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This dissertation covers two main topics: relativistic Hamiltonians for quantum chemistry,
and quantum computation. The main theme of the work presented within is the development
of higher accuracy ab initio quantum chemistry simulations within the context of relativis-
tic theory, and the theoretical analysis of quantum computational algorithms. In the first
chapter, approximate density functionals are calibrated with a variational two-component
relativistic Hamiltonian for the prediction of excited state X-ray absorption spectra. The
second chapter presents a new method for computing four-component Dirac Hartree—Fock
ground states of molecules, with an emphasis on its practical efficiency for large heavy ele-
ment molecular systems in the future. The third and final chapter goes beyond the realm of
Dirac Hartree—Fock theory, and analyzes how one could model the fully correlated molecu-
lar Hamiltonian including second order effective quantum electrodynamic effects within the

digital model of quantum computation.
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PREFACE

In our day and age, scientific research has become so specialized that the archetype of the
“lone scientist” is exceptionally rare. Science is truly a team sport, and the work presented
below is the result of a combined effort of myself and my collaborators. A description of my

contributions to each chapter is presented below.

Chapter 1 presents a theoretical background to provide context to the methods utilized
in my thesis, and only contains well established results and not original work.

In Chapter 2, I present work highlighting the capabilities of specific density functionals
of relativistic time-dependent density functional theory to model L-edge X-ray absorption
spectra. The iterative diagonalization method was implemented in Gaussian by Joe Kasper,
but we both worked to collect the large amount of data required for this calibration study,

and analyzed the results in the context of previously developed relativistic methods.

Chapter 3 presents a new method for efficiently computing the Dirac Hartree-Fock ground
state is presented. I was in part responsible for the initial idea, and I developed the main
software infrastructure for the method in the Chronus Quantum software package. Shichao
Sun contributed with Coulomb and exchange matrix derivations, as well as some atomic
calculations. Additionally, I contributed to the data collection of the heavy metal dimers,
and atoms as well as computational timings. Prof. Xiaosong Li spearheaded the integral
contraction algorithm, and was in part responsible for the atom and dimer data collection

as well.

In the 4th and final chapter, a novel algorithm and analysis of the asymptotic scaling of
an effective quantum electrodynamical Hamiltonian is presented for a quantum computer,

with numerical results on a model relativistic jellium system. In this work I was responsible

x1



the numerical results of the expected commutator bounds for the model system, and the
asymptotic cost analysis for quantum phase estimation. Additionally, I programmed the
routine for computing the integrals for the numerical model system. Furthermore, I provided
the theoretical analysis for the state preparation step. Anthony Ciavarella provided the
lattice Hamiltonian results, and helped developed the diagonalization scheme for the unique
Pauli gates requires for this quantum simulation. Prof. Nathan Wiebe provided expertise in

deriving asymptotic bounds for the lattice based simulation and qubitization methods.
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Chapter 1

THEORETICAL BACKGROUND AND CONCEPTUAL
OVERVIEW

1.1 Electronic Structure Theory

Electronic structure theory is based on the idea that electrons surrounding the nucleus of
each atomic element, behave according to the laws of quantum mechanics. Therefore, the
behavior of electrons in molecules and condensed matter are governed by the Schrédinger

equation

e .
i |0) = H|P) (1.1)

where |¥) is the wavefunction of the physical system, and H is the Hamiltonian which is
the total energy operator of the system. Unless otherwise noted, the equations presented
throughout this thesis are in atomic units, meaning h = ay = e = m, = 1, where h is
the reduced Planck’s constant, ag is the Bohr radius, e is the elementary charge, and m,
is the electronic mass. One of the fundamental axioms of quantum mechanics states that
the pure wavefunction, or state of the physical system is fully described by the state vector
over a complex vector space. This vector space is known as a Hilbert space, H, with infinite
dimensionality, when there exists an inner product of vectors defined as (¥|¥), and the space
is complete, where the wavefunction |¥) € H. [1] The structure of the H is defined by the
definition of the physical system’s Hamiltonian H. The Dirac bra-ket notation used here
means that the bra vector, (¥| is the complex conjugate transpose of a ket vector |¥). For
simulating quantum mechanical systems, such as molecules, we can choose a basis, such as
a real space lattice, or single particle atomic orbitals as a finite dimensional representation

of the of Hamiltonian H and the wavefunction |¥). The finite basis wavefunction can be



described as a complex vector
aq

(&%)
wy=| "], meC (1.2)

Qy,
where «; is a complex number representing the probabilty amplitude of the ith basis vector.
In a finite dimensional space, we can then use standard linear algebra methods to perform
simulation.

Next, one can simplify the Schrodinger equation to be time-independent when describing
standing waves, often called stationary states, of a quantum system. The form of the time-

independent Schrodinger equation is
H|W) = E|D) (1.3)

where FE is the energy of the wavefunction. This of course can be solved by an eigenvalue
decomposition, since the Hamiltonian His represented as a matrix operator of size n x n for
a finite dimensional quantum state |¥) vector of size n. The eigenspectrum of H then gives
all possible ground, and excited stationary states as eigenvectors, where the energies of each
state are the corresponding eigenvalues.

In the context of modeling molecules and materials, we typically focus on the Coulomb
Hamiltonian, He which can be thought of as the “standard model” of electronic structure.

This Hamiltonian is defined as

- 1 1 Z 1 ZaZ
R ST AL DAL D N ey kDD W sy kD ) -y
’ (1.4)
where indices A, B and i,j are over nuclei and electrons respectively, R, is the nuclear
position vector, r; is the electronic position vector, M4 is the nuclear mass, Z4 is the nuclear
charge, and V? is the Laplace operator. The physical meaning of the individual Hamiltonian
terms are as follows; The first term is the kinetic energy of the nuclei, the second term is the

kinetic energy of the electrons, the third term is the attractive potential energy of electrons



and nuclei, the fourth term is the repulsive potential energy of electron-electron interactions,

and the last term is the repulsive potential energy of the nuclear-nuclear interactions.

In the case of ground state electronic structure theory, one typically simplifies the prob-
lem by taking the Born-Oppenheimer approximation [2], where the nuclear and electronic
wavefunctions are deemed separable, since nuclei are thousands of times heavier than an
electron. As a consequence, we can take the clamped-nuclei approach, where the nuclei are
static in time and frozen in real space. This means that the first term in Eq. 1.4 goes to zero,
and the last term just becomes a scalar value. With these approximations we can then focus
solely on the electronic structure that is parameterized by the clamped nuclear positions

with the following electronic structure Hamiltonian

- YAVA:
HE:_Z ZZ]RA—r]+ZZ\r—r| ZZ\RA—RB| (1.5)

1.1.1 Hartree-Fock Theory and Basis Sets

While the choice of a finite basis for representing the electronic structure is arbitrary, one
of the most natural and compact approaches for chemistry is the atomic orbital (AO) ap-
proach, where each atomic center has a set of Gaussian type orbitals, with the form zee_azQ,
representing one-electron hydrogenic wavefunctions, where « is a scalar coefficient, ¢ is the
angular momentum quantum number, and z represents a cartesian direction. The choice
of using Gaussian functions is convenient for two reasons. First, since the non-relativistic
electronic Hamiltonian has a cusps of electronic density at the nuclei, the single electron
orbitals are best described by Slater-type orbitals that decay as e™**. These functions can
be closely approximated by a linear combination of Gaussian functions whose coefficients, «,
can be tuned to best approximate a Slater function. Second, when computing the integrals
defined in the Hamiltonian, Gaussian orbitals are a convenient representation, since the in-

tegral overlap of two separate Gaussian functions is a Gaussian function itself. This greatly

simplifies computing electronic structure integrals. The electronic structure integrals can be



defined in the following form

- /d'rgb (vz Z|RA—1°|> 8o(7) (1.6)

tre = [ [ arar sy (20 ) oot (17)

where ¢ represents the orbital basis function and the spin degrees of freedom are omitted.
With a given basis, we then want to construct an appropriate finite basis representation of
the N-electron wavefunction. First, we need to ensure that the wavefunction is antisymmetric

with respect to exchange of 2 electrons (labeled as x;), where

|\IJ(ZL'1,£L'2,...,I’N)> == —|\II(ZL'2,ZL‘1,...,ZEN)> (18)

This is commonly known as the Pauli exclusion principle, where we find that two identical
fermions cannot occupy the same quantum state. To enforce this physical constraint on our
system, we can use a commonly known ansatz of an N-fermion wavefunction known as a

slater determinant, which is defined as

¢1(z1)  da(x1) -+ On(z1)

|<I>>:L ¢1(:$2) ¢2(:932) ¢N€$2) (1.9)

o1(rn) ¢a(wn) - on(TN)

where ¢; represents the single electron wavefunction, also known as an orbital.

In Hartree-Fock theory, we assume that the wavefunction of the system can be approx-
imated as a single slater determinant, and the ground state energy is solved by minimizing
the energy expectation value which is determined by Ey = (®|Hy|®) with the constraint
that the orbitals must be orthogonal to one another. Therefore, the Hartree-Fock procedure

aims to minimize the following Lagrangian

(I)|HE|¢ Z/\U ¢z|¢] l]) (1-10)



where )\;; is the set of Lagrange multipliers, d;; is the Dirac delta function, and (¢;|¢;) is
the overlap between two orbitals. Upon minimizing this Lagrangian, we end up with a set

of one-particle eigenstates that satisfy

f(l’l)@(%l) = Xi¢i(z1) (1.11)

where )\; is then the one-particle eigenenergy, also called the orbital energy. f (x;) is known
as the Fock operator, which is the mean-field Hamiltonian which describes a single electron
interacting with the fixed nuclei in the molecule, and also the “smeared” average potential

of the other electrons. Specifically,

flay) = h(zy) + J(z1) — K (1) (1.12)
where iz(:z:l) is the core Hamiltonian, consisting of the electronic kinetic energy, and the

nuclear-electron attraction potential

7 _ 2
h(w) = —v Z|RA_x1| (1.13)

from the first two terms in Eq. 1.5. The Coulomb and exchange operators in Eq. 1.12, J (1)
and K (z1) respectively are defined as

N

Haonan) =3 ( [ drasaridore) ) o) (114

k(o) = 3 ( [ angedrioq ) o) (1.15)

J
where the ry," is shorthand for the Coulomb kernel, the two electron repulsion interaction,
and N is the total number of electrons.
Within a finite basis, such as the atomic orbital basis, we can cast the Hartree-Fock

equations into matrix form using a linear combination of atomic orbitals (LCAO)

M
=Y Cuxa (1.16)
o



where x, is the atomic orbital basis function, C, is the coefficient (or contribution) of the
pth atomic orbital to the & molecular orbital (MO). Therefore, a molecular orbital is in
fact a vector of coefficients representing the weights of the LCAO. In short, the finite basis
LCAO approach to Hartree-Fock theory can be casted into matrix form, and solved as a

generalized eigenvalue problem

FC = SCA (1.17)

where F is the Fock matrix in the AO basis, C is the full MO coefficient matrix from Eq.
1.16, S is the atomic orbital overlap matrix, required because the atomic orbital basis set
is not orthonormal in general, and finally A represents the vector of eigenenergies for each
molecular orbital. While solving Eq. 1.17 by itself is straightforward, theres an additional
caveat: F depends on the molecular orbitals C, so that means this is actually a nonlinear
problem, requiring a self-consistent solution, known as an SCF procedure. F and C are
updated each step starting from an initial guess of the MO coefficients, until a variational
minimum is reached. More details about finite basis Hartree-Fock theory can be found in

Ref. [3].

1.1.2  Full Configuration Interaction

With the above Hartree-Fock approach, one can generate a set of orthogonal molecular or-
bitals based on the mean-field electronic wavefunction of the system. However, Hartree-Fock
wavefunctions are defined as having no electronic correlation at all (except for electronic
exchange), whereas the true wavefucntion will have all other correlations included. Intu-
itively, electronic correlation can be thought of as the interaction each electron has with the
other electrons in the system, dependent on each of their relative spatial positions. This
phenomenon then describes all of the interactions that are not included in the Hartree-
Fock wavefunction, since the mean-field approximation assumes electronic interactions are
independent of the position of the other particles in the system. For the most accurate cal-

culations, one must solve for the fully correlated wavefunction that captures all the relevant



physics.

In order to compute the full ground state wavefunction, we can construct the full config-
uration interaction (FCI) Hamiltonian in second quantization representation. [4] Specifically,
second quantization allows us to describe the the FCI Hamiltonian in a basis of occupation
number vectors of spin-orbitals. A spin-orbital, ¢, can be defined as a product of the spatial
orbital, and the single fermion spin function ¢(r,w) = x(r)o(w), where o(w) typically corre-
sponds to the spin-up or spin-down state, mgy = j:%, but can be a linear combination of the
two in general with w as the spin coordinate. For example, a system of 2 electrons and 4
spin-orbitals would have occupation number vectors of the form |1100), [1010), |0011), etc.
More formally, this corresponds to a particle number conserving subspace of the full Fock

space

Fi(Ho) = @ SeHG" (1.18)
n=0

where H, is a single particle Hilbert space, @ is the direct sum of the vector spaces, and
Si+ denotes the symmetry or anti-symmetry operator for bosonic and fermionic statistics
respectively. The exponent ®n represents the tensor product of Hilbert spaces Ho®@ Hp - - - ®
Ho, n times, where n is the number of particles in the finite basis. Physically, this general
form of the Fock space includes an infinite number of basis states for an infinite range of the
number of particles in the quantum system of interest. This general form is not useful in the
interest of finite basis simulations, so we end up using only a small subspace of the full Fock
space

Fo—(Ho) = S_HG" (1.19)

For the energy regime of electronic structure, we also assume that the number of electrons
is conserved, so the relevant subspace puts a constraint on Eq. 1.19 that ZZM n; = N where
M is the total number of modes in the space, N is the total number of electrons in the
system, and n; € {0,1} can only be one of two values due to the Pauli exclusion principle,
in the general occupation number vector |ny, ng,--- ,ny) format. With this Fock basis for

electrons, we can then define creation and annihilation operators, a' and a, that raise and



lower the number of particles in a single particle mode defined as

al]010g - O -+ Op) = 0405 - -~ 15 - -~ 0py) (1.20)
0105 -+ 1 -+ Opg) = 0105 - -~ Og - - - 0ps) (1.21)
at]010g -1 0pr) = 0 (1.22)
0105+ Op -+ 0p) = 0 (1.23)

where the { superscript represents the complex conjugate. Additionally, the operators have

the following anticommutation relations

{a}, a} = aja] + aja}, = 0 (1.24)
{ak, al} =ara; +aqa, =0 (125)
{a}i, a} = a}ial + ala,t = (1.26)

where dy; is the Dirac delta function. More generally, in order to preserve fermion antisym-

metry the creation an annihilation operators acting on Fock states can be defined as

af|loly -+ 0, Oar) = Tpllgly -1, -+ 0p) (1.27)

ap]1011 s 1p' . OM> = Fp’1011 c 'Op' . OM> (128)

where I', = [[?Z1 (—1)™ and n; € {0,1} counts the occupied modes. Acting on a single
particle state vector, the creation and annihilation operators can be defined as 2-dimensional

matrices

al = {? 8} (1.29)

0= [8 (1)] (1.30)

With these creation and annihilation operators, we can then represent the molecular elec-
tronic structure Hamiltonian in a compact form with only the one and two-body integral

coefficients,

H= Z hpqazaq + Z hpqrsa;fjagams (1.31)
pq

pgrs



where h,q, and h,qs are calculated from the integrals in Eq. 1.6 and Eq. 1.7. The indices
p,q,r, s are a general index over spin-orbitals in the MO basis for the system. With this
second quantized electronic Hamiltonian, and the occupation number vector basis, we then
have a way to represent the FCI Hamiltonian, and subsequently the FCI wavefunction. As
an example, for the 2 electron, 4 spin-orbital system, the FCI ground state wavefunction

may be of the form
|Wrcr) = ¢o|1100) + ¢1]1010) + ¢,]1001) + - - - (1.32)

where ¢; is the complex probability amplitude for each configuration in the basis. If our
occupation number vectors are based on molecular orbitals solved from the Hartree-Fock
procedure, then the Hartree-Fock wavefunction amounts to only taking the single mean-field

slater determinant by setting ¢y = 1 and all other coefficients ¢;~g =0
|Wnr) = [1100) (1.33)

The basis states present in |WUgcr) contain the missing electronic correlation from the Hartree-
Fock wavefunction as a superposition of different electronic configurations.

Ultimately, to understand the electronic structure of a system we want to be able to com-
pute |Wgrcr). Unfortunately, this is typically intractable for all but the smallest molecular
systems. This is due to the fact the number of slater determinants, or occupation number
basis vectors, in the FCI Hamiltonian scales exponentially as O(2M) where M is the number
of basis states in the single particle basis. The notation, O(+), here is the standard “Big O”
notation representing the set of functions that asymptotically upper bound the argument. In
general, the field of quantum chemistry has focused on introducing truncations and approx-
imations to the FCI Hamiltonian, such as coupled cluster, truncated CI, complete active
space methods, multi-reference methods, Kohn-Sham density functional theory and much
more. The ultimate goal is to retain important contributions of the electronic correlation
terms in the wavefunction, that have computationally tractable (polynomial scaling in the

number of modes, M) algorithms, and have high overlap with the true FCI wavefunctions.
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1.2 Quantum Computation

Quantum computing is a rapidly growing new paradigm for computer hardware, first devised
in the 1980’s with Yuri Manin [5], and Richard Feynman at the forefront [6]. One of the
most exciting prospects of quantum computation is the fact that certain algorithms that
scale exponentially on classical computers, in fact scale only polynomially on a quantum
computer. [7, 8 9, 10]. For the specific task of simulating quantum systems, Lloyd [11]
demonstrated the first explicit quantum algorithm for simulating k-local Hamiltonians (where
the Hamiltonian can be represented as a sum smaller terms that only act on k qubits out of
the total system) in 1996. Simulating the molecular electronic structure Hamiltonian only
scales polynomially with the input size, which is in stark contrast to the exponential scaling
we see when implementing a molecular FCI simulation on a classical computer. [12, 13] This
prospect of successfully simulating Hamiltonians that would not be possible with even the
best classical supercomputers, is obviously exciting for physicists and chemists alike who
model systems at the quantum mechanical scale. The following section provides a simple
overview of the digital quantum computational model, and a full exposition can be found in

Ref. [14]

1.2.1 Quantum Gates and Registers

The standard digital model of quantum computation focuses on a mathematical represen-
tation of a system of coupled two-level quantum systems. Specifically two-level quantum
systems are referred to as qubits. Qubits are the quantum analog of “bits” in classical
computers where a single bit can be only in one of two states, 0 or 1.

A single qubit, |g), is described by a two-dimensional complex vector,

@) = {g} — al0)+ 81) € € (1.31)

where a and (3 are complex numbers that are normalized to one.

o> + 18> =1 (1.35)
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Figure 1.1: A Bloch sphere with a general state vector |¢) defining the state of a single qubit.

Since a qubit is a two level quantum system, its possible states can be described geometrically
by a Bloch sphere. This compact representation is equivalent to the states of a qubit due to
the fact that the two complex numbers needed to describe the probability amplitudes of both
the |0) and |1) states contain redundant information due to the normalization constraint in
Eq. 1.35 and the fact that global phases can be ignored. Specifically, since a complex number
can be defined by two real numbers, naively one could describe a qubit as a vector in a 4-
dimensional real valued vector space. However because of the normalization constraint,
la +ib|> + |c + id|* = 1, where o and 3 are expanded into real numbers a, b, ¢, d, the qubit
can be represented on the surface of a 3-sphere, reducing one degree of freedom since we
are restricted to states on the sphere’s surface. Next, if we see that the definition o and
B on the 3-sphere is a = e cos(6/2) and B = V¥ sin(0/2), we actually have another
redundant degree of freedom, in the global phase e™. This is due to the fact that only the
relative phase between o and 8 matter for physical observables. Therefore we can reduce the
dimension again, and represent the qubit on a 2-sphere, which is known as the Bloch sphere
where a = cos(f/2) and 3 = € sin(f/2). A pictoral representation of the Bloch sphere is
shown in Fig. 1.1, where |¢) is a general state vector for a single qubit. By convention, the

|0) and |1) states are defined in 1.37 corresponding to “up” and “down” states on the Bloch
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sphere respectively.
1
|0) = {O} (1.36)
0
1) = L} (1.37)

Adding more than one qubit results in the size of the complex Hilbert space representing the
full quantum state increasing in dimension by 2" where n is the number of qubits. Therefore,
a quantum state with two qubits is represented by a 4-dimensional complex vector. For
example, the two qubit state |00) is represented as the Kronecker product:

100) = |0) @ |0) = (1.38)

1
0
0
0
In general, a quantum register which contains the current state of the quantum computer,
is a quantum state vector that spans a Hilbert space which is a product of the Hilbert space
of each of the n qubits H = Ho® H1 ® - - - ® H,,_1. Ultimately, the state of the register used
in quantum computation is a complex vector of length 2". Therefore you only need n qubits
to span 2" basis states.

Within a given computational model, the obvious next requirement is a set of gates
that can manipulate the data on a given register. Quantum gates are defined as unitary
operations that manipulate a subset of qubits in the quantum register. Typically these are
in the form of one and two-qubit operations that allow for local Bloch sphere rotations, and
entanglement between qubits respectively. The Pauli matrices comprise of a subset of single

qubit rotations possible.

B R e T 1Y w20

As a simple example, the Pauli X gate, o, operating on the first qubit in a 2-qubit register
acts as a single bit-flip operation, |00) — |10)

(0, ®13) |0) ®10) =|1) ®|0) (1.40)
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where 15 is the 2-dimensional identity matrix. In order to introduce superpositions and
entanglement capabilities, one then needs the single qubit Hadamard gate, and the two
qubit controlled-o, gate (commonly known as the CNOT gate) respectively. The Hadamard

gate is defined as

H= % B _11} (1.41)

where application onto a single qubit, rotates the state into a superposition with a phases

depending on the starting state in the computational basis.

1 1
H|0) = —=|0) + —=|1 1.42
0) \/5! ) \/5\ ) (1.42)
1 1
H|1l) = —|0) — —|1 1.43
1) =10 \/§| ) (1.43)
Next, we can entangle 2 qubits with the CNOT gate
1000
01 00
CNOT =10)(0| @ I, + |1){1| ® 0, = 000 1 (1.44)
0010

which only applies the o, operator to the second qubit if the first qubit is in the state |1).
Finally, as a simple example of a quantum circuit, we can combine the Hadamard gate and
the CNOT gate to produce the Bell state

1
V2

for 2 qubits, starting from an initial state of |00) on the register. This final state can be

5+) = L2|00> + Ly (1.45)

achieved by first applying a Hadamard gate to the first qubit, then a CNOT gate, where the
first qubit is the control, and the second qubit is the one that has o, conditionally applied

to it. Specifically this quantum circuit amounts to the following.
|®1) = (]0)(0] ® 15 + |1){1| ® 0,) (H ® 15) |00) (1.46)

Due to the lengthy process of writing down each operation for a quantum circuit, it is

instead more easily represented graphically. For Eq. 1.46, we can graphically write the circuit
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Figure 1.2: Quantum circuit diagram for creating the Bell state from Eq. 1.46 starting with
the quantum register in the |00) state.

as shown in Fig. 1.2. The diagram is read from left to right, so the first operation on the
initial |00) state is the Hadamard gate on the first (top) qubit. Next is the CNOT gate,
where the black dot labels the control qubit, and the & symbol labels the target qubit that
will be flipped by the NOT gate, o,, conditional upon the first qubit’s state. The quantum

algorithms in Chapter 4 will follow the conventions and notations presented here.

1.2.2  Quantum Simulation of Molecular Hamiltonians

Simulating Hamiltonians on quantum computers is a highly active research field that is
rapidly developing, commonly referred to as “quantum simulation,” or “Hamiltonian sim-
ulation.” In this section, the basics of quantum simulation is presented using the Trotter-
Suzuki decomposition [15, 16] and quantum phase estimation (QPE) [17]. However a multi-
tude of different methods exist, for both noisy intermediate scale quantum computers, and
fault-tolerant hardware that utilize quantum walks, hybrid quantum-classical optimization,

higher-order Trotter-Suzuki formulas, and more. [18, 19, 20, 21, 22].

First, one needs to choose a method of mapping a choice of Hamiltonian to qubits. One
of the most common methods is the Jordan-Wigner transformation [23], where in the context
of molecular Hamiltonians, one spin-orbital is mapped to one qubit. Specifically, we can take
the matrix representation of the creation and annihilation operators and decompose them
into Pauli gates, denoted as X,Y, Z (which is just a shorthand notation of Eq. 1.39) which

are common gates available on quantum hardware. The creation and annihilation operators
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acting on a single orbital can be defined as

0 0] X-—iV

T —

o )
0 1] X+iv

a= {0 0} =— (1.48)

In order to preserve the fermionic antisymmetry requirement, we must also keep track of the
sign (parity) with respect to the location of which qubit is being operated on. Therefore,
the general form of the Jordan-Wigner transformed creation and annihilation operators for

an arbitrary number of modes in the quantum system are

X =Y

a;—Z®Z®®( ) ®12®12®"'®12 (149)
p

X +1iY
2

p

Strings of creation/annihilation operators then transform into a linear combination of local
Pauli operators acting on k qubits, where k is the total length of creation/annihilation
operators in the string (with additional Z operators in between the qubits of interest to
preserve parity.) With this decomposition, we then can represent our second quantized

Hamiltonian as linear combinations of local operators
H=> H, (1.51)

where H; is a local Hamiltonian that can be defined as an arbitrary Pauli string, with m as
the total number of terms. H is described as k-local if k is the the total number of qubits
operated on for each term H;.

In order to perform quantum simulations on a quantum computer, we need to be able to

build and apply the unitary time evolution operator of the Hamiltonian
U(t) = e H, (1.52)

Since we showed above that we can construct the Hamiltonian out of a linear combination

of Pauli operators, we can substitute that into the time evolution operator, and get the
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resulting Trotter decomposition

e—iI:It _ e—i > Hit He—iHit + O(m2t2) (153)

i
using the exponentiation law where a sum in the argument is equivalent to the product of
the exponentiation of each term. However, since this is a matrix exponentiation of the local
Hamiltonian terms, they are not guaranteed to commute, so there is a finite error term,
O(m?*t?).

Trotter-Suzuki formulas break the decomposition in Eq. 1.53 further, so that for large
times t one can still accurately approximate the time evolution operator by slicing into r

time steps.

et Hit — (H e_iHit/T> + O(m?*t*/r) (1.54)

;
Since we have control over the number of time steps r, and the fact that the error term now
scales as the inverse of r, this makes controlling the size of the error in the approximation
possible.

Using the Jordan-Wigner transform and the Trotter-Suzuki decomposition of the exact
unitary time evolution operator, one can then use the quantum phase estimation procedure
to compute the fully correlated, (or FCI) ground state energy of the molecular Hamiltonian
with a polynomial number of computing resources. A simple overview of the quantum phase
estimation procedure can be broken into a few main steps. First, start with a quantum
register that contains |¢)) which is an eigenstate of some unitary operator U, and an ancilla

register of zeros

[reg) = [00---0) @ [¢)) (1.55)

The goal is to extract the eigenvalue of |1)) as a phase 6 where Ult)) = e*™|1)). As an aside,
one can see that for the case of extracting energy eigenvalues of a molecular Hamiltonian,
then U is just our time evolution operator, and |¢) is the exact ground state wavefunction.
Obviously, in the case of molecular electronic structure we are only able to start with an

approximation of |¢), but if the approximate starting wavefunction has a large overlap with



17

the exact wavefunction, then the exact ground state energy still has a high probability of
being extracted from the QPE algorithm. For this overview of QPE we will keep the simplistic
view that we are able to prepare |¢) exactly.

