑟̅) +
1

2
𝜖2ψ1

2(𝑟̅) ≈ 𝜖Φ1(𝑟̅) + 𝜖
2Φ2(𝑟̅)   (2.58) 

Combining (2.55) and (2.58) gives 

 ψ2(𝑟̅) ≈ Φ2(𝑟̅) −
1

2
Φ1
2(𝑟̅)   (2.59) 

Then the 2nd order normalized Born approximation can be written as 

 Φ2(𝜌̅, 𝐿) =
𝑘2

2𝜋
∫ 𝑑𝑧
𝐿

0
∬𝑑𝑠̅ 𝑒𝑥𝑝 (𝑖𝑘(𝐿 − 𝑧) +

𝑖𝑘(𝜌̅−𝑠̅)∙(𝜌̅−𝑠̅)

2(𝐿−𝑧)
) 

 ×
𝑛1(𝑠̅,𝑧)

𝐿−𝑧
Φ1(𝑠̅, 𝑧)

𝑈0(𝑠̅,𝑧)

𝑈0(𝜌̅,𝐿)
   (2.60) 

2.5 1st Order Spectral Representation of Scattered Field 

The 1st order normalized Born approximation is [4, 10, 21] 

 Φ1(𝜌̅, 𝐿) =
𝑘2

2𝜋
∫ 𝑑𝑧
𝐿

0
∬𝑑𝑠̅

1

𝐿−𝑧
𝑒𝑥𝑝 (𝑖𝑘(𝐿 − 𝑧) +

𝑖𝑘(𝜌̅−𝑠̅)∙(𝜌̅−𝑠̅)

2(𝐿−𝑧)
) 

 ×
𝑛1(𝑠̅,𝑧)

𝐿−𝑧

𝑈0(𝑠̅,𝑧)

𝑈0(𝜌̅,𝐿)
   (2.61) 

For mathematical convenience, we introduce the normalized variable 𝛾 =
𝑧

𝐿
. 

We have 

 
𝑈0(𝑠̅,𝑧)

𝑈0(𝑟̅,𝐿)
=

1

𝛾
𝑒𝑥𝑝 (−𝑖𝑘(𝐿 − 𝑧) +

𝑖𝑘𝑠̅∙𝑠̅

2𝑧
−
𝑖𝑘𝜌̅∙𝜌̅

2𝐿
)   (2.62) 

We have 

 
𝑖𝑘(𝜌̅−𝑠̅)∙(𝜌̅−𝑠̅)

2(𝐿−𝑧)
+
𝑖𝑘𝑠2

2𝑧
−
𝑖𝑘𝜌2

2𝐿
=

𝑖𝑘(𝜌2−2𝜌̅∙𝑠̅+𝑠2)

2(𝐿−𝑧)
+
𝑖𝑘𝑠2

2𝑧
−
𝑖𝑘𝜌2

2𝐿
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 =
𝑖𝑘𝜌2

2(𝐿−𝑧)
−
𝑖𝑘𝜌2

2𝐿
+

𝑖𝑘𝑠2

2(𝐿−𝑧)
−
𝑖𝑘𝜌̅∙𝑠̅

𝐿−𝑧
+
𝑖𝑘𝑠2

2𝑧
    

 =
𝑖𝑘𝛾𝜌2

2(𝐿−𝑧)
−
𝑖𝑘𝜌̅∙𝑠̅

𝐿−𝑧
+

𝑖𝑘𝑠2

2(𝐿−𝑧)𝛾
                      (2.63) 

Thus 

 𝑒𝑥𝑝 (
𝑖𝑘(𝜌̅−𝑠̅)∙(𝜌̅−𝑠̅)

2(𝐿−𝑧)
+
𝑖𝑘𝑠2

2𝑧
−
𝑖𝑘𝜌2

2𝐿
) = 𝑒𝑥𝑝 (

𝑖𝑘𝛾𝜌2

2(𝐿−𝑧)
) 𝑒𝑥𝑝 (−

𝑖𝑘𝜌̅∙𝑠̅

𝐿−𝑧
+

𝑖𝑘𝑠2

2(𝐿−𝑧)𝛾
)  (2.64) 

Combining (2.61), (2.62) and (2.64) gives 

 Φ1(𝜌̅, 𝐿) =
𝑘2

2𝜋
∫ 𝑑𝑧
𝐿

0
∬𝑑𝑠̅𝑒𝑥𝑝 (

𝑖𝑘(𝜌̅−𝑠̅)∙(𝜌̅−𝑠̅)

2(𝐿−𝑧)
+
𝑖𝑘𝑠2

2𝑧
−
𝑖𝑘𝑟2

2𝐿
)
𝑛1(𝑠̅,𝑧)

(𝐿−𝑧)𝛾
 

 =
𝑘2

2𝜋
∫ 𝑑𝑧
𝐿

0
∬𝑑𝑠̅∬

𝑑𝑣(𝜅̅,𝑧)

(𝐿−𝑧)𝛾
𝑒𝑥𝑝 (𝑖𝜅̅ ∙ 𝑠̅ +

𝑖𝑘(𝜌̅−𝑠̅)∙(𝜌̅−𝑠̅)

2(𝐿−𝑧)
+
𝑖𝑘𝑠2

2𝑧
−
𝑖𝑘𝜌2

2𝐿
) 

 =
𝑘2

2𝜋
∫ 𝑑𝑧
𝐿

0
∬

𝑑𝑣(𝜅̅,𝑧)

(𝐿−𝑧)𝛾
𝑒𝑥𝑝 (

𝑖𝑘𝛾𝜌2

2(𝐿−𝑧)
)∬𝑑𝑠̅𝑒𝑥𝑝 (𝑖𝜅̅ ∙ 𝑠̅ +

𝑖𝑘𝑠2

2(𝐿−𝑧)𝛾
−
𝑖𝑘𝜌̅∙𝑠̅

𝐿−𝑧
)  (2.65) 

It will be helpful to introduce the integral identity 

 ∫ 𝑒𝑥𝑝(𝑖𝑎𝑥2)𝑑𝑥
∞

0
= 𝑒𝑥𝑝 (𝑖

𝜋𝑠𝑔𝑛(𝑎)

4
)√

𝜋

4|𝑎|
   (2.66) 

where 𝑠𝑔𝑛 is the sign function. Like Fresnel integral, this integral can be evaluated by 

the complex contour integration [40].  

We have 

 ∬𝑑𝑠̅𝑒𝑥𝑝 (𝑖𝜅̅ ∙ 𝑠̅ +
𝑖𝑘𝑠2

2(𝐿−𝑧)𝛾
−
𝑖𝑘𝜌̅∙𝑠̅

𝐿−𝑧
) = 𝑒𝑥𝑝 (−

𝑖𝑘𝛾

2(𝐿−𝑧)
(
𝐿−𝑧

𝑘
𝜅̅ − 𝜌̅) ∙ (

𝐿−𝑧

𝑘
𝜅̅ − 𝜌̅)) 

 ×∬𝑑𝑠̅𝑒𝑥𝑝 (
𝑖𝑘

2(𝐿−𝑧)𝛾
(𝑠̅ + 𝛾 (

𝐿−𝑧

𝑘
𝜅̅ − 𝜌̅)) ∙ (𝑠̅ + 𝛾 (

𝐿−𝑧

𝑘
𝜅̅ − 𝜌̅)))   (2.67) 
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Making use of the formula (2.66), we can evaluate the integral 

 ∬𝑑𝑠̅𝑒𝑥𝑝 (
𝑖𝑘(𝑠̅+𝛾(

𝐿−𝑧

𝑘
𝜅̅−𝜌̅))∙(𝑠̅+𝛾(

𝐿−𝑧

𝑘
𝜅̅−𝜌̅))

2(𝐿−𝑧)𝛾
) =

𝑖2𝜋(𝐿−𝑧)𝛾

𝑘
   (2.68) 

We have 

 𝑒𝑥𝑝 (−
𝑖𝑘𝛾(

𝐿−𝑧

𝑘
𝜅̅−𝜌̅)∙(

𝐿−𝑧

𝑘
𝜅̅−𝜌̅)

2(𝐿−𝑧)
) = 𝑒𝑥𝑝 (−

𝑖𝑘𝛾

2(𝐿−𝑧)
((

𝐿−𝑧

𝑘
)
2

𝜅2 − 2
𝐿−𝑧

𝑘
𝜅̅ ∙ 𝜌̅ + 𝜌2)) 

 = 𝑒𝑥𝑝 (−
𝑖𝛾𝜅2

2𝑘
(𝐿 − 𝑧) + 𝑖𝛾𝜅̅ ∙ 𝜌̅ −

𝑖𝛾𝑘𝜌2

2(𝐿−𝑧)
)   (2.69) 

Combining (2.65), (2.68) and (2.69) gives 

 Φ1(𝜌̅, 𝐿) =
𝑘2

2𝜋
∫ 𝑑𝑧
𝐿

0
∬

𝑑𝑣(𝜅̅,𝑧)

(𝐿−𝑧)𝛾
𝑒𝑥𝑝 (

𝑖𝑘𝛾𝜌2

2(𝐿−𝑧)
) 

 ×∬𝑑𝑠̅𝑒𝑥𝑝 (𝑖𝜅̅ ∙ 𝑠̅ +
𝑖𝑘𝑠2

2(𝐿−𝑧)𝛾
−
𝑖𝑘𝜌̅∙𝑠̅

𝐿−𝑧
) 

 = 𝑖𝑘 ∫ 𝑑𝑧
𝐿

0
∬𝑑𝑣(𝜅̅, 𝑧) 𝑒𝑥𝑝 (−

𝑖𝛾𝜅2

2𝑘
(𝐿 − 𝑧) + 𝑖𝛾𝜅̅ ∙ 𝜌̅)   (2.70) 

Therefore, the spectral representation of the normalized 1st order Born approximation is 

 Φ1(𝜌̅, 𝐿) = 𝑖𝑘 ∫ 𝑑𝑧
𝐿

0
∬𝑑𝑣(𝜅̅, 𝑧) 𝑒𝑥𝑝 (−

𝑖𝛾𝜅2

2𝑘
(𝐿 − 𝑧) + 𝑖𝛾𝜅̅ ∙ 𝜌̅)   (2.71) 

2.6 2nd Order Spectral Representation of Scattered Field 

For mathematical convenience, we introduce the normalized variable 𝛾′ =
𝑧′

𝑧
. 

The 2nd order normalized Born approximation is [10, 21] 

 Φ2(𝜌̅, 𝐿) =
𝑖𝑘3

2𝜋
∫ 𝑑𝑧
𝐿

0
∫ 𝑑𝑧′
𝑧

0
∬𝑑𝑣(𝜅̅, 𝑧)∬𝑑𝑣(𝜅̅′, 𝑧′) 
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 ×
1

𝛾(𝐿−𝑧)
𝑒𝑥𝑝 (

𝑖𝛾𝑘𝜌2

2(𝐿−𝑧)
−
𝑖𝛾′𝜅′2

2𝑘
(𝑧 − 𝑧′)) 

 ×∬𝑑𝑠̅𝑒𝑥𝑝 (𝑖 (𝜅̅ + 𝛾′κ̅′ −
𝑘𝜌̅

𝐿−𝑧
) ∙ 𝑠̅ +

𝑖𝑘𝑠2

2𝛾(𝐿−𝑧)
)   (2.72) 

We have 

 ∬𝑑𝑠̅𝑒𝑥𝑝 (𝑖 (𝜅̅ + 𝛾′κ̅′ −
𝑘𝜌̅

𝐿−𝑧
) ∙ 𝑠̅ +

𝑖𝑘𝑠2

2𝛾(𝐿−𝑧)
) 

 = 𝑒𝑥𝑝 (−
𝑖𝛾(𝐿−𝑧)

2𝑘
(𝜅̅ + 𝛾′κ̅′) ∙ (𝜅̅ + 𝛾′κ̅′) −

𝑖𝑘𝛾𝜌2

2(𝐿−𝑧)
+ 𝑖𝛾(𝜅̅ + 𝛾′κ̅′) ∙ 𝜌̅)  

 ×∬𝑑𝑠̅𝑒𝑥𝑝 (
𝑖𝑘(𝑠̅+2𝛾(

𝐿−𝑧

𝑘
(𝜅̅+𝛾′κ̅′)−𝜌̅))∙(𝑠̅+2𝛾(

𝐿−𝑧

𝑘
(𝜅̅+𝛾′κ̅′)−𝜌̅))

2𝛾(𝐿−𝑧)
)   (2.73) 

Making use of the integral identity (2.66), the integral can be evaluated 

 ∬𝑑𝑠̅𝑒𝑥𝑝 (
𝑖𝑘(𝑠̅+2𝛾(

𝐿−𝑧

𝑘
(𝜅̅+𝛾′κ̅′)−𝜌̅))∙(𝑠̅+2𝛾(

𝐿−𝑧

𝑘
(𝜅̅+𝛾′κ̅′)−𝜌̅))

2𝛾(𝐿−𝑧)
) =

𝑖2𝜋(𝐿−𝑧)𝛾

𝑘
  (2.74) 

We have 

 ∬𝑑𝑠̅𝑒𝑥𝑝 (𝑖 (𝜅̅ + 𝛾′κ̅′ −
𝑘𝜌̅

𝐿−𝑧
) ∙ 𝑠̅ +

𝑖𝑘𝑠2

2𝛾(𝐿−𝑧)
) =

𝑖2𝜋(𝐿−𝑧)𝛾

𝑘
 

 × 𝑒𝑥𝑝 (−
𝑖𝛾(𝐿−𝑧)

2𝑘
(𝜅̅ + 𝛾′κ̅′) ∙ (𝜅̅ + 𝛾′κ̅′) −

𝑖𝑘𝛾𝜌2

2(𝐿−𝑧)
+ 𝑖𝛾(𝜅̅ + 𝛾′κ̅′) ∙ 𝜌̅)  (2.75) 

Combining (2.72), (2.73) and (2.75) gives 

 Φ2(𝜌̅, 𝐿) = −𝑘
2 ∫ 𝑑𝑧

𝐿

0
∫ 𝑑𝑧′
𝑧

0
∬𝑑𝑣(𝜅̅, 𝑧)∬𝑑𝑣(𝜅̅′, 𝑧′) × 𝑒𝑥𝑝 (−

𝑖𝛾′𝜅′2

2𝑘
(𝑧 − 𝑧′)) 

 × 𝑒𝑥𝑝 (−
𝑖𝛾(𝐿−𝑧)

2𝑘
(𝜅̅ + 𝛾′κ̅′) ∙ (𝜅̅ + 𝛾′κ̅′) + 𝑖𝛾(𝜅̅ + 𝛾′κ̅′) ∙ 𝜌̅)   (2.76) 
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Therefore, the spectral representation of the normalized 2nd order Born approximation is 

 Φ2(𝜌̅, 𝐿) = −𝑘
2 ∫ 𝑑𝑧

𝐿

0
∫ 𝑑𝑧′
𝑧

0
∬𝑑𝑣(𝜅̅, 𝑧)∬𝑑𝑣(𝜅̅′, 𝑧′)𝑒𝑥𝑝 (−

𝑖𝛾′𝜅′2

2𝑘
(𝑧 − 𝑧′)) 

 × 𝑒𝑥𝑝 (−
𝑖𝛾(𝐿−𝑧)

2𝑘
(𝜅̅ + 𝛾′κ̅′) ∙ (𝜅̅ + 𝛾′κ̅′) + 𝑖𝛾(𝜅̅ + 𝛾′κ̅′) ∙ 𝜌̅)   (2.77) 

2.7 Statistical Moments 

Let us define the 2nd order statistical moments [10, 24] 

 𝐸1(𝜌̅, 𝜌̅, 𝑘) = 〈Φ2(𝜌̅, 𝐿, 𝑘)〉 = 〈ψ2(𝜌̅, 𝐿, 𝑘)〉 +
1

2
〈𝜓1

2(𝜌̅, 𝐿, 𝑘)〉   (2.78) 

𝐸2(𝜌̅1, 𝑘1𝜌̅2, 𝑘2) = 〈Φ1(𝜌̅1, 𝐿, 𝑘1)Φ1
∗(𝜌̅2, 𝐿, 𝑘2)〉 = 〈ψ1(𝜌̅1, 𝐿, 𝑘1)ψ1

∗(𝜌̅2, 𝐿, 𝑘2)〉  (2.79) 

Combining (2.71) and (2.78) gives 

 𝐸1(𝜌̅, 𝜌̅, 𝑘) = 〈Φ2(𝜌̅, 𝐿, 𝑘)〉 

 = −𝑘2 ∫ 𝑑𝑧
𝐿

0
∫ 𝑑𝑧′
𝑧

0
∬∬〈𝑑𝑣(𝜅̅, 𝑧)𝑑𝑣(𝜅̅′, 𝑧′)〉 𝑒𝑥𝑝 (−

𝑖𝛾′𝜅′2

2𝑘
(𝑧 − 𝑧′)) 

 × 𝑒𝑥𝑝 (−
𝑖𝛾(𝐿−𝑧)

2𝑘
(𝜅̅ + 𝛾′κ̅′) ∙ (𝜅̅ + 𝛾′κ̅′) + 𝑖𝛾(𝜅̅ + 𝛾′κ̅′) ∙ 𝜌̅)   (2.80) 

Combining (2.77) and (2.79) gives 

 𝐸2(𝜌̅1, 𝑘1𝜌̅2, 𝑘2) = 〈Φ1(𝜌̅1, 𝐿, 𝑘1)Φ1
∗(𝜌̅2, 𝐿, 𝑘2)〉 

 = 𝑘1𝑘2 ∫ 𝑑𝑧
𝐿

0
∫ 𝑑𝑧′
𝐿

0
∬∬〈𝑑𝑣(𝜅̅, 𝑧)𝑑𝑣∗(𝜅̅′, 𝑧′)〉 𝑒𝑥𝑝(𝑖𝛾(𝑧)𝜅̅ ∙ 𝜌̅1 − 𝑖𝛾

∗(𝑧′)𝜅̅′ ∙ 𝜌̅2) 

 × 𝑒𝑥𝑝 (−
𝑖𝛾(𝑧)𝜅2

2𝑘1
(𝐿 − 𝑧) +

𝑖𝛾∗(𝑧′)𝜅′2

2𝑘2
(𝐿 − 𝑧′))   (2.81) 

For statistically homogeneous and isotropic random fluctuations, we have 
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 〈𝑑𝑣(𝜅̅, 𝑧)𝑑𝑣∗(𝜅̅′, 𝑧′)〉 = 𝐹𝑛(𝜅̅, |𝑧 − 𝑧
′|)𝛿(𝜅̅ − 𝜅̅′)𝑑𝜅̅𝑑𝜅̅′   (2.82) 

where 𝐹𝑛(𝜅̅, |𝑧 − 𝑧
′|) is the two dimensional spatial power spectrum. 

Combining (2.81) and (2.82) gives 

 𝐸2(𝜌̅1, 𝑘1𝜌̅2, 𝑘2) = 〈Φ1(𝜌̅1, 𝐿, 𝑘1)Φ1
∗(𝜌̅2, 𝐿, 𝑘2)〉 

 = 𝑘1𝑘2 ∫ 𝑑𝑧
𝐿

0
∫ 𝑑𝑧′
𝐿

0
∬𝑑𝜅̅𝐹𝑛(𝜅̅, |𝑧 − 𝑧

′|) 𝑒𝑥𝑝(𝑖𝛾(𝑧)𝜅̅ ∙ 𝜌̅1 − 𝑖𝛾
∗(𝑧′)𝜅̅ ∙ 𝜌̅2) 

 × 𝑒𝑥𝑝 (−
𝑖𝛾(𝑧)𝜅2

2𝑘1
(𝐿 − 𝑧) +

𝑖𝛾∗(𝑧′)𝜅2

2𝑘2
(𝐿 − 𝑧′))   (2.83) 

It is noticed that the expressions of the 2nd order statistical moments contain integrals of 

spectrum 𝐹𝑛(𝜅̅, |𝑧 − 𝑧
′|) which is a function of the difference coordinate 𝑧 − 𝑧′ only. In 

order to simplify the integration with respect to 𝑧 and 𝑧′  further, it is convenient to 

introduce the average and the difference coordinates which are defined as, 

 𝜇 = 𝑧 − 𝑧′, 𝜂 =
1

2
(𝑧 + 𝑧′)   (2.84) 

The region of integration can be written as [4, 10-11] 

 ∫ 𝑑𝑧
𝐿

0
∫ 𝑑𝑧′
𝐿

0
= ∫ 𝑑𝜂

𝐿

0
∫ 𝑑𝜇
𝜉1(𝜂)

𝜉2(𝜂)
   (2.85) 

Since the spectrum 𝐹𝑛(𝜅̅, |𝜇|)  has an appreciable value only when |𝜇|  is small 

comparing with the correlation distance of the refractive index fluctuation, then we may 

able to extend the limits of integration 𝜉1(𝜂)  and 𝜉2(𝜂)  to −∞  and +∞  without 

incurring significant error. Therefore, we have [4, 10-11] 

 ∫ 𝑑𝑧
𝐿

0
∫ 𝑑𝑧′
𝐿

0
≈ ∫ 𝑑𝜂

𝐿

0
∫ 𝑑𝜇
+∞

−∞
   (2.86) 
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Combining (2.83) and (2.86) gives 

 𝐸2(𝜌̅1, 𝑘1𝜌̅2, 𝑘2) = 𝑘1𝑘2∬𝑑𝜅̅ ∫ 𝑑𝜂
𝐿

0
𝑒𝑥𝑝(𝑖𝛾(𝜂)𝜅̅ ∙ 𝜌̅1 − 𝑖𝛾

∗(𝜂)𝜅̅ ∙ 𝜌̅2) 

 × 𝑒𝑥𝑝 (−
𝑖𝛾(𝜂)𝜅2

2𝑘1
(𝐿 − 𝜂) +

𝑖𝛾∗(𝜂)𝜅2

2𝑘2
(𝐿 − 𝜂))∫ 𝑑𝜇

+∞

−∞
𝐹𝑛(𝜅̅, |𝜇|)   (2.87) 

Combining (2.36) and (2.87) gives 

 𝐸2(𝜌̅1, 𝑘1𝜌̅2, 𝑘2) = 2𝜋𝑘1𝑘2∬𝑑𝜅̅Φ𝑛(𝜅̅) ∫ 𝑑𝜂
𝐿

0
𝑒𝑥𝑝(𝑖𝛾(𝜂)𝜅̅ ∙ 𝜌̅1 − 𝑖𝛾

∗(𝜂)𝜅̅ ∙ 𝜌̅2) 

 × 𝑒𝑥𝑝 (−
𝑖𝛾(𝜂)𝜅2

2𝑘1
(𝐿 − 𝜂) +

𝑖𝛾∗(𝜂)𝜅2

2𝑘2
(𝐿 − 𝜂))   (2.88) 

Combine equations (2.16) and (2.25) gives 

 ∬𝑒𝑥𝑝(𝑖𝜅̅ ∙ 𝑠̅)𝑑𝑣(𝜅̅, 𝑧) = ∬𝑒𝑥𝑝(−𝑖𝜅̅′ ∙ 𝑠̅)𝑑𝑣∗(𝜅̅′, 𝑧)    

 ∬𝑒𝑥𝑝(𝑖𝜅̅ ∙ 𝑠̅)𝑑𝑣(𝜅̅, 𝑧) = ∬𝑒𝑥𝑝(𝑖𝜅̅′ ∙ 𝑠̅)𝑑𝑣∗(−𝜅̅′, 𝑧)    

 𝑑𝑣(𝜅̅, 𝑧) = 𝑑𝑣∗(−𝜅̅′, 𝑧)   (2.89) 

Combining (2.82) and (2.89) gives 

 〈𝑑𝑣(𝜅̅, 𝑧)𝑑𝑣(𝜅̅′, 𝑧′)〉 = 𝐹𝑛(𝜅̅, |𝑧 − 𝑧
′|)𝛿(𝜅̅ + 𝜅̅′)𝑑𝜅̅𝑑𝜅̅′   (2.90) 

Substituting (2.90) into (2.80) gives 

 𝐸1(𝜌̅, 𝜌̅, 𝑘) = −𝑘
2 ∫ 𝑑𝑧

𝐿

0
∫ 𝑑𝑧′
𝑧

0
∬𝐹𝑛(𝜅̅, |𝑧 − 𝑧

′|)𝑑𝜅̅ 𝑒𝑥𝑝 (−
𝑖𝛾′𝜅2

2𝑘
(𝑧 − 𝑧′)) 

 × 𝑒𝑥𝑝 (−
𝑖𝛾(𝐿−𝑧)

2𝑘
(𝜅̅ − 𝛾′𝜅̅) ∙ (𝜅̅ − 𝛾′𝜅̅) + 𝑖𝛾(𝜅̅ − 𝛾′𝜅̅) ∙ 𝜌̅)   (2.91) 

For further simplification, we make the approximation that 𝜂 ≈ 𝑧 ≈ 𝑧′ . Setting 𝛾′ =
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𝑧′

𝑧
≈ 1, we obtain the formula 

 𝐸1(𝜌̅, 𝜌̅, 𝑘) = −𝑘
2 ∫ 𝑑𝑧

𝐿

0
∫ 𝑑𝑧′
𝑧

0
∬𝐹𝑛(𝜅̅, |𝑧 − 𝑧

′|)𝑑𝜅̅   (2.92) 

Changing the variable of integration from 𝑧′ to 𝜇 = 𝑧 − 𝑧′ 

 𝐸1(𝜌̅, 𝜌̅, 𝑘) = −𝑘
2 ∫ 𝑑𝑧

𝐿

0
∫ 𝑑𝜇
𝑧

0
∬𝐹𝑛(𝜅̅, |𝜇|)𝑑𝜅̅ 

 ≈ −
𝑘2

2
∫ 𝑑𝑧
𝐿

0
∬𝑑𝜅̅ ∫ 𝑑𝜇

𝑧

−𝑧
𝐹𝑛(𝜅̅, |𝜇|)   (2.93) 

It should be noticed that the 2nd order statistical moment 𝐸1(𝜌̅, 𝜌̅, 𝑘) does not depend on 

spatial coordinate 𝜌̅. Therefore, we may set 𝜌̅ = 0̅ in expression (2.93).  

If the refractive index fluctuations are statistically homogeneous and isotropic in the 

plane transverse to the direction of propagation, the two-dimensional spatial power 

spectrum depends on 𝜅 = |𝜅̅|. It is convenient to express the two-dimensional integral 

in the polar coordinate system.  

Combining (2.36) and (2.93) gives 

 𝐸1(0̅, 0̅, 𝑘) = −2𝜋
2𝑘2 ∫ 𝑑𝑧

𝐿

0
∫ 𝜅𝑑𝜅Φ𝑛(𝜅)
∞

0
   (2.94) 

Combining (2.36) and (2.88) gives 

 𝐸2(𝜌̅1, 𝑘1𝜌̅2, 𝑘2) = 2𝜋𝑘1𝑘2 ∫ 𝑑𝜂
𝐿

0
∫ 𝜅𝑑𝜅Φ𝑛(𝜅)
∞

0
 

 × 𝑒𝑥𝑝 (−
𝑖𝛾(𝜂)𝜅2

2𝑘1
(𝐿 − 𝜂) +

𝑖𝛾∗(𝜂)𝜅2

2𝑘2
(𝐿 − 𝜂)) 

 × ∫ 𝑑𝜃𝑒𝑥𝑝(𝑖𝜅̅ ∙ (𝛾(𝜂)𝜌̅1 − 𝛾
∗(𝜂)𝜌̅2))

2𝜋

0
   (2.95) 

Applying integral identity (2.32), we obtain 
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 𝐸2(𝜌̅1, 𝑘1𝜌̅2, 𝑘2) = 4𝜋2𝑘1𝑘2 ∫ 𝑑𝜂
𝐿

0
∫ 𝜅𝑑𝜅
∞

0
Φ𝑛(𝜅)𝐽0(𝜅|𝛾(𝜂)𝜌̅1 − 𝛾

∗(𝜂)𝜌̅2|) 

 × 𝑒𝑥𝑝 (−
𝑖𝛾(𝜂)𝜅2

2𝑘1
(𝐿 − 𝜂) +

𝑖𝛾∗(𝜂)𝜅2

2𝑘2
(𝐿 − 𝜂))   (2.96) 

where 𝐽0 is the Bessel function of the first kind of order zero. 

2.8 Rytov Approximation for Refractive Index Fluctuations 

The 2nd order Rytov approximation is [10, 24, 31-32] 

 𝑈(𝑟̅) = 𝑈0(𝑟̅)𝑒𝑥𝑝(𝜓(𝑟̅)) = 𝑈0(𝑟̅)𝑒𝑥𝑝(𝜓1(𝑟̅) + 𝜓2(𝑟̅))   (2.97) 

where 𝑈0(𝑟̅)  is the field in absence of the refractive index fluctuations, 𝜓1(𝑟̅)  and 

𝜓2(𝑟̅)  represent the 1st and 2nd order perturbations caused by the random 

inhomogeneities. 

Taking the ensemble average of (2.97), we obtain the coherent field 

 〈𝑈(𝑟̅)〉 = 𝑈0(𝑟̅)〈𝑒𝑥𝑝(𝜓(𝑟̅))〉 = 𝑈0(𝑟̅)〈𝑒𝑥𝑝(𝜓1(𝑟̅) + 𝜓2(𝑟̅))〉   (2.98) 

The ensemble average of the 2nd order complex phase perturbation is 

〈𝑒𝑥𝑝(𝜓(𝑟̅1) + 𝜓
∗(𝑟̅2))〉 = 〈𝑒𝑥𝑝(𝜓1(𝑟̅1) + 𝜓2(𝑟̅1) + 𝜓1

∗(𝑟̅2) + 𝜓2
∗(𝑟̅2))〉   (2.99) 

where ∗ denotes the complex conjugate.  

As shown in formula (2.99), we need to calculate the ensemble average of the 

exponential function. This could be done by using the method of cumulants. 

The average of the exponential function can be expanded as [10] 

 〈𝑒𝑥𝑝(𝜓)〉 = 𝑒𝑥𝑝 (𝐾1 +
1

2!
𝐾2 +

1

3!
𝐾3 +⋯)   (2.100a) 
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 𝐾1 = 〈𝜓〉   (2.100b) 

 𝐾2 = 〈𝜓
2〉 − 〈𝜓〉2   (2.100c) 

 𝐾3 = 〈𝜓
3〉 − 3〈𝜓〉〈𝜓2〉 + 2〈𝜓〉3   (2.100d) 

where 𝐾𝑗 , 𝑗 = 1, 2, ⋯ are cumulants. 

Including 1st and 2nd order perturbations 

 〈𝑒𝑥𝑝(𝜓)〉 ≈ 𝑒𝑥𝑝 (𝐾1 +
1

2
𝐾2) = 𝑒𝑥𝑝 (〈𝜓〉 +

1

2
(〈𝜓2〉 − 〈𝜓〉2))   (2.101) 

For mathematical convenience, a dummy variable 𝜖 will be introduced to represent the 

order of each term in the perturbation series. 

Combining (2.97) and (2.101) gives 

 〈𝜓〉 +
1

2
(〈(𝜓)2〉 − 〈𝜓〉2) = 〈𝜖𝜓1 + 𝜖

2𝜓2〉 +
1

2
(〈(𝜖𝜓1 + 𝜖

2𝜓2)
2〉 − 〈𝜖𝜓1 + 𝜖

2𝜓2〉
2) 

 ≈ 𝜖〈𝜓1〉 + 𝜖
2〈𝜓2〉 +

1

2
(𝜖2〈𝜓1

2〉 − 𝜖2〈𝜓1〉
2) 

 = 𝜖2〈𝜓2〉 +
1

2
𝜖2〈𝜓1

2〉   (2.102) 

In expression (2.102), we keep 1st and 2nd order perturbations and neglect all higher 

order terms. 

Combining (2.78) and (2.102) gives 

 〈𝑒𝑥𝑝(𝜓(𝜌̅, 𝐿, 𝑘))〉 = 𝑒𝑥𝑝(𝐸1(𝜌̅, 𝜌̅, 𝑘))   (2.103) 

Since 𝐸1(𝜌̅, 𝜌̅, 𝑘) does not depend on spatial coordinate 𝜌̅, we can write 

 〈𝑒𝑥𝑝(𝜓(𝜌̅, 𝐿, 𝑘))〉 = 𝑒𝑥𝑝(𝐸1(0̅, 0̅, 𝑘))   (2.104) 
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Combining (2.99) and (2.101) gives 

 〈𝜓 + 𝜓′∗〉 +
1

2
(〈(𝜓 + 𝜓′∗)2〉 − 〈𝜓 + 𝜓′∗〉2) 

 ≈ 𝜖〈𝜓1〉 + 𝜖
2〈𝜓2〉 + 𝜖〈𝜓1

′∗〉 + 𝜖2〈𝜓2
′∗〉 +

1

2
𝜖2(〈(𝜓1 + 𝜓1

′∗)2〉 − 〈𝜓1 + 𝜓1
′∗〉2) 

 = 𝜖2〈𝜓2〉 + 𝜖
2〈𝜓2

′∗〉 +
1

2
𝜖2(〈𝜓1

2〉 + 2〈𝜓1𝜓1
′∗〉 + 〈𝜓1

′∗2〉) 

 = 𝜖2〈𝜓2〉 +
1

2
𝜖2〈𝜓1

2〉 + 𝜖2〈𝜓2
′∗〉 +

1

2
𝜖2〈𝜓1

′∗2〉 + 𝜖2〈𝜓1𝜓1
′∗〉   (2.105) 

where ∗  denotes complex conjugate, and perturbations without prime symbol are 

functions of 𝜌̅ whereas perturbations with prime symbol are functions of 𝜌̅′. 

Combining (2.99) and (2.105) gives 

〈𝑒𝑥𝑝(𝜓(𝜌̅1, 𝐿, 𝑘1) + 𝜓
∗(𝜌̅2, 𝐿, 𝑘2))〉 = 𝑒𝑥𝑝(〈𝜓1(𝜌̅1, 𝐿, 𝑘1)𝜓1

∗(𝜌̅2, 𝐿, 𝑘2)〉) 

 × 𝑒𝑥𝑝 (〈𝜓2(𝜌̅1, 𝐿, 𝑘1)〉 +
1

2
〈𝜓1

2(𝜌̅1, 𝐿, 𝑘1)〉 + 𝜓2
∗(𝜌̅2, 𝐿, 𝑘2) +

1

2
〈𝜓1

∗2(𝜌̅2, 𝐿, 𝑘2)〉) 

 = 𝑒𝑥𝑝(𝐸1(𝜌̅1, 𝜌̅1, 𝑘1) + 𝐸1(𝜌̅2, 𝜌̅2, 𝑘2) + 𝐸2(𝜌̅1, 𝑘1, 𝜌̅2, 𝑘2))   (2.106) 

Since 𝐸1(𝜌̅, 𝜌̅, 𝑘) does not depend on spatial coordinate 𝜌̅, we can write 

〈𝑒𝑥𝑝(𝜓(𝜌̅1, 𝐿, 𝑘1) + 𝜓
∗(𝜌̅2, 𝐿, 𝑘2))〉 

 = 𝑒𝑥𝑝(𝐸1(0̅, 0̅, 𝑘1) + 𝐸1(0̅, 0̅, 𝑘2) + 𝐸2(𝜌̅1, 𝑘1, 𝜌̅2, 𝑘2))   (2.107) 

Combining (2.94), (2.98) and (2.104) gives 

〈𝑈(𝜌̅, 𝐿, 𝑘)〉 = 𝑈0(𝜌̅, 𝐿, 𝑘)𝑒𝑥𝑝(𝐸1(0̅, 0̅, 𝑘)) 

 = 𝑈0(𝜌̅, 𝐿, 𝑘)𝑒𝑥𝑝 (−2𝜋
2𝑘2 ∫ 𝑑𝑧

𝐿

0
∫ 𝜅𝑑𝜅Φ𝑛(𝜅)
∞

0
)   (2.108) 
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The expression (2.108) shows that the coherent field attenuates exponentially as it 

propagates through the random medium. The amount of attenuation depends on the 

frequency, the thickness of the random medium and the three-dimensional spectral 

density of the refractive index fluctuations.  

