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In this work, we present novel approaches to solve the decentralized trajectory planning
for networked multiagent systems. We first provide the new reformulation of the safety
constraint for faster convergence with guaranteed safety, with the iteration to converge
being a fraction of traditional linearization approaches. This newly proposed constraint
reformulation is based on the combination of the dual problem to the minimum distance
between convex sets and biconvex optimization. The second important result obtained is
the fully decentralized, scalable trajectory optimization algorithm based on the reformulated
biconvex optimization, along with the successive convexification (SCVX) for handling the
nonlinear dynamics. This algorithm features a minimum sharing data in comparison to
the traditional distributed gradient method or dual decomposition-based algorithm like
alternating direction method of multipliers (ADMM). The number of variables shared is
less than half that of ADMM-SCP in our setups. We also showed the strong convergence of
our biconvex method to the partial minimum under mild assumptions. Numerical results
with up to ten agents and hardware experiments were performed to validate our claims.
This work will enable efficient coordination of large-scale cooperating unmanned vehicles

navigating in complex environments.
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Chapter 1
INTRODUCTION

In the past two decades, the industry has witnessed a rapid development of small single-
board computers (SBCs) in terms of computational speed and communication capability [?
2]. These affordable and scalable unmanned vehicles with advanced SBCs have been de-
ployed in various environments for tasks such as surveillance, rescue, and logistic systems.
Also, we have seen an ever-rising demand for fully autonomous driving vehicles operating in
non/cooperative environments. However, one of the fundamental challenges in decentralized
multiagent control is to ensure a collision-free path between agents and obstacles, in which
agents are commanded to navigate through complex and dynamic environments in a coop-
erative fashion to achieve different tasks by sharing local information across agents in the
network [3]. To avoid the collision, algorithms ranging from the simple Rapidly-exploring
random trees with certain dynamics (RRT)[4] or artificial potential field (APF) [5], to the
state-of-the-art sequential convex programming were developed.

To ensure the collision-free path, we will be focused on the convex optimization-based
algorithm approach, which, when compared with other non-optimization approaches, can
not only provide a ”potentially” better solution with clear analytical convergence properties,
but also can give a solution that, most of the time, satisfies the constraints imposed on
the system. Lastly, due to the advancement of SBCs, individual agents can host fairly
complex optimization solvers on board, with solving time less than a second[6, 7, 8, 9]. Most
existing schemes to solve this problem are centralized, which makes the system relatively
unreliable, as it requires a powerful computation center to solve a large problem, and the
system will fail if such a center is disabled. Some parallel methods are therefore created to
increase the robustness of the system and reduce the computation load on the center, which
can be further categorized into weak centralized and decentralized methods [? ]. Also,

optimization-based algorithm allows us to include other objectives, such as formation and



different tasks, into our problem formulation. In this work, we will focus on the decentralized
scheme for scalability and system robustness compared to other methods [? | . The focus of
this work is to develop distributed partial primary partial dual optimization algorithms to
generate collision-free paths in complex environments with a group of cooperative agents.
We will begin with the literature review on safe trajectory planning commonly used on
distributed systems and distributed optimization methods, which are the fundamentals for

the distributed trajectory optimization problem.
1.1 Safe Trajectory Planning

To ensure such a non-convex constraint is respected for the safety of the vehicles, there are
many proposed methods ranging from the simple source-sink like artificial potential field
(APF) [5, 1] to the state of art sequential convex programming (SCP)[10, 6, 7, 8] methods.
In this section, we will give an overview on the past efforts to enforce the safety constraints

for multiagent systems.

1.1.1 Artificial Potential Field

Artificial potential field, as its name suggests, creates a field in the space by treating ob-
stacles and the starting location as the sources which create repulsive forces while placing
a sink in the space acting as the target position that attracts the agent. Therefore, the
fields will be composed of several ”"peaks” trying to push the agents away while the target
location will be the lowest part of this field, and the designed controller in the agent will
follow this potential map to ”descend” to some minimum or stationary points as given in
Fig 1.1 Let 240, € R3 be the target location, x € R3 be the position of the agent, v € R? be
the control velocity, and s € R3,r € RTT be the position and the radius of the obstacle.

The simplest realization of the APF method is given as:

v =a(Tges — x) + B(r)(x — Tops) (1.1)

where o € R is the proportional gain for the velocity and 3(r) : R — R is a value function

to decide the strength of the repulsive velocity.



local minimum

Figure 1.1: Hlustration of APF method [1]

1.1.2 Control Barrier Function

Control barrier function method is also one of the most common approaches to ensure
the agent’s states stay within some invariant set [11, 12, 13]. In the context of obstacle
avoidance, the safe set is usually defined as S := {X(¢)|h(z(¢)) > 0}, where X (t), zops €
R3, h(X(t)) = || X(t) — Tops| — dsafe denotes the positions of agent, obstacle in the space,
and the value function associated measuring the distance between the agent and obstacle.
The idea is that if VA(X ()T f(z(t),u(t)) > 0, VX(t) € B := {X|h(X(t)) = 0}, then
any forward sequence of X (t 4 dt),dt > 0 will be in the set S with dynamic defined by
z(t) = f(x(t),u(t)), where z(t) € R",u(t) € R™. In most of the literature for this type of

constraint, the safe constraint is written as:
V(X () f(a(t), u(t) > —ah(X (1)) (1.2)

where o > 0 is the parameter to be adjusted. In the case of the single integrator dynamics,

this happens to be the quadratic constraint.



1.1.3  Summary of the safe trajectory planning methods

The table below illustrates the limitations and advantages of commonly used trajectory

planning methods.

Table 1.1: Comparison of safe trajectory planning approaches

Characteristics
Method Complexity Constraints satisfaction Predictable trajectory
Optimization
CBF Medium (real-time QP) Yes Only one step
High
SCP (solve complete optimization problem) Yes Yes
Others
RRT Low (random search) No Yes
APF Low No No

1.1.4 Sequential Convex Programming

Many works from this department have focused on this type of approach by convexifying
the constraints into different forms to be solved by the convex solver [10, 6, 7, 8], which
approximates the constraints using affine functions. More details on this approach will be

given in Chapter 3.
1.2 Multiagent Trajectory Planning and Decentralized Optimization

Currently, there are two approaches to address multiagent trajectory planning: centralized
and decentralized pursuits. In this section, we will compare these two methods and discuss

the challenges faced by the two strategies.



1.2.1 Centralized multiagent trajectory planning

The centralized strategy is usually solved in the same fashion as the single-agent case by
lumping variables associated with all agents into one large optimization problem, which,
in many cases, will have nice convergence properties and first-order optimality conditions
as in the single-agent optimization case. These advantages make it suitable for problems
with small numbers of agents; in contrast, this approach doesn’t scale well as the number
of variables and constraints will grow at least linearly with agent number N, and lastly, this
approach requires one powerful computation node to send the solution to each individual
agent, which makes the entire multiagent network let robust against system failure. The
centralized scheme is illustrated below, where one powerful station will collect all the infor-
mation and solve a single large optimization problem before passing the solutions to each

agent.

Figure 1.2: Illustration of centralized scheme

1.2.2  Decentralized multiagent trajectory planning

To overcome the drawbacks of the centralized method, many algorithms for decentralized
planning have been developed. As seen in the figure, in the decentralized case, there is no

”station” required to solve a single problem; instead, all agents participate in solving part



of the larger problem. This method allows the problems to be solved at smaller scales while
increasing the fault tolerance of the entire system. One thing worth mentioning is that some
parallel algorithms, like the original ADMM are actually not fully decentralized, as they
still require part of the procedures to be solved in a centralized way, and in this example,

it is usually the auxiliary variable minimization step.

Figure 1.3: Illustration of decentralized scheme

1.2.3  Evolution of decentralized optimization

Several strategies for solving the decentralized optimization with non-convex constraints and
cost functions have been proposed. Currently, there are two mainstream methods for solving
general optimization problems in a decentralized fashion: Primal formulation approaches
and Dual reformulation approaches.

We will give a brief introduction to the important discoveries on decentralized opti-
mization for both primal and dual methods, and, of course, there are some methods that
partially use primal and dual formulations to solve this problem, and the algorithm to be
presented in this work belongs to such a category.

Primal approach

A substantial amount of work has been devoted to solve the distributed optimization



with primal descent approach, especially in the edge computing domain where the objective
functions are usually nonconvex and servers will perform optimization over a time-varying
network to find the optimal solution to the objective function. Gossip algorithm, in which
the gradient descent and consensus are combined, usually involves performing an optimiza-
tion step, followed by a consensus step, sequentially, in the hope that the decision variables
will converge to an agreement and reach some local minima. Suppose we have a decompos-
able objective function with local objectives f : R? — R only accessible to local agents as

follows:

N . .
Irgnz fi(a) (1.3)
=1

where ¢ € R" is the variables associated with each agent, and the algorithm will perform
following repeatably with a step size of & € RT and "mixing coefficients” a;; € R, (,7) €

VXV,jEM:

T, =z} — aVfi(z}) (1.4a)
Thi1 = Z agl; (1.4b)
leN;

in which the first step will try to solve the optimal value for the local problem (can also
be projected and stochastic gradient descent), followed by the second step to mix variables
through the network. Common assumptions made on these types of algorithm are: strongly-
connected graph, 1 smooth on the objective function, and diminishing step size. The main
convergence results for variants of this come from the fact that as step size decreases, the
consensus error defined by e¥ = ||2* — 27||,i # j will decrease monotonically. In the end,
when eij < 4, the local variables will converge to the variable centroid by ||z§ — 2| < 6,
where zf = % if there are N agents with uniformly-weighted network graph. The

resulting average dynamic then becomes:
N .
F(af41) < F(a5) = ol VE@R)I? + ) g(l1dll) (1.5)
i=1

where g(||d|) : R — R, d, = z{ — z} are the class K function and disagreeableness vectors.