The next step in the algorithm is to apply the Hadamard gate to every n qubits in the

ancilla register to prepare a superposition of the computational basis states |0) and |1)

reg) = g (10) +11)°" @ [} (1.56)

Next, the U operator is applied to the system register [¢)) if an ancilla qubit is in the |1)
state, known as a controlled operation, similar to the CNOT gate described in the previous
section. The controlled-U (C' — U) operator is applied 2" times for each nth ancilla qubit
producing the state

2" —1
1 )
reg) = 7273 2 k) @ [4) (L57)
k=0

where k sums over all possible bit string basis vectors in the space of the ancilla register,
so k is an integer corresponding to the binary number representation of each computational
basis vector. Finally, an inverse quantum Fourier transform, commonly denoted as QFT !
can be applied to the ancilla register to produce the final state

2n—12"—-1

1 2mik (.. on
reg) = 52 > > FE ) @ y) (1.58)

=0 k=0

Simply, this means that at the end of the algorithm the original eigenstate is left untouched,
and now the ancilla register contains a superposition of binary numbers whose probabilty
amplitude sharply peaks the closer its value is to the desired phase #. By measuring the
ancilla register, we can extract 6 in the computational basis, and use it to easily compute
the eigenvalue of [¢)). A more extensive overview of QPE can be found in Ref. [14]

Overall, by using the described methods above, one can simulate a fully correlated molec-
ular Hamiltonian with the goal of finding its ground state energy eigenvalue with just a
polynomial number of operations, unlike the exponential scaling of a classical algorithm. In

short, the second quantized Hamiltonian is decomposed into local Pauli matrix strings that
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are simple operations on quantum computers. Next, the unitary time evolution operator can
decomposed into exponentials of individual local Pauli matrix strings with an error that can
be explicitly controlled. Finally, with an approximate starting wavefunction that has a high
overlap with the exact wavefunction, we can use quantum phase estimation with the time
evolution operator of the Hamiltonian to extract the exact energy eigenvalues. While they
are many methods to accomplish this task, the methods presented here are provided as a

straightforward minimal introduction to Hamiltonian simulation on quantum computers.

1.3 Overview

While the proceeding chapters cover a variety of topics and methods in molecular electronic
structure, there is a common thread tying these works together. That thread is relativity.
Specifically, how special relativistic effects arise in quantum chemistry, especially for heavy
elements, and how our models and algorithms can be improved to simulate chemistry with
high accuracy. In chapter 2, the prediction of L-edge X-ray absorption spectroscopy is
investigated using a variational relativistic 2-component Hamiltonian and time-dependent
density functional theory. In this work, different basis sets and density functionals are
compared and contrasted finding which methods perform best. It is found that the relativistic
2-component time-dependent density functional theory is quite effective for modeling the
spin-orbit splitting of core and valence energy levels variationally, but certain spectroscopic
features, such as “shake-up” states require a higher level of electronic correlation, such as
doubly excited electronic configurations to properly model those X-ray absorption peaks in
the spectrum.

While electronic correlation is important, the relativistic Hamiltonian can be improved
further to include two-electron spin-orbit and spin-spin interactions, known as the 4-component
Dirac-Coulomb-Gaunt Hamiltonian. This Hamiltonian captures the relativistic two-electron
interactions which are typically not included in 2-component methods. These effects are
not only important in X-ray spectroscopy but also energetics and bonding in heavy element

compounds. Additionally, correlated methods all relay on first obtaining a set of mean field
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electronic orbitals, known as the self-consistent field (SCF) procedure. In chapter 3, the SCF
algorithm used to compute the mean-field Hartree-Fock orbitals of the 4-component Dirac-
Coulomb-Gaunt Hamiltonian is improved. While each step in the SCF algorithm computing
the Hartree-Fock orbitals scales as O(N?), where N is the number of orbitals, there is a large
pre-factor in the computational complexity for the number of contractions involved with the
two electron integrals. By changing the basis of the Fock and one particle density matrices
into a Pauli spin basis, one is able to reduce the number of operations at each step by a
factor of ~3. While this improvement may seem small, it is useful for several reasons. First,
because 4-component SCF calculations can take many steps to reach a solution (usually
much more than a standard non-relativistic calculation), and the large basis sets needed for
4-component calculations, the total wall-clock time for an SCF calculation is non negligi-
ble. Second, because the prefactor for each O(N?) step is much larger in 4-component SCF

calculations than in a non-relativistic SCF, each step takes longer to compute.

Finally, in chapter 4 further improvements to the description of the relativistic molecular
Hamiltonian are explored, with the inclusion of quantum electrodynamical (QED) effects
that both standard 2 and 4-component methods ignore. QED effects are small compared
to the relativistic effects explored in chapter 2 and 3, however in order to greatly improve
quantitatively accurate predictions of molecular properties (especially those containing heavy
elements) from first principles, both QED effects and electronic correlation are necessary. In
this theoretical algorithmic study, the problem of simulating an effective QED Hamiltonian is
examined through the lens of quantum computation. As mentioned above, the possibility of
using quantum computers to simulate quantum systems like molecules is exciting because the
fully correlated wavefunction can be simulated in polynomial time, wheres classical computers
would require exponential time which is intractable for all but the smallest systems. In
chapter 4, we show that including QED effects in the molecular Hamiltonian (where the
electronic and positrionic fields are now allowed to interact) can still be efficiently simulated
in polynomial time on a quantum computer. Additionally, we show that additional terms

are necessary in the Jordan-Wigner transform, and preform a preliminary analysis on the
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computational cost of simulating a simple relativistic jellium model using a planewave basis
set.

The overarching theme of this thesis is to improve both the accuracy and efficiency
of molecular electronic structure prediction with both relativistic Hamiltonians, and the
prospect of performing quantum simulations on quantum computers. The contribution here
provides small, but important steps towards the major scientific goal of being able to compu-
tationally model molecules and materials from first principles, providing theoretical tools in
aiding the design of new molecular and material technologies such as catalysts, photovoltaics,

medicine, and more.
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Chapter 2

MODELING Ls,3-EDGE X-RAY ABSORPTION
SPECTROSCOPY WITH LINEAR RESPONSE EXACT
TWO-COMPONENT RELATIVISTIC TIME-DEPENDENT
DENSITY FUNCTIONAL THEORY

X-ray absorption spectroscopy (XAS) is a powerful tool that can provide physical in-
sights into element-specific chemical processes and reactivities. Although relativistic time-
dependent density functional theory (TDDFT) has been previously applied to model the
L-edge region in XAS, there has not been a more comprehensive study of the choices of basis
sets and density functional kernels available for variational relativistic excited state methods.
In this chapter we introduce the implementation of the generalized preconditioned locally
harmonic residual (GPLHR) algorithm to solve the complex-valued relativistic TDDFT for
modeling the L-edge X-ray absorption spectra. We investigate the L 3-edge spectra of a se-
ries of molecular complexes using relativistic linear response TDDFT with a hybrid iterative
diagonalization algorithm. A systematic error analysis was carried out with a focus on the
energetics, intensities, and magnitude of La-Lg splitting compared to experiments. Addi-
tionally, the results from relativistic TDDFT calculations are compared to those computed
using other theoretical methods, and the multi-determinantal effects on the L-edge XAS were
investigated. This work was adapted and reproduced from Stetina, T.F., et al, “Modeling
L 3-edge X-ray Absorption Spectroscopy with Linear Response Exact Two-Component Rel-
ativistic Time-Dependent Density Functional Theory.” J. Chem. Phys., 2019, 150, 234103.,
with the permission of AIP Publishing.
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2.1 Introduction

X-ray absorption spectroscopy (XAS) is an important tool that can give insight into lo-
cal molecular geometry and electronic structure through the excitation of core electrons in
molecular compounds. Advances in synchrotron technology with greatly improved temporal
and spectroscopic resolution have made XAS a powerful tool for investigating the electronic
and nuclear structure of molecules and condensed matter.[24, 25, 26, 27, 28, 29, 30, 31, 32, 33|
X-ray absorption is element specific, meaning that the absorption spectrum for different ele-
ments are highly separated energetically. Because of this energetic separation, XAS has the
unique ability to isolate selected elements for physical study. For example, XAS has been
especially successful in the characterization and study of metal complexes, including but not
limited to charge transfer pathways, [34] oxidation states, [35] observation of spin crossover

events [36], and understanding solvation effects. [37, 38|

The near edge X-ray absorption fine structure (NEXAFS), also known as X-ray absorption
near edge structure (XANES), contains excitations to bound electronic states close to the
ionization potential. [39] In the extended X-ray absorption fine structure (EXAFS) region,
continuum effects become more prominent due to ionization and Feshbach resonances. [40]
The NEXAFS region is difficult to capture without an accurate description of the electronic
structure of the absorbing atom and its neighbors. Previous theoretical methods have been
well studied in the non-relativistic regime, but newer relativistic methods have not been
characterized in great detail. [41, 42, 43, 44, 45] Relativistic effects are important to properly
describe X-ray absorption because core electrons move at a significant percentage of the
speed of light, causing core orbitals to contract and lower their energy. For K-edge XAS
(excitations from the 1s core level), not accounting for relativity in ab initio calculations
uniformly red-shifts the spectra compared to experiment.[46, 47, 48, 49, 50] However, the
relative peaks in the spectrum remain similar, so the overall characterization of K-edge
spectra is commonly treated by using a non-relativistic Hamiltonian and uniformly shifting

the computed spectrum.
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This is not the case for L-edge spectra, where the core orbitals that are being excited
are in principal quantum number n = 2. Like K-edge XAS, L-edge XAS is also element
specific, but L-edge spectra have finer line-widths due to longer core-hole lifetimes.[39] The
finer line width allows for a higher sensitivity of element specific characterization, making
L-edge XAS a unique probe of molecular properties. Transition probabilities for L-edge
spectra are electric dipole-allowed, so issues with origin-dependence need not be considered
in computations.[47, 51, 52, 53, 54] In L-edge XAS, the 2s and 2p orbitals are not only
contracted by relativistic effects, but the 2p orbitals are split in energy by spin-orbit coupling
into 2p;/» and 2ps/9 sets, denoted as the Ly and L3 edge in XAS respectively.

Theoretically, spin-orbit coupling terms fall out of the relativistic Dirac equation. As a
result, relativistic Hamiltonians are a natural choice for the ab initio treatment of L-edge
spectroscopy. We do note that it is possible to include spin-orbit coupling perturbatively in
a non-relativistic or scalar relativistic Hamiltonian, and methods of this type have been im-
plemented and shown to provide a qualitative description for light elements, such as ZORA
[55, 56, 57], MCSCF [58], RASPT2 [59], TDDFT [60], and ROCIS. [61, 62] However, per-
turbative treatment of relativistic effects will break down for heavier elements.

Previously, variational treatments of spin-orbit coupling in the electronic Hamiltonian
within the real-time time-dependent electronic structure framework have been used to model
X-ray absorption spectra. [63, 64] These approaches, without explicitly solving for the eigen-
vectors of excited states, have successfully produced XAS spectra in excellent agreement with
experiments. Other alternatives to explicit eigensolvers have also been explored, including
frequency dependent-response [65, 66, 67, 68, 42, 69, 70, 71] and model order reduction
[72, 73]. When eigenvectors of electronic adiabats are needed for interpretation of chem-
ical properties of XAS, the linear response formalism of the time-dependent Hartree-Fock
(LR-TDHF) and time-dependent density functional theory (LR-TDDFT) with the restricted
(74,75, 76, 48, 77] or growing excitation window [78, 77, 49] techniques have been particularly
successful for predicting K-edge XAS. However, for systems that exhibit a high degeneracy of

excited states in the spectral region of interest, e.g., L-edge XAS of a metal complex, solving
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the relativistic LR-TDDFT equations is often subject to nontrivial convergence problems.
To obtain the interior eigenspace of challenging spectroscopic systems, we have recently
developed a hybrid method using the generalized preconditioned locally harmonic residual
(GPLHR) [79] algorithm for solving real-valued TDDFT equation. [80]

In this work, we introduce the implementation of the GPLHR algorithm to solve the
complex-valued relativistic two-component TDDFT. The aim of this work is to investigate
and calibrate the ability of linear response formalism of exact two-component transformed
(X2C) time-dependent Hartree-Fock (X2C-TDHF) and time-dependent density functional
theory (X2C-TDDFT) [81, 82] for modeling the L-edge X-ray absorption spectra with a

focus on first and second row transition metal complexes.
2.2 Theory

2.2.1 Ezact Two-component Transformation

Relativistic two-component methods begin with the four-component (4c¢) relativistic Dirac
Hamiltonian for the electron: [83, 84, 85]

. Vel co -

H* = P (2.1)

co-p (V-2m*)®I

V is the scalar potential, o is the vector of Pauli matrices, p is the linear momentum operator,
and I is the rank-two identity matrix. The speed of light and mass of the system are given
by ¢ and m. The eigenstates of this Hamiltonian can be partitioned into large (L) and small

(S) components

e = (2.2)

that can be subsequently partitioned into spin-up and spin-down components. Since there
are both positive and negative energy solutions to the Dirac equation, a variety of algo-

rithms have been devised that isolate the electronic (positive energy) solutions via a unitary
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transformation:

. H* 0 W J2e
U U = loul | = (2.3)

~

0, H- Vg 0
The Hamiltonians B+ and H~ have two-component (2¢) eigenstates U2 and describe positive
and negative energy states respectively. Although there are many different techniques to form
the transformation matrix U, in this work we use the exact two-component (X2C) method
86, 87, 88, 89, 90, 91, 92, 93, 94, 81, 95, 96, 82, 97, 98]. In our implementation we restrict
the 4c—2c transformation to the one-electron operator. Because of this approximation, an
additional scaling factor for the spin-orbit coupling terms is included to account for the
two electron terms in an approximate manner. [99] For the following section we assume
that the 4c—2c transformation has been carried out so that all matrix quantities are in the

transformed two-component framework, as represented by the tilde.

2.2.2  Linear Response TDDF'T

The absorption spectrum for molecules can be obtained using TDDFT [100, 101]. One of
the most common approaches is to solve the TDDFT equations using the linear response

formalism [102, 103, 104]. This amounts to solving an eigenvalue problem of the form

A B ||X X
=w (2.4)

-B* —A*| |Y Y
where w is the resonant energy, and X and Y are the transition amplitudes. The matrices
A and B are given by

leai,bj = 0ap0;ij(€q — €) + f(ai,bj (2.5)

and

Bai,jb - Kai,jb (26)
where a,b denote virtual MOs and 7,5 occupied MOs. The coupling matrix K is given in

the AO basis as
O’E.,.

Koy = A)
HV,EN (MU|KJ )+8PMV8PH)\

(2.7)
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The functional second derivatives in Eq. 2.7 depend on the particular exchange and correla-
tion functionals. In this work, we use a direct atomic-orbital based X2C transformation with
the torque-free spin- density approach as described in Refs. [81, 82, 97]. We note that the
extension of standard collinear functionals to 2-component non-collinear DFT is non-trivial,
and refer readers to Refs. [105, 97] for a recent review on non-collinear DFT methods. The
solution of Eq. 2.4 can be performed in the X2C-transformed frame, since the transition
energies £ and vectors | X Y') for do not depend on the transformation matrix U. [81] How-
ever, the evaluation of properties must be done in the nontransformed basis, as is required
to avoid the so-called “picture change” error. [81, 106]

In general the size of the matrix in Eq. 2.4 is too large to store in memory and so a variety
of iterative methods have been used. Although there is extensive discussion in the literature
on iterative eigensolvers, two specific aspects of this problem warrant further elaboration.
First, for high energy excitations such as those in X-ray spectroscopy, some type of energy
windowing is desirable in the iterative diagonalization of Eq. 2.4. Obtaining only a subset
of the spectrum greatly reduces the computational cost by removing the need to converge
all lower-energy roots. Energy-specific Davidson [78, 50] and restricted excitation window
(76, 75, 107, 77] methods have proved to be fairly successful in this regard. However, recently
some alternative methods such as GPLHR [108, 79, 80] and IVI [109, 98] have shown great
promise in tackling challenging interior eigenproblems in TDDFT.

Second, though no less important, is the need to use complex arithmetic. Typically
implementations of TDDFT in real arithmetic make use of the fact that A and B are

Hermitian to simplify Eq. 2.4 to an equivalent problem of half the original dimension: [101]
(A-B)(A+B) X +Y)=uw’X+Y) (2.8)

However, in the general complex case A # A* and B # B* and Eq. 2.4 cannot be reduced
to the form of Eq. 2.8. Despite this, the problem still possesses a block structure that can
be taken advantage of to improve convergence. Most notably, while general non-Hermitian

eigenproblems can have complex eigenvalues, solutions to Eq. 2.4 still have real eigenvalues.
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To eliminate intermediate complex eigenvalues one can enforce the block structure of Eq. 2.4
on the subspace problem at each iteration. This is accomplished by incorporating matching
trial vectors into the space. While in the real case for every positive energy solution (w, | X Y'))
there is a negative energy solution (—w, |Y X)), for the complex non-Hermitian problem for
each (w,|XY)) there is a corresponding “paired” solution (—w*,|Y* X*)). With both trial
vectors included, we retain the same structure as Eq. 2.4 for the subspace problem at each

iteration.

2.2.3 Generalized Preconditioned Locally Harmonic Residual (GPLHR)

The full technical report and derivations of the GPLHR algorithm is already published [79],
so here we only provide an overview of the algorithm. The TDDFT equation in Eq. 2.4 is a

generalized eigenvalue problem of the form
HY = QMY (2.9)

The GPLHR algorithm attempts to find the n interior eigenvectors with eigenvalues €2 closest
to a specified value o through a harmonic Rayleigh-Ritz procedure. This procedure is gen-
eral for a complex non-Hermitian eigenvalue problem, which can in principle have complex
eigenvalues, but in the case of LR-TDDFT, H represents the matrix in Eq. 2.4. For physi-
cally meaningful solutions, ‘H will have all eigenvalues real; complex eigenvalues indicate an
instability in the reference. However, intermediate complex eigenvalues can arise during the
iterative diagonalization, and care must be taken to ensure these are handled properly.

From an orthonormalized initial guess of n (right) vectors V, the set of vectors Q is
formed in the o-shifted space

Q= (H-oM)V (2.10)

After orthonormalization of @, the initial approximations for the eigenvalues @; are found

by solving the generalized eigenproblem in the reduced space given by

(Q"HV, Q'MV) (2.11)
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This can be solved by generalized Schur decomposition (also known as QZ factorization),
and is preferable over diagonalization when the matrices might become low-rank. From the

Schur decomposition of Eq. 2.11 we obtain the triangular factors R, R, as well as Schur

bases Y1, Yr such that

QMY =Y, R\ Yr (2.12)
QMY =Y, R YVx (2.13)

The eigenvalues are given by the ratio of the diagonal elements of the triangular factors:

wj = Ra(j,5)/Ralj, J) (2.14)

The Schur vectors Y, and Yr can be used to update ¥V and Q, with YV — VYr and
Q— QY.

Next, a subspace is generated. This trial subspace Z = [V, W, S84, ..., S, P] corre-
sponds to the Krylov-Arnoldi sequence generated by the preconditioned residuals. Note that
unlike the Davidson method which increases the subspace size at each iteration, the subspace
is of fixed size determined by the integer parameter m. P is an additional block of saved
vectors and is not used on the first iteration. As is done in the Davidson algorithm, we
approximate the preconditioner 7 as the inverse of the difference between the approximate
eigenvalue @ and the diagonal elements of H, which are given by the orbital energy differ-
ences. Additionally, GPLHR projects out components against ¥V and Q. For the trial space

Z the analogous set of vectors in the o-shifted test space is formed:
U=H—-oM)Z (2.15)

The new reduced-dimensional eigenvalue problem (U'HZ,UTMZ) is solved by Schur de-
composition as before. Since the dimension of the eigenproblem in Eq. 2.15 is now larger
than the number of roots we seek, the eigenvalue-eigenvector pairs are ordered by closeness
to the shift value o, and can then be used to update V, @, and P. The convergence of

eigenvectors and eigenvalues is evaluated to determine if additional iterations are necessary.
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2,19

Figure 2.1: Optimized structures of the molecules used in this study: (A) PdCly, (B)
CrO,Cly, (C) SiCly, (D) VOCI3, (E) [FeClg]*~, (F) TiCly. All bond lengths are reported

in Angstroms. Full coordinates are given in the Supplementary Information.

2.3 Benchmark and Discussion

To better understand how well the DFT-based approach should be expected to perform
generally, a variety of different density functional and basis set combinations are used to
compute Ly 3 XAS for a set of transition metal complexes. This set includes metal centers in
several rows of the periodic table to test the robustness of the method to capture different
symmetry environments as well as varying strengths of bonding and relativistic effects. The
basis sets used were the non-relativistic Pople-type 6-311G(d) [110, 111], the relativistically-
optimized double-¢ and triple-( Sapporo sets [112], and the relativistically-optimized aug-
cc-pVTZ-dk. [113, 114, 115, 116] The DFT functionals included B3LYP [117, 118], PBEO
(119, 120], as well as HSE06 [121], CAM-B3LYP [122], and M062X [123]. Results from
Hartree-Fock (HF) are also given for comparison. All calculations were run using a locally
modified version of the development version of the Gaussian suite of programs. [124] For

each complex the geometry was optimized using the LANL2DZ [125, 126, 127] effective core
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potential and basis set with each density functional. The optimized geometries for the test
set of complexes are shown in Fig. 2.1. Convergence of the linear response X2C-TDDFT
problem was done using a combination of the energy-specific Davidson method [78, 50] and
GPLHR [79, 80] as a hybrid method. It is also important to note that one of the key
challenges in solving the linear response X2C-TDDFT problem for L-edge spectra is that
there are a large number of roots required to obtain the spectrum. The degeneracies in
magnetic microstates (2J41) lead to a large number excited states, even if they do not

contribute oscillator strength to the overall spectrum.

2.3.1 Convergence Behavior of Complex GPHLR for Computing L-edge Figenstates

The use of GPLHR has been shown to provide improved convergence in TDDFT problems,
particularly where there is a dense manifold of states associated with high degeneracy. [80].
For complex two-component TDDFT problems, the proper handling of complex intermedi-
ates is essential. We remark large scale systems can introduce a high level of degeneracy of
excited states which are spatially distinct in nature. For systems with non-zero total angular
momentum, J > 0, an additional level of degeneracy arises from magnetic microstates. In
this section, we only focus on the convergence behavior of complex GPLHR interior eigen-
solver for obtaining excited states in the L-edge spectral region using complex X2C-TDDFT.
We refer interested readers to Ref. [80] for additional discussion of the computational per-
formance of this type of eigensolver.

In Fig. 2.2 we show the convergence profile and computational cost for computing excited
states in the L-edge of SiCly using the aug-ccpVTZ-dk basis and the CAM-B3LYP functional.
The transitions obtained here are for the first 5 states above 103 eV and correspond belong to
the Lz-edge. Since the matrix-vector product (m-vec) is the time consuming step, the total
number of m-vecs is used to measure the computational cost. As seen in the convergence
profile, the energy-specific Davidson is less smooth and not monotonic. In the energy-
specific Davidson algorithm, a fixed number of trial eigenvectors are selected for a given

energy window. In cases where there is a high level of degeneracy, there can be a fluctuating
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Figure 2.2: The convergence profile and number of matrix vector products to obtain the
lowest 5 excited states above 103 eV in the SiCl; system using both Davidson and the
GPLHR hybrid. The excited state shown has an eigenvalue of 103.008 eV.

selection of trial eigenvectors, resulting in an ill-conditioned convergence profile. While
this hinders the Davidson algorithm, the problem appears less severe than high levels of
spatial degeneracy, presumably because similar sets of orbitals are needed to describe the
degeneracies due to different spin states. By contrast, in GPLHR hybrid method there is no
hard threshold used to include or exclude certain eigenvalue-eigenvector pairs. As a result,

the GPLHR hybrid exhibits a faster and smooth convergence.

2.3.2  Error Analysis and Comparison

For each molecular complex several peaks were identified for comparison to experimental
spectra [128, 57, 129, 130, 131], resulting in a total of 40 transitions used in the analysis.
However, since the number of states required to cover the X-ray spectrum is quite high and
each experimental peak may be composed of multiple roots, instead of analyzing individ-
ual eigenvalue-eigenvector solutions, we obtain a Gaussian-broadened spectrum and identify

peaks and shoulders using a spline fit and solving for the minima of the second derivative.
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Figure 2.3: The mean absolute errors for basis set and functional combinations across the
molecular test set with data from Tab. 2.1. The top panel shows the raw energy values, the
middle panel is the uniform shifted energies, and the bottom panel is the uniform shifted
energies with the spin-orbit correction.

The broadening parameters were chosen to match qualitatively with the experimental spec-
tra and are given in the Supplementary Information. Note that we were unable to obtain
the full spectra for certain combinations of DFT functionals and basis sets due to strong
numerical instabilities in the noncollinear formalism. The errors in energy are computed
using several methods: unshifted, a single uniform shift for both Ly and L3, and using an
additional shift for Ly relative to the shifted Ls. A single uniform shift is used to correct for
self-interaction errors in DFT, [132] and the additional Lo-edge shift corrects for the approx-
imate two-electron spin-orbit coupling. [64] Fig. 2.4 plots the shifted spectra of [FeClg]*~
compared to experimental measurement. [128]

The mean absolute error (MAE) and range of the excitation energies are given in Tab.

