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Recently, technological advances have allowed us to gather large and high-dimensional data.
In high-dimensional data, the number of variables measured on each subject is quite large,
often larger than the number of subjects. Consequently, there is growing need for improved
supervised learning methods. We consider the setting in which we have an outcome variable
and p covariates measured for n subjects; our goal is to estimate the conditional relationship
between covariates and outcome.

Fitting linear models to high-dimensional data has been extensively studied in the past
two decades, and numerous methods have been proposed for this task, such as the lasso.
On the other hand, more flexible or nonparametric modeling of high-dimensional data is
relatively less studied. Desirable flexible models should be interpretable, computationally-
efficient, and have theoretical guarantees. Existing literature fails to achieve these three
properties simultaneously. In this dissertation, we extend the existing literature and address
gaps within the literature. In Chapter 2, we present a general framework for fitting sparse
interaction models. Our framework not only generalizes many existing methods, but allows
us to build new estimators; we present two such novel estimators in Chapter 2. In Chapter
3, we develop a general framework for fitting sparse additive models; this framework encom-
passes state-of-the-art techniques for additive models. We develop an efficient algorithm for

computation, and establish theoretical guarantees for our general framework. In Chapters



4 and 5, we develop two novel estimators for nonparametric regression and extend them to
sparse additive models. The main appeal of these estimators is that the fitted models have
a parsimonious representation; this facilitates interpretation of models. Using the general
framework of Chapter 3, we derive efficient algorithms for the estimators of Chapters 4 and

5, and establish theoretical convergence rates.
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Chapter 1

INTRODUCTION

1.1 Motivation

Recent technological advances have substantially amplified our ability to collect high-dimensional
data. In high-dimensional data the number of variables measured, p, is much larger than the
number of samples, n. A canonical example is gene expression profiling: generally we mea-
sure the expression levels of thousands of genes for a small number of subjects. For example,
the study by Burczynski et al. (2006) obtained expression levels of 22,000 genes (dimension,
p) on 85 subjects (sample size, n). The ability to measure such large amounts of data has
led to some exciting opportunities and results in many fields. For instance, Burczynski et al.
(2006) used the data as a diagnostic tool for patients with irritable bowl disease (IBD). A
diagnosis based on gene expression data can be a welcome alternative to existing, invasive

procedures such as a biopsy.

While high-dimensional data offers new opportunities it also presents a new set of chal-
lenges due to the curse-of-dimensionality (Bellman, 1961). For conventional statistical tech-
niques, the curse-of-dimensionality means that the information we can extract from a dataset

decreases exponentially with dimension, p.

In this dissertaiton, we focus on the supervised learning problem. Our goal is to predict
some outcome variable using a set of predictors or covariates; the set of predictors in high-
dimensional data is quite large. To be precise, consider outcome data yq,...,y, € R, and
covariate data @y, ...,x, € RP. For example, in Burczynski et al. (2006) y; is a categorical

variable of IBD type (ulcerative colitis vs. Crohn’s disease), and x; € R?*>%% is the vector of



gene expression levels for subject 7. The relationship between predictors and outcome is

Elyi|zi] = f ().

The goal of supervised learning is to estimate the unknown function, f. The curse-of-
dimensionality states that accurately estimating f for large p requires an extremely large
sample size, n. Additionally, with a large number of covariates computation can quickly

become unwieldy and, interpreting models with thousands of variables can be unfeasible.

To address the curse-of-dimensionality, issues of computation, and interpretability, re-
strictive assumptions are commonly made in the literature. Two popular assumptions are
linearity of f, and sparsity (i.e., f is a function of a small, but unknown, subset of covariates).

To be precise, the assumption is that

f(:l:) = CUlﬁl + -+ :Epﬁpa (1'1)

where most 3; = 0. Such assumptions not only address the curse-of-dimensionality, but
also give a parsimonious model that is easy to interpret. In the past few decades, numerous
methods have been proposed for fitting the restrictive linear model (1.1); these methods have
been thoroughly studied. In contrast, there are far fewer proposals for fitting flexible models
in high dimensions and few gaps in the literature of existing methods. In this dissertation
work, we aim to bridge gaps in the literature and contribute to the growing body of work on

flexible models for high-dimensional data.

In this dissertation, we consider two types of relaxations to the linear model (1.1):

1. Interaction models of the form

f(®) =211+ -+ 2p0, + v122L12 + -+ + Tp_12pBp—1p- (1.2)



2. additive models of the form

f@) = fi(za) + - + fp(zp), (1.3)

In Sections 1.2 and 1.3, we briefly motivate our work for fitting interaction and additive mod-

els in high dimensions, respectively. We also summarize the contributions of each chapter.

1.2 Flexibility by interaction models

In low dimensions, fitting the interaction model (1.2) is done by the usual least squares:
arggnin ly — X 8lI5, (1.4)

where y is the response vector, and X is the design matrix with all main effects and inter-
actions. Thus, the usual machinery for linear model easily extends to interaction models.
However, in high dimensions, we know that least squares overfits the data; a popular solution

for fitting linear models in high dimensions is the lasso which solves

arggnin ly — X8I+ 18l (1.5)

where the ¢; penalty induces sparsity, i.e., the fitted model fits many 8; = 0. Unlike the
low-dimensional case, the linear model machinery does not extend to interaction models be-
cause for interaction models we usually wish to impose strong heredity. Strong heredity is
a property whereby if an interaction term is included in the model, then both main effects
terms must also be present. Similarly the so-called weak heredity is a property whereby if an
interaction term is included in the model, then at least on of the corresponding main effects
must also be present. Heredity constraints are desirable because they simplify interpreta-
tion (McCullagh, 1984) and experimental design (Bien et al., 2013). Recently, a number

of penalized regression approaches have been proposed for fitting interaction models with



strong or weak heredity (Choi et al., 2010; Jenatton et al., 2011; Zhao et al., 2009; Bach
et al., 2012; Radchenko and James, 2010; Lim and Hastie, 2013; Bien et al., 2013). However,
there are some gaps in the literature. For instance, the proposed algorithm of Bien and Tib-
shirani (2014) is not computationally efficient, particularly for large p. On the other hand,
the algorithm of Radchenko and James (2010) is not guaranteed to converge to the global
optimum.

In Chapter 2 of this dissertation, we propose a general framework for fitting interaction
models which obey strong heredity. Our general framework encompasses a wide class of
estimators including the proposals of Bien and Tibshirani (2014) and Radchenko and James
(2010). We develop an alternating directions method of multipliers (ADMM) algorithm for
estimators within our framework. This algorithm has guaranteed convergence to the global
optimum, can be easily specialized to any convex penalty function of interest, and allows for
a straightforward extension to the setting of generalized linear models. We also present an
estimator for the degrees of freedom and discuss extensions of our proposal to enforce weak
heredity. Additionally, our framework facilitates the development of new methods for fitting
interaction models with strong heredity. We present two novel proposals not previously
studied in the literature and we compare our novel approaches to existing methods in the

literature on simulated and HIV-1 data.
1.3 Flexibility by additive models

Additive models are fairly popular in the nonparametric literature and have been studied
as early as 1980s. They offer a substantially more flexible alternative to linear models,
while retaining some of the desirable interpretability of linear models. Additionally, additive
models do not suffer from the curse of dimensionality. However, in high dimensions, tra-
ditional methods are no longer feasible due to over-fitting of the data. In the past decade,
a number of solutions have been proposed for the high-dimensional case (Ravikumar et al.,
2009; Meier et al., 2009; Koltchinskii and Yuan, 2010; Raskutti et al., 2012; Yuan and Zhou,
2015; Lou et al., 2016; Petersen et al., 2016; Sadhanala and Tibshirani, 2017). Despite these



developments, some papers in the literature fail to establish fast convergence rates for the
estimators whereas other papers fail to develop efficient algorithms for computation. Our
work in Chapter 3 aims to bridge these gaps.

In Chapter 3, we present a general framework for fitting sparse additive models for a
potentially large number of covariates. Our proposal not only encompasses the above men-
tioned proposals, but also includes parametric methods such as the lasso (Tibshirani, 1996).
We present an efficient computational algorithm that easily scales to thousands of obser-
vations and features. We prove minimax optimal convergence bounds on these estimators
under a weak compatibility condition. In addition, we characterize the rate of convergence
when this compatibility condition is not met. We complement our theoretical results with
empirical studies comparing some exiting methods.

In Chapters 4 and 5, we present two novel techniques for fitting additive models. The
proposal of Chapter 4 uses a basis expansion for each component function, where the order
of expansion for each component is selected data-adaptively. The resulting model is not
only flexible but is easy to interpret and has a parsimonious representation. The proposal of
Chapter 5 uses a wavelet based approach. Wavelets are a popular system of basis functions
for representing functions and have been extensively used in the nonparametric regression
literature (Antoniadis, 1997). However, extending wavelet methods to additive models is
challenging. We present a novel technique for extension of wavelets to additive and sparse
additive models for high-dimensional data. We establish convergence rates for the estimators
of Chapters 4 and 5 and develop efficient algorithms. We compare the predictive performance

of these proposals to existing methods in empirical studies.
1.4 Notations and conventions

In this section, we introduce some notation used throughout this dissertation.
Except where defined otherwise, we denote vectors in lower case bold font (e.g., y, 3),
and matrices in upper case bold font (e.g., X, ¥). Scalar elements of a vector or matrix are

denoted by regular font, e.g., the i-th element of vector y will be denote by y;, similarly the



(i, 7)-th element of matrix X will be denoted by X; ;.

Except where noted otherwise, we consider the setting with data (yi,x1),..., (yn, Zs),
where y; € R is the response variable and x; € R? is the covariate vector. For an n-vector r,
we denote by ||r||, the empirical norm where ||r||2 = n~t Y7  r?. We similarly define the

empirical norm for a function f given data @1,...,x, by ||f||2 =n"1 >, (f(x;))% we also

use the short-hand notation

n

1
I = fll =~ > (i — @)™

i=1
For a vector & € RP, we study additive functions of the form f(x) = fi(x1) + - + fp(zp);
for convenience we use the short-hand notation f = 7, f;. We similarly define the | - ||,

notation for components of additive models, i.e.,

s 1 2 RS 2

1502 == (fi@i)?, e = fillh = - > (ri— fii)*. (1.6)

n
i=1 i=1

Finally, we use the following short-hand notation: A < B< A=cBand A < B< A <c¢B,

for some constant c.



Chapter 2

CONVEX MODELING OF INTERACTIONS WITH STRONG
HEREDITY

2.1 Introduction

2.1.1 Modeling interactions

In this chapter, we model a response variable with a set of main effects and second-order
interactions. The problem can be formulated as follows: we are given a response vector y for
n observations, an n X p; matrix X of covariates and another n X p, matrix Z of covariates.
In what follows, the notation X ; and Z j will denote the j-th column of X and k-th column
of Z, respectively. The goal is to fit the model

P1 P2 p1 P2
Y; = B070 —+ Z Bj@X@j + Z BO,kZi,k + Z Z Bj,k:Xi,jZi,k +&; (Z = 1, Ce ,Tl), (21)
j=1 k=1 j=1 k=1

where B is a (p; + 1) X (p2 + 1) matrix of coefficients, of which the rows and columns are
indexed from 0 to p; and 0 to p, for the variables X and Z, respectively. In the special case
where X = Z, the coefficient of the (j, k)-th interaction is B,y + By, ;, and the coefficient of
the j-th main effect is By ; + Bj .

For brevity, we re-write model (2.1) using array notation. We construct the n x (p; +

1) X (pa + 1) array W as follows: for i € {1,...,n},7 € {0,...,p1},k €{0,...,p2},



.
X jZip forj#0andk#0
X fork=0and j #0

Wije=14 . (2.2)
Zik for j=0and k#0
1 for j=k=0

Then (2.1) is equivalent to the model
y=W=xB+e, (2.3)

where B is the matrix of coefficients as in (2.1), and W * B denotes the n-vector whose i-th
element takes the form (W x B); = ?1:0 2 o WijxBjk The model is displayed in the left
panel of Figure 2.1.

In fitting models with interactions, we may wish to impose either strong or weak heredity

(Hamada and Wu, 1992; Yates, 1978; Chipman, 1996; Joseph, 2006), defined as follows:

Strong Heredity: If an interaction term is included in the model, then both of the
corresponding main effects must be present. That is, if B, # 0, then Bjy # 0 and

Bo # 0.

Weak Heredity: If an interaction term is included in the model, then at least one of the
corresponding main effects must be present. That is, if B, # 0, then either B;o # 0
or By # 0.

Such constraints facilitate model interpretation (McCullagh, 1984), improve statistical power
(Cox, 1984), and simplify experimental designs (Bien et al., 2013). In this chapter we propose
a general convex regularized regression approach which naturally and efficiently enforces

strong heredity.



2.1.2  Summary of previous work

A number of authors have considered the task of fitting interaction models under strong or
weak heredity constraints. Constraints to enforce heredity (Peixoto, 1987; Friedman, 1991;
Bickel et al., 2010; Park and Hastie, 2008; Wu et al., 2010) have been applied to conventional
step-wise model selection techniques (Montgomery et al., 2012, chap. 10). Chipman (1996)
and George and McCulloch (1993) proposed Bayesian methods. In more recent work, Hao
and Zhang (2014) proposed iFORM, an approach that performs forward selection on the
main effects, and allows interactions into the model once the main effects have already been
selected. iFORM has a number of attractive properties, including suitability for the ultra-

high-dimensional setting, computational efficiency, as well as proven theoretical guarantees.

In this chapter, we take a regularization approach to inducing strong heredity. A number
of regularization approaches for this task have already been proposed in the literature; in
fact, a strength of our proposal is that it provides a unified framework (and associated
algorithm) of which several existing approaches can be seen as special cases. Choi et al.
(2010) propose a non-convex approach, which amounts to a lasso (Tibshirani, 1996) problem
with re-parametrized coefficients. Alternatively, some authors have enforced strong or weak
heredity via convex penalties or constraints. Jenatton et al. (2011) and Zhao et al. (2009)
describe a set of penalties that can be applied to a broad class of problems. As a special
case they consider interaction models with strong or weak heredity; this has been further
developed by Bach et al. (2012). Radchenko and James (2010), Lim and Hastie (2013) and
Bien et al. (2013) propose penalties specifically designed for interaction models with sparsity

and strong heredity. We now describe the latter two approaches in greater detail.
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2.1.2.1 hierNet (Bien et al., 2013)

The hierNet approach of Bien et al. (2013) fits the model (2.1) with X = Z and p; = py = p.
In the case of strong heredity, using the notation of (2.3), they consider the problem

wimive 3y =W e B 3365+ 50+ 3180l
minimize - — . . - —0.—
BeRG+Dx(p+1), gtcre 2 Y 2 = J J 2 0.0l

2.4
subject to B = BT, By o= 5+ - B~ (2.4)

1B olh <8 +87, B 20,87 20(=1,...,p).

Using this notation, the coefficient for the j-th main effect is By ; + B;, and the coefficient
for the (j,k)-th interaction is Bjj + By ;. Strong heredity is imposed by the constraint

|Bj—olli < B + 55

2.1.2.2 glinternet (Lim and Hastie, 2013)

Like hierNet, the glinternet proposal of Lim and Hastie (2013) fits (2.1) with X = Z
and p; = po = p. In order to describe this approach, we introduce some additional notation.
Let ay be the coefficient of the k-th main effect. We decompose ay, into p parameters, i.e.
ap = a,(go) + oz,(cl) +...+ a,(f;_l) + oz,(fﬂ) +...+ a,&p). We let o, + ay; denote the coefficient for

the interaction between X; and Xj. Lim and Hastie (2013) propose to solve the optimization

problem
1 - () 2
o imimize 3y =001 =325 K =3 (X X
9 ij Ji#g;8, 5 1 jZk o
{a}z €R 2.5
- (0) #)) 2 )\ 2 )
o (S 5 Y (o) o).
J=1 j#k

where X ; x X, denotes element-wise multiplication. Strong heredity is enforced via the

group lasso (Yuan and Lin, 2006) penalties: if either aj; or ay; is estimated as non-zero,
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(k

then «; ) and a,(Cj ) will be estimated to be non-zero, and hence so will a;; and ay.

2.1.8  Organization of chapter

The rest of this chapter is organized as follows. In Section 2.2, we provide details of FAMILY,
our proposed approach for modeling interactions. An unbiased estimator for its degrees of
freedom is in Section 2.3, and an extension to weak heredity is in Section 2.4. We explore
FAMILY’s empirical performance in simulation in Section 2.5, and in an application to an

HIV data set in Section 2.6. The Discussion is in Section 2.7.
2.2 DModeling interactions with FAMILY

We propose a framework for modeling interactions with a convexr penalty (FAMILY). The
FAMILY approach is the solution to a convex optimization problem, which (using the notation

of Section 2.1.1) takes the form

1
minimize §Hy —W=xB

BeR(P1+1) x(p2+1)

2 p1 p2
+M Y Pu(Bj)+X Y Pu(B.x)+ sl Boo ol (2.6)
" j=1 k=1

Here, A\, Ao, and A3 are non-negative tuning parameters. P, and P, are convex penalty
functions on the rows and columns of the coeflicient matrix B. The ||B_o_o||; term denotes
the element-wise ¢;-norm on the interactions, which enforces sparsity on the interaction
coefficients when A3 is large. The right panel of Figure 2.1 demonstrates the action of each
penalty on the matrix B.

As we will see, the choice of P, and P. will determine the type of structure (such as
strong heredity) enforced on the fitted model. In the examples that follow, we take P, = P.;
however, in principle, these two penalty functions need not be equal. For instance, if the
features in Z are known to be of scientific importance, we might choose to perform feature
selection on the main effects of X only. In this case, we might choose to use P,(b) = ||b||2
and P.(b) = 0.

We suggest standardizing the columns of X and Z to have mean zero and variance one
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Figure 2.1:  Left: The model (2.1), for all n observations (top) and for the i-th observation
(bottom). The notation (W .., B) denotes the inner product, >, W; ;xB; k. Right: In (2.6),
the (p1 + 1) x (p2 + 1) coefficient matrix B is penalized by applying the P, and P, penalties
to each of the p; rows (e ) and each of the py columns (= ===~ ), respectively. The
¢y penalty is applied to each of the p;p, interactions (=——).

before solving (2.6), in order to ensure that the main effects and interactions are on the same
scale, as is standard practice for penalized regression estimators (Hastie et al., 2009). We

take this approach in Sections 2.5 and 2.6.

2.2.1 Connections to lasso (Tibshirani, 1996)

The main effects lasso can be viewed as a special case of (2.6) where P. and P, are {;

penalties,

A 2%
minimize )§Hy—W*BHn+/\lzl||Bj,-
=

BeRP1+1) x(pa+1

P2
LAY Bl + AsllBoolli,  (27)
k=1

and where A3 is chosen sufficiently large as to shrink all of the interaction terms to 0. In this
case, the lasso penalties on the rows and columns are applied only to the main effects.

In contrast, if we take A3 = 0, Ay = Ay = A, and P.(b) = P.(b) = |b1| + 1/2||b_1]|1, where
b= (b;,b' )", then (2.6) yields the all-pairs lasso, which applies a lasso penalty to all main
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effects and all interactions. In this case, (2.6) can be re-written more simply as

1 2
minimize —Hy—W*BH + A|IB]|L. (2.8)
BeR®P1+Dx(p2+1) 2 n

However, our main interest in this chapter is to develop a convex framework for modeling
interactions that obeys strong heredity. Clearly, the all-pairs lasso does not satisfy strong
heredity, and the main effects lasso does so only in a trivial way (by setting all interaction

coefficient estimates to zero).

2.2.2 FAMILY with strong heredity

We now consider three choices of P, and P, in (2.6) that yield an estimator that obeys strong
heredity. In Section 2.2.2.1, we consider the case where P, and P, are group lasso penalties.
In Section 2.2.2.2, we consider the case where they are ¢, penalties. We consider a hybrid
between an ¢; and an /., norm in Section 2.2.2.3. The unit norm balls corresponding to

these three penalties are displayed in Figure 2.2.

2.2.2.1 FAMILY with an {5 penalty

We first consider (2.6) in the case where P,(b) = P.(b) = ||b||2, which we will refer to as

FAMILY.12. The resulting optimization problem takes the form

. 1
minimize —
BeRP1+1)x(@2+1) 2

p1 p2
ly — W BHi Y IB o+ 20 S 1Bl + sl Boo ol (29)
j=1 k=1
This formulation will induce strong heredity, in the sense that an interaction between X; and
X} can have a non-zero coefficient estimate only if both of the corresponding main effects
are non-zero.
Problem 2.9 is closely related to VANISH, an approach for non-linear interaction modeling
(Radchenko and James, 2010). In fact, if we take X = Z and assume that all main effects

and interactions are scaled to have norm one in (2.9), and consider the case of VANISH with
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only linear main effects and interactions, then VANISH and (2.9) coincide exactly.
Radchenko and James (2010) attempt to solve the VANISH optimization problem via block
coordinate descent. However, due to non-separability of the groups, their algorithm is not
guaranteed convergence to the global optimum. In contrast, the algorithm in Section 2.2.3
is guaranteed convergence to the global optimum of (2.6) for any convex penalty, and can

be extended to the case of generalized linear models.

2.2.2.2 FAMILY with an { penalty

We now consider (2.6) in the case where P,(b) = P.(b) = ||b||~; we refer to this in what
follows as FAMILY.linf. We refer the reader to Duchi and Singer (2009) for a discussion
of the properties of the /., norm, and its merits relative to the /5 norm in inducing group

sparsity. In this case, (2.6) takes the form

o ) 1 2 pP1 b2
gt o w e 0S5 S e B 2

This formulation also induces strong heredity.

2.2.2.83 FAMILY with a hybrid {1 /l~ penalty

Finally, we consider (2.6) with P.(b) = P.(b) = max(|b|,||b_1][1). In this case, (2.6) takes

the form
1 2
minimize —Hy—W*BH + As||B-o.—olj1+
BeRP1+1)x(p2+1) 2 n ’

. . (2.11)
A Y max(|Bjol, 1By -oll1) + A2 > max(|Boxl, [ B-oxll).
j=1

k=1
In the special case where X = Z, A\ = Ay = A, and A3 = A/2, (2.11) is in fact equivalent
to the hierNet proposal of Bien et al. (2013). Details of this equivalence are given in Bien

et al. (2013).
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Figure 2.2: A graphical representation of the region P(B8) < 1, where P(3) =

I(nax (I)ﬁllalﬁal +18sl) (left); P(B) = /Bt + B3 + B3 (center); or P(B) = max(|3], |5, [Bs])
right).

Bien et al. (2013) propose to solve hierNet via an ADMM algorithm which applies a
generalized gradient descent loop within each update. This leads to computational ineffi-
ciency, especially for large p. In Section 2.2.3, we propose a simple, stand-alone ADMM
algorithm for solving (2.6), which can be easily applied to solve (2.11), and consequently
also the hierNet optimization problem.

Given its connection to Bien et al. (2013), we refer to (2.11) as FAMILY .hierNet.

2.2.2.4  Dual norms

Here we further consider the Iy, I and [y /I, hybrid penalties discussed in Sections 2.2.2.1-
2.2.2.3. For an arbitrary penalty, the proximal operator is the solution to the optimization
problem

1
minipize §||y — B3+ AP(B). (2.12)
We begin by presenting a well-known lemma (see e.g. Proposition 1.1, Bach et al. (2011)).

Lemma 2.1. Let P(y) be a norm of y with dual norm P,(y) = max, {z'y : P(z) < 1}.
Then B =0 solves (2.12) if and only if P.(y) < A.

It is well-known that the ¢ norm is its own dual norm, and that the ¢; norm is dual to
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Figure 2.3: A graphical representation of the region P,(8) < 1, where P,(/3) is the dual

norm for P(f) = max (|61, |Ba2| + [Bs]) (left); P(B) = \/Bi + B3 + B3 (center); or P(B) =
max(|S1], [B2l,B8s]) (right).

the /o, norm. We now derive the dual norm for the FAMILY.hierNet penalty. This lemma

is proven in Appendix A.2.
Lemma 2.2. The dual norm of P(B) = max{|S1|, |B_1ll1} takes the form

P.(B) = B + 1181l (2.13)

Lemmas 2.1 and 2.2 provide insight into the values of y for which all variables are
shrunken to zero in (2.12). The dual norm balls for the hybrid ¢;/ly, l2, and {,, norms
are displayed in Figure 2.3. By Lemma 2.1, any y inside the dual norm ball leads to a
zero solution of (2.12). For the hybrid ¢; /., norm, the shape of the dual norm ball implies
that the first element of y plays an outsize role in whether or not the coefficient vector is
shrunken to zero. Consequently, the main effects play a larger role than the interactions in
determining whether sparsity is induced. In contrast, for the ¢, and f5 norms, the main
effect and interactions play an equal role in determining whether the coefficients are shrunken

to zero.
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2.2.8  Algorithm for solving FAMILY

A step-by-step ADMM algorithm for solving FAMILY is provided in Appendix A.1.2. Here,
we present an overview of this algorithm. A gentle introduction to ADMM is provided in

Appendix A.1.1.

2.2.3.1 ADMM algorithm for solving FAMILY

We now develop an ADMM algorithm to solve (2.6). We define the variable ® = (D|E|F),
with D, E, F € RP1+Dxm2+1)  That is, © is a (py + 1) x 3(p2 + 1) matrix, which we partition

into D, E, and F for convenience. Then (2.6) can be re-written as

1 P1 p2
minimize —|ly — W x B||> + A P.(D;)+ )\ P.(E )+ X\s||F_o_
Bec R(P1+1)X(P2+1)7 {2|Iy ||n 1 ; ( J,.) 2; ( .,k) 3” 0, 0||1
O c R(p1+1)><3(p2+1)
subject to BT (py 11)x(p2+1) L (2t 1)x(pat ) L (p2+ 1) x 2-41)) = ©. (2.14)

The augmented Lagrangian corresponding to (2.14) takes the form

1 p1 p2
Ly)(B,©,T) =y - W« B+ Y Pr(Dj)+ XY Po(E k) + A3 Fo-olh
k=1

j=1 (2.15)

+ trace <I‘T(B(I|I\I) - @)) +p/2| BUI|I|I) - ©|2,
where I' is a (p; + 1) X 3(p2 + 1)-dimensional dual variable. For convenience, we partition T’
as follows: T' = (I'1|T'9|T's) where I'; (1 = 1,2,3) is a (p1 + 1) X (p2 + 1) matrix.

The augmented Lagrangian (2.15) can be rewritten as

1 p1 p2
Ly(B,®,I) = ;lly - W x B[y + M) P(D;)+ XY PE )+ A|F o olh
j=1 k=1
(2.16)
+({I'y,B—-D)+ (I';,,B—E)+ (I's, B—F)

+p/2||B — D|i + p/2|| B — E|%: + p/2|| B — F|[.

In order to develop an ADMM algorithm to solve (2.6), we must now simply figure out
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how to minimize (2.16) with respect to B with © held fixed, and how to minimize (2.16)
with respect to © with B held fixed. Minimizing (2.16) with respect to B amounts simply to
a least squares problem. In order to minimize (2.16) with respect to ©, we note that (2.16)
can simply be minimized with respect to D, E, and F' separately. Minimizing (2.16) with
respect to F' amounts simply to soft-thresholding (Friedman et al., 2007). Minimizing (2.16)
with respect to D or with respect to E amounts to solving a problem that is equivalent to

(2.12). We consider that problem next.

Details of the ADMM algorithm for solving (2.6) are given in Appendix A.1.2.

2.2.3.2  Solving (2.12) for ly, U, and hybrid {; /l~, penalties

We saw in the previous section that the updates for D and E in the ADMM algorithm
amount to solving the problem (2.12). For P(8) = |||z, (2.12) amounts to soft-shrinkage
(Simon et al., 2013; Yuan and Lin, 2006), for which a closed-form solution is available. For
P(B) = ||B|lo, an efficient algorithm was proposed by Duchi and Singer (2009). We now
present an efficient algorithm for solving (2.12) for P(3) = max{|5], ||B_;|l1}-

Lemma 2.3. Let 3 denote the solution to (2.12) with P(B) = max{|f1|, |B_1|1}. Then

~

B =y — u, where u is the solution to
o1 ,
minimize —||y — u|
u€eRP, \1eR 2 (2'17)
subject to [u1| < A1, flu—iflee SA—=A;, 0< A <A

We established in Section 2.2.2.4 that if A > |y1| + ||y_1 |/, then the solution to (2.12)
is zero. Therefore, we now restrict our attention to the case A < |yi| + ||[y_;||lco. For a fixed

A1 € [0, A\], we can see by inspection that the solution to (2.17) is given by

<A : J< A=\
() = Y1 | <M and () = y |yl |

(2.18)
Asgn(yi) [y > A (A= Au)sen(ys) |yl > A=\
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fori =2,...,p. Thus, (2.17) is equivalent to the problem

1
inimize — [|ly — w(\)[|% 2.1
minimize 7 |y —w(A)| (2.19)

Theorem 2.1. Let z denote the (p — 1)-vector whose i-th element is X\ — |y;+1|. Then the
solution to problem (2.19) is given by

A if min, { R0 L >
N, : : lyil+30, za
AL = 0 | if min; {%} <0 . (2.20)
min; {ly”?:#} otherwise

Combining Theorem 2.1 and Lemma 2.3 gives us a solution for (2.12) with the hybrid
(1 /ls penalty. Proofs are given in Appendix A.2.

2.2.3.83 Convergence, computational complexity, and timing results

As mentioned in Appendix A.1.1, ADMM'’s convergence to the global optimum is guaran-
teed for the convex, closed and proper objective function (2.6) (Boyd et al., 2011). The
computational complexity of the algorithm depends on the form of the penalty functions
used.

The update for B is typically the most computationally-demanding step of the ADMM
algorithm for (2.6). As pointed out in Appendix A.1.2, this can be done very efficiently. We
perform the singular value decomposition for a n x (p; + 1)(ps + 1)-dimensional matrix once,
given the data matrix W. Then, in each iteration of the ADMM algorithm, the update for
B requires simply an efficient matrix inversion using the Woodbury matrix formula.

We now report timing results for our R-language implementation of FAMILY, available
in the package FAMILY on CRAN, on an Intel® Xeon® E5-2620 processor. We considered
an example with n = 350 and p; = py, = 500 (for a total of 251,000 features). Using the

parametrization (2.33), running FAMILY.12 with o = 0.7 and a grid of 10 A values takes a
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median time of 330 seconds, and running FAMILY.1linf takes a median time of 416 seconds.

2.2.4 Extension to generalized linear models
The FAMILY optimization problem (2.6) can be extended to the case of a general convex loss
function I(-),

. 1
minimize —I
BeR@1+)x(p2+1) N

p1 p2
(B)+ MY Pu(Bj)+ XY PuB.x)+ Asl| B_o ol (2.21)
j=1 k=1

For instance, in the case of a binary response variable y, we could take I(-) to be the
negative log likelihood under a binomial model. Then (2.21) corresponds to a penalized
logistic regression problem with interactions. An ADMM algorithm for (2.21) can be derived
just as in Section 2.2.3.1, with a modification to the update for B. This is discussed in

Appendix A.1.3.

2.2.5 Uniqueness of the FAMILY solution

The FAMILY optimization problem (2.6) is convex, and the algorithm presented in Sec-
tion 2.2.3 is guaranteed to yield a solution that achieves the global minimum. But (2.6)
is not strictly convex: this means that the solution might not be unique, in the sense that
more than one value of B might achieve the global minimum. However, uniqueness of the fit-
ted values resulting from (2.6) is straightforward. This is formalized in the following lemma.

The proof is as in Lemma 1(ii) of Tibshirani (2013).
Lemma 2.4. For a convex penalty function P(-), let B denote the solution to the problem
nimize  lly — W = B|. + P(B) (2.22)
minimize  —||ly — . )
BeR(P1+1)x(p2+1) 2 y "

The fitted values W x B are unique.
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2.3 Degrees of freedom

2.3.1 Review of degrees of freedom

Consider the linear model y = X3 + €, with fixed X, and € ~ N,(0,0%I,). Then the
degrees of freedom of a model-fitting procedure is defined as (Stein, 1981; Efron, 1986)

1 ¢ .
df = o Z Cov(yi, 9i), (2.23)
i=1

where 7); are the fitted response values. If certain conditions hold, then

df =F

— Jy;
. 2.24
52| 2

Therefore, >, g—gz is an unbiased estimator for the degrees of freedom of the model-fitting
procedure.

Before presenting the main results of this section, we state a useful lemma.

Lemma 2.5. Given a vector x € RP, and an even positive integer g,

||, z " I o)
= (¢ — 1)diag <—> X [ - : (2.25)
da? Il 2l [lfig™

where diag(x) is the diagonal matriz with « on the diagonal, and (x)? denotes the element-

wise exponentiation of the vector x.

2.3.2  Degrees of freedom for a penalized regression problem

We now consider the degrees of freedom of the estimator that solves the problem

I
minimize §Hy — X35+ ; AaPa(A4B), (2.26)
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where Py(-) is an ¢, norm for a positive ¢, and Ay is a p x p diagonal matrix with ones and
zeros on the main diagonal. We define the active set to be A = {j : B\] # 0}, the set of
non-zero coefficient estimates. Let ,@ 4 denote the coefficients of the active set, and let X 4
denote the matrix with columns corresponding to elements of the active set. Furthermore,

we define A7 to be the sub-matrix of Ay with rows and columns in A.

Claim 2.1. An unbiased estimator of the degrees of freedom of B, the solution to (2.26), is

given by

-1

df = trace | Xa [ X X4+ M (A)) PaAfBL) (AY)| XL, (2.27)
d
where Py(-) is the Hessian of the function Py(-), and where A is the active set.

The derivation for Claim 2.1 is outlined in Appendix A.3.

2.3.83 Degrees of freedom for FAMILY

In this section, we present estimates for the degrees of freedom of FAMILY .12 and FAMILY.1linf.
An estimate of the degrees of freedom of FAMILY.hierNet is given in Bien et al. (2013).

