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Abstract

Deriving Scattering Amplitudes from Hadron Spectra:
Novel Quantization Conditions in Lattice QCD and Their Applications

Zachary T. Draper

Chair of the Supervisory Committee:
Stephen R. Sharpe

Department of Physics

The Standard Model of particle physics, the most precise scientific description of nature yet

devised, is a comprehensive framework that encapsulates our understanding of the fundamen-

tal particles and their interactions. A keystone of this model is quantum chromodynamics

(QCD), a quantum field theory describing the strong nuclear force, which binds together

fundamental particles known as quarks to form composite particles such as protons and neu-

trons, and which binds these protons and neutrons together to form atomic nuclei. Together

with electrons, which orbit these nuclei, quarks constitute the basic building blocks of all

matter, forming the atoms that compose us and making up everything we have ever seen

and ever touched.

One of the most powerful computational tools for understanding the dynamics of quarks

is lattice QCD. By discretizing a finite volume of space and time onto a four-dimensional

grid, lattice QCD enables the calculation of correlation functions that capture the behavior of

quarks and the gluons that bind them together. This framework provides a bridge between

the mathematical formulation of QCD and experimental results, allowing for tests of the

Standard Model and offering insights into the behavior of particles and their interactions

under extreme conditions that may be inaccessible to direct observation. To connect lattice

calculations with experimental results and the real, infinite-volume world, one must account



for the effects of finite volume and boundary conditions through the use of quantization

conditions. It is these quantization conditions, their derivation, and implementation, that

form the heart of this body of work.
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Part I

INTRODUCTION

The first part of this dissertation introduces key concepts essential to understanding the

subsequent chapters. Topics covered include an introduction to quantum chromodynamics

and its historical development, lattice methods, effective field theories, and quantization

conditions. These concepts lay the foundation for the subsequent part of the dissertation,

which comprises five distinct papers representing published research. These papers extend

the principles established in the introductory chapter, exploring topics such as the applica-

bility of two-particle quantization conditions for partially-quenched systems, the application

of the formalism for three-particle finite-volume systems, and the generalization of this for-

malism to encompass spin and multiple channels. Each paper contributes novel insights

and methodologies to the field, building upon the theoretical framework established in the

introduction and showcasing their practical implementations.
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Chapter 1

BACKGROUND

1.1 From QED to QCD

The historical narrative of QCD’s development is intricately interwoven with the broader

context of the development of quantum field theory and the Standard Model’s evolution.

Originating in the mid-20th century, the Standard Model gradually emerged as a synthesis

of quantum mechanics, special relativity, and fundamental principles rooted in the mathe-

matical framework of symmetry.

Quantum Electrodynamics (QED), the first quantum field theory to be formulated, de-

scribes the electromagnetic force and provided a blueprint for extending the Standard Model.

Developed in the mid-20th century, QED emerged as a cornerstone of modern physics, of-

fering a comprehensive framework for understanding the behavior of electrically charged

particles and their interactions with electromagnetic fields [1]. At its core, QED postu-

lates that electromagnetic interactions arise from the exchange of virtual photons between

charged particles, leading to attraction or repulsion between them. The theory incorporates

principles of quantum mechanics and special relativity to calculate precise probabilities of

various particle interactions, yielding remarkably accurate predictions that have been verified

through experimental observations. Its success provided a compelling impetus for extending

the principles of quantum field theory to encompass other fundamental forces, culminating

in the formulation of the electroweak theory, which unified electromagnetism with the weak

nuclear force [2].

However, the puzzle of the strong nuclear force remained unsolved. Physicists grappled

with understanding the intricate particle zoo—a plethora of seemingly elementary particles

observed in high-energy collisions. Attempts to model nucleon interactions led to the proposal
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of various theoretical frameworks, such as the meson theory [3] and the bootstrap model [4],

yet none provided a satisfactory explanation for the underlying structure of matter.

It wasn’t until the introduction of QCD in the early 1970s that a coherent picture began

to emerge [5]. Quarks, initially proposed as hypothetical building blocks of nucleons by

Murray Gell-Mann and independently by George Zweig in the 1960s [6, 7], played a pivotal

role in resolving the mysteries of the particle zoo. Coming in six types, or “flavors”—up,

down, charm, strange, top, and bottom—quarks are now thought to be among the elementary

building blocks of matter. Just as electrons possess a property called electric charge, quarks

possess a property called color charge. However, unlike electric charge, which exists in one

form, taking either a positive or a negative value, color charge in QCD comes in three

types—red, green, and blue—along with their corresponding anticolors.

These color charges interact via the exchange of gluons, the carriers of the strong force,

in a manner analogous to how photons mediate electromagnetic interactions in quantum

electrodynamics. This interplay of color charges and gluon exchange is responsible for the

binding of quarks into composite particles, including a host of three-quark particles called

baryons (like the protons and neutrons found in the atomic nucleus) and quark-antiquark

pairs called mesons (such as pions and kaons), thus explaining the multitude of particles

identified in the particle zoo. Additional experimental observations, such as the detection

and analysis of “jets,” collimated sprays of particles produced from quark-gluon interactions

in particle accelerators, provided further evidence for the validity of QCD at high energies,

where quarks exhibit a property known as asymptotic freedom.

Asymptotic freedom, a hallmark of QCD, refers to the phenomenon wherein the strength

of the strong force diminishes as quarks are brought closer together at high energies [5,8,9].

This behavior allows quarks to behave almost as free particles at very short distances, facili-

tating perturbative calculations within QCD. In this type of calculation, one systematically

expands physical quantities in terms of a small parameter, typically the strength of the

interaction, such that higher-order terms contribute less to the quantity being calculated,

allowing one to make progressively more accurate predictions by including more terms in the
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expansion. Such computations enable the study of quark-gluon interactions under extreme

conditions.

On the other hand, at low energies, the strong force exhibits the opposite behavior, be-

coming stronger as quarks are separated. This phenomenon, known as confinement, resolved

the puzzle of why no free quarks had ever been observed: quarks are prevented from exist-

ing in isolation, instead always being found within color-neutral composite particles [10]. A

color-neutral state can be achieved through various combinations, such as combining quarks

with different color charges—red, green, and blue—resulting in a baryon; or pairing a quark

with its corresponding antiquark, which carries the opposite (anti) color charge, to form a

meson. In both cases, the combination cancels out the individual color charges, resulting in

an overall neutral color state. As a result of the increased strength of the binding force in this

regime, perturbative calculations, which rely on the assumption of weak coupling between

particles, become impractical or impossible at low energies. Instead, lattice QCD methods

provide a powerful approach for studying QCD at low energies.

By discretizing spacetime onto a four-dimensional grid, lattice QCD enables calculations

of properties of hadrons and other non-perturbative phenomena, providing invaluable insights

into the behavior of quarks and gluons in the regime where perturbative methods fail [10–12].

Through lattice simulations, one can investigate a wide range of QCD phenomena, including

hadron spectroscopy, the structure of nucleons, and the behavior of matter under extreme

conditions such as those found in neutron stars and the early universe.

One cannot simulate an unlimited expanse of spacetime, so by necessity, lattice QCD

computations are performed within a finite volume. However, in physical reality, we are

interested in understanding the behavior of quarks and gluons in the infinite-volume limit.

To bridge this gap, quantization conditions are employed in lattice QCD calculations. These

conditions establish relationships between the finite-volume energy levels of the particles

in a lattice calculation and the corresponding scattering amplitudes in the infinite-volume

continuum [13–17]. Scattering amplitudes characterize the probabilities of particles interact-

ing and altering their trajectories when they collide, serving as crucial tools for comparing
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the physics of the Standard Model to experimental data, exploring phenomena outside the

reach of current experiments, and searching for potential new physics beyond our current

understanding.

1.2 QCD: The Mathematical Framework

We now delve into the mathematical framework underlying QCD, providing the theoretical

basis for understanding the strong force on a quantitative level [18]. At the heart of quan-

tum field theories lie a set of mathematical constructs—including the action and Lagrangian

density, the gauge group, and the running coupling—which encode the fundamental prin-

ciples governing the dynamics of matter particles and the gauge fields that mediate their

interactions. In this section, we explore these mathematical structures in detail, laying the

groundwork for the introduction of lattice methods used in probing the complexities of QCD

in the low-energy, non-perturbative regime.

1.2.1 The QCD Path Integral

Correlation functions in quantum field theory provide a means to study the behavior and

interactions of particles by quantifying the probability amplitudes for specific processes to

occur [19–21]. These functions involve the expectation values of products of field operators

at different spacetime points. In the Euclidean path integral formalism of QCD, correlation

functions are computed using the action, which encapsulates the dynamics of the system. We

select the Euclidean metric, (+,+,+,+), with foresight so that we can seamlessly transition

to a discussion of lattice methods in section 1.3. To change from the Minkowski spacetime of

the physical universe, characterized by a metric with signature (−,+,+,+), to the Euclidean

metric, we employ Wick rotation, replacing the time coordinate with a new imaginary time

dimension: t→ −iτ . Using the Euclidean metric, the correlation function between two field

operators O1 and O2 is given by:

〈O1(x1)O2(x2)〉 = 1
Z

∫
D[ψ, ψ̄, A]O1(x1)O2(x2) e−S[ψ,ψ̄,A] (1.1)
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where

Z =
∫
D[ψ, ψ̄, A] e−S[ψ,ψ̄,A] (1.2)

is the partition function, D[ψ, ψ̄, A] represents the functional integration over fermionic quark

fields and bosonic gluon fields, and SQCD[ψ, ψ̄, A] is the Euclidean QCD action [22, 23].

By computing correlation functions for different field operators, this formalism enables the

extraction of physical observables such as particle masses, scattering amplitudes, and decay

rates.

The action governs the behavior of these correlation functions, providing a mathematical

framework for investigating the dynamics of quarks and gluons. The action is defined as the

integral of the Euclidean Lagrangian density over spacetime:

SQCD(x) =
∫
d4xLQCD(x) , (1.3)

where the Euclidean QCD Lagrangian density is given by

LQCD(x) = 1
4G

k
µν(x)Gµνk (x) + ψ̄(x)γµDµψ(x) + ψ̄(x)mψ(x) . (1.4)

The first term represents the self-interactions of the gluon fields, the second accounts for

the kinetic energy of quarks in the presence of gluon fields, and the third incorporates the

mass of the quarks. As in much of physics, this notation is compact and hides significant

complexity. One by one, we will examine the quantities appearing in the Lagrangian density,

unpacking the notation as we go.

1.2.2 Quark and Gluon Fields

We start with ψ(x) and ψ̄(x), spin-1
2 Dirac spinors, representing quark and anti-quark fields.

These fermionic fields carry three discrete indices,

ψ(x) = ψαa f (x) (1.5)

where α = 1, 2, 3, 4 is the Dirac index, specifying the component of the spinor; a = 1, 2, 3;

(r, g, b) is the color index, indicating the color charge of the quark field; and f = 1, . . . , Nf is
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the flavor index, denoting the flavor of the quark field. In a theory with all six quark flavors,

(up, down, charm, strange, top, bottom), Nf = 6; however, depending on the application,

the heaviest quarks (top, bottom, and sometimes charm) may be omitted from calculations.

These quark fields belong to and transform under the fundamental representation of the

gauge group, SU(3).

The Euclidean Dirac matrices, γµ, labeled with spacetime indices µ = 1, 2, 3, 4, are 4× 4

matrices that act on the index space of Dirac spinors. The covaraint derivative, with which

the Dirac matrices are contracted, includes the coupling of quarks to the gluon fields, ensuring

that the QCD Lagrangian remains invariant under local gauge transformations. Expressed

as

[Dµ]ab = ∂µδab − ig[Tk]abAkµ(x) , (1.6)

it can be thought of as a matrix acting on color space (with color indices a, b made explicit

in the above equation). Here, Akµ are the gluon fields, vectors belonging to the adjoint repre-

sentation of SU(3), while Tk are the generators of SU(3) in the fundamental representation,

and g is the coupling strength of the quark and gluon fields. Note that the gluon fields come

with a spacetime index indicating the directionality of the field at each point in space and

are labeled by the generators of SU(3), indicating that each gluon field can be associated

with a combination of color and anti-color charge. Unlike in QED, where the gauge fields

(photons) are uncharged, the gluon fields in QCD carry color charge. This distinction is

significant because it leads to self-interactions among gluons, as well as interactions between

quarks and gluons that change the color charge of the quarks, resulting in the non-Abelian

nature of the strong force.

The last quantity to define is the gluon field strength tensor, which characterizes the

strength and curvature of the gluon fields. It is given by

Gkµν(x) = ∂µA
k
ν − ∂νAkµ + gfk`mA`µA

m
ν , (1.7)

where fk`m are the structure constants of SU(3), with k, l,m indices that run from 1 to 8,

labeling the generators of the gauge group.
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1.2.3 Gauge Symmetry

We now turn our attention to the gauge symmetry of QCD. Gauge invariance maintains

the internal consistency of the theory by preventing the introduction of unphysical degrees

of freedom; ensures the conservation of physical observables; and preserves the underlying

symmetries of the theory. The gauge group of QCD, SU(3), expressed in its defining repre-

sentation is the group of unitary 3 × 3 matrices with determinant one. In general, one can

express an element of SU(3) as

Ω = exp[iωkTk] , (1.8)

where Tk are the generators of the group in the chosen representation. For the fundamen-

tal, defining representation, the generators are a complete set of Hermitian traceless 3 × 3

matrices. The generators must satisfy the following properties:

[Tk, T`] = ifk`mT
m , (1.9)

tr(TkT`) = ρδk` , (1.10)

where ρ = 1
2 in the fundamental representation, the representation of the quark fields, and

ρ = 3 in the adjoint representation, that of the gluon fields.

Given the constraint that QCD action is invariant under gauge transformations, we re-

quire the terms that build the Lagrangian to transform as follows:

ψ′(x) = Ω(x)ψ(x) , (1.11)

ψ̄′(x) = ψ̄(x)Ω†(x) , (1.12)

D′µ(x)ψ(x) = Ω(x)Dµ(x)ψ(x) = Ω(x)Dµ(x)
(
Ω†(x)ψ′(x)

)
, (1.13)

from which we find the transformation rule for the covariant derivative:

D′µ(x) = Ω(x)Dµ(x)Ω†(x) . (1.14)

This in turn gives us the transformation rule for the gluon fields:

A′µ = Ω(x)Aµ(x)Ω†(x) + igΩ(x)∂µ(x)Ω†(x) , (1.15)
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which is consistent with the requirement that the field tensor Gµν = GaµνTa transforms as

G ′µν(x) = Ω(x)Gµν(x)Ω†(x) . (1.16)

We can rewrite the purely gluonic contribution to the Lagrangian density as

Gkµν(x)Gµνk (x) = 1
ρ

tr (Gµν(x)Gµν(x)) , (1.17)

a gauge invariant quantity.

With a gauge invariant Lagrangian in hand, it is natural to wonder if there might be any

more terms consistent with the symmetries of the theory that could be incorporated into the

Lagrangian. In fact, there is one such term, which takes the form:

Lθ = θ

32π2G
k
µνG̃

µν
k , (1.18)

where θ is a parameter representing the vacuum angle, Gkµν is the gluon field strength tensor,

and G̃µνk is its dual. While gauge invariance dictates certain symmetries and constraints on

the QCD Lagrangian, it does not explicitly forbid this term, so we must take seriously its

inclusion.

In fact, there is one more change to the QCD Lagrangian that we must consider. The most

general quark mass term consistent with gauge symmetry has the form meiθ
′γ5 . However, by

redefining the quark fields with the following transformation,

ψ′ = eiαγ5/2ψ ψ̄′ = eiαγ5/2ψ̄ , (1.19)

we are able to shift the values of θ and θ′ such that θ → θ+α and θ′ → θ′−α. By choosing

α appropriately, we can eliminate θ′ such that only the θ term needs to be considered.

The theta term in the QCD Lagrangian introduces a potential source of charge-parity

(CP) violation, affecting the behavior of strong interactions. This phenomenon, determined

by the vacuum angle, may manifest as observable differences between processes involving

particles and their antiparticles. Experimental searches, such as those investigating the

electric dipole moment of the neutron, aim to detect CP-violating effects related to the theta
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term. Despite ongoing efforts, no definitive evidence of CP violation has been observed,

placing constraints on possible values of the vacuum angle. This suggests that the phase

of the vacuum angle is finely tuned, leading to minimal or no CP violation in the strong

force—an intriguing puzzle known as the strong CP problem.

1.2.4 The Running Coupling

While the QCD Lagrangian provides a foundation for understanding strong interactions, the

energy dependence of these interactions is not directly apparent from the Lagrangian alone.

To incorporate this dynamic behavior into our description of the strong force, we turn our

attention to one particular quantity in the Lagrangian, the strong coupling constant, g. In

fact, calling this quantity a constant is a misnomer. The strength of the strong interaction,

is not constant, but instead varies with the energy scale at which interactions occur. This

phenomenon, known as the running of the coupling, is governed by renormalization group

equations that describe how physical quantities evolve with changes in the energy scale µ.

The running of g is described by the beta function β(g), given by the differential equation

µ
dg

dµ
= β(g) . (1.20)

At low energies, the strong coupling becomes large, leading to the phenomenon of confine-

ment, where quarks and gluons are confined within bound states. The beta function itself

can be computed from QCD correlation functions and is given to one loop order by the

following:

β(g) = − b0

(4π)2 g
3 , (1.21)

where b0 is the first coefficient of the beta function expansion and is given by b0 = 11
3 Nc− 2

3Nf ,

where Nc is the number of colors (for QCD, Nc = 3) and Nf is the number of active quark

flavors.

As the energy scale increases, the strong coupling decreases, a behavior described by the

beta function. The scale at which the strong coupling becomes nonperturbative, known as
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the QCD scale ΛQCD, sets the energy scale where the running coupling becomes large and

perturbative methods break down. It is given by:

ΛQCD ≈ µ exp
(
− 1

2b0g2(µ)

)
(1.22)

where b0 is the first coefficient of the beta function expansion, defined above. In the per-

turbative regime, where g is small, calculations can be performed using perturbation theory.

However, at energies near or below ΛQCD, nonperturbative methods such as lattice QCD are

required.

1.3 Lattice QCD

Lattice methods serve as a powerful tool not only for addressing scenarios where perturba-

tive methods become inadequate due to large coupling constants, but also for providing a

systematic approach to understanding and interpreting quantum field theories [22–24]. The

QCD path integral, encapsulated by eq. (1.1), represents the summation over all conceivable

field configurations, each weighted by its associated measure. In the context of QCD, this

involves integrating over all possible arrangements of gluon and quark fields across space-

time. The measure, expressed explicitly as D[ψ, ψ̄, A] = [Dψ][Dψ̄][DA], underscores the

separate integration over the quark, antiquark, and gluon fields (ψ, ψ̄, and A) respectively,

at all points in spacetime. To render this summation mathematically rigorous, it is useful to

discretize spacetime, thereby introducing a lattice structure. By imposing this lattice frame-

work, these integrals are evaluated at a discrete set of points, rather than across a continuous

volume of spacetime. In doing so, the path integral assumes a well-defined form, allowing for

mathematical rigor and enabling concrete calculations. To return to the continuum theory,

the lattice structure needs to be removed by taking the limit that the lattice spacing becomes

increasingly small, a non-trivial task.
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Figure 1.1: Image a) shows a 2-d lattice with lattice spacing a. Image b) shows an enlargement of

the region circled in a). The quark fields ψx are defined on the lattice sites, while the link variables

Uµx = Ux,x+aµ̂ are defined on the links between sites.

1.3.1 Constructing a Lattice

To begin, we divide four-dimensional spacetime into a discrete lattice with a spacing denoted

by a. Each lattice point corresponds to a specific position in spacetime, with a determining

the resolution, similar to the pixel size in a digital image. This spacing acts as the funda-

mental length scale in lattice QCD, regulating the theory for numerical calculations. An

example of a two-dimensional lattice is provided in figure 1.1. We consider a finite spacetime

volume, represented by a lattice with a finite number of sites in each direction. Let N be

the number of lattice sites per direction, totaling N4 sites, such that the physical size of the

hypercubic box is L = Na. Each lattice site’s position is specified by xµ = mµa, where mµ

labels the mth site along direction µ.

In discretizing our theory, we replace integrals over the spacetime volume by sums over

the lattice sites. To return to the continuum limit the reverse replacement is made,

∑
x

f(x)→
∫ L

0
f(x) d4x , (1.23)

where in this limit, we want N → ∞ and a = L
N
→ 0 with L held fixed. In the above
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equation, the sum over positions, x, is equivalent to a sum over site indices, m:

∑
x

= a4
N∑

m1=0
. . .

N∑
m4=0

= a4∑
m

. (1.24)

1.3.2 Defining Fields on a Lattice

With our lattice constructed, we now introduce the lattice versions of the quantities that

enter into the QCD Lagrangian. We begin by defining our quark fields on the discrete

lattice sites. The quark field at position x, denoted by ψx = ψ(x), changes under gauge

transformations as

ψ′x = Ωxψx . (1.25)

Continuum derivatives are replaced with finite differences on the lattice

∂µψx = 1
a

[ψx+aµ̂ − ψx] (1.26)

and the covariant derivative is replaced by

Dµψx = 1
a

[ψx+aµ̂ − ψx]− ig
[
C̃µ,xψx + Cµ,xψx+aµ̂

]
, (1.27)

where Cµ,x and C̃µ,x are yet-to-be-determined quantities that play the role of Aµ in the

continuum theory, compensating for the lack of gauge covariance. For simplicity, we have

chosen an asymmetric finite difference; however, in practice, a higher-order, symmetric finite

difference may be used. To have a gauge invariant action, we require that the covariant

derivative transforms as

D′µψ
′
x = ΩxDµψx , (1.28)

which leads to

1
a

[
ψ′x+aµ̂ − ψ′x

]
− ig

[
C̃ ′µ,xψ

′
x + C ′µ,xψ

′
x+aµ̂

]
= Ωx

[1
a

[ψx+aµ̂ − ψx]− ig
[
C̃µ,xψx + Cµ,xψx+aµ̂

]]
(1.29)

= Ωx

[1
a

[
Ω†x+aµ̂ψ

′
x+aµ̂ − Ω†xψ′x

]
− ig

[
C̃µ,xΩ†xψ′x + Cµ,xΩ†x+aµ̂ψ

′
x+aµ̂

]]
,
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where the first equality comes from evaluating the covariant derivative in left and right sides

of eq. (1.28), and in the second equality we have used the inverse of the gauge transformation

in eq. (1.25). Comparing coefficients between the left and right sides of the equation allows

us to determine the transformation properties of Cµ,x and C̃µ,x, giving us

C̃ ′µ,x = ΩxC̃µ,xΩ†x , (1.30)

C ′µ,x = ΩxCµ,xΩ†x+aµ̂ + i

ga

[
ΩxΩ†x+aµ̂ − 1

]
= ΩxCµ,xΩ†x+aµ̂ + i

ga

[
ΩxΩ†x+aµ̂ − ΩxΩ†x

]
= ΩxCµ,xΩ†x+aµ̂ + i

g
Ωx∂µΩ†x . (1.31)

By examining eq. (1.30), we see that we can set C̃µ,x = 0, since this satisfies the required

transformation rule. For Cµ,x, we find that the transformation rule is very similar to that of

the continuum gauge potential. With this in mind, let us define the field strength as

Cµν,x = DµCν,x −DνCµ,x (1.32)

= 1
a

[Cν,x+aµ̂ − Cν,x]− igCµ,xCν,x+aµ̂ −
1
a

[Cµ,x+aν̂ + Cµ,x]− igCν,xCµ,x+aν̂ , (1.33)

which transforms homogeneously under gauge transformations:

C ′µν,x = ΩxCµν,xΩ†x+aµ̂+aν̂ . (1.34)

To parameterize Cµ,x, we want to select a form that is consistent with the transformation

rule for Cµ,x, so we try

Cµ,x = i

ga
(Uµx − 1) , (1.35)

where Uµx is a unitary matrix transforming as

U ′µx = ΩxUµxΩ†x+aµ̂ . (1.36)

To relate the Cµ,x fields arising from the consideration of a lattice covariant derivative to

the continuum gluon fields, we can write

Uµx = exp (−iagAµ,x) . (1.37)
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where Aµ,x = Akµ,xTk, and where we identify the lattice gauge field at site x, represented

by Akµ,x, with the continuous gauge field evaluated at position x, denoted Akµ(x). We have

chosen the parameterization of C such that in the limit as a→ 0 and aAµ(x)→ 0,

Cµ,x → Aµ(x) (1.38)

Cµν,x → Gµν(x) . (1.39)

By changing notation slightly such that

Ux,x+aµ̂ ≡ Uµx Ux+aµ̂,x ≡ U †µx (1.40)

and by reexamining eq. (1.36) in the context of this new notation,

U ′x,y = ΩxUx,yΩ†y where y = x+ aµ̂ , (1.41)

we can provide a physical interpretation to the gauge fields. In particular, we can think of

Ux,x+aµ̂ as belonging on the link between the lattice sites at x and x + aµ, as illustrated in

figure 1.1. Ux,y is the parallel transporter from y to x along the link denoted (x, y). When

transporting quark and gluon fields along the lattice links, the parallel transport operation

preserves the local SU(3) gauge symmetry of QCD, ensuring the color charge of quarks and

gluons remains unchanged.

With the lattice versions of each term in the QCD action in hand, and recalling eq. (1.17),

we can express the lattice-regulated action as

Slattice =
∑
x

[
1
4ρtr (Cµν,xCµν,x) + 1

2
(
ψ̄xγ

µDµψx − ψ̄xγµD†µψx
)

+ ψ̄xmψx

]
(1.42)

=
∑
x

[
1

4a4ρ

∑
µ<ν

tr
(
2− Uµν,x − U †µν,x

)

+ 1
2a
∑
µ

(
ψ̄xγ

µUµxψx+aµ̂ − ψ̄x+aµ̂γ
µU †µxψx

)
+ ψ̄xmψx

]
. (1.43)

where in the second equation we have substituted in eqs. (1.27) and (1.35) to give us a new

expression only in terms of the quark fields defined on the lattice sites and the link variables

defined on the links between sites. The trace is taken over the color space, and repeated
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spacetime indices are summed over in the first line, while in the second line the sum over µ

and ν is made explicit. Here, we are defining

Uµν,x = U †νµ,x = Ux,x+aµ̂ Ux+aµ̂,x+aµ̂+aν̂ Ux+aµ̂+aν̂,x+aν̂ Ux+aν̂,x , (1.44)

which we can interpret as the parallel transport around a closed loop of four lattice sites

(with one corner at x) laying in the µ-ν plane.

Through the choice of lattice action, we can incorporate different physics of interest

into our calculations. For instance, if we want to include the CP-violating theta term of

eq. (1.18), one way to do so is through the gerneralized quark mass, meiθ′γ5 . By expanding

the exponential to linear order, we can incorporate CP violation with the inclusion of the

following term in our lattice action,

Sθ =
∑
x

ψ̄x

(
im

θ′

2 γ5

)
ψx +O(θ′2) . (1.45)

Here, as before, θ′ is a phase that quantifies the extent of CP violation. Though this alteration

to the lattice action is not required unless studying strong CP violation, we now turn our

attention to a problem that will require us to adapt the lattice action in new ways.

1.3.3 Fermion Doubling

In the continuum limit as a → 0, the lattice action should converge to the continuum

QCD action, faithfully reproducing the physics of quarks and gluons. However, a significant

challenge known as the fermion doubling problem arises when this limit is taken [10, 25,

26]. In the lattice formulation of QCD expressed by the above action, the discretization of

spacetime leads to the appearance of additional fermionic degrees of freedom not present in

the continuum theory. Specifically, for each flavor of quark, this lattice action introduces

multiple replicas or “doublers” of each quark flavor.

This doubling arises due to the discretization of the Dirac operator on the lattice, where

the dispersion relation for fermions exhibits additional unwanted momentum states known as

fermion doublers. These doublers contribute to the path integral over the fermion fields, and
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if unaccounted for, lead to unwanted contributions that distort the physical predictions of

lattice QCD calculations. Addressing this issue is crucial for achieving accurate and reliable

predictions. But before we explore how the problem can be addressed, let us examine the

source of the problem in more detail.

We start by examining the fermionic part of the partition function for the above lattice

action,

Zfermi =
∫

[Dψ̄][Dψ] exp[−ψ̄xMψx] , (1.46)

where the measure of integration can be defined explicitly as

[Dψ̄][Dψ] =
∏
x,α

dψ̄xαdψxα , (1.47)

where α is the Dirac index of the fermion field. We can read off the form of M from eq. (1.43)

by setting all link variables to unity:

Mxy =
∑
x

[
γµ

1
2a (δx,zδy,z+aµ̂ − δx,z+aµ̂δy,z) +mδx,zδy,z

]
, (1.48)

where in the finite-difference term, the repeated µ index is summed over. Assuming infinite

spacetime, we can calculate the fermion propagator Sxy = M−1
xy in momentum space by

taking the discrete Fourier transform of Mxy:

M(k,−q) =
∑
x,y

exp (−ikx+ iqy)Mxy = S(k)−1δ(k − q) , (1.49)

from which we find

S(k)−1 = iγµsµ +m with sµ = sin(kµa)
a

, (1.50)

for −π < akµ ≤ π. Inverting this expression, we find the propagator

S(k) = m− iγµsµ
m2 + s2 , (1.51)

which in the continuum limit, a→ 0, gives

S(k) = m− iγµkµ
m2 + k2 +O(a2) . (1.52)
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This expression has a pole at k4 = i
√
k2 +m2, corresponding to a Dirac particle. However,

this isn’t the only pole of the propagator. The propagator can be expanded around each of

the zeros of sµ, of which there are two for each of the four values of µ. This results in a total

of 24 = 16 regions in which the sine functions vanish, each of which corresponds to a Dirac

particle. The fifteen unwanted particles are the doublers, which disrupt the continuum limit

of the theory, preventing agreement with continuum QCD.

Wilson fermions address the fermion doubling problem by introducing a mass-like term in

the lattice action, effectively suppressing unwanted fermion modes at high energies, allowing

only the desired low-energy modes to contribute to physical observables [10]. This is achieved

by adding the following “Wilson term” to the lattice action:

SWilson =
∑
x

[
r

2a
∑
µ

(
ψ̄xUµxψx+aµ̂ − ψ̄x+aµ̂U

†
µxψx

)
+ ψ̄xrψx

]
(1.53)

One can show that the momentum space propagator for Wilson fermions is

S(k) =
(m− r

2 k̂
2)− iγµsµ

(m+ r
2 k̂

2)2 + s2
, (1.54)

where k̂µ = 2 sin(kµ/2). Unlike for the naive fermion propagator given in eq. (1.51), which

has poles of mass m near kµ = π, the Wilson fermion propagator has poles of mass m+ 2rn,

where n is the number of components of kµ close to π. If one keeps r non-zero in the limit

as m = mphysical a → 0, the effective masses of the doublers becomes infinite. Thus, as we

take the continuum limit, only the physical pole near k = 0 survives.

Although the Wilson term successfully resolves the fermion doubling problem, it does so

at the expense of explicitly breaking chiral symmetry. Chiral symmetry, an (approximate)

symmetry of QCD, is an essential feature of the continuum QCD Lagrangian, related to

the conservation of the axial current and the existence of massless (or low-mass) Goldstone

bosons (or pseudo-Goldstone bosons). In the limit as the quark masses go to zero, chiral

symmetry becomes an exact symmetry, and the left- and right-handed components of the

quark fields decouple.
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To define the chirality or handedness of our quark fields, we require the gamma matrix

γ5 = γ1γ2γ3γ4 =

1 0

0 −1

 (1.55)

where 1 is the 2 × 2 identity matrix. The chirality operators project out the left- and

right-handed components of the fermion field:

ψL = 1
2(1− γ5)ψ , ψR = 1

2(1 + γ5)ψ, ψ̄L = ψ̄
1
2(1 + γ5) , ψ̄R = ψ̄

1
2(1− γ5) (1.56)

where ψL and ψR are the left- and right-handed components of ψ respectively. Note that to

project out the left (right) chrial components of the antifermion field, ψ̄L (ψ̄R), we act on

ψ̄ from the right rather than the left. What’s more, we use the same projector needed to

project out the right (left) components of the fermion field, ψR (ψL). There is no conflict in

defining ψL and ψ̄L with different projectors since ψ and ψ̄ are independent fields.

The Wilson term mixes left- and right-handed components of the fermion field, violating

chiral symmetry on the lattice. One might wonder if another method of fermion discretiza-

tion could remove fermion doublers while maintaining the approximate chiral symmetry

of QCD; however, the Nielson-Ninomiya theorem states that it is impossible to formulate

a lattice fermion action that simultaneously satisfies all of the following criteria: locality,

gauge invariance, absence of species doubling, and exact chiral symmetry at finite lattice

spacing [27].

To address the fermion doubling problem and mitigate the breaking of chiral symmetry,

various approaches have been developed. Staggered fermions, for example, reduce the number

of fermion degrees of freedom by a factor of 2d, where d is the number of lattice dimensions

[28]. This approach leads to a residual flavor symmetry, which is an approximate symmetry of

the action. Other methods include domain wall fermions [26] and overlap fermions [29], which

attempt to lessen the effects of chiral symmetry breaking, albeit at the cost of introducing

additional computational complexity. Each approach has its advantages and limitations,

depending on the specific physics being studied and the computational resources available.
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1.3.4 Evaluating the Path Integral

Monte Carlo methods are indispensable in lattice QCD due to the colossal computational

demands imposed by the high-dimensional integration required. In lattice QCD, we aim to

simulate the behavior of quarks and gluons within the confines of four-dimensional spacetime

discretized onto a lattice. This lattice comprises numerous points, with typical lattice sizes

ranging from tens to hundreds of points in each direction. However, the real challenge lies

in the dimensionality of the integration space.

At each lattice site, we must integrate over all possible values of the quark fields, consid-

ering multiple colors and flavors of quarks. Additionally, similar integrals must be performed

over the gluon fields, which reside on the links connecting neighboring lattice sites. The

dimensionality of these integrals grows with the size of the lattice, resulting in a staggeringly

high-dimensional configuration space that defies exhaustive exploration using traditional nu-

merical techniques.

To address this challenge, Monte Carlo methods offer an effective solution. Rather than

attempting to evaluate the integrals analytically or through brute-force numerical techniques,

Monte Carlo methods provide a probabilistic approach to sampling the high-dimensional con-

figuration space. By generating a large number of random lattice configurations according

to their probability distribution, Monte Carlo methods enable us to approximate the desired

integrals by averaging over the sampled configurations. Most configurations yield a large

action and thus have a very small weight in the path integral. It is the high-weight config-

urations that are most important to sample. Though there are many methods of sampling

configurations according to their weight in the path integral, here we study one particular

tool for sampling configurations, the Metropolis algorithm [11,30].

Starting from some initial configuration of link variables, the Metropolis algorithm gen-

erates new configurations with probability proportional to their weight in the path integral.

Let C be a configuration of link variables that we want to update to generate new config-

urations. Starting from C, the first step is to use Monte Carlo methods to suggest a new
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configuration C ′ with probability T0(C → C ′). With this new configuration selected, we

have to decide whether or not to accept it. The candidate configuration is accepted with

probability

TA(C → C ′) = min
[
1, T0(C ′ → C) exp(−S[C ′])

T0(C → C ′) exp(−S[C])

]
. (1.57)

In practice, one often uses a symmetric probability distribution such that the probability

of suggesting (but not necessarily accepting) the transition from C to C ′ is equal to the

probability of suggesting the opposite transition:

P0(C → C ′) = P0(C ′ → C) . (1.58)

In this case eq. (1.57) simplifies to

TA(C → C ′) = min [1, exp(−∆S)] , (1.59)

where ∆S = S[C ′]− S[C] is the change in action from the original configuration to the new

configuration. In this special case, all changes that lower the action are accepted, and a

new configuration that would increase the action is less likely to be accepted the greater the

increase in action.

The total transition probability is then the product of the probability of the new config-

uration being suggested and the probability of the suggested configuration being accepted:

T (C → C ′) = T0(C → C ′)TA(C → C ′) . (1.60)

If the suggested change is not accepted, the original, unchanged configuration is kept.

The process of suggesting and accepting or rejecting new configurations is repeated many

times, using the updated configuration as the starting point. To avoid correlations between

configurations, one does not save every configuration for analysis, but repeats the process

several times (perhaps 10 or so) before picking out a new configuration to be saved. One

must also be careful to update the configurations many times before the first configuration

is saved so that the configurations are distributed with the desired probability distribution.
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An important restriction on the transition probabilities is that no configuration can have

sinks or sources of probability. In other words, the probability of transitioning to a config-

uration C ′ in the nth step of the process has to be equal to the probability of transitioning

out of C ′ at this step. The balance equation expressing this restriction can be written as

∑
C

T (C → C ′)P (C) =
∑
C

T (C ′ → C)P (C ′) , (1.61)

where P (C) is the probability that the system is in configuration C. A sufficient condition

for the balance equation to hold, known as the detailed balance condition,

T (C → C ′)P (C) = T (C ′ → C)P (C ′) , (1.62)

is satisfied by the Metropolis algorithm. To see this, we evaluate the left side of the equation

using the expression for T (C → C ′) and the fact the probability of being in a given con-

figuration should be proportional to its weight in the path integral, P (C) = α exp(−S[C]),

where we define α to be the constant of proportionality. Doing so yields the following result,

T (C → C ′)P (C) = T (C → C ′) α exp(−S[C])

= T0(C → C ′) min
[
1, T0(C ′ → C) exp(−S[C ′])

T0(C → C ′) exp(−S[C])

]
α exp(−S[C])

= α min
[
T0(C → C ′) exp(−S[C]), T0(C ′ → C) exp(−S[C ′])

]
= T (C ′ → C) α exp(−S[C ′])

= T (C ′ → C)P (C ′) , (1.63)

demonstrating that the balance equation is indeed satisfied.

The central value of Monte Carlo methods lies in their ability to generate statistically

representative samples from complex probability distributions. Although we only examined

the Metropolis algorithm, there are many different procedures for sampling configurations.

Each provides us the means to navigate the high-dimensional configuration space efficiently,

providing insights into the nonperturbative behavior of the strong interaction. Through

the repeated sampling of lattice configurations, we can compute observables such as hadron
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masses, correlation functions, and scattering amplitudes, shedding light on fundamental

aspects of QCD that remain elusive to analytical or perturbative methods alone.

1.4 Chiral Perturbation Theory

Despite the success of lattice methods in determining properties of quark and gluon systems,

lattice calculations are limited in scope by computing power. The lattice spacing, the size of

the lattice, the mass of the quarks, and the number of particles in the box are all constrained

by computing resources. To connect lattice results to continuum, infinite-volume quantities

at physical quark masses, one needs a theoretical model for how such quantities can be

extrapolated. Chiral perturbation theory (ChPT) provides a framework with which to make

this connection [31–34].

1.4.1 Effective Field Theories

In many systems, including QCD under certain circumstances, the dynamics at low energies

can be effectively described by a simpler theory than the underlying fundamental theory

at high energies. Effective field theories like chiral perturbation theory take advantage of

this fact, capturing the relevant degrees of freedom and interactions at a given energy scale,

allowing for the perturbative calculation of physical observables within a limited domain of

applicability. To understand effective field theories, we have to understand how high-energy

degrees of freedom may become decoupled or irrelevant at low energies, thus reducing the

complexity needed to describe the system.

Dependent on the momentum of the incoming and outgoing particles, correlation func-

tions encode the observables of a quantum field theory. Nonanalytic behaviors like cuts and

poles arise in these correlation functions when kinematics allow for the formation of physical

intermediate states. We find that most of the complicated dynamics arise when intermediate

states go on shell, resulting in singularities in their propagators, of the form 1/(p2 +m2) for

a Euclidean theory.

Consider the contribution of a heavy intermediate state to a correlation function at low
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energies, far from the pole in the propagator. One could Taylor expand the propagator in

powers of the relevant momenta as follows:

1
p2 +m2 ≈

1
m2 −

p2

m4 + p4

m6 + . . . . (1.64)

Far from the singularity, the propagator would be well approximated by the first few terms

of the Taylor series. While Taylor expanding individual amplitudes may offer simplifications

in specific cases, the key insight is that in scenarios where heavy particles are kinematically

inaccessible, their contribution to the correlation function simplifies.

Rather than expanding the propagator, one can imagine expanding the Lagrangian in

local operators involving only light degrees of freedom. This expansion, incorporating powers

of external momenta divided by the scale of heavy physics, gives rise to an effective field

theory (EFT). Despite its theoretical foundation as an infinite sum of local operators, EFTs

are, out of practicality, truncated at the level required to give the desired accuracy.

1.4.2 Chiral Symmetry

Effective field theories like ChPT provide a bridge between the fundamental theory of the

Standard Model and experimental observations, allowing for precise calculations and predic-

tions in regimes where direct calculations from first principles are not feasible. ChPT is a

systematic expansion of QCD observables in terms of small parameters associated with the

quark masses and momenta. In the limit as the quarks become massless, chiral symmetry

is an exact symmetry of QCD. It is in this low-energy, small-quark-mass limit—a regime

in which QCD is non-perturbative and lattice calculations are particularly computationally

expensive—that ChPT is most accurate. By expanding QCD observables in powers of the

quark masses and momenta, ChPT provides a way to systematically incorporate the effects of

finite lattice spacing and volume, as well as non-physical quark masses, into the calculations.
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Let us start by considering the fermionic part of the Euclidean QCD Lagrangian:

Lfermi = ψ̄γµDµψ + ψ̄Mψ (1.65)

= ψ̄Lγ
µDµψL + ψ̄Rγ

µDµψR + ψ̄LMψR + ψ̄RM
†ψL (1.66)

where ψL and ψR are the left- and right-handed components of the quark fields defined in

eq. (1.56), and M is the quark mass matrix. Since chiral symmetry is a good approximate

symmetry of QCD when the quarks are light, we are limited to including only the two or

three lightest quarks flavors. To be precise, we must specify what it means for the masses to

be light. One criterion is that the quark masses must be small compared to the QCD scale,

ΛQCD ≈ 300 MeV; however, a more precise criterion arises from ChPT calculations: the

meson masses should be small compared to Λχ ≡ 4πfπ ≈ 1200 MeV, where fπ = 93 MeV is

the pion decay constant (in one particular convention). For the purposes of illustration, we

will consider just the three lightest quarks: the up and down with (mu+md)/2 ≈ 3 MeV, and

the strange with ms ≈ 100 MeV. The values of quark masses vary depending on the specific

renormalization scheme and energy scale used in their determination. Here, we quote results

for the MS renormalization scheme at a scale of µ = 2 GeV. The choice of including the

three lightest quarks leads to the mass matrix M = diag(mu,md,ms) = M †. By including

strange quarks, the chiral symmetry is somewhat more badly broken than it would be if

we just considered the lightest two quarks, since heavier mesons are formed with masses

mK , mη ≈ Λχ/2.

In the massless limit, the left- and right-handed quark fields can be rotated independently

so the Lagrangian has an exact SU(3)L × SU(3)R chiral symmetry under which the fields

transform as

ψL,R → UL,R ψL,R , ψ̄L,R → ψ̄L,R U
†
L,R , where UL,R ∈ SU(3)L,R . (1.67)

One can decompose independent rotations of the left- and right-handed fields into transforma-

tions in which the left and right fields are rotated in the same way, UL = UR, corresponding

to a vector symmetry; and transformations in which the left- and right-handed fields are

rotated oppositely, UL = U †R, corresponding to an axial symmetry.
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When the quarks have non-zero mass, the mass terms break the chiral symmetry, mixing

the left- and right-handed fields. Specifically, non-zero masses break the axial symmetries,

while non-degenerate masses break the vector symmetries. However, we can retain the chiral

symmetry of the theory by treating the mass matrix, M , as a complex “spurion field,”

transforming as

M → ULMU †R , M † → URMU †R . (1.68)

This trick allows us to keep track of the symmetry-breaking of the mass term.

1.4.3 Spontaneous Symmetry Breaking

In massless QCD, we expect chiral symmetry to be spontaneously broken by the vacuum.

This expectation is based on an accumulation of experimental evidence including the light-

ness of the π, K, and the η, and the absence of parity-doubling in hadron spectra. We

would expect to find degenerate states with opposite intrinsic parities were the symmetry

unbroken. This evidence of spontaneous symmetry breaking motivates us to consider Gold-

stone’s theorem, which states that spontaneous breaking of a continuous symmetry leads to

the emergence of massless scalar particles called Goldstone bosons. These bosons arise due

to the degeneracy of the vacuum manifold associated with the broken symmetry.

Goldstone’s theorem can be illustrated using the wine bottle potential, which serves as

an analogy for spontaneous symmetry breaking. In this potential, represented as

V = −µ2φ†φ+ λ

2 (φ†φ)2 , (1.69)

a U(1) phase symmetry exists, denoted as φ → exp(iα)φ. Spontaneous symmetry breaking

occurs when µ2 > 0, leading to a non-zero vacuum expectation value (VEV), |〈φ〉| = v =√
µ2

λ
. The vacuum manifold, a circle of minima in the φ-plane, is formed by the phase of

〈φ〉, making it U(1). However, due to fluctuations or quantum effects, the system can settle

into any point on this circle, breaking the U(1) symmetry spontaneously. Consequently, the

ground state becomes non-unique, as any point on the circle is energetically equivalent. In
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non-relativistic quantum mechanics, the ground state would be spread around the vacuum

manifold, but in quantum field theory, a single point on the vacuum manifold is picked out.

The Goldstone bosons emerge as excitations around the degenerate vacuum manifold.

These excitations correspond to oscillations of the field along the flat circular base of the

potential. Since these modes have zero energy, they give rise to massless particles, the

Goldstone bosons, which are a manifestation of the broken symmetry. If we write our complex

scalar field as

φ(x) = veρ(x)eiθ(x) , (1.70)

we can explicitly pick out the Goldstone boson degree of freedom, θ, and “integrate out” the

heavy radial degree of freedom ρ to obtain an effective Lagrangian in terms of eiθ(x). When the

symmetry is only approximate, such as in the presence of explicit symmetry-breaking terms in

the Lagrangian, the masslessness of the Goldstone bosons is lifted, leading to the emergence of

pseudo-Goldstone bosons. These pseudo-Goldstone bosons acquire small but nonzero masses

due to the explicit breaking of the symmetry, resulting in them being light compared to

other particles in the theory, as is the case for the π, K, and η mesons. Despite their nonzero

masses, pseudo-Goldstone bosons often retain many properties of their massless counterparts,

making them crucial in understanding the dynamics of broken symmetry systems.

The massless QCD analog of 〈φ〉 is the condensate

Ωij = 〈ψL,i,α,aψ̄R,j,α,a〉 (1.71)

where i and j are flavor indices and α and a are the Dirac and color indices respectively.

Here, we assume the conventional vacuum orientation in which Ωij = ωδij with ω = −〈q̄q〉 =

−〈(q̄LqR + q̄RqL)〉 6= 0 for q = u, d, s. Since we are considering the massless theory, we have

〈ūu〉 = 〈d̄d〉 = 〈s̄s〉. In analogy to how we can promote eiθ(x) to a field corresponding to the

fluctuations in the condensate, we can promote Ωij/ω to a field Σij(x). Just as eiθ(x) is an

element of U(1), the spontaneously broken symmetry of the wine bottle potential, Σij(x) is

an element of the spontaneously broken SU(3) axial symmetry:

Σ(x) ∈ SU(3) such that Σ(x)→ ULΣ(x)U †R (1.72)



28

under chiral transformations. The fixed magnitude of Σ, such that ΣΣ† = Σ†Σ = 1, implies

that the only degrees of freedom are the massless Goldstone bosons. If 〈Σ〉 = 1, we can

expand the field as

Σ(x) = exp(2iΠ(x)/f) = exp(2iπk(x)T k/f) . (1.73)

where T k are generators of the spontaneously broken SU(3)A axial symmetry, πk are the

Goldstone boson fields, and fπ is a constant included to make the argument of the exponential

unitless. Consistent with Goldstone’s theorem, we see that there are 8 massless Goldstone

bosons corresponding to the π, K, and η, each associated with one of the eight generators

of the broken axial symmetry. For the conventional vacuum orientation, these are

〈πi(p)|ψγµγ5T
jψ̄|0〉 = −ifpµδij . (1.74)

1.4.4 The Chiral Lagrangian

With this in hand, we have all the pieces required to construct an EFT: knowledge of the

symmetries of the system we want to describe and a separation of scales. The massless

Goldstone bosons (and the low-mass pseudo-Goldstone bosons) are much lighter than the

heavier hadrons, like the proton, neutron, the ρ, and the η′, which have masses on the order

of 1 GeV. With this information, we are now able to build the ChPT Lagrangian.

The key elements of the EFT will be the fields Σ and Σ†, along with the spurion fields

M and M †, which transform as

Σ→ ULΣU †R , Σ† → URΣ†U †L , M → ULMU †R , M † → URM
†U †L . (1.75)

To construct our chiral Lagrangian, it is useful to work with objects that transform solely

under the left-handed or right-handed subgroups. For the left-handed subgroup, we have the

following objects:

Lµ = Σ∂µΣ† = −∂µΣΣ† = −L†µ → ULLµU
†
L , (1.76)

MΣ† → UL(MΣ†)U †L , ΣM † → UL(ΣM †)U †L , (1.77)
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while for the right-handed subgroup, we have:

Rµ = Σ†∂µΣ = −∂µΣ†Σ = −R†µ → URRµU
†
R , (1.78)

M †Σ→ UR(M †Σ)U †R , Σ†M → UR(Σ†M)U †R . (1.79)

Because one can cyclically permute matrices inside a trace, taking the trace of such an object

results in a gauge invariant quantity. Using these building blocks, we can easily construct

terms that satisfy the C, P , and T symmetries of QCD, and which are real and local. We

will assume a power counting in which p2/Λ2
QCD ∼ mq/ΛQCD, treating terms with more than

one factor of the mass matrix or two derivatives as higher-order in the expansion of the

Lagrangian. Doing so allows us to write down the following leading-order chiral Lagrangian

density:

LLO
χ = f 2

4 tr
(
∂µΣ∂µΣ†

)
− f 2B0

4 tr
(
MΣ† + ΣM †

)
, (1.80)

where f and B0 are unknown low-energy constants that can be determined by matching

the predictions of ChPT to experimental results or lattice calculations. Higher orders in

the power counting introduce new terms, each with their own low-energy constant. As we

shall see in chapter 3, by treating the lattice spacing as a spurion, just as we did for the

mass matrix, we can incorporate the effects of lattice discretization into our EFT, facilitating

comparison between lattice QCD and ChPT, and allowing for a controlled extrapolation to

the continuum.

1.5 Quantization Conditions

The strong interaction is characterized by an abundance of short-lived resonances, observed

through scattering amplitudes of stable particles like pions, kaons, and nucleons. Resonances

are very short-lived, non-asymptotic states that appear as distinct peaks in scattering ex-

periments. These resonances exhibit intriguing patterns when classified by properties such

as spin, charge, and strangeness, reflecting underlying quark and gluon degrees of freedom.

Higher-lying resonances, like the f0(980) and a0(980), challenge the simplistic quark model
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in which particles are analyzed as either baryons or mesons, suggesting more complex struc-

tures like tetraquarks or pentaquarks. Recent discoveries, such as the X, Y, and Z states,

further highlight the need for a more nuanced understanding of hadron spectroscopy.

Lattice QCD offers a first-principles approach to predict hadron properties, approaching

sub-percent level accuracy if one controls for statistical errors and uncertainties arising from

lattice spacing, quark masses, and finite-volume effects. To understand these resonances, one

can employ finite-volume quantization conditions, pioneered by Lüscher. Initially developed

for two-particle scattering, these quantization conditions have been extended to three-particle

systems, offering valuable insights into resonance physics. The essential observation that

allows for the development of quantization conditions is that the volume dependence of the

energies of multiparticle states is governed by infinite-volume scattering amplitudes. By

analyzing the finite-volume spectrum, lattice QCD indirectly accesses scattering information

critical for understanding resonances involving multiple particles.

1.5.1 The Two-Particle Quantization Condition

To understand how these quantization conditions arise in detail, we first turn our attention

to the two-particle quantization condition [13, 14]. The derivation we sketch here assumes

the system is described by a generic relativistic effective field theory (RFT) comprised of

a single species of scalar field, though the derivation has been extended to more complex

systems [15]. Let us use the scattering process π+π+ → π+π+ as our motivation for the

derivation. The goal is to find a quantitative relationship between the infinite-volume 2→ 2

scattering amplitude M2 ≡Mπ+π+→π+π+ and the finite-volume spectrum of the theory.

We begin by writing the Minkowski two-point finite-volume correlator:

CL(E,P ) =
∫
L
d4xei(Ex

0−p·x)〈0|Tσ(x)σ†(0)|0〉 , (1.81)

where P µ = (E,P ) is the four-momentum of the two-pion system and σ†(x) is an interpo-

lating operator creating a state at position x that couples to the desired π+π+ state. As we

have seen in the context of the development of effective field theories, nonanalyticity arises in
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Figure 1.2: Skeleton expansion of the 2→ 2 finite-volume correlator, CL

correlation functions when the intermediate states go on shell. This nonanalyticity encodes

much of the interesting information about scattering processes and the finite-volume energy

spectrum.

With this in mind, let us consider expressing the finite-volume correlator, CL, as an

infinite sum of Feynman diagrams in which we divide intermediate states into two classes:

those with more than two internal lines, referred to as two-particle irreducible (2PI); and

those with two or fewer internal states. The rationale for making this distinction is that if we

restrict ourselves to the kinematic regime in which the center-of-mass frame (CMF) energy,

E∗ ≡
√
E2 − P 2, is below the energy at which three-particle states can go on shell, then the

two-particle irreducible segments of a Feynman diagram cannot contribute poles to the finite-

volume correlator. We now repackage the two-particle irreducible sections into three types

of terms: finite-volume amputated 2 → 2 Bethe-Salpeter kernels denoted B2,L, encoding

two-particle interactions; generalized endcaps A′L and AL, corresponding to the creation and

annihilation of the π+π+ state; and C0
L, which contains all diagrams that are completely

2PI. With these terms in hand, we can now express CL in terms of a skeleton expansion,

consisting of only these two-particle irreducible quantities, as depicted in figure 1.2.

We now make use of the Poisson summation formula to rewrite sums over finite-volume

momenta in terms of integrals, up to exponentially suppressed corrections:

1
L3

UV∑
k

f(k) =
∫ UV d3k

(2π)3f(k) +O(e−mL) . (1.82)

Here, we require that f(k) be a smooth function over the integration domain, for which the

derivatives scale as powers of m. The UV scale is set by the lattice spacing, and for our

purposes, the mass that appears will be mπ, the lightest degree of freedom in our system. We



32

will not keep track of exponentially suppressed volume corrections, as we will assume they are

small for the mass scales and box sizes we consider. Using the Poisson summation formula,

we can now equate the finite-volume Bethe-Salpeter kernel, B2,L, with the infinite-volume

quantity, B2 ≡ B2,∞, up to exponentially suppressed finite-volume corrections. In fact, by

neglecting these small corrections, we can make the following substitutions for each of the

quantities appearing in our skeleton expansion: B2,L → B2, C(0)
L → C(0)

∞ , A′L → A′ ≡ A′∞,

AL → A ≡ A∞.

The next step is to project these infinite-volume kernels onto the physical shell. We

begin by decomposing the kernels into spherical harmonics with angular momentum indices

` and m. We then rewrite the discrete finite-volume sums over the two-particle states that

appear between adjacent 2PI kernels as Σ = [Σ− PV
∫

] + PV
∫

, where PV indicates that we

are using a principal value prescription for the integral. We denote the first of these terms,

corresponding to the sum integral difference, as

iF2(P , L) = 1
2

[
1
L3

∑
k

−PV
∫ d3k

(2π)3

]
iY`′′m′′(k∗)Y∗`′m′(k∗)

2ωk2ωP−k(E − ωk − ωP−k)
(1.83)

which is a matrix of geometric functions that incorporate the L-dependence of the correlator.

Here, ωk ≡
√
m2 + k2, while Y`m(k∗) =

√
4π(k∗/q∗)` Y`m(k∗) is proportional to a spherical

harmonic with the prefactor removing spurious singularities near k∗ = 0. Asterisks denote

quantities evaluated in the center-of-mass frame, and q∗ =
√

(E∗)2/4−m2.

We denote the remaining part of the finite-volume sum, PV
∫

, as IPV, and we collect all

occurrences of IPV adjacent to B2 kernels into a new quantity

K2 =
∞∑
m=0

[−B2 ⊗ IPV⊗]mB2 , (1.84)

where we use ⊗ to indicate integration over the common momentum of adjacent quantities.

K2 is related to the physical amplitude M2 via a simple algebraic relation involving the

difference between the PV and iε prescriptions:

M2 = 1
K−1

2 − i/(8q∗E)
. (1.85)
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Associated with factors of iF2, a “relevant cut” is an intermediate two-particle state that

can go on shell. We now arrive at an infinite sum of terms with all possible numbers of these

relevant cuts appearing:

CL = C̃∞ +
∞∑
n=0

A′iF2 [iK2iF2]nA . (1.86)

The relevant cuts have the effect of projecting the adjacent K-matrices, as well as the other

2PI quantities, on shell such that we can replace each of the following quantities with their

on-shell counterparts: A′ → Ã′, A → Ã, and C(0)
∞ → C̃∞. Making these replacements and

summing the geometric series in eq. (1.86), we arrive at an expression for the finite-volume

correlator:

CL = C̃∞ + Ã′iF2
1

1− iK2iF2
Ã , (1.87)

where each quantity in the second term is an infinite-dimensional matrix with angular mo-

mentum indices ` and m. If the energy E lies in the finite-volume spectrum {EP ,n}∞n=0, then

CL must have a pole arising from this second term. The implication is

det[F−1
2 (E,P , L) +K2(E∗)] = 0 (1.88)

for energies in the finite-volume spectrum. This relationship between the finite-volume spec-

trum and K2, which is in turn related to M2, is the two-particle quantization condition.

We emphasize that all power-law finite-volume dependence is contained in F2(E,P, L), a

well-defined kinematic quantity that can be evaluated directly; whereas K2(E∗) is an infinite-

volume, on-shell, Lorentz invariant amplitude, closely related to the physical amplitude,M2.

By parameterizing K2(E∗) and attempting to match the energies that satisfy the two-particle

quantization condition to the energies in the FV spectrum {EP ,n}∞n=0, one can determine K2,

and thus M2.

1.5.2 The Three-Particle Quantization Condition

Although the derivation of three-particle quantization conditions can be thought of as an

extension of the derivation of the two-particle quantization condition, the introduction of a
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third particle adds significant complexity absent from the two-particle case [16, 17]. Rather

than include an exhaustive derivation of a three-particle quantization condition, we leave the

details to chapters 5 and 6, in which we derive new three-particle quantization conditions

for degenerate spin-1
2 particles, and for a multi-channel system appropriate for studying the

b1(1235) and η(1295) resonances. Here, we simply sketch the key steps in the derivation,

applicable for any three-particle system, highlighting the similarities and differences to the

two-particle quantization condition as we go.

The first step is to select the desired three-particle state. Consider a finite-volume corre-

lator analogous to eq. (1.81) in the two-particle case,

C3,L(E,P ) =
∫
L
d4xei(Ex

0−p·x)〈0|Tσ3(x)σ†3(0)|0〉 , (1.89)

with σ3 and σ†3 operators coupling to the desired state. As was the case in the derivation

of the two-particle quantization condition, we restrict the overall 4-momentum P = (E,P )

so that only this state is kinematically allowed to go on shell. For example, if we consider

the case of a system of degenerate particles, the restriction is m < E∗ < 5m; while for

three non-degenerate particles with masses m1 ≤ m2 ≤ m3 and a Z3
2 symmetry forbidding

single-particle intermediate states, the restriction is 0 < E∗ < 3m1 +m2 +m3.

As we did when deriving the two-particle quantization condition, we work in a generic

relativistic effective field theory describing the interactions of the particles under consider-

ation. However, rather than using Feynman diagrams, we will express C3,L as an infinite

sum of diagrams in time-ordered perturbation theory (TOPT). In TOPT, one decomposes

each Feynman diagram contributing to C3,L as a sum of all time orderings of the vertices,

assigning a separate diagram to each possible ordering. The TOPT propagators are as-

sociated with an on-shell four-momentum pµ = (ωp,p), giving rise to a factor of 1/(2ωp).

Unlike for Feynman diagrams, spatial momentum is conserved at vertices, but energy is not.

Crucially, in this expansion, we find a new type of kernel absent in the two-particle case

that incorporates three-particle interactions: B3,L. Much as B2,L—which also enters into

the three-particle correlator expansion—is the Bethe-Salpeter kernel containing two-particle
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Figure 1.3: TOPT diagram of an F -cut and a G-cut between 2 → 2 Bethe-Salpeter kernels.

The F -cut occurs between B2 kernels in which the non-interacting particle is the same for both

interactions. The G-cut occurs between kernels in which the non-interacting particle changes from

one interaction to the next.

irreducible interactions, B3,L is the Bethe-Salpeter kernel associated with three-particle irre-

ducible interactions.

Again, we can organize terms in the expansion by number of relevant cuts, though now

the cuts correspond to sections consisting of the three-particle state of interest. What’s

more, in addition to the three-particle analogues of the F -cuts we saw in the two-particle

quantization condition, there is a new type of cut, referred to as a G-cut. G-cuts allow for

the exchange of a particle from one interacting pair to another, as can be seen in figure 1.3.

By taking the infinite-volume limit of all sections involving irrelevant cuts, we arrive at a

geometric series for the correlator expressed in terms of infinite-volume kernels.

By projecting the kernels on shell, we can rewrite C3,L in terms of on-shell two- and three-

particle K-matrices, denoted K2 and K̂df,3, along with the finite-volume kinematic quantities

associated with the relevant cuts. As before, by examining the poles of a geometric series,

we are able to obtain a quantization condition relating the finite-volume energy spectrum to

the K-matrices:

det[1 + K̂df,23,LF̂G] = 0 , (1.90)
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where F̂G contains information about both the F - and G-cuts. This form of the quantization

does, however, involve a K-matrix that is not Lorentz invariant and is asymmetric under

particle interchange. To rewrite the quantization condition in terms of a symmetric, three-

particle K matrix, denoted Kdf,3, one must make use of symmetrization identities, discussed

in more detail in chapters 5 and 6.

Whereas for the two-particle case, the relationship between K2 andM2 is given by a sim-

ple algebraic formula, the same is not true for the relationship between the K-matrices of the

three-particle quantization condition and the corresponding physical scattering amplitudes,

M2 and M3. Instead, they are related via nested integral equations. The solution of these

equations is not a focus of this work, but the derivations of integral equations can be found

in chapters 5 and 6.

Although the original RFT derivation was only applicable for identical spinless particles,

subsequent works have expanded the domain of applicability to include systems of three

distinct particles [35], “2+1” systems involving two species of one particle and one of another

[36], and pion systems of arbitrary isospin [37]. This work goes further, and in chapter 5

we extend the formalism to incorporate spin, a non-trivial extension of the theory, while in

chapter 6 the formalism is broadened to include transitions between multiple channels not

simply related by isospin transformations.

It is worth noting that there are two other main approaches, in addition to the RFT

approach laid out above, that have been used in the development of three-particle quanti-

zation conditions: the non-relativistic effective field theory (NREFT) approach [38, 39] and

the finite volume unitarity (FVU) approach [40]. In this work, we focus on the development

and application of the RFT approach and do not discuss the other methods in any detail.

1.6 Summary

This introduction has laid the groundwork for understanding the complexities of quantum

chromodynamics and the challenges associated with its theoretical and numerical explo-

ration. By introducing the fundamental concepts of QCD, such as gauge invariance and the
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nonperturbative nature of the theory at low energies, we have seen the necessity of innovative

methods beyond perturbation theory. Through the lens of lattice QCD, we explored how

discretizing spacetime allows for the evaluation of correlation functions, shedding light on

the behavior of quark and gluon fields in the low-energy regime. We have seen how chiral

perturbation theory can complement lattice QCD calculations to provide reliable predictions

by controlling for systematic errors, such as those arising from non-zero lattice spacing and

non-physical quark masses. Lastly, our discussion of two- and three-particle quantization

conditions underscores the vital role of finite-volume spectra in extracting scattering infor-

mation. It is these quantization conditions that will be the focus of this body of work.

Equipped with the foundational knowledge presented in this introduction, we are ready to

delve into the research endeavors presented in the coming chapters.
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Part II

THEORETICAL ADVANCEMENTS

The research presented in this section of the dissertation builds upon the foundational

principles of quantum chromodynamics, lattice methods, effective field theories, and quan-

tization conditions outlined in the introduction. The following five chapters comprise a

compilation of the studies published during the course of this PhD.

The first study, discussed in chapter 2, explores the limitations of applying the two-

particle quantization condition, introduced in section 1.5.1, to partially quenched theories in

which valence quarks and sea quarks are treated differently. This chapter identifies specific

conditions under which the quantization condition remains applicable despite violations of

unitarity, addressing the challenges posed by partially quenched setups.

In chapter 3, the focus shifts to applying this framework to a partially quenched system

with twisted-mass fermions. This chapter uses chiral perturbation theory, as detailed in

section 1.4, to estimate the magnitudes of discretization errors, as well as errors arising from

the application of the two-particle quantization condition in a theory that is not unitary.

The subsequent chapters concentrate on three-particle systems. Chapter 4 applies a

three-particle quantization condition to study ππK and KKπ scattering at maximal isospin.

Utilizing extensive finite-volume energy data and fitting the spectra using the appropriate

quantization condition, this chapter applies the ideas discussed in section 1.5.2 and again

leverages the principles of chiral perturbation theory (section 1.4) to understand the results

of the fits and put them in the context of previous work.

Chapter 5 introduces the finite-volume formalism for three identical spin-1/2 particles,

relevant to systems like three neutrons or protons. This chapter addresses the complexities

arising from spin interactions and provides a detailed derivation, setting the stage for future
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explorations into nucleon interactions and other related systems.

The final work, detailed in chapter 6, generalizes the three-particle formalism to systems

with multiple channels, focusing on ππη and KKπ. This chapter tackles the intricacies

of dealing with multiple subchannels. It provides a comprehensive approach for analyzing

systems involving resonances like the b1(1235) and η(1295), laying a foundation for future

investigations into multi-channel interactions.
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Chapter 2

APPLICABILITY OF THE TWO-PARTICLE QUANTIZATION
CONDITION TO PARTIALLY-QUENCHED THEORIES1

2.1 Abstract

Partial quenching allows one to consider correlation functions and amplitudes that do not

arise in the corresponding unquenched theory. For example, physical s-wave pion scattering

can be decomposed into I = 0 and 2 amplitudes, while, in a partially-quenched extension,

the larger symmetry group implies that there are more than two independent scattering

amplitudes. It has been proposed that the finite-volume quantization condition of Lüscher

holds for the correlation functions associated with each of the two-particle amplitudes that

arise in partially-quenched theories. Using partially-quenched chiral perturbation theory,

we show that this proposal fails for those correlation functions for which the corresponding

one-loop amplitudes do not satisfy s-wave unitarity. For partially-quenched amplitudes that,

while being unphysical, do satisfy one-loop s-wave unitarity, we argue that the proposal is

plausible. Implications for previous work are discussed.

