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This dissertation develops a string stable, constant-spacing control strategy for connected

autonomous vehicle networks with robustness to communication delays and cutoff. It is

well-known that decentralized constant-spacing strategies cannot achieve string stability,

which requires the error to decrease as it propagates downstream. Introducing a centralized

approach could achieve string stability in constant-spacing platoons. However, the benefits

of introducing centralized control are questionable under communication limitations, like

delays and cutoffs, which are common in modern traffic networks. Therefore, this thesis

develops a new constant-spacing control approach that is robust to communication delays

and cutoff. Moreover, this thesis develops conditions for guaranteeing string stability for

constant-spacing policy (CSP) under communication delays. Furthermore, this dissertation

applies the proposed control approach to a mixed vehicle network at a signalized intersection

with vehicle-to-infrastructure (V2I) connectivity, as well as a human-led platoon.
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Chapter 1

INTRODUCTION

Longitudinal cruise control with constant spacing policy (CSP) enables platoons with

small inter-vehicle distances, resulting in improved fuel efficiency, and increased traffic through-

put [4, 5, 6]. However, it is well-known that constant spacing cannot be maintained together

with string stability when using decentralized approaches, which rely only on local sensing

information about the preceding vehicle [7, 8]. Using centralized communication from the

leader vehicle to the followers, resolves the problem and enables constant spacing with string

stability [9, 10]. However, the performance of the resulting connected autonomous vehicles

(CAVs) network is vulnerable to communication issues [11], e.g. (i) large communication

delays can lead to slower oscillatory convergence to consensus and (ii) communication loss

can lead to large spacing errors. Large communication delays and communication loss can be

caused by environmental jamming or during transmission over long distances. For example,

in locations with a high rate of jamming, the system needs to reduce the packet delivery rate

in order to reject unwanted messages [12]. Furthermore, large transmission and receiving

distances in the hundreds of meters, which is anticipated for truck platooning on highways,

can greatly increase the path loss and communication delay of vehicle-to-vehicle communi-

cation [13]. Therefore, there is a need to develop control protocols with robust performance

in the presence of such communication problems.

This thesis develops a blended control approach for achieving string stability CSP for

CAV networks, in the presence of local sensing delays and large communication delays and

cutoffs. Furthermore, the proposed approach is shown to achieve better traffic capacity in

a mixed traffic network with only partial connectivity to the source and interventions from

human participants.
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A brief discussion of the research goals and main contributions of the thesis is presented

below. Detailed information is discussed in subsequent chapters.

1.1 Research Goal

The main goal of the research is presented, which leads to the development of the research

questions and main contributions of this thesis. String stability of the network describes

the propagation of the spacing error. The vehicle network is said to be string stable if the

spacing errors do not amplify along the vehicle platoon downstream, i.e. the magnitudes of

the error propagation transfer functions Gi(s) of the followers (i ≥ 2) satisfy∣∣∣∣Gi(jω) =
δi+1(s)

δi(s)

∣∣∣∣ < 1, ∀ω > 0, (1.1)

where the spacing error δi(s) defined as

δi(s) = xi−1(s)− (1 + λs)xi(s). (1.2)

where λ is the headway time of the network, xi is the longitudinal position of the vehi-

cle. Depending on the selection of the headway time λ, the tracking control policy can be

categorized by

1. constant-spacing policy (CSP): λ = 0, the target inter-distance between the vehicles of

the network do not expected to amplified as the speed of the network increases.

2. constant-headway-time policy (CTH): λ > 0, the target inter-distance between the

vehicles of the network amplifies as the speed of the network increases.

The traffic capacity with the use of CSP is better than the one with the use of CTH,

because CSP results in more compact space utilization. However, CSP platooning is a more

challenging problem for autonomous platooning compared with CTH platooning, since it

results in higher requirements on spacing control in order to maintain a fixed distance among

the vehicles and avoid unnecessary stop-and-go actions, regardless of the traffic speed. Given
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the odometer information of the vehicle xi(s) and local sensing information to the predecessor

di = xi−1(s)− xi(s), a standard controller can be given by [8]

x
(3)
i (s) = ui(s) = (Cp + Cvs)δi(s) + (Kvs+Kas

2)xi(s). (1.3)

Standard control approach like Eq. (1.3) is decentralized since Eq. (1.3) do not require

information from a remote source, like information from the state of the leader x1(s) and

tracking error x1(s)−xi(s). However, it cannot achieve string stability and constant-spacing

tracking together.

1.1.1 Decentralized CSP platoon leads to string instability

Decentralized approach Eq. (1.3) does not satisfy the string stability condition Eq. (1.1) with

CSP policy λ = 0, with any selection of the control parameters [8], as illustrated by Fig.

1.1. The maximum spacing error of the fifth follower ∥δ5(t)∥∞ is about 2.2 meters, which is

amplified compared with the maximum spacing error of the first follower ∥δ1(t)∥∞, which is

about 1.6 meters. Such amplification of the spacing error continues along the downstream

of the network, which can not be bounded without giving the length of the network. The

bode plots of the error propagation transfer function G(s) show that the controller Eq.(1.3)

amplifies a specific range of low-frequency components (0 - 2 rad/s) of the input, which

finally results in the amplification of the spacing error. Furthermore, the conclusion has

been extended in [7], such that string stable decentralized CSP is not achievable with any

linear feedback control law for a vehicle system with the relative degree r ≥ 2.

On the other hand, string stability can be guaranteed using CTH policy. The minimum

headway time can be derived in order to guarantee string stability [8]. However, the presence

of the headway time results in additional inter-distance among the vehicles as the cruise speed

of the network increases, which is not applicable in some scenarios like vehicle formation

control and fuel-efficient truck platooning, which requires accurate constant-spacing control

in order to improve fuel economy using the drag effect on highways [14].
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Figure 1.1: Decentralized CSP (λ = 0) results in string instability. Left: The maximum of

the spacing error δi(t) amplified as vehicle index i increases. Right: The maximum magnitude

of the transfer function G(s) in Eq.(1.1) is greater than 1, which fails the string stability

condition in Eq. (1.1).

1.1.2 Centralized control CSP Platoon Achieves String Stability

Centralized information, i.e. the target distance of the ith vehicle x̃d,i, could be used to

augment the decentralized control approach Eq. (1.3), as illustrated in Fig. 1.2, in order to

achieve string stability and constant-spacing control together, for example,

x
(3)
i (s) = (Cp + Cvs+)δi(s) + (Kvs+Kas

2)xi(s) +Dp(x̃d,i(s)− xi(s)) (1.4)

However, such centralized approaches need to establish inter-agent communications be-

tween the leader and all the followers in order to compute the target state x̃d,i, which increases

additional costs for the communication infrastructure. Besides, communication delays and

cutoffs from long-distance transmissions, jamming, and cyber-threats could cause the vehicle

system internally unstable and string unstable [10].
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Figure 1.2: Centralized vehicle platoon with n vehicles. Each follower vehicle i ≥ 2 gets

(i) centralized information about its desired position x̃d,i = x0(t)− (i− 1)ds where x0 is the

desired position of the lead vehicle and (ii) decentralized local sensing information of its own

position xi and the relative positioning error δi = xi−1 − xi in Eq. (1.2) with respect to its

predecessor vehicle.

Figure 1.3: Compare Decentralized approach Eq. (1.3)and centralized approach Eq.(1.4)
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1.1.3 Research Goal

The goal of this research is to present a centralized approach that guarantees string stability

Eq. (1.1), as well as robustness to large communication delays. Additionally, the proposed

method also reduces the additional inter-spacing Eq. (1.2) when centralized communication

is cut off or not available, compared with standard decentralized platooning.

Based on the research goal, the research questions (RQs) of this thesis, and the main

contributions (MCs) and proposed research to address the questions are given below.

1.2 RQ1: Can we achieve string stable CSP with robustness to communica-
tion delays and cutoff?

It is well-known that decentralized approaches cannot achieve string stability together with

constant-spacing tracking. Therefore, it is necessary to use centralized approaches in order to

achieve string stability for CSP. The degraded performance from the communication delays

can be mitigated by blending the centralized command with a decentralized approximation

of it, which only uses already available local sensing information in historical data.

1.3 MC1: String stable and robust connected CSP using blended DSR

This section introduces the first main contribution together with Anuj Tiwari, Brian Fabien

and Santosh Devasia. It has been published in IEEE Transactions on Intelligent Transporta-

tion Systems [1]. This work proposes a control approach which (i) enlarges the acceptable

upper bound of communication delays for maintaining string stability and constant spacing,

and (ii) reduces the constant-spacing error Eq. (1.2) when the centralized vehicle network

degrades to decentralized network due to communication loss. The main idea is to use the

delayed self reinforcement (DSR) approach [15] for decentralized control. The main contri-

bution of this work is the following.

(i) Development of a new blended DSR approach with both (a) decentralized DSR and

(b) centralized communication as opposed to purely decentralized cases studied in prior

work [15].
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(ii) Finding conditions for the blended DSR-based, constant-spacing network to guar-

antee internal stability and string stability with delayed centralized command and loss of

communication. Moreover, the steady-state spacing error under communication loss is also

quantified.

(iii) Illustration of the DSR parameter selection and impact under different communica-

tion conditions using a simulation example.

1.4 RQ2: Can blended DSR improve the CSP tracking with partial connec-
tivity?

MC1 can be applied to CSP platooning since it guarantees string stability. Furthermore,

it improves the CSP tracking by reducing the steady-state spacing error when the commu-

nication is lost. However, before the vehicular communication technology popularizes, it is

challenging to guarantee all the agents in the traffic network have communication capability

to the source command as assumed in MC1. The second main research question addressed

in this thesis is to examine the benefits brought by the blended DSR approach in such mixed

traffic networks with CAVs and AVs.

1.5 MC2: Safely improving the velocity cohesion of a mixed autonomous
vehicle network at signalized intersections with blended DSR

This section introduces the second main contribution together with Anuj Tiwari, Brian

Fabien and Santosh Devasia. It has been published in IEEE 8th Indian Control Conference

(ICC 2022) [2]. The main contribution of this work is to improve the performance of the

mixed AVs network which only has partial connectivity to the source for longitudinal spacing

control by improving the velocity cohesion using the blended DSR approach proposed in

MC1. The blended DSR is shown to improve the response speed of each AV in a mixed

AV network for a more cohesive response to desired velocity changes which leads to smaller

longitudinal spacing variations in such networks, and therefore, to better traffic capacity and

improved safety.



8

1.6 RQ3: Can blended DSR improve the CSP tracking of a mixed traffic with
human?

In the near future, the traffic network will include CAVs, AVs and traditional vehicles driven

by human. MC2 shows that the blended DSR approach can improve the mixed AV network

with CAVs and AVs. However, the presence of HDVs will introduce uncertain behaviors to

the mixed traffic network since human drivers perceive the driving environment and make

decisions in very different ways. The third main research question addressed in this thesis

is to quantify the benefits brought by the blended DSR approach, as well as verifying the

improvements in traffic throughput of the mixed traffic with HDVs, with the use of the

blended DSR approach.

1.7 MC3: Increasing the traffic capacity of mixed traffic with human-driven
vehicles at signalized intersections using blended DSR

The main goal of this proposed work, is to improve the traffic throughput of the mixed traffic

network with CAVs, AVs and HDVs by improving the response time of the network using

a DSR-based approach [15]. It has been shown that DSR can improve the settling time of

partially-connected AV networks by increasing the response time of the decentralized AVs

in the network from MC2.1 [2]. Therefore, it can be used to improve the throughput of the

mixed traffic network with HDVs for a faster response to desired traffic speed change, which

results in smaller longitudinal spacing loss and thus better traffic capacity.

1.8 Research summary

The outline of the dissertation contribution is provided in Fig. 1.4.

1.9 Structure of the thesis

The subsequent chapters begin with a background in Chapter 2 which provides a brief review

of the MCs. Chapter 3 introduces MC1 in detail, including the formulation of the blended

DSR approach, the derivations of the upper bounds on communication delays, as well as an
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Figure 1.4: Research Timeline, publication [1], [2]

illustration of the parameter selections. Chapter 4 introduces MC2, which examines the

blended DSR approach in MC1 with only partial connectivity, with an application on a

signalized intersection. Chapter 5 introduces the last main contribution MC3, including the

analysis and prediction of traffic capacity, as well as the simulation results using Simulation

of Urban MObility (SUMO) platform.
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Chapter 2

BACKGROUND

This chapter provides a background of the available literature concerning each of the

research questions (RQ1, RQ2 and RQ3) addressed in this thesis, taken from the main

contributions (MC1, MC2 and MC3).

2.1 String stable and robust connected CSP using blended DSR (MC1)

String stable CSP can be achieved by introducing centralized command. However, the con-

nected CSP network can be string unstable again with communication limitations like delays

[11]. Previous works have addressed the issue of small communication delays or short peri-

ods of communication loss on the performance of the CAV network. For example, an upper

bound of communication delay to maintain string stability depends on the vehicle dynam-

ics and can be found numerically [16] or analytically depending on the selected headway

time [17]. Furthermore, sufficient conditions on the communication delay can be derived

analytically to guarantee the internal stability [18] and string stability [10]. However, for

large communication delays, even with string stability and internal stability, the performance

in terms of settling time (for converging to consensus) can be large. Similarly, short term

communication loss can be addressed using estimation techniques to infer the lost central-

ized command [19, 20, 21]. However, such methods are not applicable for large delays in

communication or when communication is lost for long periods of time. In particular, when

the communication is lost for extended periods of time, the centralized control structure

degrades to the decentralized ones, which cannot maintain both constant-spacing and string

stability as discussed before. Thus, current CSP has challenges when dealing with large

communication delays or loss in communication for extended periods of time.
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The main idea is to use the delayed self reinforcement (DSR) approach for the decen-

tralized control. The DSR approach seeks to implement the ideal, non-delayed centralized

command which results in ideal platooning from the current and delayed local sensing in-

formation, and to improved cohesion. Since the DSR approximates the ideal centralized

command, it leads to low spacing errors in the platoon with large communication delays and

even when the communication is lost.

2.2 Improve velocity cohesion using the blended DSR with partial connectiv-
ity (MC2)

As connected autonomous vehicles (CAVs) with communication capabilities become available

[22, 23], traffic-light scheduling information can be broadcast to vehicles approaching an

intersection using traffic-light-to-vehicle-communication (TLVC) to improve fuel economy

and journey time, as studied in [24, 25]. Specifically, vehicles adjust their velocities according

to the upcoming traffic-light time and phase information to reach the intersection during its

green phase and avoid braking, using predictive cruise control (PCC) [25], which reduces fuel

consumption and time for operation. However, it is impossible to cover all the vehicles in the

traffic network with communication capability in the near future. Based on the development

and adoption of autonomous vehicle (AV) technologies, AVs with moderate price are expected

to constitute only 20% - 50% of the traffic around 2040s [26, 27]. Therefore, the traffic-signal

information might not be available to every vehicle in a network, due to unavailability of

dedicated communication capabilities in some vehicles. Furthermore, not all vehicles might

be secure for wireless communication due to cyber-physical security threats [28]. Therefore,

it is crucial to develop a protocol for such mixed AVs networks, with a mix of CAVs with

communications capabilities, and non-cooperative AVs which only use local sensing using

radar, lidar or vision to gather information about neighboring vehicles and environment to

navigate in traffic, such as adaptive cruise control [29].

Cohesive velocity transitions, where all vehicle maintain similar velocities during ve-

locity changes, is essential for efficient traffic flows and fuel savings [30]. However mixed
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autonomous vehicle networks have limits on the cohesion during such maneuvers due to het-

erogeneity in communication capabilities, which results in increased possibility of varying

spacing between vehicles and undesirable braking, and therefore lower traffic flow capacity

[26]. The main contribution of the article is to improve the performance of the mixed AVs

network for longitudinal spacing control and velocity tracking by improving velocity cohe-

sion using delayed self reinforcement (DSR). The advantage of using DSR, which has been

used for cohesive transitions with faster responses in networked systems in [15, 31], is that

it can be implemented using the already existing information in the vehicle network with-

out network-connectivity modifications. Thus, DSR can be used to improve the response

speed of each vehicle in a mixed autonomous vehicle network for a more cohesive response

to desired velocity changes. A more cohesive response leads to smaller longitudinal spacing

variations in such networks, and therefore, to better traffic capacity and improved safety.

2.3 Improve response time of mixed traffic network with blended DSR (MC3)

As vehicular communication techniques become more available, traffic light information can

be broadcast to autonomous vehicles (AVs) approaching the signalized intersection to im-

prove their mobility, fuel economy and traffic capacity[32]. Connected autonomous vehicles

(CAVs) with connectivity to traffic light scheduling information are able to adjust their

velocities based on the phase information and avoid unnecessary braking activities, which

reduces fuel consumption and time for re-acceleration [33]. However, it is neither possi-

ble to implement communication techniques on all the autonomous vehicles, nor create a

traffic environment without human driven vehicles (HDVs) in the near future. According

to the development and adoption rate of AV technologies, AVs and CAVs with moderate

price are expected to consist 20% to 50% of the market around 2040s [26][27]. Therefore,

it brings questions to the benefits brought by vehicular communication techniques under a

mixed traffic environment with AVs, CAVs and HDVs. Furthermore, the connectivity to

traffic scheduling information is vulnerable to signal jamming and cyber-security attacks,

which might cause temporary loss of communication on CAVs [28] and degrades CAVs to
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AVs [20, 34]. Therefore, it is critical to develop a vehicle control protocol for mixed traffic

networks including (1) CAVs with connectivity to traffic scheduling information, and (2)

AVs which only relies on local sensing techniques like radar, camera to gather surrounding

information to navigate in traffic, and (3) HDVs with stochastic human driver features.

Response time of the vehicle, which describes the time for the vehicle to transit to the

target speed, is closely related to the traffic capacity. Larger response time results in addi-

tional spacing loss among the agents of the network during the transition, which is one of the

reason for low traffic capacity [35]. Currently, the traffic capacity of the mixed traffic is lim-

ited by the response time of HDVs and the minimum designed headway time of decentralized

AVs [26, 36]. The main contribution of this paper is to improve the traffic throughput of the

mixed traffic network by improving the response time of the network using delayed self rein-

forcement (DSR), which approximates the centralized-based control by decentralized control

which uses already-available information from historical data, without changing the network

topology and connectivity to the source [15]. It has been shown that DSR can improve the

settling time of partially-connected AVs network by increasing the responses time of the

decentralized AVs in the network[2]. Therefore, it can be used to improve the throughput of

the mixed traffic network with human for a faster response to desired traffic speed change,

which results in smaller longitudinal spacing loss and thus better traffic capacity.
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Chapter 3

MC1: STRING STABLE AND ROBUST CONNECTED CSP
USING BLENDED DSR

This chapter proposes an approach to make constant-spacing vehicle platoons robust

to large delays and loss of communication (MC1) and is based on a work published in

IEEE Transactions on Intelligent Transportation Systems [1]. It is well known that central-

ized communication of the desired trajectory is important to simultaneously guarantee both

string stability and constant-spacing in platoons. However, the performance of the resulting

connected vehicle system (CVS) is vulnerable to large communication delays and commu-

nication loss. The main contribution of this work is a new delayed-self-reinforcement-based

(DSR-based) approach that approximates the centralized communication based control by a

decentralized predecessor follower (PF) control. The resulting blending of centralized com-

munication with the decentralized DSR approach results in predecessor-leader follower (PLF)

control with (i) robustness of the convergence to consensus under large communication delays

and (ii) substantially-smaller spacing errors under loss of communication. Comparative sim-

ulations show that, for the same level of robustness to internal-stability and string-stability,

the variation in settling time to consensus for PLF with DSR under large communication

delays is 95% less than PLF without DSR and the steady-state error with DSR under loss

of communication is 80% less than PLF without DSR.

3.1 Problem Formulation

3.1.1 Individual vehicle dynamics

The individual heterogeneous nonlinear vehicle dynamics is changed into a first-order ho-

mogeneous dynamics using feedback linearization followed by stable pole-zero cancellations.
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Let the dynamics of each vehicle i ∈ {1, 2 . . .} = Sn have the general form [37, 38]

ξ̇i(t) = fi (ξi(t)) + gi (ξi(t)) ûi(t), (3.1)

x̃i(t) = hi (ξi(t)) , (3.2)

where ξi ∈ Rm, x̃i ∈ R and ûi ∈ R are the state, output position and input of the system.

