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University of Washington

Abstract

Simulations of Giant Planet Migration in Gaseous Circumstellar Disks
by Graeme Lufkin

Chair of Supervisory Committee:

Professor Thomas Quinn
Department of Astronomy

This work describes the construction, performance, analysis and results of smoothed-
particle hydrodynamics simulations of gas disks around Sun-like stars. We provide
a history of the Solar System and present the known extrasolar plancts data. We
simulate planet formation and evolution in a gaseous circumstellar disk using the
program Gasoline, and describe its implementation of gravity and hydrodynamics.
The construction of near-equilibrium gas disks is discussed. We describe the perfor-
mance and analysis of a large suite of simulations of these disks. These arc the first
fully three-dimensional, self-gravitating, boundary-free simulations of planet migra-
tion. After placing already-formed planets in gas disks, the migration and accretion
rates of the planets are measured. We find that planet migration is rapid and scales
linearly with the total disk mass. Contrary to the prediction of a lincar theory, planct
migration is independent of the planet mass. Planets will form gaps in their disks,
halting one form of migration, with a timescale that depends most sensitively on the
disk mass. In addition, the results of previous simulations of giant planet formation
via gravitational instability are confirmed. Additional planet formation triggered by

the perturbation of an already-formed planet is found and explored.
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Chapter 1

INTRODUCTION

The motion of the Sun, Moon, planets and stars across the sky invariably leads
the curious observer to ask why, and where, they came from. Cosmogony, the study
of the formation of the Solar System, is one of the oldest scientific endeavors. An-
cient Greeks gave the name planet to the wandering stars, distinguishing them from
the myriad othervﬁxed stars, but it was not until the Copernican revolution that
cosmogony and cosmology were revealed as separate fields of study. Observational
cosmogony reigned as Galileo’s pioneering use of the telescope revealed a system of
moons orbiting Jupiter, exactly as the planets orbit the Sun. Newton’s theory of
universal gravitation established a set of rules and a rudimentary scale for the Solar
System. Theoretical cosmogony was born when Kant and Laplace combined gravity
and angular momentum to suggest the nebular theory of formation. The 20th century
saw the onset of experimental cosmogony as meteorites revealed clues to the compo-
sition of the early Solar System and spacecraft visited the outer plancts. Finally, in
just the last few decades, observations of protoplanetary disks and Doppler-signatures
of extrasolar planets have promoted cosmogony to the study of the formation of all

planctary systems, not just our own.

In this introduction we discuss the scientific theory of planet formation and evolu-
tion to motivate the study of a particular aspect: the formation and orbital migration
of giant planets in gaseous disks around Sun-like stars. The results presented in later

chapters contribute to the large body of knowledge that forms the basis of modern



COSMOZony.

1.1 A Brief History of the Solar System

The current scientific understanding of how the Solar System formed is best told as

a short bedtime story.

More than four and a half billion years ago, a cloud of interstellar
gas and dust collapsed to form what became our Sun. The cloud material
that did not collapse onto the protosun was flattened into a protoplanctary
disk through the conservation of angular momentum. Viscous forces in the
disk lead to accretion onto the star until the present mass was reached.
Some 1-10 million ycars after forming, the gas disk dispersed, perhaps
due to strong stellar winds. In the disk, planets, moons, asteroids and
comets formed and began to interact. Over the next few hundred-million
years, collisions between large gravitating bodies became less frequent, as
most of the mass became part of a small number of large bodies. For the
next four billion years, the Sun made its way along the main sequence,
its steady shine slowly increasing on its way to a red giant. The Earth,
with its oceans of water, possibly delivered by comets, and its evolving
atmosphere of light gases, followed its orbit around the Sun, along with
eight other major planets, hundreds of moons, thousands of asteroids, and
millions of comets. Then, just yesterday, astronomically and geologically
speaking, we sprang up from bacteria in the primordial oceans and started

asking how the Solar System formed.

The previous story has been worked out over the past 250 years by astronomers
both theoretical and observational. Although a few details are known with great cer-
tainty, the next 250 years will see revisions, great and small, made to the explanation

for almost all phases. Here we briefly describe how the above description came about.



The age of the Solar System is known by radioactive dating of metcorites and
models of the evolution of the Sun. The nebular hypothesis, first presented by Kant
and Laplace in the 18th century, states that the Solar System was formed by the
collapse of a cloud of gas, a star forming at the center and the remains flattening
into a circumstellar disk. Observations reveal that molecular clouds are ripe with
star formation (Hester et al., 1996; Thompson et al., 2002; Muzerolle ct al., 2004),
and simulations confirm that clouds can collapse into stars with surrounding disks
(Bate et al., 2003a). Circumstellar disks were first observed in the 1960s as an excess
emission of infrared radiation from young stellar objects (Mendoza V., 1966, 1968).
We now know the emission is due to dust mixed through the gas disk, making up just

a small fraction of the total mass (Rucinski, 1985).

The total mass of the protoplanetary disk remains a subject of debate. A lower
bound of 0.01 M, can be derived by extrapolating the masses of the existing planets
(Hayashi et al., 1985). This is called the minimum mass solar nebula. The mechanism
for dispersing the gas is also unknown. Possible solutions include accretion onto the
protosun, strong stellar winds and photo-evaporation by nearby sources of ultraviolet

radiation (Hollenbach et al., 2000).

Both during and after the lifetime of the gas disk, solid bodies played an important
role. Interstellar dust grains, condensates from the gas and, beyond the snow line, ices
are a source of micron-size solid bodies. The growth from dust to meter and kilometer-
size bodies, a range of nine orders of magnitude, is the least-well-understood phasc
of planet formation. Two possible mechanisms are gravitational instability of a thin
disk of solid bodies and coagulation via an unknown sticking mechanism. Collisions
between small solid bodies could be enhanced by turbulent viscosity in the disk. A
review of this period of planet formation is Weidenschilling and Cuzzi (1993). Gas
pressure forces cause the orbital velocity of the gas to be sub-Keplerian. Solid bodies

larger than a kilometer will decouple from the gas and move on Keplerian orbits.



Once the gas disk dispersed, the evolution of the debris of the Solar System pro-
ceeded as the interaction of point masses (Duncan and Quinn, 1993; Richardson et al.,
2000). A period of oligarchical growth led to a handful of bodies on roughly circular
orbits. During this “clean up” phase of formation, impacts between large bodies were
common, one forming the Earth’s Moon. The role of Jupiter and comets in forming
the Earth’s environment is actively being pursued (Raymond et al., 2004).

Here on Earth, fossilized bacteria show that life arose as early as a billion years
after formation. Whether life in the Solar System is unique to Earth is unknown, to
be tested soon by probes to Mars, Saturn’s moon Titan and Jupiter’s moon Europa.
The process of evolution presented by Darwin (1859) enabled us to understand how
complex structures arise and replicate so profusely (Dawkins, 1989). We are finally
able to ask meaningful questions about the origin of the Solar System and raise the

possibility of planet formation elsewhere.

1.2 Extrasolar Planets

The Solar System is no longer the only known example of planets orbiting a star. Since
1995, Doppler-shift measurements of nearby Sun-like stars have revealed hundreds of
new planets (Mayor and Queloz, 1995; Marcy and Butler, 2000), see exoplanets.org
for a current list. To date, the newly discovered planetary systems are all starkly
different from the Solar System. This is partially due to an observational bias, but
nonetheless reveals a previously unpredicted class of planetary systems whose origins
are not well understood.

The known extrasolar planets can be grouped into three rough categories: Hot
Jupiters, eccentric giants and multiple-planet systems. Hot Jupiters are planets on
almost perfectly circular orbits just a few tenths of an AU from their parent star,
ranging from one quarter to a few Jupiter masses. These planets are the most easily

detected, as they produce large oscillations in the Doppler shift of a star and require
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only a few days to observe an entire period of the orbit of the planet. Their near-
circular orbits are understood to be due to eccentricity damping via tidal interaction
with the nearby star. Eccentric giants are on orbits larger than 0.15 AU and have
eccentricities more than six times larger than the planets in our Solar System, on
average. The maximum observable orbital period is limited by the length of time
data has been collected. Finally, about ten percent of the stars with planets possess
more than one observed planet. Recent simulations reveal regions of orbital stabil-
ity in these systems where additional, lower mass planets could reside (Barnes and
Raymond, 2004).

The Hot Jupiters were a source of much debate in the years following their discov-
ery. There existence contradicted the conventional wisdom about planetary systems
gained from exploring our own Solar System. It was believed that giant planets formed
with little eccentricity in the cool outer reaches of the disk, and remained on those
orbits for their entire lifetime. When there were only a few known extrasolar plancts,
all Hot Jupiters, it was suggested that perhaps they werc merely planctary outliers,
brought to misleading prominence by the selection bias inherent in the Doppler shift
technique. As more planets on larger orbits were detected, it became clear that this
was not the case. While eccentric giants now outnumber them, Hot Jupiters remain
a sizable percentage of the extrasolar planet population. A theory of giant planet for-
mation will be incomplete if it cannot explain how these planets formed and cvolved.

The eccentric giants surprised astronomers in a different direction. Excepting
Mercury, all the major planets in our Solar System have eccentricitics below 0.1. It
was widely believed that large eccentricity in forming planets would be damped via
interaction with the protoplanetary disks.

In the mid-20th century, the discovery of the muon prompted physicist I.I. Rabi
to ask “Who ordered this?” Similarly, planetary astronomers never believed Jupiter-
mass planets with several-day orbits could exist, until they were detected. Nature

has once again revealed the limitations of our imagination, providing us with a host



of planetary systems strikingly different from our own. We are now faced with the
challenge of explaining these unasked-for planets. Two possibilities arise: the planets
formed at their present location or formed elsewhere and underwent some form of
orbital evolution. By examining our current understanding of giant planet formation,
we conclude that the second possibility is more likely. This is the motivation for the

work described in this thesis.

1.3 Giant Planet Formation

There are currently two popular theories of giant planet formation. Most likely, future
work will reveal that each possibility plays a role, depending on the initial conditions.

For a more detailed discussion of giant planet formation, see Wuchterl et al. (2000).

The first theory, the core accretion model, suggests that giant planets form by
growing a rocky core, then accreting a large gas envelope (Hayashi et al., 1985; Lis-
sauer and Stewart, 1993; Pollack et al., 1996). This scenario is also known as the core
instability, or nucleated instability model. A rocky core is built from the agglom-
eration of small solid bodies in the protoplanetary nebula. Above a critical mass,
determined by the density of planetesimals in the disk, gravitational focusing allows
a core to undergo runaway accretion until it depletes its feeding zone (Podolak et al.,
1993). Up to this point, this scenario is identical to the accepted theory of terrestrial
planet formation. If the core grows in the outer, cooler part of the disk, gas accretion
can occur, building a gas giant. To form a Jupiter-mass planet, it is believed that a
core of roughly ten Earth-masses is necessary. Gas accretion is also a runaway pro-
cess, and is limited by the opacity of the gas, as the envelope must radiate its thermal
energy to contract. The gas envelope becomes the great majority of the mass of the
planet. The timcscale for core growth is determined by the density of rocky material.
The timescale for gas envelope growth is determined by the temperature and density

of the gas. Using this scenario, Pollack et al. (1996) estimated a formation time of



1-10 million ycars for Jupiter, assuming a disk density three times greater than the
minimum mass solar nebula model. This is currently the accepted formation scenario

for the giant planets in our Solar System.

The core accretion model of giant planct formation has several advantages. It
builds upon an already-accepted framework, terrestrial planet formation. It allows
the formation of multiple planets. It explains the observed non-Solar abundances of
heavy elements in the atmosphere and the solid cores of the giant planets in our Solar
System. Finally, it also incorporates the formation of smaller Solar System denizens,
the asteroids and comets. The most significant difficulty of the core accretion model is
the timescale it requires. Although a large percentage of young stars have detectable
circumstellar disks (Beckwith and Sargent, 1993), the disks vanish by the time the
star is about ten million years old (Strom et al., 1993). To form giant planets via the
core accretion mechanism, the planet must form its gas envelope during the lifctime
of the gas disk. In the race to form gas giant planets before the disk dissipates, core
accretion is the tortoise, taking of order a million years to form Jupiter-mass planets.
In addition, the core accretion model cannot currently be directly simulated from the
beginning. The number of kilometer-sized planetesimals in a protoplanetary disk is
on the order of 10'2, well beyond today’s computational reach. All simulations thus
rely on the “particle-in-a-box” approximation or start with planetary embryos already

as large as an Earth-mass.

The second theory, the disk instability model, suggests that giant planets form
directly out of the gas disk, via gravitational collapse. The physical process is iden-
tical to the theory of spiral structure in galaxies, scaled down to solar system size.
In a circumstellar gas disk, a density perturbation will be sheared by the differential
rotation, forming a spiral pattern. The normal modes of oscillation are thus spiral
density waves. If the density in one of these waves becomes high enough, the en-
hanced local self-gravity will overcome the repulsive gas pressure, and the region will

collapse. This process is known as the Toomre disk instability, and is quantified by



the dimensionless Toomre () criterion (Binney and Tremaine, 1987).

Csk

@= 7GY (1.1)

where ¢, is the sound speed, « is the epicyclic frequency, G is the gravitational constant
and ¥ is the surface density of the gas. For a two—dimensional disk, linear analysis
reveals that, for @ < 1, the disk is unstable to an axisymmetric perturbation. This
is a global instability. Nonetheless, simulations indicate that @ is a good indicator
of a local instability, where the disk fragments into bound objects. In a circumstellar
disk, these clumps of collapsed gas are identified as gas giant planets. Simulations
suggest that three-dimensional, isothermal gas disks with ) as high as 1.4 may be
susceptible to fragmentation (Mayer et al., 2002; Lufkin et al., 2004).

The disk instability model of giant planet formation also has several advantages.
The formation timescale is very short, only several hundred years (making disk in-
stability the hare). It naturally, possibly even preferentially, allows the formation of
multiple planets. The most persistent criticism of the disk instability model has been
that it requires a disk that is inordinatcly cooler and more massive than the minimum
mass solar nebula model. Repeatedly, simulations have pushed down the disk mass
required for instability (Boss, 2000, 2002; Mayer et al., 2002, 2003). We now have
unstable disk models with disk masses only a few times greater than the minimum
mass solar nebula. The disk instability model also does not naturally explain the
presence of solid cores in giant planets, as are observed in our Solar System.

One element that both theories have in common is the location of the giant planets
they form: far out (several AU) in the disk. Both theories prohibit the formation of
giant planets at less than an AU from the central star, due to the larger Keplerian
shear and high temperaturc of the disk gas. How do we reconcile this with the
observed distribution of planets? Of the known extrasolar planets, fully 16% orbit
less than a tenth of an AU from their parent stars. As more planets are detected, it

becomes clear that close-in planets are not a statistical anomaly. We must therefore



explain how a giant planet moves from the cool outer regions to the hot inner core of

a circumstellar disk.

. 1.4 Planet Migration

Planet migration is the secular change of the semi-major axis of the orbit of a planet.
The most extensively studied theory of planet formation involves interaction between
a planet and the gas disk it is embedded in. Depending on the particular interaction,

this is known as Type I or Type II migration.

First, we briefly discuss some alternate scenarios for planct migration, ultimately
dismissing them. Planet migration via repeated scattering of small planctesimals has
been suggested (Murray et al., 1998; Hahn and Malhotra, 1999; Del Popolo ct al.,
2001; Cionco and Brunini, ‘2002)‘ There is evidence that, in our own Solar System,
Jupiter has migrated inward by repeatedly scattering comets. By looking at the or-
bits of Kuiper Belt objects, however, we see that Uranus and Neptune have migrated
outward (Malhotra, 1999). In addition, to move a giant planet in to a few-day orbit
would require an inordinate amount of planetesimals. Dynamical interaction between
multiple giant planets can induce large changes in semi-major axis and eccentricity.
The gravitational instability mode of planet formation is capable of producing scveral
planets with non-negligible eccentricity, which would definitely experience significant
orbital changes due to dynamical interaction. While this method of migration could
place giant planets on very small orbits, it would not do this preferentially. Also,
only about ten percent of the known extrasolar planets are in multiple-planet sys-
tems. While these mechanisms for planet migration are physically realistic and likely
do occur, in their current form they are not by themselves sufficient to explain the
observed distribution of extrasolar planets. See Lin et al. (2000) for a discussion of
other migration scenarios. We now turn to the theory of migration via interaction

with a gas disk.
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The mathematics of gravitational interaction between a disk and embedded object
was first developed by Goldreich and Tremaine (1978b) to explain features in the
rings of Saturn. It was immediately extended to the orbital migration of a planet in
a circumstellar disk (Goldreich and Tremaine, 1980). It is based on two principles.
First, that density fluctuations in a differentially rotating disk are wound into a spiral
shape. Second, that a tightly wound spiral pattern can be treated via a Fourier
decomposition. Here we briefly explain the physical processes behind Types I and
II migration, then discuss previous theoretical and simulation-based results. Note
that although the application of spiral density waves to planet migration shares some
terminology and mathematical structure with the Lin—Shu spiral density wave theory
of galactic structure, it is not exactly the same theory.

A planet gravitationally affects the gas disk it is embedded in. These perturbations
take the form of spiral density waves excited at Lindblad resonances of the planet
(Goldreich and Tremaine, 1979; Ward, 1986). Because a spiral is non-axisymmetric,
the perturbed disk acts back on the planet, exerting a net torque. The inner waves
carry negative angular momentum, moving the planet outward and disk material in.
Similarly, the outer waves carry positive angular momentum, sending disk material
outward and the planet in. In a wide range of models for the radial density distribution
of the disk, the outer torque is larger than the inner, leading to an overall change in

the orbit of the planet (Ward, 1986).

