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Abstract

On Cross Sections to the Horocycle and Geodesic Flows on Quotients by Hecke
Triangle Groups

Diaaeldin Taha

Chair of the Supervisory Committee:
Jayadev Athreya
Department of Mathematics

The study of continuous dynamical systems via surfaces of section is one of the stan-
dard techniques in nonlinear mathematics. This is done by considering the intersections
of trajectories in a phase space with a subspace of codimension one. The sought for goal
is simplifying the study of the original dynamical system. In this manuscript thesis, we
consider cross sections to the horocycle and geodesic flows on quotients of SL(2,R) by

the Hecke triangle groups, and applications to Farey statistics and symbolic dynamics.
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The Boca-Cobeli-Zaharescu Map Analogue for the

Hecke Triangle Groups G,

Abstract

The Farey sequence F(Q) at level @ is the sequence of irreducible fractions in [0, 1]
with denominators not exceeding (), arranged in increasing order of magnitude. A
simple “next-term” algorithm exists for generating the elements of F(Q) in increasing
or decreasing order. That algorithm, along with a number of other properties of the
Farey sequence, was encoded by F. Boca, C. Cobeli, and A. Zaharescu into what
is now known as the Boca-Cobeli-Zaharescu (BCZ) map, and used to attack several
problems that can be described using the statistics of subsets of the Farey sequence. In
this paper, we derive the Boca-Cobeli-Zaharescu map analogue for the discrete orbits
Ay = G4(1,0)T of the linear action of the Hecke triangle groups G, on the plane R?
starting with a Stern-Brocot tree analogue for the said orbits (theorem 2.2). We derive
the next-term algorithm for generating the elements of A, in vertical strips in increasing

order of slope, and present a number of applications to the statistics of A,.
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1 Introduction

For any integer Q > 1, the Farey sequence at level (Q is the set

FQ)={a/q|la,qeZ, 0<a<q<Q, ged(a,q) =1}

of irreducible fractions in the interval [0, 1] with denominators not exceeding @, ar-
ranged in increasing order. The Farey sequence is one of the famous enumerations of

the rationals, and its applications permeate mathematics. Some of the fundamental



properties of F(Q) are the following:

1. If a1/q1,a2/q2 € F(Q) are two consecutive fractions, then 0 < ¢q1,¢2 < @, and
@ +q > Q.

2. If a1/q1,a2/q2 € F(Q) are two consecutive fractions, then they satisfy the Farey

neighbor identity asq1 — ajqe = 1.

3. If a1/q1,a2/q2,a3/q3 € F(Q) are three consecutive fractions, then they satisfy
the next-term identities

a3 = kaz — a1,

and

g3 =kq —q

where k = LMJ
q2

Around the turn of the new millennium, F. P. Boca, C. Cobeli, and A. Zaharescu [6]

encoded the above properties of the Farey sequence as the Farey triangle
T ={(a,b) |0<a,b<1, a+b>1},

and what is now increasingly known as the Boca-Cobeli-Zaharescu (BCZ) map T :

T(a,b) := <b, —a+ r z “J b>

which satisfies the property that

AN
T(Q’Q) (Q’Q)

for any three consecutive fractions ai/q1,a2/q2,a3/q3 € F(Q). Since then, quoting R.

T - 7!

R. Hall, and P. Shiu [12], the aforementioned trio have “made some very interesting

applications” of 7 and T (and the weak convergence of particular measures on 7

'In the remainder of this paper, we will denote the BCZ maps we compute for the Hecke triangle groups
G, by BCZ,, reserving the symbols T, for particular generators of G|,.



supported on the orbits of T' to the Lebesgue probability measure dm = 2dadb) to the
study of distributions related to Farey fractions.

Earlier in the current decade, J. Athreya, and Y. Cheung [3] showed that the
Farey triangle .7, the BCZ map T : 7 — 7, and the Lebesgue probability measure

dm = 2dadb on J form a Poincaré section with roof function R(a,b) = % to the

1 0
horocycle flow hy = , s € R, on Xy = SL(2,R)/SL(2,Z), with (a scalar
-5 1

multiple of) the Haar probability measure ps inherited from SL(2,R). Following that,
analogues of the BCZ map have been computed for the golden L translation surface
(whose SL(2,R) orbit corresponds to SL(2,R)/G5, where G5 is the Hecke triangle
group (2,5,00)) by J. Athreya, J. Chaika, and S. Lelievre? in [1], and later for the
regular octagon by C. Uyanick, and G. Work in [18]. In both cases, the sought for
application was determining the slope gap distributions for the holonomy vectors of
the golden L and the regular octagon. Soon after, B. Heersink [14] computed the BCZ
map analogues for finite covers of SL(2,R)/SL(2,Z) using a process developed by A.
M. Fisher, and T. A. Schmidt [10] for lifting Poincaré sections of the geodesic flow on
SL(2,R)/SL(2,Z) to covers of thereof. In that case, the sought for application was

studying statistics of various subsets of the Farey sequence.
In this paper, we derive the BCZ map analogue for the Hecke triangle groups G,

q > 3, which are the subgroups of SL(2,R) with generators

0 -1 1 A

S = , and T}, := ,
1 0 0 1

where Ay := 2 cos (%) > 1. Along the way, we investigate the discrete orbits

2By theorem 2.2, we get for ¢ = 5 the indices ko (a,b) = {t}&tﬁ?} k3(a,b) = La(tll%i;b)J’ and ky(a,b) =

{%J. This corrects the indices given in theorem 3.1 of [1].
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Figure 1: The elements of A5 in the square [0, 100]? generated using theorem 2.3 and re-

mark 2.1.
of the linear action of G, on the plane R2, and present some results on the geometry of
numbers, Diophantine properties, and statistics of A,. Our starting point is showing
that the orbits A, have a tree structure that extend the famous Stern-Brocot trees for
the rationals. The said trees were studied a bit earlier by C. L. Lang and M. L. Lang
in [16], though their focus was on the M&bius action of G4 on the hyperbolic plane.

An earlier version of this paper was announced in October 2018 under the title “The

Golden L Ford Circles”, which only considered G5 and its Ford circles. An excellent
paper [8] by D. Davis and S. Lelievre that investigates the G5-Stern-Brocot tree as a
tool for studying the periodic paths on the pentagon, double pentagon, and golden L
surfaces was announced at the same time. We strongly recommend the aforementioned

paper as a more geometrically flavored application of the said trees.

1.1 Organization
This paper is organized as follows:

e In section 2, we characterize and study the discrete orbits of the linear action of

G4 on the plane R? (proposition 2.1), show that those discrete orbits have a tree



structure analogous to the Stern-Brocot trees for the rationals (theorem 2.1), and
derive the Boca-Cobeli-Zaharescu map analogues for G, (theorem 2.2). We also
characterize the periodic points for the G4-BCZ map analogues (corollary 2.2),
and present an algorithm for generating the elements of A, in increasing order
of slope (theorem 2.3). We also collect some consequences of the existence of

G 4-Stern-Brocot trees that we use throughout the paper in corollary 2.1.

e In section 3, we give the Poincaré cross sections to the horocycle flow on the
quotients SL(2,R)/G, corresponding to the G; BCZ map analogues we have in
section 2 (theorem 3.1). As a consequence, we get an equidistribution result

(theorem 3.2) that we use for the applications in section 4.

e In section 4, we present a number of applications of the results in this paper to the
statistics of subsets of A,. In particular, we give the main asymptotic term for the
number of elements of A, in homothetic dilations of triangles (proposition 4.1),
equidistribution of homothetic dilations %Aq in the square [~1,1]?> as 7 — oo
(corollary 4.1), the slope gap distribution for the elements of A, (corollary 4.2),
and the distribution of the Euclidean distance between successive Gg-Ford circles
(corollary 4.3). We also get a weak form of the Dirichelet approximation theorem

for A, for free (proposition 4.3).

1.2 Notation

As is customary when working with the groups G, we write

Uy =T,5 =

The matrix U, is conjugate to a rotation with angle 7/¢, and can be easily seen to

preserve the quadratic form

Qq((z,y)") =2 = Agay +1°



Figure 2: The vectors {r?}?_ along with the ellipse Q5((z,y)?) = 22 — A\szy +y* = 1. Note
that \s is the golden ratio ¢ = (14 /5)/2.

when U, acts linearly on the plane R2.

The main object that we study in this paper is the orbit of the vector (1, O)T € R?

under the linear action of G, on the plane
Ay = Gy(1,0)T.

The set A4 is symmetric against the lines y = £z, x = 0, and y = 0 since G, contains
SIS =T), 8% = ST, and (T,5)1 = — 1ds.

Of special significance to us are the elements
j T
mg = (‘rg’y;}) = U;(la 0) )

where i = 0,1,---,2¢ — 1. Note that w{ = (1,0)7, w{ = (A, DT, wl_, = (1,77,
wi = (0, 7T, and wi = (—1,0)T. (Since U, is conjugate to a 7/g-rotation, Uf =
—1Idy. This gives the last equality.) Moreover, the vectors {m;’}?igl lie on the ellipse
Qq((z,y)") =2” = Aoy +y* = 1.

Given two vectors ug = (z0,90)"

,uy = (z1,y1)7 € R2, we denote their (scalar)
wedge product by

ug Aup = oY1 — 1Yo,



and their dot product by

Up - U = Tox1 + Yovyi-

One useful inequality that we use more than once in this paper is that if ug, uy, v are
non-zero vectors in R?, with the angle Zugu; not exceeding 7/2, and v belonging to

the sector (0, 00)ug + (0, 00)u; = {aug + fuy | @, 5 > 0}, then

up A Au u Au
0< oo¥ VoW HoAtm (1)
[laol[[[v[I” [l Haall ffuoll[[us]
This follows from the identities ugAv = ||ug||||v|| sin(ZLugv), vAu; = ||v||||u1 ] sin(£Lvuy),
and upAuy = ||ugl||ju;|| sin(Zuguy ), in addition to the inequalities sin(Zugv), sin(£vuy ) <

sin(Zuguy). Finally, we say that the two vectors up,u; € R? are unimodular if
ug A u; = 1. For readability, we sometimes will denote the usual product on R by
X. S0 2 x 3 =6, and so on.

Finally, we write

1 0
hs := ,
—s 1
for s € R,
T 0
Sr = )
0 71
for 7 > 0, and
a b
Gab = )
0 a !

for a > 0, and b € R. The above matrices satisfy the identities gro = s-, hshi = hstt,

and hgs; = s hg,2.



2 The Discrete Orbits, Stern-Brocot Trees, and
Boca-Cobeli-Zaharescu Map Analogue for A, =
G,(1,0)"

2.1 The Discrete Orbits of the Linear Action of G, on the

Plane R?

Proposition 2.1. The following are true.

1. If the orbit of u € R? under the linear action of Gq is a discrete subset of R?,
then either u = (0,0)T, or Gyu is a homothetic dilation of A, = G4(1,0)T.

2. The ellipse Qq((x,y)T) = 2% — \yzy + y*> = 1 does not contain any elements of
Ag in its interior.

3. The elements w{,w{,--- Wi ;| of A, satisfy the Farey neighbor identities
! Al =1,
fori=0,1,--- ,q—2, in addition to
g Atwg ;= 1.

4. If up,uy € Ay are two unimodular vectors (i.e ug Awy = 1), then there exists
A € Gy such that Aug = wf = (1,0)" and Auy = wl_| = (0,1)". That is, the
pairs of unimodular vectors of Ay are in a one-to-one correspondence with the

columns of the matrices in G.

Proof. For the first claim: Assume without loss of generality that u # (0,0)7. Let ¢ =
(Oa oo)t‘o? + [0,00)TU;]_'_l mod 2¢q = {Oém;] + Bmg+1 mod 2q | O‘aﬁ > O}a 1= O) 15 e a2q - 17
be the radial sectors of R\ {(0,0)”} defined by the directions {mg}?ial. Note that the

matrix Uy bijectively maps each sector Zg to the sector EgH mod 2¢ fort =0,1,---,2q—

10



1, and maintains the values of the quadratic form @), at each point. Also, Tq’1 maps
the sector B¢ to U2, = [0,00)(1,0)T 4 (0,00)(1,0)7, decreasing the Q -values of all
the points in the interior of ¥y, and fixing all the points on the ray in the direction of

g = (1,0)”. (This follows from T, 't = w§ = (1,0)”, and T, 'w{ = w?_, = (0,1)T.)
Starting with the vector u whose Gg4-orbit is being considered, we repeatedly apply the

following process:

1. Ifu € ¥ for some 1 < i < 2¢g—1, then replace u with Uq_iu € X{. This maintains

the Q4-value of u.

2. Replace u € X with T, 'u € U?;SZ?. This fixes u if it lies on the ray in the

direction of w{ = (1, 0)”, and otherwise reduces the Q4-value of u.

After each iteration of this process, either the point u lands on the line y = 0 and is
fixed by further applications of the process, or is mapped to another point in Gyu with
a strictly smaller Qg-value. By the discreteness of G4u, the point u will eventually
land on the line ¥y = 0. This implies that there exists a non-zero o € R such that
u € aGy(1,0), from which follows that G,u = aA,. This proves the first claim.