One can see that as the consensus error is small enough compared to the local gradient, the



sequence will decrease. For more detailed information, please refer to [14, 15, 16, 17]. In [14,
17], the convergence of distributed stochastic gradient descent (DSGD) on the non-convex
objective with non-convex constraints is established by defining the projection function that
projects the non-convex set into a convex subset. [16] showed that the convergence of DSGD
doesn’t depend on the diminishing step size; instead, it only requires that the perturbation
(moment) be bounded with a constant step size. Both works represent the current view on
the convergence of distributed optimization by using a two-step analysis: showing consensus
in the primal variables across agents and then studying the evolution of the system centroid,
which typically leads to the first-order optimality condition when the gradient across agents
reaches an agreement.

[15] used a unique Lyapunov method to construct a positive value function and showed
that the monotonic decrease of such a function occurs before reaching the neighborhood of
local minima.

Dual approach

Instead of performing gradient descent on the primal problems, there are also many
works approaching the problem from the dual, and conducting dual ascent on either the La-
grangian or augmented Lagrangian. For linear programming, one of the simplest distributed
optimization methods is the dual decomposition method, in which one first performs the
optimization on the primal variables in a distributed way, then performs consensus on all
variables before performing the gradient ascent on the dual variables. Consider a simple

LP:

N
min ) fi(})
i=1 (1.6)
s.t. Az = b
where z = [z!,...,2"]T, the dual decomposition method uses Lagrangian L;(z%,y!) asso-

ciated with each z! to perform the primal variable optimization. The algorithm takes the



form of:
xj, = argming Li(z},, y;,) (1.7a)
Tipr = D aarh,yh = > aqyh (1.7b)
leN; leN;
Yk = Ui+ aVLi(xhy 1, vh) (1.7¢)

the second step in this algorithm acts similarly to that of the distributed gradient descent
to mix the variables with neighbors to bring down the consensus error. Details are given in
[9, 18, 19]. As this method requires many additional assumptions and converges slowly, an-
other distributed method called the Alternating Direction Method of Multipliers or ADMM
was developed by using the auxiliary variables to reformulate the constraints with aug-
mented Lagrangian for the applications on the non-differentiable objective functions with
faster convergence, and the general form of ADMM with separable constraints and convex

objective functions has the syntax:
N .
min’y" fi(a})
(2
N
o 1.8
s.t. ZA%Z =b (18)
i

hi(z},) < 0,Vi

The constraints are usually handled by the indicator function

0 ifr=0
I(r) =

oo otherwise

, and the objective function will be replaced with an extended objective function

; fi(y)) <0 if hi(y') <0
gi(y') =
00 otherwise

. The augmented Lagrangian is then given by:

Lp($a Y, )‘) =

NN (19)
1O At =)+ S onloh) + 0T A — 1) + 14 wh — o) P)
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, where y is the auxiliary variable associated with constraints, while A is the multiplier for
the equality constraints. The algorithm will then follow a similar approach to multiplier
decomposition by solving the following in the order: solving the y-minimization, performing
A maximization for the dual ascent, and solving for the x-minimization to complete one
iteration. See [20] for more details.

Readers can refer to [9, 21, 22, 23, 20| for more information. Although ADMM is only
applicable to the convex objective function, SQP methods are frequently used in conjunc-
tion with ADMM and the consensus algorithm to handle the non-convexity of the objective
function and constraints with a super-linear convergence rate. One of the most famous ex-
amples is the Augmented Lagrangian-based Alternating Direction Inexact Newton Method
(ALADIN method), which enables solving distributed non-convex optimization problems
with continuous, twice-differentiable objective functions. See algorithm 2 in [23] for the
detailed procedure.

Since ALADIN requires the nonlinear solvers for the first step of the algorithm, [22]
essentially replaces the first step with the SQP method so as to achieve a faster convergence
rate. In [22], the authors combine the SQP with ADMM to perform the distributed trajec-
tory optimization and showed that the solution will converge to the stationary point at a
super-linear rate by using the convergence properties of ADMM.

For the majority of the dual approach to solve the non-convex problems, SQP is re-
quired to solve the minimization over the primal and auxiliary variables. Additionally, the
requirement for twice-differentiability in most ALADIN-based algorithms also limits their

applications.

1.2.4  Comparison of distributed optimization methods

In the previous discussion on the existing methods for solving the distributed optimiza-
tion, all the methods require a complete estimate of all variables, which in the context
of trajectory optimization will require each agent to store and share N copies of local in-
formation, which results in poor scalability when the trajectory time steps are large with

complex dynamics. The convergence guarantee for most existing distributed optimization
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algorithms relies on agreement to the first order, which means the gradients of either the
primary objective function or the Lagrangian should reach consensus for the convergence to
the stationary point. Our algorithm, although it lacks such a clean convergence property,
requires less data to be communicated between agents, which makes it scale better as they
only need the agreement on the estimated positions’ history of other agents instead of the
whole optimization variables.

Below shows a comparison of the convergence properties and data requirements for

different algorithms.

Table 1.2: Comparison of centralized and decentralized methods

Modeling conditions

Method Objective function /
Lagrangian Data shared Convergence

Centralized

SCP

[24, 6, 8, 9] Lipschitz Full variables Stationary point

Decentralized

Primal method

[17, 25, 14, 15] Lipschitz Full variables Stationary point

Primal variables +

Dual method Auxiliary variable +

[23, 26, 22] Twice differentiable  Dual variables+Twice differentiable Stationary point
Uncertain in general/
Partial minimum

This work Lipschitz Partial states with no consensus error

1.3 Contribution of this work

In this work, our main contributions are: 1. provide a review of the theoretical foundation on
various topics relevant to the distributed trajectory planning; 2. present a novel bi-level dual
approach for reformulating the safe constraint with convergence guarantee; 3. demonstrate
a new scalable distributed trajectory planning method with a simple convergence analysis;

lastly we verify our claims with both numerical experiments up to 10 agents forming complex
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geometry and hardware experiments with nonlinear unicycle dynamics that represents a

large class of ground robots.

1.4 Notation convention in this work

This section introduces some of commonly used notations across the work, and more no-
tations specific to certain chapters will be defined later. We denote the number of agents
by N € Z, and the underlying graph associated with the network topology of agents by
G = (V,E), where V.= {1,2,3,..., N} be the vertices or agent index, and F € V x V
be the edge set of the graph, and N; represents the neighbor set of agent i. {4 (¢),ui (¢)}
are the states and control input for agent i at time t € [0, 7] for iteration k € Z. We use
the superscript to denote the agent index and subscripts are referred to the iteration index.
There are several variants for the iteration index, and reader should refer to the descriptions
in later chapters for their definitions.
We now define the important variables representing the concatenations of different quan-

tities. Let

X}, = [m;(o) x};(T)}T e RTH (1.10)
be the concatenation states for agent i. Also, we define the estimate of states of agent j by
agent i by:

xi = [2(0) ... oY(r)]" eRATY (L.11)
and we will set x}j = x};, as agent i possesses the true state of its own.

Same as the states variables, we also have the concatenated control input as:
i = [y i "eRrT 1.12
up = |ug(0) ... u(T'—1)| € (1.12)

Let the concatenation of estimations from agent ¢ at iteration k£ be denoted

xil
L= || e RVXTHD), (1.13)

iN
Xk

This quantity X,i can be thought of as the total information that agent ¢ has of the network.

This induces the following local optimal control problem We also need another concatenated
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variable to store all the true states of all agents in the network

X
Xy = |...| e RV*T+D), (1.14)

N
Xk

For the compact representation of consensus dynamic, we let Yki be concatenation of

prediction from all agents on the agent i:

xJi
Yii=|.. .| e RN+, (1.15)

Ni
Xk

We also define the consensus error resulting from the agent i’s prediction of the agent

j’s state trajectory as e;! = ||x;’ —x] . The global consensus error on estimation of agent

i’s trajectory is now obtained as:
e i= | [efi,....efi| I € R (1.16)
Lastly, when we use norm without subscript, it usually represents the £5 norm.

1.5 Thesis Structure

In Chapter 2, we give the explanation on our problem formulation, which contains two
scenarios: the single agent trajectory planning and multiagent trajectory planning

In Chapter 3, we will give short introductions to the theoretical foundation we will use
throughout the work, which includes two main topics: graph theory and convex optimiza-
tion, and relevant theorems to be used.

In Chapter 4, we will revisit the problem statements and present our main algorithm
built upon theories to be introduced in Chapter 3.

In Chapter 5, convergence proofs will be given for both the our original SVM reformu-
lation method in single agent case and multiagent trajectory optimization.

Finally in Chapters 6 and 7, we will present our results and comparisons between our

methods against standard SCvx method.
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Chapter 2
PROBLEM STATEMENTS

This chapter will give the formal setups of our problems regarding the trajectory planning

for single agent and decentralized multiagent settings.
2.1 Single agent trajectory optimization

Following we formulate the singe agent trajectory planning problem with general nonlinear
discrete system dynamic z(t + 1) = f(z(t),u(t)) and obstacle avoidance constraints, where
r, R € R*" are the radius of agent and obstacle j, 27(t) € R? is the position of obstacle j at
time t, and (¢, 0 : 2) indicates the position of agent at t, as we assign the first two elements
of states be the coordinates in R? space. The cost C(x,u) will be the sum of the running
cost and the terminal cost in the form of C(u) = |ju|| + ¢(x(T')), where ¢(z) : R" — R is

the convex terminal cost.

