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Kalman smoothing has tremendous importance in a wide range of time series analysis appli-

cations. Classic algorithms use Gaussian assumptions to simplify estimation but optimization

tools can be used to unlock more modeling capabilities.

We develop techniques that allow for efficient robust estimates in the presence of sin-

gular noise. Such models arise frequently in the presence of auto-correlated noise, bias,

and constraint systems. We also consider simultaneous parameter estimation and provide

second-order methods for these problems, even when covariance matrices are singular. This

captures ARMA and many physics based models. We also develop second-order methods

for a general class of convex-composite PLQ functions and use this to solve general robust

nonlinear Kalman smoothing models.

A number of applications are considered that apply the developed methods. In par-

ticular we consider problems in navigation, finance, ADCP current estimation, and flight

testing using a combination of real and synthetic data sets. We also include open source

implementation of our models and share these via GitHub.
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Chapter 1

INTRODUCTION

1.1 State Space Model

This thesis presents ways to combine and extend the Kalman filter/smoother to address

emerging questions using new models and modern optimization techniques. First introduced

in 1960 [82], the Kalman filter has been applied to many time series models in diverse fields

including tracking, navigation, and signal processing [23, 6, 7, 73, 150]. It is a method of

time series analysis built on a linear state space model:

x1 = x0 + w1

xk = Gkxk−1 + wk, k = 2, . . . , N

yk = Hkxk + vk, k = 1, . . . N.

(1.1)

Here x0 is an initial estimate of the state, x1, . . . , xN are unknown latent states with linear

process G1, . . . , GN . y1, . . . , yN are observations with known linear measurement model Hk.

The errors wk and vk we assume to be mutually independent random variables with known

non-singular covariances Qk and Rk. A visualization of this system is shown in Figure 1.1.

Our main concern is to synthesize different types of information available into the state

space model in order to obtain an estimate for the unknown states. More concretely, given

measurements y1, . . . , yN , we want to estimate xk, as well as additional auxiliary parameters.

This breaks into two distinct cases; if k = N this problem is referred to as a filtering

problem (that is using available information up to time k), and if k < N it is referred to as

a smoothing problem (where we are able to use future information). The Kalman filter and

Kalman smoother provide one way of solving these problems. As the smoother is built from

the filter we begin our discussion there.
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X0

Z1 Z2

XN

ZN

hN

X1

h1

X2g1 g2

h2

gN

Figure 1.1: A visual representation of a state space system

1.2 Standard Kalman Algorithms

Here we present the classic Kalman filter and smoother algorithms. We will give a brief

summary and intuition for the derivation but leave a fully detailed explanation to other

sources [7].

1.2.1 The Kalman Filter

The derivation of the Kalman filter is centered on the following fact about jointly Gaussian

distributions: If X and Y are jointly Gaussian with mean and covariancex̄
ȳ

 ,
Σxx Σxy

Σyx Σyy

 .
Then X conditioned on Y = y is also a Gaussian random variable with mean and covariance

x̄+ ΣxyΣ
−1
yy (y − ȳ), Σxx − ΣxyΣ

−1
yy Σyx.

Next we must introduce some notation. Let Yk = {y1, . . . , yk} be all the measurements at

times before and including k. Then let

x̂k/k−1 = E[xk|Yk−1], Σk/k−1 = E[(xk − x̂k/k−1)(xk − x̂k/k−1)T ]
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be the estimates of xk conditioned on measurements before time k along with its covariance.

Next define

x̂k/k = E[xk|Yk], Σk/k = E[(xk − x̂k/k)(xk − x̂k/k)T ]

to be the estimate of state xk updated with information at time k along with its covariance.

Next we make an additional assumption that {vk} and {wk} are independent, mean zero,

Gaussian random variables and that the initial state x0 is a Gaussian random variable with

mean x̄0 and covariance Q0. Repeated application of the above fact then gives the following

equations

x̂k/k = x̂k/k−1 + Σk/k−1Hk

(
HT
k Σk/k−1Hk +Rk

)−1
(yk −HT

k x̂k/k−1)

x̂k+1/k = Gkx̂k/k

Σk/k = Σk/k−1 − Σk/k−1Hk

(
HT
k Σk/k−1Hk +Rk

)−1
HT
k Σk/k−1

Σk+1/k = GkΣk/kG
T
k +GkQkG

T
k

(1.2)

where Gk and Hk are as in equation (1.1). The Kalman filter will be briefly used in the

sequel but most of our work is on extending ideas from the Kalman smoother which we will

now describe.

1.2.2 The Kalman Smoother

The smoothing problem allows us to use future information to obtain an estimate of the

states. Therefore in general we expect a solution to the smoothing problem to be more

accurate but more computationally taxing than a solution to the filtering problem. Before we

proceed we must deal with the ambiguity present in the statement of the smoothing problem.

One could fix j and estimate xj/j+m for all m and observe how additional information changes

our current estimate. Another possibility is an online smoother where the lag time remains

constant and we estimate xk−N/N for fixed N . The question we focus on is referred to as

fixed-interval smoothing, where we imagine we are given a batch of measurement data and

want to use all of it to estimate every state in the given time interval. More concretely, we
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are given measurements {y1, . . . , yN} and we estimate xk/N for all k. We use ‘smoothing

problem’ to refer to fixed interval smoothing.

We now present the equations for the Kalman smoother. The most famous of these con-

sists of two parts: a forward and a backward pass. The forward pass is the traditional Kalman

filter (equation (1.2)), the second is called the Rach-Tung-Striebel (RTS) smoother [124]. The

RTS smoother can be thought of as a backwards pass through the data where information

from the future propagates backwards and updates the filtered estimates. We begin at the

final time point taking the smoothed estimate to be the one already computed by the filter,

then proceed backwards using the following recursive equations:

Γk = Σk/kG
T
k

[
GkΣk/kG

T
k +Qk

]−1
x̂k/N = x̂k/k + Γk

[
x̂k+1/N −Gkx̂k/k

]
Σk/N = Σk/k + Γk

[
Σk+1/N −GkΣk/kG

T
k −Qk

]
ΓTk

(1.3)

where x̂k/k and Σk/k are stored from (1.2).

1.3 An Optimization Perspective

Numerous extensions of the Kalman filter have been proposed such as the unscented Kalman

filter [156], the extended Kalman filter (EKF; see e.g. [34]) and particle filters [65]. The

EKF linearizes nonilnear process and/or measurement functions at the current estimate,

while both particle and unscented filters approximate the statistics of the current state and

propagate these approximations through the nonlinear dynamics.

Our extensions are based on the optimization perspective. This viewpoint allows us to

create extensions that can be efficiently solved using optimization algorithms. For most

extensions, the convenient statistical properties that are inherited from linear models with

Gaussian errors no longer hold. In spite of this, the optimization perspective allows useful

estimates to be efficiently obtained for a range of applications of current interest to practi-

tioners who use state space models.

When models are linear and errors are assumed to be Gaussian, the expected value of the
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state space sequence exactly aligns with the maximum a posteriori estimate, and solves a least

squares problem. Classic algorithms exploit the underlying structure of this problem, and

solve smaller least squares problems sequentially, interpreting these iterations as information

moving forward or backward one step at a time. To view the Kalman smoother as a single

optimization problem we re-derive it as the maximum a posteriori or MAP estimate, given

by max{xk} p ({xk}|YN), where YN is as before and {xk} indicates the entire unknown state

sequence. In the Gaussian case this agrees with the conditional mean estimate used above,

but the MAP estimate makes it much more clear how to extend to non-Gaussian cases.

Along with a change of variables suggested by Aravkin, Burke, and Pillonetto [17], we can

write the Kalman smoother as a single least squares problem.

We begin by using Bayes’ theorem

p ({xk}|YN) =
p (YN |{xk}) p ({xk})

p (YN)

=

∏
k p(yk|xk)

∏
k p(xk+1|xk)

p (YN)
∝
∏
k

p(wk)
∏
k

p(vk).

Under Gaussian assumptions these probability functions can be explcitly written. We then

take a negative log to arrive at the MAP estimate

arg max
{xk}

p ({xk}|YN) = arg min
{xk}

N∑
k=1

||Q−1/2k (xk −Gkxk−1)||2 + ||R−1/2k (yk −Hkxk)||2. (1.4)

We condense this notation by defining the following stacked vectors

η =


x0

0
...

0

 ∈ RNn, x =


x1

x2
...

xN

 ∈ RNn, y =


y1

y2
...

yN

 ∈ RNm
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and matrices

G =


I 0

−G2 I
. . .

. . . . . . 0

−GN I

 ∈ RNn×Nn, Q =


Q1 0

0
. . . . . .

. . . . . . 0

0 QN

 ∈ RNn×Nn,

H =


H1 0

0
. . . . . .

. . . . . . 0

0 HN

 ∈ RNm×Nn, R =


R1 0

0
. . . . . .

. . . . . . 0

0 RN

 ∈ RNm×Nm.

The smoothing problem can now be written

min
x
||Q−1/2(Gx− η)||2 + ||R−1/2(Hx− y)||2 (1.5)

with x giving the optimal state pace sequence. Problem (1.5) has optimality conditions

(
GTQ−1G+HTR−1H

)
x̂ = GTQ−1η +HTR−1y. (1.6)

The matrix in (1.6) is a block tridiagonal matrix, a fact which allows (1.6) to be solved

efficiently. If a standard forward block tridiagonal scheme is used to solve (1.6), then the

same equations as (1.3) are derived [17]. While this is extremely useful in many fields it

does have some shortcomings. In particular it cannot track fast changes in the state and

the estimate is heavily influenced by outliers in the measurement data. We now examine

two examples showcasing these problems as an illustration of why modeling extensions are

necessary.

1.3.1 DC Motor Example

Consider an example of a dynamical system modeling a DC motor [98]. The state we take

to be angular velocity and angle of the motor shaft and the outputs are noisy measurements

of the angle of the motor shaft. Following a discretization from [113], we have the following
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model:

xk+1 =

 0.7 0

0.084 1

xk +

11.81

0.62

 dk

yk =
(

0 1
)
xk + vk

where dk is a disturbance process. This disturbance process is modeled as an independent

random variable with

dk =

0 with probability 1− α

N (0, 1) with probability α.

This corresponds to a zero-mean (non-Gaussian) noise wk, with covariance1

Qk = α

11.81

0.62

(11.81 0.62
)
.

We consider trying to reconstruct dk from noisy measurements under the assumptions:

x0 =

0

0

 , α = 0.01, vk ∼ N (0, 0.12).

Figure 1.2 shows the smoothed estimates from solving (1.5). The estimate of dk is rather

poor and the large peak is drastically underestimated.

1.3.2 Outliers Corrupting Measurement Data

Now consider the case where the disturbance dk is actually Gaussian. Setting dk ∼ N (0, 0.12)

we then turn our attention to the measurement noise, vk. We take outliers to occur with

probability α = 0.1 and assume they are generated from a distribution with standard devi-

ation 100 times greater than that of nominal. This can be explicitly written as a mixture of

two normal distributions:

vk ∼ (1− α)N (0, σ2) + αN (0, (100σ)2).

1Note that this is singular and as such will not work immediately in (1.5). Later we will allow for singular
covariance but for now the RTS equations ((1.3)) can be used even with singular Qk.
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Figure 1.2: Left: true noiseless output and measurements (+) shown with estimate from

solving (1.6). Right: estimated impulsive disturbance (dk) along with its true value.

Taking σ = 0.1 we attempt to reconstruct the angle of the motor shaft (second component

of the state). Two instances of this are shown in Figure 1.3, one using the nominal variance

and one using the true variance of the mixed normal model. As seen in the plot neither

one performs well. This is due to the fact that the least squares penalty is not robust and

is heavily biased by outliers. Simply changing the scaling of the variance can not fix this

underlying problem. This example shows that extensions of the base model of (1.5) are

indeed required. In the next section we examine some of the work that has already been

done.

1.4 Related Works

Originally the optimization perspective was used with the same idea of passing information

forward and backwards. This can be done when nonlinear process and measurement maps are

present by using a Gauss-Newton algorithm at each time step [30, 25]. A similar technique

can be used when the loss functions are allowed to be robust [58, 59]. Paige and Saunders

noted that the least squres structure can be exploited to allow for singular covariance in

the case of Gaussian noise [119, 118]. Others have explored a more general perspective
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Figure 1.3: Left: smoothed estimates with assumed nominal measurement variance. Right:

smoothed estimates with true measurement variance.

using statistics [56], but they still use an algorithm that only passes information forward and

backward one time step.

We now will consider in more detail some of the most relevant advances where the

smoother is viewed as a single optimization problem.

1.4.1 Nuisance Parameter Estimation

Consdier the case when measurements have a static bias. The state space equations for such

a model are:

x1 = x0 + w1

xk = Gkxk−1 + wk, k = 2, . . . , N

yk = Hkxk + Pkb+ vk, k = 1, . . . , N.

The states can then solved for by minimizing the negative of the log posterior:

min
z

(y − H̄z)TR−1(y − H̄z) + (η − Ḡz)TQ−1(η − Ḡz)
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where H̄ =
[
H P

]
, Ḡ =

[
G 0

]
, and z =

x
b

. This is again a least squares problem but

the Hessian is no longer block tridiagonal. Authors of [12] call this structure augmented block

tridiagonal and show how it can be used to efficiently solve the resulting linear system.

1.4.2 Least Squares Penalty with Nonlinear Models and Constraints

Here we consider a slightly more general state space model where we allow for nonlinear

process and measurement models, as well as nonlinear constraints. The MAP estimate then

becomes

min
x
||Q−1/2(G(x)− η)||2 + ||R−1/2(H(x)− y)||2

s.t. F (x) ≤ 0

(1.7)

where F is a given (possibly nonlinear) constraint function. [29] provides an algorithm to

solve (1.7) by iteravely solving local Gauss-Newton approximations. Each local subproblemn

is created with a linear approximation to all nonlinear functions, that is each has the form:

min
x
||Q−1/2(G(x̄) +∇G(x̄)(x− x̄)||2 + ||R−1/2(H(x̄) +∇H(x̄)(x− x̄)||2

s.t. F (x̄) +∇F (x̄)(x− x̄) ≤ 0.

(1.8)

This Quadratic Program (QP) is then solved via an interior point scheme (see for in-

stance [162]) where a log-barrier term is added and driven to zero to ensure strict feasi-

bility. Each iteration of the interior point method can be efficiently implemented, since the

approximating QP preserves the underlying structure of the Kalman smoothing problem.

1.4.3 Robust Smoother with Nonlinear Models and Nonsmooth Loss

When outliers are present in the measurement data, any approach based on Gaussian errors

(or, correspondingly, least squares) can easily fail to produce reliable estimates. Authors of

[13] instead model the measurements noise as coming from a `1-Laplacian distribution. The

MAP approach then leads to the problem

min
x
||Q−1/2(G(x)− η)||2 + |R−1/2(H(x)− y)|1. (1.9)
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Similarly to method described above, [13] uses local Gauss-Newton approximations with

an interior point scheme. However in this case the presence of the 1-norm requires addi-

tional developments in order to solve the local approximation using an efficient interior point

method.

1.4.4 Fully Robust Estimates for any Convex PLQ Loss

The approach of [13] uses specific information about the 1-norm. The authors of [15] develop

a general framework called IPSolve where the loss functions are allowed to be any piecewise

linear quadratic (PLQ) function (for a definition and discussion see [126]). However, [15]

only consider linear process and measurement maps:

min
x
ρ1(Q

−1/2(Gx− η)) + ρ2(R
−1/2(Hx− y)), (1.10)

where ρ1, ρ2 are any PLQ penalties. The method detailed in [15] uses the dual representa-

tion of PLQ penalties [126]. For any given PLQ penalty ρ, there is a symmetric positive

semidefinite (psd) matrix M and nonempty polyhedral set U with 0 ∈ U , so that for any

z ∈ dom ρ we can write

ρ(z) = sup
u∈U
{〈u, z〉 − 1

2
〈u,Mu〉}. (1.11)

This representation is also used in Chapter 4 of this thesis. It will be convenient to char-

acterize the polyhedral set U explicitly by U = {v s.t. Cv ≤ c} for a given matrix C and

vector c. Then (1.11) becomes

ρ(z) = sup
Cu≤c
{〈u, z〉 − 1

2
〈u,Mu〉}. (1.12)

Authors of [15] then uses this dual form for (1.10) to solve the resulting problem using an

interior point method, generalizing the work of [13] for linear state space models.
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1.4.5 Student’s T Kalman Smoothers

While the class of PLQ penalties is fairly large and encompasses many of commonly used

loss functions, one notable exception is the Student’t T loss shown in Figure 1.4, which is

not log-concave, and is used in robust statistical modeling for this reason [104].

Figure 1.4: Comparison of least squares (red solid) and Student’s T (violet dash dot).

The main attraction of the Student’s T loss is that it has sublinear tails, making it more

robust to outliers than any PLQ (or more generally any log-concave density). In the Kalman

setting this allows for tracking sudden changes in the state (Student’s T as process loss),

or making the smoother robust to measurement outliers (Student’s T as measurement loss).

However as Student’s T is not convex, great care must be taken. Authors of [18] develop

methods to solve (1.6) where the loss functions are either least squares or Student’s T. The

technique used is a more general type of Gauss-Newton method, that develops a customized

Hessian approximation adapted to the Student’s T loss function.

1.4.6 Summary

The modeling capabilities of existing models are summarized in Table 1.1. There are a few

notable gaps the most obvious of which is presence of singular noise in either the process or

measurement error terms. This corresponds to additional knowledge that the error terms,

wk, vk, live in a smaller dimensional subspace and thus the covariance matrices Qk, Rk will
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Method Nonlinear Maps Outliers Sudden Changes Singular Covariance Nonconvex Loss Functions

Classic No No No No2 No || · ||2

Nuisance Parameter No No No No No || · ||2

Inequality Yes No No No No || · ||2

Laplace Yes Yes No No No || · ||2 or | · |1
IPSolve No Yes Yes No No Any PLQ

Student’t T Yes Yes Yes No Yes T or || · ||2

Table 1.1: Summary of relevent models.

not be full rank. Many models have naturally occurring singular covariance such as the DC

motor example [113] and basic navigation models [7]. Additionally a number of modeling

techniques such as fitting and removing constant bias, modeling time-dependent noise, and

auto-regressive state dependence can be captured using a singular covariance matrix. A

number of such scenarios will be explored in chapters 2,3 and 6.

Another gap in Table 1.1 is there is no general framework that allows for any PLQ loss

when nonlinear maps are present. Finally estimating either dynamic parameters that govern

the system or parameters that couple the states breaking traditional Kalman structure has

not been explored in general Kalman smoothing problems.

1.5 Contributions

We present several modeling extensions of the Kalman filter/smoother that seek to fill the

gaps highlighted in the previous section. We also develop numerical methods and demon-

strate their usefulness on relevant examples using a number of synthetic and real data sets.

In particular:

• We extend equation (1.10) to allow for singular Qk, Rk. This has the added benefit of

expanding the nuisance parameter estimation of [12] to a more general setting. Instead

of an interior point method we use splitting methods and discuss advantages of this
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approach for Kalman smoothing3. Additionally we demonstrate the increased flexibility

of this new model by way of an extended example on a data set from an underwater

autonomous vehicle. A number of problems with the data set are dealt with using the

newly developed tools that are not be possible with existing methods.

• We develop a method for simultaneous state inference and parameter estimation when

unknown parameters govern either the process or measurement dynamics4. Our tech-

nique here relies on smooth loss functions, but can be used with the nonconvex Stu-

dent’s T loss.

• We present a second order method on a general class of convex-composite PLQ func-

tions and show how this can be used to solve the smoothing problem in a non-linear

state space model5. This is a general model that captures all modeling capabilities in

Table 1.1.

• We show how the Kalman filter can be combined with machine learning techniques to

solve relevant problems in anomoly detection. We consider examples in aviation with

several synthetic and real data sets.

• We demonstrate how the Kalman smoother in (1.5) can be blended with other models

that break the traditional structure of the Kalman smoother. We use this to solve

problems in underwater current estimation and compare our method with standard

techniques in the field.

These results appear in the following articles and preprints which appear in full in the

remaining chapters:

3Code is available at github.com/jonkerjo/Singular_Kalman_Python

4Code is available at github.com/UW-AMO/SSM_ParamsEstimation

5Code is available at github.com/UW-AMO/NC-PLQ

github.com/jonkerjo/Singular_Kalman_Python
github.com/UW-AMO/SSM_ParamsEstimation
github.com/UW-AMO/NC-PLQ
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• J. Jonker, A.Y. Aravkin, J.V. Burke, G. Pillonetto, S. Webster. Fast Robust Methods

for Singular State-Space Models. Automatica, 105:399-405, 2019

• J. Jonker, A.Y. Aravkin, J.V. Burke, G. Pillonetto, S. Webster. Roubst Singular

Smoothers For Tracking Using Low-Fidelity Data. Proceedings of Robotics: Science

and Systems, 2019

• J. Jonker, A. Shcherbina, R. Krishfield, L. Van Uffelen, A.Y. Aravkin, S. Webster.

Preliminary Results in Current Profile Estimation and Doppler-aided Navigation for

Autonomous Underwater Gliders. OCEANS 2019-Marseille. IEEE, 2019

• J. Jonker, P. Zheng, A.Y. Aravkin. Efficient Robust Parameter Identification in Gen-

eralized Kalman Smoothing Models. (submitted and under review), 2020

• B. M. de Silva, J. Callaham, J. Jonker, N. Goebel, J. Klemisch, D. McDonald, N.

Hicks, J. N. Kutz, S. L. Brunton, A.Y. Aravkin. Physics-Informed Machine Learning

for Sensor Fault Detection With Flight Test Data. (submitted and under review), 2020

1.6 Outline

In Chapter 2 we show how to find robust smoothing estimates when Qk and Rk are singular.

We also suggest using a DRS algorithm to exploit the unique structure of the smoothing

problem and show that the convergence rate does not depend on the conditioning of the

system. Because of this, the locally linear convergence rate of DRS can compete even with

second order methods on problems where both are applicable. Furthermore, in Chapter 6

we apply this to an autonomous underwater vehicle with biased and discretized acceleration

data to showcase the flexibility of the new model.

In Chapter 3 we allow process and measurement maps to G(θ) and H(θ) to depend on

parameters, show how to estimate these parameters simultaneously with solving the robust

singular smoothing problem. In the case of smooth loss functions we calculate second order
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information using a variant of the implicit function theorem, use it to implement second

order methods that exploit problem structure, and compare their numerical performance.

In Chapter 4 we show how a non-linear smoothing problem can be formulated as a specific

case of a general class of convex-composite PLQ functions. We propose an adaptive quasi-

Newton method in the general case and discuss how it applies to the smoothing problem

specifically.