The second claim follows from the fact that (1,0)7 € A, lies on the ellipse Q,((z,y)?)
P AgTy +y? = 1. No point in A4 can have a QQ4-value smaller than 1, as the iterative
process used above will produce an element of A, that is parallel to (1,0) and shorter
than it, which cannot happen by the discreteness of A,.

For the third claim: we have for all ¢ = 0,1,--- ,q — 2 that
w! Arw? | = (Uwl) A (Uiw]) = det(U}) x w Awf =1x (1,007 A (A, )T =1.

We also have that
wd Al = (1,007 A0, 1) =1.

For the fourth claim: By definition, there exists B € G, such that Bug = (1,0).

11



Acting by B~!, the two vectors 1g = B~!'ug = (1,0)7 and u; = B~ 'u; satisfy
ug Auy = det(B_l) X ug Aup = 1.

If u; = (v,y), then y = 1. Shearing by Ty, we have Tjup = uo, and Tju; = (v +
nAg, 1)7 for all n € Z. Since w{ = (A\g, 1) and wf_; = (0,1)" are two elements of A,
on the ellipse ; = 1, are at height y = 1, are a horizontal distance \; away from each
other, and T, 'wf = rog_,, then there exists ng € Z such that 7y°u; = v, ;. Now,

taking A = T B~ proves the claim. O

2.2 The Stern-Brocot Trees for A, = G,(1,0)"

Definition 2.1. We refer to the process of iteratively replacing a pair of vectors

ug, uy € A, that are unimodular (i.e. ug Auy = 1) with the vectors
q g _ q q q q q q _
ToUp + YpU1 = U, T7Ug + Yy Ug, - - » Lg_oU0 + Yg—2U1, Ty U0 + Yg—1W1 = U1

as the Gg4-Stern-Brocot process. We refer to the vectors {z{ug —|—y?u1}g:_12 as the (G4
Stern-Brocot) children of ug,uy, and successive children of the children of ug,u; as

the (G4-Stern-Brocot) grandchildren of ug, ui.

Theorem 2.1. Let ug,u; € Ay be two unimodular vectors (i.e. ug Auy = 1). The
G 4-Stern-Brocot process applied to ug and uy generates a well-defined tree of elements
of Ay, and exhausts the elements of Ay in the sector [0, 00)ug+ [0, 00)u; = {aug+ fuy |

o, 3 > 0}.

Proof. That the Stern-Brocot process is well-defined for any two unimodular elements
ug and u; of A, follows from proposition 2.1. In particular, since uy and u; are
unimodular, then there exists A € G, whose columns are ug and u; (i.e. A(1,0)7 =
uy and A(0,1)7 = uy). The vectors w? = (zf,yHT = z(1,0)T + y{(0,1)T, with
i =0,1,---,¢ — 1, are unimodular in pairs (by the Farey neighbor identities from

proposition 2.1), and so their images Aw! = 2fug + yluy, i = 0,1,--- ,q — 1, satisfy

12



the same Farey neighbor identities, are all elements of A4, and all belong to the sector
[0,00)ug + [0, 00)uy. It remains to prove that the Stern-Brocot process is exhaustive,
and our proof is similar to that of the classical proof for Farey fractions.

We first need to show that the wedge products of pairs of non-parallel elements
of A, are bounded away from zero.> Given two elements wo, w; of A,, we assume
that if 0 < wg A w1 < ¢, then € cannot be arbitrarily small. Pick any A € G, with
Aug = (1,0)7. Writing Au; = (2,9)7, then 0 < Aug A Au; = y < e. Shearing

+A

1
by Tq:IE = 7 , we can find n € Z such that Tj'Au; = (z + nAgy,y)’ has an
0 1

r-component 0 < x +ngy < Age. From this follows that || T Auy|| < €, /1 + A2, and
so € cannot be arbitrarily small by the discreteness of A,. It thus follows that for all
q > 3, there exists ¢, such that the wedge product of any non-parallel pair of elements
of A, is bounded below by ¢, in absolute value.

Now, we write uy = (qo,ag)T, and u; = (ql,al)T, and assume that ug, u; belong
to the first quadrant. (We can safely do that by the last claim of proposition 2.1.) If
(z,y)T € A, belongs to the sector (0,00)ug + (0,00)uy, the orientation of the vectors

gives up A (z,9)7, (z,9)T Auy > 0, and so ug A (7, )7, (z,y)T Aug > ¢,. We define the

component sum function ¢ : R — R by ¢(r,s)T = r 4 s for all (r,s5)T € R%. We thus

get
ay + — za
s(up) (ug A (z,9)") +<s(uo) ((z,9)" Aw) = (a1 +q1)(ygo — wao)
+ (ap + qo)(a1x — q1y)
= (a1q0 — aoq1)(r +y)
= ugAug xc(z,y)"
= <(z,y)7,
and so
§($7 y)T > €q (§(u0) + g(ul)) . (2)

3This can be trivially extended into a proof that the set of wedge products of the elements of A, is
discrete, similar to a characterization of lattice surfaces from [19].

13



Assuming without loss of generality that we are starting the Stern-Brocot process with
(1,0)T and (0,1)7, we have that the ¢ value of any vector that is generated at the nth
step, n > 0, is bounded below by n 4+ 1. (We demonstrate this fact at the end of this
proof.) At any step, if (x,)” is not one of the ¢ — 2 Stern-Brocot children of ug and
u1, then it belongs to a sector defined by one of the ¢— 1 pairs of successive unimodular
vectors that have been generated at this step. This cannot take place forever as each
step of Stern-Brocot increases the right hand side of eq. (2) by at least €;. This implies
that (z,y)” eventually shows up as a child, and we are done.

Now we prove the lower bound on the ¢ value. If ¢ is the G¢-Stern-Brocot child of
two vectors p1, p2 in the first quadrant, then ¢ = :c?opl +y30p2 for some 1 < iy < qg—2,
and so ¢(c) = z{ ¢(p1) + ¥ <(P2) > <(p1) + s(p2), since z ,yl > 1. It is easy to see
that each of the vectors that are generated at one stage must have at least one parent
that was generated at the previous stage. Since ¢((1,0)7),<((0,1)T) = 1, it now follows

by induction that the ¢ > n + 1 for all the vectors that are generated at the nth stage

for n > 0. ]

In the following corollary, we collect some consequences of the existence of Stern-

Brocot tree for A, that we use in the remainder of this paper.

Corollary 2.1. The following are true.
1. If vo,vi € Ay are such that vo # £v1, then |[vo Avi| > 1.

2. Let v € R?\ {(0,0)T} be an arbitrary non-zero vector in the plane. Then either
v is parallel to a vector in Ay, or for any unimodular pair ug,u; € Ay, if v
belongs to the sector (0,00)ug + (0,00)u1, then there exists a pair of unimodular
G4-Stern-Brocot grandchildren wo, w1 of ug,u; such that v belongs to the sector

(0, 00)wq + (0, 00)w1, and wo, w1 are different from ug,u;.

3. Let ug,u; € Ay be two unimodular vectors, and {w,}°>, be any sequence of
elements of Ay such that for each n > 1, w,, is generated at the nth iteration of
the G4-Stern-Brocot process applied to the two unimodular vectors ug,uy. Then

limy, 00 ||[Wy|| = c0.

14



4. The slopes of the non-vertical vectors in Ay are dense in R.

Proof. We first prove the following: If up,u; € A, are unimodular (ie. up Au; =
1), then after n > 1 applications of the Gy-Stern-Brocot process, the two vectors
Wi = nug +uy = (nAg, 1)T and wl, = ug + nA\gu; = (1,n),)7 are G4-Stern-Brocot
grandchildren of uyg and u;, and all the grandchildren of uy and u; that have been

l

generated by the nth step belong to the sector [0,c0)w;], + [0,00)w,,. Now, since

(x({,yg)T = i = Uq(laO)T = ()\q,l)T, and (wg_zwg_z)T = mg—z = Uq_l(ov DI
(1,Ay)T, it follows from theorem 2.1 that the two vectors w} = z{ug+yfu; = \up+wy
and wi = 2 _yug +y¢_,u1 = ug + Aguy are Stern-Brocot children of ug and uy, and
that all the children of ug and u; that were generated after one iteration are contained
in the sector corresponding to w} and wj. The remainder of the claim follows by
repeatedly applying the Stern-Brocot process to the unimodular pair ug and w),, and
the unimodular pair w!, and uy, for all n > 2.

For the first claim: Since —Idy = U{ is in G4, we can assume that the angle
between v and v; does not exceed 7/2. We also permute vy and v if need be so that
voAvi > 0. Furthermore, we can assume that vo = (1,0)7. (There exists A € G, such
that vo = A(1,0)7, and so we can replace vo and v; with vo = A~ vy and vi = A7 1vy,
and preserve the wedge product vo A vi = det(A™!) x vog A vi = v Avy.) We now
have that vy = (1,0)T, and that vy is in the first quadrant. That is, vy is either
g, = (0, )T, or a G4-Stern-Brocot grandchild of wg = (1,0)7 and e, = (0, nr.
Writing vi = (Zvy,%v,)", we have vo A vi = yy,. The y components of the vectors
{w] }>° | from the first claim in the corollary all are all y = 1, and so yy, = voAvy > 1
as required.

For the second claim: The unit vectors in the directions of {w”}°%; and {w!}°°
converge to up and u; as n — oo. As such, if the vector v is not in A,, then it will
eventually be contained in the sector bounded by Wilo and wﬁlo for some ng > 1, and
consequently belongs to the sector bounded by a pair of unimodular grandchildren of
ug and u;.

For the third claim: By the fourth claim in proposition 2.1, and the boundedness of

15



the elements of G, as linear operators on R?, we can assume without loss of generality
that ug = (1,0)” and u; = (0,1)7. At the end of the proof of theorem 2.1, we showed
that if w,, is generated at the nth stage of the G ,-Stern-Brocot process applies to (1,0)T
and (0,1)7, then w,, > n+ 1. If w,, = (r,5)7, then ¢(w,) =r +s < V2Vr2 + 52 <
V2||wy||, which proves the claim.

For the fourth claim: It suffices to show that if @ > 0 is not the slope of a vector
in A,, then o can be approximated by slopes of vectors in A,. Writing v = (1, )T, we
note that if ug,u; € A, are two unimodular vectors in the first quadrant whose sector

contains v, then by eq. (1) we have

vl [[vl]

U Aup =v < .
[y | [y |

O<uyg v <

Writing ug = (x,%)7, and assuming that = > 0, we thus get

y _V1+a?
x

0<a < .
|juy |

(3)

Now, we can start with ug = (1,0)7 and u; = (0,1)7 as two vectors in the first
quadrant whose sector contains v, and by the second claim in this corollary, we can
repeatedly replace ug and u; with unimodular pairs that are generated at later stages
of the Stern-Brocot process. In eq. (3), x > 1, and lim,_, [|u1]| = oo, and we are

done. ]

2.3 The Boca-Cobeli-Zaharescu Map Analogue for A, =
G,(1,0)"

In the following theorem, we present the BCZ map analogue for A,. In essence, this
theorem along with the next-term algorithm (theorem 2.3) extend the properties of the

Farey sequence alluded to in the introduction using the BCZ map formalization.

Theorem 2.2. The following are true.

1. For any A € SL(2,R), if AN, has a horizontal vector of length not exceeding 1
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(i.e. a horizontal vector in ANy N S1), then ANy can be uniquely identified with a

point (aa,ba) in the G4-Farey triangle
T={(a,b) eR*[0<a<1, 1=Na<b<1}

through BAq = ga,p,Aq. Moreover, the value as agrees with the length of the

horizontal vector in AN, N S1.

. Let (a,b) € T9 be any point in the Gy-Farey triangle. The set gopAq NSt has
a vector with smallest positive slope. Consequently, there exists a smallest s =
Ry(a,b) > 0 such that hsg,pNq has a horizontal vector of length not exceeding
1, and hence hsgqpq corresponds to a unique point BCZy(a,b) € 9 in the Gy-
Farey triangle. The function Ry : 71 — R is referred to as the G4-roof function,

and the map BCZy(a,b) : 79 — T is referred to as the G4-BCZ map.

. The Gy-Farey triangle 9 can be partitioned into the union of
zq = {(a, b) e 71 | (a,b)T “to-1 > 1, (a, b)T “o; < 1},

with i = 2,3,--+ ,q— 1, such that if (a,b) € T, then g, po} is the vector of least

positive slope in gqpAg N S1, and

e the value of the roof function Ry(a,b) is given by

e the value of the BCZ map BCZ,(a,b) is given by
BCZq(a,b) = ((a,0)" - wY, (a,0)" - wl | + ki(a,b) x Ag x (a,b)” - w]),

where the Gg-index k(a,b) is given by

1—(a, b)T . m;’H
ki(a,b) = {Aq x (a,0)T - w
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Figure 3: The Gs-Farey triangle 7° with the subregions 7%, Z5°, and 7° from theorem 2.2
indicated. The figure also shows the lines £*P = {(a,b) € F° | (a,b)" -w? = 1}, i =
1,2, 3,4, that bound the aforementioned subregions in the proof of theorem 2.2.

