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In this work, we explore and exploit the use of di�erential operators on manifolds -

the Laplace-Beltrami operator in particular - in learning tasks. In particular, we are

interested in uncovering the geometric structure of data (unsupervised learning) and

in exploiting information contained in unlabelled data for regression and classi�cation

tasks (semi-supervised learning).

First, building on the Laplacian Eigenmap and Di�usionmaps framework, we pro-

pose a new paradigm that o�ers a guarantee, under reasonable assumptions, that any

manifold learning algorithm will preserve the geometry of a data set. Our approach is

based on augmenting the output of embedding algorithms with geometric information

embodied in the Riemannian metric of the manifold. We provide an algorithm for es-

timating the Riemannian metric from data, consider its consistency, and demonstrate

possible applications of our approach in a variety of examples.

Second, we extend the idea of learning the geometry of the data to improve the

performance of prediction tasks. From a statistical point of view, this means dealing

with data that are locally collinear, but where the global relationship between the

covariates is non-linear. We do this by combining the Matérn Gaussian process - a

�exible and easily interpretable Bayesian non-parametric regression model - with the

Laplace-Beltrami operator, which embodies all the intrinsic geometry of the mani-





fold. This yields a principled geometrical approach for learning tasks on the intrinsic

geometry of the manifold.

Finally, we turn to the problem of setting the hyperparameters used to construct

the graph Laplacian, the highly prevalent non-parametric estimator of the Laplace-

Beltrami operator. Speci�cally, we study the problem of setting ε, the kernel band-

width, to construct the graph Laplacian for Euclidean data - a parameter that, ac-

cording to our results, has a material impact in both the unsupervised and semi-

supervised learning context. We exploit the connection between manifold geometry

and the Laplace-Beltrami operator so as to obtain the hyperparameters for which the

graph Laplacian best captures the geometry of the data.
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Chapter 1

INTRODUCTION
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In this work, we explore and exploit the use of di�erential operators on manifolds

- the Laplace-Beltrami operator in particular - for uncovering the structure of data

(unsupervised learning) and for exploiting information contained in unlabelled data

for regression and classi�cation tasks (semi-supervised learning).

The need for uncovering the structure of data often arises in cases where the data

is very high-dimensional. Such data is typically processed with feature selection,

such as Lasso-based regularization. However, in the presence of local collinearity, this

approach tends to fail (Aswani et al. [2011]). Since collinearity is a geometric concept

that is equivalent to having predictors on manifolds, manifold learning is much better

suited to dealing with such data.

In that framework, the data is assumed to lie on or close to a low-dimensional Rie-

mannian manifold embedded in the high-dimensional space. The task then becomes

to recover the low-dimensional manifold so as to perform further statistical analysis

with respect to the low-dimensional geometry of the data.

Manifold learning has been applied extensively to this problem, yielding numerous

algorithms of varying degrees of complexity for embedding the data. These algorithms

share two important shortcomings: 1) they fail to recover the intrinsic geometry of

the manifold in many instances (i.e. they do not preserve important elements such as

the distance between points) and 2) no coherent framework yet exists in which they

can easily be compared and selected for a given application (Goldberg et al. [2008],

Wittman [2005, retreived 2010]).

Our work on the Laplace-Beltrami operator helps us address these shortcomings.

Indeed, in Chapter 2, our key contribution is to establish a correspondence between

the Laplace-Beltrami operator and the geometry of the embedding. This allows us to

use the operator on any embedding of the data to estimate the local distortion of the

original Riemannian metric. This local distortion, in turn, allows us to to evaluate

either how the embedding modi�es the geometry of the original manifold or how it

di�ers from other embeddings in its e�ect on that geometry.
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In Chapter 3, we exploit the fact that stochastic partial di�erential equations

based on the Laplace-Beltrami operator can be used to de�ne the popular Matérn

Gaussian �eld on the manifold to introduce geometrically motivated non-parametric

Bayesian regression or, equivalently, geometrically motivated kernel regularization. In

so doing, we combine some of the techniques that have been developed independently

in the arenas of semi-supervised and supervised learning.

In supervised learning, the Matérn covariance function and its properties are well

understood, and its parameters can be ascribed clear meanings and uses (length scale

and smoothness), leading to its popularity for spatial statistics and Gaussian Process

Regression. Recent work by Lindgren et al. [2011] highlights that the Matérn Gaussian

�eld is equivalent to a speci�c stochastic partial di�erential equation, which allows

for de�ning a Matérn Gaussian �eld on a known manifold.

We show that work already done in semi-supervised learning - that is to say, ker-

nel regularization with respect to the Laplace-Beltrami operator - can be understood

as a special case of the Matérn stochastic partial di�erential equation. The natural

approach, then, is to extend the Matérn Gaussian process regression to the semi-

supervised setting. Indeed, because the graph Laplacian provides a non-parametric

estimator of the Laplace-Beltrami operator, we possess all the necessary tools to ex-

tend the stochastic partial di�erential equation de�nition of the Matérn Gaussian

�eld of [Lindgren et al., 2011] to input spaces of unknown geometry. Our contribu-

tion in Chapter 3 is thus to bridge the gap between knowledge in supervised and

semi-supervised learning and introduce the Matérn Gaussian �eld to semi-supervised

learning, showing that it allows for a much more elegant and useful interpretation of

the parameters involved.

Finally, in Chapter 4, we exploit the equivalence between the Laplace-Beltrami

operator and the geometry of the manifold to �nd the optimal parameter for the

bandwidth of the graph Laplacian - one of the hyperparameters needed to ensure the

graph Laplacian is a good approximation of the Laplace-Beltrami operator that are
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not easy to learn by cross-validation or other model selection approaches. Improving

on the current technique of simply �tuning� the bandwidth of the graph Laplacian,

we present a new, principled approach to selecting the scale parameter that is based

on the faithfulness to the geometry of the original data. Our approach consists of

choosing the bandwidth parameter that yields the graph Laplacian that least distorts

the Riemannian metric of the original data. The experiments we conduct show that

our principled estimate of the bandwidth leads to improvements in the performance

of regression and classi�cation methods and reduces their computational complexity.
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Chapter 2

LEARNING RIEMANNIAN GEOMETRY
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In this chapter, we consider the unsupervised problem of learning manifolds on

unlabelled data. Unsupervised learning involves a set of n points, P = {x1, ..., xn},
often assumed to be drawn i.i.d. from a distribution π(x) on some sample space X .
The objective of unsupervised learning is to �nd interesting structure in the data -

often some features of π(x), such as its support in X , clusters, quantiles, or outliers.
One form of unsupervised learning is dimensionality reduction. A common tech-

nique for performing this task with large sets of high-dimensional data is Principal

Component Analysis, which assumes that the data lies on a low-dimensional a�ne

space. Since the a�ne space requirement is generally violated in practice, more gen-

eral techniques for non-linear dimensionality reduction have been developed. Most of

these approaches rely on the manifold hypothesis, which assumes that the support

of π(x) lies on or close to a manifoldM⊂ X . Although not all non-linear dimension-

ality reduction techniques are based on the manifold hypothesis, manifold learning

has been a very popular approach to the problem. This is in large part due to the

easy interpretability and mathematical elegance of the manifold hypothesis.

The popularity of manifold learning has led to the development of numerous al-

gorithms that aim to recover the geometry of the low-dimensional manifoldM using

either local or global features of the data. These algorithms are of varying degrees of

complexity, but all have important shortcomings that have been documented in the

literature (Goldberg et al. [2008], Wittman [2005, retreived 2010]). Two important

criticisms are that 1) the algorithms fail to recover the geometry of the manifold in

many instances and 2) no coherent framework yet exists in which the multitude of

existing algorithms can easily be compared and selected for a given application.

It is customary to evaluate embedding algorithms by how well they �recover the

geometry�, i.e. preserve the important information of the data manifold, and much

e�ort has been devoted to �nding embedding algorithms that do so. While there

is no uniformly accepted de�nition of what it means to �recover the geometry� of

the data, we give this criterion a mathematical interpretation, using the concepts of
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Riemannian metric and isometry. The criticisms noted above re�ect the fact that the

majority of manifold learning algorithms output embeddings that are not isometric

to the original data except in special cases.

Assuming that recovering the geometry of the data is an important goal, we o�er

a new perspective: rather than contributing yet another embedding algorithm that

strives to achieve isometry, we provide a way to exploit the Laplace-Beltrami operator

to augment any reasonable embedding so as to allow for the correct computation of

geometric values of interest in the embedding's own coordinates.

The information necessary for reconstructing the geometry of the manifold is em-

bodied in its Riemannian metric, de�ned in Section 2.3. We propose to use the the

Laplace-Beltrami operator to recover a Riemannian manifold (M, g) from the data,

that is, a manifold and its Riemannian metric g, and express g in any desired coor-

dinate system. Practically, for any given mapping produced by an existing manifold

learning algorithm, we will add an estimation of the Riemannian metric g in the new

data coordinates, that makes the geometrical quantities like distances and angles of

the mapped data (approximately) equal to their original values, in the raw data.The

core of our contribution in this chapter is the demonstration of how to obtain the

Riemannian metric from the mathematical, algorithmic and statistical points of view.
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2.1 The Task of Manifold Learning

In this section, we present the problem of manifold learning. We focus on formulat-

ing coherently and explicitly a number of properties that cause a manifold learning

algorithm to �work well�, or have intuitively desirable properties.

The �rst desirable property is that the algorithm produces a smooth map, and

Section 2.2 de�nes this concept in di�erential geometry terms. This property is com-

mon to a large number of algorithms, so it will be treated as an assumption in later

sections.

The second desirable property is consistency. Existing consistency results will be

discussed brie�y in Section 2.1.4 below, and then a more detailed framework will be

presented in Section 2.5.

The third property is the preservation of the intrinsic geometry of the manifold.

This property is of central interest to this thesis.

We begin our survey of manifold learning algorithms by discussing a well-known

method for linear dimensionality reduction: Principal Component Analysis. PCA is

a simple but very powerful technique that projects data onto a linear space of a �xed

dimension that explains the highest proportion of variability in the data. It does so

by performing an eigendecomposition of the data correlation matrix and selecting the

eigenvectors with the largest eigenvalues, i.e. those that explain the most variation.

Since the projection of the data is linear by construction, PCA cannot recover any

curvature present in the data.

In contrast to linear techniques, manifold learning algorithms assume that the

data lies near or along a non-linear, smooth, submanifold of dimension d called the

data manifold M, embedded in the original high-dimensional space Rr with d � r,

and attempt to uncover this low-dimensional M. If they succeed in doing so, then

each high-dimensional observation can accurately be described by a small number of

parameters, its embedding coordinates f(p) for all p ∈M.
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Thus, generally speaking, a manifold learning or manifold embedding algorithm

is a method of non-linear dimension reduction. Its input is a set of points P =

{p1, . . . pn} ⊂ Rr, where r is typically high. These are assumed to be sampled from a

low-dimensional manifoldM⊂ Rr and are mapped into vectors {f(p1), . . . f(pn)} ⊂
Rs, with s � r and d ≤ s. This terminology, as well as other di�erential geometry

terms used in this section, will later be de�ned formally.

2.1.1 Nearest Neighbors Graph

Existing manifold learning algorithms pre-process the data by �rst constructing a

neighborhood graph G = (V,E), where V are the vertices and E the edges of G. While

the vertices are generally taken to be the observed points V = {p1, . . . , pn}, there are
three common approaches for constructing the edges.

The �rst approach is to construct the edges by connecting the k nearest neighbors

for each vertex. Speci�cally, (pi, pj) ∈ Ek if pi is one of the k-nearest neighbors

of pj or if pj is one of the k-nearest neighbors of pi. Gk = (V,Ek) is then known

as the k−nearest neighbors graph. While it may be relatively easy to choose the

neighborhood parameter k with this method, it is not very intuitive in a geometric

sense.

The second approach is to construct the edges by �nding all the neighborhoods

of radius
√
ε so that Eε = {1[||pi − pj||2 ≤ ε] : i, j = 1, . . . , n}. This is known as

the ε-neighborhood graph Gε = (V,Eε). The advantage of this method is that it is

geometrically motivated; however, it can be di�cult to choose
√
ε, the bandwidth

parameter. Choosing a
√
ε that is too small may lead to disconnected components,

while choosing a
√
ε that is too large fails to provide locality information - indeed, in

the extreme limit, we obtain a complete graph. Unfortunately, this does not mean that

the range of values between these two extremes necessarily constitutes an appropriate

middle ground for any given learning task.

The third approach is to construct a complete weighted graph where the weights
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represent the closeness or similarity between points. A popular approach for con-

structing the weights, and the one we will be using here, relies on kernels Ting et al.

[2010]. For example, weights de�ned by the heat kernel are given by

wε(i, j) = exp

(
− ||pi − pj||2

ε

)
(2.1)

such that Ewε = {wε(i, j) : i, j = 1, . . . , n}. The weighted neighborhood graph

Gwε has the same advantage as the ε-neighborhood graph in that it is geometrically

motivated; however, it can be di�cult to work with given that any computations have

to be performed on a complete graph. This computational complexity can partially be

alleviated by truncating for very small values of w (or, equivalently, for a large multiple

of
√
ε), but not without reinstating the risk of generating disconnected components.

However, using a truncated weighted neighborhood graph compares favorably with

using an ε′-neighborhood graph with large values of ε′ since the truncated weighted

neighborhood graph Gwε - with ε < ε′ - preserves locality information through the

assigned weights.

Though we merely allude to the importance of selecting the bandwidth
√
ε here,

we will discuss it at length in Chapter 4.

In closing, we note that some authors distinguish between the step of creating the

nearest neighbors graph using any one of the methods we discussed above, and the

step of creating the similarity graph (Belkin and Niyogi [2002]). In practical terms,

this means that one can improve on the k nearest neighbors graph by applying the

heat kernel on the existing edges, generating a weighted k nearest neighbors graph.

2.1.2 Existing Algorithms

Without attempting to give a thorough overview of the existing manifold learning

algorithms, we discuss two main categories. One category uses only local information,

embodied in G to construct the embedding. Local Linear Embedding (LLE) (Saul

and Roweis [2003]), Laplacian Eigenmaps (LE) (Belkin and Niyogi [2002]), Di�usion
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Maps (DM) (Coifman and Lafon [2006]), and Local Tangent Space Alignment (LTSA)

(Zhang and Zha [2004]) are in this category.

Another approach is to use global information to construct the embedding, and

the foremost example in this category is Isomap (Tenenbaum et al. [2000]). Isomap

estimates the shortest path in the neighborhood graph G between every pair of data

points p, p′, then uses the Euclidean Multidimensional Scaling (MDS) algorithm (Borg

and Groenen [2005]) to embed the points in s dimensions with minimum distance

distortion all at once.

We now provide a short overview of each of these algorithms.

• LLE: Local Linear Embedding is one of the algorithms that constructs G
by connecting the k nearest neighbors of each point. In addition, it assumes

that the data is linear in each neighborhood G, which means that any point

p can be approximated by a weighted average of its neighbors. The algorithm

�nds weights that minimize the cost of representing the point by its neighbors

under the L2-norm. Then, the lower dimensional representation of the data is

achieved by a map of a �xed dimension that minimizes the cost, again under

the L2-norm, of representing the mapped points by their neighbors using the

weights found in the �rst step.

• LE: The Laplacian Eigenmap is based on the random walk graph Laplacian,

henceforth referred to as graph Laplacian, de�ned formally in Section 2.4 below.

The graph Laplacian is used because its eigendecomposition can be shown to

preserve local distances while maximizing the smoothness of the embedding.

Thus, the LE embedding is obtained simply by keeping the �rst s eigenvectors

of the graph Laplacian in order of ascending eigenvalues. The �rst eigenvector

is omitted, since it is necessarily constant and hence non-informative.

• DM: The Di�usion Map is a variation of the LE that emphasizes the deep
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connection between the graph Laplacian and heat di�usion on manifolds. The

central idea remains to embed the data using an eigendecomposition of the

graph Laplacian. However, DM de�nes an entire family of graph Laplacians, all

of which correspond to di�erent di�usion processes onM in the continuous limit.

Thus, the DM can be used to construct a graph Laplacian whose asymptotic

limit is the Laplace-Beltrami operator, de�ned in (2.3), independently of the

sampling distribution of the data. This is the most important aspect of DM for

our purposes.

• LTSA: The Linear Tangent Space Alignment algorithm, as its name im-

plies, is based on estimating the tangent planes of the manifoldM at each point

in the data set using the k-nearest neighborhood graph G as a window to decide

which points should be used in evaluating the tangent plane. This estimation

is acheived by performing a singular value decomposition of the data matrix for

the neighborhoods, which o�ers a low-dimensional parameterization of the tan-

gent planes. The tangent planes are then pieced together so as to minimize the

reconstruction error, and this de�nes a global low-dimensional parametrization

of the manifold provided it can be embedded in Rd. One aspect of the LTSA

is worth mentioning here even though we will not make use of it: by obtaining

a parameterization of all the tangent planes, LTSA e�ectively obtains the Ja-

cobian between the manifold and the embedding at each point. This provides

a natural way to move between the embedding f(M) and M. Unfortunately,

this is not true for all embedding algorithms: more often then not, the inverse

map for out-of-sample points is not easy to infer.

• MVU: Maximum Variance Unfolding (also known as Semi-De�nite Em-

bedding) (Weinberger and Saul [2006]) represents the input and output data in

terms of Gram matrices. The idea is to maximize the output variance, subject

to exactly preserving the distances between neighbors. This objective can be
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expressed as a semi-de�nite program.

• ISOMAP : This is an example of a non-linear global algorithm. The idea is

to embed M in Rs using the minimizing geodesics between points. The algo-

rithm �rst constructs G by connecting the k nearest neighbors of each point and

computes the distance between neighbors. Dijkstra's algorithm is then applied

to the resulting local distance graph in order to approximate the minimizing

geodesics between each pair of points. The �nal step consists in embedding the

data using Multidimensional Scaling (MDS) on the computed geodesics between

points. Thus, even though Isomap uses the linear MDS algorithm to embed the

data, it is able to account for the non-linear nature of the manifold by applying

MDS to the minimizing geodesics.

• MDS : For the sake of completeness, and to aid in understanding the Isomap,

we also provide a short description of MDS. MDS is a spectral method that

�nds an embedding into Rs using dissimilarities (generally distances) between

data points. Although there is more than one �avor of MDS, they all revolve

around minimizing an objective function based on the di�erence between the

dissimilarities and the distances computed from the resulting embedding.

2.1.3 Manifolds, Coordinate Charts and Smooth Embeddings

Now that we have explained the task of manifold learning in general terms and pre-

sented the most common embedding algorithms, we focus on formally de�ning man-

ifolds, coordinate charts and smooth embeddings. These formal de�nitions set the

foundation for the methods we will introduce in Sections 2.2 and 2.3, as well as in

later chapters.

We �rst consider the geometric problem of manifold and metric representation,

and de�ne a smooth manifold in terms of coordinate charts.
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De�nition 1 (Smooth Manifold with Boundary ) A d-dimensional manifold

M with boundary is a topological (Hausdor�) space such that every point has a

neighborhood homeomorphic to an open subset of Hd ≡ {(x1, ..., xd) ∈ Rd|x1 ≥ 0}.
A chart (U, x), or coordinate chart, of manifold M is an open set U ⊂ M together

with a homeomorphism x : U → V of U onto an open subset V ⊂ Hd. A C∞-Atlas

A is a collection of charts,

A ≡ ∪α∈I{(Uα, xα)} ,

where I is an index set, such thatM = ∪α∈IUα and for any α, β ∈ I the corresponding
transition map,

xβ ◦ x−1
α : xα(Uα ∩ Uβ)→ Rd , (2.2)

is continuously di�erentiable any number of times. Finally, a smooth manifoldM
with boundary is a manifold with boundary with a C∞-Atlas.

Note that to de�ne a manifold without boundary, it su�ces to replace Hd with Rd

in De�nition 1 . For simplicity, we assume throughout that the manifold is smooth,

but it is commonly su�cient to have a C2 manifold, i.e. a manifold along with a C2

atlas. Following Lee [2003], we will identify local coordinates of an open set U ⊂M
by the image coordinate chart homeomorphism. That is, we will identify U by x(U)

and the coordinates of point p ∈ U by x(p) = (x1(p), ..., xd(p)).

This de�nition allows us to reformulate the goal of manifold learning: assuming

that our (high-dimensional) data set P = {p1, . . . pn} ⊂ Rr comes from a smooth

manifold with low d, the goal of manifold learning is to �nd a corresponding collection

of d-dimensional coordinate charts for these data.

The de�nition also hints at two other well-known facts. First, the coordinate

chart(s) are not uniquely de�ned, and there are in�nitely many atlases for the same

manifoldM (Lee [2003]). Thus, it is not obvious from coordinates alone whether two

atlases represent the same manifold or not. In particular, to compare the outputs of

a manifold learning algorithm with the original data, or with the result of another
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algorithm on the same data, one must resort to intrinsic, coordinate-independent

quantities. As we shall see later in this chapter, the framework we propose takes this

observation into account.

The second remark is that a manifold cannot be represented in general by a global

coordinate chart. For instance, the sphere is a 2-dimensional manifold that cannot be

mapped homeomorphically to R2; one needs at least two coordinate charts to cover

the 2-sphere. It is also evident that the sphere is naturally embedded in R3.

One can generally circumvent the need for multiple charts by mapping the data

into s > d dimensions as in this example. Mathematically, the grounds for this

important fact are centered on the concept of embedding, which we introduce next.

Let M and N be two manifolds, and f : M → N be a C∞ (i.e smooth) map

between them. Then, at each point p ∈M, the Jacobian dfp of f at p de�nes a linear

mapping between the tangent plane to M at p, denoted Tp(M), and the tangent

plane to N at f(p), denoted Tf(p)(N ).

De�nition 2 (Rank of a Smooth Map) A smooth map f : M → N has rank k

if the Jacobian dfp : TpM → Tf(p)N of the map has rank k for all points p ∈ M.

Then we write rank (f) = k.

De�nition 3 (Embedding ) LetM and N be smooth manifolds and let f :M→
N be a smooth injective map with rank(f) = dim(M), then f is called an immersion.

If f is a homeomorphism onto its image, then f is an embedding ofM into N .

The StrongWhitney Embedding Theorem (Lee [2003]) states that any d-dimensional

smooth manifold can be embedded into R2d. It follows from this fundamental result

that if the intrinsic dimension d of the data manifold is small compared to the ob-

served data dimension r, then very signi�cant dimension reductions can be achieved,

namely from r to s ≤ 2d1 with a single map f :M→ Rs.

1In practice, it may be more practical to consider s ≤ 2d + 1, since any smooth map f :M →
R2d+1 can be perturbed to be an embedding. See Whitney Embedding Theorem in Lee [2003] for
details.
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Whitney's result is tight, in the sense that some manifolds, such as real projec-

tive spaces, need all 2d dimensions. However, the r = 2d upper bound is probably

pessimistic for most data sets. Even so, the important point is that the existence of

an embedding of M into Rd cannot be relied upon; at the same time, �nding the

optimal s for an unknown manifold might be more trouble than it is worth if the

dimensionality reduction from the original data is already signi�cant, i.e. 2d� r.

In light of these arguments, for the purposes of our work, we set the objective

of manifold learning to be the recovery of an embedding of M into Rs subject to

d ≤ s ≤ 2d and with the additional assumption that s is su�ciently large to allow a

smooth embedding. That being said, the choice of s will only be discussed tangentially

in this thesis and even then, the constraint s ≤ 2d will not be enforced.

2.1.4 Consistency

The previous section de�ned smoothness of the embedding in the ideal, continuous

case, when the �input data� covers the whole manifoldM and the algorithm is rep-

resented by the map f : M→ Rs. This analysis is useful in order to de�ne what is

mathematically possible in the limit.

Naturally, we would hope that a real algorithm, on a real �nite data set P , behaves
in a way similar to its continuous counterpart. In other words, as the sample size n =

|P| → ∞, we want the output of the algorithm fn(P) to converge to the output f(M)

of the continous algorithm, irrespective of the particular sample, in a probabilistic

sense. This is what is generally understood as consistency of the algorithm.

Consistency is a very important property. It ensures that the inferences we draw

from a �nite sample carry over to the generating process that produced the sample.

It also lets us study the idealized continuous case in order to make predictions about

an algorithm's behavior for �nite samples.

Proving consistency of various manifold-derived quantities has received consider-

able attention in the literature ([Bernstein et al., 2000], [von Luxburg et al., 2008]).
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Original data LE LLE

r = 3 s = 2 s = 3

LTSA Isomap k = 12 Isomap k = 8

s = 2 s = 2 s = 2

Figure 2.1: Manifold learning algorithms distort the geometry of the data. The clas-

sical �Swiss roll� example is shown here embedded via a variety of manifold learning

algorithms. For clarity, the original data is in r = 3 dimensions; it is obvious that

adding extra dimensions does not a�ect the resulting embeddings.
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However, the meaning of consistency in the context of manifold learning remains

unclear. For example, in the case of the Isomap algorithm, the convergence proof fo-

cuses on establishing that the graph that estimates the distance between two sampled

points converges to the minimizing geodesic distance on the manifoldM (Bernstein

et al. [2000]). Unfortunately, the proof does not address the question of whether the

empirical embedding fn is consistent for f or whether f de�nes a proper embedding.

Similarly, proofs of consistency for other popular algorithms do not address these

two important questions, but instead focus on showing that the linear operators un-

derpinning the algorithms converge to the appropriate di�erential operators (Coifman

and Lafon [2006], Hein et al. [2007], Giné and Koltchinskii [2006], Ting et al. [2010]).

Although this is an important problem in itself, it still falls short of establishing that

fn → f . The exception to this are the results in von Luxburg et al. [2008], Belkin

and Niyogi [2007] that prove the convergence of the eigendecomposition of the graph

Laplacian to that of the Laplace-Beltrami operator (de�ned in Section 2.3) for a uni-

form sampling density onM. These results also allow us to assume, by extension, the

consistency of the class of algorithms that use the eigenvectors of the Laplace-Beltrami

operator to construct embeddings - Laplacian Eigenmaps and Di�usion Maps.

Though incomplete in some respects, these results allow us to assume when nec-

essary that an embedding algorithm is consistent and in the limit produces a smooth

embedding. Nonetheless, obtaining a consistent estimator for the Riemannian metric

will require us to revisit the issue of consistency in Section 2.5.

We now turn to the next desirable property, one for which negative results abound.

2.1.5 Manifold Geometry Preservation

Having a consistent smooth mapping from f : M → Rs guarantees that neighbor-

hoods in the high dimensional ambient space will be mapped into neighborhoods in

the embedding space with some amount of �stretching�, and vice versa. A reasonable

question, therefore, is whether we can reduce this amount of �stretching� to a mini-
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mum, even to zero. In other words, can we preserve not only neighborhood relations,

but also distances within the manifold? Or, going one step further, could we �nd a

way to simultaneously preserve distances, areas, volumes, angles, etc. - in a word, the

intrinsic geometry - of the manifold?