In Chapter 5 presents and application of Kalman filtering to a model developed using

a data driven dynamic mode decomposition (DMD) method. The output is then used as a

feature in a machine learning model for anomaly detection. We demonstrate this using a

decision tree on a number of real and synthetic data sets.

In Chapter 7 we use the least squares viewpoint of (1.4) to combine smoothing ideas

with other physical models that break the structure of the original Kalman smoother, by

simultaneously solving for the state sequence of auxiliary unknown parameters. Specifically,

we simultaneously solve for position and velocity (state parameters) as well as depth-related

current (medium parameters) using hydrodynamic velocity, relative current, and two GPS

measurements.
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Chapter 2

FAST METHODS FOR ROBUST SINGULAR STATE-SPACE
MODELS

Here we drop two crucial assumptions present in the classic model, Gaussian error and

non-singular covariances. On their own either assumption can be removed without too much

difficulty but without both of them a reformulation is needed. We propose a reformulation

that leads to a convex constrained PLQ optimization problem and examine the use of a

Douglas-Rachford (DRS) algorithm in this setting. This algorithm is known to have a locally

linear rate of convergence for convex PLQ problems and we also show that this rate does not

depend on the conditioning of the system. This allows DRS to compete with second order

interior point methods in cases where both can be applied.

2.1 Introduction

The linear state space model is widely used in tracking and navigation [23], control [6],

signal processing [7], and other time series [73, 150]. The model assumes linear relationships

between latent states with noisy observations:

x1 = x0 + w1

xk = Gkxk−1 + wk, k = 2, . . . , N

yk = Hkxk + vk, k = 1, . . . , N,

(2.1)

where x0 is a given initial state estimate, x1, . . . , xN are unknown latent states with known

linear process models Gk, and y1, . . . , yN are observations obtained using known linear models

Hk.

The errors wk and vk are assumed to be mutually independent random variables with known

covariances Qk and Rk. In tracking and navigation, the end goal is the estimation of the
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latent states {xk}. In autocorrelated time series models (e.g. Holt-Winters c.f. [73], ARMA

c.f. [150]), estimating the state is a necessary step to estimating additional parameters on

which Gk, Hk, Qk and Rk may depend. In both settings, estimating the state sequence {xk}

efficiently is essential.

Singular Covariances. We are particularly interested in models where Qk and Rk may be

singular. These models arise in all settings where state-space formulations are used. The

classic Kalman filter [82] and RTS smoother [124] assume that wk, vk are Gaussian, and find

the minimum variance estimates of the state, conditioned on the observations [7]. More

generally, the RTS smoother finds the linear minimum variance estimator. This procedure

is well defined for singular covariances Qk and Rk, and the smoother can be derived as a

sequence of least squares projections [8]. However, when the noise is not Gaussian (e.g. in

the presence of outliers), these estimates are not satisfactory; and far better estimates can

be obtained through a maximum a posteriori (MAP) estimator [10]. Implementing a general

MAP estimator for singular covariances requires a new approach.

General Kalman Smoothing. Classic Gaussian formulations fail when outliers are

present in the data, are unable to track abrupt state changes, and cannot incorporate side

information through constraints. To develop effective approaches in these cases, generalized

Kalman smoothing formulations have been proposed in the last few years, see [10] and the

references within. The conditional mean is no longer tractable to compute these estimates,

and maximum likelihood (ML) formulations are much more natural. The general form of

Kalman smoothing considered in [10] is given by

min
x∈X

n∑
i=0

ρ1(Q
−1/2
k (xk −Gkxk−1)) + ρ2(R

−1/2
k (yk −Hkxk)), (2.2)

where ρ1, ρ2 are convex penalties, and x ∈ X is a set of state-space constraints. The two

approaches agree in the nonsingular Gaussian case, where (2.2) becomes a least squares (LS)

problem that can be solved with classic RTS or Mayne-Fraser smoothing algorithms [10].

Contribution. We develop a new reformulation to extend (2.2) to singular covariance

models Qk and Rk, and implement a Douglas-Rachford splitting (DRS) algorithm to solve



19

this reformulation.

We analyze the DRS for the singular reformulation, and show that its convergence rate does

not depend on the conditioning of the system. Even when the model is nonsingular, the new

approach is potentially much faster than first-order and second-order methods for (2.2). The

advantage increases as the models become more ill-conditioned; however the local linear rate

means that initialization becomes very important.

The paper proceeds as follows. In Section 2.2 we discuss prior approaches to singular models.

In Section 2.3, we develop a constrained reformulation of (2.2), building on early work of [117]

for singular least squares. In Section 2.4, we show how to efficiently optimize a wide range

of singular smoothing problems using DRS. The algorithm we use has a local linear rate of

convergence for any piecewise linear-quadratic penalties ρ1, ρ2 in (2.2), and each iteration is

efficiently and stably computed by exploiting dynamic problem structure. We compare the

new algorithm to first-order methods, L-BFGS, and IPsolve, a toolbox specifically developed

for PLQ Kalman smoothing (for nonsingular formulations).

2.2 Related Work

Several approaches in the literature deal with singular models. We give a brief description

and references for each. To ground the discussion, consider tracking a particle moving along

a smooth path in space, where state comprises velocity and position. Singular models arise

naturally in this situation. We can model velocity as subject to error, and position as a

deterministic integral:

xk+1 = xk + ∆tẋk

ẋk+1 = ẋk + εk.
(2.3)

Here, the process covariance matrix Qk has rank one.

Using the original Kalman filter. In the linear Gaussian setting, the original Kalman

filter does not require Q and R to be invertible. Applying the Kalman filter (and RTS

smoother) will return the minimum variance estimate for singular innovation/measurement

errors [7]. This result does not extend to the general context of (2.2), with robust losses,
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sudden changes, and constraints.

Changing the model. A common approach is to modify the model to make Qk, Rk non-

singular. Treating (2.3) as a discretization of a stochastic differential equation (SDE), many

authors opt for a nonsingular error model [75, 115, 28, 22]

Qk =

 ∆tk ∆t2k/2

∆t2k/2 ∆t3k/3

 ,
derived by computing the variance of a discretized process noise term. The approach has lim-

itations for navigation models with high-dimensional states driven by low-dimensional errors.

The low-dimensional error structure should simplify estimation, but instead this approach

introduces full-dimensional and ill-conditioned Qk. In addition, making Qk nonsingular is

antithetical to state-space formulations for models such as ARMA, which use singularity to

enforce auto-regressive constraints.

Pseudo-inverse with orthogonality constraints. The formulation that is closest to ours

is that of [114], who replace the inverse of Qk by a pseudo-inverse, and add orthogonality

constraints. With potentially singular Qk and Rk, the maximum likelihood estimate for the

Gaussian/LS model can be formulated as

min
x

∑
k

||Q†/2k (xk −Gkxk−1)||2 + ||R†/2k (yk −Hkxk)||2

s.t. Q⊥k (xk −Gkxk−1) = 0, R⊥k (yk −Hkxk) = 0

for all k = 1, . . . , N,

(2.4)

see [10, Appendix A]. This requires computing both the pseudo-inverse and orthogonality

constraints.

Constrained reformulation. The reformulation we choose was first used by Paige [117].

Given the singular least squares problem

min
x
‖Q†/2(Ax− b)‖2 s.t. Q⊥(Ax− b) = 0,

we can instead write it as

min
x,u
‖u‖2 s.t. Q1/2u = Ax− b. (2.5)
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It is easy to see (2.4) and (2.5) are equivalent; the latter is more elegant, and only requires

computing a root of Q, rather than using both Q and Q†. When Q is invertible, we can

eliminate u from both formulations and reduce to a least squares problem in x. Splitting

the affine constraint from the original penalty has theoretical and practical advantages for

general Kalman smoothing, as shown in the next sections.

2.3 General Singular Kalman Smoothing

Following the ideas proposed by [114], we introduce variables uk for the normalized process

innovations, and tk for the normalized residuals. We also introduce a penalty ρ3 for the states.

In the examples we consider, ρ3 is an indicator function for the known feasible regions Xk:

ρ3(xk) =

0 xk ∈ Xk

∞ xk 6∈ Xk

.

The reformulated singular Kalman smoothing problem is given by

min
u,t,x

N∑
k=1

ρ1(uk) + ρ2(tk) + ρ3(xk)

s.t.
Q

1/2
k uk = Gkxk−1 − xk

R
1/2
k tk = yk −Hkxk.

(2.6)

This problem is equivalent to (2.2) when Qk and Rk are nonsingular. For singular mod-

els, (2.6) requires only that roots Q1/2 and R1/2 are available.

Structure-preserving Reformulation. We now rewrite (2.6) into a more compact

form. Define

Di =

Q1/2
i 0 I

0 R
1/2
i Hi

 for i = 1, . . . N,

Bj =

0 0 −Gj+1

0 0 0

 , for j = 1, . . . , N − 1,

(2.7)
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and let

A =


D1 0 . . . 0

B1 D2 0
...

0
. . . . . . 0

0 0 BN−1 DN

 . (2.8)

Define also

zT =
(
uT1 tT1 xT1 . . . uTN tTN xTN

)
ŵT =

(
xT0 yT1 0 yT2 . . . 0 yTN

)
.

(2.9)

Now we can write (2.6) compactly as

min
z

ρ(z) s.t. Az = ŵ,

ρ(z) =
N∑
k=1

ρ1(uk) + ρ2(tk) + ρ3(xk).
(2.10)

The order of blocks in z is chosen to the constraint matrix A in (2.8) lower block bi-diagonal.

The constraint Az = ŵ raises a natural question: when is a singular Kalman smoothing

model solvable? Clearly we want ŵ ∈ Ran(A), but we want this condition to hold for any

realization of the data ŵ, so we want to know when A is surjective. We can characterize this

condition precisely in terms of a simple conditions on the individual blocks Ri, Qi, Hi.

Theorem 2.3.1 (Surjectivity of A). The following are equivalent.

1. A is surjective.

2. Each block Di is surjective.

3. null

Q1/2
i 0

0 R
1/2
i

 ⊂ Ran

 I
Hi

 for all i.

4. Ri +Hi (I − (Qi + I)−1)HT
i is invertible for all i.
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Proof. Conditions 2, 3, 4 are easily seen to be equivalent. To see that 2 and 3 are equivalent,

note that the matrix Q1/2
i 0

0 R
1/2
i


is symmetric, so its nullspace is perpendicular to its range. Therefore surjectivity of Di is

equivalent to the condition that the range of

 I
Hi

 covers this nullspace.

To see the equivalence of 2 and 4, recall that B is surjective if and only if BBT is invertible,

so Di is surjective exactly when the matrixQi + I HT
i

Hi Ri +HiH
T
i


is invertible. Qi+I is always invertible, so invertibility of the block 2×2 matrix is equivalent

to the invertibility of the Schur complement Ri +Hi (I − (Qi + I)−1)HT
i .

It remains to show that conditions 1 and 2 are equivalent. We proceed by induction on N .

The base case is trivial, since for N = 1, A = D1. For the inductive case, consider that for

N = k the result holds, and write the N = k + 1 case as Ak 0

[0 Bk] Dk+1

z1
z2

 =

w1

w2

 ,
and assume that Ak is surjective. We then know that there exists z1 that satisfies Akz1 = w1.

The second row can now be written explicitly as

Dk+1z2 = w2 +Gk+1xk,

where xk is the last component of z1. Thus Ak+1 is surjective exactly when Dk+1 is, as

desired.

Remark 2.3.2. In practice it is not strictly necessarry for A to be surjective, in fact if

yi ∈ Ran(Hi) for all i, then ŵ ∈ Ran(A). It is also worth noting that if the data is not

in the range of the measurment maps, a sparse penalty could be used instead and the same

convergence rates would hold.
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2.4 Douglas-Rachford Splitting for General Singular Kalman Smoothing

Consider problem (2.10) as a sum of two functions, ρ + g, with ρ as in (2.10) and g the

indicator function of the affine constraint Az = ŵ:

g(z) =

0 Az = ŵ

∞ Az 6= ŵ

. (2.11)

Douglas-Rachford splitting (DRS) is a classic algorithm for this problem. For a convex

function f , define the proximity operator (see e.g. [48]) as

proxαf (ζ) = arg min
x

1

2α
‖ζ − x‖2 + f(x).

The DRS algorithm for (6.4) detailed in Algorithm 1. For more on splitting methods and

their convergence rates see the survey [49].

Algorithm 1 Douglas-Rachford Splitting (DRS)

Require: Initialize at any z0, ζ0.

1: loop

2: zk = proxτg(z
k−1 − τζk−1)

3: ζk = proxσρ∗(ζk−1 + σ(2zk − zk−1))
return zk

Implementing DRS in our case requires computing two proximity operators at each iter-

ation. One proximity operator is proxρ∗ , where ρ∗ denotes the convex conjugate:

ρ∗(y) = sup
x
〈y, x〉 − ρ(x)

The prox of of a function is related to the prox of its conjugate by Moreau’s decomposition:

proxρ(x) + proxρ∗(x) = x.

Thus it suffices to compute proxρ. The function ρ captures all user-supplied models, includ-

ing losses used process and measurement transitions, as well as penalties or constraints on
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the state, ρ1, ρ2 and ρ3. The proximity operators of these individual elements must be pro-

vided; then proxρ is a stack of these input functions. Proximity operators for many common

functions are easily available [48], and we include a small library with our implementation1.

The second proximity operator is proxg, which is independent of user choice for process,

measurement, and prior models:

proxg(η) = arg min
Az=ŵ

1

2
‖η − z‖2.

This is a simple quadratic with affine constraints, with optimality conditions given byI AT

A 0

z
ν

 =

η
ŵ

 .
There are many ways to solve this system. We opt to reduce the problem to solving a block

tridiagonal system: I AT

0 AAT

z
ν

 =

 η

Aη − ŵ


We solve AATν = Aη− ŵ, then back-substitute to get the optimal z. The system AAT does

not change over iterations; only the right hand side changes. We can therefore compute a

single factorization, then use it in each iteration. Since A is block bidiagonal (6.6), AAT is

block tridiagonal; when A is surjective, AAT is nonsingular, and we can find a lower block

diagonal Cholesky factorization L with LLT = AAT :

AAT =


a1 bT1

b1 a2 bT2

b2 a3 bT3

b3 a4

 , L =


c1

d1 c2

d2 c3

d3 c4

 (2.12)

The factorization is obtained by a simple variant of the block-forward Thomas algorithm,

with O(n3N) arithmetic operations required. Once L has been pre-computed, we need only

1https://github.com/UW-AMO/KalmanJulia.
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O(n2N) arithmetic operations to solve LLTν = Ac− ŵ for any right hand side. This is the

same complexity as that of a matrix-vector multiply with A.

Local Linear Rate. When ρ is piecewise linear-quadratic [126, 15], the DRS algorithm

converges locally linearly to a solution, see Figure 2.2. More precisely, there is a real number

R > 0 such that if ||ηK − η∗|| < R then there is a constant κ with 0 < κ < 1 such that for

all k > K,

‖ηk+1 − η∗‖ < κ‖ηk − η∗‖,

where η =
[
z ζ

]T
, is the primal and dual pair. Before proceeding with the main theorem

we need some notation. Define

Dη 7→

 ∂g(z)

∂ρ∗(ζ)

 , M =

 0 I

−I 0

 , H =

 1
τ
I 0

−2I 1
σ
I

 .
Define the nonlinear operator T by

T = (H +D)−1(H −M). (2.13)

T captures the iteration in Algorithm 1, which can be written as ηk = Tηk−1, for η =[
zT , ζT

]T
. Then we have the following lemma.

Lemma 2.4.1. Suppose that τ, σ < 1. Then

||Tη − η||2H−M ≤ 〈η∗ − η, (H −M)(Tη − η)〉

where η∗ is such that 0 ∈ (D +M)η∗.

Proof. This proof is similar to that of [92] but included in full detail here to emphasize

independence from the conditioning of the system. As D is monotone we have

〈η∗ − Tη,Dη∗ −DTη〉 ≥ 0.

As 0 ∈ (D +M)η∗ this implies

〈η∗ − Tη,−Mη∗ −DTη〉 ≥ 0.
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Now DTη = DTη +HTη −HTη = (H −M)η −HTη. Thus

0 ≤ 〈η∗ − Tη,−Mη∗ +HTη − (H −M)η〉

= 〈η∗ − Tη,−M(η∗ − η) +H(Tη − η)〉

= 〈η∗ − η,−M(η∗ − η) +H(Tη − η)〉

+ 〈η − Tη,−M(η∗ − η) +H(Tη − η)〉.

By definition of M we have

〈Mη, η〉 = 0

for any η. Therefore

0 ≤ 〈η∗ − η,H(Tη − η)〉+ 〈η − Tη,−M(η∗ − η)〉

+〈η − Tη,H(Tη − η)〉 − 〈η − Tη,M(Tη − η)〉

= 〈η∗ − η,H(Tη − η)〉+ 〈η − Tη,−M(η∗ − η)〉 − ||Tη − η||2H−M

= 〈η∗ − η,H(Tη − η)〉+ 〈M(η − Tη), η∗ − η〉 − ||Tη − η||2H−M

= 〈η∗ − η, (H −M)(Tη − η)〉 − ||Tη − η||2H−M .

Theorem 2.4.2. If τ, σ < 1, Algorithm 1 converges with a locally linear rate that does not

depend on the conditioning of the matrix A.

Proof. Suppose {ηj}∞j=1 are defined by ηk+1 = Tηk. Then limj→∞ η
j = η∗ and

||ηk+1 − η∗||2HM = ||(Tηk − ηk) + (ηk − η∗)||2H−M

= ||Tηk − ηk||2H−M + ||ηk − η∗||2H−M + 2〈(H −M)Tηk − ηk, ηk − η∗〉

≤ ||Tηk − ηk||2H−M + ||ηk − η∗||2H−M − 2||Tηk − ηk||2H−M
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by Lemma 2.4.1. Thus

||ηk+1 − ηk||2H−M ≤ ||ηk − η∗||2H−M − ||ηk+1 − η∗||2H−M

Now by [92] D+M is metrically subregular so there is a neighborhood U of η∗ and a constant

c1 > 0 so that if η ∈ U then

||η − η∗||2 ≤ c1||y||2, for all y ∈ (D +M)η.

Note that

∂g(z) =

0, if Az = ŵ

∅, else

so c1 depends only on the affine subset determinted by the equation Az = ŵ, not on the

condition number of A. Define

vk = −(H −M)(ηk+1 − ηk)

so vk ∈ (D +M)ηk+1 and thus for large enough k,

||ηk+1 − η∗||2 ≤ c1||ηk+1 − ηk||2.

Now by the inequality from above, for another constant c2 > 0 that depends on H −M ,

||ηk+1 − η∗||2H−M ≤ c1c2
[
||ηk − η∗||2H−M − ||ηk+1 − η∗||2H−M

]
Thus there is a κ ∈ (0, 1) (κ = c1c2

1+c1c2
) that does not depend on the condition number of A

such that

||ηk+1 − η∗||2H−M ≤ κ||ηk − η∗||2H−M

Comparison on Smooth Nonsingular Problems. If the covariances, Q,R are non-

singular and the penalties ρ1,2 are C1-smooth, then the Kalman smoothing problem can be

written as a smooth convex problem. In this case the same reformulation will work and
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Algorithm 1 will still give a local linear rate. However more common algorithms such as

gradient descent and L-BFGS can also be applied. We compare the performance of these

three algorithms to track a particle moving along a smooth path with N = 200 and n = 2.

We use non-singular Qk, and Huber penalty functions.

Figure 2.1: Objective vs. iteration counts of Algorithm 1 for (2.10) (black), vs. accelerated

gradient descent (AGD) (blue) and L-BFGS (red) for (2.2). Both ρ1 and ρ2 are Huber losses,

with ρ3 ≡ 0, N = 200, n = 2 and Q,R nonsingular, so (2.10) and (2.2) are equivalent. All

iterations require O(n2N) operations. DRS splitting is much faster than methods with linear

convergence rates and similar iteration complexity.

As seen in Figure 2.1, Algorithm 1 for (2.10) converges far faster than either acceler-

ated gradient descent or LBFGS method on the equivalent nonsingular smoothing formula-

tion (2.2) . This is because its convergence rate does not depend on the condition number

of the matrix A, so each iteration makes a lot of progress, and we can keep the complexity

of each iteration at O(n2N), same as for a matrix-vector multiply needed for a gradient

evaluation, if we factor the sparse block tridiagonal matrix AAT once at the start of the
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Figure 2.2: Timed run of Algorithm 1 vs. IPsolve for the same setup as presented in

Figure 2.1. At this scale, we see the locally linear convergence rate of the DRS. Even though

IPsolve has superlinear rate, DRS wins because the slope of the rate is very steep, and

each iteration is fast. By the time DRS is done, IPsolve has had time for only taken a few

iterations.

algorithm.

We also compare with the second-order interior point method, implemented in the IPsolve

package2. Use-cases and performance of IPsolve for nonsingular Kalman smoothing is dis-

cussed in [10]. The results are shown in Figure 2.2, where IPsolve and DRS for the equivalent

reformulation are compared for the nonsingular Huber model. Even though DRS has at best

a linear rate, the constants are very good, as they do not depend on the conditioning of

the Kalman smoothing problem. The other advantage is that DRS can use a pre-factorized

matrix, while IPsolve has to solve a modified linear system every time; there is no simple

strategy to pre-factor as with DRS.

The numerical experiments suggest that Algorithm 1 should be used regardless of whether

2https://github.com/UW-AMO/IPsolve.

https://github.com/UW-AMO/IPsolve
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Q and R are singular or not. In the next section, we focus on a rich class of singular noise

models found in navigation.

2.5 Navigation Models

Autonomous navigation requires high-fidelity tracking using occasional GPS and frequent

depth/height, gyrocompass, and linear acceleration data. Gyro, compass, and linear accel-

eration are readily available from inertial measurement units (IMUs).

In this section, we develop a simple kinematic model that is trivially applicable to any vehicle,

and particularly useful for applications such as survey work where accelerations are heavily

damped and autonomous vehicles often travel in long straight lines. When the attitude is

known or changing slowly, the model can be linearized effectively and the situation simplifies

considerably.

Linear Singular Navigation Model. For a vehicle that is well-instrumented in attitude,

the uncertainty in position (and the x-y states in particular) is typically orders of magnitude

larger than the uncertainty in attitude. We simplify the vehicle process model to track only

position states (x, y, z), while assuming that the attitude states (r, p, h) are directly available

from the most recent sensor measurements. To make the model linear, the position and its

derivatives are referenced to the local-level frame.

