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Abstract

Uncertainty Management for Aerial Vehicles:

Coordination, Deconfliction, and Disturbance Rejection

Prachya Panyakeow

Chair of the Supervisory Committee:

Professor Mehran Mesbahi

Aeronautics and Astronautics

The presented dissertation aims to develop control algorithms that deal with three types of uncertain-

ties managements. First, we examine the situation when unmanned aerial vehicles (UAVs) fly through

uncertain environments that contain both stationary and moving obstacles. Moreover, a guarantee of

collision avoidance is necessary when UAVs operate in close proximity of each other. Second, we look

at the communication uncertainty among the network of cooperative UAVs and the efforts to establish

and maintain the connectivity throughout their entire missions. Third, we explore the scenario when

the aircraft flies through wind gust. The introduction of an appropriate control scheme to actively

alleviate the gust loads can result into weight reduction and consequently lower the fuel cost.

In the first part of this dissertation, we develop a deconfliction algorithm that guarantees collision

avoidance between a pair of constant speed unicycle-type UAVs as well as convergence to the desired

destination for each UAV in presence of static obstacles. We use a combination of navigation and

swirling functions to direct the unicycle vehicles along the planned trajectories while avoiding inter-

vehicle collisions. The main feature of our contribution is proposing means of designing a deconfliction

algorithm for unicycle vehicles that more closely capture the dynamics of constant speed UAVs as

opposed to double integrator models. Specifically, we consider the issue of UAV turn-rate constraints

and proceed to explore the selection of key algorithmic parameters in order to minimize undesirable

trajectories and overshoots induced by the avoidance algorithm. The avoidance and convergence

analysis of the proposed algorithm is then performed for two cooperative UAVs and simulation results

are provided to support the viability of the proposed framework for more general mission scenarios.

For the uncertainty of the UAV network, we provides two approaches to establish connectivity

among a collection of UAVs that are initially scattered in space. The goal is to find shortest tra-

jectories that bring the UAVs to a connected formation where they are in the range of detection of
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one another and headed in the same direction to maintain the connectivity. Pontryagin Minimum

Principle (PMP) is utilized to determine the control law and path synthesis for the UAVs under the

turn-rate constraints. We introduce an algorithm to search for the optimal solution when the final

network topology is specified; followed by a nonlinear programming method in which the final con-

figuration is emerged from the optimization routine under the constraints that the final topology is

connected. Each method has its own advantages based on the size of corporative networks.

For the uncertainty due to gust turbulence, we choose a model predictive control (MPC) technique

to address gust load alleviation (GLA) for a flexible aircraft. MPC is a discrete method based on

repeated online optimization that allows direct consideration of control actuator constraints into the

feedback computation. Gust alleviation systems are dependent on how the structural flexibility of the

aircraft affects its dynamics. Hence, we develop a six-degree-of-freedom flexible aircraft model that

can integrate rigid body dynamic with structural deflection. The structural stick-and-beam model is

utilized for the calculation of aeroelastic mode shapes and airframe loads. Another important feature

of MPC for GLA design is the ability to include the preview of gust information ahead of the aircraft

nose into the prediction process. This helps raising the prediction accuracy and consequently improves

the load alleviation performance. Finally, the aircraft is modified by the addition of the flap-array, a

composition of small trailing edge flaps throughout the entire span of the wings. These flaps are used

in conjunction with the distributed spoilers. With the availability of the control surfaces closer to the

wing root, the MPC with flap-array can reduce the wing bending moment from different mode shapes

and achieve better load alleviation performance than the original aircraft.
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Chapter 1

Introduction

Research in the area of multi-vehicle systems has been a topic of great interest in the recent years due

to broad applications in many areas including cooperative control of unmanned aerial vehicles (UAVs),

formation control [44], [45], and flocking [52]. The paradigm of having one UAV performing all mission

tasks raises a number of issues related to the cost of development, integration, and mission completion.

This has motivated the concept of multi-vehicle systems where each vehicle only performs a subset of

the entire mission. In such a setup, the communication between the vehicles defined by the topology of

the network has a significant effect on the performance of the multi-vehicle system. When the relative

distances between vehicles are considered in the construction of a geometry-based network (via wireless

network technology), an information-exchange link is assumed to exist when two vehicles are within

their maximum communication range. Collision avoidance and deconfliction becomes of paramount

importance when such missions require that UAVs operate in close proximity of each other.1 It

has thus become necessary to develop efficient algorithms to ensure that vehicles stay conflict-free

under environmental uncertainties such as terrain or presences of other UAVs while completing their

intended missions. On the other hand, since UAVs are required to disperse to perform tasks such

as monitoring [39], imaging, reconnaissance, data processing, etc., the relative distances between

vehicles may exceed their maximum communication range creating uncertain network connectivity

maintenance. In order to reestablish network connectivity for data exchange and to resume mission

operations as a group, the problem of controlling vehicles that are initially out of range of detection

1Deconfliction refers to collision avoidance with the additional requirement that vehicles stay as close as possible to
their original intended path or trajectories.
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to an area where they can sense each other becomes important. Another form of uncertainty that

affects the performance of the aerial vehicle’s missions is the weather. Wind gusts cause additional

fuel expenditure, metal fatigue, structural deformation, as well as reduction in flight comfort. By

using controlled deflections of tail and wing control surfaces, it is possible to minimize the amplitude

and the number of transient bending cycles to which the structure may be subjected in flight.

This research topic deals with these three types of flight uncertainty management. First we provide

an approach for the deconfliction problem when a UAV flies through uncertain environments that

contain both stationary and moving obstacles. The avoidance and convergence analysis is performed

under turn-rates constraints and to minimize deviations from desirable trajectories. The second

problem involves the communication uncertainty among the proximity network of cooperative UAVs

and the efforts to establish and maintain connectivity throughout entire missions. Optimization and

nonlinear programming methods are used to determine the shortest trajectories that bring the UAVs

to a connected formation where they are in the range of detection of one another and oriented in

the same direction to maintain the connectivity. The third area of research involves uncertainty due

to wind gusts. Airframe weight reduction is a typical design goal for modern aircraft in order to

lower fuel consumption and consequently to increase payload and range and reduce operating cost.

In general, aircraft structures are required to withstand critical loading conditions during maneuvers

or when flying through atmospheric turbulence. Various loading scenarios such as discrete gust and

continuous turbulence are defined according to the airworthiness regulations CS-25 [84]. These design

condition often contribute to the load envelop. For instance, the strength of the wing roots structure

can thereby translate to the weight of the wing. The introduction of an appropriate control scheme

to actively alleviate the gust loads can result into weight saving without compromising safety.

1.1 UAVs Deconfliction

There have been a number of research works on conflict and collision avoidance between autonomous

vehicles; see [1] for a survey. In [2–4] the authors propose a prescribed set of maneuvers and protocols

for each vehicle when a conflict has been detected. The work of [5] involves a heuristic search for

a tree of feasible avoidance maneuver using velocity obstacles. Optimization-based schemes on the

other hand, as exemplified in [6,7], revolve around solving optimization problems, often in centralized

way, to resolve conflicts, either deterministically or in a probabilistic setting. In [6], [8–11], the notion
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of collision cone has been introduced for each vehicle, parameterizing the zone where the collision

will occur if all other vehicles keep their heading unchanged. The geometric optimization approach

in [12] also utilizes the collision cone by minimizing the velocity vector changes such that the relative

velocity between two conflicting vehicles stay off the cone. The work of [38] develops the reactive

collision avoidance algorithm based from Lyapunov stability theory and relative geometry between

the aircraft and static obstacles. In [36] and [37], the authors present a vision-based collision avoidance

for miniature air vehicles (MAVs) using navigation frame mapping and path planning.

Closer to our work are approaches that are developed with the aid of a potential or a navigation

function. A navigation function landscapes the configuration space of the vehicles such that the goal

points for the vehicle group can be reached by following the function’s descent direction. In [13]

and [14], such functions have been adopted for holonomic robots. Rimon and Koditschek [15] on the

other hand, introduced a navigation function for robot obstacle avoidance in a generalized “star world”

with a static environment. A convergence analysis for the trajectories generated by the navigation

function has also been explored in [16].

Recently, the use of decentralized navigation functions has gained attention in various research

works in the area of cooperative and formation control; see for example, [17,18]. Being “decentralized”

implies that each vehicle does not require knowledge of the states and desired destinations of all vehicles

and merely relies on limited information, such as relative position and velocity from the “neighboring”

vehicles, to adjust its steering strategy. The decentralization is particularly suited for large number

of vehicles as it reduces the computational aspects of gradient computation as well as the associated

communication and sensing requirements. In this direction, we mention the works of Dimarogonas and

Kyriakopoulos [19,20] who have utilized the notion of decentralized navigation functions for addressing

collision avoidance between multiple holonomic agents in the absence of control constraints. Collision

avoidance for nonholonomic vehicles has been considered by Aicardi et al. [30,31], utilizing the velocity

vector field and tracking of 2D path to avoid obstacles, while in [33], the author adopted a decentralized

optimization approach that requires large computational resources. In [29], a kinematic controller and

dipolar navigation function has been proposed to avoid collisions and configure nonholonomic agents

to the desired orientation at their respective destinations.

Our approach to the unicycle-model UAV deconfliction [26, 27] is presented in chapter 2. The

algorithm builds upon the following desirable properties for the UAV trajectories:
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1. guaranteed collision-free convergence to the final desired destination for each UAV in the presence

of static obstacles,

2. ensured proximity to the nominal path for each UAV when permissible- thus making our ap-

proach suited for deconfliction rather than pure collision avoidance,

3. guaranteed collision avoidance with other UAVs within the range of detection, and finally,

4. guaranteed operation within the maximum turn-rate for each unicycle UAV during the entire

mission.

The first two requirements necessitate the introduction of a navigation function– combining path

planning and obstacle avoidance in order to create the deconfliction control laws. However, the fourth

requirement forces us to employ unicycle models for the UAVs with turn-rate constraints in order to

more accurately capture the non-holonomic dynamics of UAVs with constant speed. In the meantime,

the third requirement invites us to consider an extension of the work in [21], where a swirling effect is

introduced for double integrator type models in order to break the symmetry and avoid saddle points

around the moving obstacles. The works of [47] and [48] also provide similar effects on steered particles

to converge to a circular motion of all particles around the same circle. The swirling effect has to

be done in conjunction with examining the vehicles’ turn-rates, trajectory overshoots, and minimum

distances between vehicles during the deconfliction maneuver as consistent with other requirements.

The contribution of our work in UAV deconfliction is threefold. First, we show how constraints

such as UAV turn rate limits and effective range of detection can be taken into consideration in

designing navigation-based deconfliction algorithms. Moreover, we theoretically demonstrate how the

tuning parameters for the navigation function can be selected such that vehicles’ actuator commands

do not exceed prescribed limits without sacrificing deconfliction performance. And lastly, and more

importantly, the collision avoidance and the global convergence of the algorithm are analyzed for two

conflicting unicycle type UAVs and verified for more general scenario through simulations.

1.2 Optimal Trajectories for Network Establishment for UAVs

Recent works on network connectivity have been focused on maintaining network connectivity during

the entire mission [53, 54, 56]. In [42], the author considers the integration of communication and

control with respect to the task of coordinated heading control for a group of nonholonomic vehicles.

5



The heading control uses the Kuramoto model of nonlinearly coupled oscillators. In [55], the authors

derived an optimal control scheme to establish the connectivity among a group of spacecraft. For our

setup, we consider a group of n nonholonomic vehicles that are initially out of the communication

range, and propose methods to establish connectivity with optimal trajectories, subject to a turn-rate

constraint. Similar to our deconfliction work, the unicycle model is chosen to capture the dynamics

of UAVs that fly at constant cruising speed as opposed to linear models. Since the fuel usage is a

prominent concern, in the case of constant speed vehicles, the optimality refers to minimizing maneuver

time or path-length. The final configuration is in the form of relative positions and headings between

connected vehicles with a graph representation of the connectivity in the form of a tree network.

The solution is derived using Pontryagin Minimum Principle (PMP). However, the question of path

synthesis encourages us to look into the Dubin’s problem [40], [41] that involves finding the shortest

smooth path between two given points by a car, for which the starting and ending directions are

specified. With the final orientation of the vehicles constrained to head in the same direction, the

optimal solution for each vehicle comprises of three segments: two circular arcs of maximum curvature

and a straight line tangent to the arcs. The task of determining how to combine these pieces is derived

by solving a set of necessary conditions.

In Chapter 3, we develop two approaches to establish the connectivity among UAVs. First we pro-

pose the algorithm to search for the global optimal solution when a target “tree” graph connectivity

structure has been specified. However, searching for the best solution across all possible trees requires

long computational time when applying to more than a few UAVs. The alternative approach is to

transform the nonlinear optimal control into a parameter optimization problem without specifying

the target graph, relaxing the on/off connectivity by using an exponential penalty function [43] to

approximate the communication strength, and imposing the constraint that the final topology is con-

nected. The control scheme remains the same while the time on each path segment is expressed as an

unknown parameter. The connectivity constraint is then satisfied using the Cholesky decomposition.

The solution can subsequently be solved using nonlinear programming solvers [49].

1.3 Gust Load Alleviation for Flexible Aircraft

Gust load alleviation (GLA) systems use motion sensor feedback to drive an aircraft’s control surfaces

in order to attenuate aerodynamics loading induced by wind gusts. The use of active control has
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Figure 1.1: (a) An efficient deconfliction algorithm is necessary when UAVs operate in close proximity
of each other. (b) UAVs network establishment method is required when their relative distance fall
out of the detection range. (c) An appropriate gust load alleviation system can reduce aircraft weight
and fuel cost.

been examined extensively, for example, the work in maneuver load alleviation [72], [73], [74] and

the suppression of aeroelastic effects [75], [77]. In [75], the author applied a static output feedback

controller to a simple wing section to perform gust load alleviation (GLA) and flutter suppression.

Some early works on gust load alleviation include [65] and [69] where the authors used LQR and

LQG approaches without performance weights for flexible aircraft models. In [70] and [71], optimal

and robust control techniques were employed for GLA problems, but the rigid-body dynamics of

the aircraft were used. The researches in aeroservoelasticity were based on flexible aircraft models

consisting of rigid body dynamics and a series of second-order differential equation representing the

structural mode [65], [66], [67]. McLean and Prasad [66] used a linear quadratic optimal controller to

reduce the wing bending moment of C-5A Galaxy aircraft. The simulation showed that the controller

led to less oscillatory motion in the wing bending moment. In [67] and [68], the authors utilized H2,

H∞ and µ-controller on a modified variant of the B-52 aircraft where the horizontal canards were

included. The controller can reduce the transient peak of structural load from the stochastic gust

excitation. The application of adaptive feed-forward controller for suppression of vibration was also

studied in [86] and [87]. In [87], the author applied a steepest descent algorithm in order to increase

the robustness of the performance of the feed-forward control system against modeling errors and

variations of wing. Moulin and Karpel [78] investigate the effectiveness of different control surfaces

of a large transport aircraft for GLA problems. The underwing and wing-tip control surfaces were

introduced and shown to be more effective at relaxing the wing structural load than a conventional

aileron-spoiler control under a discrete gust.
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In Chapter 4, a nonlinear six-degree-of-freedom equation of motion for the generic transport air-

craft (GTA) is developed2. The aerodynamic model is derived using the method similar to [82] while

the structural dynamics utilize a stick-and-beam finite element model provided by the vehicle descrip-

tion in the ZAERO user’s manual [80]. The mode shape is extracted using MSC/NASTRAN. The

developed equation can effectively integrate large rigid body motion with structural deflections. As

a suitable control scheme to address GLA for flexible aircraft, we propose model predictive control

(MPC), or receding horizon control. MPC is a discrete online optimization-based control strategy

that can optimize the load over a finite prediction horizon. It is a structured approach which allows

us to work with either linear or nonlinear dynamics, includes the load directly in the cost function,

considers constraints on state, inputs, and output, as well as incorporates the disturbance into the

dynamics. The stability of the method can be guaranteed by picking the right terminal weighting

function that satisfies the cost monotonicity condition. The GLA works that utilize MPC approach

include [92], [93], and [94]. In [94], the authors introduced an additional feedback loop to increase the

prediction accuracy.

The contribution of our work in gust load alleviation is twofold. On one hand, the performance

of GLA can be improved by sensing capability. Predictive controllers can be adversely affected by

inaccurate prediction. Hence we use the MPC that takes measured or estimated gust information

into account to improve the prediction accuracy. The incoming gust may be measured via light

detection and ranging (LIDAR), a method that was applied in [86] and [92]. On the other hand, the

load alleviation can be enhanced by actuation capability. We did this by adding a “flap-array”, a

composition of small trailing edge flaps throughout the entire span of the wing. The idea of active

microflaps has also been explored in [76] where the small flaps on wind turbine blades are used for

dynamic load control. In our work, these flaps are distributed evenly along the wingspan and may be

used in conjunction with the distributed spoilers. This opens the opportunity to alter the wing lift

and drag distribution more delicately and thus reduce the contribution of wing bending moment from

different mode shapes more efficiently.

1.4 Contribution to Knowledge

This thesis presents the following contributions to knowledge:

2The work in collaboration with Jake Quenzer [91].
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1. A deconfliction algorithm for unicycle UAVs that can guarantee collision avoidance with both

static and moving obstacles, convergence to the desired trajectory and destination, and operation

within the maximum turn-rate.

2. A complete analysis for the selection of design parameters such that the vehicles’ actuator

commands do not exceed prescribed limits without sacrificing deconfliction performance.

3. Two approaches to optimally establish the connectivity of unicycle UAVs networks and analysis

on scalability and computational issue for both methods.

4. A complete model for a generic transport aircraft that integrates rigid body motion with struc-

tural dynamics and includes load calculation suitable for gust load alleviation control design.

5. A model predictive control framework for gust load alleviation and performance enhancement

efforts via improved sensing capabilities and the introduction of a flap-array.

1.5 Summary

In summary, this thesis describes the development of control platforms that deal with three types of

environmental flight uncertainties. Chapter 2 presents a deconfliction algorithm for unicycle UAVs.

This focuses on the construction of the algorithm and the proof of guaranteed collision avoidance

under the turn-rate constraints. Chapter 3 presents the two approaches for optimal path planning

of UAVs network establishment. The discussion on the performance of both methods are provided.

Chapter 4 derives the mathematical model of a flexible generic transport aircraft and the gust load

alleviation design. This includes the introductions of flap-array and improved sensing capability via

LIDAR. Chapter 5 contains a summery of findings, concluding remarks, and recommendations for

future work.
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Chapter 2

Deconfliction Algorithms for UAVs

This chapter covers the first area of researches on collision avoidance between UAVs and both station-

ary and moving objects. The deconfliction algorithm that guarantee collision avoidance and tracking

performance under aircraft turn-rate constraints is developed. The main feature of our contribution is

proposing means of designing a algorithm for unicycle vehicles that more closely capture the dynamics

of constant speed UAVs as opposed to double integrator models. Specifically, we use the framework

of navigation and swirling functions to determine the desired heading and flight path angles for each

UAV when a “conflict” is detected. Since the navigation function reflects the desire to follow the

nominal trajectory while avoiding constraints, we refer to the resulting algorithm as deconfliction as

opposed to collision avoidance, which is reserved for avoiding collisions without being concerned with

the nominal trajectory. We consider the issue of UAV turn-rate constraints and proceed to explore

the selection of key algorithmic parameters in order to minimize undesirable trajectories and over-

shoots induced by the avoidance algorithm. The avoidance and convergence analysis of the proposed

algorithm is then performed for two cooperative UAVs and simulation results are provided to support

the viability of the proposed framework for more general mission scenarios.

The organization of this chapter is as follow. We begin by providing the model setup for a pair

of identical unicycle UAVs and their representative mission scenarios in Section 2.1. In Section 2.2,

the decentralized navigation function is presented followed by the corresponding deconfliction control

laws, as well as the way-point steering method. In this section, we also examine the convergence of

the UAVs to their respective destinations along with the guaranteed collision avoidance in presence
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of static obstacles. Section 2.3 introduces the swirling function and presents the proof of guaranteed

avoidance for a pair of unicycle UAVs using LaSalle’s Invariance Principle. Section 2.4 provides the

analysis of the tuning parameters that effect UAV turn-rates during the deconfliction maneuver and

proposes a method for improving the algorithm’s performance. Section 2.5 illustrates simulations

scenarios, with particular attention to UAV turn-rates and trajectory overshoots as guided by the

proposed algorithm. Concluding remarks are provided in Section 2.6.

2.1 UAVs Path Planning Model

Consider a group of n autonomous UAVs flying in three-dimensional space R3 modeled as non-

holonomic unicycles

ẋi(t) = U cos γi(t) cosψi(t), (2.1)

ẏi(t) = U cos γi(t) sinψi(t),

żi(t) = U sin γi(t),

ψ̇i(t) = ui(t),

γ̇i(t) = vi(t),

where i = 1, 2, ..., n, xi(t), yi(t), zi(t) specify the coordinates of the i-th vehicle measured relative to

the earth fixed frame, and ψi(t) and γi(t) specify the heading and the flight path angle of the UAV

at time t, respectively. We assume that each UAV flies at a constant speed U . The Euler angles

define the orientation for each UAV: ψ ∈ [−π, π] for heading and γ ∈ [−π
2 ,

π
2 ] for flight path; the

corresponding rates are defined via the control inputs ui and vi for each i. These inputs are restricted

to the vehicle’s actuation limitations as

−ψ̇max ≤ ui(t) ≤ ψ̇max and − γ̇max ≤ vi(t) ≤ γ̇max. (2.2)

We assume that the UAVs are identical and have their own nominal trajectories specified by a se-

quence of way-points in R3; we incorporate the minimum turn radius for each UAV to allow for a

smooth transition between the way-points. Figure 2.1 depicts the vehicles’ paths for the considered

scenario. We also incorporate means of avoiding collisions between UAVs in case of malfunctions
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Figure 2.1: Trajectories of UAVs are composed of the sequences of desired way-points.

and disturbances, such as wind gusts. The resolution is developed in a cooperative manner which

means that both conflicting UAVs run the same algorithm. The proposed deconfliction algorithm is

subsequently integrated in the control law for the vehicles such that each vehicle only requires access

to its own position, its planned path, and the location of the vehicle that is within a certain detection

range.

A conflict between two vehicles is defined by two virtual spheres shown in Figure 2.1, referred to

as the collision and the protected zones that specify distinct levels of safety constraints. In this figure,

the i-th vehicle has a collision zone of radius ρi > 0 and a larger protected zone with radius ρi + δi,

with δi > 0.

Definition 2.1.1 (Collision): A collision between vehicle i and j occurs when their collision zones

intersect or ∥rij∥ < ρi + ρj, where rij is a vector from vehicle i to j as measured from the vehicles’

centers of mass.

Definition 2.1.2 (Conflict): Two vehicles i and j are considered to be in a conflict or loss of sepa-

ration if their protected zones overlap, i.e., when ∥rij∥ < ρi + ρj + δi + δj.

In the meantime, a group of vehicles are said to be safe or conflict free when their respective

protected zones do not intersect during a given maneuver.

In order to implement our deconfliction algorithm, we assume that each unicycle has the capability

to detect other vehicles within the range rss. The detection mechanism can be found in [34, 35]. We

define the neighborhood set of the i-th vehicle as

Ni , {j ̸= i : ∥rij∥ ≤ rss}. (2.3)
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We note that since the set Ni depends on the inter-vehicle distances, it is essentially a dynamic set.

Our goal is to design the admissible inputs ui and vi for each UAV (3.1) in order to

(A) guarantee collision free convergence to the final destination or way-point in presence of static

obstacles,

(B) stay in the proximity of the nominal path when permissible,

(C) guarantee deconfliction with the other UAV in the range of detection rss by not entering its

protected zone, and

(D) guarantee turn-rates in accordance with (3.2).

The first two requirements necessitate the introduction of a navigation function that combines both

goal and path attraction to create the control law (discussed in Section 2.2) while the third and the

fourth requirements necessitate the use of a swirling function while ensuring acceptable turn-rates,

trajectory overshoots, and minimum separation between the UAVs (discussed in Section 2.3).

2.2 Navigation Functions for UAVs in Presence of Static Ob-

stacles

One of the ingredients for the proposed algorithm is a navigation function for each UAV that utilizes

the location of the obstacles as well as its nominal trajectory. Navigation functions are developed

from the intuition that the trajectory of a dynamical system asymptotically approaches a state cor-

responding to the minimum potential if it follows the descent direction of the potential. As detailed

in the introduction, this approach has a long tradition in robotics and aerospace community. In the

context of this work, the navigation function of each UAV is a mapping from the product of the free

configuration space for each UAV, denoted by Fi, to a real-valued potential, as

Vi : F → R, (2.4)

where F = Fi × Fj . In our case, the free configuration space for each vehicle will be the original

spherical configuration space Ci with removed regions representing static obstacles. Let qi(t) =

[xi(t), yi(t), zi(t)]
T represent the position of the i-th vehicle at time t and let q(t) consist of the
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position vectors for the vehicle pair. The navigation function leads to a mechanism for steering the

pair of UAVs from the initial state qo to the destination qd while staying in the product of their

respective free configuration spaces. In this direction, each UAV is steered using the negative gradient

of the underlying potential function by setting its desired velocity as

vdi (t) = −∇qiVi(q). (2.5)

Such a velocity guidance, in turn, will lead the UAV to travel in a direction such that the potential is

lowered and subsequently reaches its minimum. Therefore a navigation function should have a unique

minimum at a destination state qd and a maximum at the boundary of F . Other properties are also

required to guarantee desirable trajectories.

