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Spatiotemporal behaviors have been widely found in natural and artificial systems, indi-
cating the movement and dynamics that occur in both space and time. These behaviors
have significant impact on numerous fields, including ecology, finance, transportation and
mechanical engineering. Some examples of spatiotemporal behaviors in these fields include
the movement of animals, human behaviors, traffic flow, and vibrations. Understanding
spatiotemporal behaviors is essential for developing effective management strategies and

gaining insights into the underlying physical mechanisms that motivate these behaviors.

Coral reef ecosystems harbor a vast range of species and biological activities, but they
are facing a severe crisis caused by the increasingly intensive anthropogenic activities and
climate change. To better understand the impact of these challenges on coral reef survival
and fitness, it is essential to comprehend the behaviors of corals in a timely manner. Coral
motion, encompassing the movements of tissues, polyps, and tentacles, is a fundamental be-
havioral trait of the coral holobiont that plays a critical role in feeding, competition, repro-
duction, and ultimately survival. As a result, characterizing coral behaviors through motion
analysis can aid our understanding in basic biological and physical functions. Nevertheless,
characterization and modeling of coral motion are challenging and largely unexplored, given
the complexity of the biological system and the inherent spatiotemporal multi-scale features

of these movements. Apart from the corals, artificial systems such as elastic metamaterials



and origami structures also possess spatiotemporal behaviors such as elastic wave propaga-
tion and structural dynamics. However, the lack of corresponding data-driven analysis and
nonlinear nature of origami structures result in the research voids.

To address these challenges in characterization and modeling of spatiotemporal behav-
iors, in terms of coral motions, we have implemented a range of approaches, including
observation techniques, imaging processing techniques, and theoretical/data-driven model-
ing. Specifically, we have employed several techniques used in the engineering fields such
as digital image correlation, motion magnification and object tracking, as well as modeling
methods such as the Langevin equation and dynamic mode decomposition. These meth-
ods have been proven effective in characterizing and modeling the motion of coral tissues,
polyps and tentacles. By combining these different approaches, we aim to better under-
stand the underlying biophysics of corals and to develop new tools and methodologies for
managing the impact of climate change on coral reef ecosystems. Furthermore, in terms
of elastic metamaterials and origami, we use theoretical modeling and dynamic mode de-
composition (and its variants) to characterize and model the corresponding systems. Our
approaches provide insights into the underlying physics in wave dynamics and structural
dynamics, and develop models for predicting the future responses under external stimuli.

Our work has not only resulted in unparalleled understanding of coral biophysical be-
haviors in terms of motions, providing a useful toolkit for the coral research community to
face the challenges in the future climate change, but also paved the way in characterizing
and modeling elastic wave propagation and origami dynamics using theoretical/data-driven
methods. We anticipate that our methods, particularly the data-driven approach of dy-
namic mode decomposition, will be applicable to solve problems of dynamics in a variety of

complex systems in the future research.
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Experimental observation of Montipora capricornis. (a) Schematic of exper-
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Daylight pictures were taken under white light, while (¢) nighttime pictures
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The red and blue curves indicate the means of each displacement during day
and night. The pink and cyan regions are variations during day and night,
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Strains of the coral tissue surface from digital image correlation. (a)-(c)
Strains €., €y and €y, between the first and the second picture from day
and night are shown in the left and right panel, respectively. Green curves
in (a) and (b) represents the edge of the fragment and white curves enclose
the polyps. (d) The percentage histogram of the strains, €, €5, and €, are
shown in the left, middle and right panels, respectively. The red and blue
curves indicate the means of each strain during day and night. The pink and
cyan regions are variations during day and night. . . . ... ... ... ..

Optical flow of the coral tissue surface. (a)(b) Optical flow between the
second and first pictures from day and night, respectively. White circles
mark the position of polyps. (¢) The percentage histograms of velocities v,
and v, along horizontal and vertical directions. The red and blue curves
indicate the means of each velocity from day and night. The pink and cyan
regions are variations between day and night. (d) The percentage histogram
of direction of velocity. The red and blue curves indicate the means of each
angle from day and night. The pink and cyan regions are variations during
day and night. . . . . . . . ..
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Mode shape of coral tissue motion during day and night. (a)-(c) Mode shapes
of coral tissue motion during day at frequencies 0.05 min~!, 0.15 min~! and
0.25 min~!, respectively. (d)-(f) Mode shapes of coral tissue motion during
night at frequencies 0.05 min~!, 0.15 min~! and 0.25 min—!, respectively.

Experimental observation of coral on the fluidic platform. (a) Schematic of
our octagonal fluidic platform with a coral nubbin in the chamber. Inset
shows our octagonal fluidic platform for experiment made by 3D printing
with VeroClear resin. Valves control the flow of fluid. (b) Coral nubbin ob-
served under the microscope under normal light conditions and 25°C. Polyps
being analyzed in this case are labeled by numbers and color codes used in
subsequent figures. (c) Trajectory of polyps. (d) Azimuthal angles, 6, of
different polyps as a function of duration. (e) Probability density function
of the azimuthal angles, 0, of different polyps after being centered on zero.

Colors in (c) and (d) correspond to the colors of labels in (b). . .. ... ..

Analysis of correlation and phase synchronization. (a) Correlation coeffi-
cients between polyps on the same coral nubbin under different light con-
ditions (wavelength). Correlations and anticorrelations are shown in orange
and green, respectively. (b) Correlation coefficients between polyps on the
same coral nubbin under different temperatures. Correlations and anticorre-
lations are shown in orange and green, respectively. (¢) Phase-locking value
characterizing phase synchronization between polyps on the same coral nub-
bin under different light conditions. (d) Phase-locking value characterizing
phase synchronization between polyps on the same coral nubbin under differ-
ent temperatures. Cross and triangle symbols in (a)-(d) represent the outliers

and mean, respectively. . . . . .. ... L

Power spectrum analysis of experimental data sets under different light condi-
tions. (a) PSD of representative in-plane waving motions represented by the
azimuthal angle, 6, under different light conditions. Dashed gray lines show
the 1/f1% and 1/f'4% trends for normal light, 1/f%!9 and 1/f1% trends
for blue light, 1/f'4! and 1/f2 trends for green light, and 1/f%7" and 1/f?
trends for red light. (b) PSDs evaluated at zero frequency shown in dots for
normal light, blue light, green light, and red light from left to right. Solid
lines show the fitted results. Both x and y axes are on the logarithmic scale.
(c¢) Hurst indices for cases under normal light, blue light, green light, and red
light. Subdiffusion and superdiffusion areas are shaded in green and orange,
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Power spectrum analysis of experimental data sets under different tempera-
tures. (a) PSD of representative in-plane waving motions represented by the
azimuthal angle, 6, under different temperatures. Dashed gray lines show
the 1/f1%0 and 1/f? trends for 15°C, 1/f1% and 1/f42 trends for 25°C,
and 1/f1%5 and 1/f? trends for 30°C. (b) PSDs evaluated at zero frequency
shown in dots for 15°C, 25°C and 30°C from left to right. Solid lines show
the fitted results. Both x and y axes are on the logarithmic scale. (c¢) Hurst
indices for cases at 15°C, 25°C and 30°C. Subdiffusion and superdiffusion

areas are shaded in green and orange, respectively. . . . . . . ... ... ...

Model of the in-plane waving motion of coral polyps under different light
conditions. (a) Value of the memory-kernel function at the Markovian limit,
K (c0), of polyps under normal, blue, green, and red light. (b) Parameter A
for the exponential distribution to model the white-noise term under normal,
blue, green, and red light. (c) Fitted PDF of the white-noise terms under
different light conditions by using the average parameter . (d) Simulated
in-plane waving motions of five polyps under normal light and 25°C based
on the generalized Langevin equation. Hurst indices are shown below the
simulated results. Corresponding PDF's of simulated results are exhibited on
the right panel. Cross and triangle symbols in (a)(b) represent the outliers

and mean, respectively. . . . . .. ...

The reconstruction error as a function of number of stacks. The error de-
creases as the number of stacks increases. 300 stacks are chosen in our study

indicated by blue dashed line. . . . .. ... ... ... ............

The reconstruction error as a function of number of stacks. The error de-
creases as the number of stacks increases. 300 stacks are chosen in our study

indicated by blue dashed line. . . . . ... ... ... o000

DMD eigenvalues analysis and spectrum. (a) Eigenvalues A\ are visualized
as complex values on the complex plane with a unit circle. (b) The relation
between the real part of In A and frequency is displayed. The vertical black
dashed line indicates that the real part of In A is zero. The color in (a) and
(b), which is logarithm scaled, represents the corresponding mode amplitude.
(¢) The mode amplitude varies as a function of frequency. The purple dots
and orange dots show the modes with magnitudes within the 1/f¢ fit and
larger than 0.8x standard deviations of the 1/f¢ fit. The green solid line is

the fitted result using the robust regression in the form of 1/f*. . . . .. ..
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Sliding-window DMD. (a) The raw motion signals of eight tentacles in terms
of the z, y and z coordinates are shown from top to bottom in different colors.
(b) The DMD spectra of the corresponding segments of motion signals are
shown from left to right. (¢) The map formed by sliding-window DMD with
the width = 120 min and translation = 5 min is shown. The arrows, from top
to bottom, indicate the raw motion signals used to calculate the spectrum
and indicate how the spectrum is oriented, respectively. The logarithm-scaled

mode amplitude is encoded by the color. . . . . .. ... .. ... ......

Sliding-window DMD of replicate experiments under different light condi-
tions. From top to bottom, three panels in each row represent the maps
formed by sliding-window DMD of three replicate experiments under lab,
blue, green and red light conditions. The black dashed lines indicate the

frequencies of 0.005 Hz and 0.012 Hz. . . . .. .. ... ... ... ......

The DMD modes of eight tentacles. (a) The magnitudes of DMD modes
representing displacements along the x, y, and z directions are shown from
left to right. The sequence of the tentacles is marked counterclockwise in the
first panel. (b) The phases of DMD modes representing displacements along
the x, y, and z directions are shown from left to right. (c¢) The reconstruction
using the DMD mode shown in (a) and (b) illustrates the elliptical motions of
tentacles with different angular velocities. The elliptical motions of tentacles
#2, #3, and #7 with arrows indicating the moving directions are shown from
left to right. (d) The correlation coefficients are calculated by the distances
between each tentacle tip and central position of the tentacle crown. (e) The
snapshots of pulsation motion when tentacles approach each other and when
they are away from each other are shown from top to bottom, respectively.

The sequence of the tentacles is marked counterclockwise. . . . .. ... ..

The reconstruction of trajectories of coral tentacles using the DMD spatial
mode with increased power. The DMD spatial mode with the largest power
is chosen as the exemplar spatial mode among the DMD spatial modes with
increased power. The number of data points is 200 (around 33 min).

The pulsation motion reconstructed using the DMD spatial mode with in-
creased power. The snapshots of the whole process of pulsation motion from

0 s to 140 s. The slight open and closure of tentacles can be seen. . . . . . .
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5.2
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The effect of light conditions on the DMD modes. (a) The DMD spectra
under different light wavelengths are shown from top to bottom. The light in
different colors in each graph represent modes with magnitudes within 1/f¢
fit, while the dark colors represent those exceeding the criteria of 1/f¢ fit.
(b) The power a under different light wavelengths. (c¢) The frequencies of
the spatial DMD modes with pulsation under different light wavelengths. (d)
The ratio of the number of spatial DMD modes with pulsation under different
light wavelengths. The blue triangles represent the mean of the data in (b),

(o),and (d). . . .

Design of the origami metamaterials. (a) The top view of the origami meta-
materials with the Kresling origamis arranged in the honeycomb lattice. The
origamis are connected by the reverse torsional spring. a; and ag denote two
basis vectors of the unit cell enclosed by the black dashed line. (b) The side
view of the unit cell composed of two origamis with initial heights h; and
ho and initial rotaional angle 6y = 70°. Each origami has three degrees of
freedom uy, ¢¢ and 6, with the bottom disk pinned to the ground. (c¢) The
band structure calculated from the linearized truss model of origami. The
Dirac cone emerges in six corners of the Brillouin zone, which is marked as

red line. . . . . L

Synthetic gauge field and Landau level. (a) The schematic of the supercell
composed of 41 unit cells (82 origamis) with height gradient. The initial
height of origami h;, ho are linearly varying from 30 mm to 10 mm and
from 10 mm to 30 mm, respectively. (b) The band structure along I'-K-M-T
calculated by the unit cell with different configurations. (c) The projected
band structure of the supercell under the periodic boundary condition along
y direction. Two ends of the supercell are connected to the wall. The dotted
lines denote the calculated Landau levels, while the solid lines denote the
theoretical Landau levels. (d) The eigenmodes representing us, ¢ and 6, are
from top to bottom panel. Red and blue lines correspond to the red and blue

circlesin (C). . . . . ..

Robust zeroth Landau level. The field distributions 6}, for the zeroth Landau
level in (a) lower frequency and (b) higher frequency. The corresponding
cases with obstacles along the propagation path are shown in (¢) and (d).
Two excitation sources with phase difference are put in the middle. The

excitation frequencies are 106 Hz and 225 Hz, respectively. . . . .. ... ..
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5.4 Elastic snake states. (a) The projected band structure of the supercell at

6.1

6.2

6.3

the lower frequency. (b) Top panel: real parts of the eigenmode 0y and 6,
along the supercell, corresponding to the red and blue dots in (a). Bottom
panel: the newly-defined modes |6y; + 52| and |0p1 — Op2|. (c) The simulated
0, distribution under the excitation frequency at 103.9 Hz, corresponding to
the solid line in (a). (d) The simulated 6 distribution with the obstacle in the
middle under the excitation frequency at 103.9 Hz. The theoretical trajectory

of the snake state is shown in orange solid line in (c¢) and (d). . . ... ...

Band structure of the valley topological metamaterials. (a) Schematic of our
elastic metamaterials based on the spring-mass system. Basic vectors of unit
cell are shown in a; and as. Length of the spring is a. First Brillouin zone
with high symmetry points I', M and K is shown in the middle panel. The
sandwiched supercell for the calculation of projected band structure is shown
in the right panel. (b) Band structure when (left) m; = 0.8 kg, mo = 1.2 kg,
(middle) m; = 1 kg, ma = 1 kg and (right) m; = 1.2 kg, mg = 0.8 kg are
shown. The eigenmodes corresponding to the K valley are shown in the first
panel and the third panel. Motions along horizontal and vertical directions
are marked on the two sites. Berry curvatures around the valley of the first
band for each case are shown in the inset. (c¢) Projected band structure with
two topological states inside the bandgap. The black dashed line indicates

the excitation frequency of the simulation setup. . . . . . .. ... ... ...

Setup for simulation and for the numerical DMD implementation. (a) Simula-
tion of wave propagation along the Z-shaped interface in a valley topological
metamaterial built by means of a spring-mass system. Two different unit
cells with two different topological phases are shown on the two sides. Mag-
nified view of the topological boundary (black line) is shown in the inset.
(b)(c) Snapshots of original and reconstructed wave propagation represented
by the horizontal displacement u, along the Z-shaped interface at t = 2, 192,
380, 570 and 758 ms (with the time evolving from the bottom to the top),

respectively. . . . . . L L e

DMD spectrum and DMD modes. (a) Eigenvalues are visualized on the
complex plane located around the unit circle. (b) Mode amplitude varies as
a function of frequency. The shading area indicates the bandgap region. (c)
Magnitude of the DMD mode with the largest amplitude inside the bandgap
region. (d) Phase of the DMD mode with the largest amplitude inside the
bandgap region. Inset shows the magnified view around the interface (black
line) illustrating the phase difference and valley pseudospin. Black and green
arrows show the pseudospin up and pseudospin down indicated by the phase

evolution around hexagon corners, respectively. . . . . . ... ... ... ..
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Reconstruction error and correlation coefficient between reconstructed and
original wave propagation. Relative error and correlation coefficient between
the ground truth and reconstruction as a function of duration are shown in

black and blue, respectively. . . . . . . . ... ... o

Classification of topological and traditional metamaterials. (a) Feature space
formed by the second principal component of DMD modes with Z-shaped
interface. (b) Projected values of each DMD mode from the topological and
traditional metamaterials excited by different forces (left panel) and different
excitation frequencies (right panel). Red and blue regions indicate topological
and traditional DMD modes, respectively. Error bars indicate the range of

the minima and maxima of projected values. . . .. ... ... .. ......

Nlustration of giDMD and comparison between DMDc and giDMD. (a) The
side view and the top view of the single Kresling origami with geometrical
parameters. (b) The data matrices for the data-driven framework of giDMD.
The geometrical parameters g are collected as the height h, the length of
crease lines a, b, folding angle W, the direction of the crease lines «, f.
The state = is taken to include the displacement p and velocity v, and the
control y is taken to involve the states of the input z¢ and the geometrical
parameters g. (c) The prediction using DMDc. (d) The prediction using
giDMD. The predictions of axial displacement u« and rotational displacement
¢ using DMDc are shown in the first and second row, respectively. The
gray shaded areas represent the training data. The ground truth and the
prediction are shown in blue and red, respectively. The insets in four graphs
show the relation between frequency (f) and power amplitude (P) after the

fast Fourier transform. . . . . . . . . .. .

Application of giDMD on the origami chain. (a) The schematic of the origami
chain composed of Kresling origami with alternating chirality. The design
parameters of origami are hg = 30 mm, 6§y = +70°, R = 36 mm where hy,
fp, and R are the initial height, initial rotational angle, and radius of the
cross-section, respectively. (b) The band structure calculated by the unit cell
enclosed by black dashed line in (a). The Zak phases of the lower band and
upper band are . (¢) The modes of the supercell formed by 16 unit cells. The
black dots represent the bulk band. The cyan and pink dots represent the
topological boundary states within the band gap. (d) The axial and rotational
modes of the topological boundary states. (e) The simulated axial displace-
ment along the origami chain at different frequencies in the pass band (15 Hz),
stop band (50 Hz) and topological boundary states (145 Hz). (f) The corre-
sponding predicted axial displacement using 60% training data (from 0 s to

38) .
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Identification of topological boundary states in origami chain. (a) The rows
of K matrix corresponding to the axial displacements of the origami chain
at 15 Hz, 50 Hz and 145 Hz. The corresponding control variables are shown
below. (b) The singular value spectrum of K matrix under different excitation
frequencies from 10 to 220 Hz. The orange dash arrows on two sides indicate
the range of the band gap, and one in the middle indicates the frequency
of topological boundary states. (c¢) The zoom-in view by using 32 singular

values. ..o

Application of giDMD on the dual origami structure. (a) The schematic of the
dual origami structure with opposite chirality. (b) The image of experimental
setup for the vibration test from the reference. Copyright 2020 Springer
Nature. The design parameters of origami are hyg = 50 mm, 6y = +70°,
R = 36 mm where hg, 6y, and R are the initial height, initial rotational
angle, and radius of the cross-section, respectively. The input excitation is
applied by a shaker, and the motions are captured by two action cameras
and quantified by the digital image correlation program. (c)(d) The row of
K matrix corresponding to the axial displacement u; at the frequency of
5 Hz and 17 Hz, respectively. The corresponding control variables are shown
below. (e) The prediction of axial displacement u; and uy using giDMD at
the frequency of 5 Hz. (f) The prediction of axial displacement u; and us
using giDMD at the frequency of 17 Hz. The gray shaded areas represent
the training data. The ground truth is shown in blue and the prediction is

shown inred. . . . . . ..

Identification of intrawell periodic, interwell periodic and chaotic motion. (a)
The spectrum analysis of the experimental axial displacements u; (the first
panel) and uy (the second panel) under different excitation frequencies from
5 to 24 Hz. (b) The corresponding spectral analysis based on the predicted
axial displacements u; (the first panel) and ugy (the second panel). The white
area with a cross represents the failure of the prediction. The green, orange
and purple shaded areas represent the frequencies of intrawell periodic mo-
tion, interwell periodic motion and chaotic motion. (¢) The singular value
spectrum of K matrix under different excitation frequencies from 5 to 24 Hz.
The Lyapunov exponents of u; and ue under different excitation frequencies
are also shown in dark green and bright green, respectively. (d) The relation
between the second singular values oo and the Lyapunov exponents A un-
der different excitation frequencies. The intrawell periodic motion, interwell
periodic motion and chaotic motion are represented in green, orange and pur-
ple circles. The distance correlation between logarithm-scale second singular

values and Lyapunov exponents are shown in both graphs. . . ... ... ..
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Experimental setup. The experimental setup with a DSRL camera, a timer,
an aquarium equipped with a filter, a scraper and a heater. The coral is fixed

on another coral skeleton. . . . . . . . . . ...

Luminance extracted from pictures. Red and blue curves show the luminance
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Chapter 1

INTRODUCTION

1.1 Background

Spatiotemproal behaviors, referring to the behaviors that vary over both space and time,
are ubiquitous across different fields in science and engineering from natural systems to
artificial systems. As a typical example in the natural systems, biological systems own rich
spatiotemporal behaviors, including the movements of animals and the growth of plants [1—-
3]. For example, bird flocks exhibit various patterns of motion that are influenced by the
interactions of individual birds and the environment, which has become a hot topic in studies
of complex systems [4-8|. Interestingly, many spatiotemporal behaviors in biological systems
can be influenced by factors such as competition for resources, environmental conditions,
and the presence of other species [9, 10]. Likewise, in artificial systems, spatiotemporal
behaviors can be observed in a variety of contexts. For example, traffic flow on a road can
exhibit patterns of congestion and flow that change over time and space [11-13]. The wave
dynamics and structural dynamics in mechanical systems have been attracting attentions in
the scientific research [14-17]. Hence, understanding spatiotemporal behaviors is significant,
since by studying the patterns of motion and dynamics in these systems, researchers can
gain insights into the underlying physics and develop models that drive these behaviors.
In this dissertation, we focus on the study of spatiotemporal behaviors in corals, elastic
metamaterials and origami.

Coral reefs are highly valuable ecosystems that support significant biological activities
and harbor an immense diversity of marine species. Corals, which belong to the phylum
Cnidaria, have a rich microbiome of bacteria, fungi, bacteriophages, viruses and most im-
portantly, photosynthetic algae [18]. They exist as colonies of individual animals called
polyps and are responsible for the formation of coral reefs, which are home to a large num-

ber of species and rival only the rain forest in terms of their diversity [19]. In recent years,



coral conservation and related research have been major subjects, given the unfortunate
fact that coral reefs are rapidly declining due to various abiotic and biotic factors, including
pollution, global warming, sea level rise, overfishing, and other human activities [20-22]. To
protect corals from these challenges, it is crucial to better understand their behaviors. For
instance, the size, morphology and shape of corals change over time during their lifespan
which can be extremely slow. Thus, coral motions become one of the major observable
spatiotemporal behaviors of corals detailed in Section 1.2. With the use of non-invasive
imaging techniques, such as time-lapse imaging and photogrammetry microscopic imaging,
researchers can detect changes and explore fundamental biophysical properties of corals
at both reef and cellular levels. Typical experimental examples are the observations of
calcareous skeleton, decalcified coral tissues and the physiological and nutritional status
of their symbiotic dinoflagellates [23-27]. These techniques provide real-time information
on the dynamic processes of coral components in vivo and have revealed biophysical pro-
cesses that govern coral health and proliferation. Naturally, imaging techniques can also be
used to observe the dynamics of spatiotemporal coral motions, which have yet to be fully
investigated.

In terms of artificial systems, wave dynamics and structural dynamics are intriguing
and attracting researchers’ attentions in the mechanical systems [14-17]|. Therein, elastic
metamaterials and origami are two typical mechanical structures that possess topologically
protected elastic wave propagation and rich structural dynamics, which have theoretical
interests and promising engineering applications detailed in Section 1.3. However, associated
studies are facing challenges of lacking data-driven analysis and modeling, and the strong
nonlinearity of the structures [28].

There are many ways to model spatiotemporal dynamics of different systems, and gen-
erally speaking, two major approaches are theoretical modeling and data-driven modeling.
In biological systems, for example, theoretical models can describe the systems statisti-
cally, considering the universal existence of interplay of deterministic laws and stochastic
processes [29]. On the other hand, simplified mechanical models based on several key me-
chanical elements can effectively capture the static and dynamic behaviors of mechanical

systems [30]. However, theoretical modeling methods often require sufficient knowledge



of the theoretical frameworks for the corresponding objects, making it challenging to an-
alyze and model complex systems. Recently, data-driven methods, such as deep neural
networks [31-33] and dimensionality reduction methods [34-36], have been explored to un-
derstand the spatiotemporal behaviors in various systems, including predicting planetary
motion, comprehending turbulent fluid dynamics, and forecasting global climate. Therein,
while deep neural networks can be effective and powerful, their decision processes are often
unknown, making them a black-box method. Dimensionality reduction techniques, on the
other hand, are more straightforward and interpretable, making them suitable for modeling
various systems to provide physical insights. The capability of being knowledge-free and
physically interpretable is particularly useful for analyzing and modeling complex systems
that lack governing equations, or have poorly understood governing equations, such as most
biological systems and some mechanical systems.

Through using advanced experimental techniques, characterization and modeling ap-
proaches, the spatiotemporal behaviors of corals, elastic metamaterials, origami can be well
described and understood, aiding us to discover the underlying physics and dynamics in

coral ecosystems and mechanical systems.
1.2 Spatiotemporal behaviors in corals

Animal motion is one of the most fascinating and significant animal behaviors, providing
essential information on feeding, habitat distribution and mobility. Coral holobionts, similar
to other animals, also exhibit important behavioral features, including coral motion, which
plays a vital role in feeding, competition, survival and fitness. Although scleractinian corals
are generally considered to be inherently sessile organisms, where the tissues are tightly
attached on the coral skeleton and the comparatively small sizes of polyps and tentacles
develop small amplitude of motion, recent research has suggested that subtle tissue motion
may be involved in seawater exchange within a coral [37, 38]. Compared with the impercep-
tible tissue motions, polyps motions and tentacles motions are more observable and can have
a significant impact on coral health and survival. For example, some branched corals with
small polyps will stretch their tentacles during daytime to expose photosynthetic symbionts

to light. Under the strong light, however, the coral will retract its tentacles to protect pho-



tosynthetic symbionts from irradiance [39-41]. These behavioral differences illustrate how
coral motions can affect ecological and physiological tradeoffs and serve as an indicator of
them. In addition, some tentacles function as probes to identify and kill aggressive competi-
tors that settle within the coral colonies [42-47]. The ciliary motion of tentacles also aids
in the transfer of materials [48]. In the context of challenge in the future climate change,
when abnormal environmental conditions happen, the erratic and unpredictable behaviors
may occur on coral colonies, which is full of scientific interests. Therefore, characterizing
coral behaviors through motion analysis can enhance our understanding of fundamental
biological and physical properties of corals.

Studies of animal movement suggest that most animal motions can be described by a
random walk with particular statistical patterns [49]. Although a random walk is a discrete-
space and discrete-time model, Brownian motion provides a continuous model in both space
and time that is more suitable for interpreting animal behaviors. The unique index named
Hurst index is 0.5 for Brownian motion. Besides, some motions are discovered to follow the
law of fractional Brownian motion characterized by the Hurst index being less or greater
than 0.5, corresponding to subdiffusion and superdiffusion, respectively [50]. More generally,
both Brownian motion and its derived fractional Brownian motion are characterized by their
1/f~ power spectral densities (f being the frequency), leading to the generic terminology
of 1/f noise. The Langevin equation, the most generic equation in stochastic process, is
commonly used to simulate and model stochastic processes, including animal motions. In
the meanwhile, data-driven analysis and modeling has been increasingly popular due to its
knowledge-free superiority, which reduces the burden caused by the conventional theoretical
modeling.

Despite the importance of inherent spatiotemporal multi-scale features of coral motions,
their quantitative properties and modeling still remain challenging and unexplored. For ex-
ample, coral tissue motions are imperceptible to both naked eyes and commonly-used imag-
ing equipment, making it difficult to quantify the displacement on the coral tissue. Coral
polyps and tentacles motions, despite relatively observable, lack of experimental platforms
and proper modeling methods. Moreover, coral motions, similar to other animals motions,

are no exception in the stochastic processes instead of deterministic processes, posing a



significant challenge in parameter estimation and appropriate model selection in both theo-
retical modeling and data-driven modeling. Furthermore, the biophysical interpretations of
coral motions are in their infancy, and more studies are needed to further understand the
relation between the quantitative characteristics of coral motions and biological functions.

Here, as part of this dissertation, we present the systematical methodology and paradigm
for studying the spatiotemporal behaviors of corals in terms of motions. Moreover, we
demonstrate the experimental observation, numerical analysis and theoretical /data-driven

modeling of coral motions in tissues, polyps and tentacles, as outlined below:

1. Motion of coral tissues
We use digital image correlation and optical flow techniques to a series of images (~ 13
hours of high-frequency images of Montipora capricornis) to quantify and characterize
minute coral motions under different light conditions. We also use motion magnifi-
cation algorithm to magnify coral motions in different frequencies, which explicitly
displays the distinctive dynamic modes of coral tissue motions. Specifically, though
Montipora capricornis has the slow and subtle tissue motions, which is hard to capture
not only with naked eyes, but also with conventional optical apparatus, our assess-
ment of displacement, strain, optical flow, and mode shape successfully quantified
coral motion under different light conditions, and they showed that Montipora capri-
cornis exhibits more active motions at night compared to day, revealing the nocturnal

nature.

2. Motion of coral polyps
We observe Pocillopora acuta in vivo under different light and temperature condi-
tions using a fluidic platform that allows direct microscopic observation of small live
coral fragments, where the stochastic dynamics of in-plane waving motion of polyps
is uncovered. The relation among polyps on nubbins is described by motion corre-
lation analysis. Besides, fractional Brownian motions of polyps under certain light
conditions and temperatures are revealed by Hurst index (generally smaller than 0.5)
via power spectral analysis. Outside of optimal growth conditions (normal light and

25°C), the Hurst index becomes highly variable (spanning between diffusive, subdif-



fusion and superdiffusion regions) with the baseline index being around 0.2. Finally,
the motions of polyps for different light conditions and temperatures are modeled
by Langevin equation, numerically obtained by data-driven parameterization, which

agrees excellently with experimental results.

3. Motion of coral tentacles
We experimentally observe the tentacles motion of the pulsating soft coral Anthelia
glauca using stereovision, where coordinates of tentacle tips in the three-dimensional
space can be extracted. The stochastic dynamics of coral tentacles motion is revealed.
Besides, we use a data-driven method call dynamic mode decomposition (DMD) to
analyze the dynamics of the raw data, revealing the growth, decay and oscillation of
each mode. The nature of 1/ f-type motion with the increased power near 0.008 Hz of
tentacles is also revealed from the DMD spectrum. The physically coherent structures
corresponding to the increased power are visualized to confirm that they represent
the pulsation motion of tentacles. In addition, the 1/f-type motion and pulsation
motion of tentacles vary under different light conditions. Particularly, red light has a

significant impact on the tentacles behaviors of Anthelia glauca.
1.3 Spatiotemporal behaviors in elastic metamaterials and origami

Mechanical systems are composed of building blocks, and different building blocks can
achieve unique mechanical properties. In recent years, elastic metamaterials and origami
structures formed by building blocks have gained increasing popularity due to their theo-
retical importance and the promising engineeering applications [51-54]. In static behaviors,
elastic metamaterials and origami structures exhibit novel mechanical properties in static
behaviors, such as negative Poisson’s ratio [55], negative thermal expansion coefficient [56],
and tailored stiffness [57], which never appear in the traditional materials. Apart from
the static properties, they also have rich spatiotemporal behaviors in wave dynamics and
structural dynamics which are compelling in potential applications in impact mitigation
and vibration control [58, 59].