Manifold learning algorithms generally fail at preserving the geometry, even in

simple cases. We illustrate this with the well-known example of the �Swiss-roll with

a hole� (Figure 2.1), a two dimensional strip with a rectangular hole, rolled up in

three dimensions, sampled uniformly. Of course, no matter how the original sheet

is rolled without stretching, lengths of curves within the sheet will be preserved. So

will areas, angles between curves, and other geometric quantities. However, when

this data set is embedded using various algorithms, this does not occur. The LTSA

algorithm recovers the original strip up to an a�ne coordinate transformation (the

strip is turned into a square); for the other algorithms, the �stretching� of the original

manifold varies with the location on the manifold. As a consequence, distances, areas,

angles between curves - the intrinsic geometric quantities - are not preserved between

the original manifold and the embeddings produced by these algorithms.

These shortcomings have been recognized and discussed in the literature ([Gold-

berg et al., 2008, Zha and Zhang, 2003]). More illustrative examples can easily be

generated with the software in [Wittman, 2005, retreived 2010].

The problem of geometric distortion is central to this thesis: its main contribution

is to o�er a constructive solution to it. The de�nitions of the relevant concepts and

the rigorous statement of the problem we will be solving in this Chapter begin in the

next section.

We conclude this section by stressing that the consistency of an algorithm, while

being a necessary property, does not help alleviate the geometric distortion problem,

because it merely guarantees that themapping from a set of points in high dimensional

space to a set of points in s-space induced by a manifold learning algorithm converges.

It will not guarantee that the mapping recovers the correct geometry of the manifold.
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In other words, even with in�nite data, the distortions observed in Figure 2.1 will

persist.
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2.2 Riemannian Geometry

In this section, we will formalize what it means for an embedding f : M → Rm to

preserve the geometry ofM, which is the stated goal of the Chapter.

2.2.1 The Riemannian Metric

The extension of Euclidean geometry to a manifoldM is de�ned mathematically via

the Riemannian metric.

De�nition 4 (Riemannian Metric) A Riemannian metric g is a symmetric and

positive de�nite tensor �eld which de�nes an inner product <,>g on the tangent space

TpM for every p ∈M.

De�nition 5 (Riemannian Manifold) A Riemannian manifold (M, g) is a smooth

manifoldM with a Riemannian metric g de�ned at every point p ∈M.

The inner product < u, v >g= giju
ivj (with the Einstein summation convention2)

for u, v ∈ TpM is used to de�ne usual geometric quantities such as the norm of a

vector||u|| = √< u, v >g and the angle between two vectors cos(θ) = <u,v>g
||u||||v|| . Thus, in

any coordinate representation ofM, g at point p is represented as a d× d symmetric

positive de�nite matrix.

The inner product g also de�nes in�nitesimal quantities such as the line element

dl2 = gijdx
idxj and the volume element dVg =

√
det(g)dx1 . . . dxd, both expressed in

local coordinate charts. The length l of a curve c : [a, b]→M parametrized by t then

becomes

l(c) =

ˆ b

a

√
gij
dxi

dt

dxj

dt
dt, (2.3)

2This convention assumes implicit summation over all indices appearing both as subscripts and
superscripts in an expression. E.g in giju

ivj the symbol
∑

i,j is implicit.
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where (x1, ..., xd) are the coordinates of chart (U,x) with c([a, b]) ⊂ U . Similarly, the

volume of W ⊂ U is given by

Vol(W ) =

ˆ
W

√
det(g)dx1 . . . dxd . (2.4)

Obviously, these de�nitions are trivially extended to overlapping charts by means of

the transition map (2.2). For a comprehensive treatement of calculus on manifolds,

the reader is invited to consult [Lee, 1997].

2.2.2 Isometry and the Pushforward Metric

Having introduced the Riemannian metric, we can now formally discuss what it means

for an embedding to preserve the geometry ofM.

De�nition 6 (Isometry) Let f : M → N be a di�eomorphism between two Rie-

mannian manifolds (M, g), (N , h) is called an isometry i� for all p ∈ M and all

u,w ∈ Tp(M)

< u,w >g(p) = < dfpu, dpfw >h(f(p))

In the above, dfp denotes the Jacobian of f at p, i.e. the map dfp : TpM→ Tf(p)N .

An embedding will be isometric if (f(M), h|f(M)) is isometric to (M, g), where h|f(M)

is the restriction of h, the metric of the embedding space N , to the tangent space

Tf(p)f(M). An isometric embedding obviously preserves path lengths, angles, areas

and volumes. It is then natural to take isometry as the strictest notion of what it

means for an algorithm to �preserve geometry�.

We also formalize what it means to carry the geometry over from a Riemannian

manifold (M, g) via an embedding f .

De�nition 7 (Pushforward Metric) Let f be an embedding from the Riemannian

manifold (M, g) to another manifold N . Then the pushforward h = ϕ∗g of the metric

g along ϕ ≡ f−1 is given by

〈u, v〉ϕ∗gp =
〈
df−1
p u, df−1

p v
〉
gp
,
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for u, v ∈ Tf(p)N and where df−1
p denotes the Jacobian of f−1.

This means that, by construction, (N , h) is isometric to (M, g).

As the de�ntion implies, the superscript −1 also refers to the fact that df−1
p is the

matrix inverse of the jacobian dfp. This inverse is well-de�ned since f has full rank

d. In the next section, we will extend this de�nition by considering the case where f

is no longer full-rank.

2.2.3 Isometric Embedding vs. Metric Learning

Now consider a manifold embedding algorithm, like Isomap or Laplacian Eigenmaps.

These algorithms take points p ∈ Rr and map them through some function f into

Rs. The geometries in the two representations are given by the induced Euclidean

scalar products in Rr and Rs, respectively, which we will denote by δr, δs. In matrix

form, these are represented by unit matrices3. In view of the previous de�nitions, the

algorithm will preserve the geometry of the data only if the new manifold (f(M), δs)

is isometric to the original data manifold (M, δr).

The existence of an isometric embedding of a manifold into Rs for some s large

enough is guaranteed by Nash's theorem ([Nash, 1956]), reproduced here for com-

pleteness.

Theorem 8 If M is a given d-dimensional Riemannian manifold of class Ck, 3 ≤
k ≤ ∞ then there exists a number s ≤ d(3d + 11)/2 if M is compact, or s ≤
d(d + 1)(3d + 11)/2 if M is not compact, and an injective map f : M −→ Rs of

class Ck, such that

< u, v >=< dfp(v), dfp(v) >

for all vectors u, v in TpM.

3The actual metrics forM and f(M) are δr|M and δs|f(M), the restrictions of δr and δs to the
tangent bundle TM and Tf(M).
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The method developed by Nash to prove the existence of an isometric embedding

is not practical when it comes to �nding an isometric embedding for a data manifold.

The problem is that the method involves tightly wrapping the embedding around

extra dimensions, which, as observed by [Dreisigmeyer and Kirby, 2007, retrieved

June 2010], may not be stable numerically4.

Practically, however, as it was shown in Section 2.1.5, manifold learning algorithms

do not generally de�ne isometric embeddings. The popular approach to resolving this

problem is to try to correct the the resulting embeddings as much as possible ([Gold-

berg and Ritov, 2009, Dreisigmeyer and Kirby, 2007, retrieved June 2010, Behmardi

and Raich, 2010, Zha and Zhang, 2003]).

We believe that there is a more elegant solution to this problem, which is to

carry the geometry over along with f instead of trying to correct f itself. Thus, we

will take the coordinates f produced by any reasonable embedding algorithm, and

augment them with the appropriate (pushforward) metric h that makes (f(M), h)

isometric to the original manifold (M, g). We call this procedure metric learning.

The remainder of this chapter will present the mathematics, the algorithm and the

statistics underlying it.

4Recently, we became aware of a yet unpublished paper, which introduces an algorithm for an
isometric embedding derived from Nash's theorem. We are enthusiastic about this achievement,
but we note that achieving an isometric embedding via Nash does not invalidate what we propose
here, which is an alternative approach in pursuit of the desirable goal of �preserving geometry�.
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2.3 Recovering the Riemannian Metric: The Mathematics

We now establish the mathematical results that will allow us to estimate the Rieman-

nian metric g from data. The key to obtaining g for any C∞-Atlas is the Laplace-

Beltrami operator ∆M onM, which we introduce below. Thereafter, we extend the

solution to manifold embeddings, where the embedding dimension s is, in general,

greater than the dimension ofM, d.

2.3.1 The Laplace-Beltrami Operator and g

De�nition 9 (Laplace-Beltrami Operator) The Laplace-Beltrami operator ∆M

acting on a twice di�erentiable function f :M→ R is de�ned as ∆Mf ≡ div · ∇f .

In local coordinates, for chart (U, x), the Laplace-Beltrami operator ∆M is ex-

pressed by means of g as per Rosenberg [1997]

∆Mf =
1√

det(g)

∂

∂xl

(√
det(g)glk

∂

∂xk
f

)
. (2.5)

In (2.5), glk denotes the l, k component of the inverse of g and Einstein summation

is assumed.

The Laplace-Beltrami operator has been widely used in the context of manifold

learning, and we will exploit various existing results about its properties. We will

present those results when they become necessary. For more background, the reader

is invited to consult Rosenberg [1997]. In particular, methods for estimating ∆M

from data exist and are well studied (Coifman and Lafon [2006], Hein et al. [2007],

Belkin et al. [2009]). This makes using (2.5) ideally suited to recover g. The simple

but powerful proposition below is the key to achieving this.

Proposition 10 Given a coordinate chart (U, x) of a smooth Riemannian manifold

M and ∆M de�ned onM, then the g(p)−1, the inverse of the Riemannian metric, or

dual metric, at point p ∈ U as expressed in local coordinates x, can be derived from

gij =
1

2
∆M

(
xi − xi(p)

) (
xj − xj(p)

)
|xi=xi(p),xj=xj(p) (2.6)
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with i, j = 1, . . . , d.

Proof This follows directly from (2.5). Applying ∆M to the coordinate products

of xi and xj centered at x(p), i.e. 1
2

(xi − xi(p)) (xj − xj(p)), and evaluating this

expression at x = x(p) using (2.5) gives

glk
∂

∂xl
(
xi − xi(p)

)
× ∂

∂xk
(
xj − xj(p)

)
|xi=xi(p),xj=xj(p) = gij ,

since all the �rst order derivative terms vanish. The superscripts i, j in the equation

above and in (2.6) refer to the fact that gij is the inverse, i.e. dual metric, of g for

coordinates xi and xj.

With all the components of g−1known, it is straightforward to compute its inverse

and obtain g(p). The power of Proposition 10 resides in the fact that the coordinate

chart is arbitrary. Given a coordinate chart (or embeddding, as will be shown below),

one can apply the coordinate-free Laplace-Beltrami operator as in (2.6) to recover g

for that coordinate chart.

2.3.2 Recovering a Rank-De�cient Embedding Metric

In the previous section, we have assumed that we are given a coordinate chart (U, x)

for a subset of M, and have shown how to obtain the Riemannian metric of M in

that coordinate chart via the Laplace-Beltrami operator.

Here, we will extend the method to work with any embedding of M. The main

change will be that the embedding dimension s may be larger than the manifold

dimension d. In other words, there will be s ≥ d embedding coordinates for each

point p, while g is only de�ned for a vector space of dimension d. An obvious solution

to this is to construct a coordinate chart around p from the embedding f . This is often

unnecessary, and in practice it is simpler to work directly from f until the coordinate

chart representation is actually required. In fact, once we have the correct metric for

f(M), it becomes relatively easy to construct coordinate charts forM.
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Working directly with the embedding f means that at each embedded point fp,

there will be a corresponding s×s matrix hp de�ning a scalar product. The matrix hp

will have rank d, and its null space will be orthogonal to the tangent space Tf(p)f(M).

We de�ne h so that (f(M), h) is isometric with (M, g). Obviously, the tensor h over

Tf(p)f(M)
⊕

Tf(p)f(M)⊥ ∼= Rs that achieves this is an extension of the pushforward

of the metric g ofM.

De�nition 11 (Embedding (Pushforward) Metric) For all

u, v ∈ Tf(p)f(M)
⊕

Tf(p)f(M)⊥,

the embedding pushforward metric h, or shortly the embedding metric, of an embed-

ding f at point p ∈M is de�ned by the inner product

< u, v >h(f(p)) ≡ < df †p (u) , df †p (v) >g(p) , (2.7)

where

df †p : Tf(p)f(M)
⊕

Tf(p)f(M)⊥ → TpM

is the pseudoinverse of the Jacobian dfp of f :M→ Rs

In matrix notation, with dfp ≡ J , g ≡ G and h ≡ H, (2.7) becomes

utJ tHJv = utGv (2.8)

Hence,

H ≡
(
J t
)†
GJ† (2.9)

In particular, whenM⊂ Rr, with the metric inherited from the ambient Euclidean

space, as is often the case for manifold learning, we have that G = ΠtIrΠ, where Ir is

the Euclidean metric in Rr and Π is the orthogonal projection of v ∈ Rr onto TpM.

Hence, the embedding metric h can then be expressed as

H(p) =
(
J t
)†

Π(p)tIrΠ(p)J† . (2.10)
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The constraints on h mean that h is symmetric semi-positive de�nite (positive

de�nite on Tpf(M) and null on Tpf(M)⊥, as one would hope), rather than symmetric

positive de�nite like g.

One can easily verify that h satis�es the following proposition:

Proposition 12 Let f be an embedding ofM into Rs; then (M, g) and (f(M), h) are

isometric, where h is the embedding metric h de�ned in De�nition 11. Furthermore,

h is null over Tf(p)f(M)⊥.

Proof Let u ∈ TpM, then the map df †p ◦dfp : TpM→ TpM satis�es df †p ◦dfp(u) = u,

since f has rank d = dim(TpM). So ∀u, v ∈ TpM we have

< dfp(u), dfp(v) >h(f(p)) = < df †p ◦ dfp(u), df †p ◦ dfp(v) >g(p) = < u, v >g(p) (2.11)

Therefore, h ensures that the embedding is isometric. Moreover, the null space of

the pseudoinverse is Null(df †p) = Im(dfp)
⊥ = Tpf (M)⊥, hence ∀u ∈ Tpf (M)⊥ and v

arbitrary, the inner product de�ned by h satis�es

< u, v >h(f(p)) = < df †p (u) , df †p (v) >g(p) = < 0, df †p (v) >g(p) = 0 . (2.12)

By symmetry of h, the same holds true if u and v are interchanged.

Having shown that h, as de�ned, satis�es the desired properties, the next step is

to show that it can be recovered using ∆M, just as g was in Section 2.3.1.

Proposition 13 Let f be an embedding of M into Rs, and df its Jacobian. Then,

the embedding metric h(p) is given by the pseudoinverse of h̃, where

h̃ij = ∆M
1

2

(
f i − f i(p)

) (
f j − f j(p)

)
|f i=f i(p),fj=fj(p) (2.13)

Proof We express ∆M in a coordinate chart (U, x). M being a smooth manifold,

such a coordinate chart always exists. Applying ∆M to the centered product of
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coordinates of the embedding, i.e. 1
2

(f i − f i(p)) (f j − f j(p)), then (2.5) means that

∆M
1

2

(
f i − f i(p)

) (
f j − f j(p)

)
|f i=f i(p),fj=fj(p) = glk

∂

∂xl
(
f i − f i(p)

)
× ∂

∂xk
(
f j − f j(p)

)
|f i=f i(p),fj=fj(p)

= gkl
∂f i

∂xl
∂f j

∂xk

Using matrix notation as before, with J ≡ dfp, G ≡ g(p), H ≡ h, H̃ ≡ h̃, the above

results take the form

gkl
∂f i

∂xl
∂f j

∂xk
= (JG−1J t)ij = H̃ij . (2.14)

Hence, H̃ = JG−1J t and it remains to show that H = H̃†, i.e. that(
J t
)†
GJ† =

(
JG−1J t

)†
. (2.15)

This is obviously straightforward for square invertible matrices, but if d < s, this

might not be the case. Hence, we need an additional technical fact: guaranteeing

that

(AB)† = B†A† (2.16)

requires C = AB to constitute a full-rank decomposition of C, i.e. for A to have full

column rank and B to have full row rank (Ben-Israel and Greville [2003]). In the

present case, G−1 has full rank, J has full column rank, and J t has full row rank.

All these ranks are equal to d by virtue of the fact that dim(M) = d and f is an

embedding ofM. Therefore, applying (2.16) repeatedly to JG−1J t, implicitly using

the fact that (G−1J t) has full row rank since G−1 has full rank and J has full row

rank, proves that h is the pseudoinverse of h̃.

Discussion

Computing the pseudoinverse of h̃ generally means performing a Singular Value De-

composition (SVD). It is interesting to note that this decomposition o�ers very useful
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insight into the embedding. Indeed, we know from Proposition 12 that h is positive

de�nite over Tf(p)f(M) and null over Tf(p)f(M)⊥. This means that the singular

vector(s) with non-zero singular value(s) of h at f(p) de�ne an orthogonal basis for

Tf(p)f(M), while the singular vector(s) with zero singular value(s) de�ne an orthog-

onal basis for Tf(p)f(M)⊥ (not that the latter is of particular interest). Having an

orthogonal basis for Tf(p)f(M) provides a natural framework for constructing a coor-

dinate chart around p. The simplest option is to project a small neighborhood f(U)

of f(p) onto Tf(p)f(M), a technique we will use in Section 2.6 to compute areas or

volumes. An interesting extension of our approach would be to derive the exponential

map for f(U). However, computing all the geodesics of f(U) is not practical unless

the geodesics themselves are of interest for the application. In either case, computing

h allows us to achieve our set goal for manifold learning, i.e. construct a collection

of coordinate charts for P . We note that it is not always necessary, or even wise,

to construct an Atlas of coordinate charts explicitly; it is really a matter of whether

charts are required to perform the desired computations.

Another fortuitous consequence of computing the pseudoinverse is that the non-

zero singular values yield a measure of the distortion induced by the embedding.

Indeed, if the embedding were isometric to M with the metric inherited from Rs,

then the embedding metric h would have non-zero singular values equal to 1. This

can be used in many ways, such as getting a global distortion for the embedding,

and hence as a tool to compare various embeddings. It can also be used to de�ne an

objective function to minimize in order to get an isometric embedding, should such

an embedding be of interest. From a local perspective, it gives insight into what the

embedding is doing to speci�c regions of the manifold and it also prescribes a simple

linear transformation of the embedding f that makes it locally isometric toM with

respect to the inherited metric δs. This latter attribute will be explored in more detail

in Section 2.6.
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2.4 Recovering the Riemannian Metric: The Algorithm

The results in the previous section apply to any embedding ofM and can therefore

be applied to the output of any embedding algorithm, leading to the estimation of

the corresponding g if d = s or h if d < s. In this section, we present our algorithm

for the estimation procedure, called LearnMetric. Throughout, we assume that an

appropriate embedding dimension s ≥ d is already selected and d is known.

2.4.1 Discretized Problem

Prior to explaining our method for estimating h for an embedding algorithm, it is

important to discuss the discrete version of the problem.

As brie�y explained in Section 2.1, the input data for a manifold learning algorithm

is a set of points P = {p1, . . . , pn} ⊂ M whereM is a compact Riemannian manifold.

These points are assumed to be an i.i.d. sample with distribution π onM, which is

absolutely continuous with respect to the Lebesgue measure onM. From this sample,

manifold learning algorithms construct a map fn : P → Rs, which, if the algorithm

is consistent, will converge to an embedding f :M→ Rs.

Once the map is obtained, we go on to de�ne the embedding metric hn. Naturally,

it is relevant to ask what it means to de�ne the embedding metric hn and how one

goes about constructing it. Since fn is de�ned on the set of points P , hn will be

de�ned as a positive semide�nite matrix over P . With that in mind, we can hope to

construct hn by discretizing equation (2.13). In practice, this is acheived by replacing

f with fn and ∆M with some discrete estimator L̃ε,n that is consistent for ∆M.

In what sense the estimators fn, hn, and L̃ε,n can be said to be consistent will

be discussed in Section 2.5 below. In the meantime, we still need to clarify how to

obtain L̃ε,n. The most common approach, and the one we favor here, is to start by
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considering the �di�usion-like� operator D̃ε,λ de�ned via the heat kernel wε (see (2.1)):

D̃ε,λ(f)(x) =

ˆ
M

w̃ε,λ(x, y)

t̃ε,λ
)f(y)π(y)dVg(y) , with x ∈M and where (2.17)

t̃ε,λ(x) =

ˆ
M
w̃ε,λ(x, y))π(y)dVg(y) , and wε,λ =

wε(x, y)

tλε (x)tλε (y)
, while

tε(x) =

ˆ
M
wε(x, y)π(y)dVg(y) ,

Coifman and Lafon [2006] showed that D̃ε,λ(f) = f + εc∆Mf +O(ε2) provided λ = 1,

f ∈ C3(M), and where c is a constant that depends on the choice of kernel wε
5. Here,

λ is introduced to guarantee the appropriate limit in cases where the sampling density

π is not uniform onM.

Now that we have obtained an operator that we know will converge to ∆M, i.e.

L̃ε,1(f) ≡ D̃ε,1(f)− f
cε

= ∆Mf +O(ε) , (2.18)

we turn to the discretized problem, since we are dealing with a �nite sample of points

fromM.

Discretizing (2.17) entails using the �nite sample approximation:

D̃ε,n(f)(x) =
∑
pi∈P

wε,λ(x, pi)

t̃ε,λ,n(x)
f(pi) , with x ∈M and where (2.19)

t̃ε,λ,n(x) =
∑
pi∈P

w̃ε,λ(x, pi) , and w̃ε,λ =
wε(x, y)

tλε (x)dλε (y)
, while

tε(x) =
∑
pi∈P

wε(x, pi) ,

and (2.18) now takes the form

L̃ε,n(f) ≡ D̃ε,1(f)− f
cε

= ∆Mf +O(ε) . (2.20)

Operator L̃ε,n is known as the geometric graph Laplacian (Zhou and Belkin [2011]).

We will refer to it simply as graph Laplacian in our discussion, since it is the only

type of graph Laplacian we will need.

5In the case of heat kernel (2.1), c = 1/4, which - crucially - is independent of the dimension of
M.
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Algorithm 1 GraphLaplacian

Input: Weight matrix W , bandwidth
√
ε, and λ

D ← diag(W1)

W̃ ← D−λWD−λ

D̃ ← diag(W̃1)

L← (cε)−1(D̃−1W̃ − In)

Return L

Note that since isM unknown, it is not clear when x ∈M and when x ∈ Rr \M.

The need to de�ne L̃ε,n(f) for all x inM is mainly to study its asymptotic properties.

In practice however, we are interested in the case of x ∈ P . The kernel wε(x, y) then

takes the form of weighted neighborhood graph Gwε , which we denote by the weight

matrix Wi,j = wε(pi, pj), pi, pj ∈ P . In fact, (2.19) and (2.20) can be expressed in

terms of matrix operations when x ∈ P as done in Algorithm 1.

With L̃ε,n, the discrete analogue to (2.5), clari�ed, we are now ready to introduce

the central algorithm of this chapter.

2.4.2 The LearnMetric Algorithm

The input data for a manifold learning algorithm is a set of points P = {p1, . . . , pn} ⊂
M whereM is an unknown Riemannian manifold. Our LearnMetric algorithm

takes as input, along with dataset P , an embedding dimension s and an embedding

algorithm, chosen by the user, which we will denote by GenericEmbed. Learn-

Metric proceeds in four steps, the �rst three being preparations for the key fourth

step.

1. construct a weighted neighborhood graph Gwε

2. calculate the graph Laplacian L̃ε,n
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3. map the data p ∈ P to fn(p) ∈ Rs by GenericEmbed

4. apply the graph Laplacian L̃ε,n to the coordinates fn to obtain the embedding

metric h

Figure 3 contains the LearnMetric algorithm in pseudocode. The subscript n in

the notation indicates that these are discretized, �sample� quantities, (i.e. fn is a

vector and L̃ε,n is a matrix) as opposed to the continuous quantities (functions, oper-

ators) that we were considering in the previous sections. We now move to describing

each of the steps of the algorithm.

The �rst two steps, common to many manifold learning algorithms, have already

been described in subsections 2.1.1 and 2.4.1 respectively. The third step calls for

obtaining an embedding of the data points p ∈ P in Rs. This can be done using any

one of the many existing manifold learning algorithms (GenericEmbed), such as

the Laplacian Eigenmaps, Isomap or Di�usion Maps.

At this juncture, we note that there may be overlap in the computations involved

in the �rst three steps. Indeed, a large number of the common embedding algo-

rithms, including Laplacian Eigenmaps, Di�usion Maps, Isomap, LLE, and LTSA use

a neighborhood graph and/or similarities in order to obtain an embedding. In addi-

tion, Di�usion Maps and Eigemaps obtain an embedding for the eigendecomposition

L̃ε,n or a similar operator. While we de�ne the steps of our algorithm in their most

complete form, we encourage the reader to take advantage of any e�ciencies that may

result from avoiding to compute the same quantities multiple times.

The fourth and �nal step of our algorithm consists of computing the embedding

metric of the manifold in the coordinates of the chosen embedding. Step 4, applies the

n×n Laplacian matrix L̃ε,n obtained in Step 2 to pairs f in, f jn of embedding coordinates
of the data obtained in Step 3. We use the symbol · to refer to the elementwise

product between two vectors. Spec�cally, for two vectors x, y ∈ Rn denote by x · y
the vector z ∈ Rn with coordinates z = (x1y1, . . . , xnyn). This product is simply the
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usual function multiplication onM restricted to the sampled points P ⊂M. Hence,

equation (2.21) is equivalent to applying equation (2.13) to all the points of p ∈ P
at once. The result are the vectors h̃ijn , each of which is an n-dimensional vector,

with an entry for each p ∈ P . Then, in Step 4, b, at each embedding point f(p) the

embedding metric hn(p) is computed as the matrix (pseudo) inverse of [h̃ijn (p)]ij=1:s.

If the embedding dimension s is larger than the manifold dimension d, we will

obtain the rank d embedding metric hn; otherwise, we will obtain the Riemannian

metric gn. For the former, h†n will have a theoretical rank d, but numerically it might

have rank between d and s. As such, it is important to set to zero the s− d smallest

singular values of h†n when computing the pseudo-inverse. This is the key reason why

s and d need to be known in advance. Failure to set the smallest singular values to

zero will mean that hn will be dominated by noise. Although estimating d is outside

the scope of this work, it is interesting to note that the singular values of h†n may o�er

a window into how to do this by looking for a �singular value gap�.

In summary, the principal novelty in our LearnMetric algorithm is its last

step: the estimation of the embedding metric h. The embedding metric establishes

a direct correspondence between geometric computations performed using (f(M), h)

and those performed directly on (M, g) for any embedding f . Thus, once augmented

with their corresponding h, all embeddings become geometrically equivalent to each

other, and to the orginal data manifold (M, g).

2.4.3 Computational Complexity

Obtaining the neighborhood graph involves computing n2 distances in r dimensions.

If the data is high- or very high-dimensional, which is often the case, and if the

sample size is large, which is often a requirement for correct manifold recovery, this

step could be by far the most computationally demanding of the algorithm. However,

much work has been devoted to speeding up this task, and approximate algorithms

are now available, which can run in linear time in n and have very good accuracy
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Algorithm 2 PseudoInverse

Input: Embedding metric h̃n(p) and intrinsic dimension d

[U,Λ] ← EigenDecomposition(h̃n(p)) where U is the matrix of column eigen-

vectors of h̃n(p) ordered by their eigenvalues Λ from largest to smallest.