We first need the following lemma.

Lemma 2.1. Given A € SL(2,R), if AA, contains both (1,0)T and (0,1)T, then

AN, = Ay. In particular, the following are true.

1. For any B € SL(2,R), BAy = Ay if and only if B € G4. From this follows that
the sets C'Ay, with C varying over SL(2,R), can be identified with the elements
of SL(2,R)/G,.

2. For any B € SL(2,R), if BA, contains a horizontal vector of length a > 0, then

there exists b € R such that BAy = gq 4.

Proof. We first prove the main claim. Let A € SL(2,R) be such that AA, contains
both (1,0)T and (0,1)7. Then there exists ug,u; € A, such that ug = A71(1,0)7
and u; = A71(0, )7, and up A uy = det(A~!) x (1,0)7 x (0,1) = 1. The columns
of A=1 thus form a unimodular pair of elements of A4, and so by the last claim of
proposition 2.1, the matrix A~!, and by necessity A, belong to the group Gy

The first claim now follows from the fact that if B € SL(2,R) is such that BA, = Ay,

then BA, contains both (1,0)” and (0,1)7.
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We now prove the second claim. Let up € A, be such that Buy = (a,0)" €
BA, is parallel to the horizontal vector in question. If A € SL(2,R) is such that

uy = A(1,0)7, then u; = A(0,1)7 is an element of A, with ug A u; = 1. Writing

-1 —1
_ a 0 _ a
uy = Bugy = (1,0)T, and w; = Bu; = (z,y)", we have that
0 a 0 a
ugAu; = 1, and soy = 1. Shearing by T__, = , we have that T,y = (1,0)7,
0 1
~ 1 —=z at 0
and T_,u; = (0,1)”. That is, the set BA, contains both (1,0)7,
0 1 0 a

and (0,1)T, and so is equal to A,. From this follows that

-1 -1
a”t 0 1 —=z
BA, = Ay
0 a 0 1
a ax
= Aq
0 a!
= ga,aquv
and taking b = ax proves the claim. O

We now proceed to prove theorem 2.2.

Proof. We first derive the explicit values of the roof function R4(a,b) and BCZ map
BCZ,(a,b) in the second half of the third claim for a given point (a,b) € Z7, i =
2,3,--+,q — 1, assuming the remainder of the theorem, and then resume the proof of
the theorem from the beginning.

If (a,b) € J7, with 2 < i < ¢ — 1, then g, has the smallest positive slope in
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9apAg NS1 by our (yet to be proven) assumption. This gives

Ry(a,b) = slope (gqptoy)
a b z]
= slope
0 a ! y!
_ yi
a(ax?—i—byg)
vi

Now, let [w] w} ;] be the matrix whose columns are ] and wf ,. The matrix

]

; +1] is in G, by proposition 2.1 since its columns are two unimodular elements

of A;. We show that hp,(ap9as[0] W07, ] = 9(a,b)Tw? (a,b)Twe, ,» and follow that by
finding the representative of g(a7b)T.mg7(a7b)T_mg+lAq in 79. (Note that hg,(q)9apNq =
9(ab)Twd (ah) 7wl g DY lemma 2.1.) Keeping the Farey neighbor identity rof Ay, , =

4,4 a4 0 10 i
;Y1 — T;p1Y; = 1 in mind, we have

q q q a

h f | = P B B R e
Rq(a,b)9a,b|W0; W, yl ~1 q -1,49
7W 1 a= "y, a "Y1

ax] + byl owc?+1 + by;]Jrl

1
0 ax]+by!

gax?+byg,axg+1+byg+l
= g(a,b)T-m?,(OL,b)T-mgJrl .
1),

Write a = (a,b)” - w!, and 8 = (a,b)” - w¢ . Since T, = is in Gy, and
0 1

gmgTé€ = Ja,B+krga fOr all k € Z, then go sAg = ga,grirgo/ for all k € Z by lemma 2.1.
Taking ko = B;—gj, we get 1 — Agar < B+ koAgae < 1. We will also see in a bit that
0 < a < 1 (which is equivalent to (a,b) lying between the lines £"°" and £2*P that

we will be working with for the remainder of the proof). We thus have hg,_ (4.5 9abMq =

20



Ja,B+korgalNg, With (a, B+ koAga) € T4, and so

BCZy(a,b) = (a,f+ korga)

= ((a,0)" - w9, (a,0)" - w9, + k¥ (a,b) x Ay x (a,b) - w!
i i+1 7 q i

as required.

Now, for the first claim of the theorem: If BA, has a horizontal vector of length
a € (0,1], then there exists b € R such that BA; = g,3Aq by lemma 2.1. Since
T, € Gy, and gaJ,T(;—L1 = Gaptrga, then BAy = gapNg = gapinrgalg for all n € Z.
From this follows that BAy = g(qpb,)A¢, With (ap,bp) = (a,b—l— B\T_SJ )\qa> € g1
as required. It now remains to show that this identification is unique. That is, given

(a,b),(c,d) € T4, if gopNg = gealg, then (a,b) = (c,d). Now,

g;;gavb _ a/c b/c—d/a G,
0 c/a

By the identification in proposition 2.1, we thus have (a/c,0)T = g;;ga,b(l, 0)T € A,
and so a/c = +1, from which a = c¢. We also have (b/c—d/a,1)T = gc_’c}ga’b(O, DT e A,
It can be easily seen from the second claim in proposition 2.1 that all the points in A, at
height y = 1 are of the form (n)g, 1)T = T7*(0,1)” with n € Z, and so b/c—d/a = n),
for some ng € Z. That is, b — d = ngAqa. At the same time, b,d € (1 — \ja, 1], and so,
since a > 0, we get that b —d € (=g, Ag). It now follows that ng =0, and b = d.

Finally, for the second claim, and the beginning of the third claim of the theorem,

we consider the lines
L7 = {(a,b) € R? | (a,b)T - w? = 0},

and

E?’mp = {(a,b) € R? | (a,b)T - ! =1}

for i = 1,2,---,¢ — 1. Note that the lines £7*P and ng(ip agree with the sides
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Aga+b=1and b=1of 79 We now show that fori =2,3,--- ,¢—1,if (a,b) € T?is
in 77 (i.e. above the line L2 and below, or on the line £*°P), then g, ¢ belongs
to the strip Si, and has the smallest positive slope among the elements of g, Ay N S.
For any ¢ = 2,3,---,q — 1, if (a,b) € J9 lies in the region above the line E?’bOt,
and below or on the line £ then the z-component (a,b)” - w? of g, ! satisfies
0 < (a,b)T - < 1, and so g, pto! belongs to g, Ay N S1. As we will see in a bit, the
regions 71, i =2,3,--- ,q— 1, cover 79, and s0 g,pAq NSy # 0 for all (a,b) € T
Moreover, for any (a,b) € 79, the elements of g, Ay N S1 do not accumulate by the
discreteness of Ay, and so there must exist an element of g,pA, N S1 with smallest
positive slope. This proves the second claim.

Finally, we prove that the regions in question cover the triangle 79, along with
the first half of the third claim of the theorem. I.e., that for ¢ = 2,3,--- ,¢ — 1, if

(a,b) € 71, then g, o] has the smallest positive slope in g, A, We break this down

into three steps:

1. Fori=1,2,---,q—1, the line segments £>'°° .79 lie above each other, and have
increasing (non-positive) slopes. (That is, if 1 < i; < i3 < ¢ — 1, then the line
segment £g1’t0p N 7 lies below the line segment Egz’mp N .74 and slope(ﬁg;mp) >
slope(ﬁgl’mp).)

2. For each i = 2,3,---,q — 1, the line segment £g’b0t N 79 lies below the line
segment L', (This proves the claim that the regions Z%, i = 2,3,--- ,q — 1,
cover .79.)

3. Fori=1,2,---,q—2,if (a,b) € T lies above the line LL*°P, the the g, images
of w! along with its G¢-Stern-Brocot children with mfﬂ have xz-components that

exceed 1, and so are not in g, Ay N S7.

The third step follows immediately from the fact that the G,-Stern-Brocot children
of w} and wf, ,, i =1,2,---,¢ — 2, are all linear combinations of w and w{ ; with
coefficients that are at least 1. It thus remains to prove the first two steps.

For the first step: The lines L2, = 2,3, ¢ — 1, intersect the right side a = 1
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of the Farey triangle 7 at (1,b;)7, where b; = 1;‘”’ (recall that w? = (x;,y:)7). It
is easy to see that the heights b; increase as ¢ increases. (For instance, by acting on
the vectors {ro! ;-1:_21, which go around the ellipse Q,((z,vy)T) = 2% — \zy + 3 = 1,
by the linear function T : (z,y)” — (1 — z,y)T, and considering the inverse slopes
of the images.) It now suffices to show that for i = 2,3,---,¢ — 2, the lines £g’t0p
and /Jgj:(l)p intersect below on the left side \ja + b = 1 of the triangle 77 to show
that the segment C‘i]ﬁp N 79 lies entirely above the segment £2'°P N .79, and that
the former has a bigger slope than the latter. (Recall that the side \ja +b = 1

does not belong to the set .77.) To find the sought for intersection, we solve the

simultaneous system of equations (ao, bg)-w{ = 1 and (ag, bg)-wY ; = 1, or equivalently

q q
xi yl ao -1 f < b )T S mq A mq _ ..9,49 4 q __ 1
= 1, for (ap,bp)". Since tv; i1 = TiYi — Ty, = 1, we
q q
Tiv1 Yir1) \bo
a a a q
Qo Yiv1 —Y; 1 Yir1 — Y, .
have = ¢ ¢ = ! * |. Recalling that (x4, y;»]H)T =
bo —rl, 1] 1 —ziy +af

q a_ q a T
miH—qui—(Aqxi—yi,xi) , we have

Agao +bo = N(yly ) —yi) + (—af +2f)
= N =yl + (= Ngz! + y! + 27)

= (I=AJy{ +ai.

The intersection (ag,bp)? thus lies on or below Aga +b = 1if (1 — A\j)y! +2¢ < 1, or

q_
equivalently i; 71 < y!. (Recall that Ay = 2cos(m/q) > 1 for ¢ > 3.) Now we consider

the ellipse 22 — Aoy + y*> = 1 and the line y = ,\1;7:11 The two points wf = (1,0)7
and w{ = (\;, 1) lie at the intersection of the aforementioned ellipse and line, and so
the remaining points {ro] ;’;21 lie above the line y = /{”q;_ll, thus proving the inequality

Yi = fl:ll foralli=2,3,---,q— 2.

q

For the second step: If i =2,3,--- ,¢—1, the slope of the line segment Lfg’b(’t

agrees
with that of L9 and so exceeds that of L&', Tt thus suffices to show that for

i=2,3,---,q— 1, the lines ﬁg’bOt and L' intersect at a point on the right of the
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q

1-z;_,
q

Yi—1

side a = 1 of the triangle .79. Towards that end, we compare the heights b;_1 =

_ 4
and b = yﬂgl at which the lines ngfp and E?’bOt intersect the side a = 1 of T9. We
1

have that b;_; > b} if and only if y! > 2! |y! — 2fy! | = w! | Aw! =1, which is true

forall t = 2,3, -+ ,qg — 1 by proposition 2.1. This ends the proof. O

2.4 The h-Periodic Points in SL(2,R)/G,, and the BCZ,-
Periodic Points in 71

Lemma 2.2. For any A € SL(2,R), the following are equivalent.
1. The set AN, contains a vertical vector.
2. There exists so > 0 such that hsy(AN;) = ANy. That is, AN, is h.-periodic.
3. There exists 9 > 0 such that ANy N Sy, = 0.

Moreover, if AN, contains a vertical vector of length a, then the h.-period of AA4 is

2
Aqa”.

Proof. We prove (1) = (2) = (3) directly, and (3) = (1) by contradiction.

First, we note that A, is h.-periodic since hy € Gy, and so hyA; = A,. We also note
that for any s,t € R, 7 > 0, and B € SL(2,R) we have hy(s;hsBAy) = s-hs(hy 2 BAy),
and so BA is h.-periodic iff s;h,BA, is h.-periodic.

For (1) = (2): Let AA, contain a vertical vector (0,a), with a > 0. Then
saAN, contains the vertical vector (0,1)7. Pick any vector ug € s,AA, such that
ug A (0,1)7 =1 (and so the z-component of ug is 1). If s = slope(ug) # 0, then hug
is a horizontal vector with the same 2-component as g, i.e. 1, and hy(0,1)7 = (0,1)7.
By lemma 2.1, hys, ANy = Ay, and so AN, = S%h_SAq, from which AA, is h.-periodic.