2.1. The MAE is also shown in Fig. 2.3 graphically. Since the scale of excitations changes
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Unshifted Uniform Shift Uniform and
Spin-Orbit Correction
MAE Range MAE Range MAE Range

HF

6-311G(d) 11.76  5.75 2.05 5.75 0.48 2.11
aug-cc-pVTZ-dk 13.64  1.40 0.56  1.40 0.30 1.40
Sapporo(TZ) 13.88  1.97 0.82 1.97 0.43 1.40
Sapporo(DZ) 13.38  2.79 0.76  2.79 0.76 2.79
B3LYP

6-311G(d) 6.14 12.32 0.79  4.58 0.34 1.67
aug-cc-pVTZ-dk 6.61 9.99 0.51 1.5 0.32 1.55
Sapporo(TZ) 5.99 10.02 0.35 1.66 0.18 1.53
Sapporo(DZ) 8.5 5.53 0.66 1.35 0.39 1.35
CAM-B3LYP

6-311G(d) 6.12 7.95 0.41 1.59 0.27 1.26
aug-cc-pVTZ-dk 5.88 8.43 0.43 1.43 0.26 1.07
Sapporo(T7Z) - - - - - -
Sapporo(DZ) 8.32 5.78 0.57 1.39 0.41 1.85
Mo062X

6-311G(d) 339 997 0.61  2.39 0.31 1.52
aug-cc-pVTZ-dk 3.69 9.96 0.63 2.41 0.54 2.42
Sapporo(T7Z) - — - - — -
Sapporo(DZ) 2.51 5.87 0.47 191 0.28 1.40
HSEO06

6-311G(d) 4.99 10.97 0.68 4.34 0.50 2.85
aug-cc-pVTZ-dk 6.12 9.70 0.34  1.56 0.24 1.11
Sapporo(TZ) 5.33 9.74 0.24 1.53 0.22 1.10
Sapporo(DZ) 7.12 6.08 0.60 1.85 0.41 2.26
PBEO

6-311G(d) 4.93 10.30 0.54  2.69 0.33 1.65
aug-cc-pVTZ-dk 6.48 9.93 0.37  1.58 0.20 0.97
Sapporo(TZ) 4.92 9.80 041 1.69 0.30 1.25
Sapporo(DZ) 7.03 5.72 0.61 1.37 0.42 1.67

Table 2.1: Mean absolute errors (MAE) and the range of errors in eV for several different
functional and basis set combinations. FErrors for the L3 and L, edges shifted with and
without the additional spin-orbit-corrected shift are reported. Values for the shifts can be
found in Supplementary Information.
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Figure 2.4: Example of different types of energetic shifts for the L-edge X-ray spectra of
[FeClg]?>~. The experimental spectra is shown on the top figure from Ref. [128]. The two
dashed gray lines mark two reference peaks for the experimental Ly and Ls edges, that we
want to match with theory. The “No Shift” spectra is the raw calculated spectrum. The
“Uniform Shift” applies the same energetic shift to all absorption roots (+10.9 eV), and the
“Lg 3 Shift” moves the Ly edge in addition to the uniform shift independently to match the
experimental reference (+0.8 eV). The calculated spectra above uses the BSLYP functional
and the Sapporo(TZ) basis set.

considerably, the data from PdCl, are not included in Tab. 2.1. When only unshifted
errors are considered, self-interaction errors dominate the MAE analysis among the DFT
results. There is little difference in MAE between the use of the non-relativistic and the
relativistically-optimized basis sets, nor is there a significant difference between different
functionals. The large error for HF results is likely due to the lack of electron correlation.
After applying a uniform shift to align the L3 edge with the experimental value, it is
clear that basis sets optimized for relativistic calculations provide a better description of the
spectrum. Unsurprisingly using the triple-¢ Sapporo set performs better than the double-(.
Most noticeably, the HSE06/Sapporo(TZ) and HSE06/aug-cc-pVTZ-dk levels of theory show
a remarkably small MAE of 0.24 eV and 0.34 eV, respectively. These two levels of theory also
show a small error range (1.53 eV and 1.56 eV, respectively). Table 2.2 shows the relative
error in the computed Ls-L3 splitting compared to experiments. All levels of theory, except

for the HF /Sapporo(TZ) and HF/aug-cc-pVTZ-dk, underestimate the magnitude of spin-
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orbit coupling. It is clear that the description of spin-orbit coupling is greatly improved in
aug-cc-pVTZ-dk and Sapporo(TZ) compared to 6-311G(d), most likely due to tight functions
near the core. Ly-L3 splittings from the range-separated HSE06 functional with relativistic-

optimized basis sets are in the best agreement with experiments.
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Figure 2.5: The mean percent errors for basis set and functional combinations across the
molecular test set from the data in Tab. 2.3. The top panel displays the raw energies, the
middle panel is the uniform shifted energies, and the bottom panel is the uniform shifted
energies with the spin-orbit correction.

When an additional spin-orbit correction is included by separately aligning the Lo edge
with the experimental value relative to Lz, Tab. 2.1 shows there is not a significant dif-
ference in quality between non-relativistic and relativistic basis sets. This is because after
all relativistic corrections are applied the overall shape of each edge is dominated by the
description of the valence orbitals, which both a relativistic or non-relativistic basis set are
able to model with a similar quality. This error analysis also suggests that approximate

two-electron spin-orbit treatment, such as the Boettger scaling factor used in this work, [99]
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B3LYP HSE06 PBEO HF

6-311G(d) —-1.13  —-0.66 —0.58 —3.64
aug-cc-pVTZ-dk  —0.82 —0.40 —0.59 0.65
Sapporo(TZ) —0.57 —0.29 -0.49 0.78

Table 2.2: Calculated relative errors in the Ly-Lg splitting (eV).

should be sufficient for calculations of L-edge spectra.

We continue the analysis by including heavier elements (PdCly) in the benchmark anal-
ysis, and no longer include the results with the 6-311G(d) basis. Since this test set contains
molecules with metal centers on several periods, the L-edge energies vary from around 100
eV to over 3 keV. In order to appropriately quantify error for transition energies of different
orders of magnitude, it is useful to examine the percent error:

Eca c Eex
Beate = Bewsl | 10007 (2.16)
Ee:cp

In Tab. 2.3 the percent errors across the entire test set are shown, and also displayed
graphically in Fig. 2.5. Mean percent errors (MPE) and error ranges for unshifted spec-
tra are significant, especially given the large L-edge excitation energy. After the uniform
shift, both the mean percent error and error range are drastically improved, with CAM-
B3LYP /aug-cc-pVTZ-dk and CAM-B3LYP /Sapporo(TZ) showing a mean percent error of
only 0.08%. When an additional spin-orbit correction is applied, these errors are further
improved. For the functionals with the PBE correlation (HSE06 and PBEO), the aug-cc-
pVTZ-dk basis performs better than Sapporo(TZ). However, the reverse is true for B3LYP
and CAM-B3LYP. There does not appear to be any significant difference in overall errors
across the different functionals, although CAM-B3LYP had slightly better average error and
one of the smallest ranges of error. Surprisingly, the range-corrected HSE06 does not perform
better than PBEO in this study, while CAM-B3LYP performed slightly better than B3LYP,
which seems to suggest that range-corrected functionals do not consistently improve L-edge

spectra.
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Unshifted Uniform Shift Uniform and
Spin-Orbit Correction
MPE Range MPE Range MPE Range
HF
aug-cc-pVTZ-dk 3.14 3.36 0.26 1.01 0.19 0.78
Sapporo(T7Z) 2.77 6.26 0.19 0.63 0.09 0.43
Sapporo(DZ) 1.87 0.36 0.11  0.39 0.06 0.26
B3LYP
aug-cc-pVTZ-dk 1.38 4.06 0.16  0.65 0.11 0.44
Sapporo(T7Z) 1.47 4.11 0.13  0.37 0.09 0.27
Sapporo(DZ) 2.60 4.66 0.48 2.13 0.45 2.13
CAM-B3LYP
aug-cc-pVTZ-dk 0.84 0.85 0.08 0.28 0.05 0.20
Sapporo(TZ) 1.62 0.10 0.08 0.12 0.03 0.10
Sapporo(DZ) 2.61 4.24 0.504 225 0.53 2.21
MO062X
aug-cc-pVTZ-dk 0.78 1.02 0.13 0.44 0.11 0.44
Sapporo(T7Z) 0.30 0.72 0.29 0.71 0.06 0.18
Sapporo(DZ) 0.40 0.93 0.08 0.31 0.05 0.23
HSEO06
aug-cc-pVTZ-dk 1.34 4.14 0.13 048 0.11 0.48
Sapporo(T7Z) 1.39 4.79 0.15  1.08 0.14 0.95
Sapporo(DZ) 1.10 0.70 0.09 0.26 0.06 0.33
PBEO
aug-cc-pVTZ-dk 1.38 3.78 0.10 045 0.06 0.23
Sapporo(TZ) 1.32 4.02 0.13 0.42 0.11 0.30
Sapporo(DZ) 1.08 0.65 0.10 0.19 0.07 0.25

Table 2.3: Mean percent errors (MPE) and its range for several different functional and basis
set combinations. Errors for the Ly and Ly edges shifted with and without the additional
spin-orbit-corrected shift are reported. Values for the shifts can be found in Supplementary
Information.
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Figure 2.6: Computed branching ratios for [FeClg]*~. The dashed black line denotes the
experimental branching ratio (0.803).

Although obtaining correct excitation energies is important, the computed oscillator
strengths must also be correct to match the experimental spectrum. Additionally, relative
intensities such as the ratio between the Ly and Lj regions are known to contain information
about oxidation state and covalency. [133, 134, 135] The branching ratio is defined as

I,
; 2.17
T (2.17)

where I, and I, are the integrated intensities of Ly and L3 edges. As plotted in Fig. 2.6
the computed branching ratios of [FeClg]>~ reflect how accurately the method captures the
peak intensities. The double-( basis consistently underestimates the experimental branching
ratio, most likely due to less variational flexibility. While the triple-( basis sets perform
more accurately on average, they are also subject to more variation with respect to the
DFT functional. We continue our discussion to assess the benefits and drawbacks of using
TDDFT to model L-edge spectra. The L-edge X-ray absorption spectrum of [FeClg]>~ has
previously been studied in detail with experimental data and multiple different theoreti-
cal techniques, including the restricted active space second order perturbation (RASPT2)

method [59], restricted-open-shell configuration interaction with singles (ROCIS) [62], and
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Figure 2.7: Experimental [128] and computed L-edge absorption spectra comparing different
computational methods for [FeClg]*~. The ROCIS/DFT spectrum comes from Ref. [62],
RASPT2 comes from Ref. [59], and the X2C-TDDFT spectrum is from this work. Each

theoretical spectra was uniform shifted, and normalized to match the experimental peak at
708.5 eV.

the ligand field multiplet (LFM) method [128]. The experimental [128] and computed spec-
tra using RASPT?2 [59], ROCIS/DFT,[62] and X2C-TDDFT from this work for [FeClg]*~ are
compared in Fig. 2.7. Each spectrum is normalized and uniformly shifted to match the main
experimental L3 edge peak at 708.5 eV. All three methods are able to qualitatively repro-
duce the main features in the L-edge spectrum of [FeClg]*~. Both ROCIS/DFT and RASPT?2
results show more peak features than that computed using X2C-TDDFT. However, the ad-
ditional peak features from ROCIS/DFT seem to arise from overestimated intensities. The
RASPT?2 result more closely matches the experimental spectrum. Additionally, RASPT2 is
the only method able to capture the peak at 713.5 eV, which is due to a “shake up” ligand-
to-metal charge transfer excitation.[59] This is possible because RASPT2 includes electronic

configurations with more than just single excitation character.

In order to investigate the role of multi-determinantal effects in L-edge spectra further, we
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Figure 2.8: Experimental [57] and computed L-edge absorption spectra comparing different
computational methods for VOCl3. The LFM and LFM+CT spectra come from Ref. [136],
using configuration interaction with a relativistic DFT reference, and each theoretical spectra
was uniform shifted, and normalized to match the experimental peak at 513 eV. The X2C-
TDDFT spectrum is from this work.

examine electronic structure characteristics of VOCl3. Fig. 2.8 shows the experimental [57]
and computed L-edge spectra using LFM [136] and X2C-TDDFT for VOCl;. Each spectrum
is normalized and uniformed shifted to the central L3 edge peak centered at 513 eV. The
spectrum denoted as LFM contains the (2p°)(3d') electronic configuration on the metal
center. [136] Including additional doubly excited determinants with ligand-to-metal charge

transfer character leads to a more accurate spectral prediction, denoted as LEM+CT. [136]

As shown in Fig. 2.8, the X2C-TDDF'T result is similar to that computed using LEM+CT
for the Ls-edge, with the LEM~+CT spectrum agreeing better with the experiment. The LFM
approach performs less satisfactorily compared to LFM+CT and X2C-TDDFT. This is likely
due to the fact that the X2C-TDDFT result used a hybrid functional, B3LYP, while the
spin-orbitals in LFM were computed using the local density approximation. The addition of

ligand-to-metal charge transfer from the doubly excited determinants in LEM+CT seems to
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significantly improve the L-edge prediction. The Ls-edge spectrum computed from LEFM+CT
shows the best agreement with experiment. This is because the ligand-to-metal charge
transfer shake-up states are more important for the electronic transitions in the Ly region
for VOCl;. [136] As a result, the X2C-TDDFT and LEM L, spectra are in less satisfactory
agreement with experiment.

Generally, the relativistic X2C-TDDFT method exhibits excellent agreement with ex-
periments for main Ly 3 peaks dominated by single electron transitions. However, within
the linear response formalism, X2C-TDDFT is unable to resolve spectral features that need

multi-determinantal treatment.
2.4 Conclusion

In this work, we have presented the LR-X2C-TDDFT approach using the hybrid GPLHR-
Davidson diagonalization method for the computation of L 3-edge spectra. Several different
density functionals and basis sets are used in the benchmarking and comparison. While X2C-
TDDFT cannot model satellite “shake-up” peaks due to their doubly excited character, it
accurately captures the single excitation features and the energetic splitting of the Ly and
L3 peaks. The choice of basis set did not have a strong effect on the qualitative character of
computed spectra, though a reasonable quantitative improvement is seen from using a triple-
¢ rather than double-( basis. By contrast, the effect of the choice of exchange-correlation
functional has a much stronger effect. Among standard GGAs and hybrid functionals such as
B3LYP or PBEO, there was no significant difference, with each performing well in these data.
Using range-corrected functionals had only marginal impact on overall quality, with HSE06
slightly less accurate than PBEO, and CAM-B3LYP slightly better than BSLYP. From our
test set of metal-centered compounds, the combination of CAM-B3LYP and a relativistically

optimized triple- basis set gives us the best result for predicting L-edge spectra.
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Chapter 3

EFFICIENT FOUR-COMPONENT
DIRAC-COULOMB-GAUNT HARTREE-FOCK IN PAULI
SPINOR REPRESENTATION

Four-component Dirac Hartree-Fock is an accurate mean-field method for treating molec-
ular systems where relativistic effects are important. However, the computational cost and
complexity of the two-electron interaction makes this method less common, even though we
can consider the Dirac Hartree-Fock Hamiltonian the “ground truth” of electronic struc-
ture, barring explicit quantum-electrodynamical effects. Being able to calculate these effects
is then vital to the design of lower scaling methods for accurate predictions in computa-
tional spectroscopy and properties of heavy element complexes that must include relativistic
effects for even qualitative accuracy. In this chapter, we present a Pauli quaternion formal-
ism of maximal component- and spin-separation for computing the Dirac-Coulomb-Gaunt
Hartree—Fock ground state, with a minimal floating point operation count algorithm. This
approach also allows one to explicitly separate different spin physics from the two-body in-
teractions, such as spin-free, spin-orbit, and the spin-spin contributions. Additionally, we
use this formalism to examine relativistic trends in the periodic table, and analyze the basis
set dependence of atomic gold and gold dimer systems. This work was reproduced with
permission from S. Sun, T. F. Stetina, T. Zhang, H. Hu, E. F. Valeev, Q. Sun, and X. Li,
“Efficient Four-Component Dirac-Coulomb—Gaunt Hartree—Fock in the Pauli Spinor Rep-
resentation” J. Chem. Theory Comput., 2021, 17, 3388-3402. Copyright 2021 American

Chemical Society.
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3.1 Introduction

Dirac Hartree-Fock (DHF) is a well-established method for molecules and clusters that
require accurate treatment of relativistic effects such as core orbital contraction, spin-orbit
coupling, and spin-spin interactions. There has been extensive research efforts utilizing four-
component DHF based on Gaussian type orbitals. [137, 138, 139, 140, 141, 142, 143, 144, 145,
146] Within the DHF framework, relativistic effects can be introduced through both one-body
and two-body interactions. The one-body term includes scalar relativity and one-electron
spin-orbit coupling arising from the interaction with the nuclear potential. Including one-
body relativistic corrections is computationally inexpensive. There are a number of widely
used techniques to account for these effects in existing electronic structure methods, including

one-component and two-component frameworks.

On the other hand, the two-electron operator is complicated and computationally expen-
sive. Without going to the full quantum-electrodynamical (QED) regime, the two-electron
operator includes the Dirac-Coulomb, Gaunt, and gauge (in the Coulomb gauge) terms with
increasing complexity. [147, 83, 148] From the point of view of relativistic particle inter-
actions, these terms lead to two-electron scalar relativity, spin-own-orbit, spin-other-orbit,
spin-spin interactions, and also retardation effects from the finite speed of light. Since these
important two-electron relativistic effects are computationally expensive, one often has to
resort to well-designed algorithms and well-calibrated approximations to strike a balance

between theoretical accuracy and computational feasibility.

Various techniques have been explored to lower the computational scaling of four-component
calculations, such as the quaternion formalism, [141] resolution of the identity, [146, 149] and
quasi-four component approximations. [87, 88] These techniques are all based on the reduc-
tion of the dimensionality either in the matrix formalism or in the integral formation. In this
work, we introduce a maximally component- and spin-separated formalism that minimizes
the floating point operation (FLOP) count in the DHF formation. In the new approach in-

troduced here, the component- and spin-separations are carried out in the restricted kinetic
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balance (RKB) condition within the Pauli matrix representation. All integrals are retained
in the one-component electron repulsion integral (ERI) format instead of in the two-spinor
or four-spinor basis. With the Pauli components, the physics of different two-electron spin
interactions is easy to recognize and categorize. This work lays the theoretical and com-
putational foundation for practical applications of four-component Dirac Hartree-Fock and

correlated relativistic electronic structure methods.

3.2 Dirac-Coulomb-Gaunt Hartree—Fock Formalism in Pauli Matrix Repre-
sentation

3.2.1 Brief Review of the Dirac Hartree—Fock Equation in the Four-Spinor and Two-Spinor

Basis
L
The one-electron Dirac equation is written in the four-spinor form ¢ = [ W s} , where ¥* and
1 are two-spinors of the large and small components. The Dirac equation can be written
as
IV co-p 1 [w* L
= F 1
La p I®(V—2me?)) [ws Tl (3.1)
where p = —tV is the momentum operator and o are Pauli matrices.
10 0 1 0 —i 1 0
[0 1]’”‘” {1 0}’% K o}’az {0 —J (3:2)

For the one-electron system, V' is the nuclear potential that gives rise to scalar relativistic
and spin-orbit effects. For many electron systems, the leading-order two-electron interactions

that enter the molecular potential are described by the Coulomb and Gaunt terms:

‘/ee = ZZ(QC<27J) - gG<27j)) (33)

=1 j>1i
. 1
gc(zuj) - (34)
Tij
.. (7N 7]
9 (i,j) = —— (3.5)
Tij

where the components of the a matrices are defined as

_ |02 oy _
Qg = |i0'J 021 ) J = {.Z',y,Z} (36)
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where 7 is i-th electron. Note that in this work we do not consider the gauge term which

only arises in the non-quantum-electrodynamic treatment of the Coulomb gauge.

To cast the Dirac equation in a finite basis and formulate the Dirac-Coulomb Hartree—
Fock (DC-HF) and Dirac-Coulomb-Gaunt Hartree-Fock (DCG-HF) Hamiltonians, the four-

spinor molecular orbitals (MO) are expanded in two-spinor basis

N N
wzf - Z Z Cﬁﬂpxﬁf’ wzf - Z Z CiﬂpxiT (3.7)

T p=1 T p=1

where 7 € {a, 8} and N is the number of spatial basis functions. The large component basis

is defined as
L X L 0
XMO( = |: O#:| ) Xuﬂ = |:X,LL:| (38)

where x,, denotes the spatial basis functions. The relationship between the large and small
component two-spinor basis can be defined via the restricted kinetic balance (RKB) condi-

tion. [150, 151, 152]

1
Xh =0 pXk (3.9)

2mec
This relationship ensures the correct symmetry relation (opposite parity) between the small
and large components and hence the correct nonrelativistic limit of the positive energy
states. [153] For a detailed discussion of different choices of balanced bases, see Ref. [154].
Note that the RKB condition can only be applied to the uncontracted basis functions of all
the atoms in a molecule as a whole, although the idea of “from atoms to molecule”, [88]
where Eq. 3.9 is applied to the uncontracted basis functions of individual atoms, is more
efficient. A brief discussion regarding the related issues will be presented in the Conclusion

section.

For the Dirac-Coulomb-Gaunt Hamiltonian, the Fock matrix in the four-spinor molecular
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orbital representation is

Joq = Tpg + VC + VG (3.10)
v = S ltmli) ~ (pilia) (3.11)
VS =~ lipe - iexi) ~ (pexi] - icxg) (312)

where N, is the number of electrons, 7 is the index for occupied orbitals, and p, ¢ are indices
for general four-spinor MOs. Equations 3.10 to 3.12 only sum over positive energy levels.
Additionally, we use Mulliken notation for the two-electron integrals. We also introduce “|-”

notation to indicate that the integral is a dot product of a (or o).

The expression of the Dirac-Coulomb-Gaunt Hamiltonian in the four-spinor basis is the
simplest, but also the most computationally expensive to construct due to the fact that it is
four times the length of the atomic orbital space. Therefore, dimension reduction techniques
are usually carried out to lower the computational cost through component and/or spin
separation. Unfortunately, dimension reduction procedures inevitably lead to an increased

complexity in the underlying mathematical expression.

The four-component Fock matrix can be separated into four blocks (LL, LS, SL,SS) in

the two-spinor basis. For example, the four blocks in the Dirac-Coulomb matrix are,

N.

Vet =3 "1 " ivi") + (" q"i%%) — (p"i* (it ") (3.13)
i=1
Ne

Vpg,ss _ Z[(quSMLiL) 4 (psq5|i5i5) _ (pSiS]iqu)] (3.14)
=1

Vo = Z Fitise® (3.15)

VOSL = Z S8 )il gt (3.16)
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and the corresponding Gaunt contributions are

Vot = ﬁ:(pLGiS |- i%aq") (3.17)
i;l
V¥ =) o] -itaq®) (3.18)
i:lN
Vpi;,LS - _ Z[@Laqs‘ ,iLaiS> 4 (pLo_qS‘ ‘Z’sm’L> _ (pLo.Z-S‘ ‘iLaqs)] (3.19)
i;l
VIS,SL - _ Z[(pSGqL| 'iLaiS) 4 (pSa.qL| .ism-L> . (pSO_Z-L| .Z-So,qL)] (3.20)
i=1

The DCG Hamiltonian in the two-spinor MO basis can be transformed to the two-spinor

atomic orbital basis as

VOEE = ST DEE I(WEvEIRENS) — A ALIREVE) + DS [(nEvE RIS (3:21)

AT4KTS
VESS S DEL [(uSuSIREAL)] + DS (S uSAS) — (uSASIKSS)]  (3.22)
AT4KTS
VHC‘I;II;?:Q = - Z /\T4,/-e7'3 /‘1’1’1 "%7'3 TQ) (323)
AT4KTS
Vy€1€£2 = = Z D)\‘r4 KT3 /’LT1 ’K’Tg 7'2)} (324)
AT4KTS
Vy?'l[,/ul;g = Z Dii KT3 (/JJn )\S g O-VL) (325)
AT4KTS
VasS = Y DYE L (S| Kk av) (3.26)
AT4KTS
V/,Lgll,/l;s;'g - - Z { )\T4 KT3 lu‘l'l S ' "ifg,a.A”ll'l) + D/\T4 HT3[<ILLT1 O-VS; K;7I'J3a-)\f4) - (/’L‘ll'llo-)\f‘l ' H7I:30-V7i>:|}
AT4KTS
(3.27)
Vﬂ?’l?l/%’Q = = Z { /\7'4 KT3 ILL7‘1 L “ R a.)\S) + D/\T4 m:;[(:uﬁo-yé /17‘5_;0')\54) - (/’L‘Ij )\L “ kR O-UL )]}
AT4KTS

(3.28)
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where 71,79, 73,74 € {a, 8}, and the density matrix in spin block formation is

WUT1,0 VT2,

Ne
DX, ="k . XY ={LS5)} (3.29)
=1

Equations 3.21 to 3.28 show that the Dirac-HF Hamiltonian can be conveniently con-
structed in the two-spinor atomic orbital basis. Based on these expressions, there are two
approaches to construct the DCG-HF Hamiltonian from non-relativistic real-valued atomic
basis integrals depending on how the kinetic-balance condition (Eq. 3.9) is incorporated in
the two-spinor basis.

In the first approach, small component bases are first generated with an appropriate
kinetic-balance condition and the Dirac-HF equation can be completely reformulated in a
scalar basis expansion. In this approach, only the electron-repulsion integrals are needed.
However, the dimension of the small component basis is usually 2~3 times larger than that
for the large component and the basis can easily become linearly dependent.

The second approach takes advantage of the restricted-kinetic-balance condition (Eq.
3.9) in the two-spinor form. Eq. 3.9 gives rise to a vector form of the small component
basis. As a result, the two-spinor atomic basis becomes spin-dependent and the integral-
density contraction in Equations 3.21 to 3.28 require a spin-separation step. Although the
construction of the Dirac-HF Hamiltonian is more complicated, the dimension of the problem
remains 2/N.

Note that these two approaches are well documented and we refer the readers to Ref. [83]
for a detailed discussion. We include these expressions herein for the sake of completeness of
the theory and benchmark sections. In this work, we introduce a further spin separation step
in the Pauli matrix representation. The following method can be considered as a completely

component- and spin-separated technique for the Dirac-HF equation.

3.2.2 Dirac-Coulomb-Gaunt in Pauli Matriz Basis

S/\S

In this section, we will use the two-spinor integral (u vk |k A2

) as an example to show

how component- and spin-separation can be carried out in the Pauli matrix basis. Using the
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Dirac identity,[83]
(o -p)(o-v)=1(u-v)+ioc -pxv (3.30)
the integral can be written as

S
(”7—1 T2 | I{’T3 >\T4 )
i, 1

_4m202 ('uTl Tlla( ) p(2)r_120-(2> 'p(2)|ﬁ’r3)\7L'4)
4%;;22[(5 16,) Ve Valuv]ed) +i Y (€L0,6:,) (Vi X Vo) (uw|r))] (3.31)

J=xy,z
where V, is nuclear coordinate derivative of the atomic basis y,. I(2) and o(2) are the

identity and Pauli matrix for electron 2. &, is spin representation, where

f] oo

gols=1, &hoéa=1
fla-ygﬁ = _i; gg’ayga =1
go.ta=1 &o.&=-1

gle, =1, €1 =1

and we have

otherwise zero. The two terms in Eq. 3.31 are two-electron spin-free and spin-orbit contri-
butions arising from the Dirac-Coulomb operator (Eq. 3.11).
For the Gaunt term, a similar component- and spin-separation can be achieved. For

example,
S|, .8 \L
(u oV, |- KAL)

s (no(Da(1) - p()vy] - o(2) - p(2)kr,0(2)A7)

(2mc)
= & (D&, (DL (26, 2) IIR)V, -V,
+i(I(1)e(2) +1(2)o(1)) - V. x V,

(1)

+(o(1) a(2)(Ve V,) = (a(1) - Vi)(o(2) - V)| (ur]rA) (3.32)
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The detailed derivation can be found in the Appendix A. In the final expression of Eq. 3.32,
the first two contributions are the two-electron spin-free and spin-orbit interactions. The
final two contributions arise from the spin-spin interaction which only exists in the Gaunt

term.

Careful observation of Eq. 3.31 and Eq. 3.32 shows that all two-spinor terms can be

organized into the Pauli matrix representation of (I,o,,0,,0.) in the form of

1 1
GXY = §G§Y ®I+ Y GV oo, (3.33)

J=x,y,z
where G, and G, are the spin-free and spin-dependent parts of the two-spinor general
matrix/tensor, and {X,Y'} € {L, S}.

In fact, both two-spinor Fock FXY and density PX" matrices can also be written in the

Pauli matrix representation,[97]

Q:[Qaa Qﬁa}zl[QstQz oW lqeti Y Qee, (334

Qse Qss] 2(Q.+iQ, Q,—Q. 5
Qs = Qaa + Qs
Qs = Qas + Qpa
Q) =i(Qas — Qsa)
Q. = Qoo — Qpp

where Q € {FXY, PXY} and {X,Y} € {L,S}.

