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In this paper, we generalize and develop results of Queffélec allowing us to characterize the
spectrum of an aperiodic substitution in Z¢ by describing the Fourier coefficients of mutually
singular measures of pure type giving rise to the maximal spectral type of the translation
operator on L?. This is done without any assumptions on primitivity or height, and provides
a simple algorithm for determining singularity to Lebesgue spectrum for such substitutions,
and we use this to show singularity of the spectrum for Queffeiec’s noncommutative bijective
substitution, as well as the Table tiling, answering an open question of Solomyak. Moreover,
we also prove that the spectrum of any aperiodic bijective commutative Z¢ substitution on
a finite alphabet is purely singular. Finally, we show that every ergodic matrix of measures

on a compact metric space can be diagonalized, which we use in the proof of the main result.
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Chapter 1

INTRODUCTION

Substitutions are of interest to us as models of aperiodic phenomena - for example,
mathematical quasicrystals, see [3]. Here, we consider higher dimensional analogues of
substitutions of constant length, or Z%-substitutions which replace letters in a finite alphabet
A with a rectangular block (indexed over the semirectangle [0, q), see notation at the end of
this section) of letters, and which we call g-substitutions. As usual, we study the translation
operator T on the hull X of a substitution S, or the collection of all Z%-indexed sequences
whose local patterns can be produced by the substitution. Our primary interest is the
spectrum (or the maximal spectral type, omax) of the translation action, and our analysis
is based on the work of Queffélec, which describes the spectrum of one-sided primitive
and aperiodic constant length substitutions of trivial height in one dimension (N-indexed
sequences). Our formulation emphasizes the arithmetic properties of such substitutions
and the recognizability properties afforded by aperiodic substitutions: those without any
periodic sequences in their hull. Using only these two assumptions, we are able to describe
the spectrum of such a substitution by identifying its discrete, singular continuous, and
absolutely continuous spectral components as a sum of mutually singular measures of pure
type with readily computable Fourier coefficients. This is done by using a representation
consistent with the abelianization (which gives rise to the substitution matrix) and separates
the analysis into two parts: the correlation measures, which depend on the position of letters
in substituted blocks (which we call the configuration), and the spectral hull, a convex set

depending on a coincidence matriz Cs which is configuration-independent.

An important notion in tiling theory is that of local rules which force global (aperiodic)
order. A result of Mozés [19] asserts that self-similar tilings, corresponding to Z? substitu-
tions for d > 1, can be obtained by local pattern matching rules, albeit, in general, at the

cost of increasing the size of the alphabet, whereas this assertion is false for d = 1. (We refer



the reader to [3] for details and more recent work in this direction.) Moreover, it is known
that the mathematical diffraction spectrum is included in the dynamical spectrum (that of
the translation operator on L?) as a consequence of Dworkin’s argument [11] (see also [16],
[4] and references therein), and so our extension of Queffélec’s results to Z? substitutions
are of interest as they allow us to describe diffraction (and dynamical) properties of higher
dimensional mathematical quasicrystals.

We summarize the paper while highlighting the main ideas. First, we begin with a
general introduction to topological dynamics, their invariant measures and spectral theory.
Then, in §1.2, we discuss preliminaries for the theory of Z%indexed substitution dynamical
systems, including their invariant measures in §1.2.1 and spectral theory in §1.2.2. As
usual, Michel’s theorem 1.2.1 is used to identify the uniquely ergodic measure of a primitive
system in terms of the Perron vector of Mg, its substitution matriz. A primitive reduced form
(proposition 1.2.2) is used to represent an arbitrary substitution in terms of its primitive
components, which combine in the nonprimitive case with theorem 1.2.4 of Cortez and
Solomyak to describe the invariant measures as the convex hull of the invariant measures
of its primitive components. Note that g-substitution dynamical systems are never weakly-
mixing as Dekking’s theorem 4.4.1 shows they always have nontrivial discrete spectrum,;
more generally, Dekking and Keane proved in [10] that primitive substitution systems cannot
be strongly mixing. This should not be confused with the statement of our main result,
theorem 3.3.1, which shows that the spectrum of S can be decomposed into measures
strongly-mixing for the g-shift on T¢, as this is a statement about the spectrum of S (not
its shift-invariant measures) relative to an entirely different dynamical system. Following
the discussion on invariant measures, we discuss the essentials for the spectral theory of
substitution dynamical systems where we give a very brief account of some existing results
in the spectral theory of g-substitutions.

In §2 we develop arithmetic and topological properties of aperiodic g-substitutions which
combine with a representation of the alphabet A in the vector space C4, and of substitutions
in the matrix algebra M 4(C), to give us several useful tools (propositions 2.3.5, 2.3.7 and
2.3.8) relating the configuration of an aperiodic g-substitution to both its topological and

measure theoretic structure. In §2.1 we develop some basic notation for g-adic arithmetic



in Z¢, as well as a key lemma (2.1.1) which essentially lets us ignore the overlapping of
superblocks T¥S™(a) arising in a number of contexts; this removes an otherwise significant
impediment to a detailed description of the spectrum, as tracking the discrepancies caused
by overlaps destroys any hope of a detailed analysis, see the discussion at the end of §3.1.
In §2.2, we give an arithmetic description (proposition 2.2.1) of g-substitutions in terms
of configurations, which represents a g-substitution in terms of instructions A — A arranged
by location, and an equivalence of substitutions is described, relating two substitutions when
there is a bijective rearrangement of their configurations which exchanges them. We also
describe two constructions on substitutions: definitions 2.2.3 for cycled substitutions and
2.2.6 for the substitution product. A cycled g-substitution is obtained by permuting the
associated configuration, and is related to the map T%S™. The substitution product takes
two g-substitutions, S on A and S on fl, and produces a third g-substitution, S ®S on .AA,
and is related to the bisubstitution and the coincidence matrix Cs = Mgsgs of Queffélec.
In §2.3 we discuss consequences of aperiodicity beginning with a convenient criteria of
Pansiot (lemma 2.3.1) allowing for a readily verifiable description of aperiodicity in the Z
case; a generalization to Z¢ would be of significant interest, but no serious attempts by
this author have been made. Next, we use a result of Mossé and Solomyak (theorem 2.3.2)
to identify aperiodicity with recognizability, a property of substitutions allowing for unique
local desubstitution, and which gives rise to many useful topological properties summarized
in proposition 2.3.4. Moreover, this allows us to describe the subshift as an iterated func-
tion system on the maps TXS, for k in a fixed finite set. Using this perspective, we give a
description of the Borel structure of Xs through a collection of iterated cylinders (definition
2.3.3) which represent the cylinders of AZ* iterated through the above function system.
This description is expressed in three ways: the partition formula of proposition 2.3.5 which
describes how the lattice of iterated cylinders partition the subshift by degree; the mea-
sure formula of proposition 2.3.7 which gives recursive identities allowing one to explicitly
compute the measure of an arbitrary cylinder in Xg, for an arbitrary invariant measure sup-
ported by the subshift; and finally, the density of iterated indicators of proposition 2.3.8,
permitting the study of the translation action on L?(u) in terms of the iterated indicator

functions 1« Sn[a]> and ultimately the indicators 1, via theorem 3.1.4 discussed below.



In §3, we state our main result (theorem 3.3.1) which separates the spectral characteri-
zation problem of an aperiodic g-substitution into a study of its correlation measures and
spectral hull; see theorems 3.1.4 and 3.3.1. We begin our discussion with the g-shift, a

topological dynamical system
(T4, Sq)  with  Sq:T¢—T? taking Sq:z+~— 29

which is conjugate to the xq mod 1 map on R?/Z¢ via the map 6 e2mif

, and construct
a measure wq in (3.2) which is a pure discrete measure supporting the g-adic rationals in
R4/7 ~ T4, Although wq is not g-shift invariant it is a q-shift invariant type, see definition
3.3.2. Due to the many q-adic properties of g-substitutions, the g-shift will play a major

role in their spectral theory, as the g-shift represents g-adic arithmetic on the d-torus.

In §3.1, we discuss the correlation vector 3 of a g-substitution, whose components are
the correlation measures o, which are spectral measures for the pairs 1[4, 1[] of indicators
on cylinder sets in Xs, and whose Fourier coefficients (3.3) give the frequency with which
two letter patterns appear in sequences within the subshift. We then prove the Fourier
recursion theorem 3.1.2 (a simple corollary of the measure formula) which expresses the
Fourier coeflicients of the correlation measures in terms of g-adically smaller coefficients and
allows for the explicit computation of the Fourier coefficients of the correlation measures
of an arbitrary aperiodic g-substitution. These recursions indicate a qg-shift invariance of
the autocorrelations o, for a € A, which combine in theorem 3.1.4 with the density of
the iterated indicators to show that omax ~ wq * Y., 0aa and the spectrum of an aperiodic
g-substitution is a positive linear combination of the autocorrelations. Although these
measures are positive by the spectral theorem (in general, the correlations o, are complex)
and g-shift invariant, they need not be pure types, nor are they in general mutually singular.
Thus, it is difficult to characterize the spectrum of S from the Fourier coefficients of the
autocorrelations o, using this equivalence alone. In §3.2 we consider more general linear
combinations of the correlation measures 0,5 and in definition 3.2.4 describe the spectral
hull of a g-substitution: a convex cone K(S) < CA* consisting of those left Q-eigenvectors

for the coincidence matrix Cg satisfying a positivity condition (definition 3.2.2) of Queffélec.



This hull is shown in proposition 3.2.5 to give rise (via linear combinations of correlation
measures) to g-shift invariant (positive) measures on T¢.

Then, in §3.3, we state our main result, theorem 3.3.1, which shows that if v e I(S) is a
strictly positive linear combination of the extremal rays K* then omax ~ wq * v'Y, and the
extremal rays of the spectral hull give rise to linear combinations of correlation measures
which are strongly mixing probability measures for the g-shift. This separates the spectrum
of an aperiodic g-substitution into three components: the g-adic spectrum wq, determined
entirely by the expansion q of the substitution; the spectral hull /(S), which depends
only on the coincidence matrix and strong semipositivity, the latter of which is totally
independent of S; the correlation vector ¥, which is determined by the configuration R and
the initial weights p([a]) given by the invariant measure u. As the spectral hull has already
been shown to give rise to g-shift invariant measures absolutely continuous with respect
to the maximal spectral type, the proof relies on showing that these measure give rise to
the entire spectrum and that the extremal rays have the necessary ergodic properties; the
details are left for the appendix, however, as they are not necessary to state the main result
or its consequences. We then briefly discuss purity of ergodic measures and show (corollary
3.3.3) that these extremal rays give rise to linear combinations of the correlation measures
which are pure discrete, purely singular continuous, or Lebesgue measure on T%, and use this
to provide a simple test (corollary 3.3.4) for the exclusion of Lebesgue spectral component.
Following this discussion, we prove theorem 3.4.1 in §3.4, stating that all aperiodic bijective
and commutative g-substitutions have singular to Lebesgue spectrum, generalizing a result
of Baake and Grimm [2] showing singularity for 2-letter bijective substitutions in Z.

With our main results established, we move on to the secondary purpose of the paper:
the description of an algorithm allowing one to determine the spectrum of an arbitrary
aperiodic g-substitution on a finite alphabet by explicitly computing the Fourier coefficients
of the strongly-mixing measures w'Y arising from the extremal rays of the spectral hull.
We summarize the algorithm here, noting that a more in depth description appears in that

section. One begins with an aperiodic g-substitution S on the alphabet A, and then:

1. Replace S with an iterate S" (its index of imprimitivity) to expose reducibility and



compute the primitive reduced forms of § and its bisubstitution S®S. This is necessary

to find the correct q, noting that this is only relevant in the nonprimitive case.

2. Choose a positive convex combination u of Perron vectors corresponding to the prim-
itive components of Mg; this fixes an invariant measure p supported by every ergodic

invariant measure for Xs and u, = u([a]) for o € A by Michel’s theorem 1.2.1.

3. Compute the Fourier coefficients of X: as f](O) = D4 Ua€aa € C4*, we can find f](c)
for c € [—1, 1] by solving algebraically using the Fourier recursion theorem 3.1.2, and

compute f](k) for all other k using the Fourier recursion theorem 3.1.2 to reduce.

4. Compute Cs = Msgs and its primitive reduced form; determine the spectral hull

using lemma 4.0.3 and strong semipositivity. Identify the extremal rays IC*.

5. Characterize w'Y for w € K* using corollaries 3.3.3 and 3.3.4: o pnax ~ Wa* D ek wiy.

Following a description of the algorithm, we consider several examples, some classical and
well known which serve to familiarize the reader with the techniques, as well as several for
which the spectrum is unknown or incorrectly classified. In each case, we determine the
discrete, singular continuous, and absolutely continuous components of the spectrum.
Finally, in §5 we prove theorem 3.3.1 in two steps: a diagonalization result (theorem
5.1.8) for operator valued measures ergodic for a continuous transformation of a compact
metric space, and then using this to connect the spectrum of S to the spectral hull. The
diagonalization result relies on a localization of the space of linear functionals on complex
Borel measures, based on the generalized functionals of Sreider, see [29], and is extended
significantly from the corresponding result in [22] using less machinery. Then in §5.2, we
show how the Fourier recursion theorem 3.1.2 describes a matrix of measures Z called the
bicorrelation matriz, after Queffélec, and satisfying ¥ = Zf](O). We then show that there
is a projection P onto the Q-eigenspaces of Cs for which PZ is ergodic (as a matrix of
measures, see §5) with respect to the g-shift, and use theorem 5.1.8 to diagonalize PZ

and characterize its eigenmeasures. We then show that P and Z both preserve the strong



semipositivity condition determining the spectral hull, and use this to show that the maximal
spectral type of S is generated by the eigenmeasures of PZ, and the main result result follows
by showing the spectral hull maps onto the positive linear span of the eigenmeasures of PZ.

Before beginning, we make a remark on a particularly important notational convention.
We will be working extensively with the ring Z¢, and wish to do so by interpreting all
operations and relations on Z? coordinatewise. We represent Z¢ integers in boldface i, j, k,
etc, and denote the components of k with k; for 1 < ¢ < d. Note that notation such as
k,, refers to a Z? integer; should we need to refer to its coordinates, we will use (kj); for
1 < j < d. The symbols 0,1 represent the Z% integers all of whose coordinates are 0, 1
respectively. For 1 < < d, let 1; be the integer 0 in all coordinates but the i-th, where it
is 1, so that 1 = Zf 1;. For a,b € Z%, the inequalities a < b or a < b should be interpreted
as holding in each coordinate simultaneously, i.e. a; < b;, for 1 < i < d, and defines a
partial order on Z¢. Additionally, whenever a < b, the interval notation [a,b] or [a,b)
should be interpreted componentwise in the usual way, giving rise to (semi-)rectangles in
Z%. For t € Z, we have ta = (tay,...,tag), with a+b and ab representing the usual sum and
componentwise product, and we define § € Q¢ as the componentwise quotient for h > 1.

Finally, for z € T write 2" = (27, ..., z}y), so that z" € Te.
1.1 Dynamical Systems and Z¢ Actions

Let X be a compact metric space, and Aut(X) the homeomorphisms of X. A Z%-action T
on X is amap T : Z¢ — Aut(X) sending k — T% and satisfying T9T% = T3tk and with
TO the identity, and we write (X, T) for the topological dynamical system generated by this
action. Equipping X with its Borel o-algebra B, one can consider the space of T-invariant
measures M(X,T) consisting of those Borel probability measures with p o TX = y for all
k € Z¢. For any € M(X,T), the triple (X, T, i) is a measure preserving dynamical system.

A measurable subset E of X is T-invariant provided T¥XE = E for all k € Z¢, and
an invariant probability measure p is ergodic if p(FE) is either 0 or 1 whenever E is an
invariant set: in this case, we refer to (X,T,u) as an ergodic system. Ergodic measures
are indecomposable: they cannot be expressed as the sum of (nontrivial) mutually singular

invariant measures, and for this reason, one can see that ergodic systems are necessarily



aperiodic: if T®z = z for some x € X, then k = 0, so there are no periodic subsystems.
Viewed as a subspace M(X,T) < C(X)* of the bounded linear functionals in the weak-
star topology, the invariant measures M(X,T') form a nonempty compact convex set, the
extreme points of which are ergodic [30, Thm 6.10]. Thus, every invariant probability
measure can be expressed as a convex combination, or integral, of ergodic measures by
Choquet’s theorem [21]. More can be said: any two distinct ergodic probability measures
are mutually singular, so that this ergodic decomposition is unique. Whenever M(X,T)
consists of a single measure, we say (X,T) is uniquely ergodic. The following is one of the

most important properties of ergodic systems

Theorem 1.1.1 (Birkhoff Ergodic Theorem; Ergodic Case).
Let (X, T, u) be an ergodic system. Then for every f € LY(X, p),

_ j
nlgrgo ndZJG 0 nl T \[X fdﬂ,

for p almost every x € X. We call the terms in the above limit the ergodic averages of f.

We have the following alternate characterization of ergodicity: a measure € M(X,T)
is ergodic if and only if for every measurable A, B c X,

lim

n—00 ndZJG nl _JA a B) (A)M(B)7

so that B is independent from the orbit of A on average as n — oo. There are two variations
on this asymptotic independence of sets: a measure u € M(X,T) is strongly-mizing provided

T7XA and B are asymptotically independent as |k| — oo for all A, B € B, or

lim u(T%An B) = p(A)u(B),

|k|—00

and weakly-mizing provided the above limit converges when avoiding a set of zero density: a
subset J < Z< has zero density whenever mCard(J n (=n1,n1)) — 0 as n — c0. Note
that strongly-mixing = weakly-mixing = ergodic (converses are all false in general),

see [30, Thm 1.20], all of which are isomorphism invariants [30, Thm 2.13].



1.1.1 Spectral Theory of Z*-actions

We now discuss the spectral theory of Z¢ actions. Let M(T?) denote the space of complex
Borel measures on the d-torus T¢ and equipped with the total variation norm; this agrees
with its subspace topology in C(X)*, the space of continuous linear functionals on continuous
complex valued functions on X. For \,v € M(T?), let |v| denote the variation of v, and
write A « v whenever their variations |A| « |v| are absolutely continuous, A L v when the
measures are mutually singular. The two measures are equivalent A ~ v whenever they are

mutually absolutely continuous: the L-space L(v) and the type (v) of v are the collections
Lw):={AeM(T? : X«v} and @)= {Ae M(TY : A~ v}

and one checks that £(v) is a closed subspace of M(X), consisting of the complex Borel
measures on T¢ absolutely continuous with respect to v, and depending only on its type.

Given a measure v € M(T?), its Fourier coefficients are, for k € Z%, given by

v(k):= J z %dy  where z7K:= M. z;kd
Td

Fix a measure preserving Z%action (X,T,u) on a compact metric space: note this
implies that L?(u), the space of square p-integrable complex valued functions on X, is
separable. Any Z¢ action T on X induces a Z? action on L?(p) known as the Koopman
representation Ur of (X, T, ) and is the Z%-action UX : L?(u) — L%(u) sending f — foTX.
As p is T-invariant and T acts by homeomorphisms, U := Ur is unitary. For each pair
f,g € L?(u), Bochner’s theorem gives us a complex Borel measure of4 on the d-Torus T

called the spectral measure for f, g, with Fourier coefficients satisfying

arg(k) = J k. z;kd dofg = fX foT Xgdu (1.1)
which determines a continuous sesquilinear form

o L*(p) x L2(u) — M(TY)  with  f, g+~ o, satisfying (1.1)
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which we call the spectral map, and write oy := oy which is a nonnegative measure. As Ur
is a unitary Z? action, the spectral theorem for unitary operators guarantees the existence
of a mazimal function F € L?(u) such that for any g € L?(u), the spectral measure for g is
absolutely continuous with respect to that of F, or 04 « oF, and every measure A € op is
the spectral measure of some g € L?(u). Although the maximal function is not in general
unique, all maximal functions have equivalent spectral measures, and thus have the same
type, which we denote by omax (). The following summarizes the above, see [24] for details

on the spectral theorem.

Theorem 1.1.2 (Spectral Theorem for Z4-actions).
Let (X, T, 1) be a measure preserving Z-action. There is a continuous sesquilinear form

o L*(u) x L2(u) — M(T?) and a mazimal spectral type omas such that

foropy  satisfing 5750 := [ aKdog, = [ for* gau
Td X

and f — oy is surjective onto the positive measures absolutely continuous with respect to

Omaz- Moreover, there is a sequence of nonzero functions {f,} (finite or infinite) with

o The maximal function fy has spectral measure equivalent to opmay

o L2(u) is the orthogonal direct sum of the cyclic subspaces Span{UXf, : k € Zd}

e the spectral measures of the f; satisfy o, » op » op, > ...

and any other such sequence of g, € L?(u) satisfies of, ~ g, for alln.