For (2) = (3): Let 71 > 0 be such that AA; N S, # 0. For any vector ug €
AN, N S;, and any s > 0, the vector hsup has the same z-component as ug, and
slope(hsug) = slope(ug) — s. If sg is an h.-period of AA,, then the set of lengths of the
finitely many horizontal vectors that appear in hs(AAy N Sr,) as s goes from 0 to sg

agrees with the set of x-components of the vectors in AA, N S7,. This implies that the
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X-components of vectors in AA, are bounded from below, and so there must exist a
70 > 0 such that AA; NSy, = 0.

Finally, we prove (3) = (1) by contradiction. If AA, contains no vertical vectors,
then v = (0,1)7 is not parallel to any vector in AA,4. By corollary 2.1, there exists
sequences of unimodular pairs {ug,,u1,}5>; such that for each n > 2, the vector
v belongs to the sector (0,00)ug, + (0,00)u;y, and ugy,u;,, are Gy-Stern-Brocot

children of ug,—1,u1,,—1. From eq. (1), we get

1
0<u07n/\(0,1)T< m—)o
n

That is, AA, contains vectors with arbitrarily small positive z-components.

Finally, if AA, contains a vertical vector of length a, we showed earlier in this proof
that AA, must be of the form sih_sA, for some s € R. For any ¢ € R, we have
h (s;h,sAq> =s1h_g (h%Aq), which implies that the h.-period of AA, is a® times
that of A,. O
Corollary 2.2. For any (a,b) € T, the following are equivalent.

1. The point (a,b) is BCZ4-periodic.

2. The set gqp\g is h.-periodic.

3. The ratio b/a is the (inverse) slope of a vector in A,.
Proof. That the first two claims are equivalent is obvious, and so we proceed to char-
acterize the points (a,b) € 7 for which g, A, is h.-periodic.

Note that ga» = 5a91,4/a, and that for any s € R, hs(5491,6/a) = Sa(he25914/0)- That
18, ga,p/Aq 18 h.-periodic if gy p/q A is h.-periodic. By lemma 2.2, gy 3/, is h.-periodic iff
it contains a vertical vector. Since gy 3/, is a horizontal shear, the set g; 3/, contains

a vertical vector exactly when b/a is the inverse slope of a vector in A,. The claim now

follows from the symmetry of A, against the line y = =. O
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2.5 The G,-Next-Term Algorithm

Theorem 2.3. Let A € SL(2,R), 7 > 0 be such that AN; N S; # 0, and {u, =
(qny an) T} be elements of ANy N Sy with successive slopes. The set s1 Psiope(uo) AN g
has a horizontal vector (qo/7,0)T € 51 hgiope(ug) AN N S1, and hence corresponds to a

unique point (a,b) € T4 (i.e. $1hgope(ue)ANg = gapg). The following are then true.

1. For each n > 0, the set s1hgope(u,)ANq has a horizontal vector (q,/T, 07 ¢

81 hgiope(u,)ANg N S1, and corresponds to BCZg (a,b).

2. If we denote the x-component of BCZ"(a,b) by L} (a,b) for all n > 0, then the

x-components of the vectors {u,}7>, are equal to
gn = 7L} (a,b) = TL{(BCZy (a,b)).

Moreover, the y-components of the vectors {u,}>2, can be recursively generated

using the formula

a 1
Ant1 = Gn+1 (n + = Ry(BCZy/(a, b)))
an T

for allmn > 0.
This motivates the following definition.

Definition 2.2. For any A € SL(2,R), 7 > 0 with AA;NS; # 0, and u € AA;NS;,
we refer to the unique point in the Farey triangle 7% corresponding to s1 hgope(u) A0
from theorem 2.3 as the G,-Farey triangle representatitve of the triple (A,7,u), and

denote it by FTR4(A, 7, u).

Using this notation, we can succinctly rewrite the first claim in theorem 2.3 as
FTRy(A, 7,u,) = BCZy (FTRy (A, 7,u0))

for all n > 0.
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Remark 2.1. For any 7 > 1, the vector ug = (1,0)T belongs to Ay N S7, and so

FTRy(I2, T, u9) is well defined. We have

T

S%h‘slope(uo)Aq = S%Aq = SiTqqu Aq =g

with 0 < % <1, and 1 =), (%) < bqu 2 < 1, from which (%, L\%J %) e J1 is

-
the Gg-Farey triangle representative of the triple (Ay,T,u9). By the symmetry of Aq
against the lines y = £x, v = 0, and y = 0, it suffices to generate the vectors in AgNS;

with slopes in [0,1] to get all the vectors in Ay N [—T7,7]?.

Proof of theorem 2.3. For each n > 0, a direct calculation gives s 1 hglope(u,)Un =
(¢n/7,0), which is a horizontal vector of length not exceeding 1 in s 1 Pglope(un) Ag-
By the first claim in theorem 2.2, the set s %hslope(un)AAq corresponds to a unique
point (cn,d,) € J7 with ¢,/7 = an, and (cp,do) = (a,b). The vectors u, and
u, 11 have consecutive slopes in AA; N 57, and so the two vectors s 1 hgiope(u,)Un and
51 hglope(u,)Un+1 have consecutive slopes in s 1 hgiope(un)AAq N S1. In other words, the

vector s1hgope(u,)Un+1 is the vector of smallest positive slope in g, 4,Aq N S1, from

which
Ry(cn,dy) = slope (S%hslope(un)un+1>
= 7% (slope(u, 1) — slope(u,,))
_ 2 <a+1 _ an) ’
dn+1 Adn
and
hRq(cn,dn)gcn,dnAq = S%hslope(un+1)AAq = gcn+1,dn+1Aq7

and so

BCZq(Cn; dn) = (Cn—i—la dn-i—l)

by the second claim in theorem 2.2. By induction, we get (cn,d,) = BCZg(co, do),

qn = Tcn = TL}(co,dp), and the sought for recursive expression for a,1.
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3 A Poincaré Cross Section for the Horocycle

Flow on the Quotient SL(2,R)/G,

Let X, be the homogeneous space SL(2,R)/G,, pg be the probability Haar measure
on X, (ie. pg(Xy) = 1), and Q4 be the subset of X, corresponding to sets AA,,
A € SL(2,R), with a horizontal vector of length not exceeding 1. Note that Q, can be
identified with the Farey triangle .7¢ via ((a,b) € 79) — (9o Gy € ) by lemma 2.1
and theorem 2.2. Finally, let m, = /\%dadb be the Lebesgue probability measure on

4. Following [3], we have the following.

Theorem 3.1. The triple (F9,mq,BCZ,), with T9 identified with Qq, is a cross

section to (Xg, piq, h.), with roof function Ry.

Proof. Consider the suspension space
Sr, 71 :={((a,b),s) € TTxR|0<s5 < Ry(a,b)}/ ~q,

with ((a,b), Ry(a,b)) ~4 (BCZy(a,b),0) for all (a,b) € 9, as a subset of X,;. The
suspension flow of Sg, 77 can be identified with the horocycle flow h. on S, 79 as
a subset of X, by theorem 2.2. The probability measure dqu = mquds is
h.-invariant, and the suspension space Sg,7? contains non-closed horocycles (e.g by
lemma 2.2 and corollary 2.2). By Dani-Smillie [7], the subset Sg, .7 has full 1, measure

q

in X, and the probability measures dmf and j, can be identified. This proves the

claim.
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y=0.5z

r=3

Figure 4: The set Fjo51](As,3) is the collection of points from Aj inside the shaded region
bounded by the lines y = 0.5z, y = z, and x = 3.

3.1 Limiting Distributions of Farey Triangle Representa-
tives, and Equidistribution of the Slopes of A,

For any A € SL(2,R), 7 > 0, and interval I C R, we denote by
Fi(AAg, 7) :={u € AN;N S; | slope(u) € I}

the set of vectors in AA, with positive z-components not exceeding 7, and slopes in I.

If I C R is a finite interval, we write
Ni(AAg, 7) = #F1(AAg, 7)

for the number of elements of F;(AAg4, 7). Note that if I is a non-degenerate interval,
then lim,_,o N7(AAg4, 7) = oo by the density of the slopes of AA, from corollary 2.1.
For any A € SL(2,R), finite, non-empty, non-degenerate interval I C R, and 7 > 0

with Fr(AAg, 7) = {ui}ﬁi[éAAq’T)fl # (0, we define the following probability measure
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on the Farey triangle 79

Ni(AAg,7)—1

1
= — 1) )
PANG,I,T NI(AAq, T) ; FTRq(A,7,u;)

1 N[(AAq,T)—l

= Ni(AAg,7) > OBOZ (FTR,(A,7,u0))"
’ i=0
Theorem 3.2. Let A € SL(2,R), and I C R be a finite, non-empty, non-degenerate in-
terval in R. Then as T — oo, the number of elements of F1(AAg, T) has the asymptotic

growth
1l
T b
mq(Rq)

NI(AAQ7 T) ~

and the measures pan,,1,r converge weakly
PANG,I,r — Mg

to the probability Lebesgue measure my.

Corollary 3.1. For any A € SL(2,R), and any finite interval ) # I C R, the slopes

of the vectors Fr(ANy, T) equidistribute in I as T — oo.

Proof of theorem 3.2 and corollary 3.1. For 7 > 0 with Fr(AA4, 7) # 0, we define the
measures

Ni(AAg, 7)
OANG I, 7 = 5 PAAgI,r
T

on the Farey triangle .7¢. Denote by dafﬁx‘“ I the measure dogp, 1 -ds on the sus-
pension space Sg, 77 (which can identified with X, by theorem 3.1). In what follows,
we denote the elements of Fr(AA,,7) by {u; = u,»(AAq,I,T)}f.V:IO(AA"’T)_l, and write
UN, (AA,,7r) = UN;(AA,,r) (ADg, I, T) for the element of AA; N S; of smallest slope bigger
than any value in . By the density of the slopes of AA, from corollary 2.1, we have that
slope(up) and slope(up,(aa,,r)) converge to the end points of the interval I, which we

denote o and f3 (i.e. |I| = B — ). We show the convergence oaa,.1r — |I|/mq(Rq)mq

. R . . .
by proving the convergence o A}Z\m o |I|11q. Given any continuous, bounded function
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f: Xy — R, we have

) = [ (0 (3,40, ) as

2
T 2 slope(ug)
1 [T slope(un; (ang,)
72 /T

slope(un; (ang,7))
_ / ' 7 (511G ) dt

lope(up)

J (s1h24AG,) ds

2 slope(uo)

_ /Bf (s1heAGy) dt+o(1)

= (b—a)uy(f)

as 7 — oo (with the convergence of the measures supported on horocycles following
from, for example, [15, 2.2.1]). This proves the weak convergence UquJ,T — |I|pq. De-
noting by 7, : Sg, 79 — 7 the projection map (((a,b),s) € Sg,7) — ((a,b) € T),
we thus have

1 r, Ml _
OgAgI,m = E(Wq)*JgAq,I,T fq(”q)*“q o mq(Rq)mq'

From paa,,1-(79) = 1, we get

Ni(AAg, 7)
2

1]
mq(Rq)’

lim

, 1|
— 9\ — 9\ —
Jim ——— = lim o, r,(77) = mg(7) =

mq(Ryg)

which is the asymptotic growth from theorem 3.2. This also gives the weak limit

PAANgI,T — My.

As for corollary 3.1, if ) # J C I is any non-empty subinterval of I, we have

lim NJ(AAle) — M
o0 Ni(AAg, T) ||’

which proves the sought for equidistribution. O
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4 Applications

In this section, we give a few applications of the G,-BCZ maps to the statistics of
subsets of A,. In section 4.1, we derive the main asymptotic term for the number
of vectors of A, in homothetic dilations of triangles. In section 4.2.1, we derive the
distribution of the slope gaps of A,. Finally, in section 4.2.2, we derive the distri-
bution of the Euclidean distances between the centers of G, -Ford circles. Several
other applications of the G3-BCZ map to the statistics of the visible lattice points
As = Z?)rim = {(2,y) € Z? | ged(x,y) = 1} can be similarly extended-almost verbatim—
to general A,. This list includes, but is not limited to, an old Diophantine approxi-
mation problem of [9] Erdés, P., Sziisz, P., & Turan solved independently by Xiong
and Zaharescu [20], and Boca [5] for Gz = SL(2,Z), and Heersink [14] for finite index
subgroups of G3 = SL(2,Z); the average depth of cusp excursions of the horocycle flow
on Xy = SL(2,R)/G3 by Athreya and Cheung [3]; and the statistics of weighted Farey

sequences by Panti [17].

4.1 Asymptotic Growth of the Number of Elements of A,
in Homothetic Dilations of Triangles

For any A € SL(2,R), 7 > 0, and finite interval I C R, the set F;(AA,4, 7) intro-
duced in section 3.1 is the collection of points of AA, which belong to the triangle
{(z,y)T € R? | y/x € 1,0 < x < 7}. We have the main term for the asymptotic
growth rate of the number of aforementioned vectors N;(AAg, 7) as 7 — oo, which can
be immediately interpreted as a statement on the asymptotic growth of the number of
vectors of AA, in homothetic dilations of triangles that have a vertex at the origin as we
do in proposition 4.1. In corollary 4.1, we show the equidistribution of the homothetic
dilations 1A, in the square [—1,1]* as 7 — co. In what follows, we write f(7) ~ g(r)

as T — oo for any two functions f, g to indicate that lim,_,o f(7)/g(7) = 1.

