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Abstract
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Tatiana Toro
Department of Mathematics

In this thesis, we establish the isoperimetric inequality for the anisotropic Gaussian measure
and characterize the cases of equality. Additionally, we present an example demonstrating
that Ehrhard symmetrization fails to decrease for the anisotropic Gaussian perimeter and
introduce a new inequality that includes an error term. This new inequality, in particular,
provides a clue to a uniqueness result for the Ehrhard measure within the class of anisotropic
Gaussian measures. Our final result, a collaboration with Sean McCurdy, expands the class

of measures to which the previous uniqueness result applies.
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Chapter 1
INTRODUCTION

1.1 DMotivations

The isoperimetric problem is an ancient and fascinating problem in mathematics. The ori-
gins of it can be traced back to an ancient tale, Queen Dido’s Problem. According to the
story, Queen Dido used strips of bullhide to encircle the land that would become the city
of Carthage [Banl17|. In doing so, she encountered the challenge of maximizing the enclosed
area while adhering to a fixed amount of perimeter. Although the intuitive answer is a disk,
the rigorous proof of this solution emerged only relatively recently. In the 19th century,
Schwarz [Sch90] provided the first rigorous proof of the isoperimetric problem using a tool
known as Steiner symmetrization. This technique allows for the transformation of a region in
such a way that its perimeter decreases while its volume remains unchanged. The following
figure demonstrates this transformation in R? by redistributing area from set E vertically to
the x-axis, resulting in a new set E° symmetric with respect to the x-axis. Schwarz’s work
also highlighted an existence issue in Steiner’s original proofs. Since then, symmetrization

has become a pivotal tool in the field of geometric analysis.

R T

Figure 1.1: E* is the Steiner symmetrization of F in direction —e; in R2.



To address the isoperimetric problem in higher dimensions, a refined notion of perimeter
becomes important. Through the efforts of Cesari [Ces36| and De Giorgi [DG53|, who uti-
lized the concept of Divergence Theorem, we have a more precise definition for the perimeter.
Their innovation bridged techniques from analysis, encompassing derivatives, integrals, mea-
sures, and more. These tools enable us to analyze sets that exhibit unconventional behavior,
such as sharp corners, cusps, or tentacle-like structures, they are part of a fruitful field known
as Geometric Measure Theory.

An analogous problem to the classical isoperimetric problem, wherein Gaussian measure
is employed in lieu of Lebesgue measure, is termed the Gaussian isoperimetric problem. This
intriguing problem was initially established by Sudakov, Tsirelson [ST78] and Borell [Bor75|
via Paul Levy’s spherical isoperimetric inequality. Furthermore, Carlen and Kerce [CKO1|
characterized half-spaces as the unique minimizers in the Gaussian isoperimetric problem,

utilizing a Gaussian analog of the Laplacian known as the Ornstein-Uhlenbeck operator.

Figure 1.2: This purple drawing visualizes the perimeter under the Gaussian weight.

In Gaussian space, a counterpart to Steiner symmetrization was introduced by Ehrhard.
This technique, now known as Ehrhard symmetrization, transforms a region to decrease its
Gaussian perimeter while preserving its Gaussian mass [Ehr82, Ehr83, Ehr84|. A geometric
approach to the Gaussian isoperimetric problem using Ehrhard symmetrization has been
developed by Cianchi, Fusco, Maggi, and Pratelli [CEMP11]|. In their work, they also estab-

lished a fascinating result of the quantitative stability for Gaussian isoperimetric problem



through symmetrization.

In this thesis, our goal is to extend the Gaussian isoperimetric problem and Ehrhard
symmetrization to encompass anisotropic Gaussian measures. In this context, “anisotropic”
denotes the presence of varying values in different directions, meaning the measure lacks
rotational invariance and may involve cross terms. There are two major parts in this the-
sis. The first part, Chapters 2 and 3, characterizes minimizers in the anisotropic Gaussian
isoperimetric problem and analyzes the relationship between anisotropic Gaussian measures
and Ehrhard symmetrization. The second part of the thesis, Chapters 4 and 5, focuses on
a compelling question: Does the isotropic Gaussian measure stand alone as the only weight
for which Ehrhard symmetrization yields a decrease in perimeter? We will show that within
some classes of measures, the isotropic Gaussian measure is indeed the only measure that
satisfies this property. Chapters 2 to 4 are based on the author’s work in [Yeh23|, and
Chapter 5 is a joint work with Sean McCurdy from [MY23|.

1.2 Main results

1.2.1 Anisotropic Gaussian isoperimetric problems and Ehrhard symmetrization

[soperimetric inequalities have many applications in the concentration of measure phenom-
ena, inequalities in probability theory, Optimal Transport, Poincaré inequalities, Sobolev in-
equalities, and Machine Learning, etc (see, for example, [Bar01||Eld13][FMP10|[BLO6||GNP17]
[Wail9]). One important inequality that appears in isoperimetric problems is called the
Gaussian isoperimetric inequality. It says that the minimizers of Gaussian perimeter among
sets with fixed Gaussian mass are half-spaces. A natural generalization of it is to study the

following optimization problem about the anisotropic Gaussian perimeter:
inf {P,,(E) : ya(E) =7}, (1.1)

where A is a positive definite matrix, v, is called the A-anisotropic Gaussian measure

and the perimeter with respect to v4 is called the A-anisotropic Gaussian perimeter



which are defined as

Vdet / A:rar:/2 I, Vdet Amz/2 dH™ 1( )

Py, (E) =

YA (

Ya(E) =
8ME

Here OME is the (n — 1)-dimensional essential boundary of E (see Section 2.1). Note that we

may assume without loss of generality that our positive definite matrix A is symmetric as

(Az,z) = <% (A+aT)z, a:>

and % (A + AT) is a symmetric positive definite matrix. We will assume that A is symmetric
throughout the rest of the thesis. Recall the case A = I, corresponds to the Gaussian
perimeter.

In Chapter 2, we demonstrate some basic properties of the anisotropic Gaussian perimeter
and show that the unique minimizers of (1.1) are half-spaces with eigenvector directions of

A corresponding to the smallest eigenvalue. More precisely, we have the following.

Theorem 1.2.1. [Yeh23| Let A be a symmetric positive definite matriz and E be a measur-
able set in R™. Then

1
VA=

Here || - || is the matriz norm induced by the Fuclidean norm. Moreover,

P

L (B) > el (va(B))]?/2

(1.2)

(1) if n =1, equality holds if and only if either y4(E) = 0 or y4(E) = 1, or E is equivalent
to a half-line of the form

e ¢~ (va(P)) or ¢ (1a(B)) too
T3 —1 .

(2) if n > 2, equality holds if and only if either y4(E) = 0 or y4a(E) = 1, or E is equivalent
to a half-space of the form

-1
H (M %) for some unit vector w € Vy_ (v/A),

where dyin is the smallest eigenvalue of VA and Vdmin(\/Z) is the eigenspace of /A

associated with dy;y,.



Notice that the anisotropic Gaussian isoperimetric inequality (1.2) is a special case of the
Bakry-Ledoux isoperimetric inequality for log-concave measures if we consider the measure
e~ A72)/2dx and use the e-enlargement definition for the perimeter [LB96, Led99]. The main
contribution here is to characterize the cases of equality in (1.2) and prove the uniqueness
of the minimizer of (1.1).

As mentioned earlier, Ehrhard symmetrization has played a pivotal role in establishing
Gaussian isoperimetric problems. This versatile tool has also been used in many pieces of
literature (see, for example, [Lif95|[Bob96][CFMP11|[BCM12][CCDPM17]). Roughly speak-
ing, the process of Ehrhard symmetrization consists in pushing the set E to infinity along
the direction u in such a way that the mass distribution remains unchanged. The resulting

set E° is called the Ehrhard symmetrization of E in direction wu.

R d—/{)

Rn—l

s

Figure 1.3: E? is the Ehrhard symmetrization of E in direction —e,, in R".

Ehrhard showed that for the isotropic Gaussian measure, the Gaussian perimeter will
always decrease after performing Ehrhard symmetrization in any direction. One might also
expect the same for the anisotropic Gaussian measure 4, since v, exhibits exponential decay
at infinity. However, we constructed a counterexample that shows that the perimeter could

actually increase after symmetrization (see Example 3.3.1).



One of the key properties of the Gaussian measure is that it has a product structure,
so that the problem can be reduced to the one-dimensional case. The main difficulty in
the setting of anisotropic Gaussian measure is that the measure 74 doesn’t have the product
structure, i.e., it has cross terms, which means new ideas will need to be developed to address
this issue.

In Chapter 3, we study some regularity results related to the Ehrhard symmetrization set
and present the counterexample mentioned above. Moreover, using the tools in [CCF05] and
[CFMP11], we are able to find an upper bound for the perimeter of Ehrhard symmetrization
set in terms of the original perimeter plus a term involving the deviation of A from the
identity in the direction of the symmetrization times a term involving the differences of the

anisotropic Gaussian barycenters. Our result can be stated as follows.

Theorem 1.2.2. [Yeh23| Let n > 2, A be a symmetric positive definite matriz, and let E be
a set of finite A-anisotropic Gaussian perimeter in R and v € S*™™'. Then, E3 ., s a set of

locally finite perimeter in R™. Moreover, for every Borel set B C (u)* with |u| = 1 we have
Py (Baui B (W) < Py, (B: B (u))
+ V2r || Au — (Au, wyul[(by, (E , N (B ® () — by, (BN (B & (u))), w).

Here B® (u) :={z +tu:z € B,t € R} and E} , is the Ehrhard symmetrization of E
with respect to the u-direction and matriz A (see definition (3.32)) and

by () = /E r dya(z)

is called the A-anisotropic Gaussian barycenter of E.

1.2.2  Characterization of Ehrhard measures

An immediate consequence of Theorem 1.2.2 tells us that the anisotropic Gaussian perimeter

decreases if we do the Ehrhard symmetrization with respect to any eigenvector direction of

A.



In Chapter 4, we show that the converse of the above statement is also true, i.e., the
only situation in which the anisotropic Gaussian perimeter decreases is when the Ehrhard

symmetrization occurs along an eigendirection of A.

Theorem 1.2.3. [Yeh23| Let n > 2, A be a symmetric positive definite matriz, and u € S"~*.

P, (E% ) < Py, (E) for all finite A-anisotropic Gaussian perimeter set E in R"

< u € Vi(A)NS™! for some A >0
where Vy\(A) is the eigenspace of A associated with eigenvalue X. Moreover,
Ya s Ehrhard symmetrizable <= A = al,, for some constant a > 0.

Here 4 is called Ehrhard symmetrizable (or simply an Ehrhard measure) if

Py (Eh) < Py (E)

A

for all w € S*1, and for all finite A-anisotropic Gaussian perimeter set E in R™.

Let A(R™) be the class that contains all the anisotropic Gaussian measures. Theorem
1.2.3 says that v4 € A(R") is an Ehrhard measure if and only if A is a multiple of the identity
matrix. That is, among the sets of anisotropic Gaussian measures, the only measure that
will decrease the anisotropic Gaussian perimeter under Ehrhard symmetrization in every
direction is the isotropic Gaussian measure. This leads to a compelling question: Does
Theorem 1.2.3 still hold true for a broader class of finite measures?

In Chapter 5, we will expand our class A(R") to include a broader collection of finite

measures. This work is a collaboration with Sean McCurdy. Consider the following class

W(R™) = {u : ddgn = fe CHRYNWM(R™, f > o} .

We first establish theorems for weighted BV functions, demonstrating that half-spaces serve
as minimizers for Ehrhard measures (see Definition 5.1.2). We then leverage the framework
developed by Brock-Chiacchio-Mercaldo [BCM16| to infer that the Ehrhard measures in class
W(R"™) enjoys a product structure. Ultimately, this product structure yields the following

uniqueness result.



Theorem 1.2.4. [MY23| Let n > 2 and p € W(R") with a positive distribution function
f. Then p is Ehrhard symmetrizable if and only if f(x) = Ce===a” for some 0 < ¢ < o0,

0<C < o0, and a € R™.

Unlike much of the literature on Gaussian-type isoperimetric problems, it is important

to note that we do not assume p to be log-concave.



Chapter 2
ANISOTROPIC GAUSSIAN ISOPERIMETRIC PROBLEMS

2.1 Sets of locally finite perimeter

In this section, we will recall some useful definitions and theorems from Maggi’s book [Mag12]
and Evans-Gariepy’s book [EG92].

Let U be an open subset in R". A function f € L'(U) has bounded variation in U if

Sup{/fdivgo dz : p € CHU;R™), || Sl} < 0.
U

We write BV (U) to denote the space of such functions. A function f € L] (U) has locally

loc

bounded variation in U if for every open set V CC U,

Sup{/ fdivp dr:pe CH(V;R™), || < 1} < 0.
1%

We write BVj,.(U) to denote the space of such functions. A L£"-measurable subset £ C R"
has finite perimeter in U if xyp € BV (U). A L"measurable subset £ C R" has locally
finite perimeter in U if xg € BVjo.(U).

We recall the following theorem from [EG92|, Chapter 5, Theorem 1.

Theorem 2.1.1. Let f € BVj,.(U). Then there exists a Radon measure p on U and a

p-measurable function o : U — R™ such that
(1) lo(z)] =1 p-a.e. onU.

(2) For any ¢ € CH(U;R"),

/fdivcp da:-—/gwad,u.
U U
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We write |Df| for p, Df = o|Df|, and D;f := o;|Df|, where o = (01, ,0,). Moreover,
|IDf|(V) = sup{/vfdivcp dr: o € CH(V;RY), |o| < 1}
ZSUP{/Vw-de:sOGCS(V;R”), o] < 1}
for any V. -CC U, i.e., the total variation of Df is |Df|. Also,
E is a set of locally finite perimeter <= |Dxg|(K) < oo  for every compact set K C R™.
Remark: If f = xg, and FE is a set of locally finite perimeter in U, we will write
v¥i=o0, vg:=-—0, upg:=velDxgl

where v¥ () (vg(z)) is called the generalized inner (outer) unit normal of F at x and
the R"-valued Radon measure g on R” is called the Gauss-Green measure of E. Let F
be a set of locally finite perimeter. The reduced boundary 9*F of FE is the set of those

x € spt ug such that

dpg (2) = | pe(B(z,r))

= =1 exists and is in S"!, 2.1
gl " BB gl Ba) 2

Z/E(.’E)
where spt pup := {z : |ug|(B(z,r)) > 0 for all » > 0}. In fact, we have
J'F C sptug C OF

and sptug = {z : 0 < |E N B(x,r)| < |B(x,r)| for all > 0}. Moreover, the De Giorgi
structure theorem states that 9*F is (n — 1)-rectifiable and that

pe =vgH" 'L O'F, \pup| =H" 'L OE, (2.2)

or equivalently,

Dxg =vEH" 'L O'F, |Dxg|=H"'L O'F, (2.3)

where H"~! denotes the (n — 1)-dimensional Hausdorff measure. Hence, we have the diver-

gence theorem in the following form:

/ Fvg dH" ' (z) :/ F-dug = / div F, for any F € CHR™R"), (2.4)
o°E n E
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where - is the Euclidean dot product (see [Magl2|, Proposition 12.19, Theorem 15.9).
Let E be any measurable subset in R™ and 0 < d < 1. The set of points of density d of
FE is defined as

EW = {x € R":0,(F)(x) := lim

where @,(z) is the cube centered at z, whose sides are parallel to the coordinate axes with

length 2p. We will use |- | or L™ for Lebesgue measure on R™. By Lebesgue points theorem,
0.(F)=1 ae. onFE, 0.(E) =0 ae. onR"\E.

Therefore, |[EAEW| = 0, i.e., every Lebesgue measurable set E is equivalent to E(). Now

we introduce the essential boundary 0™ E of a measurable set E defined as

OME = R"\ (E(O) U E<1>) .
Then Federer’s theorem tells us that for any set of locally finite perimeter F,

O'Ec EY? coME,  H" Y OME\OE) =0.
Moreover,
E is a set of locally finite perimeter <= H" (0™ EN K) < oo, VK compact.  (2.5)

We also define the (relative) perimeter of E in F' as

P(E;F)=H""0OMENF),

for any Borel set F' C R" (see [Magl2], Corollary 15.8, Theorem 16.2 and [Fed69|, Theorem
4.5.11).

2.2 Important background results and notation

In this subsection, we collect some significant results that will be used in the later sections.
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Proposition 2.2.1 ([Magl2|, Proposition 17.1).

If E is a set of locally finite perimeter in R™ and f is a diffeomorphism of R™ with g = f~1,
then f(FE) is a set of locally finite perimeter in R™ with H™ ! (f (0*F) A@*f(E)) =0, and
[ e dn = [ (oo apDg o v ane

o*f(E) IE

for every ¢ € C. (R™), where Jf = |det(Df)| is the Jacobian of f on R".

Theorem 2.2.2 (Ehrhard’s Inequality, [Bor03|, Theorem 1.1).
If A, B are Borel sets in R™, then

¢ (YAA+ (1= N)B)) = A7 (v(A) + (1= N¢~ (v(B)),  for A€ (0,1),

where
1

_ e/ __L [ e
v(E) = Gn) T /Ee 2 du, o(x) = \/ﬁ/ooe 2 dt.

Recall that we define R™-valued Radon measure ;1 on R™ as the bounded linear functional

on C.(R™ R™), in the sense that, for every compact set K C R",
sup { (1, @) : p € Co(R™;R™),sptp C K, || <1} < o0,

and set
(1, ) 1=/ @ - du, @ € C.(R";R™).

The following three propositions are useful when we calculate the total variation. The first
one can be found in [Magl2|, Remark 4.8, and the rest are straightforward applications of

the results in [Magl2|, Chapter 4 (see also [AFP00|, Proposition 1.47).

Proposition 2.2.3 ([Magl2|, Remark 4.6, 4.8).
Let p be a Radon measure on R™ and let f : R® — R™ be a R™-valued function with

fe L} (R u;R™). Then we may define a bounded linear functional fu : Co(R™;R™) — R

loc

as

(fr,o) == [ f-odu

]Rn
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for any ¢ € C.(R™;R™), i.e., fu is a R™-valued Radon measure on R™. Moreover, the total

variation of fu is |fu| = |f|u, where

Flu(E) = [E fldu,  EeB®R.

Proposition 2.2.4. Let 1 be a R™-valued Radon measure on R™ and let h : R™ — R be a
real-valued locally bounded Borel function. Then we may define a bounded linear functional

hp : Co.(R";R™) — R as

(his, ) = / he - du

for any p € C.(R™;R™), i.e., hu is a R™-valued Radon measure on R™. Moreover, the total

variation of hu is |hu| = |h||pu|, where
llel(E) = [ 1l dl, B € BRY)

Proof. Step 1: For any compact set K and ¢ € C.(R",R™) with sptp C K, |p| < 1, we

have |h| < Mg on K for some Mg > 0 and

(i, o) = / he - dp < /K Bl dll < Ml () < oo,

since || is a Radon measure (see [Magl2|, Lemma 4.17). This implies that hu is a bounded
linear functional, i.e., hu is a R™-valued Radon measure on R".

Step 2: By [Magl2|, Chapter 4, equation (4.7), we just need to show that
\hu(G) = |h||u|(G) for any open set G C R™.

Furthermore, we may assume that G is bounded since we can always intersect G with open

balls. Recall that: ([Magl2|, equation (4.35))

|M|(G)=SUP{/ o-dp:p e C (GR™), || < 1}.

By the polar decomposition ([Magl2|, Remark 4.12), u = o|p| for some |u|-measurable
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function o : R — R™ such that |o| =1 |u|-a.e. on R™. Therefore,

(@) =sup{ [ -l : ¢ € CLGR) el < 1]
=sup{/nhso-du:sonc(G;Rm),lsOI < 1}
zsup{/nhga-adw:@ECC(G;R’"),\@] < 1}
<suwf [ hllo-ol diul: ¢ € CLGR ol <1}

< /G Ih] dlu] = Rl (G).

On the other hand, since C.(G;R™) is dense in L*(G, |u]; R™) and G is bounded, there exists
or € Co(G;R™) such that

or — sgn(h)o in LYG, |u|; R™).

By using a truncation argument, we may assume that |pg| < 1 for all k. Since ¢, —

sgn(h)oxe in LY(R™, |u]; R™), we have

|hul(G) = lim [ ¢y - d(hp) = lim [ hey - o d|p)
k k—o0 Rn

—00 Jpn
= [ nsenioxe) <o did = [ 1 dlul = 1l ()
L]

Proposition 2.2.5. Let p be a R™-valued Radon measure on R™ and let f : R™ — R" be a

homeomorphism. Then we may define a bounded linear functional fup : C.(R*;R™) — R as

(fan, @) = /n(so o f)-du

for any ¢ € C.(R*;R™), i.e., fup is a R™-valued Radon measure on R™. Moreover, the total

variation of fup is |fap| = fulu|, where
felpl(B) = |ul(fH(E),  E€BR"

is called the push-forward of |u| through f.
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Proof. Step 1: For any compact set K and ¢ € C.(R™,R™) with spt o C K, |¢| <1,

o) = [ (por)-du< [ 1l < lul() < oo,

since |p| is a Radon measure (see [Magl2|, Lemma 4.17). This implies that fxu is a bounded
linear functional, i.e., fxpu is a R™-valued Radon measure on R".
Step 2: By [Magl2|, Proposition 2.14, fx|u| is a Radon measure on R™ and for every Borel

function u : R" — [0, o0], we have

[ wdal) = [ wo ) dul.

Similar to Proposition 2.2.4, we just need to show that
| fenl(G) = fulp|(G) for any bounded open set G C R™.

By the polar decomposition, p = o|u|, for some |u|-measurable function ¢ : R™ — R™ such

that |o] =1 |p|-a.e. on R™. Therefore,
| 41 (G) = sup {/ @-d(fup) i p € Cc (GR™), |p| < 1}
—swp{ [ (vor)-duspeCGrn), ol <1}
sSup{/ 1dlu|i90€Cc(G;Rm),|90|§1}
171(G)

= |ul(f (@) = falul(G).

On the other hand, since C.(G;R™) is dense in L'(G, f4|ul;R™) and G is bounded, there
exists ¢ € C.(G;R™) such that

pr— oo f7t in LG, fglu;R™).
By using a truncation argument, we may again assume that || < 1 for all k. Moreover,
| oo s =oldul= [ levos = olxso dn
()] R

:/Rn (‘gpk—aof1‘Xg)ofd|,u|=/G‘90k—Uof1|d(f#|/i‘)_>0
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since f is a homeomorphism. That is,
prof—o i L'(f7H(G),|ul;R™).
Finally, we have

[fopl(G) 2 lim [ - d(fyp) = lim | (ppo f)-du= lim [ (ppof)-odly|

Rn k—o0 Rn Rn

—tm [ oo du= [ Vdul= flal©),
AN i (&) ()]
Ul

2.3 Anisotropic Gaussian perimeter

Let A € M,(R) be a symmetric positive definite matrix. There exists a unique symmetric

positive definite matrix v/A such that
A= (VA

(see |[HJ12|, Theorem 7.2.6). We will use the notation A > 0 (A > 0) to mean the matrix
A is symmetric positive definite (symmetric positive semi-definite). Notice that we have the

following equalities:
e (Az2)/2 _ —(VAx,VAz)/2 _ e*|\/2x|2/2, Vdet A = det VA.
The matrix norm induced by the Euclidean norm is defined as
|A|l ;== max ||Az|s = max (Az,y).

llzll2=1 llzll2=(lyll2=1

Notice that
T 1
JAll = IVAVA] = |VA'VA| = VAR = J|Al1* = |VA].
In addition, vVA=1 = (v/A)~! and hence

JA7Y2 = (VAT
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Now we define the A-anisotropic Gaussian measure (mass) as

/YA(E) _ ][ e—(Aa:,:c)/2 dr = v detf/e—(Aa:,x)ﬂ d
E (2m)2 Jg

for any (Lebesgue) measurable set £ C R". The connection between v4 and - is

where v := 7y, is the (standard) Gaussian measure on R", i.e.,

1 a2
WE) = iy [ o

Given any k € N with 0 < k < n, we define the k-dimensional A-anisotropic Gaus-

sian Hausdorff measure H,’j . by

\/d tA
H,le( — Y / —(A22)/2 g3k (z),  for any Borel set B. (2.6)

Let E be a measurable set in R™ and F' be a Borel set in R". The (relative) A-anisotropic

Gaussian perimeter of F in F' is defined by
Py, (B F) =M (aME N F) ,

and we say F is a set of locally finite A-anisotropic Gaussian perimeter if P, , (E; K) =
7{;‘;1(8ME N K) < oo for every compact set K C R"™. In particular, E is a set of finite
A-anisotropic Gaussian perimeter if P,,(E) < co. We will omit the notation A and

simply say F is a set of finite anisotropic Gaussian perimeter if there is no confusion.

Proposition 2.3.1. E is a set of locally finite perimeter if and only iof E is a set of locally

finite anisotropic Gaussian perimeter.

Proof. (=) For any compact set K,

\/ det A () = Vdet A

P’YA (E7 n—1
aMEmK (2m) "z

_P(E;K) <
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(<) For any compact set K, let

. _ 2 . _J2 2
myg = mine VAZI/2 > ip e~ Baxlel?/2 5 0,

zeK rzeK

where d,.x is the largest eigenvalue of V/A. Then

det A det A
00> P (B K) = Y44 / VAR 2ggn1 () > VI i ).
(2m) = JoMenk (2m) "z

Remark: It is clear that

E is a set of finite perimeter = F is a set of finite anisotropic Gaussian perimeter.

However, the converse is not true. For example, let n =2, E, = [—a,a] x (0,00), and
a b
A=2 =0
b ¢

with a,c > 0 and b > 0. Then

= =Ray—cy? _ ~(A@u)@)/2 — o VA@WP/2 < o~ IVA 2@ +2)/2 < o~ VA 1222

and

det A e 2 2 o0 2 2 (63 5
P (Ea) — / eaa —2bay—cy dy +/ e oo +2bay—cy dy +/ e~ dr
" V2m ( 0 0 —a

< Vdet A (2 /°° 6—||(¢Z>1||2y2/2dy+2/a o’ d:p) < 00.
v 2T 0 0

That is, E, is a set of finite anisotropic Gaussian perimeter and clearly P(E,) = oo, i.e., E,

is not a set of finite perimeter.

Now we establish the lower semicontinuity, locality, complementation, and subadditivity
for the anisotropic Gaussian perimeter. Proposition 2.3.2 is a straightforward consequence
of Proposition 2.3.1. The locality, complementation, and subadditivity can be deduced by
Proposition 2.3.2 with results in [Mag12|, Chapter 12 and 16.
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Proposition 2.3.2 (Lower semicontinuity).

If E is a set of locally finite anisotropic Gaussian perimeter and U C R™ is an open set, then
P, (E;U) = V2rsup {/Ediv p(x) — (p(x), Az) dya(z): ¢ € C; (U;R™) SUp o] < 1} :
Moreover, for any sequence of sets of locally finite perimeter Ey, with xg, — xr i L, (R™,v4),
P, ,(E;U) < ligl_l)il.}fPM (Ey; U).

Conversely, if E is a measurable set, U is an open set, and for any open set V CC U,

sup { [ divp(e) ~ (p(0), As) d1a(e) 1 € CL(VIRY) suplel < 1} < o0
E v
then E is a set of locally finite anisotropic Gaussian perimeter in U.

Proof. Notice that for any ¢ € C! (U;R"),

/ (divep) e VA2 do / div(p e”MAT2) do — / o (Ve VATR/2) dy
E E E

:/ e~ |VA=/2 ¢ -vg dH" (z) + / (p, Ax) e |VAl?/2 dz,
O E E

since v/ A is symmetric, E is a set of locally finite perimeter (see Proposition 2.3.1), and

Ve VA2 _ —%e—W‘U'Q/QVI\/leQ _ VAP gy

Thus, for any ¢ € C} (U; R™) with supy, |¢| < 1,

m/EdW(x) — (p(a), Az} dyala) = ol e WAL oy dH T ()

(2m) (= (2m)@-172 B*E

Vet A —M of2/2

(271_ (9 (n—1)/2 12 dﬂE( )

Consider

V det A _|\/Zx|2/2

h(z) = We

> 0.
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Taking the sup on both sides and applying total variation on hug with Proposition 2.2.4, we

have
Varsup{ [ divip(e) - (p(o), An) draa) 0 € LU sl < 1)
:sup{/[]hgo-duE(m € CLURY), supll < 1}
= sup {/U ¢ - d(hug)(z) : p € C, (U;R") 783p|90| < 1}

— hps|(U) = hlug|(U) = / h dljue]

[
o

—|WAz|?/2 n—1 A nl .
—QW)(nfl)/Qe' P2 AnntLOE = Py, (E;U).

Now we show the lower semicontinuity. For any yz, — xg in L. (R, v4) and p € C! (U;R")

loc

with sup, |¢] < 1,

VER [ divela) = {p(o). Az) da(o) = Jim VIR [ divip(o)  (pla). Aa) dra(a)
< lilgginf P,,(Ey;U).