Λ← Λ(1 : d) (keep d largest eigenvalues)

Λ† ← diag(1/Λ)

hn(p)← UΛ†U t (obtain rank d pseudo-inverse of h̃n(p))

Return hn(p)

(Ram et al. [2009]). In any event, this computationally intensive preprocessing step is

required by all of the well known embedding algorithms, and would remain necessary

even if one's goal were solely to embed the data, and not to compute the Riemannian

metric.

Step 2 of the algorithm operates on a sparse n × n matrix. If the neighborhood

size is no larger than k, then it will be of order O(nk), and O(n2) otherwise.

The computation of the embedding in Step 3 is algorithm-dependent. For the most

common algorithms, it will involve eigenvector computations. These can be performed

by Arnoldi iterations that each take O(n2s) computations, where n is the sample size,

and s is the embedding dimension or, equivalently, the number of eigenvectors used.

This step, or a variant thereof, is also a component of many embedding algorithms.

Finally, the newly introduced Step 4 involves obtaining an s × s matrix for each

of the n points, and computing its pseudoinverse. Obtaining the h̃n matrices takes

O(n2) operations (O(nk) for sparse L̃ε,n matrix) times s×s entries, for a total of s2n2

operations. The n SVD and pseudoinverse calculations take order s3 operations.

Thus, �nding the Riemannian metric makes a small contribution to the compu-

tational burden of �nding the embedding. The overhead is quadratic in the data set

size n and embedding dimension s, and cubic in the intrinsic dimension d.
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Algorithm 3 LearnMetric

Input: P as set of n data points in Rr, s the number of dimensions of the embed-

ding, d the intrinsic dimension of the manifold,
√
ε the bandwidth parameter, and

GenericEmbed(P , s,√ε) a manifold learning algorithm, that outputs s dimen-

sional embedding coordinates

1. Construct the weighted neighborhood graph with weight matrix W given by

Wi,j = exp (−1
ε
||pi − p′j||2) for every points pi, pj ∈ P .

2. Construct the Laplacian matrix L̃ε,n using Algorithm 1 with input W ,
√
ε,

and λ = 1.

3. Obtain the embedding coordinates fn(p) = (f 1
n(p), . . . , f sn(p)) of each point

p ∈ P by

[fn(p)]p∈P = GenericEmbed(P , s, d,√ε)

4. Calculate the embedding metric hn for each point

(a) For i and j from 1 to s calculate the column vector h̃ijn of dimension

n = |P| by

h̃ijn =
1

2

[
L̃ε,n(f in · f jn)− f in · (L̃ε,nf jn)− f jn · (L̃ε,nf in)

]
(2.21)

(b) For each data point p ∈ P , form the matrix h̃n(p) =

[h̃ijn (p)]i,j∈1,...,s. The embedding metric at p is then given by hn(p) =

PseudoInverse(h̃n(p), d)

Return (fn(p), hn(p))p∈P
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2.5 Convergence of the Pushforward Riemannian Metric Estimator

The convergence of graph Laplacians to the Laplace-Beltrami operator ∆M is well

established in the literature (von Luxburg et al. [2008], Hein et al. [2007], Belkin and

Niyogi [2007], Giné and Koltchinskii [2006], Ting et al. [2010]). However, having an

estimator L̃ε,n that converges to ∆M is not su�cient to guarantee that Algorithm 6

produces an estimator hn that converges to the embedding metric h. Because the

embedding metric estimator hn depends on having an embedding algorithm to start

with, any result about the convergence of the estimator requires guarantees about the

embedding algorithm itself:

1. The embedding algorithm must construct a proper embedding f :M→ Rs of

M as in De�nition 3

2. The estimator fn of f constructed by the embedding algorithm must converge

to f .

To our knowledge, very few algorithms carry explicit theoretical guarantees that these

two conditions will be satis�ed. In fact, the most signi�cant work on the subject

(Bernstein et al. [2000], Belkin and Niyogi [2007]) focuses on proving that fn → f ,

but omits the important question of whether f is indeed an embedding in the sense of

De�nition 3. It is not the aim of this section to address this problem for all the popular

embedding algorithms; we simply underline the fact that estimating the embedding

metric h in manifold learning algorithms involves two assumptions that are not always

veri�ed. Nevertheless, for illustrative purposes, we will consider the special case of

Laplacian Eigenmap and show that it can be constructed so as to satisfy condition 1,

while condition 2 will follow readily from (Giné and Koltchinskii [2006], Belkin and

Niyogi [2007]).

However, the two conditions on the embedding algorithm described above and

the convergence of L̃ε,n to ∆M are not su�cient to prove that hn will converge to
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the embedding metric h. Using the plug-in estimator for h̃ij(p) = 1/2∆M(f i(x) −
f i(p))(f j(x)− f j(p))|x=p, as is done in LearnMetric, means that to establish con-

vergence of hn, it must also be true that ∀i, j ∈ {1, . . . , s}

L̃εn,n
(
f̄ in(x)

) (
f̄ jn(x)

)
|x=p → ∆M

(
f̄ i(x)

) (
f̄ j(x)

)
|x=p , (2.22)

where we made use of the shorthand notation f̄n(x) ≡ fn(x) − fn(p) and f̄(x) ≡
f(x)− f(p).

Note that we have used L̃εn,n instead L̃ε,n in (2.22) to highlight the fact that for

L̃ε,n to converge to ∆M, it is necessary for the bandwidth
√
εn → 0 as n → ∞. The

rate at which
√
εn needs to go to zero depends on how L̃ε,n is constructed and on the

type of convergence considered. For example, if L̃εn,n is constructed as in equation

(2.20), then
√
εn → 0 and n

√
ε
d+2
n → 0 is su�cient to prove that L̃εn,n converges

uniformly a.s. to ∆M, i.e. ||L̃εn,n(f)(x) − ∆M(f)(x)||∞ a.s.→ 0 , ∀f ∈ C2(M) (Ting

et al. [2010]).

As this example illustrates, the consistency of L̃εn,n is generally established for

a �test� function f ∈ C2 (M), or f ∈ C2 (M) as the case might be, rather than a

random function fn de�ned on the graph Gn (Hein et al. [2007], Giné and Koltchinskii

[2006], Ting et al. [2010]). This is why extra care is needed to prove that hn converges

to embedding metric h.

Theorem 14 (Convergence of Embedding Metric ) Let f : M → Rs be an

embedding ofM satisfying conditions 1 and 2. Let fn : P → Rs be an estimator of f

such that ||f − fn||∞,P p→ 0 for the sup-norm || · ||∞ on C3(M) restricted to points in

P. If ∣∣∣∣∣∣∆Mf i − L̃εn,nf in∣∣∣∣∣∣∞,P p→ 0 (2.23)

as n→∞ where L̃εn,n is constructed as in (2.18), then estimator hn constructed from

LearnMetric converges element-wise to embedding metric h in the sense that

||hij − hn,ij||P
p∞,→ 0 , ∀i, j ∈ {1, . . . , s}. (2.24)
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Proof From 2.23 it follows that
∣∣∣∣∣∣∆Mf if j − L̃εn,nf inf jn∣∣∣∣∣∣∞,P p→ 0 (see Lemma 25)

and hence Equation 2.22 follows, in probability in the || · ||∞,P sense, from the fact

that the graph Laplacian satis�es L̃εn,n(fn(x)− fn(p)) = L̃εn,n(fn(x)).

Equation 2.22 is equivalent to element-wise convergence of h̃n. Because h̃n is

�nite-dimensional (i.e. s × s), then element-wise convergence implies convergence of

h̃n.

Finally, a minor point remains: the convergence of h̃n does not guarantee con-

vergence of its pseudoinverse, i.e. hn. This is because the pseudoinverse † is not a
continuous map. This does not present a problem in our case, however, since h̃ and

the sequence h̃n has rank d for any n. In other words, the probability of h̃n being at

a discontinuity point of † is zero.

We now turn we to the special case of the Laplacian Eigenmap, where (2.23)

can be shown to be true. Although this proof might not easily extend to manifold

algorithms other than the Di�usion Maps, we nevertheless establish that it is possible

to recover h for at least one embedding. From the point of view of preserving the

geometry of (M, h), this is really all that is necessary. The fact that the Eigenmap

and Di�usion Maps are some of the most interesting embeddings is merely an added

bonus (Belkin et al. [2006], Lu et al. [2007]).

2.5.1 Consistency of Laplacian Eigenmap

The goal of this section is to show that the conditions of Theorem 14 are indeed

satis�ed in this case and, by doing so, provide some hints as to how they can be

shown to be satis�ed in other algorithms. The special case considered here is that of

the Laplacian Eigenmap on a compact manifold with uniform sampling density and

Vol(M) = 1. These conditions are needed to make use of the key results in Giné and

Koltchinskii [2006], Belkin and Niyogi [2007], which immediately establish condition 2.
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The assumptions regarding uniform sampling density and volume ofM can be relaxed

without trouble, but doing so would introduce considerable technicalities without

o�ering further insight. The compactness condition, on the other hand, is key in

proving condition 1, i.e. that the eigenfunctions of the Laplace-Beltrami operator

de�ne an embedding. To prove condition 1, we simply need to show that there is

a map Φ = (φ1, . . . , φs) constructed from a �nite number of eigenfunctions of ∆M

acting as coordinates and ordered from lowest to highest eigenvalues (omitting λ0 = 0,

for which the eigenfunction is constant), such that Φ is an embedding ofM into Rs.

Proposition 15 There exists a �nite s ∈ N such that the map Φ : M → Rs where

the ith coordinate φi, i = 1, . . . , s, of Φ is the ith eigenfunction of ∆M, de�nes a

smooth embedding ofM into Rs.

Proof To construct this embedding, we start from another embedding Ψ ofM into

Rk. If M ⊂ Rk for some k, which is generally the case for manifold learning algo-

rithms, then we can use the identity embedding Ψ(M) =M. An alternative approach

is to appeal to Whitney's Embedding Theorem (Lee [1997]), which guarantees that

a d-dimensional manifold can be smoothly embedded in 2d Euclidean space. Either

way, there exists a smooth function Ψ which de�nes a smooth embedding ofM into

Rk.

Since the eigenfunctions of ∆M are complete in L2(M) (Rosenberg [1997]) and

M is assumed to be compact, then each of the coordinates can be expressed in terms

of the eigenfunctions of ∆M as

ψi =
∞∑
l=0

al(i)φl .

Using separability, there exist countably many points pj that are dense in M. For

each point pj, we consider the map dΨpj : TpjM → TΨ(pj)Ψ(M). Because Ψ is an

embedding, the rank of dΨpj is d. Expressed in local coordinates x around pj, this
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means that

(ψix1 , . . . , ψ
i
xd) =

∞∑
l=0

al(i)(φl,x1 , . . . , φl,xd) , i = 1, . . . , k

spans a linear space of dimension d. Meanwhile, (ψix1 , . . . , ψ
i
xd

) is a linear combina-

tion of (φl,x1 , . . . , φl,xd) for l ∈ {0, 1, . . . }, hence span
(
(ψix1 , . . . , ψ

i
xd

), i ∈ {1, . . . , k}
)
⊆

span
(
(φl,x1 , . . . , φl,xd), l ∈ {0, 1, . . . }

)
6. This means that at point pj, there exists Lj ⊂

{0, 1, . . . } de�ned as Lj ≡ {l1,j, . . . , ld,j} such

that span
(
(φl,x1 , . . . , φl,xd), l ∈ L(pj)

) ∼= Rd.

De�ning the map Φ|Lj ≡ (φ1, φ2 . . . , φld) at pj, we have that dΦ|Lj : TpjM →
TΦ|L(pj)Φ|Lj(M) is of rank d. By the Inverse Function Theorem, there exists an open

set Uj ⊂ M with pj ∈ Uj so that Uj is di�eomorphic to Φ|Lj(Uj). Since the points

pj are dense in M, ∪∞j=1Uj = M and by compactness of M, there exists a �nite

subcover R ⊂ {1, 2, . . . } such that ∪j∈RUj =M. Finally, we de�ne s = maxl∈∪j∈RLj l

and Φ|m = (φ1, φ2 . . . , φs). Hence, Φ ≡ Φ|s is a smooth embedding ofM into RK , i.e.

M is di�eomorphic to Φ(M).

Interestingly, this proof could be used to construct an algorithm to estimate what s

is appropriate for a given manifold when using the Laplacian Eigenmap. Indeed, one

could add eigenvectors to the map Φ until hn(p) has rank d at each point p ∈ M.

This would then constitute an embedding of M. The main di�culty with such an

approach would lie in estimating the rank of hn(p).

As mentioned before, condition 2 follows directly from Giné and Koltchinskii

[2006], Belkin and Niyogi [2007]. We now need to prove (2.23):

6In fact, the two are equal by virtue of dim (M) = d.
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∣∣∣∣∣∣∆Mφi − L̃εn,nφn,i∣∣∣∣∣∣
∞

= ||λiφi − λn,iφn,i||∞
≤ ||λiφi − λn,iφi||∞ + ||λn,iφi − λn,iφn,i||∞
= |λi − λn,i| ||φi||∞ + |λn,i| ||φi − φn,i||∞
p→ 0 ,

since |λi − λn,i| p→ 0 as shown in Belkin and Niyogi [2007] and ||φi||∞ < ∞ since

φi ∈ C∞ (M) and by compactness ofM.
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2.6 Experiments

The following experiments on simulated data demonstrate the LearnMetric algo-

rithm and highlight a few of its immediate applications.

2.6.1 Embedding Metric as a Measure of Local Distortion

The �rst set of experiments is intended to illustrate the output of the Learn-

Metric algorithm. Figure 2.2 shows the embedding of a 2D hourglass-shaped man-

ifold. Di�usion Maps, the embedding algorithm we used (with s = 3, λ = 1) distorts

the shape by excessively �attening the top and bottom. LearnMetric outputs a

s × s quadratic form for each point p ∈ P , represented as ellipsoids centered at p.

Practically, this means that the ellipsoids are �at along one direction Tfn(p)fn(M)⊥,

and two-dimensional because d = 2, i.e. hn has rank 2. If the embedding correctly re-

covered the local geometry, hn(p) would equal I3|fn(M), the identity matrix restricted

to Tfn(p)fn(M): it would de�ne a circle in the tangent plane of fn(M), for each p.

We see that this is the case in the girth area of the hourglass, where the ellipses are

circular. Near the top and bottom, the ellipses' orientation and elongation points

in the direction where the distortion took place and measures the amount of (local)

correction needed.

The more the space is compressed in a given direction, the more elongated the

embedding metric �ellipses� will be, so as to make each vector �count for more�.

Inversely, the more the space is stretched, the smaller the embedding metric will be.

This is illustrated in Figure 2.2.

We constructed the next example to demonstrate how our method applies to the

popular Sculpture Faces data set. This data set was introduced by Tenenbaum et al.

[2000] along with Isomap as a prototypical example of how to recover a simple low

dimensional manifold embedded in a high dimensional space. Speci�cally, the data

set consists of n = 698 64 × 64 gray images of faces. The faces are allowed to vary
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Original data Embedding with h estimates

h estimates, detail

Figure 2.2: Estimation of h for a 2D hourglass-shaped manifold in 3D space. The

embedding is obtained by Di�usion Maps. The ellipses attached to each point repre-

sent the embedding metric hn estimate for this embedding. At each data point p ∈ P ,
hn(p) is a 3 × 3 symmetric semi-positive de�nite matrix of rank 2. Near the �girth�

of the hourglass, the ellipses are round, showing that the local geometry is recovered

correctly. Near the top and bottom of the hourglass, the elongation of the ellipses in-

dicates that distances are larger along the direction of elongation than the embedding

suggests. For clarity, in the embedding displayed, the manifold was sampled regularly

and sparsely. The black edges show the neigborhood graph G that was used. For all

images in this �gure, the color code has no particular meaning.
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in three ways: the head can move up and down; the head can move right to left; and

�nally the light source can move right to left. With only three degrees of freedom,

the faces de�ne a three-dimensional manifold in the space of all 64× 64 gray images.

In other words, we have a three-dimensional manifoldM embedded in [0, 1]4096.

As expected given its focus on preserving the geodesic distances, the Isomap seems

to recover the simple rectangular geometry of the data set, as Figure 2.3 shows.

LTSA, on the other hand, distorts the original data, particularly in the corners,

where the Riemannian metric takes the form of thin ellipses. Di�usion Maps distorts

the original geometry the most. The fact that the embedding for which we have

theoretical guarantees of consistency causes the most distortion highlights, once more,

that consistency provides no information about the level of distortion that may be

present in the embedding geometry.

Our next example, Figure 2.4, shows an almost isometric reconstruction of a com-

mon example, the Swiss roll with a rectangular hole in the middle. This is a popular

test data set because many algorithms have trouble dealing with its unusual topol-

ogy. In this case, the LTSA recovers the geometry of the manifold up to an a�ne

transformation. This is evident from the deformation of the embedding metric, which

is parallel for all points in Figure 2.4 (b).

One would hope that such an a�ne transformation of the correct geometry would

be easy to correct; not surprisingly, it is. In fact, we can do more than correct it:

for any embedding, there is a simple transformation that turns the embedding into

a local isometry. Obviously, in the case of an a�ne transformation, locally isometric

implies globally isometric. We describe these transformations along with a few two-

dimensional examples in the context of data visualization in the following section.

2.6.2 Locally Isometric Visualization

Visualizing a manifold in a way that preserves the manifold geometry means obtaining

an isometric embedding of the manifold in 2D or 3D. This is obviously not possible
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(a) (b)

Figure 2.4: (a) Swissroll with a hole in R3. (b) LTSA embedding of the manifold in

R2 along with metric.

for all manifolds; in particular, only �at manifolds with intrinsic dimension below

3 can be �correctly visualized� according to this de�nition. This problem has been

long known in cartography: a wide variety of cartographic projections of the Earth

have been developed to map parts of the 2D sphere onto a plane, and each aims to

preserve a di�erent family of geometric quantities. For example, projections used for

navigational, meteorological or topographic charts focus on maintaining angular rela-

tionships and accurate shapes over small areas; projections used for radio and seismic

mapping focus on maintaining accurate distances from the center of the projection

or along given lines; and projections used to compare the size of countries focus on

maintaining accurate relative sizes (Snyder [1987]).

While the LearnMetric algorithm is a general solution to preserving intrinsic

geometry for all purposes involving calculations of geometric quantities, it cannot

immediately give a general solution to the visualization problem described above.

However, it o�ers a natural way of producing locally isometric embeddings, and
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therefore locally correct visualizations for two- or three-dimensional manifolds. The

procedure is based on the transformation of the points that will guarantee that the

embedding is the identity matrix.

Given (fn(P), hn(P)) Metric Embedding of P

1. Select a point p ∈ P on the manifold

2. Transform coordinates f̃n(p′) ← h
−1/2
n (p)fn(p′) for all p′ ∈ P

Display P in coordinates f̃n

As mentioned above, the transformation f̃n ensures that the embedding metric of

f̃n is given by h̃n(p) = Is, i.e. the unit matrix at p7. As h varies smoothly on the

manifold, h̃n should be close to Is at points near p, and therefore the embedding will

be approximately isometric in a neighborhood of p.

Figures 2.5, 2.6 and 2.7 exemplify this procedure for the Swiss roll with a rect-

angular hole of Figure 2.4 embedded respectively by LTSA, Isomap and Di�usion

Maps. In these �gures, we use the Procrustes method (Goldberg and Ritov [2009]) to

align the original neighborhood of the chosen point p with the same neighborhood in

an embedding. The Procrustes method minimizes the sum of squared distances be-

tween corresponding points between all possible rotations, translations and isotropic

scalings. The residual sum of squared distances is what we call the Procrustes dis-

similarity. Its value is close to zero when the embedding is locally isometric around

p.

2.6.3 Estimation of Geodesic Distances

The geodesic distance dM(p, p′) between two points p, p′ ∈M is de�ned as the length

of the shortest curve from p to p′ along manifoldM, which in our example is a half

sphere of radius 1. The geodesic distance d being an intrinsic quantity, it should

7Again, to be accurate, h̃n(p) is the restriction of Is to Tf̃n(p)f̃n(M).
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• original • embedding

• •
Figure 2.5: Locally isometric visualization for the Swiss roll with a rectangular hole,

embedded in d = 2 dimensions by LTSA. Top left: LTSA embedding with selected

point p (red) and its neighbors (blue). Top right: locally isometric embedding. Middle

left: Neighborhood of p for the LTSA embedding. Middle right: Neighborhood of p for

the locally isometric embedding. Bottom left: Procrustes between the neighborhood

of p for the LTSA embedding and the original manifold projected on TpM; dissim-

ilarity measure: D = 0.30. Bottom right: Procrustes between the locally isometric

embedding and the original manifold; dissimilarity measure: D = 0.02.
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• original • embedding

Figure 2.6: Locally isometric visualization for the Swiss roll with a rectangular hole,

embedded in d = 2 dimensions by Isomap. Top left: Isomap embedding with selected

point p (red), and its neighbors (blue). Top right: locally isometric embedding. Mid-

dle left: Neighborhood of p for the Isomap embedding. Middle right: Neighborhood

of p for the locally isometric embedding. Bottow left: Procrustes between the neigh-

borhood of the p for the Isomap embedding and the original manifold projected on

TpM; dissimilarity measure: D = 0.21. Bottom right: Procrustes between the locally

isometric embedding and the original manifold; dissimilarity measure: D = 0.06.
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• original • embedding

Figure 2.7: Locally isometric visualization for the Swiss roll with a rectangular hole,

embedded in d = 2 dimensions by Di�usion Maps (λ = 1). Top left: DM embedding

with selected point p (red), and its neighbors (blue). Top right: locally isometric

embedding. Middle left: Neighborhood of p for the DM embedding. Middle right:

Neighborhood of p for the locally isometric embedding. Bottow left: Procrustes

between the neighborhood of the p for the DM embedding and the original mani-

fold projected on TpM; dissimilarity measure: D = 0.10. Bottom right: Procrustes

between the locally isometric embedding and the original manifold; dissimilarity mea-

sure: D = 0.07.
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evidently not change with the parametrization.

We performed the following numerical experiment. First, we sampled n = 1000

points uniformly on a half sphere. Second, we selected two reference points p, p′ on

the half sphere so that their geodesic distance would be π/2. We then proceeded to

run three manifold learning algorithms on P , obtaining the Isomap, LTSA and DM

embeddings. All the embeddings used the same 10-nearest neighborhood graph G.

For each embedding, and for the original data, we calculated the naive distance

||fn(p)−fn(p′)||. In the case of the original data, this represents the straight line that

connects p and p′ and crosses through the ambient space. For Isomap, ||fn(p)−fn(p′)||
should be the best estimator of dM(p, p′), since Isomap embeds the data by preserving

geodesic distances using MDS. As for LTSA and DM, this estimator has no particular

meaning, since these algorithms are derived from eigenvectors, which are de�ned up

to a scale factor.

We also considered the graph distance, by which we mean the shortest path be-

tween the points in G, where the distance is given by ||fn(qi)− fn(q′i−1)||:

dG(p, p
′) = min

paths
{

l∑
i=1

||fn(qi)− fn(qi−1)||, (q0 = p, q1, q2, . . . ql = p′) path in G}.

(2.25)

Note that although we used the same graph G to generate all the embeddings, the

shortest path between points may be di�erent in each embedding since the distances

between nodes will generally not be preserved.

The graph distance dG is a good approximation for the geodesic distance d in

the original data and in any isometric embedding, as it will closely follow the actual

manifold rather then cross in the ambient space.

Finally, we computed the discrete minimizing geodesic as:

d̂M(p, p′) = min
paths
{

l∑
i=1

H(qi, qi−1), (q0 = p, q1, q2, . . . ql = p′) path in G} (2.26)
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(a) (b) (c)

Figure 2.8: Manifold and embeddings (black) used to compute the geodesic distance.

Points that were part of the geodesic, including endpoints, are shown in red, while

the path is shown in black. The LTSA embedding is not shown here: it is very similar

to the Isomap. (a) Original manifold (b) Di�usion Maps (c) Isomap.

where

H(qi, qi−1) =
1

2

√
(fn(qi)− fn(qi−1))thn(qi)(fn(qi)− fn(qi−1))

+
1

2

√
(fn(qi)− fn(qi−1))thn(qi−1)(fn(qi)− fn(qi−1)) (2.27)

is the discrete analog of the path-length formula (2.3) for the Voronoi tesselation of

the space. By Voronoi tesselation, we mean the partition of the space into sets based

on P such that each set consists of all points closest to a single point in P than any

other. Figure 2.8 shows the manifolds that we used in our experiments, and Table

2.1 displays the estimated distances.

As expected, for the original data, ||p− p′|| necessarily underestimates dM, while

dG is a very good approximation of dM, since it follows the manifold more closely.

Meanwhile, the opposite is true for Isomap. The naive distance ||fn(p) − fn(p′)|| is
close to the geodesic by construction, while dG overestimates dM since dG ≥ ||fn(p)−
fn(p′)|| by the triangle inequality. Not surprisingly, for LTSA and Di�usion Maps, the

estimates ||fn(p) − fn(p′)|| and dG have no direct correspondence with the distances

of the original data since these algorithms make no attempt at preserving absolute
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Shortest

Embedding ||fn(p)− fn(p′)|| Path dG Metric d̂ d̂ Relative Error

Original data 1.412 1.565 ± 0.003 1.582 ± 0.006 0.689 %

Isomap s = 2 1.738 ± 0.027 1.646 ± 0.016 1.646 ± 0.029 4.755%

LTSA s = 2 0.054 ± 0.001 0.051 ± 0.0001 1.658 ± 0.028 5.524%

DM s = 3 0.204 ± 0.070 0.102 ± 0.001 1.576 ± 0.012 0.728%

Table 2.1: Distance estimates (mean and standard deviation) for a sample size of

n = 2000 points was used for all embeddings while the standard deviations were

estimated by repeating the experiment 5 times. The relative errors in the last column

were computed with respect to the true distance d = π/2 '1.5708.

distances.

However, the estimates d̂ are quite similar for all embedding algorithms, and they

provide a good approximation for the true geodesic distance. It is interesting to note

that d̂ is the best estimate of the true geodesic distance even for the Isomap, whose

focus is speci�cally to preserve geodesic distances. In fact, the only estimate that is

better than d̂ for any embedding is the graph distance on the original manifold.

2.6.4 Volume Estimation

The last set of our experiments demonstrates the use of the Riemannian metric in

estimating two-dimensional volumes: areas. We used an experimental procedure sim-

ilar to the case of geodesic distances, in that we created a two-dimensional manifold,

and selected a set W on it. We then estimated the area of this set by generating

a sample from the manifold, embedding the sample, and computing the area in the

embedding space using a discrete form of (2.4).

One extra step is required when computing areas that was optional when com-
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puting distances: we need to construct coordinate chart(s) to represent the area of

interest. Indeed, to make sense of the Euclidean volume element dx1 . . . dxd, we need

to work in Rd. Speci�cally, we resort to the idea expressed at the end of Section 2.3.2,

which is to project the embedding on its tangent at the point p around which we

wish to compute dx1 . . . dxd. This tangent plane Tf(p)f(M) is easily identi�ed from

the SVD of hn(p) and its singular vectors with non-zero singular values. It is then

straightforward to use the projection Π of an open neighborhood f(U) of f(p) onto

Tf(p)f(M) to de�ne the coordinate chart (U, x = Π ◦ f) around p. Since this is a new

chart, we need to recompute the embedding metric hn for it.