(min)C’(x, u)

st z(t+1) = f(z(t), ut)),
Vt=0,...,T—1

(2.1)
r+R—|2(t,0:2) =27 ()] <0,Vt=0,...,T
z(0) = z(0)
x(T) =z(T)

2.2 DMultiagent decentralized trajectory optimization

Similar to the single agent case, and we assume that the all agents have uniform radius and
dynamics; we can extend our single agent problem simply by multiplying the cost function

and constraints by N times, and we want to minimize the sum of individual cost. To simplify
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the notation, we denote s (x(t), 27 (t)) = 2r — ||%(t,0 : 2) — 27(¢,0 : 2)]|.
N . .
min C(x',u")

i 1%
(i) =

st 2t +1) = f(a'(t),u'(t)),

Vi=0,...,T -1 (2.2)

where (i,7) € V represent the agent index. Note that in the multiagent setting, 27(t) is
no longer the position of obstacle, it now represents the states of agent j at time t. (2.2)
It is clearly the centralized problem. To solve this problem in a decentralized fashion, we
separate this problem into N local problems to be solved by each agent independently at
iteration k.
min C(xj, u;)
(¢ »u)
st ap(t+ 1) = f(a} (1), i (1)),
Vi=0,...,T—1
Sl (), 27 (1) <0, =0,..., T (2.3)
2},(0) = z;(0)
24(T) = 7 (T)
I}, — X} || < 7k
where 7’2 is the consensus trust region to regulate the consensus error among agents, which
can be determined by some mechanisms to be discussed later, and k is the algorithmic
iteration index to be introduced later. From now on, we will use s¥(t) = s% (i (t), acg (1))
to simplify the expression. To further simplify the problem, we assume our agents have

uniform, continuous, linear time variant dynamic represented as follows:

i = A'(t)z(t) + B (t)u(t)

A'(t) = (ami)|xi(t),ui(t)73 (t) = (axi)zi(t),ui(t)

(2.4)
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The discrete system can therefore be formulated as:

it +1) = A5(1)xt(t) + By (t)u'(t)
, , , dt ‘ (2.5)
4 =exp(A'(t)dt), B, = / exp(A*(T)7)dTB
0
With the linear dynamic, we observe that the only non-convex constraint in these optimiza-
tion problems is the collision-free constrains. We also introduce the penalized version of this

local problem by defining the nonlinear penalty function associated with the each agent

0 X ) = )+

S
L

) . . N g (2.6)
Ml (t+1) = f@h @), up )i+ Y Amax(0, 57 (1))

t j=1j#i

Il
o

Although the last term Zjvzl i Amax(0, sfj (t)) is zero for local problem if the solution is
feasible, it is an important measurement of cost related to the inaccurate estimate of other
agent’s trajectories. With the linearized dynamics and the Lagrangian cost function, the
actual local problem that agent will solve is given as
min J(xj, Xj, uj)
(x,u},)
st 2t + 1) = ALz (t) + B(t)u'(t),

Vt=0,...,T—1

X = %}l < 7%
which are subject to further reformulation as one can notice that the problem is still non-
convex, and the quality of linearized dynamics also depend on the trust region v we will

impose later on the subproblems of this local problem. In Chapter (3), we will further

reformulate above problems into proper convex subproblems with SVM reformulations.
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Chapter 3
THEORETICAL FOUNDATIONS

Two main themes will be focused in this chapter: Graph theory and Convex optimiza-

tion.
3.1 Graph theory

Graph theory is widely used across different sciences and engineering disciplines, from the
everyday power-grid network design problem to the optimal origami design and control.
Graph, commonly used as a representation of networked systems, where the linking parts
are indicated by the edge sets £ € V x V and the nodes that participate in the decision
making are referred to as vertices V¢, € 1,..., N, contains many important properties of the
given networked system. Depending on the direction of interaction for a pairs of nodes, we
have undirected graph and directed graph. In this work, we assumed the nodes (agents) can
always achieve the two way communication, which can be conveniently represented by the
undirected graph. Readers are strongly recommended to read [3, 24| for more applications

on the graph theories and different versions of consensus protocols.

3.1.1 Continuous and discrete consensus protocol

The static consensus protocol for a continuous, networked system composed of N agents is

given as:
Bty =~ 3 @(t) -2 (1)) (3.1)
JEN()
If one expand the system with state vector x = [z!,..., 2] and work out the system
dynamic, one will have the LTI system in the form of x = —Lx, where L € Siv is the

Laplacian representing the network dynamics. By the construction of Laplacian, it has the
following properties: 1. Apin(L) = 0, A;(L) = 0 iff ¢ = 0, with ascertaining indexing order

for eigen values; 2. the eigenvector vy associated with the minimum eigenvector is

=



18

With these properties, the system will converge exponentially to the average of initial state
o
Lﬁf_oﬂ. The complete proof can be found in [3].

The discrete version follows the same fashion, and the dynamic of which is given by
x(t+1)= (I —eL)x(t) (3.2)

where € < % is required for the Perron matrix P = I — eL € S to have A4, < 1. Also,

1T x(t=0)T
N

this dynamic will drive the system to in the linear rate.

3.1.2  Modified consensus protocol

We will introduce a slightly modified consensus protocol, which converge to, instead of the
average of the initial condition, the specific value of the agent, as we desire the agent’s
estimated trajectories will converge the true trajectories possessed only by the local agents.

We set

Xl =% —¢ Z(XZ:] - x;) (3.3)
leN;

for ¢ # j. Note that € < % for the stability of consensus dynamic. And of course, we will
automatically set XZH = X};H.
Our goal is to write the above consensus dynamic into a series of compact linear-time-

invariant systems. To do so, we have to deinfe modifying matrices:

Al = [61,...,€i71,6,€i+1,...,eN] (3.4a)
A28 =10,...,0,¢%,0,...,0]" (3.4b)
P! = AT'P 4 A2 (3.4c)

where ¢’ is the coordinate vector with i-th element being 1 and the rest being 0, and the
modified Perron matrix P! € RV*¥ for estimation of agent i’s trajectory.
To give a concrete example on the structure of modification matrices, let’s consider a

distributed system composed of four agents with a connected graph, the matrices A12, A2?
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and modified Perron matrix P? for agent 3 are now defined as:

A1® = diag([1,1,0,1]) (3.5a)
A2% = diag([0,0,1,0]) (3.5b)
P3 = A13P + A23 (3.5¢)

The modification matrices A1, A2 will slightly modify the consensus dynamic by ensuring
each agent will retain its own copy of trajectory and let direct neighbors access the true
trajectory information.

During each consensus iteration, there will be N linear systems representing the consen-

sus dynamics for the estimation of trajectories for each agent as follows:

The definition of Y}’ is given by (1.15).

3.2 Trajectory optimization

3.2.1 Convex optimization

Disciplined Convex Programming(DCP), refers to a class of optimization revolving around
solving such problems with both 1. its objective being a convex (concave) function, and 2.
its constraints being convex (concave), is one of the most powerful optimization techniques
developed, as solving any such problem will guarantee to converge to global minimum set
to be defined [9].

The most common form of convex optimization is given as follows:
min f(z)
x
st. Ar+ B =0 (3.7)
h(z) <0
where f(x),h(x,y) are both convex functions, with the affine equality constraints. With

this DCP, according to [9], the solution to this problem will converge to the global minimum
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sets Sopt := {x*|Az* +b=0,h(z*) <0, f(z*) < f(z), Vo € F}, where F := {z|Ax + B =
0,h(x) < 0}.

There are many subclasses of programming associated with DCP, such as linear pro-
gramming(LP), quadratic programming(QP), second-order cone programming(SOCP), and
semi-definite programming (SDP). Throughout this work, we will be using SOCP exten-

sively as it is one of the more general programming types than LP and QP.

3.2.2  Alternating Convex Search (ACS)

ACS method, along with bilevel optimization method, has been of interest for solving various
bilinear and biconvex problems when the original optimization problems are difficult to solve
with coupling variables [27, 28, 18], but can be simplified to convex subproblems if some
of the variables are fixed. This idea of repeatedly fixing some variables while optimizing
others is the central spirit of ACS.

Consider the following example biconvex problem:

min f(x,y)
T,y
s.t. axy +b=0
h(z,y) <0
reXCRyeYCR
We assume that sets X and Y are both nonempty and compact, and h(z,y) is convex when
either x or y is fixed. Lastly, we assume h(z,y) is a continuous function. We first define the

x,y-sections of the jointly feasible set F := {(x,y)|azxy + b = 0, h(x,y) < 0}, denoted by

B, ={y€Y,(x,y) € F}

(3.9)
By:{i‘EX?(‘%?y) EF}
We then define the partial minimum of the objective function by:
f(@*,y*) < flz,y*), Vo € By
(3.10)

f@*y") < f(@",y), Vy € By
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Finally, we have the theorem stating the strong convergence of a sequence of solutions to
the partial minimum with the above assumptions. Also, one should notice that a stationary
point within feasible set F must be a partial minimum if f(x,y) is biconvex.

Proposition: partial minimum is a stationary point Suppose f(x,y) is continuously dif-
ferentiable, a partial minium point (z*,y*) is also a stationary point to f.

