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In this dissertation, we develop new methods for statistical inference in the context of single-
view and multi-view clustering. In the first two chapters, we consider the multi-view data
setting, where multiple data sets are collected from a common set of features. We propose
tests of independence between the cluster membership variables in each data view that can
be applied to any combination of multivariate and network data views. In the third chapter,
we propose a test of no difference in means between two clusters obtained from hierarchical
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Chapter 1

INTRODUCTION

Cluster analysis is the task of dividing observations or features into representative sub-
groups, or clusters. This is a fundamental task in data analyses across virtually all applied
domains. For example, cluster analysis is often used in cancer genomics to identify sub-
groups of tumors that may correspond to hitherto unknown cancer subtypes [89, 100, 112,
13, 63, 108|.

Over the years, many clustering methods have been proposed for a variety of data
types and data settings [116]. A prominent contemporary data setting is the multi-view
data setting [104, 65], where multiple data types, or views, (e.g. gene expression data and
DNA copy number data) are available on a single, common set of observations (e.g. tumor
samples). Many recent papers have proposed clustering methods in this multi-view data
setting [9, 94, 98, 58, 56, 69, 33]. These multi-view clustering methods have enjoyed a burst of
popularity in scientific applications, likely because scientific phenomena often have dynamics
that cannot be fully captured by any single data type. For example, cancer has been linked
to differences across several different “omes”, including the genome, transcriptome, and
proteome [110, 37, 3].

Much of the single-view and multi-view clustering literature focuses on issues related
to cluster estimation. For example, virtually all clustering methods will return either an
estimated clustering of the observations, or estimated cluster membership probabilities for
the observations. However, we may instead be interested in performing inference on the
estimated clusters. For example, instead of simply estimating cluster memberships of tumor
samples on the basis of their gene expression data, we may additionally wish to determine

whether these estimated clusters truly correspond to different patterns of gene expression.

In this dissertation, we develop new methods for statistical inference in the context of

clustering problems in the single-view and multi-view data settings. The first two chap-



ters address the problem of inference for multi-view clustering methods; the first chapter
considers multivariate data views, where the [th data view contains p; features, and the
second chapter considers network data views, where the [th data view is a network with
edges describing a type of relationship or interaction between the observations. The third
chapter addresses the problem of inference for agglomerative hierarchical clustering, which
is a classic single-view clustering method.

In Chapter 2, we consider the setting where we have several multivariate data views on
a single, common set of observations. In this setting, many papers on multi-view clustering
methods assume that there is a single clustering underlying all of the data views, and
propose methods that “borrow strength” across data views to more accurately estimate that
clustering [9, 98, 58, 56, 69]. This implicitly assumes that there exists a single clustering
underlying all of the data views, or at least that the clusterings underlying each data view are
closely related. Before applying a multi-view clustering method that makes this assumption,
it is important to be able to evaluate whether the assumption holds. Some papers take
another approach, where they define separate clusterings of the observations with respect
to different data views, and propose methods for estimating the relationship between the
clusterings within each view [94, 33]. However, these papers do not provide a way to do
inference on the relationship between the clusterings within each view.

Thus, we extend the finite mixture model [76] for clustering a single data view to the
setting of multiple data views, without assuming that the cluster membership variables
in each data view are dependent or identical. Within this framework, we propose a test
of the null hypothesis that the cluster membership variables within each data view are
independent. This allows us to evaluate the assumption that there exists a relationship
between the clusterings of the observations defined with respect to each data view.

In Chapter 3, we consider the setting where we have two network data views on a single,
common set of nodes. Much like the setting where there are several multivariate data
views on a common set of observations, many papers on multi-view clustering methods for
network data sets assume that the clusterings underlying each network are closely related
[38, 88, 102, 12, 101]. This motivates us to develop methods for statistical inference on

the relationship between the clusterings within each network, so that we can evaluate the



assumption that the clusterings of the nodes defined with respect to each network are
related. We extend the stochastic block model [45] for clustering a single network data
view to the setting of multiple networks, without assuming that the networks are closely
related. Within this framework, we propose a test of the null hypothesis that the cluster
membership variables within each data view are independent. We also consider a related
setting, where we have a network on a set of nodes as well as covariate measurements on
each node. This can be viewed as a network data view and a multivariate data view, and we
adapt our methodology to propose a test of the null hypothesis that cluster memberships
defined with respect to the network and cluster memberships defined with respect to the
covariates are independent.

In Chapter 4, we consider the setting where we have a single data view (data set),
and we cut the agglomerative hierarchical clustering dendrogram of the data set to get K
estimated clusters. We define the “mean” of an estimated cluster to be the centroid of
the mean vectors corresponding to the observations in each estimated cluster, and ask: is
there a difference in means between two estimated clusters? This is a challenging question,
because the null hypothesis depends on the data. Thus, it is inappropriate to apply classical
techniques for testing for a difference in means between two groups, such as Hotelling’s T-
test to answer this question, because they do not account for this hypothesis selection. To
answer this question, we make use of the extensive recent literature on selective inference
[29, 70, 107, 61, 118, 49, 50, 20, 51] in order to develop a test of the null hypothesis that two
estimated clusters have no difference in means, which properly accounts for the fact that

we estimated the clusters from the data.



Chapter 2

ARE CLUSTERINGS OF MULTIPLE DATA VIEWS INDEPENDENT?

This work is published in Biostatistics [34].

2.1 Introduction

Complex biological systems consist of diverse components with dynamics that may vary
over time, and so these sytems often cannot be fully characterized by any single type of
data, or at any single snapshot in time. Consequently, it has become increasingly common
for researchers to collect multiple data sets, or views, for a single set of observations.

Multiple-view data has been applied extensively to characterize disease, such as in The
Cancer Genome Atlas Project [15]. In contrast, The Pioneer 100 (P100) Wellness Project
[90] collected multiple-view data from healthy participants to characterize wellness, and
to optimize wellness of the participants through personalized healthcare recommendations.
One way to do this is to identify subgroups of similar participants using cluster analysis,
and then tailor recommendations to each subgroup.

In recent years, many papers have proposed clustering methods in the multiple-view
data setting [9, 98, 58, 56, 69, 33]. The vast majority of these methods “borrow strength”
across the data views to obtain a more accurate clustering of the observations than would
be possible based on a single data view. Implicitly, these methods assume that there is a
single consensus clustering shared by all data views.

The P100 data contains many data views; multiple data types (e.g. clinical data and
proteomic data) are available at multiple timepoints. Thus, it is tempting to apply consensus
clustering methods to identify subgroups of the P100 participants. However, before doing
so, it is important to check the assumption that there exists a single consensus clustering.
If instead different views reflect unrelated aspects of the participants, then there is no

“strength to be borrowed” across the views, and it would be better to perform a separate



clustering of the observations in each view. Before attempting cluster analysis of the P100
data, it is critical that we determine which combinations of views have “strength to be
borrowed”, and which combinations do not.

This raises the natural question of how associated the underlying clusterings are in each
view. Suppose we cluster the P100 participants twice, once using their baseline clinical
data, and once using their baseline proteomic data. Can we tell from the data whether the
two views’ underlying clusterings are related or unrelated? Answering this question provides

useful information:

Case 1: If the underlying clusterings appear related, then this increases confidence
that the clusterings are scientifically meaningful, and offers some support for perform-
ing a consensus clustering of the P100 participants that integrates baseline clinical

and proteomic views.

Case 2: If the underlying clusterings appear unrelated, we must consider two expla-

nations.

1. Perhaps clinical and proteomic views measure different properties about the par-
ticipants, and therefore identify complementary (or “orthogonal”) clusterings.
If so, then a consensus clustering is unlikely to provide meaningful results, and
may cause us to lose valuable information about the subgroups underlying the

individual data views.

2. Perhaps the subgroups underlying the data views are indeed related, but they
appear unrelated due to noise. If so, then we might be skeptical of any results
obtained on these very noisy data, whether from consensus clustering or another

approach.

In Case 2, it would not be appropriate to perform consensus clustering.
To determine from the data whether the two views’ clusterings are related or unrelated,
it is tempting to apply a clustering procedure (e.g. k-means) to each view, then apply well-

studied tests of independence of categorical variables (e.g. the y2-test for independence,



the G-test for independence, or Fisher’s exact test) to the estimated cluster assignments.
However, such an approach relies on an assumption that the estimated cluster assignments
are independent and identically distributed samples from the joint distribution of the cluster
membership variables, which is not satisfied in practice. Thus, there is a need for an
approach which takes into account the fact that the clusterings are estimated from the
data.

The rest of this chapter is organized as follows. In Section 2.2, we propose a mix-
ture model for two-view data. In Section 2.3, we use this model to develop a test of the
null hypothesis that clusterings on two views of a single set of observations are indepen-
dent. We explore the performance of our proposed hypothesis test via numerical simulation
in Section 2.4. In Section 2.5, we connect and compare our proposed hypothesis test to
the aforementioned approach of applying the G-test for independence to the estimated
cluster assignments, and draw connections between this approach and the mutual infor-
mation statistic [79]. In Section 2.6, we apply our method to the clinical, proteomic, and
metabolomic datasets from the P100 study. In Section 2.7, we provide a discussion, which

includes the extension to more than two views.

2.2 A mixture model for multiple-view data

2.2.1 Model specification

In what follows, we consider the case of two data views. We will discuss the extension to
more than two views in Section 2.7.

Suppose we have p; and po features in the first and second data view, respectively. For a
single observation, let X(*) € Rt and X(?) € RP2 denote the random vectors corresponding
to the two data views and let Z(M) € {1,..., KW} and Z® € {1,..., K@} be unobserved
random variables, indicating the latent group memberships of this observation in the two
data views. Here, K and K® represent the number of clusters in the two data views,
which we assume for now to be known (we will consider the case in which they are unknown
in Section 2.2.4). We assume that X 1) and X@ are conditionally independent given the

pair of cluster memberships, (Z(), Z(?)); this assumption is common in the multi-view



clustering literature (see e.g. [9], [94], [58], [69], [33]). Further, suppose that

FXO | 20 = k) = 6O (X(’>;9,§”> for 1<k<K0 1<i1<2 (2.1)

PZW = 2% = k) =My for 1<k<KY 1<k <K®, (2.2)

where ¢()(-;0) denotes a density function with parameter 6, and II € AKOXED = {S €
KQ) g(2)

REWXK® g > 0, > > Sk = 1}. Equations (2.1)—(2.2) are an extension of the finite
k=1 k'=1

mixture model [76] to the case of two data views. We further assume that each cluster has

positive probability, i.e. P(Z() = k) > 0 and P(Z® = k') > 0, and so IT1 ;) € Af(l) and

K
71,0 € Afm, where AK = {s e RF : 5, >0, > s =1}
k=1
Let 001 = (9%1),... oY) ;) and 0 = (952),... 6% ). The joint density of XV and

) K(l I K(2)
X2 g

F(XW x990 92 11) = Zﬂkk/f(X(l),X(2) | 20 =k, 2 = k)
kK

=Y M (XD | 20 = k) f(XP | 22 = })

kK
= 3 T ® (XW5000) 6 (x3;00), (2.3)
kK

where the second equality follows from conditional independence of X1 and X given
ZM and Z®, and the last equality follows from (2.1).

The matrix II governs the statistical dependence between the two data views. It will
be useful for us to parameterize II in terms of a triplet (7(1), 7(2),C) that separates the

single-view information from the cross-view information.

Proposition 1 Suppose (V) € Aff(l) and 7 € Af(z). Then,

{H e AKWXE® Ml = 7'('(1), HTIK(D = 77(2)} = {diag(ﬂ(l))Cdiag(W@)) :C e Cﬂ(l)’ﬂ(z)} ,
where Cory ey = {C € REVXE® 00 >0, 0n® = 15y, OTn0 = 15}

A proof of Proposition 1 is given in Appendix A.1.

Proposition 1 indicates that any matrix II € AKWXE® wigh M@ € Af(l) and

HTIK(U € Af(m can be written as the product of its row sums 7, its column sums 7,



and a matrix C. Therefore, we can rewrite the joint probability density (2.3) as follows:

AW, x;00 92 11) = 3 7V Cpun@g <>( XM, 41 >>¢<z> (X(m;@](j))
N
= f(XW, X010 92 70 72 ). (2.4)

In what follows, we will parametrize the density of X and X in terms of 6V, 02 (1) 7(2),
and C, rather than in terms of 6, ) and II.

The following proposition characterizes the marginal distributions of X and X ®.

Proposition 2 Suppose XV and X® have joint distribution (2.4). Then forl = 1,2,

XU has marginal density given by

K
F(x;0 Z Dol (x0:0). (2.5)
k=1

Proposition 2 follows from (2.1) — (2.2). Proposition 2 shows that for | = 1,2, X
marginally follows a mixture model with parameters 6" and cluster membership proba-
bilities (V). Note that the marginal density of X(!) does not depend on 6?72 and C,
and similarly, the marginal density of X2 does not depend on V), 7)), and C; this fact
will be critical to our approach to parameter estimation in Section 2.2.3.

The model described in this section is closely related to several multiple-view mixture
models proposed in the literature: see e.g. [94], [56], [69], and [33]. However, the focus
of those papers is cluster estimation: they do not provide a statistical test of association,
and for the most part, impose additional structure on the probability matrix II in order to
encourage similarity between the clusters estimated in each data view. By constrast, the
focus of this chapter is inference: testing for dependence between the clusterings in different

data views. The model described in this section is a step towards that goal.

2.2.2 Interpreting 11

In Figures 2.1(i)—(iii), n = 15 independent pairs {(Xfl),ng)) ?_, are drawn from the model

)

(2.1)—(2.2), for three choices of II. The left-hand panel represents the p; = 2 features in

the first data view, and the right-hand panel represents the po = 2 features in the second



data view. For | = 1,2, the observations {XZ-(Z)}?:1 in the /th data view belong to two
clusters, where the latent variables {Zi(l)}?:1 characterize cluster membership in the /th
data view. Light and dark gray represent the clusters in the first view, and circles and

triangles represent the clusters in the second view.
(i) ii) (iii)
sl S N N e

A

S e

A

&
A
o%g ra %S o

Figure 2.1: Clusters in the first view are represented with dark and light shades of gray, and
clusters in the second view are represented with circles and triangles. (i) The clusterings
in the two views are independent, i.e. II has rank one, so the shade of gray (dark or light)
and shape (circle or triangle) are unassociated. (ii) The clusterings in the two views are the
same, i.e. II is diagonal (up to permutation of rows), so the shade of gray (dark or light)
and shape (circle or triangle) are perfectly correlated. (iii) The clusterings in the two view
are somewhat dependent, i.e. II is neither diagonal nor rank one.

Figures 2.1(1)—(ii) correspond to two special cases of II that are easily interpretable. In
Figure 2.1(i), IT has rank one, i.e. IT = 7MW [x()]7 50 that the clusterings in the two data
views are independent. Thus, whether an observation is light or dark appears to be roughly
independent of whether it is a circle or a triangle. In Figure 2.1(ii), K = K®) and II is
diagonal (up to a permutation of the rows), so that the clusterings in the two data views
are identical. Thus, all of the circles are light and all of the triangles are dark. Another
special case is when II is block diagonal (up to a permutation) with K5 blocks. Then, the
clusterings of the two data views agree about the presence of Kp “meta-clusters” in the
data. For example, one clustering might be a refinement of the other, or if one view has
clusters A, B,C, D, and the other has clusters a,b,c,d, it could be that A U B = a and
C=bUcand D =d.

In general, IT will be neither exactly rank one nor exactly (block) diagonal; Figure 2.1(iii)
provides such an example. Furthermore, II (an estimator for IT) almost certainly will be
neither. Nonetheless, examination of II can provide insight into the relationships between

the two clusterings. For example, if II is far from rank one, then this suggests that the
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clusterings in the two data views may be dependent. We will formalize this intuition in

Section 2.3.

2.2.8 FEstimation
Estimation Procedure and Algorithm

Given n independent pairs (X{l), X§2)), e (Xr(Ll), X,(f)) drawn from the model (2.1)—(2.2),
the log-likelihood takes the form

0™, 6@ ), Zlogf D x®. 90 9@ 20 7 ), (2.6)

where f(-, 00,03 70 7(2) ) is defined in (2.4). A custom expectation-maximization
(EM; [27], [75]) algorithm could be developed to solve (2.6) for a local optimum (a global
optimum is typically unattainable, as (2.6) is non-concave). We instead take a simpler
approach. Proposition 2 implies that for I = 1,2, we can estimate 8%) and 7() by maximizing

the marginal likelihood for the Ith data view, given by
Zlogf (X500, 70), (2.7)

where f(-;00), 7)) is defined in (2.5). Each of these maximizations can be performed
using standard EM-based software for model-based clustering of a single data view. Let
61 71 62 and #? denote the maximizers of (2.7). Next, to estimate C', we maximize
the joint log-likelihood (2.6) evaluated at é(l), 7, 9(2), and 72, subject to the constraints
imposed by Proposition 1:

C' = argmin [—6(9(1), 6@ 71 72 C’)} , (2.8)

CeC.(1) 4(2)

where C;1) 22 = {C € REWxK® Crir > 0, C72 = 1pw, cT#1) = 1@ }. Equation
2.8 is a convex optimization problem, which we solve using a combination of exponentiated
gradient descent [57] and the Sinkhorn-Knopp algorithm [31], as detailed in Appendix A.3.
Details of our approach for fitting the model (2.1)—(2.2) are given in Algorithm 1.
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Algorithm 1 Procedure for fitting the model (2.1)—(2.2)

1. Maximize the marginal likelihoods (2.7) in order to obtain the marginal MLEs é(l), #)

and 9(2), #) . This can be done using standard software for model-based clustering.

2. Define matrices ¢(1) € R™>EY and o2 e R K® with elements

oy = o (XM50() ana ) =0 (x501). (2.9)

3. Fix a step size s > 0. Theorem 5.3 from [57] gives conditions on s that guarantee

convergence.

4. Let C = 1K<1)1£<2). For t = 1,2, ... until convergence:

(a) Define My = C’};k,exp{sGkk/ — 1},  where Gy =
2(1) 7(2)
¢

S
1=

(60017 diag(7(1)Ctdiag(7() 3>

(b) Let u® = 1,72 and v° = 11). For ¢ = 1,2,.. ., until convergence:

Lot = le@ o — L@
’ MTdiag(#(1))pt' =17 Mdiag(#(2))ut"’

where the fractions denote element-wise vector division.

(¢) Let u and v be the vectors to which u* and ' converge. Let C']iz,l = wp Mpprvp .

5. Let C denote the matrix to which C* converges, and let IT = diag(7#("))Cdiag (7).
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Justification of Estimation Procedure

The estimation procedure described in Algorithm 1 does not maximize the joint likelihood
(2.6); nonetheless, we will argue that it is an attractive approach.

To begin, in Step 1 of Algorithm 1, we estimate (1) and 7(!) by maximizing the marginal
likelihood (2.7). This decision leads to computational advantages, as it enables us to make
use of efficient software for clustering a single data view, such as the mclust package [96] in
R. We can further justify this decision using conditional inference theory. Equation 3.6 in
[92] extends the definition of ancillary statistics to a setting with nuisance parameters. We
show that X(? is ancillary (in the extended sense of [92]) for /), 7). and C by using the

definition of conditional densities, and Proposition 2, to rewrite (2.4) as
F(XD, x@:9M 9@ 70 7)oy = f(xD | x@,90 92 71 7)) (X302 7).

Thus, [92] argues that we should use only X®@_ and not XD, to estimate ) and 7@, In
Step 1 of Algorithm 1, we are doing exactly this.

In Steps 3-5 of Algorithm 1, we maximize é(é(l),é@),ﬁu), #2) ), giving C, which is a
pseudo maximum likelihood estimator for C' in the sense of [36]. This decision also leads
to computational advantages, as it enables us to make use of efficient convex optimization
algorithms in estimating C'. Results in [36] suggest that when 6, 6@ 71 and #@ are

good estimates, C is so as well.

2.2.4 Selection of the number of clusters

In Section 2.2, our discussion assumed that K and K2 are known. However, this is
rarely the case in practice. Recall that we estimate #()) and 7(!) by maximizing the marginal
likelihood (2.7), which amounts to performing model-based clustering of X only. Thus,
to select the number of clusters K1), we can make use of an extensive literature (reviewed
in e.g. [81]) on choosing the number of clusters when clustering a single data view. For

example, we can use AIC or BIC to select K1) and K.



13

2.3 Testing whether two clusterings are independent

2.3.1 A brief review of pseudo likelihood ratio tests

Let ¢(a, 3,7) be the log-likelihood function for a random sample, where A is the parameter
space of a. Given a null hypothesis Hy : a = o for some o € A, an alternative hypothesis
Hi : a # ap, and an estimator 4, the pseudo likelihood ratio statistic [97] is defined to be

log A = sup (a, B,%)—sup £(ag, 5,7). Let a* be the true parameter value for a.. If a* is an
B

«,

interior point of A, then under some regularity conditions, if Hy holds, then 2log AL 2,

where 7 is the dimension of A [21].