Therein, elastic metamaterials designed by several concepts in the condensed matter



physics, especially nontrivial topological properties for mechanical responses, have been a
significant breakthrough in physics over the last decade. This discovery has paved the
way for designing and manufacturing metamaterials with rich physics and applications such
as robust one-way waveguide, energy focusing, and harvesting [60-62]. Besides, origami
structures exhibit highly nonlinear dynamics and have been used to realize intriguing wave
phenomena, resulting in solitary waves and chaotic structural dynamics [28, 63, 64].

Experiments, numerical simulations based on finite element methods and simplified
structural model, and theoretical modeling have been made great progress in the study
of topological elastic metamaterials and origami. However, studies on the data-driven char-
acterization and modeling remain largely unexplored, especially in the area of physically in-
terpretable data-driven modeling. While neural networks are a popular data-driven method,
they work as a black box and do not provide insights into the physics of the systems. Phys-
ically interpretable data-driven methods, on the other hand, can extract information about
the physics and dynamics of the systems. Therefore, applying physically interpretable data-
driven methods can potentially reveal new insights into the complex physics and dynamics
in topological elastic metamaterials and origami.

Here, as part of this dissertation, we first present the theoretical modeling and numerical
calculation of elastic metamaterials based on the origami. Then, we present the application
of a physically interpretable data-driven method named dynamic mode decomposition in
the topological elastic metamaterials and origami structures, demonstrating the revelation
of physics nature and the prediction of future spatiotemporal behaviors purely using data,

as outlined below:

1. Chiral Landau level in origami metamaterials
We show the origami metamaterials with the special configuration to demonstrate
the emergence of the elastic chiral Landau level and snake states theoretically and
numerically. By arranging the initial height of the Kresling origami, the out-of-plane
synthetic gauge field is generated, which produces the in-plane pseudomagnetic field in
the origami metamaterials. The resultant quantization of energy level is regarded as

the Landau level, where the robustness of zeroth Landau level and the wavy trajectory



of snake states are demonstrated.

2. Wave propagation in topological elastic metamaterials
We present the data-driven discovery of elastic topological states propagation in the
topological elastic metamaterials using dynamic mode decomposition (DMD). By us-
ing DMD, we are able to learn the physics nature of the topological interface states
and valley pesudospin. The DMD modes allow us to classify between topological
and traditional metamaterials. Moreover, we were able to synthesize topological state

propagation along a given interface using the model enabled by the DMD modes.

3. Structural dynamics in various Kresling origami structures
We develop an improved version of DMD with control that we term geometry-informed
dynamic mode decomposition (giDMD) by integrating geometry information of the
origami structure to model origami dynamics. We evaluate its efficacy and inter-
pretability on the origami chain and dual origami structure. Our results show that
giDMD can accurately predict the dynamics of an origami chain across frequen-
cies, where the topological boundary state can be identified by the characteristics
of giDMD. Moreover, in the dual origami structure, the type of dynamics can be iden-
tified, where intrawell periodic motion can be accurately predicted. The influential
geometrical parameters in the origami dynamics can be uncovered through the giDMD

model, indicating the interpretability of this method.
1.4 Data-driven modeling by dynamic mode decomposition

Dynamical systems provide a powerful framework for describing the spatiotemporal behav-

iors of biological and mechanical systems. We consider the dynamical system of the form:

4y
dzx

(t) = f(x(1)) (1.1)

The most cases we are dealing with in the biological and mechanical system in the experi-

ments and numerical simulations are discrete-time dynamical systems:

(k+1)At

Xpr1 = F(xp) = xg —|—/ f(x(r))dr (1.2)

kAt



where xj, is sampled from the trajectory in Equation (1.1) discretely in time, so that xj =

x(kAt). F is the discrete-time propagator.

Koopman spectral analysis has been introduced to characterize the evolution of Hamil-
tonian systems, and extended to systems with continuous spectra [65]. Koopman analysis,
in contrast to the more popular geometric perspective of dynamic systems, provides the
evolution operator that advances the space of measurement functions of the state of the
dynamical system. The Koopman operator K is the linear operator that advances measure-

ment functions g of the state x forward in time:

Kg:=goF = Kg(xx) = g(Xx+1) (1.3)

where the finite-dimensional nonlinear dynamics is transformed to the infinite-dimensional

linear dynamics by the Koopman operator .

A linear representative of nonlinear dynamics is useful because there are numerous effec-
tive analytic tools for linear systems. However, analytical representations of the Koopman
operator are uncommon. Obtaining a finite-dimensional approximation (i.e., a matrix K)
of the Koopman operator is thus a practical goal for the data-driven analysis. If such a
matrix representation can be found, it is possible to define a linear system that advances

the measurement functions y = g(z) as follows:

Vi1 = Kyg (1.4)

Regression-based approaches for obtaining a finite approximation of the Koopman operator

with a suitable choice of measurement functions have become widely used in the studies.

Dynamic mode decomposition (DMD) was originally proposed in the fluid dynamics
community to decompose experimental or numerical data sets into leading spatiotemporal
coherent structures [66]. It was soon demonstrated that the DMD provides a numerical
framework to approximate the Koopman mode decomposition, where the relation between

DMD and the Koopman operator was further enhanced and verified [66]. The DMD searches
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for a best-fit linear model to relate the following two data matrices:

X=lz1 m3 ... Tpm- X' = To XT3 ... Tm (15)
| | | |

The matrix X is the state of the system in time, and compared with X, X’ contains
snapshots with a single step forward in time. These matrices may be related by a best-fit

linear operator A:

X' =AX = A=X'XT (1.6)

where XT is the Moore-Penrose pseudoinverse. The matrix A is a best-fit linear operator
minimizing the Frobenius norm error || X’ — AX||p.

For the system with large dimension, which is the common case in biological and me-
chanical systems, the operator A is also large, and so instead of obtaining A directly, we

often look for the leading eigendecomposition of A:
1. Take the singular value decomposition (SVD) of X:
X =UxV" (1.7)

Here, * denotes complex conjugate transpose. Often, only the first r columns of U
and V, and r singular values ¥ are required for a good approximation: X = U, %, V.,

where r denotes a rank-r truncation.
2. Project A onto U, to obtain the r X r matrix A,:
A, =UrAU, = U X'V, 21 (1.8)
3. Compute the eigendecomposition of A,:

AW =WA (1.9)

4. Obtain full-dimensional eigenvectors ¢ of A, which is the column of ®:

d=XV2 1w (1.10)
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In spite of great achievement by DMD in recent years, DMD has inherent drawbacks.
Because linear measurements are insufficient for many nonlinear dynamical systems, par-
ticularly chaotic systems, DMD has recently been extended to an augmented measurement
function. Besides, since DMD is sensitive to the noise, several methods based on stan-
dard DMD have been developed to have better performance, such as total least-squares
DMD [67], forward-backward DMD [68], variational DMD [69], and robust DMD [70].

Here, in this dissertation, we will use the dynamic mode decomposition to analyze some
spatiotemporal behaviors in biological and mechanical systems including the motion of soft
coral tentacles, topological state propagation in elastic topological metamaterials and the
structural dynamics of origami with various configurations. Therein, we use the standard
DMD and time-delay embedding DMD to characterize motions of soft coral tentacles and
topological state propagation. Furthermore, we propose a new variant of DMD to address

the problem about origami dynamics.
1.5 Organization of the dissertation

The dissertation is organized to describe the background of this research (Chapter 1), spa-
tiotemporal behaviors in corals in terms of motion (Chapter 2~Chapter 4) and spatiotem-
poral behaviors in elastic metamaterials (Chapter 5~Chapter 6) and origami (Chapter 7)
in sequence. The conclusion and future challenges will be presented in Chapter 8.

In Chapter 1, we show the background and motivation of this research. The signif-
icance of spatiotemporal behaviors in corals, elastic metamaterials and origami is intro-
duced. Moreover, the data-driven modeling method, dynamic mode decomposition, applied
to the complex system is presented, which will be used in biological systems and mechanical
systems.

In Chapter 2, we propose and apply a systematic approach to quantify and visualize sub-
tle coral motion across a series of light and dark cycles in the scleractinian coral Montipora
capricornis.

In Chapter 3, we observe Pocillopora acuta in vivo under different light and temperature
conditions using a fluidic platform, where the correlated relation among polyps and the

fractional Brownian motions of polyps are revealed. The corresponding Langevin dynamics
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is established and numerically parameterized to model the motion of coral polyps.

In Chapter 4, we observe Anthelia glauca under different light conditions using the
stereovision, where the 1/ f-type motion is revealed by dynamic mode decomposition. The
pulsation motion of pulsating soft coral is discovered near 0.008 Hz. The impact from the
light conditions on 1/ f-type motion and pulsation is also studied.

In Chapter 5, we use the theoretical modeling and numerical calculation to demonstrate
the elastic chiral Landau level and snake states in the origami metamaterials, where the
robustness of zeroth Landau level and wavy propagation path are observed.

In Chapter 6, we use dynamic mode decomposition to characterize the topological states
in the elastic topological valley metamaterials, where the topological nature (topological in-
terface states and valley pesudospin) is extracted from the pure data. The classification
between topological and traditional metamaterials is achieved by the corresponding physi-
cally coherent structures.

In Chapter 7, we propose a data-driven framework based on dynamic mode decom-
position, named geometry-informed dynamic mode decomposition. We demonstrate the
excellent modeling ability of this approach on the dynamics of the single origami structure,
origami chain and dual origami structure.

In Chapter 8, the conclusion of our work is presented. The limitations of current works

and corresponding future research directions are proposed.
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Chapter 2

DIGITAL IMAGE PROCESSING TO DETECT SUBTLE MOTION IN
STONY CORAL

Coral reef ecosystems support significant biological activities and harbor huge diversity,
but they are facing a severe crisis driven by anthropogenic activities and climate change.
An important behavioral trait of the coral holobiont is coral motion, which may play an es-
sential role in feeding, competition, reproduction, and thus survival and fitness. Therefore,
characterizing coral behavior through motion analysis will aid our understanding of basic
biological and physical coral functions. However, tissue motion in the stony scleractinian
corals that contribute most to coral reef construction are subtle and may be impercep-
tible to both the human eye and commonly used imaging techniques. Here we propose
and apply a systematic approach to quantify and visualize subtle coral motion across a
series of light and dark cycles in the scleractinian coral Montipora capricornis. We use
digital image correlation and optical flow techniques to quantify and characterize minute
coral motions under different light conditions. In addition, as a visualization tool, motion
magnification algorithm magnifies coral motions in different frequencies, which explicitly
displays the distinctive dynamic modes of coral movement. Specifically, our assessment of
displacement, strain, optical flow, and mode shape quantify coral motion under different
light conditions, and they all show that Montipora capricornis exhibits more active motions
at night compared to day. Our approach provides an unprecedented insight into micro-scale
coral movement and behavior through macro-scale digital imaging, thus offering a useful

empirical toolset for the coral research community.

2.1 Introduction

Reef-building corals, as keystone organisms, support diverse marine communities and pro-
vide a host of ecosystem functions for associated creatures, such as macrofauna. They are

composed of coral organisms living in symbiosis with photosynthetic dinoflagellate algae and
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a complex of additional bacterial, archaeal and fungal communities [71]. Coral behavior,
physiology and ecology are impacted by anthropogenic global climate change through the
global rise in sea-surface temperatures and ocean acidification [22]. Simultaneously, coral
reefs have experienced substantial decline due to disease outbreaks [72], overfishing [73],
coastal development and associated runoff [74]. The increasing frequency of marine heat
waves has also resulted in mass coral mortality [20, 21]. The combination of these stressors
is threatening coral reefs at an unprecedented scale.

One notable aspect of corals is their dynamic motion (i.e., temporal changes of the polyp
and tissue behavior), since it could play an important role in coral physiology and the coral
health in a changing environment. Thus, understanding coral motion will help us to better
assess coral performance in a proactive manner and understand coral physiology and the
coral health in a changing environment in terms of the light condition, temperature, pH and
other environmental variables [39, 75-81]. Some soft corals, such as the family of Xeniidae,
exhibit a unique, rhythmic pulsation, which is believed to enhance photosynthesis [82, 83].
However, compared with the soft corals, the scleractinian corals responsible for the frame-
work structure of most reefs mineralize a rock-like skeleton made of calcium carbonate. In
many species of scleractinian corals, the motion of tissue is more subtle or imperceptible.
Therefore, visualizing and quantifying the dynamic motion in order to extract information
on coral behavior remains challenging for researchers studying scleractinia.

The dynamic motion of scleractinian corals interacts with a number of physiological pro-
cesses and environmental responses. For example, some branched corals with small polyps
will expand their tentacles to expose the photosynthetic symbionts to light during day-
time [39-41]. However, under the strong light, the coral will retract the tentacles to protect
photosynthetic symbionts from irradiance [39-41]. These behavioral differences indicate
how coral movement can both impact and act as an indicator of ecological and physiological
tradeoffs. Besides, some tentacles also serve as the probes to detect and kill competitors
that settle within the wide aggressive reach of these massive corals [45]. The ciliary motion
of tentacles also contributes to the mass transfer [46—48]. In areas away from coral polyps
and their tentacles, the coenosarc, more subtle tissue movements have been revealed. These

waves of tissue movement may speculatively be involved in enveloping or pumping seawater
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to different reservoirs within a coral [37, 38]. Recently, seawater exchange rates in a growing
coral were found to respond to stressful conditions like extreme ocean acidification. Taken
together, experiments like these hint at the rich connections that may exists between tissue
movement, physiology, and how corals respond to environmental changes. New techniques
that can image and quantify subtle tissue movements could uncover the role of motion in
coral health and help predict the fate of coral reefs in a changing ocean.

Imaging is a powerful way to provide information about the time-varying nature of the
world. Photogrammetry microscopic imaging, and time-lapse imaging have resulted in the
capacity of detecting change at both reef [84, 85] and cellular levels [23-25]. New imag-
ing techniques borrowed from other fields, such as mechanics, aerospace engineering and
biological engineering, promise even more detailed and quantitative information that could
be applied to address the fine-scale analysis of coral movement under a changing environ-
ment [86, 87]. For example, correlation-based image registration and tracking methods
such as digital image correlation (DIC) and particle image velocimetry (PIV) measure the
mechanics of materials and fluids [86, 88], and thus could be used to map movement of
the coral tissue surface [48]. Optical flow is another effective method to demonstrate the
movement between the camera and moving objects [87]. These approaches can potentially
quantify the pixel-level motion in terms of displacement and velocity in biological fields.

To provide the evident motions, previous attempts on magnifying subtle and imper-
ceptible movements have been made along two perspectives: Lagrangian perspective and
Eulerian perspective [89-92]. For instance, the imperceptible change in face color can be
magnified to estimate the heart rate [93], and the functional role of tectorial membrane
in mammalian hearing can be revealed [94]. These approaches have rarely been used in
marine biological systems including corals where they could quantify and visualize motion
and further build a bridge between imaging techniques and biomechanics.

Here, we select one species of hard coral, Montipora capricornis, to study the dynamic
motion of coral polyps and coenosarc under diel cycling light conditions using time lapse
imaging. We first quantify the coral motion by DIC and extract barely visible mechanical
quantities in terms of displacements and strains. Next we present the optical flow to show

the velocity field and motion polarization. These two methods offer physiological infor-
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mation in corals with high consistency, which could not have been sensed by naked eyes.
Typical modes of motion are visualized by the phase-based motion magnification, which
clearly shows a pattern of motion related to the corals’ sensitivity to the changing light
conditions. We provide a systematic and quantitative approach for characterizing and ana-
lyzing subtle and/or imperceptible coral tissue movements, thereby opening a new vista in

coral behavioral, physiological, and cellular analysis.
2.2 Experimental system

Figure 2.1(a) shows a schematic of the experimental setup used to observe the coral Mon-
tipora capricornis. The planar structure and textures on the surface of Montipora capricornis
are beneficial to the implementation of our algorithm, which makes this species a good can-
didate for this proof-of-concept study. It includes a digital single lens reflex (DSLR) camera
with a macro lens to take pictures of the fine structures of coral tissue surface. To study the
effect of light on coral tissue motion, aquarium light and ceiling light were used to mimic
light conditions during the day and the night. Experimental setup details are shown in

Appendix A and related Figure A.1.

Aquarium light
a

Ceiling light #‘

DSLR camera

Field of view

Power supply

Tripod

Figure 2.1: Experimental observation of Montipora capricornis. (a) Schematic of experi-
mental setup of a DSLR camera, aimed at the corals in the aquarium. (b) Daylight pictures
were taken under white light, while (c¢) nighttime pictures were taken under blue light. Day-
light pictures were taken under white light, while (c¢) nighttime pictures were taken under
blue light.

Figure 2.1(b) and Figure 2.1(c) display the pictures taken at day and at night, respec-
tively. The green curves represent the coral tissue margins. The white curves indicate the

positions of polyps. Four polyps with short tentacles are on the coral surface. The nearly
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planar arrangement of the coral provided the opportunity to obtain motion information
from all polyps on the coral’s surface. The heterogeneity of the tissue on surface creates
texture that is sufficient for applying DIC and optical flow techniques. Besides, the hue is
more blueish at night due to the lack of the ceiling light. Visualization of coral dynamic
motion, not perceptible by the human eye, can be observed from the time-lapse video played

in 10 frames per second (x1200 speed; Supplementary movie [95]).
2.3 Characterization by digital image correlation

In order to quantify coral tissue motion from a biomechanics perspective, we used a DIC
technique to characterize the deformation of the surface relative to an initial reference pic-
ture (the first picture). Displacements (u,) along horizontal direction between the reference
picture and the second picture at day and night are shown in Figure 2.2(a), respectively.
The strongest motions are concentrated around polyps and the edge of the fragment. At
night, most of the coral tissues surface undergoes horizontal motion, while few coral tissues
are moving horizontally at day. Displacements (u,) along the vertical direction were also
quantified between the reference picture and the second picture at day and night, respec-
tively [Figure 2.2(b)]. Similar to the distribution of displacement u,, the strongest motions
are concentrated around polyps and the edge of the fragment. Vertical tissue motion is
more widespread across the coral at night compared to daytime. The displacement of both
u, and u,, in comparison to the reference picture between day and night, can be seen in
videos created from two hundred pictures (Supplementary movie [95]). These visualizations
highlight that the coral tissue surface is moving dynamically over time, with more movement
observed during the night than during the day.

In order to explore the statistics of DIC results, we show the histogram of displacements
u, and uy. Across around 13 hours, histograms of displacements u, and u, are continuously
changing (Supplementary movie [95]). Figure 2.2(c) exhibits the percentage histograms of
the displacement u, and u, during day and night in the left and right panels. The red and
blue curves in each panel indicate the mean of displacement distribution during day and
night. The corresponding variation ranges are shown in pink and cyan. According to the

histogram [Figure 2.2(c)], most of the areas of the coral tissue surface are barely moving,
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Figure 2.2: Displacements of the coral tissue surface from digital image correlation. (a)
The displacements u, along horizontal direction between the reference picture and the
second picture at day and night are shown in the left and right panel, respectively. (b)
The displacements u, along horizontal direction between the reference picture and the
second picture at day and night are shown in the left and right panel, respectively. (c¢) The
percentage histograms of displacement u, and displacement u, are shown in the left and
right panels, respectively. The red and blue curves indicate the means of each displacement
during day and night. The pink and cyan regions are variations during day and night,
respectively.

i.e. nearly zero displacement. For the moving part, more areas of the coral tissue surface
are contributing to the motion at night since the blue curves are above the red curves,
coinciding with the displacements shown in Figure 2.2(a) and Figure 2.2(b). Furthermore,
the histogram of displacement u, [Figure 2.2(c)] illustrates the nearly symmetric distribu-
tion, suggesting that there is no motion preference and the system is balanced along the
horizontal direction. However, the histogram of displacement u, shows an asymmetric dis-

tribution. During the day, the coral tissue surface tends to move upwards because there are
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more positive values, while at night, the tissue tends to move downwards, which indicates

that motion preference based on the light condition is shown along the vertical direction.
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Figure 2.3: Strains of the coral tissue surface from digital image correlation. (a)-(c) Strains
€xzs €zy and €y, between the first and the second picture from day and night are shown in
the left and right panel, respectively. Green curves in (a) and (b) represents the edge of the
fragment and white curves enclose the polyps. (d) The percentage histogram of the strains,
€xxs €zy aNd €yy are shown in the left, middle and right panels, respectively. The red and
blue curves indicate the means of each strain during day and night. The pink and cyan
regions are variations during day and night.

Strain measures the deformation of the material to identify whether it is under tension or
compression. The linear strain is considered here. To obtain the accurate strain, smoothing
and noise reduction of displacement field are necessary. We adopt the point-wise local
least-square fitting technique [96, 97]. The strain calculation window is set to 19 x 19
points, which provides a trade-off between accuracy and smoothness of strain estimation.
Supplementary movie shows the normal strain €., and €y, shear strain €., during day and
night, respectively [95]. The strains between the second picture and the reference picture
are shown in Figures 2.3(a)-(c). Figure 2.3(a) shows the normal strain €., during day and

night. The largest strain is concentrated around the polyps and obviously the distribution
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of €;, is more evident at night [Figure 2.3(a)], suggesting that more of the coral tissue
surface participate in the motion at that time. Figure 2.3(b) and Figure 2.3(c), indicating
shear strain e;, and normal strain €,,, show the same features as Figure 2.3(a). Compared
with the €, €4y has clearer alignment along the wrinkles on the coral surface, indicating
the anisotropy of the coral tissue surface motion. Similar to the analysis of displacement,
the corresponding histograms are displayed from left to right in Figure 2.3(d). The red
and blue curves in each panel indicate the mean of strain distribution during day and night
throughout the strain result. The corresponding variation ranges are shown in pink and
cyan. Most of the coral tissue was not either under tension or compression due to the nearly
zero strains, which is corresponding to the nearly zero displacements in the above analysis.
Corresponding to the displacement, strain measurements also show larger values at night.
We note that we have also conducted a noise effect study to test the statistical significance
of the DIC results presented above. Although correlation functions act to normalize images
during image processing, quantification of noise effects provide a further verification of the
observed patterns [98]. The enclosed coral skeleton on which our coral is fixed is analyzed by
DIC. Details and analysis are in the Appendix A. The results indicate that the DIC results
are valid, since the noise is smaller than the extracted signal (Appendix A; Supplementary

movie [95]).
2.4 Characterization by optical flow

Measuring optical flow is an effective method to explore the pixel-wise motion information
such as velocity. In order to increase the signal-to-noise ratio, we assume the motion field is
constant in a small window (21 x 21) around each pixel and the smoothing kernel (19 x 19) is
used for reducing noise. The basic optical flow equation is solved for all pixels in the window
by the least squares criterion, which is also known as the Lucas-Kanade method [99]. Similar
to DIC, for each case, we take the first picture as the reference and calculate the optical
flow for two hundred pictures. Supplementary movie shows the velocities of the optical flow
during day and night [95]. Figure 2.4(a) and Figure 2.4(b) exhibit the optical flow between
the second picture and the reference picture. The optical flow is encoded by the color

square. The color indicates the direction of velocity and the saturation of color represents
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the magnitude of velocity. The colors with high saturation are around the polyps (marked
by black crosses) and margins, and colors with low saturation are distributed around the
coral tissue surface margin. At night, there are more colors with high saturation in the

optical flow, suggesting that coral movement is higher in magnitude at night.
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Figure 2.4: Optical flow of the coral tissue surface. (a)(b) Optical flow between the second
and first pictures from day and night, respectively. White circles mark the position of
polyps. (c¢) The percentage histograms of velocities v, and v, along horizontal and vertical
directions. The red and blue curves indicate the means of each velocity from day and
night. The pink and cyan regions are variations between day and night. (d) The percentage
histogram of direction of velocity. The red and blue curves indicate the means of each angle
from day and night. The pink and cyan regions are variations during day and night.

The histograms of velocity v, and v, along horizontal and vertical directions are studied
to explore the statistics of optical flow. Figure 2.4(c) shows the histogram of v, and v,.
The red and blue curves in each panel indicate the mean of corresponding velocity distribu-
tion from day and night. The corresponding variation ranges are shown in pink and cyan

dashed lines. While the DIC extracts the displacement information, optical flow can provide
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pixel-wise velocity information. Similar to DIC results, along the horizontal direction, the
histogram is symmetric [Figure 2.4(c)], indicating that the coral tissue surface does not have
statistically significant motion preference along the horizontal direction. The histogram of
vy shows the similar trend with the displacement u, from DIC [Figure 2.4(c)]. During the
day, the coral tissue surface tends to present a positive velocity translating upwards mo-
tion, while the tissue tends to move downwards with a negative velocity at night. This
observation is even more evident in Figure 2.4(d), which offers a histogram of direction
of optical flow. 90° and —90° represent the upward and downward direction, respectively.
According to Figure 2.4(d), the dominated motion is along the vertical direction whatever
light condition the coral is under since there are evident peaks in 90° and —90°. Besides,
in different light conditions, the motion directions are different. At day, there is a higher
peak in 90°, which means that the tissue tends to move upwards, while at night, the higher
peak in —90° suggests the downwards motion. Similarly, we conducted the noise effect
study (Appendix A). The results show that the velocities on the coral skeleton is smaller,

thus support the validation of the analysis mentioned above.
2.5 Motion microscope for the coral tissue surface

Exploring the biological and physical modes of coral tissue motion is crucial to understand
the coral behaviors. Here we further process the optical flow result to obtain the deformation
of coral tissue surface at different frequencies and magnify the biological modes of this
movement to make them visible to human eyes. To this end, we perform the Fourier
transform on the optical flow results and extract the absolute value of velocity in different
frequencies. Zero padding is used to increase the frequency resolution. Supplementary movie
shows mode shapes of coral tissue in the frequency range of 0 min~! to 0.25 min~! (Nyquist
frequency) [95]. Typical mode shapes from day and night are shown in Figures 2.5(a)-(c)
and Figures 2.5(d)-(f), respectively, after normalization. As the frequency increases, the
intensity of the motion decreases. In the frequency 0.05 min~—! during the day, as shown in
Figure 2.5(a), the motion is concentrated around the polyps and margins. In stark contrast,
Figure 2.5(d) exhibits the mode shape in the frequency 0.05 min~! where the motion is not

only around the polyps and margins, but also on the coral tissue surface. Under both



light conditions, a greater proportion of coral tissue contributes to the motion with the
increasing frequency. Overall, the mode of extremely slow coral tissue motion is observed,

which coincides with the phenomenon observed in DIC and optical flow.

0.05 min] b 0.15 min~ c 0.25 min~!

Figure 2.5: Mode shape of coral tissue motion during day and night. (a)-(c) Mode shapes of

coral tissue motion during day at frequencies 0.05 min~"!, 0.15 min~' and 0.25 min~—!, respec-

tively. (d)-(f) Mode shapes of coral tissue motion during night at frequencies 0.05 min~!,

0.15 min~! and 0.25 min~!, respectively.

In order to visualize the mode shape in different frequencies, we adopt the phase-based
motion magnification [89]. The complex steerable pyramid, which is an over-complete trans-
formation that decomposes an image according to spatial scale, orientation and position, is
used to magnify the motion in a specific frequency range [100]. The image is completely de-
composed into amplitudes A, g(x,y) and phases ¢, ¢(z,y) at every scale w and orientation
0. We augment the motion 75 times by magnifying phase in the frequency range of interest.
We choose three frequency ranges, 0.04 min~™' ~ 0.06 min~', 0.14 min~™! ~ 0.16 min~!
and 0.22 min~! ~ 0.24 min~! to demonstrate the motion microscope for coral tissue mode

shapes. Supplementary movie shows the magnified video played in 10 frames per second,
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which is made of pictures taken during the day [95]. The movie presents the polyps motion
in the low frequency range and the coral tissue surface motion in the high frequency range.
Besides, the motion magnitude is decreasing as the frequency increases. Supplementary
movie shows the magnified video at night in the frequency range mentioned above [95].
According to the video, more coral tissues are involved in the motion, which coincides with

the mode shape analysis from the optical flow.
2.6 Conclusion and discussion

We applied digital image correlation, optical flow, and motion microscopy techniques to a
series of images of Montipora capricornis. Though this hard coral has the slow and subtle
tissue motion, which is hard to capture not only with naked eyes, but also with optical ap-
paratus, we have successfully extracted its responsiveness to light conditions based on ~ 13
hours of high-frequency images. The blending of powerful and effective tools from mechanics
and computer science and coral biology opens avenues for studying coral physiology from
macro-scale pictures. It is more than likely that different coral species present different levels
of tissue motion in direct relation with their overall morphology (e.g. branching, corym-
bose, digitate, encrusting, foliose, laminar, massive, submissive, solitary, tabulate). With
this consideration in mind, imaging surface tissue motion could help predict species-specific
responses to sediment smothering [101, 102] and whether corals adapt the movements of the
surface tissue according to particle loading in the water column in relation to flood plumes
and land runoff. Reef-scale responses to flood plumes triggered by severe weather events
could then be predicted according to coral surface tissue motion measurements, depend-
ing on coral cover and species representation. Investigations linked to coral tissue motion
should also be considered with respect to exposure to pollutants generated by anthropogenic
activities, e.g., oil and chemical dispersant [103, 104]. This systematic approach offers us
possibilities to quantify and visualize the subtle coral tissue surface motion and important
physical and biological mode in a time-efficient, yet accurate manner. In this proof-of-
concept study, we only focus on the effect of light to motion for a single coral, but the
proposed approach can be generalized to study the effect of a variety of environmental vari-

ables on coral tissue motion. Furthermore, this method could be applied to investigate the
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links between tissue motion and coral mucus (production, thickness, composition, spread),

especially in response to excess sediment or bacterial infection [105, 106].
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Chapter 3

SPATIOTEMPORAL DYNAMICS OF CORAL POLYPS ON A
FLUIDIC PLATFORM

Reef-building corals are inherently sessile organisms. However, motion is an important
behavioral trait of coral polyps, which plays an essential role in feeding, competition, de-
fense, reproduction, and thus, survival and fitness. Notwithstanding the importance of
inherent temporal and spatial multiscale features of polyps, their quantitative properties
and modeling still remain challenging and unexplored. Here, we observe Pocillopora acuta
in vivo under different light and temperature conditions using a fluidic platform that allows
the direct microscopic study of small live coral fragments, where the stochastic dynamics
of the in-plane waving motion of polyps is uncovered. The relationship between polyps on
nubbins is described by motion-correlation analysis. Additionally, the fractional Brownian
motions of polyps under certain light conditions and temperatures are revealed by the Hurst
index via power spectral analysis. Finally, the motion of polyps is modeled by Langevin
dynamics, numerically obtained by data-driven parameterization. This combination of ex-
perimental observations, numerical analysis, and theoretical modeling opens an avenue to
boost our understanding of the biological and physical behaviors of corals in relation to

changing environmental conditions.