2.3.83.1 FAMILY.12

We write FAMILY.12 in the form of (2.26),

1 o P1 " P1t+p2 " _
Sly = WBIS+ ) Y [A;Blo+nds Y [AcBll2 + 0| ArBl. (2.28)

7j=1 k=p1+1
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where B is the vectorized version of B, and W is the n x (p; +1)(ps + 1)-dimensional matrix

version of W. We apply Claim 2.1 in order to obtain an unbiased estimate for FAMILY.12:

p1
dfy, = trace (WA [WI‘WA + nA; Z(A;-‘l)T [P(AfBA)} (Af)

=1

-~

(2.29)

+ ndg fj (A’ [HA?J%)} <A;‘>}_1VNV1)7

k=p1+1

is of the form given in Lemma 2.5.
v=vg

. d2
where P(vg) = —JL:}QHQ

2.3.3.2 FAMILY.linf

The /., norm is not differentiable, and thus we cannot apply Claim 2.1 directly. Instead,

we make use of the fact that lim ||3|, = ||3|| in order to apply Claim 2.1 to a modified
q—o0

version of FAMILY.1linf in which the ¢, norm is replaced with an ¢, norm for a very large

value of ¢q. This yields the estimator

~ e~ P~ T — P1 . ~
T trace(W " [W AW a4+ na > (ANT {P(A;-“B A)} (A%)
j=1

(2.30)

p1+p2 . ~ 1T
oY (adT [PlarB) af)] W)
k=p1+1

where P(vy) = dzd”%”q is of the form given in Lemma 2.5. We use ¢ = 500 in Section 2.3.4.

V=0

2.3.4  Numerical results

We now consider the numerical performance of our estimates of the degrees of freedom of
FAMILY in a simple simulation setting. We use a fixed design matrix X, with n = 100 rows
and p = 10 main effects, and we let X = Z. We randomly selected 15 true interaction terms.
We generated 100 different response vectors yV, . .., y1%) using independent Gaussian noise.

We computed the true degrees of freedom as well as the estimated degrees of freedom from
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Figure 2.4: The estimated degrees of freedom as a function of the actual degrees of freedom,
for (Left:) FAMILY.12 and (Right:) FAMILY.linf. To estimate the degrees of freedom for
FAMILY.linf, we used ¢ = 500 in (2.30). Several values of o in were used in the FAMILY
optimization problem (using the reparametrization in (2.33)); each is shown in a different
color. Each point corresponds to a different value of A in the FAMILY optimization problem.

(2.29) and (2.30), averaged over the 100 simulated data sets. In Figure 2.4, we see almost

perfect agreement between the true and estimated degrees of freedom.

2.4 Extension to weak heredity

We now consider a modification to the FAMILY optimization problem, (2.6), that imposes
weak heredity. We assume that the main effects, interactions, and response have been cen-

tered to have mean zero.

In order to enforce weak heredity, we take an approach motivated by the latent overlap
group lasso of Jacob et al. (2009). We let W denote the n x p; x (py + 1) array defined as
follows: for i € {1,...,n}, je€{1,...,m}, k€ {0,...,p2},

Xi,'Zi,k for k 7£ 0
WX, = ’ (2.31)

iJ,k :
X@j for k=0
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We let W# denote the n x (p; 4+ 1) x p, array defined in an analogous way. We take B~ to
be a p; X (pz + 1) matrix, and BZ to be a (p; + 1) x p, matrix.
We propose to solve the optimization problem
minimize 1Hy—WX>|<BX —WZ*BZ”2
B¥ ¢ Rpix(p2+1) 2 "
BZ ¢ R1+1)xp2 (2.32)

P1 p2
+ MY B(BY) e ) Pu(B%) + As(IBX ol + 1BZ [1)-
J=1

k=1

Then the coefficient for the j-th main effect of X is Bj)fo, the coefficient for the k-th main
effect of Z is Bf,, and the coefficient for the (j, k) interaction is Bj’(k + BJZk If we take P,
and P, to be either (5, {, or hybrid ¢, /{,, penalties, then (2.32) imposes weak heredity: if
the k-th column of BZ has a zero estimate, then the (j, k)-th interaction coefficient estimate
need not be zero. However, if the j-th row of BX and the k-th column of BZ have zero
estimates, then the (j, k)-th interaction coefficient estimate is zero.

Problem (2.32) can be solved using an ADMM algorithm similar to that of Section 2.2.3.

Since the focus of this chapter is on enforcing strong heredity, we leave the details of an

algorithm for (2.32), as well as a careful numerical study, to future work.

2.5 Simulation study

We compare the performance of FAMILY.12 and FAMILY.linf to the all-pairs lasso (APL),
the hierNet proposal of Bien et al. (2013), and the glinternet proposal of Lim and Hastie
(2013). APL can be performed using the glmnet R package, and hierNet and glinternet
are implemented in R packages available on CRAN. We also include the oracle model (Fan and
Li, 2001) — an unpenalized model that uses only the main effects and interactions that are
non-zero in the true model — in our comparisons.

The forward selection proposal of Hao and Zhang (2014), iFORM, is a fast screening

approach for detecting interactions in ultra-high dimensional data. iFORM is intended for the
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setting in which the true model is extremely sparse. In our simulation setting, we consider
moderately sparse models, which fails to highlight the advantages of iFORM. Thus, we do not

include results for iFORM in our simulation study.

To facilitate comparison with hierNet and glinternet, which require X = Z, we take
X = Z in our simulation study. Similar empirical results are obtained in simulations with

X # Z; results are omitted due to space constraints.

We consider squared error loss in Section 2.5.1, and logistic regression loss in Section 2.5.2.

2.5.1 Squared error loss
2.5.1.1 Simulation set-up

We created a coefficient matrix B, with p = 30 main effects and (g) = 435 interactions,
for a total of 465 features. The first 10 main effects have non-zero coefficients, assigned
uniformly from the set {—5,—4,...,—1,1,...,5}. The remaining main effects’ coefficients
equal zero. We consider three simulation settings, in which we randomly select 15, 30 or 45
non-zero interaction coefficients, chosen to obey strong heredity. The values for the non-zero
coefficients were selected uniformly from the set {—10,—8,...,-2,2,...,8,10}. Figure 2.5

displays B in each of the three simulation settings.

We generated a training set, a test set, and a validation set, each consisting of 300
observations. Each observation of X = Z was generated independently from a N, (0, )
distribution; W was then constructed according to (2.2). For each observation we generated
an independent Gaussian noise term, with variance adjusted to maintain a signal-to-noise
ratio of approximately 2.5 to 3.5. Finally, for each observation, a response was generated

according to (2.3).

We applied glinternet and hierNet for 50 different values of the tuning parameters.

For convenience, given that X = Z, we reparametrized the FAMILY optimization problem
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Figure 2.5: For the simulation study in Section 2.5, the heatmap of the matrix B is displayed
in the case of 15 (left), 30 (center), and 45 (right) non-zero interactions. The first row and
column of each heatmap represent the main effects.

(2.6) as

1
minimize iy — W B|? + a\|B_o_o|x

BcR((P+1)x(p+1)

p p (2.33)
(1= B PBs) + (1— B Y PBLY).
j=1 k=1
We applied FAMILY.12 and FAMILY.1linf over a 10 x 50 grid of («, \) values, with « € (0, 1)

and A chosen to give a suitable range of sparsity.

In principle, many methods are available for selecting the tuning parameters o and A.
These include Bayesian information criterion, generalized cross-validation, and others. Be-
cause we do not have an estimator for the degrees of freedom of the glinternet estimator,
we opted to use a training/test/validation set approach. In greater detail, we fit each method
to the training set, selected tuning parameters based on sum of squared residuals (SSR) on
the test set, and then reported the SSR for that choice of tuning parameters on the validation

set.

It is well-known that penalized regression techniques tend to yield models with over-
shrunken coefficient estimates (Hastie et al., 2009; Fan and Li, 2001). To overcome this prob-

lem, we obtained relaxed versions of FAMILY.12, FAMILY.1linf, hierNet, and glinternet,
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by refitting an unpenalized least squares model to the set of coefficients that are non-zero in
the penalized fitted model (Meinshausen, 2007; Radchenko and James, 2010).

We also considered generating the observations of X from a N, (0, X) distribution, where
3 was an autoregressive or an exchangeable covariance matrix. We found that the choice of
covariance matrix 3 led to little qualitative difference in the results. Therefore, we display

only results for 3 = I in Section 2.5.1.2.

2.5.1.2 Results

The left panel of Figure 2.6 displays ROC curves for FAMILY.linf, FAMILY.12, hierNet,
glinternet, and APL. These results indicate that FAMILY.12 outperforms all other methods
in terms of variable selection, especially as the number of non-zero interaction coefficients
increases. When there are 45 non-zero interactions, FAMILY.1linf outperforms glinternet,
hierNet, and APL.

The right panel of Figure 2.6 displays the test set SSR for all methods, as the tuning
parameters are varied. We observe that relaxation leads to improvement for each method: it
yields a much sparser model for a given value of the test error. This is not surprising, since
the relaxation alleviates some of the over-shrinkage induced by the application of multiple
convex penalties. The results further indicate that when relaxation is applied, FAMILY.12
performs the best, followed by FAMILY.1linf and then the other competitors. We once again
observe that the improvement of FAMILY.12 and FAMILY.linf over the competitors increases
as the number of non-zero interaction coefficients increases.

Interestingly, the right-hand panel of Figure 2.6 indicates that though FAMILY.12 per-
forms the best when relaxation is performed, it performs quite poorly when relaxation is
not performed, in that the model with smallest test set SSR contains far too many non-zero
interactions. This is consistent with the remark in Radchenko and James (2010) regarding
over-shrinkage of coefficient estimates.

In Table 1, we present results on the validation set for the model that was fit on the train-

ing set using the tuning parameters selected on the test set, as described in Section 2.5.1.1.
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We see that FAMILY.12 and FAMILY.1inf outperform the competitors in terms of SSR, false

discovery rate, and true positive rate, especially when relaxation is performed.

2.5.2  Logistic regression

2.5.2.1 Simulation set-up

We assume that each response y; is a Bernoulli variable with probability p;. We then model

Dp; as

log(lpi >:(W*B)Z- (i=1,...,n), (2.34)

— Di
where W x B is the n-vector defined in Section 2.1.1. The matrices X and B are generated
in the exact same manner as in Section 2.5.1.1, but now with n = 500 observations in the

training and test sets.

Once again, for convenience, we reparametrized FAMILY.12 and FAMILY.1linf according
to

1 _
minimize — - ; [yz(W x B); — log (1 + e(W*B)z)}

BeR®+1) x(p+1)

(2.35)

p

+/p(1—a)X Z P.(B;,.) + y/p(1 = a)A > Pu(B.i) + aA||B_o o)1

k=1
2.5.2.2 Results

The results for logistic regression are displayed in Figure 2.7. The ROC curves in the left-
hand panel indicate that FAMILY.1inf and FAMILY.12 outperform the competitors in terms
of variable selection when there are 30 or 45 non-zero interactions. The SSR curves in
the right-hand panel of Figure 2.7 indicate that the relaxed versions of FAMILY.linf and
FAMILY.12 perform very well in terms of prediction error on the test set, especially as the

number of non-zero interactions increases.
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Figure 2.6: Results for the simulation study of Section 2.5.1, averaged over 100 simulated
datasets. The colored lines indicate the results for glinternet (——), hierNet (- ), APL
(——), FAMILY.12 with @ = 0.7 (——), and FAMILY.linf with @« =0.83 (). Left: ROC
curves for each proposal, along with the 45° line. Right: Sum of squared residuals (SSR),
evaluated on the test set. Each method is shown with (——) and without () relaxation.
The two horizontal black lines indicate the test set SSR of the true model ( ) and of the
oracle model ().
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Table 2.1: Simulation results, averaged over 100 simulated datasets, for the simulation set-
up in Section 2.5.1. Tuning parameters were selected using a training/test/validation set
approach, as described in Section 2.5.1.1. From left to right, the table’s columns indicate
the true number of non-zero interactions, the method used, whether or not relaxation was
performed, the sum of squared residuals (SSR) on the validation set divided by the SSR of the
oracle, the false discovery rate for the detection of non-zero interactions, the true positive rate
for the detection of non-zero interactions, and the number of estimated non-zero interactions.
Standard errors of the mean are reported in parentheses.

Method Relaxed | Relative SSR FDR TPR Num. Inter.
ity 1o | No | 1333 (0.012) | 0.802 (0.002) | 0.931 (0.006) | 132,01 (2.3
' Yes | 1.133 (0.010) | 0.399 (0.017) | 0.837 (0.009) | 22.94 (0.8)

| No | 1.348 (0.011) | 0.855 (0.003) | 0.015 (0.006) | 97.85 (1.7)
FAMILY.1inf | yoo 11,179 (0.011) | 0.304 (0.017) | 0.771 (0.010) | 17.87 (0.6)
5| gincerner | No | 1288 (0011) | 0:786 (0.004) | 0850 (0.007) | 6485 (L)
Yes | 1.230 (0.010) | 0.209 (0.017) | 0.691 (0.011) | 14.23 (0.6)

. No | 1.359 (0.012) | 0.816 (0.003) | 0.881 (0.007) | 73.12 (1.2)
Yes | 1.355 (0.013) | 0.382 (0.023) | 0.632 (0.013) | 19.76 (1.4)

oL No | 1.341 (0.011) | 0.816 (0.004) | 0.895 (0.007) | 75.90 (1.6)
Yes | 1.308 (0.012) | 0.375 (0.019) | 0.749 (0.011) | 20.65 (1.0)

caviiy 1o | No | 1492 (0.016) | 0.841 (0.003) | 0.884 (0.006) | 172.00 (3.3)
‘ Yes | 1.218 (0.012) | 0.352 (0.014) | 0.800 (0.010) | 39.09 (1.1)

| No | 1.476 (0.016) | 0.790 (0.004) | 0.846 (0.007) | 124.00 (2.2)
FAMILY. 1anf | oo 1 1,276 (0.013) | 0.310 (0.016) | 0.735 (0.008) | 34.11 (1.0)
30 | glimtornes | NO | LAST(0.015) [0.730 (0.005) | 0.800 (0.007) | OL75 (L.
Yes | 1.446 (0.016) | 0.328 (0.017) | 0.627 (0.010) | 31.07 (1.3)

— No | 1.567 (0.016) | 0.754 (0.003) | 0.797 (0.008) | 98.95 (1.7)
Yes | 1.677 (0.019) | 0.581 (0.013) | 0.647 (0.012) | 50.90 (1.8)

or No | 1.492 (0.016) | 0.751 (0.004) | 0.821 (0.007) | 101.73 (1.8)
Yes | 1.484 (0.018) | 0.411 (0.016) | 0.676 (0.010) | 37.78 (1.4)

caviiy 1o | No | 1362 (0.020) | 0.816 (0.003) | 0.889 (0.005) | 223.29 (4.0)
' Yes | 1.219 (0.016) | 0.203 (0.016) | 0.833 (0.008) | 49.09 (1.2)

| No | 1.531 (0.019) | 0.754 (0.003) | 0.841 (0.006) | 156.59 (2.6)
FAMILY. inf | oo 1 1,324 (0.023) | 0.200 (0.019) | 0.756 (0.009) | 45.78 (1.5)
15 | grimsernes | N0 | 1638 (0.021) [ 0.679 (0.004) | 0.776 (0.005) | 110.28 (L)
Yes | 1.689 (0.025) | 0.415 (0.012) | 0.610 (0.009) | 50.07 (1.7)

N No | 1.746 (0.023) | 0.699 (0.003) | 0.772 (0.006) | 116.46 (L.5)
Yes | 1.876 (0.027) | 0.585 (0.006) | 0.650 (0.008) | 72.29 (1.5)

or No | 1.616 (0.021) | 0.693 (0.004) | 0.802 (0.005) | 119.73 (1.8)
Yes | 1.633 (0.023) | 0.456 (0.012) | 0.674 (0.008) | 59.40 (1.8)
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Figure 2.7: Results for the simulation study of Section 2.5.2, averaged over 100 simulated

data sets. Details are as in Figure 2.6, but with o = 0.8 for FAMILY.1linf (

).
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2.6 Application to HIV data

Rhee et al. (2006) study the susceptibility of the HIV-1 virus to 6 nucleoside reverse tran-
scriptase inhibitors (NRTIs). The HIV-1 virus can become resistant to drugs via mutations
in its genome sequence. Therefore, there is a need to model HIV-1’s drug susceptibility as
a function of mutation status. We consider one particular NRTI, 3TC. The data consists of
a sparse binary matrix, with mutation status at each of 217 genomic locations for n = 1057
HIV-1 isolates. For each of the observations, there is a measure of susceptibility to 3TC.

This data set was also studied by Bien et al. (2013).

Rather than working with all 217 genomic locations, we create bins of ten adjacent loci;
this results in a design matrix with p = 22 features and n = 1057 observations. We perform
the binning because the raw data contains mostly zeros, as most mutations occur in at
most a few of the observations; by binning the observations, we obtain less sparse data.
This binning is justified under the assumption that mutations in a particular region of the
genome sequence result in a change to a binding site, in which case nearby mutations should
have similar effects on a binding site, and hence similar associations with drug susceptibility.
This binning is also needed for computational reasons, in order to allow for comparison to
hierNet (specifically the version that enforces strong heredity) using the R package of Bien
et al. (2013). (In Bien et al. (2013), all 217 genomic locations are analyzed using a much

faster algorithm that enforces weak (rather than strong) heredity.)

We split the observations into equally-sized training and test sets. We fit glinternet,
hierNet, FAMILY.12 and FAMILY.linf on the training set for a range of tuning parameter
values, and applied the fitted models to the test set. In Figure 2.8, the test set SSR is
displayed as a function of the number of non-zero estimated interaction coefficients, averaged
over 50 splits of the data into training and test sets. The figure reveals that all four methods

give roughly similar results.

Figure 2.9 displays the estimated coefficient matrix, B , that results from applying each

of the four methods to all n = 1057 observations using the tuning parameter values that
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Figure 2.8: The test set SSR is displayed for the HIV-1 data of Section 2.6, as a function
of the number of non-zero interaction terms. Results are averaged over 50 splits of the
observations into a training set and a test set. The colored lines indicate the results for
glinternet (— ) , hierNet (- ), FAMILY.12 with o = 0.944 (——), and FAMILY.linf
with @ =0.944 ().

minimized the average test set SSR. The estimated coefficients are qualitatively similar for
all four methods. All four methods detect some non-zero interactions involving the 17th

feature. Glinternet yields the sparsest model.
2.7 Discussion

In this chapter, we have introduced FAMILY, a framework that unifies a number of existing
estimators for high-dimensional models with interactions. Special cases of FAMILY correspond
to the all-pairs lasso, the main effects lasso, VANISH, and hierNet. Furthermore, we have
explored the use of FAMILY with /5, /.., and hybrid ¢; /(. penalties; these result in strong
heredity and have good empirical performance.

The empirical results in Sections 2.5 and 2.6 indicate that the choice of penalty in
FAMILY may be of little practical importance: for instance, FAMILY.12, FAMILY.linf, and

FAMILY.hierNet have similar performance. However, one could choose among penalties
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using cross-validation or a related approach.

We have presented a simple ADMM algorithm that can be used to solve the FAMILY
optimization problem for any convex penalty. It finds the global optimum for VANISH (unlike
the proposal in Radchenko and James (2010)), and provides a simpler alternative to the
original hierNet algorithm (Bien et al., 2013).

FAMILY could be easily extended to accommodate higher-order interaction models. For
instance, to accommodate third-order interactions, we could take B to be a (p+ 1) x (p +
1) x (p+1) coefficient array. Instead of penalizing each row and each column of B, we would
instead penalize each ‘slice’ of the array.

In the simulation study in Section 2.5, we considered a setting with only p; = ps = 30
main effects. We did this in order to facilitate comparison to the hierNet proposal, which
is very computationally intensive as implemented in the R package of Bien et al. (2013).
However, our proposal can be applied for much larger values of p; and py, as discussed in
Section 2.2.3.3.

The R package FAMILY, available on CRAN, implements the methods described in this

chapter.
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Chapter 3

GENERALIZED SPARSE ADDITIVE MODELS

3.1 Introduction

In this chapter, we model a response variable as an additive function of a potentially large
number of covariates. The problem can be formulated as follows: we are given n observations

with response y; € R and covariates ; € RP (i = 1,...,n). The goal is to fit the model
p
g (E (yilz:) = Bo+ D _ fi(zy) (i=1,...,n),
j=1

for a prespecified link function g, unknown intercept 5y and, unknown component functions
fi,-.., fp- The link function, g, is generally based on the outcome data-type, e.g., g(x) =
x or g(x) = log(x) for continuous or count response data, respectively. The estimands,
fi, ..., fp, give the conditional relationships between each feature z;; and the outcome y; (i =
1,...,n; j=1,...,p). Foridentifiablility, we assume y " | f;(z;;) =0 (j =1,...,p). Thisis
known as a generalized additive model (GAM) (Hastie and Tibshirani, 1990); it extends the
generalized linear model (GLM) where each f; is linear, and is a popular choice for modeling
different types of response variables as a function of covariates. GAMs are popular because
(a) they extend GLMs to model non-linear conditional relationships while (b) retaining
some interpretability (we can examine the effect of each covariate z;; individually on y; while

holding all other variables fixed) and, (c¢) they do not suffer from the curse of dimensionality.

While there are a number of proposals for estimating GAMs, a popular approach is to en-

code the estimation in the following convex optimization problem (Sadhanala and Tibshirani,
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2017):

n p p

E,fl,...,fp% argmin —% é(yi,B—Fij (xw)> —I—)\StZPSt (f;)- (3.1)

BER, f1,....fr€F =1 =1 j=1

Here F is some suitable function class; ¢(y;, ) is the log-likelihood of y; under parameter 6;
Py(+) is a structure-inducing penalty to control the wildness of the estimated functions, E-;
and Ag > 0 is a penalty parameter which modulates the trade-off between goodness-of-fit and
structure/smoothness of estimates. The class F is a general convex space, e.g., F = L?[0, 1].
Functions —¢(y;,0) and Py(f;) are convex in 6 and f;, respectively. The objective function
in (3.1) is convex and for small dimension, p, can be solved via a general-purpose convex
solver. However, many modern datasets are high-dimensional, often with more features than
observations, i.e., p > n. Fitting even GLMs is challenging in such settings as conventional
methods are known to overfit the data. A common assumption in this setting is sparsity,
that is, only a small (but unknown) subset of features are informative for the outcome. In
this case, it is desirable to apply feature selection: to build a model for which only a small
subset of ]?] = 0.

A number of estimators have been proposed for fitting GAMs with sparsity. These
estimators are generally solutions to a convex optimization problem. Though they differ in
details, we show that most of these optimization problems can be written as:

B.f1,.... fp + argmin —fze(yz,meg (i5) )+AstZPst (f) +A3p2\mun, (3:2)

BER, f1,....fpEF i=1 j=1

where || f;lln = [n"t >0 {fi (xij)}Q]l/Q is a group lasso-type penalty (Yuan and Lin, 2006) for
feature-wise sparsity, and A, a sparsity-related tuning parameter (Ravikumar et al., 2009;
Lou et al., 2016; Petersen et al., 2016; Sadhanala and Tibshirani, 2017; Koltchinskii and
Yuan, 2010; Raskutti et al., 2012; Yuan and Zhou, 2015; Meier et al., 2009). For all of these
previous proposals, gaps exist in the literature around efficient computation (Koltchinskii
and Yuan, 2010; Raskutti et al., 2012; Yuan and Zhou, 2015) and optimal statistical conver-

gence properties (Ravikumar et al., 2009; Lou et al., 2016; Petersen et al., 2016; Sadhanala
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and Tibshirani, 2017) of these estimators. Numerous authors suggest using general-purpose
convex solvers for the problem (3.2) which roughly scale as O(n®p?®) (Koltchinskii and Yuan,
2010; Raskutti et al., 2012; Yuan and Zhou, 2015). This chapter aims to bridge these gaps.

We present a general framework for sparse GAMs with two major contributions, a general
algorithm for computing (3.2) and a theorem for establishing convergence rates. Briefly, our
algorithm is based on accelerated proximal gradient descent. This reduces (3.2) to repeatedly
solving a univariate penalized least squares problem. In many cases, this algorithm has a
per iteration complexity of O(np) — precisely that of state-of-the-art algorithms for the
lasso (Friedman et al., 2010; Beck and Teboulle, 2009b). Our main theorem establishes fast
convergence rates of the form max(slogp/n, sv,), where s is the number of signal variables
and v, is the minimax rate of the univariate regression problem i.e., the problem (3.1) with
p = 1. Nonparametric rates are established for a wide class of structural penalties P,; with

—2m/@m41) popular choices of Py include m-th order Sobolev and Hélder norms, total

Up =1
variation norm of the m-th derivative and, norms of Reproducing Kernel Hilbert Spaces
(RKHS). Parametric rates are also established with v, = T,,/n via a truncation-penalty; the
number of parameters, T,,, can be fixed or allowed to grow with sample size. As a byproduct
of our general theorem, our framework specifies A\, = )\gp in (3.2), reducing the problem to
a single tuning parameter. The highlight of this chapter is the generality of our framework:
not only does it encompass many existing estimators for high-dimensional GAMs but also
estimators for, low-dimensional GAMs, low-dimensional fully nonparametric models and,
parametric models in low or high-dimensional settings.

The rest of the chapter is organized as follows. In Section 3.2 we detail our framework, and
discuss various choices for Py, illustrating that our framework to encompasses many existing
proposals for high-dimensional GAMs. In Section 3.3 we present an algorithm for solving the
optimization problem (3.2). Theoretical convergence rates are presented in Section 3.4 for a
broad class of structural penalties. We explore the empirical performance of sparse GAMs

for various choices of Py in simulation in Section 3.5, and in an application to the Boston

housing dataset in Section 3.6. Concluding remarks are in Section 3.7.
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3.2 General framework for additive models

In this section, we present our general framework for estimating sparse GAMs, discuss its
salient features, and review some existing methods as special cases of our framework. Be-
fore presenting our framework, we introduce some notation. For any function f and re-
sponse/covariate pair, (y,x), let —0(f) = —{(y, f(x)) denote a loss function; for given data
(Y1, 1),y (Yns ®0), let Pol(f) = n~ P37 0(y;, f(2;)) denote an empirical average; and
112 =n"t3Y ", f(x;)? denote the empirical norm. With some abuse of notation, we will

use the shorthand f; to denote the function f; o 7; where 7;(x) = z; for © € R?.

We propose a general framework for obtaining a Penalized Generalized Sparse Additive

Model Estimator (PGSAME), specifically a PGSAME is a solution to the following optimization

problem:
B.fi,....J,« argmin —P £(5+§ :fj>—i—)\2§ :Pst i)+ AE j|\f]|| (3.3)
BER, f1,.... fp€F
Goodness—of—ﬁt structur;—rinducing sparsitytirrlducing

This optimization problem balances 3 pieces which we discuss here. The first is a loss function
based on goodness-of-fit to the observed data; the least squares loss, —((f) = (y — f(x))?,
is commonly used for continuous response. Our general framework requires only convexity
and differentiability of —¢(y,#), with respect to 6. Later we consider loss functions given by
the negative log-likelihood of exponential family distributions. The second piece is a penalty
to induce smoothness/structure of the function estimates. Our framework requires Py to be
a semi-norm on F. This choice is motivated by both statistical theory and computational
efficiency; we discuss this along with possible choices of Py in the following sub-sections.
The final piece is a sparsity penalty || - ||, this estimates models with E = 0 for many j.
Surprisingly, Py; also plays an important role in obtaining an appropriate sparsity pattern.
Briefly, if Py; is a squared semi-norm then either all E = 0 or all E # 0; to fit models where

some f] = 0 and not others, the non-differentiablity of semi-norms at 0 is crucial, we detail
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this in Section 3.2.2 below. Throughout this chapter, we require the function class F to be
a convex cone, e.g., L*(R). Later for some specific results we will additionally require F to
be a linear space.

Our framework has two additional desirable features. Firstly, the tuning parameters for
structure (A\) and sparsity (A?) are coupled. The theoretical consequence of this is that, for
properly chosen A, we get rate-optimal estimates (shown in Section 3.4); the practical conse-
quence is that we have a single tuning parameter. Secondly, our framework relaxes the usual
distributional requirements of i.i.d. response from an exponential family; we require only y;
independent and E(y; — E[y;]) to be sub-Gaussian (or sub-Exponential). This demonstrates
the generality of our framework and highlights our main innovation: the efficient algorithm
of Section 3.3 and theoretical results of Section 3.4 apply to a very broad class of estimators,
fill in the gaps of existing work and, can easily be applied for the development of future

estimators.

3.2.1 Structure inducing penalties

We now present some possible choices of the structural penalty P, followed by a discussion
of the conditions we require on P,;. Recall the main requirement is that P, is a semi-norm:
a functional that obeys all the rules of a norm except one — for nonzero f we may have

P, (f) = 0. Some potential choices for smoothing semi-norms are:

1. k-th order Sobolev semi-norm P, Psobolev(f(k)) = \/fgc (f®) (x))2 dux;
2. k-th order total variation Py TV(f®) = [ | f*H)(2)| da;
3. k-th order Holder semi-norm Py < Proiger(f*)) = sup, ‘ f (k)(x)};
4. k-th order monotonicity Py ¢ Pron(f®)) <1 (f; {f: f+D > 0});

5. M-th dimensional linear subspace Py <+ PY(f)=1(f; span{gi,...,g9nm});

lin
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here [ is a convex indicator function defined as I(f; A) = 0if f € Aand I(f; A) = o0 if f & A.
As implied by the name, P,; imposes smoothness or structure on individual components f]
For instance, Pyoporen(f”) is & common measure of smoothness; small X values leads to wiggly
fitted functions ]/C;; on the other hand, sufficiently large A values would lead to each component
being a linear function. The convex indicator function, I(-), can impose specific structural
properties on ]?j; e.g., Pron(f) fits a model with each ]/”; a non-decreasing function.

The semi-norm requirement for Py, is important because: (a) it implies convexity leading
to a convex objective function, (b) the first order absolute homogeneity (Py(af) = |a|Ps(f))
is needed for the algorithm of Section 3.3 and, (c) the triangle inequality is used throughout
the proof of our theoretical results of Section 3.4. For non-sparse GAMs of the form (3.1),
the existing literature does not use a semi-norm penalty; a common choice of smoothing
penalty is Py (f) = P2,,,.,(f”). In the following subsection, we discuss the issues with using

squared semi-norm penalties in high dimensions, particularly their impact on the sparsity of

estimated component functions.

3.2.2  Semi-norms vs squared semi-norms

For a semi-norm P, using P,; = P2 . 1in (3.3) can give poor theoretical performance (as

semi
noted in Meier et al. (2009) for Psemi = Psobolen) and, can also be computationally expensive
(as disscussed in Section 3.3). In this subsection, we show a surprising result: using a squared
semi-norm penalty does not actually lead to a sparse solution.

To be precise, using Py, = P2, . leads to an active set S = {j : fj # 0}, for which either

|S| = 0 or |S| = p; in contrast, using Ps; = Pysem; can give active sets such that 0 < |S| < p.

To demonstrate this phenomenon, we consider first the univariate problem

n

~ 1
fi < ar}gn}ln n Z (yi— f (1’1))2 + Xst P (F) + Xsp £, (3.4)
€ i=1

and characterize conditions for which fl = 0. Recall that fl minimizes the objective in (3.4)

if for every direction h, the objective is minimized at ¢ = 0 along the path fl + ¢eh. In
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the following lemma, we state necessary and sufficient conditions for fl to be 0 (proof in

Appendix B.1).

Lemma 3.1. For fl defined by (3.4), the following are equivalent: (a) fl =0, (b) for every
direction h € F, [n™t 37, yih(z:) /| Rll,.] < Asps () [Ylln < Asp-

Condition (c¢) of Lemma 3.1 is problematic when we consider multiple features in our
additive problem (3.3). For additive models, condition (c¢) implies that sparsity of component
f;, does not depend on covariate j. Thus if all smoothing penalties are squared semi-norms
then for a given Ay, there exists a minimizer with either all ]/C; =0 or all }; Z 0.

On the other hand, consider the optimization problem

n

J?2 < argmin l Z (yi — f (xz))Q + Ast Psemi (f) + Asp ||an ) (3.5)

fer M
then we have the following lemma (proof in Appendix B.1).

Lemma 3.2. For ]/”\2 defined by (3.5), the following are equivalent: (a) fg =0, (b) for every
direction h, there exists some V € [—1,1] such that [n= 'Y yilh(x;) /||h]|n—AstV Psemi(h) /| Bl|n| <
.

Additionally, if [|[y|l, < A then f; = 0, but the converse is not necessarily true.

Unlike the squared semi-norm penalties, conditions for f; = 0 involve the feature vector

x = [z1,...,2,]". Thus for an additive model the sparsity of component j depends on
both the response vector y, and j-th covariate (z1j,...,%,;). Consequently, there are many
(Asp, Ast) pairs for which we will have some f; = 0 and some f; # (0. Additionally, Lemma 3.2

sp»

gives us a conservative value for A\,,.. = ||y||n, i.e., the Ay, value for which all f; =0.

3.2.3  Relationship of existing methods to PGSAME

We now discuss some of the existing methods for sparse additive models in greater detail

and, demonstrate that many existing proposals are special cases of our PGSAME framework.
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One of the first proposals for sparse additive models, SpAM (Ravikumar et al., 2009), uses

a basis expansion and solves

argmin Z Z Bintom + AZ | Z Binteym| (3.
—1m

where 9, = [Vn(21;), . . ., hm(2n;)]" € R for basis functions 91, ...,y This is a PGSAME

with Py = I(f;span{¢1,...,¥n}). The SpAM proposal is extended to partially linear

models in SPLAM (Lou et al., 2016). There, a similar basis expansion is used, though with

the particular choice ¥, (z) = x. The SPLAM estimator solves

o33 s 0SS ], 403

and is also a PGSAME with

P

Py =1 (fa span {¢1, S 7¢M}) + Z H PrOjSpan(wg ..... ¥ar) (f) .
j=1

where Proj 4 is the projection operator onto the set A. The recently proposed extensions of

trend filtering to additive models, is another example (Petersen et al., 2016; Sadhanala and

Tibshirani, 2017): these methods can be written in our PGSAME framework with Py (f) =

TV (f®).