2.8.2 A pseudo likelihood ratio test for independence

T
K@)

or equivalently, that Hy : I = 7 (z)T: that is, we test whether Z() and Z®) are

In this subsection, we develop a test for the null hypothesis that Hy : C' = 1511

independent, i.e. whether the cluster memberships in the two data views are independent.

We could use a likelihood ratio test statistic to test Hp,

logA = sup 6(9(1), 0?2 1) 72 C) — sup 6(9(1), 02 7 72 L 1%2))
o) 9(2) (1) 12 o) 92 1(1) 7(2)
= sup (0,62, 70, 7 C) — (06D, 7)) + (6@, 7)), (2.10)

9(1) 70(2)771'(1) ,71'(2)70

where the second equality follows from noticing that substituting C' = 1) 1£<2> into (2.6)

yields

00W, 02 7 72 ) = ¢(9®, 7D + (9@, 72, (2.11)

where (81, 7)) for | = 1,2 are defined in (2.7), and recalling the definition of 6, 71 92

and 7(?) as the maximizers of (2.7). However, (2.10) requires maximizing £((), 2 () 7(2) ),

which would require a custom EM algorithm; furthermore, the resulting test statistic will

typically involve the difference between two local maxima (since each term in (2.10) requires

fitting an EM algorithm). This leads to erratic behavior, such as negative values of log A.
Therefore, instead of taking the approach in (2.10), we develop a pseudo likelihood ratio

test, as in Section 2.3.1. We use the marginal MLEs, é(l),fr(l), and 9(2),ﬁ(2), instead of
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performing the joint optimization in (2.10). This leads to the test statistic

loghA=sup £(OW, 0P 7V 73 ) —¢(dM,6@ 7 7@ 1,017 ;)
CeC ) 4(2)
=0(0W, 0@ 7 72 &y —10(6M, 7)) 4 £8P, 72))] (2.12)
n (ONT ~ (1)) A ~(2) 7(2)
— N g |9 )d(lla)rg(f )Cj’dlag(w )¢ (2.13)
=1 (¢; )TaW(72)T g,

where C in (2.12) is defined in (2.8), C;0) 42 is defined in Proposition 1, »M and ¢ are
defined in (2.9), and the last equality follows from (2.6), (2.7), and (2.9). In addition to
taking advantage of the computationally efficient estimation procedure described in Section
2.2.3, the pseudo likelihood ratio test statistic does not exhibit the erratic behavior exhibited
by the likelihood ratio test statistic. This stability comes from all three terms in (2.12)

involving the same local maxima (as opposed to different local maxima).

2.3.8  Approzimating the null distribution of log A

The discussion in Section 2.3.1 suggests that under Hy : C' = 1K(1)1II;(2), one might expect
that 2log A LN x2, where r = (K1) — 1)(K® — 1) is the dimension of Cr(1) n(2). However,
this approximation performs poorly in practice, due to violations of the regularity conditions
in [21]. Furthermore, we will often be interested in data applications in which n is relatively
small. Hence, we propose a permutation approach. We observe from (2.11) that under Hy,
the log-likelihood is identical under any permutation of the order of the samples in each
view. Hence, we take B random permutations of the samples Xi(2) from the second view,
and compare the observed value of log A to its empirical distribution in these permutation
samples. Details are given in Algorithm 2. Since qZ;(l), qZ;(Q), #), and #@ are invariant to
permutation, for each permutation we need only to estimate C'. This is another advantage
of our test over the likelihood ratio test discussed in Section 2.3.2, which would require
repeating the EM algorithm in every permutation. Even when we reject the null hypothesis,
the clusters could be only weakly dependent; thus, it is helpful to measure the strength of

association between the views. Recalling from Section 2.2.2 that rank(IT) = 1 implies

independence of the clusterings in the two data views, we propose to calculate the effective
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Algorithm 2 A Permutation Approach for Testing Hy : C' = 1K(1)17I;(2)

1. Compute log A according to (2.13) using the original data, X and X®).

2. For b=1,..., B, where B is the number of permutations:

(a) Permute the observations in X(® to obtain X 2+,

(b) Compute log A** according to (2.13) based on X and X *+b),

3. The p-value for testing Hy : C' = 1K(1>1£(2) is given by % Zle 1{10g;\§0g1§*b}-

rank [111] of II, defined in Algorithm 1 — the ratio of the sum of the singular values of II,
and the largest singular value of II. The effective rank of a matrix is bounded between 1
and its rank, and the matrix is far from rank-1 when its effective rank is far from 1. For
example, in Figure 2.1(iii), the effective rank of II is 1.5, and is upper bounded by 2. Thus,
the effective rank of IT is bounded between 1 and min{K "), K}, and IT is far from rank-1

when its effective rank is far from 1.
2.4 Simulation results

To investigate the Type I error and power of our test, we generate data from (2.1)—(2.2),

with

1-6 .o &

for K = 6 and for a range of values of § € [0, 1], where § = 0 corresponds to independent
clusterings, and § = 1 corresponds to identical clusterings. We draw the observations in the
[th data view from a Gaussian mixture model, for which the kth mixture component is a
Np(ug), » () distribution, with p = 10, and with [L](cl) given in Appendix A.4.

We simulate 2000 data sets for ¥V = %2 = 021p for a range of values of o and n,
and evaluate the power of the pseudo likelihood ratio test of Hy : C' = 1k, 17;(2 described

in Section 2.3.2 at nominal significance level @« = 0.05, when the number of clusters is
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correctly and incorrectly specified. To perform Step 1 of Algorithm 1, we use the package
mclust in R to fit Gaussian mixture models with a common ¢2I, covariance matrix (the
“EII” covariance structure in mclust). We use B = 200 permutation samples in Step 2 of
Algorithm 2. Simulations in this section were conducted using the simulator package [10]

in R. Results are shown in Figure 2.2.

0=4.8 0=9.6

1.00- 1.00- 1.00-
B
2 0.75- 0.75- 0.75-
s O . .
[S]
C
]
kS
=
c
.2 0.50- 0.50 - 0.50 -
%]
c\?
n
©
E 0.25- 0.25- 0.25-
=
o
o

0.00- a=0.05 0.00 - 0.00 -

0.(I)0 O.I25 O.I50 O.I75 l.E)O O.E)O O.I25 O.I50 O.I75 l.bO O.E)O O.I25 O.I50 O.I75 l.bO
Dependence between views Dependence between views Dependence between views

Methods -+ Pseudo LRT (K=6, correct K) -}~ Pseudo LRT (K=3, K too small) -}- Pseudo LRT (K=9, K too big) n —-25---50--:-100 - - 250 — 500

Figure 2.2: Power of the pseudo likelihood ratio test of Hy : C = 1k, 1%2 with p = 10,
K =6 and o € {2.4,4.8,9.6} in the simulation setting described in Section 2.4. The z-axis
displays 0, defined in (2.14), and the y-axis displays the power.

The pseudo likelihood ratio test controls the Type I error close to the nominal o = 0.05
level, even when the number of clusters is misspecified. Power tends to increase as § (defined
in (2.14)) increases, and tends to decrease as ¢ increases. Compared to using the correct
number of clusters, using too many clusters yields lower power, but using too few clusters
can sometimes yield higher power (e.g. in the middle panel of Figure 2.2). This is because,
when the signal-to-noise ratio is low, the true clusters are not accurately estimated; thus,
combining several true clusters into a single “meta-cluster” can sometimes, but not always,

lead to improved agreement between clusterings across the two data views. We explore the
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impact of the choice of K on the performance of the pseudo likelihood ratio test in Appendix
A5.1.

Additional values of K and p are investigated in Appendix A.5.2.

2.5 Connection to the G-test for independence and mutual information

Let M) = (Ml(l), e ,Mﬁl)) and M©® = (Ml(Q) M(Q)) denote the results of applying a
clustering procedure to XM and X @) respectively. In this notation, M ) e {1,..., KM}
and M ) € {1,..., K®} denote the estimated cluster assignment for the ith observation in
the two views. To test whether Z(!) and Z(2) are independent, we could naively apply tests
on MM and M® for whether two categorical variables are independent. For instance, we

could use the G-test statistic for independence (Chapter 3.2 in [1]), given by
KW K@
GW®, M) =23 Z e 1og | (nNw)/ (N )| (2.15)
k=1 k'=1

where Nkk’ = |{Z S {1, . .,n} : Mz(l) = ]{Z,Ml(z) = k/}’, N.k’ = ZNkk/7 and Nk = ZNk)k"
k k'

Under the model Ny d Poisson (k) ,log pgkr = o + Brr + ik, the G-test statistic
for independence (2.15) is a likelihood ratio test statistic for testing the null hypothesis of

independence, i.e. for testing Hy: i = 0 for all k, k’. Thus, under Hy: vy = 0,

GAMD, MDY 502 ) k1) (2.16)

The G-test statistic for independence (2.15) relies on an assumption which is violated

in our setting, namely that {(Mi(l), ]\Zfi@))}?:l are independent and identically distributed
samples from the distribution of (Z .z (2)). It is nonetheless a natural approach to the
problem of comparing two views’ clusterings. In fact, the mutual information of [79] for
measuring the similarity between two clusterings of a single n x p dataset can be written
as a scaled version of the G-test statistic; when applied to instead measure the similarity

between MM and M), the mutual information I(M®, M) is given by

(MW, M@y = G2, ;1) /2n. (2.17)
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While the proposed pseudo likelihood ratio test statistic (2.13) for testing independence of
ZM and Z®@ does not resemble the simple G-test statistic for independence in (2.15), we
show here that they are in fact quite related.

Let #V) = 3" and #? = &7 be the vectors giving the soft-clustering assign-
i 1T(1>¢;(1) i 1T(2> 7(2)
K o K v

ment weights (or “responsibilities”) for the ith observation in the two views, where ggz is

defined in (2.9). We rewrite the pseudo likelihood ratio test statistic (2.13) as

GRIRIGE
) |’

\ _ (2.18)
)T (T g2 )(12[;(1)H)T1(

tog A (11, {7V, 7P}, ) = leog [W

where II is defined in Algorithm 1. In the following proposition, we consider replacing

the “soft” cluster assignments @(1) and f?) with “hard” cluster assignments, and replacing
the estimate II derived from the “soft” cluster assignments with an estimate derived from

“hard” cluster assignments, in (2.18). In what follows,

Mi(l)z arg max fg;), M2 = arg max f’l(i,) (2.19)

(2
ke{1,2,..,K(1} ke{1,2,..,K®}

Proposition 3 Let MO and M@ be the estimated model-based cluster assignments in
each data view defined by (2.19). Let N be the matriz with entries Ny containing the

number of observations assigned to cluster k in view 1 and cluster k' in view 2. Then,
log AN /n, {e ), €y Yimy) = nd (MW, M@)) = G2 (MW, MP) /2, (2.20)

where log A(-,-) is defined in (2.18), and e; is the unit vector that contains a 1 in the tth

element.

Proposition 3 follows by algebra, and says that replacing the soft cluster assignments in
the pseudo likelihood ratio test statistic of Section 2.3 with hard cluster assignments yields
exactly the G-test statistic for independence (2.15) (and the mutual information given in
(2.17))! In fact, in the special case of fitting multiple-view Gaussian mixtures with common
covariance matrix 021, in the first view and 021, in the second view, we will show that as
o — 0, and the soft cluster assignments converge to hard cluster assignments, the pseudo
likelihood ratio test statistic converges to the G-test for independence. In what follows,

log A = log A (ﬂ, {7*2(1) 2 ?:1>, as in (2.13) and (2.18).

)
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Proposition 4 Let 02 > 0. Suppose that to compute log A, we fit the model (2.1)~(2.2), for
o) and ¢?) densities of Gaussian distributions with covariance matrices O'2Ip1 and 021p2
respectively. Let MO and M@ denote the results of applying k-means clustering on the
two data views. Then, as 02 — 0, log A — nI(MM, M®@)) = G2(MW®, M) /2.

Proposition 4 is proven in Appendix A.2. When o2 > 0, the pseudo likelihood ratio test
statistic, the G-test statistic, and the mutual information are not equivalent. We can thus
think of the pseudo likelihood ratio test statistic as reflecting the uncertainty associated
with the clusterings obtained on the two views, and the G-test statistic and the mutual
information as ignoring the uncertainty associated with the clusterings. This suggests that
the pseudo likelihood ratio test of Section 2.3.2 outperforms the G-test for independence
when the sample size is small and/or there is little separation between the clusters.

To confirm this intuition, we return to the simulation set-up described in Section 2.4,
and compare the performances of the pseudo likelihood ratio test (2.13) and the G-test

for independence (2.15) for testing Hy : C = 1z)1% We obtain p-values for (2.15)

K@)
using the x? approximation from (2.16), and using a permutation approach, where we take
B permutations of the elements of M?), and compare the observed value of (2.15) to its
empirical distribution in these permutation samples. The results are shown in Figure 2.3;
we see that the two tests yield similar power when the sample size is larger and/or the value
of ¢ is smaller, and that the pseudo likelihood ratio test yields higher power than the G-test
for independence when the sample size is smaller and/or the value of o is larger. We note
that the x? approximation for the G-test from (2.16) does not control the Type I error.
Additional values of p and K, additional values of £, and non-Gaussian finite mixture

models are investigated in Appendices A.6.1, A.6.2, and A.6.3, respectively; the results are

similar to those described in this section.
2.6 Application to the Pioneer 100 Wellness Project [90]

2.6.1 Introduction to the scientific problem

In the P100 Wellness Project [90], multiple biological data types were collected at multi-

ple timepoints for 108 healthy participants. For each participant, whole genome sequences
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Figure 2.3: For the simulation study described in Section 2.5, power of the pseudo likelihood
ratio test and the G-test of independence for p = 10, K = 6 and o € {2.4,4.8,9.6}, with 9,
defined in (2.14), on the z-axis and power on the y-axis.

were measured, activity tracking data were collected daily over nine months, and clini-
cal laboratory tests, metabolomes, proteomes, and microbiomes were measured at three-
month, six-month, and nine-month timepoints. The P100 study aims to optimize wellness
of the participants through personalized healthcare recommendations. In particular, clinical

biomarkers measured at baseline were used to make personalized health recommendations.

As an alternative approach, we could identify subgroups of individuals with similar clin-
ical profiles using cluster analysis, and then develop interventions tailored to each subgroup.
It is tempting to identify these subgroups using not just clinical data at baseline, but also
other types of data (e.g. proteomic data) at other timepoints. We could do this by applying
a multi-view consensus clustering method (e.g. [98]). However, such an approach assumes
that there is a single true clustering underlying all data types at all timepoints. Therefore,
before applying a consensus clustering approach, we should determine whether there is any
evidence that the clusterings underlying the data types and/or timepoints are at all related

(in which case consensus clustering may lead to improved estimation of the clusters) or
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whether the clusterings are completely unrelated (in which case one would be better off
simply performing a separate clustering of the observations in each view). In what follows,
we will use the hypothesis test developed in Section 2.3 to determine whether clusterings
of P100 participants based on clinical, proteomic, and genomic data are dependent across

timepoints, and across data types.

2.6.2 Data analysis

At each of the three timepoints, 207 clinical measurements, 268 proteomic measurements,
and 642 metabolomic measurements were available for n = 108 observations. In the follow-
ing, we define a data view to be a single data type at a single timepoint. In each view, we
removed features missing in more than 25% of participants, and removed participants miss-
ing more than 25% of features. Next, features in each view with standard deviation 0 were
removed. The remaining missing data were imputed using nearest neighbors imputation in
the impute package in R [41]. Features in each view were then adjusted for gender using
linear regression. Finally, the remaining features were scaled to have standard deviation
1. As in Section 2.4, we consider the model (2.1)—(2.2) under the assumption that each
component in the mixture is drawn from a Gaussian distribution. For each data view, we
fit the model using the mclust package in R, with a common 2] covariance matrix (the
“EII” covariance structure in mclust). To test Hy : C' = 1K<1>1£(2), we compute p-values
using the permutation approximation discussed in Section 2.3.3 with B = 10°. Based on
the results in Appendix A.5.1, we choose the number of clusters in each view by BIC under
the constraint that the number of clusters is greater than one.

We now compare the clusterings in the clinical data at the first and third timepoints,
the clustering in the proteomic data at the first and third timepoints, and the clusterings
in the metabolomic data at the first and third timepoints. The sample sizes and results
are reported in Table 2.1. For each data type, the clusters found at each timepoint are
displayed in Figure 2.4.

We find strong evidence that for each data type, the clusterings at the first and third

timepoints are not independent. We further measure the strength of dependence through
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Figure 2.4: For three different data types, a comparison of the clustering at the first time-
point (represented with colors) with the clustering at the third timepoint (represented with
shapes). In each data type, there is strong evidence of dependence (p-value < 0.0001). The
data types are (i) clinical measurements, (ii) proteomic measurements, and (iii) metabolomic
measurements.

the effective rank of II, as described in Section 2.3.3. For the clusterings in the clinical
data, the effective rank of I is 1.63, and is upper bounded by 2. For the clusterings in
the proteomic data, the effective rank of I is 1.90, and is upper bounded by 5. For the
clusterings in the metabolomic data, the effective rank of 11 is 1.2, and is upper bounded by
3. These results suggest that the strengths of association for the clusterings estimated on
the clinical data, the proteomic data, and the metabolomic data, are strong, moderate, and
weak respectively. The fact that the clusterings estimated on some data types are strongly
dependent over time provides evidence that they are scientifically meaningful. Furthermore,
it suggests that performing consensus clustering on some data types (e.g. clinical data and

proteomic data) across timepoints may be reasonable.

We now focus on comparing clusterings in the clinical, proteomic, and metabolomic data

y [
Principal Component 1 (18%) Principal Component 1 (20.08%)
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View 1 View 2 n  pr P2 p-value

Clinical at Timepoint 1 Clinical at Timepoint 3 83 204 198 < 0.0001
Proteomic at Timepoint 1 Proteomic at Timepoint 3 66 249 257 < 0.0001
Metabolomic at Timepoint 1 Metabolomic at Timepoint 3 88 641 640 < 0.0001

Clinical at Timepoint 1 Proteomic at Timepoint 1 70 204 249 0.236
Clinical at Timepoint 2 Proteomic at Timepoint 2~ 60 205 254 0.091
Clinical at Timepoint 3 Proteomic at Timepoint 3 66 198 257 0.950
Clinical at Timepoint 1 Metabolomic at Timepoint 1 98 204 641 0.034
Clinical at Timepoint 2 Metabolomic at Timepoint 2 89 205 641 0.073
Clinical at Timepoint 3 Metabolomic at Timepoint 3 81 198 640 0.328
Proteomic at Timepoint 1 Metabolomic at Timepoint 1 72 249 641 0.402
Proteomic at Timepoint 2 ~ Metabolomic at Timepoint 2 67 254 641 0.004
Proteomic at Timepoint 3 ~ Metabolomic at Timepoint 3 73 257 640 0.020

Table 2.1: Results from the test of Hy : C' = lK(l)lf((g) developed in Section 2.3.1 applied
to clinical, proteomic, and metabolomic data at the first and third timepoints, and applied
to pairs of data views defined by different data types. Sample sizes n, dimensions in each
view p; and po, and p-values obtained using the permutation approximation from Section
2.3.3 are reported.

at a single timepoint. The sample sizes and results are reported in Table 2.1.

The results provide modest evidence that proteomic and metabolomic data at a given
timepoint are dependent, and provide weak evidence that clinical and metabolomic data are
dependent. However, on balance, the evidence that the clusterings are dependent across data
types is weaker than we might expect. This suggests to us that the underlying subgroups
defined by the three data types are in fact quite different, and that we should be very wary of
performing a consensus clustering type approach across data types, or any analysis strategy

that assumes that all three data types are getting at the same set of underlying clusters.
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2.7 Discussion

Most existing work on multiple-view clustering has focused on the problem of estimation:
namely, on exploiting the availability of multiple data views in order to cluster the observa-
tions more accurately. In this paper, we have instead focused on the relatively unexplored
problem of inference: we have proposed a hypothesis test to determine whether clusterings

based on multiple data views are independent or associated.

In Section 2.6, we applied our test to the P100 Wellness Study [90]. We found strong
evidence that clusterings based on clinical data and proteomic data persist over time, i.e.
that the subgroups defined by the clinical data and the proteomic data are similar at dif-
ferent timepoints. This suggests that if we wish to identify participant subgroups based on
(say) clinical data, then it may be worthwhile to apply a consensus clustering approach to
the clinical data from multiple timepoints. However, we found only modest evidence that
clusterings based on different data types are dependent! This suggests that we should be
cautious about identifying participant subgroups by applying consensus clustering across
multiple data types, as the clusterings underlying the distinct data types may be quite

different.