We are primarily interested in the maximal spectral type omax associated to a subshift. As
Omax 18 only specified up to measure equivalence, characterization of the spectrum largely
amounts to finding mutually singular decompositions of opyax, Or Writing omax = A + v with
A L v both nonzero. The most popular such decomposition is separation into discrete,
singular continuous, and absolutely continuous (with respect to Lebesgue) components via
the Lebesgue-Radon-Nikodym theorem, writing oax = 04+ 0sc+0qc. Note that the discrete

spectrum oy is a measure whose support is precisely the eigenvalues of Ur.
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Note that for every measure-preserving system, Ur always has 1 as an eigenvalue as
constant functions are always T-invariant and in fact, u is ergodic if and only if the eigenvalue
1 is simple. If Ur has no other eigenvalues, or equivalently 1 is the only atom of opax, We
say the invertible ergodic system (X, T, u) has continuous spectrum. This is equivalent to
Omax ~ 0 + Osc + 04¢, where § is the mass at 1 € T. Note that a measure is purely continuous
if and only if [?-Césaro means of its Fourier coefficients are 0, by Wiener’s criterion. Using
this, one can show that a measure-preserving dynamical system is weakly-mixing if and only
if it has continuous spectrum.

A system (X, T, u) is said to have discrete spectrum provided the maximal spectral type
of the Koopman representation is pure discrete, or oy.x = 04. Note that a measure ¢ on
T is pure discrete if and only if its Fourier coefficients are an almost periodic sequence.
A famous theorem of Halmos and von Neumann (1942) showed that spectral isomorphism
is equivalent to isomorphism for ergodic measure preserving transformations with discrete
spectrum. As two unitary operators with discrete spectrum are unitarily equivalent if and
only if they have the same eigenvalues, the Halmos-von Neumann theorem can be used to
show that all ergodic measure-preserving systems with discrete spectrum are isomorphic to
an ergodic rotation on a compact abelian group, see [30, Thm 3.4, 3.6]. Thus, rotations on
a compact group are never weakly-mixing.

A system (X, T, u) has Lebesque spectrum whenever opmax = 6 + 04c. Criteria for a mea-
sure to be absolutely continuous is less clear than the above three cases, with Wiener’s
criterion or equivalently Riemann-Lebesgue giving us a necessary condition (the coefficients
must converge to 0.) Sufficient criteria in general are not available, making identification
of Lebesgue components in measures a difficult problem. We say a measure has count-
able Lebesgue spectrum provided any normalized spectral decomposition of Up by functions
{fn} (with fo = 1) has {fo} U {U*f, : k € Z,n > 0} as an orthonormal basis for L?(1u).
The name comes from the fact that oy, ~ m for n > 0. Any two systems with countable
Lebesgue spectrum are spectrally isomorphic, which follows by corresponding their normal-
ized spectral decompositions to each other. Every Bernoulli shift has countable Lebesgue
spectrum, which follows from a theorem of Rohlin on Kolmogorov automorphisms. One can

show that any measure-preserving system with countable Lebesgue spectrum is necessarily
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strongly-mixing, see [30, Thm 2.12].

1.2 Substitution Dynamical Systems

Fix a dimension d > 1. An alphabet is a finite set A consisting of at least 2 letters which we
will frequently denote with symbols «, 3,7, d. Often, we will consider alphabets of the form
{0,1,...,s— 1}, and s will always refer to the size of the alphabet. Consider the collection
of all functions from Z¢ — A, which can be identified with the product space AZ of all
Z%indexed sequences with values in A. The elements of AZ* are sequences, denoting them
with letters A, B, C, etc, and we will express their values A(k) = Ay interchangeably for
convenience of notation. Endowing A with the discrete topology, consider the topology
of pointwise convergence on AZd, or equivalently the product topology when viewed as a
sequence space. Addition on Z% gives rise to a Z%action of commuting automorphisms,
which act by translation on A2 sending k +— T* where T : AZ' 5 AZ sends A to the
function TXA defined by T¥A(j) := A(j + k). We call this action the shift and denote it by
T. The pair (.AZd, T)) is an invertible topological dynamical system, the full shift, and we let

B denote the o-algebra of Borel measurable sets.

By a block (or word in the d = 1 case) we mean a map w from a finite subset of Z¢
into A, denoting the domain of a block by supp(w), and letting A" denote the collection of
all blocks in AZ" and are typically denoted with the greek letters n,w € A". Here, blocks
differ from convention in two significant ways: they need not be contiguous, and they need
not start at 0 index. We will routinely identify blocks with their graphs, or the image of
the map j — (j,w(j)) € Z¢ x A, as this is often convenient and coincides with the tiling
perspective of substitutions, as treated by Radin [23]. For w,n € AT and A € A" U Azd,
we say w is extended by n or A whenever n or A extends w as a function into A and write
w<norw< A in this case. We say w is a subblock (or subword in the d = 1 case) of A
if T*w is extended by A, for some k € Z%. If w € A" is a block, the cylinder over w is the

collection of all sequences extending w, or

[w] :={C e A C(j) = w(j) for jesupp(w)} sothat w<n < [w]2[n]
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so that cylinders over blocks A" correspond to the standard basis for the topology of
AZ' The alphabet A is a discrete compact set, and so AZ* g totally disconnected as
every cylinder is both open and closed, and compact by the Tychonoff theorem. As every
A € AZ" is in the intersection of the cylinders [A,] where A,, is the subblock of A supported
in [—n1,n1], this implies AZ s g perfect set. Thus, the full shift (.AZd, T) is an invertible
topological dynamical system, consisting of a Z%-action of commuting automorphisms acting
on a Cantor set of functions Z¢ — A.

A substitution is a map S : A — AT, replacing each letter by a block. In the d = 1
case, substitutions of many types are considered, but we wish to consider the class of
substitutions which generalize substitutions of constant length. Fix q > 1, and write
Q = q1---qq = Card[0,q). A substitution S is a q-substitution if all the blocks S(a)
have [0, q) as their common support. Briefly, consider Z¢ = R? and inflate R? by q, scaling
each cube [a,a + 1] to the rectangle aq + [0, q], which can then be subdivided into unit
cubes located at points aq + b, for b € [0, q). If o appears at the at? position of a block or
sequence, and S maps « to the block S(«) defined on [0, q), we can place the letter in the
b-th position of S(«), denoted S(a)p, at the aq + b-th position, extending S to AT as well
as AZ". Using this inflate and subdivide process identifies Z¢ with q"Z? x [0,q") for every
n = 0, and gives rise to many arithmetic properties of substitutions which we discuss in
§2. We now associate a subshift to a given substitution, after which we give some essential
details and preliminaries for the spectral theory of substitution subshifts.

The language Ls < A of a substitution is the collection of all blocks w € A™ which
appear as subwords of §"(v) for some n € N and v € A. Associating blocks with their
graphs, this can be thought of as the collection of all finite patterns attainable by the
substitution; by definition, it is both shift-invariant and closed under the action of S. The
substitution subshift of S is the collection Xg consisting of those sequences in AZd, all of
whose subblocks appear in the language of §. By the reduced language of S, we mean the
collection of all blocks in A* that appear in some word A € Xg, and can be strictly smaller
than the language; as this has no effect on the measure theoretic or topological structure of
Xs, we will often assume our language is reduced.

Let S be a g-substitution on A with configuration R. As the alphabet is finite, we can



14

always find some h > 0 and 7 : [-1,0] — A so that S"(n). = n(c) for ¢ € [~1,0]. Then
n acts as a seed for the subshift: by construction, the sequence of blocks S™ defined on
[—a™, q"") are nested, as S extends S"/ whenever n > m. As AZ? is endowed with
the topology of point-wise convergence and as q > 1, the sequence 8™ converges to a
unique limit point D,, € AZ? which is also in Xs by construction, and so Xg is nonempty

for any g-substitution on A.

As distances in AZ* are determined by agreement on finite subsets, and the condition
for Xs prescribes extendability for every finite subset, one can check that Xs defines a
nonempty, closed, and shift-invariant subset of AZd, and (Xg, T) forms a topological subshift
of the full shift AZ” called a substitution dynamical system. A useful property of substitution
subshifts is their independence of the iterate used: for n > 0, Xgn = Xg, sometimes referred
to as telescope invariance, see [8, Lemma 2.9]. Note that S restricts from AZ 16 a map on
Xs, and the Borel o-algebra for Xg is generated by the cylinders over blocks in the reduced
language Ls. As our goal is the spectral theory of substitution dynamical systems, we adopt
the convention that all cylinders are intersected with Xs. Finally, let M(Xg,T) denote the
space of T-invariant (i = p o T* for all k € Z%) Borel probability measures on Xg; note

that M(Xs,T) is a compact convex set, the extreme points of which are ergodic, see [30].

1.2.1 Invariant Measures

Consider the vector space C of formal linear combinations in the letters of A, with standard
basis e,, for a € A. Given a substitution S on A, its substitution matriz Ms € M 4(C) is the
nonnegative A-indexed square matrix whose «, v entry is the number of times « appears in
the word S(7). This representation is often called the abelianization of S as it represents the
symbols produced by the substitution without tracking their position. The ezpansion of a
substitution is the spectral radius of its substitution matrix; in the case of g-substitutions,
the expansion is @ = Card[0,q) as the substitution matrix is @-column stochastic, see
§2.2. A substitution is primitive if for some n > 0, « appears in the block 8" (), for every
a,7v € A. Thus, the substitution matrix of a primitive substitution is a primitive matrix:

there exists some n > 0 so that Mgs» = Mg has strictly positive entries. By the Perron-
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Frobenius theorem, the spectral radius of a primitive matrix is a simple eigenvalue with
a strictly positive eigenvector u, normalized to a probability vector and called the Perron
vector of S, see [14, Theorem 8.1,2].

The following result of Michel [17] relates the invariant measures of a primitive substi-
tution subshift to the eigenspace of its substitution matrix; see [22, Prop 5.22] for the result

concerning the measure of cylinders, and [23, Lemma 1.5] for the extension to Z.

Theorem 1.2.1 (Michel). If S is a primitive q-substitution, then (Xs,T) has a unique

ergodic measure p, with oS = é,u. The Perron vector u of Mg satisfies pu[a] = uq, a € A.

As the collection of cylinders over the language of a substitution generate the Borel o-
algebra of its subshift, the measure p is uniquely determined by the above formula. In the
case of non-primitive substitutions, there will be a nonempty proper subset Ag < A such
that S" restricts to a substitution on the subalphabet Ag, for some h > 0. Using this, we
can express any substitution in a primitive reduced form, see [22, §10.1.1]. In the statement

below, L denotes a disjoint union.

Proposition 1.2.2. Let S be a substitution on A. Then there is an iterate h > 0 and a

partition of the alphabet A =& v --- & 1T so that
o S & — 5;“ is primitive for each 1 < j < K,

o ye T implies S"(y) ¢ T+

Clearly, K = 1 and T = ¢ if and only if § is primitive. We call the partition
{&1,...,EK, T} the ergodic decomposition of S, its members &; the ergodic classes of S,
and T its transient part, compare [22, §10.1]. As the transient part 7 is equal to A~ JEj,
it suffices to specify the ergodic classes € = {&1,...,Ek}, and we will do this frequently.
Restricting S to each ergodic class gives the primitive components of S, and we refer to their
collective Perron vectors as the Perron vectors of S. The minimal such h > 1 satisfying the
above proposition is the index of imprimitivity; as telescoping has no effect on the subshift,
we will assume that all of our substitutions have index of imprimitivity 1 as this directly

impacts the existence of a several limits in our analysis.
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We comment briefly on a few aspects of the substitution matrix and Perron-Frobenius
theory, as these matrices are nonnegative, see [14] but note that our matrices are represented
transpose to that in [14], due to conventions for the substitution matrix. The spectral radius
p of M is the expansion of the substitution (average rate of growth for words or blocks), and
Frobenius theory [14, IIT §2 Theorem 2] tells us that all eigenvalues of modulus p correspond
to roots of unity (times p). The index of imprimitivity is then the smallest h > 0 such that
N = QP for every eigenvalue \ of modulus @ for Mg, allowing one to find the index of
imprimitivity from the eigenvalues of the substitution matrix, see also [14, III §5]. A normal
form for reducible matrices is described in [14, III §4 (69)], allowing us to write Mg via a

permutation of the basis in block form

M, M
Ms=| (1.2)

Mg My

My
where all unrepresented blocks are 0. Moreover, the diagonal blocks Mj,..., Mg are all

primitive when exponentiated by the index of imprimitivity, and so this serves as a proof
of the above proposition. As Mg is @-stochastic by column, an application of [14, III
§4 Theorem 6] shows the spectral radius of the M, ..., Mk are all @), whereas that of
M is strictly less than (). As the matrices Mih are primitive, their Q"-eigenvectors are
determined by the Perron vectors of & which by the above representation of Mg will be

mutually orthogonal.
Lemma 1.2.3. The Perron vectors of q-substitution S span the Q-eigenspace of Ms.

A substitution S is aperiodic if Xs contains no shift-periodic elements, or if TKA = A
implies k = 0 for all A € Xs. In [8], Cortez and Solomyak use results of Bezuglyi and others
in [6] characterizing the invariant measures on aperiodic and stationary Bratteli diagrams,
to extend Michel’s theorem 1.2.1 to nonprimitive aperiodic g-substitutions. The result as

stated here is a corollary of [8, Theorem 3.8] and is adjusted for our purposes:

Theorem 1.2.4 (Cortez and Solomyak). Let S be an aperiodic q-substitution on A. Then

the ergodic measures of Xs are the uniquely ergodic measures of its primitive components.
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Proof. As Mg is Q-column stochastic, we apply the above lemma which tells us that the
eigenvalues corresponding to the transient diagonal blocks are strictly dominated by the
expansion of the substitution. Thus, the distinguished eigenvalues, see [6], are those cor-
responding to Mg restricted to its ergodic classes, which is the substitution matrix of the

primitive components of S, and the result follows from [6, Corollary 5.6] O

In particular, there are at most Card(.A) ergodic measures for any g-substitution subshift
and the study of invariant measures for g-substitutions reduces to the primitive case. Note
that one can express an invariant measure as a convex sum of the uniquely ergodic measures
for the primitive components and thus extend the identity of theorem 1.2.1 to nonprimitive
subshifts. Moreover, the vector u = (u([@]))aea will be the same convex combination of

the mutually orthogonal Perron vectors S.

1.2.2  Spectral Theory

We now discuss some basics of spectral theory for substitution subshifts, and show that
a similar relationship to primitivity holds in that context as well. Given a measure p €
M(Xs,T), recall that the Koopman representation of (Xs, T, 1) is the (unitary) Z¢ action
Uk : f— foT* on L?(u), the space of complex valued () square integrable functions on
Xs, the substitution subshift. Let opax(p) be the maximal spectral type for the Koopman
representation of Ur on L?(j1), and recall that £s denotes the extreme points of M(Xg, T).
In light of theorem 1.2.4, we define the spectrum of S as the sum of the maximal spectral

types of its primitive components

Omax = Zuegs O'max(ﬂ) (13)

noting that this notion is well defined up to measure equivalence. Using identity (1.1) and
the Krein-Milman theorem, one can see that o7 4(¢) € omax for every p e M(Xs,T) and
f,g € L?(u), justifying the definition. By Lebesgue decomposition, o,y can be separated
into its pure types, or its discrete, singular and absolutely continuous components on T¢.

In the case of g-substitutions and their substitution subshifts, the discrete component is
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well understood: it is a multiplicative subgroup of T¢ corresponding to q and the height of
a substitution, as described by Dekking in [9] (and extended to Z? by Frank in [12]) where
he also provided a complete classification of the pure discrete case: see section 4.4 for more
details on Dekking’s criteria. The study of the continuous spectrum is largely based on
the work of Queffélec, in which she relates the maximal spectral type of a substitution to
correlation measures: for a, € A, the correlation measure 0,4 is the spectral measure for
the pair of indicator functions of cylinders [« and [3], relative to the translation action.
Due to Dekking’s work, our interest is primarily in the continuous spectrum of S, and
distinguishing the purely singular case from those with Lebesgue components in their spec-
trum. Note that this is a nontrivial problem: the Thue-Morse substitution is an example
of a substitution of constant length 2 on 2 letters with purely singular spectrum, possess-
ing both discrete and continuous components, whereas the Rudin-Shapiro substitution has
a discrete and absolutely continuous component, with no singular continuous spectrum.
Moreover, one can form a substitution product of Thue-Morse and Rudin-Shapiro to obtain
a substitution with discrete, singular continuous, and absolutely continuous components in
the spectrum, which we consider in example 4.3.2; see also [1, §2]. For higher dimensional
examples, we have the work of Baake and Grimm which shows a large class of substitutions
on 2 symbols to be purely singular to Lebesgue spectrum, see [2], as well as Frank’s paper

[13] describing a collection of substitutions with Lebesgue spectral component.
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Chapter 2

APERIODIC g-SUBSTITUTIONS

In this section, we discuss arithmetic properties of g-substitutions which simplify their
spectral analysis significantly. Then, we describe topological and measure theoretic conse-
quences of aperiodicity allowing us to relate the maximal spectral type to the correlation

measures, which we examine in §3.

2.1 Arithmetic Base q in Z¢

We take a moment to establish some basic arithmetic notions, most of which are conse-
quences of the classical division algorithm on Z. Essentially, we are just formalizing base ¢

arithmetic in each coordinate separately. Recall that, for a > 0,
[0,a) ={jeZ?: 0<j; <a; for 1 <i<d}

Fix q > 1, then for every n € N and each k € Z¢, the division algorithm applied componen-

twise to Z¢ provides a unique pair [k], € [0,q") and |k|, € Z? satisfying
k = [k], + k|, q"

The map [-],, : Z¢ — [0,q") denotes the remainder, and ||, : Z¢ — Z% the quotient, under

division modulo q*. For k € Z% and n > 0, letting

gives a unique digit sequence (k;)jen € [0,q)Y such that for n > 1,

k=ko+kiq+ - +k, 19" ' + k|, q"
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referred to as the n-th q-adic expansion of k, and we call k,, the n-th digit of k. Thus,
for k € Z4, [k], can be represented by the digits of k below the n-th place, and |k|, by
the digits at n-th place and above. The power p := p(k) of k is the minimal p > 0 with
k € (—q”,qP) and is such that |k|, = [k|,, and k, = kyq) for n > p(k). One checks that
forp=pk)and 1 <i<d

0 ifk; >0 0 ifk; =0
(lka)i = and  (ky), = (2.1)
—1 1f]€,<0 qi—l 1fk’1<0

and we call [ka(k) the sign of k and kyy) its terminal digit, and correspond to k’s quadrant.
Consider the action of translation by Z¢ on itself and its effect on digit sequences. An
important aspect of this action are carry operations, i.e. when addition at the p-th digit

gives rise to a number larger than ¢; in some coordinate. Define the p-carry function
¢ 29 x 20 - [0,1]  with (3, k) == [[j], + [K], |
and one can check the following rules of q-adic arithmetic

[i +k], =[jl, + [k|, —d’c,(3, k) and  [j+k]|, =G, k) + lil, + k], (2.2)

by uniqueness of the division algorithm. Computing the digits of j+k with (2.2) is precisely
q-adic addition, so that ¢, is the amount carried at the p-th place in each coordinate when

adding j and k. For p > 0, and k € Z%, let the p-carry set for k be the collection

Ap(k) :={j€[0,d") : ¢,(j, k) # 0} (2.3)

Thus, the collection A, (k) + qPZ? consists of all j for which g-adic addition with k requires

a carry operation at the p-th place, and enjoys a useful statistical property:

Lemma 2.1.1. The frequency of carries at the n-th place of q-adic addition with k decays

lim anC’ardAn(k) =0

n—0o0
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for every k € Z%, and this convergence is exponentially fast.

Proof. As the cardinality of A, (k) does not depend on the signs of the components of k,

we can assume without loss of generality that k € N?. Then for n > p := p(k), we have
An(k) = An(d”) = [0,9") \ [0,9" — o)

so that taking cardinalities, as QQ = ¢1 - - - ¢ we obtain
p _ _ _
Card Ap (k) < Q" (1 ~T1E, (1 - j—)) = Q"N T Ly - <Q Y, ¢

Dividing by Q™ and letting n — oo gives the desired result. O

We briefly describe the above in the context of g-substitutions. Fix k € Z¢, and for
every n > 0, imagine Z? tiled by the superblocks [0,q") placed at each location of the q"z¢

lattice. The n-th quotient |k| indicates the superblock in the q"Z? lattice containing k,

n
and the n-th remainder [k|, tells us where k sits inside that superblock. The power p(k)
represents the smallest p such that k falls into a superblock of size P attached to the origin
at one of its corners. As |j + k|, = |k, +¢n(j, k) for j € [0,q") by the arithmetic rules (2.2),
if we place the superblock [0,q") at k, then for each j € [0,q") the carry function ¢, (j, k)
represents which superblock j + k is in relative to the superblock containing k. Thus, the
carry set A, (k) represents the set of locations in which the superblock [k, k + gP) overlaps
superblocks other than the one in the qPZ lattice containing k. Moreover, if n > p(k) then
li + k|, = kp + ¢, (j, k), where k; is the terminal digit of k. Thus, the above lemma tells us
that the proportion of subtiles of the superblock [k, k +q") which overlap q"Z% superblocks
other than k’s is negligible as n — 0.