2.2 Introduction

Simulations of lattice QCD (LQCD) and related theories naturally separate into the gener-

ation of gauge fields and the calculation of quark propagators on these gauge fields. This

separation allows one the freedom to “partially quench”, which in broadest terms means

treating valence and sea quarks differently. This can be done by using different valence-

and sea-quark masses, or, as we consider here, by keeping valence- and sea-quark masses the

1Z. T. Draper and S. R. Sharpe, Applicability of the two-particle quantization condition to partially-
quenched theories, Phys. Rev. D 104 (2021) 034510 [2107.09742]

https://doi.org/10.1103/PhysRevD.104.034510
https://arxiv.org/abs/2107.09742
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same but considering correlation functions—combinations of quark propagators—that can-

not arise in QCD. In either case, one obtains extra information about the underlying theory.

The important questions are then whether that information is useful, e.g. for extracting

physical quantities, and, if so, how the desired output is extracted.

There are many proposals for the extraction of additional information using partially-

quenched (PQ) theories, several of which have been applied in practice. Most involve the use

of partially-quenched chiral perturbation theory (PQχPT), which was developed in Ref. [42].

For reviews see Refs. [32, 43]. One usage is to aid the chiral extrapolation/interpolation to

the physical point using a range of valence quark masses [44], and this has been widely

applied in practice. Another example, closely related to the discussion below, is the proposal

of Ref. [45] to separately calculate contributions to π+π+ correlators with and without quark

exchange, so as to determine the lattice-spacing-dependent low-energy coefficients (LECs)

of “WilsonχPT” (i.e. χPT applied to Wilson fermions). One can also use PQχPT to

estimate quark-disconnected diagrams from more easily calculated correlators, e.g. in the

hadronic vacuum polarization contribution to muonic g − 2 [46], or in pion scattering [47].

We also note the use of partially quenched theories to study the spectral density of the Dirac

operator [48–51] and its relation to random matrix theories [52].

This paper considers the proposals of Refs. [53, 54], which concern, respectively, ππ and

Kπ scattering in QCD. These works consider PQ extensions of QCD containing additional

valence quarks (and corresponding ghost quarks) such that the flavor symmetry group ex-

tends from SU(2) to SU(4|2) for ππ scattering, and from SU(3) to SU(4|1) for Kπ scattering.2

Within these extensions the scattering amplitudes of pions and kaons (composed of either

sea or valence quarks) can be decomposed into irreducible representations (irreps) of the

quark flavor symmetry group, which is SU(4) in both cases. This group is larger than the

symmetry group of the unquenched sea quarks, which is SU(2) and SU(3), respectively, for

the two cases. This implies that the number of irreps, and associated independent ampli-

2The notation here is that the SU(n|m) symmetry corresponds to n−m sea quarks, m valence quarks,
and m (commuting) ghost quarks. The flavor symmetry of the unquenched subsector is SU(n−m).
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tudes, is larger in the PQ theory than in the unquenched theory. For example, for s-wave

ππ scattering, there are four independent amplitudes in the quark sector of the PQ theory,

corresponding to the symmetric product of two adjoints in SU(4) [55],

(15× 15)sym = 1 + 15 + 20 + 84 , (2.1)

whereas for unquenched pions in QCD the decomposition contains only two amplitudes,

those with isospin 0 and 2. The physical I = 2 amplitude is equivalent to the 84, while the

I = 0 amplitude is equivalent to that obtained from an operator that is a linear combination

of the 1 with elements of the 15, 20 and 84.3 The remaining independent amplitudes, which

we take to be those in the 15 and 20 irreps, are artifacts of the PQ theory, and correspond

to linear combinations of Wick contractions that are not present in the unquenched theory.

We focus in this paper on nonsinglet irreps of the quark flavor group, as this simplifies

the calculations and yet allows us to make our main points. We make some brief comments

on the singlet irrep in the conclusions.

A central claim of Refs. [53, 54] is the following: for each of the PQ amplitudes, the

corresponding PQ two-particle correlation function determines a spectrum of energies that

can be related to the scattering amplitude using the two-particle quantization condition of

Lüscher [13,14]. We stress that this claim consists of two parts, the first that the correlation

function can be used to extract a spectrum of states in the usual way, and the second that

the resulting spectrum can be analyzed using the two-particle quantization condition. To

make these statements concrete, consider the r = 15 irrep in PQ pion scattering, and let Or
be an operator with these quantum numbers. The first part of the claim is that

〈Or(τ)O†r(0)〉 =
∞∑
n=0

cne
−Enτ (2.2)

where the expectation value is in the underlying PQ theory, τ is Euclidean time, the co-

efficients cn are real and positive, and the energies En are real and bounded below. For

3The linear combination is 1
5 1+ 1

2 15+ 1
4 20+ 1

20 84, as can be seen by considering the quark contractions.
That this leads to a physical amplitude is not immediately clear from the group theory, but follows from
the fact that operators living entirely in the unquenched sector are free from PQ artifacts.
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convenience we order them E0 ≤ E1 ≤ E2, etc. The second part of the claim is that we can

insert the resulting energies En into Lüscher’s quantization condition and correctly obtain

the scattering amplitude in the corresponding irrep. We know that this procedure is valid

for the 84 irrep, as it corresponds to a physical correlation function in QCD. The issue is

whether it remains valid for the irreps available only in the PQ theory.

If correct, this proposal is quite powerful, as, combined with PQχPT, it allows the deter-

mination of results from types of contractions that are difficult to calculate numerically from

those that are simpler to evaluate [47,53,54,56]. It is, however, prima facie surprising, since

both the existence of a normal spectral decomposition and the derivation of the two-particle

quantization condition rely on unitarity, which the PQ theory violates [42,57].

In this work we introduce a necessary (but not sufficient) criterion for whether this

proposal holds in a given PQ irrep. We apply it in detail to ππ scattering, which allows us

to develop alternative criteria for when the proposal will fail. We then apply these criteria

to other systems.

The remainder of this paper is organized as follows. Section 3.3 describes the setup within

PQχPT that we use to formulate our initial criterion. Section 2.4 presents the results of the

application of this criterion to ππ scattering. Section 2.5 interprets these results using quark-

line diagrams, presents two alternative versions of the criterion, and discusses the extent to

which our necessary criterion is actually sufficient. Section 2.6 discusses a few applications

of our criteria, and describes their implications for previous work. Finally, Sec. 6.7 presents

some closing comments.

2.3 Theoretical setup

We follow closely the methodology of Ref. [45], although here we work in the continuum.

We introduce two valence quarks in addition to the physical up and down quark, as well as

two ghost quarks, with all quarks and ghost quarks having a common mass m. Thus the
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graded flavor symmetry group is SU(4|2).4 This is the same theoretical setup as used in

Refs. [47, 53]. We label the quark fields qi, i = 1− 4, with q1 = u and q2 = d being thought

of as the sea quarks, although this choice is purely conventional given the exact SU(4) quark

flavor symmetry. The two ghost quarks are labeled q̃5 and q̃6. Using this collection of fields we

can write down the PQQCD functional integral in Euclidean space as described in Ref. [42].

The long-distance properties of this theory are described by PQχPT. The degrees of

freedom of this effective theory are the pseudo-Goldstone (PG) boson and fermion fields,

which are collected into the following straceless5 6× 6 matrix [42,58],

Π = 1
√

2



1√
2π0+ 1

2η4+ 1
2φ1 π12 π13 π14 ω15 ω16

π21 − 1√
2π0+ 1

2η4+ 1
2φ1 π23 π24 ω25 ω26

π31 π32
1√
2π
′
0−

1
2η4+ 1

2φ1 π34 ω35 ω36

π41 π42 π43 − 1√
2π
′
0−

1
2η4+ 1

2φ1 ω45 ω46

ω51 ω52 ω53 ω54
1√
2φ0+φ1 φ56

ω61 ω62 ω63 ω64 φ65 − 1√
2φ0+φ1


.

(2.3)

Here π0 is the usual neutral pion field (in isosymmetric QCD), with π′0 being the correspond-

ing valence field, while η4 is the four flavor generalization of the η meson in QCD. The 15

fields in the quark sector of Π fill out the SU(4) adjoint irrep of PG bosons (PGBs). The ωij
are PG fermion (PGF) fields corresponding to quark-ghost combinations, while the φ0, φij,

and φ1 are PG ghost bosons (with propagators having an unphysical overall sign).

We will only need the leading order (LO) chiral Lagrangian for this theory, which is given

in Euclidean space by

LLO = f 2

4 str
(
∂µΣ†∂µΣ

)
− mB0f

2

2 str
(
Σ† + Σ

)
, (2.4)

where f and B0 are the usual LO low-energy coefficients (LECs), with the former defined in

4Superficially, this differs from the setup in Ref. [45], where four valence quarks and corresponding ghost
quarks were introduced, leading to an SU(6|4) flavor symmetry. For the purposes of our calculations,
however, the difference is trivial: both calculations build the required operators out of four degenerate
quark fields, leading to identical quark-level contractions and χPT results. The additional valence quarks
were introduced in Ref. [45] in order to calculate a different quantity, as described in Appendix B of that
work.

5We use “straceless” as a shorthand for having a vanishing supertrace, and refer to the latter as “strace”
or “str”.
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the small f convention, and

Σ = exp(2iΠ/f) . (2.5)

The masses of all the PGBs and PGFs are given, at LO, by

M2
π = 2B0m. (2.6)

We note also that, because all the quarks and ghost quarks are degenerate, the PG propa-

gators all contain only single poles, with no double-pole contributions [44,58].

The relation of the pion fields in χPT to operators in the underlying theory can be

worked out using the spurion method. The resulting correspondence is given for j, k =

1−4 by (see, e.g. Ref. [45]) q̄jγ5qk(x) = c(Σ − Σ†)kj, with c a known constant that will

cancel in the ratios considered below. Choosing j 6= k for simplicity, the right-hand side

of this relation is proportional to πkj, up to chiral corrections proportional to π2/f 2. As

discussed in Sec. C.1 of Ref. [45], these correction terms lead to subleading contributions to

the correlation functions that lie beyond the accuracy that we consider. Thus we effectively

have the correspondence πkj ∼ q̄jγ5qk, and, similarly, π0 ∼ 1√
2(q̄1γ5q1 − q̄2γ5q2) and η4 ∼

1
2(q̄1γ5q1 + q̄2γ5q2 − q̄3γ5q3 − q̄4γ5q4), with a common constant of proportionality. Using this

correspondence, the definitions given below apply both in the underlying theory, PQQCD,

and in the effective theory, PQχPT, and we will move between these two representations as

needed.

The quantities that we calculate are finite-volume correlation functions involving op-

erators coupling to pairs of PGB fields. These are built from fields having zero spatial

momentum, e.g.

π̃12(τ) =
∫
L
d3x π12(x, τ) , (2.7)

where the subscript L indicates that the integral is over a cubic box of side L. We assume

periodic boundary conditions (PBC) in spatial directions on the PGBs and PGFs, which

follow if the quark fields satisfy PBC, as it standard in LQCD simulations. We take the

Euclidean time extent to be infinite. We then construct two-PGB operators by forming
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linear combinations of the building blocks

π̃ij(τ)π̃k`(τ) , (2.8)

chosen to have definite flavor quantum numbers. Explicit examples of such operators are

given in the following section.

In a physical, unitary theory, we can describe the properties of these operators as follows.

In the absence of interactions, such operators would simply couple to two pions at rest. In

the presence of interactions, however, they couple to all states with vanishing total three-

momentum, P = 0, that have the same flavor as the operator. In particular, these operators

couple to the lightest two-PGB state of the chosen flavor. We refer to this as the threshold

state, with energy E0. Of particular interest is the energy shift δE0 = E0 − 2Mπ, for this is

given by the threshold expansion of the Lüscher quantization condition [13]

δE0 = − Athr

4M2
πL

3

[
1 + c1

Athr

16πMπL
+O(L−2)

]
. (2.9)

Here Athr is the scattering amplitude at threshold in the flavor channel under consideration,

which is related to the scattering length a0 by6

Ath = 16πMπa0 , (2.10)

while c1 ≈ −2.84 is a known geometric constant. We stress that both Athr and a0 are infinite-

volume quantities. Higher-order terms in 1/L in Eq. (2.9) are known, but will not be needed

here. There are also (in general unknown) corrections to Eq. (2.9) that are exponentially

suppressed in MπL. In our theoretical calculation these can always be made arbitrarily

small, compared to the power-law dependence that we control, by taking L large enough,

and henceforth we ignore them.

To obtain δE0 from finite-volume correlators, it is convenient to use ratios of the two-

PGB correlator to the square of single-particle correlators. Let Or(τ) denote (as in the

6Here we are using the normalization appropriate for distinguishable particles.
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(a) (b) (c)

Figure 2.1: PQχPT diagrams contributing to Rr(τ), Eq. (2.11). Time runs horizontally. Solid

lines are propagators of PGBs and PGFs, and filled circles represent vertices obtained from the

expansion of LLO, Eq. B.1. These are the diagrams needed to implement the test discussed in the

text.

Introduction) a two-PGB operator transforming in the flavor irrep r. Then we consider

Rr(τ) = 〈Or(τ)O†r(0)〉
〈π̃12(τ)π̃21(0)〉2 . (2.11)

where the choice of flavor of the single-PGB correlator in the denominator is arbitrary,

because all such correlators fall asymptotically as exp(−Mπ|τ |), due to the SU(4) flavor

symmetry. For a physical theory, the ratio behaves at large |τ | as

Rr(τ) = Zre
−δE0,r|τ | + excited-state contributions , (2.12)

where δE0,r is the threshold energy shift in the given flavor irrep, and Zr is a positive real

constant. In an analytic calculation, the contribution from excited states can be separated by

hand, since they have a distinctive exponential falloff, with δEi ∝ 1/L2 asymptotically. The

first part of our criterion is then to check that what remains after excited-state contributions

have been dropped is an exponential. More precisely, we test that the ratio contains the first

three terms in the expansion,

Rr(τ) = Zr

[
1− |τ |δE0,r + τ 2

2 (δE0,r)2
]

+ . . . , (2.13)

where the ellipsis represents higher-order terms in τ as well as the excited-state contributions.

The second part of our criterion tests whether the threshold expansion, Eq. (2.9), holds

to first nontrivial order in 1/L. It turns out that one can test this, as well as Eq. (2.13), by
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carrying out a next-to-leading-order (NLO) calculation of the correlator ratio in χPT. To

see how this works, we need several results that follow from the similar calculation carried

out in Ref. [45]. The relevant diagrams are those shown in Fig. 2.1. Diagram (a) gives

the leading, τ -independent term in the exponential in Eq. (2.13), and one can choose the

normalization of Or such that Zr = 1 at this stage. Diagram (b) leads to a term linear in |τ |,

in which δE0,r = −ALO
thr,r/(4M2

πL
3), which is the form expected at this order from combining

Eqs. (2.9) and (2.13). This result will hold for all irreps r, since the diagrams contributing to

the finite-volume correlator and the scattering amplitude are essentially the same. Diagram

(b) also leads to corrections to Zr that are proportional to 1/(f 2MπL
3).

The key diagram for our test is that of Fig. 2.1(c). In particular, for a physical theory,

it leads both to the τ 2 term in Eq. (2.13) with the LO form for the energy shift, δE0,r =

−ALO
thr,r/(4M2

πL
3), and to the first 1/L4 correction linear in |τ |, i.e.

δE0,r ⊃ −c1
(ALO

thr,r)2

64πM3
πL

4 . (2.14)

It is these contributions that will turn out to have the wrong form for some irreps in the PQ

theory.

Diagram (c) also contributes to the leading 1/L3 part of the coefficient of |τ |. Together

with diagrams containing NLO vertices, as well as self-energy diagrams, this leads to the

expected form of the linear term at this order [45]:

Rr(τ) ⊃ |τ |
ANLO

thr,r

4M2
πL

3 , (2.15)

where ANLO
thr,r is the complete threshold amplitude through NLO. As at LO, this result holds

for all irreps r, because the diagrams that contribute to the |τ |/L3 term are the same as

those leading to infinite-volume scattering. The only difference is that the former involve

momentum sums, while the latter contain integrals, but the difference can be shown to be

subleading, behaving as |τ |/L4, and leads to the c1 term in Eq. (2.14) [45]. As stressed in

Ref. [45], the result that the coefficient of |τ |/L3 gives the scattering amplitude is a finite

volume version of the Lehman-Symanzik-Zimmermann reduction theorem.
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Pulling all this together, we now state our criterion for whether a particular PQ channel

can be treated as if it were physical.

C1: In order for a channel to be described by the two-particle quantization condi-

tion, one must find the following result7 if one calculates the diagrams of Fig. 2.1:

Rr(τ) = 1 + |τ̃ |
[
ALO

th,r + c1
(ALO

th,r)2

16πMπL

]
+ τ̃ 2

2
(
ALO

th,r

)2
+ . . . , (2.16)

where

τ̃ = τ

4M2
πL

3 , (2.17)

and the ellipsis indicates terms of higher order in |τ̃ | and 1/L, NLO contributions

to Athr,r in the |τ̃ | term, as well as excited state contributions.

In other words, we can focus on the terms that lead to factors of ALO
thr,r, with a full NLO

calculation of this amplitude not required. Evaluating Fig. 2.1(b) gives the result for ALO
thr,r,

while Fig. 2.1(c) gives the c1 and τ 2 terms, which must have the dependence on ALO
thr,r given

in Eq. (2.16). We also note that one can check the calculation of Fig. 2.1(b) by evaluating

the amplitude ALO
thr,r directly in infinite volume.

Passing this test is necessary in order that a channel can be treated as physical, but

it is clearly not sufficient, since higher order terms in τ and in the threshold expansion of

Eq. (2.9) are not checked. In addition, the test considers only the threshold state, while a

complete test would also consider excited states. Possible generalizations are discussed below

in Sec. 2.5.

2.4 PQχPT calculation of ππ correlators

We perform the test described in the previous section for the 20 and 15 irreps, which are

the two that are absent in the unquenched theory. For comparison we also include the 84

7Here we are assuming the above-described normalization choice for Or.
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(a) D (b) S (d) V(c) R

Figure 2.2: Types of Wick contraction that contribute to the two-pion correlators, Rr(τ). Time

runs horizontally. Solid lines represent quark propagators, while the dashed box is a reminder that

the correlators are evaluated in finite spatial volumes.

irrep. Examples of two-pion operators transforming in these irreps are

O84 = 1√
2

(π̃12π̃34 + π̃14π̃32) (2.18)

O20 = 1√
2

(π̃12π̃34 − π̃14π̃32) (2.19)

O15 = 1√
3

(π̃13π̃32 + π̃14π̃42 + π̃12η̃4) . (2.20)

The normalization factors are chosen as described in the previous section, i.e. such that the

leading term in Rτ is unity. In the notation of Ref. [53] these three irreps are labeled α,

β and γ, respectively. The LO threshold amplitudes for these irreps can be read off from

the results for scattering lengths given in Ref. [53] (noting that the scattering length in that

work is defined with opposite sign to ours), yielding

ALO
thr,84 = −M

2
π

f 2 , ALO
thr,20 = M2

π

f 2 , ALO
thr,15 = 7

2
M2

π

f 2 . (2.21)

The implementation of the criterion C1 for the 84 and 20 irreps can be done by combining

results from Ref. [45]. In the notation of that work

R84/20(τ) = RD(τ)±RS(τ) , (2.22)

where RD involves the double-loop (or “direct” or D for short) Wick contraction in the

numerator of the ratio, while RS involves the single loop (“S”) contraction, which are shown
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in Figs. 2.2(a) and (b), respectively. In Refs. [47, 53], the latter contraction is labeled C for

crossed. The results for D(τ) and S(τ) at NLO in PQχPT are given in Eqs. (104) and (105)

of Ref. [45], including the effect of discretization errors for Wilson-like fermions. Setting all

LECs associated with discretization errors to zero, and choosing τ > 0 as in Ref. [45], the

results read

RD(τ) = 1 + τ̃D +
(
M2

π

f 2

)2 [
τ̃

c1

16πMπL
+ τ̃ 2

2

]
+ . . . , (2.23)

RS(τ) = τ̃S + . . . . (2.24)

Here D and S are the NLO PQ threshold amplitudes associated with the D and S contrac-

tions, and are given in Eqs. (106) and (107), respectively, of Ref. [45]. We only need their

LO contributions, which are

DLO = 0 , SLO = −M
2
π

f 2 . (2.25)

Finally, we form the combinations given in Eq. (2.22), obtaining (again for τ > 0)

R84/20(τ) = 1 + τ̃(D ± S) +
(
M2

π

f 2

)2 [
τ̃

c1

16πMπL
+ τ̃ 2

2

]
+ . . . , (2.26)

Since (D ± S)LO = ∓M2
π/f

2, we see that the results for both irreps satisfy the criterion C1,

i.e. Eq. (2.16) with the LO amplitudes given in Eq. (2.21).8 This is as expected for the

physical r = 84 channel, while, for the r = 20 channel, it supports the proposal of Ref. [53]

that one can apply the quantization condition to this unphysical channel.

Now we turn to the 15 irrep, for which a new calculation is needed. In terms of valence

quark Wick contractions, one needs not only D and S contractions, but also the “rectangle”

or R contraction shown in Fig. 2.2(c). We find, using O15 from Eq. (2.20), that

R15(τ) = RD(τ)− 1
2RS(τ) + 3RR(τ) , (2.27)

8This result in fact holds even if we keep all contributions from the LO LECS associated with discretization
errors.
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in agreement with Ref. [53]. Evaluating the diagrams in Fig. 2.1, we obtain (with τ̃ > 0)

R15(τ) = 1 + τ̃
7M2

π

2f 2 +
[49

4 − 6− 3
4

]
︸ ︷︷ ︸

11/2

(
M2

π

f 2

)2 [
τ̃

c1

16πMπL
+ τ̃ 2

2

]
+ . . . , (2.28)

where the ellipsis has the same meaning as in Eq. (2.16). The calculation leading to Eq. (2.28)

is straightforward, as the c1τ̃ and τ̃ 2 terms essentially pick out contributions that are part

of the square of the tree-level threshold amplitude. The only subtlety is keeping track of

which two-particle intermediate states contribute, and of cancellations between contributions

involving PG bosons and fermions. We have broken down the contribution to the final term

in Eq. (2.28) into that from the following intermediate states: π13π32, π14π42 and π12η4

(leading to the unquenched result 49/4 = (7/2)2), ω15ω52 and ω16ω62 (leading to the −6),

and π12φ1 (leading to the −3/4). We have obtained these results using both the straceless

form of Π given in Eq. (3.10) and an approach in which one projects out the stracefull part

by introducing a Φ2
0 term [58].

Equation (2.28) is the main new result of this paper. It is manifestly inconsistent with the

form of Eq. (2.16), because the coefficient of the τ̃ 2 and c1τ̃ contributions is not the square

of the LO threshold amplitude (which itself is correctly determined from the coefficient of

τ̃). Thus, the r = 15 channel fails our test: R15(τ) cannot be given by a single exponential

at long times, and the two-particle quantization condition cannot be used.

2.5 Diagrammatic interpretation and alternative criteria

To gain more understanding of why the 15 irrep does not satisfy our criterion, while the 20

does, we consider the quark-line diagrams9 associated with the corresponding contributions

to Fig. 2.1(c). These are shown for the 15 irrep in Fig. 3.1. The key observation is that,

for r = 20, only diagrams of the type of Fig. 3.1(a) appear, with the four lines having

different flavors. This difference arises simply because there can be no “annihilation” of quark

flavors for r = 20, which is why the R-type Wick contraction, Fig. 2.2(c), is not present.

9For more discussion of quark-line diagrams see Ref. [32].
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Figure 2.3: Classes of quark-line diagrams contributing to Fig. 2.1(c) for the 15 irrep. The

diagrams trace the flavor indices of the quarks and antiquarks (or their ghost partners) in the

PQχPT diagrams. Flavors are indicated by colors and numerical labels, with j = 1− 4 in (c) and

k = 5 − 6 in (d). Dashed lines indicate ghost-quark flavors. In diagrams (e) and (f) the hairpin

vertices implicitly contain an infinite sum of intermediate loops of sea quarks (with the valence and

ghost loops canceling).

This absence implies that there is no violation of unitarity in the s-channel in the one-loop

diagrams, and it is this form of unitarity (which we refer to as s-channel unitarity) that the

exponential time dependence and the derivation of the quantization condition depend on.

Conversely, for r = 15, the appearance of s-channel loops involving either ghost quarks

[Fig. 3.1(d)] or neutral PGBs with negative norms such as φ0 [Figs. 3.1(e) and (f)] suggests

that s-channel unitarity is violated. We emphasize, however, that it is not sufficient to look

at the diagrams alone, as the s-channel-unitarity-violating contributions can cancel. This

indeed happens in the I = 0 channel, for which there are both R and V Wick contractions

[Figs. 2.2(c) and (d)], and thus PQ diagrams involving ghost quarks and negative norm PGBs.

Nevertheless, we know that these unphysical contributions must cancel, as this channel is

physical.

Putting this together, the following diagrammatic version of the criterion seems highly

plausible:
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C2: A channel that is not equivalent to a physical correlator will not be described

by the two-particle quantization condition if intermediate ghost quarks appear in

(the quark-line diagrams of) s-channel two-particle loops.

This criterion correctly selects the 15 irrep as the single PQ nonsinglet ππ channel that is

problematic. We have not included negative norm PGBs in the statement of C2 as it requires

explicit calculations to determine whether they are present, and we are aiming here for a

simplified criterion. We suspect, however, that nothing is lost by this omission, since, in

our experience, diagrams with intermediate ghost quarks and negative norm PGBs come in

tandem. C2 is potentially stronger than our original criterion, C1, as it applies away from

threshold. We have, however, not found a general proof of C2, since this requires knowing

that the total contribution from certain classes of quark-line diagrams does not cancel, and

this can, in general, only be determined by an explicit calculation, leading us back to C1.

These diagrammatic considerations lead to another version of the criterion. To explain

this, we need to distinguish between unitarity in the s, t and u channels. As noted above,

we refer to the standard form of unitarity for an amplitude T (s, t, u) in the physical domain

(s ≥ 4M2
π and t, u ≤ 0) as s-channel unitarity. One can also apply unitarity in the t channel

by continuing the amplitude to the appropriate kinematic domain, t ≥ 4M2
π and u, s ≤ 0,

and similarly for the u channel. An important point to keep in mind is that PQ amplitudes

can satisfy unitarity in some channels but not in others. For example, the amplitude A20

satisfies s-channel unitarity, but violates t- and u-channel unitarity. This is illustrated in

Fig. 2.4, where examples of quark line diagrams contributing to t-channel loops are shown.

The presence of the diagrams (b) and (c) indicates the violation of t-channel unitarity.

Using this terminology, the third version of the criterion is

C3: A channel is not described by the two-particle quantization condition if the

(infinite-volume) amplitude Ar violates s-channel unitarity.10

10We stress that we are only considering energies below the first inelastic threshold, e.g. below the four
pion threshold for ππ scattering. Above this, the two-particle quantization condition itself breaks down
and the question becomes moot.
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Figure 2.4: Examples of quark-line diagrams contributing to the t-channel loops for scattering in

the 20 irrep. Notation as in Fig. 3.1.

Again, this correctly picks out the 15 ππ irrep. The simplest argument for C3 is that

s-channel unitarity plays a crucial role in the derivation of the two-particle quantization

condition, as is particularly clear from the derivation of Ref. [15]. C3 is stronger than the

original form, C1, as the latter involves unitarity applied only infinitesimally above threshold,

while C3 applies for all energies up to the first inelastic threshold.

To study C3 in χPT requires at least a NLO calculation, since loops are required for

the unitarity condition to have nontrivial content. Indeed, from the NLO results for PQ ππ

amplitudes in Ref. [47], one can see that s-channel unitarity is violated by ANLO
15 . In general,

C3 is harder to implement than C1, as it requires a more extensive calculation in χPT.

We end this section by discussing whether the criteria that we have introduced are actually

sufficient rather than necessary. We suspect that this is the case, although to demonstrate

this would require an all-orders analysis in χPT, which is beyond the scope of this work.

The point is that higher order terms in the exponential in τ , and in the threshold expansion

of the quantization condition, are built up by a sequence of intermediate two-particle s-

channel loops, as is clear, respectively, from the calculations of Ref. [45] and the derivation

of Ref. [15]. The corresponding quark-line diagrams for any irrep that passes the criteria

will only involve generalizations of Fig. 3.1(a), in which quarks or antiquarks are repeatedly

exchanged. In particular, there can be no annihilation diagrams at any order in χPT. The



56

unphysical contributions in t and u channels, such as those in Fig. 2.4, will be present, but

will appear in all vertices, allowing exponentiation.

2.6 Applications and implications for previous work

We first summarize our results for the ππ system. In the PQ theory there are three flavor

nonsinglet channels, of which one (the 84) is equivalent to a physical channel (with I = 2),

which thus automatically satisfies our criteria. Of the unphysical channels, one satisfies our

criteria (20), while the other does not (15).

What are the implications for the application presented in Ref. [53]? In that work, the

quantization condition was first applied to LQCD results in the 84 and 20 channels, and

this application is thus not affected by the problem noted here. The results obtained were

then used to predict the finite-volume energy spectrum in the 15 and I = 0 channels, while

our analysis shows that there is no well-defined spectrum in the 15 channel.

We next turn to the Kπ system, which has been analyzed in this context in Refs. [54,56].

Since there are now three light quarks, the isospin symmetry generalizes from SU(2) in the

physical theory to SU(3) in the PQ version, which is the light quark subgroup of the graded

SU(4|1) symmetry. This SU(3) is exact (assuming mu = md), and should not be confused

with the approximate SU(3) in QCD involving the strange quark. There are two physical

channels, with I = 3/2 and 1/2, while there are three PQ channels, corresponding to the

SU(3) decomposition 8 × 3 = 15 + 6 + 3. These three channels are labeled α, β, and γ,

respectively, in Ref. [54]. Of these, only the 6 is unphysical, with the 15 being equivalent to

the physical I = 3/2 channel, and the 3 to that with I = 1/2.

Applying the criterion C2 to the 6 channel, we find that it passes our test, because it

involves Wick contractions only of types D and S, and is thus completely analogous to the

20 irrep for ππ scattering. Therefore, the numerical application presented in Ref. [56], which

uses the 15 and 6 channels, does not suffer from the problem described here.

The final example we consider involves two kaons, for which the PQ extension has not

been previously analyzed. For the KK system, the PQ extension involves treating the two
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strange antiquarks as different, while the two light quarks can both be physical. Thus the

graded symmetry group becomes SU(2)×SU(2|1), where the SU(2) is physical isospin. Thus

PQ channels can be labeled by physical isospin, I, as well as “strange isospin”, Is, with both

taking on the values 0 or 1. For s-wave scattering, the overall symmetry implies that there are

two allowed channels, with (I, Is) = (1, 1) or (0, 0), which are, respectively, symmetric and

antisymmetric under quark (or antiquark) exchange . Only the former is physical. Again,

the sole unphysical channel, (0, 0), satisfies our criterion C2, since only contractions of type

D and S are allowed as there is no annihilation in the s channel. Thus the quantization

condition could be applied to both channels.

2.7 Conclusions

This paper has demonstrated that the violation of unitarity in PQ theories at best restricts

the application of the two-particle quantization condition to a subset of the unphysical two-

particle channels. This has been demonstrated using PQχPT, and our initial criteria C1

is stated within this effective field theory (EFT) framework. In this regard, we stress that

the foundations of PQχPT as an effective theory for PQQCD are almost as strong as for

QCD [57]. However, we have argued that C1 can be replaced by simpler, diagrammatic

extension of the criterion, C2. This alternative version can be used irrespective of the

existence of an EFT.

What is perhaps most surprising is that there may be unphysical two-particle channels

in which the quantization condition can be used, because the derivation of the latter relies

on unitarity, which is certainly violated in the PQ theory. The key observation here is that

what matters for the derivation is that the corresponding scattering amplitude is unitary in

the s channel, while t- and u-channel unitarity is not required. Thus for channels where the

amplitude manifests its unphysicality only in the latter two channels, the problem that we

raise does not occur.

We stress that, strictly speaking, we have not demonstrated this positive result, but

rather only shown that one possible problem does not arise. However, we think it likely that
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one could extend the argument given here to all orders in the EFT, and that, for channels

that satisfy our simple criteria, the use of the quantization condition is justified.

We also note that all is not lost in the channels that do not satisfy our criteria. One

can still calculate the corresponding finite-volume correlators using PQχPT, fit the results

of a lattice simulation to the predicted form, and in this way determine the parameters of

the EFT. This is the approach suggested in Ref. [45]. We stress, however, that our results

show that one cannot bypass the problem by determining the energy shift solely from the

term in the correlator ratio that is linear in τ , and inserting the result into the two-particle

quantization condition, because the leading c1/L correction in that condition does not hold

in PQ channels that do not satisfy our criteria.

Applying our criteria to the ππ and Kπ systems, we find that the two previous applica-

tions which use results from simulations of LQCD are in unphysical channels that are not

affected by the issue that we raise. Thus, the practical impact of our observation is to limit

certain future applications of the approach of Refs. [53,54].

One way of understanding our central result is that, in a PQ theory, even if one starts

with an operator that is composed of sea and valence quarks alone, in general there will be

mixing with operators that include ghost quarks. In the calculation of Sec. 2.4, this mixing

was with operators of the form ω1kωk2 and π12φ1, both of which transform in the same

15 irrep of the SU(4) quark flavor group. One might hope that, by taking an appropriate

linear combination of these operators, one could find a channel for which one could use the

quantization condition. This amounts to classifying operators under the full SU(4|2) group,

a task that we have not undertaken. We do not, however, expect this approach to be fruitful,

since intermediate states will inevitably involve unphysical particles. For the same reason,

we expect that the SU(4) singlet channel, where there can be mixing with several unphysical

channels (including φ2
0), cannot be analyzed using the quantization condition.

A final comment concerns the foundational work of Bernard and Golterman [57]. They

construct the transfer matrix of (latticized) PQQCD, showing that, while it is not hermitian,

it has a bounded spectrum. The import is that one expects correlation functions to still
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be given by a sum of exponentials as in Eq. (2.2), except the coefficients cn need not be

positive. Furthermore, the energies En, while having real parts that are bounded from

below, could be complex, although Ref. [57] argues that this is not the case for the lightest

excitations in PQχPT. Thus it could be that one can develop a generalization of the two-

particle quantization condition that takes into account the possibility of negative cn, and the

concomitant cancellations. The lack of a simple exponential fall off that we have found could

then be due to a cancellation between terms falling with similar exponents but opposite

coefficients. The failure of the standard Lüscher threshold expansion could be due to the

need to use an extension of the two-particle formalism. We do not know if such an approach

will be fruitful, but it may be worth considering.
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Chapter 3

ππ SCATTERING IN PARTIALLY-QUENCHED
TWISTED-MASS CHIRAL PERTURBATION THEORY1

3.1 Abstract

We study pion-pion scattering in partially-quenched twisted-mass lattice QCD using chiral

perturbation theory. The specific partially-quenched setup corresponds to that used in nu-

merical lattice QCD calculations of the I = 0 scattering length. We study the discretization

errors proportional to a2, with a the lattice spacing, and the errors that arise due to the use

of Lüscher’s two-particle quantization condition in a theory that is not unitary. We argue

that the former can be as large as ∼ 100%, but explain how they can be systematically sub-

tracted using a calculation of the I = 2 scattering amplitude in the same partially-quenched

framework. We estimate the error from the violation of unitarity to be ∼ 25%, and argue

that this error will be difficult to reduce in practice.

3.2 Introduction

Considerable progress has been made over the last decade in studying two-particle scattering

at physical, or near-physical, quark masses [60–68]. Our focus here will be on calculations

using the twisted-mass (TM) formulation of lattice QCD (LQCD) [69]. In particular, the

ETM collaboration has used TM fermions to determine scattering lengths in the following

channels: K+K+ [70], K+π+ [71], and ππ scattering for I = 2 [62, 72] and I = 0 [63].

All these works are done at maximal twist, and make use of the two-particle quantization

condition derived by Lüscher [13,14].

1Z. T. Draper and S. R. Sharpe, ππ scattering in partially-quenched twisted-mass chiral perturbation
theory, Phys. Rev. D 105 (2022) 034508 [2111.13975]

https://doi.org/10.1103/PhysRevD.105.034508
https://arxiv.org/abs/2111.13975
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The work we consider in most detail here is the calculation of the I = 0 ππ scattering

length in Ref. [63]. The I = 0 channel is the most challenging from a numerical point of

view, due to the presence of fully disconnected quark diagrams, and is likely to have the

largest systematic errors. For technical reasons described below, Ref. [63] used a partially

quenched (PQ) setup, in which some of the valence quarks have differing twist angles from the

corresponding sea quarks. These valence quarks are referred to as Osterwalder-Seiler (OS)

quarks [73]. Using a PQ theory implies that unitarity is violated [42, 57], which introduces

an additional source of systematic error. Our aim here is to use chiral perturbation theory

(χPT) to shed new light on the errors due to discretization and the violation of unitarity.

In this regard we note that, so far, results are only available at a single lattice spacing.

The specific version of χPT that we use incorporates the effects of partial quenching and

discretization errors due to the twisted-mass, and is denoted PQTMχPT.

A key feature of TMLQCD at maximal twist is that discretization errors for physical

quantities are automatically O(a) improved [74]. Even so, when working at the physical

point, generic discretization effects are comparable to those due to the nonzero values of

the physical light quark masses. To see this, recall that in χPT, a measure of the former

effects is a2Λ2
QCD, while that of the latter is M2

π/Λ2
QCD ≈ mq/ΛQCD. Now, if mq ≈ 5 MeV,

1/a ≈ 2 GeV, and ΛQCD ≈ 300 MeV, then mq/ΛQCD ≈ 0.016, while a2Λ2
QCD ≈ 0.022, which

is indeed of the same size. A concrete example of this result (to be discussed further below) is

that a pion composed of OS quarks has, at present lattice spacings, a mass of about 250 MeV

when the corresponding unquenched pions have masses close to 135 MeV. This difference is

an O(a2) effect, which is seen to be as large as the pion mass-squared itself. This implies

that there can be large discretization errors in quantities that are proportional to M2
π , such

as the pion scattering amplitudes near threshold.

One goal of this work is to determine when such O(a2) errors are present. In this regard,

we note that Ref. [75] found, using TMχPT, that there are no such errors for I = 2 scattering

with unquenched TM fermions. Instead, the leading discretization errors are proportional

to a2mq, and thus suppressed by a2Λ2
QCD compared to the physical result. This work also
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showed, however, that studying I = 0 scattering with unquenched TM fermions was chal-

lenging from a theoretical point of view because of mixing with I = 2, Iz = 0 states, due to

the breaking of isospin. Specifically, they found that this mixing occurred at O(a2), and thus

was comparable in magnitude to the scattering amplitudes themselves at the physical point.

Because of this problem, Ref. [63] used pions composed of OS quarks to study I = 0 ππ

scattering, since there is then an exact valence isospin symmetry, and the above-described

mixing with the I = 2 channel does not occur. This setup has not been studied previously

using χPT, and we carry out the calculation here in order to determine the form of the

leading discretization errors in this approach.

The second issue we address is the use of the two-particle quantization condition in

Ref. [63]. As we have stressed recently in Ref. [41], and as is discussed in Ref. [76], unitarity

is needed in order to use this quantization condition. Since PQ theories are not unitary, in

general one cannot use the quantization condition to determine PQ amplitudes. However,

we argued in Ref. [41] that the quantization condition was likely valid if the lack of unitarity

was restricted to the t and u channels, i.e. if unitarity in the s channel still held. We also

proposed alternative versions of the criteria that must be satisfied for a two-particle channel

in a PQ theory to be “physical enough” to allow use of the quantization condition. Here we

apply these criteria to the case of OS pion scattering.

The remainder of this paper is organized as follows. Section 3.3 describes the set-up

within TMPQχPT. Section 3.4 presents the results of the leading order calculation of OS

pion masses and scattering amplitudes. Section 3.5 studies the unitarity of the amplitude at

one-loop order [which is of next-to-next-to-leading order in our power counting]. Section 3.6

discusses the implications for the results presented in Ref. [63]. We conclude in Sec. 6.7. Some

technical results concerning the NLO contributions, which we find do not give corrections to

the scattering amplitudes or masses, are relegated to Appendix A.1.
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3.3 Theoretical setup

In this section we construct the low-energy effective chiral theory that corresponds to the

calculations carried out in Ref. [63]. We note that this work used Nf = 2 sea quarks.2

TMLQCD involves isodoublets of quarks, which have dimensionless mass terms of the

form

m0 + iµ0γ5τ3 , (3.1)

as well as a standard Wilson derivative term and possibly an improvement (“clover”) term [69].

We denote the doublet of unquenched (sea) quarks by (uS, dS). We say that uS has a positive

twist and dS a negative twist, because of the signs in the diagonal components of τ3. To

obtain maximal twist, the “normal” bare lattice mass m0 must be tuned to its critical value,

such that the renormalized normal mass vanishes. The entire mass of the quarks is then due

to the bare lattice twisted mass, µ0. The details of this procedure and its advantages are

well known [73, 74] and we do not repeat them here. We only note that the presence of the

γ5τ3 in the mass term leads to explicit breaking of isospin and parity, although this vanishes

in the continuum limit.

As noted in the introduction, the isospin breaking introduced by the twist in the mass

creates mixing between the I = 0 and I = 2, Iz = 0 states, and Ref. [63] avoids this using

OS valence fermions. To describe this setup in χPT we introduce a doublet of OS valence

fermions (dV , uV ), along with a corresponding ghost-quark doublet (d̃V , ũV ), with both new

doublets having the same mass term as in Eq. (3.1). The ghost quarks (“ghosts” for short)

cancel the determinant produced by the valence quarks [42]. We have interchanged the order

of the flavors relative to the sea-quark doublet (uS, dS), so that the signs of the twists for the

two valence flavors are opposite to those of the corresponding sea quarks. (Alternatively, this

2Much recent work using TM fermions uses Nf = 2 + 1 + 1 sea quarks, with nondegenerate strange and
charm sea quarks (see, e.g. Ref. [62]). Although a calculation of I = 0 ππ scattering has not yet been
attempted with Nf = 2 + 1 + 1 TM fermions, any future such calculation would still, at long distances,
be described by the effective chiral theory that we construct. This is because, if we work at energies such
that kaon-antikaon pairs cannot be created, we can integrate out the strange (and charm) quarks leaving
an effective lattice theory with only up and down quarks, and having renormalized couplings.
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sign flip could be achieved by replacing τ3 with −τ3 in the mass term, while leaving the order

of the flavors in the doublet unchanged.) Choosing the OS quarks to have opposite twist from

the sea quarks of the same flavor allows us to pick out doublets containing one up and one

down quark with the same sign of the twist. In particular, the doublet (uS, dV ) has positive

twist, while (uV , dS) has negative twist. There is an exact SU(2) isospin symmetry acting

on each doublet with definite twist, so by constructing pions composed of quark-antiquark

pairs from one of these doublets, we avoid mixing between I = 0 and I = 2, Iz = 0 states. In

particular, we focus on (uS, dV ) and refer to the isospin symmetry of this doublet as SU(2)+

symmetry, with the subscript denoting positive twist. In the following, we will sometimes

refer to this pair as the “OS quarks”, and the SU(2)+ symmetry as “OS isospin.”

All six fields are collected into a single spin-1/2 field,

QTr = (uS, dS, dV , uV , d̃V , ũV ) . (3.2)

If the twisted part of the mass terms were absent, then the theory would have an SU(4|2)

graded flavor symmetry, which includes a flavor SU(4) in the quark subsector. With µ 6= 0,

the latter group is broken down to SU(2)+×SU(2)−×U(1), where SU(2)+ has been described

above, SU(2)− is the corresponding symmetry between negative twist quarks dS and uV ,

while the U(1) acts oppositely on positive and negative twist quarks. We only make use of

the SU(2)+ in the following.

We note in passing that one could use a formulation in which all OS quarks, both up

and down, are valence quarks. This would lead to a clear separation between valence and

sea quarks, whereas in the formulation described above, uS is playing both roles. The

disadvantage of this “fully valence” approach is that it would require more fields, since one

would need to introduce two valence doublets and their corresponding ghosts, leading to the

field Q having 10 components. We prefer to work with the minimal formulation given in

Eq. (3.2).

The effective chiral low-energy theory describing the interactions of the pseudo-Goldstone

bosons and fermions (PGBs and PGFs) in the present context has been developed in sev-
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eral works. The construction of PQχPT in the continuum was worked out in Ref. [42]; see

Refs. [32, 43] for reviews. The systematic extension of χPT to include the effects of dis-

cretization errors for TM fermions was made in Refs. [77–80], and applied to pion scattering

in Ref. [75]. The combination of partial quenching and twisted-mass effects was described in

Ref. [81] and extended in Ref. [82]. Here we simply quote the resulting form of the effective

theory.

Before doing so we comment on the appropriate power counting needed to develop

TMχPT. As noted in the introduction, when using near-physical quark masses, one has

mq ∼ a2, where here we are leaving factors of ΛQCD implicit. Combined with the usual

p-regime power counting of χPT, this leads to

Leading order (LO): mq ∼ p2 ∼ a2 ,

Next-to-leading order (NLO): mqa ∼ p2a ∼ a3 ,

Next-to-next-to-leading order (NNLO): m2
q ∼ mqp

2 ∼ p4 ∼ mqa
2 ∼ p2a2 ∼ a4 .

(3.3)

The regime in which this power counting holds is referred to as the LCE (large cutoff effects)

or “Aoki” regime.

For the most part we shall need only the LO chiral Lagrangian. This is given, in Euclidean

space, by [81,83,84]

LLO = f 2

4 str
(
∂µΣ†∂µΣ

)
− f 2

4 str
(
χΣ† + Σχ†

)
+ Va2 ,

Va2 = −â2W ′
6 str

(
Σ + Σ†

)2
− â2W ′

7 str
(
Σ− Σ†

)2
− â2W ′

8 str
(
Σ2 + Σ†2

)
,

(3.4)

where Σ ∈ SU(4|2) is the field that contains PGBs and PGFs, “str” denotes supertrace (or

“strace” for short), χ = 2B0M , with M the renormalized mass matrix, and f ≈ 90 MeV and

B0 are the usual continuum LO low-energy coefficients (LECs), while â = 2W0a, with W0,

along with W ′
6, W ′

7, and W ′
8, being LECs associated with discretization errors. If we restrict

ourselves to the unquenched subsector, the only combination of the latter three LECs that

appears is 2W ′
6 +W ′

8.

The form (B.1) holds for any partially quenched, O(a) improved, Wilson-like LQCD



66

action. To obtain PQTM fermions, one uses the diagonal mass matrix

M = mqe
iωmτV S3 , τV S3 = diag(τ3, τ3, τ3) = diag(1,−1, 1,−1, 1,−1) , (3.5)

where mq is the physical quark mass, and ωm is the input twist angle. These are related to

the bare parameters m0 and µ0 in the standard manner (see, e.g., Ref. [79]); all we need here

is that for maximal twist, ωm = π/2, we have mq = Z−1
P µ0/a.

The vacuum is determined at LO by minimizing the potential, including both the mass

term and Va2 . This leads to

Σ0 ≡ 〈0|Σ|0〉 = exp
(
iω0τ

V S
3

)
, (3.6)

with ω0 the vacuum twist angle. In general ω0 differs from ωm byO(1), due to the competition

between the mass and a2 terms in the potential, but for maximal twist one has ω0 = ωm =

π/2. This is the case that we study henceforth. There are corrections to this result at higher

order in χPT [85], but we will not need these in the following.

This discussion has ignored the presence of the strace in the terms in the potential.

Indeed, while the choice (3.6) minimizes the potential in the quark sector, it maximizes it in

the ghost sector. Nevertheless, as argued in Refs. [58,86], it is legitimate to proceed naively

and develop perturbation theory by expanding about the extremum. The arguments for this

also show that, for the purposes of developing perturbation theory, one can express LLO in

terms of Σ and Σ†, rather than the choice Σ and Σ−1 that is required for a nonperturbative

analysis [87, 88].

We next expand Σ about its vacuum value to define the PG fields. This is conveniently

done using

Σ = ξ0Σphξ0 , ξ0 = exp
(
iω0τ

V S
3 /2

)
, Σ0 = ξ2

0 , (3.7)

for if we then expand Σph as

Σph = exp(
√

2iΠ/f) , (3.8)

the fields in the PG matrix Π have their standard flavor interpretation. For example, the
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upper left 2× 2 block contains the unquenched pion field,

πSS =

 1√
2π

0
SS π+

SS

π−SS = (π+
SS)† − 1√

2π
0
SS

 , (3.9)

as well as a singlet component. This was the basis used in Ref. [81]. We shall instead use

a different basis for the neutral fields (and different nomenclature for the charged fields).

Since Π is straceless, there are five linearly independent neutral fields. We choose these to

be π0
++ and π0

−−, which are the neutral components of the OS pion isotriplets composed of

quarks of definite twist, together with three neutral fields composed of states with differing

twist: η4, which is an SU(4) generalization of the η; φ0, which is a superposition of the two

ghost-antighost pairs; and φ1, which spans the quark and ghost sectors.

Π =



π0
++√

2 + η4
2 + φ1

2 π+
−+ π+

++ πuu−+ ω15 ω16

(π+
−+)† −π0

−−√
2 −

η4
2 + φ1

2 (πdd−+)† (π+
−−)† ω25 ω26

(π+
++)† πdd−+ −π0

++√
2 + η4

2 + φ1
2 (π+

+−)† ω35 ω36

(πuu−+)† π+
−− π+

+−
π0
−−√

2 −
η4
2 + φ1

2 ω45 ω46

ω51 ω52 ω53 ω54
φ0√

2 +φ1 φ56

ω61 ω62 ω63 ω64 φ†56 − φ0√
2 +φ1


.

(3.10)

The subscripts on the various pion fields indicate the twists of the component antiquark and

quark fields, respectively. This matrix is straceless and hermitian, with the ωjk being PGFs,

while the φ fields are PGBs that have propagators with an unphysical overall sign. We stress

that π+
SS and π+

−+ are different notations for the same field, as can be seen by comparing

Eqs. (3.9) and (3.10). The choice of which notation we use in the following depends on which

feature of the results that we wish to emphasize.

We have assumed in the above that we can treat Π as a hermitian field, so that Σ†ph =

exp(−
√

2iΠ/f). For the bosonic fields in Π this is standard, while in the fermionic sector

it is a convenient convention. Specifically we are defining hermitian conjugation such that

ωjk = ω†kj. This is a convention since ωjk and ωkj are treated as independent Grassman fields

in Euclidean functional integrals.
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The lattice simulations of Ref. [63] use the pion fields π+
++, π0

++ and π−++, and it is on

these that we mainly focus below. Due to a discrete symmetry, we could, however, have

equally well used the πa−− states, i.e. those composed of fields with negative twist.

Rewriting the Lagrangian in terms of Σph leads, at maximal twist, to

LLO = f 2

4 str
(
∂µΣ†ph∂µΣph

)
− f 2B0mq

2 str
(
Σ†ph + Σph

)
− â2W ′

6

[
str
(
Σ0Σph + Σ†phΣ†0

)]2
− â2W ′

7

[
str
(
Σ0Σph − Σ†phΣ†0

)]2
− â2W ′

8 str
(
Σ0ΣphΣ0Σph + Σ†phΣ†0Σ†phΣ†0

)
, (3.11)

Expanding in powers of Π, the quadratic term is

LLO ⊃ 1
2str(∂µΠ∂µΠ)+B0mqstr

(
Π2
)
−1

2w
′
6f

2
[
str
(
τV S3 Π

)]2
−1

4w
′
8f

2
[
str
(
τV S3 ΠτV S3 Π

)
+ str

(
Π2
)]
,

(3.12)

while the quartic term is

LLO ⊃
1

6f 2 str
[
(∂µΠ)Π(∂µΠ)Π− (∂µΠ)2Π2

]
− B0mq

6f 2 str
(
Π4
)

+ w′6
3 str

(
τV S3 Π

)
str
(
τV S3 Π3

)
+ w′7

4 str
(
τV S3 Π2

)
str
(
τV S3 Π2

)
+ w′8

24
[
3str

(
τV S3 Π2τV S3 Π2

)
+ 4str

(
τV S3 ΠτV S3 Π3

)
+ str

(
Π4
)]
.

(3.13)

Here we have converted to the dimensionless LECs

w′j =
16â2W ′

j

f 4 (j = 6, 7, 8) . (3.14)

The cubic term vanishes at maximal twist, a point explained in Appendix A.1.

3.4 Leading-order TMPQχPT results

In this section we use the chiral Lagrangian given in Eq. (3.11) to determine the LO results

for propagators, masses and scattering amplitudes. We also briefly discuss the mixing of two

OS pions having I = 0 with a single unquenched neutral pion, which requires working at

NLO in χPT.
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3.4.1 Propagators and masses

We first read off the propagators and particle masses from Eq. (3.12). For fields labeled as

lower-case pions in Eq. (3.10), the propagators take the standard form 1/(p2 + M2), with

the masses being

M(π±−+)2 = M(πuu−+)2 = M(πdd−+)2 = M(π±SS)2 = 2B0mq ≡ (M±
SS)2

, (3.15)

M(π±++)2 = M(π0
++)2 = M(π±−−)2 = M(π0

−−)2 = 2B0mq − w′8f 2 ≡M2
OS , (3.16)

As noted in the first line, the masses of all the pions that are composed of quarks and

antiquarks with opposite twists coincide, and contain no discretization errors at LO. This

includes the charged sea-quark pions. These masses differ by O(a2) from those of the pions

in which the quarks and antiquarks have the same twist, i.e. the results in the second line.

Such pions are collectively called OS pions in Ref. [63], and thus we have introduced the

common nomenclature MOS (adapted from that in Ref. [63], where MOS
π is used).

As an aside, we note that MOS is also the mass obtained from the pole in the correlator

of the unquenched neutral pion, π0
SS, if one keeps only the connected Wick contraction. This

mass is denoted m0,conn
π in Ref. [81]. The separation of contractions can be formulated in a

partially quenched theory, and one finds m0,conn
π = MOS [81].

A prediction from Eqs. (3.15) and (3.16) is that

∆OS = M2
OS − (M±

SS)2 = −w′8f 2 , (3.17)

i.e. that there is a mass-independent O(a2) offset between the charged sea-quark and OS

pion squared masses. Since w′8 is known to be negative [81,87,88], this offset is positive. To

our knowledge, the accuracy of this prediction in practice has not been discussed previously.

It can be tested using the results quoted in Table II of Ref. [63], and this is done in Table 3.1.

Since the two masses in the difference are certainly correlated, we cannot determine the error

on the difference. Nevertheless, it is clear that, to high precision, the offset is constant. This

indicates that higher-order corrections to Eq. (3.17), which, among other effects, would lead

to a linear dependence on µ0, are small. The sign of the offset is as predicted, and its value
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is such that the mq and a2 contributions to M2
OS are comparable for physical quark masses,

as already noted in the introduction. Numerically, we find
√

∆OS/a ≈ 200 MeV, which is

comparable to ΛQCD and thus of the expected size.

µ0 aM(π±SS) aMOS a2∆OS

0.0009 0.06212(6) 0.11985(15) 0.0105

0.003 0.11197(7) 0.15214(11) 0.0106

0.006 0.15781(15) 0.18844(24) 0.0106

Table 3.1: Numerical results for the mass splitting defined in Eq. (3.17). These are given in the

final column, and determined from the results in the second and third columns, which are taken

from Ref. [63]. The first column gives the bare twisted mass, with the top row corresponding

approximately to physical-mass charged pions. The lattice spacing is a = 0.931(8) fm [89]

The results for the PGF masses match those of the charged pions, and, in particular,

depend only on the relative sign of the twist of the component quark and ghost-quark,

M(ω16)2 = M(ω25)2 = M(ω36)2 = M(ω45)2 = 2B0mq , (3.18)

M(ω15)2 = M(ω26)2 = M(ω35)2 = M(ω46)2 = 2B0mq − w′8f 2 . (3.19)

The propagator has the bosonic form, with the overall sign depending on the ordering of ωjk
and ωkj. Specifically, when ordered with ωjk preceding ωkj, an overall minus sign arises if

j < k.

The ghost-ghost PGBs φ1 and φ56 have propagators with unphysical overall signs, −1/(p2+

M2), due to the supertrace. Their masses are

M(φ56)2 = 2B0mq , M(φ1)2 = 2B0mq − w8f
2 , (3.20)

again matching the pattern for the π fields.
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Finally, we consider the η4 and φ0. Here there is mixing, due to the w′6 term in Eq. (3.12).

In the basis {η4, φ0}, the propagator is given by the inverse ofp2 + 2B0mq − w′8f 2 0

0 −(p2 + 2B0mq − w′8f 2)

− w′6f 2

 4 −2
√

2

−2
√

2 2

 , (3.21)

which is

1
p2 +M(π0

SS)2

1 0

0 −1

+ 2w′6f 2

[p2 +M(π0
OS)2][p2 +M(π0

SS)2]

 1
√

2
√

2 2

 . (3.22)

Here

M(π0
SS)2 = 2B0mq − (2w′6 + w′8)f 2 ≡ (M0

SS)2 (3.23)

is the mass of the neutral unquenched pion. The appearance of this mass can be understood

as due to hairpin diagrams with loops of sea quarks summed to all orders. We also observe

that the second term in the propagator, Eq. (3.22), involves the double poles characteristic

of PQχPT.

A nontrivial check on the results just presented is obtained by directly calculating the

propagator of π0
SS, which can be done using the relation [obtained by comparing the repre-

sentations of the upper left block of Π given by Eqs. (3.9) and (3.10)]

π0
SS = 1

2π
0
++ + 1

2π
0
−− + 1√

2η4 . (3.24)

Using the results above, this propagator is given by

2× 1
4

1
p2 + (M0

OS)2 + 1
2

{
1

p2 + (M0
SS)2 + 2w′6f 2

[p2 + (M0
OS)2][p2 + (M0

SS)2]

}
= 1
p2 + (M0

SS)2 , (3.25)

which is the desired result.

We close this subsection by noting that, by using a clover term in the fermion action,

the breaking of the physical isospin symmetry in the unquenched theory is greatly reduced,

with M±
SS ≈M0

SS (see Table II of Ref. [63]). Thus the combination 2w′6 +w′8, which controls

isospin breaking in the physical sector, almost vanishes. We stress, however, that this does

not imply that discretization errors in all quantities are similarly small, since, as we have

seen from Table 3.1, w′8 itself is not small.
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3.4.2 Scattering amplitudes

We next consider LO scattering amplitudes, which can be determined from the quartic term

in LLO, given in Eq. (3.13). Results for scattering amplitudes in the unquenched sector have

already been given in Ref. [75], and we have checked that we agree with these. What we

focus on here are the scattering amplitudes of OS pions, and in particular those composed

of quarks with positive twist. These are the amplitudes studied numerically in Ref. [63], and

we wish to determine the form of the O(a2) contributions to them.

For the scattering of OS pions, the nonderivative terms in LLO collapse down to a con-

tribution that is of the same form as that in the continuum,

cOS

[
(π0

++)2

2 + π+
++π

−
++

]2

, (3.26)

except that the overall coefficient,

cOS = −2B0mq

6f 2 + w′7 + 2
3w
′
8 = −M

2
OS

6f 2 + w′7 + 1
2w
′
8 , (3.27)

includes a2 corrections. As expected, the form in Eq. (3.26) is invariant under the OS isospin

group, SU(2)+, so that there is no mixing between I = 0 and I = 2, Iz = 0 amplitudes. On

the other hand, these results imply that there is an O(a2) contribution to the scattering of

two OS π+ mesons, unlike for the corresponding sea pions.

Including the kinetic term, the full LO scattering amplitudes for the different choices of
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OS isospin are given by

ALO
I=2 = 1

f 2 (−s+ 4
3M

2
OS)︸ ︷︷ ︸

kinetic term

−4cOS , (3.28)

= 1
f 2 (−s+ 2M2

OS)− 4w′7 − 2w′8 , (3.29)

= 1
f 2

[
−s+ 2M2

OS + 2∆OS − 4f 2w′7
]
, (3.30)

ALO
I=1 = t− u

f 2 = −(p1 − p2) · (k1 − k2) (3.31)

ALO
I=0 = 1

f 2 (2s−M2
OS)− 10w′7 − 5w′8 , (3.32)

= 1
f 2

[
2s−M2

OS + 5∆OS − 10f 2w′7
]
. (3.33)

The I = 1 result comes only from the kinetic term, since it requires momentum dependence,

and thus is the same as in the continuum. The I = 2 and I = 0 results contain discretization

errors from both w′7 and w′8, although the former can be rewritten in terms of the measured

mass difference ∆OS, as shown by the final forms for each quantity. Also useful are the s-wave

scattering lengths, which are proportional to the amplitudes at threshold, where s = 4M2
OS.

These are given by

MOS a
LO
0,I=2 = M2

OS −∆OS + 2f 2w′7
16πf 2 (3.34)

MOS a
LO
0,I=0 = −7M2

OS + 5∆OS − 10f 2w′7
32πf 2 . (3.35)

Here we are using the sign convention, standard in most of the LQCD literature (although not

followed in Ref. [63]), that a positive scattering length corresponds to a repulsive interaction.

We draw two conclusions from these results. First, the I = 0 OS amplitude does contain

O(a2) terms. Since these involve both ∆OS (which is known) and w′7 (which is not), we do

not know a priori the size of these corrections. They could be comparable to the physical

M2
OS term, as for MOS itself, or they could be smaller, as in the difference M±

SS −M0
SS. It is

not possible to determine which option holds from the results of Ref. [63] alone, since they

are available only for two quark masses, and at a single lattice spacing, and have relatively

large errors.
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Our second conclusion is that the size of the discretization errors for I = 0 scattering

can be determined by calculating the I = 2 amplitude for OS pions. In particular, if one

calculates a0,I=2 and compares to the LO prediction (3.34), then one can determine w′7

(given the result obtained above for ∆OS), and use this to remove the O(a2) errors from

a0,I=0, Eq. (3.35). A more direct way of proceeding is to make use of the fact that the O(a2)

terms in the two amplitudes are proportional, so that LO discretization errors cancel in the

following linear combinations:

ALO
I=0 − 5

2A
LO
I=2 =

9
2s− 6M2

OS
f 2 , (3.36)

MOS
(
aLO

0,I=0 − 5
2a

LO
0,I=2

)
= −3M2

OS
8πf 2 . (3.37)

To our knowledge a calculation of a0,I=2 using OS pions has not been carried out; indeed,

there has previously been no motivation to do so given that I = 2 scattering can be studied

with unquenched pions. Such a calculation should, however, be straightforward, since it

involves only a subset of the Wick contractions needed for the I = 0 calculation, and this

subset involves only quark-connected diagrams.

One might be concerned that higher-order corrections in χPT could be significant. In

this regard, we have two comments. First, the results in Table 3.1 provide partial evidence

that the LO prediction is reliable, as there is no significant dependence on µ0. This does

not, however, rule out large a4 corrections. Second, there are no NLO contributions to the

scattering amplitudes discussed in this subsection. The reason for this is discussed in the

following subsection. The first corrections occur at NNLO, an example of which is discussed

in Sec. 3.5.

3.4.3 Mixing with states with vacuum quantum numbers

A significant challenge in the lattice calculation of Ref. [63] is the presence of mixing between

the OS I = 0 state and a single neutral unquenched pion (π0
SS in our notation). In the

continuum, such mixing violates parity and G-parity, but with TM fermions, lattice artifacts

break parity and the physical isospin symmetry in such a way that mixing is allowed. It
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does not occur, however, at LO in χPT when working at maximal twist, as is evident from

the absence of cubic vertices in Sec. 3.3. A natural question, therefore, is at what order does

this mixing occur.

The answer is that it occurs at NLO in the expansion described in Eq. (3.3). To see

this one must write down all allowed NLO terms in the Lagrangian and expand in the field

Π. There are many such terms, each with a different combinations of LECs, all of which

correspond to artifacts of discretization and are unknown. Thus we do not think it is useful

to explicitly calculate the mixing amplitude. Instead, we determine the overall chiral scaling

of the terms that contribute.

The form of the allowed NLO terms is given in Appendix A.1, Eqs. (A.1) and (A.2). If

we expand these out we obtain linear terms of the form

(a3 + amq)str(ΠτV S3 ) (3.38)

and the following cubic terms

a3str(ΠτV S3 )3 , a3str(ΠτV S3 ΠτV S3 ΠτV S3 ) , a3str(ΠτV S3 ΠτV S3 )str(ΠτV S3 ) ,

(a3 + amq)str(Π2)str(ΠτV S3 ) , (a3 + amq)str(Π)str(Π2τV S3 ) , (a3 + amq)str(Π3τV S3 ) ,

a str(∂Π∂Π(ΠτV S3 + τV S3 Π)) , a str(∂Π∂Π)str(ΠτV S3 ) . (3.39)

As is discussed in the appendix, there are no terms with even powers of Π. In these equations

we are being schematic, showing simply the overall structures that appear and the form of the

coefficients. Ignoring for now the linear term, we see that the three-pion vertices appear for

nonzero a, and it is straightforward to see that they lead to vertices of the forms π+
++π

−
++π

0
SS

and π0
++π

0
++π

0
SS. Thus we find that the mixing discussed in Ref. [63] occurs at NLO, and

that the on shell mixing amplitude is proportional to a3 and aM2, where M is a generic

meson mass.

Now we return to the linear term, Eq. (3.38), and argue that it leads to contributions

scaling in the same fashion as those from the cubic terms just discussed. This leads to a

mixing of π0
SS with the vacuum, and thus to a shift in the twist angle of O(a). This in
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turn leads to additional contributions involving odd powers of Π that are fed down from the

even-powered LO vertices. One way of seeing this is to take, say, a four point LO vertex and

absorb one of the pions into the vacuum, leading to an additional factor of a3 +aM2 from the

absorption vertex and 1/(a2 +M2) from the propagator. Combining this with the a2 +M2

from the initial vertex one ends up, crudely speaking, with the same a3 + aM2 scaling as

that obtained from the cubic vertices.

