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Yikun Zhang

Chair of the Supervisory Committee:
Yen-Chi Chen
Department of Statistics

Motivated by cosmic web detection and related problems in astronomy, this dissertation
develops statistically principled and computationally efficient methods for analyzing complex
observational data. Three major challenges arise from such data: (i) nonlinear geometric
structure in the observational domain, (ii) high dimensionality and missingness in measured
features, and (iii) confounding and other causal assumption violations when interpreting
scientific relationships from observational studies.

The first part of the dissertation addresses the geometric challenge in (i). In Chapter 2, we
introduce directional density ridges as statistical surrogates for representing low-dimensional
high-density structures on the sphere. These surrogates provide geometry-aware models
for cosmic nodes and filaments while respecting the spherical geometry of sky observations.
We establish stability and statistical consistency guarantees for directional density ridge
estimation based on kernel smoothing. In Chapter 3, we derive practical algorithms for
recovering directional density ridges from data and study their linear convergence properties.
In Chapter 4, we apply the statistical and computational framework of directional density
ridges to galaxy and quasar observations from the Sloan Digital Sky Survey IV, producing
a tomographic cosmic web catalog.

The second part of the dissertation develops statistical inference methods for the high-



dimensional, incomplete, and confounded observational settings described in (ii) and (iii). In
Chapter 5, we study high-dimensional linear regression with missing outcomes and propose
an efficient debiased inference procedure for low-dimensional functionals of the regression
function. When the missingness probabilities are consistently estimated at the observed
data points, our proposed estimator is asymptotically normal and semiparametrically effi-
cient among all asymptotically linear estimators. We apply this method to study associations
between galactic stellar mass and nearby cosmic web structures. In Chapter 6, we turn from
association analysis to causal inference for continuous treatments in observational studies,
focusing on settings where the usual positivity condition may fail. We propose novel iden-
tification and estimation strategies for the dose-response curve and its derivative under an
additive structural model for the counterfactual outcome. Using tools from nonparametric
set estimation, we construct inverse probability weighted and doubly robust estimators that
remain unbiased under certain positivity violations. We further introduce an extended es-
timand of the classical dose-response curve based on the nearest feasible treatment policy
regime, which adapts to the geometry of the conditional treatment support and accounts for
treatment-level heterogeneity. Across these causal settings, we establish asymptotic normal-
ity at standard nonparametric rates of convergence, enabling valid statistical inference. We
illustrate the proposed causal framework with an application to the [llustrisTNG simulation
data, studying the effect of local environment on galactic star formation rate and providing

a new causal perspective on the “Nature versus Nurture” debate in galaxy evolution.
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Chapter 1

INTRODUCTION
1.1 Motivation

Modern astronomical sky surveys provide an increasingly detailed view of the Universe (York
et al., 2000; Colless et al., 2003; Le Fevre et al., 2005; Scoville et al., 2007; Jones et al., 2009;
Driver et al., 2011; Guzzo et al., 2014; Bryant et al., 2015; Ivezi¢ et al., 2019). By mapping
galaxies, quasars, and other celestial objects across vast regions of the sky, these surveys
create unprecedented opportunities to study the origin, structure, and evolution of the Uni-
verse. At the same time, the observational nature of these data creates statistical challenges.
First, the astronomical objects are not naturally observed in a flat Euclidean space. The sky
locations of astronomical objects lie on the celestial sphere, and redshift surveys are more
faithfully viewed through spherical or light-cone geometry. Furthermore, many scientific
signals of interest, such as galaxy clusters and cosmic filaments discussed below, appear as
low-dimensional geometric structures embedded in noisy observations. Second, modern sky
surveys record a large number of measured and derived features for each observed object,
yielding data that are high-dimensional, noisy, and potentially incomplete. Third, as in many
scientific domains, astronomical observations are not generated by randomized experiments.
When scientific questions move beyond association toward causal interpretation, confound-
ing and violations of standard identification assumptions become central obstacles. These
challenges motivate the central question of this dissertation: how can we draw statistically
valid conclusions from astronomical data while accounting for geometry, high dimensionality,
missingness, and causal assumption violations?

To address this question, the dissertation develops statistical and computational methods

for complex observational data, with astronomy serving as the main motivating domain.



The key astronomical concept throughout this dissertation is the cosmic web, a large-scale
physical pattern through which matter in the Universe is not uniformly distributed but
rather forms an interconnected network structure (Bond et al., 1996). This structure arises
from gravitational instability and anisotropic collapse in the early Universe, and is commonly
described in terms of four components: dense galaxy clusters (also known as cosmic nodes),
elongated cosmic filaments, vast and flat cosmic sheets or walls, and the large regions of
near-emptiness known as cosmic voids (Zel’'Dovich, 1970). Among these components, we
focus primarily on cosmic filaments and detect them using galaxies and quasars observed by
the Sloan Digital Sky Survey (SDSS-IV; Ahumada et al. 2020). Filaments are scientifically
important because they trace one-dimensional high-density structures that connect clusters
and delineate the boundaries of cosmic voids. Accurate filament detection can thus support
studies of cosmic voids, which provide rich resources to infer the cosmology and the nature of
dark matter halos (Aragén-Calvo et al., 2007; Aragon-Calvo and Yang, 2014; Kreisch et al.,
2022). Filaments are also relevant for inferring the stellar properties of nearby galaxies
(Tempel et al., 2014; Chen et al., 2017; Malavasi et al., 2022) and detecting weak signals
such as cosmic microwave background lensing (He et al., 2018). Despite the undoubted
importance of cosmic filaments, identifying them from observed or simulated galaxy data is
difficult because of their intricate geometric patterns (Cautun et al., 2014; Libeskind et al.,
2018).

Motivated by these scientific questions and statistical challenges, this dissertation de-
velops along three themes. The first is geometry-aware structure estimation. We propose
statistical surrogates for cosmic nodes and filaments and develop algorithms for detecting cos-
mic web structures while respecting the spherical geometry of sky observations. The second
is valid inference with high-dimensional and incomplete measurements. After reconstruct-
ing a cosmic web catalog, we develop efficient statistical methods for studying associations
between galaxy properties and nearby cosmic web structures while accounting for missing
outcomes and regularization bias. The third is causal inference for continuous treatments

under positivity violations. We develop bias-corrected estimators and introduce new coun-



terfactual treatment regimes, with an application to the problem of separating “nature” and

“nurture” effects in galaxy evolution using IllustrisTNG simulation data.
1.2 Contributions and Overview

The remainder of the dissertation is organized as follows. Chapter 2—Chapter 4 develop
the statistical model, algorithmic theory, and astronomical catalog data for geometry-aware
cosmic web detection. Chapter 5 and Chapter 6 then move from geometric reconstruction
to statistical and causal inference with complex observational data.

Modeling the Cosmic Web Through Directional Density Ridges: In Chapter 2,
we introduce a novel statistical surrogate for cosmic filaments called “directional density
ridges”. This surrogate respects the spherical geometry of sky observations while effectively
modeling high-density features of the underlying galaxy distribution. We establish stabil-
ity and statistical consistency guarantees for directional density ridge estimation via kernel
smoothing.

Cosmic Web Detection With Geometry-Aware Algorithms: In Chapter 3, we de-
rive practical algorithms, directional mean shift (DMS) and directional subspace constrained
mean shift (DirSCMS), for recovering directional local modes and density ridges from data.
We study their convergence properties and establish linear convergence guarantees under
suitable regularity conditions.

These two chapters are based on my published work and preprints with Yen-Chi Chen
(Zhang and Chen, 2021b,a, 2023, 2026).

SDSS-IV Cosmic Web Catalog: In Chapter 4, we apply the proposed directional
density ridge framework and associated algorithms to galaxy and quasar observations from
Data Release 16 of SDSS-IV. The resulting catalog provides a tomographic reconstruction
of cosmic nodes and filaments over a wide redshift range. By turning the geometry-aware
statistical framework into a data product that can be used in subsequent scientific analyses,
this chapter serves as a bridge between the methodological and inferential parts of the dis-

sertation. This chapter is based on my published work with Rafael S. de Souza and Yen-Chi



Chen (Zhang et al., 2022), together with the associated catalog data publication (Zhang,
2022).

High-Dimensional Statistical Inference With the Cosmic Web: In Chapter 5,
we develop efficient inference methods for high-dimensional linear regression with missing
outcomes, motivated by the problem of studying associations between galactic stellar mass
and nearby cosmic web structures. The proposed method uses a convex debiasing program to
balance bias and variance optimally when estimating low-dimensional functionals of a high-
dimensional regression function. Provided that the missingness probabilities (or propensity
scores) are consistently estimated at in-sample data points, the resulting debiased estimator
is asymptotically normal and semiparametrically efficient among all asymptotically linear
estimators. This chapter is based on my joint work with Alexander Giessing and Yen-Chi
Chen (Zhang et al., 2023b).

Causal Inference For Galaxy Evolution Under Positivity Violations: In Chap-
ter 6, we turn from association to causal inference for continuous treatments in observational
studies, where the usual positivity condition may fail. We develop novel identification and
estimation strategies for the dose-response curve and its derivative under an additive struc-
tural model for the counterfactual outcome. Using tools from nonparametric set estimation,
we construct inverse probability weighted and doubly robust estimators that remain unbiased
under certain positivity violations. We also introduce a new counterfactual regime defined
by the nearest feasible treatment policy (NFTP), which extends the classical dose-response
curve by adapting to the geometry of the conditional treatment support. The empirical
application uses IllustrisTNG simulation data to study the effect of local environment on
galactic star formation rate, providing a causal perspective on the “Nature versus Nurture”
debate in galaxy evolution. This chapter is based on my joint work with Andrea Rotnitzky
and Yen-Chi Chen (Zhang et al., 2024; Zhang and Chen, 2025).

Broader Impacts: Although the motivating examples come primarily from astronomy,
the methodological ideas in this dissertation have broader impacts in statistics and beyond.

Directional density ridges are relevant for data on spheres and product manifolds, including



directional, spatial, and spatio-temporal data. The debiasing method for high-dimensional
regression with missing outcomes applies to studies in which the scientific target is a low-
dimensional functional of a high-dimensional model. The causal inference framework for
continuous treatments under positivity violations is applicable to observational studies in
epidemiology, economics, environmental science, and other domains where some treatment

levels are infeasible for some covariate strata.

Other Explorations: This dissertation does not include several additional projects: (1)
my collaborative work with Tim Althoff and Ken Gu on building a benchmark for evalu-
ating language model agents for statistical analysis (Gu et al., 2024); (2) two collaborative
works with Caren Marzban, Bond Nicholas, and Michael Richman on practical introductions
to causal inference for meteorologists (Marzban et al., 2025a,b); (3) my work with Steven
Wilkins-Reeves, Wesley Lee, and Aude Hofleitner on transfer regression learning (Zhang
et al., 2026); and (4) my work with Yanjiao Yang, Xinwei Shen, and Yen-Chi Chen on impu-
tation (Yang et al., 2026). I served as a secondary contributor to the first two lines of work,
as the primary author of the third project, which was conducted during my internship at

Meta, and as a main contributor to the fourth.

1.3 Notation

Although each chapter introduces problem-specific notation as needed, we summarize here

the conventions that recur throughout the dissertation.

Bold lower-case letters, such as & and u, denote vectors, while bold upper-case letters,

such as X, denote random vectors. Non-bold capital letters typically denote scalar random
1/q

variables. For a vector w = (uy,...,ug)" and ¢ > 1, we write ||ul| = (ijl ]uj]q> ; in
particular, ||u|| = maxi<j<q|u;| and ||ul|, = Z?Zl 11,0 denotes the number of nonzero
entries. For an index set S, the subvector of w restricted to S is denoted by ug, and u”

denotes its transpose. For a random variable Z and ¢ > 1, we write |[Z]|, = (E]Z\q)l/q.



More generally, for a € (0, 2], the 1,-Orlicz norm is

ZOC
1Z]l,,, := inf {t >0:E {exp (%)} < 2},

with a = 2 and @ = 1 corresponding to the usual sub-Gaussian and sub-exponential tail
scales. We write X 1LY when random elements X and Y are independent. The set of real

numbers is denoted by R, and the g-dimensional unit sphere embedded in R?™! is written as
Q, = {a: e R ||z||, = 1},

and w, denotes the corresponding surface measure. For a matrix A = (A;;,) € R™", we

1/
write ||Al|,.. = max;;|A;| for its entrywise maximum norm, ||A||, = <Z]k A§k> for

max
its Frobenius norm, and [[A[|, = sup,; [|Au|[, for its operator norm. We use [|-|[ ..
analogously for vectors or derivative arrays by taking the largest absolute entry. More
generally, S, 81,82, X, T, and Y denote generic sample spaces or supports. For a smooth
function f, we use Vf and V2f for its gradient and Hessian, with partial gradients such as
Ve f used when the arguments are partitioned.

We use P and E for probability and expectation under the relevant data-generating dis-
tribution, adding subscripts when the underlying law needs to be emphasized. Conditional
laws and densities are written with subscripts, such as Py x and prx, and lower-case let-
ters denote densities whenever they exist. For an independent and identically distributed
(ii.d.) sample Uy, ..., U,, the empirical measure is written as P, f =n='>"" | f(U;) and the
empirical process as G, f = /n (P, — P) f. We use 1y for indicator functions.

For deterministic sequences, a, = O(b,) and a, = o(b,) have their usual asymptotic
meanings. For random sequences, Op(:) and op(-) denote stochastic order in probability.
We also use a,, < b, or equivalently b, = a, when a, is bounded above by a constant
multiple of b,, and a,, < b, when both bounds hold.

For the causal inference discussion, Y® denotes the potential outcome under treatment

level ¢, the dose-response curve is written as m(t) = E[Y®], and its derivative effect curve

as 0(t) = m/(t) when it is well-defined. When the support of the treatment depends on



covariates, 7 () denotes the support of 7| X = @ and X'(t) denotes the support of X|T" = t.

Additional notation specific to individual chapters is introduced locally when first needed.



Chapter 2

STATISTICAL THEORY FOR DIRECTIONAL MODES AND
DENSITY RIDGES

This chapter develops the statistical foundation for modeling cosmic web structures
(specifically, nodes and filaments) in data supported on the unit sphere €,. We define
local modes and density ridges of a directional density function f supported on €2,. In the
astronomical applications motivating this dissertation, these objectives provide geometry-
aware statistical surrogates for cosmic nodes and filaments observed on the celestial sphere.
We construct kernel-based estimators for these geometric features and establish consistency
guarantees for the estimated directional mode and ridge sets. The algorithmic problem
of computing these estimators in practice is deferred to Chapter 3, where we study mean
shift and subspace constrained mean shift algorithms adapted to flat, spherical, and their

product-space geometries.

2.1 Introduction

Modern scientific datasets increasingly exhibit complex geometric structures, often arising
from observations collected on nonlinear domains or from mixtures of variables with different
geometric constraints. A central statistical task is to extract low-dimensional summaries
that are both scientifically interpretable and geometrically faithful (Izenman, 2012; Chazal
and Michel, 2021). While many methods exist for characterizing low-dimensional structures
(Fefferman et al., 2016; Wasserman, 2018), we focus on local modes and density ridges (also
known as principal curves or surfaces in Ozertem and Erdogmus 2011), which provide density-
based summaries of high-probability regions and filamentary structures in point cloud data.

These objects are attractive for both statistical and computational reasons. Statistically, they



can be consistently estimated by kernel density estimators (KDEs; Romano 1988; Mokkadem
and Pelletier 2003; Genovese et al. 2014) under regularity conditions. Practically, the mean
shift algorithm (Fukunaga and Hostetler, 1975; Cheng, 1995; Comaniciu and Meer, 2002)
and its subspace constrained variant (Ozertem and Erdogmus, 2011; Ghassabeh, 2013) are
well-suited for identifying these features in Euclidean spaces.

However, many datasets in practice do not naturally reside in a flat Euclidean space. Di-
rectional observations, for example, are supported on a nonlinear g-dimensional sphere §2,, or
more generally on a topological space that is homeomorphic to a sphere. A simple example
is provided by periodic dihedral angles in protein structures, which are naturally represented
on a unit circle (¢ = 1) (Zimmermann and Hansmann, 2006). More complex settings involve
variables defined on spaces with different geometries. In astronomy, for instance, each ob-
served object is commonly recorded by a three-element tuple: (right ascension, declination,
redshift) (Dawson et al., 2016; Brown et al., 2018). The first two coordinates specify a po-
sition on the celestial sphere (¢ = 2), whereas redshift reflects radial distance from Earth.
More broadly, such observations fall within the class of spatio-temporal data, in which di-
rectional, Euclidean, and periodic components may appear jointly (Hall et al., 2006). These
geometric constraints make standard Euclidean KDEs and mean shift algorithms inadequate
without modification.

To address this issue, we formulate the sets of local modes and density ridges intrinsically
for densities supported on spheres and related product spaces. Let f be a density on ),
satisfying qu f(x) wy(dx) = 1, where w, denotes the volume measure on €2,. We define
local modes and directional density ridges using the Riemannian gradient and Hessian of
f, so that the resulting population objects are compatible with the spherical geometry. We
further extend these definitions to densities on product spaces S; x Sy, where each factor §;
may be ecither a Euclidean space R”/ or a sphere Q p,- For a density f on such a product
space, normalized as |, Sixsy (z,y)w(dx,dy) = 1, the measure w is induced by the product
Riemannian structure (Pennec, 2006).

Although local modes and density ridges have been studied extensively in RP (Parzen,



Figure 2.1: Simulated dataset {(6;, ;) }1%%° on Qs and Q) x ;. Although the two coordi-
nates (6;, ¢;) of the data in both panels are periodic, the underlying supports have different
topologies. Consequently, mode-seeking and ridge-finding procedures must be adapted to
the geometry of the sample space.

1962; Chernoff, 1964; Hall et al., 1992; Vieu, 1996; Hall et al., 2001; Genovese et al., 2014;
Chen et al., 2014; Chen et al., 2015, 2016; Qiao and Polonik, 2016; Sasaki et al., 2018;
Chacén, 2020; Qiao, 2021; Qiao and Polonik, 2021; Qiao, 2025), their generalizations to €,
or §; X &, introduce several new challenges. The first challenge is geometric, where €2, has
nonlinear curvature. Furthermore, the topology of §; x & may differ fundamentally from
that of RP or , when one or both factors S;,j = 1,2 are directional. Consider a random
sample {(0;, ;) }2° with 6, € [0,27) and ¢; = 0. Depending on the problem context,
this dataset may be viewed as either points from a circle on the sphere Qy, with (6;, ¢;)
as longitude and latitude, or on the torus 2; x ;. The periodicity constraints of {2, and
Q1 x ; are different, and these two spaces are not homeomorphic. Consequently, mode
and ridge estimation must respect the intrinsic geometry and topology of the support. The
second challenge is inferential, where a coordinatewise extension of Euclidean mode-seeking
or ridge-finding methods can fail to identify joint geometric features on €2, or & x Ss.

For example, consider two densities fi, fo on €2y x 2; with the sets of local modes given

by M = {(070)7(0,%)7(1 0), (Z 3_7r)} and M’ = {(O,‘%),(7r 0)}, respectively. Although

27 204 27

M, M'" differ, their marginal local modes, which are 0, 7 on the first coordinate and 0, ?’T”

on the second coordinate, are identical. Any procedure that searches for modes separately
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along each component would therefore be unable to distinguish the two joint structures. This
unidentifiability motivates methods that define and estimate modes and ridges jointly on €2,
and S; X Sy, rather than reducing the problem to separate marginal analyses.

The contributions of this chapter are as follows. We first review the kernel density esti-
mators and differential-geometric tools needed to work on €2, and &; x S;. We then define
directional local modes and density ridges as Riemannian analogues of their Euclidean coun-
terparts. Finally, we study the stability and statistical consistency of these geometric sets
under kernel smoothing. These results provide the population and large-sample justification
for the geometry-aware algorithms developed in Chapter 3 and, ultimately, for the cosmic

web reconstruction pipeline studied in Chapter 4.
2.2 Preliminaries

This section reviews the KDEs for directional and directional-linear data as well as some

differential geometry concepts on €, or &; x Ss.

2.2.1 Kernel Density Estimation With Fuclidean Data

Let {Xji,..., X,,} be a random sample from a distribution P with density p supported on
the Euclidean space R”. The Euclidean KDE at point £ € R” with a kernel function K
and bandwidth parameter h = h(n) is written as (Wand and Jones, 1994; Wasserman, 2006;
Scott, 2015; Chen, 2017):

Polx) = MLDEZ;KC: _hX) (2.1)

The kernel K : RP? — R is typically chosen as a unimodal function satisfying the following

standard properties:
o (K1) [op K(x)dx = 1.

e (K2) K(x) is (radially) symmetric, i.e., [pp @ K(x)dx = 0.
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o (K3) [un ||m||§K(m)d:I: < 00, where ||-||, is the usual Ly norm in R”.

One common way to construct a multivariate kernel K (x) with the above properties is

to derive it from a kernel profile as follows:
K(x) = cpp -k (|[]3) , (2.2)

where ¢, p is the normalizing constant such that K satisfies (K1) and the function & :
[0,00) — [0, 00) is called the profile of the kernel. This kernel form is often used in deriving
(subspace constrained) mean shift algorithms; see Section 3.2. An important example of the

profile function is ky(x) = exp (—%) for > 0, leading to the multivariate Gaussian kernel

Ky(a) = L oxp (-155).

Another approach to designing a multivariate kernel function is to leverage the product

kernel technique as K (x) = Ki(x1)--- Kp(xp), where K7, ..., Kp are kernel functions defined

on R satisfying the properties (K1-3). This choice leads to a multivariate KDE as:

. I < r1 — X1 Tp —Xip

In fact, the multivariate Gaussian kernel Ky can be obtained by defining its kernel profile as
kn(z) = exp (—%) for > 0 or taking K;(z) = --- = Kp(z) = \/Lz?exp (—%) In practice,
the multivariate KDE (2.1) with Gaussian kernel is the most popular nonparametric density
estimator with Euclidean data.

A crucial practical step in applying KDE is selecting the bandwidth parameter h. Com-
mon approaches aim to minimize the mean integrated squared error (MISE):

MISE(h) = E/ [Pn(x) — p(x)]” de
RD

or its leading asymptotic approximation, use a rule of thumb (Silverman, 1986), apply cross-
validation (Rudemo, 1982; Bowman, 1984; Hall, 1983; Stone, 1984), or employ plug-in meth-
ods (Sheather and Jones, 1991). We refer the interested reader to Jones et al. (1996); Sheather
(2004) and Chapter 6.5 of Scott (2015) for comprehensive reviews.
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2.2.2  Kernel Density Estimation With Directional Data

Euclidean KDEs (2.1) are not directly appropriate for directional data because they ignore
the geometry and periodicity of the support; see Section A.1 for a detailed discussion. For-
tunately, the theory of kernel density estimation with directional data has been well-studied
in the literature (Beran, 1979; Hall et al., 1987; Bai et al., 1988; Zhao and Wu, 2001; Garcia-
Portugués, 2013; Pewsey and Garcia-Portugués, 2021). Let X7, ..., X, € Q, C R?"! now be
a random sample generated from an underlying directional density function f on €2, with

qu f(x) wy(dx) = 1, where w, is the Lebesgue measure on 2,. The directional KDE is given

by:
) , (2.4)

where L is a directional kernel (i.e., a rapidly decaying nonnegative function defined on

h

~ crq(h) & 1 -2 X, crq(h) & 1
fh(w):—’Tf)Zl:L( s ): n(>ZL<§

i=1

(—dr,00) C R for some constant 6, > 0), h > 0 is the bandwidth parameter, and ¢, ,(h) is
a normalizing constant satisfying

cvat) = [ £ (F55Y )ty = 00 25)

Remark 2.1. The distance metric used by the directional KDE (2.4) on §, is identical
to the standard Euclidean metric in the ambient space RITL. This is because the standard
Euclidean metric ||||, of R1*! is topologically equivalent (but not strongly equivalent) to the

geodesic distance dgy(-,-) on €, due to the following equality:

|| — yl|, = 2sin (M) (2.6)

See Section C.1.5 in Ok (2007) for the definition of equivalence of metrics. Hence, the

distance metric in (2.4) is indeed intrinsic on §, and adapted to its geometry.

As in Euclidean KDEs, bandwidth selection plays a central role in the performance of
directional KDEs (Hall et al., 1987; Bai et al., 1988; Taylor, 2008; Marzio et al., 2011;
Oliveira et al., 2012; Garcia-Portugués, 2013; Saavedra-Nieves and Marfa Crujeiras, 2020).

By contrast, the specific choice of the kernel is typically less important; see, e.g., page 72 of
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Wasserman (2006) and Section 6.3.2 in Scott (2015) for an explanation. A popular candidate

r

is the so-called von Mises kernel L(r) = e~", which is the directional analogue of the Gaussian

kernel. Its name originates from the famous g-von Mises-Fisher distribution on €2, which is

denoted by vMF(u,v) and has density

Foe(@: p,v) = Cyv) - explvp™@)  with  Cy(v) = (mq;;; o@D

where p € Q, is the directional mean, v > 0 is the concentration parameter, and Z,(v) is
the modified Bessel function of the first kind of order v. For further details on the statistical
properties of the von Mises-Fisher distribution and directional KDE, we refer the interested

reader to Mardia and Jupp (2000); Banerjee et al. (2005); Garcia-Portugués (2013).

2.2.8 Kernel Density Estimation on & X Sy

Given the observed data {Z;};_, = {(X;,Y;)}_, on the product space S; X S,, we estimate
the underlying density f using a product-kernel KDE as (Hall et al., 2006; Garcia-Portugués
et al., 2013, 2015):

Iu(z,y) = %iKl (w ;lei) Ky (y ;zY"), (2.8)

i=1
where K; : §; — R is the kernel function for j = 1,2, and each element of h = (hy, hy)
is a bandwidth parameter. The form of the radially symmetric kernel K; depends on the
geometry of S;:
Ck,p; 2 . D,
D k(||'l,l/||2) lfS]:R 7,

K;(u) = Ciyp,(hy) - ks ([ull3) = § " . (2.9)
Crop,(hy) - L (E) it 85 = .

2

for y = 1,2, where k and L are the profiles of the linear and directional kernels, respectively,
while Cy p,, Cr,p,(h;) are normalizing constants. A key distinction between linear and direc-
tional kernels in (2.9) is whether the normalizing constants are separable from the bandwidth

112
parameters. In particular, if S; is directional, then K; (“’ZIX) =Crp,(h1)-L (%) —
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Crp,(h1) L (1*32;&'), which aligns with the usual KDE formulation for directional data in
(2.4). The estimator fn is naturally defined not only on &; x S, but also on its ambient space.
Finally, if S, S, are both directional or Euclidean, ﬁl can also be defined via a spherically
symmetric kernel (Garcia-Portugués and Meilan-Vila, 2024).

As before, the commonly used linear and directional kernel profiles are k(s) = e=5/2
and L(r) = e ", corresponding to the Gaussian kernel and von Mises kernel, respectively.
Applying Gaussian and/or von Mises kernels to K; and K, in (2.8), the KDE simplifies to

~ C(H) < z2—Z)"H Yz - Z,
_ (n)zexp{_( ) ! ( )}

i=1

. . 2 2
with H = Dlag (hlIDH_]l{Sl:QDI}, hQIDTHL{SQ:QDQ}) 5

(2.10)

where z = (z,y) € S; X S,, Ip is the identity matrix in RP*P and C(H) = H] 1 Ck;.p;(hyj)
is the normalizing constant from (2.8) and (2.9). For simplicity, we consider a (block)
diagonal bandwidth matrix H (Wand and Jones, 1993), though our theory also applies to
the general positive definite bandwidth matrix. Additionally, when §; = €p,, it is more
natural to apply a single bandwidth parameter h; to each coordinate on €p, due to the

isotropic geometry.

2.2.4 Riemannian Gradient, Hessian, and Exponential Map on 2, or S X Ss

Because the unit hypersphere €2, is a nonlinear manifold, derivatives of a smooth function f
on €2, or §; X Sy should be interpreted on the corresponding tangent spaces. The Riemannian
gradient and Hessian differ from the ordinary ambient gradient and Hessian, but they can
be expressed through ambient derivatives followed by suitable projections.

e Riemannian Gradient on (), or & x Sy: We first discuss €2, and then extend the
notation to the product space &1 x Sz. Let T, be the tangent space of (2, at point & € €2,
which consists of all the vectors tangent to {2, at . Given a smooth function f : Q, — R,

its Riemannian gradient grad f(x) € T, is defined as:

(v.grad f(z)), = df(v) (2.11)
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for any (unit) vector v € T, where (-,-), is the inner product (or Riemannian metric) in
Ty and dfy : T, — R is the differential operator of f at € ; see, e.g., Section 3.1 in
Banyaga and Hurtubise (2004) for more details. Note that the Riemannian metric on (2,
coincides with the standard inner product (-, -) in the ambient space RI*!; see Section 3.6.1
in Absil et al. (2008). If f is smooth in an open neighborhood containing €2, and we consider
grad f(x),v € T, as vectors in R?™ then the inner product in T, reduces to the usual
one in R?"! and the Riemannian gradient grad f(x) can be expressed in terms of the total

gradient V f(x) as:

grad f(x) = (I41 — xzx’) V f(z), (2.12)

where I,,; € R+D*@+) ig the identity matrix. This equation shows that the Riemannian
gradient is the projection of the Euclidean/ambient gradient V f(x) onto the tangent space
Ty at © € Q.

Similarly, the differential of f at z = (@, y) € &1 X S is a linear map df, : T, = T(S1) X
Ty(Ss) — R given by df;(v) = 4 f((t)) |t:0 for any smooth curve v : [0,1] — & x S,
and tangent vector v = (v, vy) € T, = T5(S1) X Ty(Ss). Then, the Riemannian gradient

grad f(z) is a vector field in the tangent space T, defined as:

df.(v) = (grad f(2), (v,,v,)) = grad f(2) v, (2.13)

where the inner product (-,-) is the usual one in the smallest ambient Euclidean space

containing S X Sy. From (2.13), we obtain a vector form of grad f(x,y) as:

P 0 P:IDl B _wa']IS:Q ,
grad f(Z) - Psz(Z) with Pz = ! and 1 +Il{$17$ZD1} {S1 Dl}

0 7 P2 = ID2+1{52=QD2} —yy ' Lis=0p,}-

(2.14)

Here, P, is the projection matrix onto the tangent space 7T, and Ip denotes an identity
matrix in RP*?. Thus, P, reduces to the identity matrix when S; x S, is Euclidean, while

it acts as a projection operator when either of S;, 7 = 1,2 is directional.
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e Riemannian Hessian on 2, or &; x Sy: The Riemannian Hessian H f(x) at point

x € (), is a symmetric bilinear map from the tangent space T, into itself defined by

Hf(x) [v] = Vygrad f(x) (2.15)

for any v € T}, where V,, is the Riemannian connection on €,; see Section 5.5 in Absil et al.
(2008). Similar to grad f(x), the Riemannian Hessian H f(x) has the following explicit

formula when viewed in the ambient Euclidean space R4+
Hf(@) = Loy — 22”) [VV () - V(@) @ L] (I — 2a”),  (216)

where V f(x) and VV f(x) are the total gradient and Hessian of f in R?*'. This formula
can be derived via the Riemannian connection and Weingarten map on €2, (Absil et al. 2013
and Proposition 5.3.2 in Absil et al. 2008) or geodesics on €2, (Zhang and Chen, 2021b).
Analogously, the Riemannian Hessian of f : & X S — R is also a symmetric linear
map Hf(z) of the tangent space T, = T,(S1) x Ty(Sy) into itself defined as Hf(z)[v] =
V.grad f(z) for any tangent vector v = (vg,v,) € Ty, where V,, is the Riemannian con-
nection on & x Sy. As &) X Sy can be viewed as a (nonlinear) submanifold in its ambient

Euclidean space, the Riemannian Hessian H f(z) on S; X Sz can be written as:
H(2)[v] = P.(Vograd f(2), Vygrad f(2)) [0

Ay =2 Vo f(2)Ip, 11 - Ts,—ap, ),

A2 = yTvyf(z)IDz-H : ]1{52191)2}7
(2.17)

— P. [V2f(2) ~ Diag (A1, Ay) | [v] with

where Diag (Aj,.As) is a (block) diagonal matrix, and we plug in the formula (2.11) of
grad f(z) in the second equality. A; is the curvature correction for the jth component
space. It is nonzero only when §; is directional, and it vanishes when S; is Euclidean. Using
v € T, and the symmetric property of Hf(z), we express the Hessian operator H f(z) as a
matrix Hf(z) =P, [VZf(z) —Diag (Ay, As) ] P.. Finally, both grad f(z) and Hf(z) reduce
to the total gradient V f(z) and Hessian V2f(z) when S, S, are flat Euclidean spaces.
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Throughout Chapters 2 and 3, for a smooth function g we write || g||g)) for the supremum
of the absolute values of its order-j derivatives; for directional functions, these derivatives are
interpreted in local coordinates on €2,. In particular, ||g| |g) controls the largest absolute entry
of the corresponding Euclidean or Riemannian Hessian, and we set |[g||7, , = maxo<;<a||g] |£>]o)

e Exponential Map: An exponential map Exp, : T, — Q, at € (), is a mapping that
takes a vector v € T}, to a point y := Exp_(v) € Q, along the curve p with ¢(0) =z, p(1) =y
and ¢'(0) = v. Here, ¢ : [0,1] — Q, is a curve of minimum length between & and y (i.e.,
the so-called geodesic on €2,). Intuitively, evaluating the exponential map Exp, at v on (),
means starting at @ and moving along the geodesic, or great circle, in the direction of v
until reaching a point y whose geodesic distance from x equals ||v|],. As €, is a compact
Riemannian manifold, the exponential map Exp,, is a diffeomorphism (smooth bijection) from
a neighborhood of 0 € T}, to its image on €2,; see Lemma 6.16 in Lee (2006). The inverse of
an exponential map (or logarithmic map) is defined within a neighborhood U C €, around
x as a mapping Exp_' : U — T, such that Exp_!(y) represents the vector in T} starting
at  and pointing toward y, whose length equals the geodesic distance between x and y.
For z = (x,y) € Si X Ss, the exponential map Exp, : T, — S X Sy is a concatenation of
the exponential map in each component space as Exp,(v) = (Exp,(vs), Exp,(vy)), where

v = (Vg,vy) € T, as well as Exp, : T, — S; and Exp, : Ty — So.
2.3 Mode and Ridge Estimation on (), or §; X &,

This section defines order-d density ridges on €, and S; x S;, and then introduces the

corresponding plug-in estimators based on the KDEs reviewed in Section 2.2.

2.3.1 FEuclidean Density Ridge and its Stability

We first review the definition of an order-d density ridge for a smooth density p supported
on the Euclidean space RP and its stability result (Eberly, 1996; Genovese et al., 2014).
Consider the spectral decomposition of the Hessian VVp(zx) as VVp(x) = V(x)A(z)V (z)7,

where V(z) = [vi(x),...,vp(x)] € RP*P is a real orthogonal matrix with the eigenvectors
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of VVp(z) as its columns and A(x) = Diag [\ (), ..., \p(x)] € RP*P is a diagonal matrix
with A\j(z) > --- > Ap(x). Given that Vy(x) = [vap1(x),...,vp(x)] € RP*XP=D we let
Ug(z) = Vy(x)Vy(x)T be the projection matrix onto the column space of Vy(x) and Uy (x) =
Ip—Vy(x)Vy(x)" = V,(x)V,(x)T be the projection matrix onto the complement space, where
Vo(x) = [v1(x), ..., v4(x)] € RP*? and Ip is the identity matrix in RP*P. Then, the order-d
principal gradient G4(x) (or projected gradient in Genovese et al. 2014; Chen et al. 2015) is
defined as:

Ga(@) = Ua(x)Vp(z) = Va(@)Va(z)" Vp(z), (2.18)

and Ui (z)Vp(x) will be called the residual gradient. The order-d density ridge is then
defined as

Ry={x e R”: Gy(x) = 0, \gs1(z) <0}

(2.19)
={z e R” : Vy(z)"Vp(x) = 0, \gy1(x) < 0} .
In particular, the order-0 ridge Ry is equivalent to the set of local modes of p as:
M :=Ry={x e R”: Vp(x) =0, (x) <0}. (2.20)

For a point & € R, we define its projection onto a ridge Ry by 7g,(x) = arg min, . ||z —yll,
and its distance to Rq by dg(x, Rq) = ||® — 7g,(x)||, = mingeg, ||[€ — y||,- Note that the
projection from point & € R” to R4 may not be unique. A standard condition ensuring
uniqueness of this projection is expressed through the reach (Federer, 1959; Cuevas, 2009)

as:
reach(Ry) = inf{J > 0: V& € R; ® 6, x has a unique projection onto R4}, (2.21)

where Rq ® § = Ugep,Ballp(z,d) and Ballp(x,§) = {z e R : ||z — ||, <4} is a D-
dimensional ball of radius 6 centered at @. To ensure that R, is well behaved, we impose

the following assumptions on the underlying density p around a small neighborhood of Ry.

Assumption 2.1 (Differentiability). The density function p is bounded and at least four

times differentiable with bounded partial derivatives up to the fourth order for every « € RP.
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Assumption 2.2 (Eigengap). There exist constants p > 0 and By > 0 such that M\g11(y) <
—Bo and Ng(y) — Nar1(y) > Po for any y € Ry @ p.

Assumption 2.3 (Path smoothness). Under the same p, By > 0 in Assumption 2.2, there

exists another constant py € (0, By) such that

D [0 ) Vsl 75w < 2.

d-D3 IVp(@)|], || V()| < Bo(Bo— Br)

max

forally € Rg® p and x € Ry.

Assumption 2.1 is a standard smoothness condition for ridge estimation. Assumption 2.2
is a curvature condition on the true density p, ensuring that p is “strongly concave” around
R, inside the (D — d)-dimensional linear space spanned by the columns of Vy(y). We call
this property “subspace constrained strong concavity”. This condition is also important in
establishing the linear convergence of the SCGA and SCMS algorithms; see Remark 3.3 for
details. Assumption 2.3 prevents the gradient and third-order derivatives of p from becoming
too steep around the ridge Ry. These assumptions are also imposed by Genovese et al. (2014)
for characterizing a quadratic behavior of p around R,; and ensuring the stability of Ry, as
well as by Chen et al. (2015) to avoid the degenerate normal spaces of R;. Consequently,
R, is a d-dimensional manifold that contains neither intersections nor endpoints; see also
Lemma A.1 in the Appendix. The inequalities in Assumption 2.3 depend on both the
ambient dimension D and the intrinsic dimension d of the ridge Ry. As D or d increases,
these inequalities become more restrictive. This behavior reflects the curse of dimensionality
in nonparametric ridge estimation.

Given Assumptions 2.1-2.3, the ridge Ry is stable under small perturbations of the un-
derlying density p and its derivatives, as summarized in the following lemma. The stability

of R, is measured by the Hausdorff distance defined as:
Haus(A,B) =inf{e >0: AC B&eand BC A®¢€}, (2.22)

where A, B are two sets in RP.
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Lemma 2.1 (Theorem 4 in Genovese et al. 2014). Suppose that Assumptions 2.1, 2.2, and
2.3 hold for two densities py, pa. When ||p1 — ng;B is sufficiently small, we have

Haus(Rg1, Ra2) = O (le - p2|‘;,2) ’

where Rq1 and Ryo are the d-ridges of p1 and pa, respectively.

2.3.2  Directional Density Ridge and its Stability

We now extend the Euclidean definition (2.19) to the unit hypersphere €2, with directional
density f : Q, — R using its Riemannian gradient grad f(x) and Hessian Hf(x) on €.
Specifically, consider the spectral decomposition of Hf(x) as Hf(x) = V(x)A(z)V (z)7,
where V(z) = [z, v,(), ..., v (x)] € ROTD*@D g a real orthogonal matrix whose columns
vy (x),...,v,(x) are eigenvectors of Hf(x) associated with the eigenvalues \ () > --- >
A () and lie within the tangent space T, at @ € €, and A(xz) = Diag [0, (x), ..., A, (x)].
Note that the Riemannian Hessian H f(x) has a unit eigenvector x that is orthogonal to T}
and corresponds to eigenvalue 0. Let V(@) = [v4,4 (), ..., v (x)] € ROV~ be the last
q—d columns of V (), i.e., the unit eigenvectors inside the tangent space T, corresponding to
the ¢ —d smallest eigenvalues of H f(x). Let U,(x) = V,(x)V ()" be the projection matrix

T

onto the linear space spanned by the columns of V,(x), and U (x) = I, — V (x)V ()"

We define the order-d principal Riemannian gradient G,(x) by

Gy(x) = Vy(2)V,(®)" grad f(z) = V,(2)Vy(®)" (T4 —z2") V(@) (2.23)
= Vy(®)Vy(x) V (),

where the last equality follows from the fact that the columns of V,(x) are orthogonal to

the unit vector . The order-d density ridge on , or directional density ridge, is defined as

R, = {w €Qy:Gy(x) =075, () < 0} 220
= {zc €, : Vy(x) grad f(x) = 0, ;4 (x) < ()} .

Our definition of density ridges on ), can be generalized to any smooth function f

supported on an arbitrary Riemannian manifold. It also follows that the order-0 directional
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density ridge R, is the set of local modes of f on (), as:
M:=R,={x e, grad f(x) =0,) (x) <0}. (2.25)

To study the stability of the directional density ridge R,;, we first extend f from its
support ©, to R?™ \ {0} by defining

xr

[|z]]2

flx)=f ( ) for all x € R7™\ {0}. (2.26)

This extension in (2.26) has also been used by Zhao and Wu (2001); Garcia-Portugués et al.
(2013); Garcia-Portugués (2013). Then, we impose the following regularity conditions.

Assumption 2.1. Under the extension (2.26) of the directional density f, the total gradient
Vf(x), total Hessian matriz VV f(x), and third-order derivative tensor V3f(x) in R
exist and are continuous on RY™ \ {0} and square integrable on Q,. Furthermore, f has

bounded fourth-order derivatives on §2,.

Assumption 2.2. There exist constants p > 0 and B, > 0 such that Agy,(y) < =B, and

Eo
Aq(Y) = Agia(y) = B, for any y € (Ry® p) N Q.

Assumption 2.3. Under the same p, éo > 0 in Assumption 2.2, there exists another con-

stant 5, € (0,§0> such that

[
no

V2 gt ||Uz (w)erad )], [[9°F ()] < S

4= IV @), [V S @)]] e < 8, (8, - 5,)
forally € (Ry® p) NQy and x € R,.

Recall that R;®p = Uzep,Ball 11 (az, E) is a p-neighborhood of the directional ridge R, in
the ambient space R?"!. The discussion of Assumptions 2.1-2.3 in Section 2.3.1 also applies
to their directional counterparts 2.1-2.3, except that the eigengap assumption 2.2 is imposed
on eigenvalues A\, (x) > --- > A (x) within the tangent space T, at = € Q,. However, since

the only eigenvalue of H f(x) associated with the eigenvector outside the tangent space T,
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is 0, Assumption 2.2 also applies to the relevant spectrum of H f(x) in the ambient space

R+,

Remark 2.2 (Connection to Solution Manifolds). Ezample 4 in Chen (2022) showed that
any Euclidean density ridge Ry defined in (2.19) is a concrete example of a solution manifold
Mg = {& e RP : U(x) =0} with ¥ : RP — RP~? being a vector-valued function. The
directional density ridge R, in (2.24) also takes the form of the solution manifold Mg,
where we may rewrite Ry = {x € R : U(x) = 0} with ¥ : RIT — R4 defined by:

gd+1(a})TVf(:c)

U(z) = : ,
v, (2)7V f(x)

O |

recalling that v, ,(x),...,v,(x) are the last ¢ — d eigenvectors of the Riemannian Hessian
Hf(x) of the directional density f. Moreover, the assumptions imposed here 2.1-2.3 in the
FEuclidean ridge case and 2.1-2.3 in the directional ridge case imply all the required assump-
tions in Chen (2022), i.e., the differentiability of ¥ and non-degeneracy of the normal space
of Mg; see (d) of Lemmas A.1 and A.2 in the Appendix. Therefore, the statistical properties
and normal gradient flows of a generic solution manifold Mg apply to the Fuclidean and

directional density ridges Ry or R, here.

Analogously to the Fuclidean case in Lemma 2.1, we obtain the following stability theo-
rem for directional density ridges. To measure the distance between two directional ridges
Ry, Ed C Q, defined by the directional densities f and f, we adopt the definition (2.22) of
Hausdorff distance between two sets in the ambient Euclidean space R9™!. Note that the
Euclidean norm used in the definition (2.22) is upper bounded by the geodesic distance when
the sets of interest lie on €2; see also (2.6). This property is used in our proof of Theorem 2.2;

see Section A.4 for details.

Theorem 2.2. Suppose that Assumptions 2.1, 2.2, and 2.3 hold for the directional density
f and that Assumption 2.1 holds for ]7 When Hf — f” 15 sufficiently small,
00,3
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(a) Assumptions 2.2 and 2.3 hold for f

)

~ . mln{ﬂl 1}2
(¢) reach(f;) > min {8/2’ oy 7O ‘

(b) Haus(R,, R,) = (

) for a constant A, > 0.

The stability result for the density ridge R4 on &; x S, follows similarly from Lemma 2.1

and Theorem 2.2, so we omit the details.

2.3.3 Plug-in Estimator by KDE

Replacing the unknown density p that generates the Euclidean data {Xj,..., X,} Cc R?
with the Euclidean KDE p,, in the definition (2.19) of density ridges gives the natural plug-

in estimator of the true ridge Ry as:
Ry = {a: e RP : Vy(a) Vhn(a) = 0, i (z) < o} .

To control the statistical behavior of the estimated ridge ﬁd, we make the following assump-

tions on the kernel of its form (2.2):

Assumption E1. We assume that the kernel profile k : [0,00) — [0,00) is non-increasing
and at least three times continuously differentiable with bounded fourth-order partial deriva-

tives as well as

[ el klalf) dw. [ <k () do < oo, and [ |6 (Jl]})*do < o0
RD Rd R4

with o = 0,1, 2, 3.

Assumption E2. Let

Kp = {y s k() (w_;y) — Dl

r—vYy
h

Ck:,D'k<

2
)] cx € RP o] :0,1,2,3}.
2
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We assume that Kg is a bounded VC (subgraph) class of measurable functions on R that

18, there exist constants A,v > 0 such that for any 0 < e < 1,

A v
SgpN(KE7L2(Q)7€||F||L2(Q)> < <_> )

€

where N(Kg, La(Q), €) is the e-covering number of the normed space (ICE, ||~HL2(Q)> , Qis any

probability measure on RY | and F is an envelope function of Kg. Here, the norm E 1,0

is defined as [ [op |F(x)?dQ(x)] :,

Remark 2.3. Recall that the e-covering number N(F, Ly(Q),€) is defined as the minimal
number of La(Q)-balls {g g = flly) < 6} of radius € needed to cover the (function) class
F. One popular concept for controlling uniform covering number supg N <.F, Ly(Q), €| F| |L2(Q)>
is the notion of Vapnik-Chervonenkis (subgraph) classes, or simply VC classes. Starting from
collections of sets, we say that a collection C of subsets of the sample space X picks out a
certain subset of the finite set {xy,...,x,} C X if it can be written as C N {xy,...,x,} for
some C € C. The collection is said to shatter {z1, ...,x,} if C picks out each of its 2" subsets.
The VC-index V(C) of C is the smallest n for which no set of size n is shattered by C. A
collection C of measurable sets is called a VC class if its index V(C) is finite. To generalize
this concept to a class F of real-valued and measurable functions defined on X, we say that
F is a VC subgraph class if the collection of all subgraphs of the functions in F forms a
VC class of sets in X x R. An important property of VC (subgraph) classes is that their

e-covering numbers grow polynomially in % as stated in Assumption E2; see Theorem 2.6.4
in van der Vaart and Wellner (1996). More in-depth discussion on VC classes can be found

in Section 2.6 of the same book.

Assumption E1 can be relaxed to require that the kernel profile k£ be three times contin-
uously differentiable except at a finite number of points on [0,00). Such a relaxation allows
us to include the Epanechnikov and other compactly supported kernels. The integrability
assumption on k in Assumption E1 is similar to conditions (K1) and (K3) in Section 2.2.1 for

the purpose of bounding the expectations and variances of the KDE Vp, () and its (partial)
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derivatives. Assumption E2 controls the complexity of the kernel and its (partial) deriva-
tives, which is essential in establishing the uniform convergence of p, and its derivatives to
the corresponding quantities of p as in (2.27) below.

Given Assumptions E1 and E2, the techniques in Giné and Guillou (2002); Einmahl and
Mason (2005); Chacén et al. (2011) can be used to show the uniform consistency of the

Euclidean KDE p,, and its derivatives as:

~ log h
1Bn — || = O(h?) + Op ( ﬁ) for k=0,....3. (2.27)

For the directional density ridge R, in (2.24), we similarly obtain a plug-in estimator

from the directional KDE ﬁ as:
Ry={w € 0y : V(@) grad fu(@) = 0,3,,(@) < 0} (2.28)

To regularize the statistical behavior of the estimated directional ridge Ed, we consider the

following assumptions that generalize Assumptions E1 and E2:

Assumption D1. Assume that L : (—d,00) — [0,00) is a bounded and three times con-
tinuously differentiable function with a bounded fourth-order derivative on (—dy,00) C R for

some constant 6, > 0 such that
0< / |L(£)(r)|kr%_1dr <oo forallq>1,k=1,2, and¢=0,1,2,3.
0

Assumption D2. Let

2
Kp= {u*—)K(z h“’) ‘w2 € Qph > 0, K(x) = DIIL (@) 1 :0,1,2,3}.

We assume that Kp is a bounded VC' (subgraph) class of measurable functions on €,; that

is, there exist constants A,v > 0 such that for any 0 < e <1,

A v
SgPN(’CD7L2(Q)75||F||L2(Q)) < <—> :

€

where N(Kp, L2(Q), €) is the e-covering number of the normed space (/CD, ||'HL2(Q)> , Q is any

probability measure on €, and F is an envelope function of Kp. Here, the norm ||F||L2(Q)

is defined as [qu |F(a:)|2dQ(iL‘)} :

2
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The differentiability assumption in Assumption D1 can be relaxed to require that L be
(three times) continuously differentiable except on a set of points with Lebesgue measure 0
on [0,00). Assumptions D1 and 2.1 are standard conditions for establishing the pointwise
convergence rates of the directional KDE and its derivatives (Hall et al., 1987; Klemel4, 2000;
Zhao and Wu, 2001; Garcia-Portugués et al., 2013; Garcia-Portugués, 2013). Under these
two assumptions, Hth(:c) ‘ ‘2 appearing in the step sizes ﬂg)h or QS)}; of the directional mean
shift or SCMS algorithm can also be shown to diverge at the order O(h™2) 4+ Op (74 as
nh? — oo and h — 0; see Section 3.4 and Section 3.6 for details. Assumption D2 regularizes
the complexity of the kernel L and its derivatives as in Assumption E2 to obtain the uniform
convergence rates of the directional KDE and its derivatives; see (2.29) below. One can
justify via integration by parts that the von-Mises kernel L(r) = e¢™" and many compactly

supported kernels satisfy Assumptions D1 and D2.

Given Assumptions D1 and D2, the techniques in Hall et al. (1987); Bai et al. (1988);
Zhao and Wu (2001); Garcia-Portugués et al. (2013); Garcia-Portugués (2013); Zhang and
Chen (2021b) can be used to show that

17| = sup |9 Futa) - 9* (@)

xeQy

max nhq”’“

= O(h?) + Op ( “Ogh’) (2.29)

for k = 0,...,3, where V = V,, is the Riemannian connection on , with v € T}, so that
Vf(x) = grad f(z), V2f(x) = Hf(x), and V3f(x) = VHf(x); see Section 5.3 in Absil
et al. (2008) and Chapter 4 in Lee (2018). Specifically, the uniform convergence rates for
the Riemannian gradient and Hessian of the directional KDE fh are derived in Theorem 4 of
Zhang and Chen (2021b). Finally, Lemma B.2 in Zhang and Chen (2026) also outlines the
uniform convergence rates for the Riemannian gradient and Hessian of the KDE ﬁl within

the tangent space/bundle on S§; X Ss.
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2.4 Statistical Consistency Results

2.4.1 Mode Consistency on

Consistency of local mode estimation has been established for the usual Euclidean KDE by
Chen et al. (2016), where the authors showed that with probability tending to 1, the number
of estimated local modes is the same as the number of true local modes under appropriate
assumptions. Moreover, the convergence rate of the Hausdorff distance (a common distance
between two sets) between the collection of local modes and its estimator is derived. Here
we state the consistency of estimating local modes of a directional density f supported on
2, by the local modes of the directional KDE fAh

Let || f]|5, 5 denote the uniform functional norm of the partial derivatives of the directional

density f on the compact manifold €2, up to the third order. This quantity is finite under

Assumption D1. Let Mn = {@17...,@&} be the collection of local modes of ﬁL and
M = {m,,...,mg} be the collection of local modes of f. Here, ]?n is the number of

estimated local modes and K is the number of true local modes. We consider the following

assumptions.
Assumption M1. There exists A\, > 0 such that
0 <A < |M(my)], forallj=1,. K,

where 0 > A\i(x) > --- > A\(x) are the ¢ most negative eigenvalues of the Riemannian

Hessian H f(x).

Assumption M2. There exist Oy, p, > 0 such that

A
Lo 0, Tang(V @) < 01 M@) < =5 <0} C M,

where X\, is defined in Assumption M1 and 0 < p, < min {\/2 — 2cos <L>,2}.

2[[f1l%.3

Assumption M1 is imposed so that every local mode of f is isolated from other critical

points; see Lemma 3.2 in Banyaga and Hurtubise (2004). The assumption also guarantees
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that the number of local modes of f supported on the compact manifold €, is finite. As
noted by Chen et al. (2016), Assumption M1 always holds when f is a Morse function on
,. Assumption M2 controls the behavior of f so that points with near-zero (Riemannian)
gradients and negative eigenvalues of H f(x) within the tangent space T, must be close to

local modes. See the paper by Chen et al. (2016) for a detailed discussion. The constant

\/ 2 —2cos ( 3 ) is selected so that the great-circle distance from m, to the boundary

2/ fl1%,3

of m,, @ p., that is, arccos(m] x) with € 95y, is less than ﬁ for any m,, € M, where
00,3

Se={z € Qy:lle—myll, < p.} and 95, = {2 € Q, : [l& — my|, = p.}.

Theorem 2.3. Assume that Assumptions D1, D2, M1, and M2 hold. For any § € (0,1),

when h is sufficiently small and n is sufficiently large,

a) there must be at least one estimated local mode my, within S, = m, ® p, for ever
k kEDP Y

m;, € M, and

(b) the collection of estimated modes satisfies ﬂn C M@p. and there is a unique estimated

local mode my,, within Sy, = My, & p.

with probability at least 1 —6. In total, when h is sufficiently small and n is sufficiently large,

there exist constants As, Bz > 0 such that
P (z?n ” K) < ByeAsnhtt

(¢) The Hausdorff distance between the collection of local modes and its estimator satisfies

— 1
Haus (M, Mn> = O(h?) + Op (\/ W) )

as h — 0 and nhit? — co.

The proof of Theorem 2.3 appears in Appendix D.4 of Zhang and Chen (2021b). The
theorem states that, asymptotically, the set of estimated local modes is close to the set of

true local modes and there is a one-to-one correspondence between pairs of estimated and
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true local modes. Thus, the local modes of the directional KDE consistently estimate the
local modes of the population directional density. The mode consistency for the KDE ﬁz on

S1 X Sy is stated in Theorem B.3 in Zhang and Chen (2026).

2.4.2 Ridge Consistency on €,

Given the plug-in estimator Ed in (2.28) of the ridge provided by the directional KDE ]?h,

we apply Theorem 2.2 to obtain consistency under the Hausdorff distance.

Theorem 2.4. Suppose that Assumptions 2.1-2.3 and D1-D2 hold. Then, when Hﬁ —f

*
00,3

is sufficiently small,

~ log h
Haus(Ry, Ry) = O (h?) + Op ( ’nhq+4|> '

The proof follows directly from Theorem 2.2 and the uniform convergence rates of the
directional KDE ﬁ in (2.29), so we omit the details. Finally, Theorem B.4 in Zhang and

Chen (2026) outlines the ridge consistency for J/‘";L on §; x Ss.
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Chapter 3

ALGORITHMIC THEORY FOR SUBSPACE CONSTRAINED
MEAN SHIFT ALGORITHMS

Building on the statistical theory developed in Chapter 2, this chapter studies the com-
putational problem of recovering local modes and density ridges from data with Euclidean
and spherical geometry. The central procedures are the directional mean shift (DMS) algo-
rithm for estimating directional modes and the directional subspace constrained mean shift
(DirSCMS) algorithm for estimating directional density ridges. In the cosmic web applica-
tion, these procedures are not merely numerical devices, because the DMS algorithm identi-
fies high-density cosmic nodes and the DirSCMS algorithm traces filamentary structures on
the celestial sphere. Therefore, establishing their convergence properties provides algorith-
mic support for the stability and reproducibility of the cosmic web catalog constructed in

Chapter 4.

3.1 Introduction

Chapter 2 introduced directional modes and density ridges as effective geometric features
of the underlying density function and established the statistical consistency of their KDE-
based estimators. The present chapter turns to the complementary computational question:
how can these geometric features be recovered reliably from observed point clouds?

In Euclidean spaces, the mean shift algorithm and its subspace constrained version pro-
vide natural mode-seeking and ridge-finding procedures for the KDE-based estimators. The
classical mean shift algorithm with Euclidean data was proposed by Fukunaga and Hostetler
(1975) and revisited for image classification in Comaniciu and Meer (2002); see Carreira-

Perpindn (2015) for a comprehensive review. Its convergence properties have been well-
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studied in Cheng (1995); Li et al. (2007); Ghassabeh (2013, 2015); Arias-Castro et al. (2016);
Wang et al. (2016). For common kernels, including Gaussian and Epanechnikov kernels,
the algorithm typically exhibits linear convergence except under extreme bandwidth choices
(Carreira-Perpinan, 2007; Huang et al., 2018). Several acceleration strategies have also been
proposed, including dynamic data updates, blurring, random sampling, and stochastic op-
timization variants (Zhang et al., 2006; Carreira-Perpindn, 2006, 2008; Yuan and Li, 2009;
Hyrien and Baran, 2016). For directional data, the mean shift (or DMS) algorithms have
been developed in several forms Oba et al. (2005); Kafai et al. (2010); Kobayashi and Otsu
(2010); Shou-Jen Chang-Chien et al. (2010); Chang-Chien et al. (2012); Yang et al. (2014).
More broadly, Tuzel et al. (2005); Subbarao and Meer (2006, 2009); Cetingul and Vidal
(2009); Caseiro et al. (2012); Ashizawa et al. (2017) proposed mean shift algorithms on man-
ifolds using logarithmic and exponential maps, heat kernels, or direct log-density estimation
via least squares. Nevertheless, global convergence and linear convergence guarantees for the

DMS algorithm remain much less developed than their Euclidean counterparts.

The algorithmic theory is even more limited for the subspace constrained mean shift
(SCMS) algorithm, which is designed to estimate density ridges rather than local modes.
Existing work has established monotonicity properties of the density estimate and justified
certain stopping criteria (Ghassabeh, 2013; Ghassabeh and Rudzicz, 2021), but a general
convergence theory for SCMS and its directional extension is still incomplete. There are
two main challenges in establishing such a theory. First, each SCMS iteration involves
a projection matrix determined by the Hessian of the estimated density. Consequently,
although the update resembles a projected gradient step, the algorithm is not a standard
first-order optimization method: the projection subspace itself changes with the current
iterate and depends on second-order information. Second, ridge estimation is intrinsically
nonconvex. The target set is defined by both first-order projected gradients and second-order
curvature constraints, so the convergence analysis should account for both the dynamics of

the iterates and the local geometry of the ridge.

The need for geometry-aware algorithms is illustrated in Figure 3.1. Consider a synthetic
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= Hidden manifold
o Simulated points
@ Directional ridges
Euclidean ridges

== Hidden manifold
o  Simulated points

Euclidean ridges

Figure 3.1: Density ridges estimated by Euclidean and directional SCMS algorithms on two
synthetic datasets (drawn as black points) with hidden circular manifold structures (indicated
by blue curves) on R? and the unit sphere Q; C R?, respectively. Left: The orange points
indicate the estimated ridge obtained by the Euclidean SCMS algorithm from the dataset
on R%2. Right: The red points represent the estimated directional ridge identified by our
directional SCMS algorithm, while the orange points indicate the estimated ridge obtained
by the Euclidean SCMS algorithm from the dataset on {25. This panel is presented under
the Hammer projection; see Appendix A.1 for more details.

dataset consisting of independent observations concentrated around a great circle on €2, that
connects the North and South Poles with additional noise. Applying the Euclidean SCMS
algorithm directly to these directional data introduces substantial bias near high-latitude
regions, where the Euclidean representation distorts the spherical geometry. In contrast,
the proposed directional SCMS (DirSCMS) algorithm recovers a ridge that closely follows
the underlying circular structure; see the right panel of Figure 3.1 for an illustration and

Section A.1 for a more detailed discussion.

To address these challenges, this chapter provides an algorithmic foundation for the ridge-

based statistical framework developed in Chapter 2. We first study the Euclidean SCMS
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algorithm through a more general subspace constrained gradient ascent (SCGA) framework,
which isolates the essential mechanism behind SCMS and yields local linear convergence
guarantees under suitable regularity conditions. In particular, for a sequence {Z®}%, gen-

erated by the Euclidean SCGA or SCMS algorithm, we establish bounds of the form

& -

2 < T HEB\(O) -

27

where Z* is the limit point of the sequence, and 0 < T < 1 is a constant. We then develop
directional versions of SCGA and SCMS for data supported on €2, where the update must
respect the intrinsic spherical geometry of the sample space. For the resulting sequence
{@(t)},?io, we prove analogous linear convergence guarantees with respect to the geodesic
distance:

dg(i(t)7i*) < It ’ dg(i(O)a i*)a

where " is the convergence point, 0 < Y < 1 is a constant, and d, is the geodesic distance
on 2,. Similar arguments can be extended to directional-linear and directional-directional
product spaces; since these extensions are not needed for the cosmic web reconstruction
considered in this dissertation, we omit their detailed exposition and refer interested readers
to Zhang and Chen (2026). The chapter concludes with several numerical experiments to

consolidate our theory.
3.2 Directional Mean Shift Algorithm

We begin by reviewing the Euclidean mean shift algorithm. Given Assumption E1 and the
Euclidean KDE p,(z) = &2 3" k (\ ik
i=1

nhP 2

) with kernel (2.2), its gradient estimator takes

)} S Xk (][5
Sk (|[2

the form as:

h

. 20D
Vin(2) = nthg D (@— X)) K (

=1

c , 2
R
i=1

)

h

2
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where the first term is a variant of KDEs and the second term is the mean shift vector

— _Z?:1Xik/<‘ h z) B
BRIy (=1 +

This factorization suggests that the mean shift vector aligns with the direction of maximum

increase in p,. Thus, moving a point along its mean shift vector successively yields an
ascending path to a local mode. Let {:’E(t) }zo be the mean shift sequence with the Euclidean

KDE p,,. Then, one iteration of the mean shift algorithm can be written as:

2
Z?:l Xik/ ( )
2

2iza W ( Z) (3.3)

~ 1 o~ (o
=z 4 ; - ) -V (2"),
C zM—X,; t
nh/lgf2 E : k/ ( X 2)

showing that the mean shift algorithm is a gradient ascent method with an adaptive step

z—Xx;
h

gD 70 4 =, (@(t)) =
zM X,
h

size
1

" 2 F0_X, gn (2
2 3w ([[ees]))

Here, we denote by g, () = 2,(;11552 Z —K (

(3.4)

) the denominator of the adaptive
2

step size 7) . Lemma 3.1 below shows that under Assumptions 2.1 and E1, h?g, (x) tends
to a fixed constant with probability tending to 1 for any £ € R” as nh” — oo and h — 0.
Therefore, the step size ng)h has its asymptotic rate as O(h?) and tends to zero as nh? — oo

and A — 0 as well.

Lemma 3.1. Assume that Assumptz'ons 2.1 and E1 hold. For any fized x € RP, the con-

vergence rate of g,(x) = 712;1}352 Z —K <| T §> &

~ , 1
h*gu(®) = —2cx.0 - p(®@) / K ([ull3) du + O (h?) + Op ( nh—D)
RD
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1
= 0(1 2 —
O( )+O(h)+op< nhD>
as nh? — oo and h — 0.

To derive the DMS algorithm, we follow Yang et al. (2014) and assume that the directional
kernel L is differentiable except at finitely many points on [0, 00). To locate the local modes
of the directional KDE ﬁ(m) in (2.4), we maximize ﬁ(w) subject to the constraint 7z = 1.

By introducing a Lagrangian multiplier A, we define the Lagrangian function as:
~ crq(h) < 1-2"X; T
L AN)=—""->» L|——— A1 — :
n(x, \) . ;1 2 + A1 -z x)

Taking the partial derivatives of Eh with respect to  and A\ and setting them to zero yields

aaﬁ Cth2 ZXL’( mX)—zszo and 1—aTx=0.
n

Solving for @ leads to the fixed-point iteration 2+ = F(x®) for the DMS algorithm, where

S X (5

Flz) = — . . (3.5)
= xw (=524
This fixed-point iteration can be expressed more compactly in terms of V fh( ) = CLn‘}z(Qh Z
L <1"Z§X¢> as:
(e
m(t-i—l) — F(m(t)) _ th(a: ) (36)

B2

where V denotes the total gradient operator in the ambient Euclidean space R+,
3.3 The EM Perspective of Directional Mean Shift Algorithm

We now establish a connection between the DMS algorithm and the Expectation-Maximization
(EM) framework (Dempster et al., 1977; Wu, 1983; McLachlan and Krishnan, 2008; Balakr-
ishnan et al., 2017).
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3.8.1 Directional Mean Shift Algorithm as a Generalized EM Algorithm

Given the observed directional data { X1, ..., X,,} C €, we introduce the following mixture

density on (), as:
frq(y) = Z a; - Cyr(ki) - L [1‘%(1 - yTVi)] ) (3.7)
i=1

n

where {«;, v;, k;}, are the parameters of this mixture model such that >  «; =1, a; > 0
i=1
fori=1,...,n, and C, 1(k;) is the normalizing constant such that

1

Cunlr)™ = [ L[ (1= 4w wiliy) = s (1) [ Ll = 01-(=F)F e (339

-1

q
with w,(€2,) as the surface area of €2, for ¢ > 1. Notably, the normalizing constant C, 1(x;)
does not depend on the directional mean parameter v;. The parameters a; and k; represent

the weights (i.e., mixing proportions) and concentration parameters around v;, respectively.

1

Later, for the directional KDE, we set o; = - and k; = .

.7+ Throughout this section,
{a;, k;}._ | are treated as fixed.

Crucially, we define the directional mean parameter v; := v;(u) through an unknown
parameter p € €1, and a given observation X in the directional data as:
T

1— (uTX;)? 1— (uTX;)?
v, = Vl(u’) - \/%7 ) J%a“qﬂxl S QQ' (39)

N J/
-

q times

Given p € €, the distribution in (3.7) is a mixture of n densities on €, with directional
means {v;(p)},, firzed mixing proportions {a;}? , and fizred concentration parameters
{k;}!_;. Thus, varying the parameter p induces a spherical transformation of the mixture
distribution on €2,; see Remark 3.1 for more details. Our objective is to obtain the maximum
likelihood estimate (MLE) of p via an EM procedure. To establish the connection with the
mean shift algorithm, we consider a hypothetical setting in which only a single observation
Y: from the mixture model (3.7) is observed. We now derive the corresponding EM updates

for estimating p in this model and show that they coincide with the DMS iteration.
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3.83.2 The EM Framework and its Connection to Directional Mean Shift

To derive the EM algorithm, we introduce a latent indicator variable Z; € {1

, ...y}, where
Zy =i when Y; is generated by the i-th component Cy 1, (k;) - L [k;(1 — y"v;)] in (3.7).
e E-Step: The complete log-likelihood for (Y7, Z;) is given by
log P(Y1, Z1|p) = Z Liz,—iy - {loga; +1og Cy1(k;) +log L [k;(1 = Y{'vy)]} . (3.10)
i=1

Given (Y7, u") at the t-th iteration, taking the expectation with respect to the posterior
distribution of 7| (Yl, u(t)) yields the Q-function as:

Q(u|p™) = Ey, |y uoy log P(Y1, Z1| )]
_ , . . (1)
- Zl [log (07 + log C%L(H’L)] P(Zl — 7’|Y17 H ) (311)

+Y log L [ki(1 = Y{'vy)] - P(Zy = i[ Yy, u™).
i=1
By Bayes’ theorem, the posterior distribution P(Z; = i|Y;, u®) for i = 1

, ..., is computed
as:

P(Z; = i|Y;, p) = P(Y\|Z, =1, ;1(1/Y1|)MP)(Z1 = i|p®)
ai - Cor(ki)- L ['fz‘ (1 - YlTVi(t)ﬂ (3.12)
Ze 10q-Cyr(ke) - L [W (1 _ y'lTVét)ﬂ '

e M-Step: To derive the M-step, we consider the specific case where Y;

(0,...,0,1)T € Q,. This choice ensures that v Y; = p* X, fori =1

,...,n, and the Q-function
(3.11) reduces to

n

Qulp®) = " loga; +log Cy 1 (k)] - P(Zy = i[ Y7, u™)
=t (3.13)
+3 log L [ki(1 — p" X,)] - P(Zy = i| Y3, pD).

=1
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Since Cy 1(k;) does not depend on p, maximizing (3.13) reduces to maximizing the second
term in (3.13) subject to the constraint u”u = 1. By introducing the Lagrangian function
L(p,\) = >0 log L [ki(1 — p"X))] - P(Zy = i|Y1,u®) + A (1 — p"p) and solving the
first-order conditions, we obtain that

n . —ki X L' ki (1- T X5)
> P(Z =11, p®) - L[m(l[—ﬁTxi)} |

o= ~
n . —r; X L'k (1—ppT X;
Sy P(Z) = if¥, ) - | (3.14)
) (1T 3.14
=iy ki Cy (k) - X - I [k (1= g7 X5) ] - CUS) [KE —ATX, )])]

n , ’\T m 1 XTu t)
2o Fitti - Cq (ki) - X - L' [k (1 — " X5)] - TImO-aTX)]

where we plug in the posterior distribution (3.12) in the second equality. Therefore, (3.14)
defines a fixed-point iteration for obtaining % in the EM framework, and an exact M-step

would iterate (3.14) until convergence.

Now, we take k; = # and o; = % for all ¢ = 1,...,n in the fixed-point iteration equation

3.14). Then, the normalizing constant C, ;(x;) will no longer depend on the summation
q,

L(lfxiTu(t)
Zn X.Ll<1*ﬁTXi). "
=1 "7 h2 lfﬁTX-
. . . . . . L s i
index ¢, and the fixed-point iteration becomes p = — or
’ (17)(1.7"“(’&) ’
2
n o 1=BTX; . h
==
h
2
more specifically,
l—X;.Tu(t)
n / I—X?ﬁ(k;t) h2
2 i XiL ( h2 ' L(lfxiTﬁ(k;t)>
— nz
kLt — "
n T (3.15)

n Ty 1-XT p(kst) ) h2
Zi:l XL ( h? (17X.Tﬁ(k$t)>
L 3
: 2

h

for kK = 0,1,2,.... Therefore, the complete EM algorithm consists of two nested loops: the
outer one is the usual iteration over ¢, while the inner one iterates {9}  under the fixed

p® for an exact M-step. If we choose the initial value for iterating (3.15) as @ = pu®
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and do a single iteration of (3.15), i.e., w1 = ) we obtain that

n _XT 1)
Zi:1 Xz‘L/ <—1 )21211 )

(t+1) _ _
® N n , (1-XTp® ’ (316)
o X (200

This coincides exactly with the DMS updating formula (3.5). Thus, the DMS algorithm

2

corresponds to an EM procedure in which the M-step is replaced by a single ascent step. In
particular, it is a generalized EM algorithm. We will demonstrate that under mild regularity
conditions on the directional kernel L, the Q-function Q(g|p®) is non-decreasing along this
iteration, thereby validating the generalized EM interpretation.

For the von Mises kernel L(r) = e, the derivative satisfies L'(r) = —L(r). Consequently,

the ratio /((T)) in (3.14) is constant, and the fixed-point equation resolves in a single step.

With k; = % and a; = % for all i = 1,...,n as before, the resulting M-step of (3.14) is

simplified as:

ZZ 1X exp (XTH(t)>
sz 1X exp (X M”)H ‘
2

This is precisely the DMS algorithm with the von Mises kernel. Therefore, the DMS algo-

(t+1)

I (3.17)

rithm with the von Mises kernel is an exact EM algorithm, rather than merely a generalized

EM procedure.

Remark 3.1 (Group action interpretation). The above construction provides a concrete
realization of the conjecture stated in Section 7.1 of Subbarao and Meer (2009), who sug-
gested that nonlinear mean shift algorithms on Riemannian manifolds may admit an EM
interpretation through a properly defined group action. Our derivation above shows that con-
structing such a group action is non-trivial even in the case of the sphere Q. Specifically,
we denote the original mizture density defined on the observed data {Xi,..., X,} C Q, by
fra) =20 ai-Cyr(ki)-L [rki(1 — yTX;)]. The transformed mizture density fr 4 in (3.7)

can be expressed as a group action R € OG(q+ 1) on fLﬁq as:

fra(¥) = frq(Ry) = Zaz (5L [ri(1 — (Ry)TX,)] Zaz wn(5)-L [ri(1 = y"w)]
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where OG(g + 1) = {R € RutVx@t) . RRT = RTR = I 11} is the orthogonal group of di-
mension (q+1), where I, € R@D*(a+) 45 the identity matriz. Under the parameterization

of v; in (3.9), the orthogonal transformation R is uniquely determined by the target param-

2(eq+1—#)(eqr1—p)"

T :
TR , where e, 1 = (0,...,0,1)" is a standard basis vector
q+17 M2

eter p as R = 1,1 —

in RITL,

3.8.8 Convergence of Directional Mean Shift as a Generalized EM Algorithm

In this subsection, we establish the convergence properties of the DMS algorithm by exploit-
ing its interpretation as a generalized EM procedure. We first prove that the Q-function
(3.13) is non-decreasing along the DMS trajectory (3.16) under mild regularity conditions
on the kernel L. Since the directional KDE coincides with the observed likelihood under
the EM formulation, it offers a new proof of the classical ascending property of density esti-
mates along DMS sequences. Our argument differs fundamentally from existing approaches
(e.g., Kobayashi and Otsu 2010; Kafai et al. 2010), as it relies on the generalized EM struc-
ture rather than gradient-based arguments. Moreover, the EM perspective implies a global
convergence property, where the DMS sequence converges to a stationary point of the di-
rectional KDE fh in (2.4) from almost any starting point on €,. While the convergence
to saddle points or local minima is theoretically possible, as is well-known for EM-type al-
gorithms (see Section 3.6.1 and 3.6.2 of McClean et al. 2024), such points are unstable for
maximization (Carreira-Perpinan, 2007). In practice, the convergence is thus effectively to
local modes of fh

The characterization of the DMS iteration as a generalized EM algorithm hinges on the
fact that a single iteration of the inexact M-step (3.16) is sufficient to increase the Q-function

(3.13).