We assume that each vehicle system has relative degree m, i.e.,

LgiL
k
fi
hi(ξi) = 0, ∀ 0 ≤ k ≤ m− 2, (3.3)

LgiL
m−1
fi

hi(ξi) ̸= 0, (3.4)

where Lh
f stands for the Lie derivative of h(ξi) w.r.t the vector field f(ξi). Then, the mth

derivative of the output x̃i is given by

dm

dtm
x̃i(t) = Lm

fi
hi(ξi) + LgiL

m−1
fi

hi(ξi)ûi, (3.5)

and selecting the control input ũi as

ũi(t) = Lm
fi
hi(ξi) + LgiL

m−1
fi

hi(ξi)ûi(t), (3.6)

yields the linear m-integrator form of the system [38][39]

dm

dtm
x̃i(t) = ũi(t). (3.7)

Therefore, each vehicle’s input-to-output dynamics can be made homogeneous using input-

output feedback linearization even if the original dynamics is heterogeneous and nonlinear

to obtain in the Laplace domain

L̃i(s) =
x̃i(s)

ũi(s)
=

1

smi
, (3.8)

where mi is the relative degree. Stable pole-zero cancellation is achieved by selecting the

control law

ũi(s) = Cff,i(s)ui(s)− Cfb,i(s)x̃i(s) (3.9)



16

Figure 3.1: Stable pole-zero cancellations using controllers Cff,i, Cfb,i in Eqs. (3.10), (3.11)

reduces the vehicle dynamics L̃i to a single-integrator system L depicted inside the red dashed

box. xi is the deviation from the ideal spacing (i− 1)ds with respect to the lead vehicle, as

in Eq. (3.17).

as in Fig. 3.1 with feedback controllers Cff,i, Cfb,i

Cff,i(s) = smi−1 + k1s
mi−2 + · · ·+ kmi−1, (3.10)

Cfb,i(s) = k1s
mi−1 + k2s

mi−2 + . . . kmi−1s, (3.11)

resulting in a first-order closed-loop dynamics Li(s)

Li(s) =
x̃i(s)

ui(s)
=

L̃i(s)Cff,i(s)

1 + L̃i(s)Cfb,i(s)

=
(smi−1 + k1s

mi−2 + k2s
mi−3 + . . . kmi−1)

s(smi−1 + k1smi−2 + k2smi−3 + . . . kmi−1)

=
1

s
= L(s). (3.12)

The controller gains k1, . . . , kmi−1 are designed to avoid unstable pole-zero cancellations

by ensuring that the cancelled polynomial pi(s) = smi−1 + k1s
mi−2 + · · ·+ kmi−1 has roots in

the open left-half of the complex-plane. For example, if each individual vehicle dynamics is

a second-integrator model L̃i(s) = s−2 as in [38, 10], then the controllers

Cff,i(s) = s+ k1, Cfb,i(s) = k1s, (3.13)
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with k1 > 0, would achieve the reduction to the single-integrator system in Eq. (3.12).

Remark 1 (Heterogeneous dynamics). Each vehicle’s input-to-output dynamics can be made

homogeneous using input-output feedback linearization even if the original dynamics is het-

erogeneous and nonlinear – provided each vehicle dynamics has the same relative degree [37].

Remark 2 (Stable-pole-zero cancellation). If the relative degree of the vehicle dynamics is

varying, then the above stable pole-zero cancellation via feedback controller design can be used

to convert the input-output response to the same first order system.

3.1.2 Ideal Centralized CSP

To maintain constant-spacing in a platoon, an ideal scenario is for each vehicle i in the set

of positive integers N , i.e., i ∈ N to receive information about its desired position x̃d,i from

a virtual source as

x̃d,i(t) = x0(t)− (i− 1)ds, (3.14)

where x0 is the desired position of the lead vehicle i = 1 and ds is the desired spacing between

adjacent vehicles. Then, each vehicle in the platoon applies the control law

ui(t) = −α(x̃i(t)− x̃d,i(t)), (3.15)

and α > 0 defines the time constant 1/α. The resulting dynamics can be written as, from

Eqs. (3.12) and (3.15),

ẋi(t) = −αxi(t) + αx0(t) = uc,i(t), (3.16)

where the position xi is defined as the deviation from the ideal spacing with respect to the

lead vehicle, i.e.,

xi(t) = x̃i(t)− (−(i− 1)ds) = x̃i(t) + (i− 1)ds. (3.17)

It is assumed that all vehicles have the desired spacing initially, i.e., xi(0) = x0(0) for

all i ∈ N . With the ideal centralized input uc,i in Eq. (3.16), all vehicle responses are the
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same, i.e., xi(t) = xj(t), and therefore, the constant-spacing policy (CSP) can be maintained

for a given desired position trajectory x0. In matrix form, the ideal centralized control in

Eq. (3.16) can be written as

Ẋ(t) = −αIX(t) + α1x0(t) = uc(t), (3.18)

where X = [x1, x2, . . . , xn]
T , I is the n× n identity matrix, and 1 is an n× 1 vector of ones.

3.1.3 Decentralized CSP with Delayed Self Reinforcement

The ideal centralized approach in Eq. (3.18) can be approximated to be decentralized (e.g.,

where only the lead vehicle has access to the desired trajectory x0) using the delayed self

reinforcement (DSR) approach in [15], as described below. Multiplying Eq. (3.18) with

βK, where β is the DSR gain and K is the pinned graph Laplacian of the CVS network

without the virtual source, with nonzero off-diagonal elements Ki,j = −1 only if vehicle i

receives information (through sensing or communication) about vehicle j where i ̸= j, and

the diagonal elements are Ki,i = Bi −
∑

j Ki,j with nonzero Bi = 1 only if vehicle i receives

information about the desired position ds from the virtual source i = 0, the ideal centralized

dynamics can be rewritten as

βKẊ(t) = −αβKX(t) + αβK1x0(t). (3.19)

If the CVS connectivity contains information paths from the virtual source node i = 0

(providing the desired position information) to each vehicle in the platoon, then the pinned

Laplacian K of the graph without the source node i = 0 is invertible, i.e., det (K) ̸= 0 from

the Matrix-Tree Theorem in [40]. Moreover, the vehicles will achieve consensus eventually,

i.e., K−1B = 1, where B is the source connectivity vector (i.e. row element is nonzero Bi = 1

only if vehicle i is connected to the source and is zero otherwise). Finally, adding Ẋ(t) on

both sides of Eq. (3.19) and rearranging, results in

Ẋ(t) =(I− βK)Ẋ(t)− αβKX(t) + αβBx0(t). (3.20)
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The DSR approach [15] uses delayed versions of already available information to implement

the derivative on the right hand side of Eq. (3.20) as

Ẋ(t) = (I− βK)
X(t)−X(t− τd)

τd

− αβKX(t) + αβBx0(t),

= udsr(t). (3.21)

If there is local sensing delay to measure relative distances, then the terms multiplying K

will get modified as

Ẋ(t) = (I − βK)
X(t− τl)−X(t− τl − τd)

τd

− αβKX(t− τl) + αβBx0(t− τl)

= udsr(t− τl). (3.22)

The above DSR approach can be implemented in a decentralized manner, e.g., with source

information available only to the leader vehicle, and it approximates the performance of the

centralized approach when the desired trajectories vary slowly compared to the time delay

τd > 0 in Eq. (3.21). Conditions for stability in terms of the DSR gain β and delay τd have

been established in [15].

Remark 3 (DSR implementation). An advantage of the DSR approach is that it does not

require additional sensing or communication. Rather, current and delayed versions of the

sensed signals KX and the vehicles position xi, already available to the vehicle controller,

are sufficient for implementation.

Remark 4 (DSR for higher-order vehicle dynamics). The DSR approach to decentralize the

ideal cohesive dynamics as in Eq. (3.21) can be applied even if the homogeneous dynamics L

in Eq. (3.12) of the vehicle is higher order [15].
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3.1.4 Problem statement

In this article, we consider the blending of the centralized and decentralized DSR approach

to achieve good performance even when communication about the desired trajectory x0 is

not always available for all the vehicles. With the blended approach, from Eqs. (3.18) and

(3.21),

ẋi(t) = γudsr,i(t− τl) + (1− γ)uc,i(t− τc), ∀i ≥ 2

ẋ1(t) = γudsr,1(t− τl) + (1− γ)uc,1(t− τl), (3.23)

where 0 ≤ γ ≤ 1 is the blending gain, τc > 0 is the communication delay, τl > 0 is the local

sensing delay, and, udsr,i and uc,i are the ith elements of the DSR and centralized control

inputs respectively. Since the leader has the source information x0, the local sensing delay

τl is applied instead of the communication delay τc in Eq. (3.23). The blended approach

Eq. (3.23) is referred to as PLF with DSR in the following.

Remark 5 (Small communication delay to the leader). Typically, the leader can compute

and generate the source trajectory locally before broadcasting to the followers[41]. Therefore,

the communication delay of the leader to the source trajectory is assumed to be small, and is

considered to be the same as the local sensing delay τl.

Remark 6 (Homogeneous time delays). The time delays τc, τl, τd can be varying for each

vehicle. However, they are assumed to be the same for all vehicles to promote cohesive

responses. If the actual delays are different, each vehicle can add intentional buffer delays

(as needed) to maintain homogeneity in the delays for all vehicles as in Ref. [10].

The following three research questions are addressed next.

(1) Internal stability of CVS: What are the conditions on the blended protocol in

Eq. (3.23) to ensure internal stability of the CVS, i.e., for the real parts of the poles of

the individual-vehicle transfer functions

Ti(s) =
xi(s)

x0(s)
(3.24)
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to be negative?

(2) String stability: What are the conditions on the blended protocol in Eq. (3.23) to

guarantee string stability of the CVS? The CVS is said to be string stable if the spacing

errors do not amplify along the vehicle platoon downstream, i.e. the magnitudes of the error

propagation transfer functions Gi(s) of the followers (i ≥ 2) satisfy∣∣∣∣Gi(jω) =
δi+1(s)

δi(s)

∣∣∣∣ < 1, ∀ω > 0, (3.25)

where the spacing error δi defined as

δi(s) = xi−1(s)− xi(s). (3.26)

(3) Steady-state error: Does the steady-state error converge to zero under the blended

protocol in Eq. (3.23)? Given a step change in the desired velocity, i.e. v0(s) = V/s, the

CVS has no steady state error if the spacing error δi in Eq. (3.26) converges to zero for all

vehicles, i.e.,

lim
t→∞

δi(t) = lim
s→0

sδi(s) = 0 ∀i ∈ N . (3.27)

3.2 Analysis of blended DSR for PLF networks

Internal stability, string stability and steady-state errors for the CVS are established in this

section.

3.2.1 Internal Stability of CVS

Conditions for internal stability of the CVS are developed by (i) finding the transfer functions

Ti in Eq. (3.24) of the vehicle responses xi to the desired lead vehicle position x0, and then

(ii) finding requirements to ensure that the poles of the transfer functions Ti are on the open

left half of the complex plane.
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Figure 3.2: Predecessor-Leader-Follower (PLF) vehicle platoon with n vehicles. Each

follower vehicle i ≥ 2 gets (i) centralized information about its desired position x̃d,i =

x0(t)− (i− 1)ds in Eq. (3.14) where x0 is the desired position of the lead vehicle and (ii) de-

centralized local sensing information of its own position xi in Eq. (3.17) and the relative

positioning error δi = xi−1 − xi in Eq. (3.26) with respect to its predecessor vehicle.

1) Dynamics of the vehicles

Each vehicle uses both the relative positioning error (with respect to the predecessor) and

the source positioning error in control, as illustrated in Fig. 3.2

with the predecessor leader follower network, where the associated pinned graph Laplacian

K ∈ Rn×n in Eq. (3.21) and the source connectivity vector B ∈ Rn are given by [42]

K =


1 . . . 0

−1 1
...

. . . . . .

0 . . . −1 1

 , B =


1

0
...

0

 . (3.28)

The leader (i = 1) vehicle’s state equation with the DSR approach (Eq. (3.21)), for the

pinned graph Laplacian K and source connectivity vector B as defined in Eq. (3.28), is

found to be,
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Figure 3.3: The block diagram of PLF with DSR for the follower vehicles i ≥ 2 in Eq. (3.30),

with communication delay τc, local sensing delay τl, and DSR delay τd. The vehicle control

uc,i using centralized information is depicted in blue and control udsr,i using decentralized

sensing is in red. The DSR augmentation of the traditional feedback is shown in yellow

shaded blocks, and the blending of centralized and decentralized control is shown in green

shaded blocks. When centralized communication is lost uc,i is set to zero. For PLF without

DSR, the yellow blocks are set to zero and the green blocks are set to 1.

ẋ1(t) =(1− β)
x1(t)− x1(t− τd)

τd
− αβ (x1(t)− x0(t))

=udsr,1(t), (3.29)

and the state equation for the followers i > 1 is obtained as,

ẋi(t) =(1− β)
xi(t)− xi(t− τd)

τd
+ β

xi−1(t)− xi−1(t− τd)

τd

− αβ(xi(t)− xi−1(t)) = udsr,i(t). (3.30)

The dynamics of the ith vehicle ẋi(t) can be found by substituting the DSR command from
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Eqs. (3.29), (3.30) and the centralized command from Eq. (3.18) into the blended protocol

in Eq. (3.23) to obtain, in the Laplace domain,

for i = 1,

x1(s)

x0(s)
=

Gc0(s)

s− (1− β)Gm(s) +Gc0(s)
=

Gc0(s)

D0(s)
= T1(s), (3.31)

where T1(s) is the position-transfer function for the lead vehicle, and for the follower vehicles,

i ≥ 2,

xi(s) =
Gc(s)x0 +Gf (s)xi−1

s−Gm(s) +Gf (s) +Gc(s)

=
Gc(s)x0 +Gf (s)xi−1

D(s)
, (3.32)

with

Gm(s) = γe−sτl
1− e−sτd

τd
, (3.33)

Gf (s) = βγe−sτl(α +
1− e−sτd

τd
), (3.34)

Gc0(s) = α(1− γ(1− β))e−sτl , (3.35)

Gc(s) = α(1− γ)e−sτc , (3.36)

D0(s) = s− (1− β)Gm(s) +Gc0, (3.37)

D(s) = s−Gm(s) +Gf (s) +Gc(s). (3.38)

Lemma 1. The position transfer functions Ti(s) in (3.24) for the follower vehicles i ≥ 2

are given by

Ti(s) =

[
Gc(s)

D(s)

i−2∑
j=0

(
Gf (s)

D(s)

)j
]
+

(
Gf (s)

D(s)

)i−1

T1(s), (3.39)

where T1(s) is the lead-vehicle transfer function in Eq. (3.31).

Proof. Eq. (3.39) can be shown by induction
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1. Base case (i = 2): The position transfer function T2(s) can be computed from Eqs. (3.31)

and (3.32) as

T2(s) =
Gc(s)

D(s)
+

Gf (s)

D(s)
T1(s), (3.40)

which is equal to Eq. (3.39) with i = 2.

2. Induction step: Assume Eq. (3.39) is true when i = k ≥ 2. Then, from Eq. (3.32)

Tk+1(s) =
Gc(s) +Gf (s)Tk(s)

D(s)
, (3.41)

and using Eq. (3.39) for Tk(s) results in

Tk+1(s) =
Gc(s)

D(s)
+

Gf (s)

D(s)

(
Gc(s)

D(s)

k−2∑
j=0

(
Gf (s)

D(s)

)j
)

+

(
Gf (s)

D(s)

)k

T1(s)

=
Gc(s)

D(s)

k−1∑
j=0

(
Gf (s)

D(s)

)j

+

(
Gf (s)

D(s)

)k

T1(s), (3.42)

which is equivalent to Eq. (3.39) with i = k + 1.

2) Internal stability conditions

The following lemma shows that the CVS can be made internally stable if the delays in the

vehicle control are small compared to the CVS time constant.

Lemma 2. The internal stability of the CVS protocol is independent of the DSR delay τd if

the DSR gain β is selected as

β = 1. (3.43)
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Moreover, with this DSR-gain selection, the CVS with the blended protocol in Eq. (3.23) can

always be stabilized if the local sensing delay τl and the communication delay τc are small

compared to the CVS time constant 1/α,

max{τl, τc} <
π

2

(
1

α

)
. (3.44)

Proof. The poles s ∈ C of the transfer functions T1 in Eq. (3.31) and Ti(s) in Eq. (3.39)

correspond to the roots of D0(s) = 0 and D(s) = 0. Then, substituting from Eqs. (3.33)-

(3.36) into Eqs. (3.37) and (3.38) and using the condition β = 1 results in

D0(s) = s+ αe−sτl = 0, (3.45)

D(s) = s+ α(γe−sτl + (1− γ)e−sτc) = 0. (3.46)

The CVS is stable with poles (i.e., roots of Eqs. (3.45), (3.46)) at s = −α when the local

sensing delay τl and the communication delay τc are zero and α > 0. Therefore, from

continuity of roots with parameter variations, the CVS will remain stable provided there is

no imaginary axis crossing, i.e., there is no frequency ω such that Eq. (3.45) or Eq. (3.46) is

satisfied at s = jω with j =
√
−1, i.e.,

D0(jω) = jω + αe−jωτl

= jω + α[cos (τlω)− j sin (τlω)] = 0, (3.47)

D(jω) = jω + α(γe−jωτl + (1− γ)e−jωτc)

= α(γ cos(τlω) + (1− γ) cos(τcω))

+ j(ω − αγ sin(τlω)− α(1− γ) sin(τcω))

= 0. (3.48)

which are known as D-curves in the D-subdivision method[43]. First, conditions are found

for Do(jω) = 0 to not have imaginary axis roots. Equating, the real and imaginary parts of
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Do(jω) to zero results in, from Eq. (3.47)

α cos (τlω) = 0, (3.49)

ω − α sin (τlω) = 0. (3.50)

Eq. (3.49) is satisfied if

τlω =
π

2
+ nπ, (3.51)

for n ∈ {0, 1, 2, 3, . . .}, which when substituted in Eq. (3.50) identifies the (positive) imaginary-

axis crossing frequency as ω∗ = α, and the corresponding local sensing delays leading to

imaginary-axis-crossing at ω∗ = α, from Eq. (3.51), is

τ ∗l =
π

2α
+ nπ. (3.52)

Therefore, the imaginary axis crossing can be avoided if the the local sensing delay τl is

smaller than the smallest τ ∗l value in Eq. (3.52) τ ∗l = π/(2α), which leads to Eq. (3.44) of

the current lemma.

Second, conditions are found for D(jω) = 0 to not have imaginary axis roots through the

following three steps.

(i) There are no imaginary axis roots when |ω| > α. Equating the real and imaginary

parts of D(jω) to zero results in, from Eq. (3.48)

α(γ cos(τlω) + (1− γ) cos(τcω)) = 0, (3.53)

α(γ sin(τlω) + (1− γ) sin(τcω)) = ω. (3.54)

Any solution ω satisfying Eq. (3.54) is bounded by α in magnitude, for γ ∈ [0, 1], as shown

below,

ω = α(γ sin(τlω) + (1− γ) sin(τcω)) ∈ [−α, α], (3.55)
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since,

−1 = γ(−1) + (1− γ)(−1)

≤ γ sin(τlω) + (1− γ) sin(τcω)

≤ γ + (1− γ) = 1. (3.56)

Therefore, there can be no roots outside [−α, α].

(ii) If there is an imaginary-axis crossing with ω ∈ [0, α], then −ω would also be a solution

since

α(γ cos(−τlω) + (1− γ) cos(−τcω))

= α(γ cos(τlω) + (1− γ) cos(τcω)) = 0, (3.57)

α(γ sin(−ωτl) + (1− γ) sin(−ωτc))

= −α(γ sin(ωτl) + (1− γ) sin(ωτc)) = −ω. (3.58)

(iii) There are no imaginary axis roots with ω ∈ [0, α]. Assume that there exists ω ∈ [0, α]

such that Eq.(3.53) is satisfied. Then,

α(γ cos(τlω) + (1− γ) cos(τcω)) = 0. (3.59)

However, both cosine terms are positive, i.e., cos(τlω) > 0 and cos(τcω) > 0 since τlω ∈ [0, π
2
)

and τcω ∈ [0, π
2
) when ω ∈ [0, α] from the condition in Eq. (3.44) of the lemma. Therefore,

the positively weighted sum of the cosines cannot be zero, and therefore,

α(γ cos(τlω) + (1− γ) cos(τcω)) > 0, (3.60)

which contradicts the assumption that there exists ω ∈ [0, α] that satisfies Eq. (3.53). There-

fore, there is no imaginary axis crossing of the poles under the condition in Eq.(3.44) of the

lemma, resulting in internal stability of the CVS.

Internal stability is guaranteed when both the local sensing delay τl and the communi-

cation delay τc are bounded as in Eq. (3.44) of Lemma 2. For larger communication delays,
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the internal stability of CVS can still be guaranteed by using a sufficiently-large blending

gain γ, as shown in the next lemma.

Lemma 3. The CVS with the blended protocol in Eq. (3.23) is internally stable, for any

communication delay τc, if the local sensing delay τl and the blending gain γ satisfy

τl <
π

2α
, (3.61)

1

1 + cos(τlα)
< γ ≤ 1 (3.62)

with the DSR gain β = 1 as in Remark 8.