3.5 Applicability of two-particle quantization condition

In this section, we discuss in which channels it is valid to use the two-particle quantization

condition of Lüscher when using TM fermions with OS valence quarks.3 To do so, we apply

the criteria that we recently developed in Ref. [41]. Unitarity is an essential ingredient

both in the derivation of the quantization condition, and in the justification for the standard

spectral representation of correlators. The observation of Ref. [41] is that it is likely sufficient,

however, for unitarity to hold in the s channel. If the unitarity violation introduced by the

use of a partially quenched theory manifests itself only in the t and u channels, then this

does not invalidate the use of the quantization condition. In the case at hand, this question

can be studied using χPT.

The simplest criterion to implement of those proposed in Ref. [41] (which is the second of

the criteria introduced in that work) uses quark line diagrams, which trace the flavor indices

in χPT calculations. The criterion states that if intermediate ghost quarks appear in the

quark-line diagrams for s-channel two-particle loops, then the quantization condition cannot

be used. The logic here is that ghost quarks act as a proxy for the presence of intermediate

states that differ from those on the external lines, indicating a breakdown of unitarity.

In Fig. 3.1 we show examples of quark-line diagrams for the one-loop s-channel scattering

process for OS pions having I = 2, 1 and 0. For I = 2, we show all the distinct classes of

diagrams that appear, taking account of the fact that the LO vertices, given in Eq. (3.13),

3The quantization condition breaks down above the first inelastic threshold, where more than two particles
can go on shell, and we consider here only the kinematic regime in which this is not allowed.
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can have either one or two straces. This leads to a greater number of quark-line diagrams

than those appearing in the continuum theory, where only single-trace vertices occur at LO.

Nevertheless, none of the diagrams involve ghost quarks, and thus using the quantization

condition for I = 2 OS pions is not ruled out. This result extends to s-channel loops at any

order in χPT.

Figure 3.1: Classes of topologically distinct s-channel one-loop quark-line diagrams contributing

to I = 2 = Iz, I = 1, Iz = 0, and I = 0 scattering. The choices of Iz are for convenience. All

classes of diagram are shown for I = 2 (up to exchange of the quark/antiquark flavors), while only

a subset are shown for I = 1 and I = 0. Labels and colors indicate quark or antiquark flavors, with

lines tracing the (anti)quark flavors as they propagate through the diagram. Unlabeled dashed lines

may have any flavor, and may represent sea, valence, or ghost (anti)quarks. The hairpin vertices

in diagrams (e) and (g) implicitly contain an infinite sum of intermediate sea quark, valence and

ghost loops.

Next, we turn to I = 1 and I = 0, for which many more classes of diagram contribute.

Since the presence of a single diagram involving ghost quarks is sufficient for our criterion

to invalidate the use of the quantization condition, we show in Fig. 3.1 only examples of

diagrams containing ghost loops. The ghost quarks are either explicit, as in diagrams (f)

and (h), or implicitly contained in the hairpin vertices, as in diagrams (e) and (g). Since we

have chosen to display diagrams for I = 1, Iz = 0, each of the diagrams in this channel will

also contribute to I = 0 scattering. There are many more types of diagram involving ghost
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Figure 3.2: One-loop s-channel scattering diagram with p, k, p′, and k′ labeling the external 4-

momenta, and q and q̃ = q + p+ k labeling the internal 4-momenta.

quarks that are not shown in Fig. 3.1. However, the subset of diagrams we do include is

enough to conclude that the quantization condition cannot be used to study OS pion I = 1

or I = 0 scattering.

As noted in Ref. [41], the diagrammatic criterion is not entirely foolproof, as the contri-

butions corresponding to a given unphysical quark-line diagram could cancel. However, in

that work we also introduced two other criteria which do not suffer from such an ambiguity.

The first of these (which is the first of that work) restricts the form of the ratio of correlation

functions given in Eq. (3.47), and we do make use of it here. Here we use the third criterion

of Ref. [41]: the two-particle quantization condition can only be valid if the PQ scattering

amplitude satisfies s-channel unitarity. We apply this criterion using one-loop results from

χPT.

Since s-channel unitarity involves cutting diagrams only in the s channel, it can be tested

at one-loop order simply by calculating the s-channel loop diagram, shown in Fig. 3.2. The

imaginary part of this loop must be proportional to the squared magnitude of the tree-level

amplitude, with the proportionality constant related to the phase space available at the

chosen value of s. One way in which unitarity can fail is if the particles in the loop have

different masses from those of the external particles, for then the phase space differs from

that appearing in the unitarity relation.

We begin with the I = 2 channel, which we can pick out by studying π+
OSπ

+
OS scattering.

The key point here is that only π+
OSπ

+
OS intermediate states can appear in the s-channel loop.
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This is clear from the diagrammatic quark-line analysis given above, but can be checked by

direct calculation. Specifically, we find that the contribution from the s-channel loop is

A(s1)
OS,I=2 = 1

f 4

(
−s+ 2M2

OS + 2∆OS − 4f 2w′7
)2
J(s,M2

OS,M
2
OS)

+ 1
9f 4

(
5s+ 24w′7f 2 − 12M2

OS − 12∆OS
)
I
(
M2

OS

)
,

(3.40)

where J(s,M2
A,M

2
B) is the s-channel loop integral and I (M2

A) is the tadpole integral that

arises when derivatives act on the internal legs. These are defined as follows,

J(s,M2
A,M

2
B) ≡ µε

∫
q

d4−εq

(2π)4−ε
1

(q2 +M2
A)(q̃2 +M2

B) (3.41)

I
(
M2

A

)
≡ µε

∫
q

d4−εq

(2π)4−ε
1

q2 +M2
A
. (3.42)

Here, q and q̃ = q + p + k are the momenta, and MA and MB are the masses, that appear

in the s-channel loop (see Fig. 3.2). Unitarity is studied by considering the coefficient of

J(s,M2
OS,M

2
OS), since the tadpole function does not have an imaginary part. Comparing

to Eq. (3.30), we see that the coefficient of J is simply the square of the LO scattering

amplitude, ALO
I=2, and that the masses in the internal propagators are the same as those of

the external legs. Together this implies that I = 2 scattering is consistent with s-channel

unitarity. Although this is only based on a one-loop calculation, we argue in Ref. [41] that

it will hold to all orders.

Next we turn to the I = 1 case. We have calculated the s-channel one-loop diagram for

π+
OSπ

0
OS scattering. The intermediate states that contribute are π+

OSπ
0
OS, π+

SSπ
dd
−+, π+

VVπ
uu
+−,

ω15ω52, and ω16ω62. A schematic form of the total result is sufficient for our purposes. Let

A(s1)
cont(Mπ) be the contribution from the loop in continuum QCD, which we know satisfies

s-channel unitarity. Then we find

A(s1)
OS,I=1 = 1

2A
(s1)
cont(MOS) + 1

2A
(s1)
cont(M±

SS) , (3.43)

A(s1)
cont(Mπ) = (t− u)

6f 4

[(
s− 4M2

π

)
J
(
s,M2

π ,M
2
π

)
+ 2I

(
M2

π

)]
. (3.44)

Since M±
SS 6= MOS, the phase-space for the second term of Eq. (3.43) does not match that

required given that the external particles are OS pions, and s-channel unitarity fails. This is
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consistent with the diagrammatic result from above. We do stress, however, that unitarity

is recovered in the continuum limit, when M±
SS = MOS.

Finally, we consider the I = 0 channel. Here the calculation is more involved, with many

intermediate states. We find that the contribution from s-channel loops is

A(s1)
OS,I=0 = 3s2

8f 4J
(
s, (M±

SS)2
, (M±

SS)2)+ 1
8f 4J

(
s,M2

OS,M
2
OS

)(
8M2

OS

(
8f 2w′7 + 26M2

OS + 5s
)

− 8(M±
SS)2 (−8f 2w′7 + 44M2

OS + 7s
)
− 112f 2sw′7 + 256f 4w′7

2 + 160(M±
SS)4 + 13s2

)
− 3
f 4

(
−3(M±

SS)2 + 3M2
OS + (M0

SS)2)2
J
(
s,M2

OS, (M0
SS)2)

+ 3
2f 4

(
3(M±

SS)2 − 2
(
M2

OS + (M0
SS)2))2

J
(
s, (M0

SS)2
, (M0

SS)2)
+ 5s

12f 4 I
(
(M±

SS)2)+ 1
36f 4 I

(
M2

OS

) (
−336f 2w′7 − 168(M±

SS)2 + 120M2
OS + 65s

)
. (3.45)

It is straightforward to check that this form violates unitarity, both because the coefficients

of J are not the square of the LO amplitude, Eq. (3.33), and because the masses in the

arguments of J vary from term to term. Again, this is consistent with the diagrammatic

analysis.

3.6 Implications for previous work

The conclusion from the previous section is that one cannot use the two-particle quantization

condition for I = 0 OS pion scattering. This would seem to invalidate the calculation of

Ref. [63], and render the χPT results of Sec. 3.4 irrelevant. In this section we argue that

the situation is not quite so dire. The application of an invalid quantization condition

introduces additional systematic errors into the results of Ref. [63], and these new errors can

be approximately quantified.

The breakdown of s-channel unitarity leads to two distinct but related problems if one

nevertheless applies Lüscher’s formalism. The first concerns the fit that is used to extract the

finite-volume energies. In particular, if O†I is an operator that creates the pair of OS pions

with OS isospin I, and OI is the corresponding annihilation operator, then the energies are
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extracted from

〈OI(τ)O†I(0)〉 =
∞∑
n=0

cne
−Enτ , (3.46)

where E0 ≤ E1 ≤ E2 ≤ ..., and the cn’s are real and positive coefficients. For physical

theories, one can extract quantities of interest such as the energy shift δE0 = E0 − 2Mπ

using a ratio of correlation functions

R(τ) = 〈OI(τ)O†I(0)〉
〈π+

++π
−
++〉

2 = Ze−δE0|τ | + excited-state contributions, (3.47)

which may be expanded as

R(τ) = Z

[
1− |τ | δE0 + τ 2

2 (δE0)2 + . . .

]
+ ... (3.48)

where Z is some positive real constant. Here, for simplicity, we are assuming that the pions

in the denominator of R(τ), and two-pion system propagating in the numerator, are at rest,

as in the calculation of Ref. [63].4

For theories in which s-channel unitarity does not hold, the coefficient of the term

quadratic in τ will not be half the square of the coefficient of |τ |. Explicit examples of

this failure are given in Refs. [41, 45]. For the examples of interest here, our results in

Sec. 3.5 show that the expansion of the ratio R(τ) for I = 1 and I = 0 OS pions will not

satisfy Eq. (3.48). If one nevertheless fits to this form, then an additional systematic error

will appear in δE0.

To estimate the size of this error, we need to know the relative contribution of the linear

and quadratic terms for the values of τ that contribute to the fit. In the calculation of

Ref. [63], and focusing on the lightest quark mass, the energy shift is δE0 ∼ −0.01 a−1,

while the fit extends up to τ ∼ 10 a. Thus |τ δE0| . 0.1 in the fit range, implying that the

quadratic term is a no larger than a 5% correction to the linear term. We therefore expect

the error in the extraction of the energy shifts arising from the breakdown of unitarity to be

small, and in particular much smaller than the second source of error we now discuss.

4We note that Ref. [63] does not fit to the ratio of correlators, but rather to the numerator itself. This
does not affect our argument as it is only the part of the correlator dependent on δE0 that is impacted by
partial quenching.
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The second problem that arises from the breakdown of s-channel unitarity concerns the

quantization condition itself. This converts energy shifts into scattering phase shifts. For

our considerations it will be sufficient to use the threshold expansion, which reads [13,14]

δE0 = − 4πa0

MπL3

[
1 + c1

a0

L
+ c2

a2
0
L2 +O(L−3)

]
, (3.49)

with c1 = −2.837 and c2 = 6.375. If s-channel unitarity is violated, then only the leading

order term is correct: the c1/L correction, and all higher-order terms, are invalid. To estimate

the size of the error that arises from nevertheless applying expression (3.49), we can determine

the size of the first two corrections for the parameters used in Ref. [63]. For their lightest

quark mass, the OS pion mass is aMπ = 0.11985, on a lattice of size L/a = 48, and the

scattering length obtained from solving the quantization condition for I = 0 OS pions is

Ma0 = 0.73. The 1/L and 1/L2 corrections are then of size −36% and +10%, respectively,

compared to the leading term. We therefore estimate the error arising from applying the

quantization condition in a situation where it is not valid to be approximately 25%.

In principle, one could account for this source of error by calculating the explicit form of

the 1/L (and possibly higher order) corrections using χPT at finite volume. One would forgo

the Lüscher formalism and instead fit the finite-volume correlation functions that are calcu-

lated on the lattice directly to the predictions from χPT. This approach was first proposed

for the quenched theory [90], and was worked out for Wilson fermions (without twisting) in

Ref. [45]. Unlike the two-particle quantization condition, it is not model-independent, but

relies on the effective theory, here PQTMχPT, to capture the violations of unitarity.

In the present case, however, this approach is likely to be very difficult to implement.

This is because the one-loop contributions that lead both to the τ 2 term in Eq. (3.48) and

the c1/L term in Eq. (3.49) involve, in part, contributions with an OS π0 and a sea-quark π0

appearing in the loop, and also contributions with two sea-quark π0s, as can be seen from

Eq. (3.45). Both of these intermediate states are lighter than that with two OS pions, so

the simple exponential fall off assumed in Eq. (3.48) is not valid, and the correct form with

which to replace Eq. (3.49) is unclear.
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Based on this discussion, we conclude that an additional systematic error of ∼ 25% from

unitarity violation should be added to the result for a0 obtained in Ref. [63]. We view this as

an essentially irreducible error, due to the difficultly in correcting for violations of unitarity.

In addition, based on the analysis of Sec. 3.4.2, we expect that there is anO(a2) discretization

error that could be as large as 100%. The key point here is that we do not know whether

the two O(a2) terms in Eq. (3.35)—those proportional to ∆OS and w′7—partly cancel or not.

This is because we have, at present, no information on the size of w′7. However, as noted in

Sec. 3.4.2, calculations of the scattering length for I = 2 OS pions, which are not affected by

unitarity violations, could be used to determine w′7 and thus correct for the LO discretization

errors. Thus this nominally very large discretization error could be substantially reduced,

very likely well below the size of the error due to the violation of unitarity.

3.7 Conclusion

Twisted-mass fermions offer many advantages for computations in LQCD, including auto-

matic O(a) improvement, but these come at the price of the violation of isospin and parity

symmetries away from the continuum limit. The size of unphysical effects due to the viola-

tion of these symmetries is, generically, of O(a2), which is, for presently accessible values of

a, of comparable size to physical contributions proportional to the light quark masses. This

makes it challenging to calculate quantities that are themselves proportional to the light

quark masses, an important example being the pion scattering amplitudes near threshold.

While the I = 2 amplitude evades this concern, as all discretization errors turn out to be

proportional to a2mq [75], the O(a2) isospin breaking makes it difficult to calculate the I = 0

amplitude.

This problem was avoided in Ref. [63] by working in a PQ setup using OS valence quarks,

such that a modified version of isospin was an exact symmetry. This allowed a result for the

s-wave, I = 0 scattering length to be determined. In this work we have shown, however, that

there are two additional source of systematic error in this result that have not previously been

accounted for. The first is that OS pion scattering amplitudes do containO(a2) contributions,
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and these cannot be subtracted using previously-determined quantities. Thus there is, a

priori, a systematic error of O(100%) in the resulting scattering length. We show, however,

that this error can be substantially reduced if one also calculates the scattering of I = 2 OS

pions, for a range of quark masses. Such a calculation, though not previously undertaken, is

much simpler than that required for I = 0 OS pions.

The second, and ultimately more challenging, source of error is due to partial quenching.

As we have recently emphasized, one cannot, in general, apply the two-particle quantization

condition to PQ correlators [41]. What we have shown here is that this prohibition applies

for systems of two OS pions with I = 0 (or I = 1), whereas the quantization condition can be

used for the I = 2 OS pion channel. The breakdown for I = 0 implies that, if one nevertheless

proceeds using the quantization condition, then there is an additional systematic error. We

have estimated this error to be ∼ 25%, and argued that it is essentially irreducible.

Our work suggests that a systematically improvable calculation of the I = 0 scattering

amplitude near threshold using twisted-mass fermions is very challenging. It appears to us

that one must work in an unquenched setup, so that the two-particle quantization condition

is valid, and thus deal with the isospin breaking, which in effect makes this a problem

involving the π+
SSπ

−
SS and π0

SSπ
0
SS channels. To remove the unphysical O(a2) effects from the

results would likely require using the χPT results of Ref. [75], together with higher-order

corrections.
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Chapter 4

INTERACTIONS OF πK, ππK AND KKπ SYSTEMS AT
MAXIMAL ISOSPIN FROM LATTICE QCD1

4.1 Abstract

We study the interactions of systems of two and three nondegenerate mesons composed

of pions and kaons at maximal isospin using lattice QCD, specifically π+K+, π+π+K+

and K+K+π+. Utilizing the stochastic LapH method, we determine the spectrum of these

systems on two CLS Nf = 2 + 1 ensembles with pion masses of 200 MeV and 340 MeV, and

include many levels in different momentum frames. We constrain the K matrices describing

two- and three-particle interactions by fitting the spectrum to the results predicted by the

finite-volume formalism, including up to p waves. This requires also results for the π+π+

and K+K+ spectrum, which have been obtained previously on the same configurations.

We explore different fitting strategies, comparing fits to energy shifts with fits to energies

boosted to the rest frame, and also comparing simultaneous global fits to all relevant two-

and three-particle channels to those where we first fit two-particle channels and then add

in the three-particle information. We provide the first determination of the three-particle K

matrix in π+π+K+ and K+K+π+ systems, finding statistically significant nonzero results in

most cases. We include s and p waves in the K matrix for π+K+ scattering, finding evidence

for an attractive p-wave scattering length. We compare our results to Chiral Perturbation

Theory, including an investigation of the impact of discretization errors, for which we provide

the leading order predictions obtained using Wilson Chiral Perturbation Theory.

1Z. T. Draper, A. D. Hanlon, B. Hörz, C. Morningstar, F. Romero-López and S. R. Sharpe, Interactions
of πK, ππK and KKπ systems at maximal isospin from lattice QCD, JHEP 05 (2023) 137 [2302.13587]

https://doi.org/10.1007/JHEP05(2023)137
https://arxiv.org/abs/2302.13587


86

4.2 Introduction

Multihadron dynamics emerge nonperturbatively from the strong interactions between quarks

and gluons described by Quantum Chromodynamics (QCD). Processes involving several

hadrons have important implications for Nature, such as the properties of hadronic reso-

nances and the emergence of nuclei as multi-particle systems. Thus, understanding these

processes from first principles is an important goal for lattice QCD (LQCD) [92].

The study of hadron spectroscopy using LQCD has progressed rapidly in recent years; see

Refs. [93–100] for recent reviews. One of the current frontiers is the systematic computation

of three-hadron processes from LQCD. Indeed, there has been a concerted effort by several

collaborations to understand three-particle processes in finite volume [16,17,35–39,101–122].

Using these theoretical tools in conjunction with numerical simulations of LQCD, several

applications to simple systems have been carried out [40,67,91,123–134].

A class of three-particle systems that has not been extensively explored in simulations

is that which involves nondegenerate particles. Two examples of resonances that decay to

such three-hadron systems are (i) the doubly-charmed tetraquark, Tcc → DDπ [135], and

(ii) the Roper resonance N(1440)→ Nππ [136]. Both are exotic resonances for which there

is a great deal of interest in obtaining predictions from LQCD. The formalism for such pro-

cesses is rather complicated (and, indeed, has not yet been fully developed), and the LQCD

computations are technically involved. Thus, for now, we leave aside the complications

of resonances and spin quantum numbers, and focus on simpler systems of nondegenerate,

spinless particles. Specifically, in this work we study systems of kaons and pions at maxi-

mal isospin, in particular π+π+K+ and K+K+π+, which we refer to as “2+1” systems. We

use two ensembles with different values of the pion and kaon masses, which allows a rough

extrapolation to the physical values.

The formalism for these systems was developed in Ref. [36], following the relativistic

field theory approach (RFT). Further details of the implementation of the formalism, as well

as useful theoretical results, were presented in Ref. [121]. These 2+1 systems exhibit new
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features compared to three identical particles, namely the presence of interactions in odd

partial waves and of multiple two-particle subchannels, e.g. both ππ and πK subchannels

contribute to ππK scattering. One of the goals of this work is to determine the three-

particle K matrix, denoted Kdf,3, that describes short-range three-body interactions.2 The

only previous work that considers this quantity (to our knowledge) is Ref. [121], in which the

leading order prediction of chiral perturbation theory (ChPT) is obtained. Compared to the

corresponding quantity for three identical particles, Kdf,3 has reduced particle-interchange

symmetry, and thus the number of independent terms in the threshold expansion of Kdf,3 is

increased. This makes the determination of their coefficients more challenging.

A second goal of this work is to address the timely question of fitting strategies for

multihadron systems. As the complexity of the system grows, the number of quantities to

constrain from LQCD becomes larger. Indeed, a qualitative step can already be seen in

this work compared to that for identical particles: we require more terms in Kdf,3, and two

different two-meson amplitudes. In particular, the question arises whether it is preferable

to determine the two-meson amplitudes from results for the two-particle spectrum (e.g. for

π+π+ and π+K+), and then use the results in a fit to the three-particle spectrum (e.g. for

π+π+K+), or, instead, do a global fit to all channels at once. This is but one example

of a general issue. An extreme case is provided by the determination of the γ∗γ∗ → ππ

amplitude using finite-volume methods: the formalism requires also input from the finite-

volume processes ππ → ππ, πγ? → π, γ? → ππ, and ππγ? → ππ [137]. To determine which

fitting procedures are preferable for more complex fits, we investigate and compare several

fitting strategies.

Byproducts of this work are well-determined two-particle amplitudes. In particular, we

compute the isospin I = 3/2 πK scattering amplitude in both s and p waves. By comparing

2We note that results for zero-momentum three-particle interactions for 2 + 1 systems were obtained in
Ref. [123] by fitting the ground state energy shifts of systems of multiple π+ and K+ mesons to the results
of a 1/L expansion. The results used heavier pion and kaon masses than we consider. The relation of the
interactions so obtained to Kdf,3 is not known, but we expect it to dominantly involve the leading terms
in the threshold expansion, namely K0 and K1.
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our results for the s-wave scattering length to ChPT, we are able to extract low energy

constants (LECs) in a threshold expansion. Our results for the I = 3/2 p-wave scattering

length are at lower pion masses than that obtained previously in Ref. [138]. We compare our

result with this LQCD calculation, with the ChPT prediction, and with the results from a

dispersive analysis.

This work also contains the first estimates of discretization errors in the three-particle

K matrix. To achieve this, we present a new calculation of Kdf,3 using an extension of

continuum chiral perturbation theory (ChPT) in which the effects of discretization errors

are included, so-called Wilson ChPT (WChPT) [83, 84]. This allows us to determine the

dependence of Kdf,3 on the lattice spacing in terms of low energy constants. We also calculate

the corresponding dependence for two-particle amplitudes, which allows a determination of

the relevant LECs by fitting to our results for these amplitudes. Thus we can estimate the

magnitude of discretization effects in Kdf,3.

This paper is organized as follows. In section 4.3 we provide details of the LQCD simu-

lation, describe our choice of interpolating operators, and discuss the fitting and results for

the single and multiple-hadron spectra. Then, in section 4.4, we review the finite-volume

formalism required for this work, present the parametrizations of the K matrices that we

use, and collect the results from ChPT that we need. Next, in section 4.5, we describe the

strategies that we use to fit to the spectra, and the results obtained, comparing different ap-

proaches. We collect our final results for infinite-volume scattering parameters in section 4.6,

and compare them to ChPT, extracting several low-energy coefficients. We conclude in sec-

tion 6.7. We include four appendices. Appendix B.1 displays a table with the energy levels

used in fits, section B.2 provides details on the calculation of discretization effects using

WChPT, section B.3 sketches the derivation of the analytical result for the p-wave πK scat-

tering length at NLO in ChPT, and section B.4 summarizes the sets of operators used in

this work.
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4.3 Finite-volume Spectrum Extraction

Here we present the details regarding the extraction of the finite-volume spectrum from the

two-point correlation functions computed using LQCD. The computational methods and

strategies used follow those laid out in Ref. [132]. However, for convenience, we review the

pertinent details.

4.3.1 Computation of Correlators

The extraction of finite-volume energies proceeds by first calculating two-point temporal

correlation functions, which can be seen to contain all the information on the spectrum

through their spectral decomposition

Cij(tsep) ≡ 〈Oi(tsep + t0)Oj(t0)〉 =
∞∑
n=0
〈Ω| Oi |n〉 〈Ω| Oj |n〉∗ e−Entsep , (4.1)

where Oi(t) and Oj(t) are annihilation and creation operators,3 respectively, |Ω〉 corresponds

to the vacuum state, and En is the energy of the nth eigenstate |n〉 of the Hamiltonian. The

indices on the operators indicate the possibility of a set of linearly independent interpolators

that all share the same quantum numbers. Details on the procedure for extracting the

spectrum from these correlators will be given in later sections, and we now turn to how the

correlators themselves are computed.

The multi-hadron interpolating operators we consider in this work (see section 4.3.2

and section B.4) involve definite-momentum projections for the individual hadrons, which

in turn necessitates quark propagators from all spatial sites at a given source time to all

other lattice sites. One such method, referred to as distillation, acheives this with a smaller

computational cost by utilizing a particular smearing based on the covariant Laplacian that

cuts off higher-lying modes within the quark fields [139]. The smeared quark propagators

can then be obtained by performing inversions within the much smaller subspace spanned by

3The operators Oj and Oj are the analytic continuation to Euclidean space of the Minkowski-space
operators O(M) and O(M)†

j , respectively.



90

the Nev retained eigenvectors of the covariant Laplacian. However, the number of required

eigenvectors needed to keep a constant smearing radius grows proportionally with the volume

L3 and can quickly become prohibitively expensive for large volumes. To mitigate this issue,

rather than use distillation directly, we use a stochastic variant, referred to as stochastic

LapH which has a better cost scaling [140]. This strategy combines stochastic sources within

the distillation subspace and the method of dilution [141] to estimate the smeared quark

propagators in terms of source %(r,d) and sink ϕ(r,d) functions

%(r,d) = VsP
[d]%(r), (4.2)

ϕ(r,d) = SD−1%(r,d), (4.3)

where r labels the Nr stochastic sources, d labels the dilution partition, the columns of Vs
contain the Nev retained eigenvectors, P [d] is a dilution projector, S = VsV

†
s is the smearing

kernel, D is the Dirac matrix, and %(r) is a noise vector within the distillation subspace.

From the quark sinks and sources we form the meson sinks and sources, respectively,

which are rank-2 tensors in the dilution indices. The final correlators are constructed from

contractions of these tensors over the dilution indices. We make use of common subexpression

elimination [142] to reduce the number of needed contractions and diagram consolidation to

speed up the optimization. These algorithms have also been utilized for two-baryon [143]

and meson-baryon [144] systems. Further details on our implementation of these contraction

speedups can be found in Ref. [124], the code for which has been made publicly available [145].

4.3.2 Interpolating Operators

The single-hadron interpolators we use, which annihilate the single-hadron states, are

Hπ+(p, t) =
∑

x
e−ip·x d(x)γ5u(x), (4.4)

HK+(p, t) =
∑

x
e−ip·x s(x)γ5u(x), (4.5)
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where u, d, s are up, down, and strange quark fields, respectively. These are then substituted

into our two- and three-hadron interpolating operators, which are of the form

[Hf1Hf2 ]Λ(P, t) =
∑

p1,p2

cP,Λ
p1,f1;p2,f2Hf1(p1, t)Hf2(p2, t), (4.6)

[Hf1Hf2Hf3 ]Λ(P, t) =
∑

p1,p2,p3

cP,Λ
p1,f1;p2,f2;p3,f3Hf1(p1, t)Hf2(p2, t)Hf3(p3, t), (4.7)

respectively, where P = ∑
i pi is the total momentum, Λ is the irrep of the little group of

P, fi labels the flavor of the individual hadrons, and cP,Λ are Clebsch-Gordan coefficients.

The Clebsch-Gordan coefficients are determined by requiring the overall operator transform

according to the irrep Λ. The sum on the right-hand-side includes all momenta related via

rotations within the little group of P, with the constraint that ∑i pi = P. A table listing

the multi-hadron interpolating operators used in this work is given in section B.4.

4.3.3 Lattice details

Our calculations are performed on two ensembles generated by the CLS (Coordinated Lattice

Simulations) consortium [146]. The ensembles use Nf = 2 + 1 flavors of nonperturbatively

O(a)-improved Wilson fermions and the tree-level O(a2)-improved Lüscher-Weisz gauge ac-

tion. The bare quark masses are tuned such that they follow a chiral trajectory in which

the sum of the quark masses is held fixed. The practical effect of this choice is that the

kaon mass approaches its physical value from below as the pion mass approaches its physical

value from above. The two ensembles used in this study, named N203 and D200, both share

a lattice spacing of a ≈ 0.06426(76) fm, which was determined from the linear combination
2
3(FK + 1

2Fπ) of decay constants [147].4 Other details, including the stochastic LapH setup,

on these two ensembles can be found in Table 4.1.

In order to prevent topological charge freezing at fine lattice spacings, open temporal

boundary conditions are employed [150]. This requires care when choosing the temporal

4 The scale setting of Ref. [147] was recently updated, also using the pseudoscalar decay constants,
giving a value of a ≈ 0.0633(4)(6) fm [148]. Additionally, a scale setting using baryon masses was recently
reported, giving a value a ≈ 0.06379(37) fm [149].
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(L/a)3 × (T/a) Mπ [MeV] MK [MeV] Ncfg tsrc/a Nev dilution Nr(`/s)

N203 483 × 128 340 440 771 32, 52 192 (LI12,SF) 6/3

D200 643 × 128 200 480 2000 35, 92 448 (LI16,SF) 6/3

Table 4.1: Specific details on the ensembles used in this work, including the name, geometry,

approximate pseudoscalar masses, number of configurations Ncfg, source positions tsrc used, number

of eigenvectors Nev of the covariant Laplacian retained, dilution scheme (see Ref. [140] for details),

and number of noises Nr used for the light (l) and strange (s) quark sources. Both ensembles have

the same lattice spacing a ≈ 0.063 fm.

locations of the source and sink times used for the correlators, as we must make sure that

they are sufficiently far from the temporal boundaries in order to suppress any effects from

the boundary. As there was no need to produce additional quark sinks beyond what was

used in our previous study [132], the arguments used there to justify the source and sink

positions carry over here. Essentially, evidence for sufficient suppression of boundary effects

on the D200 ensemble was given in Ref. [151], where it was found that a temporal distance

of ∼ 32a from the boundary was enough for the exponentially decaying boundary effects

to be negligible. Further, it is expected that the boundary effects are more severe on D200

than N203, as the leading contribution comes from the lowest state with quantum numbers

of the vacuum, which should be a two-pion state for the quark masses considered here, and

therefore has a smaller energy on D200. Thus, as the source positions considered for N203

are even further from the boundary than D200, our choices should be safe from the effects

of the open boundary conditions. Note that the source position of tsrc = 92a for D200 only

has sink times smaller than 92a associated with it (i.e. the correlators go backward in time,

see Ref. [132] for more details).

Finally, autocorrelations, which lead to underestimated errors, can be checked for by

observing dependence on the error estimates from averaging Nrebin successive configurations
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across all the original measurements into Ncfg/Nrebin new bins. While there is evidence that

values as high as Nrebin = 20 are needed for D200 to completely remove autocorrelations [144],

this is not plausible for our use-case, as the number of energies used in our fits in section 4.5.2

is too high to reliably estimate the covariance matrix with so few bins. However, we have

found little to no dependence on the final results for N203 when using Nrebin = 1 or Nrebin = 3,

suggesting the observables of interest here are not affected significantly by autocorrelations.

We therefore use Nrebin = 1 for N203, while using Nrebin = 3 for D200 in order to still

obtain reliable estimates for the covariance matrix while removing some autocorrelation.

Additionally, we note that the configurations used on N203 are separated in Markov time by

twice the distance used for D200, which is why we use a conservative choice for the rebinning

on D200.

4.3.4 Finite-volume energies from correlators

As can be seen from the spectral decomposition in eq. (4.1), in principle one can extract any

energy so long as the operators used have non-zero overlap onto the corresponding eigenstate.

However, with finite statistics, reliably determining the states beyond the first few terms from

fits to a single correlator is difficult. As we are only interested in the ground states for the

single-hadron particles, we can obtain these from single-exponential fits to the correlators

starting after all higher-lying states are exponentially suppressed. Fortunately, for the single

hadron correlators, the signal-to-noise ratio is either constant or slowly decaying which allows

for a good signal after all higher-lying states have decayed away. The needed single-hadron

masses were determined in our previous work [132] and are reproduced in Table 4.2 for

convenience, along with the decay constants needed for the chiral extrapolations performed

later.

Our eventual goal is to obtain the multi-hadron interactions, which are constrained by the

multi-hadron finite-volume energies. Each of these energies provides a constraint on these

interactions, and, therefore, including as many energies as possible will typically improve the

reliability of the extracted interactions. In general, the gaps between the multi-hadron states
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aMπ aMK MπL MKL Mπ/Fπ MK/FK

N203 0.11261(20) 0.14392(15) 5.4053(96) 6.9082(72) 3.4330(89) 4.1530(72)

D200 0.06562(19) 0.15616(12) 4.200(12) 9.9942(77) 2.2078(67) 4.5132(93)

Table 4.2: Pion and kaon masses and decay constants for the two ensembles considered in this

work. The masses were determined in our previous work [132]. The decay constants were determined

in Ref. [152].

are smaller than those of the single-hadron states, making a reliable extraction more challeng-

ing, especially coupled with the increased statistical errors of the multi-hadron fits. Thus,

we need a method to reliably determine several energies from the multi-hadron correlators.

We utilize a variational method [153, 154], which relies on solving a generalized-eigenvalue

problem (GEVP) using a correlator matrix built from sets of interpolating operators that all

transform in the same way. This is the same method used in Ref. [132], but we repeat most

of the details here to make the discussion self-contained.

For each overall flavor, irrep, and total momentum squared, we construct a set of N

operators and use them to calculate a correlation matrix Cij(tsep) as in eq. (4.1). We then

form a GEVP as

C(t)υn(t, t0) = λn(t, t0)C(t0)υn(t, t0), (4.8)

where t0 is referred to as the metric time. As long as t0 ≥ t/2, one can show that the

generalized eigenvalues behave as

λn(t, t0) = |An|2e−En(t−t0)
[
1 +O(e−∆nt)

]
, (4.9)

where n = 0, . . . , N − 1, En is the nth eigenenergy, and ∆n ≡ EN − En. Thus, the method

provides a straightforward way of extracting the excited-state energies without having to

perform a fit which includes many exponentials. In fact, the eigenvalues of C(t) also share

this advantage, but with a gap ∆n ≡ minm 6=n|En − Em| that is smaller than or equal to the
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gaps found in the case of the GEVP. Therefore, the gap from the GEVP helps to further

suppress unwanted contributions in the generalized eigenvalues.

One technical complication involves matching the eigenvectors at one time separation to

another or one resampling to the next (i.e. eigenvector pinning), which can easily become

problematic from ambiguous choices, especially at large time separations where the noise

grows. Instead, we solve the GEVP on the mean and at a single time separation td, where

t0 < td . 2t0, and then use the eigenvectors to rotate the original correlator matrix on all

resamplings and at all other times not equal to td

Ĉn(t) = (υn(td, t0), C(t)υn(td, t0)), (4.10)

where the parentheses indicate an inner product. To avoid any systematics associated with

only solving the GEVP for one time separation, we look for stability in the extracted spectrum

as the diagonalization time td and metric time t0 are varied.

To obtain the two- and three-hadron finite-volume energies, we use single-exponential

correlated-χ2 fits to the ratios

Rn(t) = Ĉn(t)∏
iCfi(p2

i , t)
, (4.11)

where Cfi(p2
i , t) is an average of single-hadron correlators with flavor fi over all rotationally

equivalent momentum with magnitude p2
i . The product of single-hadron correlators in the

denominator is chosen based on the expected non-interacting energy level associated with

the nth eigenstate, in which case the asymptotic behavior is

lim
t→∞

Rn(t) ∝ e−∆Enlabt, (4.12)

where ∆En
lab is the energy shift of the nth eigenstate from its non-interacting value in the

lab frame. The use of the ratio has a few advantages over fitting directly to Ĉn(t): there is a

strong cancellation of correlated fluctuations between the numerator and denominator, and

the plateau in the effective energy of the ratio begins at earlier time separations and is more

stable across several time separations. However, despite the earlier plateau seen from the

ratio, in order to not introduce any further systematics, we typically make a conservative
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choice for the beginning of our fit range tmin such that the single-hadron correlators have

already attained their asymptotic behavior.

In figure 4.1, we show the dependence of several extracted energy shifts on tmin and the

GEVP parameters t0 and td. The energies shown correspond to the first excited state in an ir-

rep with P2 = 2(2π/L)2 and the ground state in an irrep with the largest momentum-squared

used for a given flavor. We include all three mixed-flavor systems and both ensembles. As

can be seen in these tmin plots, typically there is a wide region of tmin with consistent energy

shifts before correlated fluctuations take over when the signal starts to be lost. The ability of

the variational method to suppress contributions from unwanted nearby states is illustrated

by the results with P2 = 2(2π/L)2, for in these cases there are usually several nearby energy

levels. Additionally, the dependence on the choices for (t0, td) is either very mild or not

visible.5 The value of tmin is chosen such that it is much larger than the onset of the stability

in the extracted energy, but not so large that correlated fluctuations begin to arise. Among

the fits satisfying this critera, our final value is based on making a conservative choice to

ensure that any systematics are smaller than the statistical errors, while also making sure

the fit quality is reasonable. Examples of the choices of tmin are shown in the figure.

To illustrate the number of levels that we are able to determine, and the errors that we

obtain, we show in figure 4.2 the energy levels for the ππK system on the N203 ensemble.

To better compare the levels from different momentum frames, we show the center-of-mass

frame (CMF) energies E∗ =
√
E2 − P 2. Also shown (as teal dots) are the result of our

standard fit to these levels, to be discussed below, in which we fit only to levels that lie

below the first inelastic threshold. Although the formalism is not, strictly speaking, valid

above this threshold, we also display its predictions for some of the higher levels (as orange

dots). Analogous plots for the other three-meson systems that we consider are shown in

section B.1. Detailed discussion of these and other fits are provided below.

5At a late stage in the fitting of the spectrum, one level was found to have a ∼ 3σ variation in the shift
away from the free level as (td, t0) were varied. The specific level and the small effect it has on the final
results is discussed in more detail in section 4.5.2.
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Figure 4.1: The dependence of the energy shift in the lab frame extracted from fits to the

ratio Rn(t) on the smallest time separation tmin included in the fit. The colors correspond to

different values of the GEVP metric time t0 and diagonalization time td: t0/a = 4, td/a = 8 (blue),

t0/a = 6, td/a = 12 (orange), t0/a = 12, td/a = 24(green). A small horizontal offset is applied

to separate these three choices. Each plot indicates the ensemble, irrep, total momentum-squared

(in units of (2π/L)2, energy level, and flavor. For example, in the bottom-right plot, the notation

A2(2) indicates the A2 irrep with momentum squared being 2(2π/L)2, while EππK1 indicates that

this is the first excited π+π+K+ level in this irrep. In each panel, the black horizontal solid and

dashed lines indicate the mean and error, respectively, of the energy shift for the chosen fit, for

which the value of tmin is indicated by the vertical dashed line.
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Figure 4.2: The ππK center-of-mass frame energies, in units of Mπ, on the N203 ensemble.

The horizontal axis labels the irrep and (in parentheses) the total momentum squared in units of

(2π/L)2. The horizontal dashed lines and grey boxes (the latter barely visible) indicate the mean

and error of the non-interacting energy levels, while the open circles with error bars correspond

to the interacting energies. The colored symbols show the solutions of the quantization condition

with the parameters found in the 82-level fit in Table 4.8. Teal colored points are associated with

energy levels included in the fit, while the orange points are for levels not in the fit. The horizontal

dashed lines running across the entire plot show the ground state energy (E∗ = 2Mπ + MK) and

the first inelastic threshold (E∗ = 3Mπ +MK).
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4.4 Theoretical background

In this section we collect theoretical results needed to constrain the two- and three-particle K

matrices from the two- and three-particle spectra obtained using lattice QCD. As discussed in

the previous section, we have results for both degenerate and nondegenerate two- and three-

particle channels. The formalism for the degenerate cases has been reviewed in Ref. [132],

so we focus on the formalism needed for the new channels considered here, i.e. πK for the

two-particle case, and ππK/KKπ for three particles. We first provide a brief recapitulation

of the quantization conditions and our fitting strategy, then describe the parametrizations

of K matrices that we use, and finally collect the predictions of ChPT.

4.4.1 Quantization conditions and fitting strategy

To extract infinite-volume scattering parameters from a finite-volume energy spectra, we

make use of both two- and three-particle quantization conditions. The two-particle finite-

volume formalism was first developed by Lüscher [13, 14]. We will need the generalizations

to moving frames and to nondegenerate particles given in Refs. [15,155,156].

The three-particle formalism has been developed using three approaches: the relativis-

tic field theory (RFT) approach [16, 17], which will be the basis of this analysis, the non-

relativistic effective field theory (NREFT) approach [104, 106] (subsequently relativized in

Ref. [120]), and the finite-volume unitarity (FVU) approach [40]. The formal equivalence (up

to technical differences) of the RFT and FVU formalisms was established in Ref. [116], and

the equivalence of FVU and relativized NREFT formalisms is noted in Ref. [120]. Reviews

of these approaches and comparisons between them can be found in Refs. [94,95,97,99], and

a direct comparison of their application is given in Ref. [134]. We will use the RFT result for

three identical particles given in Refs. [16,17], and the extension given in Refs. [35,36,117] to

so-called “2+1”-systems, i.e. those involving one distinct and two identical spinless particles.

We will not recap the derivations here. We only note that the RFT method is based on an

all-orders diagrammatic analysis in a generic relativistic effective field theory, and applies in a
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kinematic regime in which only three-particle channels can go on shell. As one might expect

from the name, this approach applies for relativistic particles; and if the relativistic forms

of kinematic functions are used (see Ref. [110]), the formalism leads to Lorentz-invariant

scattering amplitudes.

An extensive discussion of the implementation of the quantization condition for 2+1

systems is given in Ref. [121], and thus we present only an overview here. In particular,

quantities not defined here can be found in that work. We also make use of the formalism

for identical particles derived in Ref. [16], and in particular the implementation presented

in Ref. [110]. A general feature of the three-particle formalism is a division into a spectator

particle and the remaining pair or dimer. For practical applications, one must impose a

cutoff on the angular momentum, `, of the pairs. In our previous work analyzing 3π+ and

3K+ spectra, we used `max = 2, thus including s and d waves (p wave being forbidden for

identical particles) [132]. However, working up to `max = 2 is not possible here, due to the

proliferation of fit parameters, as discussed in Ref. [121] and recapitulated below. Instead we

use `max = 1, with s and p waves in the π+K+ subsystems, and only s waves for subsystems

with identical particles (2π+ and 2K+).

We begin by considering the two-particle quantization condition. The inputs are the

total momentum, P , the box size, L, a kinematic function denoted F , which contains the

effects of finite-volume physics, and the two-particle K matrix, K2. By solving the following

two-particle quantization condition,

det
[
F (E2,P , L)−1 +K2(E∗2)

]
= 0 , (4.13)

we can determine the two-particle energies, E2, and, from these, the corresponding center-

of-mass frame (CMF) energies, E∗2 =
√
E2

2 − P 2, up to corrections suppressed by factors

of exp(−MπL) and exp(−MKL). As in the lattice simulations, we work in a cubic spatial

box with side length L, which restricts the allowed total momenta to the set P = (2π/L)d,

where d ∈ Z3.

The three-particle quantization condition determines the energies of three-particle states
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in a finite volume, and is given by

det
[
F3 (E,P , L)−1 +Kdf,3(E∗)

]
= 0 . (4.14)

Here E is the lab-frame energy of the three-particle state, E∗ =
√
E2 − P 2 is the correspond-

ing CMF energy, and Kdf,3 is a three-particle K matrix discussed further below. Although,

superficially, the three-particle quantization condition may look similar to that for two parti-

cles, the former hides significant complexity. In particular, we note that whereas the quantity

F that appears in the two-particle quantization condition is a purely kinematic function, F3

depends on F , on an additional kinematic function G, as well as on the two-particle K ma-

trix, K2. The detailed form is given in Ref. [121]. We also note that while the three-particle

quantization in several different contexts takes exactly the same form as in eq. (4.14) (see,

e.g. Ref. [37] for the case of degenerate but nonidentical scalars), the indices over which the

determinant is taken differ.

We now describe the meaning of the determinants in eq. (4.13) and eq. (4.14). For the

two-particle quantization condition, F and K2 are matrices in which the indices {`,m} label

the angular momentum of the two-particle state, and the determinant runs over these two

labels. For the three-particle quantization condition, additional indices are required. These

are given by the spectator momentum k, which is constrained to lie in the finite-volume set,

and the angular-momentum indices for the pair, {`,m}. In addition, we need an index, i, to

specify whether the spectator is identical to one of the other two particles (i = 1) or whether

it is distinct (i = 2). For such a system, we therefore have a determinant which runs over

the indices {ki, `,m, i}, where ki labels the momentum of a spectator of particle species i.

The quantities F3 and Kdf,3 are matrices with these indices.

The derivation of Refs. [16,36] requires a cutoff on the spectator momenta, which must be

implemented by a smooth function (rather than a sharp cutoff). One way to understand the

need for the cutoff is that, for a given total energy E, the pair is driven below threshold as

the spectator momentum increases. Far enough below threshold the two-particle interaction

has a left-hand cut, and this must be avoided as it introduces power-law volume dependence



102

that is not controlled in the derivation. The details of the required cutoff are discussed

in Ref. [121]. It implies that only a finite number of values of ki contribute. Combined

with the cutoff on ` discussed above, this implies that all matrices in eq. (4.14) are of finite

dimension.6

We now return to the K matrices appearing in the quantization conditions. Both K2

and Kdf,3 are infinite-volume Lorentz-invariant quantities, but have important differences.

In particular, K2 is algebraically related to the two-particle scattering amplitude M2, while

Kdf,3 is related to the three-particle scattering amplitudeM3 through integral equations [17].

Furthermore, Kdf,3 depends on the cutoff function, whereas K2 is cutoff independent above

threshold. However, both K2 and Kdf,3 share the property of being real and smooth functions

of Lorentz invariants below the relevant inelastic thresholds.7 We make use of these properties

to parametrize the K matrices in section 4.4.2.

For given choices of K2 and Kdf,3, the quantization conditions predict the two- and three-

particle spectra. Details of our numerical methods are given in Ref. [121], and a basic python

implementation is publicly available [157]. We first block-diagonalize the quantization condi-

tions by projecting them onto irreducible representations of the subgroup of the cubic group

that leaves the overall momentum, P , invariant. This is the little group LG(P ). Within

each block, we track the smallest eigenvalues of the matrix lying within the determinant,

and find zero crossings using a root-finding algorithm. A finite-volume energy level in the

given irrep is predicted to occur for each such crossing. We find that it is useful to have a

good initial guess for the energy levels, and, for the most part, this is provided by either the

measured energy levels or the free levels. We have implemented this methodology in three

independent python codes, and all results presented below have been obtained with at least

two of these codes. We find that, when running on about ∼ 50 cores, the convergence for

the most challenging cases (simultaneous fits to 2 two-particle and 1 three-particle channels)

6We note that in the NREFT approach a hard cutoff can be used, and its value is not constrained by
the position of the left-hand cut [104,106,120].

7The only exceptions are that K2 and Kdf,3 can have poles in the presence of two- and three-particle
resonances, respectively. These exceptions do not occur in this work.
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takes 2 − 3 days. The use of the Python compiler numba [158] to speed up core routines is

essential to achieve this speed.

As discussed in Refs. [108,110,114], one must ensure that the zero crossings are physical.

In particular, the eigenvalue must cross from negative to positive values as the energy is

increased, and no higher-order zeros are allowed. The exception to the latter restriction is

that there can be higher-order zeros at noninteracting energies, but these are present only

because of the truncation of the K matrices, as discussed extensively in Ref. [110]. Such

solutions can be dropped. We find that all the crossings are physical.

4.4.2 Parametrizing K matrices

We now turn to the parametrizations that we use for the matrices K2 and Kdf,3. The former

is diagonal in angular momenta,

K2(E∗2)`′m′;`m = δ`′`δm′mK(`)
2 (E∗2) , (4.15)[

K(`)
2 (E∗2)

]−1
= η

8πE∗2

{
q cot δ`(q) + |q|[1−H(q2)]

}
. (4.16)

We have written the expression so that it holds for both degenerate (ππ and KK) and

nondegenerate (πK) channels: in the former case, η = 1/2, while η = 1 in the latter. In

both cases, q is the the magnitude of the three-momentum for each of the two particles in

the CMF of the pair. The function H(q2) plays the role of a cutoff. It equals unity for

q2 ≥ 0 [so that the 1−H term in eq. (4.16) vanishes above threshold], and smoothly drops

to zero well below threshold (so that K(`)
2 transitions into M(`)

2 ). The form of this function

depends on the particle masses, as explained in Ref. [121]. The H function does not play

a role in the two-particle quantization condition, eq. (4.13), because it also appears in the

quantity F , in such a way that the H dependence cancels. It is, however, essential in the

three-particle quantization condition (in which K2 enters through F3), as it cuts off the sum

over the spectator momenta.

As in Ref. [132], we explore two choices for the parametrization of the phase shift: an

“Adler zero” form, and the effective-range expansion (ERE). The former is motivated by chi-
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ral perturbation theory, which predicts that the scattering amplitude vanishes below thresh-

old at the position denoted the Adler zero. For ` = 0, the Adler zero form is

q

M1
cot δ0(q) = M1E

∗
2

E∗22 − z2(M2
1 +M2

2 )

∞∑
n=0

Bn

(
q2

M2
1

)n
, (4.17)

where z2 and the Bn are dimensionless parameters. Two masses appear in this parameteri-

zation: M1, the mass which we use to set the units, e.g. of q, and M2, the mass of the other

particle. M1 and M2 are chosen from the set {Mπ,MK} based on the particular scattering

process being considered, and may or may not be distinct. At leading order in ChPT z2 = 1,

while B0 and B1 take nonzero values to be discussed in the next section, with all other

parameters vanishing. In practice, we use two choices of parametrization:

1. ADLER2, in which z2 = 1, B0 and B1 are free parameters, and Bn = 0 for n ≥ 2;

2. ADLER3, in which z2, B0, and B1 are free parameters, and Bn = 0 for n ≥ 2.

We use superscripts and subscripts to denote the corresponding channel, e.g. z2
πK and BKK

0 .

The relation of these parameters to the scattering length a0 and effective range r0 is given

by

a0M1 = −(M1 +M2)2 − z2(M2
1 +M2

2 )
M1(M1 +M2)B0

, (4.18)

a0r0M
2
1 = M1

M2

(M1 +M2)2 + z2(M2
1 +M2

2 )
(M1 +M2)2 − z2(M2

1 +M2
2 ) − 2B1

B0
. (4.19)

Here we are using the convention in which a0 is positive for repulsive interactions.

The ERE form is simply an expansion in powers of q2,

q

M
cot δ0(q) =

∞∑
n=0

Bn

(
q2

M2

)n
, (4.20)

where the Bn are dimensionless. We use the same names for the coefficients as in the ADLER

forms, but it will always be clear from the context which fits are being used. The mass M sets

the scale of q and may be chosen to be either of the masses of the particles in the scattering

pair. In Ref. [132], we found that the Adler zero form was preferred for the ππ and πππ
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channels, while for kaons the ERE form was slightly preferred. This was not unexpected, as

ChPT should work better for pions than kaons. Here we only use the ERE form for KK

and KKK channels, where we compare it to the ADLER forms. Specifically, we use

3. ERE3, in which B0, B1, and B2 are free parameters, and Bn = 0 for n ≥ 3.

The relation of the ERE3 parameters to the scattering length and effective range is

Ma0 = − 1
B0

and a0r0M
2 = −2B1

B0
. (4.21)

For ` = 1, which is present only for πK scattering, we use a one-parameter form,

q3

M3
1

cot δ1(q) = E∗2
M1 +M2

1
P πK

0
. (4.22)

Here P πK
0 is the p-wave scattering length, and the same notation for masses is used as above.

The factor of E∗2 is adopted from standard continuum analyses [159, 160]. We find that the

signal for nonzero p-wave scattering is sufficiently weak that we cannot include higher-order

terms and obtain stable fits.

We now turn to the three-particle K matrix. As noted above, Kdf,3 is a real, analytic

function of Lorentz invariants. We use the analog of the ERE, which is an expansion about

threshold, and has been worked out for 2+1 systems in Ref. [36]. We denote M1 as the mass

of the particle that appears twice, while M2 is the mass of the singleton. Implementing the

relevant particle interchange symmetries, as well as parity and time reversal, the resulting

form is

M2
1Kdf,3 = K0 +K1∆ +KB∆S

2 +KE t̃22 +O(∆2). (4.23)

Here, K0, K1, KB, and KE are real, dimensionless constants,8 to be determined from fits to

the three-particle spectrum, while ∆, ∆S
2 and t̃22 are functions of the Mandelstam variables.

The initial (incoming) momenta are {k1, k1′ , k2}, while the (outgoing) final momenta are

8Previously we have used a more elaborate notation for K0 and K1, namely Kiso
df,3 and Kiso,1

df,3 , respec-
tively [110, 121, 132]. Here we stick with the simpler notation. We also stress that the quantity KB used
here differs from that in Ref. [132]; the latter involves d-wave interactions for identical particles.
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{p1, p1′ , p2}, where k2 and p2 are the momenta of the singleton. The kinematic quantities

appearing in eq. (4.23) are

∆ ≡ s−M2
Σ

M2
Σ

, ∆S
2 ≡

(p1 + p1′)2 − 4M2
1

M2
Σ

+ (k1 + k1′)2 − 4M2
1

M2
Σ

,

t̃22 ≡
(p2 − k2)2 − (M1 −M2)2

M2
Σ

, (4.24)

where

s ≡ (p1 + p1′ + p2)2 = E∗2 and MΣ ≡ 2M1 +M2 . (4.25)

∆, ∆S
2 and t̃22 are all of the same order in the threshold expansion, but only ∆S

2 and t̃22 have

to a nontrivial angular dependence and lead to contributions with both ` = 0 and 1.

The expansion in eq. (4.23) can be continued to higher order, with terms of O(∆2)

including d-wave (` = 2) contributions. However, this leads to a proliferation of parameters,

and so we restrict ourselves here to `max = 1. This is in contrast to Ref. [132], where the

analysis used `max = 2 for the 3π+ and 3K+ spectra, which was possible because there are

many fewer allowed forms in Kdf,3 for identical particles. Here, where needed, we have redone

the identical-particle fits with `max = 1, implying that Kdf,3 contains only the K0 and K1

contributions, since the KB and KE terms in eq. (4.23) vanish for a fully symmetric system.

The explicit forms for the KB and KE terms in the {k`m} basis have been worked out in

Ref. [121], and we simply use the results.

4.4.3 Results from chiral perturbation theory

Analyzing the two- and three-particle spectra for two different pion masses allows us to

investigate the mass dependence of the scattering parameters we derive from fits. In this

subsection we collect results from ChPT that will be useful when we fit the dependence of

these scattering parameters versus M2
π/F

2
π . Since our focus is on systems including both

pions and kaons, we consider results from SU(3) ChPT. We note that a criterion for the

utility of these results is that M2
K/(4πFK)2 � 1, where FK is the kaon decay constant in the

convention that Fπ ' 92MeV. For ensembles D200 and N203 the ratio M2
K/(4πFK)2 is 0.11
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and 0.13 respectively.

The next-to-leading order (NLO) ChPT expressions for the ππ and KK scattering lengths

can be found in Refs. [76,161]. Both depend on the mass of the η meson as well as the pion

and kaon, but it is consistent in the NLO contribution to use the LO result 3M2
η = 4M2

K−M2
π ,

as well as to treat F 2
π and F 2

K as interchangeable. In this way we can express the pion and

kaon scattering lengths as functions of just Mπ, MK , Fπ, and FK :

Mπa
ππ
0 = M2

π

16πF 2
π

[
1 + M2

π

16π2F 2
π

(
3
2 log M2

π

16π2F 2
π

+ 1
18 log 4M2

K −M2
π

48π2F 2
π

− 4
9 − 256π2Lππ

)]

(4.26)

Mπa
KK
0 = M2

K

16πF 2
K

[
1 + M2

K

16π2F 2
K

(
log M2

K

16π2F 2
K

− M2
π

4(M2
K −M2

π) log M2
π

16π2F 2
π

+ 20M2
K − 11M2

π

36(M2
K −M2

π) log 4M2
K −M2

π

48π2F 2
π

− 7
9 − 256π2Lππ

)]
.

(4.27)

Here the chiral logarithms are given by

Lπ = 2 log Mπ

4πFπ
, LK = 2 log MK

4πFπ
, Lη = log 4M2

K −M2
π

48π2F 2
π

, (4.28)

while Lππ is an LEC, which is evaluated at the scale 4πFπ.

We also need the expression for the s-wave πK scattering length, which may be found in

Ref. [161]:

µπKa
πK
0 = µ2

πK

8πFπFK

[
1− 16MπMK

FπFK
Lππ + 4(MK −Mπ)2

FπFK
L5

+ 1
32π2FπFK

(
κπLπ + κKLK + κηLη −

86
9 MπMK +XKπ

) ]
, (4.29)
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where µπK = MπMK/(Mπ +MK) is the reduced mass, L5 is another LEC, and

κπ = −M
2
π

4
(11M2

K + 22MKMπ − 5M2
π)

M2
K −M2

π

, (4.30)

κK = MK

18
(−9M3

K + 134M2
KMπ + 55MKM

2
π − 16M3

π)
M2

K −M2
π

, (4.31)

κη = (−36M3
K − 12M2

KMπ +MKM
2
π + 9M3

π)
36(MK −Mπ) , (4.32)

XKπ = 16MπMK

9

√
2M2

K+MKMπ−M2
π

MK−Mπ

arctan
2(MK−Mπ)

√
2M2

K+MKMπ−M2
π

(2MK−Mπ)(MK+2Mπ) . (4.33)

For the effective ranges, we compare only to the LO prediction, since NLO results from

SU(3) ChPT are not given explicitly in the literature (see Refs. [162, 163] for the full πK

scattering amplitude at NLO). For identical particles, the LO predictions are M2
πr

ππaππ0 =

M2
Kr

KKaKK0 = 3, while for non-identical particles, one has

M2
πa

πK
0 rπK0 = 1 + Mπ

MK

+ M2
π

M2
K

. (4.34)

We turn now to the p-wave scattering length, which is nonzero only for πK scatter-

ing. The NLO ChPT prediction for the πK scattering amplitude has been worked out in

Refs. [162, 163]. However, no closed form for the corresponding scattering length has been

provided in the literature, and so we have worked it out and present the results in sec-

tion B.3—see eq. (B.18). The expression, which is rather lengthy, depends on two different

combinations of LECs.

Since we have only two data points, we opt to fit to the expected leading order chiral

behavior. From eq. (B.18), one can determine that the p-wave scattering length is finite in

the chiral limit (proportional to MK/F
4
π ), so that

P πK
0 = −M3

πa
πK
1 ∝ (Mπ/Fπ)3 , (4.35)

with higher-order terms suppressed by powers of Mπ/Fπ. Neglecting chiral logs, this is

equivalent to considering only the effect of the LECs proportional to M2
K in eq. (B.18).

We conclude this section by presenting the LO chiral predictions for Kdf,3 for 2+1 systems,

which were derived in Ref. [121]. At LO, only K0 and K1 in the expansion shown in eq. (4.23)



109

are nonzero:

M2
πKππK0 = 2x4

π + 4x3
πxK , M2

πKππK1 = x2
π(2xπ + xK)2 , (4.36)

M2
KKKKπ0 = 2x4

K + 4x3
Kxπ , M2

KKKKπ1 = x2
K(2xK + xπ)2 , (4.37)

where

xπ = Mπ

Fπ
and xK = MK

FK
. (4.38)

To obtain these forms we have used the interchangeability of Fπ and FK in LO terms. We

note that Kdf,3 is independent of the cutoff function at LO in ChPT, and is in this sense a

physical quantity at this order. Cutoff dependence only enters at NLO.

Predictions are not yet available for KB and KE, since these quantities are expected to

appear first at NLO, and no calculation at this order has been done. Following Ref. [121],

we choose generic forms for these quantities

M2
πKππKB = cππKB x4

πx
2
K , M2

πKππKE = cππKE x4
πx

2
K , (4.39)

M2
KKKKπB = cKKπB x4

Kx
2
π , M2

KKKKπE = cKKπE x4
Kx

2
π . (4.40)

We stress that the full dependence on xπ and xK will likely be much more complicated, but

this form satisfies the correct chiral power counting and is sufficient given that we have only

two values of pion masses.

A potentially important, and so far unquantified, source of systematic errors in our results

comes from working at a single lattice spacing. In this regard, it is useful to know the form of

the prediction for discretization effects that is given by Wilson ChPT (WChPT), i.e. ChPT

including contributions proportional to powers of the lattice spacing a [83,84]. In section B.2

we have worked out the leading, O(a2), terms for the two-particle scattering amplitudes and

Kdf,3, both for the degenerate and nondegenerate cases. The results for scattering lengths
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are

Mπa
ππ
0 = Mπa

ππ
0

∣∣∣∣∣
a=0
− (2w′6 + w′8)

16π , (4.41)

MKa
KK
0 = MKa

KK
0

∣∣∣∣∣
a=0
− (2w′6 + w′8)

16π , (4.42)

MπKa
πK
0 = MπKa

πK
0

∣∣∣∣∣
a=0
− (2w′6 + w′8)

16π , (4.43)

where w′6 and w′8 are dimensionless LECs proportional to a2. Note that we make aπK0

dimensionless by multiplying by the average mass MπK = (Mπ + MK)/2, rather than the

reduced mass µπK used in eq. (4.29). With this choice we see that all three quantities have

the same offset.

The corresponding results for Kdf,3 are

M2
πKππKdf,3 = M2

πKππKdf,3

∣∣∣∣∣
a=0
− 6x2

π(2w′6 + w′8) , (4.44)

M2
KKKKπdf,3 = M2

KKKKπdf,3

∣∣∣∣∣
a=0
− 6x2

K(2w′6 + w′8) . (4.45)

Thus the predicted shifts are proportional to the same combination of LECs as for the

scattering lengths. In section 4.6.3, we will use these results to estimate the magnitude of

discretization effects contributing to Kdf,3.

We close with a comment on the appropriate power counting in WChPT. In the standard

power counting one takes a2Λ2
QCD ∼ M2

π/(4πF )2, and, using this, it would be inconsistent

to include NLO terms proportional M4
π/F

4, while not including discretization contributions

proportional to a3, a2M2
π , etc. Since such terms have not been calculated, however, we

simply attempt fits using the available information, namely using eqs. (4.41) to (4.45), in

which we take the continuum NLO expressions given above for the a = 0 part. In effect, we

are assuming that a2Λ2
QCD ∼M4

π/(4πF )4. We find, in section 4.6.3, that the a2 contributions

are in fact considerably smaller than the estimate from standard power counting, providing

a posteriori justification for this approach.
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4.5 Extraction of scattering parameters

In this section we discuss the extraction of scattering quantities from the energy levels ob-

tained in lattice QCD. We start by discussing the different strategies that one can use to fit

the spectrum using the quantization conditions. We then turn to the results of the fits using

different methods. Finally, we compare the different approaches and discuss what seems to

be the optimal one for this dataset.

4.5.1 Fitting strategies

In this work, we will use variations of the so-called spectrum method [164]. The main idea

is to obtain the best fit parameters by minimizing a χ2 function that depends only on some

spectral quantity X:

χ2 (~p) =
∑
ij

∆Xi(C−1)ij∆Xj, ∆Xi = Xi −XQC
i (~p) , (4.46)

where Xi is the lattice QCD result for that spectral quantity in the i-th energy level, XQC
i (~p)

represents the prediction from the finite-volume formalism assuming a certain parametriza-

tion of the K matrices with parameters ~p, and C is the covariance matrix of all the Xi

quantities, such that Cij = cov(Xi, Xj).

Several choices for the spectral quantity X are possible. While, in the limit of infinite

statistics, all should lead to the same answer, in practice some may be more advantageous.

Specifically, some choices can lead to covariance matrices with larger condition numbers, such

that the calculation of the inverse matrix appearing in eq. (4.46) may be more unstable. Some

examples for X are listed below.

1. The original energy levels obtained from lattice QCD, which are, in general, in a moving

(or “laboratory”) frame. These are denoted Elab.

2. The energy levels boosted to the center-of-mass frame (CMF), assuming the continuum

dispersion relation, i.e. ignoring possible lattice artifacts. The resulting energies are
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denoted Ecm.9 This is the choice of Ref. [132].

3. The shift with respect to the non-interacting finite-volume energy, with the latter

calculated assuming a continuum dispersion relation. This can be done either in the

lab or cm frame, yielding ∆Elab or ∆Ecm, respectively.

4. In the two-particle sector, it is also possible to use the CM momentum, q2. This is the

choice used, for example, in Ref. [144].

As we discuss in detail below, we use ∆Elab for our preferred fits.

Once the best fit parameters have been obtained by minimizing eq. (4.46), the errors of

the best fit parameters (and their covariance) need to be estimated. One possibility to do

so is to perform a separate fit on each jackknife sample, and use the results to estimate the

covariance of the parameters. While an option in the two-particle sector, present evaluations

of the predictions of the three-particle quantization condition are too slow for this approach

to be practical in general. Instead, we perform a fit only on the mean, while using the

jackknife samples to estimate the covariance matrix C of the data, and then apply the

derivative method. This method, discussed in Ref. [132], estimates the covariance between

the fit parameters pn and pm as

Vnm =
∂XQC

i

∂pn
(C−1)ij

∂XQC
j

∂pm

−1

, (4.47)

where the derivatives are evaluated numerically at the minimum of the χ2 function, χ2
min. A

very similar approach is to find the 1σ interval by finding the contour such that χ2 = χ2
min+1,

and assuming that the dependence of χ2 on ~p is quadratic. In practice, we find that these

two methods give essentially identical results, and we use them interchangeably to quote

errors in the following.

