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Abstract

Distributed Protocols, Nonlinear State-Dependent Networks, and

Human-Swarm Interactions
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Chair of the Supervisory Committee:

Dr. Mehran Mesbahi

Aeronautics and Astronautics

This dissertation aims to explore intuitive control mechanisms for distributed protocols over

networks with a goal of understanding state-dependent networks and attaining high-level

human-swarm interactions. Two canonical models for network dynamics are examined from

the perspective of intuitive coarse input control, namely, the linear advection dynamics with

applications including formation control and load balancing; and a pair of nonlinear complex-

valued dynamics which describes phase locking in coupled oscillators. Dynamic invariance

properties and the topology of the basins of attraction are shown to relate to the underlying

network topology which can then be exploited for coarse control. A novel bearing-compass



protocol for formation control, relying only on bearing measurements between agents, is in-

troduced which is particularly suitable for manipulation due to its translation and scaling

invariance features. This formation control dynamics can be framed as a state-dependent

network, with weighted edges in the network dependent on relative measurements between

the pairs of nodes incident to each edge. Formulating measures that quantify the effec-

tive access points within the network, leader selection algorithms are provided relying on

submodular optimization theory. Key to understanding the bearing-compass dynamics is

bearing rigidity theory which is used to describe the information content of the bearing mea-

surements within the network. Optimizing the graph topology and access point selection

with respect to rigidity measures, performant bearing-compass dynamics is generated which

is well suited to external manipulation by coarse control. Generalized notions of rigidity

formed from different measurements are derived and give rise to generalized measurement-

based distributed protocols - a family of state-dependent network dynamics. Supporting the

theory developed in this dissertation, a distributed unicycle ground vehicles platform was

developed and exercised with a subset of the aforementioned distributed protocols.
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Nomenclature

sgn (c) Sign of scalar c.

v Bold lowercase roman letters indicate a vector.

0 Vector of all zeros.

1 Vector of all ones.

ei Vector with 1 in element i and all other elements 0.

[v]i Element in the ith row of vector v.

|v| Cardinality of vector v.

‖v‖ 2-norm, or magnitude, of vector v.

I Identity matrix.

[M ]ij Element in the ith row and jth column of matrix M .

v̂ Unit-length vector of v.

w⊥ Vector perpendicular to vector w ∈ R2.

Projba Projection of vector a onto vector b.

diag(v) Diagonal matrix with elements from v.

vec(D) Vector from the diagonal entries of matrix D.

Di[M(i)] Block diagonal matrix of blocks M(i).

A � 0 Matrix A is positive definite.

A � 0 Matrix A is positive semi-definite.

A⊗B Kronecker product of matrices A and B.

S ∩ T Intersection of sets S and T .

S ∪ T Union of sets S and T .

G Undirected graph.

N (vi) Set of nodes adjacent to i.

iv



δ(i) Degree of node i ∈ V for graph G.

∆(G) Degree matrix for graph G.

A(G) Adjacency matrix for graph G.

H(G) Incidence matrix for graph G with associated agent states x ∈ R.

L(G) Laplacian matrix for graph G.

d(vi, vj) Minimum path length between vi and vj.

D Directed graph.

Nin(i) In-degree neighborhood set of node i ∈ V .

Nout(i) Out-degree neighborhood set of node i ∈ V .

δin(i) In-degree of node vi in digraph D.

δout(i) Out-degree of node vi in digraph D.

∆in(D) In-degree matrix of digraph D.

∆out(D) Out-degree matrix of digraph D.

A(D) Adjacency matrix of weighted digraph D.

Lin(D) In-degree graph Laplacian or Laplacian matrix of digraph D.

Lout(D) Out-degree graph Laplacian or Laplacian matrix of digraph D.

A Set of actions in a Markov decision process.

R Set of rewards in a Markov decision process.

S Set of states in a Markov decision process.

T Set of transition probabilities between all states s, s′ ∈ S given action a ∈ A in

a Markov decision process.

Pr(·) Probability of a given event.

π(s) Optimal policy for a Markov decision process (S,A, T ,R) in state s ∈ S.

v



Acknowledgments

Not many people return to academia from industry [citation needed], but Professor Mehran

Mesbahi was able to entice me to do just that. After taking his multi-variable controls course

I was hooked, and the rest is, as they say, history. Prof. Mesbahi was not just my adviser, as

that does not begin to describe his role in my journey. He is sharp yet humble. He will guide

you to answers without you even realizing you had a question. He literally knows the name

of every person and every theorem. Perhaps most importantly, however, he is always there

for his students, no matter how much trouble they get themselves into. I am grateful for

the fleeting time I was able to spend with him in the Robotics, Aerospace, and Information

Networks (RAIN) lab at UW, and hope for many opportunities to work with him in the

future.

I would also like to extend my thanks to my colleagues and lab-mates at the University

of Washington. Sharing an office was a job, but sharing conversations, jokes, food, and of

course coffee was what made the job truly enjoyable. I would like to extend special thanks

to a few individuals; Dr. Saghar Hosseini for being willing to chat about coding problems

and for always smiling; Dr. Armand Awad for helping me understand time scales; Dr. Max

Spetzler for facilitating literally hundreds of gallons of coffee and his support developing

the beacon sensor for the lab hardware testbed; and Dr. Airlie Chapman for her tireless

encouragement. Without them, my research would not be what it is today.

Thanks to my professors at the UW. They were instrumental in helping maintain my momen-

tum throughout my PhD. Specifically Profs. Howard Chizeck, Dieter Fox, Blake Hannaford,

Kuen Lin, Eli Livne, Mehran Mesbahi, and Kristi Morgansen were exceptional. And I can-

not say enough good things about the AA staff. Ed Connery and Wanda Frederick were

always there to look after me with a smile, Jenny Park and Nancy-Lou Polk always made

vi



sure I got paid, and Fiona Spencer always had my back when there was that one part/tool

I was missing. And of course my graduate committee which, while changing from exam to

exam, maintained the highest standards of integrity and guidance I could have hoped for, so
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Introduction

Networked dynamic control is an important problem in networked systems such as multi-

vehicle robotics. Significant of late is the problem’s formulation from a distributed point of

view, where an individual robotic agent only uses local information defined over a network

communication graph for its operation [1, 2]. By restricting the scope of an individual

agent, the system as a whole becomes both more robust to agent failure and scalable to

larger numbers of agents. A common strategy employed in the literature is to generate

an agent control law that only relies on information obtained about other nearby agents

[3, 4, 5, 6, 7, 8]. These strategies are termed distributed protocols.

Aligned with the problem of designing distributed protocols is the intuitive manipulation or

control of these protocols using coarse inputs. A driving application is the seamless inte-

gration of human signals into the networked system, or swarm, referred to as human-swarm

interaction. Coarse human inputs can be generated by simple body gestures such as point-

ing and waving or various touchscreen gestures; see Figures 0.1.1 and 0.1.2. Manipulating

a dynamics typically relies on adapting the protocol or augmenting it with external signals.

The focus of this dissertation is on developing theory and algorithms for the effective manip-

ulation of distributed protocols with coarse inputs, drawing on the fields of control theory,

graph theory, and convex and submodular optimization.

A less typical form of control is the topological design or adaption of the underlying com-

munication network to manipulate the dynamics. Topological design is unique to networked

dynamics and often presents a coarse form of control. As such, it is an attractive avenue

for manipulation. Designing topologies to optimize for a given performance metric has been

addressed in the literature. These methods typically fit into two broad classes; continuous

and combinatorial design.
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Figure 0.1.1. Simple body gesture example of human-swarm interaction.

(a) (b)

(c) (d)

Figure 0.1.2. Various touchscreen gestures that enable coarse input from a
human. A) tap, B) swipe, C) pinch-to-zoom, and D) rotate.

The first class examines the continuous design of variables on the graph topology, e.g.,

through edge weights and input control weights. For example, Wan et al. maximized the

largest eigenvalue of the graph Laplacian through the selection of edge weights [9]. Chapman

et al. designed edge weights distributively and online to reject network-level disturbances

[10]. Zelazo and Mesbahi leveraged convex optimization techniques to design edge weights

for performance improvements under the H2 and H∞ norms [11]. With the objective of

2



maximizing the algebraic connectivity of the graph Laplacian, Ghosh and Boyd examined

techniques to grow graphs with improved connectivity [12].

The second class is a combinatorial approach that examines node or edge selection problems.

Techniques from convex optimization and submodularity theory have been used to select

influential access points to a network, also referred to as the leader selection problem [13,

14, 15]. The leader selection problem for robotic swarms fits in a larger class of robot

task assignment problems [16]. These problems are often posed as optimization problems

with a set of leaders having an associated selection cost, such as swarm manipulability [17],

network coherence [13] andH2 norm input amplification [18, 15]. The problems, due to their

combinatorial nature, are often NP-hard and so require a relaxed or approximate solution.

Submodular optimization has emerged as a popular technique to solve the discrete topology

design problem [19, 20, 21, 22, 23]. An attraction of this theory is that greedy selection

heuristics may be employed to achieve provably near-optimal solutions.

Coarse input control of three distributed protocols are examined in this work. In Part 1,

two existing protocols are explored, namely the linear advection protocol and the nonlinear

dynamics of networks of coupled oscillators. In Parts 2 and 3, an in depth study of a novel

formation control protocol, derived by the authors and based on bearing-compass measure-

ments, is explored. This bearing-compass protocol is shown to be particularly well suited to

coarse control.

The advection protocol is the discretization of the fluid-based advection PDE over a network.

The linear dynamics induce a conserved flow through the directed edges of the network

dynamics. Due to this feature, the advection protocol has been used to model the spread of

diseases [2], population migrations [24], supply and demand in economic systems [25], and

recently applied to formation control as a sensor coverage problem by the authors in [26].

Examining a load-balancing application using advection, coarse control of the invariance

subspace of advection is explored.

Phase synchronization in coupled oscillators is an extensive area of research [27, 28, 29,

30]. Less studied but still prominent in the literature is the examination of other types of
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patterns in networks of oscillators [31]. A pattern occurs when the frequency of all oscillators

synchronize, or equivalently their phases lock, with the phase separation between oscillators

describing the type of pattern. These equilibria are referred to as phase locked, incoherent

states or, if the set of oscillator phases are evenly distributed on the unit circle, balanced

states [27]. In biological systems these different patterns give rise to different temporal

and spatial collective behavior, for example in the flashing of fireflies, heart’s pacemaker

cells, brain neurons, and fish schooling [32]. Addressed in this dissertation is a network

topology-based method to control the pattern exhibited by networks of oscillators.

Previous work in the area of pattern control or equilibrium switching in oscillators fall under

the classes of non-feedback control strategies and feedback control strategies. The former

control strategy acts via an external perturbation such as a short pulse, a pseudo-periodic or

harmonic forcing signal [33, 34]. These methods are in general easy to apply, since they do

not require intimate knowledge of system dynamics. The control is usually not efficient in

the sense that the amplitude of the external signal is relatively large. The other successful

method is to use feedback techniques where the internal state of the system is fed back into

the dynamics either instantaneously or with a time delay [32]. Feedback schemes typically

boast smaller external signals but can be more challenging to implement experimentally as

continuous signal perturbations are required. The attraction of topological rewiring is that

it represents a marriage of these two classes of control. Rewiring is a discrete event but

induces a new set of feedback mechanisms in the network due to the new couplings produced

or removed between edges.

Formation control protocols fit under a broader class of distributed protocols. Distributed for-

mation control protocols are popular in the area of robotic formation control due to the fact

that an individual agent needs only local information about its neighbors for operation. One

of the most popular local information types is relative distance-based measurements [35, 2].

This information can be obtained for example by the strength of the received wireless com-

munication signals. The examination of relative bearing-based measurements has become of

interest in the last decade, with this current work fitting into this subclass [36, 37, 38, 39].
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The protocols require knowledge of the relative bearing of neighboring agents for example

from a monocular camera [40]. Both distance-based and bearing-based protocols rely on

graph rigidity theory to guarantee that the protocols will converge to a unique formation

shape based on the location of the relative measurements within the communication graph.

The ability to reason about and design the placement of relative measurements within a

network based on rigidity theory measures is one of the topics addressed in this dissertation.

More broadly, relative measurements over a network can be framed as a state-dependent net-

work problem, with edge weights in the graph dependent on the states of the nodes incident

with the edge.

The dissertation is composed on three parts addressing the coarse control of existing proto-

cols; the formulation of a formation control that is particularly suited to intuitive control;

and a rigidity based framework for coarse topological control. The work is concluded with

some final remarks and some direction for future work.

Part I. Analysis of Existing Protocols

The first portion of this part, Chapter 1, examines the properties of the linear advection

dynamics. The dynamics are shown to serve as an attractive dynamics for coarse inputs.

Its suitability for coarse control stems from the structure of invariance features within the

dynamics. Invariance features are encoded in the role of the underlying graph structure and

can be varied through simple edge reweighting.

The second portion of this part, Chapter 2, proposes a coarse control methodology for

pattern control in a network of identical coupled oscillators. Patterns correspond to stable

equilibriums in an oscillator network over different coupling coefficients and available network

topologies. We show that the discrete graph based version of the Ginzburg-Landau equation,

referred to as the graph Ginzburg-Landau dynamics, exhibits n pattern equilibrium for an

n-node cycle graph with the sign of the oscillator coupling coefficient dictating the stability

of the pattern. The pattern control problem is cast as a discrete Markov Decision Process

(MDP) whose state space is the set of patterns realizable on subgraphs of the network.

5



Actions in the MDP correspond to the coarse control selection of coupling coefficients and

edge switches in the network. Transition sampling is applied to generate the transition

probabilities. The sampling approach is also applied to a nanoelectromechanical (NEM)

coupled oscillator dynamics [41] to perform pattern control without the knowledge of an

underlying Lyapunov function.

Part II. Bearing Measurements and Intuitive Manipulation

This part develops a novel bearing-based dynamics in Chapter 3, building on the literature

that use a bearing-only approach to formation control [37, 38, 36]. We complemented these

works by designing a control law that also relies on a single additional sensor, a compass, to

localize the rotation in the global reference frame [42], which was also recently studied by

Zhao and Zelazo [43]. The proposed bearing-compass control law has the attraction that

the centroid location and scale remain invariant under the dynamics. A feature of interest

to a human operator is the coarse manipulation of the formation’s translation and scale. In

Chapter 4 we examine how external control added to a subset of agents, referred to as leader

agents, allows the centroid and scale to be arbitrarily shifted. A focus of this part is the

efficient selection of leader agents for achieving these tasks, and is discussed in Chapter 5.

We formulate the leader selection problem, with a range of translation and scaling cost func-

tions, as a combinatorial optimization problem. For translation and scale maximization the

problem is associated with the maximization of a monotone increasing submodular function

[20]. Mirroring similar approaches to solving leader selection problems over submodular

functions [14, 44], a greedy leader selection algorithm is applied which provides guaranteed

sub-optimal performance [19]. Further we formulate the leader selection problem over a pure

translation cost function, meaning maximizing translation without formation scaling, as a

mixed-integer quadratic program. An integer relaxation of the problem yields a sub-optimal

solution in polynomial time. The pure scaling leader selection problem is similarly exam-

ined. To demonstrate the algorithms feasibility, the control law and leader selection process

is implemented on a unicycle swarm.
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Part III. Designing for Bearing Rigidity

This part extends the bearing-compass dynamics [42, 39] to allow selecting the weights on

the agent interaction topology in Chapter 6 and includes the addition of fixed anchors in

Chapter 7. Further, the field of submodular optimization is applied to build and manipu-

late formations by making provably near-optimal decisions that would be computationally

infeasible to perform optimally. We show how several rigidity-based submodular metrics per-

form under edge and node selection. We also use convex optimization to select edge weights

that improve the convergence of formation acquisition and manipulation protocols without

increasing the required control authority for any individual agent in the formation. The

current work relies heavily on this framework to design well-performing graphs under rigid-

ity performance measures and provides insights into methods of examining state-dependent

networks.

Dynamics applicable to a mix of range and bearing information is also considered, for ex-

ample, when a subset of agents has the full relative position of a subset of neighbors [45],

or when the distance between agents can be estimated using bearing measurements [46].

To this end, the approach adopted in Chapter 8 is a generalization of the bearing-compass

dynamics via a generalized rigidity theory. This generalization produces a family of state-

dependent network dynamics with edge weights in the network changing with the states

of the edge nodes, due to the nonlinearity of the underlying measurement dynamics. We

provide a systematic way to prove asymptotic convergence these state-dependent dynamics

using the proposed generalized rigidity theory.
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Preliminaries

In this introductory chapter, we will look at some common notation, as well as present

common characterizations of swarms of autonomous agents. This section will also contain

an overview of some of the hardware platforms developed to exercise the theory developed

in this research.

We begin in §0.1 by discussing general notation and mathematical constructs used through-

out this research. In §0.2, we look specifically at some definitions and properties relating

to graph theory. The notion of a graph is used extensively to encode communication and

sensor networks. We present a brief overview of modular and submodular functions in §0.3.

Submodularity will be leveraged in Parts 2 and 3 to develop near-optimal solutions to typi-

cally intractable combinatorial problems. In §0.4, we describe a method by which a human

can coarsely define a distribution of robots, which will be used as a target for many of the

algorithms presented in this research. Finally, in §0.5, we introduce the hardware testbed

developed to exercise the theory presented herein.

0.1. General Notation

For a vector v ∈ Rn, [v]i denotes the ith element and |v| denotes the number of elements, or

cardinality, of v. We define the vectors 0n and 1n, or if clear from context 0 and 1, to be the

vectors of length n containing all zeros and ones, respectively. The notation ‖v‖p represents

the p-norm of vector v ∈ Rn as

‖v‖p
4
=

(
n∑
i=1

|[v]i|
p

)1/p

.

When p is omitted, it is assumed that p = 2, and ‖v‖ is commonly called the magnitude

of v. The vector with the ith element 1 and all other elements 0 is denoted ei. We define

8



Figure 0.1.1. Projection example.

vij
4
= vj − vi. The normalized vector of v is denoted v̂

4
= v/ ‖v‖. Given a vector w ∈ R2,

we define the vector perpendicular to w as w⊥
4
=
[
− [w]2 [w]1

]T
.

Given vectors a,b ∈ Rn, the projection of a onto b is defined as Projba
4
= (aTb/‖a‖‖b‖)b,

which for n = 2 implies that a−Projba = Projb⊥a. These terms are visualized in Fig. 0.1.1.

The operator sgn (c) for c ∈ R is defined as sgn (c)
4
= c/|c| for c 6= 0 and 0 otherwise.

The matrix In, or I, denotes the n×n identity matrix. For a matrix M ∈ Rp×q, [M ]ij denotes

the element in the ith row and jth column of M . The Kronecker product of matrices A and

B is denoted A⊗B. The notation A � 0 and A � 0 designate a matrix A as being positive

definite and positive semi-definite, respectively. The matrix Di [M (i)] is the block diagonal

matrix consisting of blocks M (i). The block diagonal matrix

Di [[v]i] =


[v]1 0 · · · 0

0 [v]2 · · · 0

...
...

. . . 0

0 0 0 [v]n


for v ∈ Rn is said to diagonalize vector v, and is denoted diag (v). Similarly, given a diagonal

matrix

D =


d1 0 · · · 0

0 d2 · · · 0

...
...

. . . 0

0 0 0 dn


,

9



we vectorize D by letting vec (D) =
[
d1 d2 . . . dn

]T
.

The cardinality of a set S is denoted |S|. The union of sets S and T is denoted S ∪ T and

is defined S ∪ T 4
= {a : a ∈ S or a ∈ T}. The intersection of sets S and T is denoted S ∩ T

and is defined S ∩ T 4
= {a : a ∈ S and a ∈ T}.

We introduce the notation b(ij) to abstractly represent the component of bi due to j. This

notation will typically appear in sums over agents, and will always imply that b(ij) = −b(ji).

We note that it is not necessary for b(ij) = bij = bj −bi, but it will often be the case in this

research.

0.2. Network Topology

0.2.1. Undirected Graphs. Given a set of nodes V with cardinality n, a set of undi-

rected edges {i, j} ∈ E : i, j ∈ V with cardinality m, and a weight vector w ∈ Rm which

corresponds to the edges in E, we denote an undirected weighted graph G = (V,E,w). If

w is omitted, we call G an undirected graph, or simply a graph, and we assume w = 1.

We arbitrarily label the edges k̄ = 1, . . . ,m, then we use the notation k̄ and {i, j} ∈ E

interchangeably with associated edge weights denoted by wk̄ and wij, respectively. The

neighborhood set N (vi) is composed of the set of nodes adjacent to vi.

Graphs can be encoded in many forms. The ones that we will use take the form of matrices,

and each has certain properties we will exploit. Figure 0.2.1a contains an example graph we

use for reference. The graph in Figure 0.2.1a has node set

V = {1, 2, 3, 4} ,

edge set

E = {{1, 2} , {1, 3} , {1, 4} , {2, 3} , {3, 4}} ,

unitary weights w = 1, and has the following edge labeling.

10



(a) (b)

Figure 0.2.1. Examples of (A) an unweighted undirected graph and (B) an
unweighted directed graph. Numbers in the circles are the node numbers, and
numbers on the lines are the edge numbers.

k̄ {i, j} ∈ E

1 {1, 2}

2 {1, 3}

3 {1, 4}

4 {2, 3}

5 {3, 4}

.

Definition 1. The degree δ (i) of a node i ∈ V in graph G is the sum of weights incident

to node i. It can be calculated from A (G) as the row-sum

δ (i) =
n∑
j=1

[A (G)]ij .

The degree of nodes 1 and 2 of the graph G in Figure 0.2.1a is δ (1) = 3 and δ (2) = 2,

respectively.

Definition 2. The degree matrix ∆ (G) ∈ Rn×n is

[∆ (G)]ij =

{
δ (i) i = j

0 otherwise.

11



The degree matrix for the graph G in Fig. 0.2.1a is

∆ (G) =


3 0 0 0
0 2 0 0
0 0 3 0
0 0 0 2

 .
Definition 3. The adjacency matrix A (G) of an undirected, weighted graph as is a matrix

of dimension n × n. For each edge {i, j} ∈ E with corresponding weight wij, we have that

[A (G)]ij = wij and [A (G)]ji = wij. All other elements are zero.

An example adjacency matrix for the graph G in Figure 0.2.1a is

A (G) =


0 1 1 1
1 0 1 0
1 1 0 1
1 0 1 0

 .

Definition 4. The incidence matrix H (G) ∈ Rm×n of a graph G is defined over each edge
k̄ ∈ E as

[H (G)]k̄` =


−1 {`, j} ∈ E
1 {i, `} ∈ E
0 otherwise.

The incidence matrix for the graph G in Fig. 0.2.1a is

H (G) =


−1 1 0 0
−1 0 1 0
−1 0 0 1
0 −1 1 0
0 0 −1 1

 .

Definition 5. The Laplacian matrix L (G) of a graph G is defined as

(0.2.1) L (G) = ∆ (G)− A (G)

or, equivalently,

(0.2.2) L (G) = H (G)T WH (G) ,

where W = diag (w).
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For the Laplacian matrix, one has 1TL(G) = 0T , L(G)1 = 0, and eigenvalues 0 = λ1(G) ≤

λ2(G) ≤ · · · ≤ λn(G). The ith row of the Laplacian matrix is denoted as Li(G).