By performing a tessellation of (U, x = Π ◦ f) (we use the Voronoi tesselation for

simplicity), we are now in position to compute 4x1 . . .4xd around p and multiply

it by
√

det (hn) to obtain 4Vol ' dVol. Summing over all points of the desired set

gives the appropriate estimator:

V̂ol(W ) =
∑
p∈W

√
det (hn(p))4x1(p) . . .4xd(p) . (2.28)

Table 2.2 reports the results of our comparison of the performance of V̂ol(W ),

described in 2.28 , and a �naive� volume estimator that computes the area on the

Voronoi tessellation once the manifold is projected onto the tangent plane. We �nd

that V̂ol(W ) performs better for all embeddings, as well as for the original data. The

latter is explained by the fact that when we project the set W onto the tangent plane

Tf(p)f(M), we induce a fair amount of distortion, and the naive estimator has no way

of correcting for it.

The relative error for LTSA is similar to that for the original data and larger than

for the other methods. One possible reason for this is the error in estimating the

tangent plane TpM, which, in the case of these two methods, is done by local PCA.
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(a) (b) (c)

Figure 2.9: (a) Manifold along with W , the computed area in black. (b) Di�usion

Maps (λ = 1) embedding with embedding metric h. (c) A locally isometric coordinate

chart constructed from the Di�usion Maps along with the Voronoi tessellation. For

Figures (b) and (c), the point at the center of W is in red, the other points in W are

in blue and the points not in W are in green.The sample size is n = 1000.

Embedding Naive Area of W V̂ol(W ) V̂ol(W ) Relative Error

Original data 2.63 ± 0.10† 2.70 ± 0.10 2.90%

Isomap 6.53 ± 0.34† 2.74 ± 0.12 3.80%

LTSA 8.52e-4 ± 2.49e-4 2.70 ± 0.10 2.90 %

DM 6.70e-4 ± 0.464e-04† 2.62 ± 0.13 4.35 %

Table 2.2: Estimates of the volume of W on the hourglass depicted in Figure 2.9,

based on 1000 sampled points. The experiment was repeated �ve times to obtain a

variance for the estimators. †The naive area/volume estimator is obtained by project-

ing the manifold or embedding on TpM and Tf(p)f(M), respectively. This requires

manually specifying the correct tangent planes, except for LTSA, which already esti-

mates Tf(p)f(M). Similarly to LTSA, V̂ol(W ) is constructed so that the embedding

is automatically projected on Tf(p)f(M). Here, the true area is 2.658
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2.7 Conclusion and Discussion

In this chapter, we have described a new method for preserving the important geomet-

rical information in a data manifold embedded using any embedding algorithm. We

showed that the Laplace-Beltrami operator can be used to augment any reasonable

embedding so as to allow for the correct computation of geometric values of interest

in the embedding's own coordinates.

Speci�cally, we showed that the Laplace-Beltrami operator allows us to recover

a Riemannian manifold (M, g) from the data and express the Riemannian metric g

in any desired coordinate system. We �rst described how to obtain the Riemannian

metric from the mathematical, algorithmic and statistical points of view. Then, we

proceeded to describe how, for any mapping produced by an existing manifold learning

algorithm, we can estimate the Riemannian metric g in the new data coordinates,

which makes the geometrical quantities like distances and angles of the mapped data

(approximately) equal to their original values, in the raw data. We conducted several

experiments to demonstrate the usefulness of our method.

Our work departs from the standard manifold learning paradigm. While existing

manifold learning algorithms, when faced with the impossibility of mapping curved

manifolds to Euclidean space, choose to focus on distances, angles, or speci�c prop-

erties of local neighborhoods and thereby settle for trade-o�s, our method allows for

dimensionality reduction without sacri�cing any of these data properties. Of course,

this entails recovering and storing more information than the coordinates alone. The

information stored under the Metric Learning algorithm is of order s2 per point, while

the coordinates only require s values per point.

Our method essentially frees users to select their preferred embedding algorithm

based on considerations unrelated to the geometric recovery; the metric learning algo-

rithm then obtains the Riemannian metric corresponding to these coordinates through

the Laplace-Beltrami operator. Once these are obtained, the distances, angles, and
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other geometric quantities can be estimated in the embedded manifold by standard

manifold calculus. These quantities will preserve their values from the original data

and are thus embedding-invariant in the limit of n→∞.

Of course, not everyone agrees that the original geometry is interesting in and

of itself; sometimes, it should be discarded in favor of a new geometry that better

highlights the features of the data that are important for a given task. For example,

clustering algorithms stress the importance of the dissimilarity (distance) between

di�erent clusters regardless of what the original geometry dictates. This is in fact one

of the arguments advanced by Nadler et al. [2006a] in support of spectral clustering

which pulls points towards regions of high density.

Even in situations where the new geometry is considered more important, how-

ever, understanding the relationship between the original and the new geometry using

Metric Learning - and, in particular, the pullback metric Lee [2003] - could be of value

and o�er further insight. Indeed, while we explained in Section 2.6 how the embed-

ding metric h can be used to infer how the original geometry was a�ected by the map

f , we note at this juncture that the pullback metric, i.e. the geometry of (f(M), δs)

pulled back to M by the map f , can o�er interesting insight into the e�ect of the

transformation/embedding.8 In fact, this idea has already been considered by Burges

[1999] in the case of kernel methods where one can compute the pullback metric di-

rectly from the de�nition of the kernel used. In the framework of Metric Learning,

this can be extended to any transformation of the data that de�nes an embedding.

Having established the correspondence between the Laplace-Beltrami operator

and the geometry of the embedding, we can now use the operator on any embedding

of the data to �nd a metric that de�nes either how the embedding modi�es the

original manifold or how it di�ers from another embedding in its e�ect on the original

8One caveat to this idea is that, in the case where r >> 1, computing the pullback will not be
practical and the pushforward will remain the best approach to study the e�ect of the map f . It
is for the case where r is not too large and r ∼ s that the pullback may be a useful tool.
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manifold. In the next chapter, we move on to the realm of supervised and semi-

supervised learning, and exploit the advantages of the Laplace-Beltrami operator for

statistical analyses.
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Chapter 3

GAUSSIAN PROCESSES ON MANIFOLDS: A

SEMI-SUPERVISED LEARNING PERSPECTIVE
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3.1 Unsupervised, Supervised and Semi-Supervised Learning and Tasks

Having discussed manifold geometry and its properties in some detail, we now aim to

apply these concepts to common tasks, such as classi�cation or regression. Speci�cally,

we will address these tasks as semi-supervised learning problems.

For the sake of completeness and ease of reference, we begin by de�ning the con-

cepts of unsupervised, supervised and semi-supervised learning (see Chapelle et al.

[2006], Belkin et al. [2006])1.

Unsupervised learning involves a set of n points, P = {x1, ..., xn}, often as-

sumed to be drawn i.i.d. from a distribution π(x) on some sample space X . The

objective of unsupervised learning is to �nd interesting structure in the data - often

some features of π(x), such as its support in X , clusters, quantiles, outliers, etc.
The LearnMetric algorithm in Chapter 2 is an example of unsupervised learn-

ing. It operates under the assumption that the support of π(x) lies on or close to a

manifoldM⊂ Rr (i.e. X =M), and focuses on recovering the intrinsic geometry of

M.

Supervised learning, in contrast, considers training pairs {(x1, y1), . . . , (xn, yn)}
drawn i.i.d. from some joint distribution π(x, y) on sample space X × R or X ×
{1, . . . , r} and aims to learn a predictive map ψ such that yi = η(ψ(xi)) for some pre-

determined link function η. In the statistical literature, the variables x = (x1, . . . , xr)

are generally known as the predictors or covariates, while y is known as the response.

From a statistical perspective, the task of supervised learning aims to infer the con-

ditional distribution π(y|x) from a sample of the joint distribution of the predictors

and response π(x, y).

Semi-supervised learning lies somewhere in between: it is based on a sample

1We note a slight change in notation required to maintain consistency with the literature in this
domain. In our previous discussions, we referred to our data points as p, whereas x designated
the map x :M → Rd. Although we can still think of x as a map, we will only consider it as a
map evaluated at a �xed point p ∈ M. That is to say, we will use x to mean x = x(p) and xi to
mean xi = x(pi).
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{(x1, y1), . . . , (xn, yn)} from the joint distribution π(x, y) and an additional sample

P∗ = {x∗1, ..., x∗n∗} from the marginal distribution π(x). The objective is to exploit the

additional information contained in π(x) in order to improve upon learning π(y|x).

As explained by Belkin et al. [2006], this will only occur if an identi�able relation

between π(x) and π(y|x) actually exists.

For example, a natural assumption that leads to semi-supervised learning is that if

two points x1, x2 ∈ X , where X is some metric space, are close, then the conditional

distributions π(y|x1) and π(y|x2) should be similar.

A closely related concept is that of transductive learning (Chapelle et al.

[2006]). In transductive learning, the goal is to predict the labels of the observed

input points P∗ or P ∪ P∗, and there is no intention of generalizing the predictive

map ψ between x and y to the entire space sample X . The latter is the goal of induc-
tive learning. When considering semi-supervised learning problems, it is natural to

employ a transductive learning approach, as we will do here.

Semi-Supervised Learning and Manifolds

As mentioned above, we have so far considered an unsupervised learning problem.

Speci�cally, we have been concerned with determining the intrinsic geometry of the

support of π(x) under the assumption that the support lies on or is close to a low-

dimensional Riemannian manifold (M, g) withM⊂ Rr and g the induced metric of

the embedding map. From a statistical point of view, this manifold hypothesis can

be understood as the assumption that the predictors are locally collinear (Aswani

et al. [2011]). The idea, then, is to exploit this local collinearity by performing any

learning task with respect to the low-dimensional intrinsic geometry of the data rather

than with respect to high-dimensional space. Typical applications are those where

descriptive data is abundant and high-dimensional, but labelling is expensive or time-

consuming. This yields a learning task that is rich in information on the collinearity

of the predictors x, but poor in information on the response variable y.
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When faced with a high-dimensional data set of the type described in the previ-

ous paragraph, it is natural to think of resorting to sparse type regularization, since

sparse estimates can both help with variable selection and generate improved esti-

mates. However, the fact that the data are collinear makes this an unfruitful and

misguided exercise. Indeed, producing sparse estimates is di�cult when the predic-

tors lie on a manifold, and Lasso-type regularization, the Dantzig selector, and the

RODEO (regularization of derivative expectation operator) simply cannot deal with

such situations (Aswani et al. [2011]).

A more useful approach - and the one we employ here - is to �rst learn the manifold

M formed by the predictors, and then perform the learning task with respect toM.

An elegant way of achieving this is to regularize the learning task with respect toM;

that is, de�ne a kernel tailored toM and use it to regularize the learning task.

Kernel Regularization on Manifolds: Possible Approaches

The development of this approach follows a series of studies on kernel regularization

on di�erent types of spaces. Smola and Kondor [2003] began by introducing the idea

that the input space for kernel regularization could be extended beyond Euclidean

space. Smola and Kondor [2003] argued that as long as a kernel can be de�ned on

the input space, all the kernel-based algorithms such as Support Vector Machines,

Gaussian Processes, and Kernel PCA can be imported �wholesale�, together with

their error analysis and theoretical guarantees2. While these authors were mainly

concerned with graphs and discrete spaces when making this claim, their idea could

also be extended to another type of non-Euclidean space: manifolds.

Because every manifold can be embedded isometrically in Euclidean space by

Nash's embedding theorem Nash [1956], we can always resort to the cordal distance

between points and a radial basis function kernel to de�ne a kernel regularizer on

2For an overview of kernels, Gaussian Processes (GP), and their interplay, see Section 3.2 below.
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M. However, this type of kernel is not particularly useful for two reasons: �rst, it is

susceptible to the curse of dimensionality for high-dimensional data; and second, it

discards any information contained in the geometry induced by the manifold and any

structure found in the unlabelled points. Another option would be to use a radial basis

function kernel, but replace the cordal distance with the geodesic along the manifold.

While this may be an intuitively appealing solution, Gneiting [1998] has shown that

we cannot expect, in general, that this approach will yield a valid symmetric positive

semi-de�nite kernel, or in context of the GP, a valid covariance function, making it a

somewhat risky choice.

We therefore �nd ourselves in need of a kernel that both takes advantage of infor-

mation contained in the geometry of the data and that is well de�ned. [Belkin et al.,

2006] provide us with such a kernel. They construct it implicitly via the Laplace-

Beltrami operator on the intrinsic geometry of the data, used as a semi-norm of the

form

< ψ,−∆Mψ >=< ∇ψ,∇ψ > . (3.1)

Here we have implicitly used Green's �rst identity and vanishing boundary conditions

Evans [2010]. This semi-norm ends up penalizing large gradients and thereby produces

a solution that is smooth with respect toM. This idea is also exploited by Sindhwani

et al. [2007], Zhu et al. [2003] who make similar use of ∆M to de�ne a covariance

function for GP.

The Laplace-Beltrami operator used as a kernel regularizer, though useful, is ill-

de�ned in the asymptotic limit because the �rst order gradient is not a su�cient

penalty in high dimensions (Nadler et al. [2009]). Speci�cally, this means that the

solution will not be continuous if the intrinsic dimension of M is greater than one.

However, this can be remedied by regularizing with respect to the iterated Laplace-

Beltrami operator, as shown in Zhou and Belkin [2011], where the iteration parameter

is used to control the smoothness of the solution.

This approach of using di�erential operators to construct kernels is formalized in
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Steinke and Schölkopf [2008], where the authors clarify the correspondence between

kernels and linear di�erential operators. Their contribution leads to the conclusion

that searching for a good kernel regularizer can be tantamount to searching for the

most sensible di�erential operator for a particular context.

One such operator of particular interest, which is also based on ∆M, was developed

by Lindgren et al. [2011]. Their paper considers a stochastic partial di�erential equa-

tion which extends the notion of the Matérn GF on Rd to any Riemannian manifold.

This yields a �exible operator that is de�ned on the manifold and has a familiar in-

terpretation when applied to Euclidean space. We will explore this model extensively

in this chapter.

3.1.1 Alternatives to Laplacian-based Regressions

In the approaches we have discussed thus far, the selected kernel regularized the

solution on the entire data set P at once, retaining as much information as possible

fromM. An alternative approach, proposed by Aswani et al. [2011], is to compute the

tangent plane at every observed point xi and perform a local regression that penalizes

the components that are perpendicular to the tangent plane.

The Aswani et al. [2011] approach presents several challenges.

The �rst challenge is that it requires that the dimension of the data manifold be

known. However, in most cases, it is not known, and it can be di�cult to estimate,

though some sources provide methods for doing so (Levina and Bickel [2005], Hein and

Audibert [2005]). Comparatively, knowing the exact dimension of the data manifold

is less central to the Laplacian based regularization approach discussed earlier.

The second challenge is that the approach is very computationally intensive since

it requires that the dual to the tangent plane be estimated at each point of interest

so as to penalize regressors in that space. In their own experiment, the authors

�nd themselves needing to scale down the resolution of the images they are working

with: they scaled down an ambient space of 64 × 64 = 4096 to 7 × 7 = 49. In
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other words, the technique requires performing non-linear dimensionality reduction

as a pre-processing step, which we have established is not guaranteed to preserve the

geometry of the data.

The idea of using the various de�nitions of derivatives on manifolds has led Lin

et al. [2011] to consider regularizing the second order smoothness of the predictor

function so that the solution can be as close to linear as possible. In contrast to

the Laplacian-based approaches, which mostly favor constant solutions by virtue of

the gradient penalty, the regularizer proposed by Lin et al. [2011] favors linearity by

requiring that the gradient of the solution be as close as possible to a parallel vector

�eld onM. Being penalized to be close to linear, it is reasoned that the solution will

be better suited for picking up trends with relative ease. In turn, this suggests that

the Laplacian-based regularizers will be better suited for classi�cation tasks whereas

the Lin et al. [2011] approach is better suited for regression tasks.
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3.2 Gaussian Processes and Kernel Regularization

3.2.1 Gaussian Processes

Rasmussen and Williams [2006] and Stein [1999] provide an excellent introduction to

Gaussian processes, and we draw heavily on their work to cover the concepts required

to fully discuss our contributions in this Chapter.

The term Gaussian process usually refers to a stochastic process which is jointly

Gaussian; when the input space of the process is more than one-dimensional, it is

referred to as a Gaussian �eld. However, in the the machine learning literature, like

Rasmussen and Williams [2006] for example, Gaussian processes also refer to non-

parametric models where a Gaussian �eld prior is de�ned over function values (also

known as Kriging in the statistics literature).

To avoid confusion between the Gaussian process as a statistical model and Gaus-

sian processes as stochastic processes, we will refer to the non-parametric model as

Gaussian process (GP) and the stochastic process used in de�ning the model's prior

as Gaussian �eld (GF).

We start by de�ning a GF over an input space X :

De�nition 16 (Gaussian Field) De�nition: A Gaussian �eld over X is a collec-

tion of random variables ψ(x)|x ∈ X indexed by the points in X such that for any

�nite sample P = {x1, . . . , xn} ⊂ X , the random vector Ψ(P) = (ψ(x1), . . . , ψ(xn))t

is jointly Gaussian3.

We write ψ ∼ GF(m, k) to mean that ψ is a GF with mean function

E [ψ(x)] = m(x) (3.2)

3Note that one can extend GF to irregular processes, such as white noise, where the �eld's joint
distribution on a �nite set is no longer well de�ned. This is done by studying the joint distribution
of any �nite number of linear functionals of ψ rather than ψ restricted to P. See Lindgren et al.
[2011] for details.
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and covariance function

cov(ψ(x), ψ(z)) = k(x, z) . (3.3)

The GF is completely determined by the mean function m(x) and covariance func-

tion k(x, z) in that for any �nite sample P = {x1, . . . , xn}, we have Ψ ∼ N (m, K).

By this, we mean that Ψ is Gaussian with mean m = (m(x1), . . . ,m(xn))t and covari-

ance matrix Ki,j = k(xi, xj). Speci�cally, Ψ has multivariate normal density given

by

p(Ψ|m, K) =
1

(2π)n/2 |K|1/2
exp

(
−1

2
(Ψ−m)tK−1 (Ψ−m)

)
. (3.4)

However, to guarantee that the stochastic process GF(m, k) exists, we must impose

a restriction on the covariance function k(x, z): it must be symmetric semi-positive

de�nite.

De�nition 17 (Symmetric Semi-Positive De�nite Function) A function k : X×
X → R, is said to be symmetric semi-positive de�nite if it is symmetric, k(x, z) =

k(z, x), and if for any �nite sample P = {x1, . . . , xn} ⊂ X and real numbers c1, . . . , cn ⊂
R , k satis�es

n∑
i,j

cicjk(xi, xj) ≥ 0 (3.5)

In fact, this is a necessary and su�cient condition for GF(m, k) to exist (Stein [1999]).

Gaussian Process Regression

The GF de�nition in 16 induces a measure on the space of functions on X , but we are
not so much interested in sampling a function from GF(m, k) as in predicting the value

of a function ψ given observed values {(x1, ψ1), . . . , (xn, ψn)}, where P = {x1, . . . , xn}
is known as the training set. When one assumes that

ψ ∼ GF(m, kΘ) , (3.6)

i.e. that the generative process for the target ψ is a GF, then this problem is known as

Gaussian Process Regression (GPR). In expressing GPR as in (3.6), we introduce
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hyperparameters Θ for the covariance function kΘ. We employ the convention of

referring to Θ as hyperparameters since they are the parameters of the GF prior on

the parameters of the GP model.

Note that we have taken the function-space view of GP, as it o�ers a natural

framework in which to study how stochastic partial di�erential equations lead to useful

GPs in Section 3.3 below. In the function-space view of GP, the GF is interpreted

as a prior on functions rather than a prior on the parameters of the GP. This means

that we will never explicitly need to work with the parameters of the GP model, but

only with its hyperparameters Θ. However, there exists an equivalent interpretation

of GP - known as the weight-space or feature-space view - which explicitly considers

the GF as a prior on the parameters of the GP. We direct the interested reader to

Rasmussen and Williams [2006] for an extensive discussion of the subject.

Having introduced hyperparameters for the covariance function kΘ in (3.6), we now

turn to clarifying why we did not attribute hyperparameters to the mean function m.

In general, m(x) will also have hyperparameters, for example when introducing linear

terms of the formmα(x) =
∑

i αifi(x) where the fi(x)'s are functions in the null space

of kΘ and the αi's are the hyperparameters of m. For the purposes of our discussion

in this Chapter, however, we will take the common approach of only considering GF

priors with zero mean function (m(x) ≡ 0).

Since the de�nition of GF is in terms of a �nite sample, the natural thing to do

is to determine the distribution of ψ for any �nite set of points, known as the test

set P∗ = {x∗1, . . . , x∗n∗} ⊂ X , given the observed data. From the de�nition of GF, we

know that the joint distribution of (Ψ(P),Ψ(P∗))t is given by Ψ(P)

Ψ(P∗)

 ∼ N

 0

0

 ,

 K(P ,P) K(P ,P∗)
K(P∗,P) K(P∗,P∗)

 ,

where K(P ,P)i,j = kΘ(xi, xj) and similarly for K(P∗,P), K(P ,P∗), and K(P∗,P∗).
Obtaining the posterior distribution of Ψ(P∗) given the observed points is easily

computed in the conditional form of the multivariate normal distribution:
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p (Ψ(P∗)|Ψ(P),P∗,P ,Θ) ∼ N (K(P∗,P)K(P ,P)−1Ψ(P),

K(P∗,P∗)−K(P∗,P)K(P ,P)−1K(P ,P∗)) . (3.7)

This is a rather idealized situation where we assume that we actually observe ψ

on P . A more sensible model is to assume that we observe a noisy version of Ψ(P).

That is, we model the observed {(x1, y1), . . . , (xn, yn)}, where y = (y1, . . . , yn)t, as

y = Ψ(P) + η (3.8)

where η ∼ N (0, σ2In) represents independent identically distributed Gaussian noise

which is also independent of ψ. Under this noisy obervation model, the distribution

of Y is given by

p(y|Ψ(P), σ2) ∼ N (Ψ(P), σ2In) .

Since we now aim to �nd the distribution of Ψ(P∗) given the noisy observations, we

need to �nd the posterior p (Ψ(P∗)|y,P∗,P ,Θ, σ2). The joint distribution between

Ψ(P∗) and the observations y now takes the form y

Ψ(P∗)

 ∼ N

 0

0

 ,

 K(P ,P) + σ2In K(P ,P∗)
K(P∗,P) K(P∗,P∗)

 .

From the conditional multivariate normal distribution we now have the posterior

p
(
Ψ(P∗)|y,P∗,P ,Θ, σ2

)
∼ N (K(P∗,P)

(
K(P ,P) + σ2In

)−1
y,

K(P∗,P∗)−K(P∗,P)
(
K(P ,P) + σ2In

)−1
K(P ,P∗)) .(3.9)

Using Equation 3.7, we can compute the distribution of ψ on any points x∗ ∈
X from observations {(x1, y1), . . . , (xn, yn)}, and in this very limited sense, we have

solved the GPR problem. Indeed, we still need to specify a form for the covariance

function kΘ and choose a method for estimating the proper hyperparameters; we
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discuss the latter of these problems in more detail in Section 3.2.3 below. As for

selecting kΘ, this is a problem-speci�c choice that is ideally guided by prior knowledge

about the problem and an understanding of the available covariance functions. There

are many well-documented covariance functions to select from when solving problems

in Euclidean space (X = Rr), but this is sadly not the case when the input space

is a general Riemannian manifold (X =M), especially when the actual geometry of

the manifold is unknown. In fact, de�ning a covariance function over a manifold of

unknown geometry from a �nite sample that is both interpretable and �exible is the

main objective of this chapter and will be discussed in detail in Sections 3.3 and 3.4

below.

Although we delay the discussion of how to de�ne covariance functions on Rieman-

nian manifolds, it is worth highlighting the fact that the choice of kΘ also determines

whether a GP falls under the inductive learning paradigm or under the transductive

learning paradigm. From Equation (3.9) we observe that the posterior distribution

of Ψ(P∗) depends on two things: the labelled points y on P and the values of the

covariance function kΘ on P ∪ P∗, i.e. K(P ∪ P∗,P ∪ P∗). This means that if kΘ

is known to us a priori on the whole of X × X , then (3.9) is a form of inductive

learning. Indeed, if the form of covariance kΘ is independent of the observed training

set P and test set P∗, then one can readily extend the posterior of Ψ to any point of

X . Meanwhile, if the form of kΘ is only known or, as will be our case, estimated on

P × P∗, then (3.9) will be a form of transductive learning.

The fact that the boundary between inductive and transductive learning is deter-

mined by our knowledge of the covariance function (or lack thereof) is not speci�c

to GP and applies also to kernel regularization discussed in Section 3.2.2 below. In

general, this boundary applies to any learning approach that relies on a symmetric

semi-positive de�nite function to induce structure on the input space X .
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Gaussian Process Classi�cation

Another common problem is that of classi�cation, in which one hopes to predict the

class of each point x ∈ X rather than a real-value function on X . In our discussion,

we limit ourselves to the two-class problem with y ∈ {−1, 1}4

The problem here is that the Gaussian assumption is not particularly natural for a

function that only takes two values. In de�ning a Gaussian Process Classi�er (GPC),

we can nonetheless appeal to the main idea behind GPR, which is to use a GF as a

prior on the linear predictor of a generalized linear model (GLM). That is, given a

GLM with predictor ψ(x) and mean function E[Y |ψ(x)] = γ(ψ(x)), we impose a GF

prior on ψ ∼ GF(0, kΘ) just as for GPR.

For a two-class classi�er, the natural choice is to use ψ as the predictor to a logistic

regression for which the mean function is given by

γ(ψ) =
1

1 + exp(−ψ)
.

Just as the model for GPR was given by 3.8, we now have the classi�cation model

p(y = 1|ψ(x)) = γ(ψ(x)) , and

p(y = −1|ψ(x)) = 1− p(y = 1|ψ(x)).

The goal now is to �nd the posterior distribution over the two classes at a point

x∗ given observations on P . Formally, we are looking for p(y∗ = 1|x∗P ,y). As the

conditional multivariate distribution cannot be of assistance here, we follow the usual

Bayesian approach of conditioning on the latent function ψ and integrating it out:

p(y∗ = 1|x∗,P ,y,Θ) =

ˆ
p(y∗ = 1|ψ(x∗), x∗,P ,y)p(ψ(x∗)|x∗,P ,y,Θ)dψ(x∗)

=

ˆ
γ(ψ(x∗))p(ψ(x∗)|x∗,P ,y,Θ)dψ(x∗)

= E[γ(ψ(x∗))|x∗,P ,y,Θ] , (3.10)

4For a multiclass problem with c classes, we can always construct c independent two-class classi-
�ers such that each classi�er determines which elements are in its class and which are not.
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where the posterior distribution of ψ(x∗) is given by

p(ψ(x∗)|x∗,P ,y,Θ) =

ˆ
p(ψ(x∗)|x∗,P ,Ψ(P),Θ)p(Ψ(P)|P ,y,Θ)dΨ(P) (3.11)

=

ˆ
p(ψ(x∗)|x∗,P ,Ψ(P),Θ)

p(y|Ψ(P))p(Ψ(P)|P ,Θ)

p(y|P ,Θ)
dΨ(P) .