Proposition 4.1. Let A be a triangle in the plane R? with one vertex at the origin.

Then for any A € SL(2,R), and any 7 > 0 the number of elements # (AA; N TA) has
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the asymptotic growth rate

A0 178) ~ (2 areaa)) 7

as T — 0.
We also get the following.

Corollary 4.1. For any A € SL(2,R), and 7 > 1, let XTMQ be the probability measure

defined for any Borel subset C of the square [—1,1]? by

#(: AN NC)
# (AN N [-1,1]2)

Ay =

q

Then the measures /\fA converge weakly to the Lebesgue probability measure Unif|_y 1)2

on [-1,1]% as T — oo.

Proof of proposition 4.1. We first prove the theorem assuming that the side L of the
triangle A opposite to the origin is included in A. Let rota € SL(2,R) be the rotation
that rotates the side of A opposite to the vertex at the origin onto a vertical line
segment. (That is, the side of rota A opposite to the vertex at the origin is vertical.)
Denote by da > 0 the perpendicular distance from the vertex at the origin to the
side of rota A opposite to the aforementioned vertex, and by I C R the interval of
slopes of the points in rota A. For any 7 > 0, we have that 7(rota A) N (rota AA,) =
Fi(rota ANy, 7d), and that the rotation rot is a bijection from TANAA, to 7(rota A)N

(rota AAy). From this and theorem 3.2 follows that

# (AN NTA) = Ny, (rota ANy, 7d) ~ -

which proves the claim.
Including or excluding any of the two sides of the triangle A that pass through the
origin does not change |Ia|, and hence the main term for the asymptotic growth in ques-

tion remains the same. We now show that the main term does not change when the side
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L of A opposite to the origin is removed as well. For any § > 0, denote by A" = A’(A,0)
the homothetic dilation of A such that 0 < area(A) — area(A’) < §. The line segment
L belongs to A\ A’. By the above, lim; o (#(AA; NTA) — #(AA, NTA")) /72 =
2 (area(A) — area(A")) /mg(Ry) < 26/mg(Ry). It thus follows that for all € > 0, there
exists 79 = 10(AAg, A, 6, €) such that for all 7 > 75 we have

# (AN NTL)

#(AN N TA) — #(AN N TA) _ 20
2

72 ~ mg(Ry)

IN

+ €.
-

By the arbitrariness of  and €, we get lim,_ w

= 0. This proves that
adding or removing a finite number of line segments does not affect the main term for
the asymptotic growth of the number of elements of AA, in homothetic dilations of

triangles. O

Proof of corollary 4.1. That the set functions )\TA A are probability measures on [—1, 1]
is clear. We proceed to prove that they converge weakly to Unif_y ;.
First, we note that given any rectangle R in the plane, we can express R using

the union and/or difference of four triangles each having a vertex at the origin. From

#(AAGNTR) 2
2 = mq(Rg)

this follows that lim; s area(R). Consequently, if R belongs to

[~1,1]%, then lim, o Ar *(R) = Unif|_; 12(R).

Fix a continuous function f : [~1,1]> — R. Given a § > 0, there exists a finite
partition & = Z(f,§) of the square [—1, 1] into rectangles such that the difference be-
tween the supremum and infimum of f over each of the rectangles in the partition does

not exceed 0. That is, supp (f) < infgr(f) + d for all R € &. (This is possible by the

uniform continuity of f over [~1,1]2.) Given € > 0, there exists 19 = 79(AAy, 2(f,0),€)
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such that [\2 (R) — Unif[,Ll]z(R)’ < e for all 7 > 79, and all R € &. We thus have

M) <Y sup(f) AR
Rep R
< e max (|[f)#2 + Y sup(f) Unif_; 1j2(R)
(=112 Rewp ®
< e max (|[f)#Z+5+ Y inf(f) Unif_; 1j2(R)
(=112 rRep
<

€ [I,nlaf]izﬂfb#'@(f’ ) + 6 + Unif_y 132(f)-

Similarly

AN, . AN,
A = D inf(f) AT(R)

ReZ
> —e max (|[f)#2 + Y inf(f) Unif_; 1j2(R)
1117 rRer *
> —emax (|f)#2 -6+ Y sup(f) Unif_; 12(R)
(=112 Rez R
> —€ Ellal>]<2(|f|)#«@(f7 6) — 6 4 Unif_y 1)2(f).

-1

That is, )\qu(f) — Unif(_y 1)2(f)| < emax;_y 12(|f)#Z(f,5) + 0. By the arbitrari-

ness of § and €, we get lim,_, . )\qu(f) = Unif|_; 3j2(f). This proves the claim. O

4.2 G, Farey Statistics

In proposition 4.2 below we derive the limiting distribution of quantities that can be
expressed as functions in the G4-Farey triangle representatives (section 2.5) of the ele-
ments of the sets Fr(AAy, 7) (section 3.1) as 7 — 0o. As examples of said distributions,
we consider the slope gap distribution of A, in section 4.2.1, and the distribution of

the Euclidean distance between G4-Ford circles in section 4.2.2.

Proposition 4.2. Let F': 9 — R be a function, continuous on the Farey triangle
T except perhaps on the image of finitely many C' curves {c; : I; — T, with

I; C R being finite, closed intervals of R. For any A € SL(2,R), and any finite interval
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I C R, the limit of the distribution

~ #{ue Fi(AA,, 1) | F(FTRy(AAy, 7,u)) > t}
a Ni(AAg, 7)

FareyStat}gﬁq’I(t) :
as T — oo exists for all t € R, and is equal to
FareyStatp(t) = mq (Lp>t),
where 1p>; is the indicator function of the subset
{(a,b) € 7| F(a,b) >t}

of 79, and my is the Lebesque probability measure dmg = )\%dadb on T1.

Proof. Fix t € R. We then have

AM, I #{ue Fi(AA;, 7) | F (FTRy(A,7,u)) >t}
F q —
areyStatp *" (1) Ny (AR, 7)
1 NI(AAQ7T)_1
= N > L (FTRy(A, 7, w)
250 i=0

parg 1 (LE>t),

and so we proceed to show that lim; oo pan,, 1,7 (Lr>e) = mg (Lr>t).

Consider the following sets

A

{(a,0) € 77| F(a,b) > t},

B, = {(a,b) € 7| F(a,b) >t} U 6@([,—), and

i=1

i=1

The set C; is null with respect to the measure mgy, and A,AB; C C, and so my(14,) =
mqg(1p,). The sets B; and C' are closed, and so their indicator functions 1p, and 1¢

are bounded, and upper semi-continuous. Theorem 3.2 gives lim; o paa,, 1-(1B,) =
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my(1p,), and lim; .o pan, 1,-(1c,) = my(le,) = 0. Since [14, — 1p,| < 1o on all of

T, we get lim; o0 /’AAq,I,‘r(]lAt) =mg(14,). O

4.2.1 Slope Gap Distribution

Let A € SL(2,R), and 7 > 0 be such that F(AA,, 7) # 0. Given two vectors ug, u; €
F(AA4, 7) with consecutive slopes, we denote the difference between the slopes of ug
and uy by slopegap(AAg, 7,up) = slope(u;) — slope(ug). We have the following on the

limiting distribution of slopegap.
Corollary 4.2. Let A € SL(2,R), I C R be a finite interval. The limit of

# {u € Fr(AA,, 7) | 72 slopegap(AA,, T, u) > t}
a Ni(AAg, 7)

SlopeGapqu’I(t) :

as T — oo exists for all t € R, and is equal to mg(1gr,>t), where my = )\%dadb is the

Lebesgue probability measure on the Gg-Farey triangle 9.

Proof. Let 7 > 0 be such that F;(AA,, 7) = {u, = (¢n, an)T}QZE)AAq’T)_l # (). For any

0 <n < Ni(AA4,7) — 2, we have by theorem 2.3 that

Gn41 _ Gn _ 1
7—2

slopegap(AAy, T,uy,) = R, (FTRG(AA,, T, uy)).

n+1 dn

This implies that SlopeGapqu’I(t) = FareyStatg?qT’I(t), and the proposition then fol-

lows from proposition 4.2. O

4.2.2 The G4-Ford Circles, and Their Geometric Statistics

For any point w = (r,5)7 € R2, the Ford circle C[w] [11] corresponding to w is defined

to be either
e the circle with radius ﬁ, and center at (f, #), if r #0, or

e the straight line y = s2, if » = 0.

It is well-known that for any two vectors wi, wy € R?, the Ford circles C [wi1] and
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Figure 5: The Gs-Ford circles corresponding to the vectors in Fjg (A5, 00) along with the
circle at infinity. The circles tangent to the line y = 0 at @, 1, and ¢ are the G5-Stern-Brocot
children of the circles at 0 and infinity.

Cws] intersect if |[wg A wi| < 1, are tangent if |[wg A wi| = 1, and are wholly external
if [wo A wy| > 1.

It follows from theorem 2.1 and corollary 2.1 that for any A € SL(2,R), the Ford
circles corresponding to any two distinct elements of AA,; N S, are either tangent or
wholly external, and that the G4-Stern-Brocot children of any two unimodular vectors
of AA; N S correspond to a chain of ¢ — 2 tangent circles between the two circles
corresponding to the “parents”.

Let A € SL(2,R), and 7 > 0 be such that F(AA,,7) # 0. Given two vectors
ug, u; € F(AA,, 7) with consecutive slopes, we denote the distance between the centers
of Clug] and C[ui] by centdist(AA,, 7,up). We have the following on the limiting

distribution of centdist, extending a result from [2] for G3-Ford circles.

Corollary 4.3. Let A € SL(2,R), and I C R be a finite interval. The limit of

_# {ue Fr(AAg,7) | 72 centdist(AAg, T,u) >t}

. AN T
Dist> :
CentDist () Ni(AAg,7)

as T — oo exists for all t € R, and is equal to mq(]quZt), where mg = )\%dadb is the
Lebesgue probability measure on the G,-Farey triangle 79, and Fy : 9 — R is the

function defined by

1 1 Ly
Fy(a,b) = \/ Rqla, b7+ 7 <L§<a, b2 Li(a, b>2> ’
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Figure 6: The graph of the limiting distribution lim, ., CentDist?5(t) = ms(1r>;) of the
Euclidean distance between successive Gs-Ford circles from corollary 4.3.

where LY and LY are as in theorem 2.5.

As an immediate consequence of the second claim in corollary 2.1, we get the

following weak form of Dirichelet’s approximation theorem for A,.

Proposition 4.3. Let A € SL(2,R), and o € R. The line x = « either passes through
the center of a G4-Ford circle corresponding to a vector in AN, or there exist infinitely
many vectors in AN, whose Ford circles intersect x = a.. In particular, o is either the

slope of a vector in AN, or there exist infinitely many (g, a)l € AN, such that

Proof. Let 7 > 0 be such that Fr(AAg, 7) = {u, = (¢n, an)T}gigAAq’T)fl # (). For any

0 <n < Nr(AA4,7) — 2, we have by theorem 2.3 that

1
Infl _In Ry (FTR,(AAg, 7, u,)),

dn+1 dn B 7—2
and

1 1 1 1
2q72H_1 B @ - 272LY(FTR,(AA,, 7, 1y))? B 272 L (FTRG (AN, T,u,))?

From this follows that the distance between the centers of C[u,] and Clu,41] is given
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an+1 @ 2 1 1\?
centdist(AA,, 7, u,) = (” — ”> + < _ )
I " dn+1 dn 2(]7%+1 2(]7%

1
= ﬁFq(FTRq(AAq,T, up)).

This implies that Cen‘cDist;4 A"’I(t) = FareyStat?ii’I(t), and the proposition then fol-
lows from proposition 4.2. O
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On Cross Sections to the Geodesic and Horocycle Flows

on Quotients of SL(2, R) by Hecke Triangle Groups G|,

Abstract

In this paper, we provide a model for cross sections to the geodesic and horocycle
flows on SL(2,R)/Gy using an extension of a heuristic of P. Arnoux and A. Nogueira.
Our starting point is a continued fraction algorithm related to the group G, and a cross
section to the horocycle flow on SL(2,R)/G, from a previous paper. As an application,
we get the natural extension and invariant measure for a symmetric G4-Farey interval

map resulting from projectivizing the aforementioned continued fraction algorithm.
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2.1 Notation . . . . ... ...
2.2 Some properties of the vectors {r?}?") and matrices {M}I_7 . . . ..