Koltchinskii and Yuan (2010), Raskutti et al. (2012) and Yuan and Zhou (2015) discuss
a similar framework to PGSAMEs; however, they only consider structural penalties P,;, which
are norms of Reproducing Kernel Hilbert Spaces (RKHS). Furthermore, they do not discuss
efficient algorithms for solving the convex optimization problem. Using properties of RKHS,
they note that their estimator is the minimum of a d = np dimensional second order cone
program (SOCP). The computation for general-purpose SOCP solvers scales roughly as d®.

Thus for even moderate p and n, these problems quickly become intractable.
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Meier et al. (2009) give two proposals: the first solves the optimization problem

+ZAW||f]|| AP (f),

argrmn Hy Zf]

and is not a PGSAME; they note that this proposal gives a suboptimal rate. The second is a
PGSAME of the form (3.3) with Py (f) = Prsopoteo(f”). At the time Meier et al. (2009) focused
on the first proposal as no computationally efficient method for solving the second was known
to them. In a follow-up paper, van de Geer (2010) studied the theoretical properties of a
PGSAME with an alternative, diagonalized smoothness structural penalty. The diagnolized

smoothness penalty for a function with basis expansion fg(x) = Z?Zl Y;(x)B;, is defined as

/2

Pa(fa) = (Zyzmm) , (3.8)

for a smoothness parameter m. All of the above mentioned proposals either fail to provide
an efficient computational algorithm or have sub-optimal convergence rates.

Various other proposals do not quite fall in this framework (Chouldechova and Hastie,

2015; Fan et al., 2012; Yin et al., 2012).

3.3 General purpose algorithm

Here we give a general algorithm for fitting PGSAMEs based on proximal gradient descent (Parikh
and Boyd, 2014). We begin with some notation. We denote by £(y,60) and ((y,6) the
first and second derivatives of ¢ with respect to #. For functions f,g : RP — R, let
(Fl9))n = 0 S0, P {lyn ()}, lg) = n S0, iys, g(a) and, ||f + i(g)])2 =
n S (@) + (i, g(i) )2

We begin with a second order taylor expansion of the loss. For this, we first apply Taylor’s
theorem to £(y;, B+ 6;1 +...+0;,) as a (p+ 1) variate function of (8, 6;1,...,60;,). Note that
for M(y, 0)| < L, the Hessian matrix, Hy 1, of £(y;, 8 + 6;1 + ... + 6,;,) obeys the inequality
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a’H,1a < (p+1)L|al3 for all @ € RP™ (Zhan, 2005). This gives us the following bound:
p P
PB4+ 8) < —Put(8+ 30 10)
j=1 j=1
P
— (8- 5" (ﬁ°+2ff) Z< '(ﬁ°+§jf°)>
=1

p DL gy S DR e

=1

which leads to the following majorizing inequality
_Pp é(ﬁ + ij) < pzl)L [ﬁ - {60 + mé(ﬁo + if})) HQ
SRR )

J]=

(3.9)

where W is not a function of 3 or f; for any j. Instead of minimizing the original prob-

lem (3.3), we minimize the majorizing surrogate

RN CES S| E))

p p
‘f‘t/\QZPst (f]) +t}‘z ||f]||n’
j=1 Jj=1

(e SN,

(3.10)

where ¢t = {(p + 1)L}~!. Minimizing (3.10) and recentering our Taylor series at the new
current iterate, is precisely the proximal gradient recipe. Updating the intercept [, is simply
B — Y+ tL <50 + Z ) Components fi,..., fp, can be updated in parallel by solving

the univariate problems:

7, « argmin —”{fo (50 + Zfo)} - in NP, (F) + A |IF], - (3.11)

fer
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At first this problem still appears difficult due to the combination of structure and sparsity

penalties. However, the following Lemma shows that things greatly simplify.

Lemma 3.3. Suppose Py is a semi-norm, and r is an n-vector. Consider the optimization

problems

1
argmin = [|r — fIl + A Pu (f) + Ao f]ln, (3.12)
feF

1
argmin §||r — fII2 + M Py (). (3.13)
fer
If f is a solution to (3.13); then fis a solution to (3.12) where f is defined as

7= (1=2/17l) T, (3.14)
with (z); = max(z,0).

The proof is given in Appendix B.2. Thus we can get the solution to (3.11) by solving a
problem in the form of (3.13), a classical univariate smoothing problem, and then applying
(3.14), the simple soft-scaling operator. Putting things together, our proximal gradient
algorithm for solving (3.3) is summarized in Algorithm 1.

Algorithm 1 is simple and can be quite fast: the time complexity is largely determined
by the difficulty of solving the univariate smoothing problem of step 5. In many cases this
takes O(n) operations, allowing an iteration of proximal gradient descent to run in O(np)
operations. Complexity order O(np) is the per-iteration time complexity of state-of-the-art
algorithms for the lasso (Friedman et al., 2010; Beck and Teboulle, 2009a).

Any step-size t can be used in Algorithm 1 so long as inequality (3.9) still holds for
fP=fF"and f; = f¥ when (p+ 1)L is replaced by t~'. Note that if ¢ < {L(p+ 1)}~ this
will always hold. However, often p*_.. _, the number of j for which either of ff’l or ff is non-
zero, will be small. In this case t < {L(paetive + 1)}~ * will satisfy the majorization condition.

Since in practice we are interested in sparse models, generally p* .. < p and adaptive step-
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Algorithm 1 General Proximal Gradient Algorithm for (3.3)

1: Initialize fP,... f) <= 0,3° < 0, k < 1; choose a step-size t
2: while k < max_iter and not converged do

3: Foreachiv=1,...,n, set
P
0 B (),
j=1
T < —é (yz’, 91’) .
4: Update
B Bt
i=1
5: for j=1,...,pdo
6: Set 1
finer  argmin H(fjk_l —tr) — fHZ + APy (f).
fer 2 !
7: Update
ff “ (1 . t)\/Hf]z'ntean>+f;nter'
8: end for
9: end while
10: return 3%, fF ... 7f§

(3.15)
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size optimization can be quite useful (Beck and Teboulle, 2009b) . This algorithm can also
take advantage of Nesterov-style acceleration (Nesterov, 2007). Using acceleration changes
the worst-case convergence rate after k steps from O (k™1) to O (k™2).

An important special case is the least squares loss —{(y,0) = (y — ). In this case, we
can use a block coordinate descent algorithm which can be more efficient than Algorithm 1,

and does not require a step-size. In full detail, for a least squares loss we obtain Algorithm 2.

Algorithm 2 Block Coordinate Descent for Least Squares Loss
1: Initialize f7,. ..fz? — 0,80, r<y, k1
2: while £ < max_iter and not converged do

3: Update
B n_IZri, r 1 — B*1.
i=1
4: for j=1,...,pdo
5: Set r_; as
7"_]'71‘ =T + ff_1<xij)-
6: Update
£ e (L=t ) £
where 1 )
S« argmin 5”7”'_]- — fll + APy (f). (3.16)
feF n
7 Update r to
(Sl S i f]k(%a)
8: end for

9: end while

10: return 3%, fF ... ,f[’f

As noted above, the main computational hurdle is solving the univariate problem (3.13);
we discuss this step in greater detail for various smoothness penalties in the following sub-

section.
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3.3.1 Solving the univariate sub-problem

For many semi-norm smoothers there are already efficient solvers for solving (3.13): with the
k-th order total variation penalty, (3.13) can be solved exactly in 2n operations for k = 0
(Johnson, 2013), or iteratively in roughly O((k + 1)n) operations for £ > 1 (Ramdas and
Tibshirani, 2015); with the convex indicator of an M dimensional linear subspace, (3.13)
can be solved in O(M?n) operations using linear regression; using a monotonicity indicator,
(3.13) can be solved with the pool adjacent violators algorithm in O(n) operations (Ayer
et al., 1955).

For many other choices of Py, we do not have efficient algorithms for solving (3.13);

however, we might have fast algorithms for the slightly different optimization problem:
~ 1 s o
Fy « avgmin _ v — f12 + 3P% (), (317)
ferF

for v > 1. For example, the k-th order Sobolev penalty (Wahba, 1990) can be solved exactly
in O(kn) operations for v = 2. In the following Lemma, we show that the solution to (3.17)

can be leveraged to solve the harder problem (3.13).

Lemma 3.4. Given an n-vector r, a conver linear space F over the field R, and real v > 1,

consider the optimization problems:

i o sugmin 5 = f12 + AP () (3.18)
i o sugmin 5 = £+ AP () (3.19)
fous = avgmin % Ir = I +1(f € F: Py(f) = 0): (3.20)
finterp < argmin P4 (f) +1(r; = f(x;) for all i), (3.21)

feFr
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where Py(-) is a semi-norm on F. Assume that the directional derivative

Vo Ph(f) = lim L2t £ M) = Palf)

e—0 g

exists for all h € F. If Pst(ﬁ\) # 0 and I/XPS”t_l(jTX) =\, then f) = fX

-~

To determine if Py(f) =0, let F = F1 & Fy, where @ is such that, for all f € F we have
[ = fo+ fL where (fo, f1)n =0 and Py(f) = Pu(fL). Furthermore, let P, be the dual norm

over Fy, given by
Py (fL) = sup {|<fJ_7fi>n| 1 Py(fl) < 1,fL € ]:2}- (3.22)

Then finterp - fnull € F2 and J/C\)\ = fnull Zf A Z Pstf(finterp - fnull)-

The proof is given in Appendix B.2. This lemma allows us to first check if we should

shrink entirely to a null fit with Pst(fA) = 0 (usually a finite dimensional function), based on
the dual semi-norm of the interpolating function fi,iep. If we do not shrink to Pst(f) =0,
then there is an equivalence between fand f, and the problem is reduced to finding X with
VXPsl’t_l(fX) = A for the originally specified A. This can be done in a number of ways; most
simply by a combination of grid search and then local bisection noting that a) we need not
try any M-values above Amaz = Pst (finterp), and b) XPSt(J}VX) is a smooth function of X. In
fact, the grid search will often be unnecessary as we will generally have a good guess from the

previous iterate of the proximal gradient algorithm, and can leverage the fact that Pst(f}\)

and Pst(f,\) are both smooth functions of r.

We now discuss the dual norm (3.22), in greater detail. Consider the case where Py (f) =
|Df|l, for some matrix D € RM*" vector f = [f(z1),..., f(x,)]" € R", and ¢ > 1. Such

penalties are common in the literature e.g., when P,; is the Sobolev semi-norm, total variation
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norm, or any norm of a RKHS. Then the dual norm is given by
P,(f) = DD D) fllz (3.23)

where (DT D)~ is the Moore-Penrose pseudo inverse of D" D and ¢ satisfies 1/q+ 1/q = 1.

3.4 Theoretical results

Here we prove rates of convergence for PGSAMEs, estimators that fall within our frame-
work (3.3). We first present the so-called slow rates, which require few assumptions, followed
by fast rates, which require a compatibility and margin condition (defined and discussed
below). Our fast rates match the minimax rates under Gaussian data with a least squares
loss (Raskutti et al., 2009) and, our slow rates can be seen as an additive generalization of
the lasso slow rates (Dalalyan et al., 2014). For both slow and fast rates, we first present
a deterministic result; this result simply states that if we are within a special set, 7, then
the convergence rates hold. In a following corollary we show that under suitable conditions
(stated and discussed below) on the loss function, smoothness penalty, and data, we lie in
T with high probability. Another feature of our results is that we allow for mean model
misspecification with an additional approximation error term in the convergence rates; if the

true mean model is additive then this term disappears.

To the best of our knowledge, the closest results to our work were established by Koltchin-
skii and Yuan (2010). However, they consider a more restrictive setting of Reproducing Ker-
nel Hilbert Spaces (RKHS); where each additive component f; belongs to a RKHS %, and
P, is the norm on H;. Our work gives these rates for all semi-norm penalties and function
classes F, associated with certain non-restrictive entropy conditions. Before presenting the
main results, we present some notation and definitions which will be used throughout the

section.
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3.4.1  Definitions and notation

We consider here properties of the solution to

-~

G f....f,+ argmin -—P €<B+ij>—|—/\2{||fj|| FAPL (). (3.24)

BER, {fJ};J 1EF
where R C R and F is some univariate function class. Note that in (3.24) we optimize
over R; this is because we need R to be a bounded for proving the slow rates, the stronger

compatibility condition allows us to take R = R for proving fast rates.

For a function f(x) = 8+ >°%_, fi(z;) we use the shorthand notation

p
)= (il + AP (£)] (3.25)

7j=1
which defines a semi-norm on the function f. Furthermore, for any index set S C {1,...,p}

we define Is(f) as Is(f) = > .cs [Ifilln + APu(f;)] - We denote the target function by f°
where

[« arfg glin —Pl(f), (3.26)
c 0

for some function class F° and, where P¢(f) = n~ Y7 E{l(y;, f(x;))}. We say the target
function belongs to some class F° to signify that f° does not need to belong to F. We
require no assumptions on the class F° for the slow-rates of Theorem 3.1; we can take F°
to be the class of all measurable functions. For the fast rates we will require the margin
condition on a subset of F°.

We define the ezcess risk for a function f as E(f) =P (£(f°) — ¢(f)), and we denote by

vn(+) the empirical process term, which is defined as
1 n
va(f) = (B = P) (=L(f)) = —— > Ay, f(=:) — Bl(y, f(=:))}- (3.27)
i=1

Define the 6-covering number, N(6,F,| - ||q), as the size of the smallest §-cover of F
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with respect to the norm || - [|¢ induced by measure (). We denote the d-entropy of F by
H(,F |- lo) =logN(, F, || - |lg). Given fixed covariates @y, ..., x, € RP, we denote the
empirical measure by @, where Q,, = n™*> " 0z, and for covariate j; we denote by Q;,,
the empirical measure of xy j,...,z, ;. We define two different types of entropy bounds for

a function class F.

Definition 1 (Logarithmic Entropy). A univariate function class, F, is said to have a

logarithmic entropy bound if, for all j =1,...,p, and v > 0, we have
H(©6,{f; € F:lfilln +7Palf;) <131 l@).) < AoTnlog (1/6 4+ 1), (3.28)

for some constant Agy, and parameter T,.

Definition 2 (Polynomial Entropy with Smoothness). A wunivariate function class, F, is
said to have a polynomial entropy bound with smoothness if, for all j =1,...,p and v > 0,

we have

H(6, {5 € F A filln +7Pa(f5) 1311 llon) < Ao(07)77, (3.29)

for some constant Ay, parameter o € (0,2).

The concept of entropy is commonly used in the literature, particularly in nonparametric
statistics and empirical processes to quantify the size of function classes. The logarithmic
entropy bound (3.28), holds for most finite dimensional classes of dimension 7T;,. For instance,
it holds for F = L*(R) with Py(f;) = I(f;;span{z,2?,...,2"»}). The bound (3.29) com-
monly holds for broader function classes, e.g., for F = L*([0, 1]) with Py (f;) = Psobotes(f (k))
and o = 1/k.

To simplify our presentation of bounds on the convergence rate, we use A X B to denote

A < ¢B for some constant ¢ > 0. We write A < Bif A 3 B and B 3 A.
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3.4.2  Main results

We now present our main results: upper bounds for the excess risk of PGSAMEs, i.e., bounds
for €(B+ > E) The following theorem shows that 5(§+ > f;) = A over a special set
7. In the corollary that follows, we show that for appropriate A values, and certain type of

loss functions, we are within 7 with high probability.

Theorem 3.1 (Slow Rates for PGSAME). Let f=08+ > ]/‘; be as defined in (3.24), and
let f*=p*+ Z§:1 [ be an arbitrary additive function with Y, fi(xy;) = 0 and B* € R.
Assume that —((-) and Py are convex and that supser |B] < R. Define M* such that

pM* = E(f*) 4+ 2MI(f*) + 2Rp, (3.30)
where X > 4p. Furthermore, define the set T as follows

T ={Zy < p(M*+2R)}, where Zy- = sup  |vu(f) — v (f7)]-
I(f—f*)<M*

Then, on the set T we have

~

E(F)+M(f = £7) < pM* + p(2R) + 2XI(f*) + E(f7).

Corollary 3.1.1. Let f, f* and R be as defined in Theorem 3.1. Assume that for any
function f the loss £(+) is such that

—U(f) = =Ly, f(®:)) = ayif (x:) + b(f (2:)), (3.31)

for some a € R\{0} and function b : R — R. Further assume that fori=1,...,n, y; —E[y,]

are uniformly sub-Gaussian, i.e.,

max K (Ee@i*E[in/W - 1) <ol (3.32)
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Finally, suppose E(f*) = O(N) and I(f*) = O(1). Then with probability at-least 1 —
2exp (—Cnp?) — Cexp (—Caonp?) we have the following cases:

1. If F has a logarithmic entropy bound, then for A < p < kmax (, / %, \/ 10%) ,

EF) + M(f — %) < max (@ \/ 10?’) , (3.33)

with constants k = k(a, K, 0¢, Ag), C1 = C1(K,00), C = C(K,0¢9) and Cy = C5(C, k).

2. If F has a polynomial entropy bound with smoothness, then for A < p < Kk max (nZia, . 10%) ,

~ ~ 1 1
E(7) + M(F — %) % max (n O§p>a (3.34)
with constants k = k(a, K, 09, A, ), C1 = C1(K,00), C = C(K,00) and Cy =
02(07 I{).

We now proceed to show the fast rates of convergence. To establish these rates, we require
compatibility and margin conditions. The compatibility condition, is based on the idea that
I(f) and ||f|| are somehow compatible for some norm || - ||. This condition is common
in the high-dimensional literature for proving fast rates (see van de Geer and Biithlmann
(2009) for a discussion of compatibility and related conditions for the lasso). The margin
condition, is based the idea that if £(f) is small then || f — f°|| should also be small. This is
another common condition in the literature for handling general convex loss functions (see

e.g., Negahban et al., 2011; van de Geer, 2008).

Definition 3 (Compatibility Condition). The compatibility condition is said to hold for an
index set S. C {1,2,...,p}, with compatibility constant ¢(S.) > 0, if for all v > 0 and all
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functions f of the form f(x) = 0+ Z?:l fi(x;) that satisfy Zje&s
18] + 32].68* filln, it holds that

Filln 722520 Pa(f;) <

18172+ 1fslla < IFIV1S-1/6(S.), (3.35)

JES«

for some norm || - ||.

Definition 4 (Margin Condition). The margin condition holds if there is strictly convex

unction G such that G(0) = 0 and for all f € F° ., C F° we have
f ocal

E(f) = GAIf = 1) (3.36)

for some norm on the function class F°; here F.,; is a neighborhood of f° based on some
norm (e.g., Foou = : If — [lleo < n}). In typical cases, the margin condition holds with
G(u) = cu?, for a positive constant c. We refer to this special case as the quadratic margin

condition.

The following theorem establishes the bound &( + > ;) 2 sA%, where X is the slow
rate of Theorem 3.1, and s is the number of non-zero components of f* = g + Z :
sparse additive approximation of f°. As in Theorem 3.1, the bound holds over a set ’T; the

corollary following Theorem 3.1 shows that we lie in 7 with high probability.

Theorem 3.2 (Fast Rates for PGSAME). Suppose —((-) and Py are convex functions and
with ]? and f* as defined in Theorem 3.1. Assume that f* is sparse with |S.| = s where S, =
{j: [ # 0}, and that the compatibility condition holds for S.. Further assume the quadratic
margin condition holds with constant c, and that for a function f(x) = B+ Z?Zl fi(x;),
feF if|lB—0"+1(f— f*) <M. The constant M* is defined as

. . 165\ 9
pM :S(f> C¢2 2)\]€ZSPst
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and p is such that X > 8p. Furthermore, define the set T as

T:{ZM* SPM*}, wher@ ZM* - sup |Vn(f)_yn(f*)|
|B—B*|+I(f—f*)<M*

Then, on the set T, we have

EF) + M (T = ) < 4pM* = 4(f*) + Cf;‘“ 8023 Puf (3.37)
JESK

Corollary 3.2.1. Let ]/”\ and f* be as defined in Theorem 3.1 and assume the conditions of

Theorem 3.2. Furthermore, for any function f assume the loss €(-) is such that

— U(f) = —Llyi, f(xi)) = ayi f (@) + ([ (), (3.38)

for some a € R\{0} and function b: R — R. Further assume that fori=1,...,n, y; — E[y]

are uniformly sub-Gaussian, i.e.

max. K? [Eexp {(yi — E[y;])*/K*} — 1] < 05. (3.39)

-----

Finally suppose E(f*) = O(sX*/¢*(S.)) and s7' 3. Pu(f;) = O(1). Then, with probabil-

J

ity at-least 1 — 2exp (—Cinp?) — Cexp (—Canp?), we have the following cases:

1. If F has a logarithmic entropy bound, for A < p < kmax <w / %, V%) ,

5(/\) + )\[(f— f*) = max (s&, Slogp) , (3.40)

n n

with constants k = k(a, K, 0¢, Ag), C1 = C1(K,0¢), C = C(K,09) and Cy = C5(C, k).
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2. If F has a polynomial entropy bound with smoothness, then for A < p < k max (n_ﬁa, \/1"%> ,

5(3+Aﬂf—fﬂ§HMXCm:ig;fp>, (3.41)

with constants Kk = k(a, K, 0, Ao, ), C1 = C1(K,00), C = C(K,0¢) and Cy =
CQ(C, K,).

We will discuss the significance of our theoretical results in the next subsection by special-
izing them to some well studied special cases. Before discussing the specializations though,
we conclude this section by a further generalization of Theorem 3.2. We will now assume the
more general margin condition for which we need to define the additional notion of a convex

conjugate.

Definition 5 (Convex Conjugate). Let G be a strictly convex function on [0, 00) with G(0) =
0. The convex conjugate of G, denoted by H, is defined as

H(v) = sgp {uwv —G(uw)}, v>0. (3.42)

For the special case of G(u) = cu?, one has H(v) = v*/(4c).

Theorem 3.3 (Fast Rates). Assume the conditions of Theorem 3.2 and define M* as

MF=EU6+H<&“3

S )+ 2 Y Pl (3.43)

jES,
where H(-) is the convex conjugate of G. Then on the set T, we have

~

EF) + M (F = f*) < 4pM™. (3.44)

Note on convex indicator penalties: The above results do not directly extend to some
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convex indicator penalties. For some convex indicator penalties, such as Py (f) = I(f;{f :

f' > 0}), we require a third type of entropy condition:

Definition 6 (Polynomial Entropy without Smoothness). The univariate function class, F,

is said to have a polynomial entropy with smoothness bound if for all j = 1,... p we have

H(o,{f; € F =l fjlln +vPa(f;) <1}, [ - llg;.) < A0, (3.45)

for some constant Ay, parameter o € (0,2) and all v > 0.

Our results do not extend to convex indicator penalties because our proof relies on the
fact that f; — f7 € F for f;, f; € F; function classes with polynomial entropy without
smoothness do not usually have this property. We defer the extension to convex indicator

structural penalties to future work.

3.4.8 Special cases of PGSAME

In this subsection, we illustrate the main strength of our framework, namely its generaliz-
ability. We specialize our theoretical results to, various existing proposals for sparse additive
models, low-dimensional additive models, and fully non-parametric regression problems. We
also specialize our results to GLMs in low and high dimensions.

As discussed in Section 3.2.3, Meier et al. (2009) proposed a PGSAME with Py (f) =
Piopoien(f"). However, in their theoretical analysis they considered a larger class of structural
penalties, namely penalties which satisfy the polynomial entropy with smoothness condition
(3.29). Meier et al. (2009) establish a convergence rate of the order s(logp/n)%?*®) which is
sub-optimal compared to our fast rate (3.41). Established rates for the diagnolized smooth-
ness penalty of van de Geer (2010), were also sub-optimal and of the order s(log p)n~—2/(+2),
Our work bridges the following gaps in the theoretical work of Meier et al. (2009) and van de
Geer (2010): (a) we establish minimax rates under identical compatibility conditions, (b) we

extend their result beyond least squares loss functions and, (c) we establish slow rates under
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virtually no assumptions. Another special case is trend filtering additive models (Petersen
et al., 2016; Sadhanala and Tibshirani, 2017). Theorem 3.1 improves upon the slow rates
established by Petersen et al. (2016) of the order \/W; Theorem 3.2 establishes fast
rates solving the problem which Sadhanala and Tibshirani (2017) characterized as “... still
an open problem”.

Additive models in low dimensions can also be considered by simply setting S, = {1,...,p}.
In this case, the compatibility condition holds and we recover the usual convergence rates
for generalized additive models of the form pn_%%a. With this, we recover the special case of
univariate nonparametric regression, i.e., with p = 1. Another interesting case we recover is
the multivariate nonparametric problem; to see this, say we have a single (but multivariate)
component function f; : R — R. For various choices of Py, the bound (3.29) holds with
a = p/m for some smoothness parameter m. Thus, we recover the usual nonparametric rate
n—2m/(2m+p)

Finally, we also consider parametric regression models as special cases of PGSAME. Using
a convex indicator for Py, we can constrain each f; to be a linear function leading to GLMs.
For low-dimensional GLMs, Corollary 3.2.1 gives us the usual parametric rate p/n. For high-
dimensional GLMs, not only does our theorem recover the lasso rates but our compatibility
condition also matches the usual lasso compatibility condition (Bithlmann and van de Geer,

2011).
3.5 Simulation study

In this section we conduct a simulation study to compare estimators obtained by the following

choices of smoothness penalty, Pgy(-).

1. SpAM (Ravikumar et al., 2009). Py(f) = I(f;span{t¢,...,¥n}) for M €
{3,6,10,20,30,50,80}. This is implemented in the R package SAM (Zhao et al., 2014).

2. SSP (Meier et al., 2009). Py(f) = \/fz(f(Q)(m))Q dz, the Sobolev smoothness
penalty (SSP). We implemented this using the algorithm and results of Section 3.3.
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Figure 3.1: Plot of the 4 signal functions for each of the five simulation settings.

3. TF (Sadhanala and Tibshirani, 2017). Py (f) = [ |f**V(z)|dz for k € {0, 1,2},
trend filtering for additive models. We implemented this method using the algorithm
of Section 3.3 where the univariate sub-problem (3.15) was solved using the R package

glmgen (Arnold et al., 2014).

We simulate data for different simulation scenarios as follows: for a given sample size,
n, and number of covariates, p, we draw 50 different n x p training design matrices X
where each element is drawn from U(—2.5,2.5). We replicate each of the 50 design matrices
10 times leading to a total of 500 design matrices. The response was generated as y; =
fi(za) + fa(wie) + f3(@iz) + fa(wi) +e; (¢ = 1,...,n) where g; ~ N(0,1). The remaining
covariates are noise variables. We also generate an independent test set for each replicate
with sample size n/2. We vary the sample size, n € {100,200, ...,800} and consider both,
a low-dimensional (p = 6) and high-dimensional (p = 100) setting. We consider 5 different
choices of the signal functions which we present graphically in Figure 3.1.

We implement each of the methods for a sequence of 50 A values on the training set,
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and select the tuning parameter A\* which minimizes the test error (||y,.; — 9l|?). For the
estimated model fy, we report the mean square error (MSE; Hf)\ — f91?) as a function of
n.

In Figures 3.2 and 3.3, we plot the MSE as a function of n for the low and high-dimensional
setting, respectively. For each simulation scenario, we plot the performance of SpAM for three
different choices of M (low, moderate and high number of basis functions, M). Between
the low and high-dimensional settings, we observe similar relative performances between
the methods, with more variability of results in the high-dimensional setting. While there
was no uniformly better method, we noted that for all, except Scenario 1, the Sobolev
smoothness penalty and trend filtering of orders 1 and 2 had comparably good performance.
Unsurprisingly, trend filtering of order 0 exhibited superior performance in Scenario 1 since
each component is piecewise constant. In each scenario, we note the bias-variance trade-off
of SpAM and its dependence on M: too small or high values of M led to high prediction
error compared to other methods.

The dependence on M for SpAM, is further illustrated in Figure 3.4, where we plot
functions estimated by SpAM for high-dimensional Scenario 4 with n = 500. We clearly see
under fitted estimates for M = 3 (especially for the piecewise constant and linear functions)
and high variance for M = 30. In the same figure, we also plot functions estimated by
the SSP; SSP estimates exhibit a similar bias to that of SpAM with M = 10, but with a
substantially smaller variance. Figure 3.5, similarly plots fitted example functions for trend
filtering. Trend filtering with £ = 0 estimates the piecewise constant function well, but
estimating the other f;’s by piecewise constant functions incurs additional variance. Trend

filtering with £ = 1 and 2 estimates all other signal functions well.
3.6 Data analysis

We apply the methods from Section 3.5, to predict the value of owner-occupied homes in the
suburbs of Boston using census data from 1970. The data consists of n = 506 measurements

and 10 covariates, and has been studied in the additive models literature (Ravikumar et al.,
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Figure 3.2: Plot of MSE as a function of sample size for each of the five scenarios for
p = 6, averaged over 500 replications of the data. The dashed lines correspond to SpAM with
small (- - - =), moderate (- - - - ) and high (- - - =) number of basis functions. The solid lines
correspond to trend filtering of order k = 0 ( ), 1 ( ) and 2 ( ). Finally, SSP
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Figure 3.5: Examples of estimated signal functions by Trend Filtering (Sadhanala and Tib-
shirani, 2017) for Scenario 4.
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Figure 3.6: Box-plot of test errors for 100 different train/test splits of the data for each
method. The average TPR and FPR was calculated using the original 10 covariates as
‘signal’ variables and remaining 20 as noise variables.

2009; Lin and Zhang, 2006). As done in the data analysis by Ravikumar et al. (2009), we
add 10 noise covariates uniformly generated on the unit interval and 10 additional noise

covariates obtained by randomly permuting the original covariates.

We fit SpAM with M = 2 and 3 basis functions, TF with orders k£ = 0, 1,2, and SSP;
we also fit the lasso Tibshirani (1996). Approximately 75% of the observations were used
as training set and we reported the mean square prediction error on the test set. The final
model was selected using 5-fold cross validation using the ‘1 standard error rule’. Results

were presented for 100 splits of the data into training and test sets.

The box-plots of test error in the test set are shown in Figure 3.6. Since we added noise
variables for the purpose of this analysis, we also state the average true positive rate (TPR)
and false positive rate (FPR) in Figure 3.6. The box-plots demonstrate superior performance
of trend filtering of order £ = 0 over other methods in terms of lowest prediction error and
highest TPR. The FPR of trend filtering with k£ = 0 was also low (under 10%). In Figure 3.7,
we plot fitted functions for one split of the data for lasso, SpAM with M = 3, SSP and, TF
with £ = 0 for the 10 covariates of the original dataset. A striking feature of trend filtering

fits is that many component functions are constant for extreme values of the covariates.
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3.7 Discussion

In this chapter, we introduced a general framework for non-parametric high-dimensional
sparse additive models. We show that many existing proposals, such as SpAM (Ravikumar
et al., 2009), SPLAM (Lou et al., 2016), Sobolev smoothness (Meier et al., 2009), and trend
filtering additive models (Sadhanala and Tibshirani, 2017; Petersen et al., 2016), fall within
our framework.

We established a proximal gradient descent algorithm which has a lasso-like per iteration
complexity for certain choices of the structural penalty. Our theoretical analyses in Sec-
tion 3.4 showed both fast rates, which match minimax rates under Gaussian noise, as well
as slow rates, which only require a few weak assumptions.

The R package PGSAME, which will be made available on github soon, which implements
the methods described in this chapter.
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Chapter 4

NONPARAMETRIC REGRESSION WITH ADAPTIVE
TRUNCATION VIA A CONVEX HIERARCHICAL PENALTY

4.1 Introduction

Consider first univariate nonparametric function estimation from observations {(z;, y;) € R? :
i=1,...,n}. Assume that y; = f(x;) +¢; (i = 1,...,n), where ¢; are independent, mean 0,
sub-Gaussian random variables. There are many proposals for estimating f; local polynomi-
als (Stone, 1977), kernel smoothing (Nadaraya, 1964; Watson, 1964), splines (Wahba, 1990),
and others. To begin, we focus on basis expansions estimators, also known as projection

estimators (Cencov, 1962), which are widely used, and arguably the simplest.

Let y = (y1,...,%,)" € R" and & = (x1,...,2,)" € R" be the response and covariate
vectors. For v € R", let |[v]|2 = n~'> " v? be a modified fy-norm, referred to as the
empirical norm. Projection estimators are solutions to linear regression problems based on
a set of basis functions (¢)32,, along with a truncation level K. More specifically, let
W, € R™K be the n x K matrix with entries Uiar =Ur(z) (k=1,..., K;i=1,...,n).