9 Above we have used the quantity E∗ to refer to the CMF energy. Here we prefer the more explicit
notation Ecm.
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Another issue to address is how to combine information from the different channels,

e.g. those with different numbers of particles. In particular, when analyzing three-particle

energies, the two-particle interaction parameters are also needed. In previous work, e.g.

in Refs. [125, 132], the approach has been to perform a combined fit to both two- and

three-particle energy levels. For example, in the pion sector, one defines a χ2 function

that combines ππ and πππ levels, and uses the covariance matrix of all levels, including

cross-correlations between two- and three-particle energies. Fits using this approach will be

referred as “fully correlated fits”. In this work, we take this approach one step further by

considering nondegenerate systems, where two different two-particle spectra are needed. For

example, for the ππK sector, we must consider also the ππ and πK levels. This leads to a

larger number of total energy levels, and one may be concerned about the reliability of the

calculation of the covariance matrix between levels. We find, in practice, that this is not an

issue in the fits done here (either for the ππK or KKπ cases), but it certainly will become a

problem eventually, as the number of channels and levels increases further. For example, we

have not attempted fully correlated simultaneous fits to the ππ, πK, KK, ππK and KKπ

levels.

Because the issue of fitting to multiple channels is a generic one in multiparticle physics,

it is worthwhile investigating alternative approaches. We consider two approaches in which

varying amounts of information about the correlations between two- and three-particle lev-

els is dropped. We can imagine these being relevant in situations where one has limited

information on correlations, because, for example, different ensembles have been used to cal-

culate two- and three-particle quantities, or the determination of the full covariance matrix

is unstable. The underlying idea here is that two-particle spectra might be able to pin down

two-particle scattering quantities sufficiently well that the three-particle spectra can be used

primarily to determine three-particle scattering quantities.

Our first alternative is to use what we refer to as a “chained fit”. Here, we first perform

a fit to the two-particle sector. Minimizing the two-body χ2 function will lead to the two-

particle best fit parameters, ~pfit
2P and their covariance. We will use these values to construct
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the chained χ2 function as:

χ2
chain (~p) =

∆~p 2P

∆ ~X3P


T cov(~p fit

2P, ~p
fit
2P) cov(~p fit

2P,
~X3P)

cov( ~X3P, ~p
fit
2P) cov( ~X3P, ~X3P)


−1∆~p 2P

∆ ~X3P

 , (4.48)

where ~p = (~p 2P, ~p 3P) is a vector that contains the two and three-particle parameters,

∆~p 2P = ~p fit
2P − ~p 2P, and ~X3P represents a specific spectral quantity for all three-particle en-

ergy levels. Note that the method requires also covariance between the three-particle energy

levels and the two-particle best-fit parameters, cov( ~X3P, ~p
fit
2P). These can be estimated using

a resampling technique, e.g., jackknife.

This approach can be further simplified by neglecting completely the off-diagonal terms

in the covariance matrix of eq. (4.48). In this case, the χ2 functions becomes:

χ2
aug (~p) = ∆ ~XT

3P

(
cov( ~X3P, ~X3P)

)−1
∆ ~X3P + ∆~p T

2P

(
cov(~p fit

2P, ~p
fit
2P)
)−1

∆~p 2P. (4.49)

This can be seen as the augmented χ2 of a “Bayesian fit”, where ~p fit
2P is the prior of those

parameters. In the context of nondegenerate spectra, a further simplification of such Bayesian

fits is possible. For example, for the ππK case, the Bayesian augmentation can include, or

not, the correlations between the fit parameters in the ππ and πK channels.

4.5.2 Fit results

In this section we present results from fitting the spectra using the two- and three-particle

quantization conditions. We begin with examples showing the impact of using the different

fitting methods described above, and then present our core new results for the parameters

describing the ππK and KKπ systems. Finally, we compare the results for the two-particle

scattering parameters (scattering length and effective range) obtained using different fits.

For every fit we need to choose a maximum value of Ecm for the levels to be included. The

quantization conditions that we use formally break down above the lowest inelastic threshold,

which for systems of pions occurs when two additional pions can be created (single-pion

production being forbidden by G-parity), while for systems involving kaons the breakdown
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occurs when only a single additional pion can be produced. The issue is discussed in detail

in Ref. [132], where it is noted that, in practice, the quantization conditions are likely to

remain applicable some distance above the nominal maximal Ecm, a conclusion supported

by the numerical results of that work. Thus, here we also work with values of Ecm that lie

above the nominal maximal, making the same choices for the 2π, 3π, 2K, and 3K channels

as in Ref. [132], and similar choices for the πK, ππK and KKπ channels.

As discussed above, we include only s- and p-wave terms in the quantization conditions,

but not d-wave terms. For two identical particles, i.e. for ππ and KK, this implies that we

must exclude from the fits levels that lie in nontrivial irreps, since such levels are only shifted

by d-wave terms (p waves being absent). For three identical particles, levels in nontrivial

irreps are shifted by s-wave terms because there can be relative angular momentum between

the dimer pair and the spectator, but these shifts are incomplete due to the absence of d-wave

terms in the dimer. Thus we also keep only πππ and KKK levels in trivial irreps in the fits.

This is different from the fits in Ref. [132], where were able to include d-wave terms, and

thus also levels in nontrivial irreps.

By contrast, for the nondegenerate channels that are of central interest here, the inclusion

of p waves implies that fits to levels in all available irreps are possible, and we include such

levels in the fits.

Comparison of fitting strategies

We begin by showing examples of the differences between results obtained by fitting to Ecm

and ∆Elab. As discussed above, the latter fits have the advantage of being to quantities that

are closer to those that are actually obtained from the lattice simulations, and are in this

sense preferable. We used Ecm fits in Ref. [132], where we studied the 3π and 3K systems,

and our aim here is to study the impact of changing to ∆Elab fits. We expect that the

latter fits will lead, in general, to larger values of χ2, but that this provides a more accurate

reflection of the goodness of fit. We recall that our fits to correlator ratios yield ∆Elaba. This

“primary” quantity is then converted to ∆Elab/M , where M is either Mπ or MK depending
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on the quantity being studied, and we use the value of M from the rest frame fit in the

corresponding jackknife sample. The “∆Elab fits” are to ∆Elab/M . When fitting to Ecm/M ,

a further conversion is needed, first from ∆Elab to Elab, and then by a boost to the rest

frame. The key point is that this conversion depends on ML, and that fluctuations in this

quantity between jackknife samples leads to an increase in the errors in Ecm/M . Thus we

expect, in general, that fitting to Ecm/M will lead to a smaller χ2, but that this reduction

is not due to having a better fit, but rather due to the errors being overestimated. What we

do not know a priori is how the results for the fit parameters will change, and that is the

focus of our investigation here.

In a few cases, the difference between Ecm and ∆Elab fits is minimal. An example is

provided by fits to the πK spectrum on the D200 ensemble, which are shown in Table 4.3.

We find good fits in both cases, leading to consistent fit parameters, although there is a

small decrease in the errors in the fit parameters when fitting to ∆Elab. Most striking is the

change in the condition number of the correlation matrix for the values of Ecm or ∆Elab. The

correlation matrix is closely related to the covariance matrix, differing by a normalization

procedure that guarantees each element of the principal diagonal is 1, and each off-diagonal

element lies in the range [−1, 1]:

corr
(
~X
)

=
(
diag

[
cov( ~X, ~X)

])− 1
2 cov( ~X, ~X)

(
diag

[
cov( ~X, ~X)

])− 1
2 . (4.50)

By providing a more natural normalization, the correlation matrix is better suited to estimate

the condition number, as it avoids issues of significantly different errors among the extracted

energies which can lead to artificially large condition numbers. The reduction in the condition

number of the correlation matrix by an order of magnitude for the ∆Elab fits implies that

the fits will be more stable. We observe a substantial reduction in the condition number in

fits to all quantities.

In most cases, however, the value of χ2 increases substantially when fitting to ∆Elab.

As a first illustration of this behavior, we show, in Table 4.4, fits to the KK spectrum

on D200. First, we note that values of χ2
ref = χ2/DOF are large in all cases, where DOF



117

Method Ecm ∆Elab

Cond. # 28630 68

χ2 28.3 31.0

DOF 26-3=23 26-3=23

Bππ
0 -13.24(64) -13.13(45)

Bππ
1 -2.51(28) -2.41(23)

P ππ
0 0.0029(13) 0.0013(7)

Table 4.3: Comparison of fitting approaches for the πK spectrum on the D200 ensemble. All

quantities are in units in which Mπ = 1. The fits are to the 26 levels lying below the cutoff

Ecm = 5Mπ = (Mπ + MK) + 1.62Mπ, and use the fit form eq. (4.17). The position of the Adler

zero is fixed to its leading order value (i.e. zπK = 1).

stands for degrees of freedom. One reason for this is that we are fitting without including

the d-wave interaction, a choice we make, as explained above, in order to have practical fits

when we consider nondegenerate three-particle systems. As an example of the impact of

this omission, we note that, were we to include a d-wave scattering length in the Ecm fit, χ2

would be reduced by about 20 [132]. Our focus here, however, is on the differences between

Ecm and ∆Elab fits, and we see that χ2 increases significantly, consistent with our general

expectation discussed above. However, we note that the fit parameters themselves change

little (BKK
1 is reduced by ∼ 2σ), and the errors are essentially unchanged.

Now we turn to examples involving three-particle spectra. The results from a joint fit to

2π and 3π levels are shown in Table 4.5, while those for 2K and 3K levels are presented in

Table 4.6. In the former table, we also include rebinned results to be discussed below.

Both tables show the same pattern as for the KK results above: there is an increase in

χ2 when using ∆Elab fits, while fit parameters and errors are largely consistent. The largest

change is for B1, which decreases by more than 2σ. The conclusions drawn in Ref. [132],
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Method Ecm ∆Elab

Cond. # 163 28

χ2 61 84

DOF 28-2=26 28-2=26

BKK
0 -2.865(49) -2.865(46)

BKK
1 -2.67(12) -2.37(11)

Table 4.4: Comparison of fitting approaches for the KK spectrum on the D200 ensemble. All

quantities are in units in which MK = 1. The fits are to the 28 levels in trivial irreps lying below

the cutoff Ecm = 2.53MK = 2MK +1.26Mπ, using the two-parameter Adler form of eq. (4.17), with

the Adler zero fixed to its leading order position (zKK = 1).

namely that Kdf,3 is significantly different from zero, and that Kiso,1
df,3 is negative, remain valid

for the ∆Elab fits. Since the fit parameters are highly correlated, one cannot judge the

significance of a nonzero Kdf,3 from the tables alone; using the full covariance matrices we

find this to be 7.0σ and 4.4σ for the Ecm and ∆Elab fits to ππ+πππ, while the corresponding

results for the KK +KKK fits are 6.4σ and 4.5σ, respectively. Thus the significance of the

nonzero Kdf,3 is somewhat reduced, but remains high.

In the remainder of this section we only consider fits to ∆Elab. Our first task is to compare

the results of fits using the different choices for χ2 described in section 4.5.1 above. We do

so only for the ππ + πK + ππK fits, on ensemble D200, as the pattern we find is the same

in all other fits.

In Table 4.7 we compare the results when using (a) the standard choice of χ2, given in

eq. (4.46), (b) chained fits, using the χ2 from eq. (4.48), and (c) Bayesian fits using the χ2

given in eq. (4.49). (The final column will be discussed in section 4.5.2 below.) We recall

that there are two types of Bayesian fits, depending on whether one keeps the correlations

between the results of the parameters for the ππ and πK fits, or not. We find little difference
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Method Ecm ∆Elab ∆Elab, rebin2

Cond. # 1681 744 717

χ2 94 130 143

DOF 27+27-4=50 27+27-4=50 27+27-4=50

Bππ
0 -4.88(9) -4.87(9) -4.86(8)

Bππ
1 -2.27(11) -1.90(9) -1.91(9)

K0 240(220) 500(210) 310(180)

K1 -1700(330) -1400(340) -1100(320)

Table 4.5: Fits to the ππ+ πππ spectrum on ensemble N203. All quantities are in units in which

Mπ = 1. We use cutoffs of Ecm = 3.46Mπ and 4.46Mπ respectively from the ππ and πππ spectra,

and fit only to levels in trivial irreps, leading to 27 levels for each channel. In the two-particle

channel, the fit model used is the Adler zero form given in eq. (4.17), with the Adler zero fixed to

its leading order position (zππ = 1). The fit model used in the three-particle channel includes only

the K0 and K1 terms of eq. (4.23).

in the results of these two approaches, and present results only for the latter.

The standard fit is to a total of 69 levels,10 using 9 parameters. This is a challenging

fit, but we see no signs of numerical instability in the calculation of χ2. Indeed, the main

challenge is finding the minimal χ2 with a large number of parameters, and our minimizer

takes ∼ 103 iterations to converge. In all cases we have checked the fits by repeating them

with different initial conditions, and by using three independent codes. The final χ2 is high,

but a large part of this arises from the fit to the ππ sector, where a fit to the 22 levels alone

leads to χ2 ≈ 52 due to the absence of d-wave terms (as discussed above in the context of

KK fits). In addition, we have seen above that moving from Ecm fits to ∆Elab fits leads to

10We note here that one level (the second level in the A2(8) irrep) shows ∼ 3σ fluctuations due to the
choice of GEVP parameters. We opt to keep it in the fit, but have checked that removing this level from
the fit barely impacts the best fit parameters in Table 4.7.
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Method Ecm ∆Elab

Cond. # 7075 4044

χ2 92 118

DOF 28+26-4=50 28+26-4=50

BKK
0 -2.89(4) -2.91(4)

BKK
1 -2.58(13) -2.29(11)

K0 -880(900) -240(920)

K1 -10000(3500) -8300(3600)

Table 4.6: Fits to the KK + KKK spectrum on ensemble D200. All quantities are in units in

which MK = 1. We use cutoffs of Ecm = 2.53MK = 2MK + 1.26Mπ and 3.53MK = 3MK + 1.26Mπ

for the KK and KKK spectra, respectively, leading to 28 and 26 levels in the trivial irreps. In the

two-particle channel, the fit model used is the Adler zero form given in eq. (4.17), with the Adler

zero fixed to its leading order position (zKK = 1). The fit model used in the three-particle channel

includes only the K0 and K1 terms of eq. (4.23).

increased χ2.

The large number of levels that must be fit motivates investigating the alternatives pro-

vided by using chained and Bayesian fits. We stress that the values of χ2 in the three fits

cannot be compared. A rough comparison can be obtained by adding to the χ2 for fits

(b) and (c) the values of the χ2 from the individual ππ and πK fits, which are 52 and 31,

respectively, leading to total values of ∼ 115 for fits (b) and (c). However, this ignores the

impact on the χ2 in fit (a) of including the full correlations between the levels.

Comparing the results, we see that the central values for all two-particle scattering pa-

rameters are very similar, and have essentially the same errors, in all three fits. By contrast,

while the values of the three-particle parameters are consistent within errors, those errors are

significantly larger for the chained fit than the standard fit, and larger still for the Bayesian
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Fit (a) Standard (b) Chained (c) Bayesian (d) Standard∗

Cond. # 2027 792 670 1881

χ2 129 32 31 112

DOF 22+26+21-9=60 21+5-9=17 21+5-9=17 22+16+21-9=50

Bππ
0 -11.7(6) -11.5(6) -11.3(6) -11.5(6)

Bππ
1 -2.4(4) -2.5(4) -2.4(4) -2.5(4)

BπK
0 -13.0(4) -13.2(4) -13.1(4) -12.9(4)

BπK
1 -2.58(20) -2.43(21) -2.45(23) -2.8(3)

P πK
0 0.0010(6) 0.0017(7) 0.0014(7) 0.0007(6)

K0 220(70) 500(200) 650(310) 190(80)

K1 -620(340) -300(500) -70(620) -690(340)

KB 140(640) -500(1100) -500(1200) 160(650)

KE 290(410) 1200(800) 2200(1400) 170(420)

Table 4.7: Fits to the ππ + πK + ππK spectrum on ensemble D200, using ∆Elab. All quantities

are in units in which Mπ = 1. For the first three columns, we use cutoffs Ecm = 3.74Mπ, 5Mπ =

(Mπ + MK) + 1.62Mπ, and 5.4Mπ = (2Mπ + MK) + 1.02Mπ for the ππ, πK and ππK channels,

respectively, leading to 22, 26 and 21 levels. For fit (d), the cutoff for the πK spectra is reduced

to 4.64Mπ = (Mπ + MK) + 1.26Mπ, so that there are 16 πK levels. In the two-particle channel,

the fits use the functions of eq. (4.17) and eq. (4.22), with the ππ and πK Adler zeros fixed to

their lowest-order values. The fit model used in the three-particle channel is given by eq. (4.23).

In fits (b) and (c), the number of DOF is given by the number of levels (21) plus the number of fit

parameters in the ππ + πK fits (2+3), minus the number of parameters fit (9).
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fit. In other words, the information on correlations between levels that is lost when using

“sequential” fits makes it harder to pin down the (already challenging) three-particle param-

eters. It is thus no surprise that the significance of the nonzero Kdf,3 is reduced when moving

from the standard fit to the chained and Bayesian fits: it is 3.4σ, 2.4σ and 2.8σ, respectively

for the three fits.

A similar pattern is observed for all other channels, and thus we conclude that standard

fits are clearly preferable if they are possible, as is the case here. We use only standard fits

for our central results to be presented shortly.

The final issue that we address in this subsection is whether to rebin the results on

the D200 ensemble. As discussed above, the results on the D200 ensemble are rebinned by

Nrebin = 3, leading to 771 jackknife samples. As discussed in Ref. [132], this rebinning is

useful to account for autocorrelations, and indeed the errors in the energy levels increase as

one increases the rebinning factor. However, for N203, where we have only 666 configurations,

rebinning can lead to unstable fits when the number of samples becomes too close to the

number of levels being considered. We have tested this in several cases, two examples being

given in Table 4.5 above and Table 4.8 below. What we find is that the fits are stable for

both Nrebin = 2 or 3, that they lead to essentially the same results for all fit parameters,

with no change in errors, but that χ2 increases significantly (as do the condition numbers).

We interpret these results as indicating that any autocorrelations have minimal effect on

the scattering parameters, while the reduction in the number of samples leads to less well

conditioned fits. Thus we choose to use no rebinning for our central fits N203. The choice

of using Nrebin = 3 for D200 is, therefore, conservative.

Fits to nondegenerate channels

As noted above, our central values are obtained from fits to ∆Elab, using the standard, fully-

correlated χ2, and without rebinning on ensemble N203. Results for ππ + πK + ππK are

shown in Table 4.7 (above) and Table 4.8, while those for KK + πK + KKπ are shown in

Table 4.9 and Table 4.10.
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Fit 72 level 82 level 82 level, rebin 2

Cond. # 612 834 985

χ2 117 119 155

DOF 27+19+26−9 = 63 27+19+36−9 = 73 27+19+36−9 = 73

Bππ
0 -5.05(10) -5.05(10) -5.01(10)

Bππ
1 -1.77(9) -1.78(9) -1.82(9)

BπK
0 -5.40(11) -5.39(11) -5.39(11)

BπK
1 -1.88(17) -1.89(17) -1.80(16)

P πK
0 0.005(4) 0.006(4) 0.007(4)

K0 -250(160) -240(150) -380(160)

K1 -1400(600) -1300(600) -1080(580)

KB 1100(800) 990(740) 1020(680)

KE -3300(1000) -3200(1000) -3200(1000)

Table 4.8: ∆Elab fits to the ππ + πK + ππK spectrum on ensemble N203. All quantities are in

units in which Mπ = 1. In all fits, the cutoffs for ππ and πK are Ecm = 3.464Mπ = 2Mπ+1.464Mπ

and 3.4Mπ = (Mπ + MK) + 1.12Mπ, corresponding to 27 and 19 levels, respectively. For the first

column, the cutoff for ππK is 4.1Mπ = (2Mπ+MK)+0.82Mπ, while for the remaining two columns

it is 4.3Mπ = (2Mπ +MK) + 1.02Mπ, corresponding to 26 and 36 levels, respectively. In the two-

particle channel, the fits are to eq. (4.17) and eq. (4.22) with ππ and πK Adler zeros fixed to their

lowest-order values. The fit model used in the three-particle channel is given by eq. (4.23).
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Fit ADLER2 ADLER3 ERE3

Cond. # 10200 10200 10200

χ2 163 162 161

DOF 28+ 16+29−9 = 64 28+ 16+29−10 = 63 28+ 16+29−10 = 63

BKK
0 -2.90(4) -3.55(78) -2.87(4)

BKK
1 -2.32(11) -1.95(45) 1.40(25)

z2
KK/B

KK
2 1 (fixed) 0.76(28) -1.25(38)

BKπ
0 -2.44(7) -2.42(7) -2.41(7)

BKπ
1 -2.18(31) -2.28(32) -2.28(32)

PKπ
0 0.027(8) 0.027(8) 0.027(8)

K0 180(270) 170(270) 150(270)

K1 -6600(1700) -6800(1700) -6800(1700)

KB 2800(1300) 2800(1300) 2900(1200)

KE -5700(3800) -5900(3700) -6000(3700)

Table 4.9: ∆Elab fits to the KK + πK + KKπ spectrum on ensemble D200. All quantities

are in units in which MK = 1. Note that this means that BKπ
0 differs from BπK

0 in Table 4.7

by powers of (Mπ/MK), and similarly for other parameters. Cutoffs are given by Ecm = 2.53MK ,

1.95MK = (MK+Mπ)+1.26Mπ, and 2.832MK = (2MK+Mπ)+0.98Mπ for the KK, πK and KKπ

channels, respectively, corresponding to 28, 16, and 29 levels, respectively. In the KK channel, the

ADLER2 and ADLER3 fits use eq. (4.17), with the Adler zero fixed to its leading-order position

for the former fit and allowed to vary for the latter, while the ERE3 fit uses eq. (4.20). In all three

fits the πK channel is fit using the ADLER2 form for the s-wave K matrix and eq. (4.22) for the p

wave, while the fit model used in the three-particle channel is given by eq. (4.23).
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Fit ADLER2 ADLER3 ERE3

Cond. # 770 770 770

χ2 181 173 187

DOF 23+19+32−9 = 65 23+19+32−10 = 64 23+19+32−10 = 64

BKK
0 -3.41(5) -2.8(2) -3.39(5)

BKK
1 -2.08(8) -2.39(13) 2.20(15)

z2
KK/B

KK
2 1 (fixed) 1.19(6) -1.53(13)

BKπ
0 -3.25(8) -3.31(8) -3.24(8)

BKπ
1 -2.17(19) -2.07(19) -2.18(19)

PKπ
0 0.018(8) 0.020(8) 0.021(8)

K0 170(300) 260(310) 90(310)

K1 -3900(1700) -3900(1700) -3400(1700)

KB 3500(1600) 3500(1600) 3500(1700)

KE -1100(2000) -400(2000) -100(2100)

Table 4.10: ∆Elab fits to the KK + πK + KKπ spectrum on ensemble N203. All quantities

are in units in which MK = 1. Note that this means that BKπ
0 differs from BπK

0 in Table 4.8

by powers of (Mπ/MK), and similarly for other parameters. Cutoffs are given by Ecm = 2.9MK ,

2.66MK = (MK+Mπ)+1.12Mπ, and 3.521MK = (2MK+Mπ)+0.95Mπ for the KK, πK and KKπ

channels, respectively, corresponding to 23, 19, and 32 levels, respectively. For the KK channel,

only the ground state in the frame with d2 = 9 is kept. In the KK channel, the ADLER2 and

ADLER3 fits use eq. (4.17), with the Adler zero fixed to its leading-order position for the former

fit and allowed to vary for the latter, while the ERE3 fit uses eq. (4.20). In all three fits the πK

channel is fit using the ADLER2 form for the s-wave K matrix and eq. (4.22) for the p wave, while

the fit model used in the three-particle channel is given by eq. (4.23).
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For the ππ+ πK + ππK fits we show examples of the results of fitting to different levels.

Table 4.7 compares our “standard” fit, in the first column, with an alternative, in the final

column, in which the cutoff on the πK levels is reduced from 0.62Mπ above the inelastic

threshold (2Mπ + MK) to 0.26Mπ above this threshold. The fits are of similar quality and

give consistent results, and errors, for all parameters, indicating that our more aggressive

cutoff is acceptable. Table 4.8 compares using a cutoff below the inelastic threshold for the

ππK channel (72 level fit) to one slightly above this threshold (82 level fit). Here we are

investigating whether fits to 82 levels are stable, and we find that they are. The results

from the two fits are consistent within errors, and we use the results from the 82-level fit

henceforth.

For the KK + πK + KKπ fits we show comparisons between different fit choices.11 In

Ref. [132] it was observed that theKK interactions were slightly better described on the D200

ensemble (for which the kaon is heavier) if, compared to our standard two-parameter Adler-

zero fit, one either allowed the position of the Adler zero to float, or used a three-parameter

ERE fit. Thus we have done all three fits for both ensembles and compare the results in

the tables. Freeing the position of the Adler zero leads to no significant improvement in

χ2
ref on D200, but a mild improvement on N203. Switching to an ERE fit, leads to a slight

improvement on D200, but a worse fit on N203. Results for the πK and KKπ fit parameters

are essentially unchanged.

One of our major aims is to study how well three-particle interactions can be determined

by using a large collection of energy levels. As can be seen from the tables, the significance

of the nonzero values for individual terms in Kdf,3 varies, with the most significant parameter

being K1 on the D200 ensemble. The significance of the entire Kdf,3 being nonzero, including

the correlations between the parameters, is 3.4σ and 3.6σ for the ππ + πK + ππK standard

fits on the D200 and N203 ensembles, respectively, and 5.0σ and 2.4σ for these ensembles in

11Note that in the KK + πK + KKπ case we fit to ∆Elab/MK rather than to ∆Elab/Mπ, as in the
ππ + πK + ππK fits. This makes a small difference as there are fluctuations of the single-particle masses
between jackknife samples.
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the KK + πK +KKπ fits.

Visualization of fits

We have shown several global views of the fits in figures B.1 to B.3 and 4.2, which illustrate

that the fits match the spectrum well both in the fit range and also above the nominal

inelastic threshold. To investigate this more carefully, we need to zoom in and show results

for the quantities ∆Elab to which we actually fit. This is the purpose of this section.

We focus first on the KK+πK+KKπ fit on the D200 ensemble, as this is the fit for which

both Kdf,3 and P0 are determined to be nonzero with the greatest significance. Specifically,

we consider the ADLER3 fit to 73 levels in Table 4.9. In the upper panel of figure 4.3 we

compare the results for ∆Elab from our simulations to those obtained using the quantization

condition with the best fit parameters. The latter is shown by the red dots just above each

of the data points. We see that the shifts are small (of order 1% of MK), but are determined

with errors ranging from a few percent to 10 − 15%. We note that all levels, whether in

trivial or nontrivial irreps, are shifted by the same order of magnitude. This differs from the

situation with the two particle spectrum, as will be seen below, and is due to the fact that

the two-particle K matrix, K2, contributes to all irreps. Indeed, as is well known, and was

clearly seen in Ref. [132], the dominant physical effect leading to these energy shifts is the

two-particle interaction, and it is nontrivial to determine the subdominant contribution of

Kdf,3. To illustrate the impact of Kdf,3, we also show, as blue squares, the results predicted by

the quantization condition if we set Kdf,3 = 0 while keeping all other parameters unchanged.

The shifts in the levels are small, reaching the size of the error bars in the data only for the

higher energy levels. From this figure alone, it would appear that there is little chance of

determining Kdf,3, but this is misleading because all levels are correlated, and the fit includes

not only these 29 levels, but also the 28 K+K+ and 16 K+π+ levels. One illustration of the

claim that the nonzero value of Kdf,3 leads to a significant improvement in the fit is that χ2

increases from 162 to 188 when Kdf,3 is turned off.

We also include, using orange triangles, the result of turning off the p-wave πK scattering
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Figure 4.3: Comparison of values for ∆Elab/MK to the predictions of various fits for K+K+π+

levels on D200. The upper panel shows 29 levels included in the fits, while the lower panel shows

eight that lie above our maximal Ecm and are thus not included in the fits. Level are denoted by

their irrep, followed in parenthesis by the value of total momentum-squared parametrized by d2
ref ,

with the subscript indicating the level number for the given irrep and total momentum, starting at

0. Above each data point we show, using red dots, blue squares, and orange triangles, respectively,

the fit values from the ADLER3 fit of Table 4.9, the values predicted by the quantization condition

if Kdf,3 = 0 but all other parameters are unchanged, and the values predicted if P0 = 0 with all

other parameters unchanged.
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amplitude by setting P0 = 0, with all other parameters unchanged from the ADLER3 fit.

This changes the levels by an amount that is typically smaller than that caused by setting

Kdf,3 to zero.

We next investigate how the fit works for the levels that are not included in the fit, because

they lie above the maximal CMF energy, Ecm = (2MK +Mπ)+0.98Mπ. These levels thus lie

at or above the inelastic threshold. We have determined eight of them, and the comparison

of their lab shifts to the ADLER3 fit is shown in the lower panel of figure 4.3, along with the

predictions if Kdf,3 or P0 are set to zero. The values of the shifts are comparable to those for

the fitted levels, and we see that the fit continues to work at a similar level of accuracy even

in the inelastic regime.

We next display the corresponding results for the K+π+ channel in the same fit. These

are shown in figure 4.4: the upper panel shows 16 levels that are included the fit, and the

lower panel shows 10 that are not. We recall from Table 4.9 that the cutoff for the fit lies

at Ecm = (MK + Mπ) + 1.26Mπ in this channel, and thus lies slightly above the inelastic

threshold. Since two-particle levels do not depend on Kdf,3, we show only the impact of

setting P0 to zero.

For the trivial irreps, the situation is similar to that for the KKπ levels: the fit works well,

and continues to do so in the inelastic regime. The shifts due to the nonzero P0 are small,

although they increase for the higher-lying levels. The levels in nontrivial irreps, however, are

shifted only by the p-wave interactions (as can be seen by the fact that the yellow triangles

lie at ∆Elab = 0. This is as expected based on group-theoretical considerations. For some

of these levels, there is evidence that the energy shift is negative, and it is this that leads to

the result that the scattering length is slightly attractive.

The situation for the other fits and ensembles is qualitatively similar, and we do not show

the corresponding plots for these other cases.
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Figure 4.4: Same as for figure 4.3 except for the π+K+ levels in the ADLER3 KK + πK +KKπ

fits. The upper panel shows the 16 levels included in the fit, while the lower panel shows 10 levels

lying above our maximal Ecm and which thus are not included in the fit.
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Derived results for two-particle scattering quantities

In this section we collect the results for the scattering lengths and effective ranges for ππ, πK

and KK scattering. These quantities are obtained from the fits presented above, and from

additional fits to the following systems: ππ alone, ππ + πππ, KK alone, and KK +KKK.

We stress that these additional fits are different from those presented in Ref. [132], as here

we fit to ∆Elab, rather than Ecm. Our overall aim in this section is to compare the results,

and in particular the errors, obtained by using fits to different sets of levels. We discuss the

chiral behavior of these results in the following section.

One of the methods used here is to determine the scattering length from the 1/L expansion

of the energy shift of the ground state (i.e. for which the noninteracting state has all particles

at rest). For two nondegenerate scalars the result is [165]

∆E(2)
g.s. = 2πa0

µ12L3

[
1− I a0

πL
+ (I2 − J )

(
a0

πL

)2
+O(1/L3)

]
, (4.51)

where µ12 is the reduced mass of the pair, a0 the corresponding scattering length, and the

constants are [102]

I = −8.91363291759 , J = 16.532315960 . (4.52)

For three degenerate particles of mass M the result is [102]

∆E(3)
g.s. = 12πa0

ML3

[
1− I a0

πL
+ (I2 + J )

(
a0

πL

)2
+O(1/L3)

]
. (4.53)

We observe that the first two orders are a factor of 3 larger for three particles than for two

particles, reflecting the number of two-particle pairs. This implies an increased sensitivity

to a0 in the three-particle channel.

The above-described truncated 1/L expansions of the ground state energy shifts are

sometimes used to determine scattering lengths from two-particle energy shifts (see, e.g.,

Ref. [166]). Truncation at the 1/L5 term is needed to have a one-to-one relation between the

energy shift and a0, since the 1/L6 terms include the effective range and, for three particles,

also a subtracted version of the three-particle amplitude at threshold [167]. Thus, in this
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approach, one must proceed by assuming the 1/L6 term is numerically small, and then

estimate the resulting systematic error due to truncation [166]. Here our interest is less in

the central value obtained in this fashion, but rather in the size of the error obtained in this

method compared to those from global fits.

Fit Bππ
0 Bππ

1 χ2/DOF Mπa
ππ
0 M2

πa
ππ
0 rππ0

ADLER2 fits

ππ + πππ -11.5(6) -2.4(4) 74/37 0.0869(47) 2.587(86)

ππ + πK + ππK -11.5(6) -2.5(4) 112/50 0.0869(45) 2.561(84)

ππ (22 levels) -11.6(7) -2.3(4) 52/20 0.0862(50) 2.604(90)

ππ (12 levels) -11.5(8) -3.0(7) 25/10 0.0873(60) 2.48(15)

Fitting ground-state energy shift to 1/L expansion

πππ N/A N/A N/A 0.0885(76) N/A

ππ N/A N/A N/A 0.0816(76) N/A

Ecm ADLER2 fit, including d waves [132]

ππ + πππ (Ecm) N/A N/A N/A 0.0859(41)(28) 2.62(8)(26)

Table 4.11: Comparison of ππ scattering parameters from different fits to ∆Elab on the D200

ensemble, using units in which Mπ = 1. The ππ + πππ fits are to 22 ππ and 19 πππ levels, all

in trivial irreps, with cutoffs at Ecm = 3.74 and 4.74, respectively (the same values as used in

Ref. [132]). The ππ + πK + ππK fits are from Table 4.7 (59 level fit). The next two rows give the

results of fits to the ππ data alone, with cutoff for the two fits being Ecm = 3.74Mπ and 3.0Mπ,

respectively. The next block of two rows give the results obtained using the ground-state energy

shifts alone, as described in the text. The final row gives the results from Ref. [132] from Ecm fits,

with the first error being statistical and the second a systematic error due to the variation between

fits.

We begin with results for ππ scattering, which are shown in Table 4.11 and Table 4.12,

respectively, for the D200 and N203 ensembles. These include the results of the core fits
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Fit Bππ
0 Bππ

1 χ2/DOF Mπa
ππ
0 M2

πa
ππ
0 rππ0

ADLER2 fits

ππ + πππ -4.87(9) -1.9(9) 130/50 0.2052(38) 2.222(46)

ππ + πK + ππK -5.05(10) -1.78(9) 119/73 0.1981(39) 2.296(45)

ππ (27 level) -4.94(11) -1.83(9) 66/25 0.2024(44) 2.258(51)

ππ (16 level) -4.87(11) -2.00(15) 19/14 0.2055(48) 2.178(74)

Fitting ground-state energy shift to 1/L expansion

πππ N/A N/A N/A 0.2125(56) N/A

ππ N/A N/A N/A 0.2095(54) N/A

Ecm ADLER2 fit, including d waves [132]

ππ + πππ (Ecm) N/A N/A N/A 0.2059(34)(21) 2.15(5)(12)

Table 4.12: Comparison of ππ scattering parameters from different fits to ∆Elab on the N203

ensemble, using units in which Mπ = 1. The πππ fits are from Table 4.5, while those for ππK fits

are from Table 4.8. The next two rows give results from fits to the ππ data alone, using cutoffs

Ecm = 3.436Mπ (which is the same as that used in the ππ + πππ and ππ + πK + ππK fits) and

3.0Mπ. The next block of two rows give the results obtained using the ground-state energy shifts

alone, as described in the text. The final row gives the results from Ref. [132] from Ecm fits, with

the first error being statistical and the second a systematic error due to the variation between fits.

presented above, as well as those to different numbers of ππ levels, and the results of fitting

the truncated 1/L expansions to the ground-state energy shifts. We see that all central

values are consistent within 1− 2σ, including results obtained from in Ref. [132] using Ecm

fits. Our focus here is on a comparison of the errors. In particular, we want to know if

anything is gained by increasing the number of levels in the fits, i.e. moving from a single

level (in the ground-state-only fits), to the ππ levels alone, and finally to the fits involving

two- and three-particle levels. Our results indicate that, for the scattering lengths, the errors

decrease slightly as the number of levels in the fit increases. This trend is what we would have
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naively expected, but the size of the change is relatively small. We attribute this smallness

to the fact that the higher levels constrain the phase shift at values away from threshold, and

because of the strong correlations between two- and three-particle levels. A similar pattern

is observed for the errors in a0r0.

In light of this discussion, in the chiral fits below we will take the values from the fits

involving two- and three-particle levels. Specifically, we use the ππ + πK + ππK fits, since

the χ2
ref of this fit is significantly smaller on the N203 ensemble, while the values and errors

are essentially the same as those from the ππ + πππ fits on D200.

We next turn to the results for KK scattering parameters, which are collected in Ta-

ble 4.13 and Table 4.14. Here we also show results with the ADLER3 and ERE3 choices for

the KK phase shift, as these can lead to improved fits, as noted above. For a given choice of

fit type, the sizes of the errors follow a similar pattern to those for ππ scattering, with those

from fits involving two and three particles being smallest. As expected, errors increase for

the fits in which the KK phase shift is described with three parameters.

All fits using ∆Elab lead to consistent results for aKK0 . Additionally, these fits are consis-

tent with those using Ecm at the . 2σ level. There is, however, much more variation in the

results for aKK0 rKK0 .

Finally, in Table 4.15 and Table 4.16, we present results for πK scattering parameters.

In both cases we show results with two choices of Ecm cutoff for the πK fits: the 16-level fit

with excellent χ2
ref and the more aggressive 32-level fit with slightly poorer fit quality. The

results for P πK
0 , aπK0 and rπK0 are consistent within 1− 2σ. The pattern of the sizes of errors

is consistent with that described above.
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Fit BKK
0 BKK

1 z2
KK/B

KK
2 χ2/DOF MKa

KK
0 M2

Ka
KK
0 rKK0

ADLER2

KK+KKK -2.91(4) -2.29(11) N/A 118/50 0.3438(50) 1.43(9)

KK+πK+KKπ -2.90(4) -2.32(11) N/A 163/64 0.3444(48) 1.40(9)

KK (28) -2.87(5) -2.37(11) N/A 84/26 0.3489(56) 1.34(10)

KK (15) -2.84(5) -2.50(18) N/A 25/13 0.3521(62) 1.24(15)

Fitting ground-state energy shift to 1/L expansion

KKK N/A N/A N/A N/A 0.3541(83) N/A

KK N/A N/A N/A N/A 0.3531(83) N/A

ADLER3

KK+KKK -3.4(8) -2.0(5) 0.8(3) 117/49 0.3467(62) 1.20(29)

KK+πK+KKπ -3.6(8) -2.0(5) 0.8(3) 162/63 0.3478(58) 1.14(27)

KK (28 levels) -3.3(8) -2.2(5) 0.9(3) 84/25 0.3512(69) 1.17(32)

KK (15 levels) -2.6(1.2) -2.7(8) 1.1(4) 25/12 0.3515(71) 1.31(48)

ERE3

KK+KKK -2.88(5) 1.47(25) -1.32(38) 116/49 0.3472(57) 1.02(17)

KK+πK+KKπ -2.87(4) 1.40(25) -1.25(38) 161/63 0.3486(54) 0.98(16)

KK (28 levels) -2.84(5) 1.35(29) -1.25(44) 84/25 0.3524(65) 0.95(19)

KK (15 levels) -2.84(5) 1.65(41) -2.4(1.0) 24/12 0.3518(67) 1.16(27)

Ecm fit, ADLER3, including d waves [132]

KK+KKK N/A N/A N/A N/A 0.3648(59)(29) 0.77(24)(23)

Table 4.13: Comparison of KK scattering parameters from different fits to ∆Elab on the D200

ensemble, using units in which MK = 1. The exception is the final line, which is a fit to Ecm

from Ref. [132]. Blocks are divided according to the form of the fit function used for the KK

phase shift, as discussed in the text. Note that the meaning of the entry in the z2
KK/B

KK
2 column

depends on which fit function is used: it is z2
KK in the ADLER3 block and BKK

2 in the ERE3

block. KK + πK + KKπ fits are the same as those in Table 4.9. KK + πK + KKπ fits are the

same as those in Table 4.10. The ADLER2 KK + KKK fit is the same as that in Table 4.6; the

ADLER3 and ERE3 KK +KKK fits use the same set of energy levels.
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Fit BKK
0 BKK

1 z2
KK/B

KK
2 χ2/DOF MKa

KK
0 M2

Ka
KK
0 rKK0

ADLER2

KK+KKK -3.38(4) -2.12(7) N/A 153/42 0.2959(37) 1.75(5)

KK+πK+KKπ -3.41(5) -2.08(8) N/A 181/65 0.2931(39) 1.78(6)

KK (23 levels) -3.36(5) -2.14(8) N/A 90/21 0.2973(42) 1.73(6)

Fitting ground-state energy shift to 1/L expansion

KKK N/A N/A N/A N/A 0.3060(51) N/A

KK N/A N/A N/A N/A 0.3022(54) N/A

ADLER3

KK+KKK -2.72(19) -2.45(12) 1.21(6) 144/41 0.2896(43) 2.28(20)

KK+πK+KKπ -2.81(20) -2.39(13) 1.19(6) 173/64 0.2872(45) 2.26(20)

KK (23 levels) -2.75(21) -2.47(13) 1.20(7) 88/20 0.2926(49) 2.18(21)

ERE3

KK+KKK -3.32(4) 1.94(13) -1.33(12) 175/41 0.3008(39) 1.17(7)

KK+πK+KKπ -3.39(5) 2.20(15) -1.53(13) 187/64 0.2953(41) 1.30(7)

KK (23 levels) -3.33(5) 2.04(17) -1.40(14) 96/20 0.2999(46) 1.22(8)

Ecm fit, ADLER3, including d waves [132]

KK+KKK N/A N/A N/A N/A 0.3012(44)(18) 1.92(19)(41)

Table 4.14: Comparison of KK scattering parameters from different fits to ∆E.lab on the N203

ensemble, using units in which MK = 1. The exception is the final line which is a fit to Ecm from

Ref. [132]. Blocks are divided according to the form of the fit function used for the KK phase shift,

as discussed in the text. Note that the meaning of the entry in the z2
KK/B

KK
2 column depends on

which fit function is used: it is z2
KK in the ADLER3 block and BKK

2 in the ERE3 block. The KK

and KKK fits use cutoffs of 2.9EK and 3.9MK , respectively, keeping only levels in trivial irreps,

and discarding all but the lowest d2 = 9 level in the KK channel. This leads to 23 levels in both

channels.
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Fit BπK
0 BπK

1 P πK
0 χ2/DOF Mπa

πK
0 Mπa

πK
0 rπK0

ππ+πK+ππK -12.9(4) -2.8(3) 0.0007(6) 112/50 0.110(3) 1.154 (53)

KK+πK+KKπ -13.7(4) -2.3(3) 0.0020(6) 162/63 0.103(3) 1.263(54)

πK (16 level) -13.1(5) -2.5(3) 0.0012(7) 15/13 0.107(4) 1.217(62)

πK (26 level) -13.1(5) -2.4(2) 0.0013(6) 31/23 0.107(4) 1.229(45)

Fitting ground-state energy shift to 1/L expansion

πK N/A N/A N/A N/A 0.106(5) N/A

Table 4.15: Comparison of πK scattering parameters from different fits on the D200 ensemble,

using units in which Mπ = 1. All fits use the ADLER2 + ERE1 form for the πK phase shift. The

first row gives the results from the 59-level fit in Table 4.7, while the second gives the result from the

ADLER3-KK fit in Table 4.9, with the latter converted to units in which Mπ = 1. The next two

give the results of fits to the πK data alone, The cutoff energies for the these fits are, respectively,

Ecm = 3.64Mπ and 5.0Mπ, with the former also used for the πK channel in the ππ + πK + ππK

and KK + πK +KKπ fits. The final row shows the result of fitting the ground-state energy shift

to the 1/L expansion.
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Fit BπK
0 BπK

1 P πK
0 χ2/DOF Mπa

πK
0 M2

πa
πK
0 rπK0

ππ+πK+ππK -5.39(11) -1.89(17) 0.006(4) 119/73 0.208(4) 1.693(74)

KK+πK+KKπ -5.40(13) -2.07(19) 0.010(4) 173/64 0.208(5) 1.630(83)

πK (19 level) -5.42(15) -2.07(21) 0.004(4) 21.1/16 0.207(6) 1.630(94)

πK (36 level) -5.45(15) -2.02(21) 0.002(3) 36.1/33 0.206(6) 1.653(80)

Fitting ground-state energy shift to 1/L expansion

πK N/A N/A N/A N/A 0.213(7) N/A

Table 4.16: Comparison of πK scattering parameters from different fits on the N203 ensemble,

using units in which Mπ = 1. All fits use the ADLER2 + ERE1 form for the πK phase shift.

The first row gives the results from the 82-level fit in Table 4.8, while the second gives the result

from the ADLER3-KK fit in Table 4.10, with the latter converted to units in which Mπ = 1.

The next two rows give the results of fits to the πK data alone, using cutoff energies 3.4Mπ and

4.3Mπ, respectively, with the former also used for the πK channel in the ππ + πK + ππK and

KK + πK + KKπ fits. The final row shows the result of fitting the ground-state energy shift to

the 1/L expansion.
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4.6 Discussion of results

In this section, we present and discuss our final results for different two- and three-meson

scattering quantities. First, in section 4.6.1, we provide our final numbers for these quantities

by combining results from different fits. Then, in section 4.6.2, we compare these numbers

to expectations and predictions from ChPT. Finally, in section 4.6.3, we discuss the size of

discretization errors, based on the LO Wilson-ChPT results presented above.

4.6.1 Final results for scattering parameters

In section 4.5.2, we have presented results for the two- and three-meson scattering parameters

using different fit forms and strategies. While we find overall consistency, it is useful to have

a set of final results that contain both statistical uncertainties as well an estimate of the

systematic spread due to different fit forms. Note that we always use lab-frame shift fits for

this set of final results.

We first consider two-particle parameters. Results for scattering lengths and for the

combination MXa
XY
0 rXY0 are given in Table 4.17 and Table 4.18, respectively. In each case,

the central values are obtained by averaging the results from a pair of three-particle fits

(which pair will be explained shortly), and include a systematic error that is obtained from

the spread of the fit results (and which we call the “fit systematic”). For the ππ case, the

central values are the average of those from fits to ππ + πππ and ππ + πK + ππK—see

Tables 4.11 and 4.12—while the fit systematic is the standard deviation obtained from the

two results. For the πK case, the same procedure is used but now taking the ππ+πK+ππK

and KK + πK + KKπ fit results from Tables 4.15 and 4.16. For the KK case, the central

value and statistical error are obtained using the same procedure but taking the KK+KKK

and KK + πK +KKπ fits obtained using the ADLER3 parametrization for the KK phase

shift from Tables 4.13 and 4.14. The fit systematic is given by the standard deviation of

the results from these two fits together with those obtained with the ADLER2 and ERE3

parametrizations (six fits in total). In all cases, we take the largest of the statistical errors
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when combining results.

Ensemble Mπa
ππ
0 Mπa

πK
0 MKa

KK
0 P πK

0 = −M3
πa

πK
1

D200 0.0869(47)(0) 0.107(3)(5) 0.3473(62)(19) 0.0014(6)(9)

N203 0.2017(39)(50) 0.208(5)(0) 0.2884(45)(48) 0.008(4)(3)

Table 4.17: Final results for s- and p-wave scattering lengths obtained by combining fits in

section 4.5.2, as explained in the text. The errors are respectively statistical and systematic, with

the latter obtained from variations between fits.

Ensemble M2
πa

ππ
0 rππ0 M2

πa
πK
0 rπK0 M2

Ka
KK
0 rKK0

D200 2.574(86)(18) 1.209(54)(77) 1.17(29)(19)

N203 2.259(46)(52) 1.662(83)(45) 2.27(20)(46)

Table 4.18: Final results for products a0r0 obtained by combining fits in section 4.5.2, as explained

in the text. The errors are respectively statistical and systematic, with the latter obtained from

variations between fits.

For the three-particle parameters, we quote the final values in Table 4.19. In this case we

take the results from a single fit—the one we view as most reliable, based on the discussion in

the previous section—and do not quote a fit systematic as any such error would be dwarfed

by the statistical errors.

4.6.2 Comparison with chiral perturbation theory

We now turn to the comparison of the final results of Tables 4.17 to 4.19 to ChPT. We

perform fits to ChPT expressions wherever they are available, and compare with the form

of the expected dependence on M2
π in other cases. We also compare to previous results in

the literature.
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Ensemble K0 K1 KB KE
ππ + πK +KKπ fits

D200 190(80) -690(340) 160(650) 170(420)

N203 -240(150) -1300(600) 990(740) -3200(1000)

KK + πK +KKπ fits

D200 170(270) -6800(1700) 2800(1300) -5900(3700)

N203 260(310) -3900(700) 3500(1600) -400(2000)

Table 4.19: Final results for parameters in Kdf,3 for 2+1 systems. Results are from the Standard∗

fit in Table 4.7, the 82-level fit in Table 4.8, and the ADLER3 fits in Table 4.9 and Table 4.10.

We start with the scattering lengths. Figure 4.5 shows the results for each of the dimen-

sionless s-wave scattering lengths,12 along with the LO chiral prediction, and a fit to the

NLO expressions in eqs. (4.26), (4.27) and (4.29). We have not determined the correlations

between the three quantities on a given ensemble, and thus use an uncorrelated fit. In order

to plot the result as a function of (Mπ/Fπ)2, we use an interpolating function for MK/FK

as a function of Mπ/Fπ extracted from the results of Ref. [132]. We find a good fit with

χ2/DOF = 1.5/4 (6 data points and 2 parameters). We determine the two LECs (evaluated

at a renormalization scale µ = 4πFπ) to be

Lππ = −8.77(36)× 10−4, L5 = 0.0(1.5)× 10−3 . (4.54)

We can compare these values to previous determinations. In Ref. [132], a larger value of

Lππ = −1.13(3)·10−3 was found, which is many standard deviations away from our new result.

However, an important difference that may explain the discrepancy is that Ref. [132] included

d-wave interactions, which is not possible here. For L5, we can compare to results from lattice

QCD, which are summarized in the FLAG report [168], and based on Refs. [169, 170]), or

12We use MπKa
πK = [(Mπ+MK)/2]aπK rather than the quantity Mπa

πK quoted earlier so as to separate
the curves, and because the a2 dependence predicted by WChPT is simpler, as seen in eq. (4.43).
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Figure 4.5: Results for Mπa
ππ, MπKa

πK and MKa
KK as a function of M2

π/F
2
π , where

MπK = (Mπ +MK)/2. The LO ChPT result is shown, along with a fit to NLO SU(3) ChPT.

The shaded bands show the 1σ uncertainties in the fit.

from phenomenological determinations [171]. These are, however, quoted at a different

renormalization scale, µ = 770 MeV. Changing the renormalization scale using

Lri (µ2) = Lri (µ1) + Γi
16π2 ln

(
µ1

µ2

)
, (4.55)

with Γ5 = 3/8, we find that the result from our fit yields L5(770 MeV) = 1.0(1.5) · 10−3.

Varying the choice of 4πFπ to take for the initial scale (using the physical value of Fπ, or the

value on either of the ensembles) leads to changes in L5 that are significantly smaller than

the error. Our result for L5 is in agreement with all values in the literature, although we

note that our error is much larger than that in the other values.

Next, we discuss our results for the effective range parameters, which are presented in

Table 4.18 in the combination M2
Xr

XY aXY0 . For the case of identical particles (X = Y = π
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or K), the LO ChPT prediction from section 4.4.3 is that this quantity equals 3. For two

pions, the results lie 15% and 25% below this prediction on the D200 and N203 ensembles,

respectively, which is consistent with being due to an NLO correction. For two kaons, the

results lie very far away from the LO prediction. Both findings are qualitatively similar to

those obtained in Ref. [132].

For the πK channel, which is a novel result of this work, the LO ChPT prediction—given

in eq. (4.34)—depends on the ensemble:

M2
πa

πK
0 rπK0

∣∣∣∣∣
LO ChPT

D200
= 1.597, M2

πa
πK
0 rπK0

∣∣∣∣∣
LO ChPT

N203
= 2.395. (4.56)

Our results in Table 4.18 lie ∼ 25% and ∼ 30%, respectively, below the LO ChPT prediction.

Again we view this as reasonable consistency, given the absence of NLO corrections.

We now turn to the p-wave π+K+ scattering length, reported in the rightmost column of

Table 4.17 through the dimensionless combination P πK
0 = −M3

πa
πK
1 . Note that, in contrast

to all the s wave results, the value of P πK
0 corresponds to slightly attractive interactions.

We plot the results for the two ensembles in figure 4.6, including a fit to the leading chiral

behavior given by eq. (4.35), which shows reasonable consistency.

We also plot the NLO ChPT prediction given in section B.3. To do so we use values

for the requisite LECs determined in Ref. [172] from experimental data (specifically, fit 10

to O(p4) from that work). As can be seen, the NLO ChPT result has the same sign as our

results, but its magnitude is significantly smaller. The failure of NLO ChPT for this quantity

was, in fact, expected, based on the observation of Ref. [163] that the NNLO contribution is

two orders of magnitude larger than the NLO one at the physical point (see table 2 of that

work).

We can also compare to the expectations and results in the literature from experiment

and dispersive analyses. The current understanding is summarized in figure 10 of Ref. [173].

Experimental results [174] for the p-wave phase shift point to a negative (repulsive) value at

high energies. By contrast, the dispersive analysis indicates a change of sign for the phase at

around
√
s 'MK +3Mπ (physical values of the masses), resulting in an attractive scattering
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Figure 4.6: Results for the p-wave scattering parameter, P πK0 = −M3
πa

πK
1 , plotted as a function

of M2
π/F

2
π . A fit to the leading chiral scaling of P πK0 ∝ (Mπ/Fπ)3 is shown with the corresponding

error band, as well as the NLO ChPT prediction as described in section B.3. Also included are the

result at the physical point from the dispersive analysis of Ref. [173] (see Table 29 of that work),

and the lattice QCD determination of the HadSpec collaboration at a heavier pion mass [138].

length. The value from analysis of Ref. [173] is also shown in figure 4.6. As can be seen,

our results for the two ensembles of this work are in qualitative agreement with the low-

momentum behavior found by the dispersive analysis. We note that our fits only include

levels in the region where the phase shift is expected to stay positive.

We are aware of two other LQCD results concerning p-wave π+K+ scattering. First,

Ref. [175], reports a single energy level far from threshold (at much higher energy than our

levels, and in the inelastic regime) that is dominated by p-wave interactions. There, the

p-wave πK interactions seems repulsive, which is consistent with what experiments find at

those high energies. This result therefore gives no information concerning the scattering
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length.

Second, Ref. [176] computed the p-wave scattering length at heavy meson masses, Mπ '

391 MeV and MK ' 549 MeV, and its sign and magnitude are consistent with our results at

lighter pion masses. We include this result with the label “HadSpec” in the plot, although it is

not strictly speaking comparable as Ref. [138] does not follow the same chiral trajectory. We

conclude that, overall, the results from LQCD are in qualitative agreement with dispersive

and experimental results.

0 2 4 6 8 10 12

(Mπ/Fπ)2

−2000

−1500

−1000

−500

0

500

1000

1500

2000

M
2 π
K

(π
π
K

)

LO ChPT

M2
πK0(ππK)

M2
πK1(ππK)

Figure 4.7: Results for K0 and K1 for ππK scattering as a function of M2
π/F

2
π . The LO SU(3)

ChPT predictions given in eq. (4.37) are also shown.

Finally, we compare our results for Kdf,3 for 2+1 systems to ChPT. In figures 4.7 and 4.8

we plot the results for K0 and K1 for ππK and KKπ scattering, respectively. We compare to

the LO ChPT predictions of eqs. (4.36) and (4.37), and find substantial disagreement, most

notably in the sign of K1, while the magnitudes are better matched. Similar disagreement has
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been observed for 3π and 3K systems [132]. There are two possible interpretations for this

disagreement. First, it may be that we have underestimated the errors in the determinations

of K0 and K1. One possibility is that discretization errors might be large, although we

present evidence against this option in section 4.6.3. Second, NLO terms in ChPT may be

substantial, and invalidate the LO result, such as in the case of M2
Ka

KK
0 rKK0 discussed above.

To address the latter possibility, a NLO ChPT calculation would be needed, but, while NLO

results are available for the three-particle scattering amplitude [177,178], the relation to Kdf,3

has yet to be worked out.
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Figure 4.8: Results for K0 and K1 for KKπ scattering as a function of M2
π/F

2
π . The LO SU(3)

ChPT predictions given in eq. (4.36) are also shown.

In figures 4.9 and 4.10 we plot the results for KB and KE for ππK and KKπ scattering,

respectively. These quantities vanish at LO in ChPT; their first nontrivial contribution is

expected to appear at NLO in ChPT. Since a NLO calculation has yet to be done, we have
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Figure 4.9: Results for KB and KE for ππK scattering as a function of M2
π/F

2
π . Fits to the

expected leading chiral behavior given in eq. (4.39) are plotted alongside the data. For better

visibility, the x-coordinates of the left-most datapoints have been shifted.

fit to the expected chiral scaling given in eqs. (4.39) and (4.40), finding parameters

cππKB = 0.41(30), χ2/DOF = 0.0036, cππKE = −1.02(38), χ2/DOF = 3.1,

cKKπB = 1.13(37), χ2/DOF = 0.24, cKKπE = −0.36(54), χ2/DOF = 2.1.
(4.57)

We find a reasonable description of the data based on these fit forms.

4.6.3 Discretization errors

Up to this point we have neglected the effects of discretization errors in our two- and three-

particle fits. Since the ensembles used in this work are O(a) improved, these errors are of

O(a2). Here we extend the fits by including the leading a2 terms predicted by WChPT. As

explained in section 4.4.3, this is only consistent with chiral power counting if we assume
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Figure 4.10: Results for KB and KE for KKπ scattering as a function of M2
π/F
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π . Fits to the

expected leading chiral behavior given in eq. (4.40) are plotted alongside the data.

a2Λ2
QCD ∼M4

π/(4πFπ)4.

We begin with the two-particle scattering lengths. The WChPT results of eqs. (4.41)

to (4.43) predict that each of these quantities receive a common offset proportional to a2.

Repeating the global fit to the six s-wave scattering lengths shown in Table 4.17, allows us

to find the value of this offset, which we denote as follows,

δa(Ma0) = lim
Mπ→0

Mπa
ππ
0 = −(2w′6 + w′8)

16π . (4.58)

The new fit has χ2/DOF = 1.1/3 (6 data points and 3 parameters), and yields

Lππ = −8.47(59)× 10−4, L5 = −0.3(1.6)× 10−3, δa(Ma0) = 2.7(4.5)× 10−3 . (4.59)

The results for Lππ and L5 are consistent with those found in the fit without discretization

errors, given in eq. (4.54), and the offset is found to be consistent with zero. The result for
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δa(Ma0) can be converted into a determination of the O(a2) LECs,

2w′6 + w′8 = −0.14(23) . (4.60)

As noted above, the magnitude of this effect is very small. For example, at the physical pion

mass Mπa
ππ
0 ∼ 0.04 in our fits, which is about an order of magnitude larger than the central

value of, or error in, δa(Ma0).

Using the WChPT results given in eqs. (4.44) and (4.45), we can use eq. (4.60) to predict

the size of the O(a2) terms in the leading isotropic contribution to Kdf,3. This is because

they are proportional to the same combination of LECs. The resulting predictions are

presented in Table 4.20. We observe that the size of the discretization errors is an order of

magnitude smaller than the central values and errors we obtain from fits to the spectrum

This indicates that, given the precision with which we are able to calculate the parameters

in Kdf,3, discretization effects can be viewed as negligible. Similar results hold also for the

3π and 3K channels, for which the WChPT results are presented in section B.2.

Ensemble K0 δa(K0)

ππ + πK + ππK fits

D200 190(80) 4(7)

N203 -240(150) 10(16)

KK + πK +KKπ fits

D200 170(270) 17(27)

N203 260(310) 14(23)

Table 4.20: Final results for K0 compared to the estimated discretization effects based on WChPT,

δa(K0) = −6(2w′6 + w′8)M2
X/F

2
X , where X = π for the ππ + πK + ππK fits, and X = K for the

KK + πK +KKπ fits.
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4.7 Conclusion

This works represents the first determination, theoretical or experimental, of quantities re-

lated to ππK and KKπ scattering at maximal isospin. In particular, we have studied these

systems using LQCD for two different ensembles along a trajectory of approximately constant

trace of the quark mass matrix, 2m` +ms ' const.

We have extracted more than 200 finite-volume energies across the ππK and KKπ sys-

tems, leading to roughly 35 – 45 and 20 – 30 levels below the inelastic thresholds on N203

and D200, respectively. As with our previous work in Ref. [132], the ability to determine such

a large number of energies was enabled by advanced algorithms, like stochastic LapH and

common subexpression elimination. In order to facilitate the use of our extracted spectrum

by other collaborations, we have made the jackknife samplings for all energies determined in

this work available in HDF5 format as ancillary files with the arXiv submission.

As explained in section 4.5.1, we have tested several strategies to extract scattering

quantities from the finite-volume spectra. Our findings can be summarized as follows. First,

in the systems of this work, it is better to perform fits to energy shifts with respect to

the noninteracting energies, rather than to the energy levels themselves. This leads to

less correlation between energy levels (better-conditioned correlation matrices), and to more

constrained best-fit parameters. Second, it seems that the best approach when dealing with

multiple processes is to fit all the available information at the same time (which here means a

simultaneous fit to the two- and three-hadron spectra). Other fitting strategies, such as first

fitting the two-particle spectra and then using the results as Bayesian priors for a fit to the

three-particle levels, produce consistent results, but with significantly larger uncertainties.

We expect that these conclusions will be relevant for other finite-volume systems.

The main results of this work are summarized in Tables 4.17 to 4.19. First, we are able

to extract two-particle threshold parameters, including the p-wave π+K+ scattering length.

Second, for each of the 2+1 systems, we extract the four parameters of Kdf,3 corresponding

to first and second order in the threshold expansion. We observe the expected hierarchy, that
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is, interactions in the KKπ channel are stronger than in ππK. Moreover, the values for the

different terms of the K matrix have the correct order of magnitude, at least based on chiral

expectations. We are also able to determine their values to be nonzero with greater than

2σ significance in some cases, and we find the entire Kdf,3 to be nonzero with significance

between 2.4 and 5.0σ in all channels on each ensemble.

Another novel feature of this work is the extraction of discretization errors in Kdf,3, which

at leading order in the appropriate power counting enter only in K0. By comparing the two-

particle scattering lengths computed on the lattice to those calculated in WChPT, we are

able to determine a numerical value for the magnitude of discretization effects in a WChPT

calculation of K0. We find the discretization errors to be small compared to both the central

values and uncertainties of K0 for each scattering channel and on each ensemble.

Natural extensions of this work are to three pseudo-Goldstone bosons at nonmaximal

isospin, for which two- and three-meson resonances are present, or to the doubly charmed

tetraquark Tcc. While there is a long way to go to determine properties of particles coupling

to both two- and three-particle channels, and involving particles with spin, such as the Roper

resonance, the strategies and tools of this work bring us one step closer.
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Chapter 5

THREE RELATIVISTIC NEUTRONS IN A FINITE VOLUME1

5.1 Abstract

We generalize the relativistic field-theoretic (RFT) three-particle finite-volume formalism to

systems of three identical, massive, spin-1/2 fermions, such as three neutrons. This allows,

in principle, for the determination of the three-neutron interaction from the finite-volume

spectrum of three-neutron states, which can be obtained from lattice QCD calculations.

5.2 Introduction

First-principles lattice QCD (LQCD) calculations of two-baryon scattering amplitudes, in-

cluding the properties of subthreshold bound states, are rapidly progressing (see, e.g., refs. [143,

180–189]). This includes the determination of masses and other properties of certain light

nuclei and hypernuclei, albeit at heavier-than-physical quark masses [190–194]. However,

less progress has been made using LQCD to determine the three-nucleon interaction, which

plays an important role for nuclei near the neutron driplines, for nuclear saturation, and in

determining the neutron-star equation of state [195, 196]. To advance such calculations, a

formalism relating finite-volume energies to infinite-volume forces must be developed.

Such relations often take the form of quantization conditions, which relate the finite-

volume spectrum obtained from lattice calculations to infinite-volume scattering amplitudes.

At this stage, the two-body formalism, based on the seminal work of Lüscher [13, 14], is

very well understood, and its application has become a standard technique in LQCD. The

development of the three-body formalism is an active area of research, with many cases un-

1Z. T. Draper, M. T. Hansen, F. Romero-López and S. R. Sharpe, Three relativistic neutrons in a finite
volume, JHEP 07 (2023) 226 [2303.10219]

https://doi.org/10.1007/JHEP07(2023)226
https://arxiv.org/abs/2303.10219
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derstood [16,17,35–39,101–122], and with a rapidly growing number of applications to LQCD

results [40,67,91,123–134]. For recent reviews see refs. [94,95,97,99,100]. Other finite-volume

approaches, which we do not discuss, include formulating EFTs in finite volume [197–201],

the finite-volume Hamiltonian method (see, e.g., ref. [202]), and the HAL-QCD method [193].

Still another approach, which does not take advantage of finite-volume effects, is to deter-

mine multi-hadron observables via smeared spectral functions, extracted from a regulated

estimate of the notoriously ill-posed inverse Laplace transform [203–208].

To date, the finite-volume three-body formalism has only considered spinless (scalar or

pseudoscalar) particles, including both identical and non-identical particles and, in the latter

case, non-degenerate masses. To study more interesting quantities in the realm of nucleon

and nuclear physics—such as the Roper resonance, the tritium nucleus, or the three-nucleon

force—one must understand how to include particles with spin in the formalism. In this

work we take the first step in this direction by considering three identical spin-1/2 fermions.

This allows us to address the issues arising from the presence of spin in the simplest context.

It also gives access to a very important three-particle system, namely that of three neutrons.

Further generalizations, e.g., to generic three-nucleon systems or the Nπ + Nππ system

needed to describe the Roper resonance, will be left for future work.

We follow the relativistic field theory (RFT) approach, pioneered in refs. [16, 17]. The

main technical complication in the derivation is the description of spin in relativistic systems

of three particles. This is mainly due to the fact that the projection of the spin along

an axis is not Lorentz invariant. This leads to the mixing of spin-1/2 and spin-3/2 three-

neutron states. The complication is absent in the finite-volume formalism for two particles

with arbitrary spin [209], since all pairwise interactions occur at fixed overall two-particle

momentum. In addition, in two-nucleon systems, the total spin is effectively conserved, since

spin-1 or spin-0 states have opposite parities and do not mix.

The formalism is only valid for center-of-momentum frame (CMF) energies up to the

first inelastic threshold, which for the three-nucleon system occurs at the pion production

threshold, 3N → 3N + π. For physical quark masses, this threshold occurs at energies for
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which the nucleons are in the nonrelativistic regime. Thus, one might argue that developing

a relativistic formalism is overkill, as the NREFT approach of refs. [104, 106] is simpler.