We now proceed to the next section, where we give a description of g-substitutions

emphasizing their arithmetic properties and complimenting the abelianization quite well.
2.2 Instructions and Configurations

Let S be a g-substitution on A. For each j € [0, q), the map sending v to Sv(j), the j-th
letter of the word S(7), is a map A — A called the j-th instruction of S, and is denoted
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by R; for j € [0,q). The following proposition permits an alternate characterization of

g-substitutions and exposes their arithmetic properties, see also [22, §5.1].

Proposition 2.2.1 (Adic Description of gq-Substitution). Let S be a q-substitution on A.
For Ae A% n>0andj=jo+iq+. .. +jnaq" ' +|jl,q" ez

(8"A)(J) = RjoRjy -+ Ry (A1)
where Ry are the instructions of S, and j; € [0,q) the digits of j, as is our convention.

Proof. The proof follows by a simple inductive argument on the n = 1 case. Fix a g-
substitution S and A € AZ". The sequence SA is obtained by concatenating the blocks
S(A(a)) at the coordinates aq for a € Z%. As Rp(a) = S(a)p for b € [0, q), it follows that
the letter in the b + aqg-th position of SA comes from the b-th letter of S(A(a)), so that
SA(b+aq) = Rp(A(a)). This proves the n = 1 case, as b = [b + aq|, and a = |b + aq], .

Writing S"A = S(S" 1 A) gives the inductive step necessary to prove the result. O

Denote the instructions of 8" by R(™, which we call the generalized instructions of S.
Then the above proposition allows us to write for j € Z¢

R =Ry, R

5 i, equivalently TIS" =T¥S...TI-1S0o Tl — Tl gnpliln (2.4)

) to all j € Z% by reducing j modulo q". This

where we have extended the definition of Rjn
has no effect on the substitution, however, as the instructions for S depend only on the
first n digits of j. As we are only concerned with g-substitutions, we use proposition 2.2.1

over the definition in §1.2.

If the instructions are all bijections, we say S is a bijective substitution; if they all com-
mute with each other, we say S is a commutative substitution. Our first example is classical
and is an example of an aperiodic bijective and commutative g-substitution; we show in

theorem 3.4.1 that all such substitutions have totally singular (to Lebesgue) spectrum.
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Example 2.2.2. The Thue-Morse substitution is a 2-substitution on the alphabet {0,1}

00— 01 0—0 0—1
T with instructions Ro = and Ry =
1— 10 1— 1 1— 0

so that, as 12 =0-204+0-2' +1-22+1.23, we have R%) = RoRoR1R1 = Ro as R? = Ry

is the identity, and so (7%a)12 = a for a = 0,1. In this way, one checks that R}n) is the

identity, or transposition, according to the parity of 1’s in j’s binary expansion.

A configuration of instructions in A% is a map R : C — AA from a finite subset
C < 7% assigning to every coordinate in C' an instruction in A*. A g-configuration is a map
R:[0,q) — A4, and q is its shape. By proposition 2.2.1, every g-configuration determines
a g-substitution, and conversely by writing R;j(y) := Sv(j). We will always represent
the instructions of a substitution with the symbol of its configuration: j — Rj;, the j-th
instruction. Using the generalized instructions (2.4), we can extend any g-configuration R
representing S to a q"-configuration R(™ representing S". Two substitutions S and S,
with configurations R and R, are configuration equivalent if there is a bijection ¢ of their
domains for which R ot = R. Properties of a substitution which do not depend on the
configuration are called configuration invariants, and they depend only on the collection of
instructions counted with multiplicity.

An interesting example of configuration equivalent substitutions can be obtained by
cycling configurations: given a q-configuration R, each k € Z¢ and n > 0 determines a

q"-configuration j — R™

Sk inducing a q"™-substitution.

Definition 2.2.3. Let S be a g-substitution with configuration R. For k € Z¢ and n > 0
the cycled substitution S} is the q"-substitution with configuration j — Rji)k on [0,q").

Note that the substitutions (S)P # S;." and S} # 8110 - -Slln are generally distinct, and

—1

there is no significant a priori relationship between them. Moreover, cycled substitutions

determine distinct subshifts in general. Consider the Thue-Morse substitution:

Example 2.2.4. As 7 is a 2-substitution, there are only two cycled substitutions for n = 1:

0~ 01 0—10
TO=T: and T] :
1—10 1—01
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as the instructions of 7 are R(()ljl = R; and Rglﬁl = R which is evidently configuration
equivalent to Thue-Morse. One checks that both substitutions are bijective and commuta-
tive, and aperiodicity can be verified using lemma 2.3.1 below. For n = 3 and k = 1, the

cycled substitution 73 is obtained by cyclically permuting words of 73 forward one position

0 — 01101001 4 |0~ 11010010
T so that 77 :

1+~ 10010110 1~ 00101101

and one can check that 75 is neither (71)3

, nor 71797y which is compared as 3 = 1-1+0-34+0-9.
Finally, one checks that anytime one substitutes with 73 on the words 01 or 10 either of the
patterns 000 or 111 will appear, which cannot occur in Thue-Morse as can be seen from the

above description of 72, and the two cycled substitutions have distinct subshifts.

These substitutions represent cyclic permutations of the instructions of §™ for n > 0,
and are related to the substitutions T*S™ taking « to the pattern S™(a) on [k, k +q"). As

TRS™(7); = 8" (V) = R

: 4k (7), the substitution TXS™ has the same instructions as the

cycled substitution S}, corresponding via the map ¢ : j — [j + k|,, from [k, k+q") — [0,q").
These shifted substitutions T¥S™ will arise when we discuss aperiodicity in §2.3 following
theorem 2.3.2, where we describe how they relate to the topological and measure theoretic
structure of the subshift.

For a matrix R € M 4(C), the space of A x A-matrices with complex coefficients, observe
that, if we write R = (Ra,y)a,ye4 then R, 5 = €} Re, where e, is the at-coordinate vector.
As we are representing A in C# by sending a — e,, this induces a representation of an
instruction R : A — A by its instruction matric R € M 4(C). Formally, we can view an
instruction as a 1-substitution on A and compute its substitution matrix R € M 4(C), this

is equivalent. One can compute the instruction matrix from its instruction via the relation
a=R(y) < e Rey=Rqy=1 -equivalently o # R(y) < erRe,=TRay=0

as instruction matrices have coefficients 0 or 1. As they represent functions, the instruction
matrices are naturally column-stochastic: their column sums are all 1. Note that the substi-

tution matrix is the sum of its instruction matrices: Mg = >’ Rj, so that substitution

je[0,q)
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matrices of g-substitutions are (J-column stochastic. Note that the substitution matrix is

a configuration invariant, as matrix addition is commutative. As an example:

Example 2.2.5. For the Thue-Morse substitution, the instruction matrices are

1 0 0 1 1 1
Ro = and Ri = so that M, =
0 1 1 0 1 1

and note that the substitution matrix M, is 2-stochastic. As a (componentwise) positive
matrix, it has a unique stochastic eigenvector u = (1/2,1/2) its Perron vector, see [14]. The

instruction matrices for 7; are the same as 7 but indexed in the opposite order so M., = M.

We will always conflate the notation for an instruction with its instruction matrix,
extending this to the generalized instructions as well, and so R}n) can be interpreted be-
longing to A4 or M 4(C) interchangeably based on context. We now describe a product
on g-substitutions: given two alphabets A and A, let AA denote their product alphabet, or
letter pairs a7 with a € A, 7 € A.

Definition 2.2.6. Let S,S be g-substitutions on the alphabets A, A respectively. Their
substitution product S ® S is the g-substitution on AA with configuration R ® R

(ROR)j: Ad - A4 with (R®R);:af — Rj(a)R;(),

for j € [0,q) and where R, R are the configurations of S, S.

If A= A we write AA = A2 and if S = S the substitution S ® S is called the bisub-
stitution of S and its substitution matrix Cs := Msgs the coincidence matriz of S, after
Queffélec [22, §10]. The substitution product is always aperiodic stable as periodic sequences
in the hull of a substitution product would necessarily be periodic in both factors. On the
other hand, it is not always primitive stable: the bisubstitution of a primitive substitu-
tion is in general itself not primitive. Using the primitive reduced form of proposition 1.2.2,
however, it can always be made primitive on its ergodic classes by telescoping appropriately.

We offer some justification for the notation: given two matrices A, B € M4(C), their

Kronecker product is the matrix A® B € M 42(C) whose (a3,70) € A% x A? entry is AqyBgs.
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Moreover, if w = y172---yn is any word then we denote e, := e,, ®e,, ®---Qe,,, and
so for example e,3 = e, ® eg is the standard unit vector in cA corresponding to the word

af. With this notation, observe that the coefficients of the Kronecker product become

(A@ B)aﬁ,’y& = ezﬁA@) Be,y(; = (eZAev)(eZ;Be(;) = Ach,B(S (2.5)

*

where * is the conjugate transpose operator. This implies the mixed product property

(A® B)(C ® D) = (AC) ® (BD) (2.6)

Using this, one checks that the (generalized) instruction matrices of a substitution product
are Kronecker products of the corresponding (generalized) instruction matrices of its factors.
For every n > 0, and any finite sequence of m triples (j;, oy, ;) € Z¢ x A x A, (2.6) gives

a; = ’RJ(ZL) (i) for 1<i<m = e’ RV ... ®R§Z)ev1...%n =1 (2.7

QL Qm " 7)1 J

so that for us the Kronecker product is just formalizing the conjunction and within a
linear algebraic context, and will be used as above to represent simultaneous conditions on
substitutions. For more discussion of the Kronecker product, see [15, §4]. We work out

some of the above details in the case of the Thue-Morse example, for clarification.

Example 2.2.7. We give instruction matrices for substitution products of 7 and 71, where

empty entries are 0, and the basis for A? is ordered 00,01, 10, 11.

e For 7® 7 the instruction matrices are Ro @ Rg = ( b ) and R1®R;1 = ( ! )
e For 71 ®7 the instruction matrices are R1 @ Rg = (1 1) and Ro®Rq1 = (l 1)
e For 71 ®7 the instruction matrices are R1®R1 = ( ! ) and Ro®Rg = ( b )

and one can see from the above that R ® R for instruction matrices can be computed by
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placing a copy of R at every 1in R, and 0 € M 4(C) at every 0 in R. Note that

1 1

1 1
Mg = ( L ) can be made similar to (1 b 1)
1

1 1 1

by reordering the basis to 00,11,01,10 as could be seen by computing letter orbits using
the instructions of 7® 7 above. Thus, the primitive reduced form of 7® 7 is two copies of T,
one each on the alphabets & = {00,11} and & = {01, 10} which together form the ergodic
classes of the bisubstitution; there is no transient part, as is always the case for bijective

substitutions - their instructions are invertible, so every letter is in a closed orbit.

Substitutions of the form S" @ S for k € 7% are related to the correlation vector ¥ in
§3.1, as its Fourier coefficients are related to limits of their normalized substitution matrices
Yor Msngsy and we refer to such substitutions as cycled substitution products. When k = 0,
the cycled substitution products S"® Sy = (S®S)™ are just iterates of the bisubstitution,
and are used in §3.2 to characterize the spectral hull of the substitution. In §4.3 we discuss an
example of a primitive substitution product of Thue-Morse and Rudin-Shapiro, illustrating
an interesting relationship that sometimes holds between the spectrum of a substitution
product and that of its factors. We now describe how aperiodicity of the subshift gives rise
to topological properties allowing us to exploit the arithmetic properties of g-substitutions

to study their invariant measures and, more importantly, their spectral theory.
2.3 Aperiodicity and the Subshift

Recall that a g-substitution is aperiodic if Xg contains no periodic points. We now describe
a condition for the d = 1 case which is useful for checking aperiodicity in primitive g-
substitutions, based on a result of Pansiot [20, Lemma 1]. The specific advantage in the Z
setting is provided by the following equivalence: a primitive substitution (d = 1) is periodic
if and only if its subshift is finite, and hence has a word of finite length which generates the
entire language. Here, word means a block in 1 dimension and its length is the cardinality
of its domain. By a S-neighborhood of o, we mean a word ~yad which appears in the reduced

language of S, or the set of all subwords appearing in some substitution sequence A € Xg.
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Lemma 2.3.1 (Pansiot’s Lemma). A primitive q-substitution (the Z case) which is one-to-

one on A is aperiodic if and only if A has a letter with at least two distinct S-neighborhoods.

As S : A — AT is a map on a finite set, injectivity is trivial to verify. One then
examines the iterates S™(v) for neighbor pairs, where h is the index of imprimitivity; as
soon as a letter with distinct neighborhoods appears, aperiodicity is verified for the primitive
component of § operating on 7. At the moment, we have no clear criteria for extending
Pansiot’s result to the case d > 1, as it relies on the fact that, for d = 1, periodicity is
equivalent to finiteness of the hull and in higher dimensions, where periodicity can occur
along a strictly lower dimensional subspace, this is not the case.

Note how theorem 1.2.4 allows us to extend theorem 1.2.1: if u € M(Xs,T) is an
invariant probability measure then pyo 8™ = Q "u. Thus, as Bgs is generated by the sets
TXS"[7], every invariant measure is determined by its values on these initial cylinders [c/]
which correspond to a convex combination of the Perron vectors of Ms. This does not,
however, tell us how to measure arbitrary cylinders [w]  Xg, as although the sets T*S"[7]
generate Bs and therefore can represent [w], we do not know how they are related. We
need more information on how these sets fit together to form the subshift.

We need a property of substitutions allowing for unique local desubstitution - a notion
made precise by the following result, proven by Mossé [18] in the one-dimensional case, and

extended by Solomyak [28] to self-affine tilings in RY; we state it here for g-substitutions.

Theorem 2.3.2 (Mossé (96), Solomyak (98)). A q-substitution S is aperiodic if and only
if for every A € Xs there exists a unique k € [0,q) and B € X5 with TXS(B) = A.

The above property is known as recognizability. For every n > 0, this gives a unique

je[0,q") and A™ e Xg for which T358"(A(™) = A, so that we obtain
TIS"(A) = T*S™(B) — i1, =[], and THkA =7lkl.B (2.8)
by the factorizations in (2.4) and so theorem 2.3.2 states that the subshift can be expressed

XS = UJE[qun)TJSn(XS) = |—|j6[07qn)Tj08 O TJ18 O+-+0 Tj’nfls(XS) (29)
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where Ui denotes a disjoint union. Consider the collection of substitutions Sy := {T*S : ke
[0,q)}, each mapping A — AX+[0:9") for some k € [0,q"), and are g-substitutions in every
sense except that their substituted blocks lie at k as opposed to the origin. As S is q-
expansive, these substitutions are all nonstrict contractions (consider distinct fixed points)
on the full shift and so the above presents Xg as an attractor for the iterated function
system of substitutions S,. We now consider the orbit of the cylinder sets [w] for w e AT

under this iterated function system.

Definition 2.3.3. For a g-substitution S on A and every n > 0 we have the collections
o P":={TiS"[y] : je [0,q") and y € A} of n-th iterated initial cylinders of S, and
e Ps:={TiS"[n] : n >0, je[0,q"), and n € A"} of iterated cylinders of S.

As we show in proposition 2.3.4.1, the collections P™ form a Kakutani-Rokhlin partition on

Xs, and 2.3.4.3 shows how they are nested by degree. First, write for n > 0 and o € A
S7(a) = {(,7) € [0,a") x A : a = R{"(7) = TIS" (7)o}

Asn<n <Afornn e At and A € AL implies A € [7'] < [n], we have for j € [0,q™)

G)eSTMa) — a=R"() < a<TS(y) < TS"[H]c|d]

so that S7"(«) corresponds to superblocks of size n which are « in the j-th position. By the
following proposition, these sets allow us to describe how sets in P™ are distributed inside

P™ for n = m, describing how the iterated function system interacts with cylinders of Bgs.

Proposition 2.3.4. Let S be an aperiodic q-substitution on A. For everyn =0
1. the n-th iterated initial cylinders P™ partition Xs,
2. for every j € [0,q"), the map T3S™ : Xs —> Xs is an embedding,

3. for every a € A we have [a] = L](jﬁ)es_n(a)TjS"[fy].
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Proof. That P" covers follows from the existence statement in theorem 2.3.2, and disjoint-

ness is immediate from (2.8) as here we are limited to j € [0,q") giving the first statement.

As § 1 Xs — S(Xs) is a continuous surjection from a compact space to a Hausdorff
space, the second claim will follow by showing 73S™ is injective. This is immediate as each
B € X5 has at most one A € Xg with S(A) = B, by theorem 2.3.2. Thus § : X5 — S§(Xs)

is a homeomorphism, and so 798" is an embedding on Xs as T is a homeomorphism of Xs.

Finally, for « € AT and n > 0, as P" partitions Xs we have

(o] = Lo ey L 0] 2 73S719]

and the result follows by dropping pairs with « # R}n) (7) and the definition of S™" (). O

We now discuss the difference between U, P" and Ps. As n < w < [n] 2 [w] and the
Borel sets Bs are generated by the cylinders [w] ¢ Xs for w € Lg, the language determines
the Borel structure of the subshift. As a block w € Lg if and only if there exists some
neN, jeZ? and v € A for which w < T38™(v), and so the collection of U, P" for n € N
determines the topological structure of Xs. This is not sufficient for our purposes, however,
as we require more control over the parameters n,k, and + in order to produce recursive
identities allowing us to compute the Fourier coefficients of our spectral measures explicitly.
Fortunately, as proposition 2.3.5 below shows, the family Ps can be used to express any

cylinder of X in terms of iterated cylinders in Ps while maintaining control over n.

We now extend proposition 2.3.4.3 to Ps by extending S~ to w € A". If we have

w < TiS™(n) for some j € [0,q") and 1 € A, then for k € supp(w) we must also have
wie = T3S (N = S™()j4x = Rji)k (M5+x,)

by proposition 2.2.1 so that w < T9S8"(n) implies |j + supp(w)|,, = supp(n). For each w € A*

and n > 0, consider the collection of pairs in [0,q") x A given by

S M w) = {(j,n) € [0,q") x A" : supp(n) = |j + supp(w)],, and w < TjS”(n)} (2.10)
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If we let o € A denote the block 0 — «, one checks that S™"(a) remains well-defined as
li +supp(a)|,, = [ +0],, =0 as j < q" and supp(«) is 0, so the support of n € S™"(«)
is 0 also. Moreover, if < 1’ and j,n € S7"(w), then w < TIS"™(n) < TIS™(1'), and so
the condition on the support merely enforces minimality. As n <7’ implies [1/] < [n], the
extension condition gives T9S™[1/] = TIS™[n] < [w] for every j,n € S™"(w), and so S (w)

describes the largest sets in Ps of degree n contained in [w], partitioning it as well:

Proposition 2.3.5. Let S be an aperiodic q-substitution on A. For we AT andn =0

_ j on
[w] = U(j,n)es—"w)T S

Proof. Fix we A", and n = 0. Writing Q = supp(w), let

D:= ><keQ S (wi) = { (G M) ey © Wk = R}:)('yk) for all k € Q}

represent all ways symbols in w appear in superblocks of size q". By proposition 2.3.4.3

— -k _ K eon
el = kEQT lerc] = ﬂkeﬂu(jkﬁk)GS*”(wk)TJk S ()

- |_|((jka'Yk))Q€D (ﬂkeQT[jkik]nSn (lekikjn [Wk])>

Now, for each fixed ((jl(,m{))keQ € D the aperiodicity condition (2.8) implies the above
intersection is empty unless [jx — k],, = j for some j € [0,q") or, equivalently, jkx = [j + k],

by modular arithmetic. For such sequences {jk}keq, we can use arithmetic (2.2) to write

as ¢n(j,aq") = 0 for j € [0,q"). As TIS™ preserves intersections (2.3.4.2) this gives:
Lemma 2.3.6. In the context of proposition 2.3.5: for jx € [0,q"), 7k € A, and k € Q

Moo, TP K™ (@l iy ]) = TIS™ () T8 ] )

keQ)

if there ezists a j € [0,q") with jkx = [j + k]|, and wx = Rj(i)k('yk) for allk € Q. In all other

cases, the above intersection is (5.
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Note that when viewed as cylinders in AZ* (as the intersection in Xs may vanish for w ¢ Lg)

ﬂkeQT_lj+kJn[wk] # O — n: |j+ k]|, — 7k defines block in A"

For such pairs j, 7, we have [1] = (NeqT "X [v,] and so as

TIS" (M = S"(Mjsre = Ry Mgang,) = RiY () = wie
we have (j,n) € S "(w). Conversely, if (j,n) € S ™(w), one checks that writing jx :=
[i + k|, and v :=n(|j + k|,,) for k € Q defines an element of D giving rise to a nonempty

intersection, and so

jk—k n jk—k _ jon
] = U)ol TS T ) =[] o, T3S0

as the two collections are in bijection, completing the proof. O

As we are interested in shift-invariant properties of Xg, we can restrict consideration
momentarily to cylinders on blocks supported in N¢ without loss of generality. Fix w e A*
supported on = N¢ and let p(Q) := maxyeqp(k). For n = 0, if (j,n) € S"(w), then
suppn = |j + supp(w)],, and the g-adic identitites (2.2) shows that, for p > p(£2) and k € Q

i+ kl, = lil,+ k|, +en(, k) = [k|, +en( k) and  [j+Q], = ¢(,92) < [0,1] (2.11)

for j € [0,9™) and [0, gP) respectively, and so the carry functions inform us about the
support of n € S7"(w). Moreover, if ¢,(j, k) = ¢,(j, k') for k, k" € Q then wy and wy are
covered by the same superblock in T3SP(n), so they tell us how the recursion formula of
proposition 2.3.5 reduces the support of blocks in S7"(w) as n increases. As (2.11) shows
by taking n large enough, the partition formula allows one to express any cylinder in the
language as a disjoint union of iterated cylinders corresponding to blocks defined on [0, 1],
the cardinality of which depends only on d and A.