Theorem 3.2. Suppose that the directional kernel L : [0,00) — [0,00) is non-increasing,

differentiable, and conver with 0 < L(0) < co. Then, the Q-function (3.13) satisfies

Q@™ 12" = 0@" |2"),
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where

n / 17X7(T@(t>
Zi:l XlL ( 12

=(t)
n , (1-XTz
sz‘zl XL ( hl? >‘

E(t—&-l) _

2
is from the iteration (3.16).

The proof of Theorem 3.2 relies on two elementary inequalities logy — logz > == and
L(y) — L(z) > L'(x) - (y — =), which follow respectively from the concavity of log(-) as well
as the convexity and differentiability of the kernel L(-); see Section B.2. The convexity
and differentiability assumptions on kernel L are sufficient but not necessary. Alternative
sufficient conditions for the iteration (3.16) to increase the Q-function can be formulated
(e.g., when log L(r) is convex).

Since the directional KDE coincides with the observed likelihood under the EM formu-
lation (see Proposition B.1), the monotonicity of the Q-function (Theorem 1 in Dempster
et al. 1977) implies the non-decreasing property of the density values along DMS sequences.

The result is summarized as the theorem below, whose proof is in Section B.2.1.

Theorem 3.3. Let {@(t)}oo

be the path of successive points defined by the DMS algorithm
-0
(3.5). Suppose that the directional kernel L : [0,00) — [0,00) is non-increasing, differen-
tiable, and conver with 0 < L(0) < oco. Then, the sequence {fh(@(t))} is non-decreasing
t=0

and thus converges.

Beyond the convergence of density values, the EM framework enables us to establish the

global convergence of the DMS sequence itself.

Theorem 3.4. Let {i(t)}oo be the path of successive points defined by the DMS algorithm
t=0
(3.5). Suppose that the following conditions hold:

(a) The directional KDE ]?h has finitely many local modes on §,, and these local modes are

1solated from other critical points.

(b) The directional kernel L : [0, 00) — [0, 00) is non-increasing, differentiable, and convex

with 0 < L(0) < oo.
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o0

Then, the sequence {E(t)} converges to a local mode Ofﬁ from almost all initializations

2% ecq,.

t=0

The proof builds on the classical convergence theory for generalized EM algorithms (Wu,
1983). Convergence to a stationary point is guaranteed by compactness of 2, differentiability
of the observed log-likelihood, and discreteness of the set of local modes. We verify in
Section B.3 that the two conditions in Theorem 3.4 imply these requirements. Notably,
the set of unstable stationary points (e.g., saddle points and local minima) of ﬁ has zero
Lebesgue measure on §2,. Thus, for nearly all starting points, the DMS algorithm identifies
a local mode in practice. This global convergence result establishes a basin of attraction for

each local mode.
3.4 Linear Convergence of Gradient Ascent Algorithms on (2,

We now discuss the linear convergence of gradient ascent algorithms on ), of which the
DMS algorithm is a special case with an adaptive step size. Adopting the notation of Zhang
and Sra (2016), a gradient ascent algorithm applied to an objective function f on €, (a

Riemannian manifold) is written as:

y = Exp,w (7 grad fly™). (3.18)

Given a sequence {y(t)}oo

o converging to my, € M, the convergence is said to be linear if

there exists a positive constant T < 1 (rate of convergence) such that ||y**) —m,|| <
T Hy(t) — mkH when ¢ is sufficiently large (Boyd and Vandenberghe, 2004). In our context,
the norm ||-|| refers to the geodesic (or great-circle) distance d(z,y) = ||[Exp, ' (y)|], between
two points @,y € €),. An equivalent statement of linear convergence is that the algorithm
takes O(log(1/€)) iterations to converge to an e-error of m,.

Using the notation in Zhang and Sra (2016), we let ((1,¢) = m One can show by

differentiating (1, ¢) that {(1,¢) is strictly increasing and ((1,¢) > 1 for any ¢ > 0.

Theorem 3.5. Assume that Assumptions D1 and M1 hold.
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(a) Linear convergence of gradient ascent with f: Given a convergence radius rg

with 0 < rg < 4|2 —2cos | —32~—— | the iterative sequence {y(t)}oi defined by
2(q+1 t=0

3
2111153

the population-level gradient ascent algorithm (3.18) satisfies

whenevern < min {/\l, (Q+1)||f||£o,3C(1ﬂ“o)} and the initial point y© € {z € Q, : ||z — my ||, < 1o}

for some m,, € M. We recall that ||f||., 5 is the uniform functional norm of the

deriwatives of the directional density f up to the third order, N\, > 0 is defined in
Assumption M1, and M is the set of local modes of the directional density f.

We further assume Assumption D2 in the sequel.

(b) Linear convergence of gradient ascent with ﬁl Let the sample-based gradient

ascent update on €, be g+l = EXPg) (77 - grad fAh(@(t))). With the same choice of

the convergence radius ro >0 and ¥ = /1 — % as in (a), if h — 0 and nhtt

[log
then for any 6 € (0,1),

. " | log |
d(g",my) <Y d (g, my) +O0(h*) + Op ( S

with probability at least 1 — 9, whenever n < min {/\3, (q+1)||f||*1 7 TO)} and the initial
* 00,3 ’

point g0 € {z € Q, : ||z — my ||, < ro} for some m; € M.

The proof of Theorem 3.5 is in Appendix B.3.1. As shown in part (a) of Theorem 3.5, the
linear convergence radius of the gradient ascent algorithm (3.18) on , generally depends
on the lower bound A, on absolute eigenvalues of the Riemannian Hessian H f () within the
tangent space Ty, the uniform functional norm || f]|, 5 of the (partial) derivatives of f up to
the third order, and the manifold dimension gq.

In practice, we are more interested in the algorithmic convergence rate of sample-based

gradient ascent algorithms with directional KDEs to the estimated local modes ﬂn As
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indicated by (2.29), the Hessian matrices of ﬁ at its local modes have only negative eigen-

values within the corresponding tangent spaces given Assumption M1, sufficiently small h,

nhat4

Mog " In reality, unless the data configuration is highly abnormal, the

and sufficiently large

local modes of directional KDEs are non-degenerate and ﬁb is geodesically strongly concave
(see Section B.3.1 for a precise definition) around small neighborhoods of the estimated
local modes. Together with an application of smooth kernels, say the von Mises kernel,
fh is B-smooth on (), and, consequently, a sample-based gradient ascent algorithm with
the directional KDE ﬁ converges linearly to the estimated local modes around their small
neighborhoods, given a proper step size.

Let {@(t) 22, denote the sequence defined by the above DMS procedure. Later, by abuse
of notation, we will use the same notation to denote the directional SCGA/SCMS sequence

with ﬁ As Vﬁ(w) = —cﬁ;q(h) > XL (#), we have already shown in Equation 3.6
i=1

h2
that the DMS algorithm can be written as the following fixed-point iteration:
S (2) v (2
7 _

= — or

Eexe(ZE)] " 5 A,

We then write the DMS algorithm as a gradient ascent method on 2, with the iteration
formula (Zhang and Sra, 2016):

~+1)

8

2" = Expz® (U(t,)h - grad J?h@(t))) ) (3.19)

n

where the adaptive step size ﬂg)h is given by

~ T
V fn <§(t)> z" 1 0,

1,5, = arccos — . —
o Vi =) ) | |[vi.@")

Here, we denote the angle between g(tﬂ) and i(t) (or equivalently, the angle between

Vﬁ@(t)) and ") by 6,; see Section 5.2 in Zhang and Chen (2021b) for detailed derivations.

~ (3.20)
grad f,(2") - sin 6
2

2

2

0
sin 0t

Within some small neighborhoods around local modes of fh, ~ 1 and the adaptive step
size n(t)h is dominated by HVﬁ@(t))H . The following lemma characterizes the asymptotic
-n, 2

behavior of “Vﬁ(w)“ on 2, and, consequently, of n(t)h.
2 -n,
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Lemma 3.6 (Lemma 10 in Zhang and Chen 2021b). Assume Assumptions D1 and 2.1. For

any fized © € Q,, we have

n-||Vii@)|], = f@) - Crg+ 0 (1) +Or ( %)

Jo° L’(T)rgfldr

as nh? — oo and h — 0, where Cr 4 = — T
’ oS L(ryr2 ™ dr

> 0 is a constant depending only on

the kernel L and the dimension q.

Lemma 3.6 indicates that HVfAh(:c)‘ )2 — 0o with probability tending to 1 as h — 0 and
nh? — oo for any x € 2,. The conclusion may seem counterintuitive at first glance, but one
should be aware that the consistency of th(a:) holds only on its tangent component; see
(2.29). The radial component of Vﬁ(a:) that is perpendicular to €2, diverges, despite the fact
that the true directional density f does not have any radial component. Using Lemma 3.6,
one can argue that the adaptive step size n ), 10 (3.20) of the DMS algorithm as a gradient
ascent method on €2, tends to zero at the rate O(h?) as h — 0 and nh? — oo. Hence, when
n is sufficiently large and h is small but fixed, ng)h satisfies the upper bound condition in

Theorem 3.5 and therefore, the DMS algorithm converges linearly.
3.5 Linear Convergence of Subspace Constrained Mean Shift Algorithm

Building upon the mean shift algorithm in (3.3), the SCMS algorithm updates the sequence
{.’i(t)}tio through the subspace constrained mean shift vector V(") Vy(2®0)7Z,(z1) as:

~

AR A O V( )Vd( t))THh(gg(t))
0 1

I : FNVUEO)VH(ZD). (3.21)
2o 5 ([| 20

Vi
1)

See Algorithm 1 in Section B.1 for the complete procedure. This also implies that the SCMS

algorithm can be viewed as a sample-based SCGA method as:

FED) 50 4 ng)h VB @V, (1) (3.22)



47

with the same adaptive step size nff)h as the Euclidean mean shift algorithm in (3.3). The
formulation (3.22) sheds light on some (linear) convergence properties of the SCMS algorithm
as we will demonstrate below.

To establish (linear) convergence results for the SCMS algorithm with Euclidean KDE
Dn, it suffices to study the (linear) convergence of the sample-based SCGA algorithm with
objective function p,. To this end, we begin by studying the convergence of the population
SCGA algorithm whose objective function is the underlying density p.

Let {w(t)}zo be the sequence defined by the population SCGA algorithm and {fc\(t)}zo
be the sequence defined by the sample-based SCGA algorithm. The population SCGA

algorithm is defined by the iterative formula
2D = 2O 1 V() V(D) Vp(x), (3.23)

where 1 > 0 is a (fixed) step size. The sample-based SCGA algorithm has the same iterative
formula as (3.22), except that the standard sample-based SCGA algorithm normally uses a
constant step size n > 0.

Remark 3.2. In (3.21) and (3.22), we consider the SCMS algorithm as a sample-based
SCGA iteration with an adaptive step size nff)h Our Lemma 3.1 suggests that 777(:)11 tends to
zero at a rate O(h?) as nh” — oo and h — 0. However, once the sample size n is fived and
the bandwidth h is chosen, the step size nff)h 1s not only upper bounded but also uniformly
lower bounded away from zero with respect to the iteration number t by Assumption Fl
when the current iterative point £ lies within the compact neighborhood Ry @ p. Note that
Ry® p is compact because Ry is a finite union of connected and compact manifolds; see (d) of
Lemma A.1. More importantly, these upper and lower bounds of ny(f)h when T € Ry @ p are
independent of the iteration number t. Therefore, conditioning on the case when the sample

size n 18 sufficiently large, one can always select a small bandwidth h such that the adaptive

step size 777(1t)h of the SCMS' algorithm is sufficiently small but not equal to zero.

As revealed by the following proposition, Assumptions 2.1-2.3 ensure that as long as

the step size n > 0 is small, the objective function p along any population SCGA sequence
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{m(t)}:io is non-decreasing and the sequence itself converges to Ry when it is initialized

within a small neighborhood of Rj.

Proposition 3.7 (Convergence of the SCGA Algorithm). For any SCGA sequence {w(t)}zo

defined by (3.23) with 0 < n < —=—, the following properties hold.

Dlipll H

(a) Under Assumption 2.1, the objective function sequence {p(a:(t))}:i 18 non-decreasing

=0
and converges.

(t+1) _ (1)

(b) Under Assumption 2.1, lim;_,., HVd(ac(t))TVp(zc(t) = lim;_, H:c

HQ H2:O

(c) Under Assumptions 2.1-2.3, limy_o dg(x9, Ry) = 0 whenever ¥ € Ry @ ry with the

convergence radius r1 satisfying

5 51
Az (11plI +11p &) Palp)

where Ay > 0 is a constant defined in (h) of Lemma A.1 while B4(p) > 0 is a quantity

0 <7y < min

P
2

depending on both the dimension D and functional norm HpHZO’4 up to the fourth-order

(partial) derivatives of p.

The proof of Proposition 3.7 can be found in Appendix B.4. We make two comments on
the choice of the convergence radius 7 in (c¢) of Proposition 3.7. The first two quantities
in the upper bound of r; ensure that r; < reach(R,;) and therefore, the projection of
x® € R;®ry onto Ry is well-defined. The last quantity in the upper bound of r is critical
to guarantee that the distances {dE Rd)} from the SCGA sequence {a: t)} to the
ridge R4 can be controlled by the norms HVd (N TVp(x H2 of order-d principal gradients
fort=0,1,....

Corollary 3.8 (Convergence of the SCMS Algorithm). When the fized sample size n is
sufficiently large and the fized bandwidth h is chosen to be sufficiently small, the following
properties hold for the SCMS sequence {az(t }t with high probability under Assumptions 2.1-
2.8 and Assumptions E1 and E2.
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(a) The Euclidean KDE sequence {pn } 18 non-decreasing and thus converges.

@)lmh%m‘hg Vp(A“)H2:lmyﬁm|ﬁW+”—%§“H2=

(c) limy_,oo dp(Z®, ﬁd) = 0 whenever £©) € ﬁd @ r1 with the convergence radius r1 > 0

defined in (c) of Proposition 3.7.

Corollary 3.8 is the sample-based version of Proposition 3.7. On the one hand, when

nhD+6

og i is sufficiently large and h is small enough, the estimated ridge ﬁd also satisfies As-

sumptions 2.1-2.3 with high probability; see Lemma 2.1 and the uniform bounds (2.27) of p,,.
On the other hand, the adaptive step size 'r](t)h of the SCMS algorithm can always be smaller
than the threshold Dl H(2> when the sample size n is sufficiently large and h is small; see
Remark 3.2. Consequently, our arguments in Proposition 3.7 can be applied to establish the
(local) convergence of the SCMS sequence here. In addition, we point out that Proposition
2 in Ghassabeh (2013) also proved results (a-b) of Corollary 3.8 under Assumption E1 and
the convexity assumption on the kernel profile k. The difference is that our arguments hold
when n is large and h is small while the extra convexity assumption in Ghassabeh (2013)
enables the authors to prove results (a-b) universally for any choice of the bandwidth A.
By Proposition 3.7 and Corollary 3.8, it is now reasonable to denote the limiting points
of the population and sample-based SCGA sequences {m(t)}zo and {fv\(t)}zo by * € Ry
and x* € ﬁd, respectively. Before stating our main linear convergence results, we introduce

the concepts of Q-linear and R-linear convergence from the optimization literature; see, e.g.,

Appendix A2 in Nocedal and Wright (2006).

Definition 3.9 (Linear Rate of Convergence). We say that the convergence of the sequence

{a:(t)}:io to «* is Q-linear if there exists a constant T € (0,1) such that

Hm(t-‘rl) —

|lz® — x|,

2 <Y forallt sufficiently large.

We say that the convergence is R-linear if there is a sequence of nonnegative scalars {e;};-,
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Figure 3.2: Contour lines of the density function (3.24) and its principal gradient flows.

such that

Haz(t) — ||, < & forallt, and {e},2, converges Q-linearly to zero.

The linear convergence of the SCGA sequence {:c(t)}toio will be established under the

following local assumption.

Assumption A4 (Quadratic Behaviors of Residual Vectors). We assume that the SCGA

sequence {a:(t)}zo with step size 0 < n < min {%, W} and x* € Ry as its limiting point

satisfies

V() U} (@)@ — 2% < 222 — 2]},
U @Dz —20)||, < B [|2" — ]|

for some constant By > 0, where By > 0 is the constant defined in Assumption 2.2.

Assumption A4 imposes a direct assumption on the SCGA sequence {m(t)}:io’ under

which the residual vector Uy (x®)(x* — *) and its inner product with the residual gradi-
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ent U+ (z®)Vp(x®) are upper bounded by a quadratic term O (} | — zc(t)Hz) This as-
sumption is imposed to guarantee that p is “subspace constrained strongly concave” around
Rg; see also Remark 3.3. Our proof of Theorem 3.10 suggests that the residual vector

)

For simplicity, we require it to be quadratic. When Assumption A4 fails to hold, the as-

*

Uf () (z* — V) is only required to be smaller than the first-order term o (||z® —

sociated SCGA sequence can only converge sublinearly to R;. Therefore, it is an essential
element in the linear convergence of the SCGA algorithm, and we discuss some potentially
weaker assumptions that imply Assumption A4 in Appendix B.5. Intuitively, the SCGA
path converges to Ry following the direction of principal gradient Vy(x®)Vy(z®)TVp(x®).
To further gain more insight into the correctness of Assumption A4, we consider a special

density function

1
p(u,v) = Cpo - exp [— (u® +0* — 1)2} with  Cpo=m (\/TE + / e_t2dt> (3.24)
0

on R?, whose one-dimensional ridge is Ry = {(u,v) € R? : u* + v* = 1} by the definition
(2.19). Some careful calculations suggest that its principal gradient G (u,v) points towards
the ridge R; in the direction (u,v) when %ﬁ < u?+v? < 1 and in the direction (—u, —v)

when 1 < v?+0? < %; see Figure 3.2 for a graphical illustration. Furthermore, the smallest

eigenvalue of VVp(u,v) is negative whenever u? + v?> > 1. Hence, the residual gradient

2
Uit (u,v)Vp(u,v) is perpendicular to the SCGA direction, and Assumption A4 naturally

holds.

We now present our linear convergence results for the population and sample-based SCGA

algorithms.

Theorem 3.10 (Linear Convergence of the SCGA Algorithm). Assume that Assumptions 2.1-
2.3 and A4 hold throughout the theorem.

Consider a convergence radius ro > 0

a) Q-Linear convergence of ||lz® — xz*|| :
9 2
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satisfying

i B 300
Az (1 + 11pl1Y) " Br®) 4 (611912 83 + D¥ 11pl| )

where Ay > 0 is the constant defined in (h) of Lemma A.1 and By(p) > 0 is a quan-

0 < ry < min

N

)

tity defined in (c) of Proposition 3.7 that depends on both the dimension D and the
functional norm HpHZO’4 up to the fourth-order derivative of p. Whenever 0 < n <

min {%, W} and the initial point © € Ballp(x*, ry) with * € Ry, we have that

; ; . [, Bon
Ha:(t)—a:H2§TtHw(0)—wH2 with Y = 1—%.

(b) R-Linear convergence of dp(x®, Ry): Under the same radius v > 0 in (a), we

have that whenever 0 < n < min{ 2 1 } and the initial point £'© € Ballp(x*,17)

Bo’ D||p||P
) Bon
; with T =14/1— -

We further assume Assumptions E1 and E2 in the remaining statements. If h — 0 and

with x* € Ry,

dE(iﬂ(t), Rd) < Tt HIU(O) —x*

nhD+4

[log Al — 00,

(c) Q-Linear convergence of H:ic\(t) — :/lc*H2 under the same radius ro > 0 and T =

/1= 2% in (a), we have that

|20 — ||, < 7' |[2© — @ H2+O(h2)+0P< LZ%J)

with probability tending to 1 whenever 0 < n < min {/Bio, W} and the initial point

) € Ballp(x*,r) with =* € Ry.

(d) R-Linear convergence of dg(Z), R;): under the same radius ro > 0 and ¥ =
\/J1- % in (a), we have that

dg(@", Ry) < Y ||20 — &

| log h|
,+O0(h?)+Op ( DT
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with probability tending to 1 whenever 0 < n < min {/Bio, W} and the initial point

2 € Ballp(x*,7) with =* € Ry.

The detailed proof of Theorem 3.10 can be found in Appendix B.4. Note that, as in (c) of
Proposition 3.7, we elucidate a threshold value for the convergence radius r, > 0 in (a), under
which the population SCGA algorithm converges linearly to R4. The first three quantities
in the threshold value are directly adopted from the upper bound of the convergence radius
r1 in (c) of Proposition 3.7, while the last term controls the “subspace constrained strong

concavity” (3.26) of p within Ry & 5.

Remark 3.3. Notice that the standard strong concavity assumption on the objective function
(or density function) p is not sufficient to establish the linear convergence of the population
SCGA algorithm (3.23). This is because, under the (quasi-)strong concavity assumption
(Necoara et al., 2019), the objective function p would satisfy

p(a) — p(y) < Vo) (@ —y) 2|l — gl (3.25)

for some constant Ag > 0, and those standard proofs of the linear convergence of gradient
ascent methods rely on this inequality; see Section 3.4 in Bubeck (2015). However, as indi-
cated in our proof of Theorem 3.10, the linear convergence of the SCGA algorithm requires

the following inequality instead:

p(x*) — p(y) < Vp(y) Valy)Valy)T (z" —y) — % lz* —yll; +o (=" —yll;)  (3.26)

for some constant A; > 0, where y is generally chosen to be . We call a function p

satisfying (3.26) “subspace constrained strongly concave”. Since

Vpy) ' (z* —y) = Vo(y) " Valy)Valy) (" — y) + Vo(y) Ui (y)(z* — y),

the strong concavity assumption (3.25) will not imply the key inequality (3.26) for the linear
convergence of the population SCGA algorithm unless the residual gradient term Vp(y)T Uz (y)(z*—
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y) can be upper bounded by the second-order error term O (||a:* — y||§) The imposed eigen-
gap Assumption 2.2 as well as Assumption A4 with its related discussion in Appendiz B.5
fill in this gap, ensuring that such a quadratic upper bound holds on the residual gradients

along the SCGA sequence.

Corollary 3.11 (Linear Convergence of the SCMS Algorithm). Assume that Assumptions 2.1-
2.3, A4, F1, and E2 hold. When the fixed sample size n is sufficiently large and the bandwidth
h is chosen to be sufficiently small, there exists a convergence radius r3 € (0,73) such that

the SCMS sequence {zﬁ(t)}zo satisfies the following property with high probability:

dp(@?, Ry) < ||20 — &

QSTthHEE(O)_{B\

n,

2

507771711
4

with Ty =4/1- and 7 = int Mook

whenever 0 < sup, nr(f)h < min {%, DHPIH@)} and the initial point ) € }A%d D rs.

Corollary 3.11 should also be regarded as the linear convergence of the sample-based
SCGA algorithm to the estimated ridge ]/%d defined by the Euclidean KDE p,,. Based on
Assumptions E1 and E2 and the uniform bounds (2.27), p, together with its ridge Ry and
sample-based SCGA sequence {Ec\(t)}

tending to 1 as h — 0 and Tlho—mhﬁ
g hl

o0

1o Satisfy Assumptions 2.1-2.3 and A4 with probability

— 00. As a result, one can follow our argument in part (a)

of Theorem 3.10 to establish the linear convergence of the sample-based SCGA algorithm

with a fixed step size n satisfying 0 < n < min {%, W}. Furthermore, when the fixed

sample size n is sufficiently large and the bandwidth A is chosen to be small, the adaptive

step size n(t)h of the SCMS algorithm always falls below the threshold min {%, W} for

n,
linear convergence but is also uniformly bounded away from zero with respect to the iteration

number ¢; see Remark 3.2. By taking the infimum of the adaptive step size 777(:)}1 with respect

to t, one can thus establish the linear convergence of the SCMS algorithm with rate of

)

1 — %0nn and 7,5, = inf, nsh.

convergence 1, , = 1
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3.6 Directional Subspace Constrained Mean Shift Algorithm and its Linear
Convergence

Throughout this section, we denote by {i(t)}tzo,l C €, the iterative sequence generated

geen

by our directional SCMS (DirSCMS) algorithm. The fixed-point iteration formula (3.6) of

the DMS algorithm suggests the following formulation of the DirSCMS algorithm as:

. (a0 A (t+1)
) 50 4 D EOp,ET. @) g e B 59y
Vi@ =
- 2 - 2
The DirSCMS update can be similarly written as a fixed-point iteration
, o LEOLEVREY) + || VAEY)| 2"
z = 2 (3.28)

[V,@")7,@")rv @ +HVf @) -z"

L2,
Algorithm 2 in Section B.1 provides the detailed steps of implementing the DirSCMS algo-
rithm in practice.

Inspired by Proposition 2 in Ghassabeh (2013) for the Euclidean SCMS algorithm, we de-
rive the ascending property of our DirSCMS algorithm (3.27) and two convergence results for
stopping the algorithm in the following proposition. The proof is deferred to Appendix B.7,

in which our argument is similar to but logically different from the proof of Proposition 2 in

Ghassabeh (2013).

Proposition 3.12. Assume that the directional kernel L is mon-increasing, twice contin-
uously diﬁer@ntiable and conver with L(0) < oo. Given the directional KDE ]?h(a:) =
CL"(h Z L (1 z X ) and the DirSCMS sequence {@(t }t _o € Qq defined by (3.27) or (3.28),
the followmg properties hold:

o

(a) The estimated density sequence {fAh@(t))} is non-decreasing and thus converges.
t=0

() im || 7@ V5@, = 0.

(c¢) If the kernel L is also strictly decreasing on [0,00), then hm H ) _ 3
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Remark 3.4. Our results (b) and (c) in Proposition 3.12 demonstrate that the stopping
criterion of our DirSCMS algom'thm can follow either the norm of the principal Riemannian
V@ )TVf H or the (Euclidean) distance 2| be-

-
2

tween two consecutive iterative points, where the latter requires a strictly decreasing kernel

gradient estimator (t+1)

\z

such as the von Mises kernel L(r) = e™".

Motivated by the iterative formula (3.19) for the gradient ascent algorithm on ,, we
consider writing our DirSCMS algorithm as a variant of the SCGA algorithm on €, with an

iterative formula:

8 = Expyo (1) - Va(@")Vy(@") grad fu(@")) (3:29)

where Exp,, is the exponential map at = € {2, and n , > 01is the adaptive step size. As
with the Euclidean SCMS algorithm and its SCGA representation (3.22), the formulation
(3.29) will reveal the (linear) convergence properties of our DirSCMS algorithm. To derive an
explicit formula for 77(’5)/, we recall the fixed-point equation (3.28) of our DirSCMS algorithm

and compute the geodesic distance between "™ and z*) (one-step DirSCMS update) as:

7z
' [vA@®)||

arccos <(@(t+1)> @(t)> = arccos | — — - 2

|7.@") 2@V 5 @Y) + || @)

where, in the second equality, we equate the geodesic distance between Z

. i(t)
2

2

0 Va@)V,") grad fu@")|| .

-n, 9

¢ and 2% to

the norm of the tangent vector inside the exponential map in (3.29). This suggests that our

DirSCMS algorithm is a (sample-based) SCGA algorithm on €2, with adaptive step size

arccos |97 <t))||
o = <w“>>vd<w“>>Tvm ‘”>+IIVf» 2], 2], 6, (3.30)
T]n = o~ = — .
- sz z")V (A(t) va H Hth(i(t))H - tan 6,
2
for t = 0,1,..., where 6, denotes the angle between @(t“) and @(t)_ Note that the above

(®)

derivation is based on the orthogonality between ' and the order-d principal or projected
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Riemannian gradient estimator

Gy(@") = Vy@")V,(@") grad fu@") = V@)V, @)V f(@").

When our DirSCMS algorithm approaches the estimated ridge Rd, 0} tends to 0 and ; 9' is
approximately equal to 1. Thus, the step size (")’ ! is also controlled by HV fn(Z Q ) ’ as in
<n, 2

the DMS scenario; see Equation (3.20). Therefore, Lemma 3.6 is still useful for showing that
the step size 77( )" converges to 0 with probability tending to 1 when A — 0 and nh? — oco.
As shown in (3.29), our proposed DirSCMS algorithm is an example of the sample-based
SCGA method with directional KDE fh on ), and an adaptive step size 777(:);; Our main
focus in this subsection is to study the (linear) convergence of such an SCGA algorithm on

2,. We first consider the population SCGA algorithm on €2, defined by the iterative formula

2D = Expyo (- VeV (z") grad f(z")) (3.31)

with a suitable choice of the step size n > 0. The sample-based version substitutes the
subspace constrained (or principal) Riemannian gradient V,(z)V,(z)"grad f(z) with its
estimator Vd( )Vd( ) grad fh(g), which typically has a constant step size > 0; see (3.29).
Throughout this section, we denote the sequence defined by the population SCGA algorithm
with objective function f on €, by { g(t)}zo and the sequence defined by the sample-based
SCGA algorithm with objective function f, on Q, by {Q(t)}zo

Remark 3.5. The definition (3.31) of the SCGA algorithm is applicable to any Riemannian
manifold M, rather than being restricted to the unit hypersphere §},. The only requirement
on M for (3.31) to be valid is that the exponential map Expy : Tyw (M) — M is well-
defined within a small neighborhood of 0 on the tangent space Ty (M) for each t > 0.
More importantly, Assumptions 2.1-2.5 and A4 can be generalized to any smooth function f
supported on M, and our (linear) convergence results are applicable to the SCGA algorithm

(3.31) on M whose sectional curvature is lower bounded by a real number; see one of the key

lemmas in our proofs (Lemma B.7).



o8

As with the SCGA algorithm in Euclidean space R?, the following proposition demon-
strates that the SCGA algorithm (3.31) on €, yields a non-decreasing sequence of the ob-
jective function f supported on 2, and an SCGA sequence that converges to the directional

ridge R, as long as the step size 7 is sufficiently small.

Proposition 3.13 (Convergence of the SCGA Algorithm on €2,). For any SCGA sequence

{g(t)}zo C Qg defined by (3.31) with 0 <n < qu—QH(Q)’ the following properties hold:

[e.e]

(a) Under Assumption 2.1, the objective function sequence {f<£(t))}t:0

18 non-decreasing

and thus converges.

(b) Under Assumption 2.1, lim; ., sz(g(t))Tgrad f(g(t))H2 = limy 00 dy (g(tﬂ),g(t)) =
0.

(¢) Under Assumptions 2.1-2.3, lim,_,« d, (g(t),ﬁd) = 0 whenever V) € R, ®r, with the

convergence radius r, satisfying

0<r; <min< p/2

T A, (1 +1A12)

min{épl}Q 2sin( B, ) 7

2B,(f)

where A, is a constant defined in (h) of Lemma A.2 while B,(f) > 0 is a quantity
depending on both the dimension q and the functional norm ||f||:04 up to the fourth-

order (partial) derivatives of f.

The proof of Proposition 3.13 can be found in Appendix B.7. The upper bound for
the convergence radius r; > 0 has the same meaning as in Proposition 3.7 for the Eu-
clidean SCGA algorithm, ensuring that r; < reach(R,) and the distances from the SCGA

sequence {z"} >

o On £y to the directional ridge R, can be upper bounded by the norms

||V (z®) grad f(x")||, of order-d principal Riemannian gradients for all ¢ = 0,1, ...
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Corollary 3.14 (Convergence of the DirSCMS Algorithm). When the fixed sample size n
1s sufficiently large and the bandwidth h is chosen to be correspondingly small, the follow-
ing properties hold for the DirSCMS sequence {E(t)}zo C Qg with high probability under

Assumptions 2.1-2.53 and Assumptions D1 and D2:

(a) The directional KDE sequence {ﬁ(@(t))} is non-decreasing and thus converges.
t=0

(b) iy ||[V4(@") grad fu@®)|| = timd, (2¢,247) = 0.
2

(¢) limy_,o. d, <@(t),Ed> = 0 whenever 2% € R, ® ry with the convergence radius r, > 0

defined in (c) of Proposition 3.13.

Corollary 3.14 should also be regarded as a convergence result for the sample-based
SCGA algorithm on €2,. To justify Corollary 3.14, we know from Theorem 2.2 that Assump-
tions 2.1-2.3 also hold with high probability for the directional KDE ﬁl and its estimated

nhdt6

Tog ] is sufficiently large and h is small enough. Further, by

directional ridge Ed when
Lemma 3.6, the adaptive step size QS)}; of our DirSCMS algorithm can be made smaller than
the threshold value <1Hf2T.? in Proposition 3.13 while remaining uniformly bounded away from
zero with respect to the iteration number ¢, given a sufficiently large but fixed sample n and
a sufficiently small bandwidth h; recall Remark 3.2. As a result, Corollary 3.14 follows from
Proposition 3.13. Notice that the statements in Proposition 3.12 are essentially the same
as results (a-b) in Corollary 3.14 here. However, as in Proposition 2 of Ghassabeh (2013)
for the Euclidean SCMS algorithm, Proposition 3.12 for the DirSCMS algorithm is estab-
lished under the convexity assumption on the directional kernel L and holds for any sample
size n and bandwidth h. By contrast, results (a-b) in Corollary 3.14 are asymptotic and
probabilistic properties, in which we require % — 00 and h — 0.

According to Proposition 3.13 and Corollary 3.14, we can denote the limiting points
of the population and sample-based SCGA algorithms on , by z* € R, and " € Ed,

respectively. The definition of the linear convergence of any converging sequence on €2, (or

an arbitrary Riemannian manifold) is similar to the one in the flat Euclidean space R” (see
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Definition 3.9), except that the Euclidean distance is replaced with the geodesic distance on
(2, in the definition; see Section 4.5 in Absil et al. (2008).
Using the notation in Zhang and Sra (2016), we let ((k,c) = ﬂ Given that the

tanh(mc)

7 One can show by differentiating

sectional curvature is k = 1 on €, we have ((1,¢) = —%—
'y ’ tanh(c

¢(1,¢) that ((1,c) is strictly increasing with respect to ¢ and ((1,¢) > 1 for any ¢ > 0.
Analogous to the Euclidean SCGA algorithms, we will establish the linear convergence of
the SCGA sequence { z® }ZO on 2, (or any Riemannian manifold whose sectional curvature
is lower bounded by a real number) as well as its sample-based version under the following

local condition.

Assumption A4 (Quadratic Behaviors of Residual Vectors). We assume that the SCGA
sequence {g }t:O on Qg with step size 0 < n < min {50’ —qfllf,§>~<(1,p)} and * € R, as its

limiting point satisfies

(Uf (@")grad f(@"), Expl, (@)) <

|k @)Exp ()

for some constant @2 > 0, where éo > 0 is the constant defined in Assumption 2.2 and

Exp;(lw (") € Ty is the logarithmic map.

Assumption A4 serves as a generalization of its Euclidean counterpart Assumption A4
to §,, which again requires a quadratic behavior of the residual vector Uy (g(t))Exp;(lt) (x*)
within the tangent space T,«. Under this assumption, the objective (density) function f
is “subspace constrained geodesically strongly concave” around the directional ridge R,; see
also Remark 3.6. The discussion of potentially weaker assumptions that imply Assump-
tion A4 in Appendix B.5 also applies in the manifold setting with some modifications; see
Remark B.2. One intuitive example where Assumption A4 holds is presented in the second
row of Figure 3.4, where the directional SCMS/SCGA iterative vector Exp_(, (z*) is always

orthogonal to the residual space Uy (z")) for all t > 0 around the (estimated) ridge on Q,.
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Theorem 3.15 (Linear Convergence of the SCGA Algorithm on Q,). Assume that Assump-
tions 2.1-2.3 and A4 hold throughout the theorem.

a) Q-Linear convergence of d,(x®, x*): Consider a convergence radius r, > 0 satis-
(a) ) g 9 2
Tying
i B
O<z2§min{£/2, —1 ,—
A, (A9 +1171L) Bal)
3
2Sin[ 2) 52 - 3) ]}’
8q (121112 62 arcsin (p/2) + v || £

where A, > 0 is the constant defined in (h) of Lemma A.2 and B,(f) > 0 is a quan-

tity defined in (c) of Proposition 3.13 that depends on both the dimension q and the

functional norm ||f||f>o4 up to the fourth-order (partial) derivatives of f. Whenever

0 <n<min{ 2+, <+ and x* € R, is the limiting point specified in Assump-
= By allfII2)-¢(1,p)

tion A4 with £©) € Ballyy1(z*,r5) N Qy, we have that

dy(zV, ") <X dy(2V, ") with T =1/1- %-

(b) R-Linear convergence of d,(z",R,): Under the same radius ry > 0 in (a),

we have that whenever 0 < 7 < min } and the wnitial point Q(O) S

4 1
By allf1ID-¢(1,p)
Bally 1 (x*,ry) NQ, with * € R,

dy(z R, < X' dy(z O, z")  with Y =1/1-

E
1=

We further assume Assumptions D1 and D2 in the remaining statements. Suppose that

+4
h— 0 and M — .
|log Al

(¢) Q-Linear convergence of dg(@(t),g*): Under the same radius r4 > 0 and ¥ =

V31— ﬁ%ﬂ in (a), we have that

1
dy(@8"), ") SIt-dg@(O),@*)JrO(hQ)nLOP( | Ogh|>

- nhat4
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with probability tending to 1 whenever 0 < n < min {%, <0

L } and the initial

point z0 ¢ Ball,1(z*,ry) N Q, with z* € R,.

(d) R-Linear convergence of dg(@(t),ﬁd): Under the same radius ro > 0 and L =

V11— %ﬂ in (a), we have that

log h
dQ(i(t),Ed> < It . dg(@(o),g*) + O(hQ) +0p ( M)
n

with probability tending to 1 whenever 0 < n < min {i é} and the initial

By allfIIE)<(Lp)
point ) € Ball,1(z*,ry) N Q, with ¥ € R,.

The detailed proof of Theorem 3.15 is in Appendix B.7. The theorem illuminates both
the step size requirement and the convergence radius r, > 0 for the linear convergence of
SCGA algorithms on 2,. As with the Euclidean SCGA algorithms in Theorem 3.10, the
upper bound of the convergence radius r, consists of the three quantities adopted from
Proposition 3.13 and a quantity controlling the “subspace constrained geodesically strong

concavity” around the directional ridge R;.

Remark 3.6. As with FEuclidean SCGA algorithms, the geodesically strong concavity as-
sumption (Zhang and Sra, 2016) on the objective function f is not sufficient to prove the
linear convergence of the SCGA algorithm (3.31) on ;. We instead establish the following

“subspace constrained geodesically strong concavity” under Assumptions 2.1-2.5 and A4:

f@*) = f(y) < (Valy)Va(y) grad f(y),Exp, ' (z*)) — As-dy(z,y)* +0 (dy(z,9)*) (3.32)

for some constant Ag > 0, where y is generally chosen to be V). In fact, the most critical
factors for establishing this property are the eigengap Assumption 2.2 and the quadratic

behavior of residual vectors stated in Assumption A4.

Corollary 3.16 (Linear Convergence of the DirSCMS Algorithm). Assume that Assump-
tions 2.1-2.5, A4, D1, and D2 hold. When the fized sample size n is sufficiently large and the
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fized bandwidth is chosen to be sufficiently small, there ezists a convergence radius rs € (0,15)
oo

such that the DirSCMS sequence {@(t)} satisfies

t=0
d, (2. 8,) <d, (2",2") <10, -4, (2°.2")

with X, , =11~ :

and 7 n= irtlf QS,);

with high probability whenever 0 < sup, QS)}; < min {Bio’ m} and the initial point
70 ¢ (Ed & £3> NQ,.

We also identify Corollary 3.16 as the linear convergence of the sample-based SCGA
algorithm on €2, to the estimated directional ridge Ed defined by the directional KDE fh The
corollary can be justified by noticing that, under Assumptions D1 and D2 and the uniform

bounds (2.29), ﬁl satisfies Assumptions 2.1-2.3 with probability tending to 1 as h — 0 and

nhat6

fogh] — 00} see Theorem 2.2. With this fact, one can leverage our argument in part (a)
g hl

of Theorem 3.15 to prove the linear convergence of the sample-based SCGA algorithm on

2, with a fixed step size n satisfying 0 < n < min {%, m}. Additionally, when
- - =0 oo i

the fixed sample size n is sufficiently large and the bandwidth is chosen to be sufficiently

small, the adaptive step size ﬂ(t)}; of our DirSCMS algorithm in (3.30) always falls below

T,

the threshold value min{

i ; . .
ERPTHION: (Lp)} for linear convergence by Lemma 3.6 but is also
bounded away from zero; recall Remark 3.2. Taking the infimum of QS)}; with respect to the

iteration number ¢ under a fixed n and h yields our results in Corollary 3.16.
3.7 Numerical Experiments

We conclude this chapter with numerical experiments that connect the preceding conver-
gence theory to practical computation. First, we use simulated datasets to examine the
empirical linear convergence behavior of the Euclidean and directional SCMS algorithms.
Second, motivated by the cosmic web application developed further in Chapter 4, we apply
the DMS algorithm to SDSS-IV galaxy observations and use the resulting trajectories to
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detect basins of attraction associated with cosmic nodes. Detailed implementation choices,

including parameter settings and numerical procedures, can be found in Section 5 of Zhang

and Chen (2023, 2021a).

3.7.1 Simulation Studies for Euclidean SCMS Algorithm

To evaluate the algorithmic rate of convergence of the Euclidean SCMS algorithm (Algo-
rithm 1), we generate the first simulated dataset by randomly drawing 1000 data points
from a Gaussian mixture model with density 0.4 - N (1, 1) 4+ 0.6 - N(po, o), where pg =

—pe = (1,1)T, 3 = Diag (i, }l), and Xy = . Another simulated dataset consists

= N
D= =

of 1000 data points randomly generated from an upper semicircle with radius 2 and i.i.d.
Gaussian noise N(0,0.3%). When applying Algorithm 1 with the estimated log-density to
each of these two simulated datasets, we set the initial mesh equal to the simulated dataset
and remove points whose density values are below 25% of the maximum density to obtain a
cleaner ridge structure.

Figure 3.3 presents the Euclidean KDE plots, estimated density ridges from the Euclidean
SCMS algorithm, and their (linear) convergence plots on the two simulated datasets. The
linear trends of those plots in the second and third columns of Figure 3.3 empirically support
the conclusions of Theorem 3.10 and Corollary 3.11 regarding the linear convergence of the

Euclidean SCMS algorithm.

3.7.2  Simulation Studies for Directional SCMS Algorithm

As in our simulation study of the linear convergence of the Euclidean SCMS algorithm,
we verify the linear convergence of our DirSCMS algorithm (Algorithm 2) on two different
simulated datasets. One of them comprises 1000 data points randomly generated from a
vMF mixture model 0.4 - vMF (El’ V1> +0.6 - vMF (Hz? 1/2> with p = (0,0,1)" € Qy C R?,
B, = (1,0,0)07 € Q, € R?, and v; = v, = 10. The other simulated dataset is identical

to the example in the right panel of Figure 3.1 and the underlying dataset in Figure A.2;
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Figure 3.3: Density ridges estimated by the Euclidean SCMS algorithm on the two simulated
datasets and their linear convergence plots. Horizontally, the first row displays the results
of the simulated Gaussian mixture dataset, while the second row presents the results of
the half circle simulated dataset. Vertically, the first column includes plots with Euclidean
KDE, estimated ridges, and trajectories of SCMS sequences from two (randomly) chosen
initial points. The second and third columns present the (linear) convergence plots for the
log-distances of points in the highlighted sequences (indicated by hollow cyan points) to their
limiting points or the estimated ridges.

it consists of 1000 randomly sampled points from a circle connecting the two poles on €25,
with i.i.d. additive Gaussian noise N(0,0.2%) added to their Cartesian coordinates, followed
by L, normalization onto )s. In our implementation of Algorithm 2 with the directional
log-density on the two simulated datasets, we set the initial mesh equal to the dataset and

remove points whose density values are below 10% of the maximum density value from each

mesh.
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Figure 3.4: Density ridges estimated by the DirSCMS algorithm applied to the two simulated
datasets and their linear convergence plots. Horizontally, the first row displays the results
on the simulated vMF mixture dataset, while the second row presents the results on the
circular simulated dataset on €)y. Vertically, the first column includes plots with directional
KDE, estimated ridges, and trajectories of DirSCMS sequences from two (randomly) chosen
initial points on €25. The second and third columns present the convergence plots for the
log-distances of points in the highlighted sequences (indicated by hollow cyan points) to their
limiting points or the estimated ridges on 2.

Figure 3.4 shows the directional KDE plots, estimated density ridges on )y from the
DirSCMS algorithm, and their (linear) convergence plots on the aforementioned simulated
datasets. Those linearly decreasing trends in the convergence plots, possibly after several
pilot iterations, illustrate the local linear convergence of the DirSCMS algorithm that we
proved in Theorem 3.15 and Corollary 3.16. Note that the minor perturbations at the tails

of some linear convergence plots in Figure 3.4 are due to numerical precision errors.
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Figure 3.5: Basins of attraction of cosmic nodes detected by the DMS algorithm across two
redshift slices from the Sloan Digital Sky Survey (SDSS). The sample size n denotes the
number of observed galaxies in each slice.

3.7.8 Basins of Attraction For Cosmic Nodes

We apply the DMS algorithm to detect the basins of attraction of the cosmic nodes, which
represent the gravitational catchment regions of the underlying density field. Unlike the
Hamiltonian Monte Carlo approach of Valade et al. (2024), our DMS-based framework pro-

vides a non-parametric, computationally efficient alternative.

We utilize the galaxy observations from Data Release 16 (DR16) of the Sloan Digital
Sky Survey (SDSS-IV; Ahumada et al. 2020). The galaxy samples and their associated
stellar masses are obtained from the FIREFLY (Fitting IteRativEly For Likelihood analYsis)
value-added catalog (Comparat et al., 2017; Wilkinson et al., 2017). We retain only the
galaxies with reliable positive redshift measurements and non-missing stellar mass estimates.
The stellar mass of each galaxy is inferred from SDSS spectra using the FIREFLY stellar
population model, which estimates the stellar properties based on the Chabrier stellar initial

mass function (Chabrier, 2003) and the MILES stellar library (Falcén-Barroso et al., 2011).



68

The location of each galaxy is recorded as (&;, ¢;, z;), where &; is its right ascension (RAsc), ¢;
is its declination (DEC), and z; is its redshift value (Z_NOQS0). To mitigate redshift distortions
along the line-of-sight directions (Sargent and Turner, 1977; Kaiser, 1987), we restrict our
analysis to two thin redshift slices 0.05 < z < 0.055 and 0.5 < z < 0.505 within the North
Galactic Cap (100 < RAsc < 270 and —5 < DEC < 70). These slices contain 20965 and 12367
galaxies, respectively. Within each redshift slice, the galaxy locations are naturally viewed
as directional data on {23. When applying the DMS algorithm, we employ the modified rule-
of-thumb bandwidth selector in Eq. (14) of Zhang et al. (2022), multiplied by a factor of 1/3
to induce mild undersmoothing and enhance sensitivity to local modes (cosmic nodes). This
yields bandwidths h ~ 0.077 and h ~ 0.404 for the low and high redshift slices, respectively.
The directional kernel is fixed to the von Mises kernel. Additionally, we remove the lowest
10% of galaxies in terms of estimated directional densities by (2.4) to reduce the influence
of sparse regions before applying the DMS algorithm.

The resulting basins of attraction detected by the DMS algorithm are shown in Figure 3.5,
where we obtain 83 basins of attraction for the low redshift slice 0.05 < z < 0.055 and 69
basins of attraction for the high redshift slice 0.5 < z < 0.505. In particular, the global
convergence guarantee established in Section 3.3 ensures that almost every initialization on
the North Galactic Cap converges to a local mode, providing theoretical support for the
robustness of the detected cosmic nodes. Notably, local modes (cosmic nodes) do not neces-
sarily coincide with geometric centers of their corresponding basins. Instead, both observed
galaxies and grid points are attracted to these modes along gradient ascent trajectories of
the directional KDE. Consequently, the identified basins of attraction can be interpreted as
regions of dynamical influence in the large-scale galaxy density field.

To further explore astrophysical implications, we examine the relationship between the
average stellar mass of galaxies and the mean density estimate within each detected basin of
attraction. For each basin, the mean density estimate is computed as the average directional
KDE value of galaxies within the basin, normalized by the overall mean directional KDE

value of all galaxies in the corresponding redshift slice. Figure 3.6 presents scatter plots of
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Figure 3.6: Scatter plot of the log-scale average stellar masses of galaxies versus the (nor-
malized) mean estimated density obtained from the directional KDE (DirKDE; 2.4) across
all identified basins of attraction for the two redshift slices. In each panel, the contour lines
indicate the direct density estimate constructed from the displayed scatter points.

the log-scale average stellar mass against the (normalized) mean density for both redshift
slices. Despite having the larger total number of galaxies, the basins of attraction in the
low-redshift slice exhibit lower mean densities and lower average stellar masses than those
in the high-redshift slice. Interestingly, within each slice, the average stellar mass remains
relatively consistent across different basins, even when the mean estimated densities vary
substantially across basins of attraction. This suggests that while the large-scale environ-
ment characterized by the basins of attraction dictates the spatial distribution of galaxies or
matter, the intrinsic stellar properties may be governed by more localized physical processes.

Overall, this empirical study illustrates the practical relevance of the DMS algorithm
for analyzing large-scale directional data and detecting structurally meaningful regions in

complex scientific datasets.
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Chapter 4
SDSS-IV COSMIC WEB CATALOG RECONSTRUCTION

This chapter applies the directional mode and ridge models developed in Chapter 2 and
the algorithms studied in Chapter 3 to construct a public cosmic web catalog from the Data
Release 16 (DR16) of the Sloan Digital Sky Survey IV (SDSS-IV; Ahumada et al. 2020)*.
The catalog covers the redshift range 0 < z < 3 and is generated by SCONCE (Spherical
and CONic Cosmic wEb; Zhang et al. 2022), a geometry-aware cosmic web finder based on

directional and conic extensions of the mean shift and SCMS algorithms.
4.1 Introduction

The preceding two chapters developed the statistical and algorithmic foundations for esti-
mating modes and density ridges on spherical domains. This chapter turns those ideas into
an astronomical data product. Using the notation and methodology established in Chapter 2
and Chapter 3, we describe the application-specific choices required to construct a cosmic
web catalog from SDSS-IV DR16. These choices include assembling galaxy and quasar sam-
ples, partitioning the data into tomographic spherical slices, estimating directional ridges as
cosmic filaments within each slice, masking the irregular survey footprint, and documenting
the released catalog.

This chapter also serves as a bridge between the methodological and inferential parts of
the dissertation. Chapter 2 and Chapter 3 justify the use of directional ridges as geometry-
aware statistical surrogates for cosmic filaments. The present chapter applies those tools to
produce a catalog of filamentary and nodal structures. Later, Chapter 5 uses such cosmic

web information as scientific input for association analysis, and Chapter 6 then turns to

!See https://www.sdss4.org/dr16.


https://www.sdss4.org/dr16
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causal analyses of galaxy properties.

The chapter is organized as follows. Section 4.2 describes how the galaxy and quasar
(QSO) samples are extracted and combined. Section 4.3 explains the tomographic slicing
strategy, and Section 4.4 connects each slice to the directional ridge framework on 2. We
then detail the full catalog-construction pipeline in Section 4.5 and summarize the released
data products in Section 4.6. The code for constructing the catalog is available at https:

//github.com/zhangyk8/SDSS-Cosmic-Web-Catalog/.

4.2 SDSS-1V Galaxy and QSO Samples

Compared with several existing cosmic web catalogs in the literature (Sousbie, 2011; Tempel
et al., 2014; Einasto et al., 2014; Chen et al., 2016; Carrén Duque et al., 2022), our updated
catalog uses galaxy and quasar (QSO) observations from Data Release 16 (DR16; Dawson
et al. 2016; Ahumada et al. 2020)? of SDSS-IV (Ahumada et al., 2020). The goal of in-
corporating QSO observations is to exploit the depth and angular coverage of the SDSS-IV
spectroscopic samples in order to recover filamentary structures over a wide redshift range.
In this section, we describe in detail how these galaxy and QSO observations are selected and
explain how they are combined into the data input for the DMS and DirSCMS algorithms
in SCONCE.

4.2.1  Galazy Observations

SDSS-IV contains three main survey programs: the Extended Baryon Oscillation Spectro-
scopic Survey (eBOSS; Dawson et al. 2016), Mapping Nearby Galaxies at APO (MaNGA;
Bundy et al. 2015), and the APO Galactic Evolution Experiment 2 (APOGEE-2; Majewski
et al. 2017). Among these programs, eBOSS provides the galaxy sample most directly suited
for reconstructing large-scale cosmic web structures. In DR16, the raw eBOSS spectra were

processed with version v5_13_0 of the redshift pipeline idlspec2d (Bolton et al., 2012; Daw-

2The final SDSS-IV release, Data Release 17 (Accetta et al., 2022), does not introduce additional obser-
vations that affect the construction considered here.


https://github.com/zhangyk8/SDSS-Cosmic-Web-Catalog/
https://github.com/zhangyk8/SDSS-Cosmic-Web-Catalog/
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(a) Sky footprint of selected (b) Sky footprint of selected (c) Histograms of galaxies and
eBOSS Galaxies. SDSS QSOs. QSOs across the redshift range.

Figure 4.1: Sky footprints of the selected eBOSS galaxies and SDSS QSOs, together with
their distributions across redshift. The footprint plots are centered at RAsc 90° so that the
left and right portions correspond to the North and South Galactic Caps, respectively.

son et al., 2013), which includes improvements to background fitting during extraction and

updated stellar templates for flux calibration.

We select candidate galaxies from the eBOSS FIREFLY (Fitting IteRativEly For Like-
lihood analYsis) value-added catalog (Wilkinson et al., 2017; Comparat et al., 2017).3 To
avoid introducing additional uncertainty through ambiguous classifications or unreliable red-
shifts, we retain objects classified as galaxies with definite positive redshift estimates under
the redshift pipeline. Specifically, we use the criteria CLASS_N0OQS0=’galaxy’, RUN2D="26"
or ’v5.13.0’, and Z_.NOQSO > Z_ERR NOQSO > 0. The resulting sample contains 3,606,004
galaxies and covers approximately the redshift range 0 < z < 2. Among these galaxies,
67.7% lie in the designated North Galactic Cap region, defined by 100° < RAsc < 270°
and —5° < DEC < 70°. The sky footprint and redshift distribution of the selected galaxies
are shown in Figure 4.1. Throughout this chapter, right ascension (RAsc) and declination

(DEC) are recorded in J2000 degrees.

3The data file used here is https://data.sdss.org/sas/dr16/eboss/spectro/firefly/vi_1_1/sdss_
eboss_firefly-dril6.fits.


https://data.sdss.org/sas/dr16/eboss/spectro/firefly/v1_1_1/sdss_eboss_firefly-dr16.fits
https://data.sdss.org/sas/dr16/eboss/spectro/firefly/v1_1_1/sdss_eboss_firefly-dr16.fits
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4.2.2  Quasar (QSO) Observations

DRI16 also released a large catalog of spectroscopically confirmed QSOs (Lyke et al., 2020),
including 225,082 objects that were new relative to previous data releases. We use the quasar-
only catalog, whose objects have high-confidence classifications based on visual inspection
and deep neural network classification (Busca and Balland, 2018). We retain objects classified
as QSOs with positive redshift values, using the criteria IS_QSO_FINAL=1 and Z>0.* We
further restrict the QSO sample to 1 < z < 3, since the number of QSOs above z = 3 is too
small to support reliable filament reconstruction in our tomographic pipeline. The resulting
QSO sample contains 749,742 objects, of which 70.0% lie in the designated North Galactic
Cap region; see Figure 4.1 for the sky footprint and redshift distribution.

4.2.3  Final Dataset

Detecting cosmic web structures with high fidelity requires a sufficiently dense set of observa-
tions within each region of interest. Since our catalog is constructed through a tomographic
analysis with filaments and nodes estimated separately within redshift slices (see Section 4.3),
each slice should contain enough observations to support local density and ridge estimation.
Thus, we combine the selected galaxy and QSO samples without additional trimming, which
creates an overlapping redshift range 1 < z < 2 between the two samples. As shown in
panel (c) of Figure 4.1, the direct combination does not create an abrupt increase in sample
size near the boundaries z = 1 and z = 2, reducing the risk of artificial structures induced
by the data merging step. Moreover, because SCONCE includes an explicit denoising step
before filament estimation (see Section 4.5), retaining a large number of potentially noisy

observations is typically preferable.

4The QSO data file used here is https://data.sdss.org/sas/dr16/eboss/qso/DR16Q/DR16Q_v4.fits.


https://data.sdss.org/sas/dr16/eboss/qso/DR16Q/DR16Q_v4.fits
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4.3 Tomographic Spherical Slicing

Each observation in our combined dataset in Section 4.2.3 has a unique spatial coordinate
(RAsc,DEC,2) in our Universe. A common strategy in previous studies of cosmic web de-
tection is to transform these coordinates into corresponding three-dimensional Cartesian
coordinates in comoving-distance space, during which the redshift value is converted to a
radial comoving distance based on a prespecified cosmological model (Tempel et al., 2014;
Pfeifer et al., 2022). These full three-dimensional reconstructions, however, introduce several
practical complications. The reconstruction is computationally demanding, and the observed
galaxy density decreases with comoving distance. More importantly, recovering cosmic web
structures in real space from redshift-space observations requires careful treatment of red-
shift distortions induced by peculiar velocities of the observed galaxies. These distortions
are known as the finger-of-god (Sargent and Turner, 1977) and Kaiser (Kaiser, 1987) effects.
In general, calibrating the redshift distortions is complicated and may not lead to a unique
recovery of the real-space structures (Tempel et al., 2012). Recent studies on galaxy cluster
outskirts further demonstrate that, because of the complex infall motions of galaxies toward
filaments, simple statistical compression of finger-of-god elongations in virialized regions may

not reliably recover filamentary structures (Kuchner et al., 2020, 2021).

Because of the aforementioned limitations of three-dimensional cosmic web reconstruc-
tions, we adopt a tomographic strategy similar to those used in Chen et al. (2016) and
Carrén Duque et al. (2022). We partition the redshift range 0 < z < 3 into non-overlapping
spherical slices with equal comoving distances. Within each thin shell, the redshift values
of galaxy/QSO observations are treated identically so that they can be regarded as a ran-
dom directional sample on a fixed celestial sphere. We estimate the cosmic web structures,
specifically nodes and filaments, within each spherical slice using the directional density ridge
model implemented in SCONCE, and the slice-wise estimates are then combined into the final

catalog.

This tomographic construction has both advantages and limitations. On the one hand,
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since different spherical slices are analyzed largely independently, the effect of local noise and
survey inhomogeneity is largely confined to the corresponding redshift range. The approach
also avoids imposing a potentially fragile correction for redshift distortions before filament
estimation. On the other hand, slicing the data inevitably misses filamentary structures that
are primarily aligned with the line of sight (Carrén Duque et al., 2022; Zhang et al., 2022).
Furthermore, it cannot identify two-dimensional cosmic walls or sheets, because each slice is
modeled as a two-dimensional nonlinear manifold (Lee, 2018). Nevertheless, filaments and
nodes contain a substantial fraction of the cosmic-web mass budget over 0 < z < 3 (Aragén-
Calvo et al., 2010; Cautun et al., 2014; Zhu and Feng, 2017), and reliable recovery of these

structures is the primary objective of the present catalog.

A remaining question is how to define the spherical slices. For low-redshift analyses,
it is reasonable to directly divide the data into thin slices of equal redshift width, e.g.,
Az = 0.005. However, this choice becomes less appropriate when the target redshift range
extends to z = 3, because equal redshift intervals correspond to unequal comoving-distance
intervals in a cosmology of the expanding universe. As illustrated in panel (b) of Figure 4.2,
slicing the data with equal width Az = 0.005 produces much thinner comoving-distance
shells at high redshift than at low redshift, leaving too few observations in many high-redshift
slices for stable ridge estimation. As a result, we consider partitioning the sample into equal
comoving-distance intervals of width AL = 20 Mpc as in Carrén Duque et al. (2022). The
conversion from redshift to comoving distance uses the Planck1l5 ACDM cosmology with
Hy = 67.7km/(Mpc - s), Q,, = 0.307, and Q, = 0.693 (Ade et al., 2016). Under this
convention, the range 0 < z < 3 corresponds approximately to 0 < L < 6500 Mpc, yielding
325 slices of width 20 Mpe. As shown in panel (a) of Figure 4.2, the redshift width of a
slice increases with redshift itself, ensuring enough observations in high-redshift shells for
ridge (or filament) estimation. Notably, different reasonable cosmological parameter choices
may shift the slice boundaries slightly, but these shifts are minor relative to the scale at
which the catalog is constructed. In other words, our resulting catalog is independent of the

cosmological model applied to the slicing process.
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Figure 4.2: Comparison between partitioning the combined sample into slices with equal
comoving-distance width AL = 20 Mpc and equal redshift width Az = 0.005.

4.4 Filament Model Within Each Slice

After partitioning the combined sample into spherical slices, we analyze each slice using the
directional density ridge framework developed in Chapter 2 and Chapter 3. For a fixed slice,
let (a,d;) denote the RAsc and DEC of the i-th observation. We convert these angular

coordinates into their associated Cartesian coordinates on {25 by
X; = (cosd; cosqy, cosd;sinay, sind;) € Qo i=1,...,n. (4.1)

Thus, the observations in each slice are treated as a directional sample on €.

We estimate the density generating the observations on {25 using the directional KDE
fp in (2.4), where the slice-specific bandwidth & is selected by the rule described in Sec-
tion C.1. Then, the order-1 directional density ridges of ﬁ are estimated by the DirSCMS
algorithm from Section 3.6. In the resulting cosmic web catalog, the filamentary structures
are represented by dense collections of converged DirSCMS points, which serve as discrete
approximations to the estimated one-dimensional ridges. Furthermore, we identify candidate

cosmic nodes within each slice as the union of local modes and filament intersections on {2,.
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Specifically, the local modes of ﬁl are estimated by the DMS procedure from Section 3.2,
whereas filament intersections or knots are recovered using the metric graph reconstruction
algorithm (Aanjaneya et al., 2011; Lecci et al., 2014); see Section 2.4 and Appendix B.4 in
Zhang et al. (2022) for details. Finally, for each filamentary point, we compute an uncertainty
measure given by its root mean square angular distance to the corresponding nonparametric
bootstrap filament estimates on the same slice (Efron, 1981; Chen et al., 2015); see Appendix
C in Zhang et al. (2022) for details.

4.5 Cosmic Web Detection Pipeline

Given the combined SDSS-IV galaxy and QSO sample, we construct the catalog separately
on the North and South Galactic Caps. The pipeline consists of the following steps:

1. Convert redshift to comoving distance under the Planck15 cosmology and partition the
combined sample over 0 < z < 3 into 325 spherical slices of width AL = 20 Mpc; see
Section 4.3.

2. Within each slice, restrict the observations to one of the two disconnected SDSS foot-

prints:

e North Galactic Cap: {(«a,d) : 100° < a < 270°, —5° < § < 70°}.

e South Galactic Cap:
{(a,8) : 300° < a < 360°, —15° < § < 70°} U {(a,8) : 0° < v < 100°, —15° < § < 70°} .
Here, (a,0) denotes the (RAsc,DEC) coordinate system in J2000 degrees.

3. Select the bandwidth using (C.1) in Section C.1 with Ay = 0.25, evaluate the directional
KDE ﬁl in (2.4) on all observations within the slice, and remove noisy observations

according to the threshold rule (C.2).
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4. Lay down a uniform angular grid over the North Galactic Cap with 170 x 75 initial mesh
points and over the South Galactic Cap with 160 x 85 initial mesh points. The South
Galactic Cap grid is understood on the wrapped RAsc interval [300°, 360°) U [0°, 100°).
To speed up convergence, evaluate ﬁ at the mesh points after converting them to
Cartesian coordinates on €2y and discard the lowest-density 15% of mesh points on

each cap.

5. Apply the DirSCMS algorithm from Section 3.6 to estimate the filamentary ridges on

each slice.

6. Quantify the uncertainty of each detected filamentary point using the nonparametric

bootstrap.

7. Identify the local modes and knots from the detected filamentary points as cosmic

nodes using the DMS and metric graph reconstruction algorithms.

8. Construct a mask from the sky coverage of the combined data within each slice and

remove filamentary and nodal points that fall outside the observed region.

Here, the mask within each spherical slice is constructed using the HEALPix (Hierarchical
Equal Area iso-Latitude Pixelization; Gérski et al. 2005) scheme. In particular, we discretize
the celestial sphere into 12 x 322 pixels, corresponding to Ngge = 32, and count the number
of observations in each pixel. For slices with comoving distance below 3000 Mpc, we retain
only pixels containing more than two observations. For slices with comoving distance above
3000 Mpc, we do not remove pixels by this count threshold, which stabilizes the fraction
of removed filamentary points at approximately 10% across the full range 0 < z < 3. We
then add the adjacent pixels of each retained pixel to the final mask, effectively expanding
the retained region by approximately 1°. Finally, filamentary and nodal points outside the
resulting mask are excluded from our released cosmic web catalog. Figure 4.3 illustrates the

pipeline on the North Galactic Cap in the comoving-distance slice 500 Mpc—520 Mpc.
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Figure 4.3: Detailed procedures of our cosmic web detection pipeline on the North Galactic
Cap in the comoving-distance slice 500 Mpc—520 Mpc. The plots are centered at ay = 185°
and dp = 30° under the stereographic projection.

4.6 Cosmic Web Catalog Data

The final cosmic web catalog is publicly available on Zenodo at https://zenodo.org/
records/6244866 (Zhang, 2022). The release follows the tomographic construction described
above and contains detected filamentary structures and cosmic node candidates across 325
spherical slices spanning the redshift range 0 < z < 3. Each slice corresponds to a comoving-

distance shell of width 20 Mpc under the Planck15 cosmology.
The catalog is distributed in both CSV and FITS formats. It contains two primary

data products: Cosmic_filaments 2D DirSCMS newl, which stores a discrete point repre-
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sentation of the estimated filamentary ridges, and Cosmic_local modes 2D DirMS uniquel,
which stores the estimated local modes of the smoothed galaxy/QSO density field. In our
framework, these local modes form one class of candidate cosmic nodes. A second class is
given by filament intersections, which are recorded through the knot_label column in the
filament file.

Each row of the filament file corresponds to one estimated filamentary point on a partic-

ular spherical slice. The columns are organized as follows:

e RAsc and DEC give the sky position of the filamentary point in J2000 degrees.

e z low and z high specify the redshift interval of the slice, while comov_dist _low and

comov_dist_high specify the corresponding comoving-distance shell.
e bw records the bandwidth used for directional KDE on that slice.
e density stores the proportional estimated density value at the filamentary point.
e unc_meas stores the bootstrap-based uncertainty measure.

e grad Dirl, grad Dir2, and grad Dir3 record the three Cartesian components of the

Riemannian gradient of ]/“;l on €.

e knot_label indicates whether the point is classified as a knot, namely an intersection

of multiple filamentary branches.

The data file for local modes uses analogous slice identifiers, together with the variables
needed to describe the estimated modes.

This organization makes the catalog suitable for both visualization and downstream sci-
entific analysis. Since the catalog is tomographic, users can subset the estimated structures
by redshift interval or comoving-distance shell before cross-matching them with external

galaxy samples. The pointwise density, gradient, and uncertainty fields further allow users
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to distinguish prominent filamentary features from weakly supported ones, which is useful

when the catalog is used as an input to subsequent astrophysical studies.
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Chapter 5

HIGH-DIMENSIONAL LINEAR MODEL INFERENCE WITH
MISSING OUTCOMES

After constructing the cosmic web catalog in Chapter 4, this chapter turns from geomet-
ric learning to statistical inference. The motivating scientific question is whether the stellar
mass of a galaxy is significantly associated with its proximity to nearby cosmic filaments. An-
swering this question requires inference with high-dimensional features for observed galaxies
and their incomplete stellar mass measurements. We develop a debiasing method for infer-
ence on the regression function of a sparse high-dimensional linear model when the outcome

variable may be missing.

5.1 Introduction

As discussed in previous chapters, large-scale sky surveys provide rich spectroscopic and
photometric features for galaxies and other astronomical objects, often together with value-
added catalogs that report derived stellar properties of the observed galaxies, such as stellar
mass (Blanton et al., 2005; Conroy et al., 2009; Chang et al., 2015). These associated features
for each galaxy are typically high-dimensional and noisy, while the derived stellar mass may
also be missing in the latest value-added catalog due to data contamination, target-selection
limitations, or misclassification of galaxies as stars (Comparat et al., 2017). In the cosmic
web application, this leads to a high-dimensional inference problem on a regression function
(or conditional mean) with potentially missing outcomes: we wish to quantify the correlation
between a galaxy’s stellar mass and its distance to the nearby cosmic filaments while adjusting
for many observed galaxy features. More generally, let Y € R be an outcome variable and

X € RY be a high-dimensional covariate vector. The object of interest is the regression
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Figure 5.1: Comparison of our debiased estimators under two different choices of the
tuning parameters (“1SE” and “min-feas”) with the conventional Lasso estimates based
on complete-case or oracle data. Here, we adopt the sparse ;% and dense @ with
d = 1000,n = 900, X ~ Ng(0,X%), and ¢ ~ N(0,1) under the MAR setting (5.23);
see Section 5.4.1 for details.

function mo(z) = E(Y|X = x).

When the outcome variables are fully observed in a data sample (which is known as
the oracle data setting), statistical estimation of mg(x) is tractable with regularization and
sparsity constraints under high-dimensional settings (Wainwright, 2019). One of the most
well-studied approaches is Lasso (Tibshirani, 1996), which assumes the linear model and im-
poses Li-regularization on the regression coefficients. When it comes to statistical inference,
however, the Lasso solution leads to a biased estimate of mg(z) even when the linear model
assumption is correct (van de Geer et al., 2014; Zhang and Zhang, 2014). Missing outcomes
further exacerbate the bias of the Lasso solution; see the first panel of Figure 5.1 for an
illustration. While this bias could be partially mitigated via sample-splitting or re-fitting,
doing so would reduce the sample size and increase the computational cost, leading to less
efficient estimates.

To tackle the challenges of high-dimensionality and missing outcomes, we impose the

following structural assumptions throughout this chapter.

Assumption 5.1 (High-dimensional sparse linear regression model with MAR outcomes).
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(a) The data sample {(Y;, R;, X;)}, consists of independent and identically distributed
(i.i.d.) observations drawn from (Y,R,X) € R x {0,1} x R¢ generated by the linear

model

Y = X758, +¢, E (e|X) =0, E (| X) = o7, (5.1)

d
where [[Bollg = > k=1 Ligoroy = 55 < d.

(b) The missingness indicator R is conditionally independent of Y given X.

Assumption 5.1(a) is standard in high-dimensional statistics. On the one hand, the
sparse linear model can be extended to sparse additive models (Ravikumar et al., 2009)
and partially linear models (Miiller and van de Geer, 2015; Belloni et al., 2019). On the
other hand, our proposed debiasing method can be generalized to handle heteroscedastic
errors; see Section 5.2.1. However, developing theory for these generalizations is beyond
the scope of this chapter. Assumption 5.1(b) is common in the missing data literature
(Tsiatis, 2007; Little and Rubin, 2019) and is related to the ignorability or unconfoundedness
condition in causal inference (Imbens, 2004). Under the MAR assumption, the propensity
score (Y, X) := P(R = 1|Y, X) depends only on the covariate vector X so that =(Y, X) =
7(X) := P(R = 1] X), which can thus be estimated from the fully observed data {(X;, R;)},
(Rosenbaum and Rubin, 1983).

Under Assumption 5.1, our proposed debiasing method directly infers the regression
function mg(z) = 27 3y by combining a Lasso pilot estimate of 3y € R¢ based on the complete-
case data with a bias correction term based on the weighted residuals of the Lasso regression.
The weights depend on estimates of the propensity scores m(X;),7 = 1, ...,n and are obtained
as the solution to a convex debiasing program which trades off bias and variance in a mean-
squared-error-optimal way; see Figure 5.1(b,c) for a preview.

A crucial difference between the existing work on debiasing the Lasso estimate in the
literature (Zhang and Zhang, 2014; van de Geer et al., 2014; Javanmard and Montanari,
2014a,b) and our proposal is that we focus our inference on the scalar regression function

mo(z) = 2T By rather than the high-dimensional regression (coefficient) vector 8, € RY. By
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considering mgy(z), we are able to conduct inference on any individual regression coefficient
by setting = equal to a standard basis vector in R? as well as on joint effects of several
regression coefficients. Additionally, inferring mg(x) itself is more computationally efficient

than inferring the regression vector fy.

5.1.1  Contributions and Outline of the Chapter

1. Methodology: We describe the detailed procedures for our proposed debiasing
method and reveal its computational feasibility through the dual formulation. We also
provide interpretations of our debiasing method from the perspective of a bias-variance trade-
off as well as Neyman near-orthogonality; see Section 5.2 for details.

2. Asymptotic Theory: We prove that our proposed debiased estimator is asymp-
totically unbiased and normally distributed as long as the propensity scores are pointwise
consistently estimable (i.e., sample-splitting or cross-fitting are not needed); see Section 5.3.4.
Moreover, the asymptotic variance of our debiased estimator attains the semiparametric ef-
ficiency bound among all asymptotically linear estimators for any given dimension d. To
establish the asymptotic normality of our debiased estimator, we derive the consistency of
the Lasso pilot estimate with complete-case data and the dual solution of our debiasing
program as building blocks; see Section 5.3.3.

3. Simulations and Real-World Applications: To demonstrate the finite-sample
performance of our debiasing method, we compare it with the existing debiasing methods in
the literature through extensive Monte Carlo experiments; see Section 5.4.1 and Section 5.4.2.
We also apply the proposed debiasing method to the problem of inferring the stellar masses
of galaxies in the Sloan Digital Sky Survey; see Section 5.5.

4. Algorithmic Implementation: We describe the implementation details of our debi-
asing method in Section D.1 and implement them in both the Python package “Debias-Infer”
and the R package “DebiasInfer” (Zhang et al., 2023a). All the code for our experiments
is available at https://github.com/zhangyk8/Debias-Infer/tree/main/Paper_Code.

The proofs of the results in this chapter are given in the corresponding paper (Zhang et al.,
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2023b). To keep the dissertation focused on the main methodology, theory, and applications,

we omit the proof details here.
5.2 Methodology

In this section, we outline our debiasing inference method and discuss a feasible solution
to the key debiasing program through its dual form. Furthermore, we motivate our debi-
asing method from the perspectives of a bias-variance trade-off as well as Neyman near-

orthogonality.

5.2.1 Debiasing Inference Procedure

Recall that we aim to conduct statistical inference on the regression function mg(z) =
E(Y|X = z) = 275, given a random sample {(Y;, R;, X;)}?; € R x {0,1} x RY, where
Y; is the outcome variable with missingness indicator R; and X; is the fully observed high-
dimensional covariate vector for ¢ = 1,...,n. To this end, we propose the following debiasing

procedure.

e Step 1: Compute the Lasso pilot estimate B € R? with complete-case data
- 1
B=argmin |~ Ri(Y; - X8 + MBIl | . (52)
gerd | M

where A\ > 0 is a regularization parameter.

e Step 2: Obtain consistent estimates 7;,i = 1,...,n of the propensity scores m; =
m(X;) = P(R; = 1|X;),i = 1, ...,n by any machine learning method (not necessarily a
parametric model) on the data {(X;, R;)}", C R? x {0,1}.

e Step 3: Solve for the debiasing weight vector w = w(x) € R™ through the following
debiasing program with a tuning parameter v > 0 as:
min i%-wz‘ x—iiw--%--)C
weRn : Wi - \/ﬁ : ) ) 7
i=1 =1

n

< 1} . (5.3)

o
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e Step 4: Define the debiased estimator for mg(z) as:

A~

mdebias(x; W) = xT3+ % ;@(:@R, (Yi — XiT/@) (5.4)

e Step 5: Construct the asymptotic (1 — 7)-level confidence interval for mg(x) as:

n

. 1
A B) £ 07 (1= 2) oy | =Y Rl (5.5)

=1

where ®(-) denotes the cumulative distribution function (CDF) of N'(0, 1). If the noise

level 02 is unknown, then replace it by any consistent estimator 2.