To incorporate linear acceleration measurements from an inertial measurement unit (IMU),

we must track both linear velocities and linear acceleration in the state vector. This leads

to the augmented state

xs = [x, y, z, ẋ, ẏ, ż, ẍ, ÿ, z̈]>. (2.14)

The linear kinematic process model is given by

ẋs =


0 I 0

0 0 I

0 0 0


︸ ︷︷ ︸

Fs

xs +


0

I

0


︸ ︷︷ ︸
Gs

ws, (2.15)
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where ws ∼ N (0, Qs) is zero-mean Gaussian noise.

The linear process model (2.15) is usually discretized using a Taylor series:

xsk+1
= Fskxsk + wsk (2.16)

Fsk = eFsT = I + FsT +
1

2!
F 2
s T

2 +
�
�
�
��>

0
1

3!
F 3
s T

3 + · · ·

=


I IT 1

2
IT 2

0 I IT

0 0 I


where the higher order terms are identically zero because of the structure of Fs, resulting in

a simple closed-form solution for Fsk . The discretized process noise

wsk =

∫ T

0

eFs(T−τ)Gsws(τ)dτ, (2.17)

is a zero-mean Gaussian, with covariance given by

Qsk =


1
3
T 3 1

2
T 2 0

1
2
T 2 T 0

0 0 0

Qs, (2.18)

Model (2.18) forces the acceleration to be 0 across the entire model because the lower right

corner is set to 0. As a result, the initialized track can be biased away from the data by a

fixed velocity, obtained by finding the slope from the most recent position data.

Instead, we model the covariance as if the error were the next term in the Taylor series

approximation, a technique suggested by [22]. More precisely we set covariance to be the

outer product, ΓTΓ where

Γ =
[

1
3!
IT 3 1

2!
IT 2 IT

]
This leads to a rank 3 covariance for a 9 × 9 matrix for a model that comprises position,

velocity, and acceleration in 3D space.

Measurement Models for the IMU. Any navigation system that relies on an IMU needs
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occasional measurements that inform the position (e.g. GPS), otherwise the error in position

estimates grows without bound. We are given these data from a separate source, sampled at

a lower update rate than that of the IMU. For any s where such data is available, we have

the measurement model

Hs =

I3×3 03×6

03×6 R(ϕ)

 , zs =
[
b> ẍmeas ÿmeas z̈meas

]>
.

with R(ϕ) a known coordinate transform based on instrumented roll, pitch, and yaw. If

there is no position data measured at time s then we use the model

Hs =

03×3 03×6

03×6 R(ϕ)

 , zs =
[
0 ẍmeas ÿmeas z̈meas

]>
.

The covariance used for measurement data depends on whether there was position data

available:

Rs =

03×3 03×3

03×3 rsI3×3

 , Rs =

 Us 03×3

03×3 rsI3×3


wher ethe top 3× 3 block is either 0 (position not available) or U , a diagonal matrix reflect-

ing position uncertainty (position is available). The scalar rs models uncertainty in IMU

measurements.

Synthetic Tracking Example. To keep the presentation brief, we use the models described

above to track a particle moving along the path

y = sin(t/2) + t/10

with ∆t = .1. At every time point we observe acceleration and every 1 second observe

position, both with small Gaussian errors (N (0, 1)). With probability p = .3 the position

observation is corrupted further by large errors (outliers) by drawing from a N (0, 4) distrui-

bution. We test the model with both standard and robust penalties. The position estimates

plotted against observed data are shown in Figure 2.3 and acceleration estimates along with

data are shown in Figure 2.4.
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Figure 2.3: Position estimate for both robust and standard penalties
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Figure 2.4: Acceleration estimate for both robust and standard penalties

When the data is corrupted, the results for the (singular) robust formulation (for both

position and velocity) are much closer to the synthetic ground truth than the solutions of

the singular least squares model.
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Chapter 3

EFFICIENT ROBUST PARAMETER IDENTIFICATION IN
GENERALIZED KALMAN SMOOTHING MODELS

In this work we consider simultaneously solving the smoothing problem and estimating

parameters in the process and measurement maps, Gk(θ), Hk(θ). Following the reformulation

of Chapter 2 to allow for singular covariances and a robust estimate puts the parameter θ

only in the constraints. To deal with this we restrict ourselves to the case where the penalty

functions are smooth and use a variant of the implicit function theorem to explicitly compute

second derivatives of a value function ν(θ). We compare different first and second order

methods using these derivatives including the Student’s T case where the penalty functions

are smooth but not convex

3.1 Introduction.

The linear state space model is widely used in tracking and navigation [23], control [6],

signal processing [7], and other time series [73, 150]. The model assumes linear relationships

between latent states with noisy observations:

xk = Gkxk−1 + εpk, k = 1, . . . , N,

zk = Hkxk + εmk , k = 1, . . . , N,
(3.1)

where x0 is a given initial state estimate, x1, . . . , xN are unknown latent states with known

linear process models Gk, and z1, . . . , zN are observations obtained using known linear models

Hk. The errors εpk and εmk are assumed to be mutually independent random variables with

covariancesQk andRk. These covariances may be singular to capture standard autoregressive

structures.

In many applications the models Gk, Hk, Qk, Rk are specified up to model parameters θ.
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We restrict out attention to formulations where variances Qk, Rk are known, while Gk(θ) and

Hk(θ) are C2 mappings of θ. This captures smoothing parameters in Holt-Winters c.f. [73],

autoregressive and moving average parameters in ARMA c.f. [150], and unknown dynamic

parameters in navigation models. In most of these models, G and H are affine functions of

unknown parameters θ.

In this chapter, we focus on MAP estimators, optimizing the likelihood in both the state

and the parameters. The appropriateness of MAP estimators always depends on the problem

and context, e.g. joint MAP estimation of states and parameters can be biased [74], and the

bias can be addressed through corrections or alternative formulations, including marginal

likelihood [26]. Nonetheless, MAP estimates are the standard for many of the motivating

applications, and the techniques developed here can be extended to other settings (such as

marginal likelihood) as we discuss in the conclusions.

Figure 3.1: Common smooth loss functions: least squares (red solid), Hybrid (blue dashed),

and Student’s T (violet dash dot).

Standard models assume the errors εpk and εmk are Gaussian, which gives rise to the least

squares penalty in the inference problem, see the red solid curve in Figure 3.1. Changing the

observation model to the Hybrid (blue dash) or Student’s T loss (violet dash dot) robustifies

model estimates in the face of measurement outliers. Analogous changes to the innovations

model allows the framework to track sudden changes.

Prior art for robust system identification includes adding a normalization term to the
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parameter estimate in a classic least square solver [121] and explicitly modeling noise as a

mixture of heavy tailed pdfs [32]. ARMA systems specifically have been reformulated using

SVMs to compute robust parameter estimates [128]. Partial minimization techniques have

been used for range of inverse problems [20, 19]. Here we consider state space models with

potentially singular covariance terms, and obtain MAP estimates for parameters and state

variables simultaneously using second order methods.

We can design efficient algorithms if we (1) minimize efficiently with respect to the state

sequence {xk} and (2) obtain derivatives of the resulting value function, which depends on

θ. Higher order derivatives enable second order methods to optimize this value function. We

compute these derivatives for general models that cover motivating applications.

Example: Structural Unemployment Rate. We are interested in fitting parameters

within structural unemployment rate models, see e.g. [109]. The state vector

xk =
[
uk−1 uck−1 uk uck

]T
(3.2)

tracks total (u) and ‘cyclic’ (uc) unemployment using the auto-regressive model

Gk =


0 0 1 0

0 0 0 1

−l1 0 1 + l1 0

0 1/2− l2 0 l2

 , εpk =


0

0

ε1k

ε2k

 , (3.3)

Hk =

0 0 1 1

0 γ/2 0 γ/2

 , εmk =

ε3k
ε4k

 . (3.4)

Here, l1 and l2 are auto-regressive parameters while γ is an unknown measurement parame-

ter. Unemployment rates can experience fast changes, so we need a heavy tailed model for

innovations. To solve the full problem, we must

1. Estimate states {xk} as well as parameters l1, l2, γ.

2. Account for the singular process covariance Q.
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3. Use non-Gaussian losses (e.g. Hybrid and Student’s T) for εpk to track fast rate changes.

The paper proceeds as follows. In Section 3.3, we review optimization formulations for

state and model parameter inference using singular and nonsingular covariance models, and

introduce the value function which depends only on the model parameters, as e.g. l1, l2,

γ above. In Sections 3.4 and 3.5, we look in detail at nonsingular and singular Kalman

smoothing models, and obtain existence results and formulas for first and second derivatives

of the value function. Finally, in Section 4.6 we present use cases that show how to efficiently

obtain structural parameters when using general losses and singular covariance structure.

3.2 Notations and Preliminaries

We first introduce notation and key definitions.

Superscript and subscript We use superscripts to distinguish process (p) and measure-

ment (m) model variables and subscripts to represent partial derivatives (θ, y, r, . . .) and the

index in the Kalman model (k).

Loss functions We use the following loss functions:

• Least squares: `(r) = 1
2
‖r‖2.

• Hybrid: `(r; ν) =
∑

i

√
r2i + ν2 − ν.

• Student’s T: `(r; ν) =
∑

i ln(1 + r2i /ν).

3.3 Differentiating Implicit Functions

In this section, we introduce a general theoretical result for calculating the derivatives for

implicit functions in an optimization context. We then specialize this general theorem to

nonsingular and singular state space models (SSM) in the next section.
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Consider a C2-smooth function, f : Rn × Rm → R, where in SSM models we denote

parameters by θ in f(θ, y) and the states together with any auxiliary variables (such as dual

variables) by y. The appropriate stationarity condition is given by

H(θ, y) := fy(θ, y) = 0. (3.5)

For any given θ, the optimal estimate y(θ) is obtained by solving the equation H(θ, y) = 0;

in particular y(θ) depends on θ implicitly. When f is convex in y, (3.5) is equivalent to

global optimality. More generally, y(θ) is any solution that satisfies the equation (3.5),

and the standard implicit function theorem (below) provides weaker conditions under which

we know y(θ) exists as a function locally. We introduce a variant of the implicit function

theorem presented by [27] to characterize the structure of this implicit dependence. These

developments do not require convexity of f .

Theorem 3.3.1 (Implicit Functions and Derivatives). Suppose that U ⊂ Rn and V ⊂ Rm

are open, H : U ×V → Rm is continuously differentiable. If there exists θ ∈ U and y ∈ V ,

such that H(θ, y) = 0 and Hy(θ, y) is invertible. Then there exists (if necessary we choose

U and V to be small neighborhood of θ and y to guarantee the existence) a C1 mapping

Y : U → V satisfying Y (θ) = y, and H(θ, Y (θ)) = 0 for all θ in V .

Moreover, we have the formula

Yθ(θ) = −Hy(θ, Y (θ))−1Hθ(θ, Y (θ)).

This variant of the implicit function theorem gives an explicit formula for Y (θ), which

we use in further development.

When the function Y (θ) as above exists, we can define the value function

v(θ) = f(θ, Y (θ)), for θ ∈ U (3.6)

Our goal is to compute first and second derivatives of v, which are summarized in the

following corollary.
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Corollary 3.3.2 (Derivatives of the Value Function (3.6)). Under the assumptions of The-

orem 3.3.1, and using y to represent the y obtained by evaluating Y (θ), we have,

vθ(θ) =fθ(θ, y)

vθθ(θ) =fθθ(θ, y)−Hθ(θ, y)>Hy(θ, y)−1Hθ(θ, y).
(3.7)

These derivations are along the lines of those presented by Bell and Burke [27] and are

mainly given here for a self-contained exposition.

We now compute analytic expressions of derivatives with respect to model parameters

for both nonsingular and singular Kalman smoothing systems.

3.4 Nonsingular SSM

Consider the case where the covariance matrices Qk and Rk in SSM are nonsingular. Pre-

whitening εpk and εmk , the objective function of interest is given by

f(θ, y) =
N∑
k=1

{
`pk

(
Q
−1/2
k (xk −Gk(θ)xk−1)

)
+ `mk

(
R
−1/2
k (zk −Hk(θ)xk)

)}
,

(3.8)

where y = x = [x1; . . . ;xN ], `pk and `mk are the loss function corresponding to the distributions

of εpk and εmk . Here we assume `pk, `
m
k are smooth; three key examples are least squares, Hybrid,

and Student’s T losses introduced in Section 3.2. Objective (3.8) can be written compactly

as,

f(θ, y) = `p
(
Q−1/2(G(θ)y − ζ)

)
+

`m
(
R−1/2(H(θ)y − z)

)
,

(3.9)

where G(θ) and Q are given by
I 0

−G2(θ) I
. . .

. . . . . . 0

−GN(θ) I

 ,

Q1

. . .

QN

 ,
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while H(θ) and R are given by


H1(θ) 0

0 H2(θ)
. . .

. . . . . . 0

0 HN(θ)

 ,

R1

. . .

RN

 .

Here, ζ = [x0; 0; . . . ; 0] and z = [z1; . . . ; zN ].

The stationary condition in this case is given by

H(θ, y) = fy(θ, y)

= G(θ)>Q−>/2`pr(r
p) +H(θ)>R−>/2`mr (rm)

(3.10)

where rp = Q−1/2(G(θ)y − ζ) and rm = R−1/2(H(θ)y − z).

In the least squares case, (3.10) is a linear equation solved by inverting the block-

tridiagonal system

G(θ)>Q−1G(θ) +H(θ)>R−1H(θ).

for more general smooth penalties `p, `m a Newton method is needed to compute y(θ).

By Theorem 3.3.1, existence and differentiability of Y (θ) is guaranteed by the existence

of the pair (θ, y) such that, H(θ, y) = 0 and the partial Hessian below is invertible:

Hy(θ, y) =G(θ)>Q−>/2`prr(r
p)Q−1/2G(θ)+

H(θ)>R−>/2`mrr(r
m)R−1/2H(θ).

When `p, `m are least squares or Hybrid, Hy(θ, y) is invertible for any (θ, y), and for every

θ there exist a y such that H(θ, y) = 0, since both penalties are strictly convex. In the case

of the Student’s T, the Hessian may fail to be positive definite at some pairs (θ, y) [18] and

there is no absolute guarantee that the methodology will hold, as expected for a potentially

nonconvex formulation. Practical behavior is another matter, and in numerical experience

we see a positive definite Hessian at the minimizer, particularly when a descent method is



42

used to solve the state space problem (i.e. the objective function is required to decrease at

each iteration). We see that the derivative formulas hold.

We now compute remaining terms in Corollary 3.3.2, assuming for simplicity that G(θ)

and H(θ) are affine functions of θ.

rp := Q−>/2`pr(r
p), rm := R−>/2`mr (rm)

fθ(θ, y) = (Gx)>θ Q
−>/2`pr(r

p) + (Hx)>θ R
−>/2`mr (rm)

fθθ(θ, y) = (Gx)>θ Q
−>/2`prr(r

p)Q−1/2(Gx)θ

+ (Hx)>θ R
−>/2`mrr(r

m)R−1/2(Hx)θ

Hθ(θ, y) = (G(θ)>rp)θ +G(θ)>Q−>/2`prr(r
p)Q−1/2(Gx)θ

+ (H(θ)>rm)θ +H(θ)>R−>/2`mrr(r
m)R−1/2(Hx)θ

We now have, fully and explicitly, first and second derivatives of the value function v(θ)

in (3.7) for the nonsingular case. Though these results are straightforward, they do not

appear in any smoothing literature we are aware of in this compact form, even for least

squares losses.

3.5 Singular SSM

When covariances Qk and Rk are singular, we rewrite (3.8) to include null-space constraints.

A singular covariance matrix precludes any errors and innovations that are not in its range.

We follow [76] in formulating this problem:

min
θ,x,rp,rm

`p(rp) + `m(rm)

s.t. Q1/2rp = G(θ)x− ζ,

R1/2rm = H(θ)x− z,

(3.11)
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and introduce the Lagrangian

f(θ, y) =L(θ, x, rp, rm, λp, λm)

=`p(rp) + `m(rm)

−
〈
λp, Q1/2rp −G(θ)x+ ζ

〉
−
〈
λm, R1/2rm −H(θ)x+ z

〉
.

(3.12)

When Qk and Rk are invertible, we can solve for rp, rm in (3.11) and reduce the problem

to (3.8), so nonsingular systems are a special case of (3.11). Formulation (3.11) can be solved

for a variety of loss functions `p and `m (see [76]).

Here we define the value function as a mini-max problem using the Lagrangian:

v(θ) := max
λp,λm

min
x,rp,rm

L(θ, x, rp, rm, λp, λm). (3.13)

Just as in the non-singular case, the difficulty with the Student’s T case is that it is not

convex. It therefore becomes difficulty to evaluate v(θ). However, the development below

uses stationarity characterizations, allowing us to use systems of equations that characterize

stationarity to proceed, just as in the non-singular case. The system of equations we are

interested in is now

0 = H(θ, y) := fy(θ, y), y := {x, rp, rm, λp, λm};

that is, the system of equations that defines a saddle point of the Lagrangian. Explicitly,

fy(θ, y) = 0 is given by

fy(θ, y) =



G(θ)>λp +H(θ)>λm

`pr(r
p)−Q>/2λp

`mr (rm)−R>/2λm

G(θ)x− ζ −Q1/2rp

H(θ)x− z −R1/2rm


= 0.
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Y (θ) is differentiable when Hy(θ, y) = fyy(θ, y) is invertible:

fyy(θ, y) =



0 0 0 G(θ)> H(θ)>

0 `prr(r
p) 0 −Q>/2 0

0 0 `mrr(r
m) 0 −R>/2

G(θ) −Q1/2 0 0 0

H(θ) 0 −R1/2 0 0


(3.14)

We state the following theorem.

Theorem 3.5.1. fyy(θ, y) is invertible if and only if `prr(r
p), `mrr(r

m) are invertible and the

so called Hessian of the Lagrangian

H(θ)G(θ)−1Q1/2(`prr(r
p))−1Q>/2G(θ)−>H(θ)>

+R1/2(`mrr(r
m))−1R>/2.

(3.15)

is invertible. Furthermore (3.15) is invertible if and only if

N (R) ∩N (QG−TH>) = {0}. (3.16)

Proof. We reduce Hy(θ, y) in (3.14) to block upper triangular form using invertible block

row operations

R1 = (`prr(r
p))−1R1

R2 = (`mrr(r
m))−1R2

R3 = G(θ)−TR3

R4 = −G(θ)−1
(
R4 −Q1/2R1 −Q1/2(`prr(r

p))−1QT/2R3

)
R5 = R5 −R1/2R2 −HR4
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The resulting system is given by

I 0 −(`prr)−1QT/2 0 0

0 I 0 0 −(`mrr(r
m))−1RT/2

0 0 I 0 −G−1H>

0 0 0 I G−1Q1/2(`prr(rp))−1QT/2G−TH>

0 0 0 0
(
HG−1Q1/2(`prr(rp))−1QT/2G−TH>

+R1/2(`mrr(r
m))−1RT/2

)


The invertibility ofHy is thus equivalent to the invertibility of the symmetric positive semidef-

inite system (3.15).

When Theorem 3.5.1 holds, we use Corollary (3.3.2) to get derivatives of v(θ) in (3.13):

v(θ) =f(θ, y)

vθ(θ) =fθ(θ, y)

vθθ(θ) =fθθ(θ, y)−Hθ(θ, y)>Hy(θ, y)−1Hθ(θ, y).

(3.17)

It remains only to compute fθ, fθθ, Hθ, and Hy.

fθ(θ, y) := (
〈
λp, G(θ)x

〉
)θ + (

〈
λm, H(θ)x

〉
)θ

When G,H are affine functions of θ, we have fθθ = 0. Finally,

Hθ(θ, y) = fyθ(θ, y) =



(G(θ)>λp)θ + (H(θ)>λm)θ

0

0

(G(θ)x)θ

(H(θ)x)θ


.

3.5.1 Special case: Invertible R.

The structural unemployment model in the introduction has a singular Q but an invertible

R. In such cases, the derivative formulas can be written using only primal quantities, which
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significantly decreases the notational burdern. In particular, using the optimality conditions

we have

λm = R−>/2`mr (rm)
(
R−1/2(H(θ)y − z)

)
λp = −G(θ)−>H(θ)>λm

and so we get the explicit primal-only formula for vθ(θ) by plugging these expressions into

vθ(θ) = (
〈
λp, G(θ)y

〉
)θ + (

〈
λm, H(θ)y

〉
)θ.

3.5.2 Special case: Least squares.

If `p(·) and `m(·) are both given by 1
2
‖ · ‖2, the optimality conditions simplify substantially,

and we have

rp = QT/2λp, rm = RT/2λm

Q1/2rp = Qλp = G(θ)x− ζ,

R1/2rm = Rλm = H(θ)x− z

0 = G(θ)>λp +H(θ)>λm.

Plugging these conditions back into the Lagrangian, we get the dual objective (i.e., the dual

problem is to maximize the objective below with respect to (λp, λm)).

f ∗(λp, λm) = −1

2
(λp)>Qλp − 1

2
(λm)>Rλm

− (λp)>ζ − (λm)>z

s.t. G(θ)>λp +H(θ)>λm = 0.

Using invertibility of G, we eliminate λp and the affine constraint, obtaining an objective

function in λm alone:

f ∗(λm) = −1

2
(λm)>

(
HG−1QG−TH> +R

)
λm

− (λm)>(z −HG−1ζ).

In the least squares case, the dual solution λm that maximizes the above objective is unique

exactly when the linear system

HG−1QG−TH> +R (3.18)
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is invertible, and then we have

λm =
(
HG−1QG−TH> +R

)−1
(z −HG−1ζ),

a closed form solution. A simple sufficient condition for the invertibility of (3.18) is to have

R itself invertible, as in special case A.

3.6 Numerical Examples

We now apply the results of the previous sections to analyze two simple singular models

with unknown states and parameters1. In Section 3.6.1 we present a state-space formulation

for the AR-1 model, show how to robustify it to outliers in the data, and present explicit

derivatives for the value function. We use these derivatives to design an efficient solver

for both standard and robust AR models using Newton, Gauss-Newton, and quasi-Newton

algorithms. In Section 3.6.2, we apply the methods in this paper to fit a structural model for

unemployment rates that can track fast changes. While the structural unemployment model

is currently used in the EU, in this paper we only show results on simulated synthetic data

where we know ground truth, leaving a data driven illustration to a future collaboration.