The two-frequency MCF is defined as the correlation between fields at two frequencies 

at two points on the plane transverse to the direction of propagation [1-4, 8, 10, 12-28, 

32-34, 42] 

 Γ2(𝜌̅1, 𝜌̅2, 𝐿, 𝑘1, 𝑘2) = 〈𝑈(𝜌̅1, 𝐿, 𝑘1)𝑈
∗(𝜌̅2, 𝐿, 𝑘2)〉   (2.109) 

Combining (2.104), (2.108) and (2.109) gives 

 Γ2(𝜌̅1, 𝜌̅2, 𝐿, 𝑘1, 𝑘2) = 𝑈0(𝜌̅1, 𝐿, 𝑘1)𝑈0
∗(𝜌̅2, 𝐿, 𝑘2)〈𝑒𝑥𝑝(𝜓(𝜌̅1, 𝐿, 𝑘1) + 𝜓

∗(𝜌̅2, 𝐿, 𝑘2))〉 

 = 𝑈0(𝜌̅1, 𝐿, 𝑘1)𝑈0
∗(𝜌̅2, 𝐿, 𝑘2) 

 × 𝑒𝑥𝑝(𝐸1(0̅, 0̅, 𝑘1) + 𝐸1(0̅, 0̅, 𝑘2) + 𝐸2(𝜌̅1, 𝑘1, 𝜌̅2, 𝑘2))   (2.110) 

In absence of the random fluctuations, the two-frequency MCF is reduced to the free-

space two-frequency MCF which is given by [1-4, 8, 10, 15-18, 24-25, 42] 

 Γ2
0(𝜌̅1, 𝜌̅2, 𝐿, 𝑘1, 𝑘2) = 𝑈0(𝜌̅1, 𝐿, 𝑘1)𝑈0

∗(𝜌̅2, 𝐿, 𝑘2)   (2.111) 

Combining (2.110) and (2.111) gives 

 Γ2(𝜌̅1, 𝜌̅2, 𝐿, 𝑘1, 𝑘2) = Γ2
0(𝜌̅1, 𝜌̅2, 𝐿, 𝑘1, 𝑘2) 

 × 𝑒𝑥𝑝(𝐸1(0̅, 0̅, 𝑘1) + 𝐸1(0̅, 0̅, 𝑘2) + 𝐸2(𝜌̅1, 𝑘1, 𝜌̅2, 𝑘2))   (2.112) 

Combining (2.45) and (2.110) gives 

Γ2
0(𝜌̅1, 𝜌̅2, 𝐿, 𝑘1, 𝑘2) = 𝑈0(𝜌̅1, 𝐿, 𝑘1)𝑈0

∗(𝜌̅2, 𝐿, 𝑘2) 
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 = (
1

4𝜋𝐿
𝑒𝑥𝑝 (𝑖𝑘1𝐿 +

𝑖𝑘1𝜌1
2

2𝐿
))(

1

4𝜋𝐿
𝑒𝑥𝑝 (𝑖𝑘2𝐿 +

𝑖𝑘2𝜌2
2

2𝐿
))

∗

 

 =
1

(4𝜋𝐿)2
𝑒𝑥𝑝 (𝑖(𝑘1 − 𝑘2)𝐿 +

𝑖

2𝐿
(𝑘1𝜌1

2 − 𝑘2𝜌2
2))   (2.113) 

It is convenient to define the function [1-3, 10, 24-25] 

 𝐻(𝜌̅1, 𝑘1, 𝜌̅2, 𝑘2) = −𝐸1(0̅, 0̅, 𝑘1) − 𝐸1(0̅, 0̅, 𝑘2) − 𝐸2(𝜌̅1, 𝑘1, 𝜌̅2, 𝑘2) 

 = 2𝜋2(𝑘1
2 + 𝑘2

2) ∫ 𝑑𝑧
𝐿

0
∫ 𝜅𝑑𝜅Φ𝑛(𝜅)
∞

0
− 4𝜋2𝑘1𝑘2 ∫ 𝑑𝑧

𝐿

0
∫ 𝜅𝑑𝜅
∞

0
Φ𝑛(𝜅) 

 × 𝐽0(𝜅|𝛾(𝑧)𝜌̅1 − 𝛾
∗(𝑧)𝜌̅2|)𝑒𝑥𝑝(−

𝑖𝛾(𝑧)𝜅2

2𝑘1
(𝐿 − 𝑧) +

𝑖𝛾∗(𝑧)𝜅2

2𝑘2
(𝐿 − 𝑧)) 

 = 4𝜋2 ∫ 𝑑𝑧
𝐿

0
∫ 𝜅𝑑𝜅Φ𝑛(𝜅) (

𝑘1
2+𝑘2

2

2
)

∞

0
− 4𝜋2 ∫ 𝑑𝑧

𝐿

0
∫ 𝜅𝑑𝜅
∞

0
Φ𝑛(𝜅)𝑘1𝑘2 

 × 𝑒𝑥𝑝 (−
𝑖𝑧𝜅2(𝐿−𝑧)

2𝐿
(
𝑘1−𝑘2

𝑘1𝑘2
)) 𝐽0 (𝜅 |

𝑧

𝐿
(𝜌̅1 − 𝜌̅2)|)   (2.114) 

It is noticed that the effects of the random fluctuations are contained in the 𝐻 function. 

Combining (2.112) and (2.114) gives 

 Γ2(𝜌̅1, 𝜌̅2, 𝐿, 𝑘1, 𝑘2) = Γ2
0(𝜌̅1, 𝜌̅2, 𝐿, 𝑘1, 𝑘2)𝑒𝑥𝑝(−𝐻(𝜌̅1, 𝑘1, 𝜌̅2, 𝑘2))  (2.115) 

For most of the practical imaging systems working at carrier frequency 𝑓0 with 

bandwidth Ω, the narrowband condition Ω ≪ 𝑓0 is generally satisfied [1-4, 15-18, 24-

25, 42].  

It is convenient to define the average and the difference coordinates 

 𝑘𝑐 =
1

2
(𝑘1 + 𝑘2), 𝑘𝑑 = 𝑘1 − 𝑘2   (2.116a) 
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 𝜌̅𝑐 =
1

2
(𝜌̅1 + 𝜌̅2), 𝜌̅𝑑 = 𝜌̅1 − 𝜌̅2   (2.116b) 

Combining (2.113) and (2.116) gives 

 Γ2
0(𝜌̅1, 𝜌̅2, 𝐿, 𝑘1, 𝑘2) = 𝑈0(𝜌̅1, 𝐿, 𝑘1)𝑈0

∗(𝜌̅2, 𝐿, 𝑘2) 

 =
1

(4𝜋𝐿)2
𝑒𝑥𝑝 (

𝑖

2𝐿
(𝑘1𝜌1

2 − 𝑘2𝜌2
2) + 𝑖(𝑘1𝑧1 − 𝑘2𝑧2))   (2.117) 

We have 

 𝑘1𝜌1
2 − 𝑘2𝜌2

2 = 𝑘𝑐 ((𝜌̅𝑐 +
𝜌̅𝑑

2
) ∙ (𝜌̅𝑐 +

𝜌̅𝑑

2
) − (𝜌̅𝑐 −

𝜌̅𝑑

2
) ∙ (𝜌̅𝑐 −

𝜌̅𝑑

2
)) 

 +
𝑘𝑑

2
((𝜌̅𝑐 +

𝜌̅𝑑

2
) ∙ (𝜌̅𝑐 +

𝜌̅𝑑

2
) − (𝜌̅𝑐 −

𝜌̅𝑑

2
) ∙ (𝜌̅𝑐 −

𝜌̅𝑑

2
)) 

 = 2𝑘𝑐𝜌̅𝑐 ∙ 𝜌̅𝑑 + 𝑘𝑑 (𝜌̅𝑐 ∙ 𝜌̅𝑐 +
1

4
𝜌̅𝑑 ∙ 𝜌̅𝑑)   (2.118) 

We have 

 𝑘1𝑧1 − 𝑘2𝑧2 = (𝑘𝑐 +
𝑘𝑑

2
) 𝑧1 − (𝑘𝑐 −

𝑘𝑑

2
) 𝑧2 

 = 𝑘𝑐(𝑧1 − 𝑧2) +
1

2
𝑘𝑑(𝑧1 + 𝑧2)   (2.119) 

Combining (2.117), (2.118) and (2.119) gives 

 Γ2
0(𝜌̅1, 𝜌̅2, 𝐿, 𝑘1, 𝑘2) =

1

(4𝜋𝐿)2
𝑒𝑥𝑝 (

𝑖

2𝐿
(𝑘1𝜌1

2 − 𝑘2𝜌2
2) + 𝑖(𝑘1𝑧1 − 𝑘2𝑧2)) 

 =
1

(4𝜋𝐿)2
𝑒𝑥𝑝 (𝑖𝑘𝑐

𝜌̅𝑐∙𝜌̅𝑑

𝐿
+ 𝑖

𝑘𝑑

2𝐿
(𝜌̅𝑐 ∙ 𝜌̅𝑐 +

1

4
𝜌̅𝑑 ∙ 𝜌̅𝑑) + 𝑖𝑘𝑐(𝑧1 − 𝑧2) + 𝑖

𝑘𝑑

2
(𝑧1 + 𝑧2)) 

 ≈
1

(4𝜋𝐿)2
𝑒𝑥𝑝 (𝑖𝑘𝑐(𝑧1 − 𝑧2) + 𝑖

𝑘𝑑

2
(𝑧1 + 𝑧2))   (2.120) 
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Under narrowband assumption, we have 

 𝑘1
2 + 𝑘2

2 = (𝑘𝑐 +
𝑘𝑑

2
)
2

+ (𝑘𝑐 −
𝑘𝑑

2
)
2

≈ 2𝑘𝑐
2 ≈ 2𝑘2   (2.121) 

 𝑘1𝑘2 = 𝑘𝑐
2 −

𝑘𝑑
2

4
≈ 𝑘𝑐

2 ≈ 𝑘2   (2.122) 

where 𝑘 is the wave number at the carrier frequency. 

By using approximations (2.121) and (2.122), it can be shown that the 𝐻 function given 

by (2.114) will depend only on the difference wavenumber 𝑘𝑑. This will greatly reduce 

the mathematical complexity in the subsequent derivations.  

Combining (2.114), (2.121) and (2.122) gives 

 𝐻(𝜌̅𝑑, 𝑘𝑑) ≈ 4𝜋
2𝑘2 ∫ 𝑑𝑧

𝐿

0
∫ 𝜅𝑑𝜅Φ𝑛(𝜅)
∞

0
− 4𝜋2𝑘2 ∫ 𝑑𝑧

𝐿

0
∫ 𝜅𝑑𝜅
∞

0
 

 × Φ𝑛(𝜅)𝑒𝑥𝑝 (−
𝑖𝑧𝜅2(𝐿−𝑧)

2𝐿
(
𝑘𝑑

𝑘2
)) 𝐽0 (𝜅 |

𝑧

𝐿
𝜌̅𝑑|)   (2.123) 

where 𝜌̅𝑑 = 𝜌̅1 − 𝜌̅2. 

Combining (2.115), (2.120) and (2.123), we obtain the two-frequency MCF 

 Γ2(𝜌̅1, 𝜌̅2, 𝐿, 𝑘𝑐, 𝑘𝑑) = Γ2
0(𝜌̅1, 𝜌̅2, 𝐿, 𝑘𝑐 , 𝑘𝑑)𝑒𝑥𝑝(−𝐻(𝜌̅𝑑 , 𝑘𝑑)) 

 =
1

(4𝜋𝐿)2
𝑒𝑥𝑝 (𝑖𝑘𝑐(𝑧1 − 𝑧2) + 𝑖

𝑘𝑑

2
(𝑧1 + 𝑧2) − 𝐻(𝜌̅𝑑, 𝑘𝑑))   (2.124) 

The two-frequency MCF can be written as the summation of the coherent and the 

incoherent components [1-4, 15-18, 42].  

The coherent two-frequency MCF is defined as 
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 Γ2𝑐(𝜌̅1, 𝜌̅2, 𝐿, 𝑘𝑐, 𝑘𝑑) =
1

(4𝜋𝐿)2
𝑒𝑥𝑝 (𝑖𝑘𝑐(𝑧1 − 𝑧2) + 𝑖

𝑘𝑑

2
(𝑧1 + 𝑧2) − 𝜏0)  (2.125) 

where 𝜏0 is the optical depth. 

And the incoherent two-frequency MCF is defined as 

 Γ2𝑖(𝜌̅1, 𝜌̅2, 𝐿, 𝑘𝑐, 𝑘𝑑) =
1

(4𝜋𝐿)2
𝑒𝑥𝑝 (𝑖𝑘𝑐(𝑧1 − 𝑧2) + 𝑖

𝑘𝑑

2
(𝑧1 + 𝑧2)) 

 × (𝑒𝑥𝑝(−𝐻(𝜌̅𝑑, 𝑘𝑑)) − 𝑒𝑥𝑝(−𝜏0))   (2.126) 

where 𝜏0 is the optical depth. 

According to formulas (2.125) and (2.126), the random medium has different effects on 

different components of the two-frequency MCF. More specifically, for the coherent 

component, the random medium causes attenuation. And for the incoherent component, 

the random medium causes both attenuation and dispersion.  

2.9 Scattering Cross Section and Three Dimensional Power Spectrum 

In previous sections, we discuss the two-frequency MCF of the continuous random 

medium with refractive index fluctuations. In order to derive the two-frequency MCF 

for the discrete scatters, it is necessary to relate three-dimensional spatial power 

spectrum of the refractive index fluctuations to the scattering cross-section of the 

discrete scatters [1-4, 11]. Here we assume that all the scatters have the same scattering 

characteristics. 

In the far field of the scatter, the scattered field behaves as a spherical wave and is given 

by [3-4, 11] 

 𝐸̅𝑠(𝑟̅) = 𝑓(̅0̂, 𝑖̂)
𝑒𝑥𝑝(𝑖𝑘𝑅)

𝑅
, 𝑅 >

𝐷2

𝜆
   (2.127) 

where 𝑓(̅0̂, 𝑖̂) is the scattering amplitude, 𝑖̂ is the direction of the incident wave, 0̂ is the 
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direction from the reference point to the observation point,  𝑅 is the distance between 

the reference point and the observation point in direction 0̂ , 𝐷  is the characteristic 

dimension of the scatter, 𝜆 is the wavelength and 𝑘 is the wave number. The scattering 

amplitude 𝑓(̅0̂, 𝑖̂)  contains the amplitude, phase and polarization information of the 

scattered wave in the far field in the direction 0̂ when the scatter is illuminated by a 

plane wave propagating in direction 𝑖̂ with unit amplitude.  

The differential scattering cross section is defined as [3-4] 

 𝜎𝑑(0̂, 𝑖̂) = lim
𝑅→∞

(
𝑅2|𝑆̅𝑠|

|𝑆̅𝑖|
) = |𝑓(̅0̂, 𝑖̂)|

2
=

𝜎𝑡

4𝜋
𝑝(0̂, 𝑖̂)   (2.128) 

where 𝑆𝑖̅ and 𝑆𝑠̅ are incident and scattering power flux density vectors 

 𝑆𝑖̅ =
1

2
𝐸̅𝑖 × 𝐻̅𝑖

∗ =
|𝐸̅𝑖|

2

2𝜂0
𝑖̂, 𝑆𝑠̅ =

1

2
𝐸̅𝑠 × 𝐻̅𝑠

∗ =
|𝐸̅𝑠|

2

2𝜂0
0̂   (2.129) 

where 𝜂0 = √
𝜇0

𝜖0
 is the characteristic impedance of the background medium. 

The bistatic scattering cross section is [3-4] 

 𝜎𝑏𝑖 = 4𝜋𝜎𝑑(0̂, 𝑖̂)   (2.130) 

The scattering cross section can be found by integrating the observed scattered power at 

all angles surrounding the scatter 

 𝜎𝑠 = ∫ 𝜎𝑑(0̂, 𝑖̂)𝑑𝜔
4𝜋

0
   (2.131) 

where 𝑑𝜔 is the differential solid angle. 

Starting from (2.1) and (2.2), we have 

 ∇ × 𝐸̅(𝑟̅) = iω𝜇0𝐻̅(𝑟̅)   (2.132) 
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 ∇ × 𝐻̅(𝑟̅) = −iω𝜀0𝐸̅(𝑟̅) + 𝐽𝑒̅𝑞(𝑟̅)   (2.133) 

where 𝐽𝑒̅𝑞(𝑟̅) the equivalent current source, is given by 

 𝐽𝑒̅𝑞(𝑟̅) = {
−iω𝜀0(𝜀𝑟(𝑟̅) − 1)𝐸̅(𝑟̅) inside scatter

0 outside scatter
}   (2.134) 

The solution to (2.132) and (2.133) can be written as 

 𝐸̅(𝑟̅) = 𝐸̅𝑖(𝑟̅) + 𝐸̅𝑠(𝑟̅)    (2.135) 

 𝐻̅(𝑟̅) = 𝐻̅𝑖(𝑟̅) + 𝐻̅𝑠(𝑟̅)    (2.136) 

where 𝐸̅𝑖(𝑟̅) and 𝐻𝑖(𝑟̅) denote the incident field in absence of the scatter, and 𝐸̅𝑠(𝑟̅) and 

𝐻̅𝑠(𝑟̅) denote the scattered field radiated from the scatter.  

The scattered fields can be written as [3-4] 

 𝐸̅𝑠(𝑟̅) = ∇ × ∇ × Π̅𝑠(𝑟̅)    (2.137) 

 𝐻̅𝑠(𝑟̅) = −iω𝜀0∇ × Π̅𝑠(𝑟̅)    (2.138) 

where Π̅𝑠(𝑟̅) is the Hertz vector given by  

 Π̅𝑠(𝑟̅) = −
1

iω𝜀0
∭𝐺(𝑟̅, 𝑟̅′)𝐽𝑒̅𝑞(𝑟̅

′)𝑑𝑟̅′ 

 =∭(𝜀𝑟(𝑟̅
′) − 1)𝐸̅(𝑟̅′)𝐺(𝑟̅, 𝑟̅′)𝑑𝑟̅′    (2.139) 

where 𝐺(𝑟̅, 𝑟̅′), the Green’s function in background medium, is given by 

 𝐺(𝑟̅, 𝑟̅′) =
𝑒𝑥𝑝(𝑖𝑘|𝑟̅−𝑟̅′|)

4𝜋|𝑟̅−𝑟̅′|
   (2.140a) 

 |𝑟̅ − 𝑟̅′| = √(𝑥 − 𝑥′)2 + (𝑦 − 𝑦′)2 + (𝑧 − 𝑧′)2   (2.140b) 
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In the far field, we can apply the binomial expansion 

 |𝑟̅ − 𝑟̅′| ≈ √𝑅2 − 2𝑟̅ ∙ 𝑟̅′ ≈ 𝑅 − 0̂ ∙ 𝑟̅′    (2.141) 

Combining (2.139), (2.140) and (2.141) gives 

  Π̅𝑠(𝑟̅) ≈
𝑒𝑥𝑝(𝑖𝑘𝑅)

4𝜋𝑅
∭(𝜀𝑟(𝑟̅

′) − 1)𝐸̅(𝑟̅′)𝑒𝑥𝑝(−𝑖𝑘0̂ ∙ 𝑟̅′)𝑑𝑟̅′    (2.142) 

The permittivity is a random function which can be written as [3-4] 

 𝜀(𝑟̅) = 〈𝜀(𝑟̅)〉𝜀𝑟(𝑟̅) = 〈𝜀(𝑟̅)〉(1 + 𝜀1(𝑟̅))    (2.143) 

where 〈𝜀(𝑟̅)〉 = 𝜀0  is free-space permittivity and 𝜀1(𝑟̅) is the permittivity fluctuation 

with 〈𝜀1(𝑟̅)〉 = 0.  

Combining (2.142) and (2.143) gives 

 Π̅𝑠(𝑟̅) ≈
𝑒𝑥𝑝(𝑖𝑘𝑅)

4𝜋𝑅
∭𝜀1(𝑟̅

′)𝐸̅(𝑟̅′)𝑒𝑥𝑝(−𝑖𝑘0̂ ∙ 𝑟̅′)𝑑𝑟̅′    (2.144) 

In the far field, the gradient of the Green’s function is [3-4] 

 ∇ (
𝑒𝑥𝑝(𝑖𝑘𝑅)

𝑅
) = 𝑥̂

𝜕

𝜕𝑥
(
𝑒𝑥𝑝(𝑖𝑘𝑅)

𝑅
) + 𝑦̂

𝜕

𝜕𝑦
(
𝑒𝑥𝑝(𝑖𝑘𝑅)

𝑅
) + 𝑧̂

𝜕

𝜕𝑧
(
𝑒𝑥𝑝(𝑖𝑘𝑅)

𝑅
) 

 = 𝑥̂
𝑒𝑥𝑝(𝑖𝑘𝑅)

𝑅
(
𝑖𝑘𝑅−1

𝑅
)
𝑥

𝑅
+ 𝑦̂

𝑒𝑥𝑝(𝑖𝑘𝑅)

𝑅
(
𝑖𝑘𝑅−1

𝑅
)
𝑦

𝑅
+ 𝑧̂

𝑒𝑥𝑝(𝑖𝑘𝑅)

𝑅
(
𝑖𝑘𝑅−1

𝑅
)
𝑧

𝑅
 

 ≈ 𝑖𝑘
𝑒𝑥𝑝(𝑖𝑘𝑅)

𝑅
(𝑥̂

𝑥

𝑅
+ 𝑦̂

𝑦

𝑅
+ 𝑧̂

𝑧

𝑅
) = 𝑖𝑘

𝑒𝑥𝑝(𝑖𝑘𝑅)

𝑅
0̂    (2.145) 

Applying the vector calculus identity 

 ∇ × (𝜓𝐴̅) = 𝜓∇ × 𝐴̅ + ∇𝜓 × 𝐴̅    (2.146) 

where 𝜓 is a scalar function and 𝐴̅ is a constant vector. 
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Combining (2.145) and (2.146) gives 

 ∇ × (
𝑒𝑥𝑝(𝑖𝑘𝑅)

𝑅
𝐴̅) = (

𝑒𝑥𝑝(𝑖𝑘𝑅)

𝑅
)∇ × 𝐴̅ + ∇ (

𝑒𝑥𝑝(𝑖𝑘𝑅)

𝑅
) × 𝐴̅ 

 = ∇(
𝑒𝑥𝑝(𝑖𝑘𝑅)

𝑅
) × 𝐴̅ ≈ 𝑖𝑘

𝑒𝑥𝑝(𝑖𝑘𝑅)

𝑅
0̂  × 𝐴̅   (2.147) 

Combining (2.137), (2.144) and (2.147) gives 

 𝐸̅𝑠(𝑟̅) = ∇ × ∇ × (
𝑒𝑥𝑝(𝑖𝑘𝑅)

4𝜋𝑅
∭𝜀1(𝑟̅

′)𝐸̅(𝑟̅′)𝑒𝑥𝑝(−𝑖𝑘0̂ ∙ 𝑟̅′)𝑑𝑟̅′) 

 =∭∇× ∇ × [
𝑒𝑥𝑝(𝑖𝑘𝑅)

4𝜋𝑅
𝐸̅(𝑟̅′)] 𝜀1(𝑟̅

′)𝑒𝑥𝑝(−𝑖𝑘0̂ ∙ 𝑟̅′)𝑑𝑟̅′ 

 =∭∇× [𝑖𝑘
𝑒𝑥𝑝(𝑖𝑘𝑅)

4𝜋𝑅
0̂  × 𝐸̅(𝑟̅′)] 𝜀1(𝑟̅

′)𝑒𝑥𝑝(−𝑖𝑘0̂ ∙ 𝑟̅′)𝑑𝑟̅′ 

 =
𝑘2𝑒𝑥𝑝(𝑖𝑘𝑅)

4𝜋𝑅
∭[−0̂ × 0̂  × 𝐸̅(𝑟̅′)]𝜀1(𝑟̅

′)𝑒𝑥𝑝(−𝑖𝑘0̂ ∙ 𝑟̅′)𝑑𝑟̅′   (2.148) 

Combining (2.127) and (2.148) gives 

 𝑓(̅0̂, 𝑖̂) =
𝑘2

4𝜋
∭[−0̂ × 0̂  × 𝐸̅(𝑟̅′)]𝜀1(𝑟̅

′)𝑒𝑥𝑝(−𝑖𝑘0̂ ∙ 𝑟̅′)𝑑𝑟̅′    (2.149) 

where  𝐸̅(𝑟̅′) is the total electric field at 𝑟̅′ when the incident field has unit amplitude. 

The scattering cross section can also be defined using the scattering amplitude [3-4] 

 𝜎𝑠 = ∫ |𝑓(0̂, 𝑖̂)|
2
𝑑𝜔

4𝜋

0
=

𝜎𝑡

4𝜋
∫ 𝑝(0̂, 𝑖̂)𝑑𝜔
4𝜋

0
   (2.150) 

where 𝜎𝑡 is called the extinction cross section and 𝑝(0̂, 𝑖̂) is the phase function. 

The albedo of a single particle is ratio of the scattering cross section to the extinction 

cross section [3-4] 
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 𝑊0 =
𝜎𝑠

𝜎𝑡
=

1

𝜎𝑡
∫ |𝑓(0̂, 𝑖̂)|

2
𝑑𝜔

4𝜋

0
=

1

4𝜋
∫ 𝑝(0̂, 𝑖̂)𝑑𝜔
4𝜋

0
   (2.151) 

If the refractive index fluctuation is small, the Born approximation may be applied and 

the total electric field inside the scatter is approximately equal to the incident electric 

field. Therefore, we have 

 𝐸̅(𝑟̅′) = 𝑒̂𝑖𝑒𝑥𝑝(𝑖𝑘𝑖̂ ∙ 𝑟̅
′)    (2.152) 

where 𝑒̂𝑖 is a unit vector in the direction of polarization.  

The Born approximation is valid when [3-4] 

 2𝜋𝜀1
𝐷

𝜆
≪ 1    (2.153) 

where 𝐷 is the characteristic dimension of the scatter and 𝜆 is the wavelength at carrier 

frequency. 

The formula of vector triple product is 

 𝐴̅ × (𝐵̅ × 𝐶̅) = (𝐴̅ ∙ 𝐶̅)𝐵̅ − (𝐴̅ ∙ 𝐵̅)𝐶̅    (2.153) 

Combining (2.149), (2.152) and (2.153) gives 

 𝑓(̅0̂, 𝑖̂) =
𝑘2

4𝜋
∭[−0̂ × 0̂  × 𝑒̂𝑖]𝑒𝑥𝑝(𝑖𝑘(𝑖̂ − 0̂) ∙ 𝑟̅

′)𝑑𝑟̅′ 

 =
𝑘2

4𝜋
∭[𝑒̂𝑖 − 0̂(0̂ ∙ 𝑒̂𝑖)]𝑒𝑥𝑝(𝑖𝑘(𝑖̂ − 0̂) ∙ 𝑟̅

′)𝑑𝑟̅′    (2.154) 

It is convenient to define the directional cosine 

 𝑐𝑜𝑠(𝜒) = 0̂ ∙ 𝑒̂𝑖    (2.155) 

The vector dot product is 
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 (𝑒̂𝑖 − 0̂(0̂ ∙ 𝑒̂𝑖)) ∙ (𝑒̂𝑖 − 0̂(0̂ ∙ 𝑒̂𝑖)) = (𝑒̂𝑖 − 0̂𝑐𝑜𝑠(𝜒)) ∙ (𝑒̂𝑖 − 0̂𝑐𝑜𝑠(𝜒)) 

 = 1 − 𝑐𝑜𝑠2(𝜒) = 𝑠𝑖𝑛2(𝜒)    (2.156) 

It is convenient to define 

 𝑒̂𝑠𝑠𝑖𝑛(𝜒) = 𝑒̂𝑖 − 0̂(0̂ ∙ 𝑒̂𝑖)    (2.157) 

 𝑘̅𝑠 = 𝑘(𝑖̂ − 0̂)    (2.158) 

It can be shown that 

 𝑘𝑠
2 = 𝑘2(𝑖̂ − 0̂) ∙ (𝑖̂ − 0̂) = 2𝑘2(1 − 𝑐𝑜𝑠(𝜃)) = 4𝑘2𝑠𝑖𝑛2 (

𝜃

2
)    (2.159) 

where 𝜃 is the angle between 𝑖̂ and 0̂. 

Combining (2.154), (2.158) and (2.157) gives 

 𝑓(̅0̂, 𝑖̂) = 𝑒̂𝑠𝑠𝑖𝑛(𝜒)
𝑘2

4𝜋
∭𝑒𝑥𝑝(𝑖𝑘̅𝑠 ∙ 𝑟̅

′)𝑑𝑟̅′    (2.160) 

The differential cross section per unit volume of the random medium is given by [4, 11] 

 𝜎𝑑
′ (0̂, 𝑖̂) =

1

𝛿𝑉
〈𝑓(̅0̂, 𝑖̂) ∙ 𝑓̅∗(0̂, 𝑖̂)〉    (2.161) 

where 𝛿𝑉 is the elementary volume of the random medium. It is required that 𝛿𝑉 much 

be small enough so that the incident wave can be considered as a plane wave, 

meanwhile, 𝛿𝑉  should be much greater than the correlation distance of the random 

medium.  

Combining (2.10) and (2.143) gives 

 𝜀𝑟(𝑟̅) = 𝑛2(𝑟̅) 
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 1 + 𝜀1(𝑟̅) ≈ 1 + 2𝑛1(𝑟̅) 

 𝜀1(𝑟̅) = 2𝑛1(𝑟̅)    (2.162) 

Combining (2.161) and (2.162) gives 

 𝜎𝑑
′ (0̂, 𝑖̂) =

𝑘4𝑠𝑖𝑛2(𝜒)

(4𝜋)2𝛿𝑉
∭∭〈𝜀1(𝑟̅1)𝜀1

∗(𝑟̅2)〉𝑒𝑥𝑝 (𝑖𝑘̅𝑠 ∙ (𝑟̅1 − 𝑟̅2)) 𝑑𝑟̅1𝑑𝑟̅2 

 =
4𝑘4𝑠𝑖𝑛2(𝜒)

(4𝜋)2𝛿𝑉
∭∭〈𝑛1(𝑟̅1)𝑛1

∗(𝑟̅2)〉𝑒𝑥𝑝 (𝑖𝑘̅𝑠 ∙ (𝑟̅1 − 𝑟̅2)) 𝑑𝑟̅1𝑑𝑟̅2 

 =
4𝑘4𝑠𝑖𝑛2(𝜒)

(4𝜋)2𝛿𝑉
∭∭𝐵𝑛(𝑟̅1, 𝑟̅2)𝑒𝑥𝑝 (𝑖𝑘̅𝑠 ∙ (𝑟̅1 − 𝑟̅2)) 𝑑𝑟̅1𝑑𝑟̅2    (2.164) 

where the region of integration is the volume of the random medium 𝛿𝑉. If the random 

medium is statistically homogenous and isotropic, then the covariance function 

𝐵𝑛(𝑟̅1 − 𝑟̅2) is a function of difference |𝑟̅1 − 𝑟̅2|. It is helpful to make the change of 

variables 

 𝑟̅𝑐 =
1

2
(𝑟̅1 + 𝑟̅2), 𝑟̅𝑑 = 𝑟̅1 − 𝑟̅2   (2.165) 

Combining (2.164) and (2.165) gives 

 ∭∭〈𝑛1(𝑟̅1)𝑛1
∗(𝑟̅2)〉𝑒𝑥𝑝 (𝑖𝑘̅𝑠 ∙ (𝑟̅1 − 𝑟̅2)) 𝑑𝑟̅1𝑑𝑟̅2 

 =∭∭𝐵𝑛(𝑟̅𝑑)𝑒𝑥𝑝(𝑖𝑘̅𝑠 ∙ 𝑟̅𝑑)𝑑𝑟̅𝑑𝑑𝑟̅𝑐    (2.166) 

Since the covariance function has negligible value when 𝑟̅𝑑  is greater than the 

correlation distance of the random medium, the region of integration of 𝑟̅𝑑  can be 

extended to infinite without incurring error. 

Combining (2.29), (2.164) and (2.166) gives 
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 𝜎𝑑
′ (0̂, 𝑖̂) =

4𝑘4𝑠𝑖𝑛2(𝜒)

(4𝜋)2𝛿𝑉
∭∭𝐵𝑛(𝑟̅𝑑)𝑒𝑥𝑝(𝑖𝑘̅𝑠 ∙ 𝑟̅𝑑)𝑑𝑟̅𝑑𝑑𝑟̅𝑐 

 =
4𝑘4𝑠𝑖𝑛2(𝜒)

(4𝜋)2𝛿𝑉
∭𝑑𝑟̅𝑐∭𝐵𝑛(𝑟̅𝑑)𝑒𝑥𝑝(𝑖𝑘̅𝑠 ∙ 𝑟̅𝑑)𝑑𝑟̅𝑑 

 =
2𝜋𝑘4𝑠𝑖𝑛2(𝜒)

𝛿𝑉
Φ𝑛(𝑘̅𝑠)∭𝑑𝑟̅𝑐 = 2𝜋𝑘

4𝑠𝑖𝑛2(𝜒)Φ𝑛(𝑘̅𝑠)    (2.167) 

It is noticed that the angular dependence 𝑠𝑖𝑛2(𝜒) is due to the radiation pattern of a 

dipole. This is to be expected because the scattered electric field is generated by the 

equivalent current source 𝐽𝑒̅𝑞(𝑟̅)  can be considered as an electric dipole which the 

electric polarization 𝜀0(𝜀𝑟(𝑟̅) − 1)𝐸̅(𝑟̅).  

For a scalar wave, the angular dependence 𝑠𝑖𝑛2(𝜒) is unit [4]. Therefore, we obtain 

 𝜎𝑑
′ (0̂, 𝑖̂) = 2𝜋𝑘4Φ𝑛(𝑘̅𝑠)    (2.168) 

For statistically homogeneous and isotropic random fluctuations, the three-dimensional 

spatial power spectrum Φ𝑛(𝑘𝑠) is a function of 𝑘𝑠 = |𝑘̅𝑠| 

 𝜎𝑑
′ (0̂, 𝑖̂) = 2𝜋𝑘4Φ𝑛(𝑘𝑠)    (2.169) 

where 𝑘𝑠 = 2𝑘 sin (
𝜃

2
). 

The attenuation constant 𝛼𝑟 is defined as by integrating the differential scattering cross 

section over 4𝜋 solid angle. 

 𝛼𝑟 = ∫ 𝜎𝑑
′ (0̂, 𝑖̂)𝑑𝜔

4𝜋

0
    (2.170) 

The differential solid angle can be written as 

 𝑑𝜔 = sin(𝜃)𝑑𝜃𝑑𝜙 =
2𝑘 sin(

𝜃

2
)𝑘 cos(

𝜃

2
)𝑑𝜃𝑑𝜙

𝑘2
=

𝑘𝑠𝑑𝑘𝑠𝑑𝜙

𝑘2
    (2.171) 
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Combining (2.169), (2.170) and (2.171) gives 

 𝛼𝑟 = 2𝜋𝑘
2 ∫ ∫ Φ𝑛(𝑘𝑠) 𝑘𝑠𝑑𝑘𝑠𝑑𝜙

2𝜋

0

2𝑘

0
= 4𝜋2𝑘2 ∫ Φ𝑛(𝑘𝑠) 𝑘𝑠𝑑𝑘𝑠

2𝑘

0
   (2.172) 

By equating the differential cross section per unit volume of the reflection index 

fluctuations and that of a tenuous distribution of random discrete scatters, we obtain 

 𝜎𝑑
′ (0̂, 𝑖̂) = 𝜌𝑛𝜎𝑑(0̂, 𝑖̂)  

 2𝜋𝑘4Φ𝑛(𝑘𝑠) =
𝜌𝑛𝜎𝑡

4𝜋
𝑝(0̂, 𝑖̂)   (2.173) 

where 𝜌𝑛 is the number of scatters per unit volume.  

It is noticed that the independent scattering assumption is made and the fractional 

volume of the discrete scatters in the random medium should be less than 0.1%. 

It is convenient to define variable 

 𝑠 = 2𝑠𝑖𝑛 (
𝜃

2
)   (2.174) 

where 𝜃 is the angle between 𝑖̂ and 0̂. 

The normalized phase function is 

 𝛽(𝑠) =
𝜎𝑡

𝜎𝑠
𝑝(𝑠)   (2.175) 

which satisfies the normalization condition 

 
1

2
∫ 𝛽(𝑠)𝑠𝑑𝑠
2

0
= 1   (2.176) 

Combining (2.150) and (2.152) gives 
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 2𝜋𝑘4Φ𝑛(𝜅) =
ρ𝑛𝜎𝑡

4𝜋
𝑝(𝑠) =

ρ𝑛𝜎𝑠

4𝜋
𝛽(𝑠) =

𝑏

4𝜋
𝛽(𝑠)   (2.177) 

where ρ𝑛 is the number density and 𝑏 is the scattering coefficient. 

2.10 Rytov Approximation for Discrete Scatters 

By replacing the three-dimensional spatial power spectrum with the normalized phase 

function, we can get the two-frequency MCF for the random discrete scatters and the 

coherent field [1-2, 8]. First, we will calculate the 𝐻 function for the discrete random 

medium. 

To simplify the notations, it is convenient to define function 

 𝑔 = 𝑒𝑥𝑝 (−
𝑖𝑧𝜅2(𝐿−𝑧)

2𝐿

𝑘𝑑

𝑘2
)   (2.178) 

We relate the integration variable 𝜅 in the spectral representation to the wavenumber 𝑘𝑠 

in the scattering amplitude [1-2, 8].  