The debiasing program in Step 3 above is motivated by a conditional bias-variance
trade-off; see Section 5.2.3. In Section 5.2.2, we derive the dual formulation of our debiasing
program (5.3) in Step 3. The dual is an unconstrained convex program that facilitates
both the theoretical analysis of the statistical properties and the practical implementation
of our debiasing procedure. Finally, we prove in Section 5.3.4 that the debiased estimator
mdePias (- 4p) is asymptotically normal and that its asymptotic variance can be estimated
consistently by o2 ", ;w7 (x). This guarantees the asymptotic validity of the confidence

interval in Step 5.

Remark 5.1 (Debiasing program with heteroscedastic errors). Under heteroscedastic errors

satisfying E (€| X;) = o2, our debiasing program (5.3) needs to be modified as follows:

€,17

- v
min E oo wE <=5 (5.6)
weR? — ’

1=

s a proxy for 052,2‘ for i = 1,...,n. For the asymptotic analysis, it suffices to

1 n
ﬁZ
i=1 00

2
€0

where T

construct 62,,i =1, ....,n so that

€,17

n noo~ (2 2 2
~ . >y 7 (62, — o) 0
izlm (052,1' - 062,1‘) w; =op(l) or . S 76?:06221/52; = =op(1).

~ 2 ~
One simple choice is the residual-based prozy 352,1‘ = <Yi — X2T5> , where B is any consistent

estimate of Py, such as the Lasso pilot estimate from Step 1, the refitted Lasso (Belloni



38

and Chernozhukov, 2013), or the weighted adaptive Lasso (Wagener and Dette, 2013). Al-
though this residual-based proxy may not be a consistent estimate of of,i foreachi=1,...,n,
it provides a practical plug-in approximation for the unknown error scale. More in-depth

theoretical derivations are left for future work.

5.2.2  Dual Formulation of the Debiasing Program (5.3)

By standard results in convex optimization (Boyd and Vandenberghe, 2004), strong duality
refers to the situation in which the primal program and its dual attain the same optimal

objective value. Under this notion, we derive the following result.

Proposition 5.1. The dual form of the debiasing program (5.3) is given by
. 1 2 ¥
— L[ X e+ =1, ¢ - 5.7
gﬁg{M;ﬂ[ T+ aTl+ | !h} (5.7)
If strong duality holds, then the solution w(x) € R™ to the primal debiasing program (5.3)

o~

and the solution ((x) € R to the dual debiasing program (5.7) satisfy the following identity:

1 ~
W;(z) = NG Xl(z), i=1,..,n. (5.8)

This result has two important implications. First, we can select the tuning parameter
~v > 0 via cross-validation on the loss function of the dual program. Indeed, since the primal
debiasing program (5.3) is a constrained quadratic program, it is difficult to select v > 0
based on the primal formulation alone: if v > 0 is too small, the program will be infeasible;
if v > 0 is too large, the estimate will have a non-negligible bias (see Section 5.2.3). Second,
if strong duality holds, the debiased estimator (5.4) can be expressed via (5.8) in terms of

-~

the dual solution ¢(z) as:

‘ ~ 1 & ~
~debias/ ... /) _ T T T
O (a3 @) = T — o ;:1 RXT(x) <Y,~ ~ X 5) (5.9)

where the second bias-correction term reduces to a scaled sample average of n random vari-
ables. This representation is the key to deriving the asymptotic normality of our debiased
estimator; see Section 5.3.1 and Section 5.3.4 for details. Notice that strong duality holds

whenever v > 0 is sufficiently large; see Lemma 5.6 in Section 5.3.3 for more details.
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5.2.3  Bias-Variance Trade-off Perspective

The design of our debiasing program (5.3) is motivated by controlling the conditional mean
squared error |E [(\/ﬁ - mAePis () — \/n - mo(z ) | X ] of our debiased estimator (5.4) and
can thus be interpreted as solving a (conditional) bias-variance trade-off. To explicate this
motivation, we consider the generic debiased estimator md°®s(z;w) from (5.4) with an

arbitrary weight vector w = (wy, ...,w,)? € R™ as:
maPES (p ) = 2T B+ —= Z wiR; (Y; — X['B), (5.10)

where one would plug in the Lasso pilot estimate 3 from (5.2) and the solution w = w(x) €
R” from our debiasing program (5.3) to obtain a concrete debiased estimator (5.4) in practice.

We decompose the conditional mean squared error of (5.10) into three explicit terms as

follows.
Proposition 5.2. Under Assumption 5.1, the conditional mean squared error of v/n maePias(
given X = (X4,..., X,,)T has the following decomposition as:
E [(\/ﬁmdebias(x; w) — \/ﬁmo(x))2 ‘X}
= o? iwfﬂ(Xi +(Bo — [Zw s (1—7(X) Xs X1 (Bo — B)
i=1
Conditiomt varianee I Conditional variance II (5.11)

<% Z wm(X;)X; — 96> Vn (6o — B)

TV
Conditional bias

N

By Holder’s inequality, we can upper bound the “Conditional bias” term as follows:

(% Zwm(XnXi - x) Vi (Bo—B)| < [ % Z w (X)X, — x

The debiasing program (5.3) is hence designed to optimize the weights w;,7 = 1, ..., n so that

\/ﬁ\lﬁo—ﬂ\h] :

the estimated “Conditional variance I” term Y | 7w? is minimized as the objective function

T w)
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18
o0

while an upper bound on the estimated “Conditional bias” term

- \/Lﬁ D ey Wil
well-controlled by the constraint. We ignore the “Conditional variance II” term because, by
Lemma 5.7, it is asymptotically negligible and dominated by the “Conditional variance 1”
term if 8 =3 (the solution to the Lasso program (5.2)) and w = w(z) (the solution to the
debiasing program (5.3)). Similar bias-variance trade-offs also appear in Cai et al. (2023)
for generalized linear models and Giessing and Wang (2023) for quantile regression models.
However, the motivation for the procedures in these two papers is ad hoc and not grounded
in a rigorous decomposition of the conditional mean squared error. Upon minimizing the
(conditional) variance, we expect our debiased estimator to be asymptotically more efficient

than other estimators; see our discussion in Section 5.3.4.

5.2.4  Neyman Near-Orthogonalization Viewpoint

Our debiasing method in Section 5.2.1 can also be motivated from the perspective of Neyman
near-orthogonalization (Neyman, 1959, 1979; Chernozhukov et al., 2018). To this end, we
regard the regression function m = m(z) € R as the parameter of interest and the regression
vector B € R? as a high-dimensional nuisance parameter. Under Assumption 5.1, the true
values of these two parameters are mo = mg(z) = 278y and Sy, respectively. We define the

generic score function by
E:r,‘(Y?RaX?m?ﬁ) =m— :UTB - \/ﬁ w - R(Y _XTﬁ)a

where w € R is a symbolic weight. Given the observed data {(Y;, R;, X;)}!,, arbitrary

deblas(

w € R”, and arbitrary 8 € RY, the generic debiased estimator m x;w) solves the

sample-based estimating equation
1 , .
- ZEI(K7 Ri; X“ mdeb1a57 B) _ mdeb1as< Tﬁ_ sz 2' o XZTB) —0. (512)
n
i=1

Provided that Assumption 5.1 holds and w € R™ satisfies the box constraint in (5.3), the

Neyman near-orthogonalization condition given X = (X7,..., X,,)T € R™*? at (my, By) re-
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quires that

1 -
- Z:(Yi, R, Xi3m0, fo)

=1

X] =0,
(5.13)

n

1
~ > E(Yi By Xim, ﬁ)]X]

n <
=1

T
0 On
su —E — < =
66712" {aﬁ (moﬂo)} (B ﬁ[)) a \/ﬁ

where 7, is a properly shrinking neighborhood of fy and §, = o(1); see Definition 2.2
in Chernozhukov et al. (2018). Indeed, the first condition obviously holds true, while the

second condition is also satisfied because for any 8 € 7T,

T
1~ 0
i=1

T
1 n
— - i (X)X -
[x \/ﬁiﬂw 7(X;) ] (Bo—B)
L(@?? 1 - - X
= m—\/—ﬁi_lwi'ﬂ'i' iooHﬁ_ﬁ(JHI

where the approximate inequality (a) follows from Holder’s inequality and substituting
the estimated propensity scores 7;,i = 1,...,n while (b) holds since w € R" satisfies
the box constraint in (5.3). Therefore, the nuisance realization set 7, can be chosen as

{ BeBCR: B - Bl < \/ﬁén} for some convex set B containing ;. We show in Theo-

S
=0p (55\/%) and thus, our
1

final debiased estimator (5.4) satisfies the Neyman near-orthogonality condition (5.13) with

rem 5.4 that the Lasso pilot estimate E satisfies HB — Bg‘

a fine-tuned parameter v > 0.

By Theorem 3.1 in Chernozhukov et al. (2018), the (asymptotic) variance of mdePias(

is o?EY 0 wiR| X]| = 02> " win(X;). Therefore, our debiasing program (5.3) is de-

T w)

signed to yield the debiased estimator with the smallest (estimated) variance among all the
estimators that (approximately) satisfy the constraints in (5.13). Consequently, we can ex-

pect that our debiased estimator is more efficient than most other estimators even without
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explicitly constructing an efficient score function satisfying the exact Neyman orthogonality;
see Section 2.2.2 in Chernozhukov et al. (2018) with references therein. Finally, in light of
(5.13), our debiasing method de-correlates the Lasso pilot regression from the propensity
score estimation and the optimization of weights for the debiased estimator so that we are
able to establish the asymptotic normality of our debiased estimator without resorting to

sample-splitting.
5.3 Asymptotic Theory

In this section, we study the consistency and asymptotic normality of our debiasing inference
method in Section 5.2.1. The high-level motivation and an overview of the technical results

are given in Section 5.3.1, with more detailed analyses in the subsequent subsections.

5.3.1 Heuristics and Overview

In order to derive the asymptotic normality of our debiased estimator (5.4), we need to
analyze the asymptotic behavior of v/n [P (z; @) — mg(z)]. Under Assumption 5.1 and

the definition (5.4) of M (z; ), we deduce that

T

N [mdebm(:c; w) — mo(x)} = Z@Z(x)RZEZ + |z — % Z@(I)RzXz Vn (B\— 50) ;

where €;,7 = 1,...,n are i.i.d. noise variables under model (5.1). From the above expression, it
is unclear how one can apply the central limit theorem (CLT) or related asymptotic theories
to derive the asymptotic distribution of /n [m°P*(2; @) — my(z)], because the limiting
distribution of the weight vector @ = @(z) = (@ (), ..., W,(z))" € R™ is intractable and
may not even exist. However, the dual formulation in Proposition 5.1 provides a promising
approach to this problem. By the dual representation (5.9) of the debiased estimator, we
have that

Vi [ (2 w) — mo(x)] (5.14)
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T
B 1 <& B 1 <& . R
- —5m ;:1: Rie X[ l(x) + o+ o ;:1: R X é(x)XZ] N (50 5)
1
=——— E Rie; X[ lo(x) + “Bias terms”, (5.15)
2/n

where y(z) € R? is the deterministic solution to the population dual program for which
the dual solution Z(x) € R? is consistent; see (5.18) in Section 5.3.2 for its definition. The
leading term in (5.14) is a sample average of n i.i.d. scalar random variables, which can be
handled via the standard CLT, while the “Bias terms” in (5.14) are of order op(1) under
mild regularity conditions; see Theorem 5.8.

The rest of this section corroborates the above heuristic arguments. After introducing

the notation and necessary assumptions, we derive the following main results:

e Consistency of the Lasso pilot estimate (5.2): Under a suitable choice of A > 0,
it holds that HB— BOH = 0Op (%w@) when logd = o(n), where % > 0 is the
2 R

minimum eigenvalue of the complete-case Gram matrix E (RX X T); see Theorem 5.4

for details.

e Consistency of the solution to the dual program (5.7): Under a suitable choice of

v > O’ we deduce that HZ(Q’;) — KO(LE)HQ = OP (é s¢(z)logd + <1+f?3> o+ Tw\/je(x))’

n K’R I{R

where (o(x) is the solution to the population dual program, r, > 0 is a parame-
ter for the sparse approximation to ¢y(z), and r, > 0 is the rate of convergence of

maxj<;<, |T; — 7(X;)|; see Theorem 5.5 and its related discussions.

e Asymptotic normality of the debiased estimator (5.4): Combining the above

consistency results with other mild regularity conditions, we prove that

Vi [ (2 B) — mo(x)] 2 N (0, 02, (2))

and discuss the semiparametric efficiency of 02, (r) = lim,, o, 02 - 27 []E (RX X T)] - x;

see Theorem 5.8 for details.
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5.3.2  Notations and Assumptions

We enumerate the regularity conditions under the high-dimensional sparse linear model in

Assumption 5.1 for our subsequent theoretical analysis.

Assumption 5.2 (Sub-Gaussian covariate). The covariate vector X € R? is sub-Gaussian,

|uTXH¢2 < [IE (uTXXTu)]1/2 for any u € RY.

ie.,

We introduce the sub-Gaussian condition as Assumption 5.2 on the covariate vector X in
order to control the exponential tail behavior of X by its second moment and facilitate our
proofs. Notice that the covariate vector X € R? is not necessarily centered in our definition
of a sub-Gaussian covariate vector. We denote the s-sparse maximum eigenvalue of the
population Gram matrix E (XXT) € R4 by

¢s = sup E [(X"u)?]. (5.16)

u€Qg_1,||ullp<s

In particular, E(X2) < max 112]?§dE(ka) < ¢, for each covariate vector X; = (Xj1, ..., Xiq)? €
R?. It is noteworthy that under the high-dimensional setting with s < d, the s-sparse maxi-
mum eigenvalue ¢, is substantially smaller than the unrestricted maximum eigenvalue ¢4 of

E (X X T) and can even be independent of the dimension d.

Assumption 5.3 (Sub-Gaussian noise). The noise variable ¢ € R is sub-Gaussian, i.e.,

lelly, S [E(e2)]"? = 0. with 0® > 0 being the noise level.

We introduce Assumption 5.3 to simplify the theoretical analysis. In principle, this as-
sumption can be relaxed to a lower-order moment condition; see Belloni and Chernozhukov
(2013). We conduct numerical experiments with our debiasing method in which the sub-
Gaussian noise assumption is violated in Section 5.4.3 and demonstrate that our proposed
method is robust to various heavy-tailed noise distributions. To establish the consistency of
the Lasso pilot estimate (5.2) and the dual solution Z\(x) € R? to (5.7), we impose the fol-
lowing eigenvalue lower bound on the complete-case population Gram matrix E (RX X T) €

Rdxd
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Assumption 5.4 (Lower eigenvalue bound on E (RXXT)). The minimum eigenvalue of the
complete-case Gram matriz E (RXXT) € R™? js bounded away from zero, i.e., there exists

a constant kg > 0 such that

inf E[R(X"v)*] > k%,

vEQy_

Assumption 5.4 ensures that the regression vector 3y € R? is identifiable. We explicitly
introduce the “constant” kg > 0 to allow for situations in which the minimum eigenvalue of
E (RX X T) may decrease (slowly) as d,n — oo. In particular, ki serves as a lower bound
tracking the smallest eigenvalue of E (RX X T) and will appear explicitly in the rates derived
in the subsequent analysis.

When proving the consistency of the Lasso pilot estimate (5.2), however, we allow the
common relaxation of Assumption 5.4 that the minimum eigenvalue of E (RX X T) is only

bounded away from zero over the cone C;(Sg, 3):

nf  B[R(X"0)’] 2} 5.17
vecl(Sg,IS)de_l [ (X7v) } Z Kps (5.17)

where Sz C {1,...,d} is an index set for nonzero entries of 3y € R? while C,(S,9) =
{v eR?: [[vsel], <9 ||vg||q} is a cone of dominant coordinates (Section 7.2 in Koltchin-
skii 2011) for some index set S C {1,...,d} and the parameter ¥ > 0 with respect to the
norm |||, for ¢ > 1. Here, vs € RISI denotes the subvector with elements of v indexed by
S and wvge is defined in an analogous manner. This relaxed assumption (5.17) is known as
the restricted eigenvalue condition in the literature; see Section 7.3.1 in Wainwright (2019)
and also Bickel et al. (2009); van de Geer and Biithlmann (2009). We can show that under
Assumption 5.2, the sample-based complete-case Gram matrix %Z?:I R;X; XTI is close to
the population one with high probability, so (5.17) holds interchangeably for these two Gram
matrices in the setting of this chapter.

As for propensity score estimation, we introduce a mild assumption on the consistency of

the estimated propensity scores 7; with the true propensity scores m; = w(X;) for i = 1, ..., n.

Assumption 5.5 (Stochastic control of the propensity score estimation). Given any n > 1

and § € (0,1), there exists rr = rz(n,0) > 0 such that P (max <<, |T; — m| > rz) < 9.
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Assumption 5.5 is a non-asymptotic formulation of the stochastic boundedness of the
maximum estimation errors of the propensity scores evaluated at the in-sample covariate
vectors X;,7 = 1,...,n. In particular, it follows from Assumption 3.2 in Chakrabortty et al.
(2019) by a union bound under mild rate conditions. It can also be replaced by the in-
sample /;-prediction consistency condition P (% S m =l > r,r) < ¢ without affecting
the subsequent results. In applications, the exact rate of consistency r, depends on how the
propensity scores are estimated, whether by parametric, nonparametric, or semiparametric
methods. We derive an explicit rate formula for r, under the Lasso-type generalized linear
regression estimator (D.3) in Proposition D.2 of Section D.3 and discuss the corresponding
rates for other semiparametric or nonparametric methods in Section D.3.1. We demonstrate
in Theorem 5.5 and Theorem 5.8 below that as long as r.(n,d) — 0 for some 6 — 0
as n — 0o, the solution to the dual program (5.7) is consistent and consequently, the
debiased estimator (5.4) is asymptotically normal; see Section 5.3.3 and Section 5.3.4 for
details. The specific rate at which r, — 0 is essentially irrelevant, as shown in (5.21). These
results unveil the possibility of combining our debiased estimator with consistent estimates
of the propensity scores obtained from any machine learning approach; see Section 5.4.4 for

numerical experiments.

Remark 5.2. In contrast to the existing literature on regression models with missing out-
comes, incomplete covariates, or potential outcomes (Rosenbaum and Rubin, 1983; Robins
et al., 1994; Chakrabortty et al., 2019), we do not require the positivity condition m(x) =
P(R = 1|X = ) > T > 0 for all x € support(X) C RL  As noted by D’Amour et al.
(2021), the positivity condition is too stringent in the context of high-dimensional covari-
ates. Instead, we merely assume that the complete-case population Gram matrixz E (RXXT)
s positive definite as in Assumption 5./, which is valid even when the positivity condition
15 violated. For example, E (RXXT) will be positive definite if support(X) has a nonzero
Lebesgue measure in R and w(x) is positive within a subset of support(X) with a nonzero

Lebesgue measure.
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The population dual program for any x € R? is defined by taking n — oo in (5.7) under
the true propensity scores as:
pa {}1 E [R (XTéﬂ + xTz} . (5.18)
Under Assumption 5.4, the unique solution to the above population dual program (5.18) is
given by
lo(z) = =2 [E(RXXT)] 'z e RY. (5.19)

The population dual solution ¢y(x) already appears as the “orthogonalization parameter”
in the debiased machine learning literature (e.g. Chernozhukov et al., 2018, Example 2.1)
and (up to a scaling factor) as the “least favorable sub-model” in Bellec and Zhang (2022).
However, in both cases, ¢y(z) does not arise as the solution to a dual program whose corre-
sponding primal program solves a bias-variance trade-off; see Section 5.2.3. We assume that

lo(x) is approximately sparse in the following sense; see also Assumption 5.6.

Definition 5.3 (r,-approximation to {y(x)). For any x € R?, we define an ro-approzimation
{(z) to the population dual solution ly(z) as:

Uz) = Uz;re) == arg min {][¢(2)]]g : [|0(x) — bo(x)]l; < re[[lo(@)l],} (5.20)

{(z)eRY

where 1y € [0, %} controls the accuracy of approximation.

Remark 5.3. Under the stronger Assumption 5.4, E(RXXT) also satisfies the C1(S(z), 3)-
restricted eigenvalue condition with some parameter k% > 0 defined in (5.17), where Sy(z) :=

support (z(az)) = {1 <k<d:lz)# 0}.

A larger value of r, gives rise to a sparser approximation £(z) to the vector lo(z) of
interest. Furthermore, the consistency of Z(x) requires the approximation parameter r, for
0 (x) to converge to 0 at a certain rate as n — 0o; see Assumption 5.6 below and the discussion
after Theorem 5.5 in Section 5.3.3. In other words, as the sample size n increases, the unique
population dual solution ¢y(z) must tend to a sparse vector in order for the consistency result

to hold.
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Assumption 5.6 (Sparsity of £(x)). The r,-approzimation {(x) € R? to the population dual
)|

The existence of /(x) and the sparsity quantity s,(z) in Assumption 5.6 reflect the effective

solution €y(z) € R exists and satisfies s;(z) := ‘

< min{n, d}.
0

sparsity of the population dual solution y(z) = —2[E (RXXT)}_lx. Intuitively, s,(z)
is small when the query point z € R? interacts effectively with a limited subset of the
covariate vector X € R? after accounting for both the missingness pattern in ¥ € R and
the dependence structure among covariates in X. Such a situation arises, for example, when
the inverse complete-case Gram matrix [E (RX X T)]_l is (approximately) sparse and the
query point x itself is concentrated on only a few coordinates. These sparsity structures
on [E (RX X T)}_l occur naturally in many high-dimensional statistical models, including
graphical Lasso models (Friedman et al., 2008), autoregressive or short-range dependent
processes, and settings where the propensity score P(R = 1|X) depends only on a small
subset of covariates in X. Section D.2 furnishes several sufficient conditions and motivating

examples under which Assumption 5.6 holds.

5.3.83 Consistency Results

In this section, we present the consistency results for our Lasso pilot estimate (5.2) and the
solution to the dual program (5.7). Additionally, we discuss the strong duality theory of
our debiasing inference method and validate the asymptotic negligibility of the “Conditional

variance II” term in Proposition 5.2 of Section 5.2.3.

Theorem 5.4 (Consistency of the Lasso pilot estimate with complete-case data). Let 6 €
(0,1) and Ay, Ay > 0 be some absolute constants. Suppose that Assumptions 5.1, 5.2, and
5.4 (more precisely, Fq.(5.17)) hold and n is sufficiently large so that

sglog(ed/sgp) \/log(l/é) _ K
\/ n + o < min {Tgsﬁ, 1} .

(a) IfFA> 2|30, RiXieil| > 0 and d > sg + 2, then with probability at least 1 — 6,
~ /S
_ < V%5
13-, =

o
KR
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(b) 1If, in addition, Assumption 5.3 holds and X = Asoy/ M then with probability at
least 1 — 9,

P155 10g(d/5)
n

7=, =

Remark 5.4. Iflogd = o(n) with d > n and o, ¢1 > 0 are independent of n and d, then we
obtain the asymptotic consistency result HB— BOH =Op <,-%2‘ L logd) by setting 6 =
) R

Theorem 5.4 implies that the Lasso pilot estimate B in (5.2) based on the complete-
case data is consistent. This property is a consequence of our MAR assumption and the
lower eigenvalue bound condition on E(RX XT) (Assumption 5.4), because the conditional
distribution of Y given X remains unchanged on the complete-case data (R = 1) and the
loss function in (5.2) is “strictly convex” on the cone in which B lies.

Next, we present the consistency result for the dual solution Z(a:) to the sparse r-
approximation Z(q:) Among other things, the rate of consistency for Z(a:) depends on the

rate of consistency r, = r(n,d) for estimating propensity scores.

Theorem 5.5 (Consistency of the dual solution ¢(z)). Let & € (0,1), z € R be a fized
covariate vector, and Ay, As, A3 > 0 be some large absolute constants. Suppose that Assump-

tions 5.1, 5.2, 5.4, 5.5, and 5.6 hold as well as

\/s@(x)log(ed/se(fb')) . \/log(1/5) ., <mm{ K 1} and  d > sy(x) +2
n n " A1s,() - |

We denote ry = T’Y(W’?é) = \élil ||l’||2 \/log d/é) \/¢1¢se}iz)||l’”2 o [f% _ Ag T and

n

re < min 1 (M) ! (—log(d/é)) ! + | - Alpirg ' N
B 27 | sl foe " Aoy 15 aEh

then with probability at least 1 — 0,

< Ll [\/cb Dog(dfh) | dute ,, mmm(m)_“]_

RR KRR
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Remark 5.5. Iflogd = o(n), ||z||, = O(1), and ¢1, ¢s,x) are independent of n and d, then

we obtain the asymptotic consistency result

N ~ _ 1 [se(x)logd 1y  1rv/Se()
| W)HQ—OP(K—; T a TR

by setting 6 = é. This asymptotic rate of convergence comprises two parts. The first

part is of the order Op (;%3\/ S“(leﬂ + ;—ﬁ), which is the oracle rate of convergence for
R R

HZ(:L‘) — z(:v)“ when the true propensity scores are known. The second part is of the order
2

Op | = Hfg(x) , which is related to the consistency of the propensity score estimation.
R

By the triangle inequality, this result implies that
i) = to)]], < [[fte) ~ &), + [ lw) - o)
_op <i3 se(x) logd N (1 + /@%) o T sg(:c)) .

1 4
Kp n KR KR

~

Thus, the dual solution ¢(z) is consistent for the population dual solution ¢y(x) under the

2 e/ Se(w
setup in Remark 5.5 if = Sd@# — 0, (%) re — 0, and Hf( ) 5 0asn — oo In
R R R

particular, we only need to consistently estimate the propensity scores 7;,7 = 1, ..., n because
the rate of consistency r, depends on the in-sample prediction; see Remark 5.8 below.
The assumptions in Theorem 5.5 are also sufficient to establish strong duality between

the primal debiasing program (5.3) and its dual (5.7) as follows.

Lemma 5.6 (Sufficient conditions for strong duality). Let § € (0,1). Under the assumptions
of Theorem 5.5, there exists v > 0 such that T < r, =r,(n,§) and strong duality as well as

the relation (5.8) in Proposition 5.1 hold with probability at least 1 —§.

The consistency results for the Lasso pilot estimate ,/6\ and the dual solution /( (z) also imply
that under mild regularity conditions, the “Conditional variance II” term in Proposition 5.2
is asymptotically negligible; see Lemma 5.7. This result completes the motivation of the

debiasing program (5.3) from the perspective of a (conditional) bias-variance trade-off in

Section 5.2.3.
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Lemma 5.7 (Negligible conditional variance term). Suppose that Assumptions 5.1, 5.2, 5.3,
5.4, 5.5, and 5.6 hold as well as

[sglog(d/ss) + se(x) log(d/se(x))]* = O (v/n) %\/%se(@@bzsﬁ =0(1), and re=0(1).

7 K;?%
If HE— 50H = op(1) and HZ(:E) - Z(x)H = op(1), then the “Conditional variance II” term
2 2

in Proposition 5.2 is asymptotically negligible in the sense that
AT | <& IR
(50 - 5) [Z B2 (2)7; (1 — 7)) XZ-XZ.T] (/30 - 5) — op(1).
i=1

5.8.4  Asymptotic Normality

In this section, we leverage the consistency results from Section 5.3.3 to establish the asymp-
totic normality of the debiased estimator md®#s(z;w) in (5.4). As mentioned in Sec-
tion 5.3.1, the key observation for applying the CLT is the linear expansion (5.14) based

on the dual solution.

Theorem 5.8 (Asymptotic normality of the debiased estimator). Let x € R? be a fized
query point with © # 0 and Smax = max {sg, s¢(x)}. Suppose that Assumptions 5.1, 5.2, 5.5,
5.4, 5.5, and 5.6 hold and \,~,r, > 0 are specified as in Theorem 5.4(b) and Theorem 5.5,

respectively. Furthermore, we assume that o.¢; ‘;’/2“ |||, = O(1),

(Ot rR)smlog(nd) _ gy g LEmRVI0BID) (o) = o).

4
KR KR

(5.21)
Then, when o2,(z) = lim, o 02 - 27 [E (RXXT)}_1 x exists, we have that
Vi [R9P (: ) — mo(x)] S N (0, 0% (2)) -
We make four remarks about this paramount result.

Remark 5.6 (Semiparametric efficiency). Given any fized dimension d > 0, the asymptotic

variance

ora(@)=0-2" [E (RXXT)}_1 z=o0’ 2" {E[r(X)XX"] }_1;5

€
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achieves the semiparametric efficiency bound for our debiased estimator among all asymptot-
ically linear estimators with the MAR outcome (Miiller and Keilegom, 2012). It also attains
the efficiency bound for de-sparsified Lasso in Theorem 3 of Jankova and van de Geer (2018)
under Gaussian covariates and noise. This key property demonstrates the superiority of our

debiasing inference method in terms of statistical efficiency.

Remark 5.7 (Requirement on the query point z € RY). We require ||z], = O(1) to
control higher-order remainder terms and establish asymptotic normality of P (z; w).
This requirement may seem contradictory to the standard result ||z||, = Op (\/E) in high-
dimensional statistics when x is drawn from a sub-Gaussian distribution; see Theorem 3.1.1

in Vershynin (2018). However, for those scenarios where ||x||, grows with dimension d, we

X
[l *

can always apply our debiasing method to the mormalized query point Since the so-

lution w = w (ﬁ) to our debiasing program (5.3) is adaptive to the normalization, the
2
x

resulting debiased estimator maeP1as (W; @) and associated asymptotic confidence intervals

can be rescaled with ||x||, in order to obtain asymptotically valid confidence intervals for

mo(z) = 27 fBy.

Remark 5.8 (In-sample consistency of the propensity score estimation). Our debiased es-
timator is asymptotically normal as long as the propensity scores are pointwise consistently
estimated at in-sample data points, because the rate requirement (5.21) on r, relies only on the
in-sample prediction. Furthermore, unlike double/debiased machine learning (Chernozhukov
et al., 2018), there is no need to leverage sample-splitting or cross-fitting when estimating
the nuisance propensity score m(X) = P(R = 1|X) in order to guarantee the asymptotic nor-

mality. While we derive r, = Op (1(\)/%6!) under the Lasso-type generalized linear regression

estimator (D.3) in Proposition D.2 of Section D.3, this in-sample prediction rate of consis-
tency is, in general, slower than those rates from more complicated machine learning methods
such as deep neural networks (Farrell et al., 2021), random forests (Gao et al., 2022), and
support vector machines with universal kernels (such as the Gaussian radial basis function)

(Steinwart, 2001). The higher learnability of these propensity score estimation methods leads
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to better performance of our debiasing method; see Section 5.4.4 for numerical experiments.

Remark 5.9 (Necessary sparsity condition). Compared with the consistency results in The-

orem 5.5, we impose a stricter growth condition Syax = max{sg,s¢(x)} = o (1@> on the
sparsity level in order to establish the asymptotic normality, provided that other model pa-
rameters oc, ¢s,.., kg are independent of n and d. The requirement on the sparsity level sg
1s a standard and essentially necessary condition in the high-dimensional debiased inference
literature in pursuit of asymptotic normality (van de Geer et al., 2014; Javanmard and Mon-
tanari, 2014a, 2018; Cai et al., 2023); see also the discussion in Section 8.6 of Jankova and
van de Geer (2018). The condition on the sparsity level s,(x) of the population dual solution
lo(z) = =2 [E (RXXT)] L to (5.18) is specific to the present scalar functional formulation,
because we establish the asymptotic normality of our debiased estimator for mo(x) = 27,
rather than for a debiased estimator of the full regression vector B, € R?. Notably, Bellec
and Zhang (2022) imposed a slightly weaker sparsity condition on essentially the same ob-
ject as lo(x) and only required sy(x) = o <$>. We plan to investigate in future research

whether we can further improve our proof technique and weaken our sparsity condition to

match theirs.

To utilize the asymptotic normality of Theorem 5.8 and conduct inference on mg(x)
in practice, we need to estimate the asymptotic variance o7, (z) or o7, 4(z) under the cur-
rent dimension d. Proposition 5.9 below verifies that, when the noise level o2 is known,

o2 Y, Wiw; (x) is a consistent estimator of o7, ;(z).

Proposition 5.9 (Consistent estimate of the asymptotic variance). Let x € R? be a fized

query point. Suppose that Assumptions 5.1, 5.2, 5.4, 5.5, and 5.6 hold and ~,r, > 0 are speci-

fied as in Theorem 5.5. Furthermore, we assume that ||z||3 ¢% = O(1), (Ltrg) , [s@) lzg("d) =

(1+x%) _ :
o(1), and “— |r¢ +rry/se(x)| = o(1). Then,
R

702 (z) — 27 [E(RXXT)] " 2| = op(1).

%
i=1
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This result again motivates the design of our debiasing program as in Section 5.2.3 and
supports the formulation of our asymptotically valid confidence interval (5.5). When the
noise level o2 is unknown in practice, one can always replace it with a consistent estimator
o2 without losing any asymptotic efficiency and obtain the final estimator 62 Y |, 7,07 (x)
for the asymptotic variance. There are various approaches available in the literature to
construct such an estimator for 0% (Zhang, 2010; Fan et al., 2012; Dicker, 2012; Bayati et al.,
2013; Belloni and Chernozhukov, 2013; Reid et al., 2016). In our simulation studies and real-
world application, we use the scaled Lasso (Sun and Zhang, 2012) with automatically selected
regularization parameter A > 0 to obtain 62 (and the Lasso pilot estimate B\ simultaneously);

see Section D.1 for details.

5.4 Experiments

In this section, we evaluate the empirical performance of our proposed debiasing inference
method in Section 5.2.1 and compare it with several existing high-dimensional inference

methods in the literature through comprehensive simulation studies.

5.4.1 Basic Simulation Design and Methods to Be Compared

We generate the i.i.d. data {(Y;, R;, X;)}, C R x {0,1} x R¢ from the following linear

model
Y;=X"Bo+e¢ with Xlle, Y;lLR;|X;, and X;~ Ny0,%), (5.22)

where d = 1000 and n = 900 unless stated otherwise. In order to investigate the effect
of different covariance structures ¥ € R%*? sparsity patterns of the true regression vector
Bo € R?, and designs of the query point z € R% on the finite-sample performance of the
candidate high-dimensional inference methods, we consider all possible combinations of the

following simulation designs.

d

Choices of the covariance matrix: We consider two standard designs of ¥ = (X;4)} .,

from the literature:
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(i) The circulant symmetric matrix 3 in Javanmard and Montanari (2014a) defined by
S =1, %, =01when j+1<k<j+50rj+d—5<k<j+d—1with ;=0

elsewhere for j < k, and X, = Xj;;

(ii) The Toeplitz (or autoregressive) matrix >* in van de Geer et al. (2014) defined by
ik = 0.9V K

Designs of the regression vector: For the true value of 3y € R? we consider three

different scenarios as:
T

(i) B = [ V5,..,v5,0,..,0 | €R?is sparse;
—_———
5

(ii) B (1, \/LT . \/lE)T € R? is dense with Hﬁge‘ ’2 =5

(iii) Sd x (L %, o %i)T € R? is pseudo-dense with ‘ gd = 5.

‘ 2

Designs of the query point: We conduct experiments with the following four different

choices of the query point z € R%:

(i) 2 = (1,0,...,0)T € R? to infer the individual effect of the first (significantly nonzero)

component of Sy;

(ii) 2 = (1, %, i, 0,0,0, %, %, 0,..., O)T € R? to infer the joint effects of a few components

of fBo;
T
(iii) z® = (0,..,0, 1 ,0,...,0 € R? to infer an inactive (i.e., truly zero or close to
100th

zero) component of [o;

(iv) 2® = (1, 5%, ..., d%)T € R? for the circulant symmetric covariance cases, and z¥) =
(1, %, e %I)T € R? for the Toeplitz covariance cases. The purpose of choosing a rel-

atively dense query point ¥ is to study the joint effect of all the components of

Bo;
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T
(v) 20 = (\/La, \/LE’ e \%) € R?, which is used to examine how a fully dense query point

and the corresponding population dual solution ¢y(x) affect the inference results.

MAR mechanism: After Y;,i = 1,...,n are sampled according to (5.22), we define the

missingness indicators R;,i = 1,...,n for Y;,7 = 1, ...,n through the MAR mechanism by

1
P(R; =1\X;) = f L =1,...,n. 5.23
( | ) 1+6Xp (_1+Xz7 —ng) or ! " ( )

In general, the above MAR mechanism yields around 28% of missingness for the outcome
variables Y;, 7 = 1, ..., n, making the complete-case data even more high-dimensional. Addi-
tional simulation results under a simpler MCAR setting are deferred to Section D.4.2.

Noise distribution: We first generate the noise variables ¢;,7 = 1,...,n independently
from A(0,1). Other noise distributions that violate the sub-Gaussian noise condition (As-
sumption 5.3) are considered in Section 5.4.3.

Methods to be compared: To demonstrate the statistical efficiency of our proposed
debiasing method (“Debias”), we compare it with several existing inference methods in
the literature. The detailed implementation of our proposed method can be found in Sec-
tion D.1, where we also explain the three different criteria “min-CV”, “1SE”, and “min-feas”
for selecting the tuning parameter v > 0 via cross-validation. For a fair comparison, we
implement the first group of comparative methods below on (i) the complete-case (CC) data
(X;,Y;) € RY x R with R; = 1 for ¢ = 1,...,n, (ii) the inverse probability weighted (IPW)
data <%, \}/—ﬂr> € RYx R with R; = 1 for i = 1,...,n, and (iii) the oracle fully observed data
(X;,Y:),i=1,...,n. Here, m;,i = 1,...,n are the propensity scores estimated by the default

Lasso-type logistic regression as described in Section D.3.

e “DL-Jav” is the debiased Lasso proposed by Javanmard and Montanari (2014a) that
solves d convex programs for an unbiased estimator for Sy and a consistent estimate
for the asymptotic covariance matrix. The method is implemented by the source code

sslasso provided in their paper. We select the tuning parameters as in their Section

5.1
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e “DL-vdG” is the debiased Lasso proposed by van de Geer et al. (2014) that solves d
nodewise regressions for the debiased estimator of 5y and the estimate of its asymptotic
covariance matrix. This method is implemented via the function lasso.proj in the R

package hdi (Dezeure et al., 2015).

e “R-Proj” is the ridge projection method proposed by Biihlmann (2013) that pro-
duces a bias-corrected estimator of [y via a ridge regression estimator. This method
is implemented by the function ridge.proj in the R package hdi. We initialize the
estimation of Jy with an estimate obtained from the scaled Lasso. Since it is difficult
to obtain a consistent estimate of the asymptotic covariance matrix from the function
ridge.proj, we only run “R-Proj” when the query point is () or 2(®. This means

that we only conduct inference on single coordinates of fy under these scenarios.

o “Refit” first runs the scaled Lasso to obtain a pilot estimate B and then computes the
final least-squares estimate based on covariates in the support set of B (Belloni and

Chernozhukov, 2013).

Additionally, we implement several competing high-dimensional inference methods that han-

dle the missing-outcome scenarios:

e “DDR” is an f;-regularized debiased and doubly robust estimator of 3, based on a
high-dimensional adaptation of the traditional doubly robust construction when the

outcome Y is possibly MAR (Chakrabortty et al., 2019).

e “SAS” is a surrogate-assisted imputation-based inference approach for 5, with a high-
dimensional predictor X in the semi-supervised learning setting (e.g., Y is MCAR)
(Hou et al., 2023). For a fair comparison, we apply their method to our simulation

setting with no surrogate outcomes.

o “SSL-ATPW?” is an AIPW method for estimating Sy in the semi-supervised learning
(SSL) setting with MAR outcomes (Tian et al., 2024).
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Confidence intervals for “DL-Jav”, “DL-vdG”, “R-Proj”, “DDR”, “SAS”, and “SSL-
AIPW?” are constructed according to their asymptotic normality results, while the confidence
intervals from “Refit” are based on the assumption that the selected model by the Lasso pilot

estimate 5 contains the true support set.

5.4.2  Simulation Results Under the Gaussian Noise Distribution

We evaluate the performance of our proposed debiasing method and the existing inference
methods stated above via the average absolute bias |M4"*(z) — my(z)|, the average cover-
age probability of 95% confidence intervals, and the average length of confidence intervals
over 1000 Monte Carlo experiments for each simulation scenario stated in Section 5.4.1.

We provide comparative plots in terms of the three evaluation metrics and normality
assessments for a selected simulation setting in Figure 5.2, while deferring the full simulation
results for both the circulant symmetric and Toeplitz (or autoregressive) covariance designs
to Figure D.1 and Table D.1-D.2 in Section D.4.1, respectively. In summary, our proposed
debiasing method achieves bias reduction comparable to that of the debiased Lasso “DL-Jav”
and the Lasso refitting “Refit”, while yielding relatively shorter confidence intervals and more
accurate coverage probabilities. Although the ridge projection method “R-Proj” sometimes
produces better coverage probabilities than other methods, it consistently produces larger
biases and more conservative confidence intervals. Among the competing methods for miss-
ing outcomes, “DDR” and “SSL-AIPW?” fail to maintain asymptotic normality under our
simulation settings, with “SSL-AIPW” exhibiting particularly large absolute bias. Our de-
biasing method performs comparably to “SAS”, but provides more accurate coverage for the
resulting confidence intervals. Finally, under the fully dense query point z(®, only “DL-Jav”,
“DL-vdG”, “DDR”, and our proposed debiasing method achieve approximately the desired
coverage probabilities, suggesting that our method remains robust even when the sparsity
assumption on the population dual solution ¢y(x) is violated.

The superiority of our debiasing method is more evident when the query point z €

R? has many nonzero entries. The debiased estimator from our method is asymptotically
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Figure 5.2: Simulation results with sparse 3;’ and sparse x(?) for the circulant symmetric
covariance matrix 3 under the Gaussian noise (0, 1) and MAR setting (5.23). Top Left:
Boxplots of absolute bias. Top Right: Coverage probabilities with standard error bars.
Bottom Left: Average lengths of confidence intervals with standard error bars. Bottom
Right: Four comparative “QQ-plots” of the transformed studentized debiased estimators
® (y/n-0, (x) [m(z) — me(z)]) obtained from different debiasing methods, where ,(z)? is
the estimated (asymptotic) variance of m(z) by each method and ®(-) is the CDF of AV/(0, 1).
We also highlight the recommended rules “1SE” and “min-feas” for our proposed debiasing

method via dashed rectangles in the first three panels.

semiparametrically efficient for arbitrary z in Theorem 5.8, and its asymptotic variance

can be naturally estimated as in Proposition 5.9. Hence, the asymptotic normality of our
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debiased estimator can be better approximated in finite samples than that of the competing
methods. All these simulation results corroborate the theoretical properties of our debiasing
method derived in Section 5.3 and demonstrate its effectiveness in conducting valid statistical

inference with missing outcomes.

5.4.8  Simulation Results Under Heavy-Tailed Noise Distributions

The consistency and asymptotic normality results for our debiasing inference method are de-
rived under the sub-Gaussian noise condition (Assumption 5.3), and our previous simulation
results in Section 5.4.2 are accordingly based on normally distributed noise. We demonstrate
through additional simulations that the asymptotic normality of our debiased estimator (5.4)
remains valid even when the distribution of the noise € in model (5.1) is not sub-Gaussian.
To this end, we follow the simulation designs in Section 5.4.1 but explore two heavy-tailed

noise distributions:

(i) € follows a Laplace distribution with mean 0 and scale parameter \% Note that e

becomes sub-exponentially distributed and has variance Var(e) = 1.

(i) € follows a mean-zero t-distribution with 2 degrees of freedom. In this case, € is not

even sub-exponential and has infinite variance.

We present selected plots and asymptotic normality assessments in Figure 5.3 and Figure 5.4,
while again deferring the full comparative simulation results for both the circulant symmetric
and Toeplitz covariance designs to Table D.3-D.4 and Table D.5-D.6 in Section D.4.1, respec-
tively. In short, the debiased estimator appears to be approximately normally distributed
in finite samples even when the noise distribution is heavy-tailed, while other competing
methods except for “SAS” fail to maintain their asymptotic normality. Other conclusions

from these simulation results are similar to those described in Section 5.4.2.
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Figure 5.3: Simulation results with dense 4 and sparse z(? for the circulant symmetric
covariance matrix X under Laplace (0, \/Li)—distributed noise and the MAR setting (5.23).

Top Left: Boxplots of the absolute bias. Top Right: Coverage probabilities with standard
error bars. Bottom Left: Average lengths of confidence intervals with standard error bars.
Bottom Right: Four comparative “QQ-plots” of the transformed studentized debiased
estimators @ (v/n - 7, (x) [m(z) — mo(z)]) obtained from different debiasing methods, where

0,(2)? is the estimated (asymptotic) variance of m(z) by each method and ®(-) is the CDF
of N(0,1).
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Figure 5.4: Simulation results with pseudo-dense Bgd and dense z® for the Toeplitz (or
autoregressive) covariance matrix £ under t,-distributed noise and the MAR setting (5.23).
Top Left: Boxplots of the absolute bias. Top Right: Coverage probabilities with standard
error bars. Bottom Left: Average lengths of confidence intervals with standard error bars.
Bottom Right: Four comparative “QQ-plots” of the transformed studentized debiased
estimators @ (v/n - 7, () [Mm(x) — mo(z)]) obtained from different debiasing methods, where
0,(2)? is the estimated (asymptotic) variance of m(x) by each method and ®(-) is the CDF

of N(0,1).

5.4.4 Simulation Results for the Proposed Debiasing Method With Nonparametrically Fsti-

mated Propensity Scores

As shown in Theorem 5.5 and Theorem 5.8, the consistency and asymptotic normality of

the proposed debiasing method do not require any parametric assumption on the propensity
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score P(R = 1|X) under the MAR condition. Therefore, we now conduct additional simula-
tion studies for our debiasing method in which the propensity scores w(X;),i = 1,...,n are
estimated by the following nonlinear /nonparametric machine learning methods based on the
observed data {(X;, R;)}!,. All of these methods are implemented in the scikit-learn
package (Pedregosa et al., 2011) in Python.

Naive Bayes (“NB”): We adapt the Gaussian naive Bayes method (Zhang, 2004) to

- P(Ri=1)-T]%¢_, P(Xix|Ri=1)
, Xig) = P(Xlzlpl--yXid;C

model the propensity scores through 7(X;) = P(R; = 1| X1, ...
for any i = 1,...,n, where each class-conditional density P(X|R; = r) with r € {0,1} is
modeled by a Gaussian density whose parameters are estimated by maximum likelihood.

Random Forest (“RF”): We implement the random forest method (Breiman, 2001)
with 100 trees, bootstrap samples, and the Gini impurity to measure the quality of a split.

Support Vector Machine (“SVM”): We fit a support vector machine (Chen et al.,
2005) with the Gaussian radial basis function to classify the missingness indicator R; based
on the observed covariate vector X; € R? for ¢ = 1,...,n. The outputs of the trained SVM
are regarded as preliminary estimates of the propensity scores.

Neural Network (“NN”): We train a neural network model (Hinton, 1990) with two
hidden layers of size 80 x 50 and use the rectified linear unit function h(x) = max{x,0} as
the activation function. The learning rate nny is initially set to 0.001 as long as the training
loss keeps decreasing and is adaptively changed to nyn/5 when two consecutive epochs fail
to decrease the training loss.

For the above methods, we also consider calibrated versions obtained through Platt scal-
ing (Platt, 1999), which fits an extra logistic regression on the estimated propensity scores
7,1 = 1,...,n. However, since the errors in the estimated propensity scores and the final
performance of the proposed debiased estimator worsen after this calibration, we choose not
to report them here.

The covariate vectors X; € R i = 1, ..., n are again sampled independently from Ny (0, ¥)
with d = 1000 and n = 900, and the noise variables ¢;,7 = 1,...,n are generated indepen-

dently from A/(0,1) as in Section 5.4.1. To increase the complexity of estimating the propen-
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sity scores, we generate the missingness indicators R;,7 = 1,...,n for the outcome variables

Y;, i =1,...,n through a different MAR mechanism from the one in Section 5.4.1 as:

P(R; = 1|X;) = ® (—4 +) Zik> , (5.24)
k=1

where ®(-) is the CDF of N'(0,1) and the vector (Z;1, ..., Zix) contains all polynomial combi-
nations of the first eight components Xj1, ..., X;g of the covariate vector X; with degrees less
than or equal to two (i.e., including the linear, quadratic, and one-way interaction terms).

The simulation results for our debiasing method under the oracle propensity scores (“Ora-
cle”), the Lasso-type logistic regression (D.4) (“LR”), and the aforementioned nonparametric
methods for propensity score estimation are shown in Figure 5.5. We provide more compre-
hensive results with the evaluation metrics from Section 5.4.2 and an additional metric, the
average mean absolute error (“Avg-MAE”), for the estimated propensity scores in Figure D.3,
Table D.7, as well as additional “QQ-plots” in Figure D.2 of Section D.4.1.

The main conclusion from this simulation study is that the performance of our debiasing
method can be further improved when the propensity scores are better estimated. Under
the MAR mechanism (5.24) and Gaussian design for covariate vectors X;,i = 1, ..., n, neural
network and Gaussian naive Bayes models outperform other machine learning methods in
estimating the propensity scores and generally lead to subsequent debiased estimators with
smaller biases, better coverage probabilities, and shorter confidence intervals. Conversely,
the Lasso-type logistic regression is misspecified and consequently degrades the performance
of the resulting debiased estimator. Another interesting phenomenon from these simulation
results is that our debiasing method sometimes performs better when using the estimated
propensity scores 7;,7 = 1, ...,n than when using the oracle propensity scores m; = w(X;),i =
1,...,n. Such a paradox has been analyzed in propensity score matching (Rosenbaum, 1987),
in IPW estimation for causal inference (Robins et al., 1992; Su et al., 2023), and in other
general parameter estimation problems in the presence of a nuisance parameter (Henmi and
Eguchi, 2004; Hitomi et al., 2008; Lok, 2021). A rigorous study of this paradox for our

debiasing method is beyond the scope of this chapter.
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Figure 5.5: Simulation results for our debiasing method with sparse 37 and (weakly) dense z(¥)
when the propensity scores are estimated by various machine learning methods under the new MAR,
setting (5.24). Top Left: Boxplots of the absolute bias. Top Right: Coverage probabilities with
standard error bars. Middle Left: Average lengths of confidence intervals with standard deviation
bars. Middle Right: Letter-valued plots of the MAE of estimated propensity scores. Bottom
Two Rows: Histograms of the studentized debiased estimators under different methods. We also
order the performance metrics according to their means in the first four panels.
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5.5 Stellar Mass Inference Problem

We showcase a real-world application of our proposed debiasing method to stellar mass
inference for selected galaxies in the Sloan Digital Sky Survey, Fourth Phase and Data
Release 16 (SDSS-IV DR16; Ahumada et al. 2020).

5.5.1 Background and Study Design

As discussed in Chapter 4, SDSS-IV DR16 contains three main survey programs, among
which the eBOSS survey and its predecessor BOSS cover a broad range of cosmological
scales and include observations of a vast number of galaxies. While a couple of value-added
catalogs for the estimated stellar masses of observed galaxies based on the BOSS spectra
are available (Blanton et al., 2005; Conroy et al., 2009; Chang et al., 2015), we focus on the
eBOSS Firefly value-added catalog (Comparat et al., 2017)! for our stellar mass inference
study given its timeliness and completeness. In more detail, this catalog fits combinations
of single-burst stellar population models to spectroscopic data for objects that have reliable
positive redshift measurements and are classified as galaxies by SDSS-IV DR16, following
an iterative best-fitting process controlled by the Bayesian Information Criterion to produce
stellar masses and other stellar properties of the galaxies (Wilkinson et al., 2017). A fraction
of the stellar mass estimates in the Firefly catalog are missing because of the limited use of
the observational run in SDSS-IV DR16 dedicated to galaxy targets, data contamination, and
the misclassification of galaxies as stars (Comparat et al., 2017). Given that we incorporate
various spectroscopic and photometric properties of the observed galaxies into the covariate
vector for our stellar mass inference task, it is reasonable to assume that the estimated stellar
masses are missing at random.

Since nearly all existing catalogs yield only point estimates of stellar mass, we intend to

leverage our debiasing inference method to answer two scientific questions:

e Question 1: How can we produce uncertainty measures (or confidence intervals) for the

!See https://www.sdss4.org/dr17/spectro/galaxy_firefly/.


https://www.sdss4.org/dr17/spectro/galaxy_firefly/
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estimated stellar mass of a newly observed galaxy based on its observed spectroscopic

and photometric properties?

o (Question 2: Is it statistically significant that the stellar mass is negatively correlated

with its distance to the nearby cosmic filament structures?

To this end, we obtain the spectroscopic and photometric properties of n = 1185 observed
galaxies within a thin redshift slice 0.4 ~ 0.4005 from the SDSS-IV DR16 database as basic
covariates. Such a thin redshift slice helps control redshift distortions caused by the Kaiser
effect (i.e., galaxies falling toward the galaxy cluster; Kaiser 1987) and the “Finger-of-God”
effect (i.e., the elongation of galaxy distributions along the line-of-sight direction; Jackson
1972). Among the galaxies in the selected redshift slice, 30.2% of their stellar masses are
missing in the Firefly catalog under the “Chabrier” initial stellar mass function (Chabrier,
2003) and the “MILES” stellar population model (Maraston and Strémbéack, 2011). In
addition, the covariate vector for each galaxy consists of right ascension, declination, ugriz
bands and their measurement errors, model and cmodel magnitudes for ugriz bandpasses,
galactic extinction corrections for ugriz bandpasses, median signal-to-noise per pixel within
each ugriz bandpass, original and best-fit template spectra projected onto ugriz filters as
well as their inverse variances, sky flux in each of the ugriz imaging filters, and signal-
to-noise squared for spectrographs #1 and #2 at g = 20.20, r = 20.20, and ¢ = 20.20
for SDSS spectrograph spectra. To capture nonlinear patterns in stellar mass estimation
and handle extreme values, we generate additional covariates by applying the logarithmic
transformations = — sign(x) - log(1 + |z|) to ugriz bands, galactic extinction corrections,
and flux features. We also remove covariates whose absolute correlation coefficients exceed
0.95 before generating univariate B-spline basis covariates of polynomial order 3 with 40
knots. We adopt B-spline basis covariates instead of the usual polynomial combinations
because covariates generated by univariate B-spline bases tend to be less linearly correlated
and can facilitate the subsequent inference task. To address Question 2 above, we compute

the angular diameter distances from the galaxies to the two-dimensional spherical cosmic
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Figure 5.6: Stellar mass inference with our debiasing and related methods. Left Panel:
Estimated propensity scores by “LR”, “NN”, and “NNcal”. Middle Panel: 95% confidence
intervals by different methods for the estimated stellar mass of the new galaxy, addressing
Question 1. Right Panel: 95% confidence intervals by different methods for the estimated
regression coefficient associated with the distance to cosmic filaments, addressing Question
2.

filaments constructed from SDSS-IV DR16 data by the directional subspace constrained
mean shift algorithm in Chapter 4. We also control for the confounding effects of nearby
galaxy clusters by including the angular diameter distances from galaxies to the estimated
local modes and intersections of filaments as extra covariates. The final dimension of the
covariate vector for each galaxy in the selected redshift slice is d = 1409, and we take the

natural logarithm of the Firefly stellar mass of each galaxy as the outcome variable.

5.5.2 Results

To address Question 1, we randomly select a galaxy in the nearby redshift slice 0.4005 ~ 0.401
as a new observation and construct its associated covariate vector as the query point z(@V)
following the procedures in Section 5.5.1. As for Question 2, we set the query point as
2@ =(0,0,1,0,...,0)" € R?, where the only nonzero entry corresponds to the covariate of
the angular diameter distance to cosmic filaments. We estimate the propensity scores (i.e.,
the probabilities of having a non-missing stellar mass) for the galaxies in the redshift slice
by the Lasso-type logistic regression (“LR”) in Section D.3 and the neural network (“NN”)
model described in Section 5.4.4. Nevertheless, as the left panel of Figure 5.6 shows, the

estimated propensity scores from the neural network model are too extreme, i.e., close to 0
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or 1, so we also consider calibrating them through Platt scaling (Platt, 1999), denoted by
“NNcal”.

Figure 5.6 displays the inference results from our proposed debiasing method and the
classical approaches in Section 5.4.1 applied to the complete-case data. Due to the sparse
structure of the design matrix created by B-spline bases, “DL-Jav” and “DL-vdG” fail to
produce reliable inference results. For Question 1, the 95% confidence intervals obtained
from our debiasing method cover the stellar mass of the new galaxy in the Firefly catalog
regardless of how we estimate the propensity scores or select the tuning parameter, while the
Lasso refitting method underestimates the stellar mass by a statistically significant amount.
For Question 2, the 95% confidence intervals produced by our debiasing and Lasso refitting
methods for the regression coefficient of the distance to cosmic filaments are both below 0,
aligning with the existing findings that galaxies are less massive when they are farther away
from cosmic filaments (Alpaslan et al., 2016; Kraljic et al., 2018; Malavasi et al., 2022). By
contrast, the 95% confidence interval obtained from the ridge projection method contains zero
and cannot support a statistically significant conclusion about the relationship between the
stellar masses of galaxies and their distances to cosmic filaments. These results demonstrate

the usefulness of our proposed debiasing method in practice.
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Chapter 6

CAUSAL INFERENCE FOR CONTINUOUS TREATMENTS
UNDER POSITIVITY VIOLATIONS

The preceding chapters develop geometry-aware tools for reconstructing cosmic web struc-
tures and using the resulting catalog in statistical analyses of galaxy properties. Chapter 5,
in particular, studies associations or correlations between the proximity of a galaxy to the
cosmic filaments and its stellar mass. However, it is well-known in statistics that association
or correlation does not imply causation (Holland, 1986; Pearl, 2009). Therefore, this chapter
turns to causal inference and develops rigorous methods for continuous treatments when the
usual positivity condition may fail. The motivating scientific question is whether a galaxy’s
local environment causally affects its star formation rate (SFR), a central component of the
long-standing “Nature versus Nurture” debate in galaxy evolution.

Because obtaining reliable SFR estimates and other required covariates of the observed
galaxies from SDSS alone is difficult, the empirical illustration in this chapter uses the Illus-
trisTNG cosmological simulation (Pillepich et al., 2018a,b; Springel et al., 2018) rather than
the SDSS-IV cosmic web catalog constructed in Chapter 4. This choice allows us to evaluate
the proposed causal estimands and their estimators in a setting where the relevant galaxy

properties and environmental variables are available in a controlled physical simulation.

6.1 Introduction

In observational studies, causal effects do not always result from standard binary inter-
ventions but rather arise from continuous treatments or exposures. The causal effect of a
continuous treatment variable T € 7 C R on an outcome Y € Y C R is typically sum-

marized by the dose-response curve t — m(t) = E [Y(t)], which characterizes the average
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outcome if all individuals in the population were assigned to a treatment level 7' =t (Robins
et al., 2000; Neugebauer and van der Laan, 2007; Diaz and van der Laan, 2013; Kennedy
et al., 2017). Here, Y® is the potential outcome (Rubin, 1974) that would have been ob-
served under treatment level T = ¢. Additionally, a set of covariates X € X C RY may
be observed, capturing potential confounding variables that influence both the treatment T’
and the outcome Y. Under standard identification conditions (Assumptions 6.1 and 6.2), the
dose-response curve coincides with the covariate-adjusted regression function t — E [u(t, X)],
where p(t,x) = E(Y|T = t, X = «), making it identifiable from the observable data for any
teT.

However, a central difficulty in observational studies is that the positivity condition may
fail. For continuous treatments, the standard positivity condition requires that each treat-
ment level of interest be feasible, with non-negligible conditional density, for all covariate

values in the target population.

Assumption 6.1 (Positivity). The conditional density pr x (t|x) is bounded above and away

from zero almost surely for all (t,x) € T x X.

The positivity condition (6.1) may be violated in observational studies for two main
reasons: (i) theoretically, it is impossible for some individuals with specific covariate values
to receive certain treatment levels, and (ii) practically, a finite data sample may fail to collect
individuals exposed to certain treatment levels; see Cole and Hernan (2008); Westreich and
Cole (2010); Petersen et al. (2012) for related discussions. These issues are particularly
pervasive in the context of continuous treatments. For instance, air pollution levels may vary
significantly across larger regions while remaining relatively consistent within smaller areas,
resulting in individuals in the same location being exposed to only one level of pollution. This
discrepancy, where spatial covariates change at a finer scale than the exposure measurement,
leads to violations of the positivity condition (Paciorek, 2010; Schnell and Papadogeorgou,
2020; Keller and Szpiro, 2020). When Assumption 6.1 is violated, the counterfactual mean

E [Y(t)] is not identifiable from the observed data distribution. As an illustrative example, we
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consider a binary covariate X € {0,1} with P(X = 1) = 1 and the conditional distribution
of T|X = x as (1 —z) - Uniform[—1, 1] 4+ 2 - Uniform[—1, 0]. Under the two potential outcome

models
Model 1: Y = X -t +¢, Model 2: Y = (X -t +¢€) - Ly<oy + € Loy,

where € is mean-zero noise independent of (7', X), the observed distribution of (Y7, X)
is identical under standard identification conditions (Assumption 6.2), but the positivity
condition is violated for X = 1 when T =t > 0. More importantly, the dose-response curves

t — m(t) = E [YV] under these two models differ:
t t
Model 1: E [Y?] = 5 forall € [~1,1], Model 2: E [Y®] = 5 Lasisop

This chapter develops several remedies for causal inference with continuous treatments
under positivity violations. First, in Section 6.2, we introduce a novel identification strategy
for the counterfactual dose-response curve m(t) and its derivative 6(t) = 4 [V¥)] based on
conditional expectations and an additive structural model assumption on Y. Leveraging
this strategy, we propose an integral estimator of m(t) and a localized estimator of 6(t), both
of which remain consistent even when the positivity condition (6.1) fails in some regions of
T x X.

Second, in Section 6.3 and Section 6.4, we show that conventional inverse probability
weighting (IPW) and doubly robust (DR) estimators remain biased under positivity viola-
tions, even when m(t) and 6(t) are identifiable under an additive structural model. The bias
arises from a discrepancy between the conditional covariate support X'(t) at treatment level
t and the marginal covariate support X of the target population. We use nonparametric set
estimation to construct bias-corrected IPW and DR estimators for 6(t) and, consequently,
bias-corrected estimators for m(t) with the integral estimator strategy.

Finally, we argue in Section 6.5-Section 6.7 that, when positivity (Assumption 6.1) fails,
the classical dose-response curve may no longer be the most scientifically meaningful target

estimand. We thus consider a new counterfactual regime defined by the nearest feasible
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treatment policy (NFTP). Given the target level ¢ty € T, the NFTP intervention assigns each
unit with covariates @ € X the treatment level in its conditional feasible set 7 (x) that is
closest to tg, where 7 (x) denotes the support of the conditional treatment distribution of
T given X = x. The induced mean potential outcome curve coincides with the classical
dose-response curve when positivity holds, because then t, is feasible for every covariate
value. When positivity fails, the policy modifies only unsupported treatment assignments
while preserving the original target population. This distinguishes the NFTP estimand from
propensity score trimming approaches, which address positivity violations by changing the
population under study (van der Laan and Petersen, 2007; Branson et al., 2023). The NFTP
is also distinct from modified treatment policies (Munoz and van der Laan, 2012; Haneuse
and Rotnitzky, 2013), which intervene by modifying each unit’s natural treatment value
rather than by projecting an externally specified target level onto the unit-specific feasible
support.

To conclude this chapter, we apply the proposed framework to the IllustrisTNG cos-
mological simulation data to study the causal effect of local environment on galactic SFR.
Although the preceding chapters use SDSS observations to reconstruct and analyze cosmic
web structures, conducting a reliable causal analysis of SFR that includes the other required
covariates is substantially more difficult with data from such a sky survey. The IllustrisTNG
simulation provides a suitable complementary test bed. It records galaxy properties, halo
information, and related environmental measurements across cosmic time (or redshift), al-
lowing us to examine positivity violations and compare the proposed NFTP-based estimators

with existing dose-response analyses.
6.2 Basic Setup, Identification, and Integral Estimation Strategy

Following the potential outcome framework (Rubin, 1974), we let Y® denote the potential
outcome that would have been observed under treatment level T = ¢t. The mean counterfac-

tual outcome for the continuous treatment variable can be written as t — m(t) = E [Y(t)],

and its derivative effect curve is defined as t — 0(t) = %E [Y(t)]. We first state some basic
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identification assumptions.

Assumption 6.2 (Basic causal conditions). For any t € T, the following conditions hold:
(a) (Consistency) T =t implies that Y =Y.
(b) (Ignorability or unconfoundedness) Y'® is conditionally independent of T given X .

Assumption 6.3 (Treatment variation). The conditional variance of T' given any X = x €

X is strictly positive, i.e., Var(T|X = x) > 0 for any x € X.

Assumption 6.2(a) is the usual consistency condition that requires the observed outcome
to agree with the potential outcome under the treatment actually received (Kennedy et al.,
2017). Implicit in this formulation is that the intervention T' = ¢ is well-defined, ruling out
interference and relevant hidden versions of treatment as in the stable unit treatment value
assumption (SUTVA; Page 19 of Cox 1958 and Rubin 1980). For continuously distributed
treatments, where regular conditional distributions of (potential) outcomes given T = ¢
are generally defined only for almost every ¢ € T, we would formulate Assumption 6.2(a) as
Y ™) =Y almost surely. The ignorability condition in Assumption 6.2(b) was first generalized
to continuous treatments by Hirano and Imbens (2004), implying that the potential outcome
variable is independent of the treatment within each specific stratum of covariates. In spatial
confounding, this condition holds when spatial locations are adjusted for (Gilbert et al.,
2023). It further ensures that the mean potential outcome under 7' = t is invariant across
treatment levels, conditional on X = x. Finally, Assumption 6.3 is crucial for identifying the
conditional mean outcome (or regression) function pu(t,x) = E(Y|T =t, X = x) over a non-
degenerate region of 7 x X'. Notice that when T is binary and model (6.4) below is assumed,
it can be relaxed to the “strict overlap with positive probability” condition in Section 4.2
of D’Amour et al. (2021). In the context of a continuous treatment 7', we demonstrate how
Var(T|X = x) = 0 for some & € X can lead to ambiguous definitions of the associated

dose-response curves in Example E.1 of Section E.1. In cases where Assumption 6.3 fails,
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we also derive nonparametric bounds on m(t) and its derivative 0(¢) in Section E.1 under an
additive confounding model (6.4) stated in Section 6.2.1.

Unfortunately, Assumptions 6.2 and 6.3 alone are insufficient to identify the dose-response
curve ¢t — m(t) = E [V V] with observable data in the standard manner, such as through the
covariate-adjusted regression function (or g-formula; Robins 1986) E [u(t, X)] = [, u(t, z) dP x ().
The key reason is that without the positivity condition in Assumption 6.1, the conditional
mean outcome function pu(t,x) = E(Y|T =t, X = ) is ill-defined in those regions of T x X
outside the support £ of the joint density pr x(¢t,x). The same argument applies to the
identification of the derivative effect curve t — 60(t) = %E [Y®]. To resolve this identi-
fication issue, we introduce an additional assumption to identify the derivative curve 6(t),

subsequently linking the identification of m(t) to 6(¢) via an integral formula.

Assumption 6.4 (Extrapolation condition). The function E[Y®|X = x| (or one of its
versions) is continuously differentiable with respect to t for Px-almost every @ € X. More-

over, for Pr-almost every t € T, the following equalities hold true:
6t)=E | CE[YO|X]| =E | 2E [y©|X] ‘T —t| . (6.1)
ot ot
Additionally, it holds true that B(Y") = E [m(T)].

The first equality of (6.1) essentially reflects the interchangeability of expectation and
partial derivative operations, which holds under mild conditions. In particular, this equality
is valid if ’%E [Y®]X]| is bounded by some integrable function ji(X) with respect to the
distribution of X; see Theorem 1.1 and Example 1.8 in Shao (2003). The key identification
condition in Assumption 6.4 is captured by the second equality in (6.1), which resembles the
(strong) parallel-trends condition imposed by the difference-in-differences design (Abadie,
2005; Callaway et al., 2024). As demonstrated by Proposition 6.1 below, it connects the
hypothetical potential outcome regime and the observable data distribution. More impor-
tantly, this assumption allows identification of §(¢) by extrapolating from the support X (t)
of pxr(z|t), where positivity holds, to the entire marginal support X of px(x). We will
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also verify in Section 6.2.1 that an additive confounding model (6.4) and its variant satisfy

the second equality of (6.1).

Remark 6.1. As an alternative to Assumption 6.4, we may also assume that the potential
outcome Y'®) is continuously differentiable with respect to t almost surely and that, for every
to € T, there exists a neighborhood N (ty) and an integrable random variable Gy, such that
SUDse N (10) |%Y(t)’ < Gy, almost surely. Then, 6(t) = E[2Y"] = E[E [%Y(t)’XH. If, in

ot
ot

X] (T:t},

then this provides an alternative formulation of the extrapolation condition in Assump-

addition,
E|E |2y
ot

tion 6.4. Smoothness assumptions imposed directly on YO have also been considered, for
example, in Assumption 3 of Rothenhdusler and Yu (2019) for identifying incremental ef-
fects.

Proposition 6.1 (Identifications for 6(t) and m(t)). Under Assumptions 6.2, 6.3, and 6.4,

we have that for Pr-almost every t € T,

o) = E l%l@? Y| X] ‘T - t] —E {%,u(t, X)‘T - t] = 0c(1), (6.2)
where u(t,x) = E(Y|T =t,X = x). Furthermore, if the marginal support T is connected,
then

=t t=t o - 1
m(t) =E |m(T) +/ O(t)dt| =E(Y)+E / E [—/,L(t,X)‘T = t} dty.  (6.3)
=T —r ot

The proof of Proposition 6.1 is in Section E.2.1. These identification formulas suggest
that the derivative curve #(t) is identifiable through 6s(t) = E [%,u(t, X )‘T = t}, and we
only require 2u(t,z) = 2E(Y|T =t,X =) to be well-defined whenever pxr(xz|t) >
0 for any t € T. This serves as our key technique to bypass the restrictive positivity
condition in Assumption 6.1 in the context of continuous treatments. Furthermore, once
0(t) is identifiable from observable data, we can relate the identification and estimation of

the dose-response curve m(t) back to 6(t) by the fundamental theorem of calculus. All the
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quantities on the right-hand sides of (6.2) and (6.3) are estimable from the observed data
{(Y;,T;, X;)};_, even without the positivity condition in Assumption 6.1; see Section 6.2.2

for more details.

6.2.1 Motivating Example: Additive Confounding Model

The key running example in this chapter is the additive confounding model defined as:
YO —m(t) + n(X) + e, (6.4)

where m(t) is the primary treatment effect of interest, (X)) is the random effect, and € € R
is an independent noise variable with E(e) = 0.

Under model (6.4) and Assumption 6.2(a), the outcome model becomes Y = m(T) +
n(X)+e. Such an additive form is a common working model in spatial confounding problems
(Paciorek, 2010; Schnell and Papadogeorgou, 2020) and is also known as the geoadditive
structural equation model (Kammann and Wand, 2003; Thaden and Kneib, 2018; Wiecha
and Reich, 2024), where X € R? are the spatial locations (usually with d = 2) or other
spatially correlated covariates that affect both the treatment 7" and the outcome Y. We
summarize some key properties of the additive confounding model (6.4) in the following
proposition, whose proof is in Section E.2.2. In particular, Proposition 6.2(c,d) verifies

Assumption 6.4 under model (6.4).

Proposition 6.2 (Properties of the additive confounding model). Let u(t,xz) =E(Y|T =t, X = x) =
m(t) + n(x) under the additive confounding model (6.4). Assume that m(t) is differentiable

for Pr-almost every t € T. The following results hold for any t € T under Assumptions 6.2

and 6.5:

(a) E[u(t, X)] = m(t) when E[n(X)] = 0.
(b) 0(t) # LE [pu(t, X)|T = t] when LE [n(X)|T =t] # 0.

(c) 0(t) =E [Su(t,X)] =E [Su(t, X)|T =t] =0c(t).
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(d) E(Y) =E [T, X)] = E[m(T)], where m(t) = E [YV)].

Remark 6.2 (Identification of m(t) under model (6.4)). When the additive confounding
model (6.4) holds, the dose-response curve m(t) = E[Y®)] is indeed identifiable under As-
sumption 0.2 via the standard G-computation formula E [u(t, X)] = m(t)+E [n(X)] (Robins,
1986; Gill and Robins, 2001), leading to the regression adjustment (RA) estimator of m(t)

as:
1 n
mea(t) ==Y 0t X;), .
Ana(t) = 5 3R, X) (6

where [i(t, x) is any consistent (additive) regression estimator (Stone, 1985) of the conditional
mean outcome function u(t,x) = E(Y|T =t, X = x). However, if the positivity condition
in Assumption 6.1 fails at certain points (t,X;) € T x X, mpa(t) may become unstable or
even inconsistent. Our identification formula (6.3) thus offers an alternative approach to
identifying m(t) under model (6.4). The associated integral estimator (6.8) in Section 6.2.2

aggregates deriwative effects over T, producing a more stable and consistent estimate.

In addition to the additive confounding model (6.4), Assumption 6.4 holds under the

following more general model:

YO = m(t) + (X1, Xo) + (X1, 1) - ®(X,) + ¢ with E [(ID(XQ)’Xl,T} =0 almost surely,
(6.6)

where the covariate vector is X = (Xl,X2)T EXixXo CRY andn: X x X — R,q:
X xT - R, ®: & — R are deterministic functions. We further assume that ¢t — m(t) and
t — q(xy,t) are continuously differentiable with respect to t for Px, -almost every @;, and
their derivatives satisfy the integrability conditions needed to interchange differentiation and

expectation.

6.2.2  Proposed Integral Estimator of m(t)

Given the observed data {(Y;,T;, X;)};_,, our estimation strategy for addressing violations

of the positivity condition in Assumption 6.1 is motivated by three critical insights.
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e Insight 1: Local estimation on the observed support. Rather than estimating
w(t, ) and its partial derivative % p(t, x) over the entire product space T x X, it suffices
to estimate these functions over the joint support of (7, X)), where the observed data
provide sufficient local information. Under appropriate smoothness, local treatment

0

variation, and other regularity conditions, 5 (¢, ) can be consistently estimated with-

out extrapolating the outcome regression to unsupported treatment-covariate pairs.

o Insight 2: Estimation of §(t) via f¢(t). The localized form (1) = E [%p(t, X) ‘T - t}
averages %,u(t, x) with respect to the conditional distribution P x|r—;. Consequently,
estimation of 0(t) requires sufficient accuracy of the derivative estimator under this
conditional distribution, rather than uniformly over the entire marginal covariate sup-

port X.

e Insight 3: Integral relation between m(t) and 6(t). The integral relation (6.3)
suggests that, if 6 (;fv) can be estimated accurately over the treatment values ¢ connecting
the observed treatment levels T; to the target level ¢, then m(¢) can be estimated with-
out directly evaluating pu(t, X;) at treatment-covariate pairs outside the joint support,

even when pr x(t,x) = 0 for some & € X.