An important corollary of the above is the measure formula of proposition 2.3.7 below,

which shows how aperiodicity and the g-adic structure of S combine to produce recursions
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for the measures of cylinders in Xg, allowing us to compute the measure of an arbitrary
cylinder in Xs. Its main application, for us, is theorem 3.1.2, where is it used to compute the
Fourier coefficients of spectral measures for translation action on L?(u1), for p € M(Xgs,T)

and so the following is also stated in terms appropriate for that result.

Proposition 2.3.7. Let S be an aperiodic q-substitution on A and p a T-invariant measure

supported by Xs. For everyneN, ke Z%, and o,f € A

- 1 * n n - —cn(j
plled 0 TNBD) = 7 0o gy (R @RGADS s (1] TIOR3 )

More generally, for any sequence ki, ..., kn € Z* and word o - - - ayp, € A™
~ 1 mo i :
p(T50d) = g 2 Y (Ehan QR ey [T Hh 08 )
i=1 je[0,q™) 1 ymeA™ i=1 i=1

Proof. The first identity is the m = 2 case of the second: k; = 0 and ks = k, @1 = a and
ag = 3, and the terms and sums have been rearranged according to index dependencies.
Thus, we proceed to the proof of the more general identity, which begins by identifying the
intersection NT~%¢[o;] as a cylinder over a block.

First we assume that w : k; — «; is well defined, so that u([w]) = p(M =, T % [a;]) and
the proof is immediate from lemma 2.3.6 and proposition 2.3.5 as the relation (2.7) shows
that the tensor term e}, &)~ Rjgi)kie%-Wm selects for X", S (ay;), as p(S™[n]) =
Yoru([n]) for n e A%, and as |j + k|, = |k| + ¢, (j, k) for j e [0,9").

Now, if w : k; — «; is not well defined, then there are 1 < a,b < m such that k, = ky
but ap, # ap, and the left hand side is 0 as the intersection is empty. Note that if |j + ko|,, =
li + ks],,, then we cannot have both v, = v, and o; = R\ )kz (vi) for i = a,b as this implies

n
J+

o0 = R, (1) = Ry, (0) =

contradicting the assumption. Thus, either the Kronecker term vanishes, or the intersection

on the left is empty, and so both sides agree, completing the proof. O

Before we proceed to the spectral theory of aperiodic g-substitutions, we give a third

application of aperiodicity in L?(u) allowing us to use our recursions to study the spectral
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map. The iterated initial indicators for a g-substitution S on A are the indicator functions

Ly € L*(Xs) of the iterated cylinders T¥S"[v] for n = 0, k € Z¢, and v € A.

Proposition 2.3.8. If S is an aperiodic q-substitution on A, the iterated initial indicators

have dense span in L*(u), for all p € M(Xs,T).

Proof. As the functions 1, for w € A™* have dense span in L?(11), we can accomplish this by
showing that every 1y, can be approximated by the linear combinations of iterated initial

indicators. Note that the partition formula 2.3.5 can be interpreted for indicator functions:

L) = D pes—r (e 13700

By translating w, we can assume that Q — N? and translate back later without loss of
generality, and do so. For such w, write Q := supp(w) = N¢ and note that for p > p(Q) and
j €10,qP), the quotient |j + |, = ¢,(j,2) < [0,1]. Thus, we can separate the above sum
into two parts: those for which j ¢ A,(Q) and those for which j € A,(€2), corresponding to

those blocks which are supported at {0} vs those blocks with larger support and write

L) = Z(j,n)es—ww) and j¢A, (@) LTS ([n]) = Z(jmes—p(w) and jea, (@) LIS (D)

so that taking absolute values and integrating against u, we can apply lemma 2.1.1 and
so the right hand side goes to 0. This in turn shows that 1) can be approximated by
linear combinations of indicator functions for 79S"[y], as those terms over j ¢ A, () are
supported entirely at the origin. Thus, linear combinations of the iterated initial indicators

approximate the indicators of the standard cylinders, and thus have dense span in L?(y). [

As we are ultimately interested in the maximal spectral type of the translation action
on L?(p) and the spectral map o : L?(p) x L?(u) — M(T?) is sesquilinear and continuous,
the above proposition allows us to restrict our attention to the iterated initial indicators.

In the next section, we further reduce this list to the indicator functions 1y, for a € A.
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Chapter 3

SPECTRAL THEORY

The goal of this section is to state the central result of this paper, theorem 3.3.1, which
allows us to identify the spectrum o« of an aperiodic g-substitution & with finitely many
measures strongly mixing for the q-shift. This is significant as these mutually singular
measures of pure type can be parametrized by a correlation vector ¥ consisting of complex
Borel measures on T¢ and a spectral hull K, which is a convex cone in cA? depending only

on the abelianization of S.

The q-shift is the topological dynamical system on T? given by the map Sq:(z1,...,2q4) —
(21, ..., 21%) which is topologically conjugate to the times g map x — gx (mod 1) on R?/Z%,
and M (T¢, Sq) is the space of g-shift invariant probability measures. Normalized Lebesgue
measure m on T¢ is strong-mixing for the g-shift, which can be verified by the following
proposition - the proof is standard, see [22 §3.1.1] for the d = 1 case. For a measure
v e M(T%) (complex Borel measures on T%, see §5.1) its Fourier coefficients (1.1) are given

by the identities

D(k) =§paz"%dv  where z7X:= kR z;kd

Proposition 3.0.9. A measure v € M(T?) is invariant for the q-shift provided D(aq) =
D(a) for every a € Z%. It is strong-mizing for the q-shift provided it is invariant and for
every a,b € Z¢

lim (b + aq”) = v(b)v(a)

p—®©0

By the h-th roots of unity we mean the collection of z € T? satisfying zf” = 1 for
1 <4 < d. It forms a subgroup of the torus and can be identified with the group of integers

Z% modulo h. Let v, be the Haar measure for the h-th roots of unity, so that vy, distributes
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mass uniformly. For k € Z¢, one checks that

N 1 ifk = 0(mod h)
n(k) = (3.1)
0 ifk# 0(mod h)

using the above formulas and usual properties of roots of unity. For q > 1, define

Wq 1= s 27 Vg (3.2)

so that wq is a probability measure supported by the g-adic roots of unity, which correspond
to the g-adic rationals in R?/Z?, or those rationals which can be expressed with denominator
q" for some n. Due to the extensive g-adic properties of g-substitutions, wq will play an

important role in the spectral theory of g-substitutions.

3.1 The Correlation Vector - X

Recall that for o, 8 € A, the correlation measure o5 € M(T?) is the spectral measure for
the pair 1[,) and 1g). Using the spectral theorem (1.1), we compute the Fourier coefficients

of the correlation measure o,g using translation invariance and obtain for k € 74
Gap(k) = JX Loy o T7% - Lgydp = (T[] A [B]) = u(la] n T7[5]) (3.3)
S

and so G,5(k) = 0a(—k) = dga(—k) as p € M(Xs,T) is real valued.
Definition 3.1.1. The correlation vector of S is the vector valued measure ¥ = (048) e 42-

Queffélec defines ¥ as an A x A matrix valued measure, see [22, §7.1.3], although it is more
natural for us as a (column) vector. The following Fourier recursion theorem provides an
infinite family of relations amongst the Fourier coefficients of the correlation measures, and
allows for the explicit computation of the correlation measures. It both generalizes and

extends [22 §8.3 (8.7)].

Theorem 3.1.2. Let S be an aperiodic q-substitution on A. Then for pe N and k € Z¢

2 1

209 - !

() () . _ (n) (n)
Zje[o,qp)Rj ® Ry L(lk], + ¢p(. k) = lim 7Zje[07qn)Rj ® Rj4x %(0)

n—00 Q"
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Proof. Writing $(k) = Diapenz H([a] N T~X[B])eqs the first identity follows from the mea-
sure formula 2.3.7. Note that 3(0) = 2ea M([V])eyy, by (3.3).

As e;ﬁf)(k) = u([a] n T7X[B]), we apply the measure formula 2.3.7 again for p > p(k)
and separate the sum into those blocks in S™"(224) which are supported at 0 from those

which require larger support due to overlapping of superblocks, and we obtain

- 1
Sk=— >  RPRIS c7 Z R @ RILS(lj +kl,).
je[0,9P)\Ap (k) jeAp(

3 RP @R S(0) + @ 2( )ij @R, (S5 +Xl,) - £(0))
jeAp(k

jelo,aP)
so that, letting p — o0 and using the carry estimates of lemma 2.1.1 gives the desired result,

as | (a)| < Card(.A) which follows from the fact that the RJ( @R\ +)k are column stochastic,

and (3.3) which shows the coefficients of & are bounded. O

An important consequence of the above is an invariance property of the maximal spectral
type which we discuss at length in the next section, but there is a particular consequence

which motivates the study of the correlation measures and so we discuss it here.

Lemma 3.1.3. Let S be an aperiodic q-substitution on A. Forp =0, j, ke Z%, and~,5 € A

o1 L Vgp * Oqyry and Olgppyy ~ Vap * oy

Tispy) LTk sp(s)

Proof. By standard properties of the spectral map [22, prop 2.4] and shift invariance of p

T sp1oT* LgppsyoTd € Tspiy) A0 € T15pp

and so the first relation follows from the second, and we proceed to this case.

Note that, by definition of the spectral map and the relations (2.4), we have for k € Z¢

G Tl ) i [k, =0

0 if [k, # 0

O']lsp[n,](k) = N(T[k]psp(leJp v]) n Sp([’)/])) =

by aperiodicity (2.8), proposition 2.3.4.2 on embeddings, and the scaling property of theorem
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1.2.1. For p > 0 and a € Z%, we have RJ(Qaqp = Rgp) and ¢,(j,ag?) = 0 so by theorem 3.1.2
Saop) ( ) o2 () D
S(aq’) = QpZ 0q ®Rillag >(|a QJ +¢(j, aq?))
1 PO NGLS & &
sz o) R @RS (a) = o M};@Sz( a) = (a)

by the stochasticity of g-substitution matrices. Thus, o, (ag”) = ¢,5(a), independent of
p,a,7 so that by proposition 3.0.9, the autocorrelations 0.~ are g-shift invariant. If [k] ,=0
then k = |k| g” and so 7,,(|k|,) = 745(|k], a") = 7,(k) by the above, giving

1 7= i = P
_ Qr 0yy(k) if k =0(mod g”) 1 _ —~ |
Tignpy (k) = = @Uw(k) Vg (k) = @UW*VqP(k)
0 otherwise
using identity (3.1), giving the final equivalence as we are identifying up to type. ]

By proposition 2.3.8 the functions Lpkgn(,; have dense span in L?(p) so that the above
lets us represent the spectral map o on L?(j) entirely in terms of the correlation measures
for purposes of studying the maximal spectral type. As the autocorrelations are qg-shift
invariant, and the spectral map is determined by them, it seems reasonable that opax
should share these invariant properties as well. The following result makes this precise, and
is the most important property of the correlation measures; see [22, §7.1.2]. Note that ~

denotes equivalence, and * convolution, of measures.

Theorem 3.1.4. If S is an aperiodic q-substitution, then oy,q. s q-shift invariant, and

Omaz ™~ wq*zaeAaaa ~ wq*(i((])tz)

Proof. For n > 1, consider the cyclic subspace H,, := Span{lgn[, © Tk :~ve A, keZ so
that H, < H, .1 by corollary 2.3.4.3 and L?(u) = UH,, as the iterated indicators have dense
span by proposition 2.3.8. Note that if G € H,,, then as the spectral map o : L?(u) — M(T%)
taking f ~— o is continuous and sesquilinear, lemma 3.1.3 gives og ~ ZZ:OZ% 427 Mygm =
0. Finally, let F' € L?(p1) be a maximal function, so that op € omax. By proposition 2.3.8,

we can approximate F' by a sequence of simple functions F;, € H), so that op, — o, and
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SO

. n —m
i 2m=027eA2 Vo * Oy = Wa * Qe a0yy ™~ max

as we can rescale our measures without affecting the type. The invariance claim follows
from g-shift invariance of the autocorrelations and the support of wg. The final equivalence

follows as p([a]) is nonzero if and only if 04, is a nonzero measure. O

Combined with theorem 3.1.2, this allows us to compute Fourier coefficients for opax.
Although Fourier coefficients are not a type invariant, one has several tools available for
detecting the various pure types (discrete, continuous, singular, or absolutely continuous
to Lebesgue) via their Fourier coefficients (Wiener’s criterion, Riemann-Lebesgue lemma)
and all of these are a priori type invariants. Many substitutions, however, exhibit mixed
spectra and the measures 0,, themselves are not in general pure types, so more is needed.

In the next section, we describe a larger collection of measures in the span of the o,z
giving rise to the maximal spectral type (via convolution with wq) and it is not unrealistic
to expect some of them to share properties with > 044, a positive probability measure,
invariant for the g-shift on T¢.

At this point, we clarify a subtle distinction between our approach and Queffélec’s.

Consider the remark [22 §7.2, identity (7.5)] which states (this is the A" case)

1
Tap(k) = lim —nCard{O <j<q":0<j+k<q", S§"(V)jtr =0, and S"(y); = ,8}

n—0o0 q

versus our equivalent statement using theorem 3.1.2

~ Q . 1 n n) & . a
Gas(k) = €45 (k) = lim —Ejem’qn)e;;ﬁn‘g '@ R{"1S(0) = lim (Yo" Msngs;) 5(0)

and so one can see that, in an implicit sense, Queffélec’s analysis is done by solving simul-
taneous equations in the substitutions S™ and T¥S™, whereas ours is carried out through
cycled substitution products " ® §)'. To be clear: in Queffélec’s identity, one requires that
both j and j+k be in the domain of the word 8™ (), whereas ours only requires that j sum

over a mod q" equivalence class in Z?. Moreover, we handle the overlapping of superblocks
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by simply ignoring them and letting the cycled substitutions and carry estimates of lemma
2.1.1 handle the discrepancies automatically and simplifying the combinatorics of the above

Fourier identities significantly.
3.2 The Spectral Hull - K

Let S be an aperiodic g-substitution on A, telescoped so that its bisubstitution S ® S has
index of imprimitivity 1; let X be its correlation vector, and Cs = Msgs its coincidence

matrix. Recall that M(T9) is the space of complex Borel measures on T?, and consider
Ao CA — M(T?)  with v Ay = viD = Yioped? Vaplags (3.4)

which defines a linear map taking a CA” vector to a linear combination of the correlation

vectors. Note that theorem 3.1.4 expresses omax as the 2(0) span of 0,3 so that

Cimax ~ Wa * Mg, as 2(0) =), _ mlal)eaa

As the autocorrelation measures are g-shift invariant, we consider the effect that Sq has on

the other correlation measures, and one can check with (3.3) that

—

SqoX(a) = S(aq) = éZje[O,q) R}l) ®R§i)aqf3([j +aq|,) = %Cgi(a) for aeZ? (3.5)

using theorem 3.1.2 as |j + aq|; = aand [j + aq]; = jfor j€ [0,q), and as Cs = >, R;QR;.
Lemma 3.2.1. If v is a left Q-eigenvector of Cs, then Ay = V'Y is invariant for the q-shift.

Proof. Let v be a left Q-eigenvector of Cs so that Ctv = Qv. Then by (3.5)

—~ ~ —~

SqoMv(a) = Av(aq) = viE(aq) = $vICsS(a) = viE(a) = Ay(a)

and so Ay is invariant for the g-shift by proposition 3.0.9. O

As the autocorrelation measures are positive, one can also reinterpret theorem 3.1.4 by

saying that any positive linear combination A of the autocorrelation measures o, for a € A
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generates the spectrum by convolution with wq. As the correlation measures 0,4 for o # 3
are not in general positive measures, we cannot say the same in this case: a different kind of
positivity is required. We are missing an important ingredient: strong semipositivity, based

on a condition used by Queffélec [22, Prop 10.3].

Definition 3.2.2. For v = (vap)agea2 € CA% let v = (vag)a,ped € MA(C) be its associated

matriz. If v is positive semidefinite, we say v is strongly semipositive and write v » 0.

One reads the entries of a CA” vector into the entries of its A x A associated matrix

along each row sequentially in order. In the s = 2 case, the forward and inverse maps are

t a b ail a2 ¢
(a b ¢ d) — p '—><a11 aie G21 a22>
c

az Qo
It also relates the Kronecker and matrix products: for A,;B € M 4(C) and v € cA
(A® B)°v = AvB' (3.6)

and this identity can be used to express several of our results in terms of matrix Riesz

products and is used in the proof of theorem 3.4.1 for this exact purpose.
Lemma 3.2.3. Ifve CA s strongly semipositive, then Ay = V'Y is a positive measure.

Proof. By the Schur product theorem, the Hadamard product (Ao B) of two positive semidef-
inite matrices is positive semidefinite, see [15, §5]. As viw = > v;w; = 1%(vow)1, we have
viw > 0 whenever both v and w are strongly semipositive. Using sesquilinearity of the
spectral map f, g — oy, and the spectral theorem, one checks that Y is Hermitian positive

definite, so that A, is a positive measure whenever v » 0 as these conditions are determined

pointwise for measures. ]

An important example is the vector v .= 142 € CA2, which is a left Q-eigenvector of the
coincidence matrix Cg, being a ()-column stochastic matrix. The matrix 1:42 is positive

semidefinite, and so 1 42 is strongly semipositive, and

Al = ZageAQ%ﬂ - ZaeAZBeAGl[a]71[B] =031 = 01
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the unit Dirac mass at 1 € T¢, as Dacd Loy is the constant function, and is therefore
positive. Note that 8 is strong mixing for the g-shift on T¢, and is part of the spectrum
of every Z%-action on a compact metric space.

Finally, recall from the Fourier recursion theorem 3.1.2 that 3(0) = 3. aea ([a])eqq so

A (T9) = A0 (0) = vIE(0) = Yoc 4 vaan([a])

so that v » 0 gives rise to a probability measure if and only if v¢$(0) = > vaai([a]) =1.In
the primitive case, this is equivalent to v, = 1 for a € A, so that the probability measures
arising from strong semipositivity via A is a bounded convex set with finitely many extreme

points. The above discussion prompts the following definition, see also [22, Def 11.1].

Definition 3.2.4. The spectral hull K(S) of a g-substitution S is the collection
K(S):={ve c Chv = Qv and v » 0}

and let K* denote the extreme points of the collection of v € K(S) for which v(E(0) = 1.