The Laplacian matrix for the graph G in Fig. 0.2.1a is

L (G) =


3 −1 −1 −1
−1 2 −1 0
−1 −1 3 −1
−1 0 −1 2

 .

One of the matrices that is used frequently in this research is the incidence matrix H, so we
present some examples here to make clear the notation and purpose of this matrix.

If each agent associated with a node i in a graph G has a state xi ∈ R, the states can be
stacked as

x =
[
x1 x2 . . . xn

]T
,

then the relative states between neighboring agents in the graph can be calculated as

(0.2.3) x = Hx.

For example, if we look at the graph G in Fig. 0.2.1a, then Eq. (0.2.3) becomes
−1 1 0 0
−1 0 1 0
−1 0 0 1
0 −1 1 0
0 0 −1 1



x1

x2

x3

x4

 =


x2 − x1

x3 − x1

x4 − x1

x3 − x2

x4 − x3

 =


x21

x31

x41

x32

x43

 =


x1̄

x2̄

x3̄

x4̄

x5̄

 .
We observe that because xij = −xji for all {i, j} ∈ E, we can also write

x(21)

x(31)

x(41)

x(32)

x(43)

 =


x21

x31

x41

x32

x43

 =


x1̄

x2̄

x3̄

x4̄

x5̄

 =


x(1̄)

x(2̄)

x(3̄)

x(4̄)

x(5̄)


to highlight this property.

If each agent i instead has a higher-dimensional state xi ∈ Rd, with x =
[
xT1 xT2 . . . xTn

]T
,

then the relative state vectors between neighboring agents can be calculated as

x = (H ⊗ Id)x

4
= H̃x.(0.2.4)
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Following the previous example, if we assume each agent i has state xi ∈ R2, then

H̃x =



−1 0 1 0 0 0 0 0
0 −1 0 1 0 0 0 0
−1 0 0 0 1 0 0 0
0 −1 0 0 0 1 0 0
−1 0 0 0 0 0 1 0
0 −1 0 0 0 0 0 1
0 0 −1 0 1 0 0 0
0 0 0 −1 0 1 0 0
0 0 0 0 −1 0 1 0
0 0 0 0 0 −1 0 1





[x1]1
[x1]2
[x2]1
[x2]2
[x3]1
[x3]2
[x4]1
[x4]2



=



[x2]1 − [x1]1
[x2]2 − [x1]2
[x3]1 − [x1]1
[x3]2 − [x1]2
[x4]1 − [x1]1
[x4]2 − [x1]2
[x3]1 − [x2]1
[x3]2 − [x2]2
[x4]1 − [x3]1
[x4]2 − [x3]2


=


x2 − x1

x3 − x1

x4 − x1

x3 − x2

x4 − x3

 =


x21

x31

x41

x32

x43

 =


x(21)

x(31)

x(41)

x(32)

x(43)

 =


x(1̄)

x(2̄)

x(3̄)

x(4̄)

x(5̄)

 .

Definition 6. A path from node i to node j in graph G is an ordered list of nodes in V

which starts with node i, continues along edges in E, and ends with node j, such that no

node in the list appears more than once.

If we examine Figure 0.2.1a, we see that there are four paths from node 2 to node 4, which

are P1 = (2, 1, 4), P2 = (2, 3, 4), P3 = (2, 1, 3, 4), and P4 = (1, 3, 2, 4).

Definition 7. The shortest path(s) between nodes i and j in graph G is given by the path(s)

between nodes i and j with the smallest magnitude d (vi, vj).

The shortest paths from Figure 0.2.1a from node 2 to node 4 are P1 = (2, 1, 4) and P2 =

(2, 3, 4).

Definition 8. A graph G is called connected if there exists at least one path between all

pairs of vertices in V . Otherwise, it is called disconnected.

Definition 9. The diameter of a graph G, denoted diam (G), is the length of the longest

shortest path over all pairs of vertices in G.

14



For example, the diameter of the graph G in Figure 0.2.1a is 2.

0.2.2. Directed Graphs. A generalization of a graph is a weighted directed graph, or

digraph. A weighted digraph D = (V,E,W ) is characterized by a node set V with cardinality

n, an edge set E comprised of ordered pairs of nodes with cardinality m, and a weight set

W with cardinality m. Here, (i, j) ∈ E indicates a directed edge from i to j. The adjacency

matrix is an n × n matrix with [A(D)]ij = wij ∈ W when (j, i) ∈ E and [A(D)]ij = 0

otherwise. The in-degree matrix ∆in(D) ∈ Rn×n is a diagonal matrix with the number of

edges incident to node i, its in-degree δin (i)
4
=
∑

(j,i)∈E wij, at position (i, i). The out-degree

matrix ∆out(D) is similarly defined, using the out-degree δout (i) =
∑

(i,k)∈E wki. The in-

degree graph Laplacian (or Laplacian) matrix Lin(D) (or L(D)) is defined as [L(D)]ij =

−[A(D)]ij for i 6= j and [L(D)]ii = [∆in(D)]ii. The out-degree graph Laplacian Lout(D) is

similarly defined. The in-degree neighborhood set Nin(i) is composed of the set of nodes

attached to in-degree edges of vi. Similarly, Nout(i) is defined in terms of the out-degree

edges of vi. A special family of digraphs is the strongly connected graphs, where a digraph

is strongly connected if between every pair of distinct nodes there exists a directed path of

edges. For convenience, we can treat an undirected graph G as a directed graph D using

the same node set V if, for every edge {i, j} ∈ E in G, we assume that both (i, j) ∈ E and

(j, i) ∈ E with weights wij = wji ∈ W in D.

The adjacency matrix for the unweighted digraph D in Fig. 0.2.1b is

A (D) =


0 1 0 1
0 0 1 0
1 0 0 1
1 0 0 0

 .

0.3. Introduction to Submodularity

Submodularity is a topic area that we will leverage extensively in this research, starting

with Chapter 4. At a basic level, it will provide a mechanism for solving certain otherwise

intractable problems in a fast, and provably near-optimal way.
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We denote functions of the form f (S) : 2n → R, where S ⊆ S and |S| = n, as set functions.

The empty set is denoted ∅. These functions can have many properties that we can exploit,

some of which are reviewed next.

Definition 10. A set function f (S) : 2n → R is modular if for all subsets S ⊆ S it can be

expressed as

f(S) = w(∅) +
∑
s∈S

w(s),

for some weight function w : s ∈ S → R.

Definition 11. A set function f (S) : 2n → R is monotone increasing if, for all subsets

A ⊆ B ⊆ S it holds that f(A) ≤ f(B).

Definition 12. [19, Def. 2.1] A set function f (S) : 2n → R is submodular if, for all subsets

A ⊆ B ⊆ S and s /∈ B, then

(0.3.1) f(A ∪ {s})− f(A) ≥ f(B ∪ {s})− f(B).

The intuition behind Def. 12 is that adding an element to a smaller set gives a greater

gain than adding the same element to a larger set, sometimes called “diminishing returns.”

Submodular functions bear similarities to convex functions [20]. This connection can be used

to provide guarantees on greedy algorithms optimizing over submodular functions which is

explored in Theorem 14 below.

Proposition 13. [19, Prop. 2.7] A positive linear combination of submodular functions is

submodular.

Theorem 14. [19, Thm. 4.3] Consider the problem of selecting K elements from a set S

which optimizes the value of a monotonically increasing submodular cost function f (S) for

S ∈ S and |S| = K. If we make a greedy selection of R elements at each iteration, then the

value of our greedy selection f (S) will satisfy

(0.3.2)
f (S)− f (∅)
f (S∗)− f (∅)

≥ 1−
(
q − λ
q

)(
q − 1

q

)q−1

,
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Figure 0.3.1. Optimality bound when performing a greedy selection of K
elements over a submodular cost function, for different batch sizes R, assuming
f (∅) = 0.

where S∗ is the globally optimal selection, K = qR− p for some q ∈ Z+, p an integer in the

range 0 ≤ p ≤ R − 1, and λ = R−p
R

. When K is an integer multiple of R, the bound in Eq.

(0.3.2) becomes tight. For the case when R = 1, Eq. (0.3.2) becomes

(0.3.3)
f (S)− f (∅)
f (S∗)− f (∅)

≥ 1−
(
K − 1

K

)K
≥ 1− 1

e
≈ 63%.

The last approximation is obtained in the limit as K →∞.

A consequence of Theorem 14 is that picking K items from a set one at a time using a greedy

submodular heuristic, i.e., adding an element to a set which maximizes the heuristic at each

step, will return a solution whose value is within approximately 37% of the optimal solution.

Different bounds can be obtained by varying K and R, as demonstrated in Figure 0.3.1.

0.4. Voronoi Partitioning

In this section, we present a coarse interaction technique for the robotic testbed introduced in

§0.5. This technique allows for an untrained operator to ‘draw’ a picture, and for a distributed

set of agents to acquire a formation that coarsely represents that image, illustrated in Fig.

0.4.1.

The process we use is broken down into distinct phases, which are outlined below.

0.4.1. Initial Image Processing. When presented with a high-resolution image, e.g.

from a tablet computer, we usually quantize the image resulting in ‘bins’ of pixel data. This
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Figure 0.4.1. Human operator commanding a swarm using coarse inputs.

(a) (b)

(c) (d)

Figure 0.4.2. (A) A human operator draws the formation shape on a map,
and (B) a Voronoi partitioning of the agents is automatically computed. (C) A
distance graph is constructed which provides the edges we will select from. (D)
Edges are selected to ensure the formation has enough information to perform
adequately. This selection will be explored in detail in Part 3.

step forms a coarse-grain clustering of pixels. It has the effect of accelerating many later

steps since the full resolution is not needed to obtain a reasonable formation when using 10’s

or even 100’s of agents. An example of such quantizing can seen in Figure 0.4.3.
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(a) (b)

Figure 0.4.3. (A) Original image as drawn by a human operator, and (B)
quantized image with a lower resolution.

0.4.2. Distribution of Agents. To distribute agents evenly over a given formation

shape, we perform the following steps:

Algorithm 1 Spread agents over an image of a formation using Voronoi partitioning.

Input: Points which define formation image: P = {p1, p2, . . . , pN} where pi ∈ R2

1: f1, f2, . . . , fn ← n random elements of P
2: while Not converged do
3: for i = 1 to n do
4: P̃i ← {pk ∈ P : ‖fi − pk‖ < ‖fj − pk‖ ∀j 6= i}
5: end for
6: for i = 1 to n do
7: fi ← 1

|P̃i|

∑
pk∈P̃i pk

8: end for
9: end while

10: return Positions of distributed agents f ← [fT1 f
T
2 · · · fTn ]T

The process outlined in Algorithm 1 can be visualized in Figure 0.4.4.

0.4.3. Distance Graph. Once agents are distributed, we can use known communica-

tion limits to construct a distance graph. This is simply creating a graph with the node set

being the agents, and the edge set being composed of all pairs of agents that are less than a

certain distance apart. This process can be visualized in Figure 0.4.5.

0.5. Hardware Testbed

To support our theoretical endeavors of this research [42, 7, 47, 48] and of the RAIN lab

as a whole [49, 50, 51], we validate our results with experiment. One strategy is to develop
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(a) (b) (c)

(d) (e) (f)

Figure 0.4.4. Initial iterations of the Voronoi partitioning algorithm to dis-
tribute agents on an image.

(a) (b) (c) (d)

Figure 0.4.5. Creating a distance graph.

high-fidelity simulations, but there is always a question of whether the simulation is accurate.

If we instead can physically demonstrate algorithms, much of this doubt can be removed.

There has been much work towards the development of hardware to support the broad field

of networked robotics [52, 53, 54, 55]. In this section, we will present the robots that we

have developed and used to validate our theoretical results.

Of particular interest to aerospace engineers is the canonical fixed-wing aircraft. Airplane

trajectories can be challenging to develop because errors tend to result in damage or de-

struction of the vehicle, so we opted to design an airplane-like vehicle that has 2D dynamics

that are very similar to a car, known as unicycle dynamics, and is detailed in §0.5.1. Control

of such unicycles has been of interest to the community for some time [56]. Our particular
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incarnation of the unicycle is addressed below. This vehicle, dubbed Johnny, was designed

to be low-cost, easy to construct, and easy to program. Additionally it needed to have the

capability to communicate with other robots nearby, and be able to easily extend its abilities,

possibly with an easily applied hardware module. Different incarnations of our vehicles can

be seen in Figure 0.5.1.

After building several Johnny robots which had no on-board relative sensing, one major chal-

lenge we found in demonstrating our robotic swarm algorithms was the issue of scalability.

When we increase the number of robots, communication links can become saturated. This

is only exacerbated by simulating sensors on a central computer, since those measurements

must also be sent to the vehicles. To address this issue, we have developed a local sensor

platform which can sense and communicate with the other robots in its vicinity. This sensor

is called a beacon, and is discussed in §0.5.2. This beacon can not only detect other beacons

in its vicinity, it can transmit small packets of data to aid inter-vehicle identification and

other user-defined tasks.

Work on these two projects is ongoing, and relevant development milestones and current

open issues will be discussed in Chapter 9.

(a) (b) (c)

Figure 0.5.1. Variants of the “Johnny” robots: A) version 1, B) version 2,
and C) omni-directional variant of version 2. Specifications can be found in
Table 1.
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Figure 0.5.2. Ground vehicles used in the RAIN lab distributed hardware
testbed.

0.5.1. Johnny. The robots in Figure 0.5.1A-B conform to a model called unicycle dy-

namics. A unicycle is described by the state variable

(0.5.1) x
4
=

[
r

ψ

]
=

 rx

ry

ψ

 ,
where r is the position and ψ is the heading angle, and control variables

(0.5.2) u
4
=

[
v

ω

]
,

where v is the magnitude of the forward velocity, and ω is the turning rate. In real-world

scenarios, we will often restrict the control variables as

vmin ≤ v ≤ vmax

and

|ω| ≤ ωmax.

Our Johnny robots have limiting values of

vmin ≈ −30cm/s

vmax ≈ 30cm/s

ωmax ≈ 4πrads/s.

We note that when modeling aircraft, we restrict vmin > 0, as planes cannot reduce their

forward velocity to zero in normal operation.

The unicycle dynamics are then given as

(0.5.3) ẋ =

 v cos (ψ)

v sin (ψ)

ω

 .
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Johnny v1 Johnny v2 Omni

vmin −30cm/s −30cm/s −50cm/s

vmax 30cm/s 30cm/s 50cm/s

ωmax 4πrads/s 4πrads/s 3πrads/s

CPU ATMega 328p @ 16MHz ATMega 2560 @ 16MHz ATMega 2560 @ 16MHz

SRAM 2kB 8kB 8kB

Analog I/O 6 6 6

Digital I/O 4 13 13

Wireless XBee @ 115200bps XBee @ 115200bps XBee @ 115200bps

Battery 2S 180mAh LiPo (1 hour) 1S 1000mAh LiPo (4 hour) 9V (2 hour)

Charging χ X χ

JTAG Debugging χ X X

PCB Count 3 1 2

Cost Each $60 $80 $175

Table 1. Specifications for the different variants of robots which comprise
our robotic testbed.

Often, we would like a vehicle conforming to the unicycle dynamics to move to a prescribed

point r̃. To do this, we modify a controller originally proposed by Aciardi et al. [57] as

v = kdd cos (β)

ω = kψβ
(
1 + d2

)
− 1

2
kd sin (2β) ,

where

d
4
= ‖r̃− r‖ ,

β
4
= atan2 (r̃− r)− ψ,

and kd and kψ are positive gains.

The specifications for the robots themselves are listed in Table 1.

0.5.2. Beacon. As mentioned in the previous section, when robotic formations scale

past a certain size, communicating becomes a challenge due to wireless bandwidth con-

straints. To help alleviate these constraints, we developed a sensor for our ground vehicles

that could sense other neighboring vehicles directly, leaving the wireless channels open for
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more important tasks. The physical beacon can be seen in Figure 0.5.3. The hardware it-

self consists of infra-red LED ‘emitters’, infra-red photodiode ‘detectors’, filter and amplifier

circuitry, as well as an independent processor.

Figure 0.5.3. Beacon shield for the Johnny v2 robots.

In order to calibrate the sensor model, we took two vehicles with beacons equipped, and

drove them around each other in different patterns and simply recorded the incoming signals

at each detector.

(a) (b)

Figure 0.5.4. (A) Path of vehicles during data gathering, and (B) strength
of all observations gathered at each sensor.

We assume that all detectors have an approximately equal response. Thus, we can translate

all observations from Figure 0.5.4b into a common frame, as seen in Figure 0.5.5a. Fur-

ther, we assume that the sensors exhibit symmetry in the radial direction, so we mirror all

observations, as seen in Figure 0.5.5b. This is the data to which we fit our model.
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(a) (b)

Figure 0.5.5. Beacon detector observation data.

The model we are choosing to fit incorporates both angular and distance terms, and has the
form of

h (r, θ)
4
= hr (r, θ)hθ (r, θ)

hr (r, θ)
4
= α1re

α2rα3+α4

hθ (r, θ)
4
= α5 cos

(
1

2
θ

)
+ α6 cos (4θ) +

(
1− cos (θ)

2

)α7

+ 1.

When we perform the nonlinear fit, we arrive at parameters

α1 = 3.63

α2 = −9.84

α3 = 0.15

α4 = 7.95

α5 = 2.91

α6 = −0.11

α7 = 7.88.

The resulting sensor model can be seen in Figure 0.5.6a, and the residual errors from this fit

can be seen in Figure 0.5.6b.

This sensor model, coupled with the dynamic model of the vehicle presented above, can be

used to construct a Kalman filter to track neighboring agents and is one of the subjects of

future work.
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(a) (b)

Figure 0.5.6. Beacon (A) sensor model with (B) residual error.
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Part 1

From Dynamics to Coarse Control



This part explores notion of ’coarse control’ for distributed protocols. Commonly for control,

a continuous signal u (t) is designed, for example through feedback u (x (t)), that will affect

a state x (t) through the dynamics

ẋ (t) = f (x (t)) + u (x (t)) .

We examine a more ’coarse grained’ approach whereby only discrete control decisions can

be made that have the effect of shifting the dynamics from the current mode of operation to

a more desirable ith mode of operation with passive dynamics

ẋ (t) = fi (x (t)) .

Over relative few control decisions, and corresponding modes, this notion of coarse control

must navigate through the landscape of passive dynamics to attain some desired behavior.

In Chapter 1, we will examine a load-balancing application that is relevant to managing

robotic workers in a factory. In this case, a human operator may want to change the distri-

bution of robots without having to explicitly assign robots to tasks or even know what the

distribution of agents in the full system is. The proposed coarse control involves changing

the weights on an internal graph topology, and allowing the passive dynamics to attain the

desired agent distribution.

In Chapter 2, we investigate a more abstract example, with a control objective to acquire

desired phase alignment, referred to as pattern control, of a set of coupled electrical oscillators

using coarse intermittent control of the dynamics. In this case, the system dynamics are

on a much shorter time-scale than the control, and so a switching controller relies heavily

on the stability of the dynamics to shift between patterns. The specific coarse control

involves adapting the graph topology, as well as the relative degree of coupling between

agents adjacent in the graph. A novel Markov decision process (MDP) formulation is used

to generate a high-level switching controller for this problem.



CHAPTER 1

Advection

The motivation and formulation of distributed multi-vehicle dynamics can come from many

sources. One such inspiration is fluid flow dynamics which, when discretized on a particle-

scale form a distributed dynamics. Consensus, a popular distributed multi-agent dynamics,

can be formulated as the discretization of the diffusion dynamics PDE. Consensus provides

an effective model for distributed information-sharing and coordination with application in

formation control, swarming phenomenon and distributed estimation; see for example [1, 58].

Fluid-flow advection dynamics shares many similarities to diffusion and may be interpreted

as diffusion in a flow field. An appeal of the advection framework is that it leads to locally-

based interaction dynamics that can produce global network characteristics. Further, the

performance characteristics are coupled to the underlying network structure.

As the discretization of the advection dynamics has the effect of inducing a conserved flow

through the directed edges in the graph, the state sum across agents is conserved for all

time. It is this property, as well as the ability to tune the equilibrium subspace, that makes

advection dynamics attractive for coarse manipulation. Advection has been used to model

the spread of diseases [2], population migration [24], and supply and demand in economic

systems [25], and recently applied to formation control and a sensor coverage problem by

the authors in [26].

The advection dynamics were independently studied by Berman et al. [59] and stochasti-

cally simulated for task allocation. In this section, we highlight some of the features that

complement this work and implement a load balancing application on a robotics testbed. We

begin by defining advection dynamics and characterize its state matrix, dynamics and equi-

librium, with a particular focus on the underlying graph structure. We highlight some of the
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features of advection that make it appropriate for decentralized load balancing application

and coarse control. We support this analysis with examples.

1.1. Background and Model

The advection equation, also known as the transport equation, involves a scalar concentration

u of a material affected by a flow field v. The flux of the advection process is F = vu.

In a discrete calculus analogue of the advection equation, we first define an interaction

graph (directed and weighted) over nodes based on the flow v. The flow vector v dictates

the interactions between nodes by defining directed edges and edge weights. We then adopt a

discretized view of the flux vu through an edge i→ j as consisting of the flow wji prescribed

by v at the edge modified by the concentration xi prescribed by u at node i. The flow along

edge i→ j is consequently wijxi(t). The concentration at node i at time t is denoted xi(t).

The flux of node i is then the flow into the node minus the flow out of the node, i.e.,

(1.1.1) ẋi(t) = −
∑

(i,j)∈E

wijxi(t) +
∑

(j,i)∈E

wjixj(t).

These dynamics are well suited to a graph theoretic analysis. As such, we proceed by

presenting some graph theory background and rewrite the dynamics (1.1.1).

We can now rewrite our dynamics (1.1.1) using these graph concepts with the flow v gen-

erating the digraph D (v) = (V,E (v) ,W (v)), where a flow from node i to j is encoded

as (i, j) ∈ E with edge weight wji ∈ W . For brevity, we will denote the digraph as

D = (V,E,W ). The advection dynamics can therefore be written with respect to the

out-degree Laplacian as

(1.1.2) ẋ(t) = −Lout(D)x(t).

We proceed to examine system characteristics of the advection dynamics relevant to load

balancing.
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1.2. Load Balancing and Advection Properties

Load balancing is a rich area of research with varied applications from mobility-on-demand

systems to the reallocation of resources in a business [59, 60, 61, 62]. The advection

protocol is well-suited for application to decentralized load balancing, which is illustrated

with r ground vehicles corresponding to the load and n ground markers corresponding to the

nodes. The global objective is to attain a pre-selected distribution of vehicles at each node.

For load balancing applications, the advection dynamics must be quantized and so generally

the exact equilibrium can not be reached. Instead, a close integer solution is guaranteed.