Throughout this paper, we compared clusterings on L = 2 data views. We may also
wish to compare clusterings across L > 2 views. Let X O e R~ for 1 < [ < L be the
random vectors corresponding to the L views. Suppose X are generated according to
(2.1) for 1 <1 < L, where (ZW1), ..., Z(1) are unobserved multinomial random variables
with probabilities given by P(Z() = ky,...,Z0) = kp) = Ty, 4, for 1 <k < KO and
1 <1 < L, where the sum of II over all indices is 1 and Il, ;, > 0. Results analogous
to Propositions 1 and 2 hold in this setting. Thus, we can estimate the parameters in the
extended model much as we did in Section 2.2.3, replacing the Sinkhorn-Knopp algorithm
for matrix balancing with a tensor balancing algorithm (see e.g. [103]). To test the null
hypothesis that Z() | ..., Z(E) are mutually independent, we can develop a pseudo likelihood
ratio test much as we did in Section 2.3, where instead of permuting the observations in X )
in Step 2(a) of Algorithm 2, we permute the observations in X ... X () Alternatively,

one can simply test for pairwise independence between clusterings, instead of testing for
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mutual independence between clusterings on all views, as we did in Section 2.6.

An R package titled multiviewtest is available on CRAN. Code to reproduce the
data analysis in Section 2.6, and to reproduce the simulations in Sections 2.4 and 2.5
and in Appendices A.5 and A.6, are available online at https://github.com/lucylgao/

independent-clusterings—code.
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Chapter 3

TESTING FOR ASSOCIATION IN MULTI-VIEW NETWORK DATA

3.1 Introduction

A network consists of the pairwise relationships (edges) between objects of interest (nodes).
For example, nodes could correspond to proteins, with edges representing physical interac-
tions, or nodes could correspond to people, with edges representing social interactions. Of
the many models for network data [28, 46, 44], one of the best known is the stochastic block
model [45], which assumes that nodes belong to latent communities, and that the probabil-
ity of an edge between a pair of nodes is a function only of the community memberships for
the two nodes.

It is often the case that multiple sets of edges are available on a common set of nodes,
as is shown in Figure 3.1(i). Consider a pair of protein-protein interaction networks in
which the nodes correspond to proteins [26]. In one network, the edges represent physical
interactions (binary interactions), and in the other, they represent co-membership in a
protein complex (co-complex associations). Another often-encountered scenario involves a
single network, with a set of covariates corresponding to each node, as is shown in Figure
3.1(ii). For instance, we might have a social network along with p demographic covariates
for each member of the network. Both Figures 3.1(i) and 3.1(ii) are examples of the multi-
view data setting [104, 65], and we will refer to the two networks in Figure 3.1(i), or the

network and the covariates corresponding to the nodes in Figure 3.1(ii), as two data views.

Extensions of network models to the multi-view data setting [30, 38, 35, 12, 95, 23] often
assume that the data views are closely related. For example, extensions of the stochastic
block model typically assume that the latent communities within each network view are

closely related [38, 88, 102, 12, 101].

In this chapter, we propose a test of the assumption that the latent communities are
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Figure 3.1: Two examples of multi-view data involving a network. (i) Two network views
on n = 10 nodes. (ii) A network view and an n x p multivariate view on n = 10 nodes.

related. Why is this important? First of all, we should check whether two data views
are in fact associated before we fit a model that relies on this assumption. Second, the
relationship between the views may itself be of interest, and the test that we propose will
allow us to assess this relationship. For example, such a tool can help shed light on whether
the two distinct definitions of protein interactions capture similar versus complementary
latent structures. Likewise, it can provide insight about whether peoples’ social interactions
and demographics are related. We investigated a similar problem for two multivariate data

views in Chapter 2, but did not consider the case where one or both views are networks.

To this end, we extend the stochastic block model to the multi-view network setting
(Figure 3.1(i)) without assuming that the network views are closely related. We then ask:
are the latent communities within each network view associated? Similarly, for the case
of a network view and a multivariate view (Figure 3.1(ii)), we model the network view
with a stochastic block model and model the multivariate view with a finite mixture model
[76], without assuming that the views are closely related. We then ask: are the latent
communities within the network data view and the latent clusters within the multivariate

data view associated?

The rest of the chapter is organized as follows. We review the stochastic block model
in Section 3.2. We extend the stochastic block model to two network data views in Section
3.3, and develop a test for association between the latent communities within each view in
Section 3.4. We develop a related test for the case of network view and a multivariate view in

Section 3.5. We review related literature in Section 3.6, and explore the performance of our
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tests via numerical simulation in Section 3.7. In Section 3.8, we apply the test from Section

3.4 to protein networks from the HINT database [25]. Section 2.7 provides a discussion.
3.2 The stochastic block model [45]

In this section, we briefly review the stochastic block model (SBM) proposed by [45] for a

single network; see [74] for a detailed review.

3.2.1 Model and notation

Let X € {0,1}"*" be the adjacency matrix of an undirected, unweighted network with n
nodes and no self-loops, so that X is symmetric and X;; =0 for i = 1,2,...,n. We assume
that the nodes are partitioned into K communities, with unobserved memberships given by a
latent random vector Z = (Z1, ..., Z,) with independent and identically distributed (i.i.d.)
elements and P(Z; = k) = my, for 7 € Af = {7T e RK . 1%77 =1,m > O}. Conditional on Z,
the edges are independently drawn from a Bernoulli distribution, with P[X;; = 1| Z] = 0z, 7,

for a symmetric matrix 6 € [0, 1]5*%. Tt follows that

n 1—1 n
FX12)=T][I (0zz)"" (1= 022)""", P(Z=2)=]]n-. (3.1)
i=1j=1 i=1

3.2.2  Approximate pseudo-likelihood function

As a result of (3.1), the log-likelihood function for the SBM is given by

n 1—1

00,7 X) = log Z Z TTTT (0:2) (1= 0,2) ' = (Hmi) . (32
i=1

z1=1 zn=1 \1i1=17=1

Equation (3.2) is computationally intractable, because it involves summing over K™ terms.
Therefore, [4] developed an approximate pseudo-likelihood function, in the sense of [8]. We
briefly review this approach; see Appendix B.1 for a detailed review.

Let Z € {1,..., K}" be the results of applying spectral clustering with perturbations

A~ ~ ~ n A
[4] to X. Define b € R™¥ with rows b; and by, = > X;;1{Z; = m}, and let d = X1,,.
j=1
Here, bim is the number of edges connecting the ith node to the mth estimated community

in Z , and d contains the degrees of the n nodes. Let R be the confusion matrix between Z
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and Z, and define the K x K matrix n = (diag(0R1x)) '0R, with rows 11,...,nx € AL
Let g(-; N, q) denote the probability mass function of a Multinomial(N, g1, ..., ¢x) random
variable. [4] treated Z and 7 as fixed and showed that

n
b1d.z % [Tg (bisdinz,). (3.3)
i=1
where ~ denotes “approximately distributed as”. Ignoring any dependence between Z and

d, and marginalizing over Z in (3.3) to approximate the conditional distribution of b given

d, yields the following log-pseudo-likelihood function:

EPL 7777T b ‘ d Zlog (Z kg budzank ) (34)

This can be viewed as the log-likelihood function of a finite mixture model (FMM; [76]) with

K components, of which the kth component has prior probability m; and density function

g(bi; diy ).
3.3 A stochastic block model for two network data views

In this section, we extend the SBM to the setting of two network data views, and derive

approximate pseudo-likelihood functions for the proposed multi-view SBM.

3.3.1 Model and notation

Suppose that we have two network views on a common set of n nodes, as in Figure 3.1(i), e.g.
a binary network and a co-complex network on n proteins. We assume that the networks are
undirected, unweighted, and have no self-loops. Let X1, X(2) ¢ {0,1}™*" be the symmetric
adjacency matrices of the two networks, where XZ.(Z.Z) =0fori=1,2,...,nand [ =1,2.

We model X with a SBM (Section 3.2.1) with K() communities, and X®) with a
SBM with K communities. It follows from (3.1) that for [ = 1,2,

n j—1 X”.’ 1-x®
l (1 ¢ ©) * _ .
00120 =TT ()~ (1=W5hge) P20 =0 =TT,

Jj=1li=1 v

(3.5)
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for a symmetric matrix 80 € [0, I]K(Z)XK(” and 7) ¢ Aff(l). Here, for | = 1,2, zW
represents the latent community memberships for the n nodes within the /th network data
view. We assume that the n pairs {(Z(l) Z }" , are i.id. and that XV 1 x@) |
ASACH

The following result from Chapter 2 allows us to parameterize the joint distribution of

ZW and 72,

Proposition 5 Consider two categorical random variables A and B with K and K' levels,
respectively, and with P(A = k) = 1 and P(B = K') =, for 7 € AY and 7' € ALK,

Then, there exists a unique matriz C' € Cy o such that
P(A=k,B=Fk)=mpmChp,
where Cp v = {C € REXE . Cppr >0, O’ =1, CTr =150},

It follows from applying Proposition 5 to each of the n pairs of categorical variables

{(Z-(l), Z-(2)) ?_, that there exists a unique KM x K@ matrix C € Cr) z(» such that

(2 K3

Bz = 20, 20) = -@) = T[ (2 = =, 2 = -) me DO (36)

where the first equality follows from the independence of the n pairs {(Zl-(l), Z »(2)) -

7

3.3.2  Approxzimate pseudo-likelihood function

The log-likelihood function of model (3.5)—(3.6) is given by

060, 9@ 7 2@ o x(1 x@)y = (3.7)

J2a¢y) k1) g(©2) Kk(2) n i—1 W Xz(gl) o 17Xi(]l')
tog Dy D ZH“HI H1<9 o m) <1 ’ 2 m) (H " (1> ()C = <2>> ‘
N =1 zp :1z1 =1 zp’'=1 7

Equation (3.7) is computationally intractable, because it involves summing over (K1) K (2)»
terms. Thus, we will derive an approximate pseudo-likelihood function for model (3.5)—(3.6),

along the lines of [4].
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For | = 1,2, let ZW e {1,2,..., KO} be the results of applying spectral clustering
with perturbations [4] to X, and let 5@ be the n x K matrix defined by

by =D X2 =m), 1<i<n1<m<KY, (3.8)
=1

and let d® = X(®1,,. Here, lA)Z(QL is the number of edges connecting the ¢th node to the mth

estimated community in the [th network, and d¥) contains the degrees of the n nodes in the

lth network. We write

FOM 5 | 4D g2 70, 72) (3.9)
FOW D, 40 d® | 70, 2@y G0, 40 | 20,4 | Z@)

2
= = AURWONAU
fd® d? | ZzW) z2) F(dD | ZzW)f(d®? | Zz@) z:1f(b | d, 2,

where the first and third equalities follow from the definition of a conditional density, and
the second equality follows from the fact that XM L X | z( 72 and XM | 72 | z()
and X® 1 Z(M | z@ (Section 3.3.1). Let R® be the confusion matrix between Z(!) and
Z® and let n® = (diag(8W RV 1)) 10D RD. As in [4], we treat Z and 5 as fixed,
and apply (3.3) in Section 3.2.2 to approximate f(b) | Z\ d®) for I = 1,2 in (3.9), which

yields
U 2T 400
JTURNIRAN QN AR ACES ll_Il_[lga,E )?dz( )’”(Z_zw)' (3.10)
=1i= !

Ignoring any dependence between (dV),d®) and (Z(V), Z(?®)) and marginalizing over the
latent community memberships Z1) and Z® in (3.10) to approximate the conditional
distribution of ) and b® given dV) and d® yields the following log-pseudo-likelihood

function:

Cor (W, 5@, 20 2@ . 50 §@) | V) q@)
n KQ) g(2) R R
=5 (m & . 77;(5)0%'9(52(1);dz(l),m(f))g(b?);d§2)7”ig)>> ' (3.11)

This closely resembles the log-likelihood function of the finite mixture model for two mul-

tivariate data views from Section 2.2.1 of Chapter 2.
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3.4 Are two network views’ community memberships associated?

Recall from (3.6) that P(Z() = (D 7Z(?) = ) = H TI'(H)TI' @ C RONCE where C' €
Cr(1) z(2), defined in Proposition 1. It follows from the deﬁnltlon of IP’(Z() = 2z in (3.5)
that

if and only if C = 1;)1L Thus, testing the null hypothesis of independence between

K@
the latent community memberships Z(!) and Z(2) amounts to testing Hy: C =1 K(1)1£<2).

3.4.1 The P2-LRT statistic

To test Hy : C' = 1) 17;((2), one might consider using a likelihood ratio test. The likelihood

ratio test statistic is of the form

(D) @ (D 72 i x (W) x(2)) — max (O 0 7 () w1 ()17 XD, X @),

9<1>,9<2E%,ﬂ<2>,c p D @ (1) 7(2) @
where the log-likelihood function ¢ is defined in (3.7). Unfortunately, recall from Section
3.3.2 that (3.7) is computationally intractable because it involves summing over (K K ()"
terms. We could replace the log-likelihood functions ¢ with log-pseudo-likelihood functions
lpr, defined in (3.11). This leads to a test statistic of the form

logA = o 77(2) ﬂ(1> o Cpr(n, n@ 70 7@ . p®) p@) | g 4@y —

0, B, (0@, 20,7, 1 1 6O, 63 40, d). (3.12)

However, £py, is a non-concave function of its arguments, and so no algorithms are available
to exactly compute the two terms in (3.12) — they can at best be approximated via local
maxima. Taking the difference between two local maxima can lead to unintuitive and
undesirable behavior; for example, log A might be negative.

To overcome this problem, we take a different approach, motivated by the fact that
each data view X () marginally follows a SBM with parameters §() and 7() (Section 3.3.1).
Rather than estimating the parameters n), n 71 72 and C by maximizing the log-
pseudo-likelihood function for the multi-view SBM (3.11), we first estimate 7", 7(!) and
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n®, 7(2) by maximizing the log-pseudo-likelihood function for the SBM (3.4) for each data
view separately. Since (3.4) has exactly the same form as the log-likelihood function of a
FMM (Section 3.3.2), it can be maximized using the expectation-maximization (EM; [27])
algorithm for fitting FMMs [75]. We then plug these estimates into (3.12), yielding the test

statistic

ogh= max Lo, 5@ 20 @ 0 5L 5@ | 40 42y

’77(2)77%(1)77%(2)’ 1K(1>1£(2); (}(1)’(;(2) | d(l),d@)). (3.13)
Computing (3.13) requires maximizing the first term with respect to C, i.e. to compute

C = argmax (p (71D, 7P, 71 22 ¢ b1 5P | g®) ¢, (3.14)
CeC() 2(2)

where C.. is defined in Proposition 5. Because the objective of (3.14) is a concave function
of C, C can be obtained using techniques from convex optimization. (In particular, we use
the exponentiated gradient descent algorithm [57] developed in Chapter 2 for maximizing
concave functions of C' under the constraint that C' € C.() z2.) This means that (3.13)
completely overcomes the challenges associated with the test statistic (3.12); for example,
(3.13) cannot be negative.

We refer to log A in (3.13) as a pseudo-pseudo-likelihood ratio test (P2LRT) statistic. In
the name P?LRT, the term “pseudo” is used in two different senses: the first is because we
use the pseudo-likelihood function £p;, in place of the likelihood function, and the second is
because we do not perform a full joint maximization over (n(*, 7?71 72 ) [36, 66].

We summarize the procedure for computing the P2-LRT statistic in Algorithm 3.

3.4.2  Approximating the null distribution

Under the null hypothesis that the community memberships Z(!) and Z(?) are independent,
we can write the joint density of the network data views X and X® as
FXW, X =By po[ (XN, X3 | 20, @)
=By g [f(XV | Z0)f(X® | 2]

= B0 [f(XD | ZO)E 0 [£(X) | 22)] = F(xD) £(X@),
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Algorithm 3 Computing the P2-LRT statistic log A defined in (3.13)

1. For I =1,2:

i. Compute d) = X1,

ii. Apply spectral clustering with perturbations [4] to X @) to obtain Z ) and compute
b according to (3.8).

iii. Maximize £pr(n®,7®0;6® | dV), where £py, is defined in (3.4), and denote the
maximizers by #) and #(). This can be done using the EM algorithm for fitting
FMMs [75].

2. Compute C according to (3.14):
i. Define matrices (! € R KW and §? e RK® with elements
. 2(1), (1) (2 2(2). 4(2) A2
gz(,i) =g (bg );dg ),n,gl)) and gz(k,) =g (bg );dg ),77,(6,)) .

ii. Fix a step size s > 0.

iii. Let C1 = L 1% For t =1,2,... until convergence:

K@)
a. Define O = C’,ik/ exp{sGrry — 1}, where Gy =
(1) A (2)
Zn ik 9yt )
=1 [T diag (1)) Gt diag(7(2)) P
b. Let u® = 1) and v° = 1,1y For ¢ =1,2,..., until convergence:
! 1 2 ! 1 1
ut K(®) t K@)

= OTdiag(70)?=1" " = Odiag(7®)ut’”

where the fractions denote element-wise vector division.

. / ! A
c. Let u and v be the vectors to which u! and v' converge. Let C]tc;g,l = U O Vg .

iv. Let C' denote the matrix to which C* converges.

3. Compute log A according to (3.13), where £py, is defined in (3.11).
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where the second equality follows from the fact that X 1 X(2) | ZW, z@) and X |
Z@ | zMW and X® L z® | zM) (Section 3.3.1). Thus, under Hy : C = 1K(1)17[;<2), the
network data views X and X@ are independent, so the joint distribution of X 1) and

X @ is invariant under permutation of the node labels {1,2,...,n} in either network.

It follows that we can approximate the null distribution of the P2-LRT statistic log A de-
fined in (3.13) by taking B random permutations of the node labels in the second network,
and comparing the observed value of log[X to its empirical distribution in the permuted
data sets. Since ﬁ(l),ﬁ(Q), #M, and #@ are invariant to permutation, we only need to
compute C for each permutation. This is another advantage of the P2-LRT statistic log/i
in (3.13) over log A defined in (3.12): if we had used log A, then we would need to esti-
mate 17(1), 77(2),71'(1),71'(2), and C' for each permutation. Details of the testing procedure are

provided in Algorithm 4.

Algorithm 4 P?LRT for testing Hy : C = ].K(l)].%@)

1. Apply Algorithm 3 to compute b1, 53 a1 4@ 74 72 71 22 & and the P2LRT
statistic log A defined in (3.13).

2. Form=1,..., M, where M is the number of permutations:
i. Apply the same permutation to the rows of b2 and the elements of d® to compute
8(2,*m) and d@*m)_
ii. Apply Step 2 of Algorithm 3 with b®? and d® replaced with b2*m) and d2+m) to
compute Cem).

iii. Replace b®, d®, and ¢ with b&*™) d2*m) and Ctm) in (3.13) to compute
log AG™)

M
3. The p-value for testing Hy : C = lK(l)l?{(Q) is given by 21 1{1ogAglogA(*m>}/M-
m=
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3.5 Extension to a network view and a multivariate view

In this section, we develop a test of association between latent communities in a network

view and latent clusters in a multivariate view.

3.5.1 Model and notation

We now propose an extension of the SBM to an undirected network view, X € {0,1}™*",
and a multivariate view, Y € R"*P, We assume that the network is undirected with no
self-loops, so that X is symmetric and X;; = 0 for i = 1,2,...,n. We model X with a SBM
(Section 3.2.2) with K(1) communities and we model the rows of Y with a finite mixture

model [76] with K?) clusters, so that

n j—1 n
Fx 1z =TI 207 Xis(1-0 1>Z<1>) N p(v ] 29 = ] eV v,e),
j=1l1i=1 =1 Z

(3.15)

where ¢(+;7y) is a density parameterized by v, and for [ = 1,2, the latent random vector
z0 = (Z{”,...,Zfll)) has i.i.d. elements with P(Zl.(l) =k) = W,gl) for () € Af(l). Here,
Z(M) represents the latent community memberships in the network view, and Z2) repre-
sents the latent cluster memberships in the multivariate view. We assume that the n pairs
{(ZzM, zP))n, are iid., and that X LY | 20, Z®. Thus, as in Section 3.3.1, it follows

from Proposition 1 that there exists C' € C ) . such that

p(zM = (1), Z Hw o wf 0),(2)- (3.16)

3.5.2  Approzimate pseudo-likelihood function

The multi-view log-likelihood function of model (3.15)—(3.16) is computationally intractable.
Thus, we will derive a multi-view log-pseudo-likelihood function for model (3.15)—(3.16). We
begin by approximating the conditional density of band Y given d, where b contains the

number of edges connecting each of the n nodes in the network to each of the K estimated



37

communities in the network, and d contains the node degrees:
b, | 2,23 d < [T g(bisdisnym)d(Visv ) (3.17)
/L:1 1 2
The derivation of (3.17) is very similar to the derivation of (3.10) in Section 3.3.2. Ignoring
any dependence between d and (Z(), Z(?)), and marginalizing over Z() and Z® in (3.17)

to approximate the conditional distribution of b and Y given d, yields

Cpp(n, 5, 7D, 7, C1b,Y | d) = Zlog Sl ml g (b dis )¢ (Yisywe) | - (3.18)
kK’

We observe that the log-pseudo-likelihood function in (3.18) closely resembles (3.11).

3.5.8 Testing independence between ZW) and Z®)

We now propose a test for the null hypothesis that the latent community memberships Z(1)
and the latent cluster memberships Z(® in model (3.15)(3.16) are independent. As in
Section 3.4, this amounts to testing Hy : C = 1K(1)1£(2).

