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The human microbiome plays an important role for maintaining the external and internal
environment of human health and is associated with many different health conditions and
diseases. Meanwhile, other sources of omics data are usually collected simultaneously. However,
it is remained a scientific objective to integrate microbiome data with other types of omics data,
considering a sequence of challenges including high dimensionality, compositional structures,
non-linear effects, and missing data. Facing these challenges, we focus on development of
novel statistical approaches for integrative analysis using kernel method, with particular
emphasis on integrating microbiome and other types of omics data. Kernel methods are
popular for high-dimensional data due to their ability to accommodate nonlinear effects and
have been tailored to capture important data-type specific effects. Within this context, we
will use kernel approaches to improve understanding of the relationship between data types
and to improve the analyses of the individual data types in relation to others.

In the first part of this dissertation, we propose to use a sparse kernel RV (KRV)

coefficient to facilitate the identification of genomic features associated with overall microbiome



composition (beta-diversity). The KRV is a generalized measure of multivariate correlation
between two data sets, in this case microbiome and genomics, that are embedded as kernel
matrices. For microbiome data, we construct fixed, ecologically relevant kernels incorporating
important ecological structure. For genomic data, we construct kernels which include feature-
specific weights. Sparse estimation of the weights enables selection of genomic markers.

The difficulties of integrating microbiome data with metabolites data remain unanswered
for classification problems, when we have both types of data for training with labels, but
only metabolites data for prediction. In the second part of the dissertation, we develop
classification models using multiple data types that can be applied to future data sets in
which only one category of data is collected. Hence, we introduce kernel structures into
discriminant analysis, and develop the kernel linear discriminant analysis (KLDA), which
can leverage the prediction accuracy utilizing data that are only partially exist. The general
KLDA can handle high dimensionality of microbiome data but not the omics data. We then
propose a penalized version of KLDA, which can incorporate different types of penalty terms
per request of different types of omics data, for example L1 or L2 penalties, to handle the
situation that both datasets are high-dimensional with as a classification method.

We evaluate the performance of these methods through extensive simulation studies and
apply them to studies investigating the association of an inflammatory bowel disease and

women menopause strategies with microbiome data.
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Chapter 1

INTRODUCTION

Microbes are tiny living things that are only visible with the help of a microscope in
the traditional definition. Microbes can live in water, soil, in the air, and on or inside of
living creatures, like our human body. The human body is home to microbes with estimated
counts over 100 trillion. The microbiome is the genetic material of all the microbes, which
includes bacteria, fungi, protozoa and viruses. The number of genes in all the microbes in
one person’s microbiome is estimated to be 200 times the number of genes in the human
genome. And the microbiome on or inside a human body may weigh as much as five pounds.
The microbiome consists of microbes that are both helpful and potentially harmful. Most of

them are symbiotic and some are pathogenic that can promote deceases.

The Human Microbiome Project discovers the composition of the microbiome variation
based on diet, health, and environment. Some large scale microbiome profiling studies which
have resulted in discoveries relate the microbiome to many different conditions such as cancer,
HIV, menopause, blood pressure (Schwabe and Jobin, 2013; Hensley-McBain et al., 2019;
Mitchell et al., 2018; Sun et al., 2019). Sine the microbiome is also essential for human
development, immunity and nutrition, some autoimmune diseases are also associated with
dysfunction in the microbiome or microbiome communities, such as diabetes, rheumatoid
arthritis, allergies, and fibromyalgia. Microbiome may also influence human’s susceptibility
to infectious diseases and contribute to chronic illnesses of the gastrointestinal system such as
irritable bowel syndrome. For example, Type I diabetes is an autoimmune disease associated

with a less diverse gut microbiome, shown by a sequence of animal studies. Clinicians and



researchers are developing clinical procedures to utilize microbiome to help human maintain
in health or even cure deceases. For example, Fecal microbiota transplantation can restore
healthy gut microbiota, and potentially work as treatment of colitis, constipation, irritable

bowel syndrome and Clostridium difficile infections.

Omics is a rapidly evolving field that encompasses genomics, epigenomics, transcriptomics,
proteomics, and metabolomics. Researchers study omics data to receive better comprehensive
knowledge on biological sciences. For humans, the omics is of tremendous interest to basic
science researchers and clinicians alike in the pursuit of a deeper understanding of human

health, especially in extraordinarily detailed molecular level.

Increasingly, scientists are simultaneously collecting microbiome data with other sources
of Omics data such as metabolomics McHardy et al. (2013), gene expression Morgan et al.
(2015), and DNA methylation Cortese et al. (2016). Conversely, many large scale genomic
studies, such as large genome wide association study (GWAS) cohorts, are also collecting
microbiome data Igartua et al. (2017); Wang et al. (2018). The ability to integrate microbiome
data with other types of genomic data promises comprehensive achievement of many scientific

objectives.

Despite the promises of these data, joint analysis presents a number of difficulties. Central
challenges include standard problems for analyzing omics data including high-dimensionality,
nonlinear effects, interactions among data features, modest effect sizes, and limited availability
of samples. Furthermore, in analyzing multiple data types, it is also necessary to accommodate
the nature of the individual data types. For example, microbiome data are subject to zero
inflation, over-dispersion, compositionality, and structural (e.g. phylogenetic and functional)
constraints Li (2015) while other data types have their own characteristics (e.g. spatial
relationships for methylation and epistasis for genetics). Those challenges become more

sophisticated when they are combined with different statistical challenges in both methodology



and application, such as missingness, factorizational data, clustered data structures and
sparsity.

In this introduction, we first state the data integration problem with motivating examples
with co-informative datasets, then provide an overview of several broad classes of statistical
analyses for microbiome data, where we build the medhos for microbiome data upon. We

end by outlining the aims of this dissertation.

1.1 Microbiome Profiling and Omics Techniques

Traditional studies of the human microbiome data collection and sampling involve microbes
from samples such as skin swabs, endoscopic biopsies, and cultivation which takes weeks
or months to collect, with possibility of cultivation failure or biased culture results. With
the development of next generation sequencing technologies, scientists are able to collect
and quantify the microbiome composition by direct DNA and RNA sequencing without
laborious isolation and cultivation of individual microorganisms. The advanced metagenomic
sequencing approaches to microbiome profiling is efficient, affordable and effective in measuring
microbiome taxa. There are several types of sequencing approaches to summarize the taxa in
a microbial community. We introduce the 16S approaches related to data generation in this
dissertation.

The 16S ribosomal RNA (rRNA) gene is often sequenced to study bacterial composition.
This gene is present in all bacterial species, and contains highly conserved regions that enable
PCR amplification, as well as highly variable regions that enable taxonomic classification.
sequences of this gene can serve as unique markers for different types of bacteria. The
16S rRNA sequencing can reveal the phylogenetic structure of microbiome compositions.
Phylogenetic structures are important in building kernel spaces for microbial communities, and

in this dissertation, we will consider several kernels adapting phylogenetic tree information,



such as kernels based on UniFrac distances. After preprocessing the raw sequences, the 16S
sequence reads are mapped to an existing phylogenetic tree in a taxonomic-dependent way
(Matsen et al., 2010). On the other hand, 16S sequence can also be clustered into operational
taxonomic units (OTUs) at a certain similarity level in a taxonomic-independent way (Schloss
et al., 2009), usually at a 97% similarity level. This approach is an effective way of clustering
the sequencing reads based on the pairwise Hamming distances, and hence scientists can
characterize OTUs by the representative DNA sequence and then assign them with taxonomic

lineage, through comparison with existing microbiome databases.

However, 16S rRNA data have their own limitations. For example, they do not provide
any information about bacterial gene inventory and functionality. In addition, the data do
not have a property with high sensitivity in identifying bacteria at the species level. The set
of taxon counts from 16S data therefore contains relative information about taxon abundance,
but not absolute information. Usually we will make further steps to process the OTUs
relative abundance data with some transformations and/or centralization. There are other
methods such as quantitative PCR, which can provide absolute abundance data for individual
bacterial species. However it is expensive given the current technologies to generate absolute
abundances for the entire microbiome. Both absolute and relative abundances are essential
for bacterial community health, and in fact absolute abundances contain more information
than relative abundances. Given the current technological limitations and difficulties to
collect absolute abundance data, most existing data only provide relative abundances. In

this dissertation, we also consider relative abundance data.

In terms of Omics data, with the development of technologies such as protein microarrays,
Gel-based proteomics, mass spectrometry, and high-throughput cell assays, which are among
commonly employed omics techniques such as in metabolomics, interactomics, genomics, and

transcriptomics, researchers are able to collect large amounts of raw data as well as summaries



in the form of lists of sequences, genes, proteins, metabolites, or SNPs.

1.2 DMotivating Examples

The first motivation example is a clinical study conducted by Morgan et al. (2015) which
evaluates the relationship between microbiome composition and host (human) gene expression
within the context of IBD (Inflammatory Bowel Disease). Collecting both gene expression
and gut microbiome profiles on IBD patients, the scientists were able to identify global
associations between microbiome community profiles and the global transcriptome, and noted
possible associations between microbiome profiles and the groups of genes in the interleukin
12 (IL12) pathway. However, a limitation of these analyses is that they only provide insight
into associations between groups of features and no individual genes are implicated as driving
the associations. Since the dimension of gene expression data is large, even with an identified
association between microbiome and global transcriptome, scientists and clinicians are still
facing millions or more combinations of gene expressions that are potentially associated with

IBD and microbiome community.

The second motivation example is from a randomized clinical trial on women menopause
symptoms and health (Mitchell et al., 2021) study (MsFLASH study). DNA extraction and
polymerase chain reaction (PCR) amplification and sequencing of the 16S rRNA gene were
performed at enrollment of the study as well as at 12-weeks of visits. However, only at the
beginning of the exam do we have both microbiome and genomic data without any missing.
In the 12-week visit, the genomics data are the same with the first visit since human genome
is mostly stable, while the microbial community and composition can differ much along with
time. For the 12-week visit, most of samples did not take 16S rRNA sequencing. If we only
take use of the genomics data for women vaginal pH analysis, it is a waste of resources and

ablations, while if we only keep the samples with full microbiome records for both visits, then
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Figure 1.1: A Motivation Example Figure of How Missingness of Data are Presented in the
Real Cases.

we end up with small part of samples left, which is under selection bias concerns and may
violates data completeness assumption. To simplify the problem, we show the example Figure
1.1 to illustrate the data integration challenge. In this figure, both data X and auxillary data
Z exist for training data corresponding to Y,qin, While for another new data, we nolonger
have auxiliary data available and hope to classify Y., based on known X,,.,,. Meanwhile,
the existing data include repeated sampling for same participant at the same visit, which
add additional complexity to the data with potential clustered correlations. Furthermore,
microbiome and genomic data are co-informative in the sense that microbial community
in human body can be influenced with genetic factors. It is a challenge if we can bring in
microbiome data, with non negligible missing for the second half of the study, to help the

analysis and classification problem reach higher accuracy.



1.3 Statistical Approaches to Microbiome-Omics Data Integration

With the questions we raise from the motivation examples, it is challenging to carry out
proper analysis with microbiome data integrating with omics data, while both data have
their own properties added to the statistical difficulties. For microbiome data, at the most
basic level, issues come from data normalization to taxonomic abundance estimation. First,
with the normalization of microbiome data to proportions, it will result in compositional
data, and there are correlations among taxa. Not accounting for the data compositions
and correlations using traditional statistical methodology may lead to low power and biased
results. Second, microbiome data are often high-dimensional, with more taxa observed
than subjects. This is due to the extraordinary amount, diversity and gene mutants of
microbiomes in the human body. There are a lot of existing statistical methods developed
for high-dimensional data, but rarely are they targeted and applied to compositional data.
New statistical methods for analyzing high-dimensional compositional data are thus required.
Furthermore, microbiome data are also subject to zero inflation and over-dispersion. Kernel
methods are good choices that can be leveraged to accomplish the task to overcome these
difficulties with semi-parametric factors accounted for. Finally, microbiome data sometimes
are accompanied with structural information, such as bacterial phylogeny or functions (Li,
2015), so it is often more powerful and accurate across a range of statistical methods if we
correctly account for those structures.

The growing availability of omics data is providing researchers with unprecedented, large-
scale views of biological systems. Omics data, on the other hand, also has their statistically
challenging characteristic, such that we need to treat them differently with microbiome
data. First, omics data are often high-dimensional. For example, transcriptomics dataset
collected from RNA-sequencing technologies can generate hundreds to thousands of transcripts

(Joyce and Palsson, 2006), with modest effect sizes. Secondly, omics data are suffering from



non-linear effects accompany with network structures. An example is the gene-regulator
networks uncovered with transcriptomics and genomic information and that functional-states
data reveal the overall behaviour, or phenotype, of the cell or system (Yamada et al., 2021).
Meanwhile, it is also important and necessary to accommodate the nature of the individual
types of omics data. For genomics data, the simple genome sequencing data should be treated
differently with genome annotation data, since the former one is usually noisy while later one
defines the complement of proteins and functional RNAs that are available to the cell, as well

as their associated regulatory elements.

Scientific questions raised from microbiome-omics data integration are posted, especially
to the microbiome side, at the level of the entire microbial communities. Facing the unique
challenges and opportunities, we dig into scientific questions focusing on the following centers
(1) identifying single or multiple omics data that are associated with microbial communities
(2) for supervised classification problem, utilizing co-informative microbial data to boost the
classification accuracy (3) the methods of data integration should be adapt to multiple data

characteristics and high-dimension features.

First, distance-based methods provide a flexible choice for microbial community analyses.
The use of between-sample diversity to compare overall taxonomic profiles leverages the
overall effect as a whole for microbiome data, given the nature of microbiome data with their
sparsity and composition. Identification of genomic features related to microbiome compo-
sition can provide important biological insights into the relationship between microbiome,
genomics, and diseases. However, how to identify genomic features related to overall microbial
community composition, called beta-diversity analysis, is unclear. Marginally screening for
associations between individual genomic markers and overall microbiome composition does
not accommodate correlation among genomic markers. Variable selection is a natural strategy,

yet existing approaches designed for multivariate outcomes fail for microbiome data due to



higher dimensionality than the methods accommodate and the necessity of incorporating a
phylogenetic or ecologically relevant structure. We can construct distance-based analyses by
computing pairwise dissimilarities among samples, where the measures of dissimilarity are
ecologically relevant and may incorporate phylogenetic structure. Two types of distance-based
kernels are available, where the UniFrac distance based kernel successfully incorporates
phylogenetic structures while Bray-Curtis distance based kernel does not require phylogenetic
structures provided. The matrix of pairwise dissimilarities is summarized. One the other hand,
by adding a sequence of non-constant moving parameters to the general kernels representing
omics data, we can integrate both microbiome and omics data with a kernel RV coefficient
with biological meaning. With optimizing the coefficient utilizing the sequence of non-constant
parameters, we can propagate the single association for single omics variables to the overall

effects such that those omics variables are selected.

Second, a kernel machine framework is useful not only for testing or regression framework,
but also for representing bases of the expanded Hilbert space. The representation of kernel
bases is thus used to train the weights combined in the discriminant analysis to derive kernel
based discriminant coordinates. The matrix of kernel discriminant coordinates based on kernel
constructed with pairwise dissimilarities can be summarized by its top principal coordinates
for visualization. When facing the challenges that microbiome data are missing in testing
samples, the kernel discriminant coordinates are used for re-weighting omics data to achieve

higher classification accuracy.

