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Abstract

We introduce an algebraic formulation for the shape skeleton transform (also known as the medial axis
transform) and present a concrete low-degree example. While we can now construct an algorithmic approach
and provide a proof-of-concept example, small increases in algebraic degree or geometric complexity cause
the algebraic computations to become intractable, and we propose the algebraic skeleton transform as a
challenge problem for algebraic computation.

Introduction

The shape skeleton is a reduced-dimension geometry descriptor consisting of the locus of centers of maximal
balls; i.e. balls that are contained within an object but not within any other ball in the object. The concept was
introduced by Blum [1] as the medial axis (to identify objects in images) and has been extended under various
names including symmetry sets, central sets, cut loci, geometric skeletons, and shape skeletons (that we use
here). The skeletal concept has turned out to be important enough to garner the attention of numerous
researchers and has produced enough results that entire books exist on the subject under generic names like
medial representations [2]. There are papers dedicated to applications of medial/skeletal methods [3] including
applications to robotic collision detection [4] and vision systems [5]; and 3D skeletons remain an area of
interest in the graphics community [6]. Here we focus on introducing a new algebraic perspective.

Object representation

Since the shape skeleton concept involves maximal balls contained in a geometric object, it is inherently tied
to solid modeling [7], the study of shape representation. Classifications for solid modeling techniques include
boundary-representations (b-reps) [8], and cell decomposition methods (including voxels [9] and octrees [10])
but here we focus on representing shapes directly in terms of mathematical functions now known as function-
based representations (f-reps) [11]. Various approaches to f-reps may employ a general class of computable
functions or restricted classes such as the semi-algebraic functions typical of R-functions [12], but here we
restrict further to algebraic functions; specifically polynomials with rational coefficients. The idea of designing
geometry using polynomials has been introduced previously [13] with the intent of exploiting the capabilities of
what, at the time, were recently developed computer algebra systems. The available computing power
supported basic and blended boolean operations and some property evaluation (e.g. object extent via
silhouettes obtained by variable elimination using resultants or Grobner bases). Since then 25 years have
passed, the capabilities of computers and computer algebra systems have advanced significantly, and we
return to consider applications not previously considered feasible.

Skeletal data and algebraic sweeps

The skeleton is defined as the locus of maximal sphere centers, but that is insufficient for recapturing the
original shape. The additional information needed for reconstruction is specification of the maximal sphere
radii. The skeleton together with the radius specification, which we refer to as the skeletal data [14],
constitutes an alternative, reduced-dimension representation of the geometry [15]. Here we present an
algebraic approach (which can extend to R?’) for computing the skeletal data of a 2D body {2 = {(:c, y) :
f(z,y) <0}, f € Q[z,y]. The critical element in the definition of the skeleton is the maximal circle. We use



the standard quadratic description g(z, ¥; Zo, Yo, 7) = (z — 29)? + (y — yo)? — 72 so g = 0 represents a
circle of radius r centered at (z,y) = (2o, Yo ). For the circle to be maximal, it must have multiple points of
first order contact with the boundary 9€2. Labeling the contact points (1, y1) and (2, y2), multiple distinct
1¢-order contact imposes the conditions (with the final condition ensuring that the distance between the
contact points has a real inverse k):

fi, f20 f(z1,11) =0, f(z2,92) =0
91,92+ 9(®1,Y1;%0,%0,7) = 0, g(x2,Y2;Z0,Y0,7) =0
hi,hy : dfi Ndg1r =0, dfs Ndgs =0

d: k((zy—z1)*+ (g —21)*) —1=0

Given a polynomial f defining a region §2, the conditions correspond to a set of 7 polynomials