 𝜅 = 2𝑘 sin (
𝜃

2
) = 𝑘𝑠   (2.179) 

where 𝜃 is the scattering angle. 

Combining (2.178) and (2.179) gives 

 𝑔 = 𝑒𝑥𝑝 (−
𝑖𝑧(𝐿−𝑧)

2𝐿
𝑘𝑑𝑠

2)   (2.180) 

Combining (2.123), (2.179) and (2.180) gives 

 𝐻(𝜌̅𝑑, 𝑘𝑑) = 4𝜋2 ∫ 𝑑𝑧
𝐿

0
∫ 𝜅𝑑𝜅Φ𝑛(𝜅)
∞

0
(𝑘2 − 𝑘2𝑔𝐽0 (𝜅 |

𝑧𝜌̅𝑑

𝐿
|)) 

 = 2𝜋 ∫ 𝑑𝑧
𝐿

0
∫ 𝑠𝑑𝑠(2𝜋𝑘4Φ𝑛(𝑘𝑠)) (1 − 𝑔𝐽0 (𝑘𝑠 |

𝑧𝜌̅𝑑

𝐿
|))

2

0
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 = ∫ 𝑑𝑧
𝐿

0

𝑏

2
∫ 𝑠𝑑𝑠𝛽(𝑠) (1 − 𝑔𝐽0 (𝑘𝑠 |

𝑧𝜌̅𝑑

𝐿
|))

2

0
   (2.181) 

For mathematical convenience, we assume the scattering characteristics of the discrete 

scatters can be described by a Gaussian function [1-4, 8, 15-18, 42] 

 𝛽(𝑠) = 4𝛼𝑝𝑒𝑥𝑝(−𝛼𝑝𝑠
2)   (2.182) 

where 𝛼𝑝 =
4𝑙𝑛(2)

𝜃𝑝
2  and 𝜃𝑝 is the half-power beamwidth of the scattering pattern. 

The Gaussian function satisfies the normalization condition [1-2, 8] 

 
1

2
∫ 𝛽(𝑠)𝑠𝑑𝑠
2

0
≈

1

2
∫ 𝛽(𝑠)𝑠𝑑𝑠
∞

0
= 𝛼𝑝 ∫ 𝑒𝑥𝑝(−𝛼𝑝𝑠

2)𝑑𝑠2
∞

0
= 1   (2.183) 

Even a closed form expression could be obtained by using the Gaussian phase function. 

For most practical cases, the more realistic Henyey-Greenstein phase function should be 

used to give better representations of the scatter characteristics of the discrete scatters.  

The Henyey-Greenstein phase function is given by [1-4, 8] 

 𝛽(𝑠) =
1+𝑔𝑎

(1−𝑔𝑎)2
1

[1+(𝑠/𝑠0)2]3/2
   (2.184) 

where 𝑠0
2 = (1 − 𝑔𝑎)

2/𝑔𝑎 and 𝑔𝑎 is the anisotropy factor.  

In the derivation, we assume the characteristic dimension of the scatters 𝐷  is much 

larger than the wavelength 𝜆 at the carrier frequency of the imaging system. Therefore, 

the scattering power is concentrated in a small cone region in the forward direction. If 

the Gaussian phase function gives approximately the same amount of scattering in the 

forward direction as that predicted by the Henyey-Greenstein phase function, more 

accurate results could be obtained. For this reason, we determine the parameter 𝛼𝑝 by 

equating the half power beamwidth of the Gaussian phase function to the half-power 
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beamwidth of the Henyey-Greenstein phase function for a given anisotropy factor 𝑔𝑎 

[1-2]. 

 𝛼𝑝 =
𝑙𝑛(2)𝑔𝑎

(1−𝑔𝑎)2(22/3−1)
   (2.185) 

Combining (2.181) and (2.182) gives 

 
1

2
∫ 𝑠𝑑𝑠𝛽(𝑠) (1 − 𝑔𝐽0 (𝑘𝑠 |

𝑧𝜌̅𝑑

𝐿
|))

2

0
 

 ≈ 2𝛼𝑝 ∫ (1 − 𝑔𝐽0 (𝑘𝑠 |
𝑧𝜌̅𝑑

𝐿
|)) 𝑒𝑥𝑝(−𝛼𝑝𝑠

2)𝑠𝑑𝑠
∞

0
   (2.186) 

In formula (2.186), the limit of integration is extended from 2  to +∞ . Since the 

integrand decreases exponentially with respect to 𝑠, little error will be introduced.  

It is convenient to define function 

 𝐴(𝑘𝑑 , 𝑧) =
𝑖𝑧(𝐿−𝑧)

2𝐿
𝑘𝑑   (2.187) 

Combining (2.180) and (2.187) gives 

 𝑔 = 𝑒𝑥𝑝 (
𝑖𝑧(𝐿−𝑧)

2𝐿
𝑘𝑑𝑠

2) = 𝑒𝑥𝑝(𝐴(𝑘𝑑)𝑠
2)   (2.188) 

It is convenient to define function 

 𝑃 = |
𝜌̅𝑑𝑧

𝐿
|   (2.189) 

Combining (2.186), (2.188) and (2.189) gives 

 2𝛼𝑝 ∫ (1 − 𝑒𝑥𝑝(𝐴(𝑘𝑑, 𝑧)𝑠
2)𝐽0(𝑘𝑠𝑃))𝑒𝑥𝑝(−𝛼𝑝𝑠

2)𝑠𝑑𝑠
∞

0
 

 = 𝛼𝑝 ∫ 𝑒𝑥𝑝(−𝛼𝑝𝑠
2)𝑑𝑠2

∞

0
− 𝛼𝑝 ∫ 𝑒𝑥𝑝 (− (𝛼𝑝 − 𝐴(𝑘𝑑, 𝑧)) 𝑠

2) 𝐽0(𝑘𝑠𝑃)𝑑𝑠
2∞

0
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 = 1 − 𝛼𝑝 ∫ 𝑒𝑥𝑝 (− (𝛼𝑝 − 𝐴(𝑘𝑑, 𝑧)) 𝑠
2) 𝐽0(𝑘𝑠𝑃)𝑑𝑠

2∞

0
   (2.190) 

Applying the integral identity 

 ∫ 𝐽𝑣(𝑎𝑡)𝑒𝑥𝑝(−𝑝
2𝑡2)𝑡𝑣+1𝑑𝑡

∞

0
=

𝑎𝑣

(2𝑝2)𝑣+1
𝑒𝑥𝑝 (−

𝑎2

4𝑝2
)   (2.191) 

Combining (2.186), (2.190) and (2.191) gives 

 
1

2
∫ 𝑠𝑑𝑠𝛽(𝑠)(1 − 𝑔𝐽0(𝑘𝑠𝑃))
2

0
= 1 −

1

1−𝐴(𝑘𝑑,𝑧)/𝛼𝑝
𝑒𝑥𝑝 (−

1

4

𝑘2𝑃2

𝛼𝑝−𝐴(𝑘𝑑,𝑧)
)  (2.192) 

Combining (2.181) and (2.192) gives 

 𝐻(𝜌̅𝑑, 𝑘𝑑) = ∫ 𝑑𝑧𝑏 (1 −
1

1−𝐴(𝑘𝑑,𝑧)/𝛼𝑝
𝑒𝑥𝑝 (−

1

4

𝑘2𝑃2

𝛼𝑝−𝐴(𝑘𝑑,𝑧)
))

𝐿

0
   (2.193) 

It is convenient to define function 

 𝐵(𝑘𝑑 , 𝑧) =
1

1−𝐴(𝑘𝑑,𝑧)/𝛼𝑝
   (2.194) 

Combining (2.193) and (2.194) gives 

 𝐻(𝑟̅𝑑, 𝑘𝑑) = ∫ 𝑑𝑧𝑏 (1 − 𝐵(𝑘𝑑 , 𝑧)𝑒𝑥𝑝 (−
1

4

𝑘2𝑃2

𝛼𝑝−𝐴(𝑘𝑑,𝑧)
))

𝐿

0
   (2.195) 

The 𝐻  function in formula (2.195) includes the effects of scattering. If the random 

medium is also lossy, an additional term corresponding to the dielectric loss can be 

added to the 𝐻 function [1-2, 4, 8] 

 𝐻(𝜌̅𝑑, 𝑘𝑑) = ∫ 𝑎𝑑𝑧
𝐿

0
+ ∫ 𝑑𝑧𝑏 (1 − 𝐵(𝑘𝑑, 𝑧)𝑒𝑥𝑝 (−

1

4

𝑘2𝑃2

𝛼𝑝−𝐴(𝑘𝑑,𝑧)
))

𝐿

0
  (2.196) 

where 𝑎 is the absorption coefficient. It is noticed that the limits of integration is from 0 
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to 𝐿 in the equation. This implies that the random medium occupies the entire space 

between the transceiver and the object. If the random medium is uniform from 𝑑1 to 

𝑑1 + 𝑑2, we can make the change of the limits of the integration. More specifically, the 

𝐻 function is written as 

𝐻(𝜌̅𝑑, 𝑘𝑑) = ∫ 𝑎𝑑𝑧
𝑑1+𝑑2

𝑑1
+ ∫ 𝑑𝑧𝑏 (1 − 𝐵(𝑘𝑑 , 𝑧)𝑒𝑥𝑝 (−

1

4

𝑘2𝑃2

𝛼𝑝−𝐴(𝑘𝑑,𝑧)
))

𝑑1+𝑑2

𝑑1
   (2.197) 

The expression (2.197) is derived based on the assumption that the transceiver has 

isotropic 180° antenna pattern. If the antennas of the imaging system have relatively 

broad beamwidth, then this assumption should be valid. However, for narrow beam 

antennas, an additional antenna pattern factor must be included in the integral to 

incorporate the finite beamwidth. The most commonly used the antenna pattern factor is 

Gaussian function, because of its mathematical convenience and its ability to represent 

the main lobe of a high gain antenna [4, 41],  

Combining (2.124) and (2.197) gives 

Γ2(𝜌̅𝑑, 𝐿, 𝑘𝑐, 𝑘𝑑) = Γ2
0(𝜌̅1, 𝜌̅2, 𝐿, 𝑘𝑐 , 𝑘𝑑)𝑒𝑥𝑝(−𝐻(𝜌̅𝑑, 𝑘𝑑)) 

 =
1

(4𝜋𝐿)2
𝑒𝑥𝑝 (𝑖𝑘𝑐(𝑧1 − 𝑧2) + 𝑖

𝑘𝑑

2
(𝑧1 + 𝑧2) − 𝐻(𝜌̅𝑑, 𝑘𝑑))   (2.198) 

where 𝜌̅𝑑 = 𝜌̅1 − 𝜌̅2.  

The coherent part Γ2𝑐  and the incoherent part Γ2𝑖  of the two-frequency MCF can be 

written as 

 Γ2𝑐(𝜌̅𝑑, 𝐿, 𝑘𝑐, 𝑘𝑑) =
1

(4𝜋𝐿)2
𝑒𝑥𝑝 (𝑖𝑘𝑐(𝑧1 − 𝑧2) + 𝑖

𝑘𝑑

2
(𝑧1 + 𝑧2) − 𝜏0)  (2.199) 

 Γ2𝑖(𝜌̅𝑑 , 𝐿, 𝑘1, 𝑘2) =
1

(4𝜋𝐿)2
𝑒𝑥𝑝 (𝑖𝑘𝑐(𝑧1 − 𝑧2) + 𝑖

𝑘𝑑

2
(𝑧1 + 𝑧2)) 
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 × (𝑒𝑥𝑝(−𝐻(𝜌̅𝑑, 𝑘𝑑 , 𝑘)) − 𝑒𝑥𝑝(−𝜏0))   (2.200) 

where 𝜏0, the optical depth, is given by 

 𝜏0 = ∫ (𝑎 + 𝑏)𝑑𝑧
𝑑1+𝑑2

𝑑1
   (2.201) 

where 𝑎 is the absorption coefficient and 𝑏 is the scattering coefficient. 

In an analogous way, the coherent field can be evaluated. 

Combining (2.108), (2.177) and (2.178) gives 

 〈𝑈(𝜌̅, 𝐿, 𝑘)〉 = 𝑈0(𝜌̅, 𝐿, 𝑘)𝑒𝑥𝑝 (−𝜋 ∫ 𝑑𝑧
𝐿

0
∫ 𝑠𝑑𝑠(2𝜋𝑘4Φ𝑛(𝑘𝑠))
2

0
) 

 = 𝑈0(𝜌̅, 𝐿, 𝑘)𝑒𝑥𝑝 (−
1

4
∫ 𝑏𝑑𝑧
𝐿

0
∫ 𝑠𝑑𝑠𝛽(𝑠)
2

0
) 

 = 𝑈0(𝜌̅, 𝐿, 𝑘)𝑒𝑥𝑝 (−
1

2
∫ 𝑏𝑑𝑧
𝐿

0
)   (2.202) 

For a layer of lossy random medium from 𝑑1 to 𝑑1 + 𝑑2, we obtain 

 〈𝑈(𝜌̅, 𝐿, 𝑘)〉 = 𝑈0(𝜌̅, 𝐿, 𝑘)𝑒𝑥𝑝 (−
1

2
∫ (𝑎 + 𝑏)𝑑𝑧
𝑑1+𝑑2

𝑑1
)   (2.203) 

where 𝑎 is the absorption coefficient. 

Combining (2.201) and (2.203) gives 

 〈𝑈(𝜌̅, 𝐿, 𝑘)〉 = 𝑈0(𝜌̅, 𝐿, 𝑘)𝑒𝑥𝑝 (−
𝜏0

2
)   (2.204) 

It can be observed that the coherent field attenuates exponentially as it propagates 

through the random medium. 
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Chapter 3 Correlation Function of Imaging System Output 

For practical time-domain imaging systems, the modulated waveform is 

commonly used to probe the target characteristics. The images of the target can be 

formed based on statistical information extracted from the complex envelope 

measurements. Therefore, it is important to determine the effects of the random medium 

on the statistics of the complex envelopes. In this chapter, we will the discuss 

relationship between the correlation function of the output complex envelope and the 

two-frequency MCF. It will be shown that the for a given input signal, the correlation 

function of the output complex envelope can be calculated from the two-frequency 

MCF by taking the inverse Fourier transform. 

This chapter is organized in following. Frist, the correlation function of the 

output complex envelop is derived and its relationship to the two-frequency MCF is 

demonstrated. Second, a simplified correlation function of the output complex envelop 

is obtained by assuming the transmitting signal is modulated Gaussian.  

3.1 Correlation Function of Output Complex Envelope 

For a time-domain imaging system transmitting the modulated signals, we have [4, 25] 

 𝑝𝑖(𝑡) = 𝑓𝑖(𝑡)𝑒𝑥𝑝(−𝑖𝜔0𝑡)   (3.1) 

where 𝑓𝑖(𝑡) is the complex envelope of the transmitting signal and 𝑓0 =
𝜔0

2𝜋
 is the carrier 

frequency. 

The receiving signal is 

 𝑝𝑜(𝑡) = 𝑓𝑜(𝑡)𝑒𝑥𝑝(−𝑖𝜔0𝑡)   (3.2) 

where 𝑓𝑜(𝑡) is the complex envelope of the receiving signal and 𝑓0 =
𝜔0

2𝜋
 is the carrier 
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frequency. 

The spectrum of the transmitting signal can be obtained by taking the Fourier transform 

 𝑃𝑖(𝜔) = ∫ 𝑝𝑖(𝑡)
+∞

−∞
𝑒𝑥𝑝(𝑖𝜔𝑡)𝑑𝑡   (3.3) 

Combining (3.1) and (3.3) gives 

 𝑃𝑖(𝜔) = ∫ 𝑓𝑖(𝑡)
+∞

−∞
𝑒𝑥𝑝(𝑖(𝜔 − 𝜔0)𝑡)𝑑𝑡 = 𝐹𝑖(𝜔 − 𝜔0)   (3.4) 

The spectrums of the transmitting and the receiving signals are related by the transfer 

function 

 𝑃0(𝜔) = 𝐻(𝜔)𝑃𝑖(𝜔)   (3.5) 

Combining (3.2), (3.4) and (3.5) gives 

 𝑓𝑜(𝑡)𝑒𝑥𝑝(−𝑖𝜔0𝑡) =
1

2𝜋
∫ 𝐹𝑖(𝜔 − 𝜔0)𝐻(𝜔)𝑒𝑥𝑝(−𝑖𝜔𝑡)𝑑𝜔
+∞

−∞
  

 𝑓𝑜(𝑡) =
1

2𝜋
∫ 𝐹𝑖(𝜔 − 𝜔0)𝐻(𝜔)𝑒𝑥𝑝(−𝑖(𝜔 − 𝜔0)𝑡)𝑑𝜔
+∞

−∞
  

 𝑓𝑜(𝑡) =
1

2𝜋
∫ 𝐹𝑖(𝜔)𝐻(𝜔 + 𝜔0)𝑒𝑥𝑝(−𝑖𝜔𝑡)𝑑𝜔
+∞

−∞
   (3.6) 

The complex envelope of the receiving signal is 

 𝑓𝑜(𝑡) =
1

2𝜋
∫ 𝐹𝑖(𝜔)𝐻(𝜔 + 𝜔0)𝑒𝑥𝑝(−𝑖𝜔𝑡)𝑑𝜔
+∞

−∞
   (3.7) 

In the random medium, the transfer function is related to the complex amplitude of the 

field  

 𝐻(𝜔) = 𝑈(𝜌̅, 𝐿, 𝜔)   (3.8) 
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Combining (3.7) and (3.8) gives 

 𝑓𝑜(𝑡) =
1

2𝜋
∫ 𝐹𝑖(𝜔)𝑈(𝑟̅, 𝐿, 𝜔 + 𝜔0)𝑒𝑥𝑝(−𝑖𝜔𝑡)𝑑𝜔
+∞

−∞
   (3.9) 

The correlation function of the receiving complex envelope is 

 𝐵𝑓(𝜌̅1, 𝜌̅2, 𝐿, 𝑡1, 𝑡2) = 〈𝑓𝑜(𝜌̅1, 𝐿, 𝑡1)𝑓𝑜
∗(𝜌̅2, 𝐿, 𝑡2)〉 

 =
1

4𝜋2
∫ 𝑑𝜔1 ∫ 𝑑𝜔2

+∞

−∞

+∞

−∞
〈𝑈(𝜌̅1, 𝐿, 𝜔1 + 𝜔0)𝑈

∗(𝜌̅2, 𝐿, 𝜔2 + 𝜔0)〉 

 × 𝐹𝑖(𝜔1)𝐹𝑖
∗(𝜔2)𝑒𝑥𝑝(−𝑖𝜔1𝑡1 + 𝑖𝜔2𝑡2)   (3.10) 

It is noticed that two-frequency MCF is defined as 

 Γ2(𝜌̅1, 𝜌̅2, 𝐿, 𝜔1, 𝜔2) = 〈𝑈(𝜌̅1, 𝐿, 𝜔1)𝑈
∗(𝜌̅2, 𝐿, 𝜔2)〉   (3.11) 

Combining (3.10) and (3.11) gives 

 𝐵𝑓(𝜌̅1, 𝜌̅2, 𝐿, 𝑡1, 𝑡2) = 〈𝑓𝑜(𝜌̅1, 𝐿, 𝑡1)𝑓𝑜
∗(𝜌̅2, 𝐿, 𝑡2)〉 

 =
1

4𝜋2
∫ 𝑑𝜔1 ∫ 𝑑𝜔2

+∞

−∞

+∞

−∞
Γ2(𝑟̅1, 𝑟̅2, 𝐿, 𝜔1 + 𝜔0, 𝜔2 + 𝜔0) 

 × 𝐹𝑖(𝜔1)𝐹𝑖
∗(𝜔2)𝑒𝑥𝑝(−𝑖𝜔1𝑡1 + 𝑖𝜔2𝑡2)   (3.12) 

3.2 Correlation Function of a Modulated Gaussian Waveform 

If the transmitting signal is a modulated Gaussian pulse, then we have [1-2] 

 𝑝𝑖(𝑡) = 𝑓𝑖(𝑡)𝑒𝑥𝑝(−𝑖𝜔0𝑡) = 𝐴0𝑒𝑥𝑝 (−
𝑡2

𝑇0
2 − 𝑖𝜔0𝑡)   (3.13) 

where 𝐴0 is the amplitude and 𝑓0 =
𝜔0

2𝜋
 is the carrier frequency. 

The spectrum of transmitting complex envelope is 
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 𝐹𝑖(𝜔) = ∫ 𝑓𝑖(𝑡)𝑒𝑥𝑝(𝑖𝜔𝑡)𝑑𝑡
+∞

−∞
= 𝐴0 ∫ 𝑒𝑥𝑝 (−

𝑡2

𝑇0
2 + 𝑖𝜔𝑡) 𝑑𝑡

+∞

−∞
   (3.14) 

Applying the integral identity 

 ∫ 𝑒𝑥𝑝(−𝑎𝑡2 + 𝑏𝑡)𝑑𝑡
+∞

−∞
= √

𝜋

𝑎
𝑒𝑥𝑝 (

𝑏2

4𝑎
) , 𝑅𝑒(𝑎) > 0   (3.15) 

Combining (3.14) and (3.15) gives 

 𝐹𝑖(𝜔) = 𝐴0 ∫ 𝑒𝑥𝑝 (−
𝑡2

𝑇0
2 + 𝑖𝜔𝑡) 𝑑𝑡

+∞

−∞
= 𝐴0√𝜋𝑇0𝑒𝑥𝑝 (−

𝑇0
2𝜔2

4
)   (3.16) 

It is convenient to define variable 

 ∆𝑓 =
2

𝑇0
=

∆𝜔

2𝜋
   (3.17) 

The spectrum of transmitting complex envelope is 

 𝐹𝑖(𝜔) = 𝐴0
2√𝜋

∆𝑓
𝑒𝑥𝑝 (−

𝜔2

(∆𝑓)2
)   (3.18) 

The correlation of the transmitting complex envelope spectrum is 

 𝐹𝑖(𝜔1)𝐹𝑖
∗(𝜔2) = 𝐴0

2 4𝜋

(∆𝑓)2
𝑒𝑥𝑝 (−

𝜔1
2

(∆𝑓)2
−

𝜔2
2

(∆𝑓)2
)   (3.19) 

It is convenient to make change of variables 

 𝑡𝑐 =
1

2
(𝑡1 + 𝑡2), 𝑡𝑑 = 𝑡1 − 𝑡2   (3.20) 

 𝜔𝑐 =
1

2
(𝜔1 + 𝜔2),𝜔𝑑 = 𝜔1 − 𝜔2   (3.21) 

We have 
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 𝜔1𝑡1 −𝜔2𝑡2 = (𝜔𝑐 +
𝜔𝑑

2
) (𝑡𝑐 +

𝑡𝑑

2
) − (𝜔𝑐 −

𝜔𝑑

2
) (𝑡𝑐 −

𝑡𝑑

2
) 

 = 𝜔𝑑𝑡𝑐 + 𝜔𝑐𝑡𝑑   (3.22) 

Combining (3.19) and (3.21) gives 

 𝐹𝑖(𝜔1)𝐹𝑖
∗(𝜔2) =

4𝜋𝐴0
2

(∆𝑓)2
𝑒𝑥𝑝 (−

2𝜔𝑐
2

(∆𝑓)2
−

𝜔𝑑
2

2(∆𝑓)2
)   (3.23) 

It is noticed that the formula (3.12) assumes infinite bandwidth. However, the practical 

systems can only have finite bandwidth. Therefore, we need to modify the limits of 

integration  

 𝜔1 ∈ [−
∆𝜔

2
, +

∆𝜔

2
]   (3.24a) 

 𝜔2 ∈ [−
∆𝜔

2
, +

∆𝜔

2
]   (3.24b) 

where ∆𝜔 is the bandwidth. 

Making change of variables, the limits of integration become 

 𝜔𝑐 ∈ [−
∆𝜔

2
, +

∆𝜔

2
]   (3.25a) 

 𝜔2 ∈ [−∆𝜔, ∆𝜔]   (3.25b) 

The boundaries of the region of integration are 

 𝜔𝑐 = +
𝜔𝑑

2
+
∆𝜔

2
   (3.26a) 

 𝜔𝑐 = −
𝜔𝑑

2
−
∆𝜔

2
   (3.26b) 

 𝜔𝑐 = −
𝜔𝑑

2
+
∆𝜔

2
   (3.26c) 
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 𝜔𝑐 = +
𝜔𝑑

2
−
∆𝜔

2
   (3.26d) 

The limits of integration are 

 ∫ 𝑑𝜔1 ∫ 𝑑𝜔2
+
∆𝜔

2

−
∆𝜔

2

+
∆𝜔

2

−
∆𝜔

2

= ∫ 𝑑𝜔𝑑
0

−∆𝜔
∫ 𝑑𝜔𝑐
+
𝜔𝑑
2
+
∆𝜔

2

−
𝜔𝑑
2
−
∆𝜔

2

 

 +∫ 𝑑𝜔𝑑
∆𝜔

0
∫ 𝑑𝜔𝑐
−
𝜔𝑑
2
+
∆𝜔

2

+
𝜔𝑑
2
−
∆𝜔

2

   (3.27) 

Combining (3.12), (3.22) and (2.27) gives 

 𝐵𝑓(𝜌̅1, 𝜌̅2, 𝐿, 𝑡𝑐, 𝑡𝑑) =
𝐴0
2

𝜋(∆𝑓)2
∬𝑑𝜔𝑐𝑑𝜔𝑑Γ2(𝑟̅1, 𝑟̅2, 𝐿, 𝜔𝑐 + 𝜔0, 𝜔𝑑) 

 × 𝑒𝑥𝑝 (−
2𝜔𝑐

2

(∆𝑓)2
−

𝜔𝑑
2

2(∆𝑓)2
) 𝑒𝑥𝑝(−𝑖𝜔𝑑𝑡𝑐 − 𝑖𝜔𝑐𝑡𝑑)   (3.28) 

By setting 𝑡𝑑 = 0, the measured intensity can be written as 

 𝐵𝑓(𝜌̅1, 𝜌̅2, 𝐿, 𝑡𝑐, 𝑡𝑑 = 0) =
𝐴0
2

𝜋(∆𝑓)2
∬𝑑𝜔𝑐𝑑𝜔𝑑Γ2(𝑟̅1, 𝑟̅2, 𝐿, 𝜔𝑐 + 𝜔0, 𝜔𝑑) 

 × 𝑒𝑥𝑝 (−
2𝜔𝑐

2

(∆𝑓)2
−

𝜔𝑑
2

2(∆𝑓)2
) 𝑒𝑥𝑝(−𝑖𝜔𝑑𝑡𝑐)   (3.29) 

Combining (3.27) and (3.29) gives 

 𝐵𝑓(𝜌̅1, 𝜌̅2, 𝐿, 𝑡𝑐, 𝑡𝑑 = 0) = ∫ 𝑑𝜔𝑑
0

−∆𝜔
∫ 𝑑𝜔𝑐

∆𝜔+𝜔𝑑
2

−
∆𝜔+𝜔𝑑

2

Γ2(𝑟̅1, 𝑟̅2, 𝐿, 𝜔𝑐 + 𝜔0, 𝜔𝑑) 

 × 𝑒𝑥𝑝 (−
2𝜔𝑐

2

(∆𝑓)2
−

𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐) + ∫ 𝑑𝜔𝑑

∆𝜔

0
∫ 𝑑𝜔𝑐

∆𝜔−𝜔𝑑
2

−
∆𝜔−𝜔𝑑

2

 

 × Γ2(𝑟̅1, 𝑟̅2, 𝐿, 𝜔𝑐 + 𝜔0, 𝜔𝑑)𝑒𝑥𝑝 (−
2𝜔𝑐

2

(∆𝑓)2
−

𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐) 
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 = ∫ 𝑑𝜔𝑑𝑒𝑥𝑝 (−
𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐)

0

−∆𝜔
∫ 𝑑𝜔𝑐

∆𝜔+𝜔𝑑
2

−
∆𝜔+𝜔𝑑

2

𝑒𝑥𝑝 (−
2𝜔𝑐

2

(∆𝑓)2
) 

 × Γ2(𝜌̅1, 𝜌̅2, 𝐿, 𝜔𝑐 + 𝜔0, 𝜔𝑑) + ∫ 𝑑𝜔𝑑𝑒𝑥𝑝 (−
𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐)

∆𝜔

0
∫ 𝑑𝜔𝑐

∆𝜔−𝜔𝑑
2

−
∆𝜔−𝜔𝑑

2

 

 × 𝑒𝑥𝑝 (−
2𝜔𝑐

2

(∆𝑓)2
) Γ2(𝑟̅1, 𝑟̅2, 𝐿, 𝜔𝑐 +𝜔0, 𝜔𝑑)   (3.30) 

It can be seen that the integrand decreases exponentially with respect to variable 𝜔𝑐. 

Thus, we may extend the limits of integration to infinite 

 ∫ 𝑑𝜔𝑐

∆𝜔+𝜔𝑑
2

−
∆𝜔+𝜔𝑑

2

≈ ∫ 𝑑𝜔𝑐
+∞

−∞
   (3.31a) 

 ∫ 𝑑𝜔𝑐

∆𝜔−𝜔𝑑
2

−
∆𝜔−𝜔𝑑

2

≈ ∫ 𝑑𝜔𝑐
+∞

−∞
   (3.31b) 

Combining (3.30) and (3.31) gives 

 𝐵𝑓(𝜌̅1, 𝜌̅2, 𝐿, 𝑡𝑐, 𝑡𝑑 = 0) = ∫ 𝑑𝜔𝑑𝑒𝑥𝑝 (−
𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐)

0

−∆𝜔
∫ 𝑑𝜔𝑐
+∞

−∞
𝑒𝑥𝑝 (−

2𝜔𝑐
2

(∆𝑓)2
) 

 × Γ2(𝜌̅1, 𝜌̅2, 𝐿, 𝜔𝑐 + 𝜔0, 𝜔𝑑) + ∫ 𝑑𝜔𝑑𝑒𝑥𝑝 (−
𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐)

∆𝜔

0
∫ 𝑑𝜔𝑐
+∞

−∞
 

 𝑒𝑥𝑝 (−
2𝜔𝑐

2

(∆𝑓)2
) Γ2(𝑟̅1, 𝑟̅2, 𝐿, 𝜔𝑐 + 𝜔0, 𝜔𝑑) 

 = ∫ 𝑑𝜔𝑑𝑒𝑥𝑝 (−
𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐)

∆𝜔

−∆𝜔
∫ 𝑑𝜔𝑐
+∞

−∞
𝑒𝑥𝑝 (−

2𝜔𝑐
2

(∆𝑓)2
) 

 × Γ2(𝜌̅1, 𝜌̅2, 𝐿, 𝜔𝑐 + 𝜔0, 𝜔𝑑)   (3.32) 
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Chapter 4 Radar Cross Section in Frequency and Time Domain 

4.1 Kirchhoff Approximation and Scattered Power 

Consider a large Dirichlet object located in the random medium. The scattered field at 

position 𝑅 is given by [3-4, 8] 

 𝜓𝑠(𝑟̅) = −∫𝐺(𝑟̅, 𝑟̅
′)
𝜕𝜓(𝑟̅′)

𝜕𝑛′
𝑑𝑆′   (4.1) 

where 𝐺(𝑟̅, 𝑟̅′)  is the stochastic Green’s function. The random surface field 
𝜕𝜓(𝑟̅′)

𝜕𝑛′
 is 

related to the incident field through the random transition operator 

 
𝜕𝜓(𝑟̅′)

𝜕𝑛′
= ∫𝑇(𝑟̅′,  𝑟̅′′)

𝜕𝜓𝑖(𝑟̅
′′)

𝜕𝑛′′
𝑑𝑆′′   (4.2) 

where 𝜓𝑖(𝑟̅
′′)  is the incident field at position 𝑟̅′′ on object surface. 

If the object size and the surface radius of the curvature are both much greater 

than the wavelength at the carrier frequency, then the Kirchhoff approximation can be 

applied to find the surface field, 

 𝑇(𝑟̅′,  𝑟̅′′) = 2𝛿(𝑟̅′ − 𝑟̅′′)   (4.3a) 

 
𝜕𝜓(𝑟̅′)

𝜕𝑛′
= 2

𝜕𝜓𝑖(𝑟̅
′)

𝜕𝑛′
   (4.3b) 

Combining (4.2) and (4.3) gives 

 
𝜕𝜓(𝑟̅′)

𝜕𝑛′
= 2∫ 𝛿(𝑟̅′ − 𝑟̅′′)

𝜕𝜓𝑖(𝑟̅
′′)

𝜕𝑛′′
𝑑𝑆′′ = 2

𝜕𝜓𝑖(𝑟̅
′)

𝜕𝑛′
   (4.4) 

The scattered field at position 𝑟̅ is given by 

 𝜓𝑠(𝑟̅) = −2∫𝐺(𝑟̅, 𝑟̅
′)
𝜕𝜓𝑖(𝑟̅

′)

𝜕𝑛′
𝑑𝑆′   (4.5) 
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The scattered power at position 𝑅̅ is found to be 

 〈|𝜓𝑠(𝜔)|
2〉 = ⟨𝜓𝑠(𝑟̅)𝜓𝑠

∗(𝑟̅)⟩ = 4∬ ⟨𝐺1
𝜕𝜓𝑖1

𝜕𝑛1
𝐺2
∗ 𝜕𝜓𝑖2

∗

𝜕𝑛2
⟩ 𝑑𝑆1𝑑𝑆2   (4.6) 

where 𝐺1 = 𝐺1(𝑟̅, 𝑟̅1 ), 𝜓𝑖1 = 𝜓𝑖(𝑟̅1), 𝐺2 = 𝐺2(𝑟̅, 𝑟̅2 ) and 𝜓𝑖2 = 𝜓𝑖(𝑟̅2). 

The expression for the scattered power contains the 4th order moment. By 

applying the circular complex Gaussian assumption, the 4th order moment can be 

expressed in terms of the 2nd order moments [8-9] 

 ⟨𝐺1
𝜕𝜓𝑖1

𝜕𝑛1
𝐺2
∗ 𝜕𝜓𝑖2

∗

𝜕𝑛2
⟩ = ⟨𝐺1𝐺2

∗⟩ ⟨
𝜕𝜓𝑖1

𝜕𝑛1

𝜕𝜓𝑖2
∗

𝜕𝑛2
⟩ + ⟨𝐺1

𝜕𝜓𝑖2
∗

𝜕𝑛2
⟩ ⟨
𝜕𝜓𝑖1

𝜕𝑛1
𝐺2
∗⟩ 

 −⟨𝐺1⟩ ⟨
𝜕𝜓𝑖1

𝜕𝑛1
⟩ ⟨𝐺2

∗⟩ ⟨
𝜕𝜓𝑖2

∗

𝜕𝑛2
⟩   (4.7) 

The second and third terms of equation (4.7) represent the correlations between the 

incident field 𝜓𝑖 and the scattered fields 𝐺 which give the backscattering enhancement. 

If the correlation between the incident field and the scattered field is neglected, then the 

4th order moment becomes [8] 

 ⟨𝐺1
𝜕𝜓𝑖1

𝜕𝑛1
𝐺2
∗ 𝜕𝜓𝑖2

∗

𝜕𝑛2
⟩ = ⟨𝐺1𝐺2

∗⟩ ⟨
𝜕𝜓𝑖1

𝜕𝑛1

𝜕𝜓𝑖2
∗

𝜕𝑛2
⟩   (4.8) 

Figure 4.1 The circular complex Gaussian assumption includes the correlation between the incident field 

ψi and the scattered field G. 
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The incident field 𝜓𝑖 on the object is equal to the stochastic Green’s function and can be 

written as, 

 𝜓𝑖1 = 𝜓𝑖(𝑟̅1) = 𝐺(𝑟̅1 , 𝑟̅) = 𝐺(𝑟̅, 𝑟̅1)   (4.9a) 

 𝜓𝑖2 = 𝜓𝑖(𝑟̅2) = 𝐺(𝑟̅2 , 𝑟̅) = 𝐺(𝑟̅, 𝑟̅2)   (4.9b) 

where the reciprocity is applied 𝐺(𝑟̅, 𝑟̅′) =  𝐺(𝑟̅′,  𝑟̅) [26, 47-48].  