These mathematical expressions suggest that the two-spinor form of the Dirac Hamil-
tonian can be completely cast in the Pauli matrix representation, achieving the maximally
component- and spin-separated Dirac Hamiltonian. In the next section, we show that the
resulting algebraic expressions turn out to be very complicated. However, upon successful
implementation, we are rewarded with an optimally efficient four-component Dirac Hartree—

Fock equation, as will be shown in the Results and Discussion Section.
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3.2.83  Building Dirac Hartree—Fock Matriz with Pauli Components

A unique advantage of building the DCG-HF matrix in the spin-separated Pauli spinor
representation is that terms with the same integral type can be combined. For example,
since the spin-free and spin-spin interactions in Eq. 3.32 share a same integral type of V-V,
they can be combined in the final contraction step, resulting in a computational algorithm of
potentially minimal FLOP count. Since the complete derivation is very lengthy and complex,
we only present a brief derivation procedure in Appendix A and the final expressions in the

main text.

The non-relativistic Coulomb contribution (first and third term in Eq. 3.13) only appears
in the LL block of the two-spinor Fock matrix, which can be written in Pauli representation

as

Vi = ZDW (v|kA) = (pA|kv)] (3.35)

Z DiE(uA|kv) (3.36)

where J = x,y,z. Note that the non-relativistic contributions to the Pauli J = z,vy, 2

components of the LL block are all exchange type.

The rest of Dirac—Coulomb contribution involves two-center 2nd-derivatives or four-center

4th-derivatives of electron-repulsion integrals and a prefactor of )2 or (2711“3)4.

The LL block of the relativistic part (second term in Eq. 3.13) of the two-spinor Dirac—

Coulomb matrices in Pauli representation is

VOLE = 2217558% VA |RA) + 2 Y DS (V. x Vo) s (uv|kA) (3.37)

JZI:y,Z

where V.-V (uv|rA) and (V,, x V) ;(ur|cA) are the dot-product and the J-th component

of the cross-product of the x and A\ center gradients.

The Dirac-Coulomb contributions to the SS block (first term in Eq. 3.14) are contracted
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with the scalar part of the LL density matrix,

VSS = ZZDMSV -V, (uv|k) (3.38)
Vst = 2@ZDM L X V) s(uv|rA) (3.39)

The rest of S block, known as the (S5]SS) contribution, involves (p®¢®|r®s¥) type of four-
center ERI 4th-derivatives. The (SS5]SS) Dirac-Coulomb term is often ignored in practice
due to its large computational cost of ERI 4th-derivatives and its small contribution on
the order of %. For the completeness of the derivation and cost analysis, the (SS|SS)
contribution to the Dirac-Coulomb SS block is presented in Appendix B.

The Dirac-Coulomb contributions to the LS block are all exchange type integrals:

VLS = [ DY (V- V,) — iDL (Ve x V),

L1, AK,s A&, T
— D52 (Ve X V), —iD33 (Vi X V). ] ()| 5v) (3.40)

Vs = [ D3 (Vy-V,) =Dl (Ve x V),
D32 (Ve X V), —iD3S (Ve X V). ] (uA|sv) (3.41)

Vo = [ Df&( V,) —iD5 (Ve X V),
— DS (Vi x V), + D52 (V. x V). ] (uA|kv) (3.42)

VoS = [ = D52 (V- Vo) + D32 (Ve X V),
— D32 (Ve X V), = D2 (Ve X V,).] (uA|rr) (3.43)

Additionally, for the SL block, we can take advantage of the relation

VC,SL — VTC,LS

VLS matrix elements directly.

and only compute the
Next, we consider the Gaunt contribution to the Dirac Hartree-Fock matrix. The Gaunt

contribution to the LL and SS blocks are all exchange type:

VGLL [DSS V)\ V —ZDSS

U,S AR, S AR, Z

(V)\ X Vn)z
—iDY2 (VA X V,o)o —iD3S (Vo x Vo), | (uA|kv) (3.44)

AR,T
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Vit ={ = D32 [=(V2)a(Vi)a = (Va)y(Vi)y + (V2):(V5)-]
- ZDf,f:S(V)\ X Vﬁ)z - foiw[(v/\)x(vn)z + (VA)Z(VH)JC}
= D32 (V) (Vi) + (V2):(Vi)y) } (pA]sr) (3.45)

Vpclif;L { D)\/iz[(v)\>r(vn)r - (VA)y(Vn>y - (V)\>Z(VR)Z]
- ZDf;f,s(V/\ X V)z — Dfﬁy[(vk)w(VN)y + (Vk)y(viﬁ)x]

VOLL _ { DMy[ (V2)2(Vi)e+ (V) (Vi)y — (V2):(Vs):

By

— ZDSS (V)\ X V > DSS [(V)\)z<vn)y + (V)\)y(VH)I]

AK,S AKX

— D32 1(V2)y(Ve): + (V2):(Vi)y) HpA|kv) (3.47)

V,f;‘fs [3DE YV, -V, +iDSE (VX Vo), +iD5L (VX Vo, ) + D5 (V0 X V), | (pA|kv)
(3.48)

Vin2? = { = D3 (Vi)e(Vo)e = (Vi)y(Vo)y + (V0)2(V0):] + 3iD3E(V, X V).

_foix[(vu)x(vu)z + (VM)Z(VV)I] - fof,y[(vu)Z(VV)y + (Vu)y(vu>2]}(ﬂ)‘|“’/)
(3.49)

V,uGyiS { D)m x[(vu)x(vu)x - (Vu)y(vl/)y - (VM)Z(VV)Z] + SZDfnL,s(VM X Vu)x

_Dflf,z[(vu)z(vu)z + (V,L)Z(V,,)m] - Dfﬁy[(vu)x(vu)y + (Vu)y(vu)x]}(ﬂ)‘“ﬂ/)
(3.50)

VGSS = { = DI [=(V,)a(Vo)e + (VW) (W), — (V,):(V,):] + 3iDEE (V. x V),

Bsy

_DfnL,x[(Vu)x(Vu)y + (Vu>y(vu)z] - DfnL,z[(Vu)Z(VV)y + (Vu)y(VV)z]}(NMHV)
(3.51)
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The Gaunt contribution to the LS and SL blocks includes both Coulomb and exchange

integrals:

vﬁfs——zz (DX Ve V=i Y DV x Vo),
J=xy,z
— D3IV, V=i Y DiE (VL x Vo), (u]k))
J=z,y,z
+ [DIE V-V, — iDL (VA x V,),
— DY (VA x V), —iD3E (VA X V)] (uA|sv) (3.52)

V;fjgs {QDEISZVA V + 2D>\K, y(V)\ X VV) 2D§£$(V>\ X VV)ZJ /\/i S(V)\ x V )

+ DY = (VAo Vi)e = (Va)y(Vo)y + (V2):(V,):]
+DSE, [(V»z(wz +(V,)(Va)a] + DM [(V»y(w)z +(V,)(Va)y] HuA|sv)

_22 )\NS XVN)Z_FDfnSz Z D)\NK (V )Z
K=x,y,z
+iDSE (VX Vo). + DSE(V, - Vo) = Y DIE(Va)(Vo)k] (uw|r))  (3.53)
K=zy,z
vucziés {QDifx Dify(V)\ xV ) fofz(v)\ X VV) - ZDfifs(V)\ X VV)JU

+ D)\r-c X [(V)\)x<vu>x - (V)\)y(vu)y - (V/\)z(vu)z]
+ DS (V) (Va)y + (V) (Va)a] + D3E. [(VVMVA)Z +(V,)(Va)a]  (uA]sv)

_22 _ZDf.%Ss XVR>Z+D§KSm Z D)\.%K (V )1
K=x,y,z
+ZD)\I$ s(VV X VA)I /\n:c V V)\ Z D)\HK VV)K] (/’LV|K’)\) (354)

K=xy,z
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VoS = —{aD5k

sy

AK yv/\ V + 2D)\I$ a:(v)\ X VV) 2D§£Z(V>\ X VV) Zfofs(V/\ X Vv)y

+ DY = (VA)a(Vi)e + (V2)y(Vo)y — (V2):(V,):]

+ D3 [(V0)a(Va)y + (V) (V)] + DMZ[(Vu)y(VA)z +(V0):(Va)y] HuAsv)

_22 [ —iD52 (V. x V), + D52 4(V Z D2k (V)k(Vi)y
K=x,y,z
+iDSE (VX Vo) + DE(V, - Vo) = Y DE (V) (Vo) k] (uv]sd)  (3.55)
K=zy,z

Additionally, for the SL block, we have the symmetry

VG SL vTG LS

Finally, the core Hamiltonian is then defined as

WL, = 2(ulVI). BEE, =0 (3.56)
WS, = 20T, LS, =0 (357
W= 2| Vi VululVI) — (T (358)
W) = s (V% V) lulV ) (359)

where J = x,y,2. T and V are kinetic energy and electron-nuclear potential energy opera-
tors.
3.2.4  Dirac Hartree—Fock Equation

Collecting all Pauli components for core-Hamiltonian, Dirac-Coulomb, and Gaunt terms, the

Fock matrix in Pauli representation can be constructed:

1 1 1
FXY XY 4 yXY VOXY VXY yO@WXY 360
r Ve (2me)2 b * (2me)? b * (2me)t b (3:60)
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where X, Y € {L,S} and I" € {s,z,y,2}. The corresponding two-spinor Fock matrix and

density matrix can be constructed from their Pauli components:

FXY 1

_ LB E O FY BTy _LIPOTAPIT P 0P
T2 |FXY 4 iFXY XY _pXY |

~ 5 |pXY | ipXY b'e% Xy
2 |P;" +iPy Pl —P;
(3.61)
Finally, the four-component Dirac equation in the restricted-kinetic-balanced condition

is expressed as

FLL FIS)[Cp €] _[1®S 0 J[Cf C;]fet o (3.62)
F5L F5] |G Cy 0 I®;5T||C{ Cq||[0 € '

2mc?

where S and T are the one-component overlap and kinetic matrices. €', € are the eigenval-

. . . Ct C;| . :
ues with corresponding molecular orbitals [ L } and [ L\ for positive- and negative-energy

Cs Cs

solutions, respectively.
Although the resulting integral-density contraction scheme during the four-component
Fock-build is complicated, there are many unique advantages that lead to a highly efficient

four-component method:

e The algorithm presented here achieves the maximal component- and spin-separation
so that all contractions are essentially done in the one-component framework. In such
a framework, terms that use the same type of electron-repulsion integrals can be effec-

tively combined, possibly leading to a minimal FLOP-count algorithm.

e The Pauli matrix representation is ideal for including external electromagnetic field
perturbations, because the effects of each component of the electromagnetic field are

completely decoupled and spin/component-separated. [155, 156, 157, 158, 159]

e We also argue that the spin-separation in Pauli matrix representation allows for a
clear understanding of how different types of spin physics, including two-electron spin-
free, spin-orbit, and spin-spin interactions are manifested in electronic structure and

light-matter coupling.
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In the next section, we substantiate these claims with more details of the computational

implementation, and an analysis of computational cost.

3.3 Benchmark and Discussion

3.3.1 Analysis of Computational Cost

As for any form of four-component DHF implementation, the assembly of integrals needed
for the Pauli matrix formalism presented in this work also involves computations of two-
center 2nd-derivatives of electron repulsion integrals (ERIs). If the (S5]5S) Dirac-Coulomb
term is requested, additional four-center 4th-derivatives of ERIs are needed. Although there
is no need to assemble real-valued ERIs into two-spinor or four-spinor forms, it is necessary
to construct unique integrals needed throughout the Dirac-Coulomb-Gaunt Fock build. For
example, in addition to the normal ERI terms, (uvr|x)\), four integrals, including V - V|
(VX V), (Vx V), and (V x V),, are constructed from two-center ERI 2nd-derivatives
in order to form the Dirac-Coulomb Fock matrix with an algorithm using an optimal FLOP
count. In the current development, a total of 24 unique integrals are constructed from ERI
and ERI 2nd-derivatives in order to form the Dirac-Coulomb-Gaunt Fock matrix without
the (55|SS) contributions.

The following discussion and cost analyses are based on the in-core formalism in which
all unique integrals are computed and stored in memory. The computational cost for the
(SS]SS) contribution is separated from the Dirac-Coulomb term as it is often ignored in
practical calculations. The four-spinor form of the Dirac-Fock build is not considered here
because it is mathematically more computationally expensive than those in the two-spinor,
scalar basis, or Pauli matrix representation. In the case of the scalar basis formalism, we
assume the small component basis is generated through the action of the momenta p or the
unrestricted-kinetic-balance (UKB) condition. For the UKB scalar-basis based method, the
following analysis assumes an algorithm of optimal FLOP and storage with all integrals in

the scalar one-component form. A detailed analysis for the UKB scalar basis is presented in
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Table 3.1: Analysis of memory requirement in terms of the equivalent number of unique
real-valued one-component 4-index electron-repulsion-integral tensors needed for forming the
four-component Dirac-Coulomb-Gaunt Hamiltonian. N number of atomic basis functions
are used in this estimate. Restricted-kinetic-balanced (RKB) basis is compared with the
unrestricted-kinetic-balanced (UKB) scalar basis. Dense matrices with no integral or matrix
symmetry are considered.

Equivalent # of Real-Valued N* ERI Tensors

Four-Component Scheme Total
Dirac-Coulomb!® (SS]595) Gaunt

Pauli Matrix RKB Basis 5 31 19 55

Two-Spinor RKB Basis!”! 64 32 64 160

UKB Scalar Basisl 7.25 39 6.25 52.5

# Dirac-Coulomb without the (SS|SS) contribution.

b Two-spinor integrals are stored as complex-valued quantities, occupying two double-precision storage.

¢ For scalar-basis based approach, we assume there are % number of L > 0 atomic basis function in this set,

resulting in a total of 2.5/N number of smaller component basis functions. For the memory requirement

estimation, see Appendix C.

Appendix C.

Table 3.1 and 3.2 lists the estimated computational costs in terms of memory requirement
and FLOP count for forming the Dirac-Fock matrix from assembled integrals, comparing sev-
eral different four-component formalisms. In this estimate, we used a Kramers-unrestricted
condition where all four Pauli components are non-zero. The cost analysis for UKB scalar
basis is based on the assumption that 50% of the basis functions have a non-zero angular
momentum.

For all methods considered in Tab. 3.1 and Tab. 3.2, the computational cost of real-valued
ERI and ERI derivatives are considered equivalent. We also assume the computational cost
of assembling the ERI and ERI derivatives into the corresponding two-spinor form is the
same as assembling them into unique one-component integrals needed for the Pauli matrix
formalism. With these valid assumptions, the difference in computational cost for all four-

component implementations comes from the different ways of computing the integral-density
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Table 3.2: Analysis of FLOP count in double-precision operations for forming the four-
component Dirac-Coulomb-Gaunt Hamiltonian. N number of atomic basis functions are used
in this estimate. Restricted-kinetic-balanced (RKB) basis is compared with the unrestricted-
kinetic-balanced (UKB) scalar basis. FLOP counts are separated into Coulomb J and ex-
change K contractions. Dense matrices with no integral or matrix symmetry are considered.

Number of Integral-Density Contractions (J, K)

Four-Component Scheme Total FLOP!
Dirac-Coulomb!® (85189) Gaunt

Pauli Matrix RKB Basis (9, 20) (12,33) (28,57) 636N

Two-Spinor RKB Basis (48,48) (16, 16) (64,64) 2048 N*

UKB Scalar Basis!! (54,54) (156, 156) (25,100) 2180N*

2 Dirac-Coulomb without the (SS|SS) contribution.

b Floating point operation (FLOP) is defined as an arithmetic procedure (+,—, x,V+) of two double-
precision numbers. Because integrals for Pauli matrix RKB basis and UKB scalar basis are stored
as real-valued matrices and density matrices are complex-valued, each contraction step requires 4N*

FLOPs. For two-spinor RKB basis, because integrals are complex-valued, each contraction step requires

8N* FLOPs.

¢ For scalar-basis based approach, we assume there are % number of L > 0 atomic basis function in this

set, resulting in a total of 2.5N number of smaller component basis functions. For the estimation of

operation count, see Appendix C.

contractions in order to form the Dirac-Fock matrix.

For the Pauli matrix formalism presented in this work, and the method based on the
UKB scalar basis, instead of assembling ERI and ERI derivatives into the two-spinor form,
all integrals remain in the one-component form. As a result, for storing integrals in memory,
the Pauli matrix and scalar basis formalisms have a smaller memory storage requirement as

shown in Tab. 3.1.

As discussed previously, the maximal component- and spin-separation in the Pauli spinor
representation allows for combining all integral-density contractions of a same integral type.
As a result, the four-component Dirac equation in the Pauli matrix representation is likely to

be the method with minimal FLOP count. Table 3.2 shows the FLOP count for each type of
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J and K contractions with the density. For the Dirac-Coulomb terms we see that the Pauli
matrix formalism has the minimum FLOP count for both J and K matrices compared to
the two-spinor basis and the UKB scalar basis by a factor of 5 or smaller. For the (SS|SS)
contribution, the J FLOP count of the Pauli matrix formalism is the minimum of the three,
but the K FLOP count is more than the two-spinor formalism. The UKB scalar basis ends
up being more than 5-10 times as expensive overall than the Pauli matrix, or two-spinor
formalism. The UKB scalar basis method is particularly disadvantageous for the (SS]SS)
term simply because the large N operation. Finally, for the Gaunt term we see that the
UKB scalar basis has the lowest number of FLOPs for the J contraction, but the Pauli
matrix formalism has the lowest number for the K contraction.

While there isn’t one single four-component scheme that has the lowest number of FLOPs
for every kind of contraction term, the Pauli matrix formalism is optimal in 4 out of 6 types of
integral-density contractions considered here. We see that after including all of the contracted
terms for the Dirac-Coulomb-Gaunt Hartree—Fock procedure, the Pauli matrix formalism has
the best scaling FLOP prefactor by a factor of % or smaller, where the two-spinor and UKB

scalar form are comparable.

3.3.2  Integral and Contraction Timings

For the following timing benchmarks, we use a lanthanum dimer with a bond distance of 3.0 A
and the uncontracted ANO-RCC basis set. [160, 161, 162] Computations were performed on
an Intel® Xeon® W 2.5 GHz CPU. Additionally, Chronus Quantum was compiled using the
Clang Compiler version 12.0.0. Additionally, the integrals are computed using the LIBCINT
library [163], with a development version of the Chronus Quantum electronic structure soft-
ware package. [164] Note that the timings serve the purpose to show the relative costs of
computationally dominant steps in Dirac Hartree—Fock build. They should not be used as
calibrations of the performance of the program as the code optimization is beyond the scope
of this article.

While Tab. 3.2 analyzes the computational cost at the theoretical limit in the absence of
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Figure 3.1: Wall-clock timings for the computation of integrals (solid lines with empty cir-
cles) and the duration of the AO-direct density-integral contraction (dashed lines with filled
circles) for the lanthanum dimer using the uncontracted ANO-RCC basis. The time-reversal
symmetry is turned off. The Schwarz integral screening threshold of 1071% is used. The
timings for the Dirac-Coulomb and the Gaunt two-body terms, shown in black and blue,
respectively, were collected from a single DHF build. Logarithmic wall-clock times are plot-
ted against logarithmic number of CPU cores. The lines are included in this plot are linear
interpolations to guide the eye.
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all symmetries, benchmark calculations presented here take advantage of integral symmetries
and matrix hermiticity. Note that all calculations assume the Kramers’ unrestricted case
unless otherwise noted. Although both the Dirac-Coulomb (without (S5]5S)) and Gaunt
integrals are two-center second derivatives, the Gaunt integrals have a 2-fold symmetry
whereas the integral symmetry is 4-fold for Dirac-Coulomb integrals (without (SS|SS)).
The four-center derivatives of the (SS|SS) term has an 8-fold symmetry. Fig. 3.1 shows the
wall-clock time for the lanthanum dimer system per number of cores and for each type of two-
body integral and density contractions respectively, based on the Pauli spinor representation
formalism presented here. For DC-HF, the (SS]SS) term is also included.

The ratio of the contraction times on a single CPU core for the Dirac-Coulomb and the
Gaunt term is ~ 1 : 4.3. This ratio is close to the theoretical limit of DCG in Pauli represen-
tation when integral and matrix symmetries are considered. The lower computational cost for
DC contraction is mainly due to the higher symmetry of the underlying integrals. The ratio
of the computational cost for calculating the integrals needed for the Dirac-Coulomb and the
Gaunt terms is ~ 1.7 : 1. In addition to two-center second derivatives, the Dirac-Coulomb
term also includes the four-center fourth-derivatives of integrals arising from the (SS]S95)
contribution. As a result, the Dirac-Coulomb integrals are more computationally expensive
than those for the Gaunt term. The overall ratio of the computational cost, including both
integral evaluation and contraction, for the Dirac-Coulomb and the Gaunt termsis ~ 1: 1.5
on a single CPU core.

Fig. 3.1 also shows that on a single CPU core the cost of computing the Dirac-Coulomb
term is dominated by the integral evaluations, whereas it is the contraction step that is the
more expensive step for the Gaunt term. The timing ratios between the integral evaluation
and contraction are 3 : 1 and 1 : 2.4 for the Dirac-Coulomb and the Gaunt terms, respec-
tively, on a single CPU core. The times for Dirac-Coulomb and Gaunt contractions decrease
roughly 1/n for every increase in n CPU cores used. The computational cost of calculat-
ing two-electron repulsion integrals and integral derivatives also decreases when increasing

the number of CPU cores computing in parallel. The contraction step in AO-direct benefits
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more from the parallelization, as it is FLOP-bound. At around 8 cores, the cost of the Gaunt

contraction decreases below the the cost of integral derivative evaluations.

Next, Fig. 3.2 shows the timing comparison for building the Dirac-Hartree-Fock matrix
with the Dirac-Coulomb operator using the RKB spinor and RKB Pauli representations
respectively. Computations were performed on an Intel® Xeon® Platinum 8160 CPU. Addi-
tionally, Chronus Quantum was compiled using the Intel® C+4 Compiler version 19.0.1.144.
RKB spinor calculations were performed using PySCF. [165] In order to compare these im-
plementations on the same footing, the calculations in our RKB spinor method for these
results were computed utilizing time-reversal symmetry, and the contractions are done using
an atomic-orbital direct scheme. The observed ratio of wall-clock times between the two
representations for linear Au chains agrees with the time complexity analysis in Tab. 3.2,

where the RKB spinor representation is roughly 3 times slower than the RKB Pauli method.

Additionally, we present timings for the Dirac-Fock build in our RKB Pauli representa-
tion in Tab. 3.2, split into both the density contraction and integral build times for a 24-core
parallel calculation. To showcase this comparison we used bulky Au cluster calculations
from Augy to Auyg. Since the RKB Pauli representation greatly reduces the density-integral
contraction time, it can be seen that the computational cost of the integral build step dom-
inates the overall computational cost. For a Dirac-Coulomb calculation with ~6000 basis
functions, the RKB Pauli based density contraction only takes a little more than 2 hours on

a 24-core workstation (2.5 GHz Intel Xeon W).

Including relativistic two-electron contributions is by no means computationally cheap,
especially including the Gaunt term which dominates the cost by being an order of magnitude
greater than both the Dirac-Coulomb and Bare-Coulomb integrals. However, the method
presented here is possibly the optimal algorithm for DHF. Integral and contraction acceler-
ation techniques, such as the fast-multipole-method and density-fitting, can be applied to

reduce the computational cost further based on the RKB Pauli formalism.
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Figure 3.2: (Left) Single-core timing comparison for building the Dirac-Hartree-Fock matrix
with the Dirac-Coulomb operator without the (SS|SS) term using the RKB spinor and the
RKB Pauli representation, respectively. A series of Au linear chains (Ausy to Auys) were used
for this test with the uncontracted Jorge-DZ-DKH basis using an AO direct algorithm. A
Schwarz screening threshold of 1072 is used in each calculation. (Right) 24-core parallel
performance of the RKB Pauli Dirac-Hartree-Fock algorithm with the Dirac-Coulomb op-
erator for building the Dirac-Hartree-Fock matrix. A series of Au clusters (Augy to Auyg)
were used for this result. The RKB spinor results were computed using PySCF [165] and the
RKB Pauli results were computed in ChronusQ. [164]

3.3.8 Atomic Periodic Trend

In the data presented in this section, the integrals and the derivatives of integrals with
respect to nuclear coordinates are computed with the LIBINT and LIBCINT libraries. [166,
163] Additionally, the four-component Dirac Hartree-Fock formalism is implemented in a
development version of the Chronus Quantum software package.[164] The speed of light
constant used in the following calculations is 137.03599967994 a.u.

The main purpose of this work is to introduce the methodological foundation and formal-
ism of the four-component Dirac Hartree-Fock equation in the Pauli spinor representation.
The four-component framework is validated by comparing the computed energies using the
analytical results of the Dirac equation for hydrogenic atoms, shown in Appendix D, and
basis set limit tests, shown in Appendix E. When a large uncontracted basis set is used, the
calculations show a percent error on the order of 1072%. For benchmarking, we focus on

analyzing and comparing the ground state DHF energies with different levels of relativistic
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two-electron interactions. In order to analyze the importance of relativistic two-electron
corrections in Dirac Hartree-Fock, we introduce a Bare-Coulomb approximation in matrix
form, i.e. only the first term in Eq. 3.13 is included.

Several atomic series are selected from the periodic table, including the halogens, the
coinage metals, and the lanthanides. In this way we can compare each relativistic two-body
interaction contribution as a function of element charge, Z, although this separation of terms
is not unique to the RKB Pauli formalism. In this section we report the ground state energies
of these atoms using the uncontracted ANO-RCC basis set [160, 161, 162]. The SCF energies
for each atom with different levels of relativistic two-electron interaction are shown in Tab.
3.4 for each selected atom.

From the computed data, we see that with each successive correction to the bare non-
relativistic Coulomb interaction, the ground state energy increases. This is expected as
they all arise from the é two-electron repulsion interaction. The relativistic two-electron
interaction increases much faster as Z increases in the same element group down the periodic
table than the trend across a same row (such as the lanthanides). By comparing Dirac-
Coulomb calculations using the uncontracted ANO-RCC basis with the previously published
numerically exact values, [167, 168] the observed errors are on the order of 107"% to 1075%,
showing excellent agreement.

The periodic trends of the relativistic two-electron interactions are plotted in Fig. 3.3.
For each data set, a least squares power law fit was applied and displayed as the dashed
lines for each subplot in Fig. 3.3. Fig. 3.3A shows that the Dirac-Coulomb and Gaunt
contributions to the two-body interaction increase polynomially as Z increases. The Dirac-
Coulomb term exhibits a near quartic growth with respect to Z, while the Gaunt term has
a Z34 dependence. It is more meaningful to analyze the energetic contributions in terms
of the percentage of the total energy. In Fig. 3.3B, the percent contribution is evaluated
with respect to the Bare-Coulomb DHF energy. This plot compares the growth behaviors of
relativistic two-electron interactions relative to that exhibited by the Bare-Coulomb ground

state energy. It is quite surprising to see that the Gaunt contribution in terms of the percent
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Table 3.3: Ground state energies (Hartrees) for selected atoms with the energetic con-

tributions of Dirac-Coulomb and Gaunt terms, computed as AEPY = EPC — EBC and

AEC = EPCG _ pPC where EPCY, EPC and EBC are the SCF energies of Dirac-Coulomb-
Gaunt, Dirac-Coulomb, and Bare-Coulomb calculations respectively. The uncontracted
Jorge-DZP-DKH basis with finite width nuclei was used for this dataset.