Recall that the network X marginally follows a SBM, and let 7 and 7 be the maximizers
of lpr(n, O | d), where ¢py, is the log-pseudo-likelihood function for the SBM given by
(3.4). As in Section 3.4.1, we can compute 7 and #(!) by using the EM algorithm for fitting
FMMs [75]. Recall that the rows of the multivariate view Y marginally follow a FMM, and
let 4 and #® be the maximizers of the log-likelihood function for the multivariate view,
obtained via EM. We consider the P2LRT statistic given by

log A = argmax Lpr(h, %, #0,7@ 050,V [ d) — Lpr(n, 5, 7V, 7P, 1w 1w b, Y | d),
#(1) 2(2)

(3.19)

where {py, is the log-pseudo-likelihood function defined in (3.18), and C. . is defined in Propo-
sition 1. Once again, we can perform the maximization over C in (3.19) using techniques
from convex optimization. The details of the exponentiated gradient descent algorithm that
we use are similar to Step 2 of Algorithm 3.

As in Section 3.4.2, we approximate the null distribution of log A by taking B random

permutations of the rows of the multivariate data view X®, and comparing the observed



38

value of log A to its empirical distribution in the permuted data sets. The details of the

testing procedure are similar to Algorithm 4.

3.6 Related literature

Many papers have extended the SBM to the multiple network data view setting, under the
assumption that a single set of communities is shared across all networks [38, 88, 85, 5]
or a subset of networks [102]. The model proposed in Section 3.3.1 does not rely on this
assumption. Most of the previous work that avoids the assumption of shared communities
has focused on estimation of the community structure; Section 4 of [54] reviews these papers
in detail. By contrast, the primary goal of this chapter is not estimation, but rather to
develop a test of association between the communities underlying each network view (Section
3.4).

A related problem in functional neuroimaging is to test whether the communities un-
derlying brain networks of a group of healthy patients are the same as the communities
underlying brain networks of a group of diseased patients; see [86], and the references con-
tained therein. However, these tests cannot be used to determine whether the communities
underlying two network data views are the same, as the test statistics and/or p-values
cannot be computed in the two network data view setting.

In Section 3.4, we proposed a test of the null hypothesis that the communities underlying
two network views are independent. By contrast, [115] proposed a test of the null hypothesis
that the two network views are conditionally independent given the communities underlying
the two views.

In the case of a network view and a multivariate view, several papers have assumed that
the communities underlying the network view and the clusters underlying the multivariate
view are the same, and exploit this assumption to improve parameter estimation [12, 101,
117]. Our proposed model in Section 3.5.1 does not rely on this assumption. Another body
of work estimates the relationship between community memberships and node covariates,
but does not consider inference on this relationship [119, 83, 121].

In Section 3.5.3, we proposed testing for a specific type of relationship between the

network view and the multivariate view: we test for association between the communities
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underlying the network view and the clusters underlying the multivariate view. Several
papers have considered testing for other types of relationships between the network view
and the multivariate view [109, 30, 87]. For example, [30] tests for association between the
multivariate view and the latent node-specific factors underlying the network view, within

the context of a latent factor model.
3.7 Simulation results

In this section, we evaluate the performance of the test proposed in Section 3.4 in terms
of power and Type I error across a variety of simulated scenarios. All simulations in this
section were conducted using the simulator package [10].

3.7.1 SBM for two network data views

We will evaluate the performance of four tests of Hy : C = 1K(1>1£(2):

1. The P2LRT proposed in Section 3.4, using the true values of K1) and K3,
2. The P2LRT proposed in Section 3.4, using estimated values of KW and K@),

3. The G-test for testing dependence between two categorical variables (Chapter 3.2 in [1])
applied to the estimated community assignments for each view, using the true values of

KW and K@, and
4. The G-test, using estimated values of K1) and K®.

We estimate K1) and K by applying the method of [60] to X and X respectively.
In all four tests, we approximate the null distribution with a permutation approach, as in
Algorithm 4, using M = 200 permutation samples.

To evaluate these four tests, we generate data from model (3.5) —(3.6), with n = 1000,
KO =K® =K =6, 7() =7 =1x/K, and

C=(1-A)1glk+ A diag(Klg), (3.20)
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for A € [0,1]. Here, A = 0 corresponds to independent communities and A = 1 corresponds

to identical communities. We set 0 = (2 = 9, with
O = w + (2r — Dwl{k =k}, (3.21)

for r > 0, and w chosen so that the expected edge density of the network equals s, to be
specified. Two nodes in the same community are 2r times more likely to be connected than
two nodes in different communities; thus, r describes the strength of the communities. We
simulate 2000 data sets for a range of values of s, A, and r, and evaluate the power of the

four tests described above. Results are shown in Figure 3.2.
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Figure 3.2: Power of the P?LRT and the G-test with both views drawn from a SBM, varying
the dependence between views (A), the strength of the communities (7), the expected edge
density (s), and how the number of communities is selected. Details are in Section 3.7.1.

For all tests, power tends to increase as A, which controls the dependence between views,
increases. Power also tends to increase as the strength of the communities (r) increases,
and as the expected edge density (s) increases. Estimating K M) and K@ tends to yield
lower power than using the true values of KM and K. All tests control the Type I error,

but the P?LRTs uniformly yield higher power than the G-tests.
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3.7.2  Degree-corrected SBM for two network data views

Under the SBM, nodes within the same community have the same expected degree. In this
subsection, we generate each network view from the more flexible degree-corrected stochastic
block model (DCSBM, [52]), that allows nodes within the same community to have different
expected degrees. We generate n vectors (Zi(l), Zi(Q)7 (551), (51-(2)) iid. for ¢ = 1,2,...,n,
with ZZ-(I) and Zi(Q) categorical with K1) and K levels, respectively, and (Zi(l),Zi(Q)) 1

(51(1), 2(2))‘ Here, 6 and 6@ represent popularities for the nodes in the two views; more

popular nodes have higher expected degrees. We generate each view with

n j x® 1-x9)
X0 z0 5O ~ H H (5(1)5(z)ggzzj) ij (1 _ 5§l)5§l)9gzl)zm> ’ , 1=1,2. (3.22)
. i J

We set n, KO, K@ 70 7@ ¢ 010 and 62 as in Section 3.7.1 and take ]P’((Sgl) =
2.5) = 0.2, }P’((SZ@ = 0.625) = 0.8, and 51(1) L 51(2). We simulate 2000 data sets, varying
the dependence between views (A), the expected edge density (s), and the strength of the
communities (r); these parameters are defined in Section 3.7.1. Once again, we evaluate
the power and Type I error of the four tests described in Section 3.7.1. Results are shown

in Figure 3.3, and are similar to Section 3.7.1.

In this subsection, we assumed that the node popularities (& M and § (2)) are independent.
This can sometimes be an unrealistic assumption in practice. Consider two social network
views (e.g. Facebook and LinkedIn) on a common set of people; people with a lot of friends
on Facebook may also tend to be those with a lot of connections on LinkedIn. If () and
6@ are dependent, then X and X® could be dependent even when the communities
are independent, which could inflate the Type I error rate. To investigate this effect, in
Appendix B.2, we generate data from a multi-view DCSBM with 6! and §(2) dependent,
and apply the P2LRT using a range of values of K1) and K. We find that the Type I
error rate is controlled, both when we estimate the number of communities and when we
choose a fixed number of communities (as long as the number of communities is not grossly

overspecified); Appendix B.2 gives intuition for why this is the case.
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Figure 3.3: Power of the P2LRT and the G-test with both views drawn from a DCSBM,
varying the dependence between views (A), the strength of the communities (r), the ex-
pected edge density (s), and how the number of communities is selected. Details are in
Section 3.7.2.

3.7.83 SBM for a network view and a multivariate view

We will evaluate the performance of four tests of Hy : C' = 1) 17;((2) in the setting in which

one of the views is multivariate:

1. The P?LRT proposed in Section 3.5.3, using the true values of KW and K@,
2. The P2LRT, using estimated values of K1) and K(®),

3. The G-test applied to the estimated community assignments in the network view and
the estimated cluster memberships in the multivariate view, using the true value of K1)

and K@ and

4. The G-test, using the estimated values of K() and K®,

where K is estimated by applying the method of [60] to X M) and K@ is estimated using

BIC. In all four tests, we approximate the null distribution with a permutation approach,
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as in Algorithm 4, using M = 200 permutation samples.

We generate data from model (3.15)-(3.16); we generate data from a degree-corrected
version of model (3.15)(3.16) in Appendix B.2.1. We set n = 500, and K1) = K®) = K =
3. Let 7)) = 7 = 1 /K, and let C be given by (3.20). Let # be given by (3.21), so that
the expected edge density is s = 0.015. We draw the multivariate data view from a Gaussian
mixture model, for which the kth mixture component is a N1g(uy, 02I10) distribution. The

0-1; 0-15 +12-15

2-15 —2-15 0-15
We simulate 2000 data sets for n = 500 and a range of values of A, r, and o. Results are

px K mean matrix for the multivariate data view is given by pu =

shown in Figure 3.4.
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Figure 3.4: Power of the P2LRT and the G-test with the multivariate view drawn from a
Gaussian mixture model and the network view drawn from a SBM, varying the dependence
between views (A), the strength of the communities (r), the variance of the clusters (o),
and how the number of communities and the number of clusters is selected. The expected
edge density (s) is fixed at 0.015. Details are in Section 3.7.3.

The P2LRT and the G-test both control the Type I error rate. Power tends to increase as
the dependence between views (A) increases. Power also tends to increase as the strength of
the communities (r) increases and the variance of the clusters (o) decreases. As in Sections

3.7.1 and 3.7.2, the P2LRT uniformly yields higher power than the G-test.
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3.8 Application to protein-protein interaction data

In this section, we focus on two types of protein-protein interaction data. A binary inter-
action is a physical interaction between proteins, and a co-complex association is a pair of
proteins that are part of the same complex. These two data views provide complementary
information, in the sense that physical interactions can occur between a pair of proteins

that are not in the same complex, and not all proteins in complexes physically interact.

[25] combined and filtered eight protein-protein interaction databases to create the HINT
(High-quality INteractomes) database. We consider the H. sapiens protein-protein inter-
action data sets from HINT, and ask: are the communities within the binary interaction

network and the communities within the co-complex association network associated?

We remove self-interactions from both networks, and consider only those proteins that
appear in both networks. This yields 43,874 binary interactions and 88,960 co-complex
associations among a common set of n = 9,037 proteins. We apply the P?LRT of Hy :
C = 1K(1>1f<(2) developed in Section 3.4, using M = 10* in Step 3 of Algorithm 4. As in
Section 3.7, we estimate the number of communities in each view by applying the method
of [60] to each view separately, which estimates 14 communities in (coincidentially) both
data views. Our test yields a p-value of 0.012, and thus provides some evidence against the
null hypothesis that communities of proteins defined with respect to binary interactions and
communities of proteins defined with respect to co-complex associations are independent.
Figure 3.5 displays 7#(1) and #(2) (defined in Section 3.4.1), and C (defined in equation 3.14).

A color version of Figure 3.5 can be found in the electronic version of the article. Large
Pz =k, 2P =k)
Pz =k)P(Z{P =k")
the kth community in the binary view and the &’th community in the co-complex view than

values of Cypr = indicate nodes that are much more likely to belong to

they would under the assumption of independent communities. We find that the largest
values of ékk/ (in particular, (:“'2’4, CA’573, 6‘676) correspond to small values of fr,(:) and 7?,(5)
This means that while the kth community in the binary view and the &’th community in
the co-complex view share more nodes than we would expect by chance, the total number
of shared nodes is quite small in absolute terms. For instance, we estimate that six nodes

jointly belong to the sixth community in the binary view and the sixth community in the co-
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complex view, and we estimate that 57 nodes and 95 nodes belong to the sixth community

in the binary view and the co-complex view, respectively.
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Figure 3.5: Heatmaps of #()) and #(?), defined in Section 3.4.1, and of C’, defined in (3.14),
for the HINT database described in Section 3.8.

3.9 Discussion

In this chapter, we considered testing whether communities defined with respect to two
networks on a common set of nodes are related. We extended this test to the setting of one
network and one multivariate data set on a common set of nodes. The proposed tests control
the Type I error rate, and yield higher power than applying the G-test to the estimated
community/cluster memberships in each data view.

In this chapter, we considered only undirected, unweighted network views. There is a
body of work that extends the single-view SBM to directed and/or weighted networks; see
e.g. [114] and [2]. It may be of future interest to extend the methodology developed in this
chapter to allow for directed and/or weighted networks.

The tests developed in this chapter are implemented in the R package multiviewtest,

which is available on CRAN. Code to reproduce the simulations in Section 3.7, Appendix
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B.2, and Appendix B.2.1, and code to reproduce the data analysis in Section 2.6, are
available online at https://github.com/lucylgao/mv-network-test-code/. The data
sets used in Section 2.6 are the H. sapiens binary and co-complex interactomes openly

available in the HINT database [24] at http://hint.yulab.org.
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Chapter 4

SELECTIVE INFERENCE FOR HIERARCHICAL CLUSTERING
4.1 Introduction

Many popular methods have been developed to estimate clusters in a single data set, includ-
ing but not limited to k-means clustering [72], model-based clustering [76], agglomerative
hierarchical clustering [39], spectral clustering [80, 84] and convex clustering [43, 67]. How-
ever, the problem of statistical inference for the clusters estimated from these methods has
been relatively unexplored. The existing body of work has largely concentrated on develop-
ing hypothesis tests that measure the stability of estimated clusterings with respect to data
set perturbation [105, 99], or developing tests that measure the goodness of fit of clustering
models. For instance, one body of work tests the goodness of fit of models with K clusters
against models without clusters [17, 68, 18, 47, 55|, or against models with K’ # K clusters
[64, 19, 73, 77, 53, 16, 113]. These tests are sometimes applied recursively to assess the
validity of each split in a dendrogram obtained from agglomerative hierarchical clustering
(68, 47, 55, 16].

In this chapter, we consider a different inferential problem: testing for a difference in
means between observations belonging to two different estimated clusters. Consider the

following matrix Gaussian model for n independent observations of ¢ features:
X ~ MN pxq(pt, In, 0%1,), (4.1)

where p € R"*9 is unknown, and o2 > 0 is known. Let x be an observed realization from

(4.1), which we cluster to obtain C(x) = {C1,Ca,...,Ck}, where
élUéQU---UéKZ{1,2,...,n}, ékﬂéklzw,Vk%k/.

Let p; denote the ith row of the mean matrix p. We define the centroid of the kth cluster,
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Cr, to be the mean vector of {y; : i € Cp}:

1

Suppose that we wish to use x to quantify the evidence that the centroids of two clusters

(say, ¢, and ék/) are different. This amounts to testing

Hy : ’aék = p’ék/ v.s. Hy: ’aék 75 ﬂék’ (43)
For k=1,2,..., K, let
_ 1 — 1
To=—=— > w and Xs =——> X, (4.4)
Cel = Cil =
1€Cy, 1€Cy

where x; is the ith row of x, and X is the ith row of X. One might think to use the Wald

test of Hy : fig, = ,aék,, where the p-value is given by

Pr, (1%, = K¢, ll2 = 176, — 2, l2) (4.5)

and ||Xék - Xék/Hg % <0 ﬁ + Ci/|> - Xq- However, this ignores the fact that Hy de-
pends on the observed realization x through the estimated clusters C(x). We can expect
a surprisingly large difference in the empirical centroids {Eék}ff:l of clusters {ék}i{:p even
when the true centroids {ﬂék}le are all the same, since él,éz, . ,éK were obtained via
clustering x. This is illustrated in Figure 4.1(a). In short, the problem is that the null hy-
pothesis Hy : fig, = ﬁék’ is a function of the data. Since the Wald test does not account for
this hypothesis selection procedure, it is extremely anti-conservative, as is shown in Figure
4.1(b).

In this chapter, we will develop a selective inference framework for testing the selected
null hypothesis in (4.3). This framework exploits ideas from the extensive recent literature
on selective inference within the context of regression, changepoint detection, and outlier
detection [29, 70, 107, 61, 118, 49, 50, 20, 51]. The key idea is as follows: since we chose
to test Hy : ﬁék = ﬂék/ because ék, (fk/ € C(x), we can account for this hypothesis selection
procedure by defining a p-value that conditions on the event {ék,ék/ eC (X)}, where X is

the random variable defined in (4.1), and C(+) is a function that maps data to a clustering.

This will yield a correctly sized test, as is shown in Figure 4.1(c).
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Figure 4.1: (a) A single draw from model (4.1) with n = 100, ¢ = 2, 02 = 1, and p = 0,,x,
so that fig = 04 for any G C {1,2,...,n}. We cut the average-linkage hierarchical clustering
dendogram of x to obtain three clusters (él, Co and @3), and use color to indicate membership
in the three clusters. For 2000 draws from model (4.1) with n = 100, ¢ = 2, 02 = 1,
and p = 0y,xq, QQ-plots of the theoretical Uniform(0,1) distribution against the p-values
obtained from (b) the Wald test, defined in (4.5), and (c) our proposed test.

We are not the first to develop a selective inference framework to perform inference
on means after clustering. For instance, [62] focuses on developing a selective inference
framework for inference on means after biclustering, i.e. methods that cluster both the rows
and columns of the data matrix. Another selective inference framework can be found in
Chapter 3 of [14], which develops a test of the null hypothesis defined in (4.3) when convex
clustering [43, 67, 106] is used to obtain estimated clusters. However, convex clustering is
a relatively new technique that is not yet widely used in practice. We would like to instead
develop a selective inference framework that can be applied to well-known and more widely
used clustering methods, like agglomerative hierarchical clustering. Thus, in this chapter,
we propose a selective inference framework that can be used to develop tests of the null
hypothesis defined in (4.3), when agglomerative hierarchical clustering is used to obtain

estimated clusters.

The rest of the chapter is organized as follows. In Section 4.2, we develop a general

framework for testing the null defined in (4.3). In Section 4.3, we apply this framework
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to derive exact tests of the null hypothesis that two clusters obtained from hierarchical
clustering with single, average, or centroid linkage have the same mean. In Section 4.4,
we propose an approximate Monte Carlo test based on the framework defined in (4.3) that
can be applied to hierarchical clustering with any linkage; in particular, it can be applied
to complete-linkage hierarchical clustering. In Section 4.5, we explore the performance of
our testing procedure through numerical simulations. We conclude in Section 4.6 with a

discussion.
4.2 Selective inference for clustering

In this section, we will introduce a general selective inference framework for testing the
null hypothesis of no difference in means between two estimated clusters. This framework

applies to estimated clusters obtained using any clustering method.

4.2.1 A test of no difference in means between two clusters

Let © be an n-vector of contrast coefficients defined by

1 op - 5
T if 1 € Cy,
v = —AL, if 7 € ék/, . (4.6)
Crr
0, if i &CpUCh

Since p’'v = fig, = Pe,,» where fig, is defined in (4.2), testing (4.3) is equivalent to testing
R A ., T
Ho:p' 0=04 vs. Hy:p 0#0,. (4.7)

In order to test for a difference in means between two clusters while conditioning on the
fact that the clusters were estimated from the data, it is tempting to define the p-value to

be
Pry (IIXT 712 = %7 9]l2 | Cu G € C(X)) - (4.8)

Note that xT = Te, = Tg,,» where To is defined in (4.4). Thus, (4.8) approximately asks,

“Among all realizations of X that estimate the clusters ék and (fk/ we obtained from the
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observed realization x, how many realizations have a difference in means between ék and ék/
at least as large as the difference in means between Cj, and Cp in x?” Unfortunately, (4.8)
is difficult to compute, because the conditional distribution of || XT | given Cy, Gy € C(X)

does not have a simple form. Instead, we define the p-value to be
p =P, (HXTaHQ > %752 | G, G € C(X), T+ X = wix, dir(X D) = dir(xTﬁ)> , (4.9)

where ﬂ'é‘ =1, — % is the orthogonal projection matrix onto the subspace orthogonal to

span(7), and dir(w) = m if w # 0, and dir(w) = 0 otherwise. In (4.9), we condition on the
additional event {dir(X”7?) = dir(x??)} because the independence between ||X”7|s and
dir(XT'?) under Hy ensures that computing (4.9) simply involves a truncated y, distribution.
(We note that this would not be the case if we were to condition on the more general event
{XT# € span(xT?)}.) Conditioning on the additional event {m}X = mwix} in (4.9) helps

ensure that the support of the truncated x, distribution can be simply expressed.

Theorem 1 Let ¢ ~ (o||D||2) - xq. For p defined in (4.9),

p=P (9> x|z | CuC € C(X(9))) (4.10)
where

x =x 7¢_HXTI;H2 v (dir(xLp T

(¢) = +< HE ) (dir(x"D))" . (4.11)

We prove Theorem 1 in Appendix C.1. Results similar to Theorem 1 have been used to de-
velop selective inference frameworks for linear regression with groups of variables (Theorem
3.1 in [70], Lemma 1 in [118]), and to develop selective inference frameworks for change-
point detection (Theorem 1 in [51]). It follows from Theorem 1 that efficiently computing

the p-value defined in (4.9) amounts to efficiently characterizing the set
s={6>0:0,C0 ec(x(9)}, (4.12)

since then for ¢ ~ (o||2]|2)  xg, p=P (¢ > [|x" 0|2 | p € S) .