Combining (4.7) and (4.9) gives 

 ⟨𝐺1
𝜕𝜓𝑖1

𝜕𝑛1
𝐺2
∗ 𝜕𝜓𝑖2

∗

𝜕𝑛2
⟩ = ⟨𝐺1𝐺2

∗⟩ ⟨
𝜕𝐺1

𝜕𝑛1

𝜕𝐺2
∗

𝜕𝑛2
⟩ + ⟨𝐺1

𝜕𝐺2
∗

𝜕𝑛2
⟩ ⟨
𝜕𝐺1

𝜕𝑛1
𝐺2
∗⟩ 

 −⟨𝐺1⟩ ⟨
𝜕𝐺1

𝜕𝑛1
⟩ ⟨𝐺2

∗⟩ ⟨
𝜕𝐺2

∗

𝜕𝑛2
⟩   (4.10) 

Under the parabolic equation approximation, the Green’s function is written as, 

 𝐺(𝑟̅, 𝑟̅′) ≈
1

4𝜋(𝑧−𝑧′)
𝑒𝑥𝑝 (𝑖𝑘(𝑧 − 𝑧′) +

𝑖𝑘

2

(𝑥−𝑥′)
2
+(𝑦−𝑦′)

2

𝑧−𝑧′
+ 𝜓)   (4.11a) 

 𝑟̅ = 𝑥𝑥̂ + 𝑦𝑦̂ + 𝑧𝑧̂, 𝑟̅′ = 𝑥′𝑥̂ + 𝑦′𝑦̂ + 𝑧′𝑧̂   (4.11b) 

where 𝜓 is the complex phase perturbation which represents the effects of the random 

medium. 

The normal derivative of the Green’s function becomes 

 
𝜕

𝜕𝑛
= 𝑛̂ ∙ ∇= 𝑛̂ ∙ (𝑥̂

𝜕

𝜕𝑥
+ 𝑦̂

𝜕

𝜕𝑦
+ 𝑧̂

𝜕

𝜕𝑧
)   (4.12) 

Combining (4.11) and (4.12) gives 

 
𝜕𝐺(𝑟̅,𝑟̅′)

𝜕𝑥
=

𝑖𝑘(𝑥−𝑥′)

4𝜋(𝑧−𝑧′)2
𝑒𝑥𝑝 (𝑖𝑘(𝑧 − 𝑧′) +

𝑖𝑘

2

(𝑥−𝑥′)
2
+(𝑦−𝑦′)

2

𝑧−𝑧′
+ 𝜓)   (4.13a) 
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𝜕𝐺(𝑟̅,𝑟̅′)

𝜕𝑦
=

𝑖𝑘(𝑦−𝑦′)

4𝜋(𝑧−𝑧′)2
𝑒𝑥𝑝 (𝑖𝑘(𝑧 − 𝑧′) +

𝑖𝑘

2

(𝑥−𝑥′)
2
+(𝑦−𝑦′)

2

𝑧−𝑧′
+ 𝜓)   (4.13b) 

 
𝜕𝐺(𝑟̅,𝑟̅′)

𝜕𝑧
≈

𝑖𝑘

4𝜋(𝑧−𝑧′)
𝑒𝑥𝑝 (𝑖𝑘(𝑧 − 𝑧′) +

𝑖𝑘

2

(𝑥−𝑥′)
2
+(𝑦−𝑦′)

2

𝑧−𝑧′
+ 𝜓)   (4.13c) 

Here we assume the partial derivatives of the complex phase perturbation  𝜓  have 

negligible contributions. 

Combining (4.12) and (4.13) gives 

 
𝜕𝐺(𝑟̅,𝑟̅′)

𝜕𝑛
= 𝑛̂ ∙ (𝑥̂

𝑖𝑘(𝑥−𝑥′)

4𝜋(𝑧−𝑧′)
+ 𝑦̂

𝑖𝑘(𝑦−𝑦′)

4𝜋(𝑧−𝑧′)
+ 𝑖𝑘𝑧̂) 𝐺(𝑟̅, 𝑟̅′) 

 
𝜕𝐺(𝑟̅,𝑟̅′)

𝜕𝑛
≈ 𝑖𝑘(𝑛̂ ∙ 𝑧̂)𝐺(𝑟̅, 𝑟̅′)   (4.14) 

Taking the complex conjugate of (4.14), we have 

 
𝜕𝐺∗(𝑟̅,𝑟̅′)

𝜕𝑛
≈ −𝑖𝑘(𝑛̂ ∙ 𝑧̂)𝐺∗(𝑟̅, 𝑟̅′)   (4.15) 

Combining (4.10), (4.14) and (4.15) gives 

 ⟨𝐺1
𝜕𝜓𝑖1

𝜕𝑛1
𝐺2
∗ 𝜕𝜓𝑖2

∗

𝜕𝑛2
⟩ = 𝑘2(𝑛̂1 ∙ 𝑧̂)(𝑛̂2 ∙ 𝑧̂)[2⟨𝐺1𝐺2

∗⟩⟨𝐺1𝐺2
∗⟩ − ⟨𝐺1⟩

2⟨𝐺2
∗⟩2]  (4.17) 

We may resolve the Green’s function into coherent and incoherent components 

 𝐺1 = 〈𝐺1〉 + 𝐺𝑓1 = 𝐺(𝑟̅, 𝑟̅1) = ⟨𝐺(𝑟̅, 𝑟̅1)⟩ + 𝐺𝑓(𝑟̅, 𝑟̅1)   (4.18a) 

 𝐺2 = 〈𝐺2〉 + 𝐺𝑓2 = 𝐺(𝑟̅, 𝑟̅2) = ⟨𝐺(𝑟̅, 𝑟̅2)⟩ + 𝐺𝑓(𝑟̅, 𝑟̅2)   (4.18b) 

Combining (4.17) and (4.18) gives 

 ⟨𝐺1
𝜕𝜓𝑖1

𝜕𝑛1
𝐺2
∗ 𝜕𝜓𝑖2

∗

𝜕𝑛2
⟩ = 𝑘2(𝑛̂1 ∙ 𝑧̂)(𝑛̂2 ∙ 𝑧̂) 
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 × [⟨𝐺1⟩
2⟨𝐺2

∗⟩2 + 4〈𝐺1〉〈𝐺2
∗〉〈𝐺𝑓1𝐺𝑓2

∗ 〉 + 2〈𝐺𝑓1𝐺𝑓2
∗ 〉2]   (4.19) 

Combining (4.6) and (4.19) gives 

 ⟨|𝜓𝑠(𝜔)|
2⟩ = 4𝑘2∬(⟨𝐺1⟩

2⟨𝐺2
∗⟩2 + 4⟨𝐺1⟩⟨𝐺2

∗⟩⟨𝐺𝑓1𝐺𝑓2
∗ ⟩ + 2⟨𝐺𝑓1𝐺𝑓2

∗ ⟩
2
) 

 × (𝑧̂ ∙ 𝑛̂1)(𝑧̂ ∙ 𝑛̂2)𝑑𝑆1𝑑𝑆2   (4.20) 

If the correlation between the incident and the scattered fields is neglected as in (4.8), 

we obtain 

 ⟨|𝜓𝑠(𝜔)|
2⟩ = 4𝑘2∬(⟨𝐺1⟩

2⟨𝐺2
∗⟩2 + 2⟨𝐺1⟩⟨𝐺2

∗⟩⟨𝐺𝑓1𝐺𝑓2
∗ ⟩ + ⟨𝐺𝑓1𝐺𝑓2

∗ ⟩
2
) 

 × (𝑧̂ ∙ 𝑛̂1)(𝑧̂ ∙ 𝑛̂2)𝑑𝑆1𝑑𝑆2   (4.21) 

Comparing (4.20) and (4.21), it can be seen that (4.20) includes the terms corresponding 

to the backscattering enhancement effect while (4.21) does not. 

The coherent component of Green’s function is [8] 

 〈𝐺(𝜌̅, 𝐿, 𝜔 )〉 =
1

4𝜋𝐿
𝑒𝑥𝑝 (

𝑖𝑘𝜌2

2𝑧
+ 𝑖𝑘𝑧 −

𝜏0

2
)   (4.22) 

where 𝐿 is the distance between the transceiver and the object and 𝜏0  is the optical 

depth. 

It is observed that the equation (4.21) gives the scattered power at a single frequency. In 

order to get the time-domain response, the cross-correlation between scattered fields at 

different frequencies must be evaluated. Therefore, we may write 

 ⟨𝜓𝑠(𝜔1)𝜓𝑠
∗(𝜔2)⟩ = 4𝑘1𝑘2∬𝑑𝑆1𝑑𝑆2(𝑧̂ ∙ 𝑛̂1)(𝑧̂ ∙ 𝑛̂2)⟨𝐺1(𝜔1)⟩

2⟨𝐺2
∗(𝜔2)⟩

2 

 +16𝑘1𝑘2∬𝑑𝑆1𝑑𝑆2(𝑧̂ ∙ 𝑛̂1)(𝑧̂ ∙ 𝑛̂2)⟨𝐺1(𝜔1)⟩⟨𝐺2
∗(𝜔2)⟩⟨𝐺𝑓1(𝜔1)𝐺𝑓2

∗ (𝜔2)⟩ 
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 +8𝑘1𝑘2∬𝑑𝑆1𝑑𝑆2(𝑧̂ ∙ 𝑛̂1)(𝑧̂ ∙ 𝑛̂2)⟨𝐺𝑓1(𝜔1)𝐺𝑓2
∗ (𝜔2)⟩

2
   (4.23) 

The correlation between the Green’s functions at two frequencies is 

 〈𝐺1(𝜔1)𝐺2
∗(𝜔2)〉 = 〈𝐺1(𝜔1)〉〈𝐺2

∗(𝜔2)〉 + 〈𝐺𝑓1(𝜔1)𝐺𝑓2
∗ (𝜔2)〉   (4.24) 

The product of the coherent Green’s function is 

 ⟨𝐺1(𝜔1)⟩⟨𝐺2
∗(𝜔2)⟩ =

1

(4𝜋𝐿)2
𝑒𝑥𝑝 (

𝑖

2𝐿
(𝑘1𝜌1

2 − 𝑘2𝜌2
2)) 

 × 𝑒𝑥𝑝(𝑖(𝑘1𝑧1 − 𝑘2𝑧2) − 𝜏0)   (4.25) 

It is convenient to make change of variables 

 𝑘𝑐 =
1

2
(𝑘1 + 𝑘2), 𝑘𝑑 = 𝑘1 − 𝑘2   (4.26a) 

 𝜌̅𝑐 =
1

2
(𝜌̅1 + 𝜌̅2), 𝜌̅𝑑 = 𝜌̅1 − 𝜌̅2   (4.26b) 

We have 

 𝑘1𝜌1
2 − 𝑘2𝜌2

2 = 2𝑘𝑐𝜌̅𝑐 ∙ 𝜌̅𝑑 + 𝑘𝑑 (𝜌̅𝑐 ∙ 𝜌̅𝑐 +
1

4
𝜌̅𝑑 ∙ 𝜌̅𝑑)   (4.27) 

We have 

 𝑘1𝑧1 − 𝑘2𝑧2 = 𝑘𝑐(𝑧1 − 𝑧2) +
1

2
𝑘𝑑(𝑧1 + 𝑧2)   (4.28) 

Combining (4.25), (4.27) and (4.28) gives 

 ⟨𝐺1(𝜔1)⟩⟨𝐺2
∗(𝜔2)⟩ =

1

(4𝜋𝐿)2
𝑒𝑥𝑝 (

𝑖𝑘𝑐

𝐿
𝜌̅𝑐 ∙ 𝜌̅𝑑 +

𝑖𝑘𝑑

2𝐿
(𝜌̅𝑐 ∙ 𝜌̅𝑐 +

1

4
𝜌̅𝑑 ∙ 𝜌̅𝑑)) 

 × 𝑒𝑥𝑝 (𝑖𝑘𝑐(𝑧1 − 𝑧2) + 𝑖
𝑘𝑑

2
(𝑧1 + 𝑧2) − 𝜏0) 
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 ≈
1

(4𝜋𝐿)2
𝑒𝑥𝑝 (𝑖𝑘𝑐(𝑧1 − 𝑧2) + 𝑖

𝑘𝑑

2
(𝑧1 + 𝑧2) − 𝜏0)   (4.29) 

Combining (2.199) and (4.29) gives 

 ⟨𝐺1(𝜔1)⟩⟨𝐺2
∗(𝜔2)⟩ = Γ2𝑐(𝜌̅𝑑, 𝐿, 𝜔𝑐, 𝜔𝑑)   (4.30) 

The product of the average part of the Green’s functions and its complex conjugate at 

two frequencies is the same as the coherent part of the two-frequency MCF. 

Combining (2.200), (4.24) and (4.30) gives 

 〈𝐺𝑓1(𝜔1)𝐺𝑓2
∗ (𝜔2)〉 = Γ2𝑖(𝜌̅𝑑, 𝐿, 𝜔𝑐, 𝜔𝑑)   (4.31) 

The correlation between the fluctuation parts of the Green’s functions at two 

frequencies is the same as the incoherent part of the two-frequency MCF. 

Combining (4.23) and (4.31) gives 

 ⟨𝜓𝑠(𝜔1)𝜓𝑠
∗(𝜔2)⟩ = 4𝑘1𝑘2∬𝑑𝑆1𝑑𝑆2(𝑧̂ ∙ 𝑛̂1)(𝑧̂ ∙ 𝑛̂2)⟨𝐺1(𝜔1)⟩

2⟨𝐺2
∗(𝜔2)⟩

2 

 +16𝑘1𝑘2∬𝑑𝑆1𝑑𝑆2(𝑧̂ ∙ 𝑛̂1)(𝑧̂ ∙ 𝑛̂2)⟨𝐺1(𝜔1)⟩⟨𝐺2
∗(𝜔2)⟩Γ2𝑖(𝜔𝑐, 𝜔𝑑) 

 +8𝑘1𝑘2∬𝑑𝑆1𝑑𝑆2(𝑧̂ ∙ 𝑛̂1)(𝑧̂ ∙ 𝑛̂2)Γ2𝑖
2 (𝜔𝑐, 𝜔𝑑)   (4.32) 

where 𝜔𝑐 =
𝑐

2
(𝑘1 + 𝑘2) and 𝜔𝑑 = 𝑐(𝑘1 − 𝑘2). 

This equation relates the correlation between the scattered fields at two frequencies to 

the two-frequency MCF. 

4.2 Two-frequency Mutual Coherence Function 

The two-frequency MCF is defined as 

 𝛤2(𝜌̅1, 𝜌̅2, 𝐿, 𝜔1, 𝜔2) = ⟨𝐺(𝜌̅1,  𝐿, 𝜔1)𝐺
∗(𝜌̅2, 𝐿, 𝜔2)⟩ 
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 = 𝐺0(𝜌̅1,  𝐿, 𝜔1)𝐺0
∗(𝜌̅2, 𝐿, 𝜔2)𝑒𝑥𝑝(−𝐻(𝜔𝑑, 𝜌𝑑  ))   (4.33a) 

 𝐺0(𝜌̅, 𝐿, 𝜔 ) =
1

4𝜋𝐿
𝑒𝑥𝑝 (

𝑖𝑘𝜌2

2𝑧
+ 𝑖𝑘𝑧)   (4.33b) 

where 𝜌̅ = 𝑥𝑥̂ + 𝑦𝑦̂ denotes spatial point on the plane transverse to the 𝑧 axis and 𝐿 is 

the distance between the imaging system and the object. The effects of the random 

medium are included in function 𝐻 . Since the random medium is assumed to be 

statistically homogeneous and isotropic, the function 𝐻 depends only on the frequency 

separation 𝜔𝑑 = 𝜔1 − 𝜔2  and the spatial distance 𝜌𝑑 = |𝜌̅1 − 𝜌̅2|. The function 𝐺0  is 

the free-space Green’s function under the parabolic equation approximation. A further 

simplification is achieved by noting that the distance between the imaging system and 

the object is much larger than the dimensions of the object. Therefore, the term 
𝑖𝑘𝜌2

2𝑧
 is 

negligible small and can be dropped [1-2, 8]. 

Substituting the (4.33b) into (4.33a) and using the center-of-mass and difference angular 

frequencies, we obtain 

𝛤2(𝜌̅1, 𝜌̅2, 𝐿, 𝜔𝑐, 𝜔𝑑) =
1

(4𝜋𝐿)2
𝑒𝑥𝑝 (𝑖

𝜔𝑐

𝑐
(𝑧1 − 𝑧2) + 𝑖

𝜔𝑑

2𝑐
(𝑧1 + 𝑧2) − 𝐻(𝜔𝑑, 𝜌𝑑  ))  (4.34) 

where 𝜔𝑐 =
𝜔1+𝜔2

2
, 𝜔𝑑 = 𝜔1 − 𝜔2, 𝜌𝑑 = |𝜌̅1 − 𝜌̅2|and 𝑐 is the free-space light speed. 

The two-frequency MCF can resolved into the coherent part 𝛤2𝑐 and the incoherent part 

𝛤2𝑖 [3-4, 8, 11] 

 𝛤2(𝜌̅1, 𝜌̅2, 𝐿, 𝜔𝑐, 𝜔𝑑) = 𝛤2𝑐(𝜌̅1, 𝜌̅2, 𝐿, 𝜔𝑐, 𝜔𝑑) + 𝛤2𝑖(𝜌̅1, 𝜌̅2, 𝐿, 𝜔𝑐, 𝜔𝑑)   (4.35) 

 𝛤2𝑐(𝜌̅1, 𝜌̅2, 𝐿, 𝜔𝑐, 𝜔𝑑) =
1

(4𝜋𝐿)2
𝑒𝑥𝑝 (𝑖

𝜔𝑐

𝑐
(𝑧1 − 𝑧2) + 𝑖

𝜔𝑑

2𝑐
(𝑧1 + 𝑧2)) 

 × 𝑒𝑥𝑝(−𝜏0)   (4.36) 
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 𝛤2𝑖(𝜌̅1, 𝜌̅2, 𝐿, 𝜔𝑐, 𝜔𝑑) =
1

(4𝜋𝐿)2
𝑒𝑥𝑝 (𝑖

𝜔𝑐

𝑐
(𝑧1 − 𝑧2) + 𝑖

𝜔𝑑

2𝑐
(𝑧1 + 𝑧2)) 

 × (𝑒𝑥𝑝(−𝜏0) − 𝐻(𝜔𝑑, 𝜌𝑑  ))   (4.37) 

The random medium is composed of the discrete scatters with the Gaussian 

phase function which is given by [1-4, 8, 15-18, 42] 

 𝑝(𝑠) = 4𝛼𝑝𝑒𝑥𝑝(−𝛼𝑝𝑠
2)   (4.38) 

where 𝑠 = 2 sin (
𝜃

2
) and 𝜃 is the scattering angle. The Gaussian phase function satisfies 

the normalization condition 
1

2
∫ 𝑝(𝑠)𝑠𝑑𝑠 = 1
∞

0
. 

For a layer of random medium contains discrete scatters with the Gaussian phase 

function, the 𝐻 function can be written as 

 𝐻(𝜌̅𝑑, 𝑘𝑑) = ∫ 𝑎𝑑𝑧
𝑑1+𝑑2

𝑑1
 

 +∫ 𝑑𝑧𝑏 [1 − 𝐵(𝜔𝑑, 𝑧)𝑒𝑥𝑝 (−
𝑃2(𝜌𝑑,𝑧)

4(𝛼𝑝−𝐴(𝜔𝑑,𝑧 ))
(
𝜔0
2

𝑐2
−

𝜔𝑑
2

4𝑐2
))]

𝑑1+𝑑2

𝑑1
   (4.39a) 

 𝑃(𝜌𝑑 , 𝑧) =
𝜌𝑑𝑧

𝐿
   (4.39b) 

 𝐴(𝜔𝑑, 𝑧 ) =
𝑖𝑧(𝐿−𝑧)

2𝐿

𝜔𝑑

𝑐
   (4.39c) 

 𝐵(𝜔𝑑, 𝑧) = (1 −
𝐴(𝜔𝑑,𝑧 )

𝛼𝑝
)
−1

   (4.39d) 

4.3 Radar Cross Section in Frequency and Time Domain 

The single-frequency monostatic radar cross section (RCS) is defined as [3-4, 8] 

 𝑅𝐶𝑆(𝜔) =
4𝜋𝐿2⟨𝜓𝑠(𝜔)𝜓𝑠

∗(𝜔)⟩

|𝜓0|2
   (4.40) 
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where  𝜓0 is the free-space incident field at the object, 𝜓𝑠 is the scattered field at the 

observation point and 𝐿 is the distance between the observation point and the object. In 

this formula the correlation between the scattered fields is evaluated at the same 

frequency.  

We can extend this definition and calculate the correction between the scattered 

fields at two frequencies. The two-frequency monostatic radar cross section (RCS) is 

defined as  

 𝑅𝐶𝑆(𝜔1, 𝜔2) =
4𝜋𝐿2⟨𝜓𝑠(𝜔1)𝜓𝑠

∗(𝜔2)⟩

|𝜓0|2
   (4.41) 

Combining (4.32) and (4.41) gives 

  𝑅𝐶𝑆(𝜔1, 𝜔2) =
4𝜋𝐿2〈𝜓𝑠(𝜔1)𝜓𝑠

∗(𝜔2)〉

|𝜓0|2
 

 = 𝐼1(𝜔1, 𝜔2) + 𝐼2(𝜔1, 𝜔2) + 𝐼3(𝜔1, 𝜔2)   (4.42) 

The first term 𝐼1(𝜔1, 𝜔2) is called the coherent term, the second term 𝐼2(𝜔1, 𝜔2) is 

called the mixed term and the third term 𝐼3(𝜔1, 𝜔2) is called the incoherent term. 

We use the notations 

 ∫𝑑𝑆1(𝑛̂1 ∙ 𝑧̂) = ∫𝑑𝜌̂1 , ∫ 𝑑𝑆2(𝑛̂2 ∙ 𝑧̂) = ∫𝑑𝜌̂2   (4.43) 

The incident intensity is 

 |𝜓0|
2 = 𝜓0𝜓0

∗ = (
𝑒𝑥𝑝(𝑖𝑘𝐿)

4𝜋𝐿
) (

𝑒𝑥𝑝(−𝑖𝑘𝐿)

4𝜋𝐿
) =

1

16𝜋2𝐿2
   (4.44) 

The coherent term 𝐼1(𝜔1, 𝜔2) is 

 𝐼1(𝜔1, 𝜔2) =
4𝜋𝐿2

|𝜓0|2
[4𝑘1𝑘2∬𝑑𝜌̂1𝑑𝜌̂2 (〈𝐺1〉

2〈𝐺2
∗〉2)] 
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 = 256𝜋3𝐿4𝑘1𝑘2∬𝑑𝜌̅1 𝑑𝜌̅2(
𝑒𝑥𝑝(

𝑖𝑘1𝜌1
2

2𝐿
+𝑖𝑘𝑧𝑧1−

𝜏0
2
)

4𝜋𝐿
)

2

(
𝑒𝑥𝑝(−

𝑖𝑘2𝜌2
2

2𝐿
−𝑖𝑘𝑧𝑧2−

𝜏0
2
)

4𝜋𝐿
)

2

 

 ≈
4𝜋

𝜆1𝜆2
𝑒𝑥𝑝(−2𝜏0)∬𝑑𝜌̂1𝑑𝜌̂2𝑒𝑥𝑝(𝑖2(𝑘1𝑧1 − 𝑘2𝑧2))   (2.45) 

The mixed term 𝐼2(𝜔1, 𝜔2) is 

 𝐼2(𝜔1, 𝜔2) =
4𝜋𝐿2

|𝜓0|2
[4𝑘1𝑘2∬𝑑𝜌̂1𝑑𝜌̂2 (4〈𝐺1〉〈𝐺2

∗〉Γ2𝑖(𝜔1, 𝜔2))] 

 ≈ 1024𝜋3𝐿4𝑘1𝑘2∬𝑑𝜌̂1𝑑𝜌̂2 (
1

16𝜋2𝐿2
𝑒𝑥𝑝(𝑖(𝑘1𝑧1 − 𝑘2𝑧2) − 𝜏0)) 

 × (
1

16𝜋2𝐿2
(𝑒𝑥𝑝(−𝐻(𝜌̅𝑑, 𝜔1, 𝜔2)) − 𝑒𝑥𝑝(−𝜏0)) 𝑒𝑥𝑝(𝑖𝑘1𝑧1 − 𝑖𝑘2𝑧2)) 

 =
16𝜋

𝜆1𝜆2
𝑒𝑥𝑝(−𝜏0)∬𝑑𝜌̂1𝑑𝜌̂2𝑒𝑥𝑝(𝑖2(𝑘1𝑧1 − 𝑘2𝑧2)) 

 × (𝑒𝑥𝑝(−𝐻(𝜌̅𝑑, 𝜔1, 𝜔2)) − 𝑒𝑥𝑝(−𝜏0))   (2.46) 

The incoherent term 𝐼3(𝜔1, 𝜔2) is 

 𝐼3(𝜔1, 𝜔2) =
4𝜋𝐿2

|𝜓0|2
[4𝑘1𝑘2∬𝑑𝜌̂1𝑑𝜌̂2 (2Γ2𝑖

2 (𝜔1, 𝜔2))] 

 = 512𝜋3𝐿4𝑘1𝑘2∬𝑑𝜌̂1𝑑𝜌̂2 (
1

(16𝜋2𝐿2)2
(𝑒𝑥𝑝(−𝐻(𝑟̅𝑑, 𝜔1, 𝜔2)) − 𝑒𝑥𝑝(−𝜏0))

2

) 

 × 𝑒𝑥𝑝(𝑖2(𝑘1𝑧1 − 𝑘2𝑧2)) 

 =
8𝜋

𝜆1𝜆2
∬𝑑𝜌̂1𝑑𝜌̂2 (𝑒𝑥𝑝(−𝐻(𝑟̅𝑑, 𝜔1, 𝜔2)) − 𝑒𝑥𝑝(−𝜏0))

2

 

 × 𝑒𝑥𝑝(𝑖2(𝑘1𝑧1 − 𝑘2𝑧2))   (4.47) 
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It is convenient to make change of variables 

 𝑘𝑐 =
1

2
(𝑘1 + 𝑘2), 𝑘𝑑 = 𝑘1 − 𝑘2   (4.48) 

We have 

 𝑘1𝑧1 − 𝑘2𝑧2 = 𝑘𝑐(𝑧1 − 𝑧2) +
1

2
𝑘𝑑(𝑧1 + 𝑧2)   (4.49) 

Under narrowband assumption, we have 

 
𝜋

𝜆1𝜆2
=

𝜋𝑓1𝑓2

𝑐2
≈

𝜋𝑓𝑐
2

𝑐2
=

𝜔𝑐
2

4𝜋𝑐2
   (4.50) 

where 𝑐 is the free-space light speed. 

The coherent term 𝐼1(𝜔𝑐, 𝜔𝑑) is 

 𝐼1(𝜔𝑐, 𝜔𝑑) =
𝜔𝑐
2

𝜋𝑐2
𝑒𝑥𝑝(−2𝜏0)∬𝑑𝜌̂1𝑑𝜌̂2 

 × 𝑒𝑥𝑝 (𝑖2
𝜔𝑐

𝑐
(𝑧1 − 𝑧2) + 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2))   (4.51) 

The mixed term 𝐼2(𝜔𝑐, 𝜔𝑑) is 

 𝐼2(𝜔𝑐, 𝜔𝑑) =
4𝜔𝑐

2

𝜋𝑐2
𝑒𝑥𝑝(−𝜏0)∬𝑑𝜌̂1𝑑𝜌̂2 (𝑒𝑥𝑝(−𝐻(𝑟̅𝑑, 𝜔𝑑)) − 𝑒𝑥𝑝(−𝜏0)) 

 × 𝑒𝑥𝑝 (𝑖2
𝜔𝑐

𝑐
(𝑧1 − 𝑧2) + 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2))   (4.52) 

The incoherent term 𝐼3(𝜔𝑐, 𝜔𝑑) is 

 𝐼3(𝜔𝑐 , 𝜔𝑑) =
2𝜔𝑐

2

𝜋𝑐2
∬𝑑𝜌̂1𝑑𝜌̂2 (𝑒𝑥𝑝(−𝐻(𝑟̅𝑑, 𝜔𝑑)) − 𝑒𝑥𝑝(−𝜏0))

2
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The time-domain monostatic RCS is found by taking the inverse Fourier 

transform of the two-frequency monostatic RCS 

 𝑅𝐶𝑆(𝑡1, 𝑡2) =
1

(2𝜋)2
∬𝑑𝜔1𝑑𝜔2 𝐹(𝜔1)𝐹

∗(𝜔2)𝑅𝐶𝑆(𝜔1, 𝜔2) 

 × 𝑒𝑥𝑝(−𝑖𝜔1𝑡1 + 𝑖𝜔2𝑡2)   (4.53) 

where 𝐹(𝜔) is the spectrum of the transmitted waveform. 

We assume the transmitted waveform is the modulated Gaussian pulse 

 𝑓(𝑡) = 𝑒𝑥𝑝 (−
𝑡2

𝑇0
2 − 𝑖𝜔0𝑡)   (4.54) 

 𝐹(𝜔) = √𝜋𝑇0𝑒𝑥𝑝 (−
(𝜔−𝜔0)

2

(∆𝑓)2
)   (4.55) 

where 𝛥𝑓 =
2

𝑇0
 is the bandwidth. 

It is convenient to make change of variables 

 𝑡𝑐 =
1

2
(𝑡1 + 𝑡2), 𝑡𝑑 = 𝑡1 − 𝑡2   (4.56) 

 𝜔𝑐 =
1

2
(𝜔1 + 𝜔2),𝜔𝑑 = 𝜔1 − 𝜔2   (4.57) 

Combining (4.53), (4.56) and (4.57) gives 

 𝑅𝐶𝑆(𝑡𝑐, 𝑡𝑑) =
1

(2𝜋)2
∬𝑑𝜔𝑐𝑑𝜔𝑑 𝑅𝐶𝑆(𝜔𝑑, 𝜔𝑐)𝐹 (𝜔𝑐 +

𝜔𝑑

2
)𝐹∗ (𝜔𝑐 −

𝜔𝑑

2
) 

 × 𝑒𝑥𝑝(−𝑖𝜔𝑑𝑡𝑐 + 𝑖𝜔𝑐𝑡𝑑)   (4.58) 

The RCS is a slow varying function of variable 𝜔𝑐  in many practical problems. 

Therefore, we can integrate the RCS expression with respect to variable 𝜔𝑐. Since the 
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time-domain RCS depends on the correlation between the scattered fields at the same 

time instance, the difference time should be zero. 

Since time-domain RCS is related to the complex envelope of the receiving signal, it 

will be convenient to make change of the variable   

 𝜔𝑐 ← 𝜔𝑐 − 𝜔0   (4.59) 

where 𝑓0 =
𝜔0

2𝜋
 is the carrier frequency. By doing the frequency shift, the integration 

with respect to frequency will be carried out around zero frequency. 

 𝑅𝐶𝑆(𝑡𝑐, 𝑡𝑑) =
1

(2𝜋)2
∬𝑑𝜔𝑐𝑑𝜔𝑑 𝑒𝑥𝑝(−𝑖𝜔𝑑𝑡𝑐 + 𝑖(𝜔𝑐 +𝜔0)𝑡𝑑) 

 × 𝑅𝐶𝑆(𝜔𝑑, 𝜔𝑐 + 𝜔0)𝐹 (𝜔𝑐 + 𝜔0 +
𝜔𝑑

2
)𝐹∗ (𝜔𝑐 + 𝜔0 −

𝜔𝑑

2
)   (4.60) 

When 𝑡𝑑 = 0, the time-domain monostatic radar cross section (RCS) is 

 𝑅𝐶𝑆(𝑡𝑐) = 𝐼1(𝑡𝑐) + 𝐼2(𝑡𝑐) + 𝐼3(𝑡𝑐)   (4.61) 

The coherent term 𝐼1(𝑡𝑐) is 

 𝐼1(𝑡𝑐) =
𝐴0
2𝑒𝑥𝑝(−2𝜏0)

𝜋2(∆𝑓)2𝑐2
∬𝑑𝜌̂1𝑑𝜌̂2 ∫ 𝑑𝜔𝑑𝑒𝑥𝑝 (−

𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐 + 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2))

∆𝜔

−∆𝜔
 

 × ∫ 𝑑𝜔𝑐(𝜔𝑐 + 𝜔0)
2𝑒𝑥𝑝 (−

2𝜔𝑐
2

(∆𝑓)2
+ 𝑖2

𝜔𝑐+𝜔0

𝑐
(𝑧1 − 𝑧2) + 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2))

+∞

−∞
 

 =
𝐴0
2𝜔0

2𝑒𝑥𝑝(−2𝜏0)

𝜋2(∆𝑓)2𝑐2
∬𝑑𝜌̂1𝑑𝜌̂2 ∫ 𝑑𝜔𝑑𝑒𝑥𝑝 (−

𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐 + 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2))

∆𝜔

−∆𝜔
 

 × ∫ 𝑑𝜔𝑐 (1 +
𝜔𝑐

𝜔0
)
2

𝑒𝑥𝑝 (−
2𝜔𝑐

2

(∆𝑓)2
+ 𝑖2

𝜔𝑐+𝜔0

𝑐
(𝑧1 − 𝑧2) + 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2))

+∞

−∞
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 ≈
𝐴0
2𝜔0

2𝑒𝑥𝑝(−2𝜏0)

𝜋2(∆𝑓)2𝑐2
∬𝑑𝜌̂1𝑑𝜌̂2 ∫ 𝑑𝜔𝑑𝑒𝑥𝑝 (−

𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐 + 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2))

∆𝜔

−∆𝜔
 

 × ∫ 𝑑𝜔𝑐𝑒𝑥𝑝 (−
2𝜔𝑐

2

(∆𝑓)2
+ 𝑖2

𝜔𝑐+𝜔0

𝑐
(𝑧1 − 𝑧2))

+∞

−∞
   (4.62) 

The mixed term 𝐼2(𝑡𝑐) is 

 𝐼2(𝑡𝑐) =
4𝐴0

2𝑒𝑥𝑝(−𝜏0)

𝜋2(∆𝑓)2𝑐2
∬𝑑𝜌̂1𝑑𝜌̂2 ∫ 𝑑𝜔𝑑𝑒𝑥𝑝 (−

𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐 + 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2))

∆𝜔

−∆𝜔
 

 × (𝑒𝑥𝑝(−𝐻(𝑟̅𝑑, 𝜔𝑑)) − 𝑒𝑥𝑝(−𝜏0)) 

 × ∫ 𝑑𝜔𝑐(𝜔𝑐 + 𝜔0)
2𝑒𝑥𝑝 (−

2𝜔𝑐
2

(∆𝑓)2
+ 𝑖2

(𝑧1−𝑧2)

𝑐
(𝜔0 + 𝜔𝑐))

+∞

−∞
 

 =
4𝐴0

2𝜔0
2𝑒𝑥𝑝(−𝜏0)

𝜋2(∆𝑓)2𝑐2
∬𝑑𝜌̂1𝑑𝜌̂2 ∫ 𝑑𝜔𝑑𝑒𝑥𝑝 (−

𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐 + 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2))

∆𝜔

−∆𝜔
 

 × (𝑒𝑥𝑝(−𝐻(𝑟̅𝑑, 𝜔𝑑)) − 𝑒𝑥𝑝(−𝜏0)) 

 × ∫ 𝑑𝜔𝑐 (1 +
𝜔𝑐

𝜔0
)
2

𝑒𝑥𝑝 (−
2𝜔𝑐

2

(∆𝑓)2
+ 𝑖2

(𝑧1−𝑧2)

𝑐
(𝜔0 + 𝜔𝑐))

+∞

−∞
 

 ≈
4𝐴0

2𝜔0
2𝑒𝑥𝑝(−𝜏0)

𝜋2(∆𝑓)2𝑐2
∬𝑑𝜌̂1𝑑𝜌̂2 ∫ 𝑑𝜔𝑑𝑒𝑥𝑝 (−

𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐 + 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2))

∆𝜔

−∆𝜔
 

 × (𝑒𝑥𝑝(−𝐻(𝑟̅𝑑, 𝜔𝑑)) − 𝑒𝑥𝑝(−𝜏0)) 

 × ∫ 𝑑𝜔𝑐𝑒𝑥𝑝 (−
2𝜔𝑐

2

(∆𝑓)2
+ 𝑖2

(𝑧1−𝑧2)

𝑐
(𝜔0 + 𝜔𝑐))

+∞

−∞
   (4.63) 

The incoherent term 𝐼3(𝑡𝑐) is 
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 𝐼3(𝑡𝑐) =
2𝐴0

2

𝜋2(∆𝑓)2𝑐2
∬𝑑𝜌̂1𝑑𝜌̂2 ∫ 𝑑𝜔𝑑𝑒𝑥𝑝 (−

𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐 + 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2))

∆𝜔

−∆𝜔
 

 × (𝑒𝑥𝑝(−𝐻(𝑟̅𝑑, 𝜔𝑑)) − 𝑒𝑥𝑝(−𝜏0))
2

 

 × ∫ 𝑑𝜔𝑐(𝜔0 + 𝜔𝑐)
2𝑒𝑥𝑝 (−

2𝜔𝑐
2

(∆𝑓)2
+ 𝑖2

(𝑧1−𝑧2)