We refer to the paper by Kashyap et al. [63] for the larger set of equilibrium generated by

quantization consensus dynamics; a similar results can be attained for the advection dynam-

ics. Typically, load balancing for centralized approaches scales poorly with the number of

nodes, and decentralized approaches often require performance validation through simula-

tion [61, 62]. For our application, each iteration of the protocol requires |E| operations and

r communications. The algorithm has a computational complexity of O (diam(G) |E|) and

communication complexity of O (diam(G)r), distributed across the n nodes of the graph.

The following are properties that support a load balancing application with omitted proofs

included in [26, 48]. Invariant features of advection are positive invariance and state sum

conservation summarized in the following propositions. These properties ensure that while

the protocol is running every portion of the total load will be assigned to some node.

Proposition 15. [26, Prop. 8]The advection dynamics are positively invariant over xi ≥ 0

for all i ∈ V , i.e., if xi(0) ≥ 0 for all i ∈ V then xi(t) ≥ 0 for all i ∈ N for all t > 0.

Proposition 16. [26, Prop. 1]The advection dynamics (1.1.2) are (state) sum conservative,

i.e.,
∑n

i=1 xi(t) =
∑n

i=1 xi(0) for all time t.

The following proposition characterizes the equilibrium for the advection dynamics where D

is strongly connected. The proposition states that if there is a path from each node to every

other node, the dynamics will converge to an equilibrium. Further, if load is removed from
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the system, the dynamics will adapt and re-distribute the remaining load, making it robust

to load variability.

Proposition 17. [26, Prop. 9]For a strongly connected digraph D, the advection dynamics

(1.1.2), initialized from x (0) = x0, satisfies

lim
t→∞

x(t) =
1√
n

(
1Tx0

)
z := znom(x0),

where z = sgn (z̄1) z̄/ ‖z̄‖2 and Lout(D)z̄ = 0. Further, zi > 0 for all i ∈ V and graphically

z̄i =
∑

T∈Ti

∏
(i,j)∈T wij, where Ti is the set of spanning trees of D rooted at node i.

Proposition 15 and 17 result from a zero eigenvalue of the advection dynamics. The eigen-

vector corresponding to this mode presents a direction of perturbation that the advection

dynamics will not correct namely
∑n

i=1 xi(t). This invariance can be exploited to control

the position on the invariant subspace defined by Z = {αz : α ∈ R}. Perturbing any sub-

set of nodes in the network by the additive signal ũ(t) applied over the time from [0, T ],

the convergence point in Z can be directly controlled by the accumulative control signal

γ := 1T
∫ T

0
ũ(t)dt as

lim
t→∞

x(t) =
1√
n

(
1Tx0 + 1T

∫ T

0

ũ(t)dt

)
z

= (1 + γ) znom(x0).

This represents a coarse method of control with only access to a single node required. Further,

local feedback can be applied to acquire a desired z∗ ∈ Z through an additive feedback term

ũi = −ki(xi(t)− z∗i ) with ki > 0 for each node i which is directly controlled with the signal

ũi and ki = 0 otherwise. This follows from the property Lout(D)z∗ = 0, and reformulating

the dynamics in matrix form as

ẋ(t) = −Lout(D)x(t) + ũ

= −Lout(D)x(t)−Di [ki](x(t)− z∗)
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d

dt
(x(t)− z∗) = − (Lout(D) +Di [ki]) (x(t)− z∗)

and the positive definiteness of Lout(D) +Di [ki] indicates the dynamics converge exponen-

tially to limt→∞ x(t)− z∗ = 0.

An alternative coarse control mechanism is one that uses the graph’s edge weights as a

controller to change the invariant subspace Z. The result follows from the Proposition 17,

summarized in the following corollary, states that if D is strongly connected then the edges

of D can be re-weighted so that the advection dynamics converges to an arbitrary positive

set of equilibrium.

Corollary 18. For a strongly connected D = (V,E, [wij]), the equilibrium set is 1
z1
x1 =

1
z2
x2 · · · = 1

zn
xn, where zi is defined in Proposition 17. A new equilibrium set α1x1 = α2x2 =

· · · = αnxn where αi > 0, for all i ∈ V , can be achieved by re-weighting the edges of D

forming a new graph D̃ = (V,E, [w̃ij]), with the weights w̃ji = αi
zi
wji for all (i, j) ∈ E.

Hence, for strongly connected D, the set Z(w) can be dynamically reweighted if higher loads

are required at a particular node i, by decreasing the weights wji for all (i, j) ∈ E. This

is a local redesign technique that only requires the adjust the outgoing edges of node i. A

coarse input indicating an increase in desired load can be simply translated to decrease in

αi in Corollary 18.

1.3. Concluding Remarks

Properties of the linear advection dynamics were explored with a specific focus on its suit-

ability for coarse input control. Of particular interest was the invariant features of the

dynamics and how it related to the underlying network topology structure. A simple edge

reweighting mechanism was proposed as an effective method to coarsely control the desired

load balancing performance of the dynamics.
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This approach of adapting the network as a coarse method for control is further explored in

the following chapter with the objective of acquiring desired patterns in nonlinear coupled

oscillators dynamics.
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CHAPTER 2

MDP Switching Control

Phase synchronization in coupled oscillators is an extensive area of research [27, 30, 28,

64]. Less studied but still prominent in the literature is the examination of other types of

patterns in networks of oscillators [31]. A pattern occurs when the frequency of all oscillators

synchronize, or equivalently their phases lock, with the phase separation between oscillators

describing the type of pattern. These equilibriums are referred to as incoherent states or,

if the oscillators’ phases are evenly distributed on the unit circle, balanced states [27]. In

biological systems these different patterns give rise to different temporal and spatial collective

behavior, for example in the flashing of fireflies, heart’s pacemaker cells, brain neurons, and

fish schooling [32]. Addressed in this work is a network topology-based method to control

the pattern exhibited by networks of oscillators.

Multiple balanced states have been characterized for cycles of oscillators, or more generally

for circulant networks running the Kuramoto dynamics [65, 2]. Zhihao et al. relaxed

the Kuramoto sine-coupling dynamics to a cosine-coupling focusing on balanced configured

equilibrium so that a convoy of robots could be equally distributed about a moving target

[66]. Motivated by the variations of Kuramoto dynamics for oscillator power networks,

Dörfler and Bullo [28] analyzed an extended version of the Kuramoto dynamics with non-

uniform coupling, phase shifts and frequencies. We consider a variation of the Kuramoto

form to include amplitude and phase dynamics, specifically the discrete form of the real

Ginzburg-Landau equation.

With origins in the theory of superconductivity, the Ginzburg-Landau equation describes

universal features of systems near a Hopf bifurcation [31, 67]. These dynamics have appeared

in a myriad of naturally occurring phenomenon including binary fluid convection [68], laser

physics [69], bluff body wakes [70], mechanical systems and chemical turbulence [71]. The
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prototypical real Ginzburg-Landau equation takes the form

(2.0.1) Ȧ = A− |A|2A+∇2A

where A(x, t) is a complex function, defined over a spatially infinite x in one dimension.

We will examine the discretized form of these dynamics, dubbed the graph Ginzburg-Landau

dynamics, over a finite number of oscillators coupled through a network graph. This ap-

proach is similar to the creation of consensus dynamics and graph advection dynamics from

discretized diffusion and advection dynamics [26]. This PDE to graph-based conversion of

the Ginzburg-Landau dynamics has been successfully adapted for classification and image

processing in the PDE-based image community for high dimensional datasets [72]. We focus

on examining this discrete dynamics over a cycle graph which exhibit multiple balanced state

equilibria. Each of these equilibrium states has varying sized basins of attraction, making

some states more challenging than others to acquire from a random initial condition. The

objective of this work is to use topology rewiring as a pattern control mechanism to drive

the discrete Ginzburg-Landau dynamics to a desired balanced state equilibrium.

Previous work in the area of pattern control or equilibrium switching in oscillators fall under

the classes of non-feedback control strategies and feedback control strategies. The former

control strategy acts via an external perturbation such as a short pulse, a pseudo-periodic or

harmonic forcing signal [33, 34]. These methods are in general easy to apply, since they do

not require intimate knowledge of system dynamics. The control is usually not efficient in

the sense that the amplitude of the external signal is relatively large. The other successful

method is to use feedback techniques where the internal state of the system is fed back into

the dynamics either instantaneously or with a time delay [32]. Feedback schemes typically

boast smaller external signals but can be more challenging to implement experimentally as

continuous signal perturbations are required. The attraction of topological rewiring is that

it represents a marriage of these two classes of control. Rewiring is a discrete event but

induces a new set of feedback mechanisms in the network due to the new couplings produced

or removed between edges.
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Our pattern control method consists of rewiring the graph into different disconnected cycle

subgraph configurations. Each of these configurations exhibit their own distinct balanced

states, which individually are easier or harder to achieve based on their differently sized

regions of attraction. Hence, from a random initial condition, acquiring a selected final

balanced state can be more likely via an intermediate disconnected cycle topology balanced

state. As equilibria in disconnected oscillator networks can randomly drift relative to one

another, transitions to a final state under topological rewiring is non-deterministic. Hence,

the topology rewiring problem can be modeled as a discrete time stochastic control process,

or more specifically, a Markov decision process (MDP) [73, 74]. An optimal MDP policy

would then outline the selection of topologies, MDP actions, that would more likely achieve

a desired final balanced state, with a corresponding MDP reward.

2.0.1. Background. We introduce some brief notation that is unique to this chapter.

The n node cycle graph, denoted as Cn, is defined using the edges {1, n} and {i, i+ 1} for

i = 1, . . . , , n − 1. The kth eigenvector of L(Cn) is vk = 1√
n

[
1 ωk ω2

k · · · ωn−1
k

]T
where ωk = exp (2πkj/n), the associated eigenvalue λk(C) = 2− 2 cos (2πkj/n), and j is the

imaginary number.

2.0.2. Dynamics. The Ginzburg-Landau equation (2.0.1) can be generalized by sam-

pling the vector space A(x, t) discretely at complex states x1, . . . , xn ∈ C. The spatial

gradient operator ∇2 is subsequently replaced with a more general gradient operator on

graph G. The state of oscillator i can be represented by the complex number xi = aie
jθi with

amplitude ai and phase θi. Applying the diffusive gradient operator with coupling strength

of β ∈ R, the dynamics for oscillator i ∈ [n] becomes

ẋi = xi − |xi|2 xi − β
∑
k∈N (i)

(xk − xi)

= xi − |xi|2 xi + βLi(G)x.(2.0.2)
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We refer to dynamics (2.0.2) as the graph Ginzburg-Landau dynamics to distinguish it

from its continuous form. For this paper we will consider so-called weak coupling between

oscillators, letting |β| ≤ 1/2.

The dynamics (2.0.2) can also be written in an amplitude and phase form by differentiating

the relationship xi = aie
jθ. For xi 6= 0 then,

ẋi = ȧie
jθi + θ̇ijaie

jθi = ȧi
xi
|xi|

+ jθ̇ixi

ẋi
xi

= ȧi
1

ai
+ jθ̇i.(2.0.3)

From dynamics (2.0.2),

ẋi
xi

= 1− a2
i − β

∑
k∈N (i)

(
ake

jθk

aiejθi
− 1

)

= 1− a2
i − β

∑
k∈N (i)

(
ak
ai
ej(θk−θi) − 1

)

= 1− a2
i − β

∑
k∈N (i)

(
ak
ai

cos (θk − θi)− 1

)
(2.0.4)

−jβ
∑
k∈N (i)

ak
ai

sin (θk − θi) .

Equating the real and imaginary parts in (2.0.3) and (2.0.4) then the graph Ginzburg-Landau

equation is equivalent to

ȧi =
(
1− a2

i

)
ai − β

∑
k∈N (i)

(ak cos (θk − θi)− ai)(2.0.5)

θ̇i = β
∑
k∈N (i)

ak
ai

sin (θi − θk) .

There are notable similarities between the phase dynamics and the Kuramoto dynamics [27],

with equivalence when the amplitudes are restricted to be synchronized. We observe that

under the transformation θi → θi + ωt + γ for ω ∈ R the amplitude dynamics are invariant
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and

(2.0.6) θ̇i → ω + β
∑
k∈N (i)

ak
ai

sin (θi − θk) .

The transformed dynamics correspond to a limit cycle version of the dynamics, rotating at

a rate of ω. Further, the dynamics exhibit global phase symmetry and so equilibria of the

dynamics are semi-stable with respect to rotations.

2.0.3. Markov Decision Processes (MDPs). Markov decision processes provide a

framework for discrete time stochastic control [74]. They present an efficient method for

modeling decision making in problems where outcomes are only known stochastically. An

MDP is encoded in the 4-tuple (S,A, T ,R), representing the system states, actions, transi-

tion probabilities and rewards, respectively. More precisely, at discrete time steps, a decision

maker is given a finite state s ∈ S, after which the decision maker must select a finite, and

available action a ∈ A. Given the state and action pair, there is a known probability that

the action will transition to state s′ ∈ S at the following time step which is encoded in

T (s, s′, a). Here, T is assumed to be Markovian, namely

(2.0.7) T (s, s′, a) = Pr (st+1 = s′ : st = s, at = a) .

Following the transition to state s′ ∈ S under the action a ∈ A the decision maker is then

rewarded with R(s′, a). The objective of MDPs is to find an optimal policy π(s) for the

decision maker, where π(s) : S → A specifies an action given the current state. A common

function to measure the optimality the policy π is the expected discounted sum cost

(2.0.8) J =
∞∑
t=0

γtR(st+1, π(st)),

where γ ∈ [0, 1) is the discount factor. The appeal of this formulation is that it can be solved

efficiently by linear programming or dynamic programming [73].
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2.1. Pattern Characterization

This section characterizes the balanced equilibrium of the graph Ginzburg-Landau dynamics

(2.0.2). The equilibrium states for a given graph topology will form the states of the MDP

which are examined in §2.2, with the objective of acquiring a particular equilibrium pat-

tern. Similar to the Kuramoto dynamics, the graph Ginzburg-Landau dynamics over cycle

graphs can exhibit multiple balanced equilibria, where neighboring oscillators are equally

distributed about the unit circle. For compact representation, we introduce the cycle bal-

anced equilibrium notation CkV , or Ckv1,...,vn
, which denotes the kth balanced equilibrium of

the cycle graph on the nodes in the ordered set V = (v1, . . . , vn) with edges {vi, vi+1} (mod

n). The kth balanced equilibrium corresponds to a phase separation of

θi+1 − θi = 2πk/n

between nodes vi+1 and vi for all i ∈ [n].1 A sample of this notation is displayed in Figure

2.1.1.

To establish the stability of balanced states in the graph Ginzburg-Landau equation we

examine the continuous Ginzburg-Landau free energy

F =

∫ (
− |A|2 +

1

2
|A|4 + |∇A|2

)
dx,

which can be adapted to form a global Lyapunov potential for (2.0.2).

Theorem 19. The graph form of the Ginzburg-Landau free energy

V =
n∑
i=1

(
− (xix

∗
i ) +

1

2
(xix

∗
i )

2

)
− βx∗Lx(2.1.1)

=
n∑
i=1

[
−a2

i +
1

2
a4
i

]
− β

∑
k∈N (i)

(
a2
i + a2

k − 2akai cos (θi − θk)
)

is a global Lyapunov potential for the graph Ginzburg-Landau dynamics (2.0.2).

1It should be noted that CkV is equivalent to Ck+k̄n
V for k̄ ∈ Z, due to the periodicity of cosine.
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Proof. Noting that βx∗Lx ≥ 0 for β ≥ 0 or for β < 0 then βx∗Lx ≥ βλmax

∑n
i=1 (xix

∗
i ).

As

V ≥
n∑
i=1

− (xix
∗
i ) +

1

2
(xix

∗
i )

2 − |β|λmax (xix
∗
i ) ;

hence V is bounded from below and is a valid Lyapunov function candidate. Differentiating

V with respect to x∗ and x, then

∂V

∂x∗
= −x+ diag [(x1x

∗
1)x1, . . . , (xnx

∗
n)xn]− βLx = −ẋ,

and similarly ∂V
∂x

= −ẋT∗. Hence,

V̇ =
∂V

∂x∗
ẋT∗ +

∂V

∂x
ẋ = −ẋT ẋT∗ − ẋ∗ẋ = −2

n∑
i=1

|ẋi|2 ,

which is strictly negative except for Ȧ = 0 and so is a valid Lyapunov function for dynamics

(2.0.2). Formulating V in amplitude and phase form with Va =
∑n

i=1

[
−a2

i + 1
2
a4
i

]
,

V =
n∑
i=1

[
− (xix

∗
i ) +

1

2
(xix

∗
i )

2

]
− βx∗Lx

= Va − β
∑
k∼i

(
aie

jθi − akejθk
)∗ (

aie
jθi − akejθk

)
= Va − β

∑
k∼i

(
a2
i + a2

k − akai
[
ej(θi−θk) + ej(θk−θi)

])
= Va − β

∑
k∼i

(
a2
i + a2

k − 2akai cos (θi − θk)
)
.

�

Examining the potential (2.1.1), for β < 0, V admits a global minimum when x∗Lx = 0. For

a connected G, as the right null space of G is spanned by 1, this condition is satisfied when

x = 1eiθ0 for some θ0 ∈ R. This equilibrium represents the fully synchronized state with

all oscillators phase locked θi = θi+1 (mod n) for all i ∈ [n] and the amplitudes are on the

unit circle. The equilibrium is present irrespective of the underlying graph topology. The

occurrence of other balanced equilibria for our specific graph of interest, the cycle graph, is

examined in the following theorem. The stability property addressed is set stability with
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respect to the set represented by the balanced state; as discussed in §2.0.2, the dynamics are

invariant to rotation.

Theorem 20. For the cycle graph, the balanced state Ck[n] with a common oscillator amplitude

of ā =
√

1 + 2β (1− cos 2πk/n) is an equilibrium of dynamics (2.0.2) for |β| ≤ 1
2
. Further,

Ck[n] is stable for cos(2πk/n)β < 0.

Proof. Reformulating the potential in Theorem 19 with x =
√
ηw where η ≥ 0 and

‖w‖2 = 1 then

(2.1.2) V = −η +
1

2

n∑
i=1

(wiw
∗
i )

2 η2 − βw∗Lwη,

and at equilibrium

∂V

∂η
= −1 +

n∑
i=1

(wiw
∗
i )

2 η − βw∗Lw = 0,

and so
∑n

i=1 (wiw
∗
i )

2 η = 1 + βw∗Lw. Substituting back into the potential then V =

−1
2
η (1 + βw∗Lw) . Consider wi = |wi| ejθi for all i ∈ [n], at equilibrium

∂V

∂θi
= −1

2
ηβ (jwi)

∗ Liw = 0,

and for η 6= 0, Liw = αiwi for some αi ∈ R.2 This condition is identical to the Ku-

ramoto dynamics critical condition, and for circulant matrices it is satisfied when w is a unit

eigenvector of the graph Laplacian [75]. This corresponds to the Ck[n] balanced states with

θi+1−θi = 2πk/n for all and k ∈ [n]. For the case where sin(2πk/n) = 0, the phase dynamics

are invariant under different amplitudes, with the only common amplitude value satisfying

amplitude dynamics (2.0.5) when the oscillators are on the unit circle. Examining the phase

dynamics (2.0.5) for sin(2πk/n) 6= 0 with ai = ai+1 (mod n) and applying this condition

to the amplitude dynamics (2.0.5) we have that a2
i = 1 + βλk = 1 + 2β (1− cos 2πk/n) for

all i ∈ [n] and k ∈ [n] for |β| ≤ 1
2
. Examining the potential in Eq. (2.1.2), the balanced

2There exists an annulus, which contains the unit circle but not the origin, that represents an invariant set
of the dynamics. Consequently, for dynamics starting close to the unit circle the amplitudes will not go to
zero.

42



states represent either local minima or maxima corresponding to stable or unstable equilib-

ria depending on the sign of β. A simple check for the appropriate sign of β can be found

by examining the phase acceleration dynamics about the equilibrium θi+1 − θi = 2πk/n,

ai = ai+1, θ̇i+1 = θ̇i−1 = 0 and ȧi = 0 for i ∈ [n], giving

θ̈i =
∂θ̇i
∂θi

θ̇i

= β

(
ai+1

ai
cos(θi − θi+1) +

ai−1

ai
cos(θi − θi−1)

)
θ̇i

= 2β (cos 2πk/n) θ̇i + h.o.t.,

and so β cos 2πk/n < 0 for stable Ck[n].

�

The equilibria patterns corresponding to Theorem 20 are displayed in Figure 2.1.1 for the

6-node cycle graph. The first and second row corresponds to those balanced states that are

stable for β < 0 and β > 0, respectively. A unique feature of the graph Ginzburg-Landau

dynamics, opposed to the Kuramoto dynamics, is the variation of amplitude at different Ck[n].

For balanced states with β < 0 the balanced states are on or within the unit circle, while for

β > 0 the balanced states are outside the unit circle.

2.2. MDP Formulation for Pattern Control

The control of patterns in nonlinear systems is a challenging task, often requiring highly

accurate modeling, monitoring and actuation. Feedback is the natural control candidate

but can be infeasible in cases where minimal external inputs are required and uncertainty

dominates [32]. Brief time perturbation approaches rely on the underlying dynamics to

carry the system trajectories between equilibria. The difficulty here lies in capturing the

basin structure of the dynamics, frequently demanding sampling or local linearization of the

dynamics [34].
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Figure 2.1.1. The Ck[6] balanced states and pair {sgn (β) , ā} for k =

0, . . . , n − 1 and |β| = 0.1, namely are A) C0
[6], {−1, 1.00}, B) C1

[6], {−1, 0.95},
C) C5

[6], {−1, 0.95}, D) C2
[6], {1, 1.14}, E) C3

[6], {1, 1.18}, and F) C4
[6], {1, 1.14}.

The black and dashed circles indicate circles of radius one and ā, respectively.
Solid lines between nodes indicate graph edges.

We approach the problem of pattern selection in the graph Ginzburg-Landau dynamics from

a topological control direction. We consider rewiring the edges in the oscillator network us-

ing the patterns associated with the new graph to move the trajectory closer to the desired

pattern. In this way, the dynamics are controlled by internal feedback dynamics induced by

the addition of edges rather than the application of external signals. Further, the pattern

selection task is transformed from a continuous time signal control problem to a discrete

decision making problem. For noise-free systems, transitions between patterns on connected

graphs, induced by edge rewiring, are completely deterministic. We consider a noisy ver-

sion of the Ginzburg-Landau dynamics without the assumption that connectivity must be

maintained through edge rewiring. The problem subsequently becomes a stochastic decision

process making is particularly suited to an MDP formulation.

To leverage the analysis of patterns over cycle graphs, we consider only edge rewiring over

disconnected subgraph cycles of the form G = C1(V1, E1) ∪ C2(V2, E2) ∪ · · · ∪ Cm(Vm, Em).