Definition 2.2.1 Let qdi ∈ Fi be the goal point for UAV i. A real-valued map Vi : F → R is a

navigation function for UAV i if for any fixed qj, as a function of qi, it is

(a) a Morse function (its critical points are non-degenerate),

(b) smooth on Fi (at least a twice differentiable function),

(c) polar at qdi (is a unique minimum), and

(d) admissible on Fi, i.e., it is uniformly maximal on the boundary of Fi.

With these properties intact, specific navigation functions can be designed for many robotic path

planning applications.

In [15] the navigation function is constructed based on a static environment, where the proof of

convergence to qdi for each i while avoiding collisions with static obstacles is examined. In this work,

we adopt the approach in [15] to construct one of the components of the proposed algorithm for UAV

trajectory planning. It is important to note that the collision avoidance among the closest pair of

moving vehicles is not guaranteed using the machinery developed in [15]; in subsequent sections, we

introduce the so-called “swirling function” to address this latter issue. The form of the navigation

function employed in our work for the i-th vehicle is parameterized as [15],

Vi(q) =
Γi(q)

k
√
Γki (q) + βi(q)

(2.6)

where,
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Figure 2.2: Free configuration space and navigation function when qj is fixed.

• Γi(q): is the path planning function which includes goal and path attraction terms, and reaches

a unique minimum when the i-th vehicle is at its goal,

• βi(q): is the obstacle function that is designed to fade out when the i-th vehicle is about to

enter the other vehicles protected zone or collide with static obstacles, and

• k is a positive tuning parameter.

In the work of Rahmani et al. [21], the function Γi has been chosen by adding the distance from

the goal to the nominal path di weighted by a parameter Kp. This function provides the necessary

emphasis between goal and path attraction, i.e.,

Γi(q) = ∥qi − qdi∥2 +Kpβ

(
∥qi − qdi∥

rp

)
d2i , (2.7)

where

di =
∥(qoi − qdi)× (qi − qdi)∥

∥qoi − qdi∥
, (2.8)

and β is a smooth function that transitions from zero to one as defined subsequently (see (2.12)

below); it aims to dim down the path attraction component once the vehicle gets closer than rp to the

goal. Note that Γi(q) is continuously differentiable on F . In order to prevent two or more vehicles

from converging to the same point and at the same time, while also trying to avoid each other, the

following assumption for the initial and goal points has been adopted:
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Assumption 2.2.1 The initial and final positions for each vehicle is separated by the range of detec-

tion rss, i.e.,

∥qoi − qoj∥ > rss and ∥qdi − qdj∥ > rss. (2.9)

For the case with more than two way-points or when each vehicle has different number of way-points,

this assumption should only be applied to all of initial points and the last way-points. This will be

discussed further in Section 2.2.2. Moreover, as we would like the vehicles to arrive at their respective

destinations around the same time, we assume that the initial and final positions of each vehicle is

such that the total desired path lengths traversed by the vehicles are equal, i.e.,

for all i ̸= j, ∥qdi − qoi∥ = ∥qdj − qoj∥. (2.10)

For missions with more than two way-points, we assume that the overall desired path lengths traversed

by the vehicles are the same.

The “obstacle” function βi(q) is constructed from the product of pairwise functions of vehicles in

Ni as well as the static obstacles.

Figure 2.2 depicts the free configuration space which is a sphere of radius ρc centered at qc; in this

case,

βi(q) = β(ric).
∏

j∈Ni∪S

β(rij), (2.11)

where S represents the static obstacles and rij=
(∥qj−qi∥−ρj)

δj
, ric=

(ρc−∥qc−qi∥)
δc

. In the meantime, the

bump function has the form

β(rij) =


0 rij < 0,

f(rij) 0 ≤ rij < 1,

1 rij ≥ 1,

(2.12)

where f(rij) is a high order polynomial, as shown in Figure 2.3, that smoothly transitions the obstacle

function from uniformly zero at the collision zone boundary, to one at the protected zone boundary;

the parameter δj measures the distance between these boundaries and δc measures the protected
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Figure 2.3: Sigmoidal shape of the collision bump function β(rij).

Figure 2.4: The effect of the parameter k on the navigation function.

distance to the boundary of the configuration space. The polynomial is chosen such that β(q) is twice

differentiable. It is noted that the choice of the bump function effects the turn-rate of the vehicles

during collision avoidance; this will be discussed in more details in Section 2.4.3. The configuration

radius ρc is chosen to be large enough such that qoi , qdi , and UAVs’ trajectories stay away from the

configuration boundary by more than δc. Since β(rij) is always one when qi is outside qj ’s protected

zone, we do not need to include vehicles or static obstacles that are further away from vehicle j in

order to compute the function β.

For each qj , at the boundary of Fi, βi(q) = 0 and the function (2.6) uniformly reaches its maximum

of one; on the other hand when qi = qdi , Γi(q) = 0, and the potential reaches its unique minimum of

zero. The function is twice differentiable on F with the range being the unit interval. The parameter k

changes the slope of the navigation function in a way that emphasizes obstacle avoidance or attraction

toward the goal, as shown in Figure 2.4.

17



In order to check that the function (2.6) is in fact a navigation function according to Defini-

tion 2.2.1,1 we still have to prove that it is a Morse function and smooth on F . In this direction, first,

we observe that the critical points of (2.6) are found by letting

∇qiVi(q) =
[kβi(q)∇qiΓi(q)− Γi(q)∇qiβi(q)]

k(Γi(q)k + βi(q))1/k+1
= 0, (2.13)

that is

kβi(q)∇qiΓi(q) = Γi(q)∇qiβi(q). (2.14)

On the other hand, this condition is valid in the following distinct cases:

(a) when ∇qiΓi(q) = 0 (when Γi(q) = 0), ∇qiβi(q) = 0, and βi(q) = 1: in this case, the identities

∇qiβi(q) = 0 and βi(q) = 1 imply that the i-th vehicle is far from the boundary of the config-

uration space and other moving obstacles. In the meantime, the identity ∇qiΓi(q) = 0 means

that the vehicle is at the destination. We can prove that this equilibrium is in fact the mini-

mum of the navigation function by evaluating the Hessian ∇2
qiVi(q) as shown in the following

proposition.

Proposition 2.2.2 The navigation function (2.6) has a non-degenerate minimum when the i-th ve-

hicle reaches its destination; this minimum is outside of all other vehicles’ protected zones.

Proof. See Appendix A �

(b) when ∇qiΓi(q) = 0 (when Γi(q) = 0), ∇qiβi(q) = 0, and βi(q) = 0: The first condition means

the vehicle is at the destination. The identities ∇qiβi(q) = 0 and βi(q) = 0 also imply that

the vehicle is at the boundary of an obstacle collision zone. This critical point is located at

the boundary of the configuration space. However, Assumption 2.2.1 suggests that the vehicle’s

destination is away from obstacles. Therefore, the vehicle can never be at this critical point.

(c) when ∇qiΓi(q) = 0 (when Γi(q) = 0) and ∇qiβi(q) ̸= 0 (when 0 < βi(q) < 1): The first

condition means that the i-th vehicle is at the destination. The second condition translates

to having the vehicle near other moving or static obstacles. Substituting these conditions into

1We will subsequently use this fact to infer that each UAV will converge to it goal point while avoiding static
obstacles.
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(5.1) yields ∇2
qiVi(qi) =

∇2
qi
Γi(qi)

(βi(q))1/k
= 2I

(βi(q))1/k
which implies that this point is non-degenerate.

However, Assumption 2.2.1 suggests that the vehicle can never be at such a critical point.

(d) when ∇qiΓi(q) ̸= 0 (when Γi(q) ̸= 0), ∇qiβi(q) = 0, and βi(q) = 0: The first condition means

that the i-th vehicle is not at the destination. The identities ∇qiβi(q) = 0 and βi(q) = 0

also imply that the vehicle is at the boundary of an obstacle collision zone. Substituting these

conditions into (5.1) yields

∇2
qiVi(qi) = −

∇2
qiβi(qi)

kΓki (q)
.

Since we chose the bump function such that f ′′(0) = 0, it follows that ∇2
qiβi(qi) = 0 at this

point. However this type of critical point is not in the interior of the configuration space.

(e) when∇qiΓi(q) ̸= 0 (when Γi(q) ̸= 0),∇qiβi(q) ̸= 0 (when 0 < βi(q) < 1), and kβi(q)∇qiΓi(q) =

Γi(q)∇qiβi(q): The first condition means that the i-th vehicle is not at the destination; the sec-

ond condition translates to having the vehicle near other moving obstacles. The equilibrium is

not the desired one. In the meantime, the third condition leads to

k
∇qiΓi(q)

Γi(q)
=

∇qiβi(q)

βi(q)
,

which means that the gradients, due to the path planning and obstacle avoidance are in the same

direction, but scaled by parameter k, and there exists a big enough k that causes this undesired

equilibrium to be pushed further toward the moving obstacle. The following proposition analyzes

the stability of this type of critical points.

Proposition 2.2.3 The critical points analyzed above are in the interior of the free configuration

space F . There are at least as many saddle points as the number of obstacles. In fact, it is possible

to find a lower bound for the parameter k such that

1. each critical point of the navigation function is close to one of the obstacles, and

2. the critical points near the obstacles are not a local minimum, but only a saddle point, and not

degenerate.

Proof. See Ref. [51]. �

From Propositions 2.2.2 and 2.2.3, we can conclude that (2.6) is a Morse function in Fi.
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Proposition 2.2.4 For each qj, the navigation function (2.6) is twice differentiable on Fi.

Proof. From the expression for the Hessian of Vi(q) in (5.1), we can see that Γi(q) and βi(q) can

not be zero at the same time in the interior of Fi. Hence, the terms Γi(q)
k + βi(q) > 0 and ∇2

qiVi(q)

are defined everywhere on Fi. �

While we show that at any instant of time, the function (2.6) satisfies all of the conditions in

Definition 2.2.1, these conditions can only guarantee a goal point convergence, path attraction, and

static obstacles avoidance, but not the collision avoidance with another (moving) UAV. This latter

property will be guaranteed with the help of a swirling function presented in Section 2.3. However,

we first discuss two aspects of the navigation-based control law in the absence of swirling.

2.2.1 Navigation-based UAV Control

The inner-loop controller of the UAVs to follow the desired velocity is of the form

ui(t) = Kψi(ψ
d
i (t)− ψi(t)) + ψ̇di (t), (2.15)

vi(t) = Kγi(γ
d
i (t)− γi(t)) + γ̇di (t),

where

ψdi = atan2

(
vdyi , v

d
xi

)
, γdi = atan2

(
vdzi ,

√
(vdxi)

2 + (vdyi)
2
)
;

the superscript “d” indicates the desired value of the corresponding state, and atan2 denotes the four

quadrants arctangent function. We now set [vdxi , v
d
yi , v

d
zi ]
T = vdi (q) = −∇qiVi(q), and Kψi and Kγi

are heading and pitching regulation gains, respectively. The feed-forward terms ψ̇di and γ̇di can now

be calculated using [v̇dxi , v̇
d
yi , v̇

d
zi ]
T = v̇di (q) = −∇q∇qiVi(q)q̇, which represents the rate of change

of the potential’s slope as we travel in the q̇i direction. These terms, in turn, increase the tracking

performance of the UAVs to track the desired velocity vdi (q) once the error has converged to zero.

By solving (2.15) we have that ψi(t) = [ψi(0)− ψdi (0)]e
−Kψi t + ψdi (t) and that implies that the error

dynamics ψi(t)− ψdi (t) → 0 as t→ ∞.

Figure 2.5 depicts the gradient vector field through the configuration space and the parameters

corresponding to UAV deconfliction including the swirling radius rss that will be discussed in Sec-

tion 2.3 The gradient is numerically computed locally to save the computational cost. We note that
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Figure 2.5: The gradient vector field throughout the free configuration space when the swirling effect
is included.

Figure 2.6: Transition potential at a way-point corner.

the vector field varies in accordance with the location of the vehicle and its neighbor, and therefore it

is a function of time and has to be recalculated at every time-step.

2.2.2 Way-points Steering

One of the methods to direct a UAV through way-points is to incorporate the aircraft minimum turn

radius to form curve paths around the way-points corners. The flight path design involves similar

consideration as e.g. Chandler et al. [28]. This arc is defined in an auxiliary coordinate frame with

the origin at the center of the circle of the arc and the x-axis toward the way-point corner as shown

in Figure 2.6. The transition mode begins when the aircraft approaches the primary way point (less
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than D apart) and is required to turn toward the next way-point. The parameter D is defined as

D = Rt/ tanϕ, where Rt is a minimum turn radius and ϕ is half of the angle at the way-point corner.

Since the potential is re-calculated at every time step, it is adjusted such that the desired path is,

x̂ =

 x′ −Rt cos θ +
√
R2
t − y′2, |y′| ≤ Rt sin θ,

x′ − (|y′| −Rt sin θ) tan θ, otherwise,
(2.16)

where x′ and y′ are aircraft coordinates, x̂ is an adjusted coordinate, and θ is half of the turning

angle. Once the vehicle arrives at a distance D from the way-point, the relation (2.16) describes the

prescribed trajectory for it to follow. We note that regardless of how the location of the vehicle maps

on the x′ − y′ − z′ coordinate, we utilize the corresponding point on this curve and its tangent to

define a path for that time instance. This path, along with the location of the moving obstacles in the

configuration space, are then used to construct the navigation function (2.6). The desired destination

during the transition is subsequently chosen along the tangent of the curve where the potential value

matches the boundary condition at the initiation of the transition.

To describe how this navigation function is constructed, we assign a three way-point coordinates

expressed in x′ − y′ − z′-frame as q1, q2, and q3 where q2 represents the middle way-point as shown

in Figure 2.6. Since we will only discuss vehicle-i way-points steering algorithm, the subscript i will

be omitted in the notation.

We incorporate all three way-points into constructing path-planning function Γ(q). The location

of the final goal point and the initial point are adjusted base on the the value of y′ in an auxiliary

coordinate frame. These adjusted values are situated along the tangent of the curve during the

transition. The point along the curve can be represented as q̄ = [
√
R2
t − y′2; y′; 0] whereas the unit

vector tangential to it is q̄t = [−y′/Rt;
√
R2
t − y′2/Rt; 0]. The adjusted goal point and the adjusted

initial point can then be represented as

q̃3 =


q2 + ∥q3−q2∥

∥q2−q1∥ (q2 − q1), y′ ≤ −Rt sin θ,

q̄+
[
Rt sin θ−y′

cos θ + ∥q3 − q2∥ −Rt tan θ
]
q̄t, |y′| < Rt sin θ,

q3, y′ ≥ Rt sin θ,

and
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q̃1 =


q1, y′ ≤ −Rt sin θ,

q̄−
[
Rt sin θ+y

′

cos θ + ∥q2 − q1∥ −Rt tan θ
]
q̄t, |y′| < Rt sin θ,

q2 − ∥q2−q1∥
∥q3−q2∥ (q3 − q2), y′ ≥ Rt sin θ,

respectively. The adjusted path-planning function then becomes

Γ̃(q) = ∥q− q̃3∥2 +Kpβ

(
∥q− q̃3∥

rp

)
d̃2,

where

d̃ =
∥(q̃1 − q̃3)× (q− q̃3)∥

∥q̃1 − q̃3∥
.

If desired, the obstacle function can also be included as suggested by (2.6). For the application where

the way-point corners are small, this method requires the UAV to turn long before reaching the way-

point. This may not be practical for a surveillance or monitoring mission. For a case like this, two

way-points should be assigned accordingly to allow the UAV to make a turn surrounding the way-point

of interest.

2.3 Swirling Function for UAV Deconfliction

Due to the nature of the unicycle model, necessitating control over heading only, and the fact that other

UAVs are not “static obstacles,” the collision avoidance of the algorithm can not be guaranteed by

merely following the negative gradient of the navigation function. Moreover, the navigation function

can lead to an unbounded force or turn-rate commands which are not suitable for a unicycle model

with turn-rate constraints. For example, if the protected zone radius is set too small as compared with

the vehicle’s speed, the UAV needs to turn sharply in order to avoid the moving obstacle. For practical

reasons, large turn-rates are neither desirable nor practical. In order to alleviate this situation, swirling

effect has been introduced in Ref. [21] in order to improve the deconfliction performance and to help

guarantee the collision avoidance under such dynamic limitations. The swirling effect also helps

breaking the symmetry in order to avoid being trapped in saddle points of the navigation function
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Figure 2.7: Deconfliction trajectories: (a) without the swirling effect, the inner circle notify the moving
obstacle protected zone with the gradient vectors pointing outward, (b) when the swirling term has
been added along the outer circle, (c) the swirling effect is applied in 3D case when both aircraft is
ascending but within the range of detection

around the moving obstacle.

A swirling effect is added to the gradient in order to “rotate” the aircraft counterclockwise around

the nearby moving obstacle. This effect is augmented gradually from the distance when the deconflic-

tion sensor detects the moving obstacle at distance rss; the effect is initialized with zero magnitude

and is allowed to increase to the maximum level at the boundary of the collision zone. The parameter

Ks defines the maximum relative size of the swirling effect with respect to the original gradient. The

spinning gradient vector field around the moving obstacles tends to break the symmetry for the case

when two vehicles are exactly heading onto each other.

For the case when the vehicles are ascending or descending along their respective desired paths,

adjusting the heading command in the vertical direction can create higher a angle of attack which

causes the aircraft to stall; therefore the swirling effect is added only along the horizontal direction

while the desired vertical gradient at a corresponding location stays unaffected. The effect can be

viewed as a vertical circular cylinder of a rotating vector field added to the original gradient of the

navigation function as shown in Figure 2.7(c). The adjusted gradient for vehicle i can be derived as,

∇Vnew
i = ∇Vi +Ksβ

(
rss − ∥qi − qj∥

rss

)
∥∇Vi∥vssj

vssj =
(qi − qj)× kz
∥qi − qj∥

, (2.17)
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where qi and qj are the locations of the UAV and the moving obstacle, respectively, and kz is the

unit vector in the z direction of the earth frame. The idea can also be extended for the case when

more than one vehicle is within the range of detection, in this case the superposition of the effects

from each vehicle may be used with a bump function (2.12) in order to emphasize the effects from the

closer vehicles

∇Vnew
i = ∇Vi +

∑
j∈Ni

Ksjβ

(
rssj − ∥qi − qj∥

rssj

)
∥∇Vi∥vssj . (2.18)

Figure 2.5 shows the swirling effect around a moving obstacle with radius rss. Figures 2.7(a) and

(b) compare the trajectories for the scenarios with and without the swirling effect, when two vehicles

fly head-on into each other. For a completely symmetric case of this example, the original gradient

direction will change to the opposite direction once the UAV enters the other UAV’s protected zone

and creates a stagnation point, accompanied by a high turn-rate command. The counterclockwise

swirling effect helps the UAV to always turn to the “right” when encountering an obstacle. However

this effect creates a trajectory overshoot once the conflict is resolved as the swirling component still

continues to rotate the aircraft after it passes the moving vehicle; it might also steer the aircraft into a

high turn rate zone. We thereby propose an overshoot alleviation mechanism by reducing the swirling

effect following the resolution of the conflict.

2.3.1 Trajectories Overshoot and Swirling Effects Reduction

The overshoot caused by the swirling effect reduces the aircraft tracking performance and results in

some delay for the aircraft to go back to the nominal path. One of the ways to solve this problem

is to reduce the swirling effect once two vehicles are out of the course of collision. For this purpose,

we employ the concept of collision cone and relative velocity used in Refs. [6, 9, 12]. A collision cone

is defined by the area inside the lines drawn from the vehicle to the obstacle’s collision zone. The

two vehicles are out of the course of collision if their relative velocity stays outside the collision cone.

Next, let us define the safety angle to help measure how far the two vehicles are from the collision.

Definition 2.3.1 A safety angle of a collision for vehicle i from vehicle j, θsij , is the angle between

the relative velocity vij = vi − vj and the collision cone drawn from vehicle i to vehicle j’s collision

25



Figure 2.8: (a) The collision cone and the safety angle. (b) The plot of swirling radius adjusted by
the safety angle. (c) The overshoot disappears after swirling effect is dimmed down

zone, where vi indicates the velocity vector of vehicle i (this is shown in Figure 2.8(a)).

As this relative velocity stays farther from the collision cone (larger safety angle), the two vehicles

are “less in conflict.” Our approach is to reduce the swirling radius according to the safety angle

from rss at the cut-off angle θcutoff to zero when the safety angle equals 180 degree. The swirling

reduction is done by the same pattern using the bump function in (2.12). For smooth transition of

the aircraft’s trajectory, the cutoff angle is chosen to be a value in the interval of [π/4, 3π/8) as shown

in Figure 2.8(b). The swirling radius is then adjusted as

radjusted

ss (θs) =

 rss θs ≤ θcutoff,

rssβ
(

π−θs
π−θcutoff

)
θs > θcutoff.

(2.19)

For the case when more than 2 vehicles are in the range of detection, the swirling effect from

each neighbor are summed according to (2.18) and the radius rssj , or the relative magnitude Ksj is

adjusted based on the safety angle θsij between each pair of vehicles. Figure 2.8(c) shows that this

approach helps prevent the vehicle from having an overshoot into the high turn-rate zone, a topic that

will be discussed further in Section 2.4.3.
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2.3.2 Swirling Effect and Guaranteed Deconfliction

In this section, we explore the guaranteed convergence of the deconfliction algorithm to collision-free

state under the navigation law dictated by the swirling effect. In particular, we prove that when two

vehicles are within the radar range of each other (distance rss apart), their protected zones will not

intersect at all times until they exit the proximity detection zone. In order to simplify the proof,

we will adopt the following three assumptions, where the second and the third will be subsequently

relaxed:

Assumption 2.3.1 Since the swirling effect is added along the horizontal direction while the vertical

desired heading derived from the navigation function remains unchanged, the guaranteed deconfliction

can be viewed from the projection of the flight paths onto the horizontal plane. It is thus sufficient to

show that the swirling effect keeps the two vehicles apart if it achieves this objective on the projected

horizontal plane. Therefore, we can examine the guaranteed deconfliction for the case of two vehicles

on the same plane and adopt the model,

ẋi(t) = Uhi cosψi(t), i = 1, 2, (2.20)

ẏi(t) = Uhi sinψi(t),

ψ̇i(t) = Kψi(ψ
d
i (t)− ψi(t)) + ψ̇di (t),

where ψdi (i = 1, 2) is the desired headings for the UAV i as derived from (2.16) and (2.17) and Uhi

is the projection of its velocity to the horizontal plane.

Assumption 2.3.2 For simplification of the proof, we first look at the case where two conflicting

UAVs has the same flight path angle or cos γ1 = cos γ2 and that Uh1 = Uh2 = Uh. Since we only look

at projection in 2D, the subscript h is dropped in the notation. The result when Uh1 ̸= Uh2 will be

discussed toward the end of the section.

Assumption 2.3.3 During the deconflicting maneuver, the vehicles’ aim to avoid entering each other

protected zones; hence the gradient due to the navigation function comes from the path planning term

only. The original gradient (before adding swirling term) is rather uniform around the area that is

far from the destination. By neglecting this term with respect to the swirling effect, the behavior of

deconflicting maneuver is expected to be minimally effected. Thus, we shall first drop the contribution
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of the navigation function in our collision avoidance proof below; in Section 2.3.3 , we provide a

collision avoidance analysis when this term is added back. In this former case (2.17) assumes the

form

∇Vi =
(qi − qj)× k⃗z
∥qi − qj∥

,

and accordingly the desired heading is

ψdi (t) ≈ ψd,ssi (t) = atan2(xi(t)− xj(t), yj(t)− yi(t)), (2.21)

where the superscript ”ss” denotes the desired heading obtained from the swirling effect. Hence, the

feed-forward term can be derived from

ψ̇d,ssi (t) =
(yj(t)−yi(t))(ẋj(t)−ẋi(t))−(xj(t)−xi(t))(ẏj(t)− ẏi(t))

−(xj(t)−xi(t))2+(yj(t)−yi(t))2

= U

[
cosψd,ssi (t)(cosψj(t)−cosψi(t))+sinψd,ssi (t)(sinψj(t)−sinψi(t))

−
√
(xj(t)−xi(t))2 + (yj(t)− yi(t))2

]

= U

[
cos(ψd,ssj (t)− ψj(t)) + cos(ψd,ssi (t)− ψi(t))√

(xj(t)− xi(t))2 + (yj(t)− yi(t))2

]
.

Now by letting x̄(t) = x1(t)−x2(t), ȳ(t) = y1(t)− y2(t), the system of two vehicles under the swirling

effects can be represented as,

˙̄x(t) =U(cosψ1(t)− cosψ2(t)), x̄(0) = −rss

˙̄y(t) =U(sinψ1(t)− sinψ1(t)), ȳ(0) = 0

ψ̇1(t) =K(ψd,ss1 (t)− ψ1(t)) + U

(
cos(ψd,ss2 (t)−ψ2(t))+cos(ψd,ss1 (t)−ψ1(t))√

x̄2(t)+ȳ2(t)

)
, ψ1(0) = ψ10

ψ̇2(t) =K(ψd,ss2 (t)− ψ2(t)) + U

(
cos(ψd,ss2 (t)−ψ2(t))+cos(ψd,ss1 (t)−ψ1(t))√

x̄2(t)+ȳ2(t)

)
, ψ2(0) = ψ20

with

ψd,ss1 (t)=atan2(x̄(t),−ȳ(t)), ψd,ss2 (t)=atan2(−x̄(t), ȳ(t)), (2.22)

where K represents the inner-loop control gain of both vehicles Kψ1 and Kψ2 ; additionally, ψ10 and

ψ20 are the initial headings when the UAVs enter the swirling zone at distance rss apart. Figure 2.9
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Figure 2.9: (a) Trajectories of 2 UAVs solely under the swirling effects with 4 different initial headings.
(b) Trajectories on (x1 − x2), (y1 − y2)-plane.

depicts the trajectories of two vehicles according to (2.22) with 4 different pairs of initial headings.