Atom Bare-Coulomb Dirac-Coulomb* AEPC  Dirac-Coulomb-Gaunt® AEC®
Halogen Series
F —99.528 —99.492 0.036 —99.480  0.012
Cl —461.390 —460.931 0.459 —460.814  0.117
Br —2612.740 —2604.942 7.798 —2603.512 1.430
I —7155.237 —7115.864  39.374 —7109.836  6.028
Lanthanide Series
La —8545.797 —8493.654  52.143 —8485.888  7.766
Ce —8916.760 —8860.851 55.908 —8852.602  8.250
Pr —9297.599 —9237.732  59.866 —-9229.020  8.713
Nd —9689.322 —9625.204  64.118 —9616.079  9.125
Pm —10090.308 —10022.111 68.196 —10012.300  9.811
Sm —10502.118 —10429.220 72.897 —10418.844 10.376
Eu —10924.007 —10846.502  77.505 —10835.538 10.963
Gd —11357.439 —11274.727  82.712 —11263.145 11.582
Thb —11800.963 —11712.893  88.070 —11700.678 12.214
Dy —12254.985 —12161.432  93.553 —12148.561 12.871
Ho —12720.932 —12621.463  99.469 —12607.898 13.565
Er —13197.900 —13092.311  105.589 —13078.031 14.281
Tm —13686.192 —13574.174 112.018 —13559.171 15.003
Yb —14185.430 —14066.771 118.658 —14050.981 15.790
Lu —14696.968 —14571.361 125.607 —14554.768  16.593
Coinage Metal Series
Cu —1657.086 —1653.357 3.729 —1652.612  0.745
Ag —5339.277 —5314.617  24.660 —5310.646  3.971
Au —19229.025 —19035.495 193.530 —19011.304 24.191
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Table 3.4: Ground state energies (Hartrees) for selected atoms with the energetic con-
tributions of Dirac-Coulomb and Gaunt terms, computed as AEPY = EPY — EBC and
AEC = EPCG _ pPC where EPCY, EPC and EBC are the SCF energies of Dirac-Coulomb-
Gaunt, Dirac-Coulomb, and Bare-Coulomb calculations respectively. The uncontracted
ANO-RCC basis with finite width nuclei was used for this dataset.

Atom  Bare-Coulomb Dirac-Coulomb AEPC  Dirac-Coulomb-Gaunt AEC
Halogen Series
F —99.540917 —99.504738 0.036179 —99.492763  0.011975
Cl —461.406677 —460.947164 0.459512 —460.830018  0.117146
Br —2612.852939 —2605.033836 7.819103 —2603.603969 1.429867
I —7155.395184 —7115.798492  39.596692 —7109.770036  6.028456
Lanthanide Series
La —8546.215923 —8493.657945  52.557978 —8485.891031 7.766914
Ce —8917.383681 —8861.043868  56.339814 —8852.800219  8.243649
Pr —9298.457621 —9238.164865  60.292756 —9229.419749  8.745116
Nd —9689.682825 —9625.317052  64.365773 —9616.050622  9.266430
Pm  —10091.178921 —10022.330954  68.847967 —10012.520248  9.810706
Sm —10502.861365 —10429.356216  73.505149 —10418.975555 10.380661
Eu —10925.261820 —10846.946858  78.314963 —10835.981295 10.965563
Gd —11358.014014 —11274.744433  83.269580 —11263.160904 11.583529
Tb —11801.625306 —11712.825124  88.800182 —11700.608150 12.216974
Dy —12256.214858 —12161.776442  94.438417 —12148.896505 12.879937
Ho —12721.922596 —12621.573979 100.348617 —12608.005042 13.568938
Er —13198.887030 —13092.441227 106.445803 —13078.151685 14.289542
Tm  —13687.098882 —13574.398156 112.700726 —13559.365996 15.032160
Yb —14187.311321 —14067.663235 119.648086 —14051.865403 15.797831
Lu —14699.426395 —14572.526419 126.899976 —14555.924058 16.602362
Coinage Metal Series
Cu —1657.190117 —1653.453398 3.736719 —1652.708252  0.745146
Ag —5339.393098 —5314.625699  24.767399 —5310.654463  3.971236
Au —19231.541954 —19035.579049 195.962905 —19011.375550  24.203499
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Figure 3.3: (A) Energetic contributions of Dirac-Coulomb (black) and Gaunt (blue) terms,
computed as AEPC = EPC — EBC and AE® = EPCC — EPC where EPCY EPC. and
EBC are the SCF energies of Dirac-Coulomb-Gaunt, Dirac-Coulomb, and Bare-Coulomb
calculations. (B) Percentage of energy contribution of each two-electron term compared to

the Bare-Coulomb ground state DHF energy, presented as AEE—;f x 100% and %—gg x 100%.
The gray squares correspond to the total relativistic contribution which is % x 100%

e ratio of the energy contribution of the Dirac-Coulomb term vs. the Gaunt term
C) The ratio of th gy contributi f the Dirac-Coulomb t the Gaunt t
Agﬁ < as a function of increasing nuclear charge for the neutral atom series. The power law

fit is displayed as the dashed line, corresponding to the equation in the top left corner of
each panel.
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of the total energy is almost linear with respect to Z, suggesting that the relativistic Gaunt
interaction behaves almost like the Bare-Coulomb term. Fig. 3.3B also shows that the
Dirac-Coulomb contribution exhibits a much faster growth behavior than both the Gaunt
and the Bare-Coulomb interaction. As a result, Fig. 3.3C shows that the the Dirac-Coulomb
interaction is a factor of 3—5 times larger than the Gaunt contribution for light elements
(Z < 40), and increases towards a ratio of ~9 near the end of the periodic table. As Z

increases, this ratio increases as v/ Z approximately.

3.3.4 Coinage Metal Dimers

In this section, the equilibrium bond lengths and dissociation energies for the coinage metal
dimer series including Cus, Ags, Auy, are computed. The uncontracted ANO-RCC basis
set [161] is used for all calculations throughout this section. For these results we would
like to emphasize that agreement with experimental data should not be expected due to
the lack of electronic correlation. [169] Analyses presented here aim to provide a qualitative
understanding of how the Dirac-Coulomb and Gaunt two-electron relativistic effects change
molecular properties compared to the non-relativistic results.

Potential energy scans are carried out using the non-relativistic Hartree-Fock (NR-HF),
Dirac-Coulomb, and Dirac-Coulomb-Gaunt Hamiltonians to find the equilibrium bond length
for each dimer and level of theory, reported in Tab. 3.5. Additionally, the bond dissociation
energy (D,) is computed as D, = 2F,tom — Fdimer, Where Fagon is the atomic energy and Egimer
is the energy of the dimer at the equilibrium bond length. The theoretical and experimental
results for the dissociation energies are presented in Tab. 3.6.

Table 3.5 shows that the Dirac-Coulomb computed bond length contracts for all dimers
studied here relative to the non-relativistic result. This is mainly due to the core-electron
contraction arising from the scalar relativistic effects. [175] The main takeaway from the
equilibrium bond length calculations in Tab. 3.5 is that the Gaunt correction to the Dirac-
Coulomb two-electron interaction introduces an additional electron-electron repulsion that

elongates the bond length by 0.001-0.004A. In Tab. 3.6 the Gaunt correction shows a
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Table 3.5: The equilibrium bond lengths for each dimer system are reported in A. The
experimental bond lengths are reported under “Exp.” The uncontracted ANO-RCC basis is
used for all calculations.

Dimer NR-HF Dirac-Coulomb Dirac-Coulomb-Gaunt Exp.
Cuy 2.409 2.402 2.403  2.22 [Ref. [170]]
Ags 2770 2.701 2.703 2.53 [Ref. [171]]
Auy 2.830 2.586 2.590 2.47 [Ref. [172]]

Table 3.6: Equilibrium bond dissociation energies (D,) for each dimer system are reported
in eV. The experimental dissociation energies are reported under “Exp.” The uncontracted

ANO-RCC basis is used for all calculations.

Dimer NR-HF Dirac-Coulomb Dirac-Coulomb-Gaunt Exp.
Cuy 0.600 0.549 0.547 2.0140.08 [Ref. [170]]
Ago 0.486 0.480 0.477 1.6540.03 [Ref. [173]]
Au, 0.659 0.865 0.855 2.2940.02 [Ref. [174]]

systematic trend that lowers the bond dissociation energy on the order of ~10 meV. This
observation suggests that the Gaunt term gives rise to a small yet increasingly important

repulsive correction to the bond dissociation energy as the atomic number increases.

3.4 Conclusion and Perspective

In this work, we introduced a computationally efficient four-component Dirac Hartree—Fock
(DHF) formalism within the maximally component- and spin-separated Pauli spinor rep-
resentation in the restricted-kinetic-balance condition (denoted “RKB Pauli”). A minimal
FLOP count algorithm is developed for the density contraction with the relativistic electron
repulsion integrals. All of the required ingredients for this implementation can utilize the
non-relativistic atomic orbital electron repulsion integrals and their gradients stored in the
one-component form without going through the two-spinor basis construction. Additionally,

a detailed cost analysis was presented and compared to other four-component algorithms.
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Numerical tests shows that the RKB Pauli representation is physically equivalent to the
RKB spinor representation, but computationally much cheaper.

Additionally, the contribution of relativistic two-electron interactions across the periodic
table were analyzed. As expected, both Dirac-Coulomb and Gaunt terms increase the total
energy, with the Dirac-Coulomb contribution exhibiting a faster growth as Z increases. The
importance of the Gaunt interaction to the total atomic energy increases linearly with respect
to the non-relativistic Coulomb contribution while the Dirac-Coulomb term becomes more
important relative to the Gaunt term as Z increases.

The RKB Pauli formalism of the four-component DHF Hamiltonian presented in this
work provides a computationally efficient way to develop relativistic electronic structure
theories. Although the final mathematical working expressions are more complicated than
those in two-spinor or scalar basis, we are rewarded with an optimal algorithm with a minimal
memory requirement and total FLOP count. This work lays the computational foundation
for practical applications of four-component DHF, and future developments of correlated
wave function methods in the four-component domain.

When it comes to computing bond lengths and dissociation energies for metal dimers, our
results show that the Gaunt correction introduces an additional electron-electron repulsion
that slightly elongates the bond length and increases the bond dissociation energy. Addi-
tionally, as expected, electron correlation is vital for making quantitative comparisons with
experimental values.

For this study, we primarily focused on comparing the computational performance of DHF
methods utilizing fully uncontracted basis sets. While introducing contracted basis sets can
reduce the resulting DHF matrix size, using standard contracted basis sets in 4-component
DHF is not recommended. [176, 177] Naively fixing the contraction coefficients for both
the large and small components of the wave function can lead to variational collapse. [177,
153] One approach to mitigate this problem is to use the atomic balance basis, proposed
and pioneered by Visscher and Liu, [177, 153] which allows the small and large component

bases to have their own contraction coefficients derived from an atomic calculation with the
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uncontracted basis. However, the best way to extend the present method to this case is

currently under investigation.
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Chapter 4

SIMULATING EFFECTIVE QUANTUM
ELECTRODYNAMICS ON QUANTUM COMPUTERS

In recent years simulations of chemistry and condensed materials has emerged as one
of the preeminent applications of quantum computing offering an exponential speedup for
the solution of the electronic structure for certain strongly correlated electronic systems. To
date, most treatments have ignored the question of whether relativistic effects, which are
described most generally by quantum electrodynamics (QED), can also be simulated on a
quantum computer in polynomial time. Here we show that effective QED, which is equivalent
to QED to second order in perturbation theory, can be simulated in polynomial time under
reasonable assumptions while properly treating all four components of the wavefunction of
the fermionic field. In this chapter, a detailed analysis of such simulations in position and
momentum basis using Trotter-Suzuki formulas is provided. Further, concrete gate counts for
simulating a relativistic version of the uniform electron gas that shows challenging problems
can be simulated using fewer than 10 non-Clifford operations is provided. Additionally
a detailed discussion of how to prepare MRCISD states in effective QED is included. Fi-
nally, the planewave cutoffs needed to accurately simulate heavy elements such as gold is
estimated in the final section. This chapter is adapted from T. F. Stetina, A. Ciavarella,
X. Li, and N. Wiebe, “Simulating Effective QED on Quantum Computers,” arXiv preprint,
arXiv:2101.00111, with permission from the authors. At the time of writing this thesis, this

work is currently submitted for peer review.
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4.1 Introduction

Since its inception in the early 1980’s [5], quantum computers have been a highly anticipated
technology for simulating the laws of physics. Richard Feynman, known mainly for his work
contributing to the development of quantum electrodynamics (QED), the quantum field
theory of electromagnetism, was also a pioneer of the idea to use real quantum systems
for computation [6]. Bringing these two major scientific ideas together, we take a look at
how an effective version of QED can be simulated on a universal quantum computer with

applications to many body material and molecular systems.

A great body of literature exists that shows that quantum computers can provide ex-
ponential advantages for certain ab initio electronic structure calculations [178; 13, 19, 179,
180, 181]. The utility of quantum based devices stems from their ability to directly sim-
ulate the dynamics of the Coulomb Hamiltonian without making the approximations that
are usually required to make their classical counterparts efficiently tractable. However, de-
spite these existing approaches to quantum chemistry, often times they still fall short of
being theoretically correct, since the Hamiltonian is still approximate. For example, most
approaches to solving the electronic structure problem utilize the Born-Oppenheimer ap-
proximation, which assumes that the nuclear wavefunction is uncoupled from the electronic
wave function. While this approximation has received substantial attention in recent quan-
tum simulation work [182, 183], comparably less progress has been made to properly treat
relativistic effects in electronic structure simulations [184, 185], which give rise to orbital
contractions/expansions, spin-orbit coupling, modification of electron-electron repulsion and

more [186, 187].

Much work has been done on the quantum simulation of relativistic field theories [188, 189,
190, 191, 192, 193, 194, 195, 196, 197, 198, 199, 200, 201, 202, 203, 204, 205, 206, 207, 208],
including a recent paper highlighting lattice gauge theory QED simulations [209], however the
absence of relativity from the majority of existing quantum chemistry simulation algorithms

raises both practical and a theoretical questions. First, relativistic effects are significant
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for the ground states of some molecules. For example, atomic gold and uranium dimers
both have significant relativistic effects that need need to be considered to accurately model
their ground state. Without the ability to simulate these effects, quantum computers face
a fundamental precision limit that prevents the proper physics from being simulated within
arbitrary accuracy, thereby limiting the primary advantage of quantum computers. While
previous work has addressed relativistic Hamiltonian simulation using the Dirac Hartree-
Fock method [210], this relies on the no-pair approximation where only electronic orbitals are
used from the mean field, ultimately leading to the same form of the Coulomb Hamiltonian,
but with different coefficients during quantum simulation. While this no-pair relativistic
Hamiltonian will obviously capture a portion of relativistic effects being ignored by the
non-relativistic Coulomb Hamiltonian, the positronic manifold, and subsequently quantum
electrodynamical (QED) effects are ignored. Some common consequences of QED effects
include the Lamb shift, change in ionization energies, energy shifts in absorption spectra,
and more. A review on relativistic and QED effects in atoms and molecules can be found
in [211]. The leading order source of these QED effects in atomic and molecular material
systems are typically known as vacuum polarization, and electron self-energy. These effects
arise from the realization that the groundstate of the molecule is a joint groundstate of
both the fermionic as well as bosonic fields and is perhaps most striking with the vacuum
polarization term which describes the energy contributions from virtual electron/positron
productions interacting with the boson field. Going beyond the no-pair approximation for
molecular and material systems in general is sparse in the current literature, due to its
high computational cost classically and its theoretical complexity. Due to this complexity
of including both fermionic and photonic fields for QED corrections in molecular systems,
a convenient approximation can be used to neglect the use of photonic modes in exchange
for an effective field theory known as effective QED or eQED [212, 213]. By integrating out
photonic degrees of freedom, the electronic and positrionic interaction contributions are kept

without the added complication of tracking photonic modes present in the vacuum.

The second aspect of why we need to consider including relativity stems from the Quan-
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tum Complexity-Theoretic Church-Turing Thesis. This belief, widely held in the quantum
information community, is that any physically realistic model of computing can be efficiently
simulated by a quantum Turing machine. Viewing physics as providing an analog compu-
tational model, and if this statement is correct, then quantum computers must be able to
simulate all physical processes in polynomial time. Thus, understanding whether quantum
computers can solve the electronic structure problem in polynomial time in the presence of
relativistic effects is important since it sheds light on the validity of the Quantum Complexity-

Theoretic Church-Turing Thesis.

In this work, we focus on a many-body Hamiltonian perspective and show that quan-
tum computers can efficiently sample from the energy eigenvalues for an approximation to
quantum electrodynamics known as eQED. This formulation of quantum electrodynamics is
found from expanding the Feynman path integrals that describe quantum electrodynamics to
second order from which a Hamiltonian can be derived for only the electronic and positronic
degrees of freedom. We specifically provide algorithms for simulating these dynamics in both
position and momentum basis both with and without an external vector potential. We then
analyze the cost of performing such a simulation using Trotter-Suzuki simulation methods
both theoretically and numerically for a relativistic version of the free-electron gas (which we
denote rellium). While the rellium model by itself may be considered to be a toy model from
an ab initio physics simulation perspective, we examine this model for its novel Hamiltonian
terms that arise in the context of quantum simulation algorithms, that will be present in
more sophisticated relativistic many-body systems. In addition, we discuss how to prepare
multi-reference configuration singles and doubles (MRCISD) approximations to the ground
state for eQED which is necessary because the strong correlations present in systems where
eQED is needed will often make elementary approximations such as Hartree-Fock inaccu-
rate. Finally, we present a simple cost estimate for simulating a gold atom using planewaves
in eQED, and context for future work involving QED and relativistic effects in quantum

simulation.
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4.2 Review of eQED

Quantum electrodynamics (QED) is the quantum field theory that describes the electro-
magnetic interactions of electrons and positrons. QED is formulated in terms of a four
component fermionic spinor field, ¥,(x) that creates electrons and annihilates positrons and
a 4-potential, A,(z), that creates and annihilates photons. It should be noted that the inter-
pretation of ¥, (z) is not the same as the interpretation of the electron field in non-relativistic
field theory. In non-relativistic field theory, applying the electron field operator to a state
simply removes a single electron, but in the relativistic case, applying 1, (z) to a state will
create a superposition of a state with one less electron and a state with one more positron.
For this reason, 1,(x) can be interpreted as an operator that increases the electric charge of
the state by 1. For relativistic chemical physics, the primary goal is to simulate the motion
of electrons and positrons, therefore it would be convenient to have a formulation of QED
without the photon degrees of freedom. In other words, the goal of effective QED is to derive

a Hamiltonian H.ggp, such that

(6] 750 [g) = (g oMz

¢> (4.1)

where |¢;) and |¢f) are states without free photons propagating,

gz~51> and )gz;f> are the
corresponding states with the photon field integrated out, Hggp is the full QED Hamiltonian,
and H.ggp has the photon field integrated out. The effective Hamiltonian can be derived in

the path integral formulation of QED with the Feynman gauge fixing procedure [214], giving

(sl e~iHoEnt |4y — /DAH(x)D&(x)Dlp(x)gzﬁ}(Au(x),@(m),l/J(x))gbi(A#(x),zZ(x),w(x))
exp (i/d% () 0,0 (x) — mib(z)(x) — e (x)y'h(z)Ayu(w) — %A“(m)DAM(x)> (4.2)
where e is the elementary charge, 0 = 92 — >0 02, and DA, (v)Dy(x)Dy(x) is the

functional measure for the fields being integrated over. The repeated upper and lower indices

corresponds to Einstein summation convention with a spacetime metric using the mostly
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negative convention (g, = diag(1,—1,—1,—1)), i.e.

3
atb, = a’t’ — Z a't’ . (4.3)
i=1
The v matrices act on the Fock space that mixes the components of the particles. From this
perspective, they are akin to operations such as fermionic swaps which are widely used in
the quantum chemistry literature [215, 216]. The v matrices, when seen as operators acting
T T T T T

on the spinor of fermionic operators [%,07 Az 15 Qg 15 Az o5 am], can be represented in the Dirac

representation as

7 =1®6;
where 6; are the standard Pauli matrices. In Eq. 4.2, ¥(x) = ¥'(x)7°, where the summation
over the spinor indices of ¢f(x) and 7° has been suppressed. For states where the electro-
magnetic field is close to satisfying the classical equations of motion, an action for eQED can

be obtained by performing the integral over A,(z) in the stationary phase approximation

yielding

(@l 02t = [ DA ) D) D ()5 (e, () (0 0). (o)
exp (i [ didapa,0(e) - mila)ste) - Gdont o@D o) [ dvinem)
(4.5)
Therefore the action for eQED is given by
Suaep = [ it @)y 0,0(e) — mila)v(a) - 3V @O ey) [ dyb@mow

(4.6)

where (07! (z, y) is the Green’s function for [J.

1
=t —t—-|y—-7 4.7
T = 1) (4.7)
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so this action is not local in time, which makes it unsuitable for deriving a Hamiltonian for
the canonical quantization formulation of quantum mechanics. If the radiation effects are

neglected, then
1

=1/ 4 = ~
O (%,t,x,t)wm

5t — 1) (4.8)

In this approximation,

V() (y)
(4.9)

Sigen = [ deit(e)*0,0(0) - mila)v(o) - 300t [y

At this point, a Legendre transform can be performed to obtain a Hamiltonian for eQED
given by

V(W)Y(y) -
(4.10)

3
_ . _ 1 .-
3, 2 3
Hegep = /d r —Zjzl1?@)73Vj¢($)+m¢(x)¢(x)+§6 U(z)v Y (z) /d ?Jm
where V; is the typical 3-space gradient operator. Note that when working in momentum
space instead of position space, this issue of time nonlocality can be addressed without

resorting to Eq. 4.8.

4.2.1 eQFED for Free Electrons

The first case that we will present is the Hamiltonian for eQED for the uniform electron
gas. The non-relativistic version of this model is known as jellium, which not only is useful
for the foundations of density functional theory but also has become a standard benchmark
problem for quantum chemistry simulation [215]. Here we will present a formulation that
is appropriate for eQED which we call “rellium” in analogy to the non-relativistic jellium.
There are two representations that we will consider for the Hamiltonian: position space
and momentum space. Both approaches have different advantages and disadvantages and
without further knowledge, it is unclear which will prove to be superior for a given problem
without knowing the number of lattice sites in the real-space or reciprocal-space lattice are

needed for the simulation.
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The Hamiltonian from the previous section can be placed on a discrete cubic lattice
with n, sites and side-length L. In this discrete representation we make the identification
that ¢ = a\/m and ¢ = aTVO\/m where a is the standard dimensionless fermionic
annihilation operator, and ny is the total number of lattice sites. The discretized Hamiltonian

on the lattice can then be expressed as

Heopp = Hx + Hpyy +V

L3 -
_ _ .0
= —ns Eﬂ mzz = Eﬂ mazy agz
X X

3 3
6 ns
E E Gune—r i (a7 a) (D" 10y) = E G (a7 as) (alr "+ a,)
n? < 87TL| 0l 8 L|Z —
TAY u=0 T#Y p=0
(4.11)

Here we use the convention that ¥,  and p are vectors of integers that index a particular
fermionic mode. The state of the system can be represented by using a qubit to represent
each ala,. This will require 4n, qubits total.

A technicality emerges in choosing the correct quantization of the kinetic operator on the

lattice, Hg. In particular, if a finite difference on the lattice is used as in

s et = s
Hna'l've = n2/3 Z “/}x Z # ) (412)
S T j=1

where  is a unit vector pointing in the j-th direction, a continuum limit will not be

recovered [217, 218]. Consider a free electron with momentum p in one-dimension, the
1/3 1/3

ng"m ng'"mw

7, =] where the energy is given by

electron’s momentum then lies in the range [—

E = \/ m? + L2 " sin 2(27p/ni’®). Therefore with this kinetic Hamiltonian, both an electron

1/3
ns/ﬂ

with momentum and an electron with zero momentum have energy m. Likewise, by
periodicity, at every energy there will be twice as many states as there are in the continuum
limit. This doubling of states prevents this naive choice of Hamiltonian from correctly repro-
ducing the physics of continuum eQED. Several solutions to this fermion doubling problem

have been developed in the study of lattice gauge theories [219, 220, 221, 222]. One solution,



81

known as SLAC fermions, solves this problem by choosing the kinetic term, Hg such that

the dispersion relation agrees with the continuum limit [221, 222].

_1
e12mns pE-g) _ 2 9 -3 03
VY pjve = RV E e P y)a;q V' pjaz

— S s N —

9,0 Z,Y,p

2rL?
Hx — Hgpac = 73 Z
Ns

(4.13)

This choice of kinetic term solves the fermion doubling at the expense of locality. Other
solutions exist, such as Wilson’s kinetic operator, but for simplicity we focus on the SLAC
case.

The momentum space formulation of a relativistic eQED Hamiltonian without an external
potential can be viewed as a variant of a well known interacting electron model: jellium. We
will follow similar notation to Ref. [215] where the cell volume Q = L? for a cubic simulation
cell with side length L. The standard non-relativistic 3 dimensional jellium Hamiltonian is

defined as the following in second quantization

k2 1 47
Hjo = Z Epa;’alap,al + 20 Z ﬁa;ma;@aqw,@ap,,,’gl (4.14)
P,o1 (P70'1)5;g170'2) v

where the p, ¢ indexes are momentum space electronic planewave orbitals, L is the length
of one dimension of the simulation box, 01,09 € [1,]] are the fermion spin indices, and k is

the momentum. In non-relativistic jellium, the planewave basis is only defined for electronic

1 . 2my
ou(r) =2lge™ " k= (4.15)

where ¢, (1) is a single plane wave as a function of the momentum grid point v € [-N1/3) N(1/3)]3

and spin degrees of freedom

and distance is denoted by r. The momentum grid is the same size for both spin-up and
spin-down planewaves. In order to extend the 3D jellium Hamiltonian to a relativistic frame-
work, we use the 4-spinor solution to the Dirac equation to build a planewave basis, and use

the second order tree Feynman diagrams for eQED to compute the two particle interactions.
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As mentioned above, we will refer to this relativistic jellium model as ‘rellium’. In general,
the planewave basis has the same form as above, but the total number of planewaves will be
doubled, now that positronic degrees of freedom must now be considered. The general form
of the rellium Hamiltonian takes into account relativistic particle energies, and also eQED
interaction amplitudes that have pair creation (e~ — e~e”e™) interactions in addition to
the typical two body interactions (e"e~ — e~e™). In this form charge is conserved, but not

particle number. The rellium Hamiltonian can be described in second quantization as
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where the relativistic energy Ej, is defined as Fj, = (/k2 + k2 + kZ + m? where m is the
electron mass, a, b are the annihilation operators corresponding to electronic and positronic
degrees of freedom respectively, M represents the computed eQED amplitudes for the inter-
action, and o1, 09, 03,04 € [T, ] are all independent spin indices. dm is the difference between
the bare mass and the physical electron mass and A is a constant added to guarantee that

the vacuum has zero energy. It is necessary to include these terms in the Hamiltonian to
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guarantee that the particles in this discretized theory have a mass equal to the electron mass
and that the correct physics is reproduced in the continuum limit. The helicity spinors are

defined by

1 0
0 1
ui(p) =/ Ep +m .- us(p) =/ Ep +m z)g:jpy
pzpﬂ'py £pzm
Ep+m | L Ep+m |
Pz —1py ]| [ pz ]
Ep+m Ep+m
—Pz Px+1py
v1(p) = \/Ep +m Eparm ve(p) = \/Ep +m Epirm (4.17)
I i 0 ]

and are used in the construction of M. The details of the amplitudes M are discussed in
detail in Appendix F. The state of the system can be represented on a quantum computer
by using a qubit to represent the value of each af ,a,, and each bl ,b,,. Thus the total
number of qubits required to encode the state of the fermionic field here is 4n,, in exact
agreement with the number required in position space (despite the fact that in momentum

basis we explicitly divide the field into a fermionic and anti-fermionic subsystem).