Proof. Internal stability of the lead vehicle is established from Eq. (3.52) in the proof of

Lemma 2, since the condition τl < π/(2α) guarantees that there is no frequency ω ∈ R such

that D0(jω) = 0 (Eq. (3.47)) is satisfied. For the followers, internal stability can be examined

by judging whether there exists ω ∈ R such that Eq. (3.53) and (3.54) are satisfied. With

the blending gain γ selection as in Eq. (3.62), there is no ω ∈ [0, α] that satisfies Eq. (3.53)

since

α(γ cos(τlω) + (1− γ) cos(τcω))

≥ α(γ cos(τlω)− (1− γ))

≥ α((cos(τlα) + 1)γ − 1) > α(1− 1) = 0. (3.63)

The second inequality in Eq.(3.63) follows since cos(τlω) monotonically decreases on ω ∈

[0, α], and τlω ≤ τlα < π/2, from Eq. (3.61). Besides, using arguments in Steps 1 and 2 in

the proof of Lemma 2, there can be no imaginary axis crossing when the frequency is large,

ω > α or negative, ω ≤ 0. Thus, there is no imaginary axis crossing under the conditions of

the lemma, resulting in internal stability of the CVS.

Remark 7 (Blending gain selection). The CVS is internally stable for any selection of the

blending gain γ ∈ [0, 1] if the communication delay τc and local-sensing delays τl are small

with respect to the time constant 1/α, i.e., smaller than π/(2α), according to Lemma 2. In
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the presence of large communication delay τc with respect to the time constant 1/α, i.e.,

τc ≥ π/(2α), sufficient use of the DSR input udsr (with a sufficiently-large blending gain as

in Eq. (3.62)) also ensures internal stability.

Remark 8 (Internal stability assumption). The CVS is assumed to be internally stable in

the rest of the article by satisfying the stability conditions of either Lemma 2 or Lemma 3 –

including, β = 1.

3.2.2 String stability of CVS

This section begins by finding the error propagation transfer functions Gi(s), using which

the conditions for string stability are established.

1) Error dynamics of CVS

To assess string stability, the error propagation transfer functions Gi,∀i ∈ N are obtained

using the definition of the spacing error in Eq. (3.26) and the position transfer functions Ti

in Eq. (3.24), as for i = 1,

G1(s) =
x1(s)− x2(s)

x0(s)− x1(s)
=

T1(s)− T2(s)

1− T1(s)
, (3.64)

and for i ≥ 2,

Gi(s) =
xi(s)− xi+1(s)

xi−1(s)− xi(s)
=

Ti(s)− Ti+1(s)

Ti−1(s)− Ti(s)
. (3.65)

The following existence lemma shows that the CVS can be made string stable if the delays

in the vehicle control are small.

Lemma 4. The CVS, with the blended protocol in Eq. (3.23) satisfying the internal sta-

bility conditions as in Remark 8, meets the string stability condition in Eq. (3.25) on the

error-propagation transfer function Gi(s) provided the time delays in local sensing τl, com-

munication τc and DSR τd are sufficiently small compared to the time constant 1/α of the

CVS, and the blending gain is less than one

γ < 1. (3.66)
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Proof. The approach is to find the error transfer function Gi in Eq. (3.65) and then find

conditions to bound it to be less than one in three main steps. First, for all the follower

vehicles (i ≥ 2), the difference in the position transfer functions Ti can be found from

Eq. (3.39) as

Ti−1 − Ti =
Gc(s)

D(s)

(
i−3∑
j=0

(
Gf (s)

D(s)

)j

−
i−2∑
j=0

(
Gf (s)

D(s)

)j
)

+ T1(s)

((
Gf (s)

D(s)

)i−2

−
(
Gf (s)

D(s)

)i−1
)

=

(
Gf (s)

D(s)

)i−2(
Gc(s)

D(s)
+ T1(s)

(
1− Gf (s)

D(s)

))
, (3.67)

and since only the first term relates to the order of the vehicle i, the error transfer function

in Eq. (3.65) becomes, for i ≥ 2,

Gi(s) =
Ti(s)− Ti+1(s)

Ti−1(s)− Ti(s)
=

Gf (s)

D(s)
. (3.68)

Second, the error transfer function Gi can be found by replacing Gf and D from Eq. (3.37)

and Eqs. (3.33)-(3.36) with β = 1, as

Gi(s) =
e−sτlγ(ατd + 1− e−sτd)

τd(s+ α(γe−sτl + (1− γ)e−sτc))
= G(s), (3.69)

which is independent of the vehicle number i. Third, from Eqs. (3.25) and (3.69), the string

stability condition is

|G(jω)| =
∣∣∣∣ e−jωτlγ(ατd + 1− e−jωτd)

τd(jω + α(γe−jωτl + (1− γ)e−jωτc))

∣∣∣∣ < 1,

for all ω > 0, which is equivalent to (by squaring both sides and multiplying the denominator)

f(ω, γ, τc) =
∣∣τd(jω + α(γe−jωτl + (1− γ)e−jωτc))

∣∣2
−
∣∣e−jωτlγ(ατd + 1− e−jωτd)

∣∣2
=α2(1− γ)2τ 2d + 2α2τ 2dγ(1− γ) cos((τc − τl)ω)

+ τ 2dω
2 − 2τ 2dαω(γ sin(τlω) + (1− γ) sin(τcω))

− 2γ2(ατd + 1)(1− cos(τdω))

> 0. (3.70)
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Since cos(z) ≤ 1 integrating both sides from 0 to z yields sin(z) ≤ z when z ≥ 0 and

integration again yields 1− cos(z) ≤ z2/2 when z > 0. Therefore,

1− cos(τdω) ≤
1

2
(τdω)

2, (3.71)

cos((τc − τl)ω) ≥ 1− (τc − τl)
2ω2

2
, (3.72)

sin(τlω) ≤ τlω, sin(τdω) ≤ τdω, sin(τcω) ≤ τcω, (3.73)

since the frequency ω are positive. Substituting these inequalities into Eq. (3.70) yields

f(ω, γ, τc) ≥ω2τ 2d
[
1− α2γ(1− γ)(τc − τl)

2 − γ2(ατd + 1)

−2α(γτl + (1− γ)τc)] + α2τ 2d (1− γ)2

> 0, ∀ω > 0, (3.74)

which is satisfied if the coefficient of the ω2 term is positive, i.e.,

p(γ) =1− α2γ(1− γ)(τc − τl)
2 − 2α(γτl + (1− γ)τc)

− γ2(ατd + 1) > 0. (3.75)

By collecting all the time-delay terms to one side of the equation, the above inequality can

be rewritten as

γ(1− γ)

(
τc
1/α

− τl
1/α

)2

+ 2

(
γ

τl
1/α

+ (1− γ)
τc
1/α

)
+ γ2

(
τd
1/α

)
<
(
1− γ2

)
. (3.76)

Note that this inequality cannot be satisfied with the blending gain γ = 1, since the right

hand side becomes zero, and the time delays and the time constant 1/α are non-negative,

which leads to the condition in Eq. (3.66) of the lemma. However, with γ < 1, the inequality

in Eq. (3.76) is always satisfied provided all the delays are sufficiently small since the left

hand side tends to zero.

Lemma 4 ensures string stability if the delays are small. String stability can be numerically

assessed for a given set of delay values by directly evaluating the condition on f(ω) in

Eq. (3.70) over a finite frequency interval, as shown next.
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Lemma 5. The CVS, with the blended protocol in Eq. (3.23) satisfying the internal stability

conditions as in Remark 8, meets the string stability condition in Eq. (3.25) on the error-

propagation transfer function Gi(s) provided the minimum value of f(ω) over the bounded

interval [0, ω∗] in Eq. (3.70) is positive, i.e.,

min
ω∈(0,ω∗]

f(ω, γ, τc) > 0, (3.77)

where

ω∗ = α

(
1 + 2

√
1

3
+

ατd + 1

α2τ 2d

)
. (3.78)

Proof. The string stability condition f(ω) > 0 in Eq. (3.70) is always satisfied if ω is large,

as the condition can be rewritten as (since sine and cosine are bounded functions)

f(ω, γ, τc) >α2(1− γ)2τ 2d − 2α2τ 2dγ(1− γ) + τ 2dω
2 − 2τ 2dαω

− 4γ2(ατd + 1)

>0, (3.79)

which is equivalent to

(ω − α)2 >α2(4γ − 3γ2) + 4
γ2

τ 2d
(ατd + 1),

or ω > α

(
1 + 2

√
(γ − 3

4
γ2) +

γ2(ατd + 1)

τ 2dα
2

)
, (3.80)

and is always satisfied if ω > ω∗ in Eq. (3.78) since max0≤γ≤1(γ−3γ2/4) = 1/3 and γ ≤ 1.

Remark 9 (String stability assumption). The CVS is assumed to be string stable in the rest

of the article by satisfying the stability condition in Lemma 5, esp., γ < 1 from Lemma 4.

3.2.3 Steady-state error of CVS

The proposed approach maintains constant steady-state spacing between vehicles.
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Lemma 6. Constant steady-state spacing between vehicles for a desired trajectory with con-

stant velocity is maintained with the blended protocol in Eq. (3.23) satisfying the internal

stability conditions in Remark 8. Specifically, with desired trajectory x0(t) = V t and

x0(s) = v0(s)/s = V/s2 (3.81)

the relative spacing error δi is zero, limt→∞ δi(t) = 0, for all follower vehicles, i.e., i ≥ 2.

Proof. The steady-state spacing error δi = xi−1 − xi for each follower vehicle (i ≥ 2) can be

found from Eq.(3.25) as,

δi(s) = Gi−1δi−1(s) =

(
i−1∏
j=1

Gj(s)

)
δ1(s)

= Gi−2(s)G1(s)δ1(s) (using Eq. (3.69))

= Gi−2(s)G1(s)G0(s)v0(s),

= Gi−2(s)G1(s)G0(s)
V

s
, (3.82)

where

G0(s) =
δ1(s)

v0(s)
=

x0(s)− x1(s)

sx0(s)
=

1− T1(s)

s

=
1

s+ αe−sτ
(using Eqs. (3.31), (3.35), (3.45)). (3.83)

Similarly, the transfer function G1(s) can be found from Eq. (3.64). The denominator of G1

in Eq. (3.64) can be obtained from the expression of T1 in Eq.(3.31), and Gc0 in Eq. (3.35)

and D0(s) in Eq. (3.37), with β = 1,

1− T1(s) = 1− Gc0(s)

D0(s)
= 1− αe−sτl

s+ αe−sτl

=
s

s+ αe−sτl
=

s

D0(s)
. (3.84)

The numerator of G1 in Eq. (3.64) can be found from Eq. (3.40), resulting in, using Eq.(3.31),
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and Eqs.(3.33)-(3.38), with β = 1,

T1(s)− T2(s)

=

(
1− Gf (s)

D(s)

)
Gc0(s)

D0(s)
− Gc(s)

D(s)

=
(D(s)−Gf (s))Gc0(s)−Gc(s)D0(s)

D(s)D0(s)

=
αse−sτl((1− (1− γ)e−s(τc−τl))− γe−sτl 1−e−sτd

sτd
)

(s+ αe−sτl)(s+ α(γe−τl + (1− γ)e−sτc))
. (3.85)

Substituting Eqs. (3.84) and (3.85) into Eq. (3.64) yields

G1(s) =
αe−sτl(1− (1− γ)e−s(τc−τl) − γe−sτl 1−e−sτd

sτd
)

(s+ α(γe−sτl + (1− γ)e−sτc))
. (3.86)

The limit as s tends to zero for the error transfer functions in Eqs.(3.69) and (3.83) are given

by

lim
s→0

G(s) = lim
s→0

e−sτlγ(ατd + 1− e−sτd)

τd(s+ α(γe−sτl + (1− γ)e−sτc))

= γ, (3.87)

lim
s→0

G0(s) = lim
s→0

1

s+ αe−sτl
=

1

α
. (3.88)

and from Eq. (3.86)

lim
s→0

G1(s) = lim
s→0

αγ(s− e−sτl 1−e−sτd

τd
)

sα

= lim
s→0

αγ(s− 1−e−sτd

τd
)

sα
. (3.89)

Note that the Taylor expansion of e−sτd

e−sτd = 1− τds+
1

2
(τds)

2 + . . . , (3.90)

and therefore, from Eq. (3.89),

lim
s→0

G1(s) = lim
s→0

αγ(1
2
τds

2 − 1
6
τ 2d s

3 + . . . )

sα

= lim
s→0

αγ(1
2
τds− 1

6
τ 2d s

2 + . . . )

α
= 0. (3.91)
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Finally, substituting Eqs. (3.87), (3.88) and (3.91) into Eq. (3.82), the steady state spacing

error of all follower vehicles i ≥ 2 is

lim
t→∞

δi(t) = lim
s→0

sδi(s)

= lim
s→0

s[G1(s)]
(
Gi−2(s)G0(s)

) V
s

= lim
s→0

[G1(s)]
(
Gi−2(s)G0(s)

)
V = 0, (3.92)

since the limit as s tends to zero of G1(s) is zero and the limits of G(s) = Gi(s) and G0(s)

are bounded, resulting in the maintaining of constant spacing by all the followers.

3.2.4 Loss of centralized communication (use of DSR alone)

This subsection considers the impact when DSR alone is used due to the loss of centralized

communication of the desired trajectory to the followers. Specifically, this section considers

the case when the blended protocol in Eq. (3.23) is reduced to the purely predecessor-follower

DSR case (and referred to as PF with DSR), for the followers, i.e.,

ẋi(t) = γudsr(t− τl), i ≥ 2

ẋ1(t) = γudsr,1(t− τl) + (1− γ)uc,1(t− τl)

= −α(x1(t− τl)− x0(t− τl)). (3.93)

This PF with DSR can be represented by the block diagram in Fig. 3.3 without the blue

centralized control, i.e., uc,i(t) = 0.

It is well known that, without centralized control, constant spacing cannot be maintained

while remaining string stable. In the following, it is shown that even under full communi-

cation loss, the DSR-based approach to constant spacing platooning (i) remains internally

stable (Lemma 7), and (ii) is string stable (Lemma 8). The cost of this string stability is

an increase in steady state spacing error similar to standard PLF (where the steady state

spacing error is proportional to the time constant 1/α [44]), and quantified in Lemma 9. The

steady state error is also shown to decrease with larger values of blending gain γ.
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Internal stability with DSR alone

Lemma 7. Internal stability is maintained if centralized communication to the followers is

lost as in Eq. (3.93) when the local sensing delay τl satisfies the internal stability condition

with the centralized communication in Lemmas 2 and 3, i.e., τl <
π
2α
, as in Eq. (3.61).

Proof. With loss of the centralized communication and the control as in Eq. (3.93), the

relationship between the spacing of adjacent vehicles can be obtained from Eqs. (3.29),

(3.30) with β = 1 as, for i ≥ 2

xi(s) =
γe−sτl

τd

(
(1− e−sτd) + ατd

s+ αγe−sτl

)
xi−1(s). (3.94)

From Eq. (3.93), the dynamics of the leader is not impacted. Therefore, the characteristic

function D0(s) for the leader is the same as in Eq. (3.45), which requires τl < π/(2α) for

the internal stability of the leader. From Eq. (3.94), the characteristic function D(s) of the

dynamics of the followers are given by

D(s) = s+ αγe−sτl . (3.95)

The result follows using arguments similar to the proof of Lemma 2 to ensure that there are

no imaginary axis crossing of the poles.

String stability with DSR alone

Lemma 8. String stability is maintained if centralized communication to the followers is

lost as in Eq. (3.93) when satisfying the string stability condition γ < 1 in Eq. (3.66) and

satisfying the internal stability conditions as in Remark 8, provided the blending gain γ > 0

is sufficiently small, i.e.,

0 < γ < γ∗ =
−ατl +

√
α2τ 2l + ατd + 1

ατd + 1
, (3.96)

where the upper bound γ∗ is less than one, γ∗ < 1 .
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Proof. Following arguments similar to the proof of Lemma 4, string stability can be ensured

if Gi(jω) < 1 for all ω > 0, or if the function f(ω, γ) with 1 − γ terms (corresponding to

centralized communication) removed satisfies the f(ω) > 0 condition for string stability in

Eq. (3.70), i.e.,

f(ω, γ) =τ 2dω
2 − 2τ 2dαωγ sin(τlω)

− 2γ2(ατd + 1)(1− cos(τdω))

≥τ 2dω
2 − 2τ 2dαω

2γτl − γ2(ατd + 1)τ 2dω
2

(from Eqs. (3.71), (3.73))

=τ 2dω
2
(
1− 2αγτl − γ2(ατd + 1)

)
> 0. (3.97)

The above condition is always satisfied if the blending gain γ is sufficiently small. A bound

on the blending gain γ can be found by noting that Eq. (3.97) is satisfied if the coefficient

of ω2 is positive

−γ2(ατd + 1)− 2ατlγ + 1 > 0, (3.98)

where the maximum gain γ∗ ∈ [0, 1] is found by

γ∗ = arg max
γ∈[0,1]

{−γ2(ατd + 1)− 2ατlγ + 1 = 0}

=
−ατl +

√
α2τ 2l + ατd + 1

ατd + 1

<
−ατl +

√
α2τ 2l + (ατd + 1)2 + 2ατl(ατd + 1)

ατd + 1

=
−ατl + (ατl + ατd + 1)

ατd + 1
= 1, (3.99)

which proves the assertion in the lemma that the blending gain γ needs to be less than one

for string stability when communication is lost.
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Steady-state error with DSR alone

Lemma 9. When the communication to the followers is lost, the relative spacing error of

the ith vehicle at the steady state for the desired trajectory in Eq. (3.81), is given as

lim
s→0

sδi(s) =
V

α

(
1

γ
− 1

)
. (3.100)

Proof. The position transfer functions T1(s), T2(s) can be found from Eqs. (3.31), (3.94),

with β = 1 as

T1(s) =
αe−sτl

s+ αe−sτl
, (3.101)

T2 =
γe−sτl

τd

(
(1− e−sτd) + ατd

s+ αγe−sτl

)
T1(s). (3.102)

resulting in the error transfer function from Eq. (3.64)

G1(s) =
T1(s)− T2(s)

1− T1(s)

=
αe−sτl(τds− γe−sτl(1− e−sτd))

τds(s+ αγe−sτl)
. (3.103)

Additionally, the error propagation is, from Eq. (3.94), for i ≥ 2,

Gi(s) =
xi(s)− xi+1(s)

xi−1(s)− xi(s)

=γ
e−sτl((1− e−sτd) + ατd)

τd(s+ αγe−sτl)
= G(s). (3.104)

Therefore, substituting from Eqs. (3.88), (3.103) and (3.104) into Eq. (3.82), the relative

spacing error of the ith vehicle at the steady state is given as

lim
t→∞

δi(t) = lim
s→0

sδi(s) = lim
s→0

[G1(s)] (G(s))i−2 [G0(s)]V

=

[
1− γ

γ

]
(1)i−2

[
1

α

]
V =

V

α

(
1

γ
− 1

)
.

Remark 10 (Limitations of pure decentralized control). String stability and constant spac-

ing cannot be guaranteed simultaneously when communication is lost based on Lemmas 8
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and 9. The relative spacing error converges to zero only when the blending gain γ = 1

from Eq. (3.100). However, string stability requires a smaller blending gain γ < γ∗ < 1 in

Eq. (3.96).

3.2.5 PLF without DSR

This section derives the standard first-order protocol for constant spacing platoon without

DSR, develops conditions for internal stability and string stability and quantifies the steady-

state error. This standard protocol for first-order constant spacing tracking, referred to as

PLF without DSR, is given as

ẋi(t) = ustd,i(t− τl) + uc,i(t− τc), ∀i ≥ 2

ẋ1(t) = ustd,1(t− τl), (3.105)

where ustd,i(t) = α(xi−1(t)− xi(t)). Similarly, when the second term in Eq. (3.105) for i ≥ 2

is dropped due to communication loss, the method is referred to as PF without DSR in the

followings. The PLF without DSR corresponds to the block diagram in Fig. 3.3 with the

yellow blocks removed, β = 1, and gains of both the green blocks (γ and 1−γ) set to 1. The

position transfer function of the standard protocol in Eq. (3.105) has the same general form

as Eq. (3.32), arguments similar to the DSR case can be used to establish internal stability

if the delays are small, and the ability to maintain constant spacing. The dynamics of the

ith vehicle ẋi(t) can be found as

sx1(s) = αe−sτl(x0(s)− x1(s)),

sxi(s) = αe−sτc((x0(s)− xi(s)) + αe−sτl(xi−1(s)− xi(s)). (3.106)

resulting in,

x1(s) =
αe−sτl

s+ αe−sτl
x0(s) =

Gc0(s)

D0(s)
T1(s)x0(s), (3.107)

xi(s) =
αe−sτlxi−1(s) + αe−sτcx0(s)

s+ α(e−sτl + e−sτc)

=
Gc(s)x0(s) +Gf (s)xi−1(s)

D(s)
, (3.108)
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where

Gf (s) = αe−sτl , (3.109)

Gc(s) = αe−sτc , (3.110)

Gc0(s) = αe−sτl , (3.111)

D0(s) = s+ αe−sτl , (3.112)

D(s) = s+ α(e−sτl + e−sτc). (3.113)

Similar to Eq. (3.32), the position transfer function T1(s) and Ti(s) for the standard protocol

has the same general expression in terms of Gf , Gc, Gc0, D0 and D. The position transfer

functions T1(s) and Ti(s) are given by

T1(s) =
Gc0

D0(s)
=

αe−τl

s+ αe−sτl
, (3.114)

Ti(s) =

[
Gc(s)

D(s)

i−2∑
j=0

(
Gf (s)

D(s)

)j
]
+

(
Gf (s)

D(s)

)i−1

T1(s). (3.115)

Conditions on the standard protocol Eq. (3.105) are derived for guaranteeing internal sta-

bility, string stability and maintaining steady-state spacing.