Finally, microbiome and omics data analysis are also compatible for machine learning
methods. Statistically, both microbiome and omics data tend to be high-dimensional, and
microbial communities are accompanied by extrinsic phylogenetic or functional structure.
Scientifically, knowing which genome or metabolite input is associated with microbial compo-

sition is important for diagnostic and prognostic purposes. Statistical learning methods, in
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particular penalized methods, which are broadly available in optimal scoring and quadratic
programming, are attractive because they are designed for high-dimensional settings. With
different choices of penalty functions, we can achieve the goal of induce sparsity by identifying

variables with high signals or improving classification.

1.4 Organization of the dissertation

In this dissertation, we focus on development of statistical approaches for integrative analysis
using kernel methods (Cristianini and Shawe-Taylor, 2000), with particular emphasis on
integrating microbiome and other genomic data. Kernel methods are popular for high-
dimensional data due to their ability to accommodate nonlinear effects and have been tailored
to capture important data-type specific effects. Within this context, we will use kernel
approaches to improve understanding of the relationship between data types and to improve
the analyses of the individual data types in relation to others. To these ends, the dissertation

is organized as follows:

In Chapter 2, We consider the problem of understanding the relationship between micro-
biome and other omics. We propose to use kernels to capture structure in both microbiome
and genomic data. We propose to use a sparse kernel RV (KRV) coefficient to facilitate
simultaneous identification of genomic features associated with overall microbiome composi-
tion. The KRV is a generalized measure of multivariate correlation between two data sets, in
this case microbiome and genomics, that are embedded as kernel matrices. For microbiome
data, we construct fixed, ecologically relevant kernels incorporating important ecological
structure. For genomic data, we construct kernels which include feature-specific weights.
Sparse estimation of the weights enables selection of genomic markers. Results show that
sparse KRV can accurately select genomic features associated with microbiome composition,

while accommodating ecological structure in the microbiome. We apply the approach to
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identify host gene transcripts related to microbiome composition.

In Chapter 3, we develop the kernel linear discriminant analysis methods for building
omics-based classification models that borrow information from other microbiome studies in
construction but that can be applied to future studies that collect only omics data. The kernel
linear discriminant analysis is available for the situation that omics data are of low-dimension
and without requirements on the microbial data, and the methods can be achieved equally
through optimal scoring or Rayleigh quotient approaches. In Chapter 4, we extend the
methods of linear kernel discriminant analysis to penalized linear kernel discriminant analysis,
such that high-dimensional omics data are accepted by the methods. It is flexible to choose
between L1 and L2 penalties, where L1 penalties can induce sparsity while L2 penalty can be
applied with broader types of omics data without sparsity assumptions.

Finally, in Chapter 5 we discuss directions for future research.
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Chapter 2

SPARSE KERNEL RV COEFFICIENT!

2.1 Introduction

Integration of microbiome data with other types of genomic data has the potential to elucidate
the mechanisms underlying the relationship between the microbiome and conditions such as
cancer, HIV, menopause, and hypertension (Schwabe and Jobin, 2013; Hensley-McBain et al.,
2019; Mitchell et al., 2018; Sun et al., 2019). Consequently, many microbiome studies are
simultaneously collecting other omics data such as metabolomics (McHardy et al., 2013), gene
expression (Morgan et al., 2015), and DNA methylation (Cortese et al., 2016). Conversely,
many large scale genomic studies, such as genome wide association studies, are also collecting
microbiome data (Igartua et al., 2017; Wang et al., 2018). However, although integration of
these data offers more comprehensive understanding of the biology of important conditions,
fully achieving the promises of these data is stymied by analytical challenges.

Central statistical challenges for integrating microbiome and other genomics include the
usual problems encountered for analyzing any individual data type: high-dimensionality,
nonlinear effects, interactions among data features, modest effect sizes, and limited availability
of samples. Furthermore, in analyzing multiple data types, it is also necessary to accom-
modate the nature of the individual data types. For example, microbiome data are subject
to zero inflation, over-dispersion, compositionality, and structural (such as phylogenetic

and functional) constraints (Li, 2015). Other data types offer their own quirks and have

!The contents of this chapter are based on the paper Identifying Genomic Features Related to Microbiome
Community Composition Using a Sparse Kernel RV Coefficient
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characteristics that need to be accommodated as well, such as epistatic effects for genetics
or spatial characteristics of DNA methylation. We propose to address these challenges and
develop an approach for identifying individual genomic features that are related to overall

microbiome composition at the community level.

Community level analysis, also called beta-diversity analysis, is a powerful and commonly
used strategy in microbiome studies (Huttenhower et al., 2012; Li, 2015). Instead of focusing on
individual bacterial taxa, this mode of analysis looks for overall, global shifts in the microbiome
in relation to variables of interest. This mode of analysis is often more powerful than individual
taxon analysis, particularly when individual taxa show modest yet concerted shifts, and
emphasizes differences in microbial community structure. Operationally, community level
analysis typically involves computing a distance (between samples) matrix based on the
microbiome data. The distances are ecologically informed and may capture important aspects
of microbiome data including phylogenetic information or qualitative effects (Lozupone and
Knight, 2005; Lozupone et al., 2011; Chen et al., 2012). Classically, these distances matrices
were then regressed on particular variables of interest to assess associations (Anderson, 2001).
More recently, kernel based approaches have been developed for assessing associations between
microbiome beta-diversity and individual variables (Chen and Li, 2013; Zhao et al., 2015; Wu
et al., 2016; Plantinga et al., 2017), and these approaches have been extended to examine
multivariate variables (Zhan et al., 2017b), including high-dimensional genomic features (Zhan

et al., 2017a).

A limitation of current beta-diversity analysis approaches is that they are restricted
to testing, and outside of marginal analysis, no methods exist for identifying individual
genomic features associated with overall microbiome composition. Marginal analysis of
the genomic features is feasible, but fails to consider correlation and does not reflect the

importance of each feature in the presence of other genomic features. An alternative strategy
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is to conduct variable selection treating the microbiome as a usual multivariate outcome.
Possible approaches include sparse multivariate regression approaches such as sparse linear
mixed models and generalized estimating equations (Bondell et al., 2010; Fu, 2003), or
sparse multivariate correlation measures such as sparse canonical correlation analysis (SCCA)
(Witten et al., 2009; Iaci et al., 2010). However, sparse regression approaches often cannot
handle the large number of microbial taxa, and neither sparse regression nor sCCA directly
incorporate the microbiome structure that is embedded within distances/kernels. Finally,
most existing sparse multivariate regression or multivariate correlation approaches implicitly
assume linearity in the genomic features. Given these limitations, it remains unclear, in

practice, how to select individual features related to microbiome composition.

Our work is motivated by a study conducted by Morgan et al. (2015) which evaluates the
relationship between microbiome composition and host (human) gene expression within the
context of IBD. Collecting both gene expression and gut microbiome profiles on IBD patients,
the investigators were able to identify global associations between microbiome community
profiles and the global transcriptome, and noted possible associations between microbiome
profiles and the groups of genes in the interleukin 12 (IL12) pathway. We later reproduced
the global associations and formally evaluated the associations with the IL12 pathway (Zhan
et al., 2017a). However, a limitation of these analyses is that they only provide insight into
associations between groups of features and no individual genes are implicated as driving the

assoclations.

To identify individual genomic features related to microbiome community composition,
we propose to introduce sparsity into the kernel RV coefficient (KRV) (Zhan et al., 2017a)
by using the previously developed KNIFE framework (Allen, 2013). A generalization of
the classical RV coefficient, the KRV assesses the overall correlation between microbiome

community composition and another set of genomic features after embedding both data types
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in kernel matrices. For microbiome data, as in previous kernel methods for beta-diversity, we
construct fixed, ecologically relevant kernels which allows for capture of structure and data
characteristics. For genomic data, we can similarly tailor kernels, but variable selection is
difficult as there are no explicit coefficients or feature-specific parameters. Therefore, following
Allen (2013), we construct modified kernels by adding a new vector of feature-specific weights.
Using the full microbiome kernels and the modified genomic kernels, we can then maximize
the KRV with an L; penalty on the feature-specific weights, leading to sparse estimation and

selection of the genomic features.

As a practice paper, we emphasize that the novelty of this project lies in the particular
application which is an important applied problem for which no satisfactory approach currently
exists. Our contribution represents a combination and translation of different statistical
tools with aim towards utility rather than a de novo statistical method. As noted earlier,
alternative frameworks for assessing sparse multivariate correlation are possible, but the
importance of utilizing the kernel framework is due to the ability to capture community
structure in a fashion that is meaningful and natural to microbiome scientists, i.e. the use of
ecologically informed distances and kernels. Conversely, outside of the KNIFE approach, few

generally applicable strategies are available for variable selection with kernel methods.

The remainder of this article is organized as follows. In the next section, we present
our proposed sparse KRV strategy, first briefly reviewing the KRV and then describing
the incorporation of feature-specific weights according to different kernel choices. We then
construct a penalized objective function, and corresponding computational approach, to
sparsely estimate the weights. In Section 3, we present simulation studies across several
realistic scenarios to validate and study the empirical properties of our approach. In Section
4, we apply the sparse KRV to the motivating study to identify genomic features driving

associations with microbiome composition. Using these data, we further present additional
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validation using sample splitting. We conclude with a brief discussion in Section 5.

2.2 Sparse KRV for Selecting Genomic Features

We consider a study in which we have microbiome and genomic data collected on the same
individuals. Let Y; = [yi1, Y2, - - -, Yir] denote the vector of r microbiome features for the ith
individual (i = 1,...,n) and Z; = [2;1, 22, . - ., 2|’ denote the vector of p genomic features
for the i"* individual. The genomic features may represent all the measured features or may
be restricted to a subset of interest, e.g. genes within a pathway or SNPs within a gene.
The objective is to identify a subset of z.;’s associated with Y, accommodating ecological or
functional structure in Y.

In this section, we first review the existing KRV approach to capturing generalized
multivariate correlation between structured data, then describe how to conduct feature

selection.

2.2.1 Kernel RV coefficient

The classical RV coefficient was developed as a measure of linear correlation between two sets
of multivariate measurements collected on the same samples (Escoufier, 1973). The kernel RV
(KRV) coefficient (Zhan et al., 2017a) is a generalization of the RV coefficient that facilitates
capture of more complex structure in the data as well as nonlinear relationships among the
measurements. In particular, to accommodate structure, we define K, and K, to be kernel
matrices constructed based on the microbiome profiles and genomic features, respectively.
Then the KRV statistic is
tr(K,K.)

R= , (2.1)
tr(K2)tr(K2)
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which is a generalized measure of correlation on the kernelized data, with large KRV indicating

stronger dependency and zero KRV indicating uncorrelatedness.

For microbiome data, following prior work (Zhao et al., 2015), we define K,, by transforming
existing distance and dissimilarity measures that are commonly used in microbiome analysis,
such as the UniFrac distance and Bray-Curtis dissimilarity. Specifically, if D is an n x n
matrix of pairwise distances between microbiome community profiles, then we set K, =

LI —10D*(1 - L9, Importantly, depending on the choice of distance used, D captures
structural aspects of the data and potential forms of association. For example, the UniFrac
family of distances directly incorporates phylogenetic information, with unweighted UniFrac
focusing on qualitatitive differences in community structure (i.e., taxon presence/absence),
weighted UniFrac focusing on relative abundance, and generalized UniFrac as a hybrid. The

variety of distances and dissimilarities has been thoroughly characterized, with different

choices emphasizing different aspects of the community composition.

For genomic data, popular choices include commonly used positive semi-definite kernels
such as the linear kernel (K;;(Z) = K,(Z;,Zy) = Z?Zl 2;j%j), which is the default and most
commonly used kernel for analyzing genetic variants. Other kernels include the generic Gaus-
sian radial basis function (RBF) kernel (K;;(Z) = K,(Z;,Z;) = exp {— > i (215 — zi/j)Q/p}),

and the genetic identity-by-state kernel (K;;(Z,c) = K,(Z;, Zy;) = (2p)~! Z§:1 |25 — 2zir4])-

Zhan et al. (2017a) was not the first to derive R. In particular, R is also called the
kernel alignment statistic (Cristianini et al., 2002) in the statistical learning literature and
is closely related to the Hilbert-Schmidt independence criterion (Gretton et al., 2005) and
distance covariance (Székely et al., 2009). Starting from the RV perspective primarily enables
transfer of results from the RV framework to the KRV in order to facilitate hypothesis testing.
Regardless of the background from which one approaches the statistic, calculation of R

requires utilization of all variables in Z with no explicit selection or prioritization of individual
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features.

2.2.2  Sparse kernel RV coefficient

Our objective is to select genomic features rather than assess global correlation. To achieve
selection, we would ideally set the contribution of some genomic features to be zero. However,
in contrast to sparse penalized regression approaches, no explicit regression coefficients
exist; nor are there any weights/loadings to shrink as in canonical correlation analysis and
principal component analysis. Thus, following the general framework of the KNIFE approach
(Allen, 2013), we redefine kernels for the genomic features and incorporate weights for each
specific feature. Examples of redefined genomic kernels with an added weight vector, c,
are the linear kernel, K;;(Z,c) = K,(Z;,Z;;c) = Z§:1 cjzijzyj; the Gaussian RBF kernel,
K.j(Z,c)=K.(Z;,Zi;c) = exp {— ez — zi/j)2/p}; and the identity-by-state (IBS)
kernel, Kij(Z,c) = K.(Zi,Zi;c) = (2p)~' 30, ¢jIBS(zij, zrj). In each case, the ¢;’s are
feature specific weights which index the contribution of the corresponding variables to the
kernel function and matrix. Thus, to achieve variable selection, we would like to shrink some

of the ¢; to exactly zero such that the corresponding feature no longer contributes.

To enable sparse estimation of ¢, we can maximize the KRV, substituting the usual kernels

with corresponding modified kernels, subject to an additional L; constraint:

. tr(K,K &
¢ = argmax R(c) = = argmax ( (¢) , st Z le;] <t (2.2)
c \/ tr(K2)tr(K.(c)?) ;
The form (2.2) appears challenging to approach, but we can invert the denominator and
numerator of equation (2.2), fix the components that do not contain ¢;’s, and subject the
component of the previous denominator containing ¢ to an equality constraint. Then after

simplification as noted below, the solution to (2.2) can be obtained via the equivalent objective
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function

¢ = argmin f(c) + sc|y s.t. h(c) =M (2.3)

where f(c) = tr(K.(c)?), h(c) = tr(K,K.(c)), and M = w,/tr(K2). Intuitively, the
component of the objective that we directly optimize is the term in the denominator involving
c, denoted f(c). We scale the coefficients appropriately by penalizing so that the numerator,
denoted h(c), is equal to the remaining component of the denominator (M, not dependent
on c¢). The tuning parameter s controls the degree of sparsity and can be selected by a grid
search to maximize the cross-validated KRV coefficient. For derivation details, please refer to
the supplementary materials of this article in Web Appendix B.

For fixed s, (2.3) is a standard optimization problem with a linear inequality (the L; term)
and linear equality constraints which are solvable by standard optimization approaches such
as the alternating direction method of multipliers algorithm (ADMM) (Boyd et al., 2011). In

the following section, we outline the optimization procedure for specific cases.