3.6.1 Robust AR Fitting

We examine the simplest case where a reformulated state space leads to naturally singularQk

and Rk. This derivation illustrates how singular covariances can arise naturally in more

complex scenarios including all ARMA models. An AR-1 model begins with equations

xk = c+ ϕxk−1 + εpk

yk = Hkxk + εmk

(3.19)

Where εpk, ε
m
k have covariances Qk, Rk respectivly, c is an unknown constant, and ϕ is a

parameter to be estimated. To make this take the form of (6.1) we create an augmented

1github.com/UW-AMO/SSM_ParamsEstimation

github.com/UW-AMO/SSM_ParamsEstimation
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state

x̂k =

xk
c

 (3.20)

and use state equations

x̂k =

ϕ 1

0 1

 x̂k−1 + ε̂pk

yk =

Hk 0

0 0

 x̂k + ε̂mk

(3.21)

Then

Q̂0 =

Q0 0

0 1

 , Q̂k =

Qk 0

0 0

 k > 0

R̂k =

Rk 0

0 0


This choice of Q̂0 will allow us to fit the constant c as part of the state while Q̂k, k > 0 will

act as equality constraints holding it constant through all time points. In order to compute

the derivatives of the value functions we first note the following derivative formula in this

case for any vector η.

(
Gi(θ)η

)
θ

=
(ϕ 1

0 1

η1
η2

)
θ

=

η1
0

 = D̃η (3.22)

Where D̃ =

1 0

0 0

. Define

D =


0 0

D̃ 0
. . .

. . . . . . 0

D̃ 0


Then using the above, for the AR-1 model(

G(θ)x
)
θ

= −Dx
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And similarly (
G(θ)Tλ

)
θ

= −D>λ

We now have the expressions

fθ(θ, y) := −
〈
λp, Dx

〉
fθθ = 0

Hθ(θ, y) = −



D>λp

0

0

Dx

0


When combined with the general results of section 3.5, we get

v(θ) =f(θ, y)

vθ(θ) =fθ(θ, y) = −
〈
λp, Dx

〉
vθθ(θ) =−Hθ(θ, y)>Hy(θ, y)−1Hθ(θ, y).

(3.23)

3.6.2 Fast Tracking of Unemployment Rates

In this section, we apply the proposed approach to estimate parameters (`1, `2, γ) for the

structural unemployment model (3.2)—(3.4). To test the approach, we generate ground

truth parameters and then create synthetic data in order to compare model performance

and speed using different formulations and algorithms. The data is generated by fixing

parameters to reasonable values similar to those observed in practice, namely at
[
l1 l2 γ

]
=[

0.68 1.41 −0.68
]
, and applying the unemployment rate state space model (3.2)—(3.4) to

generate the state as well as noisy observations. We then consider three cases: nominal errors,

outliers in the observations, and jumps in the unemployment process. In the nominal cases

we use variance parameters known to the smoother. To generate outliers we randomly select

10% of measurements and add additional noise drawn from a N (0, 1) Gaussian distribution.
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Nominal Outliers Large Jumps

ls/ls T/ls H/ls ls/ls ls/T ls/H ls/ls T/ls H/ls

Newton

||θ̂ − θ||2 0.158 0.143 0.1884 1.72 0.115 0.142 0.296 0.032 0.099

Inner Iter 19 250 206 14 71 102 21 329 373

Outer Iter 9 5 10 6 15 13 13 9 14

Time 11.5 36.5 29.7 6.3 20.2 19.3 13.3 48.1 49.5

L-BFGS

||θ̂ − θ||2 0.158 0.137 0.184 1.72 0.115 0.141 0.296 0.034 0.099

Inner Iter 19 228 207 19 86 88 32 375 519

Outer Iter 10 18 10 9 17 12 16 14 15

Time 6.2 33.9 26.5 6.3 19.4 14.0 10.6 51.4 67.5

LM-Newton

||θ̂ − θ||2 0.158 0.0692 0.184 1.04 0.12 0.142 0.296 0.028 0.099

Inner Iter 16 385 180 32 70 114 24 302 357

Outer Iter 12 15 20 25 28 19 18 15 21

Time 7.2 51.6 26.4 14.4 20.0 21.0 11.3 43.2 48.1

Table 3.1: Table of results when run on generated data. The second row indicates the loss

functions that were used where ls stands for least squares (1
2
|| · ||2), T stands for Students T

with ν = 10, and H stands for Hybrid with ε = .7.

To generate large jumps we add large deviations .4,−.2 at indices corresponding to 25 and

65. Two Examples of the generated data are in Figure 3.2. An example of the estimated

using this data are in Figure 3.3.

All algorithms are initialized at
[
0 0 0

]
, except for LM-Newton on T/ls in the nominal

case, which is initialized at
[
0 0 0.5

]
, as the standard zero initialization leads to bad results

for this (nonconvex) case.

In the first iteration the state is initialized by propagating the initial x0 through the

dynamics for all time. In subsequent iterations the state is always initialized using the

previous state solution. In all methods, the full state at each iteration is computed using
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Figure 3.2: Example of generated data with outliers (left) and large jumps (right). Observations

are shown in gray.
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Figure 3.3: Example of estimated solution run on data in Figure 3.2. Left is ls/H run on data with

outliers. Right panel shows T/ls run on data with large jumps added. Both are computed using

Newton’s method.

Newton’s method to find a saddle point of the augmented Lagrangian

AL(θ, y) =`p(rp) + `m(rm)

−
〈
λp, Q1/2rp −G(θ)x+ ζ

〉
−
〈
λm, R1/2rm −H(θ)x+ z

〉
+

1

2
‖Q1/2rp −G(θ)x+ ζ‖2

+
1

2
‖R1/2rm −H(θ)x+ z‖2

(3.24)
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using the Hessian of the Lagrangian:

ALyy(θ, y) =



G(θ)TG(θ) +H(θ)TH(θ) −G(θ)TQ1/2 −H(θ)TR1/2 G(θ)T H(θ)T

−QT/2G(θ) `prr(r
p) +QT/2Q1/2 0 −QT/2 0

−RT/2H(θ) 0 `mrr(r
m) +RT/2R1/2 0 −RT/2

G(θ) −Q1/2 0 0 0

H(θ) 0 −R1/2 0 0


(3.25)

The value at an optimal point of (3.24) is the same as at an optimal point of (3.12). (3.24)

is better conditioned which leads to faster convergence in practice. For the outer iterations

on the parameter space we compare a Newton method, L-BFGS, and a LM-Newton solver.

The standard Newton and L-BFGS are from a standard python library. The LM-Newton

solver is a quasi-Newton method where the Hessian is boosted by a parameter that is updated

adaptively based on model performance. The results are summarized in Table 3.1.

All methods work well for convex models. In the nonconvex case, the algorithms become

more sensitive. In particular when `p is Student’s T, we have to boost `prr by a constant in

order to make Newtons method converge. In practice this constant must be tuned depending

on the parameter ν in the Student’s T function. Convergence is therefore sensitive to the

choice of ν and boosting constant but a good rule of thumb is to choose 1 ≤ ν ≤ 20 and

boost just enough to make the Hessian positive semidefinite.

3.7 Discussion

We presented a general approach for parameter estimation in singular and non-singular

Kalman smoothing models. In particular we showed how to compute first and second deriva-

tives of the value function (optimizing over state) with respect to the hidden parameters for

both singular and nonsingular cases, which captures a wide variety of models, including the

motivating example. A simple numerical illustration shows how the computed quantities can

be used by a variety of optimization methods. The examples also show that when working

with structural parameters, it pays off to have convex subproblems within each iteration of

the value function. While non-convex losses such as Student’s T are always appealing from
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a modeling perspective, when the problem is to find both the state and parameters, the

resulting models are more fragile than those that use convex losses. This observation opens

the way to future research in both theory and algorithm design.

Finally, MAP estimates are only one approach to estimate parameters. Multiple work

addresses bias in MAP estimates [74, 26]. These approaches can benefit from the techniques

developed here, since they require solving auxiliary MAP-like problems. For marginal likeli-

hood, these problems arise when the Laplace approximation is used [138]. How to best use

the methodology developed here in these broader contexts is left open to future work.

Acknowledgment. We are very grateful to Jon Nielsen (Economic Council of the Labour

Movement (ECLM)) for pointing us to the use of Kalman smoothers in structural unemploy-

ment models, and for teaching us about these models.
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Chapter 4

SECOND ORDER CONVEX-COMPOSITE PLQ
OPTIMIZATION AND KALMAN SMOOTHING

In this Chapter we develop an interior point approach for convex-composite PLQ models.

This work is motivated by Kalman smoothing models with nonlinear process and measure-

ment models.

4.1 Introduction

We consider the full nonlinear state-space model:

x1 = x0 + w0

xk = gk(xk−1) + wk, k = 2, . . . , N

yk = hk(xk) + vk, k = 1, . . . , N

(4.1)

where xk ∈ Rn are unknown latent states to be estimated, gk : Rn → Rn is a known process

model, hk : Rn → Rm is a known measurement model, yk ∈ Rm are known observations,

and wk, vk are mutually independent mean zero random variables with known covariance

matrices Qk and Rk respectively.

The classic Kalman smoother assumes that gk and hk are linear maps and that the error

terms wk, vk have Gaussian distributions [82]. In this case a maximum likelihood estimate

can be obtained using the classic RTS algorithm [124]. The likelihood equation in this case

is given by:

min
{xk}

N∑
k=1

||Q−1/2k (Gkxk−1 − xk)||2 + ||R−1/2k (Hkxk − yk)||2 (4.2)

where Gk and Hk are matrices corresponding to the linear maps gk, hk. When gk and hk are
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allowed to be any smooth map the likelihood equation becomes

min
{xk}

N∑
k=1

||Q−1/2k (gk(xk−1)− xk)||2 + ||R−1/2k (hk(xk)− yk)||2 (4.3)

for which techniques from convex-composite optimization must be used. In this case with

nonlinear constraints added [29] suggest using a Gauss-Newton method of iteravely lineariz-

ing gk, hk to obtain local models which are then solved via an interior point scheme. As

the Gaussian assumptions the least squares terms in (4.3) can be replaced by other loss

functions corresponding to other distributions. The uses of `1, Huber, and Student’s T have

been explored [13, 18] using techniques similar to that described above. The main difficulty

is that depending on the choice of loss function slight adjustments must be made, either a

clever reformulation of the local subproblem to write it as a Quadratic Program (QP), or a

careful choice of Hessian approximation.

In the case of linear gk, hk a general framework has been developed in [15] to allow for

any convex piecewise linear quadratic (PLQ) loss function [126]. This involves solving the

broad class of problems of the form

min
x
ρ1(Gx− η) + ρ2(Hx− y). (4.4)

This approach takes advantage of the dual form of PLQ functions to implement an interior

point scheme with a log-barrier term. With this as motivation we seek to find an efficient

method to generalize this approach to that of nonlinear gk, hk.

A general second-order method for convex-composite PLQ functions has been developed

by authors of [41], using a Newton-like method on generalized equations. Here for a given

problem of the form

min
z
ρ(h(z))

first-order optimality conditions for the primal dual pair (z, ζ) are written as 0 ∈ g(z, ζ) +

G(z, ζ), where g(z, ζ) is a C1-smooth function, and G(z, ζ) is a set-valued mapping. Emu-

lating Newton’s method, the functional piece of this is then linearlized and a Newton-like
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method is obtained by the following iteration scheme:

Find (zk+1, ζk+1) so that 0 ∈ g(zk, ζk) +∇g(zk, ζk)

zk+1 − zk

ζk+1 − ζk

+G(zk+1, ζk+1). (4.5)

The subproblem (4.5) is equivalent to finding a primal-dual pair that satisfies first-order op-

timality conditions of a related structured nonconvex problem. We modify this optimization

problem with an implicit trust-region method using an iteratively updated penalty parame-

ter. The resulting subproblem is solved using an interior point scheme that uses the dual form

of PLQ functions designed to ensure that the first-order optimality conditions are satisfied.

This gives an efficient second-order algorithm that solves the nonlinear Kalman problem for

any PLQ loss functions.

In Section 4.2 we review necessary information about PLQ functions and convex interior

point methods. In Section 4.3 the general theory of Newton’s method for generalized equa-

tions is reviewed and an adaptive parameter scheme is introduced. This method leads to a

structured but nonconvex subproblem that must be solved in each iteration. Section 4.4 fo-

cuses on an interior point method that can be used to solve these subproblems. In Section 4.5

we explicitly reformulate the nonlinear Kalman smoothing problem in a way to apply the

method of the previous section and in Section 4.6 we give a simple numerical example that

illustrates the proposed method.

4.2 PLQ Functions

Piecewise linear quadratic or PLQ functions [126] form a broad class of functions with strong

properties for optimization. For our purposes we will take the following definition:

Definition 4.2.1. A convex function ρ(z) : Rn → R̄ is a PLQ function if there is a symmet-

ric psd matrix M , any matricies C,B and vectors c ≥ 0 and b so that for any z ∈ dom ρ

ρ(z) = sup
Cu≤c
{〈Bz + b, u〉 − 1

2
〈u,Mu〉}.
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Example 4.2.2. PLQ loss functions are widely used in the literature across many applica-

tions. We quickly review some common scalar examples and how to write them in their dual

form. Plots of all examples discussed are shown in Figure 6.2.

• least squares (quadratic): Take C = 0, c = 1,M = 1, b = 0, B = I. Then

||z||2 = sup
u∈R
{uz − 1

2
u2}

• 1-norm: Take C =

 1

−1

 , c =

1

1

 ,M = 0, b = 0, B = I. Then

|z|1 = sup
u∈[−1,1]

{uy}

• quantile: Take C =


−1 0

1 0

0 −1

0 1

 , c =


0

τ

τ

0

 ,M =

0 0

0 0

 , b =

0

0

 , B =

I
I

. Then

(−τz)+ + ((1− τ)z)+ = sup
(u1,u2)∈[0,τ ]×[−τ,0]

{〈u1, z〉+ 〈u2, z〉}

• Huber: Take C =

 1

−1

 , c =

κ
κ

 ,M = 1, b = 0, B = I. Then

κz −
1
2
κ2, if |z| ≥ κ

1
2
z2, otherwise

= sup
u∈[−κ,κ]

{〈u, z〉 − 1

2
u2}

• Vapnik: Take C =


−1 0

1 0

0 −1

0 1

 , c =


0

1

0

1

 ,M =

0 0

0 0

 , b =

ε
ε

 , B =

 I

−I

. Then

(z − ε)+ + (−z − ε)+ = sup
(u1,u2)∈[0,1]×[0,1]

{〈u1, z − ε〉+ 〈u2,−z − ε〉}
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(a) quadratic (b) 1-norm (c) quantile, τ = 0.3

(d) Huber, κ = 1 (e) Vapnik, ε = 0.5 (f) elastic net

Figure 4.1: Common piecewise linear-quadratic (PLQ) losses. Quadratic parts are shown in

solid blue. Linear parts are dashed red. Pink is sum of linear and quadratic.

In later sections optimization problems that are sums of PLQs will be considered. In fact

this is equivalent to optimizing just one PLQ function due to the following remark.

Remark 4.2.3. Suppose ρ1, ρ2 are PLQ with

ρ1(z) = sup
C1u≤c1

{〈u,B1z〉 −
1

2
〈u,M1u〉}, ρ2(z) = sup

C2u≤c2
{〈u,B2z〉 −

1

2
〈u,M2u〉}

Then ρ = ρ1 + ρ2 is also PLQ with

ρ(z) = sup
Cu≤c
{〈u,Bz〉 − 1

2
〈u,Mu〉}
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where C =

C1 0

0 C2

 , c =

c1
c2

 ,M =

M1 0

0 M2

, and B =

B1

B2

.

Proof. This is clear to see by writing u =

u1
u2

.

This dual form of PLQ functions is very useful because even in the nonsmooth case, the

dual allows an explicit form of first-order KKT conditions.

4.3 Second order methods for convex-composite PLQ functions

We consider problems of the type:

min
z
ρ1(Az − a) + ρ2(F (z)− b) (4.6)

where ρ1, ρ2 are convex PLQ functions, A is any matrix, and F (z) is a smooth function. We

will take the same perspective as [41] and consider a linearization of the generalized equation

arising from optimality conditions. Explicitly, for the equivalent problem

min
z,y

ρ1(Az − a) + ρ2(y)

s.t. y = F (z)− b

consider the Lagrangian function obtained by dualizing the quality constraint:

L(z, y, ζ) = ρ1(Az − a) + ρ2(y) + ζT (F (z)− b− y).

From this we can derive KKT conditions for (4.6):

0 ∈

∇F (z)T ζ

F (z)− b

+

AT∂ρ1(Az − a)

∂ρ∗2(ζ)

 (4.7)

where we have used that ζ ∈ ∂ρ2(y) ⇐⇒ y ∈ ∂ρ∗2(ζ). The same optimality conditions can

be obtained by directly using the PLQ structure using the conjugate of ρ2:

ρ1(Az − a) + ρ2(F (z)− b) = sup
ζ
ρ1(Ax− a) + 〈ζ, F (z)− b〉 − ρ∗2(ζ)
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The convex-composite Lagrangian

ρ1(Ax− a) + 〈ζ, F (z)− b〉 − ρ∗2(ζ)

appears through this process, and immediately gives rise to (4.7).

Next, for a fixed (zk, ζk) we consider solving the following linearization of (4.7)

0 ∈

∇F (zk)T ζ

F (zk)− b

+

∑i ζ
k
i ∇2Fi(z

k) ∇F (zk)T

∇F (zk) 0

z − zk
ζ − ζk

+

AT∂ρ1(Az − a)

∂ρ∗2(ζ)

 . (4.8)

In order to solve this linearized problem we employ a lemma

Lemma 4.3.1 ([41] lemma 3.2). The pair (dk+1, ζk+1) satisfy the optimality conditions for

min
d
ρ1(Az

k − a+ Ad) + ρ2(F (zk) +∇F (zk)d− b) +
1

2
dT
∑
i

ζki ∇2Fi(z
k)d

if and only if (zk + dk+1, zk+1) solves (4.8).

This establishes a way to implement a second order Newton like method on (4.6). How-

ever, like other Newton methods, this is not necessarily globally convergent. We therefore

consider the quasi-Newton method that arises when we add an implicit trust-region to each

subproblem. That is we consider solving the linearization

0 ∈

∇F (zk)T ζ

F (zk)− b)

+

∑i ζ
k
i ∇2Fi(z

k) + λI ∇F (zk)T

∇F (zk) 0

z − zk
ζ − ζk

+

AT∂ρ1(Az − a)

∂ρ∗2(ζ)


(4.9)

which corresponds to the following optimization problem

min
d
ρ1(Az

k − a+Ad) + ρ2(F (zk) +∇F (zk)d− b) +
1

2
dT

(∑
i

ζki ∇2Fi(z
k) + λI

)
d, (4.10)

where λ is used to implicitly control the size of the step d. Furthermore we will adaptivly

update λ via a scheme motivated by [100]. Define

pred = ρ1(Az
k − a) + ρ2(F (zk)− b)− ρ1(A(zk + dk+1)− a)− ρ2

(
F (zk) +∇F (zk)dk+1 − b

)
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actual = ρ1(Az
k − a) + ρ2(F (zk)− b)− ρ1(A(zk + dk+1)− ρ2(F (zk + dk+1)− b)

and consider the ratio, often referred to as the gain ratio, ϕ =actual/pred. If ϕ < 0 then we

set λk = 10λk and repeat the iteration. If ϕ > 0 then we set λk+1 = max{1
3
, 1− (2ϕ−1)3}λk.

A plot of this function is shown in Figure 4.2. The purpose of this is that when λ is large,

the local problem (4.10) will approximate a Gauss-Newton type subproblem which will have

better performance when the iterate zk is far from the optimal point. Similarly when λ

is small, the local problem (4.10) will approximate a Newton step which performs better

when the iterate zk is close to the solution. This update scheme for λ gives a way to blend

these two local models using on the gain ratio as a proxy for distance to the optimal point.

This establishes the overall method used to solve (4.6). We now turn our attention to

solving (4.10).

0.25 0.75 1

1

2

Figure 4.2: A plot of the update function for λ.

4.4 Non-Convex Interior Point

We now consider the class of problems of the form

min
d

f(d) = ρ1(Ad+ (Azk − a)) + ρ2(∇F (zk)d+ (F (zk)− b)) +
1

2
dT (H + λI) d

= ρ

 A

∇F (zk)

 d+

 Az − a

F (zk)− b

+
1

2
dT (H + λI) d

(4.11)
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where H =
∑

i ζ
k
i ∇2Fi(z

k).

Remark 4.4.1. The linearization of F could lead to a feasibility problem for ρ2. A full

consideration of this is in [41] but we do note that sujectivity of ∇F (zk) guarantees that (4.11)

can be solved.

In general (4.11) need not be convex as no assumptions are made on ∇2Fi (other than

that they exist). In order to solve problems of this type we use an interior point method

and exploit the structure of the PLQ penalties by writing them in their dual form. The

details of an interior point scheme in a similar but convex setting are considered in [15].

As lemma 4.3.1 requires only that first-order optimality conditions are satisfied, not full

optimality, the analysis is almost identical. We will instead focus only on the required

implementation in this setting. From (4.11) we begin by dualizing:

min
d

sup
Cu≤c

〈 A

∇F (zk)

 d+

 Azk − a

F (zk)− b

 , u〉− 1

2
uTMu+

1

2
dT (H + λI) d.

Using a log-barrier directly on the hyper-sparse constraints Cu ≤ c gives us

min
d

sup
u

L(d, u) :=

〈 A

∇F (zk)

 d+

 Azk − a

F (zk)− b

 , u〉

−1

2
uTMu+ µ1T log(c− Cu) +

1

2
dT (H + λI) d

}
.

We introduce a dual variable q = µ1/(c− Cu), where the division is coordinate-wise. With

this substitution, we obtain the KKT system:

0 = Fµ(q, u, d) :=


diag(c− Cu)q − µ1 A

∇F (zk)

 d+

 Az − a

F (zk)− b

−Mu− CT q[
AT ∇F (zk)T

]
u+ (H + λI) d

 .
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The IP iterations will use Newton’s method on the system
D −QC 0

−CT −M

 A

∇F (zk)


0

[
AT ∇F (zk)T

]
H + λI




∆q

∆u

∆z

 = −Fµ.

To solve this we apply the row operation

R2 = R2 + CTD−1R1

to obtain 
D −QC 0

0 −T

 A

∇F (zk)


0
[
AT ∇F (zk)T

]
H + λI


where T = M+CTD−1QC has been carefully studied [15]; it is invertible when the combined

PLQ is well-defined. Next we apply the operation

R3 = R3 +
[
AT ∇F (zk)T

]
T−1R2

to obtain 

D −QC 0

0 −T

 A

∇F (zk)


0 0 H + λI +

[
AT ∇F (zk)T

]
T−1

 A

∇F (zk)




The same row operations can be applied to −Fµ to obtain the modified right hand sides. All

the work is now pushed forward into solving a linear system with the following matrix:

H + λI +
[
AT ∇F (zk)T

]
T−1

 A

∇F (zk)


= H + λI + ATT−11 A+∇F (zk)TT−12 ∇F (zk).
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The parameter µ is to be modified according to standard rules, e.g. average value of the

vector Dq divided by 10 [15]. We have the following corollary immediatly from work done

in the convex case.