In general, there is no closed form for these integrals and one must resort to Monte

Carlo sampling (which can be computationally intensive) or use approximations.

Popular approximations, such as the Laplace or the Expectation Propagation

methods, are based on approximating p(Ψ(P)|P ,y) as a normal distribution cen-

tered at

Ψ̂(P) = argmax Ψ(P)p(Ψ(P)|P ,y,Θ) . (3.12)

Under this Gaussian assumption, it is straightforward to compute the posterior in

Equation (3.11). The problem is then reduced to computing integral 3.10, which is

one-dimensional, and therefore much simpler to compute numerically.

It is also common to approximate the problem further by replacing the posterior

p(ψ(x∗)|x∗,P ,y) by a point mass at Ψ̂(P) rather than using a Gaussian approxima-

tion. This makes 3.10 trivial to compute and amounts to using γ(E[ψ(x∗)|x∗,P ,y,Θ])

as the prediction instead of E[γ(ψ(x∗))|x∗,P ,y,Θ]. This approximation is known

as the maximum a posteriori (MAP) predictor and is closely linked to kernel reg-

ularization, which we will discuss in the next section. It is worth pointing out

that even though the MAP predictor retains a probabilistic interpretation, replac-

ing p(ψ(x∗)|x∗,P ,y,Θ) by a point mass means that we are no longer in a position to

assess the uncertainty of the prediction.

3.2.2 Kernel Regularization

Reproducing Kernel Hilbert Space

Before discussing how kernel regularization is used in statistical learning theory and

how it relates to GP discussed in Section 3.2.1, we �rst need to introduce the theo-
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retical framework behind this approach: reproducing kernel Hilbert space (RKHS).

De�nition 18 (Reproducing Kernel Hilbert Space) Let H be a Hilbert space of

real functions f de�ned on an input space X . Then H is called a reproducing kernel

Hilbert space endowed with inner product < ·, · >H and associated norm ||f ||2H =<

f, f >H if there exists a symmetric semi-de�nite kernel (de�nition 17) k : X ×X → R

which satis�es:

1. For every x ∈ X , k(x, z) as a function of y is in H.

2. k has the reproducing property < k(x, ·), f(·) >= f(x) for any f ∈ H.

In practice, a Hilbert space H will be a RKHS if, for every x ∈ X , the linear

functional hx : H → R such that δx(f) = f(x) is continuous (Belkin et al. [2006]).

Indeed, this property guarantees, via the Riez representation theorem, that there

exists a unique hx ∈ H such that δx(f) =< hx, f >H. One can then construct the

kernel k via

k(x, z) =< hx, hy >H , (3.13)

which will necessarily be symmetric semi-positive de�nite and satisfy conditions 1

and 2 from De�nition 18 (Belkin et al. [2006]).

This construction of the kernel hints at a key fact of RKHS: the kernel k is uniquely

determined by the RKHS and, conversely, the RKHS is uniquely determined by the

kernel k. This is formalized by the Moore-Aronszajn theorem:

Theorem 19 (Moore-Aronszajn) For every symmetric semi-positive de�nite ker-

nel k : X × X → R, there exists a RKHS with kernel k, and vice versa (Aronszajn

[1950]).

Given the equivalence between RKHS H and kernel k, we will henceforth explicitly

identify a RKHS with its kernel k as Hk.
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Equation (3.13) shows that the inner product < ·, · >Hk characterizes the kernel.
However, to fully appreciate Theorem 19, we need to clarify in what sense the kernel

characterizes the RKHS. There are two ways to go about doing this: Mercer's Theorem

and the Representer Theorem. We will use Mercer's Theorem in our discussion below,

as it provides the most insight into RKHS.

We �rst note that if X ⊂ Rr is closed and ν is a measure on X with k a symmetric

semi-de�nite kernel on X × X satisfying

ˆ
X

ˆ
X
|k(x, z)|2dν(x)dν(y) <∞ , (3.14)

then the induced operator

Tk(f)(x) =

ˆ
X
k(x, z)f(y)dν(y) (3.15)

is self-adjoint, positive, and compact. By the spectral theory of compact opera-

tors, this means that the eigenfunctions {φi}∞i=1 of Tk form an orthonormal basis for

L2
ν(X ) and that the corresponding eigenvalues {λi}∞i=1 have �nite multiplicity, are

non-negative, and are square summable
∑∞

i=1 λ
2
i < ∞ (Minh et al. [2006], Belkin

et al. [2006]).

If we only consider measures that are strictly positive on X , we have:

Theorem 20 (Mercer) Let X ⊂ Rr be closed and ν a strictly positive Borel measure

on X . Let k be a symmetric semi-de�nite kernel on X × X satisfying (3.14), then

k(x, z) =
∞∑
i=1

λiφi(x)φi(y) (3.16)

where the series converges absolutely for any point (x, z) ∈ X × X and uniformly on

any compact subset of X (Minh et al. [2006]).

We are now in a position to determine how < ·, · >Hk relates to the kernel function
k. Working from the two alternative constructions of k, (3.13) and (3.16):
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k(x, z) = < k(x, ·), k(y, ·) >Hk (3.17)
∞∑
k=1

λkφk(x)φk(y) =
∞∑
i=1

∞∑
j=1

λiλjφi(x)φj(y) < φi, φj >Hk . (3.18)

Since the eigenfunctions {φi}∞i=1 form an orthonormal basis for L2
ν(X ), we conclude

that

< φi, φj >Hk =


1
λi

0

if i = j

otherwise.

(3.19)

Thus, in general, for any two functions f, q ∈ L2
ν(X ) with decomposition f =∑∞

i=1 fiφi(x) and q =
∑∞

i=1 qiφi(x), their inner product in Hk is given by

< f, q >Hk=
∞∑
i=1

fiqi
λi

. (3.20)

This also means that f ∈ Hk if and only if < f, f >Hk=
∑∞

i=1
f2i
λi
< ∞ (in the same

way that f ∈ L2
ν(X ) if and only if

∑∞
i=1 f

2
i <∞).

Equation (3.13) expresses the inner product < f, q >Hk in terms of the eigende-

composition of Tk. To appreciate this decomposition, it is worth considering the �nite

vector space equivalent of (3.13). Speci�cally, (3.13) means that for a �nite RKHS

with kernel matrix K, the inner product takes the form < f, q >Hk= f tK−1q. Note

that < f, f >Hk= f tK−1f de�nes the same quadratic form as the one used in the

multivariate normal distribution (3.4) with covariance matrix K. This connection

will be further explored below, but it already suggests that the kernel of a RKHS will

play a role similar to that of the covariance function of a GP.

Finally, it is also worth noting that the inner product < f, q >Hk is independent

of the measure ν in Theorem 20 and that the norm (3.20) is solely a property of the

kernel (Rasmussen and Williams [2006]).
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Empirical Risk Minimization

Once again, many authors have proposed excellent summaries of concepts we need

to cover, but we draw on Bousquet et al. [2004], Rasmussen and Williams [2006] in

particular in our exposition below.

The standard problem in statistical learning is di�erent from that of GP described

in Section 3.2.1 above, although the two will be shown to be similar. Instead of

specifying a generative model for the target y, the idea is to specify a loss function

Q(x, y, ψ) that measures the loss incurred in predicting ψ for a given value of y.

The choice of loss function Q is determined by the problem one is trying to solve.

For example, the natural choice for a regression problem is the squared error loss

Q(x, y, ψ) = ||y − ψ(x)||2, while for a classi�cation problem the natural choice is the

0-1 loss Q(x, y, ψ) = 1[y = sign(ψ(x)]. However, the choice of loss function is not

always determined solely by the type of problem addressed; other considerations can

be relevant as well. For example, in the case of classi�cation, Hinge's loss Q(x, y, ψ) =

max (0, 1− yψ(x)) is also very commonly used, as it leads to a convex problem that

is easier to optimize.

In theory, one would like to select ψ so that it minimizes the expected loss

E [Q(y, ψ)] - commonly referred to as risk. The expectation E [Q(x, y, ψ)] is taken

over the joint distribution of the target and input space p(x, y). Since the joint dis-

tribution p(x, y) is unknown, it is not possible to compute E [Q(x, y, ψ)] explicitly.

Rather, the common approach is to assume that observations {(x1, y1), . . . , (xn, yn)}
constitute a random sample from p(x, y) and de�ne the empirical risk as follows:

Rn(ψ) =
1

n

n∑
i=1

Q (xi, yi, ψ(xi)) . (3.21)

The empirical risk (3.21) can then be minimized over F , the space of all functions on
X :

ψ̂n = argmin
ψ∈F

Rn(ψ) . (3.22)
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Problem (3.22) is ill-posed however, since minimizing 3.21 over all possible func-

tions on X will generally lead to a situation where ψn predicts y perfectly on the

training set {(x1, y1), . . . , (xn, yn)} but fails to generalize to test set P∗. In other

words, minimizing 3.21 without additional constraints will lead to over�tting.

The two approaches used to prevent over�tting either a) explicitly limit the space

of functions F over which to �nd (3.22), or b) add a term to (3.22) that penalizes

overly complex functions in F . Kernel regularization takes the latter approach. It

replaces F by a RKHS Hk that is deemed appropriate for the problem, and penalizes

functions with large values of the square norm ||·||2Hk .
Speci�cally, the problem now takes the form of

ψ̂n = argmin
ψ∈Hk

(
Rn(ψ) + µ2 ||ψ||2Hk

)
, (3.23)

where µ is referred to as the �regularization� parameter. Just as in GP, we might

choose to have some hyperparameters Θ on the kernel kΘ to add �exibility to the

model. In that sense, µ can be thought of as one of these hyperparameters.

Even with the added penalty, the task of solving (3.23) might still seem quite

daunting as the RKHS space Hk is often very large. The Representer Theorem pro-

vides an elegant tool to address this problem.

Theorem 21 (Representer Theorem) Let Hk be a RKHS on input set X with

kernel function k : X × X → R. Given a training sample {(x1, y1), . . . , (xn, yn)} and
empirical risk function Rn : (X × R2)

n → R ∪ {∞}5 and a monotonically increasing

function c : [0,∞)→ R, then any ψ̃ ∈ Hk satisfying

ψ̃ = argmin
ψ∈Hk

(
Rn(ψ) + c

(
||ψ||2Hk

))
(3.24)

admits a representation of the form

ψ̃(x) =
n∑
i=1

αik(x, xi) , (3.25)

5Note that this is a more general de�nition of empirical risk than the one we o�ered in (3.21) as
it is not necessarily expressed as a sum over the training pairs.
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where {α1, . . . , αn} ∈ R (Schölkopf et al. [2001]).

In other words, the Representer Theorem reduces the complexity of the minimization

problem (3.23) from a search over a potentially in�nite space Hk to search over a

�nite set of parameters {α1, . . . , αn}. Equation (3.25) then gives us the predicted

solution ψ̂n for the whole of X , assuming we know the form of the kernel k on the

whole X ×X . This highlights the fact that the boundary between inductive learning

and transductive learning is determined by whether k is known to us a priori on the

whole of X ×X or whether it depends on the observed data P ∪P∗, as �rst discussed
in Section 3.2.1.

Relation to GP

The next element of interest is the link between kernel regularization and GP. The

framework that links kernel regularization - or, more accurately, RKHS - and GP has

been formalized in recent years (Hein and Bousquet [2004], Steinke and Schölkopf

[2008]). Not surprisingly, it centers on symmetric semi-de�nite functions to induce

structure on X . Our aim here is to present a more intuitive explanation of the con-

nection; speci�cally, we are interested in how the solution to 3.23 and the predictions

from GP ((3.9) or (3.10)) are related.

To discuss how Equation (3.23) relates to GP, we consider the case where the loss

Q(x, y, ψ) can be normalized and hence has an alternative interpretation as a negative

log-likelihood p(y|ψ, x). This is important to ensure that the solution to the regular-

ized empirical risk minimization problem (3.23) has a probabilistic interpretation. If

that is the case, one can take the exponential of the regularized empirical risk and

provide an interpretation via Bayes' theorem:

p(Ψ(P)|P ,y) ∝ p(y|Ψ(P),P ,Θ)p(Ψ(P)|P ,Θ)

∝ exp(−nRn(Ψ(P))) · exp(−µ2Ψ(P)tK(P ,P)−1Ψ(P)t) . (3.26)
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As expected, the empirical risk serves as evidence via the likelihood p(y|ψ, x), while

the regularizer ||ψ||Hk = Ψ(P)tK(P ,P)−1Ψ(P)t takes the form of a GF prior on ψ.

In other words, we can interpret kernel regularization as a penalty on the complexity

of ψ or as a GF prior on ψ with mean m ≡ 0, covariance function kΘ and model

p(y|ψ, x) ∝ exp(−Q(x, y, ψ)).

Meanwhile, the penalized empirical risk minimizer ψ̂n in (3.23) is now the max-

imizer of (3.26), so that ψ̂n is really the MAP estimate Ψ̂(P) from (3.12) used to

approximate (3.10). Note that this does not mean that the penalized empirical risk

minimizer ψ̂n will agree with the test set posterior Ψ̂(P∗) for any general problem.

Indeed, (3.11) is not generally equivalent to the solution (3.25) prescribed by the

Representer Theorem. One notable exception is GPR, for which the expected value

of the posterior on the test set (3.9) will be equal to the solution of the penalized

empirical risk with mean squared error loss (Rasmussen and Williams [2006]).

3.2.3 Estimating the Hyperparameter

One key element we have yet to address in either the GP or the kernel regularization

framework is the selection of the covariance function or regularization kernel kΘ. As

we have stated before, the choice of kΘ is usually inspired by the the context of the

problem and the desired properties of kΘ. Even when a reasonable choice for kΘ has

been made however, one still needs to determine the more speci�c properties of kΘ,

e.g. length scale and smoothness, encoded in the hyperparameters Θ.

Bayesian Approach

In a purely Bayesian framework, the natural approach is not to estimate the hyper-

parameter of the prior, but rather to add another inference layer in the form of a

prior p(Θ) over the hyperparameters to express our knowledge (or lack thereof) re-

garding the hyperparameter's values. For a general GP, this means that the posterior
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distribution on y is given by

p(y∗|x∗,P ,y) =

ˆ
p(y∗|x∗,P ,y,Θ)p(Θ)dΘ , (3.27)

and the same applies to Ψ(P∗) for GPR when we are interested in the latent function

ψ rather than y. Evaluating p(y∗|x∗,P ,y) means selecting an appropriate prior p(Θ)

as well as computing the generally intractable intergral in 3.27. A popular approach

in statistics is to use Markov chain Monte Carlo (MCMC) to obtain a sample from

p(y∗|x∗,P ,y). MCMC is computationally intensive, especially in the GP context,

which requires inverting the kernel matrix K(P ,P). This means that as n grows, the

complexity of sampling will grow as O(n3).

Marginal Likelihood

An alternative to a purely Bayesian approach is to use the hyperparameters that best

explain the observed data by maximizing the marginal likelihood

p(y|P ,Θ) =

ˆ
p(y|P ,Ψ(P))p(Ψ(P)|Θ)dΨ(P) , (3.28)

over Θ. We then get that the posterior of y∗ given the observed data is p(y∗|x∗,P ,y, Θ̂)

where

Θ̂ = argminΘp(y|P ,Θ) .

Although elegant and easy to compute, this approach should be taken with caution,

however, since it may lead to over�tting (Rasmussen and Williams [2006]).

Cross-Validation

When working with the MAP estimate or empirical risk, however, we cannot com-

pute the marginal likelihood. Instead we use an alternative approach to estimating the

hyperparameters - cross-validation. Obviously, one could also use cross-validation to

estimate parameters in a GP context even if we have access to the marginal likelihood
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(3.28); and indeed, as mentioned in Rasmussen and Williams [2006], cross-validation

and marginal likelihood maximization tend to perform equally well. However, cross-

validation takes considerably longer, especially if the learning is done on several sub-

sets, as we will explain below.

The idea of cross-validation to estimate hyperparameters, or more generally to

test models, is to use a subset of the data available for learning, i.e. the labels y on

the training set P , and test how well the solution for a given set of hyperparamters

generalizes to the remainder of P . The assumption is that the error on the remaider

of P provides a good proxy for the test error (also known as generalization error): the

error of the solution on the test set P∗.
At its simplest, this means that the training set would be split into two subsets,

with the �rst half being used for training and the second for validation. Then, the

roles of the two subsets would be reversed, and the �nal cross-validation error would

be the average of the previous two operations. The natural generalization of this idea

is to split the available data into more than two equally-sized subsets, for example 5,

10 or even n subsets. Then, one of these subsets is set aside for validation purposes

while learning or training occurs on the remaining sets; this can be repeated as many

times as there are subsets, each time using a di�erent one of the subsets for validation.

While the latter approach may reduce the variability of the estimates obtained, it is

only practical if computation time is not a limitation. It is also subject to the risk

of over�tting Ng [1997]. Nonetheless, cross-validation is quite popular because of its

simplicity and it wide range of applicability. Indeed, it can be used for any model or

loss function.
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3.3 Di�erential Operators as Regularizers

The connection between GP and kernel regularization has already been discussed, but

another revealing connection is the correspondence with linear di�erential operators

(Steinke and Schölkopf [2008]). Speci�cally, given a di�erential linear operator L, the
stochastic partial di�erential equation (SPDE) on manifoldM

L(ψ) = ξ inM , (3.29)

with appropriate boundary conditions on ∂M, and where ξ represents a Gaussian

white noise source term, has solution

ψ ∼ GF
(
0,L−1(Lt)−1

)
. (3.30)

Here, Lt is the adjoint of L, and L−1, if it exists, is the inverse of the di�erential

operator and in usually referred to as the Green function of problem (3.29).

This correspondence between di�erential operators and GF or kernels is particu-

larly powerful because one can derive intuition from either the SPDE, the GF or the

resulting RKHS. Of particular interest to us is the following SPDE:

(
κ2 −∆Rd

)α/2
ψ = ξ , in Rd (3.31)

with α > d/2 (Lindgren et al. [2011]), where d is the dimension of the input space Rr.

One can show by Fourier analysis (Whittle [1954, 1963]) that the covariance func-

tion de�ned by this operator, just as in (3.30), is the Matérn covariance function

k(x, z) =
(κ ||x− z||)ν Kν (κ ||x− z||)
2ν−1Γ(ν + d/2) (4π)d/2 κ2ν

, (3.32)

where Kν is the modi�ed Bessel function of the second kind of order ν. In addition,

the functional form of k(x, z) = k(||x −mbz||) means that 1/κ controls the length

scale of the GF. Meanwhile, α = ν + d/2 controls the smoothness of the GF ψ via

(3.31).



85

What makes the interplay between the above SPDE and the Matérn GF so power-

ful is the �exibility (3.31) o�ers in terms of generalizing the notion of what constitutes

a Matérn GF. This is the approach taken in Lindgren et al. [2011], where the authors

extend the Matérn �elds to manifolds, introduce non-stationary Matérn �elds, and

introduce oscillating Matérn �elds, amongst other things. The most interesting idea

for our purposes is the extension of Matérn �elds to Riemannian manifolds via(
κ2 −∆M

)α/2
ψ = ξ , inM (3.33)

∂n
(
κ2 −∆M

)j
ψ = 0 , on ∂M , for j = 1, . . . , b(α− 1)/2c (3.34)

where we have replaced the Laplacian ∆Rd in (3.31) with the Laplace-Beltrami opera-

tor ∆M, and we have added the boundary condition (3.34) where ∂n is the directional

derivative along the normal to the boundary ∂M. Equations (3.33) and (3.34) give

rise to the Matérn �eld

ψ ∼ GF
(

0,
(
κ2 −∆M

)−α)
, on M. (3.35)

We are not imposing any constraints on α other than α > d/2, which, as will be

discussed below, is necessary to guarantee that the process ψ is continuous in the

mean square6. For non-integer values of α/2, (κ2 −∆M)
α/2

is a pseudo-di�erential

operator de�ned in terms of the spectral decomposition of ∆M.

Lindgren et al. [2011] solve the boundary value problem in (3.33) and (3.34) and

obtain (3.35) by decomposing ∆M via �nite element method. While this is an ap-

pealing approach, it requires that the input space geometry be known. Since this is

not our case, we propose instead to work with the graph Laplacian L̃ε,n as a proxy

for ∆M. Given that, in practice, L̃ε,n is known on the observed points P ∪ P∗ rather
than on the whole of M, this means that any regression or classi�cation performed

using L̃ε,n is a form of transductive learning. This is in contrast with the inductive

learning approach of Lindgren et al. [2011], where, because the manifold is known a

6See De�nition 22.
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priori, the discrete approximation to ∆M is de�ned for every point x ∈M and hence

so is the value of the Matérn �eld (3.35).

As a �nal note, it is worth pointing out that the boundary value problem in

(3.33) and (3.34) generalizes and uni�es previous ideas in Laplacian regularization,

such as regularization on graphs (Smola and Kondor [2003]) or Laplacian and Iterated

Laplacian regularization (Belkin et al. [2006], Zhou and Belkin [2011]). The case α = 1

leads to the same kernel as the Regularized Laplacian from Smola and Kondor [2003]

or the same covariance function as the GP used by Zhu et al. [2003]. Meanwhile

κ = 0 with integer values of α leads to the same kernel as the Iterated Laplacian

regularization (Zhou and Belkin [2011]).
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3.4 The Matérn GF

Since we are now extending the notion of Matérn GF to manifolds, it is interesting to

discuss the intuition that can be gained from the Matérn covariance function (3.32)

and the Matérn SPDE (3.33). Speci�cally, there are three elements of interest in the

pseudo-di�erential operator (κ2 −∆M)
α/2

: the smoothness α, the length scale 1/κ

and the geometry ∆M. We discuss these in turn below.

3.4.1 Smoothness α

The Matérn GF is a popular process in spatial statistics, in large part due to Stein

[1999], who recommended its use. One of the key bene�ts Stein cites in favor of the

Matérn GF is control over the smoothness of the stochastic process.

To clarify in what sense α controls the smoothness of the GF, we �rst need to

de�ne mean square continuity and mean square di�erentiability.

De�nition 22 (Mean Square Continuity Adler [1981] ) Let {xi}∞i=1 ⊂ X be a

sequence converging to x∗ ∈ X , i.e. ||xi − x∗|| → 0 as i → ∞. Then if the GF ψ

satis�es

E[||ψ(xi)− ψ(x)||2]→ 0 , as i→∞ , (3.36)

we say that ψ is continuous in the mean square at x∗. If this holds for all x∗ ∈ A ⊂M,

we say that ψ is continuous in the mean square over A.

An important result about mean square continuity is its equivalence with continu-

ity of the covariance function. Indeed, from the de�nition of mean square continuity

one readily observes that ψ is continuous in the mean square at x∗ if and only if the

covariance function k(x, z) of ψ is continuous at x = z = x∗.

One can also de�ne the mean square derivative of ψ at x∗ in direction ej as

ψi(x
∗) ≡ l.i.m.

h→0

ψ(x+ hej)− ψ(x)

h
, (3.37)
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where l.i.m. is the limit in the mean square. Just as for mean square continuity, ψi(x)

exits if and only if ∂2k(x, z)/∂xj∂zj exists at x = z = x∗ (Adler [1981]).

Going back to the Matérn GF, we have that if ψ is a Matérn GF, then ψ will be

continuous in the mean square if and only if the order parameter in (3.32) satis�es

ν > 0 (Rasmussen and Williams [2006]). This property of the Matérn GF extends to

mean square di�erentiability: a ψ will be k−times mean square di�erentiable if and

only if the order parameter in (3.32) satis�es ν > k.

In light of (3.31), (3.30), and the fact that α = ν + d/2, it is clear that α must

be greater than d/2 to ensure that the resulting stochastic process will be continuous

in the mean square. Not surprisingly, this result extends to di�erentiability, whereby

if α − d/2 > k, the process will be k−times mean square di�erentiable. In the limit

of ν → ∞, the process is in�nitely mean square di�erentiable and if M = Rd, then

the Matérn convariance function (3.32) converges to a squared exponential covariance

function (Rasmussen and Williams [2006]). On a general manifold, one achieves the

same e�ect by using the pseudo-di�erential operator L = exp (−∆M/4l
2) in (3.29),

where 1/l plays the same role of characteristic length scale as 1/κ in (3.31).

Interestingly, Zhou and Belkin [2011] also arrived at the conclusion that one should

choose α > d/2, for the κ = 0 case. Speci�cally, they show that the Sobolev space

Hα(M) =

{
ψ :

∂|r|ψ

∂r1x1 · · · ∂rdxd
∈ L2(M) ,∀r ∈ Nd s. t.

d∑
i=1

ri ≤ α

}
, (3.38)

associated with iterated Laplacian ∆α
M, de�nes a RKHS if and only if α > d/2.

3.4.2 Length Scale 1/κ

One notable di�erence between the di�erential operator (κ2 −∆M)
α/2

from Equation

(3.33) and the iterated Laplacian regularization of Zhou and Belkin [2011] is the

introduction of κ2. This hyperparameter controls the length scale, or rate of decay, of

the Matérn covariance function, as can be seen in (3.32) for theM = Rd case. In the
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absence of this hyperparameter, the resulting di�erential operator, ∆
α/2
M , has a non-

trivial null space. Furthermore, the resulting stochastic process has no characteristic

length scale, at least on input spaces that do not have a characteristic length scale of

their own, such as Rd.

In practice, one can ensure a trivial null space when κ2 = 0 by adding a constant

diagonal term to the resulting covariance function. Note that this amounts to adding

measurement noise, as we did for GPR in Equation (3.8). This is the approach taken

by Zhu et al. [2003], whose model is otherwise equivalent to the κ 6= 0 and α = 1

case.

Another option for dealing with the non-trivial null space of ∆α
M is to de�ne

the covariance function in (3.35) by using the pseudo-inverse of ∆α
M. One can then

reintroduce the functions in the null space in the form of a mean function to the GF

as described in Section 3.2.1. Proceeding in this manner introduces as many new

hyperparameters as there are dimensions in the null space.

In any event, setting κ2 > 0 clearly o�ers important bene�ts: a) from a technical

point of view, by ensuring that the null space is trivial, and b) from an interpre-

tation point of view, by providing a characteristic length scale for the regression or

classi�cation task.

3.4.3 Geometry ∆M

As discussed in Chapter 2, the Laplace-Beltrami operator ∆M is equivalent to the

intrinsic geometry (M, g) of the Riemannian manifold, in that either one can be

recovered from the other. We are already implicitly exploiting this fact to extend

the de�nition of the Matérn GF to manifolds, but we can make an observation of

further interest here. Indeed, this correspondence means that transformations of the

geometry (M, g) are tantamount to transformations of ∆M, and vice versa.

Lindgren et al. [2011] formalize this by extending the deformation method devel-

oped by Sampson and Guttorp [1992] to manifolds and show how any embedding
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of a manifold transforms the boundary value problem of (3.33) and (3.34) for the

α = 1 case. That is, Lindgren et al. [2011] de�ne non-stationary Matérn GF onM by

implying that the only stationary Matérn GF onM is the solution to the boundary

value problem (3.33) and (3.34)7. Consequently, any Matérn GF onM that is not a

solution to that boundary value problem is seen as non-stationary. In other words,

any embedding φ :M→N produces a transformation ∆M → ∆N . Therefore, using

∆N in (3.35) can be interpreted either as a new Matérn GF on the embedding N , or

as a non-stationary GF on the original manifoldM.

