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University of Washington

Abstract

Essential spanning forests and electric networks in groups
by Margarita Solomyak

Chairperson of Supervisory Committee: Professor Isaac Namioka

Department of Mathematics

Let I' be a Cayley graph of a finitely generated group G. Subgraphs which contain all
vertices of I', have no cycles, and no finite connected components are called essential
spanning forests. The set Y of all such subgraphs being given a compact topology,
G acts on Y continuously. We define a G-invariant measure g on ) and investigate
ergodic properties of the process (Y, i, G), called an ESF.

The case G = Z¢ or their finite extensions was studied by Pemantle and Burton.
For a general G we establish mixing and give a sufficient condition for directional tail
triviality in terms of the transfer-current function 1. For non-co-compact Fuchsian
groups we establish the tail triviality of (), 4, G) and describe %, which by a theorem
of Burton and Pemantle determines the measure p.

The second part of this thesis is concerned with the relation between ESF and
algebraic dynamical systems. Burton nd Pemanle computed the entropy of (Y, Z¢),
where ) is the set of essential spanning forests in an arbitrary Z%-periodic graph.
Their formula turned out to be the same as the one obtained by Lind, Schmidt and
Ward for the entropy of Z¢-actions by automorphisms on certain compact subgroups
of (R/Z)%". We give a direct proof of equalities of entropies for ESF processes and

corresponding algebraic systems, answering the question of the above authors.
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Chapter 1

INTRODUCTION

We study an Essential Spanning Forest Process (or ESF); it is a dynamical system
which is naturally associated to any finitely generated group G relative to a fixed
set of generators 5. Such systems were first studied by Pemantle in [Pem90], and
Burton and Pemantle in [BP93] for groups Z¢ and their finite extensions. There
are interesting and profound relations between ESF’s and random walks on groups,
potential theory, infinite electric networks, and actions by automorphisms of compact

Abelian groups.

1.1 Groups and their Cayley graphs

Our exposition in the beginning follows [GH].

Let G be a finitely generated group. Choose a finite set S of generators for G.
For simplicity, we will assume that S is symmetric, i;e. s€Sifandonlyifs~! € S,
and that id & S, where id is the group identity. The set of generators being fixed, G
can be given the word metric, namely, define the length |v| of any v € G to be the
smallest integer n such that there exists a sequence sy, ..., s, of generators in G for
which v = ;... s, and define the distance d : G x G — R by d(vy,v2) = v 2]

A convenient way to visualize G is to introduce the Cayley graph I'(G, S): this is
a graph with vertex set V = G, and edge set E such that two vertices vy, v2 are joined
by an edge if and only if vi'v, € S. This gives a non-directed graph, without any

loops or multiple edges, which is infinite whenever G is infinite. There is an obvious



[SV]

left action by G on this graph which is transitive on the set of vertices.

Each edge of I'(G, S) can be made a metric space isometric to the line segment
[0,1], in such a way that the left action of G produces isometries between the edges.
One defines naturally the length of a path between two points (not necessarily ver-
tices) of the graph, and the distance between two points is defined to be the infimum
of the appropriate path-lengths. In this way I'(G, S) is made into a metric space (with
the metric denoted by p), and the natural inclusion G C I'(G, S) is an isometry.

Examples of Cayley graphs can be found in [GH] or [C].

1.2 Essential spanning forests

By a subgraph of I'(G,S) we mean any subcollection of edges. One can view a
subgraph v as a map from F to {0,1} by assigning 1’s to the edges in v. Let X
denote the set of all subgraphs in I'(G, S). It can be identified with {0,1}%. Endow
X with the product topology, i.e. the topology generated by the cylinder sets:

T(e1,-.. €k f1y---5fr) =< v € X such that _
1fi)=0,j=1,...,r

v(e)=1,i=1,...,k }

where {e;,...,ec} and {f1,..., fr} are finite collections of edges. A set of the form
T(er,....ex;) ={y € X suchthat v(e;)=1, i=1,...,k}

we call an elementary cylinder set. We will also write T(A) for such a set, if A =
{e1,...,ex}.

It is well known that X is compact. The action of G on I'(G, S) induces the left
action of G on X by homeomorphisms.

By a cycle in a graph we mean a finite collection of distinct edges e;,ea,...,emn,
such that each pair en,e; and e;, €43, 1 < 72 < m, has a vertex in common, but
e;Ne; = { for all other pairs of edges. A subgraph of T is called an essential spanning

forest if it contains at least one edge incident to each vertex of I', has no cycles,



and if all its connected components are infinite. Let Y be the set of all essential
spanning forests in I'. Then Y is closed and therefore compact: indeed, if {y,}%, is
a sequence in Y such that 9, — v as n — oo, then ~, eventually coincides with «
on any finite collection of edges. Thus, neither a finite connected component, nor a
cycle can appear in v. Clearly, ) is G-invariant.

We now define a Borel probability measure y on .

Let O denote the vertex corresponding to id . For each n, let I',, be the ball of radius
n, centered at O, with the graph structure. Recall that a spanning tree in a finite
graph T is a connected subgraph which contains all the vertices of I' and has no
cycles.

The set of spanning trees in I', being finite, one can put on it the uniform proba-
bility measure x(I',)(-). Since any spanning tree is a subgraph of the whole graph T’
as well, we view u(I',)(-) as a discrete measure on X.

In chapter 3 we will prove, following [Pem90], that as n — oo, the measures u(T,)
converge in the weak* topology to a measure g, (i.e. u(I'x)(C) — p(C) for every
cylinder set C); the limiting measure is concentrated on the set of essential spanning

forests and is G-invariant.

Thus, we obtain the process (), 1, G), called ESF, which is the main object of our

investigation.

In the sequel we will use the following notation for cylinder sets:
{er,.cner €T5 fiyeens o € TYE Tlen,... 15 1,00 ),

{elﬁ-”’ekGT}déIT(ela"'vek;)

There are other possibilities for defining similar limiting measures, see e.g. [LyPe].
Inspired by [LyPe], we introduce in Chapter 3 a new measure ji on V. Comparison

of 4 and f is used in Chapter 4 to prove tail-triviality of y in special cases.



1.3 Ergodic properties

We first recall some fundamental definitions:
Mixing. Let K be a compact Hausdorff space and p be a Borel probability measure
on K. Suppose that a finitely generated group G acts on K by homeomorphisms
which preserve p.

The dynamical system (K, u, G) is mizing if for any Borel sets A and B, and any

sequence g, € G such that, in a word metric, |g,| — o0 as n — oo, one has
|u(AN gnB) — p(A)u(B)| = 0 as n — co. (1.1)

Tail triviality. Let ' = I'(G, S) and 'y, n = 1,2..., be as in Section 1.2. Denote
by 7, the o-algebra generated by cylinder sets T(A) and T(A)¢, where A C I'. We
say that (Y, 4, G) (or u, for short) has ¢rivial tail if the tail o-algebra

_contains only sets of measure 0 or 1.
Bernoullicity. Let X be compact and po be a Borel probability measure on X.

Consider the direct product of copies of X, indexed by G

K = I;I(X, po) ={r: G — (X, o)}

We assume that K is endowed with the ;;roduct topology and with the product
measure which we denote by u. There is a natural left action by G on K by measure-

preserving homeomorphisms: if g,g; € G, then

9-6(g1) = x(gq1).

The dynamical system (K, u,G) is called a Bernoulli process and any dynamical
system metrically isomorphic to such is said to be Bernoulli. (See [OW] for the

definition of metrically isomorphic dynamical systems.)



It is not hard to see that tail triviality implies mixing.

Given a finite subgraph H C T, the boundary OH of H is the set of vertices in
H which are incident to a vertex in H¢. We say that I" has moderate growth, if there
exists a sequence of subgraphs H,, n = 1,2,..., which exhaust T, such that

0T
T

— 0, as n — oo.

Here || stands for the number of vertices in I'. A finitely generated group whose
Cayley graph has moderate growth is called amenable, (see [LyPe] and [Green]).

In Chapter 3 we will prove that (), 4, G) is mixing for any (G,S). This was inde-
pendently proved by Lyons (see [LyPe]).

Bernoullicity of (), 4, G) for any amenable group G was proved by Burton and
Steif in [BS96]. Tail triviality in case G = Z¢ was proved by Pemantle ( see [Pem90]);
a proof for all amenable groups can be found in [LyPe]. In Chapter 4 we establish
the tail triviality for a class of non-amenable groups, viz non-co-compact Fuchsian

groups.

Rather than the whole tail 7', one can consider subalgebras 7(3), which are tails
in particular directions, 8 being infinite paths in I'. More precisely, we say that a
path 8 = By, B2--- in I'(G) is regular, if for any n, (81,8:.-.,0B,) is a shortest path
between its endpoints.

Given a regular path 8 = 8, 0,,..., denote by Q,.(8) the set of all regular «,
such that o = 3; for 1 < ¢ < n. Let V,(B) be the set of vertices encountered in
such paths outside I', in other words, V,(8) is the set of all endpoints of edges in

U {aii > n}. Next, let E,(3) be the set of edges with endpoints in V,(B).
o]()eeanéf; by 0.(8) the o-field generated by the cylinder sets T'(A), for A C E.(B).
Finally, denote 7(8) = ﬁ on(B).