However, we expect LQCD studies of three nucleons to use heavier-than-physical quarks

in the near term, and in this case the inelastic threshold is higher, with relativistic effects

correspondingly enhanced.2 In addition, as noted above, the complications introduced by

spin must be understood in the relativistic domain to discuss higher baryon resonances such

as the Roper.

As is always the case in the finite-volume three-particle relations, the formalism for three

neutrons involves two steps: (1) deriving the three-neutron quantization condition, which

connects the spectrum to an intermediate K-matrix, Kdf,3; and (2) deriving an integral

equation relating Kdf,3 to the three-neutron scattering amplitude, M3. We find that the

resulting equations can be written in essentially identical form to those for identical scalars,

with the complications from spin leading to additional indices, the presence of signs resulting

from Fermi statistics, and the need for momentum-dependent spin transformation operators

related to Wigner rotations.

A necessary step to analyze lattice QCD data using the quantization condition is to have

parametrizations of the three-particle K-matrix, Kdf,3. As in previous work [16,36,108,110],

we develop an expansion about threshold for the three-neutron amplitude. The constraints

from Fermi statistics significantly restrict the allowed forms that can appear through next-

to-leading order in this expansion.

The remainder of this paper is organized as follows. We begin, in section 5.3, recalling the

essential features of the RFT formalism for identical scalars, from which the generalization

presented here is developed. This section also introduces the required kinematic notation.

The core of this work is section 5.4, in which we describe the derivation of formalism for

three identical spin-1/2 particles. We divide this long section into three parts. In the first,

2The relative magnitude of relativistic effects with respect to the leading nonrelativistic contribution can
be quantified by the size of k2/m2

N . In the vicinity of the 3mN + mπ threshold, this quantity can take
values up to 0.5 for a setting such as the one in Refs. [143,189], with mπ ' 700− 800 MeV.
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section 5.4.1, we describe the kinematic modifications that arise in the presence of spin, in

particular due to the need for Wigner rotations. We then, in section 5.4.2, describe how

the building blocks of the RFT formalism are modified in the presence of spin. Finally, in

section 5.4.3, we show how these new building blocks appear in the derivation, and discuss

the generalization to all orders in the skeleton expansion. In order to make this paper

more accessible, we present a separate summary of the final results in section 5.5. The

parametrization of Kdf,3 is described in section 5.6, and we conclude in section 6.7. We

relegate technical details to three appendices. In section C.1 we describe the way in which

the antisymmetry of three fermion fields alters the derivation, while in section C.2 we detail

the specific antisymmetrization of momenta needed to define the relation between Kdf,3 and

M3. Finally, section C.3 provides additional technical details concerning the enumeration

of operators appearing in section 5.6.

5.3 Recap of the formalism for identical scalars

In this section we review the RFT finite-volume scattering formalism for identical spin-zero

particles, derived in refs. [16, 17]. The derivation assumes a Z2 symmetry that decouples

the sectors with even and odd numbers of particles. For pions in isosymmetric QCD this

symmetry is G-parity, and for nucleons in the energy range below pion production it is baryon

number.

The formalism for spin-zero particles consists of two parts: the first is a quantization

condition relating the finite-volume energy spectrum (in a periodic box with side-length L)

to an intermediate quantity called Kdf,3, and the second is a set of integral equations relating

this quantity to the physical three-to-three scattering amplitude. Both parts can be derived

using a particular finite-volume correlation function denotedM(u,u)
3,L , which can be shown to
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satisfy the following relation:3

M(u,u)
3,L (P ) ≡ D(u,u) + L(u)

L

1
1 +Kdf,3F3

Kdf,3R(u)
L . (5.1)

All quantities here are matrices on an index space that parametrizes three degenerate

particles of mass m having fixed total energy E and spatial momentum P = (2π/L)nP in

the finite-volume frame. As indicated, the value of P is constrained by the periodicity to

be an integer three-vector (nP ∈ Z3) multiple of 2π/L. The energy and three-momentum

are grouped into the four-vector P µ = (E,P ) that appears in the argument of M(u,u)
3,L on

the left-hand side of eq. (6.76). With energy and momentum fixed, one can additionally

select one of the three particles, called the spectator, and denote its on-shell four-momentum

by kµ = (ωk,k) where ωk =
√
k2 +m2. The remaining two particles, sometimes called the

interacting pair or dimer, then have four-momentum P µ − kµ and their squared energy in

their two-particle CMF is given by

(P − k)2 ≡ E∗22,k = (E − ωk)2 − (P − k)2 . (5.2)

Since this energy is fixed by E, P and k, the same is true for the magnitude of back-to-back

momenta for the two dimer particles. As a result, the only remaining degree of freedom is

directional, and can be decomposed in spherical harmonics with indices `m. Combining the

spherical harmonic indices with the momentum k = (2π/L)n gives a discrete index space

abbreviated as {k`m}. This is the space on which all matrices in eq. (6.76) are defined.4

M(u,u)
3,L depends on Kdf,3, as shown, together with four additional matrices (F3, D(u,u),

L(u)
L and R(u)

L ) that can each be expressed in terms of four more fundamental building blocks.

The first of these is the single-particle energy, ωk, promoted to a matrix in a trivial way:

ωk′`′m′,k`m ≡ δk′kδ`′`δm′m

√
k2 +m2 . (5.3)

3In the derivation for three neutrons presented in section 5.4.3 below, we use a different, though closely
related, correlator to derive the quantization condition, as it is conceptually simpler and has been used in
previous work, e.g. refs. [16, 37]. The connection to the three-particle scattering amplitude is, however,
made using the three-neutron generalization of M(u,u)

3,L .
4Since we are considering identical particles, only even values of ` contribute. This will not be the case

for three neutrons, due to the spin degree of freedom.
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The second building block is K2(E,P ), which encodes the two-to-two scattering that arises

as a subprocess:

K2,k′`′m′,k`m(E,P ) = δk′kK2,`′m′,`m(E∗2,k) = δk′kδ`′`δm′mK
(`)
2 (E∗2,k) , (5.4)

K(`)
2 (E∗2,k)−1 = 1

16πE∗2,k

[
p cot δ(`)(p) + |p|

(
1−H(k)

)]∣∣∣∣∣
p=q∗2,k

, (5.5)

where δ(`)(p) is the scattering phase shift and

q∗2,k =
√
E∗22,k/4−m2 (5.6)

is the momentum of each of the particles in the dimer in their CMF. We have also introduced

H(k), a smooth cutoff function defined, for example, in eqs. (28)-(29) of ref. [16]. This is a

non-standard part of the K-matrix definition used in this formalism, but is required to avoid

inducing unwanted power-like volume effects, as explained in refs. [16, 17].

The final two building blocks are two finite-volume quantities denoted F (E,P , L) and

G(E,P , L). These are defined, respectively, in eqs. (22-24) of ref. [16] and eq. (B.3) of

ref. [37].5 We give their respective extensions to spin one-half particles in eqs. (5.51)

and (5.53) (for F ) and eqs. (5.42) and (5.45) (for G) below. With these in hand F3, for

example, can be written as

F3 ≡
1

2ωL3

[
F

3 − F
1

1 +M2,LG
M2,LF

]
, M2,L ≡

1
K−1

2 + F
. (5.7)

The first application of M(u,u)
3,L is that, up to neglected e−mL effects, the three-particle

finite-volume energies correspond to poles in the factor appearing between L(u)
L and R(u)

L in

eq. (6.76). This leads to the quantization condition

detk`m
[
1 +Kdf,3(E∗3)F3(E3,P , L)

]
= 0 , (5.8)

5Alternatively, F (E,P , L) can be obtained from Flab in eq. (5.51) below by multiplying by 2ωkL3/i
and dropping spin indices, while G(E,P , L) can be obtained from Glab in eq. (5.42) by multiplying by
−2ωpL3/i, and dropping the spin indices.
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valid for m < E∗3 < 5m, where we have labeled the energy coordinate by E3 to emphasize

that the result applies for finite-volume energies with three-particle quantum numbers, and

E∗3 =
√
E2

3 − P 2 is the energy in the overall CMF.

Superficially, this looks very similar to the quantization condition for two-particle states,

arising from poles inM2,L with fixed values of the spectator momentum k = k′. In this case

the quantization condition is defined over angular-momentum indices,

det`m
[
1 +K2(E∗2)F2(E2,P 2, L)

]
= 0 , (5.9)

and is valid for 0 < E∗2 < 4m, where (E2,P 2) = (E3 − ωk,P − k) is the two-particle total

energy-momentum, and E∗2 =
√
E2

2 − P 2
2 is the two-particle CMF energy. In this result,

K2(E∗2) = K2,`′m′,`m(E∗2) refers to the quantity in the middle equality of eq. (5.4), i.e. the K

matrix carrying only angular momentum indices, and

F2,`′m′,`m(E2,P 2, L) = Fk`′m′,k`m(E2 + ωk,P 2 + k, L) . (5.10)

To implement the formalism in practice, one must truncate the sum over angular mo-

mentum at some ` = `max in order that the matrices are finite. Calculations to date have

used `max = 0, 1 or 2. For both the two- and three-particle quantization conditions, solving

for the roots at fixed L and P for a given parametrization of K2(E∗2) and Kdf,3(E∗3) gives

a prediction for the finite-volume energies. Conversely, extracting the energies from a nu-

merical lattice calculation gives constraints on the two K-matrices and fitting to a range of

parametrizations allows one to determine these infinite-volume quantities.

It now remains to relate the K matrices to the physical three-particle amplitude. This

is done by usingM(u,u)
3,L to derive an integral equation. To do so requires explicit definitions

for the remaining quantities appearing in eq. (6.76):

D(u,u) ≡ − 1
1 +M2,LG

M2,LGM2,L(2ωL3) , (5.11)

L(u)
L ≡

[
F

2ωL3

]−1

F3 , (5.12)

R(u)
L ≡ F3

[
F

2ωL3

]−1

. (5.13)
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With these in hand, the derivation of the integral equations follows in two steps. First

one notes that in definition ofM(u,u)
3,L the external kinematics are treated asymmetrically, as

indicated by the (u, u) superscript. As discussed in refs. [16,17], and recalled in section C.2,

this is corrected by a symmetrizing step in which one combines the matrix with appropriate

spherical harmonics to obtain a function of the external momenta, and then sums over

separate permutations of the initial and final momenta. We denote this combination by

M3,L(P ) ≡ S
[
M(u,u)

3,L (P )
]
. (5.14)

The quantity on the left-hand side is a symmetric function of the three incoming and three

outgoing momenta, and thus does not have the (u, u) superscript.

The second step is to formally take an ordered double limit in which M3,L(P ) becomes

the physical scattering amplitude

M3(E∗3) = lim
ε→0+

lim
L→∞

M3,L(E + iε,P ) . (5.15)

In this definition, the energy is made slightly complex so that the L→∞ limit is well-defined.

The limit can be directly applied to the known functions F and G and, after sending ε→ 0,

this leads to integral equations relating K2 and Kdf,3 to the scattering amplitude. These

integral equations are given explicitly in ref. [17], and solved in certain approximations in

refs. [128, 134, 210, 211]. We give the explicit forms of the integral equations for the three-

neutron system in section 6.4.7 below.

5.4 Formalism for three spin-half particles

In the following subsections, we present the extension of the formalism reviewed above to

three identical spin-1/2 particles. The section is divided into four subsections. First, in

section 5.4.1, we introduce the different bases of spin states required to derive and express our

final result. Then, in section 5.4.2, we work through each of the building blocks mentioned for

spin-0 particles above, and explain how these quantities are modified for the case of spin-1/2

particles. This allows us to efficiently summarize the new derivation, first, in section 5.4.3,
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for the simplest contributing classes of diagrams, and then, in section 5.4.3, extending to all

orders. The final result in then presented in the following section, section 5.5.

5.4.1 Three-body spin states in a relativistic formalism

We begin with a discussion of the construction of spin states in a relativistic framework, and

the transformation properties of such states under Lorentz boosts. An extended discussion

on this can be found, e.g., in ref. [212].

We start by considering the states of a particle at rest, with mass m, spin s and az-

imuthal component ms. The states are denoted by |sms〉 where, as usual, we take ẑ as the

quantization axis. These states transform in the usual way under a general rotation R,

U(R) |sms〉 = |sm′s〉D
(s)
m′s,ms

(R) , (5.16)

where U(R) is the unitary operator corresponding to R, D(s)
m′s,ms

(R) is the Wigner matrix for

angular momentum s, and there is an implicit sum over m′s. We then construct states with

nonzero momentum p as

|p, sms〉 = U(L(βp)) |sms〉 , (5.17)

where L(βp) is a pure boost with velocity βp = p/ωp, with ωp =
√
p2 +m2, such that the

boosted state has four-momentum pµ = (ωp,p). In this way, |p, sms〉 is defined unambigu-

ously without specifying a quantization axis in the moving frame. This is referred to as the

standard basis and corresponds in the spin-1/2 case precisely to the state with the spinor

u(p,ms).

The boost in eq. (5.17) can be represented as

L(βp) = R(θp, n̂p) · L(βpẑ) ·R(θp, n̂p)−1, (5.18)

where R(θp, n̂p) is a rotation that takes a vector in the z-direction to point along the indicated

momentum, i.e. p̂ = R(θp, n̂p)ẑ. Here n̂p defines the axis about which the rotation is

performed and θp is the rotation angle. Using this representation, it is straightforward to
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determine the transformation of the states in eq. (5.17) under rotations to be

U(R) |p, sms〉 = |Rp, sm′s〉D
(s)
m′s,ms

(R) . (5.19)

This is advantageous as it is equivalent to the transformations of a nonrelativistic spin state.

The transformation of the states in eq. (5.17) under boosts requires some additional

discussion. This is due to the fact that the azimuthal component of the spin does not remain

unchanged under a generic boost. Consider the transformation

U(L(βk)) |p, sms〉 = U(L(βk))U(L(βp)) |sms〉 , (5.20)

with βk a generic velocity. To work this out, we can use the well-known result that the

product of two boosts is equal to the combination of a single boost and a rotation,

L(βk)L(βp) = L(β′)R(θ, n̂). (5.21)

Here β′ represents the velocity of the resulting boost, while n̂ and θ are, respectively, the

axis and angle of the required rotation, whose expressions we provide below. It follows that

U(L(βk)) |p, sms〉 = |pk, sm′s〉D
(s)
m′s,ms

(R(θ, n̂)), (5.22)

where pk is the spatial component of the four-momentum resulting from boosting pµ = (ωp,p)

with velocity βk. Since we only consider spin-1/2 particles in this work, we can represent

the Wigner matrices as

D(R(θ, n̂)) = 1 cos θ2 − iσ · n sin θ2 , (5.23)

with σ a vector composed of the Pauli matrices. Here, and for the remainder of the main

text, we suppress the (s) = (1/2) superscript on the Wigner matrices.

It remains to provide the expressions for the axis and angle of the rotation R(θ, n̂),

n̂ =
βk × βp
|βk × βp|

, cos θ = (1 + γp + γk + γ′)2

(1 + γp)(1 + γk)(1 + γ′) − 1, (5.24)

where γk = (1− β2
k)−1/2 and similarly for γp, and

γ′ = γkγp(1 + βp · βk), (5.25)
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is the Lorentz factor of the boost L(β′). We also stress that, with these definitions, sin θ ≥ 0.

A result that will be useful later is that if βp and βk lie on the same axis, or if one or both

vanish, then cos θ = 1, and the Wigner matrix is just the identity.

With these identities in hand, we are now in position to define two coordinate systems

that will play an important role in the derivation that follows and in our statement of the final

result for the generalized quantization condition. As noted in the previous section, on-shell

three-particle variables are abbreviated by {k`m}, where k is shorthand for the spectator

momentum k, and `m refer to the decomposition of the remaining pair into spherical har-

monics in their CMF. Here we have the complication of an additional spin degree of freedom

for each of the particles. Two natural choices arise for the definition of the quantization axes

used to define spin degrees of freedom:

1. The lab-frame axis: Label the on-shell four-momenta in the finite-volume frame (also

called the lab frame) as k, a and b, so that k + a + b = P . Define the spin degree of

freedom for all three particles via the boost of eq. (5.17) directly to this frame, i.e. use

the states |k,ms(k)〉 ⊗ |a,ms(a)〉 ⊗ |b,ms(b)〉, where, for example,

|a,ms(a)〉 ≡ U(L(βa)) |0,ms〉 . (5.26)

The notation of matching the momentum label on the state a with that inside ms(a)

indicates that a single boost is applied starting in the particle’s rest frame. As we will

see below, this choice of quantization axis occurs most naturally for Kdf,3.

2. The dimer-frame axis: For k, continue to define the spin degree of freedom in the

finite-volume frame, i.e. to use the state |k,ms(k)〉. For a and b, however, boost the

four-momenta to the two-particle CMF. In this frame the four-momenta are denoted

a∗ and b∗, with |a∗| = |b∗| = q∗2,k fixed by the choices of k and P . Define the spin

degree of freedom for the a∗ state via eq. (5.17),

|a∗,ms(a∗)〉 = U(L(βa∗))|0,ms〉 , (5.27)
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and define |b∗,ms(b∗)〉 analogously. We stress that the notation matches that intro-

duced above, in that the use of a single boost is represented by the presence of a∗ both

in the label of the state and as the argument of ms. The reason for using these states

is that the spin indices rotate like NR spinors in the two-particle CMF, as shown in

eq. (5.19), and are thus naturally combined with the pair orbital angular momentum

`. Altogether, the dimer-frame axis convention uses spin indices ms(k),ms(a∗),ms(b∗).

This choice occurs naturally for K2, and for the kinematic function F .

To relate these two choices we need to boost the lab-frame axis states for the dimer to

their CMF,

|a∗,ms(a)〉 ≡ U(L(−βP−k)) |a,ms(a)〉 , (5.28)

and similarly for |b∗,ms(b)〉, where βP−k = (P − k)/(E − ωk). Here we anticipate that the

spin indices after boosting do not match those of the state |a∗,ms(a∗)〉 by using a, rather

than a∗, as the argument of ms in |a∗,ms(a)〉. The relation between spin indices is obtained

using

|a∗,ms(a)〉 = U(L(−βP−k))U(L(βa))|0,ms〉 , (5.29)

= U(L(βa∗))U(Ra)|0,ms〉 , (5.30)

= |a∗,m′s(a∗)〉D(Ra)m′sms . (5.31)

To obtain the first line we have used the definition of |a,ms(a)〉. We have then used the

relation between boosts and rotations, eq. (5.21), to express |a∗,ms(a)〉 as a rotation of

|a∗,ms(a∗)〉. Here Ra = R(θa, n̂a) is defined via eqs. (5.24) and (5.25) with the replacements

βp → βa = a

ωa
, and βk → −βP−k = − P − k

E − ωk
. (5.32)

Detailed expressions for Ra, and the corresponding rotation for b, are given below.

For both of the coordinate systems summarized above, the final step is to project the

dimer-pair to definite orbital angular momentum, always using the quantization axis in the

two-particle CMF. As a result, the orbital-angular momentum and spin axes are aligned in
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the dimer-frame convention, but not in the lab-frame convention. In addition, as discussed

below in sections 5.4.2 and 5.5.3, a better choice is to project onto pair total spin (0 or 1 for

two spin-half particles). This, together with the antisymmetry of the three-neutron state, and

parity, decouples the even and odd sectors of orbital angular momentum for infinite-volume

quantities.

5.4.2 Modifications to the RFT building blocks

We now summarize the modifications to the various quantities entering the generalized RFT

formalism. As we proceed, we provide some intuition regarding these changes, leaving a

more complete explanation to the derivation section below, section 5.4.3.

Kdf,3

As we describe in section 5.6, the three-particle K-matrix is most naturally expressed us-

ing spin components defined with respect to the lab-frame axis, since the spin components

correspond to those of Dirac spinors. In particular, we are led to consider

[
Klab

df,3

]
m′s,ms

= Klab
df,3

(
k′,ms(k′);a′,ms(a′); b′,ms(b′)

∣∣∣k,ms(k);a,ms(a); b,ms(b)
)
, (5.33)

where, on the left-hand side, we have collected the spin labels as subscripts, using the short-

hand

m′s =
(
ms(k′),ms(a′),ms(b′)

)
, ms =

(
ms(k),ms(a),ms(b)

)
. (5.34)

For the quantization condition, however, it turns out to be most convenient to use spin

components defined with the dimer-frame axis, as we discuss below. In terms of explicit

coordinates, this is simply given by

[Kdf,3]m′∗s ,m∗s = Kdf,3
(
k′,ms(k′);a′,ms(a′∗); b′,ms(b′∗)

∣∣∣k,ms(k);a,ms(a∗); b,ms(b∗)
)
,

(5.35)
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where we have introduced a second set of abbreviated spin indices, analogous to eq. (5.34)

above, but defined in the dimer-axis frame:

m′∗s =
(
ms(k′),ms(a′∗),ms(b′∗)

)
, m∗s =

(
ms(k),ms(a∗),ms(b∗)

)
. (5.36)

The relation between these two choices can be worked out by repeated use of eq. (5.31).

It is given by a rotation in spin space for fixed values of the momenta,

[Kdf,3]m′∗s ,m∗s ≡ D
(k′,a′)†
m′∗s m

′′
s

[
Klab

df,3

]
m′′s ,m

′′′
s

D(k,a)
m′′′s m

∗
s
, (5.37)

where we have used shorthand for the change-of-basis matrices. For example, the right-most

matrix is given by

D(k,a)
m′′′s m

∗
s

= δm′′′s (k)ms(k)D(R−1
a )m′′′s (a)ms(a∗)D(R−1

b )m′′′s (b)ms(b∗) , (5.38)

where the rotation Ra is defined using eqs. (5.24) and (5.25), with the replacements of

eq. (5.32). The explicit definition is Ra = R(θ, n̂) with

n̂ = − βP−k × βa
|βP−k × βa|

, cos θ = (1 + γa + γP−k + γ′)2

(1 + γa)(1 + γP−k)(1 + γ′) − 1 ,

γ′ = γP−kγa(1− βP−k · βa) .
(5.39)

Rb is defined in the same way but with βa → βb.

To convert this to the matrix entering the quantization condition, we apply the same

steps that are used in the spin-zero formalism. The dimers (defined with momenta a and

b = P − k − a in the initial state and a′ and b′ = P − k′ − a′ in the final state) are

projected to definite orbital angular momentum in their two-particle CMFs. This is done via

integration with a spherical harmonic and we express the action as a projection,

P â∗`m ◦ f(k,a, b) = 1
4π

∫
dΩâ∗Y

∗
`m(â∗)f ∗(k,a∗) , (5.40)

for a generic function f . Here a∗ is the spatial part of the four-momentum that results from

boosting aµ = (ωa,a) with boost velocity βk = −(P −k)/(E−ωk) and f ∗ is just f expressed
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in terms of the new coordinates as shown. (The dependence on b∗ = −a∗ is redundant and

is thus omitted within f ∗.) We then define

[Kdf,3]k′`′m′m′∗s ;k`mm∗s
≡ i[P â′∗`′m′ ]† ◦ P â

∗

`m ◦ Kdf,3( · · · ) , (5.41)

where the ( · · · ) on the right-hand side indicates the full set of arguments shown in the first

line of eq. (5.35) above. The momenta k′ = k′ and k = k are expressed as indices on the

left-hand side, and it is understood that these are in the finite-volume set. Here we have

also introduced the boldface notation Kdf,3 to represent the matrix version of Kdf,3 within

the generalized spin formalism. The factor of i on the right-hand side of eq. (5.41) is for

convenience.6

We now return to the issue of why the dimer-frame axis is the more natural for the

quantization condition. The point is that we wish to be able to combine orbital and spin

angular momenta of the dimer in a simple way, and this is only possible if both are defined

with respect to the same frame. Since orbital angular momenta are defined in the dimer CMF,

the spin variables need to be as well, and this corresponds to using the dimer-frame axis.

We stress that the spin rotation in eq. (5.37) and the partial-wave projection in eq. (5.40)

do not commute, so there is not a simple relation between the matrix forms of Kdf,3 in the

dimer- and lab-frame axes. In particular if the three-body K-matrix is parametrized in the

lab frame, then the angular momentum projection of eq. (5.41) will include an integral over

the angular dependence appearing inside the Wigner-D matrices.

G

Next we consider the kinematic switch function, denoted by G. The defining property of G

is that the spectator particle (and thus also the spectator momentum) differs between the

left and right side of the insertion.

As illustrated in the central portion of figure 5.1(c), G is defined with an initial state

6The use of boldface for matrix quantities entering the quantization condition follows the conventions of
ref. [37].
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containing the spectator momentum k and the scattering pair (with momenta p and bpk =

P − p − k), transitioning to a final state containing spectator p and scattering pair (with

momenta k and bpk). Henceforth, in this subsection we will abbreviate bpk by b, in order to

avoid a proliferation of subscripts; this should not be confused with the momentum labeled b

in figure 5.1(c). The exact definition makes use of momentum coordinates in the two-particle

CMF of the scattering pair, both before and after the switch. Specifically we define k∗p [p∗k]

as the spatial part of the four-momentum arising from boosting kµ = (ωk,k) [pµ = (ωp,p)]

with boost velocity −βP−p [−βP−k]. In addition to the momenta, we require the two-particle

CMF energy E∗2,k, defined in eq. (5.2), and the analogous quantity E∗2,p obtained by replacing

k with p. From these one can define the on-shell two-particle CMF momentum q∗2,k and q∗2,p

using eq. (5.6).

We are now ready to give the lab-frame axis version of G for three spin-half particles:

[Glab]p`′m′m′s;k`mms(E,P , L) ≡ −δm′s(p),ms(p)δm′s(k),ms(k)δm′s(b),ms(b)

× i

4ωpωkL6
H(p)H(k)
b2 −m2

4πY`′m′(k∗p)Y∗`m(p∗k)
q∗`
′

2,p q
∗`
2,k

, (5.42)

where Y`m(x) = |x|`Y`m(x̂) is a harmonic polynomial, and

b2 = (E − ωk − ωp)2 − (P − p− k)2 . (5.43)

The smooth cutoff function H(k) was already introduced in eq. (5.5). In the context of three

neutrons, we note that the allowed support for the H function is set by the left-hand cut

arising from t-channel pion exchange in the two-neutron amplitude. A similar situation is

discussed in refs. [91,121] in the context of the RFT formalism for Kππ and KKπ, see also

ref. [213]. Relative to the spin-zero G function discussed in section 5.3 [see the explanation

above eq. (5.7)], the definition (5.42) contains an extra factor of i/(2ωpL3), matching the

conventions of ref. [37].

There are two key new features relative to the form for spin-zero particles. The first is the

overall minus sign. This results from the antisymmetry of the fermionic multi-particle state
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or, equivalently, from the anti-commutation of Grassmann variables in evaluating Feynman

diagrams. This is discussed in more detail in section 5.4.3 below.

The second new feature is the appearance of a product of Kronecker deltas in the spin

components. This encodes the fact that, for spin components defined in the lab frame, G

simply acts like an identity matrix in spin space, a point that will be discussed further in

section 5.4.3. Strictly speaking this only holds when all three particles are on shell, which

is not the case in general: although k and p are on shell by construction, b is not. This is

potentially problematic because the lab-frame state |b,ms(b)〉, given by eq. (5.26), is defined

only for on-shell four-momenta. In particular, the boost velocity used to define the state

is βb ≡ b/ωb, even though b0 6= ωb in general. The resolution to this issue is that all that

matters for the derivation of the quantization condition is that the choice of state is correct

on shell, i.e. at the pole where b2 = m2. Choices that differ off shell lead to finite shifts in

Kdf,3, since the differences cancel the pole.

We stress that the Kronecker deltas in eq. (5.42) cannot be written as δm′sms , because

the order of spin components in the compound labels does not match:

m′s =
(
ms(p),ms(k),ms(b)

)
, ms =

(
ms(k),ms(p),ms(b)

)
. (5.44)

Non-trivial spin structure arises when we transform to the dimer-axis frame. The trans-

formation is similar to that for Kdf,3 discussed in the previous subsection,

Gp`′m′m′∗s ;k`mm∗s = D(p,k)†
m′∗s m

′′
s

Glab
p`′m′m′′s ;k`mm′′′s D

(k,p)
m′′′s m

∗
s
, (5.45)

where m′′s and m′′′s are summed.

The change of basis matrices are given explicitly by

D(k,p)
m′′′s m

∗
s

= δm′′′s (k)ms(k)D(R−1
p )m′′′s (p)ms(p∗)D(R−1

bk
)m′′′s (bk)ms(b∗k) , (5.46)

D(p,k)
m′′′s m

∗
s

= δm′′′s (p)ms(p)D(R−1
k )m′′′s (k)ms(k∗)D(R−1

bp
)m′′′s (bp)ms(b∗p) . (5.47)

These depend on a total of four rotations, denoted by Rp, Rbk , Rk and Rbp as shown. Each

of the four is induced by relating two successive boosts to a single boost, via eq. (5.21). Thus
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all rotations can be expressed according to eq. (5.24). Specifically, we define

Rp : n̂ = −
βP−k × βp
|βP−k × βp|

, cos θ =
(1 + γp + γP−k + γ′P−k,p)2

(1 + γp)(1 + γP−k)(1 + γ′P−k,p)
− 1 , (5.48)

Rk : n̂ = −
βP−p × βk
|βP−p × βk|

, cos θ =
(1 + γk + γP−p + γ′P−p,k)2

(1 + γk)(1 + γP−p)(1 + γ′P−p,k)
− 1 , (5.49)

where

γ′P−k,p = γP−kγp(1− βP−k · βp) , γ′P−p,k = γP−pγk(1− βP−p · βk) . (5.50)

Rbk is defined as for Rp, but with βp replaced by βb = b/ωb, and γp replaced by γb =√
1/(1− β2

b ). Similarly, Rbp is defined as for Rk, but with βp replaced by βb and γk replaced

by γb. As noted above, since b is off shell in general, the choice of boost velocities is only

unambiguous at the on-shell point. Any off-shell extension choice that is used consistently

is sufficient to perform the derivation, and our choice here is to use βb = b/ωb rather than,

say, b/b0.

F

We next turn to the kinematic function F , which implements the sum-integral difference for

a loop involving two of the three-particles. The definition in the lab-axis frame is obtained

from the standard form for F for scalar particles by adding Kronecker deltas in spin space,

[Flab]k′`′m′m′s;k`mms(E,P , L) ≡ δm′smsδk′k
iH(k)
2ωkL3

1
2

[
1
L3

∑
a

−p.v.
∫
a

]

× 4πY`′m′(a∗k)Y∗`m(a∗k)
2ωa(b2 −m2)

1
(q∗2,k)`+`

′ , (5.51)

where here the order of the compound spin indices do match, such that we can use

δm′sms = δm′s(k)ms(k)δm′s(a)ms(a)δm′s(b)ms(b) . (5.52)

This definition of F differs from that for scalar particles, given in eqs. (22-24) of ref. [16],

by a factor of i/(2ωkL3), as well as by the addition of the spin factors, and thus follows the

normalization conventions of ref. [37].
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The quantities in eq. (5.51) are defined as follows. The four-momentum b is given by

bµ = (E − ωk − ωa,P − k − a), while the on-shell magnitude q∗2,k is defined in eq. (5.6).

Following the usual pattern, a∗k is the spatial part of the four-momentum resulting from

boosting aµ = (ωa,a) with boost velocity −βP−k. The sum runs over values of a = 2πna/L

where na is a three-vector of integers. The notation p.v. indicates a principal value pole

prescription, including the possible extensions discussed in ref. [114]. Finally, it is understood

that an ultraviolet cutoff must be included to evaluate the sum and integral separately.

Any dependence on the cutoff vanishes in the difference as can be shown using the Poisson

summation formula. The numerical evaluation of the sum-integral difference is discussed in

more detail, e.g., in appendix B of ref. [108] and also in appendix B of ref. [110].

As with G, this quantity must reflect the exchange properties of identical fermions. One

aspect of this is the symmetry factor of 1/2 for the ab loop, which is present exactly as in the

spin-zero case. To understand additional consequences, in particular of the antisymmetry, it

is useful to transition from the lab-axis frame and dimer-axis frame. However, in this case

there is no distinction

F = Flab . (5.53)

This is an important simplification as the change of basis matrices would in fact depend on

the summed coordinate. However, since Flab is diagonal in spectator momentum, the dimer

frame is the same in the initial and final states. As a result the change of basis matrices

exactly cancel.

K2

The final building block is the two-particle K matrix. This quantity is naturally defined in

the dimer-axis frame, and we discuss only this version of the K matrix. It can be written in

a manner analogous to that for scalars, eq. (5.4),

[K2]k′`′m′m′∗s ;k`mm∗s(E,P ) = iδk′k2ωkL3K(`′m′m′∗s ,`mm∗s)
2 (E∗2,k) , (5.54)
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with K( ··· )
2 (E∗2,k) on the right-hand side a generalization of the quantity K(`)

2 (E∗2) in eq. (5.4)

to the case of spin one-half particles, with the additional factor of i2ωkL3 to match the

convention in ref. [37]. As above, the superscripts m∗s and m′∗s indicate that the spin quan-

tization axis is defined in the two-particle CMF. The role of the spectator here is trivial and

the K matrix can be unpacked as

K(`′m′m′∗s ,`mm∗s)
2 (E∗2,k) = δm′s(k)ms(k) K[`′m′m′s(a′∗)m′s(b′∗)], [`mms(a∗)ms(b∗)]

2 (E∗2,k) . (5.55)

In words, the incoming state is labeled with orbital angular momentum `,m together with

spin components ms(a∗) and ms(b∗), and the outgoing state carries the same set with primes

as indicated.

To parametrize K2, it is more common to work in the basis which diagonalizes the total

spin of the dimer, s. This can take the values s = 0 (spin singlet) or s = 1 (spin triplet).

Enforcing antisymmetry, the singlet can only couple to even values of `, while the triplet

couples only to odd values. Although not mentioned above, these constraints apply also to

Kdf,3, F and G.

In general, s and ` are not conserved by two-particle interactions, and one should convert

to the basis in which the total dimer angular momentum, j, and its azimuthal component,

µj, are diagonal. One simplification here, however, is that there is no mixing between s = 0

and 1 states for two identical fermions, because their parities, given by (−1)`, are opposite.

Furthermore, if s = 0 then j = ` and thus ` is also conserved (and takes only even values).

On the other hand, if s = 1, then j = ` + 1, `, `− 1, so that, given that ` is odd, each odd

value of j arises from only a single value of `, while for all even values of j except zero there

are two choices of `.

We now describe in detail the conversions between bases. The first step is to convert to

the basis of total dimer spin s and azimuthal component m:

K(s,`′,m′,µ′s,`,m,µs)
2 δs′s =

∑
m′s(a′∗),m′s(b′∗),ms(a∗),ms(b∗)

〈
s′, µ′s

∣∣∣∣1/2 m′s(a′∗), 1/2 m′s(b′∗)
〉

×K[`′m′m′s(a′∗)m′s(b′∗)], [`mms(a∗)ms(b∗)]
2

〈
1/2 ms(a∗), 1/2 ms(b∗)

∣∣∣∣s, µs〉 , (5.56)
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where the angle-bracketed quantities are standard Clebsch-Gordan coefficients, and the con-

servation of s is enforced by the Kronecker delta on the left-hand side. From here one can

reach the final basis via

K(j,s,`′,`)
2 δj′jδµ′jµj =

∑
µs,µ′s

〈
j′, µ′j|`′m′, sµ′s

〉
K(s,`′,m′,µ′s,`,m,µs)

2

〈
`m, sµs|j, µj

〉
. (5.57)

Then one can write7

[K2(E∗2,k)−1](j,s,`′,`) = [M2(E∗2,k)−1](j,s,`′,`) + δ`′,`
|p|
(
1−H(k)

)
+ ip

16πE∗2,k

∣∣∣∣∣
p=q∗2,k

, (5.58)

with subthreshold analytic continuation following from −ip→ |p| for p2 < 0. HereM2(E∗2,k)

is the standard scattering amplitude.

The parametrization of the resulting scattering amplitudes depends on whether there

is mixing between different values of `. The simplest case is s = 0, which, as discussed

above, always involves only a single channel with even ` = j. Then we write the scattering

amplitude in terms of a phase shift

[M2(E∗2,k)−1](j,s=0,`′,`) + δ`′,`
ip

16πE∗2,k

∣∣∣∣∣
p=q∗2,k

= δ`′,`
q∗2,k cot δ(j=`,s=0)(q∗2,k)

16πE∗2,k
. (5.59)

This, in turn, can be parametrized with an effective range expansion

p2`+1 cot δ(j=`,s=0)(p) = − 1
a0

+
∞∑
n=1

an(p2)n . (5.60)

Two-channel mixing is possible for s = 1, but only for j = 2, 4, 6, . . . , for which both ` = j±1

are possible. In such cases one can parametrize the phase shift using, for example, the Blatt-

Biedenharn parametrization [214, 215]. For j = 0 and 1, however, which arise from ` = 1,

there is only a single channel and one can proceed as for s = 0.

5.4.3 Derivation

In the previous section we have provided the generalization of the four key quantities required

to develop the finite-volume formalism for three identical spin-1/2 particles. The generalized

7This form assumes that the generalization of the p.v. prescription to include an “IPV term” is not being
made. The generalization to this case can be easily determined from ref. [114].
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version for each of the four is written in bold face, in particular Kdf,3 [section 5.4.2], G

[section 5.4.2], F [section 5.4.2] and K2 [section 5.4.2]. In this section, we show how, using

these building blocks, the derivation of refs. [16,17] can be extended to apply to identical spin-

1/2-particle systems. For simplicity, we use the language of three neutrons in the following,

but emphasize that the formalism we obtain holds for any system of three spin-1/2 particles.

The derivation proceeds in several steps. First, in section 5.4.3, we define an appropriate

finite-volume correlator, the poles in which give the finite-volume energies. Next, in sec-

tion 5.4.3, we analyze the three classes of Feynman diagrams that enter into the skeleton

expansion of the correlator. Third, in section 5.4.3, we explain how the results generalize to

all orders. We also present the result for a related quantity, the finite-volume unsymmetrized

scattering amplitude. These ingredients are then used in the following section, section 5.5, to

determine the quantization condition and the relation between Kdf,3 and the infinite-volume

scattering amplitude. This basic workflow is analogous to the presentation of ref. [37], in

which the formalism of refs. [16, 17] was generalized to describe all three-pion states with

generic isospin.

Finite-volume correlator

The Minkowski-space finite-volume correlation function is defined as

CL(P ) ≡
∫
L
d4x eiP ·x 〈TO(x)O†(0)〉L , (5.61)

where P · x = Ex0 − P · x, and
∫
L
d4x ≡

∫
dx0

∫
L
d3x , (5.62)

is an integral over the infinite time direction and three finite spatial directions. The operators

O†(0) and O(x) respectively create and annihilate three-neutron states. They are assumed to

have support for a finite range of times around the nominal position of the operator, and can

either be local or delocalized in space. In eq. (6.3), T indicates time ordering, P µ = (E,P )

is a four-vector containing the total energy and momentum, and the subscript L indicates
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that the quantity is evaluated in a finite cubic spatial volume (with periodicity L in each of

the three spatial directions).

It will be useful for the following derivation to give explicit definitions of the operators

O and O†. Let Nα(x) denote a single-nucleon spin-1/2 field with Dirac index α. We first

define the momentum-space operators

Õ†r1,r2,r3(p1, p2, p3) =
3∏
i=1

{
uriαi(pαi)

∫
L
d4xi e

−ipi·xiN αi(xi)
}
, (5.63)

Õr1,r2,r3(p′1, p′2, p′3) =
3∏
i=1

{
uriαi(p

′
αi

)
∫
L
d4xi e

ip′i·xiNαi(xi)
}
, (5.64)

where each field on the right-hand side is contracted with a spinor uriαi(p
′
αi

) or uriαi(pαi), with

ri indicating a specific spin component. We then obtain O(x) by integrating over momenta,

weighted with a “form factor” that depends on the precise form of the operator. In particular,

the Fourier transform of O(x) is given by∫
L
d4x eiP ·xO(x) =

∫
p′1, L

∫
p′2, L

∫
p′3, L

∑
r1,r2,r3

Õr1,r2,r3(p′1, p′2, p′3)f r1r2r3(p′1, p′2, p′3) , (5.65)

where

f r1r2r3(p′1, p′2, p′3) = 2πδ(E − p′01 − p′02 − p′03 )L3δp′1+p′2+p′3,P fr1r2r3(p′1, p′2, p′3) . (5.66)

In eq. (5.65), we are using the finite-volume version of the momentum-space integral,∫
p, L

= 1
L3

∑
p

∫ dp0

2π , (5.67)

in which the sum runs over all values of p = (2π/L)n, where n is a three-vector of integers

(n ∈ Z3). We refer to this set of momenta as the “finite-volume set.” In eq. (5.66), the

first two factors on the right-hand side enforce four-momentum conservation, while f is a

smooth function of momenta that depends on the form of O(x). The detailed form of f is

not important. However, its p0
i dependence must ensure that O(x) is localized in time, as

described above.

Two technical points deserve mention. First, in eq. (6.3), the time ordering applies to the

positions of all the single-particle operators contained in the composite operators O and O†,
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and not just to the component x0. In particular, all possible orderings of the N and N fields

arise in general, since these are individually integrated over all positions. The ordering of

interest, in which three neutrons are first created, and then later destroyed, will be picked out

by the choice of E, as discussed shortly. Second, we stress that N and N are anticommuting

Grassmann fields and that time-ordering is also subject to the usual Grassmann definition,

e.g. T{N (x0)N (y0)} = −N (y0)N (x0) for x0 < y0. The anticommuting property plays an

important role in the formalism, as already noted above in the result for G, eq. (5.42).

In this work we assume that CL(P ) can be represented as an all-orders Feynman dia-

grammatic expansion in a relativistic effective field theory (EFT) in which the degrees of

freedom are neutrons, protons and pions. We make no restrictions on the form or strength

of the interaction vertices, other than requiring that they respect Lorentz invariance, baryon

number, and electric charge conservation. We thus expect that the resulting formalism ap-

plies nonperturbatively. Close to the three-neutron threshold, the pions could be integrated

out, leading to a pionless EFT for nucleons, but we do not need to assume that we are in this

regime. What we do assume is that the total CMF energy, E∗3 =
√
P 2 =

√
E2 − P 2, lies in

a regime such that the only on-shell states are those involving three neutrons. In particular,

for isosymmetric QCD we require that

√
4m2

N −m2
π +mN < E∗3 < 3mN +mπ . (5.68)

The upper limit is required to avoid 3N + π on-shell states, while the lower limit avoids the

left-hand cut in two-to-two subprocesses due to single-pion exchange. The latter restriction is

necessary because, as explained in the following, the non-analyticity in K2 from the left-hand

cut leads to power-law finite-volume dependence. We stress that, although proton degrees

of freedom are present in the EFT, they cannot appear in on-shell intermediate states in

the three-neutron correlator for the kinematic regime of eq. (5.68). Instead, they appear in

virtual intermediate states—along with pions that lead, for example, to the dressing of the

neutron propagator—as well as in Bethe-Salpeter kernels.

Our aim in the following is to keep track of all power-like dependence of CL(P ) on L
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(typically of the form of powers of 1/L), while neglecting dependence falling faster than

any power of 1/L. With a slight abuse of nomenclature, we will refer to the latter as

“exponentially suppressed”. Indeed, this category includes exponentially-suppressed scaling

of the form e−mπL, where mπ is the mass of the lightest degree of freedom in the system, e.g.

the pion in QCD, and generally not the mass of the spin-1/2 particle, which we denote m

in the following. For large enough L, such exponentially-suppressed terms are numerically

smaller than power-law effects.

The key difference between contributions to the finite- and infinite-volume correlators is

that the former involve sums over finite-volume momenta, while the latter involve integrals.

Local vertices are unchanged. As discussed in ref. [16], one can use the Poisson summation

formula to argue that the difference between finite-volume sums and infinite-volume integrals

is exponentially suppressed unless the summand/integrand is singular. This can happen

either because there is an on-shell intermediate state, or because of a non-analyticity in

the vertex functions such as the above-mentioned left-hand cut. Since in the following

derivation we include the effects only of three-neutron intermediate states, we are led to the

same requirements on E∗3 as given in eq. (5.68). We stress that the localization of O in time

plays an important role here, for it implies that states consisting, say, of two neutrons and

an antineutron, cannot propagate forward in time for an arbitrarily long extent, and thus

cannot lead to on-shell singularities.

The diagrammatic expansion involves the operators O and O† as well as the above-

mentioned vertices. Simple examples are shown in figure 5.1. The neutron propagators in

these diagrams are given by

∆L,αβ(p) =
∫
L
d4x eip·x 〈TNα(x)N β(0)〉L . (5.69)

They are thus fully dressed, and include loop diagrams that are not shown explicitly. The

subscript L on the expectation value refers to the L-dependence that arises from the spatial

periodicity, which implies that p must be drawn from the finite-volume set, and that the

spatial parts of loop momenta must be summed. However, in the vicinity of the single-
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particle pole at p2 = m2, all loop contributions are far off shell, so that L-dependence is

exponentially suppressed, and we can write [216]

∆L,αβ(p) = i
(/p+m)αβ
p2 −m2 + iε

+RL,αβ(p) . (5.70)

Here the first term is L-independent, while the second term is analytic for p0 below the thresh-

old to create a multi-particle state (a nucleon+pion state in the case of isospin-symmetric

QCD). We have assumed a normalization of the fields N and N so as to give unit residue

at the pole of the dressed propagator, leading to a simple factor of /p+m in the numerator.

One can apply a final simplification to the numerator of the L-independent part of the

propagator by setting p0 to its on-shell value: p0 = ωp =
√
p2 +m2. This is justified since

the difference cancels the pole, leading to an additional analytic contribution that can be

absorbed by a redefinition of RL,αβ(p). This step is useful as the on-shell version of the

numerator is equal to a sum of spinors,

(/p+m)αβ
∣∣∣∣∣
p0=ωp

=
∑
r

urα(p)urβ(p) . (5.71)

As noted in the previous section, and discussed further below, it is for this reason that the

finite-volume factors F and G are proportional to Kronecker deltas in spin space in the

lab-axis frame.

Like the momentum sums in the fully-dressed propagator, loop sums in generic Feynman

diagrams for CL contribute only exponentially suppressed L-dependence, as long as the loops

do not allow three-neutron cuts. Such cuts lead to poles in the summand, and induce power-

like volume effects that must be included in (and indeed are the focus of) the derivation.

Heuristically, the intuition is that these physical, on-shell intermediate states can travel

arbitrarily far and thus maximally feel the boundary conditions.

From these considerations, it follows that a skeleton expansion in which all three-neutron

states are explicitly displayed will capture the power-like L dependence in CL(P ). Such an

expansion is built from all diagrams with operator-dependent vertex functions on the far left

and far right, with three neutrons propagating between them, interacting via Bethe-Salpeter
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(a)

(c)

(b)

(d)

Figure 5.1: Diagrams relevant for the derivation of the quantization condition for three neutrons

in a finite volume. Lines with arrows indicate fully-dressed neutron propagators. (We envision time

flowing from right to left to match the ordering of incoming and outgoing states in the expressions

of the main text.) The tall ellipses indicate the σ functions arising from the interpolating operators

while the circles indicate two- and three-particle Bethe-Salpeter kernels.

kernels. Examples are shown in figure 5.1. The two-to-two kernels shown are defined to be

two-particle irreducible in the s channel, so that there are no hidden three-particle states.

There can also be three-to-three Bethe-Salpeter kernels, which are three-particle irreducible

in the s channel. We discuss these kernels further in the remainder of the derivation.

Contributing diagrams

Continuing to follow the basic structure of the argument of ref. [37], we now analyze the

three diagrams shown in figure 5.1 in turn, beginning with 5.1(a). Denoting the contribution

of this to CL as C [5.1(a)]
L , we have

C
[5.1(a)]
L = 1

6

∫
a, L

∫
k, L

σα1α2α3(a, k)∆L,α1β1(a)∆L,α2β2(b)∆L,α3β3(k)σ†β1β2β3(a, k) , (5.72)
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where b = P − k − a, and we have introduced the “endcap” σα1,α2,α3(a, k), defined by

σα1α2α3(a, k) =
∑
p∈P

sig(p)× ur1α1(a)ur2α2(b)ur3α3(k)× p[fr1r2r3(a, b, k)] . (5.73)

Here P is the set of six permutations acting on the momentum and spin indices. For ex-

ample if we define p1↔2 as the permutation exchanging both the indices r1 and r2 and the

corresponding momenta a and b, then

p1↔2[fr1r2r3(a, b, k)] = fr2r1r3(b, a, k) . (5.74)

The factor sig(p) is 1 for a cyclic permutation and −1 otherwise. As a result, only the

antisymmetric part of fr1r2r3(a, b, k) contributes in eq. (5.73).

To analyze eq. (5.72), one next uses the identity of eq. (5.70) to evaluate the k0 and a0

integrals within
∫
a, L and

∫
k, L. This yields

C
[5.1(a)]
L (P ) = C̃ [5.1(a)]

∞ (P )

+ 1
6

1
L6

∑
a,k

σα1α2α3(a,k)i(/a+m)α1β1 (/b +m)α2β2 (/k +m)α3β3

2ωa2ωk(b2 −m2) σ†β1β2β3(a,k) , (5.75)

where C̃ [5.1(a)]
∞ (P ) is a quantity with negligible (exponentially suppressed) L dependence.

(The tilde is used as we will require a redefinition to reach our final quantity, C [5.1(a)]
∞ (P ).)

To reach eq. (5.75) we have used the result that all contributions containing at least

one factor of RL,αβ(p) lead to exponentially suppressed volume dependence. In the term

proportional to 1/[(a2 −m2)(b2 −m2)(k2 −m2)] we have evaluated the a0 and k0 integrals

by closing the contours in the complex plane, encircling poles at a0 = ωa and k0 = ωk.

This also results in the numerator factors (/a + m) and (/k + m) being evaluated on-shell,

allowing the subsequent use of the result eq. (5.71), as explained below. We also note that

the four-momenta in the arguments of σ and σ† are set on shell, and, with some abuse of

notation, we denote this by changing the arguments to three-vectors. All other poles that

contribute to the a0 and k0 integrals can be seen to lead to intermediate states that cannot

go on shell for our range of E∗3 , and thus give nonsingular summands, for which the sums

can be replaced by integrals, so that the contributions can be absorbed in C̃ [5.1(a)]
∞ (P ).
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The remaining momentum bµ = (E−ωk−ωa,P−k−a) is generally not on the mass shell,

but the summand can be expanded about the on-shell point, i.e. about E = ωk + ωa + ωb,.

This expansion, together with a few additional manipulations explained below, yields

C
[5.1(a)]
L (P ) = C [5.1(a)]

∞ (P ) + 1
6

1
L3

∑
k

H(k)
[

1
L3

∑
a

−p.v.
∫
a

]

× σlab
r1r2r3(a,k)

iδr1r′1δr2r′2δr3r′3
2ωa2ωb2ωk(E − ωa − ωb − ωk)

σlab,†
r′1r
′
2r
′
3
(a,k) , (5.76)

where

σlab
r1r2r3(a,k) = σα1α2α3(a,k)ur1α1(a)ur2α2(b)ur3α3(k) , (5.77)

= (2m)3 ∑
p∈P

sig(p)p[fr1r2r3(a, b,k)] . (5.78)

In the second line, the middle argument of f remains a four-vector b, since this momentum is

not yet on shell. The superscript lab emphasizes that the spin components are defined with

respect to the lab-frame axis. The additional steps to reach eq. (5.76) include the subtraction

of the integral, which is then added back in through a redefinition of C [5.1(a)]
∞ (P ), which is

allowed since the p.v. integral yields a smooth function of k, allowing the sum over k to

be replaced by an integral. A similar redefinition allows us to introduce the cutoff function

H(k), (whose form is discussed following eq. (5.5) above). These steps are explained in detail

in the original derivation of the quantization condition [16]. We can now use the expansion

of the summand about the on-shell point to replace /b + m and other factors, with their

on-shell values, for the difference cancels the pole and leads to a sum-integral difference that

is exponentially suppressed. We can then apply eq. (5.71) to the Dirac factors to write each

as a product of spinors, leading to the expression shown for σlab.

At this stage we could directly use the sum-integral identity given in eq. (A1) of ref. [16]

to rewrite C [5.1(a)]
L (P ) in terms of the geometrical function Flab given in eq. (5.53),

C
[5.1(a)]
L = C [5.1(a)]

∞ − 1
3σ

labFlabσlab,† . (5.79)

The overall 1/3 arises because Flab contains a factor of 1/2, and the product leads to the

1/6 in eq. (5.76). The bold-faced σlab indicates that a factor of i has been absorbed into
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σ, that this quantity has been set on shell, and projected onto spherical harmonics using

eq. (5.40). σlab also includes the lab-frame axis spin indices, which, as shown in eq. (5.76),

are unchanged by the three-particle cut.8

However, this form is not used in our analysis, which is carried out in the dimer-axis

frame. Instead, we must first rotate to the dimer-axis frame using the transformation given

in eqs. (5.37) and (5.38); and then apply the sum-integral identity discussed above, which

involves projecting the resulting endcaps onto spherical harmonics using eq. (5.40), and then

setting them on shell. These steps lead to

C
[5.1(a)]
L = C [5.1(a)]

∞ − 1
3σFσ† , (5.80)

i.e. a result with the same form as the lab-axis frame version eq. (5.79). We stress that

this identity of form hides a nontrivial difference. In particular, since the transformation

connecting the lab- and dimer-axis frames depends on the momenta, it does not commute

with the projection onto spherical harmonics. Thus, one cannot directly relate eqs. (5.79)

and (5.80), but must instead must go back to the starting point of eq. (5.76).

We now explain these steps in more detail. The basis rotation involves one subtlety,

namely that the momentum b is off shell, while the rotation described in eqs. (5.37) and (5.38)

assumes that all momenta are on shell. Thus, we must extend the definition of the rotation

to the off-shell case, and this we do by setting βb = b/ωb in the definition of Rb needed in

eq. (5.38). This is the same extension already used in section 5.4.2 when describing the form

of G.

The second step is to use the sum-minus-integral identity from ref. [16], leading to endcaps

that are projected, using eq. (5.40), onto definite orbital angular momentum `m in the dimer

CMF, and then set fully on shell. Since k is only sampled at discrete finite-volume values, it

can also be viewed as an index, such that σ is promoted to a vector in the combined index

space of r1, r2, r3, `,m,k, where {ri} are spin indices in the dimer-axis frame, which were

8Note that we use a different labelling of the spin indices here (ri) compared to those used in the definition
of Flab (ms), but this is just for notational convenience—the indices are the same.



183

denoted {ms(k),ms(a∗),ms(b∗)} earlier. We abbreviate the quantity labelled by all these

indices as σ (with the symbol in bold), which also includes an additional factor of i. This

leads to eq. (5.80), in which the second term on the right-hand side is a matrix product built

from the vector σ and its conjugate, together with the matrix F defined in eq. (5.51). This

result has the same form as in the case of three pions of arbitrary isospin [37], except that

here the flavor indices are replaced with (dimer-axis) spin indices.

We now turn to figure 5.1(b). In this diagram a Bethe-Salpeter kernel, denoted B, is

inserted to scatter two of the three neutrons propagating across the diagram. The functional

form is given by

C
[5.1(b)]
L (P ) = 1

4
1
L9

∑
k,a,a′

∫ da0

2π

∫ da′0

2π

∫ dk0

2π σα1α2α3(a′, k) ∆α1α′1
(a′)∆α2α′2

(b′)δα3α′3

× iBα′1α′2,β′1β′2(a′, b′; a, b) ∆α′3,β
′
3
(k) ∆β′1β1(a)∆β′2β2(b) δβ′3β3 σ

†
β1β2β3(a, k) . (5.81)

Now, in contrast to the analysis of figure 5.1(a), here we only aim to identify the maximally

singular contribution to the diagram. The less singular parts will be absorbed into re-

definitions of factors such as σ and σ† appearing in eq. (5.80).

Because figure 5.1(b) admits two distinct cuts across three-neutron states, the maximally

singular contribution contains two poles. To isolate these we perform the k0, a′0, and a0

contour integrals and expand the partially on-shell propagators about the physical energy

points E = ωa′ + ωb′ + ωk and E = ωa + ωb + ωk to reach

C
[5.1(b)]
L (P ) = 1

4
1
L3

∑
k

[
1
L3

∑
a′
−
∫
a′

][
1
L3

∑
a

−
∫
a

]

× σlab
r1r2r3(a′,k)

iδr1r′1δr2r′2δr3r′3H(k)
2ωa′2ωb′2ωk(E − ωa′ − ωb′ − ωk)

i[2ωk]Blab
r′1r
′
2,s
′
1s
′
2
(a′, b′;a, b)δr′3s′3

×
iδs′1s1δs′2s2δs′3s3H(k)

2ωa2ωb2ωk(E − ωa − ωb − ωk)
σlab,†
s1,s2,s3(a,k) + · · · , (5.82)

where the ellipsis denotes less singular terms that we do not track explicitly. Here we have

already mimicked the steps performed for figure 5.1(a) above including (i) replacing the sums

over a and a′ with integrals and sum-integral differences (and discarding the integrals as
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these lead to less singular terms) (ii) inserting the identity 1 = H(k) + [1−H(k)] and again

dropping the second contribution as it is less singular (iii) expanding all Dirac structures

about the on-shell point to recover outer products of spinors that are then contracted with

the endcaps and with the Bethe-Salpeter kernel.

The final steps, again in a direct imitation of the analysis for figure 5.1(a), are to ex-

pand the endcap factors and Bethe-Salpeter kernel about their on-shell points, to perform a

momentum-dependent change of basis to the dimer-axis frame, and then to decompose all

quantities in angular momentum in the dimer-axis frame. The result takes a very compact

form

C
[5.1(b)]
L = −σF B2 Fσ† + · · · , (5.83)

where B2 is analogous to K2, defined in eq. (5.54) above, but based on the Bethe-Salpeter

kernel rather than the full K matrix.

We finally reach figure 5.1(c), which we also write out in detail to fully explain the pattern

of the derivation that we are identifying. The diagram can be expressed as

C
[5.1(c)]
L (P ) = (−1)1

4
1
L12

∑
k,p,a,a′

∫ da0

2π

∫ da′0

2π

∫ dk0

2π

∫ dp0

2π

×
[
σα1,α2,α3(a′, p) ∆α1α′1

(a′)∆α2α′2
(b′)δα3α′3

× iBα′1α′2,β′1β′2(a′, b′; k, bpk) ∆α′3β
′
3
(p)

×∆β′2γ
′
2
(bpk)δβ′1γ′3δβ′3γ′1

× iBγ′1γ′2σ′1σ′2(p, bpk; a, b) ∆γ′3σ
′
3
(k)

×∆σ′1σ1(a)∆σ′2σ2(b) δσ′3σ3 σ
†
σ1σ2σ3(a, k)

]
,

(5.84)

where the initial (−1) arises from the anti-commutation of Grassmann fields in the correlation

function defining the diagram.

Each line of the lengthy expression in square brackets corresponds to a specific segment of

the diagram. In particular, the first and last lines correspond to the two endcap factors, each
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with the two propagators that are contracted between an endcap and its adjacent Bethe-

Salpeter kernel. The second and fourth lines then correspond to the two kernels themselves,

each accompanied by the spectator propagator, i.e. the propagator that is not scattered by

that kernel. Finally, the middle line corresponds to the distinctive feature of figure 5.1(c),

namely the change in the particle that is spectating. This switch leads to the bpk-dependent

propagator as well as the set of Kronecker deltas, δβ′1γ′3δβ′3γ′1 , that encode the interchange of

indices with 1 and 3 subscripts.

Again identifying the most singular term in the expression, and performing steps discussed

in detail in ref. [16], we reach

C
[5.1(c)]
L (P ) = 1

4
1
L6

∑
p,k

[
1
L3

∑
a′
−
∫
a′

][
1
L3

∑
a

−
∫
a

]

× σlab
r1r2r3(a′,p)

iδr1r′1δr2r′2δr3r′3H(p)
2ωa′2ωb′2ωp(E − ωa′ − ωb′ − ωp)

× i[2ωp]Blab
r′1r
′
2,s
′
1s
′
2
(a′, b′;k, bpk)δr′3s′3

× (−1)δs′2t′2δs′1t′3δs′3t′1
i

4ωpωk
H(p)H(k)
b2
pk −m2

× i[2ωk]Blab
t′1t
′
2,z
′
1z
′
2
(p, bpk;a, b)δt′3z′3

×
iδz′1z1δz′2z2δz′3z3H(k)

2ωa2ωb2ωk(E − ωa − ωb − ωk)
σlab,†
z1z2z3(a,k)

+ · · · .

(5.85)

The key observation here is that all structures appearing in this long equation have already

been used above except for the line beginning with ×(−1)δs′2t′2δs′1t′3δs′3t′1 · · · . Again this is the

line that encodes the switch in which pair is scattering.

We once again repeat the now usual steps of expanding about the on-shell point, per-

forming the momentum-dependent change of basis to the dimer-axis frame and decomposing

all quantities in spherical harmonics. Because the two-particle momenta differ on either side

of the switch factor, the change of basis matrices do not cancel. This leads to the nontrivial

form of G given in eq. (5.45). In our notation, the final result for the most singular-part of
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figure 5.1(c) takes a very compact form:

C
[5.1(c)]
L = −σF B2 G B2 Fσ† + · · · (5.86)

This completes our analysis of the three key diagrams of figure 5.1. In the following

section we illustrate how these lead to a generalized quantization condition for finite-volume

three-nucleon systems.

All orders generalization

To reach our final form for CL(P ), the correlation function introduced in eq. (6.3), we need

to analyze all contributions to the skeleton expansion. We stress that in the following we

are explaining the logic and structure of the full derivation, but many details are left out.

For these we refer to the derivation for identical particles given in refs. [16,17]. One feature

that changes compared to that derivation is the need for amplitudes involving three identical

fermions to be antisymmetric under particle exchange, rather than symmetric. The impact

of this change is discussed in section C.1.

An important building block entering the expansion that we have not considered so far

is the three-particle Bethe-Salpeter kernel. An example of a diagram containing this kernel

is shown in figure 5.1(d). When represented as a function of momenta and spin indices, the

kernel is denoted by B3 in analogy to the two-particle Bethe-Salpeter kernel, B [appearing,

for example, in eq. (5.81)]. B3 is defined as the sum over the set of all Feynman diagrams

with three incoming and three outgoing neutrons that do not contain any three-neutron cuts

intersecting the flow of total energy and momentum (s-channel cuts).9

B3 depends on the same kinematical and spin variables as Kdf,3, allowing the description

in section 5.4.2 to carry over. If the outgoing spin indices and the outgoing momenta of

9Unlike for the case of pions, there are no diagrams with s-channel cuts containing a single neutron,
due to baryon-number conservation. Thus, an additional complication in the construction of B3 that was
addressed for pions and similar particles in ref. [16] is avoided here.
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B3 are fixed, then the incoming degrees of freedom exactly match those of σ, the leftmost

endcap function used extensively in the previous section. From this it follows that the steps

leading to the on-shell projection of σ and the rotation to the dimer-frame axis can also be

followed for B3. If these steps are applied to both the incoming and outgoing kinematics,

then B3 can be represented as a matrix in the same space as K2, F, and G. After absorbing

a factor of i this matrix is denoted by B3.

Returning to the main analysis, we follow the same logic as in the original RFT derivation

for identical spin-zero particles [16] by noting that every diagram generates a maximally

singular piece as well as contributions with fewer singularities. The latter arise when the

loop momenta associated with poles are integrated using the principal value prescription

rather than summed, and from finite terms that result when expanding the coefficients of

poles about their on-shell values. Such nonmaximally singular terms can be incorporated

through redefinitions of infinite-volume quantities σ, B2, and B3. For example, figure 5.1(a)

has a single pole in its maximally singular contribution whereas figure 5.1(b) (which has two

poles in its maximally singular term) can also generate single-pole contributions when either

a or else a′ (but not both) is integrated. The single-pole parts of figure 5.1(a) and (b) are

ultimately combined through redefinitions of σ and σ†, in a step that collects an infinite set

of single-pole terms into a single contribution to CL(P ).

We now identify all contributions to CL(P ), beginning with the rule for identifying the

maximally singular piece in each diagram.10 To explain the rule it is convenient to first

introduce the notion of a two-to-two sub-process sector, defined as any section of skeleton-

expansion diagram that appears between insertions of σ, B3 or σ† (and does not contain

any such factors). For example, the three diagrams analyzed so far each contain exactly one

two-to-two subprocess sector as no B3 factors are included. Within each such sector, one

10We emphasize that the presentation here follows a different strategy for reviewing the derivation of
the RFT quantization condition, as compared, e.g., to refs. [16, 37]. This difference is not related to the
consideration of particles with spin; indeed an analogous approach could also have been applied in earlier
works. We think that the present approach allows a straightforward understanding of the essential features
of the final results, although it hides many details explained in ref. [16].
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can identify the number of times that the pair of scattering nucleons changes (the number of

switches, Nswitch) or, similarly, the number of elastic two-to-two sections, Nelast = Nswitch + 1,

in which pairwise scattering occurs for a given nucleon pair. We also adopt the convention

that Nelast = 0 if no pairwise scattering occurs in a particular two-to-two subprocess sector,

as in figure 5.1(a).

The maximally singular contribution of any subprocess sector, denoted by S(n)
L (P )max,

then takes a simple form

S(n)
L (P )max =


F/3 Nelast = 0 ,(∏Nelast

k=1

([
FB2

]n(k)
GB2

))
B−1

2 G−1F Nelast > 0 ,
(maximally singular),

(5.87)

where n is a vector of length Nelast., populated with positive integers counting the number

of B2 factors in each elastic two-to-two section, and n(k) is its kth component. Here it is

understood that the k = 1 factor is on the far left and the k = Nelast. on the far right. Note

that G appears Nelast. − 1 = Nswitch times.

In eq. (5.87) we have used the subscript max to indicate that the right-hand side is only

part of the contribution. This is because we intend S(n)
L (P ), with no max subscript, to

contain all contributions with a set of poles described by a given n. We are missing the

non-maximally-singular terms that arise when some coordinates are integrated, as well as

those associated with expanding the coefficients of poles. As is shown in ref. [16], including

the former has the effect of promoting the Bethe-Salpeter kernel, B2, to the K-matrix, K2,

defined in section 5.4.2 and in particular in eq. (5.54) above. These can thus be incorporated

by making the simple adjustment

S(n)
L (P ) =


F/3 Nelast = 0 ,(∏Nelast

k=1

([
FK2

]n(k)
GK2

))
K−1

2 G−1F Nelast > 0 ,
(all terms). (5.88)

The next step is to sum over Nelast. values and over all positive integer components of the
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vectors n. This gives a quantity denoted by F3:

F3 =
∞∑

Nelast.= 0

∑
n∈(Z+)Nelast.