Note that the swirling effect drives the two vehicles to converge into the same circular limit cycle and

have them stay on the opposite side of the circle heading in opposite directions. The headings at the

equilibrium are equal to the desired headings, i.e., ψi = ψd,ssi . In the meantime, different pairs of

initial heading results in convergence to different limit cycles. In order to prove the behavior of the

pair of UAVs under the swirling effect, we use LaSalle’s Invariance Principle to show that the vehicles

in (2.22) converge to a circular limit cycle, whose diameter is the minimum distance between the two

UAVs. In fact, this limit cycle can be written as an invariant set

M = {(x̄, ȳ, ψ1, ψ2) ∈ R4; x̄2 + ȳ2 = R2, ψ1 = atan2(x̄,−ȳ), ψ2 = atan2(−x̄, ȳ)}, (2.23)

where R is a radius of the limit cycle.

Theorem 2.3.2 The system of two UAVs under the swirling effect in (2.22) will converge to the limit

cycle (2.23) and will keep a distance greater than 2R when initialized from rss apart with ψ10 and ψ20

initial headings.
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Proof. First, we show that M is positively invariant by

d
dt (x̄

2+ȳ2−R2) = 2(x̄ ˙̄x+ ȳ ˙̄y)

= 2U(x̄(cosψ1 − cosψ2) + ȳ(sinψ1 − sinψ2))

= 4UR(sin(ψd,ss1 − ψ1) + sin(ψd,ss2 − ψ2)) = 0

d
dt (atan2 (x̄,−ȳ)− ψ1) = d

dt (atan2 (x̄,−ȳ))− ψ̇1

= d
dt(atan2(x̄,−ȳ))−

[
K(atan2(x̄,−ȳ)−ψ1)− d

dt(atan2(x̄,−ȳ))
]

= − [K (atan2 (x̄,−ȳ)− ψ1)]

= 0 = d
dt (atan2 (−x̄, ȳ)− ψ2) .

and hence, if (x̄(0), ȳ(0), ψ1(0), ψ2(0)) ∈ M, then (x̄(t), ȳ(t), ψ1(t), ψ2(t)) ∈ M, for t ≥ 0. The motion

in the set M is characterized by ψ̇1(t) = ψ̇2(t) = U/R which shows that M is a limit cycle for (2.22),

where the state vector moves counterclockwise. To examine whether M is attractive, consider the

continuously differentiable function V : R4 → R representing the deviation of the system from being

on the limit cycle as

V (x̄, ȳ, ψ1, ψ2) = (x̄2+ȳ2−R2)2 + (ψd,ss1 −ψ1)
2 + (ψd,ss2 −ψ2)

2

and consider its time derivative

V̇ (x̄, ȳ, ψ1, ψ2) = 4(x̄2+ȳ2−R2)(x̄ ˙̄x+ ȳ ˙̄y) + 2(ψd,ss1 −ψ1)(ψ̇
d,ss
1 −ψ̇1) + 2(ψd,ss2 −ψ2)(ψ̇

d,ss
2 −ψ̇2).

It is straightforward to see that when the vehicles start on the limit cycleM or (x̄(0), ȳ(0), ψ1(0), ψ2(0)) =

(rss, 0, ψ
d,ss
1 (0), ψd,ss2 (0)), they will stay on M for t ≥ 0 and x̄2 + ȳ2 = R2, ψ1 = ψd,ss1 , ψ2 = ψd,ss2 .

Hence in this case V̇ = 0 We now proceed to examine the case when the two vehicles start outside

the limit cycle. In this venue, let

V̇1 = 4(x̄2+ȳ2−R2)(x̄ ˙̄x+ ȳ ˙̄y)

= 4U(x̄2+ȳ2−R2)(x̄(cosψ1−cosψ2)+ȳ(sinψ1−sinψ2))

= 4U(x̄2+ȳ2−R2)
√
x̄2+ȳ2(sin(ψd,ss1 −ψ1)+sin(ψd,ss2 −ψ2)).

We now check the inequality V̇1 < 0 by examining the following distinct cases:
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Figure 2.10: The headings and desired headings of 2 vehicles under swirling effects when they are: (a)
in the course of collision, (b) facing away from each other, and (c) in similar directions.

(a) Two vehicles start with a course of collision: As ψ10 , ψ20 face each other (or ψ10 ∈ (−π
2 ,

π
2 ), ψ20 ∈

(π2 ,
3π
2 )), swirling effects will direct the vehicles by ψd,ss1 , ψd,ss2 to go around each other counter-

clockwise and converge to M. Both vehicles converge to M from outside and that x̄2+ ȳ2 > R2.

Figure 2.10(a) shows that −π < ψd,ss1 −ψ1 < 0, −π < ψd,ss2 −ψ2 < 0 for all time before the

trajectories approach M and sin(ψd,ss1 −ψ1) < 0, sin(ψd,ss2 −ψ2) < 0. Hence, V̇1 < 0.

(b) Two vehicles start facing away from each other: As ψ10 , ψ20 face away from each other (or

ψ10 ∈ (π2 ,
3π
2 ), ψ20 ∈ (−π

2 ,
π
2 )), both vehicles converge to M from inside and that x̄2 + ȳ2 < R2.

Figure 2.10(b) shows that 0 < ψd,ss1 −ψ1 < π, 0 < ψd,ss2 −ψ2 < π for all time before the trajectories

approach M and sin(ψd,ss1 −ψ1) > 0, sin(ψd,ss2 −ψ2) > 0. Hence, V̇1 < 0.

(c) Two vehicles start with a similar direction: without loss of generality, we consider the case when

ψ10 ∈ (−π
2 ,

π
2 ), ψ20 ∈ (−π

2 ,
π
2 ) (Figure 2.10(c)) and that sin(ψd,ss1 −ψ1) < 0 but sin(ψd,ss2 −ψ2) > 0.

We notice that if | sin(ψd,ss1 −ψ1)| > | sin(ψd,ss2 −ψ2)|, it requires more control effort for aircraft

one to converge to M and the trajectory in x̄ȳ-plane converges to M from outside and that

x̄2 + ȳ2 > R2. Hence, V̇1 < 0. The case when | sin(ψd,ss1 −ψ1)| < | sin(ψd,ss2 −ψ2)|, the trajectory

in x̄ȳ-plane converges to M from inside. Since x̄2 + ȳ2 < R2 in this case, the inequality V̇1 < 0

also holds.

It is noted that in practice, swirling effects are not applied for cases (b) and (c), since the vehicles

will move farther from rss from each other and the safety angle will be π
4 off from the corresponding

collision cone.
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We now observe that

V̇2 = 2(ψd,ss1 −ψ1)(ψ̇
d,ss
1 −ψ̇1) + 2(ψd,ss2 −ψ2)(ψ̇

d,ss
2 −ψ̇2)

= 2(ψd,ss1 −ψ1)(ψ̇
d,ss
1 −K(ψd,ss1 −ψ1)−ψ̇d,ss1 ) + 2(ψd,ss2 −ψ2)(ψ̇

d,ss
2 −K(ψd,ss2 −ψ2)−ψ̇d,ss2 )

= −2K[(ψd,ss1 −ψ1)
2+(ψd,ss2 −ψ2)

2] < 0,

which translates to having V̇ < 0 anywhere outside M. Next, let β > 0 and define

Dc = {(x̄, ȳ, ψ1, ψ2) ∈ R4;V (x̄, ȳ, ψ1, ψ2) ≤ β}.

We note that V̇ ≤ 0 everywhere in Dc. Next, defining R = {(x̄, ȳ, ψ1, ψ2) ∈ R4; V̇ (x̄, ȳ, ψ1, ψ2) =

0}; it thus follows that the largest invariant set in R is M. Hence, the system of two vehicles,

under swirling effect in (2.22), with (x̄(0), ȳ(0), ψ1(0), ψ2(0)) = (−rss, 0, ψ10 , ψ20) ⊆ Dc, one has

(x̄(t), ȳ(t), ψ1(t), ψ2(t)) → M as t→ ∞. �

Theorem 2.3.2 shows that two vehicles converge to a limit cycle assuming that the gradient from

the goal and path attraction is negligible as compared with that of the swirling effect. The effect

of the neglected terms are analyzed in Section 2.3.3. Moreover, when the swirling effect reduction

method is applied, both UAVs will converge and stay on the limit cycle only until they point away

from each other, at which point they will continue on their original paths. Our result formalizes the

fact the swirling effect keeps the vehicles apart by the diameter of the limit cycle M.

It is also interesting to see the relationship between designed parameters and the minimum distance

between two aircraft. In fact, the distance between the two vehicles in (2.22) is d(t) =
√
x̄(t)2+ȳ(t)2

and its time derivative can be found as

ḋ(t) =
1

d(t)
(x̄(t) ˙̄x(t) + ȳ(t) ˙̄y(t))

= U

(
x̄(t)(cosψ1(t)− cosψ2(t)) + ȳ(t)(sinψ1(t)− sinψ2(t))√

x̄(t)2 + ȳ(t)2

)
= U(sin(ψd,ss1 (t)− ψ1(t)) + sin(ψd,ss2 (t)− ψ2(t))).
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For i = 1, 2, let αi(t) = ψd,ssi (t)−ψi(t); then

α̇i(t) = ψ̇d,ssi (t)−[K(ψd,ssi (t)−ψi(t))+ψ̇d,ssi (t)]

= −Kαi(t). (2.24)

The distance between two vehicles under swirling effect in (2.22) is thereby governed by

ḋ(t) = U[sinα1(t) + sinα2(t)], d(0) = rss

α̇1(t) = −Kα1(t), α1(0)=α10∈[−π
2 − θcutoff, 0]

α̇2(t) = −Kα2(t), α2(0)=α20∈[−π
2 − θcutoff, 0]

(2.25)

where the initial headings α10 , α20 ∈ [−π
2 − θcutoff, 0] are only for case (a). The minimum distance

between two vehicles can then be derived by solving (2.25).

Theorem 2.3.3 The system of two vehicles under swirling effects (2.22) has the minimum distance

between them as

dmin = rss −
U

K
[Si(|α10 |) + Si(|α20 |)],

where Si(x) is a sine integral function defined as [23];

∫ x

0

sin t

t
dt.

Proof. From (2.25), we have α1(t)= α10e
−Kt and α2(t)=α20e

−Kt and the distance between two

vehicles is thus

d(t)=d(0) +

∫ t

0

U [sin(α10e
−Kt) + sin(α20e

−Kt)] dt

= rss−
U

K

[∫ α10e
−Kt

α10

sinα1

α1
dα1+

∫ α20e
−Kt

α20

sinα2

α2
dα2

]

= rss−
U

K

[
Si(|α10|)−Si(|α10|e−Kt)+Si(|α20|)−Si(|α20|e−Kt)

]
.
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The minimum distance is hence found from

dmin = lim
t→∞

d(t) = rss−
U

K
[Si(|α10|) + Si(|α20|)]. (2.26)

The worst initial headings that lead to the shortest minimum distance occur when the Si-function

reaches its maximums at α10 = α20 = −π (This is not for the case when a “safety angle” has been

used). The minimum distance therefore becomes dmin = rss − 2U
K [Si(π)] ≈ rss − 3.704U

K . �

The formula (2.26) shows the relationship between aircraft cruising speed U , control gain K, the

effective range of detection rss, initial headings, as well as the minimum distance between the two

vehicles. In tuning of the parameters for the deconfliction algorithm, we thus aim to have the minimum

distance be greater than the radius of vehicles’ protected zones.

For the case when Uh1 ̸= Uh2 , the UAVs converge to two different limit cycles that share the same

center but different in radius and stay on the opposite side of the center heading in opposite direction.

The limit cycle can be written similar to (2.23) in the space of (x̄, ȳ, ψ1, ψ2). The minimum distance

can also be found from dmin = rss −
Uh1
K Si(|α10 |)−

Uh2
K Si(|α20 |).

2.3.3 Guaranteed Deconfliction for Combined Navigation and Swirling

Functions

In this section, we explore the minimum distance between a pair of conflicting UAVs when the

navigation-based trajectory generation, swirling effect, and swirling effect reduction, are combined. In

this venue, we continue to adopt Assumption 2.3.1 and Assumption 2.3.2 but drop Assumption 2.3.3

to see the effects of the path planning gradient on the minimum distance between the vehicles. First,

we restate (2.17) in the polar coordinates as

∥∇Vnew
i ∥∠ψdi = 1∠ψd,pathi +Ksβ

(
rss − ∥qi − qj∥

rss

)
∠ψd,ssi , (2.27)

where ψdi , ψ
d,path
i , ψd,ssi are the desired heading, the desired heading from the path planning, and the

desired heading from the swirling effect, respectively. The following assumption is introduced in order

to streamline the subsequent proof.

Assumption 2.3.4 At a location far from the destination, ψd,pathi is uniform and pointed toward

the goal. Rather than neglecting this term, we invoke that during the avoidance maneuver, the path
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planning gradient points in the same direction as when the vehicle enters the swirling zone, i.e., that

ψd,pathi ≈ ψi0 .

Since ψdi ̸= ψd,ssi , for i = 1, 2, we define α̂i(t) = ψdi (t)− ψi(t) and we have that ˙̂αi(t) = −Kα̂i(t).

When t = 0 at the beginning of the swirling zone where ∥q1 −q2∥ = rss, β(0) = 0, α̂1(0) = α̂2(0) = 0

which translates to having α̂1(t) = α̂2(t) = 0 for all t > 0. This shows that ψi(t) = ψdi (t) as long

as ψdi (t) is smooth and the feedback gain K is large enough to track ψdi (t). The minimum distance

between two UAVs can now be derived from

dmin = d(0) +

∫ tmin

0

U[sin(ψd,ss1 (t)−ψd1(t))+sin(ψd,ss2 (t)−ψd2(t))]dt, (2.28)

where tmin is the time when the distance between two vehicles reaches its minimum value. The

following lemma describes the main feature of the function ψd,ssi (t)− ψdi (t), i = 1, 2.

Lemma 2.3.4 For i = 1, 2, the function |αi(t)| = |ψd,ssi (t)−ψdi (t)| is a decreasing function of time on

the interval (0, tmin], where αi(0) = αi0 ∈ [−π
2−θcutoff, 0], αi(tmin) = 0 and d

dt |ψ
d,ss
i (t)−ψdi (t)|t=0 = 0.

Proof. From (2.27), we have that ψd,pathi = ψi0 and the term β
(
rss−∥qi−qj∥

rss

)
grows away zero

towards the value of one as the two vehicles come closer to each other, which monotonically decreases

|αi(t)| until the minimum distance between the two UAVs is reached. In addition to this, ψd,ssi also

heads toward ψi0 as the swirling effect progresses until |αi(t)| = |ψd,ssi (t) − ψdi (t)| = 0 at t = tmin.

After reaching the minimum distance, the value of ψd,ssi grows on the opposite side from ψdi to

push the vehicle back to the nominal path heading ψi0 . The plot in Figure 2.11(a) shows ψd,ssi (t) −

ψdi (t), i = 1, 2 for the head-on case. Furthermore, the desired heading can also be written of the form

ψdi = ψi0 + atan2

(
Ksβ sin(ψ

d,ss
i − ψi0), 1 +Ksβ cos(ψ

d,ss
i − ψi0)

)
and by letting t = 0, β(0) = 0,

and β′(0) = 0, the time derivative of the desired heading becomes d
dtψ

d
i (t)|t=0 = d

dtψ
d,ss
i (t)|t=0 or

d
dt |ψ

d,ss
i (t)− ψdi (t)|t=0 = 0. �

We can now use the result from Lemma 2.3.4 to obtain a bound on the minimum distance in

(2.28) when the trajectories of the UAV pair are generated via the combined navigation and swirling

functions.

Theorem 2.3.5 For a pair of UAVs (2.20) for which the desired headings ψdi , i = 1, 2 are derived from

navigation-based path-planning and swirling effect in (2.27), there exists a constant K̄, 0 < K̄ ≤ K,
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Figure 2.11: Discrepancy between aircraft heading and its desired heading from the swirling effect
for the head-on case: (a) compared with the purely swirling case and the bound −πe−K̄(t−t0), (b)
compare with different values of Ks.

such that the minimum distance between the UAVs is guaranteed to be bounded by rss − 2U
K̄
[Si(π) −

Si(πe−K̄tmin)] during their entire trajectories.

Proof. From Section 2.3.1, let us choose θcutoff to be in [π4 ,
3π
8 ] which implies that αi(0) ∈ [−7π

8 , 0].

Lemma 2.3.4 also shows that |αi(t)| is a decreasing function on the time interval (0, tmin], αi(tmin) = 0

and d
dt |αi(t)|t=0 = 0. Therefore, we can always find K̄, 0 < K̄ ≤ K, such that −π < −πe−K̄t <

αi(t) < 0 for all t ∈ [0, tmin]. Furthermore, sin(e−K̄t) < 0 for all t ∈ [0, tmin], and thus the minimum

distance is

dmin = rss +

∫ tmin

0

U [sin(α1(t)) + sin(α2(t))] dt (2.29)

> rss +

∫ tmin

0

2U [sin(πe−K̄t)] dt

= rss −
2U

K̄
[Si(π)− Si(πe−K̄tmin)]. �

For the design purpose, we would like determine how the swirling parameter Ks affects the value

of K̄ and tmin which would in turn, determine the minimum distance between the two vehicles. The

plot in Figure 2.11(b) shows that the larger values for Ks leads the function αi(t) to behave similar to

the case of purely swirling in Theorem 2.3.3, that is αi(t) behaves similar to αi0e
−Kt as Ks increases.

This suggests that the more emphasis of swirling effect results in the bigger value of K̄ and tmin and

hence a larger bound on the minimum distance. However, the relationship between Ks and K̄ is

nonlinear and in practice, the value of Ks can be found by numerically integrating (2.28).
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The selection of the parameters in the combined navigation and swirling functions-based trajectory

generation algorithm can now be presented as follows:

1. Given the required minimum distance dmin, the cruising speed U , the control gain K, and the

initial heading α10 , α20 , for the pair of UAVs, one can use (2.26) to approximate rss or how

early the swirling effect should take place. Since (2.26) is made under Assumption 2.3.3 and the

actual trajectory “rotates” slower than the one generated by the purely swirling effects base on

Ks, one can embed a safety factor into (2.26) by substituting K with K̄, where 0 < K̄ ≤ K.

For smooth trajectories, one can choose K̄ = 0.7K.

2. Based on the chosen value of rss, the on-board computer for the UAVs can determine the value

of Ks by first setting it comparatively high, (e.g., Ks = 10) and integrating (2.28) numerically

from t = 0 to tmin, where ψ
d,ss
i (t)−ψdi (t) = 0, determining the value dmin. This process can then

be iterated up with reduced values of Ks until the resulting value for dmin reaches the radius of

the protected zones for the UAVs.

When the proposed deconfliction algorithm is applied to n vehicle scenarios with n > 2, in most

cases, the intersection of regions of detection occurs between a pair of vehicles at a time and the

conflict is resolved before detecting another vehicle. Hence the swirling effect is only applied to the

closest UAV and (2.29) can guarantee the minimum distance between the two deconflicting vehicles.

For the case when other vehicles have overlapping detection zones with a UAV at exactly the same

instance, or before the swirling effect between two vehicles vanishes, the superposition of the effects

from each vehicles can be used with bump function in order to emphasize the effect from the closer

vehicles as shown in (2.18). The construction of Lyapunov-like function to prove the convergence

for this more general case turns out to be more involved as the number of variables increases and

the corresponding limit cycles also vary with the different conflicting scenarios. For example, when

n vehicles symmetrically come into conflict from 2π
n degrees apart and (2.18) is applied (along with

Assumption 2.3.3), the vehicles will converge to a circular limit cycle and stay equidistant around

the circle with 2π
n phase different, and move counterclockwise until each of them reaches its nominal

path. For the case when n vehicles come into conflict but not in a symmetrical way, the limit cycle

is no longer unique and each vehicle will have its own periodic limit cycle. However, the theoretical

guarantees for the general n unicycle-type UAVs with turn-rate constraints is not established in the

present work and is the subject of future work.
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2.4 UAV Deconfliction under Turn-Rates Constraints

For better tracking performance, the algorithm should generate commands that are within the air-

craft acceleration constraints (3.2). In order to limit the turn-rate commands during the deconfliction

maneuver, we proceed to examine the spatial derivatives of the gradient vector across the free config-

uration space. Since the magnitude of the gradient is not used in our approach, we only consider the

change of its direction. The goal is to create a navigation function and swirling effect with derivatives

that fall within the turn rate limit.

Intuitively the gradient should change with a lower rate when the navigation function gets smoother

and less steep around the moving obstacle. One way to achieve this is to increase the protected zone

radius as shown in Figure 2.12. However, the swirling radius is modeled based on how early the other

vehicle can be detected. Once the vehicle enters other vehicle’s protected zone, the turn-rate increases

dramatically, as there is a component of the gradient pointed out directly from the moving obstacle.

This observation, points out that expanding the protected zone is not the judicious way to reduce

the vehicle’s turn rate. In turn, the vehicle should avoid entering this zone and we assume that the

vehicle always stay within the region Q = {q | δj < ∥q − qj∥ < rss}, when it rotates around the

moving obstacle. Subsequently in this section, a mechanism for controlling the vehicle to stay within

this region based on speed, control gain, swirling parameters, and conflicting scenarios, is discussed.

In the following, we examine the design parameters that influence the UAV turn rates during the

deconfliction maneuver.

2.4.1 Tuning Parameter k

As mentioned in the previous section, the parameter k scales the emphasis between obstacle avoidance

and goal attraction. Figure 2.4 shows that the potential level can swing up and down based on different

values of k. However, as shown below, the value of k does not affect the aircraft turn rate.

Proposition 2.4.1 The tuning parameter k of the potential function in (2.6) does not change the

direction of its gradient if the vehicle stays outside other vehicle’s protected zone.

Proof. From (2.13), the gradient of the navigation function is

∇qiVi(q) =
kβi(q)∇qiΓi(q)− Γi(q)∇qiβi(q)

k(Γi(q)k + βi(q))1/k+1
.
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Figure 2.12: Avoidance trajectories: (a) Avoid the moving obstacle without entering protected zone;
(b) Turn rate increases dramatically when the UAV enters other vehicle’s protected zone.

Figure 2.13: The effect on turn rate as the path attraction variable increases.

While the aircraft stays outside other vehicles’ protected zones, β(q) stays constant at one and∇qiβi =

0. Thus the gradient becomes ∇qiVi(q) = (Γki +1)−
k+1
k ∇qiΓ(q) and (2.7) shows that ∇qiΓ(q) is not

a function of k. Hence, k can only change the magnitude, but not the direction, of the gradient, and

hence, the turn-rate is independent of the value of k. �

2.4.2 The Path Attraction Parameters Kp and rp

Increasing the parameter Kp provides a scale for emphasizing the path attraction and higher turn rate

when the vehicle swings back to the nominal path to head toward its goal. Figure 2.13 demonstrates

how the prescribed trajectory changes with different values of Kp. This effect is dimmed down when

the vehicle gets closer to the goal within the distance rp, thus the turn rate varies conversely with rp.
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These parameters have more pronounced effect on the vehicle trajectory when the aircraft turns into

its nominal path and not when they turn to avoid other vehicles. The following proposition provides

the analytic formula that assists in choosing Kp and rp such that the path attraction turn rate does

not exceed the UAV dynamic constraints.

Proposition 2.4.2 When an aircraft (3.1) with a unity constant speed and the deconfliction algorithm

(2.5), (2.6), (2.7), and (2.8), turn to the planned-path toward the goal point, the path attraction turn

rate is bounded by
Kp

√
2

3
√
3rp

.

Proof. We first note that when the vehicle stays off its nominal path by d at the distance L ≥ rp

from the goal, the term βi (∥qi − qdi∥/rp) = 1 and (2.7) becomes

Γ = (L2 + d2) +Kpd
2 = L2 + (1 +Kp)d

2.

Since we consider only the position outside other vehicle’s protected zone, the function β in (2.6)

remains constant at one. The angle θ between the gradient vector and the path is then

θ = tan−1

(
∂V
∂d
∂V
∂L

)
= tan−1

(
∂V
∂Γ

∂Γ
∂d

∂V
∂Γ

∂Γ
∂L

)
= tan−1

(
(1 +Kp)d

L

)
;

we thus consider the path attraction turn rate along the line perpendicular to the path at distance L

from the goal as a function of θ,

ω(θ) = lim
∆t→0

[
θ − tan−1

(
(1 +Kp)[d−∆t sin θ]

L−∆t cos θ

)]
/∆t

= lim
∆t→0

[
θ − tan−1

(
L tan θ −∆t(1 +Kp) sin θ

L−∆t cos θ

)]
/∆t

=
Kp

L
sin θ cos2 θ.