The basis expansion estimate of f is then given by f = S Aimj Yy, where

~proj

o1
B = = argmin 3 ly — ‘I’Kﬁ”i (4.1)
BERK

To asymptotically balance bias and variance, K = K,, is allowed to vary with n. Un-
fortunately, choosing the truncation level K can be difficult in practice; it depends on the
variance of ¢;, properties of f such as smoothness, and the choice of basis functions. Usu-
ally, K is chosen via split-sample validation. The limitations of tuning K becomes clear in

multivariate problems, which we describe next, and is one of our main motivations.
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Multivariate additive models (Hastie et al., 2009) easily follow from projection estimators,
where each x; = (z;1, . .. ,wip)T is now a p-vector, and the true underlying model is believed
to be of the form y; = > 7, f; (vy5) +& (i = 1,...,n). The components, f;, of this model
can be estimated using a basis expansion for each component and solving

~A-proj ~A-proj 1 P . 2
ﬁl 7"'a18p :argmin §Hy_Z‘I’JKJ/6] ) (42)

B, R =1

where \IIJI'(], are K basis functions for feature j and f; is estimated as f; = Y07, Eﬁ;p ..
In practice, the same truncation level is used for each feature, K; = K, to reduce the
number of tuning parameters. When f; have widely different complexities, this strategy
leads to poor estimates. This limitation, which is illustrated in the small simulation study
summarized in Figure 4.1, becomes more hindering in higher dimensions, as p increases.
For high-dimensional problems, when p > n, it is often assumed that for many compo-
nents f; = 0. A popular choice in this scenario is to add a sparsity-inducing penalty to the

basis expansion framework (Ravikumar et al., 2009) and solve

~SPAM ~SPAM 1 b »
3 ,....0 :argmin—Hy— E \ZCH
1 P ﬁjERK 9 = KMy

2 L .
n+A;H\IJ;ﬁj ) (4.3)
In this chapter, we propose a penalized estimation framework motivated by the projec-
tion estimator: Our framework penalizes the function complexity and simultaneously selects
the truncation level. This framework can be used to fit both univariate and multivariate
additive models with or without sparsity. We also discuss an extension of our proposal
for fully nonparametric multivariate settings. Finally, a relaxed version of our framework,
similar to the relaxed lasso (Meinshausen, 2007), is presented which can further improve rep-
resentational parsimony. For univariate problems, our method performs similarly to (4.1).
However, for additive or sparse additive models, it automatically chooses a truncation level
for each feature. These truncation levels will often differ between features based on the

underlying complexity of the true f;. This adaptability can vastly improve the prediction
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Figure 4.1: Left: Plots of component functions f; ( ) and fo ( ). Middle: Minimum
mean square error as a function of n for our proposal (——) and (4.2) (——). Right: Degree
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of fitted polynomial as a function of n: For our proposal, fl (
for (4.2) both component functions have the same degree (
over 100 replications.

accuracy of our model; it additionally allows us to maintain as much parsimony as possible
in estimating each f;. The key innovation of our approach can thus be seen as obtaining a
smooth and parsimoniously represented estimate of f; due to our data-adaptive selection of
the truncation level. We illustrate these advantages in a small simulation study using data
yi = fi(za) + fa(zee) + & (i = 1,...,n) generated from fi, fo shown in Figure 4.1. We fit
(4.2) using K; = K, with K selected to optimize mean square error, and compare it to our
relaxed proposal. Selected tuning parameters for each method, are those which minimize the
mean square error. The results in Figure 4.1 clearly demonstrate the superior performance
of our method, which exhibits a lower mean square error while maintaining parsimony. In
particular, our proposal estimates the linear term, fi, by a linear function, whereas (4.2)
uses an order 9 polynomial for fl

In addition to adaptability and parsimony, our proposal also offers computational ef-
ficiency and theoretical guarantees. It can be applied to problems with thousands of ob-
servations and features. Moreover, its estimates attain minimax optimal rates under stan-
dard smoothness assumptions, for univariate, multivariate, and sparse additive models. The

—2m/@mED L where m is the degree of

univariate estimator converges at the order of O {n
smoothness; similarly, the multivariate estimator attains the rate O {n”m/ (2””1’)}. For

sparse additive models, under a suitable compatibility condition, our estimator converges at
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O [max {sn*2m/(2m+1), slogp/n}} , Where s is the number of non-zero f;; even without the

compatibility condition, it is consistent with convergence rate O [max {sn=™/@m+1 _s(log p/n)'/?}].

4.2 Methodology

4.2.1 Motivation for adaptive truncation

Our proposal is motivated by the need to select the truncation levels in a data-driven man-
ner. Let us first reconsider the simple projection estimator. The bias-variance tradeoff and
parsimony of estimates fj in (4.2) are controlled by truncation levels K;. While separately
tuning K; over each component function may be feasible in low dimensions, this becomes
quickly infeasible for additive models, as the optimal truncation level requires searching over
a p-dimensional space.

To bypass the tuning of multiple truncation levels, K, one can instead use n-basis func-

tions for each component, and consider a penalized version of a truncation estimator,

p
~~Pproj-pen ~~proj-pen 1 .
_ : j
B4 oo By = argmin §Hy— E w8,
n
Bi€eR j=1

5 p
RE > max{k | B #0},  (44)
j=1

where the truncation level for each feature is determined using the penalty max{k | 5;; # 0}.
The estimator in (4.4) chooses the truncation level for each feature data-adaptively. However,
the penalty in (4.4) is non-convex. Therefore, solving (4.4) in moderate to high-dimensional
problems becomes infeasible. We modify (4.4) to achieve this goal. Specifically, we formulate
a convex problem using a novel penalty that can be seen as a convex relaxation of the penalty
in (4.4).

Our approach is particularly suitable for basis functions which possess a natural hierarchy;,
that is, when (¢ ),—, become increasingly complex for higher values of k, as opposed to, say,
natural splines, which rely on knot points. Examples of hierarchical basis functions include

polynomial, trigonometric and wavelet basis functions; we plot these examples in Figure 4.2.
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Figure 4.2: Examples of basis functions with natural hierarchical complexity; polynomial,
trigonometric and wavelet basis functions are shown in the left, center and right panels,
respectively.

4.2.2  The uniwariate proposal

Consider again the projection estimator (4.1). As noted in Section 4.1, choosing the trun-
cation level K is key here: K too small will result in a large bias, while K too large will
over-inflate the variance. The bias and variance are balanced by taking K = O {n!/®m+D}
where m relates to the smoothness of the underlying f, and is unknown in practice. To
circumvent this challenge, we use instead a complete basis with K = n along with regular-
ization to data-adaptively choose the truncation level. More specifically, our estimator is

defined as

~hier

1 =
B = axgmin o |1y~ Bl +20(8),  where  Q(8) =D wk [iBi ., (45)
eR™ k=1

with wy = k™ — (k — 1)™. Here, Wy, denotes the submatrix of ¥, containing columns k to
n, B., is the subvector of 3 containing entries k to n, and m and A are tuning parameters.

The choice of weights wy, is theoretically motivated, and detailed in Section 5. Briefly, it
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defines a function class with desirable properties allowing us to establish convergence rates.

The hierarchical group lasso penalty Q (3), will result in a solution ma with hierarchical
sparsity: that is, if A,’g”e’” = 0 for some k, then B\Zfer =0 for all ¥ > k. For sufficiently large
A, many entries of ma will be 0. For a given A, we define the induced truncation level to
be the minimal integer K < n such that A,};ier = 0 for all integers & > K. Unlike the simple
basis expansion estimator (4.1), this truncation level is data-adaptive, not prespecified.

Equation (4.5) involves two tuning parameters, m and A. The parameter m, is analogous
to the smoothness parameter in smoothing splines (Wahba, 1990), or the number of bounded
derivatives used in a simple projection estimator (Cencov, 1962). In practice, using m = 2 or
3 gives good results; this is similar to the use of cubic smoothing splines. On the other hand, A
determines the trade-off between goodness-of-fit and parsimony/smoothness; a theoretically
optimal A-value is A oc n~™/m+1)  Split-sample validation can be used to choose A in
practice.

As with the lasso, the regularization in (4.5) results in bias, which can reduce the overall
mean square error. To reduce this bias, we can consider the relaxed version of our estimator
in (4.5) as the simple basis expansion estimator with K = HBMGTHO, the truncation level
selected by (4.5). This relaxed proposal is equivalent to using the penalty for selecting a
truncation level. Therefore, in the univariate case, the relaxed estimator for a sequence of A
values would match the simple basis expansion estimator (4.1) for a sequence of K values.
However, the advantages of our penalty become more clear in the case of multivariate additive

models described next.

4.2.8  The additive proposal

Ideally, the additive projection estimator (4.2) is obtained by considering a different trunca-
tion level K; for each feature. When p is small, this can be achieved by using split-sample
validation and searching over all combinations of K, (j = 1,...,p); however, the number of
candidate models grows exponentially in p and becomes quickly unwieldy. Often, a single

K = K; is used in practice, which can lead to some f; estimates with too many degrees
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of freedom. As illustrated in Figure 4.1, using a single truncation level can lead to poor
estimates.

Our proposal, which can be seen as a convex relaxation of (4.4), is designed to circumvent
the above limitation of projection estimators in choosing the truncation level for models with
multiple covariates. This is what differentiates our proposal from the projection estimator:
In our framework, a single tuning parameter A leads to different K for each fitted f;.

Our additive framework is a direct extension of our univariate proposal (4.5). Specifically,

we consider function estimates f; = >, ﬁf‘k‘ hierq),... where

~A-hier ~A-hier 1 Ld j 2 P
By .08, = argmin EHy— E \IlnBan—l—)\ E Q; (,Bj), (4.6)
Jj=1 J=1

and 2; is the hierarchical group lasso penalty with weights wy, = k™ — (k — 1)™:
Qj (ﬂj) = Zwk H‘Ilgcnlgj,kn”n . (47)
k=1

The optimization problem (4.6) results in Bj estimates that are hierarchically sparse for
each j. Specifically, for each j, there is some minimal K; such that B\ﬁ_hier = 0 for all
integers k > K;. Moreover, the major advantage of (4.6) is that the induced truncation
level is feature-wise adaptive, with a different K for each feature j. Additionally, like the
univariate setting, we can define a relaxed version of our estimator by fitting (4.2), where
K, is now determined by (4.6). As a result, our framework balances goodness-of-fit and
parsimony for each feature individually, without requiring an exhaustive search. This is a
major advantage over simple projection estimators where K; need to be searched exhaustively
or set to the same level K; = K.

The advantage of our method over simple projection estimators becomes even more sig-
nificant in high dimensions, when p > n. For instance, the popular estimator of Ravikumar
et al. (4.3), is generally obtained by using a single truncation level, which, as noted above,

can result in poor estimators. Similar to their proposal, our sparse additive framework
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encourages feature-wise sparsity using a group lasso penalty (Yuan and Lin, 2006), and is

defined as

~S-hier ~S-hier

1 S
BB = aremin Sly — > Wi,
j=1

B,crn 2

2+>\2ZQJ' (8;) +>‘ZH‘I’{153‘HW (4.8)

with €; (8;) is defined in (4.7). We can again define a relaxed version which fits (4.2) with
sparsity and K selected by (4.8). An important feature of the optimization problem (4.8)
is that the tuning parameters for the two penalty terms A and A2, are linked. This link is
theoretically justified in Section 4.4. Briefly, for an oracle A, the choice of tuning parameters
in (4.8) gives rate-optimal estimates. In practice, while this formulation gives good predictive
performance in many cases, in other cases tuning sparsity and smoothness separately leads to
strong predictive performance. Our numerical experiments in Section 4.5 and 4.6 corroborate

this finding.

~SPAM
As with B, in (4.3), for sufficiently large A, our proposal gives a sparse solution with

~S-hier . . . . .
most 3, = 0. The two estimators differ, however, in their nonzero estimates: non-zero

Bj_hier are hierarchically sparse, with a data-driven feature-specific induced truncation level,
whereas nonzero BfPAM in (4.3) all have the same complexity. This additional flexibility of
our methodology proves critical in high dimensions, and is achieved without paying a price
in computational or sample complexity. Moreover, with the tuning parameters in (4.8),

this additional flexibly is in theory achieved with the same number of tuning parameters as

Ravikumar et al.’s method.

4.2.4  Relationship to existing methods

The univariate framework of Section 4.2.2 builds upon existing penalized methods for esti-
mating regression functions. A popular penalized estimation method is the smoothing spline

estimator (Wahba, 1990), which sets (¢)}_; to n natural splines with knots at the observed
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covariates x1, ..., T,; this estimator is found by minimizing
1 2 1/2 4112
Sy — W8I + X|CBI

over f € R", using C € R™" and Cj;, = fz/)](m/%l/z) (t)@/),(cm/ﬂlm(t) dt with ¢* denoting
the k-th oder derivative of 1. The smoothing spline eliminates the dependence on the
truncation level and has an efficient-to-compute closed form solution; however, its estimated
functions are piecewise polynomial splines of degree m with n knots. As a result, smoothing
spline estimates are not parsimonious. To achieve more parsimonious estimates, Mammen
and van de Geer (1997) use a data-driven approach to select the knots in spline functions.
Their locally adaptive regression splines use the same natural spline basis and is found by
minimizing

1 _
Sy = BB + A(md) DB,

over 3 € R", using D € R "UX" with D, ; = ;/)](-m)(ti) - wj(m)(ti_l). The proposal of
Mammen and van de Geer (1997) is closely related to the recent, more computationally
tractable, trend filtering proposal (Kim et al., 2009; Tibshirani, 2014).

Despite their appealing properties in the univariate setting, locally adaptive regression
splines and trend filtering are computationally difficult to extend to high-dimensional sparse
additive models; even for a single feature, neither estimator has a closed-form solution.
Ravikumar et al.’s estimator (4.3) overcomes this difficulty by using a fixed truncation level
for all p components. As mentioned earlier, the main drawback of (4.3) is that all nonzero
components of the additive model have the same level of complexity. The recently proposed
sparse partially linear additive model of Lou et al. (2016) partly mitigates this shortcoming
by setting some of the nonzero components to linear functions using a hierarchical penalty
of the form Y7 | \i[|B;l2 + Aol B, _112; here 3; is the coefficient of the linear term in the
basis expansion and 3; | = [f2,...,8,k]" € Rf"'. Depending on the value of tuning
parameters A\; and Ag, the first term in the penalty sets all of the coefficients for the j-th

feature to zero, whereas the second term only sets the K — 1 coefficients corresponding to
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Table 4.1: Comparison of existing methods for sparse additive models.

PE

Scalability Y

Exact solution for univari-
ate sub-problem; scales as
O(npK).

Adaptability y

Smoothness controlled by ba-
sis expansion order, K, fixed
for all component functions.

Parsimony

v

Component functions of order
K < n expansions.

SS/RKHS

X
No exact solution for univari-

ate sub-problem; general con-
vex solver scaling as O[(np)3].

v

Smoothness controlled by
smoothness norm, varied for
component functions.

X

Component functions of order
n expansions.

TF

X

Inefficient beyond first or-
der TF, particularly for high-
dimensional and unequally
spaced covariates.

v

Smoothness controlled by
smoothness norm and num-
ber of knots, K, varied for
component functions.

v

Component functions have
sparsity in number of knots.

PE, projection estimators (Ravikumar et al., 2009; Lou et al., 2016); RKHS, reproducing kernel Hilbert
spaces (Raskutti et al., 2012; Koltchinskii and Yuan, 2010; Yuan and Zhou, 2015); SS, smoothing
splines (Meier et al., 2009); TF, trend filtering (Petersen et al., 2016; Sadhanala and Tibshirani, 2017).
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higher-oder terms to zero.

Our additive and sparse additive proposals of Section 4.2.3 can be seen as generalizations
of the proposals by Ravikumar et al. (2009) and Lou et al. (2016). Specifically, Ravikumar
et al.’s proposal becomes a special case of (4.8) if the weights in (4.7) are set to w; =
1 and wy, = 0 for k > 1. Similarly, with an orthogonal design matrix, (¥7.) "W} /n = I (j =
1,...,p), Lou et al.’s method is a special case of (4.8) with weights in (4.7) set to wy = wy =
1 and wy = 0 for £ > 2. Our theoretical analysis in Section 4.4.5 indicates that, in addition

to the improved flexibility, our choice of weights (4.7) results in optimal rates of convergence.

There are a number of other proposals for estimating sparse additive models, including
extensions of trend-filtering and smoothing splines for additive models. Extensions of trend
filtering were either not shown to be rate optimal (Petersen et al., 2016) or only shown
for low-dimensional additive models (Sadhanala and Tibshirani, 2017). These extensions are
also computationally challenging beyond first order trend filtering. Similarly, the extension of

smoothing splines by Meier et al. (2009) is computationally inefficient, and not rate-optimal.

There have also been some proposals which offer minimax-optimal convergence rates for
the prediction error over smooth additive classes (Koltchinskii and Yuan, 2010; Raskutti
et al., 2012; Yuan and Zhou, 2015) similar to our results in Section 4.4.5. These proposals
use properties of reproducing kernel Hilbert spaces, and their estimator is given as the
minimizer of a (np)-dimensional second order cone program. However, they do not discuss
efficient algorithms for solving the optimization problems, at most mentioning generic convex
solvers. The computation for general-purpose second order convex cone program solvers
scales roughly as (np)®: Thus, even for moderate p and n, these proposals become quickly

intractable. We compare and contrast the strengths and weaknesses of existing proposals in

Table 4.1.
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4.3 Computational considerations and extensions

4.3.1 Conservative basis truncation

Our proposal (4.5) uses a basis expansion with n basis functions. In practice, for any rea-
sonable choice of A, B will never have n nonzero entries, and will generally have very few
non-zero entries, Ky < n. If we instead solve

~hier(K)

—argmln—Hy \IIK,BH +)\ZwkH\IleﬁkK‘ , (4.9)

BERK

for K < n, then so long as K > K, the solution will be identical to that of the orig-
inal proposal (4.5). Even when not identical, so long as K is sufficiently large, K >
n2m/ACm=1)@m4+0} where a, > b, means a, > Cb, for some constant C, the theoretical
properties of (4.5) will be maintained. This bound relies on the smoothness of the under-
lying f; choosing K > n?? gives a conservative upper bound which is independent of the
underlying f. Our theoretical results do not establish tight bounds on function approxi-
mation, but we conjecture that they can be improved to obtain the usual K > n!/(2m+1)
truncation level. Additionally, as discussed in Section 4.3.2, by using K, rather than n, basis
functions, the computational complexity decreases from O(n?) to O(nK). A similar result
holds for the sparse additive framework with

161 a"'vﬁ

~S—hier(K) Aj—hieT(K) — argmin - Hy Z IB]H _1_)\229 ,3] _'_)\ZH\I,J BJH (4.10)

B,€RK

where, now, ; (,B ) = Zk 1wkH\Ilk #Birilln- It is worth noting that choosing the pre-
truncation level, K, is easier than the truncation level for the simple basis expansion estima-
tor (Cencov, 1962): The latter requires an exact truncation level that is neither too large,

nor too small; the former only requires a level that is not too small.
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4.83.2  Algorithm for the univariate and sparse additive framework

An appealing feature of our estimator is its computational efficiency. Problem (4.9) can be
solved via a one-step coordinate descent algorithm. Using a QR decomposition ¥ = UV

with U € R™K and U'U /n = I, we can re-writing (4.9) as

(4.11)

)
2

K
1 12 -
. . ! N H A H .~
mlélelﬂlglklze o Hy B 2—|— ;wk B i

where B = V3. Applying the results of Jenatton et al. (2010), gives us Algorithm 3 below.

Algorithm 3 One-Step coordinate descent for univariate setting
Initialize 8° = --- = 8% « UTy/n
Fork=K,... 1
Update BZ_Kl —(1- wk)‘/||13]12;f<||2)+13112;kv where (z), = max(z, 0)
Return 3°

The reformulation in (4.11) can also be used to efficiently solve the sparse additive ex-
tension (4.10) via a block coordinate descent algorithm. Specifically, given a set of estimates
(6;’)?:1, we can fix all but one of the vectors 3; and optimize over the non-fixed vector using
Algorithm 3. Iterating until convergence yields the solution to problem (4.10), as described
in Algorithm 4, Appendix C.1.

Solving problem (4.5) requires a QR decomposition of the matrix W followed by the mul-
tiplication U " y; these steps require O(nK?) and O(nK) operations, respectively. However,
these steps are only needed once for a sequence of A values. For the additive proposal (4.9),
p such QR decompositions are needed once for the entire sequence of As.

By Proposition 2 of Jenatton et al. (2010), for a given A, problem (4.11) can be solved
in O(K) operations. Each block update requires a matrix multiplication UjTr_j followed
by solving the proximal problem (4.11), see Appendix C.1. This requires O(nK) opera-

tions. Thus, our sparse additive proposal requires O(npf( ) operations, which is equal to the
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computational complexity of the lasso (Friedman et al., 2010) when K=1.

The above computational complexity calculations indicate that our univariate and sparse
additive estimates can be obtained very efficiently. In fact, using our R implementation, the
median time of solving the univariate problem for an example with K = n = 300 is 0-17
seconds on an Intel® CORE™ i5-3337U, 1-80 GHz processor. The median time of solving
the sparse additive framework for the simulation setting of Section 4.5.2 on a grid of 50 A

values is 5-96 seconds.

4.3.3 Degrees of freedom

For regression with fixed design and &; ~ A(0,0?), we consider the definition of degrees of
freedom given by Stein (1981), df = Y"1 | cov(y;, §i)/0? , where y; are the fitted response
values. We apply Claim 2.1 of Chapter 2 to derive an unbiased estimate of df for the
estimator (4.11), using the decomposition ¥ = UV from Section 4.3.2. Let Ky = max{k :
B\k # 0}, and let U, € R™ X0 denote the first K, columns of U. Furthermore, for a vector
v € R, define v.i, € RX as vy, = [0, 0, ..., 0, vk, Vg1, .-, Vi) . We arrive at the

following lemma.

Lemma 4.1. An unbiased estimator for the degrees of freedom ofB in (4.5) is given by

Ko . ~ ~T -1 T
d diag(1y. : , U
df=1+tr{ Ug, |Ix, + Z A { iag(1s:x,) _ 5k.K05k.KO }] Ko (In B 1n1;/n) |

post 1Brrollz 11Brll3 n

where diag(v) € R™" is a diagonal matriz with v € R™ on the main diagonal.

4.8.4  Non-additive multivariate regression

v, .
For vectors @ € R? and vy, € Z%, define ¥ = 2" x --- x x,"". Now for functions

fO : R» — R, consider the basis representation fO(x) = S_r_ hp(x**)5Y, for univariate
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2 .2
X1, X2, X9, X3,X1X2,

Figure 4.3: Visual representation of the multivariate penalty with p = 2 and ¢;(z) = «.

functions (¢;)%2,, and vy, ..., v € ZL, where

+2
ol =1 =1 ol =2 (k=p 1 (V7)< 1),

and so on. As in the univariate case, let ¥z € R™*K be the matrix with entries ¥ RGk) =

W (2;¥%). Then, our multivariate regression estimator is simply (4.9) with weights given by

(4.12)

- o k+p—1
wy, = k™ — (k—1)™, qk:< p )

p

and wy = 0 for all other k. Figure 4.3 demonstrates the multivariate penalty for p = 2 and
)y, the identity function; that is, for z € R, ¢ (2) = 2. It is clear from the figure how the
multivariate penalty is a natural extension of the univariate one: when ¢ (z) = z, the fitted
model can be a multivariate polynomial of any degree. With this choice of basis functions,
our multivariate proposal acts as a procedure for selecting the complexity level of interaction
models. This problem can be solved using Algorithm 3 with a single pass over the basis

elements.

4.3.5 Extension to classification

We can extend our methodology to the setting of binary classification via a logistic loss

function. Let y; € {—1, 1} (i =1,...,n) be the observed response. We then fit

Bo€ER, BeR™

(BoB) = argmin =" log (1+ exp -yl + (#,8)H) +A2(8). (4.13)
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As with linear regression, (4.13) can be naturally extended to sparse additive models, by
using both penalties in (4.8). The problem can be efficiently solved via a proximal gradient

descent algorithm (Combettes and Pesquet, 2011); see Appendix C.1.

4.4 Theoretical results

4.4.1  Summary of theoretical contributions

To investigate finite sample properties of our estimators, we combine previously developed
ideas from empirical process theory and metric entropy with a number of novel results about

convergence rates of sparse additive models, and the metric entropy of our hierarchical class.

Similar to our theoretical results of Chapter 3, the results in Section 4.4.5 allow one to
establish convergence rates for a broad class of penalized sparse additive model estimators.
The results presented here utilize a different proof technique and are specialized to the least
squares loss. Results specific to the least squares loss allow us to relax two conditions from the
results of Chapter 3, namely, we do not assume a bounded intercept for proving slow rates and
we do not require a margin condition for proving fast rates. Under a compatibility condition
on the component features, these rates match the minimax lower bound for estimation of
sparse additive models under independent component functions, established previously by
Raskutti et al. (2009), see Proposition 4.3. Thus, our additive and sparse additive estimators

are rate-optimal.

Finally, key for our theoretical analyses is the entropy of our hierarchical class; we cal-
culate these with matching upper and lower bounds in Lemmas 4.3 and 4.4. These new
results allows us to show that our univariate and sparse additive estimators, (4.5) and (4.8),
are minimax rate-optimal within the hierarchical univariate and hierarchical sparse additive

classes, respectively.
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4.4.2  FEntropy-based rates

We begin by stating two well-known results from the literature. We then present our contri-
butions in Sections 4.4.4 and 4.4.5. Firstly, Theorem 1 of Yang and Barron (1999) establishes
a lower bound for the minimax rate subject to certain conditions. Secondly, a framework
for establishing an upper bound on convergence rates is given by Theorem 10-2 of van de
Geer (2000). Here, we require a slight generalization of this result, which we state below and
prove in Appendix C.7.

We first introduce some terminology and notation for the entropy of a set. For a set F
equipped with some metric d(, -), the subset {fi,..., fxv} C F is a d-cover if for any f € F
miny<;<n d(f, f;) < d. The log-cardinality of the smallest d-cover is the d-entropy of F with
respect to metric d(-, -). We denote by H (6, F, @), the §-entropy of a function class F with
respect to the || - [ metric for a measure Q, where ||f[|2, = [{f(z)}*dQ(z). For a fixed
sample z1,...,x,, we denote by @, the empirical measure @Q,, = n~*_ " 8, and use the

short-hand notation || - ||, = || - [|g,-

Theorem 4.1 (Theorem 1, Yang and Barron (1999)). Consider the model y; = f°(z;) +
g (1=1,...,n), with independent and identically distributed ;~N(0,0?), x; ~ Q. Assume
the entropy condition H(6, F, Q) = Agd~* holds for some function class F for a € (0,2),

and Ag > 0. Then, for a constant A; depending on Ay, o and o2,

minmax (17 = 1) 2 Aot

where the minimum is over the space of all measurable functions.

Theorem 4.2 (Theorem 10-2, van de Geer (2000)). Consider the model y; = f°(x;)+e; (i =

1,...,n), with independent sub-Gaussian noise €;. Let
F=argmin 2y~ 712+ X20(71Q.)
feFn 2 n " "

for some function class F,, and semi-norm Q(-|Q,) on F,, which satisfy the entropy condition
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H(6,{f € F. : Qf|Qn) < 1},Qy) < Agd™?, for a € (0,2). Then for any function fr € F,,
and

AL = pl/Cte) {Q(f;@n)}(?—a)/{?(?w)} :

n

there is a constant ¢ such that for all T > ¢, with probability at least 1 — cexp {—(T'/c)?},

17 = £ < smax {20 = £]15, Cox2eszQn }

where Cy is a constant that depends on o and T'.

Before specializing Theorems 4.1 and 4.2 to our proposal, we briefly discuss their assump-
tions. The main assumption for Theorem 4.1 is an entropy condition for the function class
F, which contains f°. This is a common condition needed to quantify the size of an infinite
dimensional space F. The entropy condition H (9, F, Q) = Agd~ ¢, is satisfied by commonly
used function classes. Examples include, bounded Lipscitz functions with a = 1, bounded
monotone functions with a = 1, and m-th order Sobolev functions with a = 1/m. Theo-
rem 4.2 requires a similar entropy condition on a sequence of function spaces, but it does
relax conditions on fj allowing it to be arbitrary, not necessarily in a specific class. Requiring
an entropy condition for a sequence (F,)>°, may seem restrictive; but often, as with our
hierarchical function class defined below, for all n, F,, C F for some class F. Thus, it suffices
to prove an entropy bound for F. Finally, we also require the noise ¢; to be independent
and sub-Gaussian to use standard results from the empirical processes literature. While the
original theorem of Yang and Barron (1999) requires identically distributed Gaussian noise
to prove a lower bound, the fact that Gaussian random variables are sub-Gaussian allows
us to generalize the original result. In the following section, we define and establish entropy

bounds for our hierarchical function class.
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4.4.3  Entropy results for the proposed penalty

To set up the notation, we define the univariate function class

Kn
Ao {a) =3 wen: fuwa=otorkzi fotag=1}.

for x € R, and the multivariate function class

Ky
Fon = {fal@) = Yty [t yatardQ =0 for k1, [{unar)2aQ =1} |

= (4.15)
for & € RP, where v, € Z, x** was defined in Section 4.3.4, and @ is the probability
measure associated with z. In (4.14) and (4.15), we allow for the limiting case of n = oo
with K, = co. With some abuse of notation, for 3 € £3(R), we define ||B,...|I3 = 312, 57
To specialize Theorems 4.1 and 4.2, we need to characterize H (6, FM, Q), for FM defined
below in (4.16), and establish an upper bound for H(d,{fs € F, : Q(5) < 1},Q,). In
the next lemma, Lemma 4.2, we show that the calculation of H (6, FM, Q) and H(d,{fs €
Fn : Q(B) < 1},Q,) is equivalent to an entropy calculation for subsets of 2(R) and RE»,
respectively, with respect to the usual || - |2 norm. This reduction allows us to use simple
volume arguments and existing results for establishing the entropy conditions. The lemma
considers our proposed penalty in full generality, that is the penalty (4.5) with any set of
non-negative weights wy. This lemma gives a similar reduction of entropy calculations for

the multivariate case with little extra work.

Lemma 4.2 (Reduction to ¢2(R) and RX"). Let FM and F, be the univariate and multi-
variate hierarchical basis expansion class with bounded penalty, respectively. Specifically,

Kn Kn
Fl ={fp € Fu: Y wilBrg 2 < MYy, Fpli={fs € Fpun: Y wil B, 2 < M}, (4.16)
k=1 k=1

where we allow the limiting case of n = oo. Then, H(6, FM, Q) or H(§, FM

p,n?

Q) is equal to
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H(, H;/M), the entropy of ?—L?{/M with respect to the || - ||2 norm, where

W = {8 e S B b <1}

k=1

Secondly, assume that the Gram matrix \Ile(n\Il[(n/n has a finite maximum eigenvalue denoted

by Amax. Then, denoting HY. = wa(/l, we have

( {fﬁ e Fn: ZwkH‘I’kKnﬁkKan < 1} Qn> < H((;Amg{z, e )

k=1

The above inequality also holds with F,, replaced by F, .

Lemma 4.2 establishes the connections between entropy of the function classes of interest
and the set Hp . It is easy to see that H (9, Hw/M) and H((SAm;)/(Z, 7—[1]‘3{”) are proportional to
H(, qu’én) where the proportionality constants depend on M and A,..., respectively. The
next lemma establishes an upper bound for H (¢, ?—LG) for the proposed choice of univariate

and multivariate weights. This upper bound is all we need to specialize Theorem 4.2.

Lemma 4.3 (An upper bound). Suppose 6 > 0. For the region Hz  with univariate weights
wy = k™ — (k—1)", H(, HE ) < Ug,0~Y/™, for constant Ugy > 0. Moreover, for the
multivariate weights (4.12), we have H (6, HE ) < Upo0~P/™ for constant Ugy > 0.

While Lemma 4.3 is sufficient for applying Theorem 4.2, to invoke Theorem 4.1 we need
an exact value for the entropy up to a proportionality constant. A natural way to achieve
this is to find a lower bound for the entropy which matches the upper bound; we do this in

the following lemma.

Lemma 4.4 (A lower bound). For § € ((wy + -+ +wg, ,)"™,1/2), for the region H}.
with univariate weights, wy = k™ — (k — 1)™, we have H (6, HE ) > Lp16~Y™, and for the
multivariate weights (4.12) we have H(5, HY. ) > Lpo0~P/™, for constants Ly, Lgs > 0
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and where we assume, for simplicity, that K, = 47 — 1 for some K' and gz as defined in

(4.12).

The lemmas above demonstrate the motivation for our weights wy; they define a function
class with the same entropy as an m-th order Sobolev class. In fact, our class F is a subset
of the m-th order Sobolev class G3', where G = {fz € Fuo = 3001 (K™[Bk])? < M9} is the
weighted L, space (Rauhut and Ward, 2016). Furthermore, in Appendix C.5 we prove that
gM C FM C gM. While the Sobolev class G} is common in the literature (Ravikumar
et al., 2009; van de Geer, 2010), the class GM has recently gained attention in the function
interpolation literature; see, for example, Rauhut and Ward (2016); Candes et al. (2008) and

references therein.

4.4.4  Specializing Theorems 4.1 and 4.2

The following proposition establishes a lower bound for the minimax rate of estimating fy,
the true function which belongs to some function class F. We consider three different choices
for F: 1) the univariate class (4.14); 2) the multivariate class (4.15); and 3) the Sobolev class

M. To prove the result, we use the fact that if an upper bound for the convergence rates
can be found that matches the lower bound, then we can conclude that our estimator is

minimax.

Proposition 4.1. For the m-th order function class FX = {f € Foo : Y pey Wil Brooll2 <
M}, where wy, = k™ — (k — 1)™, we have

2m

min max F (”f— f0||22) > Ayn” zmtl,

f oflerid

For the m-th order multivariate class F)r, = {f € Fpoo : 2opy Wkl Broollz < M}, where wy

are the weights defined in (4.12), we have

min max E(HfA— f0H2> >A2n72v%p.
7 foeFM, Q) —
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Finally, for the m-th order Sobolev class G3' = {f € Foo : > pey (K™ Bk)* < M?}, we have

. ~ 2 __2m_
ain o B (|17 77]) = Asn” .

As the last step in our analysis, we next specialize Theorem 4.2 to establish an upper
bound for the convergence rate of the proposed univariate and multivariate estimators. The
following proposition reveals some interesting insights. Firstly, with respect to the empirical
norm, || - ||, our estimators achieve the minimax rate for the classes 3 and F,7_, as defined
in (4.16). For the Sobolev class, G537, if Y77 wi||Bruollz < C(M) for all fg € G, then our
univariate estimator is minimax over the Sobolev class as well. This result also gives insight

into the role of K,,.