4.2.2  eQED with an External Potential

In the continuum, when eQED is done in the presence of an external vector potential A®*(x),

an additional term
Ho = —c [ dilapyd(@) 47 (@ (118)
must be added to the Hamiltonian. This vector potential term is more general than the
Coulomb term commonly used for external potentials in chemistry applications. In part,
this is because it applies to general external electric potentials but also because this term
includes the vector potential terms needed to describe interactions with external magnetic
fields as well.
Since quantum computer simulations necessarily require discretized wave functions, it is

necessary to consider discretizations of Eq. 4.18. The two natural approaches to discretize
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the system in a lattice are in position and momentum representations. In the position
representation, the integral of the external potential can be discretized as a finite sum via

HL,ert = —ea3 Z d_}x’yul/}fofm : (419)

x

The momentum space representation can be found from the position space representation
by applying the Fourier transform to the field operators. This approach is analogous to the
fermionic Fourier transform used in quantum chemistry simulations [223, 215]; however, here
the transform needs to be performed over all four components of the field. The transform of

the vector potential operator is given by

A% (z) = / (C2l7:;36im/~123”(p), (4.20)

This term takes the form

d?’pd3 7 Aex
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(4.21)

+%J®W%AM%m@mﬁfw—p0

in momentum space.

In the discretized momentum space simulation, the external potential term takes the form

of

Hyest= =€) ) 5 pers mp (u D71, ()} 0,000, A5 (0 — )

01,02 P,q
+a02(q)7u001< ) qogb;ramAzz(_p_ q)

+ Voo () ey (P)bg,00Cp,y A,ef (p+4q) (4.22)
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With these additional definitions, we now have a general form of the eQED Hamiltonian

that we can use for cost analysis.
4.3 Trotter-Suzuki Simulations of eQED

There are many techniques that have been proposed thus far for simulating quantum dy-
namics. The first approach proposed for quantum simulation involves the use of Trotter-
Suzuki formulas to compile quantum dynamics into a discrete sequence of gate opera-
tions [11, 224, 22, 225, 226]. These approaches are space optimal and can take advantage of
properties such as locality and commutation relations that qubitization cannot. For simula-
tions of the free electron gas, known as jellium, recent work has shown that the scaling of
the time complexity of Trotter-Suzuki simulation methods and qubitization are nearly equal.
For this reason, we focus on Trotter-Suzuki simulations.

Trotter-Suzuki simulations can be viewed as a method for compiling the unitary matrix
et as a sequence of unitary gates, U, such that |e” —U|| < §. If H = >.; Hj for a set

of H; such that e~ % can be efficiently compiled as a quantum circuit via

Ug(t) - (H e—iHjt/Q) (H e—iHjt/2> — o iHt +0 <I]r}lgz{ H[Hja [Hkaﬂé]mtg) (4.23)

j=1 j=m

Since each H; is assumed to be implementable using a polynomial-sized circuit, this ap-
proximation effectively compiles e7*#* into a sequence of unitary operations. Higher-order
variants of the Trotter-Suzuki approximation can be constructed from the symmetric Trotter

formula U, via [227, 228]

Usii2(t) == Ugi(s20t) Uz (1 — 4521, )t) Usp, (521t)

=e 10 < max ([|[Hjy, [ - [Hops2, Hopys] - - ']]||)t2k+3> : (4.24)
J1yJ2k+3
where sy, = (4 — 4/+1)=1 Such high-order Trotter-Suzuki formulas are not always

superior to their lower-order brethren. This is because the number of exponentials in Uy (t)

is in ©(5*m) and hence tradeoffs between the exponential improvements to accuracy yielded
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increasing k and the exponentially increasing costs of doing so must be made. Further, as
the error in the Trotter-Suzuki approximation depends on the commutators between the
Hamiltonian terms, the cost of such simulations can be better than these upper bounds
suggest [229, 230, 228|.

Thus in order to construct the operation Uy (%), for some integer value of k, we need to
develop circuits for implementing each of the terms in the decomposition separately. That
is to say for we need to take each Hamiltonian term present in the Hamiltonian and convert
them to easily simulatable Hamiltonians before using the Trotter-Suzuki approximation to
compile it to a sequence of operations that can be run on a quantum computer.

The individual H; in our representation will, similar to chemistry, be expressable as Pauli
operators through the use of a Jordan-Wigner transformation. Such a transformation yields
the following transformation for the fermionic creation operator al via

X Y)(®,., D)
al 5 ;

(4.25)

for some arbitrary canonical ordering of the site labels. Note that it may be tempting to make
this assignment to the field operators ¥" and 1 but we cannot do so directly since the field
operators are dimensionful. For this reason, we discuss in the following the dimensionless
fermionic operators a, and will use these operators interchangeably with their anti-particle
counterparts, b,. Other fermionic representations are possible, such as the Bravyi-Kitaev
encoding [231], but here we use Jordan-Wigner for its simplicity.

One technicality that needs to be considered with the Jordan-Wigner encoding is that
the pattern of Pauli-Z operations depends on the lexigraphical ordering of the site labels.
In one-dimension, such orderings are straight forward, but in higher dimensions there are a
multitude of natural lexigraphical orderings of the sites (orbitals) that can be chosen.

Here we focus on a simplified cost model for the simulation wherein non-Clifford opera-
tions constitute the majority of the cost. Specifically, we assume our quantum computer has
all-to-all couplings between the qubits and can perform CNOT between such pairs as well

as all single qubit Clifford operations (which can be formed from products of the Hadamard
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gate H and the phase gate S = \/7) We also assume that the T = /S gate can be
applied to each quantum bit. Further we assume that all Clifford operations are free and
only T-gates are costly. This further motivates why we choose Jordan-Wigner representation
for our problem because the additional gates needed to enforce the correct signs from the
lexigraphical ordering are all Clifford operations, which we take to be free. Thus, within our
cost model, the choice of the ordering of the labels of the sites will prove to be irrelevant.
With the Jordan-Wigner transformation in place we have all we need to compile the circuit
from the Trotter-Suzuki simulation Usg(t) into a sequence of gates that can be executed on
a quantum computer. Below, we discuss ways that exponentials of the one- and two-body
terms in the Hamiltonian can be compiled into a gateset involving Clifford gates and single
qubit rotations. We will discuss later what translations need to be done to convert the single

qubit rotations into circuits involving H and T

4.3.1  Quantum Circuit for the one-body operators

The free piece of the eQED Hamiltonian consists of a sum over terms of the form @D;qu,
however the representation of these terms can vary depending on whether we are interested
in the position or momentum basis. In the momentum basis formulation, all terms take the
form ai,ypa(,,p and bf,’pbs,p, which acts only on a single qubit register and is trivial to simulate.
Therefore, evolving according to the free Hamiltonian in the momentum basis require 4n
single qubit gates. In the position space lattice formulation, the free Hamiltonian terms can
take one of two more additional forms: ala, + aLaz and i(a}a, — azax). These operators can
then be converted into Pauli operators using the Jordan-Wigner transformation. Assuming
without loss of generality that in the canonical ordering we choose = < y, the Jordan-Wigner

representation of these terms takes the form

1. afa, +a}a, 7% X(®ycney D)X +Y(Qyeney 2)Y

2. i(a}a, —ala,) T X(® Z)Y = Y(®,epney Z)X

r<<n<y
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Figure 4.1: Circuit used to implement ¢“X(@zcncy XY (Qucncy 20EY) for ¢ = 1 4 2.
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Figure 4.2: Circuit used to implement ¢“X(@zcncy 2)2Y =Y (Qocncy 209X) for ¢ = g 4 2.

While Case 1 appears in standard constructions for quantum circuits for simulating chem-
istry [13], Case 2 does not typically arise in existing quantum circuit constructions and so we
provide optimized networks for implementing it above in Figure 4.2. An optimized circuit
for the one-body operations in Case 1 is given in Figure 4.1

There are 2ns(4ns — 1) couplings of this form in the Hamiltonian. Therefore, Trotter
simulation of the free Hamiltonian requires 20n4(4ns—1) single qubit gates per step. Ignoring
the Jordan-Wigner strings, 8ng(4ns — 1) CNOT’s are needed per step. The Jordan Wigner

strings require

dng—1 n—1 4Ing—1

4 Y k=2> nn-1)= %6713(2718 —1)(4n, — 1) (4.26)

n=0 k=0 n=0
CNOT gates. Therefore a single Trotter step requires %ns(lﬁng — 1) CNOT gates for the

free Hamiltonian. Importantly, the number of single-qubit Z-rotations needed to perform
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the simulation is given by

Nyot = 20n4(4ng — 1). (4.27)

The focus of the present work is on fault-tolerant quantum simulation and so the cost of
simulation is dominated by the number of non-Clifford operations needed to implement the
rotations. However, the number of CNOT operations can be reduced to O(n2) using fermionic

swap networks [215, 232, 216].

4.8.2  Interaction Circuits

As shown in the previous section, the eQED Hamiltonian potential is a sum of a 2 — 2 term

that takes the same form as the non-relativistic case, and a new 1 — 3 term. New circuits will

be required to simulate this 1 — 3 term which takes the form ) %7k7l,ma;azagam + h.c..
J>k>lm

Using the Jordan-Wigner encoding, a}azajam can take 4 different forms depending on value

of m.

Case 1. m <l

CLT-(IITCGZ[Gm _ _ (X - iy)j QRZIFlg (X — iy)k 1F-l-1g (X — iY>l Zl-m-1lg (X + iy)m 11
J 2 2 2 2
(4.28)
Case 2. me [l+ 1,k —1]
ataza;am _ (X — iY)j ®Zj—k—1®<X iY )i 1k—m—1®(X + Y )m Zm—l—1®<X Z'Y)l®15—1
J 2 2 2 2
(4.29)
Case 3. me [k+1,7—1]
X —iY); . X +1iY ), X —iY X —iY
a}ala}am — _%®Zy—m—1®%®1m—k—1®%®zk—1—l®%®1l—1

(4.30)
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Case 4. m > j

tol ol (X + Y )m

(X =iY); —(X —iY -
ajakal Ay = ®Zm—J—1®M®1J—k—1® ( L )k®Zk_l_1®

2 2 2 2
(4.31)
Suppressing the chains of Z’s and identities, the contribution to the Hamiltonian takes

the following forms

Case 1.
V4V
H=— 16 (XXXX+XXYY4+XYXY - XYY X4YXXY-YXYX-YYXX-YYYY)
V-v*
—1 T (XXXY - XXYX-XYXX-YXXX-XYYY-YXYY-YYXY+YYYX)
(4.32)
Case 2.
V+v*
H = 16 (XXXX4+XXYY-XYXY-YXXY+YXYX-YYXX+XYYX-YYYY)
V-V
+1 16 (—XYYY-YXYY4+YYXY - YYYX-YVXXX-XYXX+XXYX-XXXY)
(4.33)
Case 3.
V4+ Vv
H=— i (XXXX-XXYY+XYXY-YXXY-YXYX4YYXX+XYYX-YYYY)
V-V

(—XXXY - XXYX+XYXX-YXXX-XYYY+YXYY-YYXY-YYYX)
(4.34)

—1

16

(X —iY),

®1l—1
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Case 4.
V4+V*
H = T (XXXX-XXYY-XYXY4+YXXY - XYYX4YXYX+YYXX-YYYY)
V=V
+1 TG (XYYY-YXYY-YYXY-YYYX-XXXY-XXYX-XYXX+YXXX).

(4.35)
Additionally, the eQED Hamiltonian also contains 4 creation/annhilation terms when

expressed in the planewave basis. The Jordan Wigner representation of these terms is

(X —iY) (X =iV (X =) (X = iY)

a}a,ta;ajn = 5 lozi *F g 5 ®Tl®2"m_1® 5 ®1m !
(4.36)
V4+Vr
H = 16 (XXXX-XXYY-XYXY-YXXY-XYYX-YXYX-YYXX+YYYY)
V-V
+1 16 (XYYY+YXYY4HYYXY+HYYYX - XXXY - XXYX-XYXX-YXXX).

(4.37)

From these equations, it can be seen that each term contains every possible tensor prod-
uct of 4 X’s and Y’s. In a naive Trotterization simulation, each term would be treated
separately. However, this is suboptimal because all terms with an even number of X’s and
Y’s commute and all terms with an odd number of X’s and Y’s commute. Previous work
has introduced a circuit to simulate all terms with an even number of X’s and Y’s. It will
be shown here that the same techniques can be adapted for the odd case as well. A Hamil-
tonian that contains all terms with odd numbers of X’s and Y’s can be efficiently simulated

by using a circuit that will simultaneously diagonalize all terms.
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Figure 4.3: Circuit G used to diagonalize all tensor products of an odd number of X’s and
Y'’s.
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Figure 4.4: Implementation of e

The circuit G can be used to implement time evolution according to a Hamiltonian made

out of a sum over the odd tensor products. For example, take
H=XXXY-XXYX-XYXX-YXXX-XYYY-YXYY-YYXY+YYYX. (4.38)
Then using the results in Appendix G we see that
H=G(ZZZZ - 7271 — ZZ11 — Z111 + ZZ1Z + Z11Z + Z1ZZ — Z1Z1)G'.  (4.39)

and the circuit in Fig. 4.4 can be used to implement ¢/, From Fig. 4.4, it can be seen
that single term in the interaction Hamiltonian requires 12 single qubit gates to implement,
and 16 CNOT gates in addition to however many CNOT gates are needed to implement the
Jordan-Wigner strings. In the position space formulation, there are at most 256n? terms

and in the momentum space formulation there are at most 8192n? terms.
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4.4 Cost Estimates for eQED Simulation

The aim of this section is to provide preliminary cost estimates for simulating effective
quantum electrodynamics on quantum computers using Trotter-Suzuki approximations and
also provide a comparison to the asymptotic scaling expected from a naive application of
qubitization. All such cost estimates are performed within a computational model wherein
Clifford gates are free but non-Clifford gates (specifically the T-gate) are not free. We will
consider the cost of simulations both for lattice eQED (position space) or momentum space

eQED.

4.4.1 Cost Estimates for Lattice eQQED

Estimating the trotterization error for eQED requires the computation of nested commuta-

tors of terms in the Hamiltonian [233, 228]. The Hamiltonian for eQED in position space is

given by
H = HSLAC + Hm + Hint + HL,ea:t (440)
where
3
Hm = Z m%i/}m - Z ma;«"yoai‘
L3
HL,ezt = _en_ Z¢( ) QZJ( )Aex Zeaw ,yuAex( )
2 i2mn S p (g j
ns' "L 0.5 Ty p.p
1/3 o2
mt Z Z Gupns 715 o 87TL|.1' | ( azy ’Yuax)(agvo'yuay Z Z V_,"ir“ v ax,u a;,}ay,ym
T#Y u=0 TAY 1/

(4.41)
here we have taken the convention that Z and ¥ are 4-vectors of integers and that the indices

1, v specify one of the components of the 4-vector.
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Theorem 1. Let H be the Hamiltonian of Eq. 4.40 with ng > 8 sites in the cubic lattice
with side-length L and external vector potential operator A®*(x) and let

A := max (m + emax, ||A“ ()], 62L"S, #) Finally let |1) be an eigenstate of H such that
H ) = E|¢). The number of T-gates, Nt, needed to estimate E within error € and constant

failure probability less than 1/3 obeys
Nr € (A_nz) o )
€
Proof. In order to estimate the error in the Trotter-Suzuki approximation, we need to eval-
uate the commutators between all these terms. A first step towards this is to estimate the
commutators between the individual terms involved.

In order to evaluate the commutator terms involving Hsyac we need to estimate the
magnitude of these terms. As seen above, this involves estimating an oscillating sum. This
expression is symmetric with respect to exchange of x,y, z axis labels and so we will proceed
by bounding the coefficient for £ = 1 (i.e. the x component of the momentum. Further, let

—

A =7 — 3, and py be the kth component of vector p.

27 iwnié_ﬁﬁ
) = 2 (oS
i

né’ L
5 ny/? /2 ny/? /2
_ f 3 preizmms D oi2mns Y (p2 Ao +pss) (4.42)
niL pi=—ni/?/241 p2.ps=—ns'® /241

Next let us assume Ay > 0 and A3 > 0. In this case we have from the formula for the sum
of a geometric series that under these circumstances

ni/? /2
Yo e el 1y o), (4.43)
pa=—n'" /241
Similarly, if Ay = 0 then
ni/%/2

Z oi2mms P p2ia) | nl/3. (4.44)

p2=7n2/3/2+1
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We then have that, for ni/?’ >2

1,1 2T 1/3/2 o —1/3 1/3/2 o —1/3
|T£§,yi ) | < % Z p16127rn3 P11 Z 6127rns (p2As+p3As)
nsL p1=7n§/3/2+1 P2,p3=*ni/3/2+1
) 1/3/2 1/3/2 /
e . —1/3
< i2mns 7 (p2A2+p3As)
S D >IN sl
ns L pr=—n"* /241 po.ps=—ns'"/2+1
1/3/2
pul(L + Gag0nt/®) (1 + Sa,0n8"%)
pr—ni/B/Q
IRVERaNYL
CO ( ( . ( 82 +1> (1+ 6ay0nY )(1+5A30n1/3)>>
1/3
CO U3Y(1 4 6,003 4.45
L 3,

By symmetry, the exact same bound holds by permuting the labels of the indices,

/3

’T(X X)| 6 O < (1 _|_ 6Ax+1 mod 3+170n1/5)(1 + 5Ax+2 mod 3+170n1/3)> (446)
The exact same argument can be applied to find a similar expression for |T(X 5)| for € # x.

Specifically, it can be shown that for each x, ¢ there exist f, g € {1,2,3} such that

1/3

|T3<ﬁ>| €0 ( T (1+0a,,0n/*) (1 + 5Ag70n1/3)> (4.47)

Next it is straight forward to see that for each of the ng terms in H,,, their coefficients
are at most m. The situation for H;, is a little more complicated since the coefficients
for a given term vary with the distance between Z,y. It is useful for us to envision a
probability distribution over the possible coefficients that emerge in the expansion. Let V' be
a random variable drawn from a uniform distribution over upper bounds on the coefficients
of T. It follows from the above discussion that there exist constants x; and ko such that
the distribution on the upper bounds on the coefficients for the creation operators in the

potential term obeys
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P(V < (k1e*/L) € O(1), P(V > (rpe®n? /L)) € O(1/n,). (4.48)
Thus we have that the expectation value of V' satisfies
2
E(V)e O (f) (4.49)

Similarly, from the previous discussion it follows that if we define W to be a random
variable found by sampling T’ i(,’gié) we find that there exist constants K;, Ky, K3, K, such that

the sampled upper bound on the coefficients reads

P (Wg (K2”3)> cO(1), P <W€

P (W > (%”)) € 0(1/n?) (4.50)

Hence the expectation value of W satisfies

Kgng/g Kgng/g
L L

) e O(1/ni)

E(W) € O (nz?)) . (4.51)

Thus since W > 0 we have from Chebyshev’s inequality that for any constant 6 > 0,
PW > SE(W)) € O(1/§). Thus from the union bound for independent and identically
distributed variables Wy,..., Wy, P(W;--- Wy > SE(W)N) € O(N/§). Therefore taking
§ € ©(n) for some constant A > 0 yields P(Wy -+« Wy > (n2E(W))Y) € O(Nn;*). Thus
because W € O(ng/L) for all inputs,

W e NE(W)N*+oW), (4.52)

The exact same reasoning implies that V' is similarly bounded.

Now let us consider all commutators consisting of V,, mass terms, N.,; external potential
terms, Np kinetic terms and Ny two-body interaction terms. Each such commutator is a
Lie-product between even monomials of creation and annihilation operators of degree at most
4. Each commutator at most doubles the number of terms in the polynomial and increases

the degree of each monomial by at most 4. For example, we have that if ¢, ¢, ds,¢s,
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is a monomial taken from the set ¢ € {a{,al, . ,aILs,ans, 1} that for any polynomial in

the creation and annihilation operators of degree d, P, which can be expressed as P =

> Ciloss o, We have that

[¢51 ¢82 ¢83¢847 P] = Z Cj [¢31 ¢32¢53¢s47 ¢G’j71 e ¢Uj7dj|

J

- Z CJ [¢s1 ¢52¢53¢347 (ﬁaj,l e (bo'j!d] (453)
j:{d)s}m{¢ﬂj’1"'¢0jyd}z{@,l}

Therefore there exists a polynomial ) of degree at most d + 4 in the elements of ¢ and a

sequence Y ; such that

Q = Z 75(252(@,1) to ¢E(£,d+4) = [¢S1 ¢82¢83¢347 P]? (454)
l

where max(|y[) = max(|e;[) and [{7e}| < 2/{¢; : {5} (Woyu -~ boy0t £ {11} < 2[{ej}

If we consider an initial term P to be of the form ¢, ¢, ¢, ¢4, then it is easy to validate
that follows that for any ¢s1 ¢52 ¢53 ¢s47 [¢t1 ¢t2 ¢t3 ¢t47 C¢s1 gbsz ¢s3 ¢s4] is at most an eighth—order

polynomial with coefficients at most c. Therefore we have by induction that for any sequence

X

1081 B Bxs e Bxas [+ 2 [Bx1.20x00 Bxs.0Pxass Bxa Bxan Bxs xaa] -+ Tl < 2 mae | = 21
(4.55)
Setting ¢ = N,,, + Next + N7+ Ny we find that It therefore follows that the expectation value
over indices Z, iy norm of the commutators of such terms is with constant probability greater
than 2/3, from the triangle inequality, Eq. 4.52 and the sub-multiplicative property of the
operator norm, in
O (2| Hp 4 Hp et ||V Vet (N Ny ) (E(V) MTE(W) YY)

C 2NmANeat - NTHNV N N (m, - e max | A% ()]|) N Nest (max (ki /4;2)62/L)NT+O(1)

x (max (K, Ky, K3, ;) /(n}/3L))Nv o)

C 3Nm+Neat+Nr+Ny (m + emax HAe:c (x)")Nm"!‘Nezt(maX(K,l, KQ)GQ/L)NT"FO(]-)
X

x (max (K, Ky, K3, Ky)/(n}/3L0))Nv o) (4.56)
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The maximum number of non-zero commutators that can arise in the commutator series
can be bounded using the following argument. Let us consider the simplest non-trivial
commutator which is of the form [ala,, ala,]. There are clearly O(n?) possible combinations.
However, unless the sets {z,y} and {u, v} have a non-empty intersection the commutator is
zero. Therefore there are actually O(n?) rather than O(n?) possible non-zero commutators
of this form. Tterating this, it is clear that there are O(n?) non-zero commutators of the form
lalay, [ala,,ala,]]. In general it follows by induction that for the k-fold nested commutator
(if £ € O(1)) that there are at most n!** such terms.

The situation is even more constrained with terms that arise from the external potential
as well as the mass. Such terms consist of creation and annihilation operators that only act on
one fermion site (and 4 potential components). Therefore for each such term introduced the
site must match one of the other terms in the commutator product otherwise the commutator
will be zero. Thus the number of non-zero commutators in a k-fold nested commutator series,
where k£ € O(1), is also in O(1).

Thus combining these two observations we see that the total number of non-zero com-

mutators that can be formed from a general product is in
O(nltNvHNT) (4.57)

Thus the sum over all terms formed by these commutators is simply the number of commu-
tators multiplied by the expectation value of the coefficients. We can use the expression in
Eq. 4.56 to estimate the sum over all commutators by simply multiplying the mean by the

number of commutator terms in Eq. 4.57 this yields

Nm+Neat [ e2n, Nr+0(1) n;;/g Ny+0(1)
0 [ mgtr et 3 (g emax a=@)]) ()

L L
(4.58)

4/3
Next let A := max <m + emax, [|[A“*(x)]|, GQL”S, ”T> The sum of over all commutators with

N,, + Negt + Nr + N, = £ is then in

n A HOM 00 (4.59)
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Therefore the size of any commutator that arises from the expansion of the error in the

Trotter-Suzuki formula, using time-step t, is in
ne(At) e (4.60)

It then follows from Theorem 11 of [234] that the Trotter-Suzuki error for a p™ order formula,

is therefore in

Ars(p) € ng(At)PHeO®), (4.61)

Thus we can choose t such that the error, Arg is at most epg for

1 [ eps \ V@D

Next note that each product formula of order p consists of a product of 57/~ second-order
Trotter formulas. Each such product formula is composed of O(n?) exponentials. Therefore

we have that the number of exponentials in the product formula is [22]
Nex = O (n257/271) (4.63)

Next let Upg(t) be the Trotter-Suzuki formula for e=*t. If we apply phase estimation to
Urs(t) the eigenvalues returned are, with high probability, those of Ht. Therefore if we wish
to estimate the eigenvalues of H within error O(erg) the phase estimation protocol requires
O(1/(etst) repetitions.

The cost of performing phase estimation and estimating the energy within error ¢ =

O(erst) and probability of failure 6 < 1/3 is in

N, 2t/ (1) p 14o(1)5p/2
19) _eXp) cO 5 4.64
( erst | ( elTng/(pH) ( )

Ht_ Upg(t)|| < erg and need to ensure that

In practice, however, we only guarantee that ||e~
the errors in the eigenvalues of the unitaries are comparable. The necessary result follows

from Theorem 6.3.2 of [235] and using this result and the fact that unitary matrices are
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unitarily diagonalizable that if \,(-) is the 2! eigenvalue of a matrix then for any z there

exists a y such that
e := [ (e7) = Ay (Urs(t))] < e = Urs(t)]] < ers. (4.65)

We then have ,that after optimizing over the value of p as per [22] the number of exponentials
needed for the simulation is in
Ne AltopHelt
o) (—i) - (% . (4.66)
€Ts €rg
Gate complexity estimates then easily follow from Eq. 4.66. The exponential that requires
the most T-gates to simulate is given in Fig. 4.4. It consists of 8 Pauli operations. From
Box 4.1 of Nielsen and Chuang [14], it suffices to synthesize each rotation within error
é1s/Nexp- Using an optimal synthesis method, such as [236, 237] this can be achieved using
O(log(Nexp/€1s)) T-gates. Therefore the number of T-gates needed for the simulation is in

An?2 1+o(1)
Ny e ( ”) . (4.67)

€Ts

]

A key assumption in eQED is that the mass energy of the electrons dominates the mo-
mentum contributions. This is necessary because the derivation of eQED truncates the
path integral expansion of the propagator at second order. The case that most closely re-
sembles the canonical case in the electronic structure literature is where ny/ /L < m <
na/® /L [215, 238, 181]. In this case, the Trotter error is dominated by the momentum of
the terms in the Hamiltonian and the number of T" gates needed for the simulation scales
as Ny € (ni®?/Le)*°M If we consider the thermodynamic limit where L € ©(nt?), we
then have that Ny € (n3/e)1*°). This result is comparable to some of the earlier results for
simulations of electronic structure in local-bases [215], but does not precisely match these

bounds because of the use of the SLAC kinetic operator, which is much less local than the

corresponding kinetic operator used in planewave-dual simulations [215, 234].
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4.4.2  Cost Estimates for Momentum Basis Simulations using Trotter

The calculation of the norm of the nested commutators for the momentum space Hamilto-
nian are needed to estimate the Trotterization error for the momentum space simulation.
Fortunately, these nested commutators are much easier to evaluate than their position space
brethren because of the lack of summation over auxiliary indices in the definition of the

interaction and constraint terms in the Hamiltonian.