1.4.1 Theory

By making several approximations, the torque due to spiral density waves can be
calculated, yielding a migration timescale as a function of the parameters of the disk
and planet. Here we discuss the steps, without presenting the mathematics, and
quote a final result. For a detailed presentation of the mathematics, see Goldreich
and Tremaine (1978a, 1979, 1980); Artymowicz (1993); Ward (1986, 1997); Tanaka
et al. (2002).
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First, the potential of the planet is expanded in a Fourier series. This expansion
identifies the Lindblad resonances of the planet: locations in the disk that fecl the
periodic forcing of the potential of the planet. By linearizing the equations of motion,
it can be shown that density builds in these regions and is propagated away from
the planet as a wave due to the differential rotation. The waves dissipate in the disk
via turbulent viscosity and nonlinear shocking. This process serves to move cnergy
and angular momentum from the excitation site, the Lindblad resonances, to the
dissipation site, farther in or out in the disk. The exchange of angular momentum is
a torque on the planet and disk material, causing a change in their orbits. To first
order, this change affects only the semi-major axis, not the eccentricity. By assuming
a form and location for the dissipation, the total amount of torque can be calculated.

Historically, the above process was carried out and the migration timescale for
proto-Jupiter in a minimum mass solar nebula was estimated at a few times 10*
years. Refinements were made, including recognizing the effects of gap formation,
corotation resonances and a three dimensional disk. A recent estimate by Tanaka
et al. (2002) gives a migration timescale of 8 x 107 years for an Earth-mass planet at
5.2 AU. They also provide an expression for the inward migration rate, in which we

have substituted the parameters for our simulations to obtain

4y = —2175 (1—1\‘%) (Mj\%) AU/yr (1.2)

where Mp is the total mass of the disk and M, is the mass of the planet.

The mathematical treatment of the physical process described in the preceding
paragraphs is known as Type I migration. If a planet opens a gap in the disk, there
will be no disk material at the Lindblad resonances to excite, and therefore no Type
I migration. A planet forms a gap if its tidal torque exceeds the viscous force for
material on nearby orbits (Lin and Papaloizou, 1993; Takeuchi et al., 1996; Rafikov,
2002). There are several criteria for gap formation, boiling down to a critical planct

mass. Even after forming a gap, the planet can still migrate if there is an overall
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source of viscosity in the disk. This is known as Type II migration. In this case,
the planet and the inner and outer portions of the disk will move inward together
with the viscous timescale. In general, this is much longer than the Type I migration
timescale. To quantify the viscous timescale, most researchers assume a parametrized
form for the effect of viscosity in the disk, known as an « prescription (Shakura and
Sunyaev, 1973).

The discussion above has not considered changes in the eccentricity of planets in
gas disks. Although there is a body of work addressing this, we have omitted its
discussion based on its added difficulty and because we did not observe large changes
in eccentricity in our simulations of this phenomena. See Lin et al. (2000) for a

discussion of eccentricity evolution.

1.4.2  Simulation

Many simulations have been performed to test the assumptions and predictions of
the theory of Type I and II migration. The most important approximations made
in the theory of Type I migration are the linear response of the disk to the planct,
ignoring the self-gravity of the disk, and approximating the disk as two-dimensional.
All simulations capture the possibly non-linear response of the disk to the planet,
but only recently have simulations been performed where the self-gravity and three-
dimensional nature of the disk are embraced.

The majority of simulations of disk—planet interaction have been performed with
two-dimensional Eulerian grid codes. This technique limits the spatial resolution to
the grid size and requires a prescription for boundary conditions. Using such grids,
gap formation has been investigated by Kley (1999); Bryden et al. (1999); Lubow
ct al. (1999). Nelson et al. (2000b) compared three different grid codes, finding rapid
Type II migration.

Recently, D’Angelo et al. (2002, 2003) have used a system of nested grids to

achieve excellent spatial resolution close to the planet. Their findings indicate that
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the circumplanetary material can have an important effect on the orbit of the planet.
Their gap formation simulations confirm that accretion slows but does not stop after
a planet has formed a gap.

Three-dimensional grids have been used by Bate et al. (2003b), ignoring the self-
gravity of the disk. They found the migration rate to vary with the planet mass as
predicted by Tanaka et al. (2002).

Smoothed particle hydrodynamics (SPH) is a Lagrangian simulation technique
that has seen great success in other areas of computational astrophysics. Only re-
cently has it been applied to solar-system scale problems. Nelson et al. (1998, 2000a)
compared a grid code with SPH while studying the formation of spiral waves in un-
stable gas disks. Also, Schéfer et al. (2004) has used SPH to simulate the migration of
one and two planets in a gas disk, in the two-dimensional approximation and ignoring
the self-gravity of the disk.

The effect of magnetic fields in the disk has been studied by Papaloizou and
Nelson (2003); Papaloizou et al. (2004); Nelson and Papaloizou (2003, 2004) using a
two-dimensional grid. Contrary to many other simulations, they found migration of
several-Earth-mass planets to be non-secular, with disk torques fluctuating rapidly
over the orbital period of the planet.

Self-gravity of the disk has finally been included by Nelson and Benz (2003a,b).

Their results are similar to ours, and are specifically discussed in Chapter 5.

1.5 Goals

The challenge is to understand the nature of disk-planet interaction, specifically to
explain the presence of giant planets on small orbits about their parent stars. To
meet this goal, we performed simulations of disk—planet systems using the smoothed
particle hydrodynamics technique. In massive disks, we looked for planet formation

via the disk instability alone and with the trigger of an already—formed planct. In
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lighter disks, we examined migration of the planet through the disk. In this thesis,
we assume that planets form farther out in the disk, around the present orbit of
Jupiter in our Solar System. We also limit ourselves to Sun-like parent stars. By
measuring the migration rate of a planet, we tested the predictions of migration
theory. By using a new computational technique, we increase the robustness of the
pool of simulation results. This tool incorporates many physical aspects that have
hitherto been ignored in simulations. Namely, we include the self-gravity of the disk,

arc fully three-dimensional and have free boundary conditions.

1.6 Organization

The rest of the text is organized as follows. In Chapter 2 we discuss the equations
of motion for the disk—planet system and their computational implementation. The
subject of Chapter 3 is the process of constructing the initial conditions to use in the
simulations. Chapter 4 contains the body of a paper published as Lufkin et al. (2004),
giving an overview of the relationship between Types I and 1T migration, and results
regarding planet formation duc to gravitational collapse. More migration simulations
and results are presented in detail in Chapter 5. Finally, Chapter 6 discusses tools

used to visualize and analyze these and other simulations.



Chapter 2

EQUATIONS OF MOTION AND THEIR
IMPLEMENTATION

In the most fundamental sense, a gas dynamical simulation is a way of solving
the Boltzmann equation for some fluid. Of course we don’t solve the complete six-
dimensional Boltzmann equation, but rather integratc the Boltzmann equation over
velocity using the applicable collisional invariants. We then solve discrete versions
of those integrals, known as the equations of motion, given some initial conditions.
Details of performing the integrations to obtain the equations discussed below can be
found in, e.g., Battaner (1996); Shu (1991); Binney and Tremaine (1987).

The equations of motion relevant to a gaseous disk are the continuity equation,
the momentum equation, and the energy equation. Here we discuss each equation in

turn, detailing how the equation is used in the SPH simulations.

2.1 Brief Discussion df SPH

Smoothed Particle Hydrodynamics (SPH) is a way to model the physics of a contin-
uous fluid via a collection of particles. Each particle has an extended size and mass
distribution. This technique can be thought of as Monte Carlo sampling the fluid.
Each particle has various fundamental and composite attributes. The fundamen-
tal attributes are usually mass, position, velocity and gravitational softening length.
Composite attributes are determined by the state and configuration of other particles
or external factors, and may include smoothing length, density and diffusive energy

flux. Depending on the cquation of state used, energy can be either a fundamental
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or composite attribute.

SPH is a Lagrangian mecthod, preserving a fixed mass resolution. By using a
spatially varying smoothing length, it becomes spatially adaptive. By using a hierar-
chical multi-stepping scheme for integrating the motion of the particles, it becomes
temporally adaptive. It is particularly well-suited for problems with free boundary
conditions and large density contrasts. See Monaghan (1992) for a detailed review of
SPH.

The work described in this thesis uses Gasoline, a portable, parallel tree-based
gravity solver that includes an implementation of SPH (Wadsley et al., 2004). In
Gasoline, the integration of the momentum equation is second-order accurate, while

the energy equation is first-order accurate.

2.2 The Continuity Equation

Using the principle of conservation of mass leads to the first equation of motion, the

continuity equation. It is expressed by the equation:

%—I—V- (pv) =0 (2.1)

where p is the mass density and v the velocity. In the SPH formalism, mass is carried
by the particles and does not change as a function of time. Therefore, if no particles
exit or enter the system, mass is exactly conserved. This equation does not actually
appear in our implementation of SPH. Instead, the density at any point in space is

defined by the masses of nearby particles, weighted by the smoothing kernel:
p(r) = mW(r -1y, h) (2.2)
b

where the sum is over all the particles in the simulation, my is the mass of the bth
particle, r is the position, W is known as the smoothing function or kernel and k as
the smoothing length. The smoothing function represents the extended distribution

of mass given to ecach particle.
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2.2.1 The Cubic-Spline Smoothing Kernel

The smoothing kernel determines how nearby particles contribute to composite quan-
tities. The most commonly used smoothing kernel is the cubic-spline kernel. It is

spherically symmetric and has compact support. In three dimensions it has the form:

4
= (1-3E)"+3()") forr<h
_1
wh3

W(r,h) = < (2 - %)3 for h <r <2h (2.3)

FNT

(e}

for r > 2h

\

This is the kernel used in all the simulations described in this thesis.

If the smoothing length is not the same for each particle, there are multiple ways to
interpret SPH equations. For each occurrence of the smoothing kernel, which smooth-
ing length A do we supply? To calculate a smoothed quantity of particle a, the gather
interpretation uses h,, the smoothing length of the target particle. Alternatively, the
scatter interpretation uses hy, the smoothing length of the contribufing particle. We
use a symmetric combination, known as gather/scatter, where each occurrence of the

smoothing kernel is replaced by its average:
1
W(r, h) = 3 (W (r, he) + W(r, hy)) (2.4)

The gradient of the kernel is also replaced by its average.

In our simulations, each particle has its own smoothing length. This distance is
calculated dynamically as half the distance to the nth-nearest neighbor of the particle.
This prescription ensures that smoothing lengths will be small in regions of high
particle density. Choosing the particular number of nearest neighbors is a trade-off
between noisy estimates (small n) and smoothing out real small-scale features (large
n). The combined experience of the SPH community suggests that 24 < n < 50
yields an effective trade-off for a wide variety of simulations. We use n = 32 for

all the simulations discussed here. Note that, using the gather/scatter interpretation,
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exactly n particles will contribute to the gather part of the sum. The number of scatter

contributors will depend on the spatial configuration of the neighboring particles.

2.3 The Moméntum Equation

The zeroth-order solution to the momentum integral of the Boltzmann equation is

known as Euler’s equation:

Dv VP
AR LA (2.5)
Dt P

where £ = (£ 4+ v - V) is the convective derivative operator, P is the pressure and

® is the gravitational potential. The acceleration due to gravity (—V®) is calculated
using a tree (Stadel, 2001). The pressure gradient is calculated with SPH, using the
tree to find nearest-neighbors, yielding the acceleration on particle a due to pressure

gradients:

Dv, P, P,
= - § ) Y IIa va” a 7h 2.6
Dt ; " (pi p2 b) (x ts, h) (26)

where 11,5 is the artificial viscosity term discussed below. See Hernquist and Katz
(1989) and Monaghan (1992) for a discussion of the choice of the form of the momen-

tum equation.

2.8.1 Artificial Viscosity

Euler’s equation is exact for a dissipationless fluid. The next-higher order approxi-
mation, the Navier-Stokes equations, include terms that account for dissipation due
to viscosity in the fluid. In the astrophysical systems we are interested in, we can-
not resolve the molecular-level forces that give rise to viscosity. However, we can
parametrize certain known effects that take the same form as true molecular viscos-
ity. We then add this artificial viscosity to the momentum and energy equations
(equations 2.6 and 2.9). The artificial viscosity is designed to handle shocking in the

gas. In addition, it scrves to stabilize the numerical integration of the momentum
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and energy equations. The most commonly used form for artificial viscosity in SPH
is:
A (_aF 2 — . —
Hab — [} Pab ( QCap b + ﬂﬂab) for (Va Vb) (I‘u rb) <0 (27)
0 for (Va - Vb) . (I‘a — I‘b) Z 0

}_Lab(va e Vb) ) (ra - rb)
e — 1o + 2R,

Hab = (2 7&)

where barred values indicate averages over the two interacting particles, ¢ = \/m
is the sound speed, n = 0.1 prevents singularities, and « and 3 parametrize the linear
and quadratic terms. See Monaghan (1992) and Nelson et al. (2000a) for discussions
of this form of artificial viscosity. In addition, we use a Balsara switch to reduce
spurious viscosity in regions of strong shear (Balsara, 1995). In Section 5.3.3 we

examine the effects of varying the parameters o and f.

2.4 The Energy Equation and Equations of State

The third collisional invariant is the energy, yielding the encrgy equation:

Du P 1 '
2 I .ve (A 2.
for pV v+p( ) (2.8)

where  is the internal energy per unit mass, and I' and A are external heating and
cooling sources, respectively.
Without the heating and cooling terms and including the effect of artificial vis-

cosity, the SPH form of the energy equation we use Is:

Du Pa 1
S (S O

The continuity, momentum and energy equations provide five equations for the
six quantities p, v, u and P. To solve the system we use a closure relation, known as
the equation of state, which expresses the pressure as a function of the density and

energy: P = P(p,u). The choice for the equation of state determines what kind of
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a gascous system we are modeling. Here we describe three common choices for the

equation of state.

2.4.1 Isothermal

In an isothermal gas, the temperature remains constant through changes in density.
Such a process does not conserve energy, so we cannot use the energy equation. The
physical picture for such a process is of non-equilibrium energy due to expansion,
contraction and shock heating being immediately radiated away to infinity. For many
astrophysical simulations, the radiative cooling time is sufficiently smaller than the
dynamical time to justify this approach.

To simulate an isothermal system, we need the pressure of each particle to integrate
the momentum equation. Via the ideal gas law, the pressure of a particle is a product
of the local density and the local temperature.

For a circumstellar disk, the dominant source of energy will be the radiation from
the central star. As such, the equilibrium temperature should be dependent solely on
the distance to the star. Becausc we are interested in a thin disk, we ignore vertical
variations in the temperature.

To simulate this situation, the temperature of each particle is determined by the
cylindrical radial distance to the star. This temperature and the calculated density
(Equation 2.2) yield the pressure for each particle. This treatment is different from
Gasoline’s standard isothermal equation of state, where the temperature of each par-
ticle is fixed for the duration of the simulation by the initial conditions. The alternate
implementation was added to the code by the author. The code reads a set of pairs
of radial distance and temperature, composing the temperature profile table. Indi-
vidual temperatures are interpolated from this table using the radial position of each
particle.

Except where otherwise noted (see Section 5.3.4) we use an isothermal equation of

state where the temperature is a function solely of the radial distance in a cylindrical
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coordinate system.

2.4.2 Adiabatic

In an adiabatic gas, no heat is lost during changes in density. Following the First Law
of Thermodynamics, contraction and expansion of the gas can change the cnergy.
To simulate an adiabatic gas, we keep track of the PdV work done by each particle
during a timestep by using Equation 2.9. Note that work is also done by shock
heating, accounted for by the artificial viscosity term. The pressure of cach particle

depends on the adiabatic index, density and internal cnefgy: P = (v - 1)pu.

2.4.8 Cooling Time

In addition to the work done by adiabatic expansion and contraction and shock heat-
ing, external sources of heating and cooling can be included. Such terms can handle
physics that is not explicitly handled elsewhere in the simulation, for example radia-
tive cooling via two-body processes or heating from a constant ultraviolet background
source (Katz et al., 1996). Radiative transfer is believed to be important in a circum-
stellar disk, but is difficult to simulate realistically. Heat should propagate from the
central star onto the outer layers of the disk, be transferred through the disk, and
be re-radiated in the optically thin layers. Here we describe a parametrized form of
cooling that is attempts to capture some qualitative features of this process.

One form for the cooling term A is linear cooling with a constant cooling time:
Aq = Ug/Teoo- This form of cooling has been implemented in Gasoline by the author.
An alternative is a cooling time inversely proportional to the local angular velocity,
which has been shown to dramatically decrease the stability of circumstellar disks,
resulting in enhanced formation of giant planets via gravitational collapse (Gammie,

2001; Rice et al., 2003).
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Chapter 3

EQUILIBRIUM DISK MODELS: GENERATING INITIAL
CONDITIONS

To simulate the evolution of a circumstellar disk, we first need a starting condition.
We do not simulate the formation of the central star and surrounding disk, rather we
want a well-formed disk in equilibrium. We will then insert a planet into the disk and
simulate the evolution away from the equilibrium state (see Chapters 4 and 5).

Expressions for the density, tempcrature and velocity in the disk completely specify
the system. We will choose a functional form for parts of these distributions and derive
the equilibrium values for the remaining variables. We then discretize the equilibrium
state using a source of random numbers. The discretized system is then suitable for

numerical simulation.

3.1 Equilibrium Conditions

The equilibrium state we seek is an azimuthally symmetric, differentially rotating
disk; Equilibrium pressure forces keep individual parcels of gas on vertically sup-
ported circular orbits. Working in heliocentric cylindrical coordinates (r, 8, z), the
disk extends from 7 = R;, to R,,. For a circumstellar gaseous disk, the important
physical forces are the gravity of the central star, the self-gravity of the disk and gas
pressure forces. We specify the complete temperature profile and radial component
of the density profile. We then solve for the vertical component of the density dis-
tribution. The equilibrium circular velocity then exactly balances the physical forces

arising from the distribution of mass in the disk.
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Forces due to disk self-gravity and pressure support will be small relative to the
gravity of the central star because we are using a disk mass small (at most one-fifth)
in comparison to the mass of the central star. Thus we will make approximations to

find analytic expressions for the equilibrium state.