Taking the sup over ¢ on left hand side, we have

P, (E;U) <liminf P, (E; U).

k—

Finally, we prove the converse. By Proposition 2.3.1, it is enough to show that F is a set of

locally finite perimeter in U, i.e., for any V CC U,
sup{/ divep dr:p € CH(V;R™), |p| < 1} < 0.
E
Given any V CC U, set
Qy = sup {/Ediv o(x) — (p(x), Ax) dya(z) : ¢ € CH(V;R™) ,Slép lp| < 1} < 00.
For any ¢ € C}(V;R") with |¢| < 1, let

IV Az|*/2
M := mage“/z””w2 > 0, Y= ¢ A
zeV
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Then ¢ € C! (V;R"), || <1 and

1
. — : |[VAz|2/2 . [VAz|2/2
divy i ((le p)e +¢-Ve ) :
Hence
av 2 [ dive = (v, 42) da(o)
\/det
—|[VAz|?/2
@) d1V¢ (Y, Az)) e dx
V det A 1 2 2
_ veeas s : ) VAz[2/2)) —|VAz[?/2 _ A

Gr) 20 ), (dlvgp + @ (Ve ) e (p(z), x)) dz.

That is,

. (27T)n/2 / | /A |2/2 - /A |2/2 /
div o dx < Moy — | VelVar e W de + x), Az) dx
/E ¥ = Jdet 4 % . ¥ < ) (p(z) )

_(2m)? B _(2m)2
= \/mMaV /E(gp(:zs),Ax) d:v+/E<go(:B),A:L‘) dx = \/mMaV < 00.

Proposition 2.3.3 (Properties of anisotropic Gaussian perimeters).

(1) (Locality) Let E be a set of locally finite anisotropic Gaussian perimeter. If F is
equivalent to E in some open set U C R"™, i.e., |(FAF)NU| =0, then F is also a set

of locally finite anisotropic Gaussian perimeter and

P’VA(E;U):P’YA(F§U)' (2'7)

(2) (Complementation) Let E be a set of locally finite anisotropic Gaussian perimeter.

Then E°€ is also a set of locally finite anisotropic Gaussian perimeter, and for any open

set U in R",

Py (E;U) = Py (E5U). (2.8)
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(8) (Subadditivity) If E, F are sets of locally finite anisotropic Gaussian perimeter. Then
EUF, ENF are also sets of locally finite anisotropic Gaussian perimeter, and for any

open set U in R,
P, (EUF,U)+ P, (ENF;U) <P, (E;U)+ P,,(F;U). (2.9)
Proof. With the help of Proposition 2.3.1 and [Magl2|, Theorem 16.3, our task reduces to

demonstrating equations (2.7), (2.8), and (2.9).
(1) By Proposition 2.3.2,

P ,(E;U) = V27 sup {/Ediv o(z) — (p(x), Ax)dya(z) : ¢ € C}(U;R") ,sgp lp] <1

}
= varsup{ [ divplo) - (o), An)ina(e) o € CLUR) suplel < 1]
=P, (F;U),

since

/E div p(z) — (p(x), Az)dya() — /F div p(z) — (p(a), Az)dya(z)
< [ Jaiveo) - (plo) An)| duae) = [ fdivipla) = (pla), A2)] dra(e) =0
EAF (EAF)NU

(2) Let G be an open set in R™. For any ¢ € C°(G;R") with || < 1,

0:/ div ¢ dx:/divcp dx+/ div ¢ dz.
n E R™\E

Applying the divergence theorem (2.4), we have

/SO'dMRn\EZ—/ ¢ -dug.
n R
G G

Taking the sup over ¢ € C2°(G;R™) with |¢| <1,

Since ¢ € C°(G;R™),

lprn\£|(G) = |1El(G).
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Moreover, |urm\g| = |pg| since G is an arbitrary open set and |ugpe\g|, |tg| are Radon

measures. By De Giorgi’s theorem (2.2),
W LR B) = g = lug| = HLOE.
In particular, H"~*(0(R"\ E)AJ"E) = 0, and hence H2 ' (9*(R"™\ E)AJ*E) = 0. Therefore,
P,(R"\ E;U) =H! ' (OR"\E)nU) =H N(O'ENU) = Py, (E; U).
(3) By [Magl2|, Theorem 16.3 and Corollary 15.8, we have
O*(ENF) ~ (F<1> N a*E) U (E<1> N a*F) U{vg = vr},
9" (EUF) ~ (F(O) N a*E) U (E<0> N a*F) U{ve = vr},
where
{vg =vp} = {2 € PENIF : vp(x) = vp(z)} CIENIF Cc 'ENFY? (or EY?)NOF).
Then
P, (EUF;U)=H,,(0(EUF)NU)
= Ho (FONOENU) + 1y, (EVNOFOU) +Hy, ({vp = vr} NU),
and
P (ENFU)=H, ((ENF)NU)
=H,, (F(O) NO*E N U) +H, (E(O) NO*F N U) +H,, {ve=vr}NU).

Summing them together, we have

P, (EUF,U)+P,,(ENF;U)

=1, ((F(l) UFOYNo EN U) +Hyy ((E(l) UEDY N9 Fn U)

+2H,, ({ve =vr}NU)
<H, <(F<1> UFO U FY2Yn g EN U) +H, ((E(U UE® U EY) N g F N U)

<H,, (OENU)+H,, (0"FNU) =P, (E;U)+ P, (F;U).
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Although the anisotropic Gaussian measure satisfies y4(E) = v;,(VAE), this kind of

relation doesn’t hold in the anisotropic Gaussian perimeter, i.e.,
P,,(E) # P,, (VAE).
In fact, we have the following formula:

Proposition 2.3.4. If E is a set of locally finite perimeter, then

yaso) 7 0) = |

(vay-1F)nove (VA ()] am @),

/Fma*(\/ZE)

and hence

P,(VAE;F) = /

((\/Z)*1F> NO*E

(VA vp(a)| amz (@),

for any Borel set F' C R™. Moreover,
(1) if F =R", then

VAP, (E) < P(VAE) < [|[(VA) Y|P, (E).

(2) if O is an orthogonal matriz, then

P, (E;OF) =P

YoT a0

(O'E; F).

In particular, E is a set of finite A-anisotropic Gaussian perimeter if and only if O'E

is a set of finite OT AO-anisotropic Gaussian perimeter.

Proof. Since E is a set of locally finite perimeter and = — v/Az is a diffeomorphism, by
Proposition 2.2.1, for any ¢ € C.(R"),

/asz) (v ap)dH" " (y) = |det(VA)| | o(VAz) [[(\/Z)*l]TuE(a:)] dH™\(x)

O*E

= |det(VA)| | o(VAR) (VA vp(@)|aH (@), (2.10)

O*E



where /A is symmetric. Let F be a Borel set. We can set

1

— = P2
QO(y) - (271')(”_1)/26

Xr(y)

in (2.10) since we can first approximate open sets then Borel sets. Hence,

a0 ) = [ (V) v o).

/Fma*(ﬂE) ((vA)-1F)noE

Since F'is an arbitrary Borel set, the following two measures are the same:
v asHl T LO(VAE) = (VA), ( {(\/Z)%E] HoL 8*E> .
Taking total variation on both sides, by Proposition 2.2.3 and 2.2.5, we have
HILO(VAE) = (VA)y (‘(\/Z)—IVE"H:;l L 8*E> .

That is,

P,(VAE; F) :/ (\/Z)_lyE(x)‘ dH! ().
(VA)-1F)noE
(1) Let FF =R"™in (2.12). Then
PAVAR) = [ |(WA) wpta)| ar @) < VAP

On the other hand,
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(2.11)

(2.12)

1= |vs(@)| = |[VAVA) vs(@)| < IVAI|(VA) vi(@)| = [(VA) vil@)| = VA

Thus,
Pag) = |

O*E

(VA vs(a)| amz (@) 2 VAP, (B).

(2) Let O be an orthogonal matrix. Notice that OT AO is positive definite since A is positive

definite. By using the same argument in (2.11) with f : z — O~z and

. det OT\/ZO _|OT\/ZOy|2/2XF(

o(y) = We Y)
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in Proposition 2.2.1, we have

det OTVAO _I0TVA n—
(27)(n=1)/2 /Fa(o 1E)€ o7 AOyW?VoflE(y) dH" " (y)
No*(O—

det A

(2m)=D/2 |5 proep

_ / OTvp(z) dH 7 (x). (2.13)
OFNO*E

6—\\/zx|2/2 |:OT1/E(I')] dHn_l(LE),

Taking total variation again, we conclude that

3 det OTVAO _IOTVAOY|? n—
Priorao(O7 B ) = (2m) (D72 /Fﬂa*(O—lE) ¢ 2 vo-1p(y) | dH" " (y)

_ / 07w ()| M2 () = Py (E; OF).
OFNO*E

2.4 Approximation for the finite anisotropic Gaussian perimeter

Proposition 2.4.1. For any measurable set E with P,,(E) < oo, there exists a sequence

{Ex} of bounded open sets with smooth boundary such that
xg, — xe in LYR",v4) and P,,(Ey) — P, (E).

Proof. For any measurable set £ with P, , (E) < oo, by Proposition 2.3.1, E is a set of locally
finite perimeter. Hence, E N By is a set of finite perimeter, where Bg := B(0, R) is an open

ball (see [Magl2|, Lemma 15.12).
Step 1: We first claim that, as R — oo,

XenBr — Xe in LY(R™,v4) and P,,(ENBg)— P, (F).
To begin, by the dominated convergence theorem and y4(R") = 1 < oo,
/n|XE_XEﬁBR dys — 0 as R — oo.
For the second part, since P,, (E) < oo,

}%LII;OPM(E;R” \ Br) = 0.



27

Moreover, by [Magl2|, Lemma 15.12, for a.e. R > 0,

\EnBy| = H" 'L (ENOBR) + |up|L Bg.

That is,
Vdet A
P,,(EN Bg) = H' NO(E N Bg)) = (e s e~IVAz/2 qg m—1 (2.14)
(2m)(n= 9*(ENBx)
vdet A WAz
T (2m)@-02 e VA2 dl gy
detA / 2 2
__VvdetA V|22 / CWAP/2 et
— e d + e dH T
(2m)(n=0/2 \ Jp, e ENdBg ()
\/d t
_ (27T € f|\/_as| /2 dH" 1+7‘ln I(EmaBR)
(9*E)NBg

=N ((0'E) N Bgr) + H. ' (ENOBg) = P, (E; Br) + H},'(ENdBg).

Notice that since

_ 1
2| = [(VA)"'WVAz| < |(VA) VA2 = [VAZ| > ——— TV =T |z,
[(VA)~]
we have
Vdet A
o (BN 0BR) < HIH0BR) = 5 5 (: o e VAR () (2.15)
dBR
‘det ||(\/_> 1”2|$| /2 H'I’L 1( )
~ (2m) (" 1)/2 OBp
vdet A
= Gyt T H (9Bg)
det A efll(ﬁ%‘llpRZ/QOan”_1 —0 as R — oo,

- (2m)m-D)/2

where a,, is the surface area of the unit ball in R”. Combining (2.14) and (2.15) together,

P’YA(E) = P’YA(E;Rn \ BR) + P’YA(E; BR)
=P, (E;R"\ Bg) + (P,,(EN Bg) — H2 ' (EN0Bg)),
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and hence, as R — oo,
|P,,(E) — P,,(EN Bg)| < P, (E;R"\ Bg) + H.,'(EN8Bg) — 0.
Step 2: Consider
E" := EN Bp.
Fix R > 0. Applying [Magl2|, Theorem 13.8, on E%, there exists a sequence {Ef}°, of
bounded open sets with smooth boundary such that Ef C Bpy, for all k,

Xgr — Xgr  as k — oo in L'(R™) (and hence in L'(R",v4)), (2.16)

and
|#E}j| = |upr].
Let n. € C°(R") be a smooth cutoff function with n. = 1 on Bgy; and 7. — xp, with

L > R+ 1. Applying the weak-star convergence, as k — oo,

Vdet _|\/_$| /2 d’]—[” 1 \/det

R —|\/_a:| /2 n—1
P’YA (Ek) (27‘(’ (n 1)/2 8ER 271' (n 1)/2 HER ( ) dH
. \/det |\/_:U| /2 )d| | \/det _|\/_a:| /2 ( )d?—[” 1
(n—1) /2 n ’uER (n—1) /2 S ER

Taking ¢ — 0" and L — oo on both sides, we have

Vdet A
lim P, (ER) = lim —~— e IVAP /2,

k—o0 L—oo 27‘(‘ (n— 1)/2 5*ER

g, (2)dH"' = P, (ER). (2.17)
By Step 1, we can let { Ry} be a sequence with Ry " oo such that
Xgr. — Xe in LNR",y,) and kh—>I§o P’YA(ERk) = P, (E).

By a diagonal argument with (2.16), (2.17), there exists a sequence {EJI\%,: }22, of bounded

open sets with smooth boundary such that

Xpm = X i LY(R",v4) and P, (Ef) = P, (E).
k
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2.5 Anisotropic Gaussian isoperimetric inequalities

Define the function ¢ : R — (0,1) as

1 v 2
o) = E/ e "2 dt,

and notice that ¢ is strictly increasing from 0 to 1. The inverse function ¢~1 : [0,1] —

[—00, +00] is also strictly increasing with ¢=1(0) = —oo and ¢~!(1) = +o00. Moreover,
“(y(tB(0,1
t—00 t

(See [Liv21], Section 3.3 and [Nayl7|, Lemma 9). We define the (non-renormalized) A-

anisotropic Gaussian barycenter of the set E as

bou(B) = [ 2 data).

Let H(w,t) be the half-space of the form H(w,t) = {z : (z,w) < t}, where w € S, t € R,
and (-, -) is the Euclidean inner product. Since y = 7 is rotation invariant, we can compute

the following quantities directly:

WHw. 1) = 6lt),  P(H(w1)) =7, bay(H(w,t)):J—;_ﬂe*/?w. (2.19)

Moreover, we have the following for half-spaces under v4:

Proposition 2.5.1. Let H(w,t) be the half-space with w € S*' and t € R.

(1) If M is an invertible n X n matriz, then

B (MT)"lw t
M (B ) = H <|<MT>—1w|’ |<MT>—1w|> '

(2) The anisotropic Gaussian mass of the half-space is

t
Ya(H(w,t)) = ¢ (m) :
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(8) The anisotropic Gaussian perimeter of the half-space is
&2 1
P, (Hw,t)=e R
" |(VA) ]
Moreover,
P,,(Hy) = P,,(Hs) for any half-spaces Hy, Hy with v4(H1) = va(H2)

<= A = al, for some constant a > 0.

(4) The anisotropic Gaussian barycenter of the half-space is

-1 12 A w
bﬂ,A(H(w,t)):\/%e VATl (W)

Moreover,

|b7A(H1)} = |b7A(H2)} for any half-spaces Hy, Hy with v4(Hy) = va(H2)

< A =al, for some constant a > 0.

Proof. (1) Given any point y = Mx € M(H(w,t)), we have (z,w) < t. Then

W\ S MDTw\ /0w Nt
<%wﬁrw» <M’Mﬂf%& <’mwer<KMwa

Conversely, for any y € H (lgMT; 1w| |(MTt),1w|), let x = M~'y. Notice that

(= ) = O w0:<%ﬂ£¥:&<uM%ﬂw

Thus, (z,w) <t, ie., x € H(w,1).
(2) Observe that v4(E) = y(v/A(E)) for any Borel set E, and by (1),

VA(H ) = o (AT ):H(WEIW, : >,
e QmﬂVVM|mﬂﬁww (VA) Tl [(VA) o

(
(

since V' A is symmetric. Applying equation (2.19), we have

t
Ya(H(w,t) = ¢ (m) :
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(3) Notice that

Pou(H (1) = oty

det div ( —IVAz*/2 ) dx

fI\/_:r| /2 ) cwdH 1( )

*H (w t)

(27) H(w,t)
vd t
© —(Az,w) e —VAP/2 gy,
(27) H(w,t)
_ Vdet Ve _ <y, \/Zw> e L4
|E§; T TV w|) | det VA

= —\/%< ydy(y), \/Zw>

H (VA) 1w t
[(VA) ~ Lo [(VA) ~ L

- Vor{b [H (‘/Z)_lw, ! ) ,x/Zw>
’ < <|<m>—1w| |(\/Z)—1w|

I(\/E) (\/Z)‘lwl’

where we used the change of variables y = v/Az and the fact that the outer unit normal
of H(w,t) is Vg = w. Next, we prove the second part. Let H; = H(w,t1) and Hy =
H(ws,ts). Suppose that A = al,. Then

f)/A(Hl) = ﬁYA(H2) - tl = t2.

Therefore,
P, (H(w,t)) = e \a=e"/a= P, (H(ws,tb)).

Conversely, for any H; = H(wi,t1) and Hy = H(ws,ty) with v4(Hy) = ~va(H2), ie.,

t _ t
1 1

P, (H(wy,t; Py, (H(wa, t - '
(o 0)) = Pl t2)) = 0] = (V) o

That is, |(v/A)~'w| is a constant for all w € S"!. Since VA is orthogonally diagonal-

izable, say VA = ODO™', where the orthogonal matrix O = (v; vy---v,) and D =



32

diag(dy, ds, - --d,), ie., for j =1,--- ,n, we have |v;| = 1 and
\/Z’Uj = dj’Uj (1e (\/Z)_l’l)j = dj_l’l)j).

Therefore, d; = dy -+ - = d, > 0 and hence A = OD?*07! = O(d?1,,)O~! = &?1,.

(4) Notice that
V det _|\/_1,| /2 1

b
1a(E) (2m) (27)n/2 (27?)”/2

| (VA e ay = (VA (VAE),

where we used the change of variables y = v/Az. In particular, using the calculation above

and (2.19), we have

1 t2

boa (B (0.0) = (VA) b, (VAH (1)) = (VA) e iAo (%)

— ¢ iR _ATw .
V2 (|(\/Z)—1w|>

The proof of the second part is the same as (3); hence, we omit the proof. O

We are ready to prove the anisotropic Gaussian isoperimetric inequality (e-enlargement
version). As mentioned in the introduction, Bakry and Ledoux proved a general result about
isoperimetric inequality for log-concave measures (see [Led99], Theorem 1.1 and [LB96]).
However, for completeness, we provide a proof for the case of anisotropic Gaussian measure
using an argument inspired by Latala’s paper |[Lat03], Section 3. The proof is based on

Ehrhard’s inequality and the regularity of Radon measures.
Theorem 2.5.2 (Anisotropic Gaussian Isoperimetric Inequality (e-enlargement version)).

(1) For any measurable set E in R™,

€
¢~ (a(E)) = 67 (7a(E)) +
(VA1)
where || - || is the matriz norm induced by the Euclidean norm. The set

E.:=E+¢B(0,1) = {x € R" : dist(z, F) < &}
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is called the e-(Minkowski) enlargement of E. Here B(0,1) is the closed unit ball
in R™.

(2) Let E be a measurable set in R™ and let H(w,t) be a half-space such that

Ya(E) > va(H(w,t)).

Then, for every e > 0,
Ya(E:) >2va | H (w,t+e

In particular, if we assume that w € Vy_ (V/A),
Va(Ee) 2 va(H(w, T+ ¢€)),

where dmsy is the smallest eigenvalue of VA and V;jmm(\/Z) is the eigenspace of /A

associated with dy;y,.

Proof. (1) We first assume that E is a Borel set. Applying Ehrhard’s inequality (see Theorem
2.2.2) with v4(E) = 7(v/A(E)), we have the following: if B,C are Borel sets in R", then

¢~ (A(AC + (1 = N)B)) =2 A¢™ (7a(C)) + (1 = X)¢ *(7a(B)),  for A€ (0,1),

where

o) = %2_” / 12 gt

Let C = E and B = B(0,1). Then we have

(bil (’YA(Ee))

vl

ot = () 0N 59

=007 (=52

#0973 vA®)

R UG el

N
/N

=\p! _

~— — ~— o

N
VR

N
N\
> | |

v
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using that ¢~ is increasing and v/A(B) D —~——B. Taking A — 1~, by (2.18), we have

(VA1
I 1 ¢! [7(13 ||(¢71>—1||B)] 2 2
1—A B)| = .
( ) [7(1—>\||(\/Z)—1|| )} ﬁ”(\/%)fl” (VA - (VA1
That is, for any Borel set F,
Uy (B)) > ¢ (7a(B)) + ————. 2.20
¢~ (va(Ee)) = ¢ (va( ))JFH(\/Z)‘IH (2.20)

Now we assume that F is a measurable set. For any § > 0, by the regularity of the Radon

measure, there exists a compact set K C E such that
Ya(K) > 7a(E) — 0.

Applying (2.20) on the compact set K, we deduce that

9 9

(VA= I(VA)=

since ¢~ ! is continuous and strictly increasing. Taking 6 — 0%, we have finished the proof.

Ya(Be) > va(Ke) = 67 (7a(K)) + > ¢~ (ya(E) = 0) +

(2) Using (1) with our assumption, we have

67 (va(E2)) = 67 (va(E)) + —— 7 2 67 (a(H0) +

I(v/A) (VA
t €

T VA e A

since ¢! is increasing. Applying ¢ on both sides and using Proposition 2.5.1,

|(VA) " 'w|

t £ Lt e var ( |(VA) lw|
E.) > = —— | = H | w, —_—
Ttk = <|<¢Z>1w| * ||<¢Z>1||> v TR
In particular, if w € Vg . (v/A), then
\/Zw:dminw VA lw = lw: VA |w m:
— A= = VA e — (2

That is, ya(E:) > ya(H (w,t +€)). O
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Suppose the boundary of F is “nice” enough. Intuitively, we have the following

Ya(E:) —ya(E) 1
c - \/%P’YA(E)a

where the extra factor —Z= appears in front of P,, since we define P,, with coefficient

W. In order to use this idea, we need to introduce the signed distance function. Let
E be a subset of R™. Define dg : R® — R to be the signed distance function from E:

' ‘ —dist(z,0F), x€FE
dg(x) == dist(z, F) — dist (z, E°) =

dist(z,0F), x¢F
Moreover, dge(z) = —dg(x),

dg(z) =0 <= z € 0F,
and
{zeR":2€(0E).} = {x eR": |dp(z)| < 5} :
with |Vdg(z)| = 1 for any point € R™\ E where it is differentiable if F is closed. In

particular, dg is Lipschitz, by Rademacher’s theorem, Vdp is differentiable a.e. in R" (see

[Amb00], Section 4, Theorem 1 and Remark 3).

Theorem 2.5.3 (Anisotropic Gaussian Isoperimetric Inequality (perimeter version)).
Let E be a measurable set in R™. Then
(B) > e omerz__ L

(VA1

In particular, if A = I, we have the standard Gaussian isoperimetric inequality,

P

YA

P.

L (B) > e 107 G B2,

Proof. Step 1: We first assume that E is a bounded open set with smooth boundary in R"
and P,,(E) < oco. Since E is a set of finite anisotropic Gaussian perimeter, by Proposition
2.3.1, E is a set of locally finite perimeter. Moreover, since E is bounded and open with

smooth boundary,

dg is smooth in a tubular neighborhood of OF and v = Vdg on OF
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(see [Amb00]|, Theorem 2). By co-area formula, for any Borel function g : R" — [0, co] and

Lipschitz function u : R™ — R, we have

/Rn 9(z) |[Vu(z)| do = /:O (/{u:t}g(y) d?—l"‘l(y)> dt

(see [AFP00], Remark 2.97). Consider u = dg,

V det A e_l\/zw|2/2

qg= W X{0<dg<e}s
and define the smooth function ¢, as

U (z) =+ tVdg(z) in the tubular neighborhood of OF.

Then we have

va(Ee) —ya(E) _ }/ vdet A _iviez2 4,
€ E\E (27T)n/2

/ / VAt A e gaynei () gy
(dp— t} 27T n/2

\/det 1/ / _|f$| /2 AH" 1( )d )
+(OF)

271- n/2

Taking ¢ — 0" on both sides, by the fundamental theorem of calculus,

iy JAEe) —7a(E) _ vdetA [\ gaps g ne 1
lim dH" (z) = —=P,,
e—07t € 271' n/2 OF V2T

where 1y(0F) = OE. On the other hand, by Theorem 2.5.2, we have

Ta(E:) ~a(B) (7 04(B) + ) — 1a(B)

9 €

s L S NG C I
7SO e = o)

as ¢ — 07. That is,

-1 1
P (E)>ecl? (vatEDP/2___ =
(VA

YA
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Step 2: Now for any measurable set £, we may again assume that P,,(F) < co. By
Proposition 2.4.1, there exists a sequence {Ej} of bounded open sets with smooth boundary

such that
XE, — XE I Ll(Rn77A)> P’YA (Ek) - P’YA (E)
Applying (1) on Ej, we have

1
(VA1

Taking k — 0o, we have finished the proof. O

P, (Ey) > e[0T (a(Br))?/2

In the paper of Cianchi-Fusco-Maggi-Pratelli [CFMP11|, Proposition 3.1 and Theorem
4.1, they have characterized the equality cases for the standard Gaussian measure 7y;,. The

result reads as follows: let £ be a measurable subset of R™. Then

P.

. (E) > o™ (EN/2. (2.21)

Moreover,

(1) if n = 1, equality holds if and only if either v;(E) = 0 or 7;(E) = 1, or up to a set of

measure zero and for some 0 € R, F = (—o00, —0) or E = (0,00).

(2) if n > 2, equality holds if and only if either v, (E) = 0 or v, (E) = 1, or E is equivalent

to a half-space.

Notice that we can also derive Theorem 2.5.3 from Proposition 2.3.4 and equation (2.21),

1 -1 2 1
P, (E) > P, (VAE)——=—— > ¢ 07 00 (VAD)I/2
! ! (VA (VA

_ ol @2 L

T 22)
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2.6 Proof of Theorem 1.2.1 (cases of equality)

Notice that (1) follows directly from Cianchi-Fusco-Maggi-Pratelli [CFMP11], Proposition
3.1. We just need to prove (2) here. Suppose the equality holds and assume that v4(E) =
71, (VAE) € (0,1). By equation (2.22), we have

1 1 2 1 1 2 1
P, (E)=P n(\/ZE) — o[0T (i, (VAE))?/2 — oo (a(E))?/2 )
" " I(VA)~| (VA= (VA=Y
That is,

P, (VAE) = el (v, (VAE)? /2.

By [CFMP11], Theorem 4.1, vAE is equivalent to a half-space, say H(w,t), where w € S"!.
Then

E is equivalent to (VA) ™ (H(w,t)) = H ( VA ! ) :

[VAw| |V Aw|

Moreover, by Proposition 2.5.1,

\/Zw t
[V Aw|" |V Aw|

Ya(E) =74 H( ) =¢(t) = t=9¢ '(1a(E))

and

P

YA

\/Zw t _ 142 _ra—1 2
(E) :P’YA H <|\/Zw|’ |\/Z(U| =€ 2t |\/Z(,U‘ =€ [¢ (,YA(E))] /2|\/Zw‘

By our assumption, we have

_ 1 _
o a®ENP/2____ - _ p = "l @721,/ 4 VAw| = d...
e A(E)=ce IVAw| = [VAw| = dpin, (2.23)
(VA !
where d,;, is the smallest eigenvalue of VA and we have used
1
|(V/A)™'|| = the largest eigenvalue of (vA)~! = T

Now we claim that

we V. (VA NS,
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Notice that we can decompose A into
A=0"DO,

with an orthogonal matrix O and a diagonal matrix D. If all eignevalues of D are the same,

ie., D =d?. I,, then VA =dyl, and w € Vdmin(\/Z) NS L. Hence, we may assume that

min

D has the following form:

D; 0
D= ! , D1 =Annli, and D, has eigenvalues strictly greater than A,
0 D,

2

where A\, = dz,, is the smallest eigenvalue of A. Let

then VA = OTD'Y20 and

[VAw = |0TDV20w] = DYy = |Dy* i + Dy ol = diialwn|” + 1Dy (2.24)

where
el y = Ow.
Y2
On the other hand,
d12nin = dI211in|("}|2 = dIQnin|y|2 = d12nin|y1|2 + dIQnin|y2|2' (225)

Therefore, by (2.23), (2.24), and (2.25),

|D;/2Z/2|2 =d2lp)? = y2=0

since Dy has eigenvalues strictly greater than Ay, = d2,,. Thus,
OlT O;I iny 0 U1 dminOlT?ﬁ

VAw =0"DY?0w = OTDY?y = o =
oI of 0 DY 0 dinOT 11
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and
OT OT dminOT
dminw — dminOTy — dmin 1 3 U1 _ 1 U1 _ /—Aw
O; O;Lr 0 dminO;yl
Hence,

VAW = dpinw = 0 = w €V, (VA).