We say that dz'recti::;I tail is trivial, if T(B) is trivial for any regular path 8.

Clearly, directional tail triviality is stronger than mixing. We give a sufficient con-

dition for (Y, u,G) to have trivial directional tail in terms of the transfer-current



function which is discussed below.

1.4 Transfer-current function

The transfer-current function % is our main tool for investigating the measure y. For
a finite graph T', the function 4 is defined by viewing the graph as an electric network
with 1-ohm resistances assigned to each edge. The domain of ¢ is the set of all pairs
of directed edges (€1, é;), aﬁd ¥(€1,€2) is the current through edge &, given that a
properly normalized battery is applied to é&;.

Let e;,...,ex be edges in [. Pick an orientation arbitrarily. The Transfer-
Impedance Theorem due to Burton and Pemantle [BP93] asserts that the measure of

any elementary cylinder set is computed as
p({e1,...,ex € T}) = det M(ey,...,ex), (1.2)

where y is the uniform measure on spanning trees in I, and M (e1,---,ex) is the
k x k matrix with entries 1(€;,€;). Using the theory of random walks, Burton and
Pemantle proved for amenable groups that, if I', are finite subgraphs of I'(G, S), as
above, and ¥, are the corresponding transfer-current functions, then 1, converge
edge-wise to a limiting function 3 which determines x by (1.2). Their proof relies on
the triviality of the Poisson boundary and cannot be extended to the general case.

We provide an elementary observation that for any (G, S) the functions 2 con-
verge. Any limit point for the sequence {1,}2, would be sufficient for our consider-
ations (i.e. will determine the limiting measure g by (1.2)). It is true, however, that
actually the %, converge edge-wise and in a certain Hilbert space. A proof, relying
on functional analysis can be found in [S094] or [LyPe].

In Chapter 4 we focus our attention on the class of groups isomorphic to non-co-
compact Fuchsian groups. The Cayley graph of any such group can be embedded
quasi-isometrically into the hyperbolic p}ane (see [GH] for the definition of quasi-

isometry). We establish the exponential behavior of % and obtain, as a corollary, that



the rate of convergence to mixing is exponential. We present the system of equations,
in terms of generators and relations in the group, which uniquely determines . This
is used to prove that the tail o-algebra is trivial.

In the case G = Z the transfer-current function 1 was computed explicitly by
Burton and Pemantle [BP93] by means of harmonic analysis. We compute v explicitly

for the Modular and Hecke groups by geometric methods.

1.5 Relation with algebraic dynamical systems

There is a profound and not totally understood relation between ESF’s and group

actions by automorphisms on compact Abelian groups.

Let I be a periodic graph with the vertex set Z¢. (This is a slightly more general
situation than before, since multiple edges are allowed). The set of essential spanning
forests ) and measure p. are defined in the same way. Burton and Pemantle computed
the topological entropy of (Y, Z¢), and their formula turned out to be the same as one
obtained previously by Lind, Schmidt, and Ward for Z%-actions on certain compact
subgroups of (R/Z)2". The question was to explain the coincidence. In Chapter 5 we
give a direct proof of equality of entropies.

Moreover, if T' is a Z?-periodic graph, and K is the corresponding compact abelian
group, endowed with the Haar measure ), then (Y, u,2Z?%) and (K, A, Z%) are both
Bernoulli, ([BS96} and [Sch]), and have the same value of measure-theoretical en-
tropy, because p and ) are the measures of maximal entropy in each system, respec-
tively. Hence, by Ornstein and Weiss’s theorem [OW], they are metrically isomorphic.

Constructing such an isomorphism explicitly is an open problem.

1.6 Summary

In Chapter 2 we explain the relation between spanning trees and electric networks in

finite graphs.



In Chapter 3 we construct measures x and j, define the transfer-current function % on
I'(G, S), prove that (), 4, G) is mixing, and give a sufficient condition for directional
tail triviality in terms of .

Chapter 4 is devoted to the case of non-co-compact Fuchsian groups.

In Chapter 5 we give 5 direct proof of coincidence of entropies of ESF’s and algebraic

dynamical systems.



Chapter 2

SPANNING TREES AND FINITE ELECTRIC
NETWORKS

In this chapter we will explain the relation between uniform measures on spanning
trees and electric networks, and state some basic results which will be used afterwards.

We assume throughout this section that I is a finite connected graph, which does
not contain self-loops, i.e. edges connecting a vertex to itself. Let V, E denote the
set of vertices and of edges, respectively. For distinct z, y € V, write £ ~ y if they
are joined by at least one edge, and set k(z,y) to be the number of edges joining z, y.
By a function on the graph we mean a function on its vertices. A function v : I' = R

is called harmonic at z, if

>_(v(y) = v(2)) =0,

y~z
where the summation goes over all y adjacent to z, counting multiplicities.
IfACV,and v:I' — R is harmonic at each z € V\A, we say that v is harmonic

with boundary conditions v|,.

Theorem 2.1 For any subset A C V, and any function vy : A — R, there ezists a

unique function v : T' — R which is harmonic with boundary conditions vg4.

See [DS] for the proof.

Given T, we can view it as an electric network by assigning to each edge a 1-ohm
resistance. Choose two vertices a and b and put a one-volt battery across these points,
establishing a voltage v(a) = 1, v(b) = 0. This induces a voltage v(z) at each vertex

z, and currents iy in the circuit. By Ohm’s Law, the currents through resistors are
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determined by the voltages by

tey = ¥(Z) — v(y)- (2.1)

Kirchhoff’s Current Law requires that the total current flowing from any point other
than a or b is 0. That is, for ¢ # a.b
iy = Z izy = 0.
Yy

Hence by (2.1) the voltage function is harmonic with boundary conditions: v(a) = 1,
v(b) = 0.

It is easy to check that i, = —i;. We call 7, the total current through the network,
(it comes into the circuit from the outside source). It is natural, in view of Ohm’s
Law, to call

po @ =) _ 1

s e
the effective resistance between the nodes a, b. If, rather than a unit battery, we
apply a battery of value B across a, b, all currents are multiplied by B, and the
total current through the network is one. The same consideration applies to any edge
e € E. We denote by B(e) the effective resistance of e. In other words, a'battery
B(e) applied to e induces the unit current into the circuit.

More generally, one can impose voltages v;,...,v; on vertices a;,...,ax. The
resulting voltage at other vertices is harmonic with boundary conditions: v(a;) =
n,...,v(ar) = v.

Let 4 = u(T') be the uniform probability measure on the set of spanning trees in
. Recall that {e1,...,ex € T} is the set of all subgraphs of I, containing edges e;

through ex. To make notations consistent, regard p as a measure on the set of all

subgraphs of T

Theorem 2.2 ( Kirchhoff, 1847) For any edge e

#({e € T}) = B(e).
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See [Pem90] for the proof.

Let E; = E x {0,1} be the set of directed edges. Given &, f € Eq, set %(¢, f) to
be the current through the resistor f, resulting from applying a battery B(e) to e.

The function % : Eq x E; — R thus defined is called the transfer-current function.

Theorem 2.3 (Matriz-Impedance). Let e,,..., e be any edges in I'. Pick an orien-

tation for each e;, 1 < i < k arbitrarily. Then

V(ELE) ... B(E,E)
#(D)({er,.. e € TY) = (2.2)

Y(€ 1) ... (€, Er)
This theorem is due to Burton and Pemantle. See [LyPe] for the proof.

REMARK: A change of the orientation of any e; would result in multiplying the i**

column and the i** row by —1 and would not effect det M.

We will need the following notions of deletions and contractions of graphs: The
deletion of an edge e from I' is the graph ' — ¢ consisting of all edges of T except e.
The contraction of I' by the edge e = zy is the graph I'/e obtained by removing all
edges between z and y, and identifying z and y. This may result in paralle] edges,
which must still be regarded as distinct.

Contraction commutes and associates with deletion, so it makes sense to speak of
the graph T with e,,...,e, contracted and ey ...€, deleted.

Electrically, deletion of an edge e amounts to making its resistance in the network
I infinite , while contraction by e amounts to making its resistance in I’ equal zero
and leaving all other resistances the same.

More generally, let R C V x V be an equivalence relation on the set of vertices.

Denote by [v] the equivalence class of v. Define the contraction I /R to be the graph
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with the vertex set V/R and the number of edges connecting [v;] , [v2] equal to the
total number of edges in I' connecting a vertex in [v1] to a vertex in [vo). All self-loops

must be erased.

Proposition 2.4 Let {e;,...,en} be a finite collection of edges in T
If u()({ez,...,em € T}) #0, then

WD) {er € THie, - em € T)) = u(F/{en .., em})({er € T)).
If w(T)({ez,...,em £T}) #0, then
w(E)({er € TH{ear- - rem £T) = p(E = {ean- .. en})({er € T}).

Here u(T')(C1|C,) stands for the conditional measure on C,.

See [Pem90], p.1562.

An important tool is the following

Theorem 2.5 ( Rayleigh’s Monotonicity Law) If the resistances of a circuit are in-
creased, the effective resistance between any two points can only increase. If they are

decreased, it can only decrease.