Note that by @Q-column stochasticity of g-substitutions we always have Cfgl a2 = Q1 42, as
well as 1 42 » 0, and 1f42f] = 1. Note that 142 will always be in K£*, which follows from
theorem 3.3.1 in the next section as this is gives rise to the g-adic spectrum and thus must
be an extreme point; moreover, this implies £ and K* are nonempty. Thus, K£(S) is a
nonempty closed convex cone in cA? and, although formally the 0 measure is contained in

K, we do not consider it to be for the purposes of any statements. This proves the following:
Proposition 3.2.5. Forv € K(S), Ay is positive and q-shift invariant: A\x(s) © M(T?, Sq)

Thus, the spectral hull is a nonempty closed convex cone (closed under positive scalar
multiples and sums) in CA” whose elements give rise (via Ao) to g-shift invariant positive
measures in the span of the correlation measures. The elements of K* are the extremal rays
of the spectral hull, and give rise to q-shift invariant probability measures in the span of
the correlation measures. We note here that our definition differs from Queffélec’s slightly:

whereas we use strong semipositivity, Queffélec considers vectors whose associated matrices
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are strictly positive definite, and so in Queffélec’s case the extremal rays do not lie in the
spectral hull, but on its boundary. This distinction is only significant in the case when
S® S has only 1 ergodic class, in which case there will be no strongly positive eigenvectors.
This case, however, corresponds to a pure discrete spectrum, as this implies a coincidence

condition among the instructions, see §4.4.

3.3 Queffélec’s Theorem

We are now prepared to state the main result of our paper. Recall that theorem 3.1.4 relates
the correlation measures to the maximal spectral type as well as establishing its q-shift
invariance, and proposition 3.2.5 identifies the spectral hull as a convex cone of coeflicients
for the linear combinations of the correlation vectors which give rise to g-shift invariant
probability measures. The following theorem shows that the extremal rays K* correspond
via Ao to extreme points of M (T, Sq), and that every strictly positive linear combination

these ergodic measures give rise to the spectrum of the aperiodic g-substitution.

Theorem 3.3.1. If S is an aperiodic q-substitution on A, then for Ay = vt3,

Timaz ~ Wa * Diwejcr Aw

Moreover, the measures Ay, for w € K* are strong-mizing (of all orders) for the q-shift.

The proof appears in §5.2, as it relies on a number of details that are not directly related
to the main results, and are totally unnecessary for the computation and analysis of the
spectrum. Queffélec proved the above in the case of aperiodic primitive substitutions of
constant length on N of trivial height, see [22, Thms 10.1, 10.2, 11.1]. The proof relies heavily
on Queffélec’s bicorrelation matriz Z, a matriz valued measure on T (see §5.1) satisyfing
3= Zi(O), and so ¥ inherits many properties from Z. If we let P := lim,, o &Cg denote
the projection onto the Q-eigenspaces of the coincidence matrix Cg, then PZ turns out to
be both invariant and strong-mixing for the g-shift as a matrix of measures. We then apply
theorem 5.1.8 (proven in §5.1) allowing us to diagonalize PZ over C and show it has ergodic

eigenmeasures which coincide with the linear combinations of correlation measures arising
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from the extremal rays of the spectral hull. This identification is accomplished by showing
that P and Z preserve the strong semipositivity condition, and so P preserves the spectral
hull. The relationship between Cs and Z can be seen using identities similar to the Fourier
recursion theorem 3.1.2: for every fixed k, the number of terms for which the m-th digit
of j and j + k are different occurs with exponentially decreasing frequency as m — o0, and
so the cycled subsitution products Msngsy have increasingly more instructions in common
with the bisubstitution as n — 0.

We now return to the discussion of Queffélec’s result and its applications. For v € M(T%)

the type of v, denoted (v) is the collection of all measures equivalent to v.

Definition 3.3.2. A type (V) is an equivalence class of measures in M(T¢) under mutual
absolute continuity, or measure equivalence. We say a type (v) is q-shift invariant if it
intersects M (T¢, Sq) and ergodic if it contains an ergodic g-shift invariant measure. Finally,

we say an invariant type {(v) is supported by an ergodic type (\) provided A « v.

As an invariant measure can be expressed as a convex sum (more generally, a Choquet
integral [21]) of its supporting ergodic measures, every invariant type can be decomposed
into mutually singular ergodic types. Thus, theorem 3.3.1 decomposes omax into finitely
many ergodic types, and shows how the g-shift acts as a filter for the maximal spectral
type: separating omax into mutually singular, irreducible g-invariant types in the span of

the correlation measures, parametrized by the extremal rays of the spectral hull.

Corollary 3.3.3. Fach w € K*, Ay is either purely discrete, purely singular continuous,

or Lebesque measure m on T%, describing mutually singular subtypes of the spectrum of S.

Proof. First, we know that each \y is an ergodic probability measure for the g-shift on T¢.
Therefore, as Lebesgue measure is strong-mixing for the g-shift (proposition 3.0.9), Ay is
either m, or mutually singular to m. If Ay has any discrete component, then the discrete
component of Ay, must be absolutely continuous with respect to the discrete measure wq*vp
by Dekking’s theorem 4.4.1, which is g-shift invariant as the height lattice is arithmetically
independent of q by definition; it follows that Ay is pure discrete by ergodicity. Finally, the

singular continuous case follows as it is a mutually singular type to Lebesgue and discrete
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types, by definition, and all these measures are pure, ergodic types. As convolution with
wq does not change the purity of a measure, A is pure discrete, purely singular continuous,
or Lebesgue measure m, respectively, if and only if A * wq is as well. Thus, the statement
about the spectrum follows as the maximal spectral type is a positive convex combination

of the Ay for w € K*, being linear combinations of the correlation measures themselves. [

Note that one can generalize the strong mixing condition (5.7) on PZ in the proof of
proposition 5.2.3 to show that the eigenmeasures are in fact strong mizing of all finite
orders, using that the carry frequencies of lemma 2.1.1 decay exponentially. Moreover, in
the Z case, one can use the above with [7, Thm 6] to show that the continuous measures
of A= are supported on the entire circle: they have no gaps; although this is self-evident
for Lebesgue components, it is not a priori the case of singular continuous measures. An
additional corollary of the above allows us to readily determine absence of Lebesgue spectral

component, its proof is an immediate corollary of the above.

Corollary 3.3.4. If S be an aperiodic q-substitution on A, then m € Omaz if and only if
there is a w € K* for which ):V(O) =1 and )T;,(k) =0 for allk e Z\ 0.

Recall that two g-substitutions are configuration equivalent if they have the same collec-
tion of instructions, counted with multiplicity. A property of a substitution is a configuration
tnwariant if all configuration equivalent substitutions share that property or, equivalently,
if it does not depend on the particular arrangement of the instructions in its configura-
tion. The following proposition is immediate, as it follows entirely from properties of the

abelianization of & which is a priori configuration independent:

Proposition 3.3.5. If S is a q-substitution, then Mg and Cgs, the Perron vectors and er-

godic decompositions of S and S®S, as well as f)(O) and K(S), are configuration invariants.

By Queffélec’s theorem 3.3.1, the spectrum of S is determined by the measures Ay = v/
for v € K(S), and so the spectrum of S can be separated into the study of its correlation
vector and extremal properties of the spectral hull. As K* is a configuration invariant,
however, this shows us that any property of the spectrum which depends on the configuration

of § is determined by the correlation vector X. It is immediate that the spectrum of a
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substitution is not invariant with respect to configuration equivalence: not only can the
spectrum exist on different dimensional tori, but the height (see §4.4) of a substitution
depends heavily on its configuration. One can, however, use theorem 3.1.2 to study the
effect changes in configuration have on a given substitution, and it is evident from identities
such as (4.1) that the structure of the configuration relative to the carry sets A, (k) accounts
for much of this difference.

We now give a singularity result for the spectrum of a large class of g-substitutions
before moving on to describe an algorithm for computing the spectrum of an aperiodic

g-substitution via the Fourier coefficients of Ay for w € ¥, including several examples.

3.4 Aperiodic Bijective Commutative q-Substitutions

In this section, we state and prove a result classifying all aperiodic bijective and commutative
g-substitutions as having purely singular spectrum. This generalizes a result of Baake and
Grimm in [2] for g-substitutions on two letters, noting that all bijective substitutions on
two letters are necessarily commutative (there are only two bijective instructions). In the Z
case, one can combine [22; Prop 3.19 and Thm 8.2] to show that all commutative bijective
substitutions have pure singular spectrum (which was not explicitly stated by Queffélec)

and this generalizes to Z? substitutions as well.
Theorem 3.4.1. Aperiodic bijective commutative q-substitutions have singular spectrum.

Proof. Let § be an aperiodic bijective commutative g-substitution. The argument is essen-
tially the following: in the aperiodic bijective commutative case the sum of the autocorre-
lations 0,4 can be expressed as Riesz products, which are singular to Lebesgue measure.
The result then follows from theorem 3.1.4 which shows that omax ~ >,c AWq * Oaq, the
sum of singular measures.

To realize the autocorrelations as Riesz products, it is convenient to express X by its

associated matrix S = ¥ and use the relation (3.6) to write theorem 3.1.2 as

S(k) = limyoo g Yjogn RYVS(0) (R
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Using lemma 2.1.1 as in the proof of theorem 3.1.2, one checks that if we write
R(x) =24 R;e? 3 and II,(x) = R(q" %) - R(x) = S = w*lim,_o &H:‘lﬂndx

so that S is a matriz Riesz product (see also [22, §8.1]). As the instructions are bijective and
commute, the matrices R; are (commuting) permutation matrices and thus simultaneously
unitarily diagonalizable - let P € M 4(C) be a unitary matrix diagonalizing the instructions

of §. From the matrix Riesz product description of S, it follows that
PSP* = w*-lim,,—,o0 &A(x)* AR FA (V) - A(x)

where A(x) is the diagonal matrix polynomial PR(x)P*. Thus, if 7(x) is a diagonal matrix

polynomial of PR(x)P*, then the diagonal entries of PSP* are of the form
. -1 1
w-limn o0 g [ 1720 [7(0/%)?
so that the measures on the diagonal are generalized Riesz products (see [22, §1.3]). Writing

Po(x) := [ To<jcn m(a’x)

if m = dx denotes Lebesgue measure on R%/Z¢, then for n > 0, P,dx determines a sequence
of measures on R?/Z? which converges in the weak-star topology to a diagonal measure of

PSP*. We conclude the proof with the following lemma.
Lemma 3.4.2. Weak-star limits of {P,dx} are singular to Lebesque measure on R%/Z.

Let p be a weak-star limit of the measures P,dx. Let X/q := (%1/qy, ..., %d/q,), and p(¥/q)

denote the push forward of p under the map x — %/q. As p is the weak-star limit, we have

p(/a) = weak™ limn o0 []; o, 7(@/%/a)d(*/a)

= Ya)m(fa) (w*limy oo [T, 7(@/x)dx) = (Ya)m(/a)p(x)

As m(x) vanishes on a set of 0 Lebesgue measure, and the push forward map preserves
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absolutely continuous components, equality passes to the absolutely continuous part and

Pac(¥/a) = (Ya)m(¥/a) pac(x) (3.7)

If Sq : [0,1]¢ — [0,1]¢ is the map x — gx(mod 1), then

1 X+ 1 X+ ) 1 X+ j
Pac © Sq = Z Pac (TJ) = a Z m (TJ) pac(x +J) = a Z ™ (TJ) pac(x) = pac(x)
jel0,q) je[0,q)

jel0,q)

as p is 1 periodic (all the P,(x) are, and Lebesgue measure is translation invariant) and as

2mik- (‘E

Zje[O,q) e q> =0 forall keZd

so that pac is Sq invariant. As m is ergodic for the g-shift, it follows that p,c = m or pyc = 0.
However, as m only satisfies (3.7) for constant 7(x), pac is 0 unless 7(x) is constant.

We conclude the proof by showing that m(x) cannot be constant for q > 0. As the
functions €™ are linearly independent and as 7(x) is a diagonal measure of R(x) =
ZRje%ij'x, it follows that the eigenfunction 7 can be constant if and only if there is some
vector in the kernel of R; for j > 0. As the instruction matrices R; are unitary and therefore
invertible, this is impossible, so that as q # 0 it follows that 7(x) is not a constant. Thus

7 is singular to Lebesgue measure, as desired. O
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Chapter 4

COMPUTING THE SPECTRUM

In this section, we summarize the results of the paper by illustrating an algorithm
allowing one to compute the Fourier coefficients of the measures arising from the extremal
rays of the spectral hull, and thus determine the spectrum of S. The intent is to produce the
entire spectrum of a given aperiodic g-configuration through a single computation, without
making any assumptions on the height or primitivity of the resulting g-substitution. The
following algorithm is summarized in the introduction; we begin with a q-configuration R

on A, and compute the spectrum of its substitution.

1. Compute the index of imprimitivity, then telescope and check aperiodic-
ity: if the substitution is not primitive, we need to telescope to ensure that the resulting
substitution and bisubstitution have index of imprimitivity 1: in order to capture all the
primitive components of the substitution, as well as compute the spectral hull, we will need
to compute the primitive reduced forms of the (bi)substitutions and this part is simplified
considerably by first finding h. Moreover, as the spectrum is determined by q, we need to
make sure we have the right scale, as wqyn # wq. Compute the substitution and coincidence
matrices from the instruction matrices, Ms = >jici0.q) Ry and Cs = 2 (0. ) Rj @ R; and
then determine the eigenvalues of Mg and Cg of modulus ). One finds the minimal A > 0
so that A" = Q" for all eigenvalues A of modulus Q for both Ms and Cs. Telescoping the
configuration R to R, a q"-configuration, the q"-substitutions S and S" ® S will have
index of imprimitivity 1. We now replace q with g, or equivalently, assume h = 1. Now
that it has been properly telescoped, one can also check for aperiodicity using Pansiot’s
lemma 2.3.1 in the d = 1 case, or using recognizability for d > 1.

2. Compute Perron vectors, determine invariant measure: recompute Mg and
its primitive reduced form (1.2) by looking at letter orbits under the instructions. Once

the primitive components of Mg are found (suppose there are K > 1), compute the Perron
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vectors {u; }le of S and let u:= % 2.; 1 be their normalized sum; note that u = (uq)aea
determines a u € M(Xg,T) containing a positive portion of all the ergodic measures for
the subshift. By the definition of oy given in (1.3), the maximal spectral type of p will

contain the spectral components of all the primitive components of S.

3. Compute (k) for k € Z%: we have $(0) = D e Ua€aa Where ug = p([a]) as

above. The first equality in the Fourier recursion theorem 3.1.2 for p € N and k € Z¢ gives

1

S(k) = o

(p) () $ :
Eje[o’qp)Rj ® 7-\J'j-"-k Z(lkjp + Cp(.]a k))
and allows one to solve for f](c) algebraically for c € [—1,1] \ 0, a process we now describe.
First, note that for m > 0 and j € [0, q™) the Z¢ integer |c|, + ¢y (j, ¢) will lie in the smallest
rectangle containing 0 and c, as ¢ cannot force j to carry in any direction where (c); = 0.
Recall that 1; is the i-th coordinate vector in Z? and so if j € [0, gP) then |1i],+¢p(J, 1) =0

or 1; and we obtain

1

N ) ® & 1 () ®) e
Z<1Z)_szje[o,qm\APunRJ‘ ®Ri1, 2(0) ZjeApui)R' ®Rypr, 2(10)

o j

from which one can solve for i(lz) and obtain

~ -1 ~
210 = (@~ Sgea,a0 B ORI ) Sicoana,an B ORIAEO) (@)

where the inverse matrix above exists for some p > 0 as the frequency of carries goes to
0 and thus the spectral radius of the sum over A,(1;) as well. In this way, we compute
f](c) for ¢ = 0,1; for 1 < i < d. For —1;, one can use the identities (2.1) for negative
arithmetic and solve for ﬁ(—lj) similarly to the above. Now, by considering those c of the
form +1;+1;, the above recursion expresses S(+1;+ 1) in terms of 52(0), (1), i(ilj),
and S(+1; +1;) and again we can solve for S(+1,+ 1;) for all i and j distinct. Continuing to
+1;+1;+ 1y for distinct 7, j, k, then combinations of 4 distinct ones, etc, until all the values
of £ on [-1,1] are known. Finally, the Fourier coefficients for all other k € Z% \ [~1,1]
can then be computed explicitly using the Fourier recursion by taking p > p(k). Note that
$(—k) = 3(k) for all k € Z¢ by equation (3.3).



o1

4. Determine extremal rays of spectral hull: using the instruction products R;®@R ;
recompute the coincidence matrix Cs = Msgs and, as in step (2) above, compute the
primitive reduced form of the bisubstitution. Recall from definition 3.2.4 that the spectral
hull is given by

K(S):={ve cA” . Chv = Qv and v » 0}

We begin by identifying the left Q-eigenspace of Cg, recalling that S has been telescoped
so that S ® S has index of imprimitivity 1. For the ergodic decomposition F of S ® S
(proposition 1.2.2) consider the projections Pr and Py onto the spans of the ergodic pairs
af in some Fj;, and transient pairs 70 € T, respectively, and so they are diagonal 0,1
matrices satisfying Pr + Py = I, the identity; write C'+ = P7Cgs. The reduced normal form

(1.2) for Cs gives (~ indicates permutation equivalent)

Ciq 0

Ch ~ b so that  Cl = CLPr =
CJ){] 0

Crai - Cry Crr1 o - 0 Cr7

for the transpose coincidence matrix, where everything not appearing on the block diagonal
or bottom block row are zero. The square blocks along the diagonal are primitive, barring
the last as it represents the transient pairs and so need not be. Unlike step (2), we are now
dealing with a row stochastic matrix Cfs = Mf3®5, which remains row @-stochastic under
permutations of the basis, as in the above. Thus, when restricted to an ergodic class, any
Q-eigenvector of C’fg must be constant as those diagonal blocks are primitive and stochastic.
Write E := ZweE ey € CA” for the representation of E — A? in CA”. For wi,...,wy € C,

we write (for Fi,...,Fy are the ergodic classes of S® S)
Vr :=Vr(wy,...,wy) = ijl wj}:} e CA (4.2)

then Vr represents an arbitrary @Q-eigenvector of Cfs restricted to its ergodic classes, or
PrCLPr. If there is no transient part (as is the case for bijective substitutions), then

Pr = I and the above determines the left Q-eigenspace of Cgs; otherwise the transient
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class is nonempty and Py # 0. The following lemma allows us to characterize the left

Q-eigenspace of the coincidence matrix; compare [22, Proposition 10.2].

Lemma 4.0.3. For a q-substitution S on A with ergodic decomposition F, then
Chv = Qv — v =Vr— (QI - CH)y 1 (QI - CL)Vr

Remark: lemma 1.2.3 shows that the spectral radius of C'y is less than () so the matrix

inverse exists, so the above is well defined.

Proof. Let vy := Prv. By the above discussion, C4v = Qv if and only if v = Vr + v7.
Then

Csv =Qv — (Cs = QD)Vr = (QL - Cs)vr = (QI - CF)vr
as CLPr = C’l} and v = Pyv, and the result follows from invertibility of QI — C’l}. O

Now that we have characterized the left (Q-eigenspace of the coincidence matrix, we discuss
how to impose the strong semipositivity condition, and this is in general the most difficult
step, as it requires finding conditions on the coefficients of a matrix function of several
variables guaranteeing positive semidefiniteness. In most cases, the strategy involves diago-
nalizing and then imposing nonnegativity of eigenvalues. In the examples, several strategies

are used and we summarize them here. Given v satisyfing the identity of lemma 4.0.3:

e Perform simultaneous row and column operations to diagonalize, then enforce A > 0;

used in Queffélec’s example 4.1.2
e Enforce nonnegativity of principal minors; used in the Table example 4.1.3

e The matrices ]-_:J representing the ergodic classes and (QI—C%) ™! (QI—C%) commute,
and can be simultaneously diagonalized, then enforce A = 0; used in both the Thue-

Morse and Rudin-Shapiro examples 4.1.1 and 4.2.1, respectively
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e Using proposition 4.3.1 and properties of Kronecker products to reduce the problem;

this is illustrated in §4.3 and Baake-Gahler-Grimm’s example 4.3.2

e Using Python’s sympy toolbox to diagonalize symbolic matrices, then enforce positiv-

ity; used in the nontrivial height example 4.4.2

Note that the extremal rays lie on the intersection of planes forming the faces of &, and so
the spectral hull can be obtained by solving systems of linear inequalities in the coefficients
w; of (4.2). Thus, one can find the elements of * by intersecting the hyperplane th)(O)
with different combinations of the planes determined by the 0-eigenvalue conditions on v.
5. Compute Aix and omax: with the correlation measures computed in step 3, and
the spectral hull and its extremal rays identified in step 4, we are ready to identify the

spectral hull. For each w € K* compute
M (k) = wiE(k) = 2apen? Waptap(k)

for several k € [0, q). As these measures are pure, g-shift ergodic types, Ay falls into one of

three categories depending on its Fourier coefficients:

o If )\/;,(k) is periodic in k, then Ay, is pure discrete; typically discrete measures have
almost periodic Fourier coefficients, but here the discrete spectrum is supported on
rational coordinates in R?/Z% ~ T¢ and hence the coefficients are purely periodic. Our
nontrivial height example 4.4.2 illustrates this case. In the trivial height case, one can
detect pure discreteness via the spectral hull, as there will be only one ergodic class,

and so K* = {1 42}.

o If )T;,(k) = 0 for all k # 0, then )y, is Lebesgue measure on T?. As this requires us to
compute all nonzero f](k) to verify, one might hope for an upper bound on the number
of coefficients that need to be checked in order to guarantee Lebesgue measure. We
know of no g-substitution (the Z case) singular to Lebesgue component for which all
of the first ¢ + 1 positive Fourier coefficients vanish, although we have not examined

this in detail.
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e Otherwise, Ay is purely singular continuous, by the above characterization of the
discrete component, and corollary 3.3.3. As mentioned in the discussion following
corollary 3.3.3, the measures Ay, are always strongly mixing of all orders for the g-shift

and, in the Z case, the singular continuous measures have no gaps in their support.