1) Internal Stability

The following lemma derives the conditions to guarantee internal stability.

Lemma 10. The CVS with the standard protocol Eq. (3.105) is internally stable if the local

sensing error is small compared to the time constant 1/α

τl <
1

2α
. (3.116)

Proof. From the position transfer functions in Eq. (3.114), (3.115), the internal stability of

the CVS corresponds to the location of the roots of the characteristic function, i.e.,

D0(s) = s+ αe−sτl = 0.

D(s) = s+ α(e−sτl + e−sτc) = 0. (3.117)
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The characteristic equation D0(s) = 0 is the same as the D0(s) in Lemma 2. Therefore, the

leader dynamics is guaranteed to be internally stable with the same condition as in Lemma

2, which is satisfied with the small bound in Eq. (3.116).

When the sensing delay is zero, τl = 0, the CVS is internally stable for any communication

delay τc > 0. Assume that there is an unstable pole s = a+bj with a ≥ 0, b ∈ R s.t. D(s) = 0.

Then, substituting s = a+ jω and τl = 0 into Eq. (3.117) results in

D(a+ jω) = (a+ jω) + α(1 + e−τcae−jτcω) = 0. (3.118)

Requiring both the real and the imaginary part be 0, results in

a+ αe−τla(1 + cos(τcω)) = 0, (3.119)

α(e−τca sin(τcω)) = ω. (3.120)

Eq. (3.119) requires a = 0 and cos(τcω) = −1, which results in sin(τcω) = 0. From Eq. (3.120)

α(e−τcas sin(τcω)) = ω = 0. (3.121)

It also requires ω = 0, which contradicts cos(τcω) = −1. Therefore, there is no unstable

poles s = a + jω, a > 0, ω ∈ R satisfying D(s) = 0, and CVS is internally stable when

τl = 0. Next, the proof focuses on when there a pole could be on the imaginary axis for some

nonzero sensing delay τl > 0.

Substituting s = jω, ω ∈ R into into Eq. (3.117) results in

D(jω) =α(cos(τcω) + cos(τcω))

+ j(ω − α(sin(τcω) + sin(τlω))) = 0. (3.122)

Requiring both the real and the imaginary part be 0, results in

α(cos(τcω) + cos(τlω)) = 0, (3.123)

α(sin(τcω) + sin(τlω)) = ω. (3.124)
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From Eq. (3.123)

cos(τcω) = − cos(τlω) = cos(π − τlω), (3.125)

±τcω = 2kπ + (π − τlω), k = 0,±1, . . . (3.126)

or

(τl ± τc)ω = 2kπ + π. (3.127)

Substituting Eq. (3.126) into Eq. (3.124) yields

α(sin(τcω) + sin(τlω)),

=α(± sin(π − τlω) + sin(τlω)) = ω. (3.128)

1. if −τcω = 2kπ + (π − τlω), then Eq. (3.127) becomes

(τl − τc)ω = 2kπ + π, (3.129)

and Eq. (3.128) becomes

α(sin(τcω) + sin(τlω))

=α(− sin(π − τlω) + sin(τlω))

=α(− sin(τlω) + sin(τlω)) = 0 = ω, (3.130)

which contradicts to Eq. (3.129). Therefore, there is no ω ∈ R which makes s = jω a

root of D(s) = 0.

2. if τcω = 2kπ + (π − τlω), then Eq. (3.127) becomes

(τl + τc)ω = 2kπ + π

ω =
2kπ + π

τl + τc
, (3.131)
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and Eq. (3.128) becomes

α(sin(τcω) + sin(τlω))

=α(sin(π − τlω) + sin(τlω))

=α(sin(τlω) + sin(τlω))

=2α sin(τlω) (3.132)

=ω. (3.133)

Denote

x = τlω =
(2kπ + π)τl

τl + τc
, x > 0. (3.134)

Substituting Eq. (3.131) (3.134) into Eq. (3.133) yields

sin(x) =
1

2ατl
x > x. (3.135)

The inequality is true with τl < 1/(2α). However, sin(z) < z, ∀z > 0, which contradicts

Eq. (3.135). Therefore, there is no imaginary axis crossing under Eq. (3.116).

2) String Stability

The following lemma derives the conditions to guarantee string stability.

Lemma 11. The CVS with the standard protocol Eq. (3.105) is string stable if the local

sensing delay τl and τc are small, i.e., satisfy

α(τc − τl)
2 + 2(τl + τc) <

1

α
. (3.136)

Proof. Since the position transfer function of the standard protocol in Eq. (3.105) has the

same general form as Eq. (3.32). The error transfer function of the protocol Eq. (3.105) is

given as

Gi(s) =
Gf (s)

D(s)
=

αe−sτl

s+ α(e−sτl + e−sτc)
= G(s). (3.137)
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Combine with Eq. (3.25), the string stability of CVS requires

|G(jω)| =
∣∣∣∣ αe−jωτl

jω + α(e−sτl + e−jωτc)

∣∣∣∣ < 1, ∀ω > 0, (3.138)

which is equivalent to require

f(ω, τc) = |jω + α(e−sτl + e−jωτc)|2 − |αe−jωτl |2

= |jω + α(e−sτl + e−jωτc)|2 − α2 > 0, ω > 0, (3.139)

where the square of the denominator is given as

|jω + α(e−sτl + e−jωτc)|2

=|α(cos(τlω) + cos(τcω)) + j(ω − α(sin(τcω) + sin(τlω))|2

=α2(cos2(τlω) + cos2(τcω) + 2 cos(τcω) cos(τlω))

+ ω2 − 2αω(sin(τlω) + sin(τcω))

+ α2(sin2(τlω) + sin2(τcω) + 2 sin(τcω) sin(τlω))

=2α2 + 2α2 cos((τc − τl)ω) + ω2 − 2αω(sin(τlω) + sin(τcω))

≥2α2 + 2α2(1− 1

2
(τc − τl)

2ω2) + ω2

− 2αω(τcω + τlω) Use Eqs. (3.72),(3.73)

=(1− 2α(τc + τl)− α2(τc − τl)
2)ω2 + 4α2. (3.140)

Therefore the string stability Eq. (3.139) can be guaranteed via the lower bound polynomial

fl(ω)

f(ω, τc) = |jω + α(e−sτl + e−jωτc)|2 − α2

≥ fl(ω)

= (1− 2α(τc + τl)− α2(τc − τl)
2)ω2 + 4α2 − α2

= (1− 2α(τc + τl)− α2(τc − τl)
2)ω2 + 3α2, (3.141)

which requires the coefficient of ω2 to be positive

1− 2α(τc + τl)− α2(τc − τl)
2 > 0, (3.142)
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resulting in Eq. (3.136) of the Lemma.

Lemma 12. The CVS, with the standard protocol in Eq. (3.93) satisfying the internal

stability conditions as in Lemma 3.116, meets the string stability condition in Eq.(3.25) on

the error- propagation transfer function Gi(s) provided the minimum value of f(ω) over the

bounded interval [0, ω∗] in Eq. (3.139) is positive, i.e.

min
ω∈[0,ω∗]

f(ω, τc) > 0, (3.143)

where ω∗ = 4α.

Proof. The string stability condition f(ω) > 0 in Eq. (3.139) is always satisfied if ω is large,

as the condition can be rewritten as

f(ω, τc) = 2α2 + 2α2 cos((τc − τl)ω) + ω2

− 2αω(sin(τlω) + sin(τcω))

≥ 2α2 − 2α2 + ω2 − 4αω

= ω2 − 4αω > 0,

(3.144)

which is equivalent to ω > 4α = ω∗.

3) Steady-state error

The following lemma derives the conditions for estimating the steady-state error.

Lemma 13. Constant steady-state spacing between vehicles for a constant-velocity, desired

trajectory is maintained with the protocol in Eq.(3.105) satisfying the internal stability con-

ditions in Lemma 10. Specifically, with desired trajectory x0(t) = V t and

x0(s) = V/s2. (3.145)
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The relative spacing error δi is zero,

lim
t→0

δi(t) = 0, (3.146)

for all follower vehicles, i.e. i ≥ 2.

Proof. Substituting Eqs. (3.111) (3.112) into Eq. (3.84), the error transfer function G0(s) is

given as

G0(s) =
1− T1(s)

s
=

1

s+ αe−sτl
. (3.147)

From Eqs. (3.64), the second error transfer function is given as

G1(s) =
T1(s)− T2(s)

1− T1(s)
. (3.148)

where substituting Eqs. (3.109)-(3.113) into Eq. (3.85) yields

T1(s)− T2(s)

=
(D(s)−Gf (s))Gc0(s)−Gc(s)D0(s)

D(s)D0(s)

=
(s+ αe−sτc)αe−sτl − αe−sτc(s+ αe−sτl)

(s+ αe−sτl)(s+ α(e−sτl + e−sτc))

=
αs(e−sτl − e−sτc)

(s+ αe−sτl)(s+ α(e−sτl + e−sτc))
. (3.149)

From Eq. (3.147),

1− T1(s) = sG0(s) =
s

s+ αe−sτl
. (3.150)

Substituting Eq. (3.150) (3.149) into Eq. (3.148) results in

G1(s) =
α(e−sτl − e−sτc)

(s+ α(e−sτl + e−sτc))
. (3.151)

From Eqs. (3.137)(3.147)(3.151), the limit as s tends to 0 is given by

lim
s→0

G0(s) = lim
s→0

1

s+ αe−sτl
=

1

α
, (3.152)

lim
s→0

G1(s) = lim
s→0

α(e−sτl − e−sτc)

(s+ α(e−sτl + e−sτc))
= 0, (3.153)

lim
s→0

G(s) = lim
s→0

αe−sτl

s+ α(e−sτl + e−sτc)
=

1

2
. (3.154)



48

Therefore, substituting Eqs. (3.152)-(3.154) into Eq. (3.82), the steady state spacing error

of all follower vehicles i ≥ 2 is

lim
t→∞

δi(t) = lim
s→0

sδi(s)

= lim
s→0

s[G1(s)]
(
Gi−2(s)G0(s)

) V
s

= lim
s→0

[G1(s)]
(
Gi−2(s)G0(s)

)
V

= 0. (3.155)

since the limit as s tends to zero of G1(s) is zero and the limits of Gi(s) and G0(s) are

bounded, resulting in the maintaining of constant spacing by all the followers.

3.3 Results and Discussion

In this section, simulations with typical CVS parameters from literature, are used to illustrate

the impact of control parameter selections such as blending gain γ as well as DSR gain β,

and to estimate the benefits of using the proposed DSR method.

3.3.1 System description

1) CVS parameter selection

The performance of PLF with DSR (Eq. (3.23)) is evaluated through simulations using the

MATLAB/Simulink environment. The simulations include the CVS with one leader and

four followers. In the following, the different methods are evaluated for a step change in the

target velocity, with the platoon accelerating from static to the target velocity of V = 20 m/s.

Except for the communication delay τc and the blending gain γ, the rest of the parameters

are selected as typical CVS values, as discussed below.

(i) Control gain α: Depending on the types of the vehicles, the target settling time for

accelerating from V = 0 to V = 20 m/s varies from 5 − 10 s for typical automobile cruise

control systems on passenger cars [45], to 10− 30 s for heavy duty trucks [46]. In this paper

the controller gain α is selected as α = 0.4 to match the settling time of 10 s.
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(ii) Local sensing delay τl and DSR delay τd: The local sensing delay depends on the

update rate of the distance sensors and the processors. Typically the local sensor delay τl

varies between 0.1 to 0.3 s [47, 48]. In the simulations, the DSR delay τd is set to be the

same as the local sensing delay, τd = τl = 0.1 s. It is selected the same as the update rate of

the Bosch Mid Range Radar (MRR) sensor, which is widely used in vehicles with Advanced

Driver Assistance Systems (ADAS) systems [49]. The controller also outputs the discrete

control signal with the sampling time as τd = 0.1 s.

2) Vehicle model

The individual vehicle dynamics is selected as a double integrator model as in recent work,

e.g., [10] L̃i(s) =
1
s2
, and according to Eqs. (3.10), (3.11), the feedback controllers Cff,i(s)

and Cfb,i(s) are selected as

Cff,i(s) = s+ 10α, Cfb,i(s) = 10α s, (3.156)

with k1 = 10α = 4 for the feedforward controller Cff,i(s) to have a higher bandwidth (by a

decade) compared to the velocity dynamics. Note that the choice of k1 = 4 also ensures that

the canceled pole s = −4 is stable [50]. For real-time simulations, the controller does not have

direct access to the derivative of the relative spacing through local sensing. Therefore, a low-

pass filter with cutoff frequency ωf = 40α = 16 rad/s is added to prevent the amplification

of the high frequency noise during computations of the derivative[51], which results in a

modified feedforward controller Cff,i(s) =
ωf

(s+ωf )
s+ 10α.

3) Metrics

To evaluate the convergence speed to steady-state, the settling time Ts of the CVS is defined

as the minimum time required for the states of all the vehicles to settle and remain within

2% of the final steady-state values. Besides, in order to evaluate the ability to maintain

constant-spacing during the transient process, the maximum deviation δm of the CVS is

defined by
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δm = max
t≥0

∥X(t)− x0(t)1n∥∞, (3.157)

where the vector 1n = [1, . . . , 1] ∈ Rn. The step response is selected as the source signal for

computing the settling time and comparing the spacing error response.

3.3.2 Impact of varying the blending gain γ

The impact of increasing the blending gain γ, i.e., more reliance on local sensing than the

centralized command, on internal and string stability as well as performance are investigated

to guide the selection of the blending gain γ.

1) Internal stability

Selecting larger values for the blending gain γ reduces the reliance on the centralized com-

mand, and therefore, increases the acceptable communication delay τc for internal stabil-

ity. For example, the acceptable communication delay for internal stability is given as

τc < π/(2α) ≈ 3.92 s according to Lemma. 2. However, increasing the blending gain γ

such that γ > 1
1+cos(τlα)

≈ 0.50, ensures internal stability regardless of the communication

delay τc, according to Lemma 3, and indicated in Fig. 3.4.

2) String stability

Selecting larger values for the blended gain γ, i.e., smaller amount of centralized command

reduces the acceptable communication delay τc for string stability, as shown in Fig. 3.4. This

is expected since sufficient centralized command is needed to make constant-spacing PLF

string stable, and pure decentralized DSR (γ = 1) cannot maintain string stability, according

to Remark 10.

Given a target acceptable communication delay τ ∗c for string stability, the candidate set

of all the available blending gain Sγ can be solved numerically via the following expression,
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according to Lemma 5,

Sγ = {γ ∈ [0, 1] | min
ω∈(0,ω∗]

f(ω, γ, τ ∗c ) > 0},

ω∗ = α
(
1 + 2

√
650.3

)
= 20.80 rad/s, (3.158)

with f(ω, γ, τc) defined in Eq. (3.70). The range of the candidate set Sγ reduces as the

communication delay τc increases, as indicated in the red shaded area in Fig. 3.4.

3) Selection of blending gain

The blending gain γ is selected so that the acceptable communication delay τ ∗c for string

stability is the same for PLF, with and without DSR. For PLF without DSR, the accept-

able communication delay τ ∗c for string stability can be solved numerically via the following

expression, according to Lemma 12,

τ ∗c = sup
τc>0

min
ω∈(0,ω∗]

f(ω, τc) > 0, ω∗ = 4α = 1.6 rad/s, (3.159)

with f(ω, τc) in Eq. (3.139). From Eq. (3.159), the acceptable communication delay for

string stability is solved as τ ∗c = 2.68 s. To achieve the same acceptable communication

delay for PLF with DSR, the candidate set Sγ can be solved as 0 ≤ γ ≤ 0.83 numerically

by substituting τ ∗c = 2.68 s into Eq. (3.158). The largest value of γ = 0.83 is selected for

PLF with DSR since this selection reduces the steady-state error when the communication

is lost, according to Lemma 9. Lastly, choosing γ = 0.83 guarantees string stability when

the communication is lost, according to Lemma 8,

γ = 0.83 < γ∗ =
−ατl +

√
α2τ 2l + ατd + 1

ατd + 1
= 0.94, (3.160)

where the upper bound γ∗ = 0.94 is computed from Eq. (3.96).

3.3.3 Robustness to communication delay

Simulations are used to demonstrate that the use of DSR improves CVS performance, with

robustness to large communication delays. Moreover, it is shown that the spacing error is

reduced substantially by use of DSR when communication is lost.
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Figure 3.4: For comparative evaluations, the blending gain γ for PLF with DSR is se-

lected (vertical cyan dashed line) to achieve the same acceptable communication delay τ ∗c as

PLF without DSR (horizontal black dashed line) for string stability found from Eq. (3.159),

Lemma 12. The vertical purple dashed line marks the maximum acceptable blending gain

γ∗ from Eq. (3.160), Lemma 8. The string-stable region (the red shaded area) is computed

from Eq. (3.158), Lemma 5. The internally-stable region (the blue shaded area) is found

numerically by checking for finite settling time of the step response using MATLAB and can

be estimated by Lemmas 2 and 3.
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1) Typical communication delay case

The proposed PLF with DSR enables both string stability and constant spacing, similar to

the PLF without DSR in the presence of typical communication delays. In particular, with

a communication delay of τc = 0.5 s [17, 10], the maximum deviation δm for the PLF with

DSR during the transition is 2.37 m, compared to the maximum deviation δm = 2.77 m for

the PLF without DSR. The maximum spacing errors during transients in both cases are less

than 10 m, which is typically acceptable for CSP CVS systems in literature, e.g., [18]. The

settling time Ts for both methods are 9.4s, which achieves the target settling time of 10s.

Therefore, both, PLF with DSR and PLF without DSR have acceptable performance under

typical communication delays.

2) Large communication delay case

The PLF with DSR has more robust performance to large communication delays, i.e., main-

tains constant steady-state spacing with similar convergence rate and the maximum transient

deviation as the typical-communication delay case. In contrast, the PLF without DSR re-

sults in substantial increase in the settling time Ts and the maximum deviation δm as the

communication delay τc increases. The settling time Ts for the PLF with DSR approach

changes from 9.4 s (τc = 0.1 s) to 10.7 s (τc = 2.5 s), as seen in Fig. 3.6(a). In contrast, for

the PLF without DSR, the settling time Ts changes from 9.4 s (τc = 0.1 s) to 35.5 s (τc = 2.5

s), as seen in Fig. 3.6(b). Therefore, the variation of the settling time with DSR (1.3 s) is

about 95% less than the variation of the settling time without DSR (26.1 s). Furthermore,

the maximum transient deviation δm of the PLF with DSR is 4.69 m, which is 74.05% less

than the maximum transient deviation δm = 18.11 m of the PLF without DSR, as seen

in Fig. 3.6(a), (b). Therefore, the tracking performance of the proposed PLF with DSR

approach is more robust to large centralized delay compared with the PLF without DSR.
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Figure 3.5: Comparison of maximum deviation δm (left plots) and settling time Ts (right

plots) for PLF with DSR (black lines) and PLF without DSR (blue lines) as communication

delay increases till string instability (vertical cyan lines). Horizontal dashed lines represent

communication loss case. Left: With communication loss, PLF with DSR has less steady

state spacing error δm (horizontal black line) than PLF without DSR (horizontal blue line).

Right: Settling time Ts variation with communication delay is substantially smaller with

DSR compared to the case without DSR.

3) Communication loss case

When communication is lost, the proposed PF with DSR has better tracking performance

compared to PF without DSR. The maximum deviation δm with DSR approach is 10.22 m,

which is an increase of about 0.5 s headway time, as seen in Fig. 3.6(c). This numerically

obtained value of 10.22 m is also close to the predicted steady-state error from Eq. (3.100)
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Figure 3.6: DSR (left plots) leads to more cohesive tracking performance and smaller spacing

errors δi when compared to the case without DSR (right plots) under large communication

delays τc = 2.5 s (top plots) or communication loss (bottom plots).
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in Lemma 9 given by

lim
s→0

sδi(s) =
V

α
(
1

γ
− 1) =

20

0.4

(
1

0.83
− 1

)
= 10.24.