Proof: Because f is biconvex, we have
fla,y) = fa*,y") + Vo f (e, y")T (@ — 2%)
fla*,y) = fa*y") + Vyf (', 9) (v — ")

at optimal, it is required that V,f = V,f = 0, we have f(z,y*) = f(z*,y%), f(z,y*) =

(3.11)

f(x*,y*) being the stationary point.
Theorem: Convergence to partial minimum
Consider the sequence (xg,yr)|72, if the following holds

f@rv1,uk) < f(@r, u)s V(e Uk)s (Tks1, k) € F
(3.12)

f@ra1, vkr1) < F(@rr1,Uk)s V(Tkt1, Uk)s (Ths1s Yrr1) € F
then this sequence will converge to the partial minimum set defined by (5.2). For the
detailed proof, please refer to [27], and the idea of the proof is to show the sequence is lower
bounded by partial minimum while the sequence is decreasing monotonically, which leads
to the strong convergence to such point. The final algorithm representing problems in the

form of (3.8) is given in the following algorithm:

3.2.8 SVM Reformulation

One of the more common approachs to the non-convexity in the optimization is to re-
formulate those constraints in a more solvable way, for instance, convexifying through
linearization or reformulating the constraints with its dual when the constraints them-
selves are also self-contained optimization problems. The SVM method, originally pro-
posed in this work, as its name suggests, is inspired by the support vector machine used
in data classification problems. In the SVM method, we reformulate the non-convex col-

lision avoidance problem into a set of classification problems. Firstly, consider two agents
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Algorithm 1 Alternative Convex Searching Method

procedure INITIALIZATION(zo, 4o)
Generate initial guess(xg, yo)
end procedure
procedure MAIN LOOP(xg, Yk )
while [|[z441, Yr+1] — [k, Y]l = Tol do
fix yr and solve (3.8) to get z*
Tpq1 < T°
fix x141 and solve (3.8) to get y*
Yrt1 < Y
end while

end procedure

case where they have fixed shapes that can be represented as closed convex sets such that
zi(t) € Sy = {2 (t)| f1(2¥(t)) < 0,VI}, 29 (t) € Sp := {27 (t)|g"(27(t)) < 0,VI},l =1,2,...,p,
and f!(z),¢'(z),l = 1,2,...,p are convex functions. We assume only agent i is performing
the optimization and we fix agent j’s trajectory. The obstacle avoidance constraints require

that the following holds:

inf 2 (t) — 27 () ||2 > dpin
ot ()~ 2 1) 2

st fl i) <0, 1=1,2,....p (3.13)

gl (27 (1)) <0,1=1,2,...,p
where d,i, is the minimum safety distance between agents. One can then recognize that
this is equivalent to finding () such that there exists a supporting slab with a minimum
thickness d,,;, separating two convex sets. This concept can be visualized by viewing the
agents as the convex data sets, and the goal is to find the support hyper ”slab” with the

minimum thickness of d,.;, to classify the agents into different categories in the space.
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DATA set i/ agenti

Slabwith a
thickness of din

DATA setj/ agentj

Figure 3.1: Visualization of SVM reformulation in R? with two agents

Now, let’s consider the dual of these constraints, which have the form:

sup inf ( Z)\lfl +Z T ( )+
Z”(t) x? t

1nf ngl 333 — 2T (t)) = dmin (3.14)
st |lz]]2 <1

A=0,pu>=0

where z, A\, u € R? are Lagrangian multipliers associated with equality and inequality con-
straints. Now we consider the shape of agents to be circular with radius 7%, 77 and denote
the centroids of the circles: i (t,0 : 2),xi(t,0 : 2) as the trajectories of both agents, we
have f = || A%z (t) + b'(t)]]2 — 1,9 = [|A727 (t) + b7 (t) |2 — 1, b, (t) = —Alz}(¢,0: Q)Ti,bi(t) =
—Ajzvi(t,O : 2)rd, where A", AV € S, are matrices defining the shapes of the agents. Af-
ter lengthy derivation (derivation is given in Appendix A) and assuming r’ = 7, the dual
problem to the constraints becomes:

sup 2/ (1) (V7 (t) = b'(0)r = 2r12/ D)l]2 > dynin

2 (®) (3.15)

st 17 (6)]2 < 1

We can reformulate the constraints sup_i; z,ij OT (V7 (t) = bi(t)) — 2 (r + Dmin) ||z,? )3 >0
k
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with ||z,ij (t)]l2 < 1. Which seems trivial reformulation, but we will show how it becomes
critical in making this problem into biconvex optimization problem in which both levels are
convex in their own. We can reformulate (2.7) with the dual constraints described above
as:
min - C(xj, u)
(3¢ »u, )
s.t. xb(t+1) = AL(t)at (t) + Bi(t)ul(t),

Vt=0,...,T—1

(3.16)

sup 2! (1) (bj(t) + Az}, (£,0: 2)) — 2(r + 5 )z @)115 >0,
2] (1)

st |2 ()2 <1,V =0,...,T
One can see that zi(t) is the linking variable that appears in both the upper level and
lower level problems, which makes this bilevel problem still non-convex. At this step, it
almost becomes feasibility checking problem in that if there exist Lagrangian multiplier
27 (t) such that Q(z (), zi(t)) = 2 ()T (bj(t) — bi(t)) — 2(r + Lsn)||z/7 (t)|| > 0, then
the collision avoidance is guaranteed. Note that we can remove the lower level problem

as Q(z,ij(t),x};(t)) > 0 will automatically guarantee sup i, Q(z,ij(t),xz(t)) > 0, we can
k
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further simplify the problem with discrete linear dynamics as:
min  C(xj, uj)
(313,23,
sit. xh(t+1) = AL () (t) + Bi(t)uk(b),
Vt=0,...,T —1,

74(0) = 75(0) (317

Q=7 (t), #i,(t)) > 0,¥t = 0,...,T
129 < 1,9 =0,...,T

where z};, e RVx2xT

is the concatenation of all Lagrangian multipliers associated with agent
i, and AZ, B,i are the discrete representation of nonlinear continuous dynamics given by (2.5).
One also should notice that the only part that makes this problem non-convex is the term
z,ij t)Tbi(t) = —z,ij (t)T Azt (t), which is bilinear if we separate this bilevel problem into
two independent problems. We also notice that previously, z(¢,0 : 2) € X!, := {z*(¢,0 :
2)|2r — ||#7(t,0 : 2)|| < 0} is not convex for any choice of z7(¢,0 : 2); now, with the
reformulation, we have z°(¢,0 : 2) € X&,,, == {2°(¢,0 : 2)\z,ij(t)T(bj(t) + Alzi(t,0 : 2)) —
2(r + dm%)”z;j (t)||3 > 0}, which results in a convex set for any given z,ij (t). Therefore, we
transformed our nonconvex constraints with a nonconvex feasible set for z(¢) into a bilinear
constraint with a biconvex feasible set. So the feasible set of the reformulated problem
also becomes biconvex. To address this issue, we add the slack variables szj = —Q(z,ij ) and
augment our objective by formulating a nonlinear penalty function J (X};, X};, u}C) as our new
objective. From (5.1), we notice the coupling relationship between sg (t) and i (t), which

now leads us to the alternative direction method (ACS) as this problem can be decoupled

into two convex subproblems. The first problem will perform primal variables minimization
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z(t),u(t) with z{ treated as constants, and serves as the leader in this bilevel optimization.

N
min C(x},u}) + Z )\max(O,st(t))
ekt j=1ji

st b (t4 1) = AL () (t) + BL(t)ul (1),

Vt=0,...,T—1,
(3.18)

s]t)<0Vt—O , T

The second optimization problem is updating the Lagrange multipliers, which finds valid
Lagrange multipliers to ensure the collision avoidance constraints are satisfied. With the

same fashion as in the first problem, we treat the state variables z(t), u(t) as constants.

mln Z A max(0 ())

=) j 2154
st sy (1) = —Q(z] (1), 24(1)), (3.19)
Vt=0,...,T—1,

Iz9 (8], < 1,9 =0,...,T

where
7 =
GO, s ), D), ) 3.20)
ey e ey ey e e RVX(N(T+1)
ZiN0), ..., ZiN0), ..., ZN(T), ..., ZIN(T)

is the stacked Lagrangian multipliers for agent i. The max(0, s(t)) is used to update the
multipliers that violate the safety constraints. Note that if we don’t consider the optimal-
ity and drop the max operator, we can use the analytical solution for analytical solution
25(t) = H(btﬁ b(t) = bj(t) — bi(t) and gives the optimal value of —A(||b(t)||2 — (2 + dmin)),

which will result in a larger ”barrier” between agents, and this is especially useful with
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limited computational power and want to achieve a robust safety trajectory. Also, for some
nonlinear dynamics, one may need to add the trust region constraints to the algorithm com-
monly used to ensure the quality of the linear representation to the nonlinear system. To
the end, we present our two-step SVM method for collision avoidance trajectory planning.

Please do not confuse the iteration index k in the above algorithm with other k used in the

Algorithm 2 SVM reformulation for single agent

procedure INITIALIZATION(x), uf)
Generate initial states (can be infeasible) x§, u}
end procedure
procedure MAIN LOOP(x!, ul, z)
while [|x}_, —x}|| > Tol do
Solve (3.18) to get x},uj
Xpi1 € X Wy Wy
Solve (3.19) with X}, ;,u} ,, to get z}
Zh1 < 7
end while

end procedure

multiagent algorithm. Since the SVM reformulation only takes care of the safe constraints
and the system is nonlinear, general SCP procedures are still needed to solve the local prob-
lems. In the chapter 6, we will show that by using this reformulation, a faster convergence
rate can be achieved compared to the naive constraint linearization. Below, we will give a

short introduction to the SCVX used in this work.
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3.2.4  Successive Convezification (SCuvz)

Before introducing the SCvx, we will construct the nonlinear penalty function and its cor-

responding problem. Let

J(XZ’ Z’u;c) = C(Xz’?u;{,‘)_{—

= . . N y (3.21)
7
D Mkt +1) = F@i @, ui )+ Y Amax(0, s/ (t))]
t=0 j=1,j#i
be the nonlinear penalty function, we have the penalized optimization problem as:
min J(xj, X}, up) (3.22)

(xi;zu}wd}c)
, which is an unconstrained optimization problem with non-convex objective.

SCVX is a trust region-based first-order approach to solving the universal nonlinear and
non-convex optimization problem, and it gives the form of solving the linearized problems
sequentially as follows:

min L(dj, w}, s, vh)
(i WSk’ Vi) (3.23)
st [Iwill < 7

where L(di, wi, sy, vi) : RPX(THD 5 RmxT o RN>x2x(TH1) o Rrx(T+]) R s the linear
penalty function to be defined |, st(t) = [sZ(O),...,sZ(T)] € RT™*1 Vi j € V, and the
d}'C e R, W}'f € R™ are the optimal increments of states and control over each optimization
iteration, vi = [vi(0)...,vi(T)] € RPTHY ol () = ot (t4+1) +di (t4+1) — f(2h (), ul () —
Al ()di(t) — B (t)wi(t) € R™ are virtual control terms for accounting dynamic infeasibility
resulting from the linearization of nonlinear dynamics, where A} (t), Bi(t) are the discrete
matrix representations of the nonlinear, continuous system, as can be seen from (2.5). Note

ds) (t)
Dz’ (t)

that. We also denote szj (t) = szj(t) + | i (t) di (t) as the slack variables accounting for

the nonconvex constraints (in this case it is the collision avoidance constraints). The linear

penalty function resembles the nonlinear version and is given by:
L(dj,, wi, s, vi) = C(xj, + di, u + wj)+
-1 ' N . (3.24)
7
oM@+ Y- Amax(0, s (1))
t=0

=1,
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In SCvx, we use the linearized and discretized system to represent the continuous and
nonlinear system dynamics; we also linearize all the non-convex constraints to make them
become the affine inequality constraints. The trust region mentioned in this subsection is to
regulate the ”instability” incurred by the linearization as a consequence of approximating
nonlinear functions with first-order representations based upon the previous solution to
(3.22). For more information on SCvx and its application, please refer to [6, 7, 8, 10].