Theorem 2. Let H, be the momentum space effective QED Hamiltonian of Eq. 4.16 and
Eq. 4.22 in three spatial dimensions in a cavity of volume L® with electrons with mass m and
charge e € O(1) and external vector potential A** such that for any momentum mode within
|p) within the reciprocal lattice |E, —m| € o(1). There exists a quantum algorithm that when
provided a state 1) such that Hy|[¢)) = E|¢) can estimate E within error € for any € > 0

and failure probability at most 1/3 using a number of T-gates that is in

nSAp 140(1)
(=)
where A, = O (ns (nﬂs + 82% + 6|Aex|)) '

Proof. The Hamiltonian is the sum of three terms, the kinetic energy term, the electron-
electron interaction term and the external potential term. First let us consider the kinetic

term, which is trivial in a momentum basis

= oG5, 00, + o,V .
H Coulal aq, + bl ,bs, 4.68

4 2
Cpi= B, = \[m2 + %mz € O(m) (4.69)

The two-body interactions are much more complicated in momentum representation. For

where

example, the fermion-fermion interaction can be written as

2 T T
E , € Dpzqu’o'l7‘72703704a(p+q—r)7g’4a7",0’3 Qq,050p,o1 5 (4.70)

p,q,7,01,02,03,04
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where

M M
Dy g.r.01,02,03,04] < €O ——]. 4.71
| p,q,7,01,02,03, 4| 4L3\/Ep+q7TETEqu (L3m2> ( )

Here for convenience we take M an upper bound on the values of the coefficients in Eq. F.1,
Eq. F.2, Eq. F.3, Eq. F.4 and Eq. F.5. By doing, so we make the result of Eq. 4.71 hold for

all the two body interactions in the problem. First, we see that (in units where e = 1)
; - 4 . 4
M €O | max maX]{Hu](f)H Z;JLUJ_FP)H 2}
ra \ |(E, — E,)? — %19 — q?|

0 (mas (i qy) ) SO

Therefore
1
| Dy.q,r,01,00.0504] € O (Z) : (4.73)

The exact same scaling holds by inspection for every two body term in the momentum space
Hamiltonian.
The external potential (in momentum space) is given by Eq. 4.22. The Hamiltonian in

this case can be chosen (in units where e = 1) to be

Hyerr =Y Eopoupathay (4.74)
01,02,p,q
where
By oo €0 (maxp |up\2emax|A”]) co (maxp(Ep +m)emaX|A”|> C O(e|A)).
m m
(4.75)

Next let us consider a Lie-Polynomial of kinetic, mass, interaction and external potential
terms consisting of N,,, Next, N7, Ny mass, external potential, kinetic and two-body inter-
action terms. As noted above, the indices for each mass term must match the indices of
existing terms in the polynomial; whereas all other terms must match at least one term.

Therefore the total number of valid commutators that can be present is in

O (nl e t2Nv)y, (4.76)
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Next, let us assume that N + Nr + Ny = £. We can then see that the sum of all nested

commutators of order ¢ is in

p,q,7,01,02,03,04 p,q,01,02

N- N,
max, ., |C. . /n T ewt
g0(<2ns>f(( o |Cow/ S') max (D grormmmmo) (n i |E|) )

O (QK(H;%X ‘ngl/’NT max |Dp7q77‘,01,02,03,cr4 ’Nv + max |Ep’q7o'1 02 ’Neztn;+Nezt+2NV))

Ng P,q,7,01,02,03,04 P,q4,01,02
(4.77)
Next if we let
A o maXU,V |CU,V/n3‘ 2 D E
14 ‘= max ) max € | p,q,7,01,02,03,04 y s 1Max ‘ P7q,01702‘
Ng D,q,7,01,02,03,04 P,q,01,02
2

m €Ny

€O (ns (— + 7 +emax ]Ae’“"|)) (4.78)
N

We then have from Theorem 11 of [234] that the error in the p*™-order Trotter-Suzuki formula
is
Ars(p) € ng(Ayt)PHel®), (4.79)

Thus if we wish to have Arg(p) < erg then it suffices to choose

1 [epg) V@
te® | — ( ) (4.80)
A, \ ng

We can then invoke Eq. 4.65 to show that this corresponds to a systematic error of at most

ers in the eigenvalues of e~ that arises from the Trotter-Suzuki approximation. Let us
define the correct eigenphase that we would see from phase estimation to be Et and the
approximate phase ETSt. This means we can use phase estimation on the Trotter-Suzuki
approximation to learn the eigenphase ETSt within error ergt and probability of failure less
than 1/3 using O(1/erst) applications of the Trotter-Suzuki formula [239]. Thus the total
number of operator exponentials that need to be invoked in the simulation in order to learn
the Et within error O(epgt) is in
3+1/(p+1) 2
0 (&) co (” 61+1/<p/+\f)5p/ ) , (4.81)

eTst
TS TS
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Provided that t(||H|| + ers) < m, we can unambiguously infer £ from this result by taking

o ? + Olers), (4.82)
which implies that this estimate also suffices to provide E within error O(erg) with proba-
bility at least 2/3.

The final step involves following the reasoning laid out in [22, 234] to choose p to minimize
the number of operator exponentials needed to achieve error € > epg. This corresponds to
taking p € O(y/log(nst/€)), which when substituted into Eq. 4.81 leads to a number of
operator exponentials that scales as (%AP)HO(”, where (-)°1) is used to refer to factors that
are at most sub-polynomial (but not necessarily poly-logarithmic).

We then see from our circuit constructions that each operator exponential requires a

number of T gates that scales as O(log(nsAt/€)) thus the number of T-gates required by the

3A N\ e
Nr € (" p) . (4.83)

simulation obeys

€

]

The asymptotics of the simulation complexity in momentum space are interesting for
a number of reasons. First, let us consider the case where the two-body interaction term

1/3
dominates the Trotter-Suzuki error. This occurs when "SL < m<KL %2 Note that we

require that the lower bound hold in order to justify the assumptions in Theorem 2 as well
as to ensure that we remain in the situation where effective QED, rather than full QED, is
appropriate. In the thermodynamic limit, we take L ni/ ? and therefore have that

A2/ 1+o(1)
Njherm ¢ < ° ) (4.84)

€

The continuum limit, unfortunately, is not naturally defined without making further promises
on the system. This is because in the continuum limit we need to take L € o(ni/ %), which
leads to momentum modes where the kinetic contribution to the energy dominates the mass

energy. Such modes invalidate our assumptions and so effective QED cannot be considered
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valid in the continuum limit for finite mass electrons without imposing restrictions on the
input state. Taking the continuum limit is also complicated by the issue of renormalization.
To ensure the electron mass takes the correct value and the potential between two electrons
has the correct 1/r dependence, the electron mass and charge in the Hamiltonian must be
varied as a function of the lattice spacing. For the continuum limit of QED, this leads to
the electron charge being forced to zero as the lattice spacing goes to zero. This is known
as triviality and is due to QED likely not being a valid interacting field theory when defined
without a cutoff [240, 241, 242, 243].

4.4.3 Cost Estimates for Qubitization

In recent years, qubitization has emerged as an alternative to Trotter-Suzuki simulations
on fault tolerant hardware [244, 18, 245, 246, 180, 181]. Unlike Trotter-Suzuki methods,
qubitization is known to saturate lower bounds on the query complexity for quantum simu-
lation. Further, it is much simpler to provide tight bounds for the complexity of simulation
using qubitization [229]. However, qubitization is not space optimal and further cannot
directly exploit locality of the Hamiltonian to reduce the costs of simulation unlike Trotter-
Suzuki methods. For these reasons, qubitization does not supplant Trotter-Suzuki methods
but rather provide us with a new set of tools that can perform favorably to Trotter-Suzuki

methods under certain circumstances.

N+M)x(N+M
) ), can be

The central idea of qubitization is that a walk operator, W € C(
constructed for any Hamiltonian such that it H =, \;H; € CN*N for unitary H; then for
every eigenvector [¢)) of H and any integer ¢, W4 [¢)) [0)™ is a vector within a two dimensional
subspace spanned by the non-orthogonal vectors [) [0)" and W |) [0)™. Further let A =
Z;n:l |A;|. With these assumptions in place, if we define |w)L to be the orthogonal component

of W |1) [0)™ within this two dimensional subspace then within the basis [¢) [0)" and |+)
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the walk operator restricted to this two-dimensional subspace then takes the form

(X @ [0)XO0] + [ Xu DWW ([ )] @ [0X0] + [ X ])
(WIH ) /1 — W)
= A A (4.85)
1 — W) (WPlH[)
pe by
which is isospectral (within this two-dimensional space) to the rotation e~# cos™ (WIHI¥)/A)

This shows that we can estimate the eigenvalues of H, given knowledge of A\, we can then

construct an estimator £ for the energy from an estimator for the phase ngﬁ using [246, 247]
E = \cos (qg) (4.86)

Thus the energy can be estimated within error € using O(\/e) applications of W [246]. The
position space normalization can be found by examining the Jordan-Wigner representation of
each of the terms individually. Specifically, we have that for each ¥ a; is expressed as a sum of
2 Pauli-operators in the Jordan-Wigner representations. Since Pauli operators are unitary we
can compute the asymptotic scaling of any term in the Hamiltonian by treating the fermionic
operators as if they were unitary because only constant factors are introduced by expanding
the Jordan-Wigner representaiton. We further have that A = A, + A\ezt + Aine + Aspac, which
are the contributions to the normalization terms from the mass, external vector potential

and the kinetic operator. These expressions are straight forward to compute

= Z majﬂoaf = Ay € O(mny)

z

Hyeor = Y ealy*y" AT (F)az = Aear € O (nsengx |Aex(f)|>

27 i 7m—1/3ﬂ i . n?/?’
Hspac = T D e TPEDty 0 piaz = Aspac € O ( 7

y nae’”
Hipy = Zzg““swux |( 17°7"az)(aln 7" ag) = Xins € O ( - ) . (487)

where the last expression in Eq. 4.87 follows from the average over position of 1/|Z —¢] given
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in Eq. 4.49. We therefore have that the normalization constant in position space eQED is

2
Apos € O (mns + nsemax | A% ()] + (n; /3 + ez)n—g)) (4.88)

It is straight forward to compute the values of A for the momentum space formalism
for eQED under worst-case assumptions about the functional form of the external vector

potential A%*(x):
n3
Amom € O (mns + f + nZemax |Aew(f)|) (4.89)

More specifically, the walk operator is constructed from a pair of unitary operations
SELECT and PREPARE. For simplicity let us assume without loss of generality that \; > 0

(any signs or phases can be absorbed into the H;). The operator PREPARE is defined to

PREPARE |0) = \/% ; \/% 7). (4.90)

Note the operation of PREPARE on states other than |0) is not specified here because any

prepare an initial state

unitary matrix that satisfies Eq. 4.90 can be used to construct the walk operator W.

The action of select is similarly defined via
SELECT |j) |¢) = |j) Hj |¢) - (4.91)
The walk operator W is then defined to be
W := (1 — 2PREPARE |0)(0| PREPARE')SELECT. (4.92)

It is then clear from this exposition that the cost of performing the quantum simulation
depends directly on two quantities: the normalization constant A and the costs of performing
SELECT and PREPARE. The costs, however, depend sensitively on the construction used for
these two operations and the circuit constructions for the two operations are complicated
relative to those used in Trotter-Suzuki simulations.

For simplicity, we will adapt the construction of [238, 246] which was derived for simu-

lations of non-relativistic chemistry in an arbitrary basis to the relativistic case considered
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here. The prepare circuit is implemented using a memory access model known as a QROM,
which can be thought of as an oracle replacement that uses a lookup table to store each of
the unique amplitudes in the state PREPARE |0). If there are K such amplitudes then the
cost of preparing the state within error € is in O(K + log(1/€)) using the approach outlined
in Section 3.D of [246].

The number of unique coefficients in the position space Hamiltonian, K, is substantially
lower than the number of of terms in the Hamiltonian. While the number of terms in the
postion space Hamiltonian is in O(n?) only O(n,) of these can take unique values. This can
easily be seen from Eq. 4.87 wherein H,, only takes O(1) values, Hp, ..+ takes at most O(ny)
values (assuming each A°*(Z) is unique). Hgpac contains O(ng/ %) unique exponentials of the
form e~ *F@-1) and O(n;/ 3) values of p;. Thus the total number of distinct amplitudes
for Hspac is at most in O(n,) as well. Finally the fermion-fermion interaction consists of

only O(ni’®) distinct values and hence
Kpos € O(ny). (4.93)

The number of unique coefficients in the momentum space Hamiltonian is much more
challenging to analyze and such simple patterns in the magnitudes of the coefficients do not

naturally reveal themselves. As such, we use the trivial bound of
Kopom € O(n3). (4.94)

It is likely, however, that by refactoring the momentum space Hamiltonian using techniques
analogous to [248] that a substantial reduction in K,,,, may be attainable.

The last piece that needs to be considered is the implementation of SELECT. The approach
that we use again mirrors the presentation in Fig. 9 of [246]. The strategy we take is to
decompose the fermionic operators into Majorana operators of the form X ® Z ® --- ® Z
and Y ® Z ® ---Z. At most four Majorana operators are needed in both position and
momentum space and thus the cost of implementing the select operator is O(1) times the

cost of applying the selected Majorana operator. The construction in [249] allows such
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Majorana operators to be selected in time O(ny) and therefore the cost of the select circuit
is in O(ns) in both the position and momentum bases. Therefore, with this construction the
cost of state preparation dominates the cost of the select circuit.

The number of T-gates needed in the qubitized simulation is therefore the product of
the number of applications of W needed by phase estimation and the sum of the number of
T-gates needed by the prepare and select circuits. This means that the complexity for the

position space simulation under the assumption that e? > ns /3 i

Kopos +ns)) cH (n?(m—i—emaxfmex(f)‘ +e2%>> |

(4.95)

€ €

~ )\os
N1 pos € O( pos

Similarly, the number of gates needed to perform the momentum space simulation at most

scales as

~ - 4 n2 L AT (7
Npm € O ()\mom(Kmom+n5)) co (ns(m—l— " ngemaxy | (@\)) (a0

€ €

If we assume the thermodynamic limit, then we have that the scaling of qubitization is upper
bounded by 6(”2%2/3) in position space and 5(&:/3) in momentum space. The scaling of
qubitization in position basis is slightly superior to the upper bound on Trotterization’s
scaling of (”?2)1*0(1). In momentum basis, the use of a brute force prepare circuit switches
this behavior and leads to worse scaling than the (niH/ ? Je)1e() scaling provided by Trotter
formulas. This bound, however, is likely pessimistic and by taking advantage of symmetries
in the Hamiltonian terms it is likely that the number of unique coefficients can be further
compressed.

A final point of interest is that the performance of Trotter-Suzuki methods in the non-
relativistic limit may be superior to qubitization. Specifically, if we define the non-relativistic
limit to be the case where m > n?/L, then the scaling of position space simulation using
Trotter-Suzuki methods becomes (n?m/e)'+°(1). On the other hand, qubitization’s cost scales
as O(n2m/e) in this limit. Thus for cases where relativistic effects are small, but highly

accurate simulations are required then the bounds for Trotterization coincide (up to sub-

polynomial factors) with those of qubitization. Further, since the empirical performance of
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Trotter-Suzuki methods is often much better than the upper bounds [179, 229] it is natural
to suspect that Trotter’s performance may be even better than this bound as also noted in

the following section.

4.5 Rellium Model Analysis

4.5.1  Numerical Evaluation of Momentum Space Commutators

In this section, we present a numerical study of the momentum space rellium Hamiltonian
commutators. We focus on the momentum space Hamiltonian because the rellium Hamil-
tonian in momentum basis can be constructed utilizing the SymPy software package [250],
which allows us to simply construct the spinor interaction terms in the planewave integral
calculations. For the following simulations, the cell box size was kept constant at L = 1.
Each successive model system with different numbers of planewaves n,, were created by
modifying the planewave energy cutoff, E.,; within this constant box size. Additionally,
renormalization terms in the rellium Hamiltonian, Eq. 4.16, were ignored for simplicity.

In the following result, the expectation value over i, j, k of the nested commutator, also
called the second order commutator, |[H;,[H;, Hy]]|| (where || - | is the spectral norm)
was computed by randomly sampling Hamiltonian terms using Monte Carlo. The indices
1,7,k in this case represent any possible term in the Hamiltonian. A total of 8 differ-
ent rellium systems were used by defining the planewave energy cutoff values at E.,; =
8,9,11,14,15,17,20,23,26 eV which correspond to the number of planewaves being N =
24,772,104, 128, 224, 320, 584, 808, 1216 respectively. Each average commutator value was
computed by running a Monte Carlo simulation with increasing sample numbers in order
to evaluate the limit of the average commutator, and then taking the average of the cor-
responding Monte Carlo runs. Specifically, 13 simulations were performed for each rellium
system equally spaced on the logarithmic scale between a minimum of 10° and a maximum
of 10'° samples inclusively. The results of the Monte Carlo simulations are presented in

Fig. 4.5, where each data point is the average of all runs for each system, including the
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Figure 4.5: The Monte Carlo sampled 2"¢ order commutator average for different E,,; values
defining different rellium systems with constant box length L = 1. Plotted points are the
average value across all Monte Carlo runs, and the error bars denote the standard deviation.
The dashed red line corresponds to the least-squares power law fit where f(M) = 0.3M %9

standard deviation in the error bars. By using a least squares power law fit, we can compare
how the number of terms in the Hamiltonian, M, affect the average second order commu-
tator. The power law fit function from the commutator average data in Fig. 4.5, results in
f(M) = 0.3M79. Using the fact that the number of terms in the Hamiltonian M scales
as O(n?) with the number of planewaves, we can naively state that the complexity of the
second order commutator would scale O(n?). However, since there needs to be at least one
index in common between each Hamiltonian term, the upper bound is actually O(n”). We
can then see that from our numerical result, the relationship of this complexity is observed

to be ~ O(n?), performing better than the upper bound.

4.5.2  Cost Estimate for QPE

The most common goal of Hamiltonian simulation in general is to find ground state energies.

By using the above rellium model for analysis, we can gain an understanding of the error
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scaling throughout the Trotter-Suzuki decomposition, quantum phase estimation (QPE),
and T-gate synthesis. First, in the standard surface code model of fault-tolerant quantum
computation, all Clifford gates are trivial in cost, where non-Clifford gates such as the T-
gate end up dominating the computational cost of an arbitrary circuit. Therefore, we can
simply understand the cost of our simulation with the number of R, gates required, which
are typically implemented as a circuit of multiple T-gates.

Second, it is important to note that the problem of finding groundstates is generically
hard. Specifically, if we could find a groundstate energy in polynomial time then the com-
plexity class BQP would contain QMA, which is the quantum analog of P = NP. For this
reason, we strongly suspect that the groundstate preparation problem is intractable on quan-
tum computers unless a sufficiently good guess of the groundstate can be provided to the
phase estimation algorithm. Although we discuss in the following section strategies that can
ammeliorate this problem, it is important to note that we do not necessarily know how well
these methods will work with a particular instance of a rellium simulation and hence the
only thing we can say with confidence is that the estimates contained here will give the cost
of sampling from the spectrum of rellium.

In order to eventually compute the ground state energy tolerance within some precision
¢, we first need to find out the error scaling in the Trotter-Suzuki (TS) decomposition, erg.

Specifically we will focus on the second order decomposition of our unitary time propagator

[ ]|

< US| ) (4.97)

the error in which is given by [228] to be at most

t3
+ﬂz

~

t3
<_
rs = 12;

[y

Using Ref. [251], the root-mean-square error in the measured phase during phase estimation

can be denoted as the following

T N\2
A ~ \/(ﬁ) + (e1s + €gyn + TeqrT)” (4.98)
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where n is the number of ancilla qubits used. We will now neglect the cost of the quantum
Fourier transform as it needs to be done only once and so egpr can be taken to be an

incredibly small value without altering the time-complexity of the simulation.

Ap \/<2::H>2 + (ers + €oyn)” (4.99)

We can now set the phase error target to be equivalent to the total RMS error in the energy

multiplied by the total time propagation ¢

A¢ 1 m 2 2
€ = T ~ %\/(271—&-1) + (ETS + esyn) (4100)

For simplicity, we choose erg = €5y, = 7/3/2"+2. With this choice we find

1 /1 /77mN\2 3 /m\?2 s
~ .- (2 (=) = 4.101
‘ t\/4 (2n> +4<2n> 12 (4.101)

where n is the number of qubits used in the phase estimation routine.

Next, using the fitted function from the Monte Carlo simulation given in Figure 4.5, we

can take
0.3n!
> ||[Ha, [Hs, Ho || ~ 100 = 0.3n*3 (4.102)
V7,8
which we can define as
xu = An® (4.103)

where A = 0.3 and b = 4.3. Note that if we assumed the worst case commutator scaling
that would be predicted from the commutators would be b = 7 for momentum basis simula-
tions. This shows that substantial gaps likely exist between the worst case scalings and the
actual scaling for eQED, similar to observations that have already been made for quantum
simulations of non-relativistic chemistry.

Therefore, we can substitute the estimate in Eq. 4.102 into erg to find

3
7?\/§<75XH

2n+2 - 8

(4.104)
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Now we find that the correct choice of t, relative to these bounds, will satisfy

| V3
s XZ;/”_‘I <t (4.105)

Picking t to saturate the lower bound (which corresponds to the worst-case scenario) we find

that t = ¢/ x;ﬁ r, we can solve for the number of qubits required in the QPE procedure.

log (5.3
n— {—21(0&2))} (4.106)

For a single trotter step, the number of rotations required is based on the total number

of terms in the Hamiltonian.

NteTms =2ns + gni (4107)

Using the above formula, the max number of rotations required for a single term being equal
to 8, and the fact that the number of exponentials required for the second order TS formula

is Negp = 2Nierms. The total number of rotations per trotter step is
Nrot = 8 X 2Nyerms < 32n + 144n? (4.108)

The number of rotations needed in QPE is 2" therefore the overall number of rotations
needed for the simulation is

Nyt = 2" (32n, + 144n?) (4.109)

Using chemical accuracy, ¢ = 1.6mHa for our error target, we can then estimate the number
of qubits needed for QPE, and ultimately the number of T-gates required to obtain the
ground state energy eigenvalue within the error tolerance of choice. To estimate the number
of T-gates per rotation can be computed using the scaling from Ref. [252], and our chosen

error for the T-gate synthesis, €, where
Nr = 1.151logy(1/egyn) x Np* (4.110)

Since the error in the eigenvalue scales at most linearly with the error in the unitary ma-

trix [235] and since the error in the unitary scales at most linearly with the number of gates
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Figure 4.6: The estimated total number of T-gates required to sample from the spectrum of
the rellium Hamiltonian for a box of length L = 1 within an error tolerance of ¢ = 1.6mHa
corresponding to chemical accuracy as a function of the number of planewaves in the system,
Ng.

comprising the unitary from Box 4.1 of [14] we have that it suffices to take ez, = €Npo.

With this assignment Np becomes
Np = 1.15l0gy(Ngo /€) x Npim (4.111)

Using the empirical values for A and b defined above, chemical accuracy e, the number of
qubits necessary for QPE in Eq. 4.106, the relation for T-gate count in Eq. 4.111, we can
finally estimate the T-gate count for the full QPE routine given some number of planewaves
for the system, n,. The log-log plot of this relationship is given in Fig. 4.6. The full equation
for this relationship is

— n 3 (327’LS + 14477,3) ~ 7’1,‘;’ X H = ng.Q
Np = |1.15 x 2" (32n, + 144n?) log, ( Yo e0 () =0(%;

(4.112)

for an error of ¢ = 1.6mHa, and n is determined from Eq. 4.106.

In contrast to Eq. 4.112, the costs for such a planewave simulation in the constant L and e
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limit are given by Theorem 2 to be in na W for adaptively chosen high-order Trotter-Suzuki
formulas. In contrast, we find empirically that for the second-order Trotter-Suzuki formula
the number of gates needed to reach 1.6mHa is in 6(7122) This suggests that, the empirical
performance of this simulation is comparable to what we expect from our prior theoretical
analysis; however, it is worth considering that this analysis still does rely on crude triangle-
inequality based estimates that disregard cancellation between terms in the expansion of the
error operator and that further studies may be needed to determine the impact of neglecting
such cancellations.

Finally, the number of non-Clifford operations needed to perform a classically challenging
simulation using 20 plane waves (comprising 80 logical qubits) is projected by our results
to be on the order of 10'® non-Clifford operations. In contrast, the best known results for
simulating jellium using Trotter methods are on the order of 10° non-Clifford operations for
systems of 27 spin orbitals (54 qubits). The gulfs between these two estimates suggest that
further optimization may be needed to allow eQED to reach the same levels of performance
that we can reach for non-relativistic electronic structure calculations, however, the gulfs
between the two are not so large as to suspect that such simulations will be infeasible
once subjected to the same optimizations that lowered the costs of simulation for challenge
problems in chemistry from 10 non-Clifford gates [186] to on the order of 10° non-Clifford
gates. [181, 180]

4.6 State Preparation

In order to efficiently simulate any Hamiltonian on a quantum register, it is necessary to start
with a high quality wavefunction ansatz that has a large overlap with the true wavefunction.
For the jellium or rellium Hamiltonian, the degeneracy of the ground state is a non-trivial
problem. Typically this is referred to as “strong correlation” where many different electronic
configurations are entangled and contribute to the ground state wavefunction. This is in
contrast to the familiar Hartee-Fock ground state, where a single electronic configuration

1s the wavefunction. Ground state electronic systems where the Hartree-Fock configuration



118

is not dominant are sometimes called multi-reference (MR) ground states, where using the
Hartree-Fock reference has a small overlap with the true ground state wavefunction due
to other configurations being just as important. The multi-reference nature of electronic
systems is also present in many chemical systems, typically large conjugated carbon systems,
and multi-metal centered molecules due to the abundance of low lying spin states.

A commonly known classical method for computing multi-reference wavefunctions for
quantum chemistry is known as multi-reference configuration interaction (MRCI). [253, 254]
In short, this method captures static correlation by first expanding the Hartree-Fock refer-
ence into a complete active space (CAS) of all configurations included within a truncated
orbital and particle space, typically centered around the occupied and unoccupied valence
orbitals. Next, a number of additional configurations are added for capturing correlation
effects beyond the CAS space, sometimes referred to as “dynamic correlation.” A common
version of MRCI, is MRCI singles and doubles (MRCISD), where additional determinants
are added to the CAS wavefunction, including single and double particle excitations. Ad-
ditionally, the singly and doubly excited particle and hole space spans a larger space then
just the initial CAS determinants, and are commonly referred as restricted active space 1
(RAS1) for the additional occupied orbitals, and subsequently RAS3 for the virtual orbitals.
The single and double excitations span across all three spaces. As an aside, RAS2 sometimes
refers to the original CAS space in the literature.

The number of determinants required to build an MRCI ansatz can be defined by the
chosen active spaces, RAS1, CAS, and RAS3. Following the notation in Ref. [255] where we
only consider singly occupied spin-orbitals that follow the Jordan-Wigner mapping.

NMRCT _ ihz i: (N3A51) ( NNCAS - ) <NR‘AS3> (4.113)

i 0n=o \ Ne — INRAST + th — e le
where Ngasi, Noas, and Ngrags are the number of orbitals in each active space respectively,
n. is the total number of electrons in all of the correlated spaces, i, is the hole index,
1. is the particle index, my; and m,. are the number of holes in RAS1 and the particles

in RAS3 respectively. For the MRCISD ansatz the number of determinants then scales
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exponentially with Ngag, but quadratically in both Npagsiy and Ngasz. Additionally for
MRCISD, m;, = m, = 2.