Corollary 4.4.2 ([15], Theorem 14). For large enough λ, interior point methods applied

to (4.11) will converge to a first-order stationary point.

4.5 Nonlinear Kalman Smoothing

Here we derive how extending the Kalman smoothing idea to a non-linear state space model

can give rise to a equivalent problem of minimizing a PLQ over non-convex constraints.

We consider the problem of inferring an unobserved state sequence x1, . . . , xN from noisy

observations y1, . . . , yN using the model:

x1 = x0 + w1

xk = gk(xk−1) + wk, k = 2, . . . , N

yk = hk(xk) + vk, k = 1, . . . , N

(4.12)

where x0 is a given initial state estimate, gk, hk are given smooth maps that govern the

process and measurement models, and y1, . . . , yN are observations. We also assume that wk

and vk are mutually independent random variables with known possibly singular covarianace

matrices Qk and Rk and that they both follow from log-concave distributions. To obtain a

compact form of the MAP estimate for x1, . . . , xN given y1, . . . , yN we proceed as in chapter 2.

Define new variables uk, tk by

Q
1/2
k uk = gk(xk)− xk−1, k = 1, . . . , N

R
1/2
k tk = hk(xk)− yk, k = 1, . . . , N

and define

z =
[
uT1 tT1 xT1 · · · uTN tTN xTN

]T
.
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Let F : R(2n+m)N → R(n+m)N be a smooth map given by:

F (z) =



Q
1/2
1 u1 − x1 + x0

R
1/2
1 t1 + h1(x1)− y1

Q
1/2
2 u2 − x2 + g2(x1)

...

R
1/2
N tN + hN(xN)− yN


. (4.13)

Note that

∇F (z) =


D1 0 · · · 0

B1 D2 0
...

0
. . . . . . 0

0 0 BN−1 DN


where

Di =

Q1/2
i 0 −I

0 R
1/2
i ∇hi(xi)

 , Bj =

0 0 ∇gj+1(xj)

0 0 0


and so ∇F maintains the same structure that was crucial in chapter 2. A maximum a-

posteori (MAP) estimate for the states can be formulated as

min
z
ρ(z)

s.t. F (z) = 0

(4.14)

where ρ(z) =
∑N

k=1 ρp(uk) + ρm(tk) and ρp, ρp are convex penalties corresponding to process

and measurement noise respectively.

Remark 4.5.1. Note that this fits into the framework of (4.6) by taking ρ2 = δ{0}, the indi-

cator function for 0. This can introduce feasibility problems particularly when solving (4.11).

As noted before, surjectivity of ∇F alleviates this problem so we state the following theorem

from Chapter 2 for the F given above.

Theorem 4.5.2 (Theorem 2.3.1). Let F be defined as in (4.13). The following are equivalent.

1. ∇F (z) is surjective.
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2. Each block Di is surjective.

3. Null

Q1/2
i 0

0 R
1/2
i

 ⊂ Ran

 I

∇hi(xi)

 for all i.

4. Ri +∇hi(xi) (I − (Qi + I)−1)∇hi(xi)T is invertible for all i.

4.6 Numerical Example

In this section we consider the problem of estimate an unknown function in two variables

from a set of noisy range measurements from two fixed points with outliers present1. To

simulate this data we take 
X(t)

Ẋ(t)

Y (t)

Ẏ (t)

 =


1

0

et/10

1
10
et/10

 .

The model for the states is then given by xk = Gkxk−1 + wk, where wk has covariance Qk

and

Gk =


1 ∆t 0 0

0 1 0 0

0 0 1 ∆t

0 0 0 1

 , Qk =


∆t ∆t2/2 0 0

∆t2/2 ∆t3/3 0 0

0 0 ∆t ∆t2/2

0 0 ∆t2/2 ∆t3/3

 .

The inital state is given by x0 =
[
1 0 1 .1

]T
with Q0 = I. The measurement model

consists of squared distance measurements from two fixed points, (0, 0) and (10, 0). Thus

the nonlinear measurement maps hk : R4 → R2 are given by:

hk(xk) =

 x21,k + x23,k

(x1,k − 10)2 + x23,k

 .
1github.com/UW-AMO/NC-PLQ

github.com/UW-AMO/NC-PLQ
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The measurement covariances are given by

Rk =

σ2 0

0 σ2

 .
For the experiment we consider the presence of outliers and so when the measurements are

simulated we add noise to %10 of data points randomly distributed as N (0, 102). We then

fix N = 100,∆t = .1 and σ = .1. We then consider the resulting Kalman smoothing problem

using both a least squares and a robust `1. loss. Figure 4.3 shows a comparison of these two

estimates on reconstructing distance measurements from the origin. The robust estimate

drastically outperforms the nominal least squares solver.
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Figure 4.3: A comparison of robust and least squares estimates on range measurements from

the origin. Some of the outleirs are not shown as they are too large.

Figure 4.4 shows the solvers recreation of the position and velocity in the Y dimension.

Again the robust solver is much more accurate.
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Figure 4.4: Robust and least squares solutions for the Y (t) (left) and Ẏ (t) (right). There

are large improvements of the robust solver over least squares in both cases.
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Chapter 5

PHYSICS-INFORMED MACHINE LEARNING FOR SENSOR
FAULT DETECTION WITH FLIGHT TEST DATA

In this work we consider the problem of anomaly detection arising from sensor failure.

These types of problems are well studied and solving them usually boils down to a feature

selection problem. In general this can be difficult and depends quite a bit on the particular

setting the problem is in. What we propose here is a fully data driven method that will

work for a wide range of applications. First a model is created using a dynamic mode

decomposition (DMD) method which then a Kalman filter is applied to. Then the difference

between the Kalman filters prediction and incoming measurements is fed into a decision

tree along with any other desired features. The main advantage of this is that it is data

driven and a new method is not needed for every new setting, a common problem in feature

selection.

5.1 Introduction

Sensor fault detection is an important problem in many fields of engineering, where mon-

itoring and state estimation are required for a system’s successful operation. Although

catastrophic failures may be obvious, more insidious fault modes, such as decalibration, slow

drift, and low-frequency oscillations, are more difficult to detect. Thus, there is a reliance

in practice on engineering expertise and heuristics for anomaly identification. In the context

of aircraft dynamics, redundant measurements are typically taken for critical quantities; a

degree of robustness to faults is therefore achieved via a voting or weighted averaging sen-

sor fusion scheme [3]. This is not always the case in flight test scenarios, where such large

quantities of data are collected that it is impractical to either automatically detect faults



70

via redundancy or to manually monitor them. Fast, automatic anomaly detection can lead

to reduced flight test time, resulting in significant cost savings for aircraft programs. More-

over, in routine operations, current designs require redundant sensing and flight controllers

that are robust to faulty measurements. Robust and guaranteed fault detection may lead to

designs with improved performance and reduced environmental impact [68].

Automated model-based fault detection has been well-studied for linear systems [107, 161,

153], but the general problem remains open for nonlinear dynamics [142]. When a nonlinear

model is available, one approach to detect anomalous sensor behavior is to estimate the

state with an extended Kalman filter [97, 158], and to then detect consistent discrepancies

between the model and estimates by comparing observed deviations to an expected range of

process noise [95, 155, 66]. This approach has been applied to flight dynamics models for

identification [69] and automatic isolation [55] of anomalous sensors.

If a physics-based model is unavailable, data-driven methods offer an attractive alterna-

tive to detect faults, for example by training neural networks [111, 125, 110]. Although in

recent years neural networks have had impressive successes in fields such as image and speech

recognition [31], their behavior tends to be unreliable outside of training conditions: the pre-

cise regime that is arguably most important for investigating anomalous behavior. Indeed,

deep learning models are well known to consistently fail in generalization and extrapolation

tasks since they are interpolatory in nature [102]. An alternative is data-driven system iden-

tification [78, 79, 135, 134, 40, 151, 71, 39, 37, 38]. These methods can identify a dynamical

model that is suitable for filter-based state estimation and fault detection [143, 142].

In this paper we build on previous work in data-driven model identification and anomaly

detection, in particular [55] and [142], by combining optimal estimation and system identi-

fication with modern machine learning methods. We verify that the proposed approach is

applicable to both strongly nonlinear dynamics and correlated, non-Gaussian process noise,

and demonstrate fault detection on data from flight tests. A core component of the algorithm

is a simple Kalman observer which is used to predict future sensor values based on current

measurements. When the difference between this prediction and the observed values passes a
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threshold over a period of time, a sensor fault is flagged. The Kalman filter requires a model

of the underlying dynamics from which to estimate future states. This model is learned from

data via the dynamic mode decomposition (DMD) [134, 91] with time-delays [35]. A decision

tree [131] is then used to determine the right threshold for the gap between prediction and

observation. The model is fully automatic; one need only specify a set of labeled training

data and it will learn both a model for the dynamics present in the data and a set of rules

for detecting sensor failures.

The key advantages of this approach are that it is fully data-driven, so that a model is

not required for the dynamics underlying the system being monitored, only measurements.

It is also automated and can readily support a large number of measurements/features. Its

primary disadvantage is that it is a supervised method, meaning that one must supply labeled

data to train the model. The techniques from which the model is built are all fairly general,

granting it a large amount of flexibility while simultaneously restricting its accuracy for some

specific applications. In domains in which underlying physical dynamics are well-understood,

it may be advantageous to use a more specialized method.

The paper proceeds as follows. In Section 5.2 we give an overview of the mathematical

background underlying our approach before describing the proposed method itself in Sec-

tion 5.3. Section 5.4 discusses three example flight applications: one real-world flight test

dataset and two simulated examples. We conclude with Section 6.6 which provides some

final thoughts.

5.2 Background

In this section we provide a mathematical foundation for the proposed method. Sections 5.2.1

and 5.2.2 describe Kalman filters and their application to anomaly detection. A method for

constructing a linear time invariant (LTI) model for use in a Kalman filter is discussed in

Sections 5.2.3 and 5.2.4. Section 5.2.5 details a method of enriching the LTI model by

introducing time-delays. Finally, Section 5.2.6 gives a brief discussion of decision trees, the

last component of our method.
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5.2.1 System identification and Kalman filtering

Since their development in the 1960’s [83], various forms of Kalman filters have proven useful

in fields ranging from robotics to weather prediction. The filter described in this section is

a simple form of this powerful tool, but is nonetheless effective in many test problems. The

method is essentially a simplification of those proposed in [66, 69, 55, 142], and references

therein. It is thus potentially extensible to more complex detection and estimation problems,

including those with underlying physical systems exhibiting strongly nonlinear dynamics.

Although application of Kalman filters to fault detection has been proposed since the

1970’s, until recently an existing model was necessary for the method. Considering the scale

of sensing in flight test applications, developing independent predictive models for the vari-

ous sensors could be prohibitive. However, a recent development suggested in [142] was to

identify a linear time-invariant (LTI) model that estimates the relationship between mea-

surements using the DMD algorithm. DMD is a powerful method originally developed in

the fluids community to study spatio-temporal coherence in high-dimensional numerical and

experimental fluid flow data [134, 130, 151]. It has since found applications ranging from

neuroscience to epidemiology [91]. The method is designed to efficiently extract dominant

patterns from very large data sets and automatically uses correlations in the data for im-

proved robustness.

A simple linear model identified with this algorithm may not be accurate enough to

account for the complex interactions in the aircraft system. However, although Kalman

filters are often used in full-state estimation, if the goal is not estimation but fault detection,

the dynamic model does not need to be particularly accurate in order to capture anomalous

behavior, as our results demonstrate. The first step of the procedure is therefore to identify a

linear predictive model from a time series of typical measurements. Online, this DMD model

is used to maintain a Kalman filtered estimate of the measurement of interest. The variance

between the estimate and the actual measurement is monitored, and persistent deviations

signal anomalous behavior.
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5.2.2 Anomaly detection with Kalman filters

The following gives a simplified description of what will be used in our approach outlined in

Section 5.3. More sophisticated methods can be found in [66, 69, 55, 142]. Let the vector of

measurements we wish to monitor at discrete time step k be denoted by

xk+1 = Axk + Byk, (5.1)

where xk is the observered measurement and yk is the exogeneous observation. There does

not need to be a direct causal relationship in the sense that actuation is usually taken

in control theory; these measurements should just help to predict the next measurement

of interest. Again, this model may be fairly inaccurate. The use of exogenous inputs is

designed to stabilize the model and help to detect drift, high frequency noise, etc. This

model may alternately be viewed as a linear regression predicting the next measurement.

The simplest Kalman filter is a separate LTI “observer” system that maintains an estimate

x̂ of the measurement of interest:

x̂k+1 = Ax̂k + Byk + K(xk − x̂k). (5.2)

The new term in this equation is the innovation (x− x̂), the difference between the predicted

and observered value of xk. which acts as feedback to stabilize the estimate. In general the

Kalman gain K is a matrix, which can be chosen for optimal convergence of the estimate

to the true state (by solving a Ricatti equation), given knowledge of the sensor and process

noise covariances. In the example of Figure 5.1 (and for the numerical examples of Section

5.4), K is a scalar affecting the time sensitivity of the estimated state. We found that the

method is relatively insensitive to the choice of Kalman gain, and values from 0.1 to 0.001

were tested with similar performance.

As suggested in [107, 69], a moving average of the innovation covariance can be used to

identify anomalous behavior:

Vk =
1

N

k∑
i=k−N

(xi − x̂i)(xi − x̂i)
>. (5.3)
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Intuitively, this term will remain large when a measurement persistently yields anomalous

behavior, provided the LTI model captures the important correlations between sensors. Even

if the model is not particularly accurate, exogenous inputs can still produce an estimate that

reflects anomalous behavior. It is worth emphasizing, however, that without significant ad-

ditional validation there is no reason to believe that the Kalman filtered estimate is accurate.

For example, Figure 5.1 demonstrates the Kalman filter-based detection of a sensor fail-

ure in the real world data set (see Section 5.4.1). An anomaly can be flagged when the

innovation covariance exceeds some threshold, which may itself be selected in an automated

fashion. Although the filtered estimate is often inconsistent with both the faulty sensor and a

redundant, working sensor, before and after the faulty sensor fails, the innovation covariance

only grows significantly after the failure. In other words, the filtered estimate does not need

to be accurate in order to be an accurate predictor of sensor faults.

5.2.3 Identifying a linear time-invariant model

The method described above requires a reasonably accurate model of the dynamics of the

measurement of interest, possibly including the relationship between this measurement and

the output of related sensors. In the simplest case (presented here) this could be a linear

time-invariant (LTI) system, although application to a nonlinear model is possible using

an Extended Kalman Filter (EKF) [66, 69, 55] or optimization-based nonlinear Kalman

smoothing approaches [11, 17].

Although obtaining a model in general can be a labor-intensive and problem-specific

task, recent developments in system identification have enabled a range of straightforward,

efficient model estimation tools. The method presented here uses one such system identi-

fication algorithm: DMD. DMD was originally developed in the fluid dynamics community

as a method to extract coherent spatio-temporal structures from complex, high-dimensional

data [134, 130, 151]. As such, it is designed to take advantage of correlations in the data and

reduce the underlying dimensionality of the model. Although there have been many theoret-

ical and numerical refinements of DMD proposed (see e.g. [77, 122, 159, 160, 35, 112, 21]),
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Figure 5.1: Anomaly detection for the flight test dataset of Section 5.4.1 with the Kalman

filter. Top: measurements from two redundant sensors. Just before 2500 seconds, sensor

2 breaks and begins giving erratic readings. Bottom: a moving average, Vk, of the covari-

ance term (see 5.3). Note that Vk remains negligible until the sensor failure event leads to

persistent anomalous measurements relative to the Kalman filter.
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we present a simple formulation of the method in the paragraphs that follow.

Suppose we have a series of measurements {x1,x2, . . . ,xm+1} and we assume that these

are related by approximately linear dynamics, i.e.

xk+1 ≈ Axk. (5.4)

If we arrange the measurements in a time-shifted pair of matrices X and X′ so that

X =

x1 x2 · · · xm

 , X′ =

x2 x3 · · · xm+1

 , (5.5)

these matrices are related by

X′ ≈ AX. (5.6)

Denoting the pseudoinverse of X by X†, the least-squares estimate of A is given by

A ≈ X′X†. (5.7)

The spectral properties of the system are then estimated as usual by the eigendecomposition

of A.

For the case of high-dimensional systems, significant computational gains can be realized

by reducing the dimensionality of the problem. The rank of A is limited by the minimum

dimension of X and X′. Instead of studying the spectral properties of the full-state system,

we can project the high-dimensional state onto the leading principal components of X and

approximate the spectrum of A by the spectrum of the matrix that steps this low-dimensional

approximation forward in time. That is, if the singular value decomposition of X is given by

X = ΨΣV∗, (5.8)

then the projection of an arbitrary snapshot xk onto the leading r principal components is

αk = Ψ∗rxk, (5.9)
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where Ψr consists of the first r columns of Ψ. The spectrum of A can be approximated by

the spectrum of Ã, where

αk+1 ≈ Ãαk. (5.10)

After some manipulation, we find that a least-squares estimate for Ã is given by

Ã = Ψ∗rX
′VrΣ

−1
r Ψr. (5.11)

For this anomaly detection application, the system dimensionality n will typically be

much lower than the number of available time steps m, so the computation of A by equation

(5.7) is tractable. However, we still use a dimensionality reduction approach, partly to take

advantage of correlations in the time series and partly to make the method scalable to larger

problems. To estimate the full system matrix A would require only a slight modification to

equation (5.11):

A = X′VrΣ
−1
r Ψr. (5.12)

Thus DMD provides an automated means of constructing an LTI model evolving the

measurements of interest x in time, but we would also like this model to take into account

readings from other sensors. Put another way, DMD finds the matrix A of equation (5.2)

and must be extended to produce B.

5.2.4 Dynamic Mode Decomposition with Control (DMDc)

The full LTI system (A,B) can be estimated via a slight modification to the DMD procedure

developed by Proctor, et al. called DMD with control (DMDc) [122]. We split the full state

vector into measurements of interest, x, and exogenous “inputs” y. These inputs are treated

as actuation in the Kalman filter model, but are more accurately taken to be simply exogenous

predictors of the sensor measurements. As with the state vectors, the input vectors can be

compiled into a single matrix Υ. The estimation then proceeds similarly (as explained in
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detail in [122]). First data matrices are constructed

X =

x1 x2 · · · xm

 , X′ =

x2 x3 · · · xm+1

 , Υ =

y1 y2 · · · ym

 .
The dynamics with control may be written in terms of these data matrices as

X′ ≈ AX + BΥ.

Finally, the system matrices may be obtained by regression

[
A B

]
= X′

X

Υ

† .
With the singular value decompositionX

Υ

 =

Ψ1

Ψ2

ΣV ∗, (5.13)

the matrices Ψ1 and Ψ2 now give the principal components of the state and input subspaces,

respectively. Dimensionality reduction based on the singular values Σ is also possible at this

stage.

The system (A,B) is finally estimated by

A = X′V Σ−1Ψ∗1 (5.14)

B = X′V Σ−1Ψ∗2. (5.15)

5.2.5 Time delays: HAVOK and Delay-DMD

For complex dynamics, a standard linear system may not have enough descriptive ability to

serve as a model for the Kalman filter fault detection method. One approach is to enrich the

library with nonlinear functions of the state, leading to Extended DMD (EDMD) or Koopman

Mode Decomposition (KMD) [159]. EDMD/KMD has been demonstrated to yield models
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that are predictive enough for accurate full-state estimation with Kalman filters [143], and for

sensor fault detection in a power grid model [142]. In the latter work, anomalies were detected

using hypothesis testing for the distribution of normalized innovation squared in the Kalman

filter under the assumption of Gaussian white noise for process disturbances. However,

accurate EDMD/KMD models rely on a judicious choice of observable functions [36, 112],

which can be challenging in practice; the data matrices quickly become ill-conditioned as the

number of observables is increased.

For systems that cannot be accurately represented with standard DMD, we instead aug-

ment the library with time-delayed measurements. The use of time-delays has a long history

in system identification, including the widely used Eigensystem Realization Algorithm and

Observer Kalman Identification [78, 79] methods, and deep connections to dynamical sys-

tems theory [146, 35]. Augmenting the state vector with time-delays allows the model to

capture some of the effects of latent variables. For example, consider a simple harmonic

oscillator in periodic sinusoidal motion. A first-order one-dimensional linear model is only

capable of expressing exponential growth and decay, not oscillatory dynamics. However, if

the state is augmented by a time delay of 1/4 period, a linear model can effectively cap-

ture the second-order dynamics (or the latent, imaginary component of motion). Applying

DMD to a time-delay-augmented vector can therefore give highly accurate representations

of quasiperiodic dynamics [43].

The modeling and estimation procedure is effectively the same, except that a scalar

measurement xk at time tk is replaced by a vector xk =
[
xk xk−d xk−2d · · · xk−ndd

]>
,

where d is the length of each delay and nd is the number of delays. For anomaly detection

applications, only the innovation corresponding to the current time step is tracked.

5.2.6 Decision trees

Decision trees are a popular machine learning method for both classification and regression

problems [131, 129]. In this work we are interested in classification. Given a vector of

real-valued features (e.g. sensor measurements or the innovation covariance), a decision
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tree uses a set of threshold-based rules to determine whether a failure has occurred1. The

rules are learned during a training phase in which labeled examples (the labels tell the tree

which examples correspond to sensor failures) are shown to the tree. Once trained the rules

are, in essence, a series of if-else statements with conditional expressions checking whether

features are above or below different threshold values. We use the Scikit-learn decision tree

implementation [120], trained with the CART algorithm [33].

Decision trees are a natural choice in this context because they automate and generalize

the threshold-selection process. Rather than choosing, through trial and error, a cutoff in the

innovation covariance above which a sensor failure is deemed to have occurred, a decision tree

automates the choice. This approach also allows the model to take into account other sensor-

to-sensor interactions not captured by the Kalman filter. In particular, the decision tree is

able to set different innovation covariance thresholds for different regimes in the dynamics

(e.g. perhaps one threshold is appropriate for low angle-of-attack maneuvers and another

is better suited to high angle-of-attack flight patterns). This is especially important for the

dataset of Section 5.4.1.

Decision trees have additional benefits relevant to our use-case: their decision mechanism

is interpretable, they scale extremely well to large datasets and are fast to evaluate in an

online setting, and they are able to identify which features are most useful. Without regu-

larization they tend to overfit training data, so we limit the depth of the trees used in our

experiments.

5.3 The proposed method

The following gives a high-level overview of the algorithmic method used for sensor failure

detection. We break the process into an offline phase where the model is calibrated using

training data, and an online phase where the model is deployed to detect sensor fault events

1In this work the only features passed to the decision tree are raw sensor values and the average innovation
covariance. However, it is common practice to engineer other features tailored to the specific problem
domain.
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in real time.