3.1 Introduction

Animal movement is one of the key features in understanding animal behaviors. The rich
dynamics of movements in biological systems have been attracting the interest of many
researchers in the field of biophysics for its inherent temporal and spatial multi-scale fea-
tures. However, quantifying and characterizing the different types of motion in biological
systems remains challenging due to randomness and intrinsically complex nature [49]. Re-
cently, with the development of tracking technique and mathematical modeling strategies,

behaviors, foraging strategies and distributions of animals are well studied. A variety of
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methodologies to model animal motions has been proposed, including but not limited to
uncorrelated/correlated random walks [49, 107-109], Levy flight [110-114], stochastic dif-
ferential equation such as the noted Ornstein-Uhlenbeck process [49, 115-119] and hidden
Markov models [120, 121].

Many biophysical processes can be modeled as Brownian motion. Nevertheless, other
processes reveal the existence of anomalous Brownian motion, which is also called frac-
tional Brownian motion [122]. Such Brownian and derivative motions are widely observed
not only in biological systems but also in physical systems, such as dynamics of ultracold
atoms [123], quantum dots [124-126], nano-electrodes[127], heartbeat intervals [128], and
in our daily lives including fluctuations of climate [129] and economic markets [130]. In
biological systems, particularly in subcellular and cellular structures, the motion of proteins
or submicron tracers in living cells [131-134], telomere diffusion in the cell nucleus [50] and
diffusion in lipid membranes [135-138] have been characterized by fractional Brownian mo-
tions. However, the efficacy of such fractional Brownian motion to model the behavior of
clonal and colonial organisms such as reef-building corals has not been reported and remains
yet elusive.

Coral reefs, as keystone organisms, support rich and diverse ecosystems, and hold im-
mense ecological and economic value. Coral organisms live in symbiosis with photosynthetic
algae and complex assemblages of bacterial, archaeal and fungal communities [71]. The im-
pacts of anthropogenic activities influence the behavior, physiology and ecology of corals
through the global rise in sea-surface temperatures and ocean acidification [22]. Coral
colonies are fixed to the substrate but polyps display dynamic properties, including tempo-
ral motion and their substructures which may play an important role in overall coral health,
especially in relation to changing environmental conditions [139]. For example, some soft
corals, such as the family of Xeniidae, exhibit a unique, rhythmic pulsation, which func-
tions as enhancement of photosynthesis by modulating the water flow [82, 83|, while in
many species of scleractinian corals, the motions of polyps and tissue are more subtle or
even imperceptible [139]. The erratic behaviors may occur on coral polyps and colonies
due to abnormal environmental variables. Thus, understanding coral motions will help us

to better assess coral health in a proactive manner and understand coral physiology in a
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changing environment in terms of light conditions, temperature, pH and other environmen-
tal variables [39, 7577, 79, 80, 140]. To date, however, the motions of coral polyps remain
largely unexplored, and their characterization using appropriate models is in its infancy.
To evaluate the effect of environmental variables on coral motion, the fluidic platform is
necessary for study of coral motion in vivo at the microscale [141, 142].

To this end, we design a fluidic platform which allows us to observe the coral nubbin in
vivo in real time under the microscope so that the subtle in-plane waving motion of polyps
can be captured for analysis. We conduct multiple observations of coral nubbins under
different light conditions and temperatures to demonstrate how polyps adjust motions in
response to these conditions. We find that both light (wavelength) and temperature impact
polyp motions and modulate behaviors based on differences in correlation, phase synchro-
nization, and the Hurst index of stochastic motion processes. Moreover, we utilize the
generalized Langevin equation to model the polyps’ motion under different light conditions
and temperatures. This unique combination of studying coral behaviors and describing it
with mathematical models can boost our understanding of coral physiology, and promote the
simulation and prediction of coral behavior in response to a given environmental condition

in the future.
3.2 Experimental system

Figure 3.1(a) shows the schematic of our octagonal fluidic platform with a coral nubbin
in the chamber. Our fluidic platform manufactured through 3D printing is shown in the
inset with the tubing connectors attached. The full design is explained in Appendix B. It
is centered around a main chamber surrounded with eight valves and in/outflow channels
which can be opened or closed individually. The valves can control the flow of fluid. Therein,
in Figure 3.1(a), since the valves shaded in yellow are open, the flow direction of fluid is along
a straight path, shown in blue. The computational fluid dynamics simulation of this fluidic
platform is shown in Appendix B and Figure B.1. The velocity field shows the low impact
to the coral nubbin induced by the water flow. The experimental setup and procedure are
shown in Appendix B.

Figure 3.1(b) shows the coral nubbin under the microscope where the coral nubbin with
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Figure 3.1: Experimental observation of coral on the fluidic platform. (a) Schematic of our
octagonal fluidic platform with a coral nubbin in the chamber. Inset shows our octagonal
fluidic platform for experiment made by 3D printing with VeroClear resin. Valves control the
flow of fluid. (b) Coral nubbin observed under the microscope under normal light conditions
and 25°C. Polyps being analyzed in this case are labeled by numbers and color codes used
in subsequent figures. (c) Trajectory of polyps. (d) Azimuthal angles, 6, of different polyps
as a function of duration. (e) Probability density function of the azimuthal angles, 6, of
different polyps after being centered on zero. Colors in (c¢) and (d) correspond to the colors
of labels in (b).

several polyps can be observed. This picture is taken of the experimental setup under
normal light and 25°C. A time-lapse video with 300x playback, illustrating the polyps’
motions, is shown in Supplementary movie [143]. The polyps are moving vibrantly, with
motions including contraction, extension, and waving. Since we observe the motion right
above the coral nubbin, only the orthogonal projection of three-dimensional polyps’ motion
is recorded. Each polyp is simplified for analysis as a line segment connecting the tentacle

crown to the foot of the polyp so that the azimuthal angle can be calculated with respect
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to the horizontal direction. The tentacle crown and foot of the polyp are tracked using the
correlation-based algorithm [144]. The azimuthal angle 6 shown in the inset of Figure 3.1(b)
is found to be appropriate in describing the original motion. Therefore, the azimuthal angle
representing the in-plane waving motion of polyp is used for analysis and discussion below.

Figure 3.1(c) exhibits the trajectories of the tentacle crowns of the polyps in different
colors corresponding to the labels in Figure 3.1(b). Each of them covers a certain area
within the random pattern. Since we only study the in-plane waving motions of polyps,
we extract the information of azimuthal angle and show it in Figure 3.1(d). These motion
signals are all oscillating over time with several spikes at some time periods. Besides, these
signals do not exhibit certain trends indicating the polyps are randomly moving around their
central points. Therefore, as expected, the probability density functions (PDFs) of these
motion signals after centered to zero exhibit symmetric shapes as shown in Figure 3.1(e).

The PDF's indicate that most motions are around the central points.
3.3 DMotion correlation of polyps

Since there are several polyps on one coral nubbin, it is interesting and natural to study
the coordination of polyps’ motions if the whole coral nubbin is considered as a colony
of interconnected polyps. The motion correlation between polyp m and polyp n can be

calculated as below:
e -y -
VI O — 2 S (07 — 0m)2

where 7 and the upper bar denote the index number and the average of the temporal data.

(3.1)

As displayed in Figure 3.2(a), the positive correlation coefficient indicates the correlated
relation between two polyps while the negative one suggests the anti-correlated relation.
The correlated or anti-correlated relation indicates the synchrony of two polyps in terms of
moving direction. Besides, the correlation coefficient changes as a function of light condi-
tions. Compared with the polyps’ motions under normal light which is the control group,
the absolute values of correlation coefficient increases with increasing wavelength. This im-
plies that the in-plane waving motion trends of polyps on one coral nubbin (i.e., in very

close proximity) become more and more pronounced (whether correlated or anti-correlated)
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when the light shifts from blue light to red light. When the polyps are under normal light,
they generally show a stronger trend (correlation or anti-correlation) compared to single-
wavelength conditions. Specifically, the case under blue light has a significant difference
from the other cases in correlated motion (p = 0.0043).

We also study the effect of temperature on the correlation among polyps on the same
coral nubbin shown in Figure 3.2(b). The experimental groups (15°C and 30°C) have
slight changes in comparison with the control group (20°C), where the absolute values of
correlation coefficient become smaller with increasing temperature. But for both correlation
and anticorrelation, no significant difference was found according to p value. It indicates
stronger trends, more and more correlated or anti-correlated, of in-plane waving motions of
polyps at lower temperature.

Apart from the correlation, phase synchronization is another important feature to de-
scribe the synchrony between two motion signals. The phase denotes the angle correspond-
ing to the momentary deflection of an oscillation. Phase synchronization, as a nonlinear
measure, refers to the correlation of phase values between two in-plane waving motions of
polyp m and polyp n, which can be quantified to be phase locking value (PLV) calculated

as below:
N

1 i[om (£)—on (t(]
PLV,,, = |N;€[<p (&)=t (3.2)

where ¢, and ¢, are the phases of 6,, and 6,, which are obtained by Hilbert transform.
Figure 3.2(c) exhibits the PLV as a function of light condition. We notice that under blue
light, the PLV is smaller than others, suggesting that the phases of in-plane waving motion
of polyps are less synchronized than others, similar to the correlation shown in Figure 3.2(a).
This obvious trend is also verified by the p-value between blue light and other light condi-
tions (p = 0.0001, 0.0029 and 0.0358 for normal, green and red light). Temperature effects
on phase synchronization is displayed in Figure 3.2(d). As the temperature increases, the
PLV decreases similar to the correlation shown in Figure 3.2(b), indicating that in low
temperature the polyps’ motions have higher phase synchronization. But the temperature
effect is not pronounced.

In conclusion, the motions of polyps belonging to the same coral nubbin do not happen



32

=

B[ o)

o o o o
N N o [e ]
T T T T T
P>
T T T

=N =)
— —
1 T

Correlation coefficient
1)
o
T
T

|
©
S
—
T

_08 | 1 1 1 | 1 |
(c) normal blue green red (d) 15°C  25°C  30°C
1 T T T T T T T

o o
D [o0)
——

8

| |
T T
| L

©
'S
—T
I
T
I

—

Phase locking value
o
N
T

o

Figure 3.2: Analysis of correlation and phase synchronization. (a) Correlation coefficients
between polyps on the same coral nubbin under different light conditions (wavelength). Cor-
relations and anticorrelations are shown in orange and green, respectively. (b) Correlation
coefficients between polyps on the same coral nubbin under different temperatures. Corre-
lations and anticorrelations are shown in orange and green, respectively. (c¢) Phase-locking
value characterizing phase synchronization between polyps on the same coral nubbin under
different light conditions. (d) Phase-locking value characterizing phase synchronization be-
tween polyps on the same coral nubbin under different temperatures. Cross and triangle
symbols in (a)-(d) represent the outliers and mean, respectively.

in isolation. Instead, they are coordinated in some way. This shows the connection between
polyps provided by the connective tissue (coenosarc) extends to inter-polyp motion analyzed
by motion correlation and phase synchronization. As a result, the in-plane waving motions
of polyps on the same coral nubbin are rhythmically activated and inhibited, which can be

adjusted by light conditions and temperatures.
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3.4 Fractional Brownian motion and its power spectral densities

According to the observation of the polyp trajectories [Figure 3.1(c) and Figure 3.1(e)], the
in-plane waving motions of polyps are the Gaussian stochastic process whose covariance
function is defined as:

(01,0e,) = DT + 157 — [t — 1) (3-3)

where D is diffusion coefficient, ¢; and ty are two points in time, and H € (0, 1) is the Hurst
index. When H # 0, the process is the fractional Brownian motion and when H = 0.5 the
process is standard Brownian motion. This metric provides possibilities to characterize the
motion of polyps from the perspective of Brownian motion. First of all, we calculate the

power spectral density (PSD) of the single trajectory using the equation:
1, [T
PSD = —| / Oredt|? (3.4)
T Jo

where T' is the observation time. In total we obtain multiple (> 15) trajectories for the
experiments under each light and temperature condition.

As shown in Figure 3.3(a), the PSDs of individual trajectories under different light
conditions exhibit straight trends in the logarithm scale, suggesting the power-law relation
between frequency and PSD. Besides, the slopes of PSDs are within the certain ranges that
can be used to deduce the Hurst index according to the power-law relation between frequency
and PSD: PSD ~ f~(H+1L  However, since PSD is an ensemble-averaged property, our
available experimental datasets are small for such ensemble averages so that the calculated
Hurst index may not be accurate. In addition, simply fitting the straight line will give us
a deceptive result because in standard Brownian motion and fractional Brownian motion
when H > 0.5, they both own the PSDs that scales as f~2.

Therefore, the method calculating Hurst index by the zero frequency PSD is applied [50].

The PSD at zero frequency can be expressed as:
|
PSD(f =0) = =]| 0, dt| (3.5)
T Jo

which is simply the squared area under the motion signal 8; divided by T'. It is proven that

individual trajectory zero-frequency PSD is the gamma distribution with scale 2 and shape
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Figure 3.3: Power spectrum analysis of experimental data sets under different light con-
ditions. (a) PSD of representative in-plane waving motions represented by the azimuthal
angle, 0, under different light conditions. Dashed gray lines show the 1/ and 1/f142
trends for normal light, 1/f11° and 1/f12® trends for blue light, 1/f%4 and 1/f2 trends for
green light, and 1/ 7" and 1/ f? trends for red light. (b) PSDs evaluated at zero frequency
shown in dots for normal light, blue light, green light, and red light from left to right. Solid
lines show the fitted results. Both = and y axes are on the logarithmic scale. (c¢) Hurst
indices for cases under normal light, blue light, green light, and red light. Subdiffusion and
superdiffusion areas are shaded in green and orange, respectively.

parameter 1/2, where u is the ensemble-averaged zero-frequency PSD. u has the power-law
relation with observation time universally (for both subdiffusive and superdiffusive cases)

expressed by:
DT2H+1

H+1

Therefore, we can easily leverage this relation to calculate the reliable Hurst index. As

p(f =0) = (3.6)

shown in Figure 3.3(b), from left to right, the zero-frequency PSDs of § under normal light,
blue light, green light and red light are increasing as a function of observation time. We
notice that in the logarithm scale they have linear trends (dots) and then are fitted by
straight lines (solid lines), which agrees with the dots and coincides with the theory above.

Furthermore, the Hurst index for each case can be extracted shown in Figure 3.3(c).

From this graph, we notice that in most cases the Hurst index is less than 0.5 (area shaded



35

in green), indicating the in-plane waving motions of polyps are subdiffusive in fractional
Brownian motion. To entail a subdiffusive motion, the increments are negatively correlated,
such that it is most likely that after an increasing step a decreasing one will follow. It is
obvious in Figure 3.3(c) that the in-plane waving motions of polyps under the blue light
have the smallest Hurst index. With the increasing wavelength from blue light to red light,
the Hurst index is increasing close to 0.5, which implies that a decreasing step will be less
likely to follow an increasing step. Given the power-law relation between frequency and
PSD, the trends PSD ~ f~(#+1) haged on the calculated Hurst index from zero frequency
PSD are illustrated in Figure 3.3(a). The gray dashed lines in Figure 3.3(a) show the f~1:98
and f~'*2 trends for normal light, f~% and f~1?8 trends for blue light, f~'4 and f—2
trends for green light, and f~"""and f~2 trends for red light. It turns out that the estimated
PSD and the PSD of individual trajectory of polyp show the good agreement.

Similarly, the PSDs under different temperatures are shown in Figure 3.4(a). In the
logarithm-scale graphs, PSDs have the linear trends which agree with the power-law relation
between frequency and PSD. As shown in Figure 3.4(b), from left to right, the zero-frequency
PSDs as a function of time for 15°C, 25°C and 30°C have the linear trends (dots) with fitted
straight lines (solid lines). Therefore, we can extract the Hurst index from the slopes of
the straight lines. Figure 3.4(c) shows the Hurst index for 15°C, 25°C and 30°C, where the
control group (25°C) is in the subdiffusion region. We notice that under 15°C and 30°C
Hurst index is extremely variable, which spans from subdiffusion region to superdiffusion
region, suggesting uncertain diffusive mode in in-plane waving motion of polyps outside the
optimum thermal range. Likewise, the dashed gray lines in Figure 3.4(a) show the f~1-20
and f~2 trends for 15°C, f~1:08 and f~142 trends for 25°C, and f~1?® and f~? trends for
30°C, to indicate the agreement between the estimated PSD and the PSD of individual
trajectory of polyps.

It should be noted that under normal conditions (normal light and 25°C), the Hurst
index is around 0.2, which can be set to be baseline. Hurst index will deviate away from
this baseline in other conditions especially under the green and red light, higher and lower
temperatures. In some conditions, the diffusive type is extremely variable, switching from

subdiffusion to superdiffusion. We note in passing that the findings presented here are only
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Figure 3.4: Power spectrum analysis of experimental data sets under different temperatures.
(a) PSD of representative in-plane waving motions represented by the azimuthal angle, 6,
under different temperatures. Dashed gray lines show the 1/f%2% and 1/f? trends for
15°C, 1/ 19 and 1/f%4? trends for 25°C, and 1/f'?® and 1/f2? trends for 30°C. (b) PSDs
evaluated at zero frequency shown in dots for 15°C, 25°C and 30°C from left to right. Solid
lines show the fitted results. Both z and y axes are on the logarithmic scale. (c¢) Hurst
indices for cases at 15°C, 25°C and 30°C. Subdiffusion and superdiffusion areas are shaded
in green and orange, respectively.

relevant for Pocillopora acuta under the given experimental conditions, while the extension

to other reef-building corals in various conditions can be explored in the future.

3.5 Theoretical modeling via Langevin dynamics

According to the discussion above, the in-plane waving motions of polyps are fractional
Brownian motion that is affected by light conditions and temperatures. This stochastic

Brownian process can be modelled using generalized Langevin equation without conservative
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force term which can be expressed by:

_ / "K(t— n)i(r)dr + R() (3.7)
0

where K is the memory kernel function, and R(?) is the random noise term with zero mean,
satisfying the second fluctuation-dissipation theorem [145]: (R(t)R(t")) = kpTK(t —t'),
where kp denotes Boltzmann constant. Hence, the main focus is to model the memory
kernel function and the random noise term. Here we use the data-driven method to dis-
cover the parameterization of generalized Langevin equation [146, 147]. The generalized
Langevin equation becomes G(t) = — fo (t — 7)H(7)dr after 6(0)T is right-multiplied to
the generalized Langevin equation. Note that the correlation matrices G(t) = (66(0)T),
H(t) = (#0(0)T) and (R(t)d(0)") = 0 [148]. However, this equation may lead to an
unreliable solution due to the integral equation of the first kind [146]. We then obtain
G &) = K (& )fI (&) by conducting the Laplace transform, where the hat means the Laplace
transform of corresponding functions. The memory kernel function in the Markovian limit
K (00), also known as friction tensor, is estimated to compare in each experimental setup.

As shown in Figure 3.5(a), the K (co) calculated by:

R (00) = —Ci(o0) H (00) = —( /0 G /0 T H@dn ! (3.9)

is summarized for different light conditions. From Figure 3.5(a), generally, compared with
the case under normal light, other cases under blue light and green light have larger memory
kernel function on average. In experimental group, the memory kernel functions of most
cases are smaller under the red light than those under the other light conditions. Physically,
K (o) is a dissipation term and should be inversely proportional to motion correlation
(Figure 3.2) and Hurst index (Figure 3.3). The memory kernel function can also be estimated
by the rational function in different orders. The details on calculation of memory kernel
function are shown in Appendix B.

Once we determine the memory kernel function, the next step is to estimate the ran-
dom noise term. The non-Markovian nature of fractional Brownian motion makes the
computation and simulation difficult. Therefore, we define the auxiliary variable d(t) =

- fo (t — 7)0(7)dr + R(t). For simplicity, the demonstration of motion simulation is
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Figure 3.5: Model of the in-plane waving motion of coral polyps under different light con-
ditions. (a) Value of the memory-kernel function at the Markovian limit, K (00), of polyps
under normal, blue, green, and red light. (b) Parameter A for the exponential distribution
to model the white-noise term under normal, blue, green, and red light. (c) Fitted PDF
of the white-noise terms under different light conditions by using the average parameter .
(d) Simulated in-plane waving motions of five polyps under normal light and 25°C based
on the generalized Langevin equation. Hurst indices are shown below the simulated results.
Corresponding PDFs of simulated results are exhibited on the right panel. Cross and tri-
angle symbols in (a)(b) represent the outliers and mean, respectively.

based on the first-order approximation, where the auxiliary variable can be simplified as
d(t) = — [ A1ePr¢=0(r)dr + R(t), which can be further expressed in terms of coefficients
in first-order approximation A;, By and white noise W:

0=d

(3.9)
d=Bid— Af+W

The probability density function of W is characterized by a peak in small values and rapid
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decays to large values (Appendix B). Since direct fitting of distributions on the histogram
and a visual comparison with the assumed distribution are shown to be unreliable [149], we

use the maximum likelihood method to determine the optimal parameter for several distri-
2

bution candidates: (a) px(W) = ce MW (b) p, (W) = c|[W|™# and (c) p, (W) = Jﬁ?ei%

which are the exponential distribution, power law distribution, and normal distribution, re-

spectively. After determining the optimal parameter by the maximum likelihood method,
the Akaike information criterion and Bayesian information criterion are used to determine
the most appropriate function to model the white noise term [150]. It turns out that the
exponential distribution is the preferred model for the white noise term (Appendix B). Fig-
ure 3.5(b) exhibits the parameter A for the exponential distribution under different light
conditions. Compared with normal light, the parameters are larger under green light, which
results in clear differences in the exponential distribution using the average parameter A un-
der different light conditions [Figure 3.5(c)]. Likewise, the model of white noise of in-plane
waving motion of polyps under different temperatures is shown in Appendix B and clearly
demonstrates the distinction in different temperatures.

The next step is to simulate the in-plane waving motion of polyps under different light
conditions and temperatures based on the generalized Langevin dynamics. Here, Fig-
ure 3.5(d) shows the simulated results under normal light and 25°C spanning around 5.5
hours, which are clearly stochastic. The Hurst indices are shown below the curves with
typical subdiffusion nature, where the Hurst index is less than 0.5. To check the statistical
similarity between our simulated results and experimental results, the PDFs of correspond-
ing in-plane waving motions are exhibited on the right panel of Figure 3.5(d). The PDFs
with characteristic bell-shaped curves can be observed, which are consistent with the PDF

trends shown in Figure 3.5(d).
3.6 Conclusion and discussion

Here, we have tested the hypothesis that the motions of corals are affected by abiotic fac-
tors such as light and temperature in the context of environmental change. To test this
hypothesis, we designed a fluidic platform to observe the motions of coral at the scale of

single polyps experimentally. This allowed us to explore the in-plane waving motion through
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correlation and synchronization analysis, resulting in the correlated and phase-synchronized
motion of polyps on the same coral nubbin which is affected by light and temperature. In
addition, the in-plane waving motions of polyps are found to be the fractional Brownian
motion with Hurst index generally smaller than 0.5 by the power spectral density analysis.
Outside of optimal growth conditions (normal light and 25°C), the Hurst index becomes
highly variable (spanning between diffusive, subdiffusion and superdiffusion mode) with the
baseline index being around 0.2. Finally, the model of in-plane waving motion of polyps
is established for different light conditions and temperatures using the Langevin dynam-
ics, which statistically agrees well with experimental results. The memory kernel function
and noise term are calculated by data-driven method, in which the light conditions and
temperatures also play important roles.

Increasing temperature and decreasing wavelength can both be respectively associated
with global warming and sea-level rise, since it is well known that longer wavelengths (red
light) have only shallow penetration in the ocean compared to shorter wavelengths (blue
light). With global sea-level rise, corals face a shift in light composition to more blue light
which will probably weaken or even reverse the current in-plane waving motion trends of
polyps and potentially entire colonies in the future. Our research with scaled experimental
observations, numerical analysis and theoretical modeling, paves the way to studying the
motion of polyps, clonal and colonial organisms and boost our understanding of the impacts
of abiotic factors on the behavior of coral polyps and coral colonies as a whole. The modeling
of spatiotemporal dynamics of coral polyps may have promising applications in constructing
more realistic scenes in virtual reality and the prediction of coral behavior in response to

environmental change.
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Chapter 4

DATA-DRIVEN DISCOVERY OF SPATIOTEMPORAL COHERENT
PATTERNS IN PULSATING SOFT CORAL TENTACLE MOTION
WITH DYNAMIC MODE DECOMPOSITION

Tentacles on soft corals exhibit intriguing spatiotemporal dynamics of motions, which
may benefit their survival and fitness. Despite their significance, studies of their quantitative
properties still remain challenging and unexplored. Such motions are characterized by
coherent patterns across both space and time, yet computational methods that address
spatiotemporal dynamics are rare. Here, we introduce a data-driven method called dynamic
mode decomposition (DMD) to explore the spatiotemporal behavior of tentacles of Anthelia
glauca, where the motions of eight tentacles are captured by stereovision and object tracking
techniques. The DMD reveals the stochastic motions of the tentacles, which can be well
modeled as 1/ f-type motion. Additionally, the pulsation behaviors of our soft corals are
also captured by analyzing the DMD spectrum and the sliding-window DMD, where these
behaviors emerge as spatial DMD modes with increased power. Finally, the impact of
light conditions on the 1/ f-type motion and pulsation behaviors is explored, where certain
light conditions can manipulate the 1/ f-type motion and emergence of pulsation behaviors.
Our work, combining experimental observation and a data-driven method to characterize
spatiotemporal motions of coral tentacles, paves the way to exploring the complex behaviors

of individual organisms and colonies, and the effect from changing environmental variables.
4.1 Introduction

The spatiotemporal behaviors are ubiquitous across science and engineering, including fluid
dynamics, wave propagation, climate change, and animal movements. Various methods
have been proposed to model and predict the spatiotemporal behaviors in numerous sys-
tems. Therein, data-driven methods, such as deep neural networks and dimensionality

reduction methods, are currently being used to solve the fundamental problems including
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comprehending turbulent fluid dynamics and forecasting the global climate change [151—
153]. One of the most powerful dimensionality reduction methods used in recent years is
the dynamic mode decomposition (DMD) method because of its straightforwardness and in-
terpretability. Given the advantages of DMD and the relation between DMD and Koopman
spectral analysis, they are well suited to characterize various nonlinear physical and biologi-
cal systems. DMD first obtains popularity for its ability in the fluid dynamics community to
identify spatiotemporal coherent structures from high-dimensional data [154, 155]. Beyond
fluid dynamics, DMD has been successfully applied to robotics [156], neurology [157, 158],
and epidemiology [159]. However, DMD has not yet been used to characterize the animal
behaviors in biological systems.

Soft corals (Cnidaria: Octocorallia), similar to hard corals, harbor great diversity and
support significant biological activities in the ocean although they are facing a severe crisis
threatening their survival due to the anthropogenic activities and climate change [22]. They
both host endosymbiotic dinoflagellate algae and coral colonies. However, different from the
stony corals, soft corals lack calcium carbonate skeletons. Apart from differences in bio-
logical structures, there is a variety of distinctions from the perspective of spatiotemporal
dynamics of motion. For example, Montipora capricornis (stony coral) displays impercepti-
ble and subtle motions of tissues [139]. The polyps of Pocillopora acuta (stony coral) follow
the fractional Brownian motion that can be affected by the environmental conditions [160].

In comparison, although rarely quantitatively studied, tentacle motions are usually stud-
ied in soft corals. Tentacles of soft corals often serve to capture food and particles in the
water where the tentacles wave around and are intermittently wiped across the mouth, and
as probes to locate and kill rivals [42-48]. In addition, pulsating soft corals, one type of
the soft corals, are found to have perpetual pulsation by tentacles and hence affect the
surrounding fluid flow and photosynthesis of the symbionts [82, 83, 161]. The tentacles of
pulsating soft corals exhibit rich dynamics of motion yet there is a lack of computational
tools to characterize them. Additionally, most of the aforementioned studies about soft
coral tentacle behaviors lack consideration of variable light wavelength exposure. There is
also a lack of prior quantitative studies that can reveal the underlying physics. In the field

of coral research in general, quantitative and physical characterization of tentacle behaviors
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will also help with the in-depth understanding of pulsating soft corals.

Therefore, the assistance from DMD is necessary and intriguing to explore, as it may
also broaden the application of DMD and advance our understanding to pulsating soft coral
behaviors in response to environmental variables. Moreover, distinct from the commonly
studied pulsating Xenia coral, some pulsating soft corals may have subtle pulsation due to
environmental conditions and inherent biological structures, which poses the challenge to
identify and visualize the pulsation mode. Since DMD can provide not only dimensionality
reduction in terms of a reduced set of modes, but also a model for how these modes change
over time, it can help with mode identification and visualization.

Here, we investigate the tentacle motions of a pulsating soft coral, Anthelia glauca.
The three-dimensional motions of the eight tentacles, which display a stochastic nature,
are extracted by stereovision techniques [144]. We then use DMD to discover and analyze
the dynamic modes with oscillations at frequencies with growth/decay rate involved in
tentacle motions. The DMD spectrum and sliding-window DMD are introduced, where
we discover the 1/f-type motion of pulsating soft coral tentacles and the spatial DMD
modes with increased power in a specific frequency range. Furthermore, we visualize the
exemplar DMD mode with increased power, which is confirmed to represent the pulsation
behavior of our pulsating soft corals. For each tentacle, the elliptical motion with certain
polarization is displayed, where correlation analysis among tentacles further indicates the
collective pulsation motion of our soft coral. In addition, we investigate the emergence and
frequency variation of pulsation under the effects of different light conditions. Our research,
combining experimental observation techniques and a data-driven method, offers physical
insights into the motions of pulsating soft coral tentacles, which will boost our understanding
of pulsating soft coral behaviors and physiology. Also, this work will contribute to expanding
the use of DMD to individual organisms and, potentially, their combined motion within

colonies such as those formed by pulsating soft corals and their reef-building cousins.
4.2 Experimental system

To study the motion of tentacles, we chose Anthelia glauca in the family of Xeniidae, a

pulsating soft coral with eight long tentacles on the tubular polyps, to ensure the noticeable
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motion of tentacles, although Anthelia glauca does not pulse as much as pulsating Xenia
coral does in the wild and in captivity. The coral was reared in an aquarium under adequate
control of environmental conditions including light, temperature and water quality. The de-
tailed aquarium parameters are shown in Appendix C. Before initiating the experiment,
the aquarium pump was paused to minimize the effect of water flow on tentacle motions.
As shown in the schematic in Figure 4.1, stereovision with two synchronized cameras was
used to take images of one of the polyps of Anthelia glauca to obtain motion informa-
tion in three-dimensional space so that the position of each tentacle and the polyp mouth
can be identified. Images were taken every 10 seconds for 11 hours. The full time-lapse
video created from the images by the two cameras is shown in Supplementary movie (x300
speed) [162]. To simplify the problem, in this study, we focus on one polyp and only track
the tips of eight tentacles instead of depicting the motions of the entire colony. To avoid
the impact from polyp motion, we consider the relative tentacle motion with regard to the
polyp mouth. The detailed experimental procedures and tracking techniques are described
in Appendix C.

The trajectories of eight tentacles are illustrated in Figure 4.1. All eight trajectories in
three-dimensional space are stochastic and form random areas. The tentacles occasionally
wander from the center of the trajectories but usually return rapidly. Some tentacles have
strong motion preference along a specific direction. For example, tentacles #2, #3 and #4
exhibit a waving motion along the horizontal direction rather than vertical. Nevertheless,

the featured pulsation behavior cannot be directly observed from these trajectories.