We conclude that

E is equivalent to (VA) ™ (H(w,t)) = H ( VA ! ) =H (w, M) :

|\/Z(,{.)|7 |\/Z(,U| dmin

Now we prove the converse of (2) in Theorem 1.2.1. It is clear that the equality holds when
v4(E) = 0 or y4(E) = 1. Hence, we may assume that y4(F) € (0,1), i.e., ¢~ (y4(F)) € R.
Since w € V. (VA) NS" !, VAw = dpinw. By Proposition 2.5.1, we have

. (6~ (v a ()2
¢~ (va(E)) S |
P, (E)=PF. H|w ——— (0 R e ——
’YA( ) i < dmin |(\/Z)_1LU|

B N CACo) RS T O

(VA=
0



41

Chapter 3

ANISOTROPIC GAUSSIAN PERIMETER INEQUALITY
UNDER EHRHARD SYMMETRIZATION

3.1 Ehrhard symmetrization

In this section, we will use the following notations:
r=(z,y)forr eR" zeR" ! and y € R.
Similar to (2.6), we define two (outer) measures p, and H? on R! such that
112 (Fy) = / e VAP Rgy wE e LRY), HUR) = / e VAPR2q10(y), VFy, C RY, (3.1)
P F>
where H? is the counting measure. Moreover, we define
P,(F)=H%0MF), FCR
where OM F is the essential boundary of F. We also define an auxiliary function ¢, as

¢.(t) = / t e VA 2qy . (00) = / T WGy, (3.2)

and ¢.(—o0) = 0, where 2 € R"™ 1. Let F be a measurable set in R" with n > 2. The

section £, C R of F is defined as
E.={y€eR:(z,y) € E}, where z € R"

Define vy : R ! — R as
vp(z) = u. (E.), VzeR"L
Notice that e~ IVA7*/2 < o~ IVATI2Ie/2 (gee Lemma 3.2.1) and z — e IVAT7??/2 ¢

L'(R™). By Fubini’s theorem, we have

Vg € L (Rn_l).
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The Ehrhard symmetrization of £ with respect to the y-direction is defined as

B =B, = {(zy) eR" 1y < 07" (vs(2) | (3.3)
and the essential projection of E with respect to the y-direction is defined as
T4 (E) =7y a—e,(E) = {z € R" " :vp(z) = p. (E.) > 0} .
We now define
pe(=) = HL | (9" E). | .

Roughly speaking, the set 7, (F) captures the set in R"~! over which the one-dimensional
vertical slices in F have positive mass. We recall the co-area formula for sets of locally finite
perimeter (see [CFMP11], equation (4.1) and [Magl2|, Theorem 18.8): for any non-negative

Borel function g : R™ — [0, co], we have

/aMEg(w) vy (x) dH" Y /Rn 1/3ME (2,9) dH (y) dz, (3.4)

means (V7 e,). We also recall the following theorem by Vol'pert from [Vol67] (see

where vF

also [AFP00], Theorem 3.108 and [CCF05], Theorem G):

Theorem 3.1.1 (Vol'pert Theorem).
Let E C R™ be a set of locally finite perimeter with n > 2. Then there exists a Borel set
Bp C m(E) with L7 (74(E) \ Bg) = 0 such that for every z € Bp,

(i) E, is a set of locally finite perimeter in R;
(i) (OME)_ =M (E.) = 0" (E.) = (0"E),;
(iii) vE(z,y) # 0 for every y such that (z,y) € O*F

We will call Bg the Vol’pert set.
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In order to understand the Ehrhard symmetrization set E?, our first goal is to analyze
the regularities of the mappings z — vg(z) and z — ¢! (vg(z)). For the isotropic Gaussian
case, the mapping z — ¢ *(11(E,)) is in BVjo.(R"™!) since z — 71(F,) is in BV (R"™)
and w — ¢ ' (w) is C'(R). Here we have used a fact proven by Vol'pert [Vol67] that the
composition of a C! map with a BV function is again a BV function. In fact, Ambrosio-Dal
Maso [ADMO90] showed that this is also true if we compose a BV function with a Lipschitz
map. However, in our setting, the function ¢! is also depending on the variable z € R"!

which required a different proof for the regularity of z — ¢, (vg(2)).

3.2 A regularity result for the map z — ¢ '(vg(2))

Our first goal is to show that vy € BV(R™™!) if E is a set of finite anisotropic Gaussian
perimeter. The proof is similar to Chlebik-Cianchi-Fusco’s paper [CCF05|, Lemma 3.1 and
Lemma 3.2. Before doing that, we need the following preliminary result for the integrand
e~ WAP/2 The cross term a;;z;x; in (Az,z) = |[v/Az|? also plays an important role in the

calculation. We will need those estimates throughout this section.

Lemma 3.2.1 (Computational lemma).

Let n > 2 and let VA be a symmetric positive definite matriz. Then

(1) (Derivative for the integrand)
Let V' = (04,...,0n-1) and x = (z,y). Then

_ =2 _ =2
0,,.€ VAZ2/2 — _ o=Vl 2 (row,(A), x), 85y|\/Z:c|2 = QZafn,
i=1

4 (e—I\/Z:vIQ/?) — —e VA2 A and v (e"‘/zx|2/2> = — VA2 4

where /A = (ai;) and A" € M—1)xn(R) is the first n — 1 rows of matriz from A.

(2) (Regularity estimates)



(a) For any zy € R"™! and for any measurable set F,

lim (6,%(2,@,)\2/2 _ eﬂﬂ(za,yn?/z) dy = 0.

Z—rZ20 F

In particular, the mapping

vz / e IVAGEI?/2 dy is continuous.
F

(b) For any z € R"* and for any measurable set F,

lim

o~ WAG+RY)2/2 _ o~ VA2 _ ! (ef\ﬂ(z,yn?/?) Tk
k—0 F dy =0

[kl

In particular, the mapping v in (a) is differentiable and

Viu(z) = / v’ (€7|\/Z(z,y)‘2/2) dy.
F

Furthermore, V'v is continuous, i.e., v € C1(R"71).
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(3.5)

(c) Let K be a convex compact set in R"™' and h € C*(K). Then for any 29,z € K,

eVAGRE)IP/2 _ IVAGoh(0)P/2| < C(K,h, A) |z — 2|
for some constant C(K,h, A) > 0.

(3) (Integral bounds)

(a) There exists a constant C1(A) > 0 such that

(o) 8 \/Z 5 )
sup  sup / —_ <6_| x|/ )
1<k<n—1 zeRr—1 \ J_oo | 02k

(b) There exists a constant C2(A) > 0 such that

sup /
1<k<n—1 JRn

dy) < C1(A) < .

dr < Cy(A) < o0.

ai (e—mm\m)
2k
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Proof. We will denote = = (z,y) in the following calculations. When we do matrix multipli-

cation, the notation Ax = A(z,y) means
A(z,9)" € M (R).

(1) (Derivative for the integrand)
Let A= (Aij)7 \/Z = (a'ij)- Then

2 2
n n n n—1
2
|V AZL’| = E E ;T = g Q25 + Qiny )
i=1 \ j=1 i=1 \ j=1

n n—1 n
8§y|\/21’|2 = Oy Z 2 Z aiij + Ainy | Qin =2 Z afn,
i=1 7j=1 i=1

and
n n—1 n
(9% |\/Z.’17|2 = Z Z 2aikaijzj + Z 2aikamy
i=1 j=1 i=1
for k=1,2,--- ,n — 1. Since VA is symmetric, i.e., a;; = az;, we have
n n—1 n
Dz, (67‘\/22'2/2) = —eIVAsP/2 Zzaikazjzj + Zaikamy
i=1 j=1 i=1
n—1
2 2
= VAR (NP Az 4 Ay | = —e V20w, (4), 2)
j=1
Therefore,

<I’OW1(A), ZL’>
V! (e VARR) < VA2 ; = e WA g1y

(row,,_1(A), )

and V (e"‘/zx|2/2) — —e VA2 gy
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(2) (Regularity estimates)

(a) Let K be a compact set with zp, z € K. By using (1) and the mean value theorem,
‘ —VAG)?/2 _ o~V A(z0)? /2) <=2 |’ VACHI2 A1(¢ )
< |A(C )| VDR,
<V ATA ([l + )OI
<V e (ATA) (1(K) + [y ) IR ) (3.6)

where ( lies between z and 2y, Apax(A'TA’) is the largest eigenvalue of A’TA’, and

r(K) = sup |(]. We now claim that
CeK

lim [ e WAGWE2 _ o~VAGomE/2g, — .

Z—r 20 F

Since z — zp, we may assume that z € K := B(z,1). Thus, as z — z,

dy

< / Amax (A'TA") (T(K) + |y|)e—ll(\/z)‘lll‘Q\yIQ/2|z — 2ol dy
|Z—Zo!\/m/ )+l ) IO 2y 0,

/ ‘eﬂﬂ(z,y)F/z o WVAGow)Pr2

(b) By Taylor expansion, if f € C'Y(R"™!) and z;, 2, € R"!,

f(x) = f(21) + (V' f(21), 22 — 21)
+ /0 (V'f(x1 +t(xg — 1)) — V' f(21), 20 — 21) di

(see, for example, [Dru20|, Theorem 1.14). Fix y € R, k € R""!, and set

Let K be a convex compact set with z,2 + &k € K. Then by a similar argument
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as (3.6),

‘e—lﬂ(zw,y)l?/? _ o WVAGYP2 _ (e—lﬁ(z,y)wz) . k‘

1
/ (_e—lx/Z(z+tk,y)|2/2A/(z +th,y) + e VA2 4 (4, y)> K dt
0

1
<),
0

1
o)
0

< %|k|26—||(ﬁ>-1||-2|y|2/2 N (AT A

(_e—I\/Z(z—l—tk:,y)P/QAl(z + tk,y) + e—l\/z(z+tk,y)|2/2A/(Z’y)> . k‘ dt

(_€—|\/Z(Z+tk,y)|2/2A’(z’ y) + e—I\/Z(zy)IQ/ZA/(Z’ y)) . ]{;' dt

1 —1y—
G I 2 (AT (1K) 411 (121 + ly)

where z + tk € K since K is convex. In particular, for any z € R*~! and for any

measurable set F', we have the following

lim
k—0

e~ VAGHRY)/2 _ o~ VA2 _ ! (e—\x/z(z,yn?m) Tk
dy = 0.
F ||

Finally, using the estimates in (4.1), we can see that V'v is continuous.

(c¢) Recall that

le® — 1] < el —1 < ]a:|e|x| for all x € R.
Then by h € C'(K), the convexity of K, and a similar argument as (3.6),

e VAER)IZ/2 _ IVA(20,h(20)) /2

[VA(z0.h(z0))2 | |VA(2,h(2))|% = |VA(20,h(20)|?
e 2 e 2

_1’

[VA(20,h(20)|?
<e 2

[VA(z, h(2))[* = [VA(z0, h(20)) |
2

’ [VA(z,h(2))12 = [VA(z,h(20)) 2
2

< C(K,h,A)|z — 2

for some constant C (K, h, A) > 0.
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(3) (Integral bounds)
We will only prove (3)(a) since the proof of (3)(b) is similar. By (1), we have

O (WVAE Y | = oA 2 o, (A), )| = |2 (AT ey, )|
82k
< e—lﬁz|2/2||A|||x| < ||Alle NV /2| g
< || Al NVATHI2e/2 e IVA) T2yl /2 (2] + ly]) -
Hence,
& 0 _ |2 —1y-2|4 —1)—2
/ 2. (e Vx| /2) dy < || Alle” VD17 /2|Z,/ 12101212,
—0o | O%k
+ | Al VDI /2/ e IVA 2 2 1y

Therefore, there exists a constant C;(A) > 0 such that

o0
sup sup /
1<k<n—1 zeRn—1 —0

()
Zk

dy) < C1(A) < .

O

We are now ready to show that vg is in BV (R™"!). Moreover, we prove a relation between
|Dvg| and P,,(E;G x R) and a weak derivative formula for D;vg. These two ingredients

play an important role in proving our main result (see Theorem 3.4.4).

Lemma 3.2.2 (Regularity of vg and its distributional derivative formula).
Let n > 2 and let E be a set of finite anisotropic Gaussian perimeter in R™. Then vg €

BV (R™1), i.e., |Dvg|(R"™!) < oo, and

det /A det /A

2m)e D 1/2|DUE|( ) < vA(E;GXR)+(27T)(T)/2 ; dz

/ \v4 <e—|\/2x\2/2) dy

for every open set G C R"™'. Moreover, let Divg(z) = 3?:;2%22 (2),

_ v (2,9) 0 0 _IVAz|2/2 .
Diyvg(z) = /(a 7d7’[ S(y) + / oz, ( )dy fori=1,2,...n—1,

-), |1/E z y)|

for L 1-a.e. 2z € B, where Bg, is the set appearing in Vol’pert Theorem.
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Proof. Since vg € L'(R"™!), our goal is to show that vy € BV (R"™1).
Step 1: Let ¢ € C! (R"™!) and ¢; € C}(R) with 0 < ¢;(y) < 1 for y € R, j € N, and
such that lim;_,,9;(y) = 1 for every y € R. For any ¢ = 1,...,n — 1, by the dominated

convergence theorem,

ago . 3@ / 7|\/Z$|2/2
/Rnl o (2)vg (2)dz = /Rnl o, (2) . e dy dz

) o
=/ (/ aj (2) X (2,y) e~ 1VA"! /Qdy) dz
Rnfl R 1

= lim a—(p (2)¥i(y)xE (2,9) e"‘/zx‘Q/dedy (insert lim;1; = 1)
J =0 JRrn 8Zi

= lim { / div (p (2) 5 (m)e” VA 2e,) X (2,y) dzdy

Jj—o0
0 2
_ 7 (e~ WAz/2 .
[ e (V) p(eis e (.0 dydz}
gt - (e~ VA2, _ [ O (A |
]li)rgo { /EdIV ((,0 (2) ¥j(y)e el) dzdy /EaZi (e )go(z)w](y)dydz}
= — lim {/ 90(2) wj(y)€*|\/zle2/2€i E dH”’l(z,y) +/ i (6*|\/Zx|2/2) go(z)zbj(y)dydz}
J]—0 O*E E 8zi
= Jim { [ e @iy 1 [ (i) so(zwj(y)dydz} (by (23))
J—00 n E 7
=~ [ e@e A Dy - [ L (VAR pla)dyd
(a) Notice that for |p| <1,
o 2 _ 22 n— 2 (n—1)/2
L et e VoD < [ i) = ST ),
and hence
. . 9\ (n—1)/2
— lim v (2) wj(y)e’h/zx' 2dDixp < (2m) P,,(E) < .

J—=0 JRn det\/Z
(b) By Lemma 3.2.1, there exists a constant C' > 0 such that

— [ () el dydz < [ | (VA2
E 7

Zi

dydz < C

n
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and hence

0 2
Y O (A2 | <
jlglolo i (e ) 0(2)Y;(y) dydz < C < 0.

Taking the sup over ¢ € C! (R™™!) with |¢| < 1, (a), and (b), we conclude that vp €
BV (R™™!) since for any vector function ¢ = (¢1,..,,—1) € CF (R R™1) with |¢] < 1,
the above argument works for each ¢;, i = 1,...,n — 1. Moreover, we have
0
[ @ anase) = [ o@e A ranpg - [ (V) o) dydz (3
Rr—1 n E 7
for every ¢ € CL(R™1).
Now we consider n = (11, ..., ,—1) € CL(G;R™ 1) with || < 1, where G is open in R"!.

By an approximation argument, we may set ¢ in (3.7) as
¢(2) = ni(2)xa(2)-

That is, fori =1,....,.n — 1,

0
/ ni(2) dDyvg (z) = / e_l‘/zx|2/217i(z) dD;xg(x) +/ — (e_lﬂxP/Q) ni(z) dydz.
G GxR EN(GXR) 0z

Therefore,

/ n(z) - dDvg(z) = / e VA2 (2) - d (Dyxp, Doxp, s Ducixe) () (3.8)
G

GxR

+/ n(z) Vv (6—|\/Zw|2/2) dydz
EN(GxR)

for any n € C}(G;R™ 1) with |n| < 1. Let ¢; € CHR) with 0 < ¢;(y) <1fory € R, j € N,
and such that lim; ,., ¢;(y) = 1 for every y € R. By the dominated convergence theorem

and Proposition 2.2.4,

/ n(z) - dDvg(z) — / n(z) -V’ <67|\/Zx|2/2) dydz
G EN(GxR)

= lim e~ IVAzI?/2 (n(z)d)j(y)) -d (DixE, DaXEs s Dnoixe) ()
J70 JGxR

< sup { / e~ VAP 25(2) . d (Dyxg, DaXg, -, Duoixg) (2) - 7 € Co(G x R;R™™Y), 7] < 1}
GxR



o1

— / e—|\/Z:E|2/2 d|(D1XE;D2XE7"‘JD’IZ—IXE)‘ (.’17)
GxR

(27r)(n—1)/2

< / e~ VA2 q| Dy gl (x) :/ e~ VA2 gt | 9B (x) = P,,(E;G x R).
GxR GxR det\/_
Thus,
@m)bz VAP /2
n(z) - dDvg(z) < (E;G xR) + ( * )dydz
| ne)-apus(e) < Ep o
9 (n—l)/2
)  (BGxR)+ / / *'ff|/2> dy dz
det\/_
9 (n—l)/2
< BGxR)+ *'fxi /2) dy| dz.
det\/_
Taking the sup over 17 on both sides, we have
9 (n—1)/2
(2m) &

/V' (6—|\/Za:|2/2) dy

Dupl(G) < 22— P E;GXR+/
Dusl(@) < e P (B O X R) +

for every open set G C R"~1.

Step 2: Let Bg be the set given by Vol’'pert (Theorem 3.1.1). Applying equation (2.1), we

have
vi (zy) _ . Dixe (B: (z,y))
vF (2,9)| =0 |Duxsl (B, (2,9))
for every z € Bp and every y such that (z,y) € 0*E. By the Besicovitch differentiation

theorem,
VE

DzXE L (BE X R)

Now, let g be any function in C, (R"1). We can set ¢ (2) = g(2) xB, (2) in (3.7) since we
can first approximate opens sets then Borel sets. Therefore,

[ 9@dws= [ g VI LDy + [ O (VA2 gz) dyi:
Bg Bg xR EN(

BpxR) le

E
:/ aaca) g(2) e VA4 D,y
BpxR |Vf (2, )|

()



52

Moreover, by |D,xg| = [vF|H" 'L O*E and co-area formula (3.4),

ViE (Z7y) - z|? - z|? n—
/ﬁ —7;————g(z>e'Vﬂ'”dLDnXE|=l/‘ g(2) e VATPYE (2, y) dpr
BpxR |Vn (z,y)| 9*EN(Bg xR)

= z VzE (Z,'y) *|\/_x| /2 0
/BEg( )/M [vE )] 1 (y) d=

— z VZE‘(Z7y) .

- /BEg( )/B*E) |I/f (z,y)‘ dH(y) d (3.10)

(see (3.1) for the definition of HY). Combining (3.9) and (3.10) together,

éf@wmzéf@Qémﬁﬁﬁﬁwu(/i(““ﬂ@%

Since g is arbitrary, we have

vE(z,y) 0
Dyvp L By = L5V 300 e~ VAP/2) gy ) £ 1L B
vE E (/(3*]3) |1/E y)| Haly) + / azl< ) y) E
That is,

ViE( y) 0 9 —|VAz|?/2

“E), |VE y)
for L -a.e. 2 € Bg. O

With Lemma 3.2.1 in hand, we first show that A : z — ¢, (vg(2)) is C! when vg is C*.
The key idea is to use the integral equation (3.12) and the lower bound estimate of e~ VA2,

We will prove the general case of vg in Theorem 3.2.4.

Lemma 3.2.3 (Regularity Estimates for the map 2z — ¢, (v(2))).
Let x = (2,y) e R ! xR and
t
¢z(t) — / e*|\/za:|2/2dy.
Let Q be an open set in R*™ and v € C'(Q) with 0 < v < g, where g(z) = ¢,(00). Then the
map h: 2+ ¢ 1 (v(2)) is also CY(Q), and for all z € Q, we have

h(z)
v/h(Z) _ €|\/Z(212h(2))|2 (V/'U(Z) o / V/ (e—|ﬂ(z’y)‘2/2) dy) .
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Moreover, if we assume that V'v is locally Lipschitz on Q. Then
2+ V'h(z) is also locally Lipschitz on Q.

Proof. Since h(z) = ¢ (v(2)), i.e., ¢.(h(2)) = v(z), we have

z

h(z) )
/ e WVACHI2 gy — (). (3.12)

[e.o]

Step 1: Assume that v € C°(Q2). We first show that h € C°(Q). For any 2 € Q,

h(z) ) h(z0) 5
U(z)_v(zo):/ o~ VA /2dy_/ VA 2,

oo

M M
_ / e VAGDP/2 gy / e IVAGP2 gy,

[e.9] —0o0

h(z0) Vi ) h(zo) Vi )
. / e VAGDP/2 gy / e VAGowP 2y

—00 —0o0

M M) .
_ / VAP gy | / e VACDP/2 _ (o~ VAGon)/2g,
h(

20) —00
By Lemma 3.2.1 (2)(a) and v € C°(Q2), as z — 2 in Q,

h(z)
lim e—l\/z(z,y)IZ/Qdy -0

Z—r 20 h(ZO)
Now we claim that

h(z) = h(z) asz — z.

Suppose not, there exists g > 0 and a sequence zp — z in €2 such that
|h(zx) — h(20)| > €o-
Then there exists a subsequence z;, such that
(1) h(zx,) > h(zo) for all n, or (2) h(zx,) < h(z) for all n.
We will only prove (1) since the proof of (2) is similar. For (1), we have

|h(2kn) — h(20)| > gy = h,(an) > h(Z()) + &p.



Hence, by Lemma 3.2.1 (1)(a),

Mow) T O R
/ e WVAGHE2 gy > o~ IVAIRlew, 272 / e~ IVAPE/2 gy,
h

(20) h(z0)
h(20)+
> e~ IVAIlz, /2 /

h(20)

€0
eIV 2,

Taking n — oo,

h(zk,,) 2 2 2 h(z0)+<0 21,12
0= lim e VACHP2qy > Tim o IVAP /2 / e~ IVAIPIP /2,
h

n—oo h(Z()) n—oo (ZO)
\/Z 2 2 h(30)+60 \/Z 21,12
> e~ VATl /2/ VAR 2, S
h(z0)
This gives us a contradiction. Therefore, h € C°(Q).
Step 2: Now we assume that v € C'(Q). Our goal is to show that h € C'(Q).

Define

—00

2,h(2))|? h(z) )
z) = ew (V’U(z) —/ \v4 (e*|\/z(2,y)| /2) dy) _

We show that h is differentiable and

Using the mean value theorem, we have

|%| {v(z+k) —v(z) = V'u(2) - k}

1 [ o) . ") 2
/ VAR P/2g, _/ e WACOE2qy —'y(2) - k

IR -

IR
_ L
Z

h(z)
i / (6—|\/Z(z+k,y)|2/2 _ 6—|¢Z(z,y)|2/2) dy — V'v(z2) - k}

—00

(2) —o0

{ (h(z + k) — h(2)) o~ IVA(z+ky(K))?/2

1 1
- e—lﬂ<z+kvy<k>>l2/2m <h(z +k) = h(z) — (2) - k) + me"m”’w"“”'” (z) - k

54

1 h(Z+I€) 9 h(z) 2 2
/ e—|\/z(z+k,y)| /Qdy +/ (e—I\/Z(z—i—k,y)l /2 _ €—|\/Z(Z,y)| /2) dy . v,’U(Z) -k
h
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h(2)

[e.o]

where y(k) lies between h(z) and h(z + k), and the continuity of i (Step 1) implies that
ly(k) — h(2)| < |h(z + k) — h(z)] = y(k) — h(z) as k — 0.

By using the definition of /(z) and (3.5), we have
h(z+ k) —h(z) —(2) - k
||

_ VA2 (”(Z +h) - ”(|Z)| — Viu(z)- k) - |1?|€(z) Tk

h(z)
_ 6|\/Z(Z+k’y(k))|2/2ﬁ{ / (e—lﬁ(z%y)l?/? - €—|\/Z(z,y)|2/2) dy — V'v(2) - k}

_ VAGthy()I2/2 (”(z +k) - ”(é)' — Viuz)- k) - LeW(Z”T(z”""/QV’v(z) -k

k|
1 2y [ 2
n m(gﬂ(z,h(zm /2 / v (efI\/Zwl /2) dy - &

o0

[e.9]

h(z)
_ €|m<z+k,y<k>>|2/zﬁ{ / (eflﬂmk,y)l?/? - e*lﬁ(z’w'”?) dy — V'v(z) - k}
k
_ el\/AT(Z+k1y(k))|2/2 (’U(Z + k) — U(Z) — V/'U(Z) . k)
||
1

T (€|¢Z<z+k,y<k»|z/2 _ eW(z,h(z))P/z) V'o(z) - k

—00

_ VA k)2 /

—0o0

he) [ e VAGHEY)P/2 _ o= VA2 _ ! (efwzwm) L
dy
< k| )

h(2)
_ (elﬂ<z+k,y<k>>|2/2 _ elmz,h(z))w?) ’% / 4 (e—lﬂxw?) dy -k —0

as k — 0. Therefore, h is differentiable and
h(z)

V'h(z) = oA (V'v(z) - / \ <€—|\/Z(z,y)\2/2> dy) :

Now we claim that V'h € C°(Q). Since V'v € C%(Q) and h € C°(Q2), we just need to show
that

[e.o]

h(z)
Z / A4 (6—|\/Z(z,y)|2/2) dy s in C°(Q). (3.13)



Without loss of generality, we may assume that |z — 29| < 1 and let K = B(z, 1).

h(z) ] h(z0) i
/ v’ (e—m(z,yn /2) dy — / v (e—m(z,yn /2)

(e o] o0

h(z) h(zo)
= —/ e VAP 41 (2 ) dy +/ e~ VAGP2 Al (0 ) dy

dy

2=20

—00 —0o0

h(z) ) h(zo) 2
Y / o~ IVAGY) 2(z,y) dy _/ e~ IVA(z0.0)| (20,1) dy

[e.o] [e.o]

h(z) ) h(z0) )
/ e WAGOIRI2(5 ) gy — / e VACHEI2(, 1) ay

(e o] —0o0

h(zo) ) h(zo0)
n ( / e VAGCOIRI2(5 ) gy — / e VAGOWI/2( 5 1) dy>] = (I) + (I1).

(e o] [e.o]

:—A,

(i) We first estimate (II).

h(zo0) VA 9 h(z0) VA 2
/ e WACYERZ A/ (2 y) dy _/ e VAT A (20, ) dy

—0o0 —0o0

|A'(z,y)| dy

h(ZO) 2 2
< / o~ VA2 _ o~V Ao w) /2

h(z0)
+/ e VACONP/2| 412 — 2 0)| dy

—0o0

e} 2 -
< Anax(ATA) / (r(K) + \y|) e IVATIT W22 — ) dy
+ v/ Amax (ATA) / T e MR ) dy
=C(K,A) |z — z|

where we have used (3.6) and recall that r(K) = sup¢ [C]-

(ii) We now estimate (I). By the mean value theorem,

h(z)
/ e VACYER (2 y) dy
h

z0)

hz) i h) .
h(z0) h(z0)

h(z) ) h(z) )
/ VAGIP/2, gy / e~ VAGIP/2y, gy
h(z0) h(z0)

IN

+
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= e WVAGEIP2 | |h(2) — h(zo)| + |e VAT 2 | |h(2) — h(z)| — 0 (3.15)

where y, and 7, lies between h(z) and h(z), and by the continuity of h, y,,7. — h(z) as
z — 2. Thus, (I) — 0 and (II) — 0. Therefore, h € C''(Q).
Step 3: Finally, we claim that if V'v is locally Lipschitz on 2,

V'h is also locally Lipschitz on €.

By Lemma 3.2.1 (2)(c), we just need to show that (3.13) is locally Lipschitz on 2. Let
z* € Q. Since (2 is open, there exists B(z*,r) C Qs.t. B(z*,7) C Q. Then K := B(z*,r) is
a convex compact set. Thanks to the estimates in Step 2, we are left to estimate (3.15) with

z,20 € B(z*,r) C K. Since h € C'(Q) and |7.| < ||h]| Lo (k).
(315) < r(K)I VAl |= — 20l + Il Vhll o= — 201,
i.e., (3.13) is Lipschitz on B(z*, 7). O

By Lemma 3.2.2, we know that vy € BV (R"!). Now we are ready to show that h(z) =
o7 (vg(2)) is L '-measurable and E* is a set of locally finite perimeter in R”. The key
idea is to approximate vy € BV (R™™!) by C' functions. Then we can apply Lemma 3.2.3

on each C' function.

Theorem 3.2.4 (Approximation theorem for the map z — ¢ (vg(2))).
Let n > 2 and let E be a set of finite A-anisotropic Gaussian perimeter in R™. Define
h:R" — [—00,00] as h(z) = ¢ (ve(2)) and let g(z) = ¢.(c0). Then

(1) for any bounded open set @ C R™™' with smooth boundary, there exists a sequence of
functions v, € CH(Q) N BV (Q) with 0 < vy, < g, such that v, — vg in L*(Q) and a.e.
in Q, Dup — Duvg in §, and

. : V'g]
limsup [ |V'ug|dz < |Dvg|(2) + 2 vg dz.
Q Q

k—o00 g

Moreover,

hiy = h ae €, xp — Xps a.e. in QxR
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where hy(2) == ¢ (vi(2)) and
F. = {(z,y) EQXR:y < hy(z) = gbz_l(vk(z))} )

In particular, h is L '-measurable and the set E* is L™-measurable.
(2) E° = E5 ., is a set of locally finite perimeter in R™.