Based on these insights, the RA estimator of #(¢) under model (6.4) without assuming

the positivity condition is given by
Oora(t) = /E(t,az) dﬁX|T(az|t), (6.7)

where B(t,x) and ﬁX|T(m|t) are consistent estimators of B(t,@) = Zu(t,z) and the con-
ditional cumulative distribution function (CDF) Pxr(x|t) := Fxr(x|t), respectively. By
(6.3), the integral RA estimator of m(¢) under model (6.4) can be written as:

n

R 1
mora(t) = - Z

=1

1=t
Yz+[ Oc.ra(t) d%v] : (6.8)
t=T;

Both estimators (6.7) and (6.8) are consistent even when the positivity condition (Assump-

tion 6.1) is violated (Zhang et al., 2024).
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6.3 Estimation Issues of IPW Estimators Under the Additive Confounding
Model (6.4)

Although the causal quantities m(¢) and 6(t) are identifiable under the additive confounding
model (6.4), the IPW formulae

v (%)

h-prix(T|X)

Y () K (1)

lim E
th2 . pT\X(T’X)

h—0

=E[u(t,X) and limE
h—0

0
=FE | —ut, X
200
(6.9)
are typically biased without positivity due to the support discrepancy between X(¢) from
the conditional density pxr(x|t) for t € T and X’ from the marginal density px ().

6.3.1 Assumptions

We introduce some regularity conditions for our theoretical analysis. Let J C 7 x X be the
support of the joint density pr x (¢, ), J° be the interior of J, and 0J be the boundary of
J.

Assumption 6.5 (Differentiability of the conditional mean outcome function). For any

(t,x) € T X X so that p(t,x) = E(Y|T =t, X = x) is well-defined, it holds that

(a) u(t,x) is at least three times continuously differentiable with respect to t.
(b) wu(t,x) and all of its partial derivatives are uniformly bounded on T x X.

(c) There exist constants o, c; > 0 such that Var(Y|T = t, X = x) > 0% and E|Y|*™ < cc.

Assumption 6.6 (Differentiability of the density functions). For any (t,x) € J, it holds
that

(a) The joint density prx(t,x) and the conditional density prx(t|x) are at least three

times continuously differentiable with respect to t.

(b) prx(t,x), prix(tlx), pxr(x|t), as well as all of the partial derivatives of pr x(t,x)

and prix (t|x) are bounded and continuous up to the boundary 0J .
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(c) The support T of the marginal density pr(t) is compact and pr(t) is uniformly bounded

away from 0 within T .

Assumption 6.7 (Regular kernel Conditions). A kernel function K : R — [0, 00) is bounded
and compactly supported on [—1,1] with [, K(t)dt =1 and K(t) = K(—t). In addition, it
holds that

(a) kj = [pu K(u)du < oo and vj := [/ K*(u)du < oo forall j =1,2, ...
(b) K is a second-order kernel, i.e., k1 =0 and kg > 0.

(c) K = {t’ > (t/h )kl K(tl—;t) teT,h>0k = 0,1} is a bounded VC-type class of

measurable functions on R.

Assumptions 6.5 and 6.6 are common smoothness conditions for derivative estimation
with kernel smoothing methods (Gasser and Miiller, 1984; Mack and Miiller, 1989; Wand
and Jones, 1994; Wasserman, 2006). These assumptions can be relaxed by the Holder conti-
nuity condition. The uniform lower bound on pr(t) within its support 7 in Assumption 6.6(c)
is only needed when we establish the uniform consistency of our proposed estimators and
identify the derivative effect curve 6(t) when the positivity condition is violated. Assump-
tion 6.7(a,b) are properties of commonly used kernel functions rather than regularity con-
ditions, such as the triangular kernel K(u) = (1 — |u|) 1{4<1; and Epanechnikov kernel
K(u) = %(1 — u?) Lgjy<1y- Finally, the VC-type condition in Assumption 6.7(c) is only re-
quired when we are interested in the uniform consistency of our proposed estimators over

T.

6.3.2 Main Inconsistency Results

To examine the biases in (6.9), we can equivalently analyze the following oracle IPW esti-

mators of m(t) and 6(t) defined as:

I Y K (%) 1 Y () K (5
mipw (t) nhzm and 91pw() nhQZ 2 (DX (6.10)
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where the estimated conditional density pr x (t|«) is replaced by the true one ppx (t|x).

Proposition 6.3 (Inconsistency of IPW estimators). Suppose that Assumptions 6.2, 6.3,
6.5, 6.6(c), and 6.7(a-b) hold under the additive confounding model (6.4). Assume also
that when the bandwidth h is small, the Lebesque measure of the symmetric difference set
satisfies | X (t + uh)AX (t)| = |[[X(t + uh) \ X ()] U [X(t) \ X(t +uh)]| = o(1) for anyt € T

and u € R. Then, when h is small, the expectation of mipw(t) in (6.10) is given by
E [mupw (1)) = m(t) - p(t) + w(t) + o(1),

where p(t) = P (X € X(t)) and w(t) = E [n(X)Ixexwy]- If, in addition, there exists a
constant A, > 0 depending on h such that

/ E {[m(t) + n(X)] [Lixex@runnrm) — Lixexenresuny] } v K(uw)du=O(A;) (6.11)
R

for any t € T and u € R when h is small, then the expectation of é;pw(t) in (6.9) is given
by
~ _, Ah
E {elpw(tﬂ =l(t) - p(t) +0 (52 ).
We emphasize that the IPW estimators in (6.10) have two layers of bias. First, if % — 0

as h — 0 (see also Remark 6.3 below), then the results in Proposition 6.3 imply that

B e (0] = B |2 CE L = ) ) (1) # o),
I [few(®)] = lim E _hf (_Zi((ﬂ,)() =l (1) plt) # (0,

where we recall that m(t) = m(t) + E [(X)] and 6(t) = m/(t) from (6.4). Second, if 2= does
not converge to 0, then the bias of ngw(t) will be larger and can even diverge to infinity as
h — 0. In reality, the estimation biases or inconsistencies of IPW estimators in (6.10) are
due to the discrepancy between the conditional support X'(t) of pxr(|t) and the marginal
support X of px(x). To correct for the bias of IPW estimators, it is necessary to address

the geometric discrepancy, a solution to which will be elaborated upon in Section 6.4.
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Finally, since both RA and IPW estimators cannot be used to identify and estimate m/(t)
and 6(t) due to identification and inconsistency issues, the previously studied DR estimators

for m(t) and 6(t) would not provide meaningful results as well when positivity is violated.

Remark 6.3. The condition (6.11) is best viewed as a reqularity property rather than a
substantive modeling assumption. This is because as h — 0, the differences between two sets
X(t+ uh)\ X(t) and X(t) \ X(t + uh) shrink to 0 for any t € T and u € R. Additionally,
when the expectation in (6.11) is independent of u, one can deduce by the second-order kernel
property of K that the left-hand side of (6.11) is 0. Hence, as h — 0, the left-hand side of

(6.11) should converge to 0 at a certain rate depending on h.

6.4 Nonparametric Inference on 6(t) Under Positivity Violations

In this section, we present our solution for addressing the estimation biases of IPW estimators
for the dose-response curve m(t) and its derivative 0(t), as described in Section 6.3, when
the positivity condition in Assumption 6.1 is violated. Specifically, our proposed IPW and
DR estimators for 6(¢) under the additive confounding model (6.4) rely on a consistent
estimation of the interior region of the support of the conditional density pxr(x|t). Our
approach establishes a connection between the classical support estimation problem and a

contemporary causal inference challenge, namely the dose-response curve estimation problem.

6.4.1 Bias-Corrected IPW and DR Estimators of 0(t)

Recall from (6.10) and Proposition 6.3 that the oracle IPW estimator of 6(t) is the sample
T-t)fe(T=t

average of the IPW quantity =,(Y, 7, X) = %, and it is biased for estimating

the quantity of interest 6(t) = m/(t) even under model (6.4). In particular, E[Z,(Y, T, X)]

converges to m/(t) - p(t) as h — 0 under some mild regularity conditions, where p(t) =

P(X € X(t)) for any t € T. The first step toward removing the bias of E [E,(Y, T, X)] is to

decouple the quantity of interest (t) = m/(t) from the nuisance function p(¢). To this end,
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we consider a modified IPW quantity defined as:

pxe(X[H) Y (5) K (57) pxir(X[D)

=Y, T,X) =5V, T, X) - = , 6.12
t( ) t( ) pX(X) h2 Ko - pT7X(T, X) ( )
in which we multiply the original IPW quantity Z,(Y,7, X) by a density ratio p;;z(())gt)'

The following proposition demonstrates that the remaining bias in E [Et(Y, T, X )] can be

disentangled from the quantity of interest 6(¢) = m/(¢) in an additive form.

Proposition 6.4. Suppose that Assumptions 6.2, 6.3, 6.5, 6.6(c), and 6.7(a-b) hold under
the additive confounding model (6.4). Then, when the bandwidth h is small, the expectation
of the modified IPW quantity (6.12) is given by

E [Et(y, T, X)] =@/ (t) + O(h?)

+ / E {[m(t + wh) + n(X)] [Lixexrunnrm — Lixexo\x@run)}] ‘T = t} u- K(u) du.
R

Proposition 6.4 reveals that the estimation bias of the modified IPW quantity (6.12)
results from the support discrepancy between X(¢) and the integration range X (t + uh)
for a given integration variable u € R; see Figure 6.1 for an illustration. As shown in
Proposition 6.3, this additive bias may not always shrink at the rate O(h*) as h — 0.
To further reduce the bias of the modified IPW quantity (6.12) to O(h?) without assuming
positivity, we address the support discrepancy of (6.12) by restricting the conditional density
px|r(x|t) to its interior region, defining it as pc(x|t), and refining (6.12) as:

h
h? - ko 'pT,X(Ty X)

Y (5) K (5 X1

SV, T, X) = (6.13)

Essentially, the only requirement for defining the -interior conditional density p¢(x|t) is that

its support satisfies the following condition:
{x e X(t):pc(x|t) >0} C X(t+6) forany o€ [—h,h] (6.14)

We propose two approaches for defining p(z|t) and leave other options to interested readers.
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1. Support Shrinking Approach: Let X' ()¢ = {:c € X(t) :infy con || — 1| > C}
denote the set of interior points of X'(¢) that are at least a distance ¢ away from the boundary

of X(t). Then, for a tuning parameter ¢ > 0, we define the (-interior conditional density by

pxir(@]t) - Lzexmoq
f)((t)@( pX\T(m1|t) da;

pe(lt) = o pxr(®|t) - Lzexmecy- (6.15)

This interior density is indeed the conditional density px|r(x|t) restricted to the interior of
its support X (t). Its estimator p¢(x|t) can be constructed using a support estimator X(t)
and constraining the conditional density estimator pxr(|t) within the region X (t)oc.

2. Level Set Approach: Let L£.(t) {a: € X(t) : pxr(x|t) > C} be the (-upper level
set of the conditional density pxr(x|t). Then, we define the (-interior conditional density

as:
pxr(zt) - ]l{méﬁg(t)}

fﬁ )y Px|T (21]t) day

pe(x|t) = o px|r(x|t) - ]l{meﬁg(t)}. (6.16)

The level set approach restricts the conditional density px|r(x|t) to the high-density region,
which is generally located away from the support boundary. We may construct the estimator
De(z|t) using a level set estimator £< = {x € X(t) : pxr(x|t) > (} and constraining
Pxir(alt) to L(t).

We further specialize condition (6.14) for the above two approaches by introducing the

following smoothness condition on the conditional support X (¢).

Assumption 6.8 (Smoothness condition on X (t)). For any 6 € R and t € T, there ezists
an absolute constant Ay > 0 such that either (i) X(t) © (Ag|o]) C X(t + ) for the support

shrinking approach or (ii) La,5(t) C X(t 4 0) for the level set approach.

To some extent, Assumption 6.8 can be viewed as a Lipschitz condition of the conditional
support X (t). It can be satisfied when the Euclidean norm of the gradient vapX‘T x|t) H2
is bounded away from 0 at the boundary of X'(t) (Cadre, 2006) or under the standardness
condition in Cuevas (1990); Cuevas and Fraiman (1997). This assumption allows us to ignore
the boundary discrepancy as long as we do not evaluate our IPW quantity (6.13) near the

boundary; see Figure 6.1 for a graphical illustration.
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Support shrinking approach Level set approach

X(OAX(E+ ). 2

Figure 6.1: Graphical illustrations of the support discrepancy between X (t) and X (t+¢) for
t € T as well as Assumption 6.8, where § can equal uh € R.

Proposition 6.5. Suppose that Assumptions 6.2, 6.3, 6.5, 6.6(c), 6.7(a-b), and 6.8 hold
under the additive confounding model (6.4). Then, when h € (0, A%) is small with Ay > 0
defined in Assumption 6.8, the expectation of the modified IPW quantity (6.13) is given by
E |2 (Y, T, X)| =@/ (t) + L5 m® (1) + O (h?) .

K2

This result demonstrates that the expectation of our newly modified IPW quantity
§t7<(Y, T,X) in (6.13) converges to the quantity of interest 6(t) = m/(t) at the standard
rate O(h?) as h — 0 under the additive confounding model (6.4). Notice that the tuning
parameter ( = (, > 0 in (6.15) is allowed to converge to 0 as n — oo, provided that the
condition |§| < h = h, < g—fg holds under Assumption 6.8. In this regime, the population on
which the causal parameter 6(t) is defined remains asymptotically unchanged.

Given this newly modified IPW quantity (6.13), we propose the bias-corrected TPW

estimator of () without the positivity condition as:

5 L Y (5 K () Pe(Xiift)
bopw(t) = 15 D = Ko -ﬁ(T? X;)
1 ) (2

1=

, (6.17)

where D(t, x) is a consistent estimator of the joint density pr x (¢, ) and pc(x|t) is an esti-

mated (-interior conditional density.
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Finally, we combine the modified RA estimator (6.7) with our bias-corrected IPW esti-

mator (6.17) to propose our bias-corrected DR estimator of (t) as:

é\C,DR(t) = niﬂ Z ( h_ )/{f g?(% >§f)(Xl|t) [Y; - ZZ(t, Xi) - (T, - t) ) B\(ta Xz)

=1

(6.18)
+ /E(t,m) Be(|t) de.

For the RA component of §C7DR(75), we replace the original conditional CDF estimator F X|T
in (6.7) with the estimated (-interior conditional density p.. This modification is necessary

because the IPW component of §C7DR(t) is defined through p.. Both the RA and IPW

components need to match in the definition of §C7DR(t) for consistency.

As shown by Theorem 6.6 in Section 6.4.2, é\C,DR(t) enjoys a doubly robust inference
property when positivity fails under the additive confounding model (6.4). Furthermore,

both é\C,DR(t) and é\c’lpw(t) remain consistent for #(¢) when positivity holds, because the

Ir=t). T—t
% in (6.17) reduces to 1% asymptotically as ¢ — 0 under

positivity. Therefore, @\CDR(t) with nonparametric nuisance function estimation enjoys two

(population) factor

layers of robustness: double robustness against model misspecification under positivity, and

robustness to violations of positivity.

Remark 6.4. While both the support shrinking and level set approaches are valid, we rec-
ommend the level set approach in practice, as support estimation is notoriously difficult in
nonparametric statistics (Devroye and Wise, 1980). Additionally, selecting an appropriate ¢
for the support shrinking method is nontrivial. In contrast, level set estimation has been stud-
ied for decades (Cuevas and Fraiman, 1997; Cadre, 2006), and the threshold can be chosen,
e.g., as ( = 0.5-max {]/)\X‘T(Xihf) i =1, ,n} In practice, §C7DR(t) is fairly insensitive to a
broad range of ( values. Users can adjust the multiplier 0.5 in this rule, where smaller values
increase the effective sample size but raise the risk of violating condition (6.14). Determin-
ing an optimal ( that trades off finite-sample precision and violation of (6.14) is beyond the
scope of this chapter.
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6.4.2 Asymptotic Theory

The following theorem summarizes the asymptotic properties of our DR estimator (6.18) of
6(t) under the additive confounding model (6.4) without assuming the positivity condition.
Theorem 6.6 (Asymptotic properties of é\c,DR(t) without positivity). Suppose that Assump-
tions 6.2, 6.3, 6.5, 6.0, 6.7, and 0.8 hold under the additive confounding model (6.4), and

the support X C R? of the marginal density px is compact. In addition, [, E, Pe, D are con-
structed on a data sample independent of {(Y;, T;, X;)}1. For any fixedt € T, we let i(t, x),

— ~

B(t,x), pc(x|t), and p(t,x) be fized bounded functions to which [i(t,z), B(t, x), pc(x|t), and

p(t,x) converge. If, in addition, we assume that
(a) P, pe satisfy Assumptions 6.6 and 6.8 as well as Vnh? ||pe(X|t) — po(X|t)]|,, = o(1);
(b) either (i) ji=u and B = B or (i) p = p;
(c) m[||ﬁ<<X|t>p<(X|t)HL2+ guﬂpqﬁ(u,X)p(u,X)LQ] (176,50 = e X1, + 1 [[fe. 30— e 20|, | =
op(1),

then

Vnh3 {%m(t) - H(t)]
- Z {¢ (YT X 1. B p ) + VB [ [ Bte.2) petalt o - e(t)} } +op(1)

when nh™ — c3 for some finite number c3 > 0, where

() K () - (X TD)

Vhoro - p(T,X) Y = At X) = (T = 1) (8, X))

¢C7h,t (Y7 TaX7laaB?ﬁ7]§C) =

Furthermore,

Vi [Bom(t) — 0(t) = W Bea(t)] 5 N (0, Ve ()

with Ve (t) = im E [67,,, (V. T, X1, 8.5, pc)] and

Ty {3§tp<t»w>~m“<t>+p<w>[m<3><t>—3§11ogp<t,w>-m”<t>] }ﬁc(wlt) dr  when i =y and B = B,

6Gra p(t,x)

Bep(t) =
£ mB)(¢) when p = p.

6ro
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We emphasize that the limiting quantity p. of p; in Theorem 6.6 need not be the true
interior conditional density pc, but may be a sufficiently smooth surrogate. A fast-rate
estimator of p. can be obtained, for example, by (i) using a fixed-bandwidth kernel density
estimator (KDE), in which case p. corresponds to the quantity implied by the smoothed
density E[p,] with p,, being the KDE with bandwidth w, or (ii) adopting a parametric model
for pe(z|t), where p; is defined as the Kullback-Leibler projection of the true conditional
density p(x|t) onto the parametric family. Both approaches achieve a y/n rate of convergence
to their respective targets. Thus, although the typical rate of convergence for the conditional
interior density function estimator p; to the true interior conditional density pc is of order
O (nff’ﬂ%d) (Cuevas and Fraiman, 1997; Tsybakov, 1997), which appears slower than the
requirement v/nh ||pe(X|t) — pe (X |t)]] 1, = 0p (1), Theorem 6.6 remains applicable because
we only need the convergence toward p¢, not to the true pe.

Note that Vig(t) in Theorem 6.6 can be estimated by

n

2
Vealt) =+ 3 {ocns (VT X5, 5) + VAT | [ Bt elelt) de — Guon (0] §
i=1

and choosing the bandwidth A to be of order O (n_%> ensures valid inference. As a corollary,
we can plug either IPW (6.17) or DR (6.18) estimators into our integral formula (6.8) to

obtain the integral IPW or DR estimators of the dose-response curve m(t) under model (6.4).
6.5 Nearest Feasible Treatment Policy

In this section, we formally define the NFTP target estimand and show that it is identified
by the g-formula for the NFTP regime, under consistency and no-unmeasured confounding

assumptions but without requiring the positivity condition.

6.5.1 Causal Estimand Induced by NFTP

The central idea of how NFTP resolves the non-identifiability of the static intervention T" = t,

in the dose-response curve is to always restrict the treatment assignment within the feasible
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set T (x) for each unit with covariates @ € X. At a high level, the NFTP intervention
targeted at ty is a possibly dynamic treatment regime that assigns to each unit with X = @
the closest value t(x) to ty in the support 7 () of the conditional distribution of 7" given
X = z. Since T and X take values in 7 C R and X C RY respectively, both equipped with
their Borel o-fields B(R) and B(R?), a regular conditional distribution of 7" given X exists.

In the sequel, we fix one such probability kernel
U(x,A)=P(T € A|IX =x), forany A€ B(R).
For every & € X', we define the conditional treatment support as:
T (x) :=supp (V(x,")) ={t e R: U(x, (t —€,t+¢€)) >0 for every € > 0}. (6.19)

While it is defined through a chosen probability kernel for every x, T (x) and the regular
conditional distribution of T' given X are determined by the joint law of (T, X) only Px-
almost everywhere. Furthermore, 7 (x) is a nonempty closed subset of R. We use Ppjx—z
interchangeably with the fixed kernel W(x,-). When U(z,-) is absolutely continuous with
respect to the Lebesgue measure, we write pyx (-|z) for a specified jointly measurable den-
sity. In particular, by (6.19), t € T () if and only if fttj; prix (u|x) du > 0 for every e > 0.
Any modification of pyrx(-|x) on a Lebesgue measure-zero set would not change the defi-
nition of 7 (x). We also impose the following uniqueness and measurability assumption to

disambiguate the definition of ().

Assumption 6.9 (Unique measurable projection). For Px-almost every x € X and a fized
to € R, the projection set

II(ty, @) := arg min |t — to|
teT (x)

is a singleton denoted t5(x). Furthermore, defining t§(x) arbitrarily on the exceptional P x -

null set, the map x — t§(x) is measurable.

Given a fixed t(, under Assumption 6.9, we set t(x) to any arbitrary but fixed value in R

on the exceptional P x-null set on which the projection is not uniquely defined. This arbitrary
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treatment assignment rule on the P x-null set does not affect any population quantity defined
below.

Let Y ) denote the potential outcome under the measurable dynamic regime x + t(x).
Our target estimand, throughout referred to as the NFTP estimand at to (or simply the
NFTP estimand when the targeted point is clear), is

mo(to) == E [Y )] (6.20)

We refer to the map ty — mo(tp) as the NFTP curve. Note that (6.20) reduces to the
classical dose-response curve to — m(ty) when positivity holds for all ¢y, in the sense that
t5(X) = to almost surely. In such a case, the NFTP intervention at each ty becomes the

static intervention that assigns treatment level ¢, to the entire population.

6.5.2 Positivity-Lean Identification

Throughout this section, we continue to work under Assumption 6.2. Assumption 6.2(a) con-
nects counterfactual and factual outcomes (Cox, 1958; Rubin, 1980), while Assumption 6.2(b)
essentially says that within covariate levels, treatment 7' is as good as randomized. To ac-
count for the feasible support, however, we slightly refine Assumption 6.2(b) by requiring
that Y® 1T | X = x for Px-almost every = and every ¢t € T (x).

For a continuous treatment, the conditional mean E(Y|T = ¢,X = x) and related
functionals are determined only for Pr x-almost every (¢,«). Thus, we need to impose
additional regularity conditions below to disambiguate their definitions and evaluations at

any specific, possibly boundary, point t5(x).

Assumption 6.10 (Support-continuous mean identifications). There exist jointly Borel

measurable functions p, ¥ : R x X — R satisfying the following conditions.

(a) (T, X) is a version of E(Y|T, X), and p¥ (T, X) is a version of E (Y )| X). More-

over, for the measurable dynamic rule x — t§(x),

E [Y(té)

X] =p"(t5(X), X) almost surely.
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(b) For Px-almost every x, t — u(t,z) andt — p¥ (t,x) are continuous at tj(x) relative to
T(x). That is, for every sequence t,, € T (x) with t, — t5(x), we have that p¥ (t,,x) —

W (ty(@), @) and p(ta, ) — plti(), @).

Assumption 6.10 selects versions of the conditional means needed for evaluation at the
possibly Pr x-null point ¢§(X). Since 7" € T(X) almost surely, Assumption 6.2, together
with Assumption 6.10(a), implies p* (T, X) = p(T, X ) almost surely. Hence, for P x-almost
every @, p¥ (t, @) = p(t,x) for Prx_z-almost every ¢. Because tj(x) € T (x) and both
functions are continuous at tj(x) relative to T (x) by Assumption 6.10(b), it follows that
Y (ty(x), ) = p(ty(x), z) for Px-almost every @. In the sequel, 4 and p¥ denote the ver-
sions specified in Assumption 6.10. Their values outside the feasible support are immaterial.

Assumptions 6.2 and 6.10, together with the projection condition in Assumption 6.9, yield
the following identification of the NFTP estimand. Throughout, we define the feasibility
covariate set from the conditional support 7 (x) as:

Xoto) ={x e X toc T(x)} = () {:c € X : Prix—s <T c <t0 - i,t0+i)> > 0}.
m>1 m m
Proposition 6.7 (Identification of the NFTP estimand). Suppose Assumptions 6.9, 6.2,
and 6.10 hold and E|Y ®)| < co. Then,
olty) = E [Y®)] = / u(t(@), ) dPx ()

v (6.21)

[ wttew)dPx@)+ [ plti(a).e) dPx(a)
Xo(to) X\Xo(to)

The first line of (6.21) follows directly from the tower property under Assumptions 6.2
and 6.10. This formula is known as the g-computation formula (or Robins’ g-formula; Robins
1986, 1987; Gill and Robins 2001) applied to the NFTP intervention at t,. The second line of
(6.21) is derived from the uniqueness in Assumption 6.9 so that ¢§(x) = to when & € Xy (o).
In particular, we divide the population of interest into two subpopulations, where the first

comprises units for whom the target level ¢, is feasible and the second consists of those for

whom ¢, is infeasible. This decomposition demonstrates that the identifying g-formula is
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a weighted average of the standard g-formula for identifying the outcome mean under the
static regime T = t; in the first subpopulation and the g-formula for identifying the outcome

mean under the dynamic regime @ — t§(x) in the second subpopulation.

6.6 Stochastic Tilted Intervention and the NFTP Limit

In this section, we introduce a class of stochastic interventions constructed by tilting the
observed conditional treatment law given the covariates towards a given treatment level %,
and indexed by a tilting parameter 2 > 0. We demonstrate that, under regularity conditions,
the tilted interventions in our class converge to the NF'TP intervention at t; as the tilting

parameter tends to 0.

6.6.1 PLPT-Tilted Intervention and Associated Causal Estimand
For each ty € Rand f € (0,00), let t — n(t; to, h) be a map satisfying the following condition.

Condition 6.1 (Positivity-lean-point-targeted tilting function). For each fized to € R and
h > 0:

(a) t — n(t;to, h) is Borel measurable, finite, and strictly positive on R,
(b) 0 < an(u; to, h) Prix—z(du) < oo for Px-almost every x,

(c) for every 0 < p1 < pa, infrerji—toj<p N(t; o, ) > 0 for all sufficiently small h and

SUDPteT:|t—to|>p2 n(t; to, )
infierj—to|<p n(t; to, h)

—0 ash—0.

For any measurable set A € B(R), we define a new conditional law Q4 (-|X = ) for

treatment given X = x as:

o Jan(tte, B) Prix—g(dt)
Qii,to (A|X = 33) = fT'r](u; Io, ﬁ) PT‘X:m(du> .

On the fixed exceptional null set with an(u; to, h) Ppix—o(du) = 0, we define Qp4, to equal

(6.22)

U = Ppx. By definition, Qu4(-|X = @) is a tilted transformation of the conditional
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distribution Ppjx— of the observed treatment given the covariates &. Condition 6.1(c) also
implies that for each fixed ¢y, the tilting function ¢ — 7(¢; to, k) increasingly favors treatment
values close to the target level ty as i — 0. We thus refer to stochastic interventions governed
by laws Q4+, (-|X = x) constructed using tilts 7 satisfying Condition 6.1 as positivity-lean-
point-targeted (PLPT) tilted interventions.

A canonical class satisfying this condition is 7(t; g, ) < exp [—@] with a; > 0 and
ap — 0 as h — 0, where ¢ : [0,00) — [0,00) is continuous and strictly increasing. For such

functions, it holds that for 0 < p; < po,

SUDeTjt—to[2po 1(F T0, 1) _ exp {_f(pz) —f(m)} 0
iﬂfte’r:\t—to\ém 77(t§ to, ﬁ) ~

ap
For instance, u — ¢(u) = u with a; = h gives a Laplace-type PLPT-tilting, while u — ¢(u) =
u? with a; = 2h? leads to a Gaussian-type PLPT-tilting. Additionally, the reflected expo-
nential tilting function recently proposed by Schindl et al. (2024); Schindl and Wasserman
(2025) also leads to a PLPT-tilted intervention. In contrast, the standard exponential tilt
and related incremental interventions (Diaz and Hejazi, 2020; Schindl et al., 2024; Rakshit
et al., 2024) are not PLPT-tilted interventions, because they correspond to tilting functions
that do not satisfy Condition 6.1.

Since Prjx—, admits Lebesgue density ¢ — ppx(t|x), the PLPT-tilted intervention law
Qnt, (-] X = @) has density t — gn4, (t|z) given by

(it h) - prix ()
Qnto (t]) = T (s to, ) - pryx (ulz) du (6.23)

Let Y(9%) denote the potential outcome under treatment drawn from the general tilted
distribution (6.23) and let my(to) := E [Y(@0)]. We refer to the map to — my(to) as the
tilted intervention curve.

Because Qpy, (| X = @) is, by construction, absolutely continuous with respect to Prix—z
for every & € X, the counterfactual mean my(ty) for each fixed A is identifiable under

Assumption 6.2. Specifically,

n(te) = /X /T Wt ) - Qe (At X = 2) dPx (); (6.24)
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see Munoz and van der Laan (2012) and Theorem 1 in Kennedy (2019); Diaz and Hejazi
(2020).

6.6.2 Convergence to NFTP as h — 0

We next prove that the NFTP intervention coincides with the limit of the PLPT-tilted
intervention law as the tilting parameter converges to 0. Specifically, we establish the weak
convergence of Q4,(-|X = ) to a point mass dx(x)(-) as i — 0. We then use this fact to

demonstrate that lim my(ty) = E [Y0)].
hi—0

Theorem 6.8. Suppose that Assumptions 6.9 and Condition 6.1 hold. Then, for Px-almost
every x,

Qi (1X =) 5 Opr)(-) as  h—0,

d .
where “=7 stands for the convergence in law.

The proof of Theorem 6.8 is in Section E.5. The theorem shows that, under the mild
regularity conditions, the PLPT-tilted intervention converges to the NF'TP intervention as
the tilting parameter goes to 0. In Remark E.1 of Section E.5, we also show that if Con-
dition 6.1 fails because Il(ty, ) = argmincr, [t — to| is not a singleton, then the thesis
of Theorem 6.8 is weakened to Qpy, ({t € T : d(t,I(to,®)) > €} | X =x) — 0 as i — 0 for
every € > 0, where d(t,11(to, x)) = infyena) [t — ).

However, this weak convergence result alone does not imply the convergence of the tilted
intervention mean to the NF'TP estimand and their associated identification formulas. We
need the following uniform integrability condition on (counterfactual) conditional means

under the tilted intervention law (6.22).

Assumption 6.11 (Tilted uniform integrability). There ezists a constant hy > 0 such that,
for each f € {u,uy} and for Px-almost every x,

lim  sup [r )| 1] ()] > M} Qu, (dta) = 0.

M—00 0<pi<h
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Moreover, the family {:c > fo(t,:c) Qnto(dtlx) : 0 < h < ﬁo} is uniformly integrable with

respect to Px.

One sufficient condition for Assumption 6.11 is that |u(t,@)| and |u¥ (¢, )| are upper
bounded by some P x-integrable envelope function & +— M (x) over all ¢ € T (x), but the
current form of Assumption 6.11 also accommodates unbounded (counterfactual) conditional

means under light-tailed tilted laws.

Proposition 6.9. Suppose that Condition 6.1 as well as Assumptions 6.9, 6.10, and 6.11
hold. Then,

(a) lim E [Y(qﬁvfo)} =F [Y(té)]

() 1 [y f u(t @) Qo (dt] X = ) dPx () = [, p(t5(w), @) dPx ().

The proof of Proposition 6.9 is in Section E.5. This proposition is particularly important
for various reasons. First, it establishes that the NFTP counterfactual mean at ¢y can be
approximated without requiring knowledge of the projection of ¢ into the support of the
conditional distribution of T" given X. In this sense, it provides an automatic approxima-
tion to the counterfactual mean under the NFTP regime. Second, exact identification via
the g-formula depends on t§(x), and any attempt to estimate directly the g-formula would
necessitate recovering this quantity, an inherently difficult problem, as it involves estimating
the boundary of the support of T given X. In contrast, the identifying formula for the fixed-A
PLPT-tilted intervention targeted at ¢ is a pathwise differentiable parameter that provides
a smooth approximation of the g-formula identifying the NFTP estimand at ¢y, a non-regular
parameter. This approximation is the basis for the influence-function-based estimation and

inference procedures for the NFTP mean developed in Section 6.8.

Example 6.1 (Illustrative Gaussian example). Consider the following structural equation
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N

— m(ty) = Mh=olte) = E[Y)]
mp(to) = E[Y'9.<)] with h € (0, )
— E(Y) = Mp = (to)

o

| m— g, . (t]X) with h=0.1
gh, t,(t|x) with h € (0.1, »)
= p7x(t|x) with x = (0, 0, 0)

w
N N W
U

o

=
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Figure 6.2: Illustrations of a Gaussian-type tilted intervention distribution (6.23) and its
associated outcome mean curve for varying h; see Example 6.1 for details.

model

X = (X1, Xo, X3)" ~ N3(0,13),
T =X, + Xy — 0.5+ 0.5¢r, (6.25)

Y =12T4+T*+TX, +12&7X + ¢y,
with & = (1, }1, é)T, where e and ey are standard normal random variables that are mutually
independent and independent of all other variables. It can be easily checked that under this
model, E [Y ()] = 1.2ty + t3 and E(Y) = 2.9.

Consider the Gaussian-type PLPT-tilted intervention with tilting function n(t;tg,h) =
%K (%) where K(u) := #exp (—“;) As indicated before, this tilting function satis-
fies Condition 6.1. Furthermore, the (counterfactual) conditional mean pY (t,x) = 1.2t +
t2 + toy + 1.2€Tx satisfies Assumption 6.10 by the Gaussian design in (6.25). Since the
conditional distribution T|X = x is normally distributed as N(xq + 2o — 0.5,0.25), this

Gaussian-type PLPT-tilted intervention is also Gaussian; specifically, Qp,(-|x) is equal to
N <t0+(41‘1+41272)ﬁ2 h2

e : 1%2). The outcome mean under the stochastic intervention Q4 (-|x)
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has a closed-form expression as:

2.6M* + 1.2t2 12 — 4h*ty + 36h!
4h2 + 1 (4h% +1)2

my(to) =

Notice that, as h — 0, the right hand side of the last equation converges to 1.2ty + t2, which
15 precisely equal to E [Y(t(’)}. On the other hand, as h — oo, the expression converges to
E(Y) = 2.9. Figure 6.2 displays this Gaussian-type PLPT-tilted intervention densities and

the associated mean outcome curve to — my(to) for varying h € [0,00).
6.7 Kernel-Smoothed Tilting and Approximation Bias

In this section, we study a concrete construction of the tilted intervention distribution
through kernel smoothing in Section 6.7.1 and quantify the associated approximation bias
between the tilted intervention curve and its NFTP limit with respect to A in Section 6.7.2.

6.7.1 Kernel-Smoothed Tilting

Condition 6.2 (Second-order exponential-type kernel). The kernel function K : R — (0, 00)

1s continuous and bounded, satisfying the following conditions:
(a) [ K(u)du=1, [fuK(u)du=0, and ky = [ u*K(u)du < co.

(b) there exist constants v > 0, 0 < cx < Cx < 00, and 0 < Ry < oo such that

cxexp (—|u]?) < K(u) < Cgexp (—|u|?) when |u| > R.

As indicated before, Condition 6.2 implies Condition 6.1 with n(t;to, h) = K (52).
Whenever the conditional law has density prx(:|x), the resulting tilted intervention law

Q1 (-|x) also has a density

(6.26)

o K (52) - prix (t|x)
Qo (t]2) S K (=) - pryx (ulz) du

Kernel smoothing has been widely used in causal inference for continuous treatments.

For instance, Hirano and Imbens (2004); Kallus and Zhou (2018) applied kernel-based IPW
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v-K(550)

hepr x (T|X)

Branson et al. (2023) proposed a regression-adjustment form

form E [ } as in (6.9), while Example 3 in Bibaut and van der Laan (2017) and

(ko) = /X /T u(t,zc)-%K <t_ht°) dt dP x () (6.27)

to address the non-pathwise differentiability of E [Y(tO)}. The kernel-smoothed tilted inter-
vention (6.26) differs conceptually from these approaches. Rather than smoothing the out-
come regression, it smooths the conditional treatment distribution Py x—,. The resulting es-
timand [E [Y(qﬁ»to)} thus remains identifiable even when the standard positivity condition fails;
recall Section 6.6.1. Another distinction is visible in Example 6.1. Under the structural equa-
tion model (6.25), the regression-based approximation (6.27) yields ¥y (to) = 1.2t + t3 + h?,
which converges to m(tg) as h — 0 but diverges as h — o0o. Conversely, the kernel-smoothed
tilted intervention mean curve remains well-defined for all & € [0,00) and converges to the
observational mean as i — oco. This gives the tilted framework a principled interpolation

between the static-intervention regime and the observational regime.

6.7.2 Rate of Convergence for Approximating the NFTP Limat

We now characterize the rate of convergence for the kernel-smoothed tilted intervention
mean curve to the NFTP mean curve as A — 0 under positivity violations. The support-
continuous mean condition in Assumption 6.10 and tilted uniform integrability condition in
Assumption 6.11 are not sufficient for explicating the rate, and we need the following weak
positivity and support geometry condition around the closest point t5(x) to the target level

to.

Assumption 6.12 (Weak positivity and support geometry). For Px-almost every € X,
the conditional probability kernel W (x, dt) is absolutely continuous with a density representa-
tive prx (t|z). For any fized ty € R, there exist absolute constants g > 0, 0 < Pmin < Pmax <

00, and Cy < 0o such that prx (t|x) < pmax for Pr x-almost every (t, ). Furthermore:
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(a) forPx-almost every x € Xy(to), prix (t|) > pmin almost everywhere fort € (ty — €, to + €o) C
T();

(b) for Px-almost every x ¢ Xy(to), let

[15(®) — €0, t5(®)], if to > t5(),

I(x) = .
[t5(x). t5(x) + €], if to < t5(x)

Then, I(x) C T(x), prix(t|T) > Pmin almost everywhere for t € I(x).
(c) forPx-almost every x ¢ Xy(to) and everyt € T (x), |t—ti(x)| < C, (|t — to| — |to — t5(x)]).

Notice that Assumption 6.12 is much weaker than the standard positivity condition, since
the lower bound on pr x (t|x) is only imposed around tj(x) for Px-almost every € X'. It
allows “holes” in 7 (x) and its additional support components away from the interval in
which tf(x) lies (Schindl et al., 2024). At the same time, it also prevents these components
from being arbitrarily close and creating near ties with the selected projection. One simple
sufficient condition for Assumption 6.12(c) is to require 7T (x) to be a closed interval for P x-
almost every & ¢ Xy(ty). Then, t§(x) is the endpoint closest to ¢y, and all feasible treatment

values lie on the same side of ¢, with Cy = 1.

Assumption 6.13 (Smoothness of p and prix). Under the notation of Assumption 6.12
and for a fixed ty € R:

(a) for Px-almost every x € Xy(to), the selected representatives t w— u(t,x) and t —
prix (t|x) are twice continuously differentiable with respect to t € (to — €o,to + €9) C

T (x). Moreover, there exists a constant Cy < 0o such that, for j =0,1,2,

o} <.

where the supremum is taken over the Px-probability-one set on which the stated

xE€Xy(to)
t t0|<eo

smoothness holds;
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(b) there exists an P x-integrable function x — M, (x) such that |u(t,x)| < M, (x) for all

t € T(x) and Px-almost every x;

(c) there is a constant L, € (0,00) such that for Px-almost every x ¢ Xy(ty) and every
teT(x),
|ty @) — p(to(x), )| < Ly [t —t5(2)] -

Assumption 6.13 provides the regularity needed to control the approximation bias. It
ensures valid second-order expansions of p and prx around #y on Xy(ty), while the inte-
grable envelope and Lipschitz conditions control p near the projected treatment t5(x) outside
Xo(to). These conditions, together with Condition 6.2 and Assumption 6.14 below, yield the

corresponding kernel approximation rates.

Assumption 6.14 (Margin condition). Fiz to € R. Let ((x) := i7I_1(f)|t—t0| < oo for
teT (e

Px-almost every . There exist constants C¢,w,rg > 0 such that for all 0 < r <1y,
Px ({X ¢ A(to) : 0 < ((X) <71}) < C-r¥.

If the tail exponent v for the kernel in Condition 6.2 satisfies 0 < v < 1, assume additionally
that E[C(X)77 - 1{¢(X) > ro}] < oo.

Assumption 6.14 is known as the Tsybakov-type margin condition (Mammen and Tsy-
bakov, 1999; Tsybakov, 2004; Audibert and Tsybakov, 2007). It controls the amount of
probability mass carried by covariates & for which the target level ¢ is infeasible but lies
close to the conditional treatment support 7 (). This condition is standard in classification
problems and closely related to the w-regular condition used in density level-set estimation
(Tsybakov, 1997). In our context, it is essential for controlling how rapidly the tilted inter-
vention law approaches the nearest feasible treatment value t§(x) as & — 0. The exponent w
characterizes the local amount of covariate mass near the feasibility boundary 0X,(ty). Most
commonly, when 0X;(ty) is locally a smooth (d — 1)-dimensional manifold and X has a posi-
tive, bounded density px () around a neighborhood of this boundary, then Assumption 6.14
holds with w = 1.
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Theorem 6.10. Suppose that Assumptions 6.9, 6.2, 6.10, 6.12, 6.13, and 6.1/ hold. Assume
further that the kernel function K : R — [0, 00) satisfies Condition 6.2. Then, as h — 0, the

kernel-smoothed tilted intervention curve satisfies that
’ﬁ’Lﬁ(to) == mg(to) + Aint<h) + Aproj (ﬁ),

where the interior approximation bias Ay (h) is

Ko ﬁ2

0? 0 0
Aini (D) = / —h(to, ) + 2 p(to, @) - =-log prix (to|®) | dP x () + o(1?)

2 ot

and the projected approximation bias Apo;(h) satisfies

O (k") when 0 <y <1lory>1, w>~vy—1,

| Aproj(f)| = S O(F7|log h))  when v > 1, w=~—1,

O(h=+1) when v >1, 0 <w<y—1
k

where Ky, v, w are specified in Condition 6.2 and Assumption 6.1/, respectively.

The proof of Theorem 6.10 is in Section E.6, where all pointwise density values and
derivatives refer to the twice continuously differentiable representatives fixed in Assump-
tion 6.13(a). The approximation rate derived in Theorem 6.10 is particularly useful for the
inference procedure for the NFTP estimand mg(tg) = E [Y(t3)], where the tilting parameter
h is selected via a data-driven selection rule in Section 6.8.3. Theorem 6.10 shows that the
bias has two components: Ajy(h), a regular kernel smoothing bias in the interior region of
the support and Ap,.;(h), a new bias caused by the violation of the positivity condition.

In the regular case where w = 1 in Assumption 6.14, using the Gaussian kernel K (u) =
\/LQ? exp (—“—;), for which v = 2, yields an approximation bias rate O(h?|log f|). This aligns
with the standard second-order bias rate for kernel-smoothed estimators up to a logarithmic
factor. Finally, the proof of Theorem 6.10 also explains why kernels with unbounded support
are essential for approximating the full-population NFTP estimand. If K : R — [0, 00) has
a bounded support, then for covariates * ¢ Xy(to), the support of the localized kernel
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t— K (%) will eventually have no overlap with the feasible treatment support 7 (x) as
h — 0. The normalizing denominator of ¢y, (t|x) in (6.26) thus becomes zero, making
the tilted intervention ill-defined for such units. In contrast, an unbounded-support kernel
K assigns positive, though possibly exponentially small, weight to every feasible treatment
value. This allows the tilted intervention to remain well-defined for the full target population

and to converge to the NFTP limit without changing the population of interest.

6.8 Inference for Tilted Intervention Curve and NFTP Limit

This section develops pointwise estimation and inference for the tilted intervention mean
mp(ty) = E [Y(q’“o)] for fixed i > 0 and, along a deterministic sequence h = h,, — 0, for its
NFTP limit mo(ty) = }lﬁl_ril)E [Y(qhvfo)]. Throughout this section, the conditional probability
kernel U(x,dt) is assumed to admit a jointly measurable Lebesgue density representative
prix(t|x). The theory is stated for the kernel-smoothed tilted intervention (6.26) for sim-
plicity.

6.8.1 Influence-Function-Based Estimation

For any fixed i > 0 and to € T, the PLPT-tilted intervention estimand my(to) = E [V (#nt0)]
with identification (6.24) is pathwise differentiable (Bickel et al., 1998). We begin by deriving
its efficient influence function (EIF) and constructing the corresponding one-step estimator.
In addition, we discuss several practical strategies for approximating the conditional expec-
tations that arise in the estimator. For measurable functions i, prix and (6.26), we define

the non-centered score as:

dh,to (T’X)
prix (T'1X)

+/u(t1,X) o (1] X)) dity,
-

o (Vo X 1, i) = [Y _ / (b, X) - o (0] X) iy
T

(6.28)

and E [@r4, (Y, T, X5 1, prix)] = mn(to) by (6.24).
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Proposition 6.11. Fiz h > 0 and ty € T. Suppose that the identifying functional in (6.24)
1s finite and

Vit my (to) = Var @4, (Y. T, X; 1, prix)] < o0.
Then, my(tg) = E [Y(q’“o)} 15 pathwise differentiable under a nonparametric observed data

model, with efficient influence function
(Y7 Ta X) = q)ﬁ,to (}/a T7 X7 22 pT|X> - me(tO)

The corresponding nonparametric efficiency bound can be written as:

Vett iy (to) = E {% (Var (YI7, X) + [T, X) ~ Eq,, (u(T, X)|X)]") }

+ Var {EQﬁ’tO (T, X)’X]} )

where Bq, , [1(T, X)X = [ p(t1, X) - gy (0] X) dty

The proof of Proposition 6.11 follows standard arguments used for exponential tilting in
Diaz and Hejazi (2020); Kennedy (2024); Schindl et al. (2024) and is therefore omitted.
By Proposition 6.11, we propose the following one-step estimator of my(tg) = E [Y(q’“to)}

as:

_ IR -
m(to) = Z@h,to(K,E,Xi;u,pT|x)
L~ [ v (T X0) - - - ~
= ; {pri TIX,) Y — TM<t1,Xi) o (11| X)) dty | + T/L(thz‘) o (1| X)) dty ¢
(6.29)
where i and prjx estimate the conditional mean outcome function u(t,x) = E(Y|T =

t,X = x) and the conditional treatment density pr x(t|x), respectively. The estimated

. .
it At (t‘w) — y ( 0) ]1|X( ‘ )
qﬁ, B I'| X
0 J‘ (U tO) p | (u’w) du

is completely determined by the estimated conditional treatment density pr x. In practice,

(6.30)

Prix, It may need to be trained on an independent dataset using sample splitting or cross-

fitting (Schick, 1986; Newey and Robins, 2018; Chernozhukov et al., 2018); see Theorem 6.13
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and Section E.3.1 for details. To approximate the NFTP estimand mg(ty) = E [Y(’%)}
through the estimator of E [Y(q'“o)} in its limit, one naturally seeks small values of A for
(6.29). However, as we establish in Proposition 6.12 below, the variance of my(ty) increases
as h decreases. Thus, A should be chosen to balance decreasing approximation bias against
increasing variance. This trade-off motivates the data-driven selection rule developed in
Section 6.8.3.

For comparison, the Regression-Adjustment (RA) estimator is written as:
_ I [ - -
Mpra(to) = — Z/ ity X5) - Qho (1] X5) dty (6.31)
e

with the same nuisance function estimation as in (6.29). Although (6.31) may achieve smaller
root mean squared error than (6.29) when both 7z and prx are consistent, it typically exhibits
non-negligible first-order bias at the y/n or v/nh scale. In contrast, the one-step estimator
(6.29) is more robust to the model misspecification of p(t, ) and admits straightforward
asymptotic normal inference; see Theorem 6.13 and related discussion.

e Integral Approximation: Both the RA and one-step estimators require evaluation
of the integral fT p(te, X;) - @, (t1)X;) dty, which may be analytically intractable. Following
Schindl et al. (2024) for exponential tilting, we approximate this integral by a Riemann sum

as:
/ﬁ(tl X) -G (121 dty = S XD Prix (] X) - mltiste, B) dt
T . J7 Prix (ulX) - n(us to, ) du
N Z;Vﬂ 1i(ty, X) - prix (41 X) - n(t;: to, h)
Z;V:l prix (t1X) - n(ty;to, h)

(6.32)

Y

where ap = min{71, ..., T,.}, ay = max{T}, ..., T,,}, a; = a0+m+m forj=1,...,N—1, and

t; = % or any value in [a;_1, a ] for j = 1,..., N. For tilting functions with exponential
tails, such as t +— n(t;to, h) o exp (— ’%P), we employ a log-sum-exp trick to maintain
numerical stability when & > 0 is small; see Section E.3.3 for details. This approximation
step is essential for the estimators (6.29) and (6.31) to approach ty — mo(to) through the
g-formula (6.21).
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6.8.2 Minimax and Asymptotic Inference Theory

To clarify how the variance of (6.29) depends on the tilting parameter & > 0, we first derive
a minimax lower bound for the mean squared error of estimating my(ty) at a fixed to € T
under the kernel-smoothed tilted distribution (6.26). We restrict the model class through
the following standard regularity condition on the conditional treatment density prx and

the outcome Y.

Assumption 6.15 (Non-degenerate local mass and outcome bounds). Fiz tg € 7. There
exist a measurable set Agy(to) with Px(Ao(to)) > 0 and constants €¢; > 0, 0 < ppin < Pmax <

00, Bhax < 00, and oy > 0 such that:

(a) for Px-almost every x € Ay(to), (to—e€1,to+e€1) C T(x), and pmin < prix (%) < Pmax

for Lebesgue-almost every t € (tog — €1,to + €1).

(b) Y| < Buax almost surely, and there exists a jointly measurable version v(T,X) of
Var(Y|T, X) satisfying v(t,x) > o2, for Lebesque-almost every t € (ty — €1, to + €1)

min

and Px-almost every & € Ay(to).

Assumption 6.15(a) requires that a positive fraction of the covariate distribution Px has
a uniformly non-degenerate neighborhood around the target treatment level t,. For such
covariate values x, t§(x) = to and Assumption 6.15(a) can be viewed as a strengthening
of the “weak positivity” condition in Assumption 6.12. Assumption 6.15(b) regularizes the

moment and variation of Y on the same local region for the minimax lower bound below.

Proposition 6.12. Let P denote the class of models satisfying Assumption 6.15 and con-

taining at least one distribution Py for which a version of its conditional variance satisfies
_ 2
vo(T', X') = Varp (Y|T, X) > 0, + €2

for some constant €3 > 0, Lebesgue-almost every t € (to — €1,tg + €1), and Px-almost ev-

ery ¢ € Ag(to). Suppose further that the kernel function satisfies Condition 6.2. For any
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deterministic sequence h = h,, — 0 with nh,, — oo,

1
inf sup Ep [ms(to) — mau(te: P)* = —,
ALy S p [Ma(to) — mato; P)I" 2 —

where my(to; P) denotes the identifying functional in (6.26).

The proof of Proposition 6.12 is in Section E.7. When 7 C R is compact and Assump-
tion 6.15 holds uniformly over 7, the same argument yields the lower bound

1
inf sup Ep {/ [y (t) — ms(t)]? dt} 2 —
"t Pep T nfi

for the mean integrated squared error. This result confirms that the effective sample size
is of order nh for estimating my(to). Thus, as the tilted intervention becomes sharper with
h — 0, the variance of any estimator must necessarily increase. This variance inflation is the
fundamental obstacle to direct inference on the NFTP estimand mg(to), and it is precisely
what motivates the bias-variance tradeoff studied below. We now establish the asymptotic

theory of the proposed one-step estimator my(t) in (6.29).

Theorem 6.13. Let to € T be fired and h = h,, be deterministic. Suppose that Assump-
tions 6.2, 6.10, and Condition 6.2 hold. Assume further that Ji,pr\x are constructed on a
data sample independent of {(Y;, T;, X;)}1,, and

=1

(0) sup | [pryx (HX) = prix (1), = 0p(1) and sup [(t, X) = i(t. Xl, = 0p(1);
€ €

(b) The limiting function p(t, ) in condition (b) is not necessarily equal to the true quan-

tity u(t, x) but [, u, i are all upper bounded for any (t,x) € J;

~ —~ ~ 2
(c) sup ||Dryx (11 X) = prix (t1X) ||, sup [|Ai(t, X) — pu(t, X)||, +sup |[Drix (11 X) = prix (¢ X) ]|, =

op ( mmTh(m), where Veg m, (to) is the nonparametric efficiency bound in Proposi-

tion 6.11 with p replaced by ji;

(d) Vegrm,, (to) > 0 and Veg i, (to) = o(n).
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Then, as n — oo and h = h,, — 0, the estimator (6.29) of ms(to) under the kernel-smoothed
tilted intervention (6.26) satisfies

"
‘/eff,fnh (tO)

The proof of Theorem 6.13 can be found in Section E.8. Two critical implications from

[ (to) — ma(to)] = N(0, 1).

the asymptotic results in Theorem 6.13 are noteworthy:

1. Although the one-step estimator (6.29) is derived from the EIF, it requires only second-
order nuisance rates (as condition (d) in Theorem 6.13) but does not possess classical
model double robustness (Smucler et al., 2019). In particular, the consistency of my (o)
requires prjx to converge to the true conditional density prx, while i may be mis-

specified.

2. As h — 0 with n — oo, the product rate requirement in condition (d) of Theorem 6.13
is weaker than the usual op (n’%) requirement for regular y/n-consistent estimators.
Thus, sufficiently fast convergence of pr x allows slow or even inconsistent estimation
of yu; see also Corollary 6.14. For fixed > 0, however, both nuisance estimators i, ppx

need to be consistent, and the product rate requirement in condition (d) reduces to
op (n*%> .

e Statistical Inference for the fixed-# tilted intervention curve: For fixed i > 0,
the asymptotic variance Veg 7, (o) of my(ty) can be estimated by the empirical EIF variance

as:

- 1< { .. (T X:)

Vastnn(f0) = —

=1

2
|:YZ — / ﬂ(tl, Xz) : a\h,to<t1|Xi) dtl}
T
(6.33)

2
| [l X0 Gl X0 e — (o) } .
-
Accordingly, an asymptotically valid (1 — 7)-level confidence interval for my(ty) is

‘/eﬁ‘,mh (to)

mp(to) — 21—z - , mp(to) + 21z -
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where z;_z is the (1—1Z) quantile of A'(0,1). If the kernel function K : R — [0, 00)

is additionally Lipschitz and the rate requirements of Theorem 6.13 hold uniformly over

to € T, then our proof of Theorem 6.13 in Section E.8 suggests that

e, (Y, T, X5 1,
sup AL (M (to) — mau(to)] — v/n (B, — P) ol b prix)
to€T ‘/efhmh (to) ‘/eff,mﬁ (to)

= OP(1)>

where @y, (Y, T, X:7i, prix) = ;% [Y = [ it X) - g (0] X) dti] + [ filts, X) -
Qnto(t1]X) dty. Consequently, simultaneous confidence bands for ¢y — my(ty) over ty € T
can be constructed using a multiplier bootstrap method as in Belloni et al. (2015); Kennedy
(2019); Mauro et al. (2020).

Combining Theorem 6.13 with our bias expansion in Theorem 6.10 yields the following
corollary for valid inference on the NFTP estimand my(ty) = %1_r)r(1) my(to), whose proof is in

Section E.8. This result is crucial because it justifies the validity of (6.29) for inference on

the static intervention effect even when the standard positivity assumption fails.

Corollary 6.14. Suppose that the assumptions in Theorem 6.10 and Theorem 6.13 hold.

n =~ = d nht
Then, we have that V(@) (M (to) — mo(to)] = N(0,1) when n — oo, m — 0,
and
)
nh® — 0 when 0 <y <lory>1 w>vy—1,

1
m‘ nh*(logh)? -0 wheny>1, w=v—1,

nh*2 — 0 wheny>1, 0 <w<y—1

\

This corollary makes explicit the bias-variance trade-off for inference on the NFTP es-
timand. The tilting parameter h needs to be small enough so that the approximation
bias my(to) — mo(to) is asymptotically negligible after normalization by the standard error,
but not so small that the effective sample size m along the tilted path degenerates.
This observation directly motivates the data-driven selection rule in Section 6.8.3 below.
If Assumption 6.15(a) holds for P x-almost every @, then the asymptotic variance satisfies
Vst my (to) =< fli Together with the regular boundary condition with w = 1 in Assump-

tion 6.14, Corollary 6.14 reduces, under the Gaussian kernel with v = 2, to the classical
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undersmoothing rate condition n#°|logfi|> — 0, along with nfi — oo for variance stability.
This matches the standard bandwidth condition for pointwise inference under a second-order

kernel up to a logarithmic factor; see Section 5.7 in Wasserman (2006).

6.8.3 Data-Driven Selection of the Tilting Parameter

In practice, choosing A > 0 too small may lead to unstable variance estimates ‘Zﬁ,mﬁ (to)
and poor finite-sample behavior. To address this issue, we propose a data-driven selection
rule for & inspired by a Lepski-type bias-variance trade-off (Lepskii, 1991; Goldenshluger and
Lepski, 2011). The guiding principle is to select the largest value of A for which the residual
bias remains negligible relative to the corresponding standard deviation. This yields a stable

estimator while preserving valid inference for the NFTP estimand mg(ty).

1. Initialize the tilting parameter 7y at a small value, such as hy = 10720 n’i, and
iteratively double its value Ay < 2h; until either Ay > Ay or the average estimated

variance of my(tg) over the grid Dy C T stops decreasing, i.e., ZtoeDT ‘/}eﬁ‘7mﬁk (to) >

1

> toeDy ‘//\'effmth (to). We set the upper bound fiy.x = 1007 n~5 according to a scaled
version of Silverman’s rule of thumb, where o7 is the sample standard deviation of

(T1, .., T,).

2. For each candidate hy, compute

2
Bias (hy) = \/|DT’ Z [mﬁk(to) mﬁk+1(t0):| and SD(ﬁk \/n|DT’ Z %ﬁ”mhk to)-
t

0E€DT toEDT

3. Select the largest f;, such that Blas((h’“)) < ep with a default choice e = 0.1.

Step 3 is the central component of the procedure. By selecting the largest possible f satisfying
the ratio criterion, we ensure that the estimated bias remains negligible relative to the
estimated asymptotic standard deviation, aligning with the conditions of Corollary 6.14. The

specific bias and standard deviation estimators in Step 2 are inspired by Section 4.4 in Powell
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and Stoker (1996). Cross-validation-based bias estimates (van der Laan and Dudoit, 2003;
Diaz and van der Laan, 2013) could also be used, but are typically more computationally

expensive.
6.9 “Nature versus Nurture” in Galaxy Evolution

We apply the proposed RA and one-step estimators for the NF'TP intervention curve to study
the causal effect of local environment on galactic star formation rate (SFR) using data from
the IllustrisTNG simulation (Pillepich et al., 2018a,b; Springel et al., 2018). This analysis
provides a new causal perspective on the long-standing “Nature versus Nurture” question
in galaxy evolution, i.e., whether galaxy formation and evolution are driven primarily by

internal processes (nature) or by external environmental factors (nurture).

6.9.1 Data Description

We follow the data setup of Mucesh et al. (2024) to conduct our causal analysis. For some
background, IllustrisTNG consists of hydrodynamical simulations of galaxy formation and
evolution in large cosmological volumes, implemented with the moving-mesh code AREPO
(Springel, 2010). Our analysis uses the TNG100 simulation across cosmic time from redshift
z ~ 3 to z &~ 0. The simulation volume is a periodic box with side length 75 h; .. Mpc
under a flat ACDM cosmology (Ade et al., 2016), where the dimensionless Hubble constant
is Apupble = 0.6774. Earlier Illustris simulations, which preceded IllustrisTNG, have been
shown to reproduce several observed galaxy properties at low and intermediate redshifts
(Vogelsberger et al., 2014; Sijacki et al., 2015), supporting their use for methodological
investigations.

We obtain a sample of 18,629 galaxies with stellar mass M, > 10°M, by matching
friends-of-friend halos with SUBFIND subhalos (Springel et al., 2005; Dolag et al., 2009).
Subhalos with no detectable dark matter or with a non-cosmological origin are excluded.
Here, M, ~ 1.9884 x 10%°kg denotes one solar mass. For the treatment variable T, we

adopt the local environment proxy from Section 5.1 in Mucesh et al. (2024) as the 10-th
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Figure 6.3: Results on the [llustrisTNG galaxy data at redshift z = 0. Left: Scatter plot of
the confounder (halo mass) against the treatment variable (environment density). Right:
Estimated tilted intervention curves by our proposed RA and one-step estimators under
data-driven tilting parameters, together with the dose-response curve estimated by Mucesh

et al. (2024).

nearest neighbor density > = ﬁ, where r1g is the three-dimensional distance from
the galaxy to its 10-th nearest neighbor prior to applying the stellar mass threshold. The
outcome variable Y is the instantaneous SFR recorded by the simulation for each galaxy.
To adjust for the internal processes (nature), we use the halo mass as our confounder X.
A more comprehensive astronomical assessment of this causal graph, including additional

confounders and mediating mechanisms, is left for future work.

6.9.2 Results

We primarily examine the causal effect of local environment on galactic SFR at redshift
z = 0 based on the selected IllustrisTNG galaxy data. The left panel of Figure 6.3 presents
a log-scale scatter plot of the treatment (environmental density) against the confounder
(halo mass). This plot reveals clear evidence of potential positivity violations: for a given

halo mass (e.g., * = log(Mha,) = 10My), the conditional treatment density prix(t|x) is
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effectively zero in some regions where the marginal density pr(f) remains strictly positive
(e.g., t = log(X10) < 1h 1 .cMpe™). Hence, traditional dose-response curve estimators
are likely biased or entirely infeasible for this dataset. Since our proposed RA and one-step
estimators for the NFTP intervention curve remain valid even with positivity violations, we
apply them with data-driven tilting parameters to the galaxy data and compare the results
against the causal dose-response curve estimated by Mucesh et al. (2024). As displayed in the
right panel of Figure 6.3, both our proposed estimators and the one by Mucesh et al. (2024)
identify a decreasing trend in the galactic SFR as the local environment density increases.
The results for our estimators are robust regardless of whether RKSO or RKDE methods are
used to estimate prx. However, the tilted intervention curves produced by our estimators
decrease more gradually than the dose-response curve estimated by Mucesh et al. (2024). In
the presence of positivity violations, standard dose-response estimators rely on the validity
of extrapolating the outcome regression model u(t,z) = E(Y|T = t,X = z) beyond the
empirical joint support of (T, X), which often incurs severe bias. In contrast, our estimators
target the NFTP curve, which assigns each galaxy the closest feasible environment level
given its halo mass, yielding an estimand that is directly identifiable and more stable to
estimate. Additionally, the shaded region reported by Mucesh et al. (2024) represents the
Monte Carlo standard error, rather than a statistically valid confidence band. By contrast,
the shaded regions for our one-step estimator my(ty) represent theoretically valid pointwise
95% confidence intervals. In Section E.4, we provide extensive comparisons between our
estimators and the estimated curves by Mucesh et al. (2024) across various redshifts z and
tilting parameters h. Overall, our estimators reveal significant downward trends at low
redshifts, indicating a negative causal effect of local environment on galactic SFR. The
magnitudes of these negative effects attenuate as redshift increases beyond z > 0.5. Unlike
the results in Mucesh et al. (2024), our estimated curves do not yield a strong positive causal
trend between environment and SFR at high redshifts, which is consistent with prior research
(Scoville et al., 2013; Ziparo et al., 2014; Darvish et al., 2016). Nevertheless, more in-depth

analyses are required in the future to fully disentangle the relative contributions of nature
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and nurture to galaxy evolution, particularly to validate the chosen environmental proxy and

to assess whether conditioning on halo mass sufficiently controls for internal processes.
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Chapter 7

CONCLUDING REMARKS

This dissertation develops statistical methods for extracting low-dimensional structures,
conducting high-dimensional inference, and drawing causal conclusions from complex obser-
vational data, with astronomy as the primary motivating domain. Together, the contribu-
tions address challenges that range from geometric structure estimation to high-dimensional

inference and causal analysis, and they open up several directions for future work.

1. Cosmic Void Detection via Delaunay Triangulation: Chapter 2-Chapter 4
focus primarily on reconstructing cosmic filaments from SDSS-IV data. A natural next step is
to extend the catalog to incorporate cosmic voids, which are large regions of near-emptiness in
the Universe. Since cosmic voids are less affected by nonlinear gravitational effects than high-
density structures, they provide valuable probes for constraining cosmological parameters
and studying the nature of dark energy (Betancort-Rijo et al., 2009; Sutter et al., 2014; Lee
and Park, 2009; Cai et al., 2015). Existing void-finding algorithms typically identify cosmic
voids either by growing spheres centered at low-density locations (Sédnchez et al., 2016) or by
applying Delaunay triangulation directly to raw observed galaxies or simulated halos (Zhao
et al., 2016). The former approach can be restrictive because cosmic voids need not be
spherical, whereas the latter may be sensitive to noise and sampling variation in the raw

point cloud data.

The filament catalog developed in this dissertation offers an alternative strategy. Instead
of applying Delaunay triangulation directly to galaxies, we could apply it to the denoised
filamentary points in the cosmic web catalog from Chapter 4. This approach is able to
identify cosmic voids with adaptive shapes whose boundaries are supported by estimated

filamentary structures. Future work could validate these candidate cosmic voids by assessing
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the statistical significance of gravitational effects around them (Sénchez et al., 2016), enrich
the current cosmic web catalog with this cosmic void component, and use the identified
cosmic voids for downstream inference on cosmological parameters, potentially with modern

machine learning tools (Kreisch et al., 2022).

2. High-dimensional Inference With Missing Covariates: Chapter 5 studies high-
dimensional inference when outcomes are missing. In many astronomical applications, how-
ever, covariates may also be incomplete. For example, when fitting the mass profile of the
Milky Way, some velocity and position features for globular clusters and nearby dwarf galax-
ies may be unavailable (Eadie et al., 2015). Extending the proposed debiasing framework
to settings with both missing outcomes and covariates would therefore broaden its appli-
cability. Omne promising direction is to combine the bias-corrected inference procedure in
Chapter 5 with a covariate imputation strategy (Carpenter et al., 2023). Such an extension
would need to account for the interactions between imputation error, missing-outcome ad-
justment, and high-dimensional regularization bias. Related ideas have been developed for
high-dimensional linear regression with blockwise missing covariates (Xue et al., 2021; Song
et al., 2024), suggesting that a unified framework for simultaneous missing outcomes and

covariates may be feasible.

3. Causal Inference for Continuous Treatments Under More Complex Causal
Graphs: Chapter 6 considers observational studies in which the relevant confounding vari-
ables X are observed and controlled, as illustrated by the causal graph in Figure 7.1(a).
In practice, more complicated causal relationships may exist among the collected variables.
Additional variables Z may directly affect the outcome while being correlated with the con-
founders, as in Figure 7.1(b). Alternatively, intermediate variables M may lie on the causal
pathway from the treatment 7" to the outcome Y, as in the mediation problems illustrated
in Figure 7.1(c) (Huber et al., 2020). In astronomy, such settings arise naturally when the
effect of a galaxy’s local environment on its star formation rate is mediated by its proximity
to, or interaction with, cosmic web structures. To enable valid causal inference under general

causal graphs, it would be of research interest to generalize our proposed identification and
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T Y

(a) Basic case with only (b) Extension 1 with (c) Extension 2 with causal
confounding variables. independent effect variables. mediators.

Figure 7.1: Causal directed acyclic graphs in different scenarios. Here, T is the treatment
variable, Y is the outcome of interest, X consists of the confounding variables, and M is a
mediator.

estimation strategies, as well as the new NFTP regime, to these richer causal settings under
positivity violations.

4. Causal Discovery in Astronomy: Chapter 6 and the preceding future direction
assume that the relevant causal graph is known or scientifically specified in advance. In
many astronomical applications, however, the causal graph itself may be uncertain. This
raises the potential of combining causal inference with causal discovery or structure learning
methods. Although causal discovery has been extensively studied in statistics, computer
science, and related fields (Richardson, 1996; Spirtes and Zhang, 2016; Zanga et al., 2022),
its use in astronomy remains comparatively limited (Pasquato et al., 2023).

Future work could investigate how causal discovery methods can be adapted to astronom-
ical data, where observational constraints, selection effects, measurement errors, and complex
physical mechanisms all complicate graph learning processes. A particularly promising direc-
tion is to combine domain knowledge from astrophysics with statistically principled structure
learning procedures, using the learned or partially learned graph as a basis for downstream
causal estimation. Such a framework would move beyond estimating causal effects under a
fixed graph and toward a broader pipeline for causal scientific discovery from astronomical

Surveys.
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Appendix A
APPENDIX TO CHAPTER 2

A.1 Limitations of Euclidean KDE in Handling Directional Data

In this section, we demonstrate with examples and simulation studies that it is inadequate
to analyze angular or directional data with Euclidean KDE (2.1) and SCMS algorithm (Al-
gorithm 1). Consider a directional data sample { X7, ..., X,,} C Qy generated from a direc-
tional density f on §25. In real-world applications, the random observations Xj, ..., X,, on
2y are commonly represented by their angular coordinates Y7, ..., Y, with ¥; = (Y;1,Y;,) €
[—180°,180°) x [-90°,90°] or equivalently, ¥; = (Y;1,Yi2) € [—m, 7) X [—g, %] fori =1,...,n,

where {Y;} | are longitudes and {Y;,};_, are latitudes.

A.1.1 Case I: Density Estimation

As the angular coordinates {Y7,..., Y, } of the directional dataset {X7,..., X,} C 5 take

values in a subset [—m, ) X [—%, g} of the flat Euclidean space R?, it is tempting to apply

the Euclidean KDE on {Y7,...,Y,,} to construct a density estimator as:

P

Ck,2 Zn -Y; |2 ._
]/D\(y): 1 Zn K(y—YE) nI;LQilk(Hth 2) =P (y)’ (A 1)
" nh? - h 1 n y1—Yi1 y2—Yio | ._ ~(2) .

whe Z:Z:l K1 <—h ) : KZ ( h ) = Dn (y)>

=1

~(1)

where pn1 uses a radial symmetric kernel with profile k, and ]’Uff) leverages a product kernel.

However, the Euclidean KDEs in (A.1) (both P and ]3%2)) exhibit two potential drawbacks
when applied to directional data.

e First, p,(y) in (A.1) is an estimator of the directional density f under its angular rep-

™ T

resentation py : [—m, m) X [—5, 5] — R. Here, f is 2m-periodic in its first coordinate and
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m-periodic in its second coordinate. Then, the bias of p,(y) in estimating p(y) is

E ()] ~ ps(y) = 5 Ciedpy(y) +ol1?),

where C% = [i. [|y||; K (y)dy and Ap; = f;f + (?;Qf is the Laplacian of ps; see Chen (2017)
1 2

82pf

for details. However, the second-order partial derivative oy
1

along the lines of constant

latitude (or parallels) would tend to infinity as we approach the north and south poles, given
that the first-order partial derivative g% is bounded. One method to justify this claim is
that the curvatures of these parallels, which are equivalent to the reciprocals of their radii,

tend to infinity as these radii shrink. In addition, one should recall that the curvature of

; |9N2|)§. Therefore, applying (A.1) to estimate the
+g'%)2

angular representation py of the directional density f will produce large bias as the estimator

a function y = g(x) is defined as s :=

Dn approaches the high-latitude regions (around the north and south poles); see also Panel
(c) of Figure A.2.

e Second, the Euclidean KDE p,, leverages the Euclidean distances between any query point
y € [-m,m) x [—%,5] and observations {Y3,...,Y,} C [-m,7) x [~%, %] under their angu-
lar coordinates to construct the density estimates, instead of using the (intrinsic) geodesic
distances. Note that the Euclidean distance in the angular coordinate system is not equiva-
lent to the Euclidean distance in the ambient Euclidean space R? containing the directional
data on €25. As a result, some observations that have dramatically different geodesic dis-

tances to density query points can have the same density contributions in p,,, as illustrated

in Example A.1.

Example A.1. Suppose that we want to estimate the density values at y; = (0,0) and
Y2 = (0,5 —€), where € > 0 is small. Consider a random sample consisting of only two

observations Y1 = (5,0) and Yo = (5,5 — €). If we use the Buclidean distance, the distance

between (y1,Y1) and the distance between (y2,Ys) are the same. Therefore, when we use
the Euclidean KDE p,, to estimate the underlying density, the contribution of Yy to y, will

be the same as the contribution of Yo to ys. Nevertheless, their geodesic distances are very
1+cos(2e)]

different, because dg(y1,Yr) = 3 while dy(y», Ys) = arccos [sin® (3 — €)] = arccos [

2 2 2
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Y2

Y1

S

Figure A.1: Graphical illustration of geodesic distances between y; and Y; as well as y, and
Y-.

1s a quantity close to zero; see Figure A.1 for a graphical illustration. It explains, from a
different angle, why the Euclidean KDE p,, will have a large bias in estimating the underlying
density when the query point y is within the high-latitude region.

A.1.2  Case II: Ridge-Finding Problem

Consider the following simulated example of identifying a density ridge via the Euclidean
SCMS algorithm (Algorithm 1) and our proposed directional SCMS algorithm (Algorithm 2).
We generate 1000 data points {Xj, ..., X1000} C € uniformly from a great circle con-
necting the North and South Poles of €y, add ii.d. Gaussian noise N(0,0.2%) to their
Cartesian coordinates, and normalize the resulting points back onto (2, using the Lo
norm. The angular coordinates of these simulated points are denoted by {Y7, ..., Yip00} C
[—180°,180°) x [—90°,90°]. Figure A.2 presents the result of applying both the Euclidean
SCMS algorithm (with the Gaussian kernel) to angular coordinates and the directional SCMS
algorithm (with the von Mises kernel) to Cartesian coordinates of our simulated dataset. As

shown in panel (b) of Figure A.2, the Euclidean SCMS algorithm exhibits high bias in es-
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timating the true circular structure near the two poles of €2y, while our directional SCMS
algorithm is able to recover the true circular structure with negligible error. The density plot
in panel (c) of Figure A.2 exhibits two nonsmooth peaks at the North Pole because the Hes-
sian of the underlying density is unbounded in angular coordinates; recall our discussion in
Section A.1.1. This also explains the chaotic behavior of the Euclidean KDE in high-latitude
regions.