Proposition 4.2. Consider the model y; = f°(x;) +¢&; (i = 1,...,n) for mean zero, sub-

Gaussian noise €;. Define the univariate and multivariate estimators as

o~ 1 uni Tmulti 1 multi
fU" = argmin = ||y — fg”i + )\TQIQ B); f = argmin  |ly — fﬁ”i + AELQ lt (B),
fﬁe.}—n 2 fﬁej:p,n 2

for p=1 and p > 1, respectively, where Q' is the penalty in (4.9) and Q™ is the penalty
in (4.12). Assume that maxy ||k||cc = Ymax < 00 and that the Gram matriz \IlIT%n\Iff(n/n has

a bounded mazximum eigenvalue denoted by Anax. Then we have the following:

Forp=1 and f° € FM there is a constant ¢ > 0 such that for all T > ¢, with probability
at least 1 — cexp {—(T'/c)*},

£ — > < 5max {le(g(szl), C2n_2"2"%}7

where C, Cy > 0 are constants that depend on M, Ymax, Amax, m and T'.

Forp=1, f° € G there is a constant ¢ > 0 such that for all T > ¢, with probability at
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least 1 — cexp {—(T/c)?},

174 — 2 < 5max {olf(;@m—l), CyClyn~ 2 } ,

where Ci, Cy > 0 are constants that depend on M, Ymax, Amax, m, T and, for f° =

Sy Y, we have O™ V2 = 570 wi[|Bh o -
Forp>1, foe¢ FM

p,007

assume that p < 2m and define the integer K' such that K, =
Qi — 1 for qz as defined in (4.12). Then there is a constant ¢ > 0 such that for all T > c,
with probability at least 1 — cexp {—(T'/c)?},

[Pt — 012 < 5 max { G R-EmD, Con” ]

where Cy, Cy > 0 are constants that depend on M, Ymax, Amax, m, and T.

The pre-truncation level K,, in Proposition 4.2 is not the truncation order selected by
our proposal; rather, it is the pre-specified maximum order of our proposal with conservative
truncation, (4.9). The above result demonstrates that we achieve usual non-parametric rates

2t D)@m=D} Justifying n?? as a

as long as the truncation level f(n satisfies f(n pe n2m/{(
conservative choice. Furthermore, if a function belongs to the mth order hierarchical class,
then it also belongs to the m/th order class for all m" < m and Proposition 4.2 holds with m
replaced by m’. This means we can misspecify the smoothness order in our estimator and

still get nonparametric rates.

4.4.5 Theoretical results for sparse additive models

In this section, we establish the convergence rates of high-dimensional sparse additive models
in terms of a general entropy condition. Our first contribution is an oracle inequality for
an upper bound on the prediction error of additive models. This inequality establishes the
consistency of estimators with slow convergence rates; specifically, these rates are O(sv,,)

where sv? is the minimax lower bound of Raskutti et al. (2009) for sparse additive model
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and, s is the carnality of the set S, defined below; for completeness, in Theorem 4.3 we state
the result of Raskutti et al. (2009), which assumes independent covariates. We then proceed
to state a compatibility condition which leads to two propositions: firstly, it establishes
convergence rates of the order of O(sv?) and, secondly, it automatically establishes minimax
rates for univariate regression as a special case of an additive model with p = 1. This
section’s contributions extend to a broad class of estimators; consequently, we can establish
new results on convergence rates for some existing methods, particularly methods that extend

smoothing splines and trend filtering (Meier et al., 2009; Sadhanala and Tibshirani, 2017).

Let f° be the true function such that y; = f°(z;) + & (i = 1,...,n), for independent,

mean-zero noise &;, r; = (x;, . .. ,a:ip)T € RP. Let f* be a sparse additive approximation to
f()
7 p
Fra) =+ frlay) =+ fi(nyg),
j=1 JES.

where S, = {j : f; # 0}, which we call the active set, is a subset of {1,...,p} of size
s = |8, and, ¢ = E(Y) where Y is the sample mean. To ensure identifiability, we assume

>y fi(xij) =0 (j=1,...,p). Consider the estimator f= > fj, where

n

fi,... ,]?p = arg min 2i Z {Yi -Y - ij(:cw)}2 + )\nZ[(fj) : (4.17)
=1 =1

(F))f=1€F ne

where [(-) is a penalty of the form I(f;) = || f;ll» + MY (f;), for a semi-norm Y(-). We can
think of T(f;) as a smoothness penalty for function f;.

Theorem 4.3 (Theorem 1, Raskutti et al. (2009)). Consider n independent identically dis-
tributed samples from the sparse additive model y; = 3 cs f(i) +ei (i =1,...,n), where
Sl = s < p/4, v; ~ Q, &5 ~ N(0,0%) and, f) € F where F is a class satisfying the

entropy condition H (8, F, Q) = Agd~ Y™, with m > 1/2. Further assume the covariates are
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independent, so, Q) = ®§:1 Qj. Then for a constant C' > 0,

2m

)z L 077

where the minimum is over the set of all measurable functions.

P
min  max E(H ij — f]‘.)
j=1

(DP_, UNF_1eF

We next state the first key result of this section, which establishes an oracle inequality

for additive models, as well as slow rates of convergence.

Theorem 4.4. Assume the model y; = f°(z;) + & (i = 1,...,n), with mean-zero &; sat-
isfies maxeqr,. ny L? (E [exp {(e;/L)*}) — 1) < 0§ , for constants L and oy. Assume the
entropy condition H(5,{f € F : Y(f) < 1},Q,) < Aod~Y/™, holds for m > 1/2, for some
function class F and, some constant Ag. Let p, = kmax{n=™/Cm+D (log p/n)'/2}, where
k= k(Ag,m, L,00) is a sufficiently large positive constant. Then, for A, > 4p,, with proba-
bility at least 1 — 2 exp(—cyinp?) — coexp(—csnp?) the estimator (4.17) satisfies

—~ —~ 3N2 ~ —~
17 = U+ 2 D5 = 7l =5 D005 = £7) <30 Y 5 = f7 Nl + 400 D T + 1 = LI

JESS JES« JES« JES«

where ¢, = ¢1(Ag, 00), ca = ca(Ag, m, L,0¢) and c3 > 1/c% are positive constants.

Furthermore, if the function class F satisfies supcr || flln < R, we have

~ m ] 1/2
1F = 212 < 20 max {sn~5, 5 (222) L4 17— £,
where Cs > 0 depends on k, R and 3_; T(f})/s.

The above theorem makes the same assumptions as Theorem 4.2, namely sub-Gaussian
noise ¢;, and an entropy condition on the univariate function class F. The second part of
the theorem, assumes a bound on the univariate class F to control the term ||]/c; — f*[|n- In
the following proposition we drop this bounded class assumption and establish fast rates of

convergence using the compatibility condition stated next.
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Definition 7 (Compatibility Condition). We say that the compatibility condition is met for
the set S, if for some constant ¢(Si) > 0, and for all f € F={f: f = Zﬁ.’:l fi}, satisfying
Zjesg filln < 423'63* fillns it holds that Zjegl filln < ‘S*|1/2||f||n/¢(8*)

The above compatibility condition is a functional analogue of the commonly used compat-
ibility condition needed to prove oracle inequalities for the lasso (van de Geer and Bithlmann,
2009). Such conditions are common in the high-dimensional literature, for example Meier
et al. (2009); van de Geer (2010) use a similar condition; more recently Raskutti et al. (2012);
Yuan and Zhou (2015) have used a functional version of the restricted eigenvalue condition

for proving fast rates in additive models.

Proposition 4.3. Assume the conditions of Theorem /.J and the compatibility condition for

S.={j: f; #0} hold. Then, with probability at least 1 — 2exp(—cinp;;) — ¢z exp(—csnpy,),

1, -~ . 1
§”f - fOHi S Cf max (sn_zan’ slogp

)+ 205 -
where Cy > 0 is a constant that depends on ¢(S.) and 3, T(f})/s.

Misspecifying the order m is especially important here since f; can have different orders
of smoothness. Using the same argument as the univariate case, let m; (j =1,...,p) denote
the smoothness order of the jth component, then our results are valid for any m < min; m;.

We end this section by specializing Theorem 4.4 to case of univariate regression.

Proposition 4.4. Assuming the conditions of Theorem 4.4 with p = 1, the compatibility
condition holds trivially with ¢(S.) =1, and we have

1/\ __2m *
SIF = 0112 < Opn™ 2t 2] £ = £,

with probability at least 1 — 2 exp {—cmnl/(zm*l)} — ¢ exp {—C3lin1/(2m+1)} for a constant

Cy¢ > 0 that depends on Y(f*).
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Figure 4.4: Average mean square error, over 100 simulated datasets, as a function of degrees
of freedom for true models given by g1, ..., g4 in (4.18). The colored lines indicate results for
our framework with m = 3 ( )and 1 (------ ), Trend Filtering of order 1 ( ) 2 ( )
and 3 ( ), and Smoothing Splines (

4.5 Simulation studies

4.5.1  Simulation for univariate regression

We begin with a simulation to compare the performance of our univariate framework to
smoothing splines (Wahba, 1990) and trend filtering (Kim et al., 2009; Tibshirani, 2014).
Smoothing splines and trend filtering are implemented in the R packages splines (R Core
Team, 2014) and genlasso (Arnold and Tibshirani, 2014), respectively.

We generate the data as y; = f°(z;)+¢; (i = 1,...,n) for different choices of the function

10, and errors g; ~ N(0,0?) with 02 chosen to attain a fixed signal-to-noise ratio, SNR =

(n—1)"" 327 {f°(x;)}?/o?. For this simulation we consider a fixed design with x; = i/n (i =
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1,...,n). This facilitates comparison to trend filtering, which can become substantially slow
for random x;, particularly when the covariates are not uniformly distributed over a closed
interval. We consider n = 150, SNR € {2,3}, and four different f° functions, denoted
g (t=1,...,4), defined as

g1(z) = —0-43 + 4-83x — 146522 + 11-762%,
g2(z) = 0-23 — 8-44x + 45-200% — 81-412° + 46-592*, (4.18)

g3(z) = exp(—bHx + 0-5) — 0-4sinh(2-5), gsa(x) = —sin(7z — 0-4).

We applied our proposal using a sequence of 100 A\ values linear on the log scale from Ay,
for which E =0, down to 10™*\pnax. We applied smoothing splines on a grid of 100 values
of degrees of freedom from 10 to 1. Trend filtering is applied to a sequence of A\ values
automatically selected by its R implementation with an average length of 279, 448 and 612
for trend filtering of order 1, 2 and 3, respectively.

Figure 4.4 displays the mean square prediction error, MSE = || f° — f||2, of our method
with m = 1 and 3, smoothing splines and trend filtering of orders 1, 2 and 3, as a function of
degrees of freedom. Our proposal appears to outperform the competitors in terms of mean
square prediction error especially for polynomials. We observe comparable performance for
the exponential and sine functions. This also provides empirical evidence for the theoretical
results, where we proved our method to converge with rates comparable to smoothing splines.
Since the functions considered in this simulation are smooth, as expected, we see that our

method with m = 1 does not converge as fast as competing methods.

Figure 4.5, shows examples of some fitted models for a fixed value of degrees of freedom.
Our method seems to perform very well and is mostly robust to changes in the value of m.
The smoothing splines estimates are unable to do as well for the same effective degrees of
freedom. The plots in the bottom panel of Figure 4.5 also suggest that first order trend filter

can perform poorly in presence of model misspecification.

To compare the performances for an optimal value of A, for each method we find a \*
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Figure 4.5: Scatterplots of simulated data along with true and estimated functions. The top
row includes plots of the simulated data along with the true function used for generating
the data. The other three rows show the fitted functions for each method and the degrees of
freedom corresponding to the fitted model, our univariate proposal, smoothing splines and
trend filtering are shown in rows 2-4, respectively. For trend filtering and our proposal with
m =1, 2 and 3 are shown in green ( ), blue ( ) and red (——). Only the available
R implementation with order m = 3 is shown for smoothing splines.
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Table 4.2: Average mean square errors of existing approaches relative to our univariate
proposal with m = 3; a value greater than 1 indicates a lower corresponding value for our
method. The results presented are averages over 100 datasets along with 100x standard
errors in parentheses

Degree 3 polynomial Degree 4 polynomial Exponential function Sine function
df MSE df MSE df MSE df MSE
SS 1-32 (03) 1-48 (07) 1-25(30) 1-58 (09) 1-13 (03) 1-21 (04) 1-10 (03) 1-00 (04)
TF-1 1.88 (13) 2-40 (30) 1.92 (12) 246 (30) 1-67 (16) 1.76 (31) 1-85 (13) 1-88 (24)
TF-2 1.30 (09) 1-61 (24) 1-42(09) 1-81 (26) 1-34 (13) 1-48 (29) 1-20 (10) 1-30 (21)
TF-3 1-06 (12) 1-37(32) 1-27 (11) 1.66 (31) 1-47 (16) 1-51 (35) 1-34 (12) 1.48 (25)

MSE, mean square prediction error; df, degrees of freedom; SS, smoothing splines; TF-1,
first order trend filter; TF-2, second order trend filter; TF-3, third order trend filter.

that minimizes the prediction error on an independent test set of size ns. = 75. For this
A*, we report the ratio of MSE for each method and the MSE of our proposal in Table 4.2.

The table also includes similar ratios for degrees of freedom.

4.5.2  Simulation for multivariate additive regression

We proceed with a simulation study to illustrate the performance of our sparse additive
framework compared to the performance of Ravikumar et al.’s method. Ravikumar et al.’s
method is implemented in the R package SAM (Zhao et al., 2014) which uses natural spline
basis functions. To facilitate a fairer comparison, we also implement their method using a
polynomial basis expansion. Due to a lack of R packages for the proposals of Meier et al.

(2009) and Lou et al. (2016), we defer the comparison to these methods to future work.

We consider the simulation setting of Meier et al. (2009) with some modifications to have
high-dimensional data and smaller signal-to-noise ratio. We generate n = 200 samples for

p = 500 features. The data is generated as y; = 5f1 (1) + 3 fa(2i2) + 4f5(xi3) + 6 fa(zis) + €
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Figure 4.6: Average mean square error, over 100 simulated datasets, as a function of degrees

of freedom for our proposal with m =1 ( )y, m=2( )yand m = 3 ( ), compared
to Ravikumar et al. (2009) with 3 (——), 5 (------ )y 8 (e ), 10 (——), 15 (------ ) and
20 (e ) basis functions. Left: natural spline basis functions. Right: polynomial basis
functions.

(i=1,...,n), where g; ~ N(0,0?) with 02 such that SNR = 3 and

filz) =, folz) = (22 — 1), f3=2sin(2rx)/ {2 —sin(272)},
fa(z) = 0-1sin(27z) + 0-2 cos(2mx) + 0-3sin®(27x) + 0-4 cos®(27x) + 0-5sin®(27z) ;

the covariates are independently drawn from Uniform(0, 1). We implemented the parametriza

tion (4.10) for m = 1,

mlnlmlze—Hy Z\If 53

; ERE

D Q(8) + (L= DA (W5 (4.19)
j=1 Jj=1

for m = 2 and 3 with v = 0-01 and 0-001, respectively. All methods were fit for a sequence
of 50 \ values, decreasing linearly on the log-scale. We fix the maximum number of basis
functions K = 20 for our sparse additive framework and implement Ravikumar et al.’s

proposal with 3, 5, 8, 10, 15 and, 20 basis functions.

In terms of mean square prediction error, it is not surprising to observe superior perfor-
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Figure 4.7: The first 4 component functions of the simulation study from Section 4.5.2. The
estimates of our proposal are shown in ( ), whereas that of Ravikumar et al. (2009)
fitted with 20 and 3 basis functions are shown in blue ( ) and red (——), respectively.
In each case, the tuning parameter leading to the smallest mean square error was used.

mance of our methodology over that of Ravikumar et al.’s proposal with polynomial basis in
Figure 4.6. However, in the same figure, our method also seems to outperform the original
proposal of Ravikumar et al. (2009) using natural splines. Overall, our proposal achieves the
smallest mean square error for a substantial interval of degrees of freedom values in both
panels of Fig. 4.6.

In Figure 4.7, we show some of the fitted functions by our proposal and that of Ravikumar
et al. (2009) using the A\ value which minimizes the test set error for Ravikumar et al.’s

proposal with 3 and 15 basis functions.
4.6 Analysis of Parkinson’s telemonitoring data

We apply our method to the Parkinson’s telemonitoring dataset (Tsanas et al., 2010), ob-
tained from the University of California Irvine, Machine Learning Repository. The data
consists of n = 5875 observations and p = 18 covariates including 16 biomedical voice mea-
surements, age and, time of reading. Our goal is to predict the motor Unified Parkinson’s
Disease Rating Scale score. Apart from the analysis of the original dataset, we add 100 noise
variables, uniformly generated from the unit interval, to study the sparsity properties of our
proposal. We use 2/3 of the data as training and remaining as test, and average the results

over 100 training-test splits.
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We compare the performance of our additive framework to (4.2) with fixed truncation,
K; = K, in the low-dimensional setting and compare our sparse additive framework to that
of Ravikumar et al. (2009), lasso (Tibshirani, 1996), and elastic net (Zou and Hastie, 2005)
in the high-dimensional setting. For computational convenience, we fit our proposal with
conservative basis truncation (4.9) with K = [(2n/3)"/?], the square-root of the number
of training observations. In both settings, we fit our proposal with order, m = 3. We fit
Ravikumar et al.’s proposal with K = 2,4, 8; to facilitate a fairer comparison, we use a
polynomial basis expansion. Other values of K, had comparable or worse performance and
are not presented here. For each proposal, we also implement a relaxed version; re-fitting
the selected non-zero coefficients via least squares. For a sequence of \ values, or sequence of
K for (4.2), we calculate the mean square test error and the model parsimony, the number
of total non-zero basis functions used. Lower values of model parsimony correspond to more
sparsity in either the number of components or truncation levels K;. Figure 4.8, shows that
our proposal outperforms competitors in the low and high-dimensional setting in terms of
mean square error for a sequence of fitted models. The relaxed version of Ravikumar et al.’s
method is able to achieve a lower test error but at the cost of added parsimony. The linear
models, implemented by lasso and elastic net, had a substantially higher test error compared

to additive models.
4.7 Discussion

In this chapter we introduced a novel approach to non-parametric regression and high-
dimensional additive models. Recall the original motivation: for non-parametric regression,
especially additive models, we require an estimator that can adapt to function complexity in
a data-adaptive way. We showed that state-of-the-art methods like those of Ravikumar et al.
(2009) and Lou et al. (2016) are unable to do that effectively. More data adaptive proposals,
such as the sparsity smoothness penalty of Meier et al. (2009), come at a cost of highly
complex fitted models even for simple underlying surfaces. The use of hierarchical penalty

allows us to adaptively fit simple models for simple functions as shown in Sections 4.5. Our
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Figure 4.8: Results of analysis of parkinsons telemonitoring dataset. Left: Results for low
dimensional case for our proposal ( ), The simple truncation estimator (4.2) (——)
and our relaxed proposal (------ ). Centre: Results for high-dimensional case for our pro-
posal ( ), Ravikumar et al.’s proposal with 2 (——), 4 (------ ), and 8 (e ) basis
functions, lasso ( ) and elastic net ( ). Right: Results for the relaxed versions of all
methods in the centre panel.

theoretical analyses in Section 4.4 establishes fast convergence rates for a broad class sparse
additive estimators.
The R package HierBasis, available on https://github.com/asadharis/HierBasis,

implements the methods described in this chapter.


https://github.com/asadharis/HierBasis

105

Chapter 5

WAVELET REGRESSION AND ADDITIVE MODELS FOR
IRREGULARLY SPACED DATA

5.1 Introduction

We consider the canonical task of estimating a regression function, f, from observations
{(zs,y;) :i=1,...,n}, withx; e RP, y; € R and y; = f(x;) +¢; (i =1,...,n), where ¢; are
independent, mean 0, sub-Gaussian random variables. A popular approach for estimating
f is to use linear combinations of a pre-specified set of basis functions, e.g., polynomials,
splines (Wahba, 1990), wavelets Daubechies (1992), or other systems (Cencov, 1962). The
weights, or coefficients, in such a linear combination are often determined using some form
of penalized regression. In this chapter, we focus on estimators that use a wavelet ba-
sis. Wavelet-based estimators have compelling theoretical properties; however, a number
of issues, discussed in the reminder of this section, have limited their adaptation in many
non-parametric applications. The approach proposed in this chapter overcomes these issues.
Throughout the chapter, we assume basic knowledge of wavelet methods though some key
points will be reviewed; for a detailed introduction to wavelets see books by Daubechies

(1992); Percival and Walden (2006); Vidakovic (2009); Nason (2010); Ogden (2012).

Wavelets are a system of orthonormal basis functions for L?([0,1]). Wavelets are popular
for representing functions because they allow time and frequency localization (Daubechies,
1990) as opposed to, say, Fourier bases, which allow only frequency localization. Addition-
ally, wavelet-based methods are computationally efficient; the main ingredient of wavelet
regression is the discrete wavelet transform (DWT) and its inverse (IDWT) which can be
computed in O(n) operations (Mallat, 1989). Unfortunately, traditional wavelet methods re-

quire stringent conditions on the data, specifically that z; = i/n with n = 27 for some integer
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J. This is not a problem in many signal processing applications with regularly sampled sig-
nals; however, in general non-parametric regression, this condition will rarely be satisfied. A
simple solution for general data types is to ignore irregular spacing of data (Cai and Brown,
1999; Sardy et al., 1999) and/or artificially extend the signal such that n = 27 (Strang
and Nguyen, 1996, Ch. 8). Other solutions include transformations (Cai and Brown, 1998;
Pensky and Vidakovic, 2001) or interpolation (Hall et al., 1997; Kovac and Silverman, 2000;
Antoniadis and Fan, 2001) of the data to a regular grid of size 27. The literature on uni-
variate wavelet methods is quite extensive and cannot be adequately discussed within this
chapter. In contrast, the literature on wavelet methods for multiple covariates is rather

limited, particularly when the number of covariates is large.

For the multivariate settings with a; € R? for p > 2, we consider estimating an additive
model, that is f(a:z) =2, f; (xi;). Additive models naturally extend linear models to
capture non-linear conditional relationships, while retaining some interpretability; they also
do not suffer from the curse of dimensionality. Despite these benefits, wavelet-based additive
models have received limited attention. This is most likely because data with multiple
covariates are rarely available on a regular grid of size n = 27. Sardy and Tseng (2004) fit
additive models by treating data as if regularly spaced; however, they do not discuss the
case when n is not a power of 2. A number of proposals transform the data to a regular
grid (Amato and Antoniadis, 2001; Zhang et al., 2003; Grez and Vidakovic, 2018). However,
to do this, the density of the covariates must be estimated, which unnecessarily invokes the
curse of dimensionality. In addition, to the best of our knowledge, there are no wavelet-based
methods for fitting additive models in high dimensions (when p > n) that induce sparsity,
i.e., for many j, give a solution with ]/”; = 0.

In this chapter, we give a simple proposal that effectively extends wavelet-based methods
to non-parametric modeling with a potentially large number of covariates. More specifically,
we present an interpolation-based approach for dealing with irregularly spaced data when
n is not necessarily a power of 2. However, unlike existing interpolation methods, we do

not transform the raw data (x;,y;). As a result, our method naturally extends to additive
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and sparse additive models. We also propose a penalized estimation framework to induce
sparsity in high dimensions. We develop a proximal gradient descent method for computation
of our estimator, which leverages fast algorithms for DWT and sparse matrix multiplication.
Furthermore, we establish adaptive minimax convergence rates (up to a logn factor) similar
to that of existing wavelet methods for regularly spaced data. We also establish convergence
rates for our (sparse) additive proposal for a potentially large number of covariates. We
discuss some extensions of our proposal to generalized additive models and an adaptive

version of our proposal which exhibits improved performance.

The remainder of this chapter is organized as follows. In Section 5.2 we present our
univariate, additive and sparse additive proposals. The univariate case (p = 1) is mainly
presented to motivate our proposal. We also present our main algorithm for computing the
estimator. In Section 5.3 we establish the convergence rates of our estimators, and present

empirical studies in Section 5.4. Concluding remarks are presented in Section 5.5.

5.2 DMethodology

5.2.1 Short background on wavelets

We begin with a quick review of wavelet methods for nonparametric regression covering 3
main ingredients: (1) wavelet basis functions, (2) the discrete wavelet transform (DWT) and,
(3) shrinkage.

First, wavelets are a system of orthonormal basis functions for L2([0,1]) or L*(R). The
bases are generated by translations and dilations of special functions ¢(-) and ¢ (-) called

the father and mother wavelet, respectively. In greater detail, for any jo > 0, a function

f € L*(]0,1]) can be written as

200 —1 oo 20-1

F@) =) aipdion(®) + Y Y Bitbe(), (5.1)

Jj=jo k=0
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where

dir(x) = 220X x — k), () = 2%z — k).

The coefficients o, and Bj; are called the father and mother wavelet coefficients, re-
spectively. The index j is called the resolution level and jo is the minimum resolution
level. Different choices of ¢ and i generate various wavelet families; popular choices are
Daubechies (Daubechies, 1988), Coiflets (Daubechies, 1993), Meyer wavelets (Meyer, 1985),
and Spline wavelets (Chui, 1992); for an overview of wavelet families, see Ogden (2012).
Here, we can consider functions with a truncated basis expansion, i.e., functions of the
form f(x) = ZZ]:O()_l QjokPiok(T) + Zj:jo Zij:_ol Bixjk(x), for some J. For regular data
with #; = i/n (i = 1,...,n) and n = 2’ for some J, we can calculate the vector f =

f(1/n), f(2/n),..., f(n/n)]" efficiently via our second ingredient described next.

Any vector f = [f(1/n), f(2/n),..., f(n/n)]", for function f with truncated wavelet ba-
sis expansion of order J, can be written as a linear combination of that truncated wavelet ba-
sis. In particular f = W 'd, where d = (ozjoo, o Qgaio—15 B0, Bty - - - ,/BJQJ_l)T is the vec-
tor of wavelet coefficients, and the rows of W contain the corresponding wavelet basis func-
tions evaluated at x; = i/n. Specifically, W is an orthogonal matrix with W ~ /n;,(i/n),
or Wi; &~ v/n;(i/n), for some [; the \/n factor is due to convention in the literature and soft-
ware implementation. By orthogonality, d = W f; this transformation from f to its wavelet
coefficients via multiplication by W is known as the discrete wavelet transform (DWT). The
transformation from wavelet coefficients to fitted values, via multiplication by W' is known
as the inverse discrete wavelet transform (IDWT). The DWT and IDWT can be computed
in O(n) operations via Mallat’s pyramid algorithm (Mallat, 1989). However, this is only

possible for n = 27.

Finally, shrinkage is employed to give the estimates of the form f = WTJ; for ease of
exposition, we will assume j, = 0; i.e., all except the first element of d correspond to mother

wavelet coefficients. Our methodology and theoretical results do not depend on the choice
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of jo. The wavelet shrinkage estimator is given by

d argmin%”y— WTd|3+ 2 |dil, (5.2)
dern P

for a positive tuning parameter A, and given data {(i/n,y;) € R* : i« = 1,...,n}. The
{1 penalty shrinks the mother coefficients and also induces sparsity. The sparsity-inducing
penalty is motivated by the desirable parsimony property of wavelets: many functions in
L?([0,1]) are a sparse linear combination of wavelet bases. The optimization problem (5.2)
can be solved exactly as follows: define d = Wy, the DWT of y. Then, 31 = 671 and CZ =
sgn(d;)(|di| — 2)\)+ (i = 2,...,n) where (z); = max(z,0). Thus, for regularly spaced data
with n = 27, wavelet bases provide an efficient nonparametric estimator. In the following
subsection, we discuss some existing methods for dealing with irregularly spaced data and

present our novel proposal, waveMesh.

5.2.2 A nowvel interpolation scheme

The common approach to dealing with irregularly spaced data is to map outcomes at the
data {(z;,y;) € R* : i =1,...,n} to approximate outcomes on the regular grid {(i/n,y}) €
R?:i=1,...,27} via either interpolation or transformation of the data. The novelty of our
approach is a reversal of the direction of interpolation, i.e., interpolation from fitted values
on the regular grid i/27 (i = 1,...,27) to approximated fits on the raw data z; (i = 1,...,n).
In greater detail, given f = [f(1/K),..., f(K/K)], a vector of fitted values on the regular
grid at i/K (i =1,...,K =27), we define f(-) as the function obtained by interpolation of
f. Specifically, we are interested in interpolation schemes defined as linear transformations
of f. For example, linear interpolation gives f(z) = r(z)T f, where r(z) = t(x)e| ke +
(1 —t(z))erkqa, with t(2) = (Kz — |Kz])/(|[Kz| — [ Kz]), where e; is the j-th coordinate
vector. Given such an interpolation scheme, let R € R’ = (r(xy),...,7r(z,))" denote our

interpolation matrix; note that Rf = [f(wl), ..., f(z,)]". Our proposal, waveMesh, solves
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the following convex optimization problem

d argg;n —||y BRW'd|5+ A|ld_1]|1, (5.3)
de

where K = 2M°2nl d_| = [dy,...,d,]7 € RE"! and W € RE*K is the usual DWT
matrix. To evaluate the waveMesh estimate at a new point « € R, one can use 1"(x)TWTc?7
with 7(-) as given by the chosen interpolation scheme. The advantage of waveMesh, over
existing methods, is that it can naturally be extended to additive models. Given data
{(z;,y;) e RFFL i =1,... n}, let R; € R™X be the interpolation matrix corresponding to
covariate j, that is, R; f = [f(:vlj), ce f(mnj)]T. Then, waveMesh can be extended to fitting

additive models by the following optimization problem:

cil,...,c/l\ — argmm —Hy ZR wW'd, 11, (5.4)

dp ERK

and f = [f(z1),..., f(zn)]" = i fi= > R,W'd;. Finally, we can extend additive
waveMesh to fitting sparse additive models for a potentially large number of covariates. This

can be achieved by adding a sparsity inducing penalty for each component f; as follows:

c/l\l,.. d — argmm —Hy ZR

dy,....dp ERK

ldj—1ll + o[ R;W T dylz] . (5.5)
5.2.8  Algorithm for waveMesh and sparse additive waveMesh

We now present a proximal gradient descent algorithm (Parikh and Boyd, 2014) for solving
the optimization problem (5.3). For convex loss ¢ and penalty P, the proximal gradient

descent algorithm iteratively finds the minimizer of {¢(d) + P(d)} via the iteration:

1
d™Y « argmin —H (dD —#,ve(dD)) -

dcRK

p(d),
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for a step-size t; > 0. The algorithm is guaranteed to converge as long as t; < L~! where
L is the Lipschitz constant of V/(-). The step-size can be fixed or selected via a line search

algorithm. For (5.3), we obtain the following iterative scheme:

1 2
d™Y «— argmin —H{(IK —~t4RTR)W TdY + thTy} — WTdH +aMdG L (5.6)
2

dcRK 2

Our algorithm has a number of desirable features which make it computationally efficient.
Firstly, (5.6) is the traditional wavelet problem for regularly spaced data (5.2), with response
vector r = {(Ix — tRTR)W "d" + t;R"y}. The vector 7 can efficiently be calculated via
the sparsity of R and Mallets algorithm for DWT. Secondly, we can use a fixed step size with
t = L;l}ix where L., is the maximum eigenvalue of R'R. Again, the maximum eigenvalue

can be efficiently computed for sparse matrices, e.g., if R is the linear interpolation matrix

then R R is tridiagonal, and its eigenvalues can be calculated in O(K log k) operations.

The procedure (5.6) can also be used to solve the additive (5.4) and sparse additive (5.5)

extensions via a block coordinate descent algorithm. Specifically, given a set of estimates d;

(j =1,...,p) we can fix all but one of the vectors d; and optimize over the non-fixed vector,
by solving
1
minimize S{lr; — RW I+ \alld i + o[ RW T dll, (5.7)

for some vector r; € R™. For additive waveMesh (A = 0), this reduces to the univariate
problem which can be solved via the algorithm (5.6). For sparse additive waveMesh (\y # 0),
the problem can be solved by solving (5.7) with Ay = 0 following by a soft-scaling opera-

tion (Lemma 3.3). We detail our algorithm for sparse additive waveMesh in Appendix D.1.

5.2.4 Some extensions and variations

In this subsection, we discuss some variations and extensions of waveMesh, namely (1) using a
conservative order for the wavelet basis expansion, (2) extending waveMesh for more general

loss functions and, (3) using a weighted ¢; penalty for shrinkage of wavelet coefficients.
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While in (5.3) we set K = 28271 e could, instead, set K to be any power of 2. Since
the main computational step in our algorithm is the DWT and IDWT which requires O(K)
operations, a smaller value of K can greatly reduce the computation time. Furthermore,
using a smaller K can lead to superior predictive performance in some settings; this is
formalized in our theoretical results of Section 5.3 and observed in the simulation studies of

Section 5.4.

Secondly, waveMesh can be extended to other loss functions appropriate for various data
types. For example, we can extend our methodology to the setting of binary classification
via a logistic loss function. Let y; € {—1,1} (i = 1,...,n) be the observed response. For the

univariate case, we get

—~ 1<
d ¢ argmin - > “log (1+ exp [~y (RWTd),]) + Alld_ s (5.8)

deRK i1
Like the least squares loss, this naturally extends to (sparse) additive models. The prob-
lem can be efficiently solved via a proximal gradient descent algorithm described in the

supplementary material.

