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Time-domain analysis of multiple scattering effects on the radar cross section
(RCS) of objects in a random medium
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This dissertation presents a theory of the time-domain radar cross section (RCS)
of large conducting objects in discrete random media. The time-domain formula
is obtained by applying the inverse Fourier transform of the two-frequency
mutual coherence function (MCF) which is derived from both the 2"¢ order
Rytov approximation and the strong fluctuation theory. The general formulation
contains the 4™ order moment which includes the correlation between the
forward and the backward waves. The 4" order moment can be reduced to the
summation of the 2" order moments by assuming the fields are circular
complex Gaussian random variables. The stochastic Green’s function is
simplified using the parabolic equation (PE) approximation, and the sizes of the
conducting objects are large in terms of wavelength; therefore, the Kirchhoff
approximation is applicable for calculating the surface fields. This theory
includes both the backscattering enhancement and the time-domain shower

curtain effect that are not normally considered in the conventional theory.



Numerical examples of the time-domain RCS of a conducting square plate in a
discrete random medium characterized by the Gaussian phase function are
shown to highlight the random media effects on the time-domain waveforms
including time delay and pulse broadening in terms of optical depth and random
medium location. Numerical results show that both pulse arrival time and pulse
broadening increase significantly when the random media is placed far away
from the object. This degradation of the image quality, known as the shower
curtain effect, can be explained by the characteristics of the incoherent

component.
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Chapter 1 Introduction

Extensive research has been conducted on time-domain imaging of objects located
within a discrete random media [1-4]. Techniques to obtain time-domain imaging in
clutter environment have also been proposed by using either polarization diversity [5] or
early-time diffusion (ETD) signal [6-7]. However, it is observed that the previous
studies of the effects of the random media on the radar cross section (RCS) were limited
to the continuous wave (CW) case [8]. Since the radar systems working at millimeter-
wave (mm-wave) and infrared typically have a large bandwidth, it is desirable to
characterize the random media effects in time-domain. In this study, we will give the
definition and derive the formulas for the time-domain radar cross section (RCS) and
apply the theory to study the random media effects on the time-domain RCS. The
problem statement is visualized in Figure 1.1. An imaging system which can be either a
radar or a lidar is located at the origin. The target is on the z-axis separated by a distance
of L from the imaging system. The target is assumed to be a large Dirichlet object with
piecewise smooth surface. A discrete random medium is sitting in between the imaging
system and the target. Its distances to the imaging system and to the target can be

varied.
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Figure 1.1 The geometry of the problem

The most commonly used technique to solve the problem of scattering from a
Dirichlet object in presence of the random medium is the stochastic surface integral
equation method. In this method, the scattered field is determined from the equivalent
surface current on the object which is generated by the incident field. For a Dirichlet
object in the random medium, the induced surface current depends not only on the
geometry of the object but also on the characteristics of the random medium. In general
cases, the resulted stochastic integral equations are too complicated to be solved
analytically. Therefore, some simplifications must be made. In this study, we assume
that the object size and the surface radius of the curvature are both much greater than
the center wavelength of the imaging system. Under this assumption, the Kirchhoff
approximation is applicable to obtain the induced surface current. It is noticed that this
assumption should be valid for a variety of targets at mm-wave frequencies.

We start with the extended Huygens-Fresnel principle and the 2" order Rytov
approximation [1-4, 10] for the incident field and calculate the scattered field by using
the reciprocity theory. Then the two-frequency RCS will be defined and computed.
Finally, the time-domain RCS is found by taking the inverse Fourier transform of the
two-frequency RCS. The formula of the time-domain RCS contains the 4™ order

moment which can be reduced to the summation of the 2"@ order moments by assuming



that both incident and scattered fields are circular complex Gaussian random variables
[1-3, 8-9]. The reduced expression includes the correlation between the incident and
scattered fields which leads to results in the backscattering enhancement effect and
shower curtain effect. The backscattering enhancement effect is important to correctly
predict the RCS of an object in the random medium while the shower curtain effect
gives correct dependence of RCS on the location of the random medium. The time

dependent factor exp(—iwt) is assumed and suppressed in this study.

The thesis is organized in the following way. First of all, we will derive the two-
frequency MCF using extended Huygens-Fresnel principle and the 2" order Rytov
approximation in Chapter 2. Secondly, we will discuss the correlation functions of the
output signals of the imaging system in Chapter 3. Thirdly, we will extend the concept
of the traditional frequency-domain RCS and give the formal definition of the time-
domain RCS in Chapter 4. Fourthly, we will calculate the time-domain RCS using the
strong fluctuation theory in Chapter 5. Fifthly, we will compute the time-domain RCS
for different geometrical configurations. By comparing the simulation results for those
cases, the effects of the random medium on the time-domain RCS will be analysed.

Finally, we will discuss our future work.



Chapter 2 Two-frequency Mutual Coherence Function for Random

Discrete Scatters

The two-frequency mutual coherence function (MCF) describes the correlation
of fields at two points on a plane transverse to the direction of propagation of the waves
at two frequencies. It has been shown that the two-frequency MCEF is critical in

studying the pulse propagation through random medium [1-4].

From the literature, two analytic techniques are most commonly used to evaluate
the two-frequency MCF in a random medium. The first one is the parabolic equation
method [4, 12-23]. The second one is the extended Huygens-Fresnel principle [1-4, 24-
35]. In the parabolic equation method, the differential equation for the MCF is formed
first. Then the Fourier transform method is applied to solve the differential equation.
Combining with the proper boundary condition, the MCF can be finally determined. It
has been shown that this method is applicable for both strong and weak cases of
fluctuations. In the extended Huygens-Fresnel principle, the correlation between fields
is given by the Huygens-Fresnel principle. Next the cumulent expansion is applied to
calculate the statistical moments. Subsequently, the MCF is determined by combining
the corresponding 1t order and 2" order statistical moments. It is known that this
method is only valid for the case of weak fluctuations. It is should be noticed that both
methods are originally developed to study the line-of-sight propagation of optical waves
through random medium. However, as pointed out in [39], the resulted derived for the

optical case should also be valid at mm-wave.

In this chapter, we will derive the two-frequency MCF using the extended

Huygens-Fresnel principle and the 2" order Rytov approximation. We choose the



extended Huygens-Fresnel principle because it is mathematically more convenient than
the parabolic equation method for the problem under consideration. More specifically,
the effects on the two-frequency MCF caused by varying the location of the random

medium can be easily taken into account. This will be explained in details later.

To derive the two-frequency MCF for the random medium contains discrete
scatters, we will use following steps. Frist, the formula of the two-frequency MCF for a
continuous medium with random refractive index fluctuations is found by using the
extended Huygens-Fresnel principle and the 2" order Rytov approximation. Second, the
relationship between the covariance function of the refractive index fluctuations and the
scattering cross section of the discrete scatter is established. Finally, the two-frequency
MCF is obtained for the random medium containing discrete scatters with Gaussian
angular scattering characteristics.

2.1 Wave Equations in a Random Medium

We will derive the two-frequency mutual coherence function (MCF) by starting with

the Maxwell’s equations [3-4]

V X E(7) = iwugH (7) (2.1)

Vx HF) = —iwege, (FEF) (2.2)

where ¢, is the free-space permittivity, u, is the free-space permeability and &,.(¥) is
the dielectric constant which is a random function of position ¥ = xX + yy + zZ.

Combining (2.1) and (2.2) gives

VXVXE®F)— w?eye,(MugE(@) =0 (2.3)

Applying Gauss’s law



V- (e06,(NE(P)) = g0, (MV - E(F) + &,E(7) - Ve, (F) = 0 (2.4)
According to (2.4), the divergence of the electric field can be written as

_E(P)Ver(®)

V-E(T) = e (2.5)
Applying the vector calculus identity
VX VXE([) =-VEF) +V(V-E®¥)) (2.6)
Substituting (2.5)-(2.6) into (2.3), we obtain
V2E(F) + w?epe, (MuoE(T) +V (f—((:)) . E(f)) =0 (2.7
The dielectric constant is related to the refractive index through
& (7) = n*(7) (2.8)
Combining (2.7) and (2.8) gives
V2E(F) + k2e,(FEF) + V (V,f((:)) : E(F)) =0
V2E(F) + k2e, (PE(F) + 2V (Vn”(()) : E(f)) =0
V2E(F) + k2e, (F)E(F) + 2V (v1n(n(r-)) : E(f)) =0 (2.9)

where k is the free-space wavenumber.

The refractive index is a random function which contains the average and the

fluctuation components



n(@) = @) +n,(F)=1+n,(7) (2.10)

where the angle brackets symbol denotes the ensemble average. (n(¥)) is the mean
refractive index which is assumed to be 1. n,(¥) is the refractive index fluctuation
which satisfies (n, (¥)) = 0.

If we assume the random medium is both statistically homogeneous and delta correlated
in the direction of propagation and consider the direction of propagation is the positive-

z axis, the covariance function of refractive index fluctuation may be written as

(M (P (72)) = B (7 — 72) = 8(21 — 22)An(P1 — P2) (2.11)

where A,,(p; — p,) is the two-dimensional covariance function and p = xX + yy is the
position vector in the plane transverse to the direction of propagation. Because of the
statistically homogeneous property, the covariance function 4,,(p; — p,) only depends
on spatial difference p; — p,.

When the correlation distance of the refractive index fluctuation is much larger than the
wavelength, the last term in equation (2.9) may be neglected and the mathematical
complexity of derivations will be greatly reduced [4, 10-13, 36-38]. However, by
dropping the last term in (2.9), we will neglect the depolarization effect at the same
time. We should emphasise that this will not introduce noticeable errors in the analysis.
Considering the practical situations, the change of polarization state of an
electromagnetic wave is caused primarily by the reflection from the object surface
rather than the propagation of the wave through the random medium. Moreover, since
the Kirchhoff approximation is applied to calculate the surface field, only co-polarized
component of the scattered field can be obtained. In other words, our model for the
surface reflection is not able to predict the cross-polarized component of the scattered

field. Because the polarization information has already been excluded when calculating



the scattered field from the object surface, we do not need to include depolarization
term in the equation. Therefore, we verify the conclusion made before.

By neglecting the depolarization effect, the equation (2.9) becomes
VZE(F) + ke, (NEF) =0 (2.12)

The equation (2.12) can be further reduced to a scalar wave equation. Let U(7) be either
x or y components of the electric field, that is, U(F) = E;(7),& = x,y. The scalar

stochastic Helmholtz equation may be written as
V2U(F) + kin?(FUF) =0 (2.13)

In weak fluctuation region, we can use the approximation

n2(@) = (1+n,(7)° ~ 1+ 2n,(F) (2.14)

where the refractive index fluctuation satisfies |n; (R)| « 1.

Combining (2.13) and (2.14) gives
VZU(F) + k¢ (1 + 2n (P)UF) = 0 (2.15)

where k is the free-space wavenumber and n, () is the refractive index fluctuation.

Under weak fluctuation condition, the scalar stochastic Helmholtz equation (2.15) can
be solved by using the perturbation method. More specifically, we will write the
solution in terms of series expansion. By substituting the lower-order terms into the
equation (2.15), the succeeding higher-order terms can be calculated. By repeating the
process, each term in the series can be determined. Depending on the perturbation series
used in the iterative processes, we may have either Born solution or Rytov solution. We

will discuss these two solutions and the relation between them in details later.



2.2 Covariance Function of Refractive Index Fluctuation

For a lossless random medium, the refractive index fluctuation n, () is a real function.

And we can write [4, 10, 21]

B, (1 —13) = (ny(F)ng (7)) = (ny (7)) (7)) (2.16)

For the statistically homogeneous random fluctuations, the covariance function can be

written as,
B,(rn — 1) = fff dI?an(I?)exp(il? (1 — 772)) (2.17)

where ®,,(K) is the three-dimensional spatial power spectrum of the refractive index
fluctuations. Because of the statistically homogeneity, the covariance function B, (i; —
7,) only depends on spatial difference 7; — 7.

It is convenient to separate the three-dimensional vectors into the component along with
the direction of propagation and the component transverse to the direction of
propagation, 7 = p + zZand K = k + K, 2.

We have
K-(r,—1)=k-(p,— py) + K,(z; — z;) (2.18)
Substituting (2.18) into (2.17), we obtain
B, (7, — 1) = [[f dK®,(K)exp(ik - (5, — p2) + iK,(z, — ZZ)) (2.19)
Using the Fourier transform identity
218 (z, — z,) = fjozo exp(iK,(z, — z;))dK, (2.20)

Combining (2.19) and (2.20) gives



B, (7, — 75) = [ exp(iK, - (z1 — 2z3))dk, [[ @, (0, 0)exp(ifc - (py — po))dic
= 216 (z, — 2,) [[ D (K, 0)exp(iie - (py — ;) )dic (2.21)
Combining (2.11) and (2.21) gives
Bo(p1 = P2, 21 = 22) = 218 (21 — 22) [| P (K, 0exp(ikc - (b1 — po))dR
= 6(z1 — 22)An(P1 — P2) (2.22)
We have
An(p) =21 [[ @, (K, 0)exp(ik - p)dic (2.23)
where p = p; — p,.
The covariance function of the refractive index fluctuation is
B, (p,2) = 6(2)A4,(p) = 2n6(2) [[ ®p(k, 0)exp(ix - p)dk  (2.24)

where z =z, —z,and p = p; — p,.
The refractive index fluctuation can also be expressed in terms of the two-dimensional

Riemann-Stieltjes integral

n (7)) =y (5,2) = [[ exp(ik - p)dv(K, 2) (2.25)

where p = xX +yy, kK = k,X + k9, and dv(k,z) is the random amplitude of the
refractive index fluctuations.

The random amplitude of the refractive index fluctuations satisfies
(dv(ic,z)) =0 (2.26a)

(dv(k,z)dv*(k',z")) = FE,(k,z — z")6(k — k')dkdK' (2.26b)
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where F,(k, z) is the two-dimensional spectral density.
Combining (2.25) and (2.26) gives
B, (7, — 7)) = ([ exp(ikk - p)dv(Kk, z,) [[ exp(—ik' - py)dv*(k’, z5))
= [[ [[ exp(ik - py — ik" - p){dv(K, z,)dv* (7', 2;))
= [ E,(%, 2, — zp)exp(ikc - (p; — p))dric (2.27)
The covariance function of the refractive index fluctuation is
B (p,2) = [[ Fy (K, 2)exp(ik - p)dK (2.28)

The three-dimensional spectral density is the inverse Fourier transform of the three-

dimensional covariance function

1

q)n(l?) = (21_[)3

[f] dRB, (P exp(—iK - F) (2.29)
Similarly, the two-dimensional spectral density can be written as
Fa(k,2) = 5 If dpBa(p, 2)exp(~ik - p) (2.30)
Combining (2.29) and (2.30) gives
@, (K) = i [*2 exp(—iK,2)Fy (%, 2)dz (2.31)

If the random fluctuation is isotropic, we can express the two-dimensional integral in

the polar coordinate system

[f die = [ xdx [ d6 (2.32)
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Combining (2.23) and (2.24) gives
A,(p) =2m fooo kdk fozn df @, (i, 0)exp(ixpcos(6))

=2m fooo kdk®,, (i, 0) fozn df exp(ixpcos(6)) (2.33)
Employing the integral identity
fozn df exp(tixcos(9)) = 2m]y(x) (2.34)
where J,(x) is Bessel function of the first kind of order zero.
Then the two-dimensional covariance function becomes
An(p) = 410 [” kP (, 0)o (kp)d (2.35)
Therefore, for the statistically homogeneous and isotropic random fluctuations, we have
®,(K) = o= "7 exp(~iK,2)F, (k, |z])dz (2.36)
where K = |K| and k = |k|.
Since (2.36) should hold for arbitrary K, we can set K, = 0 and obtain
2n®y (K) = [ Fy(, |z dz (2.37)

It should be noticed that (2.37) is applicable to statistically homogeneous and isotropic
random fluctuations.

2.3 Born Approximation

In Born approximation, we write U(7) in forms of the expansion [3-4, 10, 21]

U) =Uy(@) + U () + Uy (1) + - (2.38)
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where Uy (7) is the field in absence of the random medium, U;(¥), j = 1,2, is jth

order scattering field caused by the random fluctuations.
The convergence of the series expansion requires that
UM K UL (7D)| L |Up(P)] K =+ (2.39)
Substituting (2.38) into (2.15), we have
V2(Uo(F) + Uy (F) + Uy (7)) + )
+k2(1 + 2n,(R) (U (F) + Uy (7)) + Uy (7)) + ) =0 (2.40)

Equating terms of equal order to zero and writing down equations up to 2" order, we

obtain

VZU(7) + k2Uy(7) = 0 (2.41a)
V2U, (F) 4+ k2U,(F) = —2k*n, (F) Uy (F) (2.41b)
V2U,(7) + k2U,(7) = —2k*n,(P)U,(7) (2.41c)

The inhomogeneous scalar wave equations (2.41a)-(2.41c) can be converted into the

integral equations using the Green’s function.

The 1% order scattered field is written as

UL(F) = [ GF 7)[2k*n, (F Uy (F")]d7’ (2.42)
where G (7, 7") is the free-space Green’s function.

The 2" order scattered field is written as

13



U, () = [ff G(F,7)[2k?n, (F)U, (F)1d" (2.43)

where G (7,7") is the free-space Green’s function.

The free-space Green’s function G (7, 7") is given by

G(F 7') = %‘:D (2.444)
F—7=VF PP+ G277 (2.44b)

where p = xX + yy. Because the longitudinal distance between the source and the
observation point |z — z'| is much larger than the lateral distance [p — p’|, the term
|7 — 7’| may be expanded in a binomial series [4, 10-11, 21].

Therefore, we have

1
41t(L-2)

G(Fp) = exp (ik(L - z) + M) (2.453)

2(L-2)
F=p+L2 D=35+22 (2.45b)

where 7 denotes the observation point, p denotes the source and L is the longitudinal

distance between the observation point and the source.

Combining (2.42) and (2.45), we obtain the 1% order scattered field

Uy (5, L) = = [ dz [f dSexp (ik(L - z) + 2L mEDNCD (5 45

2(L-2) L-z

Taking the ensemble average of (2.46) gives

U2(5,1) = (& [ dz [[ dsexp (ik(L - z) + HE2L=0) mEDED,

2(L-2) L—z
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k% L - . ik(p—5)(p=3)\ (n1(5,2))Uo(5,2)
=—J, dz [[ dSexp (lk(L -z)+ ) ) L i_zo =0 (247)

It is observed that the mean of the 1% order scattered field is zero.

Combine (2.43) and (2.45), we obtain the 2" order scattered field

Uy(5,L) = ’2‘—” i dz Jf dsexp (ik(L — z) + LELL=D) EDLED (5 45

2(L-2z2) L-z

Taking the ensemble average of (2.48) gives

U2(p,1)) = (= [ dz [] dsexp (ik(L - 7) + ZE2L-0) mEDUED,

2(L-2) L-z

k2 (L _ . ik(p—35)(p—3)\ (n1(5,2)U1(5,2))
=, dz [[ dSexp (lk(L -2+ = ) =% 0 (2.49)

It is observed that the mean of the 2" order scattered field is not zero.