4.3 DMD spectrum and 1/f-type motion

Since the motion of tentacles is a typical spatiotemporal behavior of pulsating soft corals,
identifying these spatiotemporal patterns enables the reduction of complex measurements
through projection onto coherent structures, where it may be tractable to build dynamical
models and apply machine learning tools for pattern analysis. We introduce DMD as a
novel and effective approach to exploring spatiotemporal patterns in pulsating soft coral
tentacle motions, which combines two major advantages of current data analysis tools:

power spectral analysis in time and principal components analysis in space. After collecting
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Figure 4.1: The reconstruction error as a function of number of stacks. The error decreases
as the number of stacks increases. 300 stacks are chosen in our study indicated by blue
dashed line.

the measurements (positions of tentacle tips), we constructed two n x (m — 1) matrices,
where n is the number of tentacles multiplied by the degrees of freedom (n = 24 in our

study) and m is the number of snapshots over time (11 h with 10 s time intervals):

X = r1T T2 ... Im-—1 ¢ T2 T3 ... Im (4-1)
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These two matrices can be related by a best-fit linear operator A that minimizes the Frobe-

nius norm error || X' — AX||r given by
X' =AX = A=X'X1 (4.2)

where XT is the pseudoinverse of data matrix X. Usually n > m for many systems, so,
instead of obtaining A directly, we seek the eigendecomposition of A. After the decom-
position of X using singular value decomposition and the rank-r truncation selection, the
matrix representation A, formed by projecting A onto the r dominant modes can be written
as

A, =U X'V 21 (4.3)

where U,, Y, and V, are the left unitary matrix, diagonal matrix with singular values,
and right unitary matrix, respectively. The eigendecomposition of A, results in the DMD
eigenvalue A and eigenvector W, which further derives the corresponding DMD mode ¢
being the column of ® = X'V, X 1W.

On the contrary, here, n < m in data matrix X, with n = 24, resulting in a small
number of eigenvalues that cannot fully capture the dynamics of the system [157, 163].
Therefore, the augmented data matrix X,y by the time-delay embedding with h stacks is

shown as follows:

| |
T To T—h
o |
o |
Xaug = |29 @3 ... Tm—h+1 (4.4)
o |
o |
Th Thai Tm—1
I |

The Xc’mg can be induced similarly. The DMD with the time-delay embedding aims to
provide extra observables to realize the Koopman operator to accurately capture and predict

the dynamics, but there is no guarantee that the resultant models are closed under the
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Koopman operator. Note the DMD modes are stacks of h repeats because of the shift-
stacking data matrix.

Here, we choose 300 stacks to obtain the augmented data matrix to minimize the DMD
%, where X is the reconstructed data matrix that
will be detailed in Section 4.4, and || - || ¢ is the Frobenious norm (Figure 4.2). Note that the

reconstruction error expressed as

DMD reconstruction error resulting from X and X', is different from the 3D reconstruction
error in stereovision that refers to the difference between the estimated and true 3D coor-
dinates. Sufficient eigenvalues are thus obtained to capture the dynamics of the system.
Each DMD mode ¢ corresponds to an eigenvalue A. The temporal dynamics, referring to
growth/decay and the frequency of oscillation of each DMD mode ¢, are reflected by the
magnitude and phase of eigenvalue A, respectively. In this case, because the raw data is

strictly real, the decomposition yields complex conjugate pairs of eigenvalues and modes.

0.8

Error

P R B P N B
0 100 200 300 400 500

Number of stacks

Figure 4.2: The reconstruction error as a function of number of stacks. The error decreases
as the number of stacks increases. 300 stacks are chosen in our study indicated by blue
dashed line.

As shown in Figure 4.3(a), the eigenvalues are visualized on a unit circle in the complex

plane, where most are near the unit circle, suggesting most modes are oscillating with certain
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frequencies. A few eigenvalues are inside the unit circle, indicating the decay modes. The
relation between the real parts of the logarithm eigenvalues and frequencies defined as
f= \%] where w = % is described in Figure 4.3(b). Most real parts of the logarithm
eigenvalues are slightly smaller than zero, coinciding with the observation that eigenvalues
are on the unit circle in Figure 4.3(a), which indicates modes with low decaying rates. The
mode amplitude defined as P = ||¢||3 is encoded by color in both Figures 4.3(a) and 4.3(b).
They both show that the modes near the zero frequency have the largest mode amplitude

that declines as the frequency increases. Interestingly, another area with comparatively large

amplitude near 0.008 Hz is also present, which will be discussed in the following paragraph.
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Figure 4.3: DMD eigenvalues analysis and spectrum. (a) Eigenvalues A are visualized as
complex values on the complex plane with a unit circle. (b) The relation between the real
part of In A and frequency is displayed. The vertical black dashed line indicates that the
real part of In A is zero. The color in (a) and (b), which is logarithm scaled, represents the
corresponding mode amplitude. (c¢) The mode amplitude varies as a function of frequency.
The purple dots and orange dots show the modes with magnitudes within the 1/f¢ fit and
larger than 0.8 standard deviations of the 1/f¢ fit. The green solid line is the fitted result
using the robust regression in the form of 1/f.

Figure 4.3(c) gives the DMD spectrum in the logarithm-scaled graph, which displays
similarities to the power spectrum. However, the power spectrum is calculated for motion
of a certain tentacle along each direction independently whereas the DMD spectrum provides
specific spatial modes across all tentacles. The DMD spectrum is composed of a nearly linear

area and a peak area in the logarithm-scaled graph. The linear relation in the logarithm-
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scaled graph suggests a power-law relation between mode amplitude (P) and frequency (f)
with P ~ 1/f%. In this case, by using a robust linear regression to identify the outliers
and peak area with comparatively large amplitude, and using reduced major axis regression
to fit the DMD spectrum to obtain the reliable a, the 1/f-type motion is revealed where
a = 0.7028 [164]. In general, we refer colloquially to 1/f noise, whenever the process is
modeled by 1/f% noise, where 0 < o < 3. 1/f noise has been prevalent in biological
systems such as brain science [157, 165, 166] and diffusion processes [29, 167]. In addition,
the notable Brownian motion as well as their derived fractional Brownian motion are 1/f
noise with 1 < a < 3.

Apart from the power-law relation marked in purple dots, the modes with increased
power are illustrated as orange dots in Figure 4.3(c). Note that the criteria for the detection
of the modes with comparatively large amplitudes is when their power amplitudes exceed
0.8x standard deviations of the 1/f¢ fit. The frequency of this peak area is around 0.008 Hz,
near which the pulsating soft coral tentacles have relatively strong oscillating motion.

Similar to the idea of a spectrogram in Fourier analysis, we introduce sliding-window
DMD to analyze the DMD spectrum variation over time. Here, the width of the sliding
window is chosen to be 720 (120 min), as shown by the brackets in Figure 4.4(a). The raw
data of tentacle position in the three-dimensional Cartesian coordinate system (z, y, z) is
also shown in Figure 4.4(a). Figure 4.4(b) displays three examples of a DMD spectrum of
the windowed data. We notice that these spectra still preserve features of linear relation
and peak area in the logarithm-scaled graph, implying that the 1/f relation and modes
with increased power near 0.008 Hz hold for these periods of tentacle motion. To see
whether these features always exist in tentacle motions, we slide the window with a certain
translation (5 min) and align these calculated DMD spectra to form a map similar to the
spectrogram, where we can obtain the information in both time and frequency with adequate
resolution, as shown in Figure 4.4(c). The logarithm-scaled mode amplitude is encoded by
the color. The visible trend is characterized by the mode amplitude being highest near zero
frequency and decreasing as the frequency increases. Moreover, we observe the presence of
spatial DMD modes with increased power in tentacle motion despite variation in a certain

frequency range enclosed by black dashed lines (0.005 ~ 0.012 Hz). The maps formed by
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Figure 4.4: Sliding-window DMD. (a) The raw motion signals of eight tentacles in terms
of the z, y and z coordinates are shown from top to bottom in different colors. (b) The
DMD spectra of the corresponding segments of motion signals are shown from left to right.
(c) The map formed by sliding-window DMD with the width = 120 min and translation
= 5 min is shown. The arrows, from top to bottom, indicate the raw motion signals used
to calculate the spectrum and indicate how the spectrum is oriented, respectively. The
logarithm-scaled mode amplitude is encoded by the color.

sliding-window DMD in replicate experiments and under different light conditions show

similarities and differences, as displayed in Figure 4.5.
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Figure 4.5: Sliding-window DMD of replicate experiments under different light conditions.
From top to bottom, three panels in each row represent the maps formed by sliding-window
DMD of three replicate experiments under lab, blue, green and red light conditions. The
black dashed lines indicate the frequencies of 0.005 Hz and 0.012 Hz.

4.4 Characterization of dynamic coherent patterns

Since the tentacle motion always has DMD modes with increased power, it is natural to
extract the spatial mode and examine the motion pattern. The mode with the largest
amplitude between 0.005 and 0.012 Hz is chosen as the exemplar mode. Figures 4.6(a)
and 4.6(b) exhibit the magnitude and phase of spatial DMD modes of eight tentacles marked
counterclockwise by the sequence number, respectively. Specifically, the absolute values of
displacements along the z, y, and z directions of the eight tentacles are shown from left
to right in Figure 4.6(a). The waving motions along the x direction are distinct between
tentacles but tentacles #1, #2, #3 and #4 have relatively large displacements compared

with the others. This phenomenon is also reflected by the trajectories of eight tentacles in



93

Figure 4.1, where tentacles #1, #2, #3, and #4 have larger waving motions along the z
direction than the other tentacles. The corresponding phases of displacement along the z
direction are exhibited in the first panel of Figure 4.6(b), where the phases of tentacles #1,
#2, #3, and #4 are significantly greater than zero while others are close to or smaller than
zero, implying that tentacles #1, #2, #3, and #4 approach and leave the others along the
x direction rhythmically.

Likewise, the absolute values and phases of displacements along the y and z directions in
the second and third panels of Figures 4.6(a) and 4.6(b) can be interpreted. Displacements
along the y and z directions are generally smaller than those along the z direction, indicating
that the waving motion along the x direction is dominant. Displacements vary between
tentacles and the largest displacements along the y and z directions are on tentacles #4 and
#5, respectively. In contrast with tentacle displacement along the x direction, we notice
that displacements along the y axis are in phase due to the consistent negative phases [the
second panel in Figure 4.6(b)], suggesting consistent tentacle motions towards the center
of the tentacle crown. The displacements along the z axis, which represents the vertical
waving motion, have the phase difference [the third panel in Figure 4.6(b)]. The phases
of tentacles #7 and #8 are close to or smaller than zero while the others are significantly
greater than zero, suggesting that tentacles #1 ~ #6 approach and leave the others along
the z direction rhythmically.

Overall, this DMD mode is dominated by the displacement along the x direction and
the displacement of tentacles #1 ~ #5. Therefore, combined with the phase differences of
the tentacles, we conclude that this spatial DMD mode represents the pulsation behavior of
our pulsating soft coral. However, compared with the pulsation behaviors of the commonly
studied Xeniid corals, Xenia and Heteroxenia fuscescens, where each tentacle moves close to
the center almost synchronously with certain displacement resulting in the nearly symmetric
pulsation process [82, 83|, Anthelia glauca pulsates by moving its tentacles with different
displacements and different phases leading to an asymmetric pulsation process. Specifically,
the tentacles #1 ~ #5 have larger displacements while others have smaller displacement.
Taking advantage of the phase difference along the x and z directions, tentacles approach

and leave each other rhythmically. This pulsation behavior could have implications related
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Figure 4.6: The DMD modes of eight tentacles. (a) The magnitudes of DMD modes rep-
resenting displacements along the x, y, and z directions are shown from left to right. The
sequence of the tentacles is marked counterclockwise in the first panel. (b) The phases of
DMD modes representing displacements along the x, y, and z directions are shown from
left to right. (c) The reconstruction using the DMD mode shown in (a) and (b) illustrates
the elliptical motions of tentacles with different angular velocities. The elliptical motions of
tentacles #2, #3, and #7 with arrows indicating the moving directions are shown from left
to right. (d) The correlation coefficients are calculated by the distances between each ten-
tacle tip and central position of the tentacle crown. (e) The snapshots of pulsation motion
when tentacles approach each other and when they are away from each other are shown
from top to bottom, respectively. The sequence of the tentacles is marked counterclockwise.

to feeding, survival, and fitness of the colony, as it is known that the functions of pulsating
soft coral tentacles may enhance photosynthesis and prey capture [43, 82]. However, the

specific biological functions of tentacle pulsation in different soft corals still need further
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exploration.
To further examine this specific DMD mode, next, we reconstructed the spatiotemporal
motions of coral tentacles by only using the mode characterized above ®, mathematically

expressed as follows:

X =oA"'Z (4.5)

where the diagonal entries of A contain DMD eigenvalues and Z = ®\z; (backslash to
solve the linear system with MATLAB notation). x7 is the initial position of the tentacles.
Figure 4.6(c) shows the 2 min trajectories of tentacles #2, #3, and #7 with the arrows
indicating the direction of movement. The reconstruction of trajectories of eight tentacles
with 200 time slots (around 33 min) is shown in Figure 4.7. In general, the trajectories are
ellipses that have polarizations along certain directions and the directions of the angular
velocity of each tentacle are different. Since the eight tentacles are on the same tubular
polyp, it is necessary to explore the pulsation relations among them.

We chose the distance between each tentacle tip and the central position of the tentacle
crown from the reconstructed data to study the pulsation relation. When the tentacles
approach each other, the distances will become smaller and vice versa. To show the pulsation
relation, we calculate the correlation coefficient between the distance from tentacle m to

the center and the distance from tentacle n to the center as follows:

Sy — Ay — ).
VI — P - )

where t and the upper bar denote the time and the average of the temporal data. The pos-

(4.6)

mn

itive correlation coefficient suggests that tentacles move towards or away from the center
in synchrony, while the negative one indicates the opposite scenario, dyssynchronous move-
ment. As shown in Figure 4.6(d), most correlation coefficients are positive, indicating the
collective pulsation motion. Tentacles #1 and #2 have negative correlation coefficients with
tentacles #7 and #8. However, according to the Figure 4.7, the displacements of tentacles
#7 and #8 are quite small and thus have a small effect on the collective pulsation. The
correlation analysis further confirms that this spatial DMD mode represents the pulsation

behaviors by each tentacle collectively moving to or leaving from the center.
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Figure 4.7: The reconstruction of trajectories of coral tentacles using the DMD spatial
mode with increased power. The DMD spatial mode with the largest power is chosen as the
exemplar spatial mode among the DMD spatial modes with increased power. The number
of data points is 200 (around 33 min).

Figure 4.6(e) shows two snapshots when eight tentacles approach each other (the first
panel) and when eight tentacles are away from each other (the second panel). By comparing
two snapshots, tentacles #1 ~ #4 have significant motion that coincides with our analysis
above. In addition, these motions are dominant along the = direction, where the obvious
closing and opening of the tentacle crown can be observed. As shown in the schematic in
Supplementary movie (x300 speed) [162], the periodic closing and opening of the tentacles
results from the reciprocating elliptical motion of each tentacle. The sizes of elliptical
trajectories become smaller gradually because of this decaying mode (the absolute value
of the eigenvalue of this mode is smaller than 1). In reality, the pulsation behavior is
accompanied with our soft coral, resulting in the stable oscillating mode where the absolute
value of the eigenvalue should be 1. This may result from the error of this numerical

reconstruction.
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A series of snapshots over time illustrating the closing and opening process of the tentacle
crown are shown in Figure 4.8. The tentacle motion described here could be leveraged to
further study fluid dynamics in soft coral colonies in relation to enhance photosynthesis of
the symbiotic algae and prevent refiltration of surrounding water by neighboring polyps [82,
83, 161]. Note that the extracted pulsation motion of our soft coral is not as obvious and
powerful as that of the widely studied pulsating Xenia coral, which coincides with the
characteristics of Anthelia glauca. In addition, from this study, DMD demonstrates the

capability of extracting the weak pulsation modes from 1/f noise.
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Figure 4.8: The pulsation motion reconstructed using the DMD spatial mode with increased
power. The snapshots of the whole process of pulsation motion from 0 s to 140 s. The slight
open and closure of tentacles can be seen.

4.5 Effect of light conditions

So far, we have focused the analysis on the pulsating soft coral under the light conditions
in our laboratory. However, environmental variables, such as the wavelength of light, are

known to have impacts on coral behaviors [39, 80, 139, 160]. Therefore, it is interesting
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to investigate whether different wavelengths of light can affect pulsation behaviors. Fig-
ure 4.9(a) shows the DMD spectra obtained under the laboratory, blue, green, and red light
conditions from top to bottom, respectively. The linear trend in the logarithm-scaled graph
and the area with increased power still exist when the light condition changes to light in
other colors. Note that regression and mode detection are the same here as above; however,
some differences can be observed such as the slope, frequency range, and the number of
modes with pulsation. To investigate the effect of variation in the color of light, each light

treatment experiment was replicated three times while keeping other conditions the same.
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Figure 4.9: The effect of light conditions on the DMD modes. (a) The DMD spectra
under different light wavelengths are shown from top to bottom. The light in different
colors in each graph represent modes with magnitudes within 1/f¢ fit, while the dark colors
represent those exceeding the criteria of 1/f fit. (b) The power a under different light
wavelengths. (¢) The frequencies of the spatial DMD modes with pulsation under different
light wavelengths. (d) The ratio of the number of spatial DMD modes with pulsation under

different light wavelengths. The blue triangles represent the mean of the data in (b), (c),
and (d).
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Figure 4.9(b) shows the power a as a function of light wavelength. « slightly increases
with increasing wavelength on average, suggesting that the low-frequency modes have more
power when the light condition shifts to red light. But no significant difference is found
according to the p value. The frequency ranges of DMD pulsation modes under different light
conditions are shown in Figure 4.9(c), where no significant differences are visible according
to the p value. Hence, the wavelength of light does not appear to have a major impact on the
frequency range of the pulsation behaviors. In addition, the number of modes with pulsation
detected using our criteria is normalized by the total number of modes, which is visualized
in Figure 4.9(d) as the ratio. As the wavelength increases from blue to red, the ratio
declines on average. Specifically, when the light condition shifts to red, the number of DMD
pulsation modes drops significantly to almost zero, indicating the submergence of these
DMD pulsation modes into the 1/ f noise. Under the red light, the number of DMD pulsation
modes is significantly different from that in the other light conditions tested (p < 0.05).
Moreover, this trend can be observed from the map formed by the sliding-window DMD
shown in Figure 4.5, where the corresponding modes nearly disappear as the light shifts
to red. This indicates dormant pulsation behavior under red light conditions. Here is
one possible interpretation of this result. Anthelia glauca is found to live deeper than many
other soft corals, so the red light is difficult to reach and photosynthesis is limited [168]. The
pulsation motion is able to capture food particles in the water or obtain dissolved matter
from the surrounding water as a source of energy [42—44]. When there exists sufficient red
light, there is probably little need for pulsation motion to catch prey, which will submerge

into the 1/ f-type motion, resulting in the increasing low-frequency modes (increasing «).
4.6 Conclusion and discussion

In our study, stereovision is used to capture the motion of the eight tentacles forming the
crown of one polyp of the pulsating soft coral, Anthelia glauca. The stochastic motion
is revealed taking advantage of the use of synchronized dual cameras. Dynamic mode
decomposition, a data-driven method, is used to analyze the growth/decay and oscillation
involved in this process. Therein, the 1/ f-type motion is identified in the tentacle motion,

which is common in biological systems. Furthermore, the DMD spatial modes with increased
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power constantly appearing in tentacle motion are captured in the DMD spectrum. We also
visualize these spatial modes in terms of magnitude and phase, along with the correlation
analysis among elliptical motions of tentacles, to confirm that these spatial modes represent
the pulsation behaviors of soft corals of the Xeniidae family. Moreover, we find clear evidence
that the wavelength of light has impacts on the 1/f-type motion and the emergence of
pulsation behaviors. Specifically, the red light plays an important role in manipulating the
pulsation behaviors, which shares the similar phenomenon with the polyps of Pocillopora
acuta (stony coral) under the impact of red light [160].

Anthelia glauca pulses far less than Xenia corals do, in addition to the emergence of the
pulsation behaviors in the 1/f-type motion in our study, which results in the difficulty in
observing pulsation directly from the field and aquarium. However, our data-driven method
successfully extracts the pulsation mode, demonstrating the ability of DMD. Note that our
experiment is conducted without the seawater flow, which opens up the following application
of DMD on the more practical scenario with the seawater flow in the field or aquarium.
Additionally, every individual tentacle has a special mode and behaves differently, which
inspires the further exploration of biological neuron structures in pulsating soft corals. In the
same phylum of cnidarians owning the diffuse nervous system that coordinates behaviors,
sea anemones can be a good example to guide a similar study in tentacles motion [169].

Our proposed data-driven method, DMD, can be a powerful tool for the analysis, under-
standing, and extraction of the attractive behaviors of pulsating soft corals. Our study also
broadens the applications of DMD, which is applied to the field of coral behaviors. In the fu-
ture study, the DMD method could be expanded beyond the motion analysis by correlating

spatiotemporal behaviors of animals with the corresponding spatiotemporal observable.
4.7 Author contribution

This chapter is adopted from Shuaifeng Li, Liza M. Roger, Judith Klein-Seetharaman,
Lenore J. Cowen, Nastassja A. Lewinski, and Jinkyu Yang, Data-driven discovery of spa-
tiotemporal coherent patterns in pulsating soft coral tentacle motion with dynamic mode
decomposition, Physical Review Research, 5, 013175, 2023.

S. Li and J. Yang proposed the research; S. Li conducted the experiments; S. Li per-



61

formed the data analysis and modeling; J. Yang provided guidance throughout the research;
S. Li and J. Yang prepared the manuscript; L. M. Roger, J. Klein, L. J. Cowen, N. A. Lewin-

ski and J. Yang provided guidance during manuscript preparation and development.



62

Chapter 5

ELASTIC CHIRAL LANDAU LEVEL AND SNAKE STATES IN
ORIGAMI METAMATERIALS

The behavior of electrons under strong magnetic fields has long been of great interest
to researchers. Recently, it has been demonstrated that a pseudomagnetic field induced by
a synthetic gauge field can mimic the effects of a genuine magnetic field, even in phononic
systems that are typically insensitive to magnetic fields. In this study, we present a method
for generating a synthetic gauge field in origami metamaterials with continuously varying
geometrical parameters. By modulating the mass term in the Dirac equation linearly, we
create a synthetic gauge field in the vertical direction, which allows for the quantization of
Landau levels through the generated pseudomagnetic field. Furthermore, we demonstrate
the existence and robustness of the chiral zeroth Landau level. The unique elastic snake
state is realized using the coupling between the zeroth and the first Landau levels. Our
results, supported by theory and simulations, establish a feasible framework for generating
pseudomagnetic fields in origami metamaterials, which may enable the manipulation of
elastic waves in conceptually innovative ways with potential applications in waveguides and

cloaking.

5.1 Introduction

The physical realization of the synthetic gauge field A has been an engaging field of con-
densed matter physics research as it provides an additional degree of freedom for modulating
waves [170-176]. The resulting pseudomagnetic fields B = V x A captivate researchers’ at-
tention due to their ability to induce a nontrivial band topology. Specifically, in phononic
systems, the inertness of the elastic waves to the genuine magnetic field makes the realiza-
tion of pseudomagnetic fields especially demanding for inducing intriguing phenomena such
as Landau quantization and artificial Lorentz forces.

In previous studies, the deformation of the artificial elastic periodic structures has been
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used to shift the Dirac cone in the k;-k, momentum space, creating the synthetic gauge
field in the z-y plane and a corresponding pseudomagnetic field perpendicular to the z-y
plane [177-179]. In addition, the variation of geometrical parameters of the structure with
gradient can modulate the position of the Dirac cone in the k;-k, momentum space, which of-
fers a simple and practical way to realize the pseudomagnetic fields [180-182]. The resulting
pseudomagnetic field facilitates the observation of various magnetic-field-related phenom-
ena in phononic systems such as Landau plateaus and quantum-Hall-like edge states [177,
179-182]. Nevertheless, there is a lack of the exploration of out-of-plane synthetic gauge
field (in-plane pseudomagnetic field), which may result in the distinctive form of Landau
quantization. Furthermore, an intriguing transport phenomenon, namely a snake state, has
been realized in the on-chip structures with the opposite pseudomagnetic field, but achiev-
ing opposite pseudomagnetic field needs the sophisticated design and fabrication [182]. A
better strategy is still in its infancy and worth exploration.

Origami, an ancient art of paper folding, has recently attracted the attention of the
physics and engineering communities due to its remarkable potential for various applica-
tions. Origami metamaterials, which are composed of origami elements with intricate fold-
ing techniques, offer unique kinematic motions, functionalities, and mechanical properties
that are not found in traditional materials [30, 183, 184]. These properties make origami
metamaterials ideal for use in diverse applications, such as aerospace ones [185], architected
materials [186, 187], and biomedical devices [188-190]. In addition to static and quasi-static
mechanical properties, origami metamaterials also possess rich dynamics that can be uti-
lized to develop prospective devices for impact mitigation and vibration control, revealing
the potentials in revolutionizing these fields [28, 64, 191, 192]. Furthermore, the folding
patterns and geometric properties of origami metamaterials have shown significant poten-
tial in condensed matter physics, particularly in the study of topological states [192—-194].
The unique mechanical properties of origami metamaterials, coupled with their ability to
be easily adjusted through initial configurations and crease pattern engineering, make them
the ideal platforms to produce synthetic gauge fields, and thereby generate pseudomagnetic
fields, where the gradient of system properties is the key ingredient (geometry gradient,

modulus gradient, etc.). This opens up intriguing possibilities for exploration in origami
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metamaterials, which have yet to be investigated.

In our work, we introduce an origami metamaterial composed of Kresling origamis ar-
ranged in a honeycomb lattice bearing a gradient in geometrical parameters, as explained
below. By appropriately designing the height of the origami, we generate a synthetic gauge
field along the vertical direction through a linear variation of the Dirac effective mass, lead-
ing to the formation of a pseudomagnetic field. With the application of this pseudomagnetic
field, we observe the quantization of Landau levels, where the robustness of the zeroth Lan-
dau level is confirmed by the weak backscattering of chiral elastic wave propagation against
obstacles. Furthermore, we use the coupling between the zeroth and first Landau levels to
demonstrate the elastic snake state, where the wavy propagation trajectory of elastic waves
enables the bypassing of obstacles. Our work, supported by the excellent agreement of nu-
merical calculations and theoretical analysis, provides a promising path towards achieving
chiral Landau levels in origami metamaterials, with potential applications in origami-based

architectures for the sophisticated manipulation of elastic waves.
5.2 Design of origami metamaterials

As shown by the top view in Figure 5.1(a), we design our origami metamaterials by coupling
Kresling origamis in the honeycomb lattice using reversed torsional springs k.. The intro-
duction of k. can induce opposite torque in the connected units [195, 196]. The bottom
plates are pinned to the ground. The primary unit cell is chosen to be a rhombus en-
closed by the black dashed line with basic vector a; = (v/3a,0) and ag = (@a, 3a), where
a = 100 mm is the side length of the honeycomb. Figure 5.1(b) displays the side view of
the unit cell. The design parameters and mechanical parameters are shown in Appendix D.
Therein, the initial heights are denoted as h; and ho, while the initial rotation angles are
kept the same as 6y = 70°. Here, the initial rotation angle 6y indicates the initial angle
difference between bottom plate and top plate after fabrication. Each origami has three
degrees of freedom: axial displacement of the top plate u;, rotational displacements of the
top plate ¢; and bottom plate 6,. Note that here rotational displacement of the bottom

plate 8 should not be confused with the initial rotation angle in the origami configuration

0.
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Figure 5.1: Design of the origami metamaterials. (a) The top view of the origami meta-
materials with the Kresling origamis arranged in the honeycomb lattice. The origamis are
connected by the reverse torsional spring. a; and as denote two basis vectors of the unit
cell enclosed by the black dashed line. (b) The side view of the unit cell composed of two
origamis with initial heights h; and hy and initial rotaional angle 8y = 70°. Each origami
has three degrees of freedom w, ¢y and 6, with the bottom disk pinned to the ground. (c)
The band structure calculated from the linearized truss model of origami. The Dirac cone
emerges in six corners of the Brillouin zone, which is marked as red line.

When the heights of two origamis are the same (h; = hy = 20 mm), the spatial in-
version symmetry is preserved. As shown in Figure 5.1(c), the associated band structure
featuring six bands is calculated using the linearlized truss model of Kresling origami (see
Appendix D) [192, 194, 197]. Using the discrete model of the origami structure, we pur-
sue the effective wave motion in the finite wavenumber and finite frequency, and analyze
origami behaviors near spectral singularities (Dirac cone). The lowest two bands are almost
flat except k = 0, within the frequency range of 12 Hz to 14 Hz and are illustrated in
high transparency because they are not considered in our discussion below. The third and
the fourth bands, the fifth and sixth bands degenerate to form the Dirac cones at lower
frequency and higher frequency. Here, the problem of determining the dispersion relation

in each frequency range can be cast in the form of a 2 x 2 eigenvalue problem associated
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with the following Hamiltonian:
H = v(kyo, £ kyoy) (5.1)

where v is the Dirac velocity at (k;, ky), and o, and o, are Pauli matrices. This Hamiltonian
maps to the massless Dirac equation associated with locally linear dispersion. When the
heights of two origamis are not the same, the spatial inversion symmetry is broken since
the coupling behaviors of Kresling origami between axial and rotational displacements are
changing as a function of height (Appendix D). This broken spatial inversion symmetry

essentially introduces a o, component into the Hamiltonian which can be expressed as:
H =v(kyo, £ kyoy) + mgo, (5.2)

The effective mass term my will break the Dirac degeneracy and open the band gap locally.
The theoretically predicted width of the band gap is 2|mg|. Therefore, we can expect
that the Dirac cone at lower and higher frequency will open up when the heights for two
origamis are not the same, which will be elaborated below to show its important role for the
formation of the synthetic gauge field. A similar band gap opening mechanism is through
the bistability of Stewart platform in the honeycomb lattice to realize topological phase

transition [195].
5.3 Emergence of elastic Landau levels

We study the evolution of the band structure when the height difference of two origamis
Ah = hy — ho varies from 20 mm to —20 mm, while keeping hy + ho = 40 mm. This
variation and such configuration in the form of the supercell with 41 unit cells is shown
in Figure 5.2(a). The band structures along I' — K — M — T" for the corresponding con-
figurations are displayed from left to right in Figure 5.2(b). The band gaps between the
third and the fourth bands, the fifth and sixth bands experience the open-close-reopen pro-
cess. The formation of a band gap at the vicinity of K point is due to the mass term in
the Dirac equation as explained in Equation (5.2). Besides, the larger band gap results
from the larger mass term, which can be theoretically calculated by the k - p perturbation

method (see Appendix D) [198-202]. The band gap and resulting mass term at the lower
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and higher frequency of the corresponding configuration in Figure 5.2(a) are discussed in
the Appendix D, and are featured by the linear variations of the width of band gap and
mass term my along the x direction.