The full set of vertices is the disjoint union of vertices V1, . . . , Vm with size |Vi| ≥ 1, as
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Figure 2.2.1. A) State 1 (
∏6

i=1 C0
i ), B) state 3 (C1

1,2,3C1
4,5,6), C) state 8

(C1
1,3,5C1

2,4,6), D) state 14 (C2
[5], C0

6), and E) state 18 (C1
[6]).

we consider the singleton graph as a cycle. We extend the balanced equilibrium notation

of §2.1 to describe patterns over disconnected cycle subgraphs, denoting Ck1
V1
Ck2
V2
. . . CkmVm as

the pattern state whereby each cycle Ci is in pattern state ki. For compactness we also

define
∏m

i=1 C
ki
Vi

= Ck1
V1
. . . CkmVm . A sample of patterned cycle subgraph on 6-nodes with the

corresponding notation is depicted in Figure 2.2.1. Each of the patterned cycles will form

the states S of the MDP. In addition to selecting the cycle subgraphs, we assume that we

can also assign the sign of β globally to the graph. This generates an action space A for

the MDP composed of graph-beta sign pairs (Gi, sgn (β)). These actions will transition the

dynamics between states S.

Noise in the system is induced by small biases in the rotation rate ω in Eq. (2.0.6) across

oscillators. These biases are typical in oscillator systems and have been extensively explored

for the Kuramoto dynamics [28]. For small biases over connected graphs the coupling be-

tween oscillators dominates the dynamics leaving the pattern largely unvaried. On the other

hand, the relative phase offset between disconnected subgraphs is dominated by this bias,

inducing relative phase mixing between graph clusters. This induces sufficient mixing nec-

essary for the system to be Markovian with respect to phase offsets. The probability of

actions then takes the memoryless form T (s, s′, a) from Eq. (2.0.7). To calculate T (s, s′, a),

45



we run Monte-Carlo simulations, sampling the transition probabilities over random initial

phase biases between subsets. Unlike traditional basin of attraction sampling, this is consid-

erably cheaper computationally as the dimension of the simulation grows with the number of

subgraph patterns and the number of edge rewiring actions, rather than with the dimension

of the system.

Finally, the reward states R(s′, a) encode the desired final pattern. Alternative reward

structures can also be implemented for example adding rewards for transitioning to other

favorable states or penalties for adding many edges at once or switching the sign of β. Using

the typical expected discounted sum reward over an infinite horizon from Eq. (2.0.8), an

optimal policy π(s) for action s ∈ S can be formulated used linear or dynamic programming

[74].

2.3. Results for Ginzburg-Landau Dynamics

The topological rewiring approach for pattern control described in §2.2 was applied to five

different cycle subgraphs on 6 nodes running the graph Ginzburg-Landau dynamics. These

subgraphs, including 1, 3, 5 and 6 subgraph cycle with sample balanced patterns, are dis-

played in Figures 2.2.1A-E with topology labeled as G1, . . . ,G5, respectively. We note that

Figures 2.2.1B and 2.2.1C are distinct pairs of three node subgraphs as the cycles are over

different vertex sets. Enumerating over all patterns in the five graphs, with nGiβ+ and nGiβ−

the number of available pattern states for each subgraph Gi, the total number of graphs

for β > 0 and β < 0, respectively, is nβ+ =
∑5

i=1 n
Gi
β+ = 1 + 1 + 1 + 3 + 3 = 9 and

nβ− =
∑5

i=1 n
Gi
β− = 0 + 4 + 4 + 2 + 3 = 13.

We assume that the pattern
∏6

i=1 C0
i in Figure 2.2.1A is acquired under the action of β > 0

only. We add an additional state 23 which corresponds to an unknown state which is a

product of unclassified states during the transition sampling. The only action available

from this state is to transition to the 6 node singleton graph
∏6

i=1 C0
i . Hence there are

|S| = nβ+ + nβ− + 1 = 23 states and |A| = 9 actions in the MDP.
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A sample transition probability matrix T (s, s′, a) for fixed action 7, corresponding to the

action pair (G4, sgn (β) = −1) is displayed in Figure 2.3.1a. The two final states s′ available

are C2
[5]C0

6 and C3
[5]C0

6 , respectively. Figure 2.3.1b gives an indication of the reachability of

certain states encoding the transition probabilities of final states from a given initial state

and a random action. State 13, corresponding to C1
[5]C0

6 , is particularly hard to obtain.

(a) (b)

Figure 2.3.1. MDP transition probabilities obtained from Monte-Carlo sim-
ulations of the dynamics. A) Transition probabilities for action 7 and B) av-
erage transition probability across all actions, assuming actions are chosen at
random.

A desired state 21, representing C4
[6], was selected corresponding to a reward set R(s′ =

21, a) = 1 for all a ∈ A. For the cost function in Eq. (2.0.8) with γ = 0.95, using dynamic

programming, the optimal policy π∗ was formulated, with a corresponding optimal transition

probability Tπ∗(s, s′). This transition probability is graphically depicted in Figure 2.3.2a with

selected optimal actions displayed on the graph edges and edge thickness corresponding to

the probability of transition under the action. One of the implicit strengths of this approach

is that it exploits smaller subgraphs with larger basins to achieve larger graph patterns.

This is particularly pertinent when examining the optimal routing of patterns through state

8, corresponding to C1
1,3,5C2

2,4,6, in preference to directly transitioning to state 21. This is

supported by examining columns 8 and 21 of Figure 2.3.1b, indicating the relative challenge

to directly acquiring state 21 over state 8 and then 21. The topological rewiring realization of

policy π∗ over a sample trajectory, initialized from the unknown random state, is displayed in

Figure 2.3.2b. We observe that after 6 topological rewirings we attained the desired pattern.
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(a)

(b)

Figure 2.3.2. Given the Ginzburg-Landau dynamics, optimal policy for
reaching state 21 from any initial state. A) Transition graph (low proba-
bility edges are omitted for clarity) and B) topological switching controller
implemented using the optimal policy.

2.4. Concluding Remarks

This chapter proposed a design methodology for pattern control in a network of identical

oscillators. Patterns correspond to a stable equilibrium in an oscillator network over different

coupling coefficients and available network topologies. We showed that the discrete graph

based version of the Ginzburg-Landau equation exhibits n pattern equilibrium for an n-node

cycle graph with the sign of the oscillator coupling coefficient dictating the stability of the

pattern. The pattern control problem was cast as an MDP whose state space is the set of
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(1)
∏t

i=1 C0
i

(2) C0
1,2,3C0

4,5,6 (3) C1
1,2,3C1

4,5,6 (4) C2
1,2,3C1

4,5,6 (5) C1
1,2,3C2

4,5,6

(6) C2
1,2,3C2

4,5,6 (7) C0
1,3,5C0

2,4,6 (8) C1
1,3,5C1

2,4,6 (9) C2
1,3,5C1

2,4,6 (10) C1
1,3,5C2

2,4,6

(11) C2
1,3,5C2

2,4,6 (12) C0
[5]C

0
6 (13) C1

[5]C
0
6 (14) C2

[5]C
0
6 (15) C3

[5]C
0
6

(16) C4
[5]C

0
6 (17) C0

[6] (18) C1
[6] (19) C2

[6] (20) C3
[6]

(21) C4
[6] (22) C5

[6]

Figure 2.3.3

patterns realizable on subgraphs of the network. Actions in the MDP corresponded to the

selection of coupling coefficients and edge connections in the network. A novel transition

sampling was applied to generate the necessary MDP transition probabilities. Dynamic

programming was then used to calculate a ‘coarse pattern control’ stochastic policy that

maximized the expected total reward over an infinite horizon.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 2.3.4. Transition probabilities for the Ginzburg-Landau dynamics.
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Part 2

Bearing Measurements and Intuitive

Manipulation



In this part, we present and examine a distributed formation control dynamics that uses

relative bearing measurements and a compass to localize these measurements. The dynamics,

referred to as bearing-compass dynamics, is introduced in Chapter 3 as well an exploration of

the properties of the passive dynamics. In Chapter 4, we examine the effect on the formation

when a subset of the agents is actively manipulated. We extend these manipulation concepts

further in Chapter 5 by investigating methods to select a favorable set of leader agents to

allow manipulating the formation in some desired ways, such as scaling, translation, and

maximizing information propagation.



CHAPTER 3

Analysis of the Bearing-Compass Dynamics

In this chapter, we will present a dynamics, called Bearing-Compass dynamics, capable of

being implemented with inexpensive hardware on a distributed robotic platform. Specifically,

all that an agent needs is a sensor to measure the bearing to other agents, such as a monocular

camera, and a compass with which to orient these measurements in a global frame. We begin

by formally introducing some constructs that will be used throughout this part.

3.1. Bearing Measurements on a Graph

We use the term node to describe a particular element of V . There is also a more loosely

termed agent which refers to something, usually a vehicle, that can communicate or act

through the edges of E, and can have its own state. We define the agent positions in 2-D space

at time t by the vector r(t) = [ rT1 (t) rT2 (t) . . . rTn (t) ]T , where ri (t) = [ rix (t) riy (t) ]T .

Core to this research, is understanding agents formation shape when a family of bearing

constraints are placed on pairs of agents. To this end, we use the term formation, denoted

with f ∈ R2n, to represent a desired state for a collection of agents. Franchi and Giordano

[38] explored the notion of coupling of a formation with a graph, using the pairwise bearing

measurement set

(3.1.1) Θ (G, f) 4=
{
f̂ij : {i, j} ∈ E

}
.

We will take an excursion from Franchi and Giordano terminology and refer to this as

a framework. The collection of agent formations r which are bearing equivalent, or just
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(a) (b)

(c) (d)

Figure 3.1.1. Bearing constraints which are A) desired (and realizable) and
B) non-realizable. Formations which correspond to C) a realizable bearing,
but not a parallel rigid, set and D) a parallel rigid set.

equivalent, to a given framework Θ is denoted by

(3.1.2) χ (Θ) =
{
r : r̂Tij f̂

⊥
ij = 0, ∀f̂ij ∈ Θ

}
.

If χ (Θ) is non-empty then Θ is referred to as a realizable bearing set [37]. Examples of a

realizable and non-realizable bearing set can be seen in Figures 3.1.1a and 3.1.1b. Further,

if every pair of position vectors in a realizable bearing set χ(Θ) is equivalent to every other

up to 2-D scaling and translation then Θ is called a parallel rigid set [37]. Figures 3.1.1c and

3.1.1d provide examples of non-parallel-rigid and parallel-rigid sets. A linear algebra test for

parallel rigidity using the rank of the bearing-constrained rigidity matrix, as well as a graph

theoretic test, has been formulated by Bishop et al. [37]. Additional algebraic conditions

that guarantee bearing rigidity based on the notion of infinitesimal bearing rigidity will be

explored in Chapter 8. Henceforth, we shall consider only parallel rigid sets Θ.
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In order to more easily classify similar formations, we introduce the notion of centroid and

scale of a formation [42, 39]. Given a set of agents at positions r ∈ R2n, the centroid of the

agent formation is defined as

(3.1.3) C (r)
4
=

1

n

∑
i∈V

ri.

The scale of the agent formation is defined as

(3.1.4) S (r)
4
=

√
1

n

∑
i∈V

‖qi‖2,

where

(3.1.5) qi
4
= ri − C (r)

represents the relative offset from an agent from the formation centroid.

Given a formation f ∈ R2n, the unitless formation f̃ is defined as

(3.1.6) f̃ = [f − (In ⊗ C (f))1n]S (f)−1 ,

with properties C(f̃) = 0, S(f̃) = 1, and
∥∥∥f̃∥∥∥ =

√
n.

Given a set of agent positions r ∈ R2n and a desired formation f ∈ R2n, we define the two

most similar formations ξ± (f , r) = {ξ+ (f , r) , ξ− (f , r)} to the given formation f . Broadly

speaking, ξ represents the formations that have the same “shape” as f , but the same centroid

and scale as r. In this way, the definitions are prescriptive as

ξ± (f , r) = {f ∈ χ (Θ) : C (f) = C (r) ∩ S (f) = S (r)}

= ±f̃S (r) + (In ⊗ C (r))1.

It is not immediately obvious that the set ξ± (f , r) should contain exactly two elements. The

reasons for this property will be explored in Theorem 27.
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In order to examine the dynamics (3.2.1) it is helpful to have machinery to encode the

bearing information embedded within the dynamics. The bearing rigidity matrix serves this

function and can be constructed from the framework Θ composed of the formation f and

the underlying graph G.

Definition 21. The bearing rigidity matrix is denotedR (Θ), where Θ (G, f) is a framework,

is defined as

(3.1.7) R (Θ)
4
=
∂ f̂

∂f
,

where f = H̃f is the vector of relative node states from §0.2, and f̂
4
=
[
f̂T(1̄) f̂T(2̄) . . . f̂T(m̄)

]T
.

An alternative expression for Eq. (3.1.7) is1

R (Θ) = Dk̄
[

1

‖fk̄‖
I2

]
Dk̄ [Pk̄] H̃

= Dk̄
[

1

‖fk̄‖
I2

]
R̃ (Θ) ,

where Pk̄ = I2 − f̂k̄ f̂
T
k̄

is a projection onto the orthogonal compliment of fk̄, and R̃ (Θ) is

called the unit rigidity matrix. The derivation of this formulation can be found in A.

The rigidity matrix exhibits the property that r ∈ χ (Θ) if and only if R (Θ) r = 0, or

equivalently R̃ (Θ) r == 0.

We can interpret the bearing rigidity matrix as the derivative of the relative edge directions

with respect to node positions. In other words, we are measuring how the relative directions

between nodes changes with node positions.

3.2. Statement of Dynamics

The dynamics discussed in this research can be stated succinctly as

ṙi = ui (Θ) + ũi(3.2.1a)

1It is assumed throughout that no two agents are coincident within a formation, and so ‖fk̄‖ 6= 0.
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ui (Θ) =
∑
j∈N (i)

wij

(
r̂Tij f̂

⊥
ij

)
r̂⊥ij,(3.2.1b)

where Θ = (G, f), and G = (V,E,w). If ũi = 0 for all i ∈ V , then we say the dynamics is

unforced. Otherwise, we say the dynamics is forced. Similarly, if w = 1, then we say the

dynamics is weighted. Otherwise, we say the dynamics is unweighted, or omit the modifier

entirely. Agents i corresponding to ũi 6= 0 are referred to as leaders, as through the networked

dynamics, the non-leader agents follow the leaders.

We note that the unforced control required by each agent is bounded, summarized in the

following proposition.

Proposition 22. The unforced control ‖ui‖ required by each agent i ∈ V is bounded as

‖ui‖ ≤
∑
j∈N (i)

wij,

which, for w = 1, degenerates to

‖ui‖ ≤ |N (i)| .

Proof. The proof follows directly by observing the r̂Tij f̂
⊥
ij term from Eq. (3.2.1b) is

bounded in magnitude by 1. �

The preceding proposition is useful because it means our individual agent control is always

bounded, and so we can bound the maximum control effort needed by a single agent by

limiting the number of other agents it can observe, or by reducing the weights of the adjacent

edges.

The dynamics 3.2.1 is referred to as a particle model, as the dynamics assume that the state

r can move in an arbitrary direction, and its velocity can change instantaneously. Typically,

a particle model does not accurately describe the motion of most physical vehicles. For

example, cars and airplanes cannot move sideways, and more complicated trajectories are

needed to change their state in this way. However, it is still often useful to study these particle

models, as a tracking controller can be designed to follow this so-called virtual particle [76].
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Figure 3.2.1. Vector definitions for dynamics (3.2.1).

As we proceed through this section, we will examine various features of the bearing-compass

dynamics.To this end, the following proposition is a useful tool which will be used throughout

this paper to simplify our proofs.

Proposition 23. Enumeration over nodes and neighborhoods is equivalent to enumeration

over edges as

(3.2.2)
∑
i∈V

aTi
∑
j∈N (i)

b(ij) = −
∑
k̄∈E

aTk̄b(k̄).

Equivalently, we can state the proposition as

∑
i∈V

∑
j∈N (i)

b(ij) =
∑
{i,j}∈E

b(ij) + b(ji) = 0.

Proof. Note that the left hand side of Eq. (3.2.2) represents an enumeration of every

edge twice, once representing aTi b(ij) and once representing aTj b(ji). Using the fact that

b(ij) = −b(ji), the result follows. �

The unforced weighted bearing-compass dynamics exhibits properties such as invariance of

the formation centroid and scale, which make it attractive for maintaining stable formations.

The forced dynamics is then able to directly manipulate the centroid and scale. The following

propositions formerly explore this idea.
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Proposition 24. Under the weighted dynamics (3.2.1), the formation centroid evolves as

(3.2.3)
∂C (r)

∂t
=

1

n

∑
i∈V

ũi.

Additionally, if ũi = 0 for all i ∈ V , then ∂C(r)/∂t = 0 and the centroid is said to be invariant

under the unforced dynamics.

Proof. Differentiating Eq. (3.1.3) and substituting in Eq. (3.2.1a), we have

∂C (r)

∂t
=

1

n

∑
i∈V

ṙ

=
1

n

∑
i∈V

(ui + ũi)

=
1

n

∑
i∈V

∑
j∈N (i)

u(ij) +
1

n

∑
i∈V

ũi

=
1

n

∑
{i,j}∈E

(
u(ij) + u(ji)

)
+

1

n

∑
i∈V

ũi

=
1

n

∑
i∈V

ũi,

completing the proof. �

Proposition 25. Under the weighted dynamics (3.2.1), the formation scale evolves as

(3.2.4)
∂S (r)

∂t
=

2

nS (r)

∑
i∈V

qTi

(
ũi −

1

n

∑
j∈V

ũj

)
.

Additionally, if ũi = 0 for all i ∈ V , then

∂C (r)

∂t
= 0,

and the scale is said to be invariant under the unforced dynamics.

Proof. Differentiating Eq. (3.1.4), we have

∂S (r)

∂t
=

∂

∂t

√
1

n

∑
i∈V

qTi qi
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=
1√

n
∑

i∈V qTi qi

∂

∂t

∑
i∈V

qTi qi

=
2

nS (r)

∑
i∈V

qTi q̇i

=
2

nS (r)

∑
i∈V

qTi

(
ṙi −

∂C (r)

∂t

)

=
2

nS (r)

∑
i∈V

qTi

(
ũi −

1

n

∑
j∈V

ũj

)
,

completing the proof. �

A consequence of these results is that if a single agent, say agent i, applies a non-zero

external control input, then the centroid will always shift in the direction of the applied

control, namely

∂C(r)

∂t
=

1

n
ũi,

and so

C(r) =
1

n

∫ t

0

ũi + C(r (0)).

Further, as

∂S (r)

∂t
= 2 (ri − C(r))T ũi,

changes in the centroid are coupled to changes in scale. In fact, movement away from

the centroid will expand the formation, while movement towards will contract it. Figure

3.2.2a provides an example of a constant control applied to a single agent demonstrating the

translation and scale of the formation.

Corollary 26. Under the unforced weighted dynamics (3.2.1a), the centroid and scale of

the formation are both constant, i.e. Ċ (r) = 0 and Ṡ (r) = 0.
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(a) (b)

Figure 3.2.2. A) Control applied to top agent, resulting in a scale and a
translation. B) Top and bottom-left agents apply a control to move away
from one another, resulting in a pure scale amplification while maintaining
the centroid.

(a) (b) (c)

Figure 3.2.3. Convergence to an equilateral triangle from A) a right triangle
and B) random initial conditions. Fig. C) shows random initial positions for 7
agents converging to an asymmetric formation. Initial and final positions are
marked with open and closed circles, respectively, and the centroid by a larger
solid circle. The most similar formation ξ (f , r0) to the desired final formation
f given initial conditions r0 is marked with dashed lines.

Proof. Both results follows directly from Propositions 24 and 25 when ũi = 0 for all

i ∈ V . �

The examples in Figure 3.2.3 show the conservation of C(r) and S(r) for varying bearing

constraint sets Θ and initial conditions.

Theorem 27. Under the unforced weighted dynamics (3.2.1), r (t) will asymptotically con-

verge to χ (Θ).
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Proof. Without loss of generality, assume that the centroid C (r) is at the origin, mean-

ing qi = ri. Let f = ξ+ (r (0) ,Θ). Consequently, ‖r (0)‖ = ‖f‖ and C (f) = 0. Applying the

change of variables z = r− f , where rij = zij + fij, then for each i ∈ V we have

żi =
∑
j∈N (i)

wij r̂
T
ij f̂
⊥
ij r̂ij

=
∑
j∈N (i)

wij

‖zij + fij‖2 (zij + fij)
T f̂⊥ij (zij + fij)

⊥

=
∑
j∈N (i)

wij

‖zij + fij‖2

(
zTij f̂

⊥
ij +

�
�
�>

0
fTij f̂

⊥
ij

)
(zij + fij)

⊥

=
∑
j∈N (i)

wijz
T
ij f̂
⊥
ij

‖zij + fij‖2 (zij + fij)
⊥

4
=

∑
j∈N (i)

g(ij) (z, f) .(3.2.5)

Consider the Lyapunov function V (z) = 1
2
zTz. We can expand its time derivative using Eq.

(3.2.5) and apply Proposition (3.2.2) as

V̇ (z) =
∑
i∈V

zTi żi

= −
∑
i∈V

zTi
∑
j∈N (i)

g(ij) (z, f)

= −
∑
k̄∈E

wk̄z
T
k̄

(
zT
k̄
f̂⊥
k̄

)
‖zk̄ + fk̄‖

2 (zk̄ + fk̄)
⊥

= −
∑
k̄∈E

wk̄z
T
k̄
f̂⊥
k̄

‖zk̄ + fk̄‖
2

(
��

��*0
zTk̄ z

⊥
k̄ + zTk̄ f

⊥
k̄

)

= −
∑
k̄∈E

wk̄
(
zT
k̄
f⊥
k̄

)2

‖fk̄‖ ‖zk̄ + fk̄‖
2 .(3.2.6)

As V̇ (z) ≤ 0 and V̇ (z) = 0 if and only if z ∈ χ (Θ), implying that zT f̂⊥ = 0, then it follows

that r ∈ χ (Θ) and thus r (t) converges to χ (Θ), establishing asymptotic stability by La

Salle’s theorem [77]. �
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Asymptotic convergence to χ (Θ) can be further strengthened to exponential stability. This

is explored in the following theorem.

Theorem 28. Under the unforced weighted dynamics (3.2.1), the Lyapunov function V =

1
2
zTz where z

4
= r− f satisfies

V̇ ≤ S (f)−1 zT R̃TDk̄
[
m2
k̄I2

]
R̃z

4
= −S (f)−1 zTQz,

where f = ξ (r (0) ,Θ), and we define the term

m2
k̄ (r (0))

4
=

wk̄ ‖fk̄‖(
S (f)−1 ‖z (0)‖+

∥∥∥f̃k̄∥∥∥)2 .

Consequently, r (t) will globally exponentially converge to χ (Θ).

Proof. If we expand Eq. (3.2.6), we have

V̇ (z) = −
∑
k̄∈E

wk̄

(
(rk̄ − fk̄)

T f⊥
k̄

)2

‖fk̄‖ ‖rk̄ − fk̄ + fk̄‖
2

= −
∑
k̄∈E

wk̄
(
rT
k̄
f⊥
k̄

)2

‖fk̄‖ ‖rk̄‖
2

= −
∑
k̄∈E

wk̄ ‖fk̄‖
‖rk̄‖

2 rTk̄

(
f̂⊥Tk̄ rk̄

)
f̂⊥k̄ .