52

4.2.2  Interpreting X' (¢) and S

Recall that x’'0 = T, — .i’ék/, where To, is the kth cluster’s empirical mean, as defined in

(4.4). Tt follows that the ith row of x'(¢) defined by (4.11) is given by

r; + (@:?jéyl) (¢ - Hj:ék — fék, |2) dir (fék — fék’) , ifie ék,
X' ()i = { 2 — (#’“gm) (¢ — Iz, - Zfék/||2) dir (:Eék — ;z«ék/) . ifieCy, (4.13)

T;, ifigZékUék,.

Thus, x'(¢); is equal to z; outside of clusters C, and Cp, and is otherwise equal to ;
perturbed by a vector with length proportional to ¢ — H:Z‘ck - T, ll2, and with the same
direction as To — izék/, where T, - Thus, we can interpret x'(¢) as a perturbed version of
x, where observations in clusters Cj, and Cjs have been “pulled apart” or “pushed together”
along the line through 0, in the direction of Ts — Eék,, so that the perturbed data set
x'(¢) preserves direction of the difference in means between the clusters ék and Cp. In
other words, the clusters cannot be “pushed past each other”. Furthermore, S = {¢ € R :
Cr,Cw € C(X'(¢))} describes the set of perturbed data sets x'(¢) where C estimates the
clusters ék and Cjy.

We illustrate this interpretation with an example, where C is the function that results
from performing average-linkage hierarchical clustering, and cutting the dendogram to ob-
tain three clusters. Figure 4.2(a) displays a single realization x from (4.1), where we use
color to indicate the clusters defined by C(x). Suppose that we are testing for no difference
in means between the blue and orange clusters. Here, x = x/(¢) for ¢ = 176, — e, ll2 = 4.
Figure 4.2(b) and Figure 4.2(c) display x/(¢) for ¢ = 0 and ¢ = 8, respectively, where we
again use color to indicate the clusters defined by C(x). Observe that Figure 4.2(b) displays
a perturbed version of x displayed in Figure 4.2(a), where the blue and orange clusters have
been “pushed together”. There is now no mean difference between the blue and orange
clusters, and average-linkage hierarchical clustering would no longer assign the blue and
orange observations to different clusters. By contrast, observe that Figure 4.2(c) displays a
perturbed version of x displayed in Figure 4.2(a), where the blue and orange clusters have

been “pulled apart”. The mean difference between the blue and orange clusters has been ex-
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aggerated, and average-linkage hierarchical clustering would still assign the blue and orange

observations to different clusters. Figure 4.2(d) displays S = {¢ > 0 : Cy,, G € C(x/())}.
We see that 4,8 € S, while 0 ¢ S.

(a) Original data (p=4) (b) Perturbed data (@=0) (c) Perturbed data (¢=8)
N o o N o~ o ®
o 25 % o o 25 oo o o 25 o %
=1 ) S ° -.... . S 0
gO'O ° w.‘::’ § 0.0 ° o,‘::' 500 ° 0.0::'
P-25 $-25 Q-25
25 00 25 50 75 25 00 25 50 75 25 00 25 50 75
Feature 1 Feature 1 Feature 1

(d) Range of @that preserve the blue and orange clusters

0 2.8 4
(Original
data) [0}

Figure 4.2: In the three panels on top, the observations belonging to Cy,Cp € C(x) are
displayed in blue and orange for three data sets: (a) the original data set x, with ¢ =
|[xT7|| = 4, (b) a perturbed data set x'(¢) with ¢ = 0, and (c) a perturbed data set x'(¢)

with ¢ = 8. In panel (d), the values of ¢ such that C; and Cys appear in the clustering of
x/(¢) are displayed in dark grey.

4.3 Computing S for hierarchical clustering

In this section, we consider computing S defined in (4.12), when the clustering method C

corresponds to a clustering obtained from agglomerative hierarchical clustering.

4.8.1 A brief review of agglomerative hierarchical clustering

Agglomerative hierarchical clustering produces a hierarchical sequence of clusterings, where
the first clustering in the sequence contains n clusters, each containing a single observation,
and the (I 4 1)th clustering in the sequence is created by merging the two most similar (or
least dissimilar) clusters in the [th clustering in the sequence, for [ = 1,...,n — 1 [39, 40].

This requires a measure of dissimilarity between two clusters. First, we define a measure of
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dissimilarity between two observations in a data set x, d({i}, {j};x), for i # j. We assume
throughout this chapter that d({i}, {j};x) depends on z; and x; through z; — x; only. For
example, we could define d({i},{j};x) = ||z; — z;||3. Next, we choose a linkage, which
extends this notion of dissimilarity to groups of observations. For example, single-linkage
hierarchical clustering defines the dissimilarity between two groups of observations in a data
set x to be d(G, H;x) = lergn;relHd({z}, {7};x).

The following algorithm describes the agglomerative hierarchical clustering procedure.

Algorithm 5 Agglomerative hierarchical clustering of a data set x

o Let CV(x) = {{1},{2},...,{n}}.

e Forl=1,...,n—1:

1. Let (gf” (x),gél) (x)) = arg min d(H1, Ha;x). (We assume throughout
H1,Ho€CW (x), H1#£H2
this chapter that the minimizer is unique.)

2. Merge QY)(X) and Qél)(x) at the height of d(ggl)(x),gg)(x);x)
in the dendrogram of x, and update CUtD(x) = (CcO(x) U

{0 ual e b\ ol ). 60}

In Algorithm 5, (gf), Qé”) denotes the pair of clusters that are merged at the Ith itera-
tion of the hierarchical clustering procedure on x, for{ = 1,2,...,n—1, and C(l)(x), ..., (x)
denotes the hierarchical sequence of clusterings of x.

Most commonly used linkages (e.g. single, complete, average, centroid) satisfy the Lance-
Williams update formula [59, 82]. This means that there exist parameters oy, o, 5, and =y

such that
d(G1 UG, H;x) = a1d(G1, H; x) + aed(Go, H; x) + Bd(G1, Go; x)+ (4.14)
7|d(g17 H? x) - d(g27 Ha X)‘,

where the parameters may depend on the cluster sizes |G|, |Ga|, and |[H|. We will show in

Section 4.3.3 that the p-value defined in (4.9) can be computed using O(n?) operations, for
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any linkage that can be written in terms of a Lance-Williams update with v = 0, such as

average or centroid linkage [82].

4.3.2  Key results

Recall that we defined Cj, and Cp to be two clusters obtained by applying a clustering
method C to the original data set x. Furthermore, recall from Section 4.2 that efficiently
testing Hy : fig, = ﬁék/ using (4.9) amounts to efficiently characterizing the set S, where S
is defined in (4.12) to be S = {¢ € R : Cy,Cp € C(x'(¢))}, and X'(¢) is defined in (4.11) to
be a perturbed version of the original data set x. In this subsection, we will present some
important results that will help us characterize the set S, when the clustering method C
corresponds to a clustering obtained from agglomerative hierarchical clustering.

We first state a preliminary result involving the dissimilarities between groups of obser-

vations in any perturbed data set x'(¢), which holds for any clustering method C.

Lemma 1 For any ¢ > 0, and for any two sets Hi1 and Ho that are both contained in
the estimated cluster (fk, both contained in the estimated cluster ék/, or both contained in

{1, 2,... ,n}\ék @] ék/,
d(H1, Ho; X' (¢)) = d(H1, Ha; %),

where x'(¢) is the data set obtained by perturbing observations belonging to Cp UCy in the

observed data set x according to (4.13).

Lemma 1 follows directly from the assumption that the measure of dissimilarity d({i}, {j};x)
depends on z; and z; through x; — z; only, and the definition of x'(¢) in (4.11) and (4.13).
Furthermore, Lemma 1 says that any perturbed data set x'(¢) preserves the dissimilarities
between any two groups of observations both belonging to the estimated cluster Cr., between
any two groups of observations both belonging to the estimated cluster Cp, and between
any two groups of observations that do not belong to Cp U Cp. Surprisingly, this simple
result is the key to deriving a sufficient and necessary condition for a perturbed data set
x/(¢) preserving Cj, and Cy, when C corresponds to a clustering obtained from agglomerative

hierarchical clustering.
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Lemma 2 Suppose that C = C"~E+V e the clustering method used is the function

that results from cutting the hierarchical clustering dendrogram to obtain K clusters. Then,
Cr,Cr € C(x'(®)) if and only if
: ! _(c® O] _ _
arg min d(H1, Hox'(¢) = (G (x),G5 ' (x)), VI=1,2,....n—K, (4.15)
7{1,7‘[2€C(l)(x),7{17ﬁ7—[2
where (Qil) (x),gél) (x)) is the pair of clusters that was merged at the lth step of the hi-

erarchical clustering algorithm applied to x. Furthermore, Cy,Cir € C(x'(¢)) if and only
if
cVx)=cV(¢), VIi=12,...,n—K+1. (4.16)

The proof of Lemma 2 is in Appendix C.2. The result in Lemma 2 is a bit surprising:
it says that the only way a pair of clusters (ék and ék/) in C(~K+1)(x) can appear in
Cn=K+D(x/($)) is if all of the merges that occur during the first n — K steps of the hi-
erarchical clustering algorithm are completely identical, i.e. C¥(x) = CW(x'(¢)) for all
1=1,2,...,n— K +1. We now ask: is it possible for hierarchical clustering on x and x'(¢)
result in identical clusters in the first n — K steps, but merge these clusters at different

heights? The following result answers this question in the negative.

Lemma 3 Suppose that C = C"~EK+D) i e the clustering method used is the function that
results from cutting the hierarchical clustering dendrogram to obtain K clusters. Then, for

any ¢ > 0,
1(00), 6 0:x(9) = d (61,60 %) . Vi=1.2,..n-K  (417)

where (gf)(x),gg” (X)) is the pair of clusters that was merged at the lth step of the hier-
archical clustering algorithm applied to x, and x'(¢) is the data set obtained by perturbing

observations belonging to Ci UCh in the observed data set x according to (4.13).

Recall that Cj, and Cjs are two estimated clusters in C(x) = C"~K+1(x). Thus, Lemma 3
follows from Lemma 1, and the fact that clusters cannot become unmerged once they are

merged. Lemma 3 says that the dissimilarity between any two sets of observations that were
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merged in x during the [th step of the hierarchical clustering procedure on x is preserved
by any perturbed data set x'(¢).

Recall from Lemma 2 that a perturbed data set x'(¢) preserves Cp, and Cp if and only
if x'(¢) preserves which clusters are merged in the first n — K steps of the hierarchical
clustering algorithm. Furthermore, Lemma 3 told us that it is impossible for hierarchical
clustering on x and x'(¢) to result in identical clusters in the first n — K steps, but merge
these clusters at different heights. Thus, a perturbed data set x'(¢) preserves Cp, and Cp
if and only if x'(¢) preserves which clusters are merged, and the height at which they are
merged, in the first n — K steps of the hierarchical clustering algorithm. In other words,
Cj, and Gy are preserved if and only if the dendogram of x'(¢) and the dendogram of x are
identical (up to re-ordering of the leaves) below the (n — K)th merge. This is illustrated
in Figure 4.3, which displays the dendrogram obtained from average-linkage hierarchical
clustering, cut at the red dotted line to yield three clusters, for the original data set x, and
perturbed data sets x'(¢) with ¢ = 4 and ¢ = 1. Observe that the perturbed data set
with ¢ = 4 displayed in Figure 4.3(b) and the original data set with ¢ = 5.4 displayed in
Figure 4.3(a) have identical dendrograms below the red dotted line, and so x’(4) and x'(5.4)
preserve the clusters Cj, = {1,5,2,4} and Cp = {6,7,8,9,10}. By contrast, the perturbed
data set with ¢ = 1 does not have an identical dendrogram below the red dotted line, and
so x'(1) does not preserve the clusters Cp = {1,5,2,4} and Cp = {6,7,8,9,10}.

We now rewrite (4.15) in a convenient form. Observe that (4.15) is true if and only if

A(A,B:x'(6)) > d (61" (). 65" (x):x(9)) (4.18)
Vi=1,2....n—K VABecCO(x), A#B, (A B)# ( y><x>,gg><x>) .

Applying Lemma 3 to the right-hand-side of the inequalities in (4.18) yields
A(A B X (6) > d (6" (x),60 (x);x), ¥ ABeC(x), A#B, (AB) # (6,0 (x)).

Thus, we can conveniently characterize S = {¢ > 0 : Cy,Cps € C(x'(¢))} defined in (4.12) as

follows.

Theorem 2 Suppose that C = C"~E+Y e the clustering method used is the function
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(a) Original data (¢=5.4) (b) Perturbed data (@=4) (c) Perturbed data (@p=1)

152467 8 9101114 3151213 152467 89101114 3151213 36189102 45 71114151213

(d) Range of @that preserve the clusters {1, 5, 2, 4} and {6, 7, 8, 9, 10}

0 3.3 5.4
(Original
data)

Figure 4.3: In (a)—(c), the dendrogram obtained from average-linkage hierarchical clustering,
cut to yield three clusters, is displayed for three data sets: (a) the original data set x, with
¢ = ||xT0||s = 5.4, (b) a perturbed data set x'(¢) with ¢ = 4, and (c) a perturbed
data set x'(¢) with ¢ = 1. In panel (d), the values of ¢ such that Cx = {1,5,2,4} and
Cp = {6,7,8,9,10} appear in the clustering of x’(¢) are displayed in dark grey; this is the
set S defined in (4.12).

that results from cutting the hierarchical clustering dendrogram to obtain K clusters. Then,

" l l
s= f {62044 B% () >d(0"x),0x)x)},  (419)
=1 A,BecO(x),A#B,
(A.B)7(9(" (x).95" (x))
where <g§” (x),gé” (x)) is the pair of clusters that was merged at the lth step of the hier-
archical clustering algorithm applied to x. Furthermore, (4.19) is the intersection of O(n3)

sets.

It follows from Theorem 2 that we can compute S by solving O(n?) inequalities in ¢.
Whether these inequalities can be efficiently solved in closed form depends on the choice
of the measure of dissimilarity between pairs of observations, and the choice of linkage.
When the measure of dissimilarity between pairs of observations is defined to be squared
FEuclidean distance, it turns out that the dissimilarity between any pair of observations in

the perturbed data set x'(¢) can be written as a quadratic function of ¢.
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Lemma 4 Suppose that C = C""5+1) e the clustering method used is the function that
results from cutting the hierarchical clustering dendrogram to obtain K clusters, and we
define the dissimilarity between a pair of observations in data set x to be d({i},{j};x) =

lzi — zj]|3. Then, for all i # j,
d({i}, {7} X' (9)) = aij¢* + bijé + cij, (4.20)

55\ 2 . R . R
fora;; = (%) 2 bij =2 (ag (dir(xTD), 2 — z5) — aij|xTD|2), ¢ij = ||wi—zj—/ai; (xTD)||3.

Lemma 4 follows from applying algebra to the definition of x'(¢) in (4.11). This result will
help us efficiently solve the inequalities in (4.19) in closed form for three commonly used

linkages: single, average, and centroid.

4.83.8 Three commonly used linkages

We will now apply the results derived in Section 4.3.2 in order to show that the set S defined
in (4.12) can be efficiently computed, when the measure of dissimilarity between pairs of
observations is squared Euclidean distance, and the linkage used is centroid, average, or

single linkage.

Centroid and average linkage

Average-linkage hierarchical clustering defines the dissimilarity between two groups of ob-
servations to be d(G, H;x) = WZE%EH d({i},{j};x), and centroid-linkage hierarchical
clustering defines the dissimilarity between two groups of observations G and H to be the
dissimilarity between the two centroids, ﬁ l; x; and Wl\ %7:-1 x;. It turns out that centroid
and average linkage both satisfy the Lance-Williams update formula defined in (4.14) with
v =0 [82]. In other words,

d(G1 U Go, H; X' (¢)) = 0nd(Gr, H; X' (9)) + ad(Ga, H; X' (9)) + Bd(Gr, Gas X (¢)),  (4.21)

_ |G1] _1_ _ : _ 191]
where a1 = <|91|+ Gy ) 02 = 1 — ayp, and 8 = 0 for average linkage, and a1 = Gil-IGa] )

as =1 —aq, and § = ajas for centroid linkage. Furthermore, recall from Lemma 4 that

when the dissimilarity between pairs of observations is given by squared FEuclidean distance,
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d({i},{j},x'(¢)) is a quadratic function of ¢ for all i # j. The following result follows from

the fact that linear combinations of quadratic functions of ¢ are quadratic functions of ¢.

Proposition 6 Suppose that we define the dissimilarity between a pair of observations in
data set x to be d({i},{j};x) = |lz; — x;||3, and we use either centroid or average linkage

to define the dissimilarity between groups of observations. Then,

1. d(A,B;x'(¢)) is a quadratic function of ¢ for all sets A, B.

2. Given the coefficients corresponding to the quadratic functions d(Gy, H;x'(¢)),
d(Ga, H; X' (¢)), and d(G1,G2;x/'(4)), we can compute the coefficients corresponding to
the quadratic function d(Gy U Ga, H;x'(9)) in constant time, using (4.21).

Now, recall from Theorem 2 that

n—K n—K

s=N N {620:d4,8,%(@) > d(9"x),0x)x) } = ] Y,
=1 ABec®(x),A#B, =1
(A.B)7(9(" (.95 ()

(4.22)

where (g%l)(x), gél)(x)> is the pair of clusters that was merged in x at the [th step of the
hierarchical clustering algorithm (Algorithm 5). We can now apply Proposition 6 to obtain a
computationally efficient procedure to compute S. This procedure is described in Algorithm
6.

Since S is the intersection of O(n?) sets (Theorem 2), and Algorithm 6 computes each
of these sets using a constant number of operations, it follows that computing S requires
O(n?®) operations. We can also use Proposition 6 and Algorithm 6 to compute S using
O(n3) operations for other linkages that satisfy (4.21), i.e. the Lance-Williams update
formula defined in (4.14) with v = 0. For example, weighted, median, and Ward linkage
also satisfy (4.21) [82].

Single linkage

Single-linkage hierarchical clustering defines the dissimilarity between two groups of obser-

vations to be d(G, H;x) = IgninH d({i},{j};x). Single linkage satisfies the Lance-Williams
1€G,)€
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Algorithm 6 Computing S defined in (4.12) for average-linkage or centroid-linkage hier-

archical clustering

1. Compute the set SU) defined in (4.22):

(a) Compute the coefficients corresponding to the (Z) quadratic functions of the form

d({i},{j}; X' (¢)) with i # j, using Lemma 4.

(b) Using these coefficients, compute each of the () — 1 sets intersected in SM in

constant time by solving a quadratic equation. Each of these sets is either an

interval, or the union of two intervals.

2. For l=2,...,n— K, compute the set S defined in (4.22):

(a) Compute the coefficients corresponding to the ("é“)

form d(A, B;x'(¢)) with A, B € CW(x) and A # B. Since Algorithm 5 says that

quadratic functions of the

e A O I e N AR (e CON Ol

it follows that there are two types of quadratic functions: those that involve

gY‘l)(x) U Qél_l) (x), and those that do not. There are (”;l) of the former, and

their coefficients were computed in the previous iteration. There are n — [ of

the latter, and each of their coefficients can be computed in constant time, using

(4.21), by Proposition 6.

(b) Using these coefficients, compute each of the ("_éﬂ) — 1 sets intersected in SO

in constant time by solving a quadratic equation. Each of these sets is either an

interval, or the union of two intervals.

n—K
3. Compute the set S = ] S®.
=1

update formula defined in (4.14), but with v # 0 [82]. Thus, Proposition 6 does not apply

for single-linkage hierarchical clustering, and we cannot apply the procedure described in
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Algorithm 6 to compute S. Fortunately, there is nevertheless a simple way to characterize
S. Recall from Theorem 2 that
n—K
s=N N {620:d4B:%() > d(0"x),0x)x) b (423)
I=1 A Bec®(x),A+£B,

(AB)# (9" (%), ()

Applying the definition of single-linkage hierarchical clustering to (4.23) yields

n—K
N rs l !

s=0 N N N{e=0:adit (1) > d (0 x), 68 x):x) |

1=

1 ABecW) (x),A#B, €A jeB
(A.B)# (91" (3.9 )

(4.24)
This straightforward characterization of S seems easy to work with, because it only involves
dissimilarities between two observations in the perturbed data set x'(¢)), rather than dis-
similarities between two sets of observations in the perturbed data set x'(¢)). However, the
characterization in (4.24) does not help us compute S efficiently, because there are more
than O(n?) sets intersected in (4.19). Fortunately, we are able to show that most of the

sets in (4.19) can be safely eliminated from the intersection.