Below we represent a simple SCvx with modified trust region regulation logic.

Algorithm 3 SCvx with simplified trust region updating method

procedure INITIALIZATION(x), uf)
Generate initial states (can be infeasible) x4, u}
end procedure
procedure MAIN LOOP( i,Wé,SZj,Vz)
while [|x},, —x}|| > Tol do
Solve (3.23) to get di, wi
: T i i -
if L(d}, wy,s,”,vy) > L(d}, 1, Wy, 1,8, V1) then
Xjoy1 X + dj,
Wyy < wp Wy
Ve <
else
Xpi1 ¢ X,
w g o,
Vi1 € &
end if
X}y & Xp, Wy 4 up
end while

end procedure

SCVX will be used to solve the upper-level problem (primal minimization) in our bilevel

optimization problem given in (3.18,3.19), while the lower-level convex subproblem (dual
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update) will be solved directly.

Both SCvx and SVM reformulation are just sub-routines for single-agent trajectory
planning, assisting in solving the multi-agent algorithm to be presented. Note that all the
iteration index k£ used in this subsection will be relabeled as ko in the next section to

prevent confusion.
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Chapter 4
MAIN ALGORITHM

This chapter will be dedicated to the workflow of our main algorithm for the decentralized
trajectory planning, which will combine the single agent optimization algorithms mentioned

in previous chapters with the modified consensus protocol.
4.1 Decentralized multiagent trajectory planning

In the pursuit of decentralization, each agent will perform the followings for each algorithmic
iteration k > 0,k € Z:1. evaluate the penalty cost associated with the consensus error; 2.
solve the local optimization problems (2.7) for kopt > 0, kopt € Z times until local problems
converges, and the local problems can also be decomposed into more subproblems such as
Algorithms[2,3]; 3. perform modified consensus algorithm for keon > 0, keon € Z times to
update the estimates of trajectories for other agents. Also, we denote the optimal solution to
(2.7) is x}:‘ = x}; + d};, u}'c* = u}l€ —}—w};, and 7“2 > 0 is the consensus trust region for the states
and first mentioned in (2.3). To regulate the consensus trust region for the convergence, we
need r}'c 1= %‘, w > 0 when the nonlinear penalty increase due to consensus error is detected
by the agent with local estimate. The main algorithm is given on the next page, and the
accompanying figure shows the workflow of the initialization and main loop. In the main
algorithm, we represent the consensus loops with blue, optimization with cyan, and trust
region update with red. Each subroutines come with its own convergence tolerance, such
as T'olyain > 0 for the main loop,T'0l,,; > 0 for the local optimization loop ,and T'0l.o, > 0

for the consensus error. Also, a figure illustrating the algorithm system level will be given.
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Algorithm 4 Decentralized Trajectory Optimization

procedure INITIALIZATION(x}, X, u, )
Initialize the states estimation x{/ « 0 € R™T+1)
Generate initial states (best if trajectories are non-touching) x}

while ||kan+1 — Xk || Z TOlam do

if || Xkoon+1 = Xiioon || < T0lcon, then
Stop, and return X}
end if

perform (3.3) to get X?ccmﬁrl

b X1 keon < eon + 1

end while
XX,
k«—k+1

end procedure

procedure DisST-OPT(x}, X1, ul,7t)
while [|x}_; — X}|| > T0lynain or safety constraints violation (|[s| > 0) do

if ||x;,; — %} || < Tolpain and (||s;| < 0) then

Stop and return x};, Xk, u}'C

end if
. i i
while ‘|Xk”1’l+1 - X/mp/ H > T()]()})t do
. i i -
if [[x}, 1 =%, | < Tolgp: then

Stop, and return x)  ul
! ]'um‘, ]'rum‘

else

Q (€ _— e el . ‘ . 7 7
Solve (2.7) by using Algorithms [2,3] to get (x}, i, u  11)

i

)
X1 Kkopt

) u;‘,+1 A\ u;"rwf.' kopt < kopt +1
end if
end while

X ¢ xzopt, u u}icopt
al}'C — x* — Xi:,w}; — ut* — u};,
X, xj, + di, [[di]| < rf

w, - uj,+ wj

x ¢ xi +0,¥i # j




while || Xy, +1 — Xkoon || = T0leon, do

if | Xont1 = Xiieo, | < T0lcon then
Stop, and return X}
end if

perform (3.3) to get X
X’]L;:con

end while

con+1
— X4 keon < keon +1
X}éﬂve X};N
f M <1 then
I X))
Thg1 < Tk
Xig1 € XNZ
ui:-s—l — [lz
else
if r}; > rmin then
i :
Thyr = =, Vi€ i, N;
else if k > Ky, then
Tht1 € Tmin
else
et < T
end if
end if
k+—k+1

end while

end procedure




Initialization

Yes

F 3

Main algorithm loop

Yes

h 4

Return controlinputs

Figure 4.1: Diagram showing the workflow of the algorithm proposed in Algorithm 4
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Decentralized trajectory planning (N-agents)

Agenti

SCVXfor primal
variable minimization

Reformulated
biconvex problem
for dual update

Consensus

Agenti+1

SCVX for primal
variable minimization

Reformulated
biconvex problem
for dual update

Figure 4.2: Algorithm level of decentralized trajectory planning
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Chapter 5
CONVERGENCE ANALYSIS

We will show the strong convergence for both the single agent case and extend it to the

multiagent scenario with additional assumptions on the problem setup.

5.1 Convergence of single agent trajectory planning

In this section, we discuss convergence proof of single agent trajectory planning algorithms
with SVM reformulation will be given. For the convergence analysis of SCvx, reader can

refer to [6, 7, 8, 10] for detailed proofs.

5.1.1 Convergence of the Alternating Convex Search approach

Recall that our local agent optimization problem is given as:
N ..
min  Cxj,up) + Y Amax(0,s57 (1))
(i 7i) j=Tgi

st b (t4+ 1) = AL(H)zh(t) + BL(t)ul (1),

2, (T) = z5(T)

Q2 (1), z4(t) > 0,9t =0,...,T

2 (#)]]2 < 1,VE=0,...,T
which can be decomposed into bilevel optimization problems given by (3.18,3.19). We will
establish the convergence results of this method for the LTI system by utilizing known
convergence proofs for the ACS method. Also, to simplify the notation usage, we will

use the single term g(xg,u;) = 0, where g : R"T x RM(T=1) 5 R™ to represent all affine

constraints in our local problem.
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Assumption 5.1.1: Non-empty and compact solutions sets:

We let F = {(x, up, z4)|g(xp, up) = 0,Q(27 (£), (1)) > 0,27 ()] < 1)} ¢ 0 be the
compact jointly biconvex feasible set for the states, controls, and Lagrangian multipliers,
respectively. Note that this set is in general not jointly convex in (x,u,z).

Assumption 5.1.2: Linear independence constraint qualification:

We require that Vg (xk, ur), Vau(Xk, ur), VQactive,z» YV Qactive,z t0 be all linearly inde-
pendent in columns.

Strong convergence: Under assumption 5.1.1, and 5.1.2. Let [xg,ux]? = yp €
R+m)(T=1+n he the stacked upper level problem variables. The sequence (Y 21) 1520

will strongly converge to the partial minimum defined by:

fy*,2") < f(y,2"), Vz € By~

f(y*,z*) S f(y*7z)> Vy € Bz*

where By+, B+ are the y,z-sections evaluated at the partial minimums of y*,z*.

(5.2)

Proof: The proof is the direct result of (3.2.2).
5.2 Convergence of multiagent trajectory planning

To simplify the analysis, we assume that the solutions given by the local solvers always have
the properties described in the following assumptions; therefore, we essentially separate the
analysis of the multiagent problem from the local optimization problems. Also, we only
consider case where only one consensus operation is performed in each main iteration for
the most of our analysis. Like the main algorithm, our proof can be divided into two parts:
consensus and a noised-local optimization problem. First, we will show that the consensus
error is bounded with some assumption on the solution to the nonlinear penalty function.
The idea is that the estimation on each agent’s states will converge to the truth plus some

consensus error determined by the choice of consensus trust region.

Assumption 5.2.1: Existence of a bounded, sufficient decreasing solution to the Lipschitz

conditioned nonlinear penalty function
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We assume there always exists a solution xi*, ui* to (3.22) such that the followings hold:

i = i [l = lldill < 7 (5.32)

J(X;c*v ;wu;c*) - J(X;w ;wu;e) < _BHd}cH (5'3b)

Furthermore, by denoting C' = (x%, X%, ut)7 as the concatenation of all data that agent

i has, we assume J(C}) to be globally Lipschitz such that the following hold:
17(Chs1) = J(CI < Linaz|Chia — Ci (5.4a)

where Ly, is the maximum Lipschitz constant associated with J(CY) , Vk.

Both assumptions are valid for some standard solving techniques with proper construc-
tion of cost functions, including SCvx; when some further assumptions are made, see [6, 7, 8]
for more details. Furthermore, in our analysis, we assume no linearization error caused by
the first-order approximation of SCVX or similar gradient-based algorithms.