𝑐
(𝜔0 + 𝜔𝑐))

+∞

−∞
 

 =
2𝐴0

2𝜔0
2

𝜋2(∆𝑓)2𝑐2
∬𝑑𝜌̂1𝑑𝜌̂2 ∫ 𝑑𝜔𝑑𝑒𝑥𝑝 (−

𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐 + 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2))

∆𝜔

−∆𝜔
 

 × (𝑒𝑥𝑝(−𝐻(𝑟̅𝑑, 𝜔𝑑)) − 𝑒𝑥𝑝(−𝜏0))
2

 

 × ∫ 𝑑𝜔𝑐 (1 +
𝜔𝑐

𝜔0
)
2

𝑒𝑥𝑝 (−
2𝜔𝑐

2

(∆𝑓)2
+ 𝑖2

(𝑧1−𝑧2)

𝑐
(𝜔0 + 𝜔𝑐))

+∞

−∞
 

 ≈
2𝐴0

2𝜔0
2

𝜋2(∆𝑓)2𝑐2
∬𝑑𝜌̂1𝑑𝜌̂2 ∫ 𝑑𝜔𝑑𝑒𝑥𝑝 (−

𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐 + 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2))

∆𝜔

−∆𝜔
 

 × (𝑒𝑥𝑝(−𝐻(𝑟̅𝑑, 𝜔𝑑)) − 𝑒𝑥𝑝(−𝜏0))
2

 

 × ∫ 𝑑𝜔𝑐𝑒𝑥𝑝 (−
2𝜔𝑐

2

(∆𝑓)2
+ 𝑖2

(𝑧1−𝑧2)

𝑐
(𝜔0 + 𝜔𝑐))

+∞

−∞
   (4.64) 

It is convenient to evaluate the integral 

 ∫ 𝑑𝜔𝑐𝑒𝑥𝑝 (−
2𝜔𝑐

2

(∆𝑓)2
+ 𝑖2

𝜔𝑐+𝜔0

𝑐
(𝑧1 − 𝑧2))

+∞

−∞
 

 = 𝑒𝑥𝑝 (𝑖2
𝜔0

𝑐
(𝑧1 − 𝑧2)) ∫ 𝑑𝜔𝑐𝑒𝑥𝑝 (−

2𝜔𝑐
2

(∆𝑓)2
+ 𝑖2

𝜔𝑐

𝑐
(𝑧1 − 𝑧2))

+∞

−∞
   (4.65) 

Applying the integral identity 
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 ∫ 𝑒𝑥𝑝(−𝑎𝑡2 + 𝑏𝑡)𝑑𝑡
+∞

−∞
= √

𝜋

𝑎
𝑒𝑥𝑝 (

𝑏2

4𝑎
) , 𝑅𝑒(𝑎) > 0   (4.66) 

We obtain 

 ∫ 𝑑𝜔𝑐𝑒𝑥𝑝 (−
2𝜔𝑐

2

(∆𝑓)2
+ 𝑖2

𝜔𝑐+𝜔0

𝑐
(𝑧1 − 𝑧2))

+∞

−∞
 

 = √
𝜋

2
∆𝑓𝑒𝑥𝑝 (−

(∆𝑓)2

2𝑐2
(𝑧1 − 𝑧2)

2 + 𝑖2
𝜔0

𝑐
(𝑧1 − 𝑧2))   (4.67) 

Combining (4.62) and (4.67) gives 

 𝐼1(𝑡𝑐) =
𝐴0
2𝜔0

2𝑒𝑥𝑝(−2𝜏0)

√2𝜋𝜋∆𝑓𝑐2
∬𝑑𝜌̂1𝑑𝜌̂2 ∫ 𝑑𝜔𝑑𝑒𝑥𝑝 (−

𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐 + 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2))

∆𝜔

−∆𝜔
 

 × 𝑒𝑥𝑝 (−
(∆𝑓)2

2𝑐2
(𝑧1 − 𝑧2)

2 + 𝑖2
𝜔0

𝑐
(𝑧1 − 𝑧2))   (4.68) 

Combining (4.63) and (4.67) gives 

 𝐼2(𝑡𝑐) =
4𝐴0

2𝜔0
2𝑒𝑥𝑝(−𝜏0)

√2𝜋𝜋∆𝑓𝑐2
∬𝑑𝜌̂1𝑑𝜌̂2 ∫ 𝑑𝜔𝑑𝑒𝑥𝑝 (−

𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐 + 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2))

∆𝜔

−∆𝜔
 

 × (𝑒𝑥𝑝(−𝐻(𝑟̅𝑑, 𝜔𝑑)) − 𝑒𝑥𝑝(−𝜏0)) 

 × 𝑒𝑥𝑝 (−
(∆𝑓)2

2𝑐2
(𝑧1 − 𝑧2)

2 + 𝑖2
𝜔0

𝑐
(𝑧1 − 𝑧2))   (4.69) 

Combining (4.64) and (4.67) gives 

 𝐼3(𝑡𝑐) =
2𝐴0

2𝜔0
2

√2𝜋𝜋∆𝑓𝑐2
∬𝑑𝜌̂1𝑑𝜌̂2 ∫ 𝑑𝜔𝑑𝑒𝑥𝑝 (−

𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐 + 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2))

∆𝜔

−∆𝜔
 

 × (𝑒𝑥𝑝(−𝐻(𝑟̅𝑑, 𝜔𝑑)) − 𝑒𝑥𝑝(−𝜏0))
2
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 × 𝑒𝑥𝑝 (−
(∆𝑓)2

2𝑐2
(𝑧1 − 𝑧2)

2 + 𝑖2
𝜔0

𝑐
(𝑧1 − 𝑧2))   (4.70) 

It is observed that the each term in the time-domain RCS expressions contains two 

double integrals over the surface of the object and one integral over frequency. 

Therefore, the time-domain RCS is computationally intensive. In order to speed up the 

calculation, the integral over frequency will be computed using the fast Fourier 

transform (FFT). 

Define the inverse Fourier transforms 

 𝐼1(𝑡𝑐) =
1

2𝜋
∫ 𝑑𝜔𝑑𝐼1(𝜔𝑑)𝑒𝑥𝑝(−𝑖𝜔𝑑𝑡𝑐)
∆𝜔

−∆𝜔
   (4.71) 

 𝐼2(𝑡𝑐) =
1

2𝜋
∫ 𝑑𝜔𝑑𝐼2(𝜔𝑑)𝑒𝑥𝑝(−𝑖𝜔𝑑𝑡𝑐)
∆𝜔

−∆𝜔
   (4.72) 

 𝐼3(𝑡𝑐) =
1

2𝜋
∫ 𝑑𝜔𝑑𝐼3(𝜔𝑑)𝑒𝑥𝑝(−𝑖𝜔𝑑𝑡𝑐)
∆𝜔

−∆𝜔
   (4.73) 

The coherent term 𝐼1(𝜔𝑑) is 

 𝐼1(𝜔𝑑) =
2𝐴0

2𝜔0
2𝑒𝑥𝑝(−2𝜏0)

√2𝜋∆𝑓𝑐2
∬𝑑𝜌̂1𝑑𝜌̂2 𝑒𝑥𝑝 (−

𝜔𝑑
2

2(∆𝑓)2
+ 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2)) 

 × 𝑒𝑥𝑝 (−
(∆𝑓)2

2𝑐2
(𝑧1 − 𝑧2)

2 + 𝑖2
𝜔0

𝑐
(𝑧1 − 𝑧2))   (4.74) 

The mixed term 𝐼2(𝜔𝑑)  is 

 𝐼2(𝜔𝑑) =
8𝐴0

2𝜔0
2𝑒𝑥𝑝(−𝜏0)

√2𝜋∆𝑓𝑐2
∬𝑑𝜌̂1𝑑𝜌̂2 𝑒𝑥𝑝 (−

𝜔𝑑
2

2(∆𝑓)2
+ 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2)) 

 × (𝑒𝑥𝑝(−𝐻(𝑟̅𝑑, 𝜔𝑑)) − 𝑒𝑥𝑝(−𝜏0)) 
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 × 𝑒𝑥𝑝 (−
(∆𝑓)2

2𝑐2
(𝑧1 − 𝑧2)

2 + 𝑖2
𝜔0

𝑐
(𝑧1 − 𝑧2))   (4.75) 

The incoherent term 𝐼3(𝜔𝑑) is 

 𝐼3(𝜔𝑑) =
4𝐴0

2𝜔0
2

√2𝜋∆𝑓𝑐2
∬𝑑𝜌̂1𝑑𝜌̂2𝑒𝑥𝑝 (−

𝜔𝑑
2

2(∆𝑓)2
+ 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2)) 

 × (𝑒𝑥𝑝(−𝐻(𝑟̅𝑑, 𝜔𝑑)) − 𝑒𝑥𝑝(−𝜏0))
2

 

 × 𝑒𝑥𝑝 (−
(∆𝑓)2

2𝑐2
(𝑧1 − 𝑧2)

2 + 𝑖2
𝜔0

𝑐
(𝑧1 − 𝑧2))   (4.76) 

It is worth mentioning here that our theory offers two distinct advantages compared to 

the other numerical methods, such as the parabolic equation (PE) method and the Monte 

Carlo (MC) method. First of all, our theory provides a more clearly physical picture. As 

shown in (4.61) and (4.71)-(4.76), the total time-domain RCS contains three terms and 

each term is corresponding to a unique scattering mechanism. By comparing the 

contributions from different terms, we could have a better physical understanding of the 

effects of the random medium on wave propagation. In contrast, the numerical methods 

in general only provide the total response and it may not be possible to separate the 

contributions from different mechanisms. Secondly, our theory is computational more 

efficient. In our theory, the statistical moments are calculated analytically and it does 

not need to run multiple realizations to get the time-domain RCS. On the other hand, 

averaging over many realizations are required for the numerical methods in order to 

achieve statistical convergence.  

4.4 Conventional Radar Cross Section in Time Domain 

If the correlation between the incident field and the scattered field is neglected, then the 
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time-domain monostatic radar cross section (RCS) becomes 

 𝑅𝐶𝑆(𝑡𝑐) = 𝐼1(𝑡𝑐) + 𝐼2(𝑡𝑐) + 𝐼3(𝑡𝑐)   (4.77) 

The coherent term 𝐼1(𝑡𝑐) is 

 𝐼1(𝑡𝑐) =
𝐴0
2𝜔0

2𝑒𝑥𝑝(−2𝜏0)

√2𝜋𝜋∆𝑓𝑐2
∬𝑑𝜌̂1𝑑𝜌̂2 ∫ 𝑑𝜔𝑑𝑒𝑥𝑝 (−

𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐 + 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2))

∆𝜔

−∆𝜔
 

 × 𝑒𝑥𝑝 (−
(∆𝑓)2

2𝑐2
(𝑧1 − 𝑧2)

2 + 𝑖2
𝜔0

𝑐
(𝑧1 − 𝑧2))   (4.78) 

The mixed term 𝐼2(𝑡𝑐) is 

 𝐼2(𝑡𝑐) =
2𝐴0

2𝜔0
2𝑒𝑥𝑝(−𝜏0)

√2𝜋𝜋∆𝑓𝑐2
∬𝑑𝜌̂1𝑑𝜌̂2 ∫ 𝑑𝜔𝑑𝑒𝑥𝑝 (−

𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐 + 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2))

∆𝜔

−∆𝜔
 

 × (𝑒𝑥𝑝(−𝐻(𝑟̅𝑑, 𝜔𝑑)) − 𝑒𝑥𝑝(−𝜏0)) 

 × 𝑒𝑥𝑝 (−
(∆𝑓)2

2𝑐2
(𝑧1 − 𝑧2)

2 + 𝑖2
𝜔0

𝑐
(𝑧1 − 𝑧2))   (4.79) 

The incoherent term is 

 𝐼3(𝑡𝑐) =
𝐴0
2𝜔0

2

√2𝜋𝜋∆𝑓𝑐2
∬𝑑𝜌̂1𝑑𝜌̂2 ∫ 𝑑𝜔𝑑𝑒𝑥𝑝 (−

𝜔𝑑
2

2(∆𝑓)2
−𝑖𝜔𝑑𝑡𝑐 + 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2))

∆𝜔

−∆𝜔
 

 × (𝑒𝑥𝑝(−𝐻(𝑟̅𝑑, 𝜔𝑑)) − 𝑒𝑥𝑝(−𝜏0))
2

 

 × 𝑒𝑥𝑝 (−
(∆𝑓)2

2𝑐2
(𝑧1 − 𝑧2)

2 + 𝑖2
𝜔0

𝑐
(𝑧1 − 𝑧2))   (4.80) 

By comparing equations (4.68) - (4.70) with (4.77) - (4.79), it can be observed that a 

factor of 2 enhancement for both mixed term and incoherent term is missing in the 
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conventional time-domain RCS expression due to the assumption that no correlations 

exist between the incident field and the scattered field.  

4.5 Numerical Integration Using Fast Fourier Transform 

As indicated in equations (4.71) - (4.73), the time-domain RCS can be calculated by 

taking the inverse Fourier transforms of the corresponding frequency-domain terms. It 

is convenient to apply the Fast Fourier Transform (FFT) algorithm to speed up the 

computation. Since most of the FFT routines are implemented based on equations using 

the engineering convention 𝑒𝑥𝑝(𝑗𝜔𝑡) rather than the physics convention 𝑒𝑥𝑝(−𝑖𝜔𝑡), 

our will change the conventions from physics to engineering in the following 

discussions. The switching between two conventions can be done by substituting 𝑖 →

−𝑗 in the expressions.  

The inverse Fourier transform is defined as 

 𝑓(𝑡) =
1

2𝜋
∫ 𝐹(𝜔)𝑒𝑥𝑝(𝑗𝜔𝑡)𝑑𝜔
Ω

2

−
Ω

2

= ∫ 𝐹(𝑓)𝑒𝑥𝑝(𝑗2𝜋𝑓𝑡)𝑑𝑓
𝐵𝑊
2

−
𝐵𝑊
2

   (4.81) 

Where 𝐵𝑊 =
Ω

2𝜋
 is the bandwidth. 

The integral can be approximated by a Riemann sum 

 𝑓(𝑛Δ𝑡) ≈ Δ𝑓∑ 𝐹(𝑘Δ𝑓)𝑒𝑥𝑝(𝑗2𝜋𝑘𝑛Δ𝑓Δ𝑡)
𝑁

2
−1

𝑘=−
𝑁

2

 

 = Δ𝑓 ∑ 𝐹(𝑘Δ𝑓)𝑒𝑥𝑝 (𝑗
2𝜋

𝑁
𝑘𝑛)

𝑁

2
−1

𝑘=−
𝑁

2

   (4.82) 

The discrete inverse Fourier transform is defined as 

 𝑥[𝑛] = ℱ−1{𝑋[𝑘]} =
1

𝑁
∑ 𝑋[𝑘]𝑒𝑥𝑝 (𝑗

2𝜋

𝑁
𝑘𝑛)𝑁−1

𝑘=0    (4.83) 
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Combining (4.82) and (4.83) gives 

 𝑓(𝑡) ≈ 𝑁∆𝑓 (
1

𝑁
∑ 𝐹(𝑘Δ𝑓)𝑒𝑥𝑝 (𝑗

2𝜋

𝑁
𝑘𝑛)

𝑁

2
−1

𝑘=−
𝑁

2

) = 𝐵𝑊ℱ
−1{𝐹[𝑓]}   (4.84) 

where the 𝑁 periodic prosperity of 𝑋[𝑘] is applied. 
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Chapter 5 Time-Domain Radar Cross Section Based on Strong 

Fluctuation Theory   

The time-domain RCS can also be derived using the strong fluctuation theory 

when the optical depth of the random media is large and the scattering effect is 

dominant over the absorption effect. In this chapter, we derive the time-domain RCS by 

following the procedure given in [42]. To minimize the confusion, we will use the same 

notations used in [42]. The relationship with our previous equations is described when 

necessary.  

5.1 Differential Equation for the Two-frequency Mutual Coherence Function  

We consider the discrete random medium composed of scatters whose characteristics 

dimensions are much larger than the carrier wavelength of the imaging system. Under 

this assumption, most of the scattering power will concentrate in the forward region of 

the scatters and the parabolic equation approximation is applied.  

If the 𝑧 axis is chosen as the direction of propagation, the parabolic differential equation 

for the two frequency MCF can be written as 

 (
𝜕

𝜕𝑧
−

𝑖

2
(
∇1
2

𝑘1
−
∇2
2

𝑘2
) − 𝑖(𝑘1 − 𝑘2) + 𝑃(𝜌̅1 − 𝜌̅2)) Γ2(𝜌̅1, 𝜌̅2, 𝑧, 𝜔1, 𝜔2) = 0  (5.1) 

where 𝑘1 =
𝜔1

𝑐
 and 𝑘2 =

𝜔2

𝑐
 are wavenumbers. 𝑐 is the light speed in the background 

medium. ∇1
2  and ∇2

2  the Laplacians in the transverse plane with respect to 𝜌̅1  and 𝜌̅2 

where 𝜌̅1 = 𝑥1𝑥̂ + 𝑦1𝑦̂ and 𝜌̅2 = 𝑥2𝑥̂ + 𝑦2𝑦̂. 

The 𝑃 function contains the random medium effects and is given by 

 𝑃(𝑟𝑑) = 𝑎 + 𝑏
∫ 𝛽𝑠(𝑠)(1−𝐽0(𝑘𝑠𝜌𝑑))𝑠𝑑𝑠
∞
0

∫ 𝛽𝑠(𝑠)𝑠𝑑𝑠
∞
0

   (5.2) 
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where 𝜌𝑑 = |𝜌̅1 − 𝜌̅2|,  𝑎 is the absorption coefficient, 𝑏 is the scattering coefficient and 

𝛽𝑠 is the volume scattering function. 

The scattering coefficient 𝑏 and the volume scattering function 𝛽𝑠 are related 

 𝑏 = 2𝜋 ∫ 𝛽𝑠(𝑠)𝑠𝑑𝑠
∞

0
   (5.3) 

where 𝑠 = 2𝑠𝑖𝑛 (
𝜃

2
)  and 𝜃 is the scattering angle. 

The parabolic approximation of the spherical wave due to a point source located at the 

origin is 

 𝑈(𝜌̅, 𝑧, 𝜔) =
1

𝑧
𝑒𝑥𝑝 (𝑖

𝑘𝜌2

2𝑧
+ 𝑖𝑘𝑧) = 𝑈0(𝜌̅, 𝑧, 𝜔)𝑒𝑥𝑝(𝑖𝑘𝑧)   (5.4) 

It is convenient to define function 

 Γ2
0(𝜌̅1, 𝜌̅2, 𝑧, 𝜔1, 𝜔2) = 〈𝑈(𝜌̅1, 𝑧, 𝜔1)𝑈

∗(𝜌̅2, 𝑧, 𝜔2)〉 

 =
1

𝑧2
𝑒𝑥𝑝 (𝑖(𝑘1 − 𝑘2)𝑧 + 𝑖

𝑘1𝜌1
2

2𝑧
− 𝑖

𝑘2𝜌2
2

2𝑧
)   (5.5) 

The function Γ2
0 is the two-frequency MCF for a spherical wave in background medium 

and satisfies the parabolic differential equation 

 (
𝜕

𝜕𝑧
−

𝑖

2
(
∇1
2

𝑘1
−
∇2
2

𝑘2
) − 𝑖(𝑘1 − 𝑘2) + 𝑃(𝜌𝑑)) Γ2

0(𝜌̅1, 𝜌̅2, 𝑧, 𝜔1, 𝜔2) = 0   (5.6) 

We let the two-frequency MCF take the form 

 Γ2(𝜌̅1, 𝜌̅2, 𝑧, 𝜔1, 𝜔2) = Γ2
0(𝜌̅1, 𝜌̅2, 𝑧, 𝜔1, 𝜔2)Γ𝑠(𝑧, 𝜌̅𝑑, 𝜔𝑑)   (5.7) 

where 𝜌̅𝑑 = 𝜌̅1 − 𝜌̅2 and 𝜔𝑑 = 𝜔1 − 𝜔2 

For the free-space where no scatters are in the presence, we have Γ2 = Γ2
0 and Γ𝑠 = 1. 
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Therefore, the boundary condition for Γ𝑠  at the interface between the free-space and 

random medium should be Γ𝑠 = 1 at 𝑧 = 0. 

Applying the vector calculus identity 

 ∇2(𝜙𝜓) = 𝜓∇2𝜙 + 2∇𝜙 ∙ ∇𝜓 + 𝜙∇2𝜓   (5.8) 

Combining equations (5.7) and (5.8) gives 

 ∇1
2Γ2 = ∇1

2(Γ2
0Γ𝑠) = Γ𝑠∇1

2Γ2
0 + 2∇1Γ2

0 ∙ ∇1Γ𝑠 + Γ2
0∇1

2Γ𝑠   (5.9a) 

 ∇2
2Γ2 = ∇2

2(Γ2
0Γ𝑠) = Γ𝑠∇2

2Γ2
0 + 2∇2Γ2

0 ∙ ∇2Γ𝑠 + Γ2
0∇2

2Γ𝑠   (5.9b) 

Combining equations (5.1) and (5.9) gives 

 (
∇1
2

𝑘1
−
∇2
2

𝑘2
) Γ2

0Γ𝑠 = Γ𝑠 (
1

𝑘1
∇1
2Γ2

0 −
1

𝑘2
∇2
2Γ2

0) + 2 (
1

𝑘1
∇1Γ2

0 ∙ ∇1Γ𝑠 −
1

𝑘2
∇2Γ2

0 ∙ ∇2Γ𝑠) 

 +Γ2
0 (

1

𝑘1
∇1
2Γ𝑠 −

1

𝑘2
∇2
2Γ𝑠)   (5.10) 

Combining equations (5.1), (5.7) and (5.10) gives 

 (
𝜕

𝜕𝑧
−

𝑖

2
(
∇1
2

𝑘1
−
∇2
2

𝑘2
) − 𝑖(𝑘1 − 𝑘2) + 𝑃(𝜌𝑑)) Γ2

0Γ𝑠 = 0 

 Γ2
0 𝜕Γ𝑠

𝜕𝑧
− 𝑖 (

1

𝑘1
∇1Γ2

0 ∙ ∇1Γ𝑠 −
1

𝑘2
∇2Γ2

0 ∙ ∇2Γ𝑠) −
𝑖

2
(
1

𝑘1
∇1
2Γ𝑠 −

1

𝑘2
∇2
2Γ𝑠) 

 +𝑃(𝜌̅1 − 𝜌̅2)Γ2
0Γ𝑠 = 0   (5.11) 

Combining equations (5.5) and (5.7) gives 

 ∇1Γ2
0 ∙ ∇1Γ𝑠 = (𝑥̂𝑖

𝑘1𝑥1

𝑧
Γ2
0 + 𝑦̂𝑖

𝑘2𝑦1

𝑧
Γ2
0) ∙ (𝑥̂

𝜕Γ𝑠

𝜕𝑥1
+ 𝑦̂

𝜕Γ𝑠

𝜕𝑦1
) 
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 = 𝑖
𝑘1𝑥1

𝑧
Γ2
0 𝜕Γ𝑠

𝜕𝑥1
+ 𝑖

𝑘2𝑦1

𝑧
Γ2
0 𝜕Γ𝑠

𝜕𝑥1
   (5.12) 

Combining equations (5.5) and (5.7) gives 

 ∇2Γ2
0 = (𝑥̂

𝜕

𝜕𝑥2
+ 𝑦̂

𝜕

𝜕𝑦2
) [

1

𝑧2
𝑒𝑥𝑝 (𝑖(𝑘1 − 𝑘2)𝑧 + 𝑖

𝑘1(𝑥1
2+𝑦1

2)

2𝑧
− 𝑖

𝑘2(𝑥2
2+𝑦2

2)

2𝑧
)] 

 = 𝑥̂Γ2
0 𝜕

𝜕𝑥2
(−𝑖

𝑘2𝑥2
2+𝑘2𝑦2

2

2𝑧
) + 𝑦̂Γ2

0 𝜕

𝜕𝑦2
(−𝑖

𝑘2𝑥2
2+𝑘2𝑦2

2

2𝑧
) 

 = −𝑥̂𝑖
𝑘2𝑥2

𝑧
Γ2
0 − 𝑦̂𝑖

𝑘2𝑦2

𝑧
Γ2
0   (5.13) 

Combining equations (5.5) and (5.7) gives 

 ∇2Γ2
0 ∙ ∇2Γ𝑠 = (−𝑥̂𝑖

𝑘2𝑥2

𝑧
Γ2
0 − 𝑦̂𝑖

𝑘2𝑦2

𝑧
Γ2
0) ∙ (𝑥̂

𝜕Γ𝑠

𝜕𝑥2
+ 𝑦̂

𝜕Γ𝑠

𝜕𝑦2
) 

 = −𝑖
𝑘2𝑥2

𝑧
Γ2
0 𝜕Γ𝑠

𝜕𝑥2
− 𝑖

𝑘2𝑦2

𝑧
Γ2
0 𝜕Γ𝑠

𝜕𝑦2
   (5.14) 

Combining equations (5.11), (5.12) and (5.14) gives 

 
1

𝑘1
∇1Γ2

0 ∙ ∇1Γ𝑠 −
1

𝑘2
∇2Γ2

0 ∙ ∇2Γ𝑠 

 =
1

𝑘1
(𝑖

𝑘1𝑥1

𝑧
Γ2
0 𝜕Γ𝑠

𝜕𝑥1
+ 𝑖

𝑘2𝑦1

𝑧
Γ2
0 𝜕Γ𝑠

𝜕𝑥1
) −

1

𝑘2
(−𝑖

𝑘2𝑥2

𝑧
Γ2
0 𝜕Γ𝑠

𝜕𝑥2
− 𝑖

𝑘2𝑦2

𝑧
Γ2
0 𝜕Γ𝑠

𝜕𝑦2
) 

 = 𝑖Γ2
0 (

𝑥1

𝑧

𝜕Γ𝑠

𝜕𝑥1
+ 𝑖

𝑦1

𝑧

𝜕Γ𝑠

𝜕𝑦1
) + 𝑖Γ2

0 (
𝑥2

𝑧

𝜕Γ𝑠

𝜕𝑥2
+ 𝑖

𝑦2

𝑧

𝜕Γ𝑠

𝜕𝑦2
)   (5.15) 

Combining equations (5.9) and (5.15) gives 

 Γ2
0 𝜕Γ𝑠

𝜕𝑧
− 𝑖 (𝑖Γ2

0 (
𝑥1

𝑧

𝜕Γ𝑠

𝜕𝑥1
+ 𝑖

𝑦1

𝑧

𝜕Γ𝑠

𝜕𝑦1
) + 𝑖Γ2

0 (
𝑥2

𝑧

𝜕Γ𝑠

𝜕𝑥2
+ 𝑖

𝑦2

𝑧

𝜕Γ𝑠

𝜕𝑦2
)) 

 −
𝑖

2
(
1

𝑘1
∇1
2Γ𝑠 −

1

𝑘2
∇2
2Γ𝑠) + 𝑃(𝜌̅1 − 𝜌̅2)Γ2

0Γ𝑠 = 0 
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𝜕Γ𝑠

𝜕𝑧
+
1

𝑧
(𝑥1

𝜕Γ𝑠

𝜕𝑥1
+ 𝑦1

𝜕Γ𝑠

𝜕𝑦1
+ 𝑥2

𝜕Γ𝑠

𝜕𝑥2
+ 𝑦2

𝜕Γ𝑠

𝜕𝑦2
) −

𝑖

2
(
1

𝑘1
∇1
2Γ𝑠 −

1

𝑘2
∇2
2Γ𝑠) 

 +𝑃(𝜌̅1 − 𝜌̅2)Γ𝑠 = 0   (5.16) 

It is convenient to make the change of variables 

 𝜌̅𝑐 =
1

2
(𝜌̅1 + 𝜌̅2), 𝜌̅𝑑 = 𝜌̅1 − 𝜌̅2   (5.17) 

The partial derivatives can be written as 

 
𝜕

𝜕𝑥1
=

𝜕

𝜕𝑥𝑐

𝜕𝑥𝑐

𝜕𝑥1
+

𝜕

𝜕𝑥𝑑

𝜕𝑥𝑑

𝜕𝑥1
=

1

2

𝜕

𝜕𝑥𝑐
+

𝜕

𝜕𝑥𝑑
   (5.18a) 

 
𝜕

𝜕𝑥2
=

𝜕

𝜕𝑥𝑐

𝜕𝑥𝑐

𝜕𝑥2
+

𝜕

𝜕𝑥𝑑

𝜕𝑥𝑑

𝜕𝑥1
=

1

2

𝜕

𝜕𝑥𝑐
−

𝜕

𝜕𝑥𝑑
   (5.18b) 

 
𝜕

𝜕𝑦1
=

𝜕

𝜕𝑦𝑐

𝜕𝑦𝑐

𝜕𝑦1
+

𝜕

𝜕𝑦𝑑

𝜕𝑦𝑑

𝜕𝑦1
=

1

2

𝜕

𝜕𝑦𝑐
+

𝜕

𝜕𝑦𝑑
   (5.18c) 

 
𝜕

𝜕𝑦2
=

𝜕

𝜕𝑦𝑐

𝜕𝑦𝑐

𝜕𝑦2
+

𝜕

𝜕𝑦𝑑

𝜕𝑦𝑑

𝜕𝑥1
=

1

2

𝜕

𝜕𝑦𝑐
−

𝜕

𝜕𝑦𝑑
   (5.18d) 

Combining equations (5.16) and (5.18) gives 

 𝑥1
𝜕

𝜕𝑥1
+ 𝑥2

𝜕

𝜕𝑥2
= (𝑥𝑐 +

𝑥𝑑

2
) (

1

2

𝜕

𝜕𝑥𝑐
+

𝜕

𝜕𝑥𝑑
) + (𝑥𝑐 −

𝑥𝑑

2
) (

1

2

𝜕

𝜕𝑥𝑐
−

𝜕

𝜕𝑥𝑑
) 

 = 𝑥𝑐
𝜕

𝜕𝑥𝑐
+ 𝑥𝑑

𝜕

𝜕𝑥𝑑
   (5.19a) 

 𝑦1
𝜕

𝜕𝑦1
+ 𝑦2

𝜕

𝜕𝑦2
= (𝑦𝑐 +

𝑦𝑑

2
) (

1

2

𝜕

𝜕𝑦𝑐
+

𝜕

𝜕𝑦𝑑
) + (𝑦𝑐 −

𝑦𝑑

2
) (

1

2

𝜕

𝜕𝑦𝑐
−

𝜕

𝜕𝑦𝑑
) 

 = 𝑦𝑐
𝜕

𝜕𝑦𝑐
+ 𝑦𝑑

𝜕

𝜕𝑦𝑑
   (5.19b) 

 ∇1 ∙ ∇1= (𝑥̂
𝜕

𝜕𝑥1
+ 𝑦̂

𝜕

𝜕𝑦1
) ∙ (𝑥̂

𝜕

𝜕𝑥1
+ 𝑦̂

𝜕

𝜕𝑦1
) 
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 = (𝑥̂ (
1

2

𝜕

𝜕𝑥𝑐
+

𝜕

𝜕𝑥𝑑
) + 𝑦̂ (

1

2

𝜕

𝜕𝑦𝑐
+

𝜕

𝜕𝑦𝑑
)) ∙ (𝑥̂ (

1

2

𝜕

𝜕𝑥𝑐
+

𝜕

𝜕𝑥𝑑
) + 𝑦̂ (

1

2

𝜕

𝜕𝑦𝑐
+

𝜕

𝜕𝑦𝑑
)) 

 = (
1

2

𝜕

𝜕𝑥𝑐
+

𝜕

𝜕𝑥𝑑
)
2

+ (
1

2

𝜕

𝜕𝑦𝑐
+

𝜕

𝜕𝑦𝑑
)
2

   (5.19c) 

 ∇2 ∙ ∇2= (𝑥̂
𝜕

𝜕𝑥2
+ 𝑦̂

𝜕

𝜕𝑦2
) ∙ (𝑥̂

𝜕

𝜕𝑥2
+ 𝑦̂

𝜕

𝜕𝑦2
) 

 = (𝑥̂ (
1

2

𝜕

𝜕𝑥𝑐
−

𝜕

𝜕𝑥𝑑
) + 𝑦̂ (

1

2

𝜕

𝜕𝑦𝑐
−

𝜕

𝜕𝑦𝑑
)) ∙ (𝑥̂ (

1

2

𝜕

𝜕𝑥𝑐
−

𝜕

𝜕𝑥𝑑
) + 𝑦̂ (

1

2

𝜕

𝜕𝑦𝑐
−

𝜕

𝜕𝑦𝑑
)) 

 = (
1

2

𝜕

𝜕𝑥𝑐
−

𝜕

𝜕𝑥𝑑
)
2

+ (
1

2

𝜕

𝜕𝑦𝑐
−

𝜕

𝜕𝑦𝑑
)
2

   (5.19d) 

Combining equations (5.16) and (5.19) gives 

 𝑥1
𝜕

𝜕𝑥1
+ 𝑥2

𝜕

𝜕𝑥2
+ 𝑦1

𝜕

𝜕𝑦1
+ 𝑦2

𝜕

𝜕𝑦2
= 𝑥𝑐

𝜕

𝜕𝑥𝑐
+ 𝑥𝑑

𝜕

𝜕𝑥𝑑
+ 𝑦𝑐

𝜕

𝜕𝑦𝑐
+ 𝑦𝑑

𝜕

𝜕𝑦𝑑
 

 = 𝜌̅𝑐 ∙ ∇𝑐 + 𝜌̅𝑑 ∙ ∇𝑑   (5.20a) 

 
1

𝑘1
∇1
2 −

1

𝑘2
∇2
2=

1

𝑘1
[(
1

2

𝜕

𝜕𝑥𝑐
+

𝜕

𝜕𝑥𝑑
)
2

+ (
1

2

𝜕

𝜕𝑦𝑐
+

𝜕

𝜕𝑦𝑑
)
2

] 

 −
1

𝑘2
[(
1

2

𝜕

𝜕𝑥𝑐
−

𝜕

𝜕𝑥𝑑
)
2

+ (
1

2

𝜕

𝜕𝑦𝑐
−

𝜕

𝜕𝑦𝑑
)
2

]   (5.20b) 

For statistically homogeneous and isotropic random medium, the function Γ𝑠 should be 

independent of variable 𝜌̅𝑐 

 
𝜕Γ𝑠

𝜕𝑥𝑐
=

𝜕Γ𝑠

𝜕𝑦𝑐
= 0   (5.21) 

Combining equations (5.20) and (5.21) gives 

 (𝑥1
𝜕

𝜕𝑥1
+ 𝑥2

𝜕Γ𝑠

𝜕𝑥2
+ 𝑦1

𝜕

𝜕𝑦1
+ 𝑦2

𝜕

𝜕𝑦2
) Γ𝑠 = 𝜌̅𝑑 ∙ ∇𝑑Γ𝑠   (5.22a) 
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 (
1

𝑘1
∇1
2 −

1

𝑘2
∇2
2) Γ𝑠 = (

1

𝑘1
∇𝑑
2 −

1

𝑘2
∇𝑑
2) Γ𝑠   (5.22b) 

Combining (5.16) and (5.22) gives 

 (
𝜕

𝜕𝑧
+
1

𝑧
𝜌̅𝑑 ∙ ∇𝑑 −

𝑖

2
(
1

𝑘1
−

1

𝑘2
)∇𝑑

2 + 𝑃(𝜌̅𝑑)) Γ𝑠(𝑧, 𝜌̅𝑑, 𝜔𝑑) = 0   (5.23) 

The asymptotic forms for Γ𝑠 as 𝜌𝑑 → 0 and 𝜌𝑑 → ∞ are 

 lim
𝜌𝑑→0

{Γ𝑠(𝑧, 𝜌𝑑)} = 𝑒𝑥𝑝(−𝑎𝑧)   (5.24a) 

 lim
𝜌𝑑→∞

{Γ𝑠(𝑧, 𝜌𝑑)} = 𝑒𝑥𝑝(−(𝑎 + 𝑏)𝑧)   (5.24b) 

where 𝑎 is the absorption coefficient and 𝑏 is the scattering coefficient. 

5.2 Gaussian Volume Scattering Function  

We assume the volume scattering function can be approximated by a Gaussian function 

 𝛽(𝑠) = 𝑏
𝛾

𝜋
𝑒𝑥𝑝(−𝛾𝑠2)   (5.24) 

where 𝑠 = 2𝑠𝑖𝑛 (
𝜃

2
) and 𝜃 is the scattering angle. 