Lemma 5 Suppose that C is the function that results from cutting the single-linkage hier-
archical clustering dendrogram to get K clusters. Then, for S defined in (4.12),
S = N ) ) {¢>0:d{i}. {5} % () > d(6(" 668" ;%) },
A,BeCn—K) (x), A#B, icA jeB
(AB)#(9" " (.90 ()
where (g%an)(x), gé”*K) (X)) is the pair of clusters that merged in x at the (n— K)th step

of the hierarchical clustering algorithm, and the intersection is taken over O(n?) sets.

Lemma 5 says that we only need to take the intersection over the O(n?) sets with | =n— K
in (4.24), and is proved in Appendix C.3. Thus, we can compute S by solving O(n?)
inequalities in ¢ that involve d({i}, {j};x'(¢)), for i # j. To solve these inequalities, we
recall from Lemma 4 that d({i},{j}; x'(¢)) is a quadratic function of ¢, when i # j, and the
dissimilarity between pairs of observations is measured using squared Euclidean distance.

Applying this result to Lemma 5 yields the following characterization of S.
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Proposition 7 Suppose that we define the dissimilarity between pairs of observations to
d({i}, {5};x) = ||lzi — z;||3, and we define C to be the map that results from cutting the

single-linkage hierarchical clustering dendrogram to get K clusters. Then,

S= ﬂ ﬂ ﬂ {6>0:0a;0° +bijo+cij > d (6" (x),05" x5 %)},
ABeCc(=K) (x),A£B, icA jeB
(AB)#(91" (0,65 (x))
where (QYL_K) (x), gé"‘K) (x)) is the pair of clusters that merged in x at the (n — K)th step
of the hierarchical clustering algorithm, a;;,b;j, and c;; are defined in Lemma 4, and the

intersection is taken over O(n?) sets.

Proposition 7 says that S can be computed by solving O(n?) quadratic inequalities in ¢,
where each inequality yields either a single interval, or a union of two intervals. Thus,

computing S requires O(n?) operations.
4.4 Approximating the p-value when analytically characterizing S is intractable

We have now shown that S can be efficiently computed for single-linkage, average-linkage,
and centroid-linkage hierarchical clustering, where the pairwise dissimilarity between ob-
servations is given by squared Fuclidean distance. Given S, it follows from the fact that
p=P(¢p > |xTD|s | ¢ €8) for ¢ ~ (o]|?]|) - xq (Section 4.2.1) that the p-value defined in
(4.9) can be efficiently computed. However, we may be interested in computing the p-value
defined in (4.9), using other linkages for which S cannot be efficiently computed. For ex-
ample, we may be interested in computing S for complete-linkage hierarchical clustering,
where d(G, H;x) = iera?gﬂd({i}, {j};x). Alternatively, we may be interested in defining the
pairwise dissimilarity between observations using a function other than Euclidean distance,
such as non-squared Euclidean distance.

Thus, we will develop a Monte Carlo approximation to the p-value p. Recalling from

(4.12) that S = {¢ > 0: C1,, G € C(x/(¢))}, we can rewrite p = P(¢ > [[xTD||s | ¢ € S) as

E[1{6 > [ 9]l2, Cp. Cw € C(¥(9))}]
E[1{C, G € Cx'(9)}]

p="P (6> x|z | Ce.Cu € CX(9))) = (4.25)
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i.4.d

Recalling that ¢ ~ (o||7|) - x4, we could sample ¢1,...,¢n ~ (c]|P]|2) - xq, and use the

naive approximation

N .
> 1{ei > [|x" P12, Ch, Crr € C(X'(¢))}
pr = . (4.26)

g:l 1{Cr. G € Cx/(60))}

However, when ||x7 7|2 is in the tail of the (o||?||2) - x4 distribution, the right-hand side of
(4.26) provides a poor approximation of the p-value for finite values of N. Thus, we adopt
an importance sampling approach, along the lines of a selective inference procedure for the
group lasso proposed by [118]. We sample wy,...,wy ved N(||xT7||2,02||7]|3), and use the

approximation

N A A
> mil{w; > |xT 7|2, Ck, Chr € C(x'(wi))}
p ~ = N 9 (4'27)
Z Wi]l{ék,ék/ S C(X/(wz))}
=1

for m; = %, where fi is the density of a (o||7||2) - x4 random variable, and fo is the

density of a N(||xT 0|2, 0?||7||3) random variable.

The main advantage of the approximate Monte Carlo test described in this section
is that it can be applied to test Hy : fig, = g, defined in (4.3) for estimated clusters
obtained from any clustering method C. Of course, when we use single, average, or centroid
linkage hierarchical clustering, and the pairwise dissimilarity between observations is given
by squared Euclidean distance, it is generally preferable to use the exact test described in

Section 4.3.

4.5 Simulation results

In this section, we will evaluate the Type I error rate and power of the test of Hy : fig, =
ﬂék’ proposed in Section 4.2.1, where the clustering method C is the map that results
from performing hierarchical clustering and cutting the dendrogram to yield K clusters, for

K =3.
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4.5.1 Type I error rate under a global null

To evaluate the Type I error rate of the test proposed in Section 4.2.1, we generate data from
model (4.1) with pt = 0,4, so that there is no difference in means between any two groups of
observations. We simulate 2000 data sets for n = 150, o € {1,2,10}, and ¢ € {2,10,100}.
For each data set, we perform hierarchical clustering with average, centroid, single, or
complete linkage, cut the dendrogram to yield three clusters, then test Hy : fig, = ﬂék/ for
an arbitrary pair of clusters Cj, and Cy. For average, centroid, and single-linkage hierarchical
clustering, we compute the p-value exactly, using the methods described in Section 4.3. For
complete-linkage hierarchical clustering, we compute the p-value approximately, using the
Monte Carlo method described in Section B.1.

Figure 4.4 displays plots of the quantiles of the empirical p-values resulting from the test
proposed in Section 4.2.1 against the quantiles of the theoretical Uniform(0, 1) distribution.
Across all choices of o, all choices of dimension ¢, and all choices of linkage, the empirical
p-values in Figure 4.4 approximately follow a Uniform(0, 1) distribution. Thus, the test

proposed in Section 4.2.1 controls the Type I error rate.

4.5.2  Power under a model with three clusters

Recall that ék and ék/ are two estimated clusters in C(x). We can consider at least two
notions of power for the test of Hy : fig, = ﬁék/ proposed in Section 4.2.1.

First, suppose that we generate data from model (4.1), with three unique values in the
set {p1,...,n}, so that the observations belong to three true clusters. We could consider
the power of the test to detect a difference in means between two true clusters. However,
we would only test the null hypothesis that there is no difference in means between two true
clusters when two estimated clusters Cj, and ék/ are exact matches for two true clusters.
Thus, this notion of conditional power is only concerned with the performance of the test
when two estimated clusters ék and (fk/ are exact matches for two true clusters. However,
it is somewhat unrealistic to assume that we estimate two clusters ék and ék/ that match
(or even nearly match) two true clusters, especially if we do not use the correct number of

clusters in the hierarchical clustering algorithm, i.e. if K # 3. Furthermore, in practice,
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Figure 4.4: For 2000 draws from model (4.1) with g = 0,4, n = 150, ¢ € {2,10, 100}, and
o € {1,2,10}, QQ-plots of the p-values obtained from the test proposed in Section 4.2.1,
when C is the map that results from cutting the dendrogram resulting from (a) average-
linkage, (b) centroid-linkage, (c) single-linkage, and (d) complete-linkage clustering, to get
three clusters.

there are typically several reasonable ways to divide up the observations into clusters, calling
into question the idea of a “true” clustering. Thus, we may not want to use a definition of
power that depends on the existence of true clusters as well as the exact recovery of these

true clusters.

Thus, we consider a second notion of power: the power of the test to detect a difference in
means between two groups of observations that have a difference in means. This definition of
power remains relevant even when the data-driven null hypothesis is not the same as testing
the null hypothesis that two true clusters have the same means, and when the notion of

“true” clusters is not well-defined.
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Conditional power and detection probability

We start by considering the first notion of power, i.e. the power of the test to detect a
difference in means between two true clusters. We generate data from model (4.1) with

n = 30, and

== gy 3 fnj3s1 =" = Honjs = Ot fon/zs1 =" = fn = :
- — Mn/3 — s Mn/3+1 — " — H2n/3 — y M2n/34+1 — "7 — Mn — ’
0g—1 @ Og—1
(4.28)

for 6 > 0, so that n/3 = 10 observations are assigned to each of three clusters, and the
Euclidean distance between the means of all pairs of clusters is equal to §. For each simulated
data set, we perform hierarchical clustering with average, centroid, single, or complete
linkage, cut the dendrogram to yield three clusters, then test Hy : fe, = ﬁék’ for an
arbitrary pair of clusters C and Cy/, with significance level a = 0.05. For average, centroid,
and single-linkage hierarchical clustering, we compute the exact p-value defined in (4.9),
using the methods described in Section 4.3. For complete-linkage hierarchical clustering,
we approximate the p-value using the Monte Carlo method described in Section B.1, with
N = 2000 Monte Carlo samples. We simulate 500,000 data sets for ¢ = 1, ¢ = 10, and
0 €{4,4.5,5,5.5,6,6.5,7}.

We now formally define what we mean by the power of the test to detect a difference
in means between two true clusters. We consider the conditional probability of rejecting
Hy : e, = ﬂék,, given that the estimated clusters C and Ci exactly match two true clusters
in {{1,2,...,10},{11,...,20},{21,...,30}}:

Conditional powe # data sets where we reject Hy and (f’k and (fk/ match two true clusters
nditional power = )

# data sets where ék and ék/ match two true clusters
(4.29)

We call this conditional probability the conditional power. Since (4.29) conditions on the
event that Cj, and Cp exactly match two true clusters, we may also be interested in how
often this event occurs. Thus, we also consider the detection probability, defined to be the

probability that estimated clusters Cj, and Cyy exactly match two true clusters:

# data sets where (fk and (fk/ match two true clusters
500, 000 '

Detection probability = (4.30)
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Figure 4.5 displays the conditional power and detection probability as a function of the

distance between the true clusters (§). Observe that for all four linkages, the conditional

(a) Conditional power (b) Detection probability
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Figure 4.5: For the simulation study described in Section 4.5.2, (a) conditional power (de-
fined in (4.29)) of the test proposed in Section 4.2 vs. the difference in means between the
true clusters (§) and (b) detection probability (defined in (4.30)) vs. the difference in means
between the true clusters (J), for hierarchical clustering with four linkages.

power and detection probability increase, as the distance between the true clusters (J)
increases. Overall, average and complete linkage have the highest conditional power, single
linkage has the worst conditional power, and centroid linkage has conditional power between
single linkage and average/complete linkage. Average, centroid, and complete linkage have
similar detection probabilities, and all three linkages have much higher detection probability

than single linkage.

Power as a function of effect size

We now consider the second notion of power, i.e. the power of the test to detect a difference
in means between two groups of observations that truly have a difference in means. We
generate data from model (4.1) with n = 150, and u given by (4.28). Once again, for
each simulated data set, we perform hierarchical clustering with average, centroid, single,
or complete linkage to get three clusters, then test Hy : fig, = e, for an arbitrary pair

of clusters (fk and (fk/, with significance level a = 0.05, using the exact p-value for average,
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centroid, and single linkage, and approximating the p-value with N = 2000 Monte Carlo
samples for complete linkage. We simulate 10,000 data sets for o = 1, ¢ = 10, and 17 evenly
spaced values of § in the interval [3,7].

We define the effect size to be the distance between the means of the two estimated

clusters Cj, and ék/, scaled by the variance parameter o:

A= lpg, — e ll2/0, (4.31)

and consider the power (i.e. the probability of rejecting Hy : fig, = ﬂék/) of the test as a
function of the effect size A. In order to smooth our estimates of power, we fit a regression
spline using the gam function in the R package mgcv. We display the power of the test as
a function of the effect size A when min{|C;|, |Cis|} > 10 in Figure 4.6, and the power of
the test as a function of the effect size A when min{|Cy|,|Ci|} < 10 in Appendix C.4. We
stratify our results in this way because the power of the test is drastically different when
min{|Cy|, |C|} is small or large.

It may come as a surprise that the xz-axis on Figure 4.6(c) starts at 4.5, while the z-axis
on Figure 4.6(a) and Figure 4.6(d) starts at 0. This is because single-linkage hierarchical
clustering has a well-known tendency to produce clusters with wildly different sizes (e.g.
IC1| = 1,|C2] = 1,|C3] = 148) unless it successfully detects the true clusters. Thus, the
condition min{|Cy|, |Ci|} > 10 is only satisfied for single-linkage hierarchical clustering
when the effect size A is greater than 4.5. Similarly, centroid-linkage hierarchical clustering
also tends to produce clusters with wildly different sizes unless it successfully detects the
true clusters, and so the z-axis on Figure 4.6(b) starts at 3 rather than 0.

Observe from Figure 4.6 that for all four linkages, the power to reject Hy : fig, = ﬂ@k/
increases as the effect size A increases, where A = (s, — ﬂék’) /o. Thus, our test is more
likely to detect a larger difference in means between estimated clusters Cj, and Cj than a

smaller difference in means. All four linkages have similar power where the z-axes overlap.

4.6 Discussion

In this chapter, we proposed a general selective inference framework for testing the null

hypothesis that there is no difference in means between two estimated clusters. We applied
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Figure 4.6: For the simulated data sets such that (fk and ék/ both have at least 10 obser-
vations in them in the simulation study described in Section 4.5.2, power as a function of
effect size A, defined in (4.31), when C is the function that results from cutting the den-
drogram resulting from (a) average-linkage, (b) centroid-linkage, (c) single-linkage, and (d)
complete-linkage hierarchical clustering, to get three clusters.

this framework to agglomerative hierarchical clustering, and showed that we could efficiently
obtain an exact p-value for three commonly used linkages (single, average, and centroid),
and an approximate p-value for a fourth commonly used linkage (complete), while properly

accounting for the fact that the null hypothesis is a function of the data.

Throughout this chapter, we used squared Euclidean distance to define a measure of
dissimilarity between two observations. The approximate p-value described in Section B.1
can be applied to clusters obtained from any clustering method, and so it could be applied
to accomodate any definition of dissimilarity between two observations, and any linkage.
It is relatively straightforward to modify the results in Section 4.3 to accomodate using
Manhattan distance to define the dissimilarity between two observations using Manhattan

distance, though the resulting testing procedure is much more computationally expensive
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unless the number of features is quite small. It may also be of future interest to develop a
set of results along the lines of Section 4.3 that accommodate the use of other definitions of
dissimilarity between two observations, such as non-squared Euclidean distance, or to the
use of other linkages, such as minimax linkage [11].

Other avenues of future work include applying our test to the problem of choosing
the number of clusters in agglomerative hierarchical clustering. A basic proposal would
be to start at the top of the dendrogram, and repeatedly apply our test to each split in
the dendrogram until we fail to reject the null hypothesis, in combination with some sort of
multiple testing correction procedure. For example, we could take advantage of a number of
recently proposed procedures that control the false discovery rate for hierarchically ordered

hypotheses [78, 7, 120, 42, 71, 91].
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Chapter 5

DISCUSSION

5.1 Summary

In this dissertation, we propose new methodology to solve three inferential problems in
single-view and multi-view clustering. In Chapter 2, we consider the setting where multiple
multivariate data views are available on a common set of observations. Within the frame-
work of an extended multi-view finite mixture model, we propose a pseudo likelihood ratio
test (PLRT) of the null hypothesis that the cluster membership random variables within
each data view are independent. We demonstrate through simulations that our proposed
PLRT has higher power than the simple alternative approach of applying classic categorical
data analysis techniques like the x?-test for independence or the G-test for independence to
the estimated cluster memberships within each data view. We apply our proposed PLRT
to clinical, metabolomic, and proteomic data sets, collected at three different time points,
from the Pioneer 100 (P100) Wellness Study [90]. We found strong evidence that clusters of
study participants defined with respect to a single data type (e.g. clinical) persist over time,
but only weak evidence that clusters of study participants persist with respect to different
data types, even at a single time point.

In Chapter 3, we consider the setting where multiple network data views are available
on a common set of nodes. We extend the single-view stochastic block model to the multi-
view data setting, and propose a pseudo pseudolikelihood ratio test (P2-LRT) of the null
hypothesis that the community membership random variables within each network are inde-
pendent. We also adapt this methodology to tackle a related problem in another multi-view
data setting, i.e. the setting where we have both a network and covariates available for a
common set of nodes. Again, we demonstrate through simulation studies that our proposed
P?LRT has higher power than the simple alternative approach of applying classic categor-

ical data analysis techniques to the estimated community memberships within each data
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view.

In Chapter 4, we pivot to the simpler setting where we have a single data view (data set),
and consider the scenario where we cut an agglomerative hierarchical clustering dendrogram
to yield a set of estimated clusters. Under a simple matrix-variate normal model for the
data set, we develop a selective inference framework for testing the null hypothesis that two
estimated clusters obtained from any clustering procedure have the same mean, that prop-
erly accounts for the fact that the null hypothesis depends on the data. We then apply this
framework to develop computationally efficient procedures for testing the null hypothesis
that two estimated clusters obtained from hierarchical clustering with four commonly used
linkages (single, average, centroid, and complete) have the same mean. We demonstrate

through simulation studies that our proposed tests control the Type I error rate.

5.2 Limitations and future work

We developed the tests proposed in Chapters 2 and 3 under the assumption that the ob-
served data views are conditionally independent given their cluster/community membership
random variables. This assumption may not hold in relevant practical applications. For
example, if the degree of the nodes in two network data views are correlated, even after
conditioning on their community memberships, then the conditional independence assump-
tion does not hold. We can imagine a scenario where the degrees of the nodes are cor-
related; consider multi-view social network data, where we might expect individuals who
are popular (i.e. well-connected) in one social network to also be popular in another social
network. While we showed through simulations in Chapter 3 that our proposed test was
relatively robust against the conditional independence assumption, a desirable extension
to our methodology would relax the assumption that the observed data views are con-
ditionally independent given their cluster/community membership random variables. For
example, we could attempt to develop tests of independence under the assumption that the
observed data views are merely conditionally uncorrelated given their cluster/community
membership random variables.

Another limitation of the tests proposed in Chapters 2 and 3 is that we develop them

under the assumption that there is no missing data in any view. This is arguably an even
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more problematic assumption than in the single-view data setting, because the concept of
multi-view data opens up many new patterns of missingness. For example, there may be
many observations that have only a single data view available, especially if one data view is
more convenient or cheap to collect than the other data view. For example, one could imag-
ine a scenario where we are interested in jointly analyzing a clinical data view and a genetic
data view. Here, collecting clinical data on a patient may only require performing rapid
and inexpensive laboratory tests, while collecting genetic data requires the use of genome
sequencing technology. We tackle this type of missingness in the real data application in
Chapter 2 by estimating the parameters specific to the Ith data view (W(l) and 9(1)) using
all of the observations that have no missing data in the Ith data view, for [ = 1,2, and
estimating the parameters joint to the two views (C') using all of the observations that have
no missing data in both views. However, an interesting extension of Chapters 2 and 3 would
incorporate imputation of missing values into the model and testing procedures.

A limitation of the tests proposed in Chapter 4 is that they were developed under the
assumption that the observations in the data set are normally distributed. This assumption
may affect the performance of the test in real data sets, where the normality assumption
may not be satisfied. Future work will include simulations that evaluate the robustness
of the tests against departures from the normality assumptions. Another limitation of the
tests proposed in Chapter 4 is that they were developed under the assumption that the
observations in the data set have covariance matrix O'ZIq, with known variance parameter
o2. In practice, we will need to estimate o2 and future work will also include simulations that
evaluate the performance of the tests when we replace o2 with an estimate. These simulation
results will be especially relevant when we eventually apply the testing framework proposed
in Chapter 4 to real data applications. It is relatively straightforward to adapt the tests
proposed in Chapter 4 under the assumption that the observations in the data set have
covariance matrix Y, where ¥ is a known positive definite matrix, although in practice, we

need to estimate X.
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Appendix A
SUPPLEMENTARY MATERIALS FOR CHAPTER 2

A.1 Proof of Proposition 1

K

Suppose 7V € AK<1) and 7 ¢ AK<2 , where AK {s ¢ RE : 5, >0, sp = 1}. Let
k=1

Crt) n(2) = {C € REW XK, Cpw >0, Cr® = leay, C Tr(1) = 1 }. First, we show

that

{H c AKWXE®, M o) = M, HT1K<1) = 7T(2)} - {diag(ﬁ(l))C’diag(ﬂ(Q)) :C € C,ru)’ﬂ(z)} .

(D) x k(@) D)y k(2 KO K@

Suppose 1II € ABXE — {S € REVXES G >0, Z > Sgrr = 1} such that
=1k'=1

M-1ge = 7 and 07 - 1), Define ¢ € REV*K® b Ch = }}) 7. The de-

nominator is nonzero because 71 e Aff(l) and 73 € Aff@). Further, Ckk’ > 0 and
II = diag(7()Cdiag(7?). Now,

[ 2) ] I
> Crpmy) Y oH
k! k' ™
or® = = =1xm
(2) (1) 47
> Crypmy > Iil) -
L &/ _ | K k@)

since II1p(2) = 7 implies that S g = 771(:)' Similarly, we can show CTn() = 1.
kl

Next, we show that
{H e AKUXE® o = 20 11T ) = 7r<2>} > {diag(w(l))Cdiag(ﬂ(Q)) O cﬂl)m@)} .
Suppose C' € REWXK® gych that Crw >0, C1d = 1xa) and CTr() = 1x 2. Define

I1 = diag(rM)Cdiag(7?).