See [DS] for a proof.

An application of Rayleigh’s Monotonicity Law, which we will now demonstrate, will
be repeatedly used in this work.

Example. Let e, e; be distinct edges in I'. By Rayleigh’s Monotonicity Law, the
effective resistance of e; in I' is less than or equal to the effective resistance of €1 in

~

' — e. Hence, by Theorem 2.2,

#(M){er € TH < w(T - e)({er € T}).

The latter inequality has a geometric explanation, as well: the more choices one has
to pick edges for a spanning tree, the smaller is the chance of a particular edge to be

chosen.



Chaptei' 3

ESSENTIAL SPANNING FORESTS PROCESSES:
GENERAL CASE

3.1 Invariant measures

Let I' = I'(G, S) be the Cayley graph of a finitely generated group G relative to a set
of generators S. Recall that X = {0,1}# is the set of all subgraphs of I', and T, C T
is the ball of radius n centered at O. For a finite connected graph I' we write S(T)
for the set of all spanning trees in I'.

Clearly, I'; is connected, thus S(T',) is finite and non-empty. Therefore, the uni-
form probability measure on S(T',.), denoted by u(T,), is well-defined. Each spanning

tree being a subgraph of I, we regard u(T',,) as a discrete measure on X.

Theorem 3.1 Asn — oo, u(T',) converges in the weak* topology. The limiting mea-

sure p ts concentrated on the set of essential spanning forests and is G-invariant.

PROOF: First, observe that if A’ is a finite collection of edges in I',,, then
T./JA' C T /A
Hence, by Rayleigh’s Monotonicity Law, for any edge e
#(Tn/A")({eo € T} 2 p(Tnsa/A")({eo € T}. (3.1)
Given a finite set A = {ey,...,em} C Iy, we have

/L(Fn)({el, cee9Bm e T}) =
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#Tn)({er € T}H{ez,-..,em € T} - p(Tn)({e2;...,em € T}) =

l‘(rn/{e% LR em})({el € T}) : l"'(rn)({eZa ceesm € T})3

by Proposition 2.4.
It is easy to show by induction, using (3.1), that u(T',)(T(A)) is decreasing in n
for any elementary cylinder set T(A)). Hence, u(T',) converges on such sets and on
all cylinder sets as well, by inclusion-exclusion principle. This uniquely defines a
probability measure yx on X.

Next, observe that 4 is carried by the set of essential spanning forests: for instance,
if e1,...,en form a cycle, then u(T',)({e1,--.,em € T}) = 0 for all large enough n.
Hence, p({e1,...,em € T}) = 0. Similarly, any particular finite connected component
occurs with zero probability at each finite stage, and therefore, will not occur u.-a.s.

To show that u is G-invariant, observe that for any ¢ € G and any cylinder set C,

#(T2)(9C) = u(g™' TR )(C).

If K is such that ¢7'T', € 'k, then

#(Tr)(gC) = p(g7'T)(C) 2 u(Tk)(C).
Passing to the limit yields
#(gC) = pu(C).

Since g and C were arbitrary, the result follows.

REMARK: This proof follows the proof in [Pem90] for the case G = Z¢, see also
[LyPe].

Next we define another Borel probability measure on ). Recall that, given a finite
subgraph H C T, by the boundary dH of H we mean the set of vertices in H which

are adjacent to a vertex in H¢.
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Given n, say that v, v; € OI', are equivalent, if they can be connected by a path
in I', which lies outside B,_;. Let R, be the equivalence relation just defined, with
equivalence classes denoted by [v], v € B,. (If v € B,—_;, then [v] consists of just one

element). Consider
™ =T,/R,.

(See Chapter 2 for the definition of contraction.)
For each n, '™ is a finite graph, so p(I'™)(-) is well-defined. However, I'™) is not a
subgraph of ', and. therefore, u(I'™)) cannot be regarded as a measure on X. In order

to make sense of a limiting measure for u(I'™), n = 1,2,..., we consider projections
Tt S(T™) = F(T,y),

where F(I'n-1) is the set of spanning forests in I',—;. More precisely, if 7 € S(I'™),
then 7,(7) is defined to be the subgraph of I',_; obtained by erasing all vertices and
edges outside of I',_;.

Now, i(F,—1) « Ta(#(T'™)) is a measure on X, and the following is true:

Theorem 3.2 Asn — oo, i(I',) converges in the weak* topology. The limiting mea-

sure f 15 concentrated on the set of essential spanning forests and is G-invariant.

PROOF: Observe that ', C I'"*1), and two vertices vy, v, € 8T, can be connected
by a path in I['™*1) which lies outside of I',_; if, and only if the same two vertices
can be connected by a path in I' which lies outside of I',_;. Moreover, it is easy to

see that

™) =T+ fe) . em},

where {ei,...,en} is the set of edges zy such that z € 8T, and y € OT'n41. Thus,
by Rayleigh’s Monotonicity Law, for any elementary cylinder set T'(A)), and n large
enough,

p(T™)T(4)) < p(TH)(T(A)).
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By definition of 4(T,),
M(Ta-1)(T(A)) < KT )(T(A)).

" Hence, ji(T',.) converges on elementary cylinder sets, and therefore determines a prob-
ability measure f on X. As in proof of Theorem 3.1, 2(Y) = 1.

To show G-invariance of f, let
g™ = g™Y(T,)/¢ ™R, for g € G,

where R, is the equivalence relation defined above.
Fix g, and let K be such that g~'T', C I'x. It is easy to see that ¢g~'T'(™ can be
obtained from I'X) by contracting edges in I'K) \ g~'T',.. Hence, for any cylinder set

C, any g € G, and large enough n and K,
i(Tn-1)(9C) = p(g7' T™)(C) < w(T¥(C) = @(Tk-1)(C).

Passing to the limit implies 2(gC) < i(C). Since g and C were arbitrary, the result

follows.

REMARK: Another way to define a similar limiting measure, say £, is to set for each
n all vertices in the boundary 0T, to be equivalent. Such a measure is considered in

[LyPe]; it is closely related to random walks on G. We have the following relation :

2ip=xp,

"

where "<’ means stochastically dominated, (see[LyPe] for the definition). In many

cases two or even all tree measures g, & and g coincide.

Let 7, be the Borel o-algebra generated by cylinder sets depending only on edges
outside I',. Recall that the tail o-algebra is

T =n=, T,
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It was proved in [LyPe] that if & = u, then the tail o-algebra is trivial. By a similar

argument we prove the following

Proposition 3.3 If i = p, then the tail o-algebra is trivial, i.e. contains only sets of

p-measure 0 or 1.
PROOF: Let C € T be a tail event such that u(C) # 0. Approximate C by the
cylinder sets C,,, n = 1,2,..., so that

p(Ca&AC)—0, as n — oo,

and C, depends only on edges outside I',. By Rayleigh’s Monotonicity Law, given

an elementary cylinder set T(A) such that A C I',,_;, we have
A(Tam1)(T(A)) = w(T™)(T(A)) < w(T(A)IC) < u(TH)(T(A)).

By Theorems 3.1 and 3.2, u(T'»)(T(A4)) and (Ts-1)(T(A)) converge as n — co.
Hence,

T (A)|Cr) — p(T(A)), as n — oo,

implying
#(T(A)|C) = u(T(A)). (3.2)

By inclusion-exclusion principle, (3.2) is true for any cylinder set B replacing T'(A).

Choosing cylinder sets approximating C, and passing to the limit, we obtain
#(C|C) = p(C).

Hence, p(C) =1, q.e.d.

3.2 Transfer-current function.

Let Eq = E x {0,1} be the set of edges with a chosen direction. If € € E;, we denote
its endpoints by s(&), t(€), so that €'is directed from s(€) to ¢(€), and we write e for
the underlying non-directed edge.
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Lemma 3.4 Let I’ be a finite graph, and i be the transfer-current function, (see

Chapter 2). Then ¢ is symmetric, i.e., for any directed edges € and &, one has

d)(é‘la é.2) = ¢(€2’ El)

PROOF: For vertices v, u denote by k(v,u) the number of edges joining v to u.
Enumerate all vertices vy,...,v, of f‘, and define the Kirchhoff matrix of I to be

n X n matrix K with entries :
K(i,i) = deg(v;,T)

I{(’L,]) = —k(v,-,vj) if ¢ #]
If we impose voltages v;, 7 =1,...,n on the vertices, and denote v = (vy,...,1,)7,
then
I=Kv

is the vector of currents through the vertices. Indeed, for any 1 <7 < n,

L= (Kv)i= Y (v(v) — v(v;)).

v~y

.

As usual, the summation is over all vertices v; adjacent to v;, counting multiplicities.

Let # = (1,1,...1)T. Then K =0, and, conversely, if K+’ = 0 for some v’, then
V' is a scalar multiple of 7. (This amounts to the fact that all harmonic functions on
[ are constant). Let H C RV be the hyperplane orthogonal to 7. Clearly, K is
one-to-one on H.

Define an N x N matrix L by

1

Then Lv = Kv for any v € H, and L(¥) = v, so L is invertible.
Fix edges €; with the endpoints v;,v;, and €, with the endpoints v,,v,. Applying
a battery B(e1) to e; will induce current 1 through v;, current -1 through v;, and

zero currents through all other vertices, by Kirchhoff’s Law.
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Denote by 7 = (n1,...,n~5)7 the corresponding currents vector, i.e.
ni = 17
= -1,

me =0 if k#3,j.