Interestingly, this gives a new interpretation to non-linear dimensionality reduction

algorithms that do not produce isometric embeddings: any regression or classi�cation

performed on such an embedding is a non-stationary version of that task performed

on the original manifold. This obviously opens the door to �nding transformations

(embeddings) of the data that lead to useful non-stationary processes.

In practice, this can be done in two ways. First, the graph Laplacian L̃ε,n could

itself be transformed. The problem with this approach is that most variations of the

graph Laplacian do not actually converge to the Laplace-Beltrami operator - they

de�ne a completely di�erent di�erential operator that may or may not be geomet-

rically grounded. Second, the data could be transformed through some embedding

algorithm and then a new graph Laplacian could be computed in that space, ensuring

that the new graph Laplacian is geometrically grounded. Obviously, if the embed-

ding lends itself to it, one could simply perform the task directly in the (hopefully

low-dimensional) ambient space of the embedding.

7Note that in Euclidean space, a stationary GF is a GF whose covariance function only depends
on the distance between points.



91

3.5 Experiments

3.5.1 Data and Learning Tasks

For the experiments performed in this chapter, we use seven learning tasks: six clas-

si�cation tasks drawn from the work of Chapelle et al. [2006], and the regression on

faces data set presented earlier in Section 2.6.

Chapelle et al. [2006] created several SSL data sets and associated learning tasks

with the intention of providing a useful set of reference points, or benchmarks, against

which researchers could measure their methods and explore areas for improvement.

All the problems were designed to re�ect and probe di�erent assumptions that various

existing algorithms build upon. They are all publicly available at:

http://www.kyb.tuebingen.mpg.de/ssl-book/.

These standard data sets and accompanying learning tasks include �ve derived

from real data, and three arti�cially created ones. We limit ourselves to the problems

in which the data is sampled from a Riemannian manifold, so we do not consider

those with sparse discrete and sparse binary spaces. We also exclude the multiclass

classi�cation problem. The remaining six problems are described below, based largely

on the text and �gures provided in Chapelle et al. [2006].

• Data Set 1: Digit1 - This arti�cial data set and classi�cation problem were

designed to consist of points close to a low-dimensional manifold embedded into

a high-dimensional space, but not to show a pronounced cluster structure. The

authors started from a system that generates arti�cial writings (images) of the

digit �1� developed by Hein and Audibert [2005]. The images are constructed

based on the image of an abstract �1� implemented as a function [0, 1]2 → {0, 1},
with the main vertical line ranging from y = 0.2 to y = 0.8 at x = 0.5. There

are �ve degrees of freedom in the function: two for translations ([−0.13,+0.13]

each), one for rotation ([−90◦,+90◦] each), one for line thickness ([0.02, 0.05]),
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further Gaussians for class −1 were fixed by moving from each of the former

centers a distance of 2.5 in a random direction. Again, the identity matrix was

used as covariance matrix, and 375 points were sampled from each new Gaussian.

A two-dimensional projection of the resulting data is shown on the right side of

figure 21.1.

Digit1 This data set was designed to consist of points close to a low-dimensional

manifold embedded into a high-dimensional space, but not to show a pronounced

cluster structure. We therefore started from a system that generates artificial

writings (images) of the digit “1” developed by Matthias Hein (Hein and Audibert,

2005). The images are constructed starting from an abstract “1” implemented

as a function [0, 1]2 → {0, 1}, with the main vertical line ranging from y = 0.2

to y = 0.8 at x = 0.5. There are five degrees of freedom in this function: two

for translations ([−0.13,+0.13] each), one for rotation ([−90◦,+90◦]), one for line

thickness ([0.02, 0.05]), and one for the length of a small line at the bottom ([0, 0.1]).

The resulting function is then discretized to an image of size 16×16. As an example,

the first data point is shown in figure 21.2 (left).
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Figure 21.2 First data point from Digit1 data set. (Left) Original image. (Right) After
rescaling, adding noise, and masking dimensions (x).

We randomly sampled 1500 such images. The class label was set according to the

tilt angle, with the boundary corresponding to an upright digit. To make the task

a bit more difficult, we apply a sequence of transformations to the data as shown

in algorithm 21.1, with σ set to 0.05. The result of this transformation (except for

bias and permutation) applied to the first data point is shown in the right part of

figure 21.2.

Since the data lie close to a five-dimensional manifold, SSL methods based on the

manifold assumption are expected to improve substantially on supervised learning.

Figure 3.1: First data point from Digit1. (Left) Original image. (Right) After

rescaling, adding noise, and masking dimensions (x). Figure and caption taken from

Chapelle et al. [2006].

and Figure 3.1 displays the �rst data point as an example.

In order to construct the data set, the authors randomly sampled 1500 such

images. The class label was set according to the tilt angle, with the boundary

corresponding to an upright digit. To increase the di�culty of the task, the au-

thors applied a sequence of transformations to the data as shown in Algorithm

21.1 from Chapelle et al. [2006] with σ set to 0.05. The result of this transforma-

tion (except for bias and permutation) applied to the �rst data point is shown

in the right part of Figure 3.1. The data set has 2 classes, 241 dimensions, and

1500 data points.

• Data Set 2: USPS - This data set and classi�cation problem are based on real

data from the �famous� set of USPS handwritten digits. To construct USPS,

the authors randomly drew 150 images of each of the ten digits. The digits �2�

and �5� were assigned to the class +1, and all the others formed class −1. This

produced two imbalanced classes, with relative sizes of 1:4.
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Algorithm 21.1 Obscure image data

Require: σ {standard deviation of random noise}
1: randomly select and permute 241 columns (features)

2: add to each column a random bias drawn from N(0, 1)

3: multiply each column by a value from unif([−1,−0.5] ∪ [0.5, 1])

4: add independent noise from N(0, σ2I) to each row (data point)

USPS We derived a benchmark data set from the famous USPS set of handwrit-

ten digits as follows. We randomly drew 150 images of each of the ten digits. The

digits “2” and “5” were assigned to the class +1, and all the others formed class

−1. The classes are thus imbalanced with relative sizes of 1:4. We also expect both

the cluster assumption and the manifold assumption to hold.

To prevent people from realizing the origin of this benchmark data set and

exploiting its known structure (e.g. the spatial relationship of features in the image),

we again obscured the data by application of algorithm 21.1, this time with σ = 0.1.

Figure 21.3 illustrates the impact.
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Figure 21.3 Fourth data point from the USPS data set. (Left) Original image. (Right)
After rescaling, adding noise, and masking dimensions (x).

COIL The Columbia object image library (COIL-100) is a set of color images

of 100 different objects taken from different angles (in steps of 5 degrees) at a

resolution of 128 × 128 pixels (Nene et al., 1996).1 To create our data set, we first

downsampled the red channel of each image to 16 × 16 pixels by averaging over

blocks of 8 × 8 pixels. We then randomly selected 24 of the 100 objects (with

24 ∗ 360/5 = 1728 images). The set of 24 objects was partitioned into six classes of

four objects each. We then randomly discarded 38 images of each class, to leave 250

1. at http://www1.cs.columbia.edu/CAVE/research/softlib/coil-100.html

Figure 3.2: Fourth data point from USPS. (Left) Original image. (Right) After rescal-

ing, adding noise, and masking dimensions (x). Figure and caption taken from

Chapelle et al. [2006].

To prevent researchers from exploiting the known structure of the data, the

authors again obscured it by applying Algorithm 21.1 from Chapelle et al. [2006],

this time with σ = 0.1. The result of such an intervention is displayed in Figure

3.2.

• Data Set 3: COIL

The Columbia object image library COIL is a set of color images of 100 di�erent

objects taken from di�erent angles. To create this data set and related clas-

si�cation problem, the authors downsampled each image and then randomly

selected 24 of the 100 objects, without revealing which objects were part of

the selection. The selected objects were then partitioned into two classes of

twelve objects each, further downscaled and obscured with Algorithm 21.1 from

Chapelle et al. [2006]. The process is shown in Figure 3.3 below. The �nal data

set has 2 classes, 241 dimensions, and 1500 points.

• Data Set 4: BCI - This data set and related classi�cation problem are based on
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each. Finally, we applied algorithm 21.1 (with σ = 2) to hide the image structure

from the benchmark participants. Figure 21.4 gives an illustration.
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Figure 21.4 First data point from the COIL data set. (Left) Original image. (Right)
After rescaling, adding noise, and masking dimensions (x).

BCI This data set originates from research toward the development of a brain

computer interface (BCI) (Lal et al., 2004). A single person (subject C) performed

400 trials in each of which he imagined movements with either the left hand (class

-1) or the right hand (class +1). In each trial, EEG (electroencephalography) was

recorded from 39 electrodes. An autoregressive model of order 3 was fitted to each

of the resulting 39 time series. The trail was represented by the total of 117 = 39∗3

fitted parameters. We thank Navin Lal for providing these data.

Text This is the 5 comp.* groups from the Newsgroups data set and the goal is to

classify the ibm category versus the rest (Tong and Koller, 2001). We are thankful to

Simon Tong for providing this data set. A tf-idf (term frequency – inverse document

frequency) encoding resulted in a sparse representation with 11,960 dimensions.

For the benchmark, 750 points of each class have been randomly selected and the

features randomly permuted.

SecStr The main purpose of this benchmark data set is to investigate how far

current methods can cope with large-scale application. The task is to predict the

secondary structure of a given amino acid in a protein based on a sequence window

centered around that amino acid. Our data set is based on the CB513 set,2 which

was created by Cuff and Barton and consists of 513 proteins (Cuff and Barton,

1999). The 513 proteins consist of a total of 84,119 amino acids, of which 440 were

X, Z, or B, and were therefore not considered.

2. e.g. at http://www.compbio.dundee.ac.uk/~www-jpred/data/pred_res/

Figure 3.3: First data point from COIL. (Left) Original image. (Right) After rescaling,

adding noise, and masking dimensions (x). Figure and caption taken from Chapelle

et al. [2006].

real data resulting from research toward the development of a brain computer

interface (hence the name BCI) (Lal et al. [2004]). A single person performed 400

trials in each of which he imagined movements with either the left hand (class

−1) or the right hand (class +1). In each trial, EEG (electroencephalography)

was recorded from 39 electrodes. An autoregressive model of order 3 was �tted

to each of the resulting 39 time series. The trail was represented by the total of

117 = 39× 3 �tted parameters.

• Data Set 5: g241c - This arti�cial data set and related classi�cation problem

were generated such that the classes correspond to clusters, but the manifold

assumption does not hold in that the data does not lie on a low-dimensional

subspace of the ambient space. First, 750 points were drawn from each of two

unit-variance isotropic Gaussians, the centers of which had a distance of 2.5 in

a random direction (i.e ‖ µ1 − µ2 ‖= 2.5). The class label of a point repre-

sents the Gaussian it was drawn from. Finally, all dimensions are standardized:

shifted and rescaled to zero-mean and unit variance. Figure 3.4 shows a two-
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The purpose of the benchmark was to evaluate the power of the presented

algorithms themselves in a way as neutral as possible. Thus ideally the data

preprocessing should be similar for all algorithms; in particular, it should be avoided

that in some cases it takes advantage of domain knowledge, when in others it does

not. To prevent the experimenters from using domain knowledge, we tried to obscure

structure in the data (e.g. by shuffling the pixels in the images), and even to hide the

identity of the data sets (e.g. by also shuffling the data points). Also, we used the

same number of dimensions (241) and points (1500) for most data sets in the same

attempt to obscure the origin of the data and in order to increase the comparability

of the results. However, we did provide information as to which data sets originate

from images and which from text.

All data sets are available for further research at http://www.kyb.tuebingen.

mpg.de/ssl-book/.

g241c This data set was generated such that the cluster assumption holds, i.e. the

classes correspond to clusters, but the manifold assumption does not. First, 750

points were drawn from each of two unit-variance isotropic Gaussians (i.e., from

N(µi, I)), the centers of which had a distance of 2.5 in a random direction (i.e.,

‖µ1 − µ2‖ = 2.5). The class label of a point represents the Gaussian it was drawn

from. Finally, all dimensions are standardized, i.e. shifted and rescaled to zero-mean

and unit variance. A two-dimensional projection of the data is shown on the left

side of figure 21.1.
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Figure 21.1 Two-dimensional projections of g241c (left) and g241d (right). Black
circles, class +1; gray crosses, class -1.

g241d This data set was constructed to have potentially misleading cluster

structure, and no manifold structure. First 375 points were drawn from each of

two unit-variance isotropic Gaussians, the centers of which have a distance of 6

in a random direction; these points form the class +1. Then the centers of two

Figure 3.4: Two-dimensional projections of g241c (left) and g241d (right). Black

circles indicate class +1, while gray crosses indicate class -1. Figure and caption

taken from Chapelle et al. [2006].

dimensional projection of the data.

• Data Set 7: g241d - This arti�cial data set and related classi�cation task

were constructed to exhibit a potentially misleading cluster structure, and no

manifold structure. The �rst 375 points were drawn from each of two unit-

variance isotropic Gaussians, the centers of which have a distance of 6 in a

random direction; these were grouped into the class +1. Then, the centers of

two other Gaussians for class −1 were �xed by moving a distance of 2.5 from

each of the former centers in a random direction. Again, the identity matrix

was used as a covariance matrix, and 375 points were sampled from each new

Gaussian. The right panel of Figure 3.4 shows a two-dimensional projection of

g241d data.



96

3.5.2 Models

For the classi�cation problems described above, we use the Logistic GPC approach

detailed in Section 3.2.1. For the faces data - a regression problem - we use the GPR

approach detailed in Section 3.2.1.

We also implement the Iterated Laplacian penalized empirical risk model

min
ψ

∑
xi∈P

(ψ(xi)− yi)2 + µ ||ψ||2kΘ , (3.39)

where kΘ = ∆−αM but also consider the kΘ = (κ2 −∆M)
−α

case. Note that just as

in Zhou and Belkin [2011], we use the squared error loss for both classi�cation and

regression problems.

We select the (3.39) model primarily because the minimization problem has a

relatively easy solution:

Ψ̂(P ∪ P∗) = (S + µKθ)
†Sy , (3.40)

where the superscript † stands for the pseudoinverse and S = diag{ 1[x∈P]}, i.e. the

diagonal matrix with ones for the points in the training set P and zeroes for the points

in the test set P∗.
Obviously, our choice is also motivated by our wish to compare our results to those

of Zhou and Belkin [2011]. We note that even though we are using the least squared

loss function rather than the 0-1 or the hinge loss functions, which are better suited

for classi�cation problems, prior studies indicate that their performance is comparable

in this task (Rasmussen and Williams [2006]).
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In this section, we present the results we obtain when applying the models presented

in previous sections to the standard SSL classi�cation problems from Chapelle et al.

[2006], and to the additional faces regression problem. We begin with a pictorial

representation of our task, and then move on to discuss the models' performance.

Figure 3.5 provides an example of our analysis in a regression setting. It is based

on data from faces, where the dependent variable y is the position of the head from

right to left, as measured in degrees. We embedded the data using Isomap and then

colored in black the points for which the labels y (the degree values) are known. We

chose the Isomap embedding because it best displays the structure of the data in this

case and is most useful for illustration. Information obtained from the covariance

function allows us to map the in�uence any given point has on its neighbors, and

this is portrayed in the lower left panel. Then, once a regression is performed, the

regression errors can be visualized as in the lower right panel. For the purposes of

this example, we used the GPR (Gaussian Process Regression).

Figure 3.6 provides an example of our analysis in a classi�cation setting. It is

based on Digit1, where we again colored in black the points for which the labels y

are known. This time, we embedded the data embedded using LTSA because it was

the embedding that best displayed the structure of the data and was most useful for

illustration. Information obtained from the covariance function allows us to map the

in�uence any given point has on its neighbors, and this is portrayed in the lower left

panel. The misclassi�cation errors are shown in the lower right panel, with colors

corresponding to the �correct� outcome. For the purposes of this example, we used

GPC (Gaussian Process Classi�cation).

Table 3.1 shows the performances of the GP model (GPR for regression and GPC

for classi�cation, see Section 3.2.1) and the kernel model (3.23). In both cases, the

bandwidth parameter
√
ε is optimized separately for each data set and model using



98

Figure 3.5: Data set faces embedded using Isomap. The top panel is a representation

of the data, with known labels as black dots. The bottom left panel shows the impact

of the covariance matrix: the strength of the in�uence of the data point in black on

neighboring points, with darker shades representing greater in�uence. The bottom

right panel shows the absolute value of the prediction errors as a percentage of the

range of the data.
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Figure 3.6: Data set Digit1 embedded using LTSA. The top panel is a representation

of the data, with known labels as black dots. The bottom left panel shows the impact

of the covariance matrix: the strength of the in�uence of the data point in black on

neighboring points, with darker shades representing greater in�uence. The bottom

right panel shows the misclassi�cation error.
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Digit1 USPS COIL BCI g241c g241d faces

GP 1.67 4.01 8.05 45.72 13.67 11.52 9.44

Kernel 2.13 3.91 7.58 49.36 12.83 20.94 15.80

Table 3.1: Comparison of classi�cation error (SSL classi�cation tasks) and mean

squared error (faces), using GP and Kernel model. The best performing model is

shown in red for each data set and corresponding learning task.

the method we discuss in detail in Chapter 4.

While it is di�cult to declare that one method performs better than the other

overall, we note that in cases where the kernel method outperforms the GP, the dif-

ference in the results is not large; however, in cases where the GP outperforms the

kernel method, the improvement is signi�cant, sometimes cutting the classi�cation

error or root mean square error by as much as 50% (except in the BCI case, which is

very di�cult to learn for all methods). While it might be expected that GP would

have an advantage in classi�cation tasks since it uses a loss function tailored to clas-

si�cation, we see that it also does very well for regression (faces data set), where

both methods use the same loss function.

Next, we examine the impact of the new parameters that have been made available

through the application of the Matérn GF. We perform the same classi�cation and

regression tasks, but this time we �x either the length scale (1/κ) or the smoothness

(α). Table 3.2 shows the results of this experiment.

Setting κ = 0 appears to lead to a worsening of the performance of the GP model

for all data sets, with the exception of Digit1, for which there is no change, and

g241d, for which there is some improvement. Restricting the smoothness parameter

to integer values leads to better performance for data sets Digit1, COIL, and faces.

This is might be due to the fact that integer values of α help avoid over�tting by

testing fewer hypotheses.
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Restriction Digit1 USPS COIL BCI g241c g241d faces

GP

None 1.67 4.01 8.05 45.72 13.67 11.52 9.44

κ2 = 0 1.67 6.22 15.38 46.19 13.84 9.53 18.50

α integer 1.64 4.05 7.97 46.83 15.43 13.25 6.61

Kernel

None 2.13 3.91 7.58 49.36 12.83 20.94 15.80

κ2 = 0 2.11 3.89 8.81 48.67 12.77 8.76 35.98

α integer
2.22 4.91 9.51 49.33 12.95 8.84 26.95

κ2 = 0

Table 3.2: Comparison of classi�cation error (SSL classi�cation tasks) and mean

squared error (faces) obtained with GP and Kernel models, with restrictions on

parameters learned. The best performing GP model is shown in red, and the best

performing Kernel model is shown in blue for each data set and corresponding learning

task.

The kernel model responds better to setting κ = 0: it leads to better performance

in all cases except for data sets COIL and faces. Fixing the smoothness parameter α

leads to a worsening of the performance in all cases except for g241d.

However, it is important to remind the reader that setting κ = 0 or using very

small values of κ means that the kΘ will have a non-trival null-space; thus, obtaining

the solution will require computing the pseudo-inverse of the kernel. This additional

computational cost should be balanced against any observed improvement in perfor-

mance.

Overall, we note that the best results we obtained in the scenarios we presented

outperform previously published results (Chapelle et al. [2006]), including the α = 1

and κ = 0 case from Belkin et al. [2006], for all datasets with the exception of BCI

and g241d. In the latter case, the superior performance of the cluster kernel method

can be explained by the fact that g241d contains clustered data by design. Our lack
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of improvement over current methods for the BCI case will be addressed in Section

4.4.1 below.
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3.7 Discussion

In this chapter, we exploited the fact that stochastic partial di�erential equations

based on the Laplace-Beltrami operator can be used to de�ne the popular Matérn

GF on the manifold in order to introduce geometrically motivated non-parametric

Bayesian regression or - equivalently - geometrically motivated kernel regularization.

Our main contribution is to de�ne a covariance function over a manifold of un-

known geometry from a �nite sample that is both interpretable and �exible.

Indeed, the three elements of interest in a Matérn GF - the smoothness α, the

length scale 1/κ and the geometry ∆M - all have interesting implications in learning

tasks.

First, assuming some control over the smoothness parameter α allows us to de-

termine the number of mean square derivatives of the process and avoid the risk of

over-smoothing the data. The latter is a common problem with other popular covari-

ance functions, such as the squared exponential, which, as we stated before, has an

in�nite number of mean square derivatives.

Second, using a non-trivial length scale parameter 1/κ also has important bene�ts

from an interpretation point of view, since it provides a characteristic length scale

for the regression or classi�cation task. In addition, from a technical point of view,

κ2 > 0 ensures that the null space is trivial.

Finally, the geometry element ∆M may be the most interesting of all, and is worth

studying further. As discussed in Chapter 2, the Laplace-Beltrami operator ∆M is

equivalent to the intrinsic geometry (M, g) of the Riemannian manifold, in that either

one can be recovered from the other. This correspondence allows us to understand that

transformations of the geometry (M, g) are tantamount to transformations of ∆M.

More importantly, it also leads us to conclude that any non-isometric embedding of

a manifold e�ectively de�nes a non-stationary process when compared to the Matérn

GF on the original geometry. Ultimately, it means that determining the appropriate
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non-stationary process for a particular task is essentially equivalent to determining

the appropriate geometry on which a task is to be performed.

One element of the geometry that we have not yet discussed is the bandwidth
√
ε

and its e�ect on L̃ε,n. That is to say, we have not addressed the question of how the

bandwidth a�ects the geometry the graph Laplacian encodes from the observed data.

This �observed� geometry plays a substantial role in the success of semi-supervised

learning based on the Laplace-Beltrami operator ∆M. Given its signi�cance, we will

devote the next chapter to its study.
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Chapter 4

EXPLOITING GEOMETRY TO LEARN THE KERNEL

BANDWIDTH
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4.1 The Problem of Estimating the Bandwidth of the Graph Laplacian

As discussed in previous chapters, numerous methods for both semi-supervised (Belkin

et al. [2006], Zhu et al. [2003], Zhou and Belkin [2011], Sindhwani et al. [2007], Smola

and Kondor [2003]) and unsurpervised learning (dimensionality reduction and clus-

tering - see Belkin and Niyogi [2002], von Luxburg et al. [2008]) rely on the graph

Laplacian L̃ε,n. This has led to sustained interest in determining the properties of the

graph Laplacian, especially when it is constructed from data points P = {x1, . . . , xn}
in high-dimensional Euclidean space Rr. Speci�cally, a great deal of attention has

been devoted to establishing methods for constructing L̃ε,n, and then studying its

asymptotic limit (as well as that of its eigendecomposition) as the number of data

points n goes to in�nity (Giné and Koltchinskii [2006], Belkin and Niyogi [2007],

Hein et al. [2007], Ting et al. [2010]). We have explored the most important L̃ε,n
constructions in Section 2.1.

Considerably fewer studies have focused on the optimality of the free parameters

used to construct L̃ε,n in a �nite sample problem. For instance, there is no principled

method for setting one of the most important parameters - the scale, or bandwidth
√
ε. The common approaches consist of �tuning� it through cross-validation in the

semi-supervised context. However, as non-linear dimensionality reduction is an un-

surpervised problem, there is no context in which to apply cross-validation and, a

priori, no clear way to estimate the optimal
√
ε. Indeed, most treatments of this

problem rely on guesswork, ocular inspection or various ad-hoc methods such as min-

imizing reconstruction error in order to set
√
ε (Lee and Verleysen [2007], Chen and

Buja [2009], Levina and Bickel [2005], Carter et al. [2007], Chen et al. [2011]). While

these approaches may yield a usable parameter, they o�er no principled reason for its

selection and generally do not aim to improve the graph Laplacian estimator per se.

The most interesting theoretical result for choosing
√
ε (Singer [2006]) derives the
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optimal rate at which ε→ 0 as the sample size n→∞.

ε =
C(M)

n1/(3+d/2)
(4.1)

by optimizing the bias-variance trade-o� for the graph Laplacian. The problem is

that there is no prescribed method for calculating C(M), a constant that depends on

the yet unknown geometry of the data.

In practice, one is left with tuning ε until a �reasonable� embedding is obtained.

An alternative is to set ε =∞ and replace k(xi, xj) by a k−nearest neighbors graph.
This amounts to replacing the problem of selecting ε for that of selecting k. While it

might be easier to guess k than it is to guess ε, this does not compensate for the fact

a graph Laplacian constructed from a k-nearest neighbors graph will not converge to

the expected operator as discussed before.

In this Chapter, we present a new, principled approach to selecting the bandwidth

parameter of L̃ε,n, mainly inspired by the fact that the graph Laplacian, when properly

constructed, converges to the Laplace-Beltrami ∆M operator on the data manifold

M (Hein et al. [2007]). Indeed, because we have established in Chapter 2 that ∆M

is equivalent to the intrinsic geometry of (M, g), i.e. the data manifold and its

Riemannian metric g (Rosenberg [1997]), we can choose to select the bandwidth

parameter that yields the graph Laplacian that is most faithful to the geometry of

the original data. This approach presents the advantage of relying purely on the

original representation of the data and on the property that the L̃ε,n encodes the

intrinsic geometry of the data in a graph structure. As such, it can be used both in

the unsupervised setting, to improve embeddings obtained via eigendecomposition of

L̃ε,n, and in the semi-supervised setting where L̃ε,n is a popular regularizer, but where
estimating

√
ε by cross-validation can be costly and can increase the risk of over�tting

(Ng [1997]).
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4.2 Geometrical Consistency

We begin our discussion of our proposed method for estimating
√
ε by appealing to

Proposition 10 from Chapter 2. We remind the reader that Proposition 10 means

that we can recover the Riemannian metric of a manifold for any local coordinates or

- equivalently - for any di�eomorphism, provided that the Laplace-Beltrami operator

∆M is known. This also applies to the trivial di�eomporhism, i.e. the inclusion

map 1. What makes the inclusion map particularly interesting is that its metric

is immediately known to us, following the standard manifold learning assumption

according to whichM∈ Rr inherits its metric from Rr. Speci�cally, the Riemannian

metric of M is δr|TM, where δr|TM stands for the restriction of the induced metric

δr, i.e. the natural metric of the ambient space Rr, to the tangent bundle TM of the

manifoldM.

This allows us to estimate the Riemannian metric of M in two di�erent ways:

�rst, by obtaining δr|TM from the inclusion map as described above; and second, by

using Proposition 10 on the inclusion map to obtain g(x). Because these are really

the same metric, we have:

g(x) ≡ δr|TxM ∀x ∈M . (4.2)

Since we do not expect the estimators of g(x) and δr|TxM to be equal in practice,

we need a way to evaluate how similar they are. For this purpose, we de�ne a

distortion between two Riemannian metrics.