At this point, some readers may have a natural concern: why we do not directly apply the
Euclidean SCMS algorithm to the Cartesian coordinates { X7, ..., X,,} C €, of the available

data points? We discuss the potential downsides of this approach from two different aspects.

1. The Euclidean SCMS algorithm is not intrinsically designed for handling the direc-
tional data {Xj,..., X, } C €, Directly applying the algorithm to these Cartesian
coordinates leads to an estimated ridge not lying on €2,. While the L, normalization
is able to standardize the ridge points back to €2, this standardization process will

inevitably introduce extra bias.

2. When estimating the underlying density of { X1, ..., X,,} C Q,, we know from the KDE
literature (Chacon et al., 2011; Scott, 2015) that the (uniform) rates of convergence of
the Euclidean KDE and its derivatives depend on the dimension (¢+ 1) of the ambient
space instead of the intrinsic dimension q of directional data. This dimensionality effect
also appears in the (linear) convergence of the downstream SCMS algorithm, which,
for instance, shrinks the upper bounds of the (linear) convergence radius and step size
threshold in Theorem 3.10. Thus, analyzing directional data {X,..., X,,} C §, with
the Euclidean KDE and SCMS algorithm will slow down the statistical and algorithmic
rates of convergence of the density estimators as well as reduce the accuracy of the

resulting ridge in recovering the underlying structure inside the dataset.

To support the preceding explanations, we extend our simulation study in Figure A.2
as follows. We vary the maximum latitude attained by the underlying (intrinsic) circu-

lar structure on €2y from 45° to 90° while keeping the circle parallel to the original great
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(a) Initial points (b) Converged points (hammer (c) Converged points
projection) (orthographic projection)

d) Initial points e) Converged points (hammer f) Converged points
( g g
projection) (orthographic projection)

Figure A.2: Euclidean and directional SCMS algorithms performed on the simulated dataset.
Panels (a)-(c): Outcomes of the Euclidean SCMS algorithm with the contour plot for
the Euclidean KDE. Panels (d)-(f): Outcomes of our directional SCMS algorithm with
the contour plot for the directional KDE. Panels (a)-(b) and (d)-(e) are displayed using
Hammer projections (page 160 in Snyder et al. 1989), while Panels (c) and (f) are presented
under the orthographic projections.

circle connecting the North and South Poles of €; see panel (a) in Figure A.3 for an il-
lustration. For each of these underlying circles, we follow the same sampling scheme as in
Figure A.2 by sampling 1000 points uniformly on the circle, adding i.i.d. Gaussian noise

N(0,0.2%) to their Cartesian coordinates, and normalizing them back onto €y using the
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Figure A.3: Euclidean and directional SCMS algorithms applied to the simulated datasets
whose true structures are circles on {2, attaining their maximum latitudes from 45° to 90°,
respectively. The dots on each line plot in the panels (b-d) are the means of the associated
statistics for the repeated experiments, while the error bars indicate their corresponding
standard deviations.
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Ly norm. The Cartesian coordinates of the simulated points from each circular structure
are denoted by {Xi,..., X1000} C €22 while their angular coordinates are represented by
{Y1, ..., Y1000} C [—180°,180°) x [—90°,90°]. Then, we apply our directional SCMS algorithm
to { X1, ..., X1000} from each of these simulated datasets. Moreover, the Euclidean SCMS al-
gorithm is applied to both the angular coordinates {Y7, ..., Yip00} and Cartesian coordinates
{X, ..., X000} from each of these simulated datasets, where we consider {Xj, ..., X000} as
a dataset in the ambient space R? in the latter case. Here, the sets of initial points for the
Euclidean and directional SCMS algorithms are the simulated datasets themselves. Finally,
we compute the average geodesic distance errors on {25 from the resulting ridges to the cor-
responding true circular structures. To reduce the randomness of our simulation studies, we
also repeat the above sampling and experimental procedures 20 times for each true circular
structure.

We present our comparisons of the Euclidean and directional SCMS algorithms based
on three metrics in Figure A.3: (i) average geodesic distance errors between the estimated
ridges and the true circular structures, (ii) the number of iteration steps, and (iii) the run-
ning time. Notice that, as the latitudes of the underlying circular structures increase, the
distance errors of (Euclidean) ridges based on the Euclidean SCMS algorithm applied to the
angular coordinates {Y7, ..., Yiooo} increase. Conversely, the distance errors of directional
ridges and the ridges based on the Euclidean SCMS algorithm in R? decrease when the
true circular structures lie at higher latitudes on €y; see panel (b) of Figure A.3. While
the performance of our directional SCMS algorithm and that of the Euclidean SCMS algo-
rithm in R? are almost indistinguishable in terms of the average geodesic distance errors, our
directional SCMS algorithm significantly outperforms the Euclidean SCMS algorithm with
regard to computational efficiency; see panels (¢)—(d) of Figure A.3. Note that the Euclidean
SCMS algorithm exhibits high variance in the number of iteration steps under the repeated
experiments because each simulated dataset may contain outliers that are far from the true
circular structure on €29, and the Euclidean SCMS algorithm requires exceptionally many

iterations to converge when initialized from these outliers. Our directional SCMS algorithm,
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however, is more stable in its iteration count because it is adapted to the geometry of €2s.

Other potential issues of analyzing directional data with Euclidean methods and ignoring
the curvature of {25 can be found in Chrisman (2017). In summary, it is highly inadequate and
inefficient to handle directional data with the Euclidean KDE and SCMS algorithm, which
calls for the need to introduce the directional KDE (2.4) and propose our well-designed
SCMS algorithm for analyzing directional data (Algorithm 2).

A.2 Normal Space of the Euclidean Density Ridge

We first introduce some notation for the rest of this section. Given a matrix-valued function

B RP — R™" its gradient VB(z) will be an m x n x D array defined as [B(z)],;, =

%B(w)ij. The derivative of B in the direction of a vector z € R” is defined as:
B - B
Blaiz) =l 20 2B Gpg),
€E— €

When the matrix A(x) = VVf(z) € RP*P we will use the notation VVf/(x;z) =
V3f(x)z = 27’ V3 f(x) interchangeably to denote its directional derivative along z.

Recall that an order-d ridge of the density p in R? is the collection of points defined as:
Ry={x e R”: Gy(x) = 0, \ps1(z) <0} = {z € R” : Vy(z)" Vp(x) = 0, \gp1(x) < 0} .

Lemma A.1 below shows that under Assumptions 2.1-2.3, the Jacobian matrix
V [Va(z)"Vp(x)] has rank D — d at every point of Ry, and Ry is a d-dimensional man-
ifold by the implicit function theorem (Rudin, 1976). Consequently, the row space of
V [Va(z)"Vp(x)] € RP=D*P spans the normal space to Ry.

Define M(xz) = V [Vd(a:)TVp(a:)}T = [mg1(x),...,mp(x)] € RP*(P=9 the derivation
in pages 60-63 of Eberly (1996) shows that

= | Me(2)I L T (x) TV A2
my(a) = | @)+ 30 LI @) Vi) v (A2
for k=d+1,..., D, and the column space of M(x) spans the normal space to R,. Let

Ao(x) = Diag[Agri(x), ..., Ap(x)],
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1 1
Adr1(®) = Xi(x)" 7 Ap(x) — Ni() |
T(@) = [v(2)"Vp(x)] - vi(2) Vp(a)

Ai(z) = Diag {

fori=1,...,d. Then,

M(z) = Va(@)Ao(x) + ) Ti(@)Va(@) (). (A-3)

i=1
The columns of M (z) are not orthonormal. We therefore use the orthonormalization in Chen
et al. (2015) to construct N(x) whose columns are orthonormal and span the same column
space as M (x) in the following steps. Under the condition that M (x) =V [Vd(w)TVp(w)]T
has full rank D —d at every point & € Ry (see Lemma A.1), M (x)” M (x) is positive definite,

and we perform the Cholesky decomposition on it, i.e.,
M(z)" M(z) = J(2)J ()", (A4)

where J(x) € RP=D*(P=d) g 3 Jower-triangular matrix whose diagonal elements are positive.
We then define
(A.5)

Notice that M (x), N(x), J(zx) intrinsically depend on the dimension d of the ridge R, but
we do not explicate these dependencies in their notations. As discussed in Chen et al. (2015),
M () might not be unique because the eigenvalues of VVp(x) can have multiplicity greater
than 1. Any collection of linearly independent unit eigenvectors of VVp(x) fits into the above
construction for M (x). However, as will be shown later, this nonuniqueness of M (x) does
not affect the results below, as we only require the smoothness of M (x)? M (x) to develop a

lower bound of reach(Ry).

Lemma A.1. Suppose that Assumptions 2.1, 2.2, and 2.3 hold. Given that M(x) and N(x)
are defined in (A.3) and (A.5), we have the following properties:

(a) N(x) and M(x) have the same column space. In addition,

N(z)N(2)" = M(z) [M(z)"M ()]~ M(z)".
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That is, N(x)N(x)T is the projection matriz onto the columns of M (x).
(b) The columns of N(x) are orthonormal to each other.

(c) For x € Ry, the column space of N(x) is normal to the (tangent) direction of Ry at .

(d) For all x € Ry, rank(N(x)) = rank(M (x)) = D —d. Moreover, Ry is a d-dimensional
manifold that contains neither intersections nor endpoints. Namely, Ry is a finite

union of connected and compact manifolds.

(e) For x € Ry, all the (D — d) nonzero singular values of M(x) are greater than B > 0

and therefore,

H[M(a:)TM(m)}le <— and H[{](m)T}ﬂH <1

(f) When ||z —yl|, is sufficiently small and ¢,y € Ry &® p,

2
[N @)V ()T = NN @) ||, < Ao (111 + 121L) ll — wll,

for some constant Ay > 0.

(9) Assume that another density function q also satisfies Assumptions 2.1-2.8 and
P — ql|%. 5 s sufficiently small. Then

|| N, ()N, ()" = Ny(@)No() || < A+l —all

max

for some constant A; > 0 and any © € Ry, where N,(x) is the matriz defined in (A.5)

with the underlying density p.

(h) The reach of Ry satisfies

bt

reach(R;) > min ¢ =, ) o
4z (1111 + 191

p
2

for some constant Ay > 0.
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Lemma A.1 is extended from Lemma 2 in Chen et al. (2015) to handle the density ridge
Ry with 1 < d < D. Since Assumptions 2.1-2.3 imply the imposed conditions of Lemma 2
in Chen et al. (2015), our proof of Lemma A.1 essentially follows from their arguments with

some minor modifications.

Proof of Lemma A.1. We adopt and generalize parts of the proof of Lemma 2 in Chen et al.
(2015).
(a) This property is a natural corollary of the Cholesky decomposition as:

-1

N(z)N(z)" = M(z) [J(z)"]  J(z)"'M(z)" = M(x) [M(a:)TM(a:)rl M(z)".

(b) Some direct calculations show that

N(z)"N(x) = J(z) "' M(z)"M(x) [J

(c) It can be proved by the argument of Lemma 1 in Chen et al. (2015). Or, we define an
arbitrary parametrized curve v : (—e,¢) — RP lying within Ry for some € > 0. Then ~/(¢)
aligns with the tangent direction at v(t) € Ry. Since Vy(v(t))"Vp(v(t)) = 0, taking the
derivative with respect to t gives us that

d
:E[

with & = y(t). Hence, by the arbitrariness of v(¢), the column of M (x) =V [Vd(a})TVp(m)]T

0= 5 [Valy(0)"Vp(r(1)] = ¥ [Vala)" Tp(a)] -7/ (¢)

is normal to the tangent direction of R4 at @.

(d) We prove that the (D — d) nonzero singular values of M(xz) € RP*(P=9 are bounded

away from 0. Recall that
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with

AQ(J:) = Diag [)\d-i-l (‘B)> X )‘D(w)] )
A;(x) = Diag |:)\d+1(w> @) (@) = @) |

Ti(zx) = [vi(®)" Vp(z)] - vi(x)" Vp()

for i =1,...,d. Under Assumptions 2.2 and 2.3,

2

d
1 .
< Z I Ti ()], - |[Va()]], - 0 by Assumption 2.2

< ZH v;(z) V()] - vi(z)" Vip( H2 since ||Vy(zx)|], =1

1Pl DIV (el
N Bo
< Bo—p1 by Assumption 2.3.

d
It shows that all the singular values of > T;(x)Vy(x)A;(x) are less than Sy — B;. Moreover,
i=1
under Assumption 2.2 again, all the (D — d) nonzero singular values of Vy(x)A¢(x) are

By Theorem 3.3.16 in Horn and Johnson (1991), we know that all the
= (1 > 0. Therefore,

greater than fy.
(D — d) nonzero singular values of M (x) are greater than 5y — (8o — 1)
rank(M (x)) = rank(N(x)) = D — d. The rest of the proof follows directly from Claim 4 in
Chen et al. (2015).

(e) By the proof of (d), we already know that all the (D — d) nonzero singular values of

e H —

M (x) are greater than ; > 0. Thus,

1 1
z:¢%mmw@W‘¢%MMwmmm

T -1 i
= Il @) M) ], < -
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where o (A) is the smallest singular value of matrix A.

Finally, the proofs of properties (f), (g), and (h) are essentially the same as the corre-
sponding claims in Chen et al. (2015). We thus omit them. O

As we have discussed in Remark 2.2, property (d) of Lemma A.1 demonstrates that
Assumptions 2.1-2.3 for the ridge Ry are sufficient to imply the critical full-rank condition

of its normal space in Chen (2022) in order for Ry to be a well-defined solution manifold.
A.3 Normal Space of Directional Density Ridge

Recall that an order-d density ridge of a directional density f on Q, = {& € R?"! : ||z||, = 1}

is the set of points defined as:

Ry={z € Qy: Gy(®) = 0,Agy,(®) <0} = {z € Q: V,y(x) grad f(z) = 0,1, (x) <0}
(A.6)

Lemma A.2 below shows that under Assumptions 2.1-2.3, the Jacobian matri-
ces V [Vy(x)Tgrad f(z)] € ROD*@) and (I3 —zx”) V [V,(x) grad f(:c)}T €
R@Tx@=d) (., projecting the columns of V [V ()" grad f(w)]T onto the tangent space
T ) both have rank ¢—d at every point on R;, and R; will be a d-dimensional submanifold on
2, by the implicit function theorem (Rudin, 1976; Lee, 2012). Analogously to the discussion

of the normal space of a Euclidean density ridge in Appendix A.2, we define

T_

M(z) =V [V, () grad f(z)]" =V [V() V()]

= (md—i-l(w)a 7%(w)) € R(q—i—l)x(q—d)'
Different from the Euclidean density ridge case, it is the column space of
My(@) = (V [Val@) V@) @) = (my, (@), ... m, (@), ) € ROFDX@HD (A7)

that spans the normal space of R, within the ambient space R?™.. It can be seen from our
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Remark 2.2 that the rows of
V [0 (®)"V f ()]
VU(x) =
V [v,(®) 'V f(z)]

2x

spans the normal space of the solution manifold R;; see also Lemma 1 in Chen (2022). Con-
sequently, the column space of (I, — za”) M(x) = (I11 — zx”) V [V, (z) grad f(a:)]T
spans the normal space of I; within the tangent space T, at each ® € R; C ,. The
technique in pages 60-63 of Eberly (1996) is still valid to argue that

'V f(x)

VA f ()| vy (x) (A8)

v ()

= (M@ + 3T @) V@)

for k = d+1,...,q, where we use the fact that &’V f(x) = #grad f(x) = 0 on , under
the extension of f asin (Al). Let

Ay(x) = Diag [Adﬂ(w)v "'7Aq(m):| )
1 1
Agr (@) = Ai(@) 7 Ag(@) = Ay(@) |

1

A(w) = Diag {

for i =1,...,d. Then,
M(z) = Vy(@)Ag(a) + ) Ti(@)Vy(2)A(@). (A.9)
i=1
As in the Euclidean data case, the columns of M () = [M(x),x] € RlatDx(at1=d) gre

not orthonormal, and we again leverage the orthonormalization technique in Chen et al.
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(2015) to construct N(zx) that shares the same column space with M ;(a) but has orthonor-
mal columns. That is, under the condition that M ;(x) has full column rank ¢ + 1 — d at
every point € R, (see Lemma A.2),

1

N(z) = My(z) [L(x)"] (A.10)

with the Cholesky decomposition Mp(x)"Mp(x) = J(x)J(x)", where J(x) €
Ra+1-d)x(a+1-d) ig 5 Jower-triangular matrix whose diagonal elements are positive. Finally,
the non-uniqueness of M () will not affect our subsequent discussion of the properties of

directional density ridges.

Lemma A.2. Suppose that Assumptions 2.1, 2.2, and 2.3 hold. Given that M (x), M (x) =
(M (x),x], and N(x) are defined in (A.9) and (A.10), we have the following properties:

(a) Mg(x) and N(x) have the same column space. In addition,
-1
N(z)N(x)" = My(z) [ME(QU)TME(%)} Mg(z)".
That is, N(x)N(x)" is the projection matriz onto the columns of M p(x).
(b) The columns of N(x) are orthonormal to each other.
(¢) Forx € R, the column space of N(x) is normal to the (tangent) direction of R, at x.
(d) For x € R, the smallest eigenvalue Apin(M(x)"'M(x)) = Apin(M(2)" (I,41 —
wx”)M(x)) > 57 >0, and
rank(M(x)) = rank ((I,+1 — xzx’ ) M(z)) = q — d.

Moreover, all the nonzero singular values of M p(x) are greater than min {ﬁl, 1} >0,
and

rank(N(z)) = rank(M z(x)) =g+ 1 —d.

Therefore, R, is a d-dimensional submanifold that contains neither intersections nor
endpoints on €. Namely, R, is a finite union of connected and compact submanifolds

on Q.
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(e) For all x € R,

H [(M(z)" (Ijs1 — z2”) M(m)}_l < ﬁ% and H [l(w)T}_l ) < max {éil, 1} .

(f) When ||z — yl||, is sufficiently small and x,y € (Ed @3) N,

N @)N (@) ~ NN )], < 4 (119 + 1A12) e~ yll,

for some constant A, > 0.

(9) Assume that another directional density function g also satisfies Assumptions 2.1-2.3
after the extension g(x) = g (H:—H> in R\ {0}, and ||f — 9”20,3 is sufficiently small.
Then,

Hﬂf@)ﬂf(m)T - Mg(w)Ng(m)THmaX <A C|f - 9||;,3

for some constant A, > 0 and any © € R,;, where N(x) is the matriz defined in

(A.10) with directional density f.

(h) The reach of R, satisfies

2
min {él, 1}
reach(R;) > min 2/27 (3) (4)
4, (119 + 1719

for some constant A, > 0.

Lemma A.2 is the directional analogue of Lemma A.1 to the directional data scenario;

thus, its proof is similar to the proof of Lemma A.1.

Proof of Lemma A.2. The proofs of properties (a), (b), and (c¢) can be inherited from the

corresponding ones in Lemma A.1 with mild modifications and are therefore omitted.
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(d) We will prove that the (¢—d) nonzero singular values of M (x) and (I — za’) M(x) €

R@+1D*(a=9) gre bounded away from 0. Recall that

with

Ao(@) = Diag [y (@), . A, @)

Ai(w) = Diag {Am(w) = Ai(@)" A (@) = ()

Ty(x) = [i(x) V()] - v;(x) V()

for i =1,...,d. Under Assumption 2.2,

Igpi — Z Ai(x)

2

since HIqH — mazTHQ =1

2

<Z||T My - [1Va(@)]l, -

by Assumption 2.2

L] -

< Z va VIV f(x HQ H’v IV f( H2 since |[V4(x)|l, =1

< dHVf(:v)HQ 07 ||V (@)
< A

Rb|,_.

S@o_éf
d

It shows that all the singular values of (I, —axa”™) Y T;(x)V (x)A(x) or simply
i=1

d
Z @)V (z)A;(z) are less than B — B,. Moreover, under Assumption 2.2 again, all the

.

(q d) singular values of
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are at least 3 0"
By Theorem 3.3.16 in Horn and Johnson (1991), we know that all the singular values of
M(x) and (I41 — xzx”) M(x) are greater than

o V() Ao(2)) — 01 (Z L(«%‘)Zd(aﬁ)Ai(w)> 2By —(By—B,) =5, >0,

where 0;(A),i = 1,..., ¢—d are singular values of a matrix A € R@*+1>x@=9) i their descending

order. Therefore, the minimum eigenvalue of M (x)” M (x) satisfies

Amin (M ()" M () = Amin (M ()" (Ig1 — xa’ ) M(x)) > ] > 0. (A.11)

Now, given M p(x) = [M(z),x] € RUtD*@+1=d) and & € Q,, we know that

M(x)"M(x) M(x)'x
Mot Mp(w) = | VA

If we denote the orthonormal eigenvectors of M (x)” M (x) by va1(x), ..., va g—a(x) € R,

then

vy () Vi g-d(T)
PR ) )

0 0 1

c Rq-ﬁ-l—d

are the orthonormal eigenvectors of M ()T M y(x), whose eigenvalues are thus lower
bounded by min {ﬁl, 1} due to (A.11). Hence, rank(N(x)) = rank(M z(x)) = ¢+ 1 —d.
By the implicit function theorem and the extra constraint R; C Q,, R, is a d-dimensional
submanifold on 2,. It also implies that 12; cannot have intersections, because otherwise the
intersected points will violate the rank condition.

Finally, we argue by contradiction that R, has no endpoints. Assume, on the contrary, that
R, has an end point @y. Our preceding argument has shown that M (x), the derivative of
V,(2)TV f(x), is bounded. In addition, &y € R;. However, this contradicts the implicit
function theorem indicating that R, is a d-dimensional submanifold on €, because at the
end point xy € R, there exists no local coordinate chart for R; defined on an open set in

R,;. The results follow.
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(e) By the proof of (d), we already know that all the (¢ — d) nonzero singular values of
M(x) and (Ip — xx’) M(x) are greater than B, > 0. Also, all the (¢ + 1 — d) nonzero
singular values of M ,(x) are greater than min { B, 1}. Thus, the results follow easily from

the argument of (e) in Lemma A.1.

Finally, the proofs of properties (f), (g), and (h) are essentially the same as the corre-
sponding claims in Chen et al. (2015). We thus omit them. For (h), the reader should be
aware that we have extended the directional density f from , to R#**\ {0}. In addition,
it is the columns of M g (x) that span the normal space of R, in the ambient space, whose
nonzero singular values are lower bounded by min { B, 1}. The proof of (h) can also be

found in Theorem 3 of Chen (2022). O

A.4 Stability of Directional Density Ridge

A.4.1 Subspace Constrained Gradient Flows

This subsection is modified from Section 4 in Genovese et al. (2014) for directional densities
and their ridges on ;. A map @ : R — (), is a subspace constrained gradient flow with the

principal Riemannian gradient G, if w(0) = x € Q, and

@' (t) = Gy(w (1)) = Uy(w(t)) - grad f(w(t)) = Vy(w@(t) V(= () VI(@(t),  (A12)

where the last equality follows from (2.12). Given the definition of the directional density
ridge R, in (A.6), it consists of the destinations of the subspace constrained gradient flow w,
e,y € R, if tllglo w(t) = y for some w satisfying (A.12). It will be convenient to parametrize
the subspace constrained gradient ascent path with @ by arc length. Let s = s(t) be the arc
length from w(t) to w(oo):

s = [ 1=/l du
Denote the inverse of s(t) by t = ¢(s). Note that

1 - 1
S Pl G (@)l
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With v(s) = w(t(s)), we have that

G
") = e, o)L (4-13)

which is a reparametrization of (A.12) by arc length. Note that  always lies on €2, because its
velocity is within the tangent space T, for every s € [0,00). Lemma 2 in Chen et al. (2015)
justifies the uniqueness of v passing through any particular point x € ((Ed ©p)\ Ed) N Qy
under Assumptions 2.1-2.3. The (reversed) subspace constrained gradient flow v can be

lifted onto the directional function f, as we may define

§(s) = f(w(o0)) = f(w(t(s))) = f(7(0)) = f(v(s)). (A.14)

Sometimes, we may add the subscript & to the curves wy, v, & if we want to emphasize
that @, v, £ start from or pass through the specific point «.

To analyze the behavior of the subspace constrained gradient flow ¢ lifted on f, we
need the derivative of the projection matrix U(x) = U,(x) along the path v. Recall that
Ux) =U,(Hf(z)) =V, (x)V (2)". The collection {U(x) : x € ,} defines a matrix field:
there is a matrix U(x) attached to each point . As mentioned earlier, there is a unique
path v and a unique s > 0 such that = (s) for any x € (Ed @ E) \ R,. Define
_ USG5 +) - UHAG) | UHFG() + tB) ~ UHF((s)

v(s) e—0 € t—0 t

9

(A.15)
where Ey = L7 f(y(s)) = V(" f(7(s)) with V being the Riemannian connection on €.
Under Assumptions 2.1-2.3, £ has a quadratic-like behavior near the directional ridge R,,

analogous to Lemma 3 in Genovese et al. (2014).

Lemma A.3. Suppose that Assumptions 2.1, 2.2, and 2.3 hold. For all x € (Ed S5 B) N Qg

we have the following properties:
(a) £(0) =0, &(s) = [|G4(v(s))||5, and &(0) = 0. Thus, £(s) is non-decreasing in s.

(b) The second derivative of & satisfies £"(s) > %
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(¢) £(s) > 2 |Iv(0) — 7(s)]%.

Proof of Lemma A.3. The proof is adapted from Lemma 3 in Genovese et al. (2014).
(a) The first property £(0) = 0 is obvious from the definition (A.14). Then,

V() Calr(s))

R 7e M7 ) R

V() Va1 () V() VS (3(5)
1CavG)ls

= [I[Ga(v(s)l

since V,(v(8)TV 4 (v(s)) = I,—4 for all y(s) € €, By the definition of R, in (A.6),
Gy(v(s)) = 0 when ~(s) € R,;. Thus, £(0) =0 and £(s) is non-decreasing in s.

¢'(s) = —grad f(v(s))"+(s)

(b) Note that

(€(9))” = 1Ga(v())ll = VI (4(9)) Va3 () Va((5) "V f (1(s))
= [grad f(+(s)]" U(+(s)) [grad f(7(s))] -

Differentiating both sides of the equation, we have that

26'(5)E"(s) = 29/ (s)"Hf (v(s)U(7(s)) lgrad f(y(s))]
+ [grad f(v(s)]" U(v(s)) [grad f(v(s))].
Since U(v(s)) - U(v(s)) = U(y(s)) (idempotent), we have that U(y(s)) = U(v(s))U(y(s)) +
U (7(s))U(~(s)), and hence the second term on the right-hand side of the above equation

becomes

lgrad f(7(5))]" U, ) (7(5)) [grad f(v(s))]
= V() U)o (V)Y (7(5)) + VF (1)) Uy (V()U(1())V £ (7(5))
=2V f(7(s)"U(1(s))Gal7(5))
Thus,
26'(5)€"(s) = 29/ (5)"HF (1()Ga(1(5)) + 2V f (1()) U (1(5)) Ga(7(5)).-
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By (a) and (A.13), we conclude that

Ga(1(s)" 1 ((5) - Ga(r(s)) | V(s ) U((5))Ga(n(5))
1G4 (v())Il; 1Ga(v($))]l, '

Now, we will bound the two terms in (A.16), respectively. As for the first term

Gy () THI(1(5))-Gy ()
1G4 (v(s))II2

Ga(y(s)) 1T (7(s)) - Ga(3(5)) = Ga((5)" [Va(7(5)) AR, (v(5))Va(1(5))" ] Galr(9)),

§'(s) = -

(A.16)

, we notice that G,(7v(s)) is in the column space of V ,(v(s)). Hence,

where A, (7(s)) = Diag [Agzy1(7(5)), .., A (7(s))]. Therefore, from Assumption 2.2,

Ga(y()HI(1(5)) - Galr(5)) _ Gav())" [Va(v(s) A, (7(8))Va(7(5))"] Gal(r(5))
1G4 (v())Il 1Ga(v(s))]13
< Amax [Va(7(5))Ar, (7(5))Va(7(s)) "] < =B,

and consequently,

Ga(v(9))"HS (1(5)) - Gu((5))

- 1Car )P =y

VN Uy (9 Gar(5))
HQd('Y’Z‘(g)))H: , we notice that U(v(s)) + U (7(s)) = I,11, where

Ut =Uy, and U(y(s)) - G4(v(s)) = G4(7(s)). Then,

As for the second term

However, |V £(v(s))7U(v(s))U(y(s)U((s)) - G4(v(s))| = 0. To see this, note that U(v(s))-
U(v(s)) = U(7(s)) and it implies that
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showing that U(v(s))U,U(v(s)) = 0. To bound Vf(y(s))"UL((s))U(v(s)U(y(s)) -
G4(7(s)), we proceed as follows. As before, we let E; = LHf(v(s)) = VHf(v(s)) - 7/ (s).
Then, by the Davis-Kahan theorem (Lemma B.9),

VG T NUHE)U () - Calr(5))
VL)) [T (3(3) + £E) = UHF ()| U (5)) - Galr(5))

= lim

t—0 t
< 0 N -timg IEHL O 2D ZOHTCE, 5,
_ VI DTG 1Bl - Il

5,
Note that || Byl < [[VHL(1(8))] |y 11V (5)lz < @2 [[V2F(3()) s Decanse [|7/(s)]]; = 1.

Thus, from Assumption 2.3,

Vf(7<3))T_U<7<S))Qd(7(S))‘ . V2% ||V F (7)o | [T (7(8)) V£ (1(5)) ]
G a(v(s)I], B B,

Therefore, {"(s) > B, — b — bo,

<
-2

(c) For some 0 <5 < s,

, s &2, 5, 2
E(s) = £0) +5€/0) + S€"() = Se') > 2
by (a) and (b). As v is parametrized by arc length, we conclude that

€)= £0) = 2052 5 Do 0y )12

The result follows. O

The statement (c¢) in Lemma A.3 is known as the quadratic growth condition in the
optimization literature (Anitescu, 2000; Drusvyatskiy and Lewis, 2018). Under Assump-
tions 2.1-2.3, such a quadratic growth of the subspace constrained gradient flow ¢ lifted
onto the directional density f enables us to quantify the stability of directional ridges un-
der small perturbations of the directional density and develop the linear convergence of the

(directional) SCGA algorithms on €2,.
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A.4.2  Proof of Theorem 2.2

We now show that if two directional densities f and fare close, their corresponding ridges
R, and Ed are also close. We will use, for instance, éd and Q 4> to refer to the principal (Rie-
mannian) gradient and projection matrix with its columns as the eigenvectors corresponding
to the smallest ¢ — d eigenvalues of the (Riemannian) Hessian ”Hf with the tangent space of

Q, defined by .

Proof of Theorem 2.2. Our arguments are modified from the proof of Theorem 4 in Genovese

et al. (2014) as well as Proposition 4 and Theorem 5 in Chen (2022).

(a) We write the spectral decompositions of H f and ”Hf as
Hf=VAVT and Hf=VAVT.
By Weyl’s Theorem (Theorem 4.3.1 in Horn and Johnson (2012)), we know that

-3zl <ar-

2’
where we recall that there are at most ¢ nonzero eigenvalues of the Riemannian Hessian
Hf(x) on Q, Thus, fvsatisﬁes Assumption 2.2. Moreover, since Assumption 2.3 depends
only on the first- and third-order derivatives of f, it holds for fwhen H f— ﬂ

is small

*
00,3

enough.

(b) We present two methods based on two different flows to prove this statement and com-

ment on their pros and cons in Remark A.1.

Method A: By the Davis-Kahan theorem (Lemma B.9 and (B.25)),

V(@) = Uu(@)||, = ||Val@Vs@)” = Va(@) V@)
_ V2 |[ste) - i)

B,

2

HF
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%
00,2

-
Pl

=1
2

)

for any x € Q,. Then, given that sz(w)zd(w)rf

|Ga(@) - Gala)

2

— ||[Va@) V@)V 1 (@) - Vo@)V (@) V la)||

< ||[a@va@) - V@) Vo@)| Vi@)|| +||Va@)Zo@)" [Vi@) - V@) ||
vl

< 5

Therefore, by the differentiability of f from Assumption 2.1 and the compactness of €2,, we

=2 IV f(@)ll, + val||F - 7]|_ -

obtain from the above calculations that

sup |Gy (@) — G(a)

xelly

<
2

i

for some constant C; > 0 that only depends on dimension q.

‘éd(i)‘t = 0, and ||Gy(2)|], < Cy Hf - fH;Q Let v be the

*
00,2

Now, let x € Ed. Then,

subspace constrained gradient ascent flow through & as defined in Section A.4.1 so that
v(s) = @ for some s. Note that v(0) € R;. From property (a) of Lemma A.3, we have that
€' (s) = ||G4(2)]|],- Moreover, by Taylor’s theorem,

G| =7, 2 ICa@ll, =€) =€1(0) + 56" (w)

for some u between 0 and s. Since £'(0) = 0, from property (b) of Lemma A.3,

-7

and consequently, dy(y(0),z) < s < %

S
Ch ‘ > s&"(u) > %

*
00,2

-

distance between x and y on ;. Therefore,

where d,(x,y) denotes the geodesic

*
)
00,2

2C4

dp(®, Ry) < |[7(0) — @[], < dy(v(0),®) < 5

i

*
00,2
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for some

Now let & € R,;. The same argument shows that dg(zx, Rd

constant Cy > 0 because Assumptions 2.1-2.3 hold for f
)

00,2 00,2

Method B: Since we are only required to bound the maximum FEuclidean dis-

> 2C
As a result, Haus(R,, R;) < ﬁ_ol

tance between R, and Ed, i.e., Haus(ﬂd,Ed), we may view R, and Ed as solution

manifolds in R and tentatively ignore the manifold constraint R, Ed C 9, De-

fine h(z) = ||Vy(x)"Vf()||, = V[ (@) Vy(x)V,y(x)"V[f(x). Given that M(x) =

\Y% [Zd(m)TVf(w)] , the gradient of h(x),

V [Vy(@) V(@) V(@) V(@) M)V, (z) V()
V() TV f ()] 1Va(2)"V f ()],

is a vector in R, Let z € Ed. We define a flow ¢, : R — R?™! such that

Vh(x) =

(A.17)

¢=(0) =z, ¢,(t) = =Vh(¢=(1)).

It can be argued by Theorem 7 in Chen (2022) that ¢,(c0) € R; when z € R, & dp for

some small §p > 0. In addition, we can always choose

) to be small enough so
00,3

that R; C R; @ do. By Theorem 3.39 in Irwin (2001), ¢.(¢) is uniquely defined because the
gradient Vh(z) is well-defined for all z ¢ R,. We can also reparametrize ¢,(t) by arc length

as:

) Lo Vh(a(s)
7:(0) =z, 7L(s) = IVR(=6)),

Let S, = inf {s > 0: 7.(s) € R,} be the terminal time/arc-length point and 7,(S.) € R, be
the destination of 7, on R;. The above argument also demonstrates that the flows ¢, or v,
converge to the manifold R, from the normal direction of R,, because we can write
Vh(72(Sy)
/
7(S2) = — ay - my,(72(Sz))
? IVh(7=(S H2 Z; o

et aVa(1=(S2))V f(7:(Sz))
||M(7z(Sz))zd(7z<8z))vf<’7z(8z>>||2

and the column space of M (7,(S,)) spans the normal space of R, at 7,(S;) € R,

with ap = —

The goal now is to bound S, because its length must be greater than or equal to



We then define 9,(s) = h(72(s)) — h(72(S2)) = h(yz(s)).

|2 = 7z,(2)]],

V. (s) with respect to s leads to
9,(5) = S h3a(5)) = (VA %(s)
= = IVA(1z(s))ll,
B | ‘M(7z(3))zd(’7z( va (72(s H2
IVa(r=(s) TV f (=(3)]

< —Omin (M(72(5))) < =B
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Differentiating

(A.18)

by (d) in Lemma A.2. (Note that 0 < j3; < B, because the smallest singular value of M (z)

is at least 3, and by the continuity of Apin(M(y)"M(y)), we can always choose dy > 0 such
that omm(M(y)) > By for all y € Ry;®dy.) As z € Ry, by the proof of Method A, we know

that

CI‘

F=F|, 2 @l = = Vo),

= h(72(0)) = h(72(Sz))  since h(72(Sz)) = 0

=12(0) = 9.(S:)  since ¥.(S;) = 0 and 9,(0) =

= —8.9,(S%) by the mean value theorem

> 8.3 by (A.18),

where S} is some value between 0 and S,. Hence, S, < %
1

00,2
which is independent of z € Ed. This implies that

o]

sup dE(z7Ed> S -

ZEEd

*
00,2 )

o]

h(72(0))

*
Y
00,2

We can exchange the role of R; and Ed and apply the same argument to show that

sup dg(x Rd (’ )
zeR,
In total, this leads to the conclusion that Haus(R,, Rd ( )
00,2
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(c) By (h) in Lemma A.2, the reach of R, has a lower bound, min {,0/2, 1 (T;Illgiﬁll“)) }
- 222 ) o)

Note that p and 3 . depend on the derivatives up to third order of f. Thus, the lower bound

). 0
00,3

Note that for the stability of directional ridges, one can relax Assumption 2.1 by requiring

f to be g-Holder with 5 > 3.

for the reach of }_N%d will be identical to the one for R; with an error rate O <‘ ’ f— ﬂ

Remark A.1. We apply two different methods to establish the stability theorem of directional
density ridges. Method A utilizes the subspace constrained gradient flow constructed in
Section A.J.1 and its quadratic behavior (Lemma A.3), while Method B defines a normal
flow to the ridge R, induced by the column space of M(x). Each of these two flows has
its pros and cons. The subspace constrained gradient flow aligns more coherently with our
directional SCMS' algorithm (Algorithm 2) to identify the (estimated) directional ridge from
data, because it relies only on the first and second-order derivatives of the (estimated) density
f. Nevertheless, the subspace constrained gradient flow does not necessarily converge to R, in
the optimal direction, that is, the normal direction to R;. This can be seen from the explicit
formula (A.9) of M(x), which spans the normal space of R;. The normal flow

N M(¢z (t))zd(¢z (t))va((bz <t>>
IVa(0=(8)) "V f(9=(1))]l,

defined in Method B, however, converges to R, in its normal direction by construction.

¢=(0) =z, ¢.(t) =

In general, the normal flow tends to the ridge R, faster than the subspace constrained gra-
dient flow, but it may be complicated to compute in any practical ridge-finding task due to
its involvement with third-order derivatives of the (estimated) density f. Recently, Qiao and
Polonik (2021) presented explicit formulae for finding density ridges via such a normal flow
and its discrete gradient descent approximation. Additionally, they defined a smoothed ver-

sion of the ridgeness function that also circumvents the computation of third-order derivatives

of f.



236

Appendix B
APPENDIX TO CHAPTER 3

B.1 Algorithmic Summaries of Euclidean and Directional SCMS Algorithms

In this section, we provide algorithmic summaries of the Euclidean and directional SCMS
algorithms for practical reference. Algorithm 1 describes each step of the Euclidean SCMS
algorithm in detail. In our actual implementation of the algorithm, we replace the density
estimator p,(x) with logp,(x). To demonstrate that the (directional) SCMS algorithms
under the log-density implementation give rise to a faster convergence process, we repeat
our experiments in Sections 3.7.1 and 3.7.2 (i.e., Figure 3.3 and Figure 3.4) 20 times for each
simulated dataset with the (directional) SCMS algorithms under the original (estimated)
density and the (estimated) log-density, respectively. The comparisons between their running
times are shown in Figure B.1, in which the (directional) SCMS algorithms under the log-
density implementation clearly outperform their counterparts with the original density in
terms of the average elapsed time until convergence.

Additionally, when the observational data in practice are noisy, it is common to in-
corporate an extra denoising step before Step 2 of Algorithm 1 to remove observations in
low-density areas and stabilize the (Euclidean) SCMS algorithm; see Genovese et al. (2014);
Chen et al. (2015) for comparative studies that demonstrate the significance of denoising.

We summarize the directional SCMS algorithm in Algorithm 2. Note that in Step 2-1
of Algorithm 2, we compute the scaled versions #}’(Qh) . Gy(x) and #}fh)?—[ﬁ(w) for x € Q,
because the estimated principal Riemannian gradient G,(z) and Hessian H.f,(x) are often
very small. The scaling stabilizes the numerical computation. The spectral decomposition

is thus performed on the scaled Hessian estimator CL”—h(Qh)Hfh(m), and the scaled principal
»q
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-3
1=}

B = Euclidean SCMS with fn(x) [ Directional SCMS with f,(x)
70 = Euclidean SCMS with log fn(x) [ Directional SCMS with log y(x)

~
1=}

o
=}

w
=}

w
1=}

.

—

Running Time in Seconds
Running Time in Seconds
N
o

N
o

’ e

p——
20 L

Y ]

—

Gaussian Mixture Half Circle VMF Mixture Circle on Q;
Simulated Datasets Simulated Datasets

o
o

(a) Repeated experiments with the simulated  (b) Repeated experiments with the simulated
Fuclidean datasets in Figure 3.3. directional datasets in Figure 3.4.

Figure B.1: Running time comparisons between the (directional) SCMS algorithms with
the original density and the log-density applied to our simulated datasets in Figure 3.3 and
Figure 3.4.

Riemannian gradient estimator is calculated as

W Gylw) = D@V (o) [Z (o 2" X~ X) I (#)]

cLq(h) i1
LN = T ’ 1-— wTXi
= S V@) Vo) X 1 ()
i=1
where Ed(a:) = [W41(x),...,v,(x)] has its columns equal to the orthonormal eigenvectors
associated with the d smallest eigenvalues of the scaled Hessian estimator CL"—"(Qh)Hﬁ(:v) (or
»q

equivalently, ”Hﬁ(w)) inside the tangent space T}.
B.2 Proof of the DMS Q-function Ascent Result

This section verifies the ascent property of the auxiliary Q-function used to interpret the

DMS iteration as a generalized EM step.

Proof of Theorem 3.2. As we take k; = h% and o; = 711 foralli=1,...,nin (3.13) and (3.12),
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Algorithm 1 (Euclidean) Subspace Constrained Mean Shift (SCMS) Algorithm

Input:
e A data sample X1, ..., X,, ~ p(x) in R”.
e The order d of the ridge, smoothing bandwidth A > 0, and tolerance level € > 0.

e A suitable mesh My C R? of initial points. By default, Mg = {X1, ..., X,,}.

2
2

Ck,D

Step 1: Compute the density estimator p,(x) = 5 >k (‘ |”3_TX1
i=1

) on the mesh Mp.
Step 2: For each initial point Z(® € My, iterate the following SCMS update until con-

vergernce:
while H%(:’c\(”)TVﬁn(fc\(”)H > e do
2

Step 2-1: Compute the estimated Hessian matrix as:

n 2
"~ C
wone) = 3oyt )
2

i=1

z® — X;
h

2 — X,
h

h2

)l

Step 2-2: Perform the spectral decomposition on the Hessian VVp, (") and ob-

~ A~ A~

tain that Vy(2")) = [0441(2®), ..., op(z"))] whose columns are orthonormal eigenvectors

2
2> _ g0

)

Output: An estimated d-ridge ]/%d represented by the collection of resulting points.

associated with the smallest (D — d) eigenvalues of VVp,(z®).
i Xk (

a2 _x,
h

Step 2-3: Update 2(+Y + z® + %(@(t))ﬁd@(t))y’

a2t —x;
h

|

end while

the Q-function reduces to

n 2 o T
Q") = 3 [lon ) g1 (XY pz i),
n
=1
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Algorithm 2 Directional Subspace Constrained Mean Shift (SCMS) Algorithm

Input:
e A directional data sample X1, ..., X,, ~ f(x) on €.
e The order d of the directional ridge, smoothing bandwidth A > 0, and tolerance level
e > 0.
e A suitable mesh Mp C Q, of initial points. By default, Mp = {X;, ..., X,,}.
Step 1: Compute the directional KDE fh(w) = CL+(h) Zn: L (%) on the mesh Mp.
Step 2: For each @(0) € Mp, iterate the following dire;ilonal SCMS update until conver-

gence:

while ‘

nh? A (@) .
cL,q(h) G <§ >H2 > ¢ do:

Step 2-1: Compute the scaled version of the estimated Hessian matrix as:
nhQ ~ R R T 1 n 1 B XlTi(t)
i=1

cLq(h)
~ 7 1- x7z" ~@ (~0\T
+> X2, I <—h§ = [Iq—s—l -z (@“) } .

i=1

nh?

Step 2-2: Perform the spectral decomposition on = (h)'}—[fh (@”) and compute
sq

v,@" = |7, H(&:\(t)), ...,@q(i(t))}, whose columns are orthonormal eigenvectors corre-

sponding to the smallest ¢ — d eigenvalues inside the tangent space T .

1-xTz®)
i (0

“xTz0 .
ERnE e
2

~

Step 2-3: Update D 30 Ed(i(t))zd@(t))T

. ~ ~ @+
Step 2-4: Standardize 2 as 20D ﬁ
- 2

end while
Output: An estimated directional d-ridge }_A%d represented by the collection of resulting

points.




240

and the posterior Z1|Y1,@(t) becomes

7 (1 xTz®
PZ_'YA(t)_ ( h? ) B2
( 1—Z‘ 1, L )_ n 1_xTz®\ ° ( )
Ze:lL <+)

The differentiability and convexity of L indicates that

L(y) — L(z) > L'(z) - (y — @), (B.3)

where L'(x) is replaced by any subgradient at non-differentiable points. As 0 < L(0) < oo,

we have that

Q@""2") - @ ")

_XTz®
1— X7z 1- x7z" L (1 %2 )
= Z log L —log L L — . -
h h? n 1-x7z®
= Yo L (EEE)

_XTz®
) & 1 1— X7z 1— x7z" L (1 Tt >
= Zl L ( =X @“*”) | E h? -1 h2 R kXT@(t))

L S L (2

—~

h2
T4t - - _xTz®
G n L,( )22 > XT( t _ (t+1>> L<1 )%27 )
> . .
— TA(H-I) 2 _xTz®)
= () h St ()

111) 2) n () T (~(0) ~(t+1)
e (S @ e

. ~(t)
(iv) L(%) (1-XTz ~t+D)\T (A1) A0
= nL(0)? ZXiL 12 ' (E ) (z —E )
=1
n (1)
(v) L (%) , 1— XTiL‘ HA(t_H) A (1)
AL X;L i ) _
2nL(0)2 ZZI h? z £,
>0,

where (i) uses the fact that logy — logx > == by the concavity of log(-), (ii) leverages the
inequality (B.3), (iii) applies the monotoni(:lty of L, (iv) plugs in (3.16), and (v) utilizes the

2
fact that < (t+1)> (i(tﬂ) — @(t)> = 1|1z _ 3O on Q,. The result follows. O
2
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B.2.1 Proof of the Monotonicity of the DMS Objective

The proof of Theorem 3.3 relies on the following proposition, which equates the observed
log-likelihood values in the EM framework with the density estimates defined by the DMS

sequence.

Proposition B.1. The observed log-likelihood log P(Y1|w) is given by
log P(Y1|p) = log ZOée woarin - L (ke (1= X7 'p)]

In particular, when oy = = and ky = % for all € = 1,...,n (i.e., simplifying to the DMS

(Yi|p) = log fa(p).

case), it implies that log P

Proof of Proposition B.1. By (3.10), the observed log-likelihood in the EM framework of
Section 3.3 with ¥; = (0,...,0,1)” € Q, is given by

log P(Y1|p) = log P(Y1, Zi|p) — log P(Z1|Y1, p)
= z"; Lz, - {log ; +log Cy (ki) +log L [rs(1 — X )] } (B.4)
— i Lz, - log P(Z1 = i|Y1, p).
i=1
Taking the expectation over Z;| <Y1,§(t)> on both sides of (B.4) yields that

log P(Yilu) = >_ P (21 = if¥1,8) - {loga; + log Cyr (k) + log L [i(1 = X )]}
=1

=Y P (% =ivi.8") 10g P(Z = ilYi, ).
=1
(B.5)

After plugging (3.12) into (B.5), we obtain that

log P(Y1|p) = ZP(Zl =1i|Y, ) . llogai—l—longyL(ni)#—logL[/{i(l—XiTu)]
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;- CqL(F&z) Lri(1—XTp)]
Yoy e Corke) - Like (1 — X[ )]

— log

n

= ZP (Zl = i\Y},@”) -log [Z ap-Cyr(ke) - L [Iig (1 — XeTp,)]

i=1 /=1

= log

ZO&[ : Cq7L(l€g) - L [I{g (1 — .XKTIJ,)]
(=1

When oy = % and Ky = # for all ¢ =1,...,n (i.e., simplifying to the DMS form), the above

equation indicates that

Cor(1/B) S~ (1= XTu
) L 1
n ; h?

where we recall from (2.5) that ¢y 4(h) = C,1(1/h?) is the same normalizing constant for

2
o Ca (/)

log P(Yi1|p) = log —
»q

= 10g ﬁ(“)? (BG)

the directional kernel L. The results follow. O

Proof of Theorem 3.3. The difference of observed log-likelihoods (B.5) between two consec-

utive steps of our DMS (or generalized EM) iteration is calculated as

() ( t+1)’/\ lOgP (Zl — Z‘Yl, ’\(t+1)>

) -
) - 21).

< 0|5t )+ZP<Zl_’|Yl’ ) logP<Zl—Z|Y1, )
2) - P

(t+1)
(A(t ‘A(t> P (Zl == 'llyvla )

P(zi=iv.2")
(i)
2 Q < t+1)|w t)) Q ( > log P <Zl — Z‘Yi, ’\(t+1)>

=1
~

=0

7 =i,z ) -log

3
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where (i) uses (3.13), (ii) applies Jensen’s inequality, and (iii) utilizes Theorem 3.2. The
inequality (ii) is strict except when 2D = 2. Therefore, combining (B.6) with (B.7)

show that
log /u(@"*") ~ log f(2") = log P (a2 ") ~log P (V12") > 0.

~ o~ o0
As f, is differentiable on the compact set (2, under our assumptions on L, { fh@(t))} is
t=0

thus bounded from above and converges. O]

B.3 Convergence Theory for Generalized EM Sequences and Proof of Theo-
rem 3.4

This section collects the generalized EM convergence arguments used in the proof of Theo-
rem 3.4. The goal is to connect monotonicity of the auxiliary function with convergence of
the DMS iterates.

To establish the global convergence of (generalized) EM sequences toward stationary
points (in most cases, local maxima), we adopt the regularity conditions formulated by Wu

(1983) regarding the parameter space ¥ and the observed log-likelihood function ¢(¢):
Assumption EM1. VU is a subset of a finite-dimensional Euclidean space.

Assumption EM2. For any ((¢g) > —oo, the level set Vg = {¢ € U : l(p) > l(po)} is

compact, where ¢y is the initial parameter for the (generalized) EM algorithm.
Assumption EM3. ¢ is continuous on ¥ and differentiable in the interior of V.

Let ¢ — M(¢) be the point-to-set map defined by a generalized EM iteration such that

the Q-function'® satisfies

Q(¢'|¢) > Q(p|¢) for any ¢’ € V.

IThe Q-function is defined as the expectation of the complete log-likelihood with respect to the posterior
distribution of the latent variables given the observed data and current parameter values.
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Denote by S the set of stationary points of the observed log-likelihood ¢. Under Assump-
tions EM1-EM3, the limit points of a generalized EM sequence are guaranteed to be sta-
tionary points of the observed log-likelihood.

Lemma B.2 (Theorem 1 of Wu 1983). Let {¢,} be a generalized EM sequence generated by
Gp+1 € M(¢,), and suppose that (i) M is a closed point-to-set map over the complement of
S; (i) U(ppr1) > U(Pp) whenever ¢, ¢ S. Then, every limit point of {¢,} is a stationary
point of £, and €(¢,) converges monotonically to €* = ((¢p*) for some ¢* € S.

In practice, generalized EM algorithms are typically terminated when the (Euclidean)
distance between two consecutive iteration points ||¢,+1 — ¢,|| falls below a prescribed toler-
ance. However, this criterion does not strictly guarantee the convergence of the generalized
EM sequence to a unique limit point in S; see the discussion in Wu (1983) and a counterex-
ample provided in Li et al. (2007). To ensure the convergence of a generalized EM sequence
to a single stationary point in S (in most cases, a local maximum), we require an additional

structural condition on ¢(¢):

Assumption EM4. The set of local modes of the observed log-likelihood () is discrete,

and each local mode is isolated from other critical points.
We now verify that these conditions hold in the DMS setting.

Proof of Theorem 3.4. We verify in detail that Assumptions EM1-EM4 for the convergence
of generalized EM sequences can be satisfied by our conditions (a,b) on directional KDE ﬁ
and kernel function L.

First, the estimated parameter p lies on €),, which is a compact manifold in the ambient
Euclidean space R4, Thus, Assumption EM1 holds.

Second, by Proposition B.1, the observed log-likelihood coincides with the logarithm of
the directional KDE log f,. For any initialization p© € Q, with log Fu(p©®) > —oo, the
constrained parameter space ¥ = {u € Q, :log ﬁ(#) > log ﬁl(u,(o))} is a closed subset of

the compact set (2,, and is therefore compact. Hence, Assumption EM2 is satisfied.
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Third, under condition (b), ]?h is differentiable on €2,. Therefore, Assumption EM3 holds.
Finally, it is obvious that our condition (a) implies Assumption EM4. By Lemma B.2
and the discreteness of the set of local modes, the DMS sequence converges to a single
stationary point. Since saddle points and local minima are unstable for the ascent iteration,
the convergence is to a local mode for all initializations outside a set of Lebesgue measure

Zero. O

B.3.1  Proof of Theorem 3.5
B.3.2  Function Classes on Riemannian Manifolds

The key definitions in this subsection are modified from Section 2 in Zhang and Sra (2016).

Definition B.3 (Geodesic Concavity). A function f : M — R is said to be geodesically
concave (or g-concave) if for any p,q € M, a geodesic vy such that v(0) = p and v(1) = ¢,
and t € [0, 1], it holds that

() = (L =) f(p) +tf(9)-

Equivalently, it can be shown that there exists a tangent vector g, € T,(M) such that

f(@) < F(p) + (9p, Exp, ' (0)) (B.8)

where g, is called a subgradient of f at p, or the gradient if f is differentiable, and (-,-),

denotes the inner product in the tangent space of p induced by the Riemannian metric.

See, for instance, Section 1.2 in Bubeck (2015) for the definition of subgradients of convex

functions.

Definition B.4 (Geodesically Strong Concavity). A function f : M — R is said to be
geodesically p-strongly concave if for any p,q € M,

f(a) < f(p) + (gp, Exp, ' (q))p — 5 - (D, q), (B.9)

=

where d(p, q) = \/<EXP;1(C])a EXP;1(Q)>p = HEXP;(Q)H-
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Definition B.5 (Lipschitzness). A function f : M — R is said to be geodesically L ;-

Lipschitz if for any p,q € M,

[F(p) = F(@)| < Ly - d(p,q). (B.10)

Definition B.6 (5-Smoothness). A differentiable function f : M — R is said to be geodesi-

cally B-smooth if its gradient is B-Lipschitz. That is, for any p,q € M,

lgp = T4(gq)l| < 5 - d(p, q), (B.11)

where I'Y is the parallel transport from q to p and B > 0 is a constant.

Before proving Theorem 3.5, we introduce the following two useful results. As pointed
out in Zhang and Sra (2016), a main hurdle in analyzing non-asymptotic convergence of
first-order methods on smooth manifolds is that the Euclidean law of cosines does not hold.
Fortunately, there is a trigonometric distance bound stated below for Alexandrov space

(Burago et al., 1992) with curvature bounded below.

Lemma B.7 (Lemma 5 in Zhang and Sra 2016; see also Bonnabel 2013). If a,b,c are
the sides (that is, side lengths) of a geodesic triangle in an Alexandrov space with sectional
curvature lower bounded by k, and A is the angle between sides b and c, then

2 |K[c

— Y b2+ ? — 2bccos(A). B.12
— tanh(y/|k|c) (4) ( )

The sketch proof of Lemma B.7 can be found in Lemma 5 of Zhang and Sra (2016). Note
that k = 1 on Q,. We inherit the notation in Zhang and Sra (2016) and denote mn}:{r%
by ((k,c) for the curvature-dependent quantity from inequality (B.12). One can show by
differentiating ((k, ¢) with respect to ¢ that ((k, ¢) is strictly increasing and greater than 1 for
any ¢ > 0 and fixed k # 0. With Lemma B.7 in hand, we are able to state a straightforward
corollary indicating an important relation between two consecutive updates of a gradient

ascent algorithm on €2,.
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Corollary B.8. For any point ,y® in a convex set on Q,, the update in (3.18) satisfies

2n{grad f(y"),Exp i, (2)) < d*(y", ) — *(y"*) ) + ((1,d(y", ) - 1°[|grad f(y")|[3,

recalling that d(z,y) = \/(Exp, ' (y),Exp; ' (y)) = |[Exp,*(v)]|, on Q.
The proof is similar to Corollary 8 in Zhang and Sra (2016) and thus omitted.

Proof of Theorem 3.5. (a) Linear convergence of gradient ascent with f: The proof

of the linear convergence of the population-level gradient ascent algorithm (3.18) is similar

to standard results in optimization theory, except that we now work in the manifold setting.

Recall from (3.18) that the iterative formula reads y"*! = Exp ) (n-grad f(y")) for
=0,1,.... We begin by deriving the following three facts.

e Fuct 1: Given Assumption M1, f is geodesically strongly concave in a small neighborhood

of each point in M. In particular, when 0 < ry < /2 — 2cos [+} ,
2(q+1) 2 [1f115,3

F(y) — Flmy) — {grad f(my). Expy, () < > |l (). (B13)

4 2

for any y € {z € Q : ||z — my|[, < 7o} and any m;, € M.
o Ffact 2. Given Assumptions D1 and M1, we know that ||gradf(x)|, =
[Tang (V(2))ll, > 0 and

1
fm) =1 (EXpm <<q ST (‘”)) ="

forall z € {z € Q, : ||z —my]||, <ro} \ {m,} and any m, € M.

e Fact 3. Given Assumption D1, the directional density f is (¢ + 1) || f]|., ;-smooth.

As for Fact 1, it follows from the differentiability of f guaranteed by Assumption D1 and

the eigenvalue condition in Assumption M1. By Taylor’s expansion on manifolds (Pennec,
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2006) and Assumption M1,

)~ Flmy)

— (graa fme). Bxpy (v) + 5 Bxpy ()7 [ ()] B () + o [mnn )|
2 1)2 * 3

< grad f(m) g ) — 2 [t 9+ L M s s

(B.14)

for any y € {z € Q : ||z —my]|, < 10} and m;, € M. Since ||y —m,||, < 79, the
geodesic distance between y and m,, satisfies d,(y, m;,) = HExp;fk(y) H = arccos(y’m,,) <
m 2

— 3 Plugging this result back into (B.14) yields that
2(q+1) 2 [1f1l%,3

2

f(y) = f(my) < (grad f(my,),Exp,, (¥)) —

7 ||EXPm, (¥))||_-
For our purpose, it suffices to only prove (B.13) as above. One can shrink the upper bound
of the convergence radius ry > 0 so that the geodesically strong concavity is valid for any
pair of points within {z € Q, : ||z —my||, < ro}. Indeed, the local strong concavity of f
is a natural consequence of Morse Lemma (Lemma 3.11 in Banyaga and Hurtubise (2004))
given Assumption M1.

Fact 2 is an obvious result under the eigenvalue condition in Assumption M1 and the

differentiability condition in Assumption D1. This is because m,, is the unique local mode

of f within the neighborhood {z € €, : ||z — my,||, < 7o} and the geodesic distance between

x and a one-step gradient ascent iteration from @ with the step size W satisfies
00,3
a(E : af(@) e llgrad f(a)]
Xp —ograd f(xz) | ,x | = — ||lgrad f(x
“\ e+ DI (¢ + D15 ’
1
= — ||grad f(z) — Iy, (grad f(my,))
(g + D115 R —
=0
1

< Y Exp.

< HEXp;l(mk)HQ = dg(mvmk)a

2
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where we use the fact that |[Hf(z)|l, < (¢ + 1) |[Hf(®)|lpee < (¢ + DIIflI5%s to

deduce the last inequality.  This shows that the one-step gradient ascent iteration
1 . . . .

Exp,, (m-gradf(w)) on Q, will stay within the neighborhood {z € €,

|z —myl|l, < ro} whenever x € {z € Q, : |[z—my||, < 7o} \ {m;}. Therefore,

f(my,) — f (EXPOJ <m - grad f(w))) > 0.
As for Fact 3, note that ||H f(2)|] .y < [If]]5 5 for all € ©,. Thus,

max —

||grad f(x) — Ty (grad f(y))||, = ||(Hf(x)) Exp, ' (x")|],
<|[|Hf(@)l, - ||Exp," (®)]],

< (g+ 1) If1I% 5 [|Expz " (1)]],

where * € {z € Q, : ||z — x||, < ||y — ||, }, and we use the fact that ||A||s < /mn||Al|max
for any A € R™*". See Section 3.3 in Genovese et al. (2014) or Section 5.6 in Horn and
Johnson (2012) for detailed relations between different types of matrix norms.

With Fact 1 and Fact 3, we have that

(g + D11
2

fy) — Flm,) — {graa f(m,) Bxp,, () <~ ||Exeys, ()], <0

Expye, (4)||| < () — fmy) — (grad f(m,), Exp, ()

(B.15)

for any y € {z € Q, : ||z — my ||, <19} and m;, € M.

Hence, given a point y € {z € Q, : ||z — my||, < o} and using Fact 2,

fly) — f(my)

< fly) — f(my,) + f(my,) — f (EXpy <(q+ 1)1|!f|!* - -gradf(y)>>

1
= - [f (Expy ((q+ 1) Hf“:o,3 -gradf(y))) _f(y>]

(2 + D115
2

< — |{(grad f(y), grad f(y)) —

1
(a+ D1l

= — 1 2

—1 1 X T
Py <<q+1)\|f\l;,3 — “”)

2

2
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where we apply the first inequality in (B.15) to obtain the fourth line. Thus, for any x €

{z€Qy:lz —myll, <ro},

lgrad f()|l; < 2(q + 1) [| /1175 [f (my,) — f ()] (B.16)

With y© € {z € Q, : ||z — my]|, < ro} and Corollary B.8, we deduce that
_ 2
d*(y",my) < Py, my) — 2n(grad f(y"), Exp_ (my,)) + (1, d(y", my)) - n* [|grad f(y )]

() Moo
0 ma) 20 | f(y) - flme) -y m)

IN

+¢(Lro) - 2(a + D11 5 [f () — F(y™)]

= (1) @O ma) 20 [1 = 0+ D] - [Pl - 56

v~

>0
< <1 — %\*) *(y", my,)

2 1
A7 (gD fll5,57C

the monotonicity of ((1,c¢) with respect to ¢, and (B.16) to obtain (i). By telescoping, we

whenever 1 < min{ (”O)}, where we use the second inequality of (B.15),

2 1
A7 (gD f]15,5-¢(1,ro)

NAs 3 N A : -
, S (1— 5 ) -d(y", my) = (1— 5 > HEXPy<1o>(mk)

conclude that when n < min{ } and y© € {z € Q, : ||z — my ||, < 7o},

d(y",my) = HEXP;<10 () .

The result follows.

(b) Linear convergence of gradient ascent with fAh: The proof here is partially adapted

from the proof of Theorem 2 in Balakrishnan et al. (2017). By (2.29) and the continuity of

Tth+2
[log Al

the exponential map, when A is sufficiently small and is sufficiently large, we have that

for any ¢ € (0,1),

d (Exp, (n - grad [u(@)), Exp,(n - grad f(2))) < nCy- sup ||grad fi(w) — grad f(z)

ey

max

= €n,h

2
< (1—=7) - arccos ( - §0>

(B.17)
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with probability at least 1 — 4, where C, is some constant independent of = € €, and
grad fi(x) — grad f(x)| =0<h2>+op( lfzflz).

We now claim that d(g), m,) < arccos (1 - é) and

A", my) <T-dgY my) + e (B.18)

for any fixed t = 0,1,2,... with probability at least 1 — . We will prove this claim by

induction on the iteration number. Recall that

gt = Expy (77 - grad fh(ﬁ(t))> :
Then with ¢ = 0, we have that

d(g(l)’mk)
@ (Bxpyo (1 grad i(3”)) . m, )
<d (EXPQm) (77 - grad f(g(%) ,mk) +d (EXP@\(()) (n - grad fh(g@)) , EXpg00) (77 . grad f(g(o)))>

T -d(G”.my) +nCs - sup ||grad fi(x) — grad f ()
IS

VAN

max

=T- d(g(O)amk) + €n,h;

where the first inequality follows by the triangle inequality, the second one is from our
result in (a), whereas the third equality is by (B.17). The triangle inequality is valid in
this context because a geodesic measures the minimal distance between two points on (2.
In addition, the bound in (B.17) and our initialization g® € {z € Q, : ||z — my]|, < 1o}
ensure that d(g'", m,) < arccos <1 — é) In the induction from ¢t — ¢t + 1, suppose that
d(y®, m,) < arccos (1 - é) and the claim (B.18) holds at step ¢. With the fact proved in
(a) that
d (Expgo (- grad f(5)) , my) < T -d(y", my,),

the same argument implies that the claim (B.18) holds for step ¢ + 1 and d(g™*),m,,) <
arccos (1 - é) The claim (B.18) is thus proved.
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As aresult, g always lies within {z € Q, : ||z — my ||, < o} forallt =0,1,.... Now, with
this claim and T = /1 — % < 1, we iterate it to show that

A", m,) <Y -d@" ", my) +eun

ST [T d( mk)+enh]+enh
<Y d(g?, m,) {ZT’“}

~( €n,h
<Yt d(gy )mk)+1_T

_ log Al
<Y dy", my) + O(h*) + Op (lnhw> ,

where the fourth inequality follows by summing the geometric series, and the last one follows

from our notation that €, = O(h?) + Op ( lj;fﬂ) It completes the proof. O

B.4 Proofs of Lemma 3.1, Proposition 3.7, and Theorem 3.10

A useful interpretation of Lemma 3.1 is that g,(x) diverges to infinity at the rate

O (h™2) + Op (,/#) =0 (n?%7) + 0p (1)

if we select the bandwidth hqp =< O (n*ﬁ> to minimize the asymptotic mean integrated

w”
=

square error (Chen, 2017), where stands for the asymptotic equivalence.

Proof of Lemma 3.1. Note that
WG, (x) = E [h*g,(x)] + h*Gu(x) — E [h*G, ()] . (B.19)

Given the differentiability of p guaranteed by Assumption 2.1, the expectation of h%g,(x) is
given by:

r—y
h

) -p(y)dy

E [h%G,(2)] = QZ’;D / —k’(
RD

zzck,D/ — (JJul]?) - p(x + hu)du byu:y;w
RD
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= 2¢k.p /RD —& (|ull3) [p(x) + hVp(x)"u + O(h?)] du
= 2c,.p - p(T) /RD —K (||UH§) du + O(h?).

By Assumption E1, the dominating constant —2c;p - p(x) [pp k' (HuH;) du is finite and

therefore,

E [175,(x)] = —2c1.0 - p(x) /]R K (lul) du+0 (1) =001) + 007 (B20)

In addition, we calculate the variance of g, (x) as

4Cz,D / T — Xl ?
2D - Var |k . )
2

4¢2 e —y 2 1 2
_ ) _ - E 2~

o L (552 ) pwdy = B @]

c? 1 _
=2 W (l)® ple+ hujdu 1 [0+ 0 (1)) by =Y

RD n

h

4¢3 . o2 1

= D / K (Ilull3)” [p(@) + hVp(@) u + O(h*)] du + 0 (W)
4C%D p(ZB) ’ 2\ 2 1

:T/RD/C (||u\|2) du+0(m_D>’

Again, by Assumption El, the dominating constant 4c} p, - p(x) [ K’ (||u]|§)2 du is finite.
Thus, by the central limit theorem,

B2G,(x) — E [125,(x)] = /Var %5, (@)] - - ﬁn@;lr—[ggjh(%wﬂ

= +/Var [h?g,(x)] - Z,(x) (B.21)

1
0P< W)

where Z,,(x) A Np(0,Ip). Combining (B.19), (B.20), and (B.21), we conclude that

(@) = 200 p(@) [ K (ul) +0 (%) + 0p (M#)
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=0(1)+ 0 (h*) + Op (,/#)

for any € R” as nh” — oo and h — 0. O

Remark B.1. Previous work on the mean shift algorithm Li et al. (2007); Carreira-Perpindn
(2007); Ghassabeh (2015); Arias-Castro et al. (2016) have already justified that the algorithm
converges to a local mode of the KDE p,, when its local modes are isolated and the algorithm
starts within a small neighborhood of each of these estimated local modes. Lemma 3.1 here
provides a (probabilistic) perspective on the linear convergence of the mean shift algorithm.
It is well-known that the set of true local modes of p can be approximated by the set of
estimated modes defined by p, (Chen et al., 2016). Moreover, around the true local modes
of the density p, one can arque that p, is strongly concave and has a Lipschitz gradient

with probability tending to 1 by the uniform consistency of Vp, and VVD, as h — 0 and

nhD+4

Tlogh] — 005 see the uniform bounds (2.27). Hence, by some standard results in optimization
g h|

theory (e.g., Chapter 8 in Bubeck (2015)), a sample-based gradient ascent algorithm with
objective function p, converges linearly to an estimated local mode when initialized in its
neighborhood as long as its step size is below some threshold value. Finally, recall that (i)
the mean shift algorithm is a special variant of the sample-based gradient ascent method with
an adaptive step size ng)h by (3.3) and (ii) nff)h can be sufficiently small but bounded away
from 0 when nh® is large and h is small by Lemma 3.1; see also Remark 3.2. Therefore,
the mean shift algorithm will converge linearly with high probability from a sufficiently small
neighborhood of the local modes of D, when the sample size n is sufficiently large and h is

chosen to be small.

Proof of Proposition 3.7. (a) We first derive the following fact about the objective function
P.
e Fact 1. Given Assumption 2.1, pis D ||p||§)—smooth, that is, Vp is D ||p\|§)—Lipschitz.
This fact follows from the differentiability of p ensured by Assumption 2.1 and Taylor’s
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theorem:

IVp(x) — Vp(y)ll, < [IVVD@)], - |1z —yll, < Dp[|D - ||z - yll,

for any @,y € R”, where g is within a ||z — y||,-neighborhood of y. Moreover,
1
py) ~ pla) - Vp(a) (v - @)| = | Vpla +tly - @) (y - )it - Vp(a)(y -
0

g/o 1Vp(@ + ty — 2)) — p(@)|], - |y — ||, dt

2)

2
- 2 Hy_wH2

(B.22)

When 0 < n < D@ Ve have that

Dllp |

(@) — p(x™)

=p (" + 7 Va(a)Va(2")TVp(a")) — p(z?)

D
> Vp(el)” Vil Wil Vp(a) — 2I 2 1y 0 e 2y (322
Dpll? n 2
=?7<1—T Vala®) T Tp®)| 2 2 0,

(B.23)

showing that the objective function p is non-decreasing along {m(t)}zo. Given the

boundedness of p guaranteed by Assumption 2.1, we know that the sequence { p(a:(t))}:io is

bounded. Thus, {p(m(t))}zo also converges.

(b) From (a), we know that when 0 <7 < W,
D lpl|%n
pla) — p(a) > (1 - 2 | vt

_ (2—D||p||§3n> 264 — g0
2n 2’



256

Since the sequence {p(m(t))}zo converges as t — 00, it follows that

hm HV;z ()T Vp(x and  lim H:v (t+1) _ 2®)

N, = Jim I,

(c) Given Assumption 2.2 and the fact that r; < £, we know that
x € R;®ry and HVd( TVp H2 if and only if x € Ry.

Let 2 = 7g,(£®) denote the projection of £® in the SCGA sequence onto the ridge Rj.
Since 7, < reach(R,) by (h) of Lemma A.1, 2® is well-defined when z® € R; @ r;. Given
that the definition of M(2®) =V [Vy(2®)"Vp(2" )] € RP>*(P=d) in (A.3), we know that

[[Va(@) " Vp(2®)]],

— Vd(w(t))TVp(a:(t)) _ Vd(z(t))TVp(z(t))

J

~~

1
= / M (29 + ¢(z® — z(t)))T (9 — 20 de
0

by Taylor’s theorem
2

! (x® — 21 de

_ Aﬂj%nww_z@y+/lMuﬂﬂ+dﬁﬂ_z®»_ﬂﬂg%]

2
> HM(z(t))T(ac(t) — z(t))

——amHVM (20 + e(z® — (UYH\W@—AWE
e€[0,1] 2

Q By(p) 2
2 B[ = 2], - =7 |2 — 2],

— dslal”. Ra) (31 - 242

&wh@WR@

dE(ﬂi(t), Rd))

>

(B.24)

when £® € Ry @ 71, where we leverage (e) of Lemma A.1 to obtain the inequality (i). More
specifically, M (z®)7 is a full row rank matrix by (d) of Lemma A.1 and £® — z(®) lies within
the row space of M (2®)T because ¥ —z(® is normal to R, at 2®. Since the nonzero singular
values of M(z®) are lower bounded by 8; > 0, it follows that HM(z (@™ — z)]|, >

B4 Hm(t) — z(t)H2. From the above derivation, we also know that By(p) > 0 is indeed the
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supremum norm of VM (z)? = VV [Vd(w)TVp(m)}T over the line segment connecting a(*)
and z® which depends on the uniform functional norm || P54 of the partial derivatives of

p up to the fourth order. The result follows from (b). O

The following Davis-Kahan theorem (Davis and Kahan, 1970) is one of the most notable
theorems in matrix perturbation theory. We present the theorem in a version adapted from
von Luxburg (2007); Genovese et al. (2014). Other useful variants of the Davis-Kahan
theorem can be found in Yu et al. (2014).

Lemma B.9 (Davis-Kahan). Let H and H be two symmetric matrices in RP*P whose
spectra (Definition 1.1.4 in Horn and Johnson 2012) are o(H) and o(H), and let S, C R be
an interval. Denote by og,(H) the set of eigenvalues of H that are contained in Sy, and by V3
the matriz whose columns are the corresponding (unit) eigenvectors associated with og, (H)

(more formally, Vi is the image of the spectral projection induced by os,(H)). Denote by
os,(H) and V; the analogous quantities for H. If

5= inf{m—ﬂ X\ € o (H), A e a(ﬁ)\asl(ﬁ[)} >0,

then the distance d(Vl,‘Z) = ‘ sin @(‘/1,‘71)

’ between two subspaces is bounded by

d(Vi, 1) < M

for any orthogonally invariant norm ||-||, such as the Frobenius norm ||-||p and the Lo-
operator norm ||-||,, where @ (1}, V1) is a diagonal matriz with the ascending principal angles

between the column spaces of Vi and Vi on the diagonal.

sin @ (V;, 1)

Note that when we take the Frobenius norm in Lemma B.9, ‘

R
HV1V1T—‘71‘71T|| . . - . .
—s - by straightforward algebra. Consequently, we will utilize the following in-
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equality from the Davis-Kahan theorem in our subsequent proofs:

val | -],
<

v =i || <[ - wi|| = va|lsmei || ;
ol
< max
- o
oo
< 2,
- o

(B.25)
Proof of Theorem 3.10. The entire proof is inspired by some standard results in optimization
theory. However, the objective function p is no longer strongly concave, and we focus on the
SCGA iteration instead of the standard gradient ascent method. We first recall the following
two facts.
e Fact 1. Given Assumption 2.1, p is D Hpri)—smooth, that is, Vp is D HpHC(i)—Lipschitz.
e Fact 2. Given Assumptions 2.1-2.3, we know that ||Vy(2®)"Vp(z™®)||, > 0 for any
x) € Ballp(x*,75) \ Ry and

1
p(x*) —p (w(t)

t Vd(w(t))Vd(m(t))TVp(:c(t))> >0
Dlplle

for any ) € Ballp(x*, ).