2.3 The G,-BCZ maps, and cross sections to the horocycle flow h. ~ SL(2,R)/G,

3 The suspension SP? of the horocycle flow h. ~ SL(2,R)/G,
3.1 Proof of proposition 1.2 . . . . . . .. ...

3.2 Side identification of the suspension SPY. . . . . .. ... .. ... ...

4 The symmetric Farey and Gauss interval maps for the Hecke triangle
group Gy, and their natural extensions
4.1 The symmetric G, Farey interval map JF,, and its natural extension

4.2  The symmetric G, Gauss map G, and its natural extension . . . . . ..

1 Introduction

For each integer ¢ > 3, the Hecke triangle group G is the discrete subgroup of SL(2, R)

generated by

0 -1 1)
S = , and Ty := ) (1.1)

1 0 0 1

where A\, := 2cos %. The modular group SL(2,Z) is the Hecke triangle group corre-
sponding to ¢ = 3. As such, the family of Hecke triangle groups provides a natural test
ground for understanding how several classical constructs (e.g. the Farey sequence,
Stern-Brocot tree, and so on) can be extended to other Fuchsian groups. One such set

of objects that is of interest is the family of the discrete orbits
Ay = Gy(1,0)7 (1.2)

of the linear action of G, on the plane R?. (For ¢ = 3, the orbit Aj is the set of
primitive pairs of integers Z2 . = {(a,b) € Z? | gcd(a,b) = 1}. Those are exactly the

prim

non-zero points of Z? that are visible from the origin.)
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In [14], we derived an analogue of the classical Stern-Brocot process for the set A4 of
G- “visible lattice points” starting with a particular continued fraction algorithm that
we refer to, following Janvresse, Rittaud, and De La Rue in [7], as the A;-continued
fraction algorithm. Our sought for application for the G¢-Stern-Brocot tree in [14] was
deriving an explicit cross section to the horocycle flow on SL(2,R)/G,. In this paper,
we study the aforementioned continued fraction algorithm itself, with our focus being
the derivation of an explicit cross section to the geodesic flow on SL(2,R)/G, whose
first return map is a natural extension to (a projective version of) the \,-continued
fraction algoritm.

Our main tool is an extension of a heuristic introduced by P. Arnoux and A.
Nogueira in [4] for deriving geometric models of natural extensions of multidimensional
continued fraction algorithms. Our extension of the said heuristic provides a simple
picture of the cross section to the horocycle flow h. ~ SL(2,R)/G, we derived in [14]
(theorem 2.1), along with the cross section to the geodesic flow g. ~ SL(2,R)/G, we
derive here (proposition 1.2). As a by product, we get an infinite invariant measure for
the (projective) A;,-continued fraction algorithm. We accelerate the continued fraction
algorithm to get a map with a finite invariant measure, and a corresponding finite area
geodesic cross section.

In the remainder of this section, we recall the A,-continued fraction algorithm,

present our extension of the Arnoux-Nogueira heuristic, and present our main results.

1.1 The A\;,-continued fraction algorithm

As is customary when working with Hecke triangle groups, we write

Ay —1
Uy :=1T,5 = . (1.3)
1 0
Fori=20,1,---,q — 2, we consider the following vectors
wf = («f,y!)" = Ui(1,0)7 (1.4)
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5
L)

4

*_,, and the sectors {29}7 .

Figure 1: The vectors {tm?}

in Ag. (Note that wf = (1,0)", wf = (A, )7, wl_, = (1,A))7, and wl_; = (0,1)"")

Fori=0,1,---,q — 2, denote by

%! = (0, 00)0f + [0, 00) w7, (1.5)

(3

the sector in the first quadrant between w (inclusive), and o}, , (exclusive).

Definition 1.1 ([6, 7, 14]). For any non-zero vector u € R?, an application of the Ag-
continued fraction algorithm is the following: If u is in the sector X7 with 0 < i < ¢—2,

then replace u with (MJ)"lu € U?;SZ?, where

M = UlT, = [wf w! ] (1.6)
forall©=0,1,---,¢ — 2 are the matrices in G; whose columns are m‘j and m;’H.
(Note that for every i =0,1,---,¢ — 2, the matrix M/ bijectively maps U?;EE? to

4.) In [14], we showed that the vector u eventually lands on the line y = 0 and is

fixed by the algorithm if and only if u is parallel to a vector in A,.

1.2 The Arnoux-Nogueira heuristic

We below describe a geometric model that can be used to describe cross sections to

the horocycle and geodesic flows on SL(2,R)/G,. This model is based on a heuristic
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introduced by P. Arnoux and A. Nogueira [4] for deriving geometric models of the
natural extensions, and invariant measures of multidimensional continued fractions.
We extend the heuristic to provide, in our setting, a unified description of cross sections
to the horocycle flow in addition to the geodesic flow on SL(2,R)/G4. An excellent
presentation of the applications of this heuristic for finding cross sections to the geodesic
flow can be found in [3], or the more classical [15].

Towards that end, we write
FQ:= {(z,9)" €R? |z >0,y >0} (1.7)
for the collection of vectors in the first quadrant, and
FQx FQ:={(u,v) e FQ xFQ|u-v =1} (1.8)

for the collection of pairs of vectors in FQ x FQ with dot product 1. We have the
following elementary linear-algebraic properties for the horocycle and geodesic flows

on FQ/ﬁQ. (The matrices hg, gqp, g are as in eq. (2.4), eq. (2.6), and eq. (2.5).)

Proposition 1.1. Let ® : FﬁQ — SL(2,R) be the map defined by

The map @ is well-defined, and injective. The following are also true.

1. For any pair (u,v) € F@\FQ, and matriz A € Mayo(R) with A~'u, ATv € FQ,

we have that (A~ u, ATv) € FQ x FQ, and

d(A 1 u, ATv) = d(u,v)(A™HT. (1.10)
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2. For any ((a,b)T, (c,d)T) € FQ/ﬁQ, there exists s € [0, ﬁ) such that

c 1/a 0
= (1 — abs) + abs
d 0 1/b
In that case,
®d((a,b), (c,d)T) = h®((a,b)T, (1/a,0)T) = hsGap- (1.11)

3. For anyt € R, and (u,v) € FQ/ﬁQ, we have that
g®(u,v) = &(e'u, e tv). (1.12)
Moreover, the set FQ/ﬁQ can be parametrized by the set

{((m b),s) EFQxR|s € [O, a1b> } (1.13)

We apply this heuristic in our setting as follows: The A,-continued fraction from
definition 1.1 can be written as a map A : FQ — FQ, where each u € FQ is sent
to A(u)"'u, with A(u) = MY if u belongs to the sector X?. This extends to a map
A : FQ x FQ — FQ x FQ that sends each (u,v) € FQ x FQ to (A(n)~ta, A(n)Tv).
In proposition 1.2, we find a nice fundamental domain in FﬁQ for the orbits
F($<\FQ/ A. That is, we find a region in F($<\FQ that contains a unique representa-
tive of each A-orbit. Because of the particulars of the A\j-continued fraction algorithm,
the aforementioned fundamental domain turns out to be identifiable with the quotient
SL(2,R)/G, (up to a set of measure zero). Finally, we describe the return maps of the
horocycle and geodesic flows to the boundary of the said domain, giving cross sections

to the said flow.
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1.3 Main results

We below overview the main results of this paper. To achieve our goal of presenting
a useful, unified description of explicit cross sections to the geodesic and horocycle
flows on SL(2,R)/G,, and providing invariant measures for the first return maps to

the geodesic cross section, we go through the following three steps.

1. We start with the suspension Sg, 79 of the horocycle flow on SL(2,R)/G, over
the Gg-Farey triangle 77 from theorem 2.1, and reparametrize it into another
suspension SP? over what we call the G,-Stern-Brocot polygon P4. The rationale
behind this reparametrization is that it provides a simple way to work with the
geodesic flow and its coding. It is possible to work directly with Sg 749, but that
obfuscates the coding, and is mechanically more demanding than going through

the reparametrization, and then working with SP9.

2. Parametrise the sides of SP4. This gives an explicit cross section to the geodesic
flow using a planar region with infinite area. As a by product, we get a natural
extension to the A,-continued fraction algorithm, and an infinite invariant mea-
sure for a parametrization of the algorithm that we refer to as the symmetric
Gy-Farey map .

3. We accelerate the map JF, into a another map G, that has finite invariant measure.

The corresponding natural extension gives a cross section to the geodesic flow

using a planar region with finite area.

1.3.1 The suspension SP? of the horocycle flow h. ~ SL(2,R)/G, over

the Stern-Brocot polygon P¢

The proposition stated below is follows from a previous result on a cross section to
the horocycle flow on SL(2,R)/G, (theorem 2.1), and the Arnoux-Nogueira heuristic
(proposition 1.1). Motivated by the triangles 77 from theorem 2.1 being referred to as
G4-Farey triangles, we refer to the polygons P? in proposition: polygon P is a cross

section to the horocycle flow below as G,-Stern-Brocot polygons. (In [14], the vertices
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Figure 2: The polygon P° from proposition 1.2, along with the slabs {slab?}jzl in the proof
of the aforementioned proposition.

of the Stern-Brocot polygons are involved in the G4-Stern-Brocot process for A,.)

Proposition 1.2. Let the polygon P? C FQ be the convex hull of the points wg, - - - ,mg_l,

with the line segment joining mg and mg_l removed, and denote by
SP1 = {(u,v) € FQ x FQ | u € P} (1.14)

the portion of FC;<\FQ lying above the polygon P9. Then the Gy-cosets corresponding
to the matrices in @(FﬁQ) can be bijectively identified with the points in the suspen-
sion Sg,TY of the horocycle flow h. ~ SL(2,R)/G, over the Farey triangle T?. Conse-
quently, the base P of SP? is a cross section to the horocycle flow h. ~ SL(2,R)/G,,
and the open side of SP? lying above the line segment joining wi and mgfl 18 @ CToSs

section to the geodesic flow g. ~ SL(2,R)/G,.

In light of proposition 1.1, the suspension SP? can be parametrised as

)

An explicit identification of the top (s = 1/(ab)) and bottom (s = 0) of SP? that

SP1 = {((a,b),s) EFQXR|(a,b) e Pl s e
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involves the BCZ,; map from theorem 2.1 can be derived from the proof of proposi-
tion 1.2. (We have no use for this identification in the current paper, and we omit
it.) In proposition 3.1, we parametrize the sides of the suspension SP? lying above
the sides of the polygon PY. This provids the sought for explicit cross section to the
geodesic flow g. ~ SL(2,R)/G,. Moreover, tracking the successive closed sides of SP?
that the geodesic orbit of a point hits gives a discrete coding of the geodesic flow
g. ~ SL(2,R) /G, using g — 1 symbols.

Finally, it should be noted that the side identification of the suspension SP? in
proposition 3.1 involves the matrices { M/ }3;02 defining the A,-continued fraction algo-

rithm, hence explaining its relevance to the current work.

1.3.2 The symmetric Farey and Gauss interval maps for the Hecke

triangle group G, and their natural extensions

It is immediate that the itineraries of the Aj-continued fraction algorithm only depend
on the slope of the given vector. We are thus motivated to projectivize the algorithm,
and for that we choose the parametrized line segment {(a,1 — a)T € R? | a € (0,1]}
joining the vertices tog = (1,0)T and mgq = (0,1)T of the G4-Stern-Brocot polygon

Pe. As we will see in theorem 4.1, this choice produces the symmetric G,-Farey

map F, : (0,1] — (0,1] given for any a € I! := (1+slopi(mf+1)’ 1+slo§>e(mg) , with

i:0,1,--~,q—2,by

1
1+ slope((M7)~!(a,1 —a)T)’

qu(a) =

In theorem 4.1, we show that the side identification of the suspension SP? over the G-
Stern-Brocot polygon P? is a natural extension of F, giving the infinite F-invariant

measure with density
da
dug, = ——.
Haq a(l —a)

In theorem 4.2, we accelerate the symmetric Gg-Farey map and its natural extension

to get the symmetric G,-Gauss map G, and a finite §,-invariant measure dug, .
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Remark 1.1. As is usually the case with Farey-like maps, there is an ambiguity when
it comes to defining the function at the points corresponding to the vectors in A,. We
resolve this ambiguity in what follows by adding the right end points to the sets S,
VI, and H{ for all i € {0,1,--- ,¢ — 2} from proposition 3.1 when we use them in this
section. This corresponds to the intervals {I }g:_g in theorem 4.1 being closed from the
right. We made this particular choice as it gives nice itineraries for the “ambiguous”

points, and also because this agrees with the choice we made for the continued fraction

algorithm in [14].

2 Preliminaries, the G,-BCZ map, and the sus-

pension Sk T? of the horocycle flow h. ~ SL(2,R) /G,

We below review some notation, properties of vectors and matrices that are related to
the groups Gy, and an explicit cross section to the horocycle flow h. ~ SL(2,R)/G,

from [14].

2.1 Notation

For any integer n > 1, we at some points write
[n]:{oalv 7n_1} (21)

for convenience.
Given two vectors ug = (z0,%0)",u1 = (x1,51)7 € R?, we denote their (scalar)
wedge product by

ug A ug = oY1 — 1%, (2.2)

and their dot product by

ug - Uy = 2or1 + Yoy1- (2.3)
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Finally, we write

1 0
hg = , (2.4)
—s 1
for s € R,
et 0
gt = s (25)
0 et
for t € R, and
a b
ga,b = g(a,b)T = s (26)
0 at

for a > 0, and b € R. The above matrices satisfy the identities gt o = g¢, hsht = hsyt,
and hsgr = gihgee. Left multplication on SL(2,R)/Gq by (hs)ser (resp. (gt)ier)

corresponds to the horocycle flow (resp. geodesic flow) on SL(2,R)/G,.