In contrast, with communication loss, the maximum deviation δm is 50 m without DSR,

which is about 2.5 s headway time, as seen in Fig. 3.6(d). The speed-dependent spacing

error with DSR (10.22m) is about 80% less than the speed-dependent spacing error without

DSR (50 m). Thus, the PF with DSR is able to maintain small inter-vehicle spacing in the

platoon even without communication.

3.3.4 Impact of varying DSR gain β

The impact of varying the DSR gain β on the CVS performance is shown in Fig. 3.7 for

different communication delay conditions. Overall, the performance of the proposed DSR

approach can be improved further by increasing the DSR gain, i.e., when β > 1. However,

the CVS can also become string unstable with larger DSR gain β, as seen in Fig. 3.7. In

particular, when the communication delay is small (τc = 0.1 s), the maximum deviation

δm can be further reduced to 0.80 m (with β = 1.2) from δm = 0.91 m when β = 1.

However, the settling time Ts increases as DSR gain β increases beyond one. When the

communication delay is large (τc = 2.5 s), the maximum deviation δm can be further reduced

to 3.51 m (β = 1.2) from δm = 4.15 m (β = 1) and the settling time Ts can be further

reduced as well to 10.67 s (β = 1.2) from with Ts = 10.87 s (β = 1). The results are similar

when communication is lost. The maximum deviation δm can be further reduced to 8.53 m

(β = 1.2) from δm = 10.24 m (β = 1). The settling time Ts can be further reduced to 14.37

s, compared with Ts = 15.21 s (β = 1). In all cases, the maximum deviation δm improves

(by upto 20%) with increasing DSR gain β, but the improvement is limited by the advent of

string instability as shown in Fig. 3.7.
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Figure 3.7: Impact of the DSR gain β on the maximum deviation δm (left plots) and settling

time Ts (right plots) under small communication delay (black lines), large communication

delay (blue lines) and communication loss (red lines). Dashed line indicates when the CVS

is string unstable. Increasing the DSR gain β can improve the performance, but can also

make the system string unstable.

3.4 Conclusion

This work addressed the constant-spacing platooning problem in the presence of large com-

munication delays and loss of communication. Centralized control from the lead vehicle was

blended with a new delayed-self-reinforcement (DSR) approach that mimics the ideal cen-

tralized control in a decentralized manner. As a result, the DSR-based approach improved

performance in the presence of large communication delays as well as communication loss.

The article developed conditions for maintaining internal stability, string stability and con-

stant spacing without steady-state error for the proposed blended DSR approach. Simulation
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results showed that the tracking performance of predecessor-leader following was more robust

to large communication delays and loss with the proposed DSR approach when compared to

the case without DSR.
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Chapter 4

MC2 AN EFFICIENT AV NETWORK AT SIGNALIZED
INTERSECTION WITH PARTIAL CONNECTIVITY USING

BLENDED DSR.

Capacity at traffic intersections can be increased if all autonomous vehicles (AVs) have

traffic-light-to-vehicle-communication (TLVC), leading to better inter-vehicle spacing control

and reduction of time needed to start and move through an intersection. However, with a

mix of autonomous vehicles, some vehicles with TLVC and some without TLVC, the capacity

improvements of TLVC are lost and safety can be compromised with potential collisions.

Such scenarios can be expected during the transition to fully connected autonomous vehicles

(CAVs). This chapter shows that the increased capacity of CAVs with TLVC at traffic lights

can be recovered safely for mixed AVs network by using delayed self reinforcement (DSR)

(MC2), and is based on a publication in IEEE 8th Indian Control Conference (ICC 2022) [2].

The advantage of using DSR, where each autonomous vehicles augment its action using

delayed versions of past actions, is that it can keep the spacing errors small (i.e., maintain

cohesion) even if centralized communication is not available. Therefore, the use of DSR

maintains the capacity of traffic intersections even for mixed AVs network, where some

vehicles do not have access to the TLVC. Simulation results show the improvement of capacity

and safety with the use of DSR when compared to the case without DSR. In particular, DSR

improves the traffic capacity by increasing the traffic flow speed by 38% when TLVC is not

available. Furthermore, DSR improves safety by reducing the variation in maximum spacing

error by 96% under different mixed-connectivity scenarios at the intersection, and thereby,

removes the potential for collision seen in the case without DSR.
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4.1 Problem Formulation

This section introduces the dynamics used to model each vehicle and presents the perfor-

mance limits of velocity cohesion and constant-spacing control of a mixed AVs network during

velocity transitions. Lastly, the problem statement for the article is stated.

4.1.1 Vehicle model dynamics

The dynamics of each ith vehicle in the network is represented as

x̂
(1)
i (t) = ˙̂xi(t) = v̂i(t)

v̂
(1)
i (t) = ˙̂vi(t) = âi(t)

â
(1)
i (t) = ˙̂ai(t) = fi (v̂i(t), âi(t)) + gi (v̂i(t)) ûi(t),

(4.1)

where x̂i, v̂i and âi are the position, velocity and acceleration of the ith vehicle respectively

at time t, the bracketed superscript represents the order of derivative in time. The third

equation in Eq. (4.1) with nonlinear functions fi(., .) and gi(.), representing the vehicle

dynamics, which can be different for each vehicle, is simplified using feedback linearization

(see [52]) with engine input ûi,

ûi(t) = g (v̂i(t))
−1 (ui(t)− f (v̂i(t), âi(t))) (4.2)

resulting in the following dynamics in the standard output tracking form

˙̂ai(t) = x̂
(r)
i (t) = ui(t), (4.3)

where r = 3 is the relative degree of the vehicle dynamics, and the control input ui in Eq. (4.3)

can be chosen for desired ith vehicle response. It is assumed that the relative degree for all

the vehicles (i ∈ {1, 2, . . . , N}) is the same with N ≥ 1.

4.1.2 Mixed AVs network dynamics

A constant-spacing policy, with desired inter-vehicle spacing d0, is implemented as a tracking

control problem for a predecessor-follower (PF) network of N AVs, each with dynamics
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as described in Section 4.1.1. The network-based update for each vehicle depends on the

information available to it, and is different for the non-connected and connected AVs. Each

ith vehicle in the network is assumed to have odometer information v̂i and âi and relative-

state information, di and its higher derivatives ḋi and d̈i, w.r.t. its predecessor vehicle i− 1

for 1 ≤ i ≤ N

di(t) = x̂i−1(t)− x̂i(t), (4.4)

where x̂0(t) is the desired position for the leader vehicle i = 1. In addition to the above

information, CAVs have traffic signal information using TLVC. Let Nc be the set of CAVs

in the network with cardinal number 1 ≤ n(Nc) ≤ N , i.e. every vehicle j ∈ Nc has traffic

signal time and phase information using TLVC, which can be used to adjust their velocities

to reach traffic intersection during green signal phase.

TLVC update

The TLVC information to the ith vehicle is represented as a virtual source of the desired set

speed V for passing the intersection such that

x̂0(t) = V t, (4.5)

where x̂0(t) is the desired position for the leader vehicle at time t. The desired position for

the followers can be computed according to the target inter-vehicle spacing d0 and respective

index i

x̂d,i(t) = x̂0(t)− (i− 1)d0, i ≥ 2. (4.6)

For more extended applications, the desired velocity V (t) can be computed using TLVC

through approaches such as Predictive Cruise Control (PCC) in [25].

To derive the update law for the mixed AVs network, the state of each ith vehicle is

represented as the deviation xi from its desired global position x̂i, where the deviated position

xi is defined as

xi = x̂i + (i− 1)d0, (4.7)
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Combining Eq. (4.6) and (4.7) yields

x̂i − x̂i−1 + d0 = xi − xi−1, (4.8)

x̂i − x̂d,i = xi − x̂0. (4.9)

The position tracking of the vehicles x̂i, (1 ≤ i ≤ N) in the network can be further simplified

as first-order dynamics by stable pole-zero cancellation using the following TLVC-based

update law ȧi,T as the control input ui in Eq. (4.3),

ȧi(t) = −α(α0(x̂i(t)− x̂d,i(t)) + α1(v̂i(t)− v̂d,i(t))

+ (âi(t)− âd,i(t)))− α1âi(t)− α0v̂i(t)

= −α(α0(xi(t)− x̂0(t)) + α1(vi(t)− v̂0(t))

+ (ai(t)− â0(t)))− α1ai(t)− α0vi(t) = ȧi,T , (4.10)

where the second equality is obtained using Eq. (4.9). This control results in a first-order

vehicle response, as shown next. Consider the Laplace transform of Eq. (4.10)

s3xi(s) =− α((α0 + α1s+ s2)(xi(s)− x̂0(s)))

− (α1s
2 + α0s)xi(s), (4.11)

which can be rearranged as

(s2 + α1s+ α0)(s+ α)xi(s) = α(s2 + α1s+ α0)x̂0(s),

leading to the following first-order transfer function between the deviated position xi and

the desired trajectory x̂0

xi(s)

x̂0(s)
=

α(s2 + α1s+ α0)

(s+ α)(s2 + α1s+ α0)
=

α

s+ α
. (4.12)

Remark 11 (Stable pole-zero cancellation). To avoid unstable internal states, the cancelled

polynomial P(s) in Eq. (4.12)

P(s) = s2 + α1s+ α0, (4.13)
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should have stable roots (p > 0). Therefore, from the Routh-Hurwitz criterion, the feedback

control gains need to satisfy

α1 > 0, α0 > 0. (4.14)

Remark 12 (Limit on response speed α). The location of the root α of the transfer function

Eq. (4.12) can be chosen to improve the response speed of each vehicle. However, the selection

of the control gain α is bounded by the vehicle’s time constant from above and the system

stability limit from below, as

0 < α ≤ 4τe, (4.15)

where τe is the engine time-constant (see [53]).

Local sensing update

Each vehicle can also track its position by using the locally sensed information di in Eq. (4.4),

and odometer information of velocity and acceleration v̂i and âi. Combining with Eq. (4.4),

(4.8), the local-sensing-based control update ȧi,l for non-connected vehicles are given as

ȧi(t) = ȧi,l(t)

=− α(α0(−di(t) + d0)− α1ḋi(t)− d̈i(t))

− α1âi(t)− α0v̂i(t)

=− α(α0(x̂i(t)− x̂i−1(t) + d0)

+ α1(v̂i(t)− v̂i−1(t)) + (âi(t)− âi−1(t)))

− α1âi(t)− α0v̂i(t)

=− α [α0(xi(t)− xi−1(t)) + α1(vi(t)− vi−1(t))

+(ai(t)− ai−1(t)]− α1ai(t)− α0vi(t). (4.16)

Similar to Eq. (4.12), the deviated position of the ith vehicle xi tracks its predecessor xi−1 in

a first-order manner.

xi(s)

xi−1(s)
=

α

s+ α
(4.17)
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if the feedback gains α1, α0 satisfy the conditions Eq. (4.14).

Updates with and without TLVC

The updates for each vehicle, both non-connected and connected, are stated below.

1. If i is a non-connected vehicle (i ̸∈ Nc), then its update only uses the local sensing

information as in Eq. (4.16)

ȧi(t) = ȧi,l(t), (4.18)

which results in first-order tracking to the preceding vehicles deviated position xi−1 as

xi(s) =
α

s+ α
xi−1(s). (4.19)

2. If i is a connected vehicle with TLVC information (i ∈ Nc), then its update is a blending

of the local update ȧi,l from Eq. (4.16) and TLVC update ȧi,T from Eq. (4.10)

ȧi(t) =ȧi,l(t) + ȧi,T (t) + α1ai(t) + α0vi(t). (4.20)

Substituting ȧi,T from Eq. (4.10) and ȧi,l Eq. (4.16) into Eq. (4.20), taking Laplace

transform yields

s3xi(s) =− α((α0 + α1s+ s2)(xi(s)− xi−1(s)))

− (α1s
2 + α0s)xi

− α((α0 + α1s+ s2)(xi(s)− x̂0(s))), (4.21)

which can be rearranged as

(s2 + α1s+ α0)(s+ 2α)xi(s)

= α(s2 + α1s+ α0)(xi−1(s) + x̂0), (4.22)

leading to the following first-order transfer function between the deviated position xi

and (i) the desired trajectory x̂0(s) and (ii) the deviated predecessor trajectory xi−1(s)

xi(s) =
α

s+ 2α
(xi−1(s) + x̂0(s)). (4.23)
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In the following, it is assumed that, before the desired velocity vd changes for the vehicle

network, say from vd,o to vd,f e.g., due to a change in the traffic light, all the vehicles have

the same initial velocity vd,o and zero initial inter-vehicle spacing error δi defined by

δi = x̂i−1 − x̂i − d0. (4.24)

4.1.3 Spacing control and traffic speed metrics

The spacing control is evaluated using maximum of normalized absolute inter-vehicle spacing

error, averaged over the N vehicles in the network, as,

∆d,max =
1

N

N∑
i=1

(
max
t∈[0,Td]

|di(t)− d0|
d0

)
, (4.25)

where Td is the time duration of the transition, and d0 is the desired spacing. Besides, the

traffic flow speed is evaluated as the time for passing through the intersection Tp for all N

vehicles of the network,

Tp = argmin
t≥0

{x̂i(t) > x̂0(0),∀i = 1, . . . , N}. (4.26)

4.1.4 Problem statement

The tracking performance of a non-connected autonomous vehicle (AV) with the standard

predecessor-following (PF) protocol in Eq. (4.19), can differ from the tracking performance of

a connected AV (CAV) with the predecessor-leader following (PLF) protocol using centralized

TLVC information in Eq. (4.23). This difference in tracking performance between AV and

CAV can lead to large tracking error ∆d,max (defined in Eq. (4.25)) and even potential

collisions.

The research problem is to safely reduce (a) the time Tp in Eq. (4.26) for a set of vehicles

to pass through the intersection and (b) the maximum tracking error ∆d,max in Eq. (4.25)

of the mixed AVs network when compared to the standard PLF protocol in stop-and-go

scenarios at traffic intersections.
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4.2 Proposed Approach

This section introduces the blended delayed-self-reinforcement (DSR) approach to achieve

good tracking performance for AVs, with or without the TLVC information.

4.2.1 Decentralized command with DSR

The DSR approach approximates the ideal centralized tracking in a decentralized manner.

Consider all vehicles x̂i are able to track the target position x̂d,i with the desired time constant

1/α using feedback linearization from the last section. From Eq. (4.9), the deviated position

xi satisfies

ẋi = −α(xi(t)− x̂0(t)). (4.27)

The position tracking for all AVs can be written as

Ẋ(t) = −α(X(t)− 1x̂0) = uc(t), (4.28)

where X = [x1, . . . , xN ], and 1 is the n × 1 vector of ones. Multiplying Eq. (4.28) by βK,

where β is the DSR gain and K is the pinned Laplacian of the vehicle network without the

virtual source, we get,

βKẊ(t) = −αβK(X(t)− α1x̂0). (4.29)

Define the source connectivity vector B such that K−1B = 1 (Bi = 1 indicates the ith agent

is connected to the TLVC information). Adding (I−βK)Ẋ to both sides of Eq. (4.29) yields

Ẋ(t) = (I − βK)Ẋ − αβK(X(t)− α1x̂0) (4.30)

≈ (I − βK)
X(t)−X(t− τd)

τd
− αβKX(t)− αBx̂0

= udsr(t), (4.31)

where τd is the DSR delay. The resulting decentralized DSR command udsr(t) only uses

delayed local sensing information to approximate the derivative on the right hand side of

Eq. (4.30) to enhance the tracking performance.
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4.2.2 Blending with centralized TLVC command

The proposed blended DSR method utilizes both the DSR command udsr(t) from Eq. (4.31)

and the centralized command uc(t) from Eq. (4.28) [54].

1. if i is a connected vehicle (i ∈ Nc)

Ẋ(t) = γudsr(t) + (1− γ)uc(t), (4.32)

where γ ∈ [0, 1] is the blending gain. In the following section the DSR gain β is selected

as β = 1.

2. if i is a non-connected vehicle (i ̸∈ Nc)

Ẋ(t) = γudsr(t). (4.33)

The blended DSR control law Eq. (4.32), (4.33) needs to guarantee the following control

properties

Internal stability

The vehicle network is internally stable if the real parts of the poles of all deviated position

transfer function

Ti(s) =
xi(s)

x̂0(s)
(4.34)

are negative. With the DSR gain β = 1, the internal stability is guaranteed [54] if

1

1 + cos(τlα)
< γ ≤ 1, (4.35)

where τl is the local sensing delay. Therefore, for sufficiently small local sensing delay (e.g.,

τl = 0), internal stability is guaranteed with γ ∈ (0.5, 1].
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String stability

The vehicle network is string stable if the magnitude of the spacing error does not amplify

along a chain of vehicles, i.e.,

|Gi(jω)| =
∣∣∣∣ xi−1(s)− xi(s)

xi−2(s)− xi−1(s)

∣∣∣∣
s=jω

< 1, ∀ω > 0, i ≥ 2.

For platoons with all AVs connected to TLVC information, string stability is guaranteed if

the blending gain γ satisfies [54],

γ(1− γ)

(
τc
1/α

− τl
1/α

)2

+ 2

(
γ

τl
1/α

+ (1− γ)
τc
1/α

)
+ γ2

(
τd
1/α

)
< 1− γ2, (4.36)

where τc is the TLVC communication delay. For negligible communication delay (e.g., τc =

0), the string stability condition in Eq. (4.36) simplifies as

γ2

(
τd
1/α

)
< 1− γ2 or γ <

√
1

1 + ατd
. (4.37)

For platoons with all decentralized AVs that are not connected to TLVC information, string

stability is guaranteed if the blending gain γ satisfies [54]

γ < γ∗ =
−ατl +

√
α2τ 2l + ατd + 1

ατd + 1
. (4.38)

Again, for negligible local sensing delay τl and communication delay τc, Eq. (4.38) simplifies

to

γ < γ∗ =

√
1

ατd + 1
, (4.39)

which is the same condition in Eq. (4.37). Thus, the same condition in Eq. (4.39) guarantees

string stability for (i) a fully-connected network or (ii) a fully-decentralized networks.

Steady-state error

The vehicle network achieves zero steady-state error for a step change V in velocity (v0(s) =

V/s) if

lim
t→∞

xi(t)− x̂0(t) = 0, ∀i = 1, . . . , N. (4.40)
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Although CAVs connected to the centralized TLVC have no steady-state error; AVs not

connected to the TLVC have non-zero steady state error [54]

lim
t→∞

xi(t)− x̂0(t) = lim
s→0

s(xi(s)− x̂0(s)) =
V

α
(
1

γ
− 1). (4.41)

Note that the string stability condition Eq. (4.39) requires γ < 1, but for non-connected

vehicles, their steady-state error is 0 only when γ = 1. Therefore, zero-steady-state error

and string stability cannot be achieved together for non-connected vehicles, which is known

as one of the fundamental limits for decentralized constant-spacing platoon [7]. Nevertheless,

the steady-state error becomes small as the blending gain γ increases.

4.3 Results

In this section, comparative simulations are used to evaluate the performance of the vehicle

network with DSR Eq. (4.32), (4.33) and without DSR Eq. (4.16), (4.20).

4.3.1 Mixed AVs network

The simulation results are evaluated in MATLAB/Simulnk environment. The simulations

include 5 vehicles, where the leader vehicle is always connected to the TLVC information

(since the lead vehicle can usually visually observe the traffic light) while the connectivity of

the rest of the vehicles could be either connected or not – simulations are performed for all

possible cases. Different methods are evaluated for a change of the traffic light from stop to

go, which provides a step input of the desired cruise velocity V = 13.41m/s (30 mph) to all

the connected vehicles. The control parameters are selected as discussed below:

(i) Control gain α: The target settling time for accelerating from static to V = 30 mph

varies from 5 to 10s, depending on the type of the vehicles [45]. In this paper the controller

gain α is selected α = 2/3 to match the settling time of 6 seconds.

(ii) Target inter-spacing d0 and collision: The legal length l0 of a single unit truck in

Washington state is 40 feet (about 12 m) [55]. Therefore, the target constant inter-spacing

d0 is selected as the length of 2 single unit trucks d0 = 2l0 = 24 m. Two vehicles i − 1 and
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i are considered to have collided if their inter-distance di is less than l0, as illustrated in

Fig.4.1.

Figure 4.1: The inter-spacing between trucks. Left: The two trucks maintain target inter-

spacing di = d0 = 2l0. Right: The two trucks collide when their inter-spacing di ≤ l0

(iii) DSR delay τd: The DSR delay depends on the sampling rate of the local sensors.

Typically, the local sensing delay varies between 0.1 - 0.3 s [47, 48]. In this simulation, the

DSR delay is selected as τd = 0.1s.

(iv) Blended DSR gain γ: The selection of the blending gain γ is restricted by γ ∈

(0.5, 1] for internal stability, according to Eq. (4.35). Additionally, it is restricted by γ <√
1/(ατd + 1) = 0.97 for string stability, according to Eq. (4.39). Therefore, the blending

gain γ is selected as γ = 0.95 to satisfy above conditions and reduce the steady state error

for non-connected vehicles according to Eq. (4.41).