Finally, repeating the above for every w € K*, one obtains the entire maximal spectral type
by taking any positive linear combination of the measures wgq * Ay for w € K£*. Note that
Queffélec considers the question of spectral multiplicity in [22, §11.2.1] but we have not
analyzed these results in our context. We now work out several examples, computing the

spectrum and showing singularity to Lebesgue when possible.
4.1 Substititutions with Purely Singular Spectrum

Our first example is classical, and comes from the Thue-Morse sequence. As its spectrum

is well established, it serves as a test case for the algorithm.

Example 4.1.1 (Thue-Morse). Let 7 denote the 2-substitution on A4 = {0, 1} given by

0—> 01 . 10 0 1 11
T with M, = + =
11— 10 01 1 0 11

with instructions Ry, R appearing consecutively in the above sum. Clearly, 7 is primitive,
and as 72(0) = 0110 with R the identity, the symbol 1 can be proceeded by both symbols
0,1 so that it is aperiodic by Pansiot’s lemma. The Perron vector of 7 is (3, 3)" so that
$(0) = %ZweA €yy. As ¢ = 2, we have A;(1) = {1} and so equation (4.1) gives

S(1) = (21— R ®Ro) 'Ro @ R1S(0) = é(L 2,2,1)

where the basis is given the lexicographic order 00,01, 10, 11.

Now we compute the ergodic classes of the bisubstitution: as 7 is primitive, F; =
{00,11}, and one checks that Fo = {01,10} is also a minimal orbit of the instructions
R; ®Rj. As A = F1 u Fa, these form the ergodic classes of 7 ® 7 with empty transient

part. By lemma 4.0.3, v € K is given by v = (w1, ws, ws,w1)" and as the matrices F1 and
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Fo commute, they can be simultaneously diagonalized, and we obtain
-1
-1 1 o -1 1 w1 — w2
VvV —

1 1 1 1 w1 + W2

so that v » 0 implies —w; < wo < wy. Letting wy = 1 gives —1 < wo < 1 and K* is the pair
vi=F+F=(1,111" and vy=F —F =(1,-1,-1,1)

Thus, A\v, = >.,pe42 Tap = 01, the Dirac-Delta mass at 1 (as 6A1(k) =1 for all k), and

o 1
Mﬁnzvpm)=—§¢o

so that Ay, is not Lebesgue measure, and Thue-Morse has purely singular spectrum. Note

Av, = 07 gives rise to the discrete component, Ay, the singular continuous component, and
Omax ~ W2 + wa * )\VQ

and so the spectrum of purely singular as expected.

An interesting question is the importance of commutativity. Our next example, due to
Queffélec, is bijective but not commutative. In [22, Examples 9.3, 10.2.2.3, and 11.1.2.3] it

was shown to have Lebesgue spectrum, however there were errors in the analysis.

Example 4.1.2 (Queffélec’s (). Let ¢ be the 3-substitution on A = {0, 1,2} given by

0 — 001 1 1 1 2 0 1
C:< 1122 with MC = 1 + 1]+ =01 1 1
2 210 1 1 1 0o 2 1

with the instruction matrices Rg, R1, R2 appearing sequentially above. As M 42 is positive,
is primitive. As Ry is the identity and as 1 can be followed by 0,1 and 2 in ¢2(0), Pansiot’s

lemma applies and shows that ¢ is aperiodic. One checks that the Perron vector of M is
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(1,3,1), giving £(0) = 1 31 _, e,,. Using (4.1), and noting that Ay (1) = {2} for ¢ = 3,

a 1 1)\t 1 1) &
(1) = (31~ Sy, RS ® Rﬁl) Sieain Ry ®@RGAHE(0)
=(BI-R:® Ro)i1 (Ro®@R1 + Ry ®R2)§(0)

1 t
= —(5,6,2,6,2,5,2,5,6
39 ( ) My Sy My &y Yy &y Y )
Here, we order the basis for A? lexicographically (00, 01,02,10,11,12,20,21,22) which will

be standard for the bialphabet. Computing 2(2) using p = 1 in theorem 3.1.2 gives

~ 13 .
X(2) = 3 DR @Rja%([5 + 2]y)
i=0

~ 1 S
Ro ®RoX(0) + 5(R1 @ Ro + Ro @ R1)2(1)

Wl
—_

t
= 177 (7:7,25,25,7,7,7,25,7)

Now, we compute the ergodic classes of the bisubstitution ( ® (, and obtain the orbits F; =
{00, 11,22} and F» = {01,10,12,21,02,20} with empty transient class (as ¢ is bijective),
which form the ergodic classes of ( ® (. Thus, by lemma 4.0.3

w2 w2 w1

w1 w2 w2
= = t . .
v =wF1+weFo = (wl,wg,wg,wg,wl,wg,wg, wg,wl) or equivalently v = <w2 w w2>

Performing simultaneous row and column operations, we arrive at

wy 0 0 wy = 0,
22 o . .
0 o 0 and v » 0 implies (w1 + ws) (w1 — wy) =0,
2 2
w] —waw1 —2w;y
0 0 w1 +ws2 (w1 — wg)(wl + 2102) >0

so that w; > 0 and —%wl < wy < wi, giving K two extremal rays determined by the vectors

1 1 1 1 1 1

- - - 1= ¢
= :1 = _—— = _—— _—— _—— —_—— —_—— —_——
Vi f1+f2 ) and V2 -Fl 2]:2 (17 2 9 9 T T g g )

One checks that Ay, = 1, and that )\/\;(1) = 0, and thus X‘;(?)a) = 0 for all a by 3-shift
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invariance. Using the value of f](Z) above, however, we obtain

— 1

Ma(2) = 377 <1(7-3)_;(7-3+25-3)> # 0,

so that Ay, is not Lebesgue measure. As opmax(¢) = ws * (61 + Ay, ), the spectrum of ¢ is

purely singular to Lebesgue spectrum on the circle T, as both w3 and w3 * Ay, L m.

Note that ¢ is an example of a bijective substitution, as all of its instructions are bijec-
tions of A. Correcting this mistake of Queffélec’s is significant, as it represented the only
known example of a bijective substitution with Lebesgue component. Using software to
automate the above algorithm, we have excluded Lebesgue component from the spectrum
of all bijective substitutions of constant length (the Z case) 2,3,4, and 5 on alphabets of
2,3,4, and 5 letters. Together with theorem 3.4.1, this suggests the possibility that all
aperiodic bijective g-substitution may have spectrum singular to Lebesgue measure.

Our first example with d > 1 comes from a substitution tiling system in the plane known

as the Table. In [25], Robinson described it as a substitution on 4 symbols in Z2.

Example 4.1.3 (The Table). Let T be the (2,2)-substitution on {0, 1,2, 3} given by

30 11 23 02
T: 0— 1— 2— 33—
10 02 21 33

with substitution matrix M7 = Rg,0)+R(1,0) + R(0,1) + R(1,1) summed consecutively below:
Mr = ! + ! + 1 + 1 _ | o2

As M% > 0, 7 is primitive, and aperiodicity follows from recognizability or theorem 2.3.2,
see [25]. Note that R and R(g;) do not commute, so that 7 is not a commutative
substitution, and theorem 3.4.1 does not apply. One checks that the Perron vector of M,
isu= (3135 and so f)(0,0) = %ZveA eyy. Using (4.1), we obtain (with A? in the

lexicographic order)

$(1,0) = --(0,2,1,2,0,2,2,1,5,0,0,0,0,1,2,2)°

1
20
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We now compute its spectral hull: one checks (by looking at letter orbits) that the ergodic

classes of the bisubstitution are:

Fi1=1{00,11,22,33} and JFo = {01,02,03,10,12,13,20,21,23,30,31, 32}

which partition A2 completely, leaving no transient part as is always the case for bijective

substitutions. Using lemma 4.0.3, we have v € K if and only if
wi wa wa wa w1 =0

wy  wy; w2 wg (w1 + w2) (w1 —w2) =0

<o
Il
v

o

—_—
wy w2 wyp w2 | T wi (w1 + wa2)(wy —wz2) =0

wrowr (w1 —w2)®(wy + 3ws) >0
as v » 0 if and only if its principal minors are positive definite. These inequalities show us

that I has two extremal rays determined by
1
vi=F1 + Fo and vo = JF] — 5]:2

and so, along with the above, we have

— — 1

/\v1((1>0)) =1 and )\vz((lvo)) = Véi((l,(})) = _Ba

so that none of the measures coming from the spectral hull are Lebesgue, and thus the

spectrum of the Table is singular to Lebesgue measure on T?, the two-torus.

We now discuss a collection of (non-bijective) g-substitutions, due to Frank [13] and

based on the Rudin-Shapiro substitution, with Lebesgue component in their spectrum.

4.2 Substitutions with Lebesgue Spectral Component

Although the spectrum of the Rudin-Shapiro substitution is well known, it is interesting to

~

see how the details work out allowing for all the terms v*X(k) for k # 0 to vanish.

Example 4.2.1 (Rudin-Shapiro). Let p be the 2-substitution on {0, 1,2, 3}

0 +— 02

1+ 32 .
p: with M, =

2+— 01

© o o =~
- o o o
o o o ~
-~ o o o
o = o o
o = o o
o o = o
o o = o
|
o R O ~
- = o o
o o r
- © H O

3+ 31
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As M ;’ > 0, the Rudin-Shapiro substitution p is primitive, and as p?(0) = 0201 with
p(0)g = 0 the symbol 0 can be proceeded by both the symbols 1 and 2, it follows from
Pansiot’s lemma that p is aperiodic. As %Mp is row and column stochastic, its Perron

vector is (1,1,1,1)" and so f](O) =2eA teyy. As g =2, Ay(1) = {1} and (4.1) gives

1

(1) = 2T - R1 ®Ro) "Ro @ R12(0) £(0,1,1,0,1,0,0,1,1,0,0,1,0,1,1, 0)!

with the basis ordered lexicographically: 00,01, 02,03,10,11,12,13,20, 21, 22,23, 30, 31, 32, 33.

Using theorem 3.1.2 for £ = 2 and p = 1 we obtain
~ 1 ~ 1
%(2) = 5(Ro ®Ro+R1®R1)E(0) = é(1,0,0, 1,0,1,1,0,0,1,1,0,1,0,0,1)

and one checks $(2n) = 5(2) for n # 0 and £(2n + 1) = £(1) for n € Z. Note £(1) L 3(2).

We now compute the ergodic decomposition of p ® p, the bisubstitution. As usual for
primitive substitutions, F; = {00, 11,22, 33}, and in this case the only other ergodic class is
Fo = {03,12,21, 30}, so that 7 = {01,02, 10, 13,20, 23,31, 32} is the transient part. Using

lemma 4.0.3 we have v € I if and only if

+ woy +

1 1 1 1

(wl—i-wz) 1 1 »0

H
N

we have S~Ivs = B

w1 — w2

nn

Il

|

L

|

L

o
o e

2wy + 2wa

so that v is strongly semipositive if and only if —w; < we < w1, the extreme points of which

are given by the vectors (wi,wz) = (1,1) or (1, —1). Thus, the extremal rays of K are
vi=1 and vp=(1,0,0,-1,0,1,-1,0,0,—1,1,0,—1,0,0,1)"

As usual, Ay, = 81, and using the computed values of 3(k), one checks that X;(k) =0

for k # 0, and so Ay, is Lebesgue measure. Thus, omax ~ w2 + m as m is ¢-shift invariant.
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We now describe Frank’s generalizations of Rudin-Shapiro to the Z¢ setting. Consider

the alphabet A = {1,...,Q,—1,...,—Q} on 2Q letters and the collection of instructions
Fo:={R:A— A sothat 3 v with R: A— {y,—7} and R(—a) = —R(a) V ae A}

so that Fg consists of instructions which are morphisms for negation and take on exactly
one valuein 1,...,Q. If R € Fg takes on the values v and —v, its sign vector is a +1 vector
in C? whose a component is 1 if R(a) = v and —1 if R(a) = —. As instructions in Fg
preserve negation, every R € Fq is determined by a letter in 1,..., @ and a sign vector. For

example, if @) = 4, the letter 3 and sign vector (+1,—1,—1,+1) determine the instruction

1> 3, 2—-3, 3--3 4 3
R :

1+ -3, —2— 3, —3— 3, —4—-3

A Hadamard matriz is a square +1-matrix whose rows (and columns) are orthogonal, and
are necessarily even dimensional (more generally, entries are n-th roots of unity, and dimen-
sion is divisible by n). Every @ x @ Hadamard matrix determines () instructions in Fg
in the following way: as the rows of a Hadamard matrix are sign vectors, the i-th column
paired with the letter 7 in {1,...,Q} gives an instruction via the above association. For
example ) = 2 corresponds to the Rudin-Shapiro substitution whose Hadamard matrix and

corresponding instructions are represented by
1 -1 1 1, 2—-1 1> -2, 2+ 2
H-= with  Ryg: and Rq:
-1 1 —1——1, -2~ 1 —1— 2
For a Hadamard matrix H, let Z(H) be the corresponding instructions induced by H. If

q > 1 has expansion @, any configuration R : [0,q) — Z(H) gives rise to a g-substitution.

Theorem 4.2.2 (Frank). Let H be a QxQ Hadamard matriz and q > 1 in Z¢ such that Q =
q1 -+ qq. Let R be any configuration on the instructions induced by H. The q-substitution

determined by the configuration R has Lebesgue spectral components with multiplicity Q.

As suggested in [13, §5.1], any configuration of the instructions Z(H) give rise to substi-

tutions in Z? with Lebesgue spectrum. As convolution with wq has no effect on absolutely
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continuous spectrum, theorem 3.3.1 tells us that presence of Lebesgue component is deter-
mined by the spectral hull and the correlation vector, the first of which is already config-
uration invariant. This raises an interesting question: is presence of absolutely continuous
component a configuration invariant in general? Note that a positive answer to this ques-
tion allows us to classify the presence of Lebesgue component as a function of the collection
of instructions (counted with multiplicity), or even just as substitutions in 1 dimension. If
the configuration R gives a g-substitution with Lebesgue component in its spectrum, then
there is a v in the spectral hull for which f](k) is orthogonal to v for all k # 0. As a change
in configuration is a relabeling of the indices of the instructions, one can use theorem 3.1.2

to compare correlation vectors for substitutions with equivalent configurations.

4.3 Substitutions with Every Spectral Component

Given the role the Kronecker product plays in our analysis, we take a moment to consider
some of its properties. For example, it is an associative product, and while not commutative
we still have AQ B ~ B® A, where ~ means permutation equivalent: there exists a 0,1
unitary matrix P with P(A® B)P* = (B® A), and this permutation depends only on the
dimensions of A and B. Moreover, the spectrum of Kronecker products are closely related to
their factors: if \; and p; are the eigenvalues of A and B, respectively, with corresponding
eigenvectors x; and y;, then the eigenvalues of A ® B are the pairs \;u; corresponding to

the eigenvector x; ® y;. This follows from the Kronecker products mixed product property:
(AR B)(C® D) =(AC)® (BD)

As the instructions for a substitution product are the Kronecker products of the instructions
of its factors, and ergodic classes depend only on the orbits of the generalized instructions,
it follows from the mixed product property that the ergodic classes for the bisubstitution of
a substitution product are the pairwise ergodic classes of the bisubstitutions of its factors,

giving the following:

Proposition 4.3.1. Let S and S be q-substitutions on the alphabets A and A. Let € and

E denote the ergodic classes of their respective bisubstitutions, with transient classes T and



62

T. Then the ergodic classes of the bisubstitution of S®S partition the alphabets Eigj as i,j

range over the indices for the respective bisubstitutions, and the transient part is AT UTA.

Our last example is a substitution of constant length 2 on 8 symbols possessing all
three pure types in its spectrum and allows us to illustrate an interesting property of the

substitution product, see also [1, §2].

Example 4.3.2. Consider the Thue-Morse and Rudin-Shapiro substitutions of constant
length 2 represented on the alphabets A; = {7, } and A, = {a, b, ¢, d} respectively, by

T N and p:

and consider the substitution S of constant length 2 on A = {a,b, ¢,d, a,b, ¢, d}, given by

a — ac, b — dc, c— ab

a — ac, b+— de, c+— ab, d— db

which is equivalent to the substitution product 7 ® p via the obvious map A,.A, — A. Note
that it is aperiodic being the substitution product of aperiodic substitutions, and primitivity
follows as M g is positive. The Perron vector of Mg is the vector all of whose entries are
1/8, so that the associated matrix $£°(0) = L
The ergodic classes for the bisubstitutions of 7 and p are given by
Er={",__} & = {aa, bb, cc,dd} ab, ac, ba, bd
T and p: with 77 =

E={__} &Y = {ad, be, cb, da} ca, cd, db, dc
so that one can see the relationship between the ergodic decompositions of the bisubstitu-
tions of 7, p and 7 ® p indicated by the above proposition:

& =E7E) &3 =E7¢&Y

and T =&TPU&T’
€y = ETEL &4 = EIEL



63

Using lemma 4.0.3, we find that v € IC if v » 0 where

wifw wi w w3 +w w3 +w
w1 12 2 12 2 wa w3 32 4 32 4 wy
wq +wo w1y +wg wg+wy w3 +wy
-2 w1 w2 -2 -2 w3 w4 -2
witwo witwo w3z +wy w3z twy
2 w2 w1 2 2 wq w3 2
wq+w wq+w wa 4w wa 4w
‘.} o wo 12 2 12 2 w1y wy 52 4 52 4 w3
- wgtw w3t w. wy +w witw
w3 3tws 3tws wa wy 11wy 11wy wa
w3 +w, w3z +w wi +w wi+w
3ty w3 wa 3twy 11wa w1 wa 11ws
w3J2rw4 wa ws w3;w4 wlng ws wy w142rw2
wg +w wsg +w. wq +w wi+w
wy 32 4 32 4 w3 wo 12 2 12 2 w1

and with basis ordered: (a, b,¢,d,a,b,c,d). Note that v can be expressed as the Kronecker

product of the v for Thue-Morse (example 4.1.1) and Rudin-Shapiro (example 4.2.1):

wh +wh wh +wh

P 2 14 = wTw?f
oL, 2 2 o2, wro T
wf 4w wf fw

o w]  wj 1.2 wf wh 12 . wy = wj wh

vV = () WP 1 wP wP twP with
wlh  w] wy twy P P wi +wy wa = wlw?
2 1 5 wy w?y 5 3 = Wy

PP PP

o wltwh  wh +wl » o
UJ2 5 — 5 U}l wy = U)2 w2

As the eigenvalues of a Kronecker product are the product of the eigenvalues of its factors,

it follows that the spectrum of v is positive if and only if

(w'{—w%)(uzf—wg)>0 wy] — wg — w3 + wyg >0 wy t (1,1,1,1)

(w] — w3)(w) + wh) >0 wy + wg — w3z — wy > 0 wo _ (1,1,—-1,-1)
(w] + w})(w) —wh) >0 wy — w + w3z —wg >0 w3 (1,-1,1,-1)
(w'1r+w'2r)(wf+w§)>() w1 + wo + w3z + wyg > 0 wa (1,—-1,-1,1)

are the extremal rays of this cone, which are the Kronecker products of the extremal rays
of this cone for Thue-Morse and Rudin-Shapiro, see the relevant examples. It follows that
the extremal rays of IC are the Kronecker products of the extremal rays of the cones K and
K, Let vi,va, v3, vy be the respective extremal rays of K corresponding to the four vectors

w = (w1, wg, ws, wy) above.