3.1.1 Temperature Profile

Although our simulations are three-dimensional, we pick a simple temperature profile
with no vertical dependence. This choice is motivated by our belicf that, in the thin
disks we are interested in, the distance from the central star is the most important
factor determining the temperature in the disk.

The temperature profiles of circumstellar disks around Sun-like stars are not well
known. Most investigations choose a power-law model for the temperature profile,
T(r) o« 779, and attempt to find the appropriate index ¢. For example, by fitting
infrared spectra, Beckwith et al. (1990) found that many young circumstellar disks
had profiles with ¢ = 1/2. Theoretical models of a thin disk heated only by stellar
irradiation give ¢ = 3/4 (Beckwith and Sargent, 1993). In our own Solar System,
cosmochemical evidence from meteorites suggest much hotter temperatures than the
scale set by either of these power laws (Boynton, 1985; Boss, 1998). We assume that
either such high temperatures occurred only briefly, or that the midplane temperature
can be much greater than the surface temperature. Boss (2002) used a profile derived
from calculations of radiative trénsfer, finding a very steep ¢ = 3 profile within 4-
9 AU. See Boss (1998) for a review of temperature profiles in circumstellar disks.

We choose the power-law profile

. -1
T(r,z) = T(r) = Ty (%—) (3.1)

0 .
where r, sets the length scale of the system, where the temperature is 7p. This
choice yields a disk with constant aspect ratio (i.e. the disk is not flared). This is

largely a choice of convenience, and has been used in several previous simulations of
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similar disk—planet systems (Lubow et al., 1999; Kley et al., 2001; Bate et al., 2003b;
~ PPapaloizou and Nelson, 2003; Nelson and Papaloizou, 2003; Papaloizou et al., 2004;
Nelson and Papaloizou, 2004). Using ¢ = 1/2 is also common (Nelson et al., 1998;
Nelson and Benz, 2003a,b).

3.1.2 Density Distribution

To find the vertical density distribution in the disk, consider the forces acting in the
vertical direction on a parcel of gas at radius » and height z. Imagine the parcel to be
a cylinder with cross-sectional area dA = r dr df and height dz, and therefore a mass
of dm = p(r, z) r dr df dz. The vertical component of the disk self-gravity is negligible

compared to the gravity of the central star, so in equilibrium

z P
+ d—dsz (3.2)

0= Fyars gravity + Fgas pressure — —GM*dTIZm dz

Expressing this as a function of the density, using the ideal gas law (P = pkpT/p,
where p is the mean molecular weight of the gas) and that the imposed temperature
profile has no vertical dependence, we obtain the differential equation

dp _ GM z
dz — kgT(r) (r? + 22)3/2

p (3.3)

As written, the solution leads to a density distribution whose integral does not con-
verge, i.e. gives a disk of infinite mass. Because a temperature profile that depends
only on the radial distance is applicable only to a thin disk, we expand to first order
in z/r and solve to find a Gaussian functional form

2

p(r,2) = pof(r)e TO® (3.4)

where f is an arbitrary dimensionless function of r, py sets the density scale and

N\ 1/2
H(r) = (%?7’3) is the scale-height of the disk. With an appropriate choice for

f(r) this yields a disk of finite mass.
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Using Equation 3.1, the chosen temperature profile gives a constant n = H(r)/r,
the aspect ratio of the disk. Using small 5 guarantees that the expansion of Equa-

tion 3.3 in z/r is a good approximation. Integrating Equation 3.4 over z we obtain

Y(r) = /_oo p(r, 2) dz = 27 ponyr f () (3.5)

Theoretical and observational arguments suggest a surface density profile ¥ oc 7~3/2

(Hayashi et al., 1985; Beckwith et al., 1990), so we take f(r) = (r/70)~/2. A power
law with this index for the surface density is common in simulations of protoplanctary
disks (Nelson and Benz, 2003a; Rafikov, 2002). The final expression for the density
is

A\
o(r,2) = po (—) e T (3.6)

Ty

for Ry < r < Rou and p = 0 elsewhere, yielding a total disk mass of

Rout
Mp = / / dz/ rdrp(r, z) = 2 (2x) 3/2 5/2 (\/ oul, — Rin) (3.7)

Now pick the disk mass Mp, extent Ry, to Rout, aspect ratio 7 (equivalently, Tp) and
distance scale 7 to determine po and the scale of the system units. Given Equation 3.6
and the defining constants mentioned above, we can evaluate the density everywhere

in the disk. Using the density, we now calculate forces.

8.1.3  Gravitational Potential of a Disk

Gravitational forces from the central star and the disk itself are included. The verti-
cal component of the star’s gravity was explicitly countered by the vertical pressure
gradient in Equation 3.2, so we need only consider the radial component duc to a
point mass at the origin,

T
star (T, 2) = =G M, “TTE 2P (3.8)

The potential due to the disk is more complicated. We are intercsted in thin disks,

so approximate the disk as two dimensional for this calculation and only consider
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acceleration in the radial direction. Consider a ring of mass M and radius R centered
on the origin. In the plane of the ring, the potential is (from Jackson (1999), making
the substitutions 1/47e¢g — G and ¢ — —M)

0 ’I‘l
O(r)=-GM Y _ ﬁpl(o)? (3.9)
=0 ">

where 7o (r5) is the smaller (greater) of r, R and P, is the Legendre polynomial of
order I. A disk from R, to Ry, is a series of rings, each with mass 27rdr¥(r). The

potential of the entire disk is thus the integral

o0

Rout , , ,r.l 9
®(r) = -G /R 2’ dr'S(r') > ﬁ%Pl(o) (3.10)

=0 >

We are only interested in the potential inside the disk:

oo T " Rout W
D(Riy <7 < Rout) = -27TGZB(O)2 {/ r'dr'S(r') 7:+1 +/ r'dr’E(r')T;H
=0 r

Rin
(3.11)
Using the surface density of interest (Equation 3.5) we obtain
. — 3/2 5/2 S 2 2
(I)(Rin <r< Rout) = ..(271—) / Gp07770 ;H(O) ém
RN s\
or12 () R ——) RV (312
X r < r ) in Rout out, ( )

Finally, to obtain the acceleration due to the disk we take the gradient of the potential:

0P 00 9
agisk (Rin <7 < Rou) = e —(2m)*Gponry? ZPI(O)Z—% —
=0
42 -1
X |i7'_3/2 - (l + ]_) (R;n) Ri:13/2 +l (RT ) R(:ugt/z (313)
out

3.1.4 Pressure Gradients

Again making the two-dimensional approximation, we use the surface density and the

ideal gas law to calculate the acceleration due to the radial pressure gradient:

AP L ke () @2 sy @) 2k
O Dt (LU LN LA P LU R

apressure(T) = -
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where the coefficient of the last expression is determined by the power law indices we

have chosen.

3.1.5 Equilibrium Velocity

To find the velocity of a circular orbit in this disk, we balance the acceleration due

to the forces detailed above by the centripetal acceleration of circular motion:
v(r, 2) = (—7 [asar (7, 2) + Gaisk () + Gpressure(1)]) /2 8 (3.15)

We now know the density, temperature and circular velocity everywhere in the
disk. We discretize the analytic expressions by placing equal-mass particles according
to the density distribution, assigning them velocities and temperatures appropriate
to their position. This is done by assigning particle positions using a random number

generator with the appropriate distribution.

3.2 Manipulating Random Numbers

Random numbers are used in all areas of computational science. For example, when
constructing initial conditions for astrophysics simulations, particle properties are
often determined by drawing them from a random number distribution. The desired
layout of the particles determines the particular distribution to use. Here we describe
how to manipulate random number distributions, with an eye to changing a uniformly
distributed source of random numbers to an arbitrary distribution. This section builds
on the discussion of random number distributions in Zwilliger (1996) and Knuth
(1981). The following applies to continuous, as opposed to discrete, distributions of

random numbers.

3.2.1 The Probability Density Function

Let X be a random number. Then the probability density function (PDF) f(x) of
the distribution is defined by f(z)dxz being the probability that X € [z,z + dx].
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By definition we have ffooo f(z)dz = 1. An expression for f completely describes
the distribution of the random number source. The cumulative distribution function
(CDF) F'(z) is the probability that X < z, and can be expressed as a function of the
PDF:

Fla) = /_ ) o (3.16)

Note that we can immediately say that 0 < F(z) <1, F(—o00) =0, and F(c0) = 1.

3.2.2 Pseudorandom Number Generators

There are many software routines for generating pseudorandom numbers. While some
libraries provide several specialized distributions, they all provide a source of random
floating-point numbers uniformly distributed between 0 and 1. One popular, efficient,
and well-tested library of random number generators is available as one of the Boost
C++ librarics (Boost Developers, 2004). The Mersenne twister generator of this library

is used in this work (Matsumoto and Nishimura, 1998).

3.2.3 Manipulating a Distribution

Given an arbitrary desired non-uniform distribution function, can we manipulate uni-
formly distributed random deviates to follow the desired distribution? If the desired
distribution is invertible, this can be done quite simply.

Given a uniformly distributed random deviate U and a desired CDF F(z), let
X = F~1(U) where we have the inverse F~1(F(x)) = z for all z in the domain of
F. If we can show that F'(x) is the probability that X < z, then we can use the
manipulated X as the desired random deviate. Consider the probability that X < x.
Given the definition of X, this is equal to the probability that F~1(U) < z. Apply F
to both sides, and we get the probability that U < F'(z). Now because U is uniformly
distributed and F’ is continuous and strictly increasing (requirements for invertibility)

from 0 to 1, this probability is equal to F'(z). Therefore we have shown that X is
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distributed according to F'(z).

3.3 Distributing Particles Randomly

In an SPH scheme, you often want to create initial conditions by placing particles
randomly according to a distribution. Because SPH approximates a continuous fluid,
you usually have an expression for the density everywhere in the simulation. Given
a density, how do you place equal-mass particles to simulate that distribution of
mass? This can be done by relating a mass density to a probability density, defining
a distribution. You then use this distribution to randomly pick the particle positions.

For example, given a separable density field p(z,y, 2) = i—% (x)g(y)h(z) where M
is the total mass of the system, we identify three probability densities f, g, and h.
These can then be used to pick the components of the position. If each of N particles
is assigned a mass of M/N, the ensemble will approximate the continuous density

field p(x,y, 2).

3.8.1° The Disk Model

The disk geometry described by Equation 3.6 is not immediately separable and re-
quires a slightly more complicated treatment. Since the disk is azimuthally symmetric,
the azimuthal angle is clearly separable and chosen uniformly distributed between 0
and 27. The radial component can be chosen by relating the vertically averaged

surface density (r) to a probability distribution f(r).

1= on [ s = [ s (3.17)
1 _
f(?") — =7 1/2 (318)

The CDF for this distribution is

Fo) = [ F(r)dr’ =

(3.19)
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the inverse of which is

F'r) = (7‘ (\/}2;— \/E) + Rin)2 (3.20)

The radial component of a particle’s position is thus taken as F~'(U) where U is a
uniformly distributed random deviate.

To choose the vertical component, note that for a given radius r, the vertical
distribution is proportional to a Gaussian with mean p = 0 and variance o2 = 5?2
Thus we choose the z component of a particle’s position from a normal distribution,
after choosing r.

We are now prepared to write down the complete algorithm for constructing the
initial disk model. First, the scale of the problem is set by specifying the constants rg,
Riy, Rout, Mp and 7. The total number of gas particles determines the mass of each
individual particle. For each particle, the position is chosen randomly as described
above. The temperature of cach particle is set by its position in the disk. The ve-
locity is set in the azimuthal direction to balance the physical forces (Equation 3.15).
In addition, a softening length for the gravitational force is set, as described in Sec-
tion 5.3.2. Finally, for migration simulations, a planct is inserted into the disk with

a specified mass, semi-major axis, softening and circular velocity.

3.4 “SPH-ifying” a Grid Simulation

There are two major techniques for numerical hydrodynamics: finite difference meth-
ods on a spatial grid, and smoothed particle hydrodynamics. To accommodate the
different strengths and weaknesses of the two techniques, it is useful to compare the
solutions to a single problem obtained using both methods. An important first step
1s using similar initial conditions. Here we describe a method for converting a grid
simulation output into a format suitable for SPH. This method is then applied to the

initial conditions of a grid simulation.
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Figure 3.1: The density in a circumstellar disk around a 0.5 Mg, star, taken from a
grid model. The grid is two-dimensional, representing a slice through an azimuthally

and vertically symmetric disk. The color scale represents the logarithm of the density.

3.4.1 Grid Quantities

An SPH simulation provides a fixed mass resolution, as it follows constant mass par-
ticles through space. In contrast, a grid simulation provides fixed spatial resolution,
monitoring the mass flowing though a point in space. As an SPH particle contains
several quantities that are affected by physical forces, so does a grid point. For a
snapshot of a azimuthally symmetric two-dimensional grid model of a disk, the quan-
tities at each grid point are the density, temperature and angular velocity. Figure 3.1

shows the gas density in the disk taken from a grid model.

In Section 3.3 we used an analytic expression for the density to guide the placement
of particles. The grid model gives the density at regularly spaced points in space,
which cannot be easily mapped to a closed-form expression. We must use a different
technique to place particles according to the new density distribution. Then for cach

particle we assign a temperature and circular velocity, interpolated from the grid.
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3.4.2 The Acceptance/Rejection Method

Section 3.2.3 describes how to construct non-uniform random deviates, given a uni-
form source of random deviates and an invertible distribution function. The accep-
tance/rejection method is an alternative which can be used when the CDF of the
desired distribution is not easily computable. Consider a two-dimensional probability
distribution p(x,y) over the domain z € [z, z3], ¥ € [y1,y2]. If we have a source of
random deviates following distribution f(xz,y) such that f(z,y) > p(z,y) for all z,y
in the domain, then we can use p(z,y) as an acceptance criterion to choose random
numbers X, Y such that they are distributed with p(z, y). Let X be a random deviate
uniformly distributed on [21, z2] and Y be uniformly distributed on [yy, y2]. Now take
Z to be uniformly distributed on [0, f(X,Y)]. If Z < p(X,Y) then we accept the
pair (X, Y), else we reject the pair and start over. Because we have used the desired
distribution p as the acceptance criterion, the pair of random deviates (X,Y) will be
distributed according to p(z, y). |

In certain cases we may be able to find an f that is “close” to p, thus reducing the
average number of rejections encountered while choosing a deviate using this method.
If p is not pathological, it is often easier and not prohibitively expensive to choose f
to be a constant, the natural choice being f(z,y) = maxy ef; )y ey wo) P(, ¥'). For
a more detailed explanation of the acceptance/rejection method in one dimension, sce

Press et al. (1992); Zwilliger (1996).

3.4.8 Interpolating Quantities

To assign positions to SPH particles using the density from a grid model, we use the
- acceptance/rejection method, identifying the mass density p(r, z) with a probability
density

AT

p(r,2) = Erp(r, z) (3.21)
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and choosing f(r,z) = maxp(r,z). This method determines the 7 and z for each
particle. The grid model assumes symmetry about the z = 0 plane, so we alternate
the sign of z when constructing the fully three-dimensional particle model. The
azimuthal angle is distributed uniformly between 0 and 2.

To use the acceptance/rejection method, we need to evaluate p(r, z) for any r, 2
within the grid limits. Once the position has been assigned, we need to determine
the temperature and angular velocity at that arbitrary point. To handle this, we
interpolate values over the density, temperature and angular velocity grids. The grid
is two-dimensional, so we use bilinear interpolation (Press et al., 1992).

Following this technique, we can construct a disk model composed of SPH par-
ticles, which we can evolve with our standard simulation tool. Given the results of
the accompanying grid simulation, we can cxamine the differences and similarities

between the two techniques. Such a test is left for a later work.
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Chapter 4

MIGRATION AND FORMATION PAPER

The remainder of this chapter is the body of the paper originally published as
Lufkin, Quinn, Wadsley, Stadel, and Governato (2004). The only difference is a
correction to Equation 4.1 and the use of color figures. The paper is © 2004 The
Royal Astronomical Society. Note that British spellings are used in this chapter. The

simulation initial conditions it describes were constructed as detailed in Chapter 3.

4.1 Paper Abstract

We present global three-dimensional self-gravitating smoothed particle hydrodynam-
ics (SPH) simulations of an isothermal gascous disc intcracting with an embedded
planet. Discs of varying stability are simulated with planets ranging from 10 Earth
masses to 2 Jupiter masses. The SPH technique provides the large dynamic range
needed to accurately capture the large-scale behaviour of the disc and the small-scale
interaction of the planet with surrounding material. Most runs used 105 gas parti-
cles, giving us the spatial resolution required to observe the formation of planets. We
find four regions in parameter space: low-mass planets undergo Type I migration;
higher-mass planets can form a gap; the gravitational instability mode of planet for-
mation in marginally stable discs can be triggered by embedded planets; discs that
are completely unstable can fragment to form many planets. The disc stability is the
most important factor in determining which interaction a system will exhibit. For
the stable disc cases, our migration and accretion time-scales are shorter and scale

differently from previously suggested.



4.2 Introduction

Planet formation is believed to occur in discs of gas and dust around young stars.
Observations of circumstellar discs in multiple wavelengths reveal the initial conditions
for planet formation (McCaughrean, Stapelfeldt, and Close, 2000; Wilner and Lay,
2000). Detection of extrasolar planets has provided a diverse set of final states,
including a statistically significant number of planets with masses comparable to
that of Jupiter on orbits very close to their parent star, so-called ‘Hot Jupiters’ (for a
review see Marcy and Butler, 2000, and exoplanets.org for an up-to-date catalogue).
Formulating an acceptable theory of giant planet formation in such an environment
has proved difficult (Wuchterl, Guillot, and Lissauer, 2000, and references therein).
Instead planet migration has become the standard theory to explain these interesting

companions.