Fact 1 has been proved in Proposition 3.7, implying that the objective function sequence

{p(a:(t))}toio is non-decreasing when 7 < W. Fact 2 is a natural corollary by Proposi-
tion 3.7, because ¥ € Ballp(x*,73) and p (a:(t) + DH;H(Q, : %(m(t))%(w(t))TVp(w(t))> is the

objective function value after one-step SCGA iteration with step size The iteration

1
D[pl|Q)”
will move &® towards the ridge Ry. With the help of these two facts, we start the proofs of

(a-d).

(a) We first show that the following claim: for all + > 0 and the initial point = €
Ballp(z*, 3),

Bo

* * * 2
pa”) = p() < Vp(@®) Va(@)WVa(2 )" (& = 2) = Z[|a” - 2|, + &, (B.26)



3
D2 ||p||®)
6

shere ¢ = (DIlIE o3 +
bility of p guaranteed by Assumption 2.1 and Taylor’s theorem, we have that

D3 lel

™) +

Ay () V(2T
+1(:v*—m(t))T (Vao(z), Va(z™)) o (m*
- ‘/d<w(t))T
)\D(m(t))
Dz ||p||$
e I,
i)
L Ip(a ) VilwO)Va(aY (2 ‘“>+ Tlle -1
i (x
+ 2Dt e 202 - 2 vty @ - a0
D= ||p|S)
2 I,
2) - ( )T%(w(t))‘/CI(w(t))T(w* . CC ) BO H;p 2
A () + B * " &
L O 2) o) 04 @) (@ _mmm;_%\ z — a0 + %
(iv)
v Vp(aj(t))TV;l(fB(t))‘/d(w(t))T(w* N w(ﬂ) — % H.’]}(t) —x* z
()\1(a:(t)) +50) D: HPH :
. 2 o — o] + =l

2
(v)
< Vp(;c(t))TVd(a:(t))V}j(a:(t))T(:r;* _ a:(t)) _

Dz []p]|P | .
+(Dupué?5§p+T || —

where we use the equality Ip = V(@

age Assumptions 2.2 and A4 to obtain that Ap(z®) <

B ) 2
wa -2,

and Vp(x)TUH (z®)(z*

< gz

259

* w(t)H;’ =0 <| ‘zc* — w(t)Hz) By the differentia-

I,

I,

NV + UF(2®) in (1) and (i), lever-
M) < —f

x®) < 54—0 ||2® — :c*H; in (ii), apply the quadratic bound
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on ||UF(x®) (@ — z®)],

x* — x|, < pin (v). We also use the fact that max {f, [\ (z")|} < D|lp/|?

from Assumption A4 to obtain (iv), and use the fact that

x* —x®||, < pin (v). Claim (B.26) thus follows.

Given Fact 2 and any =) € Ballp(x*, ),
pla) - pla’)

< p(a) —p(@*) +p(a) —p (w“) —

. — vd<w<f>>vd<a:<t>>TVp<w<t>>>
D||p||?

| 1
=—|p (zc(t) + ICh Vd(az(t))Vd(w(t))TVp(w(t))> - p(w(t))]

1 1
—Vd(w(t))Vd(a:(t))TVp(a:(t)) S
D||p||¥ 2D ||p||?

(@) TVp(@)|[2,

< — | Vpe)”

\|vd<w<t>>TVp<w<t>>|\§]

1
2D [p||? Iva

where we apply (B.22) to obtain the inequality. It implies that
[Va(2®)"Vp(@®)]], < 2D [p]|2 - [p(2") - p()] . (B.27)

Therefore,

2
2

(t+1) *

|

2
= ||z + V(@) Va(a ) V@) - x

— ||=® (@NTVy () ()T (2® — &) + n* ||Va(2®) " Vp(2® Hi
< 219 — |2 + 20 | p(a) — pla) = 2 Jla* — o0

+(D||p||g?5§p+ D? lpll )H 2|2 |+ 022D Ipl|? - [p(a*) - p(a)]
<(1- %) o0 (19D p12) [pla) - p(a?)]

~—
>0

2

IN
VR
—_
|
N

=
SN—
€
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whenever 0 < 7 < min {%, m}, where we apply (B.26) and (B.27) in (i) and use the

choice of r, > 0 to argue that

D3 []p||¥)
<D||p||£,i> B2p 4 e | |

% 3
6 ZB _m(t)HQ

D |lpl| : 2
< <D||p||§’53p+T [ 2]
Bo ).« Ok
§§ z" — 2],
in (ii). By telescoping, we conclude that when 0 < n < min{%,m} and £ ¢
BaHD(CC*,Tz),
t * 5077 2 0 *
1o =], < (1= 22) " |}= o],

The result follows.

(b) The result follows easily from (a) and the inequality dp(z®), Ry) < ||z — z*||, for all

t>0.

(c) The proof here is partially inspired by the proof of Theorem 2 in Balakrishnan et al.
(2017). We write the spectral decompositions of VVp(x) and VVp,(x) as

VVp(z) = V(z)A(z)V(x)" and VVp,(z)=V(z)A(z)V (z)”,
where A(z) = Diag[\i(x), ..., A\p(x)] and A(x) = Diag [Xl(w), ., Ap(x)|. By Weyl’s theo-
rem (Theorem 4.3.1 in Horn and Johnson 2012) and uniform bounds (2.27), we know that
forany j =1,..., D,
(@) = Ay (@)] < max |\, (VVp(@) = YV ()
= [[VVp(z) = VVp,(2)]],

< D|lp—pnl|?

| log h
:O(h2)+0p( hDTa |
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Thus, p,, satisfies the first two inequalities in Assumption 2.2 when h is sufficiently small and

nhD+4
| log h|

uniform bounds (2.27),

is sufficiently large. According to the Davis-Kahan theorem (Lemma B.9 here) and

|Gaty) = Caty)

2

- HVd(y)Vd(y)TVp(y) - %(y)%(y)TVﬁn(y)Hz

< || [VatwVaw)” = Vatw)Valw)" | V()| + || Vatw) Vaw)” 19p(y) = Vi)

2 \/§D HVVp(y> — vvﬁfn(y>|’max i HVP(y)HQ =+ HVp(y) - Vﬁn(y”b

\/_D p—pul|? - VD||p|V R
I =Bl VDI 5 5,

log h
= enn = O(h*) + Op < lth+4|>

for any y € Ry @ 19, where we use (B.25) and the fact that H‘A/d(y)f/d(y)TH =1 to obtain

2
(i). Hence, when h — 0 and Tlhgh|

— 00,

[Gutw) — Butw)||, < cun = 00 + 0 ( M) =D (B.28)

nhD+4 n

with probability tending to 1.

We now claim that Hi(t) *||, < 72 and

(t+1) *

—x (B.29)

, < T8

|2

for all £ > 0. We will prove this claim by induction on the iteration number. Note that when

t = 1, we derive from triangle inequality that

I, = [0 + nVa@)Pu@ ) V5. @) - o

12
2

< |29 + nVa@O)WVa(@) Vp@®)

@) - Gu(@®)|

<71z -
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where we apply the result in (a) to obtain the last inequality. Moreover, by the choice of Z(?)

and (B.28), we are guaranteed that va\(l) —a*||, < ry. In the induction from ¢ +— ¢ + 1, we

suppose that ||z(*) — @ , < 7o and the claim (B.29) holds at iteration ¢. The same argument
then implies that the claim (B.29) holds for iteration ¢ 4+ 1 and that ||2(*+!) — ZB*HQ < ro.
The claim (B.29) is thus proved.

Now, given that T = /1 — %’l < 1, we iterate the claim (B.29) to show that

[ —a"|], < T[j2"" -2

2 + 77 : 6n,h
<T[r|z"? -2

2+n'€n,h]+n'€n,h

t—1
2T
s=0

< T2 — 27|, + " En

~ * " €n,
<180 - 7], + et

~ logh
=Tt Ha’;(o) — " 2+O<h2> —|—Op (LZ%_J) ,

where the fourth inequality follows by summing the geometric series, and the last equality

is due to our notation €, = O(h?) + Op (Lfgﬂ) It completes the proof.

(d) The result follows easily from (c) and the inequality dp(z"), Ry) < ||2®) — x*

) for all

t>0. O
B.5 Discussion on Assumption A4

In this section, we explore several avenues to derive Assumption A4 based on some potentially
weaker assumptions. Recall from Section 3.5 that Assumption A4 imposes quadratic behavior
on the residual vector Uj (z®)(z* — £®) and its inner product with the residual gradient,

where 5y > 0 is the constant defined in Assumption 2.2.
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B.5.1  Self-Contractedness Assumption

Assumption A5 (Self-Contractedness). We assume that the SCGA sequence {a:(t)}zo sat-
1sfies

Hm(t3) _ w(t2)H2 S Hm(tii) _ w(tl)HQ fo/]" all 0 S tl S t2 S t3.

Assumption Ab requires the SCGA sequence to move towards the ridge R, along a rel-
atively straight and shrinking path. As we proved in Proposition 3.7, the SCGA sequence
{:I;(t)}::o converges to Ry when the sequence is initialized near R, and its step size is small,
so Assumption A5 is indeed mild as long as the sequence {a:(t)}zo does not move errati-
cally around Ry4. More importantly, Proposition B.10 below shows that Assumption A5 can
be implied by a subspace constrained version of the concavity assumption on the objective

(density) function p.

Assumption A6 (Subspace Constrained Concavity). For any x,y € Rq @ ry with r4 > 0

being a constant radius, it holds that

p(y) — p(®) < Vp(x)' Va(@)Va(@)" (3 — 2).

Proposition B.10. Assume Assumptions 2.1 and A6. Then, the SCGA sequence {m(t)}:io
defined in (3.23) with step size 0 < n < W and initial point 0 € Ry @ ry is self-

contracted.

Notice that the density function (3.24) satisfies the “subspace constrained concavity”
Assumption A6 around a small neighborhood of its ridge R;. Moreover, it is intuitive to
verify that Assumption A6 is weaker than our established “subspace constrained strong

concavity” in Theorem 3.10; see also Remark 3.3.

Proof of Proposition B.10. The proof is inspired by Lemma 14 in Gupta et al. (2021). We
show the self-contractedness for s3 =t as follows, where ¢ > 0 is arbitrary. For all s < ¢ and

0<n< W with 2® € Ry @ ry, we calculate that

[ — 2],
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2
— Hw(s) + - Va2 V(2T Vp(x®)) — w(t)Hz
= ||z — 2 ’3 + 20Vp(2 ) V() V()T (2 — 2)

1 || Va(z®) V()| |,
< (|29 — &2 + 20 [p(@®) — p@®)] + 72 ||Val@)T Tp(a®)||

< (| = 2|2 + 29 [p(@) - p(@ )]+ ||Vale ) V()|

iii)
e — 2| 2.y <1 _ %) Vel )T V()|

l;

=Hw“—thQ+n-(nD||p||fi> 1) [[Va(@) ' Vo),

where we apply Assumption A6 in inequality (i), use the ascending property of p from part
(a) of Proposition 3.7 to argue that p(x®) > p(x*+Y) in inequality (ii), and leverage the
inequality (B.23) guaranteed by Assumption 2.1 to obtain (iii). The self-contractedness of
the SCGA sequence {w(t)}zo thus follows. ]

Under Assumption A5, the following lemma shows that the existing Assumptions 2.1-2.3
in the literature (Genovese et al., 2014; Chen et al., 2015) are nearly sufficient to imply
the quadratic behavior of the residual vector U; (z®)(x* — ®) along the SCGA sequence
{a:(t) }zo‘ In other words, Assumption A4 and the linear convergence of the SCGA algorithm

hold without any extra assumption.

Lemma B.11. Assume Assumption A5 throughout the lemma.

(a) The total length of the SCGA trajectory is of the linear order, i.e.,
D [t — 2], <2107 |2 -

(b) We further assume Assumptions 2.1 and 2.2. Then,

for any t > 0.

Vp(x®) Uz (29)(z" — a')
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Figure B.2: Decomposition of the vector * — () into the summation ) () — x*)) of
s=t

subspace constrained gradient ascent iterative vectors.

20 DE||Ui @) Vaa )|, || Vi)
B Bo

and

o - a0

910D*+1 )3 Hv?)p(w(t))H
Bo

for any = € Ballp(x*,r5) with some radius 0 < r5 < p, where we recall that p > 0

U} @) (2 —20)||, < max ||z — ||

is the effective radius in Assumption 2.2 under which the underlying density p has an

eigengap [y > 0 between the d-th and (d+1)-th eigenvalues of its Hessian matriz VVp.

Proof of Lemma B.11. (a) This result follows directly from Theorem 15 of Gupta et al.
(2021). Note that although their results are stated for the standard gradient descent path,
the associated proof only utilizes the self-contractedness property of the iterative path. Thus,

their proofs are applicable to our SCGA setting under Assumption A5.
s+1)

(b) We first decompose the vector * — z® into an infinite sum of SCGA iterations z!
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) + - Vy(xE)Vy(2)TVp(2®) for s > t and obtain that

Up (") (2" — =)

- Uj‘(al(t)) ) Z (w(s+1> _ m(s))
s=t
o0 N . (B.30)
— Z Ur(z®) - V(2 ) V() Vp(z®)
s=t
) Z Udl(w(t)) n [Vd(m(s))Vd(m(s))T _ Vd(az(t))\/d(m(t))T} %(m(s))Vd(w(S))TVp(w(s))
s=t

for any ) € Ry @ p, where we leverage the orthogonality between Ui (z®) and
Va(z®)Vy(2®)T and the idempotence of Vy(x®)Vy(x®)T for all s > ¢ in (ii). See also
Figure B.2 for a graphical illustration of the decomposition. By the Davis-Kahan theorem
(Lemma B.9 and (B.25) here) and Assumptions 2.1 and 2.2, we deduce that for all s > ¢,

[[Va(@®)Va(@®)" — Va(a®)Va@)" ||,
\/_DHVVp (@) — VVp(z®) H2
Bo
0 VDT 129~ =0l | VED I |
< 602 2 + % [ — 202

(igi) 2Dz || V3p(z®

Hmax iB* _w(t)HQ
Bo ’
where we use Taylor’s theorem in (i), apply Assumption A5, and possibly shrink the radius

3p(a®)
x|, < 2 fi|/|21D||p||(4) [ in (ii). Hence, by (B.30) and the fact that

||Ug(2®)|], = 1, we obtain that

r5 > 0 so that H:c* —

Uz @) (@* —2),

(s) (NT _ (t) 8) T
< sup |[Va(aD) V() — V() Z [[nVa(2®)Va(2') Vp(z)]|,
S 2Dg vap(w(t) Hmax ‘ T — w “ H2 . 210D2 Hw(t) —r* )

Bo
_ 29 DE [V )], | I,
B Bo ’
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2 5 3
210P7H1 D3 ||p|| (D

3 . In addition,
0

implying the second bound in Assumption A4 with gy =

Vp(a" )TUd( )(w — )

< [|Ug (@) Vp()||, [|Ug (=) (=" —x®)]],
_ 297D [0 @)@ )|, [T .. 2" ~ ]
N Bo
The results follow. O

2 5 3
210071 D3 |jp|| )

According to part (b) of Lemma B.11, Assumption A4 holds with £y = 2

whenever

e

max— 4

910D%+1 13 HUj(a:(t))Vp(a:(t))Hz |[Vep(z®)]| (B.31)

The choice of By > 0 is valid under Assumption 2.1. More importantly, (B.31) is essentially
the same as the first inequality in Assumption 2.3. Compared with the corresponding inequal-
ity in Assumption 2.3, the upper bound in (B.31) for HUUZL (x®)Vp(x®) H2 HV3 (x®) Hmax

around the ridge Ry is only shrunk by a dimension-dependent factor As Assump-

D- 210D2+2
tion 2.3 and (B.31) are local, this adjustment does not induce too much extra strictness on

the underlying density p.

B.5.2  Subspace Constrained Polyak-Lojasiewicz Inequality Assumption

We have demonstrated in Appendix B.5.1 that the crucial Assumption A4 is valid under

the self-contractedness Assumption A5 on the SCGA sequence {m(t } Consequently,

t=0"
the linear convergence of the SCGA algorithm can be established by slightly modifying
the common Assumptions 2.1-2.3 in ridge estimation. Nevertheless, the self-contractedness
property of the SCGA sequence {m(t) }zg does not always hold in practice, and it may only be
implied by the subspace constrained concavity Assumption A6 as proved in Proposition B.10.

Given that the underlying density function p or its estimator p, may not satisfy the
subspace constrained concavity assumption in many practical applications of SCGA and

SCMS algorithms, we present another approach to deduce Assumption A4 based on the well-
known Polyak-Lojasiewicz inequality (Polyak, 1963; Lojasiewicz, 1963). Given any SCGA
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sequence {m(t)}zo with limiting point ** € Ry and step size 0 < n < we consider

2
D|p|?)°

the following assumption:

Assumption A7 (Subspace Constrained Polyak-Lojasiewicz Inequality). For all t > 0,

there exists a constant B3 > 0 such that

% HVd(:}U(t))TVp<ag(t))H§ > s [p(x") — p(a®)] .

As with the standard Polyak-Lojasiewicz inequality, some objective functions satisfy As-
sumption A7 but fail to be concave in the subspace constrained sense of Assumption A6; see
Charles and Papailiopoulos (2018); Fazel et al. (2018) and Equation (36) in Chen (2022). In
this respect, Assumption A7 incorporates additional SCGA sequences that satisfy Assump-
tion A4 and converge linearly to the ridge R;. However, as Assumption A7 does not imply
Assumption A5 or A6, it should not be regarded as a more general condition. Furthermore,
unlike the standard gradient ascent/descent method (Theorem 2 in Karimi et al. 2016), the
error bound condition (i.e., Equation (B.24) here) does not imply Assumption A7, indicating
a challenge in validating this assumption in practice.

Despite these disadvantages, the subspace constrained Polyak-Lojasiewicz inequality con-
dition does give rise to a concise proof for the linear convergence of the objective function

value {p(w(t))}zo along the SCGA sequence {m(t)}zo.

Proposition B.12. Assume Assumptions 2.1 and A7. Then, for any SCGA sequence

{a:(t)}:io with step size 0 < n < min{ }, we have that

DH;IIé? ’ BLS
p(x*) — pa™) < [p(x*) — p(x)] - (1 - nps)".

Proof of Proposition B.12. The proof is inspired by Theorem 1 in Karimi et al. (2016). From
(B.23) and Assumption A7, we know that

~Dpl|Pn

p(a") —p(a®) > 1 (1 2

) [|Va(@ ™)™ Vp(@)|[; > nfs [p(2) — p(a)]
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for all £ > 0 when 0 < n < By some rearrangements, we conclude that

Dilp H(Q)
p(a*) = p(a"V) < (1 —nps) [p(x*) — p(=)].
The final display follows from telescoping. m

More importantly, Assumption A7 controls the total length of the SCGA path to be of
the linear order and implies the quadratic behavior of residual vectors required by Assump-

tion A4.

Lemma B.13. Assume Assumptions 2.1 and A7 throughout the lemma.
(a) The total length of the SCGA trajectory is of the linear order, i.e.,

ZH:B(SH)—.@B(S)HQ_%H ) —x* for any t > 0.

B

2

(b) We further assume Assumption 2.2. Then,
Vp(") Uz () (2" — 2)

_ st (12) |04 @) Vo), | [Vpa)]],. [l — =]
- Bo33 7

and

I,

o 2
323 (|l1%)" 9P .|
I, < 2
6053

for any £® € Ballp(x*,r¢) with some radius 0 < 16 < p, where we recall that p > 0

HUdL(w(t))(w* —x®

is the effective radius in Assumption 2.2 under which the underlying density p has an

eigengap Po > 0 between the d-th and (d+1)-th eigenvalues of its Hessian matriz VVp.

Proof of Lemma B.13. (a) This part of the proof is inspired by the arguments in Theorem 9 of
Gupta et al. (2021). Based on the proof of part (a) in Proposition 3.7 under Assumption 2.1,
we know from (B.23) that

Dp||¥ 7
p(x"™) — p(z) > n 1= === | [[Va(= )Y Tp(z®)]|
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> 2| |Vatal®) Tp(a) |

when 0 < n < Using this inequality and Assumption A7, we derive that

1
Dl|p/|®

V() (@) = o) — p (@0 1 VilalO)Valarl) ()
< | o) = pla) — L Vala0)rOp(e)]

(i) n||Va(x TVp
£ Vo) -y - 1 ol
44/p(z*) — p(z®)
(i) 5)
< o) — p(a®) — 2B [V Op(a)] .
where we use the inequality va —b < \/a — 37z 10 obtain (i) and apply Assumption A7 in

inequality (ii). Since ||z —x®||, =7 HVd D)IVp(z®)||,

, some rearrangement of the

above inequality suggests that

Bs H;p (1) _ g0||, < \/p(w*> — p(z®) \/p ) — p(ae)

Therefore,

i |2+ — 2|, < \/>Z [\/p (%) — p(z(®) — \/p(w*) — p(a(s+D)

(1) \/? H‘/:i TVp H2 by Assumption A4
3

=0 2

(i) 92
< — || sup M(z" +e(x® —z)" () — x¥)

€€[0,1]

2
iii) 92
<3 (D||p||$3+50—51) o — 2],

< 4D|lp| 2
- B3

—5 e =2V,
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where we leverage Assumption A7 again in (i). In addition, to obtain inequal-
ities (ii) and (ili), we recall from the proof of part (d) of Lemma A.1 that
M(z) = V[Va@)"Vpx)]" = Vi@)Ao(®) + X0, Ti(@)Va(z)Ai(x), in which the
singular values of Vy(ax)A¢(x) are bounded by D||p||£i) and the singular values of
Zleﬂ(:n)Vd(w)Ai(m) are bounded by Gy — 1 < D Hp||§) The result thus follows.

(b) This part of the proof is analogous to our arguments in part (b) of Lemma B.11, except
that the SCGA sequence {:c(t)}:io is no longer self-contracted. For completeness, we still
repeat some arguments and highlight the differences here. By the Davis-Kahan theorem

(Lemma B.9 and (B.25) here) and Assumptions 2.1 and 2.2, we have that for all s > ¢,

|[Va(z®)Va(2)" —Vd(w(t))vd(x(t)T

),

L V2D[[vVp() - VVp®)|l,

ﬁo
< VDT @O [[o = 2Ol | VIDUURL | o

Bo Bo 2

2

0 4D I It e, VP ()
=~ 6053 + 605% Hw -z HQ
© 803 |||V ()] |2 — 2,

BoPs ’

* max

(V2-1)83] | V3p(®)] |

< 5
2 4D [pl|2)|Ipl| S
< ||z - :I:(t)H2 may not hold

where we possibly shrink the radius rg > 0 so that Ha:(t) -

obtain inequality (ii). Notice also that, since ||z(® — z®|| )

without the self-contractedness property, we use a looser bound

s - S s 4D||p||oo *
[ =2 SZHw( W -all, < =gl —w

from (a) to derive inequality (i). Therefore, by (B.30) and the fact that

2

[nVa(@ ) Va(@ ) Vp@D)|, = [Ja1D = 2],

we obtain that

Uz @) (2" —2) ]
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< sup |[Va(@)Vy (2T = Vy(w N1, - ZHWd ) Vp()|],

s>t
_ 8D [Ipll (|9 ) |y |2 — 2O, 4D |1p)| 2
= BoBs P
2
2% (1pl12) 9P|,
= Bof32 ’

= || -2’

2

z* — 2]

9 2
3202 (|pl|2)|Ip]| )

which implies the second bound in Assumption A4 with 8 = B0l . Finally,
Vp(") Uz (29)(z* — 2)
< ||z @) Vp@)]], [V (@) (2 = 29) ]
_ 3208 (IP12)" U @) TpO)]], [Vl |2 — 2]
B Bol3 '
The results follow. O

The results in part (b) of Lemma B.13 also imply Assumption A4 with Sy =
32D (IIpl12)* 1)l D)

whenever
BoB32

2 @)° L/ (t) (t) 3 (t)
2% (1Ipl2) 110 @) 9@, |1 V0l _ 3
B3 4

Once again, the choice of 3, is feasible under Assumption 2.1, and the upper bound (B.32)

(B.32)

can be viewed as a variant of the first inequality in Assumption 2.3. From this perspec-
tive, Assumption A7 also leads to an alternative route to Assumption A4 and the linear

convergence of the SCGA algorithm.

Remark B.2. Note that the results in Proposition B.13 can be generalized to the directional
or arbitrary manifold cases under Assumptions 2.1-2.3. First, the subspace constrained

Polyak-Lojasiewicz inequality for the SCGA sequence {a: } 1o on Sy or an arbitrary mani-

fold can be modified as:

= HVd z )) grad f(x H2 > ﬁ?) [f( ") — f(g(t))} for some §3 >0 and any t > 0,
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where f is the objective (density) function. Based on the proof of (a) in Proposition 3.13 and
our arguments in (a) of Lemma B.13, it follows that the total length of the SCGA trajectory

on Q, or an arbitrary manifold is of the linear order, i.e.,

Zd (s+1) .z s)) 4q |/|8f|| g (g t) 2>s<) fOT any t>0.
=3

Second, to establish the quadratic bounds for <Qj(§(t))gradf(§(t)),Exp;(lt)(g*)> and
| ’Qi (2)Exp, ()]

and leverage the two facts:

, one can follow the arguments in the proof of (b) in Lemma B.13
2

1. The tangent vector Exp;(1t> (x*) can be decomposed into an infinite sum of SCGA

updates (3.31) on Q, or an arbitrary manifold as:

() .
Exp_ (t ZF (Exp o ( (H))).

See Figure B.3 for a graphical illustration. This equation is valid because parallel transports
preserve inner products and are linear.

2. Under Assumptions 2.1 and 2.2, we know that
z® (3+1)
ZF Exp o )
2

d<z<t>>{w“<nvd< NV @)V &)V (@) grad f(2))

V(O (@)Y (! >vd@<s>>Tgradf@<s>>]

2

2 _

<Y AV (@ (@) = VD)V @), - |2 - 2],
s=t

< Allg" -], > [ — 2],
s=t
=0l - ="[[;)

for some constant A > 0, where we leverage the fact that the vector field

X(v(1) = Va(y(O))Va(v(1) V4 (&) V (2 grad f ()
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=D — (4 (00 V)V D) Toraas (D))

Exp ) = ir () (Exp 1 (5(5-1-1)))

x(®

Figure B.3: Decomposition of the vector Exp;(lt) (*) within the tangent space T« into the

summation Z F <EXPw(s (_(5+1))> of parallel transported SCGA iterative vectors. Here,

the blue curves on €2, are iterative paths of the SCGA algorithm, while the green vectors are
tangent vectors Exp_, ( (s+1) ¢ Ty after being parallel transported to T .

with v(0) = 2 and v(1) = 9 has its variation || X (y(t1)) — X (v(t2))||, bounded by

[V a (@)W o () — V(@) (@], = O (|2 — 2],

according to the Davis-Kahan theorem for any 0 < ty,to < 1. However, we are not sure if the
self-contractedness condition can also be adaptive to the directional or general manifold cases,
given that the arguments in Theorem 15 of Gupta et al. (2021) are based on the Fuclidean

geometry.
B.6 Other Technical Concepts of Differential Geometry on (),

e Taylor’s Theorem on (),. Given a smooth function f on €, its Taylor’s expansion is

often written as (Pennec, 2006):

(Bxp, (v) = f() + (grad f(z), v) + o Hf(@w o (loll)  (B3)
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for any v € T,, where Exp,, : T, — €, is the ezponential map at € ;. One may replace
the exponential map with a more general concept called the retractions on an arbitrary
manifold; see Section 4.1 and Proposition 5.5.5 in Absil et al. (2008).

e Parallel Transport. When comparing vectors in two different tangent spaces T, T, on
2,, we leverage the notion of parallel transport 1Y : T, — T, to transport vectors from
one tangent space to another along a geodesic. In addition, I'¥(v) is a tangent vector in
T, after being parallel transported from v € T, along a geodesic (or great circle) on §2,.
The parallel transport mapping I'Y is a linear isometry along any smooth curve on €2, i.e.,
(I'Y(u),I'Y(v)) = (u,v) for any u,v € T,; see Proposition 5.5 in Lee (2018) or Proposition
1 in Section 4-4 of do Carmo (2016).

e Sectional Curvature. Sectional curvature is the Gaussian curvature of a two-dimensional
submanifold formed as the image of a two-dimensional subspace of a tangent space after
exponential mapping; see Section 3-2 in do Carmo (2016) for a detailed discussion of the
Gaussian curvature. It is known that a two-dimensional submanifold with positive, zero,
or negative sectional curvature is locally isometric to a two-dimensional sphere, a Fuclidean
plane, or a hyperbolic plane with the same Gaussian curvature (Zhang and Sra, 2016).

e Geodesically Strong Concavity. A function f : ©Q, — R is said to be geodesically
concave if for any x,y € €2, it holds that

fle®) = (1 =1)f(=) + f(y)

for any ¢ € [0, 1], where ¢ : [0,1] — €, is a geodesic with ¢(0) = x and ¢(1) = y. When
f is differentiable, an equivalent statement of the geodesic concavity is that (Theorem 11.17

in Boumal 2020):

fly) = f(z) < (grad f(z),Exp, ' (y)) -
A function f : 2, — R is said to be geodesically ji4-strongly concave if for any x,y € €, it
holds that

fy) < f(x) + (grad f(x),Exp, ' (y)) — = - dy(z,y)*.
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B.7 Proofs of Proposition 3.12, Proposition 3.13, and Theorem 3.15

This section adapts the Euclidean arguments to the sphere. The proofs replace Euclidean
line segments by geodesics, Euclidean distances by geodesic distances, and ordinary Hessian

bounds by their Riemannian analogues.

Proof of Proposition 3.12. (a) The sequence { fn(@ (t))} is bounded if the kernel L is non-

increasing with L(0) < co. Hence, it suffices to show that it is non-decreasing. The convexity

and differentiability of kernel L imply that

L(xo) — L(xy) > L'(x1) - (22 — x1) (B.34)

for all z1,25 € [0,00). Then, with th(:c) = —ZLg () Z XL < e X ) and the iterative

formula (3.28) in the main paper, we derive that

= V(@) (i(ﬂrl) _ i(t)>
7,@")0,@")" Vi) + ||[vA@"),
[2@)7,@") V@) + ||V

2

i

e

Vi@,

2
\2
mvd V"

JL@orvie®

2| + [via”)

Vf (A(t))TA( )

.

2
T a®)
h(& ) )

)+ [[vAe

+
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7@y v F@"),

Jz@t e

2 ot
e

2
gl
)2

V@), + |/ ||Taervie| + [vie") E—vﬁ@“)%ﬂ]
X |vA@®)|| WH@@‘”W%@@ 2|
@i HVd )TV (@ )E
|[va@|, + [z vaeo|) +|[vAheo)|

2

w [[LaEviE")
T (1+v2) - [|[vAE®)

2

,
>0

where we use the orthogonality between V. (2P)V, (2)7 and 2 in (i), multiply
~ ~ ~ 2 ~

va Em \/HV TV T (@) ‘ +va &)

denomlnators of the two summands to obtain (ii), leverage the fact that ’ \Y fh H

) < Hth z H2 in (iv). It

2
‘ to both the numerators and
2

th(_ NTz™ in (iii), use the inequality sz z )Tth(_

thus completes the proof of (a).

(b) Our derivation in (a) already shows that

<\(v2) v

Notice that, on the one hand, the differentiability of kernel L and the compactness of €},

2@V @)

)|, @) - 7@

imply that ’ ’th(:c)‘

< By, for all © € €, where By, 1, > 0 only depends on the bandwidth
2

h and kernel L. On the other hand, our argument in (a) already proves the convergence of

{ﬁ(i(t))}oo . Therefore,
t=0

Hvd VIV F (@ )‘2§\/(1+\/§) B [fh( ) — @) =0
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as t — 0o. The result follows.

(c) Given the iterative formula (3.28) in the main paper, we deduce that

2

H ZtD _ z®
2
R R A R 2
L@@ VhE) +[|[vhe")|, 2"
— &
L@@ Vi) + [[vi@)]] 20|
2

V@7, @0 VHE) + ||| Vi)

\/Hv NIV (@
2

[7.@"vi@)|, + ||vhE)
~ ~ 2
2||Z@") Tth@”)(
2

Vi@

) \/sz i(t) TVﬁL(i(t)

)+ [[v5e,

@i

~ i(t) 2

[+ e

2||v7@?).

_|_

Hvd vah(/\(t)

~~
<0
’2
2
2

e lFac T

2Hv NV iE")

[Letreie

where we leverage the orthogonality between V() V (2")'V fh( Y and 2 to obtain

(i) and (ii). Under the assumption that the kernel L is strictly decreasing and (twice)

is lower bounded away from 0 on €2,.

continuously differentiable, we know that HVﬁl(J})‘
2

Therefore, with the result in (b), the above calculation indicates that

Al reie,

|
et

<

2

H@(t-‘rl) (t)
2 ~

o +|[vA@")
2 2

as t — 0o. The result follows.
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Remark B.3. The conditions imposed on the kernel L in Proposition 3.12 are satisfied by
some commonly used kernels, such as the von Mises kernel L(r) = e~". However, they can
be further relazed. On the one hand, it is sufficient to assume that the kernel L is twice

continuously differentiable except for finitely many points on [0,00). On the other hand, as
Jo~ L’(r)r%_ldr

= L5 > 0 and the true directional density
0 T)r T

long as the kernel L satisfies Cp g = —

f is positive almost everywhere on ), Lemma 3.6 demonstrates that HVﬁl(a})‘L — 00

with probability tending to 1 when h — 0 and nh? — oo. Therefore, our upper bound on

H ZtD _ g®

in our proof of (¢) will be asymptotically valid for all t > 0, even without
2
the strictly decreasing property of the kernel L. Under such a relaxation, our conclusions in
Proposition 3.12 are applicable to directional SCMS algorithms with other kernels that have

bounded supports on [0, 00).

Proof of Proposition 3.13. The proof is similar to our arguments in Proposition 3.7. For
completeness, we still delineate the detailed steps because the proof requires some nontrivial

techniques, such as parallel transports and line integrals, on general Riemannian manifolds.

(a) We first derive the following property of the objective function f supported on €2, which
is a counterpart of Fact 1 in the proof of Proposition 3.7.

e Property 1. Given Assumption 2.1, the function f is ¢ ||f||g)—smooth on €, that is,
grad f is ¢ |]f||(()20)—Lipschitz.
This property follows easily from the differentiability of f guaranteed by Assumption 2.1
and Theorem 4.34 in Lee (2018) that

lgrad f(y) — T¥ (grad f()l, < |1/ @], - |[Exp, " ()],

(B.35)
<q|IfIIZ - |[Exp, (®)]|,

for any «,y € ,, where y lies on the geodesic curve ¢ : [0,1] — Q, with ¢(0) =z, p(1) = v,
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and ¢'(0) = Exp,!(y). Then,

|f(y) — f(z) — (grad f(x), Exp, ' (y))]

1

= /O (grad f(p(t)), ¢ (t))dt — (grad f(=), EXPJ(@/))'

(11

—
=

/(Fm (grad f(¢(1))), [g (w’(t))>dt—<gradf(w)7EXPm1(y)>‘

(i)

| (T erea (0 - grad )., )
Y (B.36)
< [ 175 (grad £(o(0)) — grad £ (@), - [[£58. ()

(iv) 1
< q|f|? HExp;%y)Hz/o d

1
< q|lf11© \lExp;1<y>H2/0 |t~ Exps(w)]], dt

CIHfHoo HEP Hz’

where the equahty (i) follows from the fundamental theorem for line integrals (Theorem
11.39 in Lee 2012), equality (ii) utilizes the isometric property of parallel transports, and
inequality (iv) follows from (B.35). Moreover, since the velocity of the geodesic ¢ is always
constant, we deduce that I'7 ;) (¢'(t)) = ¢'(0) = Exp,'(y) and the equality (iii) follows. We
will make use of the following direction of the inequality (B.36):

quH

fly) — f(x) — (grad f(z), Exp, ' (y)) > "> ||Exp; " (y)| |, (B.37)

Moreover, when 0 < n < —||f2||<2)7
— q oo

f&D) — f(z?)
= [ (Expyo (7 Va2V () grad f(z'"))) — f(z)
> (grad f(a), 1 V,y(@)Vy(2) grad ()

(2
- % ?||Va(2) Tgrad f(2)]];
(2)
—n (1 -2l n) Vol graa fa)]l, = 0.
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showing that the objective function f is non-decreasing along the SCGA path {:13 } o On
2,. Given the compactness of 2, and the differentiability of f, we know that the sequence
{fz®)}” o is bounded. Thus, it converges.

(b) From (a), we know that when 0 < 1 < ——,

(2)
fah) — f@®) =y (1 - M) V(@) grad ()],

2
_ (2
_ (2 q||f||oo Q) dg (iL'(t—H) w(t))2 .
2/)7 — )y =
Since the sequence { f @(t))}zo converges, it follows that
lim HVd )Tgrad f(z") H2 and  lim d, ( t+1),§(t)) = 0.
t—o0 t—o0

Recall from (2.6) that [[2® — 2|, = 2sin (M) s limy oo |2 — 24|, =

0 as well.
(c) Given Assumption 2.2 and the fact that r; < p/2, we know that

€ (Ry®ry)NQy and ||Vy(x) grad f(z H2 =0 ifandonlyif =x€R,.

Let 2 = TR, (z®)) be the projection of z® € Q, in the SCGA sequence onto the directional
ridge R, Since r; < reach(R,) by (h) of Lemma A.2, 2 is well-defined when z® ¢
(R; ®ry)NQ, Recall from (A.8) that the column space of

(1 = 20 (=) 3120

= (T4 — 2 (z@)))T v [Kd(g(t))TVf(g(”)]T c R(@+)x(a—d)

coincides with the normal space of R, within the tangent space T, . We define a geodesic

@ :[0,1] = Q, with ¢(0) = 2, (1) = 2, ¢'(0) = Exp_;, () and calculate that

Hvd Vf Hz
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= ||[Vay()TV (") = V(2 V f(z7)

-~

=0 2

1
- / <v [V, (z9)TV f(g“))]T : ¢’(e)> de by Theorem 11.39 in Lee (2012)
0

2

—~
—-
=

(M((0)), ¢/(0)) + / (M), 9'(€)) = (T2 (M((0))) . T2 ('(0)) )| de

)) ‘2_)

T _
HM(E(t))T <Iq+1 - E(t) (é(t)) ) ) EXPE(lt) @(t))
1
|

> H[( I, — 20 (Em)T) M(z(”)} Exp , (2)

2

—~
AVAGH
=

[M(2) Exp (2

v

2

M{p(e)) — 55 (ML), - ¥/, de

2

1
| s 1902 Gotel, - [[epct ()

c€[0,1]

de

2

- HEXP <t>< (t))

by Theorem 4.34 in Lee (2018)

2 B, -dy (2", 2") - Bd) dy (2, 2)°

[\]

vo |

where we utilize the isometric properties of parallel transports in (i), note that the ve-
locity of the geodesic is constant, i.e., ¢'(0) = ¢'(¢) for any € € [0,1] to obtain (ii),
leverage (d) of Lemma A.2 to deduce (iii), and use the fact that d, (z¥,z") < %
when z® € (R, ®r;) N Q, in the inequality (iv). In particular, for inequality (iii),
<Iq+1 —2z® (g(t))T> M(2®) is a full column rank matrix and Exp;é> (z®) lies within

the column space of (Iq+1 —2z® (g(t))T> M(z®). Since the nonzero singular values of

<Iq+1 —2z® (g(t))T> M(z®) are lower bounded by B, >0, it follows that

T
H [(Iqﬂ — 20 (z(t))T> M(z(t))] Exp_, (z")

> 3.d, (2, 2) .

2
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In addition, we know that B,(f) > 0 comes from the supremum norm of VM (z) over the
geodesic connecting £® and z® with V being the Riemannian connection, which in turn
depends on the uniform functional norm [|f||7_ , of the partial derivatives of f up to the

fourth order. By (b), we deduce that

lim d, ( z(t)) =d, (g(t),ﬁd) = 0.

t—o00

The results follow. O

With Lemma B.7, we state a straightforward corollary indicating an important relation

between two consecutive points in the SCGA sequence {g(t)}zo on €, defined by (3.31):

a2 = Expyo (- Va(a)V(z") grad f(z")) . (B.38)

Corollary B.14. For any point y,z9) in a geodesically convex set on €, the update in

(B.38) satisfies

20 (V@) Va(@®)"V £ (@), Expgly (y))

< d, (@,y)" —d, (2", 9)" + ¢ (L dy(@?, ) - 7 | [Va(@?) grad f(29)|].,

where dy(x,y) = \/(Exp;'(y),Exp; ' (y)) = ||[Exp, ' (y)||, is the geodesic distance between
and y on §Qy.

Proof of Corollary B.14. Recall that the (population) SCGA iterative formula on €2, is given
by ) = Exp o (1 Vy(z®)V () grad f(z")). Note that for the geodesic triangle
AzWzHDy with y € Q,, we have that

dy(@?, 2"V = ||V (2)V (V) grad f(2V)]], = n||Vo(@") " grad f(")|],

and

dg(z(t)’z(tﬂ)) ) dg@(t)’ y) - cos (Zg(t—&-l)@(t)y)

= n(Va(a)V, (@) grad f (), Bxp,l, (y))
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By letting a = z(t+Vy, b = z(t+Vx® ¢ = Wy, and A = Z&+Dx®y in Lemma B.7, we
obtain that

dy(@V,y)? < ¢ (1,dy (@, y)) - n* ||Va(@?) grad f(2?)]|,

+dy(2, y)* - 2g<vd<@t Walz®) grad (), Bxp,l, (y))
Some rearrangements will yield the final display. ]

Note that (Ed &5, 2) N Q, in Assumptions 2.2 and 2.3 is a geodesically convex set, where
the minimal geodesic between two points in the set (Ed &) B) N €, always lies within the
set. Hence, Corollary B.14 is applicable to our interested SCGA algorithm initialized within
(B ®p) N Q.

Proof of Theorem 3.15. The proof is similar to our argument in Theorem 3.10, except that
the objective function f is supported on a nonlinear manifold €2, here. The key arguments
are credited to Corollary B.14. We first recall the following two properties.

e Property 1. Given Assumption 2.1, the function f is ¢ || f Hg)—smooth on €, that is, grad f
is q Hng)—Lipschitz.

e Property 2. Given Assumptions 2.1-2.3, we know that HKd(g(t))Tgrad f(g(t))H2 >
0 for any ) € (Bally1(z*, 1) N Q) \ R, and

1
") — Xp) | ——= - V(') V,(z ra >0
fz) - f <E Py (quH(O? (&), (") grad f(z' ))) >

for any ® € Ball, 1 (z*, ry) N, with z* € R,.
Property 1 has been established in the proof of Proposition 3.13, indicating that the

objective function sequence { f (g(t))} 1o 1s non-decreasing when 0 <7 < Property 2

IIfH(Q)
is a natural corollary by Proposition 3.13, because ) € Ball(z*,1,) N, and

1
Xpy | —— - Va2V (2 ra

is the objective function value after one-step SCGA iteration on €, with step size W.

The iteration will move £® closer to the directional ridge R,;. With the help of these two
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properties, we start the proofs of (a-d).

(a) We first prove the following claim using Lemma B.2: for all ¢ > 0 and z© ¢
Ball, 1 (z*,ry) N Qy,

s

fl) = f(z") < <Kd( NV y(2) grad f(2"), Exp g, (z )> — =0 dy(z*, z)? + ¢,

(B.39)

3 P
where ¢, = [2(] |]f||((>? ﬁ; arcsin (p/2) + %} = 0 (dy(z*, z")?). By the differentiability

of f ensured by Assumption 2.1 and Taylor’s theorem on €2,, we deduce that

flz") — fz")

1. o
<gmf ), Exp, (@) + Expl ()T M (@) Exp,l, ()
g: f NI
AR PRI a2 [ f1ls || HExpg(lt)(g) ’2
2 (V@) (@) grad f(2), Exp,l (@) ) + (Uf (@)grad f(2), Expl, (2))
0
| (2 V(2
+ 5Exp ()" (Vo(2"), Va(2™) (@) Y.(z?) Exp_ (z*)
= V(™) ;
A (z)
3 (3)
+ gz ||6f||oo dg(g*’x(t))ii
W 0 (0T ) g1 () 4 2o 0 o\
§<&@)K@:)ywﬂw)k%M2D+Z~%@,§)
0, A ( 2 2
y 5 ik HUL DExp i (z7)]| -~ < HKd@(t’)TEXp;)(z*) )2
301 1103)
+ qz Hf”oo . dg(z*’g(t))?)

6
(iii) 15} 2
< (Vul@")Vi(2") grad f(2), Expyl, () + 22 - d, (2. 2)

<é0 + max {0, A, (zV)
2

2

2 B
+ > HUd EXP (t)( ) , _70 HEXP;)(Q*)

2
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3 (3)
+ qz2 HéfHoo . dg(z*’g(t))?)
@) (t) (t) @0 ) x\2
< <Kd(£ WV (z') grad f(z'"), Exp_ <f>(£)> =2 (2", z")
B0+max{0,al(g<t>)}> PR STPIC)
b a2 s "
+ 9 ég ’ dg (g(t)’g ) + 6 'dg(g ) (t))3
© (O\T (t) —1 (o B, « ()2
<Vd( NV y(z") grad f(2"), Exp g, (z >>_Z'dg@ )
3 3)
. q2 f [ee) *
201112 g aresin (p/2) + LW | g (g g0y

where we leverage the equality I, = V (z™)V ()T + Uz (z™) in (i) and (iii), use
Assumptions 2.2 and A4 to obtain A (zV) < - < Ay, (2®) < —B, and

AN
Sy

— * — * 2
(Ui (2)grad /@), Expyly (@) < - d, (2, 2)

in (ii), apply the quadratic bound for ‘ Uz(z®

18

Exp L (z* in Assumption A4 to ob-
® )
M@} < gllfI¥ and dy(z",2") <

, < pin (v); recall (2.6). Our claim (B.39) is thus proved.

tain (iv), and leverage the facts that max g ,0

2arcsin (p/2)

In addition, given Property 2 and any Y € R, ® r,, we derive that
fa®) - f(z")
1
< f@(t)) — flz") + f(z") - f (EXPw(ﬂ (W 'Kd(ﬁ( ))K (z (t)) grad f( )))

1
= _ xpoo) | ——= - V() V() gra — f(z®
[f (E P2 (quHg) V() (z)" grad f(z' ))) f )]

S—[<gradf(£“))7 Ly @)V, (@) grad f(z )>

qllflI®
) 2
gl flle 1
- ||2|| ' (Z)Kd( z” )Vd(m(t)) gradf( ) ]
gl fII® ,
V(@) grad £ 2.
2 |1f|?

where we apply (B.36) to obtain the inequality. This indicates that

V(@ ®)Tgrad f(z0)|[, < 21 £12 [£(z*) — F(z®)] (B.40)
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for any z® € R, @ r;. Therefore, by Corollary B.14, we obtain that

dg(iﬂ(t+1), iﬂ*)

< dy(2,2") — 20 (V, @”)Kd(z“’)Tgrad f(@),Exp ("))

+C(Lp) 1P || Va(@) Tgrad f(z)]
(ii)
< dg(z(t)’g*)Q + 2 f(g(t)) — flz*) — % . dg<£*’£(t))2

(2) p2 . Q%Hfﬂgi) % ()3
+ | 29| fl= ézarc:51n(£/2)+—6 dg(z*, ')
+C(Lp) - 207112 [Fla) — f(2)]
(iii)
< <1 - %) -dy(z*, 2")’ — 2 [1 -n-¢(1,p) -q ||f||§)] ) - f2")]

>0

whenever 0 < 1 < min {ﬂi, W}, where we utilize Corollary B.14 and the mono-

tonicity of ((1, ¢) with respect to ¢ in (i), apply (B.39) and (B.40) to obtain (ii), and use the

choice of r, to argue that

g 11D o O3
2q|£1|2 B2 arcsin (p/2) + s dy(z*, 2V)

RN
< (2q 1112 B2 arcsin (p/2) + %) 4y @) - 2aresin (r,/2)
< % cdy (", ")’

in (iii). By telescoping, we conclude that when 0 < < min{ =, ——7t—— ¢ and (¥ €
¢ By dlf 1D < (1)
Ed S £2a

dy(z*, 2") < ( - f) dy(z*, ).

The result follows.
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(b) The result follows directly from (a) and the fact that d,(z®, R;) < d,(z®,z*) for all
t>0.

(c) The proof is logically similar to the proof of (¢) in Theorem 3.10. We write the spectral
decompositions of H f(x) and ”H]?h(w) as

H(@) = V(@)A@)V(2)"  and  Hfu(@) = V(@)A(@)V(2)".
By Weyl’s theorem (Theorem 4.3.1 in Horn and Johnson 2012) and uniform bounds (2.29),
A (@) - A@)| < ||Hf(@) - Hi@)||
N )
< q||f@) - fi@)|
_ 2 | log h
=O(h") 4+ Op ( nhq+4> )

Thus, ﬁ will satisfy Assumption 2.2 with high probability when A is sufficiently small and

ﬁ’;;: is sufficiently large. According to the Davis-Kahan theorem (Lemma B.9 here), uniform

bounds (2.29), and the continuity of the exponential maps, we have that

dy (Exp, (n- Va(y)Vs(y) grad fuw)) . Exp, (1- Va(y)Va(y) grad f()))
< 1Cs || Vu(w)Va(y) grad fuly) — Va(y)Va(y) grad f(y)||

Vo) Valy)" [grad fuly) - grad f()] ||

#1Cs || [Va)Vuw)” = Vaw)Vw)"] gra f ()|

[rt) = Hhw)||, - llerad Fw)ll,
B,

gradm—gradmuﬂog.

a||fu— || varTia®

—I-C'
n éo

|log h
=6un = O(hQ) +Op ( nhq+4’
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for any y € Balljy(z*,ry) N Q, where we utilize the Davis-Kahan theorem and

‘Vd( ) H = 11in (i). Hence, when h — 0 and ﬁ};‘;l'%oo

d, (EXpy (g -V (y)V,(y) grad ﬁ(y)) ,Exp, (1 Va(y)Vy(y) grad f (y))>

) log A ‘ (B.41)
<€, =0(")+O0p R < (1—=17)-2arcsin (r,/2)
with probability tending to 1.
We now claim that dg(i(t),g*) < 2aresin (r,/2) and
4,E . 2") < T d,@",2) + ¢, (B.42)

for all ¢ > 0. We again prove this claim by induction on the iteration number. Note that

when t = 1, we derive that

~

= d, (5xpgor (n- V4(@")V,(@") grad fu(@")) , o)
(i R R R )
< d, (Expyo0 (1 Vu@")Vy(@") grad f@")) ')

+dy (Expgo (0 Vo(@")V a3 grad fu(@”)) , Expgor (n- Vu@")Va(@) graa f@")) )
4,2 2) + e
where we apply the triangle inequality in (i) and leverage the result in (a) and (B.41) to
obtain (ii). The triangle inequality is valid in this context because the geodesic measures
the minimal distance between two points on €2,. Moreover, by the choice of 7@ and (B.41),
we are ensured that dg(i(l),g*) < 2arcsin (r,/2). In the induction from ¢ — ¢ + 1, we
suppose that d,(Z ) &*) < 2arcsin (r,/2) and the claim (B.42) holds at iteration ¢. The same
argument then implies that the claim (B.42) holds for iteration ¢t+1 and that d (2 (D) 7)<
2arcsin (ry/2). The claim (B.42) is thus verified.
Now, given that T =4/1 — B 1 < 1, we iterate the claim (B.42) to show that

d,@V, z*) < T - dy @Y

£ = g\ ’Q*) +§n’h
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t—1
< Tt dg(i(()),w*) + ZTS €nn
s=0
~ * gn,h
< T dy(@Y ) +
~(0) | log A
=T"d,@" z") + O(h*) + Op ( nhatd |

where the fourth inequality follows by summing the geometric series, and the last equality

is due to our notation ¢, , = O(h?) + Op ( leqgﬁ). It completes the proof.

(d) The result follows directly from (c) and the inequality dg(i(t), R, < dg(@(t), x*) for all
t>0. [l
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Appendix C
APPENDIX TO CHAPTER 4

C.1 Tuning Parameter Selection

We describe the choices of two important tuning parameters used in our directional ridge
estimation procedure in Section 4.5: the smoothing bandwidth for the directional KDE and
the density threshold used for denoising. Throughout this section, the observed galaxy/QSO
locations on a fixed spherical slice are represented by Xi,..., X, € Q.

e Smoothing Bandwidth Parameter h: The bandwidth A is a central tuning pa-
rameter for the directional KDE in (2.4) and, consequently, for the DirSCMS filament esti-
mates. For the catalog construction, we use the rule-of-thumb selector from Proposition 2 of
Garcia-Portugués (2013), together with the estimator of the von Mises-Fisher concentration
parameter from Banerjee et al. (2005). This choice is simple, computationally stable across
hundreds of spherical slices, and effective in the entire filament detection pipeline.

Specifically, the smoothing bandwidth is chosen as:

1
8 sinh?(R) 6
fror = Ao - 1
ROT = A0 | (1 + 472) sinh(2R) — 2R cosh(2)] | (C.1)
where ) .
R RB-R) o IE Xilly

1—-R? n
Here, n is the number of observations in the current spherical slice and Aq is a multiplicative
hyperparameter controlling the overall amount of smoothing. The exponent % reflects the
AMISE bandwidth rate for density estimation on {25, whose intrinsic dimension is two.
The role of Ay is to adapt the rule-of-thumb bandwidth to the filament detection task.
A smaller value of Ay produces an undersmoothed density estimate fh and may generate

spurious filamentary features, whereas a larger value may oversmooth the density field and



293

North Galactic Cap South Galactic Cap

ices

30000

10000

N
%
=}
S
S

8000
20000
6000
15000

4000
10000

0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000
Comoving Distances (Mpc) Comoving Distances (Mpc)

2000

Number of Galaxies/QSOs in the S|
Number of Galaxies/QSOs in the Slices

Figure C.1: Number of observations and corresponding smoothing bandwidth ﬁ, selected by
(C.1), in each spherical slice across comoving distance (or redshift) on the North and South

Galactic Caps.

remove genuine structures. When Ay = 1 and the true density field is a von Mises-Fisher
distribution on €y (Mardia and Jupp, 2000), the rule-of-thumb bandwidth minimizes the

dominant term of the mean integrated squared error

MISE(h) = E UQ (ﬁ(m) - f(m))sz(dw)} :

where f denotes the underlying galaxy/QSO density field on 5. In astronomical survey
data, the true density field would not be von Mises-Fisher distributed. Thus, we use the
rule primarily as a stable baseline and set Ag = 0.25 for the SDSS-IV catalog. The resulting
bandwidth adapts to the number of observations in each slice. On the one hand, slices with
more observations receive smaller bandwidths, allowing the directional KDE and DirSCMS
algorithm to retain finer filamentary structure. On the other hand, sparser slices receive
larger bandwidths and retain only more dominant structures. This behavior is illustrated in
Figure C.1 for the North and South Galactic Caps.

e Denoising Threshold 7: The available data D = {X;,..., X, } in a spherical slice
may contain noisy observations and outliers. Such observations can create small low-density

bumps in the estimated density field on €25, which in turn may lead to spurious filaments
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and nodes. To suppress these artifacts, we include a denoising step after estimating the
galaxy /QSO density field by (2.4). Specifically, before applying the DirSCMS algorithm, we
remove observations whose estimated density values fall below a threshold 7.

Following Chen et al. (2015), we set 7 using the root mean square variation of the esti-

mated density values, with an additional quantile safeguard:

2
I (- I

= mi oAl — X)) —— X, , C.2

7 = min{ Qo nZ(f( ) >) (€2)

where (), denotes the lower-a quantile of the directional KDE values {ﬁ(X )sens fAh(Xn)}
evaluated on the original sample D. The quantile safeguard ensures that 7 is no larger
than the 20th percentile of the estimated density values. Consequently, the denoising step
removes only observations whose estimated densities are small relative to the slice-specific

density distribution, while retaining a sufficiently large sample for filament detection.
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Appendix D
APPENDIX TO CHAPTER 5

D.1 Implementation of the Proposed Debiasing Method

Our proposed debiasing method consists of three main estimation steps: (i) computing the
Lasso pilot estimate (5.2), (ii) estimating the propensity scores m; = 7(X;) = P(R; =
11X;),i = 1,...,n, and (iii) solving the debiasing programs (5.3) and (5.7). We explain the
implementation details and strategies for selecting two tuning parameters A > 0 in (5.2) and
v > 01in (5.3) as follows.

1. Lasso pilot estimate: We use the complete-case (or equivalently, observed) data
(X;,Y;) € RY x R with R; = 1 for i = 1,...,n to construct the Lasso pilot estimate B To
select the regularization parameter A > 0 in a data-adaptive way, we adopt the scaled Lasso
(Sun and Zhang, 2012) with its universal regularization parameter Ay = \/21‘;3 as the ini-
tialization. Specifically, it provides an iterative algorithm to obtain the Lasso estimate B and

a consistent estimator o, of the noise level o, from the following jointly convex optimization

problem:

(B\(X),&g(X)) = arg min [ ! ZRi (Vi —XZT5>2+ %+X||ﬁ||1] ;
1

BER 0, >0 | 2N0e 4=

where the regularization parameter > 0is updated iteratively as well. We also utilize this
estimated noise level o, to construct our asymptotic 1 — 7 confidence interval (5.5).

2. Propensity score estimation: When comparing our debiasing method with other
existing high-dimensional inference methods, we utilize the Lasso-type logistic regression
(D.4) in Section D.3 to estimate the propensity scores m; = P(R; = 1|X;),i = 1,...,n.

The regularization parameter ( is selected from 40 logarithmically spaced values within

the interval {0.1 l(’id,SOO %] via 5-fold cross-validation. However, as demonstrated
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in Section 5.4.4 through simulation studies, our debiasing method can perform even better
when the propensity scores are estimated more accurately by other nonparametric methods,
reflecting the theoretical results in Section 5.3.

3. Solving the debiasing program: When our primal debiasing program is strictly
feasible, strong duality holds by Slater’s condition (Theorem 3.2.6 in Renegar 2001), and
the debiasing weights w;(x),7 = 1,...,n can be estimated from either the primal program
(5.3) or the dual program (5.7) by the identity (5.8) in Proposition 5.1. We implement our
debiasing method in both Python and R. In particular, we solve the primal program (5.3)
using the Python package “CVXPY” (Diamond and Boyd, 2016; Agrawal et al., 2018) or the R
package “CVXR” (Fu et al., 2020). For the dual program (5.7), we formulate and implement
the classical coordinate descent algorithm (Wright, 2015) as

. Sa < 5 Dy T (Zk;@ Xij Xik [5( )} ) —%'> ,
[@(SL’)L — — X2 k for j=1,..,d, (D.1)

2n = 1

where Sy (u) = sign(u)- (Jul —2) . is the soft-thresholding operator, and the above procedure
iterates cyclically from j = 1 to d until convergence.

The tuning parameter v > 0 of our debiasing program is selected from 41 equally spaced
values between 0 and n ||z||  via 5-fold cross-validation according to the dual problem (5.7),
where z € R? is the current query point. Here, the upper bound for the candidate values
of v > 0 is set to n||z||, because the optimal solution w(x) for the primal problem (5.3)
becomes 0 when T > ||z|[ . There are three different criteria for selecting the final value of

~v > 0 from the cross-validation results.

(i) The first criterion selects the value of v > 0 that minimizes the average cross-validated

risk of the dual debiasing program (5.7), which is known as the “min-CV” rule.

(ii) The second criterion selects a value of v > 0 that is smaller than the risk-minimizing
choice and whose average cross-validated risk is at least one standard error (calculated

across the five folds) away from the minimum; see Section 3.4.3 in Breiman et al. (1984)
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and Chen and Yang (2021) for details. We call this criterion the “1SE” rule. Its ratio-
nale is to improve inference by sacrificing some statistical efficiency (i.e., potentially

increasing the estimated asymptotic variance) in exchange for less bias.

(iii) The third criterion chooses the smallest value of v > 0 for which the primal program is
feasible for all five folds of the data. We call this criterion the “min-feas” rule, which

leads to the most conservative confidence interval for our debiasing method.

We recommend choosing the final value of v between the values selected by the “min-feas”
and “1SE” rules, depending on how conservative the subsequent inference needs to be; recall

from Section 5.4.2 for our simulation results.
D.2 Sufficient Conditions for Assumption 5.6

We present several sufficient conditions in Lemma D.1 under which Assumption 5.6 on the
sparse approximation to the population dual solution /y(z) € R? in Definition 5.3 holds and

illuminate these sufficient conditions through some motivating examples.

Lemma D.1 (Sufficient conditions for the sparse approximation to {y(z)). Under Assump-
tion 5.4, we let [E(RXXT)}_l =M = (mq,...my) € R where my, k = 1,...,d are
columns of the matriz M € R¥4. We also denote by Mgy € RISXITl the submatriz of M

indexed by S, T C {1,...,d} and let omin(Msr) be its smallest singular value.

(a) If each column of M has at most m > 1 nonzero entries and the query vector v € R?
has at most s, > 1 nonzero entries, then Assumption 5.6 holds with s¢(x) = m- s, and

re =0 foralln > 1.

(b) Suppose that each column my of M lies in Ci(Jy,9) for some J, C {1,...,d} and
¥ € [0,00). If the query vector x € R has support support(z) = S, of size at most
sy > 0 and an index set J C {1, ...,d} satisfies omin(Mys,) > 0, then Assumption 5.6
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holds with s¢(x) = |J|- Re(n) and ry = O (%) for some Ry(n) — o0 asn — oo,
o(n

Vas||My,,

(¢) Suppose that each column my of M lies in Ci(Jx,9) for some J, C {1,...,d} and
¥ € [0,00). If the query vector x € R? lies in Cy(J,9,) with an index set J C {1, ...,d}
satisfying Kmin(J,9,) > 0, then Assumption 5.6 holds with s,(x) = |J| - Re(n)

and 1y = O %) for some Ry(n) — oo as n — oo, where K;, = (1 +
(N
A/ ||| | M. A/ |J| u . . oeq-
V) max L‘ "(J':;“”;Hl and Kmin(J,0;) = cir(lﬁﬁ )"ﬂl—j‘fj'b is the compatibility con-
<k< min yVa ue 1 R s

stant of the submatriz M.

Proof of Lemma D.1. The proof of Lemma D.1 is inspired and modified from Lemma 4 in
Giessing and Wang (2023).

(a) Let S, = support(z) C {1,...,d} for the fixed query vector x € R?% Given that
maxi<j<q || M|, < m and {o(z) = =2 [E (RXXT)}_1 z € R4, we compute that

d
E My E mpTp
k=1

kESy

bo()llo = |[M x|, =

< Z [Imfly < m - s

0

Thus, fo(x) by itself is sparse and we can take ¢(z) = /lo(x) in Assumption 5.6 with

se(x) =m-s, and r, =0 for all n > 1.

(b) Since each column of M lies in Cy (Ji, ¥) for some J, C {1, ...,d} and ¥ € [0, 00), we know

that || Me & Myully

e ully

|, < DMy, ] for all k € S,. Moreover, owin(Mys,) = infaupport(uw)=s

0 by our assumption. We therefore have that

(@] ell, = 2[I[M] el

d
E A4jgk * Tk
k=1

<2 || Mgl |zl

keSz

=2

1
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[+ 1Ml )

<2 Z <‘ | M yerge i

keS,

<2 Z <HMJ1§J€ ‘1 + ||MJ1€J€||1> |xk:|
keS,

<2(14+9) Y ||My il |l

kESy

2(1 +0)/s - max|[ My k] |2l

[lull
2(1+0)/s, - max|[My ] [|(M2)g]l,  sup :

support(u)=3Sz ||(MU) ||2
2(1 + 9)/5, maxges, || My, xll,
B O'min(MJ,Sx)

= (1+9) K ||[lo(2)],]],,

(M),

showing that ¢y(z) € C; (J,(1+9)K ;). By Theorem 2.5 in Foucart and Rauhut (2013),
there exists a sy(x)-sparse approximation (z) € R? to the population dual solution f(z)

such that

i @], < 5 Mol

Combining with (y(z) € C; (J, (1 +9)K ), we have that

HZ(:I:)—KO(.%)‘LS 2\/_ (1111, + ()] yell,]
< 1+ (1+9)K .

N o ()] 411y
1+ (1+9)K;, | |J]
< 2 SZ( ) ||€0( )||2

Thus, when sy(z) = |J| - Re(n), it follows that

1 + (1 + ﬁ)KJ,x
B Ry(n)

[fa) - o), < Alto(@)

so we take r, = O (%) to fulfill Assumption 5.6.

\/ Re(n)
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(c) Since z € C1(J, V), it follows that ||z sc||; < ¥, ||2s]|;. Now, we compute that
()] elly = 2[1(Mz) el

d
E MJc”Ig.Z‘k
k=1

< 2 mase [|Myesl il

<2(1+9,) fg?g(dHMJﬁkm |\$JH1

HUJHl
L (Mz)sll, sup ——~r
! % weer(19.) || (Mu) ],

21+ 9)(1 +9,) max [[M, |, [|(Mz),]l, sup
1<k<d * ! 2u€C1(J,'l9.z) HMJUHZ

2(1+9,) 1%?2(4 || M je

B VI M,
=2(1+0)(1+ ;) max (10 [[(Mz) ]

= (1+9) K ||[lo(2)],]],,

showing that ¢y(x) € Cy (J, (1 + U)K ). Therefore, as in the proof of Part (b), we conclude

that Assumption 5.6 holds with s,(z) = |J| - Ry(n) and r, = O <% : O
o(n

Remark D.1. The constants omin(Mys,) and kmin(J,9,) in (b) and (¢) of Lemma D.1 are
well-known in the statistical literature. Sun and Zhang (2012, 2013) introduced the eigenvalue
version of omin(Mys,) > 0 to study least-squares and precision matriz estimation after the
scaled Lasso selection. The compatibility constant kmin(J,0,) appears even more commonly
in the literature (see Section 6.2.2 in Biihlmann and van De Geer 2011), given that it is also

related to our restricted eigenvalue condition (5.17) as:

Fomin(J, ;) = inf VIIIMyully o (Mol

ueCy(J0z) sl ueCi(J0z)  ||ull,

Now, we illustrate these sufficient conditions in Lemma D.1 through the linear regression
model (5.1) under both MCAR and MAR data settings and connect the sparsity structure
of [E(RX X T)} ' € R4 with the well-studied covariance matrix ¥ € R?*? of the covariate

vector X € R? in the statistical literature.
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Example D.1 (Linear regression model under the MCAR mechanism). Recall the high-

dimensional sparse linear regression model (5.1) in Assumption 5.1 as:
Y=X"8+€¢ with E(X)=0 and E(&X) =0’

Furthermore, we suppose, without loss of generality, that the covariate vector X € RY is

centered in this example, i.e., E(X) = 0. In order to study the sparsity structure of

1

lo(z) = =2 [E(RXXT)] 2 := —2Mau,

it suffices to exploit the (weak) sparsity of M = [E(RXXT)rl € R4 by Lemma D.1
when the query point x € R? is sparse or lies in a cone of dominant coordinates Cy (J,9,).
In particular, under the MCAR setting, we know that R1.(Y, X), and the propensity score
satisfies m(X,Y) =P(R=1|X,Y) =P(R =1) so that

M = [E(RXXT)] " = ﬁ S

will be sparse if and only if the precision matriz X1 is sparse. Examples of sparse precision
matrices include the autoregressive model of order ¢ > 1 (whose precision matriz is banded;
see, e.g., Section 9.2 in Lindsey 2004) and solutions to the graphical Lasso model (Friedman
et al., 2008) or other Li-minimization programs (Cai et al., 2016). In addition, as the
sufficient conditions in Lemma D.1(b,c) only require each column of X' to lie in Ci(J, V)
for some J C {1,...,d}, any moving-average process of order ¢ > 1 (whose precision matriz is
Toeplitz; recall X% in Section 5.4.1) and other short-range dependent processes (Rosenblatt,

2015) will have their precision matrices fulfilling the requirements as well.

Example D.2 (Linear regression model under the MAR mechanism). Under the same linear
model setup in Example D.1, we consider the MAR setting R1LY | X, in which the propensity
score becomes w(X) = P(R = 1|X). We consider several scenarios that relate the sparsity

structures of M = [E(RXXT)}_l € R¥™? to the covariance matriz ¥ = E(XXT) € R4,

1. Suppose that the propensity score w(X) depends on at most 1 < s, < d covariates in

X € RY, i.e., without loss of generality,

m(z) =P (R=1|X = (z1,....,2a)") = 7(21, ..., 2s,). (D.2)
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We further assume that the first few covariates XM, ..., X @) with d; > s, are in-
dependent of the rest covariates X M+D . X(h+d2) gn the covariate vector X =
(X(l),...,X(d))T € RY with d = dy + dy. Then, the covariance matriz ¥ is block

. ¥ 0 ‘
diagonal as ¥ = , where ¥ € R4X4 qnd ¥y € R¥2%%. Under the sparsity
0 >

assumption (D.2) on the propensity score w(X), we know that

. . 0 s [0 0
E(RXX") =E (r(X)XX") = _ and M = [E(RXX")]" =
0 X 0o X!

for some matrices f]l_l and ¥5*. Thus, the sufficient condition (a) in Lemma D.1

holds.

. T Y Yo .
. More generally, the complete-case Gram matriv E(RXX") = | _ has its

o1 2o
muverse as:

M = [E(RXXT)] ™

~ e N1 SRR |
21_11 + Z1_11212 (222 - E2121_11212) E2121_11 —21_11212 <E22 — Z2121_11212>

~ N1 - N |
—(222—2212f11212> Z2121711 (222—2212f11212>

If the entries of Sy = ff{Q are small in absolute value, as can occur when ¥ = E(X XT)
is diagonally dominant (such as for banded, Toeplitz, or other sparse covariance ma-
trices; recall ¥ and X2 in Section 5.4.1) together with (D.2), then the off-diagonal
block matrices of M = [IEI(RXXT)]_1 given by
~ SN DU o~ s~ ~ - .~ 117
- (222 - Emzﬂlzlz) S Xy = — [2111212 (222 - 22121711212> ]
are also small in their absolute values compared with the diagonal block matrices of M

and therefore, the sufficient conditions (b) and (c) in Lemma D.1 apply.
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D.3 Generalized Linear Model with Lasso Regularization for Propensity
Score Estimation

Recall that the consistency and asymptotic normality of our proposed debiasing method hold
as long as the propensity scores are consistently estimated at the sample covariate vectors
X;,i = 1,...,n under the mild rate condition (5.21). While it is not necessary to estimate
the propensity scores via parametric models for our debiasing method (see Section 5.4.4
for our simulation results), the generalized linear model serves as a baseline approach and
can approximate many complex nonparametric models by including sufficiently many well-
designed covariates. As a result, the covariate vector is often high-dimensional with d > n
in practice, and we consider estimating the propensity score w(z) = P(R = 1|X = x) under
the MAR assumption (Assumption 5.1) using the data {(X;, R;)}", C R% x {0,1} with the
Lasso-type generalized linear regression defined by
n T n
f = arg min {—%;Rﬂog [%] - %;bg [1—o(X]0)] +¢ ||9||1}

OcRd

(D.3)
= argmin [L,(60) + C||0]],],

OcRd

where £, : R? — R is the negative log-likelihood function associated with a known link
function ¢ : R — (0,1) and ¢ > 0 is a regularization parameter. In particular, when the

logistic link function ¢ee(u) = is used, the regression problem (D.3) reduces to the

1
Tte ®
following Lasso-type logistic regression as:

f = arg min {—lzn: [RZ-XZ»TO —log (1 + eXiT9>] +¢ ||9||1} : (D.4)

9cRd nz
With the estimate 6 from the Lasso-type generalized linear regression (D.3), it is also
feasible to derive an explicit formula for r, = r(n,d) in Assumption 5.5 for the estimated

propensity scores 7;,7 = 1, ...,n under the following regularity conditions.

Assumption D.1 (Sparse generalized linear propensity score model). Under Assump-

tion 5.1, the missingness variable R € {0,1} follows the model

R|X ~ Bernoulli (¢(X76)) , (D.5)
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where ¢ : R — (0,1) is a known link function and 0y € R is a high-dimensional sparse

vector with support Sy and |Sp| = ||6o]|, = se < d.

Assumption D.2 (C,(Sy, 3)-restricted eigenvalue condition on E(RX XT)). The Cy(Ss, 3)-
restricted minimum eigenvalue of the complete-case population Gram matriz E (RXXT) €

R4 4s bounded away from zero, i.e., there exists an absolute constant p > 0 such that
E [R(XTv)*] > p [v|[5  for any v € C(Sy,3),
where Sy is the support of the sq-sparse vector 6y € R,

Assumption D.3 (Regular link function). The link function ¢ satisfies the following regu-

larity conditions.

(a) ¢ : R = [0,1] is twice differentiable, nondecreasing, and Ly,-Lipschitz on R as well as

concave on Rt for some absolute constant L, > 0; also, for any v € R, it holds that

p(u) + p(—u) = 1.

(b) There exists an absolute constant A, > 0 such that l‘f/&i) < A, for allu > 0.

(¢) For L,(8) defined in (D.3), there exists an absolute constant Ay > 1 such that the
Hessian matriz VV L,(0) can be expressed as VVL,(0) = £ 3"  H(0; R;, X;) X; X7

T on

for some H(0; R;, X;) > 0 satisfying
llog H(0 + b; R;, X;) — log H(0; Ri, X;)| < A (|X7 0] + | X[ 0* + | X['0])
for any 0,b € R andi=1,...,n.

The sparse generalized linear regression setup in Assumption D.1 is commonly imposed
in the statistical literature to handle high-dimensional data (van de Geer, 2008; Huang and
Zhang, 2012; Cai et al., 2023). Assumption D.2 is the restricted eigenvalue condition over
the cone Cy(Sp, 3); recall (5.17). In Assumption D.3, the constants A,, Ay > 0 depend only

on the link function ¢. A similar condition is also imposed in Cai et al. (2023) to establish
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the consistency of 0 in (D.3) and derive the asymptotic normality of their debiased estimator

for 8. One can verify by direct calculation and Example 8 in Huang and Zhang (2012) that

1

the logistic link function o (u) = T

satisfies Assumption D.3. Furthermore, Section 3 of
the supplement in Cai et al. (2023) also verifies Assumption D.3 for the probit link function
Pprobit (1) = \/% ffoo e’édt, the class of generalized logistic functions, as well as the CDFs
of Student’s t,-distributions with any v € N in their latent variable model (Example 3 in

their supplement).