2.2 Some properties of the vectors {r/}’_) and matrices
2
{Miq};l]:()

We have the following elementary properties from [14] of the vectors {m?}f;& and the

matrices {Miq}g;g that we use throughout the paper.

Proposition 2.1 ([14]). The following are true.
1. The vectors {wI}1=) lie on the ellipse Qq(x,y) = 2® — A\yzy + y* = 1.

2. For anyi=0,1,---,q— 2, we have the Farey neighbor/unimodularity identitiy

7

wi Awiy =iyl —2iy =1, (2.7)

along with

g Al =1. (2.8)

3. The set Ay = G4(1,0)T is symmetric against the line y = x, and so

(MY)T = MY

i q—2—1
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foralli=0,1,---,q— 2.

2.3 The G,-BCZ maps, and cross sections to the horocycle
flow h. ~ SL(2,R)/G,

We here present our main result from [14] on a cross section to the horocycle flow

h. ~ SL(2,R)/G,. The result essentially says the following.

e The orbit of the “G4-lattice” A, under the linear action of SL(2,R) on the plane
R? can be identified with SL(2,R)/G,. This is an extension of the classical well-

known fact that the space of unidmodular lattices can be identified with the cosets

SL(2,R)/SL(2, Z).

e The Gy-Farey triangle 79, indentified as a subset of SL(2,R)/G, via the matrices
from eq. (2.6), is a cross section to the horocycle flow h. ~ SL(2,R)/G,, with R,
as a roof function. (In [14], we show that the suspension Sg, 77 is SL(2,R)/G,

minus particular closed horocycles, which constitute a null set with respect to the

Haar measure on SL(2,R)/G.)

In the proof of proposition 1.2, we show that the suspension Sg,7? can be chopped
into “slabs” and rearranged as the suspension SP? in proposition 1.2, hence revealing
an intimate relationship between the definition of the roof function R, and the coding
of the geodesic flow g. ~ SL(2,R)/G,. That, and the above two points, are the reasons

we need theorem 2.1 here.
Theorem 2.1 ([14]). For 7 > 0, we write S; = {(a,b) € R? | 0 < a < 7}. The
following are true.

1. For any B € SL(2,R), BA; = Ay if and only if B € G4. From this follows that
the sets C Ay, with C varying over SL(2,R), can be identified with the elements
of SL(2,R)/G,.

2. For any A € SL(2,R), if ANy has a horizontal vector of length not exceeding 1

(i.e. a horizontal vector in ANy N S1), then ANy can be uniquely identified with a
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\ ,7;5

Figure 3: The Gs-Farey triangle 7° with the subregions 7;°, 73°, and 7,° from theorem 2.1
indicated.

point (aa,ba) in the G,-Farey triangle

T?={(a,b) eR?*|0<a<1, 1-Na<b<1} (2.10)

through BAq = ga,p,Mq.- Moreover, the value as agrees with the length of the

horizontal vector in ANy N Sy.

3. Let (a,b) € T? be any point in the G4-Farey triangle. The set gqpAg N S1 has
a vector with smallest positive slope. Consequently, there exists a smallest s =
Ry(a,b) > 0 such that hsgepNq has a horizontal vector of length not exceeding
1, and hence hsgqpAq corresponds to a unique point BCZy(a,b) € T in the Gy-
Farey triangle. The function Ry : T? — Ry is referred to as the G4-roof function,

and the map BCZy(a,b) : T — T4 is referred to as the G4-BCZ map.

4. The Ggy-Farey triangle T2 can be partitioned into the union of

T2 :={(a,b) € T?| (a,0)" - 10,1 > 1, (a,b)" - w; <1}, (2.11)

with i =2,3,--+ ,q — 1, such that if (a,b) € T, then g, pw] is the vector of least

positive slope in gqpAg N S1, and
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o the value of the roof function Ry(a,b) is given by

vy
a x (a,b)T - rof

1

Ry(a,b) = Ryi(a,b) := , and (2.12)
o the value of the BCZ map BCZ,(a,b) is given by

BCZ(a,b) := ((a,b)” - wf, (a,0)" - wi, | + ki(a,b) x \g x (a,b)" - wf),

where the Gg-index ki (a,b) is given by

g 1—(a,b)T- m;-’H
ki(a,b) := N % (@07 1o

5. Let X, be the homogeneous space SL(2,R)/Gy, pq be the probability Haar measure
on Xg (i.e. pg(Xy) =1), and Q be the subset of X, corresponding to sets A\,
A € SL(2,R), with a horizontal vector of length not exceeding 1. (Note that €
can be identified with the Farey triangle T? via ((a,b) € T?) — (9a5Gq € Qq).)
Finally, let mq = /\%dadb be the Lebesgue probability measure on T. Then the
triple (T, mq, BCZ,), with T? identified with Qq, is a cross section to (Xg, fiq, h.),

with roof function R,.

3 The suspension 5P of the horocycle flow h. ~
SL(2,R)/G,

In this section, we prove proposition 1.2, and give an explicit parametrisation of the

side identification of SP? in proposition 3.1.

3.1 Proof of proposition 1.2

Proof. Consider the G ,-cosets of hsg,p, with (a,b)T belonging to the triangle that is

the convex hull of the three vectors wg = (1,0)”, (1,1)",wl_; = (0,1)" with the line
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segment between mg and mg_l removed, and s € [0, ﬁ) By proposition 1.1, the cosets
in question can be bijectively identified with the portions of the suspensions Sg,7? and
SP? above the aforementioned triangle. (Note that for Sg, 79, the roof function R,
satisfies Ry(a,b) = ﬁ when (a,b)” belongs to the aforementioned triangle that belongs
to 7:;1_1.) It thus remains to identify the remainder of the suspensions Sg, 79 and SPY.

Let 77 be the portion of the Farey triangle 77 outside the triangle from the previous

paragraph. We now partition the suspension Sg 7% into “slabs” as follows: Let
slab! := {hsgas | (a,b)" € T, s € [Rgo0(a,b), Rg1(a,b))},
and for i =2,--- ,q— 1, let
slab? := {hsgap | (a,0)" € T, (a,b)" -w;_1 > 1,5 € [Ryi-1(a,b), Ryi(a,b)}.

Note that for any i = 2,3,---,¢ — 1, the collection of points (a,b)” € T4 satisfying
(a,b)T - 1;_1 > 1 is exactly the union U?;il’qu, and that for all (a,b)T € TY with

(a,b)T - ! | > 1 (and necessarily (a,b)” - wv? > 0) that

yi Yi
R 7 b)— R i— ,b = i _ 1—

q, (CL, ) q, 1(a ) a(xga—i—yfb) a(ajg_la+y’?_1b)
1( (i1 — xyi 1)a )
a \(zfa+yl b)(zi_a+ylb)

1
((a, )T 10:)((a, )T - 07 1)

> 0,

where we used the fact that w? | Awd =z y? —2%y? | = 1. For any (a,b)” € TY,

we have A\ja +b > 1, and so

1
b) — b= ————0>0,
Rg1(a,b) — Rgo(a,b) a(ha <) 0>0
This implies that the slabs slab{,---  slabl ; form a partition of Sg,79'. For any
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i=1,2,---,¢—1,if hsgap € sla,bg, then by proposition 1.1 we have that

1
hagoodt® = o | [“] %" | e
sGabpM;_1 = ) i—1
b as
1
= — bs
T -1
= 0 (qu—1> ’(qu—l) ¢
b as
T 1
- (a,b)' -l | vt e bs
= » M
(a,0)T - w! as
. . <a’7 b)T : mg—l Y2
It is evident that € FQ. When s = R, ;—1(a,b) = —7—7— we have
( b)T q 4q; a(a,b)T v,
that
q
1 q Ti1
= — bs Y —x; DT o7
MY 1] a _ ) i (a,b)T o,
( 1—1) s _yq xq ygfl
i—1 i—1 (a,b)T mg_l
1
_ (a,b)T-m;tl
0
q
and when s = Ry ;(a,b) = a(a;/)ileq we have that
1 q q ]
BV IR ikl I I N e
i—1 - q
Yi
as _y?—l x?—l (@) T w7
0
= R
(a,b)T ]

where we used the fact that w{  Aw{ =] ;yf —xfy/ ; = 1. This implies by propo-
sition 1.1 that as s varies in the interval [Ry;—1(a,b), Ry(a,b)), then hyg,; bijectively
identifies with the points (u,v) € SP? with u = ((a,0)” - 0! |, (a,b)T - wHT. It

thus remains to show that the bases of the slabs slabf,- - ,slaby_; are mapped by

(MHT, -, (Mgfz)T into a partition of the remaining part of the polygon P9.
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The base of the slab slab? is a triangle with vertices (1,1 — A,)T, (1,0)%, (0, 1)T

(with the line segment between (1,1 — ;) and (0,1)7 removed), and the vertices in

1 0

question are mapped by (MZ)T = to (1, )7, (1,A)" =wl 5, (0,1)" =wi_,.
Ag 1

For a fixed i = 2,3,---,¢—1, the base of the slab slab{ is a quadrilateral’ with vertices

2l ¢ _ —gd
A7 — (1,1y§"1—1) ,(1,0)7,(0,1)7, BY = ( L S| ) (with both the line
i—1

q ) 9T _
? i Aq¥im1— %1 Aq¥;_ T

segment between (0,1)7 and BY, and the line segment between BY and A? removed).
(The point A? is the solution of the two equations a = 1 and (a,b)” -wf | =1, and B!
is the solution of A\;a +b =1 and (a,b)” - w? | = 1.) The matrix (M} )T = M?

q—1—1

maps the point (1,0)7 to qu_l_i, the point (0,1)7 to qu_i, the point A7 to

q q
(Mq )TAq _ mi—l y’i—l 1
i-1) 4 = _—
q q i—1
! vk -
¢ g Yi—1
1
= FERE
yg—l
and the point B! to
24 yg—l_l
(Mq )TBT . i-1 Yia Ayl —=l
s q q o Y
xz Y; 7 7
v v AqYi_1—%T; 1

q_.q,.49.d _, 4 .4
Aqy; =TT Y~ 1Y
[/ E—

Aq¥i_1 =T

-1

where we used the facts that w! | Aw! =z | yl—aly! | =1, ,

'It should be noted that for slab3, the points B and (0,1)" agree, and for slabl_,, the points A? | and

(1,0)” agree. We also go through our computations with the understanding that 0/0 = 1.
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-1

q
and = ! . For i =3,---,q— 1, we have that M B} =

M5 A}, is a point on the line a = 1. Moreover, (M, ;)" AL | = (1,0)" = w{, and
(MD)TB3 = (1,A)" = w{_,. This proves that bases of {slab](M; )" 9~ partition
P1? as required.

That P9 forms a cross section to the horocycle flow follows from proposition 1.1
and the fact that 77 is such a cross section.

That the sides of SP? follows from proposition 1.1, and the fact that any ray
in FQ passing through the origin intersects the sides of P9. This is expanded on in

proposition 3.1 and its proof. O

3.2 Side identification of the suspension SP!

Proposition 3.1. Consider the set

S := {(a,s) cR?|ac(0,1),s € [0, M)}U{(las) eER?|se [O))‘q)]} (3.1)

endowed with the Lebesgue measure dus = dads, and understood, in light of proposi-
tion 1.1, to be parametrizing the portion of F($<\FQ lying above the line segment join-
ing the vectors wi and mg_l via (a,s) = hsGa,1—a- Similarly, fori =0,1,--- ,q—2,

consider the set

2 1 s
. {(@0) eR? [ae (0,1),5 € |0, rapr Samaary) ) #=0

i

2 1 ,
{(a,a) eER?|ae(0,1],s € [0, (azg+(1—a)mg+1)(ozyg—l—(l—a)nyrl)>} , 1#0

(3.2)
endowed with the Lebesque measure duge = dado, and understood to be parametrising
the portion of F@\FQ lying above the line segment joining the vectors toi and rof

i+1

via (o, 0) — hagam‘?+(1—a)m‘?ﬂ- Futhermore, consider the partitioning of S into ¢ — 1
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horizontal strips
HE = {(a,5) €5 | 5 € [Ryala, 1 — ), Ryasa(a,1 - ) (33)
with i € [¢ — 1], and ¢ — 1 vertical strips

Ve {(a,s) € S |slope((a,1 —a)T) € (slope(ro]), slope(w? ;) }, i=0 )

{(a,s) € S |slope((a,1 —a)T) € [slope(tvf),slope(wf, )}, i#0

with i € [¢ — 1]. The following are true.

1. For any i € [q — 1], and for any (a,s) € V], the smallest t > 0 such that — in
light of proposition 1.1 and the above parametrizations — gihsga,1—a s in S;-Z 18

t = —log pl(a), where
pila) = (zly —yi)a+ (] —2f,,). (3.5)
The map V{ — S! induced by
hsgai-a = hoGawi+(1—am?,, = 9—log p?(a)isGa,1~a (3.6)

is bijective, and its Jacobian determinant is equal to 1.