The interaction between a gaseous disc and an embedded protoplanet is a com-
plex, highly non-linear process. Several phenomena have been classified, including
the accrétion of planetesimals, the accretion of gas, the exchange of angular momen-
tum via tidal forces and planet formation via gravitational instability. How these
behaviours combine is determined by the initial conditions, for example the mass and
temperature of the disc and the location of an embedded planet. We can sort all
possible interactions into a few categories: linear migration via tidal interaction, gap
formation and viscous migration, and planet formation via gravitational instability.
All these interactions have »previously been investigated separately. Herc we exam-
ine how the interactions are related and how the initial conditions determine which

behaviour will be exhibited.

The dynamics of low-mass planets in gaseous discs have been explored both the-
oretically and numerically. The exchange of orbital angular momentum between disc
and embedded satellite via spiral density waves excited at Lindblad resonances was

discussed in Goldreich and Tremaine (1980). Ward (1997) gave arguments suggesting
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that this will almost always lead to inward migration of the embedded planet, and
derived an cxpression for the rate of this migration in the case where a planet docs
not open a gap in the disc (Type I migration). More recently, Tanaka, Takeuchi, and
Ward (2002) gave an updated formula for the total torque on a planet, taking into
account corotation resonances and mentioning three-dimensional (3D) effects. Previ-
ous numerical simulations have tested some of the theoretical assumptions, usually
finding general agreement (e.g. Nelson et al., 2000b; D’Angelo et al., 2002).

In Type II migration the planet exerts a tidal torque greater than the disc vis-
cous force, opening a gap. The migration time-scale is slowed, and accretion on to
the planet is expected to slow or stop. Criteria for gap opening have been derived
(Takeuchi, Miyama, and Lin, 1996; Rafikov, 2002) and examined numerically using
two-dimensional (2D) grids (Bryden et al., 1999; D’Angelo et al., 2002). The accre-
tion process has been simulated (Kley, 1999; Lubow, Seibert, and Artymowicz, 1999)
finding mass-doubling times for Jupiter-mass planets in light discs to be of the order
of 105 yr. For a review of Type I and II migration, see Thommes and Lissauer (2002).

The standard picture of migration is situated in a calm, stable disc. What if
a single planet forms in a marginally stable disc? First hinted at by Armitage and
Hansen (1999), the spiral density waves excited by a compact object (e.g. a rocky core
formed via accretion of planetesimals) can lead to clump formation that would not
otherwise occur. The fact that an embedded planet affects the disc density and flow
locally has been known for some time; here we find that it can also have far-reaching
(spatially and temporally) global effects.

Regardless of the embedded planets, some discs are themselves gravitationally un-
stable. This scenario of planet formation has been explored by Boss (1997, 2001) and
recently by Mayer et al. (2002). In unstable discs many planets of Jupiter-mass or
greater can be formed very quickly (hundreds of years). The newly formed proto-giant
planets will violently tear through the disc, and their interaction as point masses will

dominate the subsequent evolution of the system. This scenario is attractive because
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it easily produces planets with properties similar to observed extrasolar planets. Fur-
thermore, because the time-scale of formation is so small, any system even marginally
unstable is likely to form planets during the much longer disc lifetime.

Much previous numerical work in this area has been limited to two-dimensional
approximations, using grids with a relatively small spatial range, and ignoring the
self-gravity of the disc. Some three-dimensional simulations have been performed
recently (Bate et al., 2003b; D’Angelo et al., 2003), although these have still ignored
self-gravity. The smoothed particle hydrodynamics (SPH) formalism was designed
to be spatially adaptive. Our implementation uses variable time-steps, giving us
temporal adaptivity. This allows us to explore the interaction with a much greater
~dynamic range. Our simulations are fully three-dimensional, have free boundary
conditions, include the self-gravity of the disc and allow the planet to migrate and
accrete freely.

Armed with these useful tools, we have simulated planets embedded in gaseous
discs, for initial planet masses ranging from 10 Earth-masses to 2 Jupiter-masses,
and disc masses ranging from 0.01 to 0.25 M. Previous investigations have focused
on just one of the interactions described above, usually looking at lower-mass discs.
Here we attempt to relate the interactions, and see how the choice of initial conditions
determines the classification of the outcome. We draw an outline of interesting regions
of parameter space, and present a few early results from each distinguishable region.
We also discuss where our simulations differ from previous efforts and suggest that
this is due to the more realistic system we are able to model. In future papers we will
quantitatively address the specific phenomena we can simulate, such as gap opening
criteria, gas accretion through the gap, Type I and II migration time-scales and the
likelihood of triggered planet formation.

The plan of the paper is as follows. In Section 4.3 we describe the initial conditions
of our models. The numerical technique is briefly discussed in Section 4.4 and our

main findings are detailed in Section 4.5. Details of the results arc discussed in
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Section 4.6 and we conclude with Section 4.7.

4.3 Initial Conditions

We use power-law distributions for density and temperature profiles in our simula-
tions, and the disc stability criterion and mass ratio are dimensionless, so our results
should scale well. Nonc the less, it is convenient to use conventional units when dis-
cussing our results. The central star was of 1 My, and its potential was softened
with a cubic spline on a length-scale of 0.4 AU. All simulations were performed in
heliocentric coordinates, taking into account the back-reaction of the disc and planct

on the star. Initially, the disc extends from 1 to 25 AU and is free to expand.

Temperature profile

Observations of protoplanetary discs do not put tight constraints on the temperature
profile. Therefore, we adopt a power law for the radial temperature profile and choose
an index which is equivalent to a constant aspect ratio H/r (where H is the scaleheight
of the disc at a particular radius). Most of our simulations used H/r = 0.05 (which
gives T(5.2 AU) = 102 K). This profile is similar to that suggested by the solar
nebula model of Hayashi, Nakazawa, and Nakagawa (1985) and is common in other
simulations of these phenomena. The temperature is capped at 5000 K within 0.1 AU

of the star and limited below by 17 K outside of 30 AU.

Density profile

The minimum-mass solar nebula model suggests a power law for the vertically aver-
aged surface density of £(r) oc r=3/2. The vertical structure of the disc is determined
by the balance between the vertical component of the gravity of the central star and
the vertical pressure support of the disc. If we assume no vertical variation in the

temperature, the vertical density structure can be solved, yielding a scaleheight ex-
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pressed as a function of the radius and the temperature at that radius. An expression

for the density distribution is then
p(r,8,z) = por'5/26_z2/2ﬂ(7')2 (4.1)

In a gravitationally stable disc we found this profile to be stable over many dynamical
times, so we chose this initial distribution for all of our simulations. Our standard
disc, 0.1 M, extending from 1 to 25 AU, thus has £(5.2 AU) = 150 g cm 2. For the
gas particles of the disc, the initial positions are randomly drawn from the desired
distribution. Initial velocities are chosen so that particles arc on circular Keplerian
orbits, modified slightly to account for the self-gravity of the disc and gas forces. In
stable discs without embedded planets, the surface density does not change markedly
with time except at the inner and outer edges. The outer edge expands slightly, due
to the initial sharp drop in density. At the inner edge, particles migrate inward due
to viscous forces, participating in a complex balance between the softened potential
of the star, the smoothed gas pressure forces and Keplerian shear. These particles
are much closer to the central star than the inner Lindblad resonance of the planet,
so we do not believe they play a large role in determining the evolution of the planct.
We have not investigated schemes for halting planet migration, which might involve

removing the inner reaches of the disc.

The embedded planet

The initial mass of the planet particle was a parameter. We used planet masses
ranging from 10 Mg to 2 Mj. The planet particle interacts via gravity only, and no
gas drag is applied. Planets significantly more massive than a gas particle can capture
gas particles, adding to the effective mass of the planet. These captured gas particles
are not removed or treated specially; they remain as part of the envelope of the
developing planet. The potential of the planct was spline-softened on a length-scale

of one-fifth the initial Roche radius.
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4.8.1  An initial gap

Sufficiently large plancts can open a gap in the disc by exerting a tidal torque stronger
than the local viscous angular momentum transfer. The balance between these forces
determines the shape and width of the gap formed around such a planet, which
can be calculated analytically by averaging over many orbits and assuming how and
where the density waves are dampened. The formation of these gaps has been stud-
ied numecrically before, primarily in light discs with heavy plancts without allowing
migration (Bryden et al., 1999), finding reasonable agrecment with analytic models.
For low-mass discs, the Type I migration time-scale may be sufficiently long for the
standard explanation of gap formation to work. We found that planet migration and
gap formation could not be decoupled. Therefore, we chose not to impose any initial
gap, instead the formation of the gap is simulated in systems that produce one.

A Jupiter-mass planet embedded in an unperturbed disc without a gap is some-
what unphysical: how did the planet become so massive without affecting the disc?
As seen in Fig. 4.3 below, the transition from Type I to Type II migration is very
sudden, taking only a few orbital times. Therefore, the sudden appearance of a large
planet in a calm disc is not entirely unreasonable, and we can imagine the following
scenario: the planet forms, at a lower mass, further out in the disc, and undergoes
Type I migration and accretion to obtain the location and mass we start with. To
accurately model the capture of gas, the planet particle must be several times more
massive than the gas particles. Therefore, future investigations using higher resolution

should be able to push the initial planet mass lower.

4.8.2  FEquation of state

We usc an isothermal equation of state with a spatially fixed temperature profile. In
doing so we are assuming that the disc temperature is controlled solely by the distance

from the parent star, and that the energy of viscous heating is radiated away much
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faster than the dynamical time-scale of the gas. We do not account for shielding, so
we miss the detailed thermal structure of the clumps that form. Furthermore, clumps
on elliptical orbits will heat up and cool down along their orbits. Boss (2002) has
found that using a more realistic equation of state suppresses clump formation in

marginally stable discs.

4.8.8  Disc stability

The stability of the disc is characterized by the Toomre @ criterion, defined as

CsK
7Y

where ¢, is the sound speed, & is the epicyclic frequency, and ¥ is the surface density

Q=

(4.2)

of the disc. This criterion measures the susceptibility to a local instability. Global
spiral waves can cause the local density to increase, leading to a local collapse. The
power laws we have chosen for the temperature and density make @ oc 7~'/2. Hence

we expect instabilities, if produced, to occur in the outer regions of the disc.

4.4 Numerical Realization

To model the disc-planet system we used Gasoline, a tree-based particle code orig-
inally developed for cosmological simulations (Stadel, 2001; Wadsley et al., 2004).
It implements smoothed particle hydrodynamics, a Lagrangian treatment of hydro-
dynamics for gas. It has been used previously on solar system-scale problems by
Richardson et al. (2000) and Mayer et al. (2002). The code was modified to apply a
fixed temperature profile to the particles. The equations of motion include the gravity

and hydrodynamics of the gas disc. We do not include effects due to magnetic fields.

4.4.1 Boundary conditions

SPH is a Lagrangian technique, so we do not need to impose any boundaries. All the

particles are allowed to move where the forces dictate. Particles are not deleted or
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merged when they approach the central star or the embedded planet.

4.4.2  Simulation parameters

The tree—cell interaction opening angle we used was 6 = 0.7. Using a multi-stepping
technique, the particle timesteps are picked according to the local density (with n =
0.1), and to satisfy the Courant condition (with 5. = 0.4). The largest possible
timestep was sct to be 2.5 yr, which is 1/50 the orbital time at the outer edge of the
disc. The mean molecular weight of the gas is 2 AMU, corresponding to molecular

hydrogen.

4.4.8  Viscosity

The SPH formalism treats viscosity differently from the Shakura & Sunyaev a pre-
scription popular in finite difference schemes. No ‘real’ viscosity is added to the
equations of motion. Because so little is known concerning the sources of real vis-
cosity, we choose to err on the side of caution by introducing as little viscosity as
possible into the system, in an attempt to modecl the fluid with as high a Reynolds
number as possible. However, some artificial viscosity is necessary to stabilize the
integration of the equations of motion. Gasoline includes the standard Monaghan
treatment of artificial viscosity (Monaghan, 1992), including a Balsara switch that re-
duces viscosity in regions of strong shear (Balsara, 1995). Using the SPH formulation
of the equations of motion, we can estimate the kinematic viscosity v = ac;h/8 (Nel-
son et al., 1998) associated with the artificial viscosity. This estimate is reasonable
when there is little or no shocking (the presence of shocking adds artificial viscosity
locally). There is strong shear in the disc, so the Balsara switch reduces this by a
factor of approximately 5, yielding a viscous time-scale 7 = r? /v 2 10 yr everywhere
for a run with 10° particles in a stable disc. Since this is at least 5-10 times longer
than our simulations, we believe that artificial viscosity will not seriously affect the

dynamics of the disc. To confirm this, we performed two additional simulations where
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we halved and doubled the standard value of @ = 1. The change in migration and
accretion rates was approximately 5 per cent, which is less than the difference due to
the random seed used to determine the initial particle locations. This indicates that
artificial viscosity only affects the simulation as a numerical stabilizer, and does not

introduce spurious physical effects.

4.5 Results

Looking first for planet migration, we start with planets embedded in light, stable
discs. Increasing the disc and planet masses increases the rate of Type I migration,
and brings us to gap formation and Type II migration. Continuing to marginally
stable discs, we find that the density waves excited by an already formed planet can
trigger gravitational instability in discs that would otherwisc remain stable. Finally,
we push the disc mass high enough so that no external trigger is needed to drive the

gravitational collapse mode of planet formation.

Some of the factors that determine which category a system will end up in include
the disc density profile and total mass, disc temperature, initial planet mass and
orbital radius. We made choices for the density and temperature profiles, and varied
the total disc mass, the initial planet mass and the orbital radius. We ran a simulation
for each variation of the parameters for a given amount of time (326 yr), and classified
the final result. We found the disc stability to be the most influential factor in
determining the behaviour of a disc—planet system. The qualitative results of our
suite of simulations can be seen in Fig. 4.1. We have arranged our results in a map
of parameter space, illustrating the relative positions of the four interactions.

In stable discs (the upper region), planets of all masses exhibit Type I migration.
In more massive discs, planets can open a gap, with a bias toward more massive
planets. A precise measurement of the interface between these two regions can show

us the criteria for gap opening. To differentiate between the regions labelled “Type
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Figure 4.1: A paramcter space map of disc—planet interactions. @ is the initial value
of the Toomre criterion at the initial location of the planet. M, is the mass of the
planet, measured in Jupiter-masses. The points show the parameter values for the
simulations we ran. Sce the discussion in the text. Since the totally unstable discs
do not require planets, we cannot technically place them on this plot. However, if
the disc is unstable, an additional planct will certainly not prevent instabilities from

growing, so it is reasonable to label a region of this plot as unstable.



I’ and ‘Gap Formation’ we look for the halting of the migration of the embedded
planet within the time we simulated. See Sec. 4.6.4 for our definition of a gap and

the reasoning behind it.

Some planets can trigger the formation of more planets via gravitational instability.
This requires a marginally stable disc and a massive planct. The precise shape we
have given this region is a guess based on our experience. In the bottom region, the

disc is gravitationally unstable, even in the absence of embedded plancts.

Note that the location of the boundaries between regions in this map are dependent
on the time period of interest. We are deliberately simulating for only a few hundred
years, to match the time-scale of triggered and wholly unstable planct formation. As
such, many of the systems we classify as Type I do satisfy the standard thermal and
viscous criteria for gap formation, and would form deeper depressions in the density
profile and eventually shift from Type I to Type II migration if we evolved them
several times longer. In addition, classification over such a short period of time is

important, as we measure very high migration and accretion rates.

We have shown a two-dimensional slice through the three-dimensional parameter
space we explored. While convenient and, we believe, largely accurate, this does hide
some of the complexity we found. For example, we looked for triggered instability by
placing planets at different orbital radii in different mass discs such that the value
of @ was the same at the location of each planet. Since @ is dimensionless and we
used power laws for the density and temperature, we might expect the same result in
each system. However, the system with closer planet and more massive disc did not
fragment, while the further planet and less massive disc system did. This may be duc
to edge effects or a non-linear dependence on the effectiveness of @ as a predictor of

collapse.
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4.5.1  Type I magration

Linecar theory suggests that a seed planet in a light gas disc will undergo Type I
migration with a rate that scales linearly with the planet mass and disc surface density.
The planet excites density waves in the disc which torque back on the planet, leading
to a change in the orbital angular momentum of the planet. As a result of the power-
law index Wc chose for the density profile, we always see inward migration. During
Type I migration the planet accretes gas from the disc with the help of the spiral
density waves it excites. The internal waves take angular momentum from the disc,
and the external waves give angular momentum back to the disc. On both sides, mass
on necarby orbits is shepherded on to the planet.

Table 4.1 lists migration and accretion rates for the systems we classified as Type
I migration. For the lighter discs, the migration rate is a constant function of time,
whercas a more massive disc causes the migration rate to decrease as the simulation
progresses and a gap is formed. We find that the accretion rate scales linearly with
the planet mass and disc surface density. Further, the migration rate scales linearly
with the disc surface density. However, changing the planet mass has almost no effect
on the migration rate, confirming the findings of Nelson and Benz (2003a). If we
compare our results with the analytic expression (eq. 70 from Tanaka et al. (2002)),
we find our migration timc-scales (7py = a/|a|) to be approximately 6 times shorter.
Most previous simulations of Type I migration have kept the planet on a fixed circular
orbit, and estimated migration time-scales by measuring the torque on the planet from
the gaseous disc. Our migration timescales are actual measurements of the rate of

change of the orbit of the planet.