Then Il = 7T](€ )Ckklwlg,). Since 7T](€ ) > 0, Cpr > 0 and 77,(5) > 0, it follows that Il > 0.
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Now,

M) = diag(w(l))C’diag(w@))1K(2>
= diag(zM)Cr®
= diag(w(l))lK(1) =7,

Similarly, we can show 171,y = 7). Further, since 7(!) € Afm, S My = 1£(1)H1K(2) =
kk'

1T

1 2
K(l)w(l) =1,s0ll € AKOxK®,

Hence, we have proved Proposition 1.

A.2 Proof of Proposition 4

Let 02 > 0. Suppose throughout that we fit the model (2.1)-(2.2), for ¢(1)(-; ) the density
of a Ny, (0,0%I,,) random variable and ¢?)(-;0) the density of a N,,(0,02%I,,) random
variable. This amounts to applying Gaussian mixture model-based clustering with common

covariance matrix 021 to each view.

Let 71, #(2), é(l), and §® denote the maximizers of (2.7), and let

w_ & e
g T g

(A1)

where (1) and $® are defined in (2.9).
Since Gaussian mixture model-based clustering with common covariance matrix 2]
converges to k-means clustering in each view as v? — 0 (see Section 14.3.7 in [32] for

details), as 02 — 0,

PO L ® k), A2 @ =y, 20 5 Nk @ N
n n

where Mi(l) and Mi(z) are the estimated k-means cluster assignments of the ith observation
in each VieW7 Nk = ZNkk’7 and N.k’ = ZNkklv for Nkk’ = ’{Z € {1,...,77,} : Ml(l) =
k! k

kM2 =1},
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We now rewrite (2.8) as

n KQ) K@)
R . (2
C = arg min —Zlog Z Z N )C’kk k’)¢zk ¢zk:’
CeC ) 42 i=1 k=1 k'=1
[ n KM K@) n
. ~(1 ~(2) 72(1) 2(2 T 2() ;T 7(2
= arg min —Zlog Z Z 71']5: )Ckk’W;(g/)¢§k)¢§k2 — Zlog (1 qﬁg 1 (ﬁg )>
CeC ) 4(2) i=1 k=1 k'=1 i=1
r o KO K@)
. 2
= arg min |— Zlog Z Z 7rk C’kkmk, Tz(k) Z(k,) ,
CeC 1) (2 i—1 k=1 k'—1

where the second equality holds because the quantities q?)ﬁl) and d;Z(»Q) defined in (2.9) do not
depend on C, and the third equality follows from the definition of fgl) and fz@) in (A.1). It
follows that

C = argmin ¢°(0), (A.3)
CeC ) 4(2)
where
n K@) g©2)
) =->log [ 33 #Cuas e
i=1 k=1 k'=1

v (A.2), as 02 — 0, g° converges pointwise to g, where

K@ K(2) ~

Ny
= —Zlog % 70,%, L ]I{M(l) k(i =k}
k=1 k'=1
n KO K@)
- - Ny Ny
— 33 el = e s (S B
i=1 k=1 k'=1
K@) g©2) ~
N s
= — Z Z Nk‘k’ log ( Ckk,‘/ ke )
k=1 k=1
Applying the method of Lagrange multipliers, we find that C = arg min g(C) satisfies
CeC.1) 4(2)
- Niws
Cur = —IkK (A.4)
Nk; Nk:’

By Exercise 7.23(c) in [93], {g7(C)}{s>0} is essentially bounded. By Theorem 7.17 in [93],

the epigraphical limit of ¢? is g. Finally, g° and g are continuous and proper. Hence, by
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Theorem 7.33 in [93],

C = argmin ¢(C)=lim argmin ¢°(C). (A.5)
CeC 1) 42 o0 Ccec ) L

By (A.3), (A.4) and (A.5), as 0> — 0 we have

~ ~ nNkk’
C r— C /| = = — = . A6
kk kk Nk.N.k/ ( )

By (A.2) and (A.6), and the definition of T in Algorithm 1,

A N ’

Applying (A.2) and (A.7) to (2.18) yields the result.
A.3 Exponentiated gradient descent for solving (2.8)

After a transformation of the optimization problem, (2.8) can be efficiently solved using
exponentiated gradient descent [57], a first-order method specially designed for optimiza-
tion over the simplex. This is a form of mirror descent, with provable convergence results
[6]. While there is no analytic solution for the update performed at each iteration of the
exponentiated gradient descent, each update can be performed by applying the Sinkhorn-
Knopp algorithm, a matrix balancing algorithm with provable convergence results and linear

convergence rates [31].

Define
(oW,0%,1m) = 3 log £(x;V, X161, 6¢), 1)
=1

where f(-,-;01, 03 TI) is defined in (2.3). Consider the following optimization problem:

min}_{mize — (6™, 6P 1)
subject to II1 =+
! K (A.8)
71,0 = 73

Il > 0.
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By Proposition 1, we can equivalently write (A.8) as follows:
minimize SN QRN ONe)
subject to  diag(#())Cdiag(7)1 ) = 7V
diag(7®)CT diag(7# )1 1) = 72

Crir >0

which is equivalent to
miniénize — (W, 92 2 22 )

subject to  diag(z(0)C7® = (1)

which is in turn equivalent to

minimize - 1(6W, 4@ 70 72 o

subject to c#® = 1y

Crir > 0,
which is (2.8), the optimization problem we must solve to estimate C. Hence, to find C , We

can solve (A.8); let II be the minimizer of (A.8). Then, C' can be found by

N Hkk/
ﬂ'k 7Tk/

The motivation for this transformation of (2.8) is that the transformed problem (A.8) can
be efficiently solved using an algorithm described in [22].

We will describe the exponentiated gradient algorithm to solve the general problem

min}_{mize g(11)

subject to Zﬂkk' = 7?,(:)

k .
S — 42
k

My =2 0

(A.10)
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To solve (A.10), we apply the update

. . . 1 .
arg min  g(II") 4+ (Vg(II"), IT — II*) + 5 Z o log (T /1T)
I
kk’
subject to Z Iy = 7?1(:)

k/
>l =
k

My > 0.

I+ = (A.11)

This is similar to the proximal gradient method, but instead of ||II — f[tH% /(2s) we use the

Bregman divergence,

1 N
5 Z gy log (Tyks /T150 ).
k!

An advantage of this choice is that the positivity constraint is automatically enforced. For

more on this, see [6]. The optimality conditions for the problem (A.11) are
[Vg(I) i + [1+ log (LT} /L] /s + Ak + mis = 0, (A.12)

forl1 <k< K(l), 1<k < K(Q), where \; and 7 are Lagrange multipliers for the row sum

and column sum constraints, respectively. This implies that
e = 1T, exp{—s\x — s — s[Vg(IT")]er — 1}
The gradient is given by
In the special case of (A.8), writing Gy = [Vg(IT")]er, the update
f[ﬂ;,l =11t ;) exp{sGrp — 1} exp{—s\,} exp{—smu}
can be written as

I+ = diag(v) Mdiag(u),

where ug, = exp{—s\x}, vir = exp{—sny}, and My = f[ik, exp{sGrr — 1}.
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Algorithm 7 Exponentiated Gradient Descent for Solving (A.8)

1. Choose a fixed step size s and compute é(l) and g5(2) according to (2.9).

2. For t =1,2,..., until convergence,

(a) Define
My =y exp{sGr — 1}

where

A~

T
Gkk’ - %
; V)T

(2

~

(b) (Sinkhorn-Knopp algorithm) Let u® = 1,2 and v° = 1;0). For ¢/ = 1,2,...,
until convergence,

/ ~(2) . . o e e
o ul' = (fp%ﬁ’ where the fraction denotes element-wise vector division
v
/ ~(1) . . o e
v = %, where the fraction denotes element-wise vector division
u

(¢) Let u and v denote the vectors to which uf and v* converge. Update

i1
Hk—};’ = ukMkkwk/.

Since IT**! must satisfy the row and column sum constraints, v and v must be chosen
accordingly. As in [22], we can apply the Sinkhorn Theorem and Sinkhorn-Knopp algorithm
to find u and v. By the Sinkhorn Theorem, u and v are unique modulo scalar multiplication
of u with a positive number and scalar division of v by that same positive number. The
Sinkhorn-Knopp algorithm (alternatively rescaling the columns so that the rows sum to 7@
then rescaling the rows so that the columns sum to 7?(2)) can be applied to My to find u
and v. Hence, to perform the update, we simply multiply ﬁzk, by exp{sGgi — 1} and then
apply the Sinkhorn-Knopp algorithm to the updated matrix so that the row and column
sum constraints are satisfied. Algorithm 7 provides the details. Using Proposition 1, we

can then use our bijection between II to C' (A.9) to obtain Algorithm 1 from Algorithm 7.
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In the simulations described in Chapter 2.4, data are generated from (2.1)-(2.2) with

I =

1-6
K2

11k

4]
+ =1k

K

(A.14)

for K = 6. In the Ith data view, the observations are drawn from a multivariate Gaussian

mixture model, for which the kth component in the mixture (corresponding to the kth

cluster) is a Np(,u,(fl)

data views are of the form

u(l) _ 215
05

u(2) _ —2-1g
04

2.

—2-15

05

2-1g

05 215

1y —2-15
Og —2-14
—-2-14y 2-14

04

05
—2-15
04
2 1g

—2-15
2.

2.

15

14

—2.1g

,02Ip) distribution, with p = 10. The p x K mean matrices for the two

A.5 Supplementary simulations to Section 2.4

A.5.1 Selection of the number of clusters

Recall from Chapter 2.4 that using too few clusters in the pseudo likelihood ratio test
sometimes yields better power than using the correct number of clusters. In this section, we
demonstrate that using too few clusters can either increase or decrease the power, depending
on the situation.

We generate data from (2.1)—(2.2) with II = 1K—_§51K17[; + 21k for K = 6. In the lth
data view, the observations are drawn from a bivariate Gaussian mixture model, for which
the kth component in the mixture (corresponding to the kth cluster) is a Ng(ug), 0.421,)

distribution. We simulate 2000 datasets for a range of values of n, and for two choices of

0

Choice 1:
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Choice 2:

2 2 -2 =2 2 -2 -2 2
40 = L@ = . (A.16)
-2 -1 1 2 2 -2 -1 1

We evaluate the power of the pseudo likelihood ratio test of Hy : C' = 1k, 1%2 at nominal
significance level a = 0.05, when the number of clusters is incorrectly and correctly specified.

Results are displayed in Figure A.1.

Cluster means given in (C.16) Cluster means given in (C.17)
1.00- 1.00-
B B —————————————————————
> = I
Q Q
() ()
(8] (8] /
c c .
@ 0.75- @ 0.75- 2
o o /
c c / _eelmm-- -
2 2 /
%) [2) ! ¥
X X - A
O 0.50- O 0.50- R
T T :
£ = R
1S 1S
) 9]
c c X .
T 0.25- T 0.25- ‘ =
9] 9]
2 =
c c
b b o BT .
a=0.05
OOO- l l l l l OOO- l l l l l
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
Dependence between views Dependence between views

Methods - PLRT with K = 2 -|- PLRT with K = 4 - PLRT with K = 6 - PLRT with K chosen with BIC n —500----250---100--50--- 25

Figure A.1: Power of the pseudo likelihood ratio test of Hy : C' = 1k, 1%2 with p = 2,
K =4, and 0 = 0.4 in the two simulation settings described in Appendix A.5.1. The z-axis
displays ¢, defined in (A.14), and the y-axis displays the power.

Observe from the left panel of Figure A.1 that when p) is given in (A.15), using too
few clusters (K = 2) yields higher power than the correct number of clusters (K = 4). This
is because under (A.15), the clusterings on each view contain two natural “meta-clusters”,
formed by combining clusters whose means are close; see Figure A.2(i) for an illustration.
Because the clusters on each view are not well-separated, it is easier to instead cluster the
data into the two “meta-clusters”, which are highly in agreement when the four clusters

are in agreement. For example, when IT = I, /4, the II matrix corresponding to the “meta-
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clustering” is given by I3/2. Thus, testing for independence assuming just two clusters

yields better power than correctly assuming four clusters.

(i)

View 1 View 2

O
&

View 1 View 2

0
|
0

|

-2 -1
| |
-2 -

| |

Figure A.2: (i) For the simulation study described in Appendix A.5.1, the cluster means
and “meta-clusters” under (A.15), where the kth cluster mean on each view is indicated
by the number k, and the two “meta-clusters” on each view are circled in blue. (ii) For
the simulation study described in Appendix A.5.1, the cluster means and “meta-clusters”
under (A.16), where the kth cluster mean on each view is indicated by the number &, and
the two “meta-clusters” on each view are circled in blue.

By contrast, observe from the right panel of Figure A.1 that when p® is given in
(A.16), using too few clusters (K = 2) yields much lower power than the correct number
of clusters (K = 4). Again, under (A.16), the clusterings on each view contain two natural
“meta-clusters” (see Figure A.2(ii)), and it is easier to cluster the data into the two “meta-
clusters”. However, under (A.16), even when the four clusters are highly in agreement, the
meta-clusters are not highly in agreement. For example, when II = I;/4, the II matrix

corresponding to the “meta-clustering” is given by 1512'/4. Thus, testing for independence
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assuming just two clusters yields worse power than correctly assuming four clusters.

We also observe in both panels of Figure A.1 that using too many clusters yields slightly
lower power than using the correct number of clusters under both (A.15) and (A.16); this
result is similar to the results from the simulation setting described in Section 4 and Ap-
pendix A.5.2. Furthermore, in both panels of Figure A.1, corresponding to the two choices
of 1, choosing the clusters using BIC on each view yields slightly lower power than using
the correct number of clusters in small and moderate sample sizes, and performs as well as

using the correct number of clusters when the sample size is large.

A.5.2 Additional values of K and p

We simulate two data views with p; = ps = p = 10, and K = K® = K = 3. In the
Ith data view, the observations are drawn from a multivariate Gaussian mixture model, for
which the kth component in the mixture (corresponding to the kth cluster) is a Np(,u,(f), o?1,)

distribution.

The means of the components in the mixture model, written as a p x K matrix, are

2-15  0Os 2-15 —2-1g Os —2-14

a0 = 4 =

)

0s 2-15 —2-15 04 214 2-14

Additionally, we simulate two data views with p; = ps = p = 100, and KO =K® = K,
for K = 3 and K = 6. In the lth data view, the observations are drawn from a multivariate
Gaussian mixture model, for which the kth component in the mixture (corresponding to
the kth cluster) is a Np(ug), 0?1,) distribution. For K = 3, the means of the components

in the mixture model, written as a p x K matrix, are

1) 2-150 0Os0  2-1s0
= )
| Os0  2-150 —2-150
L) — —2-1lgo 00  —2-1leo
| 010 —2-1so0 2-1g0



For K = 6, the means are

M(l) _ 2- 150
| 050
M(2) _ -2 160
| O
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050 2-150 —2-150 050 —2-150

2-1s0 —2-1s0 00 —2-1s0 2-1s0 |
060 —2-1¢0 2-1go0  O40 2 140

—2-140 2-1y 00 2-1leo —2-1leo

To investigate the type I error and power of our test, we generate data according to

(2.1)—(2.2), with a range of IT defined in (A.14).

We simulate 2000 datasets for a range of values of n and o, and evaluate the power of

the pseudo likelihood ratio test of Hy : C' = 1k, 1?(2 at nominal significance level a = 0.05,

when the number of clusters is correctly and incorrectly specified. Results are shown in

Figures A.3, A.4, and A.5.
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Figure A.3: Power of the pseudo likelihood ratio test of Hy : C = 1k, 1IT(2 with p = 10,
K =3 and o € {2.4,4.8,9.6} in the simulation setting described in Appendix A.5.2. The
z-axis displays 9, defined in (A.14), and the y-axis displays the power.

Results are similar to the simulation study described in Section 2.4.
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Figure A.4: Power of the pseudo likelihood ratio test of Hy : C' = 1](111;(2 with p = 100,
K =3 and o € {4.8,9.6,19.2} in the simulation setting described in Appendix A.5.2. The
x-axis displays ¢, defined in (A.14), and the y-axis displays the power.

A.6 Supplementary simulations to Section 2.5

In this section, we consider the G-test for independence in Section 2.5 using MO and M3
defined in (2.19). As in Section 2.5, we perform a simulation study in order to compare the
performances of the pseudo likelihood ratio test for testing the null hypothesis Hy : C' =
1K(1)1£(2) and the G-test for independence. We obtain p-values for GQ(M(U, M(z)) (2.15)
using the x? approximation from (2.16), as well as a permutation approach, where we take
B permutations of the elements of M, and compare the observed value of G2 (M W nr (2))

to its empirical distribution in these permutation samples.

A.6.1 Additional values of p and K

We return to the simulation set-up described in Section 2.4 and Appendix A.4, with (1) =
2@ = O'ZIp, and investigate a range of values of p and K. In addition to the G-test for
independence and the pseudo likelihood ratio test, we also compute the adjusted Rand Index

(ARI) of [48] in order to compare the results of model-based clustering (implemented as in
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Figure A.5: Power of the pseudo likelihood ratio test of Hy : C' =1 Kll%2 with p = 100,
K =6 and o € {4.8,9.6,19.2} in the simulation setting described in Appendix A.5.2. The
x-axis displays 0, defined in (A.14), and the y-axis displays the power.

Sections 2.2.3 and 2.3) on each view; p-values for the ARI are obtained using a permutation
approach. We compare the performance of the pseudo likelihood ratio test, the G-test for
independence, and the ARI for testing the null hypothesis Hy : C' = 1, 1};(2). The results
are in Figures A.6, A.7, and A.8. Results are similar to results from the K =6 and p = 10
setting in Figure 2.3; we note that the ARI performs similarly to the G-test for independence

in all cases.
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Figure A.6: For the simulation study described in Appendix A.6.1, power of the pseudo
likelihood ratio test, the G-test for independence, and the adjusted Rand Index (ARI) for
p=10, K =3 and o € {2.4,4.8,9.6}, with 0, defined in (A.14) on the z-axis and power on
the y-axis.
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Figure A.7: For the simulation study described in Appendix A.6.1, power of the pseudo
likelihood ratio test, the G-test for independence, and the adjusted Rand Index (ARI) for
p =100, K =3 and o € {4.8,9.6,19.2}, with §, defined in (A.14), on the z-axis, and power
on the y-axis.
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Figure A.8: For the simulation study described in Appendix A.6.1, power of the pseudo
likelihood ratio test, the G-test for independence, and the adjusted Rand Index (ARI) for

p =100, K =6 and o € {4.8,9.6,19.2}, with §, defined in (A.14), on the z-axis, and power
on the y-axis.

A.6.2  Additional values of ) and (2

We return to the simulation set-up described in Section 2.4 with K = 3, u(l) given by

L 0 0 V12 e -2 0 2 | (A17)
2 =2 0 0 V12 0
and for two choices of ©(1):
2.25 0.5
Choice 1: ¥V = 22 =
0.5 2.25
2.25 0.5
Choice 2: ¥ = and X2 = diag(2.25, 4).
0.5 2.25

To perform Step 1 of Algorithm 1, we use the package mclust [96] to fit Gaussian mixture
models with a common dense covariance matrix (the “EEE” covariance structure in mclust)

for () given by choice 1 above, and to fit Gaussian mixture models with a common diagonal
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covariance matrix (the “EEI” covariance structure in mclust) for ©() given by choice 2
above. We compare the performance of the pseudo likelihood ratio test of Hy : C' =
1 K(1)1£<2) at nominal significance level o = 0.05 to the G-test for independence for testing
the null hypothesis Hy : C' = 1,1 1%2). The results are in Figure A.9(i) and Figure A.9(ii).

Results are similar to results from the K = 6 and p = 10 setting with ¢ = 4.8 in Figure 2.3.

(i) (ii) (iii)

1.00- 1.00- 1.00-

o
3
[6)]
o
3
[6)]
o
3
[6)]

o
13
s}
o
13
s}
o
13
s}

o
N
a
o
N
a

Power at nominal 5% significance level
o
N
[6)]

Power at nominal 5% significance level
Power at nominal 5% significance level

OOO L l . l l l l OOO L l . l l l l OOO L l l l l l
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
Dependence between views Dependence between views Dependence between views

n —500----250 ---100--50---25  Methods + G-test - Pseudo LRT

Figure A.9: The x-axis displays 0, defined in (A.14), and the y-axis displays power. Power
of the pseudo likelihood ratio test and the G-test for independence for (i) Gaussian mixture
components with ¥() = () = % where ¥ has no non-zero elements, and (ii) Gaussian
mixture components with () = £2) = % where ¥ is diagonal, and (iii) bivariate Student’s
t-distributions as mixture components. Details for (i) and (ii) are in Appendix A.6.2, and
details for (iii) are in Appendix A.6.3.