2.4 Rytov Approximation for Random Fluctuations

In Rytov approximation, we write U () in the form [3-4, 10, 21]
U@ = Ug(Mexp(W(P)) (2.50)
where (), the complex phase perturbation, takes an expansion of the form
Y(@) = P (7) + P () + - (2.51)
where ;(7),j = 1,2, is the jth order perturbation.

It is known that terms in expansion of the complex phase perturbation can be related to
corresponding terms in Born approximation [10, 24, 31]. In order to do so, it is
convenient to define the normalized Born approximation

U;() _
o’

®;(F) = 1,2, - (2.52)

15



Equating the 1% order Rytov and 1% order Born approximations, we obtain

Uo(Mexp(Yy (7)) = Uy () + Uy (F) = Upg(P(1 + &,(7)) (2.53)

Applying Taylor series expansion

Uo(f)exP(‘lh(f)) = Uo(f)(l + ¢1(f)) (2.54)
Combining (2.53) into (2.54) gives

Y1 (F) = ©4(7) (2.55)

It shows that the 1% order Rytov approximation is equal to the 1% order normalized Born
approximation.
Then the 1% order normalized Born approximation can be written as

ik(ﬁ—s‘)-(ﬁ—s‘))

_ k2 L 1 .
®y(p, 1) = = [ dz [ ds = exp (ik(L — 7) + ZE2C

n1(5,2) Up(8,2)
L7 UeGD) (2.56)

Equating the 2" order Rytov and the 2" Born approximations gives
Up(exp (b1 (7) + Y2 (7)) = Up(F) + Uy (F) + U, (7)
= Up(P)(1+ &, (F) + ,(7)) (2.57)

For mathematical convenience, a dummy variable € is introduced to represent the order

of each term in the perturbation series.
Applying Taylor series expansion

Uo(f)exP(ﬂl’l(f) + Ezq}z(f)) = Uo(f)(l +ed,(R) + 62@2(77))
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1+ ey (7) + €24 (7) + 2 (el (M) + €202(P)” = 1+ €01 (7) + €20, ()

U1 (F) + W (7) + 5 2P (7) ~ €D (7) + €20, ()
Combining (2.55) and (2.58) gives
Y2 (F) = @,(F) — 5 92 (F)
Then the 2" order normalized Born approximation can be written as

_ k2 _ ] (55 (55
@,(p, L) = EfOL dz [[ dsexp (lk(L -z)+ %)

n4(5,z)
L—z

UO (§,Z)
UO (E!L)

X ®,(5,2)

2.5 1t Order Spectral Representation of Scattered Field

The 1% order normalized Born approximation is [4, 10, 21]

5,L) = X [+ 5 1 : k(p=35)-(7-3)
®,(p, L) = Efo dz [[ ds;exp (lk([, —2) +%)

L-z Up(p,L)

For mathematical convenience, we introduce the normalized variable y = ;

We have

Uo(52) _ 1 » _ iks'S _ ikpp
Uo(FL) yexp( k(L —2) + 2z 2L )

We have

ik(p—35)-(p-35) | iks® ikp? _ ik(p?-2p-5+s?)  iks?  ikp?

2(L-z) 2z 2L 2(L-2z) 2z 2L
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ikp? ikp? iks? ikp's |, iks?

T 2(-2) 2L @ 2(-z) L-z ' 2z

_ ikyp®  ikp's iks
T 2(L-2) L-z @ 2(L-2)y (2.63)

Thus

ik(p—5)(p=5) | iks® M . ikyp? __ikp'§ ik
exp( 2(L-2) + T2z 2L ) = €xXp (Z(L—z)) exp( L—z + 2(L—- z)y) (2 64)

Combining (2.61), (2.62) and (2.64) gives

_ _ E L _ ik(p—-3)-(p—5) . iks? _ E n1(5z)
Cbl(p' L) T om fO dz ff dsexp( 2(L-2) + 2z )(L—z)y

_ dV(KZ) _ - ik(p-5)(p@-3) ﬁ _ E
—_f dz ﬂd ff(L z)y (K 5+ 2(L-2) + 2z ZL)

k2 dv(x, z) iky p? 52 _ ikps
EJ‘O A -2y € (Z(L )ﬂ dSexp (uc S+2(L -2y L-z ) (2.65)

It will be helpful to introduce the integral identity

f exp(iax?)dx = exp( M) — (2.66)

4 4|al

where sgn is the sign function. Like Fresnel integral, this integral can be evaluated by

the complex contour integration [40].

We have

2

If dsexp (m Stou Sz)y - ifis_) — exp <_ Z(ch/z) (Lk;z’E h ﬁ) ' (L%Z’E a ﬁ))

x [[ dsexp (2(L Z)y(§+y(%l€—ﬁ)) - (§+y(%;€—ﬁ))> (2.67)
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Making use of the formula (2.66), we can evaluate the integral

2(L-z)y k

ff dsexp ( <s+]/( p)) (§+y(%ﬁ—ﬁ))) _ i2n(L-2z)y (2.68)

We have

iy (S 2x—p)- (5 2r-p) iky [ (L-2\2 Lz _ _
exp <_ ) 2(L—Z)k = exp _Z(L—z)((T) e* = 2ok p +p2>

= exp( (L —zZ)+iyk-p— .ykpz) (2.69)

2(L-z)

Combining (2.65), (2.68) and (2.69) gives

@, (p, L) = f dz [ ZED o (ikypz)

(L-2z)y 2(L-2)

2

_ ikp s)
2(L -2)y L-z

X [[ dSexp (uc 5+

=ik foL dz [ dv(k, z) exp (—% (L—2)+ iy - ﬁ) (2.70)
Therefore, the spectral representation of the normalized 1% order Born approximation is
®,(p, L) =ik fOL dz [[ dv(k, z) exp (—%(L —2z) +iyk- ﬁ) (2.71)

2.6 2"d Order Spectral Representation of Scattered Field

For mathematical convenience, we introduce the normalized variable y' = =

The 2" order normalized Born approximation is [10, 21]

®,(,L) = ¥ dz |7 dz' [f dv(k,2) ] dv(i',2")
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1 iykp ly K'? o
X y(L-2z) exp <2(L—Z) 2k (Z z )>

X [[ dsexp (i ( (K +y'® — Lk—’;) S+ ZyifszZ)) (2.72)

We have

If dsexp( (K +y'K - Lk_i) S+ ZJ?LSEZ))

lV(L z) ikyp?

= exp ( (K+y'x) - (k+y'K) — 2z + iy(k+y'«) - p)

ik(§+Zy(L_;Z(R_i_yIEI)_ﬁ))-(§+2]/(L—;Z(E+y’R,)_ﬁ))) (2.73)

2y(L-2z)

X [[ dsexp <

Making use of the integral identity (2.66), the integral can be evaluated

[ dsexp (”‘(§+2V(L%Z(R+V'f')-5)>'(§+2V(L_;Z(TC+V’E’)—ﬁ))) _ LG(L 2 (574)

2y(L-2)

We have

kp _ iks? _i2zn(L-2)y
ffdsexp( (K+yK —:) S+2y(L—z))_ ”

X exp ( (K +y'®)-(k+y'k)— + iy(k+y'x') - p) (2.75)

Combining (2.72), (2.73) and (2.75) gives

2k

®,(p,L) = —k? fOL dz fOZ dz' [[dv(k,z) [[ dv(k',z') x exp <— fy (z - z’))

)’(L z)

X exp ( K+yx) - (k+y'c)+iy(k+y'K)- p) (2.76)
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Therefore, the spectral representation of the normalized 2" order Born approximation is

2k

®,(p, L) = —k? fOL dz fOZ dz' [[ dv(k, z) [[ dv(k',z")exp <— by’ (z— Z’))

xexp (- L2 @ +y'®) - (R+Y'®) +iy(@+Y'®)p)  (277)

2.7 Statistical Moments

Let us define the 2" order statistical moments [10, 24]
Ev(P,p,K) = (92(5, LK) = (a5, L) + 51 (5L K))  (2.78)

E, (,51; k1p3, kz) = (¢1(P_1» L, k1)q);(P_2' L, kz)) = (¢1 (10_1' L, k1)‘m (,52' L, kz)) (2-79)

Combining (2.71) and (2.78) gives

El(p_' ,0_: k) = (qDZ (p_r Lr k))

= —k2 fOL dz foz dz' [[ [[{dv(k,z)dv(K',z")) exp <— by < (z - z’))

2k

x exp (— L2 +y'R) - (R+y'®) + iy (R +y'%)-5)  (280)
Combining (2.77) and (2.79) gives

E, (P_p k1ﬁz' kz) = <CI)1(51' L, kl)‘b;(ﬁz' L, kz))

=kik, fOL dz fOL dz' [[ [[{dv(k, z)dv* (K, z")) exp(iy (2)k - py — iy* (2K - p,)
2k,

X exp <— Y@K 1y 4 % (L - z')> (2.81)

For statistically homogeneous and isotropic random fluctuations, we have

21



(dv(k,z)dv*(k',z")) = E,(k, |z — 2'|)6(k — k")dKkdK' (2.82)
where E, (%, |z — z'|) is the two dimensional spatial power spectrum.

Combining (2.81) and (2.82) gives
E;(P1, k1P, k3) = (P1(p1, L, k) @1 (D2, L, k3))

= kyky [ dz [ dz' [[ dicFy (%, |2 — 2']) exp(iy ()& - py — iy (2)ic - )

X exp <— % (L-2)+ % (L - z’)) (2.83)

It is noticed that the expressions of the 2" order statistical moments contain integrals of
spectrum E, (%, |z — z'|) which is a function of the difference coordinate z — z' only. In
order to simplify the integration with respect to z and z' further, it is convenient to

introduce the average and the difference coordinates which are defined as,
u=z-z,n =%(Z+Z’) (2.84)
The region of integration can be written as [4, 10-11]

L L, , L §1(m)
Jydz [ dz' = [ dn ffz(n) du (2.85)

Since the spectrum F,(k,|u|) has an appreciable value only when |u| is small
comparing with the correlation distance of the refractive index fluctuation, then we may
able to extend the limits of integration & (n) and &,(n) to —oo and +co without

incurring significant error. Therefore, we have [4, 10-11]

[ydz [ dz' ~ [ dn [ dp (2.86)
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Combining (2.83) and (2.86) gives

Ey(p1, k1pa k) = kiky [f d’zfoL dn exp(iy(mic- py — iy*(mKk - pz)

o s .
X exp (—%(L -+ L (L - n)) [27 duFy(i lul) — (287)

Combining (2.36) and (2.87) gives

Ey(p1, k1pa ko) = 21k ke, [f di @, (k) foL dn exp(iy(mk - p1 — iy* (MK - p2)

X exp (— LD (1 - )+ P (L~ n)) (2:88)
1 2

Combine equations (2.16) and (2.25) gives
[[ exp(ir - 5)dv(k, z) = [[ exp(—ik’ - 5)dv*(k’, z)
[[ exp(ir - 5)dv(k, z) = [[ exp(ik’ - 5)dv*(—Fk', z)
dv(%,z) = dv*(—«', 2) (2.89)
Combining (2.82) and (2.89) gives
(dv(", 2)dv(’', 2")) = E,(%, |z — 2'|)6 (% + &) diRdr’ (2.90)

Substituting (2.90) into (2.80) gives
— = 2 rL z ' _ , _ iy’ K2 ,
E\(p,p, k) = —k? [ dz [ dz' [[ E, (%, |z — z'[)dK exp <—7(z -z ))
iy(L-2z) (

X exp (_T R—y'E) (R—y'%) + iy(k — y'iE) -ﬁ) (2.91)

For further simplification, we make the approximation thatn = z = z'. Setting y' =
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Z;’ ~ 1, we obtain the formula
E\(5, 5 k) = —K? [ dz [ dz' [[ Fy(R,|z — z')dF (2.92)
Changing the variable of integration from z' tou =z — 2z’
Ey(p,p, k) = —k? [ dz [ du [[ Fy (% |uldie

~ =5y dz [f dR J7, dp By (R ) (299)

It should be noticed that the 2" order statistical moment E; (5, p, k) does not depend on

spatial coordinate p. Therefore, we may set p = 0 in expression (2.93).

If the refractive index fluctuations are statistically homogeneous and isotropic in the
plane transverse to the direction of propagation, the two-dimensional spatial power
spectrum depends on k = |k|. It is convenient to express the two-dimensional integral
in the polar coordinate system.

Combining (2.36) and (2.93) gives
E,(0,0,k) = —2n%k? [ dz [ ki, () (2.94)
Combining (2.36) and (2.88) gives

— — L oo
E3(p1, k1p2 kz) = 2mkyk; fo dn fo kdk®;, (k)

iy ()i iy (K?
Xexp<—%(L—n)+%(L—n)>

x [ d6exp(ik - (ympr — v ()5)) (2.95)

Applying integral identity (2.32), we obtain
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— — L o) — % —
E;(py, kip2, kz) = 4m?kik, fo dn fo rdk P, (1) Jo (kly )1 — ¥ (M) P2 )

X exp (— Y () + LD n)) (2.96)

where J, is the Bessel function of the first kind of order zero.

2.8 Rytov Approximation for Refractive Index Fluctuations

The 2" order Rytov approximation is [10, 24, 31-32]

U(F) = Up(Pexp((F)) = Up(Pexp(1(F) + (7)) (2.97)

where U,(7) is the field in absence of the refractive index fluctuations, ¥, () and
Y, (7) represent the 1%t and 2" order perturbations caused by the random

inhomogeneities.
Taking the ensemble average of (2.97), we obtain the coherent field
(U@) = Upg(Pexp(p(7))) = Uy (@{exp(1 () + (M) (2.98)
The ensemble average of the 2" order complex phase perturbation is
(exp(Y(@) + ¥ (7)) = (exp(Y1 (F) + > (71) + Yi(R) + 93 (7)) (2.99)
where * denotes the complex conjugate.

As shown in formula (2.99), we need to calculate the ensemble average of the
exponential function. This could be done by using the method of cumulants.

The average of the exponential function can be expanded as [10]

(exp(y)) = exp (K1 + %KZ + %Kg + ) (2.100a)
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Ky =) (2.100b)
K, = (Y?) — (¥)* (2.100c)
K3 = (%) = 3()y?) + 2()° (2.100d)
where Kj, j = 1,2, - are cumulants.

Including 1% and 2" order perturbations

(exp()) ~ exp (K +3K;) = exp () +3 () - )D) @210

For mathematical convenience, a dummy variable € will be introduced to represent the
order of each term in the perturbation series.

Combining (2.97) and (2.101) gives
(W) + 2 (@)?) — (W)2) = (ewhy + €29hy) + 5 ((ey + €22)?) — (s + €21h,)?)
~ e(y) + €2(P,) + 5 (€2(P2) — e(y)?)

= eX(Y,) + 5 €*Wi) (2.102)

In expression (2.102), we keep 1%t and 2" order perturbations and neglect all higher

order terms.
Combining (2.78) and (2.102) gives
(exp(¥(p, L, k))) = exp(E+(p, p, k) (2.103)

Since E; (p, p, k) does not depend on spatial coordinate p, we can write

(exp((p, L, k))) = exp(E1(0,0,k)) (2.104)
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Combining (2.99) and (2.101) gives
@ +9™) +5 (@ +9™)) = @ +9")?)
~ e(y) + €2(P,) + L) + €2(y) + 22y + YD) — (hy + PN
= e2(1hy) + €2(W5) + 5 €2 (W) + 211 + (Wi2))

= €2(th,) + 2 e2(2) + €2(W5) + 2 2P + eX(pyypy’)  (2.105)

where * denotes complex conjugate, and perturbations without prime symbol are

functions of p whereas perturbations with prime symbol are functions of p’.

Combining (2.99) and (2.105) gives
(exp(Y(Pr, L k1) + 9" (Pa, L, k3))) = exp(($1 (51, L, k) Y1 (B2, L, k2)))
x exp (2 (5, L ko)) +5 @2 (5, L ko)) + 3Bz, L o) + 5 (W12 (5o, L ko))

= exp(E1(py, P, k1) + E1(Pa, P, ko) + E(P1, ke, P2 kz))  (2.106)

Since E; (p, p, k) does not depend on spatial coordinate p, we can write
(exp(Y(p1, L k1) + 97 (s, L, k3)))
= exp(E1(0,0,ky) + E; (0,0, k) + E2(P1, kv, P2, k2)) (2.107)
Combining (2.94), (2.98) and (2.104) gives
(U(p,L, k)) = Uy(p, L, k)exp(E1(0,0,k))

= Uy(p, L, k)exp (—2n2k2 fOL dz fooo KdK(Dn(K)) (2.108)
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The expression (2.108) shows that the coherent field attenuates exponentially as it
propagates through the random medium. The amount of attenuation depends on the
frequency, the thickness of the random medium and the three-dimensional spectral
density of the refractive index fluctuations.

The two-frequency MCEF is defined as the correlation between fields at two frequencies
at two points on the plane transverse to the direction of propagation [1-4, 8, 10, 12-28,

32-34, 42]
T, (P, P, L, ke, k) = (U(py, L, k)U* (P, L, k) (2.109)
Combining (2.104), (2.108) and (2.109) gives
Lo (P1, P2 Ly Ky, o) = Uo(P1, L, k1) Ug (Ba, L, ko) exp((py, L ey) + 9" (5o, L K2)))
= Uo(p1, L, k1)U(’)k (P2, L, k)
x exp(E1(0,0,ky) + E1(0,0,ky) + E; (P, ky, P2, k2)) (2.110)

In absence of the random fluctuations, the two-frequency MCF is reduced to the free-

space two-frequency MCF which is given by [1-4, 8, 10, 15-18, 24-25, 42]
on (P1, P2, L ky, kz) = Up(p1, L, k1) Uqg (P2, L, k3) (2.111)
Combining (2.110) and (2.111) gives
[2(p1, P2, Ly Ky, ko) = on (P1, P2, L k1, ke2)
x exp(E1(0,0,ky) + E; (0,0, k) + Ez (py, ke, P2, k2)) (2.112)
Combining (2.45) and (2.110) gives

on (P1, P2, L ky, kz) = Up(p1, L, k1)U (P2, L, k3)

28



= (— exp (lk1L + lklpl)) < exp (lkzL + lk2p2)>*

= sz exp (il = ko)L + o (eapt = ap}) (2113)
It is convenient to define the function [1-3, 10, 24-25]
H(p_li kl' p_Zl kZ) = _El(ﬁr 6; kl) - El(ﬁ' 6! kZ) - EZ(ﬁl' kll ﬁZl kZ)

= 2m2(k} + k3) [, dz [ kdkdy, (k) — 4mPkike, [ dz [

o Kdrkdy (x)

. 2 sk 2
x Jo(kly (2)pr — v* (2)p2exp (— (L -+ 2 - z))

= 4n2f dzf kdik®,, (k) (k1+k2) 412 fOL dz fooo kdr ®,(K)k 1k,

xexp( e (] ))10( 2o~ 52)]) (2.114)

2L

It is noticed that the effects of the random fluctuations are contained in the H function.
Combining (2.112) and (2.114) gives
T, (61, P2, L k1, k) = T2 (1, pa, L ks, kz)exp(—H(ﬁl, k1, Pz, kz)) (2.115)

For most of the practical imaging systems working at carrier frequency f, with
bandwidth Q, the narrowband condition Q < f, is generally satisfied [1-4, 15-18, 24-

25, 42].