4.5.2  Gap formation

More massive sced planets exert strong enough tidal torques to open a gap in the

disc. By clearing the gas from the location of the Lindblad resonances, the torque
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Table 4.1: Migration time-scales and accretion rates for Type I systems

M, Mg (Mg) —a (AU/yr) M (Mg /yr)

2 Mj 0.01 1.2x107%  53x10°°
175M; 001 12x10°3  47x10°6
1.5 Mj 0.01 14x107% 4.1x10°°
1.25 M; 0.01 1.1x1073  32x10°°
1 M; 0.01 1.0x1073  26x107°
0.75 My 0.01 14%x1073 1.8 x10°°
0.5 M; 0.01 1.1x107% 1.2x10°°
0.25 My 0.01 §x 107* 27 x1077

1 Mj 0.0035  2.7x107™* 6.4x1077

1 M; 0.02 2.9x 107 5.7 x 1078

1 M; 0.03 3.7x107%  85x107°

1 M; 0.04 6.0x107%  1.3x10°

1 My 0.05 72x107%  1.9x107°

1 M; 0.06 1.0x 1072 23 x107°

M,, is the planet’s initial mass, My is the total disc mass, @ is the inward migration
rate, M is the accretion rate on to the planet. All these planets started out on
circular orbits at 5.2 AU. The rates given are equilibrium values over at least the
last 200 years of the simulation (which typically lasted 326 ycars). For the lighter
discs the long-term values were reached immediately. We give values for particular
simulations, so can give no meaningful error estimate. However, we completed scveral

runs at different resolution, and usually found agreement within 10 per cent.
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exerted on the planet by the disc vanishes. Previous theoretical work and simulations
have suggested that formation of a gap drastically reduces the accretion rate on to
the planet. We have not found this to be true. Even when the gap has cleared, the
planet still perturbs the disc. These perturbations act to pull mass off the edges of

the gap and on to the planet.

We found that gap formation was dependent more on the disc mass than the planet
mass. This agrees with our claim that the self-gravity of the disc is important. At the
start of the simulation the planet rapidly collects all the gas particles nearby, forming
a gap within approximately 100 years. This accretion of gas at corotation is much
faster than the accretion from close spiral arms or from gap edges, as described above.
Since the migration time-scale is so short in the massive discs, there is significant
migration during the gap formation. After the gap has formed, the migration stops
or slows considerably. In 0.1 M, discs, the accretion rate slows to a steady value of
approximately 1073 Mg, /yr, independent of the mass of the planet. Fig. 4.2 shows
the mass of a planct and its accreted envelope as a function of time, for 0.5, 1, and
2 Jupiter-mass seed planets. By comparing with Fig. 4.3, the semi-major axis of the
planet as a function of time, we see the accretion slow as the planet clears its gap
(changes from Type I to Type II migration). The planet peels gas off the edges of the
gap, as it catches up with particles on the outer edge and is caught by particles on
the inner edge. Our results confirm that the formation of ‘Super-Jupiters’ is possible
in massive discs. As Type I migration ceases, the planet is left in the gap with a
non-zero eccentricity. We saw eccentricities of 0.01 to 0.04, comparable to the current

eccentricity of Jupiter.

The time-scale for Type II migration is the viscous time-scale of the disc. Since
we are actively trying to reduce the viscosity of the disc in our simulation, we do not

see significant migration after the gap has formed.
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Figure 4.2: Gap formation scenario: The planet mass as a function of time in a
0.1 My, disc, for different starting masses. The solid line is for an initial planet mass
of 1 Mj. The top dashed line is 2 M; and the bottom dashed line is 0.5 Mj. The

dotted line is for a 1 My planet in the 2D approximation.



>

~

[9)]
|

4.5

4.25

N
l

3.75

Planet Semi-Major Axis (AU)

w
&)
|

3.25

3 ] I I I I ] I I I
0 35 70 105 140 175 210 245 280 315
Time (yr)

Figure 4.3: Gap formation scenario: The planet orbital radius as a function of time
in a 0.1 Mg disc, for different starting masses. The solid line is for an initial planet
mass of 1 Mj. The top dashed line is 2 M; and the bottom dashed line is 0.5 M;.

The dotted line is for a 1 M; planet in the 2D approximation.
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4.5.8  Planet-triggered instability

If we reduce the stability of the disc, the spiral arms generated by an embedded
protoplanet can trigger the gravitational instability. Such triggered clumps are al-
ways exterior to the seed planet that drives the instability, because ) decreases with
distance from the star. The spiral arms of the planet must present a large enough
density contrast to drive the local value of @ below 1. Since the unperfurbed disc sta-
bility decreases with distance from the central star, for a fixed disc stability, a planct
farther out from the central star is more likely to trigger the collapse. If we place
a Jupiter-mass planet at 12.5 AU, a disc with @ 2 1.6 will fragment (see Fig. 4.4).
Once the instability is triggered, the evolution of the system is very similar to the
totally unstable case. The clumps form with non-negligible eccentricity, and strongly

disturb the disc profile.

4.5.4  Unstable discs

If the disc is massive and/or cool enough, gravitational instabilities will cause it to col-
lapse into bound objects, regardless of any embedded planets. Spiral waves propagate,
and the density buildup in the arms causes the disc to fragment into gravitationally
bound objects. Not one, but several of these bound objects are formed, and their
interaction as effective point masses dominates the subsequent evolution. The pre-
viously smooth disc is ripped apart, as the clumps often have sizable eccentricitics
(see Fig. 4.5 for a progression of snapshots). We observe collisions, ejections, tidal
stripping during close encounters, and violent disruption when plunging too close to
the parent star. The eccentricities of these clumps can be high, and change as a result
of dynamical interaction. As in Mayer et al. (2002), we find that the disc is unstable
when Toomre’s @ criterion is less than approximately 1.4. The clumps form when a
spiral arm with sufficient amplitude reaches the outer regions of the disc.

For this regimec we present a simulation that was unstable, a 0.2 Mg, disc which




Figure 4.4: Triggered Planet Formation: A sequence of snapshots showing the
gas density in a protoplanctary disc. At the location of the planet @ = 2.2, at the
outer edge 2 = 1.6. Early on, the planet drives spiral density waves in the outer
regions of the disc. One of these waves increases the local density to the point where
the region collapses. The planet continues to drive the spiral arms, leading to further
clump formation. The process will continue until the disc material is sufficiently

depleted. The width of each image represents 55 AU.



Figure 4.5: Unstable Disc Planet Formation: A sequence of snapshots showing

the gas density in an unstable disc (@min = 0.8). Early on, the spiral arms grow,
after 150 years one of the spiral arms fragments into a few clumps. As time goes by,
other arms fragment, in the outer disc, later, the leading arms of some clumps cause

fragmentation of the inner disc. The width of each image represents 55 AU.



has Quin = 0.8. In this run, a spiral arm at approximately 20 AU fragments into
four separate clumps after 153 years. Five more clumps form over the next 200 years.
At this point, two clumps have developed strong leading arms, which fragment into
approximately 10 more clumps over the next 30 years. Figs. 4.6 and 4.7 show the
orbital and mass progression of some of the first clumps formed (the simulation forms
many more clumps than detailed in the plots). We see large eccentricities and eccen-
tricity changes, and mergers of several clumps. Once a significant fraction of the gas
has been caught up in clumps, we expect that the furious production of new bound
objects will cease, and the system will evolve as a set of point masses. After a long
time (much longer than we have simulated) the system will reach dynamical stability,
presumably with only a handful of objects remaining.

When a spiral arm fragments, it collapses to a rotating spheroid. All our planets
formed initially with prograde rotation, however a later merger resulted in a counter-
rotating clump. We are not modeling the cooling of the atmosphere of the planet
accurately, so cannot comment on what the final spin of the planets will be. Because
our simulations arc three-dimensional, we can and do observe tilted plancts, a result

of interactions with other planets and vertical asymmetry in the spiral density waves.

Our work on wholly unstable discs extends the work of Mayer et al. (2002) to a
larger region of parameter space, following the system for a longer period of time and
spatially fixing the temperature profile. The critical value of @) that heralds collapse
is quite sensitive to the equation of state used (Boss, 2002). A more detailed equation
of state and more physical treatment of radiative transfer are necessary to determine
how likely planet formation via gravitational instability is in a given disc. Note that,
though we have evolved the system well past the initial collapse, we do not believe
we have accurately modeled the detailed structure of the planets that form because
we are using a simple equation of state. However, we have accurately followed the
gravitational interaction of the multiple planets that form. We can thercfore assert

that, in planetary systems that formed via gravitational collapse, the disc torque
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Figure 4.6: Formation in an unstable disc: The orbital radius of several clumps as
a function of time. The lines begin when a clump forms. Clumps that will merge in

the time shown have the same line style.
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theory of migration does not play a role, as the two-body interactions completely

dominate the orbital evolution of the planets.

4.6 Discussion

Here we describe how we calculated the mass of the planet, some tests we performed,
further discussion of our migration results, and how we definc and use the word ‘gap’

in this work.

4.6.1  Mass of the planet

The gas particles that are captured by the planet are not removed from the simulation
or added to the planet particle. They continue to orbit in the disc along with the
planet. When we give results for accretion rates we have to calculate a mass of the
whole planet, including the initial point mass and the captured gas. We usc a simple
criterion to determine whether or not a gas particle counts toward the mass of the
planet: a particle must be within the Hill sphere of the planet and have density greater
than the Hill density (the planet mass divided by the volume of the Hill sphere). Since
the Hill sphere depends on the planet mass, this process is iterated until the planct

no longer grows, starting from the initial planet particle.

4.6.2 Resolution issues

Our standard run for Type I migration is a 0.01 M, disc with a Jupiter-mass planet
starting on a circular orbit at 5.2 AU. We simulate the system for 326 years (approx-
imately 28 orbits) and calculate accretion and migration rates as a function of time.
Over this time period the migration and accretion rates arc constant, and the planet
migrates inward approximately 0.3 AU and grows in mass to approximately 1.8 M;.
We ran this model at several resolutions to check for convergence. At resolutions

of 20000 to 400000 particles the accretion rates matched to within 5 per cent and




the migration rates to better than 1 per cent. Given this agreement, we chose 10°
particles as our standard resblution.

The results of two 10° particle runs can be scen in Fig. 4.8. FEach simulation
initially has £(r) oc r~%2 aspect ratio H/r = 0.05, and an embedded Jupiter-
mass planet initially on a circular orbit at 5.2 AU. The two density profiles shown are
for disc masses of 0.1 and 0.01 M, after 326 years. The disc is three-dimensional,
has free boundary conditions, and self-gravity is included. The density profiles can be
compared to the results of previous simulations, for example fig. 3 of Nelson and Benz
(2003a) and fig. 10 of Kley (1999). Those simulations are both two-dimensional, treat
viscosity differently, and apply boundary conditions at the inner and outer edges of

the disc.

4.6.3  Migration rate differences

The Type I migration rates we found were higher than most previous numerical and
semi-analytical studies. However they agree fairly well with a recent simulation of
Nelson and Benz (2003a), which docs include the sclf-gravity of the disc.

We believe our treatment of the vertical dimension and the disc self-gravity is
correct, and so the discrepancy should reveal invalid assumptions made in the linear
theory of migration. Self-gravity always acts to increase the magnitude of density
perturbations, so we would expect that the torques arising from these perturbations
would be correspondingly increased, but we have not completed any simulations with-
out self-gravity, so cannot comment further. To determine the effect of including the
vertical dimension of the disc, we did several runs where all particles were constrained
to the z = 0 plane. For light discs, the 2D case consistently gave accretion rates lower
than the 3D casc by at least 20 per cent. For more massive discs, the 2D case appears
to give a slightly higher accretion rate during gap formation but again a lower rate
after the gap has formed (sec Fig. 4.2). The difference in migration rates between 2D

and 3D simulations was not clear.
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4.6.4  Defining a gap

Determining if and when a planet forms a gap in a disc is a non-trivial problem. By
what percentage must the density decrease around a planet to be called a gap, and how
far must this density depression reach? These criteria necessarily invoke an arbitrary
number. Fig. 4.8 shows an azimuthally and vertically averaged surface density of
two simulations with different disc masses. In both cases the gas density near the
planet has been markedly reduced, and these depressions could be called gaps. The
planet in the heavier disc has stopped migrating (see Fig. 4.3). In the lighter disc,
however, the planet continues to migrate inward at a rate independent of the depth
of the density depression. Therefore, we choose to use the word ‘gap’ only when its
dynamical effects are apparent, i.e. when the planet has stopped migrating. This
is how we chose between the ‘Type I’ and ‘Gap Formation’ regions when classifying

simulations for Fig. 4.1.

4.7 Conclusion

This work presents the first results from our ongoing investigation of planet forma-
tion and migration. It is a pioneering application of global SPH simulations to a
field previously examined primarily with Eulerian grid-based simulations. Using the
new technique, we have measured migration and accretion time-scales, witnessing
Type I migration and gap formation. Our results for this region partially qualita-
tively agree with the lincar theory of interaction with spiral density waves. We have
observed planet formation via disc fragmentation, including a cascade effect from a
single starter planet. Using massive discs, we find that it is easy to form large (tens of
Jupiter masses) planets on a short time-scale (hundreds of years). If planets form via
gravitational instability, the theory of migration via disc torques is not applicable.
To obtain an overview of gaseous disc—embedded planet interactions, we performed

a suite of simulations, varying the planet mass, the initial location of the planet, and
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Figure 4.8:  Azimuthally and vertically averaged surface density of two discs with
embedded Jupiter-mass planets, after 326 years. The solid line is the density of a
0.1 Mg disc. A deep gap has formed within 100 years, and Type I migration has
stopped. The dotted line is the density (multiplied by 10) of a 0.01 Mg, disc. Note
that a depression has formed about the planet, of less than half the initial density.
This feature can be called a gap, but the planet is still exhibiting Type I migration.

The dashed line shows the initial density profile.
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the disc stability. We have shown the orientation in parameter space of four broad
categories of interaction. These interactions are: Type I migration; gap formation
and Type II migration; planet-triggered instability; and unstable discs. The stability
of the disc is the most effective predictor of the type of interaction between a gaseous
disc and an embedded planet.

Planet formation and migration is a non-linear process that requires the reasoned
application of computational resources to model. Future investigations will explore
the details of each interaction we have described. In addition, we will refine our
knowledge of the boundaries between regions of parameter space. Future observations
will give us a range for @ and a better understanding of the temperature profile in
protoplanetary discs. Combined with the results presented here, we can say which

migration and formation processes will be relevant.
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Chapter 5

MORE TESTS OF MIGRATION

In this chapter we present the results of a suite of simulations of planetary migra-
tion. These simulations take a disk model with an embedded planet as described in
Section 3.3.1 and evolve the system for several dynamical times. Given the simulation
outputs we calculate quantities like the migration and accretion rates of the planet
and explore how these vary with the parameters of the disk, planet and simulaﬁon.

Our standard case is a 1 Mg, star with 0.01 Mg, circumstellar disk initially ex-
tending from 1 to 25 AU. Embedded in the disk is a 1 My,, planet initially on a
circular orbit at 5.2 AU (the current semi-major axis of Jupiter in our Solar System).
The disk-planet system is evolved for 326 years. A suite of simulations was built by
varying the physical parameters in the initial conditions. In addition, we investigated
the effects due to some computational parameters. The following sections detail the

performance, analysis and results of this suite.

5.1 Performing and Analyzing

Running the Simulations All the simulations described in this chapter were run
using Gasoline in scrial mode on computers in the Astronomy Department of the
University of Washington. The jobs were distributed over a group of ~70 PCs running
Linux by the Condor system (Thain et al., 2004). Jobs were run in Condor’s vanilla

universe using Gasoline’s native checkpointing to perform restarts.

System of Units The system of units used was Astronomical Units for length,

Solar Masses for mass and years divided by 27 for time. In this system, the largest
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timestep was &, = 16, about 2.5 years. Gasoline uses a multi-stepping scheme to
speed up the force calculations for particles with varying dynamical times. Smaller
timesteps lie on “rungs”, binary subdivisions of the maximum timestep. The timestep
for particles on the ith rung is §; = dq/2'. For each particle, the timestep is chosen
from the largest gravitational interaction it participates in (Richardson et al., 2000).
In addition, the timestep is required to obey the Courant condition (Wadsley ct al.,
2004). In our simulations, the majority of the particles were within the first 4-5 rungs.

The largest number of rungs used was usually 12, by the innermost particles.

Equation of State Except for Section 5.3.4, the equation of state used was isother-
mal with imposed radial temperature profile of 7 = 0.05 (see Section 3.1.2) and
mean molecular weight of the gas ;1 = 2 my. This set the temperature such that

T(r =1 AU) = 538 K and T(r = 5.2 AU) = 103 K.

Initial Conditions Initial conditions for the disk were generated as described in
Section 3.3.1. With those temperature and density profiles and standard disk mass
Mp = 0.01 M, the minimum value of the Toomre stability criterion is at the outer
edge of the disk, @ = 16. No boundary conditions werc imposed, allowing the disk to
expand and contract. Without an embedded planet, the disk exhibited little structure
formation. During a brief (about 20 years) ring-down period, low-amplitude, many-
armed spiral waves equilibrated the disk. A planet particle interacting via gravity
only was placed on a circular orbit at 5.2 AU. The motion of the planet particle was
not constrained by any external forces. Its motion was determined entirely by the
gravitational forces due to the central star and the gas disk. The central star was

always 1 Mg,.

Planet Formation In Chapter 4 we considered the formation of giant plancts via

the disk instability. In this chapter, we are assuming that a planet has already formed
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on a circular orbit in an unperturbed disk. This is more consistent with the core
accretion model of planet formation. Specifically, we are trying to start at the point
where gas accretion becomes a runaway process. This is the time when the planct

first starts to significantly perturb the gas disk.