The voltage v induced by the battery above is defined up to a constant and can be
chosen v = L~'n. Observe that v equals the difference of the i** and j** columns of

L~'. Accordingly, the current through &, is

¥(&1,8) = v, —v, = L7 (r,i) = L™(r, j) = L™'(s,) + L™(s, 7).
But L' is symmetric, so ¥(&, &) = ¥(&,&). g.e.d.
REMARK: The symmetry of the transfer-current function can be proved similarly for

networks with arbitrary resistances.

Now let I' = I'(G, S), and T', be as before. Pick edges é; and &,. Denote by ¥, the
transfer-current function in ', n=1,2,....

By the Matrix-Impedance Theorem,

Yn(é1,€1)  ¥n(E1, &)
¥n(€2,€1)  Pn(€2, &)

#(Tn)({e1,e2 € T}) =

and

WTa)({es € T) = (8, &) for i=1,2. (33)

By Theorem 3.1, the determinant and diagonal entries converge, hence, by symmetry,
¥n(€1, €2)? converges, as n — oo.

[So94] asserts that, actually, ¥,(€:,€&,) converges, so it makes sense to talk about
infinite electric networks. Let 3 be the limiting function. Clearly, for any edges

e1,...¢ek, one can apply (2.2) to I';, and 1, and pass to the limit as n — oo to obtain



Y(en, 1) ... P(er,¢€k)
p(T)({e1,-..ex € T}) = )
€k €1) ... P(Ek, k)
The same argument applies to ['™), n = 1,2, .. .. Denote the transfer current function

in T™ by ¢,. Then for any & and &, the sequence $2(&}, ;) converges. One can

chose a subsequence n;, j =1,2,..., and a function ¥, such that for any €; and &,
¢n,'(€19 62) - 1/)(51, é‘2)-

Applying he Transfer-Impedance Theorem to graphs I'™») and passing to the limit

gives for any edges ey, ez,..., €

P, e) ... (&, &)
ET)({er,...ex € T}) =
D(Er,€1) ... D(Er,Er)

We will use ¥ in Theorem 4.3 below.

3.3 Mixing

Lemma 3.5 Letey,e,,... be a sequence of edges such that p(e;,e,) — 00, asn — 0.

Then (€1,€,) = 0 as n — oo.

PROOF:
We may assume that p(O,e,) = n, so that for any K > n + 1 we have e, €
Ik \ Tn-1. Since Ty CT'x — €n, by Rayleigh’s Monotonicity Law

#{{e1 € T}) < p(Tk — en)({e1 € T}) < u(Tn-1)({e1 € T}).
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By Proposition 2.4,
Tk —e)({e1 €T} =pu(Tk)e1 €T e, € T).
Pick an € > 0. One can find N, such that foranyn > N, K > n +1,
|u(Tx)(e1 € Tlen € T) — p(es € T))| < €

Then
(T )(er € Tlen € T) - ples € T)| < ¢ (3.4)
Let
M, = | @8 ¥x(8,E)
| Pk(En ) bx(En &)

By Theorem 2.3,

det Mk = p(Tx)({e1 € T}{en € T}) - p(Tk)({en € T}).
Hence,
|detMk . — i (€1,€1) - Yr(€n, &n)| < €- u({en eT})<e

for any K > n + 1. In other words, ¥k(€;,€,) — 0, as n — oo, uniformly in K.

Passing to the limit in K first, implies that limp—.co ¥(€1,€5) = 0, g.e.d.

Theorem 3.6 If G is a finitely generated group with the set of generators S, and T
is the Cayley graph, then ESF on T'(G, S) is mizing.

PRrOOF: Let A= {e,...,ex}, B = {€kt1,--.,e,} be finite sets of edges. Recall that
|9} stands for the length of g € G in the word metric. By Corollary 4.4, ([BP93], p.
1343), it suffices to show that if g, € G, n =1,..., and |g,| — oo, then

#(T(A) N T(gn B)) — p(T(A4)) - p(T(B)).



Let M, be the r x r transfer-current matrix for edges

€1,€25..-,CkyGnCi41,---,GnCr.

Write M, as a block matrix

A, C,
M, = , where A, is k x k matrix,

cT B,
and B, is (r — k) x (r — k), and observe that, because of translation invariance of g,

for any n
det A, = u(T(A))
detB, = u(T(B)).
By Lemma 3.4, C, — 0. Thus det M, — u(T(A)u(T(B)), implying the result.

3.4 Directional tail triviality

Let G be finitely generated, I' = I'(G, S), and % be the transfer-current function.
A path a = a;1,02--- in I'(G) we will call regular, if for any n, (a1,Q2...,,) is a
shortest path between its endpoints. ‘

Given a regular path § = 4, s, . . ., denote by Q,(8) the set of all regular « such
that a; = fB; for 1 <7 < n. Let V,(B) be the set of all vertices in Q.(8) NT<, or,
more precisely, the set of endpoints for edges in | {a;,z > n}. Next, let E,(8)
be the set of edges with endpoints in V,(B). =een(®)

Denote by 0,(8) the o-field generated by the cylinder sets T(A), for A finite

subsets of En(f). Finally, denote 7(8) = i on(8).
n=1

Theorem 3.7 Let ¢, = sup |[¢(€1, €2)|, where supremum is taken over all ey, e, with
pler,e2) =n. If

o]

D cn < 00,

n=1

then for any regular path B, T(B) is trivial, i.e. u(C) =0 or I for every C € T(B).



PROOF: Fix a regular path 3. It suffices to show that for any cylinder set Y and any
C € T(B), such that u(C) # 0,

w(Y|C) = u(Y), (3:5)

where u(Y'|C) is the conditional measure. By inclusion-exclusion principle, it suffices
to check (3.5) for elementary cylinder sets Y = T(A), where A is a finite collection
of edges. First, assume that A consists of a single edge, say ep. Let C, € on(B),
n = 1,..., be cylinder sets such that x(C,AC) — 0 as n — oo. Each C, is
determined by a finite set of edges Fi, = {f1,..., fr, fr415-.-+ fs}, 5O that

Co={f1,-... fr €T} {frg1,..., fs £€T}.
We want to show that p(T(A)|Cn) — p(A), as n — oo. Fix n. For K big enough,
(more precisely, K > maxi<i<s p(O, fi)), denote
F)‘—{ = FK/Fny

and
F;é = FK/{flv"-afr} - {fH-l’---’fs}:

(see Chapter 2 for definitions of contraction and deletion). By Proposition 2.4,
w(Tx)(T(A)Cn) = w(Tx)(T(A)). (3.6)
Since u(T'x) — p, as K — oo, it suffices to show that
#TE)NT(A)) - p(T)(T(A))| - 0 as n,K — oo.

Consider the electrical network I'}. We can think of deleted edges f;, r < j < s as
infinite resistors, and of contracted edges f;, i < j < r as zero resistors. Changing
the resistances of f;, 7 < j < s from oo to 0 in I'}; results in a network equivalent to
Is. On the other hand, changing the resistances of all e € 'y \ I', to infinite, would
result in the network I',. Hence, by Rayleigh’s Monotonicity Law,

-

HTx)(T(A)) < w(TENT(A)) < u(Tx)(T(A)) 3.7
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A similar observation applies for 'k, therefore
#(TR)(T(A)) < p(Tx)(T(A)) £ u(T)(T(A)). (3.8)

Keeping in mind that u(I'x)(T(A)) and u(I',)(T(A)) can be made arbitrarily close
to u(T(A)) by choosing large n, we will now estimate |u(I'; )(T(A4)) — p(Tx)(T(A))].
For a set of edges F we denote by Vi the set of vertices in F. Let v : ' — R,
vk : 'k = R, vg : 'y — R be the potentials induced by batteries B, Bk, By
applied to e in the respective networks, so that the induced total current is one.
Such potentials (or voltages), can be computed from transfer-current functions, in

o0
particular, vx — v pointwise, as K — oo. Let €(n) = 3 ¢;. We can assume that K

=n

is chosen so that, for any z € Vg,
lv(z) — vk (z)| < e(n).
Since |v(z) — v(t(B.))] < €(n) for any z € V,(B), one has
vk (z) — vk (y)] < 4e(n), (3.9)

for any z,y € VE,.
Denote ky = v (t(Bn)). Let ¢ : T'x — R be such that

(i) e(z) =k1 —vk(z) if z € Vg,
(ii) ¢(z) is harmonic at any z € ' \ Vg,.

By Theorem 2.1, ¢ is well defined. By the Maximum Principle and (3.9), for any

u,v € FK,
—_ < —_ 1
lp(u) —o(v)| < max ¢(z) Jmin o(y) < 4e(n).
Set

n=¢+vk.



Recall that vk is harmonic at any z € 'k \ {s(eo),%(eo)}; accordingly 5 is harmonic
at any ¢ € I'x \ Vk U {s(eo), t(e0)}. Also, by (i), 7 is constant on Vf,, and, by (ii), 7
induces current 1 into s(eop), and current —1 into #(ep).