With this configuration, one can obtain an effective Hamiltonian:

H = v(kyo, £ kyoy) + mg(z)o, (5.3)

where l%x and l%y are the wave vector operators. Therein, l%x = —i0, with the translational
symmetry being broken along the x direction, while /:Jy = ky with the translational symmetry
being preserved with periodic boundary condition along the y direction. Besides, the mass
term mg in the Dirac Hamiltonian is linear with respect to © (mg = gx) and the signs of
q are opposite at lower and higher frequency (Appendix D). According to the form of the
Hamiltonian, a vector potential along the z direction A, = mg(x) is introduced, suggesting
an effective canonical momentum l%z =k,+ A, (k, = 0) in the system. Hence, we can expect
the in-plane pseudomagnetic field B, = V x A,. Note that previous studies focus on the
synthetic gauge field in the z-y plane, resulting in the out-of-plane pseudomagnetic field.
For our origami metamaterial, the uniform pseudomagnetic field of magnitude B, = 12.5 T
and B, = 19.5 T can be constructed for lower frequency and higher frequency, respectively,
where the directions of pseudomagnetic field are opposite. With such a pseudomagnetic field
affecting our system, the energy levels will be quantized as below (see theoretical derivations
in the Appendix D):

sgn(q)vky,, n=>0
wn = ’ (5.4)

+,/v2k2 + 2nlglv, n>1

where + correspond to the K and K’ valley, respectively. Here, we derive the dispersion
relation with the chiral Landau levels in a two-dimensional system, whereas previous discus-

sions on such chiral Landau levels are based on three-dimensional Weyl systems [203-205].

According to this equation, the energy levels beyond k, = 0 are dispersive in the k,
direction. When n = 0, corresponding to zeroth order Landau level, it has a linear dispersion
and the group velocities are opposite at lower and higher frequency. As for the higher order

Landau levels, they are quantized with certain increments. In addition, we use the supercell
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Figure 5.2: Synthetic gauge field and Landau level. (a) The schematic of the supercell
composed of 41 unit cells (82 origamis) with height gradient. The initial height of origami
hi, he are linearly varying from 30 mm to 10 mm and from 10 mm to 30 mm, respectively. (b)
The band structure along I'-K-M-I" calculated by the unit cell with different configurations.
(¢) The projected band structure of the supercell under the periodic boundary condition
along y direction. Two ends of the supercell are connected to the wall. The dotted lines
denote the calculated Landau levels, while the solid lines denote the theoretical Landau
levels. (d) The eigenmodes representing uy, ¢; and 6, are from top to bottom panel. Red
and blue lines correspond to the red and blue circles in (c).

shown in Figure 5.2(a) to calculate the projected band structure. In Figure 5.2(c), we show
the excellent agreement of the zeroth Landau level and higher order Landau levels between
numerical calculation and theoretical derivation in the vicinity of the K valley. There
appear some slight differences when k is away from the K valley because the theoretical
dispersion relation is approximated based on the approximate continuum Hamiltonian in
the K valley. Besides, when n becomes larger (higher order Landau levels), the difference

between numerical calculation and theoretical result becomes notable.
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The eigenmodes of the zeroth Landau level are illustrated in Figure 5.2(d), corresponding
to red and blue dots at lower and higher frequency. The three degrees of freedom of our
origami metamaterial u;, ¢; and 6, are concentrated near the middle of the supercell (21%¢
unit cell). However, we also notice that compared with the distribution of confined states
arising from topological states or defect states, the confined states in the zeroth Landau

level are less concentrated.

We construct our origami metamaterial by extending the supercell along the direction
of the wave vector so that an origami metamaterial with 60 x 41 unit cells can be formed.
We set the chiral excitation source on the axial displacement u; in the middle of the origami
metamaterial to excite the modes subjected to the K valley corresponding to the zeroth
Landau level. The corresponding frequency response of our origami metamaterials is shown
in Figure 5.3. Figure 5.3(a) shows the field distribution of 6, under the excitation of the
lower frequency (106 Hz), where elastic waves propagate along the +y direction. In stark
contrast, elastic waves propagate along the opposite direction under the excitation of the
higher frequency (225 Hz). This is due to the opposite group velocity of the zeroth Landau

level in the two different frequency regions.

Although the Landau levels are considered as bulk states, which are distinct from the
topological edge states, the zeroth Landau level is topologically protected [205, 206]. This
is on account of the negligible intervalley scattering (K and K’ valleys are widely separated
in k space), resulting in the weak backscattering of elastic waves. To confirm the robustness
of the zeroth Landau level, obstacles (origamis with double mass m and rotational inertia
j) are put along the wave propagation path while the same excitation is conducted. As
shown in Figures 5.3(c)-(d), the elastic waves propagate along the middle path similar to
what is shown in Figures 5.3(a)-(b), instead of jamming and backscattering. This clearly
exhibits the robustness of the transport of the chiral zeroth Landau level. We also notice
in Figures 5.3(a)-(d) the elastic wave propagation along the top or bottom edge of the
origami metamaterial, which may result from the boundary modes due to the free boundary

conditions on the two edges subjected to the pseudomagnetic field.
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Figure 5.3: Robust zeroth Landau level. The field distributions 6, for the zeroth Landau
level in (a) lower frequency and (b) higher frequency. The corresponding cases with ob-
stacles along the propagation path are shown in (c) and (d). Two excitation sources with
phase difference are put in the middle. The excitation frequencies are 106 Hz and 225 Hz,
respectively.

5.4 FElastic snake states

The snake state is a novel transport phenomenon that has been observed in two-dimensional
electron gases in p-n junctions of graphene [207-209], when subjected to an external mag-
netic field. This transport is characterized by a snake-like propagation path, which is driven
by the Lorentz force due to the cyclotron motion of electrons in opposite magnetic fields
at the interface of two domains with opposite magnetic field [210]. It has been predicted
that the pseudomagnetic field can also induce the snake states. In what follows the rela-
tion between the zeroth and first Landau levels in the projected band structure shown in

Figure 5.2(c) is exploited to realize elastic snake states in the origami metamaterial. The
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difference of topological phase on two domains provides two opposite topological charges,

which makes snake states possible in our system with uniform pseudomagnetic field.
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Figure 5.4: Elastic snake states. (a) The projected band structure of the supercell at the
lower frequency. (b) Top panel: real parts of the eigenmode 6y, and 655 along the supercell,
corresponding to the red and blue dots in (a). Bottom panel: the newly-defined modes
|0p1 + Op2| and |0y — Opa|. (¢) The simulated 6, distribution under the excitation frequency
at 103.9 Hz, corresponding to the solid line in (a). (d) The simulated 6 distribution with
the obstacle in the middle under the excitation frequency at 103.9 Hz. The theoretical
trajectory of the snake state is shown in orange solid line in (c¢) and (d).

Figure 5.4(a) shows the projected band structure at the lower frequency. Due to the
square root relation in the dispersion when n # 0 (higher order Landau level), there is a
hump near the zeroth Landau level. We examine the states represented by 6 of the zeroth
and the first Landau levels with the positive group velocity, which are marked by red (6
at k1) and blue dots (fp at ko) in Figure 5.4(a). These two states have definite parity with
respect to mirror symmetry along the x direction. The real parts of the field distributions
in the top panel of Figure 5.4(b) reveal that the states 61 and 652 have odd and even

parities, respectively, suggesting they are orthogonal. In this way, we can define two other
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orthogonal states: (+| = (61 + Op2)/v/2 and (—| = (6p; — O2)/+/2. The state (+| tends
to be centered to the right of the middle (of the domain), whereas the state (—| tends to
be centered to the left side of the middle [bottom panel of Figure 5.4(b)]. We can then
derive Oy; = ((+] + (—|)/V2 and O = ((+] — (—|)/V/2. Using this basis, a general interface
state 1 propagating along the middle of the origami metamaterial can be expressed in the
form 1) = 10161 + cobppe*2Y, where ¢ and ¢y are determined by the specific excitation.
Assuming that the excitation is placed on the right side of the middle, i.e., 1(y = 0) = (+],
we have ¢; = cg = 1/v/2. Therefore, [(+|9)|? = cos?(0kyy) and |(—[v)|? = sin?(5kyy),
where 0k, = (k2 — k1)/2. This implies that on the right side of the middle, the excited state
will be oscillating in the form of cos?(8k,y). In contrast, on the left side of the middle, the
excited state will be oscillating in the form of sin2(5kyy). Consequently, the excited state
will propagate similar to a snake along the middle. The theoretical trajectory of the snake
state is shown in orange solid lines in Figures 5.4(c) and (d), which has a good agreement
with the simulation results.

In Figure 5.4(c), we illustrate the elastic wave propagation depicting the snake state
represented by 6. The excitation source on the axial displacement u; with 103.9 Hz [solid
line in Figure 5.4(a)] is put at the middle bottom of the origami metamaterial. The elastic
wave starts with a clockwise rotation at the left side and then enters the right side with
a counterclockwise rotation. This motion repeats, and the clear observation of the elastic
snake state is illustrated. Since the snake state originates from the bulk and thus does not
have robustness, there will be the strong backscattering when the elastic waves encounter
the obstacles. Nevertheless, if the obstacles are placed at the appropriate positions along
the middle of the origami metamaterial, the wavy snake state can bypass the obstacles,

making it appear as if the objects are cloaked [Figure 5.4(d)].
5.5 Conclusions and discussion

In conclusion, our study presents a prototypical realization of an out-of-plane synthetic
gauge field in origami metamaterials, leading to the emergence of a pseudomagnetic field
that enables the quantization of Landau levels. The results of the numerical simulations

and theoretical analysis are in good agreement, in the appropriate wavenumber range, con-
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firming the validity of the long wavelength approximation used. By leveraging the unique
dispersion relation of Landau levels, we have explored the topologically protected chiral elas-
tic wave propagation and the emergence of elastic snake states. Therein, this metamaterial
can serve as an effective alternative to topological elastic metamaterials due to its robust
zeroth Landau level. The reconfigurability and simple manufacturing of origami structures
make them attractive for a variety of possible applications such as waveguiding and ob-
stacle bypassing due to the robust nature and associated wave propagation. Although the
origami metamaterial in our study is in the centimeter scale, the scalability of this structure
allows it to be applied to manipulate elastic waves at different frequencies. Besides, our
scheme is not limited to Kresling origami, and other types of origami can be explored in the
future. Importantly, the features considered herein have been limited to quasi-continuum
linear features, in the vicinity of Dirac cones. The configuration, however, proposed herein
bears a wide range of interesting phenomena including ones beyond the quasi-continuum
approximation, as well as, importantly, nonlinear features within the band gaps. Studies

along these veins are currently in progress and will be reported in future publications.
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Chapter 6

CHARACTERIZATION OF ELASTIC TOPOLOGICAL STATES
USING DYNAMIC MODE DECOMPOSITION

Elastic topological states have been receiving increased attention in numerous scientific
and engineering fields due to their defect-immune nature, resulting in applications of vi-
bration control and information processing. Here, we present the data-driven discovery of
elastic topological states using dynamic mode decomposition (DMD). The DMD spectrum
and DMD modes are retrieved from the propagation of the relevant states along the topo-
logical boundary, where their nature is learned by DMD. Applications such as classification
and synthesis of wave propagation can be achieved by the underlying characteristics from
DMD. We demonstrate the classification between topological and traditional metamaterials
using DMD modes. Moreover, the model enabled by the DMD modes realizes the synthesis
of topological state propagation along the given interface. Our approach to characterizing
topological states using DMD can pave the way towards data-driven discovery of topological

phenomena in material physics and more broadly lattice systems.

6.1 Introduction

Wave propagation is a typical spatiotemporal phenomenon, which is ubiquitous across sci-
ence and engineering, especially in fluid dynamics [211, 212], geoscience [213, 214], plas-
mas [215], optics [216], atomic and condensed matter physics [217], as well as the more
recent field of metamaterials [218-220]. Topological metamaterials have attracted con-
siderable attention not only because of their theoretical significance but also for practical
purposes related to materials applications. Wave propagation in elastic topological metama-
terials has prominent applications, such as information transmission and vibration control,
due to the topological protection [221-226].

The computations involving the propagation of associated waveforms rely mostly on

numerical discretization, e.g., finite element and discrete element methods, rather than
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analytic closed-form solutions which are rarely available in exact form. This naturally gen-
erates high-dimensional representations of the solution to accurately reflect the underlying
dynamics in both time and space [221, 223, 224, 227]. However, this may occasionally
be in contrast with the low-dimensional nature of the underlying dynamics and poses a
computational challenge, especially in higher-dimensional settings. In a concurrent study,
topological wave propagation has been decomposed into a limited subset of closely spaced
modes inside the bandgap, possessing nontrivial phase differences. The prediction of group
velocity and the application of such a method on a damped system have also been demon-
strated [228]. Although the underlying idea of a reduced-order description is similar to that
of the present work, still, the data-driven (and possibly model agnostic) analysis and model-
ing of elastic topological states remain far less explored, in stark contrast with the extensive
studies on experimental observation, numerical computation and theoretical modeling. The
data-driven approach can also provide an equation-free and model agnostic way to reveal
the spatiotemporal dynamics and underlying physics purely from data. It is the purpose of
the present work to offer a step forward towards filling that void.

Reduced-order models offer representations of the spatiotemporal wave propagation
based on the inherently low-rank structure of the simulation data. Within the palette
of relevant techniques, dynamic mode decomposition is a powerful dimensionality reduction
method to create reduced-order models which identifies spatiotemporal coherent structures
from high-dimensional data [155]. DMD offers a modal decomposition, where each mode
contains spatially correlated structures with the same linear behavior in time, such as os-
cillations at a certain frequency with growth or decay. Compared with one of the most
commonly used dimensionality reduction methods, proper orthogonal decomposition, DMD
demonstrates not only dimensionality reduction, but also a reduced model that accounts for
how these modes evolve over time. Lately, DMD has been successfully applied to fluid dy-
namics [154, 155], control [229], robotics [156] and biological science [157, 158, 230]. Hence,
developing such an approach for wave propagation in topological metamaterials is highly
desirable.

Here, we develop a data-driven framework using DMD for identifying interpretable low-

dimensional representations for wave propagation in elastic topological metamaterials cre-
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ated by a select spring-mass system example. The low-dimensional spatiotemporal coherent
structures of topological state propagation in our system are extracted, which correspond
to the topological edge states inside the bandgap region. These spatiotemporal coher-
ent structures allow for the qualitative reconstruction of the topological state propagation.
Moreover, we first demonstrate how to classify the topological and traditional metamate-
rials using DMD modes via unsupervised clustering. Furthermore, a portion of the data,
referred to as the training data, is used to synthesize the future evolution of the topological
states of interest along a pre-defined interface with arbitrary shape. Our study provides
a computationally tractable data-driven characterization of the relevant states and their
propagation, paving the way towards the classification and synthesis of wave propagation
in elastic metamaterials.

Our presentation hereafter will be structured as follows. In Section 6.2 we offer details
about the physical system under consideration including the band structure and topological
properties. In Section 6.3 we provide a concise introduction in the mathematical and com-
putational details of the DMD algorithm (including technical modifications to the standard
algorithm such as the use of a stacking data matrix leveraged herein) and illustrate how it
can be used to represent the wave dynamics. In Section 6.4, we use DMD modes to clas-
sify the topological and traditional metamaterials. Finally, in Section 6.5, we summarize
our findings and provide some directions for future study. The Appendix E offers details
about further technical aspects of the DMD implementation, such as the DMD spectra, the

application of time-delay embedding and synthesis of topological state propagation.
6.2 Design of topological elastic metamaterials

To demonstrate DMD on the wave propagation in the topological elastic metamaterials
system of interest, we first construct the topological valley metamaterials using a spring-
mass system, which is realized by alternating the masses at different sites of the unit cell
of the honeycomb lattice [199, 224, 227, 231]. As displayed in Figure 6.1(a), the unit cell
is composed of two masses m, and my connected by a spring. The length and the spring
constant are a and kgpring. Therefore, the basic vectors for this unit cell are a; = [az, —ay),

as = [ay, ay], where a, = 3a/2 and a, = v/3a/2. The unit cell has four degrees of freedom
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specified by the displacement of m; and my (U = [u;’”?u;"l,u;m,uZW]T). After applying

the periodic boundary condition to the unit cell (Bloch’s theorem), equations of motion of
two masses in one unit cell can be written as:

—w?mu® :k:sprmg[(u@) - u(l)) - egle,

+ kspring[(u@)eik‘al - u(l)) -epley, (6'1)
+ k’spm’ng[(11(2)6&.al2 - u(l)) ) e;g]ek

2 (2

—w mou ) :k‘sprmg[(u(l) - u(g)) - egley

+ kgpring[(uMem® 2 —ul?) . ¢/]ey, (6.2)

+ kspring[(uVe™ ™22 —u®) . ef]e}

where e; = [1,0)7, ex = [-4, |7 and ¢}, = [}, — %]

—5,—%]" are three unit vectors along the
springs on one mass. The band structure w(k) of our system can be obtained by solving

the eigenvalue equation as a function of Bloch wave vector k in the first Brillouin zone.
[D(k) + w?*M]U =0 (6.3)

Here, w denotes the angular frequency of the propagating wave. M is the mass matrix

and D(k) is the stiffness matrix as a function of Bloch wave vector k. The corresponding

mi

mQ]T
y

Y can also be obtained.

eigenmodes U = [u", ul™ , ul'? u

As for our specific system, we choose the equal masses on two sites (m; = mg = 1 kg)
and Espring = 10° N/m to find the Dirac point at the corner of the Brillouin zone (K point),
as shown in the middle panel of Figure 6.1(a). After breaking spatial inversion symmetry
by unequal masses on two sites, two bands can be opened to form a bandgap. The left and
right panels exhibit the band structure when m; = 0.8 kg, ms = 1.2 kg and m; = 1.2 kg,
mo = 0.8 kg, respectively. At the K valley, eigenmodes corresponding to two bands when
my = 0.8 kg and my = 1.2 kg are U; = %[0,0, 1,47 and Uy = %[1,@0,0}? while the
eigenmodes are U; = %[l,i,O,O]T and Uy = %[0,0, 1,—i]T after alternating the masses
on two sites (see the insets with black arrows that represent the eigenmodes). The obvious
band inversion can be seen from the eigenmodes of the unit cell.

To further confirm the band inversion in this process, the topological properties of our

topological valley system are also explored to show the topological phase transition. Af-
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Figure 6.1: Band structure of the valley topological metamaterials. (a) Schematic of our
elastic metamaterials based on the spring-mass system. Basic vectors of unit cell are shown
in a; and as. Length of the spring is a. First Brillouin zone with high symmetry points
I') M and K is shown in the middle panel. The sandwiched supercell for the calculation
of projected band structure is shown in the right panel. (b) Band structure when (left)
my = 0.8 kg, my = 1.2 kg, (middle) m; = 1 kg, mg = 1 kg and (right) m; = 1.2 kg,
mg = 0.8 kg are shown. The eigenmodes corresponding to the K valley are shown in the
first panel and the third panel. Motions along horizontal and vertical directions are marked
on the two sites. Berry curvatures around the valley of the first band for each case are shown
in the inset. (c) Projected band structure with two topological states inside the bandgap.
The black dashed line indicates the excitation frequency of the simulation setup.

ter obtaining the band structure w(k) and the corresponding eigenmode U(k), we cal-
culate the Berry curvature Q(k) = Vg x (U(k)|Vk|U(k)) using a numerical discretiza-

tion method (in momentum space) [221, 222]. For our two-dimensional system, the Bril-
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louin zone is discretized to numerous small patches centered at A(k,,k,) with vertices
Ai(ky — 0ky/2,ky — 6ky/2), As(ky — 0ky/2,ky + 0ky/2), As(ky + 0ky/2,ky + 6ky/2) and
Ay(ky + 6ky/2,ky — 0ky/2), where the Berry curvature for each small patch can be ex-

pressed as:

Im[(U(A1)|U(A2)) + (U(A2)|U(A3)) + (U(A3)|U(A4)) + (U(A4)|U(A1))]

HA) = Sky % Ok,

(6.4)

As shown in the inset of Figure 6.1(b), the nonzero Berry curvatures are distributed near
the corners of the Brillouin zone (K points) and different valleys possess opposite Berry
curvatures. Due to our system with time reversal symmetry, the integration of the Berry
curvature around the whole Brillouin zone is expected to be zero. However, the local
integration around the valleys of the Berry curvature converges to nonzero quantized value,
which is referred to as valley Chern number C, = i I, Q(k)d?k, representing the valley
topology. The obvious inversion of Berry curvature distribution and the sign of the valley
Chern number after alternating the masses on two sites clearly shows the topological phase
transition [compare the insets of the right and left panels in Figure 6.1(b)].

The projected band structure is then calculated using a sandwiched supercell shown in
the right panel of Figure 6.1(a). The sandwiched supercell combines the metamaterials of
three arrangements: (i) m; = 0.8 kg, mo = 1.2 kg, (ii) m; = 1.2 kg, mg = 0.8 kg, and
(iii) m1; = 0.8 kg, ma = 1.2 kg, which has two opposite Berry curvature distributions in
the Brillouin zone. When two systems are interfaced with opposite Berry curvature, the
bulk-boundary correspondence principle ensures that two topological states with different
pseudospins corresponding to two types of interfaces emerge inside the bandgap, as shown
in Figure 6.1(c). The bulk featured by K and K’ valleys can also be observed from the
projected band structure. In the following study, the excitation frequency of our simulation

is 400 rad/s as indicated by the black dashed line in Figure 6.1(c).

6.3 Characterization by dynamic mode decomposition

As shown in Figure 6.2(a), our system bears a Z-shaped interface which is formed by combin-
ing metamaterials with two opposite topological phases. In Figure 6.2(a), one such interface

is formed by m; = 0.8 kg (blue) and ms = 1.2 kg (red) shown in the bottom, while the
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other is formed by m; = 1.2 kg (red) and ma = 0.8 kg (blue) shown in the top, i.e., with the
masses flipped. The spring constant is fixed to be 10> N/m. As analyzed in the previous
section, with such a configuration, the topological states will emerge along the interface

formed by two metamaterials.

The system is excited by an oscillating force with the angular frequency of 400 rad/s at
the input port of the Z-shaped interface shown in Figure 6.2(a). The masses at the bound-
aries of the system are connected to springs fixed to the wall, i.e., Fyoundary = —FEspringu,
where u contains horizontal displacement u, and vertical displacement w,. Because of the
topological protection of wave propagation, the elastic wave can travel through the sharp
bend robustly, the horizontal displacement u, of which is visualized as the time-series snap-

shots in Figure 6.2(b).

Next we attempt to reconstruct this wave propagation phenomenon using the DMD
approach. Let us present the result of the DMD approach first. Figure 6.2(c) shows the
reconstruction of the horizontal displacement u,. We find the trend of the DMD-based
approach is similar to the one by the original evolution dynamics. Particularly, the DMD
technique successfully captures the robust propagation of topological waves around the sharp
corners, which is the signature characteristic of the topological waveguide. The difference
of the color intensity between the original and the reconstructed results is due to inherent

deficiency of the DMD to capture transient dynamics which will be elaborated later.

As introduced in the Section 6.1, DMD serves as the dimensionality reduction method to
generate low-dimensional model. The basic idea of DMD is to find a matrix representation
A to relate two matrices X and X’. In our case, two data matrices are constructed for
standard DMD by stacking the horizontal displacement u, and vertical displacement u, as
follows, resulting in two 2n x (m — 1) matrices, where n is the number of masses and m is
the number of used snapshots over time (n = 2700 and m = 379 for the Z-shaped interface

based on the numerical simulations of 758 ms duration with 2 ms time interval:

X= oz zo ... Tmor| X= |22 23 ... T (6.5)
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where |z, | = for simplicity of description. X and X’ may be related by a best-fit

linear operator A that minimizes the Frobenius norm error || X’ — AX ||z given by
X' =AX = A=X'XT (6.6)

where XT is the Moore-Penrose pseudo-inverse [232]. Because 2n > m for our systems,
instead of obtaining A directly, we seek the eigen decomposition of A. After X is decomposed
using singular value decomposition (SVD) and the proper rank-r truncation is chosen so
that X, = U, %, V.I', where U, € RZ"*" ¥, € R™" and V, € R™=DX" are the left unitary
matrix, diagonal matrix with singular values, and right unitary matrix, respectively, the

matrix representation A, can be written as
A, =U X'V 21 (6.7)

where the * denotes the conjugate transpose. The eigen-decomposition of A, results in the
matrix of eigenvectors W and eigenvalues A, which are the DMD eigenvalues. This further
derives the corresponding DMD mode ¢, which is the column of ® = X'V, X 1W.

As discussed in Appendix E, the rank-r truncation is chosen to be r = 131 to minimize
the reconstruction error and also to eliminate the noise in the simulation data. Each DMD
mode ¢ corresponds to an eigenvalue A\. The temporal dynamics, referring to growth/decay
and the frequency of oscillation of each DMD mode ¢, is reflected through the magnitude
and phase of eigenvalue A, respectively. In our case, because the raw data are strictly real
valued, the decomposition yields complex conjugate pairs of eigenvalues and modes.

In Figure 6.3(a), the eigenvalues A are visualized on the unit circle in the complex plane,
suggesting the corresponding modes are oscillating with certain frequencies. The frequencies

are defined as w = ]imagloAgt)ﬂ and the mode amplitudes are defined as P = |||, which

is the squared /2-norm of the DMD modes. Figure 6.3(b) gives the DMD spectrum which
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Figure 6.2: Setup for simulation and for the numerical DMD implementation. (a) Simulation
of wave propagation along the Z-shaped interface in a valley topological metamaterial built
by means of a spring-mass system. Two different unit cells with two different topological
phases are shown on the two sides. Magnified view of the topological boundary (black line)
is shown in the inset. (b)(c) Snapshots of original and reconstructed wave propagation
represented by the horizontal displacement u, along the Z-shaped interface at ¢t = 2, 192,
380, 570 and 758 ms (with the time evolving from the bottom to the top), respectively.

provides specific spatial modes in our system for different frequencies. It is obvious that
there is a region with large mode amplitudes corresponding to the bandgap region (shaded
area). The mode with the largest amplitude inside the bandgap region is chosen as the
prototypical mode used to visualize the motion of our system. The horizontal displacement
ug is chosen for the description below. Note that there are two small peaks outside the
bandgap region due to the resonance of the masses at the boundary, corresponding to the
resonant frequencies w = 4/ 7_me0 and w = \/gwo approximated by a simple model that

one mass is connected to two walls and two masses on nearest honeycomb corners by springs.

Figure 6.3(c) exhibits the magnitude of this most dominant DMD mode of our system,
also showcasing the interface-involving dynamics. The decaying magnitude from the input
along the Z-shaped interface is due to the constant force excitation at the input. The
characteristics of interface states present concentrated displacement along the Z-shaped
interface and rapid decay away from the interface. Moreover, the DMD modes showcase
the fact that the elastic wave can travel along an interface featuring bends. Apart from

the magnitude, the phases of the DMD mode also reflect the important characteristics of
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Figure 6.3: DMD spectrum and DMD modes. (a) Eigenvalues are visualized on the complex
plane located around the unit circle. (b) Mode amplitude varies as a function of frequency.
The shading area indicates the bandgap region. (c) Magnitude of the DMD mode with
the largest amplitude inside the bandgap region. (d) Phase of the DMD mode with the
largest amplitude inside the bandgap region. Inset shows the magnified view around the
interface (black line) illustrating the phase difference and valley pseudospin. Black and
green arrows show the pseudospin up and pseudospin down indicated by the phase evolution
around hexagon corners, respectively.

our topological valley metamaterials, as shown in Figure 6.3(d). The distribution of phase
along the interface has a certain alignment, where the magnified view around the interface
clearly shows the phase difference around the corners of the honeycomb, indicating specific
valley polarization along a certain topological interface. The counterclockwise and clockwise
phase evolutions are shown on three corners and the other three corners of the honeycomb,
suggesting the valley pseudospin of the excited valley in our system. The valley pseudospin
here refers to the phase difference of DMD modes around the corners of honeycomb. Note
that the other DMD modes inside the bandgap have a similar pattern and it is these modes

that will be primarily used to reconstruct the dynamical evolution below.

The DMD spectra of wave propagation in topological metamaterials with a straight
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interface and a cross-shaped interface will be further illustrated in Appendix E. Similarities
between the DMD spectra and modes can be found in topological state propagation along
different interfaces including the high amplitude inside the bandgap and the topological
interface states reflected by the DMD modes. This demonstrates the ability of the DMD to
robustly show the frequency spectrum of the system purely from the data and to discover
the nature of topological state propagation.

Using the extracted DMD modes and corresponding time dynamics, we can reconstruct

the wave propagation in topological metamaterials using the following expression:
X =aA"1z (6.8)

where the diagonal entries of A contains DMD eigenvalues and Z = ®\xz;. x; is the initial
condition of our system and backslash is to solve the linear system following the MATLAB
notation. Here, we only use the DMD modes inside the bandgap region (10 pairs of DMD
modes) and the corresponding eigenvalues to reconstruct the whole process of wave prop-
agation, as displayed in Figure 6.2(c) with several time-series snapshots representing the
wave propagation in our system. Similar patterns can be found compared with the original
snapshots of wave propagation.

In Figure 6.4, we quantify the reconstruction error as a function of duration (black line)
calculated by E(t) = %, where || - ||2 represents [?>-norm that is the square root
of the sum of the absolute squares of the vector entries. Most relative errors are around
0.97 and oscillating over time. This nontrivial relative error may result from the reduc-
tion of inessential modes with extremely small singular values by the SVD, the significant
reduction of DMD modes when considering solely modes within the bandgap, the [>-norm
error requiring the high accuracy of displacement for every mass and, most importantly, the
inherent deficiency of the DMD method to capture transient phenomena [157, 233, 234].
This is caused by the fact that temporal dynamics cannot be well approximated by e“?
where the imaginary number w = %. The SVD-based method also performs poorly on
handling translational symmetry of the wave propagation due to the coupling between time

and space. Although the relative error is rather nontrivial, the wave propagation along the

Z-shaped interface can be clearly observed from Figure 6.1 and Supplementary movie [235],
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which can be considered as the qualitative representation of the original wave propagation.
To measure the qualitative reconstruction using DMD, we propose an additional quantity,
namely the correlation coefficient, to show the similarity between reconstructed and original

wave propagation at each time point:

Zle(xlt — Tat) (Tt — i*,t)

\/Z?&(fﬂz’,t = Tua)? 20 (B — Far)?

r(t) (6.9)

where the hat indicates the reconstructed data and the bar indicates the mean. The corre-
lation coefficient as a function of time shown in blue line in Figure 6.4 is over 0.8, suggesting
the high similarity between reconstructed and original wave propagation. Therefore, the
DMD reconstruction using the modes inside the bandgap region qualitatively captures the

evolution dynamics despite the substantially reduced dimensionality of the system.
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Figure 6.4: Reconstruction error and correlation coefficient between reconstructed and orig-
inal wave propagation. Relative error and correlation coefficient between the ground truth
and reconstruction as a function of duration are shown in black and blue, respectively.

DMD can accurately capture the frequency range and characteristics of topological states
of elastic topological metamaterials. The nature of the valley pseudospin in our valley sys-
tem can also be revealed, suggesting that DMD, functioning as a data-driven method, is
able to learn the topological nature. In stark contrast with the original transient displace-

ment data, the DMD spatial mode can explicitly show the topological nature. In addition,
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the propagation of topological states can be reconstructed qualitatively only by the DMD
modes inside the bandgap and the corresponding time dynamics. The additional study in
Appendix E is carried out on the topological metamaterial excited by a transient force,
which further demonstrates the ability of DMD to qualitatively reconstruct the dynamics
under different forms of excitations. Note that we use standard DMD based on SVD in the
main text, but another variant, DMD with time-delay embedding, has demonstrated the
ability of increasing the accuracy of reconstruction in several applications [157, 158, 163,
236, 237]. In Appendix E and the associated figure, we also show the partial decrease of
reconstruction error using the augmented data matrix formed by shift-stacking the original

data matrix.