2.2.3 Modified ADMM algorithm for different choices of kernels

We solve the problem of equation (2.3) using a modified alternating direction method of
multipliers (ADMM) algorithm (Boyd et al., 2011). The original ADMM algorithm converts
penalized optimization problems to equivalent optimization problems with penalties re-
expressed as linear constraints. As (2.3) already has a linear constraint, we modify the
ADMM algorithm for sparse KRV to accommodate the additional constraint. We therefore

solve (2.3) by optimizing

¢ = argmin f(c) + s||z|, st. hic)=M,c=2z (2.4)
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The augmented Lagrangian for this problem is

Lu(e,2,1,3) = £(¢) + sllzlls + p(h(e) = M) + 5-(hc) — M)?

(e~ 2) + S lc — 2 (2.5)

where ;1 and \ are Lagrangian multipliers for the two linear constraints and w is the augmented
Lagrangian parameter. The general approach we take is to iteratively update our targets, c
and z, and the Lagrangian multipliers until convergence, indicating that the global minimum
of the augmented Lagrangian has been reached. The details of the algorithm are presented
below.

Multiple-constraint ADMM for solving sparse KRV problem:

1. Initialize ¢(® and z(® with 0 or warm starts, 4(® =0, A =0

2. Update each parameter according to:

o ¢t « argming Ly (c,z®), u®) AR)
o zFtY) < argmin, L, (c*tD), z, u*) \*))
° N(k+1) — N(k) +w<h<c(k+1)> _ M)

o \FT1) L (k) _I_w(c(kJrl) _ Z(k+1)>

3. Update k « k + 1; repeat (2) until convergence.

This algorithm is guaranteed to converge to the global minimal of function 2.4 under
Section 3.2 of Boyd et al. (2011), as long as the kernel matrices for both the genomic data
and microbiome data are positive semi-definite. While UniFrac distances and Bray-Curtis
dissimilarities may yield uncorrected kernels with small negative eigenvalues, the standard

transformation of distance/dissimilarity matrices to kernel matrices includes a correction to
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guarantee positive semi-definiteness. For the linear kernel, optimization speed can be improved
by using an explicit formulation for the parameter updates at each iteration. However, for the
Gaussian kernel, there is no explicit solution at each step, so we use the restricted Newton’s
method (Byrd et al., 1995) to optimize. Implementation and programming details are shown

in the Appendix.

2.3 Simulation Studies

We now assess the feature selection performance of sparse KRV across a range of simulation

scenarios.

2.8.1 Simulation methods

We generate microbiome data using the approach described in Zhao et al. (2015). Specifically,
OTU counts for each individual are generated from a Dirichlet-Multinomial distribution
with parameters estimated from a real throat microbiome dataset consisting of 856 OTUs
measured on 60 samples (Charlson et al., 2010). We generate 1000 reads, distributed among
these 856 OTUs, for each individual.

For genomic data, we begin by considering a linear association with the microbiome. We

generate genomic data based on the abundance of OTUs in an index set A via

Y;
Zij= ) ang ey (2.6)
keA; (k)

where «y, is an indicator for whether k£ € A; and }7(k) denotes the average read count of the
(k)-th OTU across samples.
The choice of associated taxa A; permits several true forms of association between the

microbiome and genomic features. In particular, we vary the level of phylogenetic relationships
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among associated taxa and the abundance of taxa in the associated set. The true form
of association (including its abundance and dependence on phylogeny) will affect which

microbiome kernels perform best.

Under simulation scenario 1, the index set A includes the ten most abundant OTUs
among all simulated samples, without taking phylogenetic information into account. Under
simulation scenario 2, we perform the partitioning around medoids algorithm to partition the
856 OTUs into 20 clusters, then choose the index set as one of the most highly abundant
clusters, which generally includes 25-39 OTUs comprising 8.4%-11.0% of total read counts. In
this way we simulate outcome that are related to a cluster of taxa depending on a phylogenetic
tree. Finally, under simulation scenario 3, we partition taxa as in scenario 2 and select a
phylogenetic cluster with low abundance. The low abundance cluster consist of 18-40 OTUs,
with 1.2%-2.1% of total counts. For all three scenarios, error terms ¢;; are independently

generated from random standard normal distribution A(0, 1).

For all simulation scenarios, we use the weighted UniFrac, unweighted UniFrac, generalized
UniFrac with a = 0.5, and Bray-Curtis distances to construct microbiome kernels using the
transformation K = —1(I — %)DQ(I - %)T, where D;; is the distance or dissimilarity
between two microbiome samples. We choose these four kernels because they represent a
variety of ecologically relevent features of microbiome data. Specifically, the UniFrac kernels
account for phylogenetic information as well as OTU abundance (weighted, generalized)
and presence/absence (unweighted, generalized), and the Bray-Curtis kernel relies only on
abundance, ignoring phylogeny. Positive semi-definiteness is enforced by performing an

eigendecomposition of K and replacing all negative eigenvalues with their absolute values, as

described in Zhao et al. (2015).

We simulate data with sample size n = 50, number of OTUs p = 856, and number of

genomic features ¢ = 50. The sparsity of the association between the genomic features and
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the microbiome is varied by choosing between 1 and 30 features to have a true association
with the microbiome. Performance is evaluated by three measurements: the number of truly
associated features that were selected by the method (true discovery number, or TRUE), the
number of unassociated features that were selected by the method (false discovery number,
or FALSE), and the Hamming distance, which is the sum of false discoveries (unassociated
features that were selected) and false non-discoveries (associated features that were not
selected). All metrics are averaged across 100 simulations. Tuning parameters of sparse KRV
simulations are chosen by five-fold cross validation. We compare the sparse KRV approach
to sparse canonical correlation (sparse CCA, Witten et al. (2009)), with tuning parameters

selected by 100 permutations.

2.3.2  Simulation results

Table 2.1 presents the true discovery number, false discovery number, and Hamming distance
under simulation scenario 1 with 5, 10, 20, and 30 associated genomic features. For sparse
KRV, we consider UniFrac distances (weighted, generalized, and unweighted) and the Bray-
Curtis dissimilarity to capture microbial information. For comparison, we also include
corresponding results from sparse CCA.

We find that when 5 genomic features are truly associated with microbiome composition,
the sparse KRV method selects an average of 4.83 to 4.93 of the associated features across
different microbial kernels. Among different choices of kernels, the Bray-Curtis kernel has
the smallest average number of false discoveries and the highest average true discoveries
(0.01 and 4.93, respectively), whereas the unweighted UniFrac kernel has the highest false
discovery number and smallest true discovery number (0.11 and 4.83). The weighted UniFrac
and generalized UniFrac kernels have intermediate values for both, yielding false discovery

numbers below 0.1 and average true discovery numbers of 4.89. Meanwhile, sparse CCA
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provides an average of 3.03 true discoveries and 6.92 false discoveries.

With increasing numbers of associated genomic features, the true discovery number also
increases such that the true discovery rate is always higher than 94%. False discovery numbers
for all four kernels remain relatively low, almost always below 10% (the only exception in
sparse KRV is the unweighted UniFrac with 30 truly associated features). Comparing different
kernels, the Bray-Curtis kernel uniformly outperforms the three UniFrac kernels in both true
discovery rate and false discovery rate (and thus also in Hamming distance) in scenario 1.
This is to be expected, since the main strength of the Unikrac kernels is their incorporation

of phylogenetic information, and phylogeny is irrelevant in simulation scenario 1.

In sum, although the true discovery rate is not perfect for higher numbers of associated
genomic features, we find that the results are indeed acceptable as a feature selection method,
especially considering the low false discovery rate. Although sparse canonical correlation
works well for multivariate normal data, our results demonstrate that sparse CCA has much
lower true positive rates and much higher false positive rates than sparse KRV in our data
setting due to the correlation structure and non-normal distribution of microbiome OTU

data.

The corresponding results from scenario 2, in which an abundant phylogenetic cluster
of taxa is associated with the outcome, are displayed in Table 2.2. We again find that the
sparse KRV method with a variety of microbiome kernels has a high true discovery rate when
we simulate 5 genomic features associated with microbiome composition, averaging over 4.8
true positives. Bray-Curtis has an average true positive discovery number of 4.90 and an
average false discovery number of 0.10; the weighted UniFrac kernel also has an average true
discovery number of 4.90 and false discovery number of 0.13; unweighted UniFrac has an
average true positive discovery number of 4.88 and an average false discovery number of

0.07; and generalized UniFrac kernel has an average true discovery number of 4.98 and false
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Method Metric 5 10 20 30
TRUE 4.93 9.78 19.32 28.78
Kge FALSE 0.01 0.27 0.62 1.40
HAM 0.08 0.49 130 2.62
TRUE 4.89 9.66 18.99 28.29
K, FALSE 0.08 0.43 0.82 1.80
HAM 0.19 0.77 183 3.51
TRUE 4.83 9.59 18.89 28.39
K, FALSE 0.11 042 0.8 3.84
HAM 0.28 0.83 197 5.45
TRUE 4.89 9.67 18.96 28.33
K FALSE 0.05 042 0.62 2.28
HAM 0.16 0.75 1.66 3.95
TRUE 3.03 536 6.97 8.93
CCA FALSE 6.92 698 197 0
HAM 8.89 11.62 15.00 21.07

Table 2.1: Scenario 1 results: 10 most abundant OTUs

discovery number of 0.28. Based on the degree of similarity in the performance across kernel
choices (true discovery number 4.88-4.90, false discovery number 0.07-0.17), in the case of 5

associated features, no single kernel is clearly superior.

As the number of related features increases, all four kernels retain high true discovery rates
and low numbers of false discoveries. All four kernels again generally perform comparably
by both accuracy measures, and the differences among methods are much smaller than in
simulation scenario 1. In contrast to scenario 1, in which phylogenetic information was
irrelevant, the true association is between the genomic features and phylogenetically clustered
taxa. Though none of the kernels in this scenario performs substantially better than the
others, the discrepancy between scenarios 1 and 2 displays the importance of kernel choice
for selection accuracy: the UniFrac kernels show better relative performance when phylogeny
plays a role in the association (i.e., comparing scenario 2 to scenario 1). Depending on the
phylogenetic structure of the associated taxa, either the Bray-Curtis or the UniFrac kernels

may be superior in particular cases.
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Of note, in both simulation scenarios 1 and 2, the false discovery number does not increase
linearly with the number of features that are truly associated with microbiome data. This
is because our method uses cross validation to choose tuning parameters that maximize
the KRV coefficient. When the true signal size to be distinguished is small (such as when
many genomic features are associated with the outcome), the region surrounding the optimal
choice of tuning parameter is relatively flat, which results in more deviation from the optimal
parameter and a higher number of false discoveries.

For sparse CCA in scenario 2, we again see lower average true positive discovery rates
and substantially more false positive discoveries with sparse CCA than with sparse KRV,

regardless of which kernel is used in sparse KRV.

Method Metric 5 10 20 30
TRUE 490 9.72 19.23 28.81
Kpze FALSE 0.10 0.32 087 3.02
HAM 020 060 1.64 4.21
TRUE 490 9.71 19.19 28.84
K, FALSE 0.13 035 0.73 3.27
HAM 023 064 154 443
TRUE 4.88 9.69 19.16 28.76
K, FALSE 0.07 044 068 3.10
HAM 0.19 075 152 4.34
TRUE 4.89 9.69 19.11 28.78
K5 FALSE 0.17 047 0.88 3.79
HAM 0.28 0.78 1.77 5.01
TRUE 3.33 587 11.29 125
CCA FALSE 1221 1229 489 0
HAM 13.88 16.42 13.6 17.5

Table 2.2: Scenario 2 results: A dense cluster

Finally, we present results under simulation scenario 3 in Table 2.3. When 5 genomic
features are truly associated with microbiome composition, the sparse KRV method selects,
on average, 3.58 to 3.83 of the associated features across the different microbial kernels.

Comparing different choices of kernels, the weighted UniFrac kernel performs the best in
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terms of Hamming distance. It has the largest average number of true discoveries at 5, 10,
20 and smallest average false discovery at 5, 10, and 30. The other kernels (Bray-Curtis,
unweighted UniFrac, and generalized UniFrac) can also distinguish more than half of the

associated features.

Compared with Table 2.1 and Table 2.2, the true discovery number is universally lower
in Table 2.3. Especially when more than ten genomic features are associated with the
microbiome, the sparse KRV method is able to correctly select roughly half of them, although
the average number of false discoveries remains similar to other scenarios. This is a result of
the low abundance of OTUs that were selected to be associated with the genomic features.
When we introduce random errors of the same size in simulations with lower signal strength, a
loss of power is a natural result. Despite poorer ability to detect associated features compared
to other scenarios, the sparse KRV method still outperforms sparse CCA in both measures
of detection accuracy under this setting. Hence we find that across a range of ecologically
relevant scenarios for the microbiome, sparse KRV is much better able to distinguish genomic

features that are associated with microbiome composition than existing methods.

We also conduct simulations with non-linear associations between microbiome and genomic
features using the Gaussian kernel for genomic features. The simulation results for these
scenarios are included in the Supplement (Web Appendix A), and broadly show that when
we use a Gaussian kernel for genomic features under non-linear simulation settings, the true
discovery number remains high, but with a higher false discovery number compared to the
linear settings. More details are presented in the Web Appendix A as supplementary materials

to this article.
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Method Metric 5 10 20 30
TRUE 3.59 6.61 10.80 16.00
Kge FALSE 0.15 039 0.87 2.80
HAM 1.56 3.78 10.07 16.80
TRUE 383 684 1141 1642
K, FALSE 0.10 036 096 2.61
HAM 1.27 352 955 16.19
TRUE 3.60 647 10.88 16.11
K, FALSE 0.10 0.39 0.83 3.06
HAM 1.50 3.92 995 16.95
TRUE 3.58 6.53 10.36 17.21
K FALSE 0.14 042 081 448
HAM 1.56 3.89 1045 17.27
TRUE 3.27 579 9.95 12.30
CCA FALSE 9.64 1158 529 0
HAM 11.37 1579 1534 17.7

Table 2.3: Scenario 3 results: A rare cluster

2.4 Analysis of Inflammatory Bowel Disease (IBD) Data

We apply the proposed sparse KRV method to select gene expression features that are
associated with microbiome composition in an inflammatory bowel disease (IBD) study,
evaluating the selection results by split samples. The goal of the study was to understand how
the microbiome and host gene expression may interact and what role they jointly play in the
development of pouchitis, or inflammation of the ileal pouch constructed after removal of the
colon and rectum (Morgan et al., 2015). After quality control, host gene expression data and
microbiome data are available for a total of 255 pouch and pre-pouch ileum (PPI) samples.
Morgan et al. (2015) mentions the enrichment of microbiome associated host transcript
patterns within the interleukin-12 (IL12) pathway, though no formal statistical results were
reported. In our application, we focus on selecting features from the IL12 pathway that are
associated with microbiome data. After excluding singleton and doubleton OTUs, the set
of features used in our analysis includes 5153 OTUs. For genomic data, we include 21 host

transcripts in the IL12 pathway.



29

We choose a linear kernel structure for the gene expression data and perform the analysis
using sparse KRV with Bray-Curtis, weighted UniFrac, unweighted UniFrac, and generalized
UniFrac kernels for the microbiome data. Feature selection results are presented in Table 2.4.
For each selected gene (identified by NCBI ID, abbreviation, and chromosome), we report its
weight coefficient for all four kernels (i.e., the value in ¢ corresponding to that gene), where a

weight of 0 indicates that the gene was not selected using that kernel.