De�nition 23 (Riemannian Metric Distortion) Let h, k, and g0 be Riemannian

metrics onM, then the distortion between h and k with respect to g0 is given by

Dg0 (h, k) =

ˆ
M
||h− k||2g0 dVg0 . (4.3)

1The inclusion map is the isometric embedding of the manifoldM in Euclidean space
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In (4.3), ||·||g0 is the Riemannian metric norm and dVg0 is the volume element with

respect to the Riemannian metric g0. Speci�cally, the Riemannian metric norm for h

with respect to g0 is de�ned via the Riemannian metric inner product

De�nition 24 (Riemannian Inner Product and Norm) The Riemannian inner

product between two Riemannian metrics h and k with respect to a third Riemannian

metric g0 is given in local coordinates as2

< h, k >g0= gi1j10 gi2j20 hi1j1ki2j2 . (4.4)

The Riemannian norm of Riemannian metric h with respect to g0 is then given by

||h||g0 =< h, h >g0 . (4.5)

Meanwhile, the volume element dVg0 is given in local coordinates by dVg0 =√
det(g0)dx1 . . . xd, just as in Section 2.2.1.

In (4.3) we introduced a third Riemannian metric g0 to ensure that Dg0 (h, k)

is symmetric in h and k and hence de�nes a distance function on the space of all

Riemannian metrics on M. In practice, however, nothing prevents us from using

either k or h as the base metric for de�ning D, as long as we understand D to

represent the distance of its arguments.

Combining (4.2) and (4.3), we now have a principled approach to evaluating how

close a �Laplacian-like� operator is to encoding the geometry of the manifoldM.

Indeed, if the the graph Laplacian is to encode the geometry of the data manifold,

its parameter(s) should correspond to those that minimize the distortion with respect

to the true original geometry.

Recalling the operator used to de�ne Lε,λ from the heat kernel (2.1)

2Note that this is a special case of what is known as a tensor inner product, see Lee [1997] for
details.
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Lε,λ(f)(x) =

ˆ
M

wε,λ(x, y)

dε,λ
)f(y)dVg(y) , where

dε,λ(x) =

ˆ
M
wε,λ(x, y))dVg(y) , and wε,λ =

wε(x, y)

dλε (x)dλε (y)
, while (4.6)

dε(x) =

ˆ
M
wε(x, y)dVg(y) ,

we would expect that the �best� choice for ε would be given by

ε̂ = argminεD (g(ε, λ), δr|TM) , (4.7)

with g(ε, λ) obtained by using Lε,λ,n instead of ∆M in (2.6).

4.2.1 The Finite Sample Problem

In the asymptotic limit of ε → 0 and with λ = 1, it is well established that Lε,1,n →
∆M and hence D (g(0, 1), δr|TM) = 0, i.e. ε̂ = 0 (Hein et al. [2007]).

For a �nite sample and a family of graph Laplacians L̃ε,n constructed using the

heat kernel (2.1), the graph Laplacian that best captures the geometry of the data will

be the one indexed by ε̂n, obtained by minimizing the empirical distortion equation

(4.9) below. Note, however, that one cannot simply use the theoretical result ε̂ = 0 to

construct the graph Laplacian, since doing so yields a degenerate result when working

with a �nite sample. Indeed, the distortion (4.3) serves as a geometrically motivated

objective function to estimate what value of ε̂ strikes the optimal balance between

the two degenerate graph Laplacians: the discrete geometry of n disjoint points for

ε→ 0 and the degenerate singular point geometry/graph Laplacian when ε→∞.

As far as the other parameters, e.g. λ, are concerned, one could consider estimating

them using the same distortion minimizing argument (4.7). However, there is is a

prescribed value of λ (λ = 1) that guarantees the desired asymptotic limit in our case:

the Laplace-Beltrami operator. As this value is well de�ned in the �nite limit, and

since using other values of λ has been shown to produce di�erential operators that
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are not purely geometric (Nadler et al. [2006a]), we have chosen to focus on learning

ε and refraining from extending to λ in our analysis.

Our discussion thus far leads us to the claim that, within the family of graph

Laplacians constructed using the heat kernel, the graph Laplacian that best captures

the geometry of the data will be the one indexed by ε̂n. Even though we limit ourselves

to
√
ε here, the success of this approach suggests that geometrical faithfulness, as

expressed by (4.3), is a principled criterion to estimate the free parameters used to

construct L̃ε,n in a �nite sample problem for both unsupervised and semi-supervised

learning.

4.2.2 Alternative Approaches

Naturally, there are alternatives to the approach we propose. We speci�cally address

three of these below: 1) using the Laplacian as an operator; 2) using alternative

de�nitions of geometric distortion; and 3) using cross-validation for semi-supervised

learning.

1) Laplacian as an Operator - The obvious alternative choice is to require that

the graph Laplacian L̃ε,n be as �close� as possible to ∆M in an operator sense rather

than in a geometric sense. That is, we could aim to minimize some operator norm∣∣∣∣∣∣∆M|P − L̃ε,n∣∣∣∣∣∣ over ε, where ∆M|P stands for the restriction of the Laplace-Beltrami

operator to the observed data points P = {x1, . . . , xn}. The problem with this ap-

proach is that we only have one empirical estimator of the Laplace-Beltrami operator;

however, in order to compute this operator norm in a �nite sample, we would need

two independent ways of �nding an empirical estimator that would converge to ∆M

in the n → ∞ limit. In contrast, the power of our proposed approach to estimating

(4.7) resides in the fact that we know the theoretical value of the Riemannian metric

on the manifold; as such, it can be estimated independently from the Riemannian

metric recovered from the Laplace-Beltrami operator, g(ε, λ).

We also note that employing the geometry-based approach is, in the limit, equiv-
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alent to the idea of minimizing
∣∣∣∣∣∣∆M|P − L̃ε,n∣∣∣∣∣∣ over ε. Indeed, if the Riemannian

metric is recovered, then, by de�nition of the Laplacian in local coordinates:

∆Mf ≡ 1√
|g|
∂i

(√
|g|gij∂j

)
f ∈ C2(M) , (4.8)

we can also reconstruct the ∆M. Thus, we have implicitly recovered the operator.

2) Alternative De�nitions of Geometric Distortion - Using the distortion or the

reconstruction error relies on the speci�c embedding algorithms used. As such, the

estimated ε̂ won't be an intrinsic property of the observed data P , but rather will
depend on the designated embedding algorithm used. Indeed, as we have established

in Chapter 2, these algorithms, for the most part, are not guaranteed to provide a

true isometric embedding of the data.

3) Cross-Validation - In the semi-supervised learning context, there exists a com-

mon alternative to estimating the parameters of the graph Laplacian: using a learn-

ing task, such as in Laplacian regularization (Zhu et al. [2003], Belkin et al. [2006],

Sindhwani et al. [2007], Zhou and Belkin [2011]). This approach allows the user to

leverage cross-validation to �nd the parameters of the graph Laplacian best suited to

the speci�c task at hand.

Of course, the �rst limitation of this approach is that it cannot be applied in an

unsupervised setting. In addition, the need to minimize an additional cross-validation

parameter, the bandwidth
√
ε, increases both the complexity of the task (the extra pa-

rameter often introduces a non-linear optimization problem) and the risk of over�tting

(Ng [1997]). In fact, as we discuss in section 4.4 below, we have observed over�tting

empirically when taking this approach. Finally, the cross-validation approach requires

recomputing the Laplacian for every single value of the parameter; since computing

the Laplacian - especially if an eigendecomposition is required - is already a com-

putationally costly operation in itself, this approach requires considerable computer

power. For example, the iterated Laplacian method of Zhou and Belkin [2011] re-

quires taking multiple powers of the graph Laplacian, or its eigendecomposition in
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the case of fractional powers of the graph Laplacian.
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4.2.3 Estimating the Distortion

Now that we have established the principle for setting ε, we will discuss how to apply

it in practice.

The distortion between two metrics g and h, de�ned in (4.3) above, takes the form

of an expectation over (M, g). Therefore, appealing to the law of large numbers, the

natural choice for a distortion estimator in the �nite sample case is the empirical

distortion

D̂ (g,n, δr|TxM,n, ε) =
1

n

n∑
i=1

∣∣∣∣∣∣g,n(xi)− δr|TxiM,n

∣∣∣∣∣∣2
δr|TxiM,n

. (4.9)

where g,n(xi) is the discretized version of g(x) obtained by applying (2.6) to the

sampled data P with ∆M replaced by the graph Laplacian L̃ε,n and where δr|TxiM,n is

the discretized version of δr|TxM . In the following paragraphs, we describe how each

of these is estimated.

Estimating g,n(xi) and δr|TxM

When computing g,n(xi), we are working with the inclusion map, and we must - just

as before - �nd the dual metric by applying (2.6) on every coordinate pair of the

ambient space. Having obtained the r × r dual metric, we then need to compute its

pseudo-inverse to obtain the metric g. Repeating this procedure for every point in the

sample renders the approach not only computationally intensive, but also numerically

unstable.

Indeed, as discussed in Chapter 2, when performing dimensionality reduction, we

can assume that the ambient space dimension r is very high and computing (2.6) at

every point would entail n · r2 computations. What's more, g,n(xi) is a r2 matrix

with theoretical rank d = dim(M), where d � r. In practice, this means that the

estimated rank of g,n(xi) will be dominated by r − d super�uous dimensions.
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Another problem is that computing δr|TxiM,n actually requires knowing the tangent

plane to the yet unknown manifold. In other words, the theoretical value of the of

the Riemannian metric is only useful once we have an estimate of the tangent bundle

TM.

We solve both problems by estimating TM. Speci�cally, we evaluate the tangent

plane around each sampled point using local Principal Component Analysis (PCA)

and then use the resulting tangent bundle to �nd the restriction of δr, thus obtaining

an estimate of δr|TxiM,n. The tangent bundle also serves to de�ne a local coordinate

chart, which allows us to compute g,n(xi) on the projection of the data on the new

plane rather than on the original set. We have thus reduced the number of required

computations in applying (2.6) from n · r2 to n · d2 where d� r, as mentioned above.

A new problem now arises: how do we de�ne the appropriate neighborhood size

when performing the local PCA for the purpose set out in the previous paragraph?

Recall that our primary objective is to �nd the bandwidth / scale parameter of the

graph Laplacian that allows the graph Laplacian to best encode the geometry of the

original data. We have established that one of the intermediary steps requires us to

project the data onto a tangent bundle TM through local PCA due to computational

and numeric challenges. However, the choice of neighborhood in the local PCA de�nes

the geometry of the projected data. As such, for the sake of consistency, and to ensure

that the geometry we encode is common to all the transformations we perform, we

opt to equate the notion of neighborhood in the local PCA with that embodied in the

heat kernel by equating the two bandwidths. This is in keeping with the approach of

Aswani et al. [2011], who also choose to equate neighborhoods for local PCA and local

kernel regression. In the experiments, for the sake of completeness, we also implement

a version of our method that does not equate the two bandwidths and compare the

results.

Equating the two notions of neighborhood means that, rather than using the

k−nearest neighbors or √ε-balls for conducting local PCA, as is common practice,
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we conduct a weighted local PCA (wlPCA), where the weights are de�ned by those

of the heat kernel used to produce the graph Laplacian (2.1) centered around xi.

This approach is similar to sample-wise weighted PCA of Yue et al. [2004], with two

important constraints: the weights must decay rapidly away from xi, and the data

must be centered to have zero mean such that all the points far from xi are mapped

close to the origin. The �rst requirement is obviously satis�ed by the heat kernel,

while the second one is achieved by performing PCA using the recentered design

matrix Z where each row of Z is given by

zj = w̃i,j(xj − x̄(w)) , with (4.10)

x̄(w̃) =
1

n

n∑
j=1

w̃i,jxj , and

w̃i,j = wi,j/
1

n

n∑
j=1

wi,j .

Here wi,j is given by the heat kernel (2.1).

This is essentially equivalent to the approach taken by Aswani et al. [2011], who

also prove that the wlPCA using the heat kernel is a consistent estimator of TMp.

Now that we have explained our approach, we summarize it in Algorithm 4 for

computing (4.9) for �xed ε, λ, and manifold of intrinsic dimension d.

4.2.4 Algorithm complexity

We have already discussed the complexity of computing the Riemannian metric in

Section 2.4.3. Even though the algorithm we propose here is based on the same idea,

it is su�ciently distinct to warrant a discussion of some aspects of its complexity as

well.

Using Algorithm 4 to compute the empirical distortion can be relatively expensive.

Depending on the size of n and r, one of the most expensive steps is computing

the n Local Weighted PCA in r dimensions, i.e. computing d-dimensional principal

subspaces of r2 matrices, which is O(r2d).
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Algorithm 4 Distortion

Input: P as set of n points in Rr,
√
ε, dimension d, and metric type τ ∈ {−1, 1}

Compute the weighted graph W using the heat kernel for each pair of points in P
L← GraphLaplacian(W,

√
ε, λ = 1)

for i = 1→ n do

Y ← TangentPlaneProjection(P ,Wi,:, d)

G← LearnMetricPointwise(Y, L, τ)

D ← D + 1
n
||G− Id||2 (where Id is the d× d identity matrix)

end for

Return D

Algorithm 5 TangentPlaneProjection

Input: P , weight vector w, dimension d

Construct n× r design matrix X from P
Compute Z using (4.10)

[V,Λ]← eig(ZtZ) (PCA of Z)

Center X around its weighted mean x̄w from (4.10)

Y ← X · V:,1:d (Projects X on d �rst principal components)

Return Y

Another expensive operation is to compute the Riemannian metric or its inverse.

This involves computing the graph Laplacian, O(n2), computing the dual Riemannian

metric on every tangent plane individually, O(d2n2), and computing n inverses to

obtain the Riemannian metric, O(d3n). Note that to compute the dual Riemannian

metric, we can use a sparse version of the graph Laplacian and hence reduce the

complexity of the �rst two steps above to O(nk) and O(d2nk).

If the intrinsic dimension is large, computing time could also be reduced by skip-

ping the last step of Algorithm 6, which requires inverting G. Indeed, relation (4.2)

is trivially satis�ed for the dual Riemannian metric g−1
 since δr|−1

TxM = δr|TxM. This,
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Algorithm 6 LearnMetricPointwise

Input: n× d projected data Y , graph Laplacian L, and metric type τ ∈ {−1, 1}
for u = 1→ d do

for v = 1→ d do

Gu,v ← L · (Y:,u ◦ Y:,v) (◦ denotes element-wise product)

end for

end for

Return Gτ

along with the continuity of the inverse, means that g−1
,n → g−1

 if and only if g,n → g.

As such, we can reasonably expect that using g,n or g−1
,n in (4.9) will lead to similar

estimated graph Laplacian parameters. In fact, using the dual Riemannian metric

was found to work quite well in practice and often better than using the Riemannian

metric. To incorporate this �exibility into Algorithm 4 , we introduced the parame-

ter τ ∈ −1, 1, which dictates whether (4.3) is computed with respect to g,n or g−1
,n ,

respectively. The usefulness of relying on g−1
,n , i.e. τ = 1, to compute the distortion

will be explored in more detail in Section 4.4.

As highlighted above, the cost of computing g,n depends on the intrinsic dimension

d of M. However, in the same way that using g−1
,n is less computationally intensive

and performs better than using or g,n, assuming a lower intrinsic dimension d′ ≤ d

can also be bene�cial: it reduces computational complexity, and is more robust to

boundary e�ects. We discuss this in further detail in Section 4.4.

Finally, another method for reducing computing time consists of computing the

distortion (4.9) on a subsample; that is to say, selecting P ′ ⊂ P with |P ′| � |P| and
computing D(P ′) =

∑
x∈P ′ ||g,n(x)− δr|TxM,n||δr|TxM,n

where g,n and δr|TxM,n can

computed using all points in P to increase accuracy.
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4.3 Related work

Building on the discussion in the previous section, we touch upon a few additional

approaches. We note that, although the problem of estimating the �scale� of the data

is pervasive in manifold learning, the work has mainly been focused on presenting

asymptotic results, with very few papers proposing estimation methods that can be

implemented in practice.

We have already discussed the asymptotic result (4.1) of Singer [2006]. Other

work in this area (Giné and Koltchinskii [2006], Hein et al. [2007], Ting et al. [2010])

provides the necessary rates of change for ε with respect to n to guarantee convergence,

and in the case of Giné and Koltchinskii [2006], gives an actual convergence rate.

These studies are all relevant; however, they all depend on manifold parameters that

are usually not known a priori. Finding a self-consistent method to estimate these

parameters in tandem with estimating ε remains an open problem.

Some practical work has been done on the nearest neighbor graphs where the

�scale� parameter to be estimated is k, the number of nearest neighbors to use in

the construction of the graph Laplacian. The method of Chen and Buja [2009] is

reminiscent of ours, in that it is self-concordant and evaluates a given k by how well

an embedding using that k preserves the k′ neighborhoods that exist in the original

data. The paper o�ers a statistically principled way to compare this criterion over

di�erent k and k′ values.

However, it is not known whether and how a method for estimating k can be

translated into a method for estimating
√
ε or vice versa. The two most popular

graph construction methods (the weighted graph with heat kernel and the k-nearest

neighbors graph) exhibit di�erent asymptotic behaviour precisely because they give

rise to di�erent ensembles of neighborhoods (Ting et al. [2010]).

There are other problems with the Chen and Buja [2009] method as well. The

method is designed to optimize for a speci�c embedding algorithm, so the values ob-
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tained for k change when one chooses di�erent algorithms (for example, Local MDS

or Isomap). In addition, in Chapter 2 we have shown that the embeddings themselves

induce signi�cant distortion in the data. Even if we are tempted to choose
√
ε using

the Chen and Buja [2009] method, it is important to remember that neither Eigen-

map nor Di�usion Maps, the two embedding algorithms that are constructed from

the graph Laplacian - the object of interest - are isometric embeddings of the data.

Even in the limit of in�nite data, the embeddings will produce some reconstruction

error, suggesting that the hypothesis according to which minimal reconstruction er-

ror leads to �optimal� embeddings might not hold in this case. For this reason alone,

using reconstruction error seems ill-suited to estimating the optimal
√
ε to use for

constructing L̃ε,n.
It is also appropriate to mention the algorithm proposed in Chen et al. [2011] at

this juncture. The goal of that body of work is to obtain an estimate of the intrinsic

dimension of the data in a statistically principled way; however, a by-product of the

algorithm is a range of scales where the tangent space at a data point p is well aligned

with the principal subspace obtained by a local SVD centered at p. As these are

scales at which the manifold looks locally linear, one can reasonably expect that they

are also the correct scales at which to approximate di�erential operators, such as the

Laplace-Beltrami. Given this possibility, we will implement the method and compare

it to our own results.



121

4.4 Experimental Results

In proposing a new method for estimating the bandwidth of the graph Laplacian used

in unsupervised and semi-supervised learning, we aim not only to provide a principled

framework for doing so, but also to improve on the performance of previous methods.

We use both real and synthetic data to illustrate the application of our method.

4.4.1 SSL Classi�cation Tasks

In order to demonstrate the performance of our method, we �rst work with the six

SSL datasets from Chapelle et al. [2006], which were described in detail in Section

3.5.1 in the previous chapter.

Methods Tested

Our �rst - and primary - task is to test the validity of our approach for estimating

the bandwidth (
√
ε) in all six SSL tasks. In addition to comparing the performance

of Algorithm 4 to learning-based methods, we compare it to several variations of our

method which correspond to alternative choices we might have made in designing

Algorithm 4. The methods we evaluate are the following:

CV Train using cross-validation We use the standard procedure of learning
√
ε

through cross-validation to set a benchmark against which to compare our per-

formance. We split the training set (consisting of 100 points in all data sets)

into two equal groups;3 then, we use simulated annealing to minimize the highly

non-linear cross-validation classi�cation error. Since the data sets we use are

designed to allow for 12 di�erent test splits, we have 12 di�erent values for
√
ε

3To verify the sensitivity of this choice, we also attempted to subdivide the training set in groups
of 5 and 20 depending on the data set. However, these alternate subdivisions did not materially
a�ect the estimates of the hyperparameters, and were discarded to allow for faster computing
time.
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per data set. In Table 4.1 below, we report the mean, standard deviation and

range of these 12 values for each data set.

Rec Minimize the reconstruction error using the heat kernel - A key characteristic of

the manifold hypothesis is that the data is locally linear, and the scale at which

the data is locally linear is that at which most manifold learning is performed

(Aswani et al. [2011], Chen et al. [2011], Lee and Verleysen [2007]). A simple

proxy can be used to �nd this scale without resorting to estimating the intrinsic

dimension. Indeed, one can simply use the scale at which the data points are

a weighted linear combination of their neighbors. In our case, since we are

constructing the Laplacian from the heat kernel, we use that heat kernel as the

basis for the weights. Speci�cally, we minimize the following distortion for ε:

R(ε) =
n∑
i=1

∣∣∣∣∣
∣∣∣∣∣xi −∑

j 6=i

wε(xi, xj)∑
l 6=iwε(xi, xl)

xj

∣∣∣∣∣
∣∣∣∣∣
2

,

with wε again given by the heat kernel (2.1). The estimator we describe here is

also used in Methods Dist2 and DualDist2 below to serve as the bandwith of

the wlPCA.

Dist Minimize distortion as in Algorithm 4 - For this - and all other methods based

on Algorithm 4 - we only use one intrinsic dimension to compute the distortion.

We discuss the impact of this choice in our results below.

DualDist Minimize distortion with respect to the dual metric - In Section 4.2.4, we noted

that computing time could be reduced by skipping the last step of Algorithm

6, which requires inverting the dual metric, if the ambient space is large. We

apply this method to our datasets in order assess its performance.

Dist2 Use Algorithm 4, but allow the Laplacian and the wlPCA to encode two di�erent

geometries - In Section 4.2.3, we discussed the problem of de�ning the appro-

priate neighborhood size when performing the wlPCA to estimate the tangent
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bundle TM. Our solution was to equate the notion of neighborhood in the

wlPCA with that embodied in the heat kernel, thus equating the two ε and

ensuring that the geometry we encode is common to all the transformations we

perform. In order to assess the impact of this solution, we try to apply Algo-

rithm 4 without equating the two bandwidth; rather, we use Rec to estimate

the ε for wlPCA.

DualDist2 Minimize distortion with respect to the dual metric and allow the Lapalcian and

the wlPCA to encode two di�erent geometries - For the sake of completeness,

we also combine Methods DualDist and Dist2.

TE Minimize test error - Of course, the �true� value of the bandwidth is unknowable

for these data sets. In fact, one could argue that there might be more than one

applicable �true� bandwidth: one for the unsupervised task of Laplacian-based

dimensionality reduction, and one for the semi-supervised task of Laplacian-

based regularization described in Chapter 3. Since we are using these data

sets and associated classi�cation tasks to evaluate our geometrically motivated

method's performance in a semi-supervised learning setting, we take the �opti-

mal� ε to refer to the one that leads to the best classi�cation: that obtained

by minimizing the test error. Just as in CV, since there are 12 di�erent training

sets, we will have what are e�ectively 12 over�tted estimates of ε, allowing us

to report con�dence regions for the �optimal� ε.

Results

Our estimates of the bandwidth
√
ε for each of the six data sets using each of the

methods above are provided in Table 4.1 below. The �rst column of the table reports

the �optimal� value of the bandwidth obtained by learning on the test errors.

Our performance in predicting the data following the application of the model
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TE CV Rec Dist DualDist Dist2 DualDist2

Digit1
0.6715±0.0758 0.8015±0.4493

0.6428 0.7425 0.7440 0.8962 0.8329
[0.5700, 0.7817] [0.4745, 1.9919]

USPS
1.2369±0.1483 1.2370±0.8613

1.6842 2.4236 1.0968 2.9069 2.4658
[1.0406, 1.5854] [0.5041, 3.1981]

COIL
49.79±6.61 69.65±31.16

78.374 216.95 116.38 180.58 137.35
[42.82, 60.36] [50.55, 148.96]

BCI
3.4734±3.1270 3.2008±2.5025

3.3150 3.1892 5.6060 5.5018 4.5092
[1.2559, 8.9476] [1.1986, 8.1909]

g241c
8.3296± 2.4833 8.7752±3.3651

3.7883 7.3720 7.3823 7.1580 7.0569
[6.3040, 14.6331] [4.4217, 14.8979]

g241d
5.7527± 0.2440 6.4638±1.1489

3.7709 7.3522 7.3579 7.1511 7.0396
[5.6482, 6.2751] [4.2934, 8.1885]

Table 4.1: Estimates of
√
ε obtained using the six methods presented for the six SSL

data sets used, as well as TE. For TE and CV, which relied on the use of 12 training

sets, we report the average value along with its standard error, as well as the range

(in brackets below).
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CV Rec Dist DualDist Dist2 DualDist2

Digit1 3.32 2.16 (2.11) 2.11 3.13 2.58

USPS 5.18 4.83 12.00 3.89 19.62 12.39

COIL 7.02 8.03 16.31 8.81 14.64 11.24

BCI 49.22 49.17 50.25 48.67 47.89 49.06

g241c 13.31 23.93 (12.77) 12.77 12.88 12.85

g241d 8.67 18.39 8.76 8.76 8.66 8.52

Table 4.2: Percent classi�cation error for the six SSL datasets using the seven
√
ε

estimation methods. The best results for each data set are highligted in red. Paren-

theses indicate an extrapolated result: if the value of the
√
ε did not di�er by more

than 1%, we did not re-run the experiment.

(3.35) with κ2 set to zero4 is reported in Table 4.2, where the values represent percent

classi�cation error.

The �rst observation that can be drawn from the results is that, across all meth-

ods and data sets, the estimate of the bandwidth that was furthest away from the

�optimal� value led to the highest classi�cation error. In data set Digit1, this �honor�

went to methods CV and Dist2; in USPS, it went to Dist2; in COIL, it went to Dist

and Dist2; and in g241c and g241d, it went to method Rec. This con�rms that

performance in classi�cation when using a Laplacian-based regularizer is quite sensi-

tive to the estimate of the bandwidth of the Laplacian and lends legitimacy to our

attempt at �nding a better, more principled method for doing so.

Across �ve of the six data sets, cross-validation (CV) did not perform as well as

the geometry-based methods. Further, the estimates of
√
ε in each of the 12 training

4The parameters that were found to contribute most to reducing classi�cation error in our six data
sets were µ and α. Therefore, to limit the risk of over�tting while learning ε via cross-validation,
we set κ2 to zero.
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sets within a data set were highly variable, with standard errors often of the same

order as the estimated values themselves. This con�rms that cross-validation tends

to over�t rather than �nd values that generalize well.