It is convenient to define the average and the difference coordinates
ke =20+ ka), kg =k — ky (2.116a)
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Pc = %(51 + P2), Pa = P1— P2 (2.116b)
Combining (2.113) and (2.116) gives

on (P1, P2, L k1, k) = Ug(p1, L k1) Ug (P2, L, ke2)
= e ( (kyp? — kpp?) + i(yzy — kzzz)> (2.117)
We have
knp? — kap3 = ke ((pc 24)- (p. +2) - (5 —22) - (. - ’_’2—“))
(o +8) (o +5) - (0 -%) - (0 - %))
= 2kepe Pa+ ka (Pe* Pe 3 Pa Pa) (2.118)
We have
kiz; — kyz, = (kc +%)Z1 - ( c —7)22
= ke(z, — 2,) + 7 ka(z1 + 25) (2.119)
Combining (2.117), (2.118) and (2.119) gives

Fz (P1, P2, L Ky, k) = (an L)Z 5 €Xp ( lL (klpl kzpz) +i(kyz; — kﬂz))

1 c
= @nL)? exp (lk PcPd pd 2L (pc Pc +- Pd Pd) + ik (Zl - ZZ) + l—(zl + ZZ))

~ L)2 ——exp (Lk (zy—2z,) + i% (z, + zz)) (2.120)
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Under narrowband assumption, we have

K3+ k% = (ko + "Z—d)2 + (ke — %)2 ~ 2k2 ~ 2k? (2.121)

2
kiky = k2 — "L~ kZ ~ k? (2.122)
where k is the wave number at the carrier frequency.

By using approximations (2.121) and (2.122), it can be shown that the H function given
by (2.114) will depend only on the difference wavenumber k. This will greatly reduce

the mathematical complexity in the subsequent derivations.

Combining (2.114), (2.121) and (2.122) gives

H(Pa, ka) ~ 4m%k? [ dz [ kdi®, (k) — 4n2k? [ dz [ kdx

izk?(L-2) (k _
x on0enp (-2 (82) )y ( (2123
where pg = p1 — p2.
Combining (2.115), (2.120) and (2.123), we obtain the two-frequency MCF

FZ (,51: ,0_2, L' kCl kd) = 1-‘20 (:51' p_Zr L' kc' kd)exp(_H(p_dr kd))

1

. .k _
= @nL)? exp (lkc(zl - Zz) + l?d (Zl + Zz) - H(pdr kd)) (2124)

The two-frequency MCF can be written as the summation of the coherent and the

incoherent components [1-4, 15-18, 42].

The coherent two-frequency MCF is defined as
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Loc (P Pas Lo ke ka) = (am L)2 oz €XP (lk (zy —z5) + l_ (zy +25) — To) (2.125)

where 7, is the optical depth.

And the incoherent two-frequency MCEF is defined as
Lo (p1, P2, Lo ke, k) = (an L)2 2 €XP (lk (z1 —22) + l (Zl + Zz))

X (exp(—H(ﬁd, kd)) — exp(—ro)) (2.126)

where 7, is the optical depth.

According to formulas (2.125) and (2.126), the random medium has different effects on
different components of the two-frequency MCF. More specifically, for the coherent
component, the random medium causes attenuation. And for the incoherent component,
the random medium causes both attenuation and dispersion.

2.9 Scattering Cross Section and Three Dimensional Power Spectrum

In previous sections, we discuss the two-frequency MCF of the continuous random
medium with refractive index fluctuations. In order to derive the two-frequency MCF
for the discrete scatters, it is necessary to relate three-dimensional spatial power
spectrum of the refractive index fluctuations to the scattering cross-section of the
discrete scatters [1-4, 11]. Here we assume that all the scatters have the same scattering
characteristics.

In the far field of the scatter, the scattered field behaves as a spherical wave and is given

by [3-4, 11]

E,(7) = f(0,1) 2240 g > 2 (2.127)

where £(0,1) is the scattering amplitude, { is the direction of the incident wave, 0 is the

32



direction from the reference point to the observation point, R is the distance between
the reference point and the observation point in direction 0, D is the characteristic
dimension of the scatter, 4 is the wavelength and k is the wave number. The scattering
amplitude £(0,1) contains the amplitude, phase and polarization information of the
scattered wave in the far field in the direction 0 when the scatter is illuminated by a
plane wave propagating in direction £ with unit amplitude.

The differential scattering cross section is defined as [3-4]

64(0,1) = lim (R|S|5) =2p(0,1) (2.128)

R—o00

where S; and S; are incident and scattering power flux density vectors

C 15 I7* |EL| A C 15 I7* — |ES|2 A
Sy =3 E; x P = e » Ss =5 Es S_Znoo (2.129)
where ny = \/? is the characteristic impedance of the background medium.
0
The bistatic scattering cross section is [3-4]
Opi = 47wd(ﬁ, i) (2.130)

The scattering cross section can be found by integrating the observed scattered power at

all angles surrounding the scatter
o = [, " 04(0,1)dw (2.131)

where dw is the differential solid angle.

Starting from (2.1) and (2.2), we have

V X E(7) = iwugH () (2.132)
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VX H(F) = —iweE (F) + Joq(7) (2.133)
where ], (7) the equivalent current source, is given by

r o= = (—iwego(e,(F) — 1E(F)  inside scatter } 2134
Jea ™) { 0 outside scatter (2.134)

The solution to (2.132) and (2.133) can be written as
E() = E;(7) + E;(7) (2.135)
H@) = H,(7) + H,(¥) (2.136)

where E;(7) and H;(#) denote the incident field in absence of the scatter, and E(¥) and
H,(7) denote the scattered field radiated from the scatter.

The scattered fields can be written as [3-4]
E,(7) = VXV X I, (7) (2.137)
H,(7) = —iwegyV X 4 (7) (2.138)

where 1, (7) is the Hertz vector given by

1

iwegg

n,(7) = — I GG 7)]eq (7 AT’

= [[f (&.(F") = DEF)G(F 7)dF’ (2.139)

where G (7,7"), the Green’s function in background medium, is given by

G(F, 7)) = % (2.140a)
7 =7 =(x—x)2+ (y—y)2+ (z—2')2 (2.140Db)
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In the far field, we can apply the binomial expansion

|F —7'|~VR2 =2F 7' ~R—0-7 (2.141)

Combining (2.139), (2.140) and (2.141) gives

M (7) ~ 2290 (11 (e, (7) — DEF)exp(—ik0 - 7)dF  (2.142)

4TR
The permittivity is a random function which can be written as [3-4]
e(F) = (e(M)e,(7) = (@)1 + &.(7)) (2.143)

where (e(¥)) = g, is free-space permittivity and &, (7) is the permittivity fluctuation
with (g, (7)) = 0.

Combining (2.142) and (2.143) gives
I, (7) ~ % [If & FEG")exp(—ikd - 7)dF (2.144)

In the far field, the gradient of the Green’s function is [3-4]

V(expgkR)) _ ﬁaa_x(exp;ikR)) + yaB_y(exp}f?ikR)) + ZA%(exp}(?ikR))

exp(ikR) (lkR_—l)

~ exp(ikR) (ikR—l) y . exp(ikR) (ikR—l) z
R R

2+ —)Z+2 — )=

=X
R R R R

~ R (224 92 4 22) = i 2D (2.145)
Applying the vector calculus identity
VX (YA =yYVx A+ VP xA (2.146)

where 1 is a scalar function and A is a constant vector.
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Combining (2.145) and (2.146) gives

V x (exp;ikR) A_) _ (exp;ikR)) VxA Ry (expl(qikR)) < A

—vV (—e"”“"m) x A ~ ik CPERG o 4 (2.147)
R R

Combining (2.137), (2.144) and (2.147) gives

E,(7) =V x V x (22 [[f &, (7)) E (7 )exp(—ikD - 7)dF" )

4R

= [[[VxVx [%E(F’)] £1(F)exp(—ik0 - 7)dF

= [y v x [ik S L E()| e (7)exp(—ik0 - 7)dr

4T
_ ”+§"R)fﬂ[—ﬁ x 0 x E(7)]e,(Fexp(—ikd - 7)d7  (2.148)
Combining (2.127) and (2.148) gives
f(0,1) = g JI[=0 x0 x EF)]e.(Fexp(—ik0 - 7")dr"  (2.149)

where E(7") is the total electric field at 7" when the incident field has unit amplitude.

The scattering cross section can also be defined using the scattering amplitude [3-4]
4 ~ N2 4 P
oy = f0n|f(0, l)l dw = Z—;fo”p(o, L)da) (2.150)
where a; is called the extinction cross section and p(ﬁ, i) is the phase function.

The albedo of a single particle is ratio of the scattering cross section to the extinction

cross section [3-4]
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s A 2|2 07
Wo =2 =~ ["|£(0,0)| do = 1= ;" p(0,0)dw (2.151)

If the refractive index fluctuation is small, the Born approximation may be applied and
the total electric field inside the scatter is approximately equal to the incident electric

field. Therefore, we have
E@@") = éexp(iki-7') (2.152)

where ¢é; is a unit vector in the direction of polarization.

The Born approximation is valid when [3-4]
D
2me; 7 K 1 (2.153)

where D is the characteristic dimension of the scatter and A is the wavelength at carrier

frequency.
The formula of vector triple product is
AXx(BxC)=(A-C)B—(A-B)C (2.153)
Combining (2.149), (2.152) and (2.153) gives
F(0.0) = JIf[~0 x 0 x &]exp(ik(i - 0) - 7')d7"
= [f/[e; - 0(0- &;)]exp(ik (i ~ 0) - 7")d7" (2.154)
It is convenient to define the directional cosine
cos(y) =0-¢; (2.155)
The vector dot product is