Remark D.2. Assumption D.3(b) implies that max { i((;‘)), 1f/£(‘i)} < A, for the same con-

stant A, > 0. This is because if u > 0, then by Assumption D.3(a), ¢(u) > 3 and conse-
quently,
/ /
pu) = 1—p(u)
On the other hand, if u < 0, then Assumption D.3(a) also shows that p(u) < % and therefore,

J) P P
T o) = o) T g(w =%

where we use the condition that ¢(z) + ¢(—x) = 1 and ¢'(x) — ¢'(—x) = 0 in Assump-
tion D.3(a).
As for Assumption D.3(c), some algebra shows that

R [¢"(XT0)0(XT0) — (¢ (XT6)’]
[(XT0)P
(1= Ri) ["(X76) (1 - o(X70)) + (¢'(X76))°]
11— p(xTO) |

_.|_
Hence, a sufficient condition for H(0; R;, X;) > 0 is that
2
[¢(x70)]" > max {¢"(XT0)p(X]0), " (XT0) [o(XT0) — 1] }, (D.6)

which is also equivalent to [go’(XiTH)]2 > O"(XT0)p(XT0) for all XF0 < 0. This condition

can be easily verified for the logistic link function @iog(u) = and the probit link function

_1
14e—u

2
Qoprobit(u> - \/%7 f—oo 6_%dt.
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Under the above regularity conditions, we derive the explicit formula for r, = r.(n,d) as

follows.

Proposition D.2. Let § € (0,1) and Ay, A, A3, Ay > 0 be some absolute constants. Suppose
that Assumptions 5.2, D.1, D.2, and D.3 hold as well as

s / log d 2
d> sg+2, Aips,log (ﬁ) M—Og < /—), and Asexp S L P1sglogd| < 0.
P n 8 2 og? <¢_e>
Sg P

If ¢ = AsA, M, then the rate of consistency rr = rr(n,d) in Assumption 5.5 can be

n

gy — AL, \/wsgs@ log(d/9) [1og (2 + st (_d)}

p n

taken as:

This proposition suggests that the rate of convergence for r;, is of the order Op (s"l%l»
provided that all other model parameters L., A, p, ¢1, ¢s, > 0 are independent of d and n

Withézﬁandd>n.

D.3.1 Other Examples for Propensity Score FEstimation

e Single-index model with unknown link function. As a preliminary step for more
complex high-dimensional semiparametric models, we first consider a simple univariate semi-

parametric model
(2) =E(Ri|Zi = z) = Fo(z2), and m=n(Z), i=1,...,n,

where Fy € A = {F:R—> 0,1): [~ [F”(x)]zdx< oo} and z = go(z) € R for some

o0

transformation function gy : R — R. Assume tentatively that gy is given so that Z; =
go(X;),i = 1,...,n. The unknown function Fy can be estimated by solving the penalized

maximum likelihood estimator

o

~

F = arg max [% Zlog [RiF(Z)+ (1 —R)(1—-F(Z))] - )\2/

FeA i— —00

[F”(x)]de] :
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and the propensity score estimates are 7; = ﬁ(Zi), i=1,...,n.
If A < n5 and F, is bounded away from zero and one and its first derivative Fj is
bounded away from zero over a compact set, we have

max |m; — m;| < sup |ﬁ(z) — Fy(2)| = Op (n_l%> _

1<i<n “cR

For detailed derivations and precise regularity conditions, see Lemma 11.14 on Page 235
in van de Geer (2000). Hence, Assumption 5.5 holds with r, = O (n_%>, and the rate
condition (5.21) is satisfied if syacv/logd = 0 (nl%> for those high-dimensional settings.

e High-dimensional series estimator. Consider the following generalization of the

example from (D.5):
(x) = E(R|X; =) = g(onT\I/(x)), and m=n(X;), i=1,...,n,

where g : R — [0,1] is a known L,-Lipschitz continuous link function, ¥(z) = {wk(x)}le
is a set of K known basis functions, possibly high-dimensional with K > n, oy € R¥ is an
unknown sparse parameter vector, and x € X'. Under this model, Section 5.1 in Chakrabortty

et al. (2019) suggests estimating the propensity scores at the sample points Xy, ..., X, via
T = g(aT\I/(Xi)), 1=1,...,n,

where & denotes an ¢;-norm consistent estimate of a.
If P(]a — aolly > an) < g, for some an, g, = o(1) and a,, > 0, ¢, € [0, 1], then

max |7; — m;| < sup |g(@"V(z)) — g(ag ¥(x))| = Op(an).

1<i<n veX

For detailed derivations and precise regularity conditions, see Theorem B.1 in Chakrabortty
et al. (2019). Furthermore, according to Appendix B.1 in Chakrabortty et al. (2019), it
is reasonable to assume that a, o sﬂ\/@ and ¢, = o(niK), where s, is the (small)
number of basis functions of the series representation of m; (i.e., sparsity of «g). Hence,
Assumption 5.5 holds with r, = O (sﬂ\/@) and the rate condition (5.21) is satisfied if
StmaxSz(log d) (log K) = o(n).
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e High-dimensional single-index kernel smoother. Consider the following semi-

parametric single-index model
m(z) = R(Ri|X; =2) = go(dz), and m=n(X;), i=1,...,n,

where go : R — [0,1] is some unknown link function and 4y € R? is an unknown direction
parameter (identifiable only up to scalar multiples).
We consider estimating the m;’s via a one-dimensional Nadaraya—Watson-type kernel

smoother over the estimated scores {77 X;}1, as:
ATX; AT X
E?:l RJ ' K ( ]h )
S K (R

where K : R — [0,00) is a (symmetric) kernel function, A > 0 is a smoothing bandwidth

=7 X;) = i=1,...,n,

parameter, and 7 is an estimate of 79. The estimate 7 can be computed via any standard
method in the literature on signal recovery for single-index models (possibly under additional
assumptions such as elliptically distributed covariates). More details can be found in Section
5.2 in Chakrabortty et al. (2019) and references therein.
IfP (|7 — Yl > an) < ¢, for some a,, g, = o(1) for some direction ¥y x 79, and a,, > 0,
€ [0, 1], then for all ¢ > 0, with probability at least 1 — 27(nd)_t2 — 6q,,

. log(nd) 9 a2 log(nd)
o] < _n
|t —m| St - +h"+a —I—h2+ T

For detailed derivations and precise regularity conditions, see Theorem B.3 in Chakrabortty
et al. (2019). Furthermore, according to Section 5.2 in Chakrabortty et al. (2019), there
exist estimators 7 such that a, o sﬁ\/@ and ¢, = 0( d), where s, is the sparsity of
the direction 7y o< 7p. If log(nd) = o(nh), then Assumption 3.2 in Chakrabortty et al.
(2019) holds with v, , = O ( log "d)) Wy = O (h2 + Sy losd 4 selogd | M), and

nh nh? nh

Gnx = 0(5), which in turn implies our Assumption 5.5. The rate condition (5.21) is

therefore satisfied if (vnﬂr\/log n+ wnﬂr)smaxx/log d=o(l).

e Partially linear single-index model. Consider the following semiparametric model

m(z) = E(Ri|X; =) = F(u"ap +7(v)), z=(wv), and m=n(X,), i=1...,n,
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where the link function F : R — (0, 1) is known and differentiable, oy € R% and vy € G
with

g = {7: 0,1] — R,/ [y<m>(v)}2dv < oo},

for some integer m > 1. To estimate go(u,v) = u’ g +70(v), we use the penalized maximum
likelihood estimator g(u,v) = uT@ + F(v) defined as

oo
g = argmax

geA —0

%Zlog [RiF(9(X:) + (1= R)(1 = F(g(Xy)))] - /\2/ [7(m)(v)]2dv] :

where A = {g: R x [0,1] = R, g(u,v) = u" B +7(v), B € R*,y € G}.
If A < n~ 21, Fogis bounded away from zero and one, sup,cg |F'(x)| < oo, and the
dimension d, of the linear component is fixed, then

2m

'-EZ — Fgo(X)]* = Op(n77),

For detailed derivations and precise regularity conditions, see Lemma 11.4 on Page 206
in van de Geer (2000). Since =37 | |7 —m| < (300, |7 — 7ri|2)1/2, the alternative con-
dition to Assumption 5.5, P (% o mi—ml > rﬂ) < 0, holds with r, = O (n*#ﬂ>

Notice that a more careful analysis of the metric entropy numbers will allow one to extend
this result to high-dimensional partially linear single-index models, provided that the high-
dimensional regression vector is sparse. Similarly, it is possible to generalize this model to
allow for a multivariate nuisance function vy : R? — R; see Page 19 in van de Geer (2000).

e High-dimensional generalized sparse additive model. Consider the following

high-dimensional generalized sparse additive model as:

m(z) =E(Ri|X;i=2)=g" (Zf x]>, and m=n(X;) i=1,...,n,

where ¢ : R — R is a known link function whose inverse is L,-Lipschitz (e.g., g(u) =
log (ﬁ)), z; is the jth entry of vector z € R? and ff,...,f; € F for some suitable

function class F. For concreteness, we assume that

fz&%mu%R/UW@Wm<%}
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for some » > 1 and 1 < m < 2. Furthermore, we assume that there exists an absolute
constant M > 0 such that ijl 1(f; # 0) < M; see Section 4.1 in Haris et al. (2022) for
details and definitions.

The unknown functions f7,j = 1,...,d can be estimated by solving the doubly penalized

M-estimation problem
R R 1 n d d \ d n
<f1w-~7fd) = argmin ——ZL Rz‘aij(Xij) +>‘QZPst(fj)+_Zij2(Xij) :
f1yees fa€EF n i=1 j=1 j=1 n 7j=1 =1
where L(-,-) is a loss function (e.g., cross-entropy loss), A > 0 is a regularization parameter,

and Py is a structure-inducing penalty; see Section 2.1 in Haris et al. (2022) for detailed

examples. Define the estimator of m; = 7(X;) by

d
;T\i:gil (ZfJ<XU>> s 221,,n
7=1

If A =< n~2 and under the above regularity conditions on F, then, with probability at least
1-94,

1/2
n d /

SRS LN £y [Z{&Xij)—fmj)}r SM(—loggfj/(”)m,

i=1 i=1 Lj=1

where (i) follows from the L,-Lipschitz continuity of g~ and from Hélder’s inequality between
the empirical ¢1- and /5-norms. For detailed derivations and precise regularity conditions, see
Proposition 3 in Tan and Zhang (2019). Hence, the alternative condition to Assumption 5.5
as P (L 3°" | |7 — m] > rp) < 0 holds with rr = O ((log d)in’i)

D.4 Additional Simulation Results

We have carried out simulations in Section 5.4 to compare our proposed debiasing inference
method with standard methods in the literature under various data-generating processes and
MAR settings. Here, we provide the complete simulation results presented in the chapter.
Additionally, we conduct comparative experiments under the simpler MCAR setting for

completeness and to illustrate Example D.1.
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D.4.1  Full Comparative Stmulation Results

Here is an outline for all the comparative simulation results in this section.

e Figure D.1 displays comparative plots of the three evaluation metrics and a normality
assessment under the Toeplitz (or autoregressive) covariance design with Gaussian

N (0, 1) noise for a selected simulation setting.

e Table D.1 presents the simulation results under the circulant symmetric covariance

matrix ¥, Gaussian noise N (0, 1), and the MAR setting (5.23) in Section 5.4.1.

e Table D.2 presents the simulation results under the Toeplitz (or autoregressive) covari-

ance matrix ¥*', Gaussian noise A/ (0,1), and the MAR setting (5.23).

e Table D.3 presents the simulation results under the circulant symmetric covariance

matrix 3, Laplace (O, \%)—distributed noise, and the MAR setting (5.23).

e Table D.4 presents the simulation results under the circulant symmetric covariance

matrix X%, ty-distributed noise, and the MAR setting (5.23).

e Table D.5 presents the simulation results under the Toeplitz (or autoregressive) covari-

ance matrix ¥, Laplace <O, \%)—dis‘cributed noise, and the MAR setting (5.23).

e Table D.6 presents the simulation results under the Toeplitz (or autoregressive) covari-

ance matrix X, to-distributed noise, and the MAR setting (5.23).

e Figure D.3 displays the simulation results for our debiasing method with dense (3¢
and sparse () when the propensity scores are estimated by various machine learning

methods under the new MAR setting (5.24).

e Table D.7 presents the simulation results for our proposed debiasing method when

the propensity scores are estimated by various machine learning methods under the
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circulant symmetric covariance matrix X%, Gaussian noise N'(0, 1), and the new MAR

setting (5.24) in Section 5.4.4.

e Figure D.2 supplements the “QQ-plots” corresponding to the asymptotic normality
plots for our proposed debiasing method in Figure D.3 and Figure 5.5 when the propen-
sity scores are estimated by various machine learning methods under the circulant
symmetric covariance matrix X, Gaussian noise N(0, 1), and the new MAR setting

(5.24).

D.4.2  Simulations Under the MCAR Setting

We follow the comparative simulation designs in Section 5.4.1 but generate the missingness
indicators R;,i = 1, ...,n, under an MCAR mechanism with P(R; = 1) = 0.7. Under MCAR,
the inverses of both the circulant symmetric matrix 3 and the Toeplitz matrix 2" satisfy
our sufficient conditions for the sparse approximation of the population dual solution ¢y(x) in
Lemma D.1, as illustrated in Example D.1. The simulation results under Gaussian N (0, 1)
noise are shown in Table D.8 and Table D.9, and the conclusions are similar to the main
findings from the MAR simulation studies in Section 5.4.2. We omit results for other noise
distributions because they exhibit patterns similar to those under Gaussian noise, and we
have demonstrated in Section 5.4.3 that our proposed debiasing method is robust to other

heavy-tailed noise distributions.
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DL-Jav DL-Jav DL-vdG DL-vdG DL-vdG R-Proj R-Proj R-Proj Refit Refit Refit DDR  SAS  SSL-AIPW Debias Debias  Debias
(CC)  (IPW) (CC) (IPW)  (Oracle) (CC) (IPW) (Oracle) (CC) (IPW) (Oracle) . (min-CV)  (1SE)  (min-feas)
d = 1000, n = 900, sparse 3", and z() so that m(z(V)) = 27 ]
Avg-Bias  0.033 0.035 0.028 0.040 0.038 0.032 0.249  0.198 0.315  0.032 0.036 0.027  0.039 0.038 0.188 0.042 0.039 0.038
Avg-Cov  0.962 0.962 0.967 0.899 0.882 0.904 0.962 0.958 0.940  0.954 0.906 0.953 0.910 0.899 0.482 0.853 0.898 0.914
Avg-Len  0.176 0.184 0.145 0.161 0.152 0.133 0.369 0.305 0.638  0.162 0.156 0.133 0.166 0.154 10.887 0.151 0.161 0.168
d = 1000, n = 900, dense 3%, and ) so that m(zV) = 207 gde = 5]
Avg-Bias  0.146 0.154 0.108 0.181 0.158 0.136 0.098 0.104 0.207  0.184 0.193 0.143 0.161 0.152 0.222 0.224 0.191 0.172
Avg-Cov  0.995 0.992 0.996 0.891 0.855 0.913 1.00 0.998 0.996  0.922 0.838 0.919 0.357  0.906 0.497 0.860 0.931 0.969
Avg-Len  0.981 0.998 0.844 0.757 0.593 0.583 1.253  1.042 1.784  0.791 0.665 0.610  0.185 0.627 7.805 0.819 0.871 0.908
d = 1000, n = 900, pseudo-dense 5", and 2 so that m(z() = 27557 = 5{]
Avg-Bias  0.044 0.049 0.036 0.054 0.049 0.041 0.068  0.057 0.088  0.049 0.050 0.037  0.048 0.052 0.379 0.065 0.059 0.055
Avg-Cov  0.991 0.989 0.996 0.891 0.868 0.908 0.987 0.983 0.985  0.930 0.897 0.938 0.898 0.914 0.466 0.857 0.913 0.949
Avg-Len  0.284 0.292 0.237 0.223 0.190 0.173 0.404 0.351 0.527  0.222  0.200 0.172 0.197 0.220 7.729 0.241 0.256 0.267
d = 1000, n = 900, sparse 37, and 2 so that m(z®) = @757
Avg-Bias  0.042 0.042 0.037 0.069 0.056 0.051 NA NA NA 0.035 0.042 0.030 0.062 0.038 0.286 0.039 0.039 0.042
Avg-Cov  0.985 0.995 0.990 0.807 0.842 0.839 NA NA NA 0.946  0.898 0.948 0.862 0.914 0.497 0.929 0.937 0.938
Avg-Len  0.262 0.312 0.236 0.215 0.202 0.172 NA NA NA 0.175  0.170 0.144 0.218 0.169 14.284 0.174 0.183 0.201
d = 1000, n = 900, dense ¥, and 2™ so that m(z®) = 207 5F
Avg-Bias  0.171 0.186 0.130 0.344 0.215 0.226 NA NA NA 0252 0.297 0.184 0.211 0.167 0.368 0.217 0.207 0.183
Avg-Cov 1.00 1.00 1.00 0.775 0.851 0.821 NA NA NA 0.844  0.704 0.887  0.344 0.902 0.477 0.921 0.940 0.990
Avg-Len  1.659 1.860 1.514 1.008 0.789 0.755 NA NA NA 0.931 0.788 0.726 0.241  0.690 9.101 0.939 0.989 1.089
d = 1000, n = 900, pseudo-dense 57, and 2@ so that m(z®) = 2@73"
Avg-Bias  0.054 0.056 0.046 0.103 0.073 0.069 NA NA NA 0.061  0.067 0.046 0.063 0.057 0.506 0.067 0.065 0.060
Avg-Cov 1.00 1.00 1.00 0.765 0.826 0.806 NA NA NA 0.935 0.842 0.928 0.904 0.900 0.480 0.904 0.927 0.965
Avg-Len  0.467 0.533 0.414 0.297 0.253 0.224 NA NA NA 0.266  0.239 0.205 0.258 0.243 10.243 0.277 0.291 0.321
d = 1000, n = 900, sparse f;’, and 2 so that m(z®) = T3P = gl
Avg-Bias  0.025 0.026 0.022 0.032 0.032 0.027 0.740 0.556 0.739  0.000 0.001 0.000 0.034 0.032 0.101 0.031 0.033 0.035
Avg-Cov  0.991 0.992 0.990 0.952 0.945 0.950 0.960 0.963 0.937 1.00  0.992 1.00 0.947 0.941 0.491 0.949 0.944 0.944
Avg-Len  0.176 0.185 0.145 0.162 0.152 0.133 6.590 1.483 1.177  0.000 0.001 0.000 0.163 0.151 12.879 0.151 0.161 0.168
d = 1000, n = 900, dense 3, and 2 so that m(z®) = a7 3d = !3((1{)1)00
Avg-Bias  0.102 0.102 0.090 0.169 0.132 0.128 0.093 0.096 0.084 0.186 0.193 0.191 0.139 0.143 0.109 0.192 0.174 0.161
Avg-Cov  0.999 1.00 0.999 0.922 0.909 0.929 1.00 0.997 0.997  0.000 0.050 0.004  0.364 0.917 0.516 0.901 0.948 0.972
Avg-Len  0.982 0.999 0.844 0.758 0.594 0.583 1.256  1.073 1.728  0.006 0.057 0.021  0.184 0.623 6.645 0.819 0.870 0.910
d = 1000, n = 900, pseudo-dense 3", and «® so that m(z®) = «®757 = 517
Avg-Bias  0.031 0.031 0.028 0.047 0.042 0.038 0.122 0.561 0.316  0.039 0.042 0.040  0.041 0.049 0.084 0.053 0.052 0.051
Avg-Cov  0.996 0.996 0.999 0.947 0.925 0.942 0.996 0.987 0.987  0.000 0.019 0.000 0.938 0.920 0.487 0.929 0.948 0.966
Avg-Len  0.285 0.293 0.237 0.223 0.190 0.173 1.567 1.857 28.765 0.000 0.008 0.002 0.195 0.217 8.732 0.241 0.256 0.268
d = 1000, n = 900, sparse 3y, and 2@ so that m(z™) = 2T 37
Avg-Bias  0.043 0.042 0.037 0.078 0.060 0.056 NA NA NA 0.036  0.043 0.030 0.068 0.058 0.388 0.052 0.045 0.041
Avg-Cov 1.00 1.00 1.00 0.800 0.864 0.827 NA NA NA 0.949  0.880 0.945 0.868 0.721 0.511 0.788 0.881 0.934
Avg-Len  0.541 0.630 0.449 0.232 0.221 0.183 NA NA NA 0.175  0.169 0.144 0.235 0.160 15.971 0.162 0.171 0.186
d = 1000, n = 900, dense ¥, and 2™ so that m(z™) = 207 3F
Avg-Bias  0.165 0.168 0.145 0.892 0.436 0.590 NA NA NA 0.800 0.799 0.620  0.276 0.629 0.623 1.259 1.062 0.762
Avg-Cov 1.00 1.00 1.00 0.067 0.501 0.156 NA NA NA 0.082  0.040 0.074 0.265 0.055 0.477 0.000 0.009 0.117
Avg-Len  3.992 4.368 3.449 1.088 0.861 0.806 NA NA NA 0.863 0.730 0.669 0.263 0.646 12.970 0.878 0.925 1.004
d = 1000, n = 900, pseudo-dense 37, and ™ so that m(z™@) = 2737
Avg-Bias  0.078 0.063 0.082 0.250 0.156 0.170 NA NA NA 0.150  0.149 0.110 0.099 0.268 0.582 0.364 0.303 0.216
Avg-Cov 1.00 1.00 1.00 0.106 0.393 0.170 NA NA NA : 0.286 0.398 0.785 0.009 0.462 0.000 0.017 0.166
Avg-Len  1.090 1.211 0.907 0.320 0.276 0.239 NA NA NA 0.220 0.189 0.291 0.228 11.660 0.259 0.273 0.296
d = 1000, n = 900, sparse 3, and 2® so that m(z®) = 2737
Avg-Bias  0.036 0.036 0.031 0.043 0.043 0.032 NA NA NA 0.003  0.008 0.002  0.040 0.016 0.076 0.018 0.017 0.020
Avg-Cov 1.00 1.00 1.00 0.936 0.937 0.939 NA NA NA 0.889 0.534 0.870 0.944  0.000 0.491 0.000 0.000 0.961
Avg-Len  1.768 2.028 1.367 0.203 0.197 0.154 NA NA NA 0.010 0.015 0.008 0.190  0.000 7.220 0.000 0.006 0.104

Table D.1: Simulation results under the circulant symmetric covariance matrix >, Gaussian
noise N'(0,1), and the MAR setting (5.23). Nearly all the standard errors for the above
average quantities are less than 0.01 except for those associated with “DL-vdG”, “R-Proj”,
or “SSL-ATPW?” and thus omitted.
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DL-Jav DL-Jav DL-Jav DL-vdG DL-vdG DL-vdG R-Proj R-Proj R-Proj Refit Refit Refit, DDR  SAS SSL Debias Debias  Debias
(CC)  (IPW) (Oracle) (CC) (IPW)  (Oracle) (CC) (IPW) (Oracle) (CC) (IPW) (Oracle) " 77 AIPW (min-CV)  (ISE)  (min-feas)
d = 1000, n = 900, sparse 3;", and 2 so that m(zV) = 275 = d<()“1)
Avg-Bias  0.073 0.073 0.061 0.073 0.073 0.061 0.579 0.481 0.608 0.073  0.074 0.060 0.073 0.074 0.216 0.074 0.075 0.089
Avg-Cov  0.871 0.870 0.894 0.900 0.893 0.917 0.953  0.950 0.950  0.946  0.944 0.956  0.910 0.919 0.496 0.889 0.913 0.939
Avg-Len  0.279 0.281 0.247 0.308 0.305 0.266 1.196 1.539 1.917 0.354  0.352 0.301 0.306 0.322  40.120 0.296 0.326 0.413
d = 1000, n = 900, dense 4%, and V) so that m(z) = 27 gde = 5]
Avg-Bias  0.274 0.276 0.152 0.267 0.218 0.153 0.297  0.219 0372 0.428  0.257 0.178  0.254 0.225 0.172 0.468 0.405 0.358
Avg-Cov  0.757 0.762 0.927 0.571 0.427 0.559 0.943 0.800 0.945 0.781  0.748 0.824 0.630 0.957  0.486 0.845 0.915 0.987
Avg-Len  0.828 0.842 0.671 0.528 0.306 0.301 1.008  0.617 0.833  1.157 0.758 0.593  0.576 1.190 16.077 1.651 1.819 2.306
d = 1000, n = 900, pseudo-dense 3, and 2() so that m(zV) = +O7 50" = d((fl)
Avg-Bias  0.091 0.092 0.071 0.093 0.091 0.073 0.118 0.181 0.265 0.098  0.095 0.075 0.095 0.092 0.226 0.103 0.096 0.101
Avg-Cov  0.870 0.863 0.906 0.847 0.799 0.863 0.948  0.935 0925  0.912  0.903 0.921  0.852 0.953 0.499 0.874 0.926 0.961
Avg-Len  0.340 0.341 0.300 0.329 0.295 0.275 0.611 0.593 1.490 0.416  0.388 0.335 0.339 0.457 28.389 0.390 0.429 0.544
d = 1000, n = 900, sparse [, and 2® so that m(z®) = 2@T 37
Avg-Bias  0.057 0.057 0.047 0.068 0.065 0.055 NA NA NA 0.048  0.049 0.041 0.066 0.053  0.188 0.056 0.060 0.070
Avg-Cov  0.982 0.990 0.994 0.910 0.913 0.927 NA NA NA 0.948  0.948 0.952 0.921 0.908 0.493 0.934 0.942 0.956
Avg-Len  0.353 0.386 0.319 0.290 0.287 0.248 NA NA NA 0.237  0.237 0.202  0.290 0.217 58.341 0.255 0.287 0.348
d = 1000, n = 900, dense 3§, and ™ so that m(z®) = 2P 5
Avg-Bias  0.235 0.241 0.126 0.239 0.199 0.137 NA NA NA 0.376  0.244 0.177  0.223 0.214 0.154 0.386 0.336 0.310
Avg-Cov  0.987 0.987 0.999 0.577 0.429 0.577 NA NA NA 0.698  0.693 0.750  0.668 0.873 0.492 0.852 0.939 0.981
Avg-Len 1.367 1.457 1.071 0.497 0.288 0.280 NA NA NA 0.996  0.650 0.519 0.546 0.802 17.531 1.426 1.603 1.943
d = 1000, n = 900, pseudo-dense 37, and 2@ so that m(z®) = +@T 57
Avg-Bias  0.082 0.083 0.065 0.090 0.085 0.070 NA NA NA 0.086  0.083 0.067  0.085 0.088 0.193 0.091 0.085 0.087
Avg-Cov  0.988 0.992 0.998 0.836 0.807 0.860 NA NA NA 0.918  0.906 0.921 0.856 0.852  0.460 0.872 0.933 0.962
Avg-Len  0.521 0.555 0.456 0.310 0.278 0.256 NA NA NA 0.375 0.349 0.301 0.321 0.309 29.895 0.336 0.378 0.459
d = 1000, n = 900, sparse 3, and 2® so that m(z®) = 2757 = 519
Avg-Bias  0.057 0.057 0.054 0.076 0.076 0.068 0.597  0.926 0.733  0.000  0.000 0.000  0.078 0.096 0.264 0.080 0.091 0.101
Avg-Cov  0.984 0.986 0.978 0.948 0.943 0.939 0.971 0.970 0.958  1.000 0.999 1.000 0950 0.953 0.479 0.947 0.947 0.943
Avg-Len  0.348 0.350 0.312 0.367 0.364 0.322 1.667 11.133 8.075  0.000 0.000 0.000  0.385 0.463 38.258 0.373 0.428 0.480
d = 1000, n = 900, dense 3¢, and z® so that m(z®) = 267 gde = g7
Avg-Bias  0.173 0.173 0.130 0.224 0.190 0.167 0.309  0.239 0.279  0.260 0.223 0.200  0.231 0.304 0.186 0.399 0.372 0.390
Avg-Cov 0978 0.981 0.990 0.782 0.529 0.604 0.989  0.888 0954 0.251 0.349 0.391  0.827 0.976 0.507 0.960 0.986 0.992
Avg-Len  1.055 1.072 0.856 0.629 0.365 0.364 1.304  0.792 1.097  0.411 0.376 0.331  0.724 1.718 40.498 2.084 2.392 2.681
d = 1000, n = 900, pseudo-dense 3, and z® so that m(z®) = 2757 = 51
Avg-Bias  0.072 0.072 0.067 0.094 0.088 0.082 0421 0.244 0.394  0.059 0.058 0.056  0.096 0.128 0.238 0.103 0.107 0.115
Avg-Cov 0973 0.973 0.969 0.892 0.884 0.890 0.962  0.946 0.963  0.302 0.341 0.377 0923 0.968 0.523 0.943 0.960 0.969
Avg-Len  0.431 0.432 0.381 0.392 0.352 0.333 2.658 0.774 1.953 0.136  0.146 0.143 0.427 0.660 57.514 0.492 0.564 0.633
d = 1000, n = 900, sparse 3, and 2™ so that m(z) = 2T 57
Avg-Bias  0.050 0.050 0.040 0.069 0.063 0.054 NA NA NA 0.044  0.044 0.037 0.068 0.044 0.134 0.044 0.045 0.047
Avg-Cov  1.000 1.000 1.000 0.850 0.890 0.873 NA NA NA 0.955  0.952 0.960  0.854 0.855 0.494 0.906 0.932 0.941
Avg-Len  0.718 0.750 0.568 0.244 0.242 0.203 NA NA NA 0.214 0.213 0.182 0.236 0.158 31.767 0.180 0.208 0.222
d = 1000, n = 900, dense 3§, and =V so that m(z™V) = 275
Avg-Bias  0.166 0.170 0.089 0.167 0.126 0.090 NA NA NA 0.343  0.218 0.159  0.159 0.156  0.119 0.408 0.295 0.254
Avg-Cov  1.000 1.000 1.000 0.682 0.555 0.684 NA NA NA 0.626  0.583 0.613  0.742 0.851 0.487 0.664 0.866 0.945
Avg-Len  3.585 3.681 2.527 0.417 0.242 0.229 NA NA NA 0.728  0.460 0.359  0.447 0.582 12.082 1.004 1.161 1.238
d = 1000, n = 900, pseudo-dense 557, and 2™ so that m(z™) = +@7T g7
Avg-Bias  0.068 0.068 0.054 0.138 0.105 0.103 NA NA NA 0.064 0.061 0.050 0.114 0.063 0.146 0.075 0.062 0.059
Avg-Cov  1.000 1.000 1.000 0.458 0.579 0.528 NA NA NA 0.887  0.880 0.886  0.622 0.852 0.482 0.793 0.906 0.941
Avg-Len 1.289 1.321 1.020 0.260 0.234 0.210 NA NA NA 0.252  0.235 0.203 0.264 0.224 20.412 0.237 0.274 0.292
d = 1000, n = 900, sparse 4y, and 2 so that m(z®) = 20T 57
Avg-Bias  0.027 0.027 0.020 0.037 0.035 0.029 NA NA NA 0.001  0.003 0.001 0.033  0.005 0.023 0.006 0.007 0.009
Avg-Cov  1.000 1.000 1.000 0.946 0.955 0.951 NA NA NA 0.892  0.630 0.889 0.950 0.000 0.519 0.896 0.903 0.960
Avg-Len  2.545 2.584 1.879 0.183 0.182 0.142 NA NA NA 0.006  0.007 0.005  0.165 0.000 7.839 0.030 0.034 0.044
Table D.2: Simulation results under the Toeplitz (or autoregressive) covariance matrix ',

Gaussian noise N (0, 1), and the MAR setting (5.23). Nearly all the standard errors for the
above average quantities are less than 0.01 except for those associated with “R-Proj” or

“SSL-AIPW” and are thus omitted.
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DL-Jav DL-Jav DL-Jav DL-vdG DL-vdG DL-vdG R-Proj R-Proj R-Proj Refit Refit Refit DDR  SAS  SSL-AIPW Debias Debias  Debias
(CC) (IPW) (Oracle) (CC) (TPW)  (Oracle) (CC) (IPW) (Oracle) (CC) (IPW) (Oracle) - (min-CV)  (ISE)  (min-feas)
d = 1000, n = 900, sparse 37, and =) so that m(z(V) = 275 = 3"
Avg-Bias  0.033 0.036 0.028 0.039 0.038 0.031 0.070  0.063 0492 0.034  0.039 0.028  0.039 0.039 0.189 0.043 0.040 0.039
Avg-Cov  0.969 0.961 0.964 0.905 0.881 0.924 0.969  0.969 0.928  0.945 0.898 0.948 0911 0.895 0.485 0.859 0.901 0.911
Avg-Len  0.176 0.185 0.145 0.162 0.152 0.133 0.334  0.329 0.926  0.162 0.156 0.133  0.166 0.154 6.343 0.151 0.161 0.167
d = 1000, n = 900, dense 58, and = so that m(z) = 27 gde = 7]
Avg-Bias  0.148 0.159 0.108 0.183 0.163 0.133 0.093  0.207 0.088  0.178 0.193 0.143  0.160 0.148 0.223 0.227 0.198 0.180
Avg-Cov  0.994 0.991 0.997 0.892 0.851 0.917 0.998  0.999 0.996 0918 0.821 0.909  0.372 0.914 0.511 0.846 0.917 0.958
Avg-Len  0.982 0.998 0.844 0.758 0.595 0.582 1250 1.304 1729 0.792  0.666 0.610  0.185 0.628 6.032 0.821 0.873 0.908
d = 1000, n = 900, pseudo-dense 5", and 2 so that m(z() = 207557 = 5]
Avg-Bias  0.045 0.049 0.035 0.053 0.050 0.040 0.056  0.078 0.083  0.050 0.053 0.038  0.049 0.053 0.378 0.063 0.058 0.055
Avg-Cov  0.988 0.981 0.993 0.897 0.859 0.906 0.992  0.981 0.980  0.926 0.858 0.928  0.890 0.906 0.472 0.868 0.918 0.945
Avg-Len  0.285 0.293 0.236 0.223 0.190 0.173 0.387  0.362 0.543  0.223  0.199 0.171 0.197 0.219 7.248 0.241 0.256 0.267
d = 1000, n = 900, sparse 3", and 2™ so that m(z®) = @73
Avg-Bias  0.041 0.041 0.036 0.068 0.055 0.050 NA NA NA 0.036  0.043 0.029  0.060 0.039 0.288 0.041 0.041 0.045
Avg-Cov ~ 0.983 0.995 0.991 0.827 0.867 0.854 NA NA NA 0.945  0.888 0.944  0.875 0.912 0.491 0.910 0.922 0.930
Avg-Len  0.262 0.312 0.236 0.215 0.202 0.172 NA NA NA 0.175  0.170 0.144 0.216 0.170 10.974 0.173 0.183 0.201
d = 1000, n = 900, dense ¥, and 2™ so that m(z®) = 27 3F
Avg-Bias  0.179 0.195 0.130 0.352 0.230 0.225 NA NA NA 0.244  0.284 0.184 0.216 0.168 0.364 0.226 0.217 0.194
Avg-Cov 1.00 1.00 1.00 0.766 0.831 0.828 NA NA NA 0.861  0.716 0.877  0.342 0.903 0.505 0.904 0.933 0.978
Avg-Len  1.659 1.860 1.513 1.008 0.790 0.754 NA NA NA 0.935 0.791 0.727 0240 0.692 8.013 0.941 0.992 1.091
d = 1000, n = 900, pseudo-dense 3", and z® so that m(z?) = 275"
Avg-Bias  0.054 0.056 0.045 0.102 0.072 0.068 NA NA NA 0.061  0.070 0.047  0.063 0.059 0.505 0.070 0.068 0.065
Avg-Cov  0.998 0.999 0.999 0.765 0.835 0.815 NA NA NA 0.912  0.828 0.922  0.907 0.900 0.490 0.890 0.909 0.956
Avg-Len  0.467 0.532 0.413 0.297 0.252 0.224 NA NA NA 0.267  0.238 0.205  0.258 0.244 9.533 0.277 0.291 0.321
d = 1000, n = 900, sparse 3y, and 2 so that m(z®) = o737 = gl |
Avg-Bias  0.025 0.025 0.021 0.032 0.032 0.026 0.430  1.097 0.407  0.000  0.001 0.000  0.033 0.030 0.100 0.033 0.034 0.036
Avg-Cov  0.988 0.993 0.986 0.958 0.941 0.948 0.960  0.958 0.930 1.00  0.994 1.00 0.953  0.963 0.502 0.952 0.951 0.948
Avg-Len  0.176 0.185 0.145 0.162 0.152 0.133 1138 14.143 0.509  0.000 0.001 0.000  0.163 0.151 10.364 0.151 0.161 0.168
d = 1000, n = 900, dense 3, and 2 so that m(z®) = a7 5d = ‘3((,{)1)00
Avg-Bias  0.105 0.105 0.087 0.170 0.134 0.127 0.134  0.108 0226 0.191 0.192 0.190  0.137 0.140 0.111 0.200 0.180 0.168
Avg-Cov  0.996 0.997 0.999 0.924 0.910 0.932 0.998  0.999 0.995  0.001 0.044 0.005  0.352 0.923 0.512 0.900 0.935 0.964
Avg-Len  0.983 0.998 0.844 0.758 0.595 0.583 1.638 52948 2,199  0.017 0.051 0.020  0.184 0.625 6.294 0.820 0.873 0.910
d = 1000, n = 900, pseudo-dense 3%, and «® so that m(z®) = @757 = 517
Avg-Bias  0.033 0.032 0.027 0.049 0.042 0.037 0.433  0.159 0.350  0.040  0.041 0.040  0.040 0.046 0.085 0.055 0.053 0.052
Avg-Cov  0.997 0.996 0.997 0.930 0.918 0.932 0.998  0.989 0.984  0.001 0.015 0.000  0.932 0.938 0.511 0.915 0.934 0.953
Avg-Len  0.285 0.292 0.236 0.223 0.190 0.173 5.491 1.625 0.909  0.001 0.006 0.002  0.195 0.218 7.371 0.241 0.256 0.267
d = 1000, n = 900, sparse 37, and 2™ so that m(z™) = 2737
Avg-Bias  0.034 0.035 0.029 0.047 0.042 0.036 NA NA NA 0.034  0.039 0.027  0.044 0.036 0.260 0.036 0.036 0.036
Avg-Cov  0.976 0.989 0.983 0.880 0.902 0.898 NA NA NA 0.942  0.889 0.946  0.905 0.904 0.483 0.897 0.927 0.933
Avg-Len  0.197 0.234 0.180 0.174 0.164 0.141 NA NA NA 0.161  0.156 0.133  0.178 0.153 7.641 0.152 0.161 0.168
d = 1000, n = 900, dense ¥, and 2™ so that m(z™) = 20T 3&
Avg-Bias  0.148 0.161 0.109 0.230 0.171 0.157 NA NA NA 0.184  0.220 0.148  0.168 0.140 0.287 0.211 0.190 0.177
Avg-Cov 1.00 1.00 1.00 0.852 0.870 0.883 NA NA NA 0.897  0.768 0.894  0.373 0.908 0.497 0.887 0.937 0.963
Avg-Len  1.214 1.355 1.122 0.815 0.642 0.620 NA NA NA 0.791  0.665 0.609  0.197 0.625 6.076 0.823 0.876 0.911
d = 1000, n = 900, pseudo-dense 57, and 2™ so that m(z™) = @737
Avg-Bias  0.044 0.048 0.036 0.067 0.053 0.047 NA NA NA 0.050  0.056 0.039  0.050 0.052 0.438 0.067 0.061 0.058
Avg-Cov  0.996 0.997 0.998 0.849 0.870 0.882 NA NA NA 0.925  0.832 0.921 0.895 0.907 0.468 0.854 0.924 0.941
Avg-Len  0.344 0.391 0.309 0.240 0.205 0.184 NA NA NA 0222 0.199 0.171 0.211 0.219 7.349 0.242 0.257 0.268
d = 1000, n = 900, sparse ), and 2@ so that m(z®) = 2737
Avg-Bias  0.036 0.035 0.030 0.042 0.042 0.031 NA NA NA 0.002  0.007 0.002  0.039 0.016 0.073 0.018 0.017 0.021
Avg-Cov 1.00 1.00 1.00 0.942 0.936 0.950 NA NA NA 0.890  0.557 0.880  0.948 0.000 0.485 0.000 0.000 0.950
Avg-Len  1.761 2.029 1.367 0.203 0.197 0.154 NA NA NA 0.010 0.015 0.008  0.190 0.000 6.109 0.000 0.006 0.103
Table D.3: Simulation results under the circulant symmetric covariance matrix >

Laplace ( 0, \% -distributed noise, and the MAR setting (5.23). Nearly all the standard

errors for the above average quantities are less than 0.01 except for those associated with
“R-Proj” or “SSL-AIPW” and are thus omitted.
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DL-Jav DL-Jav DL-Jav DL-vdG DL-vdG DL-vdG R-Proj R-Proj R-Proj Refit Refit Refit DDR  SAS SSL-AIPW Debias Debias Debias
(CC)  (IPW) (Oracle) (CC) (IPW)  (Oracle) (CC) (IPW) (Oracle) (CC) (IPW) (Oracle) oo (min-CV)  (1SE)  (min-feas)
d = 1000, n = 900, sparse f;’, and z(V so that m(z()) = « T = 317
Avg-Bias  0.099 0.103 0.086 0.118 0.112 0.098 0.189 0.198 0.452  0.098 0.110 0.085  0.135 0.108 0.329 0.125 0.117 0.110
Avg-Cov  0.948 0.957 0.962 0.888 0.890 0.902 0.948 0.945 0.923  0.957 0.911 0.947  0.546 0.916 0.518 0.868 0.919 0.939
Avg-Len  0.516 0.529 0.439 0.474 0.444 0.403 0.858 1.144 1.629  0.480 0.462 0.403  0.239 0.465 27.737 0.471 0.501 0.527
d = 1000, n = 900, dense 3, and 2V so that m(z(V)) = 207 3 f ‘(,h,)
Avg-Bias  0.183 0.188 0.142 0.220 0.198 0.170 0.177 0.177 0.471 0.218  0.228 0.176  0.233 0.185 0.312 0.259 0.227 0.206
Avg-Cov  0.990 0.990 0.995 0.889 0.862 0.917 0.999 0.993 0.993 0924 0.851 0913 0313 0.917 0.483 0.874 0.930 0.957
Avg-Len  1.194 1.205 1.049 0.910 0.753 0.726 1.487 1.301 2202 0.935 0.814 0.741 0.233  0.787 19.773 0.965 1.026 1.075
d = 1000, n = 900, pseudo-dense 535’“, and = so that m(z) = 2737 = 5]
Avg-Bias  0.110 0.114 0.091 0.129 0.120 0.103 0.168 0.174 0298  0.117 0.123 0.098  0.141 0.119 0.446 0.140 0.129 0.121
Avg-Cov  0.982 0.978 0.983 0.889 0.884 0.904 0.970 0.960 0.960  0.934 0.892 0.944  0.575 0912 0.511 0.865 0.918 0.945
Avg-Len  0.627 0.640 0.537 0.522 0.474 0.435 0.905 0.873 1.366  0.527  0.499 0.434  0.267 0.502 21.064 0.537 0.572 0.601
d = 1000, n = 900, sparse ), and 2™ so that m(z®) = 2757
Avg-Bias  0.128 0.126 0.110 0.206 0.169 0.152 NA NA NA 0.106  0.118 0.092  0.167 0.121 0.429 0.121 0.122 0.128
Avg-Cov  0.983 0.996 0.993 0.805 0.851 0.847 NA NA NA 0.953  0.895 0.953  0.579 0.920 0.488 0.928 0.935 0.943
Avg-Len  0.769 0.893 0.714 0.631 0.590 0.522 NA NA NA 0.520  0.503 0.437  0.308 0.509 34.504 0.540 0.570 0.626
d = 1000, n = 900, dense 3%, and 2™ so that m(z®) = 2T 5
Avg-Bias  0.224 0.234 0.178 0.437 0.293 0.293 NA NA NA 0.309  0.342 0.228  0.305 0.210 0.450 0.257 0.249 0.233
Avg-Cov  0.999 1.00 1.00 0.755 0.820 0.813 NA NA NA 0.838 0.756 0.887  0.339 0.894 0.506 0.913 0.943 0.968
Avg-Len 1.969 2.201 1.851 1.211 1.002 0.940 NA NA NA 1.087  0.955 0.876  0.302 0.865 27.198 1.107 1.167 1.283
d = 1000, n = 900, pseudo-dense 57, and 2™ so that m(z®) = 2@7 57
Avg-Bias  0.148 0.147 0.125 0.265 0.202 0.185 NA NA NA 0.146  0.158 0.123  0.184 0.139 0.582 0.143 0.141 0.144
Avg-Cov  0.996 1.00 0.997 0.713 0.794 0.785 NA NA NA 0.921  0.862 0.931 0.585 0.892 0.512 0.903 0.931 0.951
Avg-Len  0.983 1.122 0.909 0.695 0.630 0.564 NA NA NA 0.624 0.592 0.516  0.345 0.552 33.809 0.617 0.651 0.715
d = 1000, n = 900, sparse 3y, and z® so that m(z®) = @737 = 519
Avg-Bias  0.075 0.074 0.067 0.094 0.093 0.082 0.810 0.566 0.628  0.000 0.003 0.000  0.081 0.099 0.297 0.097 0.102 0.106
Avg-Cov  0.986 0.985 0.988 0.943 0.943 0.949 0.959 0.957 0.940 1.00  0.993 1.00 0.778 0.951 0.528 0.955 0.953 0.957
Avg-Len  0.516 0.529 0.440 0.473 0.443 0.403 5.314 2.157 2.126  0.000 0.004 0.000  0.236 0.467 25.547 0.471 0.502 0.522
d = 1000, n = 900, dense 3§, and 2 so that m(z®) = 2®7p B
Avg-Bias  0.133 0.130 0.115 0.207 0.173 0.159 0.174 0.196 0.396  0.185 0.195 0.18%8  0.188 0.181 0.233 0.227 0.211 0.204
Avg-Cov  0.998 0.997 0.996 0.928 0.912 0.927 0.999 0.996 0.995  0.000 0.028 0.001 0.316  0.920 0.509 0.908 0.951 0.972
Avg-Len  1.193 1.203 1.049 0.909 0.752 0.726 1.757 2.160 2.170  0.004 0.045 0.011 0.231 0.788 18.631 0.966 1.028 1.070
d = 1000, n = 900, pseudo-dense 3, and =@ so that m(z®) = 77 = 51
Avg-Bias  0.082 0.080 0.071 0.109 0.103 0.089 0.271 0.523 0.269  0.040 0.042 0.040  0.089 0.109 0.276 0.114 0.117 0.120
Avg-Cov  0.997 0.996 0.995 0.944 0.936 0.947 0.974 0.969 0.963  0.000 0.000 0.000  0.805 0.933 0.487 0.943 0.954 0.963
Avg-Len  0.627 0.639 0.538 0.522 0.473 0.436 7.329 6.314 1.360  0.001  0.004 0.001 0.263  0.505 27.951 0.538 0.573 0.596
d = 1000, n = 900, sparse ), and ™ so that m(z™) = 2757
Avg-Bias  0.127 0.124 0.114 0.231 0.179 0.173 NA NA NA 0.108  0.125 0.095 0173 0.132 0.487 0.167 0.143 0.132
Avg-Cov 1.00 1.00 1.00 0.805 0.871 0.846 NA NA NA 0.951  0.883 0.952  0.588 0.846 0.510 0.774 0.854 0.908
Avg-Len  1.585 1.803 1.360 0.680 0.644 0.556 NA NA NA 0.520  0.503 0.436  0.329 0.477 32.541 0.505 0.533 0.577
d = 1000, n = 900, dense 3%, and 2™ so that m(z™) = 20T 5
Avg-Bias  0.263 0.234 0.274 1.053 0.599 0.738 NA NA NA 0.887  0.861 0.708  0.363 0.641 0.666 1.335 1.120 0.803
Avg-Cov 1.00 1.00 1.00 0.078 0.447 0.147 NA NA NA 0.109  0.090 0.103  0.269 0.174 0.498 0.008 0.032 0.192
Avg-Len 4.620 5.043 4.105 1.306 1.093 1.003 NA NA NA 1.018  0.891 0.810 0.327  0.809 26.129 1.035 1.091 1.182
d = 1000, n = 900, pseudo-dense f}7, and 2™ so that m(z™) = @757
Avg-Bias  0.214 0.179 0.224 0.519 0.370 0.381 NA NA NA 0.284 0.277 0234 0.195 0.312 0.639 0.563 0.456 0.326
Avg-Cov 1.00 1.00 1.00 0.182 0.431 0.265 NA NA NA 0.522  0.485 0.568  0.583 0.341 0.488 0.035 0.149 0.462
Avg-Len  2.169 2.416 1.875 0.749 0.687 0.602 NA NA NA 0.574  0.546 0.474 0374 0.516 28.206 0.576 0.608 0.658
d = 1000, n = 900, sparse ), and 2© so that m(z™) = 2OT57
Avg-Bias  0.108 0.105 0.092 0.129 0.125 0.098 NA NA NA 0.008  0.020 0.007  0.087 0.031 0.210 0.053 0.051 0.060
Avg-Cov 1.00 1.00 1.00 0.948 0.941 0.941 NA NA NA 0.880  0.585 0.885  0.825 0.000 0.461 0.000 0.000 0.961
Avg-Len  5.186 5.798 4.133 0.596 0.573 0.468 NA NA NA 0.029 0.042 0.024 0279 0.000 19.908 0.000 0.018 0.308

Table

D.4: Simulation results under the circulant symmetric covariance matrix X%, t,-

distributed noise, and the MAR setting (5.23). Nearly all the standard errors for the above
average quantities are less than 0.01 except for those associated with “R-Proj” and “SSL-

AIPW” and are thus omitted.
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DL-Jav DL-Jav DL-Jav DL-vdG DL-vdG DL-vdG R-Proj R-Proj R-Proj Refit Refit Refit DDR SAS SSL-AIPW Debias Debias Debias
(CC) (IPW) (Oracle) (CC) (IPW)  (Oracle) (CC) (IPW) (Oracle) (CC) (IPW) (Oracle) o (min-CV)  (ISE)  (min-feas)
d = 1000, n = 900, sparse 7, and 2V so that m(z(V)) = 2W7 357 = ﬁ((,f")
Avg-Bias  0.071 0.072 0.060 0.070 0.071 0.060 0.545 0.738 0.250  0.073 0.074 0.061 0.078 0.076 0.215 0.074 0.076 0.088
Avg-Cov  0.887 0.888 0.907 0.915 0.913 0.933 0.939 0.946 0944  0.945 0.940 0.947  0.886 0.902 0.490 0.881 0.914 0.942
Avg-Len  0.279 0.281 0.247 0.308 0.305 0.266 0.967 1.735 2.550  0.353  0.351 0.300  0.307 0.319 91.508 0.295 0.325 0.412
d = 1000, n = 900, dense 3, and =V so that m(z)) = 2(1)
Avg-Bias  0.287 0.290 0.157 0.278 0.227 0.160 0.205 0.236 0.377  0.411  0.246 0.176 0.164 0.457 0.394 0.363
Avg-Cov  0.747 0.746 0.909 0.557 0.426 0.552 0.937 0.774 0.953  0.781 0.782 0.815  0.642 0.967 0.845 0.924 0.982
Avg-Len  0.828 0.842 0.672 0.528 0.305 0.301 0.996 0.625 1.368 1.166 0.761 0.593  0.574 1.189 1.648 1.816 2.302
d = 1000, n = 900, pseudo-dense 37, and (V) so that m(z) = «OT g7 = gl
Avg-Bias  0.094 0.095 0.074 0.098 0.095 0.076 0.318  0.127 0251 0.097  0.095 0.080  0.102 0.093 0.218 0.102 0.096 0.103
Avg-Cov  0.857 0.856 0.893 0.826 0.794 0.851 0.940 0.927 0.931 0917 0.895 0915  0.823 0.946 0.511 0.866 0.911 0.956
Avg-Len  0.341 0.342 0.300 0.329 0.296 0.276 0.765  0.569 0.879  0.415 0.387 0.334  0.340 0.456 27.226 0.389 0.429 0.543
d = 1000, n = 900, sparse 3y, and 2@ so that m(z®) = 2737
Avg-Bias  0.057 0.058 0.048 0.067 0.066 0.056 NA NA NA 0.050  0.051 0.043  0.067 0.055 0.197 0.059 0.064 0.075
Avg-Cov  0.987 0.992 0.991 0.922 0.919 0.935 NA NA NA 0.942  0.930 0.936  0.925 0.888 0.509 0.916 0.929 0.937
Avg-Len  0.353 0.387 0.319 0.290 0.287 0.248 NA NA NA 0.237  0.237 0.202  0.290 0.216 23.525 0.255 0.286 0.347
d = 1000, n = 900, dense 3F, and 2™ so that m(z®) = 273
Avg-Bias  0.233 0.240 0.128 0.237 0.197 0.138 NA NA NA 0.377 0.247 0.179 0229 0.214 0.154 0.390 0.341 0.328
Avg-Cov  0.987 0.994 1.00 0.584 0.433 0.587 NA NA NA 0.683 0.688 0.757  0.648 0.866 0.478 0.866 0.941 0.981
Avg-Len  1.366 1.456 1.072 0.497 0.287 0.281 NA NA NA 0.999  0.652 0.519  0.545 0.802 19.405 1.423 1.599 1.939
d = 1000, n = 900, pseudo-dense £}, and 2™ so that m(z®) = 2@75)"
Avg-Bias  0.081 0.082 .066 0.089 0.085 0.071 NA NA NA 0.088  0.085 0.071 0.090 0.087 0.196 0.090 0.086 0.092
Avg-Cov  0.991 0.995 1994 0.830 0.804 0.849 NA NA NA 0.909 0.894 0.899  0.850 0.824 0.495 0.857 0.918 0.949
Avg-Len  0.522 0.556 0.456 0.310 0.278 0.257 NA NA NA 0.373  0.348 0.301 0.322  0.309 30.022 0.336 0.377 0.458
d = 1000, n = 900, sparse f;’, and 2® so that m(z®) = 2757 = gl
Avg-Bias  0.056 0.055 0.053 0.074 0.073 0.066 0.700 1.163 0.562  0.000 0.000 0.000  0.077 0.090 0.268 0.074 0.085 0.097
Avg-Cov  0.986 0.984 0.980 0.957 0.948 0.947 0.952 0.948 0.948 1.00  0.999 1.00 0.952  0.961 0.503 0.953 0.951 0.953
Avg-Len  0.347 0.350 0.312 0.367 0.363 0.322 3.483  15.279 1.778  0.000  0.000 0.000  0.384 0.461 140.571 0.373 0.427 0.479
d = 1000, n = 900, dense 5§, and «® so that m(z®) = 275 = 57
Avg-Bias  0.171 0.171 0.125 0.220 0.186 0.165 0.175 0.333 0.218  0.250 0.215 0.198  0.245 0.304 0.188 0.378 0.352 0.371
Avg-Cov  0.978 0.980 0.985 0.777 0.561 0.621 0.993 0.893 0975  0.237 0.352 0.800 0.975 0.490 0.954 0.986 0.997
Avg-Len  1.054 1.071 0.857 0.629 0.363 0.364 1.287 0.803 1.125  0.384 0.370 723 1.716 73.685 2.081 2.386 2.676
d = 1000, n = 900, pseudo-dense 3", and z® so that m(: 2T = 589
Avg-Bias  0.069 0.068 0.064 0.090 0.085 0.077 0.129 0.212 0.345  0.056 0.055 0.0z 0.101  0.118 0.242 0.095 0.098 0.108
Avg-Cov 0974 0.977 0.973 0.911 0.904 0.904 0.984 0.966 0.959  0.302 0.330 0.363  0.912 0.973 0.482 0.954 0.970 0.977
Avg-Len  0.431 0.432 0.382 0.392 0.352 0.333 0.793 1.870 1.138  0.134  0.142 0.135  0.426 0.659 39.055 0.491 0.563 0.631
d = 1000, n = 900, sparse /3y, and 2 so that m(z() = 2737
Avg-Bias  0.047 0.048 0.040 0.065 0.059 0.052 NA NA NA 0.045  0.045 0.038  0.065 0.046 0.138 0.046 0.048 0.049
Avg-Cov 1.00 1.00 1.00 0.876 0.909 0.893 NA NA NA 0.934  0.929 0.948  0.868 0.837 0.504 0.891 0.922 0.932
Avg-Len  0.717 0.752 0.570 0.244 0.242 0.203 NA NA NA 0.214 0.213 0.182  0.237 0.157 60.803 0.179 0.207 0.221
d = 1000, n = 900, dense 3F, and 2™ so that m(z™) = 21T 3
Avg-Bias  0.174 0.176 0.094 0.169 0.129 0.095 NA NA NA 0.340  0.214 0.159  0.156 0.153 0.116 0.403 0.296 0.257
Avg-Cov 1.00 1.00 1.00 0.673 0.548 0.651 NA NA NA 0.632  0.575 0.614  0.738 0.870 0.490 0.647 0.872 0.943
Avg-Len  3.580 3.675 2.529 0.417 0.242 0.230 NA NA NA 0.731  0.462 0.359  0.446 0.582 36.161 1.002 1.158 1.236
d = 1000, n = 900, pseudo-dense 5%, and z™® so that m(z@) = 2T 57
Avg-Bias  0.066 0.066 0.054 0.133 0.100 0.101 NA NA NA 0.064 0.061 0.052  0.111 0.062 0.144 0.074 0.063 0.060
Avg-Cov 1.00 1.00 1.00 0.509 0.628 0.538 NA NA NA 0.873 0.867 0.883  0.637 0.844 0.506 0.799 0.904 0.938
Avg-Len  1.290 1.324 1.020 0.260 0.234 0.210 NA NA NA 0.251  0.234 0.203  0.265 0.224 18.848 0.236 0.273 0.292
d = 1000, n = 900, sparse 3y, and ™ so that m(z™®) ==
Avg-Bias  0.028 0.028 0.021 0.038 0.036 0.029 NA NA NA 0.002  0.003 0.001 0.024 0.006 0.007 0.009
Avg-Cov 1.00 1.00 1.00 0.945 0.962 0.954 NA NA NA 0.859  0.653 0.885  0.947 0.000 0.502 0.891 0.895 0.953
Avg-Len  2.542 2.592 1.889 0.183 0.182 0.142 NA NA NA 0.006  0.007 0.005  0.165 0.000 25.538 0.030 0.034 0.044

Table

Laplace ( 0, —=

“R-Proj” or “SSL-AIPW” and are thus omitted.

D.5: Simulation results under the Toeplitz (or autoregressive) covariance matrix X',
-distributed noise, and the MAR setting (5.23). Nearly all the standard

errors for the above average quantities are less than 0.01 except for those associated with

1
2
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DL-Jav DL-Jav DL-Jav DL-vdG DL-vdG DL-vdG R-Proj R-Proj R-Proj Refit Refit Refit DDR  SAS SSL-AIPW Debias Debias Debias
(CC)  (IPW) (Oracle) (CC) (IPW)  (Oracle) (CC) (IPW) (Oracle) (CC) (IPW) (Oracle) ) (min-CV)  (1SE)  (min-feas)
d = 1000, n = 900, sparse f;’, and z(V so that m(z()) = « T = 317
Avg-Bias  0.213 0.211 0.186 0.218 0.218 0.191 0.497 0.569 0.939 0228 0.227 0.195 0233 0.244 0.636 0.233 0.235 0.267
Avg-Cov  0.879 0.886 0.907 0.910 0.917 0.920 0.944 0.939 0.956  0.939 0.933 0.949  0.839 0.912 0.517 0.897 0.911 0.937
Avg-Len  0.816 0.820 0.749 0.903 0.894 0.808 2.284 2.156 3.056 1.068  1.060 0918  0.796 1.052 74.236 0.926 1.020 1.294
d = 1000, n = 900, dense S, and 2V so that m(z(V)) = 207 gde = "
Avg-Bias  0.382 0.380 0.263 0.423 0.373 0.291 0.409  0.369 0.391  0.556  0.399 0.328  0.349 0.336 0.520 0.557 0.488 0.485
Avg-Cov  0.802 0.814 0.884 0.678 0.614 0.729 0.950 0.887 0.961  0.779 0.815 0.843  0.660 0.937 0.505 0.861 0.944 0.988
Avg-Len 1.234 1.241 1.049 1.097 0.842 0.845 2.024 1.589 2.093 1.519  1.277 1.103 0.847 1.583 68.001 2.110 2.324 2.948
d = 1000, n = 900, pseudo-dense 535’“, and = so that m(z) = 2737 = 5]
Avg-Bias  0.230 0.229 0.196 0.239 0.236 0.204 0.326 0.428 0.395  0.260 0.256 0216  0.246 0.255 0.620 0.262 0.258 0.286
Avg-Cov  0.874 0.874 0.895 0.888 0.874 0.895 0.950 0.942 0956  0.929 0.925 0.938  0.808 0.915 0.517 0.882 0.921 0.947
Avg-Len  0.873 0.875 0.793 0.925 0.884 0.822 1.648 1.723 2.003 1.129  1.097 0.955  0.795 1.110 104.853 1.014 1.116 1.416
d = 1000, n = 900, sparse ), and 2™ so that m(z®) = 2757
Avg-Bias  0.166 0.167 0.150 0.200 0.194 0.174 NA NA NA 0.162  0.159 0.133  0.180 0.182 0.599 0.187 0.199 0.227
Avg-Cov  0.985 0.993 0.994 0.918 0.928 0.938 NA NA NA 0.942  0.939 0.953 0917 0.889 0.495 0.919 0.941 0.953
Avg-Len  1.031 1.126 0.963 0.851 0.841 0.752 NA NA NA 0.723  0.722 0.621 0.743 0.716 147.268 0.799 0.901 1.093
d = 1000, n = 900, dense 3%, and 2™ so that m(z®) = 2T 5
Avg-Bias  0.320 0.321 0.219 0.351 0.317 0.252 NA NA NA 0.474  0.366 0.294 0.296 0.289 0.493 0.458 0.409 0.407
Avg-Cov  0.982 0.986 0.996 0.740 0.664 0.778 NA NA NA 0.729  0.742 0.790  0.717 0.863 0.472 0.888 0.958 0.988
Avg-Len 1.894 2.012 1.562 1.034 0.792 0.787 NA NA NA 1.345 1.104 0.964  0.797 1.073 105.389 1.821 2.050 2.487
d = 1000, n = 900, pseudo-dense 57, and 2™ so that m(z®) = 2@7 57
Avg-Bias  0.199 0.200 0.174 0.225 0.218 0.195 NA NA NA 0.227  0.219 0.187  0.208 0.214 0.579 0.226 0.226 0.245
Avg-Cov  0.983 0.992 0.988 0.880 0.876 0.896 NA NA NA 0.925 0915 0.936  0.860 0.829 0.486 0.897 0.936 0.960
Avg-Len  1.190 1.284 1.082 0.872 0.831 0.765 NA NA NA 0.970  0.948 0.836  0.744 0.755 189.113 0.874 0.986 1.196
d = 1000, n = 900, sparse 3y, and z® so that m(z®) = 2737 = 519
Avg-Bias  0.167 0.169 0.156 0.224 0.224 0.194 0.818 0.814 0.862  0.000 0.001 0.000  0.212 0.353 0.914 0.247 0.282 0.318
Avg-Cov  0.985 0.982 0.982 0.943 0.936 0.943 0.957 0.953 0.955 1.00  0.997 1.00 0.946  0.940 0.500 0.942 0.945 0.940
Avg-Len  1.017 1.021 0.943 1.076 1.065 0.977 3.865 3.571 3.892  0.000 0.001 0.000  0.987 1.507 183.936 1.170 1.344 1.506
d = 1000, n = 900, dense 3§, and 2 so that m(z®) = 2®7p B0
Avg-Bias  0.246 0.247 0.215 0.345 0.301 0.277 0.413 0.560 0.513  0.268 0.253 0 0306 0.484 0.732 0.483 0.465 0.507
Avg-Cov  0.976 0.979 0.978 0.867 0.811 0.863 0.989 0.949 0.960  0.239 0.325 0.327  0.843 0.963 0.495 0.968 0.992 0.996
Avg-Len  1.563 1.570 1.332 1.307 1.003 1.022 2.625 2.187 2.728  0.481 0.512 0.454 1.058 2.279 81.276 2.665 3.058 3.428
d = 1000, n = 900, pseudo-dense 3, and =@ so that m(z®) = 77 = 51
Avg-Bias  0.175 0.176 0.165 0.238 0.229 0.209 0.406 0.495 0.521 0.071  0.070 0.066  0.223 0.368 0.880 0.259 0.285 0.319
Avg-Cov  0.982 0.978 0.982 0.931 0.928 0.934 0.965 0.959 0.948  0.139 0.181 0.171 0.931 0.936 0.516 0.950 0.957 0.960
Avg-Len 1.094 1.096 1.002 1.103 1.052 0.994 2.628 2.263 2.614 0.140  0.170 0.144 0.988 1.593 143.525 1.280 1.470 1.647
d = 1000, n = 900, sparse ), and 2 so that m(z™) = 2757
Avg-Bias  0.147 0.147 0.126 0.204 0.185 0.169 NA NA NA 0.143  0.138 0.119  0.143 0.143 0.394 0.141 0.144 0.145
Avg-Cov 1.00 1.00 1.00 0.873 0.903 0.869 NA NA NA 0.945  0.946 0.950  0.921 0.830 0.495 0.894 0.933 0.942
Avg-Len  2.091 2.176 1.710 0.715 0.708 0.616 NA NA NA 0.650  0.650 0.561 0.607 0.513 386.621 0.563 0.650 0.695
d = 1000, n = 900, dense 3%, and 2™ so that m(z™) = 20T 5
Avg-Bias  0.235 0.233 0.167 0.385 0.272 0.284 NA NA NA 0.420  0.301 0.235  0.215 0.207 0.327 0.448 0.339 0.302
Avg-Cov 1.00 1.00 1.00 0.631 0.686 0.623 NA NA NA 0.689 0.716 0.763  0.763 0.846 0.494 0.733 0.904 0.967
Avg-Len  4.691 4.776 3.413 0.868 0.667 0.644 NA NA NA 0.985 0.797 0.684  0.650 0.772 41.916 1.283 1.483 1.582
d = 1000, n = 900, pseudo-dense f}7, and 2™ so that m(z™) = @757
Avg-Bias  0.202 0.200 0.168 0.380 0.310 0.314 NA NA NA 0.166  0.159 0.133  0.164 0.151 0.385 0.168 0.160 0.157
Avg-Cov  0.999 0.999 1.00 0.492 0.608 0.514 NA NA NA 0.920 0913 0.925  0.855 0.836 0.522 0.863 0.927 0.946
Avg-Len  2.638 2.722 2.106 0.732 0.700 0.626 NA NA NA 0.686 0.670 0.583  0.608 0.541 64.975 0.616 0.711 0.760
d = 1000, n = 900, sparse f3)’, and 2© so that m(z™) = 2757
Avg-Bias  0.079 0.079 0.064 0.108 0.102 0.091 NA NA NA 0.005  0.009 0.004  0.042 0.017 0.071 0.020 0.022 0.027
Avg-Cov 1.00 1.00 1.00 0.949 0.963 0.943 NA NA NA 0.866  0.657 0.881 1.00  0.000 0.515 0.908 0.913 0.957
Avg-Len  7.400 7.480 5.642 0.537 0.533 0.430 NA NA NA 0.017  0.021 0.015  0.435 0.000 30.483 0.096 0.107 0.139

Table D.6: Simulation results under the Toeplitz (or autoregressive) covariance matrix %2,
to-distributed noise, and the MAR setting in Section 5.4.1. Nearly all the standard errors
for the above average quantities are less than 0.01 except for those associated with “R-Proj”
or “SSL-ATPW” and are thus omitted.
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Oracle Oracle LR LR NB NB RF RF SVM SVM NN NN
(1SE) (min-feas) (1SE) (min-feas) (1SE) (min-feas) (1SE) (min-feas) (1SE) (min-feas) (1SE) (min-feas)
Avg-MAE 0 0 0.334 0.334 0.121 0.121 0.158 0.158 0.321 0.321 0.106 0.106
d = 1000, n = 900, sparse 5, and 2! so that m(z(V) = 2MT5P = 3(()“1)
Avg-Bias 0.034 0.033 0.048 0.047 0.035 0.034 0.037 0.036 0.045 0.044 0.034 0.033
Avg-Cov 0.902 0.928 0.815 0.824 0.899 0.924 0.885 0.918 0.828 0.846 0.901 0.931
Avg-Len 0.140 0.150 0.157 0.160 0.139 0.151 0.145 0.153 0.154 0.158 0.134 0.139
d = 1000, n = 900, dense §¢, and z® so that m(z() = 2T gde — g1}
Avg-Bias 0.172 0.144 0.234 0.226 0.174 0.142 0.181 0.157 0.221 0.211 0.173 0.138
Avg-Cov 0.904 0.974 0.871 0.887 0.899 0.977 0.904 0.961 0.875 0.899 0.902 0.978
Avg-Len 0.747 0.800 0.842 0.858 0.746 0.807 0.776 0.820 0.826 0.843 0.744 0.810
d = 1000, n = 900, pseudo-dense 37, and 2 so that m(z() = 20T g7 — g7
Avg-Bias 0.050 0.045 0.068 0.066 0.051 0.045 0.053 0.049 0.064 0.062 0.050 0.044
Avg-Cov 0.913 0.966 0.861 0.879 0.909 0.968 0.911 0.959 0.873 0.889 0.912 0.973
Aveg-Len 0.218 0.233 0.245 0.250 0.217 0.235 0.226 0.239 0.241 0.246 0.217 0.236
d = 1000, n = 900, sparse 37, and 2@ so that m(z®) = 2757
Avg-Bias 0.035 0.037 0.050 0.053 0.035 0.038 0.036 0.038 0.047 0.050 0.036 0.038
Avg-Cov 0.924 0.945 0.845 0.850 0.924 0.940 0.937 0.945 0.864 0.867 0.923 0.940
Avg-Len 0.159 0.179 0.176 0.191 0.160 0.182 0.164 0.182 0.172 0.187 0.160 0.181
d =1000, n = 900, dense 5%, and +® so that m(z®) = 2T
Avg-Bias 0.184 0.150 0.305 0.303 0.180 0.147 0.188 0.160 0.276 0.271 0.181 0.146
Avg-Cov 0.940 0.991 0.778 0.853 0.951 0.995 0.938 0.987 0.819 0.889 0.950 0.992
Avg-Len 0.853 0.960 0.939 1.019 0.857 0.974 0.877 0.973 0.923 1.002 0.855 0.969
d = 1000, n = 900, pseudo-dense 3", and =® so that m(z®) = 27307
Avg-Bias 0.056 0.051 0.085 0.088 0.054 0.051 0.055 0.052 0.078 0.079 0.055 0.051
Avg-Cov 0.922 0.972 0.813 0.837 0.923 0.976 0.931 0.967 0.836 0.866 0.920 0.968
Avg-Len 0.249 0.280 0.274 0.297 0.250 0.284 0.256 0.284 0.269 0.292 0.249 0.282
d = 1000, n = 900, sparse 3;”, and z® so that m(z®) = 2757 = 5\,
Avg-Bias  0.0307 0.033 0.033 0.034 0.031 0.033 0.031 0.032 0.032 0.033 0.031 0.034
Avg-Cov 0.946 0.939 0.939 0.936 0.948 0.938 0.945 0.944 0.941 0.938 0.946 0.938
Avg-Len 0.1485 0.161 0.158 0.161 0.149 0.162 0.150 0.160 0.155 0.159 0.149 0.164
d = 1000, n = 900, dense §%, and z® so that m(z®) = z®Tgde — g0
Avg-Bias 0.164 0.139 0.162 0.155 0.163 0.137 0.162 0.138 0.155 0.149 0.162 0.132
Avg-Cov 0.945 0.991 0.967 0.976 0.947 0.991 0.947 0.989 0.968 0.978 0.950 0.993
Avg-Len 0.794 0.859 0.843 0.862 0.795 0.867 0.804 0.858 0.829 0.849 0.796 0.875
d = 1000, n = 900, pseudo-dense #’, and 2® so that m(z®) = 2®755 = (),
Avg-Bias 0.047 0.045 0.049 0.048 0.047 0.046 0.047 0.045 0.048 0.047 0.047 0.045
Avg-Cov 0.956 0.973 0.966 0.967 0.957 0.974 0.963 0.974 0.966 0.967 0.959 0.975
Aveg-Len 0.232 0.250 0.246 0.251 0.232 0.253 0.234 0.250 0.242 0.247 0.232 0.255
d = 1000, n = 900, sparse 37, and 2™ so that m(z®) = 2T 5P
Avg-Bias 0.030 0.031 0.041 0.041 0.030 0.031 0.031 0.032 0.038 0.038 0.030 0.031
Avg-Cov 0.938 0.949 0.879 0.883 0.940 0.949 0.944 0.945 0.898 0.903 0.938 0.948
Avg-Len 0.1392 0.149 0.158 0.161 0.139 0.150 0.145 0.153 0.155 0.158 0.139 0.151
d = 1000, n = 900, dense 5%, and = so that m(z() = 27T 5d
Avg-Bias 0.166 0.145 0.193 0.192 0.165 0.139 0.157 0.141 0.180 0.177 0.166 0.139
Avg-Cov 0.934 0.972 0.927 0.932 0.933 0.976 0.945 0.973 0.936 0.945 0.935 0.979
Avg-Len 0.745 0.798 0.845 0.860 0.744 0.804 0.775 0.818 0.829 0.845 0.742 0.806
d = 1000, n = 900, pseudo-dense 3, and =¥ so that m(z@) = 27307
Avg-Bias 0.050 0.046 0.055 0.056 0.050 0.045 0.047 0.045 0.053 0.052 0.050 0.045
Avg-Cov 0.915 0.960 0.931 0.932 0.918 0.970 0.943 0.971 0.932 0.937 0.917 0.967
Avg-Len 0.217 0.232 0.246 0.251 0.217 0.234 0.226 0.238 0.242 0.246 0.216 0.235