1. Offline phase: Given a training setDtrain consisting of sensor measurements at various

time points and corresponding labels,

(a) Compute the DMDc system (A,B) as in Section 5.2.4 using time-delayed mea-

surements described in Section 5.2.5;

(b) Derive any desired features from Dtrain to be used with the decision tree. This

includes the average innovation covariance (5.3), which can be computed using A

and B;

(c) Train the decision tree using the derived and raw features.

2. Online phase: Given a series of measurements x1,x2, . . .

(a) Compute any features expected by the decision tree, using the previously con-

structed A and B to compute the average innovation covariance;

(b) Pass the features into the decision tree to obtain a class prediction (either that

the sensor has failed or continues to function properly).

The Kalman filter-based anomaly detection method described in this section can be

applied to all available sensors simultaneously. The innovation covariance then becomes

a matrix whose diagonal entries can be monitored to identify faults in the corresponding

sensors. Note that in this work we restrict our attention to models for a single scalar state

x. As such the decision tree is trained to output a binary result for a single sensor, although

extension to parallel detection for multiple sensors is straightforward.

5.4 Three example applications

5.4.1 Real-world dataset

We first consider detecting sensor failure using anonymized (scaled to lie in [−1, 1]) mea-

surements from aircraft sensors collected during flight tests. We focus on detecting faults in
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Figure 5.2: A plot of data from a subset of the sensors for test flight 1. Measurements from

the faulty sensor (Sensor 2) are shown in red. The sensor fails just before second 2500,

where there is a short drop followed by erratic, noisy measurements. We plotted maximally

important features as returned by a decision tree trained on raw sensor data to predict failure

events.

a given sensor that has a high failure rate (sensor 2) using the data from 25 other on-board

sensors. Several sensors capture similar or redundant information which the DMD model can

exploit. In total there are 21 flights, each roughly seven hours in length, with measurements

recorded at a frequency of 20 Hz. Sensor 2 fails in 14 of the test flights. There is one time

series in which the sensor failure was detected, sensor 2 was fixed, and then broke again.

This case was split into two separate time series. When sensor 2 fails there is typically a

small constant shift in the data followed by increased noise for the duration of the flight.

Such a failure is shown along with anonymized data from some of the more relevant sensors

in Figure 5.2.

In this real data setting (data are from actual flights), the time of sensor failure time

must be inferred from looking at the data. We have hand-labeled estimated time of failure

in each case; reported time to detection is based on these estimates. Systematic error in the

absolute detection time is therefore possible, but comparisons between flight tests should be

reliable.

In order to train the decision tree the flights are divided into a training and testing set (no
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separate validation step is necessary as all parameters are determined with cross-validation2

using the training data). The training set consists of data from six test flights, flights 0

through 5, four of which contain a sensor failure.

The DMD model is calibrated using flight 3, which contains no failure events. Notably,

the model learns to predict future values of Sensor 2 by averaging together the current

measurement from Sensor 2 with those of three other sensors with redundant signals (Sensors

0, 1, and 10). Each is given roughly equal weight. This is reminiscent of a weighted-mean

method for consolidating redundant measurements into one fault tolerant estimate [3]. From

Figure 5.1 it is easy to see that something like the difference between sensors 2 and 10 would

be a good proxy for when sensor 2 is behaving properly, but we stress that the model figures

this out automatically.

A decision tree is then trained to predict sensor faults with its hyperparameters being

selected using five-fold cross validation. Examples are reweighted before being fed to the

tree in order to mitigate the effects of class imbalance. The top ten signals along with their

feature importances (with respect to the decision tree) are given in Table 5.1.

As seen in Table 5.1 most of the importance is concentrated in just two of the features,

with the majority of the weight going to the moving average of the innovation covariance.

The second-ranked feature, Sensor 25, turns out to be an almost binary signal indicating

when measurements should be collected from the sensor of interest.

The results of the detection of sensor failures on the flights in the test data set is sum-

marized in Table 5.2. We show performance metrics for each individual flight so that poor

results can be more easily investigated. As there are so many data points for each flight,

standard metrics such as precision (the proportion of flagged examples that were actually

true positives) and recall (the proportion of true positives we were able to detect) are not

particularly helpful here3. Instead we focus on the number of false positives and false nega-

2Cross-validation done using sklearn library for decision trees (tree) along with cross-validation (Grid-
SearchCV).

3True positives and true negatives are positive (failed sensor) and negative (working sensor) examples
correctly classified by the model. False positives are negative examples the model classified as belonging
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Feature Importance

Vk 0.7514

Sensor 25 0.1985

Sensor 4 0.0261

Sensor 5 0.0095

Sensor 9 0.0057

Sensor 14 0.0056

Sensor 17 0.0012

Sensor 22 0.0008

Sensor 13 0.0005

Sensor 7 0.0002

Table 5.1: Feature importance for the decision tree trained using the flight test dataset.

tives along with lag time (time from actual sensor failure to detection). Overall accuracy is

also included to give more context to the number of false positives and negatives reported.

Assuming an end goal of using our model to alert a human of potential sensor failure

during a flight test within a few seconds of occurence, the model performance is promising,

with the exception of two flights: 16 and 19. There is some fluctuation in lag time, most likely

due to circumstances that affect flight dynamics. The false negatives are almost entirely

due to lag time. The false positives tend to persist briefly (about two seconds) before

automatically correcting. For example for flight 8 we observe four different short periods

when the model thinks a sensor failure has occurred. These correspond to abrupt changes

in flight conditions as the pilot(s) carry out different test maneuvers.

to the positive class, i.e. instances where the sensors are working properly, but the model erroneously
predicts a sensor has failed. Similarly, false negatives are positive examples the model thought were
negative examples.
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Flight Total examples False positives False negatives Accuracy Lag Time (s)

6 175,162 708 0 0.995958 N/A

7 213,964 0 22 0.999897 1.1

8 143,140 0 4,663 0.967424 10.1

9 121,413 0 412 0.996607 1.35

10 368,140 0 0 1.000000 N/A

11 152,146 0 130 0.999146 6.5

12 278,465 50 0 0.999820 N/A

13 372,950 3 0 0.999992 N/A

14 124,570 2,617 0 0.978992 N/A

15 166,880 0 0 1.000000 0

16 302,550 0 11,690 0.961362 ∞

17 295,680 0 63 0.999787 2.9

18 64,700 0 9 0.999861 0.45

19 472,090 59,809 157 0.872978 7.85

20 117,650 0 229 0.998054 11.45

Table 5.2: Prediction results for commercial test flights.

Now we turn our attention to the two flights with poor model performance. In flight 16

there are a large number of false negatives (and a lag time of ∞) as the model completely

misses an actual sensor failure. This is because sensor 25, which is normally active during

the tests, was completely inactive throughout the entirety of this flight. If one wished to

learn to predict regardless of whether or not this sensor was in use, one may need to resort

to training a separate model using only data where the sensor was inactive, because it is

used in all the other flights.

In flight 19 we see a large number of false positives. This is caused by persistent dis-

crepancies between sensor 2 and its redundant sibling, sensor 10. We suspect that sensor
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Figure 5.3: The sensor faults applied to the simulated datasets. In particular, the faults used

for the dataset of Section 5.4.2 are shown here. Those used for the dataset of Section 5.4.2

are the same up to rescaling.

10 temporarily malfunctioned. Whether or not it is desirable for the algorithm to flag these

anomalous measurements depends on the application. After the abnormal behavior of sensor

10 the model detects the failure of sensor 2 almost perfectly.

The final model is able to reliably detect true sensor failure events within 12 seconds

(with most occurring in under five). There are infrequent false positives detected with a

brief persistence of about two seconds. In some cases the measurements taken by the faulty

sensor drift close to the values of the reliable redundant sensors, leading to false negatives.
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5.4.2 Synthetic datasets

In order to better understand the capabilities of our proposed approach we apply it to two

sensor failure tasks derived from simulated datasets. In both instances we use a dynamical

model to generate realistic sensor data, which we then augment in various ways to mimic

common sensor failure modes. Specifically, we simulate the faults shown in Figure 5.3,

similar to those studied by Eykeren and Chu [55]: catastrophic failure (multiplicative), slow

oscillation (additive), increased noise (additive), and slow drift (additive). In every case we

add a small amount of white noise (mean 0, standard deviation 5× 10−3) to the underlying

sensor measurement of interest after incorporating the fault.

Goman-Khrabrov model

A long-standing challenge in aerodynamic modeling was capturing the effect of a separated

flow on aerodynamic moments. This arises for example in high angle-of-attack maneuvers,

when an airfoil wake can detach, leading to much more complex physical behavior such as

dynamic stall [94]. The aerodynamic moments in this case depend not only on the airfoil

configuration, as in standard linearized approaches based on stability and control derivatives,

but also on the state of the separated flow. Because of their importance in a range of unsteady

fluid dynamic contexts, dynamic stall, and separated flows more generally, have been widely

studied [137, 4, 101, 145, 116, 47, 51, 5, 144, 54].

Goman and Khrabrov proposed a mathematical model of dynamic stall that treats the

flow state as a dynamic internal system variable [67]. For the case of a high angle-of-attack

airfoil this is a scalar variable x ∈ (0, 1) representing the separation point normalized by

the chord length, so that fully attached flow corresponds to x = 1. The internal flow field

dynamics are modeled with a simple time-delay model:

τ2ẋ+ x = x0 (α− τ1α̇) . (5.16)

The function x0(α) defines the empirical steady separation point as a function of angle of

attack α. Quasisteady effects are expressed through the time-delay shift τ1α̇. The overall
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model dynamics are a relaxation towards the quasisteady separation point on a timescale

τ2. The moments are then algebraic functions of the aerodynamic state, for example CL =

CL(α, x). For a high angle-of-attack airfoil, the model

CL(α, x) =
π

2
sin
[
α(1 +

√
x)2
]

(5.17)

was shown to accurately describe experimental data for a NACA 0015 airfoil [67].

For our synthetic data, we use a simple model for the steady separation point:

x0(α) =
1− tanh [20(α− 0.25)]

2
. (5.18)

This produces the expected hysteretic behavior, although it is not expected to accurately

represent the steady separation point of any particular airfoil. The time constants τ1 and τ2

in the model can be obtained in general by fitting to experimental data. We use the reported

values τ1 = 0.5 and τ2 = 4.5, nondimensionalized by chord length and free stream velocity

[67].

The separation point and lift coefficient for a sinusoidal pitching motion at nondimen-

sional frequency ω = 0.05 is shown in figure 5.4, along with the steady values as a function

of angle of attack. The effect of the model is to capture observed hysteresis in the curves;

the flow remains attached to higher angle-of-attack on pitch-up motions and stall is delayed.

Conversely, when the flow is separated during a pitch-down maneuver it remains so for longer,

resulting in reduced lift relative to the steady value.

Our experimental dataset consists of measurements of CL, α, and α̇ taken five times per

second for 2000 seconds. The DMDc model is trained using the full time-series. We then

simulate failure of a hypothetical CL sensor at t = 1000 using each of the fault modes shown

in Figure 5.3, which results in the time series given in Figure 5.5a. We then precompute

the innovation covariance, Vk, for each sensor failure type, with the Kalman filter (5.2)

constructed using DMDc. The scale of Vk differs between the modes so only training on one

type of sensor failure may lead to poor results when trying to detect different failure types.

We plot the moving average of the covariance for the different failure modes in Figure 5.5b.
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Khrabrov model for an airfoil undergoing sinusoidal pitching motion at nondimensional fre-

quency ω = 0.05. Stall is delayed relative to the steady value for pitch-up motions with

attached flow (upper curves on both plots).
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Figure 5.5: (a) Visualizations of the different lift coefficient (CL) sensor failure modes for the

Goman-Khrabrov model. (b) Moving average of the innovation covariance for each sensor

fault type using data generated with the Goman-Khrabrov model. Sensor failure occurs at

t = 1000. Note that we omit from this plot measurements taken with t < 750.
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Note the differences in scale between the modes. A threshold for Vk, above which a sensor

failure is deemed to have occurred, which is chosen based on only one type of fault, may be

inappropriate for the others.

Finally, we train a decision tree to predict when a sensor failure has occurred. The

tree is given access to α, α̇, the corrupted CL measurements, and Vk as features. At each

time point the model must attempt to predict whether the given CL measurement has been

corrupted or not (whether the sensor has failed). We use five-fold cross-validation to select

model parameters. We construct two types of training and testing data; the first involves

incorporating random examples from all four failure types into the training set and the

second sources its training data from just one sensor fault and attempts to predict when the

others have occurred. In each case the training set contains 30,000 examples and the testing

set contains 10,000 examples.

Model performance is summarized in Table 5.3. “Train accuracy” refers to the accuracy

of the model on a holdout set during cross-validation. For models 1-4 this number gives an

estimate of the models’ accuracies on the fault type on which they were trained. The best

accuracy and precision scores are both achieved by the model with training data from all

four fault types. However, model 4 has the best recall, meaning that it misses the fewest

sensor failure events. This is likely due to the fact that model 4 must choose a very small

threshold for Vk at which to separate negative and positive class instances. All five models

list the average innovation covariance as their top feature.

The proposed method reliably detects sensor faults for data generated from the Goman-

Khrabrov model, even on unseen fault types. However, if either the amplitude or frequency

of the forcing term changes after the DMD model has already been trained, the DMD model

becomes too inaccurate to be useful and overall predictive performance suffers considerably.

This is a general drawback of data-driven models: when training and testing sets are different

enough in distribution, models learned on one set have a hard time generalizing to the other.
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Model Fault types seen Accuracy Precision Recall Train accuracy Tree depth

1 Catastrophic failure 0.9732 0.9980 0.9483 0.9343 5

2 Slow oscillation 0.9672 0.9629 0.9718 0.9351 2

3 Increased noise 0.9730 0.9993 0.9467 0.9482 2

4 Slow drift 0.9784 0.9707 0.9867 0.8678 3

5 All 0.9818 0.9996 0.9642 0.9823 5

Table 5.3: Performance metrics for models trained on different subsets of sensor fault types

with data generated with the Golman-Khrabrov model. The best values for each column are

bolded.

Flight dynamics model

Motivated by anomaly detection in a flight test setting, we also consider a longitudinal flight

dynamics model for a business jet in atmospheric turbulence [141]. The equations of motion

for the longitudinal model capture motions in the forward and vertical directions, including

pitch for a total of three degrees of freedom. Flight controls are included for elevator, thrust,

flaps, and stabilator; these are trimmed for steady, level flight. The aerodynamic model

includes a realistic geometric configuration, stability and control derivatives, US standard

atmospheric conditions interpolation, and a Mach number correction. The dynamics are

forced by atmospheric turbulence generated to approximate the von Kàrmàn spectrum by

filtering band-limited white noise [108, 157].

From this system we can measure not only the dynamic variables for inertial velocity

and pitch, but also lift, drag, pitching moment, true airspeed, angle of attack, and Mach

number. We consider measurements of the true airspeed (TAS), informed also by angle of

attack, inertial airspeed, pitch, lift, and thrust. Note that the flight controls are constant,

but the model includes an altitude correction for effective thrust. We generate samples for

each variable over t ∈ [0, 600] at a rate of 10 samples per second. Next we build a Kalman

filter from a DMDc model trained on the TAS data. Various faults are then introduced
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starting at t = 300 in the TAS sensor to obtain the time series shown in Figure 5.6a. These

measurements are much noisier than those from the previous section due to the turbulence-

based forcing.

Again we precompute the innovation covariance, Vk, for each fault type. The results are

shown in Figure 5.6b. It is evident from this plot that all faults, except the catastrophic

failure, will be difficult to detect. None of the other covariance time series admit a single

threshold that distinguishes bad readings from good ones. As before we study the behavior

of decision trees trained on a data from all four failure modes or from just one mode. The

trees are given measurements of TAS, angle of attack, inertial air speed, pitch, lift, thrust,

and Vk. Training and testing sets are of equal size, with each training set constituting 75%

of the data. Since the dataset is more complex we allow our cross-validation procedure to

select trees of depth up to seven.

Table 5.4 details the results of these experiments. Model 5 outperforms all the others by

a considerable margin, though it is also the most complicated model. Since the decision tree

sees examples of each failure type, it is able to construct a more complex set of thresholding

rules for different situations. In contrast, the other models consist of trees which appear

to overfit to the failure modes they are shown, as evidenced by their diminished accuracy

scores relative to model 5. Notably, model 1 adopts a classification rule allowing it to predict

catastrophic sensor failures with perfect accuracy (its in-group accuracy is 1), however for

all other failure types it is no better than a coin toss. The threshold it selects for Vk is much

too large for the other fault types and so it almost always predicts that no sensor failure has

occurred. In this case model 2 has the highest recall, but also a low precision, for the same

reason as model 4 did previously: its threshold for Vk is set lower than the others, reducing

the number of false negatives at the cost of more false positives. The average innovation

covariance has the highest feature importance for each of the five models.

The proposed method is effective at identifying sensor faults in simulated flight test data,

but there is a noticeable degradation in performance relative to data simulated with the

Goman-Khrabrov model. This is due in part to the complexity of the simulated dynamics as
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Figure 5.6: Flight dynamics model data. (a) Visualizations of the different true airspeed

(TAS) sensor failure modes. (b) Moving average of the innovation covariance for each sensor

fault type. Sensor failure occurs at t = 300. Note that we omit from (a) measurements taken

with t < 250.
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Model Fault types seen Accuracy Precision Recall Train accuracy Tree depth

1 Catastrophic failure 0.5002 0 0 1.0 2

2 Slow oscillation 0.9549 0.9230 0.9926 0.8412 3

3 Increased noise 0.8974 0.9915 0.8016 0.8878 2

4 Slow drift 0.9572 0.9659 0.9478 0.8190 4

5 All 0.9867 0.9961 0.9767 0.9859 7

Table 5.4: Performance metrics for models trained on different subsets of sensor fault types

for the flight dynamics model. The best values for each column are shown in bold.

well as the erratic atmospheric forcing. We observe that for this more challenging dataset,

it is increasingly important that the model be trained using examples from multiple sensor

failure modes, allowing it to establish different decision thresholds for different types of

dynamics.

If data for some failure types is unobtainable, then the model should be trained using

fault types that are most difficult to detect. Failure modes that can be detected trivially,

such as catastrophic sensor failure, may prove insufficient to train a robust detector.

5.5 Conclusion

We have developed a fully automatic approach to detect sensor failures in systems with

multiple types of sensor failures. The method first uses the dynamic mode decomposition

for control with time-delay measurements to learn a simple linear time-invariant model for

the evolution of a sensor of interest in time. This model is embedded in a Kalman observer

which is then used to predict future measurements. A potential sensor fault is detected when

the predicted and measured sensor values disagree by a large margin, with the margin size

selected using a decision tree. All components are trained automatically. The performance

of the proposed method was demonstrated on three test datasets: real measurements from

a series of flight tests and two simulated datasets from the Goman-Khrabrov and a realistic
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flight dynamics model. In each case the difference between the true and Kalman-observer-

predicted values of the sensor of interest provided an accurate proxy for when sensor failure

had occurred.

There are numerous extensions that could be explored for improving upon the results

obtained here. Any of the components of the algorithm could be replaced with more sophis-

ticated variants. For example, advances in Koopman theory could be leveraged to enrich

the linear time invariant physics model. A nonlinear model such as an extended Kalman

filter or a more general estimator [10] or a model learned via some other model discovery

framework [135, 39, 80] could be used in place of the Kalman filter. Such generalizations

would allow for the application of the proposed method to systems exhibiting strongly non-

linear dynamics. It would also be interesting to incorporate this analysis within the context

of robust statistics [42], which has recently been shown to improve flow measurements [132].

The performance of the decision tree could be enhanced by employing an ensemble [96], a

cost-sensitive training algorithm [99], or by better utilizing class probabilities output by the

tree.
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Chapter 6

ROBUST SINGULAR SMOOTHERS FOR TRACKING USING
LOW-FIDELITY DATA

This work can be thought of as a fully fleshed out example of the model in chapter 2

applied to a real (and quite difficult) data set. One of the benefits of the reformulated

model is its flexibility and we demonstrate this using a a dataset that is quantized, noisy

and biased. The bias is removed by adding a term to the state variable which leads to a

singular covariance. In order to account for the quantization and noise we create a custom

penalty with linear tails and a ‘dead zone’ around the origin. These all can be done within

the framework of chapter 2. We finish with experimentation on adding different amounts of

additional data as a proof of concept of this model in an autonomous navigation setting.

6.1 Introduction

State-space models are ubiquitous in signal processing, and allow integration of disparate

measurements to inform estimation, decisions, and control. Classic filtering [81, 84] and

smoothing [123, 63] are core tools used to estimate these models. Their dependence on

high-fidelity data, driven by Gaussian assumptions on errors and innovations, has demanded

unequivocal attention from researchers and practitioners, and inspired robust dynamic in-

ference methods.

While early robust approaches [85, 133] sought to modify iterations of the Kalman filter

(KF) and Rauch-Tung-Striebel (RTS) smoother, over the last 25 years researchers have

used robust formulations to weave assumptions on errors and innovations directly into the

estimation problems themselves [57, 24, 86, 14, 60, 16, 18]. Constraints, when available,

are also readily incorporated into the problem formulation [29]. Specifying the formulation
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leaves one free to choose from a range of optimization algorithms; the survey [10] describes

a general class of models as well as first- and second-order methods to solve them.

Our focus is on models with singular variances for process and measurement residuals.

These models are excluded by the assumptions of generalized smoothing [10] and all of the

various special cases cited in the survey. In this paper, we build on the recently proposed

framework of [76] for singular models, and systematically develop complementary modeling

elements: robust penalties, informative constraints, and singular models. The re-

sulting approach exploits the structure of singular covariances head on rather than using

workarounds such as pseudo-inverses or variance boosting that either do not work in the

general setting or introduce unnecessary changes to the fundamental model (see discussion

in [76]). A simple synthetic tracking example with a singular process model shows how
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Figure 6.1: We track a simple trajectory in the presence of outliers. The red dash-dot

shows a‘robust’ Huberized approach implemented using a pseudo-inverse; green dash shows

the proposed singular `2 estimate; blue solid shows the proposed singular Huber estimate,

which clearly tracks the true state.

the common tack of replacing the inverse by the pseudo-inverse fails dramatically in the
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presence of outliers (Figure 6.1). Any robust approach requires control of the null spaces as-

sociated to process and observations. We develop a direct practical formulation and method,

and test it on a batch smoothing analysis of real field data, with a view towards real-time

implementation in future work.