When we apply linear structure for gene expression data, among 21 features in the 11,12
pathway, sparse KRV with the Bray-Curtis kernel selects 6 features; with the weighted
UniFrac kernel, 5 features; with the unweighted UniFrac kernel, 8 features; and with the
generalized UniFrac kernel, 5 features. Though different subsets of features were selected
using each of the four kernels, there are five genes — interferon gamma (IFNG), interleukin-18
receptor 1 (IL18R1), tyrosine kinase 2 (TYK2), mitogen-activated protein kinase 8 (MAPKS),
and JUN — that are selected using all four kernels. IL12RB1 is selected using two out of four
kernels and ETV5, CD3D and CD3G are each selected using one out of four kernels.

Table 2.4 also includes results using the Gaussian kernel for the IL12 pathway features.
Among 21 features in IL12 pathway, there are 4 features selected by sparse KRV with the
Bray-Curtis kernel; 8 features with weighted UniFrac; 5 features with unweighted UniFrac;
and 6 features with generalized UniFrac. Among the selected genes, three (IFNG, IL18R1,
TYK2) are selected using all four kernels; two genes (JUN, MAPKS) are selected using three
kernels; IL12RB2 is selected using two kernels, and three genes are selected by one models.
These results are broadly consistent with the results of sparse KRV with the linear genomic
kernel; the same 5 features are selected by most of the models, and both methods include a

few genes that are selected only once or twice.

Comparing these real data results with the simulation results, we find that though our

simulations show high true positive and relatively low false positive results for all four
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kernels, with relatively similar performance across kernels, the behaviors of different kernels

on real data may vary more substantially. There are several possible underlying causes

of this variability. For example, an exact linear association almost never holds in the real

world, and it could be that these associations are driven at least in part by rare taxa, for

which the true discovery rate tends to be lower (so that different kernels reveal different

facets of the association). Also, there are more complicated phylogenetic and functional

relationships among taxa to be explored. As new ecological relationships are discovered and

new measures of dissimilarity continue to be introduced, the additional information can be

easily incorporated into the sparse KRV analysis through choice of an appropriate microbiome

kernel.

Kernel Gene ID  Gene Chr. Kpe K, K., K5
3458 IFNG 12 94.01 135.24 150.28 110.23
8809 IL18R1 2 61.91 52.61 127.10 111.07
7297 TYK2 19 43.22 28.42  53.47  56.12
5599 MAPKS8 10 38.57 38.59 48.75  55.51

Linear 3725 JUN 1 11.76  8.86 3.93 19.83
2119 ETV5 3 0 0 43.05 0
3594 IL12RB1 19 0 19.33 3697 0
915 CD3D 11 0 0 1750 0
917 CD3G 11 6.39 0 0 0
3458 IFNG 12 41.81 148.22 18.80 101.33
8809 IL18R1 2 75.61 135.06 18.86  23.58
7297 TYK2 19 3.76 12.41 16.33 7.54
3725 JUN 1 0 12.23  4.01 1.48

Gaussian 5599 MAPKS8 10 6.27  5.10 0 1.09
3595 IL12RB2 1 0 0 20.05  7.40
6775 STAT4 2 0 4098 0 0
3594 IL12RB1 19 0 2218 0 0
919 CD247 1 0 3.12 0 0

Table 2.4: Sparse KRV results for IL12 pathway in IBD data, incorporating Gaussian kernel

for genomic data.

To further illustrate our proposed method and compare different kernel choices, we perform
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the KRV test (Zhan et al., 2017a) on the full data set as well as selected features to compare
statistical power. KRV is a fast, small-sample kernel test of independence between microbiome
composition and genomic data with accurate type I error control (Zhan et al., 2017a). Here,
we use KRV to test the association between (1) the full set of 21 genomic features and the
microbiome, and (2) subsets of features selected by sparse KRV. The results of this analysis
using all subjects are presented in the first two columns of Table 2.5. Comparing the KRV
test using all genomic features to using only those selected by sparse KRV, we find higher
p-values for KRV with all features in every scenario except a Gaussian genomic kernel with a
Bray-Curtis microbiome kernel. That is, the p-value is almost always more significant after
selection. These results indicate that feature selection has the potential to improve power
for testing the association between genomic data and the microbiome. Comparing the linear
kernel to the Gaussian kernel, in this dataset, the Gaussian kernel had higher power when

paired with all UniFrac microbiome kernels (but not the Bray-Curtis kernel).

However, these results could be compromised due to use of the same data for feature
selection and testing. We therefore validate our results by randomly splitting the IBD subjects
into two groups (n; = 128, ny = 127). We then apply the sparse KRV method on set 1
(training data) to obtain a feature list, and evaluate the genomic features selected by set 1
using the KRV test on set 2 (validation data, with the selected feature list or the full set
of features). These results are shown in the last two columns of Table 2.5. Comparing the
p-values of set 2 before and after selection of a feature list from set 1, we find higher power
on the validation set post-selection for all kernels except the unweighted UniFrac when the
genomic features are summarized by a linear kernel. With the Gaussian kernel, the p-values
are lower post-selection for the Bray-Curtis and generalized UniFrac kernels, but higher for
weighted and unweighted UniFrac. Meanwhile, because the unweighted UniFrac metric is

focused on taxon presence or absence and therefore places the most weight on rare taxa, it
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can be highly variable with data splitting (particularly given that there are 5153 OTUs in
this dataset, mostly rare). Therefore in a real data analysis, we suggest choosing the kernel

that best matches expected microbiome data structure, which will improve power.

Data Full data Train Data Vali. Data
Features All Sparse KRV All Sparse KRV All Validated
Kge 0.0070  0.0053 0.3957 0.2158 0.0028 0.0002
Linear K, 0.0603 0.0321 0.0832 0.0239 0.1253 0.0209
K, 0.0289 0.0265 0.1171 0.0611 0.0111 0.4483
K5, 0.0195 0.0161 0.0964 0.0992 0.0404 0.0018
Kgze 0.0029 0.0579 0.5248 0.3268 0.0613 0.0354
Caussian K, 0.0087 0.0009 0.0435 0.0364 0.0166  0.0959
K, 0.0257 0.0077 0.1074 0.0578 0.0368 0.4494
Ks, 0.0041 0.0008 0.1260 0.0423 0.0079 0.0048

Table 2.5: KRV test P-values of IBD data with two sample splitting

2.5 Discussion

This is a practice paper focused on borrowing ideas from different areas and translating
them to the microbiome framework. Specifically, this work combines the existing KNIFE
and KRV frameworks to enable powerful selection of genomic features related to microbiome
community profiles while accommodating key structures in the microbiome data, a problem
for which alternative methods have not been developed. Our simulation results as well as
the real data application suggest that the proposed approach can often correctly identify the
genomic features driving associations.

In this article, we propose a sparse KRV feature selection method to identify genomic
features that are associated with microbiome composition. The kernel matrices for microbiome
data are constructed to incorporate ecologically relevant information such as phylogenetic

relationships among taxa. For genomic data, options of linear and Gaussian kernels are
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provided. By providing not just a list of features, but also a weight associated with each
feature, the sparse KRV method gives more insight into how each feature may be involved in
the association. Simulations and real data analyses indicate that the proposed method is able
to select features associated with microbiome composition while keeping false discovery rates
reasonably low. Additionally, the selected list of features potentially increase the power of
the KRV test and could be used to help inform further laboratory experiments and regression

analyses.

Because feature-specific weights are added within the genomic kernel and selection is
performed by penalizing the weights, it is easy to consider multiple choices of kernel for
microbiome composition. In this article, we mainly focus on Bray-Curtis, weighted UniFrac,
unweighted UniFrac, and generalized UniFrac kernels for microbiome data because they
capture ecologically relevant features of microbiome compositions, including phylogeny, and
are commonly used in practice. However, our method is not restricted to those kernels.
For example, sparse KRV also works for feature selection when both datasets are normally
distributed, in which case applying linear kernels on both datasets works well. Other, more
complicated kernels could also be applied to correspond to particular data types, as long as they
satisfy the positive semi-definite requirement. Furthermore, our method could be extended
to a convex combination of kernels by assigning each kernel a scalar coefficient and defining
the new kernel as a weighted sum of individual kernels: K,,..,, = @, K, + a, K, + a50Kso. A
penalty could be applied to select some subset of a’s, producing an optimal kernel selection
method (for the microbiome) combined with a feature selection method (for genomic features).

This would provide robustness by avoiding the need to choose a particular microbiome kernel.

Turning to the genomic kernels, our algorithms accommodate either a linear kernel or a
Gaussian kernel. Since the genomic kernel is closely related to the optimization procedure, it

cannot be as flexible as the fixed kernels used for the microbiome. The linear kernel algorithm
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is computationally faster than the Gaussian kernel, although when there are non-linear
associations, the Gaussian kernel method is potentially more powerful. In real data analysis
at a large scale, we recommend beginning with the linear kernel if researchers are primarily
interested in subsequent statistical analysis due to the efficiency gains. If researchers are
more interested in further laboratory examinations, we suggest using both algorithms and
combining the feature sets for experiments, since the superset will increase the true discovery
rate as much as possible, especially when the microbiome taxa are rare.

Sparse KRV is mainly intended to facilitate the selection of genomic features associated
with microbiome composition. However, applications of sparse KRV can be extended to
multiple inference methods. By optimizing the KRV test statistic, sparse KRV is maintains a
natural relationship with the KRV test and provides a list of features that are more powerful
for subsequent hypothesis testing. Features that are selected by sparse KRV are also prime
candidates for community level exploratory or inferential analysis such as variance component
analysis and the sequence kernel association test (SKAT) (Wu et al., 2011) or optimal and
robust variants such as SKAT-O (Lee et al., 2012). Furthermore, the absolute value of feature
specific weights can be used to construct a new variable as a linear combination of multiple
omics features. Similar to a principal component, this variable could be used in place of
the full feature set for further analysis. Finally, other penalties such as the fused lasso or
graphical lasso could be used in place of the L; penalty to incorporate more information

about the structure of the genomic features.
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Chapter 3
KERNEL LINEAR DISCRIMINANT ANALYSIS!

3.1 Introduction

The low cost and ease of sample collection has spurred interest in omics data based prediction
and classification models. Many of these studies also collect additional types of microbiome
data (Zackular et al., 2014; Yu et al., 2017; Berry et al., 2015; Xiao et al., 2014; Fukuda and
Fujita, 2014) that are co-informative with the omics in subsets of individuals, but these data
are sometimes more difficult or expensive to obtain. The difficulties of integrating microbiome
data with genomic data remain unanswered for classification problems, when we have both
types of data for training with labels, but only omics data for prediction. In this paper, we
develop classification models using multiple data types that can be applied to future data sets
in which only genomics data are collected. Hence, we propose to introduce kernel structures
into discriminant analysis.

Discriminant analysis is a classical statistical technique which is broadly used in classifica-
tion problems. Linear discriminant analysis (LDA) is a simple case of discriminant analysis
by assuming each class of data is normally distributed with the same covariance structure.
LDA is commonly used to analyze omics data including microbiome compositional profiles
(Pawlowsky-Glahn and Buccianti, 2011) after log-center transformation. Recently, many
papers are focused on sparse version of discriminant analysis, such as sparse LDA (Wu et al.,

2009; Clemmensen et al., 2011; Shao et al., 2011) and sparse quadratic discriminant analysis

!The contents of this chapter are based on the paper Kernel Linear Discriminant Analysis and Sparse
Kernel Linear Discriminant Analysis
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(QDA) (Cai and Zhang, 2019). To be noticed, there are existing literature introducing a
kernel discriminant analysis which build discriminant function on a Hilbert space to be a
general case (KDA or GDA) (Baudat and Anouar, 2000) and other transformation forms of
discriminant analysis like modified discriminant analysis (MDA) (Xu et al., 2009). However,
none of these approaches directly allow for incorporation of co-informative data to leverage

the classification accuracy.

Meanwhile, microbiome and omics data like genomics data often encounter statistical
challenges. The central one is high-dimensionality and nonlinear effects which may fail the
traditional classification methods like logistic regression. Furthermore, it is not appropriate

to treat different data types as equal because their hidden structures are inherited differently.

The motivation example is from a randomized clinical trials on women menopause
symptoms and health (Mitchell et al., 2021) (MsFLASH study). DNA extraction and
polymerase chain reaction (PCR) amplification and sequencing of the 16S rRNA gene were
performed at enrollment of the study as well as at 12-weeks of visits. However, only at the
beginning of the exam do we have both microbiome and genomic data without any missing.
In the 12-week visit, the genomics data are the same as the first visit since the human genome
is mostly stable, while the microbial community and composition can differ much along with
time. For the 12-week visit, most samples did not take 16S rRNA sequencing. If we only
take use of the genomics data for women vaginal pH analysis, it is a waste of resources and
ablations, while if we only keep the samples with full microbiome records for both visits,
then we end up with small part of samples left, which is under selection bias concerns and
may violates data completeness assumption. We hope to answer the question in this and
the following chapters: can we utilize microbiome data to help another data type to classify

health conditions or biomarkers?

Facing those challenges, we propose a new method called kernel linear discriminant analysis
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(Kernel LDA, or KLDA, which is not to be confused with KDA). Kernel LDA is a method
that could replace the classical LDA’s Gaussian prior by any pre-assumed positive definite
prior by changing the distance definition. It is flexible in terms of sensitively capturing
complicated covariance structures or hidden functiontional structures that may be available
from complementary or auxiliary data and from other types of data, for example, microbiome
data. This framework offers several advantages in that the model building incorporates
additional information to potentially improve classification accuracy, but only omics data
need to be available in future data. The proposed method provide a linear decision boundary
in a transformed discriminant space, hence providing interpretive decision boundary and
discriminant coordinates, while maintaining its flexibility on model training and testing
procedures. Furthermore, kernel LDA, as compared with KDA, can be transformed into an
equivalent form of a generalized least squares form plus a quadratic penalty, which avoids
optimizing difficulties and non-convex problems potentially caused by KDA or GDA. We
can also extend kernel LDA to more complicated discriminant analysis by introducing the
penalty terms as high-dimensional kernel LDA so that it incorporates microbiome and omics
data with both high-dimension variables. This extension will be introduced in the following

chapter.