37



N
~m>
I
(@)
~~~
(@)
o
~—
N——
Y
~m>
I
(@)
~~
(@)
>

. l)) = (éi — ﬁcos()()) - (éi — f)cos()())

=1—cos?(y) = sin®(y) (2.156)

It is convenient to define
éssin(y) =&, —0(0-¢;) (2.157)
ks = k(i—0) (2.158)

It can be shown that

k2 = k?(1-0)- (1 - 0) = 2k?(1 — cos(6)) = 4k?sin? () (2.159)

2

where 8 is the angle between i and 0.

Combining (2.154), (2.158) and (2.157) gives
7(0.0) = égsin() < [f exp(ik - 7)d7 (2.160)
The differential cross section per unit volume of the random medium is given by [4, 11]
ay(0,1) = %(f(@, i) 7*(0,0)) (2.161)

where 8V is the elementary volume of the random medium. It is required that §V much
be small enough so that the incident wave can be considered as a plane wave,
meanwhile, 8§V should be much greater than the correlation distance of the random
medium.

Combining (2.10) and (2.143) gives

& (F) = n*(r)
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1+¢&() =1+ 2n,(r)
Combining (2.161) and (2.162) gives

_ k*sin?(y)

04(0,) = "oz I e (e (R)bexp (iks - (7 — 7)) dry

_ 4k*sin?(y)

= (47r)—26fof fff(nl(fl)ni(fz))exp (il;s (7 — 7_'2)) drdr,

k*sin? _ .7 — — i B
= o I J1S BaGrm)exp (iks - (h — 7)) drydr,  (2.164)

where the region of integration is the volume of the random medium &V If the random
medium is statistically homogenous and isotropic, then the covariance function
B, (i, —1,) is a function of difference |r; — 7,|. It is helpful to make the change of

variables

_ 1

TC = E (fl + r_z),fd = fl - r_z (2165)

Combining (2.164) and (2.165) gives
15 1S ma Groomi G )exp (i, - (7 — 7)) dsd

= [Jf [ Bu(F)exp(iks - 7y)drydr: (2.166)

Since the covariance function has negligible value when 7, is greater than the
correlation distance of the random medium, the region of integration of 7; can be

extended to infinite without incurring error.

Combining (2.29), (2.164) and (2.166) gives
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(A k
0(0,2) = 2D ] [If By G)exp(iks - 7a)dradr,
__ 4k*sin ()()
= Sansia I @7 J1f Ba(a)exp(iks - 7a)dr,

an45m ()() (k )fff dr, = 271'k4Sln2()()q) (k ) (2.167)

It is noticed that the angular dependence sin?(y) is due to the radiation pattern of a
dipole. This is to be expected because the scattered electric field is generated by the

equivalent current source J,,(7) can be considered as an electric dipole which the
electric polarization g, (e, (7) — 1)E (7).

For a scalar wave, the angular dependence sin?(y) is unit [4]. Therefore, we obtain
04(0,1) = 2nk* @, (ky) (2.168)

For statistically homogeneous and isotropic random fluctuations, the three-dimensional

spatial power spectrum @, (k) is a function of kg = |k;]|
04(0,1) = 2mk*®,, (k) (2.169)

where kg = 2k sin (g)
The attenuation constant a,. is defined as by integrating the differential scattering cross

section over 4 solid angle.
= [" 04(0,1)dw (2.170)
The differential solid angle can be written as

ksm( )k cos( )d6d¢ ksdksde
k2 k?

dw = sin(0) dd¢p = (2.171)
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Combining (2.169), (2.170) and (2.171) gives
o 2k c2m 210 2k
a, = 2mk fo fo D, (k) kgdk,dp = 4k fo D, (k) kgdk, (2.172)

By equating the differential cross section per unit volume of the reflection index

fluctuations and that of a tenuous distribution of random discrete scatters, we obtain

04(0,1) = proa(0,1)

2kt ®, (ko) = Pz:tp(ﬁ, ) (2.173)
where p,, is the number of scatters per unit volume.

It is noticed that the independent scattering assumption is made and the fractional
volume of the discrete scatters in the random medium should be less than 0.1%.

It is convenient to define variable
s = 2sin (3) (2.174)

where 8 is the angle between i and 0.

The normalized phase function is
B(s) =p(s) (2.175)
which satisfies the normalization condition
= Jy B(s)sds =1 (2.176)

Combining (2.150) and (2.152) gives
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2kt P (1) = 22 p(s) = 22 B(s) = 1-(s) (2477)

where p,, is the number density and b is the scattering coefficient.

2.10 Rytov Approximation for Discrete Scatters

By replacing the three-dimensional spatial power spectrum with the normalized phase
function, we can get the two-frequency MCF for the random discrete scatters and the
coherent field [1-2, 8]. First, we will calculate the H function for the discrete random
medium.

To simplify the notations, it is convenient to define function

izk?(L—2) k_d)

g = exp (_TkZ (2.178)

We relate the integration variable x in the spectral representation to the wavenumber kg

in the scattering amplitude [1-2, 8].

K = 2ksin (2) = ks (2.179)

2
where 8 is the scattering angle.

Combining (2.178) and (2.179) gives

g =exp (- ZE2kys?) (2.180)

Combining (2.123), (2.179) and (2.180) gives

H(pg ky) = 4m? fOL dz fooo kdr®,, (i) (kz —k2g]J, (K

224)))
74)))

=27 fOL dz foz sds(2nk*®, (ks)) (1 — 3o (ks
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Pa )) (2.181)

= fOL dzgfoz sdsB(s) (1 -9/ (ks

For mathematical convenience, we assume the scattering characteristics of the discrete

scatters can be described by a Gaussian function [1-4, 8, 15-18, 42]
B(s) = 4ayexp(—a,s?) (2.182)

where a,, = ‘”Z—EZ) and 8, is the half-power beamwidth of the scattering pattern.

D

The Gaussian function satisfies the normalization condition [1-2, 8]
2 [o] %)
L[ B()sds ~ 2 [ B(s)sds = a, [, exp(—a,s?)ds? =1 (2.183)

Even a closed form expression could be obtained by using the Gaussian phase function.
For most practical cases, the more realistic Henyey-Greenstein phase function should be
used to give better representations of the scatter characteristics of the discrete scatters.

The Henyey-Greenstein phase function is given by [1-4, 8]

B(s) = —19a ! (2.184)

= (-ga)? [1+(s/59)213/2

where s§ = (1 — g4)%/9g4 and g, is the anisotropy factor.

In the derivation, we assume the characteristic dimension of the scatters D is much
larger than the wavelength A at the carrier frequency of the imaging system. Therefore,
the scattering power is concentrated in a small cone region in the forward direction. If
the Gaussian phase function gives approximately the same amount of scattering in the
forward direction as that predicted by the Henyey-Greenstein phase function, more
accurate results could be obtained. For this reason, we determine the parameter a,, by

equating the half power beamwidth of the Gaussian phase function to the half-power
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beamwidth of the Henyey-Greenstein phase function for a given anisotropy factor g,

[1-2].

_ n(2)ga
T = Gmgr(@2i1) (2.185)

Combining (2.181) and (2.182) gives

)

17 sdsp ) (1 - glo (ks

~ 20, fooo (1 — /o (ks |% )) exp(—a,s?)sds (2.186)

In formula (2.186), the limit of integration is extended from 2 to 4+oco. Since the

integrand decreases exponentially with respect to s, little error will be introduced.

It is convenient to define function

Alkg z) = Z22k, (2.187)
Combining (2.180) and (2.187) gives
g =exp (iZ(ZLL_Z) kdsz) = exp(A(ky)s?) (2.188)
It is convenient to define function
p =& (2.189)

Combining (2.186), (2.188) and (2.189) gives
2a, fooo(l — exp(A(kg, 2)s?)]o(ksP) )exp(—a,s?)sds

= a, fooo exp(—a,s?)ds? — a, fooo exp (— (ap — A(kd,z)) 52)]0(165P)ds2
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=1-a, fooo exp (— (ap — A(ky, z)) sz)]O (ksP)ds? (2.190)

Applying the integral identity

(o] v 2
Jy Jo(at)exp(—p?t*)t’*1dt = (Zp(;)vﬂ exp (— a—z) (2.191)

4p
Combining (2.186), (2.190) and (2.191) gives

1 k?Pp?

1y sdsBE) (1= goesP)) = 1 = s —exp (———) (2.192)

4 ap-A(kq,z)

Combining (2.181) and (2.192) gives

H(pg k) = [Fdzb (1 - ——2—ex (—lﬂ) (2.193)
Par Ka 0 1-Atg2)/ay P\ T ap-atkaz) '

It is convenient to define function

1

B(kd,Z) = m (2194)
Combining (2.193) and (2.194) gives
H(ig kg) = [ dzb <1 — B(kg, 2)exp (— %%)) (2.195)

The H function in formula (2.195) includes the effects of scattering. If the random
medium is also lossy, an additional term corresponding to the dielectric loss can be

added to the H function [1-2, 4, 8]
Z ap—A(kg,z)

H(pg, ka) = [ adz + [ dzb (1 ~ Blkg, ey (- 1"—”)> (2.196)

where a is the absorption coefficient. It is noticed that the limits of integration is from 0
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to L in the equation. This implies that the random medium occupies the entire space
between the transceiver and the object. If the random medium is uniform from d; to
d, + d,, we can make the change of the limits of the integration. More specifically, the
H function is written as

H(po k) = [ adz + ;" dzb <1 _ B(kd,z)exp< 1"—”)) (2.197)

4 ap—A(kq,z)

The expression (2.197) is derived based on the assumption that the transceiver has
isotropic 180° antenna pattern. If the antennas of the imaging system have relatively
broad beamwidth, then this assumption should be valid. However, for narrow beam
antennas, an additional antenna pattern factor must be included in the integral to
incorporate the finite beamwidth. The most commonly used the antenna pattern factor is
Gaussian function, because of its mathematical convenience and its ability to represent
the main lobe of a high gain antenna [4, 41],

Combining (2.124) and (2.197) gives

FZ (p_d' L' kc' kd) = l—‘20 (p_lﬂ p_Z' L' kC' kd)exp(_H(p_d' kd))

. k _
= (47;)2 exp (lkc(Z1 —2z;)+ 17‘1 (z1 + z,) — H(py, kd)> (2.198)

where pg = p; — pa.

The coherent part T, and the incoherent part I,; of the two-frequency MCF can be

written as

Lo (P L eer k) = sz e3P (ike(za = 22) + 1% (21 + 2,) = 70) (2.199)

_ 1 ] .k
Ii(pa, L, kq, ky) = iy ©XP (ch(zl -7z, + L;d (z, + zz)>
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X (exp(—H(ﬁd, kg, k)) — exp(—ro)) (2.200)
where 1, the optical depth, is given by
0 = [P (q + b)dz (2.201)

dq

where a is the absorption coefficient and b is the scattering coefficient.
In an analogous way, the coherent field can be evaluated.

Combining (2.108), (2.177) and (2.178) gives
(U, L, k) =Uy(p, L, k)exp (—n fOL dz foz sds(an4CI>n(ks)))
= Uy(p, L, k)exp (—ifOL bdz foz sdspf (s))
= Uo(p, L k)exp (—5 f, bdz) (2.202)
For a layer of lossy random medium from d, to d; + d,, we obtain
(UG, L, k)Y = Uy(p, L, k)exp (—% f(ilmz(a + b)dz) (2.203)
where a is the absorption coefficient.

Combining (2.201) and (2.203) gives

(UB, L, k) = Uy(p, L, k)exp (— %") (2.204)

It can be observed that the coherent field attenuates exponentially as it propagates

through the random medium.
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Chapter 3 Correlation Function of Imaging System Output

For practical time-domain imaging systems, the modulated waveform is
commonly used to probe the target characteristics. The images of the target can be
formed based on statistical information extracted from the complex envelope
measurements. Therefore, it is important to determine the effects of the random medium
on the statistics of the complex envelopes. In this chapter, we will the discuss
relationship between the correlation function of the output complex envelope and the
two-frequency MCF. It will be shown that the for a given input signal, the correlation
function of the output complex envelope can be calculated from the two-frequency
MCEF by taking the inverse Fourier transform.

This chapter is organized in following. Frist, the correlation function of the
output complex envelop is derived and its relationship to the two-frequency MCF is
demonstrated. Second, a simplified correlation function of the output complex envelop
is obtained by assuming the transmitting signal is modulated Gaussian.

3.1 Correlation Function of Output Complex Envelope

For a time-domain imaging system transmitting the modulated signals, we have [4, 25]
pi(t) = fi()exp(—iwgt) 31)

where f;(t) is the complex envelope of the transmitting signal and f;, = % is the carrier

frequency.
The receiving signal is

Po(t) = fo()exp(—iwot) 3.2)

where £, (t) is the complex envelope of the receiving signal and f, = =2 is the carrier

21
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frequency.

The spectrum of the transmitting signal can be obtained by taking the Fourier transform
Pi(w) = ["7 pi(t) exp(iowt)dt (3.3)

Combining (3.1) and (3.3) gives
Pi(w) = [ fi() exp(i(w — wo)t)dt = Fy(w — wo) (3.4)

The spectrums of the transmitting and the receiving signals are related by the transfer

function
Py(w) = H(w)P;(w) (3.5)
Combining (3.2), (3.4) and (3.5) gives
fo(exp(—iwot) = = [*7 Fi(w — wo)H(w)exp(—iwt)dw
o) = [ F(w — wo)H(w)exp(—i(w — wo)t)dw

fo®) = o= [*7 Fi(@)H(w + wo)exp(—iwt)dw (3.6)
The complex envelope of the receiving signal is

fo®) = o= [*7 Fi(w)H(w + wo)exp(—iwt)dw (3.7)

In the random medium, the transfer function is related to the complex amplitude of the

field

H(w) =U(p, L, w) (3.8)
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Combining (3.7) and (3.8) gives
() == [T F()U(F, L, o + wpexp(—iwt)dw (3.9)
The correlation function of the receiving complex envelope is

Bf(p_l; :52' L, tl) tZ) = <fo (p_1, L, tl)fo* (p_Z' L' t2))

1
T 4n2

[17 dwy [T dwy (UG, Ly + 00)U* (P2, L + wo))
X Fi(w)F} (wz)exp(—iw ty + iw;ty) (3.10)
It is noticed that two-frequency MCF is defined as

L,(p1, P2, L, wg, w3) = (U(Py, L, w1)U™ (P2, L, w,)) (3.11)

Combining (3.10) and (3.11) gives
Br (1, P2, L t1, t3) = {fo(P1, L, t1) fo (P2, L, £2))

1 (+oo +00 _
=z f_oo dw, f_oo dwy (1,73, L, w1 + wo, wy + wg)

X Fi(w)F{ (wy)exp(—iw ity + iw,ty) (3.12)

3.2 Correlation Function of a Modulated Gaussian Waveform

If the transmitting signal is a modulated Gaussian pulse, then we have [1-2]

t2

pi(t) = fi(t)exp(—iwyt) = Agexp (—— — iwot) (3.13)

T§
where A, is the amplitude and f, = ‘2"—7‘; is the carrier frequency.

The spectrum of transmitting complex envelope is
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+ 00 + 00 tz
Fi(w) = [__ filexp(iwt)dt = Ay [__ exp (_F + iwt) dt
Applying the integral identity
fj;o exp(—at? + bt)dt = \/%exp (Z—a), Re(a) >0
Combining (3.14) and (3.15) gives

2.2

Fi(w) = Ao [* exp (- ;_:2 +iwt) dt = ApVrToexp (- 2=)

It is convenient to define variable

The spectrum of transmitting complex envelope is

2Vr 2
Fi(w) = A, A—;exp (— (:})2)

The correlation of the transmitting complex envelope spectrum is

. _ 2 41T _ (l)% _ (‘)%
Fi(a)l)Fi ((A)Z) - AO (Af)2 exp ( (Af)2 (Af)z)

It is convenient to make change of variables
1
te = 5(t1 +t),tg =t — ¢ty

1
We =E(w1+w2)'wd =W — Wy

We have
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(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)



= wdtC + (L)Ctd (322)

Combining (3.19) and (3.21) gives

# 4T A% 2w 2
Fi(@1)F} (@) = 5 exp (- G 2(‘;’;})2) (3.23)

It is noticed that the formula (3.12) assumes infinite bandwidth. However, the practical
systems can only have finite bandwidth. Therefore, we need to modify the limits of

integration

w €=, +52 (3.24a)
w, €|-2, +2 (3.24b)
where Aw is the bandwidth.
Making change of variables, the limits of integration become
w € [-2, +2 (3.25a)
w, € [-Aw, Aw] (3.25h)
The boundaries of the region of integration are
W =+ 42 (3.26a)
wyg Aw
W, = —7—7 (326b)
wyq  Aw
W, = —74‘7 (326C)
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We=+—-—— (3.26d)
The limits of integration are
P do [ don = 1% dong [ s o
2 2 2 2
+ 1 dwg fjiif da, (3.27)

Combining (3.12), (3.22) and (2.27) gives

- A§ _
Bf(pll P2, L, te td) = - A;)Z ff dwcdwdrz (7’1:7’2' L, we + Wo, wd)

2w? w3

@z 2(8)?

X exp (— ) exp(—iwgt, — iw ty) (3.28)

By setting t; = 0, the measured intensity can be written as

— — A2 o
By (p1, P2 L te, ta = 0) = 75 [ dwedwy Ty (71, 7, L, we + wo, wg)
2wk 2 ]
X exp (‘ @ 2(2)}1)2) exp(—iwgt,) (3.29)

Combining (3.27) and (3.29) gives

Aw+wg

_ 0 —¢ _
Bf(p1, P2, Lite, tg = 0) = f_Aa, dwg f_mfmd dw, (7, 7, L 0 + 0o, 0g)
2

Aw-wg

202 w3 . Aw >
X exp (—— - ——lwdtc) + [ dwg [ si-0, dw,
@N2  2f)7 0 _tw-g
X (7, 1, L, w, + Wy, wg)ex (—ﬂ—w—é—iw t)
21,12, Wc 0, Wd p (Af)2 Z(Af)z dtc
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Aw+wd

0 2w¢
- f_Awda)dexp( z(Af)Z —iwgt, )f Aw;wd dw, exp( (A(;:)Z)

Aw wz Am—md
X [3(P1, P2, L, 0 + wo, wg) + [ dwgexp (— Z(Afd)z —iwdtc) J 8804 dwc
2
X exp( (Af)Z) I, (7,1, L, 0, + wo, wg) (3.30)

It can be seen that the integrand decreases exponentially with respect to variable w,.

Thus, we may extend the limits of integration to infinite

Aw+wg
[ sdrogdoc = [ da, (3.31a)
2
Aw-wg
[ sdwgdoc = [ dw, (3.31h)
2

Combining (3.30) and (3.31) gives

B (p1, P2, Ly te, tq = 0) = f_OAw dwgexp <_ 2 v _iwdtc) fjoc: dwc exp (_ o )

X I5(P1, P2, L, we + wo, wg) (3.32)
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Chapter 4 Radar Cross Section in Frequency and Time Domain

4.1 Kirchhoff Approximation and Scattered Power

Consider a large Dirichlet object located in the random medium. The scattered field at

position R is given by [3-4, 8]

_ N 11/ (il ,
¥ = — [ 667 U gg (4.1)
where G(7,7') is the stochastic Green’s function. The random surface field alg_g) IS
related to the incident field through the random transition operator