We now apply the relationship that

(
f̂⊥Tk̄ rk̄

)
f̂⊥k̄ = Projf̂⊥

k̄
rk̄ = rk̄ − Projf̂k̄rk̄ = Pk̄rk̄

to see that

V̇ (z) = −
∑
k̄∈E

rTk̄wk̄
‖fk̄‖
‖rk̄‖

2Pk̄rk̄

= −rT H̃TDk̄
[
wk̄
‖fk̄‖
‖rk̄‖

2Pk̄

]
H̃r.(3.2.7)

63



Now, we observe that

(3.2.8) Dk̄
[
wk̄
‖fk̄‖
‖rk̄‖

2Pk̄

]
H̃f = 0

as Pk̄fk̄ = 0 due to Pk̄ being a projection onto the orthogonal compliment of fk̄. Thus, we

can add Eq. (3.2.8) into Eq. (3.2.7) as

V̇ (z) = − (r− f)T H̃TDk̄
[
wk̄
‖fk̄‖
‖rk̄‖

2Pk̄

]
H̃ (r− f)

= −zT H̃TDk̄
[
wk̄
‖fk̄‖
‖rk̄‖

2Pk̄

]
H̃z.

Similarly, we can also introduce additional multiplicative Dk̄ [Pk̄] terms, using the fact that

Pk̄ is a projection matrix, and so P 2
k̄

= Pk̄. Thus,

V̇ (z) = −zT H̃TDk̄ [Pk̄]
T Dk̄

[
wk̄
‖fk̄‖
‖rk̄‖

2Pk̄

]
Dk̄ [Pk̄] H̃z.

However, we notice that

‖fk̄‖
‖rk̄‖

2 =
‖fk̄‖

‖zk̄ + fk̄‖
2

≥ ‖fk̄‖
[‖zk̄‖+ ‖fk̄‖]

2 .

Applying Theorem 27, ‖zk̄‖ ≤ ‖z‖ ≤ ‖z0‖. Thus, we can write

wk̄ ‖fk̄‖
‖rk̄‖

2 ≥
wk̄S (f)

∥∥∥f̃k̄∥∥∥[
‖z0‖+ S (f)

∥∥∥f̃k̄∥∥∥]2

= S (f)−1
wk̄

∥∥∥f̃k̄∥∥∥[
S (f)−1 ‖z0‖+

∥∥∥f̃k̄∥∥∥]2

4
= S (f)−1m2

k̄.

From the definition of m2
k̄

and the unit bearing rigidity matrix R̃, we have

V̇ ≤ −S (f)−1 zT R̃TDk̄
[
m2
k̄I2

]
R̃z.
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The worst case initial error is ‖z0‖ ≤ ‖−2f‖ = 2
√
nS (f), which follows from the fact that

the trajectory of the error z under the dynamics 3.2.1 travels along a sphere of radius ‖f‖

[42, 39]. Noting that

m2
k̄ ≥

wk̄

∥∥∥f̃k̄∥∥∥[
2
√
n+

∥∥∥f̃k̄∥∥∥]2

and let

β = min
k̄
m2
k̄ > 0,

then

V̇ (z) ≤ −βS (f)−1 zR̃T R̃z.

Isolating the components of z that are orthogonal to the nullspace of R̃, denoted z⊥, then

V̇ (z⊥) ≤ −βS (f)−1 λq

[
R̃T R̃

]
zT⊥z⊥

= −βS (f)−1 λq

[
R̃T R̃

]
V (z⊥) ,(3.2.9)

where λq

(
R̃T R̃

)
> 0 is the smallest non-zero eigenvalue of R̃T R̃. Hence, the dynamics will

converge exponentially to the nullspace of R̃, or equivalently to χ (Θ), by La Salle’s theorem

[77]. �

Theorem 28 describes convergence to the set χ (Θ) . To guarantee that the steady state

formation is parallel to f , the framework must be bearing rigid. With this is mind, Zhao and

Zelazo [39] examined the effect of a small change in agent positions 4r ∈ R2n with respect

to the bearing measurements, where if R (Θ)4r = 0, then 4r is called an infinitesimal

bearing motion. An infinitesimal bearing motion corresponding to a translation or a scaling

of the whole framework is called trivial. The framework Θ (G, f) is called infinitesimally

bearing rigid if all infinitesimal bearing motions are trivial. Intuitively, this means that such

frameworks will appear to maintain their shape, regardless of scaling or position, under the

dynamics (3.2.1b). We now state a rank condition on the bearing rigidity matrix for checking

if a given framework exhibits infinitesimal bearing rigidity.
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Theorem 29. [78] A framework Θ (G, f) is infinitesimally bearing rigid, if and only if

rank [R (Θ)] = 2n− 3,

with the nullspace of R (Θ) spanned by orthogonal vectors v1 = F T
[
1T 0T

]T
, v2 =

F T
[
0T 1T

]T
, and v3 = f̃ . Here, F =

 In ⊗
[

1 0
]

In ⊗
[

0 1
]
 and f̃ is the underlying unit

formation.

The vectors v1, v2 and v3 in Theorem 29 capture the modes representing the invariance of

the bearing measurement to translation in x, translation in y, and scale, respectively.

A consequence of Theorem 29 is that the bearing-compass dynamics will converge to a

formation parallel to f if the underlying framework is bearing rigid. Further, as the dynamics

are invariant to scale and centroid by Proposition 26, then the dynamics will converge to

one of the two points in ξ± (f , r). Summarized in the following corollary of Theorem 28, this

will almost always be the positively scaled most similar formation ξ+ (f , r), with ξ− (f , r)

corresponding to an unstable equilibrium point.

Corollary 30. Let the framework Θ (G, f) be infinitesimally bearing rigid. Under the un-

forced dynamics (3.2.1b), r (t) will almost globally exponentially converge to ξ+ (f , r0), with

the worst-case convergence rate proportional to λ4

[
R̃ (Θ)T R̃ (Θ)

]
.

Thus far, we have examined how the bearing-compass dynamics perform when unforced, i.e.

when ũ = 0. In the next chapter, we relax this assumption and explore the behavior of the

dynamics when they are forced.
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CHAPTER 4

Controlling a Bearing-Compass Dynamics

In Chapter 3, we studied the bearing-compass dynamics (3.2.1) and derived properties relat-

ing to how the dynamics will evolve over time. Further, we derived how these dynamics will

evolve in the presence of an external forcing term ũ. However, we did not explicitly choose

a ũ to accomplish a given objective. In this chapter, we will identify several properties that

will be useful when designing distributable controllers. We will extend these results further

in Chapter 5.

4.1. Additive Control

Another result following from Propositions 24 and 25 is that control of two agents can achieve

scaling without translation of the formation. This scaling, unlike for the single agent case,

can be achieved without knowledge of the direction of the centroid. This observation is

summarized in the following corollary.

Corollary 31. If two agents, not necessarily adjacent in G, apply equal magnitude control

inputs along the vector between them, but in opposite directions, the centroid of the formation

C (r) remains stationary while the scale S (r) decreases when the agents move towards one

another, and increases otherwise. More specifically, the change in scale is proportional to the

distance between these two agents and inversely proportional to the current formation scale

as

(4.1.1)
∂S (r)

∂t
= − 2

nS (r)
rTiju.
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Proof. Consider two agents i and j having a forced control ũi = −ũj = u. Our first

observation is that

(4.1.2)
∑
i∈V

ũi = ũi + ũj = u− u = 0.

Substituting Eq. (4.1.2) into Proposition 24 it is clear that Ċ (r) = 0. Without loss of

generality, assume that the centroid C (r) is at the origin, meaning qi = ri. Using Eq.

(4.1.2), the formation scale dynamics from Proposition 25 evolve as

∂S (r)

∂t
=

2

nS (r)

∑
i∈V

qTi

(
ũi −

1

n

∑
j∈V

ũj

)

=
2

nS (r)

∑
i∈V

rTi ũi

=
2

nS (r)

[
rTi u− rTj u

]
= − 2

nS (r)
rTiju,

completing the proof. �

An example of Corollary 31 can be seen in Figure 3.2.2b, whereby the formation is scaled

while the centroid remains stationary.

To complement Corollary 31 we examine a scenario whereby pure translation without scaling

can occur. This can be achieved using a broadcast control approach where all agents apply

the same control magnitude and direction, i.e., a common additive u. In practice, broadcast

communication scales well with the size of the network since no agent-specific communication

is required.

Corollary 32. If all agents i ∈ V have the same external control ũi = u, then the centroid

C (r) evolves in time as

(4.1.3)
∂C (r)

∂t
= u
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and the scale S (r) evolves as

(4.1.4)
∂S (r)

∂t
= 0.

Proof. Equation (4.1.3) follows directly from Proposition 24.

If we expand Eq. (3.2.4), we have

∂S (r)

∂t
=

2

nS (r)

∑
i∈V

qTi

(
ũi −

1

n

∑
j∈V

ũj

)

=
2

nS (r)

∑
i∈V

qTi

(
u− 1

n

∑
j∈V

u

)

=
2

nS (r)

∑
i∈V

qTi (u− u)

= 0,

completing the proof. �

4.2. Rotational Control

We now examine a non-additive type of broadcast control, one that dynamically rotates the

unit vectors in Θ at a constant rate. We consider the time varying bearing set Θ(t) = {f̂k̄(t)},

with f̂k̄(t) = R(θ(t))fk̄ for all f̂k̄ ∈ Θ,

R(θ) =

 cos θ − sin θ

sin θ cos θ


is the rotation matrix, and θ̇ = ω ∈ R is constant. This control law can be realized by

broadcasting to all agents simultaneously the value θ̇. The dynamics (3.2.1b) becomes

(4.2.1) ṙ =
∑
j∈N (i)

wij

(
r̂Tij f̂

⊥
ij

)
r̂⊥ij.
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The equilibrium trajectory f (t) is a rotation of the formation f = ξ(r0,Θ) about its centroid,

i.e., f(t) = (In ⊗R(θ(t))) (f − C(f)). It is straightforward to see that C(r) and S(r) will be

constant under this type of control. The following theorem states that the trajectory r(t)

will ultimately be achieved up to some bound b.

Theorem 33. Given the graph is bearing rigidity, the equilibrium trajectory of (4.2.1) is

bounded for all t ≥ 0 and ultimately bounded by

b =
4mS(r0)θ̇

α
(
βS (f)−1 λ4

[
R̃T R̃

]) ,
and where α ∈ (0, 1) is an arbitrary constant.

Proof. For the rotating case dynamics (4.2.1), for a frozen θ [77] the frozen equilibrium

point is r = (In ⊗R(θ)) f := fθ. This frozen θ, under the change of variable z = r− fθ, has

dynamics żi = gi(z, fθ), where gi(·) is defined in (3.2.5), and analyzed in Theorem 28. The

non-frozen rotating system consequently has dynamics, for each i ∈ V ,

(4.2.2) żi = gi(z, fθ)−
∂fθ
∂θ

θ̇.

We proceed to analyze this system as a slow varying system drawing upon the comparison

lemma [77] to show ultimate boundedness. Note that∥∥∥∥∂fθ∂θ
∥∥∥∥ = ‖(In ⊗R′(θ)) f‖

= ‖f‖

4
= L.

We have

c1 ‖z‖2 ≤ V (z) ≤ c2 ‖z‖2 ,

V̇ (z) ≤ −c3 ‖z‖2 ,
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∥∥∥∥∂V∂z
∥∥∥∥ = ‖z‖ ≤ c4 ‖z‖ ,

and ∥∥∥∥∂V∂θ
∥∥∥∥ = 0 ≤ c5 ‖z‖2 ,

where c3 = βS (f)−1 λ4

[
R̃T R̃

]
from (3.2.9), c1 = c2 = 1

2
, c4 = 1, and c5 > 0 (an arbitrary

positive constant). Applying [77, Thm. 9.3], for ||θ̇|| ≤ ε and z ∈ D(δ) then the solutions

of (4.2.2) are bounded for all t ≥ 0 and ultimately bounded by

b =
c2c4Lε

α (c1c3 − εc2c5)
=

4m ‖f‖2 θ̇

α
(
βS (f)−1 λ4

[
R̃T R̃

]) .
Since c5 can be selected arbitrarily small, θ̇ is constant, and we can let ε = θ̇. �

Not surprisingly, the bound b in Theorem 33 exhibits similar features to the convergence

rate in Theorem 28. Smaller bounds are achieved with improved network connectivity, less

edges, smaller scale and closer initial conditions to the equilibrium trajectory. Further, better

bounds are formed with a slower rotation rate θ̇. These features can be observed in Figure

4.2.1, comparing (a) with larger
λ4[R̃T R̃]

m
than (b). When, the rotation rate is too high the

overall formation shape can not be maintained as observed in Figure 4.2.1d.

The additive control approach explored earlier in the section can also be combined with a

rotation control. An example of this is displayed in Figure 4.2.1c, with a rotation coupled

with a pure scaling as per Corollary 31.

We have shown that we can manipulate the formation to cause rotations, changes in scale,

and change in position using one, two, or all agents. The next chapter will presents methods

to select particularly effect agents, known as leaders, to manipulate the formation.
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(a) (b)

(c) (d)

Figure 4.2.1. Tracking a rotating formation. A) Right triangle formation.
B) Asymmetric formation on 7 agents. C) Pure scale with the same additive
control in Figure 3.2.2b and constant-rate rotation. D) Equilateral formation

with large θ̇.
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CHAPTER 5

Leader Selection for Internal Manipulation

One of the attributes previously explored for dynamics (3.2.1) is the application of external

control on all or a subset of the agents referred to as leader agents to manipulate the for-

mation. Motivated by intuitive human-swarm formation interactions, we focused on control

strategies that can translate and scale the formation. As specific controls are required to

be communicated to each agent to perform these strategies, communication costs can re-

strict the number of agents able to participate in a maneuver. When constrained to a finite

control, some agents can more effectively instigate these maneuvers. Further, translation

without scaling, referred to as pure translation, can be achieved by applying carefully se-

lected external leader control. Similarly, translation can be maintained while varying scale

when the external leader control values are restricted. These observations indicate that an

intelligent selection of control agents and control signals is required when interacting with

the swarm.

5.1. Translation and Scale

This section discusses solutions and approximate solutions for the problem of selecting a

leader set S for effective formation translation and scaling.

As mentioned in Proposition 24, the dynamics of the formation centroid is

∂C

∂t
=

1

n

∑
i∈S

ũi,

which provides a direct method for leader agents to translate the formation. Consider a

translation of the formation in the direction of the unit vector h ∈ R2. If each agent can apply

a cumulative unforced and forced control of magnitude at most umax then, as the unforced

dynamics of agent i is at most N (i) from Proposition 22, it follows that ‖ũi‖ ≤ umax−|N (i)|.
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Here, we assume there is sufficient control to apply the unforced dynamics, i.e., umax ≥ N (i).

The set function describing the most suitable translation leader set S is

ft(S) = max
‖ũi‖≤umax−|N (i)|

hT

(
1

n

∑
i∈S

ũi

)

=
1

n

∑
i∈S

(umax − |N (i)|),(5.1.1)

corresponding to ũi = (umax −N (i))h for each agent i. For this case, every agent applies

their maximum control in the direction of h. We note that a similar formulation can be

obtained if w 6= 1, but is omitted for clarity.

A similar setup occurs for maximizing the change in scale of the formation, from Proposition

25 as

∂S

∂t
=

2

nS (r)

∑
i∈V

qTi

(
ũi −

1

n

∑
j∈V

ũj

)
,

recalling that qi = ri − C(r). Under the cumulative control constraint umax then

fs(S) = max
‖ũi‖≤umax−|N (i)|

2

nS (r)

∑
i∈V

qTi

(
ũi −

1

n

∑
j∈V

ũj

)

= 2
∑
i∈S

(umax − |N (i)|) ‖qi‖ ,(5.1.2)

corresponding to

ũi = (umax − |N (i)|) q̂i

for each agent i. The control strategy corresponds to every leader applying their maximum

control outward from the direction of the centroid q̂i. The minimization of the change in scale

of the formation can be similarly formulated. In fact if ũi is the solution of the maximization

problem, then −ũi is the solution to the minimization of change in scale.

Set functions ft(S) and fs(S) are in fact both modular functions from Definition 10. Maxi-

mization over modular functions with cardinality constraints, e.g. |S| ≤ K, is easy, requiring

evaluation of w(s) over all agents s and then selecting the K largest. Consequently, for the

centroid set function ft(S) the best agent set is composed of agents with the K smallest
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degrees. Similarly, the best agent set for scale manipulation based on fs(S) is composed of

agents that are far from the center with small degrees. For example, if all agents have equal

degree than the optimal set will be composed of the k agents furthest from the center.

5.2. Information Propagation

The detriment of the optimal leader sets of the previous section is that leader agents often

have a low degree which tends to imply a small distance centrality, i.e.,
∑n

i=1 dist(i, S) is

large. Consequently, the translation or scale information presented by agents in S can be

slow to propagate through the dynamics over the graph. One approach to mitigate this effect

is to supplement the set functions ft(S) and fs(S) with a centrality-promoting measure fG(S)

by optimizing over both, namely

(5.2.1) f(S) = fx(S) + fG(S),

where fx(S) is either ft(S) or fs(S). Here, we choose

(5.2.2) fG(S) = −c
n∑
j=1

dist(j, S)

for some weight c > 0 which penalizes the set S for large distance centrality.

The set function fG(S) falls into a class of set functions known as monotone increasing

submodular functions. The submodularity of fG(S) follows from the relation

fG(B
⋃
{s})− fG(B) = c

n∑
j=1

max {0, dist(j, B)− dist(j, s)}

≤ c
n∑
j=1

max {0, dist(j, A)− dist(j, s)}

= fG(A ∪ {s})− fG(A),

and the monotonicity of fG(S) follows from the observation that adding a vertex to a set can

never increase the sets distance to agents in the graph.
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Applying the property that the sum of a submodular function and a modular function is

submodular [20], then Eq. (5.2.1) is also a monotone increasing, submodular function.

Now, the maximization of such a monotone increasing, submodular function for |S| ≤ K is

generally NP-hard. In fact, a special case of maximizing fG(S) is the vertex cover problem

shown to be NP-complete [79]. A polynomial time alternative is to apply a greedy algorithm

which is provably close to the optimal [19], a process captured in Theorem 14. In fact, this is

the best performing polynomial time algorithm over general monotone increasing submodular

functions [19].

An alternative candidate for fG(S) is the cut size corresponding to the partition S and V −S.

This is the number of edges linking the input node set S to the rest of the swarm. It presents

a different measure of connectedness and therefore information propagation. A special case

of maximizing fG(S) is the maximum cut problem, one of Karp’s 21 NP-complete problems

[79]. The cut size is also a monotone increasing, submodular function and so a greedy

heuristic can be applied with guaranteed suboptimal performance.

5.3. Pure Translation and Scale

A consequence of the control strategies corresponding to the set functions (5.1.1) and (5.1.2)

is that the formation may be inadvertently scaled when the centroid is translated; similarly

centroid translation can inadvertently occur under scaling. This is particularly detrimental

in the case of scale variation, as over time, qi(r) varies with centroid location, so unless

the forced additive control is applied instantaneously the optimal S under the set function

(5.1.2) may not in fact be the optimal scaling set over a trajectory.

An alternative is to select ũi for all i ∈ S such that only a pure translation or scale occurs.

Formally, the control input ũi is designed such that ∂S(r)
∂t

= 0 and ∂C(r)
∂t

= 0 for scale and

centroid invariance, respectively.

For optimal translation leader selection under this restriction, an alternative set function

can be considered which optimizes for pure translation in the desired direction h, while

exhibiting no translation in other directions or scaling. The set function is defined, via an
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optimization problem over all ũi such that i ∈ S, as

ft′(S) = maxhT
∑
i∈S

ũi(5.3.1a)

s.t.
∑
i∈S

qTi ũi = 0(5.3.1b)

(h⊥)T
∑
i∈S

ũi = 0(5.3.1c)

‖ũi‖ ≤ umax −N (i), for all i ∈ S.

The equality constraint in Eq. (5.3.1b) mandates that the scale remains invariant while Eq.

(5.3.1c) prohibits translations not aligned with h. Unlike the set function in Eq. (5.1.1),

ft′(S) does not have a closed form solution. Given the set S, ft′(S) can be solved efficiently as

a semidefinite optimization problem, or more specifically as a linear cost problem with linear

and quadratic constraints. Unfortunately, ft′(S) is not submodular and so the techniques

of the previous section can not be applied to form a 1 − 1/e approximate leader selection

algorithm with cardinality constraints on S.

The problem of leader selection under the cost ft’(S) can be posed as an mixed-integer

quadratic programming (MIQP) problem, optimizing over ũ1, . . . , ũn and binary variables

z1, . . . , zn, as

Jt′ = maxhT
n∑
i=1

ũi

s.t.
n∑
i=1

qTi ũi = 0

(h⊥)T
n∑
i=1

ũi = 0

‖ũi‖ ≤ zi (umax −N (i)) , for all i ∈ V(5.3.2a)
n∑
i=1

zi ≤ K(5.3.2b)

zi ∈ {0, 1} , for all i ∈ V.(5.3.2c)
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The binary variable zi, through inequality (5.3.2a), captures whether the agent i is selected

as a leader, while the inequality (5.3.2b) enforces the cardinality constraint, |S| ≤ K. This

problem is difficult to solve exactly. In fact for umax → ∞, the problem becomes the 0-

1 integer program which is NP-complete [79]. One approach is to find an approximate

solution by performing an integer relaxation of constraint (5.3.2c) to zi ∈ [0, 1]. The optimal

Jt’ will be generated by some contribution of all agents denoted through the magnitude of zi.

Selecting the agents which correspond to the largest K elements of zi forms an approximate

agent set S. Defining the optimal agent selection as

S∗ = argmax
|S|≤K

[ft′ (S)]

then

0 ≤ ft′(S) ≤ ft′(S
∗) ≤ Jt′ .

Hence, we have the relation

(5.3.3)
ft′(S

∗)− ft′(S)

ft′(S∗)
≤ Jt′ − ft′(S)

ft′(S)
.

Thus, for small Jt′ − ft′(S), S serves as a good approximation of S∗. The additive control

ũi for i ∈ S for this centroid maneuver corresponds to the optimal solution of (5.3.1a).

A similar approach can be adopted for the selection of leader controls for pure scaling with

centroid invariance using an alternative set function

fs′(S) = max
∑
i∈S

qTi ũi(5.3.4a)

s.t.
∑
i∈S

ũi = 0

‖ũi‖ ≤ umax −N (i), for all i ∈ S.
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The accompanying MIQP, which for umax →∞ is also an NP-complete 0-1 integer program,

is

Js′ = max
n∑
i=1

qTi ũi

s.t.
n∑
i=1

ũi = 0

‖ũi‖ ≤ zi (umax −N (i)) , for all i ∈ V
n∑
i=1

zi ≤ K

zi ∈ {0, 1} , for all i ∈ V.

The integer relaxation approach produces a similar inequality for the suboptimal scale ma-

neuver

(5.3.6)
fs′(S

∗)− fs′(S)

fs′(S∗)
≤ Js′ − fs′(S)

fs′(S)
,

where

S∗ = argmax
|S|≤K

[fs’ (S)] .