Proof. (1) Step 1: Since F is a set of finite anisotropic Gaussian perimeter, according to

Lemma 3.2.2, vy € BV(R"1). Let g(2) = ¢.(00) > 0 (see definition (3.2)) and define

& 1 v, = Lv z
¢-(t) = @%(t)a vp(z) = B(2).

Notice that 0 < ¥g(z) < 1 and ¢ : (0,1) — R. By Lemma 3.2.1 (2), g € CH(R"™).

Therefore, . € C'(R"") since V'(7) = —Vg—;g € C° and g > 0. In particular, both g and ¢

are locally Lipschitz on R"~!. Thus, g = évE € BViee(R™™!) and
Dvp = D(g/’le) = ngE + (V’g)fﬁEﬁnil (316)

(see |AFP00], Proposition 3.2). Let  be a bounded open set in R"~!. We have v € BV (Q)
and 0 < g < 1. Hence there exists a sequence of functions v, € C'(Q) N BV (Q) with

0 < ¥ < 1, such that 7, — 95 in L*(Q) and a.e. in Q, D7, = Dy in Q, and
k—o00

lim /Q |V'0(2)| dz = | Dog| () (3.17)

(see [AFP00], Theorem 3.9 and Proposition 3.13). Now we let

Ok = Uk, e = ¢, () = &2 (),

where 0 < v(2) < g(2) = ¢.(c0) and v, € C1(Q) N BV(Q). In particular, by the definition

of vy, and ||| e (rn-1) < 00, we have v, — vg in L'(Q) and a.e. in Q. Moreover,

Duvy, = D(gik) = gDﬁk + (V’g)ﬂkﬁn_l. (318)
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By (3.16), (3.18), and the fact that 7 — vz in L'(Q) and D7, = Dvg in §, we obtain
Duy, = Dug in Q, (3.19)

[Duel(©) < gl Dv[(Q) + [V'g[oL"7H(Q), and g[Dg|(Q) < [Dvg|(Q) + [V'g[opL" ().
Applying [AFP00|, Theorem 2.39 (Reshetnyak continuity) with the bounded continuous
function ¢g and (3.17),

limsup [ |V'vg|dz < limsup/ g d|Dvy| +hmsup/ |V'g|0r dz

k—o0 (9] k—o0

:/gd|D’6El+/|V'g\'17Edz
Q Q

< |DUE|(Q)+2/ V' g[p dz = |DvE|(Q)+2/ |v'g|“§dz,
Q Q

where we have used U, — Ug in L'(Q) and ||V'g|| poc (rn-1) < 00.
Step 2: Since v, — vg a.e. in €2, there exists a measure zero set Z C () such that for any
2 € Q\ Z, v(z) = ve(z). Notice that
hi(2) h(z) hi(2)
ve(2) — vp(z) = / e VAGDP/2 gy, / e VAGDP/2 gy — /h . e VAGDP2 gy
As k — oo, we have

hi(2)

lim e WVACYP2qy — 0 for any z € Q \ Z.

By using the same argument as in Lemma 3.2.3 Step 1, we have for any z € Q\ Z, hi(z) —
h(z) as k — oo. By Lemma 3.2.3, hy, € C''(Q) since v, € C'(Q2). In particular, hy is L"71LQ
-measurable on € and hence the limit function h|q is also £~ L Q) -measurable on €. Since

) is arbitrary, A is also £ !-measurable. Next we show that
XF, — Xps a.e. in 2 x R.

Let T'(h) be the graph of h, let 7’ = (Z x R) UT'(h;Q2) C Q x R, where Z is the measure
zero set from above and I'(h; ) is the graph of h over €, i.e.,

L(h;Q)={(z,y) € QxR:y=nh(2)} =T(h)N (2 x R).
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We first check that £"(Z') = 0. Notice that £"(Z x R) = 0. It is enough to show that
L™(T'(h)) = 0. Since h is L '-measurable, we define

g(z,y) = fao0 fl(zvy) = h(Z) -y

where f1 : (z,y) — (h(z),y) is L™measurable, f> : (x,y) — x — y is continuous. Therefore,
g is also L™-measurable and hence I'(h) = g~ '({0}) is £"-measurable. By Fubini’s theorem,
L™(T'(h)) = 0. Next, for any 2 = (z,y) € Q@ x R\ Z’, we have z ¢ Z. If xps(z) = 1,
then y < h(z) and hence there exists k such that y < hy(z) since hg(z) — h(z). That is,
r = (z,y) € F, ie, xp(r) =1 and xp — xgs. If xps(x) = 0, then y > h(z). However,
x & I'(h;Q), soy # h(z) and there exists k such that y > hi(z). That is, z = (z,y) & Fy, i.e.,
Xr, () =0and xp, — xgs. Therefore, xp, — Xxps a.e. in QX R. In particular, E* = {g > 0}
is L£"-measurable.

(2) Now we claim that E* is a set of locally finite perimeter in R™. Since E*® is £L"-measurable,
we have xgs € L}, (R™). In order to show xgs € BV,.(R"™ 1), by Proposition 2.3.2 and 2.3.1,

we just need to prove that for any open set V' CC R",

sup {/8 div p(z) — (p(z), Az) dya(z) : p € CFH(V;R™), || < 1} < 00

Since V' C R™ is a compact set, there exists an open bounded set Q@ C R™! such that

V C Q x R. In fact, we claim that
sup {/ div p(z) — (p(z), Az) dya(z) 1 p € CFH (2 x R;R™), || < 1} < 0. (3.20)
For convenience, let ¢, = (¢1, 2, ..., pn_1) and
[ dive (o n) duata)
= [ dive+ (. VAV 2) dua(o)
Z/ 3901 —|\/7f13\ /2) 4 () + Opn O(—|VAz[*/2)

d

= (I) + (I0). (3.21)
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Step 1: We estimate (I) using approximation of vz by C'(Q) functions. Consider v € C*(£2)
with 0 < ¥ < g and let p € C}(Q x R;R™) such that |¢| < 1. Let

Fefo=(50) €QxRiy <y} y(z) = 67 @(2).

y(2) )
B(2) = a(y(2)) = / VAR gy

and by Lemma 3.2.3, the mapping 2z — y(z) is in C*(2). Hence

Vo(z) = e SOy 2) 4+ /

—00

y(2)
A (e"ﬂmw?) dy,

U WAy 0y(z) /y(z) O (AP
_ : 9 29| /2) du.
aZi ¢ aZi + —co 8Zi (6 Y

We now compute the equivalent of (I).

o ; —fx 2
2/82 LEZLGL PN
S (32 SN gy

det y(z) 2 8 (Z) 2
vA —VAz?j2 g 9Y . —IVA(zy(2)[2/2
Z 27‘(’ n/2 <82‘1/ i€ dy 97 Soz(zay(z))e dz

—00

. det VA 0y(z)

27T n/2 Q aZZ

det\/_ o [P 9
- — e~ IVAGEY)I?/2
Z a7 |, P ) (6 | (e )dy>d

- ((1262)\7{/—2 (/Qtpz(z,y(z)) -V'(z) dz

_ /Q /_y(Z) 0. (z,y(2)) - V' (€f|\/Z(z,y)|2/2) dydz) (3.22)

where we have used the divergence theorem and ¢ has compact support in €2 x R.

0i(z,y(2))e VAGVEP2 g,

M
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Now we approximate vg by Theorem 3.2.4 (1), i.e., there exists a sequence of functions
v € CHQ)NBV(Q) with 0 < v, < g, such that vy — vg in L'(Q) and a.e. in Q, Dv, = Duvg
in €, and

: : V'g]
limsup [ |V'og|dz < |Dvg|(2) + 2 vg dz.
Q Q

k—o0

Moreover, x5, — Xgs a.e. in Q X R and hi(z) = h(2) := ¢; (ve(2)) a.e. in Q, where

Foi={(zy) € A xRy < hy(z) := ¢, (vi(2)) } -

Replacing F' as Fj, and y(z) as hi(z) in equation (3.22), we have the following estimate

m=3 . gf;+%0ia(_|\/a§f|2/2) dya(x)
i (3 2+ o 2O )
det\/_

(2#)”/2 k:1—>I£lo (/Q (—goz(z, hk(z))) -V'op(2)dz

_/ /hk(z) (—u(e, (=) - V' (e_wZzP/z) dydz)

det VA det /A A2

<X ) hin_)soljp/ !V’vk(z)|dz+ ok // -V (e vAz] /2) dydz

— (2 )n/g | UE|( ) (27‘(‘)”/2 27’(’ n/2 _— yaz
det VA 2 det VA det \/_ _

< (2 )n/2 ‘ ,UE‘( n/2 / ‘v/ n/2 /]R; 1/ [VAz|? /2Al dde

< det\T/L/_2 \Dug| () 3det \f\/m/ —II\/A7||72|z|2/2|$| dr < oo,

- (2m) (2m)n/?
where we have used 0 < vy < g and Lemma 3.2.1.

Step 2: Now we estimate (II).

Opn  O(=|VAz[*/2)
1) =
_detvVA [0 ((p efW(z,y)P/z) dx
(27-[-)71/2 Es ay "
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_ detVA 0 Al
= ey i |, oy (‘p e VAP /2) de

hi(z)
det\/_ // k QO e_l\/_(zyl /2) dde

27‘[‘ n/2 k—)oo

_det )
267-[-\7{/: klm /Son zZ, hk |‘/Z(Z7hk(z))| /2 dz
det \/_ z,h(z det \/7 e

- @2m)m2 Jq (2, h(2))e” VAR g, < (27r)n/2£ Q) < o0

since ¢ is C' with compact support, |p| < 1, and recall that hy — h a.e. in © by Theorem
3.2.4 (1). O

3.3 Ehrhard symmetrization in 1D and an example in 2D

In this section, we show that the Ehrhard symmetrization preserves the mass under any
one-dimensional slices in the y-direction, and hence it preserves the total mass. Moreover,
the anisotropic Gaussian perimeters of the one-dimensional sections decrease under Ehrhard
symmetrization. Geometrically, we will rearrange the mass in each one-dimensional sec-
tion of F to a half-line with the same mass. The resulting new shape E® is the Ehrhard

symmetrization of F.

Proposition 3.3.1. Let n > 2 and let E be a set of finite anisotropic Gaussian perimeter

in R™.
(1) (Properties for E*®)
vps(2) = vp(2),  pe ((B9):) = pa (E2),
for all z € R"'. Hence 7, (E*) =7, (FE) and
V'vgp(z) = Vugs(2)

for a.e. z € Bg N Bgs, where

V'vg(z) = (DlvE(z), e ;Dn—lvE(z)) ,  Djvp:= AL By
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Moreover, y4(E) = v4(E®) and
VA(E1AE,) > ya(ETAE3).

In particular, for any sequence of sets of finite anisotropic Gaussian perimeter Ej with

X, — X in L' (R™,~v4), we have
XE,‘: — XEs in Ll (anfyAL

and

P, (E%U) < lilgninf P,, (E;;U)  for any open set U C R™.
— 00

(2) (Cross terms estimate)

For any z € R,

/ ) > /E v dss(y),

s
z

and

‘/ V’e"\/sz/Qdy— V'e"mm‘2/2dy
E.

= (/zyduz(y)—[E

(3) (Ehrhard symmetrization in 1D)

y duz(y)> [Aen — (Aen, en)enl-

s
z

The anisotropic Gaussian perimeter of almost every one-dimensional section in y-

direction decreases under Ehrhard symmetrization, i.e.,
pes(2) < pr(2),
for all z € B N Bgs, where pg : R*™! — [0, 00| is defined as
pi(z) = H2 [(0VE).|.
Proof. (1) Notice that

(E®)., ={y:y <. (vp(z) } = (—o00,¢." (vp(z)) ) is a measurable set.
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Therefore, for any z € R 1,

vpe(2) = s ((F*):) = e (=00, 6" (vs(2)) )
_ /_¢z (ve(2)) o 1Az?/2 dy = . ((15;1 (UE(Z)>) =vp(2).

Thus,
T (E) = {2 € R" 1 1up(z) >0} = {z € R" ! 1 ups(2) > 0} = 7 (E).

Moreover, for any measurable set A,
Di’UE LBE(A) = / DZ’UE(Z) dﬁn_l LBE(Z),
A

and

Di'UEsLBEs /DUES dL" 1LBE3( )

Therefore, for any measurable set B C Bg N Bgs, setting A = B in the above equations, we

have
/ Djvg(z) dL"'(2) = Divg(B) = Dyvgs(B) = / Divgs(z) dL"'(2)
B B
where the second equality holds since vy = vgs. By the arbitrariness of B, for a.e. z €
BE ﬂ BE‘S7
Dyvg(z) = Dyvgs(2).

By Fubini’s theorem,

7A(E):M VA2 g _|det\/_|/ / VA2 g g
]Rnl

m)? |, 9)1/2

| det VA | det VA

=11 dz = ———— s d
(271')"/2 - UE(Z) < (27T)n/2 - VE (Z) <
det

_ [detvA| e VA2 Gy dz = 5, (E?).

271- TL/2 Rn—1 s

Similarly, we have

t
A(ByAE,) — | de \/_I/ / e VALS2 g0 1
Rn—1 J(E1AES).

277' n/2



66

_ |d€t v | 7|\/_:1?| /2 du d
2 n/2 y az
) Rr=1 J(E1).A(Es).

|det \/_| / e*|\/Z:L‘|2/2 d'y _/ e*|\/Z:L‘|2/2 dy
(El)z (E2)z

d
=R Jo :
z)| dz

| det VA

Gy [0 ) v

| det VA

— 7(27()”/2 - ’U(El)s( ) — ’U E2)s | dZ

det v A WAz < <
- [denvAl n/2|/ / e VAL dy dz = 4o (B AES).
(27T Rr—1 S)zA(E )z

For any sequence of measurable sets Ej with xg, — xz in L' (R",7v4), we have

J.

By Theorem 3.2.4 and Proposition 2.3.2, E} and E° are sets of locally finite perimeter and

XEp — X | dya = Va(ERAE®) < ya(ERAE) = / X5, — x5| dya — 0.
Rn

hence

P, (E%U) < lilzninf P,, (E;;U) for any open set U C R™.
—00

(2) Notice that
p=(EZ\ E2) + pe(EZ N E) = pe(E2) = vps(2) = vp(2) = pa(Ez) = pa(E: \ EZ) + p=(E2 N EZ).
That is, p-(E2 \ E:) = p=(E: \ E2). Let y(2) = ¢ (ve(2)), we have

y—y(z) <0 ifycE;, y—yz) >0 ify¢&E:.

/Esy dp(y) < /zy dp(y)-

z

Now we are ready to show that

Notice that

/;y dp=(y) — /y dpi(y)
= (/Eg\Ezy dp(y) +/E§nEzy duz(y)> - (/Ez\Egy dp=(y) +[Esz§y dMy))
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= y dp.(y )—/ y dp.(y)
E 5\ E. E.\Es

_ (/E\E 2) du.(y) + /E\E y(2) duz(y)>
+ </E\E y(2) —y dp.(y) — /E\E y(2) dMy))

( z) dp=(y) — / y(2) duz(y)> =y(2) (uz(Ei \ E) = p=( B2\ Ei)) =0
ES\EZ B.\E:
On the other hand, by Lemma 3.2.1 (1), we have

0., (e"‘/z””'Q/Q) = —e"‘/zzP/Q(rowk(A),:B),

and hence

n—1
/ aZk (67\\/233|2/2) dy = _/ €*|\/Zx|2/2 (Z Akaj +Akny) dy

j=1
S ZAk]szE — Apn (/ Y d/Lz(y)> .
E,

Similarly, we have
/ 8Zk (€7|\/Zm|2/2) ZAk]ZjUES Akn (/ Y d,LLZ(y)) :
Since vgp(z) = vps(2),

/ azk (€*|\/Zas|2/2) dy _/ azk (e*|\/Zz|2/2) dy = (/ Y dluz(y) —/ Yy duz(y)> App.
E, s ; E,

z

Therefore,

V'e_lﬂ“z/?dy - V'e"‘/z“;F/?dy

E. E

/zy dp-(y) — /gy dp-(y)

||(A1n7 A2na e 7A(n71)n)||
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[ Aen — (Aen, en)en||

/Zy dp(y) — /Egy dp=(y)
= (/zyduz(y)—/E

(3) In order to work with probability measures, we first normalize our definitions of u, and

¢. as

s
z

Y dﬂZ(?/)) |Aen, — (Aen, en)enl|.

- 1 1 2 ~

Notice that

T VAGYE
p=(R) /oo W
(52)_1(ﬁz(F)) = Qb;l(:uz(F))

Now we claim that ji, is a log-concave measure on R. We just need to show that

1 1
log <me—|ﬂ(zﬂ)|2/2> = —log(u.(R)) — §|\/A(z,y)|2 is a concave function in y.
L

Applying Lemma 3.2.1 (1), we have

o, (- 08(u.(®) - 5 VAGP) <0

Thus, 11, is a log-concave measure on R. Let F' be a Borel set in R with p := . (F) € (0,1).
Since 1, (F*) = 1.(F) = p, and F* = (—o00, ¢, (1.(F))) is a half-line, with the help of the

one-dimensional log-concave isoperimetric inequality (see [Bob96], Proposition 2.1), we have

pz(A)=p

for all h > 0, where Bj, = [—h, h]. In particular, for any Borel set F' C R,
1.(F + By) > . (F* + By) for all b > 0. (3.23)

Let z € BpNBgs, by Vol’'pert Theorem (Theorem 3.1.1), E, is a set of locally finite perimeter
in R. Moreover, by [Magl2|, Lemma 15.12, E, N (—R, R) is also a set of locally finite
perimeter in R for any R > 0. Applying [Magl2|, Proposition 12.13 on E, N (—R, R), we
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may assume that £, N (=R, R) is a disjoint union of open intervals with positive distance,
ie., a; < b; < a;y1 < by for all + and
1E€ESR

where Sp is a countable set. First we claim that Sy is a finite set. By using equation (3.24),

00 > pp(z) + e VAGRER § VAR _ p (B ) 4 ¢ VAGRIE2 | o~ IVAG-RE/2

> P,(E.,N(—R,R)) =P, U (ai,bi) | = Z P, ((ai, b))

1ESR 1€ESR
=Y e VAR | VAGHIE2
1E€ESR
> Z e~ IVAIP(12*+R?)/2 + e~ IVAIP(12*+R?)/2 > 2€*||\/Z||2(|Z|2+RQ)/2’SRL

1€ESR

i.e., |Sr| < oo, where we have used
VA(z,a))]* < IVAIP(12 + af) < IVAIP(|2 + B?).

Moreover, by the definition of 1, and the fundamental theorem of calculus, for any —oco <

a<b< oo,

z >b B - Mz 7b _ _
}lg%lﬁ ((a,b) + Z) 11-((a, b)) — e |\/Z(z,a)\2/2+€ IVA(zp)2/2 (3.25)

Next we claim that
P.(E.N (=R, R)) > e VAGwR@)P/2,
where
y(2) = ¢ (uz((E N (R x (=R, R)))Z)),

Notice that

(EN (R x (—R,R))). = E.N(~R,R), (ENR" x (=R, R)))° = (=00, yr(2)),

S
z

p((BN @ x (<R R))Y) = (BN R x (-R.R),).
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() = 02 (1 (B R ) =50 = 62 B2 s R

and

limsup P.(E. N (—R, R)) < limsup (PZ(EZ) + e VAERIP/2 e*lﬂ(szW/?) = p(2).

R—o00 R—o00

By using equation (3.25), and the fact that the intervals (a;, b;) are disjoint,

P(E.N(-R,R)) = Z e IVAEa)P/2 | o~ IVAzb)?/2

i€SR

_ lim p=((ai, b;) + Bp) — p=((ai, b))

- h—0t h

1ESR
L p=((ai, bi) + Bp) — p=((ai, bi)) e
= hlgglJr Z h (Sg is finite)

1€ESR
o1
> i (UGt 80) = (U (et
1€SRp 1€SR
1

> lim — — — _
> lim (,u(E N (~R,R) +Bh) uz(Ezm( R, R)>>
— Jim 2 ((Em (R*! x (—R, R))) +Bh) iy ((Em (R"! x (—R, R))) )

h—0t h N ’ o N ' o
> Jim 2 (4 ((Em (R*! x (R, R)))’ +Bh) Y ((En (R™! x (=R R)))s)
- h;}0+ ]’L z ) z z ) z

(2)+h

i L / P VAP gy VARG

h—ot+ h yr(z)

in which we have used (3.23) where F = (E N (R*" x (=R, R)))_ in the last inequality.
Taking R — oo, we have pp(z) > e VAGVEI/2 — po (7). O

We have seen that the anisotropic Gaussian perimeter of the one-dimensional section
decreases by Ehrhard symmetrization. Intuitively, this gives us hope that the higher di-
mensional anisotropic Gaussian perimeter might also decrease after doing the Ehrhard sym-
metrization. However, our next example shows that this is not true in general. The main
idea is to understand the asymptotic behavior of the quantity h(z) = ¢;'(vg(z)) via the

equation vgs(2) = ve(z2).
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Example 3.3.1. Let n = 2 and

a b
A=2 >0
b ¢
with b # 0. Consider
E, =[—a,a] x (0,00).

Then there exists some § > 0 such that for any 0 < o < 9, we have

P’YA (Ea) < P’YA (EZ)

and

Py, (E}) < Poy(Ba) + V21| Aes — (Aez, e)ea]| (b, (B) = by, (E*), e2).

Proof. Notice that both a and ¢ are positive since A is a positive definite matrix. Additionally,

notice that

o WVA@DE/2 _ (A y) @n))/2 _ g-aat-2bay—cy®
Let K =[—1,1] and Q be an open set in R such that K C Q. Let £ = Q x (0,00). Then
E, = (0,00)

for all x € Q. By Lemma 3.2.1 (2)(b),

vg(x) = / e WA@YIP/2 gy — / e~ =2ry—ey® gy g differentiable on Q.
. 0

By Lemma 3.2.3, h : x — ¢ ' (vg(r)) is also differentiable on €. Notice that

I , , h(zx) ) )
/ e~ T dy = vp () = vps(z) = / eI dy. (3.26)
0

Setting x = 0 in equation (3.26), we have
h(0)

vE(0) = vps(0) = / e dy :/ e dy = h(0) =0.
0

—00
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Taking derivative on equation (3.26), we also have

/ e_a"”2_2bxy_cy2(—2ax — 2by)dy
0

2 2 h(a;) 2 2
— oo —2bzh(x)—ch (a:)h/(x) +/ et —2bxy—cy (—20,1‘ o Qby)dy
In particular for x = 0,
/ > —cy? 0 —cy? > —cy? 2b
h'(0) = eV (—2by)dy — e Y (—2by)dy = —4b e YVydy =——.
0 —o0 0 ¢
That is,
2b
h(0) =0, R'(0) = ——. (3.27)
c

Notice that the Ehrhard symmetrization of F, has the form
E: ={(z,y):z € [-a,a],y < h(x)} for0<a<l.
We now claim that

P, (E,) — P, (E) =2 Vj‘;A (1 —\/1+ 4C—b;> a+ ofa). (3.28)

By using the Taylor expansion, we have

iP (Ea) _ o0 e_aa2—2bay_cy2 dy + 0 e—aa2+2bay_cy2 dy + «@ e_ax2 dx

V det —a
/OO e—cy2 dy 4 i > e—aa2—2bay—cy2 dy
0 do Jo

+ /OO e—cy2 dy + i > e—aa2+2bay—cy2 dy
0 dor Jg

a+o(a)

a=0

a+ola) | + 2/ e dg
0

a=0

— (2_\/; + (?) o+ o(a)) + (2—\/\2 + (g) o+ O(a)> + (20 + o(a))
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Moreover, by (3.27), we have

/o h(a) h(—a)
d : =P (Fa) = / et oy gy 4 / e men e dy
(§] —00 —00

. /a o at>=2bth(t)—ch®(t) /7 + K (t)? dt

h(0) ) d h(a)
= / e~ dy—l——/ emw Moy’ gyl o 4 o(a)
. h(0) _Cy g i h(—a) a0+ 2bay—cy? J
Y+ Ia e Y a+ o(a)
- a=0
d
+ (@/ —at®—2bth(t) chz(t)\/HT dt a+0(oz)
a=0

] (L{_} w) (a2 o)

where the third term is the anisotropic Gaussian perimeter of the graph of h. Therefore,

P, (E,)—P,,(E}) =2 \(}Z%A (1 —4/1+ 4C—b22> a+o(a).

Next we show that

\/%”A@Q — (Aeg, e9)ey||(by, (E) — by (E®), €2) = j%AQ (2—:) a+ o(a). (3.29)

Notice that
||A62 - <A€2, €2>62|| = 2|b|

Now we compute the barycenter of E, and E?, i.e.,

Vdet A VA,
bra(Ba) = Y0 / / (v, y)e VAP 2y
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and
by (E;) = \/(;iﬂ/_z /_]:jc)(:c,y)e|\/Z(x,y)|2/2dydx.
Then
boa(B) ~ by () = YA [ ( [Twperveorng - [ <x,y>eﬂ<z’y>'2/2dy) a
and hence

/ ! oo h(zx)
<bA/A(Ea) — bW’A (EZ), €2> = C;etA / (/ ye_|\/z($)y)|2/2dy _ / ye—|\/z($,y)|2/2dy> d:l?
T - 0 —00

0 h(0)
_ Vdet A 9 (/ y€—|\/A7(O,y)|2/2dy _/ ye—I\/Z(O,y)2/2dy> a+ o(a)
0 —0oQ

27
_ vdet 4 4 (/ ye‘cy2dy) a+ola)| = det A (g) a+o(a).
27 0 2T c
Thus,
Vdet A [(2]b
V2r||Aey — (Aes, ea)es||(by, (E) — by, (E?),e9) =2 ° <M) a+ o(a).
Var \ ¢

Thanks to (3.28) and (3.29), we have

— s A/ 2
P’YA(ECY) P’YA(EQ) detA (1 _ 1 + &) < 0

lim =2 2

a—0+ «Q \ 21

and

m \/%||A62 - <A€25 62>62||<b’YA(E) — b’YA(Es)7 €2> + P’YA(EOt) — P’YA(EZ;)

a—0t 0]
2
_oVdetA [0 2B LAY
Vor c c?

Since b # 0, let

V4 2 \/ 2
= min § Y904 \/1+&—1 , d/—etA (1+%)_ i B )
V21 c? s c c?
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There exists 0 > 0 such that for all 0 < o < 6,

Po(Ba) = Py(B)  VaetA (- [7rae\ | _vaeed ([
o V2 c? T~ Vor c?

and

|\/%||A62 — (Aeg, ez)€2||(by, (E) — by, (E°), €2) + P, (EW) — P, (Ey)

8]
2
Vet Ay 2B Ly A
Vo c c?
2
covdetA ff 200 A
V2r c c?
Therefore, for any 0 < o < 9,
. VdetA 402
P, (E,) — P, (ES) < vorl Gl TR LR
and
V2r||Aeg — (Aey, ez)es|| (b, (E) — by, (E7), €2) + Py, (Eo) — Py, (E7)
Vdet A 2b) A2
> \/ﬂ <1+7>— 1+? a >0,
ie.,

P, (E3) < Py (Eq) + V2r| Aes — (Aey, e2)es|| (b, (E) — by, (E°), €3).

Remark: From Example 3.3.1, we see that there exists some E such that

P

YA

(E) < Py, (E).

Although the anisotropic Gaussian perimeter does not always decrease under Ehrhard sym-

metrization, a natural question to ask here is whether there still exists an upper bound for
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P, ,(E?) in terms of P,,(E). In our next subsection, we will show that there exists an upper

bound and
P, (E°) < Py, (E) + V27| Aey — (Aen, en)en|| by, (E) — by, (E°), €n),
for any set of finite anisotropic Gaussian perimeter £ in R" (see Theorem 3.4.4).

3.4 Ehrhard symmetrization on anisotropic Gaussian measures

Our next goal is to show that the perimeter of a Ehrhard symmetrization set £* can still be
controlled by the perimeter of E plus an error term with a form like A — A\[,,. In particular,
the Ehrhard symmetrization along the eigendirections decreases the anisotropic Gaussian
perimeter. We will break this into several lemmas. Our next three lemmas are modifications

of Cianchi-Fusco-Maggi-Pratelli’s paper [CFMP11] Lemma 4.5 and Lemma 4.6. We will

VAN

prove the “dust estimate”, “cylindrical estimate”, and “graphical estimate”. Starting from
this section, the notation C' means a constant that depends only on n and A, which may

change from line to line.

Lemma 3.4.1 (Dust estimate for F).

Let E be a set of finite anisotropic Gaussian perimeter in R™ and B be a Borel set such that
vg(z) =0 forall z € B.
Then
P,,(E;BxR) <P, (E;BxR).
In particular, if we assume that B is open with smooth boundary, then
P, (E% B xR)=0.