61[1(7' fT( ’ —/I) oP; (T )dSH (42)

aons an'!

where y; (¥'") is the incident field at position #'* on object surface.
If the object size and the surface radius of the curvature are both much greater
than the wavelength at the carrier frequency, then the Kirchhoff approximation can be

applied to find the surface field,

T(7, 7)) = 26(F —F'") (4.33)
(') _ . oyy(7")
o =2 o (4.3b)

Combining (4.2) and (4.3) gives
61/)(7") _ 7 9y, (r ") "no__ awi(f,)
— =268 ) dS" = 2——— (4.4)

The scattered field at position 7 is given by

() = 2 [ () 24 g (4.5)
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The scattered power at position R is found to be

s (@)2) = (i) = 4] (615226, 342) dsyds,  (49)

where Gy = G, (7,71 ), Yiu = Y (1), G, = G, (7,72 ) and Y, = P (7).
The expression for the scattered power contains the 4" order moment. By
applying the circular complex Gaussian assumption, the 4" order moment can be

expressed in terms of the 2" order moments [8-9]

on

6111 6112

<61 iy Gy awu) (GLG) <%%> + <G %> <% G§>

1 6112 6711

~(Gy) (32)(63) (3%2) @7

Random S

Figure 4.1 The circular complex Gaussian assumption includes the correlation between the incident field
U; and the scattered field G.

The second and third terms of equation (4.7) represent the correlations between the
incident field y; and the scattered fields G which give the backscattering enhancement.

If the correlation between the incident field and the scattered field is neglected, then the

4" order moment becomes [8]

<61 i Gzawlz> (GlG;)<%%> (4.8)

onq onq, on,
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The incident field y; on the object is equal to the stochastic Green’s function and can be

written as,
Yu =9i(R) =GR, 7) = 6T, 1) (4.9a)
Yo =i(R) =GR, 7) = G(T,7) (4.9b)
where the reciprocity is applied G(7,7") = G (', 7) [26, 47-48].

Combining (4.7) and (4.9) gives

i1 x O] «\ [0G1 3G 63\ (a6
(0 5nea5) = (616 )+ (05 )

0111

(60 (322)465) (55) (4.10)

Under the parabolic equation approximation, the Green’s function is written as,

G(F, ) ~ — (Zl_z,) exp (ik(z zZ)+% % + 1/)) (4.11a)
Fr=xX+yy+zz v =xx+y'y+2'2 (4.11b)

where v is the complex phase perturbation which represents the effects of the random

medium.

The normal derivative of the Green’s function becomes

PO B BN |

—=7n-V=n (x +79y +Za) (4.12)
Combining (4.11) and (4.12) gives

ang’) = :zg__;,))z exp (lk(Z z") +5 & —(x #) +y-y') + 1/)) (4.13a)

z—z'
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aG(r7) _ ik(y—y") exp (ik(z — )+ %m + 1/,) (4.13b)

ay T 4n(z-2")2 z—z'

aG(r,r")
0z

< e (ik(z - ) + ik ex) o)y y)  (@130)
~ an(z-z") p )

2 z—z'

Here we assume the partial derivatives of the complex phase perturbation i have

negligible contributions.

Combining (4.12) and (4.13) gives

26(rr") _ - (2 ik(x=x") 9 ik(y=y") | ikz“) G (7, 7)

on 4m(z—2z") 4am(z—-2z")

aG(r,r")
on

~ik(h-2)G(r,T") (4.14)
Taking the complex conjugate of (4.14), we have
20T« —ik(h 2)G° (7, 7) (4.15)

Combining (4.10), (4.14) and (4.15) gives

<61%65 %> = k2(f, - 2) (A - 2)[2(G1G3){G1G3) — (G1)*(G3)?] (4.17)

an, 2 on,
We may resolve the Green’s function into coherent and incoherent components
Gy =(G1) + Gpy =G, 1) =(G(T, 7)) + Ge(7,77) (4.18a)
Gy =(Gy) + Gpp = G(7,73) =(G(T,73)) + G¢(T,77) (4.18Db)

Combining (4.17) and (4.18) gives

Wi ~xOWia\ _ 1205 . S\(A. . 5
<G1 on, G, an2> =k, 2)(N - 2)
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X [(G1)2(63)? + K61 (G361 Gf) + 2Gr1G7)?) (4.19)
Combining (4.6) and (4.19) gives
(s (@) 2 = 4k2 [ ((G1)*(G5)> + G NG3)Gr1Gz) + 2(Gr1Gro) )

If the correlation between the incident and the scattered fields is neglected as in (4.8),

we obtain
(s (@)1?) = 4k [J ((GX(G5)? + 2G: G5 )Gr1GP) + (GraGf)”)

Comparing (4.20) and (4.21), it can be seen that (4.20) includes the terms corresponding
to the backscattering enhancement effect while (4.21) does not.

The coherent component of Green’s function is [8]
5 S S (L7 W
(G(p,L,w)) = T €XD ( —t ikz 2) (4.22)

where L is the distance between the transceiver and the object and t, is the optical
depth.

It is observed that the equation (4.21) gives the scattered power at a single frequency. In
order to get the time-domain response, the cross-correlation between scattered fields at

different frequencies must be evaluated. Therefore, we may write
(Ys (w5 (w,)) = 4kqk; ff ds,dS,(Z-11)(Z- ﬁz)(G1(w1)>2<G§(wz))2
+16kq k, ﬂ ds,dS,(z2-7,)(Z- ﬁ2)<G1(0)1»(6;(w2)>(Gf1(0)1)G;2(0)2))

59



PN PN * 2
+8k1k2 ff d51d52 (Z " nl)(Z - nz)(Gfl(wl)sz ((02)) (423)
The correlation between the Green’s functions at two frequencies is
(G1(w1)G3(w32)) = (G (W) NG5 (W2)) + (Gr1(w1)Grp(w2)) (4.24)
The product of the coherent Green’s function is
. 1 j
(6, (@)X63(@2) = sz (1 Ueup = eapd))

X exp(i(k1Z1 - kzZz) - To) (425)

It is convenient to make change of variables

ke =20+ ka), kg = ks — Ky (4.26a)
_ 1,_ _ _ _ _
pe =5 (P1+P2), Pa=P1— P2 (4.26b)
We have
2 2 ., = = 1= =
kipt — kaps = 2kcepe - pa + ka (pc “Pet S Par pd) (4.27)
We have
k121 - kZZZ = kC(Zl - Zz) + %kd(zl + Zz) (428)

Combining (4.25), (4.27) and (4.28) gives

1

. ike - —  dkaf- - 1. _
(G1(@)NG3 (@) = Gy exp (lTpc Pa+52(Pe e +73Pa- pd)>

. k
X exp (lkc(z1 —7Z,) + 17‘1(21 +2,) — TO)
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1
(4mL)?

exp (ikC(Zl - Zz) + lk7d (Zl + Zz) - To) (429)
Combining (2.199) and (4.29) gives

(G1(w1) G2 (w2)) = Tyc(Pg, L, ¢, wq) (4.30)

The product of the average part of the Green’s functions and its complex conjugate at

two frequencies is the same as the coherent part of the two-frequency MCF.
Combining (2.200), (4.24) and (4.30) gives
(Gf1(w1)G;2 (w2)) = 15i(Pa, L, we, wq) (4.31)

The correlation between the fluctuation parts of the Green’s functions at two
frequencies is the same as the incoherent part of the two-frequency MCF.

Combining (4.23) and (4.31) gives
(s ()5 (w2)) = 4kiky [[ dS1dS,(2 - 1) (2 - 12)(G1 (01))(G3 (w,))?
+16kk, [[ dS1dS, (2 - 1) (2 - 75)(G1 (1) XG5 ()i (we, wq)
+8k,k; [ dSydS,(2 - 71y) (2 - A)TE (W, 0q) (4.32)
where w, = g(k1 + ky) and wy = c(ky — k).

This equation relates the correlation between the scattered fields at two frequencies to
the two-frequency MCF.

4.2 Two-frequency Mutual Coherence Function

The two-frequency MCF is defined as
I—'Z(p_lr ,52» L, w1, (1)2) = (G(ﬁl’ L’ (U1)G*(P_2’ L’ (1)2))
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= Go(p1, L, w1)Go(p2, L, a)z)exp(—H(a)d, Pa )) (4.339)
Go(p,L,w) = ﬁ exp (% + ikz) (4.33b)

where p = xX + yy denotes spatial point on the plane transverse to the z axis and L is
the distance between the imaging system and the object. The effects of the random
medium are included in function H. Since the random medium is assumed to be
statistically homogeneous and isotropic, the function H depends only on the frequency
separation wy = w; — w, and the spatial distance p; = |p; — p2|. The function G, is
the free-space Green’s function under the parabolic equation approximation. A further

simplification is achieved by noting that the distance between the imaging system and
i1 2
the object is much larger than the dimensions of the object. Therefore, the term ”% IS

negligible small and can be dropped [1-2, 8].

Substituting the (4.33b) into (4.33a) and using the center-of-mass and difference angular

frequencies, we obtain

- 1 . we .
L, (p1, P2, L, 0e, 0g) = G2 &XP (l% (zy — z,) + 12’—: (z; + z,) — H(wg, pq )) (4.34)

where w, = “’1’;"2, Wy = Wy — Wy, pg = |51 — Pland ¢ is the free-space light speed.

The two-frequency MCF can resolved into the coherent part I, and the incoherent part

; [3-4, 8, 11]
112(,0_1, p_Z’ L' We, wd) = I—'Zc(p_ll p_Z’ L' We, wd) + FZi(p_ll ID_ZJ L, We, wd) (435)
- - 1 . We .
L (P, P2, L, 0, wg) = )z €XP (l wj (z1 —z5) + l% (z1 + Zz))

X exp(—T1g) (4.36)
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- 1 . We )
(B, o, L e, 00) = sz exp (151 = 22) + 152 + 22))

x (exp(—7¢) — H(wa, pq )) (4.37)

The random medium is composed of the discrete scatters with the Gaussian

phase function which is given by [1-4, 8, 15-18, 42]
p(s) = 4ayexp(—ays?) (4.38)

where s = 2 sin (g) and @ is the scattering angle. The Gaussian phase function satisfies
the normalization condition %fooo p(s)sds = 1.

For a layer of random medium contains discrete scatters with the Gaussian phase

function, the H function can be written as

H(pa ka) = f;lﬁdz adz

+ 7% dzb [1 — B(wy, z)exp <— _ PHpaz) (“’— - j—d))‘ (4.39)

P(pa,2) = 22 (4.39)
Awg,z) =ZED 2 (4.39¢)
-1
B(wg,z) = (1 - %) (4.39d)
p

4.3 Radar Cross Section in Frequency and Time Domain

The single-frequency monostatic radar cross section (RCS) is defined as [3-4, 8]

2 *
RCS(w) = {brabile) (4.40)
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where 1, is the free-space incident field at the object, 1 is the scattered field at the
observation point and L is the distance between the observation point and the object. In
this formula the correlation between the scattered fields is evaluated at the same
frequency.

We can extend this definition and calculate the correction between the scattered
fields at two frequencies. The two-frequency monostatic radar cross section (RCS) is

defined as

2 *
RCS (w5, ;) = Tt iles) (4.41)

Combining (4.32) and (4.41) gives

2 *
RCS(wq, w,) = L2 (P (w)Pi(wy))
[¥ol?
= [, (wq, w3) + L (w1, w3) + I3 (wy, w5) (4.42)

The first term I, (w,, w,) is called the coherent term, the second term I,(w;, w,) is

called the mixed term and the third term I5(w;, ;) is called the incoherent term.

We use the notations

fd51(ﬁ1 "Z) = fdﬁlnfdsz(ﬁz rZ) = fdﬁz (4.43)

The incident intensity is

2 « _ (exp(kL)\ (exp(—ikL)\ 1
Yol = otho = ( 47l )( 4mL ) ~ 1em212 (4.44)
The coherent term I, (w4, w,) is
4mL? A gn 2 2
I (wq, w3) = W[‘”ﬁkz ff dp,dp, ((G1)*(G3)*)]
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ik p2 T 2 ik p2 T 2
1P, - 0 2P2_ 0
exp| —7 +lk221—2> exp<— oL —lkzZZ—2>

= 256m3 Lk k, [[ dp, dp,

41L 4L

~ 2 exp(-220) [ dprdpsexp(i2(kazy — ky2,)) (2.45)

The mixed term I, (wq, w5) is

4mL?

Wol? [4k1k2 ﬂ dp,dp, (4(01)<G§)F2i(601, wz))]

L(wy, wy) =

~ 10241 L*k k, [f dp,dp, (; exp(i(kyzy — ko23) — To))

167212

1 _ ) ]
X (16n2L2 (exp(—H(pd, w1, ;) = exp(—ro)) exp(ik,z, — lk222)>

161

= Eexp(_TO) ﬂ dﬁldﬁzexp(iz(k1z1 - kzZz))

x (exp(—H(Pa w1, w2)) — exp(=1o)) (2.46)

The incoherent term I5(wq, w5) IS

4mL?

0 [aks ey ] dpydpy (205 (y,02) )]

I3 (wy, wp) =
2
= 512m3L*kq k, [[ dp1dp, ((16H+L2)2 (exp(_H(fd, W1, ®3)) — exp(—ro)) )
X exp(iZ(k121 — kzzz))

=8—nffdﬁ dp (ex (—H(7y, w1, w3)) — exp(—7 ))2
T, 1AP2 p d» W1, W3 p 0

x exp(i2(kyzy — ky2,)) (4.47)
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It is convenient to make change of variables
ke =2 (e +ky), kg =l — Ky (4.48)
We have
kizy — kazy = ke(zy — 25) + %kd(zl + 23) (4.49)

Under narrowband assumption, we have

n__mfif, _nfé _ wi (4.50)

~ =
A1, c? c? 41C?

where c is the free-space light speed.

The coherent term I, (w,, wg) iS
2
Li(we, wg) = %exP(—ZTo) I dp.dp,
.y We . Wy
X exp (12 — (z1 —zy) + = (z; + zz)> (4.51)

The mixed term I, (w., wg4) iS

wé

exp(—0) [f dp1dp, (exp(—H (s, 0a)) — exp(—70) )

4
12 (wC’ (Ud) = TL'CZ

X exp (i2 % (z1 —zy) + i% (z; + zz)> (4.52)
The incoherent term I5(w,, wg) IS

2w? A 1A _ 2
I3(we, wg) = Eﬂ dp,dp; (exP(—H(Td' wd)) - exp(—ro))
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The time-domain monostatic RCS is found by taking the inverse Fourier

transform of the two-frequency monostatic RCS
RCS(ty,t,) = ﬁﬂ dw;dw, F(w)F*(w2)RCS(wq, w3)

X exp(—iw1t1 + i(l)ztz) (453)

where F(w) is the spectrum of the transmitted waveform.

We assume the transmitted waveform is the modulated Gaussian pulse

f() =exp (— ;—22 — iwot) (4.54)
F(w) = VrTyexp (— (az;;‘;)z) (4.55)

where Af = T3 is the bandwidth.
0

It is convenient to make change of variables

1
te =3 (ty +t),tg =t —t, (4.56)

1
we =3 (w1 + wy), Wg = W1 — W, (4.57)

Combining (4.53), (4.56) and (4.57) gives

1
(2m)?

RCS(te tg) = — J[ dw.dwy RCS(wq, 0O)F (@ +22) F* (w, - 22)

2 2

X exp(—iwgt, + iwcty) (4.58)

The RCS is a slow varying function of variable w. in many practical problems.

Therefore, we can integrate the RCS expression with respect to variable w,. Since the
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time-domain RCS depends on the correlation between the scattered fields at the same

time instance, the difference time should be zero.

Since time-domain RCS is related to the complex envelope of the receiving signal, it

will be convenient to make change of the variable
W, < W, — Wy (4.59)

where f, = % is the carrier frequency. By doing the frequency shift, the integration

with respect to frequency will be carried out around zero frequency.

RCS(t., tg) = )2 — [[ dw.dwy exp(—iwgt, + i(w, + wo)ty)

X RCS(wgq, w, + wy)F (wc + wo + %) F* (a)c + wy — %) (4.60)

When t; = 0, the time-domain monostatic radar cross section (RCS) is
RCS(tc) = Il(tc) + 1, (tc) + I3 (tc) (461)

The coherent term I, (t,) is

Ajexp(—21) i . .
Li(t) = %ﬂ' d 1dp2f dwdexp< (C:]‘f)z —iwgt, + l%(zl + 22)>

Wctwo

X fj;o dwc(wc + wO)Zexp< +i2 (Zl - Zz) + l— (Zl + ZZ))

f )2

AZw3exp(-21) w?
= on(Z)(Af)ZCZ : ffd 1d Zf dwdexp< Z(Afd)z Lwdt +l (Zl + Z2)>

+o c 2 c
x [ da)c(1+z—o) exp( (Af)2+ 2w+w°( 1—Zz)+l—(Zl+Z2)>
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_ Awdexp(-2r,)

2
e [fdp 1dp2f da)dexp< 2((:}1)2 —iwgt, +i22 (Zl+Z2)>

X f_+;° dwcexp< (Af)z + 22520 (7, — zz)> (4.62)

The mixed term I,(t,) is

4A3exp (7o) a
(te) = 282200 (1 a5, ap, [ dwdexp( gt + i <z1+z2>)

X (exp(—H(fd, a)d)) - exp(—To))

X f dw.(w, + a)o)zexp< + 2% 22) (wo + wc)>

of )2

4A3wiexp(—Tp) w3
= (;TZEAf)ZCZ ° ff d 1d Zf dwdexp< (A;ri)z Lwdt + l (Zl + ZZ))

X (exp(—H(fd, a)d)) - exp(—To))

© 2 2
X f_+oo dw, (1 + :—;) exp <— (ZA(}))CZ + iz 22) (wo + wc)>

4A%w3exp(-1o) w3
= _(;TZEAf)ZC_Z ([ dp 1dp2f dwdexp< Z(A}i)z —iwgt, +i-2 (21 +22)>

X (exp(—H(fd, a)d)) — exp(—‘ro))

xfj;odwcexp< (Af)2+ 2(Z1 Z2) (w0+wc)> (4.63)

The incoherent term I5(t,) is
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243

2
Wﬂ dpldpzf da)dexp< 2(2);)2 —iwgt, + -2 (21 +Z2)>

I3 (tc) =

X (exp(—H(fd, wa)) — exp(—ro))2

X f dw.(wy + a)c)zexp< +i2 (1 ZZ) (wo + wc)>

of )2

245w} i .
= ﬁ};’z‘)ﬂff dpldpzf dwdexp< 2(2);)2 —iwgt, + l%(zl + zz)>

X (exp(—H(fd, a)d)) - exp(—ﬂco))2

o 2
X f_+oo dw, (1 + :—Z) exp( (Af)z +i2 (z1- zZ) (wo + wc)>

2,2
2A5wgo

2
~ w2(Af)2c2? ff dpldPZ f dwdexp< ((Z}i)z lwdt + l (Zl + ZZ))

X (exp(—H(fd, a)d)) — exp(—ﬂfo))2

X fj;o dwcexp< + 24 22) (wo + wc)> (4.64)

(af )2

It is convenient to evaluate the integral

fj: da)cexp< (Af)z +i2 wc+wo( 2 — Zz))

= exp (1,2 % (Zl - Zz)) fjc:o d(l)cexp < (Af)z + 2 Ye (Zl - Zz)) (465)
Applying the integral identity
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+ oo b2
J_ exp(—at? + bt)dt = \/%exp (E)’ Re(a) >0 (4.66)

We obtain

400 2w? vm Wt
TR

= \/gAfexp <— (222 (zy — 2zp)% +i2 % (z, — Z2)> (4.67)
Combining (4.62) and (4.67) gives

A3w3exp(-21¢) w3

A ga (A , .
Il(tc) = W’ff dpldpz f_z)w da)dexp <— 2(0f)2 —lwgt, + l% (Z1 + ZZ))

2¢?

X exp (— @ (zy — )% +i2 % (z, — ZZ)> (4.68)

Combining (4.63) and (4.67) gives
4A%wdexp(=7o)

A A A 2 .
L(t) = mn—wff dp,dp, [°, dwgexp <—%—lwdtc + l% (z, + Zz))

X (exp(—H(Fd, wd)) — exp(—ro))

X exp (— @r* (zy — 2,)% +i2 % (z, — ZZ)> (4.69)

2¢?

Combining (4.64) and (4.67) gives

243w} ~ 3~ [Aw w3 . .
L(t) = \/#Afocsz dp,dp, J_, dwgexp <— z(A}i)Z —iwgt, + le (z, + zz)>

X (exp(—H(fd, wd)) - ex;o(—ﬂfo))2
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2¢?

X exp (— @R () 7)) 402 20 (2, — zz)> (4.70)

It is observed that the each term in the time-domain RCS expressions contains two
double integrals over the surface of the object and one integral over frequency.
Therefore, the time-domain RCS is computationally intensive. In order to speed up the
calculation, the integral over frequency will be computed using the fast Fourier

transform (FFT).

Define the inverse Fourier transforms

A .

L(te) =5 [ n dwgl(wg)exp(—iwgt,) (4.71)
1 fAw .

L(te) = o [ n dwgly(@g)exp(—iwgtc) (4.72)
1 fAw .

L(t) = - f_Aa, dwgls(wg)exp(—iwgt,) (4.73)

The coherent term I; (w,) is

243wiexp(—21y) w3

h(wg) = =7=-5—= [ dp.dp, exp <— 2oz T i=4 (2, + Zz))

X exp (— % (zy — 2,)* +i2 % (z, — ZZ)> (4.74)

The mixed term I, (w,) IS

8A3w3exp(-1,) A A 5 .
L(wg) = %ﬂ dp,dp, exp <_ 2(2);)2 + l% (z; + Zz))

X (exp(—H(fd, wd)) - exp(—To))
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Af)? ;
X exp (— (22 (zy — 2p)% +i2 % (z, — 22)> (4.75)

The incoherent term I3 (w,) is

4'A2 2 ~ ~ 2 .
L(wg) = m();zz ff dp,dp,exp (‘ 2(2)}1)2 + l% (z; + Zz))

X (exp(—H(fd, a)d)) - exp(—‘ro))2

2c?

X exp (— @n* (z; — zp)2 +i2 % (z; — 22)> (4.76)

It is worth mentioning here that our theory offers two distinct advantages compared to
the other numerical methods, such as the parabolic equation (PE) method and the Monte
Carlo (MC) method. First of all, our theory provides a more clearly physical picture. As