It is easy to see that total current into Vg, induced by the potential 7 must be

zero, l.e.

> > (a(z)—nly)) =0.

z€VR, T~y
Thus, 7 can be regarded as potential on Iy, induced by exactly the right battery
applied to eo.
By the Matrix Impedance Theorem,

#TR)(T(A)) = n(s(eo)) — n(t(eo)),

and
#(Tx)(T(A)) = vi(s(eo)) — vk (t(eo))-

Thus, |4(Tk)(T(4)) — u(Tk)(T(A))| < 4¢(n). By (3.7) and (3.8),
#Ix)NT(A) = p(Te)(T(A)| =0 as 7, K — oo.

This and (3.5) implies the result in case A = {eo}.
Now, let A = {eg,€1,...,€}. Then

HT)T(A)) = mT)({eo,e1,-- ., em € T})

= u(l')({eo € T}H{e1,...,em € T}) - p(T)({e1,...,em € T})
= #(P/Gl,.- . 7em)({60 € T}) ) /“(I‘)({el? <y 6m € T})7

again, by Proposition 2.4. Here the contraction is defined in the same way as for
finite graphs, see Chapter 2. The argument for the case A = {eo} can be applied to

graphs I'/e;, ..., en replacing T, for i = 1,2,...,m; the result follows by induction.



Chapter 4

CASE OF A NON-CO-COMPACT FUCHSIAN GROUP

We are citing [Ser] for the relevant facts about Fuchsian groups acting in the unit

disk D = {z € C: |z < 1}. Such a group is by definition a discrete subgroup of the

b
$ 7 iabec o - =1
b a

of conformal automorphisms of the disk.

group

With the metric ds = 2|dz|/(1 — |z|?), D becomes a model for non-Euclidean
geometry in which the straight lines are circular arcs orthogonal to S!. By a fun-
damental region for G we mean a geodesically convex polygon R C D with a finite
number of sides (possibly including arcs of S!), such that no two interior points of
R are conjugate under G and every point in D is conjugate to a point in R. Many
such fundamental regions exist for any given G. Each side s of RN D is identified
with another side s', by an element g(s) € G. The set S = {g(s) : s € R} forms a

symmetric set of generators for G.

If R C D, then G is called co-compact. Otherwise, RN S! # 0, and G is called

non-co-compact. The property of being co-compact does not depend on the choice of

R.

Throughout Chapter 4 we assume that G is non-co-compact, S is the set of gen-

erators as above, and I' = I'(G, S).



4.1 Exponential behavior of

The graph T' = ['(G, S) may be represented as a net in the hyperbolic disk D (see
[Ser]). Regions bounded by edges of I' with no edges intersecting the interior we call
polygons. If P is a polygon, we write 3P for the boundary of P.

By a chain in I' we will mean a sequence of distinct polygons P;, 1 < j < n,
such that P;, P;4; have a common edge for all 1 < i < n. The number of polygons in
a chain is called its length.

Let E; be the set of directed edges, and ¢ : E; x E; — R be the transfer-current

function, defined as in Section 3.2.

Theorem 4.1 There ezists 0 < A < 1 such that |(e,€')] < A", whenever p(e,e’) >

n.

PROOF: We use the fact that since G is non-co-compact, there is at least one polygon
with infinitely many sides, attached to each vertex.

Fix an edge eo. Assume that e # eg is a common edge of two finite polygons. Let
F; be the endpoints of e, and P; be infinite polygons adjacent to F;, 7 = 1,2. One can
find points F! on the boundary dD and curves o; connecting F; to F! , 1 = 1,2, so
that a; \ {F;, F{} lies in the interior of P;. Then the curve a; U e U a; divides D into
two parts, say P and P’, so that H(e) = PNT and H(e)' = P’ are the connected
subgraphs of I' which satisfy the conditions:

H(e)NH'(e)=¢
H(e)UH'(e)=T

We may assume that eq € H'(e).

Lemma 4.2 Let e, € be edges, v : T — R be the potential function resulting from

a battery of some value B applied to ey, and  : T — R be the potential function
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resulting from imposing voltages v(s(e)) at s(e), and v(t(e)) at t(e). Then for any
z € H(e), n(z)=v(z).

PROOF: Let v, : ', — R be the voltages which arise in ',,, if a battery B is applied to
€o, and 7, : I', — R be the voltages which arise in ', if the voltages v,(s(e)), v (t(e))
are applied to s(e),t(e), respectively. Then v, and 7, are both harmonic on H N T,
with boundary conditions v.(s(e)) = n.(s(e)), vn(2(e)) = nn(¢(¢)). By Theorem 2.1,
vn(z) = na(z) for all z € HNT,. Passing to the limit yields the result.

To proceed with the proof of Theorem 4.2 we consider two cases.
Case (a). There is a unique polygon with infinitely many sides, adjacent to each

vertex.

Lemma 4.3 Given distinct edges e, €', there exists a unique chain Py,...,P,, such

that e € 0P, €' € OP,.

PROOF: If ¢, ¢’ have a vertex in common, say A, then, enumerating all finite polygons
adjacent to A in a clockwise order, we will encounter only finite polygons either
between e, ¢/, or between €’,e. These polygons form a chain connecting e to €.

If eNe’ = 0, then e and ¢’ can be connected by a path e = f;, f2,..., fs = €' in T.
Each pair of consecutive edges can be connected by a chain, so one can find a chain
connecting e to €'.

Finally, if there were two distinct chains connecting e to €, then one could find a
chain Q1,Q2,...,@m, such that Q.. = Q,. There would be inner vertices, which are

not adjacent to any infinite polygon. g.e.d.

Let fi,..., fn be all edges which belong to finite polygons adjacent to O. We
enumerate them so that edges adjacent to O are listed first. For any i,; denote
by A;; the absolute value of current through f;, if a unit battery is applied to f;,
1<:<d,1<j<N. Here d equals the number of edges adjacent to O, (also equals
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the number of generators). It follows from the Maximum Principle, (see[DS], sec.2.4)
that A;; < 1if: # 7. Let Ao = max Aij. Suppose that edges e, e’ are connected by
a chain Py, P,,..., P, of length k, and let p; = 0P,N 6Py, i =1,...,k—1. In
particular, p; and p;4; are edges of the polygon P.,;, so there exists v; € G, such that
¥:ipi = fr and ¥ipiy1 = fm for some k and m. Since ¥ (e, p;) is just the difference of
voltages at the endpoinfs of p;, it follows from the group symmetry and Lemma 4.2

that
|¢(€1,Pi+1)| = |¢(61,Pi)l * Aem-

(Abusing notation, we do not indicate a choice of directions, which can be arbitrary.)
It follows that [¢(e,e’)] < AE. Now, if p(e,e’) = n, then n < ks, where s is the
maximal number of sides in a finite polygon. Set A = AY/°. Then P(er,e2) < A",
whenever p(e1,e2) > n. This implies the result in case (a).

Case (b). There are at least two infinite polygons adjacent to each vertex. Let v
be a vertex and @, Q2 be infinite polygons adjacent to v. One can find curves ay, a2
joining v to 0D, such that «; \ {v} lies completely in the interior of P;, i = 1,2. Then
a; U o divides I' into two connected parts, say, H and H’, such that H UH’ =T,
and HNH = .

Lemma 4.4 A battery applied to an edge in H induces zero currents through edges
in H'.

PROOF: Let ¢; € H. Choose n such that e; € T,. Let v, : I, = R be the potential
induced by a unit battery applied to e;. Then v, is harmonic at any z € H'NT, such

that z # v. Therefore, vy|gunr, is constant. Passing to the limit implies the result.

Now, given edges e, €', such that p(e, €’) = n, one can find a path e = fo, fi, -, fas1
in ' connecting e to ¢. Let m < n be the maximal number such that e can be
connected to fn by a chain. If m = n + 1, we are in the situation of case (a). If

m < n + 1, then frn, fni1 cannot be connected by a chain. Thus, there must be
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infinite polygons adjacent to v = f N fm+1, lying to the right and to the left of
the path -« fn_1, fm, fm41, -~ By Lemma 4.4, (e, fr) = 0 for m < k < n. This
completes the proof of case (b) and of the Theorem 4.1.

Corollary. If G is a non-co-compact Fuchsian group, the rate of convergence to

mazring is exponential.

PROOF: Let C; and C; be cylinder sets determined by the collections of edges E;
and Ej, respectively. If p(E, E) is at least n, then, by inclusion-exclusion principle

and the Matrix-Impedance Theorem,
[£(C1 N Ca) — p(Ch) - p(C2)] S K7™,

where ) is as in Theorem 4.1, and K is a constant which depends on the cardinalities

of E1 and Ez.

4.2 Tail triviality

In this section we obtain a result which implies the tail triviality:

Theorem 4.5 IfT is as above, then u = ji.

PROOF: It suffices to show that 3 = 4. Given a directed edge €, set P(€) to be the
polygon to the right of €, if such a polygon is finite, and P(€) = @ otherwise. Observe
that, as in the proof of Theorem 4.1, € divides " into two subgraphs, H(€), H'(&).
Assume that P(€) C H(é&).