5.4. Examples

The leader selection algorithms were exercised on our unicycle testbed introduced in §0.5

with the objective of demonstrating the scaling leader selection process. A unicycle particle

tracking dynamics coupled with dynamics (3.2.1) was implemented on the testbed, with

bearing measurements r̂ij supplied to each agent i via a Vicon motion-capture system.

The dynamics was applied to three vehicles with initial vehicle positions forming a right

triangle and graph G a complete graph. The desired formation shape, defined through the

set Θ (G), corresponds to a right-triangle in a different orientation. The resultant trajectory

is depicted in Figure 5.4.1. The final formation shape is correctly acquired and demonstrates

good agreement between the particle tracking dynamics and bearing-compass dynamics.
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Figure 5.4.1. Initial and final positions are marked with empty and filled
circles, respectively, and the centroid by a solid square. The trajectory of the
agents is denoted with a solid line between empty and filled circles. The graph
topology is indicated by lines between filled circles.

To examine the scaling leader selection process, the dynamics were applied to a 9 vehicle

swarm. The initial formation shape and scale, and graph G are provided in Figure 5.4.2a.

With the objective of maximizing the scale of the formation, a greedy leader selection algo-

rithm was implemented over the modular cost function in Eq. (5.1.2), selecting the optimal

leader set with cardinality three. The consequent formation scaling is depicted in Figure

5.4.2a with the scale motion and centroid motion illustrated in Figure 5.4.2b and 5.4.2c,

respectively. As expected, the selected leaders are those furthest from the centroid with

low degree. The corresponding control vectors ũi, supplied for t ∈ [10, 30], move the leader

agents away from the centroid and in doing so scale the swarm. We observe an eventual 35%

scaling of formation. There is also an inadvertent shift of the centroid by 15 cm.

An alternate cost function in Eq. (5.3.1) was examined so as to avoid the unwanted shift

in centroid observed in Figure 5.4.2c. The proposed integer relaxed optimization problem

(5.3.2) explored in §5.3 was solved to generate a sub-optimal leader set with cardinality

three. The bound from Eq. (5.3.3) is

Js′ − fs′(S)

fs′(S)
≤ 0.31,

indicating the solution is within 31% of the optimal. After examining all possible leader

sets, we determined the solution is in fact optimal. The subsequent trajectory of the same
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(a)

(b) (c)

Figure 5.4.2. A) A 9 agent formation under scale with leader selection dic-
tated by cost function (5.1.2). (B) and (C) The resultant scale S(r) and
centroid C(r) deviations over time. The initial position, final position, trajec-
tory, graph, and centroid are denoted as in Figure 5.4.1. The control vector
ũi for each leader agent i is indicated with a dashed line from node i.

9 agent scenario in Figure 5.4.2 is depicted in Figure 5.4.3a. Unlike in Figure 5.4.2, the

selected leaders are not those that are furthest from the centroid, but balanced around it.

The corresponding leader controls, supplied for t ∈ [10, 30], also no longer point directly

away from the centroid as they must enforce the centroid invariant constraints. The scale

deviation, depicted in Figure 5.4.3b, shows a scaling of 30%. Figure 5.4.3c illustrates the

more favorable centroid deviation with only a 0.5 cm shift from the initial location opposed

in 15 cm for cost function (5.1.2).
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(a)

(b) (c)

Figure 5.4.3. (A) A 9 agent formation under scale with leader selection
dictated by cost function (5.3.5). (B) and (C) The resultant scale S(r) and
centroid C(r) deviations over time. The initial position, final position, trajec-
tory, graph, and centroid are denoted as in Figure 5.4.1. The control vector
ũi for each leader agent i is indicated with a dashed line from node i.

5.5. Concluding Remarks

In this part we explored the properties, manipulation and leader selection problem for a

bearing-compass control law. Stability and invariant features were explored for the dynamics.

The criteria for leader selection were based on the effectiveness of leaders to manipulate the

formation’s centroid location and scale. The effectiveness of these selections was illustrated

on a unicycle swarm testbed.
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Part 3

Rigidity-Centered Design



In this part, we extend the exploration in Part 2 of the bearing-based dynamics to forma-

tion shape acquisition. The work examines connections between the graph topology and

the performance of the dynamics. The bearing rigidity matrix is shown to be key to un-

derstanding the stability and convergence of the protocol. Examining measures over the

bearing rigidity matrix, the edge selection and leader selection problems are considered in

Chapters 6 and 7, respectively. The part is concluded in Chapter 8 which generalizes the

rigidity based approach to studying the bearing-compass dynamics to more arbitrary relative

measurements.



CHAPTER 6

Edge Selection for Network Dynamic Performance

In this section, we will discuss how a bearing-rigid formation can be obtained with minimal

human interaction. Our method, visualized in Figure 0.4.2, consists of taking a coarse image

provided by the human operator, partitioning the image into roughly equal-sized components,

constructing a set of feasible edges from which to select, and finally selecting a subset of these

edges which both meet our bearing rigidity requirements and maximize some performance

metric.

To partition the image, we first produce a set of agents which will participate in the for-

mation, and denote them by the set V . The Voronoi partitioning algorithm [80, 81] will

return the desired agent positions f =
[
fT1 fT2 · · · fTn

]T
, such that agents are roughly

distributed across the image. For example, the raw image in Figure 0.4.2a is partitioned into

25 approximately equal regions, and the desired locations for agents are returned in f .

Given a set of desired agent positions f , we can construct a distance graph [2]. This graph

is denoted GD = (V,ED) is composed of edges

ED = {{i, j} : ‖fj − fi‖ ≤ dmax} ,

where dmax is chosen to be sympathetic to communication range limits of the agents (i.e.,

wireless signal strength or a distance such that a monocular camera can still resolve neigh-

boring agents).

We will use the desired agent positions f and the feasible edge set ED to select some E ⊆ ED

such that the dynamics (3.2.1) will both converge and be optimal over various metrics, such

as maximizing convergence.

In §6.1, we will explore a necessary and sufficient condition on the bearing rigidity matrix

R (Θ) for the dynamics to converge. More specifically, we will select an edge set E ⊆ ED

85



(a) (b)

(c) (d)

Figure 6.0.1. Edge selection under different metrics: A) Using fr (S) from
Proposition 35, B) using fr (S) + αft (S) from Eq. (6.2.5), C) using fr (S) +
αf` (S) from Eq. (6.2.6), and D) same edge set as Fig. 6.0.1c but with edge
weighting from §6.3.

such that the conditions on infinitesimal bearing rigidity, outlined in Theorem 29, are met,

which means the formation satisfies rank [R (Θ)] = 2n− 3.

While our formation edge set must be bearing rigid, we would also like the set to promote

good performance of the dynamics. We can add additional terms to the edge selection to

promote this, which we will explore in §6.2. Further, we might be given a set of edges that

we must use, in which case we can optimize the weights of those edges to further improve

performance. This is explored in §6.3.

An example of such a refinement can be seen in Fig. 6.0.1, where the edges have been

selected from those in the distance graph in Fig. 0.4.2c.

Submodularity is key to our approach to the edge selection problem. In particular, the

theorem below serves as the workhorse for the results that follow.
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Theorem 34. Let S ⊆ E and

Q (S) = U (S)T U (S) ,

where U (S) = (I (S ∪ S0)⊗ Id)U (E), I (T ) represents the T columns of the identity matrix

and S0 is the columns of U(E) associated with S = {∅}. Then the following are submodular

functions:

a) fr (S) = rank [−Q (S)]

b) ft (S) = trace [Q (S)]

c) f` (S) = logdet [Q (S)] for Q (S) � 0.

Furthermore, ft (S) is, in fact, modular.

Proof. (a) We observe that

rank [Q (S)] = rank
[
U (S)T U (S)

]
= rank

[
U (S)T

]
.

The matrix U (S) corresponds to the S ∪ S0 column pairs of U (E). Maximizing fr (S) over

S is then equivalent to selecting the 2-pair columns of each s ∈ S in U (E) that maximizes

the rank. This is the standard matroid rank problem and fr is submodular [19].

In support of (b) and (c), observe that

Q (S) = U (S)T U (S)

= U (E)T (I (S ∪ S0)⊗ I2)T (I (S ∪ S0)⊗ I2)U (E)

= U(E)T
∑

s={∅},s∈S

[
(I ({s})⊗ I2)T (I ({s})⊗ I2)T

]
U (E)

= Q(∅) +
∑
s∈S

Q ({s}) .(6.0.1)

(b) As trace [Q (S)] =
∑

s∈S trace [Q ({s})] it follows that trace [Q (S)] is modular.

(c) For M � 0 and N,P � 0 then

det (M)det (M +N + P ) ≤ det(M +N)det(M + P )
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from [82]. As log(·) is an increasing function then

0 ≤ log(det(M +N)det(M + P ))− log(detMdet(M +N + P ))

≤ logdet(M +N) + logdet(M + P )− (logdetM + logdet(M +N + P ))

≤ logdet(M + P ))− logdetM)− (logdet(M +N + P )− logdet(M +N)).(6.0.2)

Consider now A ⊆ B ⊆ S and s /∈ B. Assume that Q(A) � 0 as Q(S) is formed by the

sum of positive semidefinite matrices, then Q(B) − Q(A), Q({s}) � 0 . Let M = Q(A),

N = Q(B)−Q(A), P = Q({s}) and applying (6.0.1) and (6.0.2) as

0 ≤ logdet(Q(A) +Q({s})− logdetQ(A)− (logdet(Q(B) +Q({s})− logdetQ(B))

≤ logdetQ(A ∪ {s})− logdetQ(A)− (logdetQ(B ∪ {s})− logdetQ(B))

Hence, by Def. 12, logdet [Q (S)] is submodular. �

6.1. Selection for Bearing Rigidity

When we perform the Voronoi partitioning from §0.4, the output is the desired agent forma-

tion f =
[
fT1 fT2 · · · fTn

]T
. We then use this formation to construct the distance graph

GD using some maximum distance dmax. We will be selecting subsets of these edges.

From Corollary 30, a necessary condition for dynamics (3.2.1) to converge to a formation

similar to f is that the framework Θ is infinitesimally bearing rigid. From Theorem 29, it is

then desirable to select a subset of edges S ⊆ ED so that rank [R] = 2n− 3. Representing

the rigidity matrix as a matrix valued function with respect to the edges S then

R(S) =
∂ f̂(S)

∂f

where f̂(S)
4
=
[
f̂Ts̄1 f̂Ts̄2 · · ·

]T
, for S = {s1, s2, . . . } ⊆ ED. The unitless rigidity matrix

R̃(S) is similarly defined. We leverage this rank property in the following proposition.
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Algorithm 2 Select edges which guarantee infinitesimal bearing rigidity.

Input: Graph to refine: GD = (V,ED)
Ensure: rank[R(ED)] = 2n− 3
Input: Submodular set function: f(S), S ⊆ ED

1: S ← ∅
2: while rank[R(S)] < 2n− 3 do
3: e∗ = argmax

e∈ED\S
[f(S ∪ {e})− f(S)] 1

4: S ← (S ∪ {e∗})
5: end while
6: return S

Proposition 35. The set function

(6.1.1) fr (S) = rank [R (S)]

for S ⊆ ED is submodular.

Proof. This result follows directly from Theorem 34.a by letting S0 = {∅} and

U(S) = R(S)

= (I(S ∪ S0)⊗ I2)R(ED).

�

Since we have shown that the rank of the bearing rigidity matrix R is submodular over the

underlying edge set E, we can apply Theorem 14 to select edges in a greedy fashion, leading

to an approximately optimal edge set. This process is described in Algorithm 2.

6.2. Selection for Convergence

In §6.1, we showed how to select edges such that the resulting formation is bearing rigid.

However, in large formations with many possible edges, it is likely that many such selections

will meet this minimum rank requirement, and some selections might offer better performance

than others. In this section, we explore ways to promote formation convergence as a part of

1If, as in Theorem 14, R > 1, then this line will select the subset e ⊆ ED \S such that |e| = R if |ED \ S| ≥ R
and |e| = |ED \ S| otherwise.
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the edge selection process. The underlying Lyapunov function and the associated Lyapunov

rate from Theorem 28 is V = 1
2
zTz and V̇ ≤ −S (f)−1 zTQz, respectively. Explicitly encoding

the edges S ⊆ ED that contribute to Q then

(6.2.1) Q(S) = R̃(S)TDk̄(S)

[
m2
k̄I2

]
R̃(S),

where R̃(S) := (I(S)⊗ I2) R̃, m2
k̄

is defined as in Theorem 28,

Dk̄(S)

[
m2
k̄I2

] 4
= (I(S)⊗ I2)Dk̄

[
m2
k̄I2

]
(I(S)⊗ I2)T ,

and R̃ and Dk̄
[
m2
k̄
I2

]
are constructed from the edge set ED.

The worst-case convergence rate to the null-space of Q is dictated by the smallest nonzero

eigenvalue of Q. This also dictates the exponential convergence envelope of the dynamics.

The other non-zero eigenvalues of Q also play a role in describing the convergence of the

dynamics. Edge selection based on measures of these eigenvalues has the effect of improving

the overall dynamics performance and is the edge optimization criterion for this section.

The first considered measure is trace [Q], which is proportional to the instantaneous average

convergence envelope of the dynamics at time t when the initial error is ‖z (t)‖ is sampled

evenly on the unit circle. This follows from the fact that for a fixed scale S (f)−1,

d

dt
E‖z(t)‖=1V (z (t)) ≤ −S (f)−1 E‖z(t)‖=1z

T (t)Qz (t)

= −S (f)−1 1

2n

n∑
i=1

λi(Q)E‖z(t)‖=1z
T (t) z (t)

=

(
−S (f)−1 1

n
trace [Q]

)
E‖z(t)‖=1V (z (t)).

Consequently, a larger trace [Q] will speed up the average convergence rate envelope.

An attraction of this measure is that it is modular with respect to the edge selection problem

on the graph. This feature is formalized in the following proposition.
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Proposition 36. Let Q(S) be defined as in (6.2.1); then the set function

(6.2.2) ft (S) = trace [Q(S)]

for S ⊆ ED is modular.

Proof. The proof follows from Theorem 34.b by letting S0 = {∅} and

U (S) = Dk̄(S) [mk̄I2] R̃ (S)

= (I(S)⊗ I2)Dk̄
[
m2
k̄I2

]
(I(S)⊗ I2)T (I(S)⊗ I2) R̃

= (I(S)⊗ I2)Dk̄
[
m2
k̄I2

]
R̃

= (I(S)⊗ I2)Dk̄(ED) [mk̄I2] R̃(ED).

�

A boon of the modularity of trace [Q] is that the greedy selection of edges under this measure

provides the optimal edge selection. Interestingly, trace [Q] is independent of the unitless

rigidity matrix R̃ (S). This becomes apparent by manipulating the trace of a single edge

{s} ∈ ED, indicating the sth row of H by Hs; then

ft({s}) = trace[R̃ ({s})T Dk̄({s})
[
m2
k̄I2

]
R̃ ({s})]

= trace[(Hs ⊗ I2)Dk̄({s})
[
m2
k̄I2

]
(HT

s ⊗ I2)]

= trace[m2
s(

 1

−1

⊗ I2)P 2
s (
[

1 −1
]
⊗ I2)]

= trace[m2
s(
[

1 −1
] 1

−1

⊗ I2)Ps]

= trace[2m2
sPs] = 2m2

s,(6.2.3)
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(a) (b)

Figure 6.2.1. A) Curve for m2
k̄

versus
∥∥∥f̃k̄∥∥∥ for an unweighted edge, i.e.,

wk̄ = 1, given desired formation f with initial error z0. B) Average potential
over 100 random initial conditions, where the Rank curve is the formation
from Figure 6.0.1a, the Trace curve is the formation from Figure 6.0.1b, the
LogDet curve is the formation from Figure 6.0.1c, and the Weighted LogDet
curve is the formation from Figure 6.0.1d.

and using the property that

ft(S) =
∑
s∈S

ft ({s}) = 2
∑
s∈S

m2
s,

as ft (S) is a modular function. The measure is therefore solely dependent on the lengths∥∥∥f̃k̄∥∥∥ and weights wk̄ of the selected edges, and the initial condition r0. Figure 6.2.1a plots

the function m2
k

for an unweighted edge. For the regime
∥∥∥f̃k̄∥∥∥ ≥ ‖z0‖S (f)−1 for all edges

k̄, or equivalently ‖fk̄‖ ≥ ‖r0 − fr‖, where fr = ξ(r0,Θ), then smaller
∥∥∥f̃k̄∥∥∥corresponds to a

large m2
k

and therefore a larger trace [Q], i.e., smaller edges in the final formation shape are

preferable. For the regime
∥∥∥f̃k̄∥∥∥ ≤ ‖z0‖S (f)−1, the reverse is true. Examining convergence

rate close to the equilibrium, namely when

(6.2.4) ‖r0 − f‖ ≤ min
k
‖fk̄‖ ,

the optimal q-edge selection to maximize trace [Q] would be to select the q shortest edges∥∥∥f̃k̄∥∥∥.

As ft(S) is independent of R̃ (S), it will not necessarily favor a maximum rank rigidity

matrix which is necessary to acquire the desired formation shape. An alternative is to use
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this result in conjunction with the submodular rank measure described in Proposition 35.

This can be achieved by applying the additive submodular property of Proposition 13 to

form the new submodular function

(6.2.5) f(S) = fr(S) + αft(S),

where α > 0. So as to encourage the minimal number of required edges for convergence to the

desired formation associated with fr(S) = 2n− 3, it may be desired to preferentially select

the rigidity rank measure over the trace measure. To this end, α can be selected to ensure

that fr(S) ∈ {0, 1, 2}, when nonzero, dominates f(S). Specifically, when α < 1/ft(ED) then

as ft(S) is monotonically increasing αft(S) ∈ [0, 1) for all S ⊆ ED. The effect of this choice

results in the trace measure “breaking ties” when using the greedy selection heuristic over

rank in Algorithm 2.

After sufficient edges SR have been added to the graph such that the rigidity matrix is

maximum rank, i.e.,

rank [R(SR)] = rank [Q(SR)] = 2n− 3,

then to further improve performance it may be desired to add additional edges S ∈ ED \SR.

The trace [Q(SR ∪ S)] is one measure to accomplish this result. A limitation of this measure

is that, as it is based on the average convergence, it does not favor improving the worst case

convergence. The worst case convergence dictated by the smallest non-zero eigenvalue of Q,

namely λ4(Q). The set function f(S) = λ4(Q(SR∪S)) is not a submodular function, however,

so does not provide greedy guarantees when Algorithm 2 is applied. An alternative measure,

which promotes increasing the smallest eigenvalues of a matrix, is
∑2n

i=4 logλi(Q(SR ∪ S)).

From the discussion on the nullspace of R in Theorem 29, note that v̂1, v̂2 and v̂3 span

the nullspace of Q(SR) with unitary eigenvalues, i.e., Q(SR) +
∑3

j=1 v̂jv̂
T
j is full rank and

logλn(v̂jv̂
T
j ) = log(1) = 0. Hence, for rank [Q (SR)] = 2n− 3 it follows that

2n∑
i=4

logλi (Q (SR ∪ S)) =
2n∑
i=4

logλi (Q (SR ∪ S)) +
3∑
j=1

logλn
(
v̂jv̂

T
j

)
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=
2n∑
i=1

logλi

[
Q (SR ∪ S) +

3∑
j=1

v̂jv̂
T
j

]

= tracelog

[
Q (SR ∪ S) +

3∑
j=1

v̂jv̂
T
j

]
‡

= logdet

[
Q (SR ∪ S) +

3∑
j=1

v̂jv̂
T
j

]
.

The following proposition describes the submodularity of
∑2n

i=4 logλi (Q) providing the nec-

essary features to guarantee the performance of the greedy Algorithm 2.

Proposition 37. Let Q(S) be defined as in Eq. (6.2.1). The set function

f` (S) = logdet

[
Q (SR ∪ S) +

3∑
i=1

v̂iv̂
T
i

]
(6.2.6)

and S ⊆ ED \ SR, where rank [f` (∅)] = rank [Q(SR)] = 2n− 3 is submodular.

Proof. Following similarly to the proof of Proposition 36, then

U (S) =

 Dk̄(SR∪S) [mk̄I2] R̃ (SR ∪ S)∑3
i=1 v̂iv̂

T
i


= I (S ∪ SR ∪ T )⊗ I2

 Dk̄(SR∪ED) [mk̄I2] R̃ (SR ∪ ED)∑3
i=1 v̂iv̂

T
i


= (I (S ∪ S0)⊗ I2)U (ED) ,

where T = {|ED| + 1, |ED| + 2, |ED| + 3} and S0 = SR ∪ T . Further as
∑3

i=1 v̂iv̂
T
i is an

idempotent matrix then UT (S)U (S) = Q (SR ∪ S) +
∑3

i=1 v̂iv̂
T
i . Therefore, U(S) is in the

necessary form to apply Theorem 34.c and so the result follows. �

��For matrix M , log[M ] denotes to the matrix logarithm of M .
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6.3. Weight Selection

Once an edge set E has been selected to achieve infinitesimal bearing rigidity, additional per-

formance improvement can also be garnered if edge weights w can be designed non-uniformly.

Assuming the weights are positive continuous variables for certain selection criteria, these can

be optimized using convex optimization. Examining dynamics (3.2.1b), as
∥∥∥(r̂Tij f̂⊥ij) r̂⊥ij∥∥∥ ≤ 1,

then
∥∥u(ij)

∥∥ ≤ wij and so the edge weight wij is akin to the maximum available control ef-

fort available to correct for errors induced by the edge {i, j}. Not surprisingly, increasing

edge weights has the effect of increasing the convergence rate of the dynamics. This is cap-

tured more explicitly through Corollary 30 where the worst case convergence is dictated by

the smallest non-zero eigenvalue of Q (w), namely λ4 (Q (w)), and the edge weights appear

linearly in the term m2
k̄

(wk̄) within the definition of Q. Balancing the maximum control

effort available at each node, defined as umax, and maximizing λ4(Q(w)) then an equivalent

optimization problem is:

maximize
w

λ4 (Q (w))

s.t. wk̄ ≥ 0,
∑
j∈N(i)

wij ≤ umax.(6.3.1)

The control effort cap in (6.3.1) can be represented in terms of the incidence matrix of the

graph as
∣∣HT

∣∣w ≤ umax1, where |·| for a matrix indicates the element-wise absolute value.

Applying a similar approach to Proposition 37 to remove the nullspace of Q then

(6.3.2) λ4 (Q) = λ1

(
Q+ β

3∑
i=1

v̂iv̂
T
i

)
.