5.1.1 Calculation of Accretion and Migration Rates

To extract migration and accretion rates from our simulations, we calculate the semi-
major axis and mass of the planet for every simulation output. Using the two-body
approximation, the semi-major axis of a planet with mass M,, instantaneous velocity

vp and radial position r, from a central star with mass M, is

o = (% - G(M——H\ﬂ) 51)

The calculation of the mass of the planet is detailed in Section 5.4.2.

The simulation outputs are regularly spaced in time, typically 2.55 yr apart.
Whenever the semi-major axis and mass of the planet appear to vary linearly with
time, the values are fit to a straight line using a least-squares fitting routine. The
slopes of the best-fit lines arc then quoted as the rates for migration and accretion
for that simulation. Because we do not have uncertainties for each data point, the
concept of goodness-of-fit does not apply. We examine each straight-line fit to ensure

that the data does in fact appear to be linecar.

5.2 Dependence on Planet and Disk Mass

The theory of Type I migration, discussed in Section 1.4.1, gives an expression for the
migration rate of a planet embedded in a gas disk. This rate is linearly dependent
on the mass of both the planct and disk. We performed a suite of 212 simulations to
test the predicted dependence.

In this suite, the total mass of the disk and initial mass of the planet were varied

from 0.0025-0.09 M, and 0.25-2 M, respectively. The softening lengths were deter-



mined with the default parameters described in Section 5.3.2. The artificial viscosity
parameters were fixed at their default values. The number of particles used ranged

from 20000-800000.

5.2.1 Qwerall Results

For the standard case, Mp = 0.01 Mg and M, = 1 Mj,,;, the planct migrates inward
at a constant rate of 1073 AU/yr. It also accretes gas from the surrounding disk at
a constant rate of 2.5 x 107® Mg /yr. The quoted rates are the mean values from
103 different simulations with the specified disk and planet masses. The standard
deviation from the mean of the migration rate is 1.2 x 107, about 12 percent. The
standard deviation from the mean of the accretion rate is 1.4 x 1077, about 6 percent.
Reasons why simulations with identical parameters yield different results are discussed
in Section 5.3.1.

The migration and accretion continue at these rates for scveral hundred years
(tens of orbits). The results presented in this section are all derived from this initial
period. Later, the migration slows as the planet creates a gap in the disk. Section 5.5
discusses the long-term behavior. For some of the simulations with more massive
disks the timescale for gap formation is short. In those cases, the quoted migration

and accretion rates were derived from only the first few orbits of the planet.

5.2.2 Dependence on Planet Mass

We found that migration rate was independent of planet mass. Figure 5.1 shows
the migration rate as a function of the initial planet mass for 137 simulations with
Mp = 0.01 Mg. No trend is evident. The rates shown are a superset of the standard
case result, yet the mean and standard deviation of the larger set are nearly identical.
To quantify the lack of trend, we need to estimate the errors of a linear fit to this
data. Since we have no a priori knowledge of the magnitude of the errors, we usc

the Bootstrap method, assuming our data is independent and identically distributed
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Figure 5.1: The migration rate as a function of the planet mass in a 0.01 M,, disk.

Varying the initial mass of the planet does not affect the rate of migration.

(Press et al., 1992). For the data shown in Figure 5.1, the linear fit with errors is
ap = ((—1.02 4 0.03) — (6.3 + 3.7) x 1072 M,/Mj,p,) x 1073 AU/yr. The intercept is
well constrained and definitely non-zero, while the slope is poorly known and much
smaller. Furthermore, the slope is within two standard deviations of zero. This shows
quantitatively the absence of a linear trend, as predicted by the linear theory. In our
simulations, within the range 0.25 My, < M, < 2 Mj,,, the ratc of migration is

unrelated to the initial mass of the planct.

Nelson and Benz (2003a) (hereafter, NB) performed similar simulations using
a two-dimensional grid code. After p(?rfqrming a suite of simulations with Mp =
0.05 Mg, and planet mass ranging from 0.1-2 Mj,,,, they also concluded that migration
rate was independent of planet mass. Figure 5.2 shows the results of similar set of
simulations that we performed. We made bootstrap estimates of the errors of a
lincar fit to this data, as above. Again we find a definitely non-zero intercept and

small slope, supporting our claim of independence. Our simulations show a smaller
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Figure 5.2: The 'migration rate as a function of the planet mass in a 0.05 M, disk.
Compare this to Figure 9 of NB. We agree on the lack of trend, but find a magnitude

several times greater. These simulations used N = 80000 particles.

spread in migration rate than those of NB, but a magnitude several times larger.
This difference is likely due to our differing numerical approaches. They used a two-

dimensional Eulerian grid; we used a three-dimensional SPH simulation.

Why does the migration rate not depend on the mass of the planet? We belicve
this is because the disk does not respond linearly to the presence of the planet, as
required by the theory of Type I migration. We make this claim based on three

measurements of our simulations.

First, the magnitude of the perturbed density in the spiral waves formed by the
planet is not small. The linear theory deals with the perturbed surface density of the
disk, assumed to be small with respect to the unperturbed, average density (Goldreich
and Tremaine, 1978a). This is not true in our simulations. We compressed the disk
vertically to obtain a surface density. We then measured the maximum deviation in

the surface density relative to the azimuthal average at each radius, dX/%. Close



68

to the planet, the relative deviation in surface density was typically 3 to 5. Further
away, near the Lindblad resonances, the deviation was routinely above 1. These
large density fluctuations clearly do not satisfy the small perturbation required by
the theory.

Second, the maximum density just detailed did not depend on the perturbing
planet mass. In the linear regime, we would expect the amplitude of the spiral waves
to be dependent on mass of the planet exciting them.

Finally, the relative surface density was decomposed into azimuthal Fourier modes.
According to theory, the magnitude of the torque exerted at the mth Lindblad reso-
nances increases with m up to about m = 10 (Ward, 1997). Thercfore, the high m
modes are most responsible for migrating the planet. We measured the power in the
mth mode at the mth Lindblad resonance. It was independent of planet mass. NB
performed a similar calculation with the same result.

Based on this evidence, we conclude that, for planet masses of 0.25-2 My, the
response of the disk is nonlinear in proportion to the perturbing potential of the
planct. Therefore, we should not expect the lincar theory to correctly predict the
rate of migration. Beyond a critical planet mass, the response of the disk saturates.
That is, the spiral waves cannot be made sharper or higher in amplitude. Thercfore
the torque they exert does not increase as the planet mass increases. Presumably,
probing ever-lighter plancts would reveal the the minimum planet mass that saturates
the disk response. Simulations of smaller-mass planets require more resolution in the
disk, so we have been unable to look for this transition.

Unlike migration, we found that the initial planet mass does affect the rate of
accretion. Figure 5.3, the counterpart to Figure 5.1, shows the accretion rate as a
function of the initial planet mass for 137 simulations with Mp = 0.01 Mg,. Figure 5.4
shows the similar result for the suite similar to NB. The accretion rate is linearly
dependent on the initial planet mass. This agrees with our explanation of accretion

via gas capture within the Hill sphere (Section 5.3.2). Because the volume of the Hill
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Figure 5.3: The accretion rate as a function of the planet mass in a 0.01 M, disk.

The data is well approximated by a linear function of the planet mass.

sphere is proportional to the planet mass, so is the gas available for accretion.

5.2.8 Dependence on Disk Mass

We found that migration ratc was linearly dependent on the total disk mass (at fixed
size and profile, equivalently the surface density). This agrees with the prediction of
the theory of Type I migration. Figure 5.5 shows the results of 118 simulations with

M, =1 My, and disk masses ranging from 0.01-0.09 M.

NB also performed simulations varying the disk mass from 0.0025-0.05 M, using
a 0.3 Mj,, planet. We performed simulations for those conditions, using a disk of
80000 particles, obtaining the results shown in Figure 5.6. As in the simulations
where the planet mass was varied, our rates are several times greater than NB. Notice
that for disk masses below 0.04 My the migration rates are linearly dependent on
the disk mass. This trend is slightly stronger than that found by NB. Our result

agrees qualitatively with the results of the Type I migration theory (Secction 1.4.1).
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Figure 5.4: The accretion rate as a function of the planet mass in a 0.05 M, disk.

The data is well approximated by a linear function of the planet mass.

QQuantitatively, we are within a factor of a few of Equation 1.2. However, since we do

not sce the linear dependence on planet mass, this is likely coincidence.

The linear fits shown in Figures 5.5 and 5.6 were made by minimizing the x?2
assuming identical errors. By creating bootstrap datasets, we estimate the error in
the constant term to be 11% and 20%, and the error in the slope to be 4% and 2%,
for Figures 5.5 and 5.6, respectively. Within this error, the constant term is definitely
non-zero. This implies that, for zero disk mass, the planet still migrates. This could
be due to numerical effects inherent in the simulation. Alternatively, the interaction
with the disk could deviate from lincarity at disk masses lower than we simulated.
Note that at the lowest disk masses, the disk is only a few times more massive than

the planet.

Our quoted migration rates imply that giant planets should migrate rapidly and
be accreted by their parent star within only a few thousand years. However, as

discussed in Section 5.5, larger disk mass results in more rapid gap formation, halting
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Figure 5.5: The migration rate of a 1 My, planct as a function of the disk mass.
The data is well approximated by a linear function of the disk mass: a, = (0.0006 —

0.165 Mp/Ms) AU/yr.

migration sooner. Therefore, we believe that some planets can survive this period of

rapid migration, provided they open a gap quickly.

For disk masses above 0.04 M, the migration rate appears to platcau. The cause
of this is unclear. The accretion history for these simulations is very different than
for lower-mass disks. We can understand the behavior of the accretion by considering
the effect of fixed gravitational softening as the simulation proceeds. Section 5.3.2
describes the mechanics of accretion in the simulation and its dependence of the
gravitational softening length. To accrete, the softening length between planct and
gas particles must be a fraction of the Hill radius (Equation 5.3). The softening length
is fixed for the duration of the simulation. However, as the planct migrates inward,
the Hill sphere gets smaller. As the planet accretes, the Hill sphere grows, but to a
lesser degree. Thus, if the planet migrates too quickly, the Hill radius and softening

lengths may become commensurate, halting accretion. Figure 5.7 shows this process
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Figure 5.6: The migration rate of a 0.3 My, planet as a function of the disk mass.
Below Mp = 0.04 Mg, the data is well approximated by a linear function of the disk
mass: a, = (0.00023 — 0.130 Mp/My) AU/yr. Compare this to Figure 10 of NB.

occurring in a simulation with Mp = 0.0475 M. Given the unphysical accretion
processes, we arc wary of results at this resolution for disk masses above 0.04 M, for
0.3 My, planets. As Figure 5.5 shows, we performed higher-resolution simulations of
1 My, planets in more massive disks and did not find a similar migration rate plateau.
We therefore conclude that the data points above Mp = 0.04 M, in Figure 5.6 are
numerical artifacts.

We expect the accretion rate to be linearly dependent on the disk mass. Figufcs 5.8
and 5.9 show the accretion rate of 1 and 0.3 M;,;, planets, respectively. As discussed
above, the accretion rates for the 0.3 My, planet in disks more massive than 0.04 M,

are the product of a numerical artifact.

5.3 Dependence on Other Parameters

Gasolineis a complex program that parametrizes many of the numerical issues present
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Figure 5.7: Mass and Hill radius of the planet as a function of time for a 1 My,
planet in a 0.0475 Mg, disk. As the planet migrates inward, the Hill radius does not
grow fast enough. Accretion halts and the planet’s envelope of gas particles is lost,

further shrinking the Hill radius.
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Figure 5.8:

Figure 5.9: The accretion rate of a 0.3 My, planct as a function of the disk mass.
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in a simulation. Here we investigate the effects due to varying some computational
parameters. We explain how simulations with identical parameters can produce dif-

ferent results.

5.3.1 Dependence of Migration Rate on Stmulation Resolution

We hope that our simulations have accurately captured the relevant physics of the
disk—planet system. We test this by varying the simulation resolution. To measure
the convergence with resolution, we conducted simulations of the standard migration
system with particle numbers ranging from 2 x 10* to 8 x 10°. At cach resolution we
run several simulations, varying the seed used by the random number generator in
constructing the initial conditions. For a good random number generator, each choice
for the seed is equally valid. The discretization of the cdntinuous fluid introduces some
small amount of Poisson noise onto the particle distribution. By varying the random
seed, we quantify the effect this discretization noise has on the aggregate results we
are interested in. Figures 5.10 and 5.11 show the dependence of the migration and
accretion rates on the resolution for our standard disk and planet masses. In this
instance the error bars are calculated from the standard deviation of the rates for
each population of simulations at a particular resolution. By measuring the variance
in this way, we have a baseline with which to judge the effects of other parameters. For
example, when we say that the gravitational softening does not affect the migration
rate, we mean that the migration rates measured in runs with different softening
lengths were within the standard deviation for the resolution of the simulations.
The random seed effect is an example of how two simulations with identical phys-
ical parameters can have different numerical realizations. Can two numerically iden-
tical simulations yield differing results? In the case of Gasoline, there are two compu-
tational mechanisms that can lead to this. First, when a parallel version of Gasoline
is used, a dynamic load-balancing algorithm is used to distribute work between pro-

cessors. If conditions vary between runs, for example the number of processors or
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Figurc 5.10:  Migration rate of a 1 My, planet in a 0.01 M disk as a function
of the simulation resolution. Mean values for a particular number of particles are
shown in blue, and the error bar represents one standard deviation of the population.
Increasing resolution decreases the spread in migration rates, and the average value
appears to be fixed. The independence of average migration rate indicates that we
have sufficient resolution to capture the formation and dissipation of the spiral waves

excited by the planet.
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Figure 5.11: Accretion rate of a 1 Mj,, planet in a 0.01 M, disk as a function of the
simulation resolution. Mean values for a particular number of particles are shown in
blue, and the error bar represents one standard deviation of the population. Excepting
a hiccup at 200000 particles, the deviation from the mean decreascs with increasing
resolution. In addition, the mean value fluctuates. We suggest that this dependence
on resolution is due to a finer sampling of the region within the Hill radius of the
planet, where gas particles can be captured. In addition, the extent of dissipation via

artificial viscosity decreases with resolution.
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network latency, the load-balancer can choose a different distribution of work, lead-
ing to slightly different force calculations. This did not occur in the simulations
described in this chapter, as they were all run in serial. Second, certain parameters
can change when réstarting a run from a checkpoint. A checkpoint is a picture of
the simulation program’s statc that is periodically written to disk. When a job is
interrupted, it resumes sometime later by restoring state using the checkpoint data.
Gasoline has a different file format for simulation snapshots and checkpoints. Due
to a computational difficulty (Wadsley et al., 2004, see Section 3.1.1 of), the change
in smoothing length of each particle is limited between timesteps. When restarting
from a checkpoint, the growth limiter is relaxed. Thus, the smoothing of length of a
particle can change during a restart. Due to the nature of the Condor system used to
perform the jobs, the number of restarts during a simulation run can vary enormously,
from none to one restart every output. By performing multiple runs of numerically
identical disks, we believe that the magnitude of this effect is comparable to that due

to choosing the random seed.

5.3.2  Varying Gravitational Softening

Newton’s Law of Gravity states that the gravitational force between two point masses
is inversely proportional to the square of the distance between them. Thus, when two
particles have a closc approach, the gravitational force between the two can grow
arbitrarily large. Real astrophysical objects are not point masses and thus avoid
this difficulty. Although we usually think of the particles in the simulation as point
masscs, we must modify this idea to correctly handle close approaches. This is done by
“softening” the gravitational force: decreasing the strength of gravity for short-range
interactions.

A common softening prescription is cubic-spline softening. In this method the
gravitational force is equal to the Newtonian value for interaction distances greater

than twice the softening length €. Inside the softening length the force is that due to a
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spherically symmetric extended mass with mass distribution equal to the cubic-spline
smoothing kernel (Equation 2.3). The softening length for a pairwise intcraction is the
average of the softening lengths of the two interacting particles. This is the method
of softening used in all our simulations.

In our simulations all gas particles have the same softening lengths. The planet
particle is more massive than the gas particles but, we imagine, has a more compact
physical size, so is given a different softening length. In addition, the potential of the
central star is softened on a third distinct length scale. To calculate the gravitational
force between any pair of particles, the mutual softening length is used. The mutual
softening length is the arithmetic average of the individual softening lengths of the
particles.

Unlike the smoothing length used to calculate gas pressure forces, the softening
length does not vary with time. How then do we choose appropriate values for the
softening lengths? The purpose for which we introduced softening is to reduce two-
body encounters and account for the extended physical size of the particles. Too small
a softening clearly misses this goal and is more computationally expensive. Too large
a softening is also incorrect, obscuring small-scale interactions that we have sufficient
resolution to correctly resolve. In a study of Jeans collapse, Bate and Burkert (1997)
found that softening and smoothing should be commensurate in SPH simulations.
Dehnen (2001) suggests picking a softening length by minimizing the error in the
gravitational force calculation. For unstable disk simulations, Mayer et al. (2003)
empirically found that the softening should be smaller than the most unstable Toomre
wavelength (Binney and Tremaine, 1987). Here we use an empirical study to choose
softening lengths by looking for accretion onto the planet.

We want the procedure used to pick softening lengths to scale with the physical and
computational parameters of the system. For the gas particles the procedure should
scale with the total disk mass and the number of particles used in the simulation. For

a disk of mass M, composed of N equal-mass particles, we use a baseline density pgas
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to set the softening length:
Mp/N 1/3
€gas = <4———-) (5.2)
37 Pgas
For the planet particle, the natural length scale is the Hill radius, derived from

Hill’s equations concerning motion in the restricted three-body problem.

M 1/3
Tm=Tp (3]\; ) . (53)
*

where 7, is the distance from the central star to the planet. This is the radius of the

Hill sphere of a planet. Inside the Hill sphere, the gravitational field of the planet
dominates that of the central star. See Murray and Dermott (1999) for a derivation
of Hill’s equations.