Background. Our main goal is to infer an unobserved state sequence x1, . . . , xN from noisy

observations y1, . . . , yN using the model:

x1 = x0 + w1

xk = Gkxk−1 + wk, k = 2, . . . , N

yk = Hkxk + vk, k = 1, . . . , N,

xk ∈ Xk, each Xk polyhedral,

(6.1)

where x0 is a given initial state estimate, Gk and Hk are linear process and measurement

models, y1, . . . , yN are observations, and Xk specify additional information through con-

straints. The framework of [10] assumes that wk and vk are mutually independent random

variables with known nonsingular covariances Qk and Rk, and that they follow from log-

concave distributions; in particular they may be non-Gaussian.

Synthesizing all of this information gives the problem

min
x1∈X1,...,xn∈XN

∑
k

ρp(Q
−1/2
k (Gkxk − xk−1))

+ ρm(R
−1/2
k (Hkxk − yk)),

(6.2)

with ρp and ρm convex penalties. Using (6.2) provides estimates that are robust to outliers

and can follow sudden changes in the state. Most of the inference- or optimization-based

work in the convex dynamic setting is a special case of (6.2). Many examples, including

robust penalties and constraints, are collected in [10].

We now extend to singular covariances Rk (for errors vk) and Qk (for innovations wk).

These models specify key use cases, particularly for innovations (process) modeling, briefly

summaried below (see [76] for a more detailed discussion).

Deterministic integrals. Most models in robotics, particularly in navigation, use inte-

gration to model process relationships between state variables (e.g. when position, velocity,
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and acceleration are part of the state). Any deterministic integral yields a singular process

model. The simplest example (with position a direct integral of stochastic velocity) is used

to create Figure 6.1.

Nuisance parameters. Unknown constants that need calibration (such as fixed instrument

biases) require special modeling in the nonsingular paradigm (6.2). With singular models,

we can augment the state in order to infer these parameters.

Auto-regressive models and correlated errors. State-space models are broadly used

in auto-regressive, moving average, and time series models [72]. These elements also appear

in general smoothing models, particularly to deal with correlated measurement errors [46].

All three examples are accessible in the classic linear Gaussian setting. The KF need not

invert Q or R, and provides the minimum variance estimate for both singular and nonsingular

models [9]. Some algorithms rely on precise knowledge of the error structure or explicit

equality constraints [90, 87, 2]. Correlated errors are dealt with by augmenting the state and

using a singular model [46]. None of these techniques generalize to singular models

in the setting of (6.2), and some naive generalizations fail dramatically (Figure 6.1).

This paper builds on the reformulation of [76] for singular models. We develop a system-

atic approach and test it using a navigation model with a real-world mooring dataset. We

show how robust statistics, singular models, and constraints can be systematically used to

overcome a range of challenges simultaneously present in the dataset: (1) outliers, (2) deter-

ministic relationships between states, (3) measurement biases, and (4) coarsely discretized

observations.

The paper proceeds as follows. Section 6.2 summarizes the singular formulation of [76] and

relevant optimization algorithms. Section 6.3 develops the key modeling elements to address

common data challenges. Section 6.4 presents the navigation models. Section 6.5 shows how

the model elements come together to analyze the target mooring dataset, and obtain a high

fidelity track from low-fidelity observations. Section 6.6 concludes with discussion and future

work.
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6.2 Robust Singular Formulation and Algorithm

We reformulate the robust smoothing problem to seamlessly allow both singular and nonsin-

gular covarinace models for errors and innovations. The resulting problem can be solved with

any primal-dual algorithm. We show how to apply the classic Douglas-Rachford splitting

(DRS) algorithm (see e.g. [52, 49]) to the reformulated problem.

Problem (6.2) can be reformulated by introducing auxiliary variables uk and tk to repre-

sent pre-whitened innovations and measurement residuals:

min
x,u,t

∑
k

ρp(uk) + ρm(tk) + ρs(xk)

s.t. Q
1/2
k uk = Gkxk − xk−1

R
1/2
k tk = Hkxk − yk

(6.3)

where ρs(xk) may be taken as the convex indicator function to recover the constraints in (6.2):

ρs(xk) =

0 xk ∈ Xk

∞ xk 6∈ Xk.

When Qk and Rk are invertible, we can solve for uk, tk and recover (6.2). Otherwise, prob-

lem (6.3) is well-posed while (6.2) is not. We can write (6.3) in compact form

min
z

ρ(z) s.t. Az = ŵ,

ρ(z) =
N∑
k=1

ρp(uk) + ρm(tk) + ρs(xk).
(6.4)

where

zT =
(
uT1 tT1 xT1 . . . uTN tTN xTN

)
ŵT =

(
xT0 yT1 0 yT2 . . . 0 yTN

)
,

(6.5)

A =


D1 0 . . . 0

B1 D2 0
...

0
. . . . . . 0

0 0 BN−1 DN

 , (6.6)
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and

Di =

Q1/2
i 0 I

0 R
1/2
i Hi

 , Bj =

0 0 −Gj+1

0 0 0

 .

The variables are ordered in such a way that A is block bi-diagonal. If all observations

zi lie in the range of Hi, the constraint Az = ŵ will be feasible [76].

The problem (6.4) is a convex optimization problem and can be solved using a variety of

techniques. We show that the DRS algorithm is straightforward to implement, and preserves

the computational complexity of the classic KF/RTS algorithms because of the way A is

structured in (6.6).

Given a convex function f , its convex conjugate f ∗ is given by

f ∗(y) = sup
x
〈x, y〉 − f(x),

and its proximal operator with step α, denoted by proxαf (see e.g. [48]) is given by:

proxαf (ζ) = arg min
x

1

2α
‖ζ − x‖2 + f(x). (6.7)

For a long list of objectives, prox operators are available in closed form or are efficiently

computable. In particular this is the case when ρp, ρm, ρs form any subset of the numerous

elements briefly surveyed in Section 6.3. It is actually the prox of ρ∗ that appears in the

DRS iteration (Algorithm 2) rather than the prox of ρ, but these are linked by the simple

formula

proxρ(z) + proxρ∗(z) = z.

To specify the algorithm, we let g(z) be the indicator of the affine feasible region Az = ŵ:

g(z) =

0 Az = ŵ

∞ Az 6= ŵ

Problem (6.4) can now be written simply as

min
z
ρ(z) + g(z)
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which is a natural template for DRS, detailed in Algorithm 2.

Algorithm 2 Douglas-Rachford Splitting (DRS)

Require: Initialize at any z0, ζ0.

1: loop

2: zk = proxτg(z
k−1 − τζk−1)

3: ζk = proxσρ∗(ζk−1 + σ(2zk − zk−1))
return zk

To implement Algorithm 2 we need proximal operators of ρp, ρm, and ρs. Eight com-

mon piecewise linear-quadratic (PLQ) penalties are shown in Figure 6.2, and their proximal

operators are summarized in Table 6.1.

The proximal operator for g is given by

proxg(η) = arg min
Az=ŵ

1

2
||η − z||2

which is a least squares problem with affine constraints. Solving it efficiently leverages the

structure of (6.6). In particular we need to solve a single structured linear systemI AT

0 AAT

z
ν

 =

 η

Aη − ŵ

 (6.8)

where AAT is block tridiagonal and does not change between iterations. In our implementa-

tion, we need only compute a single block bidiagonal factorization once, which can then be

used to solve (6.8) in O(n2N) operations in each iteration, no more expensive than a single

matrix-vector multiply.

For piecewise-linear quadratic ρ [127, 10], DRS converges to an optimal solution at a local

linear rate [76], which does not depend on the condition number of A. A good initialization

makes DRS competitive with the fastest available solvers, even second order methods with

quadratic local rates [10].
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(a) quadratic (b) 1-norm (c) quantile, τ = 0.3 (d) huber, κ = 1

(e) quantile huber (f) vapnik, ε = 0.5 (g) hubnick (h) elastic net

Figure 6.2: Common piecewise linear-quadratic (PLQ) losses.

6.3 Modeling Elements

The proposed framework has three complementary modeling elements: singular covariance

matrices Q and R; process/measurement penalties ρp, ρm; and constraints ρs on the state.

In this section, we show a range of choices for each element, and compute the operators

required for Algorithm 2.

Singular covariances can be used to capture affine constraints, auto-regressive structure,

integrated errors, and bias.

• Affine constraints using singular R. the ith element of the state at time k is known

exactly, add row [
0 . . . 0 1︸︷︷︸

i

0 . . . 0
]

to the measurement model Hk, a row and column of zeros to Rk, and the known value

as the last element of zk.

• Bias with singular Q. A common model for bias is to include it as a non-varying
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component across the state:

x̃k =

xk
b

 , Q̃k =

Q 0

0 0

 .
• Correlated noise using singular Q. Correlated noise wk is typically modeled by [45]

wk = Mwk−1 + βk, βk ∼ N(0, Q).

Here too we can augment the state and use a singular process variance:

x̃k =

xk
wk

 , G̃k =

Gk I

0 M

 , Q̃k =

0 0

0 Qk

 .
Piecewise linear-quadratic (PLQ) Penalties. The proposed framework allows process

innovations, measurement residuals, and state regularization to come from any convex prox-

friendly penalty. To keep the exposition simple, we collect eight commonly used convex

piecewise linear-quadratic penalties in Figure 6.2, and compute their prox operators in Ta-

ble 6.1. The penalties can be thought of in terms of three features:

• Behavior at origin: nonsmooth features encourage exact fitting of the quantity being

measured, while deadzones are appropriate for discretized observations.

• Tail growth: asymptotically linear penalties are more tolerant of large inputs. Applied

to measurements, this gives robustness to outliers; applied to innovations, it gives an

ability to quickly track evolving trends.

• Asymmetry: allows handling of special cases where under-estimating is qualitatively

different from over-estimating.

Constraints. It is very convenient to enforce simple constraints on the state estimates xk.

If we take ρs(x) = δX(x) then the prox operator proxρs is simply the projection onto the

set X. Box constraints are a very common type of constraints that enforce known bounds

on the state, and have a trivial projection. The proposed framework allows us to use any

convex region that has a computationally efficient projection.
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Table 6.1: Prox operators of common PLQ penalties.

Penalty f proxαf (z) Ref.

1
2
‖x‖2, Fig. 6.2a 1

1+α
z [64, 136]

‖x‖1, Fig. 6.2b sign(z)� (|z| − α)+ [70, 53]

qτ , Fig. 6.2c


zi − α(1− τ) zi > α(1− τ)

zi + ατ zi < −ατ

0 else

[88, 89]

hκ, Fig. 6.2d α
α+κ

z + κ
α+κ

prox(α+κ)‖·‖1(z) [103]

qτ,κ, Fig. 6.2e α
α+κ

z + κ
α+κ

prox(α+κ)qτ (z) [1]

vε, Fig. 6.2f



zi − α zi > ε+ α

ε ε < zi ≤ α + ε

zi −ε ≤ zi ≤ ε

−ε −ε− α < zi ≤ −ε

zi + ατ zi < −α− ε.

[152]

hubnik-κ, Fig. 6.2g α
α+κ

z + κ
α+κ

prox(α+κ)vε(z) [44, 93]

e-net, Fig. 6.2h prox α
1+2α

‖·‖1

(
1

1+2α
z
)

[164]
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6.4 Navigation Model

We use a constant-velocity kinematic model that is appropriate for many underwater vehicle

applications, where accelerations are heavily damped and trajectories are often long straight

lines (e.g. for transit or survey work). When the attitude is known or changing slowly,

the model can be linearized effectively. For a vehicle that is well-instrumented in attitude,

the uncertainty in position (and the x-y states in particular) is typically orders of magnitude

larger than the uncertainty in attitude. Thus, in practice, we often simplify the full nonlinear

vehicle process model to track only position states (x, y, z), while assuming that the attitude

states (r, p, h) are directly available from the most recent sensor measurements. To make the

model linear, the position and its derivatives are referenced to the local-level frame.

An effective model must counteract biases, outliers, and data discretization in the IMU

data. We develop this model using the elements of the proposed framework.

Process model. To incorporate linear acceleration measurements from an IMU, we track

linear velocities and linear acceleration in the state vector:

xs = [x, y, z, ẋ, ẏ, ż, ẍ, ÿ, z̈]>. (6.9)

The linear kinematic process model is given by

ẋs =


0 I 0

0 0 I

0 0 0


︸ ︷︷ ︸

Fs

xs +


0

I

0


︸ ︷︷ ︸
Gs

ws, (6.10)

where ws ∼ N (0, Qs) is zero-mean Gaussian noise. The linear process model (6.10) is

discretized using a Taylor series:

xsk+1
= Fskxsk + wsk (6.11)

Fsk = eFsT ≈≈


I IT 1

2
IT 2

0 I IT

0 0 I

 ,
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where I in (6.11) denotes the 3×3 identity matrix, and the higher order terms are identically

zero because of the structure of Fs. We model the process covariance as if the error were the

next term in the Taylor series approximation, a technique suggested by [22]. More precisely

we set covariance to be the outer product, ΓTΓ where

Γ =
[

1
3!
IT 3 1

2!
IT 2 IT

]
This leads to a rank 3 covariance for a 9 × 9 matrix for a model that comprises position,

velocity, and acceleration.

Given this covariance structure, the process model will penalize changes in acceleration.

As the vehicle travels in a relatively straight line with small corrections, we expect to see

acceleration mostly constant with a few small jumps. We use the `1 norm for innovations,

as it encourages exact fits while simultaneously allowing occasional sudden changes.

Measurement model. The inertial measurement unit (IMU) measures linear and angular

accelerations relative to the physical frame of the vehicle on which it is mounted, while the

state tracks linear acceleration relative to the navigation frame. We obtain the coordinate

transformation between these frames using heading, pitch, and roll of the vehicle:

R(ϕ) = R>hR
>
p R
>
r , (6.12)

where Rh, Rp, and Rr are given by
ch sh 0

−sh ch 0

0 0 1

 ,

cp 0 −sp

0 1 0

sp 0 cp

 ,


1 0 0

0 cr sr

0 −sr cr

 (6.13)

with c· and s· shorthand for cos(·) and sin(·).

Position data from the USBL is sampled at a lower update rate than the IMU. For any

sk where such position data is available, we have the measurement model

Hsk =

I3×3 03×6

03×6 R(ϕ)

 , zsk =
[
usbl> ẍmeas ÿmeas z̈meas

]>
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If there is no position data measured at time s then we use the model

Hsk =

03×3 03×6

03×6 R(ϕ)

 , zsk =
[
0 ẍmeas ÿmeas z̈meas

]>
.

The covariance used for measurement data similarly depends on whether there is position

data available:

Rsk =

 Us 03×3

03×3 rsI3×3

 , Rsk =

03×3 03×3

03×3 rsI3×3


where U is a diagonal matrix reflecting position uncertainty, while rs captures uncertainty

in IMU measurements.

Bias model. To compensate for the bias in acceleration data we augment the state vector

to include bias variables:

x̄s = [xTs , b1, b2, b3]
>

where b1, b2, b3 are bias terms for acceleration in the x, y, z directions in the local frame. To

pass the bias estimates forward in time the process matrix is augmented with an identity

block.

x̄sk+1
= F̄skxsk + w̄sk (6.14)

F̄sk =

Fsk 0

0 I

 (6.15)

At the first time point (sk = 1) we augment the covariance matrix with an identity block, and

at all other time points we augment with a zero block. This adds equality constraints for the

bias terms over all time points. The approach generalized easily to model piecewise-constant

biases over longer periods.

Q̄1 =

ΓTΓ 0

0 I

 , Q̄sk =

ΓTΓ 0

0 0

 sk > 1.

The measurement matrices are augmented with an identity block that shifts the acceler-

ation measurements using the bias.
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Discretization model. The measurement loss function is chosen to account for the level

of discretization present in the data. The Vapnik loss (Figure 6.2f) has a ‘deadzone’ around

the origin where small discrepancies are not penalized. This region is set using the level of

discretization in the data, in this case 0.05. The sharp corners of the Vapnik loss encourage

errors to lie exactly in them, an unnecessary artifact. Thus we use the ‘Huberized’ version

dubbed ‘hubnik’ (Figure 6.2 g). The prox operators for both losses are computed in Table 6.1.

6.5 Analysis of Mooring Data

We are interested in the ability to maintain an accurate position estimate on-board an

autonomous underwater vehicle in real-time using acceleration measurements from a low-

cost IMU, given periodic position fixes.

To test this, we use the singular robust Kalman framework to analyze data collected from

a surface mooring equipped with an IMU on the subsea node. The mooring node, which is

drifting with the current, is used as a proxy for a slowly moving underwater vehicle subject

to unknown disturbances. We look at the position uncertainty and error accrued over time

between the periodic, world-referenced position fixes provided by the USBL system.

Data description. Position fixes are available from a ship-based Sonardyne Ranger 2 USBL

every 2 seconds, which we subsample to varying degrees for the analysis. Linear acceleration

data from an LSM303D 3-axis accelerometer was collected at ∼ 0.075 m/s2 precision using

a Raspberry Pi Zero.

A small snippet of vertical acceleration data, Figure 6.3, shows the relatively coarse

discretization of the measurements along with a mean that is shifted away from zero indi-

cating bias. Outliers also appear likely. Because the IMU was generally upright with small

perturbations in pitch and roll, the discretizations in the z-axis of the instrument frame

are still clearly visible when the data are rotated into the vertical world frame. The small

perturbations in pitch and roll cause the slight variations visible within each discretization

level.

To illustrate our model’s usefulness on a data set such as in Figure 6.3, we isolate a 25-
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Figure 6.3: A snippet of the depth acceleration data, rotated into the world frame, shows

the discretization and bias of the acceleration data.
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Figure 6.4: Comparison of classic Kalman smoothing applied to depth data with and without

USBL position fixes.

second window of the data and add modeling elements one at a time, noting the improvements

they provide. We finish by running the full model with varying amounts of infrequent position

data on a 10-minute section of data as a more practical experiment.

Model elements applied to data. We consider 25 seconds of IMU data and apply a
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Figure 6.5: Acceleration estimates of classic Kalman smoother without USBL data (left) and

with USBL data (right).

classic Kalman filter (using least squares measurement and process loss) with the singular

navigation model detailed in section 6.4. In practice, one would expect an underwater vehicle

to be well instrumented in depth, but for illustration purposes we focus on depth and the

vertical acceleration measurements. These measurements are the most biased and therefore

improvements made by adding modeling elements are most clearly shown.

The 25 seconds of IMU data starts at a USBL measurement. Position is initialized to

this starting USBL measurement, but for ease of comparison that position is treated as

(0,0,0) and all subsequent USBL measurements are treated as relative offsets. DRS works

better when its reasonably initialized. The initial state vector over the smoothing window

is populated by setting acceleration to 0, and then propagating forward the most recent

position fix with a significantly damped measurement of the most recent velocity to prevent

divergence of the initial vector.

We start by adding bias estimation (for the acceleration measurements). This requires a

second USBL position fix, 19 seconds into the 25-second data series. Figure 6.4 shows position

and velocity estimates from a classic Kalman smoother applied to depth acceleration data

with and without additional USBL position data. As expected due to the quality of the data
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we see poor performance in both cases although the small amount of additional position data

offers slight improvement.

Figure 6.5 shows acceleration estimates of the classic Kalman smoother with and without

additional USBL data. The two USBL measurements affect acceleration estimates locally

but are generally overpowered by the vastly more complete set of (biased) acceleration data.
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Figure 6.6: Comparison (position and velocity estimates) of debiasing least squares Kalman

smoother vs. a robust debiasing smoother equipped with the hubnik loss (Figure 6.2g).

The picture improves significantly when we add in bias estimation (via singular process

models), using the same two observations (compare Figures 6.4 and 6.6). With the bias

removed, we can now focus removing the noticeable outliers form the acceleration data.

For this purpose, we use the robust hubnik (Figure 6.2g) as our measurement loss. The

‘deadzone’ is designed to work with the coarse discretization of the acceleration data.

Figure 6.6 compares the results of (debiased) fitting between the least squares Kalman

smoother and the robust version using the hubnik loss. Figure 6.7 shows the acceleration

estimates with bias removed in both the classic and robust setting. There are noticeable

differences in the acceleration estimates at around 11 and 22 seconds. When using the

robust smoother, the effect of the outliers on the model’s estimate is greatly reduced (see the
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Figure 6.7: Acceleration estimates for least squares debiasing Kalman smoother (left) vs.

robust debiasing smoother equipped with the smoothed Vapnik loss (Figure 6.2g) (right).

velocity estimates at 11 and 22 seconds). In the context of real-time tracking or forecasting,

these sudden jumps will yield inaccurate predictions.

10 minutes of data. We apply the robust smoother with with bias, outliers, and discretiza-

tion modeling elements to 10 minutes of IMU data. USBL data is available approximately

every 2 seconds, but we test performance of the smoothing algorithm at larger gaps, with

USBL data supplied at 30, 60, and 120 seconds.

Figure 6.8 has the fitted position plots for all three frequencies. We see that without any

USBL fix data, the estimate suffers; but even infrequent fixes give significant improvements

when using the full capability of the smoother. In fact there are diminishing returns in

increasing the USBL frequency; this is a promising result towards the future goal of a practical

online implementation, particularly in settings where high-quality USBL observations are

unavailable (e.g. during dives).

Figure 6.9 shows the fitted velocity. Here the effect of additional USBL data are more

apparent, as velocity is completely inferred from position and acceleration. However, the

smoothing estimates of velocity at infrequent USBL fixes are still very good compared to

those informed by frequent USBL fixes.
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Figure 6.8: Position estimates obtained with robust debiasing smoother for three frequen-

cies of USBL fixes. Robust smoothing allows reasonable tracking from infrequent USBL

observations.
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Figure 6.9: Velocity estimates obtained with robust debiasing smoother for different frequen-

cies of position data. Errors from acceleration measurements build up without USBL fixes,

but infrequent USBL measurements still allow velocity estimation.
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6.6 Discussion and Future Work

We have proposed a singular Kalman smoothing framework that can use singular covariance

models for process and measurements, convex robust losses, and state-space constraints. The

modeler can use any convex loss that has an implementable prox, a class that includes the

most common choices used for inference in tracking and navigation. The framework offers

a wide range of flexibility that can be used to either counteract undesirable characteristics

present in data or be used to increase model performance based off of relevant field knowledge.

Future work will consider real-time implementation, as well as extension to nonlinear models.

Numerical experiments show that these modeling elements yield significant improvement

on a noisy, challenging dataset. We also see that having a robust model makes the smoother

less reliant on frequent high-quality position updates, which is a very promising development

for underwater navigation.

This paper develops several tools required to move to robust singular tracking in real-time.