4.3.2 Simulation results

Comparative simulations show that the proposed blended DSR method achieves better traffic

performance compared with the method without DSR for all scenarios of different mixed AVs

networks.



71

Using DSR leads to smaller steady-state error when TLVC is not available to followers

The proposed blended DSR method has better tracking performance than without DSR when

the TLVC is not available. For the cruise speed V = 13.41m/s, control gain α = 2/3 and

the blended DSR gain γ = 0.95, the steady-state error with blended DSR can be predicted

by Eq. (4.41) as

lim
s→0

s(xi(s)− x̂0(s)) =
V

α
(
1

γ
− 1) = 1.06 m, (4.42)

which is similar to the steady-state error observed in simulations, as seen in plot (c) of Fig.4.2.

In contrast, the steady state error of the vehicle network without DSR is 20m, as seen in

plot (d) of Fig.4.2. Therefore, even without TLVC communication, the use of DSR results in

a 95% reduction of the steady-state error when compared to the case without DSR. This, in

turn, results in improved traffic efficiency during stop-and-go scenarios at intersections with

DSR when compared to the case without DSR, described below.

Using DSR leads to smaller inter-spacing error and results in safe mixed AVs platooning

The proposed blended DSR method enables safe, string stable constant-spacing mixed AVs

platooning, as seen in Fig. 4.3. For different mixed AVs network scenarios, control with

DSR maintains robust inter-spacing control and the resulting maximum normalized spacing

error ∆d,max of the vehicle network varies from 0.01 to 0.04. In contrast, the maximum

normalized spacing error ∆d,max, without DSR, varies from 0 to 0.75. Therefore, the variation

of the maximum inter-spacing error ∆d,max of the blended DSR method (0.03) is about 96%

less than the variation of the maximum spacing error ∆d,max without DSR (0.75). More

significantly, adding DSR avoids collisions in all possible mixed-case simulations, while the

mixed-CAVs network without DSR results in collisions under five cases.

Using DSR improves traffic efficiency

The proposed blended DSR method improves the traffic efficiency and allows the mixed AVs

network to pass the intersection with significantly shorter time, compared with the mixed
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Figure 4.2: DSR without TLVC communication (left plots (a),(c)) leads to more cohesive

tracking performance (top plots) and smaller spacing errors (bottom plots) when compared

to the case without DSR and without TLVC communication (right plots, (b),(d)).

AVs network without DSR, as seen in Fig. 4.3. With the blended DSR, the resulting time for

passing the intersection varies from 8.67 s to 8.98 s, In contrast, the resulting time for passing

the intersection Tp without DSR varies from 8.67 s to 14.60 s. Moroeover, the variation of the

traffic light passing time Tp with the blended DSR method (0.31 s) is about 95% less than
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Figure 4.3: Comparison with (blue circles) and without blended DSR (red circles and crosses):

(top) the maximum normalized spacing error ∆d,max defined in Eq. (4.25) and (bottom) the

time for passing the intersection Tp defined in Eq. (4.26). With blended DSR, both (i) the

maximum normalized spacing error ∆d,max and (ii) the time Tp for passing through the

intersection, have less variations and smaller values, for all cases with partial connectivity to

the TLVC.

the variation of the passing time Tp without DSR (5.93 s). Finally, the maximum passing

time Tp with DSR (8.98 s) is 38.4% less than the maximum passing time Tp without DSR

(14.60 s), as seen in Fig.4.3.
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4.4 Conclusion

This work developed an approach to safely increase the flow through a traffic light for

mixed autonomous vehicles (AVs), when some of the AVs had access to traffic-light-to-

vehicle communication (TLVC) and some did not have access to the TLVC. For connected

autonomous vehicles (CAVs), the information from traffic lights was blended with a delayed-

self-reinforcement (DSR) approach, which utilizes already available local information to aug-

ment the tracking performance. The DSR approach improves spacing-to-predecessor-vehicle

control even when the AV is not connected. As a result, the blended DSR approach im-

proved the tracking flow performance and traffic efficiency with mixed AVs. Simulation

results showed that the proposed blended DSR approach enables safe mixed AVs platooning

with better velocity cohesion and traffic efficiency compared to the case without DSR during

stop-and-go scenarios at intersections.
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Chapter 5

MC3: AN EFFICIENT MIXED NETWORK AT REAL-WORLD
SIGNALIZED INTERSECTIONS

The traffic capacity of signalized intersections can be increased using vehicle to infrastruc-

ture (V2I) communication by broadcasting traffic control signals to connected autonomous

vehicles (CAVs). However, the potential improvement in traffic capacity with only CAVs can

be substantially reduced under mixed traffic environments that include autonomous vehicles

(AVs) without V2I communication. The main contribution of this work is to increase the

traffic capacity (close to that achieved by CAVs with V2I communication) when there is a sub-

stantial number of AVs without V2I communication – by using a delayed-self-reinforcement

(DSR) approach for vehicle spacing control with already available history of the AVs own

control inputs and sensed information. Moreover, analytical estimates are established to pre-

dict the improvements in traffic capacity achieved for AVs with the DSR approach compared

to the case without the DSR approach. Simulation results match the analytical predictions

and show that AVs using the DSR approach (without V2I communication) are able to recover

88% of intersection capacity achieved with CAVs (with V2I communication) and result in 2.7

times the intersection capacity achieved by AVs without DSR on one way traffic. Moreover,

similar improvements with DSR are shown for a real-world intersection using the Simulation

of Urban MObility (SUMO) platform. AVs with DSR approach are able to recover 96% of

intersection capacity achieved with CAVs (with V2I communication) and result in 1.4 times

the intersection capacity achieved by AVs without DSR. Improvements using DSR are also

seen with mixed traffic that includes human-driven vehicles (HDVs).
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5.1 Introduction

Connected autonomous vehicles (CAVs) have been studied in the existing literature as an ap-

proach to improve traffic capacity and stability in transportation networks [22, 56, 23, 57, 58].

More recently, vehicle-to-infrastructure (V2I) communication [59] has been proposed to im-

prove the capacity and safety of signalized intersections using CAVs, for instance, by broad-

casting traffic light information to CAVs approaching an intersection to improve fuel economy

and reduce journey time by reducing stop-and-go traffic [24, 25, 60, 33], optimizing trajectory

planning [61], and ensuring improved inter-vehicle spacing control when going from rest to

a cruise speed for increased intersection throughput [62, 2]. However, V2I-based approaches

with centralized information are not applicable to autonomous vehicles (AVs) without ded-

icated communication capability [63]. Furthermore, wireless communication might not be

secure on all vehicles due to cyber security threats [28]. AVs without V2I communication

may use only local sensing information in a decentralized manner, for instance the relative

spacing information with respect to the preceding vehicle for spacing control [64]. Such de-

centralized approaches in AVs utilize constant time-headway based spacing control similar to

adaptive cruise control (ACC) policy, which leads to increased inter-vehicle spacing as speed

increases, similar to human-driven vehicles (HDVs), resulting in loss of traffic capacity. In

contrast, constant spacing policy doesn’t lead to loss of traffic capacity at higher speeds,

however it requires communication among vehicles for safe implementation [65]. Therefore,

a control protocol for AVs without V2I communication is required that improves the traffic

capacity of intersections compared to the standard constant time-headway based spacing

control.

The main contribution of this work is to show that the use of the delayed-self-reinforcement

(DSR) approach for vehicle spacing control in AVs can substantially recover, without using

V2I communication, the improved traffic capacity of intersections achieved with CAVs that

rely on V2I communication [15]. The current work is an evolution of preliminary work in [2],

where simulation results showed that DSR can improve the capacity of heterogeneous (or



77

mixed) traffic networks, where only some vehicles are with V2I communication (CAVs) and

the rest are without V2I communication (AVs). In the current work, a comparative theoret-

ical analysis of the DSR approach and the standard constant time-headway approach (i.e.,

the no-DSR approach) is developed (i) to predict the resulting spacing loss of the network

and, (ii) to quantify the traffic capacity in terms of target traffic speed and vehicle dynamics.

The predictions of the traffic capacity of AV network are verified by simulations, which show

that the error between the prediction and the simulations are within ±2 vehicles (within

10%). Moreover, the analytically predicted improvement in traffic capacity of intersections

with AVs (which is almost 88% of that achieved with CAVs) when compared to the AVs

without DSR (which is only 33% of that achieved CAVs) is within 3% of the results from

simulations. The theoretical predictions of capacity are based on all vehicles in the single

lane being the same. The analysis for this ideal scenario gives an estimate of the maximum

capacity increase with the use of V2I communication by CAVs and how much of it can be

recovered by DSR AVs without the V2I communication. For mixed traffic and for more

realistic intersections, the capacity increases with CAVs and DSR AVs cannot be predicted

using the theoretical analyses and are estimated through numerical simulations.

Another contribution of this work is to show that AVs with the DSR approach can improve

traffic capacity when compared to AVs without DSR – even under mixed traffic conditions

with AVs, CAVs and human driven vehicles (HDVs). In general, a similar response for all

vehicles can lead to smaller inter-vehicular spacing, and thereby, increase traffic-intersection

capacity. However, CAVs and AVs without V2I communication are expected to coexist with

human driven vehicles (HDVs) which can lead to further decrease in intersection capacity

[66]. For example, heterogeneous vehicles (AVs and CAVs) along with HDVs in mixed traffic

conditions may lead to larger inter-vehicle spacing errors and undesirable braking incidents,

resulting in lower intersection capacity [26]. Some of the main limiting factors of capacity

in mixed traffic are the large response time of HDVs [35], i.e. the time taken to achieve

a target speed, capacity uncertainty in HDVs [67], and required minimum time-headway

of decentralized AVs [26, 36]. Nevertheless, even in the presence of HDVs in mixed traffic
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conditions, DSR maintains smaller inter-vehicle spacing errors for the AVs, compared to AVs

without DSR. For instance, it is shown that for one way traffic networks with 30% CAVs

and 30% HDVs mixed randomly, AVs implementing DSR for spacing control achieve approx-

imately 1.4 times the intersection capacity achieved by AVs without DSR. Furthermore, for

similar mixed traffic conditions, results with a real-world intersection using Simulation of

Urban MObility (SUMO) platform show that AVs with DSR for spacing control achieve

approximately 1.2 times the intersection capacity achieved by AVs without DSR.

The rest of the paper is organized as follows. Section 5.2 describes the vehicle network

dynamics, establishes metrics for evaluating the traffic throughput and formulates the main

research problem. Section 5.3 develops the analytical method to quantify the traffic capacity

and predict the improvement using DSR when compared with the standard strategy with-

out DSR. Section 5.4 comparatively examines the performance improvement with DSR in

a general mixed-traffic environment with CAVs, AVs and HDVs, and the conclusions are

provided in Section 5.5. The CAV model and the human driver model used for mixed traffic

simulations are described in the Appendices.

5.2 Problem Formulation

This section describes the vehicle dynamics used in this article, as well as the car-following

strategies of predecessor-follower (PF) AVs. Here, the follower only uses the spacing infor-

mation to the predecessor in the car-following strategy for both cases, with and without

DSR. Lastly, the problem statement for the article is stated.

5.2.1 Normalized vehicle dynamics

The dynamics [8] of each ith vehicle in the network is given as

x̂
(1)
i (t) = v̂i(t), (5.1)

v̂
(1)
i (t) = x̂

(2)
i (t) = âi(t), (5.2)

â
(1)
i (t) = x̂

(3)
i (t) = f(v̂i(t), âi(t)) + g(v̂i(t), âi(t))ûi(t), (5.3)
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where x̂i, v̂i and âi are the position, speed and acceleration of the ith vehicle. The control

command ûi represents the target axle torque output of the vehicle. The nonlinear functions

f(v̂i, âi) and g(v̂i, âi) describe the propulsion dynamics of the vehicle. The vehicle dynamics

in Eq. (5.3) can be normalized using feedback linearization [52]

x
(3)
i (t) = ũi(t), (5.4)

where xi(t) is the deviated position from the target standstill spacing d0

xi(t) = x̂i(t)− (i− 1) d0, (5.5)

and ũi is the normalized control command which is given by

ûi(t) = g (v̂i(t), âi(t))
−1 (ũi(t)− f (v̂i(t), âi(t))) . (5.6)

5.2.2 Standard car-following strategy

The standard car-following strategy of the normalized dynamics in Eq. (5.4) can be designed

using stable pole-zero cancellation [1], which gives the normalized control command ũi(s) in

Eq. (5.6) in Laplace domain as,

ũi(s) = Cff (s)ui(s)− Cfb(s)xi(s), (5.7)

with the control input ui(s) chosen according to the standard spacing control policy, and the

feedforward and feedback controllers Cff (s) and Cfb(s) designed as,

ui(s) = ustd,i(s) = αei(s), i ≥ 2, (5.8)

Cff (s) = s2 + k1s+ k0, (5.9)

Cfb(s) = k1s
2 + k0s, (5.10)

where the control gains k0, k1 are selected to achieve stable zero-pole cancellation as illus-

trated in [1], and the spacing error gain is positive α > 0 for stability, with the spacing error
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ei(s) defined as

ei(s) = x̂i−1(s)− x̂i(s)− d0 = xi−1(s)− xi(s). (5.11)

Substituting Eqs. (5.7)-(5.10) into the normalized dynamics Eq. (5.4) yields the first-order

car-following dynamics for the standard approach

xi(s) =
α

s+ α
xi−1(s), i ≥ 2. (5.12)

Therefore, given the desired time period Ts within which vehicle i should settle to its tar-

get state (which depends on the vehicle performance characteristics), the control gain α is

determined by

α =
4

Ts

. (5.13)

Eq. (5.12) describes the standard decentralized AV car-following strategy with constant time-

headway λ = 1/α, which indicates the inter-vehicle spacing increases proportionally with

headway time λ, as shown next. Given a step target cruise speed V > 0, assume the leader

vehicle achieves V within the desired time period Ts = 4/α such that,

x1(s) =
V

s2
α

s+ α
. (5.14)

Then, the steady state error ei of the ith vehicle depends on the desired time period Ts, as

shown using Final Value Theorem of Laplace Transform,

lim
t→∞

ei(t) = lim
s→0

sei(s) = lim
s→0

s (xi−1(s)− xi(s)) ,

= lim
s→0

s

(
α

s+ α

)
(xi−2(s)− xi−1(s)) ,

= lim
s→0

s

(
α

s+ α

)i−2

(x1(s)− x2(s)) ,

= lim
s→0

s

(
α

s+ α

)i−2
V α

s2 (s+ α)

(
1− α

s+ α

)
= lim

s→0

(
α

s+ α

)i−1
V

α
=

V

α
= V

Ts

4
. (5.15)
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Lastly, the network dynamics of a vehicle network with N follower vehicles (besides the

lead i = 1 vehicle), each implementing constant time-headway policy as in Eq. (5.12),

can be written by stacking the standard control command ustd,i from Eq. (5.8) ustd =

[ustd,2, . . . , ustd,N+1]
T , and the deviated position xi X = [x2, . . . , xN+1]

T ∈ RN as column

vectors, for all the follower vehicles (i ∈ {2, N + 1}), and taking the inverse Laplace trans-

form to get,

Ẋ(t) = ustd(t) = −αKX(t) + αBx1(t), (5.16)

where the matrix K ∈ RN×N is called the pinned Laplacian of the PF vehicle network, and

B ∈ RN is the decentralized source communication vector of the network, i.e.,

K =


1 . . . 0

−1 1
...

. . . . . .

0 . . . −1 1

 , B =


1

0
...

0

 . (5.17)

Note that only the first entry of the communication vector B is non-zero in Eq. (5.17),

which indicates that only the first follower has the connected information about the deviated

position of the leader x1(t).

5.2.3 DSR-based car-dollowing dynamics

The DSR control update approximates the ideal centralized control, where all the vehicles

in the network have access to the leader (traffic light) information, which is ideal for main-

taining inter-vehicle spacing. Therefore, all the vehicles in the network have similar position

responses and smaller inter-vehicle spacing error compared to the standard constant time-

headway spacing control [15].
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Ideal car-following dynamics

The ideal control update uidl,i(t) for each ith vehicle uses the leader information x1(s), as

shown below,

ui(s) = uidl,i(s) = α (x1(s)− xi(s)) + sx1(s). (5.18)

Substituting Eq. (5.18), Eq. (5.6), Eq. (5.7), Eq. (5.9) and Eq. (5.10) into Eq. (5.4) yields

the ideal car-following dynamics

sxi(s) = −α (xi(s)− x1(s)) + sx1(s), (5.19)

with error (êi = xi − x1) dynamics

d

dt
êi(t) = −αêi(t), (5.20)

i.e., exponential correction of tracking errors. Since all vehicles have similar motion, the

spacing between vehicles remains constant at d0. Similar to Eq. (5.16), stacking the states

xi(s) and applying inverse Laplace transform results in the ideal network dynamics in time

domain [15],

Ẋ(t) = −α (X(t)− 1Nx1(t)) + 1N ẋ1(t)

= −αX(t) + α1N (x1(t) + ẋ1(t)/α)

= −αX(t) + α1Nxd(t) = uidl(t) (5.21)

where 1N = [1, . . . , 1]T ∈ RN , and xd(t) is computed by

xd(t) = x1(t) +
1

α
ẋ1(t) (5.22)

which denotes the centralized information required for ideal tracking. However, the update

Eq. (5.21) requires centralized communication of xd(t).
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DSR-based car-following dynamics

An approximation of the update law in Eq. (5.21), which does not require centralized com-

munication, is achieved by multiplying the pinned Laplacian matrix of the vehicle network

K from Eq. (5.17) on both sides of Eq. (5.21),

KẊ(t) = −αK (X(t)− 1Nxd(t)) . (5.23)

It can be shown from [31] that the pinned Laplacian K and the source communication vector

B in Eq. (5.17) satisfy K−1B = 1N . Therefore, Eq. (5.23) can be rewritten using B = K1N ,

and addition of Ẋ(t) on both sides of Eq. (5.23) with some rearrangement of terms, results

in the DSR command udsr as,

Ẋ(t) = (I −K) Ẋ(t)− αKX(t) + αBxd(t)

≈ (I −K)
X(t)−X(t− τd)

τd
− αKX(t) + αBxd(t)

= udsr(t), udsr = [udsr,2, udsr,3, . . . , udsr,N+1]
T , (5.24)

where τd > 0 is the DSR delay used to approximate the derivative on the RHS of the equation.

The resulting decentralized command udsr(t) approximates the ideal command uidl(t) in

Eq. (5.21). However, DSR command udsr(t) uses the same connectivity vector B as the

decentralized standard constant time-headway car-following policy in Eq. (5.16). Therefore,

the DSR network Eq. (5.24) only requires the leader information xd for the first follower,

which has visual access to the leader, and does not require broadcast of the leader trajectory

information xd(t) as in the centralized case Eq. (5.21). Lastly, in order to guarantee string

stability of the vehicle network to avoid amplification of disturbances, the DSR command

Eq. (5.24) needs to be scaled by a blending gain γ < γ∗ < 1, modifying the update equation

to

Ẋ(t) = γudsr(t). (5.25)

The upper bound γ∗ of the blending gain γ can be found using the control gain α and the

DSR delay τd as illustrated in [1].
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5.2.4 Traffic capacity metric

The traffic capacityNp is evaluated by the number of vehicles passing through the intersection

given a fixed, traffic light signal time T during which the light remains green. Let the initial

position of the leader (at the start of the intersection) be the origin, i.e. x̂1(0) = 0. Then,

the traffic capacity Np is given as the number of vehicles passing the intersection, i.e.,

Np = argmax
i∈Z

{x̂i(T ) > x̂1(0)}

= argmax
i∈Z

{xi(T )− (i− 1)d0 > x̂1(0) = 0}, (5.26)

where Z = {0, 1, 2, . . . } is the set of integers.

5.2.5 Problem statement

Ideal connected AVs (CAVs), with network dynamics as in Eq. (5.21), rely on centralized

information xd(t) which can be broadcast from infrastructure devices like cameras at sig-

nalized intersections. This enables the CAVs to maintain small inter-vehicle spacing and

achieve high traffic capacity Np at signalized intersections. However, the benefits from the

centralized communication can be substantially reduced when not all vehicles are CAVs in

a mixed traffic environment, or when V2I communication is not available and the vehicles

operate as AVs.

The research problems addressed in this article are the following.

1. Increase the traffic capacity Np at signalized intersections, defined in Eq. (5.26) using

DSR, when vehicles operate as AVs (without V2I communication) instead of CAVs.

2. Predict the traffic capacity improvement for AVs with DSR compared to the case

without DSR, i.e., AVs using standard car-following protocol Eq. (5.12).