The chapter is organized as follows. In Section 3.2, we review the traditional LDA in
both Raileigh quotient forms as well as Optimal scoring forms, then introduce our proposed
kernel LDA method and its extension to high-dimensional data as penalized kernel LDA
method. For kernel LDA, we present the approach in both Rayleigh quotient and in optimal
scoring ways, and for penalized kernel LDA, the availability of approach is determined by the
form of penalties. For L2 penalty, both forms of approach exist, while for L1 penalty and
non-differential penalty, only optimal scoring are available. In Section 3.3, we present the

results of simulation study, which show the classification accuracy of our proposed methods
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under different situations. In Section 3.4, we discuss the limitation of the methods and

provide insights of extensions.
3.2 DMethods

3.2.1 Linear Discriminant Analysis

Linear discriminant analysis is a method for classification using a linear combination of
features as the classifying boundary. LDA (Fisher, 1936; Friedman et al., 2001) has been
shown to perform well and have good asymptotic property as the sample size tends to infinity
in classical low-dimensional settings. Let X, be the matrix of N samples with p-dimensional
variables, and each individual sample x; uniquely belongs to one of classes with the number of
total classes to be K. Here for future calculation simplicity, we assume matrix X is centered.
Y v« is a matrix of 0,1 where Y; ;, means whether sample i is in class Cy, (kK =1,..., K).
For classical modeling, we assume that samples in k-th class C}, are independently distributed
as normal distribution with fixed mean and variance as N (uy, X,,) where we call py as
the mean of samples in class k and X, as within-class covariance throughout all classes.
LDA can be solved by finding discriminant coordinate vectors from optimizing a Rayleigh
quotient (Parlett, 1974) form and applying the prior probability with Bayesian rule. It has
been shown that Rayleigh Quotient enjoys a good mathematical property to serve as an loss
function for optimizing problems (Fan et al., 2015). In order to achieve that, let’s define
a between-class covariance matrix as ¥, = % Zszl npprpl, where we estimate py by its
empirical mean as p, = i ZiECk X;. The empirical estimate of within-class covariance is
then as ¥, = + Zle > icc, (% — p)(xi — )" To simplify the notation, we can rewrite
the between-class and within-class covariance matrices into forms of matrix operations as
3, = %XT(Y(YTY)*YT — %11T)X = %XT(PY — %11T)X and X, = %XT(In - Py)X,

where Py = Y(Y?Y) Y7 is the projection matrix of Y. It is obvious to see the summation of
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within and between class covariance matrices 3, + X, = %XT(I,L — %llT)X = %XTX = Yot
is exactly the total covairance matrix 3, since X is centered. For the between and covariance
matrices summation, we borrow the term of total variance from ANOVA as the decomposition

of the total variance when the design matrix is centered (St et al., 1989).

For multi-class linear discriminant analysis, we optimize the direction matrix as combina-

tion of discriminant coordinates B = (,81, e ,ﬂL) € RP*L such that

B = argmaxtr(B"X%,B) st. BTY,B =1, (3.1)

RpXL

When N = 2, the above LDA Equation 3.1 is degenerated to optimize the form of Rayleigh

quotient

B = arg maX'BTEbﬂ
RP /BEU)IB

(3.2)

For the above two classes problem, the only discriminant coordinate is the eigenvector

corresponding to the largest eigenvalue of 3133,

Meanwhile, there is an equivalent method for linear discriminant analysis developed by
(Hastie et al., 1994, 1995) through Optimal Scoring. Optimal scoring relates the discriminant
functions with the average squared residuals of constrained linear regression by using a
sequence of scores 8 such that we can directly optimize the loss function which is similar as
a loss function of linear regression to get the discriminant coordinates with corresponding
scores simultaneously. Using same notations as in previous text, the discriminant direction

with optimal score for the ¢-th class is as follows,

1 1
(Bi,0;) = argmin —| YO —X3|* st. —=|[Y6;]°> =1 (3.3)
BERP,BERKN N
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The optimal scoring provide an interesting view of expressing traditional formula of discrimi-
nant analysis into squared residual forms, providing the insight of introducing kernels into

it.

3.2.2 Kernel LDA

Since classical LDA only provides linear decision boundaries in Euclidean spaces among
classes, we propose a kernel LDA method which has linear decision boundaries in a Hilbert
space induced by a kernel and can be transformed back into Euclidean spaces with non-
linear boundaries, maintaining its original association and interoperability of discriminant
coordinates. Similar to classical LDA, we present equivalent kernel LDA expressions in both
Rayleigh quotient and Optimal scoring forms. In this section, we keep the notations the same
with previous. For the design matrix X, we refer to the set of data collected with low cost
techniques and without missing throughout training, testing and future unlabeled data for

classifying.

3.2.2.1 Kernel LDA by Rayleigh Quotient

Kernel LDA through Rayleigh quotient for two classes problem is defined as follows,

_ B Tk .0
B = arg max

RP IBTEK,IUB (34)

The kernel between-class covariance matrix is Xk, = + X KY(YTY)'Y7KX, and within
covariance matrix is Yk, = %XTKX — Yk . The optimal 3 is solved by the eigenvector
corresponding to the largest eigenvalue of EEWEKJ,. For multi-class cases, we define the
Kernel LDA as B = arg mLaxtr(BTZ]Kbe) s.t. BTYg ,B=1;.

RPX

Here, we introduce the kernel K, which is an /N x N matrix which transforms the common

space expanded by original design matrix X into kernel expanded linear space. The kernel K



41

is constructed by additional expensive or auxiliary data that are only collected for training,
but not for future prediction as we stated in the introduction. We define the auxiliary data
for training as a matrix Zyy,, with sample size N same with training data, and number of

parameters as r, which could be either larger or smaller than the sample size.

There are multiple choices of kernels fitting the settings. For genomic data, popular choices
include commonly used positive semi-definite kernels such as the linear kernel (K;;/(Z) =
K.Z;,Z;) = Z?Zl 2;j%i1;), which is the default and most commonly used kernel for analyzing
genetic variants. Other kernels include the generic Gaussian radial basis function (RBF)
kernel (K (Z) = K.(Zi,Zy) = exp {— >z — zi/j)2/p}), and the genetic identity-by-
state kernel (K (Z,c) = K.(Zi, Zy;) = (2p) 7 320 |25 — zi15]). One advantage of those
kernel is that they do not require any assumptions of dimensions or sparsity for genomic data,

which often to be high-dimensional.

In the Rayleigh quotient form, we do not express the between-covarience matrix in general
empirical forms, but actually in a space expanded by (-, )k, where K is a reproducing
kernel. Given that we have a finite observations of kernel matrix K, and we assume it
is well constructed with positive semi-definite and symmetric property, we can write the
singular value decomposition as K = U7S2U, where the decomposition has good property as
UTU = UUT =1 and S is diaganal matrix. Hence, we can again write the between-covariance
matrix as Bg, = X7UTS?UY (YZUTUY) 'YTUTS2UX = X7S?Y (YY) ' YS2X, with
both X and Y be the transformed matrix of X and Y. Then the kernel between-covariance
matrix can be understood as we put different weights for each rows for transformed design
matrix, and the weights are captured by the eigenvalues of K. In this way, the empirical
covariance matrices are able to integrate high-dimensional data as auxiliary information

contributing as kernel structures, to provide better classification accuracy.
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3.2.2.2 Kernel LDA by Optimal Scoring

Equivalent with the format in Rayleigh Quotient, the Kernel LDA through Optimal Scoring

is defined as follows, for each i =1,... K
o1 9 1 9
(Bk.i,0;) = argmin —|Y0 — X3k st. —=|Y6;° =1 (3.5)
perroerk IV N

In Equation 3.5, we find the kernel discriminant coordinates for each class with a score by
optimizing directly on summation of residuals in kernel space induced by K.

By utilizing kernel framework for training data, we optimize the kernel discriminant
coordinates Bk ; in a Hilbert space expanded by kernel K with its inner product (-, -)k such
that the distance of residuals are minimized. It can be understood by assigning weights to
samples. We are able to assign weights for samples when we transform the calculations back
into Euclidean space. By choosing an appropriate kernel, we are able to utilize the additional
data Z to increase the classification accuracy.

We develop the kernel LDA in optimal scoring because the Rayleigh quotient form is
not directly compatible to incorporate some penalty terms, and it is not straightforward
to implement in programming. In the following section, we show the algorithm of Kernel
LDA by optimal scoring, and in Chapter 4 we will go a step further to incorporate penalty
terms with Kernel LDA so that not only high-dimensional omics data but also high-diemsonal

microbiome data can be integrated into one model.

3.2.8 Kernel LDA Algorithm

We present the algorithm set-up as follows. First, we randomly initialize 0, as a K-vector,
and K be the number of classes that we will classify on, and let ) = K — 1 be the actual rank

of label matrix. The label matrix Y is a NV x K matrix of 0 and 1 with Y;; indicates whether
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sample ¢ is in the class j if Y;; = 1 and not in the class with Y,;; = 0. For any i € (1,...,Q),
set ©; = (60,...,0;_1) be a K x (i — 1) matrix of all calculated score 6; before each class
1. Let M, = %YTY be a constant normalization for label prior probability. The first ©; is
assigned to identity as ®; = 1. We obtain the kernel matrix by utilizing a properly chosen
kernel function ¢ operating on data Z so that K = (¢(Z)7, ¢(Z)). Usually the kernel function
satisfies the Riesz representation theorem (Rudin, 1973).

Then, for any i € (1,...,Q), we perform the following algorithm in sequence:

(0
1. Initialize 050) = (Ix—0,07M,)0.. Normalize 0§0)  ——2__ such that OZ(O)TI\/LTHEO) =
ego)TMWOEO)

1.

2. For iteration m, we update BZ-(m) and Bgm) until convergence criteria reached. There are

steps within iteration as follows:

(a) For a fixed OZ(m_l), update B\Z(m) + arg min {%HYOZW_U - X8|k}

(b) Fora fixed 8™, update 8™ « argmin { %[ YO-XB™ %} such that 6™ M,.6™ =
1 and 8/™"M,.0™ =0 for all i # .

3. The classification rule is to assign new data (X,,ewB1, - - -, XnewBg) to the closest centroid

of training data in (Xf3,...,X08q).

In details of step 2, we update 8 by ,@(m) — (XTKX)*lXTKYOEm_l) and update @ by
(m)
0™ « (Ix — ©,07M,)M-LYTKXA"™ | then normalize 6™ « WO’—Ti Here, we call
0;"" M0
the part of M;lYTKX,Bgm) as the original solver of @, and the part of (Ix — ©;07M,) as

the normalizing constant such that the projection condition satisfied. To be specific, the

normalization works as the following illustration, with first part as normalize projection factor
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and the second part as original solver of the optimising goal.

(2
N J/
-~

normalize/projection

0"  (Ix — ©,0TD,) (YTY) 'YTKXB™ (3.6)

(m—1)
Yy

original solver of 0

From Step 2, we have obtained the results of Kernel LDA discriminant coordinates. Recall
that two-class LDA’s decision boundary takes the form of Bx = %B(ﬁq + o) + const, we can
view step 3 as similar strategy to classify a new input of data. For Kernel LDA, the step 3
of algorithm is to classify a new sample X,,.,,, then find the inter product of the projected
matrix with determinant coordinate 8 from B; to B¢, performing binary classification on
each exclude-one labels until we find finish classify new samples to () classes.

In summary, the classification rule is to first find the prior of classes with decision boundary
using training data BKX with decision boundary r, then for a new testing input we similarly
projected it onto the same lines to compare with decision r, then classify new samples

correspondingly.

3.2.4  Simulation strategy

In this section, we conducted simulations to evaluate the classification performance of our
proposed methods and to compare them with existing methods across a range of simulation
scenarios. For each scenario, we have both training data and test data. The training data
has both data forms of metabolomics data and microbial auxiliary data for each sample.
The testing data only has the metabolomics data, without any auxiliary data provided. We
perform simulations in the setting that we have special types of auxiliary data to extrapolate
the potential clustered structures of samples. To test the effect of our proposed methods, we
proposed both data generating mechanisms in linear models and logistic models. In the main

context, we present the simulation design and results under the data generation for normal
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settings, and we include the results for logistic settings in the simulation section of the next

chapter.

For training data we fix sample size N. We first create a labeling column for N samples
to generate a simulation, and the labeling column has 2 distinct classes, with half (or around
half for different choices of sample size setting) of them in the first class, and the rest of
them in the second class. We assign each 4 samples into one cluster so in total there are N/4
clusters. The clusters can be viewed as the smallest units with correlated structures, such as
repeated measurements of same subjects, or different clinical visit records of the same person
and samples from the same cluster won’t fall into different classes. So, the cluster contains
the information related to classes, while not exactly as classes assigned. We generate a design
matrix X from random normal distribution from N(6,3). Because only a few metabolites
are strongly associated with the outcome, we let 6; = f(r* L) for j = 1,2,...,m, where m is
the number of covariates associated with outcome and we could change it in different settings,
and f(-) is a function to provide different simulation settings, for example identity function as
f(z) = z or squared function as f(z) = 2?. We consider ¥ = I, for the simplest setting. And
L is the true label for the classes, and for two class problems it is a n-vector with 0 and 1. r is
a parameter to control the main effect for the simulation to test the power of the classification
methods. The auxiliary data Z are simulated by Z = XB + E where E is err terms generated
from Cholesky decomposition of a randomly created compound symmetric covariance matrix
with within cluster the correlation as 3; = 621 + o3I with 0> = 0.3, 02 =0.2. Bisap x N
matrix generate from independent standard normal distribution to represent potential linear

association between design and auxiliary data.

We set the main information matrix X with dimension of the covariates p = 20, where
m = 2 of the covariates are simulated with a labeling column with standard random errors.

The sample sizes N for training data are chosen from (36, 100,200) to test the adaptability of
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our proposed methods, and the sample sizes for testing data are fixed as 500. This simulation
setting is to test model performance under general low-dimension parameters setting with

sparse design matrices.

Throughout the simulation study, three kernel methods are used. The first one is
Linear kernel defined as K (z1,73) = 27 25. The second is Gaussian kernel as K (z;,73) =
exp(—p~ ||z — x2]|?). with a hyper-parameter p to control the non-linearly of the kernel.

The third one is kernel function based on Bray-Curtis dissimilarity, constructed by K =

—3(Iy — 1N]\}%)D2(IN — 1N]\}%), where D is a N x N distance matrix from Bray-Curtis
dissimilarity. To handle different simulation scenario for moderate and high-dimensional cases,
our proposed methods include kernel LDA, high-dimensional kernel LDA with L1 penalty
and L2 penalty, and each of proposed methods are applied with different choices of kernels
as stated before. There are some methods involve parameter selection, for example tuning
parameters for SDA, logistic lasso and high-dimensional kernel LDA with L1 and L2 penalties,

and another example such as Gaussian kernel hyper-parameters. All those parameters are

chosen from leave-one-out cross-validation on training data.

For each simulation setup, we further set the parameter r in (0,0.1,0.2,0.5,1) to test
the model performance when the signal are ranging from no-signal (r = 0), weak signal
(r =0.1,0.2) to moderate and strong signal (r = 0.5,1). All simulations are performed from

1,000 replications.

The baseline comparison methods include linear discriminant analysis (LDA) (Cohen et al.,
2014), sparse discriminant analysis (SDA) (Clemmensen et al., 2011), kernel discriminant
analysis with different choices of kernels (Duong et al., 2007), and logistic lasso (Tibshirani,

1996).
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3.3 Results

We summarize the simulation results with empirical classification accuracy in the Figure 3.1.
For detailed numerical values, Table 3.1, 3.2, and 3.3 present the accuracy of testing data
for simulation, for sample size chosen from (36, 100,200). Methods for comparisons include
LDA, SDA, KDA with linear kernel, and KDA with Gaussian kernel. Among our proposed
methods, if the accuracy is higher than highest baseline methods for comparison, we highlight
the result in bold. To compare among kernels, the Gaussian kernel had the best performance
over linear kernel and Bray-Curtis kernels, so in the results we only presented the KLDA
with Gaussian kernels (the other kernel results are in the appendix). When the sample size is
increased, the testing accuracy of KLDA is improved from 0.922 for 36 samples to 0.974 for
100 samples and 0.985 for 200 samples reaching almost similar performance with penalized
KLDA. Since KLDA did not have tuning parameters, it is more efficient when sample size
is large to reach an acceptable accuracy. For the Gaussian kernel, compared among sample
sizes, there was higher accuracy associated with larger sample sizes. Since the accuracy was
pretty saturated, close to 1, the trend was not obvious. Throughout the simulation study, our
proposed methods had better performance than LDA, SDA and KDA, which are all methods
for discriminant analysis.