A promising aspect of singular noise models is that they make it possible to do simple robust

windowed smoothing, where estimates are constrained between windows as the tracking

proceeds. Constraints on the state may play a bigger role in real-time estimation, since they

can help detect outliers faster. Finally, robust penalties that provide better estimates may

further improve performance of the DRS algorithm, by providing an effective initialization

for each new window. We will focus on these developments in future work.
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Chapter 7

PRELIMINARY RESULTS IN CURRENT PROFILE
ESTIMATION AND DOPPLER-AIDED NAVIGATION FOR

AUTONOMOUS UNDERWATER GLIDERS

Here we consider estimating additional unknown variables some of which are coupled with

the states. Using the MAP approach these variables can simply be added to the optimization

problem with the downside being that the traditional Kalman smoothing structure is broken.

7.1 Introduction

The goal of this work is to simultaneously estimate a) absolute (Earth-referenced) ocean

velocity profile, and b) the absolute autonomous underwater glider (AUG) path over the

bottom, based on on-board acoustic Doppler current profiler (ADCP) observations of rela-

tive current velocity profiles. Figure 7.1 shows two Seagliders with upward-facing ADCPs

mounted in the aft fairing.

The main challenge of AUG-based ADCP velocity profiling is that each velocity profile is

measured relative to the through-the-water (TTW) motion of the glider, as opposed to the

earth referenced glider velocity. The AUG’s TTW velocity can be inferred from the AUG

dynamic model, but is subject to uncertainty because the model is based on steady state flight

and doesn’t take roll into account. This lack of a georeferenced platform velocity requires a

simultaneous estimation of current and glider TTW velocity using all available data—ADCP

velocity profiles, surrounding water density, glider buoyancy engine state, glider attitude and

angle of attack, glider depth, and GPS positions at the start and end of the dive.

Here we describe two different frameworks for performing this estimation—a linear global

inverse, and a flexible state space approach. In this initial work, we use a pre-computed es-



118

Figure 7.1: Ready for launch, Seagliders SG196 and SG198 are loaded on the R/V Ukpik in

Prudhoe Bay, AK, with the upward-facing ADCPs visible where they are installed in the aft

fairing.

timate of the glider TTW velocity from the hydrodynamic model for both methods. The

overarching future goal is to use the flexibility of the state-space model to include the non-

linear hydrodynamic model and nonlinear range measurements as part of the approach.

7.2 Background

Historically, ADCP measurements were made from ships with relatively low frequency sys-

tems (70 kHz) or from moorings with low or mid-frequency instruments (300 kHz). The 300

kHz ADCPs are also common on large underwater vehicles, in particular instruments that

can be used as a Doppler velocity log to provide “bottom lock”—i.e., vehicle velocity relative

to the seafloor [163] or, in some specialized cases, the underside of ice [105].

To provide better resolution of deep currents from shipboard measurements, lowered

ADCP methods were developed using overlapping shear traces from a higher frequency (typ-
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ically 150 or 300 kHz) ADCP lowered from a (relatively) stationary ship. The shear traces

are then used to reconstruct the full current profile. The two main lowered ADCP processing

frameworks are the shear method, originally described by [61, 62], and the velocity inversion

method [154].

In the last 10 years, there has been increased interest in using ADCPs from autonomous

underwater vehicles to characterize the currents between the surface and the seafloor and to

close the gap of uncertainty in vehicle drift between when GPS is available at the surface

and bottom lock is obtained within range of the seafloor [139, 140, 106].

Aided by the development of very high frequency ADCPs (1 MHz) specifically for au-

tonomous underwater gliders, the two main lowered ADCP processing frameworks—the shear

method and the inversion method—have been modified to estimate depth-varying current

profiles from gliders by [147] and [148, 149] respectively. A related, but distinctly different

method based on non-linear objective mapping of ADCP shear has been also developed by

[50]. In all implementations ([147, 149, 50]), the authors needed to contend with the limita-

tion of Slocum and Spray glider ADCPs that only collect data during one half of the dive

(either ascending or descending).

Our contribution builds on and extends the velocity inversion method with several key

innovations. We use current data from the entire dive (as opposed to just during descent),

which is crucial for multi-hour dives where, as we show, the current profiles on descent versus

ascent differ significantly. We then explicitly separate the over-the-ground glider velocity into

the drift velocity (as a result of advection), and the glider’s horizontal through-the-water

velocity. This enables us to directly incorporate hydrodynamic model velocity estimates and

independently control the smoothness regularization of the different velocity components.

7.3 Finding the Current Profile by Inversion

In this section we develop an approach to use (1) on-board ADCP observations of relative

current velocity profiles, (2) dive start and end GPS coordinates and (3) a measure of through

the water (TTW) velocity obtained from the glider to simultaneously estimate (a) absolute
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(Earth-referenced) ocean velocity profile, and (b) the glider path through the water. We

present the derivation for a scalar velocity v, which can be understood to be either one of

the velocity components (u, v), or a complex-number representation of velocity, u+ iv.

7.3.1 Formulation of the inverse problem

Similar to [154, 148], glider-borne ADCP observations of horizontal currents are considered

to be a sum of three unknown components:

ua(z, t) = uo(z)− ug(t) + ε(z, t),

where

• uo is the absolute ocean velocity

• ug is the over-the-ground (OTG) velocity of the glider platform

• ε is the ADCP measurement noise.

Here, we separate the OTG glider velocity into the drift velocity ud = uo(zg(t)), equal to the

ocean velocity at the glider depth zg, and the glider horizontal TTW ”propulsion” speed up,

which is determined by the glider control and its flight dynamics:

ug(t) = uo(zg(t)) + up(t).

Thus the inverse problem is to obtain uo(z) and ug(t) such that the discrepancy with the

observed values of ua are minimized,

min ‖ua(z, t)− (uo(z)− uo(zg(t))− up(t))‖22. (7.1)

This formulation uses the least squares loss, corresponding to a Gaussian assumption on the

noise ε. More robust losses are of interest and will be studied in future work.

This formulation is more complex than that of [148], as it requires interpolation of ocean

velocity onto the glider location (uo(zg(t))), but it allows explicit treatment of the glider

state. Additionally, applying smoothness regularization to up as discussed below is more

appropriate than to ug.
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7.3.2 Discrete formulation

We consider a set of individual ADCP observations uaij = ua(zij, tj) at depth cells zij and

times tj, with the i ∈ [1, I] being the ADCP range cell index, and j ∈ [1, J ] being the sample

time (ping) index. All the valid observations form an observation column vector

ua = [ua1...u
a
k]
>,

where the index k ∈ [1, K], K ≤ IJ enumerates valid observations. The vectors [zk] and [tk]

represent the corresponding depth and time coordinates of the k-th valid observation.

The unknown state vector

x =

ug
uo


consists of a vector of the unknown glider OTG velocities

ug = [ug1...u
g
M ]>

defined on a temporal grid t̂m,m ∈ [1,M ], and a vector of the unknown ocean velocities

uo = [uo1...u
o
L]>

defined on a regular vertical grid ẑl = (l − 1)∆ẑ, l ∈ [1, L]. For convenience, the temporal

grid t̂m is taken to be a superset of the sample times tj, with the extra intervals added during

the gaps in the ADCP record (at the beginning and the end of the dive, as well as during

a brief intermission at the bottom of the dive); the spacing of the extra intervals is set to

the average ADCP sampling interval. Discrete formulation of the ADCP sampling problem

(7.1) then becomes

ua = −H tug +Hzu0 + ε,

where ε is the noise vector. The matrix operator H t represents temporal interpolation from

the time grid {t̂m} onto the sampling times {tk}, and Hz represents spatial interpolation

from the vertical grid {ẑl} onto {zk}. Since {tk} ⊂ {t̂m} by construction, H t is simply a



122

subsampling matrix,

H t
km =

1, if tk = t̂m

0, otherwise

.

The formulation of vertical interpolation matrices depends on the chosen interpolation method.

Visbeck [154] method is equivalent to the nearest-neighbor interpolation. Here, we employ

linear interpolation, corresponding to a matrix operator

Hz
kl =


1− (ẑl − zk)/∆ẑ, ẑl−1 ≤ zk < ẑl

1− (zk − ẑl)/∆ẑ, ẑl ≤ zk < ẑl+1

0, otherwise.

7.3.3 Additional Regularization

The inversion framework balances physical knowledge of the glider’s motion (such as start-

and end-of-dive GPS fixes) against assumptions about the physical environment, including

smoothness of current profiles in time and space.

Start- and End-of-Dive GPS: GPS fixes before and after the dive provide tie-points

on the integral
∫
ugdt over the duration of the dive. The discrete formulation of these

relationships is given by

Sx ≈ s,

where s is the scalar (complex) horizontal displacement between the two GPS fixes, S =[
w 0

]
, and w represents the weights corresponding to trapezoidal rule integration,

wm =


0.5(t̂2 − t̂1), m = 1

0.5(t̂m+1 − t̂m−1), 1 < m < M

0.5(t̂M − t̂M−1), m = M

Glider Velocity: A measure of the glider’s TTW velocity, such as that provided by the

glider hydrodynamic model, can be used to provide a constraint on up(t) in (7.1). Discrete
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formulation of this constraint is

up = −H tug +Hz0uo + ε,

where up is the TTW velocity predicted by the hydrodynamic model, and Hz0 represents

spatial interpolation of ocean velocity profile onto the glider depth (so that Hz0x is the glider

drift speed); this matrix is constructed in the same way asHz. The relative confidence, within

the model, of these measurements compared to the ADCP measurements can be controlled

by adjusting the relative magnitude of the noise vectors ε for the two measurements. As is

demonstrated and discussed in the Results section, however, understanding the subtleties of

how to weight the constraints is still a work in progress.

Smoothness Regularization: Additionally, we require both the ocean and the glider

velocities to be smooth, which is equivalent to minimization of D2u
g, and D2u

o where D2

are the second derivative operators of the appropriate sizes,

D2 =


1 −2 1 0 · · · 0

0 1 −2 1
...

. . . . . .

0 · · · 0 1 −2 1

 .

Subtleties of Regularization: Ideally, we want to solve an inverse problem that is

aware of both the vehicle dynamics and control and the ADCP observations, because this

is the only way to make a self-consistent estimate. The challenge, as mentioned above with

the glider velocity estimates in particular, is that measurements are inherently noisy, often

biased, and optimally choosing the relative weighting between measurements is still a work

in progress.

In the extreme case, if we had a perfect hydrodynamic model, we would not need the

inverse at all, as we would know the TTW velocity at any moment (based solely on the

buoyancy and pitch control), and therefore would have absolute ocean velocity estimates

from every trace. At the other extreme, if the ADCP measurements were perfect and ex-
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tended close to the vehicle, we would have a direct measure of the TTW velocity from that

information alone and would not need the dynamic model.

In reality, the ADCP is noisy and has gaps (notably, the blanking distance). And without

the hydrodynamic model, we can’t distinguish between the legitimate accelerations due to

AUG control (which should be kept) and spurious accelerations arising from ADCP noise

(which should be eliminated)—and we would be forced to either keep both, or eliminate

both, which is suboptimal.

7.3.4 Least-Squares Formulation

The final least-squares problem formulation is given by

min
x
‖Gx− d‖22,

where

G =



−H t Hz

w 0

−H t Hz0

roD2 0

0 rgD2


, d =



ua

s

up

0

0


,

and ro and rg are regularization parameters. The solution is given by

x = (G>G)−1G>d,

and can be computed in a more efficient manner (e.g., using a QR decomposition aware of

the block structure of G).

7.3.5 Modification: two-profile solution

The ocean velocity profile is expected to change over the duration of the dive. Therefore,

it may be reasonable to seek two ocean velocity profiles ud and uu, corresponding to the
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descent and asent. The state vector and the observation matrix then become

x =


ug

ud

uu

 ,

H =
[
−H t | Hzd | Hzu

]
,

where the interpolation matrices Hzd and Hzu are constructed as Hz before, except that

only those rows of Hzd that correspond to the downcast zk are non-zero, and vise versa.

An additional constraint is necessary, requiring the ocean velocity profiles to match at

the bottom end, i.e. [
0 e>n −e>n

]
x = 0.

where en is the elementary vector with 1 in the last entry.

The modified system is given by

min
x
‖Gx− d‖22,

where

G =



−H t Hzd Hzu

w 0 0

−H t Hz0d Hz0u

roD2 0 0

0 rgD2 rgD2


, d =



ua

s

up

0

0


,

For shorter dives, assuming identical current profiles on ascent and descent may be a

reasonable assumptions. For the data collected over multi-hour dives, however, as we show,

there can be significant deviation in the current profile during descent and ascent, and we

use the two-profile solution.
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7.4 Deconvolving Glider State and Current Profile: State-Space Approach

In this section, we propose a state-space model that fuses available information (ADCP

current profiles, GPS coordinates, and measure of smoother velocities) to simultaneously

infer the states of the glider together with current profile estimation. The formulation uses

identical information to that used in Section 7.3. However, the main innovation here is

to use a more detailed navigation model, with a view toward simultaneously solving the

current mapping and glider localization problems. A direct consequence of this is an updated

estimate of the state variables of the glider, along with the estimates of the current profile.

7.4.1 Glider State-Space Model

We start by constructing a linear four-dimensional state-space model for the glider positions

and their derivatives (OTG velocity):

xk :=
[
egk ngk ėgk ṅgk

]T
,

xk+1 = Gkxk + εk, εk ∼ N (0, Qk)

zk = Hkxk + νk, νk ∼ N (0, Rk), for k = 1, N

Gk =


1 0 ∆tk 0

0 1 0 ∆tk

0 0 1 0

0 0 0 1

 , Hk =

1 0 0 0

0 1 0 0


(7.2)

The four states are east/north over-the-ground (OTG) velocities and their approximate in-

tegrals. The only measurements used here are the GPS position fixes at the beginning and

end of the dive. A separate term is added later to compare OTG velocities with (measured)

TTW velocities.

The state-space model (7.2) does not force smoothness of the velocities, unlike the pre-

vious section. The full-state block bi-diagonal process-discrepancy matrix G, and block
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diagonal matrices H,Q,R are

G =


I 0

−G2 I
. . .

. . . . . . 0

−GN I

 , H =


H1 0

0
. . . . . .

. . . . . . 0

0 HN



Q =


Q1 0

0
. . . . . .

. . . . . . 0

0 QN

 , R =


R1 0

0
. . . . . .

. . . . . . 0

0 RN


We also introduce notation for the full state X, measurements z, and initial state w:

x =


x1

x2
...

xN

 , z =


z1

z2
...

zN

 , w =


x0

0
...

0


The Kalman smoother estimate for the velocities (and their derivatives) from direct obser-

vations would be obtained by solving the single least squares problem

min
x
||Gx− w||2Q−1 + ||Hx− z||2R−1

7.4.2 ADCP Measurements

We now consider unknown current profiles cu and cv, which connect to the glider states in

the previous sections via the simple equations

cu = ėg + zou + εcu

cv = ṅg + zov + εcv
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The additional decision variables cu, cv are indexed by depth. The model linking the ADCP

observations to current profiles and states is given by

zou = Accu − Aux+ εcu

zov = Accv − Avx+ εcv

where Au, Av select out the OTG velocities at the time the measurements were taken and

Ac selects out the depths for the given measurement.

Depending on the discretization of cu, cv, there may be depths without associated mea-

surements. To estimate currents at these depths and to smooth out the final ocean velocity

estimate we impose regularization terms on cu and cv:

R(cu, cv) :=
N−1∑
i=1

(cui − cui+1)
2 + (cvi − cvi+1)

2,

which can be written as

R(cu, cv) = ||Arcu||2 + ||Arcv||2

where Ar compute adjacent differences.

7.4.3 Comparing OTG and TTW Velocities

The difference between OTG and TTW Velocities depends on the current, so we add a least

squares term for this estimation. The three variables are connected via the equations

ėg = e ttwg + cu + εev

ṅg = n ttwg + cv + εnv

These can be written using existing variables as follows

AOTGex− (ATTWexTTW + Acvelucu) + εev = 0

AOTGnx− (ATTWnxTTW + Acvelvcv) + εnv = 0,

where AOTG, ATTW select the appropriate velocities at each time and Acvel selects the current

for the depth at the given time.
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7.4.4 Joint Inversion

Combining the state-space model with the ADCP observations, current profiles, and velocity

comparisons gives the least squares problem

min
x,xTTW ,cu,cv

||Gx− w||2Q−1 + ||Hx− z||2R−1

+η1||Accv − Avx− zov ||2 + η1||Accu − Aux− zou||2

+η2||AOTGex− (ATTWexTTW + Acvelucu)||2

+η2||AOTGnx− (ATTWnxTTW + Acvelvcv||2

+η3||Arcu||2 + η3||Arcv||2

(7.3)

The joint inverse problem is interesting because it violates the classic Kalman smoothing

block tridiagonal structure. In particular, while GTG is sparse and block tridiagonal, and

HTH is sparse and block diagonal, the matrix ATvAv is a generic sparse matrix. In the

experiments, we exploit the sparsity of the final least squares problem (7.3) to solve the

problem efficiently. We leave further structure-exploiting innovations for ADCP-informed

navigation to future work.

7.5 Experimental Data Collection

As part of the Canada Basin Glider Experiment (CABAGE), two Seagliders, SG196 and

SG198, were deployed on 6 August 2017 at the shelf break north of Prudhoe Bay, AK. From

there, they flew up to and around the CANAPE mooring array until they were recovered on

17 September 2017, for a total of 49 days. Together the gliders covered approximately 1730

km over the course of 712 dives, with SG196 diving to 480 m depth and SG198 diving to 750

m. Figure 7.2 shows the glider tracklines for both a short test deployment in 2016 and the

2017 deployment.

Each glider was equipped with a Nortek Signature1000 1 MHz ADCP, as well as the stan-

dard suite of conductivity temperature (CT) sensor, pressure sensor, WHOI MicroModem,

and custom-built passive marine acoustic recorders (PMARs). Figure 7.1 shows the gliders
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Figure 7.2: SG196 (green) and SG198 (red) were deployed at the shelf break north of Prudhoe

Bay, AK. From there, they flew up to and around the CANAPE mooring array (black dots)

for 49 days until they were recovered by the USCGC Healy.

loaded on the R/V Ukpik, ready for launch, with the upward-facing ADCPs, installed in the

tail section, clearly visible.

For clarity during the discussion here, when referring to the ADCP data, we will use trace

to refer to an individual profile collected by the ADCP, and profile to refer to the result of

the inverse, i.e. the current profile for the entire dive. The ADCPs were programmed to

collect a trace every 15 seconds with 2.0 m bins. Each trace typically covered 10-15 m depth,

with the actual usable range varying with the amount of acoustic scatterers in the water.

In practice any given depth bin was covered by 5-7 different traces. Figure 7.3 illustrates a

section of the current profile with overlapping ADCP traces after alignment.

7.6 Results

In this section we compare the results obtained using the approaches detailed in Sections 7.3

and 7.4.
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Figure 7.3 shows a short section of the current profile with the individual overlapping

traces that have been aligned and averaged to produce the final current profile (black). This

is from a 750 m dive, so the sections of data shown were collected 3.5 hrs apart. The difference

in the current profile during ascent and descent are clearly visible.
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Figure 7.3: Overlapping ADCP traces during descent (blue) and ascent (red) for dive 99 of

sg198, after alignment. The current profile produced by the state-space approach is shown

as the thick black line.

A comparison of the results of the two methods for the entire dive is shown in Figure
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Figure 7.4: Comparison of the full results from the method of Section 7.3 (black dashed) to

that of Section 7.4 (colored).

7.4. Both approaches find highly correlated estimates of current profiles, which is reassuring,

though there is a clear offset between the results that varies by depth. We believe that this

is due in large part to the sensitivity of the state-space approach to the weighting applied to

the different terms in the minimization, which are difficult challenging to vet without ground

truth for the entire current profile.

The only ground truth available for this dive is for the upper 40 m, shown in Figure 7.5.

These data are from an upward-facing 600 kHz moored ADCP that was approximately 13
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Figure 7.5: Zooming in on the upper 100m of the profiles in Figure 7.4, we use current profile

data from a 600 kHz ADCP on a mooring that was approx. 13 km away during this dive.

Current data was collected hourly. The time evolution of the surface currents over the 5

hours during the dive, is captured by the color scale, starting with blue at the beginning of

the dive and ending with red.

km away during this dive. The time evolution of the surface currents, measured hourly, is

captured by the same color scale used for the glider data, starting with blue at the beginning

of the dive and ending with red. Current data, as shown here, has not yet been corrected for

the motion of the mooring. This correction and aggregate comparisons for other dives that
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are near moorings is the topic of future work.

The second approach also produces updated velocity profiles, which are shown in Fig-

ure 7.6 and the resulting glider trajectory, shown in Figure 7.7. Comparing the x-y position

estimates from a glider trajectory computed using the naive approach of uniformly applying

a single depth-averaged current estimate across the dive versus using the ADCP-based cur-

rent profile to inform the glider position throughout the dive, shows a dramatic difference.

The ADCP-based correction not only shifts the trajectory, but also compresses the dive and

stretches the climb. This leads to a maximum horizontal offset of 449m in this case. We

look forward to using range measurements from the CANAPE moorings to both improve

and validate these results in future work.
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Figure 7.6: Updated velocities after processing the ADCP data.

7.7 Conclusions and Future Work

The main contribution of the work is to validate the idea of solving the state-space and

current deconvolution problem using ADCP measurements. Two related approaches were

developed, implemented, and compared; both made use of glider-estimated velocities, ADCP

observations, and GPS fixes. The estimated current profiles were reasonably comparable to

those obtained by a ‘ground truth’ ADCP on a nearby mooring.
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Figure 7.7: We compare position estimates from a glider trajectory computed without knowl-

edge of current (dead reckoning), using the naive approach of applying a depth-averaged

current uniformly across the dive, and using the ADCP-based current profile to inform the

glider position throughout the dive. The ADCP-based correction not only shifts the trajec-

tory, but also compresses the dive and stretches the climb, leading to a max horizontal offset

of 449m.

The state-space approach in Section 7.4 is more informative than the first, since it also

produces modified post-processed state estimates of the glider, see Figure 7.6. While there

is no ground truth on the estimated velocities, the high degree of correlation between the

deconvolution and inversion method for estimating current profiles validates the approach,

and opens doors for future work using the state-space approach.

First, the state-space approach builds an explicit connection between variables used dur-

ing navigation to those informed by the ADCP. This is a promising development for ADCP-

aided navigation.

Second, the state-space framework allows a broad set of optimization-based tools to be

applied to the deconvolution problem. In particular we can incorporate constraints [29], ro-



136

bust losses [18], and nonsmooth regularization [16, 10], as well as singular state-space models

that make use of these innovations [76]. The state-space formulation also allows nonlinear

models [29, 17], as needed by range measurements. All of these innovations make it possible

to fuse information from noisy measurements along with statistical models that are robust

to noisy data and constraints that incorporate prior knowledge. Efficient implementation of

these formulations requires significant additional work in understanding the structure of the

underlying linear algebra problem (7.3).
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