shown in (4.61) and (4.71)-(4.76), the total time-domain RCS contains three terms and
each term is corresponding to a unique scattering mechanism. By comparing the
contributions from different terms, we could have a better physical understanding of the
effects of the random medium on wave propagation. In contrast, the numerical methods
in general only provide the total response and it may not be possible to separate the
contributions from different mechanisms. Secondly, our theory is computational more
efficient. In our theory, the statistical moments are calculated analytically and it does
not need to run multiple realizations to get the time-domain RCS. On the other hand,
averaging over many realizations are required for the numerical methods in order to
achieve statistical convergence.

4.4 Conventional Radar Cross Section in Time Domain

If the correlation between the incident field and the scattered field is neglected, then the
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time-domain monostatic radar cross section (RCS) becomes

RCS(t) = L(t) + I (t) + I5(tc) (4.77)

The coherent term I, (t,) is

AdwZexp(—21y) ~ 1~ A w? . LW
L(t) = Wﬂ dp.dp, [_,, dwgexp (— Z(Afd)z —iwgt, + 17‘1 (z, + zz)>
(Af)? ,
X exp (— % (zy — )% +i2 % (z, — ZZ)> (4.78)
The mixed term I,(t,) is
243wiexp(—t¢)

~ g~ A 2 .
L(t) = Wff dp.dp, [°, dwgexp <—%—lwdtc + l% (z, + Zz))

X (exp(—H(r‘d, wa)) — exp(—ro))

2
X exp (— (ig (z; — zp)2 +i2 % (z; — 22)> (4.79)

The incoherent term is

2,2 2
Agwj wg

A 3~ (A . ,
I;(t.) = Tooanr ot [f dp dp, f_Z’w dwgexp <— ) —iwgt, + l% (z; + 22)>

X (exp(—H(fd, wd)) - ex)z)(—ro))2

X exp (— (222 (zy — )% +i2 % (z; — zz)> (4.80)

By comparing equations (4.68) - (4.70) with (4.77) - (4.79), it can be observed that a

factor of 2 enhancement for both mixed term and incoherent term is missing in the
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conventional time-domain RCS expression due to the assumption that no correlations
exist between the incident field and the scattered field.

4.5 Numerical Integration Using Fast Fourier Transform

As indicated in equations (4.71) - (4.73), the time-domain RCS can be calculated by
taking the inverse Fourier transforms of the corresponding frequency-domain terms. It
is convenient to apply the Fast Fourier Transform (FFT) algorithm to speed up the
computation. Since most of the FFT routines are implemented based on equations using
the engineering convention exp(jwt) rather than the physics convention exp(—iwt),
our will change the conventions from physics to engineering in the following
discussions. The switching between two conventions can be done by substituting i —

—j in the expressions.

The inverse Fourier transform is defined as
;2 Bw
f®) = [f%F(wexp(jot)dw = [ §, F(fexp(2nft)df  (4.81)
2 2
Where By, = % is the bandwidth.

The integral can be approximated by a Riemann sum

f(nAt) = Af Z%:EF(kAf)exp(jannAfAt)

= Af z%:E F(kaf)exp (72 kn) (4.82)

The discrete inverse Fourier transform is defined as

x[n] = FHX[k]} = ~ N3 X [klexp (55 kn) (4.83)
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Combining (4.82) and (4.83) gives

f&) ~ Nof (; iy F(kaf)exp (j%kn)) = ByFUFIf]}  (484)

where the N periodic prosperity of X[k] is applied.
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Chapter 5 Time-Domain Radar Cross Section Based on Strong

Fluctuation Theory

The time-domain RCS can also be derived using the strong fluctuation theory
when the optical depth of the random media is large and the scattering effect is
dominant over the absorption effect. In this chapter, we derive the time-domain RCS by
following the procedure given in [42]. To minimize the confusion, we will use the same
notations used in [42]. The relationship with our previous equations is described when
necessary.

5.1 Differential Equation for the Two-frequency Mutual Coherence Function

We consider the discrete random medium composed of scatters whose characteristics
dimensions are much larger than the carrier wavelength of the imaging system. Under
this assumption, most of the scattering power will concentrate in the forward region of

the scatters and the parabolic equation approximation is applied.

If the z axis is chosen as the direction of propagation, the parabolic differential equation

for the two frequency MCF can be written as
o i[v: Vi

(; —(E 1)~ il — ko) + P(py ﬁz)) L (B1, P2 2, @1,02) = 0 (5.1)

where k; = % and k, = % are wavenumbers. c is the light speed in the background

medium. V2 and V2 the Laplacians in the transverse plane with respect to p; and p,
where p; = x;X + y;9 and p, = x,X + y,7.

The P function contains the random medium effects and is given by

15 Bs()(1=Jo(kspa))sds
P(rg) =a+b*—=
(rd) ¢ fo Bs(s)sds

(5.2)
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where p; = |p1 — p2|, a is the absorption coefficient, b is the scattering coefficient and
B, is the volume scattering function.

The scattering coefficient b and the volume scattering function g, are related

b=2m [ Bs(s)sds (5.3)

where s = 2sin (g) and 6 is the scattering angle.

The parabolic approximation of the spherical wave due to a point source located at the
origin is
_ 1 Lkp? . _ .
Up,z w) = —exp (l; + lkZ) = Uy(p, z, w)exp(ikz) (5.4)
It is convenient to define function

FZO (,0_1: ,0_2, Z, (1)1, (UZ) = (U(,U_b z, (‘)l)U*(p_Z' Z, (L)z))

2 2
= leexp (i(k1 —ky)z + iR ikzﬁ) (5.5)

2z 2z

The function I} is the two-frequency MCF for a spherical wave in background medium

and satisfies the parabolic differential equation

o _i(Vi_V3\_ . 5., D
(5 _%(Z_l B Z_z) —i(ky — ko) + P(Pd)> [ (P1, P2, 2, w1, w3) = 0 (5.6)

We let the two-frequency MCF take the form

[ (01, P2, 2, w1, w3) = T5(Py, P2, 2, w1, w)T5(2, P, wa) (5.7)
where p; = p; — pe and wy = w; — W,
For the free-space where no scatters are in the presence, we have I, = I'Y and I, = 1.
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Therefore, the boundary condition for I'; at the interface between the free-space and

random medium should be I, = 1 at z = 0.
Applying the vector calculus identity
VZ(¢y) = YViP + 2V - Vi + ¢V (5.8)
Combining equations (5.7) and (5.8) gives
V2T, = V2(I9T,) = [LVATY + 2V, 0 - V, T, 4 TPVAT, (5.92)
V2D, = VZ(IIT) = VALY + 2V,IY - V, I + IPVAT, (5.9b)

Combining equations (5.1) and (5.9) gives

Vi _B\ror. = . (Lvero — Lyzpo lyro.vr—Ltyro.
(B-Zyrr, =1 (2031 - 2W300) + 2 (2 VTP - Vil — 20,10 - V1)

1 1
+10 (k—1 V2T, — k—zvgrs) (5.10)

Combining equations (5.1), (5.7) and (5.10) gives

(% _L'(Vi — ‘7—5) —i(ky — k) + P(Pd)) T =0

2\k; ky
s _ (Ly.ro. _Lty.ro. _i(Lger _Ly2
ry < l(klvlr2 Vil = - VT V.Iy) Z(klvlrs kZVst)
+P(py — p)TSTs = 0 (5.11)
Combining equations (5.5) and (5.7) gives

ook " L OTs . T
V.YVl = (Xl—lle r+ yl—zzy1 FZO) . (xa—xi + ya—yi)
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. k1x1 0 01"5 . k2y1 0 61"5
=1 [—+i I — 12
zZ 2 6x1 + z 2 axl (5 )

Combining equations (5.5) and (5.7) gives

0 _ (2 159\ [L (l. — e (xf+yf) ke (x3+y3)
VZFZ - (JC x5 + yayz) [22 exp (l(kl kZ)Z T 2z t 2z )]

Ao O .k2x§+k2y22) arg O L koxZ+k,y?
= XI —(—l— + 90 — (- ———=
2 0x, 2z Yiz 2z

= —Ri 72210 — §i 221y (5.13)

Combining equations (5.5) and (5.7) gives

0 _ A kz.X'z 0 A~ kzyz 0 P 6[‘5 ~ 6FS
VoIf Vol = (—Ri“221) - 9it221)) - (252 + 952

.kz.X'z 0 6FS .kzyz 0 6FS
= —jXeX2p0 Ols _ ;kada o OFs 5.14
V4 2 Oxz Z 2 6y2 ( )

Combining equations (5.11), (5.12) and (5.14) gives
1 0 1 0
k_lvlr‘z 'Vll_'s _k—ZVZFZ 'Vzrs

1 (.kix ar .k or 1 , kox ar .k ar
=—(l 11F2()_s+l 23’11-20_s)__(_L ZZFZO—S—l 2Y2F2()_s)
k4 z 0xq z dx1 ko z dx, z dy,

= iT0 (222 -&&) - o(&& -&ﬂ)
=il (Z om +i- 3y + il parvon + i 37, (5.15)

Combining equations (5.9) and (5.15) gives

ar . xq OT .yq 0T .0 (X2 OTs .Yy 0T
Iy ——ilil} (—1—5 (Z2==)+ilP(Z =+ 2=
2 3z 2\ z x4 + z 0yq1 + 2 \z x5 + z 0y,

i (1 1 — —
— 5 (F VAL = £ V3L + P(3y — p)TSTs = 0
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ar 1
—+ —(x
0z z

T

Yox, " Tty 20y,) 2 \k

+P(py — P =0
It is convenient to make the change of variables
pe =51+ p2), Pa =P =P
The partial derivatives can be written as

9 _09x% 00%x_10 , 0

0xq - Oxc0xq O0xgq 0x4 T2 Ox. 0xg4

d _ 8 dx., 9 09xg_ 10 G

Oxq 0x4 20x; Oxq

d0x, - 0xc 0%y

9 _ 00y, 9 0va_10 | 0

dy:  0yc0y:  0yqdy: 20yc 9yq

a _ 8 dyc d dyg 19 d
0yq0x1 20y 0yq

y;  9yc 0y,

Combining equations (5.16) and (5.18) gives

9 o _ x_d)(li L) ( _x_d)(
x16x1+x26x2_(xc+ 2 26xC+axd *(Xe 2

a d
—xCa—xC+xdE

Mgt 025 = 00+ 5) Gt 30) + (= %)
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YRSy FS)—i(ilvil“s—

kizvgrs)

(5.16)

(5.17)

(5.18a)
(5.18b)
(5.18¢)

(5.18d)

_ L)
axd

(5.19a)

)
0y4q

(5.19b)



~f1 0 a ~f1 0 7] ~f1 0 a ~f1 0 a
—(x(za+a)+Y(za+m)> <x(za+a)+y(za+m)>

:(11+1)2+(1 0,2 )2 (5.19¢)

20y 0yq

- (32— L)Z e _1)2 (5.19d)

20x;, Oxg 20y; 0Oygq
Combining equations (5.16) and (5.19) gives

0 0 a 0 0 0
Gy T2, TGy T Y25y, T X TG T Ve gy TGy,

=Pc Vet paVqg (5.20a)

NN [ 1)2 F (AL L)Z] (5.20b)

For statistically homogeneous and isotropic random medium, the function I’y should be

independent of variable p,.

ars _ ars _
Ay 0 (5.21)
Combining equations (5.20) and (5.21) gives
a T d d _
(x1a_xl+xza_xz+J’1a_h+YZ a_yz) Is = pa - Val (5.222)
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1 o2 _ i 2 _ i 2 i 2
(k—l Vi vz) r, = (k1 V- vd) I, (5.22b)
Combining (5.16) and (5.22) gives
a 1 _ i (1 1 — —
(5 +-PaVa— %(k_l - k_z) Vi + P(Pd)) [(z,pq, 0g) =0 (5.23)

The asymptotic forms for I'y as p; — 0 and p; — oo are

lim (132 po)} = exp(—az) (5.24)
lim {Ty(z,p2)} = exp(~(a + b)2) (5.240)

where a is the absorption coefficient and b is the scattering coefficient.

5.2 Gaussian Volume Scattering Function

We assume the volume scattering function can be approximated by a Gaussian function
B(s) = b exp(—ys?) (5.24)

where s = 2sin (g) and @ is the scattering angle.

The Gaussian function satisfies the normalization condition
2m foooﬁ(s)sds =b fooo exp(—ys?)d(ys?) =b (5.25)
Combining (5.2), (5.24) and (5.25) gives

I, B()(1 = Jokspa))sds = [, B(s)sds — [, B(s)]o(kspg)sds

_b _by fooo exp(—ys?)Jo(kspy)sds (5.26)

21 T
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Applying the integral identity

5 Io(@bexp(—p2t)etide = —=—exp (- ) (5.27)
We obtain
foooﬁ(s)(l _]o(kSPd))SdS = % - b_,:fooo exp(—ys®)Jo(kspg)sds
=2 L oxp(-0E) (5.28)

Combining (5.2), (5.25) and (5.28) gives

_ f;oﬁs(s)(l—]o(ksrd))sds _ B K2p
Plpa) = a+ b= o a+b(1-exp(-% ) (5.29)

Since the scattering pattern S(s) is peaked in the forward direction, then
P(py) = a+ b ,y > 1 (5.30)

Combining (5.23) and (5.30) gives

%4— 25, VT _l'(i_ )le" +<a+b y)F—O (5.31)

Let us assume the function Iy takes the form

[5(2, pa, wa) = T50(2)Ts1(2, pa, wa) = exp(—az)ls1 (2, pg, wa)  (5.32)

Combining (5.31) and (5.32)

0 1 _ i /1 k2p2 :
(5+;pd-vd_i(__ )V§+b7pd)r'51(z,pd,wd) =0 (5.33)

2 \k;

We have the differential equation for the function Iy;. However, it is noticed that
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equation (5.32) does not predict the correct asymptotic form for I; as the separation p,

approaches infinite
lim {[x(z,p4)} = exp(—az — bz) (5.34)
pa—

In order to get the correct asymptotic forms given by (5.24), we use the approximate

formula

L,z pa) = exp(~Tg2) + exp(—T)T (2, pa) (1 — exp(~1y))  (5.35)

where 7, = (a + b)z is the optical depth, t, = az is the optical absorption depth and
T¢ = bz is the optical scattering depth.

The T, has the correct asymptotic forms

lim {T;(z,pa)} = 1 (5.36a)
Pa—0
lim {I5,(z,p4)} =0 (5.36b)
pa—

It is convenient to define the normalized distance z' = %

Thus we have

i kgL
2 k2

2.2
V2 + pLXrd
ay

9 ~ —
( + %pd ' Vd + ) FSI(Z' pd; wd) = 0 (537)

oz’

where k; = k; — k, and k is the wavenumber at carrier frequency.
For statistically homogenous and isotropic random medium, it prefers to use the
cylindrical coordinates because of the azimuthal symmetry.

Making change of variable

py =2 (5.38)
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2
where p, = = ﬁ.

Combining (5.37) and (5.38) gives

~ PN [3] , 0

Pa - Va= (Ppapo) - (p p—@> = Pag,r (5.39b)
2= 22 (5, 1) =2 (p, -2
Va= Padpa (pd 3Pd) PPy 9P (pd apfi> (5.39c)

Combining (5.37) and (5.39) gives

i pg 0 . kgL ii ; 0 ro _
(aZ’-I-Z apd+l2k2pg <péapé<pdapd)>+pd>r‘51(zlpd'wd) - 0 (540)
It is convenient to define variables

a =L = 2 (5.41a)

kcon Wcoh

2
Ko = 2128 (5.41b)

Weon = keon€ = Zkzp T (5-41C)

where c is the free-space light speed.

Combining (5.40) and (5.41) gives

DL 0 (0N 2\ ) -
(a I+ 2" 9 + lap[’iap(li (pd ap&> +pd)rsl(z ’pdr(‘)d) =0 (542)

!
z Py

The boundary condition is given by

(2" = 0,pg,wq) = 1 (5.43)
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We let the function Iy, take the form

exp(o(z)ed) (5.44)

Fsl(ZI' :0(,1' wd) = £z

Combining (5.40) and (5.44) gives

9 (exp(g(Z’)péz ) _ 1(2")g' (2" )pd’ exp(9(z")pd’)—f" (2" )exp(9(z")pd’
oz’ f@") f2(z"

INAT(INAT2 I ()

= exp(g(zNpL) f(z')g (,‘22257) f'(z") (5.453)
i exp(g(z’)péz _ 29(2') AWV

apé( F(z") )— oy Paexp(g(z)pg (5.45b)

ﬁi(exp(g(z’)»o:ﬁ ) _ g( )pd exp(g(zl)p (545C)

z! apz,i f(ZI) ’f( I)

i 2 r 9 M i 29( ) 12 l 12
péapé<p dapa( f(z") ) o aph \ @z Pd exp(g(z")pg

= fz(isf;), (Zpdexp(g(z’)p ) +2g(z)pilexp(g(z)pi? )
B 49(21)8;?2(‘?)(21)’)&2) (1+9(z)pd (5.45d)

Combining (5.40) and (5.45) gives

f(z)g'(2)od-f'(z") | 29(z") 49(z") , pd
fZ(ZI) + ’f(Z’)pd + la f( I) (1 + g(z )p )+f(Z’) 0

j;(( ,)) + idag(z') + (g (') +282) ) + idag?(z") + 1) pi2 =0 (5.46)

It is noticed that first two terms in (5.46) only depend on z’ regardless of p;.

We get two equations

87



_f'(@)

o +i4ag(z') =0 (5.47a)
g'(z") y202) ) + idag?(z)+1=0 (5.47b)
Combining (5.43) and (5.44) gives
g@z'=0)=0 (5.48a)
flz'=0)=1 (5.48b)
The Riccati equation takes the form
21 Py +Q()y? = R(x) (5.49)

The Riccati equation can be reduced to a 2" order linear ordinary differential equation

by substituting

_ u'(x)
Y& = s (5.50)

Combining (5.49) and (5.50) gives

() 4 pla) (29 1 o) (5480 ) = R(x)

Q(x)ulx) Q()u(x) Q()u(x)

u” (0)Q()u()-u ()(Q' (Du)+Q()u’ (x)) L POV | 0uw)

0?2 2w T e ~ R
w'(0) = L8 (0 + P () = R)Q()u(x)
(@) + (PO = £2)u' (@) - REOQu() = 0 (5.51)

Combining (5.47) and (5.51) gives
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dzu(z')_l_idu(z')
dz'z z! dz'

+ idau(z') =0 (5.52)
From ordinary differential equation handbook
XYxx + @Yy +bxy =0 (5.53a)
y=0 G;—x)n cos(xVb) + C; G;—x)n sin(xVb)
b>0 a=2n n=1,2, - (5.53b)

The general solution is

u(z') = ¢ %% (cos(z’Vi4a)) + G, i% (sin(z’Vi4a))

= —Viac, 2D | g, o VE) (5.54)
The general solution is
A iu’(z’)
9(z) =20 (5.55)

Combining (5.54) and (5.55) gives
W (2) = 5 (~Vigac, WD g, 2 TED)

= g Cy (sin(z’\/i4a) - \/i4az’cos(z’\/i4a))

— \/Zi? C, (cos(z’x/@) + \/@Z’sin(z’\/i%z)) (5.56a)
N _ 1 w(Z)
9(7) = ey
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_ Cysin(z'Vida)—-Cycos(z'Vida)-CiVidaz' cos(z'Vida)-CoVidaz' sin(z'Vida)

i4az’ (—Clsin(z’\/ i4a)+Cycos(z'V i4a))

_ 1 C1+Cytan(z'Vida)
T isaz' ' Visa(citan(z'Vida)-C,)

Combining (5.48) and (5.56) gives
lim {g(z)} = 0

lim 1 C1+Cyz"Vida —0
z'>0 idaz’ Vi4a(C12,Vi4a—C2)

CZ - 0
The general solution is

nN_ 1 cot(z'Vida)
g(Z )= idaz’ Vida

Combining (5.47) and (5.58) gives

1 df(z') . 1 cot(z'Vida)\ _
f(z") dz’' l4a( i4az’ JVida )_ 0

Integrating both sides

ar(z')y . 1 cot(z'Viaa) -
I ~ it [ (=g ) d2’ = 0

ln(f(z’)) +C+In(z") - ifm fcot(z'x/@)dz’ =0

Vida

Applying the integral identity

f cos(ax)

1 .
pry dx = - ln(sm(ax))
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(5.56b)

(5.57)

(5.58)

(5.59)

(5.60)

(5.61)



Combining (5.60) and (5.61) gives

In(f(z)z')+C—In (sin( i4az’)) =0

(L5 )+c=0

sin(Vidaz')

Combining (5.48) and (5.62) gives

i (L2 = o
z'-0 sin(Vidaz')

i (D) <o
= In(Vida)

Combining (5.62) and (5.63) gives

in (L8 )+zn(m) =0

sm( l4az

" = sin(Visaz")

f(z

i4az’

Combining (5.44), (5.58) and (5.64) gives

P _ idaz’ 1 cot(z'Visa)
Fs1 (Z »Pas wd) - sin(Vidaz') <( i4az’ + ]
It is convenient to define variables
cot(Vita)

go=9Z' =1 =

i4a Vida

fo=f@ =1) = 220
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(5.63)

(5.64)

(5.65)

(5.66)

(5.67)



The limitsof k; = 0 is

. - 1. (-sin(Vida)+Vidacos(Vida)
(lxl_r)r(l){rsl(z =1,pg wa)} = ‘lxlir(l){ iasin(vita) }

_ ~(Vida-iz/3aiaa) +ida(1-iza) _ 1
- i4aida 3

The function is

exp(gopl?)

l—‘sl(zl = 1) pél'wd) = o

Combining (5.35) and (5.68) gives

Ty(z pa) = exp(—702) + w (1 - exp(-1,))
0

It is convenient to define the center-of-mass and difference coordinates

_ kitk,
= oy

ke

kg =k — ks
Combining (5.5) and (5.71) gives
kip? — kop? = 2kefc - fa + ka (Pe Pe +3Pa" Pa)
We have
kizy —kyzy, = k. (z; — z,) + %kd(z1 +z,)

Combining (2.117), (2.118) and (2.119) gives

JE 1 i .
09 (5o P L v, K) = s exp (2 (s = Kap) + 1 Chaz = Ko2))
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(5.68)

(5.69)

(5.70)

(5.71)

(5.72)

(5.73)



g, PcPa  ikafo o 1o o . K
= (47:L)2 exp (lka Lpd + li(pc "Pc T Zpd ' pd) + lkC(Zl - Zz) + l?d(zl + ZZ))

: .k
~ (4,:”2 exp (ch(zl - ZZ) + l?d (Zl + Zz)) (5.74)