We now proceed to find the angle with maximum turn rate along the line by setting ω′(θ) = 0; hence

we have θ = tan−1 1√
2
. The maximum turn rate at distance L from the goal is then

ω(θ = tan−1(1/
√
2)) =

Kp

√
2

3
√
3L

. (2.30)

The closest to the goal that this formula applies is L = rp, and thereby, the maximum path attraction

turn rate is
Kp

√
2

3
√
3rp

. We note that for the region within rp-distance from the goal, the turn-rate is
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Figure 2.14: Without the swirling effect reduction: (a) The plot of turn-rate for the region around the
moving obstacle, (b)-(c) The singular point with high turn-rate at the boundary of swirling radius.

scaled down to β(

√
(L2+d2)

rp
)
Kp

√
2

3
√
3L

. �

2.4.3 The Swirling Parameters Ks and rss

By exploring the adjusted gradient (2.17) around the moving obstacle, we find a singular point at

the boundary of the swirling radius behind the obstacle where the turn-rate goes unbounded; see

Figure 2.14. This means that by adding swirling effect to the navigation function, the property of

being a C2-function has been compromised. This is due to a sudden change of the gradient to the

opposite direction caused by the swirling term. However, we can avoid this region by swirling effect

reduction described in Section 2.3.1. Meanwhile, the parameters Ks and rss also effect the turn-rates

inside the swirling zone. As we increase the swirling radius rss, this effect grows at a slower rate,

starting from the farther distance to the obstacle, resulting in a lower turn rate for the UAV. In the

contrary, if we increase the relative magnitude of the swirling effect Ks, the relation (2.17) shows that

the effect is more emphasized and the aircraft will turn at a higher rate.

Proposition 2.4.3 When a vehicle heads directly toward the moving obstacle, and enters the swirling

zone with unit velocity, the turn rate is bounded by mKs
rss

, where m denotes the maximum slope of the

bump function (2.12).

Proof. If a vehicle heads directly toward the moving obstacle, swirling vectors will be added perpen-

dicular to the original gradient direction as shown in Figure 2.15. This modification has an effective

radius of rss and maximum relative size of Ks with respect to the norm of the original gradient

at the obstacle point and dims to zero at the distance rss, analogous to the bump function (2.12).
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Figure 2.15: Swirling parameters.

Since (2.12) is normalized to unity, the change in this augmented swirling term is scaled by Ks and

1/rss. Thus, the adjusted gradient has the rate bounded by mKs/rss and the turn rate satisfies

ω < lim∆t→0

(
tan−1(mKs∆trss

)
∆t

)
= mKs

rss
. �

The bound given in Proposition 2.4.3 can not be applied when the vehicle’s heading is not directly

toward the moving obstacle. However, the plot in Figure 2.14(c) suggests that the angles between the

original gradients and the added swirling gradients do not deviate much from 90o except in the region

near the singular point.

2.4.4 Control Gains Kψi
and Kγi

As we have shown ψi(t) − ψdi (t) → 0 as t → ∞, which translates to having ψi(t) track ψ
d
i (t) well as

long as Kψi and Kγi are large enough. Moreover ψdi (t) does not undergo a sudden change and

−ψ̇max ≤ Kψi(ψ
d
i (t)− ψi(t)) + ψ̇di (t) ≤ ψ̇max, (2.31)

−γ̇max ≤ Kγi(γ
d
i (t)− γi(t)) + γ̇di (t) ≤ γ̇max.

The feedback term Kψi(ψ
d
i − ψi) and Kγi(γ

d
i − γi) are important only at the beginning when the

initial states are set different from the paths or when there are sudden changes to the way-points.

The gain Kψi and Kγi should be set according to (2.31). However, setting these gains too low may

lead to the slower responses to the small tracking error. Therefore, we choose the control gains such

that the turn-rate limits are reached when the error is around 15o and impose the saturation to the

control commands when the error is larger in the beginning.

Propositions 2.4.1, 2.4.2, and 2.4.3, along with (2.31) can help landscape the navigation function

and adjust swirling effects such that the desired heading command stays within the aircraft turn-rate

limits. Proposition 2.2.3 suggests that the parameter k should be chosen large enough such that
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Figure 2.16: The head-on case with rss = 30: (a) Trajectory and turn rate as swirling effect creates
overshoots. (b) The overshoot disappears after swirling effect is dimmed down by safety angle

the local minima are pushed toward the obstacle. Since the local minima stay inside other vehicle

protected zone while the vehicle maneuvers outside other vehicles’ protected zone, we allow the tuning

parameter k to be chosen freely since it does not affect the turn rate of the vehicle. For simplification,

we choose k such that a the potential value at a state far away from the boundary and the target has

a value of 0.5 (according to Figure 2.4, k = 0.2). The parameters Kp, rp, Ks, and rss, are then chosen

based on Propositions 2.4.2 and 2.4.3.

2.5 Simulation Results

Figure 2.16 compares the simulation results for the head-on case. The turn-rate limit is set at 0.5

rad/sec. The parameters are chosen based on formulas presented in Section 2.4 in order to meet the

turn-rate constraints and guarantee the minimum distance between vehicles: k = 0.2, rp = 20,Kp =

20,Ks = 2, and rss = 30. Other parameters are set as follow: δj = δc = 5, ρj = 0, ρc = 2000 and the

control gain Kψi = Kγi = 0.6. The bump function (2.12) is chosen to be the tenth-order polynomial

f(rij) = 94.26r10ij − 679.49r9ij + 1936.96r8ij − 2926.49r7ij + 2594.56r6ij − 1383.19r5ij + 422.61r4ij − 63r3ij

where f ′(0) = f ′′(0) = 0 for the potential to be twice differentiable. After we reduce the swirling

effect according to Figure 2.8(b), the trajectories no longer have overshoots, the turn rates are down to
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Figure 2.17: Simulation trajectories for the case where 3 vehicles are 120 degree apart: (a) rss = 20,
(b) rss = 30 with swirling reduction concept applied.

around 0.2 rad/sec, and the aircraft return to the nominal paths almost 10 seconds faster. Figure 2.17

depicts the application of this approach on the symmetric case of 3 vehicles from 120 degree apart that

fly through the same point. First, the swirling effect is applied constantly at rss = 20 to the closest

vehicle detected. Then, the parameter rss is raised to 30 in order to reduce the turn rate and gradually

decrease rss to zero once the conflict is resolved. Figure 2.18 shows a 3D example with 5 UAVs flying

through the same coordinates. Figure 2.19 depicts yet another example of the deconfliction algorithm

with two groups of vehicles that have intersecting trajectories.

2.6 Remarks

In this chapter, we have developed a deconfliction algorithm that guarantees collision avoidance be-

tween a pair of constant speed unicycle-type UAVs as well as convergence to the desired destination

for each UAV in presence of static obstacles. In addition, we were able to ensure that the UAVs stay

close to their nominal paths, and satisfy maximum turn-rate limitations for each UAV throughout

the entire mission. The performance of the algorithm has then been validated with respect to key

algorithmic parameters and the mission specific restrictions such as turn rate limits and constant

UAV velocities. In this avenue, the proposed navigation function has been judiciously landscaped by

adjusting the swirling effect such that the vehicles operate within their turn rate limitations. Finally,

the collision avoidance analysis has been performed both for the scenario where the swirling effect

is dominant, as well as for the case when it is combined with the navigation function. The simula-
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Figure 2.18: Simulation trajectories in 3D for the case where 5 vehicles are 72 degree apart with
different altitudes and fly through the same point.

Figure 2.19: Deconfliction trajectories for two group of vehicles that have cross paths.

tion examples demonstrate that the deconfliction algorithm guarantees collision avoidance between

unicycle-type UAVs as well as convergence to the desired destination.

There are several possible extensions of this work. First, velocity information of the sensed obsta-

cles can be considered in the potential function construction process in order to improve the collision

avoiding performance. The second extension involves allowing UAV speed to vary between its stall and

maximum speed, as well as making use of the magnitude of the gradients of the navigation function.

Including higher fidelity models for UAVs that include drift or dynamic coupling term provides yet

another venue for the extension of this work. Path-length calculation can also be included to adjust

the speed of each UAV in order the minimize the effect of the deconfliction maneuver on the time

45



of arrival at a particular way point. Moreover, exploring the convergence of the algorithm when n

vehicles come into the range of detection at the same time should be formalized. Finally, examining

the robust performance of the proposed deconfliction algorithm is of prime importance for actual

multiple UAV missions.
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Chapter 3

Optimal Path Planning for Network

Establishment for UAVs

In this chapter, we develop two approaches to establish a proximity network among a collection

of unmanned aerial vehicles (UAVs) that are initially scattered in space. The goal is to find the

shortest trajectories that bring the UAVs to a connected formation where they are in the range of

detection of one another and heading in the same direction to maintain the connectivity. Similar to

the work of Deconfliction in Chapter 2, constant-speed unicycles are chosen to represent the UAVs

kinematics flying steady around their cruising speed. Pontryagin Minimum Principle (PMP) is utilized

to determine the control law and path synthesis for the UAVs under the turn-rate constraints. We

introduce an algorithm to search for the optimal solution when the final network topology is specified

beforehand; followed by a nonlinear programming method in which the final configuration is emerged

from the optimization routine under the constraints that the final topology is connected. We provide

the discussion on the performance of both methods toward the end of the chapter.

The organization of this chapter is as follow. We begin by giving the preliminary background on

graph theory and the UAVs model in Section3.1. The control law and path synthesis are developed

in Section3.2. In this section, we propose the algorithm to search for the global optimal solution

when a target “tree” graph connectivity structure has been specified. A method that requires long

computational time when applying to more than a few UAVs. The second method that involve

transforming the problem to nonlinear optimization is introduced in Section3.3. Simulation results
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for both methods are illustrated in Section3.4. Conclusion and remarks are drawn in Section 3.5

3.1 Preliminary and Problem Formulation

The multi-vehicle systems of UAVs usually perform their missions at the same altitude; therefore, we

consider a group of n homogeneous vehicles in 2D instead of 3D space represented by non-holonomic

unicycle model

ẋi(t) = Vi cos θi(t), i = 1, ..., n (3.1)

ẏi(t) = Vi sin θi(t),

θ̇i(t) = ui(t),

where (xi, yi) specifies the location of vehicle i measured relative to the earth frame. Every vehicle is

assumed to have the same unit constant speed. The heading angle defines the orientation θi ∈ [−π, π]

and its rate defines the input ui. The constrainted turn-rates are imposed as

−θ̇max ≤ ui(t) ≤ θ̇max; (3.2)

without loss of generality, we assume that θ̇max = 1. We use the graph G = (I, E) to represent the

connection topology between vehicles. I = {1, ..., N} is the set of vertex indices where each vertex

represents a vehicle and E ⊆ I × I is the set of edges. The connection among the vehicles in the

undirected network G is expressed by the entries of the adjacency matrix A(G) = [aij ] with aij = 1

when (i, j) ∈ E , and aij = 0 otherwise.

An edge between vehicle i and vehicle j indicates that vehicle i is in the sensing range D of vehicle

j and vice versa, i.e., vehicle i is adjacent to vehicle j or

(i, j) ∈ E ⇔ dij = ∥(xi, yi)− (xj , yj)∥ ≤ D.

Vehicles i and j are said to be connected if G contains a path from i to j. A group of vehicles is

connected if every pair of i and j in G are connected.

There are several matrix representations of a graph G. The degree matrix ∆(G) is a diagonal matrix

given by [∆(G)]ii =
∑n
j=1 aij and [∆(G)]ij = 0 (i ̸= j). The incidence matrix B(G) = [bjl] ∈ RN×|E|
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is the matrix where each column corresponds to an edge in E . The column l ∈ {1, ..., |E|} corresponds

to the edge (i, j) ∈ E and has entries bjl = 1 = −bil, where the remaining entries of the column are

zero. The Laplacian matrix L(G) is a square matrix defined as L(G) , ∆(G)−A(G). We denote the

eigenvalues of L(G) by 0 = λ1(G) ≤ λ2(G) ≤ ... ≤ λn(G), where λ2(G) > 0 is a necessary and sufficient

condition for connectivity of G. A tree is a connected graph without cycles and a connected graph

with the least number of edges. A tree of n vertices has n− 1 edges.

The goal is to control n unicycle vehicles that are initially out of sensing range to follow shortest

trajectories under the turn-rate constraints to a final state where all the vehicles are connected and

heading in the same direction. We refer to the graph representation at time tf as G = G(qf ), where

qf is a short-hand notation for the collection of vehicle states at the final time. Since all UAVs flies

at the same speed, every vehicle will travel the same path-length until it reaches the final location.

The problem can be decomposed into two parts: (1) searching for the optimal controls that bring

the vehicles to a specified tree-graph connectivity structure, headed in the same direction, and (2)

comparing the solutions among all possible target tree-graphs. The method to solve step (1) is

presented in the following section. The “tree” structure is chosen as it is a connected graph with the

least number of edges, or in our case, the least number of final constraints.

To simplify the problem, we assume that the closed path connecting initial locations of all vehicles

forms a convex polygon as shown in Figure 3.1(a). This is to avoid having some vehicles initially lie

in the convex hull of other vehicles.

3.2 Optimal Path Planning for Target Tree-Graph Connec-

tivity

The time-optimal control problem that brings n unicycle vehicles (3.1) to a specified tree-graph con-

nectivity structure and heading in the same direction, is formulated as follow:

min
u1,...,un

∫ tf

0

1 dt, (3.3)

subject to
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ẋi(t) = cos θi(t), i = 1, ..., n system dynamics

ẏi(t) = sin θi(t),

θ̇i(t) = ui(t),

xi(0) = xi0, i = 1, ..., n initial condition

yi(0) = yi0,

θi(0) = θi0, ∀(i, j), dij(0) > D

∥ui(t)∥ ≤ 1, i = 1, ..., n control constraint

(xi(tf)−xj(tf))2+(yi(tf)−yj(tf))2≤D2, ∀(i, j)∈T , final constraint

θi(tf)− θj(tf) = 0,

where T is an edge set that forms a tree, q = [q1, ...,qn]
T , qi = [xi, yi, θi]

T , qf = q(tf ), f = [f1, ..., fn]
T ,

fi = [cos θi, sin θi, ui]
T , and u = [u1, ..., un]

T .

The initial condition is chosen such that ∀(i, j) ∈ I ×I, ∥(xi(0), yi(0))− (xj(0), yj(0))∥ > d, where

as The final constraints can be written as a smooth end-point manifold

Mf = {qf : Ω(qf ) = 0},

where Ω(qf)=[Ω1(qf), ...,Ωn−1(qf), Ω̃1(qf), ..., Ω̃n−1(qf)]
T , Ωl(qf)=(xi(tf)−xj(tf))2+(yi(tf)−yj(tf))2+

s2l−D2, sl is a slack variable, and Ω̃l(qf ) = θi(tf)− θj(tf), l = 1, ..., n− 1.

The Pontryagin Minimum Principle (PMP) approach involves introducing of an adjoint variable

vector λ = [λ1, ..., λn]
T where λi = [λxi, λyi, λθi]

T and construct a Hamiltonian

H(q, λ) = min
u

H(q, λ,u), (3.4)

where H(q, λ,u) = 1+λT f = 1+
∑n
i=1 λxi cos θi+λyi sin θi+λθiui. The following proposition provides

necessary conditions for optimality of the control law.

Proposition 3.2.1 (PMP-Endpoint Manifolds) Suppose u∗ transfers the system from an initial state

to a state in the final manifold Mf with the minimum cost. Then u∗ satisfies the following necessary

conditions:

50



Figure 3.1: (a) A convex polygon (dot) formed by the closed path connecting vehicles initial points,
the grey lines shows the optimal path that connect 5 vehicles to a Path-graph. (b) The centroid of
the convex polygon is used to pick a control candidate along the with initial guesses for ti, t̃i, and tf .

1. There exists a nonzero costate λ, such that λ̇=−∂H
∂q ,

2. u∗ = argminH(q, λ,u), ∀t ∈ [0, tf ],

3. H(q, λ) = 0, ∀t ∈ [0, tf ], and

4. λ(tf ) is orthogonal to the end-point manifold Mf .

Proof. See [40]: Proposition 3.10. �

3.2.1 Characterizing the Optimal Control

The following proposition presents the control law for problem (3.3) which is similar to that of Dubin’s

car [40].

Proposition 3.2.2 The control law for (3.3) is of the form:

u∗i =


−1 λθi < 0 (turn right maximum),

0 λθi = 0 (go straight),

1 λθi > 0 (turn left maximum).

(3.5)
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Proof. From Proposition 3.2.1, the control law is derived from the pointwise minimizing argument

of the Hamiltonian

u∗ = arg min
∥ui∥≤1

H(q, λ,u) = arg min
∥ui∥≤1

n∑
i=1

λθiui,

which states that the optimal control only depends on the sign of λθi, i.e., u
∗
i =

 −1 λθi < 0

1 λθi > 0
.

However, if λθi vanishes on a non-zero time-interval I, PMP can not provide information on the

optimal control. For this singular case, we look at the first condition of Proposition 3.2.1 which

requires

λ̇xi = − ∂H
∂xi

= 0,

λ̇yi = −∂H
∂yi

= 0,

λ̇θi = −∂H
∂θi

= λxi sin θi − λyi cos θi.

(3.6)

This shows that both λxi and λyi are constants. Furthermore, the third condition of Proposition 3.2.1

demands that

H|λθi=0 = 1 +
n∑
i=1

λxi cos θi + λyi sin θi = 0, ∀t ∈ [0, tf ]. (3.7)

Since λ is a non-zero vector, [λxi, λyi] can not be zero and (3.7) can only hold if and only if θi(t) is

constant or ui(t) = 0 for all t ∈ I; this yields the control law (3.5). �

3.2.2 Optimal Path Synthesis

Since the control of problem (3.3) comprises of having each vehicle turn left or right at the maximum

rate or go straight, the problem reduces to finding the sequence of commands and the duration spent

on each segment. The following proposition presents the control sequence for each vehicle in (3.3).

Proposition 3.2.3 The control for each vehicle for the Optimal Target Tree problem (3.3) is of the
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form:

u∗i (t) =


±1 0 ≤ t < ti,

0 ti ≤ t ≤ tf − t̃i,

±1 tf − t̃i ≤ t ≤ tf ,

(3.8)

where ti and t̃i are switching times. The trajectory during the intervals 0≤ t < ti, ti ≤ t≤ tf − t̃i, and

tf − t̃i ≤ t≤ tf are called first, second, and third segment for vehicle i, respectively.

Proof. The last condition of Proposition 3.2.1 requires λ(tf ) to be orthogonal toMf . In other words,

λ(tf ) in the space spanned by ∇qΩ(qf ). Since Ωl(qf ) and Ω̃l(qf ) are prescribed by the different

pair of vehicles that form an edge of a tree-graph, they are linearly independent, and Mf possesses a

unique tangent plane at every point qf in Mf . The final condition for the adjoint variable becomes

λ(tf ) =
n−1∑
l=1

νl∇qΩl(qf ) + ν̃l∇qΩ̃l(qf ) (3.9)

=
n−1∑
l=1

B(T )l ⊗

νl

xi(tf )− xj(tf )

yi(tf )− yj(tf )

0

+ν̃l


0

0

1


 ,

where νl and ν̃l are multipliers and B(T )l is the lth-column of the incidence matrix of the tree T

representing the edge l, connecting vehicles i and j.

From (3.9), we have λθi(tf ) =
∑n−1
l=1 B(T )ilν̃l ̸= 0. This means that every vehicle needs to make

the final turn to get to the prescribed relative distance and heading in the same direction, hence

u∗i (t) = ±1 when t̃i ≤ t ≤ tf .

Meanwhile, (3.6) indicates that λθi(t) evolves sinusoidally when ui(t) = ±1 and that λθi(t =

tf − t̃i) = 0. Proposition 3.2.2 suggests that the control vanishes throughout the time interval I that

λθi(t) = 0. Therefore, ∃ti ≤ tf − t̃i such that ui(t) = 0 when ti ≤ t ≤ tf − t̃i or every vehicle fly on a

straight path before reaching the final turn. In order to connect the last two segments of the optimal

trajectory with the initial headings and locations, it is transparent that the vehicle has to turn at its

maximum rate in the first segment as λθi(t) evolves sinusoidally toward zero when t = ti. This thus

implies that the control sequence is of the form (3.8). �
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Now, solving for the solution of (3.3) reduces to determining the choices of controls ui(t ≤ ti)

and ui(tf − t̃i ≤ t ≤ tf ) (either 1 or -1) and the switching times ti and t̃i. For n vehicles, we have

22n candidates for the optimal solution: turn left or right on the first and third segments and for n

vehicles; the method to select this will be presented in the next subsection. Meanwhile, the switching

time ti and t̃i are obtained by solving the following necessary conditions.

Proposition 3.2.4 (Path Synthesis) The switching times ti, t̃i, i = 1, ..., n in (3.8) and the final time

tf of the Optimal Target Tree problem (3.3) are determined by solving the following intermediate/final

conditions:

1. (2n− 2) final constraints of the states: ∀(i, j)∈T , (xi(tf)−xj(tf))2+(yi(tf)−yj(tf))2+s2ij−D2 = 0

and θi(tf)− θj(tf) = 0,

2. (n−1) constraints of the slack variable: ∀(i, j)∈T , νij((xi(tf)−xj(tf))2+(yi(tf)−yj(tf))2−D2) = 0

3. n intermediate constraints of the adjoint variable: λ̇θi(ti) = λxi sin θi(ti)− λyi cos θi(ti) = 0,

4. n final constraints of the adjoint variable: λθi(tf)=
∑n−1
l=1 B(T )ilν̃l=

∫ tf
tf−t̃i

λxi sin θi(t)−λyi cos θi(t) dt,

5. a final condition of the Hamiltonian H(q(tf), λ(tf))=0,

where νij
.
= νl and sij

.
= sl are multiplier/slack variable for edge l between vehicle i and j, l =

1, ..., n− 1.

Proof. Since the necessary conditions from Proposition 3.2.1 are used to determine the control law

and the candidates of the control sequences in Proposition 3.2.2 and Proposition 3.2.3, respectively,

we use the system dynamics along with the intermediate/final conditions of states and the adjoint

variable to determine the switching times. Let ui be a short-hand notation for ui(0≤ t< ti) and ũi

for ui(tf−t̃i≤ t≤ tf ). We now have 5n − 2 unknowns which include ti, t̃i, (i = 1, ..., n), νl, ν̃l, sl, (l =

1, ..., n− 1) and tf , hence 5n− 2 nonlinear equations are required to solve for the unknowns.

Starting with system dynamics, and integrating the dynamics through the switching times to the

final time yields

xi(tf) = xi0+
sin(θi0+uiti)−sin θi0

ui
+cos(θi0+uiti)(tf−ti−t̃i) + sin(θi0+uiti+ũi t̃i)−sin(θi0+uiti)

ũi
,

yi(tf) = yi0− cos(θi0+uiti)−cos θi0
ui

+sin(θi0+uiti)(tf−ti−t̃i)− cos(θi0+uiti+ũi t̃i)−cos(θi0+uiti)
ũi

,

θi(tf) = θi0 + uiti + ũit̃i, i = 1, ..., n.
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Figure 3.2: Optimal trajectories that brings 3 UAVs to a tree: (a) Candidate RLL-RRL, tf = 9.4.
(b) Candidate RRL-RLL (Global solution), tf = 8.3.

(3.10)

Substituting these into the final constraints (xi(tf)−xj(tf))2+(yi(tf)−yj(tf))2+ s2ij−D2 = 0 and

θi(tf)− θj(tf) = 0,∀(i, j)∈T , gives us 2n− 2 nonlinear equations as a function of t1, ..., tn, and tf .

The condition for sl is derived from ∇slΩl(qf ) = νlsl = 0. Multiplying the final constraint with

νij yields νij((xi(tf)−xj(tf))2+(yi(tf)−yj(tf))2 −D2) = 0, another n− 1 equation.

Next, the necessary conditions associated with λθi are derived base on the second segment where

λθi = 0 → λ̇θi = 0 = λxi sin θi − λyi cos θi. Substituting λxi and λyi with the value in (3.9) yields[∑
j∈Niνij(xi(tf )− xj(tf ))

]
sin θi(ti) =

[∑
j∈Niνij(yi(tf )− yj(tf ))

]
cos θi(ti), where Ni is a neigh-

boring index set of vertex i of a tree defined as Ni = {j : (i, j) ∈ T }; this gives us another n

equations.

Subsequently, the final constraints λθi(tf ) can be derived by integrating λ̇θi in (3.6) toward the final

time: λθi(tf ) =
∑n−1
l=1 B(T )ilν̃l =

∫ tf
tf−t̃i

λxi sin θi(t)−λyi cos θi(t) dt = λxi

[
cos(θi0+uiti)−cos(θi0+uiti+ũi t̃i)

ũi

]
+λyi

[
sin(θi0+uiti)−sin(θi0+uiti+ũi t̃i)

ũi

]
, i = 1, ..., n,

Finally, the last equation involves the Hamiltonian that vanishes along the optimal trajectory to-

ward the final time. This can be expressed as H|tf = 0 = 1+
∑n
i=1 λxi(tf ) cos θi(tf )+λyi(tf ) sin θi(tf )

= 1+
∑n
i=1

[(∑
j∈Ni νij(xi(tf )− xj(tf ))

)
cos θi(tf ) +

(∑
j∈Ni νij(yi(tf )− yj(tf ))

)
sin θi(tf )

]
. These

give us 5n − 2 nonlinear equations to solve for 5n − 2 unknowns which can be done using available

numerical tools. �
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3.2.3 Proposed Algorithm for Finding the Optimal Path

It is important to choose the control candidate corresponding to the global optimal solution that yields

the shortest path. For n vehicles, we have 22n candidates where each vehicle has a choice to turn right

or left in the first and third segments. Taking a wrong turn results in a longer path corresponding

to a local optimal solution. Figure 3.2(a) shows the optimal trajectory candidate RLL-RRL (a short

hand notation for vehicles 1, 2, and 3 turn right, left, and left during the time intervals 0 ≤ t < t1,

0 ≤ t < t2, and 0 ≤ t < t3, respectively, and also turn right, right, and left during the time intervals

tf − t̃1 ≤ t ≤ tf , tf − t̃2 ≤ t ≤ tf , and tf − t̃3 ≤ t ≤ tf , respectively) that connects vehicles 1 to 2 and

2 to 3 in 9.4 seconds, while Figure 3.2(b) shows the global optimal solution RRL-RLL with tf = 8.3

seconds.