Bounded consensus error:

After sufficient iterations, there exists K such that when k > K, the global consensus
error for the estimation of agent i’s states e}, < § for some § > 0, if trust region ri < 6()\—12—1),
where )y is the second largest eigenvalue of P,

Proof: Consider the standard Laplacian for a strongly connected graph with N agents
€ SN, which by the nature of construction has net zero in both row and column entries.
Therefore, the resulting modified Perron matrix for discrete consensus has the form P! =

A1Y(I — €) + A2% ¢ < 1/N, which is a non-negative matrix with a spectrum of
AN SAN-1 <. <A< A =1 (5.5)

. Also, by construction, we have I € (P%). One can notice that the modified Perron matrix
replaces the original unit eigenvalue with the new unit eigenvalue introduced at Pg,r We
can also diagonalize the modified Perron as P = Q'D*(Q")~!, where Q?, D' € RV*N are
the eigenbases and diagonal matrix encompassing all eigenvalues of P!, respectively.
Consider a static single value reference tracking scenario with modified consensus where

all agents are tracking the time-invariant value of agent i:

Y1 = Q1(D) Q") yo (5.6)
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where Ykcont1 = [Ybeon - - - Yicon - - - Yneon) T € RY. We want to show that the modified con-
sensus will converge at linear rate determined by Ao to a stationary truth y}C con We can
rewrite the initial condition C} = (Q%)lyy as the linear combination of eigenbases as
Cé = Zf\il a;q, where a € R, q € RY are the coefficient and eigenbasis. Since all engenval-
ues except the one associated with eigenvector I reside within the unit circle, if we expand
(5.6) as:

Yreont1 = Q (D) "ayq + ... + aigi + ... + ayqn] (5.7)

it is easy to show that all the components will decrease to 0eRY linearly except «;q; =
aif € RY, and the coefficient o = y®, which implies limpeon—soo Ykcon = yif with consensus
error decrease no slower than the linear rate of Ay by e}; con < )\Qe}'C con+ This statements can
easily be extended to general kacon 11 € RN *n(T+1)

Assume after k > K iterations, €}, < §. According to our algorithm, the consensus
error on agent i will decrease first by the consensus process, then increase by no more than
|di || < 7% during the optimization process, the overall propagation of error in each step (™
denotes the intermediate step for optimization):

e < el + [[dil, [djll <rf. e} <6 (5.80)
el 1 < Moel (5.8b)
From the above, for the any choice of § > 0 such that e}'f 41 <0, it is required that

|dg]| < r§ < 3(: — 1), which completes the proof.

Bounded error for predicted nonlinear penalty function:
Under Assumption 5.2.1, if the global consensus error on agent i: e}AC < 4, and the state
inequality constraints are continuously differentiable, there exists a finite L4, > 0, such

that the error
Jo = |J (x4, X4, uh) — J(xt, X, ub)| < Linae VN — 16 (5.9)

Proof: Recall that (3.21) is comprised of local trajectory cost term: C(x},u}), dynamic
violation term:(||z% () — f(z%(¢),ul(¢))]l1), and the state inequality constraints violation

(collision avoidance): (max(0, szj (t))). Since the max function is used in the state violation
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constraints, which means there is no net effect from the last term when inequality constraint
isn’t active; therefore, when such case is true for both predicted and actual trajectories, the

problem is equivalent to the single-agent unconstrained trajectory planning.

J€:|J(X§w 2,112)—J(X2, %cvu;c”

o o (5.10)
= C(X}mu%{) - C(X}w u’lbﬂ) =0
With the global estimation error on agent i’s states e}, < &, we have ¥/ < |le}!, ... ,ekNiHC>O <
0, and this also implies the cumulative error by agent i is
b= 11X = Xl = lleil, e < VN =18 (5.11)

, refer to (1.13,1.14) for the definition of X,i, X. By using Lipschitz condition, we have the

following inequality:
Je = |J(X§<:7 i:’ u}c) - J(Xi;, Xk, u}c)|
‘ (5.12)
S LmaxHX}g - Xk:” S Lma:p\/ N —-16

, which concludes the proof.

Assumption 5.2.2: Complementary slackness and exactness of nonlinear penalty func-
tion: We assume at each iteration k for agent ¢ € V', there always exists Lagrange multipliers
vit € R" 0;; € R and nonempty local optimal solution set (XZ’*,UZ*) € X! ¢ 0 (Slater’s
condition) such that Lagrangian is well-posed and is given by the follows (please note that
x>* is the KKT points to (2.2), and x™* is the optimal solution (partial minimum) to (2.7),

which isn’t necessary a KKT point to (2.2)):

(X, g u,v) = C (g, up)+
T

D Dl (t+ 1) = fla(t), ui (1))

yar (5.13)

N

+ Y a2 — |2 (4,00 2) — 2 (,0: 2)]))]
j=1,j#i
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and that the following holds (complementary slackness):

(4 1) = f(2 (1), u) (1) = 0 (5.14a)
oip =0, 2r — ||z (t,0: 2) — 2,(t,0: 2)|| <0 (5.14b)
(2r — |p*(t,0: 2) — 2L(t,0: 2)|]) = 0, 0;, > 0 (5.14c)

This assumption also has an implication that si’j (T) =0, Vi,j € V, and the user has to
ensure the terminal condition is feasible. If such a solution exists and satisfies both Slater’s
condition and complementary slackness, the duality gap is zero. Note that our nonlinear
penalty terms in J (Xi:, Xk, u};) is in the same form as the Lagrangian, which automatically
ensures the strong duality to the (2.2) when the solution to (2.7) is feasible and satisfies the
first order optimality conditions (KKT).

Assumption 5.2.3: Sufficient small trust region and consensus error: We require that
the trust region is small enough such that ”cross of agent” will never happen, which is
equivalent to, say, once the individual solution is in the quasi-convex a—sublevel set of J,i
and is feasible in original problem: There exist s > k such that, C{ := {(x},u}, J.)|J(x}) <
a,a>0,VieV} VE>k>0.

Assumption 5.2.3 is important in ensuring the stability of the low-order approximation
convexification method, especially the use of £; norm in the nonlinear penalty function.

Monotonic decrease of nonlinear penalty function before critical step:

Under Assumption 5.2.1, the cost of nonlinear penalty function decreases monotonically

until reaching critical iteration k > kcpit, kerig > 0, such that:

I (X 1> X1, Wegr) < J (X, X 1), Vo < Kerge

J(X2+17Xk+1’u2+1) > J(Xz:vxkvu;f)v (515)
2N — 1L ax 1
0 > (— — 1) for some k > kepit
B A2

Again, refer to (1.13,1.14) for the definitions of X%, Xj..
Proof: From the sufficient decreasing assumption to the local optimization problem,
—~ . L~ . B 1T . . .
and let xj = xj +dj, X}, = x?’ X 7x;€N ,u;, = ug + w; denote variables for the

intermediate step (see Algorithm 4), we have:
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. ~ A T
Similar to Xj, we denote X; = [x}w C XL ,ka\’] , from (5.9) and assumption 5.2.1, we

know the following inequalities:

J (X}, X}, ) < J (R, X, ) + Linaa VN — 10 (5.17a)
J(Xia Xks u%c) + Limaz VN — 10 > J(X;ﬂ, 2, u%) (5.17b)

J(Xe, X, W) < J (x5, X, uf) + 2Lmae VN — 16 — S| dj |

< J(x}, X, uh) + 2Limee VN — 16— (5.18)
1
56(72 -1)

For J(Xi, Xy, k) < J(xi, Xg, 1), 2Lmarv/N — 16 — §||d%|| < 0; therefore, the true cost
decreases monotonically if M < %2 — 1), ||| = ()%2 — 1), which depends on the
initial condition, will happen after some iterations k > k..;; > 0. This concludes our proof.

Note that the maximum tolerated consensus errors and trust region are uniform for all
agents, as we initialize the trust region uniformly, and the trust region will update only
after the nonlinear cost increase is detected by the local agent.

Comments on cost decreasing ratio %, connectivity Ao, and consensus error bound 0:
From (5.18), the main cause of the increase in the true cost is resulting from the consensus
error, which makes agent sometimes predict their cost is decreasing while the true cost is
actually raising. The immediate result of (5.18) is the stronger the network connectivity
with smaller Ay, the more unlikely the actual cost will increase. Also, the cost decreasing
ratio % can be understood as how much increase in the actual cost due to consensus error
compared to how much cost is reduced in the estimated cost. Lastly, by choosing a small
consensus error bound 4, we can ensure ||d} | = 5(%2 — 1) when [|xi — 2} || > ri. (x is not
close to the stationary points) Note that, by using /1-norm in our trajectory cost and penalty
cost, we can ensure a sufficient change in estimated cost with common solving techniques,
including SCvx, as stated in assumption 5.2.1. Also, one should notice that when the graph
is complete, there is no consensus error cost, which results in the monotonic decrease in
the true cost, and the true cost is lower bounded by local minimum J(x%*, X, u"*) at its

corresponding partial minimum; therefore, we have the strong convergence of solutions to at

least partial minimum of for each agent with a complete graph. Please note that the KKT



43

points or partial minimum defined across the work are defined for the local problem, which
in general won’t be the same KKT point or partial minimum for the centralized problem
when we stack all variables together.

Implication of critical step kq-;r: assume the trajectory is feasible, k = k..;; means the

followings: k' . is the first iteration that the cost increase due to consensus error is more

eri
than the cost decrease from the local optimization.

If the solution is dynamically feasible but does not satisfy the collision constraints, the
true cost of each agent J(x}, Xy, u) = ;‘F:O A max(0, S;g(t)) + C(x},u}), we will establish
that the cost incurred by the consensus error S, = Y7 Z;\le j2i Amax(0, sg(t)) is bounded
and conditions under which this cost will decrease after the critical step kq.;+. We will also
consider the 5}; individually from now on, as the trust regions aren’t likely to remain uniform
when k > ket

Detectable cost increase due to consensus error:

Equipped with assumption 5.2.2 and denote

s? ()T = 2r — |2k (£,0: 2) — 2], (t,0: 2)|, SiT = Z Z Amax(0,5 (7)) (5.19)

t=0 j=1,j#i
(T denotes true data) the cost incurred by the consensus error, we claim that if § > 0, there
exist finite 0 < k < oo such that, J(x}, ?H_l,uz*) > J(xg, i,ug*),Vi e C = {i, ]S,i’T >
0}. Please pay attention to the subscript.