Proof. Without loss of generality, we may assume that B is bounded since we can consider

BN B(0,R). Given € > 0 and let {2 be an open set with 2 D B such that

LY Q\ B) <.
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By [Dan08|, Proposition 8.2.1, there exists a sequence of bounded open smooth sets €; €2,
ie., ; CC Q41 CC Qand (J; Q2 = Q. Then

P, (B xR) /7 Py, (E* QX R)

and

P, (E* B xR) < P, (E*Q x R)

since B C €. Recall from Proposition 2.3.2 that in order to compute P,,(E* ; x R) it
is enough to look at (3.20) and equation (3.21) as we have seen in Theorem 3.2.4, i.e., let
p € CHQ; x R;R™) with |p| < 1 and let v, = (p1, @9, ..., Pn_1), We estimate integrals (I)
and (IT) from (3.21).

Applying Theorem 3.2.4 on Q; and y(z) := ¢, '(ve(z)), there exists a sequence of func-
tions v} € C*(Q;) with 0 < v} < g and g(z) := ¢.(00), such that v] — vp in L'(€;) and a.c.
in €25, Dvi X Dug in 2;, and

lim / ‘V’vi(z)) dz < |Dvg| (Q;) + 2/ <|Vgg|) vg dz.
; &

k—oc0

Moreover,
Xps = Xpe ae. in € x R and yl(2) = y(2) = o7 (ve(2)) ae. in Q;
where 3/ (2) = ¢ (v)(2)) and
Fli={(z9) € 9 x Riy < y(2) == 07" (0](2)) } .
Since vg(z) = 0 for all z € B, we have

vl(2) = vg(2) = 0 a.e. in Q;N B,

yl(2) = y(2) = ¢- (ve(2)) = —o0 ae. in QN B,

and

pps(z) = e 6= 0EE/2 — g on B.
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Therefore, by equation (3.22) where F as F/, y(2) as y](z), and Q as Q;,

« [ %, O(=|VAz]/2)

()= Z . + @i a-. dya(z)
. Opi d(—|VAz]? /2) 4
- ;3520 Z /F 9a 0z (x))

J

L/ " (—goz<z,yz'<z>>) v (e VER) dydz>

det\/_hmsup/ ‘V'

?2;){ lim ( / (~-(z4(2))) - Pl (2)dz

o ( k—o0
det \/_ y’“(z) : , 2
—|VAa|?/2
S [ e (e
det \/_ y’“(z) : , 2
—|VAz|?/2
T [ el ()
det VA 2det /A |V'g|
D d
< Ty 1Dl (@) + S50 ( )
det\/_/ / V{ (6—|\/Zz|2/2) dydz
2 n/2 Q;\B
det\/_ Dug| () + 2det /A Vgl i
N (2 (2mn2 (2m)n2 g, \B\ 9 e
det \/_ ,|\/_x| /2> dydz
@m)m2 Jo, A\B
det VA 2det \/Z det VA
= (2 )n/2 |DUE| ( ) (27’(’)”/2 O\B |V’g| dz + Ce < (2 ) |DUE| ( ) + Ce

where we have used £"71(Q; \ B) <&, vg =0 on B, 0 <vg < g, and Lemma 3.2.1 (3), i.e.,

sup / ‘V' (e_l‘/sz/Q) dy < (n—1)C.
zeR" 1 J -
Therefore,
det vV A
(1) < Tymya 1Dvel () + Ce
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Now we estimate (IT). Recalling that H" (0™ E*\ 0*E*) = 0 and (0M E*), = 0™ ((E?),) for

L lae. z € R™L we get

0vn O(—|vAx|?/2) _ det \/_ 0 VA
1) = e~ IVAZ[?/2
det f 2 s
— —|VAz|?2/2, E n—1
@ fori e ©ne v, dH"(z)
det VA

—|VAz|?/2 dH"! (.I‘)

vE' e
(27T)"/2 OM Esn\($; xR) ’

det WAz
G o, gy T W)
71' aMEs

det VA B det /A

= @) jpE( z) dz = @ny? Qj\Bp

s(2) dz < Ce

where we have used the co-area formula (3.4), the definition of pgs(2), pp:(2) =0 if z € B,

and
pes(2) = e—[¢;1(vE(2))]2/2 <1.

Combining (I) and (II) together,

. det /A
/ divp = (p. Az) dia(a) = (1) + (1) < T30 |Dug () + Ce.
Taking the sup over ¢ gives us
1 s det v/A
EP’YA (E ;Qj X R) (2 )n/g |DvE| ( ) + Ce.
Applying Lemma 3.2.2 on (2;,
< det A
det\/z —\/Z:E2 2
SPVA(E’QJXR)+(27I-)(T)/2 o /ZV'(el ‘/>dy dZ+O€
det VA

<P, (E;ij]R)+ dz

] / v’ (e—wxm) dy
/E Z v’ (6—|\/Za:|2/2) dy

(2m) (=12

det /A

@7 Jo 5 dz+Ce




det A

(27{')4(”_1)/2 dz + Ce

<P, (B;Q xR)+

/ \4 (e“*@“'m) dy
B z

=P, (E;Q; xR) +Ce

where we have used vy = 0 on B, i.e., L(E,) =0if z € B, and Lemma 3.2.1 (3)(a), i.e.,

/Qj\B / VI( R /2) dy) dz = Q; \B/ ‘ *|\/_fﬂ| /2>

Taking j — oo on both sides,

dydz < (n —1)Ce.

P, (EBxR)< P, (E5QxR) <P, (E;QxR)+Ce
Taking the inf over Q D B with L' }(Q\ B) < ¢
P, (E%;B xR) < P,, (E; B xR) + Ce.
Taking ¢ — 0, we have P,, (E%; B x R) < P,, (E; B x R). Now we claim that

P

. (E%: B x R) =0, if B is open with smooth boundary and vg(z) = 0 for all z € B.
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In this situation, we can just apply all the previous estimates on B instead of €2;, which

means that we can replace v as vy, y;. as yx, and F} as Fj in the previous calculation and

notice that
ye(2) = y(2) = 67" (ve(2)) = —00 ae. in B,

and

¢. (z,y6(2)) = (0,...,0) for a.e. z € B and large enough £,

since ¢ has compact support and yx(z) — —oo. Now (I) and (II) become

81 —\/_x 2

Z

= lim Z/Fk ZZ . _l‘/_x| /2), va(z)

k—o0
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((1282)\{/: k-l—>nolo (/B (_902 (Z,yk(z))) - V'ug(2)dz

L o) (e )

det VA det /A
(II) (27_[_)”/2 BpES (Z) dz = (27’(’)”/2

and

o6 EEIR2 gy — )

Thus, we conclude that

P, (E* B xR) =0.

Lemma 3.4.2 (Cylindrical estimate for E).
Let E be a set of finite anisotropic Gaussian perimeter in R™ and B be a Borel set in R"!

with L 1(B) = 0. Then
P, ,(E*;BxR) <P, (E;BxR).
Proof. Given ¢ > 0 and let €2 be an open set with {2 D B such that
L) < e

The proof of this lemma is similar to Lemma 3.4.1, i.e., we approximate our set {2 by a
sequence of bounded open subsets €2;. Hence, we keep the same notation as we have seen
in Lemma 3.4.1, Q;, v}, and y] etc. The only difference here is the estimates of (I) and (II)

from Lemma 3.4.1.

0y, —\/Zx 2
Z/safl ‘8zl|/) a(@)
. Op; O(—|VAx|?/2
:I}ggo Z/stp |8 |/) (x))

det A , L vi(2) , T
RCORE JE{;( | ende) Vi — [ [ o (V) dydz>
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<oyt [ [Votol e+ G [ [ et (1)
é%%%wwmm+%%%:902fpmz

[ [ () aue

det /A ] det /A

= [Dug| () + CLH(Q) < |Dug| () + Ce

< S5as
(2m)"/2
where we have used £"7 () < ¢, 0 < vg < g, and Lemma 3.2.1 (3)(a). Moreover, applying
Lemma 3.2.2 on €2; and Lemma 3.2.1 (3)(a),

= 2n

(Qie)tg/l_/2|DvE|( ;) < P, (E;Q; xR) + Ce.
Therefore,
(I) < \/%PM(E; Q; xR) + Ce.
The estimate of (II) is the same as Lemma 3.4.1, i.e.,
det /A

()< 557 | pes) de s Ce

where we have used the definition of pgs(z), and £"71(Q;) < e. Combining (I) and (II)

together,

/ divp — (p, Az) dya(z) = (I) + (1) < P,,(E;Q; xR) + Ce.

1
V2T
Taking the sup over ¢, j — oo, inf over Q D B with £L"}(Q) < ¢, and ¢ — 0, we get

P, (E*;BxR)< P, ,(E;BxR).

Lemma 3.4.3 (Graphical estimate for F).

Let E be a set of finite anisotropic Gaussian perimeter in R™,n > 2. Then

A
P (BB xRy > SVA Jm(zﬁ
B

(2m) (172

2

+ V’UE(Z)—/ \% (e*“ﬂmp/?) dy| dz,
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for every Borel set B C B,

2
s det VA ,
P’YA(E ,B X R) = WT)/? . pEs(Z)2 + V/'UES(Z) - /s \Y4 <€_|\/ZI| /2) dy dZ,
for every Borel set B C Bgs, and
det v A
P'YA(ES;B % R) < P’YA(E; B x R) + G(T\/l_)/z / v/e*|ﬂz|2/2dy _ vle*|\/zm|2/2dy
(2m) B . Es

for every Borel set B C Bg N Bgs.
Proof. By the co-area formula (3.4) and Vol’'pert Theorem (Theorem 3.1.1),

Py (BB x R) — S VA [l -vase ggynr
T (2m) (D72 8*EO(B><R) v |

det VA 0 g
@r)ED2 [y fon. |y =

Applying Jensen’s inequality to the convex function ¢ : (z1,...,2,-1) = © — /1 + |z|?, we

2
E VE
1+ ][ dHY | = ][ dH?, - ][ oL an? (3.30)
Z ( O*E. Vn’ ) I*E. \Vﬂ oE. V]
E E E E
12 v, 0 124 vV, 1 0
_ ][ . dH? g][ o\ dH,
o E. <|Vf| |VE|> orm \ Y| vy

— |V‘E ’ 0
= 1+ L dHY.
Fo 2 e

By Lemma 3.2.2, (3.30), and the definition of pg(2),

det\/_ S wE
PL(E:BxR)= -V 1/2//3* \/ |VE|| i MO dz

2
det\/_ pE ][ \/14—Z ‘ | dH? dz
0B 13k

(27r)(n 1)/2

2
det /A

> — 1 dHO | d

= (QW)(nq)/Q pe(z + Z (fa*Ez VE| H ) o

have
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2
det\/_ —
Sk 1/2/\ 22+ <]£E 7 ) pu(2)? dz

=1

-1

_ detqz/l_ﬂ/\ 2+l:1 </8E V; >2dz
_ det;/l_/Q/\pE(Z)z

where V'vg(z) = (Dyvg(2), -+, Dy—1vg(z)), B C Bg and

vE(z,y) 0 2
Divg(z) = 7d’HO / e IVAZI?/2) g fori=1,2,....,.n—1.
5(2) /(3*]5) |VE y)} () + g, O; ( ) 4

Applying the same calculation on E* with Ef = (—o0,y(2)), y(2) = ¢, (ve(2)), and

3

2

+ V’UE(Z)—/ A (e—|\/zm|2/2) dy| dz,

s (2) = e VAGUER/2.

we have for any B C Bpgs,

P,,(E;B xR) = % ; \lpEs(z)2 + |V'ogs(2) — / \% (e—I\/Zmlzﬂ) dy 2 dz.
Notice that we have the following inequality
Va2 + 02 — Va2 +2 < |b—c|, ifbec>0. (3.31)
Plugging
a=pg(2), b= |Vvg(z) — /S 4 (e"\/sz/Q) dy|, and ¢ = |V'vg(z) — / \v (e"‘/z’”Pﬂ) dy

into (3.31), we have for any B C Bg N Bgs,
P’YA(ES;B X R) - P’YA(E;B X R)

det /A

< ameon [\ e

2

2+ |\V'gs(2) —/ \% (e*|\/zx‘2/2) dy| dz
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2
det /A
Y-y 24|V - (= IVAP /2
2m)mDz |, pe(2)? + |V'ug(2) /ZV (e | I/)dy dz
2
det /A
oYy 2 ' _ 1 ( o=V A[2/2
< 2m)mD2 |, pe(2)? + |V'up(z) /Egv (e | I/)dy dz
2
det vV A
Ty 24|V - (o= IVAP /2
(271')("71)/2 B pE(Z) + V’UE(Z) /ZV (e | |/)dy dz

det /A

= @m0 J,

Vvg(z) — /E

det /A

= @ne s J,

V'op(2) _/ VA (e—I\/Z:cF/z) dy

dz

v (6—|\/Zz|2/2> dy

s
z

/Ez v/ (e—lx/Zx|2/2) _/E

where we have used Proposition 3.3.1 (1) and (3), i.e., V'vg(z) = V'vg:(2) and pg(z) >

\% (e"ﬂﬂz/?) dy| dz,

s
z

pes(z) for a.e. z € B C BN Bgs. O

Although the perimeter might not decrease in every direction when we do the Ehrhard
Symmetrization, we are still able to give an upper bound for the perimeter of the Ehrhard
Symmetrization with an error term involving A — AJ,, and barycenters. Combining Lemma
3.4.1, Lemma 3.4.2, and Lemma 3.4.3, we have the following estimate which tells us how the

direction of Ehrhard Symmetrization affects the anisotropic Gaussian perimeter.

Theorem 3.4.4 (Anisotropic Gaussian Perimeter Inequality).
Let n > 2 and let E be a set of finite A-anisotropic Gaussian perimeter in R™. Then, for

every Borel set B C R"! we have

P, (E*BxR)<P,(E;BxR)
det /A

2 |, dz.

/v/e—|\/Z1:|2/2dy_/ V’G_lmwl2/2dy
E, E

S
z
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Moreover,
P, (E%BxR) <P, (E;BxR)

+ V2R ey — (Aen, eqdenll(bya (B 1 (B x R)) — by, (B* 1 (B X B), €,
where

boaB) = [ @ dvao)
Proof. Step 1: For any Borel set B,
B= (BN (Bs Bp)U(BNm,(E)\ (BsN Bs.)) U (B\ 7,(E))
= By UByU Bs.
Recall that: 7, (E) = . (E*) and
By Cru(B), Be Cry(B) =my(E), £"\(my(E)\Bg) =0, £(r,(E)\Bp)=0.
Then
By Cmy(E)\ (Bg N Bgs) = (1(E) \ Bg) U (1 (E) \ Bgs) = L"}(B,) = 0.

Moreover, for any z € Bz, vg(z) = 0. Thus, applying the dust estimate (Lemma 3.4.1) on
Bs, the cylindrical estimate (Lemma 3.4.2) on Bs, the graphical estimate (Lemma 3.4.3) on
Bl C BE N BE's, we have

P,,(E*;BxR)=P,,(E* B xR)+ P,,(E* B, xR) + P,,(E; B3 x R)

< P’YA(E; By x R) +P’YA(E; By x R) +P’YA(E;B3 X R)

(Q(jre)t(n\/f/2 B1UB>UB; | JE. V'e"‘/z””P/Qdy N B3 V'6_|\/Z$|2/2dy *
= P, (E; B xR) + (;}f)t(—fﬁ/z | ety [ ey
Step 2: Now we claim that
(Q(ire)t(;/fﬂ B|JE. V'e"ﬂ“"z/zdy - Es VIe_lﬂxlz/Qdy =

= V2n|| Ae,, — (Aen, en)en|| (b, (E N (B X R)) — b, (E° N (B X R)), e).
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By Proposition 3.3.1 (2) and recall that z = (2,y), i.e., y = (2, e,), we have

det VA

(27-(-)(71—1)/2 dz

/ Ve —|\/_:c|2/2dy v/ —|VAz|? /2dy

z

det A
(271_)(” 1)/2 (/ Yy dll'z /E; Yy d/vbz ) ||A€n - <A6n,6n>€n|| dz
det VA
= || Ae, — (Aen,en>en|| T (/ y du,(y)dz —/ / y dp.(y )
B s
det A / _|\Fg;| /12 dp — / y6_|\/zw|2/2 dr
Eﬂ(EX]R Esn(BxR)

(n 1)/2
= V27| Ae, — (Aen, en)en]| / x dya(x) — / x dya(x) |, en
EN(BxR) Esn(BxR)

— V27| Acy, — (Aep, ea)en| by, (BN (B x R)) = b, (E° 1 (B x B)), e,).

= || Ae,, — (Aen,en>en||

O

Our main goal here is to define the Ehrhard symmetrization to any direction v € S*~! and
then extend the result of Theorem 3.4.4 to this new definition. We will start by recalling that
Vol'pert theorem (Theorem 3.1.1) actually holds for every direction (see [AFP00|, Theorem
3.108 and [Fus04]|, Theorem 3.21). That is, if E is a set of locally finite perimeter, the

one-dimensional slice of £ through z in direction u defined as
E...={r=z4+tucE: teR}

is also a set of locally finite perimeter. Moreover, (aM E)Zu = oM (Ezu) = 0* (Ezu) =
(0°E),, and v (x) := (v"(x),u) # 0 for every ¢ such that = = z 4 tu € 9*E where

T =z+tu€ (u)" @ (u).

The Ehrhard symmetrization £ , of I/ with respect to the u-direction and matrix

A is defined as

B, = {x —ztueR > B (MA(EZ,U))} , (3.32)
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and the essential projection of F with respect to the u-direction and matrix A is

defined as
Tyau(F) = {z € (u)L S A (Ezu) > 0},

where

IU’A(F) = / e_l\/sz/QdHl(x)? q)Azu(S) = /OO e—|\/Z(z+tu)|2/2dt'
F

S

It is not hard to see that pa(E..) = pa((E%,)-0) and 7y 4u(E) = 74 au(E%,). Notice
that the definition (3.32) agrees with the definition (3.3) in Section 3.1, i.e., if u = —e,,, we

have

T4 A—en (E) = 7r+(E), Exsﬁl,—en = E°.

Moreover, Theorem 3.4.4 says that

P, (Ej"_eﬂ; B x R) < P, (E;B xR)

+ V21| A(=en) — (A(=en), (=en)) (=€) (b1, (B e, N (B X R))

—b,,(EN(B xR)), —e,).

Our next goal is to extend this result to the Ehrhard symmetrization £ ,. Before doing
that, we need a lemma that helps us handle the rotation of the Ehrhard symmetrization
E% .- The proof of it can be easily deduced by the change of variables and set theory and

hence we omit the verification.

Lemma 3.4.5. Let O be an orthogonal matriz such that u = O(—e,). Then
(OilE)soTAoy_en - OilEiyu. (333)
3.5 Proof of Theorem 1.2.2

We can always find an orthogonal matrix O such that u = O(—e,,). By equation (3.33), we

have

(OilE)?)TAO,—en = OilE;Z,u'
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Now we claim that
E%, = O[O E)}r a0, _.,] s a set of locally finite perimeter in R". (3.34)
By Proposition 2.3.1, F is a set of locally finite perimeter. Applying Proposition 2.3.4 (3),

P.

YoT a0

(O'E)=P,,(FE) < 0,

i.e., O7'E is a set of finite OT AO-anisotropic Gaussian perimeter. Then Theorem 3.2.4 tells
us that (O7'E)Sq _., Is also a set of locally finite perimeter. By [Mag12], Exercise 15.10,

B4, = O[O E)%r 4. ] is aset of locally finite perimeter.

Next we prove the second part of the theorem. By equation (3.33), Proposition 2.3.4 (3),

and O~ 'B Cc R* !, we have

Py (Baui B (W) = P,y (B35 0007 B) @ O(—ey)) = Py, (B3, 0(07 B x R))

—P (O*1Ejm; 0~1B x ]R) —P

~ " YoTao YoT a0

(0" Borao- ;OB X R)

Since O7'E is a set of finite OT AO-anisotropic Gaussian perimeter, we can apply Theorem

3.4.4 with £ as O7'E, B as O"'B, and A as OTAO. Hence,

P’YA (Ez,zw B& <U>) = P’YoTAO ((O_lE)SOTAO,—en; O_lB X R)
<P, _ (O'E;07'BxR)

— “YoTa0

V27|07 AOe,, — (0T AOe,, e,y <bvoTAo((O‘1E)SOTAO’_6n N(0~'B x R))
— b

YoT a0

=P, (B: B ® (w) + V2r|Au — (Au, uyul| (b, (B3, 0 (B @ () = by (BN (B & (u))),u)

(O"'EN (0B x R)), —en>

where we have used (O7'E)? = O7'E5, and b

OTAO,—en, (E) =0""b,,(0OE). 0

YoT a0

Our next result tells us that the anisotropic Gaussian perimeter decreases when the

Ehrhard symmetrization is done along an eigenvector direction of A.
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Corollary 3.5.1. Let n > 2 and let E be a set of finite A-anisotropic Gaussian perimeter
in R™. Assume that

u € Va(A) NS

where Vy(A) is the eigenspace of A associated with eigenvalue A. Then, for every Borel set

B C (u)*, we have
P (B Bo W) <P, (B:B& (), (3.35)
and in particular P,,(E% ) < P,,(E). Moreover, if P,,(E) = P,,(E%,,), then
for H" 1-a.e. z € (u)*, the slice E.,, is H'-equivalent to either @ or (u) or a half-line.
Proof. Since for u € Vy(A) N S"1,

Au= I = (Au,u) =\ = Au— (Au,u)u = 0.

Then Theorem 1.2.2 shows that P, (Ej’u; B&® (u>) < P,, (E;B® (u)). For the second
part, we may assume that u = —e,, since we can always rotate the coordinate system. Thus,
by assumption,

P

YA

(E) =P, (E?), u=—e, € VA(A)NS* .

By (3.35), we have
Py, (E*; B xR) < P,,(E; B xR)

for every Borel set B C R"!. We claim that
P, (E;BxR)=P,, (E°;BxR) for every Borel set B C R"!.
Suppose not, P,,(E; B x R) > P,, (E*; B x R) for some Borel set B. Then

P.

YA

(E) =P, (E;BxR)+ P, (E:B°xR) > P, (E*, BxR) + P, (E* B xR) = P, (E*),

which contradicts our assumption. Now we plug in the Borel set Bg N Bgs from Vol'pert

Theorem (Theorem 3.1.1), i.e., we have

P,, (E;(Bg N Bgs) xR) = P, (E°;(Bp N Bgs) X R). (3.36)



91

Notice that Ae, = Ae,, and let A = d* with d > 0, x = (2,y), and z = (21,...,2,_1). Then

i=1 j=1 j=1
n—1 n—1 n—1
= <A Z zie;, Z ziei> + <Z Z;€;, yAen> + 0+ M\y?
=1 =1 i=1
n—1 2
= Z zi\/Zei + d2y2
=1

since e,, is an eigenvector of A and A is symmetric. Therefore,

n— 2
vE(2) :/ €_|‘/Z$|2/2dy = e_lzizll 2V Ae; | /2/ o~ v/ dy.

z z

2
/2 / e—d2y2/2 dy,
E2
z E

s
z

’UEs(Z) = / 6—‘\/Zm|2/2dy _ €7|Z?:711 27/ Ae;
E

S
z

and hence

since vg(z) = vps(z). Moreover,

/ \vi (e_|\/zl‘|2/2) dy — / \vA (e_|2?_—11 2/ Ae; 2/2> e—d2y2/2dy

v/ (6—’2?—_11 ziV/Ae; 2/2) / e_d2y2/2dy

2/2)/ e P2y
E

S
z

=V (6_’2?—_11 sV Ae;

By Lemma 3.4.3, Proposition 3.3.1 (1)(3), (3.36), and (3.38),

V/ (e—lx/zz|2/2> dy

P, (E;(BgN Bg:) x R)

det /A

N (271-)(”71)/2 BpNBgs

2

pe(2)? +

Viug(z) — / V4 (@—wxwz) dy

dz

(3.37)

(3.38)
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2
> % - pes(2)? + |V'ugs(z) — /E; \% (e—|\/2$|2/2) dy| dz (3.39)
= P,, (E* (Bg N Bg:) x R) = P, (E; (Bg N Bg:) x R).
Therefore, (3.39) implies that
pe(z) = pps(z) for H" '-a.e. z € Bp N Bgs. (3.40)
Moreover, let z € B N Bgs,
pee) = [ AR ) — AL [ ) @an

t e 2 t /2 e 2
¢z(t) — / 6*|\/Zz|2/2 dy = €_|Zi:11 Zi\/zei| /2/ e—d2y2/2 dy = Tﬂ—e_|zi:11 zi\/Zeil /2¢(dt),

—00

and hence

67 we(2)) = 79 (% / /dy) = 07 (e (B2), (342)

where 7,2 is the d?-anisotropic Gaussian measure, i.e.,

d _
")/dZ(F) = \/—2_7T/F€ d2y2/2dy.

By equation (3.42),

PEs (Z) = 6_‘2?:_11 2V Ae;

_ T sG] 2 o (B2

2/2/ e_d2y2/2 dHO(y) _ 6_‘2?:—11 /e
O*Es

*/2 @167 (0p ()2

(3.43)

where ES = (—00,¢.'(vp(z))). Therefore, (3.40), (3.41), and (3.43) implies that

/ P12 0 (y) = e 19 B/
O*E,

for H" *-a.e. z € BN Bps. Since H" (7, (E) \ Bg N Bgs) = 0, we have

P.

Yd2

(E:)=d / e Va0 (y) = e 10T O (B2
0*E,
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for H" ta.e. 2 € m.(F). Thanks to the equality case of the one-dimensional anisotropic
Gaussian isoperimetric inequality (see Theorem 1.2.1), for H" l-a.e. 2z € 7, (F), E, is either

H'-equivalent to @ or R or a half-line. Notice that for any z € 7, (E)°,
vp(2) =0 = HYE.)=0 = E, is H'-equivalent to @.
In other words,
for H" l-a.e. z € (—e,)t, the slice E, ., is Hl-equivalent to either @ or R or a half-line.
[
From Theorem 1.2.2, we see that
Poy(Bi) < Py (B) + V27| Au — (Au, uul[ (b, (B3) — by (), ),
for any set of finite anisotropic Gaussian perimeter in R™. A natural question here is whether
Py (Ej) — Py (B)| < M| Au = (A, wyul[ (b, (B3 ) — by, (E), u)
for some constant M. Our final example shows that this is not the case.

Example 3.5.1. We give an example to show that the following statement is not true: for
any 0 < \; < Ay, there exists M > 0 such that for any A(A) C [\, \o], for any u € S"~1,

and for any set of finite anisotropic Gaussian perimeter £ in R",

P’YA (Ejl,u) - P’YA (E) < M“AU - <Au7 u>u||<b’YA (Ejl,u) - b’YA (E)7 U>7

where A(A) is the set of all eigenvalues of A, i.e., the spectrum of A.

Proof. Consider \; = 3 < 3 = X\,. Suppose there exists M > 0 such that for any A(A) C

[A1, Ao], for any u € S"!, and for any set of finite anisotropic Gaussian perimeter E in R™,

P’YA (Ejl,u) - P’YA (E) < M”AU - <Au7 u>u||<b’YA (Eil,u) - b’YA (E)7 U)
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Take

n=2 A= . u=—ey, E=[-113

N[

Then clearly, A(A) C [\, A2] and Au — (Au, u)u = 0. That is,

P’YA (E'S)ip (E),

- ta

where £° = E5 _, . By Corollary 3.5.1, for H'-a.e. z € R', the slice E, is H'-equivalent to
either @ or R or a half-line. However, for all z € [—1, 1], the slice E, is an interval [—1, 1].

This gives us a contradiction. O
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Chapter 4

CHARACTERIZATION OF EHRHARD MEASURES IN THE
CLASS A(R")

The anisotropic Gaussian perimeter always decreases if u € Vy(A) N S"!, where V) (A)
is the eigenspace of A associated with eigenvalue A\ (see Corollary 3.5.1). In fact, this is a
necessary and sufficient condition for the anisotropic Gaussian perimeter to be decreasing in
a given direction. A measure 7,4 is called Ehrhard symmetrizable (or simply an Ehrhard
measure) if

P’YA (Ei\,u) S P’YA (E)

for all w € S*~!, and for all finite A-anisotropic Gaussian perimeter set £ in R™. Let

A(R™) = {anisotropic Gaussian measures}

d Vdet A
= {,u : dﬁlu (x) = o (; 7 e~ Az/2 - A i a symmetric positive definite matrix} .
n e n

We show that p = y4 € A(R"™) is Ehrhard symmetrizable if and only if A is a multiple of
the identity matrix (see Theorem 1.2.3).

4.1 A regularity lemma for Ehrhard symmetrization sets

Lemma 4.1.1 (A regularity lemma for E*).
Let A = (A;;) € M,(R) be a symmetric positive definite matriz. Suppose E = Q x (0, 00)

with an open set 0 C R"! that contains the origin. Then
E*=F;_,, ={z=(2y) eR" xR:zeQy < h(z)},
where h(2) := ¢ (vg(2)) is C1(Q) and V'h is locally Lipschitz on . In particular, h(0) = 0,

V’h(O) = -2 (/OO yei|\/z(0:y)|2/2 d,y) A’en,
0
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where V' = (01, ...,0,-1) and A" € M_1)xn(R) is the first n — 1 rows of matriz from A.
Also,

V'h0)=0 <= A =4y =...= 4,1, =0 < e, €Vy, (A).