The time-optimal path for each vehicle consists of two arcs of maximum curvature in concatenation

with a straight line tangent to the arcs. We noticed that if the arc covers more than π, turning the

other direction may result in a shorter path. All of the arcs in Figure 3.2(b) are less than π, hence

yielding the global optimal solution. We use this fact to determine the control for each vehicle as

follow:

Step 1 (Determine the Candidate) Initial data are the given initial conditions [xi0, yi0, θi0].

We use the centroid of the polygon [xc, yc]
T to estimate as the point that every vehicle needs to travel

to. The idea is depicted in Figure 3.1(b). We then use the line connecting each initial location to the

centroid as an initial guess for the optimal path. Since these lines do not have the same length and

the turning portion of the path are not considered, this guess may not result in the right candidate.

Let ric denote a vector from [xi0, yi0]
T to [xc, yc]

T and vi0 = [cos θi0, sin θi0]
T denote vehicle i initial

velocity. The angle between vi0 and ric is denoted as αi. Vehicle i needs to turn from its initial

heading to coincide with ric. We determine the choice of control by choosing the direction with a

smaller turn (less than π). The control for the first segment is chosen from

u∗i (t < ti) =

 1 kz·(vi0 × ric) > 0 ,

−1 kz·(vi0 × ric) ≤ 0 ,
(3.11)

where kz is the unit vector perpendicular to the xy-plane.

Furthermore, we use the vector sum of all ric to estimate the final heading of the formation

θi(tf ), ∀i. Let vf = [cos θi(tf ), sin θi(tf )]
T =

∑n
i=1 ric denote the final velocity of the formation. The
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angle between vf and ric is denoted as α̃i. The control for the third segment is then chosen in the

direction corresponding to the smaller turn

u∗i (tf − t̃i < t < tf ) =

 1 kz·(ric × vf ) > 0 ,

−1 kz·(ric × vf ) ≤ 0 ,
(3.12)

It is also noted that if either kz·(vi0 × ric) or kz·(ric × vf ) or both have a small value or value close

to π, we need to find the solution for both candidates and compare the results. This will be discussed

further in Step 3.

Step 2 (Solve for the Switching Times) The switching times is determined by solving nonlinear

equations in Proposition 3.2.4. This often involves the use of a numerical solver which requires that we

pick the initial guess for the solution. The unknowns are ti, t̃i, νl, ν̃l, sl, and tf , where i = 1, ..., n, l =

1, ..., n − 1. According to Figure 3.1(b), the vehicle needs to turn and align with ric then proceed

straight toward the centroid. This estimation is made as if the vehicle does not move forward while

turning.

As the maximum turn-rate is set to 1, the time required for vehicle i to turn toward the centroid

equals the angle between vi0 and ric. Hence, the initial guess for ti should be αi. Similarly, the initial

guess for t̃i is made to be α̃i. Furthermore, with a unit speed, the time to travel to [xc, yc]
T equals

∥ric∥ and the total time for vehicle i can be estimated as ∥ric∥+ αi + α̃i. Since every vehicle should

have the same tf , the initial guess is picked as the average of this value 1
n

∑n
i=1(∥ric∥+ αi + α̃i).

As for νl, Proposition 3.2.4 (3) shows that the velocity vector during the second segment of vehicle

i is formed by the linear combination of that from its neighbors with the factor of νij , j ∈ Ni. Since

the final location for each vehicle is likely to stay inside the convex hull of the initial locations, νl shall

have the same sign. Therefore we choose the initial guess as ∀l, νl = 1 and similarly ν̃l = 1. For sl,

since the final constraint in (3.3) is expected to close to equality, we choose ∀l, sl = 0.

Step 3 (Verify Results) It is important to verify if the solver gives 0 < ti, t̃i < π when we pick

0 < tguessi ,t̃guessi < π. If not, it means that our estimation using the centroid of the polygon is not

valid. When this happens, we need to compare the result with the candidate where vehicle i turns

the other direction. Furthermore, if ti has the value close to 0 or π, it is not clear whether the control

ui yields the global solution.

Our proposed algorithm can be summarized in Protocol 1. It is noted that solving the Optimal
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Target Tree-graph problem across all possible labeled tree provides a method to solve the original

problem that requires λ2(G) > 0. In fact, solving for λ2(G) > 0 induces a connected graph G which

necessarily contains at least one tree T . However, the number of labeled trees on n nodes is nn−2,

which makes the search for the best solution across all possible trees impractical when applying this

algorithm to more than five UAVs due to the long computational time. In the next section, we

introduce a relaxation method to solve the original problem for the larger number of UAVs.

3.3 Nonlinear Programming Method

In this section, we present a NLP algorithm to search for the parameterized optimal solutions. We focus

on searching for the optimal controls and switching times that satisfy the terminal graph connectivity

constraints. The existence of an edge between two vehicles is encoded as an integer variable constrained

by Euclidean distance at time tf . The elements of the Laplacian for the graph at the final time are

therefore linear functions of these nonlinear integer variables. The complications of constraining

λ2 for this integer-valued Laplacian matrix suggest finding a relaxation to the discrete form of the

connectivity function. The data communication rate using WiFi devices, for example, drops off as the

distance between the vehicles grows beyond a given threshold. We use the bump function [43]

w(dij) = 1/(1 + eα(dij−ρ)), (3.13)
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Figure 3.3: The bump function w(d) with ρ1 = 1, ρ2 = 1.5 and ϵ = 0.1.

where α= 1
ρ2−ρ1 log(

1−ϵ
ϵ ) and ρ= ρ1+ρ2

2 , to represent the communication strength between a pair of

UAVs. This leads to a weighted adjacency matrix with entries aij=w(dij(tf)) to represent the element

aij for graph G at time tf . The plot of this function is shown in Figure 3.3. However, constraining

λ2 for the weighted Laplacian matrix is still non-trivial. We thus use the Cholesky decomposition to

convert the eigenvalue constraint to an equivalent semidefinite constraint.

Corollary 3.3.1 For a graph Laplacian L(G), there exist µ such that L(G)+µ11T /n ≻ 0 is equivalent

to λ2(G) > 0.

Proof. See [55]: Corollary 6.4. �

Lemma 3.3.2 [50] Every symmetric positive definite matrix M has a unique factorization of the

form M = LLT , where L is a lower triangular matrix with positive diagonal entries.

From Cholesky decomposition, when the network is connected, we can find a lower triangular

matrix L with positive diagonal entries for the positive definite matrix L(G)+µ11T/n. We use this

property to transform the problem into the following parameter optimization problem where the

matrix L, the switching time ti, t̃i, i= 1, ..., n, and tf are expressed as unknown variables, without

specifying the target graph:

min
t1,...,tn,t̃1,...,t̃n,tf ,lij

tf , (3.14)

subject to
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θi(tf ) = θj(tf ), 0 ≤ ti, t̃i ≤ π

dij(tf ) = ∥(xi(tf ), yi(tf ))− (xj(tf ), yj(tf ))∥

aij = 1/(1 + eα(dij(tf )−ρ))∀ i, j ∈ 1, . . . , n

L(G) + µ11T /n− ξI = LLT

L =



l11

l21 l22 0

...
. . .

. . .

ln1 . . . . . . lnn


, lii > 0, ∀i ∈ 1, . . . , n,

where xi(tf ) and yi(tf ) is derived from (3.10), the control ui is derived from (3.11) and (3.12),

and ξ ∈ R is a positive small number to guarantee that the weighted graph is connected. In this

method, the final connected configuration corresponds with the optimal trajectories is obtained from

the optimization routine. However, due to the nonlinearity of the problem, this method may return a

local optimal solution depending on the initial picks of the unknown variables.

3.4 Simulation Results

In this section, we compare the time-optimal trajectories using both methods from Section 3.2 and

Section 3.3 for the same set of initial conditions. Figure 3.4 depicts the trajectories of five unicycle-

UAVs corresponding to the shortest travel time to establish the tree-graph connectivity using the

method developed in Section 3.2. The tree is prescribed as a Path-Graph where vehicle 1 is connected

to 2, vehicle 2 to 3, vehicle 3 to 4, and vehicle 4 to 5, and tf = 11.35 seconds. On the other hand,

Figure 3.5 shows the trajectories from the NLP method with tf = 11.00 seconds as we pick α = 4.4,

ρ = 1, and ξ = 0.3.

We notice that the final time from the NLP method is slightly faster than that from the Opti-

mal Target Tree-Graph method. This is because the NLP algorithm produces a different connected

configuration, e.g., vehicle 5 is “more” connected to vehicle 1 and 2, but “less” connected to 4.
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Figure 3.4: Simulation using the algorithm in Section 3.2 for the Optimal Target Tree-graph Problem
where the tree is prescribed as a path-graph: vehicle 1 is connected to 2, vehicle 2 to 3, vehicle 3 to
4, and vehicle 4, to 5.

Figure 3.5: Simulation trajectories using NLP method when the initial positions and headings are set
the same as Figure 3.4.

3.5 Remarks

In this chapter, two approaches for establishing a proximity network among a collection of scattered

unicycle-vehicles are developed. The control law and path synthesis are derived using Pontryagin

minimum principle. The algorithm for finding the optimal solution for the fixed final network topol-

ogy is first introduced, followed by a nonlinear programming method in which the final connected

configuration corresponds with the optimal paths emerges from the optimization routine. While the

first method gives the exact global optimal solution, the computational time can get very long and

is not suitable for applying to more than 5 vehicles. The NLP method, on the other hand, is more

61



suitable with large UAV networks.

There are several possible extensions of this work. First, the assumption that the initial locations

of the UAVs form a convex polygon should be relaxed. This may require a set of commands that

allow some vehicles to loiter while other vehicles arrive into the area. One possible extension is to

apply the algorithm in the opposite direction, instead of bringing the UAVs into connection, we can

disperse the formation to the specified area with the minimum time. The other extension involves

allowing the UAV speed to vary between stall and maximum speeds with some vehicle traveling faster

than others if necessary. This can open up the possibility of developing an algorithm that not only

brings the UAVs to a connected network, but also forms a desired formation shape. Finally, we can

consider the scenario that combines the optimal path-planning for network connectivity, maintaining

the formation, and optimal network dispersion.
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Chapter 4

Gust Load Alleviation for Flexible

Aircraft

The third area of research explored in this dissertation involves the environmental uncertainty due to

wind gusts. Gust load alleviation (GLA) systems can be used to reduce the effects of gust turbulence

on vertical acceleration of the aircraft, to decrease the airframe load, and to improve passenger com-

fort. The guarantee of load reduction around various critical airframe locations can result in weight

reduction, and consequently lower the fuel expenditure, making the aircraft more eco-efficient and

attractive for the customers.

In this chapter, we discuss the development of a six-degrees-of-freedom model for the generic

transport aircraft (GTA) that includes rigid body dynamics, structural characteristics and the coupling

between the two. The aerodynamic model is derived based on a method similar to that discussed

in [82]. The stick-and-beam finite element model from the vehicle description in the ZAERO user’s

manual [80] is utilized to create a structural dynamic model. The modifications of mass and mass

distribution are made to decrease the structural frequencies and to improve the aircraft static margin.

The developed unified dynamics can effectively integrate large rigid body motion with structural

deflections. As a suitable control method to address GLA for flexible aircraft, we propose model

predictive control (MPC). MPC is a discrete online optimization-based control strategy that can

minimize the load over a finite prediction horizon. It allows us to work with either linear or nonlinear

dynamics, directly consider constraints on the state, inputs, and outputs, and incorporate the preview
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Figure 4.1: (a) GTA structural model. (b) GTA aerodynamic model.

of gust information into the dynamics. The prediction accuracy of MPC can be improved by taking

estimated gusts ahead of the aircraft into account while performing the optimization routine. Gusts

may be measured using light detection and ranging (LIDAR) system.

With the desire to reduce the bending and torsion load on the wing, the idea of a “flap-array” is

introduced. The flap-array is composed of small trailing edge flaps throughout the entire span of the

wing. It may be used in conjunction with the spoilers that are divided evenly along the span. This

gives the ability to change the lift profile more delicately and thus efficiently reduce the wing loads.

The organization of this chapter is as follows. Section 4.1 presents the GTA model derivation which

includes rigid body and structural dynamics and the coupling between the two. Section 4.2 provides

the model setup for the GLA design. The wind model, actuators, and load calculation are discussed.

In Section 4.3, the detail formulation for various cases of model predictive controllers are introduced.

Section 4.5 illustrates simulation scenarios with discrete and continuous gusts. Concluding remarks

are provided in Section 4.6.
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Figure 4.2: GTA Mass distribution (sphere size indicates amount of lumped mass).

4.1 Model for Generic Transport Aircraft

A fully flexible model for the Generic Transport Aircraft (GTA) with a straight wing and T-tail is

developed based on the vehicle description in the ZAERO user’s manual [80]. That description provides

a beam-and-stick finite element model of the GTA for calculating normal mode using MSC/NASTRAN

as depicted in Figure 4.1(a). In the ZAEROmanual, the GTA is defined for use in demonstrating a gust

loading aeroelastic dynamic analysis. The model contains 117 grid points and 137 structural elements.

The aerodynamic model is created based on the structural definition as depicted in Figure 4.1(b). The

center of gravity of the structural model is so far forward that the static margin of the aircraft was

between 70 to 80%. Hence, the modification has been made to the original model by adding weight into

a lumped mass toward the tail of the aircraft. The updated mass distribution is shown in Figure 4.2.

The modified center of gravity is located 0.1 feet behind the wing aerodynamic center. The mass of

all elements are also doubled in order to reduce the first structural frequency to 5.6Hz which is more

realistic for the aircraft of its size. The weight of the modified model has become 31696 lbs.

4.1.1 Vehicle Geometry and Aerodynamics properties

The GTA vehicle is similar in size and configuration to the ATR-42 or Bombardier Dash-8-100. It

is a twin engine, turbo-prop transport. The vehicle has overall dimensions depicted in Figure 4.3.
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Figure 4.3: Three views of the Generic Transport Aircraft (dimensions in feet), the location of the
engine thrust is shown to be 1.8 feet in front of the CG and on the same height of the CG.

Figure 4.4: Control surfaces of Generic Transport Aircraft (dimensions in feet).

The main wing is rectangular in form and is mounted above the fuselage. It is of constant chord and

not swept. The tail is a T-tail configuration. The control surfaces are shown in Figure 4.4. Given

the rectangular shape, the aspect ratio of the wing is Aw = 8.257 and the Oswald efficiency factor
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for the wing ew, horizontal tail eH , and vertical tail eV are taken to be 0.9. The main wing airfoil

is a NACA 0009. The flaperons (a combined flap and ailerons) are 25% of the wing chord results in

an aileron effectiveness coefficient τδa = τδf = 0.3. The flap and aileron deflection are noted as δf

and δa, respectively. There are 2 sets of spoilers. Each takes 20% of the wing chord. The spoilers

effectiveness is τδsp1 = τδsp2 = −0.14. The horizontal and vertical stabilizer airfoil are also NACA 0009.

Both elevator and rudder take 33% chord yielding the effectiveness coefficient of τδe = τδr = 0.75.

The elevator, rudder, and spoiler deflection are noted as δe, δr, and δsp, respectively. The overall

dimensions of lifting and control surfaces are summarized in Table 4.1.

Table 4.1: Lifting and control surfaces geometry

Property Value Units Property Value Units

Wing Area Sw 470.67 ft2 Horizontal tail Area SH 132.04 ft2

Wing MAC c̄w 7.55 ft Horizontal tail MAC c̄H 5.03 ft

Wing Span bw 62.34 ft Horizontal tail Span bH 26.25 ft

Wing Incidence iw 1.0 deg Horizontal tail Incidence iH 0.0 deg

Flaperon Area (both sides) 43.24 ft2 Elevator Area (both sides) 36.96 ft2

Flaperon MAC 1.88 ft Elevator MAC 1.68 ft

Flaperon Span (both sides) 23 ft Elevator Span (both sides) 23.50 ft

Flaperon effectiveness coefficient 0.3 Elevator effectiveness coefficient 0.75

Spoiler1,2 Area (both sides) 19.68 ft2 Rudder Area 21.21 ft2

Spoiler1,2 MAC 1.5 ft Rudder MAC 1.68 ft

Spoiler1,2 Span (both sides) 13.12 ft Rudder Span 12.624 ft

Spoiler1,2 effectiveness coefficient -0.14 Rudder effectiveness coefficient 0.75

Vertical tail Area SV 71 ft2 Vertical tail MAC c̄V 5.03 ft

Vertical tail Height bV 14.115 ft
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4.1.2 Rigid Body Dynamics

GTA six degrees of freedom rigid body dynamics derived from force and moment equations in fuselage-

reference axes (see Figure 4.5) has the form

u̇ = −qw + vr − g sin θ + Fx/m, (4.1)

v̇ = −ru+ pw + g cos θ sinϕ+ Fy/m,

ẇ = −pv + qu+ g cos θ cosϕ+ Fz/m,

q̇ =
1

Iyy
[(Izz − Ixx)pr + Ixz(r

2 − p2) +M ], ṗ

ṙ

 =

(
1

IxxIzz − I2xz

) Izz Ixz

Ixz Ixx


 Ixzpq + (Iyy − Izz)rq + L̂

−Ixzqr + (Ixx − Iyy)pq +N

 ,
where V = [u, v, w]T represents vehicle velocity vector expressed in the fuselage reference frame with

u, v, and w as the components in x, y, and z axis, respectively, ω = [p, q, r]T represents the vehicle

angular velocity vector expressed in the fuselage reference frame with p, q, and r as the component in

x, y, and z axis, respectively, Ixx, Iyy, Izz, Ixz are the product of inertia around the principle axes, m

is the vehicle mass, and g is the gravitational constant at sea level. The vectors F = [Fx, Fy, Fz]
T and

M = [L̂,M,N ]T represent external forces and moments expressed in the fuselage reference frame. Both

forces and moments are composed of aerodynamic terms and propulsive terms, e.g., Fx = FAx +FPx .

In most cases, u ≫ w and u ≫ v so w and v can be expressed as an angle of attack α ≈ w/∥V∥ and

a sideslip angle β ≈ v/∥V∥.

In addition to equation (4.1), the kinematic equation describing the relationship between angular

rates and Euler angles ϕ, θ, and ψ is also included. The kinematic equation has the form

ϕ̇ = p+ q sinϕ tan θ + r cosϕ tan θ, (4.2)

θ̇ = q cosϕ− r sinϕ,

ψ̇ = q(sinϕ+ r cosϕ) sec θ.

In some cases, the kinematic equation describing the relationship between vehicle altitude h and
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Figure 4.5: Velocity, angular velocity, and aerodynamic forces (side force is neglected for cleanliness
of the figure) expressed in fuselage reference axes system; load stations are also shown in gray.

velocity V maybe included as well. The change in altitude is given by

ḣ = u sin θ − v sinϕ cos θ − w cosϕ cos θ. (4.3)

Now, equations (4.1), (4.2), and (4.3) are composed to be a GTA rigid body equation of motion. The

contribution of aerodynamic forces FAx , FAy , and FAz are lift L, drag D, and side force S, while the

contribution of propulsive force FPx , FPy , FPz are engine thrust T and normal forces FNZ and FNY .

The aerodynamic forces L and D along with velocity and angular velocity in fuselage reference frame

are depicted in Figure 4.5. The components of aerodynamic forces in the vehicle-fixed axes are given

by

FAx = Cxq∞Sw = −D cosα cosβ − S sinα cosβ + L sinα, (4.4)

FAy = Cyq∞Sw = −D sinβ + S cosβ,

FAz = Czq∞Sw = −D sinα cosβ − S sinα sinβ − L cosα,

where Cx, Cy, Cz are non-dimensional coefficients of FAx , FAy , FAz respectively, q∞ = 1
2ρ∥V∥2 is the

dynamic pressure, and Sw is the wing area. Lift L, drag D, and side force S can be expressed in terms
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of the corresponding coefficients as L = CLq∞Sw, D = CDq∞Sw, and S = CSq∞Sw where CL, CD,

CS are lift, drag, and side force coefficients, respectively. Furthermore, the aerodynamic moments can

be expressed as L̂A = CL̂q∞Swbw, MA = CMq∞Sw c̄w and NA = CNq∞Swbw, where CL̂, CM , CN are

coefficients of aerodynamic moments L̂, MA, and NA, respectively, bw is the wing span, and c̄w is the

wing chord.

The engines of GTA are mouthed such that the thrust is parallel to body x-axis. The location

of thrust is 1.8ft forward of the CG (xT = 1.8) and at the same height of that of CG (zT = 0).

Both engines are symmetrical about x − z plane. The components of GTA propulsive forces in the

vehicle-fixed axes are then given by

FPx = CPxq∞Sw = T (V, h, π), (4.5)

FPy = CPyq∞Sw = FNY ,

FPz = CPzq∞Sw = FNZ ,

while the component of GTA propulsive moments are given by

L̂P = CPL̂q∞Swbw = 0, (4.6)

MP = CPM q∞Sw c̄w = FNZxT ,

NP = CPN q∞Swbw = FNY xT ,

where CPx , CPy , CPz , CPL̂ , CPM , CPN are non-dimensional coefficients of FPx , FPy , FPz , L̂P , MP ,

NP , respectively, π is the throttle setting, and FNY and FNZ are normal forces on the engine in the

body y and z-axis directions.

In order to integrate equation (4.4) into (4.1), we may write the coefficients for aerodynamic lift,

side force, and drag, as

CL = CL0 + CLαα+ CLα̇ α̇+ CLuu+ CLqq + CLδe δe + CLδf δf + CLδsp1 δsp1 + CLδsp2 δsp2,(4.7)

CS = CSββ + CSpp+ CSrr + CSδr δr + CSδa δa,

CD = CD0 + ĈDδsp1 δsp1 + ĈDδsp2 δsp2 +

(
C2
Lw

πAwew
+

C2
LH

πAHeH

qHSH
q∞SW

+
C2
SV

πAV eV

qV SV
q∞SV

)
,

where CL0 and CD0 are lift and drag coefficients when α = iH = δe = δf = δsp1 = δsp1 = 0 and iH
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is the tail incidence angle, CLα , CLα̇ , CLu , CLq , CLδe , CLδf , CLδsp1 , and CLδsp2 are lift coefficient

derivatives with respect to α, α̇, u, q, δe, δf , δsp1, and δsp2, respectively, CSβ , CSp , CSr , CSδr , and

CSδa are side force coefficient derivatives with respect to β, p, r, δr, and δa, respectively, ĈDδsp1 and

ĈDδsp2 are the direct effects of δsp1 and δsp2 on the drag coefficient, respectively, qH is the dynamic

pressure at tail, SH is the horizontal tail area, and SV is the horizontal tail area. To use the above

equation for drag coefficients, we may apply the following model for lift on the wing and tail surfaces,

CLw = CLαw (α+ iw − α0w + τδf δf + τδsp1δsp1 + τδsp2δsp2), (4.8)

CLH = CLαH ((1− dϵ

dα
)(α+ iw)−

dϵ

dα
α0w + iH − α0H + τδeδe),

CSV = CSβV (β + τδrδr),

where iw and iH are the wing and horizontal tail incidence angles, respectively, α0w and α0H are zero

lift angle of attack at the wing and tail respectively, and dϵ
dα is the rate of downwash with respect to

the change of angle of attack. The drag derivatives can be derived by substituting the terms CLw ,

CLH , and CSV from (4.8) into (4.7) and take derivative with respect to each parameter. For example,

CDδsp1 = ĈDδsp1 + 2CLwCLαw τδsp1/(πAwew). The second term indicates the induced drag. The

terms ĈDδsp1 and ĈDδsp2 in our work are calculated based from the CD characteristic in [83] where

the authors show the increased 2D drag coefficient at fixed seven-degrees spoiler deflection for the

NACA2415 airfoil1. We use this data to approximate the 2D drag coefficients per radian deflection

of the spoilers. In [83], the drag coefficient appears to be increased by 0.09 per seven-degrees spoiler

deflection uniformly across all operational angle of attack (we use the case where spoiler is located

at 0.7 of the chord). Assuming that the drag-spoiler relationship is linear2, the drag derivatives with

respect to spoiler deflection are derived to be ĈDδsp1 = ĈDδsp2 = 0.09
7 ( 180π ) per radian. Generally the

3D drag coefficient decreases due to the 3D relieving effect and the fact that the spoiler only span so

much. We take the conservative approach by using the 2D data to approximate the 3D drag-spoiler

derivatives.

Figure 4.6 shows longitudinal aerodynamic forces and moments for the wing and horizontal tail

1The data on drag characteristics reported in [83] is for the NACA2415 airfoil which is different from the NACA0009
airfoil used in the GTA model. However, we believe the approximation of drag-spoiler relationship of NACA2415 is
reasonable for the proof of concept for the GLA controller design for GTA as the corresponding data for the NACA0009
airfoil is not available in the open literature.