It is assumed that β is large enough to shift the eigenvalues associated with
∑3

i=1 v̂iv̂
T
i above

λ4 (Q), i.e., β ≥ λ4 (Q). A sufficiently large β can be found by examining and upper bound

of 1
2n−3

trace [Q] which is the average over the nonzero eigenvalues of Q with

λ4(Q) ≤ 1

2n− 3

2n∑
i=4

λi (Q)
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=
1

2n− 3
trace [Q]

=
1

2n− 3
2

m∑
k̄=1

m2
k̄ (from equality (6.2.3))

≤ 2

2n− 3

m∑
k̄=1

wk̄
S (f)

4 ‖z0‖
(from upper bound in Figure 6.2.1a)

≤ S (f)

2 ‖z0‖
1

2n− 3

n

2
umax

=
numax

4 (2n− 3)

S (f)

‖z0‖
:= β,

where the final inequality follows from the maximum control cap as

m∑
k̄=1

wk̄ =
1

2

n∑
i=1

∑
j∈N(i)

wij

≤ 1

2

n∑
i=1

umax

≤ n

2
umax.

From the additive property in Eq. (6.0.1) over the edges of Q, then

Q =
∑
s∈E

Q ({s})

=
∑
s∈E

R̃ ({s})T Dk̄({s})
[
m2
k̄I2

]
R̃ ({s})

=
∑
s∈E

ws̄R̃ ({s})T


∥∥∥f̃s̄∥∥∥(

S (f)−1 ‖z0‖+
∥∥∥f̃s̄∥∥∥)2 I2

 R̃ ({s})

=
∑
s∈E

ws̄Qu({s}),

where Qu ({s}) is the matrix representing the unweighted contribution of edge s ∈ E. Hence,

the maximization of λ4 (Q) using (6.3.2) can be represented as a linear matrix inequality and

solved as a convex optimization presented in Algorithm 3.
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Algorithm 3 Algorithm to maximize λ4 (Q) with respect to the weight vector w given a
fixed edge set E.

maximize
w

δ

s.t.
∑
s∈E

ws̄Qu ({s}) + β

3∑
i=1

v̂iv̂
T
i � δI,

w ≥ 0,
∣∣HT

∣∣w ≤ umax1

We note that one reasonable strategy using what we have developed is to do an initial edge

selection based on the methods in §6.1 and §6.2, then apply Algorithm 3 to refine the chosen

edge weights. An example of the difference can be seen in Figures 6.0.1c and 6.0.1d, with

edge selections result in average convergence rates seen in Figure 6.2.1b.

This chapter built a framework for the selection of effective edges as both submodular op-

timization and convex optimization problems using bearing rigidity measures. A similar

approach can be adopted to address the leader selection problem for dynamics. This is the

subject of Chapter 7.
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CHAPTER 7

Leader Selection for External Manipulation

Previously in §3.2, we studied the performance of the forced dynamics (3.2.1). External

signals were applied from leader agents V` ⊆ V with ũi 6= 0, where the selection criteria of a

“favorable” leader was based on the leader’s ability to translate or scale a bearing-constrained

formation. The considered form of ũi was an instantaneous signal. In this section, we adapt

the tools developed in the previous material to select leaders which have external signals

that “ground” the formation to a certain position and scale given information from a set

of anchors which behave as stationary neighbors. These leader agents will manipulate the

formation as a whole, so we can acquire the desired formation scale and position. Taking a

similar approach to Shames and Summers [23], we assume there are some external anchors

that act as additional bearing constraints to any agent that can sense them. There are

many examples of such signals like the VHF omni-directional range (VOR) radio navigation

system used by aircraft, localizing from signals of opportunity like CDMA cellular towers

[83], or simply letting a subset of agents have access to their position using GPS so they can

measure their bearing offset from locations set a priori.

Let Va be the set of na anchor nodes with corresponding positions fa ∈ R2na . Let

Ea (S) = {{i, j} : i ∈ S, j ∈ Va}

be the set of edges between anchors and the leaders in set S ⊆ V . This set represents the

possible bearing measurements a leader agent can make. In this section, we will still be

selecting a subset of edges, but in contrast to previous sections, we will do so by selecting

edges connected to a subset of the agents. This will result in selecting a subset of the anchor

edges via selecting leaders resulting in a system which is “full rank” and exhibits “high

performance”.
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Specifically, leaders have access to a family of na anchor reference positions. The ith anchor’s

position is denoted as ai ∈ R2. The graph G is extended to include anchor nodes Va, or

cardinality na, and ma anchored edges {i, j} with weights wij for all i ∈ Va and j ∈ V`

with the extended neighborhood of agents V` denoted as Na. The agent’s position vector

r is augmented with the anchor positions with rn+i = ai for i = 1, . . . , na and the desired

formation f is similarly augmented with fn+i = ai. The leader agents forced signal is then

defined using the new bearing measurements to the anchors as

(7.0.1) ũi =
∑

j∈Na(i)

wij(r̂
T
ij f̂
⊥
ij )r̂

⊥
ij.

The attraction of this form of external leader signal is that many of the tools developed

previously can be adapted to examine the anchored properties of these dynamics. The first

notion is the anchored rigidity matrixRa ∈ R2(m+ma)×2(n+na), can be formed asRa (Θ) := ∂ f̂
∂f
.

Noting that
[
∂ f̂
∂f

]
ij

= 0 for j ∈ Va, as the anchors nodes are effectively grounded, then

Ra =

 R 0

∂ f̂a
∂f

0


where R is the rigidity matrix of the unanchored formation and

f̂a
4
=
[
f̂T
m+1

f̂T
m+2

· · · f̂T
m+ma

]T
.

The anchored unitless rigidity matrix R̃a is defined similar to the unitless rigidity matrix

R̃. Consequently, the anchors can serve as a method to remove the nullspace associated

with the centroid and scale of R. When sufficient bearing measurements are added to the

dynamics, through the addition of anchors and leaders to define a unique formation f , then

the framework Θ is called anchored infinitesimally bearing rigid. This property manifests

itself as a rank property summarized in the following theorem.
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Theorem 38. For a framework to be anchored infinitesimally bearing rigid, we must have

that

rank [Ra (Θ)] = 2n.

As the addition of an anchor grounds at most two dimensions in the null space of R, at least

two anchors are needed with associated leader agent edges for an infinitesimally bearing rigid

framework to become an anchored infinitesimally bearing rigid framework. Not surprisingly,

for an anchored infinitesimally bearing rigid formation, the dynamics will converge expo-

nentially to the unique formation f . The proof of this property echoes that of Theorem 28

using Theorem 38. The result is summarized in the following without proof, leveraging the

property rank [Ra] = 2n to show that the dynamics converge to a unique f , rather than a

formation dependent on the initial conditions as in Corollary 30.

Theorem 39. Let the framework Θ (G, f) be anchored infinitesimally bearing rigid. Under

the forced dynamics (3.2.1) with ũi from Eq. (7.0.1), a Lyapunov function is V = 1
2
zTz,

where z = r− f , with associated Lyapunov rate bounded as

V̇ ≤ S (f)−1 zT R̃T
aDk̄

[
m2
k
I2

]
R̃az

4
= −S (f)−1 zTQaz,

where m2
k
(r0) is as defined in Theorem 28. Consequently, r (t) will globally exponentially

converge to f .

7.1. Selection for Anchor Rigidity

As for the unforced dynamics, it is important to reason about effective graph topologies that

meet the requirements for convergence and improve the overall performance of the forced

dynamics (3.2.1). The ability to adapt the graph topologies in the forced dynamics is assumed

to be restricted to the selection of a set of leader agents given at least na ≥ 2 anchors. The

topology selection problem is then a node selection rather than an edge selection problem.
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With the objective of selecting a set of leader agents S ⊆ V \Va to acquire the infinitesimally

bearing rigid framework necessary for the convergence of the dynamics, the anchored rigidity

matrix is

Ra(S) =

 R 0

∂ f̂a(S)
∂f

0


where f̂a(S) =

{
f̂ij

}
where i ∈ S and j ∈ Va. Unlike the edge selection rigidity matrix

problem, 2na rows are added to Ra for each leader selected. The matrix-valued set function

R̃a(S) is defined similarly.

The following proposition establishes that the rank set function forRa is submodular. Hence,

the leader agents can be selected using greedy Algorithm 2 until Ra has rank 2n with the

suboptimality guarantees of Theorem 14.

Proposition 40. The set function

(7.1.1) fr (S) = rank [Ra(S)]

for S ⊆ V \ Va is submodular.

Proof. This result follows directly from Theorem 34.a by letting

S0 = {1, 2, . . . , 2m− 1, 2m}

and

U (S) = Ra (S)

= (I (S ∪ S0)⊗ I2na)Ra (V \ Va) ,

where for V \ Va = {v1, v2, . . . , vn} then

f̂a (V \ Va) =
[
f̂a ({v1})T f̂a ({v2})T · · · f̂a ({vn})T

]T
.

�
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7.2. Selection for Convergence

We now consider the selection of leaders under measures that promote the convergence rate

of the dynamics. The matrix Qa which appears in the Lyapunov function of Theorem 39

can be written with respect to the leader set S ⊆ V \ Va as

Qa (S) = R̃a (S)T

 Dk̄ [m2
k̄
I2

]
0

0 Dk̄a(S)

[
m2
k̄
I2

]
 R̃a (S) ,(7.2.1)

where Dk̄
[
m2
k̄
I2

]
is constructed from the edges between agents in V \ Va,

Dk̄a(S)

[
m2
k̄I2

] 4
= (I (S)⊗ I2na)Dk̄a

[
m2
k̄I2

]
(I (S)⊗ I2na)

T ,

and Dk̄a
[
m2
k̄
I2

]
is constructed from the edges between the agent set V \ Va and the anchors

Va. Following a similar approach to §6.2, trace [Qa(S)] is a modular function and the log

of the determinant of a nullspace-removed Qa (S) is a submodular function with respect to

the leader set S. This feature is summarized in the following two propositions. The proofs

of these propositions are omitted due to their similarities to Propositions 36 and 37.

Proposition 41. Let Qa(S) be defined as in Eq. (7.2.1). The set function

(7.2.2) ft (S) = trace [Qa(S)]

for S ⊆ V \ Va is modular.

Proposition 42. Let Qa(S) be defined as in (7.2.1). The set function

f` (S) = logdet

Qa (SR ∪ S) +

 02n×2n 02n×2ns

02ns×2n I2na

 ,(7.2.3)

where S ⊆ V \ (Va ∪ SR) and

rank [f` (∅)] = rank [Qa (SR)] = 2n,

is submodular.
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As per §6.2, the greedy Algorithm 2 can be applied to the set function (7.2.2) to select

leaders that improve the convergence performance even when then the framework is not

anchored infinitesimally bearing rigid. The logdet measure is applicable as a selection criteria

once SR leaders are selected which are sufficient to establish anchored infinitesimal bearing

rigidity with rank [Qa(SR)] = 2n. Additionally, positive linear combinations of the set

functions (7.1.1), (7.2.2) and (7.2.3) are also submodular functions by Proposition 13. The

suboptimality guarantees of Theorem 14 would then apply to the greedy selection process.

7.3. Weight Selection

The edge weights w composed of the m initial edges and ma anchored edges can be optimized

similarly to §6.3. In the anchored case, the worst case convergence rate is dictated by the

smallest nonzero eigenvalue of Qa, namely λ2na+1 (Qa). Examining a reduced form of the

anchored rigidity matrix defined as

Rra =

 R
∂ f̂a(S)
∂f

 ,
with the associated reduced unitless anchored rigidity matrix R̃ra, then for

Qra
4
= R̃T

raDk̄
[
m2
k
I2

]
R̃ra ∈ R2n×2n,

we have,

λ2na+1 (Qa) = λ1 (Qra) .

This follows from the removal of the nullspace of Qa through the reduced anchored rigidity

matrix. The dependence of Qra on w can be explicitly represented as

Qra =
∑
s∈E

ws̄Qrau ({s}) ,

where the matrix Qau ({s}) represents the unweighted contribution of edge s ∈ E to Qra.

Subsequently, the maximization of λ2na+1 (Qa) can be represented as a linear matrix inequal-

ity (LMI) as shown in Eq. (7.3.1a).
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Algorithm 4 Algorithm to maximize λ2na+1 (Qa) with respect to the weight vector w given
a fixed edge set E.

maximize
w

δ

s.t.
∑
s∈E

ws̄Qrau ({s}) � δI,(7.3.1a)

w ≥ 0, I (V \ Va)T
∣∣HT

∣∣w ≤ umax1,(7.3.1b)

I (V`)
T
∣∣HT

a

∣∣wa ≤ βumax1(7.3.1c)

The maximum control effort umax of each agent in V \ Va can be distributed across the

positive weights w through the inequalities in Eq. (7.3.1b). It is often desirable to explicitly

encode the control effort limit devoted to the anchor edges wa by the leader set V`. This

flexibility can help avoid formation trajectories that are dominated by the anchor edges.

In this direction, one approach is to upper bound the anchor edges weights contribution as∑
j∈Na(i)wij ≤ βumax for i ∈ V` and β ∈ (0, 1]. To this end, denoting the submatrix of

the incidence matrix corresponding to anchor edges as Ha, the anchor edge weight bound

is equivalent to (7.3.1c). For β = 1, the anchor weight bound is inactive and anchor edges

are constrained in the same fashion as the other edges in the network through inequalities

(7.3.1b).

An attraction of the unforced dynamics (3.2.1) is if small external signals are applied through

ũi in (3.2.1a) then the formation dynamically maintains its shape as it converges to a new

translated and scaled formation [7]. A challenge with the external controls signal adopted

in Eq. (7.0.1) is that the effect of the anchor edges can represent a large external signal

that dramatically warps the formation shape. This can be mitigated though an edge weight

design that limits the maximum control effort due to anchor edges. Inequality (7.3.1c), when

β is close to 0, has this desired effect. The drawback from this approach is that it can induce

a slower convergence to the desired formation. An alternative, which is a marriage of fast

convergence and small external signals in the face of a warped formation shape, is to replace

the static weight wij on the anchor edges with a state-dependent edge weight wij. The

weight wij would ideally be small when the formation is “warped” and large otherwise. A
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local measure of the alignment of the formation is the error ‖ui‖. A proposed state dependent

anchor weight wij (‖ui‖) for j ∈ Na(i) where i ∈ V` is

w̄ij(‖ui‖) =
I({i})T

∣∣HT
∣∣w − ‖ui‖

I({i})T |HT
a |wa

wij.

Here, I ({i})T
∣∣HT

∣∣w and I ({i})T
∣∣HT

a

∣∣wa corresponds to the maximum available control

effort available to agent i and to the anchor edges, respectively. As the formation becomes

well aligned, ‖ui‖ decreases and wij increases. Similarly, as the formation locally starts to

warp the external signal supplied through the anchor edges is reduced. It should be noted

that as

‖ui‖ ≤ I ({i})T
∣∣HT

∣∣w − I ({i})T
∣∣HT

a

∣∣wa

then wij ≥ wij. This positive weight is required for the convergence properties of Theorem

(39) to be applicable. Further, the maximum control effort of umax is preserved in this case

as

‖ui + ũi‖ ≤ ‖ui‖+ ‖ũi‖ (from the triangle inequality)

≤
∑
j∈N(i)

wij +
∑

j∈Na(i)

wij (‖ui‖) (as
∥∥∥(r̂Tij f̂⊥ij) r̂⊥ij∥∥∥ ≤ 1)

≤
∑
j∈N(i)

wij +
∑

j∈Na(i)

I ({i})T
∣∣HT

∣∣w − ‖ui‖
I ({i})T |HT

a |wa

wij

= ‖ui‖+
I ({i})T

∣∣HT
∣∣w − ‖ui‖

I ({i})T |HT
a |wa

∑
j∈Na(i)

wij

≤ ‖ui‖+ I ({i})T
∣∣HT

∣∣w − ‖ui‖ ≤ umax.

Bearing rigidity is a critical property when examining the bearing-compass dynamics, es-

tablishing necessary features for the dynamics to convergence to a rigidity formation. In

Chapters 6 and 7, measures on the bearing rigidity matrix were leveraged to provide meth-

ods to select favorable edges and leaders for bearing formation control. The examination of

bearing rigidity and its connection to the convergence of the bearing-compass dynamics can
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(a) (b)

Figure 7.3.1. A) Weighted anchor selection using the log det function f` (S)
and B) convergence rates for aggressive anchor weights (β = 1), conservative
anchor weights (β = 0.1) and state-dependent conservative anchor weights
(β = 0.1, wk̄).

(a) (b) (c)

(d) (e) (f)

Figure 7.3.2. A-C) Trajectories for β = 1 and D-F) trajectories for β = 0.1
with state-dependent weighting. Anchor nodes are represented by a filled
square. Note how (B) is highly distorted compared to (E).

be generalized to measurement types other than bearing measurements. This generalized

rigidity approach is examined in the next chapter.
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CHAPTER 8

Generalizing Rigidity

Establishing rigidity in bearing formation problems is necessary for establishing a unique lo-

cal solution in the bearing-compass dynamics. The bearing rigidity matrix appears explicitly

in the dynamics and the convergence analysis of the bearing-compass dynamics, and exam-

ining its rank provides a simple check for rigidity. In this chapter we generalize the notion

of rigidity for more general relative measurements. Furthermore, inscribing a generalized

rigidity matrix dynamics into a distributed protocol is shown to provide a corresponding

unique state-dependent formation dynamics.

8.1. Information Content of Relative Measurements

Core to this chapter, is understanding agents formation shape when a family of measurement

constraints on r̄ defined over the edges of the graph G are placed on pairs of agents.

8.1.1. Measurements on Graphs. These measurements can guide whether the agent

states have acquired a desired formation f ∈ Rdn. A framework is defined by the graph

and agent state pair as (G, r). A continuous scalar measurement function g(rk̄) : Rd → R

then induces on the framework (G, r), via the edge state r, the edge measurement function

vg(r) : Im
(
H̃
)
→ Rm with

vg (r) = [g(r1̄), g(r2̄), . . . , g(rm̄)]T .

An indication if r is similar (or congruent) to a formation f is if vg (r) = vg
(
f
)

defined over

the frameworks (G, r) and (G, f). The concept of rigidity describes this notion of similarity

and will be discussed further in §8.1.2.

A common example of a scalar measurement is the distance squared edge length gD(rk̄) =

1
2
‖rk̄‖

2, and is a well-examined measurement type for multi-vehicle formation applications.
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One method to acquire such a measurement is using a range-finder mounted on each robot

pointed with measurements acquired by directing the sensor to neighboring agent in the

graph. In this way, the graph G can be considered a sensor graph, realized through local

relative measurements. Other measurement techniques to measure gD(rk̄) are time of flight

signals between agents when G is a communication graph and on-board cameras in con-

junction with knowledge of the neighboring agent’s scale. Distance measurements and other

relative measurements defined in Table 1 are commonly examined measurement forms. A

generalized approach covering any continuous scalar measurement g(·) is one of the insights

of this research.

An additional novelty of this work is the examination of multiple measurement types con-

currently acquired by the agents. To this end, for each of the scalar measurement types gi(·)

forms a measurement function vgi(ri) over its framework (Gi, r) with incidence matrix of Gi

forming the edge state vector ri = H̃ir. For each of the p measurement types, the sensor

graphs G1,G2, · · · ,Gp each share a common vertex set V but different edge sets E1, E2, · · · , Ep

and cardinalities m1,m2, . . . ,mp. A composite graph is denoted G = (V,
⋃
Ei), which is

short-hand for G =
⋃p
i=1 Gi where edges in G can appear repeatedly. The composite sen-

sor graph can be represented as a layered graph with each layer associated with a different

measurement. A corresponding composite incidence matrix H =
[
HT

1 , H
T
2 , · · · , HT

p

]T
with

H̃ = H ⊗ Id can be used to from the image space of a composite edge measurement function

vg(r) : Im
(
H̃
)
→ R

∑
mi where

vg(r) =
[
vg1(r1)T , vg2(r2)T , · · · , vgp(rp)T

]T
.

The congruency of r and f is then measured over the composite edge function with vgi(r) =

vgi(f) for all measurements i, or equivalently vg(r) = vg(f) [38].

A simple example that fits into the multiple measurement type setup is absolute relative

measurements, i.e., rk̄ is supplied directly to each neighboring pair of edges E1 in the graph.

A practical situation for a robotic swarm is when agents equipped with GPS exchange their

location with neighbors in a communication graph G1 = (V,E1). The scalar measurements
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Name g(·) dg
drk̄

max rank(Rg)

Relative position in along ei, gr(·) eTi rk̄ ei n− 1

Distance, gD(·) 1
2
‖rk̄‖

2 rk̄ dn− d(d+ 1)/2
Bearing along ei for d ≥ 2, gBi(·) eTi r̂k̄

1
‖rk̄‖

(Id − r̂k̄r̂
T
k̄

)ei n− 2

Kuramoto phase for d = 1, gK(·) sin(eTi rk̄) cos(eTi rk̄)ei n− 1

Table 1. Sample of common measurement types.

would then be gi(rk̄) = eTi rk̄ for i = 1, 2, . . . , d over the edges in E1 such that G1 = G2 = · · · =

Gd. When the layers of the composite sensor graph G are identical then a vector measurement

g(·) = [g1(·), g2(·), · · · , gp(·)] can be more compactly represented without the redundancy of

Gi’s. The strength of this formulation lies in its ability to capture the heterogeneity in the

sensor layers when Gi’s are distinct.

Example 43. Consider the case where agents are moving in 2D, i.e., d = 2, and are equipped

with an on-board camera. Then, as previously discussed, for agents that are close enough to

resolve their scale a measurement g1(rk̄) := gD(rk̄) can be acquired forming an underlying

sensor graph G1. If, in addition, agents are equipped with a compass, then the camera can

be used to acquire the bearing of neighboring agents against north, specifically r̂k̄ ∈ R2. As

bearing resolution requires less camera resolution, the bearing sensor graph GB will be larger

than G1. The scalar measurements for bearings are then g2(rk̄) = eT1 r̂k and g3(rk̄) = eT2 r̂k

with sensor graphs G2 = G3 = GB.

Example 43 can not be represented in terms of a vector measurement framework and supports

the more versatile notation presented here.

8.1.2. Graph Rigidity. Rigidity theory was developed around the examination of the

distance edge measurement function vDr which describes a subset of inter-agent distances

within a graph. Rigidity is a property on the framework (G, r) and examines the set of

all frameworks (G,p) which share the same edge function vD (r). The set of frameworks

(G,p) are referred to as similar or congruent to (G, r) and the set of p are called target

formations [84]. If adding edges to G does not reduce the set of congruent frameworks

then (G, r) is referred to as globally rigid. The motivation for the examination of rigidity is
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to explore the information content of the family of distance constraints vD (r) = d, where

d is assumed constraint consistent [85], meaning that the set v−1
D (d) is non-empty. The

smaller v−1
D (vD (r)) the more information is contained in the measurement function. This is

attractive if a particular target formation f is desired. For the case when d = 2 and (G, f)

is globally rigid, for almost all f the set of target formations of (G, f) is a translated and

rotated versions of f .

The definition of distance rigidity can be easily adapted to other forms of measurement

rigidity. Parallel rigidity is one such extension using bearing measurements and the edge

measurement function vB (r) =
[
vB1 (r)T , vB2 (r)T , · · · , vBd (r)T

]T
with the sensor graph

G1 = G2 = · · · = Gd in common. For the case of d = 2 for (G, f) globally parallel rigid, for

almost all f the set of target formation is a translated and scaled versions of f . We introduce

a generalization of global rigidity to multiple measurement types adapted from the distance

rigidity definition introduced by Asimow and Roth [86]. The definitions are given in terms

of the composite complete graph of the graph G =
⋃p
i=1 Gi defined as KG =

⋃p
i=1K where K

is the complete graph over the common sets of the graphs Gi.