The function is

FZO(:EIMEZJ L; wW1q, a)z) = (U(p_ll L, a)l)U*(ﬁz, L' 0)2)>

- (4nlL)2 exp (i % (21 —2z) + i% (z1 + Zz)) (5.75)
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Chapter 6 Time-Domain Radar Cross Section Simulation

6.1 Time-Domain Radar Cross Section of a Dirichlet Plate

6.1.1 Simulation Setup

In this section, we will apply equation (4.77) - (4.80) to calculate the time-domain RCS

from a large Dirichlet plate. The geometric configuration is shown in Figure 6.1.

_ P2
" P1
fl
Imaging ) : 5
System O 1 >
Radar, Lidar 2122
dp | d, 1 ds R
« - >

Figure 6.1 The monostatic RCS of an inclined square conducting plate is simulated. The random media
with thickness d, is located between the imaging system and the plate. The plate size is 2a X 2a. The
coordinate is p; = xR+ y, ¥ and p, = x,8 + y,¥.

As shown in the figure, for the square conducting plate, we have z(p) = xtan(0). The

geometry related terms of the time-domain RCS expression can be written as

T dprdpz = I oo s Sy g dxe Sy dve - (622
zy + 2, = (x1 + xy)tan(0) (6.1b)

z, — zy = (x; — x,)tan(0) (6.1¢)

Pa =+ (X1 = x2)% + (y1 — ¥2)? (6.1d)
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Here the size of the square plate is 2a X 2a. The 2-dimensional surface integral (6.1a)
can be evaluated using the numerical quadrature. A sampling rate of 4 points per
wavelength should provide good accuracy [12].

It is also noticed that for a large Dirichlet plate, the closed-form expression for the
frequency-domain monostatic RCS can be found by using the physical optics method
(Kirchhoff approximation). Therefore, we can compare the monostatic RCS given by
the time-domain formulas with that predicted from the frequency-domain formulas.

This will help us to verify the correctness of the time-domain RCS equations.

6.1.2 Shower Curtain Effects

The shower curtain effect is the degradation of image quality due to the presence of the
random media. It is known that the image of a person close to the shower curtain can be
seen clearly, whereas a person farther from the shower curtain is difficult to see. The
shower curtain effect has been studied extensively in the past [2-3, 8]. Normally, the
shower curtain effect is one-way imaging [13]. RCS measurement, however, is the
round trip case and it involves the time-domain technique. In this paper the simulations
were conducted to show the time-domain shower curtain effect. The degradation of the
image quality can be explained by the characteristics of the incoherent component I5(t).
Both the pulse arrival time and pulse broadening increase significantly when the
random medium is placed far from the target. This will be discussed in the following
section.

6.2 Time-Domain vs. Frequency-Domain Radar Cross Sections

We will calculate both time-domain and frequency domain monostatic RCS of a large

Dirichlet plate. The geometric configuration is demonstrated in Figure 6.2.
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Figure 6.2 A large Dirichlet plate is illuminate by a plane wave source. The plate size is 2a x 2b. The
incident (scattering) angle is 6.

The simulation parameters are given in the following paragraph. The bandwidth of the
transmitted waveform is Af = 5GHz and the carrier frequency is f, = 100GHz. The
surface area of the conducting plate is 24, X 24,, where A, is the carrier wavelength.
As mentioned in the reference [14], 24 X 24 is the minimum surface area of the square
plate that the Kirchhoff approximation is applicable.

The frequency-domain monostatic RCS is given by

. . 2
o,(8) = 64716:2)21,2 cos2(6) (sm(zkoasm(e))) 6.2)

2kgasin(6)

where 6 is the incident (scattering) angle and k, = i—” is the carrier wavenumber. All
0

other geometry related symbols are defined in the figure.

The time-domain monostatic RCS is given by
op(6) = peak (|1, (¢, 8,70 = 0)]) (6.3)

where [, is the coherent component when the optical depth is 7, = 0 and peak means
taking the peak value. By setting the optical depth t, = 0, the coherent component will

not be attenuated and the effects of the random medium are excluded.
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Figure 6.3 The time-domain and frequency-domain monostatic RCS versus incident (scattering) angle 6.

Figure 6.3 shows that the agreement between the time-domain RCS and the
frequency domain RCS is fairly good for scattering (incident) angle from 0° to 40°. It
should be noticed that the physical optics method (Kirchhoff approximation) may not be
accurate for scattering (incident) angles larger than 40°.

6.3 Time-Domain Radar Cross Section Simulation

The distance between the imaging system and the square conducting plate is L = 10m.
The thickness of the random media is d, = 1m. The random media contains discrete
scatters with the Gaussian phase function. The parameter a, of the Gaussian phase
function is 9.2 which gives the half-power beam width approximately 30°. The single-
scattering albedo is 0.9. The bandwidth of the transmitted waveform is Aw = 5GHz and
the carrier frequency is 100GHz. The surface area of the conducting plate is 24, X 24,,
where A, is the wavelength at 100GHz. As mentioned in the reference [14], 24 X 21 is
the minimum surface area of the square plate that the Kirchhoff approximation is valid.

In the first case, we choose the optical depth 7, = 1 and compare the time-
domain RCS for the two cases, d; = 4.5m and d, = 8m, where d; is the distance
between the imaging system and the random media. Different colours are used to
represent the contribution from different components. I(t) is the total time-domain

RCS, I,(t) is the coherent component of the time-domain RCS, I,(t) is the mixed
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component of the time-domain RCS and I5(t) is the incoherent component of the time-
domain RCS. Time zero corresponds to the round-trip time t,. = %

o 7,=1, d,=4.5m

1.4 14102 7,=1, d,=8m

S
S

.

=)
.
=)

o

o
o
o

o
'S

Time domain RCS (m?)
o
S

Time domain RCS (m?)

o
N

Time (ns) Time (ns)

Figure 6.4 Time-domain Radar Cross Section for (Left) the optical depth is 7, = 1.0 and the distance
from the imaging system to the random media is d; = 4.5m and (Right) the optical depth t, = 1.0 and
the distance from the imaging system to the random media is d; = 8m

Figure 6.4 shows that the mixed component I,(t) gives the largest contribution
to the time-domain RCS. The coherent component I, (t) has the time delay which is
equal to the round-trip time t,.. The mixed component I,(t) and the incoherent
component I5(t) show a larger time delay and a pulse broadening than the coherent
component I, (t). It is also observed that if the random media is placed close to the
object, the time-domain RCS waveform shows a lower dispersion. This demonstrates

the time-domain shower curtain effect.

In the second case, we increase the optical depth to 7, =5 and compare the

time-domain RCS for two cases d; = 4.5m and d; = 8m.
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Figure 6.5 Time-domain Radar Cross Section for (Left) the optical depth is 7, = 5 and the distance from
the imaging system to the random media is d; = 4.5m and (Right) the optical depth t, = 5 and the
distance from the imaging system to the random media is d; = 8m.

From the simulation results shown in Figure 6.5, the incoherent component I, (t)
gives the largest contribution to the total RCS for this optical depth. The contributions
from the coherent component I, (t) and the mixed component I,(t) are negligible. This
is due to the fact that when the optical depth increases, the multiple scattering effects
will become dominant. It is also observed that if the random media is placed close to the
object, the time-domain RCS waveform shows a lower dispersion. This demonstrates
the time-domain shower curtain effect.

In the third case, we increase the optical depth to 7, = 10 and compare the time-

domain RCS for two cases d; = 4.5m and d; = 8m . In the figure, time zero

corresponds to the round-trip time t, = %
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Figure 6.6 Time-domain Radar Cross Section for (Left) the optical depth is 7, = 10 and the distance
from the imaging system to the random media is d; = 4.5m and (Right) the optical depth 7, = 10 and
the distance from the imaging system to the random media is d; = 8m.

From the simulation results shown in Figure 6.6, the incoherent component I5(t)
gives the largest contribution to the total RCS for this optical depth. Again, the shower
curtain effect in time-domain can be observed.

Comparing the time-domain RCS results for the different optical depth and the
different locations of the random media as shown in Figure 6.4-6.6, we can see that
when the optical depth increases, the magnitude of the time-domain RCS will decrease.
This is expected, because the higher attenuation is introduced when the optical depth
becomes larger. Moreover, the incoherent component of the time-domain RCS will
dominate when the optical depth becomes larger than 5. The time-domain shower
curtain effect is also clearly observed in these figures which show the time-domain
resolution will be improved when the random media is placed closer to the object. To
emphasis these observations, we plot the time-domain RCS results using dB scale as

shown in Figure 6.7.

100



d1=4.5m d1=8.0m

Time domain RCS (dBsm)
Time domain RCS (dBsm)

Time (ns) Time (ns)

Figure 6.7 Time-domain Radar Cross Section when optical depth 7, = 1,5,10 for (Left) the distance
from the imaging system to the random media is d; = 4.5m and (Right) the distance from the imaging
system to the random media is d; = 8m.

Figure 6.8 demonstrates the time-domain shower curtain effect. The normalized

propagation delay is defined by |tvt—tr

where t, is the time instance corresponding to

the peak value of the time-domain RCS and ¢, =% is the round-trip time. The

FWHM(1(t))-FWHM (11 (¢))
FWHM(I1(t))

normalized pulse broadening is given by where FWHM is full

width at half maximum of a waveform, I(t) total time-domain RCS and I, (t) is the
coherent component of the time-domain RCS. From the figure, it can be seen that both
the propagation delay and the pulse broadening increase when the optical depth of the
random media becomes larger. However, the increasing rate is much faster when the
random media is placed closer to the imaging system. This suggests that the better
resolution could be achieved for the imaging system if the random media is placed

closer to the object.
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Figure 6.8 Time-domain shower curtain effect when optical depth 7, = 1,5, 10 for (Left) normalized
time delay and (Right) normalized pulse broadening

Figure 6.9 compares the time-domain RCS calculated from equations (28) - (32)
which includes the backscattering enhancement with those computed from equations
(33) - (37) which does not include the backscattering enhancement. It can be seen that

the enhancement approaches 2 when the optical depth is large. In the figure, time zero

corresponds to the round-trip time t, = %

i 7,=1, d,=4.5m, d,=1m i 7,75, d,=4.5m, d,=1m

-
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Figure 6.9 Time-domain Radar Cross Section comparison for the cases with and without backscattering
enhancement when the distance from the imaging system to the random media is d; = 4.5m and the
thickness of the random media is d, = 1m.

We also calculate the time-domain RCS using both the 2" order Rytov
approximation and the strong fluctuation theory. Since the strong fluctuation theory is
only valid when the optical depth of the random medium is sufficiently large, we choose

7o = 10 in the simulation. The thickness of the random medium is d, = 10m, so the
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space between the imaging system and the object is entirely filled with the random

medium. In the figure, time zero corresponds to the round-trip time t, = %
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Figure 6.10 Time-domain Radar Cross Section when the optical depth t, = 10,d, = 10m for (Top Left)
the coherent component (Top Right) the mixed component and (Button) the incoherent component

Figure 6.10 compares the time-domain RCS calculated by both methods. It
shows that both methods give the same results for the coherent component I; (t) which
is expected. The mixed component I,(t) and the incoherent components I5(t) predicted

by both methods are in good agreement.

Since the time-domain RCS requires computation at N, discrete frequency
points, the simulation time of the time-domain RCS will be N, times longer than that of
the conventional RCS. Here N¢ is the number of frequency points which depends on

both the imaging system bandwidth and the imaging system-target distance. If the
parallelization is applied and the computations at different frequencies are carried out

simultaneously, the time-domain RCS could be calculated in an efficient way.
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Chapter 7 Future Work
In this study, we present a theory of the time-domain radar cross section (RCS) of large
conducting objects in discrete random media. The time-domain formula is obtained by
applying the inverse Fourier transform of the two-frequency mutual coherence
function(MCF). The extended Huygens-Fresnel principle and the 2" order Rytov
approximation are used to derive the two-frequency MCF. Numerical examples of the
time-domain RCS of a conducting square plate in a discrete random medium
characterized by the Gaussian phase function is shown to highlight the random media
effects on the time-domain waveforms such as time delay and pulse broadening in terms
of optical depth and random medium location. The degradation of the image quality,
known as the shower curtain effect, is observed from the simulation results and can be
explained by the characteristics of the incoherent component of the time-domain RCS.
In future, we will continue to improve our time-domain RCS model in following
aspects. First of all, we will replace our current isotropic antenna pattern with more
realistic antenna pattern. So the effects of the antenna pattern on the time-domain RCS
can be studied [4, 41]. Secondly, we will run simulation with different phase functions
other than Gaussian. By doing this, the influence of the scattering characteristics of the
scatters on the time-domain RCS can be understood [49-50]. Thirdly, different
waveforms will be used in the simulation. By comparing the time-domain RCS results,
we could able to determine which waveform is best for minimizing the random medium
effects [51]. Fourthly, we will apply the theory to study the Radar/Lidar range profile in
the presence of the random media [52]. By including the backscattering enhancement
and the time-domain shower-curtain effect, our theory should have higher accuracy
comparing with the multiple-scattering lidar equation proposed in previous studies.

Fifthly, we will increase the simulation speed using parallel programming. Therefore,
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the time-domain RCS of realistic target can be simulated within reasonable amount of
time. Finally, we will conduct controlled experiments and validate our model using

experimental data.
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Appendix A Circular Complex Gaussian Random Variable

In previous chapters, we have derived the expressions for the time-domain RCS. The
formula of the time-domain RCS contains the 4™ order moment which can be reduced to
the summation of the 2" order moments by assuming that both incident and scattered
fields are circular complex Gaussian random variables. Obviously, the moment theorem
of circular complex Gaussian random variables plays a crucial role in this study.
However, the commonly used moment theorem [46] is only applicable for the zero-
mean random variables. Only few references [9] discuss nonzero mean case and the
derivations in those references are very concise. In this appendix, we will follow the
procedure in [9] and give a detailed derivation of the 4™ order moment of the complex
Gaussian random variables.

A.1 The Real Gaussian Process

Define real Gaussian distributed random vector X,,,.;
Xoxi =11 x2 = X" (A-1)

where T represents the transpose.

Taking the average, we have the mean vector 4,,, .,
Anxl = E[Xpx1l = [E[x1] Elxy] -+ E[x,]]” (A-2)

where E denotes the expectation.

The covariance matrix R, is

COV(xy,%1) COV(xy,x3) - COV(xy,xp)

= COV (x5, COV (x,, o COV(xy,

Rnxn — (xz xl) (xz xz) (xz xn) (A-3)
COV(xn, xl) COV(xn’ xz) COV(xn; xn)
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The moment generating function is defined as

j— —_ 1 —_ j— —_ -
E[exp(TlTannxl)] =exp (E TlTannannxl + TlTannxl) (A-53)
where the real parameter vector T, 4, is given by