To test the ability to distinguish signals, we set r in (1,0.5,0.2,0.1,0) in decreasing order
to see if our methods work with weak signals. We oberve that all the methods listed in
the table have decreasing trend as the signal r decreasing, and when the signal is 0, the
classification accuracy is around 0.5 i.e as similar to randomly generated results. When the
signal is as strong as 1 and 0.5, the kernel LDA are uniformly better than the other baseline
models. When the signal is smaller, as 0.2 and 0.1, our proposed methods don’t stand out
and actually all methods had about similar accuracy.

We further present simulation results for non-linear function f = 22 as additional results,
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Figure 3.1: Simulation Results under Normal Data Generation Setting for Low Dimensional
Cases
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with different signals similar to linear function. The results are similar as in linear setting,

that the KLDA and penalized KLDA had better results for strong signals.

3.4 Discussion

In this chapter, we propose kernel LDA as a method by integrating auxiliary data that exists
for training but missing for testing to achieve higher discriminant analysis accuracy. The
way to incorporate the partially existing data is to put them into the kernel machine so
that it can help find better weighted discriminant coordinates. The proposed method can
apply to high-dimensional data in the partially existing part. For the main data, if it is
also high-dimensional, we proposed the penalized version of the kernel LDA to overcome the
difficulties. Kernel LDA provides a flexible approach to model the microbial data, genomic
data and metabolic data with traditional clinical records at the same time and nested structure

of correlations.

While many kernel methods such as KDA has been used as an extension of linear
discriminant analysis, this chapter specifically defines a discriminant analysis in a transformed
space expanded by the kernels, providing not only an approach with higher accuracy to utilize
auxiliary data, but also interpretive and meaningful discriminant coordinates. The methods
can be applied to a broad range of classification problems and data types, with a variety of
kernels as long as they are satisfied with reproducible properties.

We are focused on three popular kernel machines, the linear kernel and the Gaussian
kernel and Bray-Curtis kernel. The linear kernel performs adequately good accuracy with less
resources taken while iterating the algorithm to solve the optimization problem. The Gaussian
kernel, on the other hand, provides broader acceptance of non-linear association between
data types. Meanwhile, the kernel LDA method can be extended to more complicated kernel

structures. For example, bacterial phylogeny is usually associated with presence and function,
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Simulation Setting KLDA-Gaussian LDA SDA KDA-Linear KDA-Gaussian
f=x with r =1 0.922 0.740 0.782 0.785 0.785
f =z with » =0.5 0.806 0.642 0.777 0.761 0.761
f = with r =0.2 0.680 0.608 0.703 0.722 0.722
f = with r =0.1 0.571 0.561 0.614 0.651 0.651
f=a with r =0 0.498 0.493 0.499 0.534 0.534
f = with r =1 0.944 0.652 0.793 0.766 0.784
f = 2? with r =0.5 0.757 0.593 0.729 0.694 0.704
f = 2 with r =0.2 0.569 0.560 0.608 0.631 0.631
f = x? with r =0.1 0.542 0.531 0.560 0.596 0.596
f = 2? with r =0 0.498 0.493 0.499 0.534 0.534

Table 3.1: Classification accuracy for simulation in normal setting with sample size 36 and

evaluation sample size 500

Simulation Setting KLDA-Gaussian LDA  SDA KDA-Linear KDA-Gaussian
f=x with r =1 0.974 0.638 0.786 0.762 0.925

f =z with r =0.5 0.865 0.629 0.775 0.757 0.864
f =z with r =0.2 0.717 0.628 0.730 0.748 0.748
f =z with r =0.1 0.585 0.547 0.595 0.635 0.635
f = with r =0 0.500 0.501 0.500 0.517 0.517

f =2 with r =1 0.974 0.629 0.787 0.755 0.928
f = 2% with r =0.5 0.841 0.614 0.764 0.738 0.843
f = x? with r =0.2 0.582 0.530 0.579 0.584 0.584
f = 2? with r =0.1 0.537 0.526 0.540 0.557 0.557
f = 2 with r =0 0.500 0.501 0.500 0.517 0.517

Table 3.2: Classification accuracy for simulation in normal setting with sample size 100 and

evaluation sample size 500
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Simulation Setting KLDA LDA SDA KDA-linear KDA-Gaussian

f =z with r =1 0.985 0.648 0.784 0.763 0.977
f=xwithr=0.5 0.877 0.638 0.779 0.759 0.883
f = with r =0.2 0.724 0.593 0.706 0.725 0.712
f=zwithr=0.1 0591 0.549 0.622 0.593 0.649
f =z with r =0 0.501 0.495 0.502 0.494 0.524
f = 2% with r =1 0.985 0.635 0.783 0.759 0.979
f=a*withr=0.5 0.842 0596 0.741 0.718 0.848
f=2z*withr =02 0555 0.520 0.576 0.552 0.560
f=2z*withr=0.1 0522 0.516 0.540 0.518 0.546

Table 3.3: Classification accuracy for simulation in normal setting with sample size 200 and
evaluation sample size 500
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so leveraging phylogenetic information may provide higher power and accuracy for the kernel
LDA method. Potential future work includes UniFrac distances to incorporate phylogenetic

information, and a hybrid kernel as a linear combination of different kernel machines.
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Chapter 4
PENALIZED KERNEL LINEAR DISCRIMINANT ANALYSIS

4.1 Introduction

Omics is a rapidly evolving field that encompasses genomics, epigenomics, transcriptomics,
proteomics, and metabolomics. Researchers study omics data to receive better comprehensive
knowledge on biological sciences. For humans, the omics is of tremendous interest to basic
science researchers and clinicians alike in the pursuit of a deeper understanding of human
health, especially at an extraordinarily detailed molecular level.

With the development of Omics technologies such as protein microarrays, Gel-based
proteomics, mass spectrometry, and high-throughput cell assays, which are among com-
monly employed techniques in metabolomics, interactomics, genomics, and transcriptomics,
researchers are able to collect large amounts of raw data as well as summaries in the form of
lists of sequences, genes, proteins, metabolites, or SNPs. With big promise arising in this field,
there are increasing demands in data processing, integration, analysis ,and interpretation of
omics data.

In the last chapter, our proposed kernel LDA methods answer the question of how to inte-
grate omices data with auxiliary microbiome data and provide interpretation of discriminant
cocordinates for each omics input. However, the kernel LDA have more constraints on omics
data compared to the microbiome data. One of the central challenges of analysing omics
data using kernel LDA method, is the high dimensionality. The kernel linear discriminant
analysis methods that can increase the classification accuracy by integrating the microbiome

data which only exist in training data. This method does not require the microbiome data to
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be low-dimension, since the microbial parts are transferred into the kernel spaces. However,
it does have requirements as the classical linear discriminant analysis on the general design
matrix, that the number of parameters (here omics covariates) to be lower than the sample
sizes.

In this chapter, we extend our previous work of kernel linear discriminant analysis to
a penalized kernel linear discriminant analysis (pKLDA or penalized KLDA) that can be
applied to multiple types of omics data, with flexibility of choosing different penalty terms.
Different with the previous methods for kernel LDA in last chapter, where we present the
approach in both Rayleigh quotient and in optimal scoring ways, for penalized kernel LDA,
the availability of approach is determined by the form of penalties. For L2 penalty, both forms
of approach exist, while for L1 penalty and non-differential penalty, only optimal scoring are
available.

The chapter is organized as follows. In Section 4.2, we introduce our proposed method,
penalized KLDA, in both Rayleigh quotient forms as well as Optimal scoring forms, to
accommodate different demands of omics data. We also present the algorithm for penalized
kernel LDA accounting for different choices of penalty terms. In Section 4.3, we present the
setting of simulation study and results in logistic settings and normal settings, showing the
classification accuracy of our proposed methods under different situations. In Section 4.4, we
apply our proposed methods to real data coming from randomized clinical trials. In Section

4.5, we discuss the limitation of the methods and potential extensions.

4.2 Methods

4.2.1 Penalized Kernel LDA

By introducing the kernel framework, we are able to process high-dimensional microbiome

data using kernel techniques. On the other hand, some omics data that can be collected with
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less cost, and they are also suffering from statistical difficulties caused by their high-dimension
properties. Here, we propose a penalized kernel LDA method, which is an extension of our
kernel LDA, but can control for high-dimensional omics data as the main input of the design

matrix X.

We first introduce the generalized version of penalized Kernel LDA by optimal scoring,
which has flexibility to accommodate penalty terms as popular ones like L1 penalty, L2

penalty, elastic net, and any quadratic penalty with matrix €2.

Let Xy, be the matrix of NV samples with p-dimensional variables, and each individual
sample x; uniquely belongs to one of classes with the number of total classes to be K. Here
for future calculation simplicity, we assume matrix X is centered. Y yyx is a matrix of
0,1 where Y; ; means whether sample i is in class Cy (k= 1,..., K). With some abuse of
notations, the kernel K (to be distinguished with K, number of classes, is written in bold
math symbol), which is an N x N matrix which transforms the common space expanded by
original design matrix X into kernel expanded linear space. The kernel K is constructed by
additional expensive or auxiliary data that are only collected for training, but not for future
prediction as we stated in the introduction. We define the auxiliary data for training as a
matrix Zyyx,, with sample size N same with training data, and number of parameters as r,

which could be either larger or smaller than the sample size.

For each i in (1, ..., K), the penalized kernel LDA is defined as,

1
(Bk.i,0;) = argmin —{||Y0—X,3||%<+penalty} (4.1)
BGRP,BERKN
1
t. —|Y6,* =1 4.2
SN (4.2

The penalty terms can take the forms as (1) L1 penalty A||3]1, (2) L2 penalty A||B3]|3, (3)

penalty induced by a positive semi-definite matrix Q |3]|%, and etc.
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However, only with some specific type of penalty can we have a corresponding expression
of penalized kernel LDA by Rayleigh quotient matched with optimal scoring. For example
the if we take the form of (3) Q-norm penalty, then the optimal scoring approach in equation

4.1 is equivalent to the following form as

B = arg max BTEK’b'B
B ng BT (Xk,w+ )3

(4.3)

The choice (2) L2 penalty from the Rayleigh quotient is a special case of equation 4.3 with
Q = AL. The discriminant coordinates of those high-dimensional kernel LDA methods are
not hard to get, since we have analytical solutions to the optimizing functions. We show
the algorithm of Penalized Kernel LDA with €2 penalty by optimal scoring approach in the
appendix. Meanwhile, since loss function is not derivative with L1 penalty, nor exists an
equivalent form of Rayleigh quotient, we can still find the discriminant coordinates from

optimal scoring approach.

In equation 4.5, we define the penalized kernel LDA with L1 penalty as, for each i in
(1,..., K), the kernel discriminant coordinates and its corresponding scores are taking the
form from the optimal solution to the following equation, ponding scores are taking the form

from the optimal solution to the following equation,

1
(Bics:6) = angmin —{[[Y0 X%+ NIl } (44)
BERP OcRE
1
b = Y6|? =1 4.
st. 1Y (45)

4.2.2 A general algorithm for penalized KLDA

In this section, we are focused on the algorithm development of penalized KLDA through

optimal scoring.
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The algorithm to find the discriminant coordinates with generalized penalty terms for
kernel LDA is as follows. The initial parameter setting for penalized kernel LDA is similar
with the kernel LDA. First, we randomly initialize 6, as a K-vector, and K be the number
of classes that we will classify on, and let () = K — 1 be the actual rank of label matrix.
The label matrix Y is a N x K matrix of 0 and 1 with Y;; indicates whether sample ¢ is
in the class j if Y;; = 1 and not in the class with Y;; = 0. For any i € (1,...,Q), set
O, =(01,...,0,_1) be a K x (i — 1) matrix of all calculated score 6; before each class i. Let
M, = %YTY be a constant normalization for label prior probability. The first ©; is assigned
to identity as ®; = 1. We obtain the kernel matrix by utilizing a properly chosen kernel
function ¢ operating on data Z so that K = (¢(Z)”,¢(Z)). Usually the kernel function

satisfies the Riesz representation theorem.

(0)
1. Initialize 8 = (Ix—©,07M,)6,. Normalize 8" < ——2— such that 8" M,.6” =
69" M6

1.
(a) For a fixed 6"V update 8™ < arg min {%HYOlgm_l) — X8|k + AP(B)}. This
step could be performed by quadratic optimization through augmented Lagrangian

method.

(b) For a fixed 8™ update 8™ < arg min {+ Yo—xg"™ |k } such that 6" M0 =
1 and 0™ M, 0™ = 0 for all i # 1.

2. The classification rule is to assign new data (X081, - - -, XnewBg) to the closest centroid

of training data in (X3, ...,XBq).

When the penalty term is L2 norms or any quadratic norms as €2(3), there are explicit
solutions for the step 2.(a) in the above algorithm. However, when the L2 penalty is replaced

by a non-differential penalty, for example L1 penalty, the step 2.(a) is not trivial. We introduce
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the alternating direction method of multipliers algorithm (Boyd et al., 2011) with application

to L1 penalty in the following section.

4.2.8 Penalized KLDA with L1 penalty

The algorithm to find the discriminant coordinates for L1-penalized kernel LDA is as follows,

with the same initial parameters as the general algorithm for penalized KLDA.

1. Initialize 8 = (Ixy—©,07M,)6,. Normalize 8" «

1.

0"

V60 " ™M,6(

such that BZ(O)TMWHEO) =

2. For iteration m, we update Bfm) and 9§m) until convergence criteria reached. There are

steps within iteration as follows:

(a) For a fixed 6" Y, update 8™ + argmin {%HYOZ.(m*l) — X8|k + AllBl: }. This

step could be performed by quadratic optimization through alternating direction

method of multipliers methods.

ii.

1il.

v.

Define augmented Largrangian function £ = ||[Y0 — X3|% + \||z|| + s7(8 —
z) + 5(8 — z)*

Randomly initialize 3, z and initialize s = 0.

Update B «+ (XTKX + w/2I) " (XTKY0 + w/2z — s). Then update z +
Sxy/w(B + s/w) where S is the soft-threshold function. Finally update s <
s+ w(B—2z)

Repeat iii. until convergence.

(b) For a fixed 8™ update 8™ < arg min {+ Yo—xg"™ 1% } such that 6™ M6 =

1 and 8™ M,.0™ = 0 for all i # .
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3. The classification rule is to assign new data (X,,ewB1, - - - , XnewBg) to the closest centroid

of training data in (Xf3,...,X08q).

4.2.4  Summary of Algorithms

To briefly compare Penalized KLDA through Rayleigh quotient, Penalized KLDA in optimal
scoring, and Penalized KLDA with L1 penalty, we summarize the pros and cons for each
method. (1) Penalized KLDA through Rayleigh quotient is computationally efficient, but
only available for quadratic penalty. (2) Penalized KLDA in optimal scoring can be applied
to a broader range of penalty functions, but takes more resources to iteratively find the local
optimal of loss functions. (3) Penalized KLDA with L1 penalty is a special case of (2), with
non-differentiable L1 penalty. It has one more layer of computational complexity compared
with (2) with L2 penalty or quadratic penalty, and hence is more computationally expensive.