Moreover,

h(z) = €(z) + /01<V'h(tz) — V'R(0),z) dt  for all z €

_2 (/OO y€7|\/z(07y)|2/2 dy) A/en A
0

where

~
—~
I
~
I
>
—~
]
=
_|_
B
>
—~
@]
~
N
~
I

Proof. Recall that
E® = {(z,y) ER"I'xR:2€Q,y<h(z)=0" (vE(z))}

where

t
UE(Z) = / €_|\/Zl‘\2/2dy7 Qf)z(t) _ / €_|\/Zw‘2/2dy,

—0o0

Since £ = x (0,00), E, = (0,00) for all z € Q. By Lemma 3.2.1 (2)(a)(b),

vg(2) :/ e VA2 :/ e~ VA/2qy s differentiable on
A 0

and

V'vg(z) = — /OO e VA2 g1y qy.
0
Now we claim that V'vg is locally Lipschitz on €2 and hence, by Lemma 3.2.3,
h:zw— ¢ (vp(2)) is in CHQ)
and V'h is locally Lipschitz on €. Let K be any compact set in € and let zq, 20 € K. Then

|V/UE(Z1) - V/UE(Z2)| = / €_|\/Z(Zl’y)|2/2f4/(21;y)dy —/ €_|\/Z(Z2’y)l2/2f4/(z2;y)dy‘

0 0
< /°° e VACLYR2 411 ) dy — /Oo e VAR (5, y)dy‘
0 0
+ /oo 6—|\/z(217y)|2/2A'(22, y)dy — /OO 6_|\/Z(22’y)|2/214,(227 y)dy’
0 0
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<

/oo e_|\/Z(21,y)|2/2AI(Zl — 22, O)dy‘
0

+/ )6—|\/Z(zl,y)|2/2 — €_|\/Z(22,y)|2/2) |A' (22, y)|dy
0

< / eIV 2 S5 THT AT 24 — zpldy
0
S 2
b [ A AT (1) 4 o] NIy )
0

- C(K7 A,)|Z1 _22|> (41)

where we have used the estimate (3.6), r(K) = sup;cf |¢|, and

C(K, A') := \/Amax(ATA) ( /0 h (1 + V Amax (ATA) (T(K) + |y|)2) e~ IVAHI2wl?/2 dy> :

Next, notice that
(3] S22 h(z) Sl
/ e WAy — vp(2) = vps (2) :/ e~ WVATE 2 gy, (4.2)
0 —00
Setting z = 0, we have
0 JA ) o0 A 9 h(0) VA 9
/ e VAODP/2 gy, _ / VAP /2y, _ / VAP 2 g,

0 —0o0

Therefore,
h(0) = 0. (4.3)
Taking the derivative on both sides with respect to z of equation (4.2), by Lemma 3.2.1 (1),

o h(z)
_/ e WAL Ay dy = (V'R(z))e VAGREDP/2 —/ e VA2 A1y dy.
0 —0oQ0

Setting z = 0 again,

o) 0
V'h(0) = — / e VAOUER A0, y) dy + / e VAOUER A0, ) dy
0

—00

= -2 /Oo e*l\/Z(O,y)IQ/2A/(07y) dy = —2 (/Oo yeflx/ﬁ(oyy)lz’/2 dy) Ale,. (4.4)
0 0
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Thus,
Vh0)=0 < Ae, =0 <= A, =4y, =...=4, 1,=0 < ¢,€V,, (A

since A is symmetric and

NG (L /°° SWVARR2g, — L
ye y> | e y = >0
/0 0 VA2

Applying [Dru20], Theorem 1.14 with (4.3) and (4.4), we have
1
h(z) = £(z) +/ (V'h(tz) — V'h(0), 2) dt
0

where

0(2) == h(0) + (V'h(0), 2) = —2 (/ y€—|\/2(o,y)|2/2 dy) Ale, - 2.
0

O
4.2 Proof of Theorem 1.2.3
For the first part, we just need to show that
P,,(E},) < P, (E) for all finite A-anisotropic Gaussian perimeter set £ in R"
— u € V)(A)NS" ! for some A > 0 (4.5)

since Corollary 3.5.1 gives us the converse of the statement.
Step 1: Assume that u = —e, and we have P,, (E®) < P,, (E) for all finite A-anisotropic

Gaussian perimeter set F in R", where £° = F3 __ . Our goal is to show that
en € VA(A) NS
for some A > 0. Let K = [—1,1]""! and 2 be an open convex set that contains K. Consider
E=Qx(0,00), Ey=[-a,a]" " x(0,00)
for « € (0,1). By Lemma 4.1.1, the Ehrhard symmetrization of F has the form

Ef={r=(2,y) eER"' xR:2€Q,y<h(z)}
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where h(z) = ¢, (vg(2)) is C'(Q) and V'h is locally Lipschitz on Q. Hence V'h is Lipschitz
on K. Also, the Ehrhard symmetrization of F, has the form

Ei={r=(2,y) ER"'xR:z€[~a,a]" 'y <h(z)}.

We claim that

A

PVA(Ea) - P’YA(Egé) = WT)Q

+ [V’h(O)P) a + o(a).

Let Sy = Ck x (0,00) (k > 1) be hypersurfaces in R", where {C’k}k(n Y are faces of the

(n — 1) dimension cube [—a,a|"! € R""! and
So = [~a,a]*! x {0}.

For example,

and
2(n—1) 2(n—1)
OE.= |J StuSy = P, (E Z M (Sk) + M (o)
k=1

For E? ., we also have
={r=(29) €[~a,a"" xRy =h(2)},
St = ([~ev a2 x {=a}) x (=00, h ([-a,a]" % x {-a})),
85 = ([~eva" 2 x {a}) x (=o0,h ([~a,a" 2 x {a})).
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[—a,a]" % x {—a} x [-a,a]) x (—oo,h ([, a]"® x {—a} x [—a,a])) ,

and
2(n—1) 2(n—1)
OBy = | SiuSy = P (B = > HI(SH) +HI(SY).
k=1 k=1
Therefore,
2(n—1)
Py (Ea) - - > (P21 (50) = 121 (80)) + (2 (S0) = M2, (S5)) - (46)

(a) First we claim that

)H" H(Sk) = HE(SD)| = 0@ ™) for all k> 1.

For k =1, we have S; = [—a, a2 x {—a} x (0,00) and

S; = ([~a,a]"? x {—a}) x (—oo, h([—a,a]" % x {—a})) :

Let r(u,v) = (u, —a,v) € [—a,a]"? x {—a} x (0,00). Then J(r) = /det(Dr)T(Dr) =1
and
Vdet A Vdet
n—1 —|\F:c| /2 n—1 _ —|\Fu —a,w)|?/2
H’YA (Sl) (2 (n 1)/2 dH 27T (n— 1)/2/aa" 2/ dvdu.

Similarly, we have

/ / (u,—a)
7‘[:;1(519) _ det A 7|\/_:r| /2d7_[n 1_ det A / / f\\/_u —a,w)|? /Zdvdu

(27'(' (9-\(n—1)/2 ; 2ﬂ- (9 \(n—1)/2

Let z = (u, —a). We now estimate the following two quantities:

00 h(z)
(i) / e VAEOP2 gy, (ii) / e VAEOP2 gy,
0 _

[e.o]
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For (i), using the Taylor expansion on the map

° 2
s / e WVAGIP/2 g,
0

we have
V[T eNaC gy = [ e AR (2, 0)) do
0 0
and
/OO e~ VAGYIP/2g,, /oo e~ VA2 g, + /OO e_|‘/z(0’v)l2/2(—A'(0, v)) dv -z + o(]z]).
0 0 0

For (ii), using the Taylor expansion on the map
hz) i
s / VAR 2y,
we have
N i N
v / e WAGCOP 2y, /p(z)eWVAGHEP/2 4 / e VAGOR2 (LA, 0)) du
and

h(z) 0
/ VA2, _ / VA2,

o —00

+ (V'h(()) + /0 e VA2 40, v)) dv) -z 4 o(]z|)

_ / * SVAO)P 2,
0

+ (V’h(o) + / e IVAWOE/2 410, ) dv) 2+ o(|z]).

0

since h(0) = 0. Therefore,

(i) — (i) = =V'h(0) - 2 + (—2 /00 e"‘/z(o’”)F/QA’(O,v) dv) -z +o(]z])

0

=—-V'h0) -2+ (—2/ v IVAO2)P/2 dv) Ae,-z+o0(|z])
0

= o(|2]) (4.7)



where we have used Lemma 4.1.1, i.e.,

V'h(0) = -2 (/ ye[VAOY)/2 dy) Ae,
0

Since u € [—a,a]" 2, |z| = |(u, —a)| < V/n — 1o, by equation (4.7),

(o) h(u’fa)
/ o VA—aw)/24, _ / VA0 /2 gy — o)
0 —oo

and hence

det A >0 =)
_ ((:Ll)/z / / o—IVA—aw)P/2,g, / o VA@—a) /20, | dy
(27T) [—a,a]*—2 0 —0o0

That is

"H" 1(Sy) — Mo (89| = o(am ).
Similarly for all £ > 1, we have

[H (81 = Mo (59| = olan ).

(b) Next we claim that

P, (E,) — P, (E2) = _vdetd ( / e VAL 2 gqqn—t _ / e'ﬁmlzﬂd%M) + o(a™
So I

(2m) D72

Jaei A (1_

- W 1+ [V'h(O)]2) (20)" " + o(a™ ).

Let r(2) = (2, h(2)). Then J(r) = \/det(Dr)T(Dr) = /14 |[V'h(z)|? and
Vdet A *|\/—CL‘| /2dHn 1
(2m)(n— (27)(n=1)/2 s

= Vdetl . e VARORE TR dz.

H(SE) =

102

)
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Define f : Q) — R as

f(z) — e_l\/z(z70)|2/2 _ €_|\/Z(Z’h(z))|2/2 1 + [v/h(Z)]2

Since h € C'(Q), f is continuous on €2 and hence

1
lim dz = f(0).
Sy SR

a—0t (2a)71

Therefore,

/e|\/zx|2/2d7_[n1_/ e*l\/Zx|2/2danl
So S

_ /[_a’a]nl o VAGOR/2g, _ /_wnl o NACHE2 T RGP d
— /[a,o(]n_1 (6—|\/Z(z,0)|2/2_€—|\/Z(z,h(z))|2/2 = [V'h(z)]2) 5
= [ 0+ (e - 10) &
= /[_a,a]m (1= VIFIVAOP) d= + /_w]nl (F(2) = £(0)) d=
(1= VIFIVAOP) (20)"" +o(a™). (48)

By equation (4.6) and (a),

=o(a"). (4.9)

Combining (4.8) and (4.9), we have

T

P’YA(Ea) - P’YA(E;) = WT)/Q

FIVEOP) (20)"" + o(a™ ).

(c) We claim that
Aln = Agn =...= Anfl’n = 0
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By our assumption and (b),

< Vdet A T e .
0 S P,),A(Ea) - P’YA(Ea) — W (1 — 1 + [v’h(o>]2) (20[) 1 —|— O(Ck 1).
Dividing (2a)" ! on both sides and taking o — 0%, by Lemma 4.1.1,
0< (1 1+ [th(())]z) — VA(0)=0 = Ay =Agy=...= Ay_1 =0,

Hence, e, € V5(A) NS"! for some A > 0.
Step 2: For general u € S"7!, there exists an orthogonal matrix O such that O(—e,) = u.
Let B = OTAO. Given any finite B-anisotropic Gaussian perimeter set E and let E = OFE.

By Proposition 2.3.1, E is a set of locally finite perimeter. Applying Proposition 2.3.4 (3)
with F as E, A as B, and O as O,

P (E)= P’YOBOT (OF) = P,,(E) < oo,
i.e., F is a set of finite A-anisotropic Gaussian perimeter. Then Theorem 1.2.2 tells us that
E% ., is also a set of locally finite perimeter. Since 74 is Ehrhard symmetrizable and E is a
set of finite A-anisotropic Gaussian perimeter, Proposition 2.3.4 (3) and equation (3.33) give

us

P’YB (E]_sifen) = P’YOTAO ((O_lE)SOTAO,fen) - P’YOTAO (O_lEzsél,u)

= P’YA (Eil,u) < P’YA(E) =P (O_IE) - P'YB (E)

~ " Y0Tao

Applying Step 1 on vy and E, we conclude that e, € V3(B) N S"! for some eigenvalue \,

i.e., Be,, = Ae, and hence
Au = AO(—e,) = OB(—e,) = —0Xe,, = \O(—e,) = Au.

Thus, if P,,(E£5,) < Py, (E) for all finite A-anisotropic Gaussian perimeter set £ in R", we
have

u € Vy(A) for some A > 0. (4.10)



105

This finishes the first part of the theorem.

For the second part, it is enough to prove that
~v4 is Ehrhard symmetrizable = A = al,, for some constant a > 0

since we can apply Corollary 3.5.1 again, and conclude the converse of the statement. Sup-
pose now we have two distinct eigenvalues i, Ay of A with eigenvectors u;, us in S*!. Notice

that (uq,us) = 0 since A is symmetric and A\; # Ay. Consider

U +u
wi=——"2 s

V2
Since v, is Ehrhard symmetrizable, by (4.5), we have u € Vj(A) NS"! for some A > 0.

However,

UL + Us AUy + Agug
A = M=Au=—"—""""= M—=Nui+FNo=Nuo=0 = N\ == )\o.
(ﬁ) - (At = A)ets + (Ao — At 1 ,

This contradicts the assumption that A\; # A\s. Therefore, all the eigenvalues of A are the

same and hence A = al,, for some a > 0. O
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Chapter 5

CHARACTERIZATION OF EHRHARD MEASURES IN THE
CLASS W(R")

In this chapter, we extend the uniqueness result, Theorem 1.2.3, to a larger class of
measures. This work is a collaboration with Sean McCurdy [MY23].
Let

WR") = {# : ddgn = fe CYR") NWEYR"), f > o} : (5.1)

In particular, A(R") = {anisotropic Gaussian measures} C W(R"). In Section 5.1.1, we
will first develop theorems for weighted BV functions with the measure p = fL£" where f
is a positive almost everywhere distribution function in W!(R"). Then, in Section 5.1.2,
we will further assume that f € C*(R™) N W' (R™) when dealing with generalized Ehrhard

symmetrization.

5.1 Weighted BV functions and generalized Ehrhard symmetrization

5.1.1 Weighted BV functions

Let 1 = fL£" with a positive almost everywhere distribution function f € W-!(R") and let

loc

U be an open set in R”. A function g € L>°(U) has bounded p-variation in U C R” if

S“p{/g(fd”*"“”'vf)dx:w€C§<U;R”>,|so\g1}<oo.
U

We will denote the collection of all functions with bounded p-variation in U by BV, (U). A
L™-measurable subset £ C R™ has finite py-perimeter in U if xp € BV, (U). A function
g € L2 (U) has locally bounded p-variation in U C R™ if for each open set V CC U,

loc

|4
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We will denote the collection of all functions with locally bounded p-variation in U by
BVioe,(U). A L™measurable subset £ C R" has locally finite p-perimeter in U if

XE € BVioe,u(U). We will also use the following notations
Per,(E;U) := sup {[E (fdivgo + - Vf)dx tp € CHU;R™), |o] < 1} (5.2)
and Per,(E) := Per,(E;R"). It is clear that
E is a set of finite py-perimeter in U <= Per,(E;U) < oo.

Lemma 5.1.1 (Riesz Representation Theorem). Let p = fL™ with a positive almost every-

where distribution function f € W2H(R"™) and g € BViee,(U), where U C R™ is an open set.

loc

Then there exists a Radon measure v on U and a v-measurable function o : U — R" s.t.
(1) |o(x)| =1 for v-a.e. onU.

(2) For all p € CHU;R"),

/(]g(fdivw+<p-vf)dx=—/U<p-adu.

We write |Dg|, for v, (Dg), = o|Dgl|,, and (D;g), = 0;|Dg|,, where o = (o1, ,0,).

Moreover,
Do) =sup{ [ a(Fdive+e-Vr)ar: e CUviRJol <1}
—sup{ [ p-d(Dg)u o e CLVIRY, ol <1
for any V. CC U, i.e., the total variation of (Dg), is |Dg|,. Also, Per,(E;U) = |Dxg|.(U).
Proof. Consider the linear functional L : C}(U;R") — R defined as
L(p) = —/Ug(fdivgo—{—go . Vf)dx.

Notice that L(y) € R since f € WL (R™), g € BVioe,(U), and hence g € L2 (R™),

loc loc

< lgllzoecrey (I div ol ooy |l iy + el Loy IV f Nl gaey) < o0,

/Ug(fdivgo+s0-Vf)dm
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where K := spt(p). The rest of the proof of extending L to a linear functional on C.(U;R")
follows from [EG92|, Section 5.1, Theorem 1. O

Remark: In particular,

(1)

if p=L" ie., f=1¢€ WL (R"), then (Dxg)en = Dxg and

loc
Persn(E;U) = |Dxg|c(U) = sup {/ dive dz : ¢ € CHU;R™), |p| < 1}
E
= |Dxe|(U) = P(E;U),
where the right hand side is the usual definition from Section 2.1.

Vdet A

if w =4, i‘e.’ f — R e—(Am,m}/2

, by Proposition 2.3.2,

Per, ,(F;U) = sup { [ viola) - (pla), A2) drata) 0 € CHUIR) ol < 1}

1
:EP’)’A(E;U)

where the right hand side is the definition from Section 2.3. The reason for the extra

factor &= in front of P, is that we define P, using W%e_m””@)/ 2

\/det;4 e—(Aa:,a:)/Q
(27‘(’)" 2 .

instead of

if g € CY(U), then

0= [ div(rge)de= [ (V1) (g0) + (Vg) - o+ fydiveo da

U U

where V f is the weak gradient. That is,

/@'d(DQ)u: —/g(fdivso+<p-Vf)drv=/sO-Vg dp.

U U U
Therefore, (Dg),, = (Vg)p and
Do) =swp{ [ o Vo durp e CLURY), o<1} = Voo 63

since we may choose a sequence of smooth functions that approximate |§—Z‘ to obtain

the second equality (see, for example, [Foll3], Theorem 6.13).
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Our next lemma is an analogue of [EG92|, Section 5.2, Theorem 1 and [Magl2|, Propo-
sition 12.15. Notice that the assumption of f € VVIOC (R") C L. (R™) and f > 0 a.e. implies

that f is finite and positive almost everywhere, enabling us to consider 1/f.

Lemma 5.1.2 (Lower Semicontinuity of bounded p-variation). Let p = fL" with a positive

almost everywhere distribution function f € W“(R”) and U C R™ be an open set. Let

loc

gr € BV,(U) be a sequence that satisfies the following two conditions.

(1) Sllp||gk||Loo < oo and hm1nf|ng|#( ) < 00.

(2) There exists a function g € L, (U, i) such that
9 — 9 in L}oc(Uv :U’)

Then g € BV, (U) and |Dg|,(U) < li;ninf |Dgkl,(U).
—00

Proof. Let Br = B(0, R) be the open ball centered at 0 with radius R > 0.
Step 1: We first claim that

gl < sup g || Lo () <

It is enough to show that for all € > 0, |g| < supy, ||gk||z@w) + € for L™a.e. x € U. That is,

we just need to show that for all R > 0,

=0.

{Igl > Sup || oo v +6} N Bg

We argue this by contradiction. Suppose that |{|g| > supy, ||gk||L=w)+} N Bg| > 0 for some
e>0and R > 0. Since f > 0 a.e., we also have p ({|g| > sup; ||gx|| + €} N Br) > 0 and

lg — gkl > 19| = llgrllzoe @y > sup gkl @y + € = llgrllLe@) > €

for all z € {|g| > supy, ||gk||z=@w) + €} N Br. Therefore, using assumption (2),

(sl > s lloimr 210 B2 < [ 9 - il

lg|>supy, [|lgr || Loo () +€}NBr

< / |9 — gkldp — 0.
Br
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Taking k — 0, we conclude that p ({|g| > supy, ||gk||=@w) + €} N Bg) = 0. However, this
gives us a contradiction.

Step 2: We claim that g € BV,,(U) and
[Dgl,(U) < liminf | Dgil (U).
Since = fL£" and f > 0 a.e. in W) (R"), we have ||V f||11) < oo and
Vf

h:=—>¢c Li . (R™ pu).
f l( )

Our first goal is to show that for p € CH(U;R"™) with |¢| < 1,

/g(fdivcp+90-Vf)dx: lim/gk(fdivgo+go-Vf)dx.
U k—oo Jir

We will break this integral into two pieces. Observe that for any ¢ € C}(U;R") with |p| < 1,
divy is bounded. Let spto C V CC U,

< ||d1V QOHLoo(U)Hg - ngLl(V,u) - 0’

/(g — gx) f div dzx
U

as k — oo, and for any M > 0,

/ (9— g0)(p - Vf)da
U

/V(g — g)(p - h)du‘

<19 — gill oy / hldp + / 91 — gllhldu
Vv {|h|>M} V{|k|<M}

< (||9||Loo(U) +||gk||Loo(U)) [”ll 2 vaginsanym + Mg — gl
< 2sipl|gklle(U) IRl e vaginsanym + Mllgr — gl v,
where we have used Step 1, i.e., [|g]| o) < SupPgl|gkll oo (). Given any € > 0, we can take
M sufficiently large such that
||h||L1(vm{|h|>M},u) <eg,

since [|h| L1,y < co. Taking k — oo,

lim
k—o0

[ (6= 900 Vo] < 250wl 1 =
U
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Letting ¢ — 0, we see that
[ atraivere-pan = tim [ ofdivero- v
< lilgr_l>i£f |Dggl,.(U),
where we have applied Lemma 5.1.1 on g;. Taking the sup in ¢ € C}(U;R") with |¢| < 1,
[Dgl,(U) < liminf [ Dy, (U) < oo,
and hence g € BV,,(U). O

Lemma 5.1.3 (Weak Approximation by Smooth Functions). Let pu = fL™ with a positive
almost everywhere distribution function f € WLYR™). If U C R"™ is an open set and

g € BV, (U), then there is a sequence of smooth functions g. € BV, (U) such that
(1) ge — g in L'(U, 1) and Sggllgellm(m < 3|9l Lo -
€

(2) 1imjollpnga|u(U) < [Dglu(U) + C)gl oo @0 IV Fll 2 0y -

Proof. We follow the proof from Evans and Gariepy [EG92]|, Section 5.2, Theorem 2. Fix

€ >0, and let m € N. For k= 1,2, ..., we define the open sets

1
U := {a: e U : dist(x,0U) > —

B k).
+k;}ﬂ (0,m + k)

Now, choose m sufficiently large such that |Dg|,(U \ U;) < e. Define Uy = @ and
Vi = Uk \ Uy

for k € N. Let {&} be a partition of unity subordinate to {Vi}x, ie., & € C®(Vi),
0<& <1l,and Y 2 & =1onU.

Now, let i be a standard positive, smooth, radial mollifier with spt(n) C B(0, 1), ||n||lr:&n) =
1, and let n.(z) = e ™n(x/e). For each k € N, there exists €, > 0 such that

spt(&r) + B(0,ex) C Vi, spt(ne, * (&) C Vi, (5.4)
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/ My * (9k) — 98kl dz < (5.5)

2’“’

and

/U M *x (f9VE&) — fgVEk|dr < ;—k (5.6)

Define

Z Moy, * (96k)-

Note that 4 depends on ¢ and k. Hence, >~ 7., * (g&) depends only on e. Furthermore,
ge € C(U) and each point in U belongs to at most three of the sets {Vj}32,. That is, for

any z € U,

D xulx) <3 (5.7)

k=1
We first claim that

17, * (98 [y < Ngllzee@ys 10 * (96k) — g€kl L=y < 2l oo oy - (5.8)
For any & € spt(n., * (9€)), by (54), if y € B(0,e),
r—yE Spt(fk) + B(0,€k) C Vk C U,
and hence
o+ 061 < [ ) (960w - )] dy
B(O,ek)
< el i@yl 96kl e @) < gl oo wy-

Then ||, * (9&) = g&kllze@) < e, * (9&0)ll ey + N9&kllzew) < 2llgll ooy A direct
consequence of (5.8) yields the following

(o ¢]
|g( Z New * (98k) ()| xv, () < 3|l Lo
k=1
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for all z € U, where we have used (5.4) and (5.7). Thus,

sup || ge |l oy < 3|9l (5.9)
e>0
We now claim that
g- = g in L'(U, ).

Given § > 0, there exists K = K(0) > 0 such that [, ., fdz <4, since f € L'(R"). By
using (5.5), (5.7), (5.8), and the fact that g = Y ;| g&, we can estimate ||g — g:|/L1 (v, as
the following.

o= gl < | ka (96) — gl fda

Z/ Z [7e,. % (98k) — 98kl fdx + Z Mey, * (9€k) — 98| fdz

UN{f<K} UN{f=K} -1

<KY [7e, * (9€k) — g€kl da +/ Z 17e, * (9€k) — 9kl X3 fd
Un{f<K} UN{f>K} 1

SK |6k*(£)_ §|d +
;/UU 9Sk gSk|ax /

Un(f>K)
> g

<K —+2||g||L°°(U)/
kz_; 2 Un{f=K}

gl (D ww) fda
k=1
(Z Xvk>fd$ S Ke + 6||g||Loo(U)6
k=1
Therefore, letting ¢ — 0 and then § — 0, the claim has been proved. Finally, we show that

tim sup | Dge (V) < |Dglu(U) + Ol e ar IV Fll 20 -

Step 1: Notice that
[ asdivo+o- Vi - Z/ e (080 [ F v + - V fdo
/ | e = 9)(08000 [1 divi + - V1] (@)

:;/U(gﬁk)(y)/ljﬁek(y—x) [fdivgo—kgo-Vf} (x)dzdy
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o0

- Z/ . )9& [nak*(fdivsoﬂo-vf)]dx, (5.10)

k=1
since 1., (2) = 1., (—2), where ¢ € C}(U;R") and |¢| < 1. Now, we focus on the convolution
in (5.10). Notice that x —y € spt(&) + B(0,ex) C Vi, C U for all = € spt(&), v € B(0,ex).

Hence, for any z € spt (&),

o (v + - V@) = [ oo W@ =)@V ) =)+ pla =v) - V@ =) dy

1, ()| (@) @iV @) (@ = ) + oz —y) - V()| dy

B(0,e)
L i)~ )
- x—y)  |Vflx—y)—Vf(z)|d
# o mete =) [V =) = V1@
= | % div @) (@) (2) + (e, % 9)(2) - V()]
e (y)(div o) (z — r—vy)— flz)|d
# o m e [se - 5]
+ [ m@ele =) [Vile —y) = Vi) dy
= (I) + (II) + (I1I).

Step 2: Assume that f € C'(U) N W' (U) and define the function h as

ha(y) = / IV f(a — ty)dt.

We claim that

he(y)dy + Clek"/ IV f(z—y)ldy,

B(O,&‘k)

) < o |

B(O,Ek)

where C := ||n]|e@n) and C := || V7|| oo (rny. By integration by parts and estimates on the

mollifier 7, we may estimate the middle term (II) as follows.

(D] =

/B(OE e (y)(div @) (z — y) [f(m —y) — f(x)] dy
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+ /Bw,ak) e (W)o(x —y) -V, [f(x —y) - f(“”)] )dy

: /Bw Ve W) (2 = ) = fl)ldy + /B N (W) V(2 = y)ldy

(O»Ek)

< Cog ™! /B(O’Ek) |f(x —y) — f(2)|dy + Clak”/ IVf(z—y)|dy

B(0.ex)
Ld
= C’gs,;"_l/ / d—f(:c — ty)dt
B(0,ex) |[Jo At

< Cyeyn / ha(y)dy + Cre™ / VF(a - y)ldy,
B(O,é‘k) B(O,Ek)

et [ -yl G
B(0,ex)

where we have used |%f(x — ty)} < |Vf(z—ty)|ly| < |Vf(x—ty)|er and

1 Y 1 1 Y 1
\Y = V=)< Cs, = — Z ) < =0
900 = =1 [V (L )| < o Il = 2 o (L)< 200

Step 3: We estimate the last term (III) by

()] < Crem / IV f(e — y)ldy + V().

B(O,Ek)

Notice that

=] [ e —9)- [95 0 V1]

<[ n@IVie -l [ )@y
B(O,&k) B(O,Ek)
<Gt [ VS y)ldy + V).
B(O,&k)
Step 4: Applying equation (5.10), Step 2, and Step 3, we have

/Uge(fdiw +¢-Vf)dr

i /spt(gw 9 [ngk *(fdivete-Vi )] de
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_ f: / o [(1) + (1) + (111)] dz

k=1

IN

S [ g dv )@@ + 0 0)0) - V@) do
=1  spt(&k)

+ Collglli U>Zek / N [ o ey
+201||g||Lw<UZek /

spt(&x)

/ 95— )l
O,Ek

+ gl ) Z/ \Vf(z)|dr =1 + Iy + I3 + I,

spt (&)

where we have used that fact that || < 1. Moreover,

L= X O v @) + o)) 910

k=1

o0

o0 [e.o]

- ; /spt@k) 9| S div (€(ney * ) + &l % ) Vf] da — ,; / IRCACH U

[e.@]

< Z /Spt(gk) g [f div (& (1, * ) + &0, * @)

k=1

ngSk (N, * ¢)dx

spt(€

= Jl + JQ.