2The wind-tunnel data in NASA technical reports [89], [90] indicate that the relationship between drag coefficient
and spoiler tends to be linear for small deflections. The report [89] provides the 3D drag data for a DC-10-30ER, while
the reference [90] provides the 3D drag data for a small jet aircraft; neither study specifies the airfoil type.
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Figure 4.6: A 2D diagram showing longitudinal aerodynamic forces and moments for the wing and
horizontal tail, moment arms, and positive deflection of control surfaces.

and related parameters appearing in equation (4.8). Similar to (4.7), we may write the expression for

roll, pitch, and yaw moment coefficients as

CL̂ = CL̂ββ + CL̂pp+ CL̂rr + CL̂δa
δa + CL̂δr

δr, (4.9)

CM = CM0 + CMαα+ CMα̇ α̇+ CMqq + CMδe
δe + CMδf

δf ,

CN = CNββ + CNpp+ CNrr + CNδr δr + CNδa δa.

Similarly, the propulsive forces and moments can be linearized around trim conditions as

FPx = FPx0 + FPxuu+ FPxαα+ FPxα̇ α̇+ FPxβ β + FPxq q + FPxδT
δT , (4.10)

FPy = FPy0 + FPyβ β + FPyr r + FPyδT
δT ,

FPz = FPz0 + FPzuu+ FPzαα+ FPzα̇ α̇+ FPzβ β + FPzq q + FPzδT
δT ,

L̂P = L̂P0 + L̂Pββ + L̂Ppp+ L̂Prr,

MP = MP0 +MPuu+MPαα+MPα̇ α̇+MPqq,

NP = NP0 +NPββ +NPrr,

where FPx0 , FPy0 , FPz0 , L̂P0 , MP0 , and NP0 are the propulsive forces and moments at trim conditions,

e.g., level flight, and all other propulsive force derivatives are of the form similar to FPxu that represent

the derivative of propulsive forces in body x-axis with respect to the surge velocity u.

Now with the help of (4.4), (4.5), (4.6), (4.7), (4.9), and (4.10), the forces and moments in the

rigid body dynamics (4.1) can be expressed as a function of the state variables u, α = w/∥V∥,
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Figure 4.7: Beam/lumped-mass model of the wing.

α̇ = ẇ/∥V∥, β = v/∥V∥, p, q, r, θ, ϕ, h, and controls δe, δf , δr, δa, δT , δsp1 and δsp2. The calculation

of aerodynamic force and moment coefficients derivative in (4.7), (4.8), and (4.9) can be done using

geometric data from Section 4.1.1. The detailed calculations can be found in [82].

4.1.3 Structural Dynamics

In aeroelastic modeling, beam elements have traditionally been used to represent the wing structure.

The partial differential equation governing the transverse deformation in the z (vertical) direction of

the beam (wing) along the y direction is given as

∂2

∂y2

(
EI(y)

∂2z(y, t)

∂y2

)
+m(y)

∂2z(y, t)

∂t2
= 0, (4.11)

where E is the elastic modulus of the beam material, I is the moment of inertia of the beam cross

section about its neutral axis, and m(y) is the mass distribution. Using the separation of variable

technique, the solution of (4.11) is of the form z(y, t) =
∑∞
i=1 νi(y)ηi(t) where νi(y) is the space-

dependent function or mode shapes and ηi(t) is a time-dependent function or modal coordinates. This

infinite sum can be approximated by truncating it into finite number of terms which is analogous

to idealizing the beam into a finite number of lumped-masses and torsional springs. Each mass is

connected by one or more massless sticks. We use a beam-and-stick finite element model of the GTA

provided by ZAERO user’s manual [80] for calculating mode shapes using MSC/NASTRAN. The

structural dynamic of the wing can be derived with Lagrangian method using the beam/lumped-mass

model along the wing span similar to Figure 4.7. For the beam with N lumped masses, the potential
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energy of the beam maybe written as

U =
1

2

N∑
i=1

kiθ
2
i =

1

2


θ1
...

θN



T 
k1 . . . 0

...
. . .

...

0 . . . kN




θ1
...

θN

 , (4.12)

while the kinetic energy of the beam maybe written as

T =
1

2

N∑
i=1

miż
2
i =

1

2


ż1
...

żN



T 
m1 . . . 0

...
. . .

...

0 . . . mN




ż1
...

żN

 . (4.13)

If we choose q = [θ1, ..., θN ]T as a generalized coordinate vector, we can write the relationship between

θ̇i and żi as 
ż1
...

żN

 =


l1 . . . 0

l1 + l2
. . .

...

l1 + ...+ lN . . . lN




θ̇1
...

θ̇N

 . (4.14)

The wing structural equation is then derived using the Lagrange’s equation,

d

dt

(
∂T

∂q̇i

)
− ∂T

∂q
+
∂U

∂q
= Fi. (4.15)

By substituting (4.12) and (4.13) into (4.15), the wing equation can be formulated as

[M]{q̈}+ [K]{q} = {F}, (4.16)

where [M] is the mass matrix and [K] is the stiffness matrix. Both [M] and [K] are real, symmetric,

and positive definite indicating that an inverse always exists and all eigenvalues are strictly positive.

The wing equation maybe reformulated using the relationship {q} = [Φ]{η} where matrix [Φ] =

[ν1, ν2..., νN ] is constructed from eigenvectors νi of [M]−1[K], and {η} is a new modal coordinates,
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yielding

[Φ]{η̈}+ [M]−1[K][Φ]{η} = [M]−1{F}, (4.17)

{η̈}+ [Φ]−1[M]−1[K][Φ]{η} = [Φ]−1[M]−1{F}.

We choose [Φ] such that it diagonalizes matrix [M]−1[K] and [Φ]−1[M]−1[K][Φ] = [Λ]=[diag(ω2
i )], i =

1, · · · , N . The wing equation then becomes

{η̈}+ [Λ]{η} = [M]−1{Q}, (4.18)

where {Q} is the generalized force vector and [M] is the generalized mass matrix. These N linear

differential equations are now uncoupled and each modal coordinate can be described by

η̈i + ω2
i ηi = Qi/Mi, (4.19)

with a solution of the form ηi(t) = Ai sin(ωit+ γi), where the vibration amplitude Ai and phase shift

γi can be found from the generalized force Qi and initial conditions. If the structural damping ζ is

applied to the wing model, (4.19) becomes

η̈i + ζiωiη̇i + ω2
i ηi = Qi/Mi, (4.20)

and the displacement {q} is a composition of the mode shape matrix [Φ] = [ν1, ν2..., νN ] scaled by

modal coordinates {η} = [η1, η2, ..., ηN ]T or

{q(t)} = [Φ(x, y, z)]{η(t)} =

N∑
i=1

νi(x, y, z)ηi(t). (4.21)

For the GTA structural model, every lifting component is modeled as a beam: wing, horizontal tail,

vertical tail, and fuselage, as shown in Figure 4.8. The beam is allowed to move and rotate in x, y, and

z directions but the major effects on the wing will be wing bending (displacement in the z-direction)
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Figure 4.8: Beam/lumped-mass model for GTA with the first wing bending mode demonstrated.

and wing torsion (angular displacement around the body y-axis) of the form

z(y, t) =
N∑
i=1

νzi(y)ηi(t) (bending), (4.22)

θ(y, t) =
N∑
i=1

νθi(y)ηi(t) (torsion), (4.23)

where νzi(y) and νθi(y) are the mode shapes for the z-direction displacement and the θ angular

displacement around the y-axis.

The generalized force Qi can be derived from the virtual work δW and virtual displacement δη,

where δW = Qiδη. Figure 4.9a demonstrates GTA wing bending and torsion displacements whereas

Figure 4.9b depicts aerodynamic forces (span-wise 2D lift l(y) and drag d(y)) and moment (span-wise

2D moment m(y)) that cause the movements. It is noted that generally the wing aerodynamic center

where l(y) and d(y) are acted upon is not necessarily the same location as the elastic axis where the

stick-beam model is placed. For simplicity, we assume they are the same for the GTA model. The

virtual work due to aerodynamic force on the wing can now be written as

δWwing =

∫ bw/2

−bw/2
−(l(y) cosα+ d(y) sinα)

N∑
i=1

νzi(y)δηi (4.24)

+(l(y) sinα− d(y) cosα)
N∑
i=1

νxi(y)δηi +m(y)
N∑
i=1

νθi(y)δηidy.
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Figure 4.9: (a) Wing bending and torsion displacements. (b) Wing span-wise aerodynamic forces and
moments.

The shear movement in the x-direction of the wing is usually so small and neglected (νxi(y) ≈ 0).

The angle of attack α is also small in most flight conditions so that sinα ≈ 0 and cosα ≈ 1 and (4.24)

simplifies to

δWwing =

∫ bw/2

−bw/2
−l(y)

N∑
i=1

νzi(y)δηi +m(y)
N∑
i=1

νθi(y)δηidy, (4.25)

and the wing generalized force can be written as

Qiwing =

∫ bw/2

−bw/2
−l(y)νzi(y) +m(y)νθi(y)dy. (4.26)

By including the generalized forces from the virtual work terms over all flexible components of the

GTA (wing, horizonal tail, and vertical tail), we can write the structural dynamic equation for GTA
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as

η̈i + ζiωiη̇i + ω2
i ηi =

Qi
Mi

=
1

Mi

[∫ bw/2

−bw/2
−lw(y)νziw (y) +mw(y)νθiw (y)dy (4.27)

+

∫ bH/2

−bH/2
−lH(y)νziH (y)dy +

∫ bV

0

−sV (z)νyiV (y)dy

]
,

where lw(y) and lH(y) are the 2D lift profiles along the wing and the tail, respectively, mw(y) is the

2D moment profile along the wing, and sV (z) is the 2D side force profile at the vertical tail. The

effect of the wing moment is small compare to the one caused by the lift at the tail so mw(y) ≈ 0.

The term νziw and νziH are the mode shapes representing the z-movements for the wing and the tail,

respectively, νθiw is the mode shape representing θ angular displacement of the wing, and νyiV is the

mode shape representing the y-displacement for the vertical tail.

4.1.4 The Effects of Rigid Body States and Controls on Generalized Force

From the generalized force in (4.27), a 2D lift of the wing can be derived as

lw(y) = Clα(y)[α(y)− α0 + τeδe + τfδf + τsp1δsp1 + τsp2δsp2]q∞c̄w (4.28)

= Clα(y)

[
w + py − q(xACw−xCG)

∥V∥
+iw+

(
θE(y)+

wE(y)

∥V∥

)
+ τeδe + τfδf + τsp1δsp1 + τsp2δsp2

]
q∞c̄w,

where xACw is the x coordinate of the local wing aerodynamic center, xCG is the x coordinate of the

center of gravity, θE(y) is the wing twist angle due the elastic effect, and wE(y) is the vertical speed

due to elastic effect. The elastic effects on the 2D airfoil section is depicted in Figure 4.9. Substituting

(4.28) into (4.27) yielding

Qi = −
∫ bw/2

−bw/2
Clα(y)

[
w + py − q(xACw − xCG)

∥V∥
+ iw + τeδe + τfδf + τsp1δsp1 (4.29)

+τsp2δsp2 +

(
θE(y) +

wE(y)

∥V∥

)]
q∞c̄wνzi(y) dy +QiH.Tail

+QiV.Tail
,

78



where QiH.Tail
and QiV.Tail

are generalized force at the horizontal and vertical tail, respectively. Now

the generalized force can be expanded in a Taylor series as

Qi = Qi0 +Qiuu+Qiαα+Qiββ +Qipp+Qiqq +Qirr +
N∑
j=1

Qiηj ηj +
N∑
j=1

Qiη̇j η̇j (4.30)

+Qiδe δe +Qiδf δf +Qiδr δr +Qiδa δa +Qiδsp1 δsp1 +Qiδsp2 δsp2,

where Qi0 is the force at trim condition, Qiu , Qiα , Qiβ , Qip , Qiq , and Qir are the derivative of Qi

with respect to states u, α, β, p, q, and r, respectively, Qiηj and Qiη̇j are the derivative of Qi with

respect to elastic states ηj and η̇j , and Qiδe , Qiδf , Qiδa , Qiδr , Qiδsp1 , and Qiδsp1 are the derivative of

Qi with respect to control δe, δf , δa, δr, δsp1, and δsp2, respectively. Now that we include everybody

parts, N represents the number of lumped mass or node of the whole airplane.

The effects of rigid body states and controls on generalized forces are in the form of these derivative,

for example, Qiα can be derived by taking derivative of Qi in (4.29) with respect to α (it is shown as

w/∥V∥ in (4.29)), yielding

Qiα = −q∞c̄w
∫ bw/2

−bw/2
Clαw (y)νziw(y) dy − qH c̄H

∫ bH/2

−bH/2
ClαH (y)

(
1− dϵ

dα

)
νziH (y) dy, (4.31)

where Clαw (y) and ClαH (y) specify the 2D lift profile along the wing and horizontal tail and νziw(y)

and νziH (y) are the i-th mode shape for the z-direction displacement for the wing and the horizontal

tail. Similarly, the effects from the controls are derived by taking the derivative of Qi in (4.29) with

respect control deflections. For example,

Qiδsp2 = 2q∞c̄w

∫ ysp2out

ysp2in

Clαw (y)τsp2νziw(y) dy, (4.32)

assuming that spoiler set 2 deflect symmetrically from both wing. The rest of the derivatives in

(4.30) can also be derived by the same method. In the equation above, ysp2in and ysp2out indicate

the inboard and outboard locations of spoiler set 2 along the wing span. Therefore, the effects of the

control deflections on the generalized force depend on the locations of where the surfaces are placed.
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Figure 4.10: Forces, moments, and displacement of the 2D airfoil section.

4.1.5 Elastic Effects on Generalized Force

Structural movements of the aircraft can also affect its generalized forces. These effects are in the

form of derivative Qiηj and Qiη̇j that appear in (4.30). The elastic effects on the angle of attack αE

at the wing in (4.29) can be written as functions of mode shapes and modal coordinates as

αE(y) = θE(y) +
wE(y)

∥V∥
=

 N∑
j=1

νθjw(y)ηj +
ΣNj=1νzjw(y)η̇j

∥V∥

 (4.33)

where νθjw(y) is the j-th mode shape for the wing torsion. The derivative Qiηj and Qiη̇j can thus be

derived by substituting (4.33) as well as similar expressions for the tails into (4.29) and differentiate

Qi with respect to ηj and η̇j , respectively.

4.1.6 Elastic Effects on Aerodynamic Forces and Moments

Structural movements such as wing bending or twisting can cause deviations of angle of attack or

sideslip angle. Therefore, they can change the distribution of the aerodynamic forces and moments.

Figure 4.10 demonstrates the elastically deformed wing section. We may write the local angle of

attack of a wing section as

α(y) = αR(y) + θE(y) +
wE(y)

∥V∥
= αR(y) +

 N∑
j=1

νθjw(y)ηj +
ΣNj=1νzjw(y)η̇j

∥V∥

 (4.34)

where αR(y) is the angle of attack of the undeformed rigid wing, θE(y) is the wing twist angle due

the elastic effect, and wE(y) is the vertical speed due to elastic effect. From (4.8), the lift coefficient
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of the wing can be written as

CLw = CLαw (α+ iw − α0w + τδf δf + τδsp1δsp1 + τδsp2δsp2), (4.35)

=

∫ bw/2

−bw/2
Clαw (y)

[(
N∑
i=1

νθiw(y)ηi +
ΣNi=1νziw(y)η̇i

∥V∥

)
+ iw(y)− α0w + τδf (y)δf + ...

]
dy.

Therefore, the derivative of lift coefficient with respect to modal coordinates CLηi and CLη̇i can be

derived by differentiate equation (4.35) and similar expressions for the tails with respect to ηi and η̇i,

yielding

CLηi =

∫ bw/2

−bw/2
Clαw (y)νθjw(y) dy +

∫ bH/2

−bH/2
ClαH (y)

(
νθjH (y)−

dϵ

dα
νθjw(y)

)
dy (4.36)

and

CLη̇i =
1

∥V∥

∫ bw/2

−bw/2
Clαw (y)νzjw(y) dy +

∫ bH/2

−bH/2
ClαH (y)

(
νzjH (y)−

dϵ

dα
νzjw(y)

)
dy (4.37)

The elastic effects on drag are usually very small and neglected i.e. CDηi = CDη̇i = 0 while CSηi ,

CSη̇i , CL̂ηi
, CL̂η̇i

, CMηi
, CMη̇i

, CNηi , and CNη̇i can be derived using the similar approach.

4.1.7 Full Flexible Nonlinear Model for Generic Transport Aircraft

From the GTA mode shapes provided by MSC/NASTRAN, we select the first 15 modes with the

lowest frequencies ωi for analysis. The first structural mode corresponds to the wing bending which

has the frequency of 5.6Hz. With the approximation that the elastic displacements of aircraft are small

and the practical mean-axis constraints are met, the rigid body and vibration mode are orthogonal.
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Hence, the full flexible nonlinear model for GTA can then be written as

u̇ = −qw + vr − g sin θ +
FAx + FPx

m
, (4.38)

v̇ = −ru+ pw + g cos θ sinϕ+
FAy + FPy

m
,

ẇ = −pv + qu+ g cos θ cosϕ+
FAz + FPx

m
,

q̇ =
1

Iyy
[(Izz − Ixx)pr + Ixz(r

2 − p2) +MA +MP ], ṗ

ṙ

 =

(
1

IxxIzz − I2xz

) Izz Ixz

Ixz Ixx


 Ixzpq + (Iyy − Izz)rq + L̂A + L̂P

−Ixzqr + (Ixx − Iyy)pq +NA +NP

 ,
η̈i + ζiωiη̇i + ω2

i ηi =
1

Mi

Qi0 +Qiuu+Qiαα+Qiββ +Qipp+Qiqq +Qirr +
15∑
j=1

Qiηj ηj+

15∑
j=1

Qiη̇j η̇j +Qiδe δe +Qiδf δf +Qiδr δr +Qiδa δa +Qiδsp1 δsp1 +Qiδsp2 δsp2

 , i = 1, ..., 15

where the formulations of FAx , FAy , FAz are described in (4.4) and they are functions of aerodynamic

forces L, S,D. These forces and moments L̂A,MA, NA may also be expressed as a function of rigid

body states, elastic states, and controls, e.g.

L = q∞c̄w

(
CL0 + CLαα+ CLα̇ α̇+ CLuu+ CLqq +

15∑
i=1

CLηi ηi+

15∑
i=1

CLη̇i η̇i + CLδe δe + CLδf δf + CLδsp1 δsp1 + CLδsp2 δsp2

)
,

The formulation of FPx , FPy , FPz , L̂P ,MP , NP are described in (4.5) and (4.6) and kinematic equation

(4.2) and (4.3) are also included. The system state thus becomes x = [u α β p q r θ ϕ h η1 η̇1...η15 η̇15]
T

and control u = [δe δf δa δr δT δsp1 δsp2]
T . The nonlinear equation of motion (4.38) can be written

into the form ẋ = f(x,u).

4.1.8 Linearized Flexible Model for Generic Transport Aircraft

The nonlinear model of GTA (4.38) can be linearized around different flight conditions. For application

in GLA systems, we focus our study on steady level flight where u̇0 = v̇0 = ẇ0 = ṗ0 = q̇0 = ṙ0 = ϕ̇0 =

θ̇0 = ψ̇0 = ḣ0 = η̇0 = η̈0 = 0 and v0 = p0 = q0 = r0 = ϕ0 = ψ0 = δf0 = δa0 = δr0 = δsp10 = δsp20 = 0.

82



The subscript “0” indicates the trim value of the corresponding quantity. By substituting these

conditions into (4.38), we can solve for the trimmed surge velocity u0, trimmed angle of attack

α0 = w0

u0
, trimmed pitch angle θ0, trimmed elevator deflection δe0 , trimmed throttle setting δT0 ,

trimmed modal coordinates ηi0 , and trimmed generalized force Qi0 . For GTA, we have u0 = 449.7

ft/sec, w0 = 17.7 ft/sec, α0 = θ0 = 2.25 deg, δe0 = −1 deg, and δT0 = 0.159 (ηi0 and Qi0 are not

shown).

By substituting (4.38), (4.2), and (4.3) with the values u = u0 + δu, v = δv, w = w0 + δw and

so on, where δu, δv, and δw indicate the perturbation from the trim condition, and use the small

perturbation assumption (e.g. the product of perturbation quantities ≈ 0), we can write the linearized

model of GTA about the steady level flight condition as

u̇ = −w0q − (g cos θ0)θ +
FAx + FPx

m
, (4.39)

v̇ = −u0r + w0p+ (g cos θ0)ϕ+
FAy + FPy

m
,

ẇ = −u0q + (g sin θ0)θ +
FAz + FPx

m
,

ṗ =

(
1

IxxIzz − I2xz

)(
Izz(L̂A + L̂P )− Ixz(NA +NP )

)
,

q̇ = (MA +MP )/Iyy,

ṙ =

(
1

IxxIzz − I2xz

)(
Ixz(L̂A + L̂P )− Ixx(NA +NP )

)
,

η̈i + ζiωiη̇i + ω2
i ηi =

1

Mi

Qiuu+Qiαα+Qiββ +Qipp+Qiqq +Qirr +

15∑
j=1

Qiηj ηj +

15∑
j=1

Qiη̇j η̇j

+Qiδe δe +Qiδf δf +Qiδr δr +Qiδa δa +Qiδsp1 δsp1 +Qiδsp2 δsp2

)
, i = 1, ..., 15

with the kinematic equations

ϕ̇ = p+ (tan θ0)r, (4.40)

θ̇ = q,

ψ̇ = (sec θ0)r,

ḣ = (u0 cos θ0 + w0 sin θ0)θ + (sin θ0)u− (cosθ0)w.

The state variables u, v, w, p, q, r, ϕ, θ, ψ, h, ηi, η̇i, forces and moments, FAx , FPx , FAy , FPy , FAz , FPz ,
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L̂A, L̂P , MA, MP , NA, NP , and controls δe, δf , δa, δr, δsp1, δsp2 in equation (4.39), (4.40) are in the

perturbation form with the term “δ” omitted. While forces and moments are formulated similarly to

that of nonlinear model, equation (4.39) and (4.40) maybe written into the form ẋ = Ax+Bu.

To include the effects of the wind, let ug, vg, and wg be the gust speed in x, y, and z directions,

respectively, while ẇg is the gust acceleration in z direction. By substituting the term u, v, w, and ẇ

with u+ ug, v + vg, w + wg, and ẇ + ẇg, respectively, (4.39) and (4.40) can be reformulated into

ẋ = Ax+Bu+Bwwg, (4.41)

where wg represents the wind gust vector of the form wg = [ug βg αg α̇g]
T , βg = vg/∥V∥, αg =

wg/∥V∥, and α̇g = ẇg/∥V∥. Equation (4.41) can be decoupled in longitudinal and lateral dynamics,

ẋlong = Alongxlong +Blongulong +Bwlong
wglong, (4.42)

ẋlat = Alatxlat +Blatulat +Bwlat
wglat, (4.43)

where xlong = [u α θ q h η1 η̇1 η4 η̇4 η5 η̇5 η9 η̇9 η10 η̇10 η12 η̇12 η14 η̇14]
T is the longitudinal state,

xlat = [β ϕ p r η2 η̇2 η3 η̇3 η6 η̇6 η7 η̇7 η8 η̇8 η11 η̇11 η13 η̇13 η15 η̇15]
T is the lateral state, ulong =

[δe δf δT δsp1 δsp2]
T is the longitudinal control, ulat = [δa δr]

T is the lateral control, wglong =

[ug αg α̇g]
T is the longitudinal gust input, and wglat = βg is the lateral gust input. The state

space matrix Along, Blong, Bwlong
can be found in the Appendix. It is noted that spoilers can be used

asymmetrically to create lateral forces and moments. This is however beyond the scope of our work

so they are not included in ulat.

4.2 Control System Setup for GLA

Gust load alleviation (GLA) is the aircraft system design that uses the control surface deflections to

attenuate the load due to gust turbulence. This can be formulated as

min
u(t)

J = ∥yload(t)∥, (4.44)
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Figure 4.11: Block diagram of fully integrated model and gust model for the GLA design.

subject to

ẋ = Ax+Bu+Bwwg,

where yload is the structural load vector that will be elaborated later in the section. The norm ∥ · ∥

can be chosen to be two norm or infinity norm based on the focus of the GLA study. The two

norm is used to represent fatigue loads while the infinity norm is used for static loads. The GLA

system can be drawn as a block diagram in Figure 4.11. Fully integrated model consists of the flexible

GTA model developed in Section 4.1, actuator model, and output model. Actuators translate the

control commands into control surfaces deflections. The output model represents the sensors and

gyros readings as well as structural loads. The gust signal is generated by the gust generator function

with the scale length that is based on the altitude and speed of the flight envelop.

4.2.1 Gust Types

We consider both discrete and continuous gust profiles as required by airworthiness regulation CS−25

[84]. The discrete gust is in the form of (1− cos) gust profile and can be written as

wg(t) =


w̄g
2

(
1− cos 2πt

Lg

)
0 < t < Lg,

0 t ≥ Lg,
(4.45)

where wg is the vertical gust velocity, w̄g is the gust amplitude, and Lg is the gust period. For

continuous gust, we use the Dryden model to create stochastic gust excitations. It is modeled as a

random Gaussian noise processes through the prescribed power spectral density. The Dryden gust
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filter has the form

Gw(s) = w̄g

√
L

π∥V∥
1 +

√
3Ls/∥V∥

(1 + Ls/∥V∥)2
, (4.46)

where L represents the gust scale length and ∥V∥ represents the vehicle flying speed. The transfer

function Gw(s) is used to generate the numerical values of the gust in the vertical direction wg(s) =

Gw(s)n(s), where n(s) is Gaussian noise. The gust then enters the GTA model (4.41) in the form of

αg(t) = wg(t)/∥V∥. It is noted that if the trim speed is high, the gust energy absorbed to the aircraft

will be less. The signal is tapered off at infinity in the time domain. Hence this is representative of

real wind gusts acting on an aircraft passing through a turbulence.