Different penalty terms are designed for different omics data. For example, L2 penalty is
more appropriate for metabolic analysis when the data are moderately high-dimensional but
not sparse. L1 penalty is more applicable to high-dimensional large profiling genomics data.
With better understanding of omics data, more penalties or combined multiple penalty terms

is interesting to be discovered.
4.3 Simulation Experiments

4.8.1  Simulation Setup

In this section, we carry out simulations in three scenarios to test the performance of penalized
kernel linear discriminant analysis, with both L1 and L2 penalties available. We evaluate
the classification performance of our proposed methods and to compare them with existing
methods, including the kernel LDA if possible. The training data has both data forms of

metabolomics data and microbial auxiliary data for each sample. The testing data only has
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the metabolomics data, without any auxiliary data provided. We perform simulations in the
setting that we have special types of auxiliary data to extrapolate the potential clustered
structures of samples. To test the effect of our proposed methods, we proposed both data
generating mechanisms in linear models and logistic models. The normal settings are similar
to what we have proposed in the Chapter 3, with extension to the new methods. And in this
section, we spend more space on logistic settings.

The baseline comparison methods include linear discriminant analysis (LDA) (Cohen et al.,
2014), sparse discriminant analysis (SDA) (Clemmensen et al., 2011), kernel discriminant
analysis with different choices of kernels (Duong et al., 2007), and logistic lasso (Tibshirani,
1996).

4.3.2  Simulation Strategy for Logistic Generated Data

For training data we fix sample size N. We first create a labeling column for N samples for
generating simulation, and the labeling column has 2 distinct classes, with half (or around
half for different choices of sample size setting) of them in the first class, and the rest of
them in the second class. We assign each 4 samples into one cluster so in total there are N/4
clusters. The clusters can be viewed as the smallest units with correlated structures, such as
repeated measurements of same subjects, or different clinical visit records of the same person.
We first generate a linear model by | = Xb; + Zb,. The responses are simulated by random
binomial distributions based on logistic transformation as pr = 1/(1 + exp(()).

For the first simulation scenario, we set the main information matrix X with dimension of
the covariates p = 30, where r = 2 of the covariates are simulated with a labeling column with
standard random errors. We design the covariances and then use it to generate a matrix Z.
The covariance matrix X is generated as a block diagonal matrix with N/4 blocks, and each

block is a compound symmetric matrix with X; = 0?1 + 71 with 0? = 0.3, 07 = 0.2. The
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auxiliary matrix Z is then simulated by Z = XB + W where W is generated from first » = 30
columns of Cholesky decomposition of covariance matrix, and B is a p X N matrix generate
from independent standard normal distribution to represent potential linear association
between design and auxiliary data. The sample sizes N are chosen from (36, 100,200) to
test the adaptability of our proposed methods. This simulation setting is to test model
performance under moderate high-dimension (for sample size 36) with sparse design matrices.

The second simulation scenario similar with the first simulation scenario, while the
difference is that we increased the number of covariates and the number of informative
covariates, set to be p = 30, r = 10 for 36 samples, p = 80, » = 30 for 100 samples and
p = 160, r = 30 for 200 samples. This simulation setting is designed to test difference behavior
under non-sparse settings, with changes of covariates sizes.

The third simulation scenario, we set the dimension of covariates p to be 1.25 times of
the sample size N, which provides a high-dimension setting throughout different choices of
sample sizes, while keeping the true related number of covariates to be fixed as 10. The third

simulation setting is a true high-dimension scenario.

4.3.83  Simulation Strategy for Normally Generated Data

The data generating mechanism for normal data setting is the same with the simulation
strategy in Chapter 3. For the first simulation scenario, we set the main information matrix
X with dimension of the covariates p = 20, where m = 2 of the covariates are simulated with
a labeling column with standard random errors. The sample sizes N for training data are
chosen from (36,100, 200) to test the adaptability of our proposed methods, and the sample
sizes for testing data are fixed as 500. In this simulation setting, both KLDA and penalized
KLDA are available for a low dimension case.

We additionally design the second simulation scenario, we set the dimension of covariates
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p to be 1.25 times of the sample size NV, i.e. p = 45 for 36 samples, p = 125 for 100 samples
and p = 250 for 200 samples. This scenario provides a true high-dimension setting throughout
different choices of sample sizes, while keeping the true related number of covariates to be
fixed as 2. At that time, we only test SDA and penalized KLDA performance since LDA and

KLDA are no-longer applicable for high-dimensional design matrix.

4.3.4  Simulation Results for Logistic Settings

Table 4.1 presents the accuracy of testing data for simulation scenario one, for sample size
chosen from (36, 100, 200). Methods for comparisons include LDA, SDA, KDA with linear
kernel, and KDA with Gaussian kernel. Among our proposed methods, if the accuracies are
higher than the best performance of the baseline methods, we mark the result in bold to
highlight them. For each kernel choice, we have Kernel LDA suitable for low dimensional
cases, high-dim kernel LDA with L1 penalty and high-dim kernel LDA with L2 penalty. To
compare among kernels, we include results for linear kernel, Gaussian kernel and kernel based
on Bray-Curtis distance dissimilarity. Among three kernels, the Gaussian kernel methods have
the best performance over linear kernels and Bray-Curtis kernels, especially when the sample
size is 36. When the sample size increased, the testing accuracy of the linear kernel gets
improved the most at 200 samples, reaching almost similar performance for Gaussian kernels.
Since the linear kernel did not have hyper parameters, it is more efficient when sample size is
large to reach an acceptable accuracy. But for smaller sample sizes, the Gaussian kernels are
a lot more accurate with testing accuracy 0.966, 0.987 and 0.974 for three proposed methods.
Bray-Curtis kernel had lower accuracy performance than linear kernels and Gaussian kernels,
but still better than the other baseline methods. To compare among three proposed methods
within the same kernel choices, for linear kernel, the high-dim kernel LDA had better results

across sample sizes, but the performance did not differ much when the sample sizes were
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100 and 200 given 1000 simulation replications. For Gaussian kernel, when sample size were
36, high-dim kernel LDA with L1 penalty had the highest accuracy with 0.987; when the
sample sizes were 100 the kernel LDA had the best performance with 0.979 accuracy; and
when the sample sizes were 200 the high-dim kernel LDA with L1 penalty won again with
0.984 accuracy. Compared among sample sizes, there was higher accuracy associated with
larger sample sizes, though when the accuracy was near 1, the trend was not obvious. In
summary, for low dimensional cases, penalized KLDA methods perform slightly better than
kernel LDA, but not much. Gaussian kernel is also slighly better than linear and Bray-Curtis,

while taking more computational resources to tun additional hyperparameter.

Table 4.2 shows the simulation results under the second scenario. In this setting, we test
the model performance under moderate non-sparse settings in moderate high dimensional
cases, with an increasing number of parameters with sample sizes. For baseline methods for
comparisons, the KDA with Gaussian kernel has the highest testing accuracy for a variety
of sample sizes. We use the same choices as in the first scenario to present our proposed
methods. Among linear, Gaussian and Bray-Curtis kernel choices, kernel LDA with Gaussian
kernel has higher accuracy in all sample sizes than the logistic lasso methods. When the
sample size is 36, high-dim Kernel LDA with Gaussian kernel with either L1 and L2 kernels
both have higher accuracy than baseline methods, and the one with L2 penalty model has
the highest accuracy. When the sample size increased to 100 and 200, high-dim kernel LDA
methods performance tended to be less accurate since in this setting we increased the true
number of true parameters, however they are still better than LDA and SDA methods, and
the model with L2 penalty had better performance than L1 model. Meanwhile, we notice that
for kernel LDA with linear kernel, the performance under moderate high dimensional settings
decreases much compared with simulation scenario 1, indicating that when the number of

parameters is large, Gaussian or Bray-Curtis kernels are better choices than linear kernels.
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Methods for Comparison / Sample Size 36 100 200
LDA 0.570  0.541 0.542
SDA 0.780 0.753  0.746
KDA linear kernel 0.564 0.537 0.541
KDA Gaussian kernel 0.706 0.855 0.852
Kernel LDA linear kernel 0.959 0.968 0.974
penalized kernel LDA Gaussian kernel with L1 penalty 0.959 0.974 0.976
penalized kernel LDA linear kernel with L2 penalty 0.962 0.974 0.977
Kernel LDA Gaussian kernel 0.966 0.979 0.974

penalized kernel LDA Gaussian kernel with L1 penalty 0.987 0.968 0.978
penalized kernel LDA Gaussian kernel with L2 penalty 0.974 0.975 0.984
Kernel LDA Bray-Curtis kernel 0.858 0.958 0.952
penalized kernel LDA Bray-Curtis kernel with L1 penalty  0.861 0.964  0.958
penalized kernel LDA Bray-Curtis kernel with L2 penalty  0.783 0.964  0.959

Table 4.1: Simulation Setting 1 with testing accuracy. Data generating mechanism is from
logistic linear models.
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Methods for Comparison / Sample Size 36 100 200
LDA 0.572 0.561 0.531
SDA 0.785  0.778 0.750
KDA linear kernel 0.567 0.580 0.528
KDA Gaussian kernel 0.807 0.790 0.892
Kernel LDA linear kernel 0.562 0.569 0.576
penalized kernel LDA linear kernel with L1 penalty 0.562 0.540 0.676
penalized kernel LDA linear kernel with L2 penalty 0.810 0.799 0.839
Kernel LDA Gaussian kernel 0.963 0.959 0.940

penalized kernel LDA Gaussian kernel with L1 penalty 0.978 0.879 0.839
penalized kernel LDA Gaussian kernel with L2 penalty 0.985 0.942 0.923
Kernel LDA Bray-Curtis kernel 0.861 0.878 0.823
penalized kernel LDA Bray-Curtis kernel with L1 penalty 0.871 0.778 0.744
penalized kernel LDA Bray-Curtis kernel with L2 penalty 0.780 0.799  0.742

Table 4.2: Simulation Setting 2 with testing accuracy. Data generating mechanism is from
logistic linear models.

Methods for Comparison / Sample Size 36 100 200
SDA 0.769 0.763 0.753
KDA linear kernel 0.583 0.537 0.528
KDA Gaussian kernel 0.769  0.867 0.880
penalized kernel LDA linear kernel with L1 penalty 0.571 0.663 0.653
penalized kernel LDA linear kernel with L2 penalty 0.664 0.836 0.854

penalized kernel LDA Gaussian kernel with L1 penalty 0.862 0.907 0.922
penalized kernel LDA Gaussian kernel with L2 penalty 0.885 0.923 0.939
penalized kernel LDA Bray-Curtis kernel with L1 penalty 0.724 0.759  0.763
penalized kernel LDA Bray-Curtis kernel with L2 penalty 0.724  0.808  0.843

Table 4.3: Simulation Setting 3 with testing accuracy. Data generating mechanism is from
logistic linear models.
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The simulation results of scenario 3 were shown as in Table 4.3. In this setting, we
applied the methods to a real high-dimensional case, where the number of parameters p was
larger than sample size N, we excluded the comparisons for the methods only applicable for
low dimensional data, such as LDA and kernel LDA. Among the baseline methods, when
sample size is 36 and 100, logistic lasso had the best performance, while KDA with Gaussian
kernel reached the highest accuracy when sample size was 200. The high-dimensional kernel
LDA with Gaussian kernels had the highest accuracy among our proposed methods, and
both methods with L1 and L2 penalties performed better than baseline. Meanwhile, the L2

penalties are consistently better than the L1 penalized version.

4.8.5  Simulation Results for Normal Generated Data

For low dimensional settings, we summarize the simulation results with empirical classification
accuracy for normally simulated data in the Figure 4.1. For detailed numerical values, Table
4.4, 4.5, and 4.6 present the accuracy of testing data for simulation, for sample size chosen
from (36,100,200). When the sample size is increased, the testing accuracy of KLDA is
improved from 0.922 for 36 samples to 0.974 for 100 samples and 0.985 for 200 samples
reaching almost similar performance with penalized KLDA. Since KLDA did not have tuning
parameters, it is more efficient when sample size is large to reach an acceptable accuracy. To
compare among three proposed methods within the same kernel choices, the high-dim kernel
LDA with L2 penalty have better results for smaller sample sizes under scenario 1, and the
performance did not differ much when the sample sizes increased.

For a true high-dimensional setting, we summarize the results in Figure 4.2. Numerical
results are in Table 4.7, 4.8, and 4.9 present the accuracy of testing data for simulation, for
sample size chosen from (36, 100,200). Compared with SDA with large signal 1, the pLDA

with Gaussian kernel and L2 penalty has the best performance in either linear and nonlinear
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Figure 4.1: Simulation Results under Normal Data Generation Setting Scenario 1
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Simulation Setting KLDA LDA SDA KDA.lin KDA.gau pKLDA.I1 pKLDA.I2
f =z with r =1 0.922 0.740 0.782 0.785 0.785 0.953 0.958
f=xwithr=0.5 0.806 0.642 0.777 0.761 0.761 0.838 0.839
f = with r =0.2 0.680 0.608 0.703 0.722 0.722 0.701 0.701
f =x with r =0.1 0.571 0.561 0.614 0.651 0.651 0.578 0.578
f =z with r =0 0.498 0.493 0.499 0.534 0.534 0.507 0.507
f = a? with r =1 0.944 0.652 0.793 0.766 0.784 0.963 0.963
f = a* with r =0.5 0.757 0.593 0.729 0.694 0.704 0.792 0.792
f=a2*withr =102 0569 0.560 0.608 0.631 0.631 0.589 0.589
f = a? with r =0.1 0.542  0.531 0.560 0.596 0.596 0.540 0.540

Table 4.4: Classification accuracy for simulation scenario 1 in normal setting with sample
size 36 and evaluation sample size 500, with penalized kerenel LDA added

Simulation Setting KLDA LDA SDA KDA.lin KDA.gau pKLDA.I1 pKLDA.12
f=x withr =1 0.974 0.638 0.786 0.762 0.925 0.982 0.982
f=a with r =0.5 0.865 0.629 0.775 0.757 0.864 0.870 0.870
f = with r =0.2 0.717 0.628 0.730 0.711 0.748 0.723 0.723
f =z with r =0.1 0.585 0.547 0.595 0.577 0.635 0.587 0.587
f =z with r =0 0.502 0.503 0.502 0.499 0.519 0.502 0.502
f =2 with r =1 0.974 0.629 0.787 0.755 0.928 0.980 0.980
f=a*withr=0.5 0.841 0.614 0.764 0.738 0.843 0.845 0.845
f=2*withr =02 0582 0.530 0.579 0.579 0.584 0.583 0.583
f=2*withr=0.1 0537 0.526 0.540 0.534 0.557 0.539 0.539

Table 4.5: Classification accuracy for simulation scenario 1 in normal setting with sample
size 100 and evaluation sample size 500, with penalized kerenel LDA added
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Simulation Setting KLDA LDA SDA KDA.lin KDA.gau pKLDA.I1 pKLDA.12
f =z with r =1 0.985 0.648 0.784 0.763 0.977 0.985 0.985
f=zwithr=05 0.877 0.638 0.779 0.759 0.883 0.893 0.893
f=x with r =0.2 0.724 0.593 0.706 0.725 0.712 0.724 0.724
f=xwithr=01 0591 0.549 0.622 0.593 0.649 0.595 0.595
f=x with r =0 0.501 0.495 0.502 0.494 0.524 0.500 0.500
f = 2% with r =1 0.985 0.635 0.783 0.759 0.979 0.987 0.987
f=a*withr =05 0.842 0.596 0.741 0.718 0.848 0.854 0.854
f=a*withr=0.2 0.555 0.520 0.576 0.552 0.560 0.560 0.560
f=a?withr=0.1 0.522 0.516 0.540 0.518 0.546 0.523 0.523

Table 4.6: Classification accuracy for simulation scenario 1 in normal setting with sample
size 200 and evaluation sample size 500, with penalized kerenel LDA added
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setup. However, when the signal decreases, as low as between 0 and 0.5, the penalized KLDA
methods work similarly with SDA, with slightly better performance at signal 0.5 and almost

same accuracy for weaker signals.