We claim that
I < |D9|M(U) + 4e.

Because & (1., * @) € CE(Vi), [&e(ne, % 0)] < 1, and Y oo, xv, () < 3, we have

J1 <

/ " )g [f div (51(7781 * ()0)) + 51(7761 * (10) ’ Vf)] dz

oo

> / e )9 [f div (& (1, * @) + Ek(ey, x 0) - Vf)] dx

k_

+

< |Dg],( +Z|Dg| (Vi) = | Dgl,( +Z/\U Xved| Dyl
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< [Dglu(U) + 3| Dg|u(U — Ur) < |Dygl,(U) + 3¢.

Similarly, because > ;- V& (x) = 0 in U, we may use (5.6) to obtain

J = Z / 9IVEw - (e, + 0 / o * (0 V60) | d
= Z / ney * (97 V)| g / |9/ V& d

2 | e+ 07960 = afVsildo < <
k=1

where we have employed a calculation similar to (5.10) in the first equality. Thus, I; =

Ji+ J2 < |Dgl|,(U) + 4e. Similarly, by (5.7), it is clear that

Iy = |g||L°°(U)Z/

spt (&)

Vi |d$<||9||L°°(U)Z / IV ()| de

= oo \Y dr <3 oo \Y dz.
gl (U);/Uka(w)l f(@)ldz < 3lgl <U>/U| f(@)]dz

Next, using our assumption that spt(§;) C Vi, >, xv.(2) < 3, and the fact that for any
y € B(0,gx) and t € (0,1),

Spt(gk) —ty C spt(fk) + B(O,&Tk) C Vi,

i.e., equation (5.4), we estimate I, as follows.

1= C2||9||L°°(U)Zak / / y)dydz
spt (&) Oek)

= Col|g| Loy ng / / (/ \Vf(x— ty)|dt) dydz
spt(&x) ¥ B(0,ex) 0
< Collgll e Z»S,;n/ / / |V f(x —ty)| dedydt
B(0.ex) /spt(&)
= Callgll 2w Zek / / / IV f(w)| dwdydt
B(0e) /' spt(&)—ty

< CzllgIILoow)Ze,;“/ / IV f(w)| dwdydt
k=1 0 B(Ovek) Vk:
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= Co| B(0, D[l oew Z |Vf|da: < 3C2|B(071)|H9HL°°(U)/ |V flda,
U

where we have used Fubini’s theorem. Similarly, we have the following estimate for I3.

=il Yei”

spt(§x)

/ IV F (@ — y)ldydz < 66 lglle) / 1V fda
B(0,e) U

Putting it all together, we obtain

g:(fdivp +¢ -V f)dr
U

< 1Dyl (0) + 42+ Clglw) [ [Vflda,
U

where C' = 34 6C} + 3C,|B(0,1)| > 0. Taking the sup over ¢ € C}(U;R") with |¢| < 1 and

e — 0, we have

tim sup | Dge (V) < 1Dglu(U) + COIgl oe ar IV Fll 2w

for f € CHU)NWHLL(U).
Step 5: To address general f € Wh(R™), we observe that the only instance where we
require f € CY(U) N WHL(U) is in equation (5.11) when estimating (IT) and hence I,. In

fact, we just need to show that for £ € N,

/ / @ —y) — f@)]dyde < [BO, D [ [Vf]de
spt(&x 0,ek) Vi

for f € WH(U). Then the lemma holds true for f € W5!(R"). We will prove this by an
approximation argument. Applying [EG92|, Section 4.2, Theorem 2 on f € WH(U), there
exists a sequence f; € C°(U) N W(U) such that f; — f in WH(U). Then

/ / fla—y) - |dydx</ / ~ fie— )| dyda
spt(&x) v B(0, 6k) spt(&x) ¥ B(0, 6k)
+/ / (@) — f;(2)] dy da
spt(€) ¥ B(0,ex)
T / / f(2) — f(2)| dyda
spt(&x) ¥ B(0,ex)
<[ | - Heldd
B(0,ex) Jspt(&k)+y
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+|B(0,)|ef™ [ |V fildx
Vi
+1B(0,Dlex [ |fi(@) = f(z)|dz,
Vi
where we have applied the arguments in (5.11), (II), and I to obtain
[ ey - p@ldyde < 15O [ (95
spt(§x) v B(0x) Vi
Finally, noticing that
[ - @l < 1BOVLE [ 156) - g
B(0.ex) 7 spt(§k)+y Vi
and taking j — 0o, we have finished the proof. O

Remark: In particular,

(1) if we only assume that our distribution function f € W,>!(R™), then the open set U in
Lemma 5.1.3 needs to be bounded.

(2) if we set f =1 € W' (R") and let U be a bounded open set, by Lemam 5.1.2 and

loc

Lemma 5.1.3, there exists a sequence of smooth functions g, € BV,,(U) such that
gk — g in LY(U, ), kh—>Holo [ Dgklu(U) = [Dygl.(U),
where y = L" and |Dg|,(U) = |Dg|(U) since g € L*(U) C L*(U).

Lemma 5.1.4 (Weak Compactness for BV),). Let p = fL" with a positive almost everywhere
distribution function f € WHL(R"™). Let U C R™ be an open set with Lipschitz boundary.
For any sequence of functions h; € BV, (U) such that

sup | Dhyl,(U) < oo, sup||hjlzew) < oo,
j j
there exists a subsequence {h;, }7°, and a function h € BV, (U) such that

hjk — hin Llloc(U7 :UJ)’ |Dh|#(U) < hlgn inf |Dhjk|u(U)
—00
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In particular, for any sequence of sets of finite p-perimeter { E;}52, in U such that

sup Per,(E;; U) < oo,
J

there exists a subsequence {E;, }32, and a set of finite p-perimeter E such that

XEj, — XE N L}OC(U, 1), Per,(E;U) < liminf Per, (E;,; U).

k—o0

Proof. Step 1: Applying Lemma 5.1.3 to h; on the open set U, we obtain smooth functions
g; S BV#(U) such that ||gj||Loo(U) S 3||hj||Loo(U) and

1
U J (5.12)
1Dl (U) < |Dhylu(U) + C)[[ | oo @) [IV fll 1.0y + 1

Since we are assuming sup |Dh;|,(U) < oo, sup ||| @) < 00, we have
J J

M, := sup 19 ooy < o0, M, = sup |Dg;l|.(U) < o0.
J J
That is, by (5.3) and g; is smooth,
sup [|Vgjll o,y = Ma < oo.
j

We claim that
Vi(gif) = (Vg f +g;(Vf).

Notice that for any ¢ € CHR"), we have gjpo € C(R™). By the definition of the weak

gradient of f,

/n(Vf)(gjsO) dr = — . fV(gjp)dr = — . feVg;+ fg;Vdr.

Equivalently,

/n(gjf)Vngx = —/n [(ng)f—i—gj(Vf)]godx.
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That is, we have the Leibniz’s rule V(g;f) = (Vg;)f + g;(V f), and hence the assumptions
that f € W(R™) and sup ||g;|| ) < oo imply that
J

IV (g5 )z wy < Vgl + 195 lleean IV il

< sup IVgillcr @ + Sup gill o= IV £l 2o
= My + Mi||V fll 1) < o0
Thus, the sequence {g;f}32, is uniformly bounded in W"*(U). Now we consider
Uy = U N B(0, k).

Applying the unweighted Rellich-Kondrashov compactness theorem with on Uy (see, for
example, [EG92|, Section 4.6, Theorem 1, Remark), there exists a function ¢* € L}(U},) and

a subsequence {g¥f}>2, C {g;f}52, such that
k ko7l -
g;f —€"in L'(Uy) asj— o0

and {g;f}; D {9} f}; D {g;f}; D ---. In particular, £ = ¢* on Uy, for all m > k. Thus,
we may define ¢ to be % on Uy, for all k > 1. It is clear that ¢ € L} (U). By a diagonal

argument, there exists {g¥f}x C {g;f}; such that
gif = Cin Liy (V).

We can write £ = hf, where h := {/f € L (U, ). Therefore, gf f — hf in L]

loc loc

(Ur) which
is the definition of gF — h in LL (U, u).
Step 2: Let {gj,}x := {gF}x. By Step 1, we have g;, — h in L] (U, ). Recalling (5.12),
there exists a subsequence {h;, } C {h;} such that
/ |95 — hy | du < L
U Jk
We claim that

hj, — hin L (U, w). (5.13)

loc
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For any compact set K C U, there exists N such that U, D K for all £ > N. Therefore,

1
/ ‘h_hjk}dﬂé/ |h_gjk|d“+/ |gjk- _hjk}d/LS/ |h—g]—k|du—|—,— —0
K K K K Jk
as k — oo. Thus, we may invoke Lemma 5.1.2 to obtain
|Dhl,(U) < lilgninf | Dhj, | (U).
— 00
Step 3: Now, it remains to show that if i; = x g, then there exists a subsequence such that

XEjk — hin L (Ua /-L)a

loc

where h = yp for some finite p-perimeter set E. Hence, by Lemma 5.1.2,

Per,(E;U) < liminf Per,(E;,;U).

)
k—o00 Tk

loc

By (5.13), xg, = hj, — hin L, (U,p). Then there exists a subsequence (again indexed
by ji) such that h;, — h p-a.e. and hence hj, — h L"-a.e., since f > 0 L™-a.e. (see, for
example, [Foll3], Section 6.1, Exercise 9). Therefore, [{h # 0,1}| =0, i.e., h = xyg L™-a.e.,
where ' = {h = 1}. This gives the claim. O

Our last lemma in this section demonstrates the equivalence between our definition of
p-perimeter (see (5.2)) and the distributional definition of p-perimeter (see (5.14)) when we
assume p = fL" with f € C'(R") N W5 (R™). This equivalence enables us to compute the

p-perimeter of graphs using the area formula.

Lemma 5.1.5. Let p = fL" with a positive distribution function f € C'(R") N WHHR™)

and let U be an open set in R™.
(1) Assume that E is a set of locally finite perimeter in U. Then

Per,(E;U) = / fdH" . (5.14)

O*ENU

(2) E is a set of locally finite perimeter in U if and only if E is a set of locally finite

u-perimeter in U.
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Proof. (1) By the divergence theorem (2.4) and Proposition 2.2.4,

Per, (E; U) = sup {/E (fdive+yp-Vf)de:pe CHURY,|¢| < 1}
—sup{ [ i) o € AR ol < 1
—suwf [ (o) due: o€ CHUIR.Jol <1}
= el ©) = sl) = [ g,

where we have used the fact that fo € CL(U;R").
(2) (=) For any V. CC U, by (1),
Per,(E;V) = / fAH" ! < max f LdH" ' = (ma_x f) P(E;V) < 0.
O*ENV zeV O*ENV zeV

(<) We follow the proof in Proposition 2.3.2. Given any V CC U, we have

Per,(E; V) = sup {/ (fdivgo+go~Vf)da: tp € CLV;R™), o] < 1} < 00.
E

For any ¢ € C}(V;R"™) with |¢| < 1, let

Then ¢ € C} (V;R"), || <1, and

divy = % <(divgp)% —Lp-v—f> :

Hence,

oo > Per,(E; V) Z/ (fdivz/)—i—@b-Vf)dx
E

1 , Vf \%i _ 1 :
_M/E‘(dlvgp—(p.7+w-7>dx—M/EdIV(pdl‘-
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5.1.2 Generalized Ehrhard symmetrization

In this section, we generalize the notion of Ehrhard symmetrization from ~; to a large class

of finite measures.

Definition 5.1.1 (Generalized Ehrhard Symmetrization). Let u = f£ with a positive distri-
bution function f € C(R)NLY(R). For a vector u € S® = {—1, 1}, we define the generalized
u-Ehrhard symmetrization of £ with respect to u to be the set E},  described below.
For any Borel set £ C R, we define

B ={rx-u>cl,

where ¢ € R is chosen to be the largest constant such that u(E) = u(E; ).

Let 4 = fL™ with a positive distribution function f € C(R™) N L'(R™). For a vector
u € S !, we define the generalized u-Ehrhard symmetrization of £ with respect to
11 to be the set Ef , described below. For any Borel set E C R" and z € (u)*, we define
E.:=En 7T<;§J_(Z), where 7,1 is the orthogonal projection onto (u)*, (u) := span(u), and
w@h(z) =z + (u). We define

Ez,u = U (EZ)ZZ,'W

ze(u)+
where we identify W&Sl(z) with R and use p, := fH! L7T<:$J_(Z) to define (E.);, . We will
omit the notation p and simply write E; if there is no confusion. For a sequence uq, ..., uy

in S"71, we will use the following notation

B - ((ES )5 )5 (5.15)

HsUL s UN MU/ p,u2 Hun-”

Note that the definition of the generalized Ehrhard symmetrization presented here differs
slightly from the one introduced in Chapter 3 for the anisotropic Gaussian measure (see
(3.32)). Recall that we have shown the Ehrhard symmetrization set £ _, is measurable in
Theorem 3.2.4. The expectation is that the proof of the measurability of E , is similar to

the arguments in Lemma 3.2.3 and Theorem 3.2.4.
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Definition 5.1.2 (Ehrhard Measures). Let n € N and g € W(R"™) (see (5.1)). A measure p

is called Ehrhard symmetrizable (or simply an Ehrhard measure) if

Per,(E; ,) < Per,(E) (5.16)

IR

for all uw € S*!, and for all Borel set E C R™.
Definition 5.1.3. (Half spaces) For a vector v € S""! and r € R, we define
H(v,r)={zeR":z-v>r}

Let u = fL£" with a positive almost everywhere distribution function f € L'(R"). For a

non-empty measurable set £ C R", we define
HN(E7 U) = H(U,T’(E, U))? (517)

where r(E,v) is chosen such that p(H (v,r(E,v))) = p(E). Note that H,(E,v) depends only

on v and u(FE), and in particular,
Hu(F,v) = H,(E,v) (5.18)
for all sets F' C R™ such that u(F) = u(FE).

Remark: We claim that (5.17) is well-defined. Let

o(t) = /H L

Observe that g(t) — 0 as t — oo since Xg(vy — 0 as t — oo. Similarly, g(t) — p(R") as
t — —oo since Xpwy — 1 ast — —oo. If u(E) = 0 or u(R™), we define r(E, v) to be oo or
—o00. Thus, we may assume that p(F) € (0, u(R™)). Since g is strictly decreasing, we now
need to show that ¢ is continuous to use the intermediate value theorem to conclude the
existence of r(E,v). Notice that X — XH(vt) a-€. ast — to since L*(OH (v, 1)) = 0.
Therefore, g(t) — g(to) as t — to.
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Definition 5.1.4. Let f : R — R. We say that f is symmetric (around =z) if for all
Y1 < x < yo with |y; — x| = |x —ys|, we have f(y1) = f(y2). Similarly, we say that a measure

pon R is symmetric (around z) if for all y; < x < yp with |yy — z| = |z — ya,

[y, 2]) = p([z, ya]).-

Note that if u = f£ with a positive distribution f € C(R) N L'(R), then f being symmetric

(around x) implies p is also symmetric (around z).

The connection between generalized Ehrhard symmetrization and symmetric measures is
well-known. For example, in Bobkov’s solution to the characterization problem in n = 1 for
log-concave measures and generalized Ehrhard symmetrization, he proves that in this class,
w is an Ehrhard measure if and only if p is symmetric ([Bob96|, Proposition 2.2). Since
we are not assuming that the distribution function is log-concave, we present the following

related statement.
Lemma 5.1.6. Let p = f£L € W(R). If u is an Ehrhard measure, then f is symmetric.
Proof. Step 1: For any yy, y, such that pu((—oo,y1]) = u([yz,00)), we have
(=00, 1] = ([y2,00))%,, (=00, 11])e, = [y2,00),
since f > 0 and f is continuous. Therefore, if x4 is an Ehrhard measure, then
Per,([y2, 00)) = Per,((—o0, y1]7,) < Per,((—o0,m]),

and
Per,, ((—o0,1]) = Per,([y2,00)%,,) < Per,([y2,00)).

That is, Per,((—o0,v1]) = Per,([y2,00)). By Lemma 5.1.5, we obtain
S = [ g = Pery((—oo. )
*(—oo,y1

= Per,([y2, 00)) = /a*[ )fd’HO = flya). (5.19)
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Step 2: Let F : R — (0, u(R)) be defined by z + pu((—oo,z]). Note that FF € C*(R) and
F~! is well-defined since f > 0. Moreover, (F~')'(p) = 7"0y-
y1 = F~'(p) and y, = F~'(u(R) — p). Then F(y) = p(R) — F(y1) and

For any p € (0, u(R)), let

p((=00,m1]) = F(y1) = p(R) = F(y2) = p([y2, 00)).

By (5.19) in Step 1, we conclude that

FE D) = f(yr) = fy2) = FIE ((R) = p)).

Integrating, we see that there must exist a constant m such that for all p € (0, u(R)),
F~(p)+ F'(W(R) — p) = 2m. (5.20)

Step 3: Finally, we claim that g is symmetric around m. For any y; < m < yy with
[m —yi| = |y2 —ml, Le., y1 +y» = 2m, we can write y; = F'~'(p), where p = p((—00,y1]) €
(0, u(R)). Applying (5.20) on p, we have y, = F~}(u(R) — p). That is,

p((=00,y1]) = p = p(R) — F(y2) = p([y2, 00)).

Therefore, by (5.19), f(y1) = f(y2). O

Now we turn our attention to the Ehrhard measure on R"”. Our next lemma shows that
if an Ehrhard measure possesses a product structure, indicating that it is a product measure

J1 X -+ X [y, then each component measure p; must be symmetric.

Lemma 5.1.7. Let = py X -+ - X p, and let p; = fi£ € W(R). If u is an Ehrhard measure,

then f; is symmetric for alli=1,...,n.
Proof. Let f(xy,--- ,z,) = fi(z1) - fu(z,). The product measure p can be expressed as

p=fL" € WER™).
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For any y1,ys such that p ((—oo,y1] x R"™!) = 1 ([y2, 00) x R"™'), we have

(o0, y1] x R" ' = ([ya, 00) x R"1)° 1 ((—o0,y1] X R"_l); = [y2,00) x R" 1,

€1

since pt = g X - -+ X p,. Therefore, if 1 is an Ehrhard measure, then

Per, ([yz, 00) X R"—l) = Per, (((—oo,yl] X R"—l)zl) < Per,, ((—oo,yl] % Rn—l) ,
and

Per,, ((—o0,y1] x R"") = Per, (([yg,oo) % Rn—l)iel) < Per, ([ya, 00) x R™).
That is, Per, ((—oo,y1] x R"™") = Per,, ([y2, 00) x R*""). Notice that

Per, ((—00,y1] x R"™!) = fyr,we,--+ 2y) dxy - - - day,
Rn—1

= fiyn) fo(x2) - - - fulp) g - - - dyy

Rn—1

= fily)pa(R) - - - pn(R),

where we have used Lemma 5.1.5 and the area formula. Similarly, Per ;1 ([yg, 00) X R”fl) =
fi(y2)pa(R) - - - pn(R). Hence, fi(y1) = fi(y2). We can apply the rest of the proof in Lemma
5.1.6 to py to conclude that f; is symmetric. |

The following lemma tells us that shifting an Ehrhard measure results in another Ehrhard
measure. Additionally, we can shift our Ehrhard measure with a product structure so that

each component is symmetric around zero.

Lemma 5.1.8. Let = fL" € W(R") and let a € R™. If p is an Ehrhard measure, then

V= fﬁ"

is also an Ehrhard measure, where f(x) := f(xz+a). Moreover, if f(x1,....,x,) = fi(z1) - fu(zn)
with f; € CY(R) N WH(R) satisfying f; > 0, then there exists m € R™ such that

Vo= fL"

is an Ehrhard measure, where f(z) = f(z +m), f(z1, ... zn) = fil@1) - fulzn), fi > 0,
fi € CYR)NWIL(R), and fi(—t) = fi(t) for alli=1,...,n.

7

fil
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Proof. Given any finite v-perimeter set E in R and v € S*!,

Per,(E) = sup {/E (fdivgo +¢- Vf)d;v cp € CHR™R™), |p| < 1}
= sup {/E% (f(w)(divw)(l‘ —a)+p(z—a)- Vf(x))dl' tp € Co(R™R™), o] < 1}

= sup {/ <f(div<,5+ Q- Vf)da: 1@ € CHR™RY), g < 1} = Per,(E + a).
E+a

Moreover, we have
Bl +a=(E+a),.
Combining them together,

Per,(E;,) = Per, (E,fu + a) = Per, ((E + Q)Z,u) < Per,(E + a) = Per,(E)

since p is an Ehrhard measure. Thus, v is also an Ehrhard measure. In particular, if

flxy,.omy) = fi(z1) - fu(x,), by Lemma 5.1.7, there exist my,...,m, in R such that f;

is symmetric around m; for all i = 1,...,n. Let m = (my,...,m,) € R" and define f(z) =

f(z +m). Thatis, f(z1,....xn) = fi(z1) - fu(zn), where fi(t) = fi(t +m;). Since f; is

symmetric around m;, we have
fil—=t) = filmi — 1) = filmi +1) = fi(t)
for any —t < 0 < t. OJ
Remark: Note that the equality (£ + a);, , = E; , + a does not hold in general.
5.2 Half-planes are local isoperimetric sets

The main result in this section is the following lemma.

Lemma 5.2.1. Let n > 2, and let p = fL" € W(R"™) be an Ehrhard measure. For every

v € S"! and every Borel set E C R",

Per,(H,(E,v)) < Per,(F).
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The main idea of the proof is that for any Borel set £ C R", if i is an Ehrhard measure,
then generalized Ehrhard symmetrization allows us to move mass from E\ H,(E,u) to “fill in”
H,(E,u) \ E while not increasing the perimeter. As noted in Section 1.2, Ehrhard provides
a geometric proof of Lemma 5.2.1 for u = ~y;,, [Ehr83|, Proposition 1.5 (See Lifschits’s book
[Lif95]|, Chapter 11 for a detailed proof in English). However, the core of Ehrhard’s proof is
to produce a sequence of symmetrizations and show that a sequence of cones which widen to
the half-space. This proof relies essentially upon the measure p having a product structure
for any orthonormal frame. While this is obviously true for the isotropic Gaussian, we cannot

assume this for general . We begin by studying the one-dimensional case.

Lemma 5.2.2 (One-Dimensional Behavior). Let p = fL£ with a positive distribution function
f e C(R)N LY (R). Suppose E C R is a Borel set and the interval (a,b) satisfies u(E¢ N

(a,b)) = a and p(EN[b,oo)) = B. Then
1 (B, Nboo)) <max{f — a0}

—eq

Equivalently,

(B2 \ (—00,)) < gt (E\ (—o0,b])) — min{5, a}. (5.21)
In particular,

(1) p (B2, \ (—00,b]) < p(E\ (—00,b]) for any measurable set E C R and b € R.

(2) if there exists x >y, and r > 0 such that (x —r,x+7r)N(y —r,y+7r) =2 and
pEN(x—r,z+7r) >0, wEN(y—ry+r)) >0,

then p (B2, \ (—00,b]) < p(E\ (—00,b]) for anyy+r <b<z—r.

—e1

Proof. Tt is clear that u(R) < oo since f € L'(R). Without loss of generality, we may assume
that £°, N [b,00) # @. Since £?, is an interval of the form (—oo,c| for some ¢, we have

E®, U[b,oo) =R. Notice that

—e1

(E°N(a,b)) N (EUb,0)) = 2.
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Then

a+p(EUb o)) =pn(E N(ab))+pu(EUIDb o))

=1 (B0 (a.0) U (EUb,0)) ) < u(R),

and hence

n(E2, Nboo))=p(E,)+p(boo))—pu(E, Ulb o))
p(E) + p([b,00)) — n(R)
p(ENbo0))+p(EUboo))— pu(R)
p

— ((®R) - p(BUD,))) <B - a.

Observe that p (E '\ (—00,b])) = p (EN[b,00)) = f3 since pu({b}) = 0. This gives us,

w(E,, \ (—o0,b]) = p (B, Nboo)) <max{f — 0} = — min{s, o}
= p(E\ (=00, b)) — min{f, a}.

Since min{J, a} > 0 for any b € R, this yields (1). Now we prove (2). Suppose there exists
x>y, and r > 0 such that (z —r,z +7r)N(y —r,y+r) = & and

wEN(x—rz+1r)) >0, pEN(y—ry+r)) >0.
Leta=y—randy+r<b<az—r. Then
a=p(EN(a,b) > pEN(y—ry+r)) >0

and

B=mwENDo0)>uEN(x—raz+r)) >0.

In particular, min{3, a} > 0. By (5.21), we have finished the proof of (2). O

Lemma 5.2.2 has the following, immediate corollary in higher dimensions.
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Lemma 5.2.3. Let n > 2, and let p = fL™ € W(R™) be an Ehrhard measure, E C R" be a

Borel set, and v € S*~t. Then for every n € S*=! with v-n > 0,
u(Ey \ Hu(E,v)) < p(E\ Huy(E,v)). (5.22)

Proof. This follows from Fubini’s theorem and Lemma 5.2.2 applied to each of the fibers
7r<_77§ L (2) for z € {(n)*. Indeed, Fubini’s theorem tells us that

ue e = [ f iy OO

// Flat (@) dHA @)dH"(2),
)+ J (Bm )l(z) ()L(z)ﬁHu(Ev))) ()

and for H" -a.e. z in (n)t, f|7r_1l(z) is positive, continuous, and H!-integrable. Define
(m)
(—00,b(2)] == 7r<’n§l(z) NH,(E,v).

Notice that

(En W(W)L( 2))’ =E;N o

Hzs1 ()L

(2)-

Applying Lemma 5.2.2 (1) with p, = fH'L 7}

- (z), we have

/ 1 flr (@) (Esmr" \(_oo’b(z)])
By (N0 p(z)]
( E N 7r ()~ szn \ (—o0, b(z)])
< ( (EN 7T )\ (—oo,b(Z)])
- / 1 it (o (@) dH (2).
(BN L) (@\(e0b(2)] 7

By integrating the above equation on both sides with respect to z, we complete the proof. [

However, Lemma 5.2.3 is not strong enough to prove Lemma 5.2.1. Instead, we need the

following improvement.
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Lemma 5.2.4. Let n > 2, and let p = fL" € W(R™) be an Ehrhard measure, E C R™ be a

Borel set, v € S™ !, and assume that
W(EAH,(E,v)) > 0.
There exists a vector n € S"~! such that v-n > 0 and
W(ELN Hy(E,v)) < p(E\ Hy(E, ). (5.23)

In particular, p(E;AH,(E,v)) < p(EAH,(E,v)).
Proof. Notice that for any A, B with pu(A) = u(B),

(AN B) = w(A) = (AN B) = p(B) — n(AN B) = u(B\ A).
In particular, we have u(AAB) =2u(A\ B) =2u(B \ A). Thus, the assumption gives us

(B Hy(E,v) = 2u(Hy(E,0) \ B) = i EAH,(E,v)) > 0.

It follows that both L"(E\ H,(E,v)) > 0 and L"(H,(E,v)\ E) > 0 since f > 0. Therefore,

we can choose x and y such that
(a) z € (E\ Hu(E,v)) is a point of density 1 with respect to £\ H,(E,v),
(b) y € H,(E,v) \ E is a point of density 1 with respect to H,(E,v) \ E, and
(c) v-(y—x)>0.

Let n = :Z%zl and let nt = z + (n)t. For z € nt, we denote H! = H! LT(';;(Z) and

|
= fH LWT;(Z), where 7, is the orthogonal projection onto . Consider @, (x,r) as the
cube centered at x with each side equal to 2r and whose sides are parallel to the n direction.

From (a) and (b), we have

(@ (ENEEY) (@) 0 E\E)

r—0 £n(Qn(.T, T‘)) T 0 En(Q'f](y7 T))
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In particular, there exists » > 0 such that Q,(z,r) N Q,(y,r) = @ and

£ (@) E) £ (Qulen) 0 (BNAE))
L@ L(Qufw,1))

A~ w

Y

since H,(E,v) is a closed set. Moreover, by Fubini’s theorem, we have
3 n 3 n n
1(27') = ZE (Qn(z,7)) < L (Qn(x,r) N E)

= / / LdH dH" ()
nENQy(z,r) ﬂ;;(z)ﬂ(Qn(ac,r)ﬂE)

/ H! (Qn(x, )N E) dH" ' (z)
Nz NQn (1) {2711 (Qy (z,r)NE)>0}
< @R (nF N Q) N {z : HAQy(w,m) N E) > 0})

where we have used H1(Q,(z,7)NE) < 2r in the last inequality. Note that {z : H1(Q,(x, )N
E) >0} ={z: p.(Qy(x,7) N E) > 0} since f > 0. Therefore,

! ({z entNQy(z,r) : (BN Qy(y,r)) > 0})
=1 (1 Q) N {z 2 HAQyle, 1) M E) > 03) > S(2r)

A similar argument shows that

M (= € n 1 Q1)+ (BN Qy(57) > 0}) > (2

Combining them together, we obtain

! ({z € ntNQy(x,r) : 1(ENQy(z, 7)) > 0 and 1. (E° N Q,(y, 7)) > 0})
=1 ({2 € 0 N Quyle,7) : 1(BN Qyly,1)) > 0})

FH ((enf N Q) ma(B°N Q1) > 0})

w7 ({2 @) (BN Qi) > 00k B 1@y f017)) > 0}

3 3 1
> (9 n—1 (9 n—1 _ 2) n—1 — 2(2 n—1 )
> 3yt 2oyt - @y = a5 0
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Therefore, applying Lemma 5.2.2 (2) to each of the fibers inside the tube based on the above
set from @, (z,7r) to @Q,(y,r), and Lemma 5.2.2 (1) to each of the fibers outside that tube,

yields the claim of the lemma. O

Lemma 5.2.5. Letn > 2, u= fL£" € W(R") be an Ehrhard measure, v € S"™', and assume
that E is a Borel set with finite p-perimeter. Let S(F) be the collection of all sets FF C R"
such that

F=E,
for some finite sequence of vectors {n;}¥_, such that v-n; >0 for alli =1,....;k. Then

Felg(fE) w(FAH,(E,v)) = 0.