Proof: By using contradiction, we first assume an opposite case that J(x}, X} 1) ul) <
J (x};, };,, u), Vk € [0,00), and each agent will reach local minimizers in finite k such that
J(xi vXZ:+17 ul* ) = C(XZ’*, uz*) + Sk, Si = 0. Since each agent is at their local minimum,
the solution won’t change in the next iteration, xk’ = xk’H, uk’ = u}C*H, Vi € V, which is
equivalent to ||d| = 0, Vi (all agents are at local optimal conditions). From Assumption
5.2.3 (complementary slackness) we know that at optimal, if the inequality constraint is
active, 2r = sz*(t 0:2)— :L‘k J(t,0 : 2)||, Vt € [0,T]. Also, from the previous results, the
consensus error ||:1: (£,0 : 2) — azk(t 0:2)| — 0,Viif ||d] =0, Vk > k. Since SZT > 0,

2r — Haﬁz*(t,O 0 2) — xk(t,O : 2)]] > 0 for some t, there exists £ < k < oo such that
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2 — ||lzk* (t,0: 2) — 2 (t,0: 2)|| > 0 and

J(x0F L XE* b ) = O(xYult )+ 5]

K—1> k—1 k—1" Yk
5.20
J % Xi,* % - C % 3% ( )
> J(x, "1, X050 ) = 0%, u4) +0

. If we replace k — 1 with some k with the same condition, then we have .J(x}, X% Ny ul) >
J (x};, };, uy), which contradicts the assumption we made earlier; this completes the proof
that there always exist finite k for agent to detect the increase in the cost associated with

the consensus error.

Importance of detectable cost rise: Consider |x} —XZ’* | > ri, we have ||d} | = ri. Under

this condition, we have an equality relationship between the current consensus error and

(3

trust region such that ri = 47 ( )\% — 1). Whenever the cost increase is detected, 1= %,
and 5}; 41 = %’“. With the mechanism to detect and reduce the consensus error once the

consensus error cost increase is detected, the consensus error among agents with active safe
constraints will decrease over iteration; furthermore, when the trajectory is feasible for local
problem (2.3), the cost associated with consensus error will converge a small chosen value
Omin > 0.

In the previous section, we claimed that the error for the nonlinear penalty function is
bounded in terms of the cyber layer (graph connectivity); we are also interested in its bound-
ness in terms of the physical characteristics (diameter) of each agent to better understand
graph connectivity and its influence on the actual physical system.

Assumption 5.2.4: Locally feasible trajectory for all agents after finite iteration kyeqsiple:
Even sometimes, we start the algorithm with infeasible trajectories for agents S,i, >0, x}%(t%—
1) — f(zi(t),ul(t)) # 0 for some t € [0,7], we assume, after finite iterations, there exists
Eteasivie = 0, such that the trajectory perceived by the agent with local information will
be locally feasible for problem (2.3) for all k& > Kkjfeqsinie such that followings are true:

=02 (t+1) — f(2h(t),ul(t) = 0,2k (t + 1) = AL ()} (t) + BY(t)ui(t) Vt € [0,T]. This
assumption can be extended to many general SCP solvers, including SCVX with proper
initialization [16]. This assumption also implies after sufficient iterations, s?c’j (0) =0, Vi,j €
V.

Assumption 5.2.4 is a common assumption used in many works involving constraint
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relaxation methods[8, 10], which introduce sets of stationary and partial minimum points
that are not feasible to (2.7), and is illustrated by Figure 5.1. Also, note that all the KKT
points and stationary points belong to partial minima, which implies that if we initialize
our trajectory properly or in the neighborhood of local minima, our algorithm will converge

to the local minima, provided the graph is complete.

Figure 5.1: Tllustration showing the sets of feasible solutions to (2.3), stationary and partial

minimum sets to (2.7), and KKT points/ local minimizers to both (2.3,2.7)

Assumption 5.2.5: Sufficient small final consensus error for colliding agents: Assume
a small final consensus error between the agents with active collision constraints, such
that the minimum required consensus error tolerance chosen by the user satisfies 6,in <
or(N —1)(T —2), where 0 < o < 1 is the user-defined parameter for determining how much
of collision constraints can be violated.

Bounded cost associated with consensus error:

Under assumptions 5.2.2, 5.2.4 and 5.2.5, for all iterations k£ > 0, the consensus error
costs S,i’T, S}'C for both true trajectory and local estimation are bounded above by 2rA\(N —

1)(T — 2), and in the finite iteration k > k >> 0, such cost will have the bound given by:
ST < GminA(N = 1)(T = 2) < or(N — 1)(T - 2), V& > k, (5.21)

Proof: Recall that S = Y7 Z;V:l#i Amax (0, 2r — ||zt () —xij (t)|I), by setting x (t) —
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z)/ (1) = 0, Vj # i, we have sup,; (S}) = 2rA(N — 1)(T — 2),

Now, consider the following figure with the assumption that both agents have the same
consensus error Az = ||22(t) — x'2(t)| = ||z (¢) — 2%L(¢)|| at time t > 0, and we let Az < r.
Note that from the local agent’s perspective, they don’t know the collision and the trajectory

is feasible for both agents based on their estimates. We consider a special case where

Agent 2’s estimate on agent 1 Agent 1’s estimate on agent 2

- —— -

Agent 1 Agent 2

Figure 5.2: Illustration of agent collision due to the consensus error

t = [0,1,2], and x(t = 1) for both agents, which means there are only three time-steps
in the whole trajectory with ¢ = 0,¢ = 2 being the initial and final time steps. Since the

maximum-smallest consensus error is bounded by e,1€ = ei < Omin, We have:

e = lIxi — x|l = [l2(1) — 22 (V)| =
e = [lxp — x¢'[| = [lax (1) — 2 (V)] < (5.22)
5min <o

With the above arguments, we have SUP1 (S} = supxi(Sg) = or, and by extending this
to the general case with T time steps and N agents sup,; (S;) = or(N — 1)(T — 2), which
completes the proof to (5.21).

Strong convergence with diminishing trust region design: One undesired behavior with
the current design is the lack of convergence guarantee, which can be addressed if one

removes the algorithm’s d,,;, condition such that ri, 5}; —0as k— o0, Vi e C.
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Chapter 6

NUMERICAL SIMULATION AND HARDWARE EXPERIMENTS
RESULTS

Numerical simulation with a few hardware experiments will be given to verify our claims,
and also demonstrate the computational advantages with our novel SVM reformulation

method.
6.1 Johnny robots

In this section, we provide a brief overview of the mathematical models for our in-house-built

Johnny robots and the system architectures.

Figure 6.1: Two Johnny robots
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6.1.1 Unicycle model

The unicycle dynamics is selected as the representative nonlinear model, as many ground
robots have a similar dynamics, including our Johnny robots. The unicycle dynamics are

represented by

T v cos 6
y| = |vsinf (6.1)
0 w

where x,y, 0 € R represents the position in R? and the heading angle, respectively. Control
inputs v,w € R are linear velocity and angular rate along z-axis, respectively. We also have
some additional constraints on controls and states due to physical limits of Johnny robots,
which requires w < 3 (rad/sec),0 < v < 10 (em/sec).

We will make use of SCvx to handle the nonlinearity of the model with the discrete

linear model given as follows:

z(t+1) 1, 0, —dtvsin®@| |z(t) dtcosf, —idt’sinf ®
v(t

y(t+1)| =10, 1, dtvcosd | |y(t)| + |dtsing, —3dt*cosf o (6.2)
w(t

ot+1)| o, o, 1 o(t) 0, dt

For the actual implementation, we used a special treatment of the unicycle model by approx-
imating the double integrator to the unicycle model through adding additional constraints

for faster computation.

6.1.2 System architectures

The entire control and guidance system for Johnny robots is composed of three parts: 1.
High level optimization that take the desired user inputs to generate reference trajectories
for each robot to follow; 2. guidance controller that convert the time-parameterized reference
data from optimization to the desired angular and linear velocities, 3. low level velocity
controller that uses PID to convert the desired velocity command to the motor signals to

drive the wheels.
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In the hardware perspective, the entire system includes: 1. computer A hosting the
optimization program , 2. computer B running the velocity controller and receiving the
velocity command from the computer A with states data coming from Vicon, 3. Vicon
detecting the states and sending them to computer B, 4. Johnny robots receiving the motor
command from the computer B. The overall system flowchart is given below.

User

(Click desired
locations)

Johnnyrobots

Computer A Computer B
(Hosting optimization) Optlmlzatlon (Hosting filters and velocity controller)

lgorith
agon A Velocity

controller
xre fr Uref

Xe:
Guidance I
follower

Filters

l_f

Vicon
(Sending states)

Figure 6.2: Johnny system architecture

6.2 Single agent trajectory planning

In this section, we will provide comprehensive numerical simulations and hardware experi-

ments to demonstrate the unique features of our SVM reformulation method.

6.2.1 Numerical simulation

We begin with the numerical simulation with the single-agent case, and all the constraints
are based on the actual Johnny robots. The same algorithm with the same constraints
will also be used on the hardware simulation. We present the simulation results with two

cases, results after just one iteration, and results after the algorithm fully converges(ten
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iterations). From the figures in this section, it’s evident that the fully converged solution
will provide much smoother control input compared to the first iteration results. Apart from
the SVM reformulation, we also provided the naive linearization version for comparison.
Unlike naively linearizing the safe constraints and solving with the SCP method, the SVM
reformulation can provide a guaranteed safe trajectory even if one initializes the trajectory
passing through the obstacles. With the author’s regular laptop equipped with a Intel i7-
13900 CPU, performing ten iterations takes, in general, less than a second after the initial
compilation. Lastly, the naive linearization approach not only violates the safe constraints
but also requires more iterations to converge, and the resulting trajectory drastically differs

from that of the SVM reformulation.