The results of our simulations indicate that varying the gravitational softening
length of either the gas particles or of the planet has no measurable affect on the
migration rate of the planet. However, varying the softening strongly affects the
accretion rate. Large softening prohibits the planet from capturing surrounding gas
particles. Thus we can use the presence of aceretion to choosc an appropriate softening
length. By examining the process of accretion (see Section 5.4.1 for a physical descrip-
tion), we see that the mutual softening lengths should be a fraction of the Hill radius
of the planet. For the gas particles, we will find a density, and for the planet particle,
a fraction of the Hill radius, such that the mutual softening between planet and gas
particles satisfies this criterion. By varying the softening length of the gas particles,
Figure 5.12, and planet particle, Figure 5.13, we see that too large a softening leads
to a sharp cutoff in accretion. Smaller softening is more computationally expensive
as it requires more force calculations per particle. The accretion rate does not vary
much for softening lengths below the cutoff value. Therefore, we choose softening
lengths for the gas and planet particles that are close to the cutoff. The softening
length of the gas particles is set using Equation 5.2 with py,s = 3.73x 107° Mg AU .

The softening length of the planet particle is set to 75 /5. These two choices cnsure
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Figure 5.12: The accretion rate onto the planet as a function of the gravitational
softening of the gas particles. These data are taken from simulations with Mp =
0.01 Mg, N = 80000 and M, = 1 My,,. At this resolution the choice pgs = 3.73 %

1075 My, AU corresponds t0 €g,5 = 0.093 AU, close to the transition value.

that, at sufficient resolution (number of gas particles), the mutual softening is small
enough to allow for accretion onto the planet. That the migration rate of the planet is
independent of the gravitational softening indicates that the internal torques between
the planet particles, both gas and the gravity-only core, are not the source of the

observed orbital migration.

The potential of the central star is softened with a length scale ¢z = 0.4 AU. This
is within the internal edge of the disk in all our simulations. In addition, it is well
within the inner Lindblad resonance of a planet at 5.2 AU, so should not affect the

formation and dissipation of spiral density waves.



82

= . .

>25x10°° ¢ = .

@ L ] .0.

2 2x10° ‘s,

9 -6 og

© 1.5x10

c -6 :

._8 1x10 ®

s 5x 1077

Q X i

< 0 | o
002 005 01 02 05 1

€planet (AU)

Figure 5.13: The accretion rate onto the planet as a function of the gravitational
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5.8.83 The Effect of Artificial Viscosity

The artificial viscosity described in Section 2.3.1 is parametrized with two constants,
« and 8, designed to handle shocks in gas and reduce particle inter-penetration. Con-
ventional wisdom in the SPH community suggests that @ = 1, § = 2 is appropriate
for a broad class of simulations. Recently, Mayer et al. (2003) has found that SP’H
simulations of planet format}ion via gravitational instability are sensitive to the par-
ticular choices for these parameters. We found that varying the artificial viscosity
parameters by a factor ten smaller or larger affected the magnitude of the migration
rate by only a few percent. When both parameters are set to identically zero, no
shocks occur and the planet does not capture surrounding gas particles (there is no
accretion). Given this weak dependence, we assert that artificial viscosity is not a
dominant force in our simulations. Accordingly, the default values o = 1, B = 2 are

used in all other simulations.

5.3.4 Dependence of Migration Rate on Equation of State

Simulations of unstable disks revealed that switching from an isothermal to adiabatic
equation of state suppressed the formation of clumps (Boss, 2001, 2002; Mayer et al.,
2002). Although the disks discussed in this chapter are stable to the gravitational
instability, we are still interested in what effect, if any, the choice of equation of
state has on the migration and accretion rates. To do this, we ran simulations with
an adiabatic equation of state and compared them to our standard isothermal case.
The isothermal and adiabatic approximations are extremes. Isothermal assumes that
the timescale for radiation of non-equilibrium thermal energy is zero; adiabatic that
it is infinite. The true equation of state is likely intermediate. The simulations
described below started from the same initial conditions, with T'(r) = To(r/ro)™"

with Ty =534 K and ro =1 AU.

Our default equation of state is isothermal with a fixed temperature profile de-
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pending only on the cylindrical distance to the central star. Using this relation with a,
1 My, planet in a 0.01 Mg, disk, the disk geometry is stable, and the planet migrates
and accretes at a constant rate. Changing to an adiabatic equation of state markedly
changed the nature of the simulation. In the adiabatic simulation, particles were
allowed to heat via shocks and contraction, and cool during expansion. The region
closest to the central star is the most dense, and is strongly shearing. This led to
a large influx of heat, heating particles to several hundred-thousand Kelvin. Rapid
heating was not limited to the central region, causing the entire disk to puff up, on
its way to a spherical equilibrium shape. The planet still excited spiral density waves,
but they were much weaker than in the isothermal case. Combined with enhanced
gas pressure forces at higher temperature, this prevented gas particles from being
captured by the planet. This drastically non-equilibrium behavior indicates that a
purely adiabatic equation of state is not appropriate for the system we are trying to
model. BEspecially in the central regions, where we are unsure of the true physical
conditions, such rapid heating is clearly a numerical effect.

To try to limit this aspect of the adiabatic equation of state, we performed an
adiabatic simulation where the temperature was capped at an arbitrary maximum
of 1500 K. Like the fully adiabatic simulation, the disk heated rapidly. The interior
region at the maximum temperature grew slowly outward, thickening the disk as it
grew.

Migration did occur in both simulations with alternate equations of state, al-
though its nature was diffcrent. Figure 5.14 shows the semi-major axis of the planet
as a function of time for simulations with imposed isothermal temperature profile,
adiabatic and capped adiabatic equations of state. The isothermal simulation yields
the familiar constant rate of inward migration. The adiabatic simulation shows the
migrate rate quickly decreasing as the disk heats up from the inside outward. The
capped adiabatic simulation shows the same trend, with the changeover occurring

more slowly. The imposed profile has no vertical structure, while the adiabatic sim-
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Figure 5.14: Semi-major axis of planets in disks with different equations of state.
Black is imposed isothermal profile; red is fully adiabatic; blue is adiabatic capped at
1500 K. Changing the equation of state has a marked effect on the migration and the

structure of the disk as a whole.

ulations allow for the temperature to decrcase vertically out of the disk. This lets
gas pressure forces quickly vertically dissipate the spiral density waves excited by the
planet. Migration is thus severely limited, in comparison with the imposed isothermal

case.

The result of varying the equation of state is mixed. Clearly it has a large cffect on
the dynamics of the system. However, it is not clear how to improve on the isothermal
model without introducing unphysical numerical effects. Without an appropriate
form of additional cooling, an adiabatic equation of state is not appropriate for our
simulations of this system. In the future, a more sophisticated treatment of the
equation of state and radiative transfer will be necessary to improve the robustness

of results of disk—planet interaction.
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5.4 Accretion Onto The Planet

A planet can grow by accreting material from the surrounding disk. Here we explain

the mechanics of this accretion.

5.4.1 Capturing Gas Particles

In our simulations, the planet captures gas particles from the disk, growing in mass.
These particles are gravitationally bound to the planet, forming a flattened sphere
of gas rotating in the same sense as the orbital motion (Figure 5.15) A gas particle
must come within the Hill sphere of the planet and lose some of its relative velocity
to be captured by the planet. This is possible because, in addition to gravity, the gas
particles are subject to the dissipative forces of SPH. Figure 5.16 shows a series of zero-
velocity curves for the restricted three-body problem appropriate to the Sun-Jupiter
combination. The shape of each zero-velocity curve depends on the Jacobi constant
(cquivalently, the energy in the rotating frame) of a test particle. As the encrgy
decreases, the zero-velocity curve encloses the planct, trapping particles around it.
Because SIPH is collisional and dissipative, gas particles that lose energy while within
the Hill sphere of the planet will become bound to the planet. This occurs when a
particle on an orbit slightly external (internal) to the planet is caught by (catches) the
trailing (leading) density wave of the planet. The particle collides with the density
wave, accelerating (decelerating) and thus, in the rotating frame, losing energy. If
the particle is within the Hill radius of the planet it is trapped, becoming part of the
envelope. This scenario for the capture of gas particles requires that the gravitational
softening between the planet and gas particles be appreciably smaller than the Hill
radius, so that the three-body problem approximation is valid. Figure 5.17 highlights

the particles that will soon become part of the planet.
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Figure 5.15: Gas particles making up the envelope of a planct in a 0.01 Mg, disk.
The central star is to the bottom of this image, and the orbital motion is to the
left. The disk is composed of 10° gas particles. The initial planet particle is 1 M.
At the time of this snapshot, just a few orbits into the simulation, the planct has
accreted 0.07 My, of gas particles, as determined by the algorithm described in
Section 5.4.2. Vectors on each particle indicate the direction of motion, minus the
Keplerian component, around the center of the planet with the same scnse as the
orbital motion. The length of each vector represents the distance the particle would

travel in the next 0.008 yr. The color scale represents the logarithm of the gas density.
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Figure 5.16: Zero-velocity curves in the restricted three-body problem with mass
ratio appropriate for the Sun-Jupiter system. The right-hand figures are closcups
of the area around the planet. A particle with the specified value of the Jacobi
constant C is prohibited from entering the shaded region. In this system of units
Cr=(2*+9%) +2 ( Lt 4 £2 ) — (&% + 9?) where py = 0.001 is

Vit +y2  (a—(1-p2))*+y?
the Sun-Jupiter mass ratio. As the Jacobi constant increases, the prohibited region

encloses the planet. If dissipative processes decrease the energy (equivalently, increase
the Jacobi constant) of a particle while it is near the planet, the zero-velocity boundary

closes in, trapping the particle. It is then effectively a part of the planet.
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Figurc 5.17:  The same planct as in Figure 5.15, zoomed out to show the trailing
and lcading edge of the spiral density waves. Within two time steps, all the particles
highlighted in green will be part of the planet. The exterior particles will be caught
by the super-Keplerian trailing wave, and the interior particles will catch the sub-
Keplerian leading wave. The shock will slow them, trapping them as part of the
gas envelope of the planet. For non-planet particles, the color scale represents the

logarithm of the gas density.
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5.4.2 Description of Planet Mass Determination Algorithm

Initially, what we refer to as the “planet” is a single particle, interacting via the
gravitational force only. As the system evolves, dissipation in the gas allows the
planet particle to capture surrounding gas particles. The gas particles move along
with the planet particle, contributing to the excitation of spiral density waves and
migration. The “planet” is thus the original planet particle and some surrounding
gas particles. How do we determine exactly which gas particles to include in this
characterization? We use an iterative algorithm described below.

To start the algorithm, the mass and center of mass of the planet are those of the

initial planet particle.

1. Using the mass and center of mass of the planet, determine the Hill radius

(Equation 5.3) and Hill density, defined as

9M,
47r7"3

PH = (5.4)
2. Find all gas particles that are within a Hill radius of the center of mass of the

planet and have density greater than the Hill density.

3. Using the initial particle and all found gas particles, calculate the new mass and
center of mass of the planet. If the new mass and center of mass are different
from the old values, iterate again with Step 1. Else, we have determined the

list of particles making up the planet.

5.4.83 Details of the Planet

The size of the planet is comparable to the gravitational softening length, meaning
that its gravitational behavior is not being properly modeled. In addition, the as-
sumptions justifying an isothermal equation of state are not valid for a planctary

envelope. However, our simulations present the first opportunity to study a planet
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Figure 5.18: Projected density of particles making up a planet. The 0.01 M, disk
was composed of 400000 gas particles. The initial planct particle was 1 Mjy,,; the
planet is now composed of an additional 7870 gas particles, a total of 1.19675 My,,.
The color represents the density. Angular momentum has flattened the planet into a
disk with height less than a third of the radius. This planet has a rotation period of

0.53 yr.

that is more complicated than a point particle. We therefore discuss some observa-
tions about the structure of the planet, with the warning that these results should

not be considered robust.

The planet, composed of the initial core particle and an envelope of gas parti-
cles, is a flattened disk rotating uniformly with the same sense as its orbital motion.
Figure 5.18 shows the radial and vertical projection of the particles making up the

planet. Note that the height of the planet is less than a third of the radius.

The planet is in almost completely uniform rotation about the vertical axis. As
the planet accretes, its rotation speed increases nearly linearly. This increase slows as

the planet carves a gap in the disk. The planet shown in Figure 5.18 has a rotation
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period of 0.53 yr. Our simulation does not have the necessary resolution or physics
to model the contraction of this large planetary envelope down to a fully-formed
gas giant planet. Nonetheless, we know that angular momentum must be conserved.
We can measure the spin angular momentum of our planet directly from the mass,
position and velocity of the particles. The spin angular momentum of a sphere of
mass M and radius R uniformly rotating with period 7" is Lgpin = %M R?27/T. This

enables us to estimate the rotation period of the planet if we shrunk it to a sphere

with the same density as Jupiter:

y M, \** or
Tp:gMp<4 ) . (5.5)
§7erup spin

For the planet shown in Figure 5.18 we have M, = 1.19675 My, and Lgyin = 3.18 X
10-% Mg AU?/yr. The current density of Jupiter is pyup = 2.25 x 108 M, /AU®. This

ot
Ct

yields a rotation period of just over two hours for the shrunken planet, about five
times shorter than Jupiter’s. This is just slightly smaller than the escape velocity of
the shrunken planet. We do not yet have observational evidence of the rotation speed
of extrasolar planets. Perhaps we will find that they arc rotating much faster than
the giant planets in our Solar System. Alternatively, perhaps the contraction phase
of giant planet formation involves the shedding of a significant fraction of the spin

angular momentum.

5.5 Long Term Behavior

The results quoted above for migration and accretion rates are all derived from the
first few hundred years of the evolution of the system. What happens if we continue
the simulation, letting the planet move farther inward? The planct forms a gap in the
disk. This changes the dynamics of the system, halting migration and changing the
accretion rate. Here we discuss these changes and attempt to quantify the process of

gap formation as seen in our simulations.
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5.6.1 The Density Profile and Gap Formation

A consequence of accretion onto the planet is depletion of the gas making up the
disk. The tidal force of the planet pushes material away from corotation, as seen
in planctary ring systems. These actions combine to lower the gas density in a ring
along the orbit of the planet. Such a depletion is called a gap in the disk. A gap
physically disconnects the planct and its envelope from the inner and outer portions
of the disk. This disconnect results in slower accretion and halts the migration of the
planct. Figure 5.19 shows the semi-major axis and mass of a planet forming a gap in
a 0.05 M, disk. The vertically and azimuthally averaged surface density in the disk
is shown for this simulation in Figure 5.20. As the planet accretes and exerts torques
on the disk, it depletes a ring of gas around its orbit. The depth of the gap grows,
resulting in a change in the migration of the planet. The disconnect from the disk is
not complete, as shown in Figure 5.21. Gas from the disk can still accrete onto the
planet through the spiral waves that reach through the gap.

We found the speed of gap formation to be sensitive primarily to the disk mass.
Figures 5.19, 5.20 and 5.21 show a gap forming within about 250 years in a 0.05 M,
disk. In contrast, Figure 4.3 shows a gap forming in just 100 years in a 0.1 M, disk.
Finally, Figuré 5.22 shows the result of a long simulation of a 0.01 M, disk, taking
closer to 1500 years to fully develop a gap.

5.5.2  Halting Migration

The current catalog of extrasolar planets exhibits a strong lower bound on the semi-
major axis of giant planets. Are planets prevented from migrating closer than 0.04 AU
to their parent star, or are all planets within that distance accreted onto the central
star? Unfortunately, our simulations cannot shed much light on this mystery. We do
not accurately resolve the region close to the central star, nor do we include forces

such as magnetic ficlds and dissipation due to tidal forces between planet and star.
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Figure 5.19: Semi-major axis and mass of a planet forming a gap in a 0.05 Mg
disk. Notice that migration and accretion slow between 100 and 200 years after the
start of the simulation. The initial mass of the planet was 1.9 M, and the disk was
composed of 80000 particles. Compare with the density profiles of this disk shown in

Figure 5.20.
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Figurce 5.20: Surface density profiles of a planct forming a gap in a 0.05 M, disk.
Black is the initial condition, £(r) o r~%?2. Blue is at 81 years, magenta at 163
years, red at 244 years, and yellow at 326. As the simulation proceeds, the density
depression around the orbit of the planet deepens. Relating to the semi-major axis
and mass shown in Figure 5.19, we see the gap move inward along with the planet,
deepening as the planet grows in mass. When the simulation stops, the density in the

gap is almost 100 times less than the initial conditions.
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Figure 5.21: A snapshot of a simulation where the planct has formed a gap in the
disk. The region along the orbit of the planet has been almost entirely depleted of
material. However, the planet still excites spiral density waves, which reach in to
touch the planet, allowing for continued accretion across the gap. The color scale

represents the logarithm of the gas density.
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Figure 5.22: The semi-major axis of a 1 My, planet in a 0.01 M, disk, taking a long
time to fully form a gap. At the endpoint of this simulation, the planet has grown to

3.7 Myp and is still accreting.

While we found that gap formation appeared to halt migration, our treatment of
viscosity in the disk is too crude to suggest that Type II migration does not take
place.

One possible solution neatly sidesteps the problem of halting migration, the “last
of the Mohicans” scenario. In this case, a whole series of planets formed, migrated
inward, and were accreted by their parent star over the lifetime of the protoplanetary
disk. The planets we observe are simply the last members of this series; those left
exposed when the disk dissipates. Our results are consistent with this theory but do

not provide positive evidence for it.

5.6 Conclusions

Our simulations add to the body of knowledge that makes up modern cosmogony.