7_1n><1 =[t1 tz - tn]T (A-5b)

The moments of X is given by the formula

E[xIYH xrflnn] _ {am1+---+mn (E [eTlTxn)?nm])} (A-6)

ml... Mmn _ _
06t Txa =0

A.2 The Complex Gaussian Process

Introduce the complex Gaussian random process {z;: —o < t < +oco} with

Elz] = ¢ (A-7a)
COV(zy,z5) = E[(z¢ — ct)(z5 — c)] = (L, 5) (A-7h)
COV(zs,z{) = E[(zs — cs)(z; — )] = Y(s, 1) (A-Tc)

Y(t,s) =9°(s,t) (A-7d)

where * denotes the complex conjugate.

If {z,: —00 < t < +} is a circular complex Gaussian process, we have

COV(z:zs) = COV(z5,2,) =0 (A-8a)

COV(zi,z3) = COV(zs,zf) =0 (A-8b)

This expression can be best explained by observing that z; represents the field in the

random medium and its amplitude and phase are determined by both the scattering
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characteristics of the scatters and the total path lengths. When we calculate the
covariance function COV (z;, z5) by summing up the contributions from a large volume

containing many randomly distributed scatters, the contributions from different scatters

tend to cancel each other.

Define complex Gaussian random vector Z,,,,;

Zomxa =21 = zn 27 - zy]" (A-9)

where T represents the transpose.

Taking the average, we have the mean vector Cy, 54

Conx1 = ElZynsal = c1 =+ ¢ i cp]” (A-10)

It is convenient to define vectors
nx1 = [£1 Zn]" (A-11a)
Zpa = lzg zp]" (A-11b)
nx1 = [€1 Cn]” (A-11c)
T = ler oenl” (A-11d)

Combining (A-9), (A-10) and (A-11) gives

E[(Z_rllxl - C_‘;Lxl)(z_{’l;(n - _1’7>W<n ]

Z1— 0
< . ) (Zl - Cl e Zn - Cn)1><n
Zn — Cn nxi

E[(z, — C1?(Z1 —c1)]

=E

El(z1 = e0)(zn - cn)]]

E[(zn — c)(zs — c)] ~ El(Zn — cn)(zn — )]
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0,150 (A-12a)

[COV(Zl, z;) o COV(z, Zn)]

COV(Zn, Zl) COV(Zn: Zn)

E[(Z_rllxl - Eéxl)(z_{gn - C{gn ]

Z1— O

: * % * *

: (zZ1 —¢1 ' Zp— Cp)ixn
Zn ~ Cn/ e

E[(z — 01?(ZI —c1)] E[(z — Cl?(z;kl - C;’kl)]]

=E

E[(zn — )z — D] El(zn — ca)(zh — cb)]
COV(zy,27) -+ COV(zy,z3)]
:[ : : =T, (A-12b)
COV(z,,2z}) -+ COV(z,zh)

E[(Z_rll*xl - 5&’;1)(2_{% - _1,7;11 ]

71 — ¢
=E 5 (Zr=C1 0 Zn = Cn)yuy

* *
Zn ~ Cn nxi

Bl —eD(m—en] - Bl — )z - cnnl

El(zh— )z —c)] -~ El(zh— ci)(zn — e
CoV(zi,zy) -+ COV(zp, 21) _
_ [ : : ] . (A-12c)
COV(zi,zn) -+ COV(zp, z,)

E[(Znx1 = Cixa) (Z1xn — C3)]

zZi —¢f
— : * — * oo * — *
=F : (z{ — ] Zn — Cn)1ixn

* *
Zn Cn nx1
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BlGzi — DG —eD] Bl =)@ - c,*;)]]

E[(zy —cp)(zi —cD] - El(zn — cp)(zn — cp)]
COV(zi,zy) - COV(z{,z,)] _
= : : ] = 0,4 (A-12d)
CoV(z,zy) -+ COV(z,z)

Combining (A-9), (A-10) and (A-12) gives

f2n><2n = E[(Z_anl - Eanl)(Z_anl - Eanl)T]

7! ~1

_ nx1 ~ b“nx1 ZIT ~IT Z1xT ~15T

=E I( Frx __ Arx > (len —Cixn Zixn = Cixn 1><2nl
nx1 nXx1/ rnx1

_ lE[(Z:r,Lxl = Crx1) (235 — Coa)] El(Zpxa = Cax) (Zi5n — Cisn ]l

El(Zyix1 — Cix) Ziin — Coa)] El(Zra — Cix) (Zi3n — Ci3n)]

— lﬁnxn L?nxnl (A_13)
On

W *
LIJan

Here we will prove the theorem : Let {z,| — 0 <t < +o0} be a complex Gaussian
random process with mean function ¢, and covariance function ¥ (¢, s). Let C,,5; and

S, xan be as defined above and let 7,,,,.; be a real parameter vector. Then

my ., Mn *Mnt1 | *mzn]
E[Z1 Zy "Z, Zy

gmittman 1= _ B ~ _
- {W (exp (E VlTXZnZZTlXZHVanl + V1T><2nC2n><1)>} (A-14)

1 n Vn><1=6

We can separate the complex Gaussian process {z;| — o« < t < 4o} into the real and

the imaginary parts

Ze = X¢ + V¢ (A-15)

110



Then we can write the mean functions as

Elz:] = E[x; + jy:] = Elx¢] + JE[y¢] = ¢,

E[z{] = E[xs — jys] = Elxs] — JE[ys] = ¢5

The covariance functions for the real and imaginary parts are

COV (xp, x5) = Elxexs] — E[xe]E[xs]

COV(ynys) = Elyeys] — E[yc]E[ys]

Combining (A-7), (A-16) and (A-17) gives

Y(t,s) = COV(zy, zg) = E[zez5] — cecs

= E[Cx + jye) (s = jyo)] = (Elxe] + JE[yeD(Elxs] = JE[ys])

= COV(xt: xs) + COV(yt: ys) +jC0V(xs' yt) _jCOV(xt' ys)

l/J(S, t) = COV(ZS, Z;) = E[ZSZ;] - CSCZ(

= E[(xs +jys) (e = jyo)] = (Elxs] + JE[ysD(Elx] — JE[y. ]

= COV(XS' xt) + COV(ys: yt) +jC0V(xtr ys) _jCOV(xs; Yt)

Combining (A-7) and (A-18) gives

COV (x,x5) = COV(yy,¥5) = 3 Re{p(t, )} = p(t, )

COV (x5, ye) = 3 Im{p(t, )} = o (s, £)

COV(x,y5) = =5 Im{y(t,)} = = (t, 5)
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(A-16a)

(A-16b)

(A-17a)

(A-17b)

(A-18a)

(A-18b)

(A-19a)

(A-19b)

(A-19¢)



Define real Gaussian random vector Z,,,»;

[1]]
|
—
=

=

Xn Y1 Ya]T

Taking the average, we have the mean vector T, 54

Donw1 = [Elx1] -+ Elxn,] Ely:] - Elyll"

It is convenient to define vectors

Enx1 = [%1 Xn]"
Emxi =1 o]’
rr’L><1: [Elx1] - Elx,l]"
Tixa = [Elyd] - EDn]”

Combining (A-19), (A-21) and (A-22) gives
E[ E;D(l - E;xl) E1’1><1 - E;xl)]

(xl - E[x1]>
=F :
Xn — E[xn]

nx1i

COV(xy,x1) -+ COV(xy,xp)
= 5 : ] = Rnxn
COV(xn’ xl) COV(Zn; Zn)

E[ E;lxl - E;xl) E;{xl - E;,xl)]
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(x1 —E[xq] - xp— E[xn])lxn‘

(A-20)

(A-21)

(A-22a)

(A-22b)

(A-22¢)

(A-22d)

ElGe — E[DCxy — Elx D] ElGe — Ela D Cen — E[xn])]]

E[Gtn — EDoaD) (1 — EpaD)] + E[Gon — E[xn]) Con — Elxa])]

(A-23a)



x; — E[x4]
( : ) (}71 _E[yl] “ In _E[yn])lxn

=F :
Xn — E[xn] nx1
Bl — B DG — D] E[Go = El D On — EaD)
E[(tp — Eal) 01 — EiD]  E[(tn — Eltal) 0 — Ely])]
COV(xy,y1) - COV(xl,yn)] _
_ ; : = —Son (A-23b)
COV(x,,yy) - COV(xnyn)

E[(E;{xl - rrlz’><1)(§;z><1 - rrlz><1)]

l y1 — E[y1] ]
_E < 5 ) (g —E[g] - %y — Elxn])1xn
yn - E[yn]

nx1
El0n = EbnD G — D] = E[0n = B Gen = E[xn])]]
E[n — Elya) (s — Et D] E[On — Elyn]) G — Elxa])]
COV(yy,x1) - COV(yy,xy) _
_ [ : : ] =S,en (A-23c)
COV(ynf xl) COV(ynrxn)

E[(Enx1 — Taxa) Grixa — Tkl

y1 — Elyi]
=E< ‘ ) 1 —Elyi]l - Yo = ElnDixn

Yn — f[yn] 1
B[O — EDOr — EDaD] ~ El0n = EDaDGn - E[yn])]]
E[n — ElnD s — EDiD]  E[0 = ElyaD O — Ely)]
[COV()’L%) o COV(ynyn)]
= = Ruxn (A_23d)
COV(ynfyl) COV(yn'yn)
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Combining (A-19), (A-21) and (A-23) gives

ﬁZnXZn = E[(Ean - anxl)(Eanl - r2n><1)T]

=/ Il

(=14 T/

_ —“nx1 "~ 1nx1 o =1 o =

=F l( -T > “nx1 I‘n><1 =nx1 an1)1><2nl
anl nx1 2nx1

_ lE [Erx1 = Tax) Grt — Taxd)] E[Ghwt — Tixa) Brixa — l}’l’xl)]l
E[(Ehx1 — Tix1) Grxa — Ti)] - E[GERxa — Tk) Bnxa — Tkl
— I?nxn __§n><nl (A-24)
Snxn R
Combining (A-12), (A-18) and (A-24) gives

_ COV(zy,z1) -+ COV(zy,2zy)

Whxn = [ : : ]

COV(ZTLJZI) COV(ZTIJ Z‘;kl)

COV(xy,%1) + COV(y1,¥1) COV(xq,x,) + COV(}’LYn)]

COV(xn' xl) + COV(yn' yl) COV(xn' xn) + COV(:Vn' yn)

COV(xy,y1) — COV(y1,¥1) COV (x1,x,) — COV (yp, Y1)]

o G x) — OV COVGrmxa) — COVGn)
= 2(Rpxn + jSnxn) (A-25)
The parameter vector V,,,»; is
Un Vnt1 0 Vzn]T (A-26)

V2n><1 = [vl

It is convenient to define matrix
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Z2n><2n = IJ.I:I:XTL I=T1xn l

Combining (A-26) and (A-27) gives

O
Ooves = Bomen¥oa =7 20 0 0 !v;lei
0 ] 0 . —] l v;n J
=[witvn o Vntvam jo—v) o J(Un — V)]
Combining (A-9), (A-27) and (A-28) gives
A [
: | ]
z2n><1 = ZgannEanl = (1) é _(]) Jq ij)c’?i
0 1 0w il
=[x +jyr - XntiVn X1 —Jy1 v Xn =Vl

Taking the average, the mean vector C,,,xq iS
Canl = E[Zanl] = zgannE[Eanl] = z£n><2nf2n><1

Combining (A-26), (A-27) and (A-28) gives

-
~

Ul onZanss = (BamxanVonxa) Zanxa = Vixanbh
1x2n>-2nx1 — 2nx2n V2nx1l) “=2nx1 — Vix2nS2nx2n“-2nx1

—yT 7
- V1><2nZ2n><1

Combining (A-24), (A-27) and (A-28) gives
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(A-28)

(A-29)

(A-30)

(A-31)



_ I O 2(Rnn + i§nxn)l _ linxn ?nxnl (A32)
2(Rnxn = iSnxn) Onxn Yixn  Onxn
Combining (A-13) and (A-32) gives
§2n><2n = ZgannﬁIZnXZnZZnXZn (A-33)
Combining (A-28) and (A-33) gives
ﬁ{XZnWIZnXZnUanl = (KanznVan)Tl\:/IZnXZn(ZanZnVanl)
= VEXZnZEnXZnﬁZnXZnKZnXZnVanl = V1T><2n§2n><2nV2n><1 (A-34)
Combining (A-28), (A-30) and (A-31) gives
UIXZnFanl = (ZZnXZnVanl)TFanl = VzTnxlzananznm
= v1T><2nCZn><1 (A-35)

Combining (A-5) and (A-35) gives

—_— = 1 —_— = —_— — —
E[exp(UIXZn‘Zanl)] = exp (5 UIXZnMZnXZnUanl + UIXZnFanl) (A-36)

Combining (A-5) and (A-35) gives

— — 1 j— =3 j— — —
E[exp(VlsznZqu)] = exp (E UIXZnMZTLXZnUanl + U{xZnFanl)
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1 J— = - J— —
= exp (5 V1T><2n22n><2nV2n><1 + V1T><2n(:2n><1) (A-37)

Here we will apply equation (A-37) to calculate the 4™ order moment.

The parameter vector Vg, is
Voxa =1[V1 = Va Vs - vg]T = [Vixa V&z}]T (A-38)

The covariance matrix Sgyg is

fgxgzlg‘f“ f‘*”l (A-39)
Wixa  Oaxq

The moment generating function is

J— — 1_ = — J— —
E[exp(V1T><828x1)] = exp (5V1T><828><8V8x1 + V1T><8C8><1)

0 Y V.
ooz, P Pl B, G

4-><4- O4-><4- V1><4- C4><1

1= & a4 " * 77/
= exp (5 (V1£4‘P4><4V1><4 + V1x7:tlp4x4v1x4))

X exp(V1%4Caxy + V4 Caka (A-40)
We have
Vi%aPaxaVike = Y1 Dnm1 V% Ymn (A-41a)
V1';<T4lp4><4V1><4 Yn=12n=1VmVn¥mn (A-41b)
Vi%aCax1 = Xp=1VnCn (A-41c)
ViZaCixa = Xp=1vn (A-41d)
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Combining (A-7), (A-40) and (A-41) gives

X7 7 1 ! 14 ", *
Elexp (V1T><8Z8><1)] = exp (; (Z$n=1 Z;‘;=1 UmnUn Ymn + Z$n=1 Z?l=1 vmvnlpmn)>

. x

X exP(Z%ﬂ VpCp + Z“rl'l=1 Up Cn
= exp (5 (Bt Ty Vit Wn + Vi) + oy vhon + Thoy vl cr)
= exp(Ti=1 Zn=1VmVn Ymn + Zh=1Vncn + Lr=1 vr'cn) (A-42)
The random vector Zg, ; is
Zox1 =2t Zs 2Z¢ 25 zf zy zi zp]T (A-43)

The 4™ order moment is

1— = — — —
a4€xP(—VIxszsstsx1+V71w><scs><1)
Elz,z,z}z:] = 2
tét4s4ol —
V8x1=6

0v16v36v66v8

_ 64exp(2$n=1 =1 VmVn Ymn+Yn=1VnCnt+Yn=1Vr Cn
- T AT AT A TT (A-44)
0v,0v30v, 0v, =

Vox1=0
The Taylor expansion of the exponential term is
exp(Xr=1 Xne1 VmVn Wmn + Zmeq VnCn + Xnci U cr) = 1
+ (X =1 =1 Vs Ymn + D=1 VnCn + Xinmq V' C1)
+ % (Cm=1 Xr=1 VmVUn Yimn + Lpcq VnCn + Tnq Vi C)°

1
+ 3 (Cm=1 2r=1 UmUn Yinn + Lpeq VnCn + Zm=a Vi C1)?

1 *
+a (Cm=1 2r=1 UmUn Yimn + Lre1 VnCn + Zpma Vi ci)* + -+ (A-45)
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The 2" order term is
=1 Lozt VW Ymn + Xacy Uncn + Xnog v/ ch)?
= Cm=1 Za=1 VnW Ymn)? + 2 m=1 Xzt Vn W Yimn) Cpz1 Vnen + Xhog v cpy
+(Xn=1VnCn + Xn=1 vy c1)? (A-46)
Collecting terms contain product v;vivy v,
(2%:1 Zfl:l UV Pmn)? = (Z;Ln=1 2%:1 U Uy lpmn)(Ziﬂ=1 nyﬂ vr'n,v;l', l/)m’n’)
= (- + vV P1g + V1V Y1 + V3V Y3z + V304 Y3 + o)
X (o + 10y P1g + V108 Y1 + V30 P3p + V304 P3s +000)
= V1 V305 Vs Y1234 + V10305 04 PraPzr + V10305 U P304 + V103050 P13
= 2010305 vy (Y12P34 + Y1432) (A-47)
The 3 order term is
(=1 Zn=1 VmVn Ymn + Xne1 UnCn + Xioy v/ c)?
= (=1 Zn=1Vm V% Ymn)® + 3=t Zi=1 UV Yimn)* (Chz1 VnCn + Zao1 v Cp
+3(Xm=1 Zn=1VmVn Wmn) Cn=1 VnCn + =1 V0 )7
+(Xf=1VnCn + Lio1 Vi cp)? (A-48)

i S i uct vyvvy' v
Collecting terms contain product v;vivy) v,

Em=1Zn=1VmVn Ymn) =1 VnCn + Ln=1vs cp)?
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— ! 143 1A 143 1A 144 1A 143
= (- +viv Y1 + Vi Pis + V30 Y3 + V30 Y3 + o)
X (+vieg +vies +vies+vcp + )
I x I _ x )

X (- +vic; +vacs vy e vy + e

— ! 144 ! 144 ! 144 ! 144
= (- + vV P1p + V1V Y1y + V3V P35 + V30 P3s + 00)

!

X (o4 2v1v5 ¢ ¢ + 2014 ¢ ¢ + 2v3v5 c3¢5 + 2030, c3cp + )

= 2v1v305 04 P1¢5¢; + 2010305 v Y1405 03
+2v1 0305 V4 P320164 + 2010305 04 P01 05
= 2010305 vy (P1263€5 + P146563 + P326105 + P3461€3)
The 4™ order term is
=1 Lozt VnVn Ymn + Xpog Vincn + Xnoqg vy cp)*
= (Um=12n=1VmV% Yma)*
+4(Ch=1 Zn=1Vm Vs Ymn)® Q=1 VnCn + Xn=1 V7' )
+6(Xim=1Xn=1VmVn Ymn)? X1 VnCn + =1 V3 )7
+4(Xm=1 Zn=1VmVs Ymn)' Crn=1 VnCn + Y=g V0 )7
+ (X1 VnCn + Xn=a i cn)?
Applying the multinomial formula

n _ n! m kt
(xl + -+ xm) = Zk1+...+km=n KyloKo! t=1 xt
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., r

Collecting terms contain product v;v3vy vy

(Zfl:l vT’lCTl + Z‘?’-l:l v‘;llc;kl)4

= (- +vic, +vies +vycs + vy ch + )t

= (vic; + vies + vy ey + vy et + -

= 24v1v3V5 v, €1C5C5C + - (A-52)
The 4™ order moment is
o*®
* %] — _
Elzizcz52;] = {617{81%617;'8171'}— = (A-53a)

Vgx1=0

( 1+ (=1 Zn=1 Vi Vn Ymn + Xocy UnCp + Xnog U7 cpy \
1
+ = (Cm=1Zn=1VmVn Ymn + =1 VnCn + Ln=q 00/ cn)?
1
+ = =1 Zn=1 Vi Vn Ymn + Xi=1 VnCn + Ln=q o0/ cn)? |

1 ! 12} 7 "ok
k+ Z (Zgl=1 Zfl:l vmvn Ipmn + Z%=1 leCTl + Z?’l:l vn Cn)4- + ._‘J

1
2 (2010305 vy (Y1234 + P143P32)]
1
=4*t3 [6v1v3v5 v, (P1a03¢s + P1aC3¢3 + 30105 + P34C1C35)]

\ +i[24vivév§’vgclcic3d{] F o )

V10305 V) (P12W34 + P141P32)
= +v1030, vy (P1263C4 + P14C05¢3 + P3201C5 + P34C1C35)
+vivivy v, ciciescs + o

V10305 Vs (Y12P34 + P141P32)
+v1v305' vy (P1263¢5 + P1ac3¢3 + P3acich + Paacicy) ¢ (A-53b)

+vyvivy v, ciciescn + o

We obtain
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Elz,2,2:7%] {¢12¢34 + Y143z + 12030y + 1/)140503} (A-54)

+P32¢1Ch + P34010; + 105050,
The 4™ order moment is

Y(&,)Y(T,0) + Y(t, 0)Y(T, 5) + (¢, s)c.co

+(t,0)c.cs +Y(T,5)cich + crcicch } (A-55)

Blzzizez;) = |

Combining (A-7) and (A-55) gives

Elzez52:25]

{ll}(t, P(z,0) + P (t,0)Y(z,s) + (L, S)CTCZ}

+(t,0)c.cs + P(T,8)cich + crcaccy

(zez5) — cres)((2ez5) — cecs) + ((2e25) — €eCo) ((2025) — €1C5)
= +(ze25) = cecs)ercy + ((2e25) — cecg)ercs + ((2025) — coC5)cecy
+({2:25) — coCg)cecs + cecsercs

= (225 02:25) + (202502 25) — CeC5CeCo (A-56)
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Appendix B Reciprocity Theorem for Green’s Function in a Linear

Inhomogeneous Medium

In previous chapters, we have derived the expressions for the time-domain RCS. The
reciprocity theorem for the Green’s function in an inhomogeneous medium is applied to
calculate the 4™ order moment within the time-domain RCS formula. In this appendix,
we will follow the procedure in [47-48] and show that the Green’s function satisfies the
reciprocity relationship in a linear inhomogeneous medium. More specifically, the
Green’s function is symmetrical with the source point and the observation point
interchanged.

In an inhomogeneous medium, the field U(7) obeys the scalar Helmholtz

equation
VEU(F) + k(1 +n,(P) UE) = 0 (B-1)

where k is the free-space wavenumber and n, () is the refractive index fluctuation.
In the absence of the random fluctuations(n, () = 0), the scalar Helmholtz equation

becomes
VZUy(7) + k2Uy(F) = 0 (B-2)

where U, (7) represents the primary field.

The free-space Green’s function satisfies the equation for a point source
ViG,(F—7') + kiGy(F —7') = —8(F — ") (B-3)

where 6(r — ') is the Dirac delta function.

Solving the equation (B-3), the free-space Green’s function is given by
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p(iko|F—7'|)

Go(F,7) == am|r—7| (B-4)

Combining (B-2) and (B-3), the solution of (B-1) can be expressed by an integral

equation for U(7)
U(F) = Ug(F) + k§ [ Go(F — 7)Sn(7)U (7)) dR (B-5a)
sn(®) = (1+n,(7)° =1 = 2n, () + n2(F) (B-5b)

where the integration is over the space occupied by the random medium.

Write the field at point ¥ = 73
U(ry) = Uy(7) + k& [ Go (7, — 75)8n(7,) U(7,)dF, (B-6)
Combining (B-5a) and (B-6) gives
U(T) = Uy(7) + k [ Go (7 — 7,)8n(7) Uy (7)) d7;
+kg [ Go(F — 7)8n(7) Gy (7, — 75)n(7,) U (7)) dr, A7, (B-7)
Write the field at point ¥ = 7,
U(7) = Uy(7y) + ki [ Go (7, — 73)n(73) Uy (73) ds
+k§ [[ Go(Fy, — 7)) n(7,) Go (7, — 75)8n(75) U (7)) dF, dF; (B-8)
Combining (B-7) and (B-8) gives
U(T) = Uy(F) + ki [ Go(F — 7)) 8n(7) Uy (7)) d7y
+k§ [ Go(F — 7,)8n(7,) Go (7, — ) 8n(7y) Uy () d7y A7,

+k§ [[[ Go(F — 7)8n(7,) Go (7, — 7,)8n(7,)
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Go (7, — 13)0n(73) Uy (73)dry dipdr + - (B-9)

By repeating the process, we can obtain an infinite perturbation series for the field in an
inhomogeneous medium. This series is known as the Neumann series for the integral
equation and the Born expansion in physics [47].

In an inhomogeneous medium, the stochastic Green’s function obeys the scalar

Helmholtz equation
ViG(F,7) + kE(1 + 8n(P)G(F,7) = —8(F — ) (B-10)

where k, is the free-space wavenumber. The stochastic Green’s function also satisfies
the radiation condition at infinite.

Substituting Uy () = Go(7,7') and U(F) = G (7, 7") into (B-9) gives
G(7,7") = Go(F, 7") + k& [ Go(F — 1) 8n(7) Gy (7, — 7')dF,
+k§ [ Go(F — 7)8n(7) Gy (7, — 75)8n(7,) Gy (7, — 7')dF, dF,
+k§ [[[ Go(F — 7)8n(7) Go (7, — 75)8n(7)
Go (7, — 75)80(7) Go (75 — 7)d7, A7, d7; + - (B-11)

Applying the reciprocity relation for the free-space Green’s function, that is, G, (7", 7') =

G, (', 1), the second term in the series (B-11) can be written as
k(z) f Go(r — 11)0n(7) Gy (i, — 7)di = kg f Go(y — 7)on(7) Gy (' — 17)d7y
= kg f Go(' —11)0n(i) Gy (7, — T)dry (B-12)

Following the same procedure and properly changing the integration variables, the third

term in the infinite series (B-11) becomes
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kg [f Go(F — 7)8n(7,)Go (7, — 72)8n(7,) Go (7, — 71)dF dF,

= kg ﬂ Go(, — 7)on(7) Gy (7, — 71)n(7R) Go (7' — 1) dr d7,

= k¢ Jf Go(F' — 7,)8n(7,) Go (7, — 71)8n(7) Go (7, — 7)dFdF,

= k¢ [ Go(F' — 7)8n(7) Gy (7, — 7,)8n(7) Gy (7, — T)drd7,  (B-13)

Repeating this process and transforming all terms in the series (B-11), we obtain the
reciprocity relationship for the stochastic Green’s function for a linear inhomogeneous

medium

G(F ) = G(F,7) (B-14)
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