Table 6.1: Parameters used in the numerical simulation

Parameters
Initial position [0_27 0] (m)
Terminal position {0,87 0,8} (m)
Initialization straight line (infeasible)
Max linear velocity 10 em/s
Max angular velocity 3 rad/s
SCP initial trust region 1 (m)
SCP trust region reduction ratio 1.1
Iteration to converge (SVM) 2
Iteration to converge (Pure linearization) 8
Total control |[ullz (SVM) 0.02095
Total control ||u|z (Pure linearization) 0.02135




1.0
—— Trajectory
— Velocity vector
0.8 A
0.6 1
E
=
0.4 1
0.2 1
0.0 T T T T
0.0 0.2 0.4 0.6 0.8 1.0

x(m)

Figure 6.3: Trajectory after one iteration with SVM reformulation
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Figure 6.4: Trajectory after one iteration with only linearized safe constraints
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Figure 6.5: Trajectory after ten iterations with SVM reformulation
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Figure 6.6: Trajectory after ten iterations with only linearized safe constraints
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Figure 6.7: Agent states after one iteration with SVM reformulation
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Figure 6.8: Agent states after one iteration with only linearized safe constraints
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Figure 6.9: Agent states after ten iterations with SVM reformulation
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Figure 6.10: Agent states after ten iterations with only linearized safe constraints
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Figure 6.11: Control inputs after one iteration with SVM reformulation
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Figure 6.12: Control inputs after one iteration with only linearized safe constraints
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Figure 6.13: Control inputs after ten iterations with SVM reformulation
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6.3 Decentralized multiagent trajectory planning

In this section, we will provide both numerical and experimental results to verify the pro-
posed algorithm. We also demonstrate how the graph types and the number of consensus

iterations affect the algorithm’s behavior and consensus errors.

6.3.1 Ten agents case with C10 graph

To start, we give the numerical simulation for the ten-agent case with the C10 graph. The
results shown below are obtained after 20 iterations, which can be solved in 3 seconds if
multiprocessing is enabled or with multiagent to solve in parallel. Note that the length scale

and linear velocity limit are increased for demonstration purposes.

Table 6.2: Parameters used in the numerical simulation for C10 graph

Parameters

Graph type C10
Max linear velocity 2m/s
Max angular velocity 3 rad/s
SCP initial trust region 1 (m)
SCP trust region reduction ratio 1.1
Consensus initial trust region 5 (m)
Consensus trust region reduction ratio 1.1
Number of consensus iterations 5
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Figure 6.16: Trajectories of each agent after 20 iterations with ten agents to form a circular

pattern

6.3.2 Numerical simulation with C4 graph

In this numerical simulation part, we intentionally increase the length scales to better show

the effects of consensus errors on the overall convergence. Except for the increased linear
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velocity constraint, all other constraints still remain the same as in the previous sections.

Table 6.3: Parameters used in the numerical simulation for C4 graph

Parameters
Graph type C4
Initial position [0, 0;0,5;0,10;0, 15} (m)
Terminal position [15, 15:15, 10; 15, 5: 15, 0] (m)
Max linear velocity 1m/s
Max angular velocity 3 rad/s
SCP initial trust region 1 (m)
SCP trust region reduction ratio 1.1
Consensus initial trust region 5 (m)
Consensus trust region reduction ratio 1.1
Number of consensus iterations 1(case 1)/5(case 2)

6.3.3 General C4 cases

We present the four-agent cases with a circular C4 graph to show how consensus error
can drastically change the converged solution even if all other parameters are fixed. By
comparing the estimated cost of each case, one can observe that there is a large delay in the
cost estimation for case 1, which is caused by the lack of sufficient communication between
agents. As the iteration continue, the consensus error will be brought down as the agents
will eventually detect the increase of nonlinear cost and reduce the consensus trust region,
which, in turn, further reduces the consensus errors. Also, for case 2, the convergence is
obtained not by forcing the trust region to decrease, which is reflected by its nearly zero
consensus error after iteration 42. Trajectory evolutions are also heavily affected by the
consensus error, as trajectories from the two cases are completely different. It is worth
noting that performing such optimization when using multiprocessing usually takes less

than five seconds for the entire fifty iterations. With more frequent communication, as in



case 2, it is possible to generate safe and feasible trajectories in a second.
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60



Consensus error (m)

Consensus error (m)

T
‘ — Agent1
70 —— Agent2 |
\ — Agent 3
60 \ —— Agent4 |
o\
. \\
20 \
10
U T T
o] 10 20 30 40 50
Iteration
Figure 6.19: Consensus errors for case 1
s -
— Agent1
7 — Agent 2 |
—— Agent 3
6 —— Agent 4 |
5
4
3
2
: A
0
o] 10 20 30 40 50
Iteration

Figure 6.20: Consensus errors for case 2
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Figure 6.25: Trajectories of each agent after 50 iterations for case 1
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Figure 6.26: Trajectories of each agent after 50 iterations for case 2
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6.3.4 Special case: Decentralized SCvx method with complete graph

We present the special case where there is no consensus error, and the resulting nonlinear
penalties converge well in ten iterations. The evolution of trajectories also stops after
30 iterations, which can be seen from Fig 6.29. The converged trajectories also differs

significantly from that of C4 case with five consensus iterations.

Table 6.4: Parameters used in the numerical simulation for C4 graph

Parameters
Graph type K4
Initial position [0, 0;0,5;0,10:0, 15} (m)
Terminal position [15, 15;15,10;15, 5; 15, 0] (m)
Max linear velocity 1m/s
Max angular velocity 3rad/s
SCP initial trust region 1 (m)
SCP trust region reduction ratio 1.1
Consensus initial trust region 5 (m)
Consensus trust region reduction ratio 1.1
Number of consensus iterations 1
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6.3.5 Hardware experiments

In the hardware experiment, we included three Johnny robots starting at three random
non-colliding positions with the target positions chosen by clicking on the screen. In the
following two cases, we deliberately choose the crossing paths to test whether our algorithm
can generate a safe path. Experiments show in most cases, safe trajectories can be generated
in a relatively short time. However, there exists no solutions in some test runs when following
conditions happens: 1. the desired positions are overlapped (no feasible solution), 2. during
the algorithm iteration, some agents will ”push” other agents away too much that no feasible
solution exists for the given terminal time, which can be addressed by increasing terminal

time.
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Figure 6.31: Hardware experiment with three robots and one circular obstacle case one
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Figure 6.32: Hardware experiment with three robots and one circular obstacle case two



71

Chapter 7
CONCLUSIONS

In this work, we presented a scalable distributed trajectory optimization supported by
the SCP method with SVM reformulation to solve a series of subproblems with a safety guar-
antee. By using the well-known convergence properties of bilevel optimization, we showed
that for the single-agent case and the complete graph case, the resulting trajectories will
converge to the partial minimum. Also, for the general cases with strongly connected graph,
we showed the strong convergence as trust region for the consensus becomes small enough
despite the lack of knowledge of the resulting converging point, which is mainly caused by
the fact that only positions are the shared variables, as compared to other existing methods
with first order optimality condition. Through the numerical and hardware experiments
with unicycle models, we further confirmed our claims. To conclude, the distributed al-
gorithm we presented, though lacking the optimality in general and relying on the strong
assumptions on the local solver’s accuracy, can provide a fast and reliable trajectory plan
for distributed systems with a safety guarantee by initializing a simple path.

In the future work, we may explore how to assign agents to specific locations based on
current states, and we will also develop theories and methods for time-varying graph cases
where agents can determine the time-varying neighbor sets according to the current states
to further reduce the communication requirements. Lastly, we are also exploring how we
can implement this algorithm to other applications, such as maximum field of view coverage

problems.
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Appendix A

DERIVATION OF SVM REFORMULATION WITH CIRCULAR
AGENTS

This appendix presents the derivations leading to equation (3.15).

Recall we have the Lagrangian of the form

sl?p ;ntf Z)\zfl )+ 2Tt (1) +
2y (t) =

;Jrg) Zﬂlgz 2! (1) = 272 (t)) > dimin (A1)
st ||z]la < 1

A=0,u>=0

If we consider the circular agents with uniform radius and corresponding sets defining the
interior of agents given by Sy := {z!|f(2?) < 0},52 := {a'|g(2’/) < 0}, with f(2%(t)) =
g(z'(t)) = || £2° + b'||3 — 1, where b' = —L2% (¢,0: 2). We define C} = —rb, the Lagrangian
of the minimum distance between two agents problem becomes:

L(z', 27w, Nty M, ”)

| (A.2)

lwllz + X (llz* = CLll = ) + M (|27 = CLll = %) + () (w — (& — 27))
where \', M) € R are the multipliers associated with the inequality constraints, and v € R is
the multiplier for the equality constraints introduced by the change of variable w = x* — 27,
Since the dual problem is in the form of SUP i 5 44 inf i 44, L(x®, 27w, \t, M, ZJ) we first
need to find the infimum of the Lagrangian with primal variables. The terms associated
with w is inf,, w2 + (z7)T

for the 2,27 are given by \||z' — Cj|| — (zk, Vot N ||zd — C’iH + (zk YT29 | which yields the

w, which has optimal value of 0 when Hz I < 1. The terms

ij o ij iy )
optimal values of — HZ’;\J' —()TCy, - HZ’;\iH + (2)TCY, respectively. When putting all the
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terms together, the dual objective becomes:

g(X', X, 20y =

; i A3
HZkJH ig\T i HZkJH ig\T ~vJ i J\y2 (49)
i — () C, — N +(z) L=+ N)r

with some rearrangements, the final dual problem to the minimum distance between two
circular agents is given by:
max(z))7 (b, — b)r — 2rl|2} |
%k (A.4)
st [27] <1