Let ;1 be the usual Dirac mass at 1, m Lebesgue measure on the circle, and A\, the
singular continuous measure in the spectrum of 7 identified in example 4.1.1. Using software
with (4.1) and theorem 3.1.2 to compute %(k) and using theorem 3.3.1, we can compute the
Fourier coefficients of the measures \; = V;Z; they are vectors in C% so we do not include
the computations here. As usual, \; = d1, and comparing the first 100 Fourier coefficients
suggests that Ao = Ay = m and A3 = A;. These computations are confirmed by work of

Baake, Gahler, and Grimm in [1], where they consider an identical substitution (although
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there it is not formulated as a substitution product). Thus, in this case, org, ~ 07 + 0p,
so that 7 ® p has discrete, singular continuous, and Lebesgue components in its spectrum,
corresponding to the spectral components of its factors. In general, it would be interesting
to know the relationship between the spectrum of a substitution product and its factors and
raises an additional question: are there any substitutions with Lebesgue spectrum which do

not arise from substitution product with substitutions of Frank type?

We finish with a discussion of height, affecting the discrete component of a substitutions

spectrum, and describe a collection of examples with interesting properties.

4.4 Height and Dekking’s Criterion

Most of our understanding of the discrete spectrum of constant length substitutions is due
to the work of Dekking and the notion of height of a substitution, see [9]. The following
description of height in the Z% case is based on [12, §3.1] and [22, §6.1.1]. Given a primitive
and aperiodic g-substitution S on A, fix a substitution sequence A in the hull Xgs. Let £
be a sublattice of Z%, and let Lo be a set of class representatives for this lattice, so that
Z% is the disjoint union of j 4+ £ for j € Lo; let A(j + £) denote the letters appearing in
positions j + 1 for 1 € £. By primitivity we know A = Jc., A(j + £), though in some cases
the A(j+ £) may form a partition of 4. When that happens, one can identify all the letters
in each A(j+ £) with a single representative, and this gives a map A — A. When extended
pointwise to AZd, this map takes A to a periodic sequence which, by primitivity, must
therefore take Xg onto a finite set. If we let £ = Z¢, this reduces X5 to a singleton. The
height lattice of S is the largest lattice £ (in the subset order) for which the above partition
property holds. In this case, the factor map which sends each A(j + £) to a representative
gives rise to the maximal equicontinuous factor of (Xg, T, 1), see [12].

The following theorem of Dekking completely characterizes the discrete spectrum of
aperiodic g-substitutions, see [22, Thm 6.1, 6.2] for the d = 1 case, and [12, §3.1] for the
general case. For a sublattice £ < Z9, let v, be the uniform probability measure supporting

the quotient Z¢/L < T¢. In the case £ = hZ? for h > 1, the measure v, = V.
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Theorem 4.4.1 (Dekking). If S is a primitive and aperiodic q-substitution with height

lattice L, then the discrete component of omay 15 equivalent to wq * vg.

If L = 7% 0pmas is pure discrete if and only if a generalized instruction is constant.

The criteria for the pure discrete case are referred to as trivial height (£ = Z¢) and the
coincidence condition (a constant generalized instruction), respectively. In the primitive
case the coincidence condition is equivalent to the bisubstitution possessing only one ergodic
class, as was observed by Queffélec. More generally, the discrete spectrum of an aperiodic q-
substitution is given by the sum of wq *v, as £ ranges over the height lattices of its primitive
components. We comment here that although methods exist to compute the height of a
given substitution, this is not necessary in order to compute the spectrum, as our algorithm

produces the discrete component of the measure and so therefore determines the height.

We now describe a class of aperiodic bijective commutative g-substitutions which attain
any height lattice of the form hZ? Fix h > 1 in Z? and let A = Ay, := Z?/2hZ? be the
quotient ring of Z¢ integers modulo 2h, using the residue class [0,2h) to represent the

letters. For each k € Z% let 7 : A — A be the map

Tk ¢ o — « + k (mod 2h).

Note that each my is bijective as a map on Z¢/2hZ?, and they form the commutative group
generated by m; := mq, for 1 < ¢ < d, which is a subgroup of permutations of A, with mg
giving the identity map on A.

Let q := h + 1, so that [0,q) = [0, h]. Consider the g-substitution H := Hj, on Ay, de-
termined by the instructions Ry = 7y for k € [0, h]. As no block () can contain repeated
symbols, this can be used to identify superblocks in a substitution sequence and desubsti-
tute, and so H is recognizable. As the instructions of H are a subset of a commutative
group of permutations, H is an aperiodic bijective commutative g-substitution. As a map
H: A— A", the g-substitution H takes the letter « to the block on [0, h] whose value at j
is mj(a) = a+j(mod 2h). Therefore, as {a+j+k : j, k € [0, h]} covers an entire equivalence

class modulo 2h, it follows that H2(a) covers A for every a, and H is primitive.
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Using proposition 2.2.1, we have for n > 0 and j = jo + jiq + ... + jn_1q" ' € Z¢

i = R"(@)=a+jo+...+jn1(mod 2h)

so that
H'(a); =8 <= jo+...+jn-1=p—a(mod 2h) (4.3)

Using this, one checks that both the return times and the correlation vector are indepen-

dently invariant under permutations of coordinates in Z* and order of q-adic digits.

We now compute the height b of Hy; let D, € X3 be the sequence giving rise to the
reduced language, generated by telescoping H and iterating on a seed patch about the origin:
in other words, D, is a fixed point of some iterate of . Writing for a > 1

c2:=D, (j + aZd> and  C%:= {C?:je[0,a)}

so that the height h is maximal amongst a with aZ? + qZ? = Z¢ for which C? partitions
A. Using (4.3), one can show that CP partitions A as well, and thus b > h. Alternatively,

if 2< k <nandie€[0,h] we have

H"(a)o = /Hn(a)h+(h7i)q+iq’€ = /Hn(a)hfiJrthriqk =

as the g-adic digits of the indices add up to 0 modulo 2h. The difference between the second
pair of indices is ih, so b divides h as CY partitions A by definition, and b = h, as desired.

We now briefly examine the bisubstitution H ® H. As H is bijective, it has no transient

part, and the subalphabets
AJ-2 = {afe A*:a— B =j(mod 2h)}

for j € [0,2h) form a partition of the bialphabet A2 into 2h sets of size Card[0,2h), and
with respect to which H® H is primitive. It follows that the .Aj2 partition A% and thus form

the ergodic classes of the bisubstitution. Thus, if v is a left Q-eigenvector of Cg, and its



associated matrix is

o

v Zje[0,2h) wiR;,

as Rj corresponds to the ergodic class AJ?; note also that Rg = 1.
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Note that in the one-dimensional setting, the h = 1 case gives the Thue-Morse sub-

stitution. As all of these are examples of aperiodic bijective commutative g-substitutions,

theorem 3.4.1 shows they are purely singular. What is not clear, however, is the role played

by height. In the next example, we use the algorithm to compute the spectrum for the

case h = 3, and show how the height comes out in this computation. Moreover, cases of

nontrivial height are the only ones where we have encountered complex valued vectors in

the spectral hull, of which the following is an example.

Example 4.4.2. Let H be the 3-substitution Hj3 described above, whose bisubstitution has

the ergodic classes (represented in matrix form via (4.2) in §4)

TR W N = O

0123 wo wi w2

1234 ws wo wi

5
2345 o wy ws wo
and vV = E ijj =
3450 w3 wy  ws
4501 J=0 wy  wz  wg
5012 wi wa w3

the eigenvalues of which are (using Python’s sympy toolbox to compute eigenvalues)

wo + w1 + w2 + w3z + wq + ws

wo — wy + wg — w3 + wyg — ws

1 1 1 1 3
wo+§w1—§w2—w3—§w4+§w5—% —(w1 + wa — wg —ws)?

3
wo + Lwi — Lws —wy — Jws + Lws + L/ =(w; + wz — wy — ws)?

1 1 1 1 3
wo — W1 — FW2 + W3 — W4 — FW5 — %\/*(wl —wa + wg — wp)?

1 1 1 1 3
wo—§w1—§w2+w3—§w4—§w5+% —(w1 — w2 + wg — ws)?

so that enforcing positive definiteness forces wy = ws and ws = wy as it must be Hermitian,

and we write w; = a + fi and wy = a + bi. Positivity of eigenvalues gives the equations:

wo + w3 + 2a + 2a > 0
wo — w3 — 2a + 2a > 0

wo —wg +a—a—~3(B+b)>0

(1, -1,

1 _1

with extremal rays 22

wo —wz +a—a+V3B+b)>0 ,71,%,7%
wo +wg —a—a—+V3(B—->b)>0 (1,1,7%,7%
wo +wg —a—a+V3(B-b)>0 (1,1,—%,—%

(1,1,1,1,0,0)
(1,-1,-1,1,0,0)

e
o
%

%
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where the vectors are (wg,ws, a, a,3,b), found by intersecting any 5 of them and letting
wg = 1. Thus, by lemma 4.0.3, the extremal rays of K are obtained from the above
via the identification wy; = a + ¢ and wy = a + bi and we obtain v = Z?:O w;R; for

(U)Ov w1, w2, W3, Wy, w5)

vy~ (1,1,1,1,1,1)

1 3. 1 3. 1 3 1 3
van (L% - i, -+ i1, -1 - o3 -1+ 3
R A T
var(1,-1,1,-1,1,-1)
~ 1 3 1 Ve 1 V3.1 /3
v~ (L5 =504 —5 — 56 —L -5 + 54, 5 + 5719)
vors (g + i —f+ i -1 —f - i - 0

Now, as H is bijective, %MH is both row and column stochastic, so its Perron vector is %1,

and 2(0) =DleA %ew. Using (4.1) and theorem 3.1.2 we compute S (k) (in matrix form)

~ 1 ~ 1 4 ~ 2 3 ~ 3 2
$°(0) = =R, 5°(1) = —Ro+ R, 5°(2) = —Ri+ =Ry, 5°(3) = —Ro+-—R
(0) = gRo (1) = 3gRa+ 357 (2) = 3gR1+ 357 (3) = 3gRo+ 357
Letting Aj := Ay,, this gives A; = §; as usual, and
=1, X2 =1, X)) =1
%(n:—%—?u £<2>=—§—§i, 203 =1
%(1>:—§+?i, @) = -5+ 2 55(3) =1

and one checks from Fourier unicity and equation (3.1) that A\ + 2A2 + 23 = 5v3, which
by Dekking’s theorem is the discrete spectrum of H. Additionally, we have

—~ 3 — 1 —

xa(1) = -2, xa(2) = =, Xa(3) = =
4(1) 5 4(2) - 4(3)

—~ 3 3V3 —~ 1 V3 —~ 1
X5(1) = — + —1, A5(2) = —— + —1, A5(3) = =
5(1) m m 5(2) o 1o 5(3) s
—~ 3 33 —~ 1 V3 —~ 1
Xe(1) = — — /=4, X6(2) = —— — —4, Xe(3) = =
6(1) m m 6(2) o 1o 6(3) S

from which one can see that Ay + A5 + A¢ is equal to v3 = A for some (singular continuous)
measure A on T, as the Fourier coefficients which are not multiples of 3 all vanish and A
is invariant for the times 3 map on T. We know it is continuous as it is singular to vs,
which is the entire discrete spectrum of H by Dekking’s theorem, and it is singular as it has

nonvanishing Fourier coefficients, and so opax ~ wy * V3 + wy * 3 * X is purely singular.
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Chapter 5

APPENDIX

The appendix is in two sections, the purpose of which is to prove theorem 3.3.1, extended
from Queffélec’s results for substitutions of constant length on AN. First, however, we need
to extend [22, Corollary 7.1] of Queffélec which allows for the diagonalization of a strongly
mixing matrix of measures on the circle group, which we treat in some detail as Queffélec’s
treatment is scattered throughout her text and omits enough details that an a prior: ex-
tension to our setting is not possible. Moreover, we extend the result significantly, allowing
for the diagonalization of a matrix of measures ergodic for a continuous transformation on

a compact metric space.

5.1 Generalized Functionals on M(X)

Let X be a metrizable compact space. By a measure (on X ) we mean a complex Borel
measure of finite total variation |u|, and denote by M := M(X) the Banach space of
measures on X under the total variation norm |u| := |u|(X). Let M* denote the Banach
space dual of M consisting of continuous linear functionals M — C. We extend the notions
of absolute continuity, mutual singularity, equivalence of measures, almost-everywhere, and
null-sets to complex measures using their total variation measures.

For pe M, let L(u) :={v e M : v « u} be the L-space for u, consisting of all measures
absolutely continuous with respect to p. The Lebesgue decomposition theorem implies that
L(p) is a closed subspace, and that M = L(u) @ L(u)*, where L£(p)* is the set of all

measures mutually singular to p. Let D,, denote the projection of M onto L£(u).
Theorem 5.1.1. For € M, there exist isometric isomorphisms 0y, 0y, such that for v < p,

Out L(p) = L' (p) with dv = oyvdp and Oplewy = Ouv - Oy
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of + L(p)* = L*(p) with F(v)={y 0iFdv and 05|y = 05

The statements about ¢, follow immediately from the Radon-Nikodym theorem for complex
measures and those about 0% follow as L'(p)* is isometrically isomorphic to L () when
i has finite total variation. Here, the identity dv = J,vdp holds in the sense of the
Riesz Representation theorem - as continuous linear functionals on C(X). Using density
arguments, this extends to integration of L'(v) functions, so that v(A) = §, d,vdu for
A Borel, and they agree pointwise as measures. In this sense, we can think of L£(u) as
L'(u) dp, and multiplication by d,v is a map from £(r) — L(u). We now describe a similar
localization of M* using the maps Jj;, and giving rise to an action on M used by Queffélec.

A generalized functional ¢ on M is an association pu — ¢, € L% () from M to essentially

bounded functions on X such that for all u,v € M

VL = py =9y v-ae and lel == SUpP|uj=1 ol ooy < 00

By the above theorem, it is clear that y — QZF takes every F' € M™* to a generalized
functional. Moreover, each generalized functional ¢ determines a functional on M given by

F(v) := §y ¢vdv with |¢| = | F||, which follows from a result of Sreider, see [29, Thm 1].
Theorem 5.1.2 (Sreider). The dual M* coincides with generalized functionals on M.

As our measures have finite total variation, L®(u) < L'(u) for all 4 € M and we can
compose the maps (9;1(3: 1 L(u)* — L(p), sending F +— 0 F'du, and so M* acts on M by

M*x M —> M sending Fiu— F-p with d(F-p) = 0, Fdu

A map ¢ : M — M is absolutely continuous if ¢ : L(p) — L(p) for all p e M.
Proposition 5.1.3. M™* acts on M is by absolutely continuous commuting operators.

Proof. The action is absolutely continuous as 6,;1 o d; is a map into L£(u) and so v < p

implies F'v « v « u. For F,G € M*, theorem 5.1.1 tells us that GE,MF =0, € LY(G-p) so

A(F-G-p) = 06, Fd(G-p) = O Fd(G-p) = 0, F0,Gdp = 0%.,,Gd(F-p) = d(G-F-p)
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which shows that the action is commutative. O

We say F' € M* acts invariantly on p € M if there exists F,, € C with F-p = Fypu,
a constant multiple of . We refer to F), as the eigenvalue for F' on p. If v € L(p) then
F,, = F, v-ae by theorem 5.1.1 so that if F" acts invariantly on y, it acts invariantly on £(4)

with the same eigenvalue.
Proposition 5.1.4. If F'e M* acts invariantly on p,v e M* and F,, # F,,, then u L v.

Proof. 1f p e L(1) n L(v) is not 0, then F' will also act invariantly on p and the eigenvalues

will satisfy F, = F, = F),, a contradiction, and so the measures are mutually singular. [

We now discuss some preliminaries allowing us to extend the action of M* to matrices
with entries in M. For n > 1, let M,,(C) denote the space of n x n complex matrices and
M, := M, (X) the collection of M, (C)-valued Borel measures of finite total variation. For
W = (wij)i<i,j<n € Mn(X) we write [W| =}, ; |w;;| for the total variation measure of W,
so that A is |W|-null if and only if W(B) = 0 for every B c A, and by the following is a

similarity invariant (over C.) For readability, we will often denote w := |W|.
Proposition 5.1.5. If S € M,,(C) is invertible and W € M, (X), then [W| ~ |SWSL|.

Proof. If Ais [W|-null then 4 is w;;j-null for 1 < 4,5 < n, and W(B) = 0, and SW(B)S~! =
0 for all B < A. Thus |[SWS™!| « [W| « |[SWS~ Y as W = S~HSWS™H)S. O

Integration with respect to W is done as follows: for f € L'(w) the integral SX faw e
M, (C) is the matrix with the integrals { fdws; as its components. All of the above notions
can be extended to rectangular matrices as well as vectors, although the square case is of
primary interest to us and we will not need the others beyond formalities. We abuse notation
by using the symbol 0 to denote both the zero matrix and zero matrix of measures, for any
dimension. A matrix of measures is positive definite if it is pointwise positive semidefinite
when evaluated on sets.

Extend the action of M* to M,, componentwise (as 07, F is a scalar function for F' € M*)

M* x My, — M,, sending FW+— FW with d(F-W) = d5FdW
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We say that F' acts invariantly on W € M, if there exists a Fyy € M, (C) such that
FW = WEFy (or = F)yWV) and refer to Fyy as a right (or left) eigenmatriz for F' on W.
As (F-W)* = F-W*

FW=FyW <« FW'=WE,

so that we may restrict our attention to pairs F, W for which the eigenmatrices act from the
right without loss of generality. Although in general eigenmatrices for a given functional F’

need not be unique, they must be whenever W(A) is invertible for some A ¢ X, as
FW =WFy —  Fw=W(A) !, d5FdW
Let M; denote the collection of such matrix measures, or
M; == {We M, : there exists A = X Borel with W(A) invertible}

Thus when F' acts invariantly on W e M, it makes sense to speak of the eigenmatriz Fyy
for the action of F' on W. For the action of M* on a matrix measure W, we have the

collection of (right) eigenmatrices of W, or
Eigg(W) := {B € M,,(C) : F-\WW = WB for some F € M*}

Proposition 5.1.6. For V e M, matrices in Eigp(V) are simultaneously diagonalizable.

Proof. If F,G € M* act invariantly on V € M;, then as the action of M* on M,, is

componentwise, we have F-G-V = G-F-V by proposition 5.1.3 and so
VFGy =G FV=FGY =VGyFy

so that, as V(A) is invertible for some A Borel, we can cancel and the eigenmatrices commute.
Now, suppose F' € M* acts invariantly on V € M ; we show that F) is diagonalizable. Let

A € C be an eigenvalue of Fyy and v € C" a generalized eigenvector of degree k > 0, so that
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(Fy—M)*v = 0. The claim will follow by showing that k = 1, as this implies the eigenvalues
of Fy are simple, and thus diagonalized by putting into Jordan form. As F-V = VF),

V(Fy = M)fv = (F =) Vv =0

where (F — \)* is the action of the functional p — F(u) — Au(X) on V, k consecutive times;

as 0p F'— XA € L*(v), this defines a generalized functional on £(v). The above then gives us
(O(F —NF =0 Vv-ae — 0F =\ Vv-ae

where v := |V|. In particular, this shows VFyv = F-Vv = A\Vv and we have Fyv = \v as
V e M;. Thus, v is an eigenvector for Fy, and the eigenspaces of Iy are one-dimensional,
so that Fy is diagonalizable.

Thus Eigg (V) is a commuting family of diagonalizable matrices, and therefore can be
simultaneously diagonalized, as commuting matrices share invariant subspaces and diago-

nalizable matrices have one-dimensional invariant subspaces spanning their domain. O

5.1.1 Diagonalization of Ergodic Matrices of Measures

For a continuous Z? action S on X, let M(X, S) denote the collection of S-invariant complex
Borel measures on X; note that distinction from the prequel, where it represents only
the positive probability measures. Restricting to S-invariant probability measures gives a
compact convex set, the extreme points of which are ergodic and mutually singular. By
ergodic decomposition, M(X,S) is the C-span of &€ = £(X,S5), the ergodic S-invariant
probability measures, see [30].

For each u € M(X,S) we have the o-algebra (where A denotes the symmetric difference)
B, = {A c X Borel such that AAS*A is p-null Vk € Z%}

consisting of the p-ae S-invariant Borel subsets of X. The simple functions over this o-
algebra generate a closed subspace of L?(u) which we denote L?(p, S) and the orthogonal
projection E,, : L?(u) — L?(u, S) sends f to E,(f) = E(f|B,), the conditional expectation
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of f given the o-algebra of pu-ae S-invariant Borel sets. Then the ergodic averages

Ap(f) = # Dkefo,m1] f © Sk

converge to E,(f) in L?(pn) as m — o0, by the mean ergodic theorem.