6.4 Classification of topological and traditional metamaterials

Compared with the topological metamaterials, traditional metamaterials function by de-
fect states that cannot support robust transport of elastic waves [238-241]. By using the
transient displacement data, it is difficult to classify the topological and traditional meta-
materials using simple classification methods because of the high-dimensional nature. Here,
we demonstrate how to use the extracted DMD modes from topological and traditional
metamaterials to classify them. The topological metamaterial is in the aforementioned con-
figuration and the traditional metamaterial is constructed based on the defect states by
the metamaterial with m; = 0.8 kg and mo = 1.2 kg, where the masses are replaced by
ms = 1.2 kg along the Z-shaped interface to create defects. Because of the defect state, the
traditional metamaterial serves as a waveguide similar to the topological metamaterial but

without the topological protection.

The original DMD modes are high-dimensional and thus difficult to classify using a
classification algorithm directly. Therefore, the feasible way is to find a feature space to
project the DMD modes on, resulting in a low-dimensional representation. Specifically, we

construct a library of DMD modes inside the bandgap from topological metamaterials and
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traditional metamaterials L:

. |
L=1¢1 ¢2 ... ¢n (6.10)

. |
For the purpose of classification, we consider the absolute value of every element of normal-
ized DMD modes and denote the resulting matrix as |L|. To simplify this problem, clusters
are determined in one-dimensional principal component space, using the projections of each

column of |L| onto the proper principal components of |L|:
L = U s VL (6.11)
With this expression yielding the SVD of the matrix |L| and using
P=UlL|=%VT (6.12)

where UiT , 2; and ViT are the transpose of the i-th column of Uy, i-th singular value and
the transpose of the i-th column of V7, respectively.

The principal components can explain a significant proportion of the variance in the
features in topological and traditional metamaterials. Therefore, finding a proper principal
component Ul-T is key to distinguish two types of metamaterials. Also, the proper principal
component is physically interpretable to contain the features differentiating two types of
metamaterials. After examining all principal components, we have found that the second
principal component is a suitable feature towards the classification task at hand (classifica-
tion results are the same as the labeled dataset). The second principal component of ||
is shown in Figure 6.5(a) [see the second principal components of |L| for straight and cross
interfaces shown in Figures E.5(a) and E.5(b) in Appendix E|. The reason why the second
principal component is optimally suited to serve as the feature space is that this pattern
of the principal component shows the difference between topological and traditional meta-
materials at the beginning of the input port (positive vs. negative values, respectively).
We find that it corresponds to the distinction of backscattering in topological and tradi-
tional metamaterials. In the traditional metamaterial, due to the interference of elastic

waves traveling in opposite directions, elastic waves experience strong backscattering when
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encountering bends, obstacles or even traveling along the straight interface. Therefore,
when |L| is projected onto this principal component, the two types of metamaterials can
be classified whereas they cannot be classified when |L| is projected onto other principal
components. The relevant diagnostic allows us to distinguish topological and traditional
metamaterials purely from the wave propagation phenomena represented by the displace-
ment, corresponding to topologically protected wave propagation and non-topological wave
propagation, and hence, accordingly classify them. Note that from the perspective of the
underlying topological physics, the topological invariants of the bulk and the bulk-edge

correspondence are principles used to classify topological and traditional systems.
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Figure 6.5: Classification of topological and traditional metamaterials. (a) Feature space
formed by the second principal component of DMD modes with Z-shaped interface. (b)
Projected values of each DMD mode from the topological and traditional metamaterials
excited by different forces (left panel) and different excitation frequencies (right panel).
Red and blue regions indicate topological and traditional DMD modes, respectively. Error
bars indicate the range of the minima and maxima of projected values.
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Then, in order to test whether this feature space can be generalized to classify topologi-
cal and traditional systems, we apply the feature space (of the second principal component)
obtained above to the topological and traditional metamaterials under the excitation of
different forces Fy and different angular frequencies wg. As shown in Figure 6.5(b), it is
obvious that the projected values for topological and traditional metamaterials under the
excitation of different forces can be separated well and can be simply classified using the
k-means unsupervised clustering [242]. Likewise, under the excitation of different frequen-
cies, the projected values for topological and traditional metamaterials are separated well,
leading to good classification results. Using the same method, the wave propagation along
different interfaces (straight and cross interfaces) in topological and traditional metamateri-
als under the excitation of different forces and frequencies can also be classified, as detailed
in Appendix E. The classification results for straight and cross interfaces are demonstrated
in the relevant figure therein. The case for the straight interface indicates that elastic
waves in the traditional metamaterial experience backscattering without the bend because
of the interference of guided waves propagating to opposite directions. The classification
results and ground truth have excellent agreement. The DMD modes with improved ac-
curacy calculated by DMD with time-delay-embedding (Appendix E and Figure E.4) can
also be used in the classification, resulting in better separation of topological and tradi-
tional metamaterials in the feature space. It should be expected that with the decrease of
the Berry curvature in the topological metamaterials induced by the decrease in degree of
broken inversion symmetry, the classification of two types of metamaterials would become
progressively more difficult. This is because the intervalley scattering becomes larger in
the topological metamaterials, resulting in the similar wave propagation in topological and

traditional metamaterials [222, 226].
6.5 Conclusion and discussion

In this paper, we provide a guide towards the potential impacts of the application of the
DMD method on the wave propagation in topological elastic metamaterials. The analysis
of DMD eigenvalues and spectrum shows the oscillation and frequency of the DMD modes.

The notable topological interface states and valley pseudospin of the valley system can be
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reflected by the DMD modes. Furthermore, the reconstruction of topological state propaga-
tion is achieved by the low-dimensional model constructed only by the DMD modes inside
the bandgap and the corresponding time dynamics. Apart from the fundamental characteri-
zation by DMD, we demonstrate the potential that the method bears as concerns the tasks of
classification and synthesis of wave propagation along the given interface using DMD modes
and associated reduced dynamical descriptions (Appendix E). We find a feature space with
particular characteristics to project the DMD modes on for the classification of topological
and traditional metamaterials. The synthesis of wave propagation along the given interface
can be achieved by the extension and shift of DMD modes, where the [>-norm error and
correlation coefficient are at an acceptable level to visualize the future wave propagation.
The DMD provides a data-driven method to explore the wave propagation in topological
metamaterials and to reveal the potential topological nature, filling an important research
void at the interface of the corresponding fields. It also opens up an avenue to classify and

synthesize the wave propagation through a purely data-driven approach.

Naturally, this is only a first step along this direction and raises several questions that
still merit further addressing. One key aspect of interest concerns how to reduce the error
and overcome the inherent deficiency of DMD. While the results presented herein represent
adequate reconstructions (and even synthetic wave propagation along the given interface)
of the time evolution dynamics, it would be highly desirable for such examples to match
far more adequately, in a quantitative sense, the real system dynamics. From the point
of view of applications, it would be relevant to explore the method in other classes of sys-
tems including in ones stemming from higher dimensions and to explore how adequately
the method can fare in such more data-intensive settings. Additionally, the characteri-
zation of the topological metamaterials with different Berry curvatures by DMD can be
conducted through the same process. Similar results, such as DMD spectrum, modes and
low-dimensional model, are expected but classification between two types of metamaterials
can be less efficient as discussed in Section 6.4. Such topics are presently under consideration

and associated potential progress will be reported in future publications.
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Chapter 7

GEOMETRY-INFORMED DYNAMIC MODE DECOMPOSITION IN
ORIGAMI DYNAMICS

Origami structures often serve as the building block of mechanical systems due to their
rich static and dynamic behaviors. Experimental observation and theoretical modeling
of origami dynamics have been reported extensively, whereas the data-driven modeling of
origami dynamics is still challenging due to the intrinsic nonlinearity of the system. In this
study, we show how the dynamic mode decomposition (DMD) method can be enhanced by
integrating geometry information of the origami structure to model origami dynamics in
an efficient and accurate manner. In particular, an improved version of DMD with control,
that we term geometry-informed dynamic mode decomposition (giDMD), is developed and
evaluated on the origami chain and dual Kresling origami structure to reveal the efficacy and
interpretability. We show that giDMD can accurately predict the dynamics of an origami
chain across frequencies, where the topological boundary state can be identified by the char-
acteristics of giDMD. Moreover, the periodic intrawell motion can be accurately predicted in
the dual origami structure. The type of dynamics in the dual origami structure can also be
identified. The model learned by the giDMD also reveals the influential geometrical param-
eters in the origami dynamics, indicating the interpretability of this method. The accurate
prediction of chaotic dynamics remains a challenge for the method. Nevertheless, we expect
that the proposed giDMD approach will be helpful towards the prediction and identification
of dynamics in complex origami structures, while paving the way to the application to a

wider variety of lightweight and deployable structures.

7.1 Introduction

Origami, as an ancient handcrafted paper folding art, captivates not only artists and math-
ematicians with its exquisite design principles, but also engineers with its enormous (and

increasingly leveraged in recent years) potential in engineering applications. By introducing
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the principles of creasing and folding to the flat materials, origami structures can be formed,
which lead to stiffness enhancement [30], negative Poisson’s ratio [183, 243] and multistabil-
ity in the architecture [197, 244, 245]. These developments also inspire further applications
in the robotics [185, 188], medical equipment [189, 246], and mechanical metamaterials with
unprecedented mechanical properties [187, 247]. Aside from the aforementioned static and
quasi-static mechanical properties, origami also possesses rich dynamics that can be used
to construct prospective engineering devices for impact mitigation and vibration control,
which has been studied using experiments, numerical simulations, and modelings [28, 64,
191, 192, 248].

In recent years, the modeling and analysis of dynamical systems via data-driven ap-
proaches have grown in popularity because they require little expert knowledge of the gov-
erning equations [249-251]. Specifically, origami nonlinear dynamics have been realized with
excellent accuracy by machine learning methods based on neural networks [28]. However,
machine learning based on the neural networks is typically computationally intensive and
time-consuming at the training stage. Furthermore, the model works as a gigantic black
box where the decision processes are difficult to understand and cannot explicitly reveal
the underlying physics behind the origami dynamics, despite the fact that a recent study
based on the recurrent neural network can mimic the Lyapunov exponent of chaotic origami
motions from the hidden layer [28].

Dynamic mode decomposition (DMD), as one of the most effective machine learning
techniques, has recently been used in many fields for its simplicity and interpretability [233].
Given the advantages of DMD and relation between DMD and Koopman mode decompo-
sition, DMD is suitable for characterizing various nonlinear physical and biological sys-
tems [66]. Originally, DMD was developed to identify spatiotemporal coherent structures
from high-dimensional data in the fluid dynamics community [155]. In addition to fluid
dynamics, DMD has been successfully applied to the analysis of biological signals and struc-
tural dynamics [230, 252, 253], as well as more recently to topological metamaterials [254].
In these studies, DMD features fast computation and excellent interpretability by a series
of physically coherent structures. However, as for the systems with control, DMD is not

capable of uncovering the role that the control plays in the system. In light of this, DMD
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with control (DMDc), a variant of DMD, is proposed to relate the state and the control of a
system, highlighting the importance of the control and improving the accuracy of the DMD
model [229, 255]. On the other hand, DMDc often ends up with low accuracy or failure to
model several nonlinear systems [256]. Therefore, it would be worthwhile to investigate an
improved version of DMD for origami dynamics given the needs of data-driven modeling in
this field and inherent deficiencies in the current DMD formulations.

In our work, we introduce a data-driven framework called geometry-informed dynamic
mode decomposition (giDMD), which is capable of capturing spatiotemporal dynamics of the
Kresling origami structures under excitation. By integrating the geometry information of
origami into the DMDc, it becomes possible to not only demonstrate the high accuracy of our
approach compared with the DMDc, but also reveal the role of the geometrical parameters
in the dynamics, showcasing the interpretability. This approach can also be applied to more
complicated Kresling origami structures: origami chain and dual origami structure. In the
origami chain, the dynamics across frequencies can be predicted precisely and the frequency
of the topological boundary state is identified from the features of giDMD. In the dual
origami structure under the excitation in different frequencies, the intrawell periodic motion
is predicted accurately. The interwell periodic motion and chaotic dynamics can be identified
from the characteristics of giDMD, yet the latter also poses some limitations (regarding the
accuracy of its temporal representation) which are of relevance to consider in future studies.
Our approach, which is considerably easier to operate and more interpretable than the
machine learning based on the neural networks, offers a general technique to handle the

origami dynamics in the presence of geometrical parameters.
7.2 Geometry-informed DMD for Kresling origami

Figure 7.1(a) illustrates the side and top views of the single Kresling origami structure. This
single origami structure has two coupled degrees of freedom: translation along the vertical
direction v and rotation around vertical direction ¢, resulting in the rotation of the top
surface following the compression of the origami. This coupled behavior is described by a
truss model which is composed of the lumped masses and discs connected by the springs.

Appendix F shows the governing equations of motion for the origami coupled features. The
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creasing and folding of the origami structure also introduce numerous geometrical variables
which are marked in Figure 7.1. h, a, b, «, 5 and W represent the height, the length of crease
lines, the angles between the crease lines and the vertical direction, and folding angle (the
angle between the horizontal plane and facet). During the compression and tension of the
origami structure, according to the geometric constraints, these geometrical variables will

change as a function of axial and rotational displacement as shown below:

h = ho —du (7.1)
5,00 by T
_ 52 2 o2 _
a \/(hg du)? + 4R? sin”( 5 T3 2N) (7.2)
. 5¢ 90 T
b \/(ho du)? + 4R? sin”( 5 + 5 +72N) (7.3)
U = arctan ho = du (7.4)

R[cos(%;) — cos(d¢ + 0p)]
where the du and §¢ represent the differences of axial and rotational displacements between
top and bottom surfaces, respectively. hg, 8y, R and N are initial height, initial rotation
angle representing the chirality, radius and number of vertices of the polygonal cross-section.
Accordingly, the angles between the crease lines and the vertical direction can be easily
calculated. Under the excitation, axial and rotational displacement will vary over time,
hence leading to the variation of geometrical parameters. In Figure 7.1(b), the vector of
geometrical parameters for n-th origami element at time ¢ is shown as g;* containing A}, af,

P, WY, af and Bf'. Note that the geometrical variables are not limited to the aforementioned
six parameters, but can be extended to further geometrical variables potentially present
within the origami structures.

DMDec is a data-driven approach to model the systems under control, which includes
the scenario that the origami structure is excited by an input (the control). DMDc uses a
state transition matrix A and the control matrix B to relate the system displacement d;

and the control df according to:
div1 = Ady + Bdg (75)

Depending on whether B is known or not, DMDc has different procedures to obtain the

model [229]. Herein, we propose a variant that we term geometry-informed DMD based on
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DMDec. In particular, we refer to geometry-informed DMD (giDMD) as the DMDc learning
framework that integrates underlying knowledge of the origami geometrical variables g
More concretely, in our present origami setting, we create an augmented state of the n-th
origami z composed of the displacement d}' and velocity v in both axial and rotational
directions, resulting in 2; € R, An augmented control y? is also created by concatenating
the augmented state of the control and the vector of geometrical parameters, resulting in
y; € RY, where [ is the number of control variables. The vector of geometrical parameters
also includes the trigonometric functions (sine and cosine functions) of quantities related to
angles, but for simplicity of depicting our approach in a general way, we do not illustrate
them in Figure 7.1(b). A similar idea using the augmented state and control variables can
also be found in the modeling of swarm dynamics [255]. Therefore, the system can be
modeled in the form:

Tt4+1 = Tt + Kyt (76)

where K € R**! In giDMD, motivated from the earlier work [255], the state transition
matrix A is assumed to be identity (A = I) because we assume that the difference between
x¢4+1 and x; ascribes to the contribution of the control. The Equation (7.6) can be rewritten
as:

Tt4+1 — Tt = Kyt (77)

Furthermore, Equation (7.7) can be written in the matrix form:
X' - X =KY (7.8)

S=KY (7.9)

where X’ € R4*(T=1) ig one snapshot forward compared with X € R*»*(T-1) § = X' - X
and Y € R>(T=1) contains m control variables and (T — 1) snapshots. T is the total number
of snapshots.

Therefore, the matrix K is the key for giDMD modeling, which can be solved by the

optimization problem:

1
arg min §||S —KY|?> 4+ nR(K) (7.10)
K
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Figure 7.1: Ilustration of giDMD and comparison between DMDc and giDMD. (a) The
side view and the top view of the single Kresling origami with geometrical parameters. (b)
The data matrices for the data-driven framework of giDMD. The geometrical parameters g
are collected as the height h, the length of crease lines a, b, folding angle W, the direction of
the crease lines «, 5. The state x is taken to include the displacement p and velocity v, and
the control y is taken to involve the states of the input ¢ and the geometrical parameters
g. (c) The prediction using DMDc. (d) The prediction using giDMD. The predictions of
axial displacement u and rotational displacement ¢ using DMDc are shown in the first and
second row, respectively. The gray shaded areas represent the training data. The ground
truth and the prediction are shown in blue and red, respectively. The insets in four graphs
show the relation between frequency (f) and power amplitude (P) after the fast Fourier
transform.

where R(+) is a regularizer that promotes sparsity and 7 is a hyperparameter to determine the
strength of the regularization. A sparse matrix K can be useful to promote the interpretation
of the role geometries play in the origami dynamics and to discover the dominant geometric
components. We use the non-convex regularizer, |y norm, in our optimization problem,

where sequential thresholded least squares method is performed, which is also widely used
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in the dynamics discovery [257]. [y regularization works by encouraging the coefficients of
the model below a certain threshold value to be completely ignored and has convergence
guarantees [258]. To be specific, first of all, the standard least squares fitting is performed.
Then, a parameter 7 is given to specify the minimum magnitude for coefficients in K and all
coefficients with magnitude below the threshold are zeroed out. This process of fitting and
thresholding is performed until convergence. In this way, a sparse matrix K that balances
the tradeoff between accuracy and minimizing the number of the control elements can be
obtained. In our examples demonstrated below, the rapid convergence is realized within
several iterating steps (at most 1 step for single origami, 2 steps for dual origami structures

and 10 steps for origami chain).

Next, we demonstrate the superiority of our method over the standard DMDc. We
simulate the dynamics of a single origami element under the harmonic excitation at the
frequency of 5 Hz using the truss model, as detailed in Appendix F. Due to the coupled
behavior of the origami features, the output is the axial displacement u and rotational dis-
placement ¢. When the origami dynamics is modeled by DMDc using 60% training data,

both predicted displacements u and (;3 exhibit large discrepancies compared with the simu-

[u—al
l[ullF

lated displacements u and ¢ in Figure 7.1(c). The relative errors calculated by and

ll¢—2llr
161F

is achieved by giDMD model, as shown by the agreement between prediction (red lines)

are around 50% and 247% for u and ¢. In comparison, the significant improvement

and ground truth (blue lines) in Figure 7.1(d). The relative errors for u and ¢ are around
0.26% and 1.37%. This improvement can also be seen in the spectra [insets in Figure 7.1(c)
and Figure 7.1(d)] given by the fast Fourier transform. Under the excitation of 5 Hz, there
is another peak other than the excitation frequency in the spectrum because of the nonlin-
earity. In stark contrast with the DMDc, giDMD can predict two peaks in the spectrum,
implying that giDMD can fully capture the origami dynamics. The drastic improvement
in accuracy in both time and frequency domain demonstrates the effectiveness of giDMD

towards modeling origami dynamics.
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7.3 Topological boundary states in the origami chain

The effectiveness of our method has emerged in the single origami structure above. Next,
we further demonstrate this method on more complex origami structures. The first example
we demonstrate our method on is the elastic topological metamaterials built by the origami
structure. The elastic topological metamaterials are inspired by the electronic topological
insulators, where the vibration is isolated in the bulk yet propagating along the boundary
or surface. The topologically protected defect-immune wave propagation in the elastic
topological metamaterials has been attracting significant attention [221-223, 225, 259, 260].
Recently, the origami structures have been used as building blocks to construct topological
metamaterials [192]. We adopt the existing design to construct the origami chain shown
in Figure 7.2(a). The unit cell enclosed by black dashed line contains two origamis with
opposite chirality represented by initial rotational angle 6.

The band structure can be calculated by the linearized truss model (Appendix F) based
on the small amplitude approximation after the application of periodic boundary condi-
tion (Bloch’s theorem). As shown in Figure 7.2(b), four bands appear in the first Brillouin
zone. Two lower bands nearly overlap, and two upper bands are crossing to form a de-
generacy point at the edge of the first Brillouin zone. To characterize the topology of this
system, we calculate the topological invariant Zak phase for the 1D system. Because the
bands are degenerate at the edge of the first Brillouin zone, the topological invariant Zak
phase ¢ for ¢-th and (¢ 4+ 1)-th bands is calculated through the Wilson-loop eigenvalues as
indicated below:

Uiy UL

1 1 1
U UL (OO

k—1
Paqr1=— Imln ( (7.11)
k=0

where U/ denotes the mode at the Bloch wave vector k for the g-th band [261]. This
produces @12 = ¢34 = m which are marked in Figure 7.2(b). The nonzero topological
invariant of the lower bands also ensures the topologically nontrivial band gap between the
lower bands and the upper bands.

According to the bulk-edge correspondence, the topological boundary state will emerge

within the band gap in the truncated origami chain. In Figure 7.2(c), the eigenmodes of
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the truncated origami chain with 16 unit cells is calculated. As expected, two degenerate
modes appear within the band gap. After checking the axial and rotational modes of these
two degenerate modes shown in Figure 7.2(d), we confirm that these two degenerate modes

are topological boundary states due to the concentrated displacement at the boundary.
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Figure 7.2: Application of giDMD on the origami chain. (a) The schematic of the origami
chain composed of Kresling origami with alternating chirality. The design parameters of
origami are hg = 30 mm, 6y = +70°, R = 36 mm where hg, 6y, and R are the initial
height, initial rotational angle, and radius of the cross-section, respectively. (b) The band
structure calculated by the unit cell enclosed by black dashed line in (a). The Zak phases
of the lower band and upper band are 7. (c¢) The modes of the supercell formed by 16
unit cells. The black dots represent the bulk band. The cyan and pink dots represent the
topological boundary states within the band gap. (d) The axial and rotational modes of
the topological boundary states. (e) The simulated axial displacement along the origami
chain at different frequencies in the pass band (15 Hz), stop band (50 Hz) and topological
boundary states (145 Hz). (f) The corresponding predicted axial displacement using 60%
training data (from 0 s to 3 s).

Then, the wave propagation along the origami chain is calculated by the truss model (Ap-

pendix F) using the small-amplitude approximation (i.e., in the linear regime). The axial
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displacements of each separator over time are illustrated in Figure 7.2(e) under different ex-
citation frequencies, represented by the frequencies in pass band (15 Hz), stop band (50 Hz)
and at the topological boundary state (145 Hz). At the frequency of 15 Hz, the vibra-
tion can affect the whole origami chain, while the vibration is localized at the boundary
at the frequency of 50 Hz, as expected for such a band gap frequency. At the frequency
of 145 Hz, where the topological boundary state emerges, the vibration is also localized at
the boundary but with larger amplitude, representing the excitation of the corresponding
eigenmode.

The giDMD model for the origami chain is put forward using 60% training data (from 0 s
to 3 s). The prediction and ground truth agree excellently, as evidenced by the same patterns
in Figure 7.2(e) and Figure 7.2(f), and relative error smaller than 0.1% in general. The
highly accurate modeling of origami chain across frequencies confirms the ability of giDMD
to model complex structures in the nearly linear regime of the corresponding dynamics.

We take the first 31 rows of the K matrix responsible for the calculation of the axial dis-
placement of each separator in the origami chain. As shown in Figure 7.3(a), the K matrix
is fairly sparse with sparsity around 0.6 (the number of zero values in the matrix divided
by the total number of elements in the matrix) for all three cases, where nonzero values
are concentrated near the position indicating the information of height h, angles between
crease lines and vertical direction «, 3, and corresponding sine functions sinca, sin 8. It
suggests that these geometrical variables are mainly important and responsible for the ax-
ial displacement of origami chain. Especially, at the frequency of the topological boundary
state (145 Hz), the values for sin «, sin 3 are smaller than those of the other two frequencies,
suggesting less importance of these two geometrical variables in forming topological bound-
ary states. This may result from the strong localization of vibrations near the boundary,
causing most geometrical variables to remain almost unchanged. Furthermore, the nonzero
values shift linearly with the increase of the row of K, indicating that the displacement of
each separator is related to geometrical variables of nearest origami elements. Note that the
geometry information such as h marked in Figure. 7.3(a) generally indicates the geometrical
variables of every origami component.

Similar to the DMD where the eigenvalue of the linear operator can characterize the
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Figure 7.3: Identification of topological boundary states in origami chain. (a) The rows of
K matrix corresponding to the axial displacements of the origami chain at 15 Hz, 50 Hz
and 145 Hz. The corresponding control variables are shown below. (b) The singular value
spectrum of K matrix under different excitation frequencies from 10 to 220 Hz. The orange
dash arrows on two sides indicate the range of the band gap, and one in the middle indicates
the frequency of topological boundary states. (¢) The zoom-in view by using 32 singular
values.

system dynamics, we use the singular values of the K matrix to identify the ‘state’ of the
system. The singular value spectra of the K matrix from 10 Hz to 220 Hz are shown in
Figure 7.3(b) to illustrate the difference. In the region of the pass band (f < 20 Hgz,
f > 198 Hz), the first several singular values are significantly larger than those in the
region of stop band (20 Hz < f < 198 Hz). At the frequency of topological boundary
states, the singular values are particularly smaller than any of other frequencies as detailed
in zoom-in view in Figure 7.3(c). The smaller singular values at the frequency of topological
boundary state may be induced by the absence of contribution from sin «, sin § compared
with other frequencies. We also notice that there are smaller singular values around 145 Hz
but the smallest one is at 145 Hz. The singular values are large outside 145 Hz and the
ones within the band gap region (20 Hz < f < 198 Hz) are used to describe the localized
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states near the boundary due to the band gap.
7.4 Dynamic motion in the dual origami structure

The next example is the dual origami structure exhibiting rich dynamic motions under exci-
tation. This structure is composed of two bistable origami elements with opposite chirality
as shown in Figure 7.4(a), in which ug and ¢¢ are the input axial and rotational excitations
at the first separator, and wuq, ¢1 and w9, ¢9 are the axial and rotational displacements
at the second and third separators, respectively. In the previously reported experimental
study [28], under the excitation in different frequencies, the structure will feature periodic
motion (5 — 9 Hz, 14 — 16 Hz, 18 Hz, 23 — 24 Hz) and chaotic motion (10 — 13 Hz, 17 Hz,
19 — 22 Hz). Note that due to combination of two bistable origamis, the periodic motion
can be further identified as intrawell periodic motion (5 — 9 Hz, 18 Hz, 23 — 24 Hz), and
interwell periodic motion (14 — 16 Hz). The intra- and inter- well behaviors are further
elaborated in the reference [28]. The experimental setup is shown in Figure 7.4(b) and
detailed in Appendix F. Although this structure is simpler than the previous example, it is
under the large-amplitude excitation region and hence displays the corresponding hallmarks
of nonlinear dynamics, including the above mentioned chaotic motion.

To demonstrate our method, we choose two typical cases where periodic motion and
chaotic motion are represented by 5 Hz and 17 Hz, respectively. After obtaining the K
matrix from the sparse regression, where the sparsity of K matrix is around 0.7, we check
the first row of the K matrix responsible for the calculation of axial displacement u;. The
case for 5 Hz is shown in Figure 7.4(c). The first row of the K matrix is sparse so that nonzero
values only appear in several positions standing for the information of h, a, ¥, «, 3, sine and
cosine functions of a and (3, suggesting that these geometrical variables are responsible for
the axial motion of the second separator. In comparison, at the frequency of 17 Hz, nonzero
values emerge in similar positions but with much smaller values in Figure 7.4(d). Besides,
the sine and cosine functions of @ and 8 are contributing less to the axial motion of the
second separator due to the smaller values than other geometrical variables. Compared with
the origami chain where the length of crease lines and the folding angle do not significantly

contribute to the axial displacement, in the present case, the length of crease lines and folding
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angle are major contributions to the axial displacement for the dual origami structure.
The possible reason can be the smaller amplitude excitation (i.e., linear regime) of the
origami chain, leading to the representation of a, b and ¥ by the function of h. After
sparse regression, the contributions of a, b and ¥ can be approximated by h, whereas large-
amplitude excitation (nonlinear regime) in dual origami structure results in the failure to
represent a, b and ¥ using h. Similar to the analysis of K matrix in Section 7.3, the
geometry information marked in Figure. 7.4(c) generally indicates the geometrical variables
of two origami components.

We then predict the axial displacements u; and ug at the frequency of 5 Hz and 17 Hz.
As shown in Figure 7.4(e), the prediction and ground truth agree excellently with 60%
training data, as evidenced by the overlap of red curves and blue curves. In stark contrast,
the predictions at the frequency of 17 Hz do not match with the ground truth in a pre-
cise manner [Figure 7.4(f)]. Although the sudden change in the chaotic motion cannot be
predicted, the predicted results still show clear differences from the periodic motion [Fig-
ure 7.4(e)], i.e., they carry the blueprint of the observed chaotic dynamics. Therein, uy
is more chaotic than us and thus the prediction is better in us. Note that the prediction
results of intrawell periodic motion at other frequencies are similar to the Figure 7.4(e),
while the ones of chaotic motion at other frequencies are similar to the Figure 7.4(f).

The spectral analysis is conducted to show the frequency response under the excitation
in different frequencies. In Figure 7.5(a), the spectra for u; and ug in different frequencies
are obtained by the fast Fourier transform of the experimental data after normalization.
It is obvious that along the diagonal direction of each panel, there are responses at the
same frequency as the excitation frequency. Apart from that, the periodic motion and the
chaotic motion can be clearly identified from the increase of lower frequency components.
The ‘state’ of the structure is also marked in Figure 7.5(a) and Figure 7.5(b), where green,
orange and purple shaded areas indicate the intrawell periodic motion, interwell periodic
motion and chaotic motion. Figure 7.5(b) illustrates the spectra for u; and ug based on
the prediction results. It can be seen that the spectra in the region of intrawell periodic
motion (5 — 9 Hz, 18 Hz, 23 — 24 Hz) agree with the ground truth excellently. However,

giDMD fails to predict the interwell periodic motion (14 — 16 Hz), where the predictions
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Figure 7.4: Application of giDMD on the dual origami structure. (a) The schematic of the
dual origami structure with opposite chirality. (b) The image of experimental setup for the
vibration test from the reference. Copyright 2020 Springer Nature. The design parameters
of origami are hg = 50 mm, 6y = £70°, R = 36 mm where hg, 6y, and R are the initial height,
initial rotational angle, and radius of the cross-section, respectively. The input excitation
is applied by a shaker, and the motions are captured by two action cameras and quantified
by the digital image correlation program. (c)(d) The row of K matrix corresponding to the
axial displacement u; at the frequency of 5 Hz and 17 Hz, respectively. The corresponding
control variables are shown below. (e) The prediction of axial displacement u; and ug using
giDMD at the frequency of 5 Hz. (f) The prediction of axial displacement u; and ug using
giDMD at the frequency of 17 Hz. The gray shaded areas represent the training data. The
ground truth is shown in blue and the prediction is shown in red.

blow up to infinity at some time point, resulting in the failure of spectral analysis. The
interwell periodic motion describes the scenario where u; and us feature a large difference,
as well as ¢1 and ¢9, i.e., in the regime of significant axial and rotational differences across
origami separators. In such case, the blow-up phenomena in the prediction are due to the

unstable dynamical system produced by the giDMD model. Understanding how to extend
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the giDMD approach to capture such a scenario remains an interesting open question for
further investigation. In the region of chaotic motion (10 — 13 Hz, 17 Hz, 19 — 22 Hz), the
spectra from the predicted results show qualitative agreement with the ground truth featured
by the increased magnitude in the low frequency range, despite the failure to capture the
intermittent variation in chaotic motion as shown in Figure 7.4(f). These findings imply
that giDMD can predict the chaotic motion to some extent.