Definition 44. A framework (G, r) with edge measurement function vg (r) is globally g-

rigid if v−1
g (vg (r)) = w−1

g (wg (r)), where wg (r) is the edge measurement function on the

framework (KG, r) .

For the framework (G, r), often only target formations that are close to r are of concern,

as these represent perturbations from r that share the same vD (r) . With this in mind, the

notion of local rigidity, or just rigidity, has been examined with regard to the information

contained in the measurement function within some region around r. Similar to global

rigidity we generalize this definition to multiple measurements.

Definition 45. A framework (G, r) with edge measurement function vg (r) is (locally) g-

rigid if there exists a neighborhood U ⊆ Rdn of r such that v−1
g (vg (r))∩U = w−1

g (wg (r))∩U ,

where wg (r) is the edge measurement function on the framework (KG, r) .
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Though the definitions of global and local rigidity are intuitive they can be difficult to

validate. Fortunately, for a sub-class of locally rigid frameworks, a linearized version of

rigidity, can be formulated which provides a simple rank check for local rigidity. This subclass

is referred to as infinitesimally rigid frameworks. It is defined by examining infinitesimal

motions δr applied r in the framework (G, r). Examining the Taylor expansion of the edge

measurement function vg

(
H̃r
)

for the framework (G, r),

Examining the Taylor expansion

vg

(
H̃ (r + δr)

)
= vg

(
H̃r
)

+
∂vg
∂r

(
H̃r
)

(δr) + · · ·+ vg (r + δr)

= vg (r) +
∂vg
∂r

(r) δr +
1

2

∂2vg
∂r2

(r) δr2 + · · · .

Up to first order, if δr lies in the right null space of ∂vg
∂r

(r) then the infinitesimally motion δr is

undetectable through the function vg(r). Consequently, the matrix ∂vg
∂r

, i.e., the Jacobian of

vg

(
H̃r
)

, describes v−1
g (vg (r)) in a neighborhood of r connecting the null space of Jacobian

to the definition of local rigidity. The importance of the Jacobian to rigidity theory has lead

to it being called the g-rigidity matrix of the framework of (G, r) and denoted as

Rg (r)
4
=

∂vg
∂r

(r)

=
∂vg
∂r

(r) H̃.

For a small neighborhood U of r, the intuition is that the smaller the dimension of the null

space of Rg (r) then the smaller the set v−1
g (vg (r))∩U . Important to formalizing this notion

is to connect the g-rigidity matrix to g-rigidity and examine the points in Rdn where the null

space of Rg (r) is smallest.

Definition 46. A point r ∈ Rdn is a g-regular point of the graph G if

rankRg(H̃r) = max
{

rankRg(H̃p) : p ∈ Rdn
}
.
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Regular points are an important tool when examining the inverse map v−1
g (vg (r)). A result

which aided in establishing rigidity is summarized in the following Proposition. Due to its

similarity to [86, Prop. 2], the proof is only outlined.

Proposition 47. Let k = max
{
rankRg(H̃p) : p ∈ Rdn

}
. If r ∈ Rdn is a g-regular point

of the graph G, then Im [vg] in some neighborhood of r is a k-dimensional manifold. Hence,

v−1
g (vg (r)) ∩ U is a manifold of dimension dn− k in some neighborhood U of r.

Proof. The result relies on the reordering of the measurement vector as vg =
{
v1
g , v

2
g

}
with v1

g ∈ Rk and rank
∂v1
g

∂r
(r) = k and v2

g = g
(
v1
g

)
near r for some mapping g. The

Inverse Function Theorem is then applied to v1
g in the neighborhood of the point r implying

a k-dimensional manifold for Im [vg] near p. Hence, the inverse map v−1
g (vg (r)) in some

neighborhood of r has co-dimension k and so is a manifold of dimension dn− k. �

Regular points represent the smallest null space of Rg

(
H̃r
)

over all r. Within this set of

regular points lies those that induce the smallest null space over all graphs on the same

number of vertices. Since the null space of Rg (r) decreases as edges are added to a graph,

then KG contains the edges of all other graphs, and the smallest null space of the rigidity

matrix is the g-regular points of the graph KG. If a framework shares this smallest null it is

referred to as infinitesimally g-rigid and is formally defined below.

Definition 48. A framework (G, r) is infinitesimally g-rigid if

rankRg

(
H̃r
)

= max
{

rankRg(H̃Kp) : p ∈ Rdn
}

where H̃K = HK ⊗ I and HK is composite incidence matrix for the graph KG. Further, if G

has rankRg

(
H̃Gr

)
edges (G, r) is minimally rigid.

From the inverse function theorem then w−1
g (wg (p)) ∩ U ⊆ v−1

g (vg (p)) ∩ U .

Infinitesimal rigidity is closely tied to the notion of rigidity in Definition 45. The main

result of [87] explored the connection between rigidity and infinitesimal rigidity when the
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underlying measurement is the distance measurement. The authors showed that (G, r) is

infinitesimally then (G, r) is gD-rigid. The same result can be shown for a generalized mea-

surement g(·).

Theorem 49. If a framework (G, r) infinitesimally g-rigid, then it is g-rigid.

Proof. Let kG = rankRg

(
H̃r
)

, kK = rankRg(H̃Kr) and

kmax = max
{

rankRg(H̃Kp) : p ∈ Rdn
}
.

As (G, r) is infinitesimally g-rigid then kG = kmax it follows that as kG ≤ kK ≤ kmax then

r ∈ Rdn is a a g-regular point of the graph G and a g-regular point of the graph KG . From

Proposition 47 then v−1
g (vg (r)) ∩W1 is a (dn− kG)-dimensional manifold for some a neigh-

borhood U1 of r and similarly if wg(·) is the measurement function KG then w−1
g (wg (r))∩W2

is a (dn−kK)-dimensional manifold for some neighborhood U2of r. The space w−1
g (wg (r)) is

always contained in v−1
g (vg (r)), and so w−1

g (wg (r))∩W is a submanifold of v−1
g (vg (r))∩W

forW =W1∩W2. As kG = kmax and kG ≤ kK ≤ kmax then kK = kmax, and so w−1
g (wg (r))∩W

and v−1
g (vg (r)) ∩W are both (dn− kmax)-dimensional manifolds so for some neighborhood

U ⊆ W of r then w−1
g (wg (r)) ∩ U = v−1

g (vg (r)) ∩ U , i.e., the framework is g-rigid. �

For multiple measurement types [g1, g2, · · · , gp] a compositional approach can be adopted to

establish rigidity and infinitesimally rigidity.

Theorem 50. If (Gi, r) is gi-rigid for all i = 1, . . . , p then (
⋃p
i=1 Gi, r) is [g1, g2, · · · , gp]-

rigid. Further, if (Gi, r) is infinitesimally gi-rigid and (
⋃p
i=1Ki, r) is a regular point then

(
⋃p
i=1 Gi, r) is infinitesimally [g1, g2, · · · , gp]-rigid.

Proof. We show the case for p = 2, with the case for larger p following similarly. From

Theorem 49 w−1
gi

(wgi (r)) ∩ Ui = v−1
gi

(vgi (r)) ∩ Ui for i = 1 and 2, hence

w−1
[g1,g2]

(
w[g1,g2] (r)

)
∩ (U1 ∩ U2) =

(
w−1
g1

(wg1 (r)) ∩ U1

)
∩
(
w−1
g2

(wg2 (r)) ∩ U2

)
= v−1

g1
(vg1 (r)) ∩ U1 ∩ v−1

g2
(vg2 (r)) ∩ U2
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= v−1
[g1,g2]

(
v[g1,g2] (r)

)
∩ (U1 ∩ U2) ,

and the first rigidity result follows. If (Gi, r) is infinitesimally gi-rigid then

rankRgi

(
H̃Gr

)
= rankR(H̃Kr)

for i = 1 and 2 hence as

span(Rgi(H̃Gr)) ⊆ span(R(H̃Kr))

then span(Rgi(H̃Gr)) = span(R(H̃Kr)). Then,

spanR[g1,g2]

(
H̃Gr

)
= span

∂v[g1,g2]

∂r

(
H̃Gr

)
= span

[
∂vg1
∂r

(
H̃Gr

)
∂vg2
∂r

(
H̃Gr

) ]
= span

[
∂vg1
∂r

(
H̃Kr

)
∂vg2
∂r

(
H̃Kr

) ]
= span

[
R[g1,g2]

(
H̃Kr

)]
and rankR[g1,g2]

(
H̃Gr

)
= rankR[g1,g2]

(
H̃Kr

)
= max

{
rankRg

(
H̃Kp

)
: p ∈ Rdn

}
,where

the final equality follows from the regularity of the point
(⋃2

i=1Ki, r
)
. The final statement

of the theorem follows. �

8.2. Rigidity Based Dynamics

To formulate a control law with the objective of attaining vg (r) = vg
(
f
)

defined over the

framework (G, r), the potential function

J(r, f) =
∑
i∈p

∑
k̄∈Ei

1

2
‖gi(rk̄)− gi(fk̄)‖

2

=
1

2

∥∥vg (r)− vg
(
f
)∥∥2

2
(8.2.1)

is examined. The function is composed of edges costs 1
2
‖gi(rk̄)− gi(fk̄)‖

2 for each mea-

surement type i and edge k̄ ∈ Ei and is zero when the objective is attained and positive

otherwise. Adopting a control law in the direction of steepest descent with respect to the
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agents state r of this function then

ṙ = −
(
∂J

dr

)T
= −

(
∂J

∂vg

∂vg
∂r

)T
= −Rg (r)T

(
vg (r)− vg

(
f
))
.(8.2.2)

The corresponding ith agent dynamics is

ṙi = −
∑
i∈p

∑
k̄∈Ei

(gi(rk̄)− gi(fk̄))
∂gi(rk̄)

∂r̄k̄

T

,

which can be realized using only local measurement gi(rk̄) and
∂gi(rk̄)

∂r̄k̄
. As the cost function

is represented in terms of the edge costs it is convenient to analyze this control law as

state-dependent edge dynamics using the transform r = H̃r, namely

ṙ = H̃ ṙ(8.2.3)

= −H̃Rg (r)T
(
vg (r)− vg

(
f
))

where the initial state r(0) ∈ Im
[
H̃
]
. The stability analysis of the problem is then defined

with respect to the convergence to the set Er̄ =
{
r : vg (r) = vg

(
f
)}

which is compact op-

posed to the agent state space Er =
{
r : vg

(
H̃r
)

= vg
(
f
)}

, which contains points that are

invariant to translation and so is non-compact. The following theorem estbalishes conver-

gence to the set Er̄.

Theorem 51. Under the minimally rigid framework (G, f), the dynamics (8.2.3) initialized

from Ω(c) =
{
r(0) ∈ Im

[
H̃
]

: |J(r, f) < c
}

for sufficiently small c converges exponentially

to a point in the set Er̄.

Proof. For potential function J
(
r, f
)

is a continuous differentiable function such that

J
(
r, f
)

= 0 on Er̄ and J
(
r, f
)
≥ 0 on r ∈ Im

[
H̃
]
. The derivative of J

(
r, f
)

along the
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trajectories of (8.2.3) is given by

J̇
(
r, f
)

= −∂J
dr

ṙ

= − ∂J
∂vg

∂vg
∂r

H̃Rg (r)T
(
vg (r)− vg

(
f
))

= −
(
vg (r)− vg

(
f
))T Rg (r)Rg (r)T

(
vg (r)− vg

(
f
))
.

The derivative J̇
(
r, f
)

is non-positive and so Ω(c) is a compact set that is positively invariant

with respect to (8.2.3) for all finite c. Examining the matrix Rg

(
f
)
Rg

(
f
)T ∈ Rmp×mp then

as (G, f) is minimally rigid rankRg

(
f
)
Rg

(
f
)T

= rank(Rg

(
f
)
) = mp and so Rg

(
f
)
Rg

(
f
)T

is positive definite. As the roots of a polynomial vary continuously with its coefficients,

the eigenvalues of Rg

(
f
)
Rg

(
f
)T

corresponding to the roots of its characteristic polynomial

are continuous. Hence, for c sufficiently small and some λ > 0, then Rg (r)Rg (r)T � λ
2
I

is positive definite for r ∈ Ω(c) and so J̇
(
r, f
)

= 0 only if r ∈ Er̄. Consequently by La

Salle’s Theorem [77], for for r(0) ∈ Ω(c) then r(t) converges to the largest invariant set in

Er̄. Further

J̇
(
r, f
)
≤ −λ

2

∥∥vg (r)− vg
(
f
)∥∥2

2

= −λJ̇
(
r, f
)

and so by the Bellman-Gronwall Lemma [77] then J
(
r, f
)
≤ J

(
r (0) , f

)
e−λt and so the

convergence is exponential to the set Er̄. Finally, as all points in Er̄ correspond to ṙ = 0 then

convergences is to a point in Er̄. �

As with the bearing-compass dynamics, the generalized rigidity dynamics exhibit translation

invariance. This is stated formally in the following proposition.

Proposition 52. The centroid of the dynamics (8.2.2) is invariant.

Proof. Examining H̃ = H ⊗ I with H̃(1⊗ ei) = H1⊗ ei = 0 for i = 1, . . . , d. Hence,

1T ⊗ eTi ṙ = 1T ⊗ eTi H̃
T ∂vg
∂r

T (
vg (r)− vg

(
f
))

116



= 0,

indicating the centroid invariance for each dimension i = 1, . . . , d. �

8.3. Concluding Remarks

Understanding the role of rigidity in formation dynamics is critical to analyzing and control-

ling formations. To this end, measures on the bearing rigidity matrix were used in Chapters

6 and 7 to favorably select edges and leaders for the bearing-compass dynamics. The final

chapter of this part examines a generalized rigidity theory for formation problems. The ma-

chinery was shown to produce a broad class of formation distributed controllers applicable

for a mixture of different measurement methods between agents in the network.
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CHAPTER 9

Conclusion and Future Work

Concluding Remarks

Concluding remarks are broken into the three respective parts of the dissertation.

Testbed and Supporting Hardware. In this section, we presented a summary of the

hardware developed to support the theoretical results presented in this research. A swarm

of ground vehicles was developed and exercised on a subset of the protocols explored in the

dissertation. With the objective of exploring distributed measurements, a novel agent beacon

was developed which can simultaneously perform relative measurements between agents as

well as be used a means of distributed communications.

Part I. Analysis of Existing Protocols. This part examined properties of the linear

advection dynamics that were suitable for coarse input control. Of particular interest was

the invariant features of the dynamics which linked closely to the underlying network topol-

ogy structure. Simple edge reweighting mechanisms were shown to be effective at coarsely

controlling the performance of the dynamics.

We also analyzed the balanced equilibria in the graph Ginzburg-Landau equations and con-

sidered the problem of pattern control. Typically a challenging problem due to the nonlinear

landscape of the dynamics, we proposed a novel topological rewiring approach to acquire a

desired balanced equilibrium. Leveraging the more easily acquirable equilibria over smaller

subgraphs, an optimal MDP policy for graph switching was formulated.

Part II. Bearing Measurements and Intuitive Manipulation. In this part, we

used a common bearing-only control law applied to many agents in a decentralized network

and found several properties of the system that are useful to a human operator. The invariant

119



properties show that the centroid and scale of an arbitrary system are conserved under

unforced dynamics. We have shown that we can manipulate the formation to cause rotations,

changes in scale, and change in position using one, two, or all agents. Further, we have

demonstrated strong convergence guarantees for both the static and the rotating case.

In this work we examined the leader selection problem for a bearing-compass control law.

The criteria for selection were based on the effectiveness of leaders to manipulate the forma-

tion’s centroid location and scale. The formulation of the problem as the maximization of a

monotone increasing submodular function and a relaxed integer program provides methods

to efficiently select good leader sets. The effectiveness of these selections was illustrated on

a unicycle swarm testbed. The subsequent testbed implementation demonstrated the merits

of the proposed selection methods providing good human operator interfaces to the swarm.

Part III. Designing for Bearing Rigidity. In this part, we built on our previous

part’s exploration of the bearing-based dynamics for formation shape acquisition. The work

examined connections between the graph topology and the performance of the dynamics. A

bearing rigidity matrix weighted by the edge lengths on the underlying graph was shown to

be critical in dictating stability and convergence of the resulting protocol. These connections

allowed submodular optimization to be leveraged to select favorable edges based on guaran-

teeing bearing rigidity and promoting fast convergence. Further, the worst case convergence

of the dynamics was examined in relation to the edge weights on the graph and a convex

optimization framework was presented to select optimal edge weights.

An anchored version of the dynamics was also presented whereby a subset of the agents, called

leaders, had access to bearing measurements to fixed landmarks. Anchored infinitesimally

bearing rigidity was proven to be a necessary and sufficient condition for the convergence

of the dynamics to a unique formation. The stability and convergence of the anchored

dynamics was shown to be dependent on submodular set function on the selected leader

agents, proving the greedy leader selection process exhibited close to optimal performance.

A similar convex optimization problem to the unanchored case was presented to select op-

timal edge weights to improve the worst-case convergence of the anchored dynamics. With
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the motivation of preserving the formation shape in transients, a state-dependent weighted

version of the anchored dynamics was proposed. In support of the dynamic weight selec-

tion, anchored bearing simulations demonstrated that the formation shape was more readily

preserved compared to fixed edge weights.

On a more general front, the underlying machinery of the bearing-compass dynamics is

rigidity theory. The part was concluded with a generalization of this rigidity-based dynam-

ics approach. The newly derived protocols produce a broad class of formation distributed

controllers applicable for a mixture of different measurement methods between agents in the

network.

Future Work

Testbed and Supporting Hardware. Still outstanding and worthy of future work is

the explicit inclusion of the beacon into the testbed implementations. A first step in this

direction is to develop a nonlinear Kalman filter to acquire the relative position of agents

using the beacon sensors. An attraction of the bearing-compass dynamics is that it can be

easily extended to higher dimensions. An expansion of the testbed to include aerial vehicles

would allow for a demonstration of the bearing-compass dynamics in 3D. On another front,

the specific flavor of the beacon measurements can be used to form rigidity-based dynamics

using the approach adopted in Part 3. This presents an interesting research flow whereby

the hardware itself generates a novel state-dependent network protocol.

Pattern control without a Lyapunov Potential. The pattern control of the Ginzburg-

Landau dynamics, a canonical oscillator dynamics, was investigated in Chapter 2. An at-

traction is examining these dynamics is that a known global Lyapunov function, formed from

the Ginzburg-Landau free energy, was available. The Lyapunov function was then used to

find a family of balanced equilibria which became the states of the MDP.

Potential extensions are alternative methods to approximate the transition probability re-

quired for the MDP. One promising direction is using the curvature of the dynamics Lyapunov

function as an indication of transition directions. Variations of the MDP implementation
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can also be explored including robust MDP to accommodate uncertainty in the transition

probabilities. This framework shows promise for pattern control in generalized multi-stable

dynamics where dimensionality of the dynamics causes difficulties for traditional pattern

control techniques.

In general, a global Lyapunov function is challenging to find. One proposed alternative to

acquire the equilibria of a nonlinear oscillator dynamics is to build the catalog of equilibrium

states as system is probed stochastically to form the MDP transition probabilities. In effect,

the sampling information on the regions of attraction simultaneously provides the MDP

transition probabilities and MDP states.

We have briefly explored this approach for a system of coupled nanoelectromechanical oscil-

lators, dubbed the NEMs dynamics [41], demonstrating its effectiveness without the a priori

knowledge of a nonlinear landscape of the dynamics via a known Lyapunov function. The

dynamics for each oscillator i ∈ 1, . . . , n

ẋi = −1

2
xi + iα |xi|2 xi +

1

2 |xi|
xi + iβLi(G)x.

Probing the NEMs dynamics exhibit a rotating limit cycle version of the balanced states

found for the Ginzburg-Landau dynamics. The transition probabilities were established in

concert with these equilibria with a subset of transition probabilities, displayed in Figure

9.0.1. As with the Ginzurg-Landau dynamics, an optimal transition policy based on these

probabilities can be formed. A sample policy which represents a topological switching con-

troller graphically is depicted in Figure 9.0.2a with a sample run appearing in Figure 9.0.2b.

The desired state 21 is successfully acquired after 9 actions.

Designing for Rigidity. The state-dependent weights on the anchor edges introduced

in the final section of this rigidity work can be considered as a local memory-less feedback

approach to preserve the formation scale. A direction of future work is to consider dy-

namic edge weights based on performance history. The objective would be to have a learned

formation shape-preservation measure which would be used to inform the weight selection.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 9.0.1. Transition probabilities for the NEMs dynamics.

The intersection of learning and local estimation and control presents a fruitful area at the

forefront of control and worthy of study.
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(a)

(b)

Figure 9.0.2. Given the NEMs dynamics, optimal policy for reaching state
21 from any initial state. A) Transition graph (low probability edges are
omitted for clarity) and B) topological switching controller implemented using
the optimal policy.
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APPENDIX A

Bearing Rigidity Matrix Derivation

In this chapter, we present a detailed derivation of the bearing rigidity matrix, defined in

§3.1. We start with the definition for the bearing rigidity matrix

R (Θ) =
∂ f̂

∂f
.(A.1.1)

Our first observation is that we can write

(A.1.2)
∂ f̂

∂f
=
∂ f̂

∂f

∂f

∂f
.

If we expand ∂ f̂/∂f, we get

∂ f̂

∂f
=



∂ f̂1̄
∂f1̄

∂ f̂1̄
∂f2̄

· · · ∂ f̂1̄
∂fm̄

∂ f̂2̄
∂f1̄

∂ f̂2̄
∂f2̄

· · · ∂ f̂2̄
∂fm̄

...
...

. . .
...

∂ f̂m̄
∂f1̄

∂ f̂m̄
∂f2̄

· · · ∂ f̂m̄
∂fm̄


∈ Rdm×dm,

and can observe that ∂ f̂k̄/∂f¯̀ = 0 for all k 6= `, and when k = `, we have

∂ f̂k̄
∂fk̄

=
1

‖fk̄‖

(
Id − f̂k̄ f̂

T
k̄

)
4
=

1

‖fk̄‖
Pk̄.

This means we can write

(A.1.3)
∂ f̂

∂f
= Dk̄

[
1

‖fk̄‖
Pk̄

]
.
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Similarly, by noting that Eq. (0.2.4) implies that

∂f = H̃∂f ,

we can write

(A.1.4)
∂f

∂f
= H̃.

Thus, we can write the bearing rigidity matrix in Eq. (A.1.1) using Eqs. (A.1.3) and (A.1.4)

as

R (Θ) = Dk̄
[

1

‖fk̄‖
Pk̄

]
H̃.

Now, observe that Pk̄ and H̃ are independent of the scale of the formation, i.e. they only

depend on the structure of the formation f̂k̄ rather than particular edge lengths fk̄. As such,

we can write the bearing rigidity matrix as

R (Θ) = Dk̄
[

1

‖fk̄‖
Id

]
Dk̄ [Pk̄] H̃

4
= MR̃.
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