S(n)
L (P ) . (5.89)

Evaluating the sum explicitly, one finds

F3 = F
3 + F

1
1−M2,LG

M2,LF , M2,L = 1
K−1

2 − F
. (5.90)

This matches the definition in refs. [16, 37].

A more subtle issue is the impact of finite terms obtained when the coefficients of poles

are expanded about their on-shell values. We have done such an expansion, for example, in

the analysis of figure 5.1(c), when we replaced the pole with the factor of G, and set adjacent

quantities on shell. The terms that are dropped effectively sew the adjacent Bethe-Salpeter

kernels together creating a contribution to the three-particle K matrix. It turns out that

such contributions can be absorbed into changes in B3, although this requires the use of a

symmetrization procedure that is discussed in section C.1. This allows one to proceed by

ignoring this issue for now, and adding in such terms after discussing the role of B3.

To explain this role, we iterate the insertion of F3—corresponding to a two-to-two sub-

process sector—with the objects that break up these sectors, namely σ, B3, and σ†. This

leads to the following naive result for CL(P ),

CL(P ) = C∞(P )−
∞∑
n=0
σF3

[
B3F3

]n
σ† (incomplete) , (5.91)

where we have stressed that this summation is still incomplete. To complete it we need

to include the above-discussed finite contributions from expanding pole coefficients about

the on-shell point, as well as contributions in which momentum arguments σ, B3, and σ†

are integrated. The combined effect is that one must make replacements analogous to the

B2 → K2 replacement discussed above. Here these are as follows: B3 → Kdf,3, σ → A′3,

σ† → A3. The first of the new quantities, Kdf,3, is discussed in section 5.4.2, and the full

definition is given in section 6.4.7 below via the integral equations that relate this quantity

to the physical scattering amplitude. Similarly, as was shown in ref. [217], A′3 and A3 satisfy
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integral equations that define them in terms of matrix elements of the operators entering

CL(P ). These latter two quantities play no role in the quantization condition and are not

discussed further in this work.

Putting everything together we find that eq. (5.91) is replaced with an equally simple

series,

CL(P ) = C∞(P )−
∞∑
n=0

A′3F3
[
Kdf,3F3

]n
A3 , (5.92)

that evaluates to the final form for the finite-volume correlator

CL(P ) = C∞(P )−A′3F3
1

1−Kdf,3F3
A3 . (5.93)

This result is symbolically equivalent to those of previous works on different three-particle

systems, differing only in the detailed meaning of Kdf,3, F3 and the various matrices making

up the definition of the latter, in particular F, G and K2.

Before concluding this section we consider an alternative finite-volume correlation func-

tion that is useful for deriving the relation between the two- and three-body K-matrices

and the physical three-to-three scattering amplitude. This is the generalization to spin-1/2

particles of the quantity M(u,u)
3,L introduced in eq. (6.76). It is a finite-volume analog of a

scattering amplitude, with three incoming and three outgoing nucleons. It can be obtained

from the diagrams contributing to CL(P ) by removing the endcaps and amputating exter-

nal propagators. One additional technicality is required in the case where the outermost

interaction, adjacent to the incoming or outgoing state, is a two-to-two rather than a three-

to-three Bethe-Salpeter kernel. In this case the incoming momentum k and the outgoing

momentum p are always assigned to the external nucleon not connected to the outermost

B2 factor. Thus it is an unsymmetrized quantity, on both incoming and outgoing sides, as

indicated by the superscript (u, u). It can be written using the same matrix indices as for

the matrices in the quantization condition. Absorbing a factor of i, the resulting matrix is

denoted M(u,u)
3,L (P ).

A finite-volume decomposition directly analogous to that for CL(P ) can then be per-
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formed for this quantity and leads to the following result:

M(u,u)
3,L (P ) ≡ D(u,u) + L(u)

L

1
1−Kdf,3F3

Kdf,3R(u)
L , (5.94)

where

D(u,u) ≡ 1
1−M2,LG

M2,LGM2,L , (5.95)

L(u)
L ≡ F−1 · F3 , (5.96)

R(u)
L ≡ F3 · F−1 . (5.97)

Note that these results have similar form as those for identical scalars, eqs. (5.11), (5.12),

and (5.13) above, with the differences resulting from the factors of i, 2ω and L3 that have

been absorbed into our boldface definitions.

5.5 Summary of results and implementation

In this section we present the final results from the derivation of the previous section. We

also comment briefly on the issues that will arise when implementing the formalism.

5.5.1 Relating finite-volume energies to Kdf,3

In direct analogy to previous derivations, see e.g. refs. [15, 16], the condition that CL(P )

contains a pole in E (at fixed P and L) implies the following finite-volume quantization

condition

det
k,`,m,m∗s

[
1−Kdf,3F3

]
= 0 . (5.98)

Here the subscripts on the determinant indicate that it is taken in the space on which all

matrices are defined, which is a Kronecker-product space of the spectator momentum k

(discretized by the finite volume as k ∈ (2π/L)Z3), the orbital angular momentum of the

two-particle pair, `,m, as well as the azimuthal spin components in the dimer-axis frame,m∗s.

This result has the by-now standard form for quantization conditions in the RFT formalism,

exemplified by eq. (5.8), aside from a sign difference arising from our boldface notation. All
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the complications introduced by spin are contained in the form of the building blocks Kdf,3,

G, F, and K2, which are discussed, respectively, in sections 5.4.2, 5.4.2, 5.4.2, and 5.4.2.

To use the quantization condition in practice, one must truncate the sum over angular

momentum. This can be achieved, following ref. [16], by setting K2 and Kdf,3 to zero for

` > `max, since this has the effect of truncating also the contributions of F and G. Such

a truncation is reasonable near to threshold, where angular-momentum barriers suppress

interactions for larger values of `. In principle, one can envisage using a different maximum

angular momentum cutoff for K2 and Kdf,3, although it is plausible that they should be

related. In any case, since the sum over k is automatically truncated by the cutoff function,

the truncation in ` leads to finite-dimensional matrices, and implementing the determinant

condition becomes tractable.

A further practical step is to decompose the matrices into irreducible representations

(irreps) of the appropriate finite-volume symmetry group, which allows the matrix in the

quantization condition to be block diagonalized. The group depends on the total momentum

P . In the case of three neutrons, one must use fermionic irreps, and the construction of the

projectors that block-diagonalize the matrices involves Wigner D matrices representing the

effect of Wigner rotations. Details on irrep projection for the three-particle quantization

condition for scalars have been discussed in refs. [110,124]. Applying the same procedure for

particles with spin should be straightforward.

5.5.2 Relating Kdf,3 to the scattering amplitude

The second step of the formalism provides a relation between the two- and three-particle K

matrices, determined as outlined in the previous section, and the three-particle scattering

amplitude,M3. We obtain this relation using the correlator M(u,u)
3,L , whose decomposition is

given in eq. (5.94) above. We first antisymmetrize the correlator to yield

M3,L(P ) ≡ A
[
M(u,u)

3,L (P )
]
. (5.99)
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The antisymmetrization step sums over all permutations of momenta on the external legs

with appropriate signs and is described in detail in section C.2.

Second, we formally perform an infinitesimal shift in the total energy into the complex

plane, denoted by iε, and then take an ordered double limit,

M3(E,P ) = lim
ε→0+

lim
L→∞

M3,L(E + iε,P ) . (5.100)

The quantity on the left-hand side is the full three-neutron scattering amplitude, defined

as the sum of all diagrams in the skeleton expansion with a standard iε pole prescription

in propagators. The limit on the right-hand side yields a set of infinite-volume integral

equations.

To spell this out in more detail, we begin with the two-to-two amplitude that appears as

a subprocess of three-to-three scattering. We define this via the two-particle K-matrix but

introduce a version of the latter that is rescaled relative to that in section 5.4.2. We denote

this by K2(p), where p is the spectator momentum, defining

[K2]`′m′m′∗s ;`mm∗s(p) ≡ iK(`′m′m′∗s ,`mm∗s)
2 (E∗2,p) . (5.101)

Comparing to eq. (5.54), note that here we have dropped a factor of 2ωpL3 and the Kronecker

delta. We next define the corresponding phase-space factor

[ρ]`′m′m′∗s ;`mm∗s(p) = δm′∗s m∗sδ`′`δm′m
−i|q∗2,p|

(
1−H(p)

)
+ q∗2,p

16πE∗2,p
, (5.102)

such that the two-to-two scattering amplitude is given by

M2(p) = 1
K2(p)−1 − ρ(p) . (5.103)

Up to the rescaling by 2ωpL3, this is the ordered double limit (L→∞ followed by ε→ 0+)

of M2,L, defined in eq. (5.90).

The next step is to evaluate the ordered limit for D(u,u); we denote the result of this by

D(u,u)
∞ (p,k), where the spectator-momentum indices have been promoted to arguments of
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the function. As described, for example, in eq. (85) of ref. [17], the result of the limit can be

expressed via an integral equation

D(u,u)
∞ (p,k) ≡M2(p)G∞(p,k)M2(k) + M2(p)

∫
k′

G∞(p,k′)D(u,u)
∞ (k′,k) , (5.104)

where
∫
k =

∫
d3k[(2π)3(2ωk)]−1, and G∞(p,k), the exchange factor appropriate for the

integral equation, is given by

[G∞]`′m′m′∗s ;`mm∗s(p,k) = 4ωpωkL6 Gp`′m′m′∗s ;k`mm∗s , (5.105)

which is just a rescaled version of the finite-volume analog with the spectator-momentum

indices promoted to arguments of the function. Note that, although the convention for
∫
k

differs as compared to ref. [17], this is compensated by differences elsewhere such that the

convention for D(u,u)
∞ (p,k) is the same.

Once D(u,u)
∞ (p,k) is determined via the integral equation, one can readily evaluate the

left and right dressing functions via

L(u)
∞ (p,k) =

[1
3 + M2(k)ρ(k)

]
δ̃(p− k) + D(u,u)

∞ (p,k)ρ(k) (5.106)

R(u)
∞ (p,k) =

[1
3 + ρ(k)M2(k)

]
δ̃(p− k) + ρ(p)D(u,u)

∞ (p,k) , (5.107)

where δ̃(p− k) = 2ωp(2π)3δ3(p− k). [See eqs. (92) and (94) of ref. [17]. However, for these

quantities our convention differs by factors of 2ω from that work.] Either of these can then

be used to construct a final integral equation for a quantity denoted by T(p,k) that sums

an infinite series of Kdf,3 insertions:

T(p,k) = Kdf,3(p,k) +
∫
p′

∫
k′

Kdf,3(p,p′)ρ(p′)L(u)
∞ (p′,k′)T(k′,k) . (5.108)

[See also eq. (91) of ref. [17], where the convention here matches without rescaling.] This

differs from the final amplitude because it is missing contributions from pairwise scattering

outside the Kdf,3 factors and in the Kdf,3-independent term. Restoring these contributions

and anti-symmetrizing gives

M3(E,P ) = A
[
D(u,u)
∞ (p,k) +

∫
p′

∫
k′

L(u)
∞ (p,p′)T(p′,k′)R(u)

∞ (k′,k)
]
. (5.109)
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This is the final result for the three-neutron scattering amplitude.

Dedicated studies concerning the solution to the corresponding integral equations for

scalar particles can be found in refs. [210, 211], and we expect many of the practical details

to carry over to the three-neutron case.

5.5.3 Change of basis and specific truncations

In this subsection we consider additional practical aspects of implementing the quantization

condition, focusing on those that are particular to the presence of spin degrees of freedom.

We first note that it will be useful, in many cases, to rotate all matrices to the basis in

which the dimer has definite total spin (as defined in the dimer-axis frame). This total-spin

basis is already discussed in the context of the two-particle K-matrix, K2, in section 5.4.2,

in particular in eq. (5.56). Extending the notation introduced there, we write

∣∣∣∣k, `,m, s∗, µ∗s,ms(k)
〉

=
∑

m′s(a∗),m′s(b∗)

∣∣∣∣k, `,m,m′s(a∗),m′s(b∗),ms(k)
〉〈

1/2 m′s(a∗), 1/2 m′s(b∗)
∣∣∣∣s∗, µ∗s〉 , (5.110)

where s∗ ∈ {0, 1} is the total dimer spin and µ∗s is the corresponding azimuthal component.

Note that we do not assign any momentum label to these spin indices as the ∗ is sufficient

to denote the dimer-axis frame. The last factor in eq. (5.110) is a standard SU(2) Clebsch-

Gordon coefficient for the reduction 1/2⊗ 1/2 = 0⊕ 1.

This change of basis block diagonalizes K2 to a spin-zero and spin-one block and leaves

F proportional to the identity matrix in spin-space, with index structure δs′∗,s∗ δµ′∗s ,µ∗s . By

contrast, G and Kdf,3 are not expected to have any simplifications from the rotation to this

basis.

Similarly, it is possible to perform a change of basis to combine s∗ and ` into a total

two-particle angular momentum j. To do this in practice one needs to fix a particular value

of `max, leading to a finite set of ` values that can be combined with each s∗ to reach a finite

set of states labelled by k, j, µj, `, s∗,ms(k). For the case of `max = 0, for example, one has
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only the channel {j, `, s∗} = {0, 0, 0}, since s∗ = 1 requires odd values of `. For `max = 1, we

add an s∗ = 1 component, so that there are now several channels

{j, `, s∗} ∈
{
{0, 0, 0}, {0, 1, 1}, {1, 1, 1}, {2, 1, 1}

}
. (5.111)

In this case no mixing occurs in K2 (since the two j = 0 cases have opposite parities), but

Kdf,3 and G will mix the channels, since j is not a good quantum number of the three-

particle state. Mixing in the two-particle K-matrix first arises for `max = 3, as discussed in

section 5.4.2.

5.6 Parametrization of Kdf,3

Implementing the quantization condition for three identical fermions requires a parametrization

of Kdf,3. Since Kdf,3 is, by construction, smooth aside from three-particle resonances or bound

states, we present its parametrization in an expansion about threshold. For this expansion,

we work with the quantity Klab
df,3 of eq. (5.33), in which spin components are defined with

respect to the lab-frame axis. When using Kdf,3 in, e.g., the evaluation of the quantiza-

tion condition, it will be necessary to rotate the spin indices to the dimer-frame axis using

eq. (5.37). The key constraint is that Klab
df,3 must have the same symmetry properties as the

scattering amplitude,M3. It must transform covariantly under Lorentz transformations and

parity, and be fully antisymmetric with respect to the simultaneous exchange of the spin and

momentum labels for any pair of incoming or outgoing particles.

To construct the threshold expansion, we proceed by writing down Lorentz- and parity-

invariant local operators composed of three-neutron fields and three conjugate fields and

their derivatives. These have the schematic form N 3N 3 (with derivatives and Dirac indices

implicit). By using quantum fields N and N , we automatically enforce the required anti-

symmetry property, and by using local operators we ensure that the momentum dependence

is smooth. If we enumerate all possible independent operators with up to a certain number

of derivatives, each multiplied by an independent coefficient, then, by the standard assump-

tion of effective field theories (EFTs), the corresponding matrix elements will yield the most
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general amplitudes consistent with the symmetries.

To convert the local operators into explicit forms for Klab
df,3, we take matrix elements of the

operators between external states in the lab-frame basis. This leads to expressions involving

the Dirac spinors associated with the initial and final particles, because of the relations

〈k′,ms(k′)|N (x)|0〉 = ūms(k′)(k
′)eik′·x , 〈0|N (x)|k,ms(k)〉 = ums(k)(k)e−ik·x . (5.112)

In this way an operator such as

OSSS(x) = [N (x)N (x)]3 , (5.113)

leads to an amplitude

〈k′,ms(k′);a′,ms(a′); b′,ms(b′)|OSSS(x)|k,ms(k);a,ms(a); b,ms(b)〉 =

6(ūk′uk)(ūa′ua)(ūb′ub)− 6(ūk′ua)(ūa′uk)(ūb′ub) + . . . . (5.114)

Here we are using the shorthand uk = ums(k)(k), etc., and the ellipsis represents the four

other possible permutations arising from Wick contractions. We are also assuming that the

external states are chosen to satisfy conservation of four-momentum. A key point here is

that Dirac spinors describe spin components in the lab-frame basis. The right-hand side of

eq. (5.114) has the correct symmetry properties to be a contribution to Klab
df,3: it is manifestly

antisymmetric under initial or final particle interchanges, and it inherits the correct Lorentz

and parity transformation properties from those of the free-particle states.

We now consider the complete set of operators without derivatives, that is, with dimension
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of [E]9. The available Lorentz- and parity-invariant choices are OSSS and

OSPP = [NN ][Nγ5N ][Nγ5N ] ,

OSVV = [NN ][NγµN ][NγµN ] ,

OSAA = [NN ][Nγµγ5N ][Nγµγ5N ] ,

OSTT = [NN ][NσµνN ][NσµνN ] ,

OPVA = [Nγ5N ][NγµN ][Nγµγ5N ] ,

OPTT′ = [Nγ5N ][NσµνN ][Nσµνγ5N ] ,

OTVV = [NσµνN ][NγµN ][NγνN ] ,

OTAA = [NσµνN ][Nγµγ5N ][Nγνγ5N ] ,

OT′VA = [Nσµνγ5N ][NγµN ][Nγνγ5N ] ,

OTTT = [NσµνN ][NσνρN ][NσρµN ] ,

OTT′T′ = [NσµνN ][Nσνργ5N ][Nσρµγ5N ] ,

(5.115)

where we have left the x arguments implicit, and used

σµν = i
2 [γµ, γν ] . (5.116)

This list can be shortened using Fierz identities, but we give a complete enumeration as this

would be relevant if we were to consider nonidentical fermions. We convert these operators

into forms for Klab
df,3 by taking matrix elements as in eq. (5.114). We then explicitly evaluate

the momentum dependence using Mathematica for arbitrary choices of spinor components

(not yet constrained to satisfy the Dirac equation) and find that all 12 operators lead to

forms that are proportional.11 Thus, with zero derivatives, there is a single contribution to

Klab
df,3, given by the right-hand side of eq. (5.114).

11By contrast, there are three “four-fermion” Lorentz- and parity-operators of the form N 2N 2. The
presence of only one “six-fermion” operator is expected at quadratic order in a nonrelativistic expansion,
where it is given by eq. (5.118). What is surprising is that this holds to all orders in this expansion.
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We now enforce that the spinors satisfy the Dirac equation by writing

uk =
√

2ωk

 χk

σ·k
ωk+mχk

 , (5.117)

where χk is the non-relativistic two-spinor corresponding to the component ms(k), and ωk =√
k2 +m2. We insert this into eq. (5.114), and perform a nonrelativistic expansion, i.e. an

expansion in powers of k/m. The leading-order term (with no factors of k) vanishes, as is

expected because one cannot antisymmetrize the spin wavefunction of three identical spin-

1/2 particles. The first nonvanishing term is quadratic in momenta and proportional to

KA = A
[
(χ†k′ σ · k′ σ · k χk)(χ†a′χa)(χ

†
b′χb)

]
. (5.118)

Here A indicates antisymmetrization over initial and final particle labels; it differs from the

operation A defined in eq. (C.7), and used in eq. (5.99), by not requiring an initial step of

combining with spherical harmonics. Therefore, the contribution to Kdf,3 is:

m2Klab
df,3 ⊃

c0

m2KA +O

(
k4

m4

)
, (5.119)

where c0 is a dimensionless coefficient whose value is not fixed. Here we assume that the

contribution of the operators in eq. (5.115) appears in the Lagrangian as L ⊃ (g0/m
5)O,

where g0 is dimensionless and proportional to c0 in eq. (5.119). The expansion can be

continued to higher orders in k/m, a point that we return to below.

At quadratic order in the nonrelativistic expansion, we must also consider operators

containing two derivatives,12 i.e. of energy dimension [E]11. In section C.3 we enumerate all

such operators that are Lorentz- and parity-invariant, that are not related by Fierz identities,

and that cannot be written in terms of operators without derivatives using the equations

of motion. We find 22 such operators. However, if we insert the nonrelativistic expansion

of the spinors into the corresponding contributions to Klab
df,3, we find only two independent

12Operators with one derivative can be related to operators without derivatives using the equations of
motion, and thus are not independent.
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terms at quadratic order,13 which can be chosen to be KA, given above, and

KB = A
[
k′ · k(χ†k′χk)(χ

†
a′χa)(χ

†
b′χb)

]
. (5.120)

Since these operators have a higher energy dimension, the couplings in the Lagrangian of

the EFT will contain two inverse powers of the typical energy scale of the EFT, Λ2
EFT. This

way, the contribution of dimension-11 operators to Kdf,3 at quadratic order in momenta is:

m2Klab
df,3 ⊃

c1

Λ2
EFT
KA + c2

Λ2
EFT
KB +O

(
k4

m2Λ2
EFT

)
. (5.121)

If we consider systems of nucleons at low momentum described by pionless EFT, the en-

ergy scale is the pion mass, ΛEFT ' mπ. This choice implies that (i) the contribution from

eq. (5.119) is subdominant with respect to that of eq. (5.121), and (ii) eq. (5.121) is the

most general form of Kdf,3 through O(k2). We note, however, that the range of convergence

of pionless EFT is limited by the left-hand cut (k2 < m2
π/4), while the relativistic finite-

volume three-neutron formalism is applicable beyond that, i.e. up to the NNNπ threshold

(k2 ∼ mπmN). We also stress that, at this order in the nonrelativistic expansion, we would

have obtained the same result simply by enforcing rotation and parity invariance and anti-

symmetry.

Proceeding to higher order in the nonrelativistic expansion is straightforward in principle.

There are no terms of cubic order, due to the requirement of parity invariance of Kdf,3. This

is because momenta flip sign, while spins remain unchanged. To determine the independent

terms of quartic order would require the enumeration of allowed operators with up to four

derivatives, a straightforward but tedious task that we have not undertaken. We stress that

an approach in which one simply writes down operators consistent with rotation and parity

invariance and antisymmetry, while working at quadratic order, would not, in general, work

at higher orders, because constraints due to the Lorentz covariance would be lost (just as

the relative size of the k2/m2 and k4/m4 terms in the relativistic dispersion relation cannot

be determined without enforcing Lorentz symmetry).

13Because the zeroth component of the derivatives yield energies, which do not vanish at threshold, there
could in principle be a zeroth order term, but this vanishes due to the antisymmetry, as discussed above.
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As a final comment, we note that there is a superficial difference between the nonrelativis-

tic expansion that we have used here, and the form of the threshold expansions for mesonic

systems (e.g. three pions in refs. [37, 110]). The latter are written in terms of Lorentz in-

variant Mandelstam variables, whereas here we explicitly expand in powers of the nucleon’s

three-momentum, k. There is, however, no fundamental difference between the approaches,

because the quantities in the mesonic case can be rewritten in terms of a nonrelativistic ex-

pansion. For example, the quantity ∆ = (s− 9m2)/(9m2) used in ref. [110] as an expansion

parameter, is proportional to the sum of k2 for the initial and final particles, plus higher

order terms. It just turns out that, in the absence of the spin degrees of freedom, one can

write the expansion in a manifestly Lorentz-invariant way more easily than in the present

case.

5.7 Conclusions

This work presents the finite-volume formalism in the RFT approach for three identical

spin-1/2 particles. The most relevant physical system to which it is applicable is three

neutrons (or protons), but also, e.g., three spin-1/2 hyperons. The new features are the

presence of the spin degrees of freedom and the overall antisymmetry of the states. Since

the formalism is relativistic, spin components can mix via boosts, which is indeed the main

technical complication of the derivation. The solution is to include the effect of Wigner

rotations when relating spin degrees of freedom in the lab (finite-volume) frame and the

CMF of pairs—see section 5.4.1.

Sections 5.4.2 and 5.4.3 represent the core of this work. First, the modifications of the

building blocks of the three-particle formalism are discussed in section 5.4.2. Defining the

spin degrees of freedom of the interacting pair in the dimer frame leads to very simple

generalizations of the blocks F and K2, which are related to sum-minus integral difference

of a two-neutron loop and two-neutron interactions, respectively. By contrast, in the dimer

frame, the fermionic nature of the particles is explicit in G—the builing block related to

one-neutron exchange processes. As such, G contains the aforementioned Wigner rotations
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and minus sign from antisymmetry (see eq. (5.45)). In section 5.4.3, the derivation of the

finite-volume formalism using a diagrammatic expansion of the finite-volume correlator that

utilizes those building blocks is presented. Simple examples of contributions to this expansion

are depicted in figure 5.1.

The outcomes of section 5.4 are the finite-volume correlator in eq. (5.93) and the finite-

volume analogous of the (unsymmetrized) scattering amplitude in eq. (5.94). The quantiza-

tion condition and the integral equations relating the three-particle K matrix to the scattering

amplitude are easily obtained from these equations. They can be found in section 5.5, where

we summarize the results of the derivation. As noted, we have focused on the derivation

and form of the resulting quantization in this work, providing only a sketch of many of the

details of the implementation of the formalism. We will discuss these in a follow-up work.

An important ingredient in the finite-volume formalism is the parametrization of the

three-neutron K matrix, which describes short-range three-neutron interactions. In sec-

tion 5.6 we show, working to lowest nontrivial order in a nonrelativistic momentum expan-

sion, that only two different types of operators contribute—see eq. (5.121). At higher orders,

more independent terms appear, as discussed in section C.3.

Now that we have determined how to include spin into the RFT approach in the simplest

setting of identical fermions, there are several generalizations that can be considered. These

include three nucleons of arbitrary isospin (in isosymmetric QCD), which should involve

a straightforward combination of the present work with the formalism developed for the

generic three-pion system [37]. Other systems of interest involve two spin-1/2 particles and

a (pseudo-)scalar, or one spin-1/2 particle and two (pseudo-)scalars, for which a combination

of the methods presented here with those for nondegenerate systems [35,36] will be needed.

A particularly interesting example in QCD is the Nππ system at non-maximal isospin, which

has the additional difficulty of mixing with theNπ state. In the context of the RFT approach,

this will require as well the use of a generalization of the 2↔ 3 formalism of ref. [39]. Such

a generalization is of great interest, as it will allow access to the Roper resonance, a puzzling

baryonic excitation with the same quantum numbers of the nucleon.
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Chapter 6

THREE-PARTICLE FORMALISM FOR MULTIPLE
CHANNELS: THE ηππ +KKπ SYSTEM IN ISOSYMMETRIC

QCD1

6.1 Abstract

We generalize previous three-particle finite-volume formalisms to allow for multiple three-

particle channels. For definiteness, we focus on the two-channel ηππ and KKπ system

in isosymmetric QCD, considering the positive G parity sector of the latter channel, and

neglecting the coupling to modes with four or more particles. The formalism we obtain

is thus appropriate to study the b1(1235) and η(1295) resonances. The derivation is made

in the generic relativistic field theory approach using the time-ordered perturbation theory

method. We study how the resulting quantization condition reduces to that for a single

three-particle channel when one drops below the upper (KKπ) threshold. We also present

parametrizations of the three-particle K matrices that enter into the formalism.

6.2 Introduction

A multitude of exotic hadrons has been unearthed in the last two decades [219–226], sparking

interest in providing first-principles predictions of their properties through quantum chromo-

dynamics (QCD). Despite the theoretical suitability of lattice QCD for such endeavors, its

practical application encounters limitations due to the extensive array of open decay modes

associated with many of these exotic resonances.

In this work we address one particular limitation of the formalism that has been derived to

1Z. T. Draper and S. R. Sharpe, Three-particle formalism for multiple channels: the ηππ + kkπ system
in isosymmetric qcd, 2403.20064 [To appear in JHEP]

https://arxiv.org/abs/2403.20064
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date [16,17,35–39,103–107,109–112,114–122], namely the restriction to a single three-particle

channel [16, 17, 104, 106, 107], or to several degenerate such channels [37, 227]. In particular,

we consider a system with two distinct three-particle channels, although the generalization to

multiple such channels is straightforward. This is a step on the way to a completely general

formalism that includes channels with two, three and more particles.2

To have a concrete system to discuss, we consider the b1(1235) and η(1295) resonances in

isosymmetric QCD. These have quantum numbers IG(JPC) = 1+(1+−) and 0+(0−+), and in

particular have positive G parity and unnatural JP . These resonances decay into two three-

particle channels, namely KKπ and ππη, as well as into 4π modes. They cannot decay to

two pions (a channel having natural JP ) or to three pions (due to G parity). Thus, if we

neglect the four pion modes, and also the other kinematically allowed channels that have not

yet been observed in the decays of these resonances (6π, 8π, 4π + η), this is a system that

has our desired property of two different three-particle channels.3

In this work we make the desired generalization using the generic relativistic field-

theoretic (RFT) approach to the derivation of three-particle formalism [16, 17]. In par-

ticular, we use the method of derivation based on time-ordered perturbation theory (TOPT)

introduced in ref. [115]. The formalism we obtain is a synthesis of methodologies developed

previously for three distinct particles [35], for 2+1 systems (comprising two identical and one

distinct particle) [36], for three pions of arbitrary isospin [37], and for the doubly-charmed

tetraquark [227]. We avoid repeating steps in the derivation that are presented in these

works to the extent possible while retaining readability.

This paper is organized as follows. In the following section, section 6.3, we introduce the

two-channel system that we study, and point out the pertinent general features. The core

2We note that the formalism that includes channels with both two and three particles has been derived
in ref. [39], but this is restricted to the case in which all the particles are spinless and identical. Another
approach to the “2 + 3” case has recently been proposed for the D∗D +DDπ system in ref. [227].

3The b1 resonance has been studied using lattice QCD for heavier-than-physical quark masses such that
Mπ ≈ 390 MeV, in which case it decays primarily to the two-particle channel πω, and thus can be analyzed
using the two-particle quantization condition [228].
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of this paper is section 6.4, in which we derive the multichannel three-particle quantization

condition, following what are now fairly standard steps in the TOPT approach. The only

new feature is the projection onto the sector of positive G parity, discussed in section 6.4.8.

Since the ππη and KKπ channels have substantially different thresholds, one can ask how

the two-channel formalism reduces to that for a single channel as one drops below the upper

(KKπ) threshold. We address this in section 6.5. Practical applications require the use of

parametrizations of the three-particle K matrix, and we describe in section 6.6 how symme-

tries constrain the allowed forms. We conclude in section 6.7. Various technical details are

collected into seven appendices.

6.3 Overview

The total isospin of both KKπ and ππη channels can be I = 0, 1, or 2. Although resonances

are present only for the first two of these values, we derive the formalism for all three

choices. All three can be accessed by studying the sector with quantum numbers I3 = 0,

U = 0, D = 0, S = 0.4 There are six different flavor channels with these quantum numbers,{
K+(k1)K0(k2)π−(k3), K+(k1)K−(k2)π0(k3), K0(k1)K0(k2)π0(k3),

K0(k1)K−(k2)π+(k3), π+(k1)π−(k2)η(k3), π0(k1)π0(k2)η(k3)
}
,

(6.1)

where we include momentum labels for later use. These decompose into isospin as the I3 = 0

components of the following seven channels,

I = 2 : a) [[KK̄]1π]2, b) [[ππ]2η]2 ;

I = 1 : a) [[KK̄]1π]1, b) [[KK̄]0π]1, c) [[ππ]1η]1 ;

I = 0 : a) [[KK̄]1π]0, b) [[ππ]0η]0 ;

(6.2)

where the subscripts indicate isospin, and the momentum labels are implicitly ordered as in

eq. (6.1): k1, k2, and k3. The increase from six to seven dimensions arises because, when

4We have also checked the final results by considering the channels with I3 = 1 and 2, which contain,
respectively, total isospins I = 1, 2 and I = 2.
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decomposing under isospin, the symmetric and antisymmetric parts of π+π− are treated

separately. The relation between the isospin and flavor bases, which will be needed in the

subsequent discussion, is given in section D.1.

In order to avoid mixing with the three-pion channel, we must restrict the states to have

G = +. This is automatic for the ππη channel, but not for KKπ, which can have either G

parity. This restriction can be implemented by applying relations between the four KKπ

flavor channels in eq. (6.1), or equivalently upon the corresponding four channels in eq. (6.2).

It is simpler to state the restrictions for the latter:5 To have overall G = +, the KK pairs

must have G = −. This implies that [KK̄]1 pairs must be symmetric under k1 ↔ k2 (and

thus have only even relative angular momentum), while [KK̄]0 pairs must be antisymmetric

(implying odd relative angular momentum). This follows because the action on kaons of

G = Ce−iπIy (where C is the charge conjugation operator and Iy the second component

of isospin) is K+ → K
0, K0 → −K−, K0 → −K+, and K− → K0. Here we have used

the result that the kaon isodoublets are (K+, K0) and (−K0
, K−). Thus, for example,

[KK̄]0 ∝ K+K− + K0K
0, which under G transforms to K0

K0 + K−K+. Since the K and

K are interchanged, to obtain a negative G parity the relative spatial wavefunction must be

antisymmetric. We stress that G parity is an exact symmetry of lattice QCD if mu = md, so

that these considerations apply without approximation to the results of simulations.

In the derivation that follows, we will implicitly assume that these restrictions have been

applied, so that only G = + states are present. We will not explicitly apply these restrictions

until after the final form has been obtained. Having the restrictions (implicitly) in place

allows us to neglect mixing with the 3π channel. We stress that it would be straightforward,

though tedious, to include this channel as a third three-particle state. This would result in

a separate formalism describing the 3π and odd-G-parity KKπ system, since G parity is an

exact symmetry of isosymmetric QCD. We choose not to do so in order to keep the focus on

5For completeness we note that the restrictions on the channels in eq. (6.1) are as follows: the first and
fourth must be symmetric under k1 ↔ k2, as must the difference between the second and third channels,
while the sum of the second and third channels must be antisymmetric under k1 ↔ k2.
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the essential new features that arise when there are additional three-particle channels, and

to avoid cumbersome expressions.

As noted in the introduction, the b1(1235) and η(1295) do not couple to ππ states, because

these resonances have unnatural JP . However, coupling between ππη or KKπ and ππ states

is possible for natural JP other than 0+. For example, two pions in a p-wave combined with

an η in a relative p-wave leads to an overall JP = 1−, which can mix with two pions. In

finite volume, the rotation group is broken to a finite subgroup, with parity not being a good

symmetry in moving frames. Thus mixing with two-pion states is allowed in any finite-volume

irreducible representations (irreps) into which natural JP values are subduced. Therefore,

in the following, we implicitly assume that we are using irreps into which only unnatural JP

values are subduced, thus avoiding the mixing with two-pion states. It is straightforward to

determine which irreps these are, using, for example, the group-theoretical results presented

in ref. [229]. For the rest frame, where parity is a good symmetry, we can use the A1u, T1g,

A2g, Eu, and T2u irreps, with the first two, respectively, picking out the η(1295) and b1(1235)

quantum numbers. In other frames, we can only use the A2 irrep, which couples to both

the η(1295) and b1(1235), except for the following caveat. For frames with momenta of the

form {0, 0, n}, {0, n, n}, {n, n, n}, {n, n,m}, and {n,m, 0}, natural JP values do appear in

the A2 irrep, but only starting at 4+, 2+, 3−, 1− and 1−, respectively. Thus we can only use

these frames if we assume that the mixing is small in the corresponding values of JP . This

appears most reasonable for the {0, 0, n} and {n, n, n} frames.

6.4 Derivation of quantization condition

We follow the TOPT approach introduced in ref. [115], a work hereafter referred to as BS1.

In particular, we make extensive use of the results for three distinguishable particles (derived

in ref. [35], referred to as BS3 henceforth) and for “2+1” systems (ref. [36], referred to as

BS2). We use Minkowski time and confine space within a cubic box of side-length L with

periodic boundary conditions. The starting point is the finite-spatial-volume Minkowski-
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space correlation matrix,

ĈL(P )jk ≡
∫
dx0

∫
L3
d3x e−iP ·x+iEt〈0|TOj(x)O†k(0)|0〉L , (6.3)

where the indices i and j run over the six flavors given in eq. (6.1), with Oj(x) being any

quasilocal operator possessing the appropriate quantum numbers to annihilate states with

flavor j, coupling with all allowed irreducible representations of the cubic group. The overall

momentum vector P is constrained by the boundary conditions to lie in the finite volume

set 2πn/L, where n ∈ Z3.

For a specified P , the energies of finite-volume states are determined by the poles of CL as

a function of E. Our derivation will hold in a kinematic range where the only relevant on-shell

states are ππη and KKπ, the thresholds for which are Mππη ≈ 820 and MKKπ ≈ 1130 MeV,

respectively, for physical quark masses. For the heavier-than-physical quark masses often

used in present lattice simulations of multiparticle states, the two channels will lie closer

together, since the pion mass rises more rapidly with increasing quark mass than those of

the kaon or η. Since we are restricting ourselves to positive G parity, and to irreps that do

not mix with ππ states, the other potentially relevant channels are 4π, 6π, 8π, 4π+η, 6π+η

and KKππ. As noted in the introduction, we will neglect the coupling to these channels,

but keep in mind that, in a practical application of our formalism, this approximation will

become increasingly inaccurate as the energy increases. We expect the range of approximate

applicability to be

Mππη − 2Mπ = Mη < E∗ =
√
E2 − P 2 < MKKπ +Mπ . (6.4)

Here the lower limit is set either by the presence of the single η intermediate state (for the

I = 0 channel), or, more generally, by the closing of the ππ subchannel at the left-hand cut

due to two-pion exchange.

6.4.1 All orders expression obtained using TOPT

Through a straightforward extension of the work in BS2 and BS3, we can express the finite-

volume-dependent part of CL in the relevant kinematic range as a geometric series. This
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series involves TOPT Bethe-Salpeter kernels B2,L and B3 situated between cut factors, D,

that carry the singularities associated with three-particle states:

∆CL ≡ CL − C(0)
∞ = A′iD

1
1− i(B2,L +B3)iDA+O(e−MπL), . (6.5)

Here, A′ and A represent endcaps, encompassing all diagrams connecting the operators Oj
and O†k to a three-particle intermediate state, while C(0)

∞ is the contribution devoid of three-

particle intermediate states. All quantities in eq. (6.5) are matrices, spanning both flavor

space and momentum space. Momentum indices are denoted as {k} = {k1,k2,k3}, with

the triplets of finite-volume momenta constrained by k1 + k2 + k3 = P . The derivation

of eq. (6.5) relies on the fact that finite-volume momentum sums of nonsingular summands

can be replaced by the corresponding infinite-volume integrals, with corrections exponentially

suppressed in MπL [15]. Throughout this derivation, such corrections are assumed negligible,

and will be omitted from subsequent expressions. A key consequence of this assumption is

that the Bethe-Salpeter kernels, the endcaps, and C(0)
∞ are infinite-volume quantities, aside

from a trivial L dependence in B2,L to be described below.

We now describe the remaining quantities present in eq. (6.5), starting with the cut

factors. These are diagonal in flavor and take the form

D = diag(D0, D0, D0, D0, D0,
1
2D0) , (6.6)

where D0 and D0 are standard TOPT energy denominators,

D0 = δ{p}{k}
1
L6

1
8ω1ω2ω3

1
E − ω1 − ω2 − ω3

, (6.7)

D0 = δ{p}{k}
1
L6

1
8ω′1ω′2ω′3

1
E − ω′1 − ω′2 − ω′3

. (6.8)

Here ωi ≡ ωpi =
√
p2
i +M2

i and ω′i ≡ ωpi =
√
p2
i +M ′

i
2 are single-particle energies, with

Mi drawn from the ordered set {MK ,MK ,Mπ}, and M ′
i drawn from {Mπ,Mπ,Mη}. The

momentum-space Kronecker delta δ{p}{k} is shorthand for

δ{p}{k} = δp1k1δp2k2δp3k3 . (6.9)
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Note that in the final entry of D, which corresponds to the 2+1 system π0π0η, the factor of

D0 is accompanied by a symmetry factor of 1/2.

The appearance of two different cut factors, i.e. D0 and D0, which have singularities

at different energies, is the first new feature due to the presence of multiple three-particle

channels. This presents no obstacle to deriving the all-orders result eq. (6.5)— one simply

has to keep both types of cut factor explicit.

Next we consider the matrix B2,L, which contains two-particle Bethe-Salpeter kernels,

denoted, using calligraphic font, as B2. These kernels are defined as sums over all TOPT

diagrams contributing to two-to-two processes that lack two-particle cuts in the s channel.

In these diagrams, all momentum sums are replaced by integrals, rendering them infinite-

volume quantities. Extending the analysis from BS2 and BS3, we arrive at the following

block form for the flavor structure,

B2,L =

B11 B12

B21 B22

 (6.10)

where

B11 =



B2,L(K+K
0←K+K

0)
+B2,L(K+π−←K+π−)
+B2,L(K0

π−←K0
π−)

B2,L(K0
π− ← K−π0) B2,L(K+π− ← K0π0) 0

B2,L(K−π0 ← K
0
π−)

B2,L(K+K−←K+K−)
+B2,L(K+π0←K+π0)
+B2,L(K−π0←K−π0)

B2,L(K+K− ← K0K
0) B2,L(K+π0 ← K0π+)

B2,L(K0π0 ← K+π−) B2,L(K0K
0 ← K+K−)

B2,L(K0K
0←K0K

0)
+B2,L(K0π0←K0π0)
+B2,L(K0

π0←K0
π0)

B2,L(K0
π0 ← K−π+)

0 B2,L(K0π+ ← K+π0) B2,L(K−π+ ← K
0
π0)

B2,L(K0K−←K0K−)
+B2,L(K0π+←K0π+)
+B2,L(K−π+←K−π+)


, (6.11)

B12 =



B2,L(K+K
0 ← π+η) 0

0 B2,L(K+K− ← π0η)SD

0 B2,L(K0K
0 ← π0η)SD

B2,L(K0K− ← π−η) 0


, (6.12)

B21 =

(
B2,L(π+η ← K+K

0) 0 0 B2,L(π−η ← K0K−)

0 SDB2,L(π0η ← K+K−) SDB2,L(π0η ← K0K
0) 0

)
, (6.13)
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and

B22 =


B2,L(π+η←π+η)

+B2,L(π−η←π−η)
+B2,L(π+π−←π+π−)

B2,L(π+π− ← π0π0)

B2,L(π0π0 ← π+π−) SDB2,L(π0η←π0η)SD
+B2,L(π0π0←π0π0)

 . (6.14)

The texture of nonzero entries is dictated by the two-particle interactions capable of inducing

the necessary changes in flavor composition. For instance, the top-right entry in B12 vanishes

because there are no two-particle interactions that connect K+K
0
π− to π0π0η, since all three

particles must change.

The form of the individual entries in B2,L is exemplified by

B2,L(π0η ← K+K−){p},{k} = 2ωp2L
3δp2k3B2[π0(p1)η(p3)← K+(k1)K0(k2)] , (6.15)

which appears in the lower row of B21. The explicit L dependence arises from keeping track

of TOPT propagator factors. The single momentum Kronecker-delta arises because one of

the particles spectates (here, one of the π0s). Note that we have chosen the π0 particle in

the final state of the scattering to be that with momentum p1. The other possible choice,

p2, is included by the factor of SD, a symmetrization operator defined as

SD = 1 + PD , 1 = δ{p},{k} , PD = δp1k2δp2k1δp3k3 . (6.16)

In words, PD interchanges the first two momenta. All other entries in B2,L have a similar

form, with the choice of spectator momenta depending on the flavors involved in the two-

particle scattering, and factors of SD appearing when a single π0 is involved in the scattering.

To complete the description, it remains to define B3. The entries in this flavor matrix

are the sum over all TOPT diagrams connecting initial and final flavors with no three-

particle cuts. Momentum sums are replaced by integrals, rendering all entries infinite-volume

quantities. The only properties of B3 that we will need are that it conserves isospin and is

symmetric under interchanges of identical particles in either the initial or final states.

6.4.2 On-shell projection

The next step is to project the kernels and endcaps on either side of each cut factor in

eq. (6.5) on shell, using the approach of BS1. The new feature due to having two three-
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particle channels is that the kinematic details of on-shell projection differ for the two types

of cut. This is straightforward to implement.

As explained most extensively in BS2, a convenient first step is to relocate the sym-

metrization operators from the Bethe-Salpeter kernels into the cut factors D. This can be

accomplished by following the same steps as in BS2, leveraging the symmetry under exchange

of two identical particles. We first pull out the factors of SD in B2,L by writing

B2,L = S̃DB̃2,LS̃D , (6.17)

where

S̃D ≡ diag(1, 1, 1, 1, 1, SD) . (6.18)

B̃2,L contains no factors of SD and will be given explicitly below. Next, we introduce a

rescaling matrix

R = diag(1, 1, 1, 1, 1, 1
2) , (6.19)

such that the following identities hold

A = S̃DRA , A′ = A′RS̃D , B3 = S̃DRB3RS̃D . (6.20)

These follow from the invariance under the interchange of the two π0s, with the factor of 1/2

in the last slot of R cancelling the double counting introduced by applying SD. Then we can

rearrange the volume-dependent part of the correlator into the form

∆CL = Ã′iDS
1

1− i(B̃2,L + B̃3)iDS

Ã , (6.21)

where

DS = S̃DDS̃D = diag(D0, D0, D0, D0, D0,
1
2S

DD0S
D) , (6.22)

and

B̃3 = RB3R , Ã′ = A′R , Ã = RA . (6.23)
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The explicit form of B̃2,L is

B̃2,L =

B11 B̃12

B̃21 B̃22

 , (6.24)

where the top-left block is unchanged from B2,L, eq. (6.11), the off-diagonal blocks B̃12 and

B̃21 are given by eq. (6.12) and eq. (6.13), respectively, except with the factors of SD removed,

and

B̃22 =


B2,L(π+η←π+η)

+B2,L(π−η←π−η)
+B2,L(π+π−←π+π−)

1
2B2,L(π+π− ← π0π0)

1
2B2,L(π0π0 ← π+π−)

B2,L(π0η←π0η)
+ 1

4B2,L(π0π0←π0π0)

 . (6.25)

With the form eq. (6.21) in hand, we can now apply the on-shell projection and resum-

mation methodology of BS1. The on-shell projection changes the momentum indices into the

standard {k`m} coordinates of the three-particle formalism. This involves picking a specta-

tor particle, whose momentum is k (chosen from the finite-volume set), and then projecting

the remaining pair onto spherical harmonics in their rest frame (with components labeled

by `m). As detailed in BS3, for channels with three distinct particles, and in particular

the KKπ channels, this leads to an enlargement in the flavor space by a factor of three,

corresponding to the three possible choices of spectator. For the 2 + 1 channel π0π0η, the

enlargement factor is two, corresponding to the two choices of spectator, as explained in BS2.

The only exception to this counting is the π+π−η channel, where it is preferable to enlarge by

four rather than three by decomposing the π+π− pair into parts with even and odd relative

partial waves. This facilitates the decomposition into isospin channels, and borrows from

the work of ref. [227] on the doubly-charmed tetraquark.

The result of these enlargements is a flavor matrix of dimension 3+3+3+3+4+2 = 18.

Each index corresponds to a choice of spectator together with a choice of “primary” member

of the pair, i.e. that with respect to which the spherical harmonic decomposition is defined.
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The ordering we use is{
[K+K

0]π−, [K+π−]K0
, [K0

π−]K+, [K+K−]π0, [K+π0]K−, [K−π0]K+,

[K0K
0]π0, [K0π0]K0

, [K0
π0]K0, [K0K−]π+, [K0π+]K−, [K−π+]K0,

[π+π−]eη, [π+π−]oη, [π+η]π−, [π−η]π+, [π0π0]η, [π0η]π0
}
, (6.26)

where in each case the pair is enclosed in square brackets, with the primary member appearing

first, while the third entry corresponds to the spectator. The subscripts e and o refer to even

and odd partial waves, respectively. Note that we have adopted the convention that the

primary member of the pair is defined with a priority order given by {K,K, π±, π0, η}.

On-shell projection converts cut factors into either F or G cuts, depending on whether

the spectator is unchanged or not. We adhere to the prescriptions presented in BS2 and

BS3, slightly generalized to handle flavor off-diagonal terms following ref. [227], and obtain

∆CL = Â′iF̂G
1

1− i(K̂2,L + K̂(u,u)
df,3 )iF̂G

Â . (6.27)

We now proceed to explain the elements of this result.

The cut-factor matrix F̂G has block-diagonal form,

F̂G = diag
(
F 1+1+1
G , F 1+1+1

G , F 1+1+1
G , F 1+1+1

G , F 4d
G , F

2+1
G

)
, (6.28)

with entries

F 1+1+1
G =


F̃ π P`G̃

πKP` G̃πKP`

P`G̃
KπP` F̃K G̃KK

P`G̃
Kπ G̃KK F̃K

 . (6.29)

F 4d
G =



PeF̃
′ηPe 0 PeG̃

′ηπP` PeG̃
′ηπP`

0 PoF̃
′ηPo −PoG̃′ηπP` PoG̃

′ηπP`

P`G̃
′πηPe −P`G̃′πηPo F̃ ′π G̃′ππ

P`G̃
′πηPe P`G̃

′πηPo G̃′ππ F̃ ′π


, (6.30)

F 2+1
G =

 PeF̃
′ηPe

√
2PeG̃′ηπP`

√
2P`G̃′πηPe F̃ ′π + G̃′ππ

 . (6.31)
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The standard kinematic functions F̃ i and G̃ij are defined in section D.2. Those with a prime

have the ππη cut, while those without have the KKπ cut. The factors of

P
(`)
p′`′m′;p`m = δp′pδ`′`δm′m(−1)` (6.32)

are needed to correct for mismatches in the conventions for primary spectator between F̃ i

and G̃ij. For example, in the upper-right element of F 1+1+1
G , the final-state spectator is

the pion, and thus in G̃πK the initial-state Kπ pair is decomposed in harmonics relative to

the pion direction. This conflicts with our standard convention, requiring a factor of P` to

the right (initial-state) side of G̃Dπ. The factors of Pe = (1 + P`)/2 and Po = (1 − P`)/2

project, respectively, onto even and odd partial waves. Finally, we stress that neither F̃ i nor

G̃ij contain symmetry factors; the only symmetry factors here are the occurrences of
√

2 in

F 2+1
G .

Next we discuss K̂2,L, which contains the two-particle K matrices, and arises from sum-

ming products of factors of B̃2,L sewn together with principal-value-regulated integrals over

phase space. An explicit formula can be given by generalizing results in BS2 and BS3, but

will not be displayed as it is not needed in the following. The structure of K̂2,L is straight-

forward: there are nonzero entries whenever two channels have a shared spectator. For

example, the {1, 1} entry involves K+K
0 ← K+K

0 scattering with a π− spectator, and has

the explicit form[
K̂2,L

]
1k′`′m′,1k`m

= δk′k2ωkπL3δ`′`δm′mK`2(K+K
0 ← K+K

0) . (6.33)

The superscript on K`2 indicates the partial wave, and this quantity has an implicit depen-

dence on the relative momentum in the center-of-momentum frame (CMF) of the scattering

pair. An example of an offdiagonal element is that in the {3, 6} slot,[
K̂2,L

]
3k′`′m′,6k`m

= δk′k2ωkKL3δ`′`δm′mK`2(K0
π− ← K−π0) . (6.34)

The complete set of nonzero entries of K̂2,L is provided in section D.3.

The matrix K̂(u,u)
df,3 is algebraically related to the quantities discussed above, including B3

in particular, but again we do not display the result as it is not needed in the following.
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All that is essential to know about K̂(u,u)
df,3 is that it is an infinite-volume quantity, devoid of

any singularities associated with three-particle intermediate states, and with nonzero entries

in all elements. The (u, u) superscript indicates that it is an unsymmetrized quantity, the

precise meaning of which we will explain in section 6.4.4 below.

Finally, the relation between the new endcaps Â′ and Â (which are, respectively, 6× 18

and 18×6 matrices) to the earlier endcaps is known, but not needed in the following. Indeed,

we will not keep detailed track of changes to the endcaps in the subsequent manipulations.

Below, we will need to convert 18-dimensional matrices in the {k`m} basis (such as

K̂(u,u)
df,3 ) into 6-dimensional matrices in the original index space given by eq. (6.1) and labeled

by triplets of momenta {p}. Thus we need to recombine the different choices of spectator

flavor, and convert from the {k`m} basis to the momentum basis. A convenient notation

for formalizing the basis conversion was introduced in ref. [227], and we recall this notation

in section D.2. It involves operators X σ
[kab], defined in eq. (D.21), that act from the left on

objects with {k`m} indices, as well as the conjugate operators that act from the right. In

term of this, the conversion from an 18-d matrix M
(18)
ch to a 6-d matrix M

(6)
ch , both in the

charge basis, is accomplished by conjugation

M
(6)
ch = C ◦M (18)

ch ◦ C† , (6.35)

where C is a 6× 18 matrix of operators with block form

C =



X (3) 0 0 0 0 0

0 X (3) 0 0 0 0

0 0 X (3) 0 0 0

0 0 0 X (3) 0 0

0 0 0 0 X (4) 0

0 0 0 0 0 SDX (2)


, (6.36)
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where

X (3) ≡
(
X (312)

[kab] , X (213)
[kab] , X (123)

[kab]

)
,

X (4) ≡
(
X (312)

[kab] Pe, X (312)
[kab] Po,X

(213)
[kab] ,X

(123)
[kab]

)
,

X (2) ≡
(√

1
2X (312)

[kab] ,X
(123)
[kab]

)
.

(6.37)

The choices of superscripts in these vectors determines which momentum is assigned to each

particle. The fixed subscript on these objects, [kab], indicates that the first superscript index

corresponds to k, the spectator; the second to a, the preferred partner in the interacting pair;

and the third to b, the remaining partner. This ordering follows from the choices in eq. (6.1)

as well as the conventions for momentum labels in eq. (6.26). The a and b that appear

here should not be confused with those appearing in eq. (6.2), which label distinct isospin

channels. The symmetry factor of
√

1/2 is explained in BS2, and the appearance of SD
follows from eq. (6.17).

We stress, as explained in BS2 and ref. [227], that this conversion is only precise in the

L→∞ limit; this, however, will be sufficient for our purposes in the following.

6.4.3 Converting to the total isospin basis

We now convert to the total isospin basis. We choose the following ordering,{
[[KK̄]1π]2, [[Kπ]3/2K̄]2, [[K̄π]3/2K]2, [[ππ]2η]2, [[πη]1π]2,

[[KK̄]1π]1, [[KK̄]0π]1, [[Kπ]3/2K̄]1, [[Kπ]1/2K̄]1, [[K̄π]3/2K]1, [[K̄π]1/2K]1,

[[ππ]1η]1, [[πη]1π]1,

[[KK̄]1π]0, [[Kπ]1/2K̄]0, [[K̄π]1/2K]0, [[ππ]0η]0, [[πη]1π]0
}

(6.38)

where, as before, the final entry corresponds to the spectator, and the first entry to the

primary particle in the pair. The first five elements have I = 2, the next eight have I = 1,

and the final five have I = 0. Since isospin is an exact symmetry in our setup, we must find

that all matrices block diagonalize according to isospin.

The unitary matrix C(18)
ch→iso that converts between bases is given in section D.5. We insert

[C(18)
ch→iso]−1C

(18)
ch→iso = 1 between all matrices in eq. (6.27), such that each of these matrices is
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converted to the isospin basis by conjugation, as in eq. (D.60), while the endcaps are rotated.

We simplify notation by using the same symbols for all quantities after conversion to the

isospin basis, so that the result for ∆CL maintains exactly the form of eq. (6.27).

After conjugation, the matrices F̂G, eq. (6.28), and K̂2,L, given in section D.3, are indeed

found to be block digaonal in isospin. The explicit forms are given below in the summary

section, section 6.4.5. As for K̂(u,u)
df,3 , all we know is that it must be block diagonal, but is

otherwise of general form, aside from certain symmetry constraints. We postpone discussion

of its form until we reach its symmetrized version below.

At this point we observe that ∆CL has a pole, corresponding to a finite-volume energy

level, whenever

det
[
1 + (K̂2,L + K̂(u,u)

df,3 )F̂G
]

= 0 . (6.39)

This is the asymmetric form of the three-particle quantization condition, and has the stan-

dard form first given in BS1. It has potential utility as a bridge to quantization conditions

derived in the finite-volume unitarity approach [107], as outlined in ref. [116]. We note that

the presence of two three-particle channels leads to F̂G having two types of free-particle

singularities, and to the presence of additional channels in the two- and three-particle K

matrices.

6.4.4 Expressing results in terms of symmetrized quantities

The drawback of the quantization condition eq. (6.39) is that it contains a three-particle

K matrix, K̂(u,u)
df,3 , that is asymmetric. As discussed in detail in BS1, BS2 and BS3, the

elements of this matrix are defined by summing an infinite series of products of Bethe-

Salpeter kernels, such that, if the external kernel is a B2, then the noninteracting particle

is always the spectator. This means that only a subset of the total number of diagrams

are being included. In this section we use the method developed in BS1, and extended in

BS2 and BS3, to “symmetrize” the three-particle K matrix, by which we mean combining

contributions such that all diagrams are included.
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The method is most straightforwardly implemented on a different finite-volume quantity

than CL, namely M23,L,off . This is a finite-volume 3 → 3 correlation function involving

external single-particle legs at fixed momenta (drawn from the finite-volume set). External

TOPT propagators are amputated, and final and initial times are sent to ±∞, respectively.

The subscript “23” indicates that this quantity contains not only fully-connected contribu-

tions, but also those in which one of the three particles spectates while the others interact.

(A more detailed explanation is given in fig. 2 of BS3.) The subscript “off” indicates that

this is an off-shell amplitude because the energy E does not, in general, equal the sum of

the external on-shell energies. Using M23,L,off also allows the determination of the integral

equations relating the three-particle K matrix to the infinite-volume three-particle scattering

amplitude, M3.

Just as for CL, M23,L,off is a 6 × 6 matrix in flavor space, with the channels those of

eq. (6.1). It also has momentum indices {k}. Following the arguments in BS2 and BS3, it

has the form

M23,L,off = (B2,L +B3) 1
1− iDi(B2,L +B3) , (6.40)

= S̃D(B̃2,L + B̃3) 1
1− iDSi(B̃2,L + B̃3)

S̃D , (6.41)

where the quantities are the same as those appearing in CL. In the second step we have

moved symmetrization factors onto the Ds. We observe that the correlator can be written

in terms of M23,L,off [115]

∆CL = A′iDSA+ A′iDSiM23,L,offiDSA . (6.42)

This implies that poles in M23,L,off can also be used to determine the finite-volume energy

levels.

As in the analysis of CL, we next introduce additional matrix indices as above to convert

to 18-d matrix forms, and then project on shell (so that the subscript “off” is dropped).

There then follows a series of steps that are essentially exact copies of those used in BS2,

BS3 and ref. [227], and which we do not reproduce here. These involve tedious algebra, plus
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the use of symmetrization identities. The end result is that

M23,L = C ◦ M̂(u,u)
23,L ◦ C† ,

M̂(u,u)
23,L = M̂2,L + D̂(u,u)

L + M̂(u,u)′
df,3,L ,

(6.43)

where

M̂2,L = K̂2,L
1

1− iF̂ iK̂2,L
. (6.44)

D̂(u,u)
L = −M̂2,LĜM̂2,L

1
1 + ĜM̂2,L

, (6.45)

M̂(u,u)′
df,3,L =

[1
3 − D̂

(u,u)
23,L F̂

]
K̂df,3

1
1 + F̂3K̂df,3

[1
3 − F̂ D̂

(u,u)
23,L

]
, (6.46)

D̂(u,u)
23,L = M̂2,L + D̂(u,u)

L (6.47)

F̂3 = F̂

3 − F̂
1

(K̂2,L)−1 + F̂G
F̂ . (6.48)

The quantities in these expressions are the same as earlier, with C given in eq. (6.36). We

have also used the decomposition

F̂G = F̂ + Ĝ , (6.49)

where F̂ and Ĝ contain, respectively, only the F̃ and G̃ terms contributing to F̂G, whose

form is given in eqs. (6.28) to (6.31).

Various features of eq. (6.43) deserve discussion. First, it was noted earlier thatM23,L in-

cludes disconnected contributions. These lead to the M̂2,L term, which should be subtracted

to obtain the fully connected M3,L. Second, the operators C and C† in eq. (6.43) serve to

symmetrize M̂(u,u)
23,L in the sense discussed earlier in this section, namely adding together all

the terms that contribute to the finite-volume amplitude. However, as noted when these

operators were defined, their action leads to terms that can be added only in the infinite-

volume limit. While sufficient for deriving integral equations for M3, as we do below, this

is problematic if one wishes to use the expression eq. (6.43) in finite volume. This brings us

to the third point, which is that in BS1, BS2 and BS3, building on the work of refs. [16,17],

symmetrization operators were introduced that can be used in finite volume. The net effect
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is that an equation of similar form to eq. (6.43) can be written, with C and C† replaced by

these new operators, and effectively inserted into eq. (6.42). This implies that this properly

symmetrized M23,L is part of a finite-volume correlator, and thus its poles determine the

finite-volume energies. Only the third term inM23,L, namely M̂(u,u)′
df,3,L, can lead to such poles,

since three-particle energies must depend on the three-particle K matrix. This allows us to

read off a new form of the quantization condition, as is done in the following section.

The fourth feature of eq. (6.43) concerns the nature of K̂df,3. As indicated by the absence

of the (u, u) superscript, this is a symmetrized quantity. This follows from the derivation

given in BS1, BS2 and BS3. In particular, for a given choice of external particles, all

contributions are included in its definition. Different choices of spectator flavors lead to

different decompositions into {k`m} indices, but the underlying quantity is the same. This

is not the case for K̂(u,u)
df,3 . A particularly explicit discussion of this point is given in Appendix

A of BS2.

Finally, we note that we are free to rotate from the charge basis to the isospin basis,

leaving the form of all equations unchanged. In the following, we assume that this rotation

has been carried out.

6.4.5 Symmetric form of three-particle quantization condition

As just discussed, the poles in M̂(u,u)′
df,3,L correspond to finite-volume energy levels. This implies

a second form for the quantization condition,6

det
[
1 + F̂3K̂df,3

]
= 0 , (6.50)

where F̂3 is given in eq. (6.48). This result takes the standard form for all quantization

conditions obtained previously in the RFT approach [16, 35–37, 39, 109, 179, 227]. We call

this the symmetric form, as it contains a symmetrized three-particle K matrix. Given that

this minimizes the number of independent components of Kdf,3, it is the simplest form of the

6As shown in section D.7, one can also derive this form directly from the asymmetric form of the
quantization condition.
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quantization condition to implement in practice.

Since all matrices contained in the quantization condition block diagonalize in isospin,

we can solve the condition separately for each block. This leads to our final form

det
[
1 + F̂

[I]
3 K̂

[I]
df,3

]
= 0 , (6.51)

for I = 2, 1, 0, with

F̂
[I]
3 = F̂ [I]

3 − F̂ [I] 1
(K̂[I]

2,L)−1 + F̂
[I]
G

F̂ [I] . (6.52)

We collect here the explicit forms for the isospin blocks, beginning with those for I = 2,

F̂
[I=2]
G =

F 1+1+1
G 0

0 F 2+1
G

 (6.53)

K̂[I=2]
2,L =



KKK̄,I=1
2,L 0 0 0 Kπη↔KK̄,I=1

2,L

0 KKπ,I=3/2
2,L 0 0 0

0 0 KKπ,I=3/2
2,L 0 0

0 0 0 1
2K

ππ,I=2
2,L 0

Kπη↔KK̄,I=1
2,L 0 0 0 Kπη,I=1

2,L


(6.54)

The subblocks in F 1+1+1
G and F 2+1

G are given in eqs. (6.29) and (6.31), respectively. The

elements of K̂[I=2]
2,L contain the underlying two-particle K matrix along with kinematic factors,

and are defined in section D.2. The structure of these matrices follows from the ordering of

indices given in eq. (6.38), with the I = 2 part given by
{

[[KK̄]1π]2, [[Kπ]3/2K̄]2, [[K̄π]3/2K]2, [[ππ]2η]2, [[πη]1π]2
}
. (6.55)

In particular, the diagonal entries of K̂[I=2]
2,L correspond to the scattering of the pair, with a

symmetry factor of 1/2 for the identical particle case, while the offdiagonal entry is that for

which there is a common spectator particle.

The results for the I = 0 blocks are similar to those for I = 2, as expected because of

the similarity of the corresponding indices,
{

[[KK̄]1π]0, [[Kπ]1/2K̄]0, [[K̄π]1/2K]0, [[ππ]0η]0, [[πη]1π]0
}
. (6.56)



224

We find

F̂
[I=0]
G =

F 1+1+1
G 0

0 F 2+1
G

 (6.57)

K̂[I=0]
2,L =



KKK̄,I=1
2,L 0 0 0 Kπη↔KK̄,I=1

2,L

0 KKπ,I=1/2
2,L 0 0 0

0 0 KKπ,I=1/2
2,L 0 0

0 0 0 1
2K

ππ,I=0
2,L 0

Kπη↔KK̄,I=1
2,L 0 0 0 Kπη,I=1

2,L


, (6.58)

where

F
1+1+1
G =


F̃ π −P`G̃πKP` −G̃πKP`

−P`G̃KπP` F̃K G̃KK

−P`G̃Kπ G̃KK F̃K

 (6.59)

differs from F 1+1+1
G , given in eq. (6.29), by signs in some of the offdiagonal terms.

Finally, for I = 1, for which the indices are
{

[[KK̄]1π]1, [[KK̄]0π]1, [[Kπ]3/2K̄]1, [[Kπ]1/2K̄]1, [[K̄π]3/2K]1, [[K̄π]1/2K]1,

[[ππ]1η]1, [[πη]1π]1
}
, (6.60)

we obtain

F̂
[I=1]
G =

F (6)
G 0

0 F
2+1
G

 (6.61)

where

F
2+1
G =

 PeF̃
′ηPe −

√
2PeG̃′ηπP`

−
√

2P`G̃′πηPe F̃ ′π − G̃′ππ

 , (6.62)

which differs from F 2+1
G , eq. (6.31), by several signs, and

F
(6)
G =



F̃π 0 −
√

1
3P`G̃

πKP`
√

2
3P`G̃

πKP` −
√

1
3 G̃

πKP`
√

2
3 G̃

πKP`

0 F̃π
√

2
3P`G̃

πKP`
√

1
3P`G̃

πKP` −
√

2
3 G̃

πKP` −
√

1
3 G̃

πKP`

−
√

1
3P`G̃

KπP`
√

2
3P`G̃

KπP` F̃K 0 − 1
3 G̃

KK −
√

8
9 G̃

KK√
2
3P`G̃

KπP`
√

1
3P`G̃

KπP` 0 F̃K −
√

8
9 G̃

KK 1
3 G̃

KK

−
√

1
3P`G̃

Kπ −
√

2
3P`G̃

Kπ − 1
3 G̃

KK −
√

8
9 G̃

KK F̃K 0√
2
3P`G̃

Kπ −
√

1
3P`G̃

Kπ −
√

8
9 G̃

KK 1
3 G̃

KK 0 F̃K


. (6.63)
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The two-particle K matrix is

K̂[I=1]
2,L =



KKK̄,I=1
2,L 0 0 0 0 0 0 Kπη↔KK̄,I=1

2,L

0 KKK̄,I=0
2,L 0 0 0 0 0 0

0 0 KKπ,I=3/2
2,L 0 0 0 0 0

0 0 0 KKπ,I=1/2
2,L 0 0 0 0

0 0 0 0 KKπ,I=3/2
2,L 0 0 0

0 0 0 0 0 KKπ,I=1/2
2,L 0 0

0 0 0 0 0 0 1
2K

ππ,I=1
2,L 0

Kπη↔KK̄,I=1
2,L 0 0 0 0 0 0 Kπη,I=1

2,L


,

(6.64)

The form of the isospin blocks of K̂df,3 is more complicated to determine, and we discuss

this in the following section.