4.3.6  Summary of Simulation Results

At the end of the section, we would like to provide suggestions to choose among kernel LDA
and kernels. When the omics data are low dimensional, we suggest applying kernel LDA
with linear kernel, which achieves relatively good accuracy with low cost of computation
resources. When the data are moderately high-dimensional, the KLDA with linear kernel
no longer retains its good performance, we instead recommend KLDA with Gaussian kernel,
with or without penalties. When the number of parameters is larger than the number of
samples, we then recommend the penalized KLDA with properly chosen penalty terms given
the consideration of omics data. When the microbial auxiliary data are with specific types

such as relative abundance, we recommend adding Bray-Curtis kernel in consideration.
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Simulation Setting SDA pKLDA.I1 pKLDA.I2

f=x with r =1 0.804 0.903 0.908
f=ax with r=0.5 0.796 0.829 0.838
f =z withr =02 0.719 0.718 0.684
f=a withr=0.1 0.645 0.637 0.607
f=x with r =0 0.524 0.516 0.501
f =z with r =1 0.819 0.821 0.929
f=xwithr=0.5 0.789 0.833 0.804
f=x withr=0.2 0.586 0.589 0.574
f=xwithr=0.1 0.533 0.533 0.542

Table 4.7: Classification accuracy for simulation scenario 2 in normal setting with sample
size 36 and evaluation sample size 500

Simulation Setting SDA pKLDA.I1 pKLDA.12

f=x withr =1 0.788 0.924 0.929
f=a withr=0.5 0.776 0.807 0.830
f=zwithr =02 0.747 0.704 0.721
f =z withr=0.1 0.669 0.612 0.648
f =z with r =0 0.505 0.508 0.497
f =z withr =1 0.802 0.900 0.930
f =z withr =05 0.775 0.788 0.801
f=a withr=0.2 0.579 0.586 0.566
f=a withr=0.1 0.532 0.543 0.528

Table 4.8: Classification accuracy for simulation scenario 2 in normal setting with sample
size 100 and evaluation sample size 500



Simulation Setting SDA pKLDA.I1 pKLDA.I2

f =z with r =1
f = with r =0.5
f = with r =0.2
f=a with r =0.1
f=x with r =0
f =z with r =1
f = with r =0.5
f = with r =0.2
f = with r =0.1

0.775
0.782
0.741
0.728
0.491
0.786
0.758
0.582
0.532

0.936
0.817
0.724
0.651
0.493
0.908
0.799
0.567
0.514

0.942
0.824
0.705
0.591
0.500
0.950
0.808
0.590
0.553
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Table 4.9: Classification accuracy for simulation scenario 2 in normal setting with sample

size 200 and evaluation sample size 500
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4.4 Real Data Analysis

Our dataset comes from MsFLASH (Menopause Strategies: Finding Lasting Answers for
Symptoms and Health) Trial (Mitchell et al., 2021), which is a randomized clinical trial for
women post-menopausal with vaginal discomfort between June 2016 and APril 2017 while.
DNA extraction and polymerase chain reaction (PCR) amplification and sequencing of the
16S rRNA gene were performed at enrollment of the study as well as at 4th and 12th weeks
of visits. We assume microbiome data are expensive to collect and misses for one sample each
time, then we take use of the metabolites as the core design matrices for the model input.
After removing taxa presenting less than 10% of samples, disparsifying taxon and log-ratio
transforming the data, we successfully collected 43 samples with 199 metabolic covariates and
43 samples with 380 bacteria taxon and at baseline. Samples are classified based on the pH
value, whether smaller, equal or larger than 7, based on the records at week 12. For model
selection, we use five folds of cross-validation to tune hyper parameters. We also use another
fold of leave-one-out cross validation to calculate the testing accuracy.

We first explore the data by dividing samples into three classes based on their pH acidity,
neutrality or basicity. To visualize the effect penalized LDA method, we draw two by two
discriminant plots with classes different colored. As shown in Figure 4.3, the samples with
pH< 7 (colored in red) and pH> 7 (colored in green) are almost separated in the discriminant
plot of SDA, but the samples with pH= 7 mix the other two classes such that SDA fails to
classfy all three classes. In Figure 4.4, three classes are better separated in the transformed
discriminant spaces of high-dim kernel LDA with Gaussian kernel and L2 penalty. Though
some samples of acidity cannot be fully distinguished from the others, we observe a huge
improvement from SDA to Kernel LDA.

We compare our proposed kernel LDA in high-dimensional cases with linear, Gaussian,

and Bray-Curtis kernels with L1 and L2 penalty choices with baseline methods including
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SDA, KDA with linear and Gaussian kernel and logistic lasso. Table 4.10 presents the results
of testing accuracy for all methods of comparisons. Among the baseline methods, KDA with

Gaussian kernel

Methods for Comparison Testing Accuracy
SDA 0.581
KDA linear kernel 0.628
KDA Gaussian kernel 0.744
penalized kernel LDA linear kernel with L1 penalty 0.837
penalized kernel LDA linear kernel with L2 penalty 0.860
penalized kernel LDA Gaussian kernel with L1 penalty 0.860
penalized kernel LDA Gaussian kernel with L2 penalty 0.884
penalized kernel LDA Bray-Curtis kernel with L1 penalty 0.720
penalized kernel LDA Bray-Curtis kernel with L2 penalty 0.790

Table 4.10: Real Data Analysis, using metabolite data with auxiliary microbial data to
categorize samples by class 1 (pH < 7), class 2 (pH > 7), and class 3 (pH =
7), with leave-one-out cross validation. The model with best performance is

highlighted in bold.

Testing accuracy are shown in the Table 4.10. Among the baseline methods, KDA with
Gaussian kernel has the highest testing accuracy as 0.744 (32/43). Among our proposed
methods, high-dim kernel LDA with Gaussian kernel and L2 penalty, High-dim kernel LDA
Gaussian kernel with L2 penalty has highest testing accuracy as 0.884 (38/43). Our proposed

methods have better classification accuracy than baseline methods.
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4.5 Discussion

In this chapter, we propose penalized kernel LDA as a method by integrating auxiliary data
that exists for training but missing for testing to achieve higher discriminant analysis accuracy,
that can be extended to high-dimensional omics data. The way to incorporate the partially
existing data is to put them into the kernel machine so that it can help find better weighted
discriminant coordinates. Penalized Kernel LDA provides a flexible approach to model the
omics data with co-informative microbial data with traditional clinical records at the same
time considering nested structure of correlations.

By fitting the sparse kernel linear discriminant analysis model using metabolic data as
main input while integrating the microbiome data as co-informative auxiliary data with kernel
machines, penalized kernel LDA model provides flexibility in the face of unknown microbiome
data in the evaluation part but still achieve higher accuracy compared with existing methods.

Simulations show that, when the data are low dimensions or moderate high-dimensions,
penalized KLDA has classification accuracy similar to or slightly higher than the KLDA.
When the data are high-dimensional, it provides an achievable solution to the classification
problem by providing multiple choices of penalties.

Facing the real data in high-dimensional settings, penalized KLDA with L2 penalty and
Gaussian kernel performs the best to classify samples by predicting their pH values, and it
even out performs the logistic lasso, which is a common choice of high-dimension classification
problem that we seen similar performance in the simulation settings.

The choices among kernels for the microbiome data among linear, Gaussian and Bray-
Curtis kernels are all available. Our suggestion is to first apply the methods with linear kernel
and Bray-Curtis because they do not have additional hyper parameters as with Gaussian
kernel, such that the former two kernels take less computation effort to get the results. When

there are potential non-linear effects or functional structures involved in the microbiome data,
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we would recommend a Gaussian kernel.

Similarly when we face the choices between L1 and L2 penalties, we recommend the L2
penalty as the first solution since it is more interpretative for omics data without induce
sparsity, as well as would take less computing resources. Recommendations of choosing
proper kernels are also included in this dissertation. If the dimension of omics data are highly
sparse and highly depersonalized, we recommend L1 penalty. And if more complicated data
structures show up, for example the omics data comes with tree based structures, we can
further apply a fused lasso as the penalty to better incorporate the statistical characteristic

of the data.
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Chapter 5
DISCUSSIONS AND FUTURE WORK

The investigation of the microbiome-omics data integration has become a popular topic
of scientific and clinical investigation into health, disease, and treatment strategies. With the
development of microbiome methods, there is a growing demand to accommodate modern
study designs from a biostatician perspective to incorporate structural information at the early
stage of clinical or biomedical studies. Identification of omics covariates that are associated
with whole microbial taxa communities and higher classification or prediction accuracy can
be achieved based on the better understanding of microbiome data. The methods proposed
in this dissertation can add valuable tools to a microbiologist’s or bioinformatician’s toolbox
in both of these areas. They also point towards new avenues for further statistical methods

development.

One potential future work is to incorporate more phylogenetic information in the kernel
LDA models. In the analysis of MsFlash Data, the microbiome data are only collected with
microbial taxa abundance, without phylogenetic structures, and we are able to compare
the KLDA with Linear, Gaussian and Bray-Curtis kernels with existing methods. As an
extension, it will be valuable if there is data available with coefficients assigned to branches of
a phylogenetic tree. The existing phylogenetic trees will allow us to apply the kernel machines
that account for phylogenetic structures, for example, kernels based on UniFrac distance of
similarities.

Another important area of further development is to apply the KVV methods into genetic

data, such that we are able to use microbiome data to facilitate gene-based analysis of GWAS.
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Although environmental influences dominate the gene expressions, there is considerable
evidence that microbial diversity as well as individual microbes are associated with human
genetics. Since there is no direct, easy mapping from SNPs with microbes, it is a future
direction to apply the sparse KRV method to harness microbiome data to increase power to
identify genetic variants associated with health markers. Genetics data are sharing some joint
properties with omics data that can potentially benefit from the KRV methods. We hope
that the data integration will be conducted in a first stem, in which the samples with both
genomic and microbiome data are defined. For each gene along the genome, we apply the
sparse KRV method and find the weights vector for variants of the gene. We can further use
the linear combination of weights and variants to be a new variable which can be assessed for
association with a complex trait in a new data set.

Meanwhile, throughout this dissertation, we do not examine the direction of causality
among microbiome, omics and disease. Although the DNA sequencing of humans rarely
changes along with time, it is challenging to answer the question if there are potential
associations between diseases and gene expression or metabolisms mediated by the microbial
composition, or vice versa. Recently, there are scientists developing new methods to analyze
microbiome data using graphical models and with causal justifications, and we hope our
methods can be extended with those approaches. In methodological aspect, both KRV and
KLDA will be full-filled with deep understanding in a causal relationship, and in practice,
the penalized KLDA can be extended with other penalties such as graphical lasso such that

the methods can be applied to more types of situations.
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Appendix A
APPENDIX FOR CHAPTER 2

A.1 Alternating Direction Method of Multipliers for Linear Kernel

Let

w w
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Then the ADMM algorithm for a linear kernel is
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1

2 Syl + A = <0 if o+ LAl <2 (A.3)

\
PE k4w (c T g — M) (A.4)

AL b (kgL (A.5)
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A.2 Additional Simulation Results for Gaussian Kernel

I this section, we simulate genomic data with non-linear association with microbiome data

according to

Z;; =( Z Oék};(k)) + €5 (A.6)
keA; (k)

where 1(+) is a exponential function. To present the results, we assign Gaussian kernel with
hyperparameter p to genomic data Z. For microbiome data, we use same kernels as in linear
settings. Similarly, we also perform simulations in three scenarios as stated in the main text.
For hyperparameter choices, we use a grid of p to be chosen in 20 grid between 0.01 and 10,
presenting the best results among these rho’s. For scenario 1 and 2, we choose p = 0.4, and
for scenario 3, we choose p = 0.1. We just choose among 20 due to limitation of resources.
Actually, as increasing of p, we obtains a larger False discovery with a larger True discovery.
Results are shown in the following tables.

For scenario 1, the Bray-Curtis performs the best compared with other kernels. For
scenario 2, weighted Unifrac and unweighted Unifrac win over Bray-Curtis and generalized
Unifrac. Comparing between the best two kernels for scenario 2, weighted Unikrac tends to
have higher true positive but also slightly higher false positive. For scenario 3, unweighted
Unifrac performs the best, though the true positive is much lower than the other scenario
because there are rare signals to detect in this setting.

Comparing Gaussian cases with linear cases, results are shown that Gaussian kernels can
be used when there are non-linear association between data. However in practice, we suggest
use linear method first since Gaussian took more computing resources and memories to run,

and need to find a proper hyperparameter p to make the model works better.
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Method Metric 5 10 20 30
TRUE 4.62 941 17.59 26.76
Kge FALSE 0.82 2.04 204 1.32
HAM 1.2 2.63 4.45 4.56
TRUE 4.18 825 16.47 24.62
K, FALSE 1.27 299 383 2.63
HAM 209 474 736 8.01
TRUE 4.11 82 16.33 24.5
K, FALSE 1.72 3.03 3.41 2.38
HAM 2.61 483 7.08 7.88
TRUE 4.14 827 16.43 25.61
K FALSE 1.53 2.81 3.69 2.87
HAM 2.39 454 7.26 7.26
TRUE 279 1.7 163 2.66
CCA FALSE 1392 1.07 0 0.28
HAM 16.13 9.37 18.37 27.62

Table A.1: Scenario 1 results, Gaussian Kernel, p =1

Method Metric 5 10 20 30
TRUE 4.23 838 1651 24.71
Kpe  FALSE 1.38 2.85 269 1.78
HAM  2.15 447 6.8 7.07
TRUE 4.63 922 18.38 27.58
K, FALSE 0.25 1.87 184 2.75
HAM 062 2.65 3.46 5.17
TRUE 4.15 871 17.35 26.49
K, FALSE 034 1.12 183 2.25
OAM  1.19 2.41 448 5.6
TRUE 4.18 828 16.43 24.62
Ko FALSE 1.31 1.66 3.67 2.89
HAM  2.13 3.38 724 827
TRUE 205 1.81 3.04 327
CCA  TFALSE 805 2.04 157 0.28
HAM 11 1023 1853 27.01

Table A.2: Scenario 2 results, Gaussian Kernel



Method Metric 5 10 20 30
TRUE 286 5.66 10.97 144
Kge FALSE 286 5.66 10.97 144
HAM 3.22 588 1246 18.46
TRUE 293 563 11.09 15.64
K, FALSE 1.58 211 429 3.71
HAM 3.65 648 13.2 18.07
TRUE 3.12 6.06 12.06 18.06
K, FALSE 121 176 4.09 3.5
HAM 3.09 5.7 12.03 15.44
TRUE 3.06 592 116 17.31
Ko FALSE 1.65 128 4.73 3.88
HAM 3.59 536 13.13 16.57
TRUE 3.12 3.9 6.61 7.67
CCA FALSE 1047 599 395 1.76
HAM 12.35 12.09 17.34 24.09

Table A.3: Scenario 3 results, Gaussian Kernel
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