The Gaussian function satisfies the normalization condition 

 2𝜋 ∫ 𝛽(𝑠)𝑠𝑑𝑠
∞

0
= 𝑏 ∫ 𝑒𝑥𝑝(−𝛾𝑠2)𝑑(𝛾𝑠2)

∞

0
= 𝑏   (5.25) 

Combining (5.2), (5.24) and (5.25) gives 

 ∫ 𝛽(𝑠)(1 − 𝐽0(𝑘𝑠𝜌𝑑))𝑠𝑑𝑠
∞

0
= ∫ 𝛽(𝑠)𝑠𝑑𝑠

∞

0
− ∫ 𝛽(𝑠)𝐽0(𝑘𝑠𝜌𝑑)𝑠𝑑𝑠

∞

0
 

 =
𝑏

2𝜋
−
𝑏𝛾

𝜋
∫ 𝑒𝑥𝑝(−𝛾𝑠2)𝐽0(𝑘𝑠𝜌𝑑)𝑠𝑑𝑠
∞

0
   (5.26) 
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Applying the integral identity 

 ∫ 𝐽𝑣(𝑎𝑡)𝑒𝑥𝑝(−𝑝
2𝑡2)𝑡𝑣+1𝑑𝑡

∞

0
=

𝑎𝑣

(2𝑝2)𝑣+1
𝑒𝑥𝑝 (−

𝑎2

4𝑝2
)   (5.27) 

We obtain 

 ∫ 𝛽(𝑠)(1 − 𝐽0(𝑘𝑠𝜌𝑑))𝑠𝑑𝑠
∞

0
=

𝑏

2𝜋
−
𝑏𝛾

𝜋
∫ 𝑒𝑥𝑝(−𝛾𝑠2)𝐽0(𝑘𝑠𝜌𝑑)𝑠𝑑𝑠
∞

0
 

 =
𝑏

2𝜋
−

𝑏

2𝜋
𝑒𝑥𝑝 (−

𝑘2𝜌𝑑
2

4𝛾
)   (5.28) 

Combining (5.2), (5.25) and (5.28) gives 

 𝑃(𝜌𝑑) = 𝑎 + 𝑏
∫ 𝛽𝑠(𝑠)(1−𝐽0(𝑘𝑠𝑟𝑑))𝑠𝑑𝑠
∞
0

∫ 𝛽𝑠(𝑠)𝑠𝑑𝑠
∞
0

= 𝑎 + 𝑏 (1 − 𝑒𝑥𝑝 (−
𝑘2𝜌𝑑

2

4𝛾
))   (5.29) 

Since the scattering pattern 𝛽(𝑠) is peaked in the forward direction, then 

 𝑃(𝜌𝑑) ≈ 𝑎 + 𝑏
𝑘2𝜌𝑑

2

4𝛾
, 𝛾 ≫ 1   (5.30) 

Combining (5.23) and (5.30) gives 

 
𝜕Γ𝑠

𝜕𝑧
+
1

𝑧
𝜌̅𝑑 ∙ ∇𝑑Γ𝑠 −

𝑖

2
(
1

𝑘1
−

1

𝑘2
) ∇𝑑

2Γ𝑠 + (𝑎 + 𝑏
𝑘2𝜌𝑑

2

4𝛾
)Γ𝑠 = 0   (5.31) 

Let us assume the function Γ𝑠 takes the form 

 Γ𝑠(𝑧, 𝜌̅𝑑, 𝜔𝑑) = Γ𝑠0(𝑧)Γ𝑠1(𝑧, 𝜌̅𝑑, 𝜔𝑑) = 𝑒𝑥𝑝(−𝑎𝑧)Γ𝑠1(𝑧, 𝜌̅𝑑 , 𝜔𝑑)   (5.32) 

Combining (5.31) and (5.32) 

 (
𝜕

𝜕𝑧
+
1

𝑧
𝜌̅𝑑 ∙ ∇𝑑 −

𝑖

2
(
1

𝑘1
−

1

𝑘2
) ∇𝑑

2 + 𝑏
𝑘2𝜌𝑑

2

4𝛾
) Γ𝑠1(𝑧, 𝜌̅𝑑, 𝜔𝑑) = 0   (5.33) 

We have the differential equation for the function Γ𝑠1 . However, it is noticed that 
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equation (5.32) does not predict the correct asymptotic form for Γ𝑠 as the separation 𝜌𝑑 

approaches infinite 

 lim
𝜌𝑑→∞

{Γ𝑠(𝑧, 𝜌𝑑)} = 𝑒𝑥𝑝(−𝑎𝑧 − 𝑏𝑧)   (5.34) 

In order to get the correct asymptotic forms given by (5.24), we use the approximate 

formula 

 Γ𝑠(𝑧, 𝜌𝑑) = 𝑒𝑥𝑝(−𝜏0𝑧) + 𝑒𝑥𝑝(−𝜏𝑎)Γ𝑠1(𝑧, 𝜌𝑑)(1 − 𝑒𝑥𝑝(−𝜏𝑠))   (5.35) 

where 𝜏0 = (𝑎 + 𝑏)𝑧 is the optical depth, 𝜏𝑎 = 𝑎𝑧 is the optical absorption depth and 

𝜏𝑠 = 𝑏𝑧 is the optical scattering depth.  

The Γ𝑠1 has the correct asymptotic forms 

 lim
𝜌𝑑→0

{Γ𝑠1(𝑧, 𝜌𝑑)} = 1   (5.36a) 

 lim
𝜌𝑑→∞

{Γ𝑠1(𝑧, 𝜌𝑑)} = 0   (5.36b) 

It is convenient to define the normalized distance 𝑧′ =
𝑧

𝐿
. 

Thus we have 

 (
𝜕

𝜕𝑧′
+

1

𝑧′
𝜌̅𝑑 ∙ ∇𝑑 +

𝑖

2

𝑘𝑑𝐿

𝑘2
∇𝑑
2 + 𝑏𝐿

𝑘2𝜌𝑑
2

4𝛾
) Γ𝑠1(𝑧, 𝜌̅𝑑, 𝜔𝑑) = 0   (5.37) 

where 𝑘𝑑 = 𝑘1 − 𝑘2 and 𝑘 is the wavenumber at carrier frequency.  

For statistically homogenous and isotropic random medium, it prefers to use the 

cylindrical coordinates because of the azimuthal symmetry.  

Making change of variable 

 𝜌𝑑
′ =

𝜌𝑑

𝜌0
   (5.38) 
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where 𝜌0 =
2

𝑘
√
𝛾

𝑏𝐿
. 

Combining (5.37) and (5.38) gives 

 ∇𝑑= 𝜌̂
𝜕

𝜕𝜌𝑑
= 𝜌̂

𝜕

𝜕𝜌𝑑
′

𝜕𝜌𝑑
′

𝜕𝜌𝑑
= 𝜌̂

1

𝜌0

𝜕

𝜕𝜌𝑑
′    (5.39a) 

 𝜌̅𝑑 ∙ ∇𝑑= (𝜌̂𝜌𝑑
′ 𝜌0) ∙ (𝜌̂

1

𝜌0

𝜕

𝜕𝜌𝑑
′ ) = 𝜌𝑑

′ 𝜕

𝜕𝜌𝑑
′    (5.39b) 

 ∇𝑑
2=

1

𝜌𝑑

𝜕

𝜕𝜌𝑑
(𝜌𝑑

𝜕

𝜕𝜌𝑑
) =

1

𝜌0
2𝜌𝑑

′

𝜕

𝜕𝜌𝑑
′ (𝜌𝑑

′ 𝜕

𝜕𝜌𝑑
′ )   (5.39c) 

Combining (5.37) and (5.39) gives 

 (
𝜕

𝜕𝑧′
+
𝜌𝑑
′

𝑧′
𝜕

𝜕𝜌𝑑
′ + 𝑖

𝑘𝑑𝐿

2𝑘2𝜌0
2 (

1

𝜌𝑑
′

𝜕

𝜕𝜌𝑑
′ (𝜌𝑑

′ 𝜕

𝜕𝜌𝑑
′ )) + 𝜌𝑑

′2)Γ𝑠1(𝑧
′, 𝜌𝑑

′ , 𝜔𝑑) = 0  (5.40) 

It is convenient to define variables 

 𝛼 =
𝑘𝑑

𝑘𝑐𝑜ℎ
=

𝜔𝑑

𝜔𝑐𝑜ℎ
   (5.41a) 

 𝑘𝑐𝑜ℎ =
2𝑘2𝜌0

2

𝐿
   (5.41b) 

 𝜔𝑐𝑜ℎ = 𝑘𝑐𝑜ℎ𝑐 = 2𝑘
2𝜌0

2 𝑐

𝐿
   (5.41c) 

where 𝑐 is the free-space light speed. 

Combining (5.40) and (5.41) gives 

 (
𝜕

𝜕𝑧′
+
𝜌𝑑
′

𝑧′
𝜕

𝜕𝜌𝑑
′ + 𝑖𝛼

1

𝜌𝑑
′

𝜕

𝜕𝜌𝑑
′ (𝜌𝑑

′ 𝜕

𝜕𝜌𝑑
′ ) + 𝜌𝑑

′2) Γ𝑠1(𝑧
′, 𝜌𝑑

′ , 𝜔𝑑) = 0   (5.42) 

The boundary condition is given by 

 Γ𝑠1(𝑧
′ = 0, 𝜌𝑑

′ , 𝜔𝑑) = 1   (5.43) 
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We let the function Γ𝑠1 take the form 

 Γ𝑠1(𝑧
′, 𝜌𝑑

′ , 𝜔𝑑) =
𝑒𝑥𝑝(𝑔(𝑧′)𝜌𝑑

′2)

𝑓(𝑧′)
   (5.44) 

Combining (5.40) and (5.44) gives 

 
𝜕

𝜕𝑧′
(
𝑒𝑥𝑝(𝑔(𝑧′)𝜌𝑑

′2)

𝑓(𝑧′)
) =

𝑓(𝑧′)𝑔′(𝑧′)𝜌𝑑
′2𝑒𝑥𝑝(𝑔(𝑧′)𝜌𝑑

′2)−𝑓′(𝑧′)𝑒𝑥𝑝(𝑔(𝑧′)𝜌𝑑
′2)

𝑓2(𝑧′)
 

 = 𝑒𝑥𝑝(𝑔(𝑧′)𝜌𝑑
′2)

𝑓(𝑧′)𝑔′(𝑧′)𝜌𝑑
′2−𝑓′(𝑧′)

𝑓2(𝑧′)
   (5.45a) 

 
𝜕

𝜕𝜌𝑑
′ (

𝑒𝑥𝑝(𝑔(𝑧′)𝜌𝑑
′2)

𝑓(𝑧′)
) =

2𝑔(𝑧′)

𝑓(𝑧′)
𝜌𝑑
′ 𝑒𝑥𝑝(𝑔(𝑧′)𝜌𝑑

′2)   (5.45b) 

 
𝜌𝑑
′

𝑧′
𝜕

𝜕𝜌𝑑
′ (

𝑒𝑥𝑝(𝑔(𝑧′)𝜌𝑑
′2)

𝑓(𝑧′)
) =

2𝑔(𝑧′)

𝑧′𝑓(𝑧′)
𝜌𝑑
′2𝑒𝑥𝑝(𝑔(𝑧′)𝜌𝑑

′2)   (5.45c) 

 
1

𝜌𝑑
′

𝜕

𝜕𝜌𝑑
′ (𝜌𝑑

′ 𝜕

𝜕𝜌𝑑
′ (

𝑒𝑥𝑝(𝑔(𝑧′)𝜌𝑑
′2)

𝑓(𝑧′)
)) =

1

𝜌𝑑
′

𝜕

𝜕𝜌𝑑
′ (

2𝑔(𝑧′)

𝑓(𝑧′)
𝜌𝑑
′2𝑒𝑥𝑝(𝑔(𝑧′)𝜌𝑑

′2)) 

 =
2𝑔(𝑧′)

𝑓(𝑧′)𝜌𝑑
′ (2𝜌𝑑

′ 𝑒𝑥𝑝(𝑔(𝑧′)𝜌𝑑
′2) + 2𝑔(𝑧′)𝜌𝑑

′3𝑒𝑥𝑝(𝑔(𝑧′)𝜌𝑑
′2)) 

 =
4𝑔(𝑧′)𝑒𝑥𝑝(𝑔(𝑧′)𝜌𝑑

′2)

𝑓(𝑧′)
(1 + 𝑔(𝑧′)𝜌𝑑

′2)   (5.45d) 

Combining (5.40) and (5.45) gives 

 
𝑓(𝑧′)𝑔′(𝑧′)𝜌𝑑

′2−𝑓′(𝑧′)

𝑓2(𝑧′)
+

2𝑔(𝑧′)

𝑧′𝑓(𝑧′)
𝜌𝑑
′2 + 𝑖𝛼

4𝑔(𝑧′)

𝑓(𝑧′)
(1 + 𝑔(𝑧′)𝜌𝑑

′2) +
𝜌𝑑
′2

𝑓(𝑧′)
= 0 

 −
𝑓′(𝑧′)

𝑓(𝑧′)
+ 𝑖4𝛼𝑔(𝑧′) + (𝑔′(𝑧′) +

2𝑔(𝑧′)

𝑧′
+ 𝑖4𝛼𝑔2(𝑧′) + 1) 𝜌𝑑

′2 = 0   (5.46) 

It is noticed that first two terms in (5.46) only depend on 𝑧′ regardless of 𝜌𝑑
′ .  

We get two equations 
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 −
𝑓′(𝑧′)

𝑓(𝑧′)
+ 𝑖4𝛼𝑔(𝑧′) = 0   (5.47a) 

 𝑔′(𝑧′) +
2𝑔(𝑧′)

𝑧′
+ 𝑖4𝛼𝑔2(𝑧′) + 1 = 0   (5.47b) 

Combining (5.43) and (5.44) gives 

 𝑔(𝑧′ = 0) = 0   (5.48a) 

 𝑓(𝑧′ = 0) = 1   (5.48b) 

The Riccati equation takes the form 

 
𝑑𝑦

𝑑𝑥
+ 𝑃(𝑥)𝑦 + 𝑄(𝑥)𝑦2 = 𝑅(𝑥)   (5.49) 

The Riccati equation can be reduced to a 2nd order linear ordinary differential equation 

by substituting 

 𝑦(𝑥) =
𝑢′(𝑥)

𝑄(𝑥)𝑢(𝑥)
   (5.50) 

Combining (5.49) and (5.50) gives 

 
𝑑

𝑑𝑥
(

𝑢′(𝑥)

𝑄(𝑥)𝑢(𝑥)
) + 𝑃(𝑥) (

𝑢′(𝑥)

𝑄(𝑥)𝑢(𝑥)
) + 𝑄(𝑥) (

𝑢′(𝑥)

𝑄(𝑥)𝑢(𝑥)
)
2

= 𝑅(𝑥) 

 
𝑢′′(𝑥)𝑄(𝑥)𝑢(𝑥)−𝑢′(𝑥)(𝑄′(𝑥)𝑢(𝑥)+𝑄(𝑥)𝑢′(𝑥))

𝑄2(𝑥)𝑢2(𝑥)
+
𝑃(𝑥)𝑢′(𝑥)

𝑄(𝑥)𝑢(𝑥)
+

𝑄(𝑥)𝑢′2(𝑥)

𝑄2(𝑥)𝑢2(𝑥)
= 𝑅(𝑥) 

 𝑢′′(𝑥) −
𝑄′(𝑥)

𝑄(𝑥)
𝑢′(𝑥) + 𝑃(𝑥)𝑢′(𝑥) = 𝑅(𝑥)𝑄(𝑥)𝑢(𝑥) 

 𝑢′′(𝑥) + (𝑃(𝑥) −
𝑄′(𝑥)

𝑄(𝑥)
) 𝑢′(𝑥) − 𝑅(𝑥)𝑄(𝑥)𝑢(𝑥) = 0   (5.51) 

Combining (5.47) and (5.51) gives 

https://en.wikipedia.org/wiki/Linear_ordinary_differential_equation
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𝑑2𝑢(𝑧′)

𝑑𝑧′2
+

2

𝑧′

𝑑𝑢(𝑧′)

𝑑𝑧′
+ 𝑖4𝛼𝑢(𝑧′) = 0   (5.52) 

From ordinary differential equation handbook 

 𝑥𝑦𝑥𝑥
′′ + 𝑎𝑦𝑥

′ + 𝑏𝑥𝑦 = 0   (5.53a) 

 𝑦 = 𝐶1 (
1

𝑥

𝑑

𝑑𝑥
)
𝑛

𝑐𝑜𝑠(𝑥√𝑏) + 𝐶2 (
1

𝑥

𝑑

𝑑𝑥
)
𝑛

𝑠𝑖𝑛(𝑥√𝑏) 

 𝑏 > 0, 𝑎 = 2𝑛, 𝑛 = 1, 2, ⋯   (5.53b) 

The general solution is 

 𝑢(𝑧′) = 𝐶1
1

𝑧′
𝑑

𝑑𝑧′
(𝑐𝑜𝑠(𝑧′√𝑖4𝛼)) + 𝐶2

1

𝑧′
𝑑

𝑑𝑧′
(𝑠𝑖𝑛(𝑧′√𝑖4𝛼)) 

 = −√𝑖4𝛼𝐶1
𝑠𝑖𝑛(𝑧′√𝑖4𝛼)

𝑧′
+ √𝑖4𝛼𝐶2

𝑐𝑜𝑠(𝑧′√𝑖4𝛼)

𝑧′
   (5.54) 

The general solution is 

 𝑔(𝑧′) =
1

𝑖4𝛼

𝑢′(𝑧′)

𝑢(𝑧′)
   (5.55) 

Combining (5.54) and (5.55) gives 

 𝑢′(𝑧′) =
𝑑

𝑑𝑧′
(−√𝑖4𝛼𝐶1

𝑠𝑖𝑛(𝑧′√𝑖4𝛼)

𝑧′
+ √𝑖4𝛼𝐶2

𝑐𝑜𝑠(𝑧′√𝑖4𝛼)

𝑧′
) 

 =
√𝑖4𝛼

𝑧′2
𝐶1 (𝑠𝑖𝑛(𝑧

′√𝑖4𝛼) − √𝑖4𝛼𝑧′𝑐𝑜𝑠(𝑧′√𝑖4𝛼)) 

 −
√𝑖4𝛼

𝑧′2
𝐶2 (𝑐𝑜𝑠(𝑧

′√𝑖4𝛼) + √𝑖4𝛼𝑧′𝑠𝑖𝑛(𝑧′√𝑖4𝛼))   (5.56a) 

 𝑔(𝑧′) =
1

𝑖4𝛼

𝑢′(𝑧′)

𝑢(𝑧′)
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 =
𝐶1𝑠𝑖𝑛(𝑧

′√𝑖4𝛼)−𝐶2𝑐𝑜𝑠(𝑧
′√𝑖4𝛼)−𝐶1√𝑖4𝛼𝑧

′𝑐𝑜𝑠(𝑧′√𝑖4𝛼)−𝐶2√𝑖4𝛼𝑧
′𝑠𝑖𝑛(𝑧′√𝑖4𝛼)

𝑖4𝛼𝑧′(−𝐶1𝑠𝑖𝑛(𝑧′√𝑖4𝛼)+𝐶2𝑐𝑜𝑠(𝑧′√𝑖4𝛼))
 

 = −
1

𝑖4𝛼𝑧′
+

𝐶1+𝐶2𝑡𝑎𝑛(𝑧
′√𝑖4𝛼)

√𝑖4𝛼(𝐶1𝑡𝑎𝑛(𝑧′√𝑖4𝛼)−𝐶2)
   (5.56b) 

Combining (5.48) and (5.56) gives 

 lim
𝑧′→0

{𝑔(𝑧′)} = 0 

 lim
𝑧′→0

{−
1

𝑖4𝛼𝑧′
+

𝐶1+𝐶2𝑧
′√𝑖4𝛼

√𝑖4𝛼(𝐶1𝑧′√𝑖4𝛼−𝐶2)
} = 0 

 𝐶2 = 0   (5.57) 

The general solution is 

 𝑔(𝑧′) = −
1

𝑖4𝛼𝑧′
+
𝑐𝑜𝑡(𝑧′√𝑖4𝛼)

√𝑖4𝛼
   (5.58) 

Combining (5.47) and (5.58) gives 

 
1

𝑓(𝑧′)

𝑑𝑓(𝑧′)

𝑑𝑧′
− 𝑖4𝛼 (−

1

𝑖4𝛼𝑧′
+
𝑐𝑜𝑡(𝑧′√𝑖4𝛼)

√𝑖4𝛼
) = 0   (5.59) 

Integrating both sides 

 ∫
𝑑𝑓(𝑧′)

𝑓(𝑧′)
− 𝑖4𝛼 ∫ (−

1

𝑖4𝛼𝑧′
+
𝑐𝑜𝑡(𝑧′√𝑖4𝛼)

√𝑖4𝛼
)𝑑𝑧′ = 0 

 𝑙𝑛(𝑓(𝑧′)) + 𝐶 + 𝑙𝑛(𝑧′) −
𝑖4𝛼

√𝑖4𝛼
∫ 𝑐𝑜𝑡(𝑧′√𝑖4𝛼)𝑑𝑧′ = 0   (5.60) 

Applying the integral identity 

 ∫
𝑐𝑜𝑠(𝑎𝑥)

𝑠𝑖𝑛(𝑎𝑥)
𝑑𝑥 =

1

𝑎
𝑙𝑛(𝑠𝑖𝑛(𝑎𝑥))   (5.61) 
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Combining (5.60) and (5.61) gives 

 𝑙𝑛(𝑓(𝑧′)𝑧′) + 𝐶 − 𝑙𝑛 (𝑠𝑖𝑛(√𝑖4𝛼𝑧′)) = 0 

 𝑙𝑛 (
𝑓(𝑧′)𝑧′

𝑠𝑖𝑛(√𝑖4𝛼𝑧′)
) + 𝐶 = 0   (5.62) 

Combining (5.48) and (5.62) gives 

 lim
𝑧′→0

{𝑙𝑛 (
𝑓(𝑧′)𝑧′

𝑠𝑖𝑛(√𝑖4𝛼𝑧′)
)} + 𝐶 = 0 

 lim
𝑧′→0

{𝑙𝑛 (
𝑓(𝑧′)

√𝑖4𝛼
)} + 𝐶 = 0 

 𝐶 = 𝑙𝑛(√𝑖4𝛼)   (5.63) 

Combining (5.62) and (5.63) gives 

 𝑙𝑛 (
𝑓(𝑧′)𝑧′

𝑠𝑖𝑛(√𝑖4𝛼𝑧′)
) + 𝑙𝑛(√𝑖4𝛼) = 0 

 𝑓(𝑧′) =
𝑠𝑖𝑛(√𝑖4𝛼𝑧′)

√𝑖4𝛼𝑧′
   (5.64) 

Combining (5.44), (5.58) and (5.64) gives 

 Γ𝑠1(𝑧
′, 𝜌𝑑

′ , 𝜔𝑑) =
√𝑖4𝛼𝑧′

𝑠𝑖𝑛(√𝑖4𝛼𝑧′)
𝑒𝑥𝑝 ((−

1

𝑖4𝛼𝑧′
+
𝑐𝑜𝑡(𝑧′√𝑖4𝛼)

√𝑖4𝛼
) 𝜌𝑑

′2)   (5.65) 

It is convenient to define variables 

 𝑔0 = 𝑔(𝑧
′ = 1) = −

1

𝑖4𝛼
+
𝑐𝑜𝑡(√𝑖4𝛼)

√𝑖4𝛼
   (5.66) 

 𝑓0 = 𝑓(𝑧′ = 1) =
𝑠𝑖𝑛(√𝑖4𝛼)

√𝑖4𝛼
   (5.67) 
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The limits of 𝑘𝑑 → 0 is 

 lim
𝛼→0

{Γ𝑠1(𝑧
′ = 1, 𝜌̅𝑑

′ , 𝜔𝑑)} = lim
𝛼→0

{
−𝑠𝑖𝑛(√𝑖4𝛼)+√𝑖4𝛼𝑐𝑜𝑠(√𝑖4𝛼)

𝑖4𝛼𝑠𝑖𝑛(√𝑖4𝛼)
} 

 =
−(√𝑖4𝛼−𝑖2/3𝛼√𝑖4𝛼)+√𝑖4𝛼(1−𝑖2𝛼)

𝑖4𝛼√𝑖4𝛼
= −

1

3
   (5.68) 

The function is 

 Γ𝑠1(𝑧
′ = 1, 𝜌𝑑

′ , 𝜔𝑑) =
𝑒𝑥𝑝(𝑔0𝜌𝑑

′2)

𝑓0
   (5.69) 

Combining (5.35) and (5.68) gives 

 Γ𝑠(𝑧, 𝜌𝑑) = 𝑒𝑥𝑝(−𝜏0𝑧) +
𝑒𝑥𝑝(−𝜏𝑎+𝑔0𝜌𝑑

′2)

𝑓0
(1 − 𝑒𝑥𝑝(−𝜏𝑠))   (5.70) 

It is convenient to define the center-of-mass and difference coordinates 

 𝑘𝑐 =
𝑘1+𝑘2

2
, 𝑘𝑑 = 𝑘1 − 𝑘2   (5.71) 

Combining (5.5) and (5.71) gives 

 𝑘1𝜌1
2 − 𝑘2𝜌2

2 = 2𝑘𝑐𝜌̅𝑐 ∙ 𝜌̅𝑑 + 𝑘𝑑 (𝜌̅𝑐 ∙ 𝜌̅𝑐 +
1

4
𝜌̅𝑑 ∙ 𝜌̅𝑑)   (5.72) 

We have 

 𝑘1𝑧1 − 𝑘2𝑧2 = 𝑘𝑐(𝑧1 − 𝑧2) +
1

2
𝑘𝑑(𝑧1 + 𝑧2)   (5.73) 

Combining (2.117), (2.118) and (2.119) gives 

 Γ2
0(𝜌̅1, 𝜌̅2, 𝐿, 𝑘1, 𝑘2) =

1

(4𝜋𝐿)2
𝑒𝑥𝑝 (

𝑖

2𝐿
(𝑘1𝜌1

2 − 𝑘2𝜌2
2) + 𝑖(𝑘1𝑧1 − 𝑘2𝑧2)) 
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 =
1

(4𝜋𝐿)2
𝑒𝑥𝑝 (𝑖𝑘𝑐

𝜌̅𝑐∙𝜌̅𝑑

𝐿
+ 𝑖

𝑘𝑑

2𝐿
(𝜌̅𝑐 ∙ 𝜌̅𝑐 +

1

4
𝜌̅𝑑 ∙ 𝜌̅𝑑) + 𝑖𝑘𝑐(𝑧1 − 𝑧2) + 𝑖

𝑘𝑑

2
(𝑧1 + 𝑧2)) 

 ≈
1

(4𝜋𝐿)2
𝑒𝑥𝑝 (𝑖𝑘𝑐(𝑧1 − 𝑧2) + 𝑖

𝑘𝑑

2
(𝑧1 + 𝑧2))   (5.74) 

The function is 

 Γ2
0(𝜌̅1, 𝜌̅2, 𝐿, 𝜔1, 𝜔2) = 〈𝑈(𝜌̅1, 𝐿, 𝜔1)𝑈

∗(𝜌̅2, 𝐿, 𝜔2)〉 

 =
1

(4𝜋𝐿)2
𝑒𝑥𝑝 (𝑖

𝜔𝑐

𝑐
(𝑧1 − 𝑧2) + 𝑖

𝜔𝑑

𝑐
(𝑧1 + 𝑧2))   (5.75) 
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Chapter 6 Time-Domain Radar Cross Section Simulation 

6.1 Time-Domain Radar Cross Section of a Dirichlet Plate 

6.1.1 Simulation Setup 

In this section, we will apply equation (4.77) - (4.80) to calculate the time-domain RCS 

from a large Dirichlet plate.  The geometric configuration is shown in Figure 6.1. 

As shown in the figure, for the square conducting plate, we have 𝑧(𝜌̅) = 𝑥𝑡𝑎𝑛(𝜃). The 

geometry related terms of the time-domain RCS expression can be written as 

 ∬𝑑𝜌̂1𝑑𝜌̂2 = ∫ 𝑑𝑥1
𝑎𝑐𝑜𝑠(𝜃)

−𝑎𝑐𝑜𝑠(𝜃)
∫ 𝑑𝑦1
𝑎

−𝑎
∫ 𝑑𝑥2
𝑎𝑐𝑜𝑠(𝜃)

−𝑎𝑐𝑜𝑠(𝜃)
∫ 𝑑𝑦2
𝑎

−𝑎
   (6.1a) 

 𝑧1 + 𝑧2 = (𝑥1 + 𝑥2)𝑡𝑎𝑛(𝜃)   (6.1b) 

 𝑧1 − 𝑧2 = (𝑥1 − 𝑥2)𝑡𝑎𝑛(𝜃)   (6.1c) 

 𝜌𝑑 = √(𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2   (6.1d) 

Figure 6.1 The monostatic RCS of an inclined square conducting plate is simulated. The random media 

with thickness d2 is located between the imaging system and the plate. The plate size is 2a × 2a. The 

coordinate is ρ̅1 = x1x̂ + y1ŷ and ρ̅2 = x2x̂ + y2ŷ. 
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Here the size of the square plate is 2𝑎 × 2𝑎. The 2-dimensional surface integral (6.1a) 

can be evaluated using the numerical quadrature. A sampling rate of 4 points per 

wavelength should provide good accuracy [12].  

It is also noticed that for a large Dirichlet plate, the closed-form expression for the 

frequency-domain monostatic RCS can be found by using the physical optics method 

(Kirchhoff approximation). Therefore, we can compare the monostatic RCS given by 

the time-domain formulas with that predicted from the frequency-domain formulas. 

This will help us to verify the correctness of the time-domain RCS equations.  

6.1.2 Shower Curtain Effects 

The shower curtain effect is the degradation of image quality due to the presence of the 

random media. It is known that the image of a person close to the shower curtain can be 

seen clearly, whereas a person farther from the shower curtain is difficult to see.  The 

shower curtain effect has been studied extensively in the past [2-3, 8].   Normally, the 

shower curtain effect is one-way imaging [13]. RCS measurement, however, is the 

round trip case and it involves the time-domain technique. In this paper the simulations 

were conducted to show the time-domain shower curtain effect.  The degradation of the 

image quality can be explained by the characteristics of the incoherent component 𝐼3(𝑡). 

Both the pulse arrival time and pulse broadening increase significantly when the 

random medium is placed far from the target.  This will be discussed in the following 

section. 

6.2 Time-Domain vs. Frequency-Domain Radar Cross Sections 

We will calculate both time-domain and frequency domain monostatic RCS of a large 

Dirichlet plate. The geometric configuration is demonstrated in Figure 6.2. 
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The simulation parameters are given in the following paragraph. The bandwidth of the 

transmitted waveform is ∆𝑓 = 5𝐺𝐻𝑧 and the carrier frequency is 𝑓0 = 100𝐺𝐻𝑧. The 

surface area of the conducting plate is 2𝜆0 × 2𝜆0, where 𝜆0 is the carrier wavelength. 

As mentioned in the reference [14], 2𝜆 × 2𝜆 is the minimum surface area of the square 

plate that the Kirchhoff approximation is applicable. 

The frequency-domain monostatic RCS is given by 

  𝜎𝑏(𝜃) =
64𝜋𝑎2𝑏2

𝜆0
2 𝑐𝑜𝑠2(𝜃) (

𝑠𝑖𝑛(2𝑘0𝑎𝑠𝑖𝑛(𝜃))

2𝑘0𝑎𝑠𝑖𝑛(𝜃)
)
2

   (6.2) 

where 𝜃 is the incident (scattering) angle and 𝑘0 =
2𝜋

𝜆0
 is the carrier wavenumber. All 

other geometry related symbols are defined in the figure.  

The time-domain monostatic RCS is given by 

 𝜎𝑏(𝜃) = 𝑝𝑒𝑎𝑘(|𝐼1(𝑡, 𝜃, 𝜏0 = 0)|)   (6.3) 

where 𝐼1 is the coherent component when the optical depth is 𝜏0 = 0  and 𝑝𝑒𝑎𝑘 means 

taking the peak value. By setting the optical depth 𝜏0 = 0, the coherent component will 

not be attenuated and the effects of the random medium are excluded. 

Figure 6.2 A large Dirichlet plate is illuminate by a plane wave source. The plate size is 2𝑎 × 2𝑏. The 

incident (scattering) angle is θ. 
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Figure 6.3 shows that the agreement between the time-domain RCS and the 

frequency domain RCS is fairly good for scattering (incident) angle from 0° to 40°. It 

should be noticed that the physical optics method (Kirchhoff approximation) may not be 

accurate for scattering (incident) angles larger than 40°. 

6.3 Time-Domain Radar Cross Section Simulation 

The distance between the imaging system and the square conducting plate is 𝐿 = 10𝑚. 

The thickness of the random media is 𝑑2 = 1𝑚. The random media contains discrete 

scatters with the Gaussian phase function. The parameter 𝛼𝑝  of the Gaussian phase 

function is 9.2 which gives the half-power beam width approximately 30°. The single-

scattering albedo is 0.9. The bandwidth of the transmitted waveform is ∆𝜔 = 5𝐺𝐻𝑧 and 

the carrier frequency is 100𝐺𝐻𝑧. The surface area of the conducting plate is 2𝜆0 × 2𝜆0, 

where 𝜆0 is the wavelength at 100𝐺𝐻𝑧. As mentioned in the reference [14], 2𝜆 × 2𝜆 is 

the minimum surface area of the square plate that the Kirchhoff approximation is valid. 

In the first case, we choose the optical depth 𝜏0 = 1 and compare the time-

domain RCS for the two cases, 𝑑1 = 4.5𝑚  and 𝑑1 = 8𝑚 , where 𝑑1  is the distance 

between the imaging system and the random media. Different colours are used to 

represent the contribution from different components. 𝐼(𝑡)  is the total time-domain 

RCS, 𝐼1(𝑡)  is the coherent component of the time-domain RCS, 𝐼2(𝑡)  is the mixed 

Figure 6.3 The time-domain and frequency-domain monostatic RCS versus incident (scattering) angle 𝜃. 
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component of the time-domain RCS and 𝐼3(𝑡) is the incoherent component of the time-

domain RCS. Time zero corresponds to the round-trip time 𝑡𝑟 =
2𝐿

𝑐
. 

Figure 6.4 shows that the mixed component 𝐼2(𝑡) gives the largest contribution 

to the time-domain RCS. The coherent component 𝐼1(𝑡) has the time delay which is 

equal to the round-trip time 𝑡𝑟 . The mixed component 𝐼2(𝑡)  and the incoherent 

component 𝐼3(𝑡) show a larger time delay and a pulse broadening than the coherent 

component 𝐼1(𝑡). It is also observed that if the random media is placed close to the 

object, the time-domain RCS waveform shows a lower dispersion. This demonstrates 

the time-domain shower curtain effect. 

In the second case, we increase the optical depth to 𝜏0 = 5 and compare the 

time-domain RCS for two cases 𝑑1 = 4.5𝑚 and 𝑑1 = 8𝑚. 

 

Figure 6.4 Time-domain Radar Cross Section for (Left) the optical depth is 𝜏0 = 1.0 and the distance 

from the imaging system to the random media is 𝑑1 = 4.5𝑚  and (Right) the optical depth 𝜏0 = 1.0 and 

the distance from the imaging system to the random media is 𝑑1 = 8𝑚 
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From the simulation results shown in Figure 6.5, the incoherent component 𝐼2(𝑡) 

gives the largest contribution to the total RCS for this optical depth. The contributions 

from the coherent component 𝐼1(𝑡) and the mixed component 𝐼2(𝑡) are negligible. This 

is due to the fact that when the optical depth increases, the multiple scattering effects 

will become dominant. It is also observed that if the random media is placed close to the 

object, the time-domain RCS waveform shows a lower dispersion. This demonstrates 

the time-domain shower curtain effect.  

In the third case, we increase the optical depth to 𝜏0 = 10 and compare the time-

domain RCS for two cases 𝑑1 = 4.5𝑚  and 𝑑1 = 8𝑚 . In the figure, time zero 

corresponds to the round-trip time 𝑡𝑟 =
2𝐿

𝑐
. 

 

 

Figure 6.5 Time-domain Radar Cross Section for (Left) the optical depth is 𝜏0 = 5 and the distance from 

the imaging system to the random media is 𝑑1 = 4.5𝑚 and (Right) the optical depth 𝜏0 = 5 and the 

distance from the imaging system to the random media is  𝑑1 = 8𝑚. 
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From the simulation results shown in Figure 6.6, the incoherent component 𝐼3(𝑡) 

gives the largest contribution to the total RCS for this optical depth. Again, the shower 

curtain effect in time-domain can be observed.  

Comparing the time-domain RCS results for the different optical depth and the 

different locations of the random media as shown in Figure 6.4-6.6, we can see that 

when the optical depth increases, the magnitude of the time-domain RCS will decrease. 