A.6.8 Model misspecification

We consider a simulation set-up which compares the performance of the pseudo likelihood
ratio test under model misspecification. We generate data from model (2.1) — (2.2), with
II = 11(;251;(171; + %IK for K = 3. In the lth data view, the observations are drawn from
a finite mixture model for which the kth component in the mixture (corresponding to the

kth cluster) is a bivariate Student’s t-distribution with location parameter ,u,(gl) and scale
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2.25 0.5
matrix X = , where the mean matrices for the two data views are of the form

0.5 2.25
(A.17). We fit Gaussian mixture models with a common covariance matrix (the “EEE”

covariance structure in mclust), and again use B = 200 permutation samples. The results
are in Figure A.9(iii). We compare the performance of the pseudo likelihood ratio test of
Hy:C =1 17;{(2) at nominal significance level a = 0.05 to the G-test for independence for
testing the null hypothesis Hy : C' = 1,) 17[;(2), with p-values obtained with a permutation
approach. Results remain similar to results from the K = 6 and p = 10 setting with o = 4.8

in Figure 2.3.
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Appendix B
SUPPLEMENTARY MATERIALS FOR CHAPTER 3

B.1 A detailed review of [4]

Let Z € {1,..., K}"™ be an initial estimate of the community memberships of the n nodes.
Specifically, [4] proposed using a regularized spectral clustering procedure called spectral
clustering with perturbations to obtain Z. In what follows, the dependency of Z on X is

ignored, and Z is treated as fixed. Let b be the n x K matrix defined by

Bim:ZXij]I{Zj:m}7 1<i<n,1<m<K. (B.1)

Let l;Z denote the ith row of b. Let d = X 1,. In this section, we review the derivation of a
pseudolikelihood function from [4] which is based on an approximation to the conditional
density of b given d. We note that [4] also derived a pseudolikelihood function which
is based on the unconditional density of b. However, the estimators which maximize the
former pseudolikelihood function are more robust against misspecification of the conditional
distribution of X given Z in the stochastic block model (Section 3.2.1) than the estimators
which maximize the latter pseudolikelihood function [4]. This is because the conditional
distribution of X given Z in the stochastic block model provides a poor fit to networks with
heterogeneous node degrees within communities, and conditioning on d (the node degrees)
improves the goodness of fit.

It follows from the definition of the stochastic block model (Section 3.2.1) that:
e For (i,7), (i, ') € {1,2,...,n}?, conditional on Z, X;; L X7, and

e For (i,5,m),(¢,5/,m') € {1,2,...,n} x{1,2,...,n} x{1,2,..., K}, conditional on Z,
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Thus, conditional on Z, {(b;,d;)}?_, are weakly dependent when n is large, and so

i f(i)ivdi ’ Z) n -
=L =] s | 2.dy). (B.3)
[Ifdilz) =

=1

_fUbY A 2)

Next, we derive approximations to f(b; | Z,d;). Recall from the definition of the stochas-
tic block model (Section 3.2.1) that conditional on Z, X;; are independent Bernoulli vari-
ables for 1 < i < j < n. Thus, it follows from the definition of b, in (B.1) that conditional
on /, bim is the sum of independent Bernoulli random variables, and can be approximated

by a Poisson distribution:

bim | Z ~ Poisson | Y E[X;;1{Z; =m}| 2] | . (B.4)
j=1

Ignoring the fact that X;; = 0, and instead assuming that X;; | Z ~ Bernoulli(6z,z,) with

{Xij h<j<i<n conditionally independent given Z,

Elbim | Z] ~ ZHZZ]I{Z =m} = ZZGZW]I{Z =m,Zj=m'} = ZGZW/Rmm,

j=1m/=1 m/=1
(B.5)
where R is the confusion matrix of Z defined by
n
Rmm/:Z]l{Zj:m,Zj:m'}, 1<m<K,1<m'<K. (B.6)
j=1
Combining (B.4) and (B.5),
K
bim | Z ~ Poisson (Z Gzim/Rmm/> , 1<i<n1<m<K. (B.7)
m/=1

Now, the joint distribution of independent Poisson random variables conditional on their
sum is multinomial. Tt follows from (B.1) and (B.2) that {b;, }", are conditionally indepen-

dent given Z. Furthermore, from (B.7), conditional on Z, bim are approximately Poisson.

Thus,
K K
Z 9Z m/ le’ Z HZ m’RKm’
b; | di, Z ~ Multinomial | d;, Km :[1< o Km =;{ ’ 7 -
m=1m'/=1 m=1m/—1
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We use (B.8) to write
bi | di, Z %~ g(bidi,nz), 1<i<n, (B.9)

where ¢(+; ¢) denotes the probability mass function of a Multinomial(N, ¢, . .., ¢x) random

~ 1 .
variable, and 7 = (diag(em K)) 0R. Now, combining (B.3) and (B.9),

b| Z,d~ []g(bisdisnz,). (B.10)

=1

Treating 7 as fixed, and marginalizing over Z in (B.10), ignoring any dependency of d on
Z, yields

n K
bld~ ] (Z Wkg((;i;diank)) : (B.11)

i=1 \k=1
Based on (B.11), [4] defined the log-pseudolikelihood function to be:

n K
Cpr(n,m) = log <Z 19 (bis di, 77k)> :
=1 k=1
This is (3.4).

B.2 The DCSBM for two network data views with dependent popularities

In Section 3.7.2, we generated data from a DCSBM for two network data views, where §(1)
(the popularities of the nodes in the first view) and ¢ @) (the popularities of the nodes in the
second view) are independent. In this section, we will modify the DCSBM for two network
data views to a case of maximal dependence between the node popularities of the two views:

52-(1) = (51-(2) foralli=1,2,...,n.

Type I error rate of the P2LRT

We will generate each network view from the DCSBM. We generate n vectors (ZZ-(I), Zi(2), 51-(1), 51(2))

iid. for¢z=1,2,...,n, with ZZ-(l) and ZZ»(Q) categorical with KW and K@ levels, respec-
tively, and (Zi(l)7 ZZ-(Q)) 1 (51(1),(5?)). We let (51(1) = (51(2) for i = 1,2,...,n, so that the node

popularities in the two views are identical. We generate each view with

n j-1 X 1-x
D | 70 s (D511 ’ OHOPO ' _
x01z060~TT11 <5i 5 ezng;w) <1 —6;6; 925”2”) , 1=1,2.

j=14=1 J
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0.5 0.25
We set n = 50, KD = K& = K =2, 7(0) = 72 = 1,/2, () = ) = , and
025 1

5§1) ~ Uniform(0.14,0.84). We let C = 1512 so that ZM and Z® are independent. We
simulate 200 data sets with C' = 1512,

We apply the P?LRT of Hy : C = lK(l)lf«z) described in Section 3.4, using the same
number of communities in each data view, and varying the number of communities used
from 2 to n = 50. We also apply the P2LRT using the value of K(!) and K® estimated by
applying the method of [60] to X (M) and X @, respectively. The results are shown in Figure
B.1.

Type | error rate of the P?LRT
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Figure B.1: For the simulation study described in Appendix B.2, we display the Type I
error rate of the P2LRT described in Section 3.4 for n = 50, K = 2, and 551) = (552) for
1 =1,2,...,n. The x-axis displays the number of communities used, and the y-axis displays
Type I error rate. The Type I error rate of the P2LRT with the value of K1) and K®)
estimated by applying the method of [60] to XM and X respectively, is 0.035 (95%
confidence interval: 0.0095,0.0605).

We see that when we grossly overspecify the number of communities, the Type I error
rate is inflated, and when we do not grossly overspecify the number of communities, the

Type I error rate is controlled at the nominal a = 0.05 level.
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Number of communities used and Type I error rate

In this subsection, we will explain why the Type I error rate is inflated when 6 and 6
are dependent and we grossly overspecify the number of communities.

The P2LRT statistic defined in (3.13) is closely related to the mutual information (a
measure of dependence, [79]) between the estimated community memberships in each view;
the derivation of this relationship is similar to the fifth section of Chapter 2. This suggests
that if the community memberships in the two views are independent, but the estimated
community memberships in the two views are dependent, then the Type I error rate will be

inflated. Furthermore, if

1. the estimated community assignments in view 1 and 6! are dependent,
2. the estimated community assignments in view 2 and § (@) are dependent, and

3. 6 and 6® are dependent,

then the estimated community assignments in the two views will likely be dependent.

In Appendix B.2, we generate data with 6 and 62 dependent. When we specify a
very large number of communities, the estimation procedure tends to assign nodes with
similar values of 6() to the same community. Thus, Conditions 1-3 above are satisfied,
leading to dependence between the estimated community memberships, and hence Type I
error inflation.

When we do not grossly overspecify the number of communities, the estimated commu-
nity assignments are not highly dependent on 6(), and thus the P2LRT controls the Type
I error rate. Estimating the number of communities using the method of [60] controls the
Type I error rate, because the method of [60] does not grossly overspecify the number of

communities.

B.2.1 DCSBM for a network view and a multivariate view

As in Section 3.7.3, we will evaluate the performance of four tests of Hy : C' = 1K(1)17};(2):

1. The P?2LRT proposed in Section 3.5.3, using the true values of K1) and K® |
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2. The P?2LRT, using estimated values of KW and K@,

3. The G-test applied to the estimated community assignments in the network view and
the estimated cluster memberships in the multivariate view, using the true value of K1)

and K® and

4. The G-test, using the estimated values of K(!) and K@,

where K1) (the number of communities in the network view) is estimated by applying the
method of [60] to X, and K (the number of clusters in the multivariate view) is esti-
mated using BIC. In all four tests, we approximate the null distribution with a permutation
approach, as in Algorithm 4, using M = 200 permutation samples.

We generate the network data view from a DCSBM, and the multivariate data view from
a Gaussian mixture model. We generate n vectors (Zi(l),Zi(Q),éi) iid. for:=1,2,...,n,
with Zi(l) and Zi(Q) categorical with K() and K®) levels, respectively, and (ZZ-(l)7 ZZ-(Q)) 1 6;.

We generate the network view with

n j—1 Xij =X
X | Z(l), § ~ H H (51-5]-9Z1§1>ZJ(_1)) (1 — 5i5j9Zl_(1)Z]§1>> )

j=11i=1

and generate the multivariate data view with

n

Y | 2% ~ [] (Y i, 0° o),
=1

where ¢(-; p, X)) denotes the density of a Nig(u, ) random variable. The mean matrix for
0-1; 0-15 +V12-15

2.1 —2-15 0-15 |

We set n = 500, and K1) = K® = K = 3. Let 7)) = 73 = 15 /K, and let C be

the multivariate data view is given by u =

given by (3.20). Let 6 be given by (3.21), so that the expected edge density s = 0.015. We
simulate 2000 data sets for n = 500 and a range of values of A, r, and o. Results are shown

in Figure B.2, and are similar to the results in Section 3.7.3.
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X(l) follows a DCSBM
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Figure B.2: Power of the P2LRT and the G-test with the multivariate view drawn from a
Gaussian mixture model and the network view drawn from a DCSBM, varying the depen-
dence between views (A), the strength of the communities (r), the variance of the clusters
(o), and how the number of communities and the number of clusters are selected. The
expected network density (s) is fixed at 0.015. Details are in Appendix B.2.1.
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Appendix C
SUPPLEMENTARY MATERIALS FOR CHAPTER 4

C.1 Proof of Theorem 1

Recall that wﬂlX =1I, - % It folllows from algebra that
2
1L 1L 1L IXTDl2\ o e o\ T
X=m; X+ (I, —7m)X=m;X+ e v (dir(X'0))" . (C.1)
41

Substituting (C.1) into the definition of p given by (4.9) yields

FA XTp
p =P, (X 0ll2 > |x" 22 | Ch, Ciw € C (%LX + (H VHZ) v (dir(XTﬁ))T> :

12113
7y X = myx, din(XTp) = dir(x”9)). (C.2)
To simplify (C.2), we now show that
|1XTo|y L wsX, (C.3)
and that under Hy : U9 = 0,
IXTo||p L dir(XTD). (C.4)

First, recall that 7r19; is the orthogonal projection matrix onto the subspace orthogonal to
span(7). Thus, 71'14;19 = 0,. It follows from properties of the matrix normal and multivariate

normal distributions that 71X 1 XT9. This implies (C.3). Secondly, it follows from (4.1)

that X; " N, (U, 0%I,). Thus, under Hy : UT9 = 0y, X2 ~ N, (0,1,), and (C.4) follows

© ofofla ™
from the independence of the length and direction of a standard multivariate normal random

vector.

We now apply (C.3) and (C.4) to (C.2). This yields

=P XTA > T ~ é é C 1 HXTﬁ”Q 5 (di T\ T 5
p="Pu, (X Pll2 =[x D2 | Cp,Cp €C | mpx+ 5 | 7 (dir(x" 7)) . (C5)

1712
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Now, let ¢ = || XT7||2. Recalling that X; e N, (ui,021,), observe that under Hy : p’'o = 0y,

2

e ™ Xg- Furthermore, it follows from algebra that

mix + (”X%”z) b (dir(x79))" =x+ (qs_”xT”‘b) b (dir(x79))" = 2/(¢).

17113 12113

Therefore,
p=P (62 |x" 72| CiCo € C()))
This is (4.10).
C.2 Proof of Lemma 2
Suppose that ¢ = C"~E+1D Now suppose that

arg min d(H1, a3 %X (0) = (6P (x),6V(x)), vi=1,2,....n—K, (C.6)
Hl,HQGC(l)(X), 7—[1757'[2

where (gf” (x), gél)(x)) is defined in Algorithm 5 to be the pair of clusters merged in x at
the Ith step of the agglomerative hierarchical clustering procedure. Then, ("~ K+ (x/(¢)) =
C(=K+1)(x), so since we defined C;, and Cj to be two estimated clusters in C(x) = C("~K+1)(x),
we have that Cy,C € C"5K+1)(x/(¢)). This proves one direction of Lemma 2.

We will now prove the other direction of Lemma 2. Suppose that Cy, G € (7= E+1) (x'(¢))-
We will prove that (C.6) holds by induction.

The first step is to prove the base case (I = 1). Suppose that

argmin  d(H1, Ha: ¥(0)) # (61, G8). (c.7)
H1,HaeCW) (x), H1#Hz2

Since CV(x) = CM(x/(¢)) by definition (Algorithm 5), and we assumed that there are no
ties in the agglomerative hierarchical clustering procedure (Algorithm 5), there must exist

A,B € ¢ (x'(¢)) such that
d(A, B:x'(¢)) < d(G{" (x), 65" (x); X' (). (C.8)

Since the sequence of clusterings produced by {C()}7"_| are nested, and Cr, Cpr € Cn= K+ (x)

by definition, it must be the case that either g{l)(x) and gél)(x) are both in Cy, are both
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in Cj, or are both in Cj, U Cy. Similarly, since Cy, Cjr € C("=E+1(x'(4)) by assumption, it
must be the case that either A and B are both in ék, are both in ék/, or are both in C, UC.

Thus, we can apply Lemma 1 to (C.8) to yield
d(A, B;x) < d(GV (%), 68" (x); x),

which contradicts the definition of (Qil) (x), gS) (x)) as the pair of clusters with the smallest

dissimilarity (Algorithm 5). Thus, (C.7) cannot be the case, and it follows that

arg min d(H1, Ho; X' (¢)) = (QP(X), gél)(x)),
H1,HacCV(x), H1#Hz2

so we have proved the base case.

We now prove the inductive step. Suppose that for m € {1,2,...,n — K — 1},

arg min d(Hy, Ha; X' (4)) = (g%l)(x), gél)(x)), Vi=1,2,...,m. (C.9)
H1,HacCW (x), Hi1#£Ho

Now, suppose that

arg min d(H1, Hai ¥ (0)) # (G (%), 05"V (x). (C.10)
Hi,HacClm+) (%), Hi#H2

Since (C.9) implies that C(™*1)(x) = "+ (x/(¢)), and we assumed that there are no ties
in the agglomerative hierarchical clustering procedure, there must exist A, B € C"™ (x/(¢))

such that

d(A, B:x(9)) < d(G)" ) (x). G5V (x):%(9)). (C11)
Since the sequence of clusterings produced by {C(D}7 | are nested, and Cr,Cw € Cn—E+1) (x)
by definition, it must be the case that either g}mﬂ)(x) and Qémﬂ)(x) are both in Cy, are
both in Cy, or are both in C; UCys. Similarly, since Cj, G € C(n=K+1(x'($)) by assumption,
it must be the case that either A and B are both in ék, are both in ék/, or are both in

Cp U Cpr. Thus, we can apply Lemma 1 to (C.8) to yield
d(A, B;x) < d(G{" M (x), 65" (x): x),
which contradicts the definition of (g§m+1)(x), gémﬂ)(x)) as the pair of clusters with the

smallest dissimilarity (Algorithm 5). Thus, (C.10) cannot be the case, and it follows that

arg min d(H1, Hai ¥ () = (" (%), 05" V(%) (C12)
Hi,HacClm+1) (%), Hi#H2

so we have proved the inductive step.
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C.3 Proof of Lemma 5

Recall from (4.24) that

n—K

s= M N N {e=0:ddin G1x@) > A6 ), 6 (x): %)}
=1 A,BeC® (x),A#£B, €A jeB
(AB) A (x),65” (%))

n—K
— 0]
= m Ssz'ngle’
=1

where C(l)( ) is the [th clustering in the sequence generated by applying agglomerative
hierarchical clustering to x, and ( ( ), QQ (x)) is the pair of clusters merged in x at the
Ith step of the hierarchical clustering procedure (Algorithm 5. Recall Lemma 5 claims that
S =385 1 prove this claim, it suffices to show that Sn—K) C ﬂ s

single single single’ because

(n—K)
ﬂ szngle = Sszngle :

Let l€{1,2,....n— K —1}. Suppose that ¢ € Sé?ng{i)' Then, there exists i,j €
C("=K)(x) such that observations i and j are assigned to different clusters in C("~K+1)(x),

and

d({i}, {7} % () > A" (x), 65" (x); x).

Since single-linkage cannot produce inversions, the heights at which clusters merge in the

dendogram are ordered. Thus,
d(G1" (%), 65" (x):%) < d(G" ") (x). 65"~ (x); %).

Thus,

d({i}, {7} x'(¢) > d(G1 (x), G5 (x); ).

Furthermore, since {C (Z)}l"zl produces a nested sequence of clusterings, and | < n — K, the
fact that ¢ and j are assigned to different clusters in C(”*KH)(X) implies that ¢ and j are

assigned to different clusters in C¢“+1)(x). Thus, ¢ € S 0

single

by definition.
K) implies that (;5 eSY  for any

single

Since we have shown that ¢ € s

szngle

le{l,2,...,n— K — 1}, it follows that Ssmgle C ﬂ which completes the proof.

szngle’
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C.4 Additional simulation results for Section 4.5.2

We return to the second simulation study described in Section 4.5.2, where we consider the
power (i.e. the probability of rejecting Hy : fig, = ﬂék/) of the test as a function of the effect
size A, defined in (4.31). Recall that in order to smooth our estimates of power, we fit a
regression spline using the gam function in the R package mgcv. We display the power of the

test as a function of the effect size A when min{|Cy|, |Cr/|} < 10 in Figure C.1.

(a) Average linkage (b) Centroid linkage
& 1.001 & 1.001
o o
n 0.757 ;| 0.751
] ]
® 0.25- © 0.25-
= =
& 0.0047 ; . ) £ 00047 : : :
0 2 4 6 0 2 4 6
Effect size (8) Effect size (8)
(c) Single linkage (d) Complete linkage
£ 1.001 £ 1.001
o o
1 075' 1 075'
] ]
+ 0.50+ + 0.50+
© 0.25- ® 0.25-
= =
£ 0.0047 . . . & 0.004"
0 2 4 6
Effect size (8) Effect size (8)

Figure C.1: For the simulated data sets such that ék and ék/ do not both have at least
10 observations in them in the simulation study described in Section 4.5.2, power as a
function of effect size A, defined in (4.31) to be the true difference in means between Cj
and (fk/, scaled by the variance parameter o, for the test proposed in Section 4.2.1, when C
is the map that results from cutting the dendrogram resulting from (a) average-linkage, (b)
centroid-linkage, (c) single-linkage, and (d) complete-linkage hierarchical clustering, to get
three clusters.

As in Section 4.5.2, for all four linkages, the power to reject Hy : fig, = ﬂék’ increases

as the effect size A increases, where A = (i, — ﬁék,) /o. Again, this implies that our test
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is more likely to detect a larger difference in means between estimated clusters C and Cp
than a smaller difference in means.

Furthermore, we find that the power of the test is quite similar for single, average, and
centroid linkage. However, the power of the test for complete linkage is rather different.
This is because single, average, and centroid linkage tend to produce extremely unbalanced
clusters (e.g. |Cy| = |Crr| = 1) when min{|Cy|,|Cw|} < 10, which leads to lower power, and
complete linkage tends to produce more balanced clusters (e.g. |Cx| = 9,|Cw| = 8) when

min{|Cy|, |Cr|} < 10, which leads to higher power in Figure C.1.