{f1, f2, 91,92, h1, ho,d} in the variables {xz¢, Yo, T, 1, Y1, T2, Y2, k }. Computing the skeletal data is now
a problem in variable elimination. Applying a Grobner basis method with an elimination ordering, the first
element will be a polynomial in {:cg, yg} that provides an implicit definition of the variety containing the
skeleton, and the succeeding element(s) will be polynomial(s) in {z¢, Yo, 7} that complete the skeletal data
by specifying the radius of maximal spheres. To be concrete, let's consider the axis-aligned ellipse with major
axis 2 and minor axis 1 defined by f(a:, y) = x? + 4y2 — 1. The polynomials defining the skeleton are:

f1, fa, o} +4y; — 1,23 + 4y5 — 1,
91,92, \ _ —r? + (21 —20)® + (y1 —90) % =% + (z2 — 20) * + (v2 — w0) %,
hi, ha, —4x1yo + 1620y — 1221y1, —4@ayo + 1620y — 12222,

d k(($2—$1)2+(y2—y1)2)—1

The lexicographic Grobner basis B includes 16 polynomials:

B = {zoyo, 12r°zy + 4ad — 3z, 3ryy — 4y — 3yo,36r* — 4502 — daj — 922 — 64y; — 36y2 + 9,
3xoxy — 4xd,9r’zy — 122195 + 4x) + 9z — 9z1, — 127 — 202) + 922 + 20y + 3,5 + 3y10,
3672y, + 122y + 1695 + 9yo — Y1, Ty — 4xoyr + 3191,
3r? + 5:63 — 5y§ + ny — 3, —8x¢ + 3z + 322, 2yy + 3y1 + 3y2,
16kx] — 9kz + 9z, 64kx? + 16ky2 — 36k — 3602 — 1223 + 48y7 + 45,
12kr? 4 84kx? — 48k — 48r® — 16x2 + 64y? + 57, 16kxsy; — 3kyo — 9ky1 + 3yo + 9y1 }

The first line of B contains the critical skeletal data. By = x(y, defines the skeletal variety, and the skeletal
sphere radii are described by (B N Q[zg, yo,7]) \ (B N Q[zg,yo]) = {Ba, Bs, Bs}. The factored
versions of these elements are:

By = xo(12r% + 422 — 3), By = o (3r? — 4y? — 3), By = (3r® — 22 — 3)(12r® + 4z — 3)

Bj has factors x and yj, so the skeleton could have components on the x-axis and y-axis. Examining the
factored skeletal data, we exclude as trivial any factors that also divide B (since they vanish on the skeleton).
For compact bodies, we also exclude factors that admit real values of r for arbitrarily large coordinate values.
Thus, the factors zg, yo, (372 — 432 — 3), and (3r* — x3 — 3) are excluded, and R := 1272 + 422 — 3



remains to govern the sphere radius. We note that, since B vanishes when xy = 0, the x( factor of B; can
play only a trivial role and the skeleton lies on the x-axis corresponding to the variety of Q) := y,. The
skeleton does not occupy the full variety, but terminates where the contact points become indistinct due to
higher order contact as shown in Fig.1a. Terminal points of the skeleton are centers of curvature and therefore
must also lie on the evolute. Terminal skeletal points can be found by computing skeleton-evolute
intersections, but such computations are generally unnecessary.

Inverting the transform: refleshing the skeleton

Having computed the skeletal data, the next task is to formulate the inverse transform that starts with the key
factors of the skeletal data (e.g. the polynomials () = yy and R = 1272 + 4x% — 3) and reconstructs a
polynomial defining €2. Since () describes the locus of centers and R describes the radii, the geometric
operation corresponds to computing the envelope of a family of balls with varying radius or, in geometric
modeling terminology, constructing a variable radius swept solid. In the skeletal context, this is referred to as
"refleshing" the skeleton. Parametric formulations of sweep operations are common [16,17,18,19], sometimes
referred to as envelopes and sometimes as discriminants because they involve simultaneous roots of a
function (the expression describing the family of shapes) and its derivative (with respect to the parameter). For
a single-parameter family, the variable elimination can be performed as a resultant. Here the formulation is not
only implicit, and the implicitly defined envelope problem is less frequently encountered [20,21], but also
algebraic. Our goal is to present a computational algebraic approach.