Let f1, f2,- .., fx be the other edges of P(€), directed in such a way that the path
fi fas- .. fe goes around P(&) counterclockwise, connecting s(€) to ¢(€). Then, since
an infinite polygon is adjacent to each vertex of P(é),

k
H(&) = {e}u J H(f).

=1
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Also, if j =7+ 1, then

—

H(f)n H(f;) = t(f;) = s(F;);

Otherwise,
H(f)nH(f) = 0.

Let I's, '™ be defined as in section 3.1. For big enough n, set #(&, n), 7(&,n) to be the
effective resistances across the endpoints of € in the networks I', N H(€), I™ N H(&),
respectively (see Chapter 2 for the definition).

For each i = 1,2,...,k, the finite piece H(f;) N I'» of the network H(E)NT, can
be replaced by a single resistor of value r( f;, n) between the endpoints s( f:) and #( f-:)
Applying the laws of resistors in series and parallel to P(€) with edge resistances

r(f?,n),i: 1,2,...,k, we obtain

r(En) = L (4.1)
1+ (Zica r(fim)) !
Here we treat the sum as oo, if the set {f3,... , fe} is empty.
Repeating the same argument for H(€) N T'®), we obtain
. 1
7(€,n) (4.2)

1 + (Z?:l f(f;a n))_l .
By Rayleigh’s Monotonicity Law, 7(€,n) is increasing, and (€, n) is decreasing in n,
and for each n

7(€,n) < r(€,n).

Let 7(€) = limp—.o (€, 7), and 7(€) = lim,—oo #(€, 7). The intuitive meaning of r(€),
[respectively, 7#(€)] is that for computing the values of the transfer-current function
(€, €) [respectively, J)(é’ ,€),] the infinite piece H(€) not containing the battery may
be replaced by a single resistor of value r(€), [ respectively, 7(€)] across the endpoints

of €.
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If sp € S is a generator, we say that the edge € is labeled by sq if

s(&)7" - (&) = so.

Directed edges labeled by the same generator we call congruent. Clearly, if €; and €,
are congruent, then r(é;) = r(€2), and 7(€;) = 7(€2), by the group symmetry. (Thus,
equivalent resistances may be assigned to the generators of G).

Let Ey = {€},..., €4} be the set of directed edges coming out of O. Here d is the
degree of each vertex. For each i denote by ﬁ yeues f-;:(i) the edges of P(€;) directed
as was described above. Any edge f} is congruent to some €,.

Consider the d x d matrix M with entries m; ;, where m; ; is the number of edges in
the path fl‘ ... ﬁ(i), which are congruent to ;. Then, passing to the limit in (4.1)
and (4.2), we obtain

#&) = L
DT L )
(&) = .

1+ (2, mayr(€;)1

Lemma 4.6 For any ¢,

1/2<#&) <r(&) < 1.

PROOF: The only inequality which needs to be checked is
i FE) > 1/9,
iIeI[lll.Irli]r(e') >1/2

Let ro = minsef 4 7(€;). Since a non-empty P(€;) contains at least two edges besides

e;, we have for each :
1
P 2 .
TS T (2rg)
Thus,
1
>
To = 1+ (27‘0)_1’

implying ro > 1/2. g.e.d.
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Let R = [1/2,1]¢, and consider the map Q : R — R?, defined by

1
T4 (T, )Y

Qi(z1,....24) t=1,...d

(If, for some ¢, m;; = 0 for all j, we set Q;((z1,...,24)) = 1). It is easily checked
that Q(R) C R. ”

Consider the following metric 6 : R x R — R* : if z = (z;,22,...,24) and

¥ = (Y1,¥2,---.Yd), then

§(z,y) = x|z —yil.
Lemma 4.7 There ezists 0 < 8 < 1 such that for any z,y € R

6(Q(=), Uy)) < Bé(z,y).

PROOF: We have for any ¢, j

?_Q_il = ! 1 mi; = T

Bz, ) T (1 (T migzs) ) (Tmamegz 2 0 (L4 iy mige;)?
< Mg
T (14155, mi)?

since z; > 1/2.

Now, if z = (z1,22,...,24) and y = (y1,¥2,-- -, ¥d), set
Po=172, p1 = (¥1,%2---, %),

D2 = (yhy%'--’zd)a
Pa = (Y1, Y2,--+,¥d) = ¥,

so that the segment [p;_1,p;] is parallel to the ** axis.
For any 1,

[2(z) — Qu(y)| <
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[po.p1] OT1 [p1.p2] OZ2 [Pam1.pd) OTd

Y i
(1+33%, miy)

< max [y -zl - ; S B-max|y: — zif,

where the choice of 3 is clear.

Now we observe that (7(&}),7(€3),...,7(€4)) and (r(€1),7(€2),...,r(€)) are fixed
points for Q. By Lemma 4.7, § is a contraction, therefore 7(€&;) = r(&) 1 =1,2,...,d.
Finally, the latter resistances uniquely determine % as follows:

First, -
at/ I
1 + Z_l'i‘:l T‘(f;)

Next, if e; and e; are not in the same polygon, then either (€, €2) = 0, or e; and

v(E, fi) = (4.3)

ez can be connected by a unique chain of polygons, say of length m. By Lemma 4.2,
¥(£1, €2) is the product of m terms of the form(4.3) with suitable choice of 7, j. Since
(4.3) is true with ) replacing 1, and 7 replacing r, we conclude that ¥ = 1. This

completes the proof of Theorem 4.5.

The following is immediate from Proposition 3.3.

Corollary. IfT' = T(G, S) is as above, then the tail o-algebra is trivial with respect
to p.

4.3 Examples

In this section we compute explicitly the transfer-current function for the Modular
and Hecke groups, ( both being examples of non-co-compact Fuchian groups) and,
automatically, for all groups isomorphic to them.

1. Modular group

Let M = (a,b| (ab)® = id, b* = id). See Fig.1 for I'(M).



Figure 4.1: Modular Group
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Throughout this example fix a directed edge €y. Suppose that a battery is applied
to €p, so that current goes from s(ép) to t(€p). We are going to choose a particular
direction for all other edges, and then check that it is the same as the direction of
current. .

Let P be a polygon containing eg. If P is to the right of & (i.e., & goes clockwise

a.round.P), we direct all other edges of P counterclockwise. If P is to the left of €,
all other edges of P are directed clockwise. Now suppose, a direction is chosen for
all edges in a finite collection of polygons P = {P,...,Px}. Let @ be a polygon
such that Q ¢ P, and QN IP, = e; for some 1 < i < N, and e; € E. Then, if &
goes clockwise around @Q, we direct all other edges counterclockwise, and vice versa.
Since, by Lemma 4.3, any two edges are connected by a unique chain of polygons,
this defines the direction of all edges in I'.
We claim that this direction coincides with the direction of current. Let fl, f;, ceny ﬁ
be the edges of P other than ey, going either clockwise or counterclockwise around
P, according to the chosen direction. Denote by v the induced potential in I'. Recall
that any directed edge € divides I' into parts H'(€) and H(€); we denote by H(€) the
one not containing ey (see Section 4.1).

Replace each H( ﬁ), t=1,2,...,k by an equivalent resistor, (see Section 4.2) to
obtain a finite network P, which we call reduced. Observe that the voltages at each
vertex of P in the reduced and original networks are the same. Clearly, in the reduced

network the current will flow along f;, therefore,

u(s(f) = v(t(f) >0.

Hence, the current will flow along fiin T, as well. Proceeding by induction, we obtain

the result. q-e.d.

Let E; C E; be the set of edges directed as above. Define the number function
N :Ey — N, by N(€) = n, if e can be connected to ey by a chain of length n.
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Define also the label function L : E — {a,a™!,b}, by L(€) = s(€)!-t(€). We remark

that function N depends on the choice of eo.

Lemma 4.8 If €, &; € E; are such that N(é€) = N(€,;), and L(€;) = L(&;) or
L(&,) = L(&)7!, then
¥(€o, €1) = (€, €2).

PROOF:

By symmetry, we may assume that e;, 2 are both to the right of &. It is easy to see
that in such case e; and e, are congruent, i.e. L(€1) = L(€;). Again, let f:,f;, cen ,f-;
be the edges of P other than eo. Reduce H (&) to the finite circuit P; by Ohm’s Law,
(&, fi) is constant on each set of congruent edges. This implies the result in case
€1,& € P. Moreover, by Lemma 4.2, the networks H(f;) and H(J;) are ’identical’,
whenever f; ard f; are congruent, therefore, currents through corresponding edges in

H(f:) and H( f:) are the same. The result follows.

—

Pick any edges &, f € Ey, such that L(€)=ua, L(f)=b, N(e) = N(f) = n. Set

dd -t
an = ¢(€o, E),

There are two cases:
Case 1: L(e) = b.
By Kirchhoff’s Law, for any & > 0,

Ak = Q41 + bg.

Using the fact that the sum of currents through edges forming a cycle is zero, we also

have

br = 3ar+1 + 241
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It follows that
ar = 44y +2bps

b = 3ar+s +2bp

(4.4)

or,

o

a; 4
by bt 3 2|

Let u be an eigenvector, corresponding to the largest eigenvalue of A4, namely, 3+ /7.