With the result in hand, we can study the impact of having multiple (here two) three-

particle channels. We saw above that there are two classes of the kinematic functions F̃

and G̃, one with singularities at ππη free energies, the other with singularities at KKπ free

energies. Above the KKπ threshold, these free energies can lie close to each other. For

each total isospin, the sub-blocks of F̂G containing these two classes are connected by the

two-particle πη ↔ KK scattering, and by elements of K̂df,3. This connection can therefore

lead to finite-volume states that cannot be thought of as close to either type of free state,

but are instead mixed. The situation is analogous to that for the two-particle quantization

condition when there are multiple channels. From a practical point of view, the impact is

simply that the matrices in the quantization condition become larger.

6.4.6 Form of Kdf,3

As already noted, the three-particle K matrix block diagonalizes according to total isospin.

In this section we present the general form of these blocks, K̂[I]
df,3. The analysis follows the

methodology introduced in appendix A of ref. [227].

For each choice of I, there are some number of independent channels, as shown in eq. (6.2):

two each for I = 2 and 0, and three for I = 1. These are the distinct asymptotic states

that can scatter into one another. Assuming PT symmetry, this implies that there are three
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independent 3 → 3 amplitudes for I = 2 and 0 (two diagonal and one offdiagonal) and six

for I = 1. Since the corresponding K̂[I]
df,3 matrices have 5 × 6/2 = 15 independent entries

for I = 0, 2, and 8 × 9/2 = 36 for I = 1, there must be many relations between entries.

Determining these relations is the task of this section.

We begin by writing down the form in the charged basis based on results for nondegenerate

and 2 + 1 systems, and then rotate to the isospin basis. The block structure of the 18-d

matrices is 3 + 3 + 3 + 3 + 4 + 2, where 3 indicates the nondegenerate blocks, 4 the extended

nondegenerate block with even and odd ππ waves separated, and 2 the 2 + 1 block, We

label these blocks with an index that runs from 1 to 6. Within each block the entries of

Kdf,3 are given by the same underlying function, denoted Kjk({p}, {k}) with j, k being block

indices, expressed in different coordinates, i.e. with different choices of spectator and primary

member of the pair. PT symmetry symmetry relates off-diagonal blocks,

Kjk({pi}, {ki}) = Kkj({ki}, {pi}) , (j 6= k) , (6.65)

so there are 28 independent underlying functions. These must be related in such a way that

in the isospin basis Kdf,3 is block diagonal. We will not, however, need (or display) these

relations.

The structure within each block is an outer product built from the following three vectors,

Y (3)† =
(

Y [kab]†
(312) , Y [kab]†

(213) , Y [kab]†
(123)

)
, (6.66)

Y (4)† =
(
PeY [kab]†

(312) , PoY [kab]†
(312) , Y [kab]†

(213) , Y [kab]†
(123)

)
, (6.67)

Y (2)† =
(√

1
2Y [kab]†

(312) , Y [kab]†
(123)

)
, (6.68)

and their conjugates

Y (3) =


Y [kab]

(312)

Y [kab]
(213)

Y [kab]
(123)

 , Y (4) =



Y [kab]
(312)Pe

Y [kab]
(312)Po

Y [kab]
(213)

Y [kab]
(123)


, Y (2) =


√

1
2Y [kab]

(312)

Y [kab]
(123)

 . (6.69)
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Here we are using the operators Y and Y†, introduced in ref. [227], which are defined in

section D.2. They convert functions of the triplet of on-shell momenta to the k`m basis,

and thus are essentially the inverses of the operators X introduced above. The permutation

associated with the Y indicates, in order, the assignment of momenta to the spectator, the

primary member of the pair, and the remaining member of the pair. The ordering of these

permutations within each of the vectors Y is determined by our choice of momentum labels

in eq. (6.1) and of the ordering within blocks given in eq. (6.26). The factor of 1/
√

2 is

explained in BS2. We note that in Y (2) we can freely replace Y [kab]
(123) with Y [kab]

(213) because this

acts on a function that is symmetric under the interchange of the two neutral pions (whose

momenta are labeled 1 and 2).

The outer product form depends only on the dimensions of the block. Thus, for example,

the {5, 3} block, which has dimensions 4 × 3, contains Y (4)K53Y (3)† and similarly in other

cases.

After constructing the 18× 18 matrix K̂df,3 in this fashion, we rotate to the isospin basis,

and examine the three isospin blocks in turn. For the I = 2 block we find a sum of four

outer products

K̂[I=2]
df,3 =

∑
x,y∈{a,b}

Y [I=2],x ◦ K[I=2],xy
df,3 ({p}, {k}) ◦Y [I=0/2],y† , (6.70)

where

Y [I=2],a† =
(
Y [kab]†

(312) , Y [kab]†
(213) , Y [kab]†

(123) , 0, 0
)
,

Y [I=2],b† =
(

0, 0, 0,
√

1
2Y [kab]†

(312) , Y [kab]†
(213)

)
,

(6.71)

with the conjugate vectors given similarly. The superscripts a, b here refer to the two in-

dependent states that contribute, respectively [[KK̄]1π]2 and [[ππ]2η]2. Thus, for example,

K[I=2],ba
df,3 corresponds to the K matrix for the process ππη ← KKπ. PT invariance implies

that K[I=2],ba
df,3 ({p}, {k}) = K[I=2],ab

df,3 ({k}, {p}), so that there are only three underlying K ma-

trices, as claimed above. Finally, we note that, to obtain these results, we have used the fact

that the I = 2 ππη state is symmetric under the interchange of the two pions.
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The choice of normalization of the Y [I=2],x is arbitrary, since any changes can be absorbed

by a redefinition of K[I=0],xy
df,3 . The normalization that we choose is explained in the following

section, and in particular is such that eq. (6.91) holds.

The result for the I = 0 block takes the same form as for I = 2,

K̂[I=0]
df,3 =

∑
x,y∈{a,b}

Y [I=0],x ◦ K[I=0],xy
df,3 ({p}, {k}) ◦Y [I=0],y† , (6.72)

where

Y [I=0],a† =
(
Y [kab]†

(312) , −Y [kab]†
(213) , −Y [kab]†

(123) , 0, 0
)
,

Y [I=0],b† = Y [I=2],b† .
(6.73)

In this case a, b refer to [[KK̄]1π]0 and [[ππ]0η]0, respectively. Again, using PT symmetry,

there are three independent underlying functions.

Finally, for I = 1, where the block is eight dimensional and there are three underlying

states, we obtain

K̂[I=1]
df,3 =

∑
x,y∈{a,b,c}

Y [I=1],x ◦ K[I=1],xy
df,3 ◦Y [I=1],y† , (6.74)

where a, b, c correspond to [[KK̄]1π]1, [[KK̄]0π]1, and [[ππ]1η]1, respectively, and the vectors

are now

Y [I=1],a† =
(

Y [kab]†
(312) , 0, −

√
1
3Y [kab]†

(213) ,
√

2
3Y [kab]†

(213) , −
√

1
3Y [kab]†

(123) ,
√

2
3Y [kab]†

(123) , 0 0
)
,

Y [I=1],b† =
(

0, Y [kab]†
(312) ,

√
2
3Y [kab]†

(213) ,
√

1
3Y [kab]†

(213) , −
√

2
3Y [kab]†

(123) , −
√

1
3Y [kab]†

(123) , 0, 0
)
,

Y [I=1],c† =
(

0, 0, 0, 0, 0, 0,
√

1
2Y [kab]†

(312) , Y [kab]†
(213)

)
.

(6.75)

Using PT symmetry, there are here six underlying functions.

The form of the underlying functions in the above expressions is constrained by symme-

tries. This will be discussed in section 6.6 below.

6.4.7 Integral equations relating Kdf,3 to M3

Implementation of the three-particle formalism involves two steps: first, determine (con-

straints on) the three-particle K matrix, K̂df,3 using the quantization condition eq. (6.50) to
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fit to finite-volume energies; and, second, determine the three-particle scattering amplitude

M3 by solving the integral equations that relate it to K̂df,3 [17]. In this section we describe

the required integral equations.

These are obtained by taking an appropriate limit of M3,L, which, from eq. (6.43) and

subsequent discussion, is given by

M3,L = C ◦ D̂(u,u)
L ◦ C† .+ C ◦ M̂(u,u)′

df,3,L ◦ C† . (6.76)

The first term describes a ladder of one-particle exchanges, as can be seen from its definition

in eq. (6.45), and does not involve K̂df,3. It contains the divergences that are known to be

present in three-particle amplitudes. The second term is the divergence-free part ofM3, and

is denoted Mdf,3. As can be seen from eq. (6.46), it vanishes unless K̂df,3 is nonzero.

The desired integral equations are obtained by reinserting iε factors in the numerators of

F̃ and G̃, taking the L→∞ limit, and then sending ε→ 0 [17]

M3 = lim
ε→0

lim
L→∞

M3,L . (6.77)

We do not write out the detailed form of the integral equations, as these are essentially the

same as those that have appeared in previous RFT works; see, e.g., refs. [16, 179] and BS3.

What is new here are the presence of two types of singularity in the one-particle exchange

terms, due to the presence of two distinct intermediate states, namely KKπ and ππη. This

simply leads to additional matrix indices that are built into the formalism.

The additional feature of the present application is the need to decompose into different

total isospin channels. In particular, the “core” of the integral equations resulting from

eq. (6.77) (i.e. dropping the factors of C and C†) involves 18-d matrices in flavor space,

which, as we have seen above, block-diagonalize into 5-d, 8-d, and 5-d blocks corresponding

to I = 2, 1, 0, respectively. The final integral equations, by contrast, involve 7-d flavor

matrices, and the isospin blocks are of size 2, 3, and 2, corresponding to the states listed in

eq. (6.2). This is because the integral equations are given in the momentum basis, with no

choice of a spectator or pair required.
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Putting this together, what we require is the 7× 18 matrix of operators

Ciso18→iso7 = Cch→iso C [C(18)
ch→iso]−1 , (6.78)

where the three matrices on the right-hand side are given in eq. (D.9), eq. (6.36), and

section D.5, respectively. An important check on the form of these matrices is that Ciso18→iso7

should itself be block diagonal, with 2× 5 blocks for both I = 2 and 0, and a 3× 8 block for

I = 1. We indeed find this to be the case.

The explicit form of the 2× 5 block for I = 2 is

C[I=2]
iso18→iso7 =

X [I=2],a

X [I=2],b

 , (6.79)

where

X [I=2],a =
(
X (312)

[kab] , X (213)
[kab] , X (123)

[kab] , 0, 0
)
,

X [I=2],b =
(
0, 0, 0,

√
2X (312)

[kab] , X (123)
[kab] + X (213)

[kab]

)
.

(6.80)

For the I = 0 block we find

C[I=0]
iso18→iso7 =

X [I=0],a

X [I=0],b

 , (6.81)

where

X [I=0],a =
(
X (312)

[kab] , −X (213)
[kab] , −X (123)

[kab] , 0, 0
)
,

X [I=0],b = X [I=2],b .
(6.82)

Finally, for I = 1, the 3× 8 block is

C[I=1]
iso18→iso7 =


X [I=1],a

X [I=1],b

X [I=1],c

 , (6.83)

where

X [I=1],a =
(

X (312)
[kab] , 0,−

√
1
3X (213)

[kab] ,
√

2
3X (213)

[kab] ,−
√

1
3X (123)

[kab] ,
√

2
3X (123)

[kab] , 0, 0
)
,

X [I=1],b =
(

0,X (312)
[kab] ,

√
2
3X (213)

[kab] ,
√

1
3X (213)

[kab] ,−
√

2
3X (123)

[kab] ,−
√

1
3X (123)

[kab] , 0, 0
)
,

X [I=1],c =
(
0, 0, 0, 0, 0, 0,

√
2X (312)

[kab] ,−X (123)
[kab] + X (213)

[kab]

)
.

(6.84)
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To be completely explicit, the final result in the isospin basis is

M[I]
3 = lim

ε→0
lim
L→∞

C[I]
iso18→iso7 ◦

(
D̂(u,u),[I]
L + M̂(u,u)′,[I]

df,3,L

)
◦ C[I]†

iso18→iso7 , (6.85)

where the quantities inside the parentheses on the right-hand side are given by eq. (6.45)

and eq. (6.46), respectively, except that all matrices in these relations are restricted to the

corresponding isospin block. As above, if we drop the D̂(u,u)
L term from the right-hand side,

then we obtain the divergence-free amplitude, M[I]
df,3. We also stress that the operators C

and C† convert the core matrices, which are in the {k`m} basis, to the momentum basis {k},

as is appropriate for a scattering amplitude.

As a final check, we note that in the formal limit in which we treat M2 and Kdf,3 as

small, we find from eq. (6.46) that

M̂(u,u)′,[I]
df,3,L = 1

9K̂
[I]
df,3 [1 +O(M2,Kdf,3)] . (6.86)

Thus, in this limit,
[
M[I]

df,3

]
xy
≡
[
C[I]

iso18→iso7 ◦ M̂
(u,u)′,[I]
df,3,L ◦ C[I]†

iso18→iso7

]
xy

(6.87)

→
[
C[I]

iso18→iso7 ◦
1
9K̂

[I]
df,3 ◦ C[I]†

iso18→iso7

]
xy

(6.88)

=
∑

x,x′,y′,y

X [I],x ◦Y [I],x′ ◦ 1
9K

[I],x′y′
df,3 ◦Y [I],y′† ◦X [I],y† (6.89)

= K[I],xy
df,3 , (6.90)

where in the penultimate step we have used the outer-product form of Kdf,3 derived in the

previous section. To do so, we have combined the individual isospin results eqs. (6.70), (6.72)

and (6.74) into a generic notation, where x, x′, y′, y are summed over {a, b} for I = 2, 0 and

over {a, b, c} for I = 1. In the last step we have used,

X [I],x ◦Y [I],x′ = 3δxx′ , (6.91)

which can be shown from the results in eqs. (6.71), (6.75), (6.80), (6.108) and (6.109) given

that X σ
[kab], defined in eq. (D.20), is the inverse of Y [kab]

σ , defined in eq. (D.22). We stress
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that eq. (6.91) holds only when acting on components of K[I]
df,3, for it relies on the symmetry

or antisymmetry under pion exchange in the ππη components. The normalization of the

Y was chosen in the previous section so that the right-hand side of eq. (6.91) contains the

factor of 3. This was done so thatMdf,3 and Kdf,3 have the same normalization in the weak

coupling limit, as shown by eq. (6.90).

6.4.8 Projection onto positive G parity

In this section we discuss how the above-described formalism can be projected onto states of

positive G parity. As described in section 6.3, this is necessary to avoid mixing with three-

pion channels, mixing that we have ignored so far in the development of the formalism.

The projection can be applied to the external operators of eq. (6.2), in a manner already

described in section 6.3. The action on this 7-d space is by the projection matrix

P
(7)
+ = diag

(
1
2S12, 1, 1

2S12,
1
2A12, 1, 1

2S12, 1
)
, (6.92)

where S12 = 1+P12 and A12 = 1−P12, with P12 the operator that interchanges the momenta

k1 and k2. The action of this projector propagates through the formalism, and leads to a

reduction in the size of the matrices entering the quantization condition. We stress that this

projection commutes with total isospin, so we can consider this reduction block by block.

To determine the projectors on the isospin blocks we need the G-parity transformation

of the KKπ operators in eq. (6.1),

K+(k1)K0(k2)π−(k3)→ K
0(k1)K+(k2)π−(k3) ,

K+(k1)K−(k2)π0(k3)→ −K0(k1)K0(k2)π0(k3) ,

K0(k1)K0(k2)π0(k3)→ −K−(k1)K+(k2)π0(k3) ,

K0(k1)K−(k2)π+(k3)→ K−(k1)K0(k2)π+(k3) .

(6.93)

Here we have used the action of G described in section 6.3, as well as the negative G-parity of

pions. For the first and fourth operators G parity simply leads to the interchange k1 ↔ k2,

while the second and third operators are themselves interchanged, with an overall sign flip,
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as well as k1 ↔ k2 interchange. Note that the ππη operators automatically have positive G

parity and thus are unchanged. We now expand out each of the twelve KKπ operators in

the isospin basis eq. (6.38) in terms of underlying operators in eq. (6.93) (with momentum

assignments changed, in general), and apply the G-parity transformation. The results are

[[KK̄]1e/oπ]I → ±[[KK̄]1e/oπ]I , [[KK̄]0e/oπ]1 → ∓[[KK̄]0e/oπ]1 ,

[[Kπ]3/2K̄]I ↔ [[K̄π]3/2K]I , [[Kπ]1/2K̄]I ↔ [[K̄π]1/2K]I , (6.94)

where I takes all allowed values, and e and o refer, respectively, to projections onto even and

odd partial waves.

Thus the projectors onto positive G parity are

P
[I=2]
G = P

[I=0]
G =



Pe 0 0 0 0

0 1
2

1
2 0 0

0 1
2

1
2 0 0

0 0 0 1 0

0 0 0 0 1


, (6.95)

P
[I=1]
G =



Pe 0 0 0 0 0 0

0 Po 0 0 0 0 0

0 0 1
2 0 1

2 0 0 0

0 0 0 1
2 0 1

2 0 0

0 0 1
2 0 1

2 0 0 0

0 0 0 1
2 0 1

2 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1



. (6.96)

These project the 5-d blocks for I = 2, 0 down to 4-d, and project the 8-d blocks for I = 1

down to 6-d.

The result is that the quantization condition for each isospin takes the same form as

above, eqs. (6.51) and (6.52), but with the matrices F̂ [I]
G , K̂2,L, and K̂df,3 replaced by their
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reduced versions. We first describe these new versions for F̂ [I]
G and K̂2,L. For I = 2, we find

F̂
[I=2]
G →



PeF̃
πPe

√
2PeG̃πKP` 0 0

√
2P`G̃KπPe F̃K + G̃KK 0 0

0 0 PeF̃
′ηPe

√
2PeG̃′ηπP`

0 0
√

2P`G̃′πηPe F̃ ′π + G̃′ππ


, (6.97)

K̂[I=2]
2,L →



PeK
KK̄,I=1
2,L Pe 0 0 PeK

πη↔KK̄,I=1
2,L

0 KKπ,I=3/2
2,L 0 0

0 0 1
2K

ππ,I=2
2,L 0

Kπη↔KK̄,I=1
2,L Pe 0 0 Kπη,I=1

2,L


. (6.98)

Several comments are in order. First, we note that the upper 2× 2 block in F̂
[I=2]
G now has

a similar structure to the lower such block, which is given by the 2+1 form F 2+1
G . Thus the

projection onto G = + in some sense treats the K and K as identical particles. Second, we

could replace PeF̃ πPe with PeF̃
π, due to the properties of F̃ , as explained in appendix A of

ref. [16]. Similarly we do not need a Pe on both sides of the top-left entry in K̂[I=2]
2,L . Finally,

the factors of Pe acting on the offdiagonal πη ↔ KK entries in K̂[I=2]
2,L can be dropped, since

the G = + πη state only couples to the KK state with even partial waves. In all cases, we

keep the factors of Pe to illustrate the action of the projectors.

The results for I = 0 are similar

F̂
[I=0]
G →



PeF̃
πPe −

√
2PeG̃πKP` 0 0

−
√

2P`G̃KπPe F̃K + G̃KK 0 0

0 0 PeF̃
′ηPe

√
2PeG̃′ηπP`

0 0
√

2P`G̃′πηPe F̃ ′π + G̃′ππ


, (6.99)

K̂[I=0]
2,L →



PeK
KK̄,I=1
2,L Pe 0 0 PeK

πη↔KK̄,I=1
2,L

0 KKπ,I=1/2
2,L 0 0

0 0 1
2K

ππ,I=0
2,L 0

Kπη↔KK̄,I=1
2,L Pe 0 0 Kπη,I=1

2,L


, (6.100)

and analogous comments apply.
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For I = 1, we find

F̂
[I=1]
G →

F (4)
G 0

0 F
2+1
G

 , (6.101)

where F 2+1
G is given in eq. (6.62), and

F
(4)
G =



PeF̃
πPe 0 −

√
2
3PeG̃

πKP`
√

4
3PeG̃

πKP`

0 PoF̃
πPo −

√
4
3PoG̃

πKP` −
√

2
3PoG̃

πKP`

−
√

2
3P`G̃

KπPe −
√

4
3P`G̃

KπPo F̃K − 1
3G̃

KK −
√

8
9G̃

KK√
4
3P`G̃

KπPe −
√

2
3P`G̃

KπPo −
√

8
9G̃

KK F̃K + 1
3G̃

KK


, (6.102)

while the two-particle K matrix reduces to

K̂[I=1]
2,L →



PeK
KK̄,I=1
2,L Pe 0 0 0 0 PeK

πη↔KK̄,I=1
2,L

0 PoK
KK̄,I=0
2,L Po 0 0 0 0

0 0 KKπ,I=3/2
2,L 0 0 0

0 0 0 KKπ,I=1/2
2,L 0 0

0 0 0 0 1
2K

ππ,I=1
2,L 0

Kπη↔KK̄,I=1
2,L Pe 0 0 0 0 Kπη,I=1

2,L


. (6.103)

Next we describe the reduced forms of Kdf,3. The expressions in terms of sums over outer

products, eqs. (6.70), (6.72) and (6.74), remain valid, but the vectors themselves change to

Y [I=2],a† →
(

1
2(Y [kab]†

(312) + Y [kab]†
(321) ),

√
1
2(Y [kab]†

(213) + Y [kab]†
(123) ), 0, 0

)
,

Y [I=2],b† →
(

0, 0,
√

1
2Y [kab]†

(312) , Y [kab]†
(213)

)
,

(6.104)

Y [I=0],a† →
(

1
2(Y [kab]†

(312) + Y [kab]†
(321) ),−

√
1
2(Y [kab]†

(213) + Y [kab]†
(123) ), 0, 0

)
,

Y [I=0],b† →
(

0, 0,
√

1
2Y [kab]†

(312) , Y [kab]†
(213)

)
,

(6.105)

Y [I=1],a† →
(

1
2(Y [kab]†

(312) + Y [kab]†
(321) ), 0,−

√
1
6(Y [kab]†

(213) + Y [kab]†
(123) ),

√
1
3(Y [kab]†

(213) + Y [kab]†
(123) ), 0 0

)
,

Y [I=1],b† →
(

0, 1
2(Y [kab]†

(312) −Y [kab]†
(321) ),

√
1
3(Y [kab]†

(213) −Y [kab]†
(123) ),

√
1
3(Y [kab]†

(213) −Y [kab]†
(123) ), 0, 0

)
,

Y [I=1],c† →
(

0, 0, 0, 0,
√

1
2Y [kab]†

(312) , Y [kab]†
(213)

)
.

(6.106)
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The final change is to the integral equations relating Kdf,3 toM3. Here again the form of

the relations, eq. (6.85), remains unchanged, as does the expressions for the conversion ma-

trices, eqs. (6.79), (6.81) and (6.83). The vector of operators entering the latter expressions,

however, change to

X [I=2],a →
(

1
2(X (312)

[kab] + X (321)
[kab] ),

√
1
2(X (213)

[kab] + X (123)
[kab] ), 0, 0

)
,

X [I=2],b →
(
0, 0,

√
2X (312)

[kab] , X (123)
[kab] + X (213)

[kab]

)
,

(6.107)

X [I=0],a →
(

1
2(X (312)

[kab] + X (321)
[kab] ),−

√
1
2(X (213)

[kab] + X (123)
[kab] ), 0, 0

)
,

X [I=0],b →
(
0, 0,

√
2X (312)

[kab] , X (123)
[kab] + X (213)

[kab]

)
,

(6.108)

X [I=1],a →
(

1
2(X (312)

[kab] + X (321)
[kab] ), 0,−

√
1
6(X (213)

[kab] + X (123)
[kab] ),

√
1
3(X (213)

[kab] +XR123), 0, 0
)
,

X [I=1],b →
(

0, 1
2(X (312)

[kab] −X (321)
[kab] ),

√
1
3(X (213)

[kab] −X (123)
[kab] ),

√
1
6(X (213)

[kab] −XR123), 0, 0
)
,

X [I=1],c →
(
0, 0, 0, 0,

√
2X (312)

[kab] ,−X (123)
[kab] + X (213)

[kab]

)
.

(6.109)

The orthogonality relation eq. (6.91) remains true with these changes.

6.5 Reduction to single-channel formalism for E∗ < MKKπ

Up to this point, we have had in mind working above both ππη and KKπ thresholds, i.e.

in the regime where both resonances of interest lie. In this section we consider the range

between the thresholds, Mππη . E∗ . MKKπ. Here our formalism remains valid, but we

expect that it can be reduced to that for a single three-particle channel by “integrating out”

the contributions associated with the KKπ state. Our aim is to sketch how this reduction

occurs.

The first point to observe is that, due to the presence of our cutoff functions, the KKπ

channel will be automatically and smoothly turned off as the energy is reduced. As described

in section D.2, this will occur in two stages, first when the KK channel closes, and second

upon the closure of the Kπ channel. A similar phenomenon occurs in the DDπ system,

which is where the two-stage turn-off was first noted [227]. For physical masses, the two
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closures occur, respectively, at the three-particle energies

E∗1 = Mπ + 2
√
M2

K −M2
π ≈ 1090MeV and E∗2 = MK +

√
M2

K −M2
π ≈ 970MeV . (6.110)

These lie about 40 and 160 MeV below the threshold at MKKπ ≈ 1130 MeV, and both are

well above the lower threshold at Mππη ≈ 820 MeV.

The regime we are interested in here is thus E∗2 < E∗ . MKKπ, so that two-channel

formalism applies but only one of the channels is kinematically open. In fact, there is

a further constraint on the relevance of the considerations of this section, namely that we

cannot integrate out the KKπ channel if ∆ = MKKπ−E∗ is too small. This is because there

are finite-volume effects arising from the proximity to on-shell KKπ states that scale roughly

as exp(−∆L). These are captured by the full, two-channel quantization condition, but not by

the reduced version. Thus we should use ∆ &Mπ, since then the errors caused by reduction

to a single-channel form are comparable to the exponentially-suppressed terms∼ exp(−MπL)

that the formalism does not control. This leaves a very small window E∗2 < E∗ .MKKπ−Mπ

where the considerations of the remainder of this section apply. Nevertheless, we think the

analysis is of interest both from a purely theoretical point of view, and because the window

of applicability could be larger in other multichannel systems.

The strategy we follow is to represent the matrices that enter the quantization condition

in block form, where the blocks correspond to the ππη and KKπ channels, respectively.

Thus, for example, in the I = 0 case after G-parity projection, the 4× 4 flavor matrices such

as F [I=0]
G in eq. (6.99) have two ππη entries (the last two) and two KKπ entries (the first

two). In general, these two blocks will have different dimensions. We write the block form

as

M =

MA MB

MC MD

 , (6.111)

and make repeated use of the following standard results (valid if M−1 exists)

detM = det(MA −MBM
−1
D MC) det(MD) , (6.112)
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[M−1]A =
(
MA −MBM

−1
D MC

)−1
, [M−1]D =

(
MD −MCM

−1
A MB

)−1
,

MA[M−1]B = −MB[M−1]D , [M−1]CMA = −[M−1]DMC .
(6.113)

We first consider the case that Kdf,3 = 0, so that the quantization condition can be written

det(F−1
3 ) = 0. Here, and in the remainder of this section, we drop isospin superscripts, since

the considerations are general. For brevity, we also drop carets. We are thus looking for

energies where an eigenvalue of F3 diverges. Given the form of F3, eq. (6.52), and the fact

that F only diverges at noninteracting energies, we can rewrite the quantization condition

as [110]

det(K−1
2,L + FG) = 0 . (6.114)

This is also equiavlent to the asymmetric quantization condition, eq. (6.39), when K̂(u,u)
df,3 = 0.

Our aim is to rewrite this as a single-channel three particle quantization condition. It will

turn out to be easier to initially aim for the asymmetric form, which can be written

det(K−1 + [FG]A) = 0 , K = K2,L +K(u,u)
df,3 , (6.115)

where K is a reduced matrix living only in the ππη block. Here we allow for the possibility

that integrating out the KKπ channel leads to the reappearance of Kdf,3 (here in asymmetric

form).

To proceed, we note that FG is block diagonal with no B or C components, so that, using

eq. (6.112), the quantization condition eq. (6.114) becomes

det(rA + fA − rB[rD + fD]−1rC) det(rD + fD) = 0 , (6.116)

where we have introduced the shorthands r ≡ K−1
2,L and f ≡ FG. We now make the key

assumption, namely that the second determinant does not vanish. This is plausible because

fD ≡ [FG]D contains only the KKπ singularity, which is finite in our kinematic regime. With

this assumption, the quantization condition becomes the vanishing of the first determinant

in eq. (6.116). This has the desired form of the reduced quantization condition, eq. (6.115),

if we take

K = 1
rA −−rB[rD + fD]−1rC

. (6.117)
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Using eq. (6.113), we find, after some algebraic effort, that

K = [K2,L]A − [K2,L]B[FG]D
1

1 + [K2,L]D[FG]D
[K2,L]C . (6.118)

To achieve our aim, we must decompose this into the form of the second equality in eq. (6.115),

i.e. a K2,L part that involves a spectator momentum Kronecker-delta plus an overall fac-

tor of 2ωL3, but is otherwise an infinite-volume quantity, and a K(u,u)
df,3 part that is purely an

infinite-volume quantity. The first part is obtained by keeping only the F terms in eq. (6.118),

K2,L = [K2,L]A − [K2,L]B[F ]D
1

1 + [K2,L]D[F ]D
[K2,L]C . (6.119)

This involves the same spectator (a pion) throughout, and the 2ωL3 factors cancel between

adjacent factors of F and K2,L, leaving a single overall such factor. Concerning [F ]D, one

might expect the sum-integral difference in F to vanish, up to exponentially-suppressed

corrections, since the summand/integrand involves KKπ denominators and is nonsingular

[see eq. (D.10)]. In fact, because of our definition of the PV-regulated integral [16], there

is an additional infinite-volume contribution, proportional to the subthreshold part of ρ̃,

eq. (D.27). This leads to the following interpretation of K2,L: the second term adds back

the on-shell, but subthreshold, contributions to πη scattering that involve KK intermediate

states. By construction, these contributions are not included in [K2,L]A, but are needed in

the full single-channel two-particle K matrix when the KKπ state is integrated out.

The remainder of K involves at least one factor of [G]D, which switches the spectator

from a pion to a K or K. In fact, it is easy to see that, after expanding the geometric series

in eq. (6.118), at least two factors of [G]D are needed to bring the spectator back to being

a pion. Although an explicit all-orders expression can be given, it is not illuminating. The

important properties are that all three particles are involved in the process, that the various

factors of 2ωL3 [including two for each G—see eq. (D.16)] cancel aside from an inverse for

each internal momentum sum, and that these momentum sums can be converted to integrals

up to exponentially suppressed corrections (since the summands involve KKπ intermediate

states and are thus nonsingular). The result is a contribution to K(u,u)
df,3 , an infinite-volume
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quantity involving all three particles. It is asymmetric because only the external pions are

spectators. The interpretation of this contribution to the reduced three-particle kernel is

simply that it adds in contributions involving intermediate KKπ states that lead to power-

law volume effects above the KKπ threshold, due to the singularities in G, but now lead

only to exponentially-suppressed volume dependence.

We now repeat the argument in the general case, but starting with the asymmetric form

of the quantization condition, written as

det
(
[K2,L +K(u,u)

df,3 ]−1 + FG
)

= 0 . (6.120)

We follow exactly the same steps as above, leading to the reduced quantization condition

eq. (6.115), in which K (denoted with a prime to distinguish it from the earlier form) has

the form

K′ = [K2,L +K(u,u)
df,3 ]A − [K2,L +K(u,u)

df,3 ]B[FG]D
1

1 + [K2,L +K(u,u)
df,3 ]D[FG]D

[K2,L +K(u,u)
df,3 ]C .

(6.121)

This can be decomposed as

K′ = K2,L +K(u,u)
df,3 + [K(u,u)

df,3 ]A +K′(u,u)
df,3 , (6.122)

where the first two terms on the right-hand side are those discussed above in the Kdf,3 = 0

case, the third term is simply the A block of the asymmetric three-particle K matrix, and

the final term is the new contribution arising from integrating out KKπ in the presence of

a non-zero Kdf,3. An example of a contribution to the final term is

K′(u,u)
df,3 ⊃ −[K(u,u)

df,3 ]B[FG]D[K2,L]C (6.123)

As above, it is straightforward to see that, for all contributions, the 2ωL3 factors combine to

convert sums into integrals up to exponentially-suppressed volume dependence. The result

is that K′(u,u)
df,3 is an infinite volume quantity with the correct properties to be a contribution

to the asymmetric Kdf,3. Thus the last three terms in eq. (6.122) constitute the renormalized

reduced three-particle K matrix.
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The final step is to symmetrize the quantization condition. This can be done using the

symmetrization identities given in BS2 and BS3, as already noted in section 6.4.4. However,

the method used in those works is based on M23,L, rather than the quantization condi-

tion. Since here we work directly with the latter, we provide the necessary generalization

in section D.7. The conclusion is that we can convert the asymmetric form of the reduced

quantization condition to the desired symmetric form,

det
[
1 + F 3Kdf,3

]
= 0 , (6.124)

F 3 = FA
3 − FA

1
(K2,L)−1 + [FG]A

FA . (6.125)

in which Kdf,3 is a symmetrized three-particle K matrix that is algebraically related to K′(u,u)
df,3 .

An alternative method of determining the reduced, single-channel quantization condition

is to begin with the full symmetrized quantization condition, expressed as

det
[
Kdf,3 + F−1

3

]
= 0 , (6.126)

and to apply eq. (6.112) with M = Kdf,3 + F−1
3 . Expanding inside the first determinant of

eq. (6.112), one can identify [F−1
3 ]A and −[F−1

3 ]B([F−1
3 ]A)−1[F−1

3 ]C as the only terms with

overlap of F−1
3 , the quantity appearing in the new single-channel quantization condition. As

with the method described above, these terms split into two parts: those that contribute to

Kdf,3, and those which can be folded into F−1
3 through the correct definition of K2,L. Both

methods arrive at the same expression for K2,L, given in eq. (6.119), and we expect Kdf,3 can

be brought into the same form through symmetrization.

In summary, we have shown explicitly how, if one goes far enough below the KKπ

threshold, the quantization condition reduces to the expected form for a single channel

system, with a renormalized K2 and K(u,u)
df,3 .

6.6 Parametrizations of Kdf,3

In a practical application, one must parametrize the three-particle K-matrix. This should be

done respecting the symmetries of the theory, in particular Lorentz, P , and T invariance, and
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the exchange symmetries of the three-meson states. Of particular interest are the behavior

near threshold and in the vicinity of a three-particle resonance. We discuss these two regimes

in turn, generalizing the methods introduced in refs. [37, 110].

Near threshold, Kdf,3 can be expanded in terms of kinematic invariants that vanish at

threshold. The procedure for doing so was laid out in ref. [110] in the case of three identical

particles, and has been subsequently generalized to many systems [36,37,179,227,230]. The

main new feature here is the presence of two thresholds, corresponding to the ππη and KKπ

channels.

From section 6.4.6, we know that the underlying functions that we have to parametrize

are the K[I],xy
df,3 that appear in eqs. (6.70), (6.72) and (6.74), where x, y run over the different

channels. Each of these K matrices are Lorentz-invariant functions of the three incoming on-

shell four-momenta, which here we denote {ki}, and the corresponding outgoing momenta,

denoted {k′i}. For our two channels, we use the labels i = 1, 2 for the two particles that are

degenerate, while i = 3 denotes the particle with a distinct mass. We denote the initial-state

masses as mi and the final-state masses as m′i. The threshold CMF energies for the two

channels are then M = 2m1 + m3 and M ′ = 2m′1 + m′3. We call the smaller of these Mmin,

and use this to set the scale in the following.

To parameterize the three-particle amplitude Kdf,3, we use generalized Mandelstam vari-

ables,

s ≡ (k1 + k2 + k3)2, sij ≡ (ki + kj)2, s′ij ≡ (k′i + k′j)2, tij ≡ (k′i − kj)2 . (6.127)

It is convenient to use the following seventeen dimensionless quantities,

∆ ≡ s−M2

M2
min

, ∆′ ≡ s−M ′2

M2
min

= ∆ + M ′2 −M2

M2
min

,

∆i ≡
sjk − (mj +mk)2

M2
min

, ∆′i ≡
s′jk − (m′j +m′k)2

M2
min

, t̃ij ≡
tij − (m′i −mj)2

M2
min

, (6.128)

where, in the definitions of ∆i and ∆′i, {i, j, k} form a cylic permutation of {1, 2, 3}. ∆ and

∆i vanish at the initial-state threshold, while ∆′ and ∆′i vanish at the final-state threshold.
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The t̃ij only vanish at threshold if the initial and final channels are the same; in general

they vanish if the final (i) and initial particles (j) are relatively at rest. We note that these

quantities are well-defined below as well as above the corresponding thresholds.

These seventeen quantities in eq. (6.128) are constrained by the relation between ∆

and ∆′ given in that equation, as well as the following eight relations, seven of which are

independent,7

3∑
i=1

∆i = ∆ ,
3∑
i=1

∆′i = ∆′ ,
3∑
i=1

t̃ij = ∆j −∆ + 2mj(M ′ −M)
M2

min
,

3∑
i=1

t̃ji = ∆′j −∆′ +
2m′j(M −M ′)

M2
min

, (6.129)

where j = 1, 2, 3. This allows us to express Kdf,3 in terms of the following nine variables: ∆,

∆1, ∆2, ∆′1, ∆′2, t̃11, t̃12, t̃21, and t̃22. We develop the threshold expansion treating ∆, ∆i, ∆′i,

and the t̃ij as small. Since the thresholds differ, in practice some of these quantities will be

larger than others, and an asymmetric power-counting is appropriate. As the relative sizes

depend on the precise kinematics, which varies according to the values of the underlying quark

masses, we simply ignore this point and work to quadratic order in all variables, presenting

terms of up to linear order here, and collecting the quadratic terms in section D.6.

As we have seen in section 6.3, the requirement that the KK pairs have negative G parity

implies [KK̄]1 must be symmetric under k1 ↔ k2, while [KK̄]0 must be antisymmetric under

this exchange. Similarly, the [ππ]0,2 states are symmetric, while [ππ]1 is antisymmetric. Using

these symmetry requirements allows us to write down all allowed combinations of the nine

kinematic variables in our chosen basis.

To begin, we consider I = 0 and I = 2, each of which have two channels [found

in eq. (6.2)], and which have the same symmetry properties. While K[I=0,2],ab
df,3 and K[I=0,2],ba

df,3

are symmetric under the independent exchanges k1 ↔ k2 and k′1 ↔ k′2, K[I=0,2],aa
df,3 and

K[I=0,2],bb
df,3 are also symmetric under PT transformations. These symmetries lead to the fol-

7In refs. [36, 110], the fact that only seven of these relations were independent was missed. This had
no impact on the threshold expansions developed in these works. The correct counting was also noted in
ref. [230].
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lowing result for the diagonal terms,

M2
minK

[I=0,2],xx
df,3 ({k′}, {k}) = K[I]xx

0 +K[I]xx
1 ∆ +K[I]xx

2 (∆1+∆2+∆′1+∆′2)

+K[I]xx
3 (t11+t12+t21+t22) +O(∆2) , (6.130)

where x = a or b, and the coefficients K[I]xx
j are real and dimensionless. For the off-diagonal

contributions the lack of PT symmetry leads to one additional term at linear order

M2
minK

[I=0,2],ab
df,3 ({k′}, {k}) = M2

minK
[I=0,2],ba
df,3 ({k}, {k′}) = K[I]ab

0 +K[I]ab
1 ∆

+K[I]ab
2 (∆1+∆2) +K[I]ab

3 (∆′1+∆′2) +K[I]ab
4 (t11+t12+t21+t22) +O(∆2) , (6.131)

where again the coefficients are real and dimensionless. We note that, in both eqs. (6.130)

and (6.131), the leading coefficients lead to a contribution that is independent of momenta

and thus isotropic. Quadratic terms are given in eqs. (D.79) and (D.80).

Now we turn our attention to I = 1, which contains transitions between three independent

states [found in eq. (6.2)]. While state a is symmetric under k1 ↔ k2, states b and c

are antisymmetric under this exchange. These exchange symmetries, coupled with the PT

invariance of K[I=1],xx
df,3 , lead to the following results. For K[I=1],aa

df,3 the result has exactly the

same form as that for I = 0, 2, given in eq. (6.130). For the other diagonal terms, we find

K[I=1],yy
df,3 ({k′}, {k}) = K[1]yy

1 (t11−t12−t21+t22) +O(∆2) , (6.132)

where y = b or c. For the offdiagonal contributions, we obtain

K[I=1],ay
df,3 ({k′}, {k}) = K[I=1],ya

df,3 ({k}, {k′}) =

K[1]ab
1 (∆′1−∆′2) +K[1]ab

2 (t11−t12+t21−t22) +O(∆2) . (6.133)

with y = b or c, and

K[I=1],bc
df,3 ({k′}, {k}) = K[I=1],cb

df,3 ({k}, {k′}) = K[1]bc
1 (t11−t12−t21+t22) +O(∆2) . (6.134)

The antisymmetry of the b, c channels leads to the absence of the isotropic contribution and

a smaller number of linear terms. Quadratic contributions for I = 1 K matrices are given in

eqs. (D.81) to (D.83).
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We next consider how the expressions given above can be augmented in the I = 0 and

I = 1 channels (in which, respectively, the η(1295) and the b1(1235) appear) to incorporate

an explicit pole that satisfies the relevant symmetries and has a factorizable residue. It is

plausible that such a pole will be needed to describe a resonance inM3 [134]. We are guided

here by the work of ref. [37] addressing the same issue for the 3π system, in particular for

the JP = 0− resonance, π(1300), and the JP = 1+ resonance, a1(1260). We stress that the

pole terms we give below are to be added to the threshold expansion forms, and that we are

presenting only the simplest possible expressions in both cases. By its very nature, a pole

term violates the threshold expansion, and thus one does not have any power counting to

restrict the form of the residues. Thus, higher order terms may be needed in practice.

The simplest case is the I = 0 η(1295) resonance. This JP = 0− state couples to both

ππη and KKπ in s-wave states, and thus no momentum dependence is needed in the residue.

Thus the simplest form to add to Kdf,3 is

K[I=0]xy
df,3 ⊃ vxvy

P 2 − E2
0−
, (x, y) ∈ (a, b) , (6.135)

where v = (va, vb) is a real vector describing the relative coupling to the two channels, with

va and vb being coefficients to be determined. We stress that the pole position E0− will not

equal the η(1295) mass, since to connect Kdf,3 toM3 requires solving integral equations, and

this will, in general, shift the pole position.

Two additional features arise for the I = 1, JP = 1+ channel needed for the b1(1235). The

first is due to the resonance being a vector, and thus having a polarization vector. Summing

over this leads to a factor of

∑
ε

εµε
∗
ν = gPµν ≡ gµν − PµPν/P 2 . (6.136)

The second new feature is the need to contract the open Lorentz indices with four-vectors

having the appropriate symmetries. The simplest form is

K[I=1]xy
df,3 ⊃ 1

P 2 − E2
1+
gPµνw

′µ
x w

ν
y , (x, y) ∈ (a, b, c) , (6.137)



246

where

wν = (wa[kν1 + kν2 ], wb[kν1 − kν2 ], wc[kν1 − kν2 ]) ,

w′µ =
(
wa[k′µ1 + k′µ2 ], wb[k′µ1 − k′µ2 ], wc[k′µ1 − k′µ2 ]

)
,

(6.138)

with wx being real coefficients to be determined. We note that an additional allowed contri-

bution to the wa terms proportional to P ν can be dropped since gPµνP ν = 0.

6.7 Conclusions

In this work, we have generalized the three-particle formalism to accommodate systems

involving multiple three-particle channels. While we have focused on the two-channel ππη

and KKπ system, the generalization to additional three-particle channels will involve a

simple extension of the work presented here. Indeed, just as in the two-particle case, the

generalization to multiple channels is itself not the most challenging part of the derivation.

Instead, the complications mainly arise from the need to account for multiple subchannels,

and to determine isospin and G-parity projections. These aspects are similar to those arising

in the formalism developed for the DDπ system in ref. [227]. The need for G-parity projection

is a new feature here, and turns out to reduce the dimensionality of the matrices appearing

in the quantization conditions.

The general structure of the quantization conditions and associated integral equations

is the same as that in all previous applications of the RFT approach. The presence of

two channels simply enlarges the space of spectator flavors. In our final results, given in

section 6.4.8, these spaces are of dimension 4, 6, and 4, respectively, for I = 0, 1, and 2. As

for the DDπ system studied in ref. [227], the results for I = 0 and I = 2 are nearly identical.

The specific channels on which we have focused allow the application to the b1(1235)

and η(1295) resonances, as long as one neglects the coupling to channels with four or more

particles. As discussed in section 6.3, for such an application, one must use finite-volume

irreps in which there are no, or minimal, contributions from ππ states. There are several

such irreps, so we do not expect this to be a significant practical limitation. We hope that, in
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the next few years, results from lattice QCD will be available that allow one to study these

resonance. This will likely first be with heavier-than-physical quark masses, which will, in

fact, reduce the problem with neglected channels containing four or more particles.

A three-particle formalism has now been developed that encompasses nearly all systems

of interest. The remaining lacuna is exemplified by the Roper resonance, which decays to

Nπ and Nππ. This involves multiple channels with both two and three particles, as well as

nondegenerate particles with a variety of spins. Given the recent extension of the formalism

to three spin-1/2 particles [179], and the by now complete understanding of incorporating

nondegenerate particles [35,36,117,227], the main challenge concerns the combination of two-

and three-particle channels. So far, two approaches have been used: one in which the two-

particle channel is incorporated explicitly [39], and the other in which it is introduced by the

presence of a bound state in a two-particle subchannel of the three-particle system [114,210,

211,227]. It remains to be seen which approach, if either, is the best choice for generalization

to the Roper system.8
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Chapter 7

CONCLUSION

The research presented in this dissertation enhances the understanding and application

of quantization conditions in lattice quantum chromodynamics, contributing to both the

theoretical framework and practical implementations of two- and three-particle finite-volume

formalisms. By addressing critical limitations and proposing novel methodologies, this work

pushes the boundaries of current lattice capabilities, enabling the study of new systems in

quantum chromodynamics.

The first study, presented in chapter 2, highlighted the limitations of applying the two-

particle quantization condition to certain unphysical channels in partially quenched theories.

It identified specific channels where the quantization condition can still be valid despite the

underlying unitarity violation, laying out a rigorous criteria for determining the applicability

of quantization conditions in partially quenched setups. In chapter 3, this work was applied

to a partially quenched system using twisted-mass fermions in which the sea quark action

differed from the valence quark action.

In subsequent chapters we focused on the three-particle finite-volume formalism. Chap-

ter 4 presented a pioneering application of the three-particle quantization condition to the

determination of ππK and KKπ scattering at maximal isospin. By extracting extensive

finite-volume energies and fitting to the spectrum using the appropriate quantization con-

ditions, we determined two- and three-particle scattering parameters. The findings validate

the theoretical framework and provide essential data for future research, illustrating the

practical implications of the formalism for studying multi-hadron interactions and setting

the stage for the study of more complex systems.

Chapter 5 introduced the finite-volume formalism for three identical spin-1/2 particles,
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relevant for systems of three neutrons or protons. It addressed the technical complexities

arising from spin degrees of freedom, presenting a detailed derivation and establishing the

groundwork for future applications, including the study of nucleon interactions and hyperons.

The final work presented in this dissertation, that of chapter 6, generalized the three-particle

formalism to multiple channels, focusing on ππη and KKπ systems. It highlighted the

technical nuances of dealing with multiple subchannels, providing a framework for analyzing

systems involving resonances like the b1(1235) and η(1295). This generalization paves the

way for future studies, providing a framework for understanding multi-channel interactions.

Collectively, the body of research presented in this dissertation significantly advances the

toolkit available for studying multiple particles in finite volume. The methodologies devel-

oped not only extend the reach of current lattice calculations but also lay the groundwork

for future explorations into more complex systems, including those of significant experimen-

tal and theoretical interest. The work extending the three-particle finite-volume formalism,

both for identical spin-1/2 particles and multi-channel systems, represents a substantial step

forward, offering a robust framework that can be adapted to various physical contexts. The

ongoing challenge remains the unification of approaches to handle systems like the Roper res-

onance, which involve combinations of two- and three-particle channels and diverse particle

spins.

Work on applying these frameworks to increasingly realistic lattice simulations that in-

corporate physical quark masses is already underway. The synergy between theoretical in-

novation and advanced computational techniques will drive further progress in this field, ul-

timately enhancing our understanding of the strong interactions that govern the subatomic

world.
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Appendix 1

APPENDIX TO CHAPTER 3

A.1 Higher-order contributions in χPT

In this appendix we collect some technical comments related to the χPT calculations pre-

sented in the main text.

First, we write out the NLO terms in the PQ chiral Lagrangian, which are used in

Sec. 3.4.3. These consist of ap2, amq and a3 terms,

LNLO = âW4str
[
(∂µΣ)(∂µΣ†)

]
str
[
Σ + Σ†

]
+ âW5str

[
(∂µΣ)(∂µΣ†)(Σ + Σ†)

]
− âW6str

[
χ′†Σ + Σ†χ′

]
str
[
Σ + Σ†

]
− âW7str

[
χ′†Σ− Σ†χ′

]
str
[
Σ− Σ†

]
− âW8str

[
χ′†Σ2 + Σ†2χ′

]
+ a3La3

(A.1)

where the notation is that of Ref. [45], while the a3 terms have the schematic form

La3 ∼ str
[
Σ + Σ†

]
+ str

[
Σ3 + Σ†3

]
+ str

[
Σ2 ± Σ†2

]
str
[
Σ± Σ†

]
+ str

[
Σ± Σ†

]2
str
[
Σ + Σ†

]
,

(A.2)

where the ± signs in the third term are both positive or both negative. Here, ∼ indicates

that there is an independent LEC multiplying each term on the right-hand side. We do not

keep track of these LECs as they are not required for our analysis.

Second, we discuss why, when working at maximal twist, there are no terms involving

odd powers of the field Π in the expansion of the LO Lagrangian, Eq. (B.1). For the terms

that are independent of a, this follows because, at maximal twist, the condensate cancels the

twist in the mass, leading to the standard kinetic and mass terms expressed in terms of Σph,

as shown by the first two terms in Eq. (3.11). These terms are symmetric under Π → −Π,

so that only even powers of Π can appear in their expansions. For the terms induced by

the nonzero lattice spacing, the key result is that they are proportional to a2, as the term
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linear in a has been absorbed by a redefinition of χ [84]. This implies that, when expressed

in terms of Σph, as in Eq. (3.11), they involve two powers of Σ0Σph. These can appear in one

or two straces, with each strace containing either a hermitian or anti-hermitian combination,

although the total term must be hermitian. If one expands Σph, a given strace will thus have

the form

i(x1+y1+x2+y2)str
[
Πx1 (τV S3 )y1 Πx2 (τV S3 )y2

]
± h.c. , (A.3)

where the xi are non-negative integers, while the yi are either 0 or 1, h.c. indicates hermi-

tian conjugate, and we have used the result that Σ0 = iτV S3 at maximal twist. Using the

hermiticity of Π and τV S3 , together with the cyclicity of the strace, we see that the hermitian

conjugate term has the same (opposite) sign if N ≡ x1 + x2 + y1 + y2 is even (odd). Thus to

avoid a cancellation N must be even (odd) if the hermitian conjugate is added (subtracted).

Now we consider the ways in which one might obtain a cubic vertex from the a2 terms.

If there is a single strace, it must contain an odd power of Π, so that x1 + x2 is odd, while

we know that y1 + y2 = 2 since there are two powers of Σ0. Thus N must be odd. However,

as there is a single strace, the term must be hermitian, and so, from above, we know that

terms with odd N vanish. So there is no such vertex.

If there are two straces, to obtain a cubic vertex one of them must contain an odd power

of Π, and the other an even power. Since ∑i yi = 1 for both terms, we know that N is odd

for one strace, and even for the other. Since the two terms are both either hermitian or

anti-hermitian, this in turn implies that one of the two terms vanishes.

Similar arguments can be used to demonstrate that the quadratic and quartic terms

arising from the NLO Lagrangian in Eq. (A.1), vanish.
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Appendix 2

APPENDIX TO CHAPTER 4

B.1 Energy levels used in fits

In this appendix we give further details of the fits described in the main text. First, in

Table B.1 we list the energy levels used in the fits. Second, in figures B.1 to B.3 we show

the CMF energy levels for the N203 KKπ, D200 ππK and D200 KKπ spectra, respectively,

along with the predictions from the quantization condition using our standard fit parameters.

The corresponding result for the N203 ππK spectrum is shown in the main text in figure 4.2.

B.2 ChPT result for Kdf,3 including O(a2) errors

In this appendix we extend previous SU(3) ChPT results for two- and three-particle K

matrices by including discretization errors. We work at LO, and use SU(3), rather than

SU(2), ChPT due to the presence of both kaons and pions. The methodology for including

the effects of nonzero a into ChPT was developed in Refs. [83, 84], and is generally referred

to as Wilson ChPT, or WChPT for short. Previous work has considered ππ scattering in

SU(2) WChPT [231] (working at NLO), but, to our knowledge, no previous calculations of

two- or three-particle scattering using SU(3) WChPT have been performed.

For present-day lattice calculations, with light quark masses close to their physical values,

and with nonperturbative O(a) improvement, the appropriate power counting to use is mq ∼

p2 ∼ a2 (leaving factors of ΛQCD implicit). In other words, discretization errors, which begin

at O(a2), are comparable to the squared masses of the psuedo-Goldstone bosons (PGBs),

M2
PGB = O(mq). For an example of the appropriateness of this power counting, we point to

Ref. [59], where it is noted, in the related context of simulations with twisted-mass fermions,

that an O(a2) contribution to PGB mass-squareds (w′8f 2 in the notation below) is indeed of



254

~dref Type N203 D200

(0,0,0)

πK 2A1g + [A1g] A1g + T1u + [A1g]

ππK A1u A1u

KKπ A1u + Eu 2A1u + Eu

(0,0,1)

πK 2A1 + [6A1 + 2E] 2A1 + [2A1 + 2E]

ππK 2A2 2A2

KKπ 2A2 2A2

(0,1,1)

πK 3A1 +B2 + [3A1 + 3B1 +B2] 3A1 +B2 + [A1 +B1]

ππK 4A2 +B1 3A2 +B1

KKπ 4A2 +B1 3A2 +B1

(1,1,1)

πK 4A1 + 2E 4A1 + 2E

ππK A2 + [2A2 + 2E] A2

KKπ 3A2 + E 2A2 + E

(0,0,2)

πK 4A1 + E + [A1] 2A1 + [2A1 + E]

ππK 3A2 3A2

KKπ 3A2 3A2

(0,1,2)
ππK 4A2 + [2A2] 3A2

KKπ 5A2 4A2

(1,1,2)
ππK A2 + [3A2 +A1] 2A2

KKπ 4A2 +A1 2A2

(0,2,2)
ππK 4A2 +B1 2A2

KKπ 4A2 +B1 3A2 + 2B1

(0,0,3)
ππK 4A2 3A2

KKπ A2 3A2

Table B.1: Energy levels used in the fits of this work. Notation is as follows: “A1u +Eu” means

the lowest level in the A1u irrep, and the lowest in the Eu irrep. When two different energy ranges

have been chosen, the levels in brackets contribute only to the fit with the higher energy cutoff. For

instance, in D200 a fit with 16 πK levels is shown in the last column of Table 4.7 (“(d) Standard

*”), whereas another with 26 levels is shown in the first column of the same table (“(a) Standard”).

In this case, “A1g +T1u + [A1g]” means that the lowest A1g and T1u levels contribute to the fit with

16 levels, and the second A1g level is additionally included in the fit with 26 levels. The energy

levels included in ππ,KK, πππ and KKK systems can be read off from Table 32 of Ref. [132] by

selecting only those in trivial irreps (A1 or A1g for two particles and A2 or A1u for three).
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Figure B.1: KKπ CMF spectrum on ensemble N203. Notation as in figure 4.2, except energies

here are in units of MK . Colored symbols are from the ADLER3 fit in Table 4.10.
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Figure B.2: ππK CMF spectrum on ensemble D200. Notation as in figure 4.2. Colored symbols

are from the Standard fit in Table 4.7.
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Figure B.3: KKπ CMF spectrum on ensemble D200. Notation as in figure B.1, except energies

here are in units of MK . Colored symbols are from the ADLER3 fit in Table 4.9.

the same order as the physical M2
π .

The LO chiral Lagrangian (in Euclidean space), including discretization terms, is given

by [83]

LLO = F 2

4 Tr
(
∂µΣ†∂µΣ

)
− F 2

4 Tr
(
χΣ† + Σχ†

)
+ Va2 ,

Va2 = −â2W ′
6 Tr

(
Σ + Σ†

)2
− â2W ′

8 Tr
(
Σ2 + Σ†2

)
,

(B.1)

where Σ ∈ SU(3) is the field that contains the PGBs, χ = 2B0M is proportional to M ,

the renormalized mass matrix, and F ≈ Fπ ' 92 MeV and B0 are the usual continuum LO

LECs. Additionally, we have â = 2W0a, where W0, W ′
6, and W ′

8 are LECs associated with

discretization errors. We assume exact isospin symmetry, so that M = diag(m`,m`,ms).

With the Lagrangian in hand, we can now compute the LO pion and kaon masses,

M2
π = 2B0m` + F 2(3w′6 + w′8) , (B.2)

M2
K = B0(m` +ms) + F 2(3w′6 + w′8) , (B.3)
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where we have converted to dimensionless quantities by defining

w′6 = 16â2W ′
6

F 4 and w′8 = 16â2W ′
8

F 4 . (B.4)

We observe in eqs. (B.2) and (B.3) the violation of chiral symmetry with Wilson fermions,

which here leads to an offset in the PGB masses in the (naive) chiral limit. These offsets can

be effectively absorbed into shifts in the quark masses by writing subsequent expressions in

terms of Mπ and MK , rather than m` and ms.

The LO ππ, πK, and KK scattering amplitudes are given by

Mππ = 1
F 2

[
−s+ 2M2

π + 2F 2(2w′6 + w′8)
]
, (B.5)

MπK = 1
2F 2

[
−s+M2

π +M2
K + 2F 2(2w′6 + w′8)

]
, (B.6)

MKK = 1
F 2

[
−s+ 2M2

K + 2F 2(2w′6 + w′8)
]
, (B.7)

where s is the usual two-particle Mandelstam variable. We thus find that, when we express

the results in terms of the PGB masses, only a single linear combination of w′6 and w′8 appears

in all three expressions. Indeed, if one carries out the calculation in SU(N) WChPT, the same

result is obtained, with all the N dependence absorbed into the PGB masses [3 becoming N

in eq. (B.2) and eq. (B.3)]. Thus we can compare the result for Mππ with that obtained in

SU(2) WChPT in Ref. [83], and find complete agreement.

The O(a2) terms in eq. (B.5), eq. (B.6), and eq. (B.7) again display a violation of chiral

symmetry, for the scattering amplitudes do not vanish at threshold in the chiral limit. To

see this explicitly, we give the result for the scattering lengths

Mπa
ππ
0 = − 1

32πMππ

∣∣∣∣∣
s=4M2

π

= M2
π

16πF 2 −
(2w′6 + w′8)

16π +O(M4/F 4) , (B.8)

MπKa
πK
0 = − 1

16πMπK

∣∣∣∣∣
s=(Mπ+MK)2

= MπMK

16πF 2 −
(2w′6 + w′8)

16π +O(M4/F 4) , (B.9)

MKa
KK
0 = − 1

32πMKK

∣∣∣∣∣
s=4M2

K

= M2
K

16πF 2 −
(2w′6 + w′8)

16π +O(M4/F 4) . (B.10)

These results agree with the LO parts of eq. (4.26), eq. (4.29), and eq. (4.27), in the limit

that a2 → 0. By taking appropriate linear combinations of the scattering lengths, one can
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cancel the O(a2) term. This prediction could be tested in simulations with several lattice

spacings. We note that there are no O(a2) corrections to the effective range at LO.

Finally, we turn to Kdf,3. This has previously been calculated without discretization

effects for three pions in Ref. [125], three kaons in Ref. [132], and for ππK and KKπ

scattering in Ref. [121]. We refer to those works for the methodology, and simply quote the

final results. We find that [see eq. (4.24) for notation]

Kπππdf,3 = 18
F 4

[
M2

π − F 2(2w′6 + w′8)
]

+ 27M2
π

F 4 ∆ +O(M4/F 6) , (B.11)

and a nearly identical expression for KKKKdf,3 obtained by simply substituting MK for Mπ. For

the nondegenerate case we obtain

KππKdf,3 = 1
F 4

[
2Mπ(Mπ + 2MK)− 6F 2(2w′6 + w′8)

]
+ 1
F 4 (2Mπ+MK)2∆+O(M4/F 6) , (B.12)

with the result for KKπ obtained by switching the roles of the masses Mπ and MK . We

observe that both results are isotropic. For three identical particles this is guaranteed by the

fact that angular dependence only enters at relative order p4, i.e. at NNLO in ChPT. For the

nondegenerate cases, this result, first observed in Ref. [121], is not required by symmetries or

power counting, as there could be terms proportional to ∆S
2 and t̃22 [see eq. (4.23)]. Indeed,

such terms enter at intermediate stages but cancel in the final result.

At LO in WChPT, the O(a2) terms enter only in K0 (given by the above expressions

with ∆→ 0), since power-counting requires that at O(a2) correction to K1 requires a NLO

contribution. As with the case of the two-particle amplitudes, discretization effects lead to

K0 having nonvanishing values in the chiral limit. What is particularly striking, however,

is that this offset is given by the same combination of LECs that enters in Kdf,3 as in the

two-particle amplitudes. Thus the size of the offset in K0 can be determined from a fit to the

two-particle amplitude. We use this result in the main text, as described in section 4.6.3.

B.3 NLO ChPT result for the I = 3/2 p-wave πK scattering length

This Appendix discusses briefly how to obtain an analytic expression for the I = 3/2 πK

p-wave scattering length, aπK1 . We use the results from NLO ChPT presented in Ref. [163],
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which refers to functions presented in Ref. [232].

The I = 3/2 πK amplitude is related to the s- and p-wave scattering lengths by

T 3/2(s, t, u) = −16πMπ +MK

2 (aπK0 + q2 cos θ aπK1 + . . . ) , (B.13)

where we have used our convention for the sign of the scattering lengths, and have expanded

about threshold showing only the terms that do not vanish at threshold for the partial-wave

projected amplitudes. Here θ is the scattering angle in the CMF and q the spatial momentum

of both particles in this frame. Thus we must pick out the coefficient of q2 cos θ.

The dependence on the angle θ only enters through the two-particle Mandelstam variables

t and u,

t = −2q2(1− cos θ) = 2q2 cos θ + . . . ,

u = 2M2
π + 2M2

K − s+ 2q2(1− cos θ) = u0 − 2q2 cos θ + . . . ,

u0 = (Mπ −MK)2 .

(B.14)

where here and below the ellipsis consists of O(q2) terms that are independent of cos θ, and

O(q4) terms that do depend on cos θ. We now expand T 3/2 about threshold in powers of

s − s0 [with s0 = (Mπ + MK)2], t and u − u0, which are all proportional to q2, with only t

and u− u0 depending on cos θ. Specifically, we write

T 3/2(s, t, u) = T 3/2(s0, 0, u0) + ctt+ cu(u− u0) + . . . , (B.15)

Then we have that

a
3/2
1 = − ct − cu

4π(Mπ +MK) . (B.16)

From Ref. [163], we take the result

T 3/2(s, t, u) = G1(s) +G2(t) +G3(u) + (s− u)G4(t) + (s− t)G5(u) +G6(s, t, u) , (B.17)

where each of these functions can be expressed in terms of three one-loop functions: Ā(m2
1)

B̄(m2
1,m

2
2, t), B̄1(m2

1,m
2
2, t), and B̄21(m2

1,m
2
2, t). These in turn are defined as the finite parts

of the corresponding functions in d = 4 − 2ε dimensions presented in Ref. [232]. For Ā, B̄
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and B̄1, these finite parts can be read off from the results in Ref. [232], but for B̄21 one must

account for the explicit d dependence, which leads to finite “ε/ε” contributions. All these

functions are given in terms of chiral logarithms and an integral J̄(m2
1,m

2
2, t), which is given

explicitly in Ref. [232].

Using the leading order SU(3) relation M2
η = (4M2

K −M2
π)/3, and we obtain, after much

algebra,

ct − cu = κ

F 4
π

1
288

{
MKMπ

(
16L̄2 + 8L̄3

)
−
(
M2

K +M2
π

) (
16L̄1 + 4L̄3 − 8L̄4

)
+ Lπ

Mπ (4M4
K + 87M3

KMπ − 24M2
KM

2
π + 56MKM

3
π − 9M4

π)
24(MK −Mπ)3

− LK
(M5

K + 279M4
KMπ − 125M3

KM
2
π + 478M2

KM
3
π − 27MKM

4
π − 8M5

π)
108(MK −Mπ)3

+ Lη
(56M5

K + 36M4
KMπ + 155M3

KM
2
π − 16M2

KM
3
π − 72MKM

4
π + 11M5

π)
216(MK −Mπ)3

+ −80M6
K + 524M5

KMπ + 458M4
KM

2
π + 397M3

KM
3
π − 96M2

KM
4
π − 131MKM

5
π − 4M6

π

36(MK −Mπ)2 (4M2
K −M2

π)

+

√
(2MK −Mπ)(MK +Mπ) (8M5

K − 12M4
KMπ − 7M3

KM
2
π + 2M2

KM
3
π − 24MKM

4
π − 4M5

π)
27(MK −Mπ)3(MK +Mπ)

× tan−1

2
√

(MK −Mπ)2(2MK −Mπ)(MK +Mπ)
2M2

K + 3MKMπ − 2M2
π

} , (B.18)

where Lπ = log(M2
π/µ

2), etc., and L̄ri = 16π2Lri . Note that only two linearly independent

combinations of LECs are accessible by varying the meson masses in this quantity.