Refleshing involves computing the envelope of a sphere with implicitly defined radius swept along an implicit
skeleton. For algebraic refleshing in R2, the skeleton lies on a polynomial variety that defines one or more
curves. For variable radius sweep along a curve, it is convenient to embed the problem in R3 so that the curve
is defined by a pair of polynomials G and H. (For curves lying in the , y-plane, simply set H = z.) A family
of spheres of radius  with centers at {zg, yo, 20 } are defined by F := (z — z0)% + (y — yo)? + (2 —
20)2 — 72 =0, the sphere centers are constrained to lie on a curve by G(mg, Yo, zO) = 0and

H(zy, Y0, 20) = 0, and the sphere radii are defined implicitly by R(xq, yo, ) = 0. The envelope criterion
(equivalent to Boltyanski's determinantal condition [19])is £ := dF ANdG NdH N dR = 0.

The algebraic envelope formulation for sweeping variable radius spheres along a curve involves eliminating
the variables {xg, Yo, 20, 7} from the polynomials P = {E, F', G, H, R} depending on

{a:, Y, 2,20, Y0, 20, r}. For the inverse transform in R?, z and 2o can be trivially removed so the computation
involves eliminating {zo, o, 7} from the polynomials P = {E, F, G, R}|.—.,—o depending on

{z,y, 0, Yo, 7} For the ellipse,

P = {r(3z — 4x), (x — z0)* + (y — w0)* — 7°, %0, 7* + 4 — 3}.
The Grobner basis B computed from P contains a single polynomial in Q[a:, y] which factors into:
BNQlz,y] = (z* + 4y — 1) (162" + 322°y* — 242” + 16y" + 24y° + 9)

The first factor recovers the ellipse; the second factor is positive semi-definite with zeros corresponding to
roots of R\rzo. This extraneous factor can be avoided by excluding the factor r from Pito produce the
revised polynomial set P = {3z — 4z, (x — x0)* + (y — v0)* — 7%, v, 7> + 423 — 3} with Grobner



basis B = {a:2 +49% — 1,160% 4 322 — 4,42 — 3w,y0} so that B N Qlx,y] = {332 + 49% — 1}
precisely recovers the ellipse.

Skeletal editing

The skeletal transform supports a variety of skeleton-based geometric editing techniques [14]. From an initial
polynomial, we can compute and edit the skeletal data and then apply the inverse transform to obtain a
polynomial defining the edited shape. For example, to create a polynomial inspired by the starfleet insignia,
scale the sphere radii non-uniformly by replacing R with the numerator of R‘r_w/(mo_g/g) and bend the
skeleton along the parabola Q) = 2y, + 5:3(2) — 1. The inverse transform produces f(z,y) = 2133z —
432z + 2880z%y — 108822 + 576z + 1024y> — 1024y — 320. The original ellipse and the edited
shape are shown in Fig. 1b.
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Fig.1 - a) Ellipse with maximal circles centered on skeleton terminating at evolute. Point on y-axis is not
Skeletal due to exterior contact circle. b) Ellipse and inverse transform of edited skeletal data.

The challenge of even slightly higher degrees

With a simple degree 2 example, we have demonstrated a foundation for using computer algebra to compute
skeletal data, perform skeletal editing, and reflesh. The factor limiting usefulness of the skeleton transform is
that the computational demands grow rapidly with problem complexity. In some sense, the next example in
terms of complexity is the degree 4 superellipse with defining function f;4 (:1:, y) =zt + y4 — 1. While both
the skeletal transform and inverse skeletal transforms for the ellipse are readily computed with general
purpose hardware and software, attempts to run the same code with a defining function of degree 4 instead of
degree 2 fail spectacularly. The computer algebra system runs continuously until system memory is depleted
and the computer becomes unresponsive. Note that the problem of computing the skeltal data for f; has a
known answer. Based on symmetry, the skeleton is associated with the variety of (z — y)(z + y) and a
function governing the sphere radii can be constructed by hand, but what is really needed is a way to use a
computer algebra system that can overcome the swelling of intermediate results and complete this class of
computation without specialzed knowledge or significant human intervention. The problem becomes more



challenging still in R3 where multiple contact and distinctness conditions arise. The hope is that the ISSAC
community will be able offer tools and/or insights to help make progress toward that goal.