The one exception was the COIL data set, where, despite their variability, cross-

validation estimates still outperformed the geometrically-based methods. It is inter-

esting to note that this is the only data set constructed from a collection of manifolds

- in this case, 24 one-dimensional image rotations. As such, one would expect that

there would be more than one natural length scale. As the top two panels of Figure

4.1 demonstrate, that is indeed the case. The top left panel shows the relationship

between the distortion D at each point and the ε̂, and, when observed in contrast

with the same graph for Digit1, makes it clear that there is more than one relevant

length scale in the data. Indeed, the top right panel shows the four clusters we have

been able to identify. It is interesting to note that one of the scales (the cluster

depicted in blue) happens to match the length scale of the process to be learned;

however, it is drowned by at least three other length scales,5 which lead to functions

that are more di�cult to minimize and yield the wrong value. In red, we portray the

average of all clusters, showing the distortion function our method is likely working

with. The minimum of this average function is not very well de�ned, and leads to the

wrong value. In practice, to deal with a multiscale problem would require us to per-

form cross-validation or some other method of model selection over the four potential

length scales observed; however, that remains signi�cantly simpler than performing

an exhaustive search, and is also less likely to lead to over�tting.

It is quite possible that the geometrical approach �nds an unhappy middle ground,

while cross-validation has an easier time identifying the length scale appropriate for

the classi�cation problem, even if there is evidence of some over�tting due to the

5We did not conduct an analysis of the number of clusters present, as this would be beyond the
scope of our work. Rather, we considered the number of clusters that appear to produce clearly
distinguishable landscales.
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Figure 4.1: Top panels: distortion D plotted against
√
ε for each point xi in the COIL

(left) and Digit1 (right) data sets. In the bottom, we observe the length scale clusters

in the COIL data, with the blue being closest to the length scale of the process to be

learned, the green being other observed clusters, and the red being the average of all

observed clusters. The black vertical line indicates the average �optimal� value of
√
ε,

and the dotted black vertical lines indicate its range. In all cases, d is known to be 1.
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variability of the estimator. It is worth pointing out that this is the only data set

where the classi�er trained on the test error is an order of magnitude better than the

best �fair� classi�er: it outperforms it by 0.73%. For all the other data sets, training

on the test error leads to an improvement of between 15% and 30%.

Performing cross-validation was found to take between 2 to 6 times longer than

using a pre-set value for the bandwidth learned via another method6. This limits the

usefulness of cross-validation, particularly in large data sets.

Perhaps not surprisingly since it was not designed speci�cally for the Laplacian,

the reconstruction error method (Rec) was found to perform poorly overall. Even in

the one case where it found a value closest to the �optimal� value7, it did not lead to

the lowest classi�cation error.

The geometry-based methods that aimed to minimize the distortion (4.9) led to

varying degrees of success in estimating
√
ε and in the classi�cation task. The method

that performed best overall was DualDist, which used the dual metric and that

equated the wlPCA neighborhood with that of the Laplacian itself, especially when

used with only one intrinsic dimension. The reason why using the dual metric outper-

formed the straightforward application of Algorithm 4 is that it is easier to optimize

and less likely to settle on a local minimum and yield the wrong metric, as explained

in further detail in paragraph 4.4.1.

Overall, our results show that estimating the bandwidth parameter in a principled,

geometry-based way, using Algorithm 4, shows improvement in performance over

cross-validation and is relatively straightforward to use.

Special Case: Learning Task on BCI data

As is easily apparent from Table 4.2, the largest classi�cation errors by far were

obtained when working with the BCI data. We are not the �rst to experience this

6This includes the time required to compute ε̂.

7The bandwidth learned on the test error.
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di�culty. For example, Zhou and Belkin [2011] report a rather disappointing clas-

si�cation error of 44% when using the Iterated Laplacian method presented in their

paper, which relies on a squared error loss function rather than the usual hinge or

0-1 loss. Though 44% is not a stellar �gure to strive for, we were nevertheless unable

to reproduce these results. Indeed, applying Algorithm 4 to estimate the ε or using

cross-validation as suggested in Zhou and Belkin [2011] and then using the Iterated

Laplacian method with a squared error loss, we achieved a classi�cation error of 48%,

which suggests that we did little better than a coin toss.

Our lackluster performance and our inability to reproduce the results of Zhou and

Belkin [2011] led us to examine exactly how much could be learned through their

method on this data set. To do so, we randomized the class labels attached to the

data, ensuring that any existing correlation between the predictors and the response

is removed. We then learned the data through both cross-validation and through

minimizing test errors. Through cross-validation, we obtained a classi�cation error

of 48%; and when minimizing test errors, we obtained a classi�cation error of 42%.

Having obtained this result on the non-correlated data, we are lead to conclude that

learning on the test errors led to over�tting, and that there was actually nothing of

value to be learned through the Zhou and Belkin [2011] method on this data set.

When we employed a GP prior on logistic regression, a method we described in the

previous Chapter, we obtained a slightly better result (see Table 3.1). This suggests

that the main problem in the application of our method and that of Zhou and Belkin

[2011] is the choice of squared error loss in a classi�cation context.

E�ect of Dimension

One of the inputs required for computing the distortion of 4.9 is the intrinsic dimension

of the data manifold, d. In most cases, this is not known, and we do not o�er a new

method for estimating it. Rather, we argue that using one or a very few dimensions

yields very good results. We have already discussed how using fewer dimensions can
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help render the estimate more robust to the boundary e�ect. In this Section, we

report on how changing the intrinsic dimension used alters our estimate of ε based on

the same data sets discussed above.

Our results are summarized in Table 4.3. We note that the estimates of ε are

quite similar, regardless of the number of dimensions used. In the case of Digit1,

we know that the �true� number of dimensions is 5. However, the di�erence between

the estimate of ε obtained using one dimension and that using all �ve dimensions

is only 0.419. It is also worth noting that even for g241c and g241d, which were

constructed so as to not satisfy the manifold hypothesis, our method does reasonably

well at estimating ε. That is, our method �nds the ε for which the Laplacian encodes

the geometry of the data set irrespective of whether or not that geometry is lower-

dimensional.

Overall, we have found that using only one dimension is most stable, and that

adding more dimensions introduces more numerical problems: it becomes more di�-

cult to optimize the distortion as in 4.7, as the minimum becomes shallower. Figure

4.2 illustrates this point nicely, for the two methods DualDist and Dist with data

set Digit1. In our experience, this is due to the increase in variance associated

with adding more dimensions. Using one dimension probably works well because the

wlPCA selects the dimension that explains the most variance and hence is the closest

to linear over the scale considered. Subsequently, the wlPCA moves to incrementally

�shorter� or less linear dimensions, leading to more variance in the estimate of the

tangent plane.

Figure 4.2 also illustrates the reason why using the dual metric works better in

practice than inverting the dual metric: it leads to a distortion function that is much

easier to optimize. This behavior is largely due to what happens at large values of
√
ε.

At these values, the geometry converges to the degenerate case of the single point, for

which ||g|| → 0 (there are no longer any distances to be measured). This means that,

when δr|TM is compared to g, the result is simply the 0 matrix minus the identity
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d=1 d=2 d=3 d=5

Digit1
Dist 0.743 0.2938 0.3058 1.162

DualDist 0.744 0.767 0.781 0.797

USPS
Dist 2.424 2.306 3.877 �

DualDist 1.097 1.156 1.177 �

COIL
Dist 7.372 9.878 9.373 �

DualDist 7.382 2.8468 2.8468 �

BCI
Dist 7.372 9.878 9.373 �

DualDist 7.382 2.8468 2.8468 �

g241c
Dist 7.372 9.878 9.373 �

DualDist 7.382 2.8468 2.8468 �

g241d
Dist 7.352 9.326 9.983 �

DualDist 7.358 2.8338 2.8338 �

Table 4.3:
√
ε obtained using various d values with the Dist and DualDist methods

on all six data sets.
√
ε was computed for d=5 for the Digit1 dataset, as it is known

to have an intrinsic dimension of 5.
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matrix, which is just the norm of the identity matrix in d dimensions. Therefore, the

distortion converges to a small value as ε→∞, and for �nite samples, this value may

be even smaller than the one resulting from the use of the optimal ε. In contrast,

when ||g|| → 0, the dual metric ||g∗|| → ∞, so the computed distortion from δr|TM
is going to be very high even for �nite samples.

In Figure 4.2, we see that when inverting the dual metric for d > 1, there exists

the additional problem of the local minimum, which is located between
√
ε = 0.2 and

√
ε = 0.3 in the Digit1 dataset. Indeed,

√
ε estimates using Dist with d = 2 and

d = 3 never move on from that minimum, and produce suboptimal values for
√
ε. All

occasions in which this happens in other data sets are highlighted with footnote 8 in

Table 4.3.

4.4.2 Synthetic Data with Noise

We also experimented with estimating ε on synthetic data, sampled from known man-

ifolds with noise. We considered the two-dimensional hourglass manifold of Figure

4.3. We sampled uniformly from this manifold, adding 10 �noise� dimensions and

adding Gaussian noise N (0, σ2) to the resulting 13 dimensions. We also considered a

second manifold, the dome (see Figure 4.3).

The range of ε values was delimited by εmin and εmax. We set εmax to the average of

||xi−xj||2 over all point pairs, a scale that is surely larger than the local neighborhood
for any manifold with n >> d. The lower limit εmin is the limit in which the heat kernel

K becomes approximately equal to the unit matrix; this is tested by maxj(
∑

iKij)−
1 < ζ9 for ζ ≈ 10−4, where ζ is the tolerance parameter. This range spans about two

orders of magnitude in the data we considered, and was searched by a logarithmic

grid with approximately 20 points. This is because the method in Chen et al. [2011] -

8Local minimum.

9This implies that all eigenvalues of K are less than ζ away from 1 by the Gershgorin circle
theorem.
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Figure 4.2: Empirical distortion (logarithmic scale) and associated estimates of
√
ε

produced with the DualDist method (top) and the Dist method (bottom) in data

set Digit1, with varying intrinsic dimensions (d=1 to d=5). The vertical black lines

represent the average estimate of
√
ε obtained using TE (the �optimal� value for

√
ε)

(full line) and its range (dotted lines).
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which we explain below and to which we compare our results - requires searching the

range exhaustively. For our method, we observed that a line search without derivatives

starting from εmin takes fewer evaluations and returns results that are more precise

than using the grid search. We also decreased our computation time by evaluating

all pointwise quantities (D̂, local singular value decomposition) on a random sample

of size n′ = 200 of each data set. We replicated each experiment on 10 independent

samples.

E�ects of d′, noise and n.

The estimated values for ε̂, with error bars over 10 replications are presented in Figure

4.3. As mentioned before, one could choose to optimize the distortion in any number

of dimensions d′ not exceeding the intrinsic dimension d. Let εd′ denote the estimate

obtained from a d′ dimensional metric matching. We note a few interesting things.

First, when d1 < d2, typically εd1 > εd2 , but the values are of the same order (a ratio

of about 2 in the synthetic experiments). The explanation is that, at ε values near

the optimal one, choosing d′ < d directions in the tangent plane will select a subspace

aligned with the �least curvature� directions of the manifold by virtue of employing

wlPCA to estimate the sub tangent plane, if any exist, or with the �least noise� in

the random sample. In these directions, which by construction are close to linear, the

data will generally tolerate slightly more smoothing, which results in larger ε̂.

The variance of ε̂ observed is due to randomness in the subsample n′ used to

evaluate the distortion. The hourglass is a manifold with variable curvature, and

the distortions will di�er depending on the curvature at the location of the n′ points.

The optimal ε decreases with n and grows with the noise levels, re�ecting the balance

it must �nd between variance and bias. Note that for the hourglass data, the highest

noise level of σ = 0.1 is an extreme case, where the original manifold is almost drowned

in the 13-dimensional noise. Hence, ε is not only commensurately larger, but also

stable between the two dimensions and runs. This re�ects the fact that ε captures the
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dome hourglass

σ = 0.001 σ = 0.01 σ = 0.1 σ = 0.001 σ = 0.01 σ = 0.1

Figure 4.3: Estimates ε̂ (vertical axis, marked by −, blue for d = 1 and black for d = 2,

with ± standard deviations as small vertical bars) on the dome and hourglass data, for

various sample sizes n and noise levels σ (shown on the horizontal axis). We also show, for

each n, σ, the intervals in ε where the eigengaps of local SVD indicate the true dimension

(see Chen et al. [2011]) as gray rectangles, and the estimates proposed by Chen et al. [2011]

for these intervals as un�lled rectangles.
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noise dimensions, and its values are indeed just below the noise amplitude of 0.1
√

13.

The dome data set exhibits the same properties discussed previously, showing that

our method is e�ective even for manifolds with boundary e�ects.

Boundary e�ects and scaling.

We consider the scaling of ε̂ with n for the two manifolds and compare it to equation

(4.1), which, we remind the reader, obtains the optimal rate of decay of ε̂ with sample

size, such that the variance-bias trade-o� is optimized. It predicts that log n regressed

on log 1
ε
is a line with slope α = 3 + d

2
.

We calculated these slopes10, obtaining the following d estimates

Noise level σ 0 0.01 0.01 0.1

hourglass 2.1 1.9 0.6 12.9

dome d′ = 2 -2.3 -2.5 -2.2 0.4 (border e�ect)

dome d′ = 1 1.4 2.3 1.2 0.8 (better results for 1D projection)

If one looks at the low noise regime, the d estimates are fairly noisy11 for the

hourglass data, giving a qualitative but beautiful con�rmation of the agreement of

our method with theory. When the noise is large, the �estimated� dimension grows

toward the dimension of the noise, which is 13. However, on the dome data the

estimates behave very di�erently. This is the boundary e�ect at play, which we

discuss in more detail below.

ε̂ and estimating d using Chen et al. [2011]

Could ε̂ be used to improve the estimation of the intrinsic dimension d as suggested

in Chen et al. [2011]? The method of estimating the intrinsic dimension d in Chen

et al. [2011] has two components: �rst, it performs local SVD around each data point

10For hourglass excluding the high-variance n = 500.

11Estimates of slope are known to be sensitive to outliers, and d itself is very sensitive to the error
in the slope. Thus, we do not propose this as a method for estimating d.
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at a variety of scales ε (this is akin to our weighted tangent plane projections); then,

it �nds a range of scales in ε space, which we shall call the CMLR range (Chen et al.

[2011]), where the largest eigengap is the d-th eigengap. The d is estimated by �nding

the largest eigengap somewhere in the CMLR range.

We computed the CMLR ranges both using the method of Chen et al. [2011]

(un�lled rectangles in Figure 4.3) and the ground truth ranges (grey rectangles). As

can be seen, our ε̂ estimate always lies within the true ranges, meaning that if we

computed the eigengaps at ε̂, we would �nd the true d, provided that such a range

exists. See Chen et al. [2011] for a more detailed discussion of the limitations of

this method in e.g. high-dimensional noise. In contrast, the CMLR ranges tend to

underestimate the true ranges, and sometimes they do not overlap with them. We

also found that the method in Chen et al. [2011], which is based on �nding the ��rst

descents� of the singular values, can be unreliable in that it may not �nd an upper or

a lower limit to the interval. Note that the method in Chen et al. [2011] depends on

a parameter K to be set by the user, and we gave it the optimal K for these data.

4.4.3 Large Sample Synthetic Data without Noise

To complete the analysis on the e�ect of the dimension used in computing the em-

pirical distortion, we also compare the convergence rate of ε̂ with 1 or 2 dimensions,

without noise or subsampling, for large sample sizes.

Figure 4.4 shows our estimates ε̂ as the sample size n increases from 500 to 15,000

on the two manifolds hourglass and dome. The average and standard deviation of ε̂

using d = 1 is shown in blue, while the average and standard deviation of those using

d = 2 is shown in black. The red line shows the Singer optimal rate of decline. Note

that while the values of ε̂ using d = 1 and d = 2 should be compared to each other, the

value of ε̂ given by the Singer line is only correct up to an unknown constant which

depends on the manifold used, and so should not be used as an absolute reference.

Rather, the Singer line only serves as a reference for the optimal rate of convergence.
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In all cases, we see that the ε̂ computed using d = 1 follow the Singer line more

closely than the estimates computed using d = 2. In the case of the hourglass, we

observe the e�ect of curvature discussed previously: ε̂ using d = 2 is mostly smaller

than that using d = 1.12

In the case of the hourglass and the dome, we observe that using d = 2 pro-

duces lower estimates of ε and converges faster than the Singer optimal rate. The

explanation for this lies in part in Proposition 10 of Coifman and Lafon [2006], who

note that, while the bias of the graph Laplacian is usually proportional to ε, it is

proportional to εγ at the boundary, where γ ∈ [0, 0.5]. Thus, to reduce the bias due

to the boundary, our method selects a smaller ε, and strikes a di�erent variance-bias

trade-o�. Indeed, since the Singer rate is computed without taking into account the

presence of a boundary, the variance-bias trade-o� should be optimized by a di�erent

optimal bandwidth in that case.

However, ε̂ does not appear to be nearly as a�ected by the presence of a boundary

when using d = 1. This is because, with d = 1, wlPCA will �nd a one-dimensional

subspace that is tangential to the boundary. On that one-dimensional subspace, the

graph Laplacian should have the usual ε bias and lead to the rate of convergence

expected by Singer [2006].

The behavior of the ε̂ estimates with d = 1 and d = 2 in the hourglass and the

dome cases can be contrasted to their behavior in the sphere case, which presents no

boundary or curvature e�ects. In the case of the sphere, the dimensions used seem

to have almost no impact on the rate of convergence of the ε̂ estimate, which is only

slightly faster than the Singer rate.

Our comparison of the behavior of ε̂ when using d = 1 and d = 2 in the presence

of a boundary should naturally generalize to higher-dimensional manifolds (i.e. d-

dimensional manifolds with d − 1 dimensional boundaries). As such, using fewer

12ε̂ using d = 2 appears to be higher than that using d = 1 at small sample sizes. However, their
con�dence regions overlap.
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dimensions to compute the distortion should be more robust to boundary e�ect;

in fact, one could use the number of dimensions in play to determine whether the

estimated Laplacian should be dominated by the boundary or the interior of the

manifold, where the most interesting �information� is expected to lie.
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hourglass dome

sphere

Figure 4.4: ε̂ (vertical axis, logarithmic scale) obtained using 1 (blue) and 2 (black) d

on the hourglass (top left), the dome (top right), and the sphere (bottom) manifold,

compared to the Singer optimal ε decay rate (red) over sample sizes ranging from

n = 500 to n = 15, 000 (horizontal axis, logarithmic scale). Each experiment was

repeated 5 times.
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4.5 Discussion

In manifold learning, semi-supervised and unsupervised, estimating the graph Lapla-

cian is a common problem. We have presented a novel and principled method of

selecting the bandwidth
√
ε of graph Laplacians constructed from weighted kernel

graphs in order to produce an improved estimate of the Laplace-Beltrami operator

on the data manifoldM. Aside from producing a graph Laplacian that is geometri-

cally faithful to the original data, we also observed that out method leads to better

classi�cation and regression accuracy on benchmark data.

Our method is based on imposing geometrical self-consistency of the graph Lapla-

cian. As such, the method is fully unsupervised, aiming to optimize a geometrical

representation of the data, rather than performance in a particular task.

We veri�ed experimentally that our
√
ε estimates agree with asymptotic manifold

theory when noise and border assumptions are not violated. However, the interest

of our method lies in the fact that asymptotic results are generally only de�ned

up to an unknown constant; even then, for �nite n, a small departure from the

asymptotic prescriptions may be bene�cial. Indeed, our experiments demonstrate

that our algorithm is performant in variety of possible tasks, including embedding of

noisy data (non-linear dimension reduction proper), and semi-supervised learning.

Possible Extensions

Although we do not provide a proof the convergence of the empirical distortion, we

expect that, as n→∞, it will converge to

D̂ (g,n, δr|TxM,n) →
ˆ
M
||g(x)− δr|TxM||2δr|TxM p(x)

√
|δr|TxM|dx , (4.11)

where
√
|δr|TxM|dx is the volume element of the inclusion map ofM in Rr at point

x, and p(x) is the sampling density on M. Formalizing this proof is a natural �rst

extension of the work presented here.
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We conclude by referring to the the problem of estimating the intrinsic dimension

d (Levina and Bickel [2005], Carter et al. [2007]). We do not explicitly deal with

this estimation problem; rather, we note that, when it comes to �nding the optimal

ε using the method we propose, knowing d does not appear to be a prerequisite. In

fact, empirically, we have found that using one or just a few dimensions is su�cient,

if not bene�cial. This also reduces the computational cost of Algorithm 6 and makes

the optimization task easier. Once again, however, there is an opportunity to expand

upon our method by addressing the complex task of estimating the intrinsic dimension

d.
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Chapter 5

CONCLUSIONS
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In this work, we have shown - �rst - that there is a equivalence between the

Laplace-Beltrami operator and the data geometry, and - second - that exploiting

this relationship can improve our understanding and our handling of data manifolds

in many settings: dimensionality reduction, parameter estimation, and classi�cation

and regression tasks. Throughout, we demonstrate the advantages of preserving the

information contained in the geometry of the data and of ensuring that any tasks

performed on the data are consistent with their original geometry.

In Chapter 2, we focused on geometrical consistency in unsupervised learning -

speci�cally, in the task of embedding a high-dimensional set of data into lower di-

mensions. We proposed an algorithm that, in a novel step, estimates the embedding

metric h, which establishes a direct correspondence between geometric computations

performed using the embedding (f(M), h) and those performed directly on the orig-

inal geometry (M, g) for any embedding f .

This new perspective allows a user to 1) visualize how each embedding algorithm

distorts the original geometry at every point of the manifold; 2) measure the local

distortion caused by the embedding algorithm; and 3) estimate geometric quantities

of interest (distances, areas, volumes) on the output of any embedding algorithm

while accounting for the distortions the algorithm imposed on the original geometry.

Moreover, our method eliminates the need for users to base their choice of embed-

ding algorithm on the algorithm's capacity to preserve the geometry of the data: any

algorithm can be made to preserve that geometry, so more emphasis can be put on

other considerations, such as ease of implementation, running time, �exibility, rates of

convergence, or other problem-speci�c properties of interest. In this way, our method

has the capacity to fundamentally change the way non-linear dimension reduction is

carried out in practice.

In Chapter 3, we exploited the fact that SPDE's based on the Laplace-Beltrami

operator can be used to de�ne the popular Matérn class Gaussian Processes on the

manifold to introduce geometrically motivated kernel regularization. In so doing, we
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unify some of the techniques that have been developed independently in the arenas of

semi-supervised and supervised learning, and introduce the Matérn covariance class to

semi-supervised learning, showing that it allows for a much more elegant and useful

understanding and interpretation of the parameters involved. In other words, our

main contribution in this chapter is to de�ne a covariance function over a manifold

of unknown geometry from a �nite sample that is both interpretable and �exible.

Finally, in Chapter 4, we exploit the correspondence between the Laplace-Beltrami

operator and the geometry of the manifold to �nd a new, principled method for esti-

mating the bandwidth of the graph Laplacian - one of the key hyperparameters needed

to ensure the graph Laplacian is a good approximation of the Laplace-Beltrami opera-

tor that are not easy to learn by cross-validation or other model selection approaches.

Improving on the current technique of simply �tuning� the bandwidth of the graph

Laplacian, we presented a new approach that - in keeping with our overall theme in

this work - is based on the faithfulness to the geometry of the original data. Our ap-

proach consists of choosing the bandwidth parameter that yields the graph Laplacian

that is closest to the geometry of the data. The experiments we conduct show that

our estimate of the bandwidth yields to improvements in the performance of regres-

sion and classi�cation methods that consume the parameter, all the while reducing

running time.

The results and discussion we present here lend themselves to opportunities for

further study in three main areas. First, there is an opportunity to explore the e�ect

of noise on the estimated Riemannian metric. Our approach does not account for

situations where the data consists of a noisy representation of the manifold and does

not lie directly on it. In such cases, we can only identify the noise component in the

data if the embedding algorithm we use explicitly accounts for it. However, even if

the embedding algorithm successfully identi�es the noise component, this information

does not permeate through the graph Laplacian, since its construction is independent

of the embedding algorithm. By extension, the estimated Riemannian metric will



146

also be a�ected by any noise in the data. Thus, the challenge is to �nd a method for

constructing the graph Laplacian that is more robust to noise. One possibility is to

estimate the graph Laplacian using weighted local PCA using the method described

in Section 4.2.3.

Second, Chapter 3 could be extended by devising a method for constructing new

covariance functions directly from the Riemanninan metric instead of relying on the

Laplace-Beltrami operator. Indeed, one could exploit the fact that the Riemannian

metric can be used to integrate functions on oriented manifolds to expand the set of

reproducing kernel Hilbert Spaces that we can construct on the data manifold.

A �nal topic for further exploration is the extension of the geometrical consistency

approach developed in Chapter 4 beyond its current use in estimating the bandwidth

parameter of the graph Laplacian. Indeed, this approach could be used to estimate

other parameters or geometrical features of the data manifold in a purely unsupervised

fashion.
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Appendix A

CONSISTENCY OF THE RIEMANNIAN METRIC

Lemma 25 If both fn and gn satisfy
∣∣∣∣∣∣L̂n,tnf − L̂n,tnfn∣∣∣∣∣∣

∞

p→ 0 and ||fn − f ||∞
p→ 0

with f, g ∈ C3 (M) andM compact, then
∣∣∣∣∣∣∆Mfg − L̂n,tnfngn∣∣∣∣∣∣

∞

p→ 0 if L̂n,tn takes

the form

L̂n,tng (x) ≡
n∑
i=1

hn(x,Xi) (g(x)− g(Xi)) ,

for some positive kernel hn(x, y).

Proof∣∣∣∣∣∣∆Mfg − L̂n,tnfngn∣∣∣∣∣∣
∞
≤

∣∣∣∣∣∣L̂n,tn (fg − fngn)
∣∣∣∣∣∣
∞

+ op (1)

≤
∣∣∣∣∣∣L̂n,tng (f − fn)

∣∣∣∣∣∣
∞

+
∣∣∣∣∣∣L̂n,tnfn (g − gn)

∣∣∣∣∣∣
∞

So the �rst term to control is∣∣∣L̂n,tn (g (f − fn)) (x)
∣∣∣ ≤ ∣∣∣∣∣

n∑
i=1

hn(x,Xi) (g(x) ((f − fn)(x)− (f − fn)(Xi)))

∣∣∣∣∣
+

∣∣∣∣∣
n∑
i=1

hn(x,Xi) (g(x)− g(Xi)) (f − fn)(Xi)

∣∣∣∣∣
≤ ||g(x)||∞

∣∣∣L̂n,tn (f − fn) (x)
∣∣∣

+ ||f − fn||∞
∣∣∣L̂n,tn(g)(x)

∣∣∣ .
Taking the sup over the sampled points on both sides we get

∣∣∣∣∣∣L̂n,tng (f − fn)
∣∣∣∣∣∣
∞

p→ 0.
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Similarly,

∣∣∣L̂n,tn (fn (g − gn)) (x)
∣∣∣ ≤ ∣∣∣∣∣

n∑
i=1

hn(x,Xi) (fn(x) ((g − gn)(x)− (g − gn)(Xi)))

∣∣∣∣∣
+

∣∣∣∣∣
n∑
i=1

hn(x,Xi) (fn(x)− fn(Xi)) (g − gn)(Xi)

∣∣∣∣∣
≤ ||fn||∞

∣∣∣L̂n,tn (g − gn) (x)
∣∣∣

+ ||gn − g||∞
∣∣∣L̂n,tnfn∣∣∣ .

Again, taking the sup over the sampled points on both sides implies∣∣∣∣∣∣L̂n,tnfn (g − gn)
∣∣∣∣∣∣
∞

p→ 0 as required.
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