Similar to the section 7.3, we study the K matrix to identify the ‘state’ of the dual
origami structure. Figure 7.5(c) shows the singular values o of the K matrix at different
frequencies, where different singular value spectra appear in different frequencies. We notice
that in the frequency range corresponding to the chaotic motion, the singular values are
particularly smaller than others. To characterize the origami dynamics, the Lyapunov
exponents for u; and ug are shown by bright green and dark green in Figure 7.5(c), calculated
by the Rosenstein’s method [262]. As is well-known, the larger Lyapunov exponent suggests
more chaotic dynamics. From our results, we can deduce that smaller singular values
correspond to larger Lyapunov exponent. In Figure 7.5(d), we choose the second singular
value of each K matrix o9 to compare with Lyapunov exponents for u; (top panel) and us
(bottom panel). It is noticed that there are clear boundaries among chaotic motion (smallest
values), interwell periodic motion and intrawell periodic motion (largest values). Besides,
there is the fairly strong relation characterized by the distance correlation (quotient of the
distance covariance and the product of the distance standard deviations) between logarithm-
scaled second singular values and Lyapunov exponents, resulting in dCor = 0.7628 and
dCor = 0.5649 for u; and us. The correlation between the singular values and Lyapunov
exponent of the dynamics system has not only emerged in our data-driven study, but also in
several theoretical studies to calculate Lyapunov exponent [263, 264]. Therefore, from the
singular values of K, one can identify intrawell, or interwell periodic motion or the chaotic

motion of the dual origami structure.
7.5 Conclusion and discussion

The K matrix serves as the control matrix in the giDMD, which will convert the control

Y to S, expressed by S = X — X’. Since the state X corresponds to the displacement
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Figure 7.5: Identification of intrawell periodic, interwell periodic and chaotic motion. (a)
The spectrum analysis of the experimental axial displacements u; (the first panel) and
ug (the second panel) under different excitation frequencies from 5 to 24 Hz. (b) The
corresponding spectral analysis based on the predicted axial displacements wu; (the first
panel) and uy (the second panel). The white area with a cross represents the failure of the
prediction. The green, orange and purple shaded areas represent the frequencies of intrawell
periodic motion, interwell periodic motion and chaotic motion. (c) The singular value
spectrum of K matrix under different excitation frequencies from 5 to 24 Hz. The Lyapunov
exponents of u; and uo under different excitation frequencies are also shown in dark green
and bright green, respectively. (d) The relation between the second singular values o2 and
the Lyapunov exponents A under different excitation frequencies. The intrawell periodic
motion, interwell periodic motion and chaotic motion are represented in green, orange and
purple circles. The distance correlation between logarithm-scale second singular values and
Lyapunov exponents are shown in both graphs.

and velocity of each separator at each time step, S contains the information of velocity

and acceleration. Essentially, K is found to describe the velocity and acceleration using
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geometrical parameters in origami structures. The sparsity of K matrix shows that the
velocity and acceleration of the origami structure are only related to a few geometrical
parameters. This can also be implied by the governing equation of motion of origami as
shown in the Appendix F and derived equations. These governing equations of motion of
origami contain the combination of geometrical parameters explicitly or implicitly. K matrix
essentially selects the geometrical parameters in the Y matrix, resulting in the approximated
forms of governing equations of origami motion. This is the reason why giDMD works well
in origami dynamics and is only related to the several geometrical variables, resulting in
the sparse K matrix. In a sense, one can argue that the material in Appendix F represents
the traditional modeling approach (based on constitutive laws) towards the origami system
of interest, while the giDMD represents a modern, data-driven variant thereof. Indeed, our
method, from the idea of dynamics discovery using sparse regression, is quite similar to the
sparse identification of nonlinear dynamics (SINDy) [257]. The sparse K in giDMD and the
sparse = in SINDy both serve to select the active terms in the library (control variables
in giDMD and candidate functions in SINDy). However, there are some differences. In
SINDy, there exists an extensive library of candidate functions that is provided as a possible
basis to represent the dynamics, while Y in giDMD only contains the origami geometrical
variables. Moreover, the exact velocity and acceleration of the system are used in the
SINDy, while S in giDMD, motivated by the DMDc approach, is composed of the difference
of displacement and the difference of velocity, which is different from the implementation
of SINDy. Furthermore, our method can also be interpreted by the mode superposition,
since the individual entries k;; of K matrix can be expressed as k;; = u;‘FE*lVTSi after the
singular value decomposition, Y = UX VT, where u;‘-F is the j-th row of U and s;fr is the i-th
row of S. This results in different K matrix in the same origami structure under different
frequencies. For the consistency of the narrative, we fix the training ratio to be 60% in the
main text, but we also show the giDMD modeling in other training ratios in Appendix F
and Appendix F including error analysis and identification of states of origami structures.
Our approach demonstrates the efficacy in different training ratios and the ability to identify
origami dynamics.

In this work, we propose the method of giDMD to learn the origami dynamics that gives
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rise to origami coupled motions from pure observation data (experiment data and simulation
data). We show the better performance of giDMD characterized by the prediction accuracy
compared with DMDc. In the two example origami structures we apply our method on,
giDMD can not only predict the origami behaviors under different frequencies, but also
highlight an ability to identify the ‘state’ of origami structures. Furthermore, giDMD of-
fers the insights into the importance of geometries in the governing motion law of origami.
giDMD has better performance in the linear (or nearly linear) region of origami dynamics,
while there are still some challenges in describing chaotic dynamics within the nonlinear
regime. In the latter, giDMD starts to fail in connection to the goal of accurate prediction,
but it can still help with the identification of the origami state. The giDMD provides a
substantial capability to model origami dynamics in an efficient (fast computation) and in-
terpretable way. Although we primarily demonstrate our method on two specific structures,
the studied origami structures can be more complex across scales and not limited to the
Kresling origami in the future work. Indeed, the further extension of giDMD to other such
geometrically nonlinear systems is a topic currently under active investigation and relevant

results will be reported in due course.
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Chapter 8

CONCLUSION AND FUTURE CHALLENGES

Through a series of studies, we successfully characterize and model the spatiotemporal
behaviors in corals, elastic metamaterials and origami by experimental observation, data
analysis and theoretical /data-driven modeling, which have yielded significant insights into
the underlying physics and dynamics of these systems. In the natural system represented
by corals, we find the universal law in the spatiotemporal behaviors of corals: the interplay
between deterministic law and stochastic processes. Generally speaking, motions of coral
tissues, polyps and tentacles are all stochastic processes arising from inherent biotic factors,
which cannot be predicted and modeled accurately. However, they also show certain sta-
tistical patterns in their characteristics, which is governed by the deterministic law, such
as statistical distribution of displacement and larger motion amplitude at nighttime on the
coral tissues, 1/f2#+! fractional Brownian motion of coral polyps, and 1/f-type motion
and pulsation motion of coral tentacles. It is noted that this general phenomenon is not
only found in coral ecosystems, but also in many other biological systems. This finding
may provide a novel perspective on how to model spatiotemporal behaviors in a biological

system.

In the artificial systems represented by elastic metamaterials and origami, In the numeri-
cal and theoretical way, we present the realization of Landau level in the origami metamateri-
als. In the data-driven way, we study how to use DMD to not only model the wave dynamics
and structural dynamics, but also extract the information about underlying physics and dy-
namics from the characteristics of DMD and giDMD. The topological nature and frequency
response of elastic metamaterials can be revealed from pure data. Low-dimensional model
qualitatively describing the topological state propagation is put forward based on DMD.
The nonlinear dynamics of origami is modeled by a new approach, giDMD, which accu-

rately predicts the origami dynamics in various origami structures and identifies the type of
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dynamics. Our approach to addressing spatiotemporal behaviors in elastic metamaterials
and origami paves the way to characterizing and modeling more mechanical systems.
However, there still exist some limitations in our works and challenges to be addressed

in the future, as detailed in the following:

1. Although we successfully characterize and model the spatiotemporal behaviors in
corals in terms of motions of tissues, polyps and tentacles, the functions of these
motions and the reason why the motions follow certain rules still remain mysteries to
us. So far, we can only speculate the motion of coral tissue may be related to the
nutrition transfer inside the coral and is more active at night. We can also deduce
that the motion of coral polyps is related to the prey searching because the fractional
Brownian motion is a excellent search strategy statistically. Likewise, the 1/f-type
motion and pulsation motion of pulsating soft coral tentacles are beneficial to the food
searching and photosynthesis, respectively. Nonetheless, our speculations do not have
enough previous or current biological experiments to verify. The future efforts can be
devoted to the relation between biological functions and spatiotemporal behaviors of

corals with the collaboration with marine biologists.

2. Despite the fact that the model from DMD can describe the topological state prop-
agation in topological elastic metamaterials, the inherent deficiency of DMD hinders
the quantitative description of the wave propagation. While the similarity between
model and ground truth is acceptable, the relative error is large. The transient phe-
nomenon including wave propagation is always a drawback in DMD, though we show
the noticeable improvement by DMD with time-delay embedding. The future effort
can be devoted to finding DMD variants or another data-driven method to build a

model for wave propagation in a quantitative manner.

3. Our new approach, giDMD, developed based on the DMD, can excellently model the
origami dynamics. When the dynamics is within the linear regime and nearly linear
regime, this approach works well. However, when the excitation amplitude becomes

larger to push the dynamics to the highly nonlinear regime, giDMD fails to predict the
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dynamics in an accurate manner. Moreover, giDMD cannot ensure the model with
stable dynamics, implying that the system will probably blow up at some time point.
This has already confirmed in the interwell periodic motion in dual origami structures.
Therefore, how to accurately model the nonlinear (especially highly nonlinear) origami
dynamics and how to ensure the generation of the stable dynamics from data-driven
methods are challenges to be addressed, which can be promising research directions

in the future.

Our systematic methodology including experimental techniques, data analysis and mod-
eling techniques, can also be used to characterize and model spatiotemporal behaviors in
other systems beyond those studied in current work, such as human behaviors and trans-
portation engineering. We anticipate that our work can inspire more discoveries into the

underlying physics and dynamics of spatiotemporal behaviors.
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Appendix A

DIGITAL IMAGE PROCESSING TO DETECT SUBTLE MOTION IN
STONY CORAL

A.1 Experimental methods

A.1.1 Ezxperimental setup

Figure A.1(a) shows the experimental setup used to observe the coral Montipora capricornis.
The coral is fixed on the skeleton to ensure that it is not affected by the water flow. It
includes a DSLR camera with a macro lens to take pictures of the fine structures of coral
tissue surface. It also includes necessities for the aquarium such as filter and scraper. To
study the effect of light on coral tissue motion, aquarium light and ceiling light were used

to mimic light conditions during the day and the night.

filter

2
-

aquarium 7

scraper

Figure A.1: Experimental setup. The experimental setup with a DSRL camera, a timer, an
aquarium equipped with a filter, a scraper and a heater. The coral is fixed on another coral
skeleton.
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A.1.2  Aquarium maintenance

The Montipora capricornis (around 15 mm x 20 mm) was bought from a local store (Seattle
Corals Aquariums) and was raised in a 11.36 | aquarium with specific density = 1.024 g/cm?
and pH = 8.4. Artificial seawater was made from Instant Ocean Reef Crystals Reef Salt
with the salinity = 34.1 g/cm?. A one third water change was carried out every 3 days to
maintain steady aquarium conditions. Regular tests on pH, NH I , NO, and NOj3 were
conducted to ensure suitable water quality for coral growth. The continuous water flow
within the tank was provided by the Hydor Koralia Nano Aquarium Circulation Pump
with 908.5 1 per hour flow rate. The temperature of the water was controlled by the 50 W
FREESEA submersible heater and was maintained at 25.5°C. Light was provided on a
14.5 : 9.5 light: dark cycle using a 6 W NICREW ClassicLED aquarium light and the
ceiling light in the laboratory. The aquarium light emits blue light with 380 lumens, and it
was turned on all day, while the ceiling light emits white light and it was controlled manually

to be turned on at day and turned off at night.

A.1.8 Pictures acquisition

We used a Canon EOS 5D Mark IV and EF 100 mm f/2.8L Macro IS USM and timer to
take pictures for the Montipora capricornis every 2 min automatically. The parameters for
the camera were: F11, ISO4000, 1/10 s. The camera was put on a tripod to make it stable
and ready for the long-period shooting. The macro lens was perpendicular to the wall of
the aquarium to avoid the blurred effect caused by the refraction of light. The distance
between the macro lens and the wall of the aquarium was 12.5 cm. Two hundred pictures
are taken automatically for each light condition with a rate of 30 frames per hour with the

help of the timer.
A.2 Extraction of luminance of images

In our algorithm, we use the luminance of the image to represent the light intensity. Our

original images in RGB color space are converted to NTSC color space with three compo-
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nents: Y, I and @), using the following equation:

Y 0299 0.587 0.114 | |R
I|=1059 —0274 —0.322| |G (A.1)
Q 0211 —0523 0312 | |B

where Y component represents luminance or brightness of the image in the range from 0 to
1. The other components carry the hue and saturation information. We define the mean of
the Y component throughout the image as the luminance of this image. Figure A.2 shows
the luminance of images taken at day and at night. The luminance at day is around 0.48
while the luminance at night is around 0.16, which coincides with the intuition that the

luminance at day is larger.

0.5
0.4
[0
2
] —— day
E 03 —— night
=}
-
0.2+
L | | |
0-1g 50 100 150 200

Image sequence

Figure A.2: Luminance extracted from pictures. Red and blue curves show the luminance
at day and night, respectively.

A.3 Digital image correlation of the coral skeleton

The coral skeleton is in the aquarium which is indicated by the yellow curves in Fig-
ures A.3(a) and (b). The Montipora capricornis is fixed on a coral skeleton. The coral
skeleton is not supposed to develop notable motions under the water flow or other factors,

which provides a good opportunity to test the validation of DIC and optical flow. The
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Figure A.3: Pictures taken at day and at night. The yellow curves in (a) and (b) enclose
the coral skeleton in the aquarium. Scale bars are shown in (a) and (b).

first picture is considered as the reference picture. Figure A.4(a) shows the displacements
u; between the second picture and the reference picture at day and at night from left to
right. In comparison with the displacement of coral shown in Figure 2.2(a), the results of
coral skeleton at day and at night do not show obvious distinction but are smaller than
the results of coral. We also investigate the displacements u,, at day and at night shown in
Figure A.4(b). No obvious difference is observed from the results. Similarly, u, is smaller
than the results of coral. The histograms of displacements wu, and u, are presented in
Figure A.4(c). The red and blue curves in each panel indicate the mean of displacement
distribution at day and at night throughout the displacement result. The corresponding
variation ranges are shown in red and cyan dashed lines. The results show that most of the
parts are not moving since the displacements are zeros. The means of both displacements
ug and u, are either the same or slightly different at day and at night. Besides, the noise is
smaller than the results of coral. It suggests that the results are not significantly affected by
the light condition, which verify the validation of the digital image correlation algorithm.
The same phenomenon can be found in the strain information. The strains between the
second picture and the reference picture are shown in Figures A.5(a)-(c). Figures A.5(a)-(c)
shows the normal strain €, and €y, at day and at night, and 5b shows the shear strain €.
Similar to the displacements analyzed above, the strains also exhibit no obvious distinctions.
The histograms of €5, €5, and €y, shown in Figure A.5(d) make it clearer. The means of

strains at day are in close proximity to the values at night. In general, the comparison of
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Figure A.4: Displacements of the coral skeleton from digital image correlation. (a) The
displacements u, along horizontal direction between the first and the second picture at day
and night are shown in the left and right panel, respectively. (b) The displacement u,, along
vertical direction between the first and the second picture at day and night are shown in
the left and right panel, respectively. (c) The percentage histograms of displacement u,
and displacement u, are shown in the left and right panels, respectively. The red and blue
curves indicate the means of each displacement at day and night. The pink and cyan regions
are variation ranges at day and night.

DIC results between coral and coral skeleton supports the validation of DIC algorithm.
Besides, we also analyze the possibility that the difference between day and night is
caused by accident. Supplementary video shows the histograms representing the distri-
butions of displacements when the consecutive picture is considered as the reference pic-
ture [95]. From the movie, the displacement at night is larger than that at day. Moreover,
positive and negative displacements are shown in the movie, suggesting that the coral is
fixed on the coral skeleton during the experiment and only motions of polyps and coral skin

are recorded. Another reference picture is also considered. We also take the 20**, 40" and
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Figure A.5: Strains of the coral skeleton from digital image correlation. (a)-(c) Strains €,,
€zy and €,y between the first and the second picture at day and night are shown in the left
and right panel, respectively. (d) The percentage histogram of the strains €., €,y and €y,
are shown from left to right, respectively. The red and blue curves indicate the means of
each strain at day and night. The pink and cyan regions are variation ranges at day and
night.

100" picture as the reference picture, respectively, and calculate the histograms of displace-
ments, shown in Supplementary video [95]. They all show that the displacement at night
is larger than that at day. Moreover, positive and negative displacements are shown in the
movies. The above analysis indicates that our result is obtained statistically rather than by

accident.
A.4 Optical flow of the coral skeleton

In order to verify the validation of optical flow, we also carry out the study of optical flow on
coral skeleton enclosed by yellow curves in Figure A.3. Figures A.6(a) and (b) exhibit the
optical flow of the coral skeleton encoded by the color square with the same scale between
the second picture and the first picture at day and at night, respectively. Similar to the

DIC result, the top right corner is in the low saturation, meaning that it is lack of the coral
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skeleton. Besides, there is no significant difference between Figure A.6(a) and (b) from
the perspective of color distribution. The histograms shown in Figure A.6(c) illustrate the
distribution of velocities v, and v,. More parts are involved in the motion at day, which is
on the opposite side of the case of coral. According to the symmetry of the histograms, the
coral skeleton tends to have a positive velocity v, and a negative velocity v, whatever light
condition the coral skeleton is under. Besides, the values are smaller than the velocities on
coral. The histogram of direction is shown in Figure A.6(d). Probably because of water
flow, the motion direction is along the horizontal direction, which is 0° and 180°. Apart from
that, there is no significant peak in the histogram. Overall, the comparison of optical flow

results between coral and coral skeleton supports the validation of optical flow algorithm.
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Figure A.6: Optical flow of the coral skeleton. (a)-(b) Optical flow between the second and
first pictures at day and night, respectively. (c) The percentage histograms of velocities
v, and v, along horizontal and vertical directions. The red and blue curves indicate the
means of each velocity at day and night. The pink and cyan regions are variations at day
and night. (d) The percentage histogram of direction of velocity. The red and blue curves
indicate the means of each angle at day and night. The pink and cyan regions are variation
ranges at day and night.
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Appendix B

SPATIOTEMPORAL DYNAMICS OF CORAL POLYPS ON A
FLUIDIC PLATFORM

B.1 Experimental methods

B.1.1 Design and fabrication of the octagonal fluidic platform

The octagonal fluidic platform is designed using the computer-assisted drawing software
solidworks. The design is 3D printed using a Polyjet 3D printer (Objet Eden 260VS) with
VeroClear resin (clear and transparent resin, to allow for light penetration). This fluidic
platform is specifically designed for the in vivo study of small coral fragments (i.e., nubbins,
< 5 mm) as opposed to typical large fragments used (5 ~ 10 cm). During printing, the
main chamber is open on both faces (top and bottom), which enables its attachment (glue)

onto glass slides of various thicknesses for top and/or bottom imaging.

B.1.2  FExperimental setup and procedure

Coral nubbins (< 5 mm) are cut from larger fragments of Pocillopora acuta, glued onto
glass coverslips, and placed back into tanks to recover for two months. For the experiments,
the nubbins are placed in the octagonal fluidic platform (one at a time) under a dissecting
microscope (magnification is varied according to the size of the nubbin) mounted with a
Nikon camera and viewing tablet. Photos are taken every 10 s from day 1 until the end of
the experiment and assembled as a time series for analysis. The octagonal fluidic platform
is connected to a peristaltic pump that transports the seawater from the holding vessel
to the chamber (holding vessel under constant stirring at 300 rpm and heating). A low
flow rate (~ 5 ul/s) is maintained to avoid impacting on polyp motion while still regularly
renewing the artificial seawater inside the chamber. The computational fluid-dynamics
simulation with different flow rates are exhibited in Figure B.1, where lower impact is

observed at a flow rate of ~ 5 ul/s.
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Figure B.1: Computational fluid-dynamics simulation with different flow rates of our fluidic
platform. Velocity distribution of the fluid is shown in the tubes and chamber. Three
slices are shown in the chamber, one of which shows the velocity distribution near the coral
nubbin. Results of using flow rates of 5, 25, and 50 ul/s are shown in (a)—(c), respectively.

The AI Prime 16HD reef light system is used as the light source with constant power
but adjustable wavelengths on a 10/14 h daylight cycle. To make sure the corals acclimate
to the fluidic environment, we move the nubbins from the aquarium to the chamber on day
1 under normal light and temperature. On day 2, light and temperature are adjusted to the
experimental conditions and maintained for 24 h. On day 3, the conditions are returned
to normal, and the nubbin is placed back into the aquarium at the end of the day. The
experimental settings include normal, blue, green, and red light at temperatures of 25°C,

and 15, 25, and 30°C under normal light. Blue, green, and red light are monochromatic but
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normal light is mixed with 7% UV, 7% violet, 7% royal blue, 7% blue, 7% green, 19% deep
red, 7% moonlight, and 33% cool white, according to the light settings on the AI Prime
16HD reef light system. Note that each experimental setting is replicated three times.

B.2 Data-driven parameterization of the Langevin equation

One of the main focuses of the generalized Langevin equation is to estimate the memory-
kernel function. We use the data-driven method to estimate the memory—kernel function.
As mentioned in the main text, after we obtain G(t) = — fo (1)dt, we conduct the
Laplace transform to obtain G(€) = —K (&)H (¢ ) Note that we work with the variable £ in-
stead of the usual choice of s (3 = 1/£), so that we obtain E(G( = [5G e tédt,
L(H(t)) = = [;7 H(t)e V8dt, and L(K(t)) = =K t/édt By integrating
by parts repeatedly, we can obtain the relationsh1p between the variable before and after

the Laplace transform:
G9(0) = itG1(0), HD(0) = itH 1 (0), KD (0) = itk (0) (B.1)

Additionally, when taking & — 00, we can obtain the Markovian limit of these parameters:

hmg_>C>o fo t)dt, hmg_>C>O fo t)dt and hmf_mo fo

Therefore, the memory-kernel function at the Markovian limit, & (00), can be calculated by

K (00) = —C(o0) H () = —( /O G /0 T H)dn ! (B.2)

To calculate K (€) for any £, we use a rational function approximation for K (¢) in the form

of
(I— Z Bp&™)~™ Z Ap€™) (B.3)

where the terms of expression are matrices A, € RV*N and B,, € RV*N. The highest-
order coefficients can be found by taking the limit: limg o, K(£) = —By/ A
K (§) can also be expanded by the Taylor expansion at £ = 0:

) 0 frn)
K(f)zZK © ¢n (B.4)

n!
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The rational function approximation for K (&) can be matched with the form of the Taylor

expansion, which results in

KOO _, 3 5 E™© (B.5)

n! m!
l+m=n

Combined with the conversion between variables before and after the Laplace transform, we
can deduce the coeflicients in the rational function approximation. For example, as for the
first-order approximation, A; = —GM (0)[HM(0)]~! and B; = —AM[K (c0)]~". Likewise,
we can obtain the coefficients of the higher-order rational function approximation. Then
the inverse Laplace transform can be used to obtain the memory-kernel function in the time

domain.
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Figure B.2: Laplace transform of the memory kernel for modeling the in-plane motion of
coral polyps. First-order, second-order, third-order, and fourth-order estimations of the
Laplace transform of the memory kernel are shown in different colors. Third-order and
fourth-order estimations overlap. These curves converge to a certain value with the increase
of €.

We take polyp #3 labeled in Figure 3.1(c) as an example. As shown in Figure B.2, the
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first-order, second-order, third-order, and fourth-order rational function approximations
of the memory-kernel function are presented in different colors. We notice that rational
function approximations of the memory-kernel function are becoming closer and closer with
increasing approximation order, suggesting that the rational function is sufficient to describe

the real memory-kernel function.

B.3 Modeling of the stochastic term in Langevin dynamics by the maximum-
likelihood method

Since the form of the generalized Langevin equation poses a challenge for further investiga-
tion, and R(t) represents the colored-noise term in the generalized Langevin equation, we
need to represent the generalized Langevin equation with extended dynamics driven by the
white-noise term. For simplicity and demonstration, the first-order approximation of the
memory-kernel function is used. Therefore, after the inverse Laplace transform and substi-
tution, we can define the auxiliary variable, d(t) = — fg AP =7)0(7)dr + R(t). Under the
Leibniz rule, d(t) can be differentiated as d(t) = —A10(t) — By [ A1e®r¢=1a(r)dr + R(t).
Since R(t) satisfies the second fluctuation-dissipation theorem, R(t) can be expressed as the
initial condition, d(0), and the white noise, W(t): R(t) = fg eBIE=IW (r)dr + ePrtd(0).
Next, after substitution, d(t) can be rewritten as d = Bid — A16 + W. Therefore, the in-
plane waving motion of the coral polyp under the first-order approximation is governed by
Equation (3.9). In this way, the in-plane waving motion can be easily simulated by solving
this equation set.

As an example, the probability density function of the white-noise term of coral polyp #3
labeled in Figure 3.1(b) is shown in Figure B.3. It is difficult to determine the distribution
function because this probability density function is similar to some assumed distribution
by visual comparison. Therefore, the maximum-likelihood method is adopted to deter-
mine the optimal parameter, for several distribution candidates, (a) px(W) = ce W1 (b)

2

pu(W) = c|W|™ and (c) po(W) = \/2;?67% which are the exponential distribution,

power law distribution, and normal distribution, respectively. Given a set of white-noise

terms, W = wy, wa, ..., w,, and a probability density function, py(WW'), where X is a vector
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of k parameters, the log likelihood of the probability density function can be expressed by
In L(AIR) = InTTj_; pA(r;) = > Inpx(ry) (B.6)
j=1

For each candidate, we find A to maximize the log likelihood and obtain the optimal pa-
rameters. Herein, the Nelder-Mead simplex search algorithm is used to find the extrema.
Three candidates with optimal parameters are exhibited in Figure B.3. We notice that
an obviously normal distribution does not fit our probability density function, but the
other three distributions are difficult to distinguish. To find the preference between the
different model distributions, the likelihoods, L, of which are maximized, the Akaike infor-
mation criterion and the Bayesian information criterion, defined as C'4; = —21In L + 2k and
Cpi = —2In L + Innk, respectively, are used. The most appropriate model can minimize
the information criterion. The results show that the Akaike and Bayesian information cri-
teria make no difference for selection of the model (i.e., the Bayesian information criterion
agrees with the Akaike information criterion on 100% of all data sets). Table B.1 shows the
white-noise model for each polyp under different light conditions. These results show that
most of the polyps prefer the exponential distribution to model the white-noise term in the

generalized Langevin equation under different light conditions.

Table B.1: White-noise model selection for different light conditions. Preferred model for
each polyp in each replicated experiment is displayed based on the Akaike information
criterion and the Bayesian information criterion.

Normal light Blue light Green light Red light

Replicate 1 | 5/5 exponential | 4/4 exponential | 6/6 exponential | 4/4 exponential

5/6 exponential
Replicate 2 | 5/5 exponential 5/5 exponential | 4/4 exponential
1/6 power law

Replicate 3 | 5/5 exponential | 5/5 exponential | 6/6 exponential | 7/7 exponential
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Figure B.3: Probability density function of the white-noise term. Probability density func-
tion of the white-noise term, W, is shaded in gray. Red, blue, and green dashed lines show
the fitted exponential function, power-law function, and Gaussian function, respectively.

B.4 The model of in-plane waving motion of coral polyps at different temper-
atures

We also study the model of in-plane waving motion of coral polyps under different tempera-
tures. Likewise, we obtain the memory-kernel function by the data-driven parameterization
and the noise term by the maximum-likelihood method. From Figure B.4(a), generally,
compared with the case at normal temperature, other cases at 15°C and 30°C have smaller
memory-kernel functions, on average. Figure B.4(b) exhibits the parameter \ for the expo-
nential distribution under different light conditions. Compared with normal light, A is larger
at 15°C and 30°C, which results in clear differences in the exponential distribution using
the average parameter A at 25°C [Figure B.4(c)]. Table B.2 shows the white-noise model
for each polyp under different temperature conditions. These results show that most of the
polyps prefer the exponential distribution to model the white-noise term in the generalized

Langevin equation under different temperature conditions.
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Figure B.4: Model of in-plane waving motion of coral polyps under different temperatures.
(a) Value of the memory-kernel function at the Markovian limit, K (c0), of coral polyps
at 15°C, 25°C, and 30°C. (b) Parameter A for the exponential distribution to model the
white-noise term at 15°C, 25°C, and 30°C. (c) Fitted PDF of the white-noise terms at
different temperatures by using the average parameter X\. Cross and triangle symbols in
(a)(b) represent the outliers and mean, respectively.

Table B.2: White-noise model selection for different temperatures. Preferred model for each
polyp in each replicated experiment is displayed based on the Akaike information criterion
and the Bayesian information criterion.

15°C 25°C 30°C

Replicate 1 | 6/6 exponential | 5/5 exponential | 5/5 exponential

4/5 exponential
Replicate 2 | 5/5 exponential | 5/5 exponential
1/5 power law

Replicate 3 | 4/4 exponential | 5/5 exponential | 5/5 exponential
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Appendix C

DATA-DRIVEN DISCOVERY OF SPATIOTEMPORAL COHERENT
PATTERNS IN PULSATING SOFT CORAL TENTACLE MOTION
WITH DYNAMIC MODE DECOMPOSITION

C.1 Experimental methods

C.1.1 FExperimental setup and procedure

A specimen of Anthelia glauca was purchased from a local store (Seattle Corals Aquariums)
and was reared in a 5.68 | aquarium with specific gravity artificial seawater = 1.025 g/cm?
and pH = 8.4. Regular tests on pH, NH,, NO, and NOg were done to make sure the
water quality was suitable for coral. The continuous water flow within the tank was provided
by a Hydor Koralia Nano Aquarium Circulation Pump with a 908.5 1/h flow rate. Note that
2 h before initiating the experiment, the aquarium pump was paused to minimize the effect
of water flow on spontaneous tentacle motion. The temperature of the water was controlled
by the 50 W FREESEA submersible heater and was maintained in 25°C. Light was provided
on a 12/12 h daylight cycle using an AI Prime 16HD Reef light system. The light used to rear
our coral was mixed with 20% UV, 10% violet, 10% royal blue, 10% blue, 10% moonlight,
and 10% cool white in the setting options on the AI Prime 16HD Reef light system. In
the experimental study of the effect of light conditions, all aquarium settings were kept the
same, except the light. The settings for blue (450 ~ 495 nm), green (495 ~ 570 nm), and
red (620 ~ 750 nm) light conditions in the experiments were monochromatic with the same

power as the laboratory light.