Finally, we consider a variation of our #; penalty motivated by the SURESHRINK procedure
of Donoho and Johnstone (1995). For a vector d € R of discrete father and mother wavelet
coefficients, denote by d; the discrete mother wavelet coefficients at resolution level j. For
this particular extensions, we require that the minimum resolution level jo > 1. We then

propose to solve

logy, K
~ 1 .
d ¢ argmin o[y — RW |5+ > v/2log(j)lldy - (5.9)
€ Jj=jo

In Section 5.4 we show that the above estimator outperforms the usual waveMesh estimator

(5.3) in terms of prediction error.
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5.3 Theoretical results

In this section, we study finite sample properties of our univariate estimator (5.3), and
sparse additive estimator (5.5). We begin with a quick introduction to Besov spaces and
their connection to wavelet bases. We establish minimax convergence rates (up to a logn
factor) for our univariate proposal. We note that our estimator (5.3) ca be seen as a lasso
estimator Tibshirani (1996) with design matrix RW '; this allows us to use well-known
results for the lasso estimator to easily establish minimax rates. Finally, we also establish

rates for the sparse additive waveMesh proposal for a specific penalty.

s

o.0> are function spaces with specific degrees of

s < C’}, for the Besov

41,92

Besov spaces on the unit interval, B

smoothness in their derivative, i.e., BS = = {g e L*([0,1]) : ||g|

q1,92

norm || - ||gs . The constants (s, ¢, ¢2) are the parameters of Besov spaces; for a function
1,92 PAD !

g € L*([0,1]) with the wavelet bases expansion (5.1), the Besov norm is defined as

[e'e) q2 1/‘]2
ol .. = el + [Z {2f<5+1/2—1/m>||ﬁj||m} } | (5.10)

J=jo

where a;, € R?" is the vector of father wavelet coefficients with minimum resolution level jo

and B; € R? is the vector of mother wavelet coefficients at resolution level 7. For complete-

ness, we also define [|g|ls; . = llajolle + sup;s, {2itF1/2=1a)) 3 |, . We consider Besov
spaces because they generalize well-known classes such as the Sobolev (B3 ,, s = 1,2,...),
and Holder (B3, ., s > 0) spaces and the class of bounded total variation functions (sand-
wiched between B11,1 and Bioo). The theorem below establishes near minimax convergence
rates for the prediction error of our estimator. An attractive feature of our estimator is that
it achieves this rate without any information about the parameters (s, ¢, ¢2). We recover
the usual wavelet rates of Donoho (1995) under the special case when z; = i/n and R = I,.
Additionally, the theorem justifies the use of K < n basis functions: if the true function

is sufficiently smooth, we recover the usual rates with an additional log K factor instead of

log n.
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Theorem 5.1. Consider the model y; = f°(z;) + & (i = 1,...,n) for mean zero, sub-

Gaussian noise ;. Define the estimator f: RW'd = [f(x1), ..., f(x)]T for linear inter-

polation matrix R where

~ 1
d « argmin —|ly — RW 'd|? + \||d_1|1,
deRK 2

for the usual DWT transform matriv W € REXE gssociated with some orthogonal wavelet
family.  Further define, £° = [f%(x1),..., f%z,)]7 and fO = [f°(1/K),..., fO(K/K)]".

Assume that fO € By, 4, and the mother wavelet v, has r null moments and r continuous

derivatives where r > max{1,s}. Suppose X > c1/t?> +2log K for some t > 0. Then,
for sufficiently large K (specifically K > cin/®*Y for some constant c1), we have with

probability at-least 1 — 2 exp(—t*/2) the following inequality:

-7

2s
2 log K\ 2 ~
<o (M) 2 e - R
2 n n

where the constant ¢ depends on R and the distribution of €;, and the constant C' depends

on R.

The above theorem includes an interpolation error term || f° — Rf°||2. For a sufficiently
large K (particularly K = n), with any reasonable interpolator, the approximation error will
disappear.

For the sparse additive model, we consider a different model motivated by the Besov

norm (5.10). The theorem below provides convergence rates for the estimated function at

the data f = > ]/”; =0 RjWTc/l; where

~ ~ 1 L
dy,...,d, < argmin —Hy — ZRjWde
j=1

dl,...,dpeRKz

2 p
t > [MPudy) + X[ RW Tdyll] . (5.11)

where the penalty P is the discrete version of the Besov norm for By ;. Specifically, for

d a vector of father coefficients, o, (K = 0,...,2% — 1), and mother wavelet coefficients
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Bik (J =Joy---,JJ;k=0,...,27 —1) the penalty is

270 -1 27 -1

Z k] +Z (2] s=1/2) Z |5]ky) (5.12)

J=Jo

Convergence rates for our proposal waveMesh can easily be derived using the general
theoretical framework of Section 4.4.5. With a similar compatibility condition (stated below)
we can prove minimax rates for waveMesh without any additional work. As a special case,
we also establish minimax convergence rates for the low-dimensional problem for which the
compatibility condition trivially holds. Furthermore, the compatibility condition can be
relaxed at the cost of proving a slower rate, similar to the slow rates of Theorem 4.4. The

final ingredient is entropy bounds for the Besov space B _ ; such bounds are well established

q1, fI27

in the literature, see for example Nickl and Potscher (2007).

Definition 8. The compatibility condition is said to hold for an index set S, C {1,2,...,p},
with compatibility constant 9(S,.) > 0, if for all v > 0 and any set of discrete wavelet
coefficients vector (dy, ..., d,), that satisfy

S 0 RW s +72P ) <3) (IR;W Ty,

JESE JESK
it holds that
> IRWd; . < S|
]6 *
Theorem 5.2. Assume the model y; = f(x;) + & (i = 1,...,n) with mean zero, sub-

Gaussian ;. Let | = P f] be as defined in (5.11), and let

=) fi=) RW'd

JES« JES«
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be an arbitrary sparse additive function with S, C {1,2,...,p}. Let

—2s/(2s+1) ( 1/2}

p = kmax{n logp/n)

for a constant k that depends on the distribution of €; and s. Suppose X > 4p. Then, with

probability at-least 1 — 2 exp(—cinp?) — ¢y exp(—canp?), we have

1 =112 s log p\1/2 1 «]|2

-7, < comax {isnmm IS (F22) T+ 150 £

n 2 n n
where constants ci,co depend on the distribution of €; and s, and C depends on k and
S| 71 3 es. Po(d;). Furthermore, if the compatibility condition holds for S. with constant
Y(S,) we have

2
2

% Hfo — f Hz < (O max{|5*|n_2§i1, |3*|10i;p} + % Hfo - f"

where the constant Cy depends on ¥(S,) and |S.]7' Y s Pu(d}).

JES«
5.4 Simulation studies

5.4.1 Simulation for univariate regression

We begin with a simulation to compare the performance of univariate waveMesh to the
traditional interpolation method of Kovac and Silverman (2000), isometric wavelet method
of Sardy et al. (1999)—which treats the data as if it were regularly spaced—and adaptive
lifting method of Nunes et al. (2006). The former two methods are implemented in the R
package wavethres (Nason, 2016) and the latter is implemented in the adlift (Nunes and
Knight, 2017) package.

We generate the data as y; = f%(z;) +&; (i = 1,...,n) for different choices of function
f% and n. To facilitate comparison with isometric wavelets, we consider only samples sizes

that were a power of 2. The errors are distributed as ¢; ~ A(0,0?) with o2 chosen such
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Figure 5.1: Plots of functions f° for the simulation study of Section 5.4. Functions in green
are the most smooth and well-behaved followed by functions with moderate smoothness in or-
ange. Finally, functions in red are highly irregular functions, e.g., functions with unbounded
total variation.

that SNR = 5, where SNR = var(f)/c%. We consider two different choices of the covariate,
x; ~ U[0,1] and x; ~ N(0,1) scaled to lie in [0,1]. We consider 6 different choices for
the function fY shown in Figure 5.1. We apply our proposal, waveMesh, the interpolation
proposal of Kovac and Silverman (2000) and isometric wavelet proposal of Sardy et al. (1999),
for a sequence of 50 A values linear on the log scale and select the A value which minimizes
the mean square error, MSE = n*1||f0 — sz For adaptive lifting, the R implementation

automatically selects a tuning parameter. We also implement waveMesh using a small grid,

i.e., we fit 5.3 with K = 2° and 2°.

Table 5.1 shows the ratio of MSE between our proposal with K = 2M°&27] and other

proposals for uniformly distributed x;. We observe that our proposal has the smallest MSE
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for all functions except the Bumps function. Even for the Bumps function, waveMesh exhibits
superior prediction performance over other methods for n = 512. We also observe that
waveMesh with smaller values of K often outperforms the full waveMesh (K = 2[log271)
method in terms of MSE. Results for normally distributed z; are presented in Table 5.2. In
that case, we again observe that our method outperforms existing methods for a number of

simulation scenarios, except for a few cases with polynomial and Bumps functions.

5.4.2  Simulation for multivariate additive regression

We proceed with a simulation study to illustrate the performance of additive waveMesh
compared to the the proposal of Sardy and Tseng (2004), AMlet. We use the author-provided
R implementation for the Amlet proposal; due to a lack of R packages for other proposals
we defer the comparison to future work. We consider the following simulation setting: we
generate data with y; = fi(wi) + fo(zi2) + f3(zi3) + fa(zu) +& (@ = 1,...,219), where
gi ~ N(0,0%), x; ~ U[0,1], ans o2 such that SNR = 10. The four functions fi,..., f; are
the polynomial, sine, piecewise polynomial and heavy sine functions presented in Figure 5.1.
We consider sample sizes n = 2¢,27, 2% and 2% and results were averaged over 100 data sets.
Sample sizes were powers of 2 to facilitate comparison to AMlet; existing R implementation
of AMlet requires sample size to be a power of 2. The universal threshold rule was used for
AMlet as detailed in Sardy and Tseng (2004), 5-fold cross validation was used for additive
waveMesh for selection of .

Table 5.3 shows the MSE of both proposals for various choices of n. The results clearly
indicate that additive waveMesh offers substantial improvement over AMlet, especially for
smaller values of n. These results support our theoretical analysis and underscore the ad-

vantages of waveMesh in sparse high-dimensional additive models.

5.4.3 Effect of truncation level K

In this subsection, we present simulation results which study the effects of using different

truncation levels K. In Figures 5.2 to 5.7 we plot the results for each of the 6 functions
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Table 5.1: Table of results for x; ~ U[0, 1] averaged over 100 replications of the data. The
table presents the ratio MSE / MSE g along with 100x the standard error, where MSEpq
is the MSE of waveMesh with K = 2/°e2"1  Boldface values represent the method with the
smallest MSE within each row of the table.

waveMesh  waveMesh Interpolation Isometric — Adaptive Lifting

K =2 K =26
Polynomial n =64 1.19 (5.51) 1.00 (0.00) 1.24 (4.11) 1.78 (7.56)  4.28 (29.86)
n =128 092 (557) 0.77 (3.07) 1.12(6.00) 1.33 (7.18)  3.57 (31.27)
n =256 1.00(6.20) 0.85(3.15) 1.61(9.04) 1.50 (7.67)  4.29 (31.29)
n=>512 0.78(3.18) 0.72 (2.58) 1.76 (6.11) 1.13 (2.64)  3.61 (26.47)
Sine n=64 0.97 (3.14) 1.00(0.00) 147 (5.81) 1.59 (6.72)  3.62 (33.65)
n =128 0.76 (3.18) 0.76 (1.96) 1.29 (6.08) 1.46 (5.24)  2.98 (19.78)
n =256 0.66 (2.50) 0.70 (2.22) 1.93 (9.49) 1.34 (4.23)  3.41 (18.80)
n =512 057 (2.34) 0.56(2.22) 213 (7.78) 1.24 (3.66)  3.63 (28.42)
Piccewise n =064 0.85 (1.97) 1.00 (0.00) 1.18 (3.12) 1.31 (3.62) 1.63 (9.07)
Polynomial n =128 0.77 (2.00) 0.82 (1.52) 1.26 (2.75) 1.2 (2.61) 1.40 (7.36)
n =256 0.82(1.92) 0.79 (1.59) 1.42(3.18) 1.14 (2.11) 1.15 (6.04)
n=>512 101 (243) 0.86 (1.70) 1.71 (3.56)  1.15 (1.99) 1.25 (7.24)
Heavy Sine n =64 0.84 (2.44) 1.00 (0.00) 1.12 (3.04)  1.41 (3.17) 1.70 (8.35)
n =128 0.75(2.66) 0.82(1.16) 1.17(3.32)  1.50 (4.75) 1.56 (8.26)
n =256 0.66(1.64) 0.72(1.14) 1.37(2.98) 1.33 (2.58) 1.53 (6.74)
n=>512 0.58 (1.59) 0.60 (1.18)  1.58 (3.05)  1.29 (1.60) 1.50 (9.21)
Bumps n=64 211(230) 1.00(0.00) 170 (1.75) 0.72 (1.34)  1.07 (5.12)
n =128 286 (2.77) 2.11(1.62) 1.40 (1.59) 0.63 (0.83)  0.85 (2.43)
n =256 481 (6.82) 3.47(4.39) 143 (1.89) 0.88(0.99)  0.97 (2.00)
n=>512 7.45(9.13) 5.69 (6.77) 1.32(1.35) 1.19 (1.03)  1.23 (2.34)
Doppler ~ n =064 0.98 (1.69) 1.00 (0.00) 1.15 (3.45)  1.33 (3.20) 1.30 (3.65)
n =128 1.24(2.02) 0.89 (1.04) 1.07 (2.13) 1.4 (2.57) 1.18 (3.22)
n =256 1.71(3.92) 0.94(1.38) 1.20 (2.11)  1.29 (1.99) 1.30 (3.44)
n =512 258 (4.85) 1.26(2.01) 121 (1.48) 1.10(1.31)  1.23 (3.36)
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Table 5.2: Table of results for x; ~ N(0, 1) averaged over 100 replications of the data. The
table presents the ratio MSE / MSE g along with 100x the standard error, where MSEpq
is the MSE of waveMesh with K = 2/°e2"1  Boldface values represent the method with the
smallest MSE within each row of the table.

waveMesh waveMesh  Interpolation  Isometric =~ Adaptive Lifting
K=2° K =26

Polynomial n =64 147 (13.17) 141 (11.32) 0.51 (3.04) 1.45 (10.11)  1.59 (9.30)
n =128 0.78(5.25) 0.77 (4.95)  0.40 (2.96)  0.87 (4.69) 0.88 (4.84)
(5.97)

)
n =256 0.39(3.75) 051 (3.89) 0.43(2.38)  0.64 (2.81) 0.76 (5.97
n=>512 090 (457) 0.77 (4.03) 0.29 (0.98)  0.43 (1.59) 0.33 (2.36)
Sine n=64 092 (955 0099 (1.49) 148 (11.85) 2.22(21.67)  3.61 (35.07)
n =128 0.89(8.74) 0091 (3.77) 1.71 (10.85) 1.83 (15.18)  3.53 (33.07)
n =256 0.48 (2.39) 0.73 (1.53) 148 (3.74) 151 (8.18)  2.73 (22.25)
n=>512 0.36(1.22) 064 (1.63) 103 (5.54)  0.74 (2.77) 1.21 (7.62)
Piccewise n =064 0.78 (1.92) 0.99 (1.01)  1.50 (6.50)  1.64 (7.54)  2.18 (14.06)
Polynomial n =128 0.86 (2.29) 0.83 (2.04) 1.89 (7.42)  1.59 (4.60) 1.65 (8.86)
n =256 1.25(3.80) 0.90 (2.22) 164 (5.21)  1.09 (3.24) 1.15 (6.94)
n=>512 1.79(2.71) 127 (2.34) 176 (3.24)  0.96 (1.54) 1.01 (4.29)
Heavy Sine n =64 0.73 (1.81) 1.00 (0.65)  1.23 (4.40)  1.26 (4.03) 1.54 (6.83)
n =128 0.54 (1.70) 0.78 (1.40)  1.30 (5.02)  1.14 (2.78) 1.12 (6.04)
n =256 0.47 (0.93) 0.65(0.98) 1.17 (3.08)  0.89 (1.99) 0.93 (5.45)
n =512 0.38(0.87) 054 (1.08) 140 (2.91)  0.77 (1.24) 0.84 (3.94)
Bumps n=64 127(0.62) 1.00(0.06) 085 (1.19) 0.36 (0.79)  0.53 (2.24)
n =128 340 (4.69) 2.25(281) 1.35(2.28) 0.69 (1.50)  0.76 (1.64)
n =256 6.49 (10.88) 3.71 (5.58)  1.31(2.03)  1.18 (1.41)  1.10' (2.52)
n =512 883(10.06) 543 (6.03) 129 (1.82) 128 (1.37)  1.11f (1.90)
Doppler ~ n =064 0.75 (1.84) 1.00 (0.67)  1.36 (4.74)  1.53 (4.32) 1.56 (6.01)
n=128 099 (1.87) 0.81 (1.44) 143 (4.75) 1.49 (3.81) 1.40 (4.35)
n =256 058 (1.11) 0.52(1.06) 1.26(3.25)  1.15 (1.86) 0.98 (3.77)
n=>512 098 (1.52) 0.58(1.05) 1.24 (2.38)  0.98 (1.48) 0.85 (2.21)
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considered in the simulation of Section 5.4.1.

In the left panel of each figure we plot the MSE as a function of sample size, n. This is
done for the full grid method where we take K = 282" and for waveMesh with K = 2%, 2°
and 2% which we refer to as 4 Grid, 5 Grid and 6 Grid, respectively. In the right panel of
each figure we present the computation time as a function of sample size n for waveMesh

with K = 24,25, 26 and 2827,

We see in Figures 5.6 and 5.7, that using a small order K leads to substantially high MSE.
This is most likely due to the nature of the underlying functions. The Doppler function is
an example of function which does not have a bounded variation, estimating such functions
by interpolation is extremely difficult and in general we need a full grid, i.e. K = n. On
the other hand for all other functions, i.e. polynomial, sine etc, we see a clear advantage of
using K = 27 basis functions. We also see in some figures that while using K = 25 leads
to substantially smaller MSE using too small a value of K can be lead to poor prediction

performance. We see this even in the simple cases of estimating a polynomial or sine function.

We notice on the right panels the clear computational advantage of using fewer than n
basis functions. We observe the computation time for fixed K generally does not vary too
much with increasing sample size. This is because the main computational step is the DWT
and IDWT via Mallets algorithm. The other matrix multiplications are sparse and can be

computed efficiently.

Table 5.3: MSE and standard error of additive waveMesh and AMlet over 100 data sets of
size n = 64, 128, 256, 512.

n =64 n =128 n = 256 n =512
Additive waveMesh 10.95 (0.28) 8.34 (0.17) 5.32 (0.10) 3.76 (0.06)
AMlet 100.48 (1.83) 45.49 (1.09) 19.57 (0.33) 8.90 (0.11)
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Figure 5.2: Results of simulation study of Section 5.4.3: Polynomial function.

Prediction Performance Timing Results
10.0-
. 7.5-
5 1o0- @ 8
u Method g Method
= 34 Grid £ 50- B34 Grid
=1 B3 5 Grid S B35 Grid
D B3 6 Grid = + B3 6 Grid
= + B3 Full Grid E + B3 Full Grid
5 ) g
= w
0.1 25- r
-
® -l-* w 4.""" - T -
1 1 1 1 1 1 1 1 O'O- 1 1 1 1 1 1 1 1
32 64 128 256 512 1024 2048 4096 32 64 128 256 512 1024 2048 4096
Sample Size Sample Size

Figure 5.3: Results of simulation study of Section 5.4.3: Sine function.
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Figure 5.4: Results of simulation study of Section 5.4.3: Piecewise Polynomial function.
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Figure 5.5: Results of simulation study of Section 5.4.3: Heavy sine function.

Method
B34 Grid
B35 Grid
B3 6 Grid
B3 Full Grid



Mean Square Error

Mean Square Error

+ 3

Prediction Performance Timing Results
10.0-
10- - =
TERPEEE
« - 7 75-
Method an +
& = L B3 4 Grid =
+ B35 Grid c
B3 6 Grid g s0- +
BaFulGrid 8
+ : +
=>
’ ;
2.5-
+ J
+ - o ;H'" —— e
1 1 1 1 1 1 1 1 OO- 1 1 1 1 1 1 1 1
32 64 128 256 512 1024 2048 4096 32 64 128 256 512 1024 2048 4096
Sample Size Sample Size
Figure 5.6: Results of simulation study of Section 5.4.3: Doppler function.
Prediction Performance Timing Results
* - - - - - -
+ - - | i - -
++ + # + - - T 7 9-
@
104 + Method qg')
E3 4 Grid F o6-
I B3 5 Grid c +
B6Grid S
Brulcrid 8 +
I
>
+ é |

32

? L

+ - ++ B o e

1 1 1 1 1 1 1 O- 1 1 1 1 1 1 1 1

64 128 256 512 1024 2048 4096 32 64 128 256 512 1024 2048 4096
Sample Size Sample Size

Figure 5.7: Results of simulation study of Section 5.4.3: Bumps function.
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Figure 5.8: Results of simulation study of Section 5.4.4: Polynomial function.

5.4.4  Sitmulation study for adaptive waveMesh

In this subsection, we present some simulation results regarding the adaptive waveMesh
estimator (5.9). In the left panel of Figure 5.8 to 5.13 we present the MSE as a function
of sample size for regular waveMesh with K = n and adaptive waveMesh. We present the
minimum MSE over a sequence of 50 A values. We see that our adaptive estimator uniformly
outperforms the regular estimator in terms of prediction error. The results indicates that
if we have a good procedure for selecting the tuning parameter, i.e., if we pick close to the

theoretically ideal tuning parameter then adaptive waveMesh will have a lower MSE.

5.5 Discussion

In this chapter, we introduced waveMesh, a novel method for non-parametric regression using

wavelets. Unlike traditional methods, waveMesh does not require the independent variable
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Figure 5.9: Results of simulation study of Section 5.4.4: Sine function.
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to be uniformly spaced on the unit interval nor does it require the sample size to be a power

of 2. We achieve this using a novel interpolation approach for wavelets. The main appeal

of our proposal is that it naturally extends to multivariate additive models for a potentially

large number of covariates.

We proposed an efficient proximal gradient descent algorithm, which leverages exiting

techniques for fast computation of the DWT. We established minimax convergence rates for

our univariate proposal over a large class of Besov spaces. For a particular Besov space, we

also establish minimax convergence rates for our (sparse) additive framework.
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Chapter 6
DISCUSSION

6.1 Summary

In this dissertation we presented a number of techniques for moving beyond linearity when
modelling data in high dimensions. We presented two general frameworks for fitting (1)
interaction models with strong heredity and (2) additive models, in high dimensions. The
strength of our general frameworks is that they bridge gaps in the existing literature and
facilitate the development of future estimators.

In Chapter 2, we proposed FAMILY, for fitting interaction models with strong heredity.
FAMILY leveraged the sparsity-inducing properties of group penalties and resulting sparsity
pattern by using overlapping groups. Our proposal is a generalization of several existing
methods, such as VANISH, hierNet, the all-pairs lasso, and the lasso using only main effects.
FAMILY can be formulated as the solution to a convex optimization problem, which we solved
using an efficient alternating directions method of multipliers (ADMM) algorithm. The
algorithm has guaranteed convergence to the global optimum, can be easily specialized to
any convex penalty function of interest, and allows for a straightforward extension to the
setting of generalized linear models. We derived an unbiased estimator of the degrees of
freedom of FAMILY, and explored its performance in a simulation study and on an HIV
sequence dataset.

In Chapter 3, we presented a unified framework for estimation of generalized additive
models in high dimensions. We discussed how our framework, PGSAME, defines a large class
of penalized regression estimators, encompassing many existing methods. We presented an
efficient computational algorithm for PGSAMEs that easily scales to thousands of observations

and features. We proved minimax optimal convergence bounds on these estimators under a
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weak compatibility condition. In addition, we characterized the rate of convergence when
this compatibility condition is not met. Finally, we also showed that the optimal penalty
parameters for our structure and sparsity penalties are linked, allowing cross-validation to
be conducted over only a single tuning parameter. We complemented our theoretical results

with empirical studies comparing some existing methods.

In Chapter 4, we proposed a convex, penalized estimator for nonparametric regression
and extended it to sparse additive models for a potentially large number of covariates. We
proposed a hierarchical group lasso penalty which allowed automatic selection of truncation
level of a basis expansion. Thus our proposal simultaneously achieves parsimony and adap-
tivity in a computationally efficient framework. We demonstrated these properties through
empirical studies on both real and simulated datasets. We developed an efficient algorithm
for our proposal that scales similarly to the lasso with the number of covariates and sample
size. We showed that our estimator converges at the minimax rate for functions within a
hierarchical class. We further established minimax rates for a large class of sparse additive

models.

In Chapter 5, we presented waveMesh, a novel approach for nonparametric regression us-
ing wavelet basis functions. Our proposal can be applied to non-equispaced data with sample
size not necessarily a power of 2. We developed an efficient proximal gradient descent algo-
rithm for computing the estimator and established adaptive minimax convergence rates. The
main appeal of waveMesh was demonstrated by the natural extensions to additive and sparse
additive models for a potentially large number of covariates. We discussed how waveMesh can
be extended to general, convex loss functions, and proposed adaptive waveMesh, a variation
which led to improved prediction performance. We proved minimax optimal convergence
rates under a weak compatibility condition for sparse additive models. We specialized our
results to the low-dimensional case where the compatibility condition holds; in addition, we
established convergence rates for when the condition is not met. Our theoretical results were

complemented with an empirical study comparing waveMesh to existing methods.
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6.2 Limitations of dissertation work

In this section, we highlight some issues and limitations of our work. Addressing these

limitations is a promising direction for future research.

e The choice of tuning parameters is an open problem. Most of our theoretical results
established convergence rates under the so-called prediction optimal tuning parame-
ter. Prediction optimal tuning parameters were presented up to a constant. Accurate
estimation of the optimal tuning parameters is an interesting challenge. This is a partic-
ular limitation in the case of our univariate waveMesh proposal, because many existing

wavelet methods offer a theoretically motivated estimator for the tuning parameters.

o Results regarding convergence rates ignored constants. The convergence rates presented
throughout this section did not optimize or explicitly specify constants. Many conver-

gence rates for the estimation of f° were of the form
||J?— fOI? < constant x rate,

e.g., for nonparametric univariate regression we had rate = n"~ 2011, While ignoring the
constants is common in the nonparametric literature, it would be desirable to get some
bounds for the constant term. One limitation of our work is that we cannot guarantee

that the constant is not too large.

o The compatibility condition for sparse additive models was not verified to hold. Our
theoretical results for (generalized) sparse additive models relied on the compatibility
condition. A few authors in the literature prove the compatibility condition holds with
high probability (Meier et al., 2009; van de Geer, 2010) while others impose conditions,
such as independence of covariates, to prove a similar restricted eigenvalue condition

or restricted strong convexity condition (Raskutti et al., 2012). In the spirit of our
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general framework, it would be desirable to derive sufficient conditions under which

compatibility holds with high probability.

6.3 Future research

The work presented in this dissertation can be extended in many ways. As discussed in
the final section of Chapter 2, FAMILY can easily be extended to higher order interactions
terms. An efficient implementation and empirical comparison of such a technique for high
dimensional data is a promising avenue for future research. Furthermore, the recent work
on studying the finite sample properties of general sparsity inducing penalties (van de Geer,
2016), can be leveraged to establish convergence rates for FAMILY. We conjecture that it can
be theoretically shown that using our proposal can achieve better rates than the all-pairs

lasso over the class of models that obey strong heredity.

The work on additive models from Chapters 3 to 5 can also be extended in various ways.
One possible extension is adding interaction terms to the additive model, i.e., a model of the

form:

f@) = fr(w) + -+ folxp) + fralen, w2) + - + foo1p(Tp-1, 7). (6.1)

This problem raises the same challenges as Chapter 2 regarding interaction terms and im-
posing strong or weak heredity constraints. The nonparametric nature of the model does
not allow a simple extension of our framework, FAMILY. However, it also offers exciting new
opportunities for building more flexible models by allowing the order of interactions to grow;

enforcing sparsity can allow us to build such models in high-dimensions.

Another direction of future research is developing smoothness adaptive estimators for
additive models. We believe that our wavelet proposal, waveMesh, is well suited for this
task. We discuss this in some detail here. Firstly, recall that by smoothness adaptive, we

mean estimators which can adapt to the smoothness level of the underlying function class.
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Recall the univariate smoothing spline estimator
~ 1
d < argmin §||y—Nd||i+A||Dmd||i, (6.2)
d

where N, ; = ¢;(z;) and [D) D] = fw](.m) ()™ (t) dt. For the estimator f = Nd we
obtain convergence rates of the form:

||.]/C\_ f0| i 5 n*%7
if Y belongs to the m-th order Sobolev class. The smoothness order, m, needs to be specified

correctly in (6.2) to obtain the correct rate; thus, smoothing splines are not smoothness

adaptive. On the other hand the waveMesh estimator
~ 1
d + argmin §||y—RWTdHi+)\Hd_1H%, (6.3)
d

achieves the same rate (6.3) without requiring any knowledge of the smoothness order of
f° Thus we showed in Theorem 5.1 that waveMesh is smoothness adaptive. In fact, the
smoothness adaptivity of wavelets is well known in the literature, see, e.g., Donoho and

Johnstone (1995).

A more challenging problem, however, is building smoothness adaptive estimators for
additive models. This is challenging because now different components can have different

smoothness orders. Ideally we would like to achieve rates of the form
ID (=S Y n . (6.4)
J J

Establishing such rates generally requires either correct specification of a smoothness
penalty or simultaneous selection of multiple tuning parameters for each component function.
We believe that rates like (6.4) can be achieved by a single tuning parameter of our additive

waveMesh proposal. We present a sketch of the proof here. For convenience, we will ignore
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the interpolation error term. Note that our (non-sparse) additive proposal can be written as

d + argmin —||y Xd||? + Mdasl|1, (6.5)

deRrPK

where X = [RiIW ' |R,W|---|R,_\WT|R,W '] € R"PK and d,, is the vector of all
mother wavelet coefficients. Just as we proceeded in the univariate case, we note that the

problem (6.5) is a lasso problem and (under suitable assumptions) we can establish rates of

the form
Jog(pK) ]
H§j =l s s—=—+> I = Kl (6.6)
— J
(1)
where s = ||d"||o for the oracle f; = RjWde*-. In the univariate case, we selected s such

that it balanced the terms (/) and (/) and achieved the minimax rate. We can do this

again by defining s; = ||d}|[o and noting that

1 K
H}j P\2<sogp E:Mf—fwn

=3 (s bng - £12).

J

As in the univariate case, we believe the optimal s; (obtained by selecting an appropriate
f;) will balance the two terms for each component leading to the rate (6.4) up to a log(pK)
factor. The additional log term which appears here and also in our univariate proposal is
unfortunate. However, we believe this term can be eliminated by appropriately weighting
the wavelet penalty or using adaptive rates as done in the adaptive lasso (Zou, 2006). The
main challenge of the above approach will be careful treatment of the various details, such

as interpolation error, validation of the compatibility condition, etc.

Finally, moving on to the goal of sparse additive waveMesh, we consider a slight variation
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of our proposal

~ ~ 1
di,...,d, < argmin -y — RW A2+ Millds 1+ Aollds o (6.7)

d; €RK j

The problem (6.7) is simply the sparse group lasso problem of Simon et al. (2013). We may
be able to establish smoothness adaptive rates if we can establish lasso-like rates for the
sparse group lasso. We believe this can be achieved using the recently proposed framework
of general sparsity inducing penalties (van de Geer, 2016). In fact, a generalization of this
problem to establishing rates of the hierarchical group lasso is of independent interest. We
conjecture that this might allow us to prove smoothness adaptability of our proposal in

Chapter 4.
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Appendix A

TECHNICAL DETAILS FOR “CONVEX MODELING OF
INTERACTIONS WITH STRONG HEREDITY?”

A.1 Alternating directions method of multipliers

A.1.1 Owverview of ADMM

We will solve (2.6) using the alternating directions method of multipliers (ADMM) algorithm,
which we briefly review here. We refer the reader to Boyd et al. (2011) for a detailed
discussion.

ADMM provides a simple, general, and efficient approach for solving a problem of the

form

mini;nize fi(z) + fox), (A1)

where f; and f, are convex, closed and proper. The key insight behind ADMM is that (A.1)

can be re-written as
minﬂiggize {fi(x) + f2(y)} subject to x = y. (A.2)
The augmented Lagrangian corresponding to (A.2) takes the form
Ly(z,y,7) = filz) + fo(y) +7 (@ — y) + (p/2)llz — ylf3,

where v is a dual variable and p € R is a positive constant. The resulting ADMM algorithm
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involves iterating the following steps until convergence,

= argmin L,(z, y",~*)
xTr

k+1

Yy =argmin L,(x"*! y,~%)

Yy
,Yk+1 — ,.Yk + p(:l:kJrl _ yk+1) 7

where k indexes the iterations. Under a few simple conditions, the ADMM algorithm con-
verges to the global optimum (Boyd et al., 2011).

A.1.2 FAMILY with squared error loss

A.1.2.1 The ADMM algorithm

The augmented Lagrangian corresponding to (2.6) was given in (2.16). The complete ADMM

algorithm is as follows:
1. Initialize p°, B°, ©° and T°.
2. Choose €7 > 0, gdual > (.

3. Repeat for i = 1,2,3,... until 7* < &7 and s’ < ™ where r’ and s* are the primal

and dual residuals, respectively, defined as

§' = pI(D|E|F) — (DB P
r = (B'B'|B) — (D[ B[ F)]|r.

(a) Update p’ as described in Boyd et al. (2011):

201 if it > 10501
Pl = p 2 it 100t < st

pt otherwise
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(b) Update B" as the solution to the least squares problem:
i 1 2
B' = argmin |y — W x B[},
B 2

3p
2

1

2
3pl [pz( i—1 +Ei71 +FZ'71) _ (1‘\7;171 ‘I‘Féﬁl +I1§71)i| — B

F

(c) Update D' and E' using the proximal operators discussed in Section 2.2.3.2:

) i . i—1 2

D' = arggnin 5D — (BZ + F;i )HF + A 200 Pr(Dj),
) i ) i—1\ [|2

Ef = argb[jnjn % FE — (BZ —+ %) HF + A9 252:1 PC(E,,k).

(d) Update F* as follows:

) ) T
F.Z,o = B.Z,o + 20

i . i F3i'_kl i I‘3i‘ k
Fj,k = Slgn (B_],k + p]i’ B],k + p‘zj

(e) Update I'" as follows:

_ 2 for j # 0,k # 0.
",

le — Fli—l +p2 (BZ . Dl) ’
1'\22 — F2i—1 _'_pz (Bz o Ez) ’

A.1.2.2  Update for B in step 3(b)

The update for B in Step 3(b) is a least squares problem with a n x (p; + 1)(p2 + 1) design

matrix. Here we show that clever matrix algebra can be applied in order to avoid solving
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this least squares problem in each iteration. For convenience, we omit the superscripts in
Step 3(b).