We have performed a number of checks on this expression: (i) the expansion has been

done independently by two of us, (ii) we have checked that the dependence on the scale

µ cancels in ct − cu, and (iii) we have taken the chiral limit Mπ → 0 and seen that the

combination ct − cu remains finite and proportional to M2
K/F

4
π , as expected.

For the numerical evaluation of this expression, we use values of the LECs from Ref. [172].

In particular, the ones from fit 10 to O(p4) reported in that work. The results in Ref. [172]

are quoted at a renormalization scale µ = 770 MeV, and we convert to µ = 4πFπ using the



261

running as in eq. (4.55), with

Γ1 = 3
32 , Γ2 = 3

16 , Γ3 = 0, Γ4 = 1
8 . (B.19)

B.4 Tables of interpolating operators

Here we list all two- and three-hadron operators for nondegenerate channels used in this

work. Our operator construction follows the procedure detailed in Ref. [233], where the

notation for the irreps is given. Those for degenerate channels (ππ, πππ, KK, KKK) are

listed in Ref. [132]. π+K+ operators are given in Table B.2, π+π+K+ operators in Tables B.5

and B.6, and K+K+π+ operators in Tables B.3 and B.4. Note that for the π+K+ channel we

only use operators with total momentum-squared up to 4(2π/L)2, while the three-particle

operators have momentum-squared values up to 9(2π/L)2.
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dref [d2
K , d

2
π ]

Efree/Mπ
operators

N203 D200

(0, 0, 0) [0, 0] 2.278 3.3798 A1g

[1, 1] 3.2609 4.6104 A1g ⊕ T ∗1u
[2, 2] 4.0064 5.5243 A†1g ⊕ T

∗
1u

[3, 3] 4.6327 A1g

(0, 0, 1) [1, 0] 2.4675 3.505 A1

[0, 1] 2.5598 3.9023 A1

[2, 1] 3.4236 4.7539 A1 ⊕ E

[1, 2] 3.4618 4.929 A1 ⊕ E

[4, 1] 4.0217 A1

[1, 4] 4.0966 A1

[3, 2] 4.1491 A1

[2, 3] 4.1713 A1

(0, 1, 1) [2, 0] 2.6072 3.61 A1

[0, 2] 2.748 4.2192 A1

[1, 1] 2.8162 4.0963 A1 ⊕B2

[3, 1] 3.5565 4.8786 A1 ⊕B1

[1, 3] 3.6198 A1 ⊕B1

[2, 2] 3.6536 5.1032 A†1 ⊕B
†
1 ⊕B2

(1, 1, 1) [3, 0] 2.7208 3.7013 A1

[0, 3] 2.8947 4.459 A1

[2, 1] 3.0032 4.2571 A1 ⊕ E

[1, 2] 3.0466 4.4519 A1 ⊕ E

(0, 0, 2) [1, 1] 2.2867 3.5077 A1

[4, 0] 2.8177 3.7828 A1

[0, 4] 3.0169 4.656 A1

[2, 2] 3.2629 4.644 A1 ⊕ E

[3, 3] 4.0072 A1

Table B.2: π+K+ operators used in this work. For each set of momenta that are equivalent

up to allowed rotations, one representative choice of dref is given, where the total momentum is

P = (2π/L)dref . The momentum squared (in units of (2π/L)2) of the individual single particles

in each operator is listed as d2
sh, where “sh” indicates the particular single hadron. The lab-frame

free energies in units of Mπ are listed for those operators that are used on each ensemble together

with irreps that are included. Daggered and starred irreps were only used for the N203 and D200

ensembles, respectively.
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dref [d2
K1
, d2
K2
, d2
π]

Efree/MK
operators

N203 D200

(0, 0, 0) [0, 0, 0] 2.7824 2.4202 A1u

[1, 1, 0] 3.4859 2.7826 A1u ⊕ Eu
[1, 0, 1] 3.5515 A1u ⊕ Eu ⊕ T1g

(0, 0, 1) [1, 0, 0] 2.9993 2.5243 A2

[0, 0, 1] 3.0678 2.6835 A2

[2, 1, 0] 3.6519 A2 ⊕B2 ⊕ E

(0, 1, 1) [2, 0, 0] 3.1599 2.6111 A2

[1, 1, 0] 3.2399 2.6367 A2

[0, 0, 2] 3.261 2.8478 A2

[1, 0, 1] 3.3104 2.7996 A2 ⊕B1

(1, 1, 1) [3, 0, 0] 3.2907 2.6863 A2

[0, 0, 3] 3.4129 A2

[2, 1, 0] 3.4178 2.7304 A2 ⊕ E

[2, 0, 1] 3.4899 A2 ⊕ E

[1, 0, 2] 3.5209 A2 ⊕ E

[1, 1, 1] 3.5712 A2 ⊕ E

(0, 0, 2) [1, 1, 0] 2.9737 2.4823 A2

[1, 0, 1] 3.0503 2.6547 A2

[4, 0, 0] 3.4025 2.7532 A2

[0, 0, 4] 3.5402 A2

[2, 2, 0] 3.6083 2.8296 A2 ⊕B2

(0, 1, 2) [2, 1, 0] 3.1666 2.5816 A2

[2, 0, 1] 3.2442 2.7565 A2

[1, 0, 2] 3.2776 2.8352 A2

[1, 1, 1] 3.3315 2.7838 2A2

[5, 0, 0] 3.5008 2.8137 A2

[0, 0, 5] 3.6508 A2

Table B.3: K+K+π+ operators with d 2
ref ≤ 5 used in this work, where P = (2π/L)dref . Notation

as in Table B.2, except that free energies are in units of MK , and if an operator irrep is multiplied

by an integer (as in 2A2), this integer indicates the number of linearly-independent operators in

that irrep that is used.
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dref [d2
K1 , d

2
K2 , d

2
π]

Efree/MK
operators

N203 D200

(1, 1, 2) [3, 1, 0] 3.3222 2.6672 A2

[2, 2, 0] 3.3713 2.6863 A2

[3, 0, 1] 3.4009 2.8445 A2

[1, 0, 3] 3.4546 A2

[2, 0, 2] 3.4833 A1 ⊕ A2

[2, 1, 1] 3.5377 2A1 ⊕ 3A2

[1, 1, 2] 3.5711 A1 ⊕ 2A2

[6, 0, 0] 3.5892 A2

(0, 2, 2) [2, 2, 0] 3.1163 2.5349 A2

[2, 0, 2] 3.2371 2.8054 A2

[2, 1, 1] 3.2956 2.7508 A2 ⊕B1

[1, 1, 2] 3.3314 2.8342 A2

[5, 1, 0] 3.5702 2.8114 A2 ⊕B1

[5, 0, 1] 3.6507 A2 ⊕B1

(0, 0, 3) [1, 1, 1] 2.7911 2.4836 A2

[4, 1, 0] 3.206 2.5949 A2

[4, 0, 1] 3.2917 2.784 A2

[1, 0, 4] 3.3646 A2

[2, 1, 2] 3.5614 A2 ⊕B2 ⊕ E

Table B.4: K+K+π+ operators with 6 ≤ d 2
ref ≤ 9 used in this work, where P = (2π/L)dref .

Notation as in Table B.3.
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dref [d2
K , d

2
π1
, d2
π2

]
Efree/Mπ

operators
N203 D200

(0, 0, 0) [0, 0, 0] 3.278 4.3798 A1u

[1, 1, 0] 4.2609 A1u ⊕ Eu ⊕ T1g

[0, 1, 1] 4.3447 A1u ⊕ Eu
(0, 0, 1) [1, 0, 0] 3.5417 4.5724 A2

[0, 1, 0] 3.6298 4.9585 A2

[2, 1, 0] 4.4668 A2 ⊕B2 ⊕ E

(0, 1, 1) [2, 0, 0] 3.7366 4.7329 A2

[0, 2, 0] 3.8673 5.3142 A2

[1, 1, 0] 3.931 5.1962 A2 ⊕B1

[0, 1, 1] 4.0217 A2

(1, 1, 1) [3, 0, 0] 3.8951 4.872 A2

[0, 3, 0] 4.0536 A2

[2, 1, 0] 4.1533 5.3936 A2 ⊕ E

[1, 2, 0] 4.1934 A2 ⊕ E

[0, 2, 1] 4.2862 A2 ⊕ E

[1, 1, 1] 4.351 A2 ⊕ E

(0, 0, 2) [1, 1, 0] 3.5708 4.746 A2

[0, 1, 1] 3.6704 5.1762 A2

[4, 0, 0] 4.0305 4.9956 A2

[0, 4, 0] 4.2095 A2

[2, 2, 0] 4.4339 A2 ⊕B2 ⊕ E

(0, 1, 2) [2, 1, 0] 3.8141 4.9613 A2

[1, 2, 0] 3.8578 5.1619 A2

[0, 2, 1] 3.9584 A2

[1, 1, 1] 4.0286 5.4677 2A2

[5, 0, 0] 4.1496 5.1073 A2

[0, 5, 0] 4.3448 A2

[4, 1, 0] 4.488 A2

Table B.5: π+π+K+ operators with d 2
ref ≤ 5 used in this work, where P = (2π/L)dref . Notation

as in Table B.3, except that free energies quoted here are in units of Mπ.
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dref [d2
K , d

2
π1 , d

2
π2 ]

Efree/Mπ
operators

N203 D200

(1, 1, 2) [3, 1, 0] 4.01 5.1463 A2

[1, 3, 0] 4.0804 5.4753 A2

[2, 2, 0] 4.1179 5.3981 A1 ⊕ A2

[0, 3, 1] 4.1821 A2

[6, 0, 0] 4.2564 5.2097 A2

[0, 2, 2] 4.2629 A2

[2, 1, 1] 4.2901 A1 ⊕ 2A2

[1, 2, 1] 4.3334 2A1 ⊕ 3A2

[0, 6, 0] 4.4652 A2

(0, 2, 2) [2, 2, 0] 3.7755 4.9662 A2

[0, 2, 2] 3.9331 A2

[2, 1, 1] 3.9626 5.3016 A2

[1, 2, 1] 4.0094 5.5141 A2 ⊕B1

[5, 1, 0] 4.3212 5.4563 A2 ⊕B1

[1, 5, 0] 4.4247 A2 ⊕B1

[8, 0, 0] 4.4433 5.3928 A2

(0, 0, 3) [1, 1, 1] 3.29 4.5765 A2

[4, 1, 0] 3.8389 4.8698 A2

[1, 4, 0] 3.9356 5.3271 A2

[0, 4, 1] 4.0469 A2

[2, 2, 1] 4.3044 A2 ⊕B2 ⊕ E

[1, 2, 2] 4.3508 A2 ⊕B2

[9, 0, 0] 5.4757 A2

Table B.6: π+π+K+ operators with 6 ≤ d 2
ref ≤ 9 used in this work, where P = (2π/L)dref .

Notation as in Table B.5.



267

Appendix 3

APPENDIX TO CHAPTER 5

C.1 Further details of the derivation

In this appendix we provide additional details of the derivation sketched in the main text

in section 5.4.3. In particular, we discuss the changes that must be made compared to the

derivation for identical scalars, given in ref. [16] (referred to as HS throughout this appendix)

due to the antisymmetric nature of the three-neutron state. In this regard, it is important

to keep in mind that the antisymmetry of intermediate states is not fully manifested in the

individual kinematic matrices F and G that appear in the quantization condition. Instead,

these quantities can implement the antisymmetry of the nonspectator pair1 by restrictions

on allowed values of s and `. Full antisymmetry is only recovered when combining F and G,

and for this the overall minus sign in G is essential.

A closely related observation is that the antisymmetry is explicitly broken by the variables

we choose, since we single out one of the particles to be the spectator. This leads to the

presence, at intermediate stages of the derivation, of on-shell three-particle amplitudes that

are not fully antisymmetric under particle interchange. The archetypical such quantity in

HS is K(u,u)
df,3 , the unsymmetrized form of Kdf,3. Its lack of symmetry is analogous to that for

the quantity M(u,u)
3,L [see eq. (5.94)]. In HS, these quantities are denoted by superscripts (u),

(s) and (s̃), and we follow the same notation here. These labels describe the attachment

of the spectator momentum to the diagrams under consideration. We denote the spectator

1Strictly speaking it is a choice whether to implement the antisymmetry in F and G, as these are
kinematic quantities that could be defined independently of the symmetry of the particles involved. The
antisymmetry then arises because F and G appear next to amplitudes, such as K2 and Kdf,3, that do have
the requisite (anti)symmetry, and thus project out the parts of F and G with the corresponding symmetry.
We choose to build this projection into F and G from the start.
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momentum by k, and the pair momenta by p and b. If the final interaction before the

external momenta involves two particles, then the (u), (s) and (s̃) quantities, respectively,

are those in which the spectator particle has momentum k, p and b. (See figure 13(b) of

HS—“u” stands for unscattered and “s” for scattered.) If the final interaction involves all

three particles, then the contribution is divided equally into the three types of quantities.

The previous description works for identical bosons, but does not provide a complete

prescription for fermions, due to the antisymmetry of the nonspectator pair. In particular,

one must choose one of the pair to be “privileged”, in the sense that, in some convention,

it is the particle with respect to which the antisymmetry is defined. Our choice for the

privileged particles are that they have momenta p, b and k, respectively, for the (u), (s), and

(s̃) amplitudes. Another way of describing this is to list the momenta such that the first is

that of the spectator, the second that of the privileged member of the pair, and third that

of the other member of the pair. Then the ordering is {k, p, b} for (u), {p, b, k} for (s), and

{b, k, p} for (s̃), (i.e. the cyclic permutations of the (u) ordering). With this choice, a fully

antisymmetric amplitude is given by adding the three terms

A = A(u) + A(s) + A(s̃) , (C.1)

a result that, perhaps counterintuitively, takes the same form as that for identical bosons.

This is shown explicitly in the example described in section C.2. With this choice, we can

carry over most of the equations from the derivation in HS with minimal changes.

In the following, we assume that the reader has a copy of HS in front of them, and refer

to equations in that work as (HS1), (HS2), etc. We do not repeat these equations here.

Among the most challenging parts of the derivation in HS is showing how asymmetric

quantities such as A(u) end being symmetrized in the final result. Here the same issue arises,

but involves antisymmetrization. (Note that for amplitudes with initial and final momenta,

like Kdf,3, one must antisymmetrize separately the initial and final momenta.) Various

identities are needed for this to work, and these must be generalized here from the versions

applicable to identical bosons given in HS. The first example of such generalizations is in the
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definitions of (u), (s) and (s̃) already described above, i.e. with the choice of a privileged

momentum. The next example concerns the discussion between (HS140) and (HS146), which

notes that the combination A(u) + 2A(s) appears frequently in the derivation, rather than

the desired combination of eq. (C.1). It is then explained that these two quantities are, in

fact, equal, given the projection onto even angular momenta that occurs for identical bosons.

The same conclusion holds here, although the argumentation is slightly changed, as we now

describe.

In particular, a key result is that (s) amplitudes always arise in the derivation connected

to (u) amplitudes by an F matrix, an example being A′(s)3 FA(u)
3 . Now, (u) amplitudes are

antisymmetric under the interchange of the particles in the pair, leading to the constraints

on ` and s described in the main text. This antisymmetry is preserved by F, because it

commutes with (−1)` (up to exponentially-suppressed corrections, a result derived in HS

Appendix A), and also commutes with projectors onto definite pair spin (given the trivial

nature of the spin index structure of F). Thus, the only parts of the (s) amplitudes that

contribute are those that are antisymmetric under pair exchange. These parts are, however,

identical to the corresponding parts of the (s̃) amplitudes. This is because to go from the

{pkb} ordering for (s) to the {bpk} ordering for (s̃), one must both interchange b and p, which

leads to a minus sign due to the above-described antisymmetric projection, and interchange

p and k, which leads to a second minus sign as these are now the momenta associated with

the interacting pair, and the amplitude is antisymmetric under their exchange. Because of

this identity, we can freely exchange all appearances of 2A(s)
3 (for example) with A(s)

3 + A(s̃)
3 .

A second place where the argumentation of HS needs to be changed concerns the results in

(HS196)-(HS198), which show that combinations like A′3F(A(u)
3 −A(s)

3 ), which appears to be

a finite-volume term, is, in fact, an infinite-volume quantity. This result is used repeatedly in

HS in the steps that lead to the recasting of the quantization condition in terms of quantities

symmetric under particle exchange. Here it turns out that conclusion of (HS196)-(HS198)

remains valid, but this now follows because A′3 is antisymmetric under the exchange of

the two on-shell momentum labels (which would be k and p in the notation above), while
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(A(u)
3 − A(s)

3 ) is symmetric [because the k ↔ p interchange sends the {k, p, b} ordering for

(u) into {p, k, b}, which leads to A(u)
3 → −A(s)

3 , since the latter is defined with the ordering

{p, b, k}]. These symmetry properties are opposite to those in HS, but all that matters for

the argument in HS to go through is that the symmetry properties of the quantities on the

left and right of F are opposite, and this still holds.

With these observations, all the steps in the derivation of HS go through unchanged,

except for the inclusion of spin-related factors as described in the main text. Thus, the

form of the resulting quantization condition is unchanged (modulo the absorption of various

factors into boldfaced quantities).

C.2 Antisymmetrizing the scattering amplitude

In this appendix we explain in detail the symmetrization and antisymmetrization procedures

referred to in the main text—see, in particular, section 5.3 and section 6.4.7 and section C.1.

We first recall how symmetrization works in the case of identical scalars [16, 17]. This

operation has been used in eq. (5.14). It acts on an unsymmetrized finite-volume quantity

defined using our standard matrix indices, generically called X
(u,u)
k′`′m′,k`m (with the subscript

L dropped for brevity), and is defined by

X (k′,a′, b′|k,a, b) ≡ S
[
X

(u,u)
k′`′m′,k`m

]
(C.2)

≡
∑

{p′3,p
′
1}∈P

′
3

∑
{p3,p1}∈P3

X(u,u) (p′3,p′1|p3,p1) , (C.3)

where we combine the matrix amplitude with spherical harmonics to obtain the full momen-

tum dependence,

X(u,u) (k′,a′|k,a) ≡ 4πY ∗`′m′(â′∗2,k′)X
(u,u)
k′`′m′,k`mY`m(â∗2,k) , (C.4)

and the sets of permuted momenta are

P3 = {{k,a}, {a, b}, {b,k}} and P ′3 = {{k′,a′} , {a′, b′} , {b′,k′}} . (C.5)

Although we can take k′ and k to lie in the finite-volume set, the constraint of having three

on-shell particles will not, in general, allow the other external momenta (a′, . . . ) to lie in
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this set. Thus, to apply this definition, we must use the freedom to extend the definitions

of finite-volume quantities to momenta lying outside the finite-volume set, which has been

discussed in ref. [17]. This issue becomes irrelevant in the L → ∞ limit, which is what we

ultimately take in most applications of (anti-)symmetrization.

Turning now to identical fermions, a generic asymmetric finite-volume quantity has a

similar form except for the additional spin labels,

X(u,u)
k′`′m′m′∗s ;k`mm∗s , (C.6)

where we recall that the spin indices are defined using the dimer-axis convention, see eq. (5.36).

We now introduce the antisymmetrizing operation

X (k′,ms(k′);a′,ms(a′); b′,ms(b′)|k,ms(k);a,ms(a); b,ms(b)) ≡

A
[
X(u,u)
k′`′m′m′∗s ;k`mm∗s

]
, (C.7)

which is defined by first combining with spherical harmonics and converting spin indices to

the lab-axis frame [see eq. (5.34)],

X(u,u) (k′,ms(k′);a′,ms(a′); b′,ms(b′)|k,ms(k);a,ms(a); b,ms(b)) ≡

4πY ∗`′m′(â′∗2,k′)D
(k′,a′)
m′sm

′∗
s

X(u,u)
k′`′m′m′∗s ;k`mm∗sD

(k,a)†
m∗sms

Y`m(â∗2,k) , (C.8)

and then antisymmetrizing by using the following sum,

X (k′,ms(k′);a′,ms(a′); b′,ms(b′)|k,ms(k);a,ms(a); b,ms(b)) =∑
{p′i,m′si}∈P ′3

∑
{pi,msi}∈P3

X(u,u) (p′1,m′s1;p′2,m′s2;p′2,m′s3|p1,ms1;p2,ms2;p3,ms3) . (C.9)

The permutations involve changing both momenta and the corresponding spin components,

P3 = {{k,ms1,a,ms2, b,ms3}, {a,ms2, b,ms3,k,ms1}, {b,ms3,k,ms1,a,ms2}} , (C.10)

and similarly for P ′3. Here we are using the shorthand

ms1 = m(k) , ms2 = m(a) , ms3 = m(b) , (C.11)
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and similarly for the primed spin indices.

Note that antisymmetrization only requires adding terms with a positive sign, since we

are using cyclic permutations. Antisymmetry under single permutations is built in to the

matrix version of X(u,u).

C.3 Operators with two derivatives

In this appendix we determine all the Lorentz- and parity-invariant operators of the form

“∂2”(NΓ1N )(NΓ2N )(NΓ3N ) . (C.12)

Here Γi are Dirac matrices, and the derivatives can act on any of the fields. We allow the use

of the noninteracting equations of motion to reduce the set of operators, which is equivalent

to considering on-shell matrix elements. We also assume that the total momentum inserted

by the operator vanishes, so that we can freely integrate by parts.

We now argue that the general operator in eq. (C.12) can be brought into a canonical

form

([∂N ]Γ1[∂N ])(NΓ2N )(NΓ3N ) , (C.13)

in which both derivatives act within the same bilinear, one on N and the other on N . The

two derivatives in the general operators can act in three ways: (i) both on factors of N , (ii)

both on factors of N , or (iii) one on each. In cases (i) and (ii), if both act on the same field,

we can use the equations of motion to remove the derivatives: ∂2 → −m2. In case (i) if both

act on different factors of N , we can integrate by parts and move one of the derivatives onto

the other fields, yielding one term that involves a ∂2, another that has two derivatives on

different N fields, and three terms with one derivative each on a N and a N . The term with

derivatives on two different N fields can be moved to the left-hand side of the (now matrix)

equation, while, using Fierz identities, we can bring terms with derivatives on N and N fields

in different bilinears to a form in which both the derivatives act within the same bilinear.

Assuming that we can invert this matrix equation, each term with derivatives on different

factors of N can be rewritten in our canonical form together with a nonderivative term. An
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essentially identical argument holds for case (ii), with the roles of N and N interchanged.

For case (iii), if needed we can use Fierz identities to reach the canonical form.

We find 30 operators of the canoncial form to be independent, 8 of which can be dropped

using the equations of motion. For convenience, we divide these into those in which the

Lorentz indices on the derivatives are contracted together (ten in all)2

SSS = (∂µN∂µN )(NN )(NN ) , (C.14)

SPP = (∂µN∂µN )(Nγ5N )(Nγ5N ) , (C.15)

PSP = (∂µNγ5∂µN )(NN )(Nγ5N ) , (C.16)

SV V = (∂µN∂µN )(NγνN )(NγνN ) , (C.17)

V SV = (∂µNγν∂µN )(NN )(NγνN ) , (C.18)

ASA = (∂µNγνγ5∂µN )(NN )(Nγνγ5N ) , (C.19)

TST = (∂µNσνρ∂µN )(NN )(NσνρN ) , (C.20)

PV A = (∂µNγ5∂µN )(NγνN )(Nγνγ5N ) , (C.21)

V AP = (∂µNγν∂µN )(Nγνγ5N )(Nγ5N ) , (C.22)

APV = (∂µNγνγ5∂µN )(Nγ5N )(NγνN ) , (C.23)

those in which the derivatives are contracted with a Dirac matrix (12 in all),

SV V ′ = (∂µN∂νN )(NγµN )(NγνN ) , (C.24)

TST ′ = (∂νNσµρ∂µN )(NN )(NσνρN ) , (C.25)

PV A′ = (∂µNγ5∂νN )(NγµN )(Nγνγ5N ) , (C.26)

V TV ′ = (∂µNγρ∂νN )(NσνρN )(NγµN ) , (C.27)

ATA′ = (∂µNγργ5∂νN )(NσνρN )(Nγµγ5N ) , (C.28)

TTT ′ = (∂µNσµη∂ηN )(NσνρN )(NσνρN ) , (C.29)

TTT ′′ = (∂µNσµν∂ηN )(NσηρN )(NσρνN ) , (C.30)

2In all operators, derivatives act only on the object immediately to their right.
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TTT ′′ = (∂ηNσµν∂µN )(NσηρN )(NσρνN ) , (C.31)

TT5P
′ = (∂µNσµρ∂νN )(Nσνργ5N )(Nγ5N ) , (C.32)

T5V A
′ = (∂µNσµνγ5∂

νN )(NγρN )(Nγργ5N ) , (C.33)

T5V A
′′ = (∂µNσρνγ5∂

νN )(NγµN )(Nγργ5N ) , (C.34)

T5TT
′
5 = (∂µNσµνγ5∂

νN )(NσηρN )(Nσηργ5N ) (C.35)

and those that can be dropped using the equations of motion (8 in all)

V SV ′ = (∂µNγµ∂νN )(NN )(NγνN ) , (C.36)

V SV ′′ = (∂νNγµ∂µN )(NN )(NγνN ) , (C.37)

ASA′ = (∂µNγµγ5∂
νN )(NN )(Nγνγ5N ) , (C.38)

ASA′′ = (∂νNγµγ5∂
µN )(NN )(Nγνγ5N ) , (C.39)

V AP ′ = (∂µNγµ∂νN )(Nγνγ5N )(Nγ5N ) , (C.40)

V AP ′′ = (∂νNγµ∂µN )(Nγνγ5N )(Nγ5N ) , (C.41)

APV ′ = (∂µNγµγ5∂
νN )(Nγ5N )(NγνN ) , (C.42)

APV ′′ = (∂νNγµγ5∂
µN )(Nγ5N )(NγνN ) . (C.43)

We have checked this result using an alternative method in which we explicitly include

every possible position of the action of the two derivatives, and all possible contractions with

Dirac matrices, without using the analytic simplifications of this appendix. We again find

that only two operators appear at quadratic order.
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Appendix 4

APPENDIX TO CHAPTER 6

D.1 Isospin relations

Here we give the relations between the isospin-basis states of eq. (6.2) and the flavor-basis

states of eq. (6.1). Doing so, it is important to keep in mind that, while the kaon doublet is

(K+, K0), the antikaon doublet contains a sign: (−K0
, K−). For I = 2, the results are

I = 2, a : [[KK0]1π]2 →
√

1
6

(
−K+(k1)K0(k2)π−(k3) +

√
2K+(k1)K−(k2)π0(k3)

−
√

2K0(k1)K0(k2)π0(k3) +K0(k1)K−(k2)π+(k3)
)
,

(D.1)

I = 2, b : [[ππ]2η]2 →
√

1
6

(
π+(k1)π−(k2) + 2π0(k1)π0(k2) + π−(k1)π+(k2)

)
η(k3) . (D.2)

For I = 1 we have

I = 1, a : [[KK0]1π]1 →
√

1
2

(
−K+(k1)K0(k2)π−(k3)−K0(k1)K−(k2)π+(k3)

)
, (D.3)

I = 1, b : [[KK0]0π]1 →
√

1
2

(
K+(k1)K−(k2)π0(k3) +K0(k1)K0(k2)π0(k3)

)
, (D.4)

I = 1, c : [[ππ]1η]1 →
√

1
2
(
π+(k1)π−(k2)− π−(k1)π+(k2)

)
η(k3) . (D.5)

Finally, for I = 0 we have

I = 0, a : [[KK0]1π]0 →
√

1
6

(
−
√

2K+(k1)K0(k2)π−(k3)−K+(k1)K−(k2)π0(k3)

+K0(k1)K0(k2)π0(k3) +
√

2K0(k1)K−(k2)π+(k3)
) (D.6)

I = 0, b : [[ππ]0η]0 →
√

1
3
(
π+(k1)π−(k2)− π0(k1)π0(k2) + π−(k1)π+(k2)

)
η(k3) , (D.7)
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Thus the conversion from the charged to the isospin basis is accomplished by a 7 × 6

matrix

viso = Cch→isovch , (D.8)

Cch→iso =
√

1
6



−1
√

2 −
√

2 1 0 0

0 0 0 0 S12 2

−
√

3 0 0 −
√

3 0 0

0
√

3
√

3 0 0 0

0 0 0 0
√

3A12 0

−
√

2 −1 1
√

2 0 0

0 0 0 0
√

2S12 −
√

2



, (D.9)

where S12 = 1+P12 is the symmetrization operator acting on the k1 and k2 arguments, with

P12 permuting these labels, while A12 = 1 − P12 is the corresponding antisymmetrization

operator.

D.2 Kinematic functions

In this appendix we provide definitions of kinematic quantities and auxiliary operators that

enter the three-particle formalism. These are taken from previous works in the RFT formal-

ism, with the exception of the discussion of K̂2,L in the case of channel mixing.

We begin with the F function for nondegenerate particles, which appears in the main

text starting in eq. (6.29). There are both primed and unprimed versions, corresponding to

ππη and KKπ triplets. The latter are given, in the notation of ref. [36], by

[
F̃ (i)

]
p′`′m′;p`m

= δp′p
H(i)(p)
2ω(i)

p L3

[
1
L3

UV∑
a

−PV
∫ UV d3a

(2π)3

]

×

Y∗`′m′(a∗(i,j,p))(
q
∗(i)
2,p′
)`′ 1

4ω(j)
a ω

(k)
b

(
E−ω(i)

p −ω(j)
a −ω(k)

b

)Y`m(a∗(i,j,p))(
q
∗(i)
2,p

)`
 . (D.10)

Here {i, j, k} are a permutation of {K,K, π}. The superscript on F̃ (i) indicates the spectator

particle, while the label j refers to the primary particle of the nonspectator pair, with k is
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the flavor of the third particle. The ordering conventions are given in eq. (6.26).

Other quantities appearing in eq. (D.10) are the on-shell energies, exemplified by

ω(i)
p =

√
M2

i + p2 ; (D.11)

the “third” momentum b = P − p − a; and the magnitude of the (jk) pair momentum,

assuming three on-shell particles,[
q
∗(i)
2,p

]2
=
λ(σ(i)

p ,M
2
j ,M

2
k )

4σ(i)
p

, (D.12)

σ(i)
p = (E − ω(i)

p )2 − (P − p)2 , (D.13)

λ(a, b, c) = a2 + b2 + c2 − 2ab− 2ac− 2bc . (D.14)

The sum over a runs over the finite-volume set, a = (2π/L)Z3, and the integral over the

pole is regulated by the principal value (PV) prescription, possibly augmented by the IPV

function introduced in ref. [114]. Both sum and integral are regulated in the same manner

in the ultraviolet, with the particular choice only changing F by exponentially-suppressed

effects. The momentum a∗(i,j,p) is the spatial part of the four-momentum resulting from

boosting (ω(j)
a ,a) to the center of momentum frame (CMF) of the nonspectator pair, and

thus depends on the spectator momentum p, the spectator flavor i, the mass of the primary

member of the pair, Mj, as well as (implicitly) the total four-momentum (E,P ). Note that

we use ∗ both to indicate a quantity boosted to a pair CMF, and complex conjugation.

Which usage applies should be clear from the context. The cutoff function H(i)(p) will be

defined below. Finally,

Y`m(r) =
√

4πr`Y`m(r̂) (D.15)

are harmonic polynomials.

The G function for nondegenerate particles is given by [36][
G̃(ij)

]
p`′m′;r`m

= 1
2ω(i)

p L3

Y∗`′m′(r∗(i,j,p))(
q
∗(i)
2,p

)`′ H(i)(p)H(j)(r)
b2
ij −m2

k

Y`m(p∗(j,i,r))(
q
∗(j)
2,r

)` 1
2ω(j)

r L3
, (D.16)

where i and j indicate the flavor of the final and initial spectators, respectively. The only

new notation here is that bij = (E − ω(i)
p − ω(j)

r ,P − p− r).



278

We now return to the cutoff function. This is defined, following Refs. [16,121,227], as

H(i)(p) = J(z(i)(p)) , z(i)(p) = (1 + εH)
σ(i)
p − σ

(i)
min

σ
(i)
th − σ

(i)
min

, (D.17)

J(z) =



0 z ≤ 0

exp(−1
z

exp[−1/(1− z)]) 0 < z < 1

1 1 ≤ z

. (D.18)

Here σ(i)
th = (Mj +Mk)2 is the value of σ(i)

p at the pair’s threshold, while εH is a small positive

constant introduced to avoid additional power-law finite-volume effects [121]. J(z) is any

function that smoothly interpolates between 0 and 1, and we have shown one possible form.

The quantity σ(i)
min is the minimum allowed value of σ(i)

p , and should be chosen to avoid any

singularities in the two-particle K matrix for the pair. As discussed in detail in ref. [227],

this singularity is typically due to the nearest left-hand cut associated with exchange of one

or more particles. Here, for diagonal scattering in all the two-particle channels (KK, Kπ,

and Kπ) the nearest left-hand cut is due to t-channel exchange of two pions. Avoiding this

requires that

σ
(i)
min ≥

(√
M2

j −M2
π +

√
M2

k −M2
π

)2
. (D.19)

We also enforce that σ(i)
th > σ

(i)
min, so that the cutoff function has nonvanishing subthreshold

support. Numerically, the minimum values for
√
σ

(i)
min are ≈ 950 and ≈ 475 MeV, respectively,

for i = π, and i = K/K. These should be compared to the values of √σth, which are ≈ 990

and 630 MeV, respectively. Thus we learn that the cutoff in the KK channel (i = π) is much

closer to threshold than that in the πK/πK channels (i = K/K). This observation will play

a role in the discussion of section 6.5.

The primed quantities F̃ ′(i) and G̃′(ij) are defined in exactly the same manner, except

that {i, j, k} is now a permutation of {π, π, η}. Strictly speaking, the cutoff functions should

be primed, i.e. H ′(i)(p), to indicate that a new triplet of particles is being used. The nearest

left-hand cut in both ππ and πη scattering is due to two-pion exchange so that the result for
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σ
(i)
min, eq. (D.19), still holds. Numerically, the minimum values for

√
σ

(i)
min are 0 and ≈ 535 MeV

for i = η and π, respectively, while those for
√
σ

(i)
th are ≈ 270 and 685 MeV.

We now turn to the X operators, introduced in ref. [227], and appearing in the main text

starting in eq. (6.37). These convert from the {k`m} to the momentum basis. The operator

X σ
[kab] acts on a vector fk`m as

[
X σ

[kab] ◦ f
]

({p}) =
[∑
`m

Y ∗`m(â∗)fk`m
]
k→pσ1 ,a→pσ2 ,b→pσ3

, (D.20)

where σ is a permutation of {1, 2, 3}. In words, the sum over `m yields a function of k and

â∗. The former is then equated to pσ1 (the spectator momentum), while the latter, when

boosted to the CMF of the nonspectator pair, is set to the direction of pσ2 . For three on-shell

momenta, this completely determines pσ2 and also the final momentum b = P −k−a, which

is equated with pσ3 . The result is a function of the three on-shell momenta p1, p2, p3. The

left-acting version X σ†
[kab] is defined analogously,

[
f ◦X σ†

[kab]

]
({ki}) =

[∑
`m

fk`mY`m(â∗)
]
k→kσ1 ,a→kσ2 , b→kσ3

. (D.21)

Next we introduce operators Y [kab]
σ that have the inverse action of the X σ

[kab], again

borrowing notation from ref. [227]. These appear first in the main text in section 6.4.6. The

Y [kab]
σ act on functions g({pi}) of three on-shell momenta, yielding objects that have {k`m}

indices: [
Y [kab]
σ ◦ g

]
k`m

= 1
4π

∫
dΩa∗Y`m(â∗)g({pi})

∣∣∣∣∣
pσ(1)→k, pσ(2)→a, pσ(3)→b

, (D.22)

where σ is again a permutation of {1, 2, 3}. In words, we choose pσ1 to be the spectator

momentum, leaving pσ2 and pσ3 to be the remaining pair. We boost to the CMF of this pair,

and decompose into spherical harmonics, defining â∗ as the direction of pσ2 in this frame.

An analogous definition holds for the conjugate operator Y [kab]†
σ , which acts from the right

and includes the complex-conjugated spherical harmonics.

Finally, we give the explicit form for the two-particle K matrices, or, more precisely, for

the inverse of these matrices, since it is the latter that enter the quantization condition [see
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eqs. (6.51) and (6.52)]. We focus on channels having definite isospin, rather than using the

charge basis, since the former enter the final form of the quantization condition, both before

(section 6.4.5) and after (section 6.4.8) G-parity projection.

As can be seen from the form of the isospin blocks K̂[I]
2,L, given in eqs. (6.54), (6.58)

and (6.64) before G-parity projection and eqs. (6.98), (6.100) and (6.103) after, the only

mixing occurs between the [KK̄]1 and [πη]1 channels. For the other channels, taking the

inverse is straightforward as the matrix is diagonal in all indices, and we discuss these cases

first. The general form of the inverse is exemplified by
 1
KKπ,I=3/2

2,L


k′`′m′,k`m

= δk′k
1

2ωK̄k L3
δ`′`δm′m

1
KKπ,I=3/2,(`)

2 (q∗K̄2,k )
, (D.23)

where we recall that the superscript K̄ indicates the spectator flavor, and

1
KKπ,I=3/2,(`)

2 (q∗K̄2,k )
= ηK̄

8πσK̄k

{
q∗K̄2,k cot δKπ,I=3/2

` (q∗K̄2,k ) +
∣∣∣q∗K̄2,k

∣∣∣ [1−H ′K̄(k)]
}
. (D.24)

ηK̄ is a symmetry factor that is unity here and in all other channels except for ππ, where

it is 1/2. Note that we are abusing notation slightly as the right-hand side depends on

the spectator momentum k and flavor (here i = K), but we do not show this explicitly on

the left-hand side. The result eq. (D.24) can be generalized to deal with poles in K2 by

introducing an IPV function, matching the corresponding addition to F noted earlier. The

details of this function and its role are described in ref. [114].

It will be helpful for the generalization to the case involving channel mixing to recall

the argument leading to the form of the right hand side in eq. (D.24). To do so we rewrite

eq. (6.44) as

[M̂2,L]−1 = [K̂2,L]−1 + F̂ . (D.25)

We first apply this to channels that only have diagonal scattering, where the inverses are

trivial. We take the L → ∞ limit in the fashion described in ref. [17], i.e. first introducing

the standard iε into the poles. A detailed description of this limit using the present notation
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is given in sec. VII of ref. [35]. Removing common factors, one then finds

[M(i)(`)
2 (q∗(i)2,k )]−1 = [K(i)(`)

2 (q∗(i)2,k )]−1 +H(k)ρ̃(q∗(i)2,k ) , (D.26)

ρ̃(q∗(i)2,k ) = ηi

8πσ(i)
k


−iq∗(i)2,k q

∗(i)2
2,k ≥ 0∣∣∣q∗(i)2,k

∣∣∣ q
∗(i)2
2,k < 0

. (D.27)

Here we are denoting the channel generically by the spectator index i, and we stress that

M(i)(`)
2 is the physical infinite-volume two-particle scattering amplitude. The Hρ̃ term in

eq. (D.26) comes from the L → ∞ limit of F̃ , eq. (D.10), in which limit the sum-integral

difference vanishes aside from the difference between the PV and iε pole prescriptions. This

leads to the phase-space factor ρ̃, including its analytic continuation below threshold, as

well as the overall factor of H that comes with F̃ . The unitarity constraint on M2 can be

resolved by writing

[M(i)(`)
2 (q∗(i)2,k )]−1 = ηi

8πσ(i)
k

q
∗(i)
2,k cot δ(i)

` (q∗(i)2,k ) + ρ̃(q∗(i)2,k ) , (D.28)

where the first term is the standard continuum definition of K−1
2 . Equating the results in

eq. (D.26) and eq. (D.28) leads to the form given above in eq. (D.24). We note that the

modified K2 that appears in the RFT formalism agrees with the standard one above threshold

(where H = 1) and smoothly interpolates toM2 below threshold, with equality holding once

H = 0.

We now extend this discussion to the case of two channel mixing. We label the two chan-

nels i = 1, 2 for [KK̄]1, [πη]1, respectively. We use the Blatt-Biedenharn (BB) parametriza-

tion of the S matrix [214],

S2 =

cε −sε
sε cε


e2iδ1 0

0 e2iδ2


 cε sε

−sε cε

 , (D.29)

where cε ≡ cos(ε), sε ≡ sin(ε), with ε the mixing angle, and all quantities have an implicit

label (`). The relation to the scattering amplitude is [234]

S2 = 1 + 2iPM2P , P = diag
√ η1q∗1

8πE∗ ,
√
η2q∗2
8πE∗

 , (D.30)
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where we are using E∗ in place of √σk for the total energy in the CMF, which is common

to both channels, and q∗i are the channel-dependent CMF particle momenta. We include

symmetry factors to keep the discussion general, although for the channels of interest η1 =

η2 = 1. The unitarity of S is ensured if M satisfies

M−1
2 = K−1 − iP 2 , (D.31)

with K a real, symmetric matrix. Inserting the BB form of S2 into eq. (D.30) and comparing

to eq. (D.31), one finds

K−1 = P

 c2
ε cot δ1 + s2

ε cot δ2 sεcε(cot δ1 − cot δ2)

sεcε(cot δ1 − cot δ2) c2
ε cot δ2 + s2

ε cot δ1

P , (D.32)

which has the expected decoupled limit when ε→ 0.

To relate K to the matrix in the quantization condition K̂2,L, we follow the same steps

as above. The result eq. (D.25) remains valid, though now as a 2-d matrix equation. Taking

the L→∞ limit one now obtains

M−1
2 = K−1

2 − iHP 2 , H = diag (H1(k), H2(k)) , (D.33)

where Hi are the appropriate cutoff functions for the two channels, as discussed above.

Comparing to eq. (D.31) one finds

K−1
2 = K−1 − i(1−H)P 2 , (D.34)

which is the generalization of eq. (D.24).

This discussion has assumed that both channels are above threshold. The analytic con-

tinuation below threshold is done as shown in the definition of ρ̃, eq. (D.27): q∗ → i|q∗|.

This suffices to define the P 2 term in eq. (D.34). As for K−1, if one uses the expression

eq. (D.32), it would appear that we would need to choose a branch of the square root in

P . However, we know that the elements of K are smooth functions of momenta, since it

involves PV-regulated integrals. Thus, in practice, it may be simplest to parametrize its

three independent elements as analytic functions of the q2
i .
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D.3 Form of matrix K̂2,L in charge basis

Here we list the nonzero entries of K̂2,L. We use the shorthand notation

[K(ij←mn;p)
2,L ]k′`′m′,k`m = δk′k2ωkpL3δ`′`δm′mK`2(ij ← mn) , (D.35)

such that the right-hand side of eq. (6.34) is K(K0
π0←K−π0;K+)

2,L , as well as the abbreviation

K
(ij;p)
2,L ≡ K

(ij←ij;p)
2,L (D.36)

for diagonal scattering.

The diagonal entries are{
K

(K+K
0;π−)

2,L , K
(K+π−;K0)
2,L , K

(K0
π−;K+)

2,L , K
(K+K−;π0)
2,L , K

(K+π0;K−)
2,L , K

(K−π0;K+)
2,L ,

K
(K0K

0;π0)
2,L , K

(K0π0;K0)
2,L , K

(K0
π0;K0)

2,L , K
(K0K−;π+)
2,L , K

(K0π+;K−)
2,L , K

(K−π+;K0)
2,L ,

K
([π+π−]e;η)
2,L , K

([π+π−]o;η)
2,L , K

(π+η;π−)
2,L , K

(π−η;π+)
2,L , 1

2K
(π0π0;η)
2,L , K

(π0η;π0)
2,L

}
(D.37)

We have augmented the notation with the subscripts e and o to indicated even and odd

partial waves.

The nonzero offdiagonal entries lying above the diagonal are[
K̂2,L

]
1,15

= K
(K+K

0←π+η;π−)
2,L ,

[
K̂2,L

]
2,8

= K
(K+π−←K0π0;K0)
2,L , (D.38)[

K̂2,L
]

3,6
= K

(K0
π−←K−π0;K+)

2,L ,
[
K̂2,L

]
4,7

= K
(K+K−←K0K

0;π0)
2,L , (D.39)[

K̂2,L
]

4,18
= K

(K+K−←π0η;π0)
2,L ,

[
K̂2,L

]
5,11

= K
(K+π0←K0π+;K−)
2,L , (D.40)[

K̂2,L
]

7,18
= K

(K0K
0←π0η;π0)

2,L ,
[
K̂2,L

]
9,12

= K
(K0

π0←K−π+;K0)
2,L , (D.41)[

K̂2,L
]

10,16
= K

(K0K−←π−η;π+)
2,L ,

[
K̂2,L

]
13,17

=
√

1
2K

([π+π−]e←π0π0;η)
2,L , (D.42)

while those below the diagonal are determined by the result that the matrix is symmetric.

Symmetry follows from PT symmetry, which implies that the K matrices for ij ← mn and

mn← ij are equal.

The factors of 1/2 and
√

1/2 in the expressions above are symmetry factors that follow

from the considerations of BS2.
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D.4 Isospin decompositions of two-particle K matrices

In the following, the superscript ` is dropped, and we make use of the form of the triplet and

singlet KK pairs,

[KK̄]1 =
{
−K+K

0
,
√

1
2(K+K− −K0K

0), K0K−
}
, (D.43)

[KK̄]0 =
√

1
2(K+K− +K0K

0) . (D.44)

For ππ scattering we have

K2([π+π−]e ← [π+π−]e) = 1
6
(
Kππ,I=2

2 + 2Kππ,I=0
2

)
. (D.45)

K2(π0π0 ← π0π0) = 1
3
(
2Kππ,I=2

2 +Kππ,I=0
2

)
, (D.46)

K2(π0π0 ↔ [π+π−]e) = 1
3
(
Kππ,I=2

2 −Kππ,I=0
2

)
, (D.47)

K2([π+π−]o ↔ [π+π−]o) = 1
2K

ππ,I=1
2 . (D.48)

To obtain these results, care must be taken with the meaning of the subscripts e and o. For

example, to obtain the last line, we use the fact that the I = 1, I3 = 0 state is (π+π0 −

π−π+)/
√

2, and determine the contribution of all contractions. Even partial waves cancel,

while odd waves come with a factor of (1/
√

2)2 × 4 = 2. Since [π+π−]o ← [π+π−]o means

“take the odd partial waves of the amplitude for π+π− ← π+π−”, this leads to the factor of

1/2 on the right-hand side of eq. (D.48).

For πη scattering we have

K2(π+η ← π+η) = K2(π0η ← π0η) = K2(π−η ← π−η) = Kπη,I=1
2 , (D.49)

while for πη ↔ KK we find

−K2,L(π+η ↔ K+K
0) = K2,L(π−η ↔ K0K−) =

= −
√

2K2,L(π0η ↔ K0K
0) =

√
2K2,L(π0η ↔ K+K−) = Kπη↔KK̄,I=1

2,L . (D.50)
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For Kπ scattering, the results are

K2(K+π− ← K+π−) = K2(K0π+ ← K0π+) = 1
3
(
KKπ,I=3/2

2 + 2KKπ,I=1/2
2

)
, (D.51)

K2(K0π0 ← K0π0) = K2(K+π0 ← K+π0) = 1
3
(
2KKπ,I=3/2

2 +KKπ,I=1/2
2

)
, (D.52)

K2(K+π− ↔ K0π0) = K2(K0π+ ↔ K+π0) =
√

2
3
(
KKπ,I=3/2

2 −KKπ,I=1/2
2

)
. (D.53)

Those for Kπ scattering can then be obtained using charge conjugation, keeping in mind

that, for standard conventions, Cπ+ = −π−, CK+ = K−, and CK0 = K
0. We find

K2(K−π+ ← K−π+) = K2(K0
π− ← K

0
π−) = 1

3
(
KKπ,I=3/2

2 + 2KKπ,I=1/2
2

)
, (D.54)

K2(K0
π0 ← K

0
π0) = K2(K−π0 ← K−π0) = 1

3
(
2KKπ,I=3/2

2 +KKπ,I=1/2
2

)
, (D.55)

K2(K−π+ ↔ K
0
π0) = K2(K0

π− ↔ K−π0) =
√

2
3
(
−KKπ,I=3/2

2 +KKπ,I=1/2
2

)
. (D.56)

Finally, for KK scattering, we have

K2(K+K
0 ← K+K

0) = K2(K0K− ← K0K−) = KKK̄,I=1
2 , (D.57)

K2(K+K− ← K+K−) = K2(K0K
0 ← K0K

0) = 1
2
(
KKK̄,I=0

2 +KKK̄,I=1
2

)
, (D.58)

K2(K+K− ↔ K0K
0) = 1

2
(
KKK̄,I=0

2 −KKK̄,I=1
2

)
. (D.59)

D.5 Conversion from charge to isospin basis for 18-d matrices

We can convert the 18-d matrices to the isospin basis eq. (6.38) by means of conjugating by

the 18× 18 orthogonal matrix C(18)
ch→iso:

M
(18)
iso = C

(18)
ch→isoM

(18)
ch

[
C

(18)
ch→iso

]−1
. (D.60)

To obtain this matrix we simply expand the entries of eq. (6.38) using isospin Clebsch-Gordon

coefficients, and then express in terms of the charge basis, eq. (6.26). The only subtlety is

the treatment of [π+π−]e/o. In order for C(18)
ch→iso to correspond to a change of basis, it must

be unitary, and this requires maintaining normalizations. Thus we must consider [π+π−]e/o
as corresponding to [π+π− ± π−π+]/

√
2.
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The conversion matrix is too large to present in normal format, so we present it row by

row in a compact notation. We begin with the first five rows, which are those corresponding

to I = 2, and are given by

[[KK̄]1π]2 :
√

1
6

(
−1, 0, 0,

√
2, 0, 0,−

√
2, 0, 0, 1, |0〉6

)
, (D.61)

[[Kπ]3/2K̄]2 :
√

1
6

(
0,−1, 0, 0,

√
2, 0, 0,−

√
2, 0, 0, 1, 0, |0〉6

)
, (D.62)

[[K̄π]3/2K]2 :
√

1
6

(
0, 0,−1, 0, 0,

√
2, 0, 0,−

√
2, 0, 0, 1, |0〉6

)
, (D.63)

[[ππ]2η]2 :
√

1
3

(
|0〉12 , 1, 0, 0, 0,

√
2, 0

)
(D.64)

[[πη]1π]2 :
√

1
6 (|0〉12 , 0, 0, 1, 1, 0, 2) , (D.65)

where |0〉n is the vector consisting of n zeros.

The middle eight rows, corresponding to I = 1, are

[[KK̄]1π]1 :
√

1
2 (−1, 0, 0, 0, 0, 0, 0, 0,−1, 0, 0, |0〉6) , (D.66)

[[KK̄]0π]1 :
√

1
2 (0, 0, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0, |0〉6) , (D.67)

[[Kπ]3/2K̄]1 :
√

1
6

(
0, 1, 0, 0,

√
2, 0, 0,

√
2, 0, 0, 1, 0, |0〉6

)
, (D.68)

[[Kπ]1/2K̄]1 :
√

1
6

(
0,−
√

2, 0, 0, 1, 0, 0, 1, 0, 0,−
√

2, 0, |0〉6
)
, (D.69)

[[K̄π]3/2K]1 :
√

1
6

(
0, 0, 1, 0, 0,−

√
2, 0, 0,−

√
2, 0, 0, 1, |0〉6

)
, (D.70)

[[K̄π]1/2K]1 :
√

1
6

(
0, 0,−

√
2, 0, 0,−1, 0, 0,−1, 0, 0,−

√
2, |0〉6

)
, (D.71)

[[ππ]1η]1 : (|0〉12 , 0, 1, 0, 0, 0, 0) , (D.72)

[[πη]1π]1 :
√

1
2 (|0〉12 , 0, 0, 1,−1, 0, 0) . (D.73)

The last five rows, corresponding to I = 0, are

[[KK̄]1π]0 :
√

1
6

(
−
√

2, 0, 0,−1, 0, 0, 1, 0, 0,
√

2, 0, 0, |0〉6
)
, (D.74)

[[Kπ]1/2K̄]0 :
√

1
6

(
0,
√

2, 0, 0, 1, 0, 0,−1, 0, 0,−
√

2, 0, |0〉6
)
, (D.75)

[[K̄π]1/2K]0 :
√

1
6

(
0, 0,
√

2, 0, 0, 1, 0, 0,−1, 0, 0,−
√

2, |0〉6
)
, (D.76)

[[ππ]0η]0 :
√

1
3

(
|0〉12 ,

√
2, 0, 0, 0,−1, 0

)
(D.77)

[[πη]1π]0 :
√

1
3 (|0〉12 , 0, 0, 1, 1, 0,−1) , (D.78)
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D.6 Quadratic terms in the threshold expansion of Kdf,3

Here we collect the quadratic terms in the threshold expansion developed in section 6.6, and

sketch the group-theoretic analysis that allows one to determine the number of terms with

given symmetry properties. Rather than give names to the coefficients we simply list the

independent terms, each of which will be multiplied by an independent real coefficient.

For the I = 0, 2 diagonal K matrices we find 11 terms, one choice of basis for which is,

K[I],xx
df,3 : ∆2, (∆1∆2 + ∆′1∆′2), (t̃11t̃22 + t̃12t̃21), (∆1 + ∆2)(∆′1 + ∆′2),

(t̃11 + t̃22)(t̃12 + t̃21), (∆2
1 + ∆′21 + ∆2

2 + ∆′22),

∆(∆1 + ∆′1 + ∆2 + ∆′2), (t̃211 + t̃212 + t̃221 + t̃222), ∆(t̃11 + t̃12 + t̃21 + t̃22),

(t̃11(∆′2 + ∆2) + t̃12(∆′2 + ∆1) + t̃21(∆′1 + ∆2) + t̃22(∆′1 + ∆1))

(t̃11(∆′1 + ∆1) + t̃12(∆′1 + ∆2) + t̃21(∆′2 + ∆1) + t̃22(∆′2 + ∆2)) ,

(D.79)

while for the offdiagonal case we find 17 terms,

K[I],ab
df,3 : ∆2, ∆1∆2, ∆′1∆′2, (∆2

1 + ∆2
2), (∆′21 + ∆′22), ∆(∆1 + ∆2),

∆(∆′1 + ∆′2), (t̃11t̃12 + t̃21t̃22), (t̃11t̃21 + t̃12t̃22), (t̃11t̃22 + t̃12t̃21),

(∆1 + ∆2)(∆′1 + ∆′2), (t̃211 + t̃212 + t̃221 + t̃222), ∆(t̃11 + t̃12 + t̃21 + t̃22),

((t̃11 + t̃21)∆1 + (t̃12 + t̃22)∆2), ((t̃11 + t̃21)∆2 + (t̃12 + t̃22)∆1),

(∆′1(t̃11 + t̃12) + ∆′2(t̃21 + t̃22)), (∆′2(t̃11 + t̃12) + ∆′1(t̃21 + t̃22)) .

(D.80)

For I = 1, the aa quadratic terms are as in eq. (D.79), while those for bb and cc involve

the following 6 terms

K[I=1],yy
df,3 : (t̃12t̃21 − t̃11t̃22), (∆1 −∆2)(∆′1 −∆′2),

(t̃211 − t̃212 − t̃221 + t̃222), ∆(t̃11 − t̃12 − t̃21 + t̃22),

(∆′1(t̃11 − t̃12) + ∆′2(t̃22 − t̃21) + (t̃11 − t̃21)∆1 + (t̃22 − t̃12)∆2),

(∆′1(t̃22 − t̃21) + ∆′2(t̃11 − t̃12) + (t̃22 − t̃12)∆1 + (t̃11 − t̃21)∆2).

(D.81)
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As for the offdiagonal I = 1 contributions, we find 10 quadratic terms for ay, with y = b or c

K[I=1],ay
df,3 ({k′}, {k}) : (t̃11t̃21 − t̃12t̃22), (∆′1 + ∆′2)(∆1 −∆2), (∆′21 + ∆′22), (∆2

1 −∆2
2),

(t̃211 − t̃212 + t̃221 − t̃222), ∆(t̃11 − t̃12 + t̃21 − t̃22),

((t̃12 + t̃22)∆1 − (t̃11 + t̃21)∆2), ((t̃11 + t̃21)∆1 − (t̃12 + t̃22)∆1),

(∆′1(t̃11 − t̃12) + ∆′2(t̃21 − t̃22)), (∆′2(t̃11 − t̃12) + ∆1(t̃21 − t̃22)) ,

(D.82)

and 8 terms for bc

K[I=1],bc
df,3 : (t̃12t̃21 − t̃11t̃22), (∆1 −∆2)(∆′1 −∆′2),

(t̃211 − t̃212 − t̃221 + t̃222), ∆(t̃11 − t̃12 − t̃21 + t̃22),

(∆′1(t̃11 − t̃12) + ∆′2(t̃22 − t̃21)), ((t̃11 − t̃21)∆1 + (t̃22 − t̃12)∆2),

(∆′1(t̃22 − t̃21) + ∆′2(t̃11 − t̃12)), ((t̃22 − t̃12)∆1 + (t̃11 − t̃21)∆2).

(D.83)

The counting of terms can be done using a group theoretic method introduced in appendix

B of Ref. [230]. This has the advantage over direct enumeration of avoiding the possibility

of missing terms. The method is based on the observation that all terms can be built from

products of the t̃ij, as can be seen from the relations eq. (6.129). These 9 objects transform

under the symmetry group S2 × S ′2, where S2 is the permutation group of two elements,

here generated by the interchange initial momenta k1 ↔ k2, while S ′2 is the corresponding

group for final state interchange. This is the symmetry group that is applicable for the off-

diagonal elements of Kdf,3. For the diagonal elements, PT symmetry enlarges the group to

(S2×S ′2)oZ2, with the Z2 interchanging initial and final states. The Z2 acts nontrivially—

interchanging the two S2s—so the combination involves a semidirect product.

The method is now to decompose the 9 objects t̃ij and the 45 objects t̃ij t̃k` into irreducible

representations (irreps) of the appropriate group. We begin with the simpler S2 × S ′2 case.

Here there are four 1-d irreps, labeled (1, 1), (1,−1), (−1, 1) and (−1,−1) according to

symmetry/antisymmetry under the two subgroups. Determining the characters of t̃ij, we

find that these 9 objects decompose as

4× (1, 1)⊕ 2× (1,−1)⊕ 2× (−1, 1)⊕ (−1,−1) . (D.84)
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The 4 singlets lead to the four linear terms in K[I=0,2]ab
df,3 , eq. (6.131), the two (−1, 1) irreps

lead to the two linear terms in K[1]ab
df,3 , eq. (6.133), and the single (−1,−1) irrep leads to the

single linear term in K[1]bc
df,3 , eq. (6.134). A similar exercise for the t̃ij t̃k` finds

17× (1, 1)⊕ 10× (1,−1)⊕ 10× (−1, 1)⊕ 8(−1,−1) . (D.85)

This determines the number of independent quadratic terms, and is consistent with the

results quoted earlier in this section.

Now we turn to the diagonal cases, which have the larger (S2× S ′2)oZ2 symmetry. The

group can be represented by 4−d matrices that act on the momentum vector {k1, k2, k
′
1, k
′
2},

and is generated by the block matrices

s2 =

σ1 0

0 1

 , s′2 =

1 0

0 σ1

 , and z2 =

0 1

1 0

 , (D.86)

with σ1 the usual Pauli matrix. There are 5 conjugacy classes, with elements {1}, {s2, s
′
2},

{s2s
′
2}, {z2, s2z2s2}, and {z2s2, z2s

′
2}. There are correspondingly 5 irreps, four with d = 1

and one with d = 2. The character table is shown in Table D.1, with rather arbitrary names

chosen for the irreps.

The character vector of the t̃ij is χt = {9, 3, 1, 3, 1}, from which one finds the decompo-

sition

3× 1⊕ 1a ⊕ 1b⊕ 2× 2 . (D.87)

The three singlets correspond to the three linear terms in K[I=0,2],xx
df,3 , eq. (6.130), while the

1a irrep is that which is fully antisymmetric, and thus leads to the single term in K[I=1],yy
df,3 ,

eq. (6.132).

For t̃ij t̃k`, the character vector is χt2 = {45, 9, 5, 9, 1}, leading to the decomposition

11× 1⊕ 6× 1a ⊕ 6× 1b⊕ 2× 1c⊕ 10× 2 . (D.88)

This leads to the 11 fully symmetric quadratic terms in eq. (D.79) above, and the 6 fully

antisymmetric terms in eq. (D.81)



290

Table D.1: Character table of (S2 × S′2) o Z2.

Class 1 s2 s2s
′
2 z2 z2s2

Dim 1 2 1 2 2

1 1 1 1 1 1

1a 1 -1 1 1 -1

1b 1 1 1 -1 -1

1c 1 -1 1 -1 1

2 2 0 -2 0 0

D.7 Symmetrization of the quantization condition

In this appendix we sketch how the asymmetric form of the three-particle quantization

condition, eq. (6.39), can be manipulated into the symmetric form, eq. (6.50). This is

done using symmetrization identities, which are valid only up to exponentially-suppressed

corrections. This is sufficient for our purposes, however, since the derivation of all forms of

the quantization condition discards such corrections.

For simplicity, we consider a single three-particle channel with distinguishable parti-

cles, allowing us to use several results from ref. [35] (BS3). The generalization to identical

particles, 2 + 1 systems, or multiple three-particle channels, is straightforward, since the

symmetrization identities take the same form in all cases. For brevity, we also drop carets

in this appendix.

The asymmetric form of the quantization condition can be rewritten as

detM = 0 , M = 1 + FG(K2,L +K(u,u)
df,3 ) . (D.89)

Noting that D(u,u)
23,L , eq. (6.47), can be written as

D(u,u)
23,L = 1

K−1
2,L + FG

, (D.90)



291

we find

M = 1
1− FGD(u,u)

23,L
M ′ , M ′ =

[
1 + (1− FGD(u,u)

23,L )FGK(u,u)
df,3

]
. (D.91)

Since energy levels must depend on the three-particle K matrix, assuming that it has a

general form, we can rewrite the quantization condition as detM ′ = 0. We note that M ′ has

the same form as the denominator in eq. (79) of BS3.

The next step is to use the algebraic result given in eq. (D9) of BS3,

K(u,u)
df,3 M

′−1 = (1 +K2,L
−→
IG)TL(1 +←−IGK2,L) , (D.92)

TL = K′ 1
1 +

[
FG − IFG − (FG −

←−
IG)D(u,u)

23,L (FG −
−→
IG)

]
K′

, (D.93)

K′ = Z
1

1 + (IFG +←−IGK2,L
−→
IG)Z

, (D.94)

Z = 1
1 +K2,L

−→
IG
K(u,u)

df,3
1

1 +←−IGK2,L
. (D.95)

where IFG, −→IG and ←−IG are integral operators that enter the symmetrization identities given

in eqs. (100-102) of BS3, which, in shorthand form, are

FG − IFG = 1
3
←−
S F
−→
S , FG −

−→
IG = F

−→
S , FG −

←−
IG =←−S F . (D.96)

Here −→S and ←−S are symmetrization operators, defined in eq. (98) of BS3.

Using these identities we find

TL = K′ −K′←−S F3
1

1 +Kdf,3F3

−→
S K′ , (D.97)

F3 = F

3 − FD
(u,u)
23,L F = F

3 − F
1

K−1
2,L + FG

F , (D.98)

Kdf,3 = −→S K′←−S . (D.99)

This leads to the desired symmetric form of the quantization condition in the following

manner. As noted above, the quantization condition can be written detM ′ = 0, which

implies that the left-hand side of eq. (D.92) must satisfy det(K(u,u)
df,3 M

′−1) =∞. Now, in the

right-hand side, the integral operators sew the external factors of K2,L to the central TL and
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do not lead to divergences. These can only arise from TL itself, so that the quantization

condition can be rewritten as det TL = ∞. Using eq. (D.97), we then observe that this

divergence can arise only in the second term on the right-hand side, leading to the standard

symmetric form of the quantization condition,

det(1 +Kdf,3F3) = 0 . (D.100)

The symmetrization operators on both sides of K′ ensure that Kdf,3 is symmetric. Tracing

back through eqs. (D.94) and (D.95) we see that K′ is obtained from the K matrix that enters

the asymmetric form of the quantization condition, K(u,u)
df,3 , by an infinite series involving

attaching factors of K2,L with the integral operators. An important point is that these

attachments convert one infinite-volume quantity into another.
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[97] M. Mai, M. Döring and A. Rusetsky, Multi-particle systems on the lattice and chiral
extrapolations: a brief review, 2103.00577.

[98] M. Mai, U.-G. Meißner and C. Urbach, Towards a theory of hadron resonances, Phys.
Rept. 1001 (2023) 1 [2206.01477].
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Finite-volume energy spectrum of the K−K−K− system, Phys. Rev. D 102 (2020)
114523 [2009.12358].

https://doi.org/10.1007/JHEP02(2021)060
https://arxiv.org/abs/2010.11715
https://doi.org/10.1103/PhysRevD.103.054506
https://arxiv.org/abs/2011.14178
https://doi.org/10.1007/JHEP02(2022)158
https://arxiv.org/abs/2110.09351
https://doi.org/10.1007/JHEP02(2022)098
https://arxiv.org/abs/2111.12734
https://doi.org/10.1103/PhysRevD.108.034505
https://arxiv.org/abs/2208.10587
https://doi.org/10.1103/PhysRevD.84.014508
https://arxiv.org/abs/1103.4362
https://doi.org/10.1103/PhysRevLett.123.142002
https://arxiv.org/abs/1905.04277
https://doi.org/10.1103/PhysRevLett.124.032001
https://arxiv.org/abs/1909.02973
https://doi.org/10.1103/PhysRevD.101.054510
https://arxiv.org/abs/1909.05749
https://doi.org/10.1103/PhysRevD.101.114507
https://arxiv.org/abs/1911.09047
https://doi.org/10.1103/PhysRevLett.126.012001
https://arxiv.org/abs/2009.04931
https://doi.org/10.1103/PhysRevD.103.054504
https://arxiv.org/abs/2003.12130
https://doi.org/10.1103/PhysRevD.102.114523
https://doi.org/10.1103/PhysRevD.102.114523
https://arxiv.org/abs/2009.12358


303

[131] R. Brett, C. Culver, M. Mai, A. Alexandru, M. Döring and F. X. Lee, Three-body
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