For the purpose of state-preparation on a quantum computer, we can pre-compute the
MRCISD wave function classically, and then use the coefficients for the determinants to
initialize a better wavefunction that hopefully has a much higher overlap with the true
ground state. A convenient method to prepare the initial MRCISD state is to use a Givens
rotation on the creation and annihilation operators, defined by a general slater determinant
generated by the classical MRCISD wavefunction. [256, 215] The general Slater determinant

can be defined as

@) =d}---d},[0), dl = Qe (4.114)
J

where ¢! is the arbitrary particle type creation operator in the computational basis, d' is the
rotated creation operator for the new basis based off of fractional particle occupation, Ny is
the number of fermions, and n is the number of orbitals in the chosen basis. The Ny x ng
matrix () rotates the original creation/annihilation operators into the rotated basis based
off the choice of initial wavefunction. Therefore the rows of () correspond to single particle
wavefunctions that are linear combinations of the original orbital basis. In general, the
rotated slater determinant can be generated by a unitary rotation of a simple computational

basis state generated by the original creation operators
@) =vel---ely,[0),  dl =velut (4.115)

Following Ref. [256] we see that this unitary transformation can be represented by sequences

of 2-qubit rotations, also known as Givens rotations where

U=_Gn, GGy (4.116)
where Ng is the total number of Givens rotations, and the Givens rotation matrix between
spin-orbitals p, ¢ is defined as

cosf —esinf
G0, ) = (4.117)

sinf €% cos@
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where the angles 8 and ¢ can be solved classically by diagonalizing the ) matrix. The

number of Givens rotations required to perform the basis transform is
Ng = (ny — N¢) Ny € O(n?). (4.118)

Each Givens rotation, G(6, ¢), can be implemented using a rotation of the form
e~ile™Pabagte?alan)0 - Ag discussed, each exponential can be simulated using O(log(1/e)) T-
gates. The complexity of performing this state preparation is therefore in O(n?log(n?/e)),
which is sub-dominant to the cost of simulation in momentum basis which is in O (ni‘+2/ °/e)
in the thermodynamic limit. For this reason, we neglect the cost of the state preparation in
all of our previous analysis.

Additionally, for typical electronic systems of interest, we only care about linear combi-
nations of electronic single particle functions and the positronic block is trivially occupied.

This means that for a system of N... number of electrons our matrix ) will be already be

diagonalized in the positronic space, meaning simply that Ny = N,
4.7 Planewave Cutoff Estimates for Heavy Atoms

In this section we will provide heuristic arguments that estimate the number of planewaves
needed to solve a realistic relativistic problem in momentum basis. This is important because
the cost of both the MRCISD ansatz as well as the simulation of the dynamics. As a target
problem, we focus on the simulation of atomic gold. This is chosen because relativistic effects
are needed in order to even qualitatively understand the spectrum of gold and thus such a
simulation is arguably the first logical benchmark problem to consider after simulation of
the relativistic free electron gas (rellium).

For the momentum space planewave Hamiltonian, we estimate that a single all-electron
gold atom will require at least 31 million planewaves, which is obviously beyond the reach of
quantum computers in the foreseeable future. The number of planewaves Npy, needed for

an arbitrary system is defined by the cell volume L? and energy cutoff.

LS
E2 (4.119)

Npw = 972 cut
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To find the lowest possible cutoff energy, we can calculate the highest possible kinetic energy
of an electron in an atomic potential with nuclear charge Z, which will be in the 1s orbital, so
the principle quantum number n = 1. The kinetic energy of the 1s electron can be estimated
to be the following, using the hydrogenic Dirac equation
9 1
E=c -1 (4.120)
1 4 7202 5
(n=G+1/2+/(+1/2)°~2%2)

where « is the fine structure constant, n = 1 is the principle quantum number and for

the ground state s orbital, j = % By plugging in Z = 79 and L = 2r, where r4 is the
atomic radius, using 3.14aq for gold , and finally setting E.,;, = E;, we estimate that the all
electron gold atom to require at least 3.08 x 107 planewaves and in turn roughly 1.23 x 108
logical qubits. This suggests further suggests based on the number of sites in the reciprocal
lattice that the cost of simulation within chemical accuracy (1.6 mHa) will be roughly on
the order of 103 non-Clifford operations for a momentum space simulation. Our analysis
therefore suggests that such simulations will likely be out of reach for simulations and since
the number of planewaves for a single atom all electron system is expected to increase as
O(L3Z3), we expect similar conclusions to hold for other heavy atomic systems.

This is not too surprising since planewave simulations in general need a large number
of basis functions to properly describe atomic core orbitals. The most obvious remedy to
this issue is to switch to a different basis set. In particular, Gaussian orbitals model the
nuclear cusp condition much better than planewaves and so the number of Gaussians needed
to describe the system to within chemical accuracy can be substantially lower. This makes
them often a more natural choice.

The opposite approach would be to instead of investigating eQED in second quantiza-
tion to look at it instead in first quantization using an appropriately anti-symmetrized wave
function. Within such a framework, the number of qubits needed to store the atomic con-

figuration can be exponentially smaller. The prefactors, however, make such applications

outside of the reach of existing or near-future quantum computers.
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4.8 Conclusion

In this work we have presented how to simulate the eQED Hamiltonian on a quantum
computer. Specifically, we presented an analysis of both the position basis using a cubic
lattice, and the momentum basis planewave formulations of the Hamiltonians. From this
analysis we find that for the position basis, the number of T-gates required for simulating

. . n2\ o)
the Hamiltonian scales as ( €S>

2 4/3
where A = max <m + emax, ||A“(z)]|, epe, "T>

1+0(1)
For the momentum basis, the number of T-gates required scales as (APT”S'>

where A, €
O (ns (nﬂ + %+ e[AZﬂ) ) This shows that the the ground state energy can be computed in
polynomial time provided that a copy of the groundstate is provided to a quantum computer,
which suggests that the problem of deciding whether there exists an eigenstate with energy
less than a threshold can be is contained within the complexity class QMA within effective

QED. This is relevant because it provides further vindication that relativistic effects do not

invalidate the Quantum Complexity-Theoretic Church-Turing Thesis.

Further, we investigated the cost of using quantum phase estimation to estimate the
ground state energy of the relativistic jellium (rellium) model as the simplest momentum
based eQED Hamiltonian. Specifically we computed the number of T-gates needed empir-
ically for quantum phase estimation using the second order Trotter-Suzuki decomposition,
and using Monte Carlo sampling of different rellium Hamiltonians by increasing the cutoff
energy for the system. For this routine, we find that for a constant box size, L = 1, the
number of T-gates needed to estimate the ground state energy eigenvalue within an error of
chemical accuracy ¢ = 1.6mHa is on the order of 106 T-gates for a classically intractable
problem involving 100 planewaves (400 qubits) or 10'® T-gates for a classically challenging
problem with 20 plane waves (80) qubits. These costs, while substantial, suggest that by
further optimizing our simulation algorithm that the costs of quantum simulation may be

reduced to reasonable levels.

While this work has explored how eQED can been simulated in general, the momentum

space and lattice formulations of the Hamiltonian are not necessarily the most pertinent for
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all applications to physics and chemistry. Specifically, the focus of including QED corrections
to relativistic effects in molecular systems is most prominent for heavy elements at the bottom
of the periodic table which have large potential wells from the nuclear charge. However,
QED corrections to the energies and properties of light elements can be important in certain
situations as well. Future work will focus on adapting this method for simulating eQED
on quantum computers to other more convenient basis sets for chemistry, such as the well
known Gaussian basis sets that can more compactly model the electronic wavefunction at

the nuclear cusp.
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Appendix A
SPIN-SEPARATION FOR GAUNT INTERACTION

The Gaunt term integrals can be separate into spin-free, spin-own-orbit, and spin-other-
orbit interactions in the Pauli spinor representation. In this section, detailed derivations will
be shown for the (ufov®| - k5a\F) type of integral which contributes to the exchange term
in V&L and Coulomb term in V&9,

The (p*ov®|- k5o L) integral can be written as (prefactor G )2 is ignored for brevity),

(urovs |- koo =(uro(D)e(1) - p(Dvy] - o(2) - p(2)rro(2)A7,)

= — (pho (o (1) - V(1)h| - o(2) - V(2)rLa(2)AE)

T1 T2

Lo .pu*. V. and V, are

where we used the restricted-kinetic-balance condition ;i = 5

gradients with respect to basis centers of k¥ and v*, respectively.

We now switch from Mulliken notation to Dirac notation to carry out the spin-separation

— (koo (1) - V(L] a(2) - V(2)kE o (2)AL)

T2

— (it o (2) - Vot Ma‘(l) -V, [VEAL)

K™T3 19 7‘2 T4

o(l)- 0'(2)

= (pk 73| o(2)-V, -V, |V7_2/\7[_'4 (A.1)
T'12
where we used the relationship V(2) = —V, between basis function derivative with respect

to the electronic coordinate V(2) and with respect to basis function center V.
By using the Dirac identity, (o(1)-0(2))(o(1)-V,) =1(1) 6(2)- V,+io(1)-0(2) x V,,
Eq. A.1 can be written as,

(] (2 vf“i;“%n-m [VEAL)
=(pkrk|o(2)-V, —[I( )o(2) -V, +io(1)-o(2) x V,]|[vEAE). (A.2)
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Additional applications of the Dirac identity are carried out to further spin-separate the two

terms in Eq. A.2:

(Wt o(2) - V. iu Do(2) -V, [rhAL)
12
= (pk kL |I(1 2)V,. -V, +i0(2)- V. x V,][vEAL) (A.3)

7’12

and

T2° T4

(pErk|o(2) -V, —210'(1) o(2) x V, [vEAL)

T2 T4

= (puk T3|2% I2)V,. - (V, x o(1)) +io(2) -V, x (V, x o(1))] [vEAL)

T2 7'4

= (pk KL | E[iI(Z)a(l) (Ve xV,)+(6(2) xV,)-( D] [PEAE) (A4)

Combining Eq. A.3 and Eq. A.4 into Eq. A.2, and write the integrals in Mulliken

notation, we arrive at the following expression:

(uhovs| - wSoAk) = & (Nen(DEL (206, 2 [LVL)V, - ¥,
+i(I(1)o(2) +1(2)o(1)) - V. x V,
+(0(2) x V) - (a(1) x V,))] (uv|sX) (A.5)
In Eq. A.5, the integral type of I(1)I(2)V, - V, gives rise to the spin-free term. The
contribution from the integral type of I(1)e'(2) - V(2) - x V(1) is the spin-other-orbit term,
while I(2)o(1) - V(2)$ x V(1) is the spin-own-orbit term.
The last term (o(2) x V) - (o(1) x V) is the spin-spin interaction which can be further

separated using the scalar quadruple product rule,

(0(2) x Vi) - (6(1) xV,) = (a(1)-0(2))(Vs-V,) = (a(1) - V,)(0(2) - V).

S

The final, completely spin-separated expression for the (uX ov? |- k5 oAL) integral is

(rovs |- wooAr) = & (16, (1)EL (2)6,(2)[I(I2) V. -V,
il (2) +1(2)o(1) - Ve x V.,
+(o(1)-a2) (V.- V,) = (a(1)- Vi) (a(2)- V,)](uv]rA)  (A.6)
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Appendix B
CONTRIBUTIONS FROM THE (55|5SS) TERM

The SS block of the Dirac-Coulomb matrix has contributions from (p®¢®|r®s¥) types of

integral with a prefactor of Gt denoted as V¢®
,LLT1 l/T2 Z D)\T4I€T3 /’LTl T2 "{Tg T4> (/’I’Tl ‘Hfg 7?;)] (Bl)
AT4KT3

These contributions are collectively known as the (SS|SS) term, which is often ignored due
to its large computational cost and small energetic contribution. The (SS]SS) contribution

in the Pauli spinor representation is:

—2Z[D§,fsv VYT Y DWvu-vu><vnva>J]<wm>

J=x,y,z

—ZDM{ Vi VO(Ve Vo) = Y (VX Va)s(Vs ><VV>J} (nAls)

J:x?sz

IS S DRV VAV V)4 (9, DT x Vs Gur

Ak J=z,y,2

- ZZD)\;“ (VX V3)a(Vie x Vo, )y = (Vi X V3)y (Vi X Vo )i | (#A|k7)

prgy (VX V)V X V,)e — (VX V)V X V). | (uA|s0)

YD (V% V(Y % V) = (V% VAV x Vo), [l (B2)
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VWSS = 22 {inﬁs(VM X V)V Va) = > D32V xV,).(V, X VA)J} (uv|kN)

J=x,y,z

- ZDW{ (Vs V)V V) — (V% V)u(V, % vm} (u\|sv)
ZDfSZ[ KT X D)+ (9% (T, x V) ()
> DEL| (9, DT % Vi + (9, % V(T 9,) | (o)
> DSS[ (9, DV, % Vs = (¥ x V(T 9 Gur )
> DEE. (V- V(T X D)y = (9, % V),V V)] Gkl
+ZZDM[ <TAAT X D)y = (V% DT x V| ()

+ ZDM[ X V2)a(Vi X V,)s + (V, X V3).(V,. x VM (A )

£ 3D (V% TA(Tx W)+ (9 X VAV x Vo ) (B
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Vewss — 93 [z’fos(V X V,)e(Vi Vo) = Y D3 (VX V,)o(Vi X VA)J} (pv|kd)

uv,x
AK J=x,y,z

- YD, (Y, V(9. 9,) - <vuxvx>z<vnxvy>m] (u\|sv)
ZD;@SI[ S OTLAEE SIEL S SRS SR
> DI (9, DT % Vs 4 (9, 5 el ) o
> DSS[ (9, DT % V). = (9, % Vo)V W) (vl
> D2 (9, V)V x 900, = (9% V), (V.- V) ekl
+ZZDM[ < TAUTox D). = (VX D0, % 0,0, | ()
+ ZDM{ T X D)y (X DT, % V| ()

+ ZDW[ X V3)e(Ve X V). 4+ (V, x V3).(V, x vy>l} (uNrv)  (B.4)
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voe _22[21)558 x V,)y (V. V) — Z DS (Vv )(Vﬁva)J] (pv|KN)

J=x,y,z

- ZDM[ V. V)V V)= (V,x V), (V, x V,,)y} (LA |kv)
ZDfSy{ AT X B+ (9% VT, 5 V) ()

- ZZDW{ (V- V)V X Vo) + (VX V), (V- VV)} (uA|sv)
> D2 (V- V(¥ x V1), = (9, x V(9 9 Gsr )

¥ ZDW[ (9, DV Vo) = (V% D2V Vo) ()

- ZZDM[ VAT X D). = (V% DT % V| ()

¥ ZDM[ KT X D)y (% DT x T ()

£ 3D (9, % V(T V)i (VX VoAV x Vo (0] (B



155

Appendix C

COST ANALYSIS OF DIRAC-HARTREE-FOCK IN
UNRESTRICTED-KINETIC-BALANCED SCALAR BASIS

The computational cost of the four-component method using the unrestricted-kinetic-
balanced (UKB) scalar basis strongly depends on the nature of the implementation. This
is because upon the generation of small component basis, the kinetic-balance condition no
longer directly appears in the two-spinor basis. This allows an implementation in scalar basis
to adapt various techniques developed for non-relativistic methods. This is especially true
for the Dirac-Coulomb term where Pauli spinors do not enter the integrals.

In this analysis, we assume that all integrals and integral-density contractions in UKB
scalar basis are in the non-relativistic one-component framework, and all integrals are stored
as real-valued quantities. In this discussion, N, and Ng are the numbers of basis functions
for the large and small component, respectively, in UKB scalar basis. We also assume that
both the Fock and density matrices are in the quaternion representation so that the following
expressions represent the optimal algorithm in terms of both memory requirement and FLOP
count.

For the Coulomb operator, the contraction pattern can be separated into Coulomb J¢



and exchange K¢ matrices,

JGE = N S (eI DEE e+ Y Y (it

v=0,1,2,3 kA
JC,SS

v=0,1,2,3 kA

KC,LL — E 2 L)\L|I{LI/L
v=0,1,2,3 kA

KC,LS — § E L)\L|Ii
v=0,1,2,3 kA

K;?;;SL — E E S)\S’/'i
v=0,1,2,3 kA

KSZ;SS — § § S/\S’H
v=0,1,2,3 kA

D/\/f'y
)\fz'y
)\H’Y

)\n'y

v=0,1,2,3 A

Y S Die + Y Y

v=0,1,2,3 kA

VAR5 AS)
|KoA DMV

S SS
|’€)‘ D/\n'y
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(C.1)
(C.2)
(C.3)
(C.4)
(C.5)

(C.6)

where (€, €1, €2, €3) is the quaternion basis of choice. Based on these expressions, construct-

ing the Coulomb J¢ matrix requires 4 x (N} + 2N?N2 + NZ) number of integral-density

contraction operations, and the K matrix requires 4 x (N} +2N?NZ+ N{) operations, where

the factor of 4 comes from the contraction with four quaternion components. The memory

requirement for building the Dirac-Coulomb matrix is N} + N2NZ + Ni. All N¢ quantities

in the analysis correspond to the contributions from the (SS|SS) term.

In order to build the Gaunt operator in UKB scalar basis with the lowest computational

cost, the Pauli spin matrices are also cast in the quaternion representation,

o

Dy 02y

ZW 0y~€y

Z’y O-Z,’Yé'}/

As a result, the Gaunt operator under UKB scalar basis can be evaluated with the real scalar
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ERIs,

IS =Y &oa(l)- [0(2) o (WK N (DS &, + DFE )] (C.7)
v=0,1,2,3

K3 = Y e.00(1)- [o(2) o (WA w%)D3Y &, (C.8)
~=0,1,2,3

K35 = Y &oa(l): [o(2) o W'pfls'v)DiE )] (C.9)
v=0,1,2,3

KGE = 3" é.00(1)- [0(2) o (WM |x"v)DSE 8] (C.10)
~=0,1,2,3

K35 = )" &oo(1): [o(2) o W' s®)D5s ] (C.11)
~=0,1,2,3

where we use ‘o’ to represent dot-product in the quaternion space and ‘-’ for dot-product in
the Pauli spinor space. It is clear that building the J¢ and K¢ matrix requires 4N2N2 and
16 NZ2 N2 numbers of integral-density contraction operations with a memory requirement of

only N?NZ.
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Appendix D

CALCULATIONS OF HYDROGENIC CATIONS/ATOM
COMPARED WITH ANALYTICAL RESULTS OF DIRAC
EQUATION

Energy levels of the relativistic Dirac hydrogen atom and hydrogenic cations can be

evaluated analytically using the following relation (in atomic units)

1
E=¢x

1 (D.1)

{\/1 * (n—(j+1/2)+\/Z((:;'Jrl/?)?—Z?oﬂ)2
where Z is the nuclear charge and « is fine structure constant. For one electron systems
in their ground states, n = 1 and j = % In order to validate the four-component Dirac—
Hartree-Fock implementation, we compare the computed energies with analytical values in
Tab. D.1. For a better description of the steep electronic wave function near the nucleus,
seven additional steep s functions are added to the uncontracted basis set, with exponents
ranging from 3! to 37 times the largest exponent in the original basis. [258, 259] From this
series, we see that the largest error between the analytical result and the Dirac Hartree-Fock

result is 0.00352 % for In*®* when a uncontracted basis is used, showing good agreement

and validating our implementation.
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Table D.1: Calculated Dirac-Hartree-Fock ground state energies (Hartrees) for the hydrogen
atom and a series of hydrogenic cations compared with the analytical solution of the Dirac
equation. The uncontracted Sapporo-DKH3-QZP-2012-no basis is used for all elements ex-
cept actinides (Ac®T, Es?T Md!%"). Actinide calculations use uncontracted cc-pwCVDZ-
X2C basis [257]. Seven steep s functions are added to the uncontracted basis. Point charge

nuclear model is used.

element analytical solution uncontracted basis

percent error (x1073%)

H —0.5000067
B4t —12.5041630
F8+ —40.5437672
Al —84.6909743
Cl6+ —145.0602703
Mn24+ —315.1443548
Rb26+ —697.4517670
Mo+ —903.7467394
n*8+ —1241.5414919
Cgh4+ —1578.8736026
Ta72+ —2886.3133130
A —4499.5659601
Es9%8+ —5794.4853497

Moo+ —6087.0342057

—0.5000029
—12.5038524
—40.5428584
—84.6891918

—145.0573482
—315.1385013
—697.4334697
—903.7213445
—1241.4977248
—1578.8504245
—2886.2556854
—4499.5624725
—5794.4685369
—6087.0107482

0.75
2.48
2.24
2.10
2.01
1.86
2.62
2.81
3.52
1.47
2.00
0.08
0.29
0.39
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Appendix E
DIRAC-COULOMB BASIS SET LIMIT

In order to compare our results to the “true” basis set limit, we can look at the results
from Visscher [168] and Hess [260] that utilized a numerical grid basis for both point nuclei
and finite Gaussian nuclei. As shown in Tab. E.1, we can see that using an uncontracted
basis set gives the expected variational upper bound to the numerically exact limit. The error
in the ground state energy is only ~0.015 Ej, for the Gaussian nuclei model, with all three
representations (RKB Pauli, RKB spinor, UKB scalar) behaving similarly. (Additionally the

UKB scalar calculation includes the average of configuration method for open shell systems.)

Table E.1: Ground state energies (Hartrees) for Au atom with the Dirac-Coulomb Hamil-
tonian with a Gaussian nuclear model uncontracted ANO-RCC basis is used. RKB Pauli,
RKB spinor, and UKB scalar results were obtained using ChronusQ, [164] PySCF, [165] and
DIRAC, [261] respectively. Note that the UKB scalar basis is transformed to the RKB spinor
during the orthonomalization step. [262]

Model Energy

Numerical Grid (Ref. [168] ) —19035.59510
RKB Pauli —19035.57905
RKB Spinor —19035.57905

UKB Scalar —19035.57807
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Appendix F
EQED MOMENTUM SPACE HAMILTONIAN

The interactions in an effective field theory should be chosen to correctly reproduce some
physics of the full model. To correctly reproduce the physics of QED, the effective interaction
will be chosen to correctly reproduce the QED scattering amplitudes at lowest order in
perturbation theory. This means the potential will consist of 4 fermion terms which describe
the scattering processes efe™ — efe®, ete™ — efe™, et = efefe™ and 0 = eteete.
Note that the 1 — 3 and 0 — 4 scattering amplitudes will always be off-shell, so these
scattering processes will not be directly observed, but including them in the Hamiltonian
is necessary for scattering amplitudes at higher orders to be correctly reproduced. The

necessary scattering amplitudes in the following subsections are computed using Feynman

diagrams at leading order. Further details of these derivations can be found in [214].

F.0.1 e*et — etet Amplitudes

The electron scattering amplitude is given by

€p,o1Cp,o9

MO _ 2 <u03 (P3) 7" tg, (P1)Uos (P2) Vulhoy (P2) Uy (P2) Vo (P1) Uy (P3) Vil (pz)>
(Eps — Epy)? — (93 — p1)? (Ep, — Ep)? — (P2 — p1)? (.1)
F.1

The positron scattering amplitude takes a similar form and it is given by

M ren _ 2 (val (P1)Y* Vo3 (P3) Vo3 (P2)VsV0s (P4) Vs (P1)V*Ve, (P4) Vs (P2) ViV (m))
(Ep3 - Ep1)2 — (p3 — p1)? (Ep4 - Ep1>2 — (pa — p1)?

+
€p,01€q,09

(F.2)
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F.0.2 ete” — ete” Amplitude

The electron positron scattering amplitude is given by

Me;%e;wrh% — 62 <v(,2(q1)7“u01 (pl)affs (pQ)fy'uU%(qQ) a03<p2)’7uu01 (pl)v03<q1)7uv04<q2))
(Em + Ep2)2 — (p1 +p2)? (Em - Ep2)2 — (p1 — p2)? (3)
F.3

-
€p,01€q,09

F.0.3 e* — ete et Amplitude

The e — e"eTe™ scattering amplitude is given by

M6;02e;1103e;7q7171»04 _ 62 <HU3 (pl)ryuuvl (p)ﬁm(pg)’}/#l}@ <Q) . z7“674(]92>7Nu¢71 (p)l_tg3 (pl)’yuvfm (Q)) .
(Ep - Ep1)2 - (ﬁ_p_i)2 (Ep - Ep2>2 - (ﬁ—p_é)Q
(F.4)

€p,oq

The et — eTeTe™ scattering amplitude is given by

6;70262;1a036;—q—p1,a4 _ 62 (602 (q)f)/uvtm (p2>1701 (p)7u003 (pl) - Ug, (q)fyuvtm (p3)7_101 (p)%vm (pZ))
o1 (Ep - Ep1)2 - (ﬁ_ p_i)z (Ep - p2)2 - (ﬁ_ p_ﬁ)Q
(F.5)

F.0.4 Naive Vacuum Coupling
The amplitude describing the coupling of the naive vacuum to states with nonzero electron

and positron number is given by

Mooy _ Uo1 (P)1"V0 (9) U (1) 9V (=P — ¢ — 1) (F.6)
’ (Ep + Eg)? = (p+ @) ‘ |
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Appendix G
DIAGONALIZATION OF EQED INTERACTION TERMS

In order to derive our simulation circuits for the imaginary terms in the eQED Hamil-
tonian we need to show explicit simulation circuits for the mutually commuting Pauli op-
erators of the form YXXX, XY XX, ..., XYYY. There are eight possible combinations
of which four cases need to be considered. To see why this is, let us consider the cases
XYYY,YXYY YYXY YYYX. The GHZ preparation circuit, G, has a symmetry in that
the circuit is invariant under swaps of qubits 2,3 and 4. Thus if we utilize this permuta-
tional symmetry, the only cases that need to be considered are XYYY and Y XYY as the
other two are equivalent to Y XYY under exchange of the last three qubits. The exact same
argument holds true for XX XY ... . Y XXX and so only four cases need to be considered

to understand how the modified GHZ preparation circuit G diagonalizes such terms.

Original Equivalent Original Equivalent
G| —ZZ2727 || G(YXXX)G Z111
GYYYYX)G | —-ZZ7Z1 || GHXXXY)G 7117
GIWYYXY)G | —-ZZ1Z | GI(XXYX)G Z171
( G| —Z1Z7 || GY( )G Z711

Table G.1: Summary of diagonalization of Hamiltonian terms using the GHZ preparation
circuit G

The proof that the circuit G introduced in section 4.3.2 diagonalizes all the relevant Pauli
operators will make use of the X and Z error propagation identity shown in Fig. G.1.

In the first line of Fig. G.2, the identity Y = iXZ has been used to replace the Y gate
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Figure G.1: X and Z Error Propagation Identities and definition of the GHZ transformation
circuit G

S X & X | &
oo S x| 1
X & X | &
S x| x]
& X - x]
S x b x]

:

Figure G.2: Diagonalization of Y XXX

acting on the first qubit. The X error identity was then used to move the X gate acting
on the first qubit past the CNOT gate. Since a Z gate acting on the control of a CNOT
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Figure G.3: Steps involved in showing the diagonalization of YYY X using GHZ transfor-
mations.

commutes with the CNOT and an X gate acting on the target of a CNOT commutes with the
CNOT, the Z gate acting on the first qubit can be moved past the CNOT’s and the X gates
acting on the lower qubits can be moved past the CNOT’s. This results in a cancellation of
all of the CNOT’s and X'’s acting on the three lower qubits. Calculating GT(Y XX X)G is
reduced to computing the product of the single qubit gates in the second to last diagram of
Fig. G.2 which concludes the proof that GT(Y XX X)G = Z111. The same techniques are

applied in the following diagrams to diagonalize the remaining relevant Pauli operators.
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Figure G.4: Diagonalization of XYYY
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Figure G.5: Diagonalization of X X XY