2. For any i € [q — 1], and for any (o, 0) € S¥, the map S! — HZ—Q—i induced by
hagozmgJr(lfa)m:.ﬂrl = NsGa,1—a = hagamgJr(l—oé)m:?Jrl ((Miq)_l)T (3.7)

is bijective, and its Jacobian determinant is equal to 1.

Proof. We begin by proving the first numbered claim. The bijectivity of the map Vi —
S in question follows from proposition 1.1, and the fact that a point ((a,b)”, (1/a,0)T)
on the “Hoor” of FQ x FQ is mapped by the geodesic flow to another point ((eta,e'b)T, (1/(eta),0)T)

on the floor, and a point ((a,b)”,(0,1/b)T) on the “roof” of FQ x FQ is mapped by
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the geodesic flow to another point ((ela,etd)T, (0,1/(e'b))T) on the roof. It thus re-
mains to compute the hit times and the Jacobian determinant of the map Vg —
S{. The equation of the straight line L] going through the points w] and w7, , is
(i1 —vl)a+ (—xf,, + )b = 1. The line L] and the line going through the origin

(0,0)” and (a,1 — a)” intersect at the point

I
N
RS
<Tn
—~|

S
~

( a 1—a )T
Wiy —yha+ (=2l +2D)(1—a) (¥l —yDa+ (-2l +2!)(1—a)

q
T Ay —1 x

and the hitting time is ¢t = log p%(a) as claimed. We have that

?J?+1 L0 yi

and so we get the expression for pf(a) in the statement. We thus have

hogamg+(l—a)mg+l = g_ 1ng;_1(a)hsga71_a
1
L 0} faaf+(1-a)ly, ayi+(l-ain| _ [m@m O 10
axf +(1—a)aly oy +(1—aply) _ ol
—o(axi +(1- O‘)x;‘lﬂ) * —aspi(a) =
If f — 2! | # 0, we use the identity azf + (1 —a)z],, = pf(za) to compute %% and 92,
. . 1—
If 2f —2f | =0, then y] — y? | # 0, and we use the identity oy + (1 — )yl , = PWOLL)

instead to find the aforementioned derivatives. We proceed assuming that ngxg 1 70,

with the other case being similar. We thus have that

dae 1 plla) = (p))(@)a 1
R e N [ R T EL
and
da
=0
ds ’
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and so we have that a(‘z Z)) = 3(; fl‘; We also have that

do api(a)

ds  aal + (1 — )z, = ey’

This proves that %((iz)) =1 as required.

We now prove the second numbered claim. By proposition 1.1, and the proof of

proposition 1.2, we get that the map Sq — HY in question is bijective. The reason is

q—2—1

that S parametrises the side of slabq 1 M 4—2—; lying above the line segment joining

! and w! 11, and HY parametrises the side of slab? lying above the line segment

q—2—1i q—1—1

joining (1,0)7 and (0,1)7, and right multiplication by (Mq727i)71 = ((MH)™H)T maps
Sg bijectively back to Hngﬂ-. It remains to show that its Jacobian determinant is 1.

We have that

hsgai—a = hogam%(l—a)mgﬂ((Miq)*l)T
a x — b, ar{ +(1—a)zf, ay! +(1—-a)yf, v~y
—as * 0 % —al, af
_ 1 0 o *
- —o 1 i1 %

T azl+(1= )z,

(@] *

q
T
azi+(1=a)z]

— 0o *

where we used the fact that wi Aw{ , = zfy! | — 2] y! = 1. We thus have that

fl% =1, da =0, and ds =1, and so 8((22)) = 1 as required. O
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Figure 4: The symmetric G5-Farey interval map JFs.
4 The symmetric Farey and Gauss interval maps
for the Hecke triangle group G, and their natural

extensions

In this section, we use the identification of the sides of SP? from proposition 3.1 to
produce in theorem 4.1 a model of the natural extension of the Farey map corresponding
to our choice of projectivization for the A\4-continued fraction algorithm, along with an
infinite invariant measure for the Farey map. We also accelerate the Farey map and

its natural extension, to get a Gauss map with finite invariant measure in theorem 4.2.

4.1 The symmetric G, Farey interval map J,, and its nat-
ural extension

Theorem 4.1. Using the notation in proposition 3.1 and the arbitrary choice we make

in remark 1.1, the map grq : S — S that for any i € [q—1] sends any point (a,s) € VI C S
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to the point (a',s") given, according to proposition 1.1, by

hs’ga’,lfa’ =g_ logpg(a)hsgaJ_a((Miq)_l)T (41)

preserves the Lebesgue measure d,uﬁq = dus = dads on S. Moreever, the map grq

satisfies the Markov condition F,(V) = HE o,

for alli € [qg—1].
Consequently, g"q is a model of the natural extension of the map Fy : (0,1] — (0, 1]

defined for all i € [q — 1] and

aell = < ! ! } (4.2)

1 + slope(y, ;)’ 1 4 slope(ty)

_ < i xy ] (4.3)

q T a
Tig1 T Y T Y

by

1
Fala) = 1 + slope (M])~(a,1 —a)T) (44)

(@] +yi)a— i,

_ . (4.5)
(z} —ya+ (zf —2f,))
Moreover, the map F, preserves the measure
da
d =—— 4.6
U, a(l — a) ( )

on (0,1].

Proof. The map f;rq : S — S is the composition of the maps from the two numbered
claims in proposition 3.1. This proves that g"q preserves du 7, and satisfies the sought
for Markov condition.

For any i € [¢ — 1], if (a, ) belongs to V{, then (a,1 — a)T belongs to the sector

T

¥7, and so the slope of (a,1 —a)" is in [slope(rof),r0f ;). This corresponds to a € I}

in the claim of the theorem. By proposition 1.1, the image (a’, %) of (a, *) under §'“q is
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given by

CI)((CL/, 1- a,)Tv *) = g- log pJ (a) (‘P((CL, 1- a)T? *)) ((leJ)—l)T

pi(a)
and so
1—d 1
= slope MY Ya,1—a)T
CL/ p <p;1<a)( z) (CL CL)
Yin i a
= slope
yl l1-a
i t+yat ]
(@) +yli)a — i,
. : Tii Ag —1 ay . .
This, along with the fact that = give the expression for
q 1 0 q
yz+1 yz

Fy(a) in the theorem. Integrating the measure duz along the s fibers gives dug,. This
q

proves the claim. O

4.2 The symmetric G, Gauss map §,, and its natural ex-
tension
Theorem 4.2. Fiz the notation as in remark 1.1 and theorem 4.1. Define the maps

ng,ng_y: (0,1] = N for any a € (0,1] by

ni(a) = min{n € N | F(a) & I]'} (4.7)

(2
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Figure 5: The symmetric G5-Gauss interval map Gs.

when i = 0,q—2, and consider the set R1 =S\ ((Hg NVI ) UHL 5N Vg)). The map

§q : R? — RY given for any (a,s) € R? by

F9 (a,8),  aell =/ +1),1]

Gq(a,s) :

§7q(a, s), ag IfUII, (4.8)

~n? _(a
Fp2a,5), aeIl,=(0,1/(+1])

1s a.e. bijective, and preserves the Lebesgue measure d/rg := dads on RY. Consequently,
q

§q is a model of the natural extension of the map G : (0,1] — (0, 1] defined for every

a € (0,1] by

5:/a),  aelf

9q(a) == 4 F,(a), ag IgUI] ,- (4.9)

‘ ((1), a € Igfl
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Moreover, the map G, preserves the finite measure

Aq da
(R(q{q—Q(a’ 1—a) = Rjo(a,1 - a)) da = Saaaa=a) a € Ij=(A/(Ag +1),1]
dpg, = a(ldza)’ ag IiU 13_2
Agd
(Rqufl(a’ 1—a)—Ry,(a,1 - a)) da = (lfa)((quc(bl)Jr)\qa)’ a€ll o=1(0,1/(Ng+1)]
(4.10)

on (0,1].

Proof. We first show that the map F, : (0,1] — (0,1] is intermittent, with exactly
two indifferent fixed points at a — 0 4+ 0,1 — 0 by computing the derivative %. For

q

any ¢ € [¢— 1], and any a € I! = <ﬁ,m], we write ¢; = 2 + y!, and
K K2 K2 K2

a _ .4 q ‘oh o
Sip1 =T 1 T Y1, which gives

d&"q( ) St ((Fg —<ha+ (@] —af)) = (o —<f) (<g+1a - ‘rg+q)
—\a
2
da ((ngrl —ya+ (zf — $§+1))
xggzqﬂ - %qxgﬂ

2
((m?+1 - yf)a + (q;;? - 93;‘1+1))
1

2
((5’3?+1 - y;’)a + (xg - xg+1))

where we use the fact that w] Aw! , = zy! | —2f 47 = 1. Similarly, we get

. dF,
hqm da 1 (a) = (x?+1 + yz(‘l+1)27
. 2, , da
zq +yl.1
i+1 i+1
and
. dF, 9
hj}lﬂ TJ(G) = (z +yi)

a— —t—4—0
el t+yl

at the end points of I7. Since (x; + yf)Q is equal to 1 for i = 0, — 1, and is strictly
greater than 1 fori =1,2,---,¢—2, we have that J; is expanding everywhere except at
a — 040,1—-0. It is immediately true that lim, 040 F4(a) = 0 and lim, 10 F4(a) = 1,
proving that 0,1 are the only indifferent fixed points of JF,.

We now accelerate the branches of F; that correspond to 0 and 1. In what follows,
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denote the branches of F, over I and 13_2 by F40 and Fy4-2. It can be easily seen

that nj(a) = 1iff a € If, := (%,?;é (%)}, and by induction, we get for n > 1

that nj(a) = niff a € I§,, := (S";g“ (%) F0 (/\’\—ilﬂ Similarly, we for n > 1

have that n} ,(a) =niffac I , = (9’(;" (Aq+1) Foo ()\qlﬂ)]. For n > 1, we
define

Vi, = {(a,s) € Vi, 5 < Ry g-2(a,1 —a)},

and

Vi o= {( s) € Vg_ Q,SZR(]J(CL,I*(I)}.

Note that {V{ ,}52; is a partition of V{ \ H3 is a partition of

n=1

and that {Vi_, 17

q—2 n=1

Vi_y \ Hf, and that RY = (U2, Vg, ) U (UZPVE) U (U5, Vi, ) Tt s clear that the
map §q when restricted to UZV? is equal to g’“q, and that it sends UZ_V? bijectively to
UZ2H?. Tt thus remains to show that G, maps (uff:lvgm) U < niVa o n) bijectively
0 (H‘Y_ \vq) U (Hq \WVe, )

We prove that 9,1 bijectively maps U, — 1V o tO Hg \ Vq 5, and omit the (similar)
proof that u;;ozlvovn is bijectively mapped to HY -2 \ Vg. Towards this goal, we consider

the curve

U= {(a,5)6R2|a€ (0,1),52(1(11_@}.

Note that U is the upper boundary of Hng (and necessarily S) in the plane. We
define a sequence of curves (Uy),~; as follows: U{ := U, and for any n > 1, U, | :=
g"q (Z/lf{ N{(a,s) €ER?|ac I:II_Q}>. That is, for every n > 1, we map the portion of U]
that lies in the Vi_, branch by é?q. By virtue of the definition of g"q when it maps V] _,
to H{, we have that Uy agrees with the upper boundary of HJ in the plane, and that
for every n > 1, the curve U? i1 lies below Uy} inside HJ. For convenience, we write for
any (a,s) € S and n > 1 that (a,s) € [U2, |,U) to indicate that (a, s) lies between the
curves Uy | (inclusive), and U] (exclusive). For any n > 1, we get from the definitions

of V¢ UL and Z/{ 41 that

q—2,n> q 2n’

e (VZ 2n> :{(a s)eSlaely o, 4 (a5)€ [ulg+27ulg+1)}
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for k=0,1,--- ,n— 1, and that
Fy (Vg—zn) = {(a, s)eS|ae U?;S’If, (a,s) € [UEH,Z/IZH)}.

q—2,n

That is, for each n > 1, §q bijectively map Vi _, , to 5"(? (Vq ) C Hj\ Vg_o, with

the left and right boundaries of g"g (VZ—Q,n) agreeing with those of Hj \ V{_,, and the

bottom boundary of g’g (Vq

q—2,n) agreeing with the top boundary of 5"2‘“ (Vg—Q,nH)'

The function §q is a composition of i}q, and so the mapping in question preserves the
measure dj I
Finally, integrating the measure d§ over the s fibers gives the measure dg, in the
q

statement of the theorem. O
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Figure 6: An orbit of the natural extension Gs with the regions {V3}3_, and {H3}3_, from
proposition 3.1 indicated.
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Figure 7: An orbit of the natural extension Gs conjugated by (a, s) — (@,3) == (a,s — 1/a).
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