Proof. We argue by contradiction. Suppose that Fig(fE)u(FAHH(E, v)) > 0. Then, for a
S
minimizing sequence Fj, we may invoke Lemma 5.1.4 to obtain a set of finite p-perimeter

Fo C R" such that there exists a subsequence (still denoted as F})

XF, = XFo i Lig (R, p),  Per,(Fy) < liminf Per,(F}),

j—00

where we have used Per,(F}) < Per,(E) since p is an Ehrhard measure and hence

sup | Dxr; |, (R") = sup Per, (F}) < Per,(FE) < co.
J J

Moreover, by the strong convergence in L, (R", 1), it also follows that

w(FooAH,(E,v)) = Fég(fE)u(FAH“(E’U)) > 0. (5.24)

Indeed, since f € L'(R"), for any € > 0, there exists B := B(0, R) such that u(B%) < e.
Hence,
|W(FAHL(E,v)) — n(FAHL(E,v))]
< |W(FAH,(E, v)) \ Br) — p((Fx AH,(E,)) 0\ B)|
4 [((FAH, (B, 0)) N B3) — p((Fu A, (E,0) 01 B)|

< u((F;AFs) N Bg) + 2¢,
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where we have used the triangle inequality for symmetric differences. Taking j — oo and

e — 0, we have

0< inf pw(FAH,(E,v))= lim u(F;AH,(E,v)) = puFxAH,(E,v)).

FeS(E) j—o0

By a similar argument, we also have p(Fy) = lim pu(F;) = p(E). Therefore, we may apply
j—o0
Lemma 5.2.4 to u, f, Fs,v to obtain a vector n € S*! with v -7 > 0 and

i ((EAH(E0)) = 1 ((F)jAH, (P, v)
K (FOOAHH(Fom U))

= p (FxAH,(E,v)) = Felg{ ),u(FAH (E,v)), (5.25)

where the first equality follows from (5.18). Therefore, the proof of the lemma will be

accomplished if we can show that for sufficiently large j we have

i ((FAHUE,0)) = p (Fu);AH,(B,v))

However, this is immediate from the strong L{ (R", 1) convergence. That is, for the fixed 7

above, define the marginal function mp, : (n)* — R as

ij(a):/_l . del-
m | (@)NF;

Then

/ mr,(a) — mr. (a)|dH"( / / X, — Xr | FAH AH" " (a)
(m+NBr (m*+NBg i >L mBR

=/ |XF, — XFu | dpp = 0,
Br

({(n)*), where we have used F; — F,, in L}

loc

(R™, ) and Fubini’s

Le., mp, — mp, in L,

theorem. Since v -7 > 0, we have H,(E,v) = (H,(E, v))f] and

(BB 0) = (A (18,00);) = [ oy 0) =g s ) 0
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< mp.(a) —mpg_(a me, (@) — mu,(ew)(a dH" a

< [ I 0) = @]+ e 6) = i () o)

= o) = @l @)+ (R (08 0),)

- /()L |mpj(a) — Mg, (a,)\d’}-["*l(a) + 1 ((FOO)ZAHu(E,v))

< /<)J-DB imp,(a) — mp,(a)|dH" " (a) + 2 + p ((FOO)ZAHM(E, v)) :

Therefore, as j — oo and € — 0, we obtain

lim g ((F);AH,(E,v)) < g ((Fu);AHL(E,v))

7'—00

By (5.25), for sufficiently large j, there is a F}; such that
1 ((Fj)nAH#(E,v)) < Felg(fE)u(FAHM(E, v)).

But, since (F}); = (E5, ., .y )5 € S(E), we obtain a contradiction. Therefore, the lemma

holds. O

5.2.1 Proof of Lemma 5.2.1

Let E, 1, v be as in the hypotheses of Lemma 5.2.1. If Per,(E) = oo or u(EAH,(E,v)) =0,
there is nothing to prove. Therefore, we may assume that F is a set of finite p-perimeter
and u(EAH,(E,v)) > 0. By Lemma 5.2.5, we may take a minimizing sequence F; € S(E)
such that

lim p (F;AH,(E,v)) = 0.

J]—00

Since F; € S(E) and p is an Ehrhard measure, we have sup; Per,(F};) < Per,(E) < co. By

Lemma 5.1.4, we may extract a subsequence (still denoted as F}) such that xp — xg, in

Ll

loc

(R™, u) for some Borel set F, with

Per,(Fx) < liminf Per,(F};) < Per,(E).

Jj—o0
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Moreover, similar to (5.24), we have

W(FooAH,(E,v)) = lim pu (F;AH,(E,v)) = 0.

J—00
This implies Per, (Fi) = Per,(H,(E,v)) and hence Per,(H,(E,v)) < Per,(E). O
Lemma 5.2.1 has the following trivial consequence.

Lemma 5.2.6. Let n > 2, and let p = fL* € W(R") be an Ehrhard measure. For any v,n

in S" and any Borel set E C R",
Per#(HM(E7 77)) = Peru(Hu(E7 U))7

i.e., the half-spaces {H,(E,n)}pesn—1 are minimal for p-perimeter among all Borel sets F

with (F) = p(E). In particular, for any v € S~ and ¢ € R,
Per,(H (u,c)) < Per,(F),

for every Borel set F' with u(F) = p(H(u,c)), i.e., the half-space H(u,c) is minimal for
p-perimeter among all Borel sets F' with u(F) = u(H (u,c)).

Proof. Applying Lemma 5.2.1 to H,(E,v) and 7 in place of v shows that
Per,(H,(E,n)) < Per,(H,(E,v)).

Applying it again gives the reverse inequality. Now, for any u € S"!, ¢ € R, and F with
pu(F) = p(H (u, c)), we have
H(u,c) = H,(F,u),

since f > 0. Then by Lemma 5.2.1 again,

Per,(H(u,c)) = Per,(H,(F,u)) < Per,(F).
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5.3 The density enjoys a product structure

The main result in this section demonstrates that if 4 € W(R™) with distribution function
f is an Ehrhard measure, then the function f possesses a product structure subordinate to

all orthogonal frames {e;}? ; in R". This assertion is formalized in Corollary 5.3.3.

Our first lemma serves as a technical prerequisite before proving the product structure. It
ensures that we can apply the Implicit Function Theorem and obtain sufficient smoothness
when perturbing our half-space. We include the additional assumption of f € W (R")
because the half-space is unbounded, necessitating some control to apply the dominated

convergence theorem.

Lemma 5.3.1. Letn > 2 and p = fL" € W(R"). Writex € R" asx = (2/,x,) € R ! xR.

Assume that Per,({z : x, > ¢}) < 0o for some ¢ € R, h € C*(R" 1), and define
F(e,n) = p ({:1: t 1y, >+ eh(z)) —i—n}) —p({z 2, >c}).
Then F € C*, F(0,0) = 0 and 3(0,0) # 0.

Proof. Clearly F(0,0) = 0. Now, we establish the existence of 2£.
g

5 M({x DT, > c+5h(x’)+n+(5}) —u({x L, > c+eh(2) —i—n})
on §—0 0

1 cteh(z’)+n+d
= —lim —/ f(2' x,) dx, | da’
60 JRn-1 0 cteh(z’)+n

= - f@ e+ eh(a) +n) da,
Rn—1

where we have used the dominated convergence theorem with the following estimations.

1 ct+eh(z’)+n+d
5/ £ ) o — (o', eh(a!) + 1)
cteh(a)+n
1 cteh(z')+n+d
-1/ F(@ ) = S, e eh(a!) + ) d,
ceh(a)+n
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1 cteh(z’)+n+6 Tn
e / / 0, f(«/,0)dt | dz,,
4 cteh(z')+n cteh(z')+n

| peteh(@)intlo
dz,

/ ’ 0, (1) dt
+

cteh(z’)+n
1 cteh(z’)+n+|d| /c+sh(m’)+77+|6|

B |5| cteh(z’)+n—|d]

105, f (2", )| dt dz,,

|6| cteh(z’)+n—|8| J cteh(z’)+n—|d|

cteh(z’)+n+|d|
_ 2/ 0, (2!, 1)) dt < 2/ V()| dt € L'(R™Y),
cteh(z’)+n—|d| R

Furthermore, by Lemma 5.1.5 and the area formula,

ct+eh(z’)+n
f@' c+eh(z)+n)dd = / / Op, f(2' 1) dtdx’ + f(@' ¢)dx
Rn—1

Rn—1

/ /\Vf 2 t)| dtdx’ + Per,({z : x, > c}) <
RTL 1

Rn—1

Indeed, %—5(0,0) # 0 since f > 0. Next, we establish the continuity of %—5. It suffices to

demonstrate that

lim f(@' c+eh(z')+n)ds = f(a' e+ eh(x") + no) dx’
n—=n0 Jrn—1 Rn—1

Observe that

cteh(z')+n
(' eh(a!) + 1) = @'+ <hia’) + )] = | [ 0, f(a', 1) dt

+eh(z')+no

§/|Vf(x’,t)|dteL1(R"1). (5.26)

Similarly, for the existence of 2£
0 N({x:xn>c+(€+5)h($/)+n})—,u({:zc T, > c+ceh(x +77})
—F(g,n) = lim
Oe 6—0 )

1 c+(e+d)h(z")+n
— — lim —/ f(2' x,) dx, | da’
6=0 Jrn-1 0 cteh(z')+n

- f(a,c+eh(a) +n)h(z') da',

Rn—1
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where we have again used the dominated convergence theorem with the following estimations.

1 [etEetdh@)+n
i/

f@ ap) dn — f(2', c + eh(a) + n)h(a’)

+eh(z")+n

| [eteron) by
~ |1 / F(&2a) — F(& e+ eh(a) + ) da,
4 cteh(z’)+n

1 ct+(e+d)h(z')+n Tn
= —/ / Op, f(2' 1) dt | dz,
0 cteh(z')+n cteh(z’')+n

1 peteh)+nHallh] oo

dz,

/ C o f@ ) dt

+eh(2')+n

0] J cehiar)-+n—Ial1a oo

1 cteh(a")+n+|8|||h|lLoe  peteh(z’)+n+|d]||R]| Lo
/ 0, (2!, 1)| dt dz,

0] J ceh@r)+n—Il 1Al oo

c+eh(z")+n+|5]||h| oo
= Y[ / 0o, (2, )] dt < 2|B] 1 / Vi, 0] dt € L' (R,
cteh(z’")+n—|||| k|| Loo R

+eh(z’)+n—[6][|hl| Lo

The continuity proof of %—f is analogous to (5.26), given that ||h| L~ < oco. Since both %—5

and g_]; exist and are continuous, according to [Rud76], Theorem 9.21, F belongs to C'. [

The key idea in our next lemma is to use variational techniques employed by [C14] in
the study of isoperimetric sets for perturbations of log-concave measures and by [BCM12|

[BCM16] in the study of the structure of measures with foliations by isoperimetric sets.

Lemma 5.3.2. Letn > 2 and p = fL" € W(R"). Writex € R" asx = (2/,z,) € R" ! xR.
Assume that for all ¢ € R, the set

H(ep,c)={z e R" 12, > ¢}

is minimal for p-perimeter among all Borel sets F' with p(F) = u(H(e,,c)). Then there
exist positive functions A :R" 1 - R, B: R — R such that

f(@', z,) = A(2")B(x,) (5.27)

for all («',x,) € R" and A € C*(R"™'), B € CY(R). In particular, by Lemma 5.2.6, if
w= fL" € WR") is an Ehrhard measure, then (5.27) holds for f.
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Proof. Step 1: First, observe that

/ f(2' c)dx'de = f(z)dz < oco.
R ]Rn—l Rn
Then, by Fubini’s theorem, Lemma 5.1.5, and the area formula, for L-a.e. ¢ € R,

Per,(H (en,c)) = f(@',e)dr’ < . (5.28)

Rn—1
Furthermore, by the Lebesgue differentiation theorem (see [EG92], Section 1.7, Theorem 1),

for L-a.e. c € R,

: 1 e / / . / /
71“5%5/04 (/R |Vf(:c,t)|da:)dt_/Rnl V()| da. (5.29)

Given a function h € C>°(R™1), we construct a corresponding family of measure-preserving

perturbations of H(e,,c) as follows. Define

F(e,n) = ({a: T, > c+eh(z') + 77}) n({z:z, >c}).

By Lemma 5.3.1, (5.28), and the Implicit Function Theorem, there exists a number 5 > 0
and a function s;, € C'(—¢y, &) such that s,(0) = 0 and F(g, s,(¢)) = 0 for all € € (—¢q, &9).
That is,

G.={z eR":z, > c+eh(z)+ sp(e)}
satisfies
u(Ge) = p(H (en, ). (5.30)
Moreover, if we employ the notation
g2’ e) == c+eh(a") + su(e),

then the condition (5.30) can be re-written as

/ / f(@, z,) dx,da’ —/ / f(@, z,) dz,dz’. (5.31)
Rn—1 (z',€) Rn—1
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Now, let’s consider the limit of the difference quotients.
G.) — u(H 9(a"e)
0 = lim p(Ge) = plH (en, ©) — lim — / / f(@', x,) dr,dx’.
e—0 £ e—0 g Rn—1

Applying the mean value theorem, there exists a 2 € [min{c, g(2’, )}, max{c, g(2’, £) }] such

that o
/ 2 dag = (g(a!,€) — (o 25)

and 25 — c as € — 0, since s, is continuous at 0 and hence g(2/,¢) = c+eh(z’) + sp(e) — c.

g(z'.e)
0 =lim - / / (2, z,) du,dz’
e—0 g Rn— 1

Therefore,

_?3%5 o (eh(@’) + sn(e)) f(a', 27) da’
_ /R B+ s40) [ fae)de

where we have used s;,(0) = 0 and
f@ z5) = / ' Op, f(2' 1) dt + f(2',¢)
< [ s 0ldes fe) € LR,
R

In particular, if

then s} (0) = 0 since f > 0.
Step 2: Notice that G, has C'-boundary since g € C*. In particular, G, is a set of locally
finite perimeter in R™ (see, for example, [Magl2|, Example 12.5). By Lemma 5.1.5 and the

area formula, we have

Per, (G:) = f@', (@', )1+ |V (g(a,e))]? da'. (5.32)

Rn—1

Our goal is to show that if s, (0) = 0, then

1 feteh(@)tsnle)
lim — / Op, f(2 t)dt | da’ = / O, f (&', c)h(2") dx'.
Rn—1 c Rn—1

e—0 g
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Notice that

1 cteh(z’)+sp(e)
- / Oy, f(2 1) dt

3

1 fetlelliplizoe+lsn(e)l

IVf(' t)|dt == k(2"

|€\ c—lell[Bl] oo —[sn <)
and

ke(z') = 2/|hll L= |V f (2, 0)] := k().

Moreover, if s},(0) = 0, by (5.29), we obtain

e lelllAll oo +1sn (@)]
/ ko ( / (/ |Vf(:r’,t)|dx’) dt
Rn-1 el Jetetiatizmo—tone \Jro-t

%2||h||Loo/ |Vf(a:’,c)|da:’:/ k(2! da’
]Rn—l ]Rn—l

and

1 cteh(z’)+sp(e) ) d
ll_I)I(l)g i aznf(x,t)dt:%

ct+eh(z’)+sp ()
/ O, f(2', 1) dt
e=0 c

= 0, f(2',c+eh(z') + su(e)) (h(z') + s, (€))

= 6rnf(x/> c)h(x'),

e=0

since f € C*(R") and s;,(0) = 0. Applying the generalized dominated convergence theorem

using k. (see, for example, [Foll3], Section 2.3, Exercise 20), we conclude that

1 feteh(@)+sn(e)
lim — / Op, f(2' t)dt | da’ = / O, f (&', c)h(2") dx'.
Rn—1 c Rn—1

e—0 g

Step 3: Assume that
/ f(@ e)h(z")dz' = 0.
Rn—1
By Step 1 and Step 2, we have s},(0) = 0 and

. Per,(G.) — Per,(H(e,, c))

li
e—0 £
1
= lim ~ ( f(@ g’ €)\/1 + 2| Vuh(z')|2dx’ — f(a, c)daz')
e=0¢ Rn—1 Rn—1

~im & ( F(a', e+ eh(@) + sn(e)) — fa, c)) V1+ 2|V h(@)|?da’
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1 2 , N2 1
+ lim f(z' c) <\/ + | Varh(a) > dx’
Rn—l

e—0 g
1 cteh(x’)+sp(e)
= lim —/ Op, f(' 1) dt | \/1+ 2|V uh(z!)|? da’
e—0 Rn—1 £ c
+ lim f(@',e)|[Vah(x)|?o(1) da’
e—0 Rn—1
1 ct+eh(z’)+sp(e)
_ lim E / 0r f(a' 1yt ) (14 [Voh(a’)Pole) ) '
e—0 Rn—1 E c

= / Op, f(2', c)h(2") da’.
Rn—1

Since H (e, ¢) is minimal for p-perimeter and p(G.) = pu(H (en, ¢)), i.e., Per,(G.) > Per,(H (e, c)),

P .) — Per,(H(e,,
/ Op, f(2', c)h(2") dx’ = lim eru(Ge) = Pery(H(en, ¢)) > 0.
Rn—1 e—=0t IS
Taking € — 07, we obtain the reverse inequality, and thus
/ O, f (&', c)h(2") dz’ = 0.
Rn—l
Step 4: From Step 3, for L-a.e. ¢ € R, we have
/ O, f (2, c)h(2") dx’ = 0, (5.33)
Rn—l

for any h € C(R™') with [g, , f(a/,¢)h(a’) de’ = 0. Now we claim that for L-a.e. ¢ € R,
there exists a constant K (c) such that for any h € C°(R"™1),
/ Op, [(2', c)h(2") dx’ = K(c) f(@' e)h(z") dz'.
Rn—1 Rn—1
For any hy, hy € CP(R" 1) with ¢ := [, 1 f(2/,¢)hi(2') da’ # 0 and ¢3 := [, f(2/,c)ha(a’) da’ #
0, we define

&1

h(z') = ha(2') — ( ) ha(a') € C(R™).

C2

Applying (5.33) on %, we obtain

/ O, f(2, )h(x') da’ = 0.
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That is,
/ Oy, [, c)hy (2 / Oy, [z, c)ha(2) da’
Rn— 1 Rn— 1

F(@, )b (&) da! f(@', ¢)h(a') da’

Rn—1 Rn—1
Setting K (c) as the quotient above proves the claim. By the Fundamental Lemma of Calculus

of Variations (see [Magl2|, Exercise 4.14), for L-a.e. ¢ € R,
Op, f(2',¢) = K(c)f(2',¢) L' '-ae. on R*L (5.34)

Since 0., f and f are both in C'(R"), the function K € C(R). Integrating (5.34) on ¢ from

0 to z,, we have

log (f(2',2,)) — log (f(2',0)) = /xn 8w"f 7, ) de —/ K(c
0
Therefore,
F(a', zn) = f(2',0)elo " K@de.— A"\ B(x,,)
It is not hard to see that A € C*(R"™!), B € C'(R), and both A, B are strictly positive. [J
With the assistance of Lemma 5.2.6, we can extend the argument from Lemma 5.3.2 to

any direction v € S*"!. Combining Lemma 5.3.2 with Lemma 5.2.6 yields the following

corollary.

Corollary 5.3.3. Let n > 2, and let p = fL" € W(R™) be an Ehrhard measure. Then for

any orthonormal frame {e;}?_, and coordinates (x1,...,z,) on R™ imposed by {e;}I,,

F(Ywies) =T it (5.35)
i=1 i=1
for some functions f; € C*(R) N WH(R), depending upon {e;}".

Proof. Without loss of generality, we may assume that {e;}! , is the standard basis of R™.
Utilizing Lemma 5.2.6, we can employ Lemma 5.3.2 in each direction e; to establish a product

structure for f. Specifically, applying Lemma 5.3.2 in e, and e,_; yields

fz1, .y xy) = A1, ooy 1) B(zn) = A(21, ooy B0, ) B(2p 7).
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In particular, % and % are functions in x1, ..., T, _o, i.€.,

B B
(Z) (1, ooy Ty, ) = <Z> (T1y ey Ty2, Ty1) 1= k(1, ..., Tp_g) > 0.
That is,

1 -
—B(z,_1)B(z,).
k’(l‘l,...,l’n_g) (ZL' 1) ($ )

Similarly, we can apply Lemma 5.3.2 in e, _5 to get

fzy,.xy) =

f(xlv sy In) - A\(J?l, vy =3, Tn—1, xn)E(In—2>

and hence

E(xnfl)B(xn)

A(I'l, ooy Tn—3, Tn—1, xn)

k(xy, ..., Tp_3, xn_z)g(ﬂfn_g) = =01, ..., Tps)

is a function in 1, ..., z,,_3, i.e., f(z1,...,T,) = mé(xn_g)é(xn_l)B(xn). Proceeding

in this manner, we can observe that f has a product structure., i.e.,

f(xl, >$n) = fl(xl) T fn(xn)a

where f; € CY(R). Given that f € L*(R"), we deduce

(/R f1(x1)dx1> (/R fn(a:n)d:vn> =/, fdr < 0o => f; € CY(R) N LY(R) for all i.

Similarly, Vf € L*(R") implies

([R |00, f1(21)] d:vl) (/R fg(l'Q)d,ﬁL’n) (/R fn(xn)dxn) < } 1V fldr < oo,

Therefore, d,, fi € L'(R). The same argument applies to 0., f2, -+ , 0, f». Hence, for all
i=1,---n, we have f; € C*(R) N WH(R). O

5.4 Proof of Theorem 1.2.4

Step 1: Our objective is to demonstrate the existence of constants 0 < ¢ < 00, 0 < C' < 00,

and a € R"™ such that

f(z) = Ceclz—al®,
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With the aid of Corollary 5.3.3, we can assume that

f@i, o ma) = fi(@) - ful@n).
Applying Lemma 5.1.8 to f, there exists m € R such that
v = fﬁ"
is an Ehrhard measure, where f(x) = f(z+m), f(ml, ey Tp) = fl(xl) = -ﬁl(xn), fi >0, and
fi(=t) = fi(t) for all i = 1,...,n. Let a = m € R". Our aim is to establish that
Fa) = e

for some 0 < ¢ < 00, 0 < C < oco. For ease of reference, we will continue to use f to denote
fthroughout the remainder of the proof.

Step 2: In Step 1, we established that f(x1,...,2,) = fi(z1) - fu(,), fi € CHR)NWHL(R),
fi > 0and f;(—t) = fi(t) for all i = 1,...,n. Consequently, each component function f; can

be expressed as

fz(t)) )
) = 110 (£ ) = e (5:6)
for some continuous function g; and ¢;(—t) = g¢;(t), where ¢; = f;(0) and ¢;(0) = 0. That is,

(@1, s 50) = GO +tanten)

where C := f(0,...,0) = f1(0) - - - f,(0) > 0. We claim that

g1 =92= """ = Gn. (5.37)
Consider
O 0 11
o=\ " € MuR), Op=| V2 V2| e My(R).
0 I i v
Then
f(Ox) = ( " - )
T T To, To, X3, Tp
V2 fzf IR

= Cexp ( (\/,:Ul + — \f > + g2 (%xl — %1)2) + gn(xn)> . (5.38)
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Utilizing Lemma 5.3.3 with the orthogonal frame {Oe;} ; and the argument in (5.36), we

obtain

Z 2;0e; | = Ceh@)ttha(zn) (5.39)

where h; depends on matrix O and satisfies h;(0) = 0. To confirm the property of (5.37), we
first check that

hl(Oé) = hl(—Oé), hl(OJ) = hg(a), (540)
for all @ € R. Setting 3 =24 =--- =z, = 0in (5.38) and (5.39), we have
halr) + ho(es) (1 . )+ (1 . ) (5.41)
x T9) = —x + —==x —x — —=T2 | . .
1(T1 2(T2 g1 2 1 /2 2 92 571 NG 2

In particular, letting 1 = o and x5 = 0, we find

hi(a) = g1 (%a) 9, (%a) ~ hi(=a),

where we have used the fact that g;(—t) = g¢;(t). Similarly, for ; = 0 and x5 = a, we have

=0 (Gge) w0 () =0 () v () =

Consider #1 = 22 = 7 in n (5.41) and apply (5.40), we also have

- (3) m () ()

Similarly, for z; = % and xo = —%, we apply (5.40) to obtain,

o= () om(-5) 1 () (-5) ()

Hence, g = g». An identical argument yields g1 = go = -+ = g.

Step 3: We claim that for all positive integers k, we have

2g1(Vka) + 291 (a) = g:(VEk — 1)a) + g:(VE + 1)a). (5.42)



Consider
O 0 lfif - - k]f:il
= M, (R), = M5 (R).
o 0 I © (R). 0. VEHL  VEEk2 € My(R)
n—2 k+1 k+1

Using the argument in Step 2 and (5.37), we have

Vi + k2 \/k+12>+1<\/k+k2 VE+1 2)+

f(Ox) =Cexp | g (

[ T N R [ R N
and
f(Ox) = f Z 2:0e; | = Celrl@)tttnlzn)
i=1
for some ¢; depending on matrix O and /;(0) = 0. Setting 23 =24 =--- =z, =0,
B U R T R ey e RO B

In particular, setting x5 = 0, we find

=

k

+
—

li(71) =21 (

lo(x2) = 291 <\/k1—+1$2> :

where we have again utilized the fact that g;(—t) = g;(¢). Thus,

Similarly, when z; = 0, we get

Vk 1
291 (ﬁ) wn ()
_, (x/k+kz2 VE+1 )+g (x/k+k2 \/k+1x2>.

E+rl ' kg1 2 L

Finally, if we set 1 = 29 = Vk + la, we conclude that

2g1(Vka) + 291 (a) = g:(VEk — 1)a) + g:(VE + 1)a).
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Step 4: We claim that for all positive integers k, we have
g1(ka) = kg (a). (5.43)

We will prove this by induction. Note that the base case k = 1 is trivial. Now, assume that

the claim holds for all integers less than or equal to k. For any m € N, substituting & = m?

into (5.42), we obtain
2g1(ma) + 291 () = g1((m — 1)) + g1((m + 1))
That is,
gr(ma) —gi((m —1Da) +2g1(a) = g1 ((m + 1)a) — g1 (ma). (5.44)

Summing m from 1 to k in (5.44), we have

gi(ka) + 2kgi (@) = > (g1(ma) = gi((m = 1)a) + 201() )

k

(91((m +1)a) = g1(ma)) = g1((k + D) = g1 (a).

3

Bl

=1

Therefore,
9((k + 1)a) = gi(ka) + 2kgi(a) + gi(@) = K> gi(@) + 2kgi(a) + gi1(a) = (k +1)°gi(e),

where we have used the induction hypothesis on k. This proves the claim.
Step 5: Finally, we define

h(a) = gloif‘)

for all a > 0. By (5.43), we know g; (ko) = k%g;(a) and hence h(ka) = h(a) for any positive

integer k. In particular,
h(1) = h(1/q)

for all positive integers ¢q. For any positive rational number p/q, we have

h(p/q) = h (p G)) — h(1/q) = h(1).
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For any a > 0, there exists a sequence of rational numbers {r;} such that r, — a. Since h
is continuous at «, we see that
h(1) = lim h(ry) = h(«)
k—o0

for all @ > 0. Letting ¢ = —h(1) and unwinding the definition of h, we have g;(a) = —ca?

for all @« > 0. By ¢1(a) = ¢1(—«) and ¢;(0) = 0,
g1(a) = —ca?

for all @ € R. To complete the proof, we only need to prove that the constant c is positive.

However, if ¢ < 0, then f & L*(R™). Therefore,

f(x) — O @)+ tgn(zn) Ce—c(x%+x§+...+xfb) _ CG_CLTP.

That is, f is an isotropic Gaussian. O

Remark: The constant ¢ > 0 also follows from [Chal9], where Chambers proves that balls
are the unique perimeter minimizers of measures with distributions that are log-convex,
rotationally symmetric functions. Given that Lemma 5.2.1 establishes all half-spaces as

p-perimeter minimizers, it follows that ¢ > 0.
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