3. Comparatively evaluate the traffic-intersection capacity Np, defined in Eq. (5.26), for

mixed vehicle networks with CAVs, HDVs, and AVs, where the AVs are using either

the standard car-following protocol Eq. (5.12) or DSR.
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5.3 Traffic capacity analysis

In this section, the traffic capacity, given a constant target cruise speed V at a one way

intersection during the green light phase, is analyzed for the following vehicle networks: (a)

ideal connected network using Eq. (5.21), (b) decentralized DSR AVs using Eq. (5.25) and (c)

decentralized standard AVs based on Eq. (5.16). To assess the maximum capacity with V2I

communication and the capacity loss without V2I communication all vehicles are assumed

to be aligned on a single lane with a target standstill distance d0.

5.3.1 General form of the strategies

This section shows that the car-following dynamics in the different vehicle networks: (a)

ideal connected network using Eq. (5.21), (b) decentralized DSR AVs using Eq. (5.25) and

(c) decentralized standard AVs based on Eq. (5.16) can be expressed or approximated by

the general form

ẋi(t) = ui(t) = −k (xi(t) + xi−1(t)) + bẋi−1(t), ∀i = 2, . . . , N, (5.27)

Ideal network

From the ideal network dynamics in Eq. (5.21), individual vehicle i update can written as,

ẋi(t) = uidl,i(t) = −α (xi(t)− xd(t)) , i = 2, . . . , N + 1 (5.28)

subtracting two consecutive vehicle update equations from Eq. (5.28) yields,

ẋi(t)− ẋi−1(t) = −α (xi(t)− xd(t)) + α(xi−1(t)− xd(t))

= −α (xi(t)− xi−1(t)) (5.29)

=> ẋi(t) = −α (xi(t)− xi−1(t)) + ẋi−1(t), ∀i = {2, . . . , N}, (5.30)

which can be written using the general form in Eq. (5.27), with the parameters as k = α, b =

1.
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All no-DSR AV network

For a decentralized vehicle network with no-DSR AVs, the update dynamics from Eq. (5.16)

for each vehicle i is,

ẋi(t) = −αxi(t) + αxi−1(t), i = 2, . . . , N + 1, (5.31)

which can be written using the general form in Eq. (5.27) with the parameters as k = α, b = 0.

All DSR AV network with gain

The DSR-based update dynamics in Eq. (5.24) leads to a set of delay differential equations

(DDEs) for each vehicle in the network. Note that the solutions with the the DSR command

Eq. (5.25), approximates the ideal command in Eq. (5.24), i.e.,

1

γ
Ẋ ≈ (I −K) Ẋ(t)− αKX(t) + αBxd(t), (5.32)

and therefore, the DSR network Eq. (5.32) approximates following update dynamics for

individual vehicles in the network,

ẋi(t) = αγ (xi−1(t)− xi(t)) + γẋi−1(t), i = 2, . . . , N + 1, (5.33)

which can be written using the general form in Eq. (5.27) with the parameters as k = αγ, b =

γ.

5.3.2 Properties of the general form

Solving the general form of the vehicle dynamics in Eq. (5.27) with initial condition xi(0) = 0

results in the solution of the trajectory xi(t) as follows,

xi(t) = L (xi−1, k, b) (t) = e−kt

∫ t

0

(kxi−1(τ) + bẋi−1(τ)) e
kτdτ (5.34)

for i = 2, . . . , N + 1, where the operator L(u, k, b) is defined as

L(u, k, b)(t) = e−kt

∫ t

0

(ku(τ) + bu̇(τ)) ekτdτ. (5.35)
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The spacing error ei from Eq. (5.11) satisfies the following lemmas, which are used in the

subsequent derivations of the traffic capacity.

Lemma 14. The spacing error ei based on the general car following dynamics in Eq. (5.27)

satisfies

ei = L (ei−1, k, b) , i = 2, . . . , N + 1 (5.36)

Proof. From Eq. (5.35), the operator L is linear in its first argument since for any t ≥ 0

L(a1u1 + a2u2, k, b)(t)

= e−kt

∫ t

0

(k (a1u1 + a2u2) + b(a1u̇1 + a2u̇2)) e
kτdτ

= a1e
−kt

∫ t

0

(ku1(τ) + bu̇1(τ)) e
kτdτ + a2e

−kt

∫ t

0

(ku2(τ) + bu̇2(τ)) e
kτdτ

= a1L(u1, k, b)(t) + a2L(u2, k, b)(t). (5.37)

Then, from Eq. (5.11)

ei = xi−1 − xi = L(xi−2, k, b)− L (xi−1, k, b)

= L (xi−2, k, b)− L (xi−2 − ei−1, k, b)

= L (xi−2, k, b)− (L (xi−2, k, b)− L (ei−1, k, b)) = L (ei−1, k, b) . (5.38)

The following lemma develops a general form of the propagation dynamics of the spacing

error ei(t).

Lemma 15. For the system dynamics in Eq. (5.27), if there exists a constant c ∈ R with

k > 0 such that the spacing error ei(t) has the form

ei(t) = c
(
1− e−ktPi(t)

)
, (5.39)
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where Pi(t) is an element in the space Pi of polynomial functions

Pi(t) ∈ Pi =

{
pi(t)|pi(t) =

i−1∑
j=0

kjt
j, kj ∈ R, t ≥ 0

}
, (5.40)

then the next spacing error ei+1(t) also preserves the same form as in Eq. (5.39) with the

same coefficients c and k, and a polynomial Pi+1 ∈ Pi+1.

Proof. From Lemma 14

ei+1(t) = L (ei(t), k, b) (t) = e−kt

∫ t

0

(kei(τ) + bėi(τ)) e
kτdτ. (5.41)

Substituting Eq. (5.39) into Eq. (5.41) yields

ei+1(t) = ce−kt

∫ t

0

(
k
(
1− e−kτPi(τ)

)
+ be−kτ

(
kPi(τ)− Ṗ (τ)

))
ekτdτ

= ce−kt

((
ekt − 1

)
− k (1− b)

∫ t

0

Pi(τ)dτ − bPi(τ)|t0
)

= c

(
1− e−kt

(
1 + k(1− b)

∫ t

0

Pi(τ)dτ + bPi(τ)

∣∣∣∣t
0

))
= c

(
1− e−ktPi+1(t)

)
, (5.42)

where the polynomial Pi+1(t) ∈ Pi+1 is

Pi+1(t) = 1 +

(
k (1− b)

∫ t

0

Pi(τ)dτ

)
+ (bPi(t)− bPi(0)) . (5.43)

As a result of the above Lemma, the spacing error ei(t) can be solved by computing the

polynomial Pi(t) for all follower vehicles with i > 2, if the spacing error of the first follower

vehicle (i = 2), e2(t), satisfies Eq. (5.39). With the expressions of the spacing error ei(t),

the trajectory of an agent xi(t) with system dynamics as in Eq. (5.27) can be described by

accumulating all the spacing errors from the leader x1(t),

xi(t) = xi−1(t)− ei(t) = xi−2(t)−
i∑

j=i−1

ej(t) = x1(t)−
i∑

j=2

ej(t) (5.44)

for i = 2, . . . , N +1, where x1(t) is the leader trajectory that can be found using the inverse

Laplace transform of Eq. (5.14).
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5.3.3 Traffic capacity

This section derives the estimation of the traffic capacity at an intersection with a constant,

target cruise-speed V , for the following networks: (a) ideal connected network Eq. (5.21),

(b) decentralized DSR AVs using Eq. (5.25) and (c) decentralized standard AVs Eq. (5.16).

The leader position x1(s) is independent from the selection of the network strategy, which is

obtained using Eq. (5.14) in terms of the constant cruise speed V ,

x1(s) =
αV

s2(s+ α)
= V

(
1

s2
− 1

αs
+

1

α(s+ α)

)
. (5.45)

Taking the inverse Laplace transform of Eq. (5.45) yields

x1(t) = V

(
t− 1

α
(1− e−αt)

)
= V t− V

α

(
1− e−αt

)
. (5.46)

Ideal network

The ideal network-based update law in Eq. (5.30) results in cohesive trajectory responses

among all vehicles, where xi(t) = x1(t),∀i = 2, . . . , N , assuming zero initial spacing errors,

i.e. xi(0) = x1(0),∀i ≥ 2. Therefore, the spacing error ei(t) remains zero for all the followers,

i.e., ei(t) = 0,∀i = 2, . . . , N . The trajectory xi(t) is then given using Eq. (5.46) as,

xi(t) = x1(t) = V t− V

α

(
1− e−αt

)
= V t− V

α
fc,i(t), (5.47)

where

fc,i(t) = 1− e−αt (5.48)

is the cumulative spacing error function for the ith vehicle of the ideal CAV network. Let

T be the time duration for which the traffic light signal remains green. Then the traffic

capacity Np,idl, as defined in Eq. (5.26), which quantifies the number of vehicles that can

pass through the intersection in time T , using the ideal CAV network dynamics (Eq. (5.21))
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can be given as,

Np,idl = argmax
i∈Z

{xi(T )− (i− 1)d0 > 0}

= argmax
i∈Z

{
V T − V

α
fc,i(T )− (i− 1)d0 > 0

}
= argmax

i∈Z

{
fc,i(T ) < α

(
T − d0(i− 1)

V

)}
= argmax

i∈Z

{
1− e−αT < α

(
T − d0(i− 1)

V

)}
= argmax

i∈Z

{
αd0
V

i < αT +
αd0
V

− (1− e−αT )

}
= floor

(
α(V T + d0)− V (1− e−αT )

αd0

)
. (5.49)

All no-DSR AV network

For the followers of the all no-DSR AV network Eq. (5.16), the trajectory of the first follower

x2(t) can be solved by substituting the first vehicle’s trajectory x1(t) from Eq. (5.46) into

Eq. (5.34) to get,

x2(t) = L(x1(t), α, 0)(t)

= e−αt

∫ t

0

α

(
V τ − V

α
(1− e−ατ )

)
eατdτ

= e−αt

(∫ t

0

αV τeατdτ −
∫ t

0

V (1− e−ατ )eατdτ

)
= V e−αt

(
τeατ

∣∣∣∣t
0

−
∫ t

0

eατdτ − 1

α
eατ
∣∣∣∣t
0

+ t

)
= V t− V

α
(1− e−αt)− V

α
(1− e−αt(1 + αt))

= x1(t)−
V

α
(1− e−αt(1 + αt)). (5.50)

Therefore the spacing error for the second vehicle e2(t) is given as

e2(t) = x1(t)− x2(t) =
V

α

(
1− e−αt(1 + αt)

)
, (5.51)
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which satisfies the general form in Eq. (5.39), with c = V/α, P2(t) = 1 + αt. From Lemma

15, the spacing error of the rest of the followers ei(t), i ≥ 3 has the same form as Eq. (5.39),

where the corresponding polynomials Pi(t), i ≥ 3 can be solved using Eq. (5.43) as

P3(t) = 1 + α

∫ t

0

1 + ατdτ = 1 + α

(
t+

αt2

2

)
, (5.52)

P4(t) = 1 + α

∫ t

0

P3(τ)dτ = 1 + α

(
t+

αt2

2
+

α2t3

6

)
, (5.53)

...

Pi(t) =
i−1∑
m=0

(αt)m

m!
. (5.54)

Therefore, from Eq. (5.54) and Eq. (5.39) with c = V/α, k = α, b = 0, the spacing error ei(t)

is given as

ei(t) =
V

α
(1− e−αtPi(t)) =

V

α

(
1− e−αt

i−1∑
m=0

(αt)m

m!

)
(5.55)

Substituting Eq. (5.46) and Eq. (5.55) into Eq. (5.44) gives the trajectory of the rest of the

followers xi(t), i ≥ 3,

xi(t) = x1(t)−
i∑

j=2

ej(t) = x1(t)−
V

α

(
i− 1− e−αt

i∑
j=2

Pj(t)

)

= x1(t)−
V

α

(
i− 1− e−αt

i∑
j=2

j−1∑
m=0

(αt)m

m!

)

= V t− V

α

(
i− e−αt

i∑
j=1

j−1∑
m=0

(αt)m

m!

)
, i = 2, . . . , N + 1. (5.56)

Defining the cumulative spacing error fn,i(t) for the ith vehicle of the no-DSR AV network

as

fn,i(t) = i− e−αt

i∑
j=1

j−1∑
m=0

(αt)m

m!
. (5.57)

The spacing loss function can be estimated from the following two cases:



92

1. The vehicle index i is small: Notice that the polynomial Eq. (5.54) is the Maclaurin

series of eαt. Therefore, the sum of the polynomial is small compared with the e−αt,

and the loss function can be approximated by

fn,i(t) = i− e−αt

i∑
j=1

j−1∑
m=0

(αt)m

m!
≈ i. (5.58)

2. The vehicle index i is large: The spacing loss fn,i has a limit given as

lim
i→∞

fn,i(t) = lim
i→∞

i− e−αt

i∑
j=1

j−1∑
m=0

(αt)m

m!

= lim
i→∞

i− e−αt

(
i∑

j=1

(
∞∑

m=0

(αt)m

m!
−

∞∑
m=j

(αt)m

m!

))

= lim
i→∞

i− e−αt

(
i∑

j=1

(
eαt −

∞∑
m=j

(αt)m

m!

))

= lim
i→∞

e−αt

i∑
j=1

∞∑
m=j

(αt)m

m!
= e−αt

∞∑
j=1

∞∑
m=j

(αt)m

m!

= e−αt

∞∑
m=1

(
m∑
j=1

(αt)m

m!

)
(by counting the number of each series term)

= e−αt

∞∑
m=1

m
(αt)m

m!
= αte−αt

∞∑
m=1

(αt)m−1

(m− 1)!

= αte−αteαt = αt (5.59)

Therefore, the spacing loss function can be approximated by the piecewise linear function

f̃n,i given by

fn,i(t) ≈ f̃n,i(t) =

i i ≤ αt

αt i > αt,

(5.60)

and Eq. (5.56) can be rewritten as

xi(t) = V t− V

α
fn,i(t). (5.61)
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Substituting Eq. (5.61) into Eq. (5.26) and using the approximation f̃n,i(t) from Eq. (5.60),

the traffic capacity Np,n of no-DSR AV network, is given as

Np,n = argmax
i∈Z

{xi(T )− (i− 1)d0 > 0}

= argmax
i∈Z

{
fn,i(T ) < α

(
T − d0(i− 1)

V

)}
≈ argmax

i∈Z

{
f̃n,i(T ) < α

(
T − d0(i− 1)

V

)}
.

Since f̃n,i = αt when i > αt in Eq. (5.60) does not satisfy the inequality f̃n,i(T ) < α(T −
d0(i−1)

V
), therefore using the other case of f̃n,i = i when i ≤ αt in Eq. (5.60) results in,

Np,n ≈ argmax
i∈Z

{
i < α

(
T − d0(i− 1)

V

)}
= floor

(
α(V T + d0)

V + αd0

)
= Ñp,n, (5.62)

where Eq. (5.62) provides an explicit (although approximate) estimate Ñp,n of the number

of vehicles Np,n that can pass through the intersection in time T using the update dynamics

from Eq. (5.16) for the all no-DSR AV network.

All DSR AVs with gain

For the followers of the all DSR AV network, the trajectory of the first follower x2(t) and the

second follower x3(t) can be solved by substituting the leader trajectory x1(t) from Eq. (5.46)

with k = αγ, b = γ into Eq. (5.34),

x2(t) = L(x1(t), αγ, γ)(t) = V t− V

αγ

(
1− e−αγt

)
(5.63)

x3(t) = L(x2(t), αγ, γ)(t)

= x2(t)−
V

αγ
(1− γ)

(
1− e−αγt(1 + αγt)

)
. (5.64)
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Therefore, the spacing error of the first and the second followers, e2(t) and e3(t), are given

as

e2(t) = x1(t)− x2(t) =
V

αγ
(1− γ)

(
1− γ

1− γ

(
e−αγt − e−αt

))
(5.65)

e3(t) = x2(t)− x3(t) =
V

αγ
(1− γ)

(
1− e−αγt(1 + αγt)

)
. (5.66)

Although the spacing error e2(t) doesn’t satisfy the general format in Eq. (5.39), e3(t) satisfies

the general format in Eq. (5.39), with

c =
V

αγ
(1− γ) , P3(t) = 1 + αγt. (5.67)

Then, from Lemma 15, the spacing error ei(t), ∀i ≥ 3 preserves the same form as Eq. (5.39).

However, there doesn’t exist a closed form of the polynomial Pi(t) in the spacing error ei(t) for

DSR, as it does for the no-DSR method in Eq. (5.54). Therefore, the polynomial coefficients

of Pi+1(t) need to be solved by iterating the coefficients of Pi(t). Let the coefficients of the

ith polynomial Pi(t) be [k0,i, k1,i, . . . , ki−2,i] such that

Pi(t) =
i−2∑
j=0

kj,it
j, i ≥ 3. (5.68)

Then, from Eq. (5.43), the coefficients for Pi+1 can be solved as

kj,i+1 =


1− γ + γk0,i j = 0

(1− γ)αγ
j
kj−1,i + γkj,i 0 < j < i− 1

(1− γ) αγ
i+1

ki−1,i j = i− 1

(5.69)

such that

Pi+1(t) =
i−1∑
j=0

kj,i+1t
j. (5.70)
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Therefore, trajectory xi(t) for any vehicle i ≥ 2 with the DSR-based update in Eq. (5.32),

can be solved as

xi(t) = x2(t)−
i∑

j=3

ej(t)

= x2(t)−
V

αγ
(1− γ)(i− 2− e−αγt

i∑
j=3

Pj(t))

= V t− V

αγ

(
1− e−αγt + (1− γ)(i− 2− e−αγt

i∑
j=3

Pj(t))

)

= V t− V

α
fd,i(t), i = 2, . . . , N (5.71)

where fd,i(t) is the cumulative spacing error at the ith vehicle of the DSR AV network, defined

as,

fd,i(t) =
1

γ

(
1− e−αγt + (1− γ)(i− 2− e−αγt

i∑
j=3

Pj(t))

)

≈ 1

γ

(
1− e−αγt + (1− γ)(i− 2)

)
= f̃d,i(t), (5.72)

where the approximation f̃d,i(t) of fd,i(t) tends to be accurate when time t is sufficiently

large. Substituting Eq. (5.71), Eq. (5.72) into Eq. (5.26), the traffic capacity Np,d of the All

DSR AV network is given as

Np,d = argmax
i∈Z

{
fd,i(T ) < α(T − d0(i− 1)

V
)

}
≈ argmax

i∈Z

{
f̃d,i(T ) < α(T − d0(i− 1)

V
)

}
= argmax

i∈Z

{
1− e−αγT + (1− γ)(i− 2) < αγ(T − d0(i− 1)

V
)

}
= floor

(
αγ(V T + d0)− V (2γ − 1− e−αγT )

V (1− γ) + αγd0

)
= Ñp,d, (5.73)

where Ñp,d is an explicit approximation of the traffic capacity Np,d with the use of DSR.
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5.4 Simulation Results and Discussion

This section provides comparative simulations of no-DSR AVs (Eq. (5.8)) and DSR AVs

(Eq. (5.24)) in mixed traffic conditions to evaluate the improvement of traffic throughput

with the use of DSR. The mixed traffic simulations are performed with different market-

penetration rates of HDVs and CAVs, and random order of the vehicles in the network. The

selection of the CAV and HDV models are provided in the Appendices.

5.4.1 System description

The mixed traffic simulations are implemented in MATLAB environment. The simulations

include sufficient number of vehicles to flow through the signalized intersection within the

green light phase. The traffic light signal additionally provides leader speed information to

CAVs.

Traffic parameters

The traffic parameters are selected as discussed below.

1. Control gain α: The desired time period Ts of vehicles for accelerating to a target cruise

speed varies from 5 to 10 seconds, depending on the surrounding traffic speed and the

type of vehicles [68]. In the following, the control gain is selected as α = 2/3 to match

the desired time period Ts of 6 seconds. From Eq. (5.15), the equivalent headway time

is given by λ = 1/α = 1.5 s.

2. Signal time T : The traffic signal time, denoting the green phase of the intersection when

vehicles are allowed to pass, depends on the location of the signalized intersection in

the road network, as well as the speed limit of the road. In this following, the signal

time is selected as T = 25 seconds [69].

3. Target inter-vehicle spacing d0: The desired inter-vehicle constant spacing d0 = 10
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mi (kg) τi (s
−1) kd,i (kg/m) dm,i (kgm/s2) amax(m/s−2) amin(m/s−2)

1800 0.25 0.45 4 7 -7

λ(s) d̄(m) τ̄(s) ∆t(s) Vs σr

1.5 10 20 0.01 0.01 0.05

Table 5.1: Vehicle model and improved intelligent driver model (IIDM) parameters

meters is selected as twice the mid-size vehicle length of a 2023 Toyota Camry as 192.1

inches (about 5 meters) [70].