References

1. H. Blum. A transformation for extracting new descriptors of shape. In Weinant Wathen-Dunn, editor, Models
for the Perception, of Speech and Visual Form, pp. 362-381, MIT Press, 1967.

2. K. Siddiqgi and S. Pizer, Eds. Medial Representations: Mathematics, Algorithms and Applications.
Springer Science+Business Media, Dordrecht, 2008.

3. D. Storti, G. Turkiyyah, M. Ganter, C. Lim, and D. Stahl. Skeleton-based modeling operations on
solids.Proceedings of the fourth ACM symposium on solid modeling and applications, pp.141-154, May 1997.

4. M. Ghosh, Mukulika, S. Thomas, and N. Amato. Fast Collision Detection for Motion Planning Using Shape
Primitive Skeletons. In International Workshop on the Algorithmic Foundations of Robotics, pp. 36-51.

Springer, Cham, 2018.

5. Lowet, A. S, Firestone, C., & Scholl, B. J. Seeing structure: Shape skeletons modulate perceived similarity.
Attention, Perception, & Psychophysics, 80(5), 1278-1289, 2018.

6. A. Tagliasacchi, Andrea, T. Delame, M. Spagnuolo, N. Amenta, and A. Telea. 3d skeletons: A state-of-the-
art report. Computer Graphics Forum, vol. 35, no. 2, pp. 573-597, 2016.

7. V. Shapiro. Solid Modeling. in Handbook of Computer Aided Geometric Design. Eds.G. Farin, , J.
Hoschek, , M. -S. Kim, , and M -S Kim. Elsevier Science & Technology, 2002.

8. C. Hoffmann. Geometric and Solid Modeling. Morgan Kaufmann Publishers, San Francisco, 1989.

9. J. D. Foley, A. van Dam, J. F. Hughes and S. K. Feiner. Spatial-partitioning representations; Surface detail.
Computer Graphics: Principles and Practice. The Systems Programming Series. Addison-Wesley, 1990.

10. C.L. Jackins and S.L Tanimoto. Oct-trees and their use in representing threedimensional objects.
Computer Graphics and Image Processing, 14(3):249-270, 1980.

11. V. Shapiro. Real functions for representation of rigid solids. Computer Aided Geometric Design, 11(2),
pp.153-175, 1994.

12. V.L. Rvachev and T.I. Sheiko. R-Functions in Boundary Value Problems in Mechanics. Applied Mechanics
Reviews. 48(4): 151-188, 1995.

13. M.A. Ganter and D.W. Storti. Object extent determination for algebraic solid models. Journal of Mechanical



Design, Vol.117(1), p.20(7), 1995.

14. R. Blanding, C. Brooking, M. Ganter, and D. Storti. A skeletal-based solid editor. Proceedings of the fifth
ACM symposium on solid modeling and applications, pp.141-150, June 1999.

15. F. Wolter. Cut locus and medial axis in global shape interrogation and representation. MIT Design
Laboratory Memorandum 92-2 and MIT Sea Grant Report, 1992.

16. Bruce, J., & Giblin, P. Envelopes. In Curves and Singularities: A Geometrical Introduction to
Singularity Theory, pp. 99-132, Cambridge University Press, Cambridge, 1992.

17. D.A. Cox, J.B. Little, and D. O'Shea. Ideals, Varieties, and Algorithms Fourth Edition. Springer, New
York, 2015.

18. M.A. Ganter, D.W. Storti, and M.T. Ensz. On Algebraic Methods for Implicit Swept Solids with Finite Extent.
Advances in Design Automation, ASME DE-Vol. 65-2, pp.389-396, 1993.

19. Stoker, J. J. Differential Geometry, vol. XX of Pure and Applied Mathematics. John Wiley & Sons, Inc.,
New York, New York, 1969.

20. V.C. Boltyanski. Envelopes. Pergamon Press, Oxford, 1964.

21. Spivak, M. A Comprehensive Introduction to Differential Geometry, vol. 3. Publish or Perish, Inc.,
Houston, TX, 1979.