= A" I: 1 } , where A=

By Perron-Frobenius Theorem (see [Sen]), we can find such a u with strictly positive

coordinates; assume also that ||uf| = 1. Then

A™v
—— —u—0, asn— o0

[|Anv]]
uniformly on the positive cone

Ri ={v=(vi,v2)T 101 > 0,0, > 0,0y +v2 > 0.}

Because of the choice of directions, (a.,5,)T € RZ, n = 1,2,.... Therefore,

a
= cu,
by

where c is some constant. Next, by = 3a, + 2b;, and the total current into the circuit

is 2a; + bo = 1, so, we have the normalization
5(11 -+ 2b1 =1.

Further,
ap =A™, b, = b A", (4.5)

Case 2: L(eog) = a, or a~!. Define N, L, ag, by, k=1,2,... as above. It is easy to
see that the equations (4.5) hold, (even though a, b stand for the currents through
different edges).
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We conclude that (a1,5:)7 is the eigenvector of A corresponding to the eigenvalue
a+b+a = 1,

A = 3 + /7, which satisfies the equations:
3b1 + 2(11 = dQy.

This gives the normalization
301 + 4b1 = 1.

Next,

an=a A", by =hAT

2. Hecke groups
For k > 4, let Hy = (a,b|(ab)* = Id, * = Id).

Fix eo. Define a,,b,, n =1,... as for M. Then we have

an = an+l+bn

by, = kan+l + (k - 1)bn+1

n n k+1 k-1
In other words, ¢ = Ax Ol , where Ay = + . Let A
bn bn+1 k k-1

be the maximal eigenvalue of A;. By Perron-Frobenius Theorem, (aj, ;)7 is the
eigenvector of A, corresponding to Ay, normalized so that the total current into the

circuit is one. As before, a, = AL "ay, and b, = A} ™"b;.



Chapter 5

ALGEBRAIC DYNAMICAL SYSTEMS

5.1 Introduction

Let Ry = Z[uf',...,u¥'] be the ring of Laurent polynomials in d commuting vari-
ables. We will use z,y, z to denote elements of Z%. For z = (n1,n2,...,nq4) write
u® = u'uz®...uz®. A Laurent polynomial f = ¥ ¢z« c(z)u® can be visualized as
the integral-valued configuration ps on Z¢ i.e. the function ps : Z¢ — Z such that

ps(z) = ¢(z). Note that all but finitely many ¢(z) are equal to zero. Let

X;={¢:Z° > R/Z such that > ps(z +2)-¢(z) =0 for any z € Z%}. (5.1)

z€Z4
Then X is a compact Abelian group, and Z? acts on it by translations (see [LSW]).

For Z%-actions on more general compact groups see [Sch]. The main result of [LSW]

is that the topological entropy of (X}, 2?) is given by

h(Xys) = /: .- /: log | f(exp{27it,},. .., exp{2xity})|dt; ... dta (5.2)

(The definition of topological entropy will be given below).

Now, let I' be an infinite graph with the vertex set Z%, and the edge set E. For distinct
vertices z and y, write & ~ y if they are joined by at least one edge, and set k(z,y)
to be the number of edges joining z,y. We do not allow edges connecting a vertex to

itself. We assume that I is periodic, i.e. for any v € Z¢, k(z,y) = k(z + v,y +v).
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The number of edges coming out of each vertex is the same, it is called the degree of
a vertex and denoted by D.

Recall that a subgraph of I' is spanning if it contains all the vertices of I', and

is a forest 1if it has no cycles. A forest in ' is called essential if all its connected
components are infinite.
Let X = { all subgraphs of ' } = {0,1}£. Endowed with the product topology, X
is compact, and Z? acts on it by translations. Let Y C X be the set of all essential
spanning forests in I, which is a closed, therefore compact, Z% invariant subset.
The dynamical system (), Z%) is called an essential spanning forests process. Its
topological entropy hr was computed in [BP93]: If T is a periodic graph with vertex
degree D, and k(z,y) defined as above, then

hr =/ log(D— > k(0,z)exp{27ia-z})da , (5.3)
T O#reZd

where the integral is over the d-dimensional torus with respect to Haar measure.
Let us compare this formula with (5.2). Given a periodic graph I', let f = f(T') € Rq

correspond to the configuration ps given by

ps(y) = —k(0,y) if y#0, and ps(0) = D. (5-4)

If o= (a,...,aq) € T? then

D— > Kk0,z)exp{2ria-z} = > ps(z)exp{2mia-z}
O#zeZd reZzd

= f(exp{2mia1},...,exp{27iaq}),

so that right-hand sides of (5.2) and (5.3) are the same, implying hr = A(Xs). The
coincidence of entropies was observed by authors of [BP93] and [LSW], and they
asked whether this can be shown directly. We will do this in sections 5.2 and 5.3.

Example. Let T be the nearest neighbor graph on Z?, i.e. each z is joined by one

edge with each of its four neighbors. Then f(I') = 4 — u; — uy! — uy — u3?, and
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Xsr) C (R/ Z)Z2 consists of those configurations ¢ for which
46(z) — é(z + (0, 1)) — 8(z + (1,0)) — ¢(z - (0,1)) — é(z — (1,0)) = 0.
By (5.2) and (5.3),

1 1
R(Xsry) = hr = /0 /(; log(4 — 2 cos(27a;) — 2 cos(2ma)) dadas =~ 1.166.

Next we define the topological entropy. There are several equivalent definitions (see
[LSW] or [Sch]); we will use the one dealing with separated sets. Let a be a Z¢ action
on a metrizable compact space X with metric p. We write |A| for the cardinality of
A.

Let @, = ]'[;-Ll{—n, —-n+1,...,n} be the cube in Z%. Aset E C X is called (n,€)-
separated for « if for distinct u,v € X there exists j € Q, such that p(cdu, odv) > e.
Let s,(¢) be the largest cardinality of an (n,¢)-separated set, and put s(e,a) =
limsup,_ ., |@x]™! log sn(€). The topological eﬁtropy h(e) is defined by h(a) =

lim,_¢ s(e, ).

REMARK: Let B, C Z%, n=1,2..., be a Falner sequence, i.e. a sequence satisfying
the condition: for any finite K C Z%, one has |B,A(K + B,)|-|Byn|™! — 0, as n — oo.
It is easy to check that the definition above with @, replaced by B, yields the same
value of h(a).

5.2 Proof of coincidence of entropies

If T is a graph (either finite or infinite), we say that ¢ : ' — [0, 1) is harmonic

mod 1 w.r.t. [, if for each vertex z

deg(z,f‘)qb(z) = Z #(y) mod 1,

y~T
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where deg(z, I)is the degreeof z in I, and the summation goes through all y adjacent
to z, counting multiplicities. If this equation holds for a particular vertex z, we say
that ¢ is harmonic mod 1 at z.

Recall that the contraction of T by an edge e is the graph I'/e, obtained from I’ by

identifying the endpoints of e and erasing all self-loops which may result.

Let T be a periodic graph on Z% and let f = f(T') and X #(r) be defined by (5.4) and
(5.1) respectively. To simplify notation set K = Xyr). We will identify R/Z with
[0,1), so for instance. K is identified with the set of functions harmonic mod 1 w.r.t.
I.

Define By = {(0,0)}, and B, to be the set of vertices which can be reached from
the origin by a path of length at most n. The set 8B, = B, \ Bn-; is called the
boundary of B,. It is easy to see that B,,n =1,2---, form a Fglner sequence; they
will be used in the definition of A(K), (see REMARK in the end of Section 5.1).

The idea of the proof is to approximate K by finite groups of functions harmonic
mod 1 on finite graphs.

By I', we denote the graph, induced from ' on B,,n =1,2,..., in other words,
['n is obtained from TI' by erasing all vertices outside B, and all edges adjacent to
them.

For each n, let '™ be the contraction of T4, by all edges zy, with z,y € 0Bpys.
Thus, the vertices in dB,4; are identified. Denote the new vertex by ©O,. Then
deg(O, ,I'™) equals the number of edges zy in ' with z € 8By, y € 0Bpy1. Clearly,
deg(z,I'™) = D, for any z € B,.

Lemma 5.1 Let U, be the set of all functions ¢ : T") — [0,1) such that
(i) ¢ is harmonic mod 1 w.r.t. T™

Then lmsup,_.. 157108 |Us| = A(K).



Proof will be given in Section 5.3.

Now we are aiming to prove that the exponential growth rate of |U,| equals hp. Fix
n € Z* and denote N = |B,| + 1 . Enumerate the vertices z1,zs,...,zxy € ['®
starting from O,. The Kirchhoff matriz of I'™ is the matrix K,, of size N x N such
that

Ka(i,j) = —k(zi,z;), ifis#j, and K,(:,i)= deg(z:;, ™).

Any function ¢ : I'™ — [0,1) can be viewed as a column vector (but we write it as a
row vector ¢ = (&1,...,dn)). It is easy to see that ¢ is harmonic mod 1 w.r.t. [ if
and only if K, ¢ is an integral vector, i.e. (K,9); € Z fori=1,...,N. Observe that
K, is a singular matrix, since the sum of all rows is equal to zero. We define a new
matrix K], of size N x N by
K,.(i,7) ifi>1Lj>1
K.(5,j)=41 ifi=1,j=1

0 otherwise

Lemma 5.2 Let ¢ : I'™ — [0,1). Then ¢ € U, if and only if K'.¢ is an integral

vector.