Placing our results in context with the current framework of planct formation and
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migration, we summarize and conclude. Note that we mention the results of Chapter 4
as well as this chapter.

We have simulated the migration of giant planets in gaseous circumstellar disks
using the smoothed particle hydrodynamics technique. These are the first fully three-
dimensional simulations of this problem that treat the self-gravity of the disk, allow
for the planet to dynamically migrate and accrete, and have free boundary conditions.
We used a simple isothermal equation of state with imposed radial temperature profile
of T(r) o< r~!. The initial surface density of the disk was (r) oc 7%/, as suggested
by the minimum mass solar nebula model. The initial vertical distribution was deter-
mined by the equilibrium pressure support of the tide from the central star. We used
disks of mass 0.01-0.2 Mg around 1 M, stars. For migration and triggered formation
runs, we inserted planets of mass 0.25-2 Mj,, into the disk on initially circular orbits
at 5.2 and 12.5 AU.

With this choice of equation of state, massive disks are unstable to local gravita-
tional collapse, forming gas giant planets on a timescale of a few hundred years. For
a small, but interesting, region of parameter space, the instability can be triggered
in otherwise stable disks by an already formed planet. Such disks will typically form
several planets, often on significantly non-circular orbits. The planets will disrupt the
disk and the evolution of the system will be governed by the dynamical gravitational
interaction of the planets with each other, as opposed to the disk. Given the chaotic
nature of those interactions, we cannot at this time make any predictions as to the fi-
nal distribution of orbital semi-major axis and eccentricity in such systems. However,
the nature of many-body interactions suggests that large eccentricitics, as observed
in extrasolar planetary systems, may be quite common.

Lower-mass disks are gravitationally stable. If the solid core of a giant planet forms
in such a disk, it will experience significant orbital migration during its lifctime. The
migration is a result of secular interaction with the gas disk. The planet excites

spiral density waves by exchanging angular momentum with material at the Lindblad
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and corotation resonances. These non-axisymmetric perturbations torque back on the
planet. The net effect is inward migration of the planet. Theoretical treatments of this
problem suggest that migration rate should be proportional to both the planet and
disk mass. Our simulations partially agree with this result, finding linear dependence
on the disk mass, but independence of the planet mass. We believe that this is because
the response of the disk is not linearly proportional to the planet mass, as assumed by
the theory. A giant planet of 1 My, at 5.2 AU in a 0.01 M, disk will migrate inward
at 10™% AU/yr for several hundred years. During this time period it will accrete gas
from the surrounding disk.

The tidal torques exerted by the planet will push disk material on nearby orbits
away from corotation. Combined with accretion, this process will form a gap in the
disk, where gas density is several orders of magnitude below the initial value. The gap
halts the migration of the planet. A giant planet of 1 Mjy,, at 5.2 AU in a 0.01 M,
disk will form a gap in about 1500 years, with a final orbit of 4.6 AU. At this point,
viscosity in the disk may lead to further, Type II, migration.

How do these results fit into the story of modern cosmogony, and what questions
still need to be answered?

The planet formation results provide intriguing evidence for an alternate theory
of planet formation. However, other research indicates that our equation of state is
overly optimistic for the conditions. Further work investigating the thermal evolution
of circumstellar disks is needed. |

Prior to the situation our migration simulations start from is the growth of solid
bodies from dust to rocks to planetesimals to several-Earth-mass cores. This problem
will likely remain out of the reach of direct simulation for some time. Approximate
methods, like the particle-in-a-box and shearing patch, must be judiciously applied
to tell us the spatial and size distributions of solid material in the disk. The coupling
of solids to the gas, usually assumed to simply stop abruptly for objects larger than

a few meters, is likely much more complicated.
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The distribution of gas in the disk and its tempcrature need to be explained.
Simulations of star formation are a likely candidate for providing this data. By
following the collapse of a slowly rotating cloud, the parameters of newly formed
circumstellar disks can be found. The density of the star-forming region is probably
an important factor.

The planet migration results confirm a puzzling situation in the process of plan-
etary evolution. Rapid migration suggests that plancts would quickly be swallowed
by their parent star after forming. Yet observational evidence shows that planet for-
mation is robust. Areas for further research include more sophisticated treatment of
radiative transfer, the gravitational interaction of material close to the planct, the
process of accretion onto the planet and the behavior of multiple-planct systems. In
addition, new ideas for halting migration should be pursued.

Of particular interest to us here on Earth is the effect of giant planet on the
formation and fate of terrestrial-size planets. Direct simulations of the long-term
stability of orbits in extrasolar planetary systems may affect our assumptions about
the commonality of habitable zones.

Finally, how and when is the gas disk dispersed? If due to stellar winds, a better
theory of young stars is needed to explain such a powerful force. If due to accretion,
we require a better understanding of viscous processes in circumstellar disks.

As seen by the number of questions above, cosmogony is still an incomplete theory.
Hopefully the contributions of our work will form a basis for a better explanation of

the formation and evolution of planctary systems.
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Chapter 6

SIMULATION VISUALIZATION TOOLS

A computer program used to run simulations is useless without accompanying
tools to analyze and visualize the results. When developing and testing a simulation
tool, an analysis and visualization package allows the researcher to identify errors in
the simulation, investigate their source and obtain the information needed to fix the
problem. A mature simulation tool can be used to produce prodigious amounts of
simulated data which must be processed. Flexible tools enable the discovery of qual-
itative and quantitative relationships that were not conceived of during the writing
of the original program.

This chapter describes part of the development of SALSA, a flexible tool for parallel

analysis and visualization of particle-bascd data.

6.1 The Need for Parallel Analysis Tools

The size of simulations advances with the available computer processing power. The
growth of computational clusters, in addition to individual processor speeds following
Moore’s Law, has allowed researchers to run enormous simulations, produf;ing more
data than they know how to analyze. One solution is to perform the analysis using
the same technique that enabled the simulation: parallel processing.

Writing a simulation tool that works efficiently in parallel is a difficult task. A
problem is first broken into several pieces which are distributed across the parallel
machine. Any non-trivial problem requires a complex pattern of communication be-

tween the problem domains. However, once a successful strategy for decomposing the
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work has been found, the simulation proceeds as a predetermined series of well-defined
operations. When analyzing a simulation, the “series of well-defined operations” is
not predetermined, rather it is subject to the whims of the user. A parallel analysis
tool must therefore provide many operations, each of which should take advantage of
the parallel machine, and allow the user to string together an arbitrary sequence of
those operations. While previous analysis tools have provided a limited level of user
control, they do not work in parallel, and thus are incffective when presented with
today’s large simulations. SALSA provides the parallel primitives necessary to pro-
cess enormous quantities of data. In addition, it incorporates a full-fledged scripting

language, allowing the user unprecedented flexibility.

6.2 SALsA’s First Task: Simple Visualization

Here we describe the layout of the SALSA program and describe its first major feature.

SALSA is a computer program used to visualize and analyze particle-based data in
parallel. It has a client-server architecture. The client is written in Java and runs on
the user’s local machine. The server is written in C++ using the Charm+ framework
and runs on a parallel machine (Parallel Programming Lab). By utilizing a parallel
library backend, we avoid writing difficult and error-prone code dealing with network
and inter-process communication. In addition, no changes to our source code are

necessary when we wish to utilize a new machine architecture.

6.2.1 Particle Data

Our data is composed of particles, each of which has various attributes. An atéribute
is a named scalar or vector value of specific type. Examples of attributes include mass,
position, velocity and energy. A particle is a collection of any number of attributes. A
set of particles that all have the same kinds of attributes is called a family. Examples

of families might be dark matter particles and gas particles. Finally, a simulation 1s
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a set of named families.

The details of how attributes and particles are stored in memory or on disk are
unimportant. We require only an interface that allows access to each attribute of
cach particle of cach family. In addition, we require a way of ordering the particles

to facilitate domain decomposition.

6.2.2  Domain Decomposition

Because analysis and visualization suggest no natural division of work, domain de-
composition in SALSA will be somewhat arbitrary. It is hoped that this will avoid
worst-case performance in the majority of common tasks. The current method of
domain decompositions splits the particles evenly along an ordering. The nature of
the ordering, position along a space-filling curve, makes this splitting equivalent to
making cuts through a binary spatial tree. While the visualization operation does

not currently use the tree for an algorithmic speedup, this is a future goal.

6.2.83 Visualization

The most straightforward way to visualize a set of particle data is to project the
positions of the particles onto a viewing plane. Particles can be colored by some
function of their attributes. This technique has been implemented in several programs,
notably SALSA’s direct inspiration Tipsy (Neal Katz and Thomas Quinn). SALSA
reproduces this functionality, adding a novel heuristic that allows intuitive rotations.
In addition to simple visualization, the core functionality of SALSA includes the ability
to define particle colors based on a range of attribute values. Groups can also be
specified by attribute ranges, and are used to selectively display a portion of the

centire simulation.



6.2.4 Projection onto the Viewing Plane

The simulation exists in a three-dimensional space spanned by the Cartesian co-
ordinates (z,y, 7). The viewing screen is two-dimensional, so we must project the
simulation onto a plane, known as the viewing plane or the visual. In this discussion

we do not address perspective, instead we assume all views arc orthonormal.

The visual is composed of an array of w x h pixels. Valid pixel locations are pairs
(i,7) with 2 € {0,1,...,w — 1}, j € {0,1,...,h — 1}; pixel coordinates start in the

upper-left corner.

The viewing panel array of pixels is mapped onto the simulation space by defining
the point at the center of the view, the orientation of the view with respect to that
point, and the width and height of the view. In addition, we require that the aspect
ratio of pixels be fixed at unity. This defines a parallelepiped through the simulation
volume, shown in Figure 6.1. In the visual, the z-axis increases to the right and the
y-axis increases up. Each pixel is square with side-length ¢ in simulation coordinates.
All the particles in the parallelepiped are then “squashed” down onto the viewing
plane. This is done by taking the dot product of the position of the particles with
the z- and y-axes of thé viewing plane. Figure 6.2 shows the view looking down
the aligned viewing parallelepiped. This arca has a width and height in floating-
point simulation coordinates that are mapped to the integer-valued pixel coordinates.
When rendering “pointlike” images, the projected position on the viewing planc is
rounded to the nearest integer, yielding a single pixel coordinate for each particle.
This pixel is assigned a value based on the properties of the particle, the value of
cach particle having been determined earlier by the user. When multiple particles
map onto the same pixel, we choose the particle with the highest value. Figure 6.3
shows a pointlike visual produced by SALSA. When rendering “splatter” visuals, a
single particle can map to several pixels, and pixel valucs are assigned additively, as

described in the next section.
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Figure 6.1: A view of a three-dimensional simulation is defined by an infinite par-
allelepiped through the simulation volume. Here the particles are contained in a
cube. Specifying the center, the orientation, and the width and height of the view
defines the parallelepiped. Figure 6.2 shows the view down the parallelepiped for this

configuration.
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Figure 6.2: The axes of a view through a simulation. The origin is in the center of
the view. Particles in this cross-section will be placed into the pixel array, depending
on their position and color. Figure 6.3 shows a pointlike view rendered by SALSA.

Figure 6.5 shows the same view, but with splatter rendering.
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Figure 6.3: A planet formation simulation rendered pointlike by SALSA. Each

particle maps to the single pixel nearest its projected center. The value of that pixel
is determined by an attribute of the particle, in this case the logarithm of the density,
mapped to an 8-bit integer. If more than one particle lands in the same pixel, the
value of the pixel is taken to be the maximum of the individual values. The pixel

value is turned into a color using the WRBB color palette.
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6.3 SPH Splatter Visuals

An SPH particle represents a “blob” of gas with a specific size and spatial distribution
determined by the smoothing length and kernel, respectively. When viewing a sim-
ulation including SPH particles, a single pixel is usually a misleading representation
of how the particle behaves in the simulation. To present a visualization that more
accurately reflects the non-pointlike nature of SPH particles, we usc a technique af-
fectionately known as “splatter”-ing the particles across the visual. In this technique
each SPH particle contributes luminance to several pixels surrounding its projected
position, the amount depending on the weight of the kernel in the pixel, using the
smoothing length of the particle, as shown in Figure 6.4. After all particles have com-
pleted this process a palette can be applied to the luminance information to create a
false color image.

This process is analogous to using a charge-coupled device to take a digital photo-
graph. With a CCD, the number of photons hitting a pixel determine its brightness.
A single pixel can accept photons from any number of sources. When the array is
read off, a false-color palette can be applied to create a color image. In a splatter
visual, the quantity being counted in each pixel is not the amount of light received,
but a weighted mass density. In addition, there is nothing analogous to the color

filters used with a CCD.

6.3.1 Puxel Deposition

Given a particle with mass m, smoothing length h and visual-projected position (z,y),
which pixels should this particle contribute to and in what amounts? To determine
this, we use the physical size of the particle and its mass distribution, which is defined
by the smoothing kernel. The particle will contribute to all the pixels within a radius
of 2h of the projected center of the particle (x,y). To determine what contribution

each pixel in the circle should receive, we project the three-dimensional kernel onto
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Figure 6.4: In a splatter visual, a single SPH particle can contribute to several pixels.
The contribution to a particular pixel is taken as the value of the projected kernel at

the center of the pixel multiplied by the area of the pixel.
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the viewing plane, obtaining the surface density. For the spherically symmetric cubic-
spline kernel (Equation 2.3) the projected kernel can be expressed analytically for a

particle of mass m and smoothing length h:

r

(4 (35) — f(E)) forr<h

X(r) = . #4“%%) | for h <r <2h (6.1)
0 for r > 2h |
)
- (0B (o 2) ()

This expression for the surface density is used in Figure 6.4.

A fully correct algorithm for the deposition into a pixel would be: for each pixel
that is contained in part or entirely by the circle of radius 2h about the point (z,y),
add the amount [ ¥(r')dz’dy’, the integral of the surface density over the square pixel
area, where ' is the distance from the point (z',3') to the center of the particle (z, ).
This integral cannot be done analytically and would be prohibitively expensive to
perform numerically. We therefore use an approximate method: for each pixel whose
center is within the circle of radius 2k about the point (z, %), add the amount mX(r’)6?
where 7/ is the distance from (x,y) to the center of the pixel and ¢ is the width and
height of the pixel. As the full expression for the surface density (Equation 6.1) is
expensive to calculate, it is tabulated before any visualization' is done, and the values
used are interpolatéd from the table using a cubic-spline, scaled by the appropriate
value of h. Additionally, if the circle is completely contained by one pixel, that pixel
receives the full contribution m. There is an additional scaling factor to convert the
floating point values to numbers in the range 0-255, as the pixel array is made up
of 8-bit integer values. Figure 6.5 shows the same simulation as Figure 6.3 with a

splatter rendering as described above.
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Figure 6.5: A planet formation simulation rendered splatter by SALSA. Each particle

can map to multiple pixels, determined by its smoothing length. The value of each
pixel is determined by the value of the smoothing kernel at that distance from the
center of the particle. Contributions to the same pixel from different particlés are
combined additively. The pixel value is turned into a color using the WRBB color
palette. Compared with Figure 6.3, this picture more closely agrees with how the
physical forces are calculated by the simulation tool. It shows the gas to be more like

a continuous fluid than the pointlike representation suggests.
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6.3.2 Color

When all relevant particles have been rendered onto the visual, we have an array
of pixel values. Each pixel is an 8-bit value. This array is then passed to a client
program over a network connection. The client program then determines the RGB
color of each pixel by applying a 256-entry color palette, and displays the visual.
Without re-rendering the scene, the color palette can be manipulated to visually

highlight different areas of the simulation.

The WRBB Color Palette

One of the most popular color palettes is known as “WRBB”, or “white-red-blue-
black”. This palette provides the human eye with excellent awareness of color changes.
It is usually applied so that black and blue represent smaller values, while red, yellow
and white show higher values. Its name omits two of the colors in the gradient; the
full progression is black, blue, purple, red, yellow, white. For a red-green-blue (RGB)
color display, this can be formulated as five linear ramps of a single color component.
An RGB triplet is three numbers between zero and onc giving the strength of the
red, green, and blue channels, respectively. The WRBB color palette proceeds from
black (0,0, 0) to blue (0,0,1), linearly increasing the blue component for onc fifth of
the total length of the palette. It then ramps the red component up to get purple
(1,0,1); blue is ramped down to get red (1,0,0); green is ramped up to get yellow
(1,1,0); finally blue is ramped up to get white (1,1,1). This algorithm can be applied
to any length color palette, breaking it into five nearly equal chunks. The program
TIPSY uses a slightly different formulation of the WRBB palette. All the images of
simulations in this work have used the WRBB color palette just described, usually

representing density or logarithmic density.
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6.4 The Future of SALSA

As of this writing, SALSA is in active development. The goal is to create a a full-
featured tool used by researchers worldwide. To that end, we have several near- and
long-term goals.

SALSA currently embeds the scripting language Python to provide high-level con-
trol of the server program to the user (Python Programming Language). The frame-
work for this integration is still being developed. When it has stabilized, we will
add functionality to the scripting interface, exposing more functions to the control of
the user. For example, we will allow the user to write scripts to render sequences of
images, to form a movic.

We plan to add a low-level scripting interface as well. In this case, a user could
provide a function that modifies an individual particle, and apply it to a group of
particles. This would, for example, allow the creation of new attributes for a family
of particles.

A longer-term goal is the ability to manipulate a time-series of simulation data.
We would like to provide the user the ability to move the simulation forward and
backward in time as easily as we currently move in space.

Eventually, we plan to merge the force calculations done by the simulation code
into the analysis tool. By doing so, we allow the user to visualize how forces are
calculated. Adding a time-stepping scheme, this would erase the difference between
simulation tool and analysis tool. A combined code-base would increase the flexibility
of both tools.

The time-scale for implementing these features ranges from months to years.
Visit the NChilada project web site for up-to-date information on Sarsa (NChilada,

Project).
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