4.2.2 Actuator Model

Actuators translate the control commands to control surface deflections. The actuator stroke limi-

tations translate into lower and upper deflection limitations of the control surfaces. We select the

deflection limits for the elevator, flaps, ailerons, and rudder to be ±30 degree while the spoilers can

move from 0 to 30 degree. For MPC design, these limits will be included in the optimization routine

for each control step. The limitation of oil flow through the valves results in maximum deflection rate

of the control surfaces. This is modeled by a low pass filter. However, for MPC design this is included

directly into optimization routine. The rate limits for elevator, rudder, and other surfaces are typically

different. The elevator and rudder are larger surfaces and rate limits on hydraulic actuators are more

restrictive. For GTA we choose the cut off frequency to be 60 rad/sec for elevator and rudder and 75

rad/sec for flaps, ailerons, and spoilers.

4.2.3 Output Function

For the GLA design, the model output y should contain the quantities of interest that need to be opti-

mized. First of which will be standard measurements such as systems states and vertical accelerations

around the critical points. The second virtual output contains other quantities that are important for

the GLA design but usually not measured. These will be the load: bending moment, torsion moment,

and shear, around different aircraft station. For GTA, the output vector for longitudinal motion will
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have the form

ylong = [u α θ q h nzCP nzCG nzTail
WRb WRt MWb MWt TRb TRt]

T . (4.47)

The first five outputs are the system states. The term nzCP , nzCG , and nzTail
represent vertical

accelerations at the cockpit, the CG, and the tail section, respectively. The term WRb, MWb, and

TRb represent bending moment loads at the wing root, the mid-wing station, and the horizontal tail

root, respectively. Similarly, the term WRt, MWt, and TRt represent torsion moment loads at the

wing root, the mid-wing station, and the horizontal tail root, respectively. Noted that the aircraft is

normally designed to withstand very high shear forces so they are not included in this study. The

load stations for the GTA is depicted in Figure 4.5.

Vertical Acceleration

Vertical accelerations at different airplane stations maybe measured by accelerometers. We model this

signal using

nz(x, y, z, t) = nzR(x, y, z, t) +
15∑
i=1

νzi(x, y, z)η̈i(t), (4.48)

where nz(x, y, z, t) represents vertical acceleration at location (x, y, z) on the fuselage reference axis

system and nzR(x, y, z, t) represents the rigid body component of the acceleration. The rigid body

acceleration aR = [nxR , nyR , nzR ]
T at position p = [x, y, z]T can be derived from

aR =
dV

dt
+ (ω ×V) + (ω × ω × p) + (

dω

dt
× p). (4.49)

For steady level flight condition, the term nz along the body x-axis can be simplified to

nz(x, t) = ẇ − u0q − xq̇ +
15∑
i=1

νzif (x)η̈i(t), (4.50)

where νzif (x) represents mode shape of the z-direction displacement for the fuselage and nz(xCP, t),

nz(xCG, t), and nz(xTail, t) represent the vertical acceleration at the cockpit, the CG, and the tail

respectively.
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Load Calculation

From the lumped mass wing model in Figure 4.7, we can see that the wing root bending moment

is WRb(t) = k1θ1(t) which is the first entry of the vector [K]q(t) = [K][Φ]η(t). For the full GTA

structural beam model, the loads (bending or torsion) at different locations may be found by picking

the appropriate row of the matrix [K][Φ] multiplied by modal coordinate η(t). This can be formulated

as

yload = Cloadx,

where Cload represents the appropriate row of the matrix [K][Φ].

After the vertical acceleration and loads have been calculated, the output vector ylong maybe

formulated as

ylong = Clongxlong +Dlongulong +Dwlong
wglong.

For the GLA design, we want to reduce the load at the wing root because wing mass is susceptible

to this quantity, especially the bending moment. The aspect of static load reduction is reflected by the

peak value or L∞ norm while the aspect of fatigue load reduction can be captured by the L2 norm.

Both ∥WRb(t)∥∞ and ∥WRb(t)∥2 will be used as a major criteria for assessing the GLA system.

4.3 Model Predictive Control for GLA

Model Predictive Control (MPC), or receding horizon control, is a discrete method based on repeated

online optimization. We calculate the control signal by performing a constrained optimization over

a finite prediction horizon indicated by the number of future control steps Np at each sampling

time. From the resulting sequence of optimal control vectors, only the first vector is applied. The

optimization is repeated at the next time step when a new measurement is available. The high

performance computing along with fast and reliable quadratic programming techniques allow us to

apply MPC to problems with fast dynamics such as the GLA.

The advantages of MPC are the ability to work with nonlinear or time-varying systems as well

as the case with control constraints. The successive linearization maybe performed for the nonlinear
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aircraft dynamics, however the GLA problem only focuses on the aircraft motions around the steady

trimmed flight condition so we will use the linearized model of the GTA (4.41) for the control design.

Since MPC is a discrete control method, the state space representation in (4.41) must be discretized

to a discrete version AD, BD and BDw . For the cleanliness of the expressions in our optimization models,

the superscript “D” will be omitted from this point forward. The MPC for GLA systems at time step

k can be formulated as

min
ũ
J(ũ,xk, w̃g) =

k+Np∑
i=k

xTi Qixi + uTi Riui, (4.51)

subject to

xi+1 = Axi +Bui +Bwwgi , i = k, ..., k +Np

umin ≤ ui ≤ umax,

∆umin ≤ ∆ui ≤ ∆umax,

where xk, uk, and wgk are the state, control input, and wind gust vectors, respectively, at time step k.

The term umin and umax are the control deflection constraints while ∆umin and ∆umax are the control

rate constraints. The matrices Qk and Rk are the state and control weighting matrices, respectively.

The term xTi Qixi in the cost function indicates the desire for the model-predictive controller to

minimize the state quantities to stay close to the trimmed conditions along the prediction horizon.

For the design purpose, the term xTi Qixi can be formulated such that the loads of interest are in the

quadratic form as

xTi Qixi =

[
xi yloadi

] Qtrimi 0

0 Qloadi


 xi

yloadi

 (4.52)

where Qi = Qtrimi + CTloadQloadiCload. Therefore the design is done by the selections of weighting

matrices Qtrimi ≥ 0, Qloadi ≥ 0 and Ri > 0.

The vector ũ = [uk;uk+1; ...;uk+Np ] is the control signal sequence over the prediction horizon Np.

Similarly, we can write w̃g = [wgk ;wgk+1
; ...;wgk+Np

] as the “preview” gust information along the

prediction horizon. The state sequence x̃ = [xk;xk+1; ...;xk+Np ] can be expressed as a function of
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future control sequence ũ, the current state xk, and future gust information w̃g as

x̃ = C̃ũ+ D̃1xk + D̃2w̃g (4.53)

where

C̃ =



0 ∅

B 0

AB B 0

...
...

. . . 0

ANp−2B ANp−3B . . . B 0


, D̃1 =



I

A

A2

...

ANp−1


, (4.54)

D̃2 =



0 ∅

Bw 0

ABw Bw 0

...
...

. . . 0

ANp−2Bw ANp−3Bw . . . Bw 0


,

where C̃ũ represents the forced term due to the control sequence ũ, D̃1xk is the unforced term due

to initial condition xk, and D̃2w̃g is the unforce term due to the gust sequence w̃g. The preceding

constraints can also be expressed as

Ẽũ ≤ F̃ (4.55)

where

Ẽ=



INp ⊗ I

−INp ⊗ I

Ĕ

−Ĕ


, Ĕ=



I ∅

−I I

. . .
. . .

∅ −I I


, F̃ =



1Np ⊗ umax

−1Np ⊗ umin

1Np ⊗∆umax + F̆

−1Np ⊗∆umin − F̆


, F̆ =


uk−1

∅
...

 , (4.56)

where I represents the identity matrix of the size equals to the number of control inputs (for GTA it

is 7, or for ulong of GTA, it is 5), 1Np is the one’s vector of size Np, and uk−1 is the control vector of
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the previous time step. Using (4.53) and (4.55), the MPC at time step k (4.51) becomes a constrained

optimization problem

min
ũ
J(ũ,xk, w̃g) = ũT [C̃T Q̃C̃ + R̃]ũ+ 2[xTk D̃

T
1 + w̃T

g D̃
T
2 ]Q̃C̃ũ, (4.57)

subject to

Ẽũ ≤ F̃ ,

where Q̃ = diag[Q,Q, ..., Qf ] and R̃ = diag[R,R, ..., R] or Qk = Qk+1 = ... = Qk+Np−1 = Q and

Rk = Rk+1 = ... = Rk+Np . For a positive semi-definite Q and and positive definite R, it follows

that C̃T Q̃C̃ + R̃ is positive definite and the optimization problem (4.57) becomes a convex quadratic

programming (QP) problem with a unique solution ũ∗ = [u∗
k;u

∗
k+1; ...;u

∗
k+Np

]. Only the first input

u∗
k will be applied to the aircraft and finally the optimization is repeated at the next time instant

k + 1 with a shifted horizon forward. It is noted that at each time step k, the state xk along with

environment signal w̃g (a preview of gust information) are used to calculate the control u∗
k, hence the

procedure is a form of feedback control.

4.3.1 Stability of MPC

Unlike infinite-horizon linear quadratic optimal control problem (LQR), the finite horizon MPC is

not always asymptotically stable. The stability of finite-horizon MPC problems have been extensively

studied, and the techniques to ensure the stability of these systems are stated in the following lemma.

Lemma 4.3.1 A linear quadratic MPC is stable if and only if

1. the pair (A,B) is stabilizable,

2. the pair (A,Q1/2) is observable, and

3. the cost function satisfies the cost monotonicity condition i.e. J(ũ∗,xk, w̃g, N+1) ≤ J(ũ∗,xk, w̃g, N).

Proof. See [96,97]. �

Lemma 4.3.2 The cost monotonicity condition can be guaranteed using terminal weighting while the
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Figure 4.12: (a) MPC with nose measurement, (b) MPC with LIDAR system

penalty function satisfies

Qf ≥ Q+KTRK + (A−BK)TQf (A−BK) for some K ∈ Rm×n, (4.58)

where m and n are dimensions of state and control vector respectively.

Proof. See [98]. �

For our application, the stability of MPC can be guaranteed by picking the terminal weighting Qf

according to (4.58) while K is chosen to be the LQR gain.

4.4 The Improved MPC for GLA

In this section, we introduce two methods to improve the performance of the GLA system. Since the

GLA controller deals with very fast dynamics, we can refine the prediction process by the enhanced

sensing capability via the preview of gust information. The other form of improvement comes from

the actuation side, where the flap-array is introduced to help reducing the effects of gust onto the

different vibration modes.
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Figure 4.13: Block Diagram of the MPC with nose measurement.

4.4.1 MPC with Preview Gust Information

It is shown that the MPC formulation in (4.51) or (4.57) allows us to include the preview of gust infor-

mation w̃g = [wgk ;wgk+1
; ...;wgk+Np

] to help predicting the future states and counteract disturbances

before they arrive at the aircraft. We consider two MPC scenarios as follows:

Aircraft with Nose Gust Sensor Measurement

The gust is measured and stored at the current time step k while the gust in front of the aircraft nose

is still unknown and assume to be zero. In this scenario, the preview gust sequence that enters the

aircraft will have the form w̃g = [wgk ;wgk+1
; ...;wgk+Nb

; 0; ...; 0] where Nb is the number of time steps

the gust takes to travel from the nose to the location where it affects the aircraft dynamics (4.41). For

the GTA, this is the number of steps the gust takes to travel from the nose to the CG. Figure 4.12a

depicts the MPC with nose measurement. The block diagram of this method is shown in Figure 4.13.

Aircraft with Gust Measurement via LIDAR

Light Detection And Ranging (LIDAR) system allows us to acquire gust speed information ahead of

the aircraft nose. We choose the look-ahead distance for GTA with LIDAR to be 67.5 meters. The

prediction horizon Np is also defined such that over the whole horizon, the gust shape is known. This

means that the vector w̃g contains the accurate gust information from wgk to wgk+Np
. Figure 4.12b

demonstrates the predicted gust measurement for MPC with the LIDAR system. The block diagram

of this method is shown in Figure 4.14.
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Figure 4.14: Block Diagram of the MPC with LIDAR.

4.4.2 Flap-Array

The goal of the GLA system is to reduce the load that the aircraft structure is subjected to in

flight. The most critical load station is the wing root because the wing mass is susceptible to it. As

mentioned in Section 4.2.3, the peak and fatigue loads can be expressed in forms of L∞ and L2 norms,

respectively, e.g., ∥WRb(t)∥∞ or ∥WRb(t)∥2. In discrete time domain approach such as MPC, the

reductions of these terms reflect in the cost function J(ũ∗,xk, w̃g) while we try to minimize the output

sequence ∥ỹ(t)∥2 over the prediction horizon. It is then possible to reduce the wing load further by

adding flexibility to the wing controls. This maybe done by adding “flap-array” to the wing control

surfaces. A flap-array composes of small trailing edge flaps throughout the entire span of the wing as

depicted in Figure 4.15. It can be used in conjunction with distributed spoilers where we similarly

divided them evenly throughout the wingspan. This opens up the opportunity to alter the wing lift

and drag distributions more delicately. For the GTA, we first choose to add five separate flaps that

span evenly from the wing root to the location of the aileron. Each of these flaps takes 10% of the

wing chord. Both set of spoilers are also divided into two pieces for the total of four spoilers per each

wing.

The introduction of new flaps and spoilers will change both rigid body and structural dynamics.

For rigid body, the lift force maybe composed as

L = q∞c̄w

(
CL0 + CLαα+ CLα̇ α̇+ CLuu+ CLqq +

15∑
i=1

CLηi ηi +

15∑
i=1

CLη̇i η̇i + CLδe δe

+

5∑
i=1

CLδfi
δfi +

4∑
i=1

CLδspi
δspi

)
,

where the lift coefficient derivatives with respect to the new flaps and spoilers are derived similarly
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Figure 4.15: Flap-arrays and distributed spoilers

to (4.8), e.g., CLδf3 = CLαw τδf3 . The effects on the drag are also added similarly. For structural

dynamics, the controls can affect the generalized force as

Qi = Qi0 +Qiuu+Qiαα+Qiββ +Qipp+Qiqq +Qirr +
15∑
j=1

Qiηj ηj +
15∑
j=1

Qiη̇j η̇j

+Qiδe δe +Qiδr δr +Qiδa δa +
5∑
j=1

Qiδfj
δfj +

4∑
j=1

Qiδspj
δspj , i = 1, ..., 15,

where the generalized force derivatives with respect to the new flaps and spoilers are derived similarly

to (4.32). It is shown that the effects of the controls on the generalized force depends on the location

of where the surfaces are placed. Each flap deflection contributes to the generalized force excitation to

various modes differently. At each time step, the MCP will solve for the control commands to which

the combined generalized forces yielding the minimal loads.

This alteration of the aircraft model changes the state space representation from (A,B,Bw, C,D,Dw)

to (A,Bnew, Bw, C,D
new, Dw) while the new control vector is

unew = [δe δa δr δT δf1 δf2 δf3 δf4 δf5 δsp1 δsp2 δsp3 δsp4]
T . (4.59)

Similar to (4.53), Bnew, Dnew, and unew lead to the new state sequence vector

x̃new = C̃newũnew + D̃1xk + D̃2w̃g, (4.60)

where C̃new is expressed similarly to (4.54) with the substitution of B with Bnew and D with Dnew.
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The preceding constraint is also altered where Ẽnew, Ĕnew, F̃ new, F̆ new have the similar formulation

as (4.56) with the appropriate size of the identity matrix I and control constraints unew
min , u

new
max, ∆unew

min ,

and ∆unew
max. The deflection limits for flap-arrays are chosen to be ±15 degrees whereas deflection rate

limits are 75 rad/sec. The updated MPC at time step k can be then be written as

min
ũnew

J(ũnew,xk, w̃g) = ũnewT [C̃newT Q̃C̃new + R̃new]ũnew + 2[xTk D̃
T
1 + w̃T

g D̃
T
2 ]Q̃C̃

newũnew, (4.61)

subject to

Ẽnewũnew ≤ F̃ new,

where R̃new = diag[Rnew, Rnew, ..., Rnew] is the new control weighting matrix that includes the flap-

arrays and additional spoilers.

4.5 Simulation Results

We now apply the model predictive controller (4.51) to the linearized flexible GTA model developed

in Section 4.1.8. The model parameters are given in table 4.1 and the corresponding longitudinal state

space representation is given in Appendix B. The control limitations for the elevator and flap (or the

aileron deflects in the same direction) are chosen to be ±30 degrees. The spoiler has deflection range

from 0 to 30 degree. The deflection rate for spoiler and flap are chosen to be 75 rad/sec while the

deflection rate for elevator is 60 rad/sec. The throttle setting will not be utilized for GLA design thus

the second column of Blong and Dlong will be eliminated. The output weighting matrix Q has the

structure

Q = Qtrim + CTloadQloadCload (4.62)

where

Qtrim = diag[Qu, Qα, Qθ, Qq, Qh], and (4.63)

Qload = diag[QWRb, QWRt, QMWb, QMWt, QTb, QTt],
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Figure 4.16: From top to bottom: the vertical acceleration, angle of attack, and speed responses
to the discrete up-gust comparing the case without GLA, the LQR controller, the MPC with nose
measurement, and the MPC with LIDAR.

where we choose the state weighting to be Qu = Qα = Qθ = Qq = Qh = 105, and the load weighting

to be QWRb = QWRt = QMWb = QMWt = QTb = QTt = 0.1. The state and the load weighting are

different in scale because the matrix Cload contains large numbers. The control weighting R also has

the form

R = diag[Rδe , Rδf , Rδsp1 , Rδsp1 ], (4.64)

and we choose R = 1.6(104)I4. In order to guarantee the stability of MPC method, we pick the

terminal weighting Qf according to (4.58) by choosing K to be an LQR gain.

We will explore the GLA responses to two different gust types required by the airworthiness

regulation CS − 25 [84] as described in Section 4.2.1. For discrete gust we will look into “up” gust
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Figure 4.17: The wing root bending moment response to the discrete up-gust comparing the case
without GLA, the LQR controller, the MPC with nose measurement, and the MPC with LIDAR.
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Figure 4.18: From top to bottom: the elevator, aileron, spoiler set 1, and spoiler set 2 responses to
the discrete up-gust comparing the case with LQR controller, the MPC with nose measurement, and
the MPC with LIDAR.
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Figure 4.19: From top to bottom: the vertical acceleration, angle of attack, and speed responses to
the discrete down-gust comparing the case without GLA, the LQR controller, the MPC with nose
measurement, and the MPC with LIDAR.
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Figure 4.20: The wing root bending moment response to the discrete down-gust comparing the case
without GLA, the LQR controller, the MPC with nose measurement, and the MPC with LIDAR.
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Figure 4.21: From top to bottom: the elevator, aileron, spoiler set 1, and spoiler set 2 responses to
the discrete down-gust comparing the case with LQR controller, the MPC with nose measurement,
and the MPC with LIDAR.

as well as “down” gust, then we will proceed to see the continuous gust responses.

Figures 4.16-4.18 show the results of the GTA flying through a discrete up-vertical gust (4.45)

with gust length Lg = 0.34 sec and amplitude w̄g = 18 ft/sec. The plots compare the case when no

GLA is applied, the LQR controller, the MPC with nose measurement, and the MPC with LIDAR.

In LQR controller here, we impose the control constraints after the control of each step is computed.

In order to generalize the gust response characteristic to that of the larger aircraft, the time scale for

these plots are normalized by the period of the first structural bending mode. The look-ahead for

LIDAR is set to be 90 feet. Figure 4.16 shows the time history of the vertical acceleration, the angle of

attack, and the forward speed. The dot-dash line in the second plot indicates the gust angle of attack

while the effective angle of attack αeff is the difference between the dot-dash line and other lines.

Figure 4.17 shows the bending moment at wing root. It is shown that the LQR controller reduces
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Figure 4.22: (a) flap-array set 1, (b) flap-array set 2 (dimension in feet).
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Figure 4.23: From top to bottom: the vertical acceleration, angle of attack, and speed responses to
the discrete up-gust comparing the case without GLA, the MPC with LIDAR and flap-array set 1,
and the MPC with LIDAR and flap-array set 2.

the peak load from 7400 lb-ft to 5500 lb-ft, the MPC with nose measurement reduces to 2700 lb-ft,

and the MPC with LIDAR reduces to 2000 lb-ft. Figure 4.18 compares the elevator, aileron, spoiler
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Figure 4.24: The wing root bending moment response to the discrete up-gust comparing the case
without GLA, the MPC with LIDAR and flap-array set 1, and the MPC with LIDAR and flap-array
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Figure 4.25: The elevator, flap-array, and spoiler responses to the discrete up-gust for the MPC case
with LIDAR and flap-array set 1.
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Figure 4.26: The elevator, flap-array, and spoiler responses to the discrete up-gust for the MPC case
with LIDAR and flap-array set 2.

set 1 and spoiler set 2 deflections. It is shown that when the gust hits in the upward direction, it

increases the effective angle of attack and hence product more lift. The GLA controller responds with

the spoiler and aileron deflections to kill the extra lift directly. The elevator is deflected to the positive

(down) direction to create a positive pitch moment to compensate the effects from the gust and wing

control responses. It is noticed that the LQR controller responds mildly while the MPC with nose

measurement gives enough response to reduce the wing bending load. For the MPC with LIDAR,

both spoiler and elevator are deflected before the gust actually reaches the aircraft at t/τ = 1. This

is because the preview gust information is applied. It is noted from the third plot of Figure 4.16 that

the forward speed is dropped due to the application of spoilers. The speed can not be maintained by

increasing the weight Qu. This is because the throttle is not a part of the GLA controller. In practice,

the speed control will be run in parallel to the GLA controller, but with different time scale.

Figures 4.19-4.21 depict the responses due to the discrete down-gust comparing the case with no
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Figure 4.27: From top to bottom: the vertical acceleration, angle of attack, and speed responses to
the discrete down-gust comparing the case without GLA, the MPC with LIDAR and flap-array set 1,
and the MPC with LIDAR and flap-array set 2.

GLA, the LQR controller, the MPC with nose measurement, and the MPC with LIDAR. Figure 4.19

shows the time history of the vertical acceleration, the angle of attack, and the forward speed, Fig-

ure 4.20 shows the bending moment at wing root, and Figure 4.21 compares the elevator, aileron,

spoiler set 1 and spoiler set 2 deflections. We notice that in this case when the gust hit downward,

it decreases the effective angle of attack. The GLA controller tries to gain the lift back by pitching

the aircraft up with elevator and applying the aileron deflection to increase lift. For the MPC with

LIDAR case, the elevator is deflected long before the gust arrives in order to prepare extra lift before

the gust comes to kill it. The spoilers are applied mildly after the gust exits. This is done in response

to the excessive lift from the GLA maneuver. The speed drops for this case are less than the up-gust

due to the smaller spoiler deflections. The load alleviation results are quite similar to the case with

up-gust. The MPC with LIDAR gives the best result.
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Figure 4.28: The wing root bending moment response to the discrete down-gust comparing the case
without GLA, the MPC with LIDAR and flap-array set 1, and the MPC with LIDAR and flap-array
set 2.
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Figure 4.29: The elevator, flap-array, and spoiler responses to the discrete down-gust for the MPC
case with LIDAR and flap-array set 1.
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Figure 4.30: The elevator, flap-array, and spoiler responses to the discrete down-gust for the MPC
case with LIDAR and flap-array set 2.

Next, we proceed to explore the GLA enhancement with the introduction of a flap-array. Fig-

ure 4.22 defines two sets of flap-array placements that will be simulated in the following. The flap-

array set 1 composes of four flaps and four spoilers that span evenly up to the location of the aileron.

The aileron is notified as flap number five. In flap-array set 2, the trailing edge flap is divided into

nine small flaps whereas aileron is divided in the three pieces: inboard, center, and outboard.

Figures 4.23-4.26 show the simulation results of the GTA flying through a discrete up-vertical gust.

The plots compare the cases of the MPC with LIDAR on original GTA, the one with flap-array set

1, and the one with flap-array set 2. It is shown in Figure 4.24 that the flap-array set 1 and 2 can

reduce the bending moment to 1000 lb-ft and 810 lb-ft, respectively. We notice that the controller

commands the aileron (flap number five from the second plots of Figure 4.25) or the outermost aileron

(flap number twelve from the second plots of Figure 4.26) to deflect the largest among all other flaps

in order to reduce the wing bending moment of the first mode. However, all other flaps deflections
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have significant contribution in the overall load reduction. The flaps closer to the wing root can help

reducing the load corresponding to the mode shape with high wing root movement. These surfaces

are not available on GTA before the introduction of flap-array.

Figures 4.27-4.30 depict the responses due to the discrete down-gust comparing the case of MPC

with LIDAR on original GTA, the one with flap-array set 1, and the one with flap-array set 2. The

analysis of the simulation results are similar to that of the up-gust where the case with more refined

flap-array (set 2) gives the best load reduction.