PROOF. Suppose (K, ¢); € Zfori=1,...,N . Since ¢; = (K'¢); € [0,1), we
have ¢; = 0, so (Kn¢); = (K.¢); € Z for i > 1. But TN (K,¢); =0, so (K.¢)1 € 2

as well. Thus ¢ € U,,. The other direction is obvious.
Let T, be the set of spanning trees in ['™.
Lemma 5.3

detK! = |T,] .

Proof. This is the Matrix Tree Theorem (see [Gib], Th 2.6 p.54).
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In particular, K7, is non-singular, and we conclude that |U,| equals the number of

lattice points in the image of [0,1)" under the linear transformation K.

Lemma 4. Letm € Z*, K : R™ — R™ be a linear transformation given by a
matrix with integral entries. If M is the number of lattice points in X([0,1)™) ¥ P,
then M = Vol P.

PROOF. For r € N, let G, be the grid of size 1/r, that is G, = {z =
(Z1,Z2y ey Tm), ¢ rz; € Z for all i}. Let M, = |G, N P|. If we blow up the pic-
ture by the factor of r, we get also that M, = |Z™ N K([0,r)™)|. Fix ¢ > 0. It follows
from Lebesgue measure theory that we can approximate P by a union of cubes with

vertices in G,, in other words, we can find r such that
(1-¢)VolP < M,.r—{n— <(1+¢)VolP.

Note that K maps [0,7)™ to the polyhedron which consists of r™ translations of P by
integral vectors. All of these translations have the same number of lattice points with

the total of M,. Thus there are M,/r™ lattice points in P . Since ¢ was arbitrary,
M = Vol P. q.e.d.

By Lemmas 3 and 4,
|Un| =Tl (5.5)

Given n, we say that a subgraph v of T, is compatible, if it can be extended to an
essential spanning forest in I' by only adding edges outside I',. It is easy to see
that compatible graphs are precisely those forests in ', which contain all vertices of
B, and such that every connected component touches 63,,. Let F, be the set of
compatible subgraphs in I'r. Recall that T, stands for the set of spanning trees in
e,

Consider the map o, : T, —F,, which erases O, and all edges adjacent to it.

Then an, is onto, for any v € F, can be extended to a tree T € T}, by adding some of
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the edges adjacent to O,. Since deg(On, I'™) < D - |0B,|,
|F] < |Ta| < 2P0BRIIF,).
But |0B,|/|B.| — 0, as n — o0, so

hm 1 SUpT—— log |T,.| = Ilm 1SUpT——

log | Fu| = hr.

IBI IBI

In view of (5.5), the equality of entropies results.

5.3 Proof of Lemma 5.1

Consider the set U? of all functions ¢ : ', — [0,1) such that

(1) ¢(y)=0,ify € 8B,
(ii) #(z) is harmonic mod 1 at all z € B,_;.

For any ¢ € U2, consider ¢ : I'®*=1) — [0, 1) defined by Y(Op-1) = 0, and ¢¥(z) = ¢(z)
for all z € Bn;. Observe that 3 is harmonic mod 1 at any z € B,_;, and, therefore,

at O,_; as well, since

> @) - (@) =

zeM(n=-1) y~z

This defines a one-to-one correspondence between U? and U,-,, so it suffices to prove

Lemma 5.1 with U, replaced by U?.

Part (a).

h(K) < lunsup log |U2].

l |

PROOF OF PART (A). For s,t € [0,1) we write, throughout this section, |s — t| =
dist(s +Z,t+Z). Let n € Z*,e > 0. A set F,(¢) C K is called (n, ¢)-coordinatewise
separated, if for any fi1, fz € F,(¢) there exists z € B, such that |fi(z) — fo(z)| >
g. It is shown in [LSW] (see the argument following Lemma 3.2, pp. 597 -598 ),
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that coordinatewise separated sets can be used rather than separated sets in the

computation of entropy, i.e. F,(¢) being chosen of maximal cardinality,

1
| Bn |

A(K) = limlim sup log | Fa(€)]-

Fix n and ¢, and assume that L = 3/¢ is an integer. Partition R/Z into intervals
[0.6/3) = N, Ia,..., I, of length £/3. We say that fi,f, € F.(€) are equivalent, if

fi(z), fo(z) are in the same I; for any z € B,. There are at most LI®B»l equivalence

classes. Let F)(¢) be one of maximal cardinality. Then
| Fa(e) IS Fale) 1S LPB1 | Fr(e) |
Since | 8Bn | / | Bn |— 0 as n — oo,

4
h(K) = lim lim sup log | Fr(e) |

phmeie =2 (5-6)

Let v: 9B, — R. We say that f: B, — R is harmonic with boundary condition v,
if
f(z) = v(z) for z € 0B,
deg(z,Tn)f(z) = Lyuz f(y) forz € B,\ 9B, .

Let f € F(g). It is known (see [DS], Sec.2.5), that there exists a unique harmonic
function ¢/ : B, — R with boundary condition f|s5,. By the Maximum Principle

(see [DS], Sec.2.4), 0 < g’ <1 on B,. If fi, f2 € F'(e) then
—/3< (g% —g)(z) < ¢/3 (5.7)

for all z € 3B, and therefore for all z € B,, again by the Maximum Principle.
Consider U2(e) = {flp, — ¢/, f € F'(e)}, where differences are taken mod 1, so

that elements of UZ(e) take values in [0,1) . Since f|g, is harmonic mod 1 at all

z € Bn-1, and g’ is harmonic at such z, any function ¢ € U2(¢) is harmonic mod 1

with zero boundary conditions on 9B,
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By construction,

|Fa(e)] = |UR(e)] - (5.8)

Since Fj () is (n,€)-coordinatewise separated, it follows from (5.7) that for any
$1, @2 € U2(¢) there exists z € B, such that |¢;(z) — ¢2(z)| > /3, so the elements of
U? are distinct.
It follows that
[Un(e)l < U3l

Combining this with (5.6),(5.8) yields the result.

Part (b).
1

| Ba|

h(K) > limsup log |U2.

PROOF OF PART (b). It suffices to show that if ® : I'; — [0,1) is harmonic mod 1
at all £ € B,_; with some boundary conditions on 8B, then ® can be extended to
a function @’ : I'ny; — [0,1) which is harmonic mod 1 at all z € B,. Let n and such
a ® be fixed.

Write Bpy1 = Bny UO0B, U 0By, and let |B,_i|= N, |8B,| =L, |0Bnu| = M.
Fix some enumeration of vertices in B,4; so that B,_; is listed first, then 0B,, and

then @B,4;. Write K, 4, in the block form :

ANxN Anxr  Anxwm
Kop1 = ALxn Apxr Arxm )
AMxN Amxr Amxm

where the subscripts indicate the size of each block. Write & = (PN, ®L), where
@y denotes the first N coordinates, &1 denotes the next L coordinates of ®. By

assumption, ® is harmonic mod 1 with boundary conditions ®;, which implies that

ANxN‘I)N + Anxr®r € ZV.
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We would like to find M-dimensional vector ®)s with coordinates in [0,1) such that
if
®' = (2N, D1, Pn)

and

Kn+1¢, = (‘I;Ny ‘I’Ls lI)'M)’

then ¥ and ¥ are integral. By definition of 0By4;, we have Apryn = A%x m=0,s0
Un = ANxNON+ANnxL Py is integral by above. Thus we only need to show that there
exists ®pr with coordinates in [0, 1) such that Uy = A nv®n + ALxr®Pr + ALxm®Pur

is integral.
Sublemma.

rank Apxm =1L .

PROOF. Suppose rank Apxp < L, so that the rows of Ay are linearly dependent.
Recall that Apxar consists of non-positive entries. Reordering vertices of 8B,,, we can

assume that there exist positive ey, ..., ax such that
avy+...+ A Um = am+1z‘)m+1 + ...+ arU N

where v; are rows of Arxy. This implies that the set of vertices corresponding to
U1,..-Um and the set of vertices corresponding to Tpm41,...0: in B, are joined to
exactly the same set of vertices in 3B+, which contradicts the periodicity of I'. This

proves the Sublemma.
By the Sublemma, there exists &)M : 0Bp41 — R such that
Apxm®y = —Apx1® — Apyn®n

It remains to choose

‘pM:&)M mod 1



so that ®5s has coordinates in [0,1). Then &' = (®n,Pr,ds) is the extension of
(PN, PL) we were after.

By induction, one can extend any element of U2 to an element of X. Finally,
we check that U so extended forms a (n,€)-coordinatewise separated set, provided
€ < 1/D. Indeed, let ¢,,¢2 € U?, and ¢o = ¢1 — ¢2. Then ¢p € UL. If |¢y(z) —
#2(2)| = |¢o(2)] < € for all z € B,, then ¢y must be just harmonic on Iy, therefore
identically zero.

It follows that A(K) > limsup,_ ., | B.|™! log |[U?]. This completes the proof of Lemma

1 and of coincidence of entropies.
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