This is expected, because the higher attenuation is introduced when the optical depth 

becomes larger. Moreover, the incoherent component of the time-domain RCS will 

dominate when the optical depth becomes larger than 5. The time-domain shower 

curtain effect is also clearly observed in these figures which show the time-domain 

resolution will be improved when the random media is placed closer to the object. To 

emphasis these observations, we plot the time-domain RCS results using dB scale as 

shown in Figure 6.7. 

 

 

 

 

 

Figure 6.6 Time-domain Radar Cross Section for (Left) the optical depth is 𝜏0 = 10 and the distance 

from the imaging system to the random media is 𝑑1 = 4.5𝑚 and (Right) the optical depth 𝜏0 = 10 and 

the distance from the imaging system to the random media is 𝑑1 = 8𝑚. 
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Figure 6.8 demonstrates the time-domain shower curtain effect. The normalized 

propagation delay is defined by |
𝑡𝑝−𝑡𝑟

𝑡𝑟
| where 𝑡𝑝 is the time instance corresponding to 

the peak value of the time-domain RCS and 𝑡𝑟 =
2𝐿

𝑐
 is the round-trip time. The 

normalized pulse broadening is given by |
𝐹𝑊𝐻𝑀(𝐼(𝑡))−𝐹𝑊𝐻𝑀(𝐼1(𝑡))

𝐹𝑊𝐻𝑀(𝐼1(𝑡))
| where 𝐹𝑊𝐻𝑀 is full 

width at half maximum of a waveform, 𝐼(𝑡) total time-domain RCS and 𝐼1(𝑡) is the 

coherent component of the time-domain RCS. From the figure, it can be seen that both 

the propagation delay and the pulse broadening increase when the optical depth of the 

random media becomes larger. However, the increasing rate is much faster when the 

random media is placed closer to the imaging system. This suggests that the better 

resolution could be achieved for the imaging system if the random media is placed 

closer to the object. 

Figure 6.7 Time-domain Radar Cross Section when optical depth 𝜏0 = 1, 5, 10 for (Left) the distance 

from the imaging system to the random media is 𝑑1 = 4.5𝑚 and (Right) the distance from the imaging 

system to the random media is 𝑑1 = 8𝑚. 
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Figure 6.9 compares the time-domain RCS calculated from equations (28) - (32) 

which includes the backscattering enhancement with those computed from equations 

(33) - (37) which does not include the backscattering enhancement. It can be seen that 

the enhancement approaches 2 when the optical depth is large. In the figure, time zero 

corresponds to the round-trip time 𝑡𝑟 =
2𝐿

𝑐
. 

We also calculate the time-domain RCS using both the 2nd order Rytov 

approximation and the strong fluctuation theory. Since the strong fluctuation theory is 

only valid when the optical depth of the random medium is sufficiently large, we choose 

𝜏0 = 10 in the simulation. The thickness of the random medium is 𝑑2 = 10𝑚, so the 

Figure 6.8 Time-domain shower curtain effect when optical depth 𝜏0 = 1, 5, 10 for (Left) normalized 

time delay and (Right) normalized pulse broadening 

Figure 6.9 Time-domain Radar Cross Section comparison for the cases with and without backscattering 

enhancement when the distance from the imaging system to the random media is 𝑑1 = 4.5𝑚 and the 

thickness of the random media is 𝑑2 = 1𝑚. 
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space between the imaging system and the object is entirely filled with the random 

medium. In the figure, time zero corresponds to the round-trip time 𝑡𝑟 =
2𝐿

𝑐
. 

Figure 6.10 compares the time-domain RCS calculated by both methods. It 

shows that both methods give the same results for the coherent component 𝐼1(𝑡) which 

is expected. The mixed component 𝐼2(𝑡) and the incoherent components 𝐼3(𝑡) predicted 

by both methods are in good agreement.  

Since the time-domain RCS requires computation at 𝑁𝑓  discrete frequency 

points, the simulation time of the time-domain RCS will be 𝑁𝑓 times longer than that of 

the conventional RCS. Here 𝑁𝑓 is the number of frequency points which depends on 

both the imaging system bandwidth and the imaging system-target distance. If the 

parallelization is applied and the computations at different frequencies are carried out 

simultaneously, the time-domain RCS could be calculated in an efficient way. 

Figure 6.10 Time-domain Radar Cross Section when the optical depth 𝜏0 = 10,𝑑2 = 10𝑚 for (Top Left) 

the coherent component (Top Right) the mixed component and (Button) the incoherent component 
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Chapter 7 Future Work 

In this study, we present a theory of the time-domain radar cross section (RCS) of large 

conducting objects in discrete random media. The time-domain formula is obtained by 

applying the inverse Fourier transform of the two-frequency mutual coherence 

function(MCF). The extended Huygens-Fresnel principle and the 2nd order Rytov 

approximation are used to derive the two-frequency MCF. Numerical examples of the 

time-domain RCS of a conducting square plate in a discrete random medium 

characterized by the Gaussian phase function is shown to highlight the random media 

effects on the time-domain waveforms such as time delay and pulse broadening in terms 

of optical depth and random medium location. The degradation of the image quality, 

known as the shower curtain effect, is observed from the simulation results and can be 

explained by the characteristics of the incoherent component of the time-domain RCS.  

 In future, we will continue to improve our time-domain RCS model in following 

aspects. First of all, we will replace our current isotropic antenna pattern with more 

realistic antenna pattern. So the effects of the antenna pattern on the time-domain RCS 

can be studied [4, 41]. Secondly, we will run simulation with different phase functions 

other than Gaussian. By doing this, the influence of the scattering characteristics of the 

scatters on the time-domain RCS can be understood [49-50]. Thirdly, different 

waveforms will be used in the simulation. By comparing the time-domain RCS results, 

we could able to determine which waveform is best for minimizing the random medium 

effects [51]. Fourthly, we will apply the theory to study the Radar/Lidar range profile in 

the presence of the random media [52]. By including the backscattering enhancement 

and the time-domain shower-curtain effect, our theory should have higher accuracy 

comparing with the multiple-scattering lidar equation proposed in previous studies. 

Fifthly, we will increase the simulation speed using parallel programming.  Therefore, 
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the time-domain RCS of realistic target can be simulated within reasonable amount of 

time. Finally, we will conduct controlled experiments and validate our model using 

experimental data. 
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Appendix A Circular Complex Gaussian Random Variable 

In previous chapters, we have derived the expressions for the time-domain RCS. The 

formula of the time-domain RCS contains the 4th order moment which can be reduced to 

the summation of the 2nd order moments by assuming that both incident and scattered 

fields are circular complex Gaussian random variables. Obviously, the moment theorem 

of circular complex Gaussian random variables plays a crucial role in this study. 

However, the commonly used moment theorem [46] is only applicable for the zero-

mean random variables. Only few references [9] discuss nonzero mean case and the 

derivations in those references are very concise. In this appendix, we will follow the 

procedure in [9] and give a detailed derivation of the 4th order moment of the complex 

Gaussian random variables.  

A.1 The Real Gaussian Process 

Define real Gaussian distributed random vector 𝑋̅𝑛×1 

 𝑋̅𝑛×1 = [𝑥1 𝑥2 ⋯ 𝑥𝑛]𝑇   (A-1) 

where 𝑇 represents the transpose.   

Taking the average, we have the mean vector 𝐴̅𝑛×1 

 𝐴̅𝑛×1 = 𝐸[𝑋̅𝑛×1] = [𝐸[𝑥1] 𝐸[𝑥2] ⋯ 𝐸[𝑥𝑛]]
𝑇   (A-2) 

where 𝐸 denotes the expectation.  

The covariance matrix 𝑅̿𝑛×𝑛 is 

  𝑅̿𝑛×𝑛 = [

𝐶𝑂𝑉(𝑥1, 𝑥1) 𝐶𝑂𝑉(𝑥1, 𝑥2) ⋯ 𝐶𝑂𝑉(𝑥1, 𝑥𝑛)

𝐶𝑂𝑉(𝑥2, 𝑥1) 𝐶𝑂𝑉(𝑥2, 𝑥2) ⋯ 𝐶𝑂𝑉(𝑥2, 𝑥𝑛)
⋮ ⋮ ⋱ ⋮

𝐶𝑂𝑉(𝑥𝑛, 𝑥1) 𝐶𝑂𝑉(𝑥𝑛, 𝑥2) ⋯ 𝐶𝑂𝑉(𝑥𝑛, 𝑥𝑛)

]   (A-3) 
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The moment generating function is defined as 

 𝐸[𝑒𝑥𝑝(𝑇̅1×𝑛
𝑇 𝑋̅𝑛×1)] = 𝑒𝑥𝑝 (

1

2
𝑇̅1×𝑛
𝑇 𝑅̿𝑛×𝑛𝑇̅𝑛×1 + 𝑇̅1×𝑛

𝑇 𝐴̅𝑛×1)   (A-5a) 

where the real parameter vector 𝑇̅𝑛×1, is given by 

 𝑇̅𝑛×1 = [𝑡1 𝑡2 ⋯ 𝑡𝑛]𝑇   (A-5b) 

The moments of 𝑋̅ is given by the formula 

 𝐸[𝑥1
𝑚1⋯𝑥𝑛

𝑚𝑛] = {
𝜕𝑚1+⋯+𝑚𝑛

𝜕𝑡1
𝑚1⋯𝑡𝑛

𝑚𝑛 (𝐸 [𝑒
𝑇̅1×𝑛
𝑇 𝑋̅𝑛×1])}

𝑇̅𝑛×1=0̅

   (A-6) 

A.2 The Complex Gaussian Process 

Introduce the complex Gaussian random process {𝑧𝑡: −∞ < 𝑡 < +∞} with 

 𝐸[𝑧𝑡] = 𝑐𝑡   (A-7a) 

 𝐶𝑂𝑉(𝑧𝑡, 𝑧𝑠
∗) = 𝐸[(𝑧𝑡 − 𝑐𝑡)(𝑧𝑠

∗ − 𝑐𝑠
∗)] = 𝜓(𝑡, 𝑠)   (A-7b) 

 𝐶𝑂𝑉(𝑧𝑠, 𝑧𝑡
∗) = 𝐸[(𝑧𝑠 − 𝑐𝑠)(𝑧𝑡

∗ − 𝑐𝑡
∗)] = 𝜓(𝑠, 𝑡)   (A-7c) 

 𝜓(𝑡, 𝑠) = 𝜓∗(𝑠, 𝑡)   (A-7d) 

where ∗ denotes the complex conjugate.   

If {𝑧𝑡: −∞ < 𝑡 < +∞} is a circular complex Gaussian process, we have 

 𝐶𝑂𝑉(𝑧𝑡, 𝑧𝑠) = 𝐶𝑂𝑉(𝑧𝑠, 𝑧𝑡) = 0   (A-8a) 

 𝐶𝑂𝑉(𝑧𝑡
∗, 𝑧𝑠

∗) = 𝐶𝑂𝑉(𝑧𝑠
∗, 𝑧𝑡

∗) = 0   (A-8b) 

This expression can be best explained by observing that 𝑧𝑡 represents the field in the 

random medium and its amplitude and phase are determined by both the scattering 
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characteristics of the scatters and the total path lengths. When we calculate the 

covariance function 𝐶𝑂𝑉(𝑧𝑡, 𝑧𝑠) by summing up the contributions from a large volume 

containing many randomly distributed scatters, the contributions from different scatters 

tend to cancel each other. 

Define complex Gaussian random vector 𝑍̅2𝑛×1 

 𝑍̅2𝑛×1 = [𝑧1 ⋯ 𝑧𝑛 𝑧1
∗ ⋯ 𝑧𝑛

∗]𝑇   (A-9) 

where 𝑇 represents the transpose.  

Taking the average, we have the mean vector 𝐶2̅𝑛×1 

 𝐶2̅𝑛×1 = 𝐸[𝑍̅2𝑛×1] = [𝑐1 ⋯ 𝑐𝑛 𝑐1
∗ ⋯ 𝑐𝑛

∗]𝑇   (A-10) 

It is convenient to define vectors 

 𝑍̅𝑛×1
′ = [𝑧1 ⋯ 𝑧𝑛]𝑇   (A-11a) 

 𝑍̅𝑛×1
′∗ = [𝑧1

∗ ⋯ 𝑧𝑛
∗]𝑇   (A-11b) 

 𝐶𝑛̅×1
′ = [𝑐1 ⋯ 𝑐𝑛]𝑇   (A-11c) 

 𝐶𝑛̅×1
′∗ = [𝑐1

∗ ⋯ 𝑐𝑛
∗]𝑇   (A-11d) 

Combining (A-9), (A-10) and (A-11) gives 

 𝐸[(𝑍̅𝑛×1
′ − 𝐶𝑛̅×1

′ )(𝑍̅1×𝑛
′𝑇 − 𝐶1̅×𝑛

′𝑇 )] 

 = 𝐸 [(

𝑧1 − 𝑐1
⋮

𝑧𝑛 − 𝑐𝑛
)

𝑛×1

(𝑧1 − 𝑐1 ⋯ 𝑧𝑛 − 𝑐𝑛)1×𝑛] 

 = [
𝐸[(𝑧1 − 𝑐1)(𝑧1 − 𝑐1)] ⋯ 𝐸[(𝑧1 − 𝑐1)(𝑧𝑛 − 𝑐𝑛)]

⋮ ⋱ ⋮
𝐸[(𝑧𝑛 − 𝑐𝑛)(𝑧1 − 𝑐1)] ⋯ 𝐸[(𝑧𝑛 − 𝑐𝑛)(𝑧𝑛 − 𝑐𝑛)]

] 
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 = [
𝐶𝑂𝑉(𝑧1, 𝑧1) ⋯ 𝐶𝑂𝑉(𝑧1, 𝑧𝑛)

⋮ ⋱ ⋮
𝐶𝑂𝑉(𝑧𝑛, 𝑧1) ⋯ 𝐶𝑂𝑉(𝑧𝑛, 𝑧𝑛)

] = 0̿𝑛×𝑛   (A-12a) 

 𝐸[(𝑍̅𝑛×1
′ − 𝐶𝑛̅×1

′ )(𝑍̅1×𝑛
′′𝑇 − 𝐶1̅×𝑛

′′𝑇 )] 

 = 𝐸 [(

𝑧1 − 𝑐1
⋮

𝑧𝑛 − 𝑐𝑛
)

𝑛×1

(𝑧1
∗ − 𝑐1

∗ ⋯ 𝑧𝑛
∗ − 𝑐𝑛

∗)1×𝑛] 

 = [
𝐸[(𝑧1 − 𝑐1)(𝑧1

∗ − 𝑐1
∗)] ⋯ 𝐸[(𝑧1 − 𝑐1)(𝑧𝑛

∗ − 𝑐𝑛
∗)]

⋮ ⋱ ⋮
𝐸[(𝑧𝑛 − 𝑐𝑛)(𝑧1

∗ − 𝑐1
∗)] ⋯ 𝐸[(𝑧𝑛 − 𝑐𝑛)(𝑧𝑛

∗ − 𝑐𝑛
∗)]
] 

 = [
𝐶𝑂𝑉(𝑧1, 𝑧1

∗) ⋯ 𝐶𝑂𝑉(𝑧1, 𝑧𝑛
∗)

⋮ ⋱ ⋮
𝐶𝑂𝑉(𝑧𝑛, 𝑧1

∗) ⋯ 𝐶𝑂𝑉(𝑧𝑛, 𝑧𝑛
∗)
] = Ψ̿𝑛×𝑛   (A-12b) 

 𝐸[(𝑍̅𝑛×1
′∗ − 𝐶𝑛̅×1

′∗ )(𝑍̅1×𝑛
′𝑇 − 𝐶1̅×𝑛

′𝑇 )] 

 = 𝐸 [(
𝑧1
∗ − 𝑐1

∗

⋮
𝑧𝑛
∗ − 𝑐𝑛

∗
)

𝑛×1

(𝑧1 − 𝑐1 ⋯ 𝑧𝑛 − 𝑐𝑛)1×𝑛] 

 = [
𝐸[(𝑧1

∗ − 𝑐1
∗)(𝑧1 − 𝑐1)] ⋯ 𝐸[(𝑧1

∗ − 𝑐1
∗)(𝑧𝑛 − 𝑐𝑛)]

⋮ ⋱ ⋮
𝐸[(𝑧𝑛

∗ − 𝑐𝑛
∗)(𝑧1 − 𝑐1)] ⋯ 𝐸[(𝑧𝑛

∗ − 𝑐𝑛
∗)(𝑧𝑛 − 𝑐𝑛)]

] 

 = [
𝐶𝑂𝑉(𝑧1

∗, 𝑧1) ⋯ 𝐶𝑂𝑉(𝑧𝑛
∗ , 𝑧1)

⋮ ⋱ ⋮
𝐶𝑂𝑉(𝑧1

∗, 𝑧𝑛) ⋯ 𝐶𝑂𝑉(𝑧𝑛
∗ , 𝑧𝑛)

] = Ψ̿𝑛×𝑛
∗    (A-12c) 

 𝐸[(𝑍̅𝑛×1
′∗ − 𝐶𝑛̅×1

′∗ )(𝑍̅1×𝑛
′∗𝑇 − 𝐶1̅×𝑛

′∗𝑇 )] 

 = 𝐸 [(
𝑧1
∗ − 𝑐1

∗

⋮
𝑧𝑛
∗ − 𝑐𝑛

∗
)

𝑛×1

(𝑧1
∗ − 𝑐1

∗ ⋯ 𝑧𝑛
∗ − 𝑐𝑛

∗)1×𝑛] 
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 = [
𝐸[(𝑧1

∗ − 𝑐1
∗)(𝑧1

∗ − 𝑐1
∗)] ⋯ 𝐸[(𝑧1

∗ − 𝑐1
∗)(𝑧𝑛

∗ − 𝑐𝑛
∗)]

⋮ ⋱ ⋮
𝐸[(𝑧𝑛

∗ − 𝑐𝑛
∗)(𝑧1

∗ − 𝑐1
∗)] ⋯ 𝐸[(𝑧𝑛

∗ − 𝑐𝑛
∗)(𝑧𝑛

∗ − 𝑐𝑛
∗)]
] 

 = [
𝐶𝑂𝑉(𝑧1

∗, 𝑧1
∗) ⋯ 𝐶𝑂𝑉(𝑧1

∗, 𝑧𝑛
∗)

⋮ ⋱ ⋮
𝐶𝑂𝑉(𝑧𝑛

∗ , 𝑧1
∗) ⋯ 𝐶𝑂𝑉(𝑧𝑛

∗ , 𝑧𝑛
∗)
] = 0̿𝑛×𝑛   (A-12d) 

Combining (A-9), (A-10) and (A-12) gives 

 Σ̿2𝑛×2𝑛 = 𝐸[(𝑍̅2𝑛×1 − 𝐶2̅𝑛×1)(𝑍̅2𝑛×1 − 𝐶2̅𝑛×1)
𝑇] 

 = 𝐸 [(
𝑍̅𝑛×1
′ − 𝐶𝑛̅×1

′

𝑍̅𝑛×1
′∗ − 𝐶𝑛̅×1

′∗ )
2𝑛×1

(𝑍̅1×𝑛
′𝑇 − 𝐶1̅×𝑛

′𝑇 𝑍̅1×𝑛
′∗𝑇 − 𝐶1̅×𝑛

′∗𝑇 )1×2𝑛] 

 = [
𝐸[(𝑍̅𝑛×1

′ − 𝐶𝑛̅×1
′ )(𝑍̅1×𝑛

′𝑇 − 𝐶1̅×𝑛
′𝑇 )] 𝐸[(𝑍̅𝑛×1

′ − 𝐶𝑛̅×1
′ )(𝑍̅1×𝑛

′∗𝑇 − 𝐶1̅×𝑛
′∗𝑇 )]

𝐸[(𝑍̅𝑛×1
′∗ − 𝐶𝑛̅×1

′∗ )(𝑍̅1×𝑛
′𝑇 − 𝐶1̅×𝑛

′𝑇 )] 𝐸[(𝑍̅𝑛×1
′∗ − 𝐶𝑛̅×1

′∗ )(𝑍̅1×𝑛
′∗𝑇 − 𝐶1̅×𝑛

′∗𝑇 )]
] 

 = [
0̿𝑛×𝑛 Ψ̿𝑛×𝑛

Ψ̿𝑛×𝑛
∗ 0̿𝑛×𝑛

]   (A-13) 

Here we will prove the theorem : Let {𝑧𝑡| − ∞ < 𝑡 < +∞} be a complex Gaussian 

random process with mean function 𝑐𝑡 and covariance function 𝜓(𝑡, 𝑠). Let 𝐶2̿𝑛×1 and 

Σ̿2𝑛×2𝑛 be as defined above and let 𝑉̅2𝑛×1 be a real parameter vector. Then 

 𝐸[𝑧1
𝑚1⋯𝑧𝑛

𝑚𝑛𝑧1
∗𝑚𝑛+1⋯𝑧1

∗𝑚2𝑛] 

 = {
𝜕𝑚1+⋯+𝑚2𝑛

𝜕𝑣1
𝑚1⋯𝑣𝑛

𝑚2𝑛 (𝑒𝑥𝑝 (
1

2
𝑉̅1×2𝑛
𝑇 Σ̿2𝑛×2𝑛𝑉̅2𝑛×1 + 𝑉̅1×2𝑛

𝑇 𝐶2̿𝑛×1))}
𝑉̅𝑛×1=0̅

   (A-14) 

We can separate the complex Gaussian process {𝑧𝑡| − ∞ < 𝑡 < +∞} into the real and 

the imaginary parts 

 𝑧𝑡 = 𝑥𝑡 + 𝑗𝑦𝑡   (A-15) 
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Then we can write the mean functions as 

 𝐸[𝑧𝑡] = 𝐸[𝑥𝑡 + 𝑗𝑦𝑡] = 𝐸[𝑥𝑡] + 𝑗𝐸[𝑦𝑡] = 𝑐𝑡   (A-16a) 

 𝐸[𝑧𝑠
∗] = 𝐸[𝑥𝑠 − 𝑗𝑦𝑠] = 𝐸[𝑥𝑠] − 𝑗𝐸[𝑦𝑠] = 𝑐𝑠

∗   (A-16b) 

The covariance functions for the real and imaginary parts are 

 𝐶𝑂𝑉(𝑥𝑡, 𝑥𝑠) = 𝐸[𝑥𝑡𝑥𝑠] − 𝐸[𝑥𝑡]𝐸[𝑥𝑠]   (A-17a) 

 𝐶𝑂𝑉(𝑦𝑡, 𝑦𝑠) = 𝐸[𝑦𝑡𝑦𝑠] − 𝐸[𝑦𝑡]𝐸[𝑦𝑠]   (A-17b) 

Combining (A-7), (A-16) and (A-17) gives 

 𝜓(𝑡, 𝑠) = 𝐶𝑂𝑉(𝑧𝑡, 𝑧𝑠
∗) = 𝐸[𝑧𝑡𝑧𝑠

∗] − 𝑐𝑡𝑐𝑠
∗ 

 = 𝐸[(𝑥𝑡 + 𝑗𝑦𝑡)(𝑥𝑠 − 𝑗𝑦𝑠)] − (𝐸[𝑥𝑡] + 𝑗𝐸[𝑦𝑡])(𝐸[𝑥𝑠] − 𝑗𝐸[𝑦𝑠]) 

 = 𝐶𝑂𝑉(𝑥𝑡, 𝑥𝑠) + 𝐶𝑂𝑉(𝑦𝑡, 𝑦𝑠) + 𝑗𝐶𝑂𝑉(𝑥𝑠, 𝑦𝑡) − 𝑗𝐶𝑂𝑉(𝑥𝑡, 𝑦𝑠)   (A-18a) 

 𝜓(𝑠, 𝑡) = 𝐶𝑂𝑉(𝑧𝑠, 𝑧𝑡
∗) = 𝐸[𝑧𝑠𝑧𝑡

∗] − 𝑐𝑠𝑐𝑡
∗ 

 = 𝐸[(𝑥𝑠 + 𝑗𝑦𝑠)(𝑥𝑡 − 𝑗𝑦𝑡)] − (𝐸[𝑥𝑠] + 𝑗𝐸[𝑦𝑠])(𝐸[𝑥𝑡] − 𝑗𝐸[𝑦𝑡]) 

 = 𝐶𝑂𝑉(𝑥𝑠, 𝑥𝑡) + 𝐶𝑂𝑉(𝑦𝑠, 𝑦𝑡) + 𝑗𝐶𝑂𝑉(𝑥𝑡, 𝑦𝑠) − 𝑗𝐶𝑂𝑉(𝑥𝑠, 𝑦𝑡)   (A-18b) 

Combining (A-7) and (A-18) gives 

 𝐶𝑂𝑉(𝑥𝑡, 𝑥𝑠) = 𝐶𝑂𝑉(𝑦𝑡, 𝑦𝑠) =
1

2
𝑅𝑒{𝜓(𝑡, 𝑠)} = 𝜌(𝑡, 𝑠)   (A-19a) 

 𝐶𝑂𝑉(𝑥𝑠, 𝑦𝑡) =
1

2
𝐼𝑚{𝜓(𝑡, 𝑠)} = 𝜎(𝑠, 𝑡)   (A-19b) 

 𝐶𝑂𝑉(𝑥𝑡, 𝑦𝑠) = −
1

2
𝐼𝑚{𝜓(𝑡, 𝑠)} = −𝜎(𝑡, 𝑠)   (A-19c) 
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Define real Gaussian random vector Ξ̅2𝑛×1 

 Ξ̅2𝑛×1 = [𝑥1 ⋯ 𝑥𝑛 𝑦1 ⋯ 𝑦𝑛]𝑇   (A-20) 

Taking the average, we have the mean vector Γ̅2𝑛×1 

 Γ̅2𝑛×1 = [𝐸[𝑥1] ⋯ 𝐸[𝑥𝑛] 𝐸[𝑦1] ⋯ 𝐸[𝑦𝑛]]
𝑇   (A-21) 

It is convenient to define vectors 

 Ξ̅𝑛×1
′ = [𝑥1 ⋯ 𝑥𝑛]𝑇   (A-22a) 

 Ξ̅𝑛×1
′′ = [𝑦1 ⋯ 𝑦𝑛]𝑇   (A-22b) 

 Γ̅𝑛×1
′ = [𝐸[𝑥1] ⋯ 𝐸[𝑥𝑛]]

𝑇   (A-22c) 

 Γ̅𝑛×1
′′ = [𝐸[𝑦1] ⋯ 𝐸[𝑦𝑛]]

𝑇   (A-22d) 

Combining (A-19), (A-21) and (A-22) gives 

 𝐸[(Ξ̅𝑛×1
′ − Γ̅𝑛×1

′ )(Ξ̅𝑛×1
′ − Γ̅𝑛×1

′ )] 

 = 𝐸 [(
𝑥1 − 𝐸[𝑥1]

⋮
𝑥𝑛 − 𝐸[𝑥𝑛]

)

𝑛×1

(𝑥1 − 𝐸[𝑥1] ⋯ 𝑥𝑛 − 𝐸[𝑥𝑛])1×𝑛] 

 = [
𝐸[(𝑥1 − 𝐸[𝑥1])(𝑥1 − 𝐸[𝑥1])] ⋯ 𝐸[(𝑥1 − 𝐸[𝑥1])(𝑥𝑛 − 𝐸[𝑥𝑛])]

⋮ ⋱ ⋮
𝐸[(𝑥𝑛 − 𝐸[𝑥𝑛])(𝑥1 − 𝐸[𝑥1])] ⋯ 𝐸[(𝑥𝑛 − 𝐸[𝑥𝑛])(𝑥𝑛 − 𝐸[𝑥𝑛])]

] 

 = [
𝐶𝑂𝑉(𝑥1, 𝑥1) ⋯ 𝐶𝑂𝑉(𝑥1, 𝑥𝑛)

⋮ ⋱ ⋮
𝐶𝑂𝑉(𝑥𝑛, 𝑥1) ⋯ 𝐶𝑂𝑉(𝑧𝑛, 𝑧𝑛)

] = 𝑅̿𝑛×𝑛   (A-23a) 

 𝐸[(Ξ̅𝑛×1
′ − Γ̅𝑛×1

′ )(Ξ̅𝑛×1
′′ − Γ̅𝑛×1

′′ )] 
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 = 𝐸 [(
𝑥1 − 𝐸[𝑥1]

⋮
𝑥𝑛 − 𝐸[𝑥𝑛]

)

𝑛×1

(𝑦1 − 𝐸[𝑦1] ⋯ 𝑦𝑛 − 𝐸[𝑦𝑛])1×𝑛] 

 = [
𝐸[(𝑥1 − 𝐸[𝑥1])(𝑦1 − 𝐸[𝑦1])] ⋯ 𝐸[(𝑥1 − 𝐸[𝑥1])(𝑦𝑛 − 𝐸[𝑦𝑛])]

⋮ ⋱ ⋮
𝐸[(𝑥𝑛 − 𝐸[𝑥𝑛])(𝑦1 − 𝐸[𝑦1])] ⋯ 𝐸[(𝑥𝑛 − 𝐸[𝑥𝑛])(𝑦𝑛 − 𝐸[𝑦𝑛])]

] 

 = [
𝐶𝑂𝑉(𝑥1, 𝑦1) ⋯ 𝐶𝑂𝑉(𝑥1, 𝑦𝑛)

⋮ ⋱ ⋮
𝐶𝑂𝑉(𝑥𝑛, 𝑦1) ⋯ 𝐶𝑂𝑉(𝑥𝑛, 𝑦𝑛)

] = −S̿𝑛×𝑛   (A-23b) 

 𝐸[(Ξ̅𝑛×1
′′ − Γ̅𝑛×1

′′ )(Ξ̅𝑛×1
′ − Γ̅𝑛×1

′ )] 

 = 𝐸 [(
𝑦1 − 𝐸[𝑦1]

⋮
𝑦𝑛 − 𝐸[𝑦𝑛]

)

𝑛×1

(𝑥1 − 𝐸[𝑥1] ⋯ 𝑥𝑛 − 𝐸[𝑥𝑛])1×𝑛] 

 = [
𝐸[(𝑦1 − 𝐸[𝑦1])(𝑥1 − 𝐸[𝑥1])] ⋯ 𝐸[(𝑦1 − 𝐸[𝑦1])(𝑥𝑛 − 𝐸[𝑥𝑛])]

⋮ ⋱ ⋮
𝐸[(𝑦𝑛 − 𝐸[𝑦𝑛])(𝑥1 − 𝐸[𝑥1])] ⋯ 𝐸[(𝑦𝑛 − 𝐸[𝑦𝑛])(𝑥𝑛 − 𝐸[𝑥𝑛])]

] 

 = [
𝐶𝑂𝑉(𝑦1, 𝑥1) ⋯ 𝐶𝑂𝑉(𝑦1, 𝑥𝑛)

⋮ ⋱ ⋮
𝐶𝑂𝑉(𝑦𝑛, 𝑥1) ⋯ 𝐶𝑂𝑉(𝑦𝑛, 𝑥𝑛)

] = S̿𝑛×𝑛   (A-23c) 

 𝐸[(Ξ̅𝑛×1
′′ − Γ̅𝑛×1

′′ )(Ξ̅𝑛×1
′′ − Γ̅𝑛×1

′′ )] 

 = 𝐸 [(
𝑦1 − 𝐸[𝑦1]

⋮
𝑦𝑛 − 𝐸[𝑦𝑛]

)

𝑛×1

(𝑦1 − 𝐸[𝑦1] ⋯ 𝑦𝑛 − 𝐸[𝑦𝑛])1×𝑛] 

 = [
𝐸[(𝑦1 − 𝐸[𝑦1])(𝑦1 − 𝐸[𝑦1])] ⋯ 𝐸[(𝑦1 − 𝐸[𝑦1])(𝑦𝑛 − 𝐸[𝑦𝑛])]

⋮ ⋱ ⋮
𝐸[(𝑦𝑛 − 𝐸[𝑦𝑛])(𝑦1 − 𝐸[𝑦1])] ⋯ 𝐸[(𝑦𝑛 − 𝐸[𝑦𝑛])(𝑦𝑛 − 𝐸[𝑦𝑛])]

] 

 = [
𝐶𝑂𝑉(𝑦1, 𝑦1) ⋯ 𝐶𝑂𝑉(𝑦1, 𝑦𝑛)

⋮ ⋱ ⋮
𝐶𝑂𝑉(𝑦𝑛, 𝑦1) ⋯ 𝐶𝑂𝑉(𝑦𝑛, 𝑦𝑛)

] = 𝑅̿𝑛×𝑛   (A-23d) 
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Combining (A-19), (A-21) and (A-23) gives 

 𝑀̿2𝑛×2𝑛 = 𝐸[(Ξ̅2𝑛×1 − Γ̅2𝑛×1)(Ξ̅2𝑛×1 − Γ̅2𝑛×1)
𝑇] 

 = 𝐸 [(
Ξ̅𝑛×1
′ − Γ̅𝑛×1

′

Ξ̅𝑛×1
′′ − Γ̅𝑛×1

′′ )
2𝑛×1

(Ξ̅𝑛×1
′ − Γ̅𝑛×1

′ Ξ̅𝑛×1
′′ − Γ̅𝑛×1

′′ )1×2𝑛] 

 = [
𝐸[(Ξ̅𝑛×1

′ − Γ̅𝑛×1
′ )(Ξ̅𝑛×1

′ − Γ̅𝑛×1
′ )] 𝐸[(Ξ̅𝑛×1

′ − Γ̅𝑛×1
′ )(Ξ̅𝑛×1

′′ − Γ̅𝑛×1
′′ )]

𝐸[(Ξ̅𝑛×1
′′ − Γ̅𝑛×1

′′ )(Ξ̅𝑛×1
′ − Γ̅𝑛×1

′ )] 𝐸[(Ξ̅𝑛×1
′′ − Γ̅𝑛×1

′′ )(Ξ̅𝑛×1
′′ − Γ̅𝑛×1

′′ )]
] 

 = [
𝑅̿𝑛×𝑛 −S̿𝑛×𝑛

S̿𝑛×𝑛 𝑅̿𝑛×𝑛
]   (A-24) 

Combining (A-12), (A-18) and (A-24) gives 

 Ψ̿𝑛×𝑛 = [
𝐶𝑂𝑉(𝑧1, 𝑧1

∗) ⋯ 𝐶𝑂𝑉(𝑧1, 𝑧𝑛
∗)

⋮ ⋱ ⋮
𝐶𝑂𝑉(𝑧𝑛, 𝑧1

∗) ⋯ 𝐶𝑂𝑉(𝑧𝑛, 𝑧𝑛
∗)
] 

 = [
𝐶𝑂𝑉(𝑥1, 𝑥1) + 𝐶𝑂𝑉(𝑦1, 𝑦1) ⋯ 𝐶𝑂𝑉(𝑥1, 𝑥𝑛) + 𝐶𝑂𝑉(𝑦1, 𝑦𝑛)

⋮ ⋱ ⋮
𝐶𝑂𝑉(𝑥𝑛, 𝑥1) + 𝐶𝑂𝑉(𝑦𝑛, 𝑦1) ⋯ 𝐶𝑂𝑉(𝑥𝑛, 𝑥𝑛) + 𝐶𝑂𝑉(𝑦𝑛, 𝑦𝑛)

] 

 +𝑗 [
𝐶𝑂𝑉(𝑥1, 𝑦1) − 𝐶𝑂𝑉(𝑦1, 𝑦1) ⋯ 𝐶𝑂𝑉(𝑥1, 𝑥𝑛) − 𝐶𝑂𝑉(𝑦𝑛, 𝑦1)

⋮ ⋱ ⋮
𝐶𝑂𝑉(𝑥𝑛, 𝑥1) − 𝐶𝑂𝑉(𝑦1, 𝑦𝑛) ⋯ 𝐶𝑂𝑉(𝑥𝑛, 𝑥𝑛) − 𝐶𝑂𝑉(𝑦𝑛, 𝑦𝑛)

] 

 = 2(𝑅̿𝑛×𝑛 + 𝑗S̿𝑛×𝑛)   (A-25) 

The parameter vector V̅2𝑛×1 is 

 V̅2𝑛×1 = [𝑣1 ⋯ 𝑣𝑛 𝑣𝑛+1 ⋯ 𝑣2𝑛]𝑇   (A-26) 

It is convenient to define matrix 
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 Δ̿2𝑛×2𝑛 = [
𝐼𝑛̿×𝑛 𝐼𝑛̿×𝑛

𝑗𝐼𝑛̿×𝑛 −𝑗𝐼𝑛̿×𝑛
]   (A-27) 

Combining (A-26) and (A-27) gives 

 U̅2𝑛×1 = Δ̿2𝑛×2𝑛V̅2𝑛×1 =

[
 
 
 
 
 
1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 1

1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 1

𝑗 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑗

−𝑗 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ −𝑗]

 
 
 
 
 

[
 
 
 
 
 
𝑣1
⋮
𝑣𝑛
𝑣𝑛+1
⋮
𝑣2𝑛 ]