Vehicle model

The vehicle dynamics in Eq. (5.3) for the simulations is considered to be, similar to [8],

d

dt
âi = b(v̂i, âi) + a(v̂i)ûi(t) (5.74)

with

a(v̂i) =
1

miτi
(5.75)

b(v̂i, âi) = −2
kd,i
mi

v̂iâi −
1

τi

(
âi +

kd,i
mi

v̂2i +
dm,i

mi

)
(5.76)

where mi is the mass of the ith vehicle, τi is the vehicle’s engine constant, kd,i is the drag

coefficient, dm,i is the mechanical drag. The vehicle network is homogeneous and the values

of above parameters are listed in Table 5.1, selected the same as in [8].

Control parameters

The control parameters for stable pole-zero cancellation using Eq. (5.7), and for the no-DSR

(Eq. (5.16)) and DSR (Eq. (5.25)) control updates used in the simulations are discussed in

this section.
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1. Feedback controller Cfb(s) and Cff (s): To place cancelled poles on the open-left-half

plane, the feedback controllers are selected as

Cff (s) = s2 + 4s+ 4, Cfb = 4s2 + 4s (5.77)

with k1 = k0 = 4. With above selections of Cfb(s) and Cff (s), the cancelled poles p1,2

are placed at

p1,2 = {s ∈ R|s2 + k1s+ k0 = 0} = −2. (5.78)

For onboard implementation, the controllers need to compute the derivatives of incom-

ing signal numerically. Therefore, a low-pass filter with cutoff frequency wf = 40α

(where α = 2/3 is the control gain) is added to remove high-frequency noise before

computing time derivatives, which results in a modified feedback controller

Cff (s) =
ωf

s+ ωf

(s2 + 4s+ 4). (5.79)

2. DSR delay τd: The DSR delay depends on the update rate of the local sensors. Typ-

ically for vehicles with Advance Driver Assistance System (ADAS), the local sensing

delay varies between 0.1 to 0.3 s [47, 48]. In this simulation, the DSR delay is selected

as τd = 0.1s.

3. Gain γ: According to the criterion established in [1], the gain γ is constrained by

γ < γ∗ =
√

1/(ατd + 1) = 0.968 (5.80)

for string stability. Besides, the gain γ is constrained within γ ∈ (0.5, 1] for internal

stability. To retain robustness of the network, the gain is selected as γ = 0.95 in order

to satisfy above constraints and reduce the steady state error for decentralized vehicles.

5.4.2 Metrics for improvement in traffic capacity

The improvement I on recovering the ideal traffic capacity Np,idl with the use of DSR can

be estimated using Np,idl from Eq. (5.49), traffic capacity estimate without DSR Ñp,n from



99

Improvement (%) in traffic capacity with the use of DSR (T = 25)
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Figure 5.1: DSR improves traffic capacity (right vertical azis) over a wide range of desired

time period Ts (horizontal axis), and target traffic speed V (left vertical axis), according to

Eq. (5.81).

Eq. (5.62) and traffic capacity estimate with DSR Ñp,d from Eq. (5.73)

I =

(
Ñp,d − Ñp,n

Np,idl

)
× 100%. (5.81)

With the use of DSR on an all-AV network, improvement in the traffic capacity I, ranging

from 40% to 60%, is seen over a large range of desired time period Ts from 4 s to 10 s, and

target traffic speed V from 20 mph to 40 mph as seen in Fig. 5.1. For instance, with a desired

time period Ts = 6 and target traffic speed V = 34 mph, the estimated improvement I with

the use of DSR is 57%, as illustrated by the black star in Fig. 5.1.
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5.4.3 Comparative simulations of single-lane capacity, with and without DSR

Comparative MATLAB simulations indicate the use of DSR reduces the cumulative spacing

error of the all-AV network, therefore it improves the traffic capacity of the AV network,

defined as number of vehicles passing through the intersection within the chosen traffic

signal time. Furthermore, the benefits from using DSR is preserved when it is applied to the

AVs in a mixed traffic network. DSR improves the traffic capacity of a mixed traffic network

on average compared to the no-DSR approach.

To determine the average performance in mixed traffic with different market-penetration

rates, the mean traffic capacity is computed from various simulations with random assigned

order of vehicles in the network. In order to determine the number of simulations such

that the mean traffic capacity converges, a pre-checked simulation is conducted at a selected

market-penetration rate (CAVs:HDVs:AVs = 3:3:4) with different numbers of simulations.

The result shows that the mean traffic capacity differs within ±0.25 when the number of

iteration is greater than 65 runs, as illustrated by Fig. 5.2. Therefore, the number of runs

for the mixed traffic simulation is selected as 70 in the following.

Predicted traffic capacity matches simulation results

The explicit approximations of the cumulative spacing loss function f̃n,i in Eq. (5.60) and

f̃d,i in Eq (5.72) provide good estimations for the actual cumulative spacing loss function fn,i

and fd,i, as shown in Fig. 5.3. Specifically, with α and d0 selected the same as in Table. 5.1,

and the target speed V = 34 mile-per-hour (mph), i.e., 15 m/s, the maximum approximation

error using f̃n,i for no-DSR AV network (|fn,i(T ) − f̃n,i(T )|) is within 7%, and within 1%

using f̃d,i for DSR AV network (|fd,i(T )− f̃d,i(T )|). Furthermore, all DSR AV network results

in smaller cumulative spacing loss, compared with all no-DSR AV network, and therefore

better traffic capacity, as illustrated by Fig. 5.3.

The traffic capacity estimations for the ideal network Eq. (5.49), no-DSR network Eq. (5.62)

and DSR network Eq. (5.73) are verified by the all-AV simulations, illustrated by Fig. 5.3
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Figure 5.2: The mean capacity (for both cases with and without DSR) converges within

±0.25 vehicles when the number of simulations are greater than 65 runs.
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with selected parameters. Compared with no-DSR network, For instance, at the target speed

V = 34 mph, the traffic capacity from numerical simulations with DSR is Np,d = 32 , which is

the same as the estimated traffic capacity Ñp,d = 32, computed by substituting α, γ, V, T, d0

into Eq. (5.73). In the meanwhile, without the use of DSR, the traffic capacity Np,n = 12

from the simulations, which is very close to the predicted value Ñp,n = 11 by substituting

α, V, T, d0 into Eq. (5.62), as illustrated by Fig. 5.4. The analytical prediction of the capacity

improvement from Eq. (5.81) is small — difference from the simulation results is within 5%.

For instance, at the target speed V = 34 mph, the predicted improvements from Eq. (5.81)

is (32− 11)/36 · 100% = 58.3%, which compares well with the improvement computed from

the simulation (32− 12)/36 · 100% = 55.5%, as illustrated by the right plot of Fig. 5.4.

Note that the capacity with AVs is not expected to be much higher than with HDVs

since the response time and the range of the headway time of the ACC system (1.1 to 4.1s)

is similar to human drivers (0.6s to 3.8s), as reported in [36]. Moreover, the inter-spacing

distance between vehicles increases as the target speed V increases for no-DSR AVs and

HDVs, which results in increased spacing. Therefore, the traffic capacity with no-DSR AVs

and HDVs does not increase substantially with speed V when compared to DSR AVs and

ideal CAVs.

DSR improves the traffic capacity of the all-AV network

The DSR method reduces the spacing loss of the agents to its leader, compared with no-DSR

method. In low-speed zone when the traffic target speed V = 20 mph, the traffic capacity

of the ideal network is Np,idl = 21 vehicles. The traffic capacity of the DSR AV network is

Np,d = 20 vehicles, which is about 95% of the ideal case (with centralized communication),

compared with the no-DSR AV network Np,n = 9 vehicles, which is about 43% of the

ideal cases. Therefore in this case, the use of DSR recovers the ideal traffic throughput by

I = (20− 9)/21 · 100% = 52%. In the high-speed zone when the traffic target speed V = 40

mph, the traffic capacity of the ideal CAV network is Np,idl = 42 vehicles. The traffic capacity

of the DSR AV network is Np,d = 37 vehicles, which is about 88% of the ideal case, compared
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Figure 5.3: All DSR AV network achieves better traffic capacity Np by reducing the cumu-

lative spacing loss. The solid lines are the numerical solutions of the cumulative spacing loss

fc,i(T ) from Eq. (5.48) for ideal network, fd,i(T ) from Eq. (5.72) for All DSR AV network and

fn,i(T ) from Eq. (5.60) for no-DSR AV network. Dashlines are the analytical approximation

of the spacing loss f̃d,i(T ) for All DSR AV network and f̃n,i(T ) for no-DSR AV network. The

star markers are the estimated traffic capacity Np,idl = 36 for ideal network (green) from

Eq. (5.49), Ñp,n = 11 for no-DSR network (black) from Eq. (5.62) and Ñp,d = 32 for DSR

network (black) from Eq. (5.73).
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Figure 5.5: DSR AV network maintains higher traffic capacity compared with no-DSR net-

work: With the target speed V = 34 mph and 10 s after the traffic signal turns green, the

DSR AV network (bottom plot) has less spacing loss from the leader (the green box) and thus

allows more vehicles (12) compared with the no-DSR AV network (top plot) with 5 vehicles

during the same amount of time. Therefore, the use of DSR on AVs improves the traffic

capacity of the all-AV network. Video is available at https://youtu.be/xGiAI4IXVns , as

well as in supplementary material.

https://youtu.be/xGiAI4IXVns
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with the no-DSR AV networkNp,n = 12 vehicles, which is about 29% of the ideal cases. In this

case, the use of DSR recovers the ideal traffic throughput by I = (37−12)/42 ·100% = 59%.

Therefore, the use of DSR improves the traffic capacity through different range of traffic

speed. Fig. 5.5 demonstrates an example of the AV networks 10 s after the traffic light

turning to green with the target traffic speed V = 34 mph. Overall, from Fig. 5.6, the use

of DSR without V2I communication (32 vehicles for all DSR AVs) captures most of the

capacity increase of CAVs (36 vehicles for all CAVs) with V2I communication.

DSR improves the traffic capacity of mixed traffic networks

The use of DSR on AVs improves the traffic capacity of a mixed network, with different

market-penetration rate of HDVs and CAVs. The level of improvements decreases as the

market-penetration rate of HDVs increases. However the use of DSR guarantees improve-

ments on the traffic capacity Np when the mixed traffic has at least 20% the AVs, or no more

than 50% HDVs, as Fig. 5.6 illustrates. Specifically, when the mixed traffic has 30% CAVs,

30% HDVs and 40% AVs, the average improvement I from the use of DSR on AVs is 17%

of the ideal capacity; and when the mixed traffic has 30% AVs, the average improvement I

from the use of DSR varies from 6% − 36%. The capacity improvement when using DSR

also is not impacted significantly by the order of different types of vehicles in the network

since the standard deviation shows that the traffic capacity varies within 14% of the mean

capacity with different orders of vehicles, as illustrated by Fig. 5.7. Thus, the use of DSR on

AVs improves the traffic capacity Np of mixed traffic with various market-penetration rate

of HDVs and CAVs.

5.4.4 Comparison of intersection capacity using SUMO, with and without DSR

The proposed DSR approaches ability to improve capacity at intersections is also assessed

using Simulation of Urban MObility (SUMO), where the car-following dynamics are simu-

lated together with lane-changing model, intersection models and collision avoidance models
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Figure 5.6: Mixed traffic capacity with V = 34 mph. DSR guarantees improvements on

the traffic capacity Np when the mixed traffic has no more than 50% of HDVs, or when the

mixed traffic has at least 20% of the AVs with the use of DSR. DSR results in improvements

even with 70% HDVs and 30% AVs .
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Figure 5.7: Standard deviation (as a percentage of the mean capacity) for the mixed traffic

simulation.

to provide more realistic traffic simulations. Comparative evaluations are performed, with

and without DSR, for mixed traffic with selected market penetration rates of HDVs.

SUMO settings

The satellite view and the snapshot of the SUMO intersection model of the intersection

selected at Fairview Ave and Denny way, Seattle, WA as in [71] are shown in Fig. 5.8.

The target traffic speed V = 34 mph, and the speed limit is set as 40 mph to match the

conditions in Section 5.4.3. The phase information of the traffic light and the volume of the

traffic are provided in Fig.5.9. The volume of the traffic is selected to be be high to evaluate

the maximum capacity, and the volume ratios among different routes are selected as typical

values [71]. Pedestrians in crossings are not modeled to focus the comparative evaluations

with and without DSR. The intersection is defined as a 40 m × 40 m square area, and the

vehicle is considered to have passed the intersection once it moves out of the square area.

The net traffic capacity Np is calculated by summing the vehicles passing through all the
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Figure 5.8: Satellite view [3] of the intersection (left) at Fairview and Denny way in Seattle,

USA, evaluated with the intersection model in SUMO platform (right).

Figure 5.9: The phase information of the traffic light (one cycle).

directions (North/South/West/East).

In the SUMO environment, DSR AV models are combined with lane-changing models

and intersection models, which determines the right-of-way of the vehicles. Compared with

MATLAB simulations in Section 5.4.3, SUMO simulations are different in terms of the

engagement of autonomous car-following, specifically, AVs /CAVs will return to human-

driven mode under the following three scenarios: (i) a neighbor vehicle is merging into the

lane to the front, (ii) there is no preceding vehicle in front, or (iii) the traffic signal is red

and the vehicle is within 50 meters of passing the intersection.
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DSR improves intersection capacity

The use of DSR without V2I communication captures most of the improvements of CAVS

with V2I communication – even in the real-world intersection simulations with SUMO. For

instance, the DSR AV network has a capacity of 1248 which is close to 1302 (95.8%) of the

all CAV network. Even when the mixed traffic has 30% CAVs, 30% HDVs and 40% AVs,

the improvement I from the use of DSR is 15% from SUMO simulations as illustrated in

Fig. 5.10, which is comparable to the improvement I = 17% for the single lane in Fig. 5.6.

Therefore, capacity is increased with DSR even after considering realistic situations in inter-

sections. Overall, the use of DSR enables close to CAV performance without the need for

V2I communication.

5.5 Conclusion

This work investigates the use of delayed-self-reinforcement (DSR) on autonomous vehicles

(AVs) within a mixed traffic network with AVs, connected AVs (CAVs) with communication

to traffic signal and target traffic speed information, as well as human driven vehicles (HDVs).

DSR mimics the ideal centralized control command in a decentralized manner and as a result,

the spacing error of AVs with DSR is reduced compared to the case without DSR. Therefore,

the use of DSR without V2I communication captures most of the capacity increase of CAVs

with V2I communication. The improvement with DSR is shown with both analytical methods

and numerical simulations and the improvement is seen even with mixed traffic conditions

under realistic intersection simulations.
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Figure 5.10: DSR improves the traffic capacity compared without the use of DSR on AVs

from SUMO simulations. Capacity is evaluated after the intersection is loaded, for cycles

2-8.
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Chapter 6

CONCLUSION AND FUTURE WORK

This thesis investigates the use of delayed-self-reinforcement (DSR) on autonomous ve-

hicles (AVs), including its internal stability and string stability conditions. Furthermore,

the performance of DSR has been examined via realistic simulation platform (SUMO) which

constructs a mixed traffic network with AVs, connected AVs (CAVs) with communication to

traffic signal and target traffic speed information, as well as human driven vehicles (HDVs).

The improvement with DSR is shown via both analytical methods and numerical simulations

and the improvement is seen even with mixed traffic conditions under realistic intersection

simulations.

In the future work, drive quality and fuel economy will be considered in the design of

DSR-based car-following approaches. The impact of the use of DSR can be further examined

via larger-scale traffic simulations. The advantages brought by using DSR can be integrated

with vehicle-to-infrastructure (V2I) control which shows great potential to improve the traffic

coordination.
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.1 A:Car-following dynamics of CAV followers

In this section, the control update is developed for CAV followers based on previous work

in [88] in which CAVs reduce the use of the leader information as the local inter-spacing

decreases since the risk of colliding with the preceding vehicle increases.

Let Nc represent the set of CAVs in the network such that 1 < n(Nc) ≤ N . For i ∈ Nc,

the vehicle i is connected to the traffic signal information which provides the leader speed

information v̂1(t). The control update for vehicle i, where i ∈ Nc, is obtained by augmenting

the decentralized PF control law in Eq. (5.8) with the cruise speed command vd(s) = v̂1(s)

uc,i(s) = vd(s) + ustd,i(s), i ≥ 2, (1)

where in the simulations with a constant target cruise speed V , the leader speed v̂1(s) is

calculated from Eq. (5.14). Eq. (1) results in the control update ũi(s) for the i
th CAV to be,

ũi(s) = Cff (s)uc,i(s)− Cfb(s)xi(s). (2)

Using the steps similar to Eq. (5.12), the control law in Eq. (2) results in the following CAV

dynamics,

xi(s) =
vd(s) + αxi−1(s)

s+ α
. (3)

However, in the mixed traffic environment with other types of vehicles, it is not guaranteed

that the information vd(t) is transmitted to each CAV i ∈ Nc without delay. Besides, the

predecessor x̂i−1 might not track the desired trajectory perfectly. Simply using the target

cruise speed command vd(s) in addition to local sensing command ustd,i could result in

collisions.

To guarantee safety, the individual target speed for the ith CAV vd,i(t) is scaled with a

usefulness function S(di) based on the relative spacing di, as

vd,i(t) = S(di)vd(t), (4)

S(di) =

(
1 + e

−h1

(
di−d0

d0
+h2

))−1

, (5)
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Figure 1: The value of S(d0) with ϵ = 10−3

where S(di) is the usefulness function of the traffic light information vd(t) [88]. It is a deviated

sigmoid function varying from 0 to 1, as shown in Fig. 1.

When the relative spacing of ith vehicle is smaller than desired spacing, i.e. di < d0,

the V2I communication is less useful since the risk of collision increases, and vice versa.

Therefore, the function parameters h1, h2 can be selected based on the usefulness of the traffic

light information. For example, if the system requires that the traffic light information is

fully utilized when di > d0 and fully not utilized when di < 0.5d0 with tolerance ϵ, then the

required usefulness function S(di) must satisfy

S(di) = ϵ ≈ 0, di = 0.5d0 (6)

S(di) = 1− ϵ ≈ 1, di = d0. (7)

Then, substituting Eq. (6) and (7) into Eq. (5)

−h1

(
1

2
+ h2

)
= ln

1− ϵ

ϵ
, (8)

−h1h2 = ln
ϵ

1− ϵ
, (9)

which provides a method to select the function parameters, h1 and h2, for the usefulness
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function S(di) based on a chosen tolerance ϵ. Solving Eq. (8), (9) for h1 and h2 yields

h1 = 4 ln
1− ϵ

ϵ
, h2 = 0.25. (10)

Fig. 1 shows an example usefulness function designed with a tolerance ϵ = 0.001. Thus,

using the individualized target speed vd,i for CAV i, which ensures no collision, the revised

CAV control law with collision avoidance is given as

ũi(s) = Cff (s)(vd,i(s) + ustd,i(s))− Cfb(s)xi(s). (11)

where vd,i(s) is the Laplace transform of vd,i(t) in Eq. (4).

.2 B: Human Intelligent Driver Model

The improved intelligent driver model (IIDM) from [89] is implemented to capture the car-

following behaviors of the human driven vehicles in the mixed traffic. To model the imperfect

estimation capability of human drivers, an estimation error model is implemented together

with the IIDM. The IIDM model is a discrete model with time step ∆t. Let Nh as the set

of human-driven vehicles in the network such that 1 ≤ n(Nh) ≤ N − n(Nc). Then, for each

vehicle i ∈ Nh, the acceleration âi(t) is updated as [88].

âi(t+∆t) =


amax

(
1−

(
d∗i (t)

d̃i(t)

)2)
, di(t) ≤ d∗i (t),

afree(t)

(
1−

(
d∗i (t)

d̃i(t)

) 2amax
|afree|

)
, otherwise,

(12)

with

d∗i (t) = d̄+max

(
0, v̂i−1λ− v̂i−1∆ṽi

2
√
amaxamin

)
, (13)

afree(t) = amax

(
1−

(
v̂i−1(t)

v̂i(t)

)δ
)
, (14)

where amax is the maximum acceleration of the vehicle, amin is the maximum deceleration, d̄

is the minimum gap , δ = 4 is the acceleration exponent and λ is the desired headway time.
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The variables d̃i and ∆ṽi are the relative spacing and relative speed estimated by human

drivers, which are given by the estimation model [88]

d̃i(t) = di(t)e
Vsws(t), (15)

∆ṽi(t) = v̂i−1(t)− v̂i(t) + d̃i(t)σrwl(t), (16)

where ws(t), wl(t) ∈ W belongs to the set of random variables generated by Wiener process,

Vs is the coefficient variation of the Wiener process, σr is the constant standard deviation of

the relative approach rate. The random variable w(t) ∈ W produced by the Wiener process

can be described by

w(t+∆t) = w(t)e
−∆t
τ̄ + η

√
2∆t

τ̄
, (17)

where η is a random number which follows the uniform distribution with zero expectation

and unit variance, and τ̄ is the correlation time. The estimation model in Eq. (15), (16) and

(17) describes the stochastic aspects of human estimation [88].
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