Table 4.2: Percentage of the peak load value relative to that of the uncontrolled (no GLA) case for
discrete down-gust

GLA Type: LQR MPC/nose MPC/LIDAR Flap-array1 Flap-array2

Angle of attack α 117% 171% 192% 232% 241%

nzCG 121% 123% 134% 136% 137%

Wing Root Bending 74% 36.5% 27% 13% 11%

Wing Root Torsion 73% 32.2% 22.7% 10% 7.3%

Mid Wing Bending 75% 35.3% 22.2% 11.67% 9.72%

Mid Wing Torsion 75% 34.67% 25% 11.67% 8.67%

Tail Root Bending 61% 20% 25.56% 23.33% 28.8%

Tail Root Torsion 61.3% 20.67% 25.67% 22.67% 28.67%

In Table 4.2, we compare the alleviation factor by look at the percentage of the peak value to

that of the uncontrolled (no GLA) case for the discrete down-gust case. This is the L∞ norm of

GLA method divide by L∞ norm of the uncontrolled case. We can see that the LQR controller, the

MPC with nose measurement, the MPC with LIDAR, the MPC with flap-array 1, and the MPC with

flap-array 2 reduce the wing root bending to 74%, 36.5%, 27%, 13%, and 11%, respectively. For the

wing root and mid wing station, the loads are reduced by around 90% when the flap-array is used.

The loads at the tail root remain around the same among all cases because no alteration is made to

the tail control surface. The angle of attack and vertical acceleration are increased due to the load

alleviation maneuver. However, this is not necessarily critical, as long as it can be covered by the

envelope values. For example, the angle of attack only changes by less than two degree at the peak.

The other type of gust to be explored is the continuous turbulence. The continuous gust is defined

in the airworthiness regulations CS -25 [84] and can be modeled using Dryden spectrum as discussed

in § 4.2.1. Since the MPC is the discrete time control method, the simulation is done by generating

107



0 5 10 15
−100

−50

0

50

100

n zC
G

 (
ft/

se
c2 )

time/τ

0 5 10 15
−6

−4

−2

0

2

4

α 
(d

eg
re

e)

time/τ

 

 

0 5 10 15
−3

−2

−1

0

1

u 
(f

t/s
ec

)

time/τ

MPC nose
MPC LIDAR
MPC LIDAR Flap−array1
MPC LIDAR Flap−array2
LQR
No control
α

wind

Figure 4.31: From top to bottom: the vertical acceleration, angle of attack, and speed responses
to the continuous gust comparing the case without GLA, the LQR controller, the MPC with nose
measurement, the MPC with LIDAR and flap-array set 1, and the MPC with LIDAR and flap-array
set 2.

a sample of continuous gust speeds. Despite the stochastic nature of the sample, we perform our

analysis in the time domain.

Figures 4.31-4.35 show the simulation results of the GTA flying through a continuous vertical gust

(4.46) with w̄g = 18 ft/sec and L = 1 sec. The plots compare the case when no GLA is applied, the

LQR controller, the MPC with nose measurement, the MPC with LIDAR, the MPC with LIDAR and

flap-array set 1, and the MPC with LIDAR and flap-array set 2. Figure 4.31 shows the time history

of the vertical acceleration, angle of attack, and forward speed. The dot-dash line indicates the angle

of attack of the gust. It is shown that at some time instant, the vertical acceleration and the angle of

attack from MPC may exceed the uncontrolled case but they are not critical. Figure 4.32 shows the
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Figure 4.32: The wing root bending moment due to the continuous gust comparing the case without
GLA, the LQR controller, the MPC with nose measurement, the MPC with LIDAR and flap-array
set 1, and the MPC with LIDAR and flap-array set 2.
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Figure 4.33: The elevator, aileron, spoiler set 1, and spoiler set 2 responses to the continuous gust
comparing the case of LQR controller, the MPC with nose measurement, and the MPC with LIDAR.
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Figure 4.34: The elevator, flap-array, and spoiler responses to the continuous gust for the MPC with
LIDAR and flap-array set 1.

0 5 10 15
−1.5

−1

−0.5

0

0.5

1

δ e (
de

gr
ee

)

time/τ

0 5 10 15
−5

0

5

10

δ fi (
de

gr
ee

)

time/τ

0 5 10 15
0

1

2

3

δ sp
i (

de
gr

ee
)

time/τ

 

 
Spoiler1
Spoiler2
Spoiler3
Spoiler4

Figure 4.35: The elevator, flap-array, and spoiler responses to the continuous gust for the MPC with
LIDAR and flap-array set 2.
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Figure 4.36: The control deflections power spectral density for the MPC with nose measurement, the
MPC with LIDAR, and the MPC with LIDAR and flap-array.

bending moment at wing root for all of the GLA methods in this chapter. The LQR controller merely

reduces the load at some peaks in this case while all of the MPC controllers yield much better results.

The mode refined flap-array (set 2) yield the best load reduction at peaks. Figure 4.33 compares the

control surface deflections for the LQR controller, the MPC with nose measurement, and the MPC

with LIDAR. Figure 4.34 and 4.35 depict the deflections of elevator, flap-array and distributed spoilers

for the MPC with LIDAR and flap-array set 1 and 2, respectively. Finally, Figure 4.36 depicts the

power spectral density of the control deflection signals for each MPC case proposed in this chapter.

We see that the controllers of these methods mostly activate GLA at lower frequency under 10 Hz

and will not interfere with flutter frequency range.

4.6 Remarks

In this chapter, a full six-degrees-of-freedom rigid body and structural dynamics for the generic trans-

port aircraft (GTA) has been developed. The developed equations of motion can effectively integrate

large rigid body motion with structural deflections. The model predictive control (MPC) framework
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is introduced to address the GLA for a flexible aircraft. The method allows us to use linearized

model about the steady trimmed flight and directly consider the load in the cost function. Being a

time-domain approach, MPC can avoid the hidden peaks of load signals that the frequency-domain

methods such as H∞ control can not capture. The stability of the method can be guaranteed by

picking the right terminal weighting matrix. The key advantages of using MPC for GLA systems as

opposed to other time-domain methods are the possibility to include preview gust information into

the aircraft dynamics as well as the the direct consideration of state, control, and output constraints.

We improved the GLA performance by adding sensing capability with the preview of the future

gust information. This updated MPC has better prediction accuracy and thus yields the significant

load reduction. In contrary, the GLA can be improved with better actuation systems. With the

introduction of the flap-array, the GLA controller is able to reduce the wing load from the different

bending modes more efficiently. The location, size, and number of flap-array also play important roles

in the load reduction as demonstrated in the simulations.
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Chapter 5

Conclusion Remarks and Future

Directions

This dissertation aimed to develop control platforms that deal with three types of environmental flight

uncertainties. We explored the scenarios when an aircraft flies through areas with complex terrain,

flies in coordination with other vehicles, and flies through the rough air. A deconfliction algorithm

is necessary when UAVs operate in close proximity of each other. A network establishment method

is required when relative distances between UAVs fall over the communication range threshold. And

finally, a gust load alleviation system is needed when UAVs or other aerial vehicles fly through the

turbulence. In this chapter, we mention the concluding remarks, open problems, and future directions.

5.1 Concluding Remarks

In the first part, we provide an approach for the problem when a UAV flies through uncertain envi-

ronments that contain both stationary and moving obstacles. We develope a deconfliction algorithm

that guarantees collision avoidance between a pair of constant speed unicycle-type UAVs as well as

convergence to the desired destination for each UAV in presence of static obstacles. The proposed

navigation function has been judiciously landscaped by adjusting the swirling effect such that the

vehicles operate within their turn rate limitations. The collision avoidance analysis has been per-

formed both for the case where the swirling effect is dominant, as well as for the scenario when it
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is combined with the navigation function. Finally, the performance of the algorithm has then been

validated with respect to key algorithmic parameters and the mission specific restrictions such as turn

rate limitations, constant UAV velocities, and the desire to stay close to the nominal trajectories.

In the second part, the communication uncertainty among the proximity network of cooperative

UAVs has been examined. We provide two approaches to establish and maintain the connectivity of

UAV networks throughout their entire missions. Optimization and nonlinear programming methods

are used to determine the shortest trajectories that bring the UAVs to a connected formation where

they are in the range of detection of one another and oriented in the same direction to maintain their

connectivity. The control law and path synthesis are derived using necessary conditions by Pontryagin

minimum principle. The algorithm for finding the optimal solution for the fixed final network topology

is first given, followed by a nonlinear programming method in which the final connected configuration

corresponding with the optimal paths emerges from the optimization routine. The first method

provides the exact global minimal solution but the computational time gets prohibitive due to the

exhaustive search among many optimal candidates. This is not suitable for applying to more than

five vehicles. On the other hand, the nonlinear programming method may give a suboptimal solution

but it is more suitable for large UAV networks.

In the last part, we focus our research on the uncertainty due to wind gusts. The introduction of

an appropriate control scheme to actively alleviate the gust loads can result into weight saving and

lower the fuel cost. Gust alleviation systems are dependent on how the structural flexibility of the

aircraft affects its dynamics. We thus developed a full six-degrees-of-freedom flexible model for the

generic transport aircraft. These equations of motion can effectively integrate large rigid body motion

with structural deflections. A model predictive control (MPC) technique is chosen to address the load

alleviation for a flexible aircraft. This method allows us to use linearized model about the steady

trimmed flight and directly consider the load in the cost function. The key advantages for using MPC

as oppose to other time-domain approaches are the possibility of including preview gust information

into the aircraft dynamics as well as the the direct consideration of state, control, and output con-

straints. The stability of MPC can be guaranteed by selecting the appropriate final cost weighting

matrix. We demonstrated via simulations that MPC with the preview of look-ahead gust information

has better prediction accuracy and thus yields a better load alleviation performance. Finally, we

modified the aircraft by adding flap-arrays and corresponding distributed spoilers. Flap-arrays are

the new control surfaces that have not been included in conventional aircraft. The simulations shows
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Figure 5.1: (a) the original navigation function in our work, (b) both potential and swirling function
are adjusted by the velocity vector of the moving obstacles, and (c) the adjusted protected zone in
3D.

that for both discrete and continuous gust, the MPC with flap-array can reduce the wing bending

moment better than the original aircraft. This is due to the availability of control surfaces closer to

the wing roots.

5.2 Future Directions and Open problems

In this section, we discuss the open problems and potential future directions for the three types

of flight uncertainty managements presented in this dissertation: UAV deconfliction, UAV network

acquisition, and gust load alleviation for flexible aircraft.

For UAV deconfliction, we assume to have the ability to detect the locations and velocity of

the moving obstacles within the detection range. However, only the location are taken into the

consideration to build the potential function and swirling function while the velocity information

are used to calculate the safety angle in order to reduce the swirling effect. It is possible that the

performance of the algorithm maybe improved if the velocity information of the sensed obstacles can

be included in the potential and swirling function construction processes. This is analogous to having a
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Figure 5.2: (a) optimal dispersion, (b) optimal dispersion when final orientations are not specified.

preview of future information similar to the method in Section 4.3. The protected zone that defines the

safety for collision avoidance may also be adjusted similarly. The idea is depicted in Figure 5.1. The

protected zone can become convex that has a parabolic shape on the direction that vehicle flies to while

has a sphere shape on the opposite side. The potential function can be created based on these shapes.

The swirling vector field can have the similar shape but in two dimensions. The second extension to

this work involves allowing UAV speed to vary between its stall and maximum speed. This can give

more flexibility to the controller. In the current setting, we only use the direction of the gradient

of the navigation function in conjunction with the swirling effect and give it as a command desired

heading. If the UAV velocity is allowed to change, we can then include the magnitude information of

the gradients as a desired velocity profile. This can possibly give faster and more efficient avoidance

response. Another extension is to formulate the proof for collision avoidance when n vehicles are in the

range of detection at the same time and superposition of swirling effect are applied. We demonstrated

this by simulation but did not provide the required mathematical analysis. Other extensions for UAV

deconfliction include the derivation of higher fidelity models for UAVs that include drift or dynamic

coupling terms. Path-length estimating the distances to the goal point can also be added in order

to minimize the effect of the deconfliction maneuver on the time of arrival at a particular way point.

Finally, the robust performance of the proposed deconfliction algorithm should be examined as it is

the significant measure for actual multiple UAV missions.

For UAV optimal path planning, there are several possible extensions of this work. First, the

assumption that the initial locations of the UAVs form a convex polygon should be relaxed. This may
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Figure 5.3: The wing flap-array on the larger airplane (Boeing 777-9X), noted that the spoilers
distribution is similar to the one presented in Chapter 4.

require a set of commands that allow some vehicles to loiter while other vehicles arrive into the area

of interest. Same set of control laws and path synthesis still can apply. One possible extension is to

apply the algorithm in the opposite direction, instead of bringing the UAVs into connection, we can

disperse the formation to the specified area with the minimum time as shown in Figure 5.2a. The

UAVs may not be required to head into the certain direction upon arrival at the dispersed location,

hence their optimal paths are only composed of two segments. The idea is shown in Figure 5.2b. The

other extension involves allowing the UAV speed to vary between stall and maximum speeds with

some vehicle traveling faster than others if necessary. This could give more flexibility for the problem

and open the opportunity to specify the location where the UAVs acquire a connected network. In

addition, this setup provides the possibility of developing an algorithm that not only brings the

UAVs to a connected network, but also forms a desired formation shape. On other extension is to

explore the design of the graph topology to determine the best prescribed formation that has the

minimum connecting path-length. Finally, we can consider the scenario that combine the optimal

path-planning for network connectivity, maintaining the formation, optimal network dispersion as

well as UAV deconfliction.

For the work of gust load alleviation (GLA), the generic transport aircraft (GTA) model was

developed based on the vehicle description in the ZAERO user’s manual [80] that provide the finite
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element model for the structural dynamics. This is the aircraft with the same size and configuration

to the turbo-prop ATR-42 or Bombardier Dash-8-100. It is sufficient to demonstrate various control

designs for GLA as well as to be modified with the addition of flap-array. However, the structural

flexibility and the interaction between the rigid body and flexible body are increased with respect to

the size of the aircraft. The separation of structural frequencies for GTA are wide enough that the

model may not provide control-structure interaction that is of interest in the future research objectives.

Today, the wingspan of the Airbus A380, which entered into service in 2007, is over twice the

distance (79.75 meters) to that of the comet (35 meters) in 1952. The increase in size and weight

has brought a unique set of aeroelastic and handling quality issues. Currently, control law usually

includes roll-off or notch filters to avoid aeroelastic/aeroservoelastic interactions. Our future research

interest on this topic lies upon the large interaction between the control commands, structural modes,

and rigid body dynamics. It is thus necessary to develop the GLA system for large flexible aircraft.

The extension of this work is to develop the structural and aerodynamic model for the aircraft with

the similar size as Boeing 777-9X. Many similar approaches can still be used such as stick-and-beam

model for the wings and fuselage. Figure 5.3 depicts the flap-array and spoilers distribution for GLA

on larger swept wing. The goal is to bring the first structural mode frequency down from 5.6Hz for

the GTA to a value between 1 and 2Hz for the large transport aircraft. The notch filters could become

ineffective. There should be 20 to 30 modes below 10Hz on an aircraft like the Boeing 777. Separation

of structural modes should not be large so that we can capture the possible behavior of control energy

leaking into nearby modes. The model should also include sufficient details to ensure that the control

law does not excite instabilities in either rigid body or structural dynamics such as flutter. Satisfying

this requirements may mean including structural modes of much higher frequency in the structural

analysis and control synthesis than typically considered.
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Appendix A

Proof of Proposition 3.2: The Hessian of Vi(q) is:

∇2
qiVi(q) =

[
(Γi(q)

k + βi(q))
[
k∇qiβi(q)∇qiΓi(q)

T −∇qiΓi(q)∇qiβi(q)
T + kβi(q)∇2

qiΓi(q)− Γi(q)∇2
qiβi(q)

]
−(

1

k
+ 1) [kβi(q)∇qiΓi(q)− Γi(q)∇qiβi(q)]

[
kΓk−1

i ∇qiΓi(q) +∇qiβi(q)
]T]

/
[
k(Γi(q)

k + βi(q))
1/k+2

]
.

(5.1)

When ∇qiΓi(q) = 0 and ∇qiβi(q) = 0, the Hessian becomes

∇2
qiV (q) =

kβi∇2
qiΓi(q)− Γi(q)∇2

qiβi(q)

k(Γi(q)k + βi(q))1/k+1
. (5.2)

From (2.7), let q̃ =
(

∥qi−qdi∥
rp

)
and we have

∇qiΓi(q) =



2(qi − qdi) +Kp∇qid
2
i when ∥qi − qdi∥ ≥ rp,

2(qi − qdi) +Kp

[
f(q̃)∇qid

2
i

+ f ′(q̃)
d2i (qi−qdi )

rp∥qi−qdi∥

]
when ∥qi − qdi∥ < rp,
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and

∇2
qiΓi(q) =



2I+KpTdiag(2, 2, 0)T
−1 when ∥qi − qdi∥ ≥ rp,

2I+Kp

[
β(q̃)Tdiag(2, 2, 0)T−1 +

(
f ′(q̃)d2i

rp∥qi−qdi∥

)
I

+f ′(q̃)
(

(∇qi
d2i )(qi−qdi )

T+(qi−qdi )(∇qi
d2i )

T

rp∥qi−qdi∥

)
+
(
f ′′(q̃)
r2p

− f ′(q̃)
rp∥qi−qdi∥

)
d2i

(
qi−qdi

∥qi−qdi∥

)(
qi−qdi

∥qi−qdi∥

)T]

when ∥qi − qdi∥ < rp,

where I is the identity matrix in R3×3, T is a coordinate transformation matrix that transforms a

unit vector in the z-axis to the vector qdi − qoi , and f
′ and f ′′ are the first and second derivatives

of the function f defined in (2.12), respectively. Let q̂ be a unit vector along the vector difference

qi − qdi and ξ be the angle between qi − qdi and qoi − qdi ; then ∇2
qiΓi(q) becomes

∇2
qiΓi(q) =



2I+KpTdiag(2, 2, 0)T
−1 when ∥qi − qdi∥ ≥ rp,

2I+Kp

[
β(q̃)Tdiag(2, 2, 0)T−1

+ f ′(q̃)
rp

(
di sin ξI + (∇qid

2
i )q̂

T + q̂(∇qid
2
i )
T
)

+
(
f ′′(q̃)d2i
r2p

− f ′(q̃)di sin ξ
rp

)
q̂q̂T

]
when ∥qi − qdi∥ < rp.

When the i-th vehicle reaches its destination that is also far from all other vehicles, we also have

Γi(q) = 0, βi(q) = 1, and ∇2
qiβi(q) = 0 simplifies (5.2) to ∇2

qiVi(q) = ∇2
qiΓi(q).

Now, by examining the above equation for the case when ∥qi−qdi∥ = 0 < rp, we have β(q̃ = 0) = 0,

di = 0, and the high order polynomial are chosen such that f ′(0) = f ′′(0) = 0 for the potential function

to be twice differentiable throughout the configuration space. Hence, ∇2
qiVi(qi) evaluated at qdi equals

to 2I (positive definite) and hence, the equilibrium point is a minimum. �
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Appendix B

Linear Longitudinal Dynamics

ẋlong = Alongxlong +Blongulong +Bwlong
wglong

ylong = Clongxlong +Dlongulong +Dwlong
wglong

where

xlong = [u α θ q h η1 η̇1 η4 η̇4 η5 η̇5 η9 η̇9 η10 η̇10 η12 η̇12 η14 η̇14]
′,

ylong = [u α θ q h nzCP nzCG nzTail
WRb WRt MWb MWt TRb TRt]

′,

ulong = [δe δf δT δsp1 δsp2]
′,

wglong = [ug αg α̇g]
′.
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Along =



−0.0095 29.41 −32.15 −17.15 0 −0.002 −8.4e−5 0.0067 −3.4e−6 0.014 −7.3e−5 0.048 1.29e−5 −0.043 1.37e−5 −0.0015 1.45e−5 0.0029 3.77e−5

−1.9e−6 −1.392 0.0028 0.96 0 1.36e−4 4.74e−6 −3.81e−4 1.93e−7 −7.88e−4 4.12e−6 2.7e−4 7.29e−7 0.0024 −7.72e−7 8.3e−5 −8.21e−7 −1.64e−4 −2.13e−6

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

8.67e−5 −1.167 2.65e−4 −0.303 0 −9.21e−5 −1.73e−6 −0.003 9.36e−7 2.97e−4 −9.9e−7 −4.89e−5 3.48e−6 −8.99e−4 −2.02e−7 2.58e−4 −1.06e−5 −3.55e−5 −3.83e−8

0.0393 −449.3 450 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

0 1007.1 0 2.38 0 −1250.98 −14.15 −0.031 1.1e−4 1.027 −0.0062 −0.418 −3.67e−4 −3.01 0.001 −0.0073 −7.85e−6 −0.333 1.07e−4

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

0 33.94 0 −2.55 0 0.002 1.1e−4 −3816.54 −24.71 −0.006 7.33e−5 0.005 4.79e−5 0.012 −8.2e−6 −0.012 2.93e−5 0.025 1.16e−4

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0

0 874 0 0.318 0 −0.159 −0.0062 −5.89e−4 7.21e−5 −6563.8 −32.41 −0.34 −2.14e−4 −2.5 9.02e−4 −0.012 3.56e−5 −0.237 2.85e−4

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0

0 −214.07 0 −2.94 0 0.0028 −3.88e−4 0.056 7.25e−5 −0.045 −2.13e−4 −20805 −57.697 0.189 1.013e−5 0.035 5.24e−5 −0.29 −0.0016

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

0 −157.01 0 0.321 0 0.029 0.001 −0.0066 −1.14e−5 −0.156 9.02e−4 0.059 1.19e−5 −22122.5 −59.495 −0.0042 −1.51e−5 0.018 −2.07e−4

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0

0 −53.01 0 20.88 0 −0.012 −3.73e−5 −0.42 −9.69e−7 −0.055 −2.55e−5 −0.0011 7.29e−4 −0.19 −1.35e−5 −27906.7 −66.823 0.104 5.75e−4

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

0 −454.62 0 1.985 0 0.024 9e5 −0.047 1.12e−4 −0.212 2.73e−4 −0.012 −0.0015 0.72 −0.0002 0.058 3.51e−4 −35780.6 −75.67


B′

long =


4.067 −0.2032 0 −1.79 0 0 −22.49 0 21.86 0 −4.41 0 25.71 0 −2.47 0 −179.68 0 −16.22

9.75e−4 −1.5e−23 0 1.4e−24 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

7.25 −0.62 0 −0.037 0 0 −289.15 0 4.04 0 −235.7 0 −16.72 0 42.61 0 4.77 0 8.67

−68.65 0.6155 0 −0.059 0 0 2.62 0 7.99 0 12.06 0 −59.91 0 2.51 0 16.61 0 −40.01

−68.65 0.616 0 −0.059 0 0 78.6 0 4.9 0 73.22 0 −69.36 0 −18.24 0 27.4 0 −172.72


B′
wlong

=

[
−0.0095 −1.92e−6 0 8.668e−5 0.0393 0 0 0 0 0 0 0 0 0 0 0 0 0 0

29.402 −1.39 0 −1.17 −449.3 0 1007.1 0 33.93 0 874 0 214.07 0 −157 0 −53.01 0 −454.61

−0.075 −0.01 0 0.037 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

]

Clong =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

−2.94e−4 −633.28 1.252 −17.43 0 −0.208 −9.1e−4 −0.304 −6.23e−4 −0.736 −5.21e−5 6.25 0.0167 0.63 −0.0015 −0.155 −0.0009 1.348 0.002

0.0014 −656.35 1.257 −23.39 0 −0.192 −7.5e−4 0.19 0.003 −0.568 7.33e−4 −13.627 −0.0384 3.69 0.0067 3.69 0.008 10.77 0.022

0.0048 −702.13 1.268 −35.33 0 −0.22 0.001 1.054 0.0095 −0.597 0.0005 1.843 0.0047 0.873 −7.7e−4 15.486 0.0359 9.951 0.0202

0 0 0 0 0 60937.4 0 −2.35e5 0 100129.7 0 −5.55e6 0 7.48e5 0 −1.64e6 0 2.21e6 0

0 0 0 0 0 22.35e6 0 −1.19e8 0 3.86e6 0 −1.5e9 0 3.11e8 0 −5.36e8 0 4.66e8 0

0 0 0 0 0 −3323.8 0 16707.2 0 −2647.69 0 261134.8 0 −4.44e4 0 85935.2 0 −93926 0

0 0 0 0 0 55.39e4 0 −2.78e6 0 440071.7 0 −4.35e7 0 7403393 0 −1.43e7 0 1.56e7 0

0 0 0 0 0 102.78 0 −4.0758 0 83.261 0 −20.539 0 −30.3466 0 18.872 0 −216.83 0

0 0 0 0 0 1.71e4 0 −678.3 0 13854.08 0 −3412.34 0 −5048.76 0 3137.75 0 −36062 0


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D′
long =


0 0 0 0 0 −103.132 −138.238 −208.5378 0 0 0 0 0 0

0 0 0 0 0 −6.7e−21 −6.67e−21 −6.61e−21 0 0 0 0 0 0

0 0 0 0 0 −279.47 −280.23 −281.72 0 0 0 0 0 0

0 0 0 0 0 276.4 275.2 272.93 0 0 0 0 0 0

0 0 0 0 0 276.43 275.25 272.98 0 0 0 0 0 0


D′
wlong

=

[
0 0 0 0 0 −2.95e−4 0.0014 0.0048 0 0 0 0 0 0

0 0 0 0 0 −633.285 −656.353 −702.127 0 0 0 0 0 0

0 0 0 0 0 −4.5474 −3.813 −2.3435 0 0 0 0 0 0

]
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