 
 
 
 
 

 

 = [𝑣1 + 𝑣𝑛 ⋯ 𝑣𝑛 + 𝑣2𝑛 𝑗(𝑣1 − 𝑣𝑛) ⋯ 𝑗(𝑣𝑛 − 𝑣2𝑛)]   (A-28) 

Combining (A-9), (A-27) and (A-28) gives 

 Z̅2𝑛×1 = Δ̿2𝑛×2𝑛
𝑇 Ξ̅2𝑛×1 =

[
 
 
 
 
 
1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 1

𝑗 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑗

1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 1

−𝑗 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ −𝑗]

 
 
 
 
 

[
 
 
 
 
 
𝑥1
⋮
𝑥𝑛
𝑦1
⋮
𝑦𝑛]
 
 
 
 
 

 

 = [𝑥1 + 𝑗𝑦1 ⋯ 𝑥𝑛 + 𝑗𝑦𝑛 𝑥1 − 𝑗𝑦1 ⋯ 𝑥𝑛 − 𝑗𝑦𝑛]   (A-29) 

Taking the average, the mean vector C̅2𝑛×1 is 

 C̅2𝑛×1 = 𝐸[Z̅2𝑛×1] = Δ̿2𝑛×2𝑛
𝑇 𝐸[Ξ̅2𝑛×1] = Δ̿2𝑛×2𝑛

𝑇 Γ̅2𝑛×1   (A-30) 

Combining (A-26), (A-27) and (A-28) gives 

 U̅1×2𝑛
𝑇 Ξ̅2𝑛×1 = (Δ̿2𝑛×2𝑛V̅2𝑛×1)

𝑇
Ξ̅2𝑛×1 = V̅1×2𝑛

𝑇 Δ̿2𝑛×2𝑛
𝑇 Ξ̅2𝑛×1 

 = V̅1×2𝑛
𝑇 Z̅2𝑛×1   (A-31) 

Combining (A-24), (A-27) and (A-28) gives 
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 Δ̿2𝑛×2𝑛
𝑇 M̿2𝑛×2𝑛Δ̿2𝑛×2𝑛 = [

𝐼𝑛̿×𝑛 𝑖𝐼𝑛̿×𝑛

𝐼𝑛̿×𝑛 −𝑖𝐼𝑛̿×𝑛
] [
𝑅̿𝑛×𝑛 −S̿𝑛×𝑛

S̿𝑛×𝑛 𝑅̿𝑛×𝑛
] [
𝐼𝑛̿×𝑛 𝐼𝑛̿×𝑛

𝑖𝐼𝑛̿×𝑛 −𝑖𝐼𝑛̿×𝑛
] 

 = [
𝑅̿𝑛×𝑛 + 𝑖S̿𝑛×𝑛 −S̿𝑛×𝑛 + 𝑖𝑅̿𝑛×𝑛

𝑅̿𝑛×𝑛 − 𝑖S̿𝑛×𝑛 −S̿𝑛×𝑛 − 𝑖𝑅̿𝑛×𝑛
] [
𝐼𝑛̿×𝑛 𝐼𝑛̿×𝑛

𝑖𝐼𝑛̿×𝑛 −𝑖𝐼𝑛̿×𝑛
] 

 = [
0̿𝑛×𝑛 2(𝑅̿𝑛×𝑛 + 𝑖S̿𝑛×𝑛)

2(𝑅̿𝑛×𝑛 − 𝑖S̿𝑛×𝑛) 0̿𝑛×𝑛
] = [

0̿𝑛×𝑛 Ψ̿𝑛×𝑛

Ψ̿𝑛×𝑛
∗ 0̿𝑛×𝑛

]   (A-32) 

Combining (A-13) and (A-32) gives 

 Σ̿2𝑛×2𝑛 = Δ̿2𝑛×2𝑛
𝑇 M̿2𝑛×2𝑛Δ̿2𝑛×2𝑛   (A-33) 

Combining (A-28) and (A-33) gives 

 U̅1×2𝑛
𝑇 M̿2𝑛×2𝑛U̅2𝑛×1 = (Δ̿2𝑛×2𝑛V̅2𝑛×1)

𝑇
M̿2𝑛×2𝑛(Δ̿2𝑛×2𝑛V̅2𝑛×1) 

 = V̅1×2𝑛
𝑇 Δ̿2𝑛×2𝑛

𝑇 M̿2𝑛×2𝑛Δ̿2𝑛×2𝑛V̅2𝑛×1 = V̅1×2𝑛
𝑇 Σ̿2𝑛×2𝑛V̅2𝑛×1   (A-34) 

Combining (A-28), (A-30) and (A-31) gives 

 U̅1×2𝑛
𝑇 Γ̅2𝑛×1 = (Δ̿2𝑛×2𝑛V̅2𝑛×1)

𝑇
Γ̅2𝑛×1 = V̅2𝑛×1

𝑇 Δ̿2𝑛×2𝑛
𝑇 Γ̅2𝑛×1 

 = V̅1×2𝑛
𝑇 C̅2𝑛×1   (A-35) 

Combining (A-5) and (A-35) gives 

 𝐸[𝑒𝑥𝑝(U̅1×2𝑛
𝑇 Ξ̅2𝑛×1)] = 𝑒𝑥𝑝 (

1

2
U̅1×2𝑛
𝑇 𝑀̿2𝑛×2𝑛𝑈̅2𝑛×1 + U̅1×2𝑛

𝑇 Γ̅2𝑛×1)  (A-36) 

Combining (A-5) and (A-35) gives 

 𝐸[𝑒𝑥𝑝(V̅1×2𝑛
𝑇 Z̅2𝑛×1)] = 𝑒𝑥𝑝 (

1

2
U̅1×2𝑛
𝑇 𝑀̿2𝑛×2𝑛𝑈̅2𝑛×1 + U̅1×2𝑛

𝑇 Γ̅2𝑛×1) 
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 = 𝑒𝑥𝑝 (
1

2
V̅1×2𝑛
𝑇 Σ̿2𝑛×2𝑛𝑉̅2𝑛×1 + V̅1×2𝑛

𝑇 C̅2𝑛×1)   (A-37) 

Here we will apply equation (A-37) to calculate the 4th order moment. 

The parameter vector 𝑉̅8×1 is 

 𝑉̅8×1 = [𝑣1 ⋯ 𝑣4 𝑣5 ⋯ 𝑣8]𝑇 = [𝑉̅1×4
′ 𝑉̅1×4

′′ ]𝑇   (A-38) 

The covariance matrix Σ̿8×8 is 

 Σ̿8×8 = [
0̿4×4 Ψ̿4×4

Ψ̿4×4
∗ 0̿4×4

]   (A-39) 

The moment generating function is 

 𝐸[𝑒𝑥𝑝(V̅1×8
𝑇 Z̅8×1)] = 𝑒𝑥𝑝 (

1

2
V̅1×8
𝑇 Σ̿8×8𝑉̅8×1 + V̅1×8

𝑇 C̅8×1) 

 = 𝑒𝑥𝑝 (
1

2
[𝑉̅1×4

′𝑇 𝑉̅1×4
′′𝑇 ] [

0̿4×4 Ψ̿4×4

Ψ̿4×4
∗ 0̿4×4

] [
𝑉̅1×4
′

𝑉̅1×4
′′ ] + [𝑉̅1×4

′𝑇 𝑉̅1×4
′′𝑇 ] [

𝐶4̅×1
′

𝐶4̅×1
′∗ ]) 

 = 𝑒𝑥𝑝 (
1

2
(𝑉̅1×4

′𝑇 Ψ̿4×4𝑉̅1×4
′′ + 𝑉̅1×4

′′𝑇 Ψ̿4×4
∗ 𝑉̅1×4

′ )) 

 × 𝑒𝑥𝑝(𝑉̅1×4
′𝑇 𝐶̅4×1

′ + 𝑉̅1×4
′′𝑇 𝐶4̅×1

′∗ )   (A-40) 

We have 

 𝑉̅1×4
′𝑇 Ψ̿4×4𝑉̅1×4

′′ = ∑ ∑ 𝑣𝑚
′ 𝑣𝑛

′′𝜓𝑚𝑛
4
𝑛=1

4
𝑚=1    (A-41a) 

 𝑉̅1×4
′′𝑇 Ψ̿4×4

∗ 𝑉̅1×4
′ = ∑ ∑ 𝑣𝑚

′′𝑣𝑛
′𝜓𝑚𝑛

∗4
𝑛=1

4
𝑚=1    (A-41b) 

 𝑉̅1×4
′𝑇 𝐶4̅×1

′ = ∑ 𝑣𝑛
′ 𝑐𝑛

4
𝑛=1    (A-41c) 

 𝑉̅1×4
′′𝑇 𝐶4̅×1

′∗ = ∑ 𝑣𝑛
′′𝑐𝑛

∗4
𝑛=1    (A-41d) 
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Combining (A-7), (A-40) and (A-41) gives 

 𝐸[𝑒𝑥𝑝(V̅1×8
𝑇 Z̅8×1)] = 𝑒𝑥𝑝 (

1

2
(∑ ∑ 𝑣𝑚

′ 𝑣𝑛
′′𝜓𝑚𝑛

4
𝑛=1

4
𝑚=1 + ∑ ∑ 𝑣𝑚

′′𝑣𝑛
′𝜓𝑚𝑛

∗4
𝑛=1

4
𝑚=1 )) 

 × 𝑒𝑥𝑝(∑ 𝑣𝑛
′ 𝑐𝑛

4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 ) 

 = 𝑒𝑥𝑝 (
1

2
(∑ ∑ 𝑣𝑚

′ 𝑣𝑛
′′4

𝑛=1
4
𝑚=1 (𝜓𝑚𝑛 + 𝜓𝑛𝑚

∗ )) + ∑ 𝑣𝑛
′𝑐𝑛

4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 ) 

 = 𝑒𝑥𝑝(∑ ∑ 𝑣𝑚
′ 𝑣𝑛

′′4
𝑛=1

4
𝑚=1 𝜓𝑚𝑛 + ∑ 𝑣𝑛

′ 𝑐𝑛
4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 )   (A-42) 

The random vector 𝑍̅8×1 is 

 𝑍̅8×1 = [𝑧𝑡 𝑧𝑠 𝑧𝜏 𝑧𝜎 𝑧𝑡
∗ 𝑧𝑠

∗ 𝑧𝜏
∗ 𝑧𝜎

∗ ]𝑇   (A-43) 

The 4th order moment is 

 𝐸[𝑧𝑡𝑧𝜏𝑧𝑠
∗𝑧𝜎
∗ ] = {

𝜕4𝑒𝑥𝑝(
1

2
V̅1×8
𝑇 Σ̿8×8𝑉̅8×1+V̅1×8

𝑇 C̅8×1)

𝜕𝑣1𝜕𝑣3𝜕𝑣6𝜕𝑣8
}
𝑉̅8×1=0̅

 

 = {
𝜕4𝑒𝑥𝑝(∑ ∑ 𝑣𝑚

′ 𝑣𝑛
′′4

𝑛=1
4
𝑚=1 𝜓𝑚𝑛+∑ 𝑣𝑛

′ 𝑐𝑛
4
𝑛=1 +∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 )

𝜕𝑣1
′𝜕𝑣3

′𝜕𝑣2
′′𝜕𝑣4

′′ }
𝑉̅8×1=0̅

   (A-44) 

The Taylor expansion of the exponential term is 

 𝑒𝑥𝑝(∑ ∑ 𝑣𝑚
′ 𝑣𝑛

′′4
𝑛=1

4
𝑚=1 𝜓𝑚𝑛 + ∑ 𝑣𝑛

′ 𝑐𝑛
4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 ) = 1 

 +(∑ ∑ 𝑣𝑚
′ 𝑣𝑛

′′4
𝑛=1

4
𝑚=1 𝜓𝑚𝑛 + ∑ 𝑣𝑛

′ 𝑐𝑛
4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 ) 

 +
1

2!
(∑ ∑ 𝑣𝑚

′ 𝑣𝑛
′′4

𝑛=1
4
𝑚=1 𝜓𝑚𝑛 + ∑ 𝑣𝑛

′ 𝑐𝑛
4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 )2 

 +
1

3!
(∑ ∑ 𝑣𝑚

′ 𝑣𝑛
′′4

𝑛=1
4
𝑚=1 𝜓𝑚𝑛 + ∑ 𝑣𝑛

′ 𝑐𝑛
4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 )3 

 +
1

4!
(∑ ∑ 𝑣𝑚

′ 𝑣𝑛
′′4

𝑛=1
4
𝑚=1 𝜓𝑚𝑛 + ∑ 𝑣𝑛

′ 𝑐𝑛
4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 )4 +⋯   (A-45) 
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The 2nd order term is 

 (∑ ∑ 𝑣𝑚
′ 𝑣𝑛

′′4
𝑛=1

4
𝑚=1 𝜓𝑚𝑛 + ∑ 𝑣𝑛

′ 𝑐𝑛
4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 )2 

 = (∑ ∑ 𝑣𝑚
′ 𝑣𝑛

′′4
𝑛=1

4
𝑚=1 𝜓𝑚𝑛)

2 + 2(∑ ∑ 𝑣𝑚
′ 𝑣𝑛

′′4
𝑛=1

4
𝑚=1 𝜓𝑚𝑛)(∑ 𝑣𝑛

′ 𝑐𝑛
4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 ) 

 +(∑ 𝑣𝑛
′ 𝑐𝑛

4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 )2   (A-46) 

Collecting terms contain product 𝑣1
′𝑣3
′𝑣2

′′𝑣4
′′ 

 (∑ ∑ 𝑣𝑚
′ 𝑣𝑛

′′4
𝑛=1

4
𝑚=1 𝜓𝑚𝑛)

2 = (∑ ∑ 𝑣𝑚
′ 𝑣𝑛

′′4
𝑛=1

4
𝑚=1 𝜓𝑚𝑛)(∑ ∑ 𝑣𝑚′

′ 𝑣𝑛′
′′4

𝑛′=1
4
𝑚′=1 𝜓𝑚′𝑛′) 

 = (⋯+ 𝑣1
′𝑣2
′′𝜓12 + 𝑣1

′𝑣4
′′𝜓14 + 𝑣3

′𝑣2
′′𝜓32 + 𝑣3

′𝑣4
′′𝜓34 +⋯) 

 × (⋯+ 𝑣1
′𝑣2
′′𝜓12 + 𝑣1

′𝑣4
′′𝜓14 + 𝑣3

′𝑣2
′′𝜓32 + 𝑣3

′𝑣4
′′𝜓34 +⋯) 

 = 𝑣1
′𝑣3
′𝑣2

′′𝑣4
′′𝜓12𝜓34 + 𝑣1

′𝑣3
′𝑣2

′′𝑣4
′′𝜓14𝜓32 + 𝑣1

′𝑣3
′𝑣2

′′𝑣4
′′𝜓32𝜓14 + 𝑣1

′𝑣3
′𝑣2

′′𝑣4
′′𝜓12𝜓34 

 = 2𝑣1
′𝑣3
′𝑣2

′′𝑣4
′′(𝜓12𝜓34 + 𝜓14𝜓32)   (A-47) 

The 3rd order term is 

 (∑ ∑ 𝑣𝑚
′ 𝑣𝑛

′′4
𝑛=1

4
𝑚=1 𝜓𝑚𝑛 + ∑ 𝑣𝑛

′ 𝑐𝑛
4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 )3 

 = (∑ ∑ 𝑣𝑚
′ 𝑣𝑛

′′4
𝑛=1

4
𝑚=1 𝜓𝑚𝑛)

3 + 3(∑ ∑ 𝑣𝑚
′ 𝑣𝑛

′′4
𝑛=1

4
𝑚=1 𝜓𝑚𝑛)

2(∑ 𝑣𝑛
′ 𝑐𝑛

4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 ) 

 +3(∑ ∑ 𝑣𝑚
′ 𝑣𝑛

′′4
𝑛=1

4
𝑚=1 𝜓𝑚𝑛)(∑ 𝑣𝑛

′ 𝑐𝑛
4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 )2 

 +(∑ 𝑣𝑛
′ 𝑐𝑛

4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 )3   (A-48) 

Collecting terms contain product 𝑣1
′𝑣3
′𝑣2

′′𝑣4
′′ 

 (∑ ∑ 𝑣𝑚
′ 𝑣𝑛

′′4
𝑛=1

4
𝑚=1 𝜓𝑚𝑛)(∑ 𝑣𝑛

′ 𝑐𝑛
4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 )2 
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 = (⋯+ 𝑣1
′𝑣2
′′𝜓12 + 𝑣1

′𝑣4
′′𝜓14 + 𝑣3

′𝑣2
′′𝜓32 + 𝑣3

′𝑣4
′′𝜓34 +⋯) 

 × (⋯+ 𝑣1
′𝑐1 + 𝑣3

′ 𝑐3 + 𝑣2
′′𝑐2

∗ + 𝑣4
′′𝑐4

∗ +⋯) 

 × (⋯+ 𝑣1
′𝑐1 + 𝑣3

′ 𝑐3 + 𝑣2
′′𝑐2

∗ + 𝑣4
′′𝑐4

∗ +⋯) 

 = (⋯+ 𝑣1
′𝑣2
′′𝜓12 + 𝑣1

′𝑣4
′′𝜓14 + 𝑣3

′𝑣2
′′𝜓32 + 𝑣3

′𝑣4
′′𝜓34 +⋯) 

 × (⋯+ 2𝑣1
′𝑣2
′′𝑐1𝑐2

∗ + 2𝑣1
′𝑣4
′′𝑐1𝑐4

∗ + 2𝑣3
′𝑣2

′′𝑐3𝑐2
∗ + 2𝑣3

′𝑣4
′′𝑐3𝑐4

∗ +⋯) 

 = 2𝑣1
′𝑣3
′𝑣2

′′𝑣4
′′𝜓12𝑐3𝑐4

∗ + 2𝑣1
′𝑣3
′𝑣2

′′𝑣4
′′𝜓14𝑐2

∗𝑐3 

 +2𝑣1
′𝑣3
′𝑣2

′′𝑣4
′′𝜓32𝑐1𝑐4

∗ + 2𝑣1
′𝑣3
′𝑣2

′′𝑣4
′′𝜓34𝑐1𝑐2

∗ 

 = 2𝑣1
′𝑣3
′𝑣2

′′𝑣4
′′(𝜓12𝑐3𝑐4

∗ + 𝜓14𝑐2
∗𝑐3 + 𝜓32𝑐1𝑐4

∗ + 𝜓34𝑐1𝑐2
∗)   (A-49) 

The 4th order term is 

 (∑ ∑ 𝑣𝑚
′ 𝑣𝑛

′′4
𝑛=1

4
𝑚=1 𝜓𝑚𝑛 + ∑ 𝑣𝑛

′ 𝑐𝑛
4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 )4 

 = (∑ ∑ 𝑣𝑚
′ 𝑣𝑛

′′4
𝑛=1

4
𝑚=1 𝜓𝑚𝑛)

4 

 +4(∑ ∑ 𝑣𝑚
′ 𝑣𝑛

′′4
𝑛=1

4
𝑚=1 𝜓𝑚𝑛)

3(∑ 𝑣𝑛
′ 𝑐𝑛

4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 ) 

 +6(∑ ∑ 𝑣𝑚
′ 𝑣𝑛

′′4
𝑛=1

4
𝑚=1 𝜓𝑚𝑛)

2(∑ 𝑣𝑛
′ 𝑐𝑛

4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 )2 

 +4(∑ ∑ 𝑣𝑚
′ 𝑣𝑛

′′4
𝑛=1

4
𝑚=1 𝜓𝑚𝑛)

1(∑ 𝑣𝑛
′ 𝑐𝑛

4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 )2 

 +(∑ 𝑣𝑛
′ 𝑐𝑛

4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 )4   (A-50) 

Applying the multinomial formula 

 (𝑥1 +⋯+ 𝑥𝑚)
𝑛 = ∑

𝑛!

𝑘1!⋯𝑘𝑚!
∏ 𝑥𝑡

𝑘𝑡𝑚
𝑡=1𝑘1+⋯+𝑘𝑚=𝑛    (A-51) 
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Collecting terms contain product 𝑣1
′𝑣3
′𝑣2

′′𝑣4
′′ 

 (∑ 𝑣𝑛
′ 𝑐𝑛

4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 )4 

 = (⋯+ 𝑣1
′𝑐1 + 𝑣3

′𝑐3 + 𝑣2
′′𝑐2

∗ + 𝑣4
′′𝑐4

∗ +⋯)4 

 = (𝑣1
′𝑐1 + 𝑣3

′𝑐3 + 𝑣2
′′𝑐2

∗ + 𝑣4
′′𝑐4

∗)4 +⋯ 

 = 24𝑣1
′𝑣3
′𝑣2

′′𝑣4
′′𝑐1𝑐2

∗𝑐3𝑐4
∗ +⋯   (A-52) 

The 4th order moment is 

 𝐸[𝑧𝑡𝑧𝜏𝑧𝑠
∗𝑧𝜎
∗ ] = {

𝜕4Φ

𝜕𝑣1
′𝜕𝑣3

′𝜕𝑣2
′′𝜕𝑣4

′′}
𝑉̅8×1=0̅

   (A-53a) 

 Φ =

{
 
 

 
 

1 + (∑ ∑ 𝑣𝑚
′ 𝑣𝑛

′′4
𝑛=1

4
𝑚=1 𝜓𝑚𝑛 + ∑ 𝑣𝑛

′ 𝑐𝑛
4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 )

+
1

2!
(∑ ∑ 𝑣𝑚

′ 𝑣𝑛
′′4

𝑛=1
4
𝑚=1 𝜓𝑚𝑛 + ∑ 𝑣𝑛

′ 𝑐𝑛
4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 )2

+
1

3!
(∑ ∑ 𝑣𝑚

′ 𝑣𝑛
′′4

𝑛=1
4
𝑚=1 𝜓𝑚𝑛 + ∑ 𝑣𝑛

′ 𝑐𝑛
4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 )3

+
1

4!
(∑ ∑ 𝑣𝑚

′ 𝑣𝑛
′′4

𝑛=1
4
𝑚=1 𝜓𝑚𝑛 + ∑ 𝑣𝑛

′ 𝑐𝑛
4
𝑛=1 + ∑ 𝑣𝑛

′′𝑐𝑛
∗4

𝑛=1 )4 +⋯}
 
 

 
 

 

 =

{
 
 

 
 

1

2!
[2𝑣1

′𝑣3
′𝑣2

′′𝑣4
′′(𝜓12𝜓34 + 𝜓14𝜓32)]

+
1

3!
[6𝑣1

′𝑣3
′𝑣2

′′𝑣4
′′(𝜓12𝑐3𝑐4

∗ + 𝜓14𝑐2
∗𝑐3 + 𝜓32𝑐1𝑐4

∗ + 𝜓34𝑐1𝑐2
∗)]

+
1

4!
[24𝑣1

′𝑣3
′𝑣2

′′𝑣4
′′𝑐1𝑐2

∗𝑐3𝑐4
∗] + ⋯

}
 
 

 
 

 

 = {

𝑣1
′𝑣3
′𝑣2

′′𝑣4
′′(𝜓12𝜓34 + 𝜓14𝜓32)

+𝑣1
′𝑣3
′𝑣2

′′𝑣4
′′(𝜓12𝑐3𝑐4

∗ + 𝜓14𝑐2
∗𝑐3 +𝜓32𝑐1𝑐4

∗ + 𝜓34𝑐1𝑐2
∗)

+𝑣1
′𝑣3
′𝑣2

′′𝑣4
′′𝑐1𝑐2

∗𝑐3𝑐4
∗ +⋯

} 

 = {

𝑣1
′𝑣3
′𝑣2

′′𝑣4
′′(𝜓12𝜓34 + 𝜓14𝜓32)

+𝑣1
′𝑣3
′𝑣2

′′𝑣4
′′(𝜓12𝑐3𝑐4

∗ + 𝜓14𝑐2
∗𝑐3 +𝜓32𝑐1𝑐4

∗ + 𝜓34𝑐1𝑐2
∗)

+𝑣1
′𝑣3
′𝑣2

′′𝑣4
′′𝑐1𝑐2

∗𝑐3𝑐4
∗ +⋯

}   (A-53b) 

We obtain 
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 𝐸[𝑧𝑡𝑧𝜏𝑧𝑠
∗𝑧𝜎
∗ ] = {

𝜓12𝜓34 + 𝜓14𝜓32 + 𝜓12𝑐3𝑐4
∗ + 𝜓14𝑐2

∗𝑐3
+𝜓32𝑐1𝑐4

∗ + 𝜓34𝑐1𝑐2
∗ + 𝑐1𝑐2

∗𝑐3𝑐4
∗ }   (A-54) 

The 4th order moment is 

 𝐸[𝑧𝑡𝑧𝑠
∗𝑧𝜏𝑧𝜎

∗ ] = {
𝜓(𝑡, 𝑠)𝜓(𝜏, 𝜎) + 𝜓(𝑡, 𝜎)𝜓(𝜏, 𝑠) + 𝜓(𝑡, 𝑠)𝑐𝜏𝑐𝜎

∗

+𝜓(𝑡, 𝜎)𝑐𝜏𝑐𝑠
∗ + 𝜓(𝜏, 𝑠)𝑐𝑡𝑐𝜎

∗ + 𝑐𝑡𝑐𝑠
∗𝑐𝜏𝑐𝜎

∗ }   (A-55) 

Combining (A-7) and (A-55) gives 

 𝐸[𝑧𝑡𝑧𝑠
∗𝑧𝜏𝑧𝜎

∗ ] = {
𝜓(𝑡, 𝑠)𝜓(𝜏, 𝜎) + 𝜓(𝑡, 𝜎)𝜓(𝜏, 𝑠) + 𝜓(𝑡, 𝑠)𝑐𝜏𝑐𝜎

∗

+𝜓(𝑡, 𝜎)𝑐𝜏𝑐𝑠
∗ + 𝜓(𝜏, 𝑠)𝑐𝑡𝑐𝜎

∗ + 𝑐𝑡𝑐𝑠
∗𝑐𝜏𝑐𝜎

∗ } 

 = {

(〈𝑧𝑡𝑧𝑠
∗〉 − 𝑐𝑡𝑐𝑠

∗)(〈𝑧𝑡𝑧𝑠
∗〉 − 𝑐𝑡𝑐𝑠

∗) + (〈𝑧𝑡𝑧𝜎
∗ 〉 − 𝑐𝑡𝑐𝜎

∗)(〈𝑧𝜏𝑧𝑠
∗〉 − 𝑐𝜏𝑐𝑠

∗)

+(〈𝑧𝑡𝑧𝑠
∗〉 − 𝑐𝑡𝑐𝑠

∗)𝑐𝜏𝑐𝜎
∗ + (〈𝑧𝑡𝑧𝜎

∗〉 − 𝑐𝑡𝑐𝜎
∗)𝑐𝜏𝑐𝑠

∗ + (〈𝑧𝜏𝑧𝑠
∗〉 − 𝑐𝜏𝑐𝑠

∗)𝑐𝑡𝑐𝜎
∗

+(〈𝑧𝜏𝑧𝜎
∗〉 − 𝑐𝜏𝑐𝜎

∗)𝑐𝑡𝑐𝑠
∗ + 𝑐𝑡𝑐𝑠

∗𝑐𝜏𝑐𝜎
∗

} 

 = 〈𝑧𝑡𝑧𝑠
∗〉〈𝑧𝜏𝑧𝜎

∗〉 + 〈𝑧𝑡𝑧𝜎
∗ 〉〈𝑧𝜏𝑧𝑠

∗〉 − 𝑐𝑡𝑐𝑠
∗𝑐𝜏𝑐𝜎

∗    (A-56) 
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Appendix B Reciprocity Theorem for Green’s Function in a Linear 

Inhomogeneous Medium 

In previous chapters, we have derived the expressions for the time-domain RCS. The 

reciprocity theorem for the Green’s function in an inhomogeneous medium is applied to 

calculate the 4th order moment within the time-domain RCS formula. In this appendix, 

we will follow the procedure in [47-48] and show that the Green’s function satisfies the 

reciprocity relationship in a linear inhomogeneous medium. More specifically, the 

Green’s function is symmetrical with the source point and the observation point 

interchanged. 

In an inhomogeneous medium, the field 𝑈(𝑟̅)  obeys the scalar Helmholtz 

equation 

 ∇2𝑈(𝑟̅) + 𝑘0
2(1 + 𝑛1(𝑟̅))

2
𝑈(𝑟̅) = 0   (B-1) 

where 𝑘0 is the free-space wavenumber and 𝑛1(𝑟̅) is the refractive index fluctuation. 

In the absence of the random fluctuations(𝑛1(𝑟̅) = 0), the scalar Helmholtz equation 

becomes 

 ∇2𝑈0(𝑟̅) + 𝑘0
2𝑈0(𝑟̅) = 0   (B-2) 

where 𝑈0(𝑟̅) represents the primary field.  

The free-space Green’s function satisfies the equation for a point source 

 ∇2𝐺0(𝑟̅ − 𝑟̅
′) + 𝑘0

2𝐺0(𝑟̅ − 𝑟̅
′) = −δ(𝑟̅ − 𝑟̅′)   (B-3) 

where δ(𝑟̅ − 𝑟̅′) is the Dirac delta function. 

Solving the equation (B-3), the free-space Green’s function is given by 
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 𝐺0(𝑟̅, 𝑟̅
′) =

𝑒𝑥𝑝(𝑖𝑘0|𝑟̅−𝑟̅
′|)

4𝜋|𝑟̅−𝑟̅′|
   (B-4) 

Combining (B-2) and (B-3), the solution of (B-1) can be expressed by an integral 

equation for 𝑈(𝑟̅) 

 𝑈(𝑟̅) = 𝑈0(𝑟̅) + 𝑘0
2 ∫𝐺0(𝑟̅ − 𝑟̅1)δn(𝑟̅1)𝑈(𝑟̅1)d𝑟̅1   (B-5a) 

 δn(𝑟̅) = (1 + 𝑛1(𝑟̅))
2
− 1 = 2𝑛1(𝑟̅) + 𝑛1

2(𝑟̅)   (B-5b) 

where the integration is over the space occupied by the random medium. 

Write the field at point 𝑟̅ = 𝑟̅1 

 𝑈(𝑟̅1) = 𝑈0(𝑟̅1) + 𝑘0
2 ∫𝐺0(𝑟̅1 − 𝑟̅2)δn(𝑟̅2)𝑈(𝑟̅2)d𝑟̅2   (B-6) 

Combining (B-5a) and (B-6) gives 

 𝑈(𝑟̅) = 𝑈0(𝑟̅) + 𝑘0
2 ∫𝐺0(𝑟̅ − 𝑟̅1)δn(𝑟̅1)𝑈0(𝑟̅1)d𝑟̅1 

 +𝑘0
4∬𝐺0(𝑟̅ − 𝑟̅1)δn(𝑟̅1)𝐺0(𝑟̅1 − 𝑟̅2)δn(𝑟̅2)𝑈(𝑟̅2)d𝑟̅1d𝑟̅2   (B-7) 

Write the field at point 𝑟̅ = 𝑟̅2 

 𝑈(𝑟̅2) = 𝑈0(𝑟̅2) + 𝑘0
2 ∫𝐺0(𝑟̅2 − 𝑟̅3)δn(𝑟̅3)𝑈0(𝑟̅3)d𝑟̅3 

 +𝑘0
4∬𝐺0(𝑟̅2 − 𝑟̅1)δn(𝑟̅1)𝐺0(𝑟̅1 − 𝑟̅3)δn(𝑟̅3)𝑈(𝑟̅3)d𝑟̅1d𝑟̅3   (B-8) 

Combining (B-7) and (B-8) gives 

 𝑈(𝑟̅) = 𝑈0(𝑟̅) + 𝑘0
2 ∫𝐺0(𝑟̅ − 𝑟̅1)δn(𝑟̅1)𝑈0(𝑟̅1)d𝑟̅1 

 +𝑘0
4∬𝐺0(𝑟̅ − 𝑟̅1)δn(𝑟̅1)𝐺0(𝑟̅1 − 𝑟̅2)δn(𝑟̅2)𝑈0(𝑟̅2)d𝑟̅1d𝑟̅2 

 +𝑘0
6∭𝐺0(𝑟̅ − 𝑟̅1)δn(𝑟̅1)𝐺0(𝑟̅1 − 𝑟̅2)δn(𝑟̅2) 
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 𝐺0(𝑟̅2 − 𝑟̅3)δn(𝑟̅3)𝑈0(𝑟̅3)d𝑟̅1d𝑟̅2d𝑟̅3 +⋯   (B-9) 

By repeating the process, we can obtain an infinite perturbation series for the field in an 

inhomogeneous medium. This series is known as the Neumann series for the integral 

equation and the Born expansion in physics [47]. 

 In an inhomogeneous medium, the stochastic Green’s function obeys the scalar 

Helmholtz equation 

 ∇2𝐺(𝑟̅, 𝑟̅′) + 𝑘0
2(1 + δn(𝑟̅))𝐺(𝑟̅, 𝑟̅′) = −δ(𝑟̅ − 𝑟̅′)   (B-10) 

where 𝑘0 is the free-space wavenumber. The stochastic Green’s function also satisfies 

the radiation condition at infinite. 

Substituting 𝑈0(𝑟̅) = 𝐺0(𝑟̅, 𝑟̅
′) and 𝑈(𝑟̅) = 𝐺(𝑟̅, 𝑟̅′) into (B-9) gives 

 𝐺(𝑟̅, 𝑟̅′) = 𝐺0(𝑟̅, 𝑟̅
′) + 𝑘0

2 ∫𝐺0(𝑟̅ − 𝑟̅1)δn(𝑟̅1)𝐺0(𝑟̅1 − 𝑟̅
′)d𝑟̅1 

 +𝑘0
4∬𝐺0(𝑟̅ − 𝑟̅1)δn(𝑟̅1)𝐺0(𝑟̅1 − 𝑟̅2)δn(𝑟̅2)𝐺0(𝑟̅2 − 𝑟̅

′)d𝑟̅1d𝑟̅2 

 +𝑘0
6∭𝐺0(𝑟̅ − 𝑟̅1)δn(𝑟̅1)𝐺0(𝑟̅1 − 𝑟̅2)δn(𝑟̅2) 

 𝐺0(𝑟̅2 − 𝑟̅3)δn(𝑟̅3)𝐺0(𝑟̅3 − 𝑟̅
′)d𝑟̅1d𝑟̅2d𝑟̅3 +⋯   (B-11) 

Applying the reciprocity relation for the free-space Green’s function, that is, 𝐺0(𝑟̅, 𝑟̅
′) =

𝐺0(𝑟̅
′, 𝑟̅), the second term in the series (B-11) can be written as 

 𝑘0
2 ∫𝐺0(𝑟̅ − 𝑟̅1)δn(𝑟̅1)𝐺0(𝑟̅1 − 𝑟̅

′)d𝑟̅1 = 𝑘0
2 ∫𝐺0(𝑟̅1 − 𝑟̅)δn(𝑟̅1)𝐺0(𝑟̅

′ − 𝑟̅1)d𝑟̅1 

 = 𝑘0
2 ∫𝐺0(𝑟̅

′ − 𝑟̅1)δn(𝑟̅1)𝐺0(𝑟̅1 − 𝑟̅)d𝑟̅1   (B-12) 

Following the same procedure and properly changing the integration variables, the third 

term in the infinite series (B-11) becomes 
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 𝑘0
4∬𝐺0(𝑟̅ − 𝑟̅1)δn(𝑟̅1)𝐺0(𝑟̅1 − 𝑟̅2)δn(𝑟̅2)𝐺0(𝑟̅2 − 𝑟̅

′)d𝑟̅1d𝑟̅2 

 = 𝑘0
4∬𝐺0(𝑟̅1 − 𝑟̅)δn(𝑟̅1)𝐺0(𝑟̅2 − 𝑟̅1)δn(𝑟̅2)𝐺0(𝑟̅

′ − 𝑟̅2)d𝑟̅1d𝑟̅2 

 = 𝑘0
4∬𝐺0(𝑟̅

′ − 𝑟̅2)δn(𝑟̅2)𝐺0(𝑟̅2 − 𝑟̅1)δn(𝑟̅1)𝐺0(𝑟̅1 − 𝑟̅)d𝑟̅1d𝑟̅2 

 = 𝑘0
4∬𝐺0(𝑟̅

′ − 𝑟̅1)δn(𝑟̅1)𝐺0(𝑟̅1 − 𝑟̅2)δn(𝑟̅2)𝐺0(𝑟̅2 − 𝑟̅)d𝑟̅1d𝑟̅2   (B-13) 

Repeating this process and transforming all terms in the series (B-11), we obtain the 

reciprocity relationship for the stochastic Green’s function for a linear inhomogeneous 

medium 

 𝐺(𝑟̅, 𝑟̅′) = 𝐺(𝑟̅′, 𝑟̅)   (B-14) 
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