C.1.2 Stereovision system

Two synchronized cameras with lenses (Canon EOS 5D Mark IV and EF 100mm f/2.8L
Macro IS USM) were used, along with a timer to take images every 10 s. The camera

settings were: F10, ISO8000, 1/200 s. The two cameras were fixed on an optical table
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for stability and long-period shooting for 11 h. The macro lenses of two cameras were
perpendicular to the aquarium to avoid blurred effect caused by refraction. Calibration
and acquisition of coefficient of direct linear transformation were implemented by using a

checkerboard pattern.

C.1.83 Tracking of coral tentacle motion

Each tentacle was simplified for analysis as a line segment connecting the polyp mouth to
each tip of the tentacle so that the relative position of could be easily calculated. The
polyp mouth and the tip of the tentacle were tracked using the correlation-based algorithm.
Note that, occasionally, the tentacles contracted into the polyp which may be related to
the feeding behaviors. Hence, the corresponding data was missing due to the unavailable

positions of tentacle tips.

C.1.4 Direct linear transformation

After the tentacle coordinates in each frame obtained by each camera was identified, the
coordinates in three-dimensional space were calculated using the direct linear transforma-
tion (DLT). Calibration and acquisition of the coefficient of DLT were implemented by
using a checkerboard pattern. With the DLT method, each calibrated camera has a set of
11 coefficients that map from world coordinates to image pixel position for a single camera

from a particular view, which is mathematically expressed as follows:

u = Lle + LQYw + LSZw + L4
L9Xu) + LlOYw + L11Zw +1

o LsXu+ LoV + LiZu + Ls
N LoXy+ LioYw + L1122y + 1

(C.1)

(C.2)

where (u,v), (Xuw, Yw, Zy) and L1 — L1y are the pixel coordinates, three dimensional (3D)
coordinates, and the DLT coefficients, respectively. As long as the DLT coefficients from
two camera views are obtained, the pixel coordinates of a single point in both camera views
can be combined to find the corresponding 3D coordinate, which can be determined by

finding the intersection of the two lines from each camera view in 3D space.
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The images of the checkerboard pattern from different positions and angles are taken
from both camera views. The perspective matrix P that can map the world coordinates to
image pixel position, which is K[R|T] can be calculated, where K is the intrinsic matrix
containing focal lengths and the camera’s principle points. R and T are the rotation and
translation between the world coordinate system and camera, respectively. The relation is

mathematically expressed as follows:

Xu
u
Yo
s |v| = K[R/T] (C.3)
Z
1
1

Finally, the DLT coefficients can be calculated after the direct relation between P and the

DLT coefficients from L1 — L1 are found.
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Appendix D

ELASTIC CHIRAL LANDAU LEVEL AND SNAKE STATES IN
ORIGAMI METAMATERIALS

D.1 Simulation setup

The design parameters and mechanical parameters used in the numerical simulation are

shown in TABLE D.1 and TABLE D.2, respectively.

Table D.1: Design parameters for the origami.

m (kg) j(kg-m?) | N| R(m) |6 (°)
58.8x 1073 | 6.77x107° | 6 | 36 x 1073 70

Table D.2: Mechanical parameters for the origami.

ke (N-m™) | ky (N-m™Y) | by (N-m-rad™!) | k. (N-rad™?)
6055 3743 7.277 x 1073 25

The heights by and hg for origami 1 and origami 2 from left to right are linearly varying
from 30 mm to 10 mm and from 10 mm to 30 mm, respectively. The mechanical parameters
ko, kp represent the axial spring constant along the crease a, b, and ky represents the
torsional spring constant along the bottom crease. k. represents the torsional spring constant
connecting the bottom plates of origami.

The band structure of the origami metamaterials is calculated based on the linearized
truss model of the Kresling origami [64, 192]. The unit cell contains two Kresling origamis
on two sites (1) and (2). After applying the periodic boundary condition (Bloch’s theorem),

the linearized equation of motion can be expressed as:

mil!) — 0411(—u£1)) - 0412(91()1) - ¢£1)) =0 (D.1a)
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56 — g (—ulM) — g (6 — o) = 0 (D.1b)

jéél) — a21u§1) — a22(¢§1) — OI(,I)) — k:c(—Ong) — 9,51)) (D19
— k(037 — i) — ky(~0P ™2 — D) = 0

mﬁ?) - 511(—%@) - 512(9152) — ¢§2)) =0 (D.1d)

36— Bar(—ul?) — Baa (657 — 6y =0 (D.1e)

38y = B = Baa(81” - 7)) — k(=0 - 67) (D.1f)

— k(=0 kA _ gy _p (—giVeikaz _ g2y —
where the linear coefficients o and g correspond to origami 1 and origami 2. These coeffi-
cients can be derived from the second derivative of the potential energy of the single origami

Up which can be expressed as:

N

Up = 5 [ka(a ~ a0)? + ky(b — bo)? + 2k (¥ — W)?] (D.2)
where
a= \/(ho — 0u)? + 4R? sinQ(%5 + %0 — %) (D.3)
b= \/(ho—du)2+4R2 sin%%%—%o—i-%) (D.4)
U = arctan fio — 0u (D.5)

R[cos(3) — cos(d¢ + 0o)]
The subscript 0 denotes the initial value with du = d¢p = 0. The linear coefficients are thus
calculated as a1 = 8§uUp, a12 = ag1 = OsuseUp and ang = 8§¢Up. 511, P12, P21 and Bog
can also be calculated accordingly.

Figure D.1(a) shows the variation of o and S along the x direction of our origami
metamaterial. The band structure w(k) can be obtained by solving the eigenvalue equation
summarized from Equation (D.la) to Equation (D.1f) as a function of Bloch wave vector k
in the first Brillouin zone:

(WM + D(K)]U(k) =0 (D.6)

Here, w denotes the angular frequency. M denotes the mass matrix containing the mass
m and rotational inertia j. D(k) is the dynamical matrix and U(k) is the corresponding

eigenmode [Ugl), ¢1E1), 9,()1), u?), ¢,E2), Qéz)]T, as a function of k.
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The frequency response of the origami metamaterial is calculated by:
(WM +D)U =F (D.7)

where F' is the excitation source exerted on the system. M and D are the mass matrix and
stiffness matrix of the system. The calculated U is translated to the field distributions (u,

¢+ and 6) of the origami metamaterial.

D.2 k-p perturbation method

To understand the formation of the synthetic gauge field, we use the k - p perturbation
method to explain analytically [198-202]. When the heights of two origamis in the unit cell
are the same, the third and the fourth bands, the fifth and the sixth bands, degenerate to
the Dirac cone at K point, as shown in Figure. 5.1(c). However, when the heights of two
origamis are not equivalent, the linear coefficients for origamis are different [Figure D.1(a)],
resulting in the disappearance of degeneracy and formation of the band gap. This system
can be regarded as the new system perturbed from the original one [Equation (D.6)]. The

corresponding eigenvalue problem can be written as:
[W?*M + D'(k)]U’' (k) = 0 (D.8)

When the perturbation is small, we can consider the eigenmode of the perturbed system can
be approximated as linear combinations of eigenmodes of the original degenerate system,
according to the k - p perturbation method. Following this method, the eigenmodes U’ (k)
can be approximated:

U/(k) ~ c1U; (K) + CQUQ(K) (D.Q)

The Equation (D.9) is substituted into the Equation (D.8):
Ul (K)[w?M + D'(K)][e1U1(K) + c2Us(K)] = 0 (D.10a)

U (K)[w?M + D'(K)][c1U1(K) + c2Us(K)] = 0 (D.10D)

The problem can be further simplified as the eigenvalue problem:

AHp = Awt) (D.11)
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where AH is the perturbation Hamiltonian and ¢ = (c1,c2)?. When k = K, AH =
mgo,, where mg is the Dirac mass term and o, is the Pauli matrix. In this way, we can
calculate the mass term theoretically as shown in Figure D.1(c). When the gradient of mass
term is achieved along x direction, the out-of-plane synthetic gauge field A, = mg(z) can

be realized, essentially indicating the in-plane pseudomagnetic field along the y direction
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Figure D.1: Linearized coefficients along a supercell and variations of band gap and mass
term mp. (a) The linearized coefficients aq1 and (11, a2 and B2, age and B2 for origami
1 and 2 along the supercell from top panel to bottom panel. Note that ajs = a9 and
B12 = P21. (b) The variation of band gap at lower and higher band gap of each unit cell
along the supercell. (¢) The mass term mg at lower and higher band gap of each unit cell
along the supercell.

D.3 Theoretical Landau level dispersion

Here, we derive the theoretical Landau level dispersion from the linearly varying mass term

along z direction shown in Figure D.1(c). The Hamiltonian of the system can be expressed
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as below:

~ ~

H = v(kyo, £ kyoy) + mg(x)o, (D.12)
We can observe the linear relation of mg(z) = gz in Figure D.1(c). Also, provided the
commutation relations [ky, k,] = 0, [k,, 2] = 0 and [k,, 2] = —i, the Hamiltonian is then

squared and written in the matrix form:

z)? + vl;:x 2 4 vk,)? 1qU
(q2)? + (vhs)? + (v, N P
—iqu (q2)* + (vkg)? + (vky)?

Next, we define the creation and annihilation operators:
al = N(vky —i|qz), a = N(vky + ilq|z) (D.14)
The commutation relation [af,d] = 1 requires that

IN2[vky,i|q|z] = 2N%v|q| = 1
.1 (D.15)

 2u|q|

The particle number operator is then defined as:

n=ala = N*(v’k2 + ¢*2% + |qlv)
1

X (D.16)
ﬁﬁ = v’} + ¢*2% + |qlv
The Equation (D.16) is then substituted into Equation (D.13):
[(2lglvis — |glv + v*k2)T — quoylp = w?e (D.17)
By squaring two sides of Equation (D.17) after switching —qvo, and w? we obtain:
27.2 N9
(v7ky + 2|qlvn)p = wip (D.18)

Finally, given that the system is connected to the wall by springs along z direction, the

theoretical Landau levels dispersion can be expressed as:

sgn(q)vk,, n=>0
Wy, = (@)vky (D.19)

+,/v2k2 + 2nlglv, n>1

Therefore, as mentioned in the main text, the zeroth Landau level has the linear dispersion
relation with the group velocity related to the sign of the effective Dirac mass, and other

Landau levels are quantized.
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Appendix E

CHARACTERIZATION OF ELASTIC TOPOLOGICAL STATES
USING DYNAMIC MODE DECOMPOSITION

E.1 The truncation of singular values of the data matrix
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Figure E.1: (a) Reconstruction error as a function of truncation and duration. Error is
shown on a logarithmic scale. (b) Zoom-in reconstruction error as a function of truncation
from 1 to 140 and duration. Vertical dashed lines in (a) and (b) correspond to the selected
r = 131.

Choosing the proper truncation of the singular value decomposition of X is important
to obtain the best-fit linear operator A. To identify the truncation r of the singular values,

we wish to ensure the minimization of the reconstruction error. The reconstruction X is
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conducted by DMD modes inside the bandgap region and corresponding time dynamics

and is compared with the original wave propagation. In Figure E.1(a), the map of the

_ IXO)-X®ll2

reconstruction error calculated by E(t) X0

is given as a function of the number
of singular values (truncation r) and duration. The singular value spectrum shows that
singular values decay slowly, indicating that many modes are needed. Accordingly, with the
increase of the number of singular values in a certain range (1 ~ 140), the reconstruction
error does not change significantly in the logarithm scale. However, when the number of
singular values further increases, the reconstruction error will significantly increase.
Therefore, the proper truncation is in the range of 1 to 140, which we magnify in Fig-
ure E.1(b). As the number of singular values increases, the reconstruction error will decrease

to a minimum. We choose the » = 131 as the number of singular values corresponding to

the inflection point in the singular value spectrum.

E.2 DMD spectra and modes of wave propagation along interface with differ-
ent shapes
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Figure E.2: DMD spectrum and DMD modes of straight interface and cross interface are
shown in (a), (b) and (c), (d), respectively. Insets in (a) and (c) are the configurations of
elastic topological metamaterials.
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Figure E.2(a) gives the DMD spectrum indicating the relation between the frequency
and the mode amplitude for the topological states propagation along the straight inter-
face (configuration shown in the inset). Similar to Figure E.2(b), it is clear that the region
with high mode amplitude corresponds to the bandgap region (shaded area). The mode
inside the bandgap region with the largest amplitude is chosen as the prototypical mode
of interest (and of relevance to the dynamics). Figure E.2(b) exhibits the magnitude and
phase of this dynamic spatial mode of our system. The interface state can be observed from
the magnitude of the DMD modes. The displacement is concentrated along the straight
interface and decays rapidly away from the interface. The elastic waves can travel along
the interface with bends. The phases of the DMD modes also reflect the characteristics
of topological states. The distribution of phase along the interface has a certain pattern,
representing the valley pseudospin of our system as described in the main text. Likewise,
in Figure E.2(c) and E.2(d), we calculate the DMD spectrum and DMD modes inside the
bandgap region with the largest amplitude for the topological states propagation along
the cross interface (configuration shown in the inset). The DMD mode in Figure E.2(d)
shows that the elastic wave travels along the path at the beginning and when it arrives
at the intersection, it propagates to two sides instead of the straight path. Because of the
valley-locking effect, the wave will propagate along certain interface with same valley pro-
jection [221, 265-267]. The generated elastic wave is projected by the K valley according to
the group velocity in projected band structure [Figure 6.1(c)]. Therefore, the elastic wave
will only propagate along the K-valley-projected topological interfaces. Note that apart
from DMD modes shown in Figure E.2(b) and E.2(d) which have the largest amplitudes in

the DMD spectra, other DMD modes inside the bandgap region are also interface states.

E.3 DMD implementation on the topological state propagation excited by a
transient source

In the main text, our system with the Z-shaped interface is excited by a constant harmonic
force. Now we explore the system excited by a transient source. In our example, we use
the Gaussian tone burst F' = Fge_(os%)2 to excite our system and follow the procedure intro-

duced in the main text to analyze the system’s response using DMD. Figure E.3(a) shows
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Figure E.3: The DMD implementation. (a),(b) Snapshots of original and reconstructed
wave propagation excited by the Gaussian burst represented by the horizontal displacement
u, along a Z-shaped interface at t = 2, 192, 380, 570 and 758 ms (with the time evolving
from the bottom to the top), respectively. (c) Magnitude of the DMD mode with the largest
amplitude inside the bandgap region. (d) Phase of the DMD mode with the largest ampli-
tude inside the bandgap region. Inset shows the magnified view around the interface (black
line) illustrating the phase difference and valley pseudospin. Black and green arrows show
the pseudospin up and pseudospin down indicated by the phase evolution around hexagon
corners, respectively.

several snapshots of wave propagation along the Z-shaped interface; we can observe that an
elastic wave can propagate through the shape bend smoothly due to the topological protec-
tion. Figure E.3(b) exhibits the reconstructed wave propagation by DMD reconstruction,
which is visually similar to the original evolution dynamics though it starts to blow up at
the input port at the end of the reported time horizon, suggesting the qualitative nature
of the reconstruction. Similar to the situation in the main text, Figure E.3(c) exhibits the
magnitude of DMD modes showing that an elastic wave can travel along an interface fea-
turing bends. As shown in Figure E.3(d), the phase of the DMD mode indicates the phase
difference around the corners of the honeycomb and the valley pseudospin of the excited
valley in our system. This demonstrates the ability of DMD to learn the topological nature

of the wave propagation in topological metamaterials.
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E.4 Dynamic mode decomposition with time-delay embedding

Recently, the approach of time-delay embedding has been shown to be a general method
to generate proper observable measurements to render the reconstruction more accurate as
discussed in the main text. By embedding future temporally consecutive snapshots into
the current snapshot, time-delay embedding augments the limited spatial observables and
provides extra observables. The DMD with time-delaying embedding can be achieved by

the augmented data matrix X4 by shift-stacking the original data matrix as shown below:

I |

T1 Ty ... Tp
o |
I |

Xaug = |29 T3 ... Tm_ni1 (E.1)

o |
I |

Tp Tprl .- Tl

I ]

where h is the number of stacks. X’/

aug can be induced likewise. Using the augmented data

matrix to conduct DMD, the reconstruction error can be reduced. As shown in Figure E.4,

[X=X][2

TXTT2 decreases with the increase of the number of

the relative error calculated by E =
stacks and becomes saturated at around 0.65 even with a larger number of stacks. The
error may come from the inherent deficiency of DMD on the wave propagation problem as
discussed in Section 6.3. However, when the number of stacks increases, the augmented
data matrix becomes large, leading to a heavy computation cost. Therefore, there is a
tradeoff balance between accuracy and efficiency in the case of real-world applications and

practitioners should seek to strike a relevant balance to that effect.
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Figure E.4: Relative error of reconstruction as a function of number of stacks.

E.5 Classification of topological and traditional metamaterials with different
interfaces

For classification of topological and traditional metamaterials with different interfaces, we
follow the method we introduce in the main text. The topological metamaterial is com-
posed of the metamaterial with mq = 0.8 kg and my = 1.2 kg and the metamaterial with
m1 = 1.2 kg and mo = 0.8 kg. The traditional metamaterial is constructed based on the
defect states by the metamaterial with m; = 0.8 kg and mo = 1.2 kg, where the masses are
replaced by mo = 1.2 kg along the straight and cross interface to create defects. Following
the method in the main text, we extract the principal components of the library composed of
DMD modes of topological and traditional metamaterials with different interfaces (straight
and cross interfaces). As for different shapes of the interfaces, the feature space from the
principal components for the DMD modes to project on can be determined as visualized
in Figures E.5(a) and E.5(c), corresponding to the straight interface and cross interface.
Similarly, the feature spaces are also the second principal components in the SVD, in which
the main difference between topological wave propagation and non-topological wave prop-

agation is reflected, and hence can classify two types of metamaterials. We test the feature
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Figure E.5: Classification of topological and traditional waveguides with different interface.
(a), (c) Feature space of topological metamaterials with straight interface and cross interface.
(b), (d) Projected values of each DMD mode extracted from the system under excitation
of different forces and different frequencies, corresponding to straight interface (a) and
cross interface (c¢). Red and blue regions indicate topological and traditional DMD modes,
respectively. Error bars indicate the range of the minima and maxima of projected values.

space on the case excited under different forces and different frequencies. After the DMD
modes inside the bandgap for both topological and traditional metamaterials are projected
onto the feature space, the DMD modes lead to a scalar value, which is separated well
between the two families, and can be classified using the k-means unsupervised clustering,
as shown in Figures E.5(b) and E.5(d). For both wave propagation along straight interface

and cross interface, the classification results and ground truth have excellent agreement.
E.6 Synthetic wave propagation along the given interface using DMD

We demonstrate another application of the usefulness of DMD modes in topological meta-
materials. Synthetic wave propagation along the given interface is important when there
is lack of data due to the sensor problems or measurement difficulties. DMD is capable of

extracting the time dynamics and corresponding dynamic modes, which can help with the



167

synthetic topological state propagation along the given interface. Here, we use DMD modes
calculated from a part of data (training data) to build a low-dimensional model, and with
the knowledge of the position of interface further to synthesize the future propagation of
elastic wave. Here, as shown in Figure E.6(a), we use the wave propagation in topological
metamaterials from 0 to 200 ms as the training data. Then, DMD is used to extract the
DMD modes inside the bandgap and the corresponding time dynamics (two pairs of DMD
modes inside the bandgap are used). Since wave propagation is a process with time and
space variation together, the DMD modes are limited in space due to the nature of spatial
modes, resulting in stoppage of the wave and, accordingly, failure of the synthesis. A feasible
way that we have found relevant towards bypassing this issue is to extend the DMD modes
along the (a priori) given interface and to approximate the future wave propagation using

the extended DMD modes and the time dynamics from the training data.
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Figure E.6: Synthesis of topological states propagation along the given interface. (a) Snap-
shots of horizontal displacement wu, from 0 to 200 ms used for training. (b) Top panel
displays one of the DMD modes inside the bandgap of the training data. The bottom panel
displays the corresponding extended and shifted DMD modes along the Z-shaped interface.
(c) Snapshots of the horizontal displacement u,, for the synthetic wave propagation at t = 2,
192, 380, 570 and 758 ms. (d) Synthesis error and correlation coefficient as a function of
duration are shown in black line and blue line, respectively.
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First, the least squares method is used in order to identify the time-varying wave velocity
c(t) by a set of pairs of the positions of wave front and corresponding time. Therefore, the
position of wave front can be determined at arbitrary time. Next, after the extracted DMD
modes inside the bandgap are reshaped to a matrix form, they are truncated based on the
displacement d = fot c(t')dt', corresponding to the number of matrix columns, as shown in
the training data in Figure E.6(b). The DMD is used again to predict the DMD modes in
the future when the elastic wave propagates to the arbitrary position. The synthesis time is
determined by the length of the given interface. Note that extension by DMD only considers
the speed of wave propagation, assuming that it is effectively constant during each segment
of the interface, instead of other associated properties such as the dispersive radiation,
which is found to be minimal in the present setting. Then, the extended DMD modes ¢,
are shifted according to the shape of the interface, resulting in the shifted DMD mode ¢5. As
an example, one of the DMD modes inside the bandgap is shown in Figure E.6(b), where the
DMD mode is constrained in space which will cause the stoppage of wave propagation after
200 ms. After being extended by DMD and shifted by the shape of interface, the DMD mode
constrained in a certain space can cover the given interface (Z-shaped interface), as shown
in Figure E.6(b). Finally, after we extend and shift all DMD modes inside the bandgap
from the training data, the time dynamics of the training data are used to synthesize the

wave propagation along the Z-shaped interface, detailed as below:
X =d A7, (E.2)

where ®; is formed by ¢s. The diagonal entries of A contain DMD eigenvalues from training
data and Z; = ®,\z1. x; is the initial condition of our system. As shown in Figure E.6(c),
several snapshots of synthetic wave propagation clearly exhibit the elastic wave traveling
along the Z-shaped interface. This process is qualitatively similar to the snapshots shown
in Figure 6.2(b). According to Figure E.6(d), the relative error compared with the recon-
structed results in Figure 6.2(b) is in the range of 0.95 ~ 1. Likewise, we use the correlation
coefficient to characterize the qualitative performance of reconstruction, which is around
0.5. This is smaller than that for the reconstruction due to the limited number of modes

and time dynamics. Yet, this synthesis of wave propagation along the given interface still
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provides a reasonable visualization of future wave propagation. It should be mentioned
that aforementioned approach of DMD with time-delay embedding can also be used in the

synthesis since this approach can generate the dynamics and corresponding modes.
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Appendix F

GEOMETRY-INFORMED DYNAMIC MODE DECOMPOSITION IN
ORIGAMI DYNAMICS

F.1 Data acquisition

F.1.1  Ezperimental data

In the example of the dual origami structure, the raw experimental data was used for
the giDMD model. The experimental data and experimental procedures were detailed in
the reference [28]. The dynamic test was conducted on a dual triangulated cylindrical
origami structure. The design parameters of origami were hg = 50 mm, 6y = £70°, R =
36 mm which are the initial height, initial rotational angle, and radius of the cross-section,
respectively. The left origami is in negative chirality (§p = —70°) and the right origami is
in positive chirality (6p = +70°). The left end of dual origami structure was connected to
the shaker (LDS V406 M4-CE, Briiel & Kjer) which applied the single-frequency harmonic
excitation to the system. The motion of spherical markers attached to the separators was
captured by two action cameras in 240 frames per second and quantified by digital image
correlation. The triangulation method was used to find the three-dimensional coordinates
of the spherical markers, resulting in the axial displacement u and rotational displacement

¢ of each separator.

F.1.2 Simulation data

In the example of single origami and origami chain, the simulation data was used for the
giDMD model. The design parameters and mechanical parameters used in the numerical
simulation are shown in Table F.1 and Table F.2, respectively.

The mechanical parameters kg, k; represent the axial spring constant along the crease
a, b, and kg represents the torsional spring constant along the bottom crease.

The simulations of the single origami and origami chain under excitation in different
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Table F.1: Design parameters for single origami and origami chain.

m (kg) j (kg-m?) | N | ho (m) R (m) |6 (°)
588 x 1073 | 6.77x107° | 6 | 30 x 1073 | 36 x 1073 | +70

Table F.2: Mechanical parameters for single origami and origami chain.

ke N-m™) | ky (N-m™) | kg (N -m-rad™!)

6055 3743 7277 x 1073

frequencies are conducted based on the truss model regarding Kresling unit cell as inter-
polygonal spring connecting separators with mass m and rotational inertia j [64, 192, 197].

The equation of motion of the separator can be expressed as:
mpUy + Fn(éun, (S(ﬁn) — Fn_1<(5un_1, 5¢n—1) =0 (F.la)

]n¢n + Tn(5un, 5¢n) - Tn—l((sun—ly 5¢)n—1) =0 (F'lb)

where duy, = U — Uns1 and d¢, = ¢y — Pn11. The subscript n denotes the n-th separator.
The force and torque in Equation (F.1a) and Equation (F.1b) can be further expanded by

the summation of the contribution from each spring as below:

Fo(Bttn, 300) =han N (Bt~ ho)(1 — )
b
+ ko N (6un — ho)(1 — 170) (F.22)
cos 77 — os(d¢n + o)

2kg, N Uy — U,
+ 2kwn N Bho(¥o )R2[cos N — €os(0¢y, + 00)]? + (ho — dun)?

T (tun, Shn) =kan N R2sin(d¢y + 0o — %)(1 — 90,
%9

b
+ Ky N R2 sin(8hn + o + %)(1 - ) (F.2b)
SiIl((S(Z)n + 90)(h0 — 5un)
R2[cos & — cos(d¢n + 600)]? + (ho — 0un)?

where the parameters with subscript 0 denote the initial origami configuration.

+ 2k‘\pnNRh0(\I’0 - ‘lfn)

The calculation of the band structure is based on the linearized truss model of the unit

cell in order to represent the small amplitude excitation. The unit cell contains two origami
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elements whose front separators denote the sites (1) and (2). The linearized equations of

motion can be expressed as:
il — any (u? —ulD) = A1y (u ) —u) — ara(6) — V) — Bra (65, — 6V) = 0 (F.3a)

mnﬁ(Q) —0411( () _ ’LL ) 511( 1 ’UJ%Q)) 0612(¢ ¢(2)) 612(¢n+1 ¢(2)) =0 (ng)
in @D — gy (u® —ulD) — 521<u53_>1 —u) = aga (¢ — 1) — Baa (8, — ) = 0 (F.3¢)
nd® — o1 () —u®) — Bor (ul)) — u?) — an(pP) — ) — 522(¢511+)1 — o)) =0 (F.3d)

where the coefficients can be derived from the second derivative of the potential energy of
each unit cell as detailed in the reference [192]. With the design parameters and mechanical
parameters in Table F.1 and Table F.2, the coefficients can be determined to be a1 = 11 =
26850 N-m™!, oo = —f12 = —819.8 N-rad~! and a9y = B2 = 26.07 N-m -rad~!. The
periodic boundary condition (Bloch’s theorem) is then applied to the linearized equation

of motion, such that u( )1 = u(Q) —2ikho ¢(2 = qbg)e*%kho, ugll_)ﬂ = (1) e2ikho and qﬁ +1 =

¢£Ll)621kh0. The band structure w(k) can be obtained by solving the eigenvalue equation as

a function of the Bloch wave vector k in the first Brillouin zone:
[D(k) +w?|U =0 (F.4)

Here, w denotes the angular frequency. D(k) is the dynamical matrix as a function of k

and U is the corresponding eigenmode U = [y/muM), /mu®, /561, /7oL,

F.2 Error analysis in different training ratios

Although the training ratio for the giDMD model of our aforementioned examples is set to
be 60%, we also investigate the sufficiency of the training ratio to build an effective and
reliable model to describe the origami dynamics. The relative error in different training
ratios are calculated for two examples [Figure F.1(a) for the dual origami structure and
Figure F.1(b) for the origami chain]. Figure F.1(a) shows the relative error of axial and
rotational displacement in the left and right panels, respectively. It can be seen that 20%
training ratio is enough to build the effective giDMD model for most cases of intrawell

periodic motion in the dual origami structure. However, giDMD fails to model the interwell
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periodic motion no matter what the training ratio is. The effective modeling for the chaotic
motion can be achieved as early as when the training ratio is 20%. The corresponding
model cannot precisely describe the intermittent change of chaotic motion as illustrated in
Figure 7.4(f) in the main text, resulting in the large relative error. However, it can show
the spectral features of the chaotic motion (large low-frequency components) as shown in
Figure 7.5(b). Note that large training ratio does not always guarantee the effective giDMD

model as shown by the white areas in the region of large training ratios. Figure F.1(b)
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Figure F.1: The prediction accuracy for the dual origami structure and the origami chain
using different training ratios. (a) The relative errors as a function of training ratio of axial
and rotational displacement in different frequencies for dual origami structure are shown
in the left and right panel, respectively. (b) The relative errors as a function of training
ratio of axial and rotational displacement in different frequencies for the origami chain are
shown in the left and right panel, respectively. The white regions indicate the failure of the
prediction in (a) and (b).

shows the relative error of axial and rotational displacement in the top and bottom panels,
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respectively. It can be seen that the effective model can be constructed as early as when
the training ratio is 30%. Besides, the model across frequencies can be built with high
accuracy. The error analysis in different training ratio shows the efficacy of our approach
with only a few training data, which demonstrates the possibility of early prediction in

origami dynamics.

F.3 Identification of state in different training ratios
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Figure F.2: The singular values of K matrix for dual origami structure and origami chain
using different training ratios. (a) The first singular value of K matrix as a function of
training ratio in different frequencies for dual origami structure. (b) The fifth singular value
of K matrix as a function of training ratio in different frequencies for origami chain.

As stated in the main text, the ‘state’ of the origami structure may be induced by the
singular value of K matrix. We further calculate the singular values of K matrix in different
training ratios to identify the ‘state’ in origami structures. The second singular value of K
matrix in different training ratios is calculated for the dual origami structure [Figure F.2(a)],
and the fifth singular value is calculated for the origami chain [Figure F.2(b)]. Figure F.2(a)
reveals that the intrawell periodic motion, interwell periodic motion and chaotic motion can
be initially identified by distinct values when the training ratio is only 10%, although it
should be noticed that at this training ratio the giDMD models for different frequencies

are not adequate to describe the origami dynamics. In the origami chain, the fifth singular
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value is used to conduct identification to have a stronger contrast although other singular
values also work. The topological boundary state can be identified when the training ratio
is 20% even though the model is not effectively built. This study on different training ratios
indicates that our approach of giDMD can identify the ‘state’ of origami structures at the

early stage, which helps with the early diagnosis and identification of the origami structure.
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