Let é, ﬁ, E’, ﬁ’, f‘l, fg, and f‘g denote the vectorized versions of B, D, E, F,T'{,T'5, and
T's. And let W denote the n x (p1 4+ 1)(p2 + 1)-dimensional matrix version of W. Then the

objective of Step 3(b) can be rewritten as

2

1 1
% (13+E+ﬁ\)/__ﬁ(g 4To4Ts) | \/_EW B| . (A.3)
. J3p E— V30T (14p1)(142) »

Therefore, before performing the ADMM algorithm described in Section A.1.2, we compute
the SVD of W. Then for each iteration of Step 3(b), the Woodbury matrix identity can be

very quickly applied in order to minimize (A.3).

A.1.3 FAMILY for generalized linear models

We now consider the extension of FAMILY to GLMs (Section 2.2.4). The resulting ADMM

algorithm is as in Section A.1.2, except that the update for B in Step 3(b) now takes the

form
1 3001 ... . , , . . 2
argmin (W« B)+ 22 - [P(DTTHET ) - (DT 4T ] - Bl L (A4)
BecR((P1+1)x(p2+1) n 2 3[) F

To solve this problem, we perform a second-order Taylor expansion of (A.4), in which we
approximate the Hessian using a multiple of the identity (e.g., for logistic regression, we use

the upper bound of (1/4)I). Details are omitted in the interest of brevity.



A.2 Proofs of results in Section 2.2

Proof of Lemma 2.2. The result follows from the definition of the dual norm.

P.(z) =sup{z'B: P(B) < 1}
=sup{z' B : max(|4i], [|B_]1) < 1}
= sup{z'B:[fi| <1and ||B_ || <1}
=sup{z101 + 21,8, : |61 < Tand [|B_,[ <1}
=sup{z1f1 : |81 <1} +sup{z],8_, : [|B_ [ <1}

= 2]+ |zl

Proof of Lemma 2.3. Consider the series of equalities:

win lly — B + \P(B) -

This is equivalent to the problem

- 2
min max 2||y BlI*+8"u

2 T
max mln— +
pnax, ||y Bl* + 5 u

= 2 AT
P(>§A2||y (y—uw|"+(y —u)u

el
max u— —\||u
Pi(u)<X y

1 2
max ——||u y||I* + constant.
Pe(u)<A

inimize =y — ul?
mlilé%}olze 2 y u

subject to |ui| + ||u_1|lc < A,

which, in turn, is equivalent to (2.17).
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A.2.1 Proof of Theorem 2.1

We consider the function

FO0) = Sllutn) — I (A.5)

where (A1) is a vector-valued function of \;, as defined in (2.18). We wish to minimize this

function over the interval [0, A]. We will prove this theorem using a series of claims.
Claim A.1. The function f(\1) is convex on R.

Proof. Note that

(1 —ur(M))* = (1 — v1)*1(pa] < A1) + (u1 — Aasign(1))*1([n] > M)
= (y1 — Ausign(y1))*1(Jya| > M) (A.6)

and
(% — wi(M)? = (g — (A = M)sign(yi))*1( A > A = [yil). (A.7)

By inspection, both (A.6) and (A.7) are convex. The result follows from the fact that the

sum of convex functions is convex. O]

Claim A.2. The derivative of f(\1) is given by

p—1

d
d_/\lf(/\l) = M= 1yl > M) + ) [M = 2] 1 > 2), (A.8)
i=1

where z 1s as defined in Theorem 2.1.

Proof. Note that f(A;) can be rewritten as
p

FOM) = (g1 = Ausign(yn))* 1|y | > M) + D (5 — (A = M)sign(:))’ 1\ > A = [yi)).

i=2

The result follows by inspection.
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[
Claim A.3. Define
1] + 22500 26)
A = = : A9
\(m) = 1 (A9)
Then
argmin f(A;) = min A\;(m). (A.10)
A ER m
Proof. Let z,) = oo, and define \;(m) = % The optimality conditions for f(A;)

guarantee that if A\1(m) € (2(m), 2m+1)), then A= M (m).

If the set argmin,, A;(m) contains a single element, then define k = argmin,, \;(m);
otherwise, let k be the smallest element of the set. To complete the proof, it suffices to show
that A (k) € (2), 2k+1)]-

First, we will show that A;(k) > zu). By definition of A;(k), we know that A\(k) <
A1 (k —1). In other words,

k k—1
il + 225 2) _ il + 22521 ()
kE+1 k '

Rearranging terms, we find that

k k—1
1
<|y1| + Z%’)) (1 - k:—+1) <lnl+) )
j=1 j=1

Consequently,
k
B y1| + Zj:l 0

Z(k) 1 < 0.

This means that zg) < Ay (k).

We now use a similar argument to show that A\i(k) < z41). By definition of A (k), we
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know that A (k) < Aj(k 4+ 1). In other words,

k
1| + Zj:l Z(]) 1] + Z] 14(j)
k+1 - k+2 '

Rearranging terms, we find that

k k+1
j=1

This implies that Ay (k) < 2Zgg1).- H

Since f(A1) is convex, its minimizer in the interval [0, \] is simply the projection of
its minimizer on R (given in Claim A.3) into the interval. This completes the proof of

Theorem 2.1.

A.3 Proofs of results in Section 2.3

Derivation of Claim 2.1. As mentioned in the main text, an unbiased estimate for the de-

grees of freedom of (2.26) is given by

Af = ayl: = trace (d_’y) : (A.11)

provided that §(y) is almost differentiable. The proof that g(y) is almost differentiable
follows from arguments similar to those in Tibshirani et al. (2012).
We now derive an explicit form for (A.11). To evaluate _g’ we first note that B 4, the

solution of (2.26) restricted to the active set, takes the form

~ . 1
By = argin {§||y —XaBAE+ Y Adpd<A;;‘ﬁA>} . (A.12)
A

d



Therefore, ,[/3\ 4 must satisfy
— Xy — XuBy) + D Ma(AN) Pi(AFB,) =0.
d

We then differentiate with respect to y and apply the chain rule, to obtain

dB . R
— X XX P4 S (AN T AR (AZ)
d

dy dy

Solving for dT?yA gives us

~ -1
P s Sonat natpoan| x
d

Form the definition of y = X AB A, We get

—~ —1
du d .. ~
W_x,Pa_x, [XLXA +) Ad<Az;‘>TPd<A§‘ﬂA>(A;;‘>] X 4
d

dy dy

dB.4 —0
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(A.13)

(A.14)

(A.15)

(A.16)

In order to make this derivation entirely rigorous, we would need to show that B is unique,

and that with probability one, within some neighbourhood of y, the active set A does not

change as a function of y.
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Appendix B

TECHNICAL DETAILS FOR “GENERALIZED SPARSE
ADDITIVE MODELS”

B.1 Proof of results in Section 3.2.2

Proof of Lemma 3.1. (a) < (b). By a simple calculation we see that P2

semi

(h)|._, = 0 for

is pathwise
differentiable at 0, and its derivative is given by £ P2, . (ch)| _, = £e*P2,;
any function h. Now for any direction h, we can calculate a subdifferential of the objective
in (3.4) evaluated at f = 0:

8 n

o n> (yi —eh (2:)* + NP2, (eh) + A H€h||n] 5 =n" Y (@) + AU |1, = Squaa(U),

=1 e=0 i

for any U € [—1,1]. By the sub-gradient conditions, fl = 0 if and only if for every h,
dquaa(U) = 0 for some U € [—1,1]. For any given h, we have that

h(z;)
Yi
|7l

Sguad(U) = 0 & =13 yih(a) + AU ], = 0 |n 1S = AU

i

From this we see that for a given h, 04u0a(U) = 0 for some U € [—1,1] if and only if
In=1 Y yih(x)/||k]],| < M. It follows that, fi = 0 if and only if In =Y yih (@) /R, < A
for every direction h.

(b) = (c). Since [n=' >, yih(z;)/||R||,,| < X holds for every direction h, we simply consider
the special direction such that h(x;) = y;. This implies (c).

(b) < (c). Assuming that ||y||, < A then, for every h

h(x;
S

)

12l
12l

< [yl < [lylln < A




160

Proof of Lemma 3.2. (a) < (b). By the absolute homogeneity of semi-norms,

9
Oe

0
Psemi(gh)’E:() = %‘dpsemi(h)‘e:o'

Hence the subdifferential evaluated at f = 0, in the direction of h, is

n~! Z — eh (:))* + A Paemi (eh) + X lebll,, | 2 —n™" Y (i) + XV Paemi(h) + AU |1,
e=0 i
= 6semi(Ua V)7
for any (U, V) € [~1,1]%. As in the previous lemma, fg = 0 if and only if for every h, there
exists (U, V) € [—1,1]? such that §sei(U, V) = 0. For a given h, we have that

Saemi(U, V) =0 & 0"y " yih(;) = NV Paggi(h) = AU |11,

_ h(xz) 2 Psemz
<:>‘n1 Yi—— — NV ———= ‘—)\|U|
; [12]]7 1]

Thus for a given h, dsemi(U, V) = 0 for some (U, V) € [—1,1]? if and only if

y
i i

h(xz; P.....(h
’n—lz . € A2V semi( )‘ <\,

for some V' € [—1,1]. This proves the first part.
Now we will show that ||y||, < A implies (b). That is, for every h, there exists some
V € [—1,1] such that

_ h(l’z) Psemi(h)
n! Yi —\v <A\
’ Z 12l 1]

We can simply take V' = 0 for every h, which reduces the above inequality to the one seen

in the proof of Lemma 3.1. Thus [|y|, < A = fr=0. O
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B.2 Proof of results in Section 3.3

Proof of Lemma 3.3. If f = 0, then fE 0 is trivially the solution to (3.12). Thus, through-
out this proof, we consider f;é 0.

Case 1: ||f|, > Xo. In this case cf = f where ¢ = (1= Xo/||f]la)"*. Let fr € F be some
arbitrary function and define the function h = fr — ]/”\ We will show that along the path
f+eh for all £ € [0, 1], the objective

r— (f +¢h)

2 —~ ~
WS <f+5h> ||+ e, (B.1)

is minimized at ¢ = 0. We begin by noting that

~ 2 ~
= (Fteeh)|| + APy <f+5ch>,

is minimized at ¢ = 0 because
fv+ ech = f+ ecfr — ecf: (1— 5)]7—1- ecfr € F,
for all € € [0, 1] since F is a convex cone. By the sub-gradient condition, we have
—(r — f,ch) + M0y, =0,

, or equivalently
e=

for some 1 € 0 Py <}V—|— 5ch>

c [—(r — cf, h)n + M| =0,

for some ¥y € 0 Py, (f—l— 5h>

e=0
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At f+ eh, one possible sub-gradient of the objective (B.1) is

(f
11l

_<7" - ]?,h>n + )\1192 + )\2

By the definition of ¢, we have that )\Q/Han = cXa/||f]ln = ¢(1 = 1/c) = ¢ — 1, and thus the

above sub-gradient is
—(r = [ B+ MVa + (e = V){f, k) = —(r — ¢f, h)y + M0y = 0.

Thus we have shown that the objective function (B.1) is minimized at ¢ = 0. Since fr was

an arbitrary function, we conclude that fis the solution of (3.12).

Case 2: | f|ln < 2. In this case we will show that f = 0. For this, we consider the path
efr for e € [0,1] for an arbitrary fr € F. We will show that the function

1
3 lr —efrlly + APt (ef7) + Aalle frln, (B-2)

is minimized at € = 0 and since fr is arbitrary that will complete the proof.
As in the previous case, we begin by looking at the sub-gradient conditions for f The

expression

% HT —(f+efr) Z"')\lpst (f‘i‘ 5fT> ;

is minimized at € = 0 by definition of f This leads us to the sub-gradient condition

<T — fﬂ‘/afT>n‘

_<T_.]?/7fT>n+)\1191:0<:>191: 3
1

Now we describe the the sub-gradient conditions for (B.2). All sub-gradients of (B.2) at
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¢ = 0 are given by
—(r, fr)n + 1M Pa(fr) + v Xl f7[n, (B.3)

for real values (vi, 15) € [—1,1]%2. To complete the proof we need to find v; and v, such
that (B.3) is 0 and, (11, 15) € [—1,1]% Setting v1 = 1 /Py (fr) and vo = (f, fr)/ |l f7]l)
clearly makes (B.3) 0 and so we need only prove that our choice of v, and v lie within the
interval [—1,1].

Showing || < 1 is equivalent to |¢| < Py(fr). 91 is a member of the sub-gradient set

0 P (F+efr)

={u>0: Pu(F+0fr) = P(P) > uxy vn>0}.

e=0
Thus 9, must satisfy the inequality

01 < Pu(f +nfr) — Pal(f)

< Pa(f) + nPa(fr) — Pst(f) = nPy(fr),

where the second inequality holds because Py, is a semi-norm. This proves that |91 < Py (fr).

Showing |vs| < 1 is easier and follows by definition:

WA Wl el 1l
el = ol = allfelle A

which is less than 1 since || f], < Aq.

]

Prof of Lemma 3.4. Consider an arbitrary direction j/i\ + ¢h for some function h and € in an

open interval. We first consider the case Pst(f,\) # 0. In this case if the directional derivative
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~ ~

V. PL(f) exists then so does the directional derivative of Py (f) and is given by

~

ViPulfy) = %.
st A

This follows from standard arguments for derivative of power functions. Here we present the

simple case of integer valued v > 1.

Pu(fr +ch) — Pu(f)

Vi Py (fs) = lim

e—0 3
i Pl teh) = Po() | S APl + )} P}
= : Sl Pl el PP}
_ iy LD TN TP g B -
e—0 e e—0 Z;’zl{PSt(]ﬂ)\_{_gh)}ufl{PSt(fA)}lfl
1 B VhPth(]/C\A)

= VhPth(J/C:\) X

S AP} vPN )

Now, by the gradient condition, for f. = f)\ +¢h,

9] [1 5 a Vi Py (f>)
R | B R L
e |2 =0 vPLH(fx)
Similarly, for the path fz = j} + €h, by the gradient condition,
8 1 N 4 ra Y 4 rs
5[50 — HE 3P| === B+ 30uR () =0

This is exactly the optimality condition (B.4) with A\ = A(VP;_l(ﬁ))_l. Thus, if
VXPS’;*I(]?X) = A then f) = fX

Now to show the case Py (f) = 0, we need to find conditions for which the objective

W iniry = FI + APu(f) (5.5

is minimized by f: frun. We consider the functions f,. = (1 — &) fpuy + €h for € € [0, 1]
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and show that for all h € F, the objective

1
§||finterp - fh,a”i + )\Pst(fh,a) (B6)

is minimized at ¢ = 0, if and only if A > PJ( finterp — fru)-

To see this, note that all subgradients of (B.6) at ¢ = 0, are of the form

<finterp - fnulla fnull - h>n + )\'%Pst<h)7

for k € [-1,1]. For 0 to be a sub-gradient of (B.6) we need to have

AHPst(h) = <finte7“p - fnulla h — fnull>n- (B7)

Consequently, (B.6) is minimized at ¢ = 0 if and only if for all h € F

<finterp - fnulla h — fnull>n < )\Pst(h) (B8)

Using the decomposition h = hy + hy € F; @ F3, the above condition becomes

<fz'nterp - fnull, hl — fnull>n <finterp — fnull; h2>n
+ <A B.9
Pu(i) Pa(in) (B9)

Now if finterp — foun € Fa, then the first part of the LHS is 0 and the second part is bounded
above by P (finterp — fouu). To complete the proof we show that finerp — frun 1S, infact,
a member of F,. For this, it suffices to show that (finterp — fruits foutt — Pnuir)n = 0 for all
ot € F1. We know that f,,; is the solution to the problem

o1
ml?érjglze §Hf interp — f HZ»
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in other words, for all h,.; € Fi, the expression

1
§||finte7"p - (1 - E)fnull - Z5hnull||i7 (BlO)

is minimized by ¢ = 0. Equivalently (by the gradient condition), for all h,; € Fi,

<finterp - fnulla fnull - hnull)n =0. (Bll)

B.3 Proofs of results in Section 3.4.2

In this section we present the proof Theorem 3.1 and 3.3 for the sake of completeness. The
arguments presented here are only a slight modification to those of Biithlmann and van de
Geer (2011) for proving LASSO rates. One notable difference is that we explicitly handle
an unpenalized intercept term; another is our handling of the structural penalty, Py(-).
Throughout the proofs, we will utilize the so-called basic inequalities. Hence, for the sake of

convenience, we state and prove these basic inequalities as a separate lemma.

Lemma B.1 (Basic Inequality). Let f(x) = 3 + > ]/‘;(:BJ) be as defined in (3.24), and let
(@) =B+ 375, fi(x;) be an arbitrary additive function with 3* € R and f} € F. Then

we have the following basic inequality

~ -~ o~

)+ M) < = [valF) = valf)] + ML) + E1). (B.12)

If we further assume that —((-) and Py(-) are convex, then for all t € (0,1) and [ =
t]?Jr (1 —t)f* we have the following basic inequality

ED) +M(P) < = [valF) = valf)] + M () + E(F). (B.13)



Proof. For the first inequality, note that

_P, ¢ (f) FAI(f) < =Pl (f) + M(f),

which is equivalent to

For the second inequality we have by convexity

Pl () + M) < t[~Put (F) + M(D] + (1= ) [=Pat () + AL(f*)
—BLL(f7) + M(f7),

| /\

167

after which we simply need to repeat the arguments for the previous basic inequality with f

replaced by f
Proof of Theorem 3.1. Define

M*

t= _ (B.

M+ 1(f = f*)

]

14)

and f: tf+ (1 —1¢)f*. Then (B.14) implies [(]7— f*) < M* and by Lemma B.1, we obtain

E(F)+M(f) < Zn- + M(f7) + E(f7).
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By applying the triangle inequality ](f— ff+f> ](f— f*)—=I(f*), to the left hand side
we obtain on the set 7 (where Zy» < pM* + 2Rp)

Ef)+M(f = f*) < pM* +2Rp + 2MI(f*) + E(f*).
Recall the definition of M*, given by
pM* = E(f*) +2XI(f*) + 2Rp, (B.15)

from which we obtain

EP)+ (T~ 1) < 2pM* <200 > I(F— ) < 2.
Now by the definition of fwe have
- T N_ * - T A_ * M* T A_ *
(- == gy i (fM*f)lg (= 5}

which implies that / (f— f*) < M*. Now we can repeat the above arguments with freplaced

by fwhich gives us

E(F) + M(f = f*) < pM* + p(2R) + 2\ (f*) + E(f*).

Proof of Theorem 3.3. As in the proof of Theorem 3.1, we begin by defining ¢ as

t = M
M=+ |B =B+ I(f - f*)

and f: tf+ (1 —t)f* which gives us |E—ﬁ*\ —i—[(f— f5) < M* ie. fe FP .- Lemma B.1
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implies that on the set T (where Zy« < pM*) we have
E) + AI(f) < Zng- + E+M(f7) < pM™ + E(f7) + AL(f). (B.16)
Be definition of S, and I(-), we have by the triangle inequality

M) = A D {15+ APe(5 }<AZ{||f Filla + 1550+ APu(£)

]E*

and by the reverse triangle inequality we have

MP) =33 {15l 4 APa(F) } 4+ 2 3 {15l + APa(F)}

JESx JESS

> A {1+ AP = 1) = APl b+ A S LUl + AP }
JES« JESS

A Il + 2PalFs = 1) = APl b+ A S LI = £+ APulF = 1)}
JESK JESS

where the last equality follows from the fact that f = 0 for all j € §{. With the above two

inequalities combined with (B.16) we get

ED+AY (Tl + APl = 1) = APulED } + XD { Uil + APu(F) }

JES jESS
XY = Bl 4 1F 4 AP} 4+ oM+ £(5°),
JES«

which simplifies to

N+ If- f||n+AZAPst £SO N =Filla+2X " Pulf)+pM +E(f).

jESS JES« JES

(B.17)



170

Now we add |8 — 8]+ A fi = f7|ln to both sides of (B.17) to obtain

JES«
ED+MIB=B1+1F =1} S22 Y 1= Fillat AB= B[+ oM +E(f) 4202 Palf):

JESx JES«

(B.18)
Case I. If

NN Nfr = Filla + AB = B < pM* + E(f) + 222 Y Pulf),
JES. JESK

then (B.18) simplifies to

EN +MIB =51+ 1(F = 1)} < 20M" +26(/") + 432 Y Pulf))

JES.

A
< 4pM* < ATM = MM /2,

which indicates that |3 —8*|+I(f — f*) < M*/2 which implies that |3 — 8|+ I(f— f*) < M*

and hence we can redo the above arguments and replace fvby J/C\

Case II. If instead

NN FE = Filla + B = B > oM+ E(f) + 222 Pulf)),

JES« JES«

then we have

e +MIF -1+ 1(F - 1)} < ST = Filla + 205 - 57 (B.19)

JES.

This is equivalent to

ED+M DT = la+ A PalFi = £)} <30 Y15 = Filla + ME = 57,
j=1

JESS JES«
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which means we have that
o~ p o~ ~ ~
D= Flla+ 2D Palfy = £5) <3 N5 = filla + 18— 571,
and hence by the compatibility condition (B.19) reduces to

e+ MIB =81+ 1(F = 1)} <IF - FIVE/9(S.). (B.20)

Since fand f* are in F

local»

we invoke the inequality uv < H(v) + G(u) to obtain

SV N N B VA VA
o8) T HS) | 2 2
BAYVS (A Al
< (28 a (UL U020,

By the convexity of G and the margin condition we obtain

NG| F - £ 8BAVsY | E(f)
o(S,) = A <¢(8*)) T

L)

Hence we have

D NF-s1r0F- ) < (2?{)) ) e <args. B

which implies that |5—8*|+I(f—f*) < M*/2 which in turn implies |B—B*H—I(]?—f*) < M*
and hence we can redo the above arguments and replace fby J/C\

Thus we have shown that

-~

M)+ MIB =81 +1(F -1} <aph” (B.22)
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B.4 The set T

Theorems 3.1 and 3.2 show inequalities holding over the set 7. In this section we will show
that T occurs with high probability. This will be shown for the two different types of entropy
bounds considered in Section 3.4. We consider the special case of loss functions linear in Y;

as in Corollaries 3.1.1 and 3.2.1 and bound the term v, (f) —v,,(f*) in the following theorem.

Theorem B.1. Let x; € R? andY; € R denote the fixed covariates and response, respectively,

fori=1,...,n. Assume that for any function f the loss ((-) is such that

—U(f) = —L(f, 2z, Ys) = aYif(z;) +0(f(x:)), (B.23)

for some a € R\{0} and function b : R — R. Further assume that Y; — EY; =Y, — p; are

uniformly sub-Gaussian, i.e.
max K? (Ee(y"_“")Q/KQ — 1> < op, (B.24)

then with probability at-least 1 — 2exp [—np?C] — Cexp [-np?Cs] the following inequality
holds )
vn(f) = va(f7) < p [W — B[+ D Mf5 = £ lln+ APalf; — ff)] ) (B.25)

j=1
for variables p, A and positive constants C, Cy, Cy which we specify in the following 3 cases.
Case 1. If F has a logarithmic entropy bound, then the inequality (B.25) holds with p =
K max (\/g, \/@) and X\ = 1 for constants k = k(a, K, 0q, Ay), C1 = C1(K,0¢), C =
C(K, 09) and Cy = Cy(C, k).

Case 2. If F has a polynomial entropy bound with smoothness, then the inequality (B.25)
holds with p = k max (n_Qia, \/@) for constants k = k(a, K, 09, Ao, ), C; = C1(K, 0y),
C =C(K, 09) and Cy = C5(C, k). The parameter satisfies X < p and \ > 8p.
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In light of the above theorem, for the case of Theorem 3.1 where

I = sup n(f) — vn(f7)],
I(f—f*)<M*

and 8, 0* € R where R is uniformly bounded by R then we have with probability at-least
1 —2exp [-np*Cy] — Cexp [—np*Cs,
Zue < p(M* +2R).

In the case of Theorem 3.3 where

Iy = sup Vn(f) — vn(f7)],
|B=B*|+I(f—f*)<M*

we have with probability at-least 1 — 2exp [-np?C}| — Cexp [-np?Cy),

To prove Theorem B.1, we use a few technical lemmas from van de Geer (2000) namely
Lemma 8.2 and Corollary 8.3; for the sake of completeness we state these lemmas in Ap-

pendix B.5.

Proof of Theorem B.1. We begin by noting that for any arbitrary function we have

n

() = (B = BY(—L0) = S aVif (@) + b ()] — B |5 D7 a¥if o) + b( ()

i=1
Since we assume the covariates @1, ..., x, are fixed we obtain

()= 13 al¥i— p)f @) = al¥ — g,
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where p; = EY;. Thus for additive functions f and f* we obtain

n

Un(f) =) =alY —p, f = [)n = %Za(Yi — i) |B—8"+ ij(xij) — [ (zi)

n

—a(B = 5)5 Y= )+ D0 D al¥i = w) (i) — £ (wi)

i=1

p
=a(f =BT @)+ alY —p. f; = fa
j=1
From now on we will assume, without loss of generality, that |a| = 1 since this constant is
absorbed into a constant x which we define later.
To control the first term, (3 — 5*)(Y — &), we simply apply Lemma B.2. For the second
part, we consider 2 cases.
Case 1: Logarithmic Entropy. We first note that if the entropy bound holds, then the

same bound holds (upto a constant) for the class

fi—=1; . } .
{Hfj — filln + MPu(f = f7) Li€F s (B.26)

for some fr € F for all j =1,...,p. Now we apply Lemma B.3 to the above class by first
noting that R < 1 and then using the bound for Dudley’s integral

1 1 .
AT / log!/? (— + 1) du < AgTY?, (B.27)
0 u

5> 20%/5, (B.28)
n

where the constant C' depends only on K and oy, we have

P | sup
fi€F

we have for all § that satisfy

LY (Vi — ) (fily) — [ (25))
1f5 = Filla + AP (fi — f7)

2
> 5) < Cexp {—Z—gz] )
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We can now take 6 = p > 202{0 max{,/%,\/b%} > 20110 % which holds for all

K > 20121/0. Applying the above result with a union bound gives us

P | max sup |<Y B fj _ fﬁn‘ >p
J=LP fieF 1f; — fy*Hn + APu(f; — fa*) a

2 2

n n
< pCexp {—4—52] = Cexp [—4—52 + logp]

1 log p
= Cexp {—an (@ — 2 )] < Cexp [—np2C’2} ,

for a constant Cy > 0 that depends on C' and Ay. To see this, note that

1 logp 1 1 1 1

— — > _ =
402 np? 402 T, 1} 402 K
logp’

/ﬂnax{

which is positive if x > 4C2?. Thus we can take the constant x such that x >
max {402, QC’AVO}. Hence  depends on C(K, 0q) and Ag(Ay).
Case 2: Polynomial Entropy with Smoothness. Now we note that same entropy bound

holds for the class

7 _ fi— 1 L }
7o {Ilfj — filln+ AP(f; — £7) LieF (B.29)

and we can now apply Lemma B.3 by noting that
1 ~ o~
/ H'2(u, F,Qn) du < ApA™*"%,
0

for some constant go = AVO(AO). For some C = C(K,0p) and all 6 > 20110)\*“/271*1/2 we

have

sup

P Y — p, fi — fi)n]
ner | fi = filln + AP (f; — f

)ew[ 2] mw
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Since A > p we note that 20 Ag\—/2n1/2 < QC’IZ{VOp*O‘/QTFI/2 and that
~ N2 .
20400~ PP < p s p > (204,) T

Which holds by definition since p = kmax <\ / 10%, n_ﬁa) > kn”Tra and K is sufficiently
2

large (any xk > (2020) ** would suffice). Therefore, we can take 6 = p in (B.30) along with

a union bound to obtain

(O — ;= )l e
P( max sup i j — > <pCexp |—
(jl ----- pier 1Ty = T+ APull; = 1) =

for some positive constant Cy = Cy(C, ﬁo) exactly as in Case 1.

B.5 Some results from van de Geer (2000)

Lemma B.2 (Lemma 8.2 of van de Geer (2000)). Suppose that Y1 — pu,...,Y, — p, are

mean zero sub-Gaussian random variables, i.e., they satisfy (B.24). Then for all v € R™ and

|

in particular if v; = 1/n then we have
2

P ( > ,0) < 2exp {-ﬁ} . (B.32)

Lemma B.3 (Corollary 8.3 of van de Geer (2000)). Suppose that supy x| filln < R for a

p >0,

n

> (Y= i)y

i=1

K2+ U%) 22;1 'Yz‘2

> p> < 2exp [—8( o } , (B.31)

1 n
E;Yi—m

univariate function class F and that Y1 —py, . .., Y, — p, are mean zero sub-Gaussian random
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variables, i.e. they satisfy (B.24). Then for some constant C' = C(K,0y), and for all § > 0

satisfying
R
Vvnd > 2C ( / H1/2(u,.7-",Qn)duvR), (B.33)
0
we have
P 1i(y-— V)| >0 <Ce _ e (B.34)
2 | 00— (o) | 26 ) < Coxp |~ | ‘
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Appendix C

TECHNICAL DETAILS FOR “NONPARAMETRIC
REGRESSION WITH ADAPTIVE TRUNCATION VIA A
CONVEX HIERARCHICAL PENALTY”

C.1 Algorithms for additive framework and extension to classification

Here we give an algorithm for our additive and sparse-additive framework as well as an al-
gorithm for the extension of our proposal to classification. We use a block-wise coordinate
descent algorithm for solving the additive and sparse additive proposal. This algorithm cycli-
cally iterates through features, and for each feature applies the univariate solution detailed

in Algorithm 3. The exact details are given in Algorithm 4 below.

Algorithm 4 Block coordinate descent for the additive and sparse additive framework
Initialize B8, <~ 0 for j=1,...,p
While [ < maz_iter and not converged
Forj=1,...,p
Set r_; <~y — Zj/# v B , )
' : o ,
Update B, < argm}n% Hr,j - \I’]BHn + X230 wy H\Pi:f(,@%k:f(H ;
BERK ~ "
where W, = wy + X tand wy =wi, for k=2, ..., K.

Return 84, ..., B,

We also give an algorithm for the extension of our method to classification based on prox-
imal gradient descent. To begin let L(5y, 3) = 1/(2n) > 1, log (1 + exp [—y; {60 + (¥B),}])-
We denote by VL(5y,3), the derivative of L at the point (8o, B) € RE+L, Algorithm 5
presents the steps for solving (4.13). The algorithm for extension of additive models to

classification can be similarly derived and is omitted in the interest of brevity.
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Algorithm 5 Proximal gradient descent for extension to classification

Initialize (532, 8°)

For [ =1, 2, ... until convergence
Select a step size t; via line search
Update

(8L, B « argmin %H(ﬁo,ﬂ)—{( -1 — 4, VIL( 3—1,ﬁ’—1)}\}§+m(ﬁ).

(Bo,B)ERK+1

Return (8, 8)

C.2 Proofs for Section 4.4.3

of Lemma 4.2. Firstly, we have for fi(z) = 252”1 (x) ,El], fa(z) = Z,{Zl (x) ,2;2] e F,

2

Kn
1= £l = [ = aa@ = [$ 5wl - s dQ
k=1

-/ e (B0 = )+ S wntwyunte) (6~ 52) (81" - 8) b @
k=1

k£l
= |18 =57

where the final equality follows due to the orthonormality of 1. Similarly for fi, fo € F,,

we can show that || fi — fal[y = [|8" — B#||3. Thus if {8",..., 8"} is the smallest -cover

of H}féi M then the functions fa associated with {B',...,B"} form the smallest d-cover with

respect to the Lg norm. This can be extended to the case n = oo. This proves the first part.
Secondly, note that for fi, fo» € F, (or F,,) we have

N ARV

1fr = follz = (8" = BT (B = B%) < ApaIB" = B2,

thus if {8',...,8"} is the smallest d-cover for H7 . then the associated functions
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{ff...,fN}isa A8 cover of {fa € Fu(Fpn) : Somm) wi || ¥k Bk, || < 1} with respect
to the (), metric. Since this is a cover and not the smallest cover, we have

Ky
H(Agr{a?x(sa {/fs € Fulor Fpn) ZwkHlI’k:f{an:f(nH <1} Qn) < H(9, wa(n)’
k=1

and since the inequality holds for all § > 0, we can select § = ¢’ Al giving us the result. [

Proof of Lemma 4.3. For the Ellipsoid F%Y where

n

Ky,
Ef =SBeR™: D B(wi+-+w) <1y, (C.1)

k=1
we show that H? C E¥ in Lemma C.4. Dumer (2006) proved an upper bound for ellipsoids
which we state in Appendix C.6.1. For the special case of wy = k™ — (k — 1)™, this theorem
yields the desired upper bound as shown in Corollary C.1.1. Therefore we have H (9, HE ) <

H(, BY ) < Ug0~Y/m.

Similarly, we can consider the special case of our multivariate framework weights in

Corollary C.1.2, which gives us the result H(0, HE ) < H(4, EY ) < Up0P/m, O

of Lemma 4.4. Let d be the integer such that (wy + -+ wgy1) ™' <6 < (wy + - +wg) ™t
for € ((wy +---+wg ;)7 " 1). Note that since § > (wy +--- +wg )" d < K,. We

define the truncated region as
ﬁy:{BeH%:Q:OVjZd+1}

Then we have that H}} C 7?[(11” C HE where Hj is simply viewing 7:231” as a subset of R?. Let
B,.(r) be the n-ball of radius r. By Lemma C.5, we have By ((wy + -+ -+ wg) ') C H¥. The

lower bound of the entropy of a ball can be obtained by a simple volume argument. Since
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(wy + -+ +wy)~t > 6 then By(d) C By((wy + -+ +wy) ') and hence

H(5/2, 1) > H(5/2,Bq (6)) > log — 212 0)

= W = dlog(2).