Using this, we construct a collection of functionals on M determined by a bounded
Borel function on X. For such a function, f, the ergodic averages A,,(f) are all bounded
by the supremum norm of f, so that |E,(f)|w < [f|e and E,(f) € L*(un). As all our
measures have finite total variation, L? convergence implies convergence in L', and so
subsequences of ergodic averages converge pointwise almost everywhere with respect to an
invariant measure. Thus, if v « p are both invariant, we can pass to the almost everywhere
pointwise subsequential limits of A, (f) and show that E,(f) = E,(f) v-ae. Thus, for each
bounded f, the map p — E,(f) gives rise to a functional on M(X,S), a closed subspace of
M, which can be extended to M via the Hahn-Banach theorem; let [ f] denote the collection

of all such extensions. Thus, we obtain:

Proposition 5.1.7. For each bounded function f on X, there exists a nonempty collection

of functionals [f] = M* such that F' € [f] and p € M(X,S) give 0;F = E,(f) p-ae

Note that for every F € [f] and p € M(X,S) we have F(u) = § E,(f)dp = § fdu as
X is always an invariant set, and E,(f) is the conditional expectation. We use the above
to prove a diagonalization result for ergodic matrices of measures relative to S : X — X
continuous. Let M, (X, S) denote those measures in M,, all of whose components are in
M(X,S). A matrix of measures W € M,,(X,S) with total variation w is ergodic provided
for all f,ge L?(w)

#Zke[o,ml] Sxfo S7KgdW — Sx faW §x gaw (5.1)

as m — o0. Characterizations for mixing are similar, and just as in the n = 1 case, mixing
implies ergodic by looking at component measures, and so the familiar Fourier characteri-
zations for mixing hold in this setting as well. Note that in the above, we do not include the

case where the limits converge to (S gdW) (S f dW) as possibilities, as the following theorem



75

shows that these matrices will always commute as long as the matrix of measures is ergodic.

We say a matrix of measures W is diagonalizable if there exists a Q € M,,(C) invertible
with QWQ ™! a diagonal matrix of measures; the measures appearing on the diagonal are
called etgenmeasures of W. Recall that M} is the collection of n x n matrices of measures

which are invertible on some Borel subset of X.

Theorem 5.1.8. If W € M, (X,S) n M; is ergodic, it is diagonalizable with ergodic

etgenmeasures. If VW is mizing, so are its eigenmeasures.

Proof. The result is almost an immediate consequence of propositions 5.1.6 and 5.1.7. For
every A < X Borel and F' € [14], consider the measure F'- W e M,,(X). As W is ergodic,
for g e C(X)

m—0o0

J gd(F-W)zf é’Zngsz Eo(14)gdW = lim Am(]lA)gdWZW(A)J gdw
X X X X X

by the Lebesgue dominated convergence theorem and the mean ergodic theorem. As mea-
sures in M(X) are characterized by integration against continuous functions, this implies
that F'- W = W(A)W, and so W(A) € Eiggr (W) for all A < X Borel. By proposition 5.1.6,
all the matrices W(A) for A Borel are simultaneously diagonalizable over C, and there exists
a matrix Q € M,,(C) such that QW(A)Q~! is diagonal for all A = X Borel. This implies
that QWWQ ™! is a diagonal matrix of measures, and so W is diagonalizable over C. The

claim of ergodicity and mixing follows as

Q(§faw) Q™ =§rdQwQ)

and using the usual descriptions of ergodicity and mixing. O
5.2 Proof of Queftélec’s Theorem
In this section, we prove our extension of Queffélec’s theorem 3.3.1, which states:

Theorem. If S is an aperiodic q-substitution on A, then for Ay = v'X,

Tmaz ~ Wa * Diweicr Aw
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Moreover, the measures Ay, for w € K* are strong-mizing (of all orders) for the q-shift.

Recall that all our g-substitutions S on A have been telescoped so that S and S® S

have index of imprimitivity 1, see proposition 1.2.2. For such substitutions, note that both

) g (")
R @R
(5.2)

P :=lim, o &Mg and P :=lim,_e &M}S}@S = lim, & Zj<qn
exist using the primitive reduced form of proposition 1.2.2 and results in [14, Chap III §7],
and they converge to nonorthogonal projections onto the (J-eigenspaces of the substitution

and bisubstitution matrices, respectively.

Proposition 5.2.1. Let S be a be a q-substitution on A. If, for k € Z¢ and n > 0, we write

O = Ve R{V ORI € M2 (C)  then Gy 1= limyoo CY € M g2(C)

exists for every k € Z2, and are Fourier coefficients for a matriz of measures Z € M 42(T9).

Proof. For we A" and n = 0, let hfun) be the vector in C* recording the frequencies with

which w appears in superblocks 8™ (), so that for each vy € A,
e*h(V ;= 1/Qr Card{je 2% : w < TIS"(v)}

Although such frequencies are known to exist in general, we show it here for completeness.

Lemma 5.2.2. If S is a q-substitution on A, then lim,_, 4 hSJn) exists for every w e A"

Proof. See also [22, Proof of Prop 10.4]. If w is a subblock of S"P(y) for n,p > 0, then
either: w appears as a subblock of §"(«) for some « appearing in SP(7), or w overlaps
two or more such blocks. First, the number of ways a can appear in the SP(7y) is given
by e MZe,. Second, suppose supp(w) is contained in [j,j + k) for some j, k € Z%, then the
number of ways w can overlap multiple such blocks is bounded by QPCard(A,(k)), as j will
be translated into one of the QP subblocks of [0,q"*P) in the q"Z¢ lattice. This gives

2 Lp(8"(a))el Mbe, < Lp(S™P (7)) < QPCard(A,(k)) + 2 Lp(S"(a))e;Mbe,
acA acA
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Dividing through by Q™' and writing in vector form gives the componentwise inequalities

An(k
@hZMp <hi,, < Cardé)n())l + @h;M” (5.3)

where 1 is again the vector of 1’s. Letting p — o0, we have

Card(An(k)) P

h;P <liminfhy , <lim sup hy

P P n+p

Moreover, the first inequality in (5.3) together with the identity MsP = QP gives h*P <
hy P so that, as 0 < hj; < 1 and P is nonnegative, the limit h} := lim;,,.,, h}jP exists.
Letting n — o0 in the above inequalities and using lemma 2.1.1 shows that the limit of h?

exists, as h%, < liminf, ., hj <limsup,_,,, hy < h%,, completing the proof. O

We now proceed to prove the corollary, see also [22, Prop 10.4]. By the partition formula
2.3.5, [w] = l—'(j,n)eS*"(w)Tan[n] where

S7"(w) = {(G,n) € [0,d") x AT : supp(n) = |j + supp(w)],, and w < TIS"(n)}

so that hg, " s counting those pairs (j, ) for which supp(n) = 0, i.e. whenever ¢, (j, supp(w))
(n)

0. In the case where w is the block sending 0 — « and k — (3, this means hg,”’ is under-

counting, while ) R(n) ® R( Lk Is overcounting (as in the proof of proposition 2.3.7),

je[0,q™
S™"(w) by a bounded factor of Card(A,(k)). Thus, the above limits exist for every k € Z.

Now, for w € T% and k € Z¢, write

Za(w) = & Dij<qn RJ@ ®7?,i(n)wi_j where  wk = (Wi ... wsd)

Viewing Z,(w)dw € M 42(T%), for a8, vd € A? the total variation norm of €, 532n€ys 18

1 * n —j n i
He;ﬁzne’ﬂsH = J;m ‘ez,BZn(W)ewé‘ dw = o J’er ’ Z (eaRJg )eww ‘])(GZRi( )95W )|dw
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Using the Cauchy-Schwartz inequality, this gives (where s = Card.A)

_ 1/2 2\ Y
HeaBZ ew” (J}Zan iR(")e w J‘ dw (J|Zi<qne2§7€§")e5w’ )
1 n 1/2 . 1/2 1 . .
N @(qun(em} ‘e.)?) (qun(ei‘ﬂ%ﬁ les) = Qn (eXMie,)? (ehMies)? <1

as ez"Rl((")e,,g =0or 1, and Mg = >, _.n R}"). As |Z,|| < s*, the measures Z, are uniformly

bounded and a subsequence converges in the weak-star topology to some measure Z. However, as

Z0(K) = g Njeqr RV ORI

the Fourier coefficients have unique limits, so Z is the unique limit point of this sequence and

2(k) = limp oo Zn(K) = lim oo g g RV @ R{T),

j<qm

completing the proof. O

The matrix Z = (O’Z[g)ag’,y(ge 42 is the bicorrelation matriz, after Queffélec. Note that in

the definition of Z, the limit above can be split at p g-adicly writing

Sy e L () w» 1 (n—p) (n—p)
200 = lim =0 1 o™ © Ritkgn = [02 p)RUJp ®Rj) +1k], +ep ()
J q"T

so that one has an identity for Z similar to that for ¥ in theorem 3.1.2:

Z(k) = lim LZ, R @R ! Z RS "@RIZ (K], + (3, k)) (5.4)

j€[0,q™) itk T op [0,qP)" J

For k = 0, the first equality gives ZA(O) = P and, by lemma 2.1.1, as p — o0 in the second,

Z=Z2Z(0)=ZP (5.5)

Proposition 5.2.3. The matriz of measures PZ € M 42(T9) is diagonalizable over M _42(C)
with eigenmeasures strongly-mizing of all orders for the q-shift (T, Sq)-
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Proof. First, we show that PZ is an invariant matrix of measures for the g-shift: for a € Z¢,
PZ(aq) = PZ(a) (5.6)

by the same operations used in §3 to show (3.5). Now, fix a,b € Z% Then, expressing

ke [0,q""P) asi+ jqP fori<q? and j < q",

= 1 n n
Z(b +aqf) = lim Y o RIMP QR
i<ql,j<q"

n—w QN i+jqP+b+aq?

li !
T
naoanJFp i<qglj<q® 1

(P) 1> (1) (p) (1)
RRY @ R R Vatesim)
using the identities in (2.4). Using the mixe roduct property of the Kronecker product
ing the identities in (2.4). Using the mixed product property of the K ker prod

(see §4.3) the above computation for Z (b + ag”) continues as

~

: 1 () () (n) (n) 1 () () .
Jim Qn+p2i<qp (R; ®Ri+b2j<anj O Ry ave, (b)) = @qupni @ RitpZ(a+ (i, b))

As Z = ZP, we let p — o0 and use lemma 2.1.1 again as in the proof of proposition 2.3.7
lim, ... PZ(b + aq?) = PZ(b)PZ(a) (5.7)

so that PZ defines a strong-mixing matrix of measures with respect to the g-shift on T
That it PZ is strong-mixing of all orders follows just as in the above, using the exponential
rate of convergence of lemma 2.1.1.

To finish, we need to extend theorem 5.1.8 to PZ, which says that an ergodic matrix of
measures which is invertible on some Borel set is diagonalizable with ergodic eigenmeasures,
although PZ may not ever be invertible, as P is a nonsymmetric projection operator.
As identity (5.5) gives PZ = PZP, the matrix of measures PZ is zero on the kernel
of P, and will be diagonal on that subspace with respect to any basis for the kernel of
P. Thus, we can restrict to the image of P, where P is the identity. This implies that
PZ(T) = PZA(O) = P? = P is the identity on the image of P, so that we may consider
PZ e M; as an operator valued measure on the image of P. As PZ is strong-mixing for
the qg-shift, theorem 5.1.8 tells us that PZ is diagonalizable with respect to the image

of P. As both the image and the kernel are invariant subspaces for PZ (in particular as
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7527(0) is invertible on image of P), it follows that PZ is diagonalizable. Ergodicity of the

eigenmeasures follows from the strong-mixing property of PZ. O
Let Z be the matrix of measures (ag‘;)a%ﬂ(ge 42, noting the change in indexing.
Lemma 5.2.4. The matriz Z is a positive definite matriz of measures.

Proof. Let {tay}ayeaz = C. Denote by y the measure pu:= 3}, 5 twt?gag‘;. We will show
that p is a positive measure by showing that its Fourier coefficients form a positive definite
sequence, and appealing to Bochner’s theorem. Thus, we fix n > 0 and let {a;};c[0,qn) be a

sequence of complex numbers: we are interested in the nonnegativity of

S aagii-k =Y Y adtatnelyi- k)

Jk<q™ ay,B86 j,k<qm

For j,k € Z¢, note that

=5 o 1 .
o5~ k) *,3520* > easRM @RI yeys = lim 3 (eER{\ey) (€5 jes)
i<q® i<qm®

as the definition of R(™) gives invariance of the sum under translation in its index (i — i+k)

and the defining property of the Kronecker product. Thus, for any n > 0, and {ax }x<q» < C,

RCCTIIY g;ngr 5 XX ((onterelRien tinesR o)

J.k<q® av,86 jk<q™i<q™

Z Z altme*RlJr)kevH =0
i, k<q"™ yaec.A?

and 50 {fi(k)}yeze forms a positive definite Z?-sequence. By Bochner’s theorem, y is a

positive measure on T%, and it follows that Zisa positive definite matrix of measures. [J
Corollary 5.2.5. Both Z and P preserve strong semipositivity on CA”,

Proof. As P = ZA(O) = Z(T?) and strong semipositivity of a vector-valued measure is
determined pointwise, the statement for P will follow from the statement for Z. Let v be

strongly semipositive. We must show that Zv = Zwe 42 UW“ZZ gives rise to a positive
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definite matrix of measures, or

; — 4
z*(2v)z = Za,ﬁeA 2766A2 ZQZBUWSUl,B

is a positive measure for every z € CA. As v » 0, there exists a orthonormal basis {w } x4 of
eigenvectors with eigenvalues A, = 0 (for k € A) such that v = > A\ ,w,w. By the above and
positivity of the )., it suffices to show for w € C# the expression > B %zgmwgazg gives

a positive measure. This follows immediately from lemma 5.2.4 by setting oy = zow,. [

Corollary 5.2.6. PZ is diagonalizable with respect to strongly semipositive eigenvectors.

Proof. We know by proposition 5.2.3 that PZ can be diagonalized, all that remains is the
choice of eigenvectors. Note that a priori the eigenmeasures are complex valued. As they
are strong-mixing, however, they are ergodic and thus constant multiplies of positive mea-
sures. As 752(0) — P is the identity on the image of P, it follows that A(0) = 1 for every
eigenmeasure A of PZ. Thus the eigenmeasures are in fact probability measures, and there-
fore are either equal or mutually singular by ergodic decomposition. Fix an eigenmeasure
A of PZ, and let D) be projection onto £(\). As P and Z preserve strong semipositivity,
we have Dy (P2Z) preserves strong semipositivity as well, which follows as this property is
determined pointwise on Borel sets. Thus, the matrix of measures D)(PZ) is similar (via
the same similarity diagonalizing PZ) to a diagonal matrix of measures, with A or 0 on the
diagonal, and so D)(PZ) = AP, for some projection operator Py € M 42(C). This, however,
implies that P, preserves strong semipositivity, and as strongly semipositive vectors span
CA” (as M, (C) is the C-span of the (semi)positive definite matrices) it follows that the im-
age of Py is spanned by strongly semipositive vectors. Thus the eigenspace corresponding
to each eigenmeasure A is spanned by strongly semipositive vectors, and we can therefore

choose a basis of strongly semipositive eigenvectors for PZ, as desired. O

Proposition 5.2.7. There is a strongly semipositive basis with respect to which Z is similar

A 0 . . .
to (W 0) where A is a diagonal matriz of measures, and |W| < wq * |A|

Proof. The specified basis is provided by proposition 5.2.3: let wy,...,w, be the strongly

semipositive eigenvectors for nonzero eigenmeasures of PZ, and wy,41,..., W 42 those cor-
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responding to the zero eigenmeasures. Then A corresponds to Z on the span of the w; and
W corresponds to Z on the span of the w;. That the last block column of Z is zero follows
as Z = ZP. That A is diagonal follows as P is the identity on the span of the w;, which
diagonalize PZ. It remains to show that |W| « wq * |A].

Let L = L(wgq*|A|) be the set of measures absolutely continuous with respect to > wq*A
as A ranges over eigenmeasures of PZ, and let Sq be the g-shift on T sending z — z9 or
t — qt( mod 1), writing Squ := po Sg* for measures p € M(T%). Note that the support of
|A| % wq is Sq-invariant, as the g-adic rationals and support of A is Sq-invariant. Similarly,
the null sets of |A|+wq are also Sg-invariant, and so it follows that L and L are Sq-invariant
L-spaces of measures; see also [22, Lemma 10.4]. Let D and D' represent projections onto

L-spaces L and L1, respectively. Writing w := > w;, then Pw = w implies Csw = Qw
Zw =Y \w;+ Ww = (CsZw=Q> \w;+CsWw and PWw =0

Using identity (5.4) and @(a) = [i(aq), one checks that SqZ = %CSZ, and so

1 1 1
Q Q Q"

as L and L+ are Sg-invariant. As PWw = 0, this implies Sg(DJ‘WW) — 0 in norm and

SqZw = Y Aiw; + —SWw = —CsWw = SWw — —CED"Ww = SiD Ww

SDLWw(0) = DLWw(0) = 0

As strong semipositivity is determined pointwise and the A\; € L, DJ‘(ZW) = D*Ww is
strongly semipositive, and thus 0. It follows that Ww = D(Ww). As the eigenvectors of

PZ for nonzero eigenmeasures span the image of P, it follows that [W| « |A * wq|. O

The following lets us compute the eigenmeasures of PZ, see §3.2 for a description of C*.
Proposition 5.2.8. The map v — Ay = V'Y takes K* onto the eigenmeasures of PZ.

Proof. Let X\ be an eigenmeasure and v strongly semipositive with v{PZ = Av’. Then

W =vIPZ=vIPZP=M'P — vP=v'



83

as Z = ZP, so that v is a left Q-eigenvector of Cs and so v, is constant for a € A by
primitivity and stochasticity of C's. As v is strongly semipositive, this implies that vaq # 0
and moreover, that v € IC. Now, if u is the Perron vector of Mg, (or if u, = p([]) for the

invariant measure p on Xg) then

Ay = vIX =viPY = vtPZ§](O) = )\thl(O) =\ Z Uy Uy = Avaa2u7 = Vga,
yeA

S0 A = Aw for some w € K. As PZ is diagonalized by strong semipositive vectors, PZ can

be written »; \;P;, where P; preserves strong semipositivity as in corollary 5.2.6. If v e K
viS = vIPZE(0) = Y MvIPE(0) = Y i)
with ¢; > 0 by lemma 3.2.3. Thus v — ) takes K onto the positive span of eigenmeasures

of PZ. As linearity preserves convexity, K* maps onto the eigenmeasures of PZ. O

Recall that theorem 3.1.4 relates ¥ and oy, and note that theorem 3.1.2 gives ¥ = Zi(O).
Corollary 5.2.9. The mazimal spectral type of (Xs,p) is equivalent to wq * | Z|.

Proof. Note that for o, 8,7 € A, O'ZI; = 0443, which can be seen immediately by comparing
the respective Fourier coefficients and using the identities Z = ZP and Pe,, = i](O) for

ve A. Let v = Vl% € C** be the vector (vopr) where, for some z,y € C not both 0,

z ifdf =9«
Vo/pr = Yy ifad/B =688

0 otherwise.

Then, as Zis positive definite, we have for all measurable A  T¢,

V*Z(A)v = |20 (A) + |y12 33 (A) + 270l (A) + yTo % (A) = 0

B
= [*00a(A) + ly[Poss(A) + 200 (A) + yTo5(A) > 0
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Let A be such that 04q(A) = 0, and let y = —1 in the above, so we obtain:

033(A) — 2oy, (A) ~To5(4) > 0

and letting x — o0 along the real and imaginary axes we obtain Ug';(A) = azg (A) =0, and

SO O'gg & Oqa- Letting 2 = —1, and y — o0 gives the corresponding result for og5. Thus,

0 § 6
12| = Xloasl ~ Lazploasl + Zars 0asl ~ 2loaal = X 0aa

as the 0,4 are positive measures, and the result follows as a corollary of theorem 3.1.4. [
With the above results established, we can prove Queffélec’s theorem 3.3.1.

Theorem. If S is an aperiodic q-substitution on A, then for Ay = V',

Tmaz ~ Wq * Diefcr Aw

Moreover, the measures Ay, for w € K* are strong-mizing (of all orders) for the q-shift.

Proof. Let S € M 42(C) be the similarity matrix of proposition 5.2.7, and A; denote the

eigenmeasures of PZ. Combining propositions 5.1.5 and 5.2.7 with corollary 5.2.9 gives
Omax ~ Wq * | Z] ~ wq * [SZS7H = Y wq * \i + wq = (W] ~ Y wq * N

Using proposition 5.2.8 and positivity of measures in A(K*) gives wq * D>, \i ~ wq *

Y wek# Aw- The strong-mixing property of the measures Ay follow from proposition 5.7 [
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