Table D.7: Simulation results for our proposed debiasing method when the propensity scores
are estimated by various machine learning methods under the circulant symmetric covariance
matrix X, Gaussian noise N'(0, 1), and the new MAR setting (5.24). Note that the “Aveg-
MAE” for propensity score estimation is independent of the choices of 5y and z, so we place
it on the top row. We also highlight the best results in terms of the evaluation metrics for
each simulation design, excluding those with the oracle propensity scores, in boldface.
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DL-Jav DL-Jav DL-Jav DL-vdG DL-vdG DL-vdG R-Proj R-Proj R-Proj Refit Refit Refit DDR  SAS SSL-AIPW Debias Debias Debias
(CC)  (IPW) (Oracle) (CC) (IPW)  (Oracle) (CC) (IPW) (Oracle) (CC) (IPW) (Oracle) oo (min-CV)  (1SE)  (min-feas)
d = 1000, n = 900, sparse f;’, and z(V so that m(z()) = « T = 317
Avg-Bias  0.033 0.033 0.028 0.039 0.036 0.032 0.104 0.283 0.315  0.031 0.032 0.027  0.040 0.039 0.183 0.042 0.039 0.039
Avg-Cov  0.957 0.957 0.967 0.890 0.904 0.904 0.969 0.955 0.940  0.957 0.952 0.953  0.895 0.879 0.513 0.848 0.905 0.912
Avg-Len  0.173 0.173 0.145 0.159 0.155 0.133 0.379 0.376 0.638  0.160 0.158 0.133  0.164 0.151 9.534 0.149 0.161 0.164
d = 1000, n = 900, dense 3, and 2V so that m(z(V)) = 207 gdc = ;’J"(,‘h,)
Avg-Bias  0.146 0.146 0.108 0.178 0.157 0.136 0.096 0.202 0.207  0.181 0.177 0.143  0.147 0.152 0.213 0.228 0.186 0.180
Avg-Cov  0.995 0.995 0.996 0.891 0.881 0.913 0.998 0.997 0.996  0.923 0.866 0919  0.375 0.895 0.474 0.852 0.941 0.949
Avg-Len  0.970 0.971 0.844 0.742 0.616 0.583 1.255 2.215 1.784  0.776  0.680 0.610  0.175 0.611 4.591 0.808 0.872 0.888
d = 1000, n = 900, pseudo-dense 535’“, and = so that m(z) = 2737 = 5]
Avg-Bias  0.044 0.044 0.036 0.053 0.047 0.041 0.059 0.104 0.088  0.047 0.045 0.037  0.047 0.053 0.369 0.063 0.055 0.054
Avg-Cov  0.986 0.987 0.996 0.890 0.889 0.908 0.989 0.985 0.985  0.940 0.937 0.938  0.893 0.890 0.472 0.856 0.937 0.942
Avg-Len  0.280 0.281 0.237 0.218 0.195 0.173 0.407 0.347 0.527  0.218 0.201 0.172  0.193 0.215 6.362 0.237 0.256 0.260
d = 1000, n = 900, sparse ), and 2™ so that m(z®) = 2757
Avg-Bias  0.042 0.042 0.037 0.066 0.056 0.051 NA NA NA 0.034  0.035 0.030  0.065 0.038 0.283 0.037 0.038 0.041
Avg-Cov  0.986 0.991 0.990 0.812 0.860 0.839 NA NA NA 0.953  0.943 0.948  0.830 0.914 0.530 0.924 0.939 0.950
Avg-Len  0.258 0.286 0.236 0.209 0.204 0.172 NA NA NA 0.173  0.171 0.144 0215 0.167 10.778 0.171 0.180 0.196
d = 1000, n = 900, dense 3%, and 2™ so that m(z®) = 2T 5
Avg-Bias  0.168 0.168 0.130 0.327 0.218 0.226 NA NA NA 0.239  0.249 0.184 0.187 0.170 0.347 0.223 0.214 0.193
Avg-Cov 1.00 1.00 1.00 0.774 0.862 0.821 NA NA NA 0.852  0.800 0.887  0.393 0.886 0.443 0.905 0.932 0.967
Avg-Len 1.640 1.759 1.514 0.977 0.811 0.755 NA NA NA 0.913  0.807 0.726  0.228 0.674 6.303 0.922 0.975 1.057
d = 1000, n = 900, pseudo-dense 57, and 2™ so that m(z®) = 2@7 57
Avg-Bias  0.052 0.052 0.046 0.095 0.072 0.069 NA NA NA 0.059  0.059 0.046  0.062 0.058 0.489 0.066 0.064 0.061
Avg-Cov  0.999 1.00 1.00 0.792 0.864 0.806 NA NA NA 0.927  0.903 0.928  0.900 0.895 0.475 0.901 0.926 0.962
Avg-Len  0.461 0.498 0.414 0.287 0.256 0.224 NA NA NA 0.261  0.240 0.205  0.253 0.238 9.531 0.270 0.286 0.310
d = 1000, n = 900, sparse 3y, and z® so that m(z®) = @737 = 519
Avg-Bias  0.026 0.026 0.022 0.032 0.031 0.027 0.320 1.289 0.739 0.00 0.00 0.00 0.034  0.031 0.101 0.032 0.034 0.035
Avg-Cov  0.990 0.990 0.990 0.942 0.941 0.950 0972 0.963 0.937 1.00  0.999 1.00 0.941 0.944 0.503 0.934 0.944 0.944
Avg-Len  0.173 0.173 0.145 0.159 0.155 0.133 2.341 5.584 1.177 0.00 0.00 0.00 0.161 0.149 11.692 0.149 0.161 0.165
d = 1000, n = 900, dense 3§, and 2 so that m(z®) = 2®7p B
Avg-Bias  0.102 0.102 0.090 0.165 0.134 0.128 0.122 0.196 0.084  0.186 0.196 0.191 0.128  0.143 0.101 0.200 0.175 0.170
Avg-Cov  0.999 0.999 0.999 0.923 0.921 0.929 0.998 0.997 0.997 0.00  0.040 0.004  0.364 0.906 0.512 0.897 0.957 0.965
Avg-Len  0.971 0.972 0.844 0.742 0.616 0.583 1.343 2.516 1.728  0.008 0.057 0.021 0.175  0.608 3.763 0.807 0.870 0.891
d = 1000, n = 900, pseudo-dense 3, and =@ so that m(z®) = 77 = 51
Avg-Bias  0.032 0.032 0.028 0.046 0.041 0.038 0.333 0.369 0.316  0.040 0.042 0.040  0.041 0.048 0.096 0.054 0.052 0.051
Avg-Cov  0.998 0.998 0.999 0.934 0.923 0.942 0.991 0.990 0.987 0.00 0.015 0.00 0.936 0.913 0.483 0.923 0.947 0.952
Avg-Len  0.281 0.281 0.237 0.218 0.195 0.173 2.153 1.071 28.765 0.001  0.008 0.002  0.192 0.213 7.919 0.237 0.255 0.261
d = 1000, n = 900, sparse ), and ™ so that m(z™) = 2757
Avg-Bias  0.042 0.042 0.037 0.075 0.061 0.056 NA NA NA 0.035 0.036 0.030  0.073 0.056 0.379 0.050 0.041 0.038
Avg-Cov 1.00 1.00 1.00 0.799 0.866 0.827 NA NA NA 0942 0.932 0.945 0.825 0.729 0.514 0.813 0.900 0.938
Avg-Len  0.530 0.560 0.449 0.227 0.221 0.183 NA NA NA 0.173  0.171 0.144  0.232 0.157 11.657 0.160 0.171 0.181
d = 1000, n = 900, dense 3%, and 2™ so that m(z™) = 20T 5
Avg-Bias  0.159 0.159 0.145 0.855 0.488 0.590 NA NA NA 0.787 0.716 0.620  0.235 0.617 0.576 1.244 0.982 0.755
Avg-Cov 1.00 1.00 1.00 0.067 0.413 0.156 NA NA NA 0.080  0.066 0.074  0.306 0.054 0.450 0.00 0.040 0.110
Avg-Len  3.939 4.073 3.449 1.060 0.880 0.806 NA NA NA 0.846  0.745 0.669  0.249 0.630 7.242 0.864 0.925 0.979
d = 1000, n = 900, pseudo-dense f}7, and 2™ so that m(z™) = @757
Avg-Bias  0.076 0.075 0.082 0.239 0.166 0.170 NA NA NA 0.145  0.127 0.110  0.112 0.261 0.543 0.358 0.278 0.212
Avg-Cov 1.00 1.00 1.00 0.100 0.324 0.170 NA NA NA 0.363  0.399 0.398  0.676 0.013 0.448 0.00 0.061 0.161
Avg-Len  1.072 1.114 0.907 0.312 0.278 0.239 NA NA NA 0.239 0.221 0.189  0.285 0.223 7.460 0.253 0.271 0.287
d = 1000, n = 900, sparse ), and 2© so that m(z™) = 2OT57
Avg-Bias  0.035 0.035 0.031 0.042 0.040 0.032 NA NA NA 0.002  0.005 0.002  0.037 0.015 0.075 0.017 0.017 0.021
Avg-Cov 1.00 1.00 1.00 0.940 0.945 0.939 NA NA NA 0.870  0.647 0.870  0.948 0.00 0.500 0.00 0.00 0.939
Avg-Len  1.724 1.752 1.367 0.199 0.194 0.154 NA NA NA 0.010 0.011 0.008  0.189 0.00 8.699 0.00 0.006 0.100

Table D.8: Simulation results under the circulant symmetric covariance matrix >, Gaussian
noise N (0,1), and the MCAR setting. Nearly all the standard errors for the above average
quantities are less than 0.01 except for those associated with “DL-vdG”, “R-Proj”, and
“SSL-ATPW” and thus omitted.
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DL-Jav DL-Jav DL-Jav DL-vdG DL-vdG DL-vdG R-Proj R-Proj R-Proj Refit Refit Refit DDR  SAS SSL Debias Debias Debias
(CC) (IPW) (Oracle) (CC) (IPW) (Oracle) (CC) (IPW) (Oracle) (CC) (IPW) (Oracle) ) AIPW  (min-CV) (1SE)  (min-feas)

d = 1000, n = 900, sparse 3y, and 2 so that m(z() = 2757 = gI7

Avg-Bias  0.072 0.072 0.061 0.073 0.073 0.061 0275 0.444 0.608  0.073 0.074 0.060  0.074 0.075 0.223 0.074 0.076 0.089
Avg-Cov  0.885 0.884 0.894 0.912 0.906 0.917 0.963  0.955 0.950  0.948 0.944 0.956  0.916 0.905 0.536 0.883 0.914 0.929
Avg-Len  0.282 0.282 0.247 0.312 0.309 0.266 0.885 1.413 1.917  0.360 0.358 0.301 0.311 0.327 40.764 0.301 0.332 0.420

d = 1000, n = 900, dense 53¢, and 2! so that m(zV)) = 27 gde = 351)

Avg-Bias  0.299 0.298 0.152 0.289 0.221 0.153 0.204 0.200 0.372 0.454  0.264 0.178 0.266 0.233 0.170 0.489 0.430 0.404
Avg-Cov  0.740 0.748 0.927 0.552 0.389 0.559 0.941 0.759 0945 0.772 0.751 0.824  0.650 0.963 0.485 0.850 0.932 0.983
Avg-Len  0.847 0.862 0.671 0.562 0.302 0.301 1.004 0.588 0.833 1.242  0.775 0.593 0.616 1.237 14.396 1.760 1.940 2.459
d = 1000, n = 900, pseudo-dense 37, and () so that m(zV) = 2737 = 517
Avg-Bias  0.091 0.091 0.071 0.094 0.090 0.073 0.137  0.174 0.265  0.097  0.095 0.075  0.101 0.094 0.230 0.105 0.098 0.106
Avg-Cov  0.868 0.867 0.906 0.845 0.817 0.863 0.954 0.920 0.925 0.911  0.900 0.921 0.824 0.941 0.511 0.867 0.929 0.964
Avg-Len  0.345 0.345 0.300 0.334 0.298 0.275 0.659 0.647 1.490 0.426  0.395 0.335 0.346 0.468 32.172 0.400 0.440 0.558
d = 1000, n = 900, sparse 3, and =™ so that m(z®) = P75y

Avg-Bias  0.057 0.057 0.047 0.068 0.066 0.055 NA NA NA 0.050  0.051 0.041 0.070  0.054 0.198 0.058 0.062 0.074

Avg-Cov  0.986 0.995 0.994 0.911 0.923 0.927 NA NA NA 0.935 0.937 0952 0.917 0.900 0.495 0.925 0.933 0.942

Avg-Len  0.357 0.391 0.319 0.294 0.291 0.248 NA NA NA 0.241  0.241 0.202  0.295 0.221 51.810 0.260 0.292 0.354
d = 1000, n = 900, dense 5%, and 2@ so that m(z®) = 2T

Avg-Bias  0.244 0.246 0.126 0.241 0.197 0.137 NA NA NA 0.396  0.256 0177 0.232 0.221 0.157 0.407 0.361 0.350

Avg-Cov  0.974 0.980 0.999 0.602 0.414 0.577 NA NA NA 0.709  0.694 0.750  0.683 0.867 0.495 0.862 0.946 0.977

Avg-Len  1.399 1.496 1.071 0.529 0.284 0.280 NA NA NA 1.067  0.662 0.519  0.584 0.836 17.159 1.519 1.708 2.071

d = 1000, n = 900, pseudo-dense §°, and = so that m(z®) = 20737
Avg-Bias  0.083 0.083 0.065 0.091 0.085 0.070 NA NA NA 0.087  0.084 0.067  0.089 0.087 0.197 0.091 0.087 0.091
Avg-Cov  0.990 0.994 0.998 0.824 0.806 0.860 NA NA NA 0.915  0.908 0.921  0.863 0.843 0.517 0.867 0.914 0.951
Avg-Len  0.529 0.564 0.456 0.315 0.280 0.256 NA NA NA 0.382  0.354 0.301 0.328 0.316 29.117 0.345 0.388 0.470

d = 1000, n = 900, sparse 57, and = so that m(z®) = 275 = 557,
Avg-Bias  0.057 0.057 0.054 0.076 0.076 0.068 0.421 1.217 0.733  0.000  0.000 0.000  0.081 0.094 0.269 0.077 0.088 0.097
Avg-Cov  0.985 0.985 0.978 0.943 0.943 0.939 0.972 0.967 0.958 1.000  1.000 1.000  0.947 0.956 0.498 0.953 0.956 0.955
Avg-Len  0.352 0.352 0.312 0.372 0.368 0.322 3.970 8.027 8.075  0.000 0.000 0.000  0.390 0.472 49.953 0.380 0.436 0.489
d = 1000, n = 900, dense ¢, and 2®) so that m(2®) = 2O e =
Avg-Bias  0.177 0.176 0.130 0.225 0.189 0.167 0.179 0.221 0.279  0.255 0.217 0.200 4 0.325  0.181 0.399 0.371 0.392
Avg-Cov  0.978 0.978 0.990 0.782 0.528 0.604 0.988 0.889 0.954  0.229 0.337 0.391 0.804 0.967 0.492 0.969 0.993 0.995
Avg-Len  1.078 1.097 0.856 0.669 0.359 0.364 1.288  1.680 1.097  0.388 0.353 0.331  0.773 1.791 26.954 2.223 2.550 2.858
d = 1000, n = 900, pseudo-dense 3", and ® so that m(z®) = 2757 = 517,
Avg-Bias  0.071 0.071 0.067 0.093 0.086 0.082 0.302 0.209 0.394  0.059 0.057 0.056  0.100 0.130 0.239 0.103 0.107 0.117
Avg-Cov  0.976 0.977 0.969 0.892 0.864 0.890 0.984  0.970 0.963  0.303  0.346 0.377 0926 0.962 0.508 0.948 0.972 0.980
Avg-Len  0.436 0.437 0.381 0.398 0.354 0.333 2.462  3.289 1.953  0.143  0.149 0.143  0.434 0.677 46.809 0.505 0.579 0.649
d = 1000, n = 900, sparse 5y, and 2™ so that m(z) = 2737

Avg-Bias  0.049 0.049 0.040 0.069 0.061 0.054 NA NA NA 0.045 0.045 0.037  0.069 0.045 0.138 0.045 0.046 0.048

Avg-Cov  1.000 1.000 1.000 0.857 0.901 0.873 NA NA NA 0.944  0.938 0.960 0.835 0.844 0.530 0.890 0.924 0.931

Avg-Len  0.736 0.766 0.568 0.248 0.246 0.203 NA NA NA 0.218 0.217 0.182 0.240 0.160 23.997 0.183 0.212 0.226
d = 1000, n = 900, dense 3§, and 2™ so that m(z™) = DTG

Avg-Bias  0.180 0.181 0.089 0.173 0.123 0.090 NA NA NA 0.376  0.228 0.159 0.168 0.163 0.119 0.436 0.323 0.285

Avg-Cov  1.000 1.000 1.000 0.694 0.568 0.684 NA NA NA 0.616  0.560 0.613 0.760 0.844 0.488 0.650 0.867 0.944

Avg-Len  3.697 3.793 2.527 0.446 0.240 0.229 NA NA NA 0.782  0.470 0.359 0.479 0.606 9.202 1.070 1.238 1.320

d = 1000, n = 900, pseudo-dense 3", and 2 so that m(z(V) = 2737

Avg-Bias  0.066 0.066 0.054 0.140 0.103 0.103 NA NA NA 0.067  0.063 0.050 0.115 0.064 0.146 0.078 0.065 0.062

Avg-Cov  1.000 1.000 1.000 0.474 0.625 0.528 NA NA NA 0.880 0.871 0.886  0.631 0.837 0.540 0.794 0.918 0.946

Avg-Len 1.320 1.351 1.020 0.266 0.236 0.210 NA NA NA 0.258  0.239 0.203  0.270 0.230 23.784 0.243 0.281 0.300
d = 1000, n = 900, sparse Ay, and =™ so that m(z®) = 2757

Avg-Bias  0.028 0.028 0.020 0.039 0.036 0.029 NA NA NA 0.002  0.003 0.001  0.033 0.005 0.025 0.007 0.007 0.009

Avg-Cov  1.000 1.000 1.000 0.956 0.968 0.951 NA NA NA 0.865 0.625 0.889  0.950 0.000 0.488 0.904 0.906 0.960

Avg-Len  2.623 2.650 1.879 0.188 0.186 0.142 NA NA NA 0.006  0.007 0.005  0.167 0.000 7.529 0.031 0.035 0.045

Table D.9: Simulation results under the Toeplitz (or autoregressive) covariance matrix %2,
Gaussian noise AV(0,1), and the MCAR setting. Nearly all the standard errors for the above
average quantities are less than 0.01 except for those associated with “DL-vdG”, “R-Proj”,
and “SSL-AIPW” and thus omitted.
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Figure D.1: Simulation results with pseudo-dense Bgd and sparse (2 for the Toeplitz (or
autoregressive) covariance matrix X* under Gaussian noise N (0,1) and the MAR setting
(5.23) in Section 5.4.1. Top Left: Boxplots of the absolute bias. Top Right: Coverage
probabilities with standard error bars. Bottom Left: Average lengths of confidence in-
tervals with standard error bars.
transformed studentized debiased estimators @ (y/n -7, (x) [m

n

Bottom Right: Four comparative “QQ-plots” of the
(x) — mo(x)]) obtained from

different debiasing methods, where 7,(x)? is the estimated (asymptotic) variance of m(z)
by each method and ®(-) is the CDF of A/(0,1). We also highlight the recommended rules
“ISE” and “min-feas” for our proposed debiasing method via dashed rectangles in the first
three panels.
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Figure D.2: QQ-plots” of the transformed studentized debiased estimators

¢ (V-5 () [

(x) — mo(x)]) obtained from our debiasing method when the propensity
scores are estimated by various machine learning methods under the new MAR setting

(5.24), where ®(-) is the CDF of A/(0,1).
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Figure D.3: Simulation results for our debiasing method with dense Bge and sparse z(2) when the
propensity scores are estimated by various machine learning methods under the new MAR setting
(5.24). Top Left: Boxplots of the absolute bias. Top Right: Coverage probabilities with standard
error bars. Middle Left: Average lengths of confidence intervals with standard deviation bars.
Middle Right: Letter-valued plots of the MAE of estimated propensity scores. Bottom Two
Rows: Histograms of the studentized debiased estimators under different methods. We also order
the performance metrics according to their means in the first four panels.
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Appendix E
APPENDIX TO CHAPTER 6

This appendix collects additional technical results, implementation details, and supple-
mentary analyses for Chapter 6. We examine what can be learned when treatment variation
degenerates for some covariate values, provide proofs of selected identification and asymp-
totic results, discuss practical estimation of nuisance quantities, and present additional I1-

lustrisTNG analyses across redshifts and tilting parameters.

E.1 Nonparametric Bounds Under Zero Treatment Variations

In this section, we study nonparametric bounds on the dose-response curve m(t) and its
derivative function 0(¢) under the additive confounding model (6.4) when the intrinsic treat-

ment variation has zero variance. Specifically,
YO =mt)+n(X)+e and T=f(X,E), (E.1)

where E € R is an independent treatment variation random variable with E(E) = 0. Zero
treatment variation means that Var(E) = 0. Deriving analogous nonparametric bounds
under more general structural models is left for future work.

We begin with an illustrative example demonstrating how zero treatment variation for
certain covariate levels * € X can lead to ambiguities in defining the corresponding dose-

response curves.

Example E.1 (Necessity of Assumption 6.3). Suppose that the positivity condition in As-
sumption 6.1 holds, and let T = f(X, E) = X1 almost surely so that Var(E) = Var(T|X =
x) =0 for any X, = x1. Here, X, is the first component of X € X CR%, and F € R is an

independent treatment variation random variable. We further assume that E(X;) = 0 and
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consider two equivalent conditional mean outcome functions:
(T, X)=T+2Xy and (T, X)=2T+ X,

both of which are well-defined under the positivity condition in Assumption 6.1 and equal to
3X1 almost surely. While they agree on the support {(t,x) € T x X :t = f(x) = x1}, these
two conditional mean outcome functions lead to two distinct covariate-adjusted functions (or

equivalently, dose-response curves):
m() =E [V B[t X)] =t and my(t) =E V| = E[us(t, X)] = 21,

whose derivatives are different as well.

E.1.1 Nonparametric Bound on m(t)

Under the additive confounding model (E.1), Example E.1 above demonstrates that when
Var(FE) = 0, the conditional mean outcome function u(t, x) is identifiable only on the lower-

dimensional surface {(t,x) € T x X : t = f(x,0) = f(x)}, where

p(f(e), ) =m(f(x)) +n(x) =m(f(x)) +n(x) (E.2)

when E [n(X)] = 0 by Proposition 6.2.

Since Var(E) = 0, the relation 7' = f(X) can always be estimated from the observed
data. Hence, we assume that the function f is known for every & € X in subsequent
analyses. To obtain nonparametric bounds for all possible values of m(t), we impose the
following assumption on the magnitude of the random effect function  : X — R in (E.1);

see Manski (1990) for related discussions.

Assumption E.1 (Bounded random effect). Let L;(t) = {x € X : f(x) =t} be a level set
of the function f: X — R att € T. There exists a constant p; > 0 such that

SUPteT SUPger (1) p(f(x), ) — infier inwaLf(t) p(f(x), )
p1 > max < sup sup |n(x)], :
tET xeLy(t) 2
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By (E.2) and the first lower bound on p; > sup;ey Supger, () [7(2)| in Assumption E.1,

we know that
lu(f(x), ®) —m(t)] = [n(z)| < p1

for any @ € L¢(t). This also implies that

m(t)e () wlf(@),2) = pi, u(f(@), @)+ pi]
x€Ls(t)

(E.3)

= | sup p(f(®),z)—pi, inf p(f(x),®)+pi],
weL;(t) weLs(t)

which is the nonparametric bound on m(t) that contains all the possible values of m(t) for
any fixed t € 7 when Var(F) = 0. Notice that this bound (E.3) is well-defined and nonempty

under the second lower bound on p; in Assumption E.1.

E.1.2  Nonparametric Bound on 0(t)

Since the functions u(f(x),x) and f(x) are identifiable even when Var(E) = 0, their
derivatives with respect to & are also identifiable. Hence, we assume that the gradients
Vau(f(x),x) and V f(x) are known for every @ € X in the following analysis. The non-
parametric bound on the dose-response curve m(t) relies on an upper bound on the random
effect function 7 : X — R (recall Assumption E.1), while the nonparametric bound on the
derivative function 6(t) requires some constraints on the gradient Vn(x) of the random effect

function as follows.

Assumption E.2 (Constraints on the random effect gradient). Let Ls(t) =
{x e X: f(x) =t} be a level set of the function f : X — R att € T. There exist con-

stants pa, ps > 0 such that

<inf inf ||Vn(x)||,, <sup sup ||Vn(x)||, . <
o S inf int V0@ S50 50 [0 < 12

and

sup sup max vj(@) — sign(g; (x)) - p2 <inf inf min
teT wel, (1) I=Lrmd g;(x) teT @eLy(t) j=1,....d g;()
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where an<w>Hm1n %W(zw ’ ||vn<m)||max = man:l ~~~~~ d

a%ju(f(a:),a:), and gj<93) = % (iB) fO’/’j = 1, ,d

= minj—y, 4

The first inequality in Assumption E.2 ensures that we can derive a finite and meaningful

nonparametric bound on #(t) for any ¢t € 7. In particular, a direct calculation shows that

Vaeu(f(z), x) = Vam(f(x)) + V()
=m'(f(x)) - Vf(z)+ Vn(z)
=0(t) - Vf(x) + Vn(z)

for all & € Lg(t). This indicates that

0 0 0
o, (f(z), ) —06(t) - 3—%f(93) = |vj(@) — 6(t) - g;()| = o, (z)| < po
for j = 1,...,d and therefore, a nonparametric bound on 6(¢) is given by
d . .
v;(x) — sign(g;(x)) - p2 vj(x) + sign(g;(x)) - P2]
o) € Dl [ 9;(x) ’ 9;(x) ' (E4)

This bound is well-defined and nonempty under the second inequality in Assumption E.2.
More importantly, the nonparametric bound (E.4) highlights the pivotal role of the covariate
effect function f of X on treatment 7" in bounding the possible values of 0(t). Specifically, as
the variation in f increases (i.e., the magnitude of V f(x) becomes larger), the nonparametric

bound (E.4) becomes tighter, providing more precise constraints on 6(t).
E.2 Proofs of Results in the Chapter

E.2.1 Proof of Proposition 6.1

Proof of Proposition 6.1. We first study the identification of 6(¢). The equality (6.2) is a

natural consequence of Assumptions 6.2 and 6.4:

o) 2 E [%E Y] X] ‘T - t} Dg {

0

0
—E
ot

ot

YOI =t X] ‘T - t} g [_E YT =t, X] ‘T = t] ,
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where (*) follows from Assumption 6.4, (**) is by Assumption 6.2(b), and (***) is due to
Assumption 6.2(a).

As for the identification of m(t), we apply the fundamental theorem of calculus and argue
that m(t) = m(T) + f; 0(t) dt. Taking the expectation over T' yields that

£ t 9 7
m(t) =E {m(T)—i—/T 0(f) dt} :JE{Y+/T E {au(T,X)‘T:t} dt},

where the second equality follows from E [m(T)] = E(Y) by Assumption 6.4. Here, the
connectedness of 7 ensures that the integration of 6(¢) is only over the region where it is
identifiable. When 7 has multiple connected components, the integral formula (6.3) as well
as the observations should be restricted to the connected component in which the point of

interest t € T lies. O

E.2.2  Proof of Proposition 6.2

Proof of Proposition 6.2. All the results follow from some simple calculations and the fact
that
u(t, @) =E(YIT = 1, X = @) = m(t) + n(x)

under the additive confounding model (6.4).

(a) Given that E [n(X)] = 0, we have that
Elp(t, X)) =E[EY|T =t X)] = E[m(t) +n(X)] = m(t).
(b) First, we notice that m(t) = E [Y®] = m(t) + E[(X)] and 6(t) = m/(t) under model

(6.4). Then,

CEu(t, X)|T = 1] = 5 {mlt) + ER(X)|T = ) = al(1) + SE@XIT =1) £ 0(0)

when 4E [n(X)|T = t] # 0.
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(c) From (b), we know that

E [gm, Xﬂ B ()] = ml (1) = 010).

In addition, we have that

fo(t) = E [%u(t, X)‘T - t} — B[/ (4)|T = ] = m'(t) = 0(t).

(d) On the one hand, we know that
E(Y) = E [u(T. X)] = E [n(T) + n(X)] = E[m(T)] + E (X))
On the other hand, we also have that
E[m(T)] = E {m(T) + E [n(X)]} = E[m(T)] + E[n(X)].
The proof is thus completed. 0

E.3 Practical Considerations for Estimating my(to)

This section delineates the practical aspects involved in implementing our proposed estima-
tors of the causal estimand tg — my(ty) for A > 0 and its limiting curve ty — mo(ty) =

fliir% my(tp) introduced in Section 6.8.1.
ﬁ

E.3.1 Proposed Estimators With Cross-Fitting

To mitigate overfitting and ensure valid inference, we implement our proposed estimators
(6.29) and (6.31) for my(to) in Section 6.8.1 using the following cross-fitting procedure.

1. Data partitioning: The observed data {(Y;, T}, X;)}._, are randomly divided into
L disjoint folds of approximately equal sizes. Let I,,¢ = 1,..., L denote the fold index sets
with UL I, = {1, ...,n}.

2. Nuisance function estimation: For each fold I,, we estimate the nuisance functions
i, prix using only observations outside Iy; see Section E.3.2 for details about the estimation

methods. The estimated nuisance functions are denoted by ¥ and ﬁqf\)x for ¢ =1,...,L.
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Here, p(t,x) is the conditional mean outcome function and pr x(t|«) is the conditional
treatment density of T" given X = .

3. Final estimators with cross-fitting: The cross-fitted one-step (6.29) and RA
(6.31) estimators of my(to) for A > 0 are given by

~0) (T} X
into) = —ZZ{%“’N |

{Yi—/ﬁ“)(tl,X) G (01]X0) dty
T

(=1 icl, pT\X (T3] X:)
# [ A0, X030, 01X) dn . (£:5)
| L
(i) =3 33 / Oty X - G0, (4] X) s,
n (=1 i€ly
where we recall from (6.30) that

~0) " - n(tvtoﬂh) pTﬁX(tlx)
Qp,z, (tl) = X0

is completely determined by the estimated conditional density function j)éf')X for/ =1,..., L.

E.3.2 Nuisance Function Estimation

The implementation of our proposed estimators (6.29) and (6.31) requires estimating two nui-
sance functions: (i) the conditional mean outcome function u(t,z) = E(Y|T' =t, X = x)
and (ii) the conditional treatment density prix (/). Our numerical experiments in Sec-
tion 5.4 utilize the following methods.

e Estimation of p(t,x): We employ a fully connected neural network model with
one hidden layer of size 20 and the rectified linear unit (ReLU) activation function u +
max{0,u}. Other machine learning models can be used without modifications. Practically,
the neural network model is implemented via the scikit-learn package (Pedregosa et al.,
2011).

e Estimation of ppx(t|x): As in Section A.3 of Zhang and Chen (2025), we consider

two approaches for estimating the conditional density function prx (t|x).
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1. Method 1 (Residual-based Kernel Density Estimation; RKDE): Assume an additive
treatment model T' = gx(X) + E, where F is mean-zero and independent of X. We
first estimate the regression function gx via any machine learning method on the data
{(T;, X;) }I, with cross-fitting. In the actual implementation, we use a neural network
model with one hidden layer of size 10 and ReLU activation function u +— max{0, u}.
We then apply kernel density estimation (KDE) to the residuals and construct an

estimator of prx (t|z) as follows:

prix(t|x) =

{ (x) — (T, — 9x(X5))
he ’

where the kernel function K, can be different from the one in Section 6.7.1 and h, > 0
is a smoothing bandwidth parameter. Although the residuals {T} — gx(X1),...,T,, —
9x(X,,)} for KDE are not i.i.d., we notice that this dependence has negligible empirical
effects on prx(t|x). Furthermore, this approach is better adapted to the covariate-
dependent support 7 (x) than the following RKSO method and is more robust under
positivity violations. Finally, when the noise F is heteroskedastic, we can estimate
Var(F|X) and standardize the residuals before applying KDE. In our experiments,
we use the Epanechnikov kernel Ke(u) = 3(1 — u?) 1jjy<1y and Silverman’s rule-of-

thumb bandwidth as h ( ) oen é where o, is the sample standard deviation of

{Tl - gX(X1)7 7Tn - gX(Xn)}

2. Method 2 (Regression on Kernel-Smoothed Outcomes; RKSO): We estimate the

conditional treatment density prx(t|x) via kernel-smoothed regression g(t,x) =

E [KT (%) !X = :c], by regressing kernel-smoothed outcomes {K (Tb t) }l against
the covariate vectors {X;} , via any machine learning method. This approach is
also called the MultiGPS estimator in Colangelo and Lee (2025). Here, the kernel
function K, : R — [0,00) can be different from the one in Section 6.7.1 and b > 0

is a smoothing bandwidth parameter. As shown in Section A.3 of Zhang and Chen

(2025), the fitted kernel-smoothed regression function g(t,x) consistently estimates
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prix (t|&) when the regression function g(¢, ) itself is consistent. However, we notice
in our experiments that this RKSO method may not respect the true conditional sup-
port T (x) of prix(t|x), leading to potentially larger bias than the RKDE approach
when estimating the limiting curve tq — mo(ty) defined by the NFTP. In the actual
implementation, we kernelize each outcome observation via the Epanechnikov kernel
K,(u) = 3 (1 —u?) - Lyju<1y and fit the regression function through a fully connected
neural network with one hidden layer of size 10 using scikit-learn. The bandwidth
b is chosen via Silverman’s rule of thumb as b = (‘—1)é &\Tn_%, where o7 is the sample

3
standard deviation of {17, ..., T, }.

E.3.3  Numerical Stabilization for the Riemann Sum Approximation (6.32)

When t +— 7(t; g, ) < exp (— ‘% ’7), its values decay rapidly away from ¢, for small A > 0.
In regions where ty ¢ T (x) for a given @ € X, the naive Riemann sum approximations of
(6.32) may suffer from numerical underflow, causing the estimators to fail to capture the
projection term of the projected g-formula (6.21) under positivity violations. To improve
numerical stability, we adopt a log-sum-exp trick for calculating the Riemann sums in (6.32)

as follows.

1. For a given covariate vector & € X, we compute the (estimated) tilted intervention

density in log-space at each grid point %} as:
.

+ C(h)

t; —to

w; = log [prix (tj]@) - n(tj;to, B)] = log pryx (t]x) —

for j = 1,...,N, where Cy(h) > 0 is a normalizing constant that is independent of x

and t() .

2. Let Wmax = max;—;, .y w;. The Riemann sums in the numerator and denominator of

(6.32) are then calculated as follows:

N N
Z ﬁ(%;a X) + eXp (wj - wmax) and Z eXp (wj - wmax) )
j=1 j=1
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Figure E.1: Tilted intervention causal curves estimated by our proposed RA and one-step
estimators under various tilting parameters, alongside the dose-response curve estimated by
Mucesh et al. (2024) on the IllustrisTNG galaxy data across different redshift values. The
first two rows display the results by our RA estimator (6.31) under varying values of A, while
the last two rows present the results from our one-step estimator (6.29).

respectively. Here, subtracting the maximum log-weights rescales w;,j =1, ..., N and

avoids arithmetic underflow after exponentiating.

E.4 Causal Analysis of the IllustrisTNG Data Under Different Redshifts =
and Tilting Parameters h

Under the same empirical setup as Section 6.9, we plot the tilted intervention causal curves

to — my(to) estimated by our RA (6.31) and one-step (6.29) estimators for multiple tilting
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parameter values i > 0 across redshifts ranging from z = 0 to z = 3 in Figure E.1. As
discussed in Section 6.9.2, the estimated causal effect of local environment on galactic SFR
is negative at low redshifts and gradually flattens as redshift increases. Compared with
the estimated dose-response curves by Mucesh et al. (2024), the tilted intervention curves
estimated by our proposed RA (6.31) and one-step (6.29) estimators do not display a strong
reversal effect at high redshifts z > 1. Instead, the curves remain relatively flat across

different values of f.
E.5 Proofs of Theorem 6.8 and Proposition 6.9

Proof of Theorem 6.8. For any fixed € X that satisfies Assumptions 6.9, it suffices to show

that for every e > 0,
Qhtg(A] X =2) >0 as h—0,

where we define A, ;=T (x)N{t €T : |t —t§(x)| > €}.
The claim is immediate if A, is empty. Otherwise, we let ((x) = 1;1(f : |t —to] =
teT (x
|t5(x) — to| under Assumption 6.9. Then, there exists p. > 0 such that

|t —to] > ((x) +p. forallt e A. (E.6)

This is because if such p. > 0 does not exist, then we can find a sequence {tn}zo:1 C A,

with |t, — to] < {(x) + £. Hence, {|t, — to|},—; is bounded, and given that T (z) is closed,

there is a convergent subsequence {t,, },-, with klim tn, =t € T(x). By uniqueness and
—00

[tn, — to] < C(x) + % for all k, we know that ¢ = tj(x). However, |t,, — t&(x)| > € when

{tn, }iey C Ac so that |t — t§(x)| > € as we take k — oo, which is a contradiction. This

implies that (E.6) holds and
Ac C{t e T(x) : [t —to] = (() + pe} - (E.7)
On the other hand, we define B := {t € T(x) : |t — t§(x)| < &} and note that

B.C {teT(m) |t — ol §C(m)+%}. (E.8)
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Moreover, t5(x) € T (x) ensures that Ppjx—g(B:) > 0. Now, we calculate that

S n(t;to, 1) Pryx—z(dt)
an u; to, h) Prix—z(du)
f a M(ts to, ) Pryx—e (dt)
fB u; to, h) Prix—e(du)
< SuPye 4, 7(t; to, 1)
= Prix—a(B) - inficp, n(t; to, h)
Q SUD e[ to|>¢ (@) +pe (L L0, T1)
= Prix—o(Be) - infieriji—to]<c(@)+pe /2 M(t; o, )

G

Qnto(A| X =) =

as h — 0, where (i) leverages the previous inclusion results (E.7) and (E.8), while (ii) applies
Condition 6.1. Since the limit is a point mass and € > 0 is arbitrary, the weak convergence

Qo (1| X = x) A Otz (2)(+) as b — 0 thus follows. ]

Remark E.1 (Non-unique projections). If Il(ty, ) = arg min,, [t —to| is not a singleton,

then the conclusion of Theorem 6.8 can be weakened to
Qno ({t € T d(t,11(ty, ) > €} |X =x) >0 ash—0
for every e > 0, where d(t,I1(to, x)) = infyenpya) [t — '|. Specifically, we define
Ac={t €T :d(t,1(ty,x)) > €}

and ((x) = tei;_l(f;) |t —to|. Since T (x) is closed and Il(ty, x) consists of all the minimizers

of t — |t —tol, there again exists p. > 0 such that (E.7) holds. Let
B. = {t e T - d(t, I(ty, ) < %}

Then, I1(to, &) C T (x) implies that Ppix—o(Bc) > 0, and every t € B, satisfies [t — to| <
C(x) + & . Thus, we again have that

SUPe7|t— 240, Mt o, )
Qnio(A]X =) < LET:[t—to|>C(@)+p

- — 0.
PT|X w(Be> ’ lnftGT:\t—to\gg(m)—i-% 77(157 lo, h’)
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Proof of Proposition 6.9. By Theorem 6.8, we know that Q. (:|X = x) KN Otz (a) (+) for
P x-almost every «x.

(a) Notice that, by the definition of stochastic interventions,
E [y@o)] = /X /T 1 (1, @) Qu (@)X = @) dPx (@),
where 1Y (t,z) = E [Y | X = x]. We first show that
/ruy(t, x) Qnio (dt| X = ) — p¥ (t5(z), x) as h — 0. (E.9)

Given € > 0, the support-relative continuity in Assumption 6.10(b) implies that we can find

r >0 so that [u (t, @) — p¥ (t5(x),@)| < e for t € T(x) and |t — tj(z)| < r. Then,

‘ﬁyWum@mwmxzmwwﬁ%@xm

< e+/| o) 1Y (8, )| Qrio (dt| X =) + | 1Y (t(), @)| - Qugo (|t — ()] > 7| X = ).
t—td(x)|>r J )

~
N _ Term IT
Vv

Term I

Now, for every M > 0, Term I in the above display satisfies

Term I < M - Qu4, (|t — t5(x)| > r|X = x)

+/ ‘,uy(t’a;)} -1 {‘My(t’w” > M} Qﬁ,to(dﬂX = a:),
T

where the first term vanishes as A — 0 by Theorem 6.8 and the second term can be made

arbitrarily small by Assumption 6.11 when M is sufficiently large and A — 0. Furthermore,

Term II converges to 0 as i — 0 by Theorem 6.8 again. Taking ¢ — 0 establishes (E.9).
Finally, by the second uniform integrability condition in Assumption 6.11, together with

(E.9), we can apply the Vitali convergence theorem under P x and obtain that

Byo) = [ [0 (t2) Quuf@tX =) aPx(a) » [ 1 (t5(@).2) iPx(x)

as h — 0.

(b) The same argument as in (a) applies with u(t, ) in place of u¥ (¢, x). O
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E.6 Proof of Theorem 6.10

The proof of Theorem 6.10 relies on the following important lemma, which controls the av-
erage distance between a draw from the tilted intervention and its nearest feasible treatment

value, conditional on X = x ¢ Aj (o).

Lemma E.1. Suppose that Assumptions 6.9, 6.12, and 6.1} hold, as well as that the kernel

function satisfies Condition 6.2. Then, as h — 0,

;

O (k") when 0 <y <1lorvy>1, w>vy—1,

/ Eqy., (|17 —t5(z)| | X = z]dPx(x) = O(h"|logh|) when~y>1, w="5—1,
X\ Xo(to)

O(h=+1) when v >1, 0 <w <y —1,

\

under the kernel-smoothed tilted intervention (6.26).

Proof of Lemma E.1. By the strict positivity and continuity of K, together with Condi-

tion 6.2(b), there exist constants 0 < ¢x < Cx < oo such that
creexp(—|ul") < K(u) < Ok exp(—|u|?), u e R. (E.10)

Fix ¢ Xy(tp) on which Assumption 6.12 holds, and we write {(x) = |to — t§(x)| > 0. By
the definition of tf(x) with & ¢ Xy(to), we know that |t — to] — ((x) > 0.

Without loss of generality, we prove the bound when t, > tj(x), and the case where
to < t§(x) follows by symmetry. By Assumption 6.12(b), there exist constants €y, pmin > 0
such that prix (&) > pmin > 0 for all t € [tf(x) — €, tf(x)]. Let

Diw)= [ & (552 ) prxtla) ar

and
t— 1ty

M) = [ @)K (552 ) prxtiia) o

We thus have that Eq,, [|T —t5(z)| | X = z| = gzg;
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e Scenario 1: 0 < ¢ := ((x) < h. For all sufficiently small A with A < ¢y, we calculate

t—t (i) L (i)
D) = [ & (5 ) prxttlera 2 [ 1 (<S5 a2
T(x) 0

where (i) follows from the change of variables ¢ = t§(x) — v on the one-sided support interval

that

and leverages Assumption 6.12(b) and (ii) uses the facts that 0 < £ < 2 for all v € (0, A
and K is positive on [—2,2] by Condition 6.2. On the other hand,

zwmwaﬁmu—%@nK(

~ * ’t - t0|7
< CxPmax - |t —t5(x)] exp 5 dt
T (x

t—1o

)pT|X(t|fL‘) dt

(i) _ t —tal?

< CPmaxCly [t — to| — ¢(x)] exp <_|TO|> dt
T (@)

(iv) _ o0 Y

< C’KpmaXC'g/ v exp (—(C jﬁ:v) ) dv
0

CrmmnCy [ g
< CKPmax / v exp (——> v
K g 0 ﬁ'y
v)
S

where (iii) follows from Assumption 6.12, (iv) uses the change of variable ¢t = t§(x) — v, and

(v) applies v = hy. Therefore,
Equ,, [T —t5(®)| | X =@ A,  0<((x)<h (E.11)

e Scenario 2: ¢ := ((x) > h. Suppose first that #7¢('™7 < ¢;. Again, by the change of

variable t = t§(x) — v and using our arguments in Scenario 1, we have that

RY¢t— v
Dy(x) > pminQK/ exp {—%} dv
0

N _
= PminCrc €XP (—%) /0 exp [W} dv

(vi) ¥ mr¢t C.c-1
2 PminCx €XP (—%) / exp <_ “Yi/n U) dv
0
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C’Y
> ﬁ’YCl fyeXp (_ﬁ> )

where (vi) follows from the mean value theorem that (¢ +v)” — ¢ < C,(" v with C, < oo
depending only on 7.

For the numerator, we similarly calculate that

Nﬁ(w) S C_’Kpmaxc( /OoUeXp (_ (C ;;YIU)’Y) dv
0
< exp < fC;) / v exp (W) dv

(vii) v ¢ Cr vl 00
< exp (—%) {/ v exp (—%) dv —i—/ vexp [—C’;’ <%>W] dv}
0 ¢

C'y B ¢/ o0
< exp <—5 B2 0 Y exp (—C’;y) dy + h* " Y exp (—C’;’yv) dy

e ¢/ o 21
< exp <—5) h27C227/0 yexp (—Cly) dy + b* /gv/m - exp (—Cz) dz

(viii)
< o (5 ) me

U -1
where (vii) follows from the mean value theorem again with (CHo)1=¢7 ~ G v

2] = T
0, (] and M > CY (2)” when v > ( for two constants C! ", CY > 0 that depend only on

when v €

7, while (viii) uses the bound on an incomplete gamma tail. As a result, (w) < et

Now, if #7(1™7 > €y, which can only occur when 0 < v < 1, then

Dﬁ(iﬂ) > PminCx €XP (-%) /00 exp [W} dv

Y €0 C.00 Ly
o (-6) [ (557
(iv) ¥
oo 5)

where (iv) follows from the fact that C”O © € 1[0,C,]. Additionally,

@) s o (- [ e [
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< exp (—%) Sup v exp [wl

v>0 n

CL¢T
( ¢ SUPg<y<¢ VEXP | —— 75 ,
< exp

~Y

NG

v

sup, vexp [~C4 (3)]
¢
<K' exp (—%) .

As a result,

Eq, 1T —t5(@)| | X =a] S W ¢(x),  ((x) > h (E.12)

We now integrate (E.11) and (E.12) over X and derive that

/X o Eans [T (@) | X = o] dPx(a)
<h-Px(0 < ((X) <R+ 1 -E[¢(X)" - 1{¢(X) > B}]

e R E (X)) 1{C(X) > B

where (x) applies the margin condition in Assumption 6.14. To derive the rate of convergence
for the second term A7 - E[¢(X)'™ - 1 {¢(X) > h}|, we consider two cases for the value of

v > 0.
e Case A: 0 < v < 1. Since E[¢(X)"™7 - 1{¢(X) > h}] < oo under Assumption 6.14,

we have that
| o, T~ ti(@)| | X = aldPx(@) S B+ 0B [0(X) - 1{G(X) > b}
X\Xo(to)
< B <

e Case B: v > 1. Then, E[¢(X)'™7 - 1{¢{(X) > h}] < co automatically satisfies, and

we have that

| o, [T ti(@)l | X =l dPx(a)
X\ Xo(to)

SEY AR E[CX)T 1{h < ((X) < 1o}
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+ 1 E[C(X)" - 1{(X) > ro}]
(xi) L 4 .
SET Y (2R)' T Px (PR < ((X) < 2ThR) + W0
=0
(xii) In
5 ﬁw+1 + ﬁz 2j(1—’Y) . (2j+1ﬁ)w + n
j=0

< pett (1 + iﬁ:y(wﬂ—v)) + 1,
j=1
where 79 > 0 is defined in Assumption 6.14, (xi) applies the dyadic upper bound with J; the
largest integer such that 27771 < 1y, and (xii) leverages Assumption 6.14.

Now, when 0 < w < y—1, we know that Z}]L 27(@+1=7) is bounded. When w = y—1, then
Z‘j]il 20@H1=7) = J, =< |log A|. When w > v — 1, we know that Zjil 20(wH1=7) = (%O)WH_W.

As a result, we obtain that

/ Eqv, [IT - te(@)| | X = 2] dPx ()
X\Xo(to)

Jh
S ﬁw-‘rl (1 + ZQj(w-‘rl—'y)) + B

j=1

)

et 4+ my when 0 < w <y — 1,
S § Rl log Bl + B when w =~ —1,

hett [1 + (%)wﬂﬂ} +h  whenw >~y —1,
\
(

hetl when 0 < w <y —1,

= § h"|logh| whenw=r~vy—1,

Y when w > v — 1.

\

Summarizing all these cases, we conclude that

(

O (k") when0<y<lory>1, w>~vy—1,
/ Eq,.,, ([T —t5(z)| | X = ] dPx(x) = ¢ O("|logh|) when~y>1, w =~ —1,
X\Xo(to)

O(h=+1) when vy > 1, 0 <w <y —1,

\
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The result thus follows. O

Remark E.2. The proof of Lemma E.1 also yields analogous bounds for the r-th moment
with v > 0 being an integer. Under the same assumptions in Lemma FE.1, and assuming in

addition that E [((X) 07 - Li(x)>r0}] < 00, we obtain the following rates as i — 0:

;

O(R™) when 0 <y <1lory>1, w>r(y—1),

/ Eq,., [T —t5(x)|" dPx(x) =  O(H|logh|)  when v > 1, w=r(y—1),
X\Xo(to)

O(htv) when v >1, 0 <w <r(y—1).

\

Proof of Theorem 6.10. By the definition of my(te) = E [V (@%)] under (6.26) and Assump-

tion 6.2, we know that

_ B . n(t;to, h) - prix (t|) -
ot = [, [ 00 [ ) )
:/ / u(t,:r:)[ K (5) prx(tlz) ]dthX(a:)
J0(10) JT (@) K (45t t“) prix(ulz)d

Term I

N (t to) pT|X(t|w) .
/X\Xm)/ u(t, [J} R () o ]dthXU.

J/

Term II
e Term I: Fix x € Xy(tp) on which Assumptions 6.12 and 6.13 hold. Under Assump-
tion 6.13, there exists a neighborhood (tg—é€g, to+€9) C T (x). Let gm(t) = u(t, ) -prix (t|z).

By the change of variables ¢t = t, + hu, we know that Term I = [, Xt m) dP x (x), where

Ap(x) = / G (to + hu) K (u)1{ty + hu € T (x)} du,
Ba() = /]R prix (to + hu) K (w)L{te + hu € T(@)} du.

Now, Condition 6.2 implies that as A — 0, f|u|>€0/ﬁ

WulK(u)du = o(h?) for j =

0,1,2.  In particular, the contribution to Ax(x) from |u| > is bounded by

>|8



344

Pmax M () f|u|>€o/ﬁ K (u) du, whose integral over x is o(h*) by Assumption 6.13(b). Ad-

ditionally, the corresponding tail contribution to Bj(x) is bounded by ppax f| K (u) du.

u|>eg/h

Hence, we can focus on |u| < ¢, and both ¢ — g,(t) and t — prx (t|x) are twice continuously

differentiable by Assumption 6.13(a). By Taylor’s theorem,
h*u? 0*
5 8t2gw(t0) + B2uPrg p(u, ),

82
5 atsz|X(t0|iB) + ﬁ u Tp, ;L(U CU)

0
gz(to + hu) = gz(to) + hu — 9 ~9z(to) + ——

0
prix (to + hu) = prix (to|z) + hu apT\X(tdm)

where, for every fixed (u,x), ryu(u, @), rps(u, ) — 0 as b — 0, and both remainders are
uniformly bounded. Since u?K (u) is integrable, dominated convergence, together with the

moment conditions in Condition 6.2(a), yields

K9 ﬁQ 82 Ko ﬁ2 82

Ap(x) = galto) + —— 5 atQQm(to) +ran(®), Bu(x) = prx(tole) + 5 @tQPT\X(tde) + (),

where
/ ran(@)|dPx (@) = o(F?), / irpa(@)|dPx (@) = o(F?).
Xo(to) Xo(to)

Furthermore, for all sufficiently small A, By(€) > pmin f| K(u)du =: ¢g > 0 uniformly for

u|<1

some constant ¢g > 0. The bounded derivatives in Assumption 6.13(a) also give Bj(x) —

prix (tolx) = O(A*) uniformly. Hence,

Ap(z) Kol g—;gm(to) gm(t())g—;]?ﬂx(tdm)
= t ,w + — + T 3 €T ,
By(x) ulto, @) 2 | prix(tolx) prx (to|x)? ()

where f%(to) [rr5(2)|dP x (x) = o(h*). Because g5(t) = p(t, @) - prix (t|x),

92 52 2
at2gm(t0) gm<t0)at2pT|X(t0|w) d 9 9
pT|X(t0|CC> pT|X(t0|CU)2 (9152”( 0,33) 815“( O,w) 8t ngT‘X< O‘w)

Integrating over Xy(to) therefore gives that

Term I = / w(to, ) dP x ()
Xo(to)

Ko li? 0° 0 0 2
N /X (o {aﬂ’“‘“@"”)“wm)'alogpm@'fc)!t:to] dPx (x) +o(1?),

(. 4
g

:Aint (ﬁ)
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where kg = [, WK (u) du < oo.

e Term II: Under positivity at o, to € 7 (X)) almost surely, so Px (X \ Xy(tp)) = 0 and
Term II is equal to zero.

Now, we consider the general case when the positivity condition is violated and the kernel

function satisfies Condition 6.2. For those & € X'\ Xy(to), we know from Lemma E.1 that

Term IT — / p(th(x), x) dP x(x)
X\XO to

(5) - prix (tl)

/X\XO (to) / e [ (“;f()i - prix (ulx) d ]dtdpx(‘”) _/X\Xo(to) p(ty(x), z) dPx ()
/X\Xo(to / — p(ts(x), )| Qo (dt|x)dP x (x)

111

<L [ Bay, (T ti(a)] | X = al dPx(a)
X\ Xo(to)

O (k") when0<y<lory>1, w>vy—1,

= 4 O(R"|logh|) when~y>1 w=7vy—1, ;

O(hvT1) whenvy>1, 0 <w <y —1,

\

where (iii) follows from Assumption 6.13(c) and (iv) applies Lemma E.1.

In summary,

n(to) = /X o) dPx(a) + / W(E5(@), ) dP x () + Aung (1) + Aoy (),

R X\Xo(to)

~
Projection Term

where

IiQhQ

52 0 0 2
A () = 5 /XO o [@u(to,w) + ZEM(t,a:) 5 long|X(t|a:)‘t:tO] dP x (x) + o(h?),

and
4

O (h") when0 <y<lorvy>1, w>~vy—1,

|Aproj(R)] = O(h"|logh|) wheny>1, w=7vy—1,

O(h=t1) when v >1, 0 <w<~vy—1,

\

where v > 0. The result thus follows. O]
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E.7 Proof of Proposition 6.12

The proof of Proposition 6.12 relies on the following critical lemma, which establishes an
h-dependent lower bound for the variance of the efficient influence function of our target
parameter my(t) for any fixed tilting parameter A > 0 and an upper bound for a local least
favorable submodel supported on an interior set Ag(ty) for the target level ¢y defined in

Assumption 6.15.

Lemma E.2. Suppose that Assumption 6.15 and Condition 6.2 hold. Then, there ezists
ho > 0 such that, for every 0 < h < hy,

0-r2nin * Pmin ° Px (Ao(to)) ' f_ll K2(U) d
Ah - P

U 1
Vett iy, (to) > 2 7

where Ao(ty) is a measurable set defined in Assumption 6.15(a). Furthermore, we have
2B2. . - Pmax ffooo K?(u) du
2
h- p1211in [f_ll K(U) dU:|

Proof of Lemma E.2. Recall from Proposition 6.11 that the nonparametric efficiency bound

qu,to (T|X>
p2T|X (T'1X)

1
E - Var (YT, X) - Tixea(to)} Sz

for my(to) for any fixed A > 0 is given by

B {]% (Var (VIT. X) + [u(T. X) ~ Eo, (u(T. X)|X)]") }+Var {Eqy, W(T, X)X}

We first derive the uniform upper and lower bounds for [~ K (52) prix (t|2) dt on Ay (to).
By Assumption 6.15(a), for Px-almost every @ € Ay(to),

t—1t t—t
T ﬁ |t—t0|§€1 ﬁ

= pminﬁ/ K(u)du
lu|<e1/h

1
> pminﬁ/ K(u)du
-1

when h < €;. For the upper bound, we split the integral and derive that

/K(t_to)pﬂx(tlm)dt:/ K(t_t°>dt+/ K(t_t‘))dt
T ﬁ \t*toléﬁl ﬁ ‘t7t0‘>€1 ﬁ
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Spmaxﬁ/ K(u)du+ sup K(u)
lu|<e1/h

|u|>e€1 /R

S pmaxﬁ + O(h)a

where we use the exponential tail bound in Condition 6.2 to argue that sup, ., s K(u) =

o(h). Thus, there exists fig € (0, €1) such that for every 0 < i < hy,

t—1t
/ K ( °) prix(t) dt < 2puaxh
- h

for P x-almost every @ € Ay(ty). Similarly, we can derive that

/ K? (t _ﬁt0> prix (t|x) dt < 2pmaxﬁ/ KQ(U) du
T R

for every 0 < h < hy and P x-almost every & € Ay(to).

e Lower bound: Note that

i, (T X)) 2

E ;to = (T, X) —Eq,, (u(T,X)[X)]"p >0 and Var{Eq,, [u(T,X)X]}>0.
pT|X( | X)

Hence, the nonparametric efficiency bound for my(g) is lower bounded by

qg,to (T|X)

Vettmy (to) 2 E | 57—
" p%“|X(T|X)

- Var (YT, X)

By Assumption 6.15(b), we may restrict the expectation to {X € Ay(to), |T' — to| < €1} and
obtain that

~ 2 qhto( |X)
Vettmy (to) > 0y - E pT|X(T|X) -1 {X € Ao(to)}

> .E |t t0|<61 ( )pTIX tla) di

1{X € Ao(to)}]

o) prix (t|x) dt]
. (B=te) dty
Z p;nm AO t(] t1 t()|<61 h ) Ao(to)
Prax u to) dU}
Z mm * Pmin * PX AO tO )

4h’pmax 7

where the last inequality uses our bounds for the integrated kernel function above
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e Upper bound: By Assumption 6.15(b), |Y| < Bpax almost surely, and hence,

Var (Y|T,X) <E (Y*T,X) < B

ax  almost surely.

Furthermore, we know that

Ginto(T1X)

E
p2T|X(T|X)

- Var (Y‘T, X) -1 {X € A0<t0)}]

fT(X) K2 (52 - prix (6] X)) diy

<B2 .E 5 - 1{X € Ay(to)}
[fT(X) K (*52) - prix (u|X) du}

max

Bfnax * Pmax E LoJruﬁeT(X) K 2(“) du
2
pmin
h [LoJrvﬁeT(X) K(v) dv]
2B2 " Dmax ffooo K?(u) du
h - p? [fel/h K(v)alv}2
pmin —e1/h

2B2 . Dmax f_oooo K?(u) du

Bop? [ffl K(v) dv} i

IN

5 1 {X € Ao(to)}

—
=

when A < €, where (i) follows from our previous calculations on the integrated kernel

functions restricted to & € Ay(to) satisfying Assumption 6.15(a). The result thus follows. [

Proof of Proposition 6.12. The proof relies on Lemma E.2 and Le Cam’s two-point method
(Tsybakov, 2008). Specifically, the calculations in Lemma E.2 imply that there exist con-

stants 0 < C_ < Cy < oo and hy > 0 so that

c. _ [ a4, (T1X) Gy
=< ’()—.Var<Y‘T,X)-]1{XE.A0(t0)} < —
1) p%|x(T|X> f
o2 S K2(w) du : w) au
with O — TP Px(fgz(to)) [t K2 () d and O, = 2Bﬁ;ax pmlax Jo K%( ld
Pmax Phin [f—l K(’U) d’l)]

Let Py, Py be the null and alternative distributions in P such that Py = ®,F; and
P, = ® ,P);. Here, we define the density functions of P and Py; by

po(y, t,x) = p(ylt, =) - prix (t|x) - p(x),
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pi(y.t, ) = {p(ylt, @) [1 + €& - bnso (.1, )] }prix (t) - pl(),

where €, € R is sufficiently small and ¢y, (y,t, @) = ]ng;_m [y — pu(t,x)] - 1{x € Ay(to)}
under Assumption 6.15. Notice that we can also replace [y — u(t, x)] with any bounded,
mean-zero conditional score function in ¢4, (y,t, @) for p; to be an eligible density function.
We denote our target parameter my(to) under distributions Py and Py by my;(Po;tg) and
myu(Py;tg), respectively.

By Le Cam’s two-point method (Theorem 2.2(ii) in Tsybakov 2008), we know that if the
Hellinger distance H?(Pg, P1) < a < 2 and my(Py;to) — mu(Po; o) > s > 0, then

a(l——a/4)]
5 .

s2[1—
1nf sup Ep [m(to) — mﬁ(t())]Q > — [
mi(to) Pep 2

Thus, it remains to find a lower bound for the functional separation my(P1;t) — my(Po; to)
as s and an upper bound for the Hellinger distance H?(Py,P;) as a.

e Lower bound for m;(Py;ty) — mu(Po;t): Since E [¢p, (Y. T, X)] = 0, we know that
po(tlx) = pi(tlx) = prix(t|z) and po(x) = pi(x) = p(x) for any (t,x) € T x X. Now, we
evaluate the functional separation between my(ty) := my(P;to) under distributions Py, Py
and the kernel-smoothed tilted intervention (6.26) as

K (bsh) t s
mu(Py;to) — myu(Po; to) = ///y £p1t((]y, v®) — poly,h, @) dydtdx

)pT|X(u|az) du

K tl to t t
_ ///y ¢mo(y, L) - py, t, ) Ayt dz

)pT|X(u|:I:) du

t - ta ’ 7t7
:%///mqm1@[yuhwﬂﬂy1@@%w

p%x(tl |z)

t t ) : 7t )
_ ///qmo ) [y — plt, ) - ply, tr, ) dydt,da
pT|X(t1|w)

T\ X
—¢,-E [M - Var (Y|T, X)

P2T|X(T’X)
€, - C_
ﬁ Y

>

where the last inequality follows from our calculations in the proof of Lemma E.2.
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e Upper bound for H?(Py,P;): By Eq. (2.27) in Tsybakov (2008), we know that
H?(Py,P1) < x?*(Py,Py). Furthermore, for product measures Py = @ ,Py; and P; =
@7, Py;, we know from Section 2.4 of Tsybakov (2008) that

x*(Po, P1) H 11+ x*(poi pro)] — 1.
1=1

Each of these x? divergences x%(poi, p1;) can be bounded above as:

?(poi» p1s) ///pl Yoty d ydt de — 1
Do yatlv
= / / /p(y,tl, Q’J) [1 -+ [ Qbﬁ,,to (y, tl, 33)]2 dydtlda: -1
///¢ﬁt0 yath (yatla )dydtldw

—
—
=

t t? ,t, ]]- EA t
///q (o) Iy~ @) plytr2) 1 {m € i)},
pT\X(t1|w)

Gty (T1X)
= E|—— - Var (Y|T,X) - 1{X € Ay(t

p%|X(T|X) ( | ) { O( 0)}
(iii) 9 C’+
=0

where (i) uses the facts that [, [ [, p(y,t1, @) dydtide = 1 and [, [ [}, ¢neo(y, tr, ) -

p(y, t1, ) dydt;de = 0, (i) applies our calculations in the previous display, and (iii) leverages

Lemma E.2. Thus,

log {H [1+ x*(poi, pri) } = Zlog (14 x*(poi, p1:)]
=1

=1

ﬁn.log(l—i—e C;;)

where we use the inequality log(1 + z) < x for all x > 0 to obtain the last inequality. Thus,
X*(Po, P1) = [Ti2, [T+ X*(Poi, p1i)] — 1 < o as long as

ne . % <log(1+ «)
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for some o < 2, which holds when €2 < OgSTJT‘)'h. Hence, we set ¢, = %}Sﬁ"r)'h so that

€, C_
mp(P1;to) — mu(Posto) > 5
C_ [log(l1+a)-h
h 2nC+
log(1 + )
2nhC+
Plugging these results back to the minimax lower bound, we obtain that
C?*log(1+a) |1 —+/a(l —a/4)
inf sup Ep [my(t my(to)]? > — )
i (to) PEE), P [n(to) = mato)]” 2 2Cnh 2
The result thus follows. ]

E.8 Proofs of Theorem 6.13 and Corollary 6.14

Proof of Theorem 6.153. Under Assumption 6.2, we know from (6.29) that

Fin(to) — )
- P, {Z% {Y—/Tﬁ(thX)-aﬁ,m(tﬂX)dtl} +[rﬁ(t1,X)-c?hyto(tﬂX)dtl}
| [ w1, X0 g ) ]

(IED —P) @4y (Y, T, X5 pT|X) +P [Prie, (Y, T, X 11, Drix) — Prigo (V. T, X5 1, prx )|
Term I Term II
+ (Pr = P) [®hso (V. T, X5 10, Bryx) — P (V. T, X5 [, pryx) |
Ter?anII
where @, (Y, T, X; 11, prix) = % Y — [, X) - Gro (0] X) dty ] + [ 7y, X) -
Gt (t1] X)) dty.

For any fixed #h > 0, we know from Proposition 6.11 that
Var [\/ﬁ (P, — P) @5, (Y, T,X;ﬁ,pﬂx)} = Vesrm,(to) with p replaced by g in the ex-

pression. As a result,

n

~ Vett,my (£
Term I = (P, — P) ., (Y, T, X: i, prix) = Op ( ff_(o)) |
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It remains to show that the remainder terms are of order op ( VeffmTﬁtO) for any fixed

to € T in Section E.8.1 and Section E.8.2. Finally, we shall also derive the asymptotic

normality of m;(to) (or equivalently, Term I) in Section E.8.3.

E.8.1 Analysis of Term II for my(to)

Since P®;,, (Y, T, X; i1, prix) = mu(lo), we can calculate that

Term I1

_E {]% [Y - /T,ml, X) - G (11| X) dtl} }

+E {/ [t X) - Qi (1] X) dty — / pu(t, X) 'in,to(t1|X)dt1}
T T

i (55 -
{f’r ( )pT|X(u|X) du { (T, X) - /T/‘(tl?X) - Qg (011 X)) dtl]}

+E {/T 1t X) - Qo (81] X)) — pulte, X)) - G (11| X)) dt1}

u—to
P X)du
fT ( —to) TIX( ulX) 1 [/ M(h,X)'Qh,to(tﬂX)dtl_/
fT ( )pTIX( | X)) du T T
Since §u7£) ‘ ‘ﬁT|X(t|X) _pT|X(t|X)HL2 = OP(l) and iu712 Hﬁ(taX) - ﬁ(t7X)|’L2 = OP(1)7 we
€ €
know that ppx(t|x) satisfies Assumptions 6.15(a) and that 7i(¢, ) is bounded above with

Lty X) - Gy (1] X) dtl} } .

probability tending to 1 as A — 0 and nh — oo. Hence, for any fixed to € 7 and X € X,

|Gn,to (811 X) = Gito (11] X))

K(tl tO)PT|X(t1’X) (tl to)]/?\ (1|1 X)
J7 K (%52) prix (u| X) du K (*5%) prix (u|X) du
K (559 [prx (f,] X) — ﬁT|X(t1|X)} K (%5%) Prix (1] X) J7 K (*45%) [Prix (ulX) — prix(u|X)] d

| >

f K (52 prx@lX)du [ K (55 oy (ulX) du] [ K (552) pric (ulX) du]
< sup [prix (1) = prix (11 X))

Therefore, we can upper bound Term II as:

Term I1



353

— E{ fTK (%) [pT\X(U|X) —ﬁT\X(u|X)} du
J7 K (*552) Prix (u] X) du

X [/TMtl’X) (@10 (t1] X)) = Grgo (1] X)] dt1+/

[(ty, X)) — 1i(t, X)) G, (1] X) dh] }
-

()
< sup ||Pryx (11 X) — prix (41 X)] |, {Sup 17(t, X) = u(t, X[, + sup |[Pryx (1 X) — pT|x(t\X)HL2]
teT teT teT

by our assumption, in which (i) implicitly uses the Cauchy-Schwarz inequality.

E.8.2 Analysis of Term III for my(to)

First, we know that

qDﬁﬂfO (Y7 Ta X7 //Ia l/)\T|X7 a\ﬁ,to) - q)ﬁ,t() (Y7 Ta Xa ﬁ) pT\Xa qﬁ,to)

Qto(T|X)  qnio (T]X) /A N /~
= ’ — — Y t1, X) - t| X)) dt; — t1, X) - t1|X) dt
|:]/9\TX(T’X) pT|X(T|X) + ’7’”( 1, ) qii,to( 1| ) 1 7’”( 1, ) Q?i,to( 1| ) 1

vV v
Term IIla Term IIIb

ol 2 [ Bull) [ 5, ). g
_ t1. X) - 1 X)) dty — 220 7 1. X) - Gy (41| X)) dty
?T\X(TlX) T/JJ< b ) qﬁ’tO( 1| ) 1 ]/)\T\X(T|X) TIU’( 1, ) qf,to( 1| ) i

~
Term IIlc

J/

+

We then compute the upper bounds for the second moments of these three terms as follows.

For Term IIIa, we have that

E [(Term IIIa)?]

_ Gnao(T1X) - prix (T1X) 17 G0(TIX)
—]E{|:Qf7,,to(T|X> Prix (T]X) 11 Prx(T1X) " }

. { (Jr K (45) [prix(lX) = Prixc(uiX0)] du)” _ aho,(71X)
L7 K (“5) Prix (ul X) du] Prx (T1X)

2
(i) E [fR K (v) [prix (to + vh| X) — Prix (to + vh| X)] ]l{tﬁ”heﬂx)mﬂx)}dv}

< 2
[IR K(v) - prix(to +vh|X) - Loy onerx) d”}

-E(Y3|T, X)}
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< E {pq—gi(?gf)) Var(Y|T, X)}

(iii)
< sup |[Brix (t1X) — prix (11X [} - Vettmy (to)
teT

= op (Ve (t0)) ,

where (ii) applies a change of variables while (iii) utilizes our boundedness condition on K
and Assumption 6.15.
Similarly, for Term IIIb, we know that

E [(Term IIIb)’]

:E{Mﬁ(tl,x)@n,to(tl!X)dtl—/Tﬁ(th)'q’i’“’(mX)dtlr}

Sy i, X) - K (55)  Prx (0| X) dty [ ji(h, X) - K (95
fTK( 0)pT|X(u]X)du fTK( t

=K
_ fR to + uh, X) K( ) ﬁT\X(tO + Uﬁ|X) . ]l{to+uh€T(X)}du
Jo K(v) - prix (to + vh| X) - Ly oner(x)1dv
) -

 Jefilto + uh, X) - K () - prix (to + uh| X) - L uner(x }du] }

) . prix (1] X) dtl]
) PT|X(U\X) du

fR ( ) pT|X(t0 + vﬁ‘X) ]1{t0+vﬁ67’ }dU
2
S [SUP HﬁT\X(t’X) _pT|X(t|X)HL2 + sup ||7(t, X) — ﬁ(t>X)||L2]
teT teT
= Op(l).
Finally, for Term IIlc, we have that

E [(Term Ilc)’]

o [oe@X) [ CaalTX) [ :
_E{[pﬂxmx)/ﬂ(tlx) Gn.to (1] X)) dty pTX(T|X)/7’M(t17X) qﬁﬁto(mx)dtl} }

=E M [/ ﬁ(thX)'Z]\ﬁ,to(tﬂX)dh—/ﬁ(thX)'%,to(t1|X)dt1r
pT|X(T|X) T T

o (T1X) Gt (T]X) 2ror o - 2
-i-E{L?TX(TLX) ]/Q\T|X(T|X):| {/TN(U,X) qr,,7t0(t1|X>dt1:| }
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(iv) R R B 2
S |sup ||Prix (X)) — prix (¢1X)] |, + sup |[72(t, X) — (t, X)||, | Vett.m, (fo)
teT teT
= op (Vetrm, (to)) »

where (iv) follows from our previous calculations for Term ITTa and Term IIIb.

Therefore, by Markov’s inequality, we conclude that

Term III = (]Pn - P) [q)ﬁ,to (K T, X1, ]/)\TIX) — Qi (Y: T, X 1, pT\X)}

_ o, \/]E [(Term III)Q] s ( %H7mﬁ(t0)) .

n n

E.8.3  Asymptotic Normality of my(to)

To establish the asymptotic normality of my(ty), it suffices to verify the Lyapunov or Linde-
berg condition as in Theorem 4 of Schindl et al. (2024). Specifically, we have already shown

at the beginning of the proof and subsequent subsections that

n
— [ Mn(to) — Mt
i [alto) = )
O (YT, X 1, , 1
— \/ﬁ (]P)n - P) r,to( /’L pT|X qﬁ7t0> + OP
Vest my (to) n - Vegtm, (o)

(I)h,to (K T7 Xa ﬁa pT|Xa in,to)
‘/eﬂ,mﬁ(tﬂ)

— /n (P, — P) +op(1)

. ~ sto (T X ~ ~
with (I)ﬁ,to(KTaX;:u7pT|X) = % [Y_f']‘,u(tlux) 'Qﬁ,to(tl‘X) dtl} + f’]‘“(thx) ’

Qnto (t1] X)) dty. Tt suffices to show that for any € > 0,

1O N )
llm _ZE |:(bﬁ7t0(}/;,7_;7X“/J¢,pT|X) ﬂ{“bﬁyto(yyi,Ti,Xi;ﬁ,pT|X)‘>€Sn}:| = 07
=1

n—00 s% '

where s2 = > | Var [®,,(Y:, Ti, Xi; 1, prix )| = 1+ Vem, (o)
Notice that

i 2
E |:(I)ﬁ’t0 (}/” T, Xi’ M’pT|X> ]1{|'1)h,,t0(Yini7Xi§ﬁ7pT\X)|>€5n}
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<E |:(I)ﬁ,to Vi, Ti, Xi; 11, pryx)°

]l{"Pfi,to(YivTi7Xi§l~/»7pT|X)‘>Cle n-Vett,my, (t0) } | 2
where the constant C; > 0 is specified in the lower bound for Vg g, (fo) in Lemma E.2.

Additionally, we can bound ‘(I)h,to (Y, T, X 11, prix» qntO)‘ as:

@ (V. T, X 11, prix) |

qﬁto T|X
PrIX prix (T X)

[Y A(t1, X) - qng (t1]X) dt1}
-

+ / it X) - sy (0] X) dty
i

< Cy - Vg my (to) + Cs,
with probability 1 by Assumption 6.15 for some absolute constants Cs, C'3 > 0. Therefore,
— 2
E |:q)ﬁ,t0 (Y;, ﬂa Xi7 2 pT|X) ]l{‘(pﬁ’to (H,Ti,Xi§ﬁ,PT|X)‘>esn}:|

L~ 2
<E [q)ﬁ,to(}/;7ﬂ7 X lhpT\X) ]1{02.\/&Hymh(t0)+cg>cle\/§}]

and

]l{CQ'Veff,mﬁ(to)+Cs>016\/n Vett,my, (to) } —0

as Ve m, (to) = 00 when n — 0o, h — 0, and Veg s, (t9) = o(n). Finally, we also know that
o~ 2
5_2 Z (Dﬁ,to (Y;, T‘i? Xia H, pT|X) ]1{‘(Dﬁ7t0 (Yi,Ti,XuﬁapT\X)|>€ Sn}
noi=1

1 < B
<2 > Puto (Vi T, X 11, prix)°

n =1
and E [s% St P (Vi Th, X3 i, prix)?| = 1 < oo. Thus, by the dominated convergence

theorem, we establish that

nh—>r{olo 8_2 Z]E [q)ﬁ to (Y;, ﬂ? X’L? s pT|X) 1 i i;ﬁ,pT‘X)|>esn} =0
as n — oo and A — 0 with Vig s, (to) = o(n).
Hence, the Lindeberg condition holds, and we have that
n . _ d
—— [mu(to) — ma(to)] = N(0,1) (E.13)
‘/eff,ﬁ’bh(to)

as n — oo and h — 0 with Veg 5, (o) = o(n). The proof of Theorem 6.13 is thus completed.
[l
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Proof of Corollary 6.14. Under the assumptions in Theorem 6.10 and Theorem 6.13,

we know from Theorem 6.10 that the bias term of my(ty) as A — 0 consists of

two parts: Ay(h) and Apej(h).  We also know that m[ﬁlh(to) —my(to)] =<
eff,mp

m [mﬁ(to) — mo(to)] as long as

n

Vi iy i) + By ()] = 0.

The result thus follows from Theorem 6.13 and our conditions in the corollary statement. [
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