Since the above inequality holds for 0 < 1, for § € ((wy + --- +wg, 4)", 1/2) we have
H(5, Hy) > dlog2.

Now for the univariate case we have (wy +---+wgy1) ' = (d+ 1) <5 = (d+1) > Y™

and hence we have
H(8,HY) > dlog2 > (6w —1)log2 = d~m (1 —6Y™)log2 > 6~ m (1 —27Y™)log2.

Now for the multivariate case, the argument is slightly different due to presence of zero
weights. As before, there is some d’ such that (wy +- -4+ wq, 1) <0 < (w1 +---+wy, )"
and hence d = g4 — 1. Note that by assumption we have K, = ¢z — 1 and hence § >
(wy+-- -—I—wqR,)*1 which implies that ¢ < K’ and hence d < K,,. Finally we have that since

wy AWy, 1 =W+ Aw,, = (d' —1)™, therefore d' —1 > d~1/™ Now we have that

HO.H) = diog(2) = (e = 1o = { (777 1) <1} ogea

p
(d+p—1) (6~ +p)”
> {p—p —1¢log(2) > T — 1 log(2)
1/m
— 5 m {O—F];—i)p — 651} log(2) > 6’%A10g(2),

-~

g(3)

where the last inequality follows from the fact that g(d) > 0 for all § € (0,1). O
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C.3 Details for Proposition 4.2

C.3.1 Univariate case

Firstly, if fO(z) = > "2, ¥x(x)Bp then we select f*(z) = Z,;:”l Ur(x)BY € F,. Secondly, we

note that for the univariate estimator we have Q(f;Q,) = Q" (8] = ). For brevity we will

drop the dependence on 8° and denote Q%" ( (1): i) by €. Thus we have
AELQ(f;|Qn) = niﬂ%QfﬁQ = niu%ﬂziiaa — n7%9ﬁ7

0

L Kn) we have

where we use the fact that for our class @ = 1/m. For the term €

0 EKH: o \' ‘I’Zf( Yk a0 1/2 /—Zf(n 0
Q( I:R'n) = wk{ < 1[(n> — ﬁl:f(n} < Amax wk”lalj(n”2 < AmaxMa
k=1 k=1

for f© € FM. For G}, we do not have the above bound and hence we keep the ) term in
the inequality.

For the truncation error we note that

n [e.e]

T S D A DAL

i=1 | k=41

S ¢r2naxﬁ Z Z 612 = wr2nax Z ﬁl(ﬁ]

=1 \k=K,+1 k=K,+1
2
2 S km 0

=i | D2 k—m|5k|

k=K,+1
oo o 1

< 1/}r2nax Z k2m(ﬁl£:))2 Z ]{JQ_m )

k=Kn+1 k=K,+1

n [e.9] 1

1 =1
Sl/}?naxﬁz M2 Z ]{;Q_m :l/J?naxM2 Z kQ_ma

i=1 k=K,+1 k=Kn+1
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where the last inequality follows from the proof of Lemma C.4. The result now follows since

[e9) ~ 1 1 1
—2m 2m—1
E E—=m < {(2m—1)(Kn+1) } < 51 ot
k=K,+1 n

C.3.2 Multivariate case

Now we assume that fO(z) = Y27 ¥p(a”)8) for x € R? and vy € Z%. Then we take

fi(x) = ZkKL (%) ). Now by the same calculations as in the univariate case, we have
NQF1|Qn) = n” 2055 Q557 < 0205 [/ A M) 757,

since in this case o = p/m.

For the truncation error we note that K, = g7 — 1 and hence

2 2
. 1 n [e'] , 1 n oo
I£° = Fale= 2300 20 ey < b 2| D0 A
=1 k=K,+1 =1 k=qz
2
1 o Km (K'+1)™
L0 DE S DT U i )
=1  k:||vpl1=K" K|l :f(/+1( +1)
Ykl Ykl
2
1 n o m
= Zbﬁlaxgz >, T > 18
i=1 \ R=K" k:llveli=R
( 1/2 1/2
1 < =1 -
12 m 0
S 92 Dyl B b SVZRD ST
i=1 \ R=K' R=K' k:||lvklli=R

=1 M*y? 1
2 2 max
< VmaM Z R2m < om — 1 (f(/)2m71'
R=K'
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C.4 Proof of Theorem 4.4

C.4.1 Initial results

Recall that (ﬁ)?zl € F where F is some arbitrary univariate function class . We denote the

functions f(z) = i fi(z;) and fO(x) = Ly f)(x) for & = (21,...,2,)" € RP. For the

proof of Theorem 4.4, )\, and p,, are functions of n but for convenience we will simply write

A, p. Throughout this proof, instead of the smoothness level m, we will use & = 1/m. Thus

the entropy condition is H(0,{f € F : T(f) < 1},Qn) < Agd~?, for a € (0,2), and so forth.
We begin the proof of Theorem 4.4 with a basic inequality.

Lemma C.1 (Basic inequality). For any function f* = ;’:1 fi, where ¥ € F and, the
solution ]? of (4.17), we have the following basic inequality

ST = P+ M) < e F= bl + M) + 113 = il + 5107 = 212,

where (€, f)n = 5y iy &if(r:), & = 3 & and L(f) = Y0 I(f;) = Y0, 1 fjlln +
AY(f;) for an additive function f.

Proof. We have

S vy )} + A0 < o S Y=Y = F@)) + M),
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= % A (e 4+ = V) 4+ (F = fO)%ws) — 2(es + = V)(F = O (@) + AL(])

< % Z (e + @ = V) (f = fO)%(@i) — 2+ = YV)(F* — fO) (@) + AL(f)

= 2P~ 2~ e+ =¥, T O + ML)

< = PR e+ =¥ T T [ AL
= 1T = S~ e+ =, F= P+ M ()
S %Hf*_fOHEL_<€+CO_Y/7 f*_-ﬂn_<€+co_?a f/\_fo>n+)\[p(f*>7

which implies

ST = PR A AL < S = PR~ e+ = = Pt AL()

DO | —

- ~ - L . 1
= SUF = P+ ALD) < e e fhal + 300 = Vo Fs = £+ AL + 5187 = 71
j=1
~ ~ ~ I 1
= IF = PR 4 ALGE) < e, Fm ol 1€ = VIS = il ALY + 510 FOI2.
j=1

Now for the second term note that:

n

I
" =Y = |gZ(C°—Yi)

=1

Which leads us to

~ N ~ P 1
ST = P2+ ML) < e, Fm S0l 4+ ALY +1E ST = il 55 = 12
j=1



Lemma C.2 (Bounding the term |&]). For e = (e1,...€,)" such that E(g;) = 0 and

L2 {E(eﬁm) _ 1} <o?
1/2
p = Kmax {n_2’+1a, (logp) } ,
n

we have that with probability at least 1 — 2exp (—np*/cy),

for all kK > 0 and

gl < p,

for a constant ¢y that depends on L and oy.

Proof. By Lemma 82 of van de Geer (2000) (with v, = 1,,/n) we have for all ¢ > 0

P L i >t)] <2 i
=Y gl>t] <2expy———5 ¢ -
n P 8(L? + o)

The result follows by setting ¢t = p.

Lemma C.3 (Bounding the term |(e, f- f5nal). For A > 4p where

{ 1 <logp)1/2}
p=kKmax{n 2t ,
n

for some constant k, if
H(6,{f € F:T(f) <1}, Q) < Agd™7,
we then have with probability at least 1 — cy exp (—c3np?)

e, Fi = F0nl < ollF5 — F1lln + pXT(F; — ),

186
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forall 5 =1,...,p and positive constants co and c3.

Proof. Firstly, for Fo = {f € F : Y(f) < 1} we have by assumption a ¢ cover fi,..., fn

such that for all f € Fy we have minjcqr vy [|fj — flln < 0. Now we are interested in the

.....

set For={f € F: AY(f) <1}. Firstly, for a function f € Fp,,

. . 1
min_ f = fi/Al = min_ <

)
M= Filln <<,
]6{1 ..... N} ]E{l 77777 N})\” f f]” — )\

because T(Af) = AY(f) < 1= Af € Fy. This means that the set {fi/A,..., fx/A}isad/A
cover of the set Fo .

This implies that H (5, Fo, Qn) < Agd™* = H(5/N, Foxr, @Qn) < Apd™® or equivalently
H(8, Fox,Qn) < Ag(0AN)™. Finally, since {f € F: I(f) <1} Cc{f e F:Y(f) < X'} we

have
H6,{feF I(f) <1}, Q,) < Ag(dN)~“.

The same entropy bound holds for the class

= fi— 1 }
7 ek C.
{Ilfj—fjlln+m(fj_f;) fieF?, (C.2)

and we can now apply Corollary 8.3 of van de Geer (2000) by noting that
1 o~ o~
| HF Q) du < A
0

for some constant Ay = Ag(Ay). For some ¢y = ¢o(L, 09) and all § > 2 AgA~/2n /2 we

have

‘<57 fj - fj*>n| nd?
b (Z‘é?s =gt >0) <o (i) ()
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Since A > p we note that 2022{0)\*0‘/271*1/2 < 20220,0*“/211*1/2 and that
T N
2e3Aop PV < pes p> (202A0) =

Which holds by definition since p = xmax {(logp/n)l/2 : nil/(%“)} > kn~Y() and k is

. >2/(2+a>

sufficiently large (any k > (202A0 would suffice). Therefore, we can take 6 = p in

(C.3) along with a union bound to obtain

e fi — 2
P (lmax sup (€ 1 = J5)] A > p> < pcy exp (—%)
; 2

i=1,.., pfjefoj_f;Hn‘i‘)‘Q(fj_ J
B o 1 logp
TGP \4g T 2
2

< copexp (—n,o203

)

~—

for some positive constant ¢z = c3(cq, ﬁo).
Finally, we show that c3 > 0. This follows from the fact that 1/(4c3) —logp/(np?) > 0 &
np® > 4clogp. This holds since np* > x%logp for x sufficiently large. Thus, we have with

probability at least 1 — cyexp (c3np?) for all j =1,...,p

e, fi — £1)al = (e D)0l < pll A0 + PAT (D) .
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C.4.2 Using the active set

So far we have shown that, for A > 4p, with probability at least 1 — 2exp (—np/c1) —
o exp (—c3np?), the following inequality holds

IF = 1+ 22D 1(F) < 26 F - |+2\e|2||A unmzz )+ 17 = £
{ZzpnA o+ 20 (A } <2p2|m ||n>

p
+ {%Zf(f;)} +ILf = 12
j=1
. p - p Y )\2 -
1P = P+ 1) < 30 LA+ 0B + 2+ XX |+ 1 - S
P j=1

For notational convenience we will exclude the || f*— f°||? term in the following manipulations.

If S, is the active set then we have on the right hand side,

RS =3 3 {131 + 57+ 2051+ 200 A S 1B+ 57}

JES JESS

<A {18+ 57 + 215+ 25+ 21D b4 T {15+ 310}

JES« jESS
—~ . ~ 1 —~ —~ 1 —~
=33 A +2 3N + SOATN 5 SR +2 S Al 5 30 Rr(A
JES« JES JESE jESE JES« JES«

where the inequality holds by the decomposition || f; ||, = [|f; — Fi+ Filln < 1A+ 151
On the left hand side we have

LHS = |F — 12 +20 " {17+ X0} + 2 3 LR +47(F)}

JES. jese

> (5= S+ 20D {15+ AT@) = 3T} +20 3 {1l + AT}

JES« JESE
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where the inequality follows from the triangle inequality T( f]) +T(f}) > T(ﬁj) since Y(+)

is a semi-norm. By re-arranging the terms we obtain the inequality

1P +AZ{Hngn+ Tfj} S @) <33 S IR a4 SR

JESE JES« JES« JES«
which implies that
- 0|2 A 3N ¢ 2 012
LF = 1%+ A D 1A + ZT <3/\ZHA [ ZT )+ L=
This implies the slow rates for convergence for A > 4p and s = |S,|
L = 02 * L. 0|2
S = 1ol < sA{BR+23 Y Y(f)/s 0 + 515 = Sl
JES.
This completes the proof of Theorem 4.4. In the next section we prove the oracle in-
equality with fast rates via the compatibility condition.
C.4.8 Using the compatibility condition

Recall the compatibility condition for f = Z?Il fj, whenever

D Fill <4 1l (C.4)

JESE JES«

then we have

D il < 821 F /(S0

JES.
Once we assume the compatibility condition we can prove Corollary 4.3 by considering the

following two cases.
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Case 1: AY s 1A, > 4N Y

ies. T(f;) in which case we have

> N BN & ~ .
1F = FO1% + A D 1A + ZT ) <A 1Al + 1= O
jese JES.
hence for the function ]?— fr= f 1 ﬁ (C.4) holds and hence by the compatibility condition

we have

3N2 & st/
1F= 2+ A Y 1R+ ZT 4( SIF =Pl 1 = 12

JESE
4)\ 12 4/\ 1 2
Qj )Hf £l + ¢<S )Hf [

2222\ (IF =20 o (252 *
<2 {55 }< o )*2{¢<s*>}(”f — £ol) + 18 -

AN(2s) (f =[Ol 4N

n 0((2 x 02
12X%5 [IF = L2
> ng(S*) + 2 +2Hf - fOH?w

where we use the inequality 2ab < a? + b* and this implies that

3N <& 125)\2
—||f P2+ AT IR+ ZT ¢2(3) A All
JjESS

Case 2: A} . g ||£J||n < 4N s T(fF) in which case we have

3N &
= f0|rn+AZ|rAun+— Aj) <1622 3T+ - 012

JESE 7=1 JES«

< 165X Y Y(F) /s + 1= flI

JES
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which implies

1, ~ 3A2 ~
ST = 1+ A B+ 5= 30 TR <1654 3 X/ + 2087 - £

JESS JES« JES«

C.5 Constraining the proposed penalty region

Recall the following definitions

Kn
= {B eRM ) wil B, ll2 < 1} : (C.5)
k=1

K
E}gn:{BeRKn:Zﬁ,f(w1+...+wk)2§1} . (C.6)

k=1
Lemma C.4. For the regions Hy. and Ey. as defined in (C.5) and (C.6), respectively, we

have Hy C Ey  for alln > 1 and non-negative weights.

Proof. Tt is sufficient to show S a7 52 (wy + ... 4+ wy)® < <Z£(:"1 Wi || Bk,

have

2
2) . We now

Kn
<Zwk”ﬂkz:Kﬂ”2> Zwmllﬁmx 13 +2 ) witwnl| B, l2llBrx, Il
k=1

m<k

kK,

m<k
>1
Kn Kn K k—1
>ZZUJ B21(1 > m) +222wkwm26511>k
=1 m=1 k=2 m=1
K,  Kn k-1

—Zﬁl Zw —i-QZﬂl ZZwkwm (1>k)

=1 k=2 m=1

" I k-1 Kn 2
s R
=1 m=1

=1 k=2 m=1
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Figure C.1: Demonstration of Lemma C.4 and Lemma C.5 for the special case of w;, =
ajm=k™—(k—1)" and K,, = 2. We have in blue ( ) the region EY, C¥ in red ( )
and HY in black (——). From left to right we have the plots for m = 0.5, 1 and 1.5.

Lemma C.5. For the region Hy as defined in (C.5), we have the inclusion By, C HE

where «
B;@nz{ﬁeRKn;Zﬁgg(wﬁ...mm)—?}. (C.7)
k=1
Proof. Let B € BY, and for brevity we denote || - || = || - ||2. Then for 5 € By
1> B8] (wr + wa + ... + w,)
181k, 18216, 18,1l *
ZH,BH(wl R W L W, o
181k, 181k, 181k,
= wi[|Bri, | + wal| B, | + -+ Wi, [|Bre, oxc, I
which implies that 8 € Hj . n

In Figure C.1, we demonstrate the above two lemma’s for K,, = 2 for the special case of
Wy = k™ — (k — 1)m

We now present the proof of the claim made in 4.4.3 regarding the relationship of our
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function class to weighted L,, spaces. Recall the definition of our class F:
Fao= {fofe) = S tula)i : [owndg =021 [vtag=1}.
k=1
Lemma C.6. For the hierarchical function class,
FA = (fy € Faut 3R — (b= 1)} Bclla < M)
k=1
and the weighted L, class
G = {fs € Fuu - S (KI5 < M1},
k=1
we have the following relationship:
G cFlca) (C.8)

Proof. The inclusion FY C G follows from the proof of Lemma C.4 above. For the first

inclusion it suffices to show that Y~ > {k™ — (kK —1)"}|Br.ocllz < > pey k7| Bk|. This follows
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from the fact that the ¢, norm is decreasing in q.

Z{k’” — D" HIBrooll2 < Z{km = D" HIBroolln

- Z{km E= 17> 15

=SS (k- MBI > k)

k=1 j=1

= Z |51 Z{km )™}
= Z 18515™.

C.6 Some entropy results for ellipsoids

C.6.1 An upper bound

In this section we establish some entropy results for the ellipsoid (C.6) and the circle (C.7)
which will allow us to establish entropy rates for the penalty region Hy .

Since K, can potentially be oo, or arbitrarily large, we need a way to handle this dimen-
sion. It turns out that this can be done using a simple argument which we demonstrate in

the following theorem.

Theorem C.1. (Dumer, 2006) For any 0 € (0,1/2), the 6-entropy of the ellipsoid Ey
satisfies the following inequality

d—
H(5, EY ) < + pg log(3/6)
Kn_Z ((EM) g log(3/9)

k=

where g < K, is the largest integer such that wy+- - 4w, < {(1 — 9)1/25}_1 andd < K,+1
is the largest integer such that wy + -4+ w1 <071 If 671 < wy then H(6, By ) = 0 holds
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trivially.

Corollary C.1.1 (Sobolev Ellipsoids). For Theorem C.1, let wy, = k™ — (k—1)™. Then we
have the following upper bound:

H(5, B ) < Ugs /™,

for some constant Ug which only depends on m and 6.

Proof. Firstly, we note that with this definition of wy, we can let K, = co. Thus if we can

show that H(8, E2) < U§~'/™ then the result follows since EY C EY for all K,, < co.

Now we have w; + -+ +w,, = py', hence

-1 571

. 5 1/m L
Mg < mémlog(i&/@ <10g(3/9){m} =U;d ™.

Now for the second part we use the fact that w; + -+ +wg_; = (d—1)™ <61 < d™ and we

obtain

ilog ((S]Lm) = (d—1)log(67") + log {m] < 6 Ymlog(67) — mlog {(d — 1)!}

< 57Ym Nlog(671) — mé /™ log {(d — 1)1}] < 7™ [log(d™) — mé"/™log {(d — 1)!}]
< 57 Y™m [log(d) — d " log{(d — 1)!}] .
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Now by sterling’s inequality we have for all d € {1,2,...}

log(d! log (21/271/2qd+1/2¢=d
log(d +1) — dg—i(— 1) <log(d+1) — ( Tl )
d log(2Y271/%)  d+1/2
=log(d + 1 — — log d
R B i1 %
d+1—1+1/2
<1 1 1-— 1
<log(d+1)+ T ogd
d—+1 logd
=1+1 1/2
+Og( d )+(/)d+1

1 log d
<1+1 14+ - 1/2 <1+log2+1.
_+og(+d)+(/)d+1_+og+

This implies that
1

>t (5 ) < 07m flogtd) — dlog{(d — 1] < U
]m

]

Corollary C.1.2 (Multivariate framework). For Theorem C.1, let w, = k™ — (k — 1)™

where for a fixed dimension p we define

k
B l+p—=2\ [(k+p—1
=2 (000)-(7)
=1
and all other wy = 0. Then we have the following upper bound:

H(5, B ) < Ugs?™,

for some constant Ug which only depends on m and 6.

Proof. Firstly, since w; = 1 the entropy is 0 for § > 1 and hence we will restrict ourselves to

5 € (0,1). We note that we must have py = qx, — 1 for some integer k;. This is because all
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weights after gx, 1 are zero until w,, . Now we have by definition
-1
wi - wg, 1= (b —1)" < {6(1—-0)V2}

and we have

1 _ 1)
MeZle—lz(kl+p )—1<—(k1+p, )
p b
[{o =02y 4 p" i {a— ) 4 patm
< =
- P! p!

{a-pem 4 pl

p!

<5 m

9

where the second line follows from the inequality
(Z) < n"/k!
This implies that for § € (0, 1)
19 log(3/6) < Uy o~ .

Similarly, there is an integer ko such that d — 1 = g, — 1. Which means that (ks —1)™ <

6~! < k. For the other term we have

;> — (d _ 1) {log(&‘l) . ZZ: 1Og(2f:1 wl) }

k=1 6 Zf:l wy d—1
—_ (d . 1) {10g(51) . <QQ - 1) log(lm) + (Q3 - QQ) log<2;ln)_—z ot (ka -1- ngfl) 10g(q£’;_1)}

I [log(51) - m{f(k&)d__lolg(QM—l)}] 7

where f(ks) = (g2 — 1)1og(1) + (g5 — g2)10g(2) + -+ + (qy — Grp—1) 10g(qrs—1) = S (¢ —
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qi—1) log(q,—1). Hence we have

ilog (ﬁ) <(d-1) [log(k;gn) — m{f(k2)d__101g(%—1)}]

S(k2) — log(ng—l)}
Qr, — 1 .

— m(d— 1) {1og<k2> -

which implies that

Now by induction we can show that ! (kQ)_log_(’ll’“Tl) > log{(l]c;fl)!}
2

f(k2) —log(gr, 1)
qr, — 1

(= 1) {toglh) - b < m(a = 1) |tog(h) -

< (d—1)m {2 +1log(2)}.

log{(ks — 1)!}}
ks

Finally, we note that

—1 —1
d—1:qk2—1=(k2+p )—1<(k2+p )
p p

e tp-1r (07T 4p) 5o (14 ps'/m)”
- p! - P! B p! p!

C.7 Proof of Theorem 4.2

Proof. By definition

1, -~ ~ 1
ST =yl + XTIQu) < G155 — w2 + XO1Qu),

which leads to the following inequality

ST = 1O+ XTI < e T Fibal + 51— 171+ XS0
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where (e, f), = = >°"  &:f(x;). Via the simple decomposition ||f_ 2 < 2“]’3_ U2 +
2|[f° — ]| we obtain

ST 212+ 220710 < IF = 2+ 15— £+ 2220(71Q)
— 1= £+ 2 {307 - P+ edon )
<70 = il + 2 {1 T = Fdal + 5107 - 2+ sl

=2l(e. f = fi)ul + 222Q(£11Qn) + 110 = £12
< max {4](e. T~ ] + 2001 208 - F12).

Thus our basic inequality is given by
I * 7 N * * *
SIF = 212+ A20(N1Qu) < 2max {20(e, F - 1)l +2220071Q0), 11° - 112}

Hence from the basic inequality either %H]?— P24+ A2Q(F1Qn) < 2|If°— £7]|12 which implies

the result or

SIT = £+ R20(TIQu) < He. T — Fidn + 4N0(71Q0)

Now note that H(J,{f € F. : Q(f|Qn) < 1},Qp) < A10~* implies

f_f’:: . A s—a
H(é’{Q( .fEfn},Qn)SAl(s :

F1@n) + Q(£31Qn)

Thus we invoke Lemma 8-4 of van de Geer (2000) and conclude that with probability at least

1 — cexp{—(T/c)?} for a constant ¢ > 0 and all T > ¢, we have

(e, F = Fidal < To 21 F = il # {(FlQu) + Q(f1Q0) )
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Define the set T as

7= {sup (e 7 - in] <

feFn

T2\ F = prl T QF1Q0) + QS |Qn>}3} ,

then on the set T we have

[N]])

ST = 521+ R0(FIQn) < 4Tn 2 F = £ {fl@n) + Q07100 ) +a0(71Q.)

Which means we have either
I %12 2 7 2 *

which is of the desired form or

R

ST = £+ R0 <sTa 2 F - fl ol raien ) . (©9)
We now consider (C.9) only.

C.7.1 Case 1: Qf1Qn) > Qf7|Qn)

In this case we have

w[R

SIT = 52l 4 X20(FIQu) < 8T I F - £l {20100 )

which gives us

vl

2UFIQu) < 8T = il {29(ﬂ@n)}
{ (flQn) } -2 < TR IA2F - L
& O(flQn) < (28 Tn i >2 ;

F=Filln:



Plugging this into the right hand side of (C.7.1) and solving for ||f— 4| we obtain

1 -~ * a 1,7 xnl—% g_;_ﬁ%’\ Il
SIF = £l < T2 T - ol E (2T ) T - e -
2a

]_ [ o 1 p—{e 2N
SIF = fills < T=a258n a0, =
I * -2 _% *
SIF = £212 < om0 = C20(1Qn)
where Cy = 775227 and recall the definition -1 = n=a {Q(fQn)} 7 .
C.7.2 Case 2: Q(f]Qn) < Qf7]1Qn)
In this case we have
1 N * 7 — N * 1_% * B
SlF = Fal + 20(f1Qn) < 8Tn V= falln ® {290/51Qn)} 2
From which we directly get

1—a

1 r * —inz * 2 * g
SIF = Fall < 8Tn73 1 F = gl * {20(£71Q0)}E =
L~ 148 a1 . a
SIF = Filn 2 < 22750 {Q(1Qu)YE =
I = filla < 250 Tan™ 55 {Q(f7]Qn)} 75 =

1.~ __2 . 20 N
5”-/: - fn”?L < C2n Tha {Q(fn‘Qn)}2+a - OQ)‘ELQ(fn|Qn)7
where Cy = T4 2+)9(14+a)/(2+a)  Thyg we have shown that on the set 7 we have

SI7 = F2l < max(s, 01, CINO(F1QL) = CoRO(£IQu)
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We have shown that with probability at least 1 — cexp {—(T"/c)?} we have the inequality

1 ~
I = £l < max {2017 = fI1%, CoNRQ(£71Qn) }
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To complete the proof we note that

SIF = 1O < NF = F2l + 0 — 012

< 2max {2[f° — fillh. CoMnQ(fr1@n)} + Ifn = IR
5

< 5max{2||f0 — fillz, CoXl QU filQn)} -
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Appendix D

TECHNICAL DETAILS FOR “WAVELET REGRESSION AND
ADDITIVE MODELS FOR IRREGULARLY SPACED DATA”

D.1 Details of algorithms

Here we give an algorithm for our additive and sparse-additive framework as well as an al-
gorithm for the extension of our proposal to classification. We use a block-wise coordinate
descent algorithm for solving the additive and sparse additive proposal. This algorithm cycli-
cally iterates through features, and for each feature applies the univariate solution detailed

in the main chapter. The exact details are given in Algorithm 6 below.

Algorithm 6 Block coordinate descent for the additive and sparse additive framework
Initialize d; <~ 0 for j =1,...,p
While [ < max_iter and not converged
Forj=1,...,p
Set r_j <y — > iy R,W'd;
Update d; + argmin? ||[r_; — RyW T d||; + Ai[|doi |y + Ao| R W T d 2,

deRK

Return dy,...,d,

We also give an algorithm for the extension of our method to classification based on prox-
imal gradient descent. To begin let L(d) = 1/(2n) >, log (1 + exp [—yi {(RWTd)i}D, or
more generally let it be some differentiable convex loss function. We denote by VL(d), the
derivative of L at the point d € RX. Algorithm 7 presents the steps for solving the univari-
ate waveMesh problem with general loss. The algorithm for extension of additive models to

classification (or other loss functions) can be similarly derived and is omitted in the interest

of brevity.
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Algorithm 7 Proximal gradient descent for extension to classification

Initialize d°

For [ =1, 2, ... until convergence
Select a step size t; via line search
Update

Jé—mgmménd—{dl1—QVLMZUHE+QMM1HL

dcRE

Return d

D.2 Proofs for univariate results

Here we present the proof for Theorem 5.1. We consider the estimator

~ 1
dea@mmgwy—Rwﬂﬂ@+MmMm, (D.1)
deRK 2T

where dj; denotes the sub-vector corresponding to the mother wavelet coefficients. We use
this notation to generalize the case of j, = 0 where j, denotes the minimum resolution level.
One nice feature about (D.1) is that it is exactly the lasso problem (Tibshirani, 1996) with
design matrix RW '.

Proof of Theorem 1. We can divide the proof into three parts, (1) the deterministic part,
(2) the stochastic part and (3) the approximation error part. The first 2 parts are standard
in the lasso literature, for this reason we will use the results from the book by van de Geer
(2016).

Deterministic Part

As per Theorem 2.1 of van de Geer (2016) let A, satisfy

A > [WR el|oe/n.
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where € is the noise vector. Define for A > A\,
X:)\_{_)\é‘a A:)\_)\Ev

and stretching factor L = A/A. Further more, for an index set S C {1,..., K} and stretching

factor L define the compatibility constant as
JA(L,S) = min {n~ S| |[RW T d|}3: |dsll, = 1.l d_slls < L} (D2)

where dg is the vector d with values equal to 0 for indices in §. Similarly d_g is the vector

d with values equal to 0 for indices in §¢. Then we have for any set S, and vector d* we

have
> S
-1 012 —1y| £0 T (2
n||f—=rF|s<n||ff— RW d||5 + =——. D.3
I 12 I 12 P(0.5) (D.3)
For simplicity we take the A = 2\, giving us A=3\, A=) and L =3. O

We consider a quick calculation of the compatibility constant 1/9\(L,S ). Let Api(R) be

the minimum eigenvalue of R, this will normally be greater than 0 if K < n. We then note

that:
n” S| BW T d|f; > A (R)n (S]] d]f3
= Auin(R)n (S| {|ds][5 + | d-s]15}
- Idslli | lld-slf}
> Apin(R)n S| { + :
S K =S|
and minimizing the right hand side under the constraints ||ds|; = 1 and ||d_s|y < L

we can get that it is bounded below by Ay,(R)n~'. This gives us one possible value for
the compatibility constant 1/9\2(L, S), notice that this includes the special case of traditional
wavelet regression with R = I and Ay, (R) = 1.
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Thus we have that

In|S|N2

n M= O <n ' — RW a5 + Ao (R)’

Stochastic part
We focus on obtaining a possible values for A\.. We start with the simple case where
R =1 and € ~ N(0,0%I), i.e. the traditional wavelet approach with regularly spaced data.

In this case we need to find a A. such that
Ae = [[Wello/n. (D.5)

First note that € = We/o ~ N (0, I) by orthogonality of W. Hence we have

, t? 4+ 2logp 9
P <||€ oo > V12 + 210gn> < 2pexp | = 2exp(—t°/2). (D.6)

Thus with probability at-least 1 — 2 exp(—t2/2) we have o/t2 + 2logn > |We| s. Thus in
this case we can take A\, = n_lom. In the general case we would have the mean
zero, sub-Gaussian K-vector WR'e. By a slightly more involved argument we can show
that we can take A\, = n_lcl\/m where ¢; depends on the distribution of € (i.e.,
the parameters of the sub-gaussian distribution) and matrix R.

Thus we have shown so far that with probability at-least 1 — 2 exp(—t?/2) we have

9¢2  |S|(* +2log K)

L F_ F02 < 1 0 _ RW T d*|? D.7
wF - £ <o g Bt g e (D)
or without worrying about optimal constants we get the rate
~ S|log K
nF - P <0 - mw a3 4 ol (D.8)
n

To obtain our result we just need the final step: approximation error.
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Approximation error part
Now we will bound the term n || f° — RW " d*||3. We will define specific types of vectors

d* which leads to specific sparse indes sets S. We begin with the decomposition:
nUIf — RWId |3 < 20| — RO + 207 |RFP - RW 3, (D)

where fO is the function obtained by interpolating f° from the data (i/K, f°(i/K)) for
i=1,...,K and f* = [f°(1/K),..., fO(K/K)]".

For the second term, define A (R) as the maximum eigenvalue of R'"R then
n R = RW |3 < Apux(R)n | F* = W' |5 < A (R)[| F° — W "2

For the last part we now define d*, the vector of wavelet coefficients such that it defines

a function f* as a linear combination of wavelet basis functions. To be precise we have that

270 —1 J*—127-1
fi@) =" dur(@al + Y > dul@)B (D.10)
k=0 j=jo k=0

for some integer J*, and where ajy, and 8% are the wavelet coefficients of the true function

f°. Now we obtain:

co 27-—-1

m?x\f*(x) — )| = mwaX‘ Z Z %k(ﬂf)ﬁgk

j=J*% k=0

oo 29-1

0
< max max [¢;i()| DD 185

j=J* k=0

(o)
B 0
= mng§%§k|¢jk(93)| Z Hﬁjnh

j=J*

where 3; € R? is the mother wavelet coefficient vector at level j. Now assuming that
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fPeBs .,
[e o] 0 o0 2]‘8’ o ,
S8 =Y S (5 =s=1/2)
j=J* =T
oo . Va2 1 1/dh
-/ 2 _45/ ,
< LZ <2]s Hﬁ?!h) ] LZ 9—J q2] ’
j=J* — J*
where gy is such that 1/¢, + 1/¢5 = 1. Using the inequality [|37]; < 2j(1*1/q1)||13‘?”q1 we get
0 [ 1Ve [ 1/,
Z 187111 < Z (27 + /2= a0y g0, )™ [’Z 2—gs’qé]
j=J* | j=J* ] -
[ > 11/a2
= |30 @ g, )" | o2
j=7" |

where the second term can be obtained by looking at So, — S;+_1 where S,, = z;‘l:o 27756,
The first term is bounded because f° € By &
Putting the pieces together
Thus we have shown so far, by taking d* as defined above and S being the active set of
d* (i.e. |S| =27"), that the rate is of the form (upto constants)

17 _ P —(28)J* log K
nHF = £ < 270 = RECYS 4 G270 4 G2 =

Treating the above as a function of J* and minimizing we obtain the approximate truncation
order |S| = O(n'/?+1)) which minimizes the right hand side. Finally, putting all the different

pieces together we obtain the bound:

log K

R 70T N
n‘1||f—f0